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Abstract

The simulation of solid-state electrolytes (SSEs) has allows researchers to directly observe

the migration paths of lithium ions, and so has played a pivotal role in elucidating the mech-

anisms of ionic conduction. Performing these simulations requires three steps: Structure

determination, simulation, and analysis. Here, we have developed and tested new com-

putational methods to address key challenges in two of these steps. First, we develop a

gradient-based optimization method for determining the structures of amorphous materials

from total scattering data. Unlike traditional reverse Monte Carlo approaches that rely on

random atomic movements and suffer from slow convergence, our gradient-based method

moves atoms to directly minimize the χ2 goodness-of-fit and potential energy. Our approach

was tested on amorphous silicon and a nickel–niobium metallic glass. Convergence was

achieved in on the order of 5000 steps, which is approximately one hundred times faster

than existing hybrid Monte Carlo methods. Then, we introduce a method for detecting ion

hopping events in SSEs without prior knowledge of site locations. This may be useful when

simulating i) new materials, for which the positions of all lithium occupancy sites may be

unknown, ii) structural changes (e.g. doping) that introduce local strains that shift site posi-

tions, or iii) amorphous materials, where lithium sites may be unknown prior to simulation.

Testing our method on Li6PS5Cl and its BH4-doped variant, we recover the cage-forming

nature of lithium sites in argyrodite structures, and find that the correlation factor for hops

between cages is greater than one, indicating a forward-bias for intercage hops.
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Chapter 1

Introduction

1.1 Solid-state electrolytes

The growing demand for renewable energy has led to an urgent need for low-cost, high-

performance, and environmentally-friendly energy storage [1]. Li-ion batteries have become

the energy storage device of choice for a variety of applications including consumer elec-

tronics, electric vehicles, and grid-scale energy storage [2]. However, current Li-ion batteries

suffer from safety risks associated with their liquid electrolyte and relatively low energy

density. All-solid-state lithium-metal batteries (ASSLMBs) can potentially mitigate these

issues by replacing the liquid electrolyte of Li-ion batteries with a solid electrolyte [3]. But

to enable the widespread commercialization of ASSLMBs, they must be made both effective

and economical.

One critical component of an ASSLMB is its solid-state electrolyte (SSE). An ideal SSE must

fulfill many requirements. Firstly, it must allow lithium ions to move freely within it, i.e., it

must have a high ionic conductivity. SSEs must also fulfill a number of other requirements,

including being poor conductors of electrons, stable under operating conditions, compatible

with other materials in the battery, and economical to produce.
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The chemical space for possible SSEs is very broad; multiple chemistries have been proposed

in multiple states. Yet, the search for an optimal SSE is ongoing, as none of these proposed

materials has perfect performance in every category. For instance, sulphur-based SSEs typ-

ically have higher ionic conductivities than oxygen-based SSEs, but are also less stable and

less compatible with lithium metal [3]. SSEs in the amorphous phase, in comparison to their

crystalline counterparts, have been gaining increasing interest for their lack of resistive grain

boundaries and potential for high interfacial contact [4].

The need for SSEs to be fast ionic conductors (with ionic conductivities on the order of at

least 10 mS cm−1) is arguably the most constraining requirement, and will be the primary

focus of this work. Solid-state ionic conductors are generally composed of mobile ions that

hop between stable polyhedral lattice sites created by the other atoms in the material.

Though many elements can be used as mobile ions, Li is of special interest to the application

of ASSLMBs for its small size and monovalent nature [5]. As such, we are primarily concerned

with Li-ionic conductors and their Li-ion conductivities σLi+ .

Ionic conduction is ultimately driven by the mobile ions moving to minimize their elec-

trochemical potential. In the absence of an electric field, this results in each mobile ion

undergoing diffusion. For a mobile ion to move between sites, it must overcome an energy

barrier with activation energy EA [5]. So, the diffusivity of the mobile ions depends on

temperature by an Arrhenius relation

D = D0 exp

(
− EA

kBT

)
, (1.1)

where D is the diffusivity, T is temperature, kB is Boltzmann’s constant, and D0 is the

pre-exponential factor. Then, the Nernst–Einstein relation [5, 6],

σLi+ =
nq2D

kBT
, (1.2)
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can be used to relate the diffusivity to the ionic conductivity, where n is the number density

of mobile ions and q is their ionic charge.

1.2 The computational study of solid-state electrolytes

Computational simulations have allowed us to directly observe the migration paths of lithium

ions from first-principles, and so have played a pivotal role in elucidating the mechanisms

underlying ionic conduction. These simulation techniques have also been able to predict, to

good agreement with experiment, trends in the ionic conductivities of different materials [7].

In the remainder of this chapter, I will discuss the limitations faced at each step required

in performing computational simulations of SSEs and propose methods to overcome these

limitations. The remainder of this thesis then focuses on testing our proposed approaches.

1.2.1 Structure determination

Before the simulation of a material can be performed, its structure must be known. This

poses relatively little difficulty for crystalline SSEs, which are composed of near-perfectly

periodic unit cells. Amorphous SSEs, in contrast, have no long-range structural order.

At first glance, seeking to determine the structure of an amorphous material may seem

contradictory. However, while non-crystalline materials do not possess the long-range order

found in crystals, they do maintain short-range order, manifesting as preferred coordination

numbers, bond lengths, bond angles, and dihedral angles. And so, although a non-crystalline

material will not have one single definite structure, certain atomic arrangements will certainly

be more likely than others.

Nevertheless, determining the structures of amorphous materials is made challenging in

several ways by their intrinsic structural disorder [8]. Computationally simulating these

structures requires large simulation boxes with many atoms, to more accurately model their
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long-range disorder. A related challenge is in accessing realistic timescales through simu-

lations; experiments on amorphous materials can be on the timescale of minutes whereas

molecular dynamics simulations are typically shorter than microseconds. Another barrier is

interpreting the results of experimental characterization; information about preferred struc-

ture is only partially encoded in the structure factor S(q) and pair distribution function

G(r), which can be measured with X-ray or neutron diffraction. Owing to the lack of long-

range order in amorphous materials, their scattering spectra consist of broad, overlapping

peaks. Importantly, however, these spectra can also be calculated computationally for a

proposed structure [9], giving researchers a means to compare proposed structures to exper-

imental data. It should be noted, though, that these spectra do not capture all structural

information; therefore, a structure that matches the experimental data is not necessarily

realistic. [10, 11].

A popular method used to find the structures of amorphous materials is reverse Monte

Carlo (RMC) [12, 13]. This method modifies a guess structure with the goal of matching its

calculated diffraction spectra to experimental diffraction data. This is done in an iterative

stochastic process, inspired by Metropolis–Hastings Monte Carlo. It is typical to begin with

a random configuration of atoms. A goodness-of-fit,

χ2 =
∑
i

[ŷ(xi) − yi]
2

σ2
i

, (1.3)

is determined, where yi is a point in the measured diffraction spectra, σi is its uncertainty,

and ŷi is the corresponding point on the diffraction spectra calculated from the computational

structure. One atom is then moved randomly. If this change improves the quality of the fit,

the move is accepted. If it does not improve the quality of the fit, the move may be accepted

with probability exp(−∆χ2/2), where ∆χ2 is the change in the goodness-of-fit. If the move is

not accepted, it is reverted. Note that, by accepting some moves that worsen the goodness-

of-fit, RMC is able to escape local minima. After repeating many such moves, the structure
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will ideally converge upon a configuration that matches experiment. Unfortunately, RMC as

it is described above has two major issues. Firstly, the structures it generates are commonly

too strongly disordered and may have unrealistically high energies [14]. Secondly, it can take

days or weeks of computation time for a structure to converge—if it does at all [15].

The problem of energetically unrealistic configurations is solved by hybrid methods, which

account for the system’s potential energy during the optimization process. This is sometimes

done by adding energy contributions to the calculation of χ2 [16], in which case the energy is

often estimated using simple classical force-fields (though this is still subject to the limita-

tions of classical force-fields discussed below). Another approach is that of experimentally-

constrained molecular relaxation and force-enhanced atomic refinement methods [14, 17],

which repeatedly perform a number of RMC steps and structure-relaxation or molecular

dynamics steps until convergence is reached. These methods have shown promising ability

to generate structures that have realistic potential energies while matching experimental

diffraction spectra [18, 19]. Other examples of hybrid methods are those that begin with

a starting configuration created by some other method (e.g. melt-quench molecular dy-

namics or bespoke modelling) and then use RMC to refine the proposed structure towards

experimental data [20].

1.2.2 Simulation

One technique that has been used to quantify ionic conductivity is the nudged elastic band

(NEB) method. These calculations directly obtain the migration path and activation energy

EA associated with a mobile ion hopping between two equilibrium sites. The complete

diffusivity and ionic conductivity can be extracted from kinetic Monte Carlo simulations

with rates based on the results of NEB calculations. A major limitation of the NEB method

is that it requires a well-defined migration path and so is not suitable for materials with

disordered Li-ion sublattices [7].
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One resolution to these issues is to use a molecular dynamics (MD) approach. In MD

simulations, the positions of atoms are treated using classical mechanics. As such, each

atomic nucleus i has a defined position ri(t) and velocity vi(t) at each discrete time t. The

acceleration of each nucleus can be determined using Newton’s second law,

ai(t) = Fi(r1, ..., rN)/mi. (1.4)

Then, recalling that position is the integral of velocity and velocity is the integral of acceler-

ation, the state of the system can be propagated by a small time-step ∆t using a numerical

integration technique (e.g., velocity Verlet integration). Assuming that all forces are con-

servative, the force on each atom can be calculated by taking the negative gradient of the

system’s potential energy,

Fi(r1, ..., rN) = −∇iV (r1, ..., rN). (1.5)

Propagating the system as described above will conserve the system’s total number of parti-

cles, volume, and energy (though some errors may be introduced by numerical integration),

and so is consistent with the microcanonical NV E ensemble. The kinetic temperature can

be calculated by relating it to the average kinetic energy;

〈
1

2
mv2

〉
=

3

2
kBT. (1.6)

Furthermore, kinetic theory tells us that, at equilibrium, the velocities will follow a Normal

distribution with a mean of zero and standard deviation dependent on the temperature.

However, in the case of melt-quench simulations, we instead wish to control the temperature

directly. This can be accomplished with a thermostat, which rescales the velocities of atoms

over some characteristic timescale. A simple example is the Andersen thermostat [21–23],
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which resamples the velocities of particles from the desired velocity distribution. This re-

quires introducing a timescale parameter that determines how frequently (on average) the

velocity of each particle is resampled. While the Andersen thermostat is conceptually simple,

it is sometimes not favourable that the velocities are discontinuously resampled. Alterna-

tives are the Langevin and Nosé–Hoover thermostats [22, 23], which modify the velocities

continuously. Additionally, we sometimes wish to control the pressure of the system. This

can be done with barostats, which function similarly to thermostats, but modify the volume

of the simulation box to control the pressure.

An important consideration is the potential (or force-field) used. For MD simulations of

SSEs, it is most common to use ab initio molecular dynamics (AIMD), wherein forces are

calculated using density functional theory [24]. While this is the most accurate method prac-

tically available, AIMD is quite computationally expensive, limiting users to both smaller

system sizes and shorter simulations. These restrictions are especially detrimental when

studying amorphous SSEs, as large simulation boxes are required to accurately model their

lack of periodic structure and longer timescales are needed to replicate experiments [8]. Clas-

sical force-fields are an alternative that fit simple, empirical models to AIMD or experimental

data. They are typically much faster and typically scale well for large systems, but are also

less accurate. Additionally, they must be uniquely parameterized for each system, which

adds another level of complexity to using these force-fields. While classical force-fields have

been greatly effective in other applications, they have seen limited success in the modelling

of SSEs [25, 26]. Universal machine-learned potentials (MLPs) [27–30], on the other hand,

can maintain high levels of accuracy, can easily be applied to different systems, and remain

much faster than AIMD. As such, these show great promise for modelling SSEs [26].
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1.2.3 Analysis

The direct relationship between ionic conductivity and diffusivity greatly simplifies the com-

putational study of solid-state electrolytes. Rather than simulating the effect of an electric

field (on both ions and the electron density), we can simply simulate the ionic conductor

in the absence of an electric field and observe the diffusion of lithium ions. An elementary

result from the statistics of random walks is that the diffusivity of atoms in a substance is

related to their mean-squared displacement (MSD) by

D = lim
t→∞

MSD(t)

2 d t
, (1.7)

where d is the dimension and t is time. The uncertainty in the measured diffusivity is directly

related to the number of observed diffusion events [31]. And so, simulations are typically

run at very high temperatures (500 K to 2000 K) and extrapolated to room temperature

using Eq. (1.1). Then, this can be used to calculate the ionic conductivity using the Nernst–

Einstein relation, Eq. (1.2).

The trajectories of lithium atoms have also been used to identify individual hopping events,

from which statistics such as the mean-squared hop length, hopping rate, and correlation

factor can be determined [32]. These statistics also play an important role in revealing the

mechanisms behind diffusion. A particle undergoing a random walk with steps {∆ri} and

residence times {∆ti} has diffusivity

D =
1

2d
fΓa2, (1.8)

where d is the dimension,

f =
1 + E[cos θi,i+1]

1 − E[cos θi,i+1]
(1.9)
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is the correlation factor or Haven ratio [33, 34] and θi,i+1 is the angle between ∆ri and ∆ri+1,

Γ = 1/E[∆ti] (1.10)

is hopping rate, and

a2 = E[∆rTi ∆ri] (1.11)

is the mean-squared hop length. While f and a2 do not vary significantly with temperature,

Γ = Γ0 exp

(
− EA

kBT

)
(1.12)

is the origin of Arrhenius relationship in the diffusivity (Eq. 1.1), where Γ0 is commonly

called the attempt frequency. As such, the base diffusivity can be written as

D0 =
1

2d
fΓ0a

2. (1.13)

So, understanding the factors that affect the correlation factor, attempt frequency, and

mean-squared hop length can help us understand changes in the base diffusivity.

A key challenge in this form of analysis is that the locations of hopping sites must typically

be known beforehand. One solution has been to perform energy minimizations on struc-

tures every few timesteps to identify stable sites [35–37]. However, this approach can be

prohibitively computationally expensive, particularly for larger structures where the number

of diffusing particles increases and the total hopping rate is increased and so more frequent

minimizations are required.
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1.3 Research objectives

Computational methods have played an important role in elucidating the mechanisms un-

derlying ionic conduction in SSEs. However, several challenges are faced when simulating

these materials—particularly in the determination of amorphous structures and analysis of

diffusion data. The goal of this thesis is to develop new methods towards overcoming these

challenges. In this section, we discuss the specific issues we aim to tackle, as well as the

proposed methodology used to do so.

1.3.1 Gradient-based structure determination

A major limitation of RMC is its slow convergence, owing to its stochastic nature. In

Chapter 2, we develop a new approach that addresses the convergence issues inherent to

RMC optimization. This is done by adopting a gradient-based approach to optimizing atomic

configurations. Like RMC, our method uses a χ2 goodness-of-fit to experimental diffraction

data to find plausible structures. However, rather than moving atoms randomly one at a

time, our method modifies structures using the gradient with respect to atomic positions

∇χ2. This allows for the concerted movement of all atoms in a way that directly improves

the goodness-of-fit. A potential concern with this approach could be its susceptibility to

becoming trapped in local optima; however, it is well established that carefully designed

gradient-based optimization schemes are able to escape local wells [38, 39].

Differentiable approaches to amorphous structure determination have been proposed previ-

ously, but their adoption has been limited due to their reliance on analytically calculated

derivatives, which restricts their applicability primarily to structure factors [40]. Our ap-

proach overcomes this limitation through the use of automatic differentiation [41]. For this

to be possible, the pair distribution function must be made differentiable. And so, rather

than using the traditional histogram-based approach, we use kernel density estimation to

construct a smooth histogram, which allows us to calculate derivatives in terms of the pair
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distribution function.

We demonstrate the potential of our method by applying it to two different non-crystalline

systems: Amorphous silicon (a-Si) and a nickel–niobium metallic glass (Ni62Nb38). These

materials have been rigorously studied previously using different methods [42–45], and each

presents its own unique challenges, making them ideal systems on which to test our approach.

Our method is available as a Python package that integrates with the Atomic Simulation

Environment (ASE) [46]. This enables hybrid approaches, allowing users to combine our

differentiable structure refinement with quantum chemistry packages, classical force fields,

and universal machine-learned potentials.

1.3.2 Automated analysis of hopping in solid-state electrolytes

A limitation in the analysis of simulation data was that advanced analysis (beyond just the

calculation of the diffusion coefficient) typically requires a priori knowledge of all lithium

sites. In Chapter 3, we work towards developing a method to detect hopping events that

does not rely on any prior information. This may be useful for three key reasons. Firstly,

when simulating new materials, the positions of all potential lithium occupancy sites may

be unknown. Secondly, this approach ensures robust detection of hopping events despite

structural changes; for instance, material doping typically introduces local strains that can

shift lithium site locations. Finally, this method could enable hopping event detection in

amorphous materials, where lithium sites may be fundamentally unknowable ahead of time.

The detection method we develop relies solely on lithium atom trajectories from molecular

dynamics. We detect hops by identifying when lithium atoms move away from a rolling aver-

age of their position. We then test this approach using the argyrodite materials Li6PS5Cl and

Li6PS5Cl0.9(BH4)0.1. These systems provide an appropriate testing ground for our method

because diffusion in argyrodite structures is both well-characterized and scientifically rele-

vant.
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Figure 1.1: Unit cell of the Li6PS5X (X = Cl, Br, I) cubic polymorph. Shown separately are
(a) the X– , PS4

3– and S2– anions, as well as (b) the Li+ site cage network surrounding each
free S2– ion. These figures were prepared in VESTA [54] using the structure from Ref. [55].

At room temperature, Li6PS5X (X = Cl, Br, I) has a cubic crystal structure with the

noncentrosymmetric space group F43m [5, 47, 48], shown in Fig. 1.1. The X– anions

are distributed with an FCC lattice (Wyckoff position 4a), and the PS4
3– ions fill their

octahedral voids (4b). Several free S2– ions fill half of the tetrahedral voids (4d); however,

disorder between the X– and S2– ions occurs commonly, and has been shown to contribute to

decreased potential energy, increased entropy, and increased ion diffusivity [49–51]. The Li+

ions are found in sites that form cages around each free S2– ion (Fig. 1.1b). Li+ ions are able

to hop within cages (by intracage and doublet hops) and between cages (by intercage hops),

shown in Fig. 1.2. Each cage contains twelve 48h sites (each approximately 50% occupied)

and six 24g sites that mediate the doublet jump. Generally, a fully connected cage network

is required for good lithium conductivity, with the overall jump rate being determined by its

rate-limiting step [52, 53].

We test the doped structure Li6PS5Cl0.9(BH4)0.1 in addition to Li6PS5Cl because recent
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Intracage

Doublet

Intercage

Figure 1.2: Diagram showing the types of hops between lithium sites in Li6PS5X (X = Cl,
Br, I). These cages are composed of partially occupied Li+ 48h sites, centred around S2– 4d
sites.

studies demonstrate improved ionic conductivity compared to the undoped material. It

has been found that Li6PS5Cl1–x (BH4)x maintains an argyrodite structure for x < 0.3 and

achieves optimal ionic conductivity for x = 0.1 [56, 57]. While this has been attributed to

a reduced activation energy, their data may suggest that the increase in ionic conductivity

more likely results from changes in base diffusivity. Examining individual hopping events

could clarify the underlying mechanism—specifically, whether the enhancement stems from

changes in attempt frequency, correlation factor, or hopping length.
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Chapter 2

Gradient-Based Structure
Determination

The goal of our approach is to use gradient-based optimization schemes rather than a Monte

Carlo approach. There are two hurdles that must be overcome; firstly, the calculation of χ2

must be performed in such a way that it is differentiable with respect to atomic coordinates,

and secondly, its gradient should be calculated in a way that is both efficient and generalizable

to different systems and forms of experimental data. In this section, I discuss the approaches

taken in designing our method. In the following section, I discuss the procedures used to

evaluate this method and its limitations.

2.1 Differentiable evaluation of pair distribution func-

tions

It is clear that hybrid methods of structure determination—which incorporate both spec-

troscopic data and external chemical knowledge—are superior to those that only rely on

experimental results. To this end, we create an effective potential

Veff(R) = V (R) + λχ2(R), (2.1)
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where R is the collection of atomic coordinates, V (R) is the potential energy of the system,

as calculated by any method (so long as it is differentiable), χ2(R) is the goodness-of-fit,

and λ is a hyperparameter that controls the importance of χ2 compared to V . Minimization

is then performed using the effective force

Feff(R) = −∇Veff(R) = F(R) − λ∇χ2(R). (2.2)

By including both V and χ2 in our optimization target, we incentivize the optimizer to find

structures that are both consistent with experimental data and energetically realistic.

The goodness-of-fit is calculated by

χ2(R) =

Ndata∑
i=1

[ŷ(xi | R) − yi]
2

σ2
i

, (2.3)

for some experimental spectrum with uncertainties {(xi, yi, σi)}Ndata
i=1 . The estimate of the

signal value ŷ(xi | R) is calculated at the corresponding xi given the structure coordinates

R.

As is shown in Section A.1, the calculation of scattering spectra is done in terms of partial

pair distribution functions gαβ(r), which requires a histogram nαβ(r) that counts the number

of particles of species β at a distance between r and r+∆r from a particle of type α (Eqs. A.3,

A.4, A.16). Unfortunately, this results in a pair distribution function that is not differentiable

with respect to the atomic positions; in general, an infinitesimal movement of an atom will

result in either no change to the histogram or a discrete change, wherein the derivative is

zero or undefined, respectively.

To alleviate this issue, we use kernel density estimation (KDE). Rather than having discrete
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bins of width ∆r, we evaluate

nαβ(r) =
1

|Dαβ|
√

2πσ2
k

∑
d∈Dαβ

exp

[
−(r − d)2

2σ2
k

]
, (2.4)

where Dαβ is the set of observed distances and between atoms of species α and β, and |Dαβ|

is its cardinality. The choice of a Gaussian kernel is arbitrary but natural, as Gaussian

functions are simple to work with and are physically ubiquitous.

The kernel bandwidth σk is a free parameter, though several factors constrain its value.

Firstly, it should not be much smaller than the ∆r between experimental data points; oth-

erwise, if two particles are at a distance in between two r values, it will have nearly no effect

on any points of the computed computed spectrum ŷ(xi | R).

Another concern is that σk should be chosen so that our constructed signals fit the experi-

mental curves well. If the parameter is too small, it will lead to unreasonably sharp peaks in

the partial pair distribution functions. If it is too large, the partial pair distribution functions

will be too diffuse. The optimal value will depend on the width of the distribution of the

data as well as the number of samples. For normally distributed data, the mean integrated

square error (MISE) is minimized for a kernel bandwidth of

σk =

(
4σ5

3n

)1/5

, (2.5)

where σ is the standard deviation of the distribution and n is the number of samples [58].

While our distances are not normally distributed, the first nearest-neighbour distances are

approximately normal. To estimate the corresponding distribution width σ, we can use

the full width at half maximum (FWHM) for the first nearest-neighbour peak from our

experimental data,

FWHM = 2
√

2 ln 2 σ. (2.6)
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The number of samples in the first nearest-neighbour peak n is determined by the number

of atoms in our computational structure N and their approximate coordination number z,

n =
Nz

2
, (2.7)

as per the handshaking lemma. All-in-all, the MISE-optimal value for the kernel bandwidth

is

σk =
1

2
√

2 ln 2

(
8

3

)1/5
FWHM

(Nz)1/5
≈ FWHM

2(Nz)1/5
. (2.8)

Of course, this only considers the first nearest-neighbour peak, and so some experimentation

may be required.

2.2 Automatic differentiation

Now that χ2(R) is differentiable, how should its gradient be calculated? Other approaches in

the past have relied on analytical expressions, derived for use in specific cases [40]. However,

such a method does not generalize easily. Here, we use automatic differentiation for its

analytical correctness, computational simplicity, and generalizability [41].

In automatic differentiation, the operations applied to each variable are stored in a compu-

tation graph (Fig. 2.1). Then, gradients are calculated from this graph by backpropagation

with the chain rule. This provides analytically correct values for gradients (up to floating

point accuracy), is readily generalizable, and is computationally efficient for calculating gra-

dients with respect to many variables. Additionally, this method is of critical importance

for use in neural networks, and so has been robustly implemented for general use in libraries

such as PyTorch, Tensorflow, and JAX. We have chosen to implement our code with Py-

Torch. These libraries also simplify the process of running code on graphics processing units

(GPUs), which can make calculation times significantly shorter.

17



Positions

𝐑
Properties

ො𝑦𝑛

Loss

𝜒2
Force

𝐅fit

Data

𝑦𝑛

−𝜆
𝜕 ො𝑦𝑛

𝜕𝐑𝑖
 ×  

𝜕𝜒2

𝜕 ො𝑦𝑛
= −𝜆

𝜕𝜒2

𝜕𝐑𝑖
= 𝐅fit

Figure 2.1: Diagram showing a simplified computation graph for our method. In reality,
a new node is created after each mathematical operation (e.g., addition, multiplication,
exponentiation, etc.). Note that the fitting force is calculated by taking the gradient of
χ2 by automatic differentiation using the chain rule, rather than by an explicitly defined
analytical operation.

2.3 Evaluation of distances

Finally, I discuss how we have implemented the evaluation of the distances between particles.

There are two critical considerations that were made; first, the use of the minimum image

convention to handle periodic boundary conditions, and second, the implementation of this

calculation to be highly parallelizable, i.e., rely heavily on tensor operations to take advantage

of GPU architecture.

The minimum image convention is a protocol for determining the distances between two

points under periodic boundary conditions, wherein the distance is chosen to be the smallest

distance between all images of the points (Fig. 2.2). This is crucial because it essentially

treats each particle as being in the centre of the simulation box. Our implementation of the

minimum image convention must also work under any generalized supercell.

Let Xmi be the ith coordinate of the mth particle of species α, and let Yni be the ith

coordinate of the nth particle of species β. The ordinary displacement vector between the
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Figure 2.2: Diagram displaying the minimum image convention. A supercell and some of
its periodic images are shown. Under the minimum image convention, the distance from the
blue particle to the orange particle is given by the shortest distance among periodic images
of the orange particle.

mth and nth particles has components

∆mni = Yni −Xmi. (2.9)

This forms a rank-3 tensor. However, our particle positions are under periodic boundary

conditions within a supercell with lattice vectors {a1, a2, a3}. Let the cell matrix be

A =


aT
1

aT
2

aT
3

 , (2.10)

so that Aij is the jth component of the ai. Under the minimum image convention, the

displacements between our particles is

∆′ = ∆− round
(
∆ ·A-1

)
·A, (2.11)
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where we multiply rank-3 and rank-2 tensors such that their components are

[∆ ·B]mni =
∑
k

∆mnkBki. (2.12)

The distance matrix under the minimum image convention is then

dmn =

[∑
i

(∆′
mni)

2

]1/2

. (2.13)

The set of observed distances Dαβ can then be constructed from the distance matrix dmn. If

α and β correspond to different species, then the set of observed distances is simply given

by all components of the distance matrix. If α and β are the same species (i.e., α = β), the

distance matrix will be square, and the set of observed distances is given by the components

above the diagonal; the components on the diagonal are self-distances, which are all zero,

and the components below the diagonal are equivalent to those above by symmetry.

To validate the computational advantage of GPU acceleration, we benchmarked our pair

distribution function calculation method on both central processing unit (CPU) and GPU

architectures. Random atomic configurations of varying sizes (from 128 to 4096 atoms) were

generated at constant density (0.0496 Å
−3

) with a minimum interatomic distance of 1.9 Å.

For each system size, pair distribution function calculations were performed over 5 trials on

both an Intel Silver 4216 Cascade Lake CPU (2.1 GHz) and an Nvidia V100 Volta GPU

(32 GB memory). Different random structures were generated for each individual trial.

2.4 Calculation details

To test the efficacy of our method, we have applied it to two different systems — namely,

amorphous silicon (a-Si) and a nickel–niobium metallic glass (Ni62Nb38). These materials

have been rigorously studied previously using different methods [42–45], and each presents
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its own unique challenges, making them ideal systems on which to test our approach.

2.4.1 Amorphous silicon

Experimental X-ray scattering data were provided by Laaziri et al. [59]. These data con-

tained a scaled form of the pair distribution function J(r) = 4πr2ρ g(r), and did not in-

clude uncertainties. The experimental J(r) data were converted to g(r) using the relation

g(r) = J(r)/(4πr2ρ) with number density ρ = 0.0495 Å
−3

. To ensure physical consistency,

g(r) values were set to zero for values of r definitively before the first peak (r < 2.125 Å). Ad-

ditionally, all negative values were flattened to zero. Since experimental uncertainties were

not provided, they were estimated by i) smoothing the spectrum with a Bessel filter (cutoff

frequency 0.125 Å
−1

), ii) computing the absolute difference between original and smoothed

spectra, and iii) applying another Bessel filter (cutoff frequency 0.4 Å
−1

) to the logarithm of

these absolute differences. The resulting uncertainty estimates capture the high-frequency

noise characteristics of the experimental measurements and provide realistic error bars. To

validate the qualitative behaviour of the uncertainties approximated with this method, they

were compared to the distribution of g(r) values found for melt-quench structures.

To determine how realistic our final structures were, it was important to generate compar-

ison structures using melt-quench molecular dynamics. This simulation was performed in

LAMMPS [60]. Starting from a 5 × 5 × 5 crystalline silicon supercell with diamond lattice

structure (lattice parameter 5.431 Å), the system was evolved using the modified Tersoff po-

tential for silicon [61] with a timestep of 1 fs. The amorphization protocol consisted of four

stages under NPT ensemble conditions at 1 bar of pressure: Initial heating from 300 K to

3500 K over 3.2 ps, equilibration at 3500 K for 0.5 ps, cooling back to 300 K over 3.2 ps, and

final equilibration at 300 K for 1 ps. Temperature and pressure coupling used Nosé–Hoover

thermostats and barostats with damping timescales of 0.1 ps and 1 ps, respectively. This pro-

cedure was performed 100 times with different random seeds to generate 100 independent
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structures.

For our tests on amorphous silicon, we perform two optimizations from different starting

structures. Our first test began from the structure of crystalline silicon, with an applied

strain so that its density was that of amorphous silicon. Our second test was to evaluate

the effectiveness of our method in refining a structural model by optimizing from a starting

melt-quench structure [20]. The effective potential Veff = V + λχ2 was optimized using

the FIRE optimizer [62]. The CHGNet universal machine-learned potential (MLP) [29]

was used for the potential V , and was chosen for its generally high accuracy and speed.

For both starting configurations, 2000 optimization steps were performed using a kernel

bandwidth of σk = 0.03 Å. For the optimization from the crystal structure, weightings of

λ = 1× 10−4 eV, 4× 10−4 eV and 1× 10−3 eV were used, and for the optimizations from the

melt-quench structure, weights of λ = 1 × 10−2 eV, 3 × 10−2 eV and 1 × 10−1 eV were used.

To evaluate the accuracy of our final structures, their calculated pair distribution functions

were compared to the experimental data, and their structural properties were compared to

those of our melt-quench simulations. ASE was used to find the distribution of bond lengths,

bond angles, dihedral angles, and coordination numbers in both melt-quench structures and

our optimized structures [46].

2.4.2 Nickel–niobium metallic glass

As we were not able to access experimental spectra for the nickel–niobium metallic glass,

we generated target spectra using molecular dynamics structures. The alloy was simulated

in LAMMPS [60] using a 14 × 14 × 14 BCC supercell with lattice parameter 3.30 Å, ini-

tially populated with nickel atoms. The composition was adjusted to Ni62Nb38 by randomly

converting 38% of nickel atoms to niobium. Interatomic interactions were described using

the embedded atom method potential of [44]. The system was equilibrated at 1447 K under

NPT conditions at 1 bar of pressure using a Nosé–Hoover thermostat and barostat with
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damping timescales of 0.1 ps and 1 ps, respectively. The simulation was run for 10 ps with

a timestep of 1 fs. This procedure was performed 100 times with different random seeds to

generate 100 independent structures. The total pair distribution function was calculated for

each structure, and its mean value and standard error at each r were used for the target

value and its uncertainty.

The starting configuration for our optimization test was generated using a random closest-

approach algorithm. 1500 atoms (930 Ni and 570 Nb) were placed randomly within a cubic

simulation cell while enforcing a minimum interatomic distance of 2.05 Å. The cell size was

determined from the target number density of 0.0704 Å
−3

. Atoms were placed sequentially,

with each new position tested against all previously placed atoms using minimum image

convention to handle periodic boundary conditions. This approach generated a starting

structure that avoids unphysical atomic overlaps while maintaining the desired composition

and density.

The effective potential Veff = V + λχ2 was optimized using the FIRE optimizer [62]. The

CHGNet universal MLP [29] was used for the potential V . The χ2 loss was calculated

between our guess structure and the target pair distribution function. The simulated pair

distribution function was calculated using approximate X-ray total scattering (Eq. A.16)

with form-factor parameters from Ref. [63]. A kernel bandwidth of σk = 0.05 Å was used to

calculate the pair distribution function. A total of 3,000 optimization steps were performed,

and hyperparameter weights of λ = 1 × 10−4 eV, 1 × 10−2 eV and 1 × 10−1 eV were used.

To evaluate the accuracy of our structure, we compared its total pair distribution function

to that of the target. We also compared each of the partial pair distribution functions as

well as the first nearest-neighbour coordination number, as given by the Eq. (A.5). Bond

angles between all triplets of elements were also calculated using ASE [46], and compared

between a melt-quench structure and our optimized structure.
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2.5 Results and discussion

2.5.1 Benchmarking

I will begin by discussing the performance of our package on both the CPU and GPU.

The times taken to calculate the pair distribution function for systems of different sizes

on the CPU and GPU are shown in Fig. 2.3. Our results indicate that focusing on GPU

parallelization has been both effective and worthwhile.
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Figure 2.3: Times taken for a single central processing unit (CPU) and a single graphics
processing unit (GPU) to compute the pair distribution function for different numbers of
randomly placed atoms.

The plot shows that our calculations are indeed performed in parallel on a GPU. Computa-

tion time on the CPU scales as O(n∼1.2) regardless of system size. GPU computation time,

in contrast, scales as O(1) for systems smaller than approximately 1000 atoms, as a result

of calculations being performed in parallel. When the system is larger, there is increased

overhead, and the GPU follows the same approximate scaling law as the CPU.

In addition to the advantageous scaling, computation on the GPU is significantly faster.

The calculations took approximately 1 ms to 10 ms on the GPU and 50 ms to 3000 ms on the
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CPU. As such, the GPU was roughly 50 to 300 times faster, depending on system size. Of

course, the timings will depend on the specific hardware used; however, the improved scaling

and significantly improved calculation time here suggest that the GPU will often be faster

than the CPU for our package.

2.5.2 Amorphous silicon

We began by testing our method of calculating the partial pair distribution functions by

testing it on a melt-quench structure for different values of kernel bandwidth σk (Fig. 2.4).

Each curve exhibits many of the traits associated with the partial pair distribution function

of amorphous silicon, including the sharp first nearest-neighbour peak at 2.35 Å, a second

nearest-neighbour peak at 3.84 Å. Additionally, the first coordination number, as calculated

by Eq. (A.5), is close to 4 for each curve. We also see that the limit of g(r) as r approaches

infinity is 1, as expected. This indicates that our method has been correctly implemented.
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Figure 2.4: Pair distribution functions for melt-quench amorphous silicon, calculated with
kernel density estimation. Different lines correspond to different kernel bandwidths σk, in
units of Ångstroms.

Further, we wanted to investigate the effect of the kernel bandwidth parameter. As expected,

larger kernel bandwidths result in smoother curves. While this is somewhat favourable for re-
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ducing noise, it also leads to a much more diffuse first nearest-neighbour peak. The estimated

mean integrated square error (MISE)-minimizing bandwidth is 0.015 Å; indeed, making the

bandwidth smaller than this does not seem to drastically sharpen the first nearest-neighbour

peak, but making the bandwidth larger does lead to noticeable broadening. However, the

experimental data points we wish to compare against have a spacing of 0.04 Å, and using

a bandwidth smaller than this spacing could results in instabilities while optimizing. We

will use a kernel bandwidth of 0.03 Å as a compromise between the MISE-minimizer and the

experimental bin width.

Uncertainties were not included in the experimental data. As such, they needed to be esti-

mated. This was done by isolating high-frequency components of the signal and smoothing

the result in logarithmic space. The result is shown in Fig. 2.5b. To validate our procedure,

we ran 100 melt-quench simulations and calculated the mean pair distribution function and

its standard error (Fig. 2.5a). This resulted in qualitatively similar curves with i) very small

errors before the first peak, ii) local maxima around each peak in g(r), and iii) a gradual fall

off as r gets larger. Of course, we don’t expect these curves to be identical. The objective

was simply to increase the confidence in our procedure for estimating uncertainties.

Optimization from a strained crystal structure

Finally, we turn to our results from optimizations. We began by optimizing V (R) + λχ2(R)

starting from a strained crystal structure. The potential energy per atom and χ2-loss are

shown in Fig. 2.6. Both appear to converge within 1000 total steps. This is significantly

faster than reverse Monte Carlo methods, which have taken 400,000 accepted RMC steps

and 4,000 force evaluations using the same experimental data [42].

The χ2-loss initially falls sharply and then stabilizes. The potential energy, on the other

hand, initially increases, before eventually decreasing. The optimizer allows this because the

resulting decrease in χ2 is drastic enough that V + λχ2 is still decreased; as such, larger λ

26



0 2 4 6 8 10
0

2

4

6

Si
gn

al

(a)
g(r)

0 2 4 6 8
0

2

4

6

(b)
g(r)
gsmooth(r)

0 2 4 6 8 10
r (Å)

10 6

10 5

10 4

10 3

10 2

10 1

Un
ce

rta
in

ty

g

0 2 4 6 8
r (Å)

10 10

10 7

10 4

10 1

|g gsmooth|
g

Figure 2.5: Pair distribution functions for amorphous silicon and their uncertainties. These
were given by (a) melt-quench simulation and (b) experimental X-ray scattering.
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values allow for larger peak energies before they turn around. It is possible that this behaves

like an activation energy barrier into the amorphous state. The smallest of these peaks is at

0.2 eV/atom. This corresponds to a temperature of 2 · 0.2 eV/3kB = 1550 K, which is close

to the melting point of silicon, 1414 K.

The final values of V and χ2 converged to depend on the value of λ chosen. Larger values of

λ result in smaller χ2 values and larger energies. This is intuitive as λ controls the weighting

of χ2. For the hyperparameter value λ = 4 × 10−4 eV, both V and χ2 find their final value

within the range seen for melt-quench structures. While this does not necessarily indicate

that our optimized structure is in an equivalent melt-quench state, it does suggest that our

method is generally promising.

To give meaning to the χ2-losses discussed above, we calculated pair distribution functions

for our optimized structures and compared them to the experimental target (Fig. 2.7). In

agreement with the results discussed above, the two larger values of λ lead to structures with

closely agreeing pair distribution functions, while the smaller value of λ did not. Further, we

see that the first nearest-neighbour peak is too sharp for all values of λ. This is possibly a

consequence of the fact that we are partially minimizing the potential energy, which favours

a preferred bonding length.

Next, we compared the structural properties of our optimized structures to those of a melt-

quench structure (Fig. 2.8). This comparison indicates that our structure is distinct from

the melt-quench structures in a few key ways.

While the observed bond lengths (Fig. 2.8a) are centred around similar values for both our

optimized and melt-quench structures, those of our melt-quench structures follow a tighter

distribution. This is in agreement with the increased sharpness of the first nearest-neighbour

peak in Fig. 2.7. Again, this is likely because optimizing V will push the structure towards
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Figure 2.6: Per-atom potential energy and χ2-loss over the course of optimizing V + λχ2 for
amorphous silicon, starting from a strained crystal structure. Different colours correspond
to different values of λ in units of electronvolts. The grey shaded regions correspond to
95% confidence intervals on the potential energies and losses calculated for melt-quench
structures.
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Figure 2.7: Pair distribution functions calculated for our optimized amorphous silicon struc-
tures, starting from a strained crystal structure. Different colours correspond to different
values of λ in units of electronvolts. Also shown is the the experimental pair distribution
function, which was used as an optimization target.

using its preferred bond length.

The bond angle distribution for our optimized structures is very close to that of the melt-

quench structure (Fig. 2.8b). Note that for a crystalline structure, the bond angle distri-

bution would be a sharp peak around 109.5◦. The strong agreement seen here likely stems

from the bond angle distribution being encoded by the first two peaks of the pair distribu-

tion function.1 So, fitting the width of the first two peak results in the desired bond angle

disorder.

In contrast, the dihedral angle distributions are much sharper than that of the melt-quench

structure (Fig. 2.8c). The melt-quench dihedral density is approximately uniform across all

angles with a slight preference towards 60◦, 180◦ and 300◦. This is due to steric hindrance,

and is akin to the distribution of dihedral angles seen for ethane. For crystalline silicon,

1This can be seen by considering the locations of the first two peaks, r1 = 2.35 Å and r2 = 3.84 Å. If two
particles are at a distance of r1 from a central atom and a distance r2 from each other, the angle between
them from the central atom is θ = 2arcsin (r2/2r1) ≈ 109.5◦.
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Figure 2.8: Distributions of (a) bond length, (b) bond angle, (c) dihedral angle, and (d) co-
ordination number seen for our optimized amorphous silicon structures, starting from a
strained crystal structure. Different colours correspond to different values of λ in units of
electronvolts. Also shown are the distributions for a melt-quench structure.
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the distribution consists of sharp peaks at the same values. For our optimized structure,

the peaks are sharper than those of the melt-quench structure (though the sharpness does

decrease for increased values of λ). This points to a more fundamental issue with our

structure than the bond length distribution because bond lengths are easy to change, but

dihedral angles are not. The issues with the dihedral angle distribution could likely only be

alleviated by better exploration of the state space, i.e., because we are starting in a near

crystal structure and performing local optimization, our final structure is still similar to that

of crystal silicon.

Similarly, the distribution in the coordination number of atoms also points to an issue. For

our melt-quench structure, approximately 90% of the atoms have a coordination number

of 4, approximately 10% have a coordination number of 5, and none have a coordination

number of 3. For our optimized structures, smaller values of λ give larger fractions of atoms

with coordination number of 4, which is consistent with the fact that smaller λ values put

more emphasis on the potential energy. For λ = 4 × 10−4 eV, the fraction of atoms with

a coordination number of 4 appears to be correct. However, it appears that atoms have a

slight preference for coordination number 3 compared to 5. It is not clear what causes this.

Optimization from a melt-quench structure

Next, we review the results of optimizing V + λχ2, beginning this time from a melt-quench

structure. This serves two purposes; firstly, it tests how our model would behave if it were to

find a suitable amorphous state, and secondly, it tests the ability of our model to optimize

melt-quench structures. Ideally, this should not deviate significantly in energy from the

starting structure, but should improve the χ2-loss.

The potential energy and losses for this optimization (Fig. 2.9) behave qualitatively similar

to that starting from a strained crystal structure (Fig. 2.6); the losses drop dramatically

throughout the optimization and the potential energies rise and then fall. However, the
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quantitative scales of these changes are very different. The potential energy increased only

by a maximum of 0.02 eV, whereas it increased by 0.4 eV for the crystalline structure. Fur-

thermore, the loss decreases by only 1–2 orders of magnitude rather than 3–4. These changes

can be attributed to the starting structure being closer to the amorphous state. Another

interesting difference is that, when optimizing from the crystalline state, both the potential

energy and loss equilibrated to values that were within the range seen for the melt-quench

structures. Here, the energy remains within that range but the loss becomes much lower.

This suggests that our model could be used to optimize a melt-quench structure towards a

structure that fits experimental data.
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Figure 2.9: Per-atom potential energy and χ2-loss over the course of optimizing V + λχ2

for amorphous silicon, starting from a melt-quench structure. Different colours correspond
to different values of λ in units of electronvolts. The grey shaded regions correspond to
95% confidence intervals on the potential energies and losses calculated for melt-quench
structures.
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All structures fit the experimental pair distribution function well (Fig. 2.10). However, the

first nearest-neighbour peak is much closer for the larger values of λ, and much closer than

was seen for structures optimized from the strained crystal (Fig. 2.7). The bond length

distribution, bond angle distribution, and dihedral angle distribution remain close to those

of the melt-quench structure (Fig. 2.11). However, the coordination number distribution

has similar oddities as the structure optimized from a strained crystal, though to a lesser

extent.
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Figure 2.10: Pair distribution functions calculated for our optimized amorphous silicon struc-
tures, starting from a melt-quench structure. Different colours correspond to different values
of λ in units of electronvolts. Also shown is the the experimental pair distribution function,
which was used as an optimization target.

2.5.3 Nickel–niobium metallic glass

Next, we turn to our results for Ni62Nb38 metallic glass. As we did not have experimental data

for this structure, we performed one hundred molecular dynamics simulations to generate

our simulated target data (Fig. 2.12). We calculated the partial pair distribution functions

and total X-ray pair distribution function for each simulated structure. The average total

X-ray pair distribution function was used as a training target, and the standard error was

used as the uncertainty.
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Figure 2.11: Distributions of (a) bond length, (b) bond angle, (c) dihedral angle, and (d) co-
ordination number seen for our optimized amorphous silicon structures, starting from a
melt-quench structure. Different colours correspond to different values of λ in units of elec-
tronvolts. Also shown are the distributions for an unoptimized melt-quench structure.
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Figure 2.12: Average partial pair distribution functions and X-ray total pair distribution
function, and the standard error in the X-ray total pair distribution function, calculated for
one hundred Ni62Nb38 structures obtained by molecular dynamics (MD).
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Optimization from a random starting structure

We optimized our structure from a random starting configuration. The potential energy

and χ2-loss are shown in Fig. 2.13. Each quantity had stabilized after about 2000 steps.

The potential energy quickly decreases by more than 1 eV/atom. For the largest value of λ

tested, the χ2-loss decreases continually; however, for the smaller values, it decreases initially

and then begins to increase again. The final potential energies are close to those seen for

our molecular dynamics structures, but are lower for the smaller values of λ. Furthermore,

the losses are smaller than those seen for the molecular dynamics structures for all but the

smallest value of λ tested.
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Figure 2.13: Per-atom potential energy and χ2-loss over the course of optimizing V + λχ2

for amorphous Ni62Nb38, starting from a random structure. Different colours correspond to
different values of λ in units of electronvolts. The grey shaded regions correspond to 95%
confidence intervals on the potential energies and losses calculated for amorphous Ni62Nb38

structures obtained through molecular dynamics (MD).
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Comparing the total pair distribution functions of our optimized structures to the target

function, we see remarkable fit for our larger values of λ (Fig. 2.14). The smallest value of

λ does not fit the first peak very well, but does fit other parts of the curve. This suggests

that the inclusion of the χ2-loss does indeed play an important role in our optimization.
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Figure 2.14: X-ray total pair distribution functions calculated for our optimized amorphous
Ni62Nb38 structures, starting from a random structure. Different colours correspond to
different values of λ in units of electronvolts. Also shown is the the average X-ray total
pair distribution function for amorphous Ni62Nb38 structures obtained through molecular
dynamics (MD), which was used as an optimization target.

Next, we compare the structural properties of our molecular dynamics simulations with our

final structures. All partial pair distribution functions (Fig. 2.15) have peaks in the correct

locations, but are best fit by the structure with the largest λ value. Note that the partial pair

distribution functions were not used directly as training targets. The Nb-Nb pair distribution

function has the worst fit, likely because it is the signal with the least data (due to the lower

concentration of Nb than Ni in Ni62Nb38). However, we still find that the structure from

the optimization with the largest λ value has the closest Nb-Nb coordination number to the

molecular dynamics structures.

The bond angle distributions are shown in Fig. 2.16. Firstly, we note that the bond angle
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Figure 2.15: (a)–(c) Partial pair distribution functions and (d) average coordination num-
bers, calculated for our optimized amorphous Ni62Nb38 structures, starting from a random
structure. Different colours correspond to different values of λ in units of electronvolts. Also
shown are the average partial pair distribution functions and coordination numbers for one
hundred amorphous Ni62Nb38 structures obtained through molecular dynamics (MD). Note
that these partial pair distribution functions were not directly used as optimization targets.
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distributions of our optimized structures generally match those of the molecular dynamics

structure and those that have been seen in the literature [44]. While general trends are

difficult to discern, the structure with the largest λ value often has the closest fit to the

molecular dynamics structure. This indicates that the optimization with just the machine

learned potential is not enough to faithfully reproduce the bond angle distribution, and that

information from the total pair distribution function plays an important role.
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Figure 2.16: Bond angle distributions calculated for our optimized amorphous Ni62Nb38

structures, starting from a random structure. Different colours correspond to different values
of λ in units of electronvolts. Also shown are the bond angle distributions for a amorphous
Ni62Nb38 structure obtained through molecular dynamics (MD).
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Chapter 3

Automated Analysis of Hopping in
Solid-State Electrolytes

3.1 General approach

The problem of identifying different sites from trajectory data resembles an unsupervised ma-

chine learning task, where clusters can be identified by examining relative distances between

points in space. However, conventional clustering methods require careful parametrization

and have inherent limitations for trajectory analysis. For example, k-means clustering re-

quires prior knowledge of the number of clusters [64]; there are methods to get around this,

but they are not robust, and would themselves require careful parametrization. Density-

based clustering algorithms (e.g., DBSCAN [65] and OPTICS [66]) require specifying a

density threshold for cluster identification. But, for trajectory analysis, the ideal density pa-

rameter would depend not only on the material properties but also on simulation parameters

such as the timestep. Furthermore, these approaches neglect the inherently temporal nature

of our data, though this limitation can be partially addressed by including time in the state

vectors and carefully choosing distance metrics. These global clustering approaches analyze

the entire signal simultaneously to define clusters.
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An alternative, but also flawed, approach would be to consider the position momentarily at

each time instance. A low-pass filter, such as a Bessel filter with a carefully chosen cutoff

frequency, can be applied to smooth noise around each moment in time. The derivative of

the filtered signal would yield the velocity of the diffusive particle, ideally producing sharp

peaks in speed when the particle transitions between sites. Peaks exceeding a predetermined

threshold can then be identified as hop events. However, this method requires careful selec-

tion of the cutoff frequency—too low and noise remains unfiltered, too high and the diffusive

motion itself becomes smoothed, reducing peak speeds. There is a clear trade-off between

the choice of cutoff frequency and the speed threshold.

Evidently, neither of the above approaches is ideal. Our procedure combines elements of both

global and local methods. We employ a cumulative average as a low-pass filter. We denote

the averaged signal, termed the centroid position, as rc(t). A cumulative average naturally

adapts to provide the best estimate of the local cluster centre based on all positions observed

since the last hop event. We use the distance between the original signal and its cumulative

average to identify hop events. Let τ0 = 0 and τi represent the time of the ith hop. The

cumulative average of r(t) is defined as:

rc(τi < t ≤ τi+1) =
1

t− τi

tˆ

τi

r(u) du. (3.1)

We define τi+1 as the first time t > τi for which

∥ r(t) − rc(t) ∥ > λ, (3.2)

where λ is a threshold distance. A key advantage of this approach is that it requires only a

single parameter, λ, which has a clear physical interpretation as the minimum displacement

threshold for identifying a hop event. This threshold depends solely on the characteris-

tic length scale of the hopping process of interest, making the method straightforward to
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parameterize for different materials and systems.

The above equations are written in the continuous limit. Of course, molecular dynamics

data are discrete, with positions r(tn) at times {tn} where tn = n∆t. The rolling centroid is

calculated recursively

rc(tn) =
(m− 1)rc(tn−1) + r(tn)

m
, (3.3)

where m is the number of timesteps since the last hop.

Once the hopping times {τi} are identified, we can extract key quantities that characterize

the hopping dynamics. For instance, time time spent in each site i is

∆τi = τi+1 − τi. (3.4)

The hopping vector represents the displacement between consecutive sites;

∆ri = rc(τi+1) − rc(τi). (3.5)

To characterize the correlation between successive hops, we can calculate the angle between

consecutive hop vectors;

cos θi,i+1 =
∆ri · ∆ri+1

∥∆ri∥ ∥∆ri+1∥
. (3.6)

To assess the spatial extent and consistency of each identified cluster, we also calculate the

radius of gyration for site i;

Rg,i =

√√√√ 1

Mi

Mi∑
m=1

∥ r(τi−1 + m∆t) − rc(τi) ∥2 (3.7)

where Mi is the number of timesteps during which the particle resides at site i, and ∆t is the

simulation timestep. This quantity measures the root-mean-squared distance of trajectory

points from the site centre, providing insight into the compactness and consistency of the
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identified sites.

From these fundamental quantities, we can compute several parameters of physical interest.

The mean-squared hop length provides a measure of the characteristic length scale of the

hopping process;

a2 =
1

Nhop

Nhop∑
i=1

∥∆ri∥2, (3.8)

where Nhop is the total number of observed hops. The average hopping rate characterizes

the frequency of hop events;

Γ =

 1

Nhop

Nhop∑
i=1

∆τi

−1

. (3.9)

The correlation factor quantifies the degree of correlation between successive hops and is

defined as

f =
1 + 1

Nhop−1

∑Nhop−1
i=1 cos θi,i+1

1 − 1
Nhop−1

∑Nhop−1
i=1 cos θi,i+1

. (3.10)

3.2 Calculation details

The initial Li6PS5Cl unit cell was obtained from the Materials Project database (mp-

985592) [67]. A 2×2×5 supercell was constructed to create the undoped reference structure.

In this structure file, all lithium atoms are initially placed in the 24g sites, which are the

intermediates of the doublet jump; during the equilibration phase, lithium atoms move into

the 48h sites, as they are able to diffuse. The doped structure was generated by randomly

substituting 10% of Cl atoms with BH4 subunits using ASE [46]. Both structures were ge-

ometrically optimized using the FIRE optimizer [62] implemented in ASE with variable cell

parameters, using the CHGNet machine-learned potential (MLP) [29].

Each structure was equilibrated through NPT ensemble simulations at temperatures of

400 K, 500 K and 600 K, again using CHGNet and ASE. The equilibration simulations were

45



conducted for 50 ps with a timestep of 1 fs. Initial velocities were sampled from the Maxwell–

Boltzmann distribution corresponding to the target temperature. Temperature and pressure

control were achieved using a Berendsen thermostat and inhomogeneous barostat [68], re-

spectively, with an equilibrium pressure of 1 atm. The thermostat time constant was set to

100 fs and the barostat time constant to 1000 fs. The bulk modulus required for the barostat

was determined by fitting the Birch–Murnaghan equation of state with pymatgen [69, 70].

Trajectory data were recorded every 10 timesteps during equilibration.

For our final trajectories, dynamics were simulated using NV E ensemble simulations, initial-

ized from the final configurations of the corresponding NPT equilibration runs. Each simu-

lation used a 1 fs timestep and ran for 100 ps, with trajectory data stored every 5 timesteps

to capture the lithium ion dynamics with sufficient temporal resolution.

Diffusion coefficients were calculated from the MSD of lithium atoms in each simulation.

Linear regression was performed on the MSD as a function time, excluding the first 20 ps.

The resulting diffusion coefficients were plotted as a function of inverse temperature in an

Arrhenius plot, from which the activation energy and pre-exponential factor were extracted

through linear fitting. We then compared these resulting values to those from the motivating

experimental work [57] and other computational simulations [49, 71]. Comparison to Ref. [57]

required using the Nernst–Einstein equation (Eq. 1.2) to convert their conductivity values

to diffusivities. As the experimental densities were not reported, we fit a polynomial model

for both the undoped and doped argyrodite volumes as functions of temperature. These

density models were fit using the equilibrium cell volumes at each temperature from our

computational simulations, taking the form V = A + BT 3, where the parameters A and

B were adjusted for each composition (undoped: A = 20 710.4 Å
3
, B = 0.019 22 Å

3
/K3;

doped: A = 20 781.3 Å
3
, B = 0.019 62 Å

3
/K3). The number densities were then given

by n = 480/V (as there are 480 lithium atoms in our simulation supercells), resulting

temperature-dependent densities were then used in the Nernst–Einstein relation to convert
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the experimental conductivity data to diffusivities for direct comparison with our simulation

results.

The hopping analysis method described in the previous section was applied to each lithium

trajectory. To determine the effect of the threshold parameter, we systematically varied

λ and examined the resulting distributions of hop distances ∥∆ri∥2, residence times ∆τi,

angular correlations cos θi,i+1, and radii of gyration Rg,i for each lithium atom. Ridge plots

were used to visualize how these distributions evolved with changing λ values. Based on

this analysis, λ values of interest were selected for detailed examination of individual lithium

trajectories. Finally, the temperature dependence of the averaged hopping parameters was

compared between the undoped and doped materials to assess the effect of BH4
– substitution

on lithium ion transport.

3.3 Results and discussion

3.3.1 Analysis by mean squared displacement

In Fig. 3.1, we plot the mean-squared displacement (MSD) of lithium atoms at different

temperatures in both our undoped and doped material. These data are from our NV E

MD simulations. We see a clear linear trend in all our data. Though the data for our

doped materials have larger fluctuations, it still follows a linear trend. We have extracted

the diffusivities from each line and plotted them in an Arrhenius plot as functions of the

reciprocal temperature (Fig. 3.2). The Arrhenius relationship appears to be obeyed, as

evidenced by the linear relationship between the logarithm of the diffusivity and reciprocal

temperature.

From our Arrhenius plot, we extract the base diffusivity D0 and activation energy EA (Table
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Figure 3.1: Mean-squared displacement (MSD) over time for lithium atoms in (a) Li6PS5Cl
and (b) Li6PS5Cl0.9(BH4)0.1 at 400 K, 500 K and 600 K. Lines of best fit are calculated from
data after 20 ps and are shown as dashed lines.
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Figure 3.2: Diffusivity of lithium atoms in Li6PS5Cl and Li6PS5Cl0.9(BH4)0.1 as functions of
reciprocal temperature. Diffusivity is shown on a logarithmic scale.
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3.1). In comparison to other computational literature, our results seem reasonable. Li6PS5Cl

has been previously studied by ab initio molecular dynamics, finding D0 values of 5 Å
2
/ps [49]

and 72 Å
2
/ps [71], and EA values of 310 meV [49] and 520 meV [71]. Our use of a machine

learned potential could produce a source of bias, but our results are always closer to at least

one of these reported values than they are to each other.

We can also compare our results to experimental studies of both the undoped and doped

material [57]. General trends hold between our and their results; namely, we both find that

the base diffusivity of the doped structure is approximately 1.5 times greater than that of

the undoped structure, and that the activation energies for both materials are relatively

close. It is unsurprising that the values we find are not identical; each experiment is unique

in the precise details of how structures are prepared, computational methods always require

some simplification such as neglecting grain boundaries or assumptions regarding the po-

tential. Furthermore, each measurement holds inherent uncertainty—calculations of D0, in

particular, are notoriously noisy.

D0 (Å
2
/ps) EA (meV)

Li6PS5Cl 50 ± 11 256 ± 9
Li6PS5Cl0.9(BH4)0.1 84 ± 15 282 ± 8

Table 3.1: The base diffusivity D0 and activation energy EA for Li6PS5Cl and
Li6PS5Cl0.9(BH4)0.1, as found by molecular dynamics.

3.3.2 Analysis by proposed methods

Threshold selection

We now turn to the results from our proposed method of hopping analysis. In Fig. 3.3, we

show the distributions of several quantities of interest, as functions of the threshold distance,

for 2 ≤ λ < 10.

In Fig. 3.3a, we find that the hop length generally centres around one of two modes. We

will soon show that this is because, when λ is small, it finds hops between specific sites, and
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when λ is large it finds hops between cages. The switch occurs when λ is approximately

4.5 Å. We also note that, though the mode is relatively stable, the prevalence of larger hop

lengths leads to an increasing mean.

The distribution of hopping rates (Fig. 3.3b) decreases as λ increases. This is because our

method is less likely to identify a hop when the threshold is larger. We also notice that,

although the mean of this distribution monotonically decreases with increasing λ, the rate

of decrease appears to flatten in in the 5 Å to 7 Å range.

For the cosine angle between consecutive hops (Fig. 3.3c), the distributions themselves don’t

appear to be particularly helpful. However, we do see a sharp change in the mean of the

distributions around λ = 4 Å. This suggests that the correlation factor f > 1 for hops

between cages and f < 1 for hops between sites. Other methods of analysis have shown that

intercage jumps have a significantly higher correlation factor than doublet and intercage

jumps, but have not found it to be greater than one [51].

In the distribution of radii of gyrations (Fig. 3.3d), the distribution centres on larger radii

of gyration as λ increases between 2 Å and 5 Å. For values of λ between 5 Å and 6.5 Å,

the distribution mode is stable, but becomes more positively skewed, increasing its mean.

Beyond λ = 7 Å, the distribution mode shift further right.

We have found two regions for our λ parameter and identified how they should between

understood; when λ is small, our method identifies hops between lithium sites, and when λ

is large, our method identifies hops between cages. We now our focus our analysis within

these two regions.
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Figure 3.3: Ridge plots showing the effect of the threshold parameter on the observed dis-
tributions of (a) hop lengths, (b) hop rates, (c) cosine angles between consecutive hops, and
(d) the radius of gyration of sites for Li6PS5Cl at 600 K. A solid black line is shown on top
of each ridge plot indicating the mean value as a function of the threshold parameter. These
plots show a wide range of threshold values, from 2 Å to 9.5 Å.
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Hops between cages

We first wish to see whether our method is robust to changes in λ by showing a ridge plot

of distributions of interest for a smaller range of λ values (Fig. 3.4). Evidently, the values

do not change significantly within this region. We will take λ = 5.5 Å as our threshold in

this subsection. This value was chosen because it is the value for which the mean hop length

passes through the mode of its distribution.
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Figure 3.4: Ridge plots showing the effect of the threshold parameter on the observed dis-
tributions of (a) hop lengths, (b) hop rates, (c) cosine angles between consecutive hops, and
(d) the radius of gyration of sites for Li6PS5Cl at 600 K. A solid black line is shown on top
of each ridge plot indicating the mean value as a function of the threshold parameter. These
plots show a narrow range of large threshold values, from 5 Å to 6 Å.
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We show the trajectory of a single lithium atom in space (Fig. 3.5) and as a function of

time (Fig. 3.6a–c). Evidently, we see that our method is separating out distinct cages and

is working as expected. We also plot the distance from the particle to our current centroid

(Fig. 3.6d). There is clearly some noise in this signal, and it gets close to the threshold at

several points in time, which are nearly identified as hops. Of course, there is a fine balance

between incorrectly detecting a hop and incorrectly ignoring one.
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Figure 3.5: Cross-sections of the trajectory of a single lithium atom in Li6PS5Cl at 600 K.
The colour indicates a change in the identified site. The centre of sites are shown as black
squares. Hop detection was performed using our method at a threshold of 5.5 Å.

We then extract the mean parameters of interest and display them as functions of the re-

ciprocal temperature (Fig. 3.7). It seems that the hop length and correlation factor are

approximately invariant with temperature, though it is possible that there is a relationship

that would only be clear with more data, i.e., statistical tests could be done to verify inde-

pendence, but our tests would have very little statistical power with only three data points.

We also see that the hopping rate and diffusivity follow Arrhenius relationships. Note that

the diffusivity here has been calculated by Eq. (1.8), but retains similar values to those found

by analysis of the mean squared displacement, thus providing some additional confidence in

the results of our method. We also note that the hopping rate found here at 400 K is in

close agreement with the intercage hopping rate found by Chen et al. [51], extrapolated to

no S/Cl anion disorder; both are 3 × 10−3 ps−1.
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Figure 3.6: (a)–(c) Coordinates of a single lithium atom in Li6PS5Cl at 600 K and (d) its
distance to the site centroid shown over time. The colour indicates a change in the site, as
identified by our method. In (a)–(c), the rolling estimates of the site centroid are shown as
dashed lines, and in (d) the black dashed line shows the threshold distance of 5.5 Å.
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Figure 3.7: Mean and standard error for the (a) hop length, (b) hop rate, (c) correlation
factor, and (d) diffusivity for lithium atoms in Li6PS5Cl and Li6PS5Cl0.9(BH4)0.1 at different
temperatures, as extracted using a threshold distance of 5.5 Å.
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Hops between sites

We now turn to the use of a smaller threshold λ, to identify hops between lithium sites

rather than between cages. We show the distributions for properties of interest for λ values

in the range of 2 Å and 4.5 Å (Fig. 3.8). The distribution for both hop lengths and cosine

angles between consecutive hops are both relatively stable, but those for the hop rate and

site radius of gyration change drastically in this range. The sensitivity to λ in this case is

worrisome. For the sake of completeness, we will attempt to perform analysis in this range

with λ = 3.25 Å.

The trajectory of a single lithium atom in space (Fig. 3.9) for this value of λ are not

particularly helpful; it is difficult to separate the sites even by eye. When viewed as a

function of time (Fig. 3.10), however, we can see that several moments that appear to

correspond to hopping events are not identified as such. This suggests that a lower threshold

would be better. However, we also see that the noise level is another consideration; the size

of fluctuations in the distance are close to the values that might be wanted as thresholds.

When the mean parameters of interest are extracted and plotted as functions of the reciprocal

temperature (Fig. 3.11), an unexpected temperature-dependence is seen for the mean hop

length and correlation factor. It is highly unlikely that any ‘real’ effects are being observed

in these plots.
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Figure 3.8: Ridge plots showing the effect of the threshold parameter on the observed dis-
tributions of (a) hop lengths, (b) hop rates, (c) cosine angles between consecutive hops, and
(d) the radius of gyration of sites for Li6PS5Cl at 600 K. A solid black line is shown on top
of each ridge plot indicating the mean value as a function of the threshold parameter. These
plots show a narrow range of small threshold values, from 2 Å to 4.5 Å.
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Figure 3.9: Cross-sections of the trajectory of a single lithium atom in Li6PS5Cl0.9(BH4)0.1
at 400 K. The colour indicates a change in the identified site. The centre of sites are shown
as black squares. Hop detection was performed using our method at a threshold of 3.25 Å.
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Figure 3.10: (a)–(c) Coordinates of a single lithium atom in Li6PS5Cl0.9(BH4)0.1 at 400 K
and (d) its distance to the site centroid shown over time. The colour indicates a change in
the site, as identified by our method. In (a)–(c), the rolling estimates of the site centroid
are shown as dashed lines, and in (d) the black dashed line shows the threshold distance of
3.25 Å.
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Figure 3.11: Mean and standard error for the (a) hop length, (b) hop rate, (c) correlation
factor, and (d) diffusivity for lithium atoms in Li6PS5Cl and Li6PS5Cl0.9(BH4)0.1 at different
temperatures, as extracted using a threshold distance of 3.25 Å.
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Chapter 4

Conclusions

The simulation of solid-state electrolyte (SSE) materials has allowed researchers to directly

observe the migration paths of lithium ions, and so has played a pivotal role in elucidating the

mechanisms behind ionic conduction [7]. Performing these simulations requires three steps:

Structure determination, simulation, and analysis. Here, we have developed and tested new

computational methods to address key challenges in the first and final steps.

Structure determination is especially challenging for amorphous materials—owing to their

lack of long-range spatial structure. Reverse Monte Carlo (RMC), which randomly moves

atoms in accordance with a Metropolis–Hastings scheme to lower the χ2 loss, suffers from

slow (or even a lack of) convergence and energetically unrealistic structures. We address these

by using gradient-based optimization to march atoms directly in the direction that improves

fit to experiment, rather than relying on random movement. Our method is available as a

Python package, which can be installed from the Python Package Index [72]. The details of

its usage are described in Appendix A.

The trajectories of lithium atoms have also been used to identify individual hopping events,

from which statistics such as the mean squared hop length, hopping rate, and correlation

factor have been determined [32]. We have worked towards developing a method to detect
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hopping events without prior knowledge of lithium site locations. This was done by keeping

track of a rolling average centroid for each lithium atom rc(t), and identifying a hop as

the first moment in time where the lithium atom is at a distance greater than λ from its

centroid, where λ is some set parameter. We have tested our method on Li6PS5Cl and

Li6PS5Cl0.9(BH4)0.1. We chose these materials for our analysis because the doped structure

has had an increased base diffusivity D0, and our analysis method could be used to explain

why, by isolating the factors that affect the base diffusivity.

4.1 Gradient-based structure determination

We tested our method on two systems: Amorphous silicon (a-Si) and a nickel–niobium metal-

lic glass (Ni62Nb38). Our method was able to fit the χ2-loss and potential well in all cases,

achieving losses and energies on par or lower than those of molecular dynamics structures.

Yet, this does not mean that our structures were necessarily realistic. A good example of this

is our optimization from crystalline silicon; though its energies and losses were both in the

ranges seen for melt-quench structures, our material still had a strongly crystalline structure.

This simply points to how challenging the problem of amorphous structure determination is.

Because the pair distribution function does not contain all information about a structure,

it’s never possible to know for certain whether a found structure is indicative of those used

in experiment.

One promising result was that the number of steps required for convergence was fewer than

3,000 steps for all of our tests. In comparison, other hybrid methods have required on the

order of 400,000 accepted Monte Carlo steps and 4,000 force calculations for amorphous

silicon [42]. Evidently, the use of gradient-based optimization does indeed yield faster con-

vergence times than reverse Monte Carlo. For this reason, it does seem that our method is

sufficient for structure refinement [20], as evidenced by our optimization from a melt-quench

structure for a-Si; the χ2-loss was improved dramatically, energy was not changed drasti-
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cally, and the optimization converged after only thousands of steps. We also found that our

method was well-suited to GPU implementation, which enabled fast computation times per

step.

Another general result was that the qualities of our final structure depended on the chosen

λ parameter in a predictable and rational way. Larger values of λ resulted in smaller losses,

sometimes at the cost of higher energies. This behaviour is expected because larger values of

λ give greater prioritization of χ2 in our optimization. Another key detail is that our results

were not strongly sensitive to the specific value of λ; order-of-magnitude changes were needed

to see significantly different qualities in the final structure. This makes it relatively simple to

use this method in practice; λ could be changed by orders of magnitude until researchers find

a structure that has a suitable balance between energy and loss, without the need for careful

fine-tuning. We also note that algorithms like the penalty method or augmented Lagrangian

method could be used to incrementally increase the importance of reducing χ2 [73].

We have also shown that our method can generalize to multi-component systems, as it was

able to reproduce the individual partial pair distribution functions for Ni62Nb38 when given

only the total pair distribution function as a target. Interestingly, increased values of λ lead

to improved estimation of not just the total pair distribution function, but also the partial

pair distribution functions. As the total pair distribution function is a weighted sum of each

pair pair distribution function, it is not possible to directly extract each term from the total

pair distribution function, and so we would expect the potential to play an important role in

determining the structure. However, it seems that the total pair distribution function was

more important than the potential.

Another important takeaway is that the initial structure plays a very important role for

achieving realistic final structures. This is clear in comparing the resulting structures for

optimizing starting from crystalline silicon compared to starting from a melt-quench config-
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uration; the former struggled to escape its crystalline structure, but the latter refined the

existing amorphous structure well. For our tests on Ni62Nb38, a completely random starting

structure was sufficient—likely because a random configuration is a good guess for a structure

without covalent bonds.

We also observed that beginning from a stable structure would lead to an energy transition

during the optimization. The activation energy of this transition depended on the con-

figuration and the chosen λ value. When beginning with crystalline silicon, it was about

0.2 eV/atom, corresponding to a temperature of 1550 K, which is close to the melting tem-

perature of silicon. It is still not fully clear what this transition corresponds to. It is unlikely

to be the transition into an amorphous state because the dihedral angles were still strongly

peaked for our optimization from c-Si, indicating the final structure was still strongly crys-

talline. We note that no transition was seen when optimizing from a random structure,

because its initial energy was already quite high.

Our findings suggest that another approach may be better suited to finding amorphous

structures using the gradient-based method. Rather than simultaneously optimizing both

the potential V and the χ2-loss, we could alternate between performing molecular dynamics

simulation steps using the potential and performing targeted gradient-based optimization

steps on χ2. This would address two issues with our current approach. Firstly, the direct

optimization of V was found to push our configuration towards structures conducive to a

lower temperature, which is inconsistent with the target pair distribution function. Secondly,

we found that the starting structure is of critical importance, and by alternating between

MD simulations and χ2 optimizations, we are essentially able to try many different starting

configurations. Indeed, this approach is more inline with how hybrid RMC methods have

operated [14]. We expect that using the gradient-based optimization steps in this fashion

will maintain the fast convergence observed here but will increase the accuracy of the final

structures. We also note that, in this approach, we would not have a λ parameter, but
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would instead have to decide how many steps of molecular dynamics and optimization are

performed per cycle.

Another important direction for future work would be to test our method on different mate-

rials. Though SSEs have been the motivation for this work, these methods apply generally to

any amorphous materials. Further testing could be performed on a multicomponent system

that also contains covalent bonds, such as amorphous silica (a-SiO2). This system is ideal

as it is both well understood and challenging to determine the structure of [74]. A more

challenging system would be lithium thiophosphate glasses (Li2S–P2S5). These materials

have been well-characterized because of their application as solid-state electrolytes — this

includes experimental studies by nuclear magnetic resonance (NMR) [75] and X-ray total

scattering [76], as well as by classical molecular dynamics [25]. They are also more challeng-

ing to study because they are composed of multiple covalently bonded polyatomic ions. It

would be interesting to see what degree of constraints would be needed to result in reason-

able structures. The ultimate challenge for our method, of course, would be to determine

the structure of a material that has been resistant to study with RMC. Additionally, further

analysis could then be performed on our resulting structures, such as by inspecting their

network topology [77] or self-sorted local atomic motifs [78].

4.2 Automated analysis of hopping in solid-state elec-

trolytes

From analysing the mean-squared displacement, we find the base diffusivities are 50 Å
2
/ps

and 84 Å
2
/ps for the undoped and doped structures, respectively, and that their activation

energies are 256 meV and 282 meV. These are similar to the trends in the base diffusivity and

activation energy to those of experiment [57]. For instance, we find that the base diffusivity

D0 is approximately 1.5 times larger for the doped structure. Both our results and theirs
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show roughly similar values for these activation energies. Our results also seem reasonable

in comparison to other computational literature. Li6PS5Cl has been previously studied by

ab initio molecular dynamics, finding D0 values of 5 Å
2
/ps [49] and 72 Å

2
/ps [71], and EA

values of 310 meV [49] and 520 meV [71].

We have also shown that our method was able to identify the cage-forming nature of hopping

in Argyrodite structures. Further, our results suggest that the correlation factor f is less

than 1 for hops between sites and greater than 1 for hops between cages. This indicates,

somewhat surprisingly, that when a Li atom moves between cages, it is less likely to move

back to its previous cage than it is to move into another one. This is in agreement with the

literature; other methods of analysis have shown that intercage jumps have a significantly

higher correlation factor than doublet and intercage jumps, but have not found it to be

greater than one [51].

We also found that our method was only able to robustly identify hops between cages; the

detection of hops between sites was quite sensitive to the value of λ chosen. We extracted

the correlation factor f , hopping rate Γ, and mean-squared hop length ⟨a2⟩ for hops between

cages. The changes in ⟨a2⟩ and f as functions of temperature and between material appeared

to be insignificant. The hopping rate Γ followed an Arrhenius relationship. We also note that

the hopping rate found here at 400 K for Li6PS5Cl is in close agreement with the intercage

hopping rate found by Chen et al. [51], extrapolated to no S/Cl anion disorder; both are

3 × 10−3 ps−1.

A major limitation of this work is that more data is needed to be able to make stronger

conclusions. This would ideally be done by performing more independent simulations at

similar temperatures or at different temperatures. Additionally, we have only performed our

simulations for a single instance of the doped structure; the placements of BH4
– subunits were

chosen once initially, but more accurate results could be achieved by performing simulations
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with many different placements of the BH4
– subunits. Furthermore, the S/Cl anion disorder

has not been taken into account here; this has been shown to increase the diffusivity and

is more energetically and entropically stable. We also did not test the limitations of using

CHGNet on these structures. This could be addressed by comparing forces calculated by

CHGNet to those of ab initio molecular dynamics (AIMD) and, if necessary, fine tuning the

model with that data.
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Appendix A

Gradient-Based Structure
Determination

A.1 Calculating total scattering spectra

Many experimental methods can be used to study non-crystalline materials, including NMR,

X-ray absorption spectroscopy (XAS), and neutron and X-ray total scattering. NMR and

XAS are well suited for deriving information about the local environment around atoms

of particular elements [79]; however, it seems that local detail is not sufficient by itself to

deduce the full structures of amorphous materials [80]. Scattering methods, in contrast,

reveal information at all length-scales. For this reason, scattering data has been especially

useful for determining the structures of non-crystalline materials [9].

Scattering methods measure how incident particles (e.g., neutrons or X-rays) are diffracted

after interacting with a sample. Although the theoretical and experimental details of scat-

tering are outside the scope of this thesis, here we give a brief review of some important

results and common notation used to describe the results of neutron and X-ray scattering

experiments, based largely on a seminal review written by David A. Keen [9].
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A.1.1 Neutron scattering

Neutrons are electrically neutral and so only scatter off the atomic nuclei in a system. The

amount of scattering done by a nucleus of element α is quantified by the mean neutron

scattering length b̄α, where the average is taken over different isotopes and nuclear spin

states. As it is not essential to our discussion, we will disregard the overline and refer simply

to bα. Note that the scattering cross-section is given by 4πb2α. These scattering lengths and

cross-sections have been tabulated for many atoms and isotopes [81, 82].

In a neutron scattering experiment, one measures the total-scattering structure F (q). This

is often transformed into the total pair distribution function by

G(r) =
1

8π3ρ0

∞̂

0

4πq2F (q)
sin(qr)

qr
dq, (A.1)

where ρ0 is the overall number density of the system. One can also calculate F (q) from G(r)

by the inverse transform

F (q) = ρ0

∞̂

0

4πr2G(r)
sin(qr)

qr
dr. (A.2)

It is helpful to think in terms of the pair distribution function G(r) because it can be directly

related to the positions of atoms in the system, and hence can be calculated computationally

for a given structure. The total pair distribution function is given by

G(r) =
n∑

α=1

n∑
β=1

cαcβbαbβ [gαβ(r) − 1] , (A.3)

where the sum is over the n elements present in the system, cα is the composition fraction

of element α, bα is the mean neutron scattering length of nuclei of element α, and gαβ(r) is

the partial pair distribution function between elements α and β.
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These partial pair distribution functions are often calculated in terms of a histogram;

gαβ(r) =
nαβ(r)

4πr2 ∆r cβρ0
, (A.4)

where ρ0 is the overall number density and nαβ(r) gives the number of particles of type β at

a distance between r and r + ∆r from a particle of type α.

The partial pair distribution function can be understood as normalizing the distance his-

togram nαβ(r) by the distance histogram that would be seen for a perfectly homogeneous

fluid of the same density. As such, gαβ(r) has peaks corresponding to different nearest-

neighbour shells around atoms of the element α. The average coordination number of atoms

of type β between distances r1 and r2 of an atom of type α is given by

cβρ0

r2ˆ

r1

4πr2gαβ(r) dr. (A.5)

It is clear that gαβ(0) = 0 due to steric hindrance — otherwise, it would indicate that two

particles are directly on top of each other. At the other extreme, as r approaches infinity, the

system is indistinguishable from a homogeneous fluid (as amorphous systems do not have

long-range order); hence, gαβ(r → ∞) = 1.

As shown above, the total pair distribution function G(r) is an offset weighted sum of the

partial pair distribution functions (Eq. A.3). By the limits given on each gαβ(r), it is clear

that G(0) = − (
∑

α cαbα)2 and G(r → ∞) = 0. It is sometimes desired for G(r) to be given

the same limiting behaviour as each gαβ(r), in which case it can be rescaled to

G′(r) = 1 +
G(r)

(
∑n

α=1 cαbα)
2 . (A.6)
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Correspondingly, the normalized total-scattering structure factor is

S(q) = 1 +
F (q)

(
∑n

α=1 cαbα)
2 . (A.7)

A.1.2 X-ray scattering

X-ray scattering is conceptually very similar to neutron scattering; however, rather than

scattering off atomic nuclei, X-rays scatter off electrons, which are much more diffuse. As

such, the scattering lengths are no longer constant, but are dependent on the scattering

vector q. These atomic form factors are given by

f(q) =

ˆ
R3

ρ(r) eiq·r d3r, (A.8)

where ρ(r) is the electron density. In general, the atomic form factor will depend on the

environment of each atom, but can be approximated as the sum of four isotropic Gaussians

with a constant shift;

f(q) =
4∑

i=1

ai exp

[
−bi

( q

4π

)2
]

+ c. (A.9)

The parameters ai, bi, and c have been tabulated for many atoms at different oxidation

states [63, 83].

The X-ray total-scattering structure factor is

FX(q) = ρ0

n∑
α=1

n∑
β=1

cαcβfαβ(q)

∞̂

0

4πr2 [gαβ(r) − 1]
sin(qr)

qr
dr, (A.10)

where

fαβ(q) =
fα(q)fβ(q)[∑n
γ=1 cγfγ(q)

]2 , (A.11)

and fα(q) is the atomic form factor for atoms of element α. The X-ray total pair distribution
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function is

GX(r) =
1

8π3ρ0

∞̂

0

4πq2FX(q)
sin(qr)

qr
dq. (A.12)

Notice that, because of the q-dependence of the form factors, GX(r) must be calculated as a

double integral, which compounds numerical errors. To avoid this, it can be advantageous to

make the approximation that all form factors are different scalings of the same fundamental

curve, i.e.,

fα(q) ≈ Kαfe(q), (A.13)

where Kα = fα(0) is the effective number of electrons around atoms of species α, and

fe(q) =

∑n
α=1 cαfα(q)∑n
α=1 cαKα

(A.14)

is the average scattering factor per electron. Under this approximation,

fαβ(q) ≈ KαKβ(∑n
γ=1 cγKγ

)2 (A.15)

becomes independent of q, and we have that

GX(r) ≈
n∑

α=1

n∑
β=1

cαcβ
KαKβ(∑n
γ=1 cγKγ

)2 [gαβ(r) − 1] . (A.16)

Now, GX(r) can be calculated directly from the partial pair distribution functions, without

performing an integral — though the validity of this approximation will be system-dependent.

A.2 Using the gbsd package

Our method has been made available on the Python Package Index [72].

pip install gbsd
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Here we describe its basic usage. Begin by importing useful packages and functions.

import torch

from ase.optimize import FIRE

from gbsd.calculator import GBSDCalculator

from gbsd.losses import chi_squared

from gbsd.spectra import get_approximate_xray_total_rdf

from gbsd.structure import generate_random_closest_approach

We can create an initial structure (or could read one from a file using ASE).

element_counts = {'Si': 1_000}

number_density = 0.0496 # per cubic Angstrom

closest_approach = 2.05 # Angstrom

atoms = generate_random_closest_approach(

element_counts,

number_density,

closest_approach,

)

We must load our experimental data to perform optimizations against, and define our loss

function (or goodness-of-fit).

R_BINS = torch.load('./data/r_bins.pt', weights_only=True)

G_EXP = torch.load('./data/g_exp.pt', weights_only=True)

G_UNC = torch.load('./data/g_unc.pt', weights_only=True)

def get_loss(

positions: torch.Tensor,

chemical_symbols: list[str],

cell: torch.Tensor,

) -> torch.Tensor:

g_atoms = 1 + get_approximate_xray_total_rdf(

chemical_symbols,

positions,

cell,

R_BINS,

kernel_width = 0.03, # Angstrom

)
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return chi_squared(g_atoms, G_EXP, G_UNC)

We then assign the calculator for our atoms object and perform optimization.

atoms.calc = GBSDCalculator(get_loss)

optimizer = FIRE(atoms)

optimizer.run(steps=2_500)

This is a very minimal example, focusing only on the basic aspects of our package. This can

be extended using mixed calculators, callbacks, dynamics, and more [46]. It is also trivial to

perform calculations on the GPU by specifying the device when loading data and creating

the GBSDCalculator object.
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Appendix B

Analysis of Hopping in Solid-State
Electrolytes

B.1 Diffusion as a macroscopic phenomenon

B.1.1 The diffusion equation

At a macroscopic scale, diffusion manifests as the evolution of some concentration field over

time. Let c(r, t) denote the concentration of diffusing particles. Fick’s first law states that

the the diffusive flux j is proportional to the concentration gradient by

j = −D∇c, (B.1)

where D is the diffusivity tensor, which can be represented with a d × d matrix [33, 84].

Here, we assume that diffusivity is homogeneous, but may be anisotropic, i.e., diffusion may

be faster in some directions than others, but does not vary as a function of position.

For the total concentration to be conserved, it must obey the continuity equation [33, 84],

∂tc = −∇ · j. (B.2)
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This equation simply relates the diffusive flux to the change in concentration, by its definition.

Combining Eqs. (B.1) and (B.2) yields the diffusion equation [33, 84],

∂tc = ∇ · (D∇c). (B.3)

In Appendix B, we show that the solution to the diffusion equation for a single point source

is given by a multivariate Gaussian distribution centred at the origin with covariance matrix

2Dt,

c(r, t) =
1

(2π)d/2 det(2Dt)1/2
exp

[
−1

2
rT (2Dt)-1 r

]
. (B.4)

We now discuss key properties of the diffusivity tensor that will greatly simplify calculations.

B.1.2 Diffusivity

For entropy to increase, the diffusivity tensor must have only positive eigenvalues. If this

were not the case, there would exist a concentration gradient that causes the diffusive flux

to align with the gradient itself, which would amplify the concentration gradient rather than

diminish it. It can also be shown, via the Onsager reciprocal relations, that the diffusivity

tensor must be symmetric [33, 84]. As a result of these facts, the diffusivity tensor must

be positive-definite. This implies that there exists some choice of principal coordinates for

which the diffusivity tensor is diagonal;

D = diag(D1, D2, ..., Dd). (B.5)

Using this coordinate frame greatly simplifies the process of solving the diffusion equation.

The average diffusivity is defined as

D =
1

d
Tr(D). (B.6)
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This definition follows clearly from Eq. (B.5). As the trace is invariant to coordinate

rotations, so is the average diffusivity. This notion of the average diffusivity can be made

more rigorous by considering an integral over all rotation matrices,

⟨D⟩ =

´
SO(d)

RTDR dµ(R)´
SO(d)

dµ(R)
, (B.7)

where µ is the Haar measure on SO(d) [85]. Taking the trace of both sides yields Tr(⟨D⟩) =

Tr(D). This means that the average diffusivity is equal to the average diffusivity of the

isotropically averaged diffusion tensor. Evidently, Eq. (B.6) is a natural choice for the average

diffusivity.

B.1.3 Solving the diffusion equation

We can solve the diffusion equation by considering the Fourier transform of the concen-

tration [33, 84]. In d dimensions, the non-unitary Fourier transform and inverse Fourier

transform are

c̃(k, t) =

ˆ
Rd

c(r, t) e−ik·r dr, and (B.8)

c(r, t) =
1

(2π)d

ˆ
Rd

c̃(k, t) eik·r dk. (B.9)

Substituting Eq. (B.9) into Eq. (B.3) gives

1

(2π)d

ˆ
Rd

∂tc̃(k, t) eik·r dk =
1

(2π)d

ˆ
Rd

c̃(k, t) ∇ ·
(
D∇eik·r

)
dk (B.10)

The right-hand side can be simplified by noting that

∇eik·r = ikeik·r, (B.11)
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and that

∇ · (iDkeik·r) = −kTDkeik·r. (B.12)

Additionally, for the above integrals to be equal for all functions c̃(k, t), it must be the case

that their integrands are equal. Therefore,

∂tc̃(k, t) = −kTDk c̃(k, t). (B.13)

This is now effectively an ordinary differential equation, which can be solved directly as

c̃(k, t) = c̃(k, 0) exp
(
−kTDk t

)
. (B.14)

This is in terms of our initial condition c̃(k, 0). We are interested in the case of a single

particle starting at the origin. In this case, the initial condition in real space is

c(r, 0) = δ(r), (B.15)

where δ(r) is the Dirac delta function. In reciprocal space, this condition becomes

c̃(k, 0) =

ˆ
Rd

δ(r) e−ik·r dr = 1. (B.16)

Therefore,

c̃(k, t) = exp
(
−kTDk t

)
. (B.17)

Now, using Eq. (B.9), we find that

c(r, t) =
1

(2π)d

ˆ
Rd

exp
(
−kTDk t

)
eik·r dk. (B.18)

This is the well-known inverse Fourier transform of a multivariate Gaussian distribution,
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which gives

c(r, t) =
1

(2π)d/2 det(2Dt)1/2
exp

[
−1

2
rT (2Dt)-1 r

]
, (B.19)

a multivariate Gaussian distribution centred at the origin with covariance matrix 2Dt.

B.2 Diffusion as a microscopic phenomenon

B.2.1 The theory of random walks

In the solid-state, diffusion occurs through hops between distinct sites, and so can be accu-

rately modelled as a random walk [33]. Let rn be the position of a particle after n hops, and

let tn be the time at which the nth hop occurred.

Choosing our coordinates such that our particle is initially at the origin, we can write

tn =
n∑

i=1

∆ti, and (B.20)

rn =
n∑

i=1

∆ri, (B.21)

where ∆ti and ∆ri are the time taken and displacement moved for the ith hop. These are

random variables, and supposing that they are independent and identically distributed (in

the most ideal case), we can invoke the central limit theorem to say that both tn and rn are

approximately normally distributed for large values of n.

The expected value for tn, i.e., the expected amount of time for n hops to occur, is then

simply

E[tn] = nE[∆ti] = n/Γ, (B.22)

where

Γ = 1/E[∆ti] (B.23)
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is average hopping rate. The standard deviation in tn is given by

Std[tn] =
√
n Std[∆ti]. (B.24)

Note that the standard deviation scales as O (
√
n) whereas the mean scales as O(n). For

large values of n, i.e., after many hops, the distribution for tn becomes sharp around its

mean. As such, we will simply write tn = n/Γ.

The average position of a particle after n hops is

E[rn] = nE[∆ri]. (B.25)

However, it must be the case that E[∆ri] = 0; otherwise, the particle would drift in one

specific direction over time. As such, we have that

E[rn] = 0. (B.26)

The covariance matrix for rn is given by

Var[rn] = nVar[∆ri] = nΣ, (B.27)

where Σ = Var[∆ri] = E[∆ri∆rTi ] is the covariance matrix for ∆ri. Substituting n for Γt,

we have

Var[rn] = ΓΣt (B.28)

81



B.2.2 Relating random walks to diffusivity

As rn follows a multivariate normal distribution with mean 0 and covariance matrix nΣ =

ΓΣt (for large n), it should be distributed with density

c(rn) =
1

(2π)d/2 det(ΓtΣ)1/2
exp

[
−1

2
rTn (ΓtΣ)-1 rn

]
. (B.29)

Comparing this with Eq. (B.4), we see that

D =
1

2
ΓΣ. (B.30)

Further, we can find the average diffusivity with Eq. (B.6);

D =
1

2d
Γa2, (B.31)

where

a2 = E[∆rTi ∆ri] (B.32)

is the mean-squared hop length.

In the above derivation, we have assumed that all hops are independent. Accounting for

correlations, one can write

D =
1

2d
Γfa2, (B.33)

where

f =
1 + E[cos θi,i+1]

1 − E[cos θi,i+1]
, (B.34)

is the correlation factor or Haven ratio and θi,i+1 is the angle between ∆ri and ∆ri+1 [33,

34].
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