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Abstract

Traditional radiation therapy treatment planning involves manual, iterative adjust-
ments to optimization model parameters, often guided by the oncologist’s judgment. This
process can introduce implicit constraints that may not be obvious to treatment planners.
One approach to infer the parameters of a problem from observed solutions is inverse opti-
mization, which has been extensively studied in the context of radiation therapy planning.
While traditional forward optimization relies on predefined problem parameters to find
an optimal solution, inverse optimization seeks to determine these parameters based on
one or multiple observations that may be optimal, feasible, or infeasible. When dealing
with uncertain or noisy data, robust optimization can be employed to address uncertainty.
Similarly, extensive research has been conducted on the application of robust optimization
techniques to radiation therapy planning. This thesis introduces an inverse optimization
approach that infers the complete constraint matrix of a linear forward optimization prob-
lem while considering multiple uncertain feasible observations. We discuss application-
specific considerations for applying inverse optimization to radiation therapy treatment
plans and present a formulation that adapts to uncertainty using a polyhedral uncertainty
set. We propose an iterative single-constraint inference algorithm that demonstrates supe-
rior performance in terms of computational efficiency and the quality of inferred constraints
compared to existing methods in the literature. The proposed algorithm is then evaluated
on a dataset of prostate cancer treatment plans, showcasing its practical applicability in
medical treatment planning. By leveraging the results from this algorithm, we aim to
streamline the development of radiation therapy treatment plans by providing guidelines
that better reflect the oncologist’s preferences, reducing the number of required iterations

and conserving valuable resources such as time and cost.
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Chapter 1

Introduction

Prostate cancer is the second most common cancer diagnosis made in men worldwide, with
1,466,680 new cases, causing 396,792 deaths (4.1% of all deaths caused by cancer) in 2022
(Bray et al., 2024). Approximately 50% of cancer patients will receive Radiation Therapy

(RT) as part of their treatment journey (Delaney et al., 2005; Begg et al., 2011; Baskar

et al., 2012), with an estimated 40% of curative treatment attributed to RT (Barnett et al.,

2009).

Radiation therapy is a cancer treatment method that uses radiation beams to eradicate
cancerous tumor cells. We will focus on external beam RT, where a linear accelerator
mounted on a rotating gantry is used to treat a patient with high-energy photon beams.
External beam RT aims to nd the shape, direction, and intensities of a set of radia-
tion beams such that the tumor receives a prescribed dose of radiation while sparing the
surrounding healthy organs. The process for this treatment often starts with a planning
session in which data on the internal anatomy are acquired (e.g., a Magnetic Resonance

Imaging (MRI) or Computed Tomography (CT) scan). Using these data, along with ob-



jectives and constraints (or sometimes just rough guidelines) provided by a physician, a
treatment planner determines a suitable treatment plan with the help of a software system.
This plan is then forwarded to an oncologist, who will inspect it and either approve or re-
turn it to the planner for further adjustments. Producing and approving treatment plans
is complex as many patterns of radiation beams may be proposed in di erent directions,
shapes, and intensities. Typically, a few iterations of the RT treatment plan are rejected
before the oncologist approves the plan. Figure 1.1 aids in describing the iterative interac-
tion of the treatment planner and oncologist in the RT treatment planning process. Once
the treatment plan is approved, it is typically delivered daily ( ve days a week) over several
weeks (typically four to six) (Bortfeld et al., 2008). Each delivery of the RT treatment
plan is called a fraction.

Figure 1.1: The RT treatment planning process

RT treatment plans are traditionally designed by treatment planners manually and

iteratively ne-tuning the parameters of an underlying optimization model. Generally,
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the accepted treatment plan violates one or more radiation constraint criteria for either
the Critical Target Volume (CTV), Planning Target Volume (PTV), or an Organ at Risk
(OAR) (Darko et al., 2019). This process can be considered subjective as the radiation
plan's approval depends on the oncologist's opinion, which implies that there may be

implicit constraints involved that may not be obvious to the treatment planners.

Hospitals may consider two common radiation guidelines for dose limitations when de-
signing radiation therapy treatment plans: the RTOG (RTOG, 2024) and Quantec (Marks
et al., 2010) guidelines; however, these guidelines are not universally agreed upon. This
causes hospitals to create their own unique set of guidelines or dose goals/limitations when
designing radiation plans. Another thing to note is that these RTOG and Quantec guide-
lines only include upper bounds for a single organ but do not consider trade-o s between

organ-to-organ pairs or organ-to-target volume pairs.

One method for inferring the parameters of a problem from observed solutions is In-
verse Optimization (10). Signi cant research has been conducted on the application of 10
techniques in the eld of RT treatment planning (Chan et al., 2014; Boutilier et al., 2015;
Babier et al., 2018; Chan and Lee, 2018; Ghate, 2020a; Ajayi et al., 2022; Mahmoudzadeh
and Ghobadi, 2024). When dealing with uncertain or noisy data, Robust Optimization
(RO) can be employed to address uncertainty. Similarly, extensive research has been con-
ducted on the application of RO techniques applied to RT planning (Chan et al., 2006;
Bortfeld et al., 2008; Bertsimas et al., 2010; Cromvik and Patriksson, 2010; Chan and
Mst, 2013).

To the best of our knowledge, no study has combined IO and RO techniques into a
Robust-inverse Optimization (RIO) solution approach to infer the complete set of con-
straint parameters for a linear Forward Optimization (FO) problem while considering mul-

tiple uncertain observations. As mentioned previously, the RT treatment planning process
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can be considered subjective as the radiation plan's approval depends on the oncologist's
opinion, which implies that there may be implicit constraints involved that may not be
obvious to the treatment planners. In this thesis, a quality-based RIO approach is used to
impute the feasible region of the RT treatment plans and discover implicit constraints to
aid the planning process of RT. We identify application-speci ¢ considerations when using
an 10 approach for imputing the feasible region of the RT treatment plans. We then pro-
pose a quality-based RIO formulation, apply two di erent loss functions, and discuss the
performance and quality of the results. Finally, we propose an iterative single-constraint
inference algorithm that performs better than the previous formulation, and we present

the inferred constraints using the iterative algorithm.

The structure of the remainder of this thesis is as follows. In Chapter 2, we discuss
the existing literature of 10 and the many variations that have been considered, as well
as RO and RIO. In Chapter 3, we discuss the data and the analysis of the data used in
this study. We de ne the problem and outline speci ¢ considerations essential for using
RIO to learn from previously accepted RT treatment plans in Chapter 4. In Chapter 5,
we build the proposed quality-based robust-inverse optimization formulation from the FO
problem. In Chapters 6 and 7, we provide the formulations, results, and discussions for
the fairness measure formulation and compactness measure formulation, respectively. In
Chapter 8, the proposed iterative single-constraint inference algorithm is presented, as well
as the results and discussion of the solution approach similar to the previous chapters. The
discussion of this thesis is presented in Chapter 9, followed by the conclusions in Chapter
10.



Chapter 2

Literature Review

IO has attracted signi cant attention and recognition in both research and practical ap-
plications. The literature presents numerous variations of 10 problems, such as di erent
inferred parameters, di erent FO problem structures, and the characteristics of the data
used (Chan et al., 2023). RO has also been a steadfast method of considering uncertainty
in observations for traditional optimization problems. More recently, solution approaches
considering both robust and inverse optimization techniques have been proposed (Gabrel
et al., 2014). Section 2.1 provides a high-level description of IO and highlights the pioneer-
ing studies in this research area. Section 2.2 examines the various parameters that can be
inferred using 10 techniques. Section 2.3 explores the di erent structures of the forward
problems to which IO approaches have been applied in the literature. Section 2.4 reviews
the types of observations considered in 10 literature. Section 2.5 and 2.6 discuss Robust
Optimization (RO) and Robust-inverse Optimization (RIO), respectively. Finally, Section
2.7 identi es a research gap revealed by this literature review and outlines the specic

contributions of this thesis.



2.1 Inverse optimization background

In traditional mathematical optimization, often called the FO problem, an objective func-
tion and set of constraints are used as inputs to solve for an optimal solution. 10 focuses
on reverse engineering traditional mathematical optimization by considering one or more
solutions as given input to solve for either the objective function, a set of constraints, or
both. The solutions used for the 10 problem are typically referred to as observations. The
rst study to leverage this concept was Zhang et al. (1995), which proposed an inverse
shortest path problem that aimed to nd the arc weights for the objective function of the
FO problem while minimizing the deviations from the estimated arc weights. Shortly af-
ter, Zhang and Liu (1996) developed a method to solve general inverse linear programming
problems to adjust the cost coe cients associated with decision variables, including speci c
applications to the inverse minimum cost ow and inverse assignment problems. Ahuja
and Orlin (2001) introduced a uni ed framework for solving inverse optimization problems
to estimate the objective coe cients of a linear optimization model and demonstrated that
these inverse problems can be solved as linear programming problems. These studies paved

the way for the current IO research we have today.

2.2 Parameters inferred through inverse optimization

The existing research on 10 has focused on solving for the objective function of a single-
objective FO problem (Keshavarz et al., 2011; Tavasl gyjlu et al., 2018; Aswani et al., 2018;
Babier et al., 2018; Ghate, 2020b; Shahmoradi and Lee, 2022) as well as focused on solving
for the objective weights for a multi-objective FO problem (Roland et al., 2013; Sayre and
Ruan, 2014; Chan et al., 2014; Bouitilier et al., 2015; Goli et al., 2018; Chan and Lee, 2018;



Naghavi et al., 2019; Babier et al., 2021; Gebken and Peitz, 2021).

While 10 studies have primarily focused on objective function inference with the as-
sumption that the constraint parameters are known, several papers have also addressed
imputing the Right-hand Side (RHS) parameters of the constraints in addition to the ob-
jective function parameters. Dempe and Lohse (2006) focused on nding both the objective
function and RHS parameters by minimizing the distance between an observed point and
the optimal solution. Chow and Recker (2012) proposed a method that jointly estimates
both the objective coe cients and the RHS of the constraints for calibrating the house-
hold activity pattern problem such that perturbation from the initial set of parameters
under the L; norm is minimized. Cerry and Hladk (2016) investigated inverse linear
programming with intervals to nd the optimal parameter set for three scenarios: when
parameters appear on the RHS, when parameters appear in the objective function, and
when parameters appear in both the RHS and the objective function. Saez-Gallego and
Morales (2017) leveraged 10 to estimate the objective function and RHS parameters for

time series forecasting for load prediction.

Shifting focus from RHS parameter estimation, Chan and Kaw (2020) proposed two
IO models to impute the Left-hand Side (LHS) constraint parameters in addition to the
objective function parameters based on a single observed optimal solution. Ghatrani and
Ghate (2024) studied inverse semide nite programs where the LHS constraint parameters
are unknown and three sub-cases where both the RHS and objective parameters are un-
known or only one of these two is unknown. Their study di ers from our work as they
consider semide nite programs, which are specic types of optimization problems that
extend traditional optimization. Most closely related to this study, Ghobadi and Mah-
moudzadeh (2021) and Mahmoudzadeh and Ghobadi (2024) proposed IO models to infer

the complete feasible region, both the LHS and RHS constraint parameters, of a linear
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program, provided a known objective function and multiple observations. Although the
models we propose in this study are similar to that of Ghobadi and Mahmoudzadeh (2021)
and Mahmoudzadeh and Ghobadi (2024), we consider uncertainty in the observations as
well as propose an iterative single-constraint inference algorithm to improve the solution
time. We also consider problem-speci ¢ details to aid in inferring constraints to our speci c

application of learning from past successful RT treatment plans.

IO problems are structurally and mathematically di erent depending on whether the
model is inferring the constraint parameters or only the objective function parameters.
When solving for the objective function parameters, the imputed objective function needs
to maintain the optimality of the observed optimal point. This may be done by enforc-
ing dual feasibility and strong duality to ensure the FO has an optimal solution. Ahuja
and Orlin (2001) leveraged dual feasibility and complementary slackness optimality con-
ditions to propose their IO formulation. On the other hand, Chan et al. (2019) used
strong duality optimality conditions instead of complementary slackness. When inferring
the constraint parameters, it is crucial to consider primal feasibility alongside dual feasi-
bility and strong duality optimality conditions. It is essential to consider primal feasibility,
as the inferred constraints must not be violated by the provided observations (Ghobadi
and Mahmoudzadeh, 2021). A result of inferring both the LHS and RHS of the con-
straint parameters is that the formulation becomes non-linear, making it more complex

and, therefore, less studied in the literature.

2.3 Structure of the forward problem

It is essential to consider the structure of the forward problem as it plays a role in the

tractability of the IO problem. The forward problem structure impacts the complexity
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and mathematical techniques used to solve the 10 problem. Possible structures of the
FO problem include linear, conic, convex, and discrete optimization models. Sequential
decision-making models (e.g., Markov decision processes (MDPs)) are also possible (Chan
et al., 2023). For a linear forward problem, both the objective function and constraints
are linear. In the literature, there have been studies that have focused on imputing the
objective function of a linear FO problem (Ahuja and Orlin, 2001; Chan et al., 2019; Ghate,
2020b; Babier et al., 2021; Shahmoradi and Lee, 2022) as well as studies that have focused
on solving for the constraints parameters of a linear FO problem (Galer and Hamacher,
2010; Cerry and Hladk, 2016; Saez-Gallego and Morales, 2017; Chan and Kaw, 2020;
Ghobadi and Mahmoudzadeh, 2021).

The complexity of the inverse problem increases when the forward problem is not linear.
The Karush{Kuhn{Tucker (KKT) conditions serve as su cient optimality conditions when
the structure of the forward problem is convex or conic (Mahmoudzadeh and Ghobadi,
2024). In conic and convex models, it's possible to optimize any combination of linear,
second-order, and quadratic objectives over a linear, second-order, or semide nite cone.
lyengar and Kang (2005) discussed the IO problem of a conic program. They leverage the
KKT conditions to estimate the parameters of the objective function of a conic FO problem.
Zhang and Zhang (2010) considered an inverse quadratic programming problem where the
objective function is perturbed as little as possible so that a known observation becomes
optimal. They presented an inverse conic programming problem with a quadratic objective
and linear constraints. Keshavarz et al. (2011) and Aswani et al. (2018) utilized KKT
conditions to solve the objective function parameters of a convex optimization problem.
Zhang et al. (2010) and Zhang et al. (2015) discussed the inverse quadratic and second-

order cone quadratic programming problems, respectively.

Discrete optimization models refer to Mixed-integer Linear Program (MILP) problems.
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The optimality of MILP forward problems cannot be easily represented by a small number
of equations (e.g., the KKT conditions) (Chan et al., 2023). In the literature, IO methods
for discrete optimization models that used strong duality and dual feasibility conditions,
similar to the linear forward problem, led to an 10 formulation with an exponential number

of variables and constraints (Schaefer, 2009). An alternative approach for discrete forward
problems is to apply cutting plane algorithms that enhance the accuracy of the approximate
solution for the inverse model (Wang, 2009). Further studies have considered 10 methods
where the forward problem is discrete, and the cost vector is unknown (Lamperski and
Schaefer, 2015; Bulut and Ralphs, 2021; Moghaddass and Terekhov, 2021; Bodur et al.,
2022).

2.4 Characteristics of the data

The input of an 10 problem can be one or many observations. In the case of many
observations, they can be optimal, near-optimal, feasible, or infeasible. The single-point
IO problem takes a single observation as input, whereas the multi-point 10 problem uses
a nite number of multiple observations as input (Ghobadi and Mahmoudzadeh, 2021).
When imputing the objective function parameters, single-point 10 is often used where
the input is a feasible and optimal observation (Zhang and Liu, 1996, 1999; lyengar and
Kang, 2005; Zhang et al., 2010; Ghate, 2020b) or a feasible and near-optimal observation
(Aswani et al., 2018; Chan et al., 2019). In the literature, there have been studies that
have focused on the single-point problem while acknowledging that the observation might
be infeasible (Chan et al., 2014; Naghavi et al., 2019). There also exists research that has
considered multi-point 10 for objective inference given the observations are near-optimal
(Keshavarz et al., 2011; Bertsimas et al., 2015; Ajayi et al., 2022). Mohajerin Esfahani
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et al. (2018) and Ahmadi et al. (2023) considered using infeasible observations that are
made to be near-optimal. Shahmoradi and Lee (2022) leveraged multiple infeasible near-
optimal observations to impute the cost function of a linear FO problem. Babier et al.

(2021) developed an 10 model that considers both feasible and infeasible observations to

infer the objective function.

Dempe and Lohse (2006) and Chow and Recker (2012) proposed 10 models to determine
the objective function and RHS parameters using a single feasible observation while taking
the sub-optimality gap into account. Chan and Kaw (2020) developed an IO model to
infer the cost vector and LHS parameters, also using a single observation and considering
the sub-optimality gap. Similarly, previous research has considered the optimality gap in
inverse problems and used a single observation to infer the RHS parameters (Guler and
Hamacher, 2010). When inferring the complete set of constraint parameters (both the
LHS and RHS parameters), Ghobadi and Mahmoudzadeh (2021) utilized multiple feasible
observations. Shortly after, Mahmoudzadeh and Ghobadi (2024) considered an 10 method
to leverage both feasible and infeasible observations to infer the complete set of constraint

parameters.

2.5 Robust optimization

RO is a modeling approach for solving optimization problems while considering uncertainty
in the data. The rst study to introduce RO was by Soyster (1973) and has been extensively
studied over the years. For comprehensive reviews of robust optimization, readers are
referred to Beyer and Sendho (2007), Ben-Tal et al. (2009), Bertsimas et al. (2011), and
Gabrel et al. (2014). RO requires only the uncertainty range for the uncertain parameters.

In RO, the uncertainty range is usually expressed as an uncertainty set that includes all
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possible realizations of the uncertain data.

A common criticism of RO is that it is overly conservative and only optimal for the
most extreme scenarios of uncertainty. Soyster (1973) introduced a linear optimization
model to solve for an optimal solution that remains feasible for all possible scenarios of
the uncertain data. El Ghaoui and Lebret (1997) and Ben-Tal and Nemirovski (2000)
proposed less conservative approaches by considering the uncertain parameters to be within
ellipsoidal uncertainty sets. Bertsimas and Sim (2004) then proposed a new approach to
combat the issue of being overly conservative. This approach introduced the concept
of \budget of uncertainty," which o ers full control over the level of uncertainty in the
model. By considering the budget of uncertainty, it provides a parameter in the model

that determines the maximum amount of uncertainty that is allowed.

Chan et al. (2006) proposed a RO formulation to deal with breathing uncertainty
in Intensity Modulated Radiation Therapy (IMRT) planning. This approach includes
uncertainty in the constraint parameters such that an in nite number of constraints must
be considered. Using the theory of linear programming duality, Chan et al. (2006) presented
that an equivalent linear formulation, which has a nite number of constraints called the

robust counterpart, may be considered.

2.6 Robust-inverse optimization

More recently, research has considered both inverse and robust optimization techniques
in a single solution approach. Due to the broad term \inverse optimization,” which can

be used to describe imputing di erent parameters of an optimization model as presented
in Section 2.2, many studies have described their models as robust inverse optimization

models; however, their work di ers from the proposed solution approach in this study.
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As mentioned previously, Chan and Kaw (2020) proposed two 10 models to impute
the LHS constraint parameters in addition to the objective function parameters based
on a single observed optimal solution. This study applied these models to estimate the
uncertainty set parameters in robust linear optimization problems. Our study di ers from
their work in two distinct ways. The rst is that Chan and Kaw (2020) considers only a
single point, whereas we consider multiple observations. The second is that we employ RO
techniques to the 10 formulation as we consider uncertainty in the observations themselves,

whereas Chan and Kaw (2020) consider the forward problem to be an RO problem.

Another study by Ghobadi et al. (2018) discussed an 10 approach that imputes the cost
vector while considering uncertainty in the observation. Their work di ers in two ways as
well. The rst is that their approach estimates the objective function parameters rather
than the constraint parameters. This di erence, as stated in Section 2.2, creates a problem
that is signi cantly structurally and mathematically di erent. The second di erence is that
only a single uncertain observation is considered, whereas this study considers multiple

uncertain observations as input.

Aswani et al. (2018) proposed an 10 approach to impute the objective function pa-
rameters by using multiple uncertain observations as input. Similar to the previous study,
their model di ers from this approach as the 10 approach in this study imputes both the

LHS and RHS constraint parameters rather than the cost function.

2.7 Contributions

Among all the studies previously mentioned, none have employed an 10 approach that

simultaneously infers both the LHS and RHS constraint parameters of a linear FO problem
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while considering multiple uncertain observations. In this thesis, a quality-based robust-
inverse optimization approach is applied to previously accepted RT treatment plans for
patients with prostate cancer to uncover the implicit logic of the oncologist. We aim
to provide these inferred constraints to the treatment planners, enabling them to design
better treatment plans that can be approved with fewer iterations. To the best of my
knowledge, this solution approach has not been addressed by previous research in the
literature. Among all the papers discussed in the literature review, Chan and Kaw (2020)
and Ghobadi and Mahmoudzadeh (2021) are the two most relevant studies to this work;

however, the research in this study introduces a few novel contributions:

" First, we identify application-speci ¢ considerations that must be taken into account
when using IO to learn from past accepted RT treatment plans and apply these

considerations to the following solution approaches.

Second, we propose a quality-based Robust-inverse Optimization (RIO) formulation
and apply two di erent loss functions that may be used in the formulation. We then
discuss the performance of each of these loss functions applied to the quality-based

RIO formulation.

Third, we propose an iterative single-constraint inference algorithm that is faster and
more e cient than the previous quality-based RIO formulation by mitigating the
computational complexity of solving the full Mixed-integer Program (MIP) model.
We solve for an updated set of guidelines and trade-o s between organ-to-organ or
organ-to-target volume pairs. Finally, we present interesting ndings based on the

results of the iterative algorithm.
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Chapter 3

Data Description and Analysis

The data used in this study was collected from the Grand River Regional Cancer Centre
(GRRCC). The dataset consists of values from a set of RT treatment plan features for 273
intact prostate cancer patient RT treatment plans, spanning from the years 2021 to 2023.
The unit Gy is used to denote Gray, which is used as a unit of radiation dose. One Gy is
de ned as the absorption of one joule of radiation energy per kilogram of matter. The unit
cGy is used to denote Centigray. 1 Gy is equivalent to 100 cGy. The dose prescription of

these radiation plans was 60 Gy, which was delivered in 20 fractions (3.0 Gy per fraction).

The delivery of these RT treatment plans was done so using a Volumetric-modulated
Arc Therapy (VMAT) technique. The VMAT technique is a form of RT, which involves
continuous irradiation at a constant or variable dose rate using a gantry that rotates around

the patient using one or more arcs (Darko et al., 2019).

15



3.1 Existing dose constraints

As mentioned previously, hospitals may use the RTOG (RTOG, 2024) and Quantec (Marks
et al., 2010) guidelines to reference safe radiation absorption in di erent organs; However,
these guidelines are not universally agreed upon. For instance, the current dose goals being
used in the GRRCC, as seen in Table 3.2, do not match with either the RTOG or Quantec

guidelines.

Table 3.1: Radiation dose guidelines for the bladder (a) and the rectum (b) for prostate

cancer
(a) Bladder (b) Rectum

Dose RTOG Quantec Dose RTOG Quantec
V 5000 cGy 60% - V 5000 cGy 50% 50%
V 6500 cGy 50% 50% V 6000 cGy 50% 35%
V 6660 cGy 40% - V 6500 cGy 35% 25%
V 7000 cGy 35% 35% V 6660 cGy 25% -
V 7500 cGy 25% 25% V 7000 cGy 25% 20%
V 8000 cGy 15% 15% V 7500 cGy 15% 15%

Table 3.1 displays the radiation dose guidelines for the bladder and rectum with respect
to treating prostate cancer with RT, according to RTOG and Quantec. Looking at the rst
line in Table 3.1a, it says that the percent volume of the bladder that receives 5000 cGy
or more must not exceed 60%. These guidelines are created to ensure certain organs, such
as the bladder and rectum, are not dosed with dangerous levels of radiation when treating
prostate cancer with radiation therapy. It can be seen that some information is con icting

or even missing between the two guidelines. For example, the values for V 6000 cGy for
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the rectum in Table 3.1b do not match (35% vs. 25%). Also, note that these guidelines

only include upper bounds on each organ independently but do not consider trade-o s.

When creating the RT treatment plans for patients with prostate cancer, GRRCC
keeps a number of dose constraints or planning objectives in mind that are specic to
their cancer center. In a perfect world, every treatment plan would meet every planning
objective; however, this is not the case in practice. The dose-volume constraints that were
considered by the GRRCC when creating the RT treatment plans from the dataset in this
study can be seen in Table 3.2. These values are taken from a Dose-volume Histogram
(DVH). A DVH is a histogram that relates radiation dose to tissue volume in RT planning.
The dose-volume criteria in Table 3.2 is displayed similarly to the RTOG and Quantec
dose constraints. The D stands for dose for a dose constraint, and the V stands for volume
for a volume constraint. The rst percentage value in a dose constraint (D) refers to the
percent of the target dose; in this case, the target dose is 60 Gy or 6000 cGy. The second
percentage value in a dose constraint (D) is the dose limit. The radiation value in a volume
constraint (V) refers to the volume that receives that given amount of radiation or more.
The percentage value in a volume constraint (V) is the percent volume limit. For instance,

D 99.0% 99.0% for the CTV means the dose received by 99.0% of the CTV must be
larger than or equal to 99.0% of the target dose (in this case 99% of 60 Gy is 59.4 Gy).
Similarly, the volume constraint V 6000 cGy 1.0% for the rectum means the volume of

the rectum that receives 6000 cGy or more must be less than or equal to 1.0%.

Table 3.2 shows dose-volume constraints for the Critical Target Volume (CTV), Plan-
ning Target Volume (PTV), rectum, bladder, left femoral head and right femoral head
used by GRRCC for the 273 RT plans we collected. The right column of the table shows
the percentage of patients meeting each criterion. Note, not all RT plans that have been

accepted meet every planning objective. Most of the planning objectives have a high per-
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Table 3.2: The planning objectives and the proportion of patients meeting each criterion

(D: dose constraint, V: volume constraint)

Target volume/OAR Dose constraint Percentage of patients meeting criteria
CTV D 99.0% 99.0% 100.00%
D 99.0% 101.5% 96.34%
PTV D 99.0% 95.0% 90.11%
Dmax 105.0% 69.23%
V 6000 cGy 75.0% 88.28%
Rectum V 6000 cGy 1.0% 51.28%
V 5770 cGy 15.0% 99.63%
V 5380 cGy 20.0% 97.44%
V 5000 cGy 22.0% 80.59%
V 4600 cGy 35.0% 98.53%
V 4000 cGy 38.0% 79.49%
V 3850 cGy 50.0% 98.17%
Bladder V 5770 cGy 15.0% 86.45%
V 5380 cGy 35.0% 98.90%
V 5000 cGy 40.0% 98.90%
Left femoral head V 4300 cGy 2.0% 100.00%
Right femoral head V 4300 cGy 2.0% 99.63%

centage of patients meeting the criteria; however, some dose constraints, such as V 6000

cGy 1.0% for the rectum in the sixth row, have a much lower percentage (51.25%). This
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motivates the question of where and why RT plans violate these dose-volume constraints.
There could be dose-volume constraints that are too strict, or possibly the current guide-
lines GRRCC are currently using do not accurately represent the RT they are accepting.
An interesting area to investigate is how much these RT treatment plan features deviate
from the planning objectives. This may be done by looking at the distribution of each RT

plan feature used to check these planning objectives.

Figure 3.1 displays the distribution of each feature presented in the dose-volume con-
straints in Table 3.2 using box and whisker plots. Figure 3.1 also includes the dose-volume
constraints from Table 3.2 as green lines with an arrow to point in the direction of the
constraint. As seen in Figure 3.1, some features from the planning objectives violate the
dose goals signi cantly. Particularly for the dose constraint, Rectum - V 6000 cGy 1.0%,
we can see that the RT treatment plans that were accepted and violated this objective are
relatively far from the dose goal. The fact that not all planning objectives are met for RT
plans suggests that, in some cases, the dose-volume constraints are too strict; however, it
does not show that relaxing the dose-volume constraints would better represent the plans
being accepted. This still raises the question of why one or more dose-volume constraints

are violated in RT plans.
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Figure 3.1: Box and whisker plots of the features from the planning objectives (the planning

objectives are in green)
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Figure 3.2: Two plan features with potential outliers (red) and a potential implicit trade-

0 constraint (green)

Figure 3.2 shows a scatter plot of two random plan features from Table 3.2. With the
understanding that both of these features must be minimized, there are two interesting
insights to point out. The rstis that there are observations in the scatter plot that seem to
be potential outliers (the red observations). The second is that, with the outliers in mind,
there appears to be an implicit trade-o constraint that could be clinically meaningful.

These two insights will be discussed in more detail later in the study.
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3.2 Radiation therapy treatment plan quality

An interesting topic that will be leveraged in later chapters is using the quality of an RT
plan. The quality of an RT plan may be determined by how well the prescribed dose
conforms to the target volume and the variability of the dose distribution within the target
volume (Darko et al., 2019). In this study, the Homogeneity Index (HI), Uniformity Index
(UI), and Conformity Index (ClI) values for the PTV are utilized to quantitatively evaluate
the quality of an RT treatment plan. The Homogeneity Index (HI) value describes how
homogeneous the plan is based on how close the minimum doses received by 2% of the
PTV volume (D) and the minimum doses received by 98% of the PTV volumdgg) are

to each other with respect to the prescribed dosé®¢p) and has an ideal value of zero. A
HI value greater than zero indicates a plan with less homogeneity. Therefore, the HI value
should be minimized. The Uniformity Index (Ul) value is de ned as the ratio between
minimum doses reached in 5% of the PTV volumeD(s) and the minimum dose reached
in 95% of PTV volume (Dgs). The ideal value for the Ul is one. In fact, the Ul value
will always be one or larger as thds is always equal or larger to theDgs. Similar to
the HI value, the Ul value should be minimized. The Conformity Index (Cl) value is the
ratio of the volume of the PTV covered by the reference isodose line (95% isodose line)
(Vri) and the target volume of the PTV (TV). A CI value greater than one indicates
that the irradiated volume exceeds the target volume and covers part of the healthy tissue,
whereas a ClI less than one indicates that the irradiated volume is not covered completely.
Therefore, the deviation of the CI value from one should be minimized. The index values
stated above are calculated as follows:

D, Degs,

HI =
Drp

(3.1)
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U= —; 3.2
Do (3.2)
VRI

Cl= —: 3.3
TV (33)

The dose values used to calculate the HI, Ul, and CI values are the default dose values
used by the GRRCC. There is much discussion on quantifying the quality of an RT plan.
However, there is no universally agreed-upon calculation or method. For the purpose of
this study, we decided to use a weighted sum of the HI, Ul, and CI values to determine

the quality of an RT plan as seen in Equation 3.4.

RT treatment plan quality = C;HI + C,Ul + C3CI: (3.4)

Equation 3.4 was considered acceptable by the experts at the GRRCC. Other measures
of RT plan quality could be interchanged in the solution approaches presented in this study.

This equation is not the primary contribution of this study. Rather, the RT plan quality

Figure 3.3: Box and whisker plots of the HI, Ul and CI values
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equation presented serves to demonstrate a quality-based robust-inverse optimization so-
lution approach, which will be discussed in later chapters. Equation 3.4 is stated with the
assumption that a lower value corresponds to a better quality plan. Figure 3.3 illustrates
the distribution of the HI, Ul, and CI values for the dataset. As mentioned previously,
lower values are considered better for the HI, and Ul values, and a lower deviation of the
Cl value from one is considered better. Figure 3.3 displays the distribution of the HI, Ul,
and CI values from the 273 RT plans used in this study. Looking at the distribution of
the ClI values in Figure 3.3, it shows that no CI values are greater than one, so it is safe
to say that higher CI values are better for this set of data speci cally. The weights for the

RT treatment plan quality we used was €4, C,, C3] = [1, 1, -1].

Keeping in mind a lower quality treatment value is better, lower values are better for the
HI and Ul values and higher values are better for the CI values (in this case speci cally),

it is clearer to see why the signs of the weights for the HI, Ul and CI values in Equation

Figure 3.4: Box and whisker plot of the RT treatment plan quality values
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3.4 are positive for the rst two index values, and negative for the CI value. The values of
the weights in Equation 3.4 themselves were chosen to equally distribute the importance of
each index value for the quality calculation. Again, Equation 3.4 and the weights used in
the equation were considered acceptable by the experts at the GRRCC. Figure 3.4 displays

the distribution of the quality values of the 273 RT plans using Equation 3.4.

3.3 Data uncertainty

Another interesting topic that will be leveraged in later chapters is integrating uncertainty
around the RT plan feature values for each observation in the IO model. Two reasons
for considering uncertainty in the observations of RT treatment plans are the accuracy of
the data and to increase the likelihood of including the optimal solution in the imputed

feasible region. The latter reason will be discussed in more detail later in the study.

From an 10 perspective, past decisions are broken down into data points. When evalu-
ating these data points, it is essential to consider their accuracy. The dose values provided
in the RT plans are determined by an RT treatment planning software. It is reasonable to
consider slight di erences in the values provided in that data and the actual doses received

by the patients in real life.

In later chapters, the concept of quality-based uncertainty is explored, where the better
quality plans have a larger uncertainty. It can be easy to tell if an RT plan is good or
bad by comparing the individual plan features to the guidelines used to design the plan.
However, it is hard to tell if the optimal plan exists within the set of observations. It is
possible that the best RT plan ever to be designed is not in the set of observations. We
do not want to infer a feasible region that potentially cuts o better plans from being

considered in the future. To increase the likelihood of including the optimal solution in the
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set of observations, a larger margin of uncertainty is considered for higher-quality plans.

This also provides room in the feasible region to allow for further improvements.

Table 3.3 displays the values of maximum uncertainty for the features that are consid-
ered in the RIO formulations in later chapters. We determined the maximum uncertainty

values in Table 3.3 based on a visual analysis of the distribution of each of the RT treat-

Table 3.3: The maximum allowable uncertainty for each RT treatment plan feature

Target volume/OAR Dose constraint Maximum Uncertainty
CTVv D 99.0% 99.0% 0.15%
D 99.0% 101.5% 0.15%
PTV D 99.0% 95.0% 0.50%
Dmax 105.0% 50 cGy
V 6000 cGy 75.0% 2.00%
Rectum V 6000 cGy 1.0% 0.20%
V 5770 cGy 15.0% 0.50%
V 5380 cGy 20.0% 1.00%
V 5000 cGy 22.0% 2.00%
V 4600 cGy 35.0% 2.00%
V 4000 cGy 38.0% 2.00%
V 3850 cGy 50.0% 2.00%
Bladder V 5770 cGy 15.0% 2.00%
V 5380 cGy 35.0% 2.00%
V 5000 cGy 40.0% 2.00%
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ment plan features. The values we chose were considered acceptable by experts at the
GRRCC. The values used in Table 3.3 are not the main focus of this thesis, and they
serve to demonstrate a quality-based robust-inverse optimization solution approach, which
will be discussed in later chapters. Note that the left and right femoral head uncertainty
values are not included in this table. The reasoning for this removal of these features is
mentioned in Section 4.3, which discusses feature selection. It should also be noted that

these uncertainty values may be ne-tuned by hospital sta as required.

3.4 Summary

Chapter 3 provided a comprehensive description and analysis of the data used in this study,
which was sourced from the Grand River Regional Cancer Centre (GRRCC). The dataset is
comprised of 273 intact prostate cancer patient RT treatment plans from 2021 to 2023. The
guidelines that were used by the GRRCC to design the RT treatment plans were presented
and compared against the data. The concepts of treatment plan quality and uncertainty
in the data were discussed. This analysis sets the stage for the following chapters in
this thesis. In the forthcoming chapter, we delve into the inverse optimization problem for
radiation therapy guidelines, addressing speci ¢ application-based considerations necessary

for learning from RT treatment plans when using an 10O approach.
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Chapter 4

Inverse Optimization for Radiation

Therapy Guidelines

Certain application-based considerations must be taken into account when using an Inverse
Optimization (10) approach to learn from RT treatment plans. Section 4.1 in this chapter
discusses background information on the 10 formulation for a linear FO problem in order
to explain the concepts in the following sections. Section 4.2 then presents a pairwise
feature solution approach to increase the ability to interpret the inferred constraints. The
pairwise solution approach then motivates Section 4.3, where we discuss the features as
well as pairs of features that will be used in the following IO approaches in later chapters.
Section 4.4 outlines the need for an outlier detection algorithm and presents the outlier
detection algorithm that will be used throughout the rest of the study. Then, in Section
4.5, we present additional constraints to be applied to the 10 formulation to ensure the

imputed constraints do not exclude better RT treatment plans from being considered.
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4.1 Inverse optimization background

In traditional mathematical optimization, an objective function and set of constraints are
used as input to solve for an optimal solution. Inverse Optimization (I0) focuses on reverse
engineering traditional mathematical optimization by considering one or more solutions
as given input to solve for either the objective function, a set of constraints, or both.
More speci cally, it leverages prior solutions to a Forward Optimization (FO) problem
to rebuild the mathematical model that would render these solutions approximately or
exactly optimal. Solving for these parameters itself is an optimization model known as the
\inverse model" (Chan et al., 2023). 10 is structured in its solution methodology, which
allows the user to clearly see the logic of the model through an optimization problem that

is solved to aid in making future decisions.

The notation for the remainder of this paper is as follows. All vectors are column
vectors, denoted as bold lowercase letters. Scalars are denoted as regular text lowercase
letters. Matrices are denoted as bold uppercase letters. Sets are denoted as calligraphic

uppercase letters. All inequalities are row-wise.

4.1.1 Forward optimization problem

To understand the Inverse Optimization (IO) problem, let's start with the Forward Op-
timization (FO) problem. The FO problem consists of an objective function, two sets of
inequality constraints, and unrestricted decision variables. Lat be the objective function
parameters. LetA and b be the unknown constraint parameters we are solving for in
the FO model. LetG and h be the parameters of the known constraints. Let 2 R",
A2RM™M " p2RM™ G2RM " andh 2 R™. We de ne our FO problem as:
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FO : minimize c% (4.1a)

subjectto Ax b; (4.1b)
Gx h; (4.1c)
x 2 R": (4.1d)

Constraints (4.1b) and (4.1c) represent the set of unknown and known constraints for
the FO problem, respectively. Throughout this study, we index the unknown and known
constraints using the setsl; = f1;::;;myg and | , = f1;:::;myg, respectively. The set
J = f1;:::;ng denotes the indices of the decision variabbe in the forward problem. Let
a’ be thei™ row of the constraint matrix A and a; as the element in thei®™ row and j™
column of the constraint matrix A, fori 21, andj 2 J . This means that the matrix
A contains all the row vectorsa? for i 2 1 ;, and each element; fori 21, andj 2J .
These are di erent representations of matrixA referenced throughout this study. The
i™ element of vectorb is denoted ash for i 2 | ,. For the IO problem, we would like
to consider multiple feasible solutions, which we call observations. The set of the nite
number of observations is de ned a& = f1;:::; pg, wherexk is the k" observation to the
forward problem andx¥ is the j ™ element of thek™ observation, forj 2J andk 2 K. The
bold number 0 is used to denote an all-zeros vector. We make the following assumption

that the objective function of the FO formulation is known.

Assumption 1 The objective function vectorc, is known.
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4.1.2 Inverse optimization problem

Given that the objective function is known, we can determine the preferred solution by
nding the observation with the best objective function value. We denote the preferred
solution or observation asx®, which is de ned as:

x° 2 arg minf c%*g: (4.2)

xK; k2K

If there are multiple optimal observations, without loss of generality, we arbitrarily choose
one asx’. Let y andw be the dual vectors associated with constraints (4.1b) and (4.1c),
respectively. Based on Ghobadi and Mahmoudzadeh (2021), a multi-point 10 formulation
which aims to nd unknown parametersA and b such that x° is the optimal observation

for the FO formulation, and all x¥, for k 2 K are feasible, is as follows:

MIO mAIanI’J]\INze F (A;b;D) (4.3a)
subjectto Ax* b; 8k2K; (4.3b)

&%= bY + h; (4.3c)

AY + GW = c; (4.3d)

kak =1; 8i2l; (4.3e)

y 2 R™; w2 R™; (4.3f)

A2RM™ " p2RM: (4.39)

The objective function, or loss function, of theMlO formulation, F (A;b;D), can be
selected to drive the desired properties of the inferred feasible region based on some given
input parameter D . For example, a prior belief about the shape of the feasible region can be
input as parameterD, with the objective function, F , set to minimize the deviation from

this prior belief. Specic examples of loss functions or objective functions for tHdlO
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formulation are discussed in Section 5.1. Constraint (4.3b) enforces primal feasibility for
all observations. Constraint (4.3c) is the strong duality constraint, which ensureg’ is the
optimal solution to the forward problem. Constraints (4.3d) and (4.3f) are dual feasibility
constraints. Finally, the normalization constraint, constraint (4.3e), prevents the LHS of
each unknown constraint from nding a trivial solution (a° = 09 and prevents redundancy
by omitting multiple equivalent solutions (e.g.,x;+2X, 4 is equivalentto X;+4x, 8).
Norm evaluations such as thé., norm, the L, norm, or a proxy for theL, norm may be
used for constraint (4.3e). More details on the normalization constraint are provided in
Chapter 6.

The MIO formulation (4.3) is nonlinear due constraints (4.3c) and (4.3d) which both
include the multiplication of variables. Ghobadi and Mahmoudzadeh (2021) developed
a tractable reformulation of the MIO formulation (4.3) that eliminates this bilinearity.
They proved that by adding the half-spaceC = fx 2 R"j ¢  ¢%°g to the set of
known constraints, that strong duality and dual feasibility conditions, (4.3c) and (4.3d),
respectively, are guaranteed. This reduces the complexity of the formulation, leading to

an equivalent reformulation of theMIO formulation as follows:

e-MIO : mirAiTize F (A;b;D) (4.4a)
subjectto ax* h; 8i21; k2K; (4.4b)

kak=1; 8i2lq; (4.4c)

A2R™M " Qh2R: (4.4d)

In this thesis, this formulation from Ghobadi and Mahmoudzadeh (2021) is considered
the nominal formulation with no uncertainty. The robust 10 formulation will be built from
the e-MIO formulation in Chapter 5. We elaborate on the objective functions (4.3a) and

(4.4a) in Section 5.1 in the next chapter.
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If the e-MIO formulation were to be applied to infer the constraint parameters of RT
treatment plans in its current form, the resulting inferred constraints might lack inter-
pretability and be too restricting. The inferred constraints might include features that are
not useful to treatment planners or oncologists, they could be overly conservative by con-
sidering outlier observations, and they could exclude better RT treatment plans from being
considered. In the following sections, we will introduce practical considerations required

for inferring the feasible region of RT treatment plans while using an 10 approach.

4.2 Pairwise feature solution approach

There are many features that may be considered in an RT treatment plan, such as di erent
DVH values, index values (e.g., HI, Ul and CI values), volumes, minimum doses, maxi-
mum doses and mean doses for each OAR or target volume. The current guidelines the
GRRCC use, as well as the RTOG and Quantec guidelines, are all bounds on a single RT
plan feature. From an optimization perspective, these are understood as one-dimensional

constraints.

When solving for the constraint parameters for RT treatment plans, it is important
to consider who will receive the resulting information. If an 10 approach is used with
no restrictions on the number of features considered in an inferred constraint, it can infer
a constraint with up to n-dimensions, which can be hard to interpret. Consider an IO
formulation, which takes eight plan features. Constraint (4.5) is an example of an eight-

dimensional constraint that could be inferred.
0:32x1 +0:13x, + 0:68x3 + 0:01x,4 + 0:76x5 + 0:54xg + 0:12x; + 0:11xg  0:85 (4.5)
It is di cult to understand the information this constraint is conveying. There are coe -
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cients of di erent values on each of the eight plan features, and the constraints specify that
the LHS is greater than or equal to the value 0.85. Moreover, it is di cult to visualize an

eight-dimensional constraint using a single plot.

Given that treatment planners or oncologists are some of the primary users of the
constraints generated by such a model, the inferred constraints must be easily interpretable.
A one-dimensional constraint can be understood as the minimum or maximum value of
a single plan feature. This information is considered useful but is trivial to nd. More
interestingly and less sought after, a two-dimensional constraint may be understood as the
trade-o constraint between two plan features. Moreover, a two-dimensional constraint
can easily be visualized on a two-dimensional plot. Figure 4.1 shows an example of the
visualization of a two-dimensional constraint for two random RT plan features from the

GRRCC guidelines stated in Chapter 3.

Figure 4.1: An example of the visualization of a two-dimensional constraint

34



Trade-o0 s between three RT plan features, or constraints of three dimensions, are more
di cult to understand, and constraints of four dimensions and higher are both di cult
to interpret and visualize. Considering interpretability and visualization of the inferred
constraints are of such importance, a maximum of two-dimensional constraints would be
deemed more acceptable. By solving for a maximum of two-dimensional constraints, the
results of the IO approach are more easily visualized, seen in Figure 4.1, and interpreted

by the treatment planners or oncologists.

An added bene t to solving for a maximum of two-dimensional constraints is that many
smaller two-dimensional 10 problems may be considered instead of one langatimensional

problem. Figure 4.2 shows an example of a three-dimensional space of ve observations

Figure 4.2: A three-dimensional space separated into three two-dimensional spaces
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separated into three two-dimensional spaces. The example in Figure 4.2 includes three
features: X, y, and z. By separating the three-dimensional space into many two-dimensional
spaces by considering the pairs of features, in this case, (X, y), (y, z), and (x, z), one can
infer constraints for these two-dimensional spaces, then superimpose the inferred two-
dimensional constraints back onto the three-dimensional space. This approach can be
generalized to ann-dimensional space whera features for each RT plan are considered.
This pairwise feature approach ensures that the constraints inferred from timedimensional
space are a maximum of two dimensions. Moreover, it decreases the size of the problem,
resulting in decreased computational times required to solve for the constraint parameters
for RT treatment plans. The remainder of this study will use this pairwise feature solution

approach to ensure that a maximum number of two-dimensional constraints are solved.

4.3 Feature selection

Although many features are available to use, it is wise not to use them all. The number
of constraints that could be inferred may be very high, and some of the features used in
the constraints may not be useful to a treatment planner or oncologist. This raises the

guestion of which features, as well as pairs of features, should be considered.

Initially, 144 features were considered, which included the volume, maximum dose,
minimum dose, mean dose, various DVH values (V5Gy to V85Gy in increments of 5), and
the HI, Ul and CI values for the CTV, PTV, rectum, bladder, left femoral head and right
femoral head. The features that had a standard deviation of less than 0.01 were removed
as it was assumed that if a feature were a similar value for all of the plans provided in the
data, then it would not need to be considered. This resulted in removing 68 of the original

144 features, leaving 76 features left to consider.
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One approach to selecting the best feature pairs for evaluating trade-o s is to analyze
the correlation between each pair. Figure 4.3 displays a correlation heatmap that shows
the correlation value between each pair of the remaining 76 features. Each row and each
column corresponds to a single plan feature. The color scale indicates the correlation value
where a correlation value of 1.0 is represented as red, and a correlation value of -1.0 is
represented as blue. Any correlation value between 1.0 and -1.0 is represented on the color
scale on the right of the gure. As seen on the diagonal of the heatmap, each cell is red,
indicating a correlation value of 1.0. This is understandable as each feature intersects with
itself at the diagonal. The features are grouped together on each axis to show which target
volume or OAR they belong to. The feature pairs within the black boxes in Figure 4.3 are
not considered as potential pairs of features to use in an 10 approach. The reasoning for

this is discussed later in this section.

Using the correlation matrix heatmap from Figure 4.3, it can be seen that the fea-
tures Rectum - V20Gy (%) and Bladder - V25Gy (%) have a high positive correlation of
approximately 0.75. When looking at the two features individually, the values for these
features are considered better if they are lower (lower radiation to the bladder and rectum
is preferred). With the knowledge that both features are to be minimized, the trade-o

constraint would be in the upper right of the scatter plot of the two features.

Figure 4.4 shows the scatter plot of the pair of features Rectum - V20Gy (%) and
Bladder - V25Gy (%) as well as a potential trade-o constraint in the top right of the plot.
Looking at the raw data of the two features, it can be seen that the potential trade-o
constraint is not very useful. It does not remove very much feasible region from the top
right corner of the data. The result in Figure 4.4 shows that correlation may not be the
best indication of whether a pair of features has a better potential trade-o constraint or

not. In the case of two features that are to be minimized, it might be tempting to say
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Figure 4.3: Correlation matrix heatmap of RT treatment plan features

a negative correlation could indicate a good trade-o constraint; however, this might not
be the case as a scatter plot in the shape of a triangle spanning from the top left to the

bottom right to the bottom left corner could have a good trade-o constraint but a bad

correlation value.
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Figure 4.4: Rectum - V20Gy (%) vs. Bladder - V25(%) with a potential trade-o constraint

Alternatively, one could visually inspect the two-dimensional scatter plots of all possible
feature pairs to determine if a pair of features has good trade-o constraints, but there are
an in nite number of features to be explored as the DVH values may be fractional (e.g.,

Bladder - V20.25Gy (%)).

Based on these results, we determined that the best course of action for choosing
features to use in an 10 approach to infer trade-o constraints was to leverage the features
in the current dose goals the GRRCC use from Table 3.2. This decision was made because
the treatment planners and oncologists were already accustomed to using these features
to assess an RT treatment plan. Additionally, utilizing these features will enable GRRCC
to identify necessary updates to their current dose goals and explore interesting trade-o s

among the features they currently use in those goals.
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Figure 4.5: The feature pairs selected (blue) and not selected (red)

Only a subset of the pairs of features from the dose goals from Table 3.2 were considered.
Figure 4.5 shows the pairs of features that were selected in blue and the pairs that were
not in red. The features are also grouped into their respective target volume or OAR on

each axis. Features from the same OAR or target volume were not considered, as well as
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PTV and CTV pairs. These pairs of features were not considered as it does make sense
to consider a trade-o between two features of the same target volume or OAR. The pairs
between the PTV and CTV features were not considered as the PTV is the physical area
around the CTV. The left and right femur features were omitted as the standard deviation

of the features was less than 0.01. In addition to these pairs that were omitted, it must also
be noted that the trade-o constraints imputed from the pair of features (x, y), for example,
would be the same trade-o constraints imputed for the pair of features (y, x). Therefore,
only one set of these duplicate pairs was considered (the upper triangular matrix). With all
these pair restrictions in mind, a total of 71 pairs of features were considered. Considering
these pairs of RT plan features makes sense, as these plan features are explicitly referenced
in the volume and dose constraints used by the GRRCC (as seen in Table 3.2), and there
may be implicit logic (trade-o s) applied by the oncologist when requesting adjustments

to the RT treatment plans.

4.4 OQutlier detection

As previously discussed in Chapter 3 and illustrated in Figure 4.6 below, there are potential
outliers in the data (indicated by the red arrows in the gure). There are many reasons
why outliers may exist in the data of accepted RT treatment plans. For instance, an RT
plan could be an outlier due to a patient who has diabetes as they are required to have
adjusted RT plans. Unfortunately, patient information for each RT plan collected was not
available, so this type of information could not be used to identify such outliers, and other

methods were explored.

Before applying an outlier detection algorithm, each feature must be individually as-

sessed, and the direction of optimization must be speci ed. The direction of optimization
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Figure 4.6: Bladder - V 5000 cGy (%) vs. Rectum - V 5000 cGy (%) scatter plot with

potential outliers indicated by the red arrows

can be either to minimize or maximize a feature value. Using the current dose goals in
Table 3.2, it can easily be seen which directions are preferred for each feature. Table 4.1
shows the directions of optimization for each dose goal which the GRRCC used to create
the 273 RT plans in the data collected. Note that there is one plan feature, D 99.0%, which
is used in two separate dose constraints in the rst and second rows of Table 4.1. In this
case, we consider this plan feature to have a direction of optimization of both minimize
and maximize. We explain how we deal with this particular case in detalil later in this
section. Also, note that the directions for the left and right femoral head optimization are
not included in this table. The reasoning for this removal of these features is mentioned in

Section 4.3.
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Table 4.1: The direction of optimization for each RT treatment plan feature

Target volume/OAR Dose constraint Direction of Optimization

CTV D 99.0% 99.0%
D 99.0% 101.5% minimize #

PTV D 99.0% 95.0%
Dmax 105.0% minimize #
V 6000 cGy 75.0%

Rectum V 6000 cGy 1.0% minimize #
V 5770 cGy 15.0% minimize #
V 5380 cGy 20.0% minimize #
V 5000 cGy 22.0% minimize #
V 4600 cGy 35.0% minimize #
V 4000 cGy 38.0% minimize #
V 3850 cGy 50.0% minimize #

Bladder V 5770 cGy 15.0% minimize #
V 5380 cGy 35.0% minimize #
V 5000 cGy 40.0% minimize #

Three di erent types of outlier detection algorithms were considered. They are de-

scribed as follows:

" Top X% : The top X% outlier detection algorithm considers an observation to be

an outlier if the feature value is in X% of the worst observations.
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~ Standard Deviation : The standard deviation outlier detection algorithm considers
an observation to be an outlier if the feature value is beyond the mean of the feature
distribution +/- some constant value, Z, times the standard deviation given the

direction of optimization of the feature is minimize/maximize.

Interquartile Range : The interquartile range (IQR) outlier detection algorithm
considers an observation to be an outlier if the value is beyond the mean of the
feature distribution +/- some constant value, Z, times the IQR given the direction

of optimization of the feature is minimize/maximize.

The standard deviation outlier detection algorithm was chosen and will be used for all
outlier detection throughout this study. The constant value multiplied by the standard
deviation was decided to be 2.5. We chose the value of 2.5 as it removed all the obvious
outliers that were noted by the experts at the GRRCC. The outlier detection algorithm
chosen and the constant value multiplied by the standard deviation in the outlier detection
algorithm (2.5) may be interchanged in the solution approaches presented in this study.
The outlier detection presented here is not the primary contribution of this study. Rather,
the outlier detection was used to aid in the demonstration of the quality-based robust-

inverse optimization solution approach, which will be discussed in later chapters.

Note that if the feature values were assumed to follow a normal distribution, only
the worst 0.62% of the data would be agged as outliers using the standard deviation
outlier detection algorithm with a value of 2.5. As mentioned previously, one plan feature
was speci ed to have an optimization direction of both minimize and maximize. For this

feature, we applied the outlier detection algorithm in both directions.

The standard deviation outlier detection algorithm was run against all features, and 30

out of the 273 RT treatment plans included at least one feature value that was considered an
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Figure 4.7: Bladder - V 5000 cGy (%) vs. Rectum - V 5000 cGy (%) scatter plot with

outliers (red)

outlier. These 30 plans were removed from the set of observations used to infer constraints.
Figure 4.7 displays the same observations as Figure 4.6, but with the outliers identi ed in
red. In Figure 4.7, both features have a minimized direction of optimization. Itis clear why
the observation at the top or right of the plot would be considered outliers, but it is less
apparent why some observations in the middle of the data distribution are also classi ed
as outliers. The reason for this is that these observations are outliers for a di erent RT
plan feature. One can imagine adding a third dimension to the set of observations by
considering a third feature plan. In this new dimension, certain observations might be
outliers for this additional feature, even if they are not outliers for the two features shown

in Figure 4.7.
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4.5 Preventing elimination of high-quality plans

When inferring constraints for RT treatment plans, it may not be wise to infer constraints
all the way around the observations for each pair of features. Figure 4.8 shows a set of
potential constraints that could be inferred for a particular pair of features. The gure
demonstrates that some of the potential inferred constraints restrict the possibility of

considering better RT plans in the future.

Figure 4.8: An example of preferred constraints (green), undesirable constraints (orange),

and two hypothetical observations p, and ps) to motivate corner restricting constraints
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As seen in Figure 4.8, there are ve potential inferred constraints for the feature pair
Bladder - V 5000 cGy (%) and Rectum - V 5000 cGy (%), and two hypothetical obser-
vations, p, and ps. Referencing Table 4.1, both features have a minimization direction of
optimization. This is visualized by the red arrows in the bottom left of the gure. Without
additional restrictions for inferring constraints around the feature pair, the ve constraints
shown in Figure 4.8 could be inferred. Focusing on the orange constraint at the top-left of
the gure, it is shown that it excludes the hypothetical observationp,. It is evident that p,
has the same Rectum - V 5000 cGy (%) value g@s, but a lower (better) Bladder - V 5000
cGy (%) value thanp;. This means thatp, dominatesp; and should not be excluded from
being a potential observation in the future. A similar statement can be made fqy and
p3, showingp, dominatesps. In Figure 4.8, the green constraints do not cause this issue of
excluding better RT treatment plans, whereas the orange constraints do. This motivates

the case for restricting the constraints inferred for RT treatment plans.

In the example above, since both features have a minimization direction of optimization,
only constraints in the top right of the observations should be inferred. If one or both of the
features had a maximization direction of optimization, the inferred constraints would need
to be positioned in a di erent corner of the observations. This can be understood using the
same logic as described earlier. To derive the restrictions that need to be applied to the LHS
parameters of the inferred constraints to focus the constraints on a speci c corner of the
observations, some notation must be de ned. Led; and a, be the constraint coe cients
of a given constraint for the feature on the x-axisX;) and y-axis (X), respectively. Letb

be the RHS value for that constraint. Assume the constraint would be as follows:
a1X; + aXo b: (46)

In the example in Figure 4.8 where features in the x-axis and y-axis both have a minimiza-

tion direction of optimization, the two extreme constraints that may be considered are the
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horizontal constraint and vertical constraint in the following forms:

1 x:+0 Xxp b; 4.7)
0 x1 1 X%, b (4.8)

Note that the RHS valuebis not restricted to be non-negative. Any constraint that falls
between these two constraints (including the constraint shapes themselves) is preferred for
constraint inference for RT treatment planning as these constraints will not exclude better
RT treatment plans from being considered (the green constraints in Figure 4.8). With this
information in mind, the following restrictions on thea; and a, constraint parameters can

be added to the 10 formulation:

1 a O (4.9)
1 a O (4.10)
In the general case, the restrictions required for the LHS constraint parameter for feature

j 2J of constrainti 2 |1 ; where featurej has a minimization direction of optimization is

as follows:
1 & O (4.11)

By applying the same derivation process as outlined earlier, we can also determine the
restrictions on the LHS parameter for a feature with a maximization direction of optimiza-
tion. Conversely, the restrictions required for the LHS constraint parameter for feature

j 2J of constrainti 2 | ; where featurej has a maximization direction of optimization is

as follows:

0 & L (4.12)
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In some cases, one may want to infer constraints that do not include the extreme cases of
the constraints, such as one-dimensional constraints (vertical and horizontal constraints).
In this case, the constraints (4.11) and (4.12) may be adjusted to be tighter by considering
strict inequality signs. This would cause the 10 formulation to only infer two-dimensional

constraints between the two extreme cases (the horizontal and vertical constraints).

4.6 Summary

Chapter 4 outlines the speci c practical considerations necessary when applying an Inverse
Optimization (I0) approach to Radiation Therapy (RT) treatment plans. This chapter
introduces the 10 model for a linear FO problem, presents a pairwise feature solution
approach to increase interpretability, and discusses the features and feature pairs that will
be used in the pairwise feature solution approach for the following 10 approaches in this
thesis. Additionally, the outlier detection algorithm used throughout the rest of the study

is presented, along with additional constraints, to ensure the imputed constraints do not

preclude the consideration of better RT treatment plans.

Thus far, we have demonstrated the required considerations for applying 10 techniques
to RT treatment plans. Using these methodologies, we have laid a foundation for developing
a more comprehensive optimization model that incorporates quality-based uncertainty.
The following chapters will build upon these ideas by developing a quality-based Robust-
inverse Optimization (RIO) formulation, applying various loss functions, and evaluating

their performance.
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Chapter 5

Proposed Quality-based
Robust-inverse Optimization

Formulation

This chapter discusses the proposed quality-based Robust-inverse Optimization (RIO) for-
mulation. Section 5.1 explores two potential loss functions and explains the e ects the
objective functions have on the imputed constraints. Section 5.2 follows with the devel-
opment of the general RIO formulation, building on the 10 formulation discussed in the

previous chapter. Lastly, Section 5.3 introduces the quality-based RIO formulation and

details its implementation.

As mentioned in the previous chapter, the notation for this paper is as follows. All
vectors are column vectors, denoted as bold lowercase letters. Scalars are denoted as
regular text lowercase letters. Matrices are denoted as bold uppercase letters. Sets are

denoted as calligraphic uppercase letters. All inequalities are row-wise.
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5.1 Loss functions

The objective function, or loss function, of thee-MIO formulation discussed in the previous
chapter, formulation (4.4), drives the desired properties of the inferred feasible region. This
means the loss function directly a ects the constraints being inferred. For instance, the
loss function can aim to have all observations roughly the same total distance from all
constraints, or it could minimize the minimum distance of each observation from all the
constraints. Moreover, the complexity of the formulation can be increased by requiring
additional decision variables (e.g., continuous, binary, or integer) to enforce the logic of
the loss function. Some loss functions leverage a prior belief of the shape of the feasible
region and set the objective function to minimize the deviation from such prior belief (Chan
et al., 2023). This study does not incorporate prior belief of the shape of the feasible region,
as two-dimensional constraints for RT treatment planning are neither currently considered
nor available. Ghobadi and Mahmoudzadeh (2021) discussed two linear loss functions that

rely on no prior belief that are relevant to this study.

" Fairness Measure : The fairness measure minimizes the deviation of the total dis-
tance for all observations and aims to have all observations roughly the same total
distance from all constraints. Letdy be de ned as the distance between observation
x¥, for k 2 K and the hyperplane of the constraint, fori 21 ;. Let di = i 21, Gk
where di is the total distance for observationk 2 K. Let jKj be the number of
observations. The fairness measure is:

X X o
F(A;b;D)= (dk d5KJ) (5.1)
k2K k2K
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" Compactness Measure : The compactness measure minimizes the minimum dis-
tance of each observation from all constraints. The compactness measure is:
X -
F (A;b;D)= min di (5.2)
Kok 2
Di erent loss functions produce varying optimal solutions for thee-MIO formulation,
resulting in distinct inferred feasible regions for the forward problem. In this study, we will
employ both the fairness measure and compactness measure loss functions in the upcoming

formulations, with their performance and outcomes thoroughly analyzed.

5.2 Proposed Robust-inverse optimization formula-

tion

From an IO perspective, past decisions are considered as input data points. When evalu-
ating these data points, it is essential to consider their accuracy. Leveraging concepts from
robust optimization studies (Ben-Tal et al., 2009), we can de ne an uncertainty set that

encapsulates all potential realizations of the input data.

Building upon the e-MIO formulation from the previous chapter, formulation (4.4),
we de ne an inverse optimization formulation that is robust to the uncertainty of the

observations. This model is de ned as th&®IO formulation, and it is as follows:
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RIO : mirE_rpize F (A;b;D) (5.3a)

subject to X ap XS h; 8213 k2K, x<2Uf; (5.3b)
23
kak =1; 8i2l; (5.3c)
h2R; 8i2lgj; (5.3d)
aj 2R; 8i2lq4;]2J: (5.3e)

Many di erent types of uncertainty sets may be considered. We will use a box uncer-
tainty set to keep the model linear (depending on the complexity of constraint (5.3c)). This

means thatUf = [xjk;ﬁ], forallj 2J andk 2 K, wherexf andﬁ are known parameters.
Figure 5.1 displa)g an example of a box uncertainty agplied to a set of two-dimensional
observations that we generated. The box uncertainty set for a single observation, say,(
x3), considers all realizations of the observation fa}  x} xlandx} xi xI. As

seen in Figure 5.1, this results in a box-shaped uncertainty set around each observation.

Constraint (5.3b), P (23 8 x}‘ b, in the RIO formulation above may be rewritten
by considering the nominal (without uncertainty) value ofx}‘ and uncertain component
of x¥ separately. We rewrite the constraint asP i23 & X+ Bi(x{;:5xK) b, where
the B;(x%;:::;;xK) term represents the uncertain component of constraint 2 | ;. Since
we require the inferred constraint parameters to be feasible for all realizations of each
observation, we would like to consider the worst-case scenario for each observation. This
means we would like to nd the lowest possible value of thB; (xX; :::;xX) term in order to
ensure the constraint parameters we infer are feasible to all possible realizations of each

observation. Formulation (5.3) has in nitely many constraints (in constraint (5.3b)) but
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can be rewritten in the equivalente-RIO formulation (Ben-Tal et al., 2009):

e-RIO : mir/ﬁ_rpize F (A;b;D)
subject to
j2J
(5:3c) (5:3e).
Where,

Bi(xX; i xK) = minianize

subject to

ay X{ + Bi(x};

X<) b 8i21 5 k2K;

(5.4a)

(5.4b)

(5.4c)

(5.5a)

(5.5b)
(5.5¢)

(5.5d)

Figure 5.1: An example of a two-dimensional problem with box uncertainty
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As stated previously, formulation (5.3) has an in nite number of constraints. However,
by using the theory of linear programming duality, we can construct an equivalent nite
constraint formulation. Now we interpret the reformulated problem (5.4) (5.5). In formu-
lation (5.4), we try to solve for thea; andh constraint parameters for the forward model
such that they are feasible to the worst possible outcome of tlxé values. Formulation (5.5)
represents the additional LHS value obtained from b the worst-case variation for inferred
constraint i 2 | ; with the B;(xX;:::;xK) term. This additional LHS value can be negative
or positive depending on the direction of the realized constraint of the forward problem in
relation to the observation. By writing constraint (5.4b) in this manner and considering

the results of formulation (5.5), this produces a model equivalent to formulation (5.3).

We introduce two new sets of dual variablesy and r, for each constraint of the sub-
problem, (5.5b) and (5.5c), respectively. Thg¢" elements, forj 2 J , of the g and r dual

vectors areq and rj, respectively. The dual of formulation (5.5) is:

X _ X
(Dual) Bi(x%;::5;x8) = maximize gxk+ X (5.6a)
ar j23 j22
subjectto q +r; = &;; 8 2J; (5.6b)
g O r, 0O 8 2J: (5.6¢)

Replacing thisB; (xX; :::; xk) into formulation (5.4), we derive the tractable robust coun-

terpart formulation, e-RIO -RC, as follows:
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e-RIO -RC : minimize F (A;b;D) (5.7a)
r

Aibia;
X _ X
subject to axf+[ gxk+  rx by

j2J j23 j23

8i 2l k2K; (5.7b)
G +rj=a; 8i2lj2J; (5.7¢)
g O r; O 8i2l4;j2J3,; (5.7d)
(5:3c) (5:3e) (5.7e)

Formulation (5.7) is the robust counterpart of the robust problem (5.3). We have intro-
duced new decision variables and constraints compared to the nomiealllO formulation,
formulation (4.4). We omit the proof of equivalence as it is covered elsewhere (Ben-Tal
et al., 2009).

5.2.1 Robust-inverse optimization implementation

An alternative approach to formulation (5.7) for solving theRIO model is to add all the
corner points of the polyhedral uncertainty set as observations in theeMIO model. By
paying close attention to formulation (5.5), it can be seen that an optimal solution for an
n-dimensional problem must have at least binding constraints (with the assumption that
these constraints are linearly independent). There are variables and 21 constraints in
formulation (5.5). This means that for any constraint inferred for the forward problem,
there must be at least one corner point of each polyhedral uncertainty set, representing
the worst-case variation for each observation. Figure 5.2 visualizes this concept with an

example of a two-dimensional problem with six observations that we generated. With this
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Figure 5.2: An example of a two-dimensional problem with the box uncertainty corner

points as observations and potential inferred constraints

information in mind, it is possible to consider the corner points of each box uncertainty set
as observations themselves to ensure the formulation is robust to the worst-case variation
of each observatiorx® for k 2 K. In other words, by considering the corner points of the
box uncertainty set as observations, the convex hull of the corner points (the entire box

uncertainty set) must be within the inferred feasible region of the FO problem.

This box uncertainty set corner point method ensures that every realization of each
observation is within the inferred feasible region while using formulation (4.4). This results
in a robust 10 formulation that has jl ;j jJj fewer decision variables ang 1j jJj fewer
constraints than formulation (5.7) as there is no need for the; and r; dual decision
variables. Moreover, it allows for the possibility to access these corner points more easily in

later formulations, as seen in Chapter 8 in the proposed iterative single-constraint inference
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algorithm. One disadvantage, however, is that the number of observations increases from
jKj to 2" jKj (or (2"+1) jKj depending on if you still consider the original observations)
for an n-dimensional problem. Considering the corner points of the box uncertainty sets
as observations also increases the number of primal feasibility constraints, (4.4b), from
j12 JKj to2" jl 5 jKj (or(2"+1) jl ,j jKj depending on if you consider the original

observations) constraints in thee-MIO formulation.

We explored three di erent methods to integrate the corner points of the uncertainty

sets into thee-MIO formulation without considering the robust counterpart:

1. All Corner Points Approach : Solve the problem while considering all corner

points as observations.

2. Constraint Generation Approach . Solve a master problem considering only the
original observations. Then, use a subproblem to identify the corner points that vio-
late the constraints inferred by the master problem, add these to the set of constraints
in the master problem, and resolve the master problem, similar to Mahmoudzadeh
et al. (2016).

3. Limited Constraint Generation Approach . The same process as the previous
approach, but instead of adding all the corner points that violate the inferred con-
straints, we add a limited number of corner points at each iteration and resolve.

Repeat this step until all corner points adhere to the inferred constraints.

The rst approach is suitable when the number of observations and the dimension of
the problem are relatively small. However, if there are many observations or the problem's
dimensionality is high, the second or third approach may be preferred to reduce the number

of observations that need to be considered. During the remainder of this study, the rst
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approach will be used. A new set of observations will be considerd€,;, which denotes
the set of all corner points of each box uncertainty set. Consideriri{}, instead ofK in the
formulations developed in the following chapters ensures that the formulations are robust

to all possible realizations of each observation within their corresponding uncertainty set.

A noteworthy outcome of using the corner point approach is that it can accommodate
any type of polyhedral uncertainty set, not only the box uncertainty set. By treating the
corner points of any polyhedral uncertainty set as observations themselves, we ensure that
the convex hull of these corner points lies within the inferred feasible region. In this study,
the box uncertainty set will be utilized, as the concept of an RT treatment plan feature
having an uncertainty of some value for each feature is more clinically interpretable.

This leads to the formation of a box uncertainty set around each observation.

5.3 Quality-based robust-inverse optimization formu-

lation

When determining the size of the uncertainty area around an observation, it may seem
intuitive to apply the same level of uncertainty to all observations. However, as shown
in Figure 5.3, this approach in the context of the IO problem, leads to a similar feasible

region shape as for observations without uncertainty, but slightly larger in all directions.

In addition to the previous argument, it is important to consider that expanding the
inferred feasible region toward higher-quality plans while limiting expansion toward lower-
quality plans is ideal. This can be achieved by considering a quality-based uncertainty
size around the observations. In doing so, the inferred feasible region will expand in

the direction of higher-quality plans and contract in the direction of lower-quality plans.
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Figure 5.3: Inferred constraints without uncertainty (black) and with constant uncertainty

size (green)

Moreover, based on the 10 model in Section 4.1, it is assumed that the optimal solution
is within the set of observations. By enlarging the uncertainty set around higher-quality
plans, the likelihood of including the optimal observation within the inferred feasible region

may increase.

To explain the quality-based robust-inverse solution approach, we assume that outliers
have been identi ed and removed from the data. Additionally, we assume that corner-
restricting constraints, which prevent the elimination of high-quality plans, are not enforced
and that the corner points of the box uncertainty sets are not considered, as these concepts

are not necessary for the explanation in this section.
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To apply a quality-based uncertainty size around each observation, the quality metric
of all observations can normalized so that the best quality observation is set to 1.0 and the
worst quality observation is set to 0. This normalized quality metric can then be multiplied
by a speci ed maximum uncertainty size. This method varies the size of the uncertainty set
based on the quality of the observation. The normalization function in this study can be
seen in Equation (5.8) below. The maximum uncertainty size for each RT plan feature has
been discussed previously and is stated in Table 3.3 of Section 3.3. It is important to note
that the quality value of an observation was assumed to be better if it was lower. If this
were not the case, then the normalization function would need to be adjusted accordingly.

X max X

Normalized Quality Value (x) = T —
max min

(5.8)

The X hax term seen in Equation (5.8) represents the largest quality value from the set
of observations. Conversely, th&X i, term represents the lowest quality value from the set
of observations. Finally, thex variable represents the quality value of a given observation.
It is evident that the best quality (lowest value = X i, ) observation would result in a 1.0,
whereas the worst quality (highest value =X ,ax) would result in a 0, and observations

between these two would result in a number between 1.0 and 0 accordingly.

Figure 5.4 shows the new potential feasible region when considering a quality-based
uncertainty for each observation. It's important to note that the de nition of RT treatment
plan quality used in this study is not the only measure of quality for an RT plan. A di erent

measure of plan quality could be used in place of the one speci ed in this study.
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Figure 5.4: Inferred constraints without uncertainty (black) and with quality-based uncer-

tainty size (green)
5.4 Summary

In Chapter 5, we introduced and discussed the proposed quality-based RIO formulation.
We examined two loss functions, the fairness measure and compactness measure loss func-
tions, which are utilized to achieve dierent desired properties of the inferred feasible
region. The generalRIO formulation was built from the e-MIO formulation detailed

in the previous chapter. Due to the in nite number of constraints in theRIO formula-

tion, an equivalent formulation with a nite number of constraints, known as the robust
counterpart, was presented and labeled as tleRIO -RC formulation. We also presented

an alternative approach for solving theRIO formulation by incorporating all the corner

points of the polyhedral uncertainty set to the set of observations using the-MIO for-
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mulation. It was noted that the corner point implementation would be used throughout

the remainder of the study.

So far, we have established a robust foundation for implementing 1O techniques specif-
ically designed for RT treatment plans. The methodologies discussed up to this point
have laid the groundwork for developing robust IO models that can e ectively handle data
uncertainty. In the following chapters, we will expand on these concepts by applying the
fairness measure and compactness measure loss functions toethdlO formulation while
considering the set of observationK,, which includes the corner points of the polyhedral

uncertainty sets.
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Chapter 6

Fairness Measure Formulation

In this chapter, we present the fairness measure formulation, which leverages the fairness
measure loss function speci ed in Section 5.1. The fairness measure loss function minimizes
the deviation of the total distance for all observations and aims to have all observations
roughly the same total distance from all constraints. In Section 6.1, we present the model
and discuss the constraints in detail. In Section 6.2, we present the results of the fairness
measure formulation and comment on the quality of constraints inferred. Finally, in Section
6.3, we discuss the advantages, disadvantages, and overall performance of the fairness

measure formulation.

6.1 Formulation

As discussed in Section 5.2.1, one approach to incorporating robustness into an IO problem
is to consider the corner points of the box uncertainty sets as observations. The $et

consists of the corner points of all the box uncertainty sets. The size of the box uncertainty
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set for each observation is based on the quality of the plan from which the observation
feature value originates, as explained in Section 5.3. Ensuring all the observations in the
K, set are feasible observations to the inferred constraints makes the below formulation a

guality-based RIO formulation.

Similar to the fairness measure description in the previous chapter, a new decision
variable, dyi, will be introduced. Let dy be de ned as the distance between observation
xK, for k 2 K », and the hyperplane of thé™ constraint, fori 2 | ;. Various distance metrics
can be considered, ranging in complexity, including Euclidean distance and slack distance.
In this study, the distance metric used for thedy decision variable will be the linear slack
distance metric. Similarly to Ghobadi and Mahmoudzadeh (2021), the slack distance is
de ned asdy = P (23 & x}‘ b, foralli 21, andk 2 K,. Let the matrix D represent
all the dy values in matrix form. An additional decision variable,ds, is introduced where
di = P 21 di, for all k 2 K,. The decision variabledy is the total distance for observation
k 2 K,. Let d be the vector of alld, decision variables andK ,j be the total number of
observations. The fairness measure formulation is labeled as the=-RIO formulation and

is de ned as follows:
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X X

F-e-RIO : minimize (dk dTK %)) (6.1a)
AiDibid k2K 2 k2K 2
subject to aj X h; 8214 k2Ky; (6.1b)
j2J
X
dy = aj X h; 8i2l k2Ky; (6.1c)
j2J
X
dk = dik; 8k 2 Ko; (61d)
i2l 1
kak =1; 8i 21 q; (6.1e)
dik O 8i2l1 k2Ky; (6.1f)
dc O 8k2Ky; (6.19)
h2R; 8i2lq; (6.1h)
a 2R; 8i2l4j2J: (6.11)

The objective function, (6.1a), minimizes the minimizes the deviation of the total distance
for all observations. Constraint (6.1c) de nes the distance decision variabléy , as the slack
distance between observation, for k 2 K », and the hyperplane of thei™ constraint, for
I 2 1;. Constraint (6.1d) de nes the total distance decision variabled,, as the sum of
all di decision variables ovek 2 K,. Constraints (6.1f) and (6.1g) are non-negativity
constraints for dix and d¢ respectively. The remaining constraints have been described in

previous sections.

An interesting observation about thed; decision variable is that it can be speci ed to
be non-negative (as well as the decision variable) as constraint (6.1b) ensures that the
slack distance between inferred constraint2 | ; and observationk 2 K, is positive. By

making the djy variables non-negative, constraint (6.1b) is then redundant and, therefore,
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can be removed. For the purpose of clarity and interpretability of the above formulation,

constraint (6.1b) will not be removed.

Mathematically, the slack distancedi represents the di erence between the LHS and
RHS of constraint (6.1b). Clinically, the slack distance represents the gap for an inferred
guideline with respect to an RT treatment plan feature or combination of two plan features
(in the case of a trade-o guideline). The fairness measure loss function minimizes the
overall gap for all patients, aiming to ensure that all patients have an equal total gap from
all inferred guidelines. However, this loss function may cause bias by forcing the guidelines
to have a smaller gap for patients with similar RT treatment plan feature values or, in
some cases, by making the inferred guideline less strict (resulting in no gap for only a
single patient). From a mathematical perspective, the fairness measure loss function is
fair with respect to minimizing the slack distance equally for all observations. However,
from a clinical perspective, it may not be considered fair. These potential drawbacks are

discussed in greater detail later in this chapter.

Three potential norm evaluations were considered for the normalization constraint
(6.1e). The L, norm (q Pﬂ = 1 or equivalently P 23 aﬁ = 1), the L; norm
(P i20 18] = 1) or as seen in Ghobadi and Mahmoudzadeh (2021), a proxy for the
norm (j ;,; &jj =1). The proxy may be used to reduce the number of auxiliary binary
variables to only 2h (as opposed to 8(m;+ m;)) when reformulating formulation F-e-RIO
as a linear mixed-integer model. A negative aspect of this proxy is that it is impossible to
infer a two-dimensional constraint such as:Bx; 0:5x, h becausg0:5 05 =0. It
was observed that by using this proxy and attempting to infer a constraint of this shape,
the model would infer a constraint that was very close to:B6x; 0:5x, h; however,
it would not infer this exact constraint. As discussed in Section 6.2 of this chapter, the

F-e-RIO formulation was solved using Python and Gurobi Optimizer software. By set-
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ting the NonConvex parameter of the Gurobi solver to a value of 2.0, Gurobi can solve
non-convex quadratic constraints by translating them into a bilinear form and applying
spatial branching (Gurobi, 2024). Due to Gurobi's ability to recognize and solve quadratic
constraints, the L, norm was used for constraint (6.1e). The normalization constraint,

P
(6.1e), can be re-written as aﬁ =1, foralli2l;.

An intriguing bene t of using the L, norm for constraint (6.1e) is that thedy, decision
variable simultaneously represents both the slack distance and the Euclidean distance.
Assume that i is used to denote the Euclidean distance between observatibr2 K, and
the hyperplane of thei" inferred constraint, fori 2 1 ;. Then, the constraint for de ning
the  decision variable would be as follows:

- P k -
_ Y'Y ajj X; hj

IEYP

81211 k2K (6.2)

Note that if constraint (6.1e) uses thel, norm, then it speci es that the L, norm of each
row a; is equal to one jjadj, = 1). This means the calculation for the Euclidean distance

can be reformulated to the following constraint:
=] ax‘ hj; 8i2l k2Ky: (6.3)

Moreover, constraint (6.1b) forces theP 20 & x}‘ term to be strictly larger or equal to
the b variable for alli 21 1 and all k 2 K,. Therefore, the constraint for the Euclidean
distance can be simpli ed further to be:
K = aj X h; 8i2l k2Ky: (6.4)
j2J
This constraint directly de nes the value of thed decision variable, and therefore, the

decision variable is both the slack distance and the Euclidean distance.
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6.2 Results

The data used for the experiments conducted in this chapter was described in Chapter 3.
The F-e-RIO formulation was solved using Python and Gurobi Optimizer software. The
computer used to execute these experiments had a" Ben Intel Core i7-12700 2.10 GHz
processor with 16.0 GB of RAM. The NonConvex parameter of the Gurobi solver was set

to a value of 2.0 to solve the non-convex quadratic, normalization constraint (6.1e).

To test the performance of the fairness measure formulation, eight constraints were
inferred for 71 di erent two-dimensional problem sets (the 71 feature pairs discussed in
Section 4.3). The number of unknown constraints to infer was speci ed to be eight because
that is the maximum number of unique constraints required to cover the problem-specic
corner of each of the 71 feature pairs. This information is later discussed in Chapter 8.
The outlier detection and additional corner restricting constraints discussed in Sections 4.4
and 4.5, respectively, were also applied to each of the 71 two-dimensional problem sets.
Table 6.1 shows the performance of thE-e-RIO formulation, and Figure 6.1 displays an

example of the solution for a single pair of features provided by thHe-e-RIO formulation.

Table 6.1: Computational performance of thd--e-RIO solution approach

(a) Time results (b) Constraint results
Statistic  Results (s) Statistic  Results (constraints)
Cum. 163.46 Cum. 568
Avg. 2.30 Avg. 8
Std. Dev. 1.22 Std. Dev. 0
Max. 4.48 Max. 8
Min. 0.17 Min. 8
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Table 6.1a displays the computational times for solving thE-e-RIO formulation. The
total solution time for all 71 pairs of features was 163.46 seconds. The average time to
infer eight constraints for each of the 71 di erent two-dimensional problem sets was 2.30
seconds. The standard deviation of the solution times was 1.22, with a maximum time of
4.48 seconds and a minimum of 0.17 seconds. Table 6.1b presents the information for the
constraints inferred. This table shows that exactly eight constraints were inferred for each

of the 71 problem sets.

Although the F-e-RIO formulation has a fast computational time, it has some draw-
backs. As illustrated in Figure 6.1, which presents an example of the inferred constraints
for the PTV - V 6000 cGy vs. Rectum - V 5000 cGy feature pair, only two inferred
constraints are visible. This is because, out of the eight inferred constraints solved, four
were the vertical constraints, and the remaining four were the horizontal constraints. This
issue of inferring identical constraints is not limited to this feature pair; out of the 568

constraints inferred, only 145 were unique.

An interesting note about Figure 6.1, is that the best quality observation, highlighted
with a blue star, can be seen roughly at PTV - V 6000 cGy (%) = 0.88 and Rectum - V 5000
cGy (%) = 0.13 as this observation has the largest uncertainty set. It demonstrates how
the maximum size of uncertainty (the values presented in Table 3.3) relates to the quality
of the plan from which the data is from (the maximum uncertainty for both features was
speci ed to be 2:00%). Note also that the best quality observation is not on the boundary
of the feasible region. This is because the quality metric used in this study, specied in

Section 3.2, is not a function of the two axes in Figure 6.1.
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Figure 6.1: An example of the--e-RIO formulation result on a single pair of features with

the highest quality observation highlighted with a blue star

In addition to the repetitive constraints, some inferred constraints have unusual angles,
such as the one shown in Figure 6.2. In this instance, the inferred constraint is angled
and passes through only a single observation rather than two as expected, which would
typically create a tighter feasible region. This occurrence may be due to the loss function
used in theF-e-RIO formulation. The fairness measure loss function attempts to minimize
the deviation of the total distance for all observations and aims to have all observations
roughly the same total distance from all constraints. As a result, it can cause an inferred
constraint to pass through just one observation, depending on the shape of the data, as

illustrated in Figure 6.2.
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Figure 6.2: An example of an odd inferred constraint produced by tHe-e-RIO formulation

6.3 Discussion

Overall, the F-e-RIO formulation bene ts from a fast computational time due to its linear-
ity; however, the quality of the inferred constraints is low. Many constraints are repetitively

inferred, and some have unusual angles due to the behavior of the loss function.

One potential solution to increase the number of unique constraints inferred is to raise
the speci ed number of constraints to impute. However, this approach does not guarantee
that more unique constraints will be identi ed, does not prevent the formulation from

inferring unusually angled constraints, and would also increase the computation time.

Another potential solution is to iteratively solve and increase the number of constraints
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to infer until a specic criterion is met (e.g., a certain number of unique constraints is
achieved or a time limit is reached). However, this method also does not guarantee that a
certain number of unique constraints will be identi ed. Additionally, the unique constraints

that are found may still exhibit unusual angles and may not be as tight as expected.

In the next chapter, we utilize the compactness measure loss function, which allows us
to mitigate the disadvantages of theF-e-RIO formulation at the price of having a more

complex formulation that is not as fast to solve.
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Chapter 7

Compactness Measure Formulation

In this chapter, we present the compactness measure formulation, which leverages the
compactness measure loss function specied in Section 5.1. The compactness measure
minimizes the minimum distance of each observation from all constraints. In Section 7.1,
we present the model and discuss the constraints in detail. In Section 7.2, we present the
results of the compactness measure formulation and comment on the quality of constraints
inferred. Finally, in Section 7.3, we discuss the advantages, disadvantages, and overall

performance of the compactness measure formulation.

7.1 Formulation

The decision variablem, is de ned as the minimum distance for observatiok 2 K , to all
the inferred constraints. Letm be the vector of all themy decision variables. A binary
decision variable i is introduced to aid in the logic of de ning the my decision variable

in the model below. Let be the matrix of all j decision variables. The compactness
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measure formulation, denoted a€ -e-RIO , is as follows:

X
C-e-RIO : minimize my (7.1a)
A:D; ;b;m
k2K »
X
subject to ay X h; 8i2l1 k2Ky; (7.1b)
j2J
X
di =  ayx h; 8i2l k2Ky; (7.1c)
j23
My dik M i 8i 21 1 k 2 Ko; (71d)
X
ik = jl 1] 1, 8k 2 Kz, (718)
i2l 1
kak =1; 8i2ly; (7.1f)
ik 210;1g; 8i 21 1; k2Ky; (7.19)
me 0 8k2Ky; (7.1h)
dik O 8i2l k2Ky; (7.20)
h2R;, 8i2lq (7.1))
a 2R, 8i2l4j2J: (7.1K)

The objective function, (7.1a), minimizes the minimum distance for each observation.

Constraint (7.1e) ensures that all i decision variables are set to one except for a single

ik decision variable, which is set to zero, for each observati&n2 K ,. Constraint (7.1d)
in conjunction with constraint (7.1e), de nesmy as the minimum distance for observation
k 2 K,. Constraints (7.1g) and (7.1h) are domain constraints for the decision variableg
and my, respectively. The remaining constraints have been described in previous sections.
Due to the binary variable, i, being introduced, theC-e-RIO formulation is an MIP
problem, which is more di cult to solve when compared to theF-e-RIO formulation that

has no binary decision variables. This added complexity is evident in Section 7.2.

75



Recall that, mathematically, the slack distancedy represents the di erence between the
LHS and RHS for constraint (7.1b) and that clinically, the slack distance represents the gap
for an inferred guideline with respect to an RT treatment plan feature or combination of
two features (in the case of a trade-o guideline). The compactness measure minimizes the
minimum gap of each patient from all inferred guidelines. This loss function ensures that
as many patients as possible have no gap with respect to the inferred guidelines. These

results are discussed in greater detail later in this chapter.

7.2 Results

Similar to the previous chapter, the data used for the experiments conducted in this chapter
was described in Chapter 3. TheC-e-RIO formulation was solved using Python and
Gurobi Optimizer software. The computer used to execute these experiments had &'12
Gen Intel Core i7-12700 2.10 GHz processor with 16.0 GB of RAM. Similar to the previous
chapters' experiments, the NonConvex parameter of the Gurobi solver was set to a value of
2.0, and theL , norm was used for constraint (7.1f). The same 71 di erent two-dimensional
problem sets (71 feature pairs discussed in Section 4.3) were used to test the performance of
the C-e-RIO formulation. The di erence in these experiments was the number of unknown
constraints to infer, which was set to one and two. The results @-e-RIO formulation
performance with the number of constraints to infer being set to one are shown in Table

7.1.

Table 7.1a displays the computational time results of th€-e-RIO formulation while
inferring a single constraint. The total solution time for all 71 pairs of features was 2.18
seconds, which is fast. The average time to infer a single constraint for each of the 71

di erent two-dimensional problem sets was 0.031 seconds. The standard deviation of the
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Table 7.1: Computational performance of theC-e-RIO solution approach (inferring one

constraint)
(a) Time results (b) Constraint results

Statistic  Results (s) Statistic  Results (constraints)
Cum. 2.18 Cum. 71

Avg. 0.031 Avg. 1

Std. Dev. 0.013 Std. Dev. 0

Max. 0.058 Max. 1

Min. 0.0097 Min. 1

solution times was 0.013, with a maximum time of 0.058 seconds and a minimum of 0.0097
seconds. Table 7.1b presents the information for the constraints inferred. This table shows
that exactly one constraint was inferred for each of the 71 problem sets. Figure 7.1 presents
an example of theC-e-RIO formulation applied to the feature pair PTV - V 6000 cGy

and Bladder - V 5000 cGy when inferring for a single constraint.

Given the nature of the compactness measure loss function, the constraints inferred us-
ing the C-e-RIO formulation always pass through at least two observations. This behavior
is expected as the compactness measure aims to minimize the minimum distance of each
observation from all constraints. Unlike theF-e-RIO formulation, the C-e-RIO formula-
tion avoids creating unusually angled constraints and ensures that the inferred constraints

are as tight as possible.

When attempting to infer two constraints for each of the 71 problem sets using the
C-e-RIO formulation, a time limit of 3600 seconds was set for each feature pair. Unfor-

tunately, the model scales so poorly that only a single feature pair could be solved in less

77



Figure 7.1: An example of theC-e-RIO formulation result when inferring a single con-

straint

than 3600 seconds. The only feature pair that could be solved in less than 3600 seconds
was the PTV - D99% (%) vs. Rectum - V 5000 cGy (%) feature pair. The constraints
solved for this pair of features can be observed in Figure 7.2. When tkke-RIO for-
mulation was applied to this pair of features and specied to infer two constraints, the
computational time was 244.0 seconds. One explanation for this feature pair requiring less
time to solve compared to the other feature pairs may be due to the shape of the data.
This was the only di erence compared to the other feature pairs, as the same formulation
and number of observations were used for all other problems. An interesting direction for
future research may be to experiment with di erent shapes of data in order to see how it

a ects the computational time for the C-e-RIO formulation.
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Figure 7.2: An example of theC-e-RIO formulation result when inferring two constraints

7.3 Discussion

The C-e-RIO formulation o ers two notable advantages. First, the constraints inferred
always pass through at least two observations, preventing the creation of unusually angled
constraints, as seen with the=-e-RIO formulation. This ensures that the inferred con-
straints are as close as possible to the observations. Second, the computational time is a
signi cant bene t. As shown in Table 7.1, inferring a single constraint using theC-e-RIO
formulation is remarkably fast. However, this formulation struggles with inferring two or
more constraints; when set to infer two constraints, nearly every feature pair requires over
3600 seconds to solve. This indicates that the compactness measure formulation does not

scale well and is unsuitable for inferring two or more constraints. Given the application
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needs, inferring just one constraint per feature pair is insu cient.

In the next chapter, we present an iterative single-constraint inference algorithm that
takes advantage of the computational speed of the single constraint inferrir@-e-RIO
formulation. We iteratively solve for new constraints using a simpli ed and slightly altered
C-e-RIO formulation in a branch-and-bound type algorithm. The performance of the

iterative algorithm is then compared against theF-e-RIO and C-e-RIO formulations.
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Chapter 8

Proposed lIterative Single-constraint

Inference Algorithm

In this chapter, we propose an iterative single-constraint inference algorithm that leverages
the single constraint inferring C-e-RIO formulation. This iterative algorithm infers all
relevant constraints for each pair of features. The results show that the algorithm can
infer multiple constraints more e ciently than the C-e-RIO formulation. In Section 8.1,

we develop the simpli ed and slightly alteredC-e-RIO formulation used in the iterative
algorithm and then present the proposed algorithm. In Section 8.2, we present the results
of the proposed algorithm and comment on the quality of constraints inferred. Finally,

in Section 8.3, we discuss the advantages, disadvantages, and overall performance of the

proposed algorithm.
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8.1 Formulation

The proposed iterative single-constraint inference algorithm leverages the fact that the
C-e-RIO formulation can infer a single constraint very quickly while also ensuring the
inferred constraint binds at least two observations, inferring tight constraints. The de-
scription of the algorithm will begin with formulation (7.1). If we are only considering

inferring a single constraint, we can re-write the formulation as follows:

X
minimize My (8.1a)
a;d;m;b
k2K »
subject to ax b 8k2Ky; (8.1b)
j23
X
de= ax b 8k2Kjy; (8.1c)
j23
My dk; k 2 Kz; (81d)
ka%k = 1; (8.1e)
me 0 8k2Ky; (8.1f)
dc O 8k2Ky; (8.19)
b2 R; (8.1))
8 2R; 8 2J: (8.1h)

Formulation (8.1) is a simpli ed version of the C-e-RIO formulation. The i index
and | ; set are dropped as only a single constraint is being considered. Constraint (7.1€e)
from the C-e-RIO formulation speci ed that the number of i binary decision variables
that are set to one is equal to the number of constraints inferred minus one for each

k 2 K,. When inferring for a single constraint, this means all i decision variables are
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zero, and so they can be removed from the formulation. This results in constraints (7.1e)
and (7.1g) being removed and constraint (7.1d) being adjusted accordingly. Formulation
(8.1) can be simpli ed even further asmy is equal tody for all k 2 K, in the optimal
solution. This is becausemy is minimized and constraint (8.1d) states thatm,  dy for
all k 2 K,. Therefore, themy decision variables can be replaced ly,. This means the
objective function (8.1a) is updated to havedy instead of my, and constraint (8.1d) may

be removed. These changes are re ected in formulation (8.2).

X
minimize dk (8.2a)
a;d;b
k2K »
subject to ax‘ b 8k2Ky; (8.2b)
j23
X
dy = ax‘ b, 8k2Ky; (8.2¢)
j23
kak = 1; (8.2d)
dc 0O, 8k2Ky,; (8.2e)
b2 R; (8.2f)
8 2R; 8 2J: (8.29)

Now that formulation (8.2) is simpli ed further, a new binary decision variable,ny, can
be added to signal if the inferred constraint passes through an observation.nif is equal to
zero, this means the inferred constraint passes through observatikr K ,. If ny is equal
to one, this means the inferred constraint does not necessarily pass through observation
k 2 K,. In addition to introducing a new decision variable, a new constraint will be added
to ensure that the inferred constraint passes through at least two observations. This change

is re ected in constraints (8.3d), (8.3e) and (8.3g) of formulation (8.3).
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X

C-e-RIO -sc: minimize dk (8.3a)
a;d;n;b
k2K 2
subject to ax b 8k2Ky; (8.3b)
j23
X
de=  axf by 8k2Ky; (8.3¢)
j23
dc Mnyg; 8k2Ky; (8.3d)
X
N = jKoj 2 (8.3e)
k2K »
kak =1; (8.3f)
ng 210;1g; 8k 2Ky; (8.30)
d« O 8k2Kjy; (8.3h)
b2 R; (8.30)
a2R; 8 2J: (8.3))

Formulation (8.3), denoted asC-e-RIO -sc, is the nal formulation and will be used
in the proposed iterative single-constraint inference algorithm. Constraint (8.3e) speci es
that exactly two ny binary decision variables are set to zero, while the remaining are set to
one. Constraints (8.3e) and (8.3d) enforce that the distance between the inferred constraint
and at least two observations is zero. The phrase \at least two observations" is used as
it is possible that more than two observations may pass through the inferred constraint.
This can occur because constraint (8.3d) requirek to be less than or equal to some large
constant value,M , multiplied by nyx. Even whenny is one, it is still possible ford, to be
zero. Lastly, constraint (8.3g) speci es the domain for then, binary decision variables.

The remaining constraints have been described in previous sections.
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Assuming a solution is found, formulation (8.3) guarantees to nd a constraint that
passes through at least two observations. These two observations may be identi ed by
nding the ny decision variables that are equal to zero. The solution may then be labeled
using these two observations. Using this information, a branch-and-bound type algorithm
can be leveraged to explore the boundary of the feasible region until all the constraints are

inferred.

The branch-and-bound technique has been applied with some success to a variety of
Operations Research (OR) problems (Hillier and Lieberman, 2015). The basic concept
of the branch-and-bound technique is to divide and conquer. Since the original problem
of inferring multiple constraints using the C-e-RIO formulation is too di cult to solve
directly, it is divided into smaller subproblems that can be solved more easily by lever-
aging the fact that the C-e-RIO formulation can infer one constraint very quickly. The
branching in the proposed iterative algorithm is done by xing certainn, binary decision
variables while inferring a single constraint. This branching technique aims for formula-
tion (8.3) to infer di erent constraints for each subproblem. The method of branching in
the proposed algorithm di ers from the traditional branch-and-bound technique as some
added constraints from the parent to the child node are not passed down after solving the
child node (assuming the child node is not fathomed). The proposed algorithm also di ers
from the traditional branch-and-bound technique, as a node cannot be fathomed due to
bounding. In the traditional branch-and-bound approach, fathoming is partially done by
bounding how good the best solution in a subset can be and then discarding the subset
if its bound indicates that it cannot possibly contain an optimal solution for the original
problem (Hillier and Lieberman, 2015). In the case of the proposed algorithm, a node is
only fathomed if it is found to be infeasible. The pseudocode for the proposed iterative

single-constraint inference algorithm is provided in Algorithm 1.
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Algorithm 1: Pseudocode of the iterative single-constraint inference algorithm

1

2

3

4

5

10

11

12

13

14

15

16

17

18

19

20

Initialize: let F,, be the set of forbidden observations for node, let R, be the set

of required observations for noda, let I, = 1 if node n is a left child and 0

otherwise, letS be the set of unsolved node$y =0, Fo= Ro=;,S=fng
while S6 ; do
Let n 2 S be a node,S = S=fng;
if n=0 then
Fn=13,Rn=13;
else

Let i be the parent node of noda, and (p;, p2) be the solution from nodei;
if 1, =1 then

\ Fo = Fi[f pg, R = fpug;

else

o

Fi[f ;0 Rn = fp20;
end

end

solve noden using formulation (8.3) while considering=, and Ry,;

if an optimal solution is foundthen

record the observations the inferred constraint passes througp( p2),
n = n+1, create a left child node,n, |, =1, S= S[f ng,n=n+1,
create a right child node,n, I, =0, S= S[f ng;

else

There is no solution; fathomed this node;

end

end
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A two-dimensional example problem will be used to aid in describing the proposed
algorithm. In Figure 8.1, there are eight observations, with a speci c focus on ve of the
eight observations p;, p2, ps, Ps, and ps). We assume that both features considered in
the example problem are to be minimized. We also assume that any outliers have been
removed and the corner restricting constraints have been applied. This means that only
constraints that restrict the top right of the feasible region should be inferred. The results
of the proposed algorithm applied to this example problem are illustrated in the branch-

and-bound type tree in Figure 8.2.

Figure 8.1. An example problem for the iterative single-constraint inference algorithm

The proposed algorithm begins by using formulation (8.3), with no added constraints, to
infer a single constraint. In the example problem, the constraint inferred at node 0 passes

through observationsp; and p, as seen in Figures 8.1 and 8.2. These two observations
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Figure 8.2: A visualization of the iterative single-constraint inference algorithm on the

example problem

(identi ed by the ny decision variables) and the inferred constraint are then recorded, and
this solution is considered the root node. The nodes in this example will be explored using
a depth- rst search technique. Once the root node is solved, the problem is branched into
two nodes, node 1 and node 2. As seen in Figure 8.2, node 1 is speci ed to infer a constraint
that must pass throughp; but not p,, whereas node 2 is speci ed to infer a constraint that
must pass throughp, but not p;. The ny decision variables are xed for these observations

to enforce these additional constraints. For example, the inferred constraint at node 1
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must pass throughp;, son; is set equal to zero. Conversely, the inferred constraint at
node 1 must not pass througlp,, son; is set equal to one. Since formulation (8.3) requires
exactly two ny decision variables to be zero, the inferred constraint at node 1 must pass

through at least one other observation that is nop,.

Looking at Figure 8.1, the solution for node 1 will be a constraint that passes through
p; and ps. Since a solution for node 1 was found, the problem is branched into two more
nodes, node 3 and node 4. A similar process that was applied to the root node occurs;
however, when creating the forbidden list of observations for the children nodes, the parent
nodes' forbidden list will be added as well. For instance, the inferred constraint for node 3
must pass throughp,; because it is the rst observation in the solution label of its parent
node, node 1. Additionally, the inferred constraint for node 3 must not pass through p3 as
it is the second observation in the solution label of its parent node. Moreover, the inferred
constraint for node 3 must avoid passing through p2, as this observation is in the forbidden
set of node 3's parent node. If the parent node of node 3 had multiple observations in its
forbidden set, all of these observations would be included in the forbidden set of node 3.
An example of this scenario, where multiple observations are passed down in the forbidden

list, can be seen in the relationship between node 4 and node 5.

It can be seen in Figure 8.1 that it is not possible to infer a constraint that passes
through p; and not p, and ps. Therefore, node 3 is infeasible and fathomed. A new node
is then chosen to evaluate, and this process repeats until all nodes are fathomed and all

the constraints possible to infer are found.

Potential issues in the proposed algorithm may arise if there are multiple observations
at the same location. This could lead to the algorithm unnecessarily discovering the same
inferred constraint multiple times. To mitigate this, one could process the data to ensure

the set of observations for each pair of features is unique. Another issue might occur if a
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constraint is inferred that passes through three or more observations. This could, again,
lead to the algorithm unnecessarily discovering the same inferred constraint multiple times.
To prevent this, one could check if the inferred constraint at each node has already been

identi ed and fathom that node if it has.

8.2 Results

Similar to the previous two chapters, the data used for the experiments conducted in this
chapter was described in Chapter 3. The computer used to execute these experiments had
a 12" Gen Intel Core i7-12700 2.10 GHz processor with 16.0 GB of RAM. The NonConvex
parameter of the Gurobi solver was, again, set to a value of 2.0, and the norm was used

for the normalization constraint (8.3f). The same 71 di erent two-dimensional problem
sets (71 feature pairs discussed in Section 4.3) were used to test the performance of the
proposed iterative algorithm. The proposed algorithm was solved using Python and Gurobi
Optimizer software. While using the Gurobi Optimizer software, the integrality focus
parameter was set to a value of 1.0. Setting this value to 1.0 requests that the solver
works harder to try to avoid solutions that exploit integrality tolerances (Gurobi, 2024).
More speci cally, given the constraintd, Mny, wheredy is a non-negative continuous
decision variableny is a binary decision variable, andM is some large constant value, the
constraint is intended to enforce the relationship thatdy must be zero ifng is zero. With

the default integer feasibility tolerance in Gurobi, the binary variable is allowed to take a
value as large as 1 10 ° while still being considered as taking a value of zero. If thigl
value is large enough, thévin, upper bound can be substantial. Therefore, by setting the

integrality focus parameter to one, this forced the logic of formulation (8.3) to hold true.

Once the root node is solved, the following nodes may be explored using techniques such
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as breadth- rst search, depth- rst search, or at random. For these particular experiments,
the nodes were explored using a depth- rst search technique. Interestingly, the proposed
iterative algorithm does not require specifying the number of constraints to infer; it will
continue inferring constraints until no further constraints can be identi ed. The results of

the proposed algorithm performance can be seen in Table 8.1.

Table 8.1: Computational performance of the iterative single-constraint inference algorithm

(a) Time results (b) Constraint results
Statistic  Results (s) Statistic  Results (constraints)
Cum. 820.74 Cum. 325
Avg. 11.56 Avg. 4.58
Std. Dev. 12.71 Std. Dev. 1.35
Max. 58.64 Max. 8
Min. 2.61 Min. 2

The solution time for all 71 pairs of features was 820.74 seconds (13.68 minutes), which
is much faster than theC-e-RIO formulation, considering most feature pairs took over
3600 seconds (1 hour) to infer just two constraints. The standard deviation of the solution
times was 12.71, with a maximum time of 58.64 seconds and a minimum of 2.61 seconds.
Table 8.1b presents the information for the constraints inferred. This table shows that
a total of 325 constraints were inferred, with an average of 4.58 constraints per feature
pair. The standard deviation of the constraints inferred was 1.35, with a maximum of 8

constraints and a minimum of 2 constraints.

When comparing the solution times between the proposed algorithm and tikee-RIO

formulation, the average solution time for theF-e-RIO formulation is better (2.30 vs.
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(a) Proposed algorithm (b) F-e-RIO formulation

Figure 8.3: A comparison of the solutions from the proposed algorithm and thee-RIO

formulation

11.56 seconds). However, in terms of the quality of the constraints inferred, the proposed
algorithm outperforms the F-e-RIO formulation. Figure 8.3 below shows a comparison
of the constraints inferred for the feature pair Bladder - V 5000 cGy (%) vs. Rectum -
V 4600 cGy (%) using the proposed algorithm and th&-e-RIO formulation. As seen in
the comparison, the quality of the solution is better in the proposed algorithm as there
are no repetitive constraints inferred, and all the possible trade-o constraints to infer are
found. The proposed algorithm also does not su er from inferring loose constraints (passing
through only one observation) as thd=-e-RIO formulation did, due to the ny constraints
forcing each inferred constraint to pass through at least two observations. Another great
example of the quality of the proposed algorithm includes the solution for the feature pair
PTV - V 6000 cGy (%) vs. Rectum - V 4600 cGy (%) in Figure 9.1 in Chapter 9. This
gure compares the inferred constraints with the current guidelines. The complete set of

inferred constraints using the proposed algorithm can be seen in Appendix A.
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8.3 Discussion

Regarding the quality of constraints inferred, the iterative single-constraint inference algo-
rithm consistently delivers the best results. When compared to thE-e-RIO formulation,

the proposed algorithm does not su er from inferring repeated constraints. Another ad-
vantage displayed by the proposed algorithm when compared to tiree-RIO formulation

is that the constraints are tighter (not at unusual angles). Every inferred constraint passes
through at least two observations, whereas the-e-RIO formulation would sometimes infer
constraints that pass through only a single observation. The proposed algorithm leverages
the C-e-RIO formulation (with some adjustments), so the quality of the constraints in-
ferred by both these solution approaches is comparable. The main bene t of the proposed

algorithm over the C-e-RIO formulation is the solution time.

The average solution time of theF-e-RIO formulation (2.30 seconds) was approxi-
mately ve times faster than that of the proposed algorithm (11.56 seconds). However, as
previously mentioned, the proposed algorithm o ers signi cant advantages in the quality
of the inferred constraints compared to theé=-e-RIO formulation. Additionally, solving
for each possible inferred constraint in an average time of 11.56 seconds per feature pair
remains quite reasonable for the application at hand, which is constraint inference for RT

treatment plans.

The largest advantage of the proposed algorithm over the two previous formulations is
that it does not require specifying the number of constraints to infer. This advantage saves
time by eliminating the need to guess the number of constraints, solve for them, verify the
inferred constraints, adjust the number of constraints to infer, and then resolve. Instead,

the proposed algorithm automatically infers all possible constraints.
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8.4 Summary

In Chapter 8, we designed the iterative single-constraint inference algorithm to leverage
the computational speed of theC-e-RIO formulation, which can infer a single constraint
very quickly. The proposed algorithm iteratively applies a simpli ed and slightly altered
version of theC-e-RIO formulation to infer all relevant constraints for each pair of features,
ensuring that the constraints remain tight and computational times remain manageable.
The formulation simpli es the problem by using a branch-and-bound type algorithm and
focusing on subproblems of single constraint inference, resulting in a more e cient and
scalable solution approach. This method addresses the scalability issues identi ed with
the C-e-RIO formulation when inferring multiple constraints, thus providing a practical
and e ective solution for inferring guidelines and trade-o constraints for RT treatment

plans.

So far, we have demonstrated the development of the proposed algorithm to overcome
the computational challenges associated with th€-e-RIO formulation. Using these ideas,
we have shown how to infer constraints e ciently while maintaining high-quality solutions.
The next chapters will delve into the discussion and conclusions, summarizing the ndings
of the entire study and highlighting potential future research directions. This will provide
a comprehensive overview of how the proposed algorithm can contribute to the eld of RT

treatment planning and the broader implications for optimization in healthcare.

94



Chapter 9

Discussion

A discussion of each of the three 10 approaches has been made in their respective chapters.
Table 9.1 summarizes the advantages and disadvantages of each of the solution approaches.
The average solution times for thd=-e-RIO formulation were the fastest out of the three
solution approaches; however, due to the higher quality constraints inferred and the lack of
requirement of specifying the number of constraints to infer, the iterative single-constraint
inference algorithm is determined to be the better solution approach. An area of interest
that has not been explored is if the solution of the proposed algorithm is equivalent to the

solution of C-e-RIO formulation. This is left as a future area of research.

As mentioned in Chapter 4, once the two-dimensional constraints are inferred, they can
be superimposed back onto tha-dimensional space from which they came. The complete

set of constraints inferred using the proposed algorithm is presented in Appendix A.
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Table 9.1: Performance summary of the solution approaches

Solution Advantages Disadvantages

Approach

F-e-RIO " Fast solution times for inferring | =~ Infers repeated constraints
Model 8 constraints (avg 2.30s) " Infers loose constraints

Requires input for the number

of constraints to infer

C-e-RIO " Infers unique tight constraints Scales poorly, solution times
Model " Very fast solutions times for exceed 3600s for 2+ constraints
inferring 1 constraint (avg. Requires input for the number

0.031s) of constraints to infer

Proposed |~ Infers unique tight constraints | =~ Solution times are slower than
Algorithm | © Does not require input for the the F-e-RIO model (avg.
number of constraints to infer 11.56s)

The results of the proposed algorithm are intended to be compared with the original
guidelines used by the GRRCC to see if there is a need to update speci c guidelines or
if there is a possibility to consider an implicit trade-o constraint between a pair of RT
plan features. Figure 9.1 compares the inferred constraints discovered using the proposed

algorithm with the current guidelines for the PTV - V 6000 cGy (%) and Rectum - V
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4600 cGy(%) RT plan features. The guidelines for the treatment plan features are stated
in Chapter 3. As seen in the gure, based on the RT plans that have been accepted, the
outliers having been removed, and a quality-based uncertainty having been applied, the
current guideline for the Rectum - V 4600 cGy (%) feature is very close to the inferred
guideline. This indicates that the GRRCC should not adjust this current dose limitation
(or if they do, it should be a minor adjustment). The other feature dose goal, PTV - V
6000 cGy (%) 75.0%, on the other hand, appears to be too strict. Based on the proposed
algorithm, the dose goal for the PTV - V 6000 cGy (%) should be relaxed to PTV - V
6000 cGy (%) 67.43%.

In terms of potential implicit trade-o constraints, Figure 9.1 shows that there is one

very signi cant trade-o constraint that may be considered. This constraint is as follows:

0:7153[PTV - V6000 cGy (%)] 0:6988[Rectum - V4600 cGy (%)] 0:322  (9.1)

It is understandable that if only one-dimensional constraints were used, and the trian-
gular area of the feasible region created by the three inferred constraints was to be avoided,
the current guidelines might be used; however, there are visible observations that violate
the current guidelines, and are still considered acceptable. Introducing a second dimension
to the constraints of the feasible region allows for the ability to infer constraints that more
accurately represent the RT plans that are being accepted. Ideally, the goal is to provide
these inferred constraints to the RT treatment planners and oncologists to aid in making

\acceptable" RT treatment that would require fewer iterations.

As mentioned above, adding a second dimension to the constraints of the feasible region
allows for the ability to infer constraints that more accurately represent the RT plans that
are being accepted. This is true for higher-dimensional constraints as well. As stated in

previous chapters, higher-dimensional constraints were not considered because the primary
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Figure 9.1: PTV -V 6000 cGy (%) vs. Rectum - V 4600 cGy (%) with inferred constraints

(green) and current guidelines (orange)

users of the generated constraints are expected to be treatment planners or oncologists. If
the inferred constraints were to be used in an optimization model, then higher-dimensional
constraints could be considered as optimization models do not struggle to interpret con-
straints of three dimensions or higher. A future area of research could involve developing

the proposed algorithm further to infer higher-dimension constraints for RT planning.

Another future area of research could involve nding a subset of the most useful in-
ferred constraints. The proposed algorithm inferred 325 constraints, which are too many

constraints for a treatment planner or oncologist to consider while designing treatment
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plans. To determine how good each trade-o constraint is, one could nd the percent area
it removes from the one-dimensional feasible area for that pair of features. A subset of the

best trade-o constraint may then be found using this approach.

The proposed algorithm could be particularly useful for inferring di erent levels of
constraints in RT planning. For instance, red-level inferred constraints might cover the
top 95% of RT plans, yellow-level the top 85%, and green-level the top 75%. This could be
achieved by modifying the outlier detection algorithm to a top X% algorithm, as discussed
in Chapter 4, and adjusting the X value. This method could greatly bene t treatment
planners and oncologists by providing three sets of constraints. These constraints could
be used to follow a treatment plan strategy that, for example, allows a maximum of ve
green-level violations and three yellow-level violations while ideally avoiding any red-level

violations.

In addition to the abovementioned point, instead of considering di erent percentages
of patient outliers, we could introduce the concept of inferring chance constraints. This
P

would mean we are inferring for a constraint, ;,; &x b, which is true for 95% of the

observations, thereby inferring constraints that are outlier-aware.

Other interesting uses for the proposed algorithm could involve separating the date by
the year to see if the RT treatment planners and oncologists produced signi cantly di erent
plans throughout di erent years. The data could also be separated into di erent prostate

size groups to see how di erent prostate sizes a ect the RT treatment plans.

It is worth noting that ideally, we would not need to remove outliers from the data since
all observations come from a set of approved RT treatment plans for patients with various
guideline requirements. This raises the idea of examining di erent patient subsets based

on health conditions, diseases, age, etc. A more homogeneous patient group could allow
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for more accurate constraint inference for RT treatment plans without needing to discard
outliers. This concept also opens the door to using Machine Learning (ML) techniques,
like clustering, to partition the set of patients. However, patient-speci ¢ information, such

as the factors mentioned, was not collected because these factors for each RT plan were

unavailable to us.

Another important thing to note is that using this RIO method to constantly update
the RT treatment plan goals would not be wise. If the proposed algorithm were to be
used periodically and the inferred constraints were implemented, the feasible region might
increase with each iteration due to the uncertainty applied to the observations. It would
be more appropriate to use the proposed algorithm as a tool to inform treatment planners
and oncologists that a current dose goal is too loose or strict or to inform the cancer center

of potential trade-o constraints that may be leveraged in the planning process.

It must also be mentioned that many parameters of the proposed algorithms can be
ne-tuned or adjusted, such as the outlier detection algorithm, the uncertainty shapes and

sizes, the pair of features considered, and the RT treatment plan quality function used.
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Chapter 10

Conclusions

In this study, we considered the problem of inferring the feasible region for RT treatment
plans designed for patients with prostate cancer. We de ned a quality-based Robust-
inverse Optimization (RIO) formulation which infers for both the LHS and RHS values
of the constraint parameters for a linear FO problem while considering uncertainty in the
observations. The data provided by the GRRCC was discussed and analyzed in-depth
by comparing their current guidelines with the RTOG and Quantec guidelines, de ning a
guality metric for an RT treatment plans for prostate cancer, and discussing and presenting
data uncertainty for the RT plan features considered in current guidelines used by the

GRRCC.

We introduced application-based considerations when developing an 10 formulation to
infer for RT treatment plan guidelines. Then-dimensional problem space was divided into
smaller two-dimensional problem spaces to infer a maximum of two-dimensional constraints
to ensure interpretability. The speci c features used to impute the feasible region for RT

treatment plans were determined to be a subset of the features leveraged in the current
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guidelines used by the GRRCC. A subset of the two-dimensional problem spaces was used
to infer the constraints to avoid inferring less meaningful guidelines, such as a trade-o
constraint between two features from the same OAR or target volume. An outlier detection
algorithm was discussed and applied to the data to ensure outlier observations are not used
to infer the feasible region. Constraint parameter restrictions to avoid inferring constraints

that would exclude better RT treatment plans in the future were derived and presented.

The quality-based RIO formulation was presented by rst considering the linear FO
problem. We leveraged previous research, which presented a tractable reformulation of
the 10 problem while considering multiple observations. We proposed an addition to
this formulation by considering uncertainty in the observations using robust optimization
techniques. We showed that by considering the corner points of a polyhedral uncertainty
set as additional observations, the 10 formulation is robust to all realizations of each
observation. We addressed the need for incorporating quality-based uncertainty when
inferring the feasible region for RT treatment plans and introduced a method that utilized

both RT plan quality and the previously discussed data uncertainty.

We evaluated the quality of constraints inferred and the computational performance
of the RIO formulation by using the fairness measure loss function, which resulted in the
F-e-RIO formulation, and the compactness measure loss function, which resulted in the
C-e-RIO formulation. The computational time of the F-e-RIO formulation was fast,
but the quality of the constraints inferred was poor due to inferring loose and repetitive
constraints. The quality of the C-e-RIO formulation was better than the F-e-RIO for-
mulation, and the computational time of inferring a single constraint was fast. Still, the
formulation scaled poorly, as inferring two or more constraints required more than 3600

seconds on average.
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We proposed an iterative single-constraint inference algorithm, which leveraged the sin-
gle constraint inferringC-e-RIO formulation. Due to the reduced requirement of inferring
a single constraint, theC-e-RIO formulation was able to be simpli ed to formulation (8.2).
An additional decision variable and constraint were added to the simpli ed formulation to
identify the observations that the inferred constraint passes through, resulting in formula-
tion (8.3). This formulation was then used in a branch-and-bound type algorithm to infer
all possible constraints for a two-dimensional problem. The proposed algorithm was shown
to infer high-quality constraints within a reasonable time frame with the added bene t of

not having to specify how many constraints to impute.

The constraints inferred by the proposed algorithm were compared with the existing
guidelines used by the GRRCC. This comparison allows the GRRCC to evaluate whether
updating their current guidelines or incorporating trade-o constraints could better align
with the implicit logic of the RT plans accepted by oncologists. The ultimate goal is to
leverage these inferred guidelines to streamline the development of RT treatment plans,
reducing the number of iterations needed and thereby saving resources such as time and

money.

It is important to note that our solution approach was trained on only a subset of the
RT treatment plans provided by the GRRCC. To infer constraints or guidelines that are
closer to universal acceptance, a larger dataset from multiple institutions would be needed

to train and evaluate the performance of our solution approach.

As discussed throughout this thesis, several areas for future research can be explored.
These include proving that the solution from the proposed algorithm is equivalent to the
solution of the compactness measure formulation, identifying a subset of the most clini-
cally relevant inferred constraints, and advancing the proposed algorithm to infer higher-

dimensional constraints. A minor area for future research, discussed in Chapter 7, involves
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investigating why some feature pairs are solved more quickly than others using the com-
pactness measure formulation for inferring two constraints. Another promising direction
is to integrate ML techniques into the pre-processing stage of the solution approaches
discussed. For instance, using Principle Component Analysis (PCA) (based on dose con-
straint violations or other metrics) for dimensionality reduction could be an alternative to

the feature selection approach presented.
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Appendix A

The Complete Set of Constraints

Inferred

The following gures display the complete set of constraints inferred using the iterative
single-constraint inference algorithm from Chapter 8. The solution approach leverages ac-
cepted RT treatment plans from the GRRCC, with outliers removed (the red observations),
guality-based uncertainty applied, and constraint parameter restrictions applied to avoid

inferring constraints which would exclude better RT treatment plans.

Note that many parameters of the proposed algorithm can be ne-tuned or adjusted,
such as the outlier detection algorithm, the uncertainty shapes and sizes, the pair of features

considered, and the RT treatment plan quality function used.
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Figure A.1: Bladder - V 5000 cGy (%) Figure A.2: Bladder - V 5000 cGy (%)
vs. Rectum -V 3850 cGy (%) vs. Rectum -V 4000 cGy (%)

Figure A.3: Bladder - V 5000 cGy (%) Figure A.4: Bladder - V 5000 cGy (%)
vs. Rectum -V 4600 cGy (%) vs. Rectum - V 5000 cGy (%)
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