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Abstract

We apply category theory to modeling user interfaces, focusing on the interaction between func-
tional configuration and user perception. By representing user interfaces as directed labeled
multigraphs and applying pullback constructions to the category of directed labeled multigraphs,
the study formalizes interface structures in a way that encompasses both technical operations
and users’ perceptual capabilities. Users interact with interfaces by identifying affordances that
hint at possible actions. We propose a perception-driven interpretation of the interface as a set of
affordances available to the user. Conversely, the structure of the interface is formed by its func-
tional components and presented in different states. This double strategy aims to provide a tool
for studying the usability and unambiguity of interactive systems and analyzing how interfaces
communicate functionality to users through structural design.

A major component of this research is the study of user profiles, which define the relation-
ship between the interface and the cognitive and physical characteristics of users. Profiles are
encoded in the interface representation by graphs as certain filters of the pullback graph to match
the human perception. This approach provides a basis for assessing usability for people with
different cognitive and physical abilities.

Ambiguity is the presence of multiple possible meanings, interpretations, or outcomes that
can cause uncertainty. It affects the user’s sense of control over the interface. The thesis ex-
amines ambiguity in user interfaces within a categorical formal representation. By applying the
conditions to the pullback, the study proposes a formal method to detect the ambiguity of the
interface from the perspective of a particular user profile, supported by provided case studies.
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Chapter 1

Introduction

This thesis explores the application of category theory, specifically within the category of di-
rected labeled multigraphs, to model and analyze interactive systems. The primary focus is on
representing user interfaces as pullback universal constructions. The proposed formal represen-
tation does not dictate the order or quantity of controls to include or specify a design process.
However, the work has potential in evaluating user interfaces with a focus on human perception
of interactive context. Additionally, we illustrate how hypothetical scenarios can demonstrate
ambiguities in interface usage that may negatively impact user experience.

We aim to provide a structured formalization for studying ambiguous interaction elements
in user interfaces and their strong connection to various user profiles. We conceptualize the
interactive system as a universal construction that combines two components: functional and
interactive. Both components are directly linked to the user’s profile, and their representation
depends on the aspects of human perception, such as the ability to recognize controls, interpret
visual cues, and understand feedback. The technical component represents the states of the
interface relevant to the content it provides, while the interactive component consists of users
affordances.

This thesis formalizes the interactions between users and systems and presents a method for
analyzing their unambiguity. It is based on the assumption that a person can recognize the states
and interactive components of the interface. In other words, we consider a fixed user profile.
By imposing straightforward conditions on pullback graphs, we can identify ambiguous parts
of interfaces, providing an automated tool for analyzing interactive systems. We investigate the
appropriateness of a category of directed labeled multigraphs as a tool for representing such
interactive systems. While previous research has often focused on state transition diagrams, we
expand a presentation by taking into account user affordances.



The research of this thesis is a direct continuation of the work of Loeliger and Nehaniv
presented in the paper [19], where the authors propose representing interfaces through directed
multigraphs, particularly the affordance graph. This graph encodes an interface by highlighting
affordances—hints that guide users in interacting with the system (a more detailed discussion on
affordances will follow). In our thesis, we adopt the terminology introduced by the authors while
providing complete definitions and roles of the graphs, as this aspect was not fully addressed
in their work. The authors demonstrate the application of their formal presentation of interfaces
using web pages, constructing both an action graph and an affordance graph (of [19]). The action
graph is associated with state transitions combining two types of perceived affordances relevant
to web pages, event listeners and hyperlinks. On the other hand, affordance graph construction
relates to the physical device the application is running on. The paper marks a significant first
step in encoding interfaces using universal constructions within the category of graphs. However,
it is essential to note that the structure of web pages has evolved significantly over the past 13
years, requiring the development of new parsing software, yet the foundational ideas proposed
by the authors remain relevant and applicable. Additionally, the authors introduce the concept
of a user profile, which reflects the cognitive and physical properties of individual users. This
approach emphasizes the importance of analyzing interfaces directly associated with specific
user profiles rather than attempting to generalize across the users’ diversity.

It has been asserted, that cognitive technology as the instrument of our minds is affected by
the physical limitations of our bodies and environments [2], and is a tool for transferring infor-
mation from our heads to our physical environment. As cognitive technology develops, issues
such as visibility and interaction become increasingly complex. For example, digital screens can
display large amounts of information, but users often have difficulty scrolling and zooming, lim-
ited by manual dexterity and reaction time. The authors highlight that many engineers may find
it difficult to anticipate user needs due to a focus on technical aspects. Regardless, some studies
have considered the importance of considering the limitations certain groups of users face [&],
and provided an overview of adaptation techniques [33].

Our research also focuses on user profiles but proposes alternative methods for modifying
the pullback graph representation of the user interfaces to better align it with the user’s cognitive
characteristics. This allows for a targeted accessibility analysis for specific groups based on their
abilities. While we acknowledge the relevance of such an analytical approach, our work splits
by concentrating on analyzing ambiguity rather than accessibility.

Affordances

The term affordance was first introduced by James J. Gibson in his book The Ecological Ap-
proach to Visual Perception [9]. Gibson defined affordances as the actionable possibilities of-
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fered by the environment, perceived relative to an individual’s cognitive and physical capabilities.
Affordances, according to Gibson, are not subjective experiences but objective properties of the
environment, based on its physical characteristics. They represent the potential for action that
exists between the environment and the observer.

Donald Norman [25], in The Design of Everyday Things, extended Gibson’s concept, espe-
cially in the context of Human-Computer Interaction (HCI). Norman’s adaptation of the term
focuses on perceived affordances, highlighting how users interpret and understand interaction
possibilities within designed environments, such as user interfaces. In addition to perceived affor-
dances, Norman also introduces the concept of signifiers, which are cues or markers that indicate
how to interact with an object. While affordances refer to the potential actions an object allows,
signifiers are the visual or sensory cues that help users recognize these affordances. Unlike Gib-
son’s objective perspective, Norman emphasized the importance of perception—whether users
recognize that an action is possible. For instance, a button that looks clickable affords pressing,
but this affordance is only meaningful if users perceive it as such. Norman’s work underscores
that successful design ensures users can easily understand how to interact with interface elements
without the need for additional instructions.

In this context, affordances are essential for interface design, as they enable users to intu-
itively interact with objects. Effective user interfaces rely on clear affordances, reducing cogni-
tive load and providing seamless interaction. This aligns with the idea that interface elements
should be easily recognizable and actionable, as emphasized in other design literature [31]. How-
ever, Norman’s term of perceived affordance specifically stresses how users’ recognition of these
possibilities plays a critical role in usability and user experience.

User Interfaces Representation with Graphs

Graphs are the most commonly used complex data structure in computer science and engineering
[21]. Representation by graphs leads to automation and opens the door to various directions of
research. User interfaces have been represented by various variations of graphs, such as UML
diagrams [18, 32], state-transition automaton [4], and petri-nets [26]. Each of these possible
formal representations aims to bridge the gap between design and engineering, which is the
focus of HCI research. The capabilities and limits of each approach are different. However, most
representations are often used as initial points for defining system components and outlining their
transition scenarios in the context of software design, rather then user experience.

The use of UML diagrams in the design and development process was proposed in [ 18, 32].
The authors indicated the important components to consider when creating interfaces and sug-
gested using UML diagrams. They also emphasized that a successful and attractive graphic



design does not imply the usability characteristics of the interface. In contrast, the formal pre-
sentation methods of interfaces cannot always evaluate usability. The authors discuss the essen-
tial components defining a user interface (UI) for applications, emphasizing the need to address
information and look-and-feel requirements. While existing UML constructs are insufficient
and require extensions to support the complex relationships between tasks, the paper provides
possible basic extensions in the context of UI development life cycle [18]. However, it was high-
lighted that while UML diagrams can effectively visualize relationships and functionalities, they
may not fully capture the complexities of user interactions, which could lead to ambiguity in
interpreting task flows. It was unclear whether UML diagrams can serve as automated tools for
interface design, and to what extent they require manual creation of the diagram or the addition
of details related to specific user interface with consideration of user behavior scenarios.

An alternative framework for modeling user interfaces is Petri nets, which excel at repre-
senting concurrent actions and states. They offer a clear and effective way to visualize complex
interactions, especially when concurrency is present, which is difficult to model using other for-
mal methods. Petri nets are particularly useful in reactive systems, including user interfaces. In
the paper [26], the authors highlight how an object-oriented approach can be easily integrated
with Petri nets, allowing for the modularization of interface components. The paper also under-
scores the advantage of Petri nets in identifying potential issues like accessibility limitations and
“dead spots” in the interface. However, it is important to note that automata can also be used
for this type of analysis [19]. A limitation of Petri nets is their difficulty in analyzing interfaces
that must adapt to different user profiles, as they primarily encode application-level information
without considering a user-oriented details.

Another framework for formulating user interfaces is the interface automata presented in the
paper [4]. Luca de Alfaro and Thomas A. Henzinger introduce a formal framework focused on
modeling the interactions between software components through interfaces, focusing on input
and output actions rather than internal behaviors [4]. The authors present an interaction-centric
approach, which is key for ensuring compatibility between components and preventing errors
like deadlocks. Unlike typical finite-state machines, interface automata are designed to capture
both input and output actions, making them well-suited for systems that rely on communica-
tion between multiple components (for example, user and interface). This approach allows for
specifying how components behave when combined, focusing on the software components and
their interactions via input and output actions. While users are not explicitly mentioned, their
interaction can be interpreted indirectly, as users often drive the inputs that a system’s interface
receives, therefore opening doors to user-centered analysis.

Our choice lies in directed labeled multigraphs because they not only facilitate universal
constructions in category theory but also align with the goal of formalizing interface design.
These graphs inherently support the representation of structures and morphisms, providing a
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categorical framework “for free.” More importantly, their flexibility allows for a detailed and
adaptable representation of interactive systems, enabling a meaningful connection to the user
through the formal presentation of affordances.

Category Theory with Applications in Human-Computer Interaction

Category theory, introduced in 1945 by Eilenberg and MacLane [5], is a remarkably powerful
mathematical framework characterized by its simplicity and elegance. It focuses on the relation-
ships between objects through morphisms without delving into details. Although some consider
category theory unnecessary as it does not provide us with new discoveries, there are also those
who are engaged in mathematical research exclusively in category theory itself. However, a
significant amount of research is aimed at applying category theory across various fields, includ-
ing mathematics, computer science, cognitive science, physics, and programming [27, 30, 21].
Named as the “mathematics of mathematics,” [3] category theory provides an elegant structure
for studying relationships and identifying universal constructs among many objects of study.

As a field of interest in this thesis, category theory is applied to the study of the relationships
among signs and symbols in semiotics. Harris [14] illustrated how signs can be conceptualized as
objects within a categorical framework. Goguen expanded on this idea through his work on alge-
braic semiotics, which formalizes the connections between semiotic elements and mathematical
structures [ 13, 20]. In another paper [12], the author introduces a semiotic approach to under-
standing user interfaces, which focuses on the formal representation of meaning and interaction,
establishing a framework for structured user interactions.

Goguen emphasizes that considering an interface without the user is meaningless. For exam-
ple, a book is the interface connecting the text with the reader, and a coffee cup is the interface
between the coffee and the drinker. In the case of computer systems, the system’s interface medi-
ates between the abstract machine and its visually represented application, consisting of buttons,
forms, and so on, with the computer itself serving as the bridge between the application and the
user. Goguen describes interfaces as semiotic mappings from one system to another [13]. How-
ever, our work takes a different approach, proposing that the interface is a pullback universal
construction that encompasses both the abstract machine and human interpretation.

Conceptual blending, developed by Fauconnier and Turner, examines how people combine
different mental spaces to create new meanings, which underlies mixed forms of human expres-
sion, including language and art [7]. The theory states that blending involves four components:
the input spaces, the common space, the blended space, and the mapping between these spaces.
From a category theory perspective, we can create conceptual blending using constructs such as
objects and morphisms, where each input space represents an object in the category, and the map-



pings between the input spaces and the general space are regarded as morphisms. A mixed space
displays universal properties similar to colimits in the category theory, representing a unique syn-
thesis of input spaces based on defined mappings. Goguen referred to Fauconnier’s and Turner’s
concepts of conceptual blending, highlighting the importance of semantic correspondence in the
chosen metaphors [13, 10]. However, a drawback of the approach is the need for concept classi-
fications for automatic mapping, which is particularly relevant for user interfaces that depend on
an existing taxonomy of buttons and interface elements, but requires significant manual effort to
match perceived capabilities with these terms.

Many papers build upon Goguen’s theory of signs, including an empirical study focused
on a framework based on this system of signs [15, 16], and a method of construction of the
interaction diagrams [28]. Shifting from a sign framework, Schorlemmer and Plaza introduced
a computational model for Turner’s conceptual blending [29]. They stated that the proposed
amalangas are equivalent to the %-pushouts defined by Goguen [13], that Goguen also used in
the formal representations of concepts [ 1]. Additional contributions in applying category theory
to Human-Computer Interaction contain the use of categorical structures to formalize interactions
between users and systems [6], the development of recommendation systems for mobile interface
patterns [ | 7], the management of relationships among components in multimodal system design
[22], and an introduction of conditional categorical activity model for describing user behavior
and emotions using category and activity theories [1].

How To Read This Thesis

In this work, we aim to provide a formal representation of user interfaces that is computationally
realizable and enables structured analysis of accessibility and the unambiguous functioning of
interfaces with the aim of category theory. The work is organized into seven main chapters,
including introduction. We begin by defining a category of directed labeled graphs, providing
proofs for existence and constructive description of limits and colimits in the category of directed
labeled multigraphs, and computational implementation. Chapter 3 introduces interface-driven
graphs, which we combine within a universal design framework supported by examples. We
compare physical and virtual interfaces and discuss how they can be modeled with the provided
graphs. The following chapter 4 presents our approach to user profiles, and how they are encoded
within a graph-based representation. Chapter 5 explores the mathematical aspects of interface
unambiguity, considering the roles of available controls, their influence on states, and how users
perceive results with provided computational implementation. The unambiguity hypotheses are
primarily based on physical devices, limiting current assumptions about their applicability to
virtual interfaces. Lastly, we provide brief evidence for formalizing interfaces to event-driven
types, where not all state transitions are user-controlled.
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Chapter 2

Category Theory Framework

This chapter introduces the foundational concepts of category theory and applies them to formal-
ize the category of directed labeled multigraphs (DLMG). Category theory’s abstract structure
allows us to define relationships and constructions of particular mathematical structures.

We will apply a categorical framework to construct directed labeled multigraphs that repre-
sent user-centered interfaces and define uniqueness conditions for pullback structures. In order to
do this, we need to develop the framework and prove the existence and constructive descriptions
of universal structures within the category of directed labeled multigraphs.

The chapter begins with basic terminology and definitions essential to understanding cate-
gories and then studies universal constructions within the DLMG category. The provided proofs
are, to some extent, based on those in the referenced work [23], although they consider slightly
different categories of graphs and do not include proofs for the pullback construction.

2.1 Terminology

Definition 2.1.1. A category C consists of a 5-tuple (O, M, s,t,c), where

O is the set of objects;

M is the set of morphisms;
- §: M — O assigns each morphism its source object;

- t: M — O assigns each morphism its target object;

7



- ¢: D — M defines the composition of morphisms,
where D = {(a,b) € M x M | s(b) =t(a)} is the set of composable morphisms.

In any category C, composition of morphisms is associative, and each object has an identity
morphism satisfying the required unit laws. An essential concept in category theory is universal
properties, which are extreme cases of specific constructions in the categories. Each universal
construction is an initial object in some category.

Definition 2.1.2. An object [ in a category C is called initial if for every object X € C, there
exists a unique morphism from 7 to X.

Definition 2.1.3. An object T in a category C is called terminal if for every object X € C, there
exists a unique morphism from X to 7'.

Definition 2.1.4. Given objects a and b in a category C, their product is an object a x b together
with morphisms p :a X b — a and g : a X b — b, such that for any object x € C with morphisms
f and g to a and b respectively, there exists a unique morphism k : x — a X b that makes the
following diagram commute,

f . g

p

a<«——axb——b

Definition 2.1.5. Given objects a and b in a category C, their coproduct is an object v together
with morphisms p : @ — v and ¢ : b — v, such that for any object x € C with morphisms f and
g from a and b respectively, there exists a unique morphism k : v — x making the following
diagram commute,

b

Definition 2.1.6. Given the following diagram in the category C,



A pullback of this diagram is an object v equipped with morphisms p:v —a and g:v — b,
such that for any object x € C with morphisms /4 and r to a and b which make the outer diagram
commute, there exists a unique morphism k : x — v that makes the following diagram commute,

h r
k

p q
a v b
\ /
c
Definition 2.1.7. Given the following diagram in the category C,

AN

A pushout of this diagram is an object v equipped with morphisms p:a — vand g : b — v, such
that for any object x € C with morphisms 4 and r from a and b which make the outer diagram
commute, there exists a unique morphism & : v — x that makes the following diagram commute,




f g
p q
a v b
k
h r
X

Category theory enables us to generalize mathematical concepts, capturing their essential
structure without getting lost in the specifics. However, to work within a particular category, we
must sometimes shift our focus back to the details. This is what we will do in the following
sections, where we explore specific categories in more depth.

2.2 Category of Directed labeled Multigraphs

The specific category that we consider and computationally implement is the category of directed
labeled multigraphs (DLMG). The objects of this category are directed labeled multigraphs, and
the arrows represent morphisms (structure-preserving mappings) between them.

Definition 2.2.1. A directed labeled multigraph is a 6-tuple I' = (V,E,A,6 : E - V,7: E —
V,A :E — A), where

V is the set of vertices,

E is the set of edges,

A is a finite alphabet of edge labels,

- 0 : E — V is the function assigning a tail to the edge,
- 7:E — V is the function assigning a head to the edge,
- A : E — A'is the function giving labels to edges.

Definition 2.2.2. A morphism ¢ : I" — I' in the category DLMG is a 3-tuple ¢ = (¢ .V —
V' ¢edse . E 5 E' ¢label: A — A') such that

10



- G(9°5(e)) = 9" (ar(e),
- T (9°45(e)) = 9T ar(e),
- A (9950 (e)) = 9" (Ar(e)).

2.2.1 Universal Constructions in DLMG Category
Proposition 1. Initial object in the DLMG category is an empty graph.

Proof. Trivially, for every graph I there is the unique morphism from an empty graph toI". [

Proposition 2. Terminal object in the DLMG category is a graph with exactly one vertex, one
edge label and one edge.

Proof. For every graph I there exists the unique morphism to the graph with exactly one vertex
and one labeled edge, where all vertices of the graph I' are mapped to one vertex, all labels are
mapped to one label, and all edges are mapped to a single loop. [

2.2.2 Product

Definition 2.2.3. Let A = (VA,EA,AA,GA TEf = Vi, Th i Eq4 — VA7AA cEq4 — AA) and B =
(Vs,Ep,Ap,0p: Eg — Vg, 1 : Eg — Vg, Ap : Ep — Ap) be two directed labeled multigraphs. The
product of these graphs is a directed labeled multigraph IT = (Vi1, Ert, A, o @ En — Vi,
Eq— VH,AH Enp— AH), where

- Vi =VaxVp,
- En=E4 X Ep,
- AH:AA XAB,

-on:En— Vi, e= (ea,eb) — (O'A(ea),GB(eb)),

T En — Vi, e = (eq,ep) — (Taleq), t8(ep)),

- QLH En— AH, e = (ea,eb) — (lA(ea),lB(eb)).

11



Additionally, we define two morphisms from II to A and B, respectively
IT — A is given by,

- n.Xertex Vim — Va, (va,vb) = Vg,
edge
- T, 8 En — Ega, (eq,ep) — eq,

- bl A — Aay (Lay 1) = Ly
The morphism 7g : [I — B is given by

- n.éertex : VH — VB, (va,vb) — Vp,

edge
- 7'L'B g ZEH — EB, (ea,e;,) — ép,

- né“”el : AH — AB, (la,lb) — lb.

. The morphism 74 :

Proposition 3. The product 11 is the terminal object over the diagram consisting of two objects

A and B, and no morphisms.

Proof. To show that the product IT is terminal above a diagram consisting of two objects A and
B and without any morphisms, we must show that for any graph I' together with morphisms
Ya:I' = A and 9 : I' — B, there exists a unique morphism ¢ : I' — I making the following

diagram commute.

r

Y B
o

TTA B
A I1 B

First, we will show that morphisms 74 and 7p are well-defined. For every edge e = (ea, ep) € Enn,

oA (1, (¢)) = oA (1" (en,ep))
= GA(eA)
— ﬂ.){)ertex(cn(eA, 63))
= T (oni(e)),

12



and . y
Ta(my ¥ (e)) = Ta (73 % (e, ep))

= Ta(ea)
— ﬂ,xertex(fn(eA,eB))
— nverteX(,rH(e))7
and
2a(m57 (€)) = 2a(m5™ (en, )
= M(ea)
ﬂlabel(ﬂ,n(eA,eB»
nlabel(ln(e)).

Similarly, 7z is well-defined. Then, the morphism ¢ : I" — IT is given by:

_ (Pvertex . VF - VH
VL — (yxertex(vl_), ylgertex(‘}r))’
- ¢edge :Er — Eqq,
d d
er = (¥4 (er), 15" (er)),
_ ¢label : Ar — Aq,
Al“ — ( Aabd(;tl") abel()tr)).
Let us show that morphism ¢ is well-defined. For every edge er € Er,

o1 (¢ (er)) = om(¥;" (er), V5" (er))
= (04 (75" (er)), o8 (75" (er)))
= (Y3 (or(er)), 5" (or(er)))
— ¢vertex(or(er)) c VH,

and
Tr1(9°%% (er)) = (12 (er), Yo" (e

= (Ta (V" (er)), T( dge( r))

— ( X@rl‘ex( (EF)) Vertex( (EF)))
— ¢vertex< ( ) c VH,
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and

Arn(9°%%¢ (er)) = An(Y4" (er), %5 (er))
= (A (%" (er)). As (75" (er)))
= (U™ (Ar(er)), Y5 (Ar(er))
— (Pl“bd(?tr(er)) e AH-

Therefore, ¢ is well-defined. It is clear that the diagram commutes. Indeed, for every vertex
vr € Vr,

EX€VI€X(¢V€}’T€X(VF)) — EXEITEX(,YXEF[EX(VA)7,}/Eerl‘ex(vB)) — ,},Xertex<vA)’

ﬂllgertex((Pvertex(vF)) — nlgertex(yAvertex(vA)’,yllgertex(vB)) — ,yl\éertex(vB)

Similarly, for every edge er € Er,

n,zdge(q)edge(er)) _ %idge(er),

758 (9<% (er)) = ¥ (er),

and for every label Ar € Ar,

niabel (¢label (A«F)) _ Vj‘abel (A«F),

néabel ((Plabel (A«F)) _ 7,}éabel (A«F)

Showing that ¢ is unique completes the proof. Suppose there is another morphism ¢, such that
the diagram commutes. For every vertex vr € Vr, we put ¢J"*(vr) = (v4,vg). Then,

ﬂxerteX(q);erteX(vF)) — ,}/XEFIEX(VF) = VA — ,}/XEVTEX(VF),

and similarly,
Vg = ,}/EerteX(VF)_

Therefore,
(P;ertex(vF) — (%XerteX(vF) , ,},l\/;ertex(vF)) — (Pvertex(vF) .

For every edge er € Er, we put ¢2edge (er) = (ea,ep). Then,

T (9295 (er)) = Yo% (er) = en = Y% (er),
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and similarly,

dge(

ep="7g = (er).

Therefore, . ; .
054 (er) = (14" (er), v5 ** (er)) = 9°*¢°(er).
Finally, for every label Ar € Ar, we put q)éabel (Ar) = (A4, AB). Then,

niabel(q)zlabel()’r)) — '}’,iabd(lr) — AA — Jé\abel (A’F%

and similarly,
AB — ’}’éabEI(;Lr).

Therefore,

éabel(lr) — ( Aabel(lr)’ Babd(ll")) — (Plabel(lr).

We conclude that ¢ is unique, and the proof is complete. 0

2.2.3 Coproduct

Definition 2.2.4. Let A = (VA,EA,AA,GA TEf = Vi, Ta i Eq4 — VA7AA cEq4 — AA) and B =
(Vs,Ep,As,

op:Ep — Vp,15: Ep — Vp,Ap : Ep — Ap) be two directed labeled multigraphs. The coproduct
of these graphs is a directed labeled multigraph A = (Va, Ex,Ap, OA : EA — VA, TA : EA — VA, Ap ¢
Ex — Ap), where

- VA=V, UVp,
- EA=FEsUEp,
- Ay = A UAB,

oa(e) ifk=a,
og(¢)) itk =b,

OA:EA—Vp, e= (e/,k) l—){

(') ifk=a,
() itk =b,

TA 1 EA — Va, 62(6/,k)l—>{

M(e) ifk=a,
As(e) itk=b,

AAIEA—>AA, e = (e/,k) l—){



together with two directed labeled multigraph morphisms 6k : K — A where K € {A, B} by

(v,a) ifK=A,

- 8T Vi — Vy with v i
Koo TR A {(v,b) if K = B.

if K=A
- 5Ie(dge : Ex — Ep with e — (e,) 1 ’
(e,b) if K=B.

La) ifK=A,
. SIQabel:AK%AAwitth{El’Z; TfK .
1 = D.

Y

Proposition 4. The coproduct A is the initial object over the diagram consisting of two objects
A and B, and no morphisms.

Proof. To show that the coproduct A is initial under a diagram consisting of two objects A and B
without any morphisms, we must show that for any graph I" together with morphisms y4 : A — I
and 3 : B — T, there exists a unique morphism ¢ : A — I' making the diagram commute.

A A B

!

First, we will show that morphisms &4 and Jp are well-defined. For every edge e € Ej,

0A(85" (ea)) = Oa(ea,a)
= (oa(ea),a)
— 5verIEX(0.A(eA)).

TA(8,%% (e4)) = Ta(ea,a)

= (ta(ea),a)
— 5V€rt€x(TA(€A)>
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Aa(85% (ea)) = Aa(ea,a)
= (Aa(ea),a)
— Slabel(lA<eA)).

Similarly, dp is well-defined. Then, the morphism ¢ is defined as follows:

B, itk =a,
- PV VA = Ve, (vr) = (v k) —
¢ A=V, (vr) = (v,k) {y{f”“(v), k= b,

dge ifk=a
_ edge:E — Er, — ,k — /}/2 (6)7 IKk=a,
¢ A r (er) (e ) Bdge(e)7 lf k — b,

abel (2, ifk=a,

- ¢l Ay — Ar, (Ar) = (A,k -

The morphism ¢ is well defined. For every edge ex = (e,k) € Ep,

or (9% (es)) = or(¢°* (e,k))
{or(yjdgf(e . ifk=a,

e (oale)), ifk=a,
| vetex(op(e)), ifk=bh,
_ J ¢ (oa(e),k), ifk=a,
| ¢¥*(op(e),k), ifk=b,
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(9 (ea)) = (9 (e,K))

(e, ifk=a,
w0 (e)), ifk=b,
e (tale)), ifk=a,
- },vertex(TB(e)), ifk:b,
)0y (tale) k), ifk=a,
) oyt (tp(e) k), ifk=b,
— (Pvertex(,rA(e,k))

— (pverteX(TA(eA))‘

Ar (9% (ea)) = Ar(¢°%¢°(e,k))
(), ifk=a,
A (")), ifk=b,
A (Aale)), ifk=a,
| viebel (Ag(e)), if k= b,
o ¢label(AA(6),k), ifk:a7
| o'l (Ag(e),k), if k=b,
= ¢'P°!(An(e,k))

_ ¢label(AA(6A))'

It is clear that the diagram commutes. Indeed, for every vertex vg € Vk where K € {A, B},

(PverteX(a[\éerteX(vK)) — (pverteX(vK,k),

[ pperer(vg), it K =4,
| et (), ifK=B.

Similarly, for every edge ex € Ex where K € {A, B},

0e48 (855 (ex)) = 9% (ex, k),

[ k), ifK=A,
Y% (er), ifK=B.
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and for every label Ax € Ax where K € {A,B},

¢label(5{l{abel(lK)) — q)label(A’K’ k)7

| e (Ag), ifK=A,
oyl (), if K =B.

Showing the uniqueness of morphism ¢ will complete the proof. Suppose there is another mor-
phism ¢,. For every vertex va = (v,k) € Va, set ¢J°"**(va) = vr. Then,

¢vertex( )

vertex V k)
(pvertex(avertex V)), lfk — a7
(pvertex( vertex V)), lfk — b7

vertex V lfk — a

),
vertex( lfk b

vertex V,k

=¢
— ¢) EI’IEX(VA)
For every edge ep = (e,k) € Ey, set (l)zedge(eA) = er. Then,

er = 0375 (ey)

= 057 (e, k)
B edge((sedge( )) if k= a,
T 95857 (e)), ifk=b,

fdge(e) if k =a,
8 (e), ifk=b,

For every label Ay = (A,k) € Ay, set q)l“bel( A) = Ar. Then,
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Ar = 637 (Aa)
— ¢label ()L k)

B label(élabel( ))’ if k= a,
o label(51abel( ))’ if k= b,

viP(2), ifk=a,
| rtel(d), ifk=b,
— ¢label< , k)
— ¢label<)LA).
Thus, the morphism ¢ is unique. Therefore, we have shown that the coproduct A is initial
under the given conditions. 0

2.2.4 Pullback

Definition 2.2.5. Let A = (VA,EA,AA, Op Ef— Vi, Ta: Eqp — VAa)VA cEq— AA), B= (VB,EB,AB,
op:Ep —Vp,73: Ep — VB,QLB :Ep — AB), and C = (Vc,Ec,Ac,GC cEc — Ve, t7c Ec —
Ve, Ag 1 Ec — Ac) be two directed labeled multigraphs, f: A — C and g : B — C be two graph

morphisms. The pullback above the diagram A i> C & B is the directed labeled multigraph
P= (VP,EP,AP,GP Ep— VP,TP Ep— Vp,)tp Ep— Ap), where

- Vp=Vaxc Vg ={(a,vp) : fY"(vy) = """ (vp), vy € V4 & vp, € Vp},

- Ep=Es xcEp = {(eq,ep) : [*%(

- Ap = Ay xcAp = {(lo, 1) : fl9P¢L(1,) = gl (1), 1, € Apq & I € A},
( (),

tp: Ep — Vp, e = (eq,ep) — (taleq), T8(ep)),

Ap:Ep — Ap, e = (ea,ep) > (Aa(ea), A(en)),

eq) = g°%¢(ey), e4 € Ex & e), € Ep},

op.Ep— VP, e = (ea,eb) (G ea)

o?

together with two morphisms from P to A and B, respectively. The morphism 74 : P — A is given
by,
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- ﬂX”lex :Vp — Vy, (va,vb) — Vg,

edge

- Ty, Ep — Ey4, (ea,eb) — €4,

- bl Ap — Aay (Laylp) = Ly
The morphism 7 : P — B is given by

- " Ve — Vg, (Va,vp) > Vb,

edge .
- Ty :Ep — Ep, (ea,eb) — ép,

- wlibel Ap — Ap, (Lo, 1) = 1.

Proposition S. The pullback P is the terminal object over the diagram A i> c<EB.

Proof. To show that the pullback P is terminal over a diagram A i) C & B, we must show that
for any graph I" together with morphisms ¥4 : I' — A and 9 : I' — B such that the outer diagram
commutes, meaning Y4 o f = Yp o g, there exists a unique morphism ¢ : I' — P such that the
diagram commutes.

r
4/ ¥B
(0
TTA B
A P B
f 8
C

It was shown in the Proposition 3 that morphisms 74 and 7p are well-defined. Then, we will
show that the diagram commutes. For every vertex vp = (v4,vg) € Vp,

fV@V[@X(nX€VZ(3X<VA, VB)) — fvertex(vA)

— gvertex<vB>
— gvertex<ﬂ1\§ertex(vA , VB))
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For every label Ap = (A4,Ap) € Ap,

flabel<7r[l‘abel(AA’ A‘B)) _ flabel (AA)
glabel(l )
_ glabel( éabd()LA,lB».

For every edge ep = (es,ep) € Ep, since
fverteX(nXertex(G(eP)) — gvertex(n.xertex(o(ep))’

similarly for 7(ep) and A (ep), we get,

d
(™ (e, e5))

fed ge ( eA)
gedge( )
8

“se( 1575 (¢4, ep)).

Then, the morphism ¢ : I" — P is defined as follows:

_ (pvertex . VF - VP, Vr — (}/A (vF), YB(VF)),
- 98¢ Er — Ep, er — (ya(er), va(er)),

- ¢l Ap — Ap, A~ (Ya(Ar), v8(Ar)).
Let us show that morphism ¢ is well-defined. For every edge er € Er,

op(0°U (er)) = op(Yi" (er), V5 (er))

= (o4 (1, (er)), o5 (15" (er)))
= (%" (or(er)), 1" (or (er)))
— ¢verteX(GF(er)) c VP;

and

Tp(§°48¢ (er)) = 1p( Yedge (er), 75" (er

= (ta (%" (er)), Ta( 7’13 *( er)))
( verteX(Tl_(er)) verteX(,L.r(er)))
¢vertex< ( )) € Vp,
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and

Ap(0°45 er)) = 2 (1" (er) 15 (er)
—< A" ). Ap (05" er)
= (4" (r(er)). %™ (rer))
— (Plabel()tl"(el")) € Ap.

Therefore, ¢ is well-defined. It is clear that the diagram commutes. Indeed, for every vertex
vr € Vr,

thertex((Pvertex(vF)) — EXEITEX(,KXerlex(VA)7,}/Eerl‘ex(vB)) — ,}/Xertex<vA),

ngertex((Pvertex(vF)) — ngertex(yXerteX( ) ,ygertex( )) — ,},lv;ertex<vB>‘

Similarly, for every edge er € Er,

nAedge((pedge(er)) _ yjdge(er%

ﬂlegdge(¢edge(er)) _ ,},gdge(er)’

and for every label Ar € Ar,

ﬂll;abel (¢label (Al")) _ 7é‘abel ()Ll")y

néabel ((Plabel ()‘F)) _ 7,}éabel ()LF)

Therefore, showing uniqueness of the morphism ¢ completes the proof. Suppose there is another
morphism ¢, such that the diagram commutes. For every vertex vr € Vr, put ¢;"“(vr) =
(va,vp). Then,

nX@rl@X(¢;€rl€x(vr)) — ,}/Xertex(vF) _— VA — yverteX(vF) ,
and similarly,

VB — ,)%erteX(vF) .
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Therefore, ;" (vr) = (7" (vr), 5" *(vr)) = ¢"""*(vr). For every edge er € Er, put

d
;ge(er) (ea,ep). Then,

T (955 (er)) = 7 (er) = ea = 1" (er),

and similarly,

€B = Bdge(er)-

Therefore, 5% (er) = (Y% (er), 12" (er)) = ¢°“%¢(er). Finally, for every label Ar € Ar, put
¢label(lr) (AA,AB) Then

niabel((péabel()’r)) — ﬁabel(lr) — A‘A — %abel()bf)y
and similarly,
)LB — ,},éabel()’r)‘

Therefore, ¢1%7¢!(Ar) = (Y (Ar), v§b (Ar)) = ¢'®¢!(Ar). Consequently, ¢, = ¢. Thus, we

conclude that the pullback P is terminal over the diagram A i> Cc & B. [

Lemma 2.2.0.1. Let P be a pullback on above the diagram A i) CEB Pis isomorphic to the
product I1 above the diagram consisting of objects A and B, if C is terminal object in the DLMG
category.

Proof. The graph C is a terminal object, that is, a graph with one vertex v¢ € V¢, one loop
ec € Ec, and one label A¢ € Ac. The following holds:

Vva €V Vvp € Vp . fverteX(VA) = gVEI'tCX(vB) =vc — (VA,VB) e Vp,

Ves € Eq Veg € Ep : fedge(eA) = gedge(eB) =ec = (eA,eB) € Ep,
VAs € Ay VAg € Ap - flabel(lA) = glabel(lg) =Ac — (lA,lB) € Ap.

Therefore, there exist isomorphism ¢ : P — II that trivially maps every vertex, edge, and label to
itself. U

Lemma 2.2.0.2. Let P be a pullback on above the diagram A i> CEB A graph P is a subgraph
of the product Il above the diagram consisting of objects A and B and no morphisms.
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Proof. To show that P is a subgraph of II, it is suffices to show that there exists an injective
morphism v : P — II. Indeed, y trivially maps a pullback graph to a subgraph of the product P:

_ Il/vertex Vp =V, vp= (VA,VB) — (VAaVB)’
- Y% Ep — En1, ep = (ea,ep) — (easen),

_ lI/label - Ap — A, )LP = (/'LA,)LB) — (A‘Aa)LB)a

We conclude that graph P is a subgraph of graph II. [

2.2.5 Pushout

Definition 2.2.6. LetA = (VA,EA,AA, Op Ef— Vi, Ta: Eqp — VA,AA cEq— AA), B= (VB,EB,AB,
op.Ep—Vp,175: Egp— VB,AB :Ep —)AB), and C = (Vc,Ec,Ac,O'C Ec— Ve, 7c  Ec— Vc,QLB :
Ec — A¢) be two directed labeled multigraphs, s : C — A and ¢ : C — B be two graph morphisms.

The pushout on the diagram A < C L, Bis the directed labeled multigraph H = (Vi,Ef, Ay, 0x :
Eyg — VH,TH Eg — VH,;LH Ey — AH), where

- Vg =V4UVp/ =, where = is the equivalence relation generated by the relation R on V4 LIVp
where,
vaRvp < Fvc such that s"""*(ve) =v4 and """ (v¢) = vp,

- Ey = EAUEp/ =, where = is the equivalence relation generated by the relation R on
E4 U Ep where,

eaRep < Jve such that s8¢ (ec) = e4 and 1°¢¢(ec) = ep,

- Ag = Ay UAp/ =, where = is the equivalence relation generated by the relation R on
A4 UAp where,

YRS < 3¢ such that 5" (9) =y & 1" (9) = 6,

GA(E), if e € Eq,

- oy : Eg — Vy,le| — |v|, where v = i
oo " [] [] {63(8)7 if e € Ep,

TA(E'), if e € Eq,

- 1y - Ey — Vg, le] — [w], where w = .
H - LH HH [] {‘L’B(e), ife € Eg,
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Aa(e), ife€ Ey,

- Ay E V Al], where A =
" "= H,[e]H[ ] whete {lg(e), ife € Ep.

together with two morhpisms ig : K — H, where K € {A, B} by

- T Vg — Vg, v e [V,
- i?bEZ :AK — /\Hv’y'_> [Y]v
- z;(dge Ex — Ep,e— e,
more precisely, ok (e) — [ox(e)], Tk (e) — [tk (e)], and Ak (e) — [Ak(e)].

Proposition 6. The pushout H is the initial object over the diagram A < C L B.

Proof. To show that the pushout H is initial over the diagram A < C L B, we must show that
for any graph I together with morphisms y4 : A — I" and ¥ : B — I such that the outer diagram
commutes, there exists the unique morphism ¢ : H — I' making the inner diagram commute.

yas
N2

First, we will show that morphisms i4 and ip are well-defined. For every edge ex € Ex where
K € {A,B},

o (i (ex)) = on([ex])
= [0k (ex)]

— lverteX(GK (eK) )
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T (i5% (ex)) = T ([ex])
= [tk (ek)]
= (" (g (ex)),

A (i8¢ (ex)) = An([ex))
= [Ak (ek)]

Label
=ig * (Ak(ex))-
The pushout diagram is commutative. For every vertex ve € V¢,

l-r‘ertex(svertex(vC)) — [Svertex(vC)]
— [tvertex<vC)]

_ i}/gertex ( gvertex (VC ) ) )
Similarly, for every edge ec € E¢,
l-f‘dge (sedge (eC)> — [sedge (€C)]
= 5 (ec)]

= i % (5*% (ec)),
and for every label A¢ € Ac,

l-llAabel (Slabel (A'C)) _ [slabel ()LC)]
— [ (3¢)
_ igzbel (Slabel ()LC)) )

Then, there is unique morphism ¢ : H — I such that the diagram commutes. The morphism ¢ is
defined as follows:

vertex ifvev
¢vertex . VH N VF; v = [V] — ’}/A (V)7 1 v A
Y (v), ifve vy

abel (3, if A €A
label:A Ar. b = (A ‘A ( ) A

}{nge(e), ifecEy
(

edge . Fy — Er, e = le] —
’ " ) en =e] Bdge e), ife€kFEp
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The morphism ¢"¢"** is well-defined.
(1) For all vertices v4 € V4 and vg € Vp such that Jve € Ve with s"" (ve) = vy and 17" (v¢) =
vg. Then,

0" ([va]) = va(va)

(
— ,},A(Svertex( ))
— ,}/B(tverteX( ))
= ¥5(vB)
— ¢V€Vl€x<[vB]).

(2) For all vertices v4, le € V4 and vg € Vg such that Jvc, v/c € Ve with 574" (ve) = vA,sve”ex(vlc) =
v’A and 17" (v¢) = tve”ex(vlc) = vp. Then,
¢vertex<[v ]) vertex VA)

vertex
N

(

verteX( (

vertex (tverteX( c

vertex (tvertex( /C
(87
(v

ertex Svertex

vertex )

— ¢V€rl€x(|:vA])‘

(3) For all vertices v4 € V4 and v, ng € Vp such that Jvc, vlc € Ve with sY¢¢* (y¢) = s¥erter (vlc) =
!/ !
va, """ (vc) = vp and 1" (v) = vp. Then,

¢V€}‘T€X([V ]) vertex

vB)
vertex tvertex VC

vertex
V

vertex
N

N V

/

Ve

))
c))
)

vertex tvertex ))

vertex

(
(77
(8"

vertex< vertex<
(7
(v

5)
— ¢vertex([vB]).

Therefore ¢"*"** is well-defined. Similarly, ¢/“%! is well-defined.
(1) For all labels A4 € Ay and Ag € Ap such that IAc € Ac with sl (Ac) = A4 and /97! (Ac) =
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Ag. Then,

= 9/ (Ag]).

(2) For all vertices A4, AA € A4 and vg € Ap such that IA¢, /IIC € Ac with s'P¢L(Qe) = Ay, 510! ()Lé) =
A, and /b€l (Ac) = tlabel (3 ) = Ag. Then,

¢label([)LA]) — }’led(lA)
b

(3) For all vertices A4 € A4 and //IB, 7L;3 /6 Ap such that I, QLé € Ac with s/l (o) = slabel (),é) =
Aa, 1190 (Ac) = Ap and 119%¢!(X.) = Ag. Then,

Consider some edge [e] € Eg. Since the diagram commutes on labels and vertices, then

(Plabel([l(e)]) e Ar/\(pvertex([c(e)]),(Pvertex([f(e)]) eEVr = (pedge([e]) € Er.
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Therefore, the diagram commutes on edges as well. We conclude that the morphism ¢ is well-
defined. It is clear that the diagram 2.2.3 commutes. Let us show that ¢ is unique. Suppose, there
is another morphism ¢,. For given vertex vy € Vy there exist a representative of equivalence class
[v], v € V4 U Vg, vy € [v]. Then,

verlex( vertex(v)), ifveVy

Oy ([v]) = {¢V€”ex(z}’f”ex(v))7 ifveVp
{ yrerter(v),  ifve v,
(v)

vertex (y, , ifvevy

verteX( [V])

For given label Ay € Ay there exist a representative of equivalence class [A], [ € Ay UAp, Iy €
[A]. Then,

(plabel([l]) _ éalﬂzl(k{\abel(l))7 ifAe As
’ (i), A€ Ag

Finally, following that ¢3¢"7¢* = ¢’ and ¢ab¢! = ¢label for any edge [e] € Ep,

9575 ([e]) = ¢<%°([e])

We conclude that ¢ is unique and that graph H together with morphisms i4 and ip is a pushout
on the diagram A < C L B. [l

Lemma 2.2.0.3. Let H be a pushout on a diagram A < C L B. The pushout graph H is isomor-
phic to the coproduct A on the diagram consisting of objects A and B and no morphisms, if the
graph C is an initial object in the DLMG category.

Proof. Since C is the empty graph (initial object), the following holds:
(1) For all v4 € V4 and vp € V3:

Bvc € Ve = 0 such that s (v¢) = v4 and "% (vc) = vg = [va] # [v8),
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(2) For all vy, v;‘ € Vy:

Hvs € Vi such that [v4] = [vg] = [v4] = [va] # [v4],
(3) For all vg, vy € Vp:

fva € Vy such that [vg] = [va] = [vs] = [v8] # [v).

Therefore, for all v € V4 LIV, we have |[v]| = 1. Similarly, for all e € E4 LIE, |[e]| = 1, and for
all A € Ay UAB, |[/1” =1.

Thus, the isomorphism ¢ : H — A is defined as follows:

(v,a), ifveVy,

VereX - Vi — Vi, [v] —
¢ = Va, [V (v,b), ifve Vs,

(e,a), ife€Ey,

edge . prr 5 Eq, [e] —
¢ " ar le (e,b), ifecEp,

O AL s An, [A] (4,a), %fl € Ay,
()L7b)7 if A € Ap.

We conclude that H and A are isomorphic. [

Implementation of universal constructions in DLMG category. We developed algorithms
for implementing universal constructions with the C# programming language on the .NET plat-
form. Information on the project architecture and pseudocode for universal constructions imple-
mentation can be accessed in Appendix A. Our implementation of universal constructions can be
accessed at categories repository!.

lhttps://qithub.Com/mzhepiin/Cateqories
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Chapter 3

Representation of User Interface as a
Pullback

This chapter introduces a formal representation of user interfaces with graph structures. By
leveraging a category of directed labeled multigraphs, the framework enables automated analysis
and identification of potential weaknesses within the interface. Each of the graphs presented can
be analyzed individually, highlighting specific aspects of the interface’s design and functionality.

3.1 User Interface as Universal Construction

We examine user interfaces from different perspectives and integrate them using category theory.
UIs can be represented as pullback universal constructions, providing a framework for structuring
relationships between states, actions, and affordances. Each interface is associated with the
system’s states, encoded according to the analysis requirements. The interface aims to implement
some functionality that can be represented as a state-transition diagram, and communicate this
functionality to the user. It provides users with possible actions, affordances, allowing them
to manipulate system states. While interacting systems consist of states and transitions, they
also include an interactive component that bridges the user and the system. Pullbacks allow us
to combine formal and interactive components of user interfaces or other interactive systems.
Pullbacks in modeling user interfaces focus on the conditional relations of system components
being a suitable choice of universal construction. The pullback’s ability to integrate multiple
strategies into a single interface aligns with the objective of this work. In contrast, pushouts are
dual to pullbacks and are relevant to combining systems into a larger whole, distinguishing the
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Interface Pullback Graph

RN RN

User's Perception of .
Interactive Context Action Graph Affordance Graph

NS N/

Gluing Base Abstract Graph

Functionality

Figure 3.1: High level diagram of user interfaces pullback representation with the categorical
framework.

elements in common. This distinction makes pullbacks more applicable for representing user
interactions and interfaces, emphasizing possibility of different combined representations of the
interactive system instead of integrating different systems into one.

User interfaces and other interactive systems can be represented by directed labeled multi-
graphs. In this thesis, we will model graphs of the technical and interactive components of the
interfaces, determining their conditional connections and obtaining a pullback universal con-
struction in the category of directed labeled multigraphs. The reader will see the following
diagram:

A p

M

where A represents the action graph, D the affordance graph, M the abstract graph, and P the pull-
back graph. The morphism f connects the action graph to the abstract graph, while g connects
the affordance graph to the abstract graph. The projections 74 and 7p are from the pullback to
the action and affordance graphs, respectively. We construct our graphs entirely from the user’s
viewpoint. Below, we describe four graphs: three as part of a diagram and one as a categorical
pullback derived from the diagram. Their detailed descriptions and roles are provided in the
following sections.
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3.1.1 Action Graph A

Let A = (Vao,Es,Ap,04 : EA — VA, T4 : EA — Vi, A4 : E4 — Ay4) denote an action graph. The
action graph A formally represents transitions between states in the interactive system (interface)
among a set of possible states. The state of an object is determined by its essential characteristics.
Arrows in the graph represent transitions between states and contain details about state changes
or represent the high level conceptual reasoning behind them.

Vertices of Action Graph

Definition 3.1.1. Let s = [sq,...,s,| represent the state of the system S as a vector of features.
There is a corresponding vertex s € V4 in the action graph A denoted as s to match the state name.

Example 3.1.1. Consider the example of a book reader. Its purpose is to allow the user to read the
text and navigate through it. Therefore, we consider the state of the text (or more abstractly, the
amount of text) that fits on the screen. So, if there is a need to increase the text itself by reducing
its amount on the page, the user can be given the opportunity to divide it into smaller parts. Each
smaller text part is also a state of the interactive system. Alternatively, we can create multiple
versions of this division, such as dividing the text into three parts, then six, and finally twelve.
Together, all these pieces of text represent different states of the system. For representation of
the states in the action graph, refer to the Figure 3.2.

Edges of Action Graph

Definition 3.1.2. Let s; and s, be states of the system S. There is an edge e4 € E4 in the action
graph A such that 64 (e) = 51 and 74 (e) = s; if a transition exists from state s to state s5.

Definition 3.1.3. Let ¢4 € E4 be an edge in the action graph A. The label A(es) on edge ey
names the action performed to transition from state s to state s,. This action can also be applied
to other states.

Since each state can be represented as a vector of features, the label can formally indicate
which specific features have changed and the corresponding new values. Alternatively, the label
may denote the higher-level action name of the state transition.

Example 3.1.2. Consider the previous example 3.1.1 of a large text is segmented into multiple
parts, each arranged sequentially and assigned a serial number. We restrict navigation to adjacent
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Segment 1 Segment 1.1 Segment 1.1.1

Segment 2 Segment 1.2 Segment 1.1.2

Segment 3 Segment 2.1 Segment 1.2.1

Segment 2.2 Segment 1.2.2

Segment 3.1 Segment 2.1.1

Segment 3.2 Segment 2.1.2

Segment 2.2.1
Segment 2.2.2
Segment 3.1.1
Segment 3.1.2
Segment 3.2.1

Segment 3.2.2

Figure 3.2: Different states of the text reader. A segment refers to a specific portion of some
content displayed on the page. Each column represents some division of the same text into
segments.

parts, which implies that there exists an edge in the graph between states s; and s,, and another
edge between s, and s;. On the one hand, these transitions can be labeled as {x} — {x+ 1} and
{x} — {x— 1}, respectively, where x — 1,x,x+ 1 are serial numbers of the text parts. On the
other hand, the edges that lead to the next sections can be labeled as “next,” while those leading
to previous sections can be labeled as “previous.” The latter approach offers a more high -level,
conceptual description, which may be more comprehensible to the human mind.

Suppose, we want to include different options for dividing the text into varying numbers of
sections. Each division is represented as a separate set of nodes in the graph, and these sets do
not overlap. Now, we want the ability to transition between these divisions, such as moving from
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a larger text segment to one that is half its size, representing only the first part, and conversely,
from a smaller segment to a larger one, where the first half remains consistent with the original
state. In this scenario, there are now edges between states x and y, where x belongs to one division
and y to another. These transitions can be labeled x — y and y — x, or more abstractly as “zoom
in” and “zoom out”. For visualization, see Figure 3.3.

Perceived Action Graph. As mentioned, not all characteristics must be included in the action
graph. For instance, when dealing with a web page, there is no need to include details like
the state of the computer, other open applications, or the device’s battery charge because these
factors are not relevant to the page as a user interface. This leads to the following proposition.

Proposition 7. Let A be an action graph. A system’s state s is included in the graph A if and
only if the user can perceive and distinguish it from other states.

Analysis of the interface makes sense only when viewed through the eyes of the target user.
If the user sees two separate states as one, we must not treat them as different and create two
separate nodes. The next proposition arises:

Proposition 8. Let A be an action graph. If a system’s states sy, sa, ..., for n € N are perceived
by a user as one. Then there exist a graph A’ and a morphism ¢ : A — A’ such that

P(s1) =9 (s2) - =9 (sn) = [s] €V
o(s) =55 &s1,....5
Ole)=e, ec Ey
O(A)=A, L €Ay

where [s] is an equivalence class of vertices sy, s2,...Sp.

Informally speaking, we glue indistinguishable vertices into one, and leave the remaining
part of a graph untouched. With this proposition, we want to emphasize that the focus is always
on the user who interacts with the system, so details are included if they relate to the user’s level
of perception and understanding.

Example 3.1.3. Consider an example of a tape recorder from Don Norman’s book, “The Design
of Everyday Things.” The author illustrates a case of an unsuccessful design where perception of
the user was not taken into account. The tape recorder can be in three states: a recorder without
a tape (00), a recorder with a tape but not operating (10), and a recorder that is actively running
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Segment 1.1.1

Previous  /Next

Segment 1.1.2

Next Previous

Zoom In Zoom Out
Segment 1.2.1
Zoom Out
Previous  Next
Segment 1.2.2
Zoom Out Zoom In
Zoom Out
Segment 2.1.1 Next Previous
Zoom Out  Zoom In
Next Previous Segment 1.2
Zoom Out Zoom Out Zoom In
Segment 2.1.2 Next Previous Segment 1
Zoom Out
Next Previous 5 Segmen(@ Next /Previous
Zoom In Zoom Out
Segment 2.2.1 Next Previous Segment 2
Zoom In Zoom Out Zoom Out
Zoom Out
Segment 2.2.2 Previous  Next Segment 3
Zoom In Zoom Out
y
Previous ~ Next Segment 3.1
Zoom In Zoom Out Zoom Out
Segment 3.1.1 Next Previous
Zoom Out
Next Previous Segment 3.2
Segment 3.1.2
Zoom In Zoom Out
Next ' Previous
Zoom Out

Segment 3.2.1
Next Previous

Segment 3.2.2

Figure 3.3: The action graph of the text reader interacting system.
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(11). Transitions occur from state 00 to state 10, and from state 10 to state 11, and vice versa.
[lustration an action graph is shown below.

00: No Tape ;‘A"Ti&» 10: Tape, Not Running %y—b 11: Running
<-Remove Tape op

Figure 3.4: The action graph of the recorder.

Suppose, that the presence of a tape is not perceived, meaning that a user cannot ascertain
whether the recorder contains a tape simply by observing it. In this scenario, the perceptible
action graph is reduced to two states: running (1) and not running (0). Notably, there is a self-loop
from state O to itself, labeled “Insert/Remove Tape,” since the recorder cannot operate without
the tape.

Insert/Remove Tape

0: Not Running %y—b 1: Running
> —

Figure 3.5: Perceived action graph of the recorder.

3.1.2 Affordance Graph D

Let D= (Vp,Ep,Ap,0: Ep — Vp,7: Ep — Vp,Ap : Ep — Ap) denote an affordance graph. The
affordance graph D represents the contexts offered to the user, as well as the transitions between
them. By context we mean a unique set of affordances (possibilities of actions) that the user
can observe when interacting with UL. Arrows must contain information about the method of

38



performing the action. It’s important to point out that we genralize the concept of affordances
by Norman, who makes distinction between real affordances, perceived affordances, and signi-
fiers. In our affordances graph, we group all of these interactable components under the term
“affordances.”

Vertices of Affordance Graph

Definition 3.1.4. Let C be a set of affordances ay,a»,...,a,, available to the user at the same
time. We define C = {aj,ay,...,a,} as the context in which the user interacts with the system.
Each unique context corresponds to a vertex C in the affordance graph D.

Example 3.1.4. Without delving into the system’s states or functionality, let us focus solely on
its interactive aspect. Imagine a system presented to the user via a vertical page. The user either
knows or is provided with a signifier to understand the available affordances, specifically the
ability to swipe to the right or to the left. Also, user can perform pinch-in and pinch-out gestures.
In this case, there is always only one context C consisting right-click r, left-click /, pinch-in in,
pinch-out out affordances. Formally, ¢ = {r,1,in,out}.

Figure 3.6: Simple context, consisting of four affordances, in, out, r and /.

Example 3.1.5. Let us revisit the previous example of a page where the user has the ability
to perform actions such as swiping, zooming in, and zooming out. Now, consider scenarios
where, in some cases, there are limitations on the user’s ability to swipe in specific directions, or
where the zooming functions are restricted. In our example, we include nine distinct contexts, as
shown in the figure below. In one context, the user can access all four actions, meaning all four
affordances are available. In a different context, one of the affordances may not be accessible, but
the remaining three actions are still usable. However, it is important to include any affordance
that is available in a given context, even if it does not impact the state (see the definition of vertex
in the action graph 3.1.1).
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Figure 3.7: Nine unique contexts provided to the user by a book reader interface.

Edges of Affordance Graph

Definition 3.1.5. Let a be an affordance represented in the context C, a € C Then, there is at
least one edge ep in the affordance graph D such that 6(ep) = C and A(ep) = a.

If a particular context, represented by a set of possible actions (affordances), includes an
affordance a, then there is an edge originating from the corresponding vertex in the affordance
graph D that represents the realization of this affordance. It may lead to a different context, or
the same. It is important to note that more than one edge may exist in the graph, indicating the
realization of an affordance. This realization can be the same or different.

Example 3.1.6. Let us return to the example 3.1.4. Now, we can complete our affordance
graph with four edges (loops) that do not change a context. Always the same set of affordances
is present. For visualization, see the figure 3.8.

Definition 3.1.6. Let A(ep) = a be a label of the edge ep. The edge label A(ep) specifies the
affordance being implemented, and a method of implementation.
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r out

Figure 3.8: The affordance graph with one context, and four loops.

The edge label can show how the affordance a is triggered. Users may not know about these
methods. For example, a single button (an example of an affordance) might perform different
functions depending on whether it is clicked once or double-clicked. It is important to under-
stand if users can recognize these different interactions. More importantly, if users are capable
of performing these actions. In different modes of the same context, a single affordance with
the same activation method can perform different functions. Therefore, it may be beneficial to
differentiate the modes in which the affordance is triggered. More details on modes are discussed
in 3.1.3. To analyze the interface, we must make different assumptions on the level of the user
knowledge of the interface and perceived abilities. With labels we can reflect the way of per-
ception and change them accordingly. Now that we know what an edge in an affordance graph
represents, we can define when two contexts are the same.

Definition 3.1.7. Let ¢; and ¢, be two contexts. We say that ¢; and ¢, are equivalent if they
represent the same set of affordances and have the same relations to other contexts, as determined
by affordance triggers. More precisely, c¢; = ¢; as sets, and there exists a homomorphism ¢ : D —
D such that ¢¥*"'**(c1) = ¢, and ¢¥*""**(¢;) = ¢y, while all other elements of D are fixed under ¢.

Example 3.1.7. Let return to the example 3.1.5. A total of nine unique contexts are included,
each represented by a distinct set of affordances. Each affordance is realized by an edge with
a matching label originating from the respective vertex. It is important to note that some affor-
dances are implemented more than once. For instance, the affordance / from the context {/,r,in}
might either remain within the same context or transition to the context{r,in}. To illustrate, when
swiping left, we can either swipe left again or reach a limit where further swipes are impossi-
ble. For visualization, see the figure 3.9. Notably, this affordance graph is non-deterministic,
as there are multiple edges with identical labels originating from the same vertex. We will later
demonstrate that this characteristic generally does not result in ambiguities or non-deterministic
elements within the interface.
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Figure 3.9: The affordance graph with nine contexts, and affordaces realizations.

3.1.3 Modes

Earlier, we defined the concept of equivalent contexts. In the affordance graph, contexts are
considered equal not only if they share the same set of affordances but also if they have identical
relationships with other contexts 3.1.7. The affordance graph can have multiple vertices with
the same affordances but different relationships with other contexts. In the next section, we will
explore this aspect in consideration of interface ambiguities, introducing the concept of modes.

Modes frequently appear in design, especially with physical objects, where the number of
available affordances is limited. Modes allow for more functionality within these constraints.
In one mode, an affordance may perform one function, while in another mode, it performs a
different one.

We distinguish between two types of modes: explicit and implicit. Explicit modes are dis-
tinctly identifiable within states, meaning the state itself includes an indicator of the mode. A
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Figure 3.10: Penultimate 1Pad application that allows user to write in different modes.

mode is only considered explicit if there is a clear association with the state, making it part of
that state. It remains unclear when an indicator is considered part of the state versus just part of
the context. We assume that a mode belongs to the state if it clearly distinguishes the affordance
function and uniquely identifies itself in the context of user profile, making it recognizable as a
component of the state.

Example 3.1.8. A good example of modes application is in an iPad app that imitates writing
on paper (see Figure 3.10). Traditionally, we need separate pens, pencils, or markers when
interacting with real papers, but we can switch between these functions with a single electronic
pen when working with an electronic device. The toolbar clearly displays options for selecting
the pen’s function. These modes are distinct and easily recognizable, making them part of the
system’s visible state.

Implicit modes involve identical sets of affordances that look the same but aim to have dif-
ferent functionality within the pullback. Usually, there is some state dependence that cannot be
percieved.

Definition 3.1.8 (Implicit Modes). Consider the equivalence classes of states in the interacting
system, denoted as [s1],...,[s,], and the equivalence classes of contexts, denoted as [ci], ..., [cp],
where for each i, fY"'*(s;) = V"' (c;). If there exists some state s; ; € [s;] such that fY"'*(s; ;) =
27" ([ck]) = £¥°"***([c,]) for distinct k and r, then additional copies of the contexts [c] and [c,]
must be introduced. These added contexts will be referred to as implicit modes.

Modes can cause user frustration if poorly designed. However, while common in design,
they do not inherently make a design unsuccessful. For instance, in a text editor’s preview mode,
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all editing tools are turned off to prevent content changes, with buttons grayed out. Similarly,
a microwave oven might have different modes like defrost, heat, and bake, clearly indicated on
the display, allowing users to select the appropriate mode. However, if there is no indication of
modes, then pressing the start button of the microwave oven will lead to an ambiguous result that
depends on the unrecognizable mode. A poorly designed mode cannot be clearly associated with
any specific states.

In the proposed representation of interfaces, if an affordance graph cannot be constructed
without implicit modes, the design may have potential ambiguities due to affordances’ different
functions. On the other hand, explicit modes, depending on their functionality, are not necessarily
negative aspects of the design if they provide some additional information about the system and
a user clearly recognizes the mode.

3.1.4 Abstract Graph M

While the action graph does not provide information about the interactional component but about
the states and their transitions, the affordance graph contains information about how the user
interacts with the interface, recognizable and performable actions, but not information about
what the user interacts with, how actions change system states. The user interface contains
information about states and an interactive component. Thus, the system’s state represents a set
of affordances (context) to the user. With a particular context, the user sees the system’s state
and can reason about possible actions. The implementation of an affordance performs some
action on the states of the system (zero action is also an action!), and any action is performed by
implementing some affordance. In terms of category of directed labeled multigraphs,

- For every vertex s € Vy4 in the action graph, there exists at least one vertex ¢ € Vp in the
affordance graph such that the state s provides a context c.

- For every vertex ¢ € Vp in the affordance graph, there exists at least one vertex s € Vy4 in
the action graph such that the context ¢ allows interaction with the state s.

- For every edge e4 € E4 in the action graph, there exists an edge ep € Ep in the affordance
graph such that the function execution ey4 is enabled by the realization of affordance ep.

- For every edge ep € Ep in the affordance graph, there exists an edge e4 € E4 in the action
graph such that the affordance trigger ep results in the state transition ey.

Ideally, two graphs are independent up to a certain level; we can change a graphs to other ones
and get the opportunity to manipulate a completely different system with the same affordances.
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Or vice versa, the same system is manipulated with different affordances, depending on the
user’s needs. However, it happens that certain actions are context-dependent, or the outcome of
specific actions depends on the state-context pair. In the next chapters, we will explore the issue
of interface ambiguity and the corresponding characteristics within our framework.

In this section, we will combine previously described action and affordance graphs. An
abstract graph acts as a foundation for gluing or indicates constraints set by morphisms from both
the affordance and action graphs, which the resulting pullback graph must satisfy. This abstract
graph represents a base of an interface. Abstract graph captures the relationships between the
action and affordance graphs and outlines how they are combined in the pullback.

Let M = (Vi Ep, Ay, 0 - Eyp — Vi, T2 Eyp — Vi, Ay @ Eyp — Apy) represent an abstract
graph. We will use graph morphisms f and g (from the action and affordance graphs, respec-
tively) to this abstract graph. The following holds for abstract graphs:

- Letcy,...,cr € Vp be contexts, where |Vp| = m. Let s1,...,s; € V4 be states, where |V4| =
n. If the states sy, ..., s, are present in the contexts cy,...,c,, then there exists a vertex [v]
in the abstract graph such that g(c;) =--- =g(¢,) = v, and f(s1) =--- = f(sx) = [v].

- Let A4,...,A} € A4 be edge labels in the action graph, and let A}),..., A3 € Ap be edge
labels in the affordance graph. If the transitions labeled /lf{ yee ,M are realized through the
affordances labeled 7%, e ,7%, and vice versa, then there exists a label [A] in the abstract
graph such that £(A}),..., f(A}) =4 and g(A}),...,g(A3) = [A].

- Let el‘,...,ez € E4 be edges of the action graph, and let e]D, ...,ep € Ep be edges of
the affordance graph. If f(c(e})) = g(a(el)), f(t(e})) = g(t(e))), and f(A(el)) =
g(A (e{))) for 1 <i<gand1 < j<w, then there exists an edge [e] in the abstract graph
such that f(e/,) = e and g(eg) = [e].

In general, we combine sets of vertices, labels, and edges into equivalence classes within
the abstract graph, creating a more compact structure. Intuitively, each set of states belongs
exclusively to a particular set of contexts, and each set of contexts corresponds only to those
states. We then merge them using morphisms into a single vertex. Similarly, labels representing
global function names and affordances are unified into a single label in the abstract graph if
they are compatible. Edge mappings naturally follow from the mappings of vertices and labels.
Notably, each vertex, label, or edge can only be homomorphically mapped to exactly one object.

Example 3.1.9 ( Book Reader 1.1). In the section on action graph, we presented an example
showing text-based states and transitions 3.1.2, while the affordance graph section illustrated a
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context offering the user 4 potential actions 3.1.6. Let us combine these two graphs and present
an abstract graph along with the corresponding morphisms. Since the affordance graph consists
of only one vertex, each state in the action graph corresponds to a single context. Thus, the
abstract graph ?? has a single vertex combining all the vertices of the action graph with the
vertex from the affordance graph. The action graph contains the following transitions: next,
previous, zoom in, and zoom out. The affordance graph represents four affordances - [, r, in, out
- which are uniquely paired with these actions. Therefore, the abstract graph contains four loops
and is isomorphic to the affordance graph up to relabeling.

On Vertices

Source vertex v

Target vertex f"¢"'**(v)

a text segment

(0]

On Labels
Source edge label A Target edge label f/“¢/(2,)
zoom in ++
zoom out --
previous +
next -
On Edges

Mapping follows from vertex and edge label mappings

Table 3.1: The homomorphism from the action graph to the abstract graph of a reader.

On Vertices

Source vertex v

Target vertex g"¢""**(v)

L, r, in, out o
On Labels
Source edge label A Target edge label g/™¢/(2)
in ++
out --
1 +
r -
On Edges

Mapping follows from vertex and edge label mappings

Table 3.2: The homomorphism from the affordance graph to the abstract graph of a reader.
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Example 3.1.10 ( Book Reader 1.2). We previously presented a more detailed affordance graph
3.1.7, where, under specific conditions, certain actions become unavailable. Let us make an
analysis in context of action graph 3.1.2 Any text segment starting with “Lorem ipsum” marks
the beginning of the entire text, so we can link such states to a context that lacks the “left”
affordance. If the full sentence is displayed, the zoom-out option becomes unavailable, as it has
reached its limit. Conversely, with the smallest segment, zoom-in is unavailable. Any segment
containing the end of the text will represent a context where affordance “right” is not present.

On Vertices
Source vertex v Target vertex g"¢""**(v)
{L, r, in, out} {4 - ++)
{l, 1, in} {-+--}
{I.r. out} Sy
{1, in, out} {- - - ++}
{r, in, out} {+, - -, ++}
{1, in} {-.-}
{1, out} {-, ++}
{r,in} {+.--}
{r, out} ey
On Labels
Source edge label A Target edge label g'®¢/(2)
in - -
out ++
1 -
r +
On Edges
Mapping follows from vertex and edge label mappings

Table 3.3: The homomorphism from the affordance graph to the abstract graph of reader 1.2.

As in the previous example, the abstract graph is isomorphic (the same up to relabeling) to the
affordance graph 3.1.7 since each state of the action graph is coupled only with a single context,
and each action is uniquely coupled with some affordance. We will not provide an abstract
graph here. Since the state names are long, we will use code names. Each state is categorized
into distinct blocks—blue, green, and orange 3.1.2. Additionally, each state can signify either
the start of the text, the end, or a segment in the middle. States will be encoded as x —y —n,
where x € {b,g,0} represents the color block (blue, green, or orange), y € {s,m,e} indicates
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On Vertices
Source vertex v Target vertex fY¢"'**(v)
b= -}
b )
b—m—1 {- +,--}
§—s {+, - -, ++}
g—e {-, - -, ++}
g—m—i,1<i<4 {-,+,__’++}
0—S {+, ++}
o—e {-, ++}
o—m—i,1<i<I10 {-,+, ++}
On Labels
Source edge label A | Target edge label f“*¢/(2)
zoom in ++
zoom out _
previous +
next -
On Edges
Mapping follows from vertex and edge label mappings

Table 3.4: The homomorphism from the action graph to the abstract graph, reader example 1.2.

the position in the text (start, middle, or end), and » is an optional number used to differentiate
between different segments in the middle.

3.1.5 Pullback Graph P

Let P= (Vp,Ep,Ap,0:Ep — Vp,7: Ep — Vp,Ap: Ep — Ap) together with morphisms 74 : P —

A and 7p : P — D denote a pullback universal construction 2.2.5 on the diagram A LMEDin
the category of directed labeled multigraphs. A is an action graph, D is an affordance graph, M
is an abstract graph, f and g are graph homomorphisms. According to the definition of pullback,
the calculated construction combines the action and affordance graphs, and their combination is
determined by an abstract graph as a base.

Proposition 9. A pullback P on the diagram A i> M&ED corresponds to a user interface.

We propose combining action and affordance graphs into a single representation using a universal
construction from category theory. This encoding approach enables a clear definition of the user
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interface’s purpose and its interactive elements. From this perspective, it becomes easier to
analyze the interface in terms of accessibility, clarity, and potential ambiguity. It is important to
note that this method does not account for the appearance or visual characteristics of the interface,
but rather focuses on the user experience, assuming that the user can identify the interactive
components and states of the object they are interacting with.

Definition 3.1.9. Let (s,c) € Vp represent a vertex in the pullback graph P, where m4(s,c) = s
corresponds to a state of the user interface, and 7p (s, c) = ¢ corresponds to a context of the user
interface.

If a vertex (s,c) exists in the pullback P, it indicates that a state s represents a context ¢ to the
user. Clearly, s must exist in the action graph, and ¢ must be a part of an affordance graph.

Definition 3.1.10. Let (e4,ep) € Ep represent an edge in the pullback graph P, where 74 (e4,ep) =
e corresponds to a state transition, and 7tp(e4, ep) = ep corresponds to an affordance realization.

The presence of an edges (es,ep) in the graph P signifies that the transition A(e4) from one
context-state ¢ (e4, ep) is linked to an affordance A (ep), resulting in a new context-state T(e4,ep).
It also shows that transition from state G (e, ) to state T(e4) are feasible within the action graph,
and that contexts o (ep) and 7(ep) are connected through the realization of the affordance A (ep).
Since the affordance graph illustrates user-interface interactions and the action graph outlines
system transitions, displaying their connections is essential. Our objective is to model a user
interface where each context represents at least one system state, and each state is represented
by a context. Additionally, every transition between states is implemented through affordances,
with each affordance facilitating at least one transition. The following definition arises.

Definition 3.1.11. A user interface (UI) represented as a pullback graph P on a diagram A RN
M&ED, along with two morphisms 74 and 7p, is said to be complete if

(a) For every vy € Vy, there exists vp € Vp such that 74 (vp) = va.
(b) For every vp € Vp, there exists vp € Vp such that p(vp) = vp.
(c) For every ey € Ey, there exists ep € Ep such that w4 (ep) = e4.
(d) For every ep € Ep, there exists ep € Ep such that mp(ep) = ep.

Thus, the morphisms 74 and 7p must be surjective on both vertices and edges.

Proposition 10. A user interface (Ul) represented as a pullback graph P over a diagram A i>
M & D with morphisms s and Ttp is complete if and only if
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(1) For every vy € Vy, there exists vp € Vp such that f(v4) = g(vp).
(2) For every vp € Vp, there exists v4 € V4 such that f(v4) = g(vp).

(3) For every ey € E,, there exists ep € Ep such that f(es) = g(ep).
(4) For every ep € Ep, there exists es € E4 such that f(es) = g(ep).

Proof. We will demonstrate that the conditions stated are equivalent to those in the definition.

(a-b) < Consider any vertex vp € Vp. By (2), there exists a vertex v4 € V4 such that f*""¢* (v, ) =
g"“""**(vp). According to the definition of a pullback, this leads to a vertex (v4,vp) € Vp. Apply-
ing the projection 7p to this vertex yields vp, satisfying condition (b) of completeness. Similarly,
for any vertex va, there exists vp € Vp such that """ (v4) = g"“""**(vp), and applying 7p gives
vp, satisfying condition (a).

(a-b) = Conversely, if there exists vp = (v4,vp) € Vp such that mp(vp) = vp, then there must
exist va € Vy with fY"(vy) = g"""**(yp), according to the pullback definition. Likewise, if
there exists vp = (va,vp) € Vp such that ;" (vp) = v, then there exists vp € Vp satisfying
fvertex(vA) — gvertex(vD).

(c-d) <= Consider any edge e4 € E4. By (3), there exists an edge ep € Ep such that fedge (eq) =
g°%¢(ep). The pullback definition implies the presence of an edge (e4,ep) € Ep. Applying 7y to
this edge yields ey, satisfying condition (c). Similarly, for any edge ep € Ep, by (4), there exists
e € E4 such that f¢98¢(e,) = g°¥¢(ep), leading to ep via 7p, thus satisfying condition (d).

(c-d) = Conversely, if there exists ep = (ea,ep) € Ep such that njdge(ep) = ey, then there exists
ep € Ep with f¢98¢(e,) = g®¥8¢(ep), as defined by the pullback. Likewise, if ep = (e4,ep) € Ep

satisfies 7157 (ep) = ep, then there exists e4 € E4 such that £%48¢(e,) = g*4¢(ep). O

Next, we will focus solely on complete pullbacks. Now that the reader is familiar with all the
graphs, we will consider the most effective choice of an abstract graph. This will be the minimal
universal graph construction that identifies the relationship between the action and affordance
graphs. By “minimal,” we mean a graph where, if any component is removed, the morphisms f
and g, and thus the pullback, will no longer exist. Furthermore, adding any component will not
change the pullback.

Proposition 11. Let M be an abstract graph. A universal abstract graph is a pushout 2.2.6 on

the diagram A &P 2 D, where A is an action graph, P is a complete pullback, and D is an
affordance graph.
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Proof. Given the description of morphisms f and g, abstract graph aligns with a definition of
pushout in 2.2.6. The role of pullback graph P is to define parts in graphs A and D to be
glued with morphisms 74 and 7p. Pullback graph P containing vertices and edges implies that
morphisms f and g map their left and right parts to the same equivalence classes agreeing with
a process of constructing pushout given a diagram. Conversely, if f and g did not map objects to
the same equivalence class, then they would not appear in the pullback. For formal proof, refer
to the proposition 6. [

Given that an abstract graph provides the base for a pullback, considering pushout a universal
basis is natural from a category theory perspective. The constructed pullback provides the re-
lationships between all components that are equivalent in a specific manner, conversely being a
good candidate for glueing base in pushout construction.

Using the implemented software, we compute the pullbacks for the previously discussed
examples of a book reader.

Example 3.1.11. Returning to the example 3.1.9 of a text reader with a single context, where we
explicitly defined the morphisms to an abstract graph. In the final step, we compute the pullback.
The resulting pullback is illustrated in the figure 3.11. Notably, some affordances, while present,
are not realized. For instance, the state-context pair “Segment 2.1, - {r, I, in, out}” includes four
affordances but only two outgoing edges, with none representing the left action /. Since this
is the start of the text, the left action would not influence the state. To ensure the pullback is
complete, by using loops, we can explicitly indicate that the available affordances do not impact
the state in a specific context. However, this leads to an adjustment in the action graph, where
we clearly indicate that certain actions do not affect some states.

Example 3.1.12. Example 3.1.10 provided us with morphisms to abstract graph, where affor-
dance graph provided us with more possible contexts. The pullback is in the figure 3.12. The
primary distinction from the previous example is that each context only includes those realized
affordances that affect the state-context pair. In this case, there is no requirement to indicate the
null effect of certain affordances, as they are simply absent. Various scenarios can also occur in
real-world situations. If affordances are consistently accessible to an individual, this aligns with
the first example. However, the second example becomes relevant if the design is arranged so
that ineffective actions are unavailable.
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previous - | next-r Segment 2.2 - {r, |, in, out} previous - | ext - r
—
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Figure 3.11: The pullback graph of a text reader 1.1.
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Figure 3.12: The pullback graph of a text reader 1.2.
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3.1.6 Puzzles as Interacting Systems

Let us examine puzzles as user interfaces according to their logical and unambiguous structure,
which lends itself to graphical representation. Notable examples to be described in this section
include the famous 8-puzzle. While these puzzles were originally designed to foster and develop
logical reasoning, achieving this objective requires that users are presented with a straightforward
interface with affordances that enable intuitive interaction.

3-Puzzle

Action Graph. Let us consider a full example of a smaller version of the 8-puzzle - the 3-puzzle.
It consists of 3 tiles and one empty space. Let the state of the puzzle be represented as one of the

Figure 3.13: Vizualization of a 3-puzzle (top), 7-puzzle (middle), 8-puzzle(bottom) in the center,
together with their affordance graphs to the left and the abstract graphs to the right.
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possible permutations of the numbers 1, 2, 3, and “_,” which indicates a location of empty space.
Let there be a transition from one state to another if there is an arrow of the form x — y from

(1)) [T

one state, read as moving content from location x to location y. The “y” defines where the *“_
is. As a result of the transition, location x becomes empty, and location “y” contains what came
from location x. Also note that from the first place, we cannot move to the fourth place and vice
versa, and from the second, we cannot move to the third because they are arranged crosswise

(see Figure 3.14).

Affordance Graph. The actions the user can perform depend on the location of the empty
square. Each square contains two possibilities that encourage the user to move the squares.
Therefore, there are transitions from each state to two others. Since there are four empty spaces
that provide different sets of possible actions, we define four possible connected contexts (see
Figure 3.13).

Abstract Graph.The abstract graph is constructed as follows. Each vertex exists by the location
of the empty space. For example, the vertex with the number 1 represents states where the first
place is empty. Also, since the first location is in the upper left corner, the vertex under this
number represents the LU context. The labels of edges can be chosen arbitrarily, and we use
labels from the action graph for simplicity (see Figure 3.13).

Morphisms. The morphisms are constructed as follows. A vertex from the action graph is
mapped to the corresponding number of its empty space; the labels are mapped to the identical

2>1 L] 1-=2 R

422U/ [>54 D

Figure 3.14: The action graph vs the pullback graph of a 3-puzzle game.
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ones. From the affordance graph, the vertices are injectively mapped to the corresponding loca-
tions of the empty spaces, and the labels have no more than one choice to be mapped. If from the
context RU we move to the context LU with affordance R, then R is mapped to the label 1 — 2,
since only this transition is possible from the corresponding vertices in the abstract graph.

Pullback Graph. On the top level the Figure 3.13, we illustrate the 3-puzzle itself, as well as af-
fordance and abstract graphs side by side, for comparison. The extended versions of the 3-puzzle
are shown in the Figure 3.13 below 3-puzzle. Having defined three graphs and morphisms, we
generate the pullback shown to the right of the Figure 3.14. It contains state-context information,
and correspondence between transitions and affordances related to them.

3.1.7 Example - Generic Form

In this section provide an example of a user interfaces, modelled with directed labeled multi-
graphs within a category theory framework. Let describe with directed labeled multigraphs a
simple form consisting of a textbox and three buttons - a, b, delete. User Interface intends to
provide the following functionality - user can typeset letters a, b, and delete the last letter. We
build graphs based on the assumption that the user is capable of recognizing and differentiating
between states and perceiving provided affordances.

Action Graph. Before constructing an action graph, we define states. In our case essential
part is a content in the text box, that is - a string that user perceives when interacting with a
form. A capacity, etc. the longest string that can be stored, can be n. Therefore, possible states
of the system are any strings containing a’s and b’s of length 0 < m < n. A subgraph of the
corresponding graph is shown in the figure 3.15.

Affordance Graph. It is essential to describe the set of affordances that user and interact with.
In our simple form example, three actions are always available and non of the actions does not
change context (a set of possible actions). Therefore a corresponding graph consists of one node
{a,b, delete} and 3 edges - click a, click b, click delete (see figure 3.16).

Abstract Graph. Since all states must be glued together with a single context, and three dis-
tinct actions are observed, abstract graph is isomorphic to the affordance graph and is represented
in the figure 3.17.

Homorphisms f and g. A morphism from the action graph to the abstract graph is described
below. A regex " [ab] +$ indicates that all strings consisting of a’s and b’s are mapped to the single
vertex in the abstract graph. It follows by the description of a morphism from the affordance
graph to the abstract graph.
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add a

add b
aa delete the last letter
add a
delete the last letter
add a
a add b ab add b
adda delete the last letter delete the last letter
delete the last letter
delete the last letter
I
add b
add a add a
delete the last letter b delete the last letter ba add b

delete the last letter

add b

delete the last letter

bb
add a

add b

delete the last letter

Figure 3.15: The action graph of a simple form with states defined by the content in the textbox.
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a b delete lick delete

Figure 3.16: The affordance graph of a simple form that provides to the user a fixed set of
possible actions (affordances) - a, b, and delete.

a

Ddclete

b

Figure 3.17: The abstract graph of a simple form.

On Vertices
Source vertex v Target vertex fY<""**(v)
“[ab]* $ o
On Labels
Source edge label A Target edge label f/“*¢/(2)
add a a
add b b
delete the last symbol delete
On Edges
Mapping follows from vertex and edge label mappings

Table 3.5: The homomorphism from the action graph to the abstract graph of the generic form.
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On Vertices
Source vertex v Target vertex f"""*(v)
a, b, delete o
On Labels
Source edge label A Target edge label f/“¢/(2,)
click a a
click b b
click delete delete
On Edges
Mapping follows from vertex and edge label mappings

Table 3.6: The homomorphism from the affordance graph to the abstract graph of the form.

Pullback Graph. A generated pullback is represented below. Notably, an appearence of the
form is not encodded in the pullback itself, we provided an example just for visualization and
better understandidng. There can be many different UI’s designed from the pullback graph con-
sisting of sets of possible actions together with system states and transitions between them.

3.2 Physical vs. Digital Interfaces

In describing the graphs, we did not specify interface types—physical or digital. With physical
interfaces, affordances are natural, and there is typically a clear correspondence between states
and affordances, making distinctions straightforward. In digital interfaces, however, the bound-
ary between states and affordances is less defined, and their overlap requires careful considera-
tion in choosing representation strategies. A favorite example is the contrast between physical
and digital buttons. According to Norman, a physical button provides a real affordance, while
a digital one is a perceived affordance. For digital buttons, the actual affordance is the screen
(that allows us to touch it activating the digital button) or the mouse, which itself allows for
clicking. The digital button serves primarily as a guide, showing where to click to achieve the
expected outcome. In the context of digital interfaces, the state can include everything displayed
on the screen, with the digital button becoming part of that state. A question arises for affordance
graphs. Should a click on a digital button in the affordance graph be represented as a trigger for
a button in a specific area of the screen or as a trigger for the screen/mouse itself?

Loeliger’s approach, which illustrates web pages using graphs, positioned states as titles with
presented links and buttons on the page, while the affordance graph itself was not detailed [19].
However, we can deduce that it would rely on the device displaying the web page: for instance,
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add a - click a

add b - click b

adda- click a aa - a b delete delete the last letter - click delete

delete the last letter - click delete

add a - click a

a-ab delete addb - clickb ab - a b delete addb - clickb

add a-click a

delete the last letter - click delete

delete the last letter - click delete delete the last letter - click delete delete the last letter - click delete

[1-ab delete

add b - click b

add a - click a add a - click a

delete the last letter - click delete

b - ab delete delete the last letter - click delete ba - a b delete add b - click b

add b - click b

delete the last letter - click delete

delete the last letter - click delete

bb - a b delete

add a - click a

add b - click b

delete the last letter - click delete

Figure 3.18: The pullback graph of a simple form. A form is encoded by a state of the textbox
and buttons available. Edges describe resulting context-states pairs after actions realizations.

a laptop includes affordances like the screen, keyboard, and perhaps a mouse, while a tablet’s
affordances include the screen and possibly a stylus. Here, the affordance graph embodies the
digital interface within the physical world, showing tools available to interact with information
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on the screen. Her approach suggests that digital buttons and links are part of states rather than
affordances. Our perspective differs in some sense. On one hand, regardless of screen content, a
mouse click is always possible. However, analyzing the usability of the interface from the user’s
standpoint significantly relies on what is clicked. In this sense, the meaning behind pressing the
button is significant, as is the user’s interpretation of the action. Interface analysis, therefore,
must consider two key factors: the embodied physical properties that enable interactions and the
information they convey. So, how should a digital button press be depicted in the affordance
graph? As a trigger for a physical affordance available to the user, or a trigger for a digital button
on a physical device? Our answer is both. For instance, in an e-reader with physical and digital
page-turn buttons, our representation should be consistent across both, as both of them afford us
to do the same thing.

As Goguen points out, interfaces are mediators between abstract machines and users [10]. If
digital interfaces are under consideration, more steps are needed. Let us show on the diagram,

idea < abstract machine (code) <> digital application <~ hardware < user

Goguen considers each intermediate component in this chain as a semiotic morphism, whereas
we interpret it as a pullback construction. The code embodies both its underlying concept and
its implementation within the application. The application, in turn, contains the code used to
create it and serves as the realization of that code on the computer on which it operates. Finally,
the computer embodies the application, which is then processed and interpreted by a user. Each
internal connection acts as a mediator between the adjacent components.

Returning to the topic of affordances, we identify two points in the system chain where af-
fordances are present, within the digital interface and the hardware. Therefore, we consider both
parts essential. The digital interface comprises perceived affordances and signifiers, bounded
by a person’s cultural and mental framework, while the hardware primarily offers physical af-
fordances. Users are typically unaware of the other components; they neither see the code nor
know the underlying idea. Focusing on the components that enable user actions, the construction
of action and affordance graphs depends on problem interpretation. Loeliger structured graphs
around the three right components of the chain, with two graphs containing affordances [19].

digital application <+ hardware < user

This approach was ideal in evaluation of application accessibility for different user profiles.
While we acknowledge the importance of including affordances within the action graph, we think

61



an affordance graph should directly map the affordances a person perceives, both perceived and
real. In the chapter 5, we will examine the function of affordances, their role within interfaces,
and their influence on ambiguity. For this purpose, it is essential to include the component that
links code to these affordances. Therefore, we propose the following approach for designing
pullback components.

abstract machine (code) < digital application running on a physical machine <> user

Coming back to the example of the form we illustrated, if it is digital, the current diagram
omits the hardware component, which could be included by constructing another pullback struc-
ture. If puzzles are physical, they inherently encode an embodied connection with the user;
however, if the puzzles are abstract, we would need to add an additional link that accounts for
the user along with a digital graph containing physical affordances or work under the assumption
that these affordances exist and are fully accessible to the user. This diagram aligns closely with
the analysis of physical interfaces like a coffee machine, a light control system, a projector, and
similar devices, that serve as mediators between the controls and a user.

controls <> device <> user
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Chapter 4

Profiles

With directed labeled multigraphs, we can represent interfaces with varying levels of detail and
user perception. Previous research highlighted the potential for creating user profiles, each cor-
responding to a unique way of encoding the interface as a pullback [19]. This encoding can be
relevant to one group of users but not the others. With this in mind, the next steps focus on
developing a theory centered on user profiles.

4.1 Pullback Relation to User Perception

Affordances are the actionable properties of objects in relation to an individual and describe
what actions are possible within the user’s mental, physical, and perceivable capacities [24].
Affordances contribute to mental models by allowing users to deduce possible actions without
explicit instructions. However, when considering perceived affordances, the outcome of such
deduction mostly relies on cultural conventions, like cursor shapes or clickable icons, which are
learned symbols rather than actual affordances. These conventions help navigate screen-based
systems and are related to the user’s conceptual interaction model. Physical constraints restrict
actions by people’s physical capabilities, while logical and cultural constraints emerged as a
result of user’s way of reasoning or societal norms. It led to the motivation for developing a user
profile, unique setup that outlines a person’s physical, cultural, and cognitive constraints and how
they influence their interface perception.

Let us give an example. Designers who know all about the entity they created can easily
recognize its states and work with its features. They understand the results of their actions
and how to reach the desired outcomes. They can also recognize all the indicators of possible
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functions and assign meaning to them. However, the same system may be less intuitive for a first-
time user without a technical background who is simply trying to solve a problem. They may
not distinguish between states and physical limits could restrict their access to certain functions.
So, the graph’s representation changes based on the user’s background. We suggest adjusting
pullbacks or diagrams to fit specific user profiles. Based on this approach, the main actions for
modifying pullbacks is to create an interface focused on a specific group of users.

Observation 1. The pullback construction reflects the users’ profile, distinguishing between all
the states and the affordances and knowing the function of the affordances in a given context.
There is no graph representation that covers all user profiles. Each profile has its own version of
the pullback graph.

Proposition 12. Let P be a complete pullback above a diagram A i> MED. Let P be a graph

associated with the user profile obtained by modifying pullback graph in the following ways:

1. Collapsing states (from an action graph) by forgetting their features, or uniting them into
equivalence classes.

2. Forgetting some details (mode, method) associated with affordance implementation from
edges in an affordance graph.

3. Forgetting affordances by removing them from contexts and removing edges the represent
the affordance trigger.

Note that these pullback modifications may make the graph no longer a categorically univer-
sal construction for any diagram. In some cases, modifying the pullback results in a correspond-
ing change in the diagram, making the new graph a universal construction. However, in other
cases, modifying the graphs results in the inability to create a pullback. Therefore, the universal
way to produce a graph associated to the user profile is to construct the pullback and then apply
the necessary modifications. Let us consider in detail each of the ways to change the pullback.

Forgetting state features. By omitting certain state features, we reduce the level of detail,
collapsing states previously differentiated by those features. For instance, two vectors, [0,0]
and [1,0], become a single state [0] when the first component is ignored. Importantly, none of
the edges in the pullback graph are lost. This is an essential way of associating with a certain
group of people who may not distinguish the states by characteristics or remember the difference
between states, considering them as one.

Example 4.1.1. Let us revisit the example of text segments shown to the user in the book reader.
Individuals with limited vision may struggle to read text below a certain size threshold. For
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a particular hypothetical user profile, the text divided into three sections becomes unreadable.
Therefore, we can categorize the three states into a single equivalence class called “inaccessible
text,” glueing corresponding vertices of the action graph.

Simplifying affordance details. Affordance labels in a graph can include information such as
the name of the affordance, its mode, and its method of implementation. We can omit details
like the mode and method by simplifying the labels. This abstraction keeps the edges, as we are
not removing affordances but reducing their realization level of detail. When there are modes
or different implementation methods, it adds to the mental workload, which can sometimes be
forgotten. A person may forget what mode the interface is in or that single and double-clicking
the same button produces different results. It is critical to analyze the interface from the user’s
perspective, unaware of these details.

Example 4.1.2. Consider a projector where a single button controls slide navigation. A single
click advances to the next slide, while a double click returns to the previous one. For a profile of
the user familiar with this setup, different labels on the edges will represent the button’s actions
in distinct ways. However, for a user’s profile unaware of this difference, the same label will
apply to both edges, ignoring the details that indicate how the affordance is activated.

Forgetting affordances. When affordances are forgotten, all contexts containing them lose an
element, and the edges that represent the implementation of these affordances are removed from
the graph. People with disabilities may have restricted access to certain affordances. Examining
the interface from their perspective can provide understanding of the interface’s adaptability to
different user profiles.

Example 4.1.3. If users are not provided with the possibility of choosing a language they un-
derstand, then a site does not present the majority of perceived affordances if they depend on the
text.

At this stage, the concept of creating and categorizing profiles is still an introductory idea
rather than a fully developed theory. It requires comprehensive study, which could stand as an
independent direction within this research. Nevertheless, we believe it provides an important
connection between interfaces from both technical and human perspectives and can act as a
helpful formalism in HCI.
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Chapter 5

Unambiguity of User Interfaces

Clear design is essential for a successful interface. As Donald Norman emphasizes, a user inter-
face must make actions easy to recognize, reducing confusion and keeping things simple. It must
also help users to avoid major mistakes while providing the flexibility needed to perform essen-
tial tasks. Therefore, ambiguity is the presence of multiple possible meanings, interpretations, or
outcomes that can cause uncertainty or confusion.

In this chapter, we introduce conditions of unambiguity of the pullback and equivalent con-
ditions on the diagram. The focus is on analyzing the unambiguity of the actions available to
the user in some state and context, always from the perspective of the specific user profile. We
focus on the local affects of specific affordances on the current states rather than on the study of
the global affordance consistency among all states. It is important to mention that the definitions
provided below are derived from observations of physical interfaces rather than digital ones. In
digital interfaces, affordances may need to be included as a part of the state and it may be nec-
essary to adjust the conditions of interface unambiguity, depending on the strategy for graphs
construction.

5.1 Unambiguity

Let f denote a graph morphism from an action graph A to an abstract graph M, and let g denote
a graph morphism from an affordance graph D to an abstract graph M. Let P denote a pullback

. f . .
over the diagram A — M &D together with two morphisms 74 and 7p.

Definition 5.1.1. EP_] ={e:or(e) =v, ve WV & e € Er} denotes a set of all edges in the
directed labeled multigraph I where each edge e has the same source v.
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Definition 5.1.2 (Local Injectivity). Let f : I' — & be a directed labeled multigraph morphism.
We say f is locally injective with respect to edge labels if the following condition holds:

WeEVr Vener € ENT: Ap(er) # Ar(ea) = 1! (Ar(er)) # £ (Ar(e2))

Definition 5.1.3. Let P be a pullback over a diagram A £> M & D. Let
Vi={veVp: ;" Wv)=s€Vs}
be a set of all representations of some state s within an interface P.

Definition 5.1.4 (Determinism of DLMG). Let I" be directed labeled multigraph. We say I' is
deterministic if the following holds:

YveVr Vej,e € El[“w_} : )LF(€1> =+ ﬂ‘r(ez) V ‘L'r(el) = ”L'r(ez)

Definition 5.1.5. [Unambiguity of a UI pullback] A user interface (UI) represented as a pullback

graph P over a diagram A LvmMéDp together with two morphisms 74 and 7p is unambiguous if
the following holds:

Ve1, e; € Ep such that op(e1),0p(ez) € Vp for some state s € Vy,

ﬂlDabel(lp(el)) = ﬂll)abel()tp(EZ)) - Tp(el), ’Cp(ez) € V]“;/ for some state s’ € V4.

Moreover, if op(e1) = op(e;) then

5 (Ap(er)) = ms" (Ap(e2)) = 1p(e1) = Tp(e2)

Suppose the interface presents multiple representations of the same state Vp, with state s
associated with different contexts ci,cs,...c,. In that case, any affordance a = m$¢!(1(e))
common to these contexts, a € ¢;Nc;, 1 < i, j < n, must consistently affect the state, regardless
of the context. In other words, the effect of an affordance on a state representation does not lead
to representations of different states.

Theorem 5.1.1 (Unambiguity of an Interface Pullback). Let P together with morphisms ms and

np be a complete pullback above the diagram A i> M & D, where A is an action graph, D is
an affordance graph, and M is an abstract graph. P is unambiguous if and only if the diagram
conditions hold:

* (Uniquesness) For any edge ey € E4 there exist no more than one edge ep € Ep such that
oplep) = vp, Ap(ep) = Ip for some vertex vp and label Ip, where f¢98¢(ey) = g®8¢(ep).
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* (Splitting Coherence) For some some vertex va in the action graph, if there exist e}\,ef‘ €

Ef[‘vA’_], then

Ta(eq) # Talex) => f%(eq) # f**(eX) A An(ep) # Ap(ep)

for some e}, €%, € Ep such that f°45¢(e}) = g°%¢(el)) and feds¢(e%) = gds¢(e).

Proof. We will show that definition of unambiguity (U) implies the conditions (W), stated in the
theorem, hold, and vice versa.

U = W : Assume that a pullback P is unambiguous by definition, but diagram conditions do
not hold. Then one of the conditions do not hold.

Case 1: Suppose the uniquesness condition fails regardless of the spliting coherence condition.
Then for some edge e4 in the action graph A there exist at least two edges e}), e% in the affor-
dance graph such that op(e},) = op(e?), Ap(e},) = Ap(e3), and f¢98¢(es) = g¢48¢(e))) =

edge (2
g% (ep).
Then the pullback P contains two edges, eb = (e4,e;,) and e3 = (ea, 3) such that op(eb) =
op(e?), Ap(mp(eh)) = Ap(mp(e?)), but Tp(eh) # Tp(e?) because two edges from the af-
fordance graph lead to different target contexts, otherwise e}) = e%). As a result, condition
on the pullback unambiguity is violated and we come to a contradiction.

Case 2: Suppose, the spliting coherence condition fails regardless of the uniquesness condition.
Then there exist two edges, el‘,efx, in the action graph, and two edges, e}),e%, in the af-
fordance graph such that oa(el) = oa(€3), Ta(e)) # Ta(e3), £e9%¢(e}) = g?¢¢(e},), and
FU5(3) = g5 (3.

L. IF fedee(eh) = f5¢(e3), then g#dse(ch) = fodse(el) = fedse(e3) = ged4¢(e}). Pick
e} Then the pullback P contains two edges, e> = (e}, e})) and €2 = (€3, ¢},), such that
op(eb),0p(e3) € Vi forstate s = o (el ) = a(€2). Also, Ap(T% (eb)) = Ap (T (e2)),
but Tp(ep), Tp(e3) ¢ Vl‘il for some state s', because targets in the action graph are not
equal. As a result, condition on the pullback unambiguity is violated and we come to
contradiction.

2. If Ap(el)) = Ap(e?) it follows that there are two edges in the pullback graph e}, =
(el eh) and €3 = (e3,e3), such that op(eh), op(e) € V3 for state s = oa(el) =
oa(€2), Ap(eh) = Ap(e3), but Tp(eh),Tp(e3) ¢ V5, contradicting an assumption
about pullback unambiguity by definition.
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W = U : Suppose the diagram conditions hold, but pullback is ambiguous following definition.
Then there exist two edges in the pullback graph such that op(e}), op(e3) € V3 for state s =

oa(el) = 0a(€2), Ap(n% (eb)) = Ap(mE'¢(e2)), but Tp(eb), Tp(e3) ¢ V3 for some state .

1

Case 1: Suppose ﬂjdge( eh) = ﬂedge( 2

ep) = ex (it is the same edge in the action graph). Then

T8 (eh) £ mEHe (e %) If op(el) # GD(eD) then pullback is not ambiguous, so we assume
that op(e),) = op(e?). Therefore, edges e}, e? differ by their targets, Tp(e},) # Tn(e3).

By the definition of pullback as a universal construction on the diagram, g¢%¢ e(n:gdge( L) =

FeU8e (T8 (eh)) = ep = fe8e(mEH8C (e3)) = god%¢ ('8¢ (e3)). Since for ey there exist two
edges ell), e% with the same label and source but different target, such that morphisms f and
g map them to the same edge ejs in the abstract graph, uniqueness condition is violated

and we come to contradiction.

Case 2: Suppose 7rA eh) # 1 edge( 5).

L 1 50(e}) = Ta(e3). then (1 (e}y)) = (s (e})) = 7 (14())

= grerex( D(elz))). Since GA(eA) = o4 (e3) (by definition), then g"*"'**(op(e})) =
e (oy(eh)) = 1 (oa(e?)) = g (op(e3)). Moreover, by assumption pull-
back is ambiguous, and sources of affordance edges must be the same, op(e},) =
GD(eD) The last but not least, lables of the affordance edges are the same, and all
of this implies that g¢¢¢(el,) = g¢¥¢¢(e?)). Moreover, by assumption pullback is am-
biguous, and sources of affordance edges must be the same op(e),) = op(e3). Since
for e}‘(and eﬁ) there exist two edges ell), e% with the same label and source, such that
morphisms f and g map them to the same edge in the abstract graph, uniqueness
condition is violated and we come to contradiction.

2. If t4(e}) # ta(e}), it trivially shows that Ap(e?) # Ap(eb) since they are the same by
assumption, and splitting coherence condition is violated. We come to contradiction.

We conclude that definition of a pullback unambiguity implies that uniqueness and splitting co-
herence conditions hold, and vice versa, uniqueness and splitting coherence conditions guarantee
that pullback is unambiguous. 0

In user-computer interaction terms, the uniqueness condition states that two realizations of
the same affordance in the same context must not implement the same transition from the same
state to the target. For example, a button that, when pressed, provides more than one result. This
adds the feeling that user cannot control the interface and a randomness is present. Note that
the effect of randomness is not necessarily related to the random selection of an action; it may
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indicate an insufficient number of factors that would allow the distinction of two different states
of the interface.

The splitting coherence condition tells us that if it is possible to move to different states
from a certain state of the interface from a set of its representations, then the transition must be
implemented by different affordances. If one affordance is responsible for different transitions,
this creates ambiguity in defining its role and in building mental maps for the user.

However, it is not true the other way around and is often observed in different interfaces. To
avoid unambiguity, one affordance should not be coupled with different state transitions, but one
state transition can be realized with many affordances. For example, exit from the page can be
performed by pressing different buttons or using a voice command, which can be available to
the user at the same time. In this case, parallel arrows between the contexts indicate different
affordances that perform the same action. Notably, if two affordance realizations are mapped
by the morphism g into one certain arrow of the abstract graph, if considered to be the same.
Formally,

Definition 5.1.6. Let e4 € E,4 represent a state transition, and let e}, 2 € Ep denote two realiza-
tions of distinct affordances such that Ap(e}) # Ap(e3). If 298¢ (ey) = g€ (e))) = g®d2(e2),
then we define e}) and elz) as equivalent.

Next, we provide some results related to interface ambiguity in the context of the category of
directed labeled multigraphs.

Proposition 13. Let Vp be a set of all representations of a state s in a pullback P. If for any v,
and vy in V§ p(vi) Nwp(va) = 0, affordance graph D is deterministic, and splitting coherence
condition holds, then the pullback P is unambiguous.

Proof. Since sets of affordances are disjoint, there are no two edges e1,e; € Ep in the pullback
graph such that 6p(e;), op(e2) € V5 and op(e1) # op(ez) (since label of an edge in the affordance
graph corresponds to the realization of one of the affrodances from the context, a set of possible
actions). Therefore, we need to review only the case where op(e;) = op(ez). Since splitting
coherence and affordance graph determinism holds, it guarantees that there are no two edges
in the pullback such that Gp(el) = GP(EQ), JTIDLIbEZ(;L (61)) = JTlDabd(/l((ez)) and Tp(el) = Tp(ez).
Proof is similar to the proof of the theorem 5.1.1. [

Proposition 14. The diagram conditions hold for a pullback P only if the pullback is both un-
ambiguous and complete.

Proof. Let us choose action and affordance graphs, along with morphisms f and g, such that
the diagram conditions fail. Let action graph contain contain two edges e; and e, such that
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o4(e1) = oa(ez). Consider an abstract graph consisting of two disconnected vertices, each with
a self-loop. The action graph maps to one vertex with a loop, while the affordance graph maps
to the other vertex with a loop. In this scenario, the pullback graph is empty graph, and is not
unambiguous. However, a splitting coherence is violated, since f¢48¢(e1) = f¢48¢(e,). ]

Proposition 15. Let P be a complete pullback graph above a diagram A i) M & D. Pisam-
biguos if affordance graph D represents a single context, and action graph A is non-deterministic.

Proof. Since D represents a single context, then |Vp| = 1, and all vertices in the pullback have
the same affordance component, implying that for all vertices in the action graph f"¢""**(v,) =
g"“"**(vp). If action graph is non-deterministic, there are two edges e}x,efx € E, for which the
following is true,

cales) = oalex),  Aalen) =2a(ex),  Taler) # Taled).
Since 77X (g (eh)) = e (th(eh)) = S (4 (€)), and flabel (g (eh)) = F10e (2 (e2)),
we get fe98¢((e})) = fe4%¢((e%)). However, it violates a splitting coherence condition on the
diagram, and we conclude that pullback P is ambiguous. [

5.1.1 Strict Unambiguity

We consider an interface unambiguity represented by a pullback where one system state is rep-
resented by a single context to the user. There can be many contexts, but no more than one
representation exists for each state. There are many real-world examples where UI only gives
the user a single set of possible actions, such as a light control system, tap water regulator, cof-
fee machine, or microwave oven. Therefore, we propose considering this section as a particular
case of the user interface and will study a type of single-context user interface. We will adapt
the unambiguity of the user interface to a single-context interface, as a strict unambiguity since
we restrict system states to a single context. Notably, a theory on arbitrary interfaces applies to
single-context interfaces as well.

Definition 5.1.7 (Single-Context Interface). Let P be a pullback graph above a diagram A RN

MED together with two morphisms 74 : P — A and 7np : P — D. We call P a single-contex
interface graph if the following holds:

\V/v17 V) c VP . ﬂXertex<vl) — nXertex(VZ) _— n.Berlex(Vl) — n.BerleX(Vz)_
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Proposition 16 (Single-Context Interface). Let P be a complete pullback graph above a diagram

A i> MED together with two morphisms ms : P — A and ntp : P — D. P a single-contex interface

graph if and only if g is injective on vertices.

Proof. = Suppose g is not injective on vertices. Then, there are vi,v, € Vp, such that g(v;) =
g(v2). Since pullback is complete, there exist some v, € V4 such that f(v,) = g(vi) = g(v2). It
follows that pullback contains two vertices (v,4,v;) and (v, v2). However, it implies that P is not
a single-context interface and we come to contradiction.

< Suppose pullback P is not a single-context interface representation. Then, there are two
vetrices vq,v, in the pullback such that m;"*(v;) = ;" (v2) and " (vi) # mX"*(v2).
From the definition of pullback as a categoretical universal construction, f""¢*(my¢""**(v;)) =
gvertex(n{)ertex(vl)) and fvertex(nxertex(‘}z)) — gvertex(nz)ertex<v2)), Sll’lCe “actlon” partS are the same
fvertex(nxertex(vl)) — fvertex(ﬂ:Xertex(VZ)) lt follows that gvertex(ﬂgertex(vl)) — gvertex(ngertex(‘}z))
where /5" (v1) # my""**(v2). We conclude that g is not injective on vertices and come to
contradiction. ]

Proposition 17. If pullback P is a single-context interface pullback, then Ty is injective on ver-
tices.

Proof. Suppose T is not injective on vertices. Let (v},v}) and (v%,v3) be two vertices in the

pullback graph. Assume 7} (v}, v]) =v} =v% = my(v3,v3). However, then there are two

different representations (vy,v}) and (v§,v3) of the state v} =14 contradicting a statement. [J

Proposition 18. If pullback P is a single-context interface pullback, then for any vertex s € Vu
the set of its representations in P contains a single element, |V3| = 1.

Proof. It implies from injectivity of 74 when pullback P is a single-context interface pullback.
Unformally arguing, a state s cannot be represented with more than one context. [

Definition 5.1.8. [Strict Unambiguity of a Single-Context Interface Pullback] A single-context

user interface (UI) represented as a pullback graph P over a diagram A LmMED together with
two morphisms 74 and 7p is strictly unambiguous if the following holds:

Vey, ey € E}f’f] for some vertex v € Vp:

15" (Ap(e1)) = 75" (Ap(e2) = p(er) = Tp(e2).

Similar to the general case, unambiguity implies the faithful action of any affordance with a
name 7$?¢!(2 (e)). Tts action on a certain state should not ambiguously lead to different resulting

states.
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Theorem 5.1.2 (Strict Unambiguity of a Single-Context Interface Pullback). Let P together with

morphisms T4 and ©tp be a complete pullback above the diagram A i> M & D, where A is an

action graph, D is an affordance graph, and M is an abstract graph. P is strictly unambiguous
if the splitting coherence condition holds:

For some some vertex vy in the action graph and vertex vp in the affordance graph, if there exist
el,ek e EIL[‘VA’ Vand el e} € E[VD’ | such that fedse(el) = geds¢(el)) and fedse(e3) = g°%¢(e3),
then
1 2 edge (1 edge( 2 A 1 A 2
Taleq) # Taleq) = [ (eq) # [“*(eq) N Ap(ep) # Apn(ep).

Proof. = Suppose a single-context pullback P is strictly unambiguous 5.1.8, but it does not

follow that splitting coherence condition holds. Then there exist e}, e € EAVA"_} and e}, €3 €

EL[)VD’f] such that f¢8¢(el) = g®¢(el) and fe98¢(e3) = g°%¢(e3,), where
Ta(es) # Talex) A (f%(ex) = f%(eR) V Ap(ep) = An(eh)).

Consider the following cases:

Case 1: Ap(e},) = Ap(e?). The pullback contains two edges e; = (e}, e}) and e = (€3, €3). Since
GD(elD) = GD(e%)) and lp(e})) = /11)(6%) then Gp(el) = Gp(ez) and ﬂlabel(lp(el)) =
lsbel (Ap(e2)). However, tp(e) # Tp(ez) since T (tp(ey)) # T4 (p(e2)). There-
fore, two edges coming from the same source and having the same affordance label lead
to different targets, and splitting coherence condition of pullback unambiguity fails. We
come to contradiction.

Case 2: fed8¢(el) = feds¢(e2). We assume that g is injective on vertices, otherwise a contradiction
follows. Since fedg"’( L) = fed8¢(e3), then g#9%¢(e})) = g°%%¢(e3,). Notably, f¢48¢(e}) =
pedse(e2) = geite(ely) = gedie(e3)." Since gedse(eh)) = feise(eh) = yedse(e3), there are
two edges in the pullback e1 = (e}, el)) and e; = (e%,eD) where 74 (e}) # Ta(e?), while

Ap(m edge( 1)) =Ap(7, s (e2)) since they are the same edge in the affordance graph. Thus,
splitting coherence condltlon is violated, leading to a contradiction.

< Suppose, a diagram condition is met but it does not follow that pullback is unambiguous.
Then, there are two edges e, e such that op(e1) = op(e2), Tl (Ap(er)) = mbe!(Ap(ez)), but
tp(e1) # Tp(ez). Let us review the cases where Tp(e;) # Tp(e2).

Case 1: Suppose 77" (tp(e1)) # w5 (tp(e2)) and 7} (tp(e1)) = m,*"**(Tp(e2)). However,
it implies that P is not a single-context interface pullback as stated in the theorem.
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Case 2: Suppose 7,“""“(tp(e1)) # m,""“*(tp(e2)) regardless of equality or inequality of the affor-
dance component. Since these two edges exist in the pullback, then f¢d8¢(¢%%(e;)) =
g8 (1'% (e1)) and fed8e(mi%° (e2)) = g°%8¢(mi% (e2)). However 74 (1595 (1)) #

Ta(157% (e)) does not imply that Ap (5% (1)) # Ap(75% (e3)) since they must be equal

by definition. We come to contradiction.

We conclude that conditions are equvivalent. [

Proposition 19. If pullback P is strictly unambiguous then it is unambiguous.

Proof. We will prove that strict unambiguity implies unambiguity by contradiction. Suppose a
pullback P is strictly unambiguous but not generally unambiguous. Then there exist two edges
e1,ex € Ep such that op(e1),0p(ez) € V3 for some state s. If [V3| > 1, then the state s is rep-
resented by more than context, there exist at least two vertices vy,v, such that 7" ex(yy) =
m¢" (vi) and w4 (vi) # mpy " (vi). Then, strict unambiguity conditions do not apply. We
suppose that for any state s [V;5| = 1. Then being not unambiguous implies that there exist two
edges er,ep € Ep where Gp(€1) = Gp(ez), and JTIDabel(/lp(el)) = ElDabel(lp(ez)) /i> Tp(el) =
7p(e2). However, condition of splitting coherence is then trivially violated, since splitting coher-
ence conditions become equivalent. We come to contradiction and conclude that strictly unam-
biguous pullback interface is generally unambiguous. 0

Proposition 20. Let P be an unambiguous pullback. If for any state s € V5 a set of its represen-
tatives contains at most one vertex V3| = 1, then its strictly unambiguous.

Proof. Since for any state s, |V3| = 1, then pullback P trivially becomes a single-context interface
pullback. Condition on the unambiguity decreases to the following one:

If Gp(el) = Gp(ez) then
157 (Ap(e1)) = mp" (Ap(e2)) = tp(e1) = Tp(e2),

which is equvivalent to the condition on strict unambiguity. Therefore if it is satisfied and pull-
back is relaxed unambiguous by assumption, then strong unambiguity follows. O

Proposition 21. Let g be a morphism from a single-context pullback P to a graph P’ such that,

]. vv E VP : qverlex(v) — nX@rIex(v)’

2. VA € Ap: glabel (1) = mlabel (1),
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3. Ve € Ep : ¢ (0p(e)) = 0p (g% (e)), 4" (1p(e)) = T (¢ (e)), ¢’ (Ap(e))
— A (gt c)).

Pullback P is strictly unambiguous if and only if the graph P' is deterministic.

Proof. = Suppose, pullback P is strictly unambiguous, but P’ is non-deterministic. Since all
edge labels are replaced by their “affordance” part, then non-determinism of graph P’ indicates
that in the original pullback P there are two edges ej,e; such that op(e;) = op(ez), Tp(e;) #
Tp(e) (since morphism ¢ maps vertices to their state parts that differ), and their labels are the
same due to non-determinism of P’. It implies, that there is some affordance that leads to different
states, contradicting assumption about pullback P unambiguity.

< Suppose, a graph P’ is deterministic, but P is ambiguous. Ambiguity of P implies that there

are two edges e, ep € El[f’f] for some vertex v € Vp such that 5! (Ap(ey)) = miP! (Ap(e2)),
and tp(e) # Tp(ez). Then applying g to edges eg, e results in two edges ¢?%¢(ey), q?%¢(e;) ,
where

VerteX(GP<el)) — qvertEX(GP(62>) _— n.xertex<cp(el)) — nAverteX(GP(ez)>7

gl (Ap(e1)) # ' (Ap(er)) = m" (Ap(er)) = mi" (Ap(e2)).

Since P represents single-context interface, if vertices are not equal, then their “action” compo-
nents differ. Thus,

qvertex(rp(el)) #qvertex(rp(ez)) — nxertex(rp(el)) #nXertex(TP(ez))'

The, the resulting graph P’ is non-determitistic, contradicting our assumption. 0

q

5.1.2 Profiles and Unambiguity

In the previous section, we indicated that the pullback with the highest level of details can be
modified in three proposed ways: forgetting state features or uniting states, forgetting affordance
implementation details, and forgetting affordances. We will study how these modifications affect
the pullback’s state of ambiguity.

Observation 2. By merging states in the pullback P, the resulting graph may transition from
unambiguous to ambiguous, or conversely, from ambiguous to unambiguous.

For example, consider part of the graph below. The first version of the graph is unambiguous.
Then, we merge the two vertices (so,co), (s, c() into one, and the edges leading from them to
different targets have the same labels, so the ambiguity arises. However, then merging the targets
(s1,¢1), (s],¢]) removes it.
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(s9,¢0)  (s0,c0) [s0, co] [s0, co]
(lAalD)l l(lAalD) — lAJD/ \lA,lD — l(lAJD)
(s1.¢1) (s1,¢1) (s1.¢1) (s1,¢1) [s1,¢1]

Observation 3. The pullback graph P from unambigous can become ambiguous by forgetting
the affordance trigger details.

For example, consider part of the graph below. The first version of the graph is unique because
the affordance labels 1)), 12 are different. However, forgetting the details, we consider them the
same as shown on the right, causing ambiguity.

[0, o] [s0, co]

toth)/ \B) ——  (aliol)/ \{aslo))

(31,C1) (s1,¢1) (517C1) (s1,c1)

Observation 4. The pullback graph from ambigous can become unambiguous by forgetting the
affordances.

For example, consider part of the graph on the previous page. The first version of the graph
is ambiguous. However, removing the edge associated with the affordance will also lead to
ambiguity. At the same time, the interface for this user profile loses its functional component
and becomes incomplete.

[s0, co] [s0, co]

(Ia,Ip / \ la,lp) —— l(lAalD)

(s1,¢1) (s1,¢1) (s1.¢1) (s1,¢1)

5.1.3 When Ambiguity is Detected

Having determined the conditions of unambiguity within the categorical representation of inter-
faces, in this section we will discuss the reasons for the vulnerability of interfaces, and recom-
mendations for their improvement. Each of the above reasons applies to a specific user profile.
That is, for one profile the action can be unambiguous, while for another it is not.

76



Unrecognizable states. The first source of ambiguity we will examine is the user’s inability
to differentiate between states where the same affordance has different effects. For example, a
button that both turns a device on and off. If an important condition, referred to here as a state
feature, is required to activate the device, and the user cannot detect whether this condition is
met, starting the device becomes ambiguous. The outcome then depends on the presence or
absence of the feature, which the user may not be aware of. In abstract terms, if a pullback is
ambiguous and two edges emerge from a vertex where the affordance is identical but lead to
different resulting states, the cause could be the merging of two states that should trigger distinct
actions for the same affordance. However, due to the inability to distinguish between these states,
ambiguity arises. In this case, it is necessary to introduce additional elements into the design to
enable the distinction between the states.

Hidden complexities. A less obvious example of ambiguity is the presence of internal depen-
dencies between states and contexts. This issue is closely tied to the concept of implicit modes
discussed earlier. When one action only takes effect if another has already been performed,
it introduces dependencies that are not always easy to identify or remember. Additionally, if
affordances are poorly designed, their appearance might not indicate the existence of these de-
pendencies. If identical light switches are set up such that one depends on the other, it becomes
challenging for the user to understand the dependency and even more challenging to capture the
meaning or purpose behind it. However, complexities are not always a negative aspect of de-
sign. For instance, we do not want the start button of a coffee maker to work if there is no water
or coffee beans. In this case, the button’s functionality depends on the water and coffee levels,
which is an example of effective design. On the other hand, this dependency is not hidden and
is intuitive to people who want to make coffee. Therefore, we recommend making all implicit
modes explicit, and remove hidden complexities where necessary.

Limited number of affordances. Another source of ambiguity arises from the multiple func-
tions assigned to individual affordances. When a single affordance controls several actions, it
complicates the user’s understanding of the relationship between affordances and their functions
within the interface. This is often due to explicit or implicit modes, which allow an affordance to
perform different actions in the same state. While this can be an efficient engineering solution,
enabling a wide range of functionality with limited affordances, it poses challenges from a design
perspective. Users must continually be aware of the current mode and the specific function an
affordance performs in that mode, placing an additional cognitive load on them. According to
Norman, additional mental effort does not indicate effective design. A recommended approach
would be introducing more affordances or representations for some affordances. Recall that from
our point of view, modes should provide hints about the state of the interface, but not change the
functional role of affordances.
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Next, we will present overviews of ambiguous interfaces, each being an example of the afore-
mentioned reasons for ambiguity. We will construct the graphs based on the interface descrip-
tions and use implemented software on the .Net platform, to verify the pullback ambiguity. Our
implementation of unambiguity checking can be accessed at unambiguity repository!.

5.2 Case Study of a Generic Form

Previously, we gave an example of a generic form with the following possible actions - pressing
buttons a, b, and delete, and changing active position. The deletion was only possible for the
last letter of the text in the text box. Let us consider the use case of a form in which it is
possible to delete letters in any position without restrictions, but it is impossible to determine the
position. This scenario is based on the real queries of people who could not observe a cursor
in some interactive systems, such as command line prompt in Windows 10. There can be many
interpretations here - a certain group of people (profile) cannot see it with certain settings, or
the error is on the part of the software, and recognition of the active position for removing and
adding symbols is basically impossible.

Affordance Graph

The following affordances are available on the form: three buttons - a, b, delete - and two arrows
for changing the active position. When interacting with any of these affordances, the context
does not change. We get an affordance graph with one vertex and five arrows, each of which is
associated with one of the affordances. For vizualization, see figure below.

—
—

click delete

click a a b delete < — clickb

Figure 5.1: The affordance graph of the generic form, where five possible actions are available.

lhttps: /github.com/mzheplin/UIGraphs
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Action Graph

The text in the text box defines the states of the interface. Since the active position is unknown,
the action of changing the position does not visually change the state. The action of deleting or

change position

delete
change position delete
delete add a
add b
bb
add b
delete
delete
delete -, "
change position change position
change position delete delete
delete add a add b
delete ab delete
b
change position add b add a adda
delete delet delet
elete addb elete
-~ delete delete
adda change position change position change position
delete delete delete delete
delete
add a
a addb ba add b
delete delete
add a
change position delete
delete delete
delete change position
. delete
add a
add b
delete

Figure 5.2: The action graph of the generic form, where a state is defined by the textbox content.
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adding characters, in many cases, is non-deterministic because the result of their action depends
on the position of the cursor (or any other indicator). For example, deleting a symbol where the
state is “ab” may result in states “a,” “b,” or “ab.” Note that this action graph can be obtained
from the graph where the cursor position is available by forgetting this feature (see section 4.1).
For vizualization, see figure 5.2.

Abstract Graph and Morphisms

Since the same context represents all states in the action graph, the morphism maps them to a
single vertex in the abstract graph, where the single affordance context is also mapped. Each
unique edge in the action graph corresponds to an edge in the abstract graph. The affordance
edges are mapped to their counterparts in the abstract graph according to the transitions each
affordance triggers. Note that the left and right arrows represent a position change transition, so
they map to the same label and edge in the abstract graph. The resulting abstract graph has one
vertex and four edges. Below, we provide the reader with the details of the morphisms f and g
from the affordance and action graphs to the abstract graph.

Pullback Graph
The calculated pullback graph integrates the information from both graphs. The next page pro-
vides a pullback graph of some interface providing text manipulation. Each state of the interact-

ing system is connected to other states with the corresponding arrows, that contain information
about transition name and about affordance trigger.

Interface Ambiguity

The interface is naturally ambiguous. In this scenario, Splitting Coherence Condition of interface
unambiguity fails many times. Half of the affordances behave non-deterministically, while the

a+ b+

Figure 5.3: The abstract graph of the generic form.
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On Vertices

Source vertex v Target vertex g"“""**(v)
a, b, delete o
On Labels
Source edge label A Target edge label g"**¢/(1)
click a a+
click b b+
click delete -
A ——
— ——
On Edges

Mapping follows from vertex and edge label mappings

Table 5.1: The homomorphism from the affordance graph to abstract graph, failed form example.

On Vertices

Source vertex v

Target vertex fY¢""¢*(v)

“[ab]$ o
On Labels
Source edge label A Target edge label f/“¢/(2)

add a a+

add b b+

delete -

change position PRI

On Edges

Mapping follows from vertex and edge label mappings

Table 5.2: The homomorphism from the action graph to abstract graph, failed form example.

rest do not affect either state or context. As mentioned earlier, this ambiguity can arise from the
inability to distinguish between states, leading to non-determinism. Note that we could achieve
such a graph by constructing a complete set of different states and then applying the forgetting
morphism to the vertices of the pullback, where they will be mapped to the corresponding one
without the cursor position (see section 4.1). To resolve ambiguity and make the interface unam-
biguous, we need to add details that allow more explicit interaction with the text in the textbox.
For instance, providing a visual representation of the active cursor position increases the number
of states in the action graph. For example, “ab” could expand to “/ab,” “a/b,” or “ab/,” and adding
or removing characters would directly impact these states. Deletion and adding symbols are not
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change position - click —
change position - click <

delete - click delete

[1-ab delete < —

add a-clicka

delete - click delete

add b - click b

delete - click delete

change position - click —
change position - click <

delete - click delete
a-ab delete < —

change position - click —
change position - click <

delete - click delete

b-ab delete < —

add a-clicka

delete - click delete

add b - click b

delete - click delete

add b - click b

add a - clicka

delete - click delete

delete - click delete

add a - clicka

delete - click delete

add b - click b

delete - click delete

change position - click —
change position - click <

delete - click delete

aa-ab delete < —
—

change position - click —
change position - click <

delete - click delete

ba - a b delete < —

change position - ciick —>
change position - click <

delete - click delete

ab - abdelete < —

change position - click —
change position - click <

delete - click delete

bb - ab delete < —

add a - click a

add b - click b

delete - click delete

delete - click delete

delete - click delete

delete - click delete

add a - click a

add b - click b

delete - click delete

add b - click b

delete - click delete

add a - click a

delete - click delete

add a - click a

add b - click b

delete - click delete

change position - click —
change position - click <

delete - click delete

. b delete < —

change position - click —
change position - click <

delete - click delete

... -abdelete < —

change position - click =
change position - click <

delete - click delete

b delete < —

change position - click —
change position - click <

delete - click delete

[r—
| ... -abdelete < —

Figure 5.4: The pullback graph of the generic form that enables user interaction with the text.

inherently non-deterministic actions on the state [ab], even though they may seem that way. The
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key issue is that multiple states share the same representation, “ab,” which creates ambiguity.
As a result, the detection, depending on the interpretation of the ambiguity, may indicate that
the interface itself does not have enough visual clues, the addition of which will get rid of the
ambiguity.

5.3 Case Study of a Generic Form - 2

Let us consider another case of the form where ambiguity is present. The idea of creating this
example occurred based on a real text editor. Let the space for affordances be limited, and the
designer solves this issue by creating modes. The following affordances are available - a, d, and
two radio buttons. When one of the radio buttons is pressed, it becomes active, and the other
becomes inactive, indicating a mode change. As in the previous example, button a adds the letter
a to the text box, but button d in one mode adds d, and in the other, it removes the last letter of
the text.

Affordance Graph

The affordance graph contains two vertices, each representing two versions of similar contexts
with a set of affordances a, d, and switch radio buttons. Its active radio button characterizes
each of the contexts. The implementation of the affordances switch radio buttons switches the
mode; the implementation of affordances a and d leaves it unchanged. We will add information
about the mode in which the affordance is implemented on the edge labels. This will allow us
to correctly combine the names of affordances and modes with the actions they implement. The
resulting affordance graph is shown in the figure 5.5.

mode 1: {a d switch} click a:1  click d:1
switch mode switch mode

mode 2: {a dswitch} clicka:2 clickd:2

Figure 5.5: The affordance graph of a generic form, where two modes are present.
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Action Graph

The content of the textbox determines the interface’s current state. The available transitions
between states are adding “a,” adding “d,” and deleting the last character. Additionally, there are
unnamed loops on the state, representing potential actions that do not change the state but will
be necessary for context switches. Next page contains a visualization of the action graph. Note

that in this example, the action graph is completely deterministic.

add a
add d
add a aa delete
delete
add a
dd s a add d ad add d
delete delete
delete
add d
add d add a
delete d delete dad add d
delete
add a
delete
da add a
add d
delete

Figure 5.6: The action graph of a generic form, where a state is defined by a text in the text box.

Abstract Graph and Morphisms

Since each state can be in each mode, the abstract graph will contain only one vertex, to which
all the vertices of both, the affordance of the graph, the action of the graph, map. Mapping on

84



On Vertices

Source vertex v

Target vertex f"""**(v)

“lad]$ o
On Labels
Source edge label A Target edge label f/“¢/(2,)
add a a
add d d:-1
delete d:2
— switch
On Edges

Mapping follows from vertex and edge label mappings

Table 5.3: The homomorphism from the action graph to abstract graph of failed form 1.2.

On Vertices

Source vertex v

Target vertex g"""**(v)

mode 1: a, b, delete

(0]

mode 2: a, b, delete

o}

On Labels
Source edge label A Target edge label g"**¢/(1)
click a:1, click a:2 a
click d:1 d:1
click d:2 d:2
switch switch
On Edges

Mapping follows from vertex and edge label mappings

Table 5.4: The homomorphism from the affordance graph to abstract graph of failed form 1.2.

labels and the edges themselves is even more interesting. A mode switch and an unnamed action
on a state are one and the same, so there is one edge and one label in the abstract graph for this
pair. Moreover, control a adds a within any mode, so a — a pair also has an edge label and an
edge. However, affordance d in mode 1 adds d, and in mode 2 removes the last character, so each
case has a corresponding edges. Notably, without information about the mode on the labels, we
could not build the pullback precisely because of the distribution of the affordance d on different
actions. The resulting abstract graph contains one vertex and four edges with unique labels (see
figure 5.7). Details on graph morphisms are given above.
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d:2
d:1

a switch

Figure 5.7: The abstract graph of the failed form 1.2.

Pullback Graph

We obtained a pullback where the form with a single state appears twice, corresponding to each
mode. Below, we provide the graph that results from specific modifications to the pullback. As
explained in the section on profiles, an interface modification corresponds to a particular user
profile. Let us consider the profile of a typical user encountering the interface for the first time.
For this user, the position of the active radio button is not informative. The goal is to examine
how the buttons influence the textbox’s content. As mentioned in the section on profiles, we
can ignore the mode information on the edge labels. As a result, “d:1” and “d:2” will simply be
labeled as “d.” The modified graph is provided on the next page.

Ambiguity

The ambiguity of the interface is present, and it is caused by the different effects of affordance
on the same state in different representations. For example, let us apply the realization of the
affordance d to the state “a”. In one representation, the result will be “ad”, and in the other
empty string. Therefore, the interface is ambiguous by definition. We recall that an interface is
considered unambiguous, where the action of one affordance in any context translates one state
in any representation into a single state in a certain representation. We observe that for each state
of the action graph, there are three transitions leading to three other states, realized only with
two affordances. Ambiguity can be avoided by adding affordance or replacing affordance d with
another in one of the modes.

5.4 Case Study of Light Control System (ES Seminar Room)

This section presents studies of a real-world example of an unintuitive user interface for control-
ling room lighting. We demonstrate how the proposed method can formally model the interface
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add a - click a

delete - click d

add a-click a

delete - click d

add a-click a |:|
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delete - click d r

aa-m2:a dswitch delets/” click d

delete - click d - switch mode
delete - click d delete - click d
q - switch mode
add a - click a e . . dd-m2:a dswitch
. a-m2:a dswitch add o~ click a
Denfie domlE - switch mode

delete - click d
add a - ciick a

- switch mode P —
a-m2: a dswitcl i
A delete - click d
sprirch mode d-m2:a dswitch D— I—

- switchmode - switch mode

. add a - click a r
aa-ml:a dswitch
I — - switch mode |:| L
[1-mi:a dswitch - switch mode -

add a - click a - switch mode

add d - click d delgte\click d ad-ml: a d switch - switch mode I;
| d-mi:a dswitch S add d - click d

add a - click a

add d - click d
da-ml:a dswitch
add a - click a
dd-ml:a dswitch add d - click d L

add a - click a

add d - click d add d - click d |;

- switch mode

add a - click a

add a - click a

add d - click d

Figure 5.8: The pullback graph for a generic form that enables user interaction with the text
within two modes.
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Figure 5.9: Four light blocks in the seminar room correspond to the buttons and are associated
with specific colors (1 - red; 2 - blue; 3 - purple; 4 - orange).

and identify its flaws. In this example, we assume that the user knows the buttons’ functions and
understands the connection between them and the light blocks they control. Thus, our focus is
solely on the feedback the user receives upon interaction. The feedback consists of two elements:
the change in the button’s state and the corresponding change in the room’s lighting.

Details on the room lighting control. The room’s bulb sets are divided into 4 separate blocks,
each connected to specific buttons as illustrated in the picture below. Each block corresponds
to a number associated with buttons controlling it and distinct colors to visually represent the
room’s lighting state. The room light is managed through 8 buttons: 4 for turning the light on
and 4 for turning it off. Firstly, we number the buttons from left to right. The upper buttons also
have the suffix 7, while the lower buttons have the b. A formal representation of the light control
is provided in the figure 5.10.

Description of light control functionality. The following are the results of the interaction with
the lighting system. Pressing button 4¢ turns on the lights in block 4, while button 45 turns off this
light when pressed. When activated, buttons 17 and 2¢ light up their backlights. However, they
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1t 2t 3t 4t

1b 2b 3b 4b

Figure 5.10: Formal representation of light control consisting of 8 buttons. The upper and lower
buttons are enumerated from 1 to 4, and suffixed with ‘t’ and ‘b’, respectively.

only illuminate the room under certain conditions. If the room is not lit or block 4’s light is on,
pressing these buttons will not light the corresponding blocks. These buttons change the context
without affecting the room lighting. Users can press buttons 15 and 2b to turn off the backlights
of buttons 17 and 2¢. The third set of buttons (3¢ and 3b) adds more complexity. These buttons
control the light in block 3. Pressing 3¢ turns on the light in block 3, and any blocks linked to 1¢
and 2¢ illuminated buttons. Pressing 3b turns off block 3 and any linked blocks but does not turn
off the backlights, which must be deactivated by pressing 15 and 2b. Lights in blocks 1 and 2
can only be turned on if block 3 is already lit, creating a dependency. When block 3’s light is on,
pressing buttons 1# and 2¢ activates lights in units 1 and 2, while pressing 15 and 2b turns them
off. Therefore, units 1 and 2 can only be illuminated if both their buttons are on and block 3’s
light is active. Buttons 17 and 2¢ do not light up when pressed, confusing users trying to associate
the button with the lights. Also, the backlights on buttons 1¢ and 2¢ serve more of an engineering
function, which may cause further confusion as they do not provide visual feedback, making the
system more complicated to understand.

Affordance Graph

First, only two buttons, 1¢, and 2t¢, are illuminated. Accordingly, affordances in the form of
buttons, being in different representations, form explicit modes. A visual change in affordance
prompts the user to assume a change in state or functionality. We encode each mode through
a pair of x numbers, where each can have a value of 1 or 0, where x encodes the illumination
of the first button, and y is for the illumination of the second. Therefore, affordance graph
contains four explicit modes. However, the effect of buttons 17 and 2¢ on the state of illumination
depends on the illumination of block 3. Block 3 is illuminated by pressing button 3¢. As a result,
implicit modes are formed and connected with realizations of affordances 3¢, 3b. As a result, the
affordance graph contains two copies of each mode. Notably, pressing buttons 4¢ and 4b in all
contexts, and others in specific contexts, does not change the context/mode, so self-loops in the
affordance graph represent them, although not visualized.
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Context 1_.00 Context 1_10

press button 1t
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press button 1b

Context 0_00 Context 0_10
press button 35 ° ° ° ° ° ° ° ] press button 3b
press button 1t
p—
‘press button 16
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—
press button 1b
press button 3b
press button 3t
Context 101 Context 1.11
press button 3b press button 3t
o o [ ] [ ] [ ] [ ] o [ ]

press button 1t

‘press button 1b

Figure 5.11: The affordance graph of the light contexts in the seminar room.

Action Graph

Let us build an action graph. As mentioned earlier, we assume that the target user knows the
correspondence between the buttons and the light blocks that turn on. Let us depict the room’s
lighting conditions as vectors consisting of 4 digits, each of which is associated with a block of
light and can have a value of O - unlit and 1 - lit. For example, 0001 encodes the state of the
room, in which only the fourth block is lit. Note that the action graph only states what the user
can observe. For example, state 1000 is impossible due to the dependence of the first block of
light on the third. A transition exists between states if an action can be performed that changes
the first state to the last state. The edge label indicates which blocks have changed state. The
corresponding graph is in the figure 5.12.

Abstract Graph and Homomorphisms

Let us build an abstract graph. At this stage, we will match the action and affordance graphs,
answering the question of how the components combine. First, if the room is dark or only the
light of the 4" unit is on, then changing modes will not change the states, so they are composed
of internal copies of all modes. When pressing 3¢, we proceed into a state with a precise as-
sociation with only one of the modes. Therefore, the abstract graph has five vertices, one for
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Figure 5.12: The action graph of the light states in the seminar room.
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Figure 5.13: The abstract graph of the light control in the seminar room.
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On Vertices

Source vertex v Target vertex g"""*(v)

0-00, 001, 010, 0_11 0
1.00 1
1_10 2
1.01 3
111 4

On Labels
Source edge label A Target edge label g/*¢/(2)

{x}t {x}+
{x}b {x}-

x€{1,2,3,4}
On Edges
Mapping follows from vertex and edge label mappings

Table 5.5: The homomorphism from the affordance graph to the abstract graph, light control
example.

states without association with modes and four more for those that do. We have not illustrated
self-loops similar to those in the affordance graph. However, information about them is given
in the tables describing the morphisms. Also, the edge labels are paired one-to-one, except for
the 3¢ label, which corresponds to several functions at once. A detailed description of the graphs
homomorphisms from the action and the affordance graphs to the abstract graph and the abstract
graph are given in the figure 5.13.

Pullback Construction

Using a software implementation, we constructed a pullback over the proposed diagram A i>
M & D, where A is the action graph, M is the abstract graph, D is the affordance graph, f is a ho-
momorphism from action to abstract graph, and g is a homomorphism from affordance to abstract
graph. The resulting visualization is shown in the Figure 5.14. Each vertex in the graph consists
of two components and is represented by digits, xyzw — ab_c, where x,y,z,w,a,b,c € {0,1}. The
left component corresponds to the action graph, while the right component corresponds to the
affordance graph. Additionally, we rendered the vertices with four colored segments, each indi-
cating whether the corresponding block’s light is on. If a block is not lit, it is colored black. The
pullback edge labels also include both the action and affordance labels from the graph. How-
ever, for clarity and to conserve space, we display only the affordance label, which identifies the
button ID among the eight possible options.
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On Vertices

Source vertex v Target vertex g"""*(v)
0000, 0001 0
0010, 0011 1
1010, 1011 2
0110, 0111 3
1110, 1111 4
On Labels
Source edge label A Target edge label g/“¢/ (1)
{x}+ {x}t
{x}- {x}b
x€{1,2,4}
34, 14+3+,24+3+, 1 +2+3+ 3t
3—,1-3-,2-3—-,1-2-3— 3b
On Edges

Mapping follows from vertex and edge label mappings

Table 5.6: The homomorphism from the action graph to abstract graph, light control example.

Ambiguous?

The pullback analysis with our software shows some key issues: pressing buttons 3¢ and 35 leads
to different outcomes depending on the context, violating the condition on pullback unambiguity.
While the same room state might exist in other contexts, buttons 1z, 1b, 2¢, and 2b only act as
context switches when the light in unit 3 is off. When the light in unit 3 is on, these buttons
directly affect the room’s lighting. We will analyze the potential actions to remove ambiguity.
Our first suggestion is to introduce more states. In this example, ambiguity arises in complete
darkness and when only the orange block’s light is on. To resolve this, these states should be split
into additional states based on the different actions of the affordances. For instance, the dark state
remains unchanged when buttons 1 and 2 are pressed, as blocks 1 and 2 stay unaffected. Adding
more states can create four possible combinations: 1000, 0100, 1100, and 0000. We can assign
a unique action to button 3¢ with these four distinct states, removing unambiguity. Also, button
3t and 3b cause implicit modes. We can change the state of one of the buttons to create an
explicit mode. In the example of the first two buttons, pressing them leads to illumination. It
will be informative to know that the block 3 related to this button is enabled. The main reason
for the ambiguity is the action of the 3¢ button. The result of its pressure can be the activation
of one, two, or three blocks of light. Being inattentive, users may not understand the reasons for
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Figure 5.14: The pullback graph of the light control interface.

94

3t

3b



this. However, we want to point out another potential problem that is beyond the scope of this
example with this choice of graph construction strategy. As mentioned earlier, buttons 1¢ and 2¢
work depending on the state. If a person does not see this dependence, their action either has an
effect or does not. The first thought of a person is that the button does not work, although, in fact,
there is an intricate control behind it. In order to analyze the interface from this point of view,
we will choose a different strategy, relying more on the user unawareness. We will show this
strategy in the next smaller example, with two blocks of light bulbs and, this time, two buttons.

5.4.1 Strategy ‘“Feedback”

Let us return to the example of room lighting control. The user does not see the difference
between the buttons or know which one controls the light. Feedback is significant to the user.
Also, the user cannot distinguish buttons with the same appearance. In this example, we apply the
concrete user profile from the previous example to the lighting control system. As we mentioned,
modify our pullback graph without a need to build a new diagram and redefine three graphs with
morphisms to satisfy the description. We will change pullback graph in the following way:

Vertices: xywz —ab +— s —t;
Edge labels: A — {click not illuminated, click illuminated, click bottom};

Edges are collapsed, if between two vertices there are multiple edges with the same edge labels
after modifications;

Notably, provided map is not a homomorphism. Each state is represented in the form xywz —
ab, where all digits are either 0 or 1. We map this to a specific state s —t, where s represents the
number of ones on the left side, and 7 represents the number of ones on the right. Consequently,
s corresponds to the number of lit blocks, and ¢ reflects the number of illuminated buttons from
the top row. The edge labels correspond to one of three possible actions: click not illuminated,
click illuminated, click a bottom button. Since all buttons look the same and serve the single
function of turning on the light, this transformation in the feedback-focused graph is appropriate
and allows for ambiguity analysis. The generated graph is provided in the Figure 5.15.

Considering the labels of the affordance graph as representations of the appearance of the
buttons involved in the interaction, we notice that the uniqueness condition of the graph is vi-
olated multiple times. The action involving illuminated buttons is ambiguous, as it does not
alter the states. Pressing non-illuminated buttons leads to ambiguous changes in states and con-
texts, sometimes affecting them and sometimes not. In this scenario, constructing a clear action-
consequence conceptual model within the control system becomes challenging.
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Figure 5.15: Modified pullback graph of the light control interface with a focus on feedback.
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5.5 Discussion

Don Norman distinguishes four core principles of a good design: visibility, a good conceptual
model, feedback, and good mappings [25]. Visibility ensures that users can quickly determine
the device’s state and available actions. In our context, the lack of visible distinctions between
states can create ambiguity in decision-making. We provided an example demonstrating how
insufficient detail prevents users from distinguishing between states, leading to confusion in
building conceptual models. Additionally, the previously defined action graph reflects the human
perception of states, not the states encoded within the system. A good conceptual model provides
users with an understanding of operations and results. The proposed pullback construction, its
unambiguity directly indicates the particular effect of affordances on states. If a user achieves
different states under different conditions with one affordance, it is challenging to build a good
conceptual model. Good mappings establish clear relationships between actions, controls, and
their effects. Our definition of pullback graph ambiguity reflects actions’ impact on the system
states. Also, with different user profiles, it is possible to analyze mappings at different levels of
perception. However, we did not include an analysis of the global effect of affordance on the state
of the interface, focusing more on local mappings. Feedback provides users with information
about the results of their actions. In the categoretical framework, feedback consists of changing
the context-state pairs. However, we do not encode supporting feedback, such as sound or textile
sensations, which serves as confirmation of the successful interaction, but focus exclusively on
changes in the encoded states.

In this chapter, we considered the issue of the ambiguity of the interface and the conditions
of unambiguity within the framework. Unambiguity terms are subject to varying levels of detail
and pullback modifications with a focus on user profiles. We described the sources of ambiguity
and potential recommendations for correction. However, the next step is to provide an algorithm
for ambiguity detection and analysis and changes to the graph to correct the ambiguity. Most
assumptions about ambiguity are based on physical interfaces, with a small overview of virtual
interfaces. In focusing on formal interfaces, we encounter the challenge of defining states, given
the complexity and multi-component structure of these interfaces. We believe applicability is
feasible if analysis is conducted at the component level, avoiding mixing different detail levels.
For instance, evaluating a form’s performance is one level, while navigating across pages is
another. Our conditions do not align with Esther Loeliger’s proposed approach [19], as her states
are represented by links and event listeners on pages, which we view as perceived affordances
that must be a part of the affordance graph.
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Chapter 6

Generalizations

We introduced the general concept of using a universal construction from category theory to
represent interfaces with labeled multigraphs. This chapter explores potential extensions of this
theory to include a wider range of interfaces. We will present preliminary ideas and examples to
illustrate these ideas.

6.1 Event-Driven Interfaces

In this section, we expand the framework for describing user interfaces to encompass a broader
range of events beyond those triggered only by user actions. Previously, we focused on analyzing
user experience and the direct outcomes of user-initiated actions, like clicking a button or follow-
ing a URL, which causes specific functions to execute. However, user-driven events represent
only a subset of what influences system behavior.

Events can also occur automatically, independent of user input. For instance, time progresses
without user control or awareness, and its effects on the system are essential to consider. Many
interfaces also run automated processes in the background, making it crucial to understand sys-
tem behavior fully. To address this, we will generalize our graphs to include all types of events,
not just those initiated by users.

In earlier sections, we focused exclusively on the interactive component of interfaces, assum-
ing state changes were entirely under user control. Here, we generalize that scenario to account
for state changes triggered by other means. The primary modification needed is the affordance
graph. In the generalized case, the new version of the affordance graph will differ in the fol-
lowing way. The edges connecting contexts represent events that trigger transitions, including
affordance triggers, but not only. We categorize events into three types: affordance triggers,
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which are initiated by a user; automatic triggers, which are initiated by the system or software;
and hybrid triggers, which can be initiated either by a user or the system. This classification
allows for a more comprehensive understanding of how different types of events drive changes
in the interface, accounting for both user-driven and automated system behaviors.

Some events may be accompanied by an affordance that informs the user of an action. Ab-
sence of supporting affordances can negatively affect the user experience. For example, I lived
in a house with a thermostat that would sometimes ignore changes to the desired temperature
and revert to the previous setting without any indication. This happened when the temperature
difference was too large, but the lack of feedback was too frustrating.

6.1.1 Clock Example

Let us model a primary clock that displays the current time to the user and allows the user to set
an alarm for a specific time. For simplicity, we can limit ourselves to only one alarm at a time,
but generalizing to n alarms will not be difficult. The time display depends on the passage of
time, which we cannot influence in any way.

Affordance Graph. The new affordance graph comprises the set of affordances available to
the user, as initially described. The arrows representing changes in the context are generalized
to cover all event-driven actions, both within and beyond user control. The affordance graph
highlights two distinct contexts: a quiet context and a ringing context. Adding an alarm (a user
action) does not immediately change the context. However, when the alarm is activated (an
automatic action), the context changes, and the sound is heard. To return to the quiet context, the
alarm can be stopped manually (within user control) or will revert automatically after a certain
time (beyond user control). An illustration of this concept is depicted in the Figure 6.1.

Action Graph. The action graph describes the system states and the transitions between them,
with specific conditions for each state transition depending on the current state. This graph serves
as a high-level conceptual diagram rather than a detailed list of observed states. We highlight
three main states: the clock state, which includes a displayed time ¢ and an alarm setup. The
clock state can have no alarm [ |, a set alarm [a], and a special case of an activated alarm [a!].
Our goal is to facilitate adding an alarm [a], activating it when the set alarm time matches the
current time ¢, stopping the alarm [a], or postponing it. Since time 7 changes, each state includes
self-loops. It’s important to note that transitions do not necessarily lead to states with the same
time because some actions take time and are not completed immediately. However, they always
lead to states within the same category. This basic clock logic can be extended by adding more
functionality and differentiating additional states based on the actions taken. Representation of
the graph we have described is in the Figure 6.2.
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quiet context - {add alarm menu} time ticks_>add alarm in a menu

start ringing lick stop button Jauto-stop ringing

ringing context - {stop alarm button} time ticks

Figure 6.1: The affordance graph demonstrates the transitions between a quiet context and a
ringing context. The quiet context allows adding an alarm, which does not change the state
immediately. Transition to the ringing context occurs when the alarm starts, either automatically
or manually. The ringing context can revert to quiet through manual stopping or automatic
cessation. Time progression within each context is represented by self-loops.

time passes t+

time passes t+

-

activate alarmt = a, a -> a! | postpone alarm al -> a

@ time passes t+

Figure 6.2: The action graph representing the system states and transitions. The graph highlights
three main states: no alarm, set alarm, and activated alarm, with transitions based on actions
like adding, activating, stopping, or postponing the alarm. Time changes are represented with
self-loops, reflecting the evolving state of the clock logic.

Abstract Graph. We designed the abstract graph that is isomorphic to the affordance graph
and emphasizes state dynamics without detailing specific affordances. This abstraction focuses
on the essential state transitions without detailing the specific states, contexts, or transitions.
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ringing + inging - 'ringing on hold

Figure 6.3: The abstract graph shows two main states: quiet and ringing. Transitions in the quiet
state are triggered by time and alarms, while the ringing state handles time progression, stopping,
and holding the alarm.

time +

Homomorphisms. Homomorphisms between the action and affordance graphs are detailed
in the tables below. The states of the clock without any alarm and with an inactive alarm are
combined into the quiet context. In contrast, the state with an active alarm is associated with the
ringing context, indicating that the activation of the alarm is accompanied by a ringing sound.
Since the affordance graph captures all actions distinctly, each action-affordance pair is mapped
to a corresponding element in the abstract graph.

On Vertices
Source vertex v Target vertex f"""*(v)
t—|] quiet
t—|a] quiet
t—|a!] ringing
On Labels
Source edge label A Target edge label f/4*¢/())
add alarm a+ alarm +
activate alarmt=a, a — a! ringing +
stop alarm a!- ringing -
postpone alarm a! — a ringing on hold
time passes t+ time +
On Edges
Mapping follows from vertex and edge label mappings

Table 6.1: The homomorphism from the action graph to the abstract graph of the clock.
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On Vertices

Source vertex v

Target vertex f"""*(v)

quiet context - {add alarm menu} quiet
ringing context - {stop alarm button } ringing
On Labels
Source edge label A Target edge label f/*7¢/().)
add alarm in a menu alarm +
start ringing ringing +
click stop button ringing -
auto-stop ringing ringing on hold
time ticks time +

On Edges
Mapping follows from vertex and edge label mappings

Table 6.2: The homomorphism from the affordance graph to the abstract graph of the clock.

Pullback Graph. The generated pullback graph provides a template for the clock interface,
encoding states and possible actions. Since all actions are distinctly defined, the graph is isomor-
phic to the action graph. The pullback graph is shown in the image below.

t - [], quiet context - {add alarm menu} time passes t+, time ticks

add alarm a+, add alarm in a menu

t - [a], quiet context - {add alarm menu} time passes t+, time ticks stop alarm al-, click stop button

activate alarm t = a, a -> al, start ringing % postpone alarm a! -> a, auto-stop ringing

t - [al], ringing context = {stop alarm button} time passes t+, time ticks

Figure 6.4: The pullback graph illustrates the relationship between three states: a quiet context
without any active alarm, a quiet context with an active alarm, and a ringing context with a stop
alarm button. Transitions between these states include adding an alarm, activating it, stopping it,
and postponing it. The graph also shows self-loops for time progression in each state.
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The pullback graph can become more complex with additional logic. For instance, we might
include rules such as a clock that can be automatically postponed up to three times before stop-
ping instead of postponing further. We could also account for multiple alarms, where stopping
one alarm would only lead to an empty state if it was the only alarm; otherwise, the system
would remain in a state with remaining alarms. The graph differentiates between automatic
actions, which occur under certain conditions, and user-initiated actions. For example, adding
an alarm is a user action (blue arrow), activation is an automatic action (green arrow), while
deactivation can be either user-initiated (red arrow) or automatic after some time (orange arrow).

6.1.2 Event-Driven Interfaces as Pushouts

We discussed the generalization of the affordance graph into an event graph. However, this
approach shifts the focus away from the user and the affordances provided to the user for inter-
action. A possibly more effective approach is distinguishing between actions the user controls
and those outside their control. Let the pullback P represent a universal construction centered
on the user, as this thesis explores. Let T be a graph representing state transitions not controlled
by the user. Then, there exists a universal pushout construction representing a fully event-driven
system, isomorphic to the defined pullback for a certain diagram.

Proposition 22. Let Pg denote an event-driven pullback graph. The graph Pg is a pushout

universal construction from the diagram P L BL T, where P represents the user interface
graph modeling user-system interactions, and T represents state transitions outside the user’s
control. The graph B consists of state-context pairs from the user interface, with morphisms p
and t defining the equivalence of states in graphs P and T.

A key aspect of category theory is the duality of universal constructions. Abstractly, a pull-
back can be seen as a generalization of multiplication, while a pushout represents a generalized
addition of objects. Previously, we observed that pushouts are well-suited for combining systems
by defining common components. In the context of event-driven interactive systems, such sys-
tems combine user-controlled and non-controlled components. Hypothetically, we can imagine
dividing the system into two parts and merging them. Given that, in directed multigraphs, the
common features are states while the differences lie in the edges, the proposal is to merge them
at the states, keeping the edges distinct. However, this implies that both graphs must contain
information about states and contexts, even if only one graph directly relies on the contexts, to
make the merging possible.
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6.2 Multi-User Interfaces

Some interfaces are designed to involve more than one person interacting with the system. Previ-
ously, we briefly introduced puzzles as interfaces, and similarly, any game can be modeled as an
interactive system. Notably, games inherently involve multiple players. Not only games require
interactions among multiple users. For instance, many management systems involve several users
with access, where changes one user makes impact on the interfaces of others. We understand
it from the perspective of communication within a multi-user interactive system, where users’
actions influence the shared interface. In this section, we provide an example of how an arbitrary
pullback graph, representing an interactive system, can be generalized to support multiple users.
Additionally, we discuss why these graphs can be understood as event-driven interfaces.

Let the pullback graph P represent a specific interactive system. Each graph component
includes two parts: one derived from the action graph and the other from the affordance graph.
Suppose we want to incorporate additional information about the player. Let n users interact with
one another, and their interaction pattern is represented by a graph defined in the following way.

Definition 6.2.1 (User Graph). Let U be a graph on n vertices. We define U as a user graph,
where each vertex corresponds to an active player, and each edge indicates the users’s move and
the transition to the next active user. The label on the edge indicates the player initiating the
move.

Example 6.2.1. For example, consider the simplest form of communication between two users.
One user makes a move and passes the turn to the other. Both players interact with the same
game interface, and the system state is shared between players. In this scenario, a simple graph
U can represent the relationship between the players (or agents), where the nodes correspond to
the players, and the arrows denote the actions that transition the turn from one player to another.

Now, we can define a graph that encodes both the interface and the players interaction patterns.

Proposition 23. Let P be a pullback above the diagram A i> M&ED representing an interacting

system. Let U be a player graph. Let Py be a multi-user pullback graph above a diagram

P £> B U where Bisa base, and ¢ and y are graph morphisms.

The base graph is the core for connecting various graphs. Like an abstract graph that com-
bines the action and affordance graphs, this base graph determines what states each player can
access and which affordances they control. In the most straightforward case, all users can oc-
cupy any state, and since they share a common interface, the same affordances are accessible to
everyone. In this scenario, the pullback graph is a product of two graphs.
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player 1 moves

Player 1

player 2 moves Player 2

Figure 6.5: The user graph represents interaction between two users when they take turns.

The resulting pullback generally differs from the product universal construction in more com-
plex scenarios, where the base graph governs dependencies and restrictions. The base graph
reflects an additional structure that limits how states and affordances are shared among players,
making the pullback more specific than the standard product.

Consider a multi-user interface represented by a pullback graph. If we fix one user and treat
the actions of other users as external events, we can derive an event graph similar to the one
described in the previous section.

Proposition 24. Let Py be a multi-user pullback graph above a diagram P £> BLU. For Py
and a fixed user u there exists an event-driven pullback graph Pg where actions triggered by
other users are events.

This method allows for analyzing the interface from the perspective of a single user. Conse-
quently, any theory or analysis technique applicable to event-driven graphs can extend to multi-
user graphs. It can potentially allow the evaluation of the user’s experience of interacting with
the interface when control is limited.

6.3 Discussion

Although event-driven interfaces were not the primary focus of this research, they are widespread
in today’s automated world. This raises important questions: Can the techniques presented in this
thesis be effectively applied to event-driven interfaces, or do they require further development
and additional research? Moreover, what defines ambiguity in a generalized context, and how
do users perceive automated state transitions? Addressing these questions calls for a deeper
exploration of diverse examples and interfaces, along with a thorough analysis.

105



Chapter 7

Summary of Contributions and Future
Directions

In this thesis, we developed a method within a categorical framework for studying user interfaces,
implemented computational methods for constructing pullbacks and other universal objects in the
category of directed labeled multigraphs and for verifying interface ambiguity conditions. We
tested our assumptions on case studies, including two book reader interfaces, puzzles as interac-
tive objects, three text-editing forms, a video recorder, a light control system, and a clock with
alarm settings. We demonstrated how to represent interfaces as graphs, defining states and iden-
tifying affordances. Our approach emphasizes designing graphs that prioritize user perception of
the interface, with flexibility for customization to suit different user profiles.

In Chapter 2 on category theory, we formulated and proved the validity of universal con-
structions within the category of directed labeled multigraphs. While existing literature provided
constructions for other categories of graphs, there was no proof of the pullback universal con-
struction, which is the main object of study in this thesis. Lastly, we developed software to
compute the constructions proposed within the category of directed multigraphs.

In Chapter 3 on user interfaces graph representation, we described a representation of inter-
active systems from two distinct viewpoints. In this thesis, we developed and detailed a dia-
grammatic approach for constructing graphs that represent the interactive system as accurately
as possible, supported by relevant examples. We addressed the issue of modes representing iden-
tical contexts but resulting in different interaction outcomes. We distinguished between explicit
and implicit modes and explored how these can be formally represented within a categorical
framework in an affordance graph. Lastly, we discussed the difference between physical and
digital interfaces and provided strategies in the graphs construction.
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In Chapter 4 on user profiles, we emphasized the importance of considering user profiles
rather than generalizing for all groups. The level of perception of target users can vary signifi-
cantly. As a result, we concluded that no universal representation of an interface can be captured
solely by a pullback construction; instead, the construction must account for the user’s ability to
interact with the interface. We proposed modifying the pullback graph to reflect different user
profiles and outlined three key modification methods in this context, supported by examples.

In Chapter 5 on interfaces ambiguity, we studied the idea of ambiguity in user interfaces,
where some actions lead to unexpected or counterintuitive state transitions. We chose a “local”
strategy, focusing on affordance consistency within local states. We defined the conditions for
unambiguity and defined criteria for a diagram that ensures unambiguity of the pullback, prov-
ing the equivalence of these conditions. We highlighted a class of interfaces where each state
is accompanied by at most one context and analyzed the factor of ambiguity in the diagram
for various cases, providing case studies of mock and real interfaces containing ambiguity and
demonstrating how an interface can be unambiguous for one user profile but not for another.

In Chapter 6 on event-driven interfaces, we expanded the discussion to generalize graphs by
focusing on user interaction without considering potential changes to the interface outside user
control. We introduced event-driven graphs, where state transitions occur based on events, in-
cluding user-driven events. We also demonstrated that event-driven graphs can be constructed
using another universal construct, the pushout, which provides a framework for extending func-
tionality by defining a common part in the objects. Furthermore, we discussed another form
of extension: generalization to multi-user interfaces, where the actions of several users must be
identified. We argued that such interfaces are event-driven, as a single user perceives actions by
others as events beyond their control.

For the future development of this research, we will emphasize three main directions. First,
while we analyzed a range of case studies, most interfaces were physical, where the distinction
between states and affordances is clearer than in digital interfaces. Future research should fo-
cus on digital interfaces, including software for graph construction that incorporates parsers for
specific interface domains. A potential challenge will be defining interface states in ways that
align with user perceptions and tracking their changes based on affordances presented. Second,
the concept of user profiles remains high-level at this stage, and developing concrete profiles
requires further investigation, potentially involving studies with real participants to refine as-
sumptions. Computationally implementing profiles as settings that adapt graph structures would
be highly valuable for this research. Third, while our local approach to detecting interface ambi-
guity was effective for studies cases of user interfaces, we did not explore the global influence of
each affordance across all states. Ideally, a control should consistently modify the same feature
of any state. If consistent, it could impact the user’s understanding of the affordance’s function.
Extending local ambiguity conditions to global ones is a possible direction for future research.
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Appendix A

Universal Constructions Implementation

We developed algorithms for constructing universal constructures with the C# programming lan-
guage in the .NET platform (can be accessed here https://github.com/mzheplin/
Categories). Architecture of the project aligns with category theoretical levels of abstrac-

Interface Category Abstract ctass Nap v
Abstract class Object
+ GetProduct() . S
+ GetCoproduct() s bakag 1 2 ¥ Built in class in C#
+ GetPullback() el
+GetPushout()
N Py
0.#]
1 D
Abstract class Edge N
Abstract class Graph class Vertex
) + Vertex tail &
+ List<Edge> edges 1 70 M 4 Vertex head 1 2| + string label
+ ListVertex> vertices + string labe!

Class DLMGHomomorphism

+ Dictionary<Vertex> vertex_map

Class DLMGCategory + Dictionary<DEdge> edge_map class DLMGraph ass DEdgs
>| + Dictionary<string> label_map A . 9

..... o O A

_ 1 2 M| 4 List<DEdge> edges ERY

IsHomomorphism()

Figure A.1: UML diagram of the DLMG project.
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tion - category, map, and objects. Implementations of this abstract classes DLMGCategory,
DLMGHomomorphism, DLMGraph classes represent a concrete implementation of the category
of directed labeled multigraphs.

DLMG Homomorphism. The implementation of homomorphisms between directed labeled
multigraphs is based on the pseudocode provided below. The method consists of three stages:
verification of the mapping on vertices, followed by verification on labels, and finally, verification
on edges, completed if the first two stages are successful.

Algorithm 1: Pseudocode for checking a graph homomorphism.

1 function CheckHomomophism (source,target,v_map,l_map);
Input : source and target are directed labelled multigraphs, v_map and 1_map are vertex and
label maps respectively, represented as lists of tuples.
Output: boolean value.
2 foreach vertex in source do

3 if v_map doesn’t contain any tuple (vertex,w), where w is in the target then
4 ‘ return false;
5 else if v_map contains more than one tuple (vertex,w), where w is in the target then
6 ‘ return false;
7 else if v_map contains a tuple (vertex,w), where w is NOT the in target then
8 ‘ return false;
9 end
10 foreach edge label in source do
11 if [_map doesn’t contain any tuple (label,w), where w is in the target then
12 ‘ return false;
13 else if [_map contains more than one tuple (label,w), where w is in the target then
14 ‘ return false;
15 else if [_map contains a tuple (label,w), where w is NOT the in target then
16 ‘ return false;
17 end
18 foreach edge in source do
19 newTail < v_map(edge.tail) ;
20 newHead < v_map(edge.head) ;
21 newLabel + | _map(edge.label) ;
22 newEdge <+ new edge with newTail, newHead, newLabel,
23 if target does not contain newEdge then
24 return false;
25 end
26 end

27 return true,
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Coproduct. The coproduct in the category of directed labeled multigraphs corresponds to the
disjoint union of two graphs. The following pseudocode outlines the implementation of a func-
tion that computes the coproduct of directed labeled multigraphs, with morphisms f and g.

Algorithm 2: Algorithm for finding a coproduct of two directed labelled multigraphs.

1 function Coproduct (graph_a,graph_b);

Input : Two directed labelled multigraphs graph_a and graph_b
Output: triple (coproduct, f,g)

Let coproduct be a directed labelled multigraph;

Let f be a homomorphism from graph_a to graph coproduct;
Let g be a homomorphism from graph_b to graph coproduct;
foreach vertex in graph_a do

newLabel < vertex label +” —07;

newVertex < vertex with newLabel;

add tuple (vertex,newVertex) to f;

add newVertex to coproduct.
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10 end

11 foreach vertex in graph_b do

12 newLabel < vertex label +” — 17

13 newVertex < vertex with newLabel;
14 add tuple (vertex,newVertex) to g;

15 add newVertex to coproduct.

16 end

17 foreach edge in graph_a do

18 newLabel < edge label +” —07;

19 newTail < f(edge tail);

20 newHead < f(edge head);

21 newEdge < edge with newLabel, newTail, newHead,
22 add tuple (edge label, newLabel) to f;
23 add newEdge to coproduct.

24 end

25 foreach edge in graph_b do

26 newLabel < edge label +” — 17;

27 newTail < f(edge tail);

28 newHead < f(edge head);

29 newEdge < edge with newLabel, newTail, newHead;
30 add tuple (edge label, newLabel) to g;

31 add newEdge to coproduct.

32 end
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Product. The product in the DLMG category is distinct from the Cartesian product. An edge
e = (e1,ep) with o(e) = (o(eq,0(e2)), T(e) = (t(eq,T(e2)), A(e) = (A(eq,A(e2)) is present in
the product graph if an edge e exists in the first graph and an edge e, exists in the second graph.
Below is the pseudocode for implementing a function that computes the product of two directed
labeled multigraphs, along with the two morphisms to the individual graphs.

Algorithm 3: Algorithm for finding a product of two directed labelled multigraphs.

1 function Product (graph_a,graph_b);
Input : Two directed labelled multigraphs graph_a and graph_b
Output: triple (product, f,g)
Let product be a directed labelled multigraph;
Let f be a homomorphism from product to graph_a;
Let g be a homomorphism from product to graph_b;
foreach vertex a in graph_a do
foreach vertex b in graph_b do

newVertex < (vertex a,vertex b);

add tuple (newVertex,a) to f;

add tuple (newVertex,b) to g;

add newVertex to product.
end
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end

foreach edge a in graph_a do

foreach edge b in graph_b do

newLabel < (edge a label , edge b label);

newTail < (edge a tail , edge b tail);

newHead <— (edge a head , edge b head);

newEdge < edge with newLabel, newTail, newHead,
add tuple (newEdge,a) to f;

add tuple (newEdge,b) to g;

add newEdge to product.
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Pullback. The pullback over the diagram A i> C & B forms a subgraph of the product of
graphs A and B. The pseudocode for the function that computes the pullback given diagram is
provided below. The difference with the pseudo-code of the product is in lines 12 and 22, where
addition occurs only under the condition of equality of morphisms.
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Algorithm 4: Algorithm for finding a pullback of two directed labelled multigraphs.

1 function Pullback (s,?);
Input : Two homomorphisms s and ¢ of directed labelled multigraphs
Output: triple (pullback, f,g)
if if target of s and t are different then
‘ return null;
end
graph_a < source of s;
graph_b < source of t;
Let pullback be a directed labelled multigraph;
Let f be a homomorphism from pullback to graph _a;
Let g be a homomorphism from pullback to graph_b;
foreach vertex a in graph_a do
foreach vertex b in graph_b do
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12 if s(a) and t(b) are the same then

13 newVertex < (vertex a,vertex b);
14 add tuple (newVertex,a) to f;

15 add tuple (newVertex,b) to g;

16 add newVertex to product.

17 end

18 end

19 end

20 foreach edge a in graph_a do

N
—

foreach edge b in graph_b do

22 if s(a) and t(b) are the same then

23 newLabel < (edge a label , edge b label);
24 newTail < (edge a tail , edge b tail);

25 newHead < (edge a head , edge b head);
26 newEdge < edge with newLabel, newTail, newHead,
27 add tuple (newEdge,a) to f;

28 add tuple (newEdge,b) to g;

29 add newEdge to product.

30 end

31 end

32 end

Pushout. Below is the pseudocode of function that finds a pushout given diagram. Pushout
construction involves the generation of equivalence classes for vertices and edge labels. An edge
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exists between such equivalence classes that contain edge vertices from the source graph. Below,
we provide pseudocode 5 for generating equivalence classes of vertices and edge labeles, and
pseudocode for calculating a pushout given diagram 6.

Algorithm 5: Algorithm for finding a vertex equivalence classes v_classes.

1 function Generate _classes (k,e);
Input : Two homomorphisms k : ¢ — a and e : ¢ — b of directed labelled multigraphs.
Output: v_classes

2 if if source or target of k and e are different then
3 ‘ return null;
4 end
5 graph_c < source of k(or e);
6 graph_a <+ target of k;
7 graph_b < target of e;
8 foreach vertex in graph_c do
9 a < k(vertex);
10 b < e(vertex);
1 if a is in some equivalence class [a'] then
12 add b to [d];
13 go to the next vertex;
14 end
15 if b is in some equivalence class [b'] then
16 add a to [p'];
17 go to the next vertex;
18 end
19 create a new equivalence class [a] (or [b]);
20 add a and b to the equivalence class [a] (or [b]);
21 add [a] to v_classes ;
22 end
23 foreach vertex v in graph_allgraph_b do
24 if v is in some equivalence class then
25 ‘ go to the next vertex;
26 else
27 create a new equivalence class [v];
28 add verrex to the equivalence class [v] and make it a representative;
29 add [v] to v_classes ;
30 end
31 end
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Algorithm 6: Algorithm for calculating a pushout given diagram.

1 function Pushout (s,?);
Input : Two homomorphisms s and ¢ of directed labelled multigraphs
Output: triple (pushout, f,g)
if source of s and t are different then
‘ return null;
end
graph_a < target of s;
graph_b < target of t;
Let pushout be a directed labelled multigraph;
Let f be a homomorphism from graph_a to pushout;
Let g be a homomorphism from graph_b to pushout;

o L NN AN R W N

vertex vertex

10 (1) Generate vertex equivalence classes v_classes from s and e
11 (2) Generate label equivalence classes [_classes from slabel and ¢label
12 foreach vertex v in graph_allgraph_b do

13 Find equivalence class [v] in v_classes;

14 Add [v] to vertices of pushout;

15 if v is from graph_a then

16 ‘ Add tuple (v,[v]) to homomorphism f;

17 else

18 ‘ Add tuple (v,[v]) to homomorphism g;

19 end

20 end

21 foreach edge e in graph_allgraph_b do

22 Find equivalence class [label(e)] in [_classes;

23 Find equivalence class [head(e)] in v_classes;

24 Find equivalence class [tail(e)] in v_classes;

25 Add [label(e)] to labeles of pushout;

26 Add [e] to edges of pushout;

27 if e is from graph_a then

28 Add tuple (label(e),[label(e)]) to homomorphism f;
29 Add tuple (e,[e]) to homomorphism f;

30 else

31 Add tuple (label(e),[label(e)]) to homomorphism g;
32 Add tuple (e,[e]) to homomorphism g;

33 end

34 end

il
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