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Abstract

Large-scale bioreactors are widely employed across bioprocessing industries for the pro-
duction of chemicals, pharmaceuticals, and biofuels. The increasing demand for specialized
pharmaceuticals has motivated industries to optimize bioreactor operations. However, the
complexity of multiphase interactions and the emergence of concentration gradients and in-
tracellular heterogeneity in bioreactors pose significant challenges in accurately predicting
and optimizing the performance of bioreactors. Simulations of numerical models have be-
come invaluable for understanding these systems; however, the high computational cost of
detailed models—particularly those involving multiphysics—Ilimits their practicality. The
computational cost of these models precludes them from being used for real-time applica-
tions or for extensive design optimizations.

To address this challenge, this thesis proposes computationally efficient methods to solve
coupled metabolic and hydrodynamic compartmental models that describe key process
dynamics.

The compartmental model (CM) approach is based on steady-state multiphase compu-
tational fluid dynamic simulations and is designed to accurately represent hydrodynamic
properties such as turbulent dissipation energy, oxygen mass transfer, and flow topology.
Conventional compartmentalization methods were found to introduce nonphysical “short-
cutting” effects, leading to inaccuracies in mixing time predictions. To mitigate this, a
refined compartmentalization approach was developed to better capture hydrodynamic
mixing patterns. Then, a metabolic model was integrated with the compartmental model
to explore the metabolic and hydrodynamic interactions.

In terms of the metabolic behavior, two key scenarios were considered: i) the intracellu-
lar concentrations were assumed to reach instantaneous equilibrium with their extracellular
environments at all times and ii) the intracellular concentrations were not in equilibrium
with their extracellular environments.

For the first case, where intracellular and extracellular equilibration was assumed, a
binary search tree metabolic model (BSTMM) was developed from a dynamic flux balance
analysis model and coupled with a CM describing the extracellular environment. This
method significantly reduces computational complexity by substituting traditional linear
optimization solvers with an online point-location approach. The coupled BSTMM-CM
successfully captured diauxic growth dynamics and demonstrated substantial computa-
tional efficiency, enabling long-term bioprocess simulations on standard desktop hardware.
However, kinetic parameters for metabolic models calibrated in small-scale bioreactors
could not be directly applied to large-scale systems without recalibration. This finding



suggested that intracellular heterogeneity may play a crucial role in metabolic regulation
and must therefore be explicitly accounted for.

To address this, the second case considered a finite-rate adaptation mechanism gov-
erning equilibration between the extracellular and intracellular environments. A method
of moments approach, assuming a truncated normal distribution, was implemented to re-
construct the number density function efficiently. This approach demonstrated that intra-
cellular heterogeneity is most pronounced when the characteristic timescales of microbial
adaptation and extracellular advection are comparable. The application of this approach to
E. coli fermentation data reported in the literature resulted in improved fitting as compared
to a model that ignores intracellular heterogeneity. Furthermore, the impact of popula-
tion heterogeneity on metabolic regulation was evaluated, revealing distinct variations in
growth rate and substrate uptake across different regions of the bioreactor.

To further improve computational efficiency of the coupled PBM-CM, an adaptive
population compartmental scheme is proposed, which dynamically adjusts the compart-
mentalization over the course of a simulation to balance accuracy and computational cost.
This approach was found to be particularly effective for large-scale bioreactor simulations,
especially when advection rates exceed microbial adaptation rates, leading to substantial
reductions in simulation time with minimal loss of predictive accuracy.

This research significantly advances the modeling of large-scale bioreactors by inte-
grating hydrodynamic and metabolic models into a computationally efficient framework.
The developed methods provide more in-depth insights into the influence of concentration
gradients and intracellular heterogeneity on microbial behavior, ultimately improving the
predictive accuracy and scalability of bioprocess simulations.
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Chapter 1

Introduction

1.1 Research Motivation

Bioprocesses are widely employed in the production of various substances, including food
ingredients, chemicals, and pharmaceuticals. Aerated stirred bioreactors are key pieces
of equipment in pharmaceutical production and represent a highly intricate multiphase
system. Dynamic interactions among gas-phase bubbles, solid-phase microorganisms, and
a liquid-phase nutrient solution lead to complex behavior in these bioreactors, necessitating
a thorough understanding of the underlying processes for efficient operation. Since the
products must be manufactured efficiently and cost-effectively at a large scale, increasingly
large bioreactors—several orders of magnitude larger than those feasible for laboratory
use—are required. For example, bioreactors used in industrial applications can range from
1,000 liters to 500,000 liters, with some systems even exceeding 1,000,000 liters depending
on the process requirements [2]. These large-scale bioreactors often face mass transfer
limitations, leading to incomplete mixing and the formation of gradients in key operational
variables.

Computational simulations have emerged as an invaluable tool for understanding biore-
actor operation, as well as providing critical insights into both extracellular properties (e.g.,
velocity, concentrations, and pH) and intracellular properties (e.g., cell size and internal
concentrations). These insights are often difficult to obtain through physical experimen-
tation due to cost constraints and the lack of direct sensors or analytical techniques for
measuring variables of interest. Moreover, simulations are crucial for predicting key biopro-
cess performance metrics, such as yield and productivity, because they enable the analysis
of complex interactions between biological, chemical, and physical phenomena that are



often difficult or costly to observe experimentally. The ability to simulate bioreactor op-
erations under various conditions provides several benefits, including aiding in developing
more efficient bioprocesses and determining optimal operating conditions.

Conducting these simulations necessitates the development of mathematical models ca-
pable of accurately representing the intricate physics of these phases and their interactions,
including the cellular biology of microorganisms. Bioreactors are inherently multiphase sys-
tems, where different phases, such as liquid, gas, and microorganisms, are transported over
large scales. Therefore, bioreactor models must account for the conservation of mass, mo-
mentum, and energy in each phase, as well as include constitutive models that describe
interphase transport and biological metabolism.

To effectively model the inherent multiphase flows within bioreactors, several feasible
multiphase models exist, including Euler-Euler [3, 1, 5, (], Lagrangian-Euler [7, 8, 9, 10],
and volume-of-fluid approaches [1 1, 12, 13, 11]. These models can be solved using computa-
tional fluid dynamics (CFD), which enables a detailed analysis of fluid flow and interactions
at a level where the continuity of phase properties is valid. Although multiphase models
enable accurate simulations, their computational cost limits their application in scenarios
requiring fast computation [15]. For example, the application of model-based real-time
control and optimization, or the use of a model for optimizing bioreactor design, requires
fast model predictions that generally cannot be achieved with CFD approaches. To address
this, it is necessary to trade accuracy for computational efficiency by using reduced-order
models that are less accurate than CEFD but still provide valuable insights into system
behavior.

Given that stirring contributes significantly to the hydrodynamics of all phases, it is
reasonable to assume that the majority of the bioreactor operates under a convection-
dominated regime. This allows for a one-way coupling approximation, in which the hydro-
dynamics of each phase are described such that their flow topology is negligibly affected
by temporal changes in intraphase properties, such as concentration, temperature, and
other factors. Consequently, the fluid acts as a carrier for these properties, transporting
them within the system [16]. Within this framework, compartmental models (CMs) have
emerged as effective tools for simulating the system hydrodynamics.

CMs represent a system as a set of interconnected compartments, dividing the spatial
domain into an ideal reactor network. This approach reduces computational complexity
while capturing the essential features of flow dynamics [17]. CMs can be developed by
compartmentalizing a steady-state hydrodynamic simulation obtained from a continuum
model, primarily through the use of CFD; this technique is known as a CFD-derived CM.
This approach has significantly improved the assessment of flow rates between compart-



ments and provides precise evaluations of various local physical properties at the locations
represented by the compartments, including the volume fraction of each phase in multi-
phase systems, rate of turbulent energy dissipation, and oxygen mass transfer.

Expanding upon CMs, phenomena such as mass transfer, metabolic reactions, and cell
division are modeled based on their constitutive principles. This research focuses on two
key challenges in bioreactor modeling: heterogeneity (gradients) in (i) extracellular and
(ii) intracellular concentrations. The extracellular gradients arise from spatial variations
in nutrient availability, dissolved gases, and other environmental factors, while the in-
tracellular heterogeneity pertains to differences in cellular states—such as enzyme levels
or metabolic activity—within a population of microorganisms. These two forms of het-
erogeneity frequently occur and present significant obstacles in scaling bioprocesses from
controlled laboratory environments to large-scale industrial production systems [5].

The presence of extracellular heterogeneities primarily contributes to the emergence of
intracellular heterogeneities. However, many simulation-based studies have focused exclu-
sively on extracellular concentration gradients. Intracellular heterogeneity has been largely
overlooked due to model complexity and high computational demands. Hence, past simula-
tions work have generally assumed that microorganisms immediately adjust their intracel-
lular states in response to environmental conditions, leading to heterogeneity among these
states. Consequently, modeling microorganisms based solely on external conditions or a
uniform intracellular state is less accurate, given the inherently heterogeneous nature of
microbial populations. In this study, an approach for modeling intracellular heterogeneity
is developed, involving the tracking of cells distributed across various intracellular states
using the population balance equation (PBE) coupled with moment transport equations
(MTEsS).

This study presents a method for solving MTEs by incorporating a truncated normal
distribution (MM-TND). This approach improves the accuracy of microbial population
modeling by maintaining realistic physical constraints on the internal state distribution,
while capturing finer-scale variations compared to the bin method in the literature [15].

To effectively model metabolic reactions in the presence of these heterogeneities, struc-
tured (or conditional) metabolic models are recommended over basic Monod-type models
that incorporate yield coefficients. These models account for variations in cellular metabolic
structures by incorporating conditional switches within the kinetic framework or adjusting
parameters across different extracellular and intracellular states [19]. However, this added
level of detail requires more model parameters and conditionals to adequately capture these
dynamics.

Dynamic flux balance analysis (DFBA) [20], a well-established conditional metabolic
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model, has the potential to represent microbial adaptation and regulation under different
conditions. DFBA enables dynamic switching of metabolic pathways to achieve optimal
biological goals, such as growth rate and ATP production, while requiring fewer kinetic pa-
rameters. This makes DFBA particularly appealing among conditional metabolic models.
However, implementing DFBA poses an additional numerical challenge for its integration
with conservation models, as it requires solving a linear programming (LP) problem at
each time step. As a result, computational complexity is significantly increased, requiring
the implementation of “time-saving” strategies.

In this research, a binary search tree metabolic model (BSTMM) is developed from the
FBA framework, utilizing multiparametric optimization [21] to address the computational
complexity. This approach enables rapid calculation of metabolic rates at each stage of
microbial growth within the bioreactor by replacing the linear optimization problem with
a much simpler point-location problem.

By incorporating a more detailed representation of these phenomena through advanced
modeling approaches, large-scale bioreactor simulation accuracy and reliability can be sig-
nificantly enhanced. This, in turn, enables a more in-depth understanding of the complex
interactions governing bioprocesses, which is ultimately expected to improve process opti-
mization, efficiency, and scalability in industrial biotechnology.

1.2 Objectives

This thesis consists of four main research studies, each contributing to the advancement of
bioreactor modeling through computational approaches, as follows:

(i) Development of a flow-informed CM derived from CFD simulations to analyze a 30
m? aerated stirred bioreactor. This study covers CFD simulation setup, compart-

mentalization, and the resulting CM

(i1) Development of a BSTMM to reduce computational complexity in dynamic metabolic
models coupled with CM. The BSTMM is integrated with the CM to simulate di-
auxic growth of F. coli. In this part, the intracellular population is assumed to be
homogeneous.

(111) Extension of the CM by incorporating MTEs derived from a PBE to account for
intracellular heterogeneity. The MTEs are solved using MM-TND. The primary ob-
jective is to assess whether intracellular heterogeneity enhances simulation accuracy.
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A scaling analysis is performed by adjusting advection time scales and operating
modes to investigate concentration gradients and intracellular heterogeneity.

(iv) Development of an adaptive population compartmental scheme (APCS) that dynam-
ically adjusts compartmentalization during simulations to optimize computational
efficiency while maintaining predictive accuracy.

In summary, the specific objectives of this research are:

1. Develop a flow-informed CFD-derived CM to analyze a large-scale, multiple-impeller
aerated bioreactor during E. coli fed-batch fermentation [22].

2. Develop a BSTMM from a DFBA to reduce computational complexity:.

3. Integrate the BSTMM with the flow-informed CM and validate the coupled model by
comparing its simulation results with experimental data from the large-scale biore-
actor.

4. Develop a computational framework to solve MTEs using the MM-TND.

5. Validate the coupled MTEs/CM model by comparing simulation results with exper-
imental data from the large-scale bioreactor.

6. Develop an APCS to dynamically adjust compartmentalization during simulations.

Overall, this research aims to develop computationally efficient models for simulating con-
centration gradients and intracellular heterogeneity in aerated stirred bioreactors. The
availability of such models is expected to facilitate their application in real-time control,
optimization, or design processes requiring repetitive simulations.

1.3 Structure of Thesis

This thesis consists of seven additional chapters.

Chapter 2 provides the background necessary for understanding large-scale bioreactor
modeling, covering the formation of concentration gradients and intracellular heterogeneity;,
along with key modeling approaches, including hydrodynamic, metabolic, and population
balance models.



Chapter 3 presents a literature review, evaluating different existing computational mod-
eling approaches for bioreactor simulations and identifying gaps in current methods that
motivate this research.

Chapter 4 introduces a flow-informed CM derived from CFD to improve hydrodynamic
accuracy while maintaining computational efficiency.

Chapter 5 integrates DFBA with the CM, introducing a BSTMM to reduce computa-
tional complexity and validating the coupled model against experimental data.

Chapter 6 extends the modeling framework by integrating a PBM with the CM and
applying MM-TND to solve MTEs, enabling efficient tracking of intracellular heterogeneity:.

Chapter 7 enhances computational efficiency with an APCS, which dynamically adjusts
compartmentalization during simulations to balance accuracy and speed.

Finally, Chapter 8 summarizes key findings and discusses future research directions.



Chapter 2

Background

Scaling up bioprocesses from laboratory settings to industrial production poses consider-
able challenges due to the development of spatial and temporal variations within large-scale
bioreactors. These variations, such as concentration gradients and intracellular heterogene-
ity, can significantly influence microbial metabolism, growth behavior, and overall process
efficiency. Gaining insights into the formation of such heterogeneity, microbial responses to
fluctuating environmental conditions, and the methodologies for investigating these varia-
tions, is essential for optimizing bioreactor performance.

This chapter presents a comprehensive review of these concepts, along with key aspects
of large-scale bioprocess modeling. It covers fundamental modeling approaches, including
hydrodynamic, metabolic, and population balance models, which serve as the basis for
simulating bioprocess dynamics.

2.1 Understanding concentration gradients and intra-
cellular heterogeneity in bioreactors

Gradients (extracellular heterogeneity) and intracellular heterogeneity commonly occur in
large-scale bioreactors operating in fed-batch or continuous mode. These variations have
been shown to impact process performance significantly, including yield, product quantity,
and productivity [23].

This section provides a concise but thorough overview of the formation of concentration
gradients and intracellular heterogeneity in large-scale bioreactors, microbial responses, and
the approaches used to simulate these phenomena.
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2.1.1 Formation of concentration gradients and intracellular het-
erogeneity

While undergoing advection within a reactor, microorganisms consume substrates for the
synthesis of metabolic products, cell maintenance, and reproduction. A concentration
gradient of a metabolite develops, particularly when an imbalance exists between the rate
of consumption/production by microorganisms and the rate of transport throughout the
system [23]. For example, in regions where microorganisms consume nutrients faster than
they are replenished by mixing or diffusion, local depletion occurs. Meanwhile, in some
areas, the concentration may remain consistently high, particularly near a feeding port.
This uneven consumption and production of metabolites, coupled with imperfect mixing,
results in the formation of concentration gradients across the bioreactor.

As microorganisms encounter concentration gradients—and potentially other physical
property gradients—they undergo dynamic adjustments in their intracellular states in re-
sponse to the surrounding extracellular environment. As cells migrate through different
regions of the bioreactor, these adaptations accumulate, ultimately contributing to the
emergence of intracellular heterogeneity.

Three possible scenarios can occur:

(1) In high-advection zones, such as the impeller region—where cells from different parts
of the reactor are drawn in and thoroughly mixed— cells with varying intracellular
states come together, as schematically shown in Figure 2.1a. If the adaptation period
is on the same order as the residence time governed by advection, microorganisms do
not have enough time to reach equilibrium with the extracellular conditions before
leaving the location, leading to intracellular heterogeneity.

(i1) If the cells” adaptation rate to their environment is much faster than the advection
rate, they will equilibrate with their surroundings almost instantly, as schematically
shown in Figure 2.1b. It should be noted that intracellular heterogeneity has often
been overlooked in simulations due to the complexity of the model and the con-
siderable computational resources required. Neglecting intracellular heterogeneity is
equivalent to assuming that microorganisms instantaneously adjust their intracellular
states in response to environmental conditions.

(171) If homogeneous microbes have an adaptation rate several orders of magnitude lower
than the advection rate, they are effectively “swept along” by the flow, leaving in-
sufficient time for internal differences to develop.
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Figure 2.1: Microorganisms traverse different zones in the bioreactor: (a) a scenario where
the cell adaptation rate is of the same order of magnitude as the advection rate, causing
states that differ from the zone environment, leading to heterogeneity in the mixing zone;
(b) a scenario where cells immediately adjust their states to match the zone environment,
resulting in a homogeneous population in the mixing zone.



In summary, intracellular heterogeneity arises when the adaptation rate is comparable
to the advection rate. When the adaptation rate is significantly faster or slower than the
advection rate, the population tends to exhibit less heterogeneity.

2.1.2 Responses of microorganisms exhibiting concentration gra-
dients and intracellular heterogeneity

To this point, the intracellular properties of microorganisms have been treated as a single,
lumped unit; however, in reality, they adapt across multiple cellular levels:

e Metabolome: The set of small molecules produced during metabolism, such as
amino acids, lipids, and glucose, which reflect the cell’s biochemical state and are
influenced by genetics and the environment.

e Proteome: The complete set of proteins, including enzymes such as lactase and
ribonuclease, that perform cellular functions and vary with gene expression and en-
vironmental conditions.

e Transcriptome: The collection of RNA molecules transcribed from the genome,
such as messenger RNA (mRNA) for hemoglobin or regulatory RNAs such as mi-
croRNAs, providing a dynamic snapshot of gene activity in response to changing
conditions.

e Genome: The organism’s complete genetic material, which encodes instructions for
biological processes, such as genes for antibiotic resistance or regulatory regions that
control stress responses.

Adaptation at one level affects the others and occurs over timescales ranging from seconds
to days, contributing to the complexity of cellular heterogeneity [23].

Overflow metabolism is one of the most well-known examples of proteome adaptations,
which subsequently affect the metabolome and occur on a characteristic timescale of sec-
onds. This metabolic process uses the fermentation pathway under conditions of high
substrate concentrations, even in the presence of oxygen. Basan et al. [24] found that
pathway switching results from efficient proteome allocation. Specifically, for the same
energy flux, fermentation requires a greater carbon flux than respiration, yet it uses a
smaller quantity of proteins. This metabolic process results in reduced biomass yield and
the accumulation of undesirable by-products, which negatively affect cell physiology and
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process performance (e.g., high acetate concentrations inhibit growth in Escherichia coli
[25, 20]).

Alterations in gene expression at the transcriptome level due to environmental stress
have been documented in the literature on a timescale of seconds. The magnitude of
these changes has been found to be location-dependent within the reactor [27]. Lara et
al. [28] discovered that alternating between anaerobic and aerobic conditions leads to
significant alterations in gene expression. Transcriptome levels of mixed-acid fermentation
genes increased by 1.5- to over 6-fold under oscillatory conditions compared to aerobic
cultures. These changes were found to be related to an increase in energy demand (i.e.,
ATP demand for maintenance in Escherichia coli was reported to increase by 40-50%
[29]). The practical consequence of this is that carbon sources are preferentially consumed
to sustain the cell rather than to support product formation and growth.

Finally, prolonged exposure to stressful environmental conditions (ranging from hours
to days) may increase the mutation rate (i.e., changes in the genome), leading to population
heterogeneity. Natural selection plays a role in this process, as the subpopulations best able
to endure fluctuations will dominate the system. Studies have shown that after exposure to
fluctuating environmental conditions, certain species (including Escherichia coli [30, 31])
exhibit higher viability but lower biomass yield than cells grown in a uniform environment.

2.1.3 Approaches for investigating concentration gradients and
intracellular heterogeneity

Numerous studies have investigated concentration gradients and intracellular heterogeneity
in industrial-scale bioreactors. Nadal-Rey et al. [23] identified two main experimental tech-
niques for studying these gradients: direct measurement and scale-down experiments. To
quantify microbial culture heterogeneity, flow cytometry has been employed in conjunction
with these methods.

Direct measurement can provide insights into the magnitude and impact of gradients
on existing commercial processes. The conventional approach to measuring gradients in
large-scale systems involves placing multiple online probes and sampling from various ports
at different heights within the bioreactor. Although measuring gradients at large scales is
highly valuable for researchers, it remains infrequent. The primary reason for this scarcity
is limited access to industrial reactors for research and the infrequent release of authentic
industrial data, which is often restricted due to confidentiality concerns. Even though pilot
facilities may be accessible, they rarely capture meaningful gradients unless operated under
suboptimal conditions. Additionally, pilot-scale data provide limited insights into gradient
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formation and the potential challenges at industrial-scale. Consequently, measuring gradi-
ents in large-scale bioreactors remains a particularly compelling research area, though it is
challenging to achieve.

In scale-down experiments, laboratory-scale bioreactors are used to replicate the local
conditions that microbes encounter along their advection path in an industrial system [32].
These experiments allow precise control over environmental fluctuations and enable easier
sample collection and analysis compared to large-scale systems.

These techniques are sufficient for investigating the relationship between environmental
gradients and key process performance; however, they do not adequately address how cell
cultures respond to these gradients, which is crucial for understanding the overall process.
To gain a complete understanding, flow cytometry is essential.

Flow cytometry [33] is an advanced analytical technique that measures multiple physical
and chemical characteristics of individual cells, such as size, granularity, and intracellular
content, as they flow in suspension through a detection system. Flow cytometry operates
based on the light-scattering properties of cells, which can be enhanced by dyes or mon-
oclonal antibodies that specifically bind to extracellular surface molecules or intracellular
targets. Modern flow cytometers can analyze thousands of cells per second and, when
configured as cell sorters, actively separate and isolate cells with specific optical features
at comparable speeds. This capability enables rapid and detailed analysis of heterogeneity
within complex cell populations.

Although the techniques discussed have advanced our understanding of gradients and
heterogeneity in large-scale bioreactors, the complexity of environmental factors cannot be
fully replicated in laboratory-scale models, and direct measurements remain limited due
to restricted access. A computational model is essential for bridging these gaps, providing
a framework to simulate and predict the complex interactions between microbial cells and
environmental gradients in real-time. Such a model empowers researchers to investigate
the gradients and heterogeneity that arise in large bioreactors.

Moreover, Computational approaches significantly reduce the resources required for ex-
tensive design processes. By simulating a range of conditions, they facilitate bioreactor
design optimization, help identify the most efficient configurations, and support the ex-
ploration of optimal operating parameters. As a result, these models are invaluable for
advanced process control and improving bioprocess performance.

The simulation framework for an aerated stirred bioreactor integrates hydrodynamic
and metabolic models. While the hydrodynamic model serves as a conservation-based
framework governing the transport of fluids, solutes, and microbes within the system, the
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metabolic model captures microbial responses to environmental conditions, detailing the
complex interplay between cellular metabolism and external factors.

2.2 Hydrodynamic models

¢

To simulate a lab-scale bioreactor, a “well-mixed” reactor model is frequently used. How-
ever, it is quickly dismissed as a viable option for the hydrodynamic model upon analyzing
the gradients observed in the large-scale bioreactor.

To capture spatial gradients within a bioreactor, models must incorporate more than
two independent calculation nodes (or degrees of freedom) positioned at distinct locations
in the reactor. These nodes allow the model to resolve variations in key variables—such
as concentration, velocity, and temperature—across the reactor. Two common modeling
approaches that meet this requirement are continuum models and compartmental models,
both of which are discussed in this section. Among them, the two-fluid model—a spe-
cific type of continuum model—is highlighted as the primary hydrodynamic framework
employed in this study.

The models discussed here incorporate a one-way coupling assumption, simplifying
the analysis. Stirring strongly influences the hydrodynamics of all phases, resulting in a
convection-dominated regime throughout most of the bioreactor. This regime justifies the
one-way coupling approximation, where the hydrodynamics of each phase are independent
of intraphase properties such as concentration and temperature. As a result, the fluid
primarily functions as a transport medium for these properties within the system.

2.2.1 Two-fluid models

Continuum models are used to describe systems where the physical quantities (like con-
centration, velocity, or temperature) are assumed to vary continuously across space and
time. This assumption holds true when these quantities can be averaged or “smeared out”
over a small volume, allowing for the neglect of microscopic details (like molecular interac-
tions) in favor of focusing on macroscopic behavior. These models achieve high spatial and
temporal resolution by solving systems of partial differential equations (PDEs). However,
this detailed representation results in significant computational demands. Computational
Fluid Dynamics (CFD) techniques, which are a collection of numerical methods used to
solve this type of model, are often employed. Some well-known examples of continuum
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models include the Navier-Stokes equations, the two-fluid model, and the Euler-Lagrange
model.

In bioreactor simulations, the liquid and bubble phases are typically considered. Mi-
croorganisms are often treated using a one-way coupling approach, since their density is
similar to that of the liquid and their small size yields a low Stokes number. Consequently,
inertial effects are minimal, allowing microorganisms to precisely follow the fluid flow and
justifying the use of a single velocity field for the fluid-cell mixture.

Two-fluid models (also known as Euler-Euler models), a type of continuum model, are
frequently applied to investigate these systems. These models treat both the liquid and gas
(bubble) phases as continuous, each with its set of equations describing mass, momentum,
and energy transport. The two phases are assumed to interact, but they remain separate
within the flow field. By solving the two-fluid model, the volume fraction profile, ay(t,s),
and the velocity profile, uy(¢,s), for each phase k at various spatial locations, s, and
times, t, are determined. These variables provide key hydrodynamic information about
the system.

Equation (2.1) and Equation (2.2) show the mass and momentum balance equations,
respectively, used in the two-fluid model [3].

0
- (Ozkpk) +V. (ozkpkuk) = Ik (21)
ot —_—————— ~—
. Convection Interphase
Accumulation mass transfer
d(axpruy)
———— t Ve (upupur) = arprg  —V(aupr) — V- (aTy)
ot ~ —— -—
Voo Convection Gravitational Molecular forces
Accumulation orce (pressure force and viscous stresses) (22)
t
=V - (ag1y) + M,
Reynolds stresses Interphase

momentum transfer

where

ay : Volume fraction of phase k € {L, G} (L: liquid and G: gas).
u; : Column vector representing the phasic velocity of phase k.
pr - Phasic density of phase k.

g : Column vector of the gravitational force.
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pr - Phasic pressure for phase k.
T : Tensor representing the viscous forces in phase k.

7! . Tensor representing the turbulent viscous stresses (or Reynolds stresses) in phase
k.

To solve these equations, it is necessary to consider the energy balance equation, the
turbulence model, initial and boundary conditions, and constitutive relations for 7, 7%,
and the interphase mass, momentum, and energy transfer, denoted by Z; for the mass
transfer and M, for the momentum transfer.

In many two-fluid model solvers, the continuous phase (often a liquid) is assumed to
be incompressible, meaning its density is constant, while the dispersed phase (often a gas)
is treated as compressible, allowing its density to vary with pressure. It is common to
assume a single pressure field p, = p that all phases share. This simplifies the coupling
between the phases. Moreover, because bioreactors are typically operated at a controlled,
constant temperature well below the boiling point, phase changes are negligible. As a
result, the energy equation is omitted, and Z,, is assumed to be zero. However, M, cannot
be neglected, as it is critical for capturing the interaction between the hydrodynamics of the
two phases. Interphase momentum transfer mechanisms include drag, lift, virtual forces,
and surface tension. For further details on these constitutive relations, standard textbooks
on multiphase flow systems are recommended [31].

Using only a two-fluid model is insufficient to simulate the dynamics of stirred bioreac-
tors, as it does not account for the complexities introduced by the motion of the impellers,
which are crucial for mixing and maintaining flow patterns in the reactor. To address this,
additional numerical techniques are needed to capture the effects of impeller motion. Two
common methods used to model impeller-induced flow in stirred bioreactors are the mul-
tiple reference frame (MRF) method and the sliding mesh (SM) method. Both techniques
aim to simulate the movement of impellers and their interaction with the fluid, but they
differ in how they approach the problem. Notably, both methods require the domain to be
partitioned into multiple mesh zones of rotating zones (where the impellers are located)
and a stationary zone.

In the rotating zone of MRF method [35, 36, 37], the governing equations are solved
in a rotating reference frame, which introduces centrifugal and Coriolis forces into the
momentum balance. The steady-state solution obtained does not resolve the transient
behavior of the impeller but captures its general effects on the flow, making the method
computationally efficient for many practical applications.
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In contrast, the SM method [38, 39, 10] provides a more detailed representation of
impeller motion by modeling the rotation of the impeller and the surrounding fluid in a
time-dependent manner. As the impeller rotates, the mesh in the region of the impeller
slides relative to the rest of the domain. This technique captures of transient effects, such
as vortex formation and unsteady flow behavior, and can be more accurate in predicting
dynamics in regions near the impeller. However, it is computationally more demanding
due to the need for remeshing and interpolation at each time step.

While both the MRF and SM methods can be used to model impeller motion in stirred
bioreactors, the choice between them depends on the trade-off between accuracy and com-
putational efficiency.

A range of software packages provide a ready-to-use platform for the model discussed
in this section, including the open-source OpenFOAM [!11] and commercial options such
as ANSYS Fluent [12] and COMSOL [13].

2.2.2 Compartmental models'

A traditional compartmental model (CM) consists of a network of interconnected single-
phase reactors, referred to as compartments, which are fixed control volume elements.
Each specified compartment exchanges mass and energy with other compartments through
intermediate flows. The determination of the number of compartments, the configuration
of the network, and the choice of the representative reactor type (commonly CSTRs) within
the network are typically informed by an understanding of global flow behavior, which is
often derived from the analysis of simulations. Once the network is established, the rates
of mass and energy transfer between compartments can be calibrated by comparing them
with the residence time distribution (RTD) analysis obtained from tracer experiments [11].

Under the assumptions of one-way coupling and well-mixed single phase compartments,
the mass balance equation for substances in each compartment, j, is frequently expressed

!This section is modified from [1].
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in the form of Equation (2.3).

where

c; : Column vector of substance concentration in Compartment j.

dc ' ngc nEc
0B N ge) — e S g
g dt g5 —;Cj J Qj—j
N——— j'=1 i'=1
Accumulation 3'#5 J'#j
N VvV
Mass flow between
compartments
+ Qex—jCex—j — qj—exCj
—— N——_——

Inlet mass flow Outlet mass flow
+ v, + 8v;
~~ ~~

Reaction Others

vj : Volume of Compartment j.

Ga—p : Volumetric flow rate from Compartment a to Compartment b. Note that the
subscript j’ denotes compartments apart from Compartment 7, and the subscript
ex indicates flow entering (i.e., ex — j) due to feeding or leaving the system (i.e.,
j — ex) through outlet streams.

r; : Column vector of the total reaction rate of substances in Compartment j.

gj -

transfer, for substances in Compartment j.

Column vector of total rates apart from reaction, including interphase mass

The volumetric flow rate g,_.; is generally extracted from the calibration of the predicted
results with measured RTD data. A more detailed discussion on the calculation of g,_
is provided in Section 3.2.2. To prevent misunderstanding while using the equation, it
is important to emphasize that ¢,_, must be a positive number according to the flow

directionality convention used inEquations (2.3), (2.34) and (2.49).

In addition to Equation (2.3), there is a more compact representation of the substance
conservation balance equation that accounts for all compartments in the system, expressed
in the form of Equation (2.4).

VvV — CQ + cin an _ CQout
~—~ N—— ——
X Mass flow Inlet mass flow Outlet mass flow
Accumulation  inside the domain

+ RV + GV

Reaction Others
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The variables and parameters represented in this equation are organized in a matrix, and
their definitions can be found in Table 2.1

Table 2.1: Variables and parameters in Equation 2.4. n, denotes the number of substrates.
ngc denotes the number of compartments.

Variables/

Parameters

Size

Definition

C

Cin

Rns X RHEC

Concentration matrix with its element ¢; ;
being the concentration of Substrate ¢ in Compartment j

Feed concentration matrix with its element ¢;”;

being the concentration of Substrate ¢ in Compartment j

Reaction matrix with its element 7; ;
being the overall reaction rate of Substrate ¢ in Compartment j

Total rate matrix other than the reaction, including interphase
mass transfer with its element g; ; being the overall
rate of Substrate ¢ in Compartment j

Qin

Qout

RMEC % [RDEC

Internal volumetric flow rate matrix with its element
q;.j'+; being the volumetric flow rate from
Compartment j to Compartment j' and element

g;,; being the total volumetric flow rates

leaving compartment ¢ to other compartments

Inlet volumetric flow rate diagonal matrix with its element

q;’z being the total inlet volumetric flow rate

entering compartment ¢ from outside of the system

Outlet volumetric flow rate diagonal matrix with its element
q%t being the total outlet volumetric flow rate

leaving compartment ¢ to outside of the system

Volume diagonal matrix with its element v;; being
the volume of Compartment j

An advanced compartmental model can be automatically constructed when a steady-
state hydrodynamic CFD simulation is provided; this method is known as the CFD-derived
CM. The method has shown an improvement in the determination of flow-related parame-
ters, e.g., the volumetric flow rate in Q. Further details are elaborated upon in Section 3.2.
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2.3 Metabolic models

Life is inherently complex, even for microbes, which represent some of the simplest cellular
organisms. FEscherichia coli (E. coli), the most extensively studied prokaryotic model
organism, contains over 2,600 metabolites. These metabolites are interconnected through
approximately 125 unique pathways and more than 2,800 reactions [15]. This complexity
makes the modeling of biochemical reactions in bioreactors particularly challenging. The
difficulty increases when intracellular heterogeneity is considered, as it requires accounting
not only for the states of a single cell but also for all possible states within the population.

Fredrickson et al. [19] provided a comprehensive classification of mathematical models
for bioprocesses. They use the term “segregated” models to describe those that explicitly
account for the presence of heterogeneous individuals within a population of microorgan-
isms, and “structured” models for formulations that represent cell responses through var-
ious cellular states. Based on their classification, models for pure cultures can be divided
into four types, as illustrated in Figure 2.2.

Unsegregated unstructured Unsegregated structured

Microorganisms are modeled in a
Microorganisms are modeled in a single, averaged cellular state. The
single, averaged cellular state, with cellular responses are described by

: ) Regulation ) :
their response described by a of metabolic multiple sets of equations and/or
single set of equations. reactions. parameters to account for regulation
of metabolic reactions.
Heterogeneity Heterogeneity
in population in population
Y Y
Segregated unstructured Segregated structured

Heterogeneity in population is modeled
across a range of cellular states. The
Regulation | cellular responses are described by

of metabolic| different sets of equations and/or
reactions. parameters to support regulation of
metabolic reactions.

Heterogeneity in population is modeled
across a range of cellular states. The
cellular response for each state is
described by the same set of
equations.

Figure 2.2: Classification of metabolic model

Among these models, the unsegregated-unstructured type (lacking cell-to-cell variabil-
ity and internal state structure) is the most commonly used to describe cell cultures in
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lab-scale bioreactors. Microorganisms are modeled at a single, averaged cellular state.
This approach assumes homogeneity across the cell population, meaning that each cell is
considered to be in the same state without accounting for individual cellular variations
in response to environmental changes. As a result, a single set of equations, often based
on Monod-type kinetic models, is used to describe the cellular responses and dynamics,
reflecting the average behavior of the entire population. However, due to its inability to
reflect microorganism regulation and adaptation to an environment, this model type is
often regarded as inadequate for modeling industrial bioreactors [19].

The development of metabolic flux analysis [16, 47, 18] has significantly advanced our
ability to identify and understand the metabolic pathways and regulatory feedback mech-
anisms that govern microbial behavior in response to changing extracellular conditions.
Leveraging this knowledge, structured models can be developed that incorporate switching
between different kinetic models and parameters, allowing for a more accurate represen-
tation of microbial metabolism. Furthermore, advancements in technology for monitoring
single-cell characteristics (i.e., flow cytometry, microscopy, and automated image analysis)
have made it feasible to observe the distribution of cell heterogeneity within microbial cul-
tures. Leveraging this information, segregated models that can capture the behavior of a
heterogeneous dynamic microbial population can also be constructed and validated.

Undoubtedly, the segregated-structured model (considering cell-to-cell variability and
internal state structure) is the most advanced and computationally costly approach. Ow-
ing to its capacity to consider both the heterogeneity of cellular characteristics within a
population and the metabolic processes linked to these distinct characteristics, this model
appears to be the most effective at simulating a large-scale bioreactor.

In this research, dynamic flux balance analysis model (DFBA), a subset of constraint-
based metabolic models, was detailed as an unsegregated structured model. In another
study, the population balance model, the most general segregated model for representing
heterogeneity within a microorganism population, was developed in combination with a
structured model.

2.4 Constraint-based metabolic models

The metabolic processes of microorganisms can be characterized by a complex network
of biochemical reactions, where various substances are transformed into numerous distinct
biomolecules, aided by a range of enzymes that act as catalysts. For an illustrative example,
see Figure 2.3. Numerous quantitative techniques have been proposed for developing a
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Figure 2.3: A diagram of the metabolic network of FE. coli, taken from Mahadevan et
al. [20], comprises 54 metabolites and 85 reactions. It includes pathways of glycolysis,

the pentose phosphate pathway, the TCA cycle with the glyoxylate bypass, anapleurotic
reactions, and redox metabolism.
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dynamic model of the metabolism of microorganisms, the majority of which require kinetic
equations to describe each metabolic reaction in the network. Accordingly, a complete
dynamic model (at the genome scale, for example) may have up to a thousand kinetic
equations and accompanying kinetic parameters, the majority of which are unknown to
the researcher and impossible to obtain with the typically limited data sets available for
model calibration.

To overcome this difficulty, more recent studies have simulated microorganism metabolic
networks using constraint-based models. One significant advantage of such models is that
they only require knowledge of the metabolic network and require less information than
models which describe each reaction with a kinetic expression. The term “constraint-
based” refers to techniques that employ constraints to restrict the infinite solution space
of metabolic reactions within a metabolic network, as illustrated in Figure 2.4. The con-
strained feasible region is then obtained, which may be thought of as the potential behavior
of the microorganism for a possible range of environmental conditions.

Flux balance analysis

V3 U3 U3

Optimized
solution

Optimize /

Metabolic model
Apply
constraints

U2

Constrained
solution space

Unconstrained
solution space

v1 V1 U1

Figure 2.4: Constraint-based metabolic models

2.4.1 Flux balance analysis

Flux balance analysis (FBA) is an example of a constraint-based modeling technique. It
has gained widespread popularity for simulating large-scale metabolic networks because
it enables the determination of reaction fluxes for underdetermined systems, where the
number of constraints is less than the number of reactions in the network.
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FBA is formulated as a constrained optimization problem in which the cell is assumed
to optimally allocate resources to maximize a biological objective. The objective function
is chosen as a surrogate for the most plausible physiological state of the microorganism
culture. Many objective functions have been adopted in the literature, including maxi-
mization of biomass growth rate, and minimization or maximization of ATP generation.
A comparison of the accuracy of various objective functions is available in the literature

[49].

Initially, FBA was a widely used technique for studying biochemical networks at pseudo-
steady state, using genome-scale metabolic network reconstructions built over the last
decade. However, the method was later extended to describe dynamic cell behavior (e.g.,
Verma and Palsson [50] and Mahadevan et al. [20]). The literature demonstrates that this
dynamic flux balance analysis model (DFBA) has found application in process systems
and control [51].

2.4.2 Dynamic flux balance analysis®

Dynamic flux balance analysis models (DFBAs) are formulated by integrating a FBA with
mass conservation models. By combining time-varying FBA with dynamic mass conserva-
tion models, DFBA models can predict changes in metabolic pathways and concurrently
track changes in metabolite concentrations over time. Two ways to formulate DFBA mod-
els have been reported [20]: static and dynamic optimization. The static optimization
approach involves performing a static FBA at each location and time step, which is fre-
quently adopted due to its computational simplicity. The dynamic optimization approach
involves solving a nonlinear programming problem for the entire time interval of opera-
tion, significantly increasing computational complexity and, more importantly, making it
infeasible for incorporation with traditional multiphase hydrodynamic simulations.

Focusing on a static optimization approach, the concentrations of metabolites serve
as the state variables. For any discretized space j (not limited to spatial compartments
in a compartmental model) at time ¢, the state vector c;(t) € R™ represents the local
concentrations of these metabolites. The metabolic flux vector v;(t) € R™ is related to
the state variables through an FBA, which is formulated as a linear programming problem:

max e'v; (2.5a)
s.t. Av; <Fb(cj)+g (2.5b)

2This section is modified from [1].
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The objective function of the microorganisms is represented by Equation (2.5a), where
the coefficient vector of the objective function is denoted by e € R*. Equation (2.5b) de-
notes the set of limiting kinetic constraints on the consumption/production of metabolites.
Although it is expressed in linear form, nonlinear dependencies on the dynamic states are
encapsulated within the column vector of the nonlinear function, 6(c;) € © C R™. Here,
A € R" x R™ and F € R"s x R™ are coefficient matrices defining relationships among
system variables, and g € R"s accounts for constant terms in the constraints. In the
expression of each parameter, n,, n., and ny represent the numbers of metabolic fluxes,
constraints, and state-dependent variables, respectively.

When using a DFBA to determine the metabolic reaction rates, Equation (2.6) is
employed to compute the reaction rates of all species within the discretized space. For
example, in Compartment j, these rates are represented as a column vector r; within the
matrix R.

r; =Svicx; (2.6)

where S € R™ X R™ represents the stoichiometric matrix, v} denotes the optimal solution
of metabolic flux vector, which is obtained by solving Equation (2.5), and ¢y ; represents
the biomass concentration.

It is essential that constraint Equation (2.5b) prevents negative substance concentra-
tions when solving the DFBA, ensuring that microorganisms cannot consume more sub-
stance than is available at a given location and time. These constraints are derived by ex-
plicitly linearizing the accumulation term in the mass balance equation using a first-order
Taylor expansion in time. For instance, linearizing and rearranging the accumulation term
in Equation (2.3) yields:

At nEC nEC
A
c§‘+ = cé‘ + o Z (Qj’—m‘cz") - Cé‘ Z qj—3

T\j=1,i#5" J=1,j#5'
At (2.7)

t t
+ U_ (qew—ﬁcexaj - Qj—>emcj)

J
+ At (r; + g5)

where superscript ¢ denotes the current time, At represents the time increment, and ¢ + At
signifies the subsequent time step. The positive concentration constraint requires that:

i >0 (2.8)
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or

Ct 1 nEcC ngc
T < E +— ( Z (g5 %JC Z qj—j )
J=1,j#j J=1j#5 (2.9)

1
+ ’U_ (qex%jcix—d - qjﬁemcz') + g
J

Inserting Equation (2.6) for r; and performing an additional rearrangement, to derive:

ct 1 ngc npc
—Sv; < e ]At+ t Z (gj—j¢ ] Z Qj—j

. Cx U \ 4=
X,j X.3%9 \j=1,j#5 J=15#4" (2.10)
1 gj
t t J
+ _Ct 0. (QEI—UCem—U - qj—>e$cj) + ct
X,7Y7 X.j

Equation (2.10) represents the positive concentration constraint that must be incorporated
into the set of constraints Equation (2.5b) for DFBA coupled with a compartmental model.
This linearized constraint will introduce an error into the optimal solution only when it
becomes active. In such cases, the resulting local truncation error per time step is of order
O(At?), corresponding to the first-order Taylor expansion in time.

2.5 Population balance models

Two well-known approaches to investigate heterogeneity within the microbe population
are the Euler-Lagrange multiphase models and population balance models. The Euler-
Lagrange multiphase models [7] track numerous individual cells and continuum fields, lead-
ing to challenges in implementation and significant computational complexity, especially
in large-scale or highly detailed systems.

Because of these challenges, researchers often turn to population balance models [52].
These models are especially valued for their capability to handle distributions of intracellu-
lar properties across the population without requiring detailed cell tracking, making them
a more computationally efficient choice for modeling microbial population heterogeneity.

This section will elaborate on the number density function as a tool for quantifying
heterogeneity, and on the population balance equation, which governs the dynamics of the
number density function, as a framework for tracking heterogeneity within the bioreactor.
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Figure 2.5: Number density function of cells characterized by size as an internal state

2.5.1 Number density functions

Microorganisms, as dispersed particles, engage in interactions with one another and with
the carrier fluid as they traverse through it. This behavior can dynamically alter the
properties of each cell. To quantify these properties at a given moment of time ¢, we
define a set of cell state variables which characterize the condition of each cell within the
population. Mathematically, these state variables are expressed as a vector x, where the
states are assumed to occur within the state space Q2 € R™, where n, denotes the number
of dimensions. The state space is a combination of two distinct subspaces, €2 = Q° x Q%
) € R3 defines the geometric spatial domain. In this study, the coordinate represented
by the column vector s defines the centroid position of an infinitesimal control volume
containing the cell in spatial dimensions. * € R™ defines a space of internal variables.
For this subspace, the coordinate represented by the column vector z represents the internal
states of the cell, such as size, mass, age, rate, and other attributes, that in this study are
assumed to fully characterize the status of each cell.

The intracellular heterogeneity accounts for differences in internal states z between
dispersed cells in their population at time ¢ and location s. The heterogeneity can be
quantified by the number density function, n(¢, s, z), which represents a continuous function
of the cells” number density function (number per n-dimensional hypervolume of 2) at ¢
and s over the internal states z; refer to Figure 2.5.

Based on the definition of n, one can further specify the total cell count, N(t), within
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the enclosed regions of €2°: a defined area within the spatial dimensions, and 2*: a bounded

range of considered properties as
N = / / n dsdz (2.11)

As Qf and 2% are independent, the order of integration is not significant.

Moreover, if Q% is discretized into ngc compartments, each denoted by €27 C Q° for
j€{1,2,--- ,ngc}, then the total count of cells within Compartment j, which encompasses
the space Q5 x Q% Nj(t), can be expressed as follows:

Nj—// n dsdz (2.12)

Multiplying Equation (2.12) by v;/v;, where v; is the volume of Compartment j, and then
rearranging terms and grouping variables, yields:

Nj = 'Uj/ ledZ (213)
where
fm nds
n; = — (2.14)
Uj

which is the averaged number density function over Compartment j, meaning that n;(¢, z)
is not any longer continuous regarding the s coordinate.

Building upon n;, it is also straightforward to ascertain that if {2* is discretized into n
bins, each denoted by Q2 C Q for k € {1,2,--- ,m}, then the total number of cells within
Compartment j and within a specific internal range, Bin v, N; (), can be expressed. This
count now encompasses the regions of interest (2;, = Q7 x Q2 and is expressed as:

Njﬁ = Uj/ nj dZ (215)
Q3

Multiplying Equation (2.15) by vi/vZ, where v7 is the size of Bin v, to yield:

Njﬁ = vjvfynm (216)
where f p
Qz n;az
nm = T (217)
i
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which is the averaged number density function over Compartment j and Bin ~, meaning
that n;.(t) loses continuity in both s and z due to its averaged definition.

It is important to note that for those modeling intracellular heterogeneity via the num-
ber density function, n, and considering the discretization of the state space 2, it is crucial
to comprehend not only the definition of n but also its averaged forms, n; and n; .

2.5.2 Population balance equations

The dynamic evolution of intracellular heterogeneity of cells can be described by tracking
the dynamics in the number density function, n. This can be achieved by solving the

dynamic population balance equation as in [52], Equation (2.18).
o vin 4V un—  _h (2.18)
ot ——— ~—— ~—~
~~ Change of Transport Generation
Accumulation  jpternal state of of cells of cells
cells
where

¢: Rate of change of the internal state of cells.
u: Velocity field of cells in physical space.

h: Net rate of cell generation.

The rate of change of internal state of cells (population adaptation rate), described by
the term ¢(z,¢) = [(1,--+,¢y,]" in Equation (2.18), primarily accounts for mechanisms
that redistribute the population across different internal states while preserving the total
number (not the number density) of cells. Examples include internal reactions within the
cell and exchange of mass between the intracellular and extracellular environments. This
rate is assumed to depend on the internal state, z, the number density function, n, and
the extracellular concentration, c.

The velocity field of the cells, u(t,s), can be approximated by the velocity field of the
liquid, uy(t,s), if the cells exhibit a low Stokes number. In this case, inertial effects are
negligible, and the cells closely follow the fluid flow. This enables solving the two-fluid
model first to obtain the velocity field for the liquid, which can then be used for cells in
the population balance equation. If the approximation is invalid, a more sophisticated
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model, such as a multiphase model coupled with the population balance equation, must
be employed.

The net rate of generation of cells given by h(z,c,n), represents mechanisms such as
cell birth, death, division, and aggregation. In a closed system, this is the sole term
that accounts for changes in the total number (not the number density) of cells within
the system. For microorganisms, only division and death are typically relevant. The
expression for the net rate of generation of microorganism, h(z, c,n), then, can be derived
as Equation (2.19).

h= —bn + | dPbn'dz— q¢n
Divigmrate L Dol mate (2.19)

sink term Division rate
source term

where

(+)": Superscript to denote variables of the parent cell states, where the state z is
replaced by the state z’.

b and b': Specific division rate.

a’: Average number of cells formed from the division of a single parent cell. For cell
division, a’ = 2.

P: Partition probability density function for child cells with state z, formed from the
division of a parent cell with state z’.

q: Specific death rate.

These parameters can be modeled as functions of the internal state, z, as well as the
environmental state, c.

If following microbial division, the offspring are assumed to inherit all the state values
of their parent, the partition probability function, as given in Equation (2.20), can be
defined.

P = 1“_] §(z — 2, (2.20)
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Substituting P and a’ = 2 into the expression for h results in:

h:—bn—l—Q/ Pb'n' dz — qn

— —bn+ 2/ H §(z — z,)b'n’ dz — qn (2.21)
" k=1
= —bn + 2bn — qn

The specific division rate, b(z,c), and the specific death rate, ¢(z,c), in Equation (2.21)
can be functions of either intracellular states, extracellular states, or constants.

Since some mechanisms accounted for in the population balance model depend on
the external state, Equation (2.18) must be solved together with an external state balance
equations. For dilute species—those that dissolve in the fluid without significantly affecting
the hydrodynamics of the carrier fluid—a mass balance equation in the liquid phase, under
convection-dominated conditions (where diffusion is negligible), can be expressed as:

dlarc
( ) + AVAMS (aLcuL) = air —+ arg . (222)
ot —_——— ~— ~~
L. Advection Reaction  Others
Accumulation

The volume fraction field o and the velocity field u; are obtained from solving the two-
fluid model. The reaction term describes how the substrates interact with the population
balance model. It is generally expressed as:

r= [ wndz (2.23)
0=z

where w represents a combination of interfacial reaction and mass transfer phenomena
between the intracellular and the extracellular environments. w is defined as a function of

¢ and h.

To solve the population balance equation for the cells together with the mass balance
equation for substances in a closed system the following initial and boundary conditions
are required:

1. Initial condition at time ¢t = 0 for n over 2 and €2*:
n=n"sz) at t=0 (2.24)

30



2. Boundary condition at the boundary of spatial state space 0Q2° for n:
(nug)-$§=0 at se€ 9’ (2.25)
where § denotes the unit normal vector at the surface of 9€2°.

3. Boundary condition at the boundary of internal state space 0€2* for n:
n¢=0 at ze€ (2.26)

This boundary is called the “regularity” or “containment” condition. Generally
speaking, this boundary condition simply states that no cells cross over the cell state
boundary into impossible or meaningless states, such as negative concentrations or
maximal concentrations based on feed information.

4. Initial condition at time ¢t = 0 for ¢ over 2°:

c=cs) at t=0 (2.27)

5. Boundary condition at the boundary of spatial state space 0€2° for c:

(OéLCLlL) -§=0 at se€ 0’ (228)

Boundary conditions Equation (2.24) and Equation (2.28) on 99° are normally au-
tomatically satisfied if the hydrodynamic parameters are obtained when the boundary
conditions follow:

(agur)-8§=0 at se 0’ (2.29)

which indicates that the carrier liquid cannot enter or escape the closed system. The
initial condition Equation (2.27) of extracellular concentrations will be generally known
from measurements.

In this section, the population balance equation and the mass balance equation for
substances are introduced as continuum models. Even when decoupled from hydrodynam-
ics under simplifying assumptions, solving this coupled system remains computationally
intensive. To mitigate this challenge, researchers commonly focus on the dynamics of the
averaged number density function, n;, over a region within Compartment j, by assuming a
“well-mixed” condition for n within the compartment. The details and application of the
population balance equation for compartmental models are presented in the next section.

31



2.5.3 Population balance equations for compartmental models

The derivation of the population balance equation (PBE) for a compartment can be ac-
complished through the following steps:

Step 1: Integrate the population balance equation (Equation (2.18)) over the compartment

V*. (nu)ds = / hds (2.30)

Q

with a fixed volume of space (2
0
— nds+ V* - n¢ ds +
ot Qs Q Q

Apply the Gauss-Ostrogradsky divergence theorem to the convection transport term

nCds+/ S - (nu) ds:/ hds (2.31)
o0 Q

s
J

J J J

Step 2:
in spatial domain:

d z

5 i
Step 3: Introduce n;(t, z) as the averaged number density function over Compartment j, such
that [,. nds = n;v;. Combining this with ¢ = ¢;(z,c;) and h = hj(z,n;), we obtain:
J
871]- . “
?Jjg + vjV : (njCj) + . S - (’I’lel) ds = Ujhj (232)
i
Close the convection term in the spatial domain. For the compartmental model with

Step 4:
a finite number of compartments (ngc), the term can be closed as:
nEC

nNgc
/ §-(nju)ds =— Z qjr—in; +n; Z Qj—j (2.33)
BQ; j'=1 j'=1
J'#J J'#i
which yields:
anj ngc ngc
Vi, t+ v; V7 (n;€;) = vih; + 221 Qjr—jNjr — N 231 qj—y" (2.34)
j'= J'=
J'#3 3'#i

Equation (2.34) represents the population balance equation for the compartmental
model, which can be directly integrated with the compartmental mass balance equations,
Equation (2.3) or Equation (2.4), to simulate a bioreactor. Simulating the system requires

only the specification of the following initial and boundary conditions:
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1. Initial condition at time ¢ = 0 for n; in Compartment j over {*:

nj=nj(z) at t=0 (2.35)

2. Boundary condition at the boundary of internal state space 92* for n;:

ni¢=0 at ze (2.36)

3. Initial condition at time ¢t = 0 for c¢; in Compartment j:

c;j=c) at t=0 (2.37)

2.5.4 Moments of the number density function

Hulburt and Kartz [53] claimed that the number density function, n(t,s, z), contains too
much information for many engineering applications and presented an approximation sys-
tem that tracks the evolution of moments, mq(t,s), of n instead of n itself. For example,
intracellular distributions is mostly measured by flow cytometry, which does not provide a
high level of resolution due to noise and sensitivity limitations. To define a moment, the
number density function n is multiplied by a weighting factor defined as follows:

g= Hz,fk (2.38)

where (. is an exponential weight defined for the internal state zj.

This weighting factor is then integrated over the internal state space. Different mo-
ments are characterized by various combinations of zi-orders, specified using the vector of
exponents B = [81,..., Bk, -, On.]. The moments of n with respect to 3 are, then, defined

as: N
mg :/ [ zn de, (2.39)
* k=1

where the order of the moment O = mg is > ;> B;. The integration process removes the
dependence of mg(t,s) on z. Similarly, the moments for a control volume (Compartment
j), denoted by mg ;(t), can be obtained by applying the same procedure to n,(t,z).

The low-order moments are typically connected to several physically significant and
measurable properties of the cells [53], such as mean and variance, which are useful for
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validation of the model. For example, Equation (2.11), which calculates the total number
of cells in a system at time ¢ (N(t)), can be expressed as a function of the zeroth moment
of n, where 3 =0=10,---,0]:

N = mods—/ / ndzds (2.40)

The first moment of n, which is related to the single-cell mass x € z, can be employed to
ascertain the total mass of all cells, X (¢), in a system at time ¢, where 3 = [, = 1,0,--- ,0]:

X = m[ =1.0, ds—/ / rndzds (2.41)

Provide the internal concentration, w; € z, of species i where

Mass of Species @ (2.42)

wi =] Mass of a cell

The second moment of n, associated with the single-cell mass = € z and the concentration
w;, can be utilized to determine the total mass, W( ) of species ¢ within all the cells in a
system at time ¢, where 8 = [8, = 1, B, =

W = m[,@zil,ﬁwiilﬂ O]dS = / / wlxndzds (243)
Qs s z

2.5.5 Moment transport equations

The moment transport equations (MTEs), analogous to the population balance equation,
tracks the dynamic evolutions of the moments mg. MTEs could be obtained by multiplying
the weight factor,Equation (2.38), with the population balance equation, Equation (2.18),
and then integrating over the internal cell space 2*:

8mg

5 +/ gVZ-Cndz+Vs-um5:/ ghdz (2.44)

z

Using a divergence theorem and the containment condition given by Equation (2.26),
the second term on the left-hand side of Equation (2.44) can be simplified as follows:

/ngZ Cndz—M / (V3g) - (ndz
) / - (2.45)
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Substituting this term back into Equation (2.44) yields

om

8—255 +V umg= [ Vig-Cn+ghdz (2.46)
(9K

when used to model a system, MTEs for different moments replace the population balance

equation. These equations are coupled with other balance equations, such as the mass

balance equation for substances (Equation (2.22)).

Unlike the population balance equation, the initial condition for the moments is no
longer a function of the internal states z:

mg = moﬁ(s) at t=0 (2.47)

Moreover, there is no longer a boundary condition at the boundary of the internal state
space 0€)*, as it is automatically included in the derivation of the MTEs. However, there
remains a boundary condition at the boundary of the spatial state space 9Q2° for n:

(mgug)-8§=0 at se€ 0 (2.48)

which is automatically satisfied for the case that the hydrodynamic parameters reflect that
the carrier liquid cannot enter or escape the closed system.

Since MTEs track only the dynamics of the moments, but typical population measure-
ments are given in terms of mean and variance, an assumed distribution is required to
recover these values from the moments. Further discussion on the choice of distribution is
provided in Section 3.4.2.

2.5.6 Moment transport equations for compartmental models

The MTEs for compartmental models describe the dynamics of the moments, m;, of the av-
eraged number density function, n;, within a “well-mixed” compartment j. The derivation
follows a procedure similar to that used for obtaining Equation (2.46), but it is applied to
the population balance equation for compartmental models, Equation (2.34). This results
in:

dm‘ . negc nEC
—dzﬁ = VZg-¢nj+ gh;dz + Z q5'—5My',8 — M8 Z Tj—j" (2.49)
(9K -7 i/
J'=1 y=1
%5 J'#5

For a bioreactor, these MTEs are solved together with the compartmental mass balance
equations for extracellular concentrations, Equation (2.3) or Equation (2.4). With the
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boundary conditions in both the spatial and internal state spaces incorporated during the
derivation, Equation (2.49) is transformed into an ordinary differential equation. To solve
this equation, the following initial condition is required:

mjg=mig at t=0 (2.50)

cj=c) at t=0 (2.51)

It is important to note that, when modeling a system, the MTEs for multiple moments,
rather than a single moment, serve as a replacement for the population balance equation.
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Chapter 3

Literature review

This chapter explores existing computational approaches for bioreactor modeling, empha-
sizing compartmentalization strategies and the integration of metabolic and population
balance models.

It reviews numerical methods for solving dynamic flux balance analysis models (DFBAs)
as a structured metabolic model to capture nonlinear microbial reactions, along with pop-
ulation balance models (PBMs), focusing on the method of moments for moment transport
equations (MTEs) to track microbial heterogeneity. By evaluating current methodologies,
this chapter identifies key limitations and research gaps, providing a foundation for the
modeling advancements presented in later chapters.

3.1 Simulation of large-scale bioreactors!

To accurately capture the diverse responses of microorganisms in varying environments
and stages of operation, the coupling of the metabolism with the hydrodynamics, must
be considered. Table 3.1 provides an overview of the current state-of-the-art, focusing on
the simulation of large-scale stirred bioreactors using various coupled hydrodynamic and
metabolic models.

Modern methods apply structured metabolic models that are based on a mapping be-
tween the cell environment and the intra-cellular kinetic rates. This enables these models
to capture the metabolic state that the cell is expected to adopt in response to its environ-
mental conditions.

!This section is modified from [1].
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Table 3.1: Overview of the current state-of-the-art in the use of metabolic models inte-
grated with CFD or compartmental models. EE: Euler-Euler method, CM: Compartmental
Model, PBE: Population Balance Equation

Year Reference Hydﬁ(jggﬁ i Metabolic Models
1996 Larsson et al. [5] EE Unstructured model
2001 Vrabel et al. [5] Regélll\z/}r-[gri]ded Structured model [20]
2014 Morchain et al. [0] EE See Table 3.2

2015, 2017 Pigou et al. [18, 50] Regélll\z/}r—[gri]ded See Table 3.2
2021 Nadal-Rey et al. [57] Volumec—i/([i aptive Structured model [58]
9024 Promma. et al. CFé)l\—/IdFri\]fed [B)il];l\g[%\/l ]derived from

Two examples of recently developed structured metabolic models include those of
Nadal-Rey et al. [57] and Xu et al. [26]. Nadal-Rey et al. [57] proposed a structured
model for Saccharomyces cerevisiae based on the assumption of five metabolic regimes:
oxidation, overflow, glucose starvation, oxygen limitation, and oxygen limitation and glu-
cose starvation. The regime is selected based on the specific uptake rates of glucose and
oxygen. Xu et al. [20] introduced a kinetic model framework for E. coli that considers the
flux of glucose consumption through both oxidative and overflow metabolisms. In their
model, the main utilization of glucose flux was for oxidative metabolism. When the oxy-
gen flux surpasses the pre-established maximum respiration rate, the excess glucose flux is
redirected to the overflow metabolism

To account for the segregated aspect of intracellular heterogeneity in microorganisms,
several research studies have been conducted using the Euler-Lagrange method. However,
the computational complexity of this method is very high due to the large number of
particles/parcels (on the order of 10°) that need to be tracked over time [7].

Instead, population balance equations (PBEs) are used to track the distribution of cells
across different intracellular states, enabling the study of microbial population heterogene-
ity in bioreactors. Several studies have integrated PBEs with metabolic and compartmental
models to improve representation. Table 3.2 summarizes key works in this area, including
models that describe biological heterogeneity in well-mixed bioreactors, the interplay of
physical and biological heterogeneities in large-scale systems, and the coupling of PBEs
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with flux balance analysis to study cell size distribution under balanced growth conditions.

Table 3.2: Summary of studies on population balance models used to investigate microbial
population heterogeneity.

Year Reference Details

2013 Morchain et al. [00]  Integration of a metabolic model with a population bal-
ance model to capture biological heterogeneity in growth
rates within a “well-mixed” bioreactor.

2013  Fernandes et al. [61] Coupling of a metabolic model and a population balance
model to account for cell mass heterogeneity in a “well-
mixed” bioreactor for yeast cultures.

2014  Morchain et al. [6]  Investigation of the interplay between physical and bi-
ological heterogeneities in large-scale bioreactors using
an Euler-Euler approach, a population balance model,
and a Monod-type growth model and yield fraction for
substrate consumption rates.

2015 Pigou et al. [15] Investigation of the interplay between physical and bio-
logical heterogeneities in large-scale bioreactors using a
combination of compartmental models, population bal-
ance, and a structured metabolic model.

2017 Pigou et al. [50] Evaluation of the efficiency of various moment meth-
ods for solving population balance equations that de-
scribe the dynamic adaptation of microbial populations
in large-scale bioreactors.

2017  Quedeville et al. [62] Development of a two-dimensional population balance
model incorporating cell length and anabolic rate as key
variables to better understand cellular growth regulation
in response to nutrient availability.

2023 Busschaert et al. [63] Integration of flux balance analysis with a population
balance model to describe cell size distribution under
balanced, quasi-steady state, growth conditions.
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3.2 Compartmentalization?

3.2.1 Determination of compartment network

The process for determining the compartment network from velocity field information is
referred to as compartmentalization. This involves segmenting the domain into subdo-
mains, with mass fluxes between them used to determine compartment network connec-
tivity and exchange flows. The majority of compartmental modeling work for bioreactors
uses time-averaged flow-field information from short-timescale CFD simulations to identify
the compartments using various compartmentalization methods. A common approach for
stirred-tank units, which are typically axisymmetric, is to use compartmentalize based on
the decomposition of the velocity field into radial and axial components, disregarding the
azimuthal velocity [59, 57]. Other work includes:

Successive subdivision: Proposed by Wells et al. [64], this method involves progressively
partitioning the reactor volume within CFD mesh cell boundaries until a predeter-
mined number of compartments is obtained. The primary advantage of this approach
is its simplicity, however, there is no guarantee that the cells within a specific com-
partment are contiguous.

Cell agglomeration: Proposed by Bezzo et al. [65, 66], this method involves construction
of compartments by aggregating CFD cells. Compartments are defined by choosing
a seed CFD mesh cell and combining neighboring cells until the maximum target
variable gradient within the compartment falls above the specified tolerance. Ad-
ditionally, Delafosse et al. [67] employed two distinct layer-by-layer agglomeration
approaches, which were found to result in compartmental networks which underesti-
mate of mixing time when compared to full CFD simulations.

Multiple target compartmentalization: Tajsoleiman et al. [59] introduced an automated
method that tackled several challenges in compartmentalization, including (i) han-
dling an unstructured mesh, (ii) addressing non-contiguous zones, and (iii) accom-
modating multiple target compartmentalizations.

The compartmentalization procedure of Tajsoleiman et al. [59], noteworthy due to the
degree of CFD validation reported, involves the following steps:

2This section is modified from [1]
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Zone Clustering: Based on user chosen target variables, p;, the CFD elements are sorted
and grouped. Elements that are within a range of target variable values, Ap; are
clustered into a zone where (p; maz — Pimin) Within each zone is less than the specified
Ap;. As different parts of a reactor might have a similar range of values, an identified
zone can be a multi-regional zone covering several regions within the reactor.

Zone Separation: To ensure that compartments will be contiguous, multi-regional zones
obtained in the previous step are further divided. By examining the connectivity of
the elements, it is possible to generate spatially contiguous compartments.

Compartment Ouverlap: Overlapping all compartments derived from different target vari-
ables that overlap following the preceding two steps.

Compartment Merging: Merging small compartments to further reduce computational
complexity based on a minimal acceptable size of a compartment, V,,;,.

It is important to note that both the compartment overlapping and merging steps have
the potential to generate discontiguous zones. Consequently, the zone separation proce-
dure is employed once again to ensure the creation of compartments that are spatially
contiguous. Furthermore, an additional merging step involved joining neighboring small
compartments with those that have the largest adjacent area. This prevents the formation
of compartments with irregular shape, such as dendritic structures or necking structures.

Individual compartments are traditionally approximated as well-mixed compartments
(see Table 2 in ref. [17]), however, recent research has introduced higher-dimensional
approximations including one-dimensional plug-flow compartments [65].

3.2.2 Determination of flow rates in multiphase compartmental
models

Each chemical species is assumed to be transported between compartments with a constant
flow velocity of the liquid (effective phase). The required information necessary for coupling
the compartmental model with the DFBA-based species balances is represented in matrix-
form, including the following;:

Effective internal volume matriz 'V with elements composed of effective volume values
Vj; = ajv; where af and v; are the volume fraction of liquid and the volume of
Compartment 7, respectively.
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Effective volumetric flow rate matriz Q with elements representing the total unidirectional
volumetric flows of the liquid between compartments.

In general, flows between any two adjacent compartments can be bidirectional where, for a
given pair of compartments, ¢ and j, there exist interfaces where flows from ¢ to j and, at
other interfaces, flows from j to 7. The effective volumetric flow rates from Compartment
1 to Compartment j is determined by,

Qi—j = Z 5f¢,Lf (3.1)

fely;

where I,/; is the set of the interfaces between Compartments ¢ and j, and quLc is the volu-
metric flux of the liquid phase.

The direction corrector d; is to specifically capture the flow from Compartment ¢ to j
and not in the reverse direction, and is calculated as follows,

5. — 1; for case 1 (3.2)
F= 0; for case 2 '

Case 1 describes flow from Compartment i to j and involves two different scenarios:

(1) either the interface has the surface vector, sy, pointing from Compartment ¢ to Com-
partment j with a positive value of qﬁj’% , Or

(i) the interface has s; pointing from Compartment j to Compartment 7 with a negative
value of ¢F.

Conversely, Case 2 describes the flow from Compartment j to Compartment ¢ and also
involves two different scenarios:

(i) the interface has s; pointing from Compartment ¢ to Compartment j with a negative
value of ¢, or

(ii) the interface has sy pointing from Compartment j to Compartment ¢ with a positive
value of ¢F.

Based on the definition of the direction corrector provided here, it is straightforward to
understand that if ¢’]% is not included in ¢;_,; then it will be a portion of ¢;_,;.
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To facilitate the matrix operations involved in solving the species conservation equa-
tion (Equation (2.46)) of the compartmental model, the volumetric flow rate information
is represented in matrix-form, Q. Off-diagonal elements represent flow rates between com-
partments, @); ; = ¢;—; and diagonal elements represent the total flow rate leaving Com-
partment ¢ (to other compartments) Q;; = — Z]. Qisj-

3.3 Numerical method for dynamic flux balance anal-
£ 3
ysis

3.3.1 Multiparametric linear programming representation of dy-
namic flux balance analysis

When solving a linear programming problem like Equation (2.5), optimal solutions will in-
volve constraints (Equation (2.5b)) that are either active or inactive. Thus, Equation (2.5)
has different optimal solutions corresponding to different sets of active constraints, depend-
ing on a priori unknown parameters which, for example, could include local bioreactor
conditions. Active constraints are expressed by equalities,

AAVJ' = FAQ(Cj) + g4 (33)

where if the matrix A 4 is invertible, the system of equalities is solvable with a unique
optimal solution v,

vi=Gl(c;)+h (3.4)

where G = A;‘lF A2 and h = A;‘lgA. Inactive constraints are expressed as inequalities
A;v; <F0(c;) + gr. The result of the substitution of Equation (3.4) into the inequality
constraints defines a polyhedral region, ©;, of 6 as given in Section 3.3.1.

Hb(c;) < p (3.5)

where H=A; (A;'F4) —F; and p=g; — A;A}'ga.

Multiparametric programming (MP) [21] is an approach for solving optimization prob-
lems in a computationally efficient way by identifying these distinct polyhedral regions,
known as critical regions, in the parameter space R" within which sets of active and
inactive constraints are invariant. Consequently, within these critical regions there is a

3This section is modified from [1].
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Figure 3.1: Illustration depicting critical region maps in R? featuring labelled geometric
elements of significance, including critical regions as ©;, hyperplanes as DY, and vertices

J?
as Yik

unique optimal solution, e.g., v; (Equation (3.4)). The term optimal law is subsequently
utilized to denote this optimum solution, as it imparts a sense of a rule that all points
within a critical region must adhere to. This reformulation of a optimization problem may
be schematized as a critical region map, which defines distinct critical regions within the
parameter space, as shown in Figure 3.1.

3.3.2 Mathematical description of a critical region map

Formally, MP optimization partitions the space R™ into a set © = (J*, ©; C R™ of
non-overlapping polyhedra defined as:
@i = {0 e R" : Hﬂ S pz}

3.6
with ©,NO; =0 for Vi#j (3:6)

where np; is the number of inequality constraints which define ©;, H; € R"?# x R", and
P: € R™D.i

Each inequality constraint defines a hyperplane and thus np; is equivalent to the num-
ber of hyperplanes. Each row j of H; and p;, i.e., h; € R"™ and p; € R"?¢, defines a
hyperplane DY = {§ € R™ : d;(#) = 0} where

d;(0) = hj 6 + p; (3.7)
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It should be noted that different critical regions ©; may share hyperplanes with others.
Therefore, all critical regions are typically represented using a set of hyperplanes drawn
from the np unique hyperplanes that define ©.

A polyhedron corresponding to a critical region is described by the intersection of the
half-spaces defined on each side of DY, i.e., D} = {# € R™ : d;(#) > 0} and D} = {6 €
R : d;(f) < 0}. By selecting a set of ng linearly independent hyperplanes, expressed as
H;0 = p;, the points of intersection W; may be identified which arise from the intersection
of these ny hyperplanes. Among these intersection points lie the vertices of ©;, defined as

It is important to note that certain critical regions may have the same optimal law,
which occurs when the original optimization problem has multiple optimal solutions (e.g.,
Shen et al. [69]). Consequently, the number of optimal laws may be less than the number
of critical regions. For each ©;, the optimal law is represented as:

where ng denotes the number of optimal laws and nx < ny.

3.3.3 Parameter point location

The multi-parametric optimization formulation of the dynamic flux balance analysis models
(DFBAs) produces a set of critical regions in parameter space, each with an optimal law
that is used to calculate the optimal metabolic growth. The challenge with the method is
to identify which critical region a given state vector is in. The naive brute-force approach
would involve checking each critical region to see if a given state vector, a point in state
space, is inside it. This approach is inefficient, and several more efficient point location
algorithms may be used to decrease computational complexity.

One class of point location methods use tree data structures which branch based on
which side of a hyperplane a given point lies, i.e. whether 6(c;) lies in D;r or D;. The
classical data structure for point location problems is a binary search tree (BST), intro-
duced by Tendel et al. [70]. It employs the unique hyperplanes DY of the critical regions
to efficiently locate 6(c;) using a single evaluation per hyperplane. This data structure en-
ables effective classification and benefits from the logarithmic relationship between the tree
height, h, which relates to the number of critical regions within a branch of the tree, and
the total number of critical regions according to h ~ [log,(ne)]| for a perfectly balanced
tree.
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The BST data structure associated with a point location problem contains internal and
leaf nodes. Each node is denoted by N, with b =1 — ny where ny is the total number of
nodes in the tree [70]. The information stored at each internal and leaf node of the tree is:

Set of hyperplane indices Jy,: The set holds hyperplane indices along with + identifiers
to signify the corresponding half-space association, e.g., J, = {17,3%,77}. This set
defines a polyhedron, denoted as P(J,) = D; N D3 N D5, where the polyhedron is
the intersection of the associated half-spaces, each defined by a hyperplane in the
set.

Set of critical region indices I'y: The set holds critical region indexes that completely or
partially reside within P(J,), denoted as I'y(J,) = {i : ©,NP(J;) is full-dimensional}.

Additionally, internal nodes contain a hyperplane index j, that denotes the choice of D?
for partitioning © in the course of tree construction. On the other hand, leaf nodes store
an optimal law index k, associated with ©;, where ¢ € I',. A method to construct a BST
is shown in Section 3.3.4.

Once the BST is created, the point location algorithm is evaluated for a given query
point 6(c;), starting at the root node (b = 1). The value d;—j,(6(c;)) is computed to
determine the corresponding path, either the + path (d;—; (f(c;)) > 0) or the — path
(dj=;,(0(c;)) < 0). This step is repeated for each subsequent internal node until a leaf
node is encountered, for which the value k;, is stored. Subsequently, the metabolic flux

vector is computed using the equation,

V; = Gkbﬁ(cj) + hkb (39)

3.3.4 Construction of binary search tree

Constructing a BST based on the MP formulation of a FBA model first involves creation
of a root node Ny with an empty hyperplane index set J, = () and critical region index set
containing all regions I'g = {1,...,ne}. A hyperplane D? is chosen, i.e., an index j, = 7,
which is associated with the node data, which is subsequently utilized to classify all ©;
regions and determine their placement in either Dj or D} halt-space. If a region ©; is
found to be partitioned by the hyperplane D?, this region is determined to have sub-regions
in both half-spaces.

Tondel et al. [70] determined the position of a region ©; relative to a hyperplane by ex-
amining the closest and farthest points 6 € ©; regarding Hyperplane j. This determination
was made by solving two linear programming problems,
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mingee, d;(6)

minge@i —dj (9)

To reduce computational complexity in evaluation of whether or not a region ©; is divided
by Hyperplane j, the following condition is used [71]:

H0 <p; and h}6=p; (3.10)

Evaluation of this condition is equivalent to testing the feasibility of the corresponding
linear programming problem.

After partitioning, child nodes are created for the critical regions within (i) the D}
half-space and (ii) the D; half-space. The associated information, Jy, and I', is updated
for these child nodes to enable further partitioning. A path from the parent node to each
of its child nodes is established, denoted as + or — for the child nodes of D;“ and D7,
respectively. If there is more than one optimal law shared between the critical regions of the
child nodes, those are classified as internal nodes, else they are considered leaf nodes. The
partitioning process is repeated for internal child nodes, with hyperplane selection limited
to within the child space. This iterative process continues until all leaf child nodes are
determined. For a system that includes many nodes, achieving a balanced tree is desirable,
with further details found in references [70, 71].

3.4 Numerical methods for solving the population bal-
ance equation

The complexity of solving the population balance equation (PBE) depends significantly
on the mathematical forms of the rate of change of the internal state, ¢;, and the net rate
of particle generation, h. For instance, if h is defined as in Equation (2.19), the equation
becomes a partial functional differential equation (PFDE), introducing dependencies on
past values of n;. This transformation captures memory or time-delay effects, making the
model suitable for spatially distributed systems with such dynamics.

In general, PBE often takes the form of a PFDE, particularly when it incorporates
non-local state interactions such as aggregation or breakage, or when history-dependent
processes are involved. These interactions create coupling across the state space, adding
to the complexity of the solution. However, if simpler expressions are chosen for those
terms, the equation may reduce to a partial differential equation (PDE). For example, if
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offspring inherit all the considered states of their parent, leading to the form of i described
in Equation (2.21), the functional dependencies are eliminated.

These factors profoundly influence the choice of solution methods and the associated
computational effort, as more complex formulations require advanced numerical techniques
and greater computational resources.

This section outlines two primary categories of methods for solving PBE: the bin (or
class or sectional) method and the method of moments. In addition to these two ap-
proaches, several other techniques are also available. Since PBEs are partial differential
equations, methods commonly used in computational fluid dynamics can be applied to solve
them. These include the finite difference method [72], finite volume method [73], finite el-
ement method [71, 75], and spectral methods [76]. Additionally, Monte Carlo methods, al-
though currently too computationally expensive for practical coupling with computational
fluid dynamics (CFD), can be employed. Ramkrishna [77] provides a detailed discussion
on the connection between Monte Carlo simulations and population balance modeling. For
further details on the methods for PBEs, the standard textbook by Ramkrishna [52] and
reviews by Omar et al. [78] and Shiea et al. [79] are recommended.

To simplify the discussion in this section, the further derivations for each method
will start from PBE and the moment balance equation (MBE) for the compartmental
model(Equation (2.34) and Equation (2.49)), where the spatial space * has already been
discretized.

3.4.1 Bin method

The bin method involves discretizing the internal state space, 7, into intervals (bins,
classes, or sections), transforming the PBE into a set of macroscopic balance equations
within the state space. This method has been widely applied to systems governed by
univariate PBEs (n, = 1).

As mentioned in Section 2.5.1, 2 is divided into n, bins, each represented as (22 C Q for
v€{1,2,...,m;}. A pivotal point, £, = [¢,1,. .. ,& 0] T, is assigned as the representative
internal state for Bin . The coordinates of the pivotal point can either be the central point
or one of the corner points of the bin. The population balance equation for the total number
of particles, N; ., for Bin v in Compartment j is derived by integrating Equation (2.34)
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over 27 and applying the definition of Nj, from Equation (2.15). This yields:

ngc nEC

ON, ]
5 = v [ V(¢ dz Uj/ hidz+Y qyiNyy = Nip Y djogre (3:11)
§'#i 7'

The integrals in Equation (3.11) remain unclosed because they depend on the distribu-
tion n;, which cannot generally be expressed in terms of N;.. To solve the equations, n;
within Bin v is approximated as:

ny = na05 [ [ 6(zn — &) (3.12)
k=1

This expression, involving Dirac delta functions, 0(zx — &, %), forces all particles within Q
to concentrate at a pivotal point, &, inside the bin.

Substituting Equation (3.12) into the first integral on the right-hand side of Equa-
tion (3.11) yields:

—v; [ VP (ni¢;)dz=—v; | V- (n;, H 6(2k — & k)€C;) dz
k=1

Qz Qz

U (3.13)
= —=V*-vvin;,C;,
= -V°=*. Njﬁqu
The term ¢;.(£,,¢;) = [Giqs- > Cimpn) | is the rate of change of the internal state,

evaluating at z = &,
The same derivation can be applied to the second term on the right-hand side of Equa-
tion (3.11) to express it as a function of Nj,. For instance, if h; is expressed as h; = hin;,

where h/(z, c;) is an arbitrary function of z and c;, it can be shown that:

Uj/
Q

hjdz = v, / hyn; 7 H 0(zr — &y p) dz
0 k=1

z
5

(3.14)
= vuing b
- th;,w
Substituting Equation (3.13) and Equation (3.14) back into Equation (3.11) yields:
8N]’,y B , nEC nEC
=V Nian€jy t Nighy, + > qirsiNjy = Nin > giy. (3.15)
o o

49



One approach to solving Equation (3.15) is to approximate the divergence term. Mor-
chain et al. [00] discretized the divergence term in Equation (3.15) using a first-order
upwind scheme, accounting for the two possible directions of transport for each coordinate
Zle-

z X a
V2 Niain = T%(Nj,ij,k,w) (3.16)
k=1
where
NjnGikoy = Ny Gy .

9 ( ) Azk , if Cj,k,’y > 0,
I N.’ C',k, ~ _7"/ s (317)

Oz T Nk Comart = NinGiky ¢ Gy = 0.

Azk77 ’

In this formulation, v represents the bin index in the state space 2* but does not inher-
ently encode directional information along z,. To clarify the directional dependence, the
subscripts 7* and ¥ are introduced to denote the variables in the bins one step downward
and one step upward, respectively, from bin 7 along coordinate z;. Here, Az, represents
the length of Bin v along coordinate zj.

By applying the bin method, Equation (3.11) takes the form of an ordinary differential
equation (ODE). It is important to note that although the method is straightforward
and effective for stabilizing numerical solutions, it carries a notable drawback regarding
accuracy. The scheme introduces artificial infinite diffusion, which smears sharp gradients
in the solution. This artificial diffusion can obscure the true behavior of the system,
especially when high accuracy is required to capture intricate details such as boundary
layers or sharp fronts. To minimize diffusion, the grid requires refinement, which leads to
an increase in computational costs.

Lastly, it should be noted that the bin method presents several challenges. First, solving
hundreds of ODEs for many bins can lead to high computational costs, especially for
systems with large spatial domains or when extending to multivariate population balance
equations (PBEs) [80, 81]. For instance, in a system discretized into ngc compartments,
where n; is defined over an internal state space of n, dimensions and further discretized into
n, bins per dimension, the total number of coupled ODEs to be solved becomes ngc x n,*.
Additionally, implementing this method in computational fluid dynamics (CFD) is often
difficult due to the significant computational burden and its incompatibility with existing
solvers [32, 83]. Furthermore, this method may encounter accuracy issues related to the
arbitrary selection of bin intervals, making it difficult to capture fine-scale heterogeneity
in certain systems.
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3.4.2 Method of moments

The method of moments refers to a group of techniques used to solve the moment transport

equations (MTEs) as elaborating in Sections 2.5.4 to 2.5.6.

MTEs, e.g., Equation (2.49), are generally not in closed form, except in a few simple
cases. One reason for this issue is that transport equations formulated for a set of moments
may include terms that depend on higher-order moments from the integration term.

Consider a toy case of univariate MTEs (n, = 1), where ¢; is defined as:
¢;=a(b—z)

and h; is expressed as:
hj = czn;
Here, a, b, and ¢ are constants. The MTE for this toy case is expressed as:
dm;
d—]tm] = [ B2 la(b— 2)n; +czPn;dz + A
0=z

=abB | 2’ 'nidz—aB | ZPnidz+ c/ 2P hnidz + A
s Qs Q2
= abfm;s—1) — affmj s + cmjaia) + A

where A is the advection term, expressed as:

ngc nEC

A= grmmyns — mig Y disy
j'=1 =1
i'#d i'#i

Equation (3.20) can be expanded to the following set of moment equations:

dm o] . Y-
d—t’ =cmjn) + Z qj'—5"j7,0] — T2j,[0] Z Q=i
§'=1 i'=1
i'# i'#
dm;n . v
d—;’[] = abmjo) = am; ) + €M)+ D Gy My ) = M) ) Gt
j'=1 i'=1
J'#i "%

ol
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It can be seen from the toy model that the MTE of moment £ is a function of the higher-
order moment 5+1. Adding additional transport equations for these higher-order moments
does not resolve the issue, as these new equations only introduce a dependence on even
higher-order moments. However, if n; is known, the higher-order moments can be easily
computed. In general, the knowledge of n; is also needed to calculate ¢ and A in the space
of internal coordinates.

This issue is referred to as the method of moment closure problem. Several approaches
have been developed to close MTEs, including interpolative closures [31], reconstruction of
the number density function using an assumed functional form [35, 86, 87], and quadrature-
based moment methods (QBMOMs) [38, 89, 90].

In the case of multivariate population balance models (PBMs), QBMOMSs are typi-
cally the preferred methods [79]. A fundamental contribution to this field was made by
McGraw [88], who introduced the quadrature method of moments (QMOM) as a solution
to univariate MTEs in growth problems. It allows one to capture the essential behavior
of a distribution through its key moments, thus keeping the computational requirements
manageable.

QMOM approximates the moments of n; using an n,-point Gaussian quadrature, where
n is expressed as a sum of delta functions located at the quadrature abscissas (nodes):

nj = ij7p5(z —&ip) (3.23)
p=1

where & ,(t) and w;,(t) are the abscissa and weight of the node p in Compartment j.
d(z — &;p) denotes the Dirac delta function. The moment of order 8 of the approximated
n; can be expressed as follows:

np
~ B
Mie = > wipks, (3.24)
p=1
The given relationship suggests that by knowing the first 2n, moments, it is possible to

identify the n, weights and n, abscissas required for the quadrature approximation in
Equation (3.23). These nodes, &;,, and their corresponding weights, w;,, are extracted
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from the set of moments in Equation (3.24) using moment inversion algorithms such as
the product-difference (PD) algorithm [91] or the Wheeler algorithm [92]. McGraw [38]
demonstrated that Gaussian quadrature could effectively approximate the growth term
without imposing restrictions on its mathematical form. Additionally, QMOM was shown
to accurately predict the time evolution of moments mg to ms, with a relative error of less
than 0.2% when compared to the analytical solution.

One challenge in solving QMOM is ensuring that the computed moments remain real-
izable—that is, they must lie within the moment space throughout the simulation. Mo-
ments cannot take arbitrary values; they must adhere to the constraints imposed by the
non-negative number density function. When the inversion algorithm is applied to a set
of realizable moments, it produces weights and abscissas that satisfy the properties of
Gaussian quadrature, with the weights always being positive. In numerical schemes, a set
of weights and abscissas is considered to represent realizable moments if the weights are
positive and the abscissas fall within the physical range. The issue of realizability primar-
ily arises because the numerical methods used to solve the discretized moment transport
equations differ from the exact equations [79].

It should be emphasized that QMOM is particularly attractive for applications where
capturing the full details of the distribution is less critical than ensuring certain properties
are conserved, such as total cell number or mass, and identifying primary trends. However,
when experimental data provide moment-related measurements (e.g., mean and variance),
direct comparison with simulation results is expected. This necessitates the reconstruction
of the number density function, n;.

The reconstruction process is crucial not only for experimental validation, but also for
coupling a structured metabolic model with a PBM to capture the nonlinear responses
of microbes. In such metabolic models, discontinuities in the adaptation rate, (;, growth
rate, h;, and interfacial rate, w, could be expected. Consequently, solving such a system
requires reconstructing n; at every time step to accurately determine the right-hand side
of the MTEs (Equation (2.49)) and the MBEs (Equation (2.3)). Section 6.3.1 will provide
a numerical example illustrating the error that arises when QMOM is applied to solve
reaction rates without reconstructing n;.

In the literature, QMOM with reconstruction of n; is known as the extended quadrature
method of moments (EQMOM) [93]. This approach couples QMOM with the kernel density
element method (KDEM). In this approach, n; is reconstructed as a weighted sum of well-
known distributions (e.g., normal, log-normal, beta, and gamma distributions).
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3.4.3 Truncated multivariate normal distribution and its mo-
ments

In general, the normal distribution is often a suitable approximation for natural variations
due to the central limit theorem, which states that the sum of independent random effects
tends to follow a normal distribution. However, many physical properties, such as size or
concentration, are restricted by certain unphysical bounds (e.g., they cannot take negative
values or exceed physical limits). These considerations often make the truncated normal
distribution a natural candidate for modeling the underlying behavior of n;. In the study
by Pigou et al. [50], the EQMOM was used to reconstruct n; as a weighted sum of up to
three normal distributions. This, however, raises the question of how rate calculations were
handled when one of the distributions approached the unphysical bounds described earlier.
Hence, in this study, the truncated normal distribution is adopted as the functional form
for the average number density function, n;, to correct the distribution near the physical
bounds. To test this concept, a truncated normal distribution is assumed for n;, ensuring
that n; follows a unimodal distribution.

The functional form for the average number density function, n;, is expressed as:

N

where

cn,; : Cell number concentration, representing the scalar magnitude of cell population
per unit volume.

7; + Truncated normal distribution given by a probability density function represent-
ing the statistical structure of the population.

Since 7; is a probability density function, it follows that: mg; = [,. n;dz = cy,;.

Then, the truncated normal distribution, 7(2) = 7(2; Zmin, Zmax; i, 0°), for a univariate
system (n, = 1), evaluated at the mean u and variance o2, within the physical bounds
[Zmin, Zmax), 1S expressed as:

¢(2)
T(Z) — T Zmin S z S Zmazx (326)

0 otherwise
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where ¢(z) = ¢(z; u,0%), is the probability density function of a univariate normal distri-
bution, expressed as:

o= e 207 (3.27)

and L(Zmin, Zmaz; it, 02) is expressed as:

L— / " d (3.28)

Zmin

The moments of 7 (for n, = 1) are given as follows:

Ya :/ 2Prdz (3.29)
Kan and Robotti [91] developed a computationally efficient recursive algorithm to de-

termine the moments of the truncated multivariate normal distribution yz as follows:

[ 2Ppdz _ &

= Emin 3.30
Ys 7 7 (3.30)
where the integral term:
Fy = / P pdz (3.31)
can be integrated by parts leading to the following;:
=1L (3.32a)
FB+1 = MFB + ﬁOJFﬁ—l +o <Zrﬁmn¢(zmzn) - Z’fwang(zmaw)) (6 > 0) (332b)

Note that when § = 0, the term involving the undefined component F_; vanishes, and
F) can be computed solely based on Fy. Equation (3.32) provides a recurrence relation for
determining higher-order moments, serving as a computationally efficient alternative for
calculating the integral product in Equation (3.31). However, integration is still necessary
to determine L.
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Chapter 4

Development of a CM for

Large-Scale Bioreactor Simulations!

4.1 Introduction

Computational fluid dynamics (CFD) has been widely used to simulate multiphase flow in
bioreactors, providing detailed hydrodynamic information. However, direct CFD simula-
tions are computationally expensive, particularly when applied to large-scale systems over
long timescales. To address this limitation, compartmental modeling has emerged as a vi-
able alternative, reducing computational demands while preserving essential hydrodynamic
and transport phenomena.

The study in this chapter focuses on the development of a flow-informed compart-
mental model (CM) for a 30 m® bioreactor equipped with four baffles and a four-blade
in-phase Rushton turbine impeller. The compartmentalization approach is based on time-
averaged CFD simulations that resolve the velocity fields using the Euler-Euler model and
the volume of fluid method. By leveraging time-averaged velocity data, the bioreactor
is compartmentalized into well-mixed compartments, approximating local flow dynamics.
The model aims to serve as a framework to capture spatial heterogeneity while offering
computational efficiency suitable for large-scale bioprocess simulations.

The CM developed here was integrated with the binary search tree metabolic model
(BST-MM) to investigate a large-scale bioreactor, as elaborated in Chapter 5.

!This chapter is modified from [1].
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4.2 Methodology

To develop an accurate compartmental model for large-scale bioreactors, a systematic
methodology was implemented, combining CFD simulations with flow-informed compart-
mentalization techniques. The methodology is divided into two primary steps: (1) the
setup and execution of multiphase CFD simulations to obtain velocity fields, and (2) the
subsequent use of these velocity fields to develop a compartmental model.

4.2.1 Computational fluid dynamics simulation setup

The steady velocity fields used for compartmentalization were obtained by solving the
hydrodynamics using an integration technique that combines the Euler-Euler two-fluid
and the volume of fluid model. In OpenFOAM version 10, this integration technique was
accessible within the solver named multiphaseEulerFO0AM. OpenFOAM utilizes the cell-
centred finite volume method as a discretization scheme for the flow domain, enabling the
straightforward acquisition of grid data for compartmentalization purposes [95].

The reactor shape and operation were adapted from Lasson et al. [5]. Figure 4.1
illustrates a diagram of the reactor geometry and the computational mesh employed in the
study. The reactor was equipped with four in-phase Rushton turbines and four baffles, 90
degrees apart. The mesh was divided into two distinct domain types: the tank domain,
encompassing the baffles, shaft, and sparger, and the rotating domain, comprising the
impellers and a portion of the shaft. The mesh utilized in the simulations was composed of
1,360,852 hexagonal elements. Owing to the computational expense of CFD, a search for
a mesh-independent solution was not conducted. Hence, it is logical to expect that various
mesh-dependent solutions will yield slightly different compartmental network geometries
and flow rate values. On the other hand, the obtained compartmental model is merely an
approximation of the system and its suitability is assessed based on its ability to fit and
predict experiments [J0].

The bioreactor was operated in fed-batch mode; however, intermittent medium with-
drawal was employed to maintain the total liquid volume at 22 m3.

The following reciprocal polynomial equation of state for liquids was used to calculate
the water density [11]:

L _o.001278 [2.1055 x 107°) T+ [3.9689 x 10~°] T?
P (4.1)

— [4.3772 x 107"%] P4 [2.0225 x 107'°] PT
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Figure 4.1: Hlustration depicting the mesh for the reactor geometry and the computational
mesh employed; presenting (a) the external surface mesh, (b) the components inside the
tank, (c) mesh within the rotational domain, and (d) mesh at the bottom of the tank.
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Table 4.1: Physical properties of water and air used for the sim-

ulation.
Properties Water Air
Molecular mass (kg/kmol) 18 28.9
Specific heat capacity (J/kg - K) 4195* 1007*
Dynamic viscosity (Pa - s) 3.645 x 107 1.84 x 1075
Prandtl number 2.289 0.7
Surface tension (N/m) 0.07

* The given value for water corresponds to the constant-volume
heat capacity, whereas the value for air corresponds to the
constant-pressure heat capacity.

where T is the temperature and P is the absolute pressure. The density of air was deter-
mined by using the ideal gas law. Table 4.1 lists the other physical properties of water and
air used.

The air flow rate was 2.22 x 1072kg/s. For simplicity, instead of creating a mesh
representation of the sparger, air bubbles were introduced into the system by incorporating
them as a source term located at the bottom of the reactor. The isothermal dispersed-
phase particle diameter model was used to model the bubble sizes, d,, which were varied
to account for changes in pressure [11]:

3 Pref
P

dp = dprey (4.2)
where dj s is the bubble diameter at the reference pressure, P,.r. A value of 3 mm was
used for dj, e for P,es of 10° Pa.

The interphase momentum transfer term was modelled as having contributions from
drag, lift, and virtual mass. Drag was represented using the Ishii-Zuber correlation [97].
In situations where there was no clearly identifiable dispersed phase, the segregated drag
model developed by Marschall [95] was utilized. Lift was represented using Tomiyama
models designed for gas-liquid systems [99]. The virtual mass force was calculated using
a constant coefficient virtual mass model. The turbulent heat transfer coefficient between
the bubble surface and the surrounding fluid was determined using the Ranz-Marshall
correlation [100]. The rotating domain was tackled by using the method of multiple refer-
ence frames [37]. The rotational speed of the impeller was set to 2.22 s~1. The resulting
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Reynolds number of the system, calculated with a fixed kinematic viscosity at 25 degrees
Celsius, is approximately 1.2 x 106,

The simulation was run for a period of 70 seconds to confirm that the bubble reached
the surface and the velocity fields attained their steady states. After this period, a transient
averaging technique was initiated, and the simulations were continued for an additional 30
seconds. The averages of the results obtained during this period were subsequently utilized
for the compartmentalization procedure.

The estimation of the mixing time consisted of solving a transport equation for a
passive scalar (numerical tracer experiment) through the application of the OpenFOAM
solver scalarTransportF0AM, utilizing the time-averaged velocity field. For simplicity, this
estimation was conducted within a single-phase system employing a diffusion coefficient of
0.0005 m?/s to aid in solution convergence.

4.2.2 Compartmentalization

The hydrodynamic compartmentalization method used in this work has been detailed in
Section 3.2, where the largest adjacent area criterion is chosen as the primary criterion for
merging small compartments. In cases where multiple merging options exist, a secondary
criterion is applied based on the closest average values of the target variables.

The hydrodynamic compartmental model that was obtained was based on liquid-phase
velocity profile information only. Thus, the effective domain, which pertains to the constant
liquid portion of each compartment, was subsequently employed within the compartmen-
tal model. Vapor-phase transport was approximated through accounting for the oxygen
transfer rate go, ; within Compartment j:

90,5 = kla; [coz; — coy] (4.3)

where k:]Laj represents the volumetric mass transfer coefficient, Cop; ; is the saturation
oxygen concentration, and Cp, ; denotes the dissolved oxygen concentration. Vapor-phase
hydrodynamics were accounted for through both kjLaj and cp, ; values, which are volume-
averaged values across all CFD mesh elements defining Compartment j. To calculate the
element-wise values of k”, a, and coy, the correlations described in the reference provided
by Nadal-Ray et al. [57] were applied.
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4.3 Results and discussion

4.3.1 Multiphase computational fluid dynamics simulation

A multiphase CFD simulation of the large-scale bioreactor was performed using the dis-
persed multiphase two-fluid (Euler-Euler) model [95], described in Section 4.2.1. Impeller
motion was captured using the MRF method.

The time-average velocity profile was obtained after developed flow conditions were
identified and is shown for liquid phase is shown in Figure 4.2a. The line integral convo-
lution (LIC) method [101, 102] for visualizing three-dimensional velocity fields is used and
is colored by the local liquid volume fraction. Unsteady flow effects and turbulence are
pervasively present in bioreactors using Rushton-based impellers. Thus, a time-averaged
developed-flow velocity profile was used to be compatible with compartmental modeling.
While past research has identified frequency-specific fluctuations of velocity [103, ] and
oscillation of partition planes between impellers [105], these effects are neglected in order
to identify a single compartmentalization and are approximated through the introduction
of explicit flow rate fluctuations in Section 5.3.3.

Simulations predict recirculatory flows located adjacent to each Rushton turbine, which
transition from circulation loops between impellers. The presence of converging and di-
verging recirculatory flows elucidates the enhanced mixing effects resulting from the use
of multiple impellers in a stirred tank. Figures 4.2b to 4.2d show individual velocity com-
ponents of the liquid phase flow, which may be combined in order to inform a specific
compartmentalization method.

In order to validate the multiphase hydrodynamics predicted by the CFD simulation,
mixing time was estimated through the solution of purely convective single-phase transport
of an inert tracer using the time-averaged liquid velocity field. To quantitatively assess the
degree of mixing and identify a characteristic time of mixing, the coefficient of mixing
(CoM) [1006, : ] was calculated and the mixing time was based on the point at
which it surpasses 95% of the steady-state value, or in other words, when the CoM falls
below 0.05. The computed mixing time was found to be 226.2s which compares to past
simulations estimating mixing time of 165s [51] and 250s [13], respectively. Given the
significant variation in past predictions, along with variations in impeller speeds and gas
flow rates used, these results support some degree of validation of the presented multiphase
CFD simulation results to inform compartmentalization.
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Liquid Level }

(a) LIC e) Compartments

Figure 4.2: 30m? bioreactor (with 22m? of working volume): (a) Line integral convolution
representation of velocity fields colored by the liquid volume fraction; Averaged velocity
components (b) u,, (¢) uy, (d) us; (e) Compartments from the flow-informed compartmen-
tal model.

4.3.2 Flow-informed compartmentalization

A CM was developed based on the time-averaged velocity components of the CFD re-
sults, shown in Figures 4.2b to 4.2d. Compartmentalization parameter thresholds of
Ap; = 0.5ms™! and a minimum compartment size V,,;, = 0.1m? were used. Following
the compartmentalization process, the resulting compartmental network includes a total
of 101 compartments which are approximated as well-mixed (CSTR). The mixing time pre-
dicted by the compartmental model was found to be 60.05s (95% mixing time), significantly
lower than what is predicted by CFD.

In order to determine the cause of poor mixing time prediction, a sample set of com-
partments were superimposed on the time-averaged velocity profile, shown in Figure 4.3.
This analysis reveals that the compartmentalization method adopted from [59] produces
compartments that, when assumed to be well-mixed, create direct connections between
distinct recirculation zones within the bioreactor, which is referred to as a “short-cutting”
effect. It can be observed in Figure 4.3 that two recirculation zones form between adjacent
impellers, separated by a unidirectional flow region where the vertical flux is nearly zero.
This intermediate region serves as a hydrodynamic barrier, limiting substrate advection
between the recirculation zones. However, when compartments are defined within this
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Figure 4.3: The presence of “short-cutting” paths (indicated by the arrows) introduced by
compartments (highlighted in orange and yellow) between local recirculatory zones. The
dashed line indicates a plane where the flow flux perpendicular to the plane is nearly zero.

region, they fail to account for the barrier and instead create a shortcut between zones,
thereby underestimating the true hydrodynamic resistance to inter-zone mixing. As a re-
sult, the model overestimates convective mass transfer and inaccurately predicts mixing
times.

In order to address this issue, a user-guided modification was made based on insight
gained from CFD simulations. The bioreactor was manually divided into four distinct zones
corresponding to sub-volumes in which recirculation was present, referring to Figure 4.2a.
The division was imposed on the compartmentalization method by creating horizontal par-
tition planes midway between each pair of impellers, such that merging of compartments
across these planes is not permitted. This prevented the creation of compartments which
overlap circulatory zones, reducing the short-cutting associated with the well-mixed ap-
proximation of each compartment in the resulting model. This approach generates a total
of 108 compartments, shown in Figure 4.2e, and results in a compartment model which
predicts 95% mixing time of 189.34s, significantly closer to CFD results of 226.2s. While
the change results in a slightly high number of compartments, 108 instead of 101, the vast
majority of the improvement in mixing time prediction is attributed to the prevention of
the “short-cutting” and not to the presence of an extra 7 compartments.
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For future studies, it is important to address the limitation of manual refinements. To
this end, Vasile et al. [109] proposed higher-dimensional approximations, such as one-
dimensional plug-flow compartments, to better capture flow behavior without user inter-
vention. Morover, while the present study used only residence time data for validation,
more comprehensive datasets—such as tracer concentration profiles—could further enhance
validation efforts, as demonstrated in previous studies [110, 65].

4.4 Conclusion

A compartmental model for large-scale aerated bioreactors was developed as a hydro-
dynamic representation and validated against residence time data obtained from multi-
phase CFD simulations. The flow-informed compartmentalization approach, based on
time-averaged velocity profiles, revealed unphysical “short-circuiting” across mixing zones
that led to inaccurate mixing time predictions. To address this issue, a user-guided modi-
fication was introduced to restrict artificial shortcuts between compartments, resulting in
a refined model comprising 108 compartments. This adjustment significantly improved
the accuracy of predicted mixing times, bringing them closer to the CFD results while
preserving computational efficiency.

These findings underscore the importance of integrating CFD-based hydrodynamic in-
sights into compartmental modeling to better capture spatial flow structures in large-scale
bioreactors. The proposed methodology provides a robust framework for enhancing model
fidelity, thereby supporting more accurate process optimization and scale-up strategies. Fu-
ture work should focus on further coupling hydrodynamic models with microbial kinetics
to improve predictive capabilities in complex bioprocess environments.
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Chapter 5

Development of a BSTMM to
Simulate a Coupled FBA-CM !

5.1 Introduction

Large-scale bioreactors exhibit spatial variations in nutrient concentrations, metabolic
byproducts, and microbial population distributions. These variations pose significant chal-
lenges in accurately modeling microbial metabolism, particularly when using simplified
Monod-type models with fixed yield coefficients. To better capture metabolic hetero-
geneity, structured (conditional) metabolic models have been introduced, where metabolic
pathways are activated or suppressed based on intracellular and extracellular conditions.
However, these models require numerous parameters, increasing computational costs and
the risk of overfitting.

A key drawback of structured metabolic models is the high parameter count, which
can lead to overfitting experimental data, ultimately reducing predictive accuracy. An
alternative approach is dynamic flux balance analysis modeling (DFBA) [20], which has
gained increasing attention [111, , , 69, | due to its ability to model microbial
metabolism with fewer parameters. DFBA models operate under the assumption that cells
evolve to optimize resource utilization for specific objectives, such as maximizing growth
rate or optimizing co-factor production, subject to constraints. This approach is formulated
as a linear programming (LP) problem, where the constraint coefficients depend on space-
and time-varying state variables (e.g., glucose concentration), leading to different active

!This chapter is modified from [1].
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sets of constraints that define metabolic flux distributions. While DFBA models reduce
parameter requirements, they significantly increase computational complexity due to the
need for solving an LP problem at each simulation step.

The goal of this work is to develop a computationally efficient modeling framework
for large-scale bioreactors by coupling DFBA models with hydrodynamic compartmental
models. To address the computational burden of solving LP problems, multiparametric
linear programming [21] is employed to reformulate the LP problem as a point-location
problem. This technique, commonly used in explicit model predictive control [115], allows
the pre-computation of optimal metabolic solutions, which are stored in a binary search
tree (BST) for efficient retrieval during simulations.

By integrating the BST metabolic model (BSTMM) with a CM this study provides
an accurate and computationally efficient tool for investigating metabolic heterogeneity
in large-scale bioreactors. The proposed method is validated against experimental data,
demonstrating its capability to capture spatial and temporal variations in metabolite con-
centrations while maintaining computational efficiency. The results offer valuable insights
into the interplay between bioreactor hydrodynamics and microbial metabolism, providing
a foundation for optimizing bioprocess performance.

5.2 Methodology

An overview of the formulation of the coupled DFBA /compartmental model is shown in
Figure 5.1, illustrating the coupling of the compartmental model, obtained in Section 4.3.2,
with the BST metabolic model. The construction of the BST representation of the DFBA
model is described in Section 3.3, along with the approach to determine the relative position
of the critical regions with respect to a hyperplane.

In order to solve the parameter point location problem using the BSTMM, the relative
position of a critical region in relation to a hyperplane is determined through the parameter
space relationship of the hyperplane and the vertices of the region. Considering y;, € Y;
as a vertex k within a set of vertices Y; for a region ©;, the half-space containing y; ; can
be inferred from the value of d;(y;x) (Equation (3.7)). The vertices Y; of a partitioned
©, must be present in both half-spaces created by a hyperplane that divides the region, as
shown in Figure 5.2b. Correspondingly, the signs of the values of d;(y; ) for all vertices
must be different. Following this, the classification strategy was developed, as summarized
by Algorithm 1. Using that algorithm, a hyperplane j contained within the parent space
and the set of critical region indexes of the parent node I',, the algorithm yields I'.(57)
and I'.(77), which represent the sets of critical region indices for the two child nodes.
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Figure 5.1: A flowchart outlining the process of integrating the compartmental model
with the binary search tree metabolic model, with the species balance serving as a central
junction connecting both models

Algorithm 1 Classification strategy based on region vertices
1: Input: I',, Y;
2: Output: T'.(j7), Te(57)
3: Initialize T(j7) 0 and Te(j7) < 0
4: for i € I'y, do

5: if dj(yi,k) >0 Vy;r€Y;then

6: L.(j 1) « Te(37) U {i} {Figure 5.2a}
7. elseif dj(y;x) <0 Vy;r €Y, then
8: Le(§7) <« Te(37)U{i} {Figure 5.2¢}
9: else

10: Fe(j7) «Te(37) U {i} {Figure 5.2b}
11: Co(j7) « Te(3H) U {i}

12:  end if

13: end for

14: return T.(51), Te(57)

Note that subscripts p and c¢ denote the parent and child, I', and I'c, respectively, instead of
using the placeholder b.

The simulations were performed on a personal laptop equipped with a 12" Gen Intel®
Core™ i7-1260P processor (12 cores, 16 threads, base frequency 400 MHz, up to 4.7 GHz),
16 GB of RAM, a 512 GB SSD, an integrated Intel® Iris® Xe Graphics GPU, and running
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Figure 5.2: Potential positions of critical regions in relation to a hyperplane (D?); critical
regions located (a) in D}, (b) in both D} and D7, (c) in DJ.

Ubuntu 64-bit.

5.3 Results and discussion

5.3.1 Integration of the binary search tree metabolic model into
the compartmental model

The large-scale bioreactor [22] was operated in fed-batch mode based on expected levels of
cell death and enzyme depletion. The microorganism used in the experimental study [22]
was a wild-type Escherichia coli E. coli K-12 strain W3110 [20].

Since the DFBA model E. coli originally presented by Mahadevan et al. [20] was
intended for batch operation, some modifications were made in order to include fed-batch
operation. The original model was based on optimization of the growth rate of E. coli
by allocating glucose and acetate among four distinct pathways. These pathways were
chosen from a pool of 300 alternatives, considering factors such as biomass yield and the
established physiology of FE. coli. The model incorporates both aerobic and anaerobic
pathways and includes four essential species: glucose (G), acetate (A), dissolved oxygen
(O2), and biomass (X). For simplicity and based on their similar density, these four species
were considered in their dispersed forms (non-finite size particles) in the aqueous phase.

The four reaction pathways are represented as a stoichiometric coefficient matrix, A,
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given by Equation (5.1).

al 0 —9.46 —9.84 —19.23
T
~lag,| | =35 —1292 —1273 0
A= al, | [—39.43 0 1.24 1212 (5-1)
ak 1 1 1 1

However, the original model was unable to accurately predict the long-term accumulation
of glucose and acetate.

In this work, two key modifications were implemented to address these deficiencies:

1. Degradation of biomass was assumed as proposed by Hewitt et al.[30] according to
a first-order degradation rate gx; = —kaxcxj, where kqx represents the specific
degradation rate of biomass.

2. Uptake capacities for glucose and oxygen were based on functions of varying enzyme-
to-biomass ratio, as proposed by Lin et al.[116].

These assumptions were adopted. An enzyme (E) was introduced to support the second
assumption.

The components of the reaction rate matrix of the enzyme as functions of E were
described by the following equation:
Te; = YE/X,U]'CXJ' — [kdE + kdX] CE.j (52)

where Yg,x is the yield of enzyme from biomass and kqg is a specific degradation rate of
enzyme. Accordingly, specific uptake capacities for glucose were adjusted by incorporating
a function of the enzyme-to-biomass ratio. This function becomes active when the ratio
falls below a specific threshold 7*, as in Equation (5.3).

CE.j E.j
|: J*:| : J < 7’*

1; otherwise

The ratio is raised to the power of n, to account for a nonlinear relationship with respect
to the glucose consumption rate.
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Following the above modifications, the modified DFBA model for E. coli used in this
work is,

max ayv; (5.4a)
Vi
s.t. - ag2vj < KOz,max (5413)
Ca,j
_ ang S KG,maaj kG’ T ]CG ‘mG,j = le-(CGJ‘, CE.j, cX,j) (54C)
7]
T CG:j FG,j 2/ T
A + = 0(cgex, 5.4d
GY) = CXJ'At CX,j‘/j,j j( ex X,]) ( )
T 0027j FOQJ GOQ?] 3/.T
30,V = + + = 0%(ch, cx; 5.4e
@270 = CXJAt CX,jV},j cxj J( O2 XJ) ( )
T CAvj FA,j 4
ayv; < + 0% (cy, cx.i 5.4f
AYy) = CX,jAt CX,j‘/}',j j( A X,]) ( )
with
Fij=cla;+ g — ci g (5.5)

where Ko, mqz 18 the maximum oxygen uptake rate, K¢ mq, is the maximum glucose uptake
rate, ¢ is a row vector corresponding to species ¢ in the concentration matrix C, q; is
a column vector for compartment j in the volumetric flow rate matrix Q, and the time
interval At in the model is associated with numerical integration.

Equation (5.4) represents that the primary goal of the microorganisms is to maximize
the biomass growth rate. Equation (5.4)b represents that the rate of oxygen consumption is
constrained by a maximum uptake limit. Equation (5.4)c represents that the glucose con-
sumption rate is restricted by an upper limit. All remaining constraints (Equation (5.4)d-f)
are positivity constraints for concentrations.

The DFBA model was then reformulated into a BSTMM as described in Sections 3.3
and 5.2 where ng = 18 critical regions were found and an unbalanced binary search tree
was used given the small number of critical regions. This resulted in a BST consisting of
67 nodes and a height of 7. Regarding the computational complexity of BST metabolic
model, it required only approximately 0.040ms to calculate the metabolic fluxes v; for each
time step and at each compartment. In contrast, the original DFBA, treated as a linear
programming problem and solved using scipy.optimize.linprog (optimized SIMPLEX
algorithm) [117], required 0.466 ms for the equivalent calculation.

While, in this work, the BSTMM is integrated into a hydrodynamic compartmental
model, it is important to note that the reduction of computational complexity could also
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benefit integration into full CFD simulation. For example, for a CFD simulation with ~ 10°
degrees of freedom, similar to the one in Section 4.3.1, the computational time required
to calculate the metabolic fluxes for a single time step using BST metabolic model is just
0.65 s compared to 430 s (7 minutes) required using scipy.optimize.linprog.

5.3.2 Validation and analysis of simulations of the large-scale
bioreactor

Parameter estimation for the metabolic model was performed using experimental data for
a small-scale (7 L) bioreactor for which the well-mixed approximation is justifiable, com-
pared to large-scale bioreactors in which there are significant spatial variations of species.

Metabolic model parameters were fitted to the experimental data of Xu et al. [22] by
using a single-compartment CM. The system was treated as operating continuously, given
that under the conditions described in ref. [22], the working volume is unchanged during

operation, with the rates of media feed and intermittent supernatant removal equal.

The control methods were not reported in ref. [22] so, for simplicity, the PI controller
was used to directly adjust the value of k%a,

de o dco2 ’jpv‘obe

d[fedr

j‘OT = COQajp'r*obe - CSOEQt (56b)
1 t

Ujp, e = — K [e + T_I/o e dT:| (5.6¢)

— . _ nset set : : _ :
where e = co, j,.,.. — Co, represents the error, ¢ is the oxygen concentration set-point,

COy,jprove 18 the measured oxygen concentration, K. is the controller gain, 7; is the integration
time, and wuj;, . is the control variable. The control variable affects k'a through the
following relation,

kLa = (kLCL>0 —+ Ujpmbe (57)

where (kla)y is the reference value. To avoid non-physical responses from the control
method, constraints are imposed where k¥a > 0. This limitation ensures that the manip-
ulated variable remains within a positive range.

The metabolic model parameters were calibrated through an optimization process em-
ploying the Nelder-Mead method [118] to minimize the sum of squared errors between
the data and the model predicted values. Simulation results for the best-fit metabolic
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Table 5.1: Model parameters

Parameters Unit Lab-scale Large-scale
bioreactor (15L) bioreactor (30m?)

Ko, maz mmol g~ h~! 6 6

Ké maz mmol g~ h™! 10 20

ka mM 0.2 0.2

kax ht 0.04 0.04

Yy E/X gg! 0.51 0.51

kqg ht 0.90 0.90

r* ggt 0.2 0.2

n, 1.5 1.5

(kFa), h1 12.50 See Section 4.2.2

oy mM 0.21 See Section 4.2.2

K, h=tmM™! 40 13

Tr h 100 200

et mM 0.1 0.02
model parameters are shown in Figure 5.3 alongside past simulation results [ 16] and past
experimental results [22]. Operating parameters are shown in Tables 5.1 and 5.3.

The single-compartment model accurately captures the gradual increase in glucose con-
centration during the fed-batch phase with a constant feed rate (¢t > L2). However, it is
less accurate in capturing the acetate concentration, similarly to the simulations from ref.
[L16]. It is important to note that the metabolic model used in this work requires fewer

kinetic parameters compared to that from ref. [116] and other past studies [18] of the same
bioreactor system. After excluding the stoichiometric coefficients obtained from pathway
analysis [119, 120, 121], the control parameters (as defined in Equation (5.6)), and the oxy-

gen mass transfer parameters (as in Equation (4.3)) calculated from the CFD simulation,
the total number of kinetic parameters needed for the presented model is 8. In contrast,
the model from ref. [116] requires 16 kinetic parameters.

In order to compare the performance of the models quantitatively, the corrected Akaike
information criterion (AIC¢) of the normalized data using the method described in Portet
[122] was applied, shown in Table 5.4, supporting the improved performance of the pre-
sented due to its lower AICc.

Given validated estimates of the parameters for the metabolic model, simulations of
a 30 m? bioreactor as described ref. [22] were performed. The compartmental network
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Figure 5.3: Comparison of simulation concentration results with experimental data in a
lab-scale bioreactor: (a) glucose, (b) acetate, (¢) biomass. The vertical line L1 denotes
the starting point of the fed-batch with an exponential feed rate. L2 and L3 denote the
starting point of fed-batch with different constant feed rates (Table 5.2).
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Table 5.2: Feed profiles of glucose in L/h and the associated parameters (Xu et al.[22]).

. . Lab-scale Large-scale
Time Operational mode bioreactor (15L) bioreactor (30m?)
0<t< Ll Batch 0 0

Fed-batch with
exponential feed rate

[2<t<pg  edbatchwith 0.064 180
constant feed rate

Fed-batch with
L3<t constant feed rate 0.057 170

L1<t<L2 0.0057 exp{(0.27(t — L1))} 15exp{(0.3(t — L1))}

Parameters Units

CG, feed gLt 532 454

Ly h 0.92 0.92

Lo h 9.98 9.20

L3 h 12.38 11.70

Table 5.3: Initial concentrations and control parameters

. » . Lab-scale Large-scale
nitial conditions  Unit bioreactor (15L) bioreactor (30m?)
ca gL 0.563 0.29
COs,j mM 0.5 cox (See Section 4.2.2)
CA,j gLt 0.018 0.050
CXj gLt 0.1 0.1
CB gL 0.065 0.065
e mM 0.48 0.32
[ edr mM h 0 0
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Table 5.4: Comparison of the corrected Akaike information criteria

Model Lab-scale Large-scale
bioreactor (15L) bioreactor (30m?)
This study —428 —5H82
Other studies —372¢ —207°
a Lin et al. [110]

b Pigou et al. [18]

determined in Section 4.3.2 was used and resulted in a compartmental model with 108
compartments. This large-scale bioreactor was approximated as a continuous process,
even though it was run as a fed-batch, since the total liquid volume was kept constant at
approximately 22 m?® through intermittent withdrawals.

The locations of the concentration probes and the feed location are listed in Table 5.5.
The probe heights follow Xu et al. [22], and the positions (radius and height) of the feed
are from Larsson et al. [5]. However, the angular positions of these components are not
reported. Hence, the initial position was assumed along the x-axis. An investigation on
the impact of the angular position on the results was performed and shown in Figure 5.10.

Table 5.5: Coordinates (X, Y, Z) of concentration probes and the feed location used in the
simulation. The origin coordinate is at the center of the bottom hemisphere.

Components X Y Z
Bottom probe 1.044 0 1.12
Middle probe 1.044 0 4.04
Top probe 1.044 0 6.48
Feed 0.056 0 6.5

A PI controller was used to regulate oxygen level (Equation (5.6)) with control error
computed based on the oxygen level in the compartment corresponding to placement of
the middle probe (described in ref. [22]). The control action at the compartment where
the middle probe is located was utilized to determine the action for other compartments
(uj), with the assumption that the ratio between u; and kjLaj remains constant throughout
the tank. This assumption results in the following relation,

L

Jprobe L .
( jpr‘obe a]probe )0

(5.8)

Uj
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and kla; was calculated as,
kJLCLj = (kfaj)o + Uj (59)

Simulation results of concentrations within the bioreactor are shown in Figures 5.4
and 5.6 alongside the experimental [22] and simulation data [18].

Using the same kinetic parameters fitted to lab-scale bioreactor data, simulations of the
large-scale bioreactor show over-prediction of glucose concentration, shown by the blue-
dashed line in Figures 5.4a, 5.4c and 5.4e. To accommodate for this, the maximum glucose
uptake rate (K¢ maq:) was doubled, with no change to the other 7 kinetic parameters. The
adjustment of this parameter is motivated by comparing the specific glucose uptake rates
between lab-scale and large-scale bioreactors, shown in Figure 5.7. The uptake rates from
the lab-scale bioreactor fall within the range of those from the large-scale bioreactor.

A possible explanation for the different maximum uptake rates is that in the large
bioreactor, microorganisms were assumed to convect with the liquid phase throughout
the entire tank on a short timescale. As a result, cells are rapidly exposed to varying
extracellular concentrations along their trajectories. However, the adaptation of the cell
population likely occurs on a much longer timescale compared to convection. Therefore,
the maximum uptake rate exhibited by the population at any given location should reflect
a distribution centered around their average maximum uptake rate, rather than being
solely determined by the local extracellular condition. This hypothesis would result in
a narrower distribution of maximum uptake rates in the large bioreactor, as shown in
Figure 5.7, bringing it closer to that observed in the small-scale system. To accurately
capture this effect, a population balance model (PBM) is required, which will be discussed
in the next chapter.

The metabolic model, using a glucose uptake rate of 20 mmol g~ ' h™', was then used
to re-simulate, with results shown by the blue-solid line in Figures 5.4a, 5.4c and 5.4e, and
was found to better predict the trend of glucose concentration. As for the prediction by
other reported models, it was observed that during both the batch and fed-batch phases
with an exponential feed (0 < ¢t < L2), the concentration decreases from the initial level.
In contrast, Pigou et al. [18] and Vradbel et al. [71] reported an overestimation of glucose
concentration during similar operations. This concentration overshoot observed in their
models might be due to glucose being transported directly from the feed location to the
measurement probes, without sufficiently accounting for cell consumption, implying that
their compartmentalization was less accurate as compared to the one used in this work.

During the fed-batch phase with a constant feed (¢ > L2), the simulations predict
glucose gradients. However, it tends to overestimate the concentration in the upper regions
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Figure 5.4: Comparison of simulation concentration results with experimental data in a
large-scale bioreactor: (a, c, e) refer to glucose, while (b, d, f) refer to acetate, studied at
three distinct locations: (a, b) the top probe (6.48 m from the bottom of the tank), (c,
d) the middle probe (4.04 m from the bottom of the tank), and (e, f) the bottom probe
(1.12m from the bottom of the tank). The vertical line L1 denotes the starting point of the
fed-batch with an exponential feed rate. L2 and L3 denote the starting point of fed-batch

with different constant feed rates (Table 5.2).
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Figure 5.7: Comparison of the specific glucose uptake rate in laboratory-scale and large-
scale bioreactors. The single rate, denoted by the solid line, is reported for a well-mixed lab-
scale bioreactor, while rates at different locations in the large-scale bioreactor are reported
as a range bounded by the dashed lines. The dynamics in the upper bounds are mostly
due to dynamics in glucose concentration at the top part of the tank, where most of
the glucose was fed at different rates (Table 5.2) and consumed throughout the course of
operation. This result indicates that microorganisms in the lab-scale bioreactor exhibit an
approximately average glucose consumption rate of those rates occurring in the large-scale
bioreactor.
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and underestimate the concentration in the middle and bottom regions of the reactor. This
suggests that the extent of the concentration gradient is influenced by the hydrodynamics
of the reactor. Specifically, the difference in concentration diminishes in the compartmental
model when the mixing time is relatively small.

The model can accurately predict the trends in acetate (Figures 5.4b, 5.4d and 5.4f)
throughout the entire operation. For example, it effectively captures the second peak in
concentration resulting from oxygen deficiency due to control actions (see Figure 5.5). This
peak was not predicted by the model from ref. [I8] due to possibly inaccuracies in repre-
senting the hydrodynamics—particularly since the flow rates between compartments were
treated as tuning parameters—and the absence of a detailed description of the oxygen con-
trol strategy. The initial peak in acetate concentration occurs when glucose consumption
is constrained, causing oxygen to be utilized for acetate consumption. The second peak
arises when oxygen becomes temporarily depleted (see Figure 5.5), and the integral terms
in the PI control begin accumulating an error to counteract past values until the corrective
action becomes sufficiently large to reintroduce additional oxygen into the system. More-
over, throughout different phases of the operation, the model demonstrates a very small
extent of concentration gradient of acetate, which is consistent with the experimental data.

Despite slight variations in biomass concentration at different probe locations, the con-
centration gradient for biomass is negligible, which is accurately predicted by the model.
To compare the performance of the presented model to that of ref.[15], the corrected Akaike
information criterion was calculated for both models as shown in Table 5.4 above.

Reaction rates (R; ;) and metabolic fluxes (v; ;) were also determined and shown in Fig-
ure 5.8 and Figure 5.9, respectively. The concentration, rate, and metabolic flux profiles
collectively indicate that glucose was primarily consumed in the upper region of the biore-
actor. In this area, microorganisms utilized both aerobic (vs;) and anaerobic pathways
(v4,;). Within the middle section, during the fed-batch period with an exponential feed
rate (L1 < t < L2), glucose was consumed through the anaerobic pathway. However, at
approximately the 10 h mark, the controller increased the oxygen level sufficiently for the
aerobic pathway to become favorable. After this point, the oxygen level was also adequate
for acetate consumption during the fed-batch period with a constant feed rate (¢ > L2).
At the bottom of the tank, the aerobic pathway was predominantly favored for most of the
operational duration, as the oxygen levels here were higher than in the rest of the tank due
to proximity to the air supply. However, the growth rate in this part of the tank remained
relatively low since most of the carbon resources had already been consumed in the upper
regions.

Since the angular position of the probes was not reported in the original experimental
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Figure 5.10: Glucose concentration profile at different heights. The range of concentrations
results from measurements taken across all compartments at each fixed height, reflecting
the uncertainty of the angular positions in the simulation.

work, the effect of this uncertainty was studied and the results shown in Figure 5.10. The
figure displays in different colors the range of glucose concentrations occurring across all
compartments over time at each of the probe heights. The narrow range of concentration
values indicates a low sensitivity of glucose concentration to variations in angular position.

Lastly, the simulation time required was approximately 5 min on a laptop computer,
showing the computational complexity advantages of combining the BST metabolic model
and compartmental hydrodynamic models for investigating large-scale bioreactors. This
represents a significant reduction in computational effort compared to a fully coupled CFD
and metabolic flux model.

5.3.3 Effects of flow oscillations

One important observation from experimental data (Figure 5.4a) is the significant fluctua-
tion of the glucose concentration measured by the top probe. These observed fluctuations
were attributed to turbulence in ref. [22], which has been widely reported for bioreactors
[123, , 0]. In order to investigate the effects of oscillations on the concentration gra-
dients they were introduced mathematically through an oscillation to the volumetric flow
rate matrix,

Q = Q" [1 + M sin(wt)] (5.10)
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where M and w represent an arbitrary magnitude ratio and frequency of the oscillations,
respectively. The magnitudes and frequencies that are considered are based on the power
spectra density of velocity measurements in a bioreactor with a Rushton impeller [104].
Moreover, based on the reported power spectra, oscillations at higher frequencies than the
ones simulated here are also possible, but they do not affect the concentration profiles due
to filtering by the system. To gain insight into the filtering mechanism, reference is made
to the frequency response analysis [125].

The frequency and magnitude of flow oscillations are impacted by the location relative
to tank geometry and the flow regime [104, 126]. Thus, the use of Equation (5.10) may
tend to overestimate these effects due to its introduction of oscillations throughout the
compartment network. However, this approach provides a straightforward method to in-
corporate experimentally observed oscillations into compartmental models while ensuring
mass conservation.

The model described in Section 5.3.2 was simulated using the oscillating volumetric flow
rate method, with results shown in Figure 5.11. The agreement with experimental data
was qualitatively improved, particularly for the glucose concentration at the top probe
location. The concentration oscillations predicted by the simulation at the middle and
bottom probes became increasingly damped, yet remained within reasonable ranges of
experimental measurements as time evolved.

The cycle of acetate production and consumption during the fed-batch phase with a
constant feed (¢t > L2) resulting from the oscillatory flow suggests the potential for acetate
accumulation during the operation of the system. These findings evidently show that local
hydrodynamic oscillations, whether caused by turbulence or other effects, significantly
influence metabolic reactions. Consequently, these flow oscillations have a notable impact
on concentration gradients within large-scale bioreactors.
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Figure 5.11: Comparing simulation results with turbulent-induced oscillation flow rates
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the bottom of the tank), and (e, f) the bottom probe (1.12m from the bottom of the tank).
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5.4 Conclusion

This chapter developed and validated a coupled metabolic flux—compartmental model for
large-scale aerated bioreactors, providing an effective framework for simulating complex
bioprocesses with high computational efficiency.

A key innovation of this approach is the reformulation of flux balance analysis (FBA)
as a point location problem, which is efficiently solved using a binary search tree (BST)
representation. By framing the FBA problem this way, optimal flux distributions can be
precomputed through multiparametric linear programming. The resulting BST structure
substantially reduces the computational cost of evaluating local growth rates, making it
well-suited for long-term simulations. Moreover, this method integrates seamlessly with
compartmental models, enabling dynamic simulations of large-scale bioreactor systems
within optimization and control frameworks.

The integration of control strategies into the bioreactor simulations further enhanced
model accuracy, resulting in more accurate metabolite concentration predictions and bet-
ter agreement with experimental observations. The results highlight the critical role of
controllers in capturing oscillations in metabolite concentrations caused by transient oxy-
gen depletion. Additionally, simulations revealed the influence of local flow oscillations,
offering insights into experimentally observed oscillatory measurements.

Ultimately, the coupled dynamic flux balance/compartmental model achieved both ac-
curacy and computational efficiency, enabling simulations of over 40 hours of bioreactor
operation to be completed within minutes on standard desktop hardware. These findings
underscore the model’s potential for real-time applications in model predictive control and
bioreactor design optimization.

Finally, it is crucial to emphasize that the kinetic parameters used for this large-scale
bioreactor require recalibration rather than direct adoption from small-scale bioreactor
calibrations. This limitation suggests that intracellular heterogeneity may contribute to
variations in parameter values, highlighting the need for scale-independent parameter es-
timation in bioprocess modeling.
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Chapter 6

Development of an MM-TND to
Simulate a Coupled PBM-CM

6.1 Introduction

While concentration gradients in large-scale bioreactors have been extensively studied
through simulations, intracellular heterogeneity has received less attention due to the
complexity and computational demands of modeling. Intracellular heterogeneity arises as
microorganisms traverse varying conditions in the reactor, encountering gradients in sub-
strate concentration, pH, and oxygen. Finite adaptation rates result in dynamic changes
in intracellular states that may lag behind extracellular changes, creating a heterogeneous
microbial population. For example, it was hypothesized that the discrepancies between
data and model predictions reported in Chapter 5 may be due to the fact that the dif-
ferences between the intracellular and extracellular environments were not accounted for.
Thus, accounting for these differences as proposed in the current study may improve the
fitting accuracy.

Intracellular heterogeneity is commonly modeled using PBEs. These models track the
distribution of cells across different intracellular states, enabling the study of microbial pop-
ulation heterogeneity in bioreactors. Several studies have integrated PBMs with metabolic,
and compartmental models to improve representation (see Table 3.2). Morchain et al. [60)]
introduced the bin method to solve a PBE, using the cell growth rate as the internal state.
This method has been further used in other studies [0, 18, 56]. However, the bin method,
which partitions the variable space into fixed intervals, is unable to capture finer variations
within each bin. This often results in overestimation or underestimation of the real stan-
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dard deviation. Furthermore, the bin method is computationally costly as it requires one
differential equation for each bin. Reducing the number of intervals to reduce computation
will obviously result in less accurate results (see Section 3.4.1). To address this limitation,
the MOM has been applied. An important argument that favors the use of moment meth-
ods over less computational expensive is that, in practice, distributions will be measured
by flow cytometry, which does not provide very fine resolution due to noise and sensitivity
limitations. As a result, only moment-derived quantities (e.g., mean and variance) are
typically reported. To solve intracellular distributions, Pigou et al. [50] calculated their
moments by the numerical quadrature moment methods. However, three challenges were
identified in that study:

1. The Gaussian kernel used in the extended quadrature method of moments (EQMOM)
is observed to disregard constraints, i.e., positivity of some intracellular states (e.g.,
concentrations) and unrealistic upper bounds.

2. Degeneration may occur as the variance of the distribution approaches zero when the
concentration in the tank becomes homogeneous, potentially leading to numerical
erTors.

3. It is well known that microorganisms can exhibit nonlinear behavior, and metabolic
rates may be discontinuous. As a result, a structured metabolic model is required,
necessitating the continuous reconstruction of the number density function to ensure
accurate calculations.

To address these challenges, this study introduces an approach to solving the moment
equations using a truncated normal distribution (MM-TND). This integration enhances
the accuracy of microbial population modeling by capturing finer-scale variations while en-
suring realistic physical bounds for the internal state distribution. To prevent inaccuracies
arising from discontinuous metabolic rates, MM-TND is reconstructed at every time step.
Additionally, moment inversion and a normalized integration range scheme are employed
to facilitate the integration of function products of MM-TND, effectively mitigating the
issue of variance approaching zero.

By focusing on the effects of intracellular heterogeneity and extracellular gradients on
microbial populations, this work advances the understanding of large-scale bioprocesses
and provides a robust modeling framework for future biotechnological applications.

In summary, this study aims to develop a computational framework, MM-TND, to effi-
ciently model large-scale bioreactors and investigate the formation of intracellular hetero-
geneity and concentration gradients. Additionally, the proposed methods will be validated
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through comparisons with existing numerical approaches and experimental data for E. coli
fed-batch fermentation [22].

6.2 Methodology

1 Start )
Set ExtComp
and initial conditions

End Time-step solver

Moment inversion

m;(t) = n(t)

SR S

Evaluate
integration terms
and the RHSs of
MBEs and SBEs

Figure 6.1: Diagram of the MM-TND solver.

In this study, the MM-TND was utilized to simulate large-scale bioreactors. The proposed
method follows the same idea as EQMOM with a single distribution. A set of MTEs, given
in Equation (2.49), and MBEs for external substrates, given in Equation (2.3), were solved
as a system of ordinary integro-differential equations (OIDEs) using an adaptive time-step
initial value problem (IVP) solver as the outer framework, see Figure 6.1. In this research,
the implicit method based on backward-differentiation formulas, scipy.integrate.BDF
[117], was used to solve the IVPs. Within each intermediate “substep” of the solver, the
following steps were carried out:

1. Moment inversion: Reconstruction of the average number density function, n;,
assuming a univariate truncated normal distribution (Equation (3.25)). This requires de-
termining the distribution parameters: mean p and variance o2?. Based on the relationship
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between the moments and the distribution parameters of the normal distribution, only
moments up to the second order are required to determine these parameters. In this study;,
the procedure for determining ;i and o was formulated as an optimization problem aimed
at finding the truncated normal distribution that best matches the known moments at
each substep. At the start of the process, y; = [y;0,¥j1,Yj2) , the column vector of
known moments at each substep, is determined. From Equation (3.25), it follows that
Yjs = mgj/cn - On the other hand, let y; be the vector of moments (from zeroth to
second order) of the truncated normal distribution, evaluated at any combination of p and
o?. Then, using the recurrence relation from Equation (3.32), the optimization problem

for determining p and o2 can be expressed as:

: * (12
min [ly; — yj|| (6.1)
/‘Lj7o-j
where || - || represents the squared Euclidean norm, which measures the sum of squared
differences between the vector of known moments and the vector of moments computed at
the sought decision variables 1 and variance 0. The following initial guesses are suggested

for the optimization scheme:

1) = max(y;1, Zmin) (6.2)

a;-) = max(y;2 — ?/32‘,17 0) (6.3)

These initial guesses correspond to the mean and variance of the normal distribution,
respectively.

2. Integration of the integral term: Numerical evaluation of the right-hand side
(RHS) terms in MTEs , Equation (2.49), and MBEs, Equation (2.3), involves numerical
integrations. A naive approach is to employ a fixed high-resolution grid, but this proves
impractical for two primary reasons. First, a high-resolution grid is only necessary near
the region where the distribution is concentrated. Using excessive grid points far from this
region unnecessarily increases computational time, while using a small number of points
reduces accuracy.

Furthermore, in extreme cases where variances approach small values, the required grid
resolution may be infinitely small, rendering the approach infeasible. Addressing such cases
requires a mathematical treatment and the development of an adaptive integration grid
that efficiently captures the distribution locally.

While adaptive integration schemes, such as quad from the scipy.integrate library,
are readily available, they are not specifically optimized for scenarios involving normal
distributions when computational efficiency is paramount.
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Following the above, an adaptive integration scheme was developed to expedite the
evaluation of functions involving truncated normal distributions. The first component of
this scheme involves the integration bounds. Rather than integrating over the full range
from 2z tO Zmas, the bounds are narrowed to [max(p; — 5075, Zmin ), Min(p; + 505, Zmaz )]
This adjustment is justified by the fact that the probability density, 7;, outside this range,
is negligibly small.

The second component of the scheme addresses the selection of grid points. Given the
potential transition of the distribution from a normal to a truncated form as the mean
approaches one of the bounds, Simpson’s 1/3 rule with a regular grid was employed. The
number of grid points was determined through numerical experiments to balance accuracy
and computational efficiency.

Zero order moment
First order moment
050 Second order moment 050

Relative error
Relative error

—0.50

100 100

Figure 6.2: Numerical analysis results highlight the relative error between the numeri-
cal integration value, computed using Simpson’s 1/3 rule, and the expected value as the
standard deviation approaches zero for ffooo godz. This relative error is illustrated for var-
ious functions: (a) the zeroth-order moment where g = 1, the first-order moment where
g = z, and the second-order moment where g = 2%, and (b) the Monod equation where
g(z) = z/(k 4+ z). The shaded area in the figure represents the range of error introduced
by variations in the position of the population mean relative to the integration grid.

A numerical experiment was conducted to investigate how the ratio between the interval
size of the fixed integration grid, Az, to the standard deviation, o}, affects the relative
error. As expected, the results in Figure 6.2, indicate that the integration deviates from
the analytical solution when the grid interval is too large relative to the standard deviation.
In other words, the number of integration grid points must ensure that o; > Az. Defining
the ratio €¢; = Az/o;, the number of integration grid points can be calculated as n, =
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[(20;/(e;04)) — 1], where [; represents the maximum distance from the mean, y, to one of
the bounds, and is set to 50;. The actual interval size is then given by Az = 2[;/(n, — 1).
To achieve accurate results, ¢; is assigned a value of 0.5, which satisfies the condition €; < 1.
torchquad.integration.simpson, which uses the GPU for computation, was then used
to perform the integration over the identified fixed grid.

All simulations were carried out on a laptop running Ubuntu 64-bit, featuring a 12"
Generation Intel® Core™ i7-1260P processor (12 cores, 16 threads, base frequency of
400 MHz and a maximum frequency of 4.7 GHz), 16 GB of RAM, a 512 GB solid-state
drive (SSD), and integrated Intel® Iris® Xe Graphics.

6.3 Results and discussion

6.3.1 Numerical challenges of solving PBEs using the QMOM

Since the QMOM has been reported for describing intracellular distributions [50], it is
important to emphasize the relative advantages of the proposed method, based on trun-
cated Gaussian distributions. Pigou et al. [50] reported two versions of the quadrature
method: one based on integrating the moments using the QMOM and the other based on
an assumed normal distribution, known as the EQMOM. Both methods have significant
limitations compared to the proposed approach.

The QMOM uses the method of collocations for performing integrations of the original
population balances. These integrations are based on the values of the functions that are
integrated, e.g. reaction rates, at the collocation points. However, as shown in this study,
these functions are often discontinuous and thus integration based on a limited number of
collocation points may lead to significant errors.

To illustrate this limitation, consider the following example. A population is distributed
as a normal distribution over an arbitrary internal state, z, with an interfacial (mass or
reaction) rate, w, defined as a discontinuous function of z, as shown in Figure 6.3. The
reaction rate, r = f[)m wndz, was calculated using Equation (2.23) with both the QMOM
approach and our proposed method, and the results were compared with the exact solution.

With QMOM, the reaction rate was determined by:

ncr

ra Zwiw(fi) (6.4)
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Figure 6.3: Demonstration of numerical challenges due to the use of a structured metabolic
model, leading to discontinuities in the values of mass transfer or reaction rates, w.

where &; and w; are the collocation points and their corresponding weights, respectively.
The number of collocation points, ngy, is given by ngp = (O + 1)/2 where O is the
maximum order of the set of moments. The weights and collocation points were obtained
using the product-difference algorithm [91, 88]. Moments up to the ninth order (O = 9)
were considered.

The exact value of the reaction rate, r, was 0.3955. The QMOM method, however,
significantly underestimated this value, yielding 0.2270 with an error of 42.60%. In contrast,
our proposed method produced a more accurate estimate of 0.4192, corresponding to an
error of approximately 6%.

The higher error observed with QMOM arises from the dependence of the reaction rate
on the interfacial rate, w, which is highly sensitive to the placement of collocation points
in the internal state space (see the w; profile in Figure 6.3). This issue can be mitigated by
reconstructing n using an assumed distribution, such as a truncated normal distribution.
Assuming such a distribution reduces the error to only 6%. However, a normal distribution
can be only assumed when its mean is far from the lower bound. Otherwise, a truncated
distribution is required.

The second quadrature method, EQMOM, assumes that the population follows a nor-
mal (Gaussian) distribution. However, this assumption can lead to significant inaccuracies
when part of the distribution extends beyond the physical bounds of the internal state
space, assigning probability to unrealistic values such as negative concentrations. To il-
lustrate this issue, a set of moments up to order 2 was reconstructed as both a normal
distribution, n = ¢, and a truncated normal distribution, n = 7, over an internal state
space that includes an unphysical region below zero, as shown in Figure 6.4. When the nor-
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Figure 6.4: Demonstration of numerical challenges due to the use of a normal distribution,
¢, instead of a truncated normal distribution, 7, forcing cells to reside in an unphysical
domain.

mal distribution is used, a portion of it lies in the negative domain, which is not physically
meaningful.

In this example, the interfacial rate w is defined to be zero within the unphysical region
and follows Monod-type kinetics in the positive domain. Using the integration method
proposed in Section 6.2, the reaction rate expression r = fj(l)o wn, dz was evaluated. The
resulting value of r was 0.7731 when n = ¢, and 0.8028 when n = 7. The difference in these
values highlights the deviation caused by the portion of the normal distribution that incor-
rectly assigns probability to the unphysical region. According to the containment condition
in Equation (2.26), microorganisms cannot exist in this region. Therefore, the truncated
normal distribution provides a more accurate and physically consistent representation near
the bounds, leading to a more reliable estimate of the reaction rate.

In summary, the truncated normal distribution method overcomes QMOM and EQ-
MOM limitations by accurately capturing discontinuities and ensuring physically mean-
ingful distributions, thereby reducing integration errors and enhancing reliability for intra-
cellular distribution modeling.

6.3.2 Validation of the proposed MM-TND

To validate the proposed method, simulation results were compared against those obtained
using the bin (or class) method described by Pigou et al. [18], as well as experimental data
[22] from a batch culture of E. coli conducted in a 15-liter stirred tank reactor with a
working volume of 7 liters. In this system, mixing and oxygen mass transfer were assumed
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to be non-limiting, allowing the reactor to be treated as perfectly mixed. Consequently,
the associated compartmental model comprised a single compartment (ngc = 1). Dur-
ing the experiment, the oxygen concentration was fix to approximately 30% of saturation.
Therefore, the conservation equation for oxygen in the extracellular environment was omit-
ted. Following Pigou et al. [I18], the cell density (p.) and cell volume (v.) are assumed
to remain constant across the entire population. Furthermore, only the heterogeneity in
the cell growth rate is considered, implying that the intracellular heterogeneity can be
quantified by a univariate distribution, with n, = 1. It follows that the variable z refers to
the internal state of the cell growth rate. It is also assumed that offspring inherit all the
considered states of their parent (Equation (2.21)) and that cell death is negligible (i.e.,
gn,; = 0). Based on these assumptions, the resulting PBE simplifies to:

where x = np.v.. The subscript j is omitted from the intracellular state, since only one
component is considered.

Given that x takes the form x = cx7, the following MTE is obtained:

dmg

prat cX/ (B2P7YC + 2Prx)rdz for B €{0,1,2} (6.6)
0

While z, is set to zero, as the growth rate cannot be negative, z,., must be set to
the maximum possible rx over the entire operating time. The maximum rate can be
estimated from a priori knowledge of the range of concentrations that will occur during
the fermentation. Following Pigou et al. [1%], the following rate of change of the internal

state, (;, was included:
1 *
G = (= +2)( - 2) (67)
A
Where, t 4 is the characteristic time constant that controls the dynamics of cell adaptation,
and 2 (c;) is the optimal specific growth rate as a function of the external concentrations,

c;. The subscript j can be omitted in the case of a system with a single compartment.

The following mass balance equations for glucose and oxygen were included:

d;—tG = CX/O | raTdp (6.8)
d Zmax
% = cX/O raTdp (6.9)
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The equations for z*(c), ra(z,c), r¢(z,¢), and rx(z,c) from Pigou et al. [I8] were
used (Note that in Pigou et al. [15], uf was used instead of 7x ;; in this research, u refers
to the population mean). The initial condition is provided in Table 6.1, while the model
constants are given in Table 6.2.

Table 6.1: Initial concentrations

Values .
Symbol Socti , Section 6.4 Sections 633, 6.3.4 and 7.3 Unit
ection 6.5. (Lab-scale,7L) (Large-scale, 22m3)

External concentrations
COGJ 13.800 0.5630 0.2900 go L™t
0?4’]- 0 0.0800 0.0500 gaL™t
Co,j 2.6336 2.6336 1.7557 mgoL ™1
C? j N/A 0 0 g[L_l

Moments

ml, =&, 00770 0.0100 0.0500 gx LT
m?,j 0.0308 0.0040 0.0200 gx L7 th™!
mg’j 0.0123 0.0016 0.0080 gxL~th2

As shown in Figure 6.5, the concentration profiles for glucose, acetate, and biomass
closely matched the experimental data. Both the MM-TND and bin methods (using 100
bins) produced similar results, thus validating the proposed method.

The mean, p., and standard deviation, o,, (which measures internal heterogeneity) for
MM-TND were conducted based on Section 6.2. The calculations for p, and o, in the bin
method are done as per the following equations:

np
i=1

o’ = (j: f,zf) — 13 (6.11)
i=1

where n, is the number of bins, z; represents the bin centers, and f; denotes the normalized
frequencies (or probabilities) of the bins.

The results of u,, shown in Figure 6.6 were comparable for both methods. However,
the standard deviation, o, was significantly larger for the bin method with 100 bins com-
pared to the MM-TND. As the bioreactor has a relatively low volume of 15 liters, it was
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Table 6.2: Model constants

Values

Symbol —o on 632 Sections 6.3.3, 634 and 7.3 UMt
Molar masses
My 113.1 113.1 gxmoly'
Mg 180.2 180.2 gemolg'
Mo 32 32 gomoly!
My 59 59 g ,4mol21
Affinity and inhibition constants
Ko 0.05 0.05 gLt
K4 0.05 0.05 gaL ™!
Ko 1x 1074 1x10™4 goL_l
Ki,G 0.2 0.1 ggLil
K; 4 3 3 gaL™!
K2, 4 4 gaL!
Yields
Ve 12.05 12.05 molgmolg'
Yiae 1.32 1.35 molxmolg'
m 250 x 1076 220 x 1076 molggy'h™!
Yoo 6 6 molomolé1
Yeo 20 20 mol Emolé1
Y, 3 3 molgmolg'
Yic 2 0.8 molAmolg,1
Yea 4 4 mol Emolg1
Yxa 0.4 0.8 molxmol;1
Yoa 2 2 molomolzl
VEN 4.67 4.67 mol gmol ;*
Yix N/A 0.12 9r19%’
k; N/A 0.03 gag;!
Biological limitations
us 0.663 1.4 h~!
ul 0.032 0.13 h~t
dmer 151 x 1073 14 x 1073 mology h™!
Growth rate adaptation
ta 1.9 1.9 h
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Figure 6.5: Concentration profiles of (a) glucose (c¢g), (b) acetate (c4), and (c) biomass
(cx), obtained using the bin method (BM) with varying numbers of bins, and the method
of moments with an assumed truncated normal distribution (MM-TND). The model pre-

dictions agree across methods, resulting in a single line in each plot.
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Figure 6.6: (a) Mean (u,) and (b) standard deviation (o,) of the growth rate, rx, as
determined using the bin method (BM) with different number of bins and the method of
moments with an assumed truncated normal distribution (MM-TND).

suspected to be well-mixed, and thus there should be no gradient to support the formation
of heterogeneity. It was suspected that the bin method prediction of a large variance was
due to the use of a relatively small number of bins.

Even though the simulations assumed an initial standard deviation (heterogeneity), the
heterogeneity was expected to dissipate over time due to the small value relative to the
mixing conditions. Thus, the initial use of a small number of bins was suspected to lead to
an incorrect estimate of the true standard deviation. When the number of bins is increased
to 10,000 o, approaches zero, as shown in Figure 6.6. This resolution problem does not
occur for the MM-TND results, where o, approached zero as expected.

Hence, this comparison clearly shows that using the bin method to study heterogeneity
in cell populations poses challenges not only due to the numerical errors discussed but also
because of the high number of bins required for accuracy. This requirement significantly
increases computation time, as shown in Section 6.3.2 where the bin method with 10,000
bins is 4 orders of magnitude slower than the proposed MM-TND approach.

Method CPU time (s)
BM (100 bins) 2.95
BM (10,000 bins) ~92.000
MM-TND 2.85
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6.3.3 Effect of flow rate on gradients and intracellular hetero-
geneity

As the proposed MM-TND method is specifically designed to capture intracellular hetero-
geneity, this section discusses an example that illustrates this capability. The MM-TND
method was used to simulate a large-scale bioreactor with a batch culture of E. coli, focus-
ing on the formation of gradients and internal heterogeneity influenced by the rotational
speed of the impellers. Since the rotational speed directly influences the vertical volumetric
flow rate, the analysis in the current example focuses on the effect of the flow rate on both
gradients and intracellular heterogeneity.

Figure 6.7: CM with 9 compartments of a large 30 m? bioreactor.

All assumptions made in Section 6.3.2 were also applied for the current study, except
for the single-compartment model assumption. Here, a compartmental model with 9 com-
partments (ngc = 9), as shown in Figure 6.7, was used to study a 30 m® bioreactor with a
working volume of 22 m? [22]. The compartments were obtained by manually partitioning
the mixing zone cross-sectionally at the height of the impellers and midway between them.
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This compartmentalization particularly captures the main circulation patterns occurring
within the compartments, as shown in Figure 6.7. In this section, 9 compartments are con-
sidered for both the extracellular and intracellular space and no merging of compartments
is undertaken.

For simplicity, the flow rate between each compartment and its adjacent compartments
was fixed at a constant value, q. Three cases were studied: (a) the characteristic timescale
of advection, fqm, is much greater than that of the reaction, tNT,i,j> with ¢ = 0.01152 L /h;
(b) t,4; is comparable to #,; ;, with ¢ = 1,152 L/h; and (c) £, ; is much smaller than ¢, ;,
with ¢ = 1,152,000 L /h.

The following MTEs and MBEs were applied:

dm . Zmazx _
—Ad - Cx,j/ (B2"71¢; + 2%rx ) mydz
dt 0
RS — 6.12
+ o Z qj' =B, — M35 Z qj—j' (6.12)
J j/:1 j/:1
J'# 3'#

for g€ {0,1,2}

dCG ) 1 ngc nEc
dt,] . E :(%"—H‘CGJ’) — Gy E qj—5’
Ui oz T
i'=1 i'=1 (6.13)
3'#5 J'#i

Zmax
+ cx,; / TG, Tidp
0

ngc nEC
dCAJ' 1

e > (gysicag) —cag Y disy
7' i'#i

Zmazx
+ Cx,j / TA,jTjd,u
0

The rate of change of the internal state, (;, was determined using Equation (6.7).
The metabolic model used to define z*(c), ra(z,c), rq(z,c), and rx(z,c) was modified
from Pigou et al. [18], as discussed in Section 6.3.4. The initial condition is provided in
Table 6.1. The microorganisms were assumed to be settled at the bottom of the reactor
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at the beginning. Accordingly, the initial condition for the moments in Compartment 1
were as reported in Table 6.1, while a minimal values (107®) were assigned to the other
compartments for numerical reasons. The model constants are given in Table 6.2.

Characteristic time profiles in Figure 6.8 are shown for the 3 cases mentioned above,
le.:

e t,;; is significantly greater than ¢, ;. (Figures 6.8a to 6.8¢c)
° t~q7i7j is comparable to frm. (Figures 6.8d to 6.8f)

e {,;;, is significantly smaller than {,; ;. (Figures 6.8g to 6.8i)
These characteristic times are calculated as per equation in Table 6.3 for fm',j of:

e Glucose (Figures 6.8a, 6.8d and 6.8g)
o Acetate (Figures 6.8b, 6.8e and 6.8h)

e Cell population (Figures 6.8¢c, 6.8f and 6.81)

These plots confirm that all possible ratios of advection to reaction, adaptation and
growth rates are being tested. Bands of characteristic time values were obtained by col-
lecting the characteristic time values for each of the compartments at each time interval
of the simulation. For these three scenarios that considered different ratios of advection
to reaction, adaptation and growth, the extracellular concentrations of glucose, acetate,
and average biomass in the bioreactor are calculated for each of the 9 compartments and
are plotted in Figure 6.9. Then, using the proposed method, the intracellular mean and
standard deviations for growth rates at different flow rates for each of the 9 compartments
are calculated and presented in Figure 6.10.
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Table 6.3: Various characteristic times at Compartment j for further analysis

Process Expression

Advection of Substance ¢ P v; (6.15)

(resident time) Bt DS Qi '
i1

Reaction of Substance i b = Gis (6.16)

Tij

Adaptation of cells P 2k,

(mean value) foarg = 0 CT] 342 (6.17)
= 7‘7

Generation of cells - n;

(mean value) thy = /z h_jdz (6.18)

It is evident from Figure 6.9 that concentration gradients in glucose, acetate, and
biomass, form when the characteristic timescale of advection was comparable to or longer
than that of the reaction Figures 6.8a to 6.8f. These results are expected, as the impeller
speed was not fast enough to homogenize the tank, unlike the case where the characteristic
timescale of advection was shorter, as depicted in Figures 6.8g to 6.8i.

Internal heterogeneity of the growth rate emerged in the presence of extracellular con-

centration gradients and when £, x ; was comparable to #; . j, as shown by the color bands
in Figure 6.10b.

It is important to note that microbial division occurs in such a way that offspring inherit
the full growth rate, z, of their parent. As a result, cell generation does not significantly
contribute to changes in internal heterogeneity. Consequently, changes in the characteristic
timescale of cell generation, #;, ;, do not significantly affect heterogeneity.

These results are consistent with expectations: within a compartment, cells with vary-
ing intracellular states come together. Furthermore, as each cell requires additional time
to transition from its initial state to a new equilibrium state, intracellular heterogeneity
arises.

For the case when 7, x; (¢ = 0.01152 L/h) is longer than #, . ;, heterogeneity emerges
in the second compartment from the bottom of the bioreactor (j = 2), as shown in Fig-
ure 6.10a. This compartment functions as a local mixing zone where two homogeneous pop-
ulations—one originating from Compartment 1 and the other from Compartment 3—in-
teract. Each of these populations has distinct homogeneous internal states. When the

adaptation rate is not infinitely fast (¢, x ; # 0), heterogeneity formation in Compartment
2 is expected due to the incomplete equilibration of internal states.
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Figure 6.8: Characteristic time profiles for various phenomena in the bioreactor simu-
lation, computed using equations from Table 6.3, under the following flow rates: (a-c)
g =0.01152 L/h, (d-f) ¢ = 1,152 L/h, and (g-i) ¢ = 1,152,000 L /h. The results are shown
for (a, d, g) glucose, (b, e, h) acetate, and (c, f, i) cell population. The number tag indicates
the compartment where the solution is taken, while the band provides the range of values

across all compartments.
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Figure 6.9: Comparison of simulated concentration profiles across all compartments for
(a) glucose, (b) acetate, and (c) biomass (average concentration) at different flow rates.
The number tag indicates the compartment where the solution is taken, while the band
provides the range of values across all compartments.
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numbered tags with different colors indicate the compartments from which the solutions
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In contrast, no heterogeneity emerges in Compartments 3-9 because there are no con-
centration gradients among these compartments (see Figures 6.9a and 6.9b). Additionally,
no heterogeneity is observed in Compartment 1 because, unlike Compartment 2, it does
not serve as a mixing zone where populations from multiple compartments converge. In-
stead, Compartment 1 only acts as an equilibration zone for the population flowing in from
Compartment 2.

Lastly, when , y ; is shorter than ;. ; and gradients in extracellular concentrations are
absent, heterogeneity effectively disappears, as shown in Figure 6.10c.

6.3.4 Validation and analysis of simulations of the large-scale
bioreactor

To validate the combined model integrating the MM-TND and a CM, simulation results
were compared with simulation conducted by combining the bin method and the CM
described by Pigou et al. [18], and to experimental data [22] from a fed-batch E. coli
culture conducted in a 30 m? stirred tank reactor with a working volume of 22 m?3.

During the experiment, dissolved oxygen levels were monitored at 1.12 meter and 4.05
meter above the bottom of the vessel and maintained above 20% air saturation through-
out the fermentation. To simplify the model, the oxygen conservation equation in the
extracellular space was omitted, and a constant value was assumed in the simulations.

The compartmental model was set up as described in Section 6.3.3. However, instead
of fixing the flow rates, ¢, between adjacent compartments to constant values as done in
the previous section, these were determined from CFD simulation results, as explained in
[1]. This approach yielded a residence time for the overall system of 234.61 seconds, which
is close to the 250 seconds reported by Pigou et al. [13], thus validating the use of the CM
set-up in this study. MTEs (Equations (6.12) and (6.14)) and MBEs (Equations (6.13)
and (6.14)), as described in Section 6.3.3, were incorporated into the CM.

Although the actual experimental system was operated in fed-batch mode with inter-
mittent sampling, it was assumed for simplicity that the volume of the sample drawn for
analysis counterbalanced the volume of glucose solution fed into the system, resulting in a
constant working volume throughout the operation. The following glucose feed term was
then added into the RHS of Equation (6.13) for Compartment 8 (the compartment where
the feed port is located):

+_Qea:—>SCG,ex—>8 (619)
Ug
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The feed programs are presented in Table 6.4.

Table 6.4: Programs for the glucose feed flow rate, ge,—,; (in L/h), and the glucose feed
concentration, ¢g e, ;, for lab-scale (15 L) and large-scale (30 m?) bioreactors.

. . Lab-scale Large-scale
Time Operational mode (15L) (30m?)
0<t< L1 Batch 0 0

Fed-batch with
exponential feed rate

[o<t<pg  Tedbatchwith 0.064 180
constant feed rate

Fed-batch with
L3 <t constant feed rate 0.057 170

L1<t<L2 0.0057 exp{0.27(t — L1)} 15exp{0.3(t — L1)}

Parameters Units
J — 1 8
CGex—j gLt 532 454
Ly h 0.92 0.92
L, h 9.98 9.20
Ls h 12.38 11.70

The rate of change of the internal state, (;, was determined using Equation (6.7).
The metabolic model used to define z*(c), ra(z,c), ra(z,c), and rx(z,c) was adapted
from Pigou et al. [18], since the original model reported by Pigou was unable to fit the
experimental data. In general, it is known that both glucose and oxygen levels promote
growth, while acetate inhibits growth [127, 26]. Hence, it was initially hypothesized that
growth rate may be expressed by the product of Monod type rates with respect to glucose
and oxygen and an inhibition term with respect to acetate as per the following equation:

CG.j o, Ki a

6.20
Kqg+ Ca,j Ko+ Co,j K@A +caj ( )

Gx _ G
/'Lj - Mmar

However, the data could not be explained using this equation. In particular, it was
observed that there is a slow gradual accumulation of both glucose and acetate in the last
20-hour period of bioreactor operation, hinting at the accumulation of an unknown species
that inhibits glucose and acetate consumption. For example, reactive oxidative species in
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fermentations have been reported to accumulate towards the end of fed-batch fermentations
and to inhibit growth [128, |. Accordingly, this research assumes that an unknown
growth inhibitor accumulates during operation, thus explaining the slow accumulations of
glucose and acetate at later stages of the fermentation. The mass balance of the inhibitor
is expressed as:

dCIJ 1 ngc ngc
5 = > (gsicrg) = ey Yty
R i'=1 (6.21)
% i'#i

Zmazx
+ex / Yixrx jTidp
0

where Y7x is the inhibition production rate and defined as the product of the growth rate
and the yield coefficient.

It was further hypothesized that the effect of this inhibitor on glucose consumption is
such that at very low inhibitor concentrations, the consumption rate adheres to a regular
Monod kinetic. On the other hand, at high concentrations of the inhibitor, the consumption
rate of glucose will be reduced according to a cooperative Hill kinetic rate involving both
glucose and the inhibitor. Following these considerations, the optimal growth rate u%* was
expressed as follows:

K et
! " Kg + e Ko +coj Kia+cay (krep)m™ + i}
Hill term

In this expression, the association constant is modeled as being linearly proportional to
the inhibition concentration, ¢y ;. The Hill term will be approximately one for near-zero
inhibitor concentration, i.e., ¢y ; = 0, thus bringing the metabolic model back to the original
form given by Equation (6.20) above. It should be emphasized that the new expression
for the growth rate in Equation (6.22) is the only modification done to the original model
reported by Pigou et al.

The original form of the model reported by Pigou et al. [15] was used to fit experimental
data from both a lab-scale 15 L batch culture and an industrial-scale 30 m? fed-batch
culture bioreactor. However, as reported by Pigou et al. [18] and Promma et al. [1],

different sets of kinetic models were required to simulate the two scales. Using different
kinetic parameters for different scales is not physically justified, since the parameters are
supposed to represent inherent behavior of the cells, not of the reactor. Thus, a goal of the
current study was to investigate whether a single metabolic model with the modified growth
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rate in Equation (6.22) coupled to a CFD-based CM could fit the data at both scales. The
parameters used in this model were calibrated using experimental concentration data from
the lab-scale bioreactor, with the results shown in Table 6.2. The initial conditions are
provided in Table 6.1. Simulation results for the lab-scale bioreactor (15 litres) with a single

compartment (ngc = 1) are shown in Figure 6.11, alongside the reported experimental
results [22].
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Figure 6.11: Comparison of the simulation results with the experimental data [22] for the
concentration profiles of (a) glucose, (b) acetate, (¢) biomass, and (d) inhibitor (only the
simulation result presented) in a lab-scale reactor.

The model successfully captured the gradual increase in glucose concentration during
the fed-batch phase with a constant feed rate (¢ > L2).

The growth rate profile in the bioreactor is shown in Figure 6.12. It was observed that
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no heterogeneity formed within the population, and the mean growth rate approached the
optimal growth rate, z*. The optimal growth rate acted as an attractor for the mean
growth rate in this system.
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Figure 6.12: Growth rate profile in a lab-scale reactor. At each time point, the mean

growth rate, u,, approaches the optimal growth rate, z*, set by the external substance

concentration.

Simulation results for the large-scale bioreactor (30 m?), with ngc = 9, are shown in
Figures 6.13 and 6.14, alongside the reported experimental results [22] and simulations of
the same system from other studies: Promma et al. [I] and Pigou et al. [18] at the top,
middle, and bottom measuring probes (see Figure 6.7).

The relative squared errors comparing the simulations with the reported experimental
results are shown in Table 6.6. The results predict the trends of glucose, acetate, and
biomass concentrations well, especially for glucose at the middle and bottom probes (Fig-
ures 6.14c and 6.14e). It is evident that the glucose simulation results from this study
provide a better prediction compared to the other simulations. To quantitatively compare
the performance of the models, the corrected Akaike information criterion (AICs) was
applied to the normalized data using the method described by Portet [122]. The results,
presented in Table 6.5, indicate the superior performance of the proposed model, as evi-
denced by its lower AIC¢ value. Promma et al. [1] used fewer parameters than the other
models by excluding stoichiometric coefficients derived from pathway analysis and oxy-
gen mass transfer parameters obtained from CFD simulations, arguing that these values
were based on reported experimental measurements. However, since their study yielded
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Figure 6.13: Comparison of simulation results with experimental data [22] for the average

biomass concentration in a bioreactor with a working volume of 22 m?3.

significantly higher squared errors compared to this study, the reduction in the number of
parameters has a less pronounced effect on AICc.

Table 6.5: Comparison of AICc values for different models

Model Number of Parameters  AICc
This study 23 -790.38
Pigou et al.[18] 22 -207.00
Promma et al.[l] 8 -582.00
In the study by Promma et al. [1], it was concluded that the formation of acetate from

5 hours to 10 hours was due to oxygen shortage and the control action. However, in this
study, where the oxygen concentration is maintained at excess levels, acetate production
is still observed. This suggests that acetate formation is not solely governed by oxygen
limitation, but may also be influenced by other factors. This raises questions about the
accuracy of the models, which need to be addressed.

The oscillations of the glucose concentration observed at the top probe of the tank is
believed to be caused by turbulence near the feed port [22].
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Figure 6.14: Comparison of simulation results with experimental data [22] for concentration
profiles in a bioreactor with a working volume of 22 m3. Glucose profiles are shown in (a,
¢, e), while acetate profiles are shown in (b, d, f) at three probe locations: (a, b) top probe
at 6.48 m, (c, d) middle probe at 4.04 m, and (e, f) bottom probe at 1.12 m from the
bottom of the reactor.
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Table 6.6: Root mean squared error (RMSE) in g/L for Glucose, Acetate, and Biomass

This Study Pigou et al.[18] Promma et al.[l]
Glucose (Bottom Probe) 0.0107 0.0950 0.0276
Glucose (Middle Probe) 0.0136 0.1028 0.0217
Glucose (Top Probe) 0.0500 0.1115 0.0497
Acetate (Bottom Probe) 0.0395 0.0537 0.0670
Acetate (Middle Probe) 0.0397 0.0689 0.0594
Acetate (Top Probe) 0.0468 0.0705 0.0700
Biomass 1.0143 1.6926 0.9805

Concentration gradients in glucose and acetate observed in this simulation (see dashed
lines in Figure 6.17, where the simulation results are plotted together). The flow rate used
produces a t,; ; of the same magnitude as in the case of ¢ = 1,152,000 L/h discussed in
the previous section, where no gradients were observed. However, due to the presence of
external feed, gradients still develop between locations close and far from the feeding port.
In this simulation, glucose feed was accounted for via fr7(;78. The volume introduced at the
feed site (Compartment 8) was not considered; instead, the glucose mass itself was treated
as the source term introduced into the system. The expression of fr’G’g is then modified to:

eX:]
tr,G,S =

dex—8CG,ex—8
U8

(6.23)

ras +

The results shown in Figures 6.15a and 6.15b confirm that glucose gradients are expected to
form around 2 hours, while acetate gradients are anticipated to develop around 12 hours.
This corresponds to the range where the reaction time, fm-,j (including the glucose feed
time), is on the same order of magnitude as the advection time, Eq,i,j-
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Figure 6.15: Characteristic time profiles for various phenomena in the fed-batch bioreactor
simulation with active volume of 22m?. The results are shown for (a) glucose, (b) acetate,
and (c) cell population. The number tag indicates the compartment where the solution is
taken, while the band provides the range of values across all compartments.

In addition, the characteristic time analysis for the cell population, shown in Fig-
ure 6.15¢, aligns with the observation that the growth rate profiles across all compartments,
as illustrated in Figure 6.16, are similar to each other. This is because th, x,; is significantly
shorter than both t}ym and fh,j- Specifically, the cells transit through the compartments
too quickly for substantial changes to occur in their internal state or for processes such as
growth or death to take place. Additionally, the mean growth rates, . ;, primarily follow
the volume-averaged optimal growth rate, u* (see Figure 6.16a), while the different opti-
mal growth rates, 27, determined by the external substrate concentrations, act as external
perturbations to the cells (see Figure 6.16b), thereby creating internal heterogeneity.
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growth rate, p,«, of (b) the optimal rates, 27, set by the external substance concentration
in different compartments.

Lastly, to explore the impact of internal heterogeneity on the system, the large-scale
bioreactor was simulated under the assumption of a homogeneous population, where the
cellular states were fixed at their optimal rates corresponding to the external substrate
concentrations (with PBE or MTEs deactivated). The resulting concentration profiles
of glucose, acetate, and biomass are compared with those from the previous case, which
accounted for internal heterogeneity, as shown in Figure 6.17. While the concentration
profiles of glucose, acetate, and biomass for the lab-scale bioreactor remain identical to
Figure 6.11 in both cases, the profiles for the large-scale bioreactor differ, particularly for
acetate. Acetate was consumed more in the case of a homogeneous population, resulting
in a higher biomass concentration for this case. In fact, by comparing the actual consump-
tion/production rates of acetate for the case of the heterogeneous population with the
optimal rates determined by the external substrate concentration, as shown in Figure 6.18,
it was observed that the actual production rate of acetate occurs at the top part of the
tank, rather than consumption, which would be expected if all cells were homogeneous and
corresponding to the external concentration at those heights. Hence, modeling intracel-
lular heterogeneity turned out to be a way to capture metabolic response that cannot be
captured by only modeling the extracellular environment.
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glucose and (b) acetate in a bioreactor with a working volume of 22 m?3.

6.4 Conclusion

This study presents an innovative approach to modeling intracellular heterogeneity and
concentration gradients in large-scale bioreactors using the MM-TND method. It effectively
captures the dynamics of microbial populations under varying conditions, overcoming the
limitations of traditional bin methods, such as their inability to accurately represent het-
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erogeneity at finer scales and the high computational demands associated with increasing
resolution.

While the MM-TND has shown great promise, future studies could explore the use
of quadrature-based methods of moments (QBMMs), with modifications to account for
constraints and for discontinuous reaction rates along the state space.

Through validation against experimental data and comparisons with existing methods,
the proposed framework demonstrates its robustness and versatility. The findings highlight
the significance of capturing both extracellular gradients and intracellular heterogeneity
in large-scale bioprocesses, providing critical insights into microbial behavior and system
performance.
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Chapter 7

Development of an APCS to
Simulate a Coupled PBM-CM

7.1 Introduction

Simulating large-scale bioreactors by coupling population balance models with compart-
mental models requires computing an intracellular concentration distribution for each ex-
tracellular compartment [13]. As the number of compartments increases, so does the
computational load, posing significant challenges in terms of efficiency.

To address this, a simplification can be introduced, particularly in systems where stir-
ring dominates the hydrodynamics of all phases, resulting in convection being the primary
mode of microorganism transport. Under these conditions, the characteristic timescale of
microbial advection is shorter than that of microbial adaptation. Observations under such
conditions, as shown in Figures 6.10c and 6.16, suggest that a single distribution might, in
principle, be sufficient to represent microbial heterogeneity.

However, simulation results presented in this chapter indicate that this simplification
leads to a complete loss of internal heterogeneity, with the standard deviation o approach-
ing zero. In contrast, when compartments are treated separately, internal heterogeneity
remains clearly observable.

This outcome highlights a key limitation: within a merged compartment, microorgan-
isms are exposed only to the mean external concentration, rather than the underlying
concentration gradients that drive their physiological responses.
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To address this issue, an adaptive population compartmental scheme (APCS) is pro-
posed. The APCS dynamically adjusts compartmentalization during simulations, ensuring
that the predictive accuracy of microbial heterogeneity is maintained while optimizing com-
putational efficiency. Unlike conventional compartmental models that rely on fixed spatial
compartmentalization, the APCS introduces a flexible framework that adapts compartment
networks and resolutions in response to real-time system conditions, such as concentration
gradients and variations in microbial states. This approach mitigates the trade-off between
computational cost and model fidelity, enabling more accurate yet efficient simulations of
large-scale bioreactors.

In summary, this study aims to develop the APCS that dynamically refines compart-
mentalization during simulations. By balancing computational efficiency with predictive
accuracy, the APCS provides a robust framework for capturing both spatial and physio-
logical heterogeneity in bioprocess modeling.

7.2 Methodology

Developing the APCS involves two key steps: (1) designing a computationally efficient com-
partmental map that accurately captures microbial population dynamics while minimizing
the number of tracked populations and computational complexity, and (2) incorporating
an adaptive mechanism that dynamically adjusts compartmentalization based on the map
from step (1) during simulations to enhance efficiency and accuracy.

7.2.1 Development of a computationally efficient compartmental
map for the cell population

Solving one intracellular distribution for each compartment may be computationally ex-
pensive. Hence, there is a strong motivation to reduce the number of distributions needed
down to the minimum needed to provide a representative status of the intracellular states.
Various characteristic times can be derived and used for this task, as summarized in Ta-
ble 6.3. It follows that if the mean characteristic time associated with the rate of change
of the internal state of cells, #; ., ; (Equation (6.17)), across all cell states 2z, and the net
rate of cell generation, #, ., ; (Equation (6.18)), are significantly greater than the charac-
teristic advection (residence) time of Compartment j, ¢, x; (Equation (6.15)), it can be
inferred that cells transit through the compartment too quickly for significant changes in
their internal state or for processes such as growth or death to occur (see ).
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Figure 7.1: Microorganisms from Compartment 1 rapidly transit through Compartment 2
to Compartment 3 without sufficient time to adapt their internal state.

This suggests the possibility of merging Compartment 2 with Compartment 1, as a
single number density function, n;, may be sufficient to describe the microorganisms in
both compartments. This idea can be extended to develop an additional compartmental
map for modeling the transport of only the microorganism population, i.e. number density
function, n;. By combining multiple compartments, the number of n;, can be reduced,
leading to a decrease in computational complexity.

To implement this merging strategy of intracellular distributions while maintaining the
compartmentalization of the extracellular environment that was determined based on CFD,
two compartmental maps will now be employed:

e ExtComp: map for the transportation of external species, based on the CFD-related
compartmentalization criteria.

e PopComp: map that describes the transportation of the number density function,
n,, of microorganism populations

Let assume that PopComp is manually defined by merging the compartments of ExtComp
that are assumed to satisfy the aforementioned characteristic time criteria, i.e. #, ; >
tox; and ty., ; > t, x;, resulting in a total of npc compartments. Each Compartment
7 in ExtComp is associated with a specific Compartment ¢ in PopComp, and the set of
Compartments j in ExtComp belonging to Compartment ¢ in PopComp is denoted as 1,.
The total volume of Compartment ¢ is given by v, = > je1, Vj» while the volume fraction of
each sub-compartment j within ¢ is defined as o; = v;/v,.

The PBE for Compartment, ¢, can be derived by summing Equation (2.34) across
Compartment j € 1,. Assuming that the number density function remains uniform or is
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averaged across 1,, denoted as n; = n, for all j € 1,, and considering that the advection
terms between the sub-compartments within 1, cancel out, the resulting balance equation
will only include the convection terms into or out of Compartment ¢ from/to other com-
partments, denoted by ¢/, in PopComp. By rearranging and grouping the relevant variables,
the final expression is obtained as:

on, .
Vg = -,V -nLZ&jC]’ —i—ULZ(Oéjhj)
jElL jelL
npc npc (7.1)
+ Z qu—ny — N, Z qu—y
V=1 V=1
e e

The corresponding MTEs for this PBE are expressed as:

dmg, ;
v, df’ =v, [ Vig-n, Z ;C;+ g Z(ozjhj)dz
@ jel jel,
npc npc (7.2)
+ Z qy—mMy 3 — Mg, Z G-y
J=1 J=1
VL e

The volumetric flow rate between compartments in PopComp can be derived from the
known volumetric flow rates between compartments in ExtComp as follows. Let Q..
denote the volumetric flow rate matrix (see Sections 2.2.2 and 3.2.2), where each compo-
nent q,_ represents the volumetric flow rate from Compartment a to Compartment b in
ExtComp. The mapping between ExtComp onto PopComp compartments is described by
popComp_list = [Ly, - - - , L], a list of lists. Each inner list 1, contains the “sorted” indices
of ExtComp compartments that collectively form Compartment ¢ in PopComp. The algo-
rithm to find Q,,,, the volumetric flow rate matrix of PopComp, is given in Algorithm 2
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Algorithm 2 Construction of Q,,, from Q.,;; and popComp_list.

1: Input: popComp_list, Qezt

2: Output: Q)

3: for each compartment group 1, containing multiple compartments do

4 Sum the flow rate values of all rows corresponding to compartments in 1, and assign the
result to the row corresponding to the representative compartment (the first compartment
in the group):

Qezt [lL[1]7 :] A Ejelb Qe:pt [lb[.]]a :]

5:  Sum the flow rate values of all columns corresponding to compartments in 1, and assign
the result to the column corresponding to the representative compartment (the first com-
partment in the group): Qeqt[:, L[1]] ¢ >_;c), Qeat[:; L[J]

6: end for

7: Remove all rows and columns from Q.,: except those corresponding to the representative

compartments, then assign the resulting submatrix to Qpep:
onp — Qert [lu lL]

8 return Q.

Note that each component g, of Qpop represents the volumetric flow rate from Compartment
a to Compartment b in PopComp

7.2.2 Development of the APCS

It is shown in Section 7.3 that when the merged compartmental map of PopComp is
applied, particularly when npe = 1, the simulation results indicate a complete loss of
internal heterogeneity, as measured by the magnitude of o, i.e. ¢ tends to zero. In contrast,
internal heterogeneity is clearly observable when merging is not done, i.e. npc = ngc. The
reasons for this loss are discussed in detail in Section 7.3. Briefly, the merged compartments
of PopComp eliminate the influence of concentration gradients on microorganisms. Within
a PopComp compartment, microorganisms perceive only the mean concentration, rather
than the detailed gradients represented by its constituent ExtComp compartments.

To mitigate the loss of internal heterogeneity when applying PopComp, the Adaptive
PopComp Scheme (APCS) was developed to balance accuracy and computational efficiency.
APCS automates the assignment of PopComp, allowing it to adapt dynamically through-
out the simulation. In contrast, without APCS, PopComp must be manually defined at
the beginning of the simulation and remains fixed thereafter. In this study, PopComp was
automatically constructed using an attractor variable derived from the concentration gra-
dients. An attractor, in this context, refers to an equilibrium internal state toward which
the system naturally evolves over time. Because it is determined by environmental condi-
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Figure 7.2: Diagram of the adaptive population compartmental scheme (APCS).

124



tions, the attractor may vary dynamically, continuously guiding the simulation trajectory
toward itself.

As long as the adaptation rate is nonzero, the presence of gradients can perturb the
population, promoting the emergence of intracellular heterogeneity.

Figure 7.2 shows the diagram of the APCS. In addition to the time-step solver for the
adaptive time-step IVP solver, two processes were incorporated into the development of

the APCS:

1. PopComp Construction: A PopComp map is generated based on the concentra-
tion gradients of extracellular species. If the map is derived from the gradient of a
single species, only the following sub-steps are required:

(a) ExtComp clustering: The concentration of substance i across different ExtComp
compartments is represented in the data set ¢; = [¢; 1, . . ., Cing.|. The parameter
€4 represents the acceptable level of homogeneity and is used to group neigh-
boring data points when the difference between them is smaller than ¢;. The
PopComp is constructed by grouping ExtComp compartments according to the
procedure outlined in Algorithm 3.

The algorithm performs hierarchical clustering on compartments used on c;,
aiming to group similar values based on the acceptable level of homogeneity, €4,
and the averaged distance between the means of the clusters, pg. It begins by
sorting c¢; and their corresponding compartments, forming initial clusters based
on €4, where neighboring data points, c;, are grouped together if their difference
is smaller than the threshold. This initial step ensures that closely related values
are grouped early in the process, even before further refinements are applied.

Next, the algorithm calculates the average distance between the means of these
preliminary clusters , pq. If this average distance is exceeded for a particular
cluster, the algorithm recursively partitions this cluster into smaller subgroups
(as of Algorithm 4). This is done by identifying the largest gap between sorted
values within the cluster and splitting it at that point. The process continues
iteratively until all clusters either satisfy the average distance criterion or are
too small to divide further.

Finally, the algorithm outputs popComp_list, a refined PopComp map for the
system. This map captures the key structural features of c;, effectively providing
an approximate representation of the primary patterns and relationships within
the data. By focusing on local similarities and addressing larger gaps, the
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approach ensures that only the main features of ¢; are preserved, resulting in
an approximate but meaningful representation of the data.

(b) Noncontiguous-compartment separation: The PopComp map generated
from PopComp Construction does not guarantee that compartments will be
contiguous, as multi-region clusters are typically formed, necessitating further
division. However, by examining the connectivity of the compartments (i.e.
via Qeyt), spatially contiguous compartments can be created. This method is
detailed in Tajsoleiman et al. [59].

PopComp Construction, as presented above, is based on the assumption of an attrac-
tor variable derived from the concentration gradients. If the system exhibits multiple
attractors, the method remains effective; however, a technique known as Compart-
ment Overlap is required to generate a single PopComp map. This method was used
by Tajsoleiman et al. [59] for hydrodynamic compartmentalization.

2. Solver update: This step is required when the PopComp map (i.e., popComp_list)
has changed from the previous time step, reflecting the change in the relationship
between ExtComp and PopComp (i.e., the external concentrations and considered
populations). The adaptive time-step IVP solver has to adjust the number of ODEs
based on the number of PopComp compartments. Specifically, the flow rate be-
tween the new PopComp compartments and m, for these compartments needs to be
addressed.

Since popComp_list and Q.,; are known, Algorithm 2 can be used to determine the
flow rate between the new PopComp compartments, Q;,,,. Here, I; denotes the set of
Compartments j belonging to Compartment ¢ in the new PopComp map. The new
set of moments, m/, can be obtained by projecting the m, from the old PopComp
map back onto the ExtComp map, i.e., m; = m, where j € 1,. Then, using the

mixture distribution rule:
m = Za;mj (7.3)
Jjer,
where o is the volume fraction of Compartment j that belongs in Compartment ¢,
Le. af =v;/ 3y ;.

Now that Qeut, ¢, Q
can be executed.

vops and my are available, the new time step for the IVP solver

This procedure is repeated until the final simulation time is reached.
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Algorithm 3 Hierarchical Clustering Algorithm

1: Input: c;, extComp_list, €.

[Sv]

0~ D U W

14:
15:
16:
17:
18:
19:

20:
21:
22:
23:
24:

25:
26:
27:

28:
29:
30:

: Output: popComp_list

Section 1: Initialization of lists and variables

. Initialize empty lists:

: initial_value_clusters < []

: initial_comp_clusters < []

: Initialize variables:

. current_cluster_values < [¢;[1]]

: current_cluster_comps < [extComp_list[1]]

Section 2: Grouping consecutive values based on €.

: for k =2 to len(c;) do
10:
11:
12:
13:

if ¢;[k] — ¢;[k — 1] < €. then
Add ¢;[k] and extComp_list[k] to current_cluster_values and current_cluster_comps
else
Append current_cluster_values and current_cluster_comps to initial_value_clusters and
initial_comp_clusters
Reset:
current_cluster_values < [¢;[k]]
current_cluster_comps < [extComp_list[k]]
end if
end for
Append the last current_cluster_values and current_cluster_comps to initial _value_clusters and
initial_comp_clusters
Section 3: Compute cluster averages
Calculate the mean of each initial cluster:
cluster_averages < [mean(cluster) | cluster € initial value_clusters|
Compute the average range between consecutive pairs of cluster_averages:
if len(cluster_averages) > 1 then

g <+ mean([d, | dp = cluster.averages(k] — cluster_averagesk — 1] for k =
2,- -+ ,len(cluster_averages)])

else
pg <0

end if

Section 4: Refine clusters based on p4 and e,
Initialize empty list:
popComp_list < []
for each value cluster v, compartment group 1 in initial_value_clusters, initial_comp_clusters
do
if len(v) > 1 and v[end] — v[1] > pq then
Partition v and 1 using pug:
(par_values, par_comps)
< cluster_partition(v, 1, g, €.) {See Algorithm 4}
Append par_comps to popComp_list
else
Append 1 to popComp_list
end if

: end for

: return popComp_list
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Algorithm 4 cluster_partition: Recursive Partitioning of Clusters

Input: v, 1, pug, €

Output: par_values, par_comps

if v]end] — v[1] < pg or v[end] — v[1] < ¢, then
return [v], []]

end if

Compute pairwise distances:

d < [di | dp = v]k] — v[k — 1] for k =[2,--- ,len(V)]

7: Find the index of the largest gap:
max_dist_idx <— arg max(d)

8: Split the values and compartments into left and right groups:
Viege <— V[1 : max_dist_idx], Vyigns < v[max_dist_idx + 1 : end]
Liege = 1[1 : max_dist_idx], lygne < I[max_dist_idx 4+ 1 : end]

9: Recursively partition the left and right groups:

10: (par_values, g, par_comps,.s ) < cluster_partition(vieg, lieft, f4q)

11: (par_values, g, PArcomps . ) < cluster_partition(vyight, Light, #d)
12: Combine the results from the left and right partitions:

13: par_values <— par_values. + par_values

14: par_comps <— par_COmpsjeg + Par_-COmMps gy

15: return par_values, par_comps

All simulations were performed on a laptop configured with Ubuntu 64-bit, a 12" Gen
Intel® Core™ i7-1260P processor (12 cores and 16 threads, operating between 400 MHz
and 4.7 GHz), 16 GB of memory, a 512 GB SSD, and Intel® Iris® Xe integrated graphics.

7.3 Results and discussion

As observed in Sections 6.3.3 and 6.3.4, when the characteristic advection timescale, fq7 X.j
is shorter than the population adaptation timescale, fc,z,ja across all compartments, a sin-
gle population (npc = 1) should be sufficient to represent the entire culture within the
system. Then, for the scenario simulated as per the conditions in Section 6.3.4, we con-
ducted a new simulation with two different transportation maps: one for external species
(ExtComp) with ngc = 9, and another specifically for microorganism populations (Pop-
Comp) with npc = 1, i.e. a single intracellular distribution is assumed for the entire
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Figure 7.3: Growth rate over time. At each time point, the mean growth rate, u,, ap-
proaches the volume-averaged optimal growth rate, j. of the optimal rates, z7, set by the
external substance concentration in different compartments.

bioreactor population. The MTEs for PopComp are expressed as:

dmg, e
dt = CX’LA (Bzﬁ 1 ZO(]CJ —+ Zﬁ Z(QJTX’J)> TLdZ (74)

jel, J€EL

The MBEs, as described in the previous section, were applied to ExtComp, along with the
initial conditions outlined in Table 6.1 and the model parameters listed in Table 6.2.

While the external concentration profiles of glucose, acetate, and biomass were similar
to those shown in Figures 6.13 and 6.14, the growth rate profile of the population, as de-
picted in Figure 7.3, exhibited a similar mean growth rate, p., but lacked the heterogeneity
observed in the results presented in Figure 6.16. The loss of information of extracellular
gradients in the model is evident from the replacement of the compartmental rate of change
of the internal state of cells, (;, with the volume-averaged rate of change, ) je1, @G, In
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Equation (7.4), yielding:

o=y (i + z) (0;2] — 2)

jElL jelL

(L) (Z . ) 79

JEL

(1 5) =)

As shown in Equation (7.5), the current model leads the cell population to experience only
the volume-averaged optimal growth rate, .+, as a single attractor, rather than treating the
compartment-specific optimal growth rates, 27, as multiple distinct attractors. Therefore,
the population will behave as if experiencing a well mixed system, e.g. the lab-scale system
discussed in Section 6.3.2, where no gradients are present, and no heterogeneity is expected.

Hence, internal heterogeneity becomes apparent only when npe > 2 since at least
two extracellular compartments are needed to inform the intracellular moment balance
about extracellular gradients. To minimize the required npc while maintaining accurate
representation of heterogeneity, the Adaptive PopComp Scheme (APCS) was developed to
balance model accuracy with computational efficiency (CPU time). The MTEs for each 1,
in PopComp for this study are expressed as:

dmyg, wmoa
7'8’ = CX,L/O (535 120‘14} + 2 Z(%’W,ﬂ) T.dz

jel, J€EL
(7.6)
1 npc npc
+ U_ § qy—,My g — Mg, E Gy
t V=1 =1
e e

As shown in Section 7.2.2; if the PopComp evaluated for the next time step differs from
the current one, then the following quantities need to be updated: 1,, g,—,,/, and mg,. The
PopComp map was dynamically reconstructed based on the gradient of the optimal growth
rate, z; (considered the attractor for the system), and the acceptable level of homogeneity,
€q, for the APCS was set to 0.005 A~ 1.
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Figure 7.4: Standard deviation (o,) and relative error comparing the implementation of
APCS with the manual PopComp map fixed at npc = ngc for (a) ngc = 9 and (b)
Ngc = 36.

The simulation results for the standard deviation (¢,) and the relative error, comparing
the scenarios with the implementation of the APCS to those using a fixed manual PopComp
map at npc = 9, are presented in Figure 7.4a. APCS dynamically adjusted the PopComp
map, as depicted in Figure 7.5. The results indicate that simulations with APCS yielded o,
values that closely matched those obtained with the manual PopComp map. Throughout
the simulation, the relative error remained below 10%.
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Figure 7.5: (a) Evolution of the PopComp map and (b) number of PopComp compartments
in the map when the APCS was implemented for ngc = 9 and ngc = 36.

The CPU times required to simulate the large-scale bioreactor using different meth-
ods—APCS, the manual PopComp map fixed at npc = 1, and the manual PopComp map
fixed at npc = 9—are shown in Figure 7.6a. As expected, implementing APCS resulted
in CPU times that were between those of the manual PopComp maps, fixed at npc = 1
and npc = 9. The contribution of PopComp construction and solver updates to the total
CPU time was minimal, accounting for only 4%. While APCS achieved a modest 9.71%
reduction in CPU time compared to the manual PopComp map fixed at npc = 9, this
limited improvement was due to the comparable number of PopComp compartments re-
quired relative to the number of ExtComp compartments throughout the simulation (see
Figure 7.5b for ngc = 9).

On the other hand, much higher CPU savings can be obtained if different CFD-based
compartmentalizations are implemented. For example, when the compartmental models
in Figure 6.7 were horizontally divided across the baffles, resulting in ngc = 36, the APCS
method significantly reduced CPU time by approximately 44.43% compared to the manual
PopComp map fixed at npc = 36, as shown in Figure 7.6b. This larger time saving was
attributed to a lower number of PopComp compartments required relative to the number
of ExtComp compartments throughout the simulation (see Figure 7.5b for ngc = 36).
Moreover, APCS maintained low relative errors during the simulation, as illustrated in
Figure 7.4b. The higher relative error observed at the start of the simulation was due to
the small expected value of o,.
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Figure 7.6: Comparison of CPU time required to simulate the large-scale bioreactor with
different methods: the APCS and the manual PopComp map fixed at npc = ngc for (a)
ngc = 9 and (b) ngc = 36. The scope of each process is shown in Figure 7.2.

7.4 Conclusion

This chapter introduced a novel approach for optimizing the simulation of large-scale
bioreactors by incorporating the Adaptive PopComp Scheme (APCS), which enables the
model to account for both intracellular heterogeneity and concentration gradients. APCS
enhances the computational framework by dynamically adjusting compartmentalization
based on real-time system conditions.

By allocating computational resources to regions where gradients and heterogeneity
are most pronounced, the model achieves higher efficiency without compromising accu-
racy. Simulation results demonstrate that APCS maintains an acceptable level of standard
deviation (o,) while significantly improving computational performance, as reflected by
the reduction in CPU time.

Through addressing the trade-off between predictive power and computational cost,
APCS makes the model well-suited for large-scale industrial applications that demand
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high efficiency, such as model-based real-time control or off-line optimization involving
repetitive simulations.

Although this study applied APCS to a univariate number density function (n, = 1), the
approach is inherently adaptable and can be extended to simulations involving multiple
internal states, resulting in multidimensional number density functions (n, > 2). This
scalability paves the way for efficiently modeling more complex bioprocesses, offering deeper
insight into the behavior and optimization of large-scale bioreactor systems.

By effectively balancing computational efficiency and predictive accuracy, this work
lays a robust foundation for developing scalable modeling tools in bioprocess engineering.
The insights gained here can support the design and control of next-generation bioreactors,
ultimately enabling more efficient, accurate, and intelligent industrial bioprocesses.
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Chapter 8

Conclusions and Future Directions

8.1 Conclusions

This thesis presents and validates advanced modeling approaches for improved-accuracy
predictions of concentration gradients and microbial population heterogeneity in large-scale
bioprocesses. By integrating CFD-derived compartmental models (CMs) with structured
metabolic models and population balance frameworks, the developed methods provide
more in-depth insights into how environmental gradients influence microbial behavior. The
developed integration bioprocess model significantly improved the predictive accuracy for
large-scale bioreactor simulations. Throughout this research, a systematic exploration of
modeling strategies has led to several key insights that enhance our understanding of
concentration gradients and microbial heterogeneity in bioprocesses.

A compartmentalization scheme was developed based on CFD simulations to charac-
terize mixing patterns within a 30 m? bioreactor. The study highlighted that conventional
compartmentalization approaches may introduce a short-cutting effect, potentially lead-
ing to inaccurate mixing time predictions. This finding demonstrates the necessity of
a manually refined framework to correct these discrepancies and enhance predictive accu-
racy. Recently, Vasile et al. [109] introduced higher-dimensional approximations, including
one-dimensional plug-flow compartments, which could eliminate the need for manual re-
finements. Further analysis in Section 6.3.4 revealed that manually partitioning the mixing
zone cross-sectionally at the height of the impellers and midway between them effectively
captured the main circulation within the compartments. This approach yielded mixing
time estimates closely matching values reported in the literature. These insights under-
score the importance of accurately representing hydrodynamics in bioreactors to improve

135



modeling reliability and performance.

A key focus of this thesis was to couple the hydrodynamic phenomena to metabolic phe-
nomena occurring both inside and outside the cells. Two different scenarios for metabolic
behavior were considered: i) the intracellular concentrations are assumed to reach instanta-
neous equilibrium with their extracellular environments at all time, and ii) the intracellular
concentrations are not in equilibrium with their extracellular environment.

When instantaneous equilibration was assumed, a constraint-based metabolic model
was coupled with a CFD-based CM. Since the constraint-based model was based on a linear
programming (LP) problem, the binary search tree metabolic modeling (BSTMM) method
was developed to rapidly calculate the active set of constraints at any given moment. This
approach efficiently integrates dynamic flux balance analysis models (DFBA) with CMs,
enabling large-scale simulations of microbial metabolism. The modeling framework was
shown to accurately capture diauxic growth behavior in a computational efficient way,
allowing hours of bioreactor operation to be simulated in minutes on standard desktop
hardware. These findings underscore the potential for the presented modeling framework
for real-time applications in model predictive control and bioreactor design optimization.
To validate this approach, a comparison between model predictions to data reported for
the fermentation of F. coli was conducted in both a small scale and a large scale industrial
bioreactors. While acceptable fitting was obtained for both bioreactor scales, it was found
that the kinetic parameters used for the large-scale bioreactor in this study had to be
different from the ones used for the small-scale bioreactor. This finding led to the hypothesis
that intracellular heterogeneity may contribute to variations in parameter values as per
case ii) above, where instantaneous equilibration between intracellular and extracellular
environments is not assumed. Subsequently, an investigation into if accounting for this
heterogeneity would permit fitting the data at both scales with the same set of kinetic
parameters values. This motivated the investigation of population balance models (PBMs)
to account for intracellular heterogeneity.

To address intracellular heterogeneity, a coupled PBM and CM were implemented to
account for microbial variability arising from environmental gradients. In parallel, the
study highlighted the importance of accurately reconstructing the number density function,
particularly when solving a structured metabolic model coupled with PBM. For this task,
a novel solution of the method of moments was developed based on an assumed truncated
normal distribution (MM-TND) of the intracellular population. This approach was found
to provide a more conceptually accurate representation of the number density function
compared to a reported quadrature method of moments (QMOM), an extended quadrature
method of moments (EQMOM, assuming a normal distribution), and the bin method
approach. The relative advantages of the proposed MM-TND method are as follows.
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1. Provides more accurate moment calculations than QMOM when the integrands in
the moment equations are discontinuous over the integration domain.

2. Respects lower and upper physical bounds, unlike EQMOM with assumed normal
distribution.

3. Up to four orders of magnitude faster than the bin method in one-dimensional cases.

This MM-TND based approach correctly captures population heterogeneity through
the standard deviation, demonstrating that intracellular heterogeneity emerges when the
adaptation rate is comparable to the advection rate, or when their characteristic timescales
are similar. Conversely, when adaptation occurs significantly faster or slower than advec-
tion, the population tends to exhibit reduced heterogeneity.

Simulation results confirmed that intracellular heterogeneity significantly influences
metabolic regulation, leading to distinct variations in growth and substrate consumption
across different bioreactor zones. A key finding was that the proposed MM-TND based
population balance model coupled to the CM model predicted better the data reported
for both a small-scale and a large-scale bioreactor as compared to our earlier work where
intracellular heterogeneity was neglected. These findings highlight the importance of con-
sidering intracellular heterogeneity when modeling large-scale bioprocesses.

Lastly, an adaptive population compartmental scheme (APCS) was developed and used
in combination with the MM-TND method to enhance computational efficiency without
compromising model accuracy. The APCS automates the assignment of compartments for
the cell population (PopComp) based on an attractor variable derived from concentration
gradients, allowing the compartment structure to dynamically adapt throughout the sim-
ulation. The APCS approach is particularly accurate for cases where the characteristic
advection timescale is shorter than the population adaptation timescale, i.e. when the
advection rate exceeds the population adaptation rate. A condition typically observed in
large-scale bioreactors. APCS dynamically adjusts the compartmental structure during
simulations, optimizing the balance between computational cost and predictive accuracy.
Its implementation demonstrated substantial reductions in computational expense while
preserving accuracy, positioning APCS as a practical tool for efficiently simulating large-
scale bioprocesses.

In summary, this thesis presents modeling approaches that incorporate the effects of
concentration gradients and population heterogeneity to enhance the accuracy and predic-
tive capabilities of large-scale bioreactor simulations.
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8.2 Recommendations for Future Work

While the developed models demonstrated significant improvements in accuracy and effi-
ciency, several areas warrant further research:

1. Further development of CFD-derived higher-dimensional CMs and dynamic compart-
mentalization for large-scale bioreactors is needed. In addition to introducing one-
dimensional plug-flow compartments [109], Vasile et al. also explored the dynamic
compartmentalization of vortex shedding. This prior work provides a foundation for
studying the effects of macro-instabilities in large-scale bioreactors, facilitating the
simulation of concentration oscillations caused by stable periodic flows.

2. A most detailed metabolic model can be used (i.e., dynamic flux balance model)
with the segregated model (i.e., population balance model). The combination of
these two approaches warrants further investigation, as it should, in theory, account
for all cellular responses and population heterogeneity while minimizing the number
of required parameters. Recently, Busschaert et al. [63] proposed integrating flux
balance analysis with a population balance model to describe cell size distribution
under quasi-steady state growth conditions. The current work represents a crucial
first step toward developing a dynamic version of the model and integrating it with
CMs for studying large-scale bioreactors.

3. While this study applied APCS to a univariate number density function, the concept
is highly adaptable and could be extended to simulations involving multiple internal
states, leading to multidimensional number density functions. Such implementation
could provide further understanding about the cell population in terms of nutrient
consumption across the bioreactor.

4. In view of their computational efficiency, the models developed in this research can be
integrated with real-time model predictive control and optimization frameworks for
industrial applications. To the author’s knowledge, the coupling of a combined pop-
ulation balance model and CM—or CFD-based approaches—with real-time control
and optimization strategies has not yet been explored and warrants further investi-
gation. It is believed that such an approach will enable deeper control over hetero-
geneity within the cell population, potentially leading to more precise and efficient
bioprocess management. Additionally, the proposed models could be used for the
offline optimization of bioreactor operating conditions and design.
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The aforementioned research directions remain highly relevant at the time of this study’s
publication. By exploring these areas, future research can further enhance the applicability
of computational models in optimizing large-scale bioprocesses, ultimately contributing to
more sustainable and efficient biomanufacturing practices.
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