Spin-Spin Correlations in the
CuAlCrsSg Breathing Pyrochlore

by

Itamar Aharony

A thesis
presented to the University of Waterloo
in fulfillment of the
thesis requirement for the degree of
Master of Science
in
Physics

Waterloo, Ontario, Canada, 2023

©) Itamar Aharony 2023



Author’s Declaration

This thesis consists of material all of which I authored or co-authored: see Statement
of Contributions included in the thesis. This is a true copy of the thesis, including any
required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.

11



Statement of Contributions

Density functional theory (DFT) data provided by Harald O. Jeschke, Okayama Univer-
sity. The DFT data is presented in Table 1.1 in Chapter 1, Table 2.1 in Chapter 2, and
Table 3.1 in Chapter 3.

Pseudo-fermion functional renormalization group (PFFRG) data plots are provided by
Vincent Noculak and Johannes Reuther, Freie Universitat Berlin in Fig. 3.12, Chapter
3. Pseudo-Majorana functional renormalization group (PMFRG) data plots are provided
by Nils Niggemann and Johannes Reuther, Freie Universitat Berlin in Fig. 3.13, Chapter 3.

Experimental data shown in Fig. 3.14 and Fig. 5.2 was provided by Sudarshan Sharma,
Evan M Smith and Graeme Luke, McMaster University, and Dr. Pascal Manuel, ISIS
Pulsed Neutron and Muon Facility, STFC Rutherford Appleton Laboratory.

Code for Monte Carlo was adapted from code that was provided by Daniel Lozano-Goémez.
Results of the adapted Monte Carlo code are presented in Chapter 4.

111



Abstract

Frustrated magnetic systems, whose behaviour is influenced by competing interactions be-
tween magnetic spins, have been an active area of research. There is a special class of ma-
terials called breathing pyrochlores, whose key difference from “regular” pyrochlores is the
breaking of inversion symmetry. Copper-Aluminum-Chromium-Sulfide (CuAlCr,Sg) is a
candidate for displaying a frustrated Heisenberg model on the breathing pyrochlore lattice.
There are two models used for CuAlCrsSg, the Heisenberg model that goes up to third-
nearest neighbours (up-to-3"9-NN), and Heisenberg model that goes up to fifth-nearest
neighbours (up-to-5'""-NN). Both models have exchange couplings obtained from our col-
laborators using density-functional theory (DFT). Both Heisenberg models for CuAlCr,Sg
have exchange couplings that are strongest between third-nearest neighbours, as opposed
to more typical pyrochlores that possess stronger exchange couplings between first-nearest
neighbours. The peculiarity of the Heisenberg models for CuAlCrsSg, combined with the
emerging experimental data, makes it an ideal target for theoretical research. Individual’s
methods for theoretical analysis are classical methods, which are mean-field-theory (MFT),
large-N, and classical Monte Carlo (CMC) simulation. Collaborators’ methods for theoret-
ical analysis are quantum methods, which are pseudo-fermion functional renormalization
group (PFFRG) and pseudo-Majorana functional renormalization group (PMFRG). For
the up-to-3"9-NN model, individual’s and collaborators’ results show peaks in the structure
factor that are situated on the line %( 1;h;0) up to permutation of the coordinates, for
some parameter h, and cubic supercell length a. MFT and large-N suggest peaks at h = 0,
with a continuous decrease in the structure factor for h away from 0. Monte Carlo shows
sharp Bragg peaks at h = 0 and h = 1. Both of our collaborators’ quantum methods,
PFFRG and PMFRG, give peaks at 0 < jhj < 1, for a seemingly incommensurate h,
considering the available wavevector resolution. For the up-to-5"-NN model, individual’s
classical methods all give Bragg peaks at h = 0 and h = 1, while we are awaiting our
collaborators’ quantum methods for this model. The magnetic peaks in the experimental
data disagree with the expected results from all the classical methods that use the models
provided by DFT. We test the possibility of the experimental peaks being the peaks seen
in the quantum methods for the up-to-3%-NN model and the peaks seen in classical meth-
ods when altering the exchange couplings provided by DFT. We explain possible causes
for disagreements among individual’s classical methods, between individual’s methods and
our collaborators’ quantum methods, and between theoretical methods and experimental
data.
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Chapter 1

Introduction

The whole is not always a sum of its parts; for example, the person reading this thesis is
alive, but is made of molecules that on their own are inanimate. Water can be liquid or
vapour but the molecules that make it up have no concept of \liquid" or \gas" on their
own. Lone birds cannot form a ying formation, yet a ock of birds has a shape that
spans over multiple birds [5]. The universe consists of many components that have certain
behaviours when isolated, but the same components can combine to create systems whose
behaviour is completely di erent. This concept, called emergence, has been the target of
human curiosity as far back as at least 2000 years ago [6].

On the physics front, at the turn of the 20" century, physicists were attempting to ex-
plain phase transitions in materials such as water. There have been challenges in rigorous
mathematical analyses, since a typical macroscopic sample consists of(?® interacting
particles, and fully analyzing such a system requires computational power that is beyond
attainable [7]. Instead, physicists and mathematicians were looking for possible approx-
imations that can reduce the computational requirements without excessively sacri cing
precision. This gave rise to statistical mechanics.

With the advent of statistical mechanics, magnetic systems also gained interest. Mag-
netic systems have been known by ancient cultures such as ancient Greeks and ancient
Chinese [8]. Naturally-occuring minerals, which the Greeks referred to as \lodestone",
and the Chinese referred to as \soft stone”, were noted for their ability to attract some
metals. It would not be until two millennia later when scientists discovered the mech-
anism behind these magnetic systems. With advancements in physics and chemistry, it
is now known that magnetic systems consist of magnetic atoms that interact with each
other. In a well known magnetic system, the fridge magnets, the interactions between the



constituent magnetic atoms favours a state where their magnetic moments align to create
cumulative magnetic moment, hence a macroscopic magnet. The emergent property is the
temperature-dependence of the magnet's state; while magnetic atoms are always magnetic
no matter the temperature of the sample they constitute, a magnetic system may lose its
cumulative magnetic moment above a critical temperature [2]. The mathematical analysis
of the emergent properties of magnetic systems has become a major eld in statistical
mechanics and condensed matter physics.

A special group of materials that consist of interacting magnetic particles are py-
rochlores. The name \pyrochlore"” comes from Greek~ (\pyr") meaning \re", and
I 0&(\chloros") meaning \green". The name is as such due to the green re that ap-
peared when igniting the crystals. The term \pyrochlore lattice" became a term for crystals
whose particles are arranged in periodic arrays of corner-sharing tetrahedra, which is de-
scribed in Section 1.2.

In this thesis, the goal is to predict the magnetic properties of Copper Aluminum
Chromium Sul de (CUAlICr 4Ss), which is modeled as having magnetic &t ions forming
a variation of the pyrochlore lattice, which is explained in Section 1.2.4. The type of in-
teractions between the magnetic Gf ions in CuAICr,S has unique properties that are
explained later in Sections 1.3 and 1.5. The research of CuAlSg is motivated by its
unique properties combined with the availability of experimental data and several theo-
retical methods to compare among. This thesis is focused on classical methods used to
analyze CuAICrSs . The results of classical analyses and their comparison with collab-
orators' methods should give insight on the reliability of classical methods in analysing
microscopic magnetic systems. Given the unique model used to describe CuAfgy what
can classical methods such as mean- eld theory, lar§e; and classical Monte Carlo simu-
lations predict?

1.1 Introduction to Frustrated Magnetism

Before delving into more speci c topics of research, we shall go over simple toy models that
pioneered the study of the magnetic systems. Their simplicity made these models targets
for some of the rst rigorous mathematical analysis of statistical mechanics in interacting
systems. We see how a relevant phenomenon, called \magnetic frustration”, can arise in
some of the simplest magnetic systems. The main question for frustrated systems is, \what
happens to a system if minimizing energy for one interaction costs energy for a di erent
coexisting interaction?" [10].



1.1.1 Most Basic Toy Model

The mathematical model used to denote the interactions between spins in CuAlSs is
an expanded model based on the toy models. For this reason, it is bene cial to look at the
thermodynamics of the toy models.

Partition Function

The systems that are studied in this thesis are assumed to be in the canonical ensemble,
that is, the system is situated in an environment with a constant temperature, called

a \heat bath" [11]. This assumption makes sense in the context of magnetic systems,
since we are interested in the temperature dependence of system variables and thus de ne
temperature as a system variable. To describe temperature dependencies in the system,
the partition function of the system is a useful function of temperature, de ned as

X
Z = e HM). (1.1)

states M

where = 1=(kgT) for temperature T and Boltzmann constantks. H(M ) is the energy
(or Hamiltonian) of the system when it is in the microstateM . The summation in (1.1) is
over all possible states in the system. The partition function is useful for determining the
probability of a system at inverse-temperature to be in a given microstateM , which is

e H(M)
Z

This probability itself is useful as a weight factor when taking the thermally weighted
expectation value of observables such as energy, magnetization, etc. For an observ@ble
with value O(M ) for each microstateM , the thermal expectation value ofO is

P(M)= (1.2)

o1 HM)
hOi = v OoOM)e : (1.3)

states M

While the temperature-dependence of observables is investigated in the thesis, a crucial
part in low-temperature analysis is the ground states. For that case, de ne the ground-state
energy as

Eg:s: = min H(M ); (1.4)

states M
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where the minimum of the Hamiltonian over all possible states is taken. To deal with the
zero temperature case, where!1 , itis be tting to rewrite Eq. (1.3), as following:

P
e Egs spies M O(M )e [H(M) Egi&].

hOI - e E g H(M) Eg;s;]

(1.5)

states M e
Taking the limit !'1 in Eq. (1.5) and noting that H(M )  Eg., then only the ground
states contribute in the summation, giving

gs.m O(M)
I\lg:s: ’

y!mo hOi = (1.6)
where Ng is the number of ground states, and the summation in the numerator in Eq.
(1.6) is over ground states only. This means that only ground states contribute to the
thermal expectation value of observables in the limit of low temperatures.

Ising Model

While the toy models that are shown here have phenomena that were fruitful enough to
have their own theses written, only the relevant parts of these models are covered. The
most basic magnetic model is the Ising model, introduced by Ernst Ising and his supervisor

Wilhelm Lenz in 1925 [12,13]. The model goes as the following:
Xis Xis
H= Jj i+ hi i; k2f 1,#1g 8k =1;::; Ng; 2.7)
i> =1 i=1

where ; is the spin at sitei, J; is the exchange coupling between the spin at sitésand
the spin at sitej, h; is an external magnetic eld at sitei, and Ns is the number of sites.
For convenience, we refer to; = +1 as \up”" and ; = 1 as \down". One could get a
simple version of the Ising model, the nearest-neighbour Ising model, whose Hamiltonian
is

H= J i j+ hi i (18)



wherehj i 2 N:N: means that sitei and sitej are nearest neighbours. Simple structures on
which the spins can reside are the one-dimensional chain and the two-dimensional square
lattice (refer to Fig.1.2 for illustration).

Figure 1.1: Up-facing red arrows and down-facing blue arrows represent= +1 and

= 1, respectively. a) A one-dimensional chain, where the nearest neighbours of each
spins are the closest spins on each side) A square lattice, where the spins are located
on the vertices of a square mesh. Two spins are nearest neighbours if they are on the same
edge of a square grid.

The simplicity of the Ising model is that the spins have discrete degrees of freedom by
virtue of each spin having only two possible states (\up" and \down"). Even for a system
as simple as the Ising model, the number of states grows exponentially &s, 2vhere N is
the number of sites. Finding the partition function and canonical averages of observables
as per Eq. (1.3) can be computationally costly. To give a perspective on how hard it is to
obtain a closed form for partition functions for general large systems, Lars Onsager solved
in 1944 the nearest-neighbour Ising model on a square lattice [14]. The partition function
for the Ising model on a three-dimensional cubic lattice has not been solved exactly to this
day. Despite this inconvenience for describing the behaviour of the system at any arbitrary
temperature, in the limit of low temperatures, only ground states matter, as shown in
Eq. (1.6). For the square lattice, the ground states depend on whether the interaction is
ferromagnetic § < 0) or antiferromagnetic g > 0), and are shown in Fig. 1.2 .



Figure 1.2: a) Ground state for nearest-neighbour zero- eld Ising model on a square-
lattice with ferromagnetic coupling @ < 0). b) Ground state for same model but with
antiferromagnetic coupling § > 0). For the square-lattice nearest-neighbour Ising model,
the antiferromagnetic model in Panelb) can be mapped onto a ferromagnetic model by
ipping J ! J and ipping spins in a checkerboard pattern simultaneously. This ability

to map between ferromagnetic and antiferromagnetic models is not guaranteed for systems
with di erent interactions or di erent geometries, as will be seen in later subsections.

For the antiferromagnetic case, Louis Neel calculated that the ground state can be
thought of as the two ground states of an Ising ferromagnet with sites interwoven into an
alternating pattern, and published his ndings in 1952 [15]. This picture has helped in
analyzing the antiferromagnetic system in terms of the more familiar ferromagnetic system,
but it cannot always be done for other types of antiferromagnetic systems that are shown
in following subsections.

XY Model

The XY model is analogous to the Ising model but with a higher number of spin com-
ponents. In the XY model, spins are two-dimensional unit vectors, restricted in thg-y



plane, with the following Hamiltonian:
X X
H = Jij Si Sj + hi S
ij X i X
= Jij (si'sf + s/s)) + (h*s* + hl'sY); (1.9)
ij i

where S; = (sf;s') is a unit vector in a two-dimensional plane, anch; = (hX;h) is the
external eld applied at sitei. For the following discussion, unless stated otherwise, assume
h; = 0 8i. The square-latticeXY model is illustrated in 1.3. Similarly to the Ising model,
we focus on the nearest-neighbour case:

X
H=1J (sisf + s)s’ (1.10)
hj i2 N:N:

where the external eld is neglected for the chosen model. While the zero- eld Ising
Hamiltonian from Eq. (1.7) is invariant under global spin ips ;! i 8i, the zero-eld
XY Hamiltonian in Eq. (1.9) is invariant under global rotation of spinsS; ' R ' S; 8i for
any rotation matrix R in the x-y plane. That symmetry of the Hamiltonian exists due to
the rotational invariance of the dot product. This means that states that are related to
each other by global rotation of the spins have the same energy. Aside from the rotational
symmetry caused by the additional degrees of freedom in theY model, the ground
states are the same as the square-lattice Ising model, as can be seen in Fig. 1.4. So far,
the ground state in the explored models is constructible by naively minimizing the energy
between each interacting pair. This triviality in nding the ground state is not guaranteed
for other models, which we will see in the next section. The complications that arise are
relevant to the main topic of this thesis; the CuAICLSs breathing pyrochlore.



Figure 1.3: Some arbitrary state for theXY model on a square lattice with nearest-
neighbour coupling. The spins are free to be any unit vector in the plane of the lattice.

Figure 1.4: Ground states of the XY model fora) ferromagnetic nearest-neighbour cou-
plings (J < 0), b) antiferromagnetic nearest-neighbour couplingsl(> 0).



1.1.2 Frustration

So far, we discussed models whose ground states involve minimizing the interaction energy
between each interacting pair. Frustrated systems, on the other hand, are systems in
which the energy cannot be minimized simply by minimizing the energy in each interacting
pair; minimizing the energy in one interaction increase the energy for another coexisting
interaction. The term \frustration” in magnetic systems was coined in a lecture by Philip
Anderson in 1976 [16] and in subsequent papers [17,18]. Even then, frustrated systems were
studied before being called by that name back in 1950 [19,20]. In this thesis, the main focus
is on geometrically frustrated systems. In geometrically frustrated systems, interactions
compete due to the geometry of the system, such as antiferromagnetic interactions on
a structure that cannot allow all the spins to point in opposite direction to all of its
neighbouring spins. Examples of simple geometrically frustrated systems are shown in Fig.
1.5. As mentioned, antiferromagnetic square-lattice Ising model studied by Louis Neel [15]
in 1952. Although that system is not frustrated, his analysis method has been relevant to
classifying a system as frustrated. Neel investigated the susceptibility of antiferromagnetic
systems and showed a distinction between two temperatures, the critical temperature where
phase transition occurs, and the Curie-Weiss temperature,cy , Which is the extrapolated
ordering temperature from high-temperature susceptibility and may be negative. It is
not necessary to reach zero temperature or solve explicitly for the ground states to know
whether a system is frustrated, as long as one can show that the system only undergoes a
magnetic phase transition at a temperature much lower thap cwj [10].

Figure 1.5: Assuming antiferromagnetic interactions, spins minimize energy when facing
in opposite direction to their neighbours.a) Frustration of Ising spins on a single triangle
b) Frustration of Ising spins on a single tetrahedron. For both of these small systems, it
is impossible to have each spin point in opposite direction to all its neighbours.



Although the frustrated models shown here are antiferromagnetic, couplings do not
have to be antiferromagnetic for a system to be frustrated, as some geometries can also
cause frustration even in ferromagnetic models. Although such systems are not presented
here, there is more information about frustrated ferromagnetism in Ref. [21]. A possible
and relevant property of some frustrated systems is their intrinsic ground-state entropy [22].

Small Ground-State Entropy

While the antiferromagnetic (J > 0) square-lattice Ising model is not a frustrated system,
the triangular lattice XY model, shown in Fig. 1.6, is an example of a frustrated system.
The Hamiltonian is the same as Eq. (1.9) (the case whelg =0 8i ). The model has a
set of exactly solvable ground states. Consider a group of three spis,S;; Sc. Noting
that jjSijj = jjS;ij = JjS«jj = 1 for classical normalized spins, then

K(S1+ S+ S3)k®=2(S; S,+ Sy S3+ S, Sy)+ r81k2+ k?%kz + ksgkjf; (1.11)

constant

which means that the Hamiltonian for nearest-neighbouiXY model on the triangular
lattice can be rewritten as
J X )
H= 5 (S + S + Sy)° + constant; (1.12)
ijk 24

whereijk 2 4 means that sitesi,j ,k are vertices of a triangular plaguette. A triangular
plaquette is a triangle consisting three spins that are all nearest neighbours of each other.
The 1=2 factor in Eq. (1.12) accounts for double counting since each pair of interacting
spins forms an edge that belongs to two triangular plaquettes. From Eq. (1.12), this
means that the ground state isS; + S; + S¢ = 0 8i;j;k being vertices of a triangular
plaquette. Noting that the spins are two-dimensional vectors, and choosing for instance
that S; = 4 (parallel to y-direction) to ignore the rotational symmetry, then there are only
two possible choices fog; and Sy, leading to two possible ground states shown in Fig. 1.6.
This remains for the reader as an exercise.
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Figure 1.6: Two of the ground states of the nearest-neighbour antiferromagneXd model.
The ground states in panels) and b) represent the two possible chiralities, and any other
ground state is related to one of them by global spin rotations. This leads to the phase-
space volume of the ground-state manifold being independent of the system size.

While the ground state of the system is exactly solvable, note that no interacting pair
of spins has its energy minimized, as it would have been the case only if the spins were anti-
parallel. Minimizing the global energy to get the ground state is di erent from minimizing
the energy in each interacting pair, since it is impossible to minimize the energy of all
interacting pairs simultaneously. Up to rotations, there are two ground states with di erent
chirality, meaning that all ground states are related to each other by global rotations and
re ections of the spins. This property of the set of ground states invites the analysis of the
system's entropy, de ned as

S=kglnW,; (1.13)

wherekg is Boltzmann's constant andW is the volume of accessible phase space. Boltz-
mann's constant is often dropped in Eq. (1.13) by choosing a unit system whekg = 1.

To explain W, one can interpret each state of the system as a point in a multi-dimensional
space, where each dimension corresponds to each degree of freedom of the syséns.
the volume (or measure) of the set of states within that space. In the antiferromagnetic
nearest-neighbouiXY -model on the square lattice, the ground states are all related to each
other by rotation, and thus each ground state can be parametrized by a single degree of
freedom 2 [0;2 ). This means that the ground-state manifold, the set of all ground state,

is a one-dimensional set with a constant measure, meaning that in the zero-temperature
limit, where only ground states are accessibl&Y/ is a constant independent of the system
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size. This means that the entropy as de ned in Eq. (1.13) is a system-size-independent
constant at zero temperature, satisfying the Third Law of thermodynamics [7].

Extensive Ground-State Entropy

While we have shown that the antiferromagnetic nearest-neighboY -model on the tri-
angular lattice is a model that obeys the third law of thermodynamics, it is possible for
some other frustrated systems to have an extensive ground-state entropy that grows with
the size of the system. The entropy of the ground states behaves in such a way when the
spins on the same triangular lattice are Ising. The antiferromagnetic Ising system on the
triangular lattice is frustrated system like the analogous<Y model, but the results of the
frustration are di erent. The di erence lies in the Ising model's inability to access the same
ground states that the XY -model has in Fig.1.6. Instead, the Ising model's ground states
are any states where is triangular plaguette has a two-up-one-down or a one-up-two-down
con guration, as can be seen in Fig.1.7. The number of such ground states depends on the
size of the system and grows exponentially with the size of the system. In 1950, Gregory
Wannier calculated that the number of ground states for a system witN; sites is

Ising, triangular 0:338Ns.
Wground state € g (1'14)

Using Eq. (1.13) withW = W% a3 the antiferromagnetic nearest-neighbour Ising
model on the triangular lattice at zero temperature has an extensive entro(T = 0)

0:33%gN; [19].
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Figure 1.7: Six of the many possible ground states in the antiferromagnetic Ising model on
the triangular lattice. The quali cation of a ground state in this model is that all spins on
each triangular plaquette are either two-up-one-down or two-down-one-up, which can be
satis ed by a number of states that grows exponentially with the system size.

While the Ising model on the triangular lattice is a constructed model, extensive ground-
state entropy is also applicable in more realistic physical systems. For instance, in 1935,
Linus Pauling showed that there is a possible extensive entropy in water ice due to proton
positioning about G* ions under the hydrogen-bond interactions [23, 24].

Selection Within Degenerate Ground State Manifold

In 1973, Anderson proposed that some frustrated systems would behave as \spin liquids",
where the system is resonating between multiple ground states, and the system does not
order even at zero temperature [25]. This has been found to be more di cult to achieve
practically, since even within the highly-degenerate ground state manifold, some states
are favoured due to a phenomenon called order-by-disorder (ObD). In ObD, as systems
tend towards maximizing their entropy, having a large degenerate ground-state manifold
suggests that there might be some selection mechanism within the manifold [10,26,27], as
illustrated in Fig.1.8. ObD maximizes entropy by selecting states that allow for the most
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uctuations around them, which could be thermal uctuations in the limit of T ! 0* or
quantum uctuations at T =0 [3,28,29].

Figure 1.8: lllustration of order by disorder. When there is an accidental degenerate ground
state manifold, the system favours a subset of the ground state manifold that allows the
most modes of uctuations. This selection within the subspace about the red dot in the
right panel is caused by entropy, which is seen as the driving mechanism for disorder. Thus,
the selection mechanism is called \order by disorder" (ObD).

ObD means that having a degenerate ground-state manifold does not guarantee that all
ground states are accessed equally, and one should be on the lookout to see how a system
behaves if it has a degenerate classical ground-state manifold.

1.2 Lattices

A common type of real frustrated systems are crystals that consist of interacting parti-
cles forming periodic structures called lattices. For example, common table salt (sodium
chloride) consists of crystals, where each crystal is a periodic array of sodium and chlorine
atoms. The lattices' geometries combined with their prevalence in nature makes them com-
pelling for research. This sections goes over the basic concepts of what makes a lattice, and
the toolbox for analyzing such materials. A main part of the thesis involves the spin-spin
structure factor, which is a quantity that contains information on spin-spin correlations in

a lattice.
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1.2.1 Lattice Vectors

The following lattice vector de nitions are taken from Kittel's Introduction to Solid-State
Physics [30]. Lattices are structures consisting of a periodic arrangement of atoms. A
lattice can be de ned by primitive translation vectorsas; a,; :::; a4, Whered is the number
of spatial dimensions in the lattice. With that de nition of the primitive translation vector,
then any vector of the form

R =na;+ npa,+ i+ ngaq;, nNq;npiisng2”Z (1.15)

IS a lattice translation vector. One could de ne a lattice as the set of all points satisfying
Eq. (1.15). Likewise, for anyR satisfying Eqg. (1.15), translating any lattice positionr as
r! r+ R should map the lattice onto itself. A crystal consists of a periodic arrangement
of atoms that are invariant under translation by lattice vectors, hence there is a discrete
translational invariance. In the case of a Bravais lattice, the positions of lattice sites can be
fully represented as vectors in Eg. (1.15). Otherwise, a non-Bravais lattice is a collection
of more than one but a nite number of atoms, called a basis, that repeats in space by
translation vectorsR de ned in Eq. (1.15). This more general type of crystals consists of
basis atoms at positions ;; ry;:::;r, for the case withn basis atoms. The positions of the
atoms can then be de ned as

xd
Rgite = ry + nag;, u=1;:;nandng2 Z8k=1;::d: (1.16)
k=1

A two-dimensional (d = 2) Bravais lattice is shown in Fig. 1.9a), while a non-Bravais
lattice is shown in Fig. 1.9b).
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Figure 1.9: a) Some two-dimensional Bravais latticdd) A non-Bravais lattice with the
same underlying primitive translations as the lattice in Paneh).

Each site on a lattice can be a point in the domain of a function, such as the value
of the spin at each lattice site. These functions can be represented as functions of space
while their Fourier transform can be described as functions of wavevector. The space
of wavevectors, also called \momentum space” is often preferred over real space when
analyzing properties of crystals such as neutron scattering. For this reason, it is important
to know the restriction on the possible wave vectors allowed for a lattice. For a nite-size
parallelpiped lattice of the formny, = 1;::;;L¢ for k = 1;2;3 in Eq. (1.15) , the set of
wavevectors that respect periodic boundary conditions are

k = @b1+ Eb2+ %bg; mi;mo;ms2 Z: (2.17)
L1 L2 Ls

This means that wavevectors in a material periodic boundary conditions are discretized
for systems with a nite size, but in the limit of in nite systems the wavevectors can be
continuous. Another property of wavevectors in a lattice is that there are in nitely many
wavevector whose corresponding sinusoidal waves evaluate to the same function in the
points of the lattice sites. This means that, when taking a Fourier transform of a function
of the lattice points in space, a wavevector is not unique. For instance, given some special
vector G , two sinusoidal functions of the formf,(R) = €*R and fy.g(R) = K+C)IR
whose domain is restricted to the set of lattice points would be the same function if

dk*CIR = kR 8R satisfying Eq. (1.15) (1.18)
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We see which vectoiG would ful Il the condition in Eqg. (1.18), which is when

exp(iR G)=1
) R G=2n forsomen?2 Z: (1.29)
For all purposes in this thesis, lattices investigated in this thesis are three-dimensional

(d =3 in Eq. (1.15)-(1.16)). This de nition of d = 3 is ideal for de ning the reciprocal
lattice: The casesR = & fori =1;2;3 can be used, along witltG = b;, to force

ad; bj =2 i . (120)
The vectors that would satisfy Eq. (1.20) are
A, ads
b, = 2 ———;
! a; (az a)
Az A
b, = 2 ——;
? a; (az a)
a,
b; = 2 ———: 1.21
: a; (az a) ( )

In the two-dimensional case, the cross-product formulae in Eq. (1.21) can still be used to
get the reciprocal lattice vectors, by de ninga;; a, in the x-y plane, and then de ning as
to be in the 2 direction. One could then keef; and b,, while discardingbs. Back to the
three-dimensional case, we can then de ne a genefal vector that satis es Eq. (1.18) as

G = m1b1+ m2b2+ m3b3: (122)

Eq. (1.22) looks exactly like Eg. (1.15), excepG is a vector in a lattice that consists
of wavevectors, or a lattice in momentum space. This lattice is called the \reciprocal
lattice". Another thing to consider is that for a wavevectork propagating through the
lattice, k + G is equivalent to k for any reciprocal lattice vectorG. This redundancy

in momentum space means that the Fourier transform of a function of the lattice should
restrict k to a \Brillouin zone". A Brillouin zone (BZ) is a set of wavevectors where no two
wavevectors in the set are related to each other by a reciprocal lattice translation. With
this restriction on the wavevectors of the lattice, combined with the restriction Eq. (1.17)
for nite-sized systems, we have a set of valid wavevectors that can be used in the Fourier
transform relations in a Bravais lattice:

(k) = f(R)e R;
xcells R

f(R)= fi(k)ekR; (1.23)
k2BZ
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where N5 is the number of unit cells. For a non-Bravais lattice withn sublattice sites,
the lattice functions in Eq.(1.23) depend on the sub lattice index:

X _
N= o f(R)e KE;
Ncells R
X :
fu(R) = fi(k)ek R+ru). (1.24)
k2BzZ
for sublattice indexu = f0; 1; ::;; n 1g. In this thesis, it is shown that some properties

of a system, such as spin-spin correlations, are easier to analyze in momentum space.

1.2.2 Face-Centered-Cubic Lattice
The model for CUAICK,Sg is a breathing pyrochlore, which not a Bravais lattice. However,

the primitive translations of the breathing pyrochlore form an underlying Bravais lattice,
called face-centered-cubic (FCC). The FCC lattice is a Bravais lattice where

a = S(R+9);
a, = g(k+’2);

as = S(9+%); (1.25)

wherea is the edge-length of the cube. The lattice is illustrated in Fig. 1.10.
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Figure 1.10: FCC lattice visualizationa) A single cubic unit b) A larger portion of the
lattice, with the same cubic units marked for reference. Notice that the lattice sites, marked
with gray balls, are located at the corners of the cubes and at the centers of the faces of
the cubic units.

1.2.3 Regular Pyrochlore

The pyrochlore lattice has the same lattice translation vectors as FCC, but unlike FCC,
it is not Bravais. The pyrochlore lattice has a basis consisting of four sublattice sites with
sublattice vectors

ro = 0

rn = a=2

rz = a=2

rs = az=2 (126)

This geometry forms \up-facing” and \down-facing" tetrahedra, as shown in Fig. 1.11a),
with lattice sites on the vertices of the corner-sharing tetrahedra. In the case of the regular
pyrochlore, the up tetrahedra are re ections of the down tetrahedra; All tetrahedra are
identical up to a re ection. This means that the pyrochlore has inversion symmetry.
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1.2.4 Breathing Pyrochlore

Breathing pyrochlore emerge when tetrahedra in a pyrochlore lattice expand and contract
[31]. In this case, the sublattice vectors are

ro = 0;

rn = +1a1;

rz = +1az;

s = — 73 (1.27)

where is the geometric breathing ratio. Unlike the regular pyrochlore, the up-facing
tetrahedra are not mere re ections of the down tetrahedra. This assymetry could be
due to the up-facing and down-facing tetrahedra having di erent sizes, as shown in Fig.
1.11b), or the tetrahedra could have other di ering properties besides size, such di erent
as nearest-neighbour exchange couplings between the spins on the sites.
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Figure 1.11: a) Regular pyrochlore lattice, with lattice sites at the corners of the tetra-
hedra. b) Breathing pyrochlore lattice, with alternating tetrahedra sizes. The breathing
pyrochlore could also look like Paneh) as long as there is some other property that di er-
entiates between the red and blue tetrahedra, such as having di erent nearest-neighbour
exchange couplings.

1.3 Chromium Spinels

With the pyrochlore lattices de ned, we now refer to real materials that have this lattice
structure. The most common family of pyrochlores that have been explored have the chem-
ical formula (A3*),(B**),(0? );, where A is typically a rare-earth ion and B is typically

a transition metal. The A atoms and the B atoms are each arranged on their own py-
rochlore lattices [32]. The chromium spinels are pyrochlores of a di erent type, ABr,Xg
where A is one of Li, Cu while Ais one off Ga, In, Alg, and X is a chalcogen (one of O,
S, Se) [33]. There is a group of chromium spinels, including CuAl{3, that were rst
synthesized by H. L. Pinchet. al in 1970 [34]. The chromium spinels are topics of recent
research, with expanding theoretical and experimental research [4,35]. CuA|& is a can-
didate for being a frustrated breathing pyrochlore [33], among other chromium spinels [4].
Chromium spinels have relatively small geometric breathing ratios  1:.05 1:10 ( in
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Eq. (1.27)) when compared with BgYb,Zns0;11, which has a more pronounced asymmetry
with a geometric breathing ratio of 2 [36,37]. From the experimental and theoretical
information we have so far, the ordering mechanism for spins in CuAlg3 is an ongoing
area of research [33], and is the forefront topic of this thesis.

Model Hamiltonian

The Heisenberg spin Hamiltonian has the form

X
H=2" 3s s (1.28)
i

where the E2 factor is to eliminate double counting. This model is the Heisenberg model,
where the interactions between spins depend on the scalar product of classical spins, which
are normalized vectors in three dimensions. This is in contrast with th€Y -model, which
treated spins as unit vectors in a two-dimensional plane, or the Ising model, which restricted
the spins to be one of the \up” or \down " states. This Heisenberg model is based on the
exchange coupling that arises due to quantum mechanics [38, 39], which is explained in
Section 1.4. Although the Heisenberg model arises from quantum phenomena, the spins
are treated as classical vectors (i.e. having a de nite state). A more accurate analysis
would be to treat spins as quantum states. However, dealing with exact quantum spins
comes with a computational complexity that modern computers cannot handle. In the
Heisenberg model that is used for CuAIGS;, the interaction between a pair of spins
depends on theype of neighbours. There is a nearest-neighbour-interaction for spins that
share an edge on a small tetrahedron){, coupling), an interaction for spins that share
an edge on the large tetrahedronJ(y), an interaction for spins that are the next nearest
neighbours (;), and so on for further-apart neighbours. This means that CUAIGS; is
modeled by the following Harmiltonian
1 X X
H = > JIn S §; (2.29)
n hij i2N (n)

wherehij i 2 N (n) means \sitesi andj are n'"-nearest-neighbours", the neighbours' index
n follows the sequence @; 1b; 2; 3a: 3b; 4; 5;:::), with the displacement corresponding
to each type of neighbour shown in Fig. 1.12.
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Figure 1.12: Subset of the tetrahedra that form a breathing pyrochlore, where the lat-
tice sites are at the corners of the tetrahedra. Arrows show displacements between small-
tetrahedron-edge nearest neighbours (exchange couplihg), large-tetrahedron-edge near-
est neighbours (exchange couplingy,), second-nearest neighbourg$), direct third-nearest
neighbours (3,), indirect third-nearest neighbours (3,), fourth-nearest (J,) and fth-
nearest (Js) neighbours. De nition of neighbours is the same as the one used for the
breathing pyrochlore in Ref. [1], with the labeling dierence from there to here being

J 1 Jia, IO Jyp. For explicit list of displacement vectors corresponding to each type of
neighbour, refer to Appendix A.
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Unique Properties

A magnetic crystal's spins are contributed by the spins of unpaired electrons. For the
chromium spinels, the unpaired electrons in the magnetic &r ions are 3l-orbital electrons

as opposed to the more commonly studied rare-earth pyrochlores whose unpaired electrons
are from the 4 -orbitals. As a consequence, which is further explained in Section 1.4, the
critical temperatures of chromium spinels' spin con gurations are higher ( 10 K) [33]
when compared with rare-earth pyrochlores’ critical temperatures (1 K) [32,37,40]. The
relatively high critical temperature, at around 20 K, makes CuAlCsS; experimentally
viable for studying the ordering of the spins [33]. CuAICSs also has a property that makes

it uniqgue among the chromium spinels. When compared with the other chromium spinels in
Table 1.1, one can see that CuAIGSS; is unique for having its strongest exchange coupling
between third-nearest neighbours. The displacements between third-nearest-neighbour are
the FCC primitive translations, which means that one could view CuAICSs four FCC
lattices with perturbations. This special set coupling in CuAIC(Sg gives an opportunity

to test existing theoretical methods on a material whose types of Heisenberg exchange
couplings have a unique nature.

| Material | T (K) | J1a (K) | J1o (K) | J2 (K) | Jza (K) | I3 (K) |
LiinCr.Os | 298 | 59.8(2) | 22.0(2) | 0.3(1) | 1.9(1) | 0.9(2)
LiGaCr,Os | 298 | 66.2(3) | 100.0(2)| 0.7(1) | 2.0(1) | 1.3(1)
LiInCr,Ss | 298 | -0.3(1) | -28.0(1) | 0.7(1) | 5.3(1) | 2.4(1)
LiGaCr,Ss | 298 | -7.7(1) | -12.2(0) | 1.2(1) | 6.1(1) | 3.0(1)
CulnCr,Ss | 298 | 14.7(1) | -26.0(1) | 1.1(1) | 6.4(1) | 4.5(1)
LiinCr.Se | 298 | -25.4(2)| -31.0(1) | 0.3(1) | 4.8(1) | 3.9(1)
LiinCr.Os | 20 | 40.6(2) | 40.8(2) | 0.3(1) | 2.0(1) | 0.9(1)
LinCr.S | 10 | -10.8(1)] -9.5(1) | 1.2(1) | 6.2(1) | 3.1(1)
CUAICr,Ss | 12 | -0.2(2) | -27(2) | 0.1(1) | 6.0(1) | 3.5(1)

Table 1.1: Table of exchange couplings for various chromium spinels, obtained via a
method called density-functional theory (DFT). The titular material, CUAICr ;,Sg, is at the
bottom row, marked in red. All entries except for the bottom row are reported in Ref. [4],
and the parameters for CUAICESg were obtained from our collaborators. The dominant
third-nearest-neighbour couplings in CuAICsSs are highlighted in blue. TheT column is
the temperature for which the exchange couplings are derived.
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1.4 Mechanisms Behind Magnetism in Crystals

In the previous section, we discussed \what" is the model for CuAlG8s. While the
Hamiltonian was listed in the previous section, there is a physical basis for how such an
Hamiltonian arises in real materials. There are also other possible interactions in real
systems that could modify the Hamiltonian, but there are arguments for why they can be
neglected in CuAICySg as a reasonable rst approximation.

1.4.1 Exchange Interactions

The subatomic particles involved in the bulk of inter-atomic interactions are electrons.

Electrons are fermions, which means that if there is a joint wavefunction of multiple elec-
trons, swapping a pair of electrons ips the sign of the wavefunction. This restriction on

the wavefunctions, combined with existing Coulomb interaction between charged particles
like electrons, results in particular types of interactions and e ective Hamiltonians.

Isotropic Exchange

Depending on the orbitals of interacting electrons, exchange interactions can be ferromag-
netic or antiferromagnetic. The derivation below is from Chapter 2 ofectures Notes on
Electron Correlation and Magnetism(Fazekas, 1999) [39].

Given the joint wavefunction of n fermions,

((ras 1)5(r2; 2)i25(rns n)) s (1.30)

Where r; is the position of electroni and ; is its spin. Let P; be the particle exchange
operator that swaps electron with electron j, then the joint wavefunction in Eq. (1.30)
must satisfy

Pij = . (1.31)

This restricts the type of many-electron wave functions that are possible. For example,
consider the hydrogen molecule Hamiltonian
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H = Haom(r1i Ra)+ Haom(r2 Rbp)
€ €
jri Ry jrz Raj
€
jra 1o
&

"Ra Ry -

+

where R,; R, are the positions of the positively charged nucler,;;r, are the positions
of the electrons,e = 1:6 10 ° C is the elementary charge, andH 4om(r) is the single
hydrogen-atom hamiltonian for an electron and a nucleus separated by displacement_et
"a(r)="1s(r Ra)and' y(r) ="' 1s(r Ryp) be the eigenstates of single-atom Hamiltonian
terms in Eq. (1.32), and de ne the real-space overlap integral

z

[:= " (r) u(r)dr: (2.33)

Note that all the operators in H de ned in Eq. (1.32) commute with spin operators,
therefore the total spinS, and the z-component of the spinS?, are good quantum numbers.
Thus, it can be assumed that the eigenstates of the two-atom Hamiltonian are linear
combinations ofS and S* eigenstates. The four eigenstates are as follows:

P = pﬁ () (ST a(r) o(f2) " alr2)' olrl; (1.34)

e gs%r A1) 5(2) a2 ol (51) (S)+ (s1) (s)];  (1.35)

4= fﬁ () ([ a(r2) o(r2) " a(r2)’ o(ro)]: (1.36)

i 4= ga%r AF) o)+ a2 DIl (80 () (s) (21 (L.37)

26



where (S) is the wavefunction at atoma for spin's, and (s) is the wavefunction at atom
b for spins. Let

at = N ijHaomic] il; (1.38)

which is the same single-atom energy for the eigenstatesi;j »i;j si;j 4. When eval-
uating the expectation energies of ;] »i;] 3i, we get a triplet with energy

Cab Iab_
1 127

whereCy, is the term from the Coulomb interaction between the charges, weighted by their
probability distribution in space, given by

t=hiH i =2 4+ (1.39)

Z Z Z &
Cab = dr]_ dr2j' a(rl)jz. .j' b(rz)jz drlfj' a(rl)jz
7 jro 1o Jri Ry

e
dro———j" (rL)j% 1.40
5 RajJ b(r2)] (1.40)

| ap is the exchange term, which involves the overlap between di erent atoms' wavefunctions

Z Z
lap = dry dro’ ,(re)" o(ra): = p(r2)" a(r2)
Ira o
z & z &
—_— ' daro————' ' . 1.41
| drljrl Ry alre)" o(ra) |1 r2Jr2 R.j b(r2)" a(r2) ( )
Meanwhile, the singlet energy is
S Cat |
s= hajHj 41 =2 5+ ib+—|;b; (1.42)
which gives an energy di erence of
I>C I
tr s=2 S BLLLS (1.43)
1 14
Note that the eigenstates can be represented as the triplet states
J 1 =L ) o =jL0; j s =)L L, (1.44)
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and the singlet is
j 4i = ]0;0i; (1.45)

wherejs; mi means \total spin-s, total s,i", the spatial dependence of each eigenstate is
shown in Egs. (1.34)-(1.37). Noting that

2j ii foratriplet (if i =1;2;3)

S + S 2; | - ; 146
GrrSIT= 6 for asinglet (it = 4) (149
to get that
(
1 1  for a triplet
25, S+ ==(S1+S,)? 1= piet (1.47)
2 1 for a singlet
This means that the Hamiltonian can be de ned as
+ 1
| S tr S tr + =
H ! > > (2S;: S 2)
= constant+ J1,S; So; (1.48)
where
_ |2Cab Iab_
Jip = ZW. (1.49)
For su ciently large overlap integral |, 1?°C,, > | 4, giving antiferromagnetic exchange,
while in the case of orthogonal orbitals that have 0 overlapJ:, = |4 < 0 and the

exchange is ferromagnetic. If the absolute energy does not matter and only the di erences
in energy levels matter, then the constant energy terms in the Hamiltonian can be ignored
to write the Hamiltonian as

He = J10S51 S5 (150)

which is the two-site Heisenberg model. This gives us insight at how the hydrogen molecule,
one of the simplest compounds, can have exchange interaction between its electrons. In
more complicated system, the exchange interaction still plays a role. The example shown is
for direct exchange between two electrons. Exchange interactions can be more complicated
and involve more particles, with information available in Refs. [39,41]. For more compli-
cated atoms, nding the exact exchange couplings from rst principles without utilizing
any experimental measurements is extremely challenging if at all possible. To counter this
complication, one can extract the couplings based on experimental measurements mixed
with tting parameters to the experimental data [42].
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Anisotropic Interactions

Spin-orbit coupling occurs when the orbital of an electron generates a magnetic moment
that interacts with the electron's spin. Spin-orbit coupling can be incorporated into a
Hamiltonian by including a term (S L), where is the spin-orbit coupling intensity.
Spin-orbit coupling generates anisotropy in the spin interactions, since the spin operator
no longer commutes with real-space operators, due to theoperator depending on existing
electric eld in the crystal. When combined with exchange, spin-orbit couplings gives rise
to anisotropic interactions in the spins, given by

Haiso=S g h %S S gh h; (1.51)

where is the spin-orbit coupling strength, is a tensor depending on the geometry and
orientation of the electron orbitals,g is a tensor satisfyingg; = 2( j i), and g is
the Bohr magneton, which has units of magnetic moment. The anisotropy in the spins
gives rise to interactions such as Dzyaloshinskii-Moriya [43] among others [39]. For more
information on anisotropic spin interactions, refer to Chapter 3 dfecture Notes on Electron
Correlation and Magnetismby Fazekas (1999) [39]. Since the unpaired electrons in3Cr
ions are 3, which are the ion's outermost electrons, these electrons are highly in uenced
by the crystal eld, which in spinel crystals splits the ve 3d orbitals into a ground triplet
(tog) and an excited doublet g;). The energy gap between the triplet and the doublet is
10* K in chromium spinels, meaning that only the threet,y orbitals are accessible at
the temperatures of interest [44]. This means that the threed3electrons in CE* restricted
to the three orbitals, and since Hund's second law still holds in spinels, each of the three
orbitals is singly occupied. The single-occupation of each of thg orbitals leads to a total
orbital angular momentum L = 0 [39], meaning that spin-orbit coupling is negligible for
Cr®" ions in spinels. Thus, spin-orbit coupling and the anisotropic exchange that would
result from it can be neglected for CUAICKS;.

1.4.2 E ect of Electronic Structure

In an atom, magnetic moments come from unpaired electrons [39]. Due to the Pauli
exclusion principle, each electron orbital may contain up to two electrons, with opposite
spins. This means that the magnetic moment of spins that are paired in the same orbital
is e ectively canceled out. Magnetic atoms have unpaired electrons, so that the atom's
cumulative spin is nonzero.
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Hund's Rules in Isolated Atoms

Hund's three rules describe the occupancy of electron orbitals in an isolated atom's ground
state. The rules are as follows: the electrons Il the available states that result in the

1. largest value of total spinS

2. largest value of orbital angular momentumL that is permitted by the rst rule
(Hund's second rule)

3. total angular momentum beingd = jL  Sj for less-than-half- lled shells andJ =
jL + Sj for more-than-half- lled shells (Hund's third rule)

Hund's rules may not necessarily hold when the atoms are in an external eld, or coupled
with other atoms in a compound.

Hund's Rules in interacting atoms

While rare-earth metals' 4 electrons are shielded by the outerssand 5 electrons, tran-
sition metals' 3d electrons are the outer electrons and are more strongly in uenced by
the electric elds of other atoms (crystal eld), which causes Hund's third rule to become
invalidated, and alters the atoms' total angular momentumJ [39]. Still, Hund's rst two
rules generally hold in either case. For rare-earth {4 electrons, the energy scales are

exchange > spin-orbit coupling > crystal eld.
Meanwhile, for transition-metal () electrons, the energy scales are usually but not always
exchange> crystal eld > spin-orbit coupling.

When crystal elds dominate over spin-orbit coupling, as in the case ofd3electrons, the
spin S and the orbit angular momentumL are good quantum numbers whose values can
be determined by Hund's rst and second rules. Meanwhile] is not a good quantum
number when the crystal eld dominates over the spin-orbit coupling. The magnetic ion in
CUuAICr,Ss, Cr¥*, which has electron con guration 32, can be viewed has having a total
angular momentum equal to the total spin § = S) as a better approximation than Hund's
third rule (J = jL+ SjorJ = jL Sj). Thus, Cr3® can be viewed has having a total
angular momentumJ = 3=2 since there are three electrons with spin-1/2 each [45].
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1.4.3 Dipolar Interactions

The dipole energy exists due to pairwise interactions between magnetic moments,

X 1
Haip = PEI 3( 5 M) ) (1.52)
ig] Il
wherer; = r;fy is the displacement between sité and sitej, and ; is the magnetic
moment at site i, which is proportional to the spin at sitei [31,46,47]. The goal is to

show that dipolar interactions are negligible for CuAICSs. One could express the dipolar
Hamiltonian as

X X

Hdip = D. s

ij iS
ij

; (2.53)

where s, is the -component of the spin at sitei. One could approximate the dipolar
coupling coe cients as

2 2
09

i 2—? (1.54)
where is the dipole moment of a spin,g 2 is a factor that characterises electrons,
and ¢ is the Bohr magneton [46].g 10:6 for Dysprosium (Dy) while g 3.7 for
Chromium (Cr) [45]. Dy,Ti,O; is a pyrochlore with a lattice constant of 10 A [48],
which is about the same as the lattice constant for CuUAIGSs. This means that one ex-
pects dipole interactions at the nearest neighbor for CUAIGEs to be ((g zy))zz 10 times
weaker than Dy Ti,O;'s 2.35 K, which is at around 0.2 K, much weaker than most of
the given exchange couplings in CuAIGGs. The dipolar couplings decrease in space as
1=r3. which means that the dipolar coupling between fth-nearest-neighbour couplings is
about 10 times weaker than that of rst nearest neighbours, which are a little closer than
half of the fth-NN's distance. Therefore, dipolar interactions can be neglected from the
model for CuAICr;Sg. A remaining concern, however, is the range of dipolar interaction,
which decay in distance as 4r® and thus have in nite range. It has been shown that
for Dy,Ti,O7, the correction to the Hamiltonian from dipolar interactions is within the
same order of magnitude of the upper bound in Eqg.(1.53), even when including dipolar
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interactions up to distances as long as 106nearest-neighbours [49]. Since BYi,0; is

a pyrochlore lattice with the same lattice dimensions as CuAlG&'s within 2% di er-
ence, then similar displacement-dependent long-range dipolar contributions are expected
according to Eq. (1.52). Therefore, the e ect of dipolar interactions, which is negligible
for nearest-neighbours in CuAICfS, can also be assumed to be negligible for long-range
dipolar interactions.

1.4.4 Biquadratic Interactions

We have ruled out the need to include anisotropic exchange and dipolar interactions in
CuAICr,4Sg. This leaves us with the isotropic exchange Hamiltonian, called the Heisenberg
model,

H= JjSi Sj; (1.55)

where J; are the exchange couplings between the sp#) at site i and the spin S; at
site j. While it is convenient to assume that the positions of the spins in the crystal are
held rmly in place, this is not guaranteed in real systems. In some crystals, there are
non-negligible lattice deformations such as the Jahn-Teller e ect, which complicate the
spin-spin interactions [39]. This exibility in the sites' positions leads to corrections in the
Hamiltonian, including corrections that are biquadratic in the spins. We derive the energy
correction that follow from the sites' displacements. The energy between two displaced
spins can be expressed to linear order in displacement as

Eij = [Jij +r r\]ij rij](Si Sj); (156)

whereJ;; is the exchange coupling between spirg and S;, and the distance between the
sites isrj = ro+ r; for some reference distance, [50,51]. In a many-body system, the
energy of displacing spin sites can be expressed as

X h X k
E=Eq+ %(si Sj)Xa + %bxaxb; (1.57)
a;ij & ab

where Eq is the energy when the spins are xed.a;b are indices of displacements of
all lattice sites along each Cartesian component (if there amdg sites, and 3 Cartesian
components, thena;b = 1;:::;3Ng is a possible enumeration).x, is a component of a
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displacement of a lattice site that is enumerated by indek, and k,, are elastic coe cients
depending on how easily the corresponding lattice sites can be stretched or compressed
along certain Cartesian components. De ne the following tensors,, @ =@, and x, where
Ty =S S
@ _@j
@ ij;a @X
Xa = Xal (1.58)

then the energy correction can be written in tensor form as

@) 1
= — y>= vy .
E Eo: E=T @x+ 2x KX : (1.59)
Consider a unitary transformationU such that UKU Y is diagonal. Let
y=Ux;) x=Uly: (1.60)
This can be written out as
X
y = Ua Xa;
X X
Xa = Uy = y Ua: (1.61)
By the chain rule
@x @y @x @y ° Q@ .
a@_a
—_— = —U: 1.62
) & @ (1.62)
Using this along withUU Y = | in Eq. (1.59):
@) 1
= Y= y + Yy y
E T @UU Ux 2x U UKU YUx
@) 1
= y>=>" vy .
T @y+ 2y }jgy_fy. (1.63)
gonal
Letting UKU Y = sinceU diagonalizesK , and expressing (1.59) in summation

form gives
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" #
X X
E = (S S)@y + E y? (1.64)
i5j

The goal is to minimize E to see what happens in the low-temperature regime. Finding
the minimum in the energy correction can be done by di erentiating Eq. (1.64)

#
@E_X @, * @y
= = S S)=L S S ; 1.65
oy, & gyt &gyt v (1.65)
and solving for@E=@y 0, which gives
P
5 (S Sk
y = p (é S)@ﬂ% — (1.66)

that the lattice is rm enough to only allow slight deformations, one can assume
; (S $)S3-, which simpli es Eq. (1.66) into
X
y = 1 (S S )@'3/ (1.67)

i

Plugging Eq. (1.67) back into the energy correction in Eq. (1.64) gives

" #,
X X
E = 1 1 (S S )@‘? : (1.68)
2 ] y
By de ning the four-site coe cient
X 1@
Ciw = —%% (1.69)
Eq. (1.68) can be written as
1 X
E = E Cijkl (S| SJ)(SK S|); (170)

skl
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where i;j; k;| are sites with spinsS;; S;; Sy; S, respectively. If biquadratic interactions
are non-negligible, this interaction would complicate many of the semi-analytical methods
that are used to analyze the system, which are only suitable when the Hamiltonian has
spin dependencies only up to quadratic order. Recalling that the reason for biquadratic
interaction is displacement of the lattice sites, one could look at the structure of the lattice
and check if there is a structural change at low temperatures, which would suggest that
biguadratic interactions are signi cant, as seen in the LiGaC/Og chromium spinel [52].
There are still questions on whether biquadratic interactions are signi cant in CUAIGS,
but so far no signi cant distortions in the lattice structure has been observed by our
collaborating experimentalists for CUAICELSg above 10 K

1.5 Motivation Behind CuAICr 4Ss

We provided the basis for magnetic crystals, how their spins interact, and how this all
applies to CuAICr,Sg. We now refer to why frustrated magnetic systems are worthy of
research, and why the material CUAICsSg, a frustrated breathing pyrochlore, is worthy of
being studied.

Frustrated systems are candidates for exotic phenomena such as superconductivity [53{
], spin glasses [18,56], spin liquids [57,58], and spin ices. Spin ices and spin liquids have
generated fruitful research due to their unique emergent electromagnetic theory [57,59].

Within frustrated systems, there are pyrochlores. Pyrochlores are worth studying since
their geometry allows for physical manifestations of frustrated magnetism, and there is a
variety of pyrochlores that can be synthesized for experiments and modeled for theoretical
research. Breathing pyrochlores add more unique possibilities, due to the breaking of
inversion symmetry that exists in regular pyrochlores. The breathing pyrochlores have
been a fertile ground for many unique phenomena. An example of a potential unique
phenomenon in breathing pyrochlores is the emergence of rank-2 U(1) spin liquids, where
the emergent electromagnetic elds are tensors rather than the vectors in conventional
rank-1 electromagnetism [60]. Breathing pyrochlores are also candidates for third-order
topological insulators [61]. Breathing pyrochlores could also allow quantum spin liquids to
have a much broader regime than regular pyrochlores, due to the structure of the breathing
pyrochlore [57].

Within breathing pyrochlores, chromium spinels have relatively strong exchange inter-
actions between their magnetic ions. The strength of these exchange couplings leads to
critical temperatures at O(10') K, which is relatively high and accessible to experiments
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when compared to rare-earth pyrochlores, whose critical temperatures are typicaD(1)

K [4]. Besides the favourable temperature scales of phase transitions, chromium spinels are
candidates for several uniqgue phenomena. For example, Ligaglng osCrsOg is a candidate

for classical spin nematic transition [62], while there is cluster frustration [63] and negative
thermal expansion predicted by the model for LiGaGS; [64]. Existing chromium spinels
may also host Weyl magnons, the spin system analogues of Weyl fermions, that can be
manipulated by magnetic elds [65]. More unique properties for the breathing pyrochlores
have been brought up in Refs. [66{74].

Within the chromium spinels, CUAICr;S is special for its exchange coupling's de-
pendence on the distance between interacting neighbours. As can be seen in Table 1.1,
CUAICr;Ss has dominant 3-nearest-neighbour couplingsJz, and Js,) when compared
with couplings between closer neighboursl{,; Ji, and J,). This is in contrast with other
explored chromium spinels that have strongesttNN couplings and weaker '8-NN cou-
plings. Moreover, CuUAIC;Sg has new experimental data [33], and theoretical analysis is
important as a complementary information to the experimental data. It is possible to have
experimental data that is missing information on its own, but theoretical models could
give rise to predictions which, if consistent with the experimental data, could dramatically
narrow down the possibilities for the model without needing further experiments. While
this hope is often harder to realize in practice, it is possible to use theory alongside experi-
ment rule out possible behaviours in the material. This means that supplementing existing
experimental data on CuAICpSs with theoretical predictions would be a chance to test
the viability of said theoretical methods.

1.6 Thesis Overview

The research process started after the experimental results for CUAKS; were made avail-
able from Ref. [33]. This prompted our collaborators to model CuAIGE&; as a Heisenberg-
model breathing pyrochlore, with exchange couplings going up t6?3NN. The exchange
couplings were obtained via DFT calculations. With the theoretical exchange couplings
provided, MFT, large-N and classical Monte Carlo (CMC) simulations were used to predict
the neutron-scattering structure factor of CUAICySg, along with speci ¢ heat and suscep-
tibility. At that point, our collaborators calculated the structure factor of the model using
guantum methods. Later, more experimental data was made available by the authors of
Ref. [33], speci cally, neutron scattering o CuAlCr,Sg powder. The experimental data
suggested that there are magnetic Bragg peaks at di erent wavevectors from the ones pre-
dicted by theoretical methods that implement the up-to-8'-NN model. As an attempt to
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provide a more accurate model, our collaborators provided an updated model using DFT
to include exchange couplings up to'5-nearest-neighbours. Since the updated model was
provided, the classical methods used in this thesis were redone on the updated exchange
coupling. The results from classical methods using both the initial up-to8NN and the
newer up-to-3" NN Heisenberg model are shown in this thesis.

In Chapter 2, we discuss the basis for describing spin-spin correlations, and the semi-
analytical methods that are used to analyze the Heisenberg model on the breathing py-
rochlore. The semi-analytical methods are MFT and largst, and the numerical method
is CMC simulations. Chapter 3 contains results from the semi-analytical methods and
comparisons with our collaborators' other methods where applicable. Chapter 4 contains
results from numerical CMC simulations, which are also compared with collaborators'
work. In Chapter 5, we discuss the signi cance of the results, conclude the key points from
the research so far, and provide ideas for the next steps.

37



Chapter 2

Methods

2.1 System Measurements

2.1.1 Neutron Scattering

Particles with momentum p have an associated de Broglie wavevecthkrsatisfying
p=~k; (2.1)

where~ = 1:054571817 10 34J s is the reduced Planck constant, here acting as a conver-
sion factor between wavevector and momentum [75]. The relationship between wavevectors
and momentum is useful for determining structural properties of lattices. This is so because
translational symmetries in the lattice correspond to wavevectors, which can interact with
incident particles via momentum transfer. Indeed, one can learn about the periodic nature
of a crystal by ring particles at the crystal and investigating the momentum of the scat-
tered particles. To study the periodicity of spin orientations in the lattice, it is bene cial

to use scattering particles that mainly interact with the lattice by spin-spin interactions.
The neutron is a prime candidate, since it has a spin but no charge, which means that
the scattering of neutrons in a sample can be attributed to spin-spin correlations rather
than electrostatic interactions. This property makes neutron scattering an idea to probe
the magnetic interactions or correlations in materials. For the readers interested in the
technical properties of neutron scattering, please refer to [75, 76].
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Figure 2.1: Schematic of neutron scattering. A beam of neutrons with wavevectkris

red at a sample. The neutrons interact with the particles in the lattice via magnetic
interactions and get scattered. For a given scattered beam with out-going wavevectdt

the solid angle spanned by the beam depends on several variables, including the magnetic
correlations of spins in the sample.

For a neutron with initial momentum p that scatters o a material with nal momentum
p° conservation of momentum means that the lattice receives a momentunp from the
neutron such that

p =p pt (2.2)

Expressing momentum transfer from a scattered neutron in terms of wavevectors using Eq.
(2.1) gives

Q=k kS (2.3)

wherek = p=~is the initial wavevector of the incident neutron,k®:= p%-~ is the scattered
wavevector of the outgoing neutron, and) = p=~ is a wavevector that represents a
property in the lattice (translational symmetry or spin correlations). With the scattering
of the neutron, there is also an energy transfer,

2
o - ®y.
E = !_—2 (k> k%); (2.4)

where! is the angular time-frequency, andn is the mass of a neutron [75]. There are
two types of signals that are relevant for the types of scattering, structural wavevectors,
and magnetic ordering wavevectors. Structural peaks happen whén= G for reciprocal
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lattice wavevector G, due to neutrons gaining crystal momentum from interactions with
the samples' particles. Magnetic peaks happen whed = Qmag + G, where gmag is a
magnetic wavevector in the lattice that is detected due to interactions of the neutron beam
with the samples' spins. Consider a beam of neutrons being red at the lattice sample, as
in Fig. 2.1. if increasing the cross section of the beam fromto + d leads to the solid
angle of the scattered beam to increase from to +d , with the energy of neutrons

in the beam going from~! to ~(! + d!) for a beam with momentum transferQ, then the
scattering obeys the following equation

d2
d dE

QQ
Q2

X
= R Qe 2@ S (@) (5)

ro 10 ' mis the scattering radius, which depends on the material of the samplE(Q)
is the atomic form factor. e 2V (Q) js the Debye-Waller factor, wheréV (Q) corresponds to
the thermal uctuations of the positions of sites in the lattice [32,75,76]S (Q;!) is the
dynamical structure factor between the spin components and , which can be expressed
as

X %1 |
gQ (R Rio)I’Ej (O)Sjo(t)ie it gt (2.6)

jjo 1

S (@)= 5

which is the Fourier transform of correlation between and components of spins across
time and space. In the static case, such as systems in equilibrium with negligible uctua-
tions in the expectation values in times; (0)s;o(t)i = hs; (0)s;0(0)i, which means that the
static case of Eq. (2.6) is

S (Q:1)/ s (Q) (M) (2.7)
where
X
S Q= €°F Ridtg s (2.8)
B °
with hs; 5,0 being the spatial (but not temporal) spin-spin correlations [77]. Assuming

elastic scattering, then E = 0 in Eq. (2.4), which means thatk® = k ) "?0 = 1.

Substituting this along with Eq. (2.7) into Eq. (2.6) gives the elastic neutron scattering
di erential cross-section:
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d oy QQ .
q /1 FQ) | 02 S (Q): (2.9)
De ning the Fourier transform of the spins
X .
s(Q) = e QRig (2.10)

i

along with Eq. (2.8), allows for the structure factor to be expressed as

S (Q)=Mm(Q)s ( Q)i: (2.11)

Thus, Egs.(2.9), (2.10) and (2.11) relate the spin-spin correlations with the structure factor
and the experimentally measurable neutron scattering cross-section.

Isotropic Spin Hamiltonian

Consider the following expectation value,
R

+ _ _stmes M
I’BJSJOI— X

states M

sis e HM)
e HM)

(2.12)

The Heisenberg HamiltonianH = %P jj0Jij oS)  Sjo is invariant under swapping of com-
ponents in spins $ . Due to this isotropy, one can reindex the components with $
in every site for every state without changing the Boltzmann weights H, thus
Z Z
s 506 MM =
states M states M

s s HM); (2.13)
which means that
bs; 5 = hs; Spi: (2.14)

Another property of the Heisenberg Hamiltonian is invariance under global rotation of
spins, i.e. ifS; ! R §; for any rotation matrix R that is globally applied on all spins.
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This means that for any ; 2 fx;y;zg where 6 , one can rotate the spins by 90in
the - plane without changing the Hamiltonian:

| L
SJ. SJ,

s ! s 8 (2.15)

This rotation does not change the Hamiltonian and thus keeps the same Boltzmann weights
and the expectation values. This means that

hs; 5,0l = hs; (- s50)i; (2.16)
and thus
hs; soi = hsjsd; 8j;j°if 6 : (2.17)
Combining this with Eq. (2.14) means that
hs, sl =0 8j;j °if 6 : (2.18)
For the case where = |, one can utilize Eq. (2.14) along with the rotational invariance
of the Hamiltonian to show that
. : o1 .
I‘EJ?(SJ-XOI = rBijjyol = I‘szsjzol = :—%I‘SJ Sj ol : (2.19)

By Fourier transforming the spin correlations in accordance with Eq. (2.8), one can see
that

S (Q= S(Q); (2.20)

for Heisenberg model, which is the model used for CuAlgS; (de ned in Section 1.3), Eq.
(2.20) can be substituted into Eq. (2.9) to give

4(Q) /i FQ)Ps(Q) (221)

Thus, for systems with isotropic spin interactions such as Heisenberg model, with elastic
neutron scattering, the neutron-scattering structure factor is directly proportional to the
di erential cross section. This makes the structure factor a directly measurable quantity
if a single-crystal sample and a neutron beam are present.

A property of neutron scattering that has not been discussed is polarization. Polar-
ization divides the scattering cross section into spin- ipped neutrons and non-spin- ipped
neutrons. From the relations between spin correlations and the polarization of scattered
neutrons [78], the spin-spin structure factor for spin- ipped neutrons and non-spin- ipped
neutrons are proportional to each other in isotropic spins, and thus polarization can be
neglected in the Heisenberg model.
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2.1.2 Specic Heat

Although spin-spin correlations are perhaps the physical measurements that are drawing
the most attention in the study of CuAlCr,Sg, it is important to look at other physical
variables to understand the nature of the possible temperature-driven phase transitions.
Phase transitions represent boundaries between di erent regimes with di erent spin-spin
correlations, and temperature-driven phase transitions can detected by investigating the
heat capacity or speci c heat. Given the equation for the partition function

X
Z = exp[ H(M)I; (2.22)
state M
then the expectation energy is

(Ei = hHi = _ statem H e;p[ HM)I. (2.23)

The second moment of energy is

P
g% = _smem HEEXPL HM)] (2.24)

Z

One could use a general formula for the™ moment of energy to express Egs. (2.23) and
(2.24):

. _ ()Y ez
n; — .
HE"i = z @ (2.25)
Using this property, along with the de nition of speci c heat
_ 1 @Ei.
Cy = N—SE, (226)

and recalling = 1=T for change of variables, combining Eq. (2.25) and (2.26) gives

= hEZ h Ei? : 2.27
& = N2 (2.27)
This means that the specic heat can be calculated by sampling the rst and second
moments of energy, rather than computing the numerical derivative of energy-versus-

temperature data.
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2.1.3 Susceptibility

For the susceptibility, we add a eld term to the Hamiltonian

1 X X
H = é Jjj OSJ' Sjo hj Sj (228)
ji° j
or with a homogeneous eld
1 X
H= é \]jj OSJ‘ Sjo h M; (229)
i°
where
X
M = Si: (2.30)

Let h be parallel to the magnetization,h = hM, then Eq. (2.29) can be written as

H= - Jij Si Sj hM: (231)
ij

Note that the n™ moment of the modulus of the total magnetizationM = kMK, is

P
M neH (M)
ny — state M .
vV " > ; (2.32)
Eq. (2.32) can be expressed in terms of derivative of partition function as
o (1)"@Z
M= o o (2:33)
Noting that the uniform parallel- eld susceptibility is
_ @M
= ~an’ (2.34)
then using Eq. (2.33) and Eq. (2.34) gives
— 1 2; 2: .
= NT M h M“i (2.35)

Calculating the susceptibility from the variance of the magnetization as per Eqg. (2.35) is
useful in numerical methods such as Monte Carlo simulations.
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Curie Weiss Temperature

Curie-Weiss temperature is de ned from response of magnetization to eld at high tem-
peratures, where the system can be approximated to be paramagnetic [16]. For spins that
have moduli S, the mean magnetization by Curie's law is

SZ
M = Z=(h+ he ) (2.36)
where
X
he = Jij M (237)

is the e ective mean eld due to internal interactions. Plugging Eq. (2.37) into Eq. (2.36)
gives
|
: 1
g2 X g2
M= T — Jj ?h (2.38)
j

This means that the parallel- eld susceptibility in the paramagnetic regime is

_ @M
MF @k |

2 X Tl

= T S_ \]Ij S_

3 j 3
I (T cw) 5 (2.39)

where
s2 X

cw = Jij (2.40)

is the Curie-Weiss temperature. Note that in our sign convention]j; o > 0 for antiferro-
magnetic couplings, which means that systems with dominant antiferromagnetic couplings
have negative Curie-Weiss temperatures. The Curie-Weiss temperature along with the
critical temperature Tc, is a key quantity in assessing a system's frustration coe cient

f = cw :TC; (241)
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where highly-frustrated systems tend to have a large positive frustration coe cient 1

[79]. This is the case since frustration inhibits ordering, resulting in the system having
an ordering mechanism that is more vulnerable to thermal uctuations and thus resulting

in a lower critical temperature when compared to the Curie-Weiss temperature. Since
the Curie-Weiss temperature can be obtained from susceptibility at high temperatures,
probing the susceptibility at high temperatures is useful for analyzing the frustration of
the system. Measuring the Curie-Weiss temperature also allows for veri cation of the
exchange couplings used in the model, since the exchange couplings are expected to predict
the Curie-Weiss temperature according to Eq. (2.40).

2.1.4 Spin-Spin Correlations

Rewriting the eld term in (2.28) with Cartesian components of the eld written explicitly,

1 X X
H = E Jjj OSJ' Sjo hj Sj ; (242)
ij I
which gives the partition function
" I#
X 1 X X
Z = exp > JijjoS; Sjo hys (2.43)
states M ij is

The spin-spin correlation between component of spin at sitej and component of spin
at j°can be expressed as

1 @ |

°Z @h@p
Recall that the structure factor is related to the spin-spin correlations, being the Fourier
transform

hs; 5,0l = (2.44)

X _
S (Q)= 5 S0 e QR R0 (2.45)

i °
Thus, the spin-spin correlations are useful observables for calculating the neutron-scattering

di erential cross-section. In the zero- eld caself; 0), the Hamiltonian in Eq. (2.42) is
isotropic, which means that

S (Q= S(Q): (2.46)
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2.1.5 Powder Average

Often times in experiments, rather than having a single crystal, the system being analyzed
is a powder consisting of many tiny crystallites oriented in random directions. If the
orientation of the crystallites is uniformly random, then a measurement of a scattered
beam does not come from the contributions of a single wavevector, but instead from all
wavevectors that have the same modulus. The powder average of the structure factor over
all wavevectors with modulusQ = kQKk is de ned as

1 Z,Z
S(Q) = — dd sin S(q); (2.47)
4 0 0
where
g = Q(sin cos; sin sin; cos ): (2.48)
Assuming elastic scattering,
@ : _
@ = JF(Q)i*S(Q); (2.49)
powder

where F (Q) is the form factor of the scattering ions. The form factor arises from inter-
ference between the incident neutrons' wavevectors and the magnetic ions, which becomes
signi cant at de Broglie wavelengths that are comparable to the magnetic ions' size. In
the case of chromium spinels, the form factor for &t ions is de ned as

F (Q) = 0:3094 0:0274*6‘2(4&)2 +0:36804 17:0355A2(4&)2
+0:655@ 5230°()” 4 0:2856 (250)

according to Ref [4]. The integral in Eq (2.47) can be computed for MFT and large-since
both methods provide explicit functions for the structure factorS(q) for any wavevector

g. For Monte Carlo, nite-size systems have a discrete set of possible wavevectors, and the
integration for the powder average in momentum space requires the structure factor to be
interpolated. At the time of writing this thesis, only largeN was used out of the classical
methods to calculate the powder average for CuAlGEs.
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2.2 Exchange Coupling Matrix

Analyzing the exchange coupling is useful for methods such as mean- eld theory and large-
N, which are showcased in the next sections. In the Heisenberg model with neighbour-
dependent exchange coupling, the coupling coe cient can be expressed as

X
Jio= AN, (2.51)

jio°
n

wherej;j °are site indices,; are spin components; 2 f x;y;zg and Aj(j”c)) is the adja-
cency matrix of n" nearest neighbors meaning that

1; if j,j%aren™ nearest neighbors

e 0; otherwise (2:52)
In the model for CuAlCr;S, the neighbour indices aren = fla; 1b; 2; 3a; 3b; 4; 5g,
and the displacement between each neighbour type are presented in Appendix A. The
la neighbours are pairs of sites that share an edge on a small tetrahedron, while the 1
neighbours are pairs of sites that share an edge on a large tetrahedron. Thé-Rearest
neighbours are sites that are separated by the next smallest euclidean aftemkighbours'.
The 3a neighbours and 8 neighbours both correspond to the same Euclidean distance, but
the 3a neighbours are separated by less tetrahedra edges thann@ighbours are. The 2
and 5" nearest neighbours are the neighbours with the next smallest Euclidean distances,
which unlike 39, are not divided into a and b classes since there are no variations in the
number of tetrahedra edges between neighbours with indices 4 and 5. The Hamiltonian

for spin systems segregated by" -neighbour interactions is
!

= = AM Jn S S0 (2.53)

the % factor is there to eliminate double counting. For the model used, we assume isotropy,
J, =Jn ,where the values ofl,, are shown in Table 2.1. Thus, Eq. (2.53) becomes
!
1X X ) X

i% n
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| Model [ J1a (K) [ I (K) [ 2 (K) | Jza (K) | Jan (K) [ J4 (K) [ I5 (K) |
Upto da | 02(2) | 2.72) | 0.1(1) | 6.0(1) | 35(1) | O 0
UptoJds | 2.0(5) | -4.6(5) | 1.1(3) | 5.9(2) | 3.3(2) | -1.02) | 0.2(2)

Table 2.1: Two sets of exchange parameters, types of neighbours are sketched in Fig.
1.12. The up-to-3¢-NN parameters are obtained from a DFT t which assumes that any
neighbours further than 3 do not interact. The up-to-5"-NN parameters are tted with

the assumption that interaction are up to fth-nearest-neighbour.

Note that the adjacency matrix de nition A{", := A(M(R;;R;0) where each sitgj is at
position R;. Each sitej can be re-indexed by a unit cell |nde>t and a sublattlce indexc.

With that de nition, the Fourier transform of the adjacency Matrix AJJ o IS block-diagonal
with blocks that can be indexed by the sublattice indices; d and wavevectorq

AR (a) = Nl AMR, + re; Ry + rg)e 19 Rm +rea). (2.55)

cell IH

whereR |y is displacement between unit cells andH, andr .4 is the displacement between
sublattice sitesc and d within the same unit cell. Due to the translational invariance of
the lattice, Agc',)(q) can be expressed as

X |
AQ@) = AM(GR, +rge 1R, (2.56)
|

Where R, is the position of unit cell with index |. Meanwhile, the spins can be Fourier
transformed for each sublattice index to give

X .
Se(q) = Sice ' Ri*re (2.57)

I,c

where R, + r is the possition of sublattice sitec in unit cell I. Using Eqgs. (2.56) and
(2.57) to Fourier-transform the summand in Eq. (2.54), we can rewrite the Hamiltonian
as

1X X X oo X
H=3 JnAgg (@) sc(@)sq () (2.58)

! }

Jed (q)
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In the regular and breathing pyrochlore lattices, there are four sublattice sites. This means
that we can setc;d2 f 0; 1; 2; 3g. With the de nition of adjacency matrices in momentum
space, the Fourier transform of the exchange coupling can be expressed as

X
J(@= A" () (2.59)
k
whereJ (q) is a 4 4 matrix for regular and breathing pyrochlore lattices. Since there
are four sublattice sites, this explains that the Fourier transform block-diagonalizes the
adjacency matrix into 4 4 blocks, as opposed to complete diagonalization that takes place
in Bravais lattices. The Hamiltonian can be expressed in terms of wavevectors as

1 X x4
=3 ]]cd(Q)Sc(&) Sd( qgi (2.60)

fH (9)Gea

q cd=1

By diagonalizing the 4 4 matrix H(q) for each g, one can see that the eigenvalues of
J (qg) are proportional to the energy bands in momentum space, which are key quantities
in analytical/semi-analytical methods such as mean eld theory and larght.

2.3 Mean Field Theory

2.3.1 Mean-Field Approximation

Assume spins are normalized such th&S;k = 1. Derivations are based on Refs. [46,50{52].
Consider the Hamiltonian
1 X X X
H= > J 0SS0 hys;; (2.61)
i8j° ; B

wherej;j ? are site indices, and; are Cartesian component indices. A system can be
de ned by its density operator , whrere (M ) is the probability of the state of the system
to be the stateM . The free energy functional for a given system with density operator
can be written as

F =hHi TS=Trf Hg+ TTrf In g; (2.62)
where

X
Tr (2.63)

states M
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for states determined by degrees of freedom that take discrete values. If the degrees of
freedom are instead continuous, then

Tr ( v (2.64)
j
where fv,g is the set of degrees of freedom in the system. For example, for a classical
Heisenberg spin system withNg sites, withj = 1;:::; Ns, each spin
S; =(sin jcos j; sin jsin j; cos j) has two degrees of freedom; and ;. As a result,
we have that for Eq. (2.64)

Z, 9 Z
Tr d i sin jd j: (265)

Solving (2.62) exactly would require us to nd a density operator that minimizes .
Finding the exact state whose density operator minimizesF cannot be done analytically
and requires heavy numerical calculations. Instead, mean- eld theory (MFT) is invoked,
where each spin site is treated as an independent spin in an external eld. This means
that the density operator can be factored out for the following approximate state,
Y
= i(S): (2.66)
]
The density operator, ;, on each sitgj , must satisfy
T =1, (2.67)
and the average magnetization condition must be satis ed
Tr ij = |’Sj i; (268)

wherehS;i is the expectation value of the spin at sit¢. With these constraints, minimizing
the variational free energy de ned in Eq. (2.62) gives the mean- eld solution. Including
the constraints de ned in Eg. (2.67) and Eq. (2.68) in the forms of Lagrange multipliers
added to Eq. (2.62) gives

)
TTr [iCi D+ h§i) Ajl (2.69)
j

F = Trf Hg+TTrf In g
X
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where ; and A; are Lagrange multipliers for the constraints in Eq. (2.67) and Eq. (2.68),
respectively. To minimizeF , we need to di erentiate it. De ne the single-site Hamiltonian

1 X X X
i%j
Computing the functional derivatives of terms in Eq. (2.69) gives
—Trf Hg=TrfH ;g
j
—Trf In g=Trin ; +Trflg;
box
—Trf i j9=Trf jlg;
j j
(y )
—Tr ij Aj =Tr fSJ Ajg, (271)
] j
wherel is the identity operator. To minimize the free energy, we need= = ; = 0. Using

the derivatives listed in Eq. (2.71) along with the expression foF in Eq. (2.69), then
minimizing the free energy gives the constraint

o:i:Terjg+TTrfIn P+ S Ajg: (2.72)
j

TrfH jg = 0 for H; in Eq.(2.70) since all the possible stated1; values cancel each other
out in the trace. The reason for that is, for every possible state with spi§; at site j,
there is another possible state with spin S; at site j, which is a pair of states that have
oppositeH; values that cancel each other out according to Eq.(2.70). Thus,

TrfH jg=0: (2.73)
Substituting Eq.(2.73) into Eq. (2.72) gives
0=Trfln ; +(1 S Ajg: (2.74)
Dropping the trace in Eq. (2.74) gives

In j+(1 j) Sj Aj =0; (2.75)
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which leads us to an expression for the local density operator
[ =ei tghiSi (2.76)
Substituting Eq. (2.76) into the constraint in Eq. (2.67),
el 1=1=Trfeli Sig: (2.77)
Combining Egs. (2.76)-(2.77) gives

i Si
i~ Triel] Sjg' (278)
Noting the relation in Eq. (2.77), de ne the single-site partition function as
Z, =TrfetiSig=¢' I: (2.79)

With these solutions to the density operator, we solve for the free energy from Eq. (2.62).
The terms in that equation can be solved by using Egs.(2.67), (2.68) and (2.79) to give

1 X X .

I Ji
X
Trf In g= (A; hSji InZj): (2.81)
j
Substituting Eq. (2.80) and Eq. (2.81) into Eq. (2.62) gives

1 X o
X X
hihs i+ T (A; hSji Inzj): (2.82)
I i
Noting that the spin at site j is
S; =(sin jcos j; sin jsin j; cos;): (2.83)
Then, the expectation value of the spin at sitg is
R, R
. Trf | S; d;d; sin; S eiS
|’Sj|:TI'f Sjg: ' JSJg: 5 J J _J J . (284)
Trfjg 0 OdjdjSIHjeAJSi
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The integrals can be evaluated by utilizing the rotational invariance of the dot product to
rotate the system such thatA; = A; 2 points in the 2 direction, which makes the integrals
solvable, and give the following relation to rst-order inAj:

.1
I‘Sjl = éAj: (285)

Note that A; / 1=T, and thus the neglect of higher-orders oA; is a valid approximation
for high temperatures. Note that Eq. (2.85) is the result for MFT on the Heisenberg
model. In a model where the spins are still classical but hal¢ components, one gets the
relationship

. 1
I’Sjl = NAJ (286)
instead of Eq. (2.85). Back to the Heisenberg model, the log of the single-site partition

function, up to quadratic order inA; , is
Z Z, 2

KA k
InZ; =1In d;jd; e InC+ é; (2.87)
0 0

whereC is a constant. Plugging Eqgs.(2.87) and (2.86) into Eq. (2.82) gives
1 X

2
i %

X 3. .
hhsi+T  (3jhSjij> InC EJth ij2): (2.88)
Ji i

F o= 3, o1, ihs

This gives the mean- eld free energy

1 X X

B % is

F hihsi TNsInC (2.89)

|

2.3.2 Momentum Space

Taking Fourier transform block-diagonalizes the operators due to the discrete translational
symmetry of the lattice. To demonstrate this, the site indeX could be decomposed into
lattice index | and sublattice indexc. We introduce the Fourier transform of the spin and
exchange couplings such that
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Sic = sc(q)g9 e (2.90)

1 X .
Jibed = J e (9)€1 Rirat (2.91)
I\Icell q

where N¢gy is the number of unit cells,R .. is the position of sublatticec in unit cell

I, Rinea = Rua Ry, and the summation overq is over all the wavevectors in the
Brillouin zone. Substituting Egs.(2.90) and (2.91) into Eqg. (2.89) gives the free energy in
momentum space:

1 X
F = > S(@(NT g +Jq(q))sg( a)
q;c);g;;
cd  he(a)sg( 9) TNsInC: (2.92)
g.c;d; ;
Let U: be a matrix such that
X4 3 . . .
JegUg =" U (2.93)
d=1 =1
then let
X3 _
s,(q) = U% () (a); (2.94)
=1
and let
1 X .
f(q)= T h,(q)U? : (2.95)

a;
The expression for the free energy in terms of the normal mode amplitudes in momentum
space is
1 X
F =3 (@@T+" (a) ( a)
q; ;X
T h(@ (g TNsInC: (2.96)
q:.
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This introduces the degrees of freedon, ,.,g, thus

Z, vy
Tr dg ! (2.97)
1 ..
ai;
Expressing the partition function as
Z =TrexpfF =Tg; (2.98)
Z becomes a product of Gaussian integrals of the form.
Z., r
de zA ™8 = 2—e%: (2.99)
1 A
Using Egs.(2.96)-(2.99), the partition function can be rewritten as
Y ( 2 = . )
Z = = g =26+ (=T . (2.100)

q;; 3+" (q)zT

From that partition function, the correlations between the normal modes can then be
written as

1 ez
Z @, @y ,_,

—_ 99" .
= 34 (a)=T (@=T (2.101)

h (@ (@) =

Using Eqg. (2.94), the Fourier transform of the spins can be expressed in terms of normal

modes:
|

XX _ . N .
sc(q)sq( Q) = USoa) (@UTo( @) ( a) ; (2.102)
;=1 0 0=
which gives
e | D E
hs.(a)sy( Q)i = USo@U¥o( @) (@) (a) : (2.103)
;=1 0 01
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Using Eq. (2.101),

|
X U (UE o a)
I‘-Bc(q)sd( q)l - . 0:1 3+ n O(q)z-l- " (2104)

For isotropic Heisenberg modelU® , U%  oSinced ", J % o,and" " . Thus,
|

¢ . . '

Xus (U (a)

hs.(a)sy( Q)i = 34" (q)=T

(2.105)
=1

The di erential cross section for elastic scattering, from Egs. (2.9) and (2.11), then reads

d X qq X .
g (@7 [F@” r hs.(a)s,( a)i; (2.106)
; cd
which can be combined with Eq. (2.105) to give
@/ Farst); 2107)
where
|
X XX e d; '
S(@= ms(a)sy( a)i = - sf,q.?u(q)(ﬂq) ' (2.108)
c;d c;d=1

The critical temperature is estimated as the temperature at which the structure factor
S(q ) diverges for some wavevectog . Let "1(q) be the lowest eigenvalue of the 4 4
matrix J (q), then the critical temperature is

! min("1(q)): (2.109)

TMF = —
c 3 q2Bz

At that temperature, the structure factor is expected to peak at the ordering wavevector(s),
g , that satisfy

"1(q ) = min("1(q)): (2.110)

This means that the ordering wavevector(s) are the wavevectors of the spin con gurations
in the ground state(s). For spins that are normalized to have a modulus that isS;k = S
rather than 1, the same partition function is obtained under the transformatiom ! T S?,
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S; ! SS;. This scaling changes the critical temperature at which there is a singularity,
meaning that the critical temperature for spins with modulusS is

2

TE = S minC'i(a): (2.111)
Since the derivation of the free energy is based on the high-temperature approximation
in Eq. (2.87), the MFT approximation is expected to break down and become inaccurate
at low temperatures. For that reason,T¥F is expected to deviate from the actual critical
temperature of the system. While Eq. (2.108) is written in diagonal form to show the
relationship between" (q) and TYF, it is also possible to rewrite the equation in terms of
the original exchange coupling matrix, by noting that

X ue (U9 ( q)

S, 3+ (=T
= U(@)[ diag("1(q);: "a(@) + 314 V()
= (J(@+3) ' (2.112)

Substituting this into Eq. (2.108) gives

X4 n 0
S(q) = J (q)=T +3=%

: (2.113)
c;d=1 cd

For systems where the classical spins hakecomponents and modul, the MFT structure
factor becomes

X4 n l0
S(q) / J (q)=T + N=5? ; (2.114)

cd
c;d=1

and the MFT critical temperature becomes

SZ

MF _ ; .

Tem = ymin( a(a)); (2.115)
whereN = 3 for Heisenberg model, 1 for Ising model [81,82].
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2.4 Large-N

2.4.1 Quadratic Approximation of Free Energy

The derivation below is based on [83,84]. Due to the isotropy of the Heisenberg model, we
haveJd; . = Jjo . There is also the classical spin-norm constraint
kSik? = S2 (2.116)
The partition function is
! !
Ziiy W U X X
Z = ds  (iSj© S)exp > Jjj o8 S0 ; (2.117)
! j =1 jo =1

where the (jjS;jj?2 S?) factor restricts the spins to have moduliS. The delta function in
Eq. (2.117) can be rewritten using

x)/ d e 2% (2.118)

where is a real constant that will be determined later. While the Hamiltonian is quadratic
with respect to the spins, the action has higher order terms when including the spin-norm
constraint in Eq. (2.116). Restraining the spin norms requires high-order terms in the
action, but restricting only the averagenorm of the spins results in a quadratic term in

the action and thus can be used in analytical quadratic theory calculations.
!

VA +i1'Y i (is iz S2 Z+1 Y W X X
z= d; e zWsi® s ds exp Jjos;So : (2.119)
i 1 i =1 jo =1
R R R R ..
Dene DS:= Qijl QN:1 ds,and D = " Qijl d ;, then the partition
function can be written as |
z X 1 X X '
Z= DSD exp EJSZ > Jjo+ jjio SSpo ! (2.120)
j=1 jos o=
By de ning the matrices
S = (s} ST 110 S 851 11 S SR SN, TSNS
Jjj 0o = Jjj 0 ;
() jo= iiio (2.121)
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the partition function can then be written as

z S? 1
Z= DSD exp mTr exp ESV( J+) S ; (2.122)
where
X
Tr = i (2.123)

for summation over site§ and Cartesian components. Computing the Gaussian integral
over Sin Eq. (2.122),

VA 2 NsN 1=2
Z= D exp S—Tr 2)

N det( J +) (2.124)

Ignoring the constant factor (2 )NsN, utilizing det A = exp(Tr fIn Ag), and letting V =
J + , Eq. (2.124) becomes

z ) 1
Z = Dzexp N-ﬁ exp ETrInV
S? 1
= D ™ — —InV 2.12
exp Tr N > n ( 5)

Evaluating this multi-dimensional integral exactly is not straightforward. Instead, we
approximate the integral using a saddle-point approximation.

@_ S
—Tr — InV =0
@x N
s? \
) Tr SO 5 v @
N @« @«
X g2 X @V
) — ik vV YHo — =0 (2.126)
i N i % ECONT
Note that Vo := Vjjo  =( Jjo+ j jo . Utilizing translational invariance, let |

which is a Lagrange multiplier that only depends on temperature (or inverse-temperature
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). Plugging this into Eq. (2.126), and removing the indices for the Cartesian components

Xs @V
SZ N (V l)jj 0 @ kj =0
jij © i
) S N (V Bjjok jo=0
B °
2 1
) S N (J+ )",

S? 1
) N (J+ )" (2.127)
Recalling that by translational invariance, = | for the identity operator I:
NeS2 X .
N (J+ D" 0 (2.128)

k

where is the Lagrange multiplier that satis es the average-spin-norm constraint in Eq.
(2.128). The matrixJ can be block-diagonalized into 4 4 blocksJ (q) as per Eq. (2.91),
whereJ (q) has eigenvalue$" (q)j =1;2;3;4g. Thus, the diagonalized form of the trace
in Eq. (2.128) is written as

Nss? _ X X ! ; (2.129)
q2Bz =1 " (q)+ , -

where needs to be computed numerically, and BZ % 7tb;, + 72b, + 2bs ng;ny;ng =
0;::;;L 1gfor a system withL L L unit cells.

2.4.2 Ground-State Energy
Let
“gs = g}ing"l(q)g (2.130)

be the minimum eigenvalue of the exchange couplinh, and let Wg.s be the degeneracy
of the ground-state energy. Taking Eq. (2.129) in the limit ofT ! 0 which means
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=1=T!1 , Then only ground states contribute. Thus, for 11 |,

NsSz _ Wg:s:
N - ! gs +
NWgs .
) ! —Nss?; gs: (2.131)
We can nd equations for@ =@ by di erentiating Eq. (2.128) with respect to
XX " (q+ @=@
0= : 2.132
L@ (2432
Again, taking the limit !'1  and using the limit for in Eq. (2.131):
@ =@
= W
O 7 W0 W)
@
== " .- 2.133
) @ gs ( )
Plugging Eqgs.(2.131) and (2.133) into Eq. (2.145):
. . NsS™gs
ll!mol”El == (2.134)

Thus the mean energy per site for a ground-state con guration ié‘;"g;s;, where "¢ is
the lowest eigenvalue of the exchange coupling matrik (for the sign convention where
antiferromagnetic coupling coe cients are positive).

2.4.3 Structure Factor

When an external eld is included, the partition function becomes

YA 32 X 1 X
Z = DSD exp o K > (Jjiot jjjo) sS§+
| i % i %
« !

h. s

hys (2.135)
J
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De ning HY := (hi;h3; i hghg s hl s hd s hy, b hy,), the partition function can be
written in matrix form as
z S? 1
Z= DSD exp mTr exp ESV( J+) S+ HYS : (2.136)

Using the multi-variable Gaussian integral property

Z r

(2 )n 1 1
n YAX + bYx = “pY
d'x exp xYAx + b¥x deta &XP 2b A 'b (2.137)

to integrate out the spinsDS in Eq(2.136), we nd
Z

S? @)W 1
Z= D —T — SHY(J+) M (21
PN det(d ) exp SH( I +) (2.138)
Taking the saddle point integral:
o " #
Nes2 Y ¥ 1 1X ) .
Z exp > ) m exp E hj ( J + ) jjohjo (2139)
q k=1 ji°
Note that for zero eld, H = 0, Eq. (2.139) gives us the same partition function as Eq.
(2.125), which should mean we get the same; o = jjo for dependent only on .
Noting that
R s ’
. S; S;0€ 1 Z
hs, S.ol = B> S Se -1 @ : (2.140)
1 DSe H Z @h@y
then from the partition function in Eg. (2.139), we get
— 1 .
SiSjo o= (J+ 1) 7* (2.141)
Taking the Fourier transform
. 1 X . i(R- R')
s (q)s ( Q)i = hs, s €0 R4 =
NceII ij © a
1 X 1 i(Ro Rj)
[( 3+ 1) 7] &0 T (2.142)

I
el jj o
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Using Eq. (2.91), to rewrite Eq. (2.142):
X4
hs (a)s ( Q)i = [(J@+ 1) s (2.143)
c;d=1
wherec; d are sublattice indices. The structure factorS(q), is then available as
ks (@)s ( Q)i = S(q): (2.144)

Note that the MFT structure factor, derived in Eq. (2.113), is a special case of the lardé-
structure factor, where 3=%.

2.4.4 Specic Heat

Using Eq. (2.139) along withhEi = @é—z [from Eq. (2.25)], the expectation value of
energy is
e NeS2@ NX X " (@+ &
i = —+ = _— 2.145
2@ 2, " @+ (2:449)
The speci ¢ heat can then be obtain by plugging Eq. (2.145) into Eq. (2.26) to get
1 @Inz
Cv - NT2 @2 ) "
2 X X " - 2 -@ 2
.1 @ | N @r@=-e " ©-0 /(2.146)
T2 2@ N, | (a) + (a) +

After solving for in Eq. (2.129), then @ =@ can be obtained from solving from the
derivative of the constraint in (2.129) with respect to , which is

X X @+ @-=e

0= - : (2.147)
e (@ )
Di erentiating Eq. (2.147) introduces a constraint that involves @ =@ 2,
X X @ 2 " Y
. @=@ L)+ @=@)° . (2.148)

(" (a)+ ) (" ()+ )°

q
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Thus, Egs. (2.129), (2.147), and (2.148) can be used to solve foand its derivatives.
and its derivatives,d =d and d’> =d 2, are needed to calculate the larghl speci ¢ heat
in Eq. (2.146).

2.4.5 Susceptibility

The susceptibility is assumed to be the uniform susceptibility, i.e., the susceptibility to a
homogeneous eld,

@ X .
= @ﬁj | Siji: (2.149)
The susceptibility can be written as
P 2 P )
i S h S
= ; 2.150
NsT ( )
where
X
h S§ji=0 (2.151)
j
due to rotational symmetry of the Heisenberg Hamiltonian, while
* I+ * I+
X X X
j X X j
= fBJ Sj ol
i°
= NsS(gq = 0); (2.152)

where S(qg = 0) is the structure factor for the zero wavevector. Plugging Eqgs. (2.151) and
(2.152) into Eq. (2.150) to get the largaN susceptibility:

_S@=0).

T (2.153)
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2.4.6 Implementation
Constructing J (q)

For a general non-Bravais lattice with Heisenberg exchange, the exchange coupling matrix
in momentum space is the Fourier transform

X .
JiHcg © ' G Rmed (2.154)

fJ (4)Gea =
NceII IH
wherel;H are unit cell indices,c; d are sublattice indicesN¢g is the number of unit cells,
and J .cq IS the exchange coupling between the two sites. Due to translational invariance
in the Hamiltonian, one can x one of the unit cell indices, say, and rewrite Eq. (2.154)
as

X .
f1 (9)0ca=  JiHea € IR for some xed|: (2.155)

H
Finding

For the matrix J (q) de ned in Eq. (2.155), we need to diagonalize it to nd via the
constraint in Eq.(2.128). LetU(q) be an orthonormal diagonalizing matrix such that

J (q)U(a) = E(q)U(a); (2.156)

whereE(q) =diag("1(q);"2(q); "3(q); "4(q)) and the matrices are 4 4 for the (breathing)
pyrochlore lattice. De ning the cost function for a trial Lagrange multiplier ,

3 X X 1
S?N + " (q)

S 2Bz

F()= 1; (2.157)

then largeN requires solving forF( ) = 0. Given system sizeL L L unit cells, then

n 0]

n n n
BZ = le1+ sz2+ fbg ninz;nz=0;u50 1 (2.158)

P
are the wavevectorsq that are summed over in the summation ,5,. Let "gs =
ming2sz; " (Q) be the ground state energy, then it is convenient to shift the energy scales
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asJ !J "gs t0 have the ground state energy at 0. With that energy shift, one can
update to ©such that

°= (F()+1): (2.159)

With enough ! Cupdates,F( ) ! 0 should be obtained. Note that for numerical
stability, it is important to keep  positive during the iterations. WhenjF( )j < i for
some error tolerance, (can be , = 10 8 for example), the iterative updates in Eq.
(2.159) can be terminated and the nal value of can be used for determining the largét
structure factor in Eq. (2.143).

Finding Speci ¢ Heat

As in the steps for nding , shift J !'J "¢s and nd . The largeN specic heat also
depends on@ =@ and @ =@ 2, which can be found by using Egs.(2.147) and (2.148).
Let

@ 1 X X " re=e
’ @ NceII q2BZ (" (CI)"' )2’
X X = " =

@@ N, (" @+ )2 " (" @+ )

where Eq. (2.147) and Eq. (2.148) require thaF; 0 andF, O, respectively. After
solving for , one can solve fo@ =@ by xing and nding @ =@ that satis es F; =0,
and then use the values determined for and @ =@ as xed values inF, to solve for
@ =@ 2 that satis es F, = 0. This makes the nding of the derivatives of with respect
to into root- nding problems. After nding ; @ =@ and @ =@ 2, the speci c heat
can be determined by using Eq. (2.146).

2.5 Monte Carlo

Monte Carlo is a numerical probabilistic method that involves simulating system by making
random updates that follow a probability distribution that ts the temperature and energy
requirements. The method is named after the Monte Carlo Casino in Monaco, due to the
large role that probability plays in both the Monte Carlo Casino and the numerical Monte
Carlo simulations [85{88].
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2.5.1 Detailed Balance

When starting from a certain system con guration, it is important to update the system
in a way that is consistent with the thermodynamics. The rate of change of probability of
the system being in the stateM is

glt:)(l\/l;t)z x W(M%M PMSt) wM!M YP(M ;t)]; (2.161)

text M ©
wherew(M!' M 9 is the probability of transition from state M to M ©per unit time [11].
A su cient condition for equilibrium is

Po(MIW(M!IM 9= Po(MOw(M 1M ): (2.162)
Noting that the Boltzmann weights for states in thermal equilibrium are
1
Po(M ) = Zexp[ E (M)]; (2.163)
this means that systems with probability distributions that are at thermal equilibrium
must satisfy the detailed balance condition:
w(M!M ()—ex EMMY EWM)
wimorm ) P Ko T
A possible update method that satis es the detailed balance condition in Eq. (2.164) is
the Metropolis weight, where the transition probability per time step can be de ned as
EM9) EM)
kg T

Assuming each update step is 1 time unit, then the probability of an update from a state
M to a state M °to take place is

P(M!M ()=|{Z} CwM!M 9 (2.166)
1

(2.164)

wMIM 9 =max exp 1 (2.165)

whereC is a normalizing factor to make sure the probability of update is a valid probability

( 1). The Metropolis sampling is favourable when cooling down a system since it always
accepts an updates that lowers the energy. In the Metropolis algorithm, using Eq. (2.166)
with C = 1, the probability of a system in the stateM with a proposed new stateM °to
have its proposed updated accepted is

E(MM9 E(M)
ke T

PM!M 9 =max exp 1 (2.167)
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2.5.2 Over-relaxation

To improve samplings of the phase space, the over-relaxation is employed by performing
local updates that do not change the energy of the con guration [87,89]. Consider the
local eld at site j,

X
hj = % ij Sk: (2168)

~

with the de nition in Eq. (2.168)

H= hj Sj: (2169)

This means that for any spin update on sitg that does not changeh; S;, the update
does not change the energy. Such an update can be done by rotatfgaround h;, as
illustrated in Fig. 2.2. Recalling the Metropolis update probability used in Eq. (2.167),
updates that do not change the energy have probability 1 of being accepted, meaning that
the update is accepted unconditionally. To rotate a spirs; around h;, we de ne the unit
direction of the local eld at site |

1
A= ——h; 2.170
jihyji ( )
and a matrix

M = % h iy hiz A

column vector

1
0 h, h
= @R, 0 A A (2.171)
f, A 0
The rotation matrix for rotating a vector around h; by an angle is
Rn( )= (cos )l +(sin )il +(1 cos) ﬁ@; : (2.172)
3x3 matrix
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Figure 2.2: Overrelaxation of a spin in sitg, with initial spin S; and a local eld h;. The
spin vector is rotated aroundh; to update the spin fromS; to Sjo.

The angle of rotation, can be chosen randomly from [@ rad). Overrelaxation for a
system ofNg spins can be done as following:

for i=1;2;::;;Ngdo
Choose a random sitg.
Choose a random angle 2 [0; 2 ).
Calculate local eld h; using Eq. (2.168).
Generate rotation matrix R ( ) from the h;, using Egs. (2.170)-(2.172).
Update the spinS; to S? == Ry ()S;.
end for

2.5.3 Adaptive Spin Update

Ultimately, Monte Carlo involves proposing an update to the system and letting probability
choose whether to accept or reject the new updated system. For simplicity, each update
involves changing only one spin. With a single-spin update in mind, we would like to
rotate a spin by an angle for some value that can be controlled. The direction to
which the spins is rotated by , however, should be randomly chosen. For a given site
let S; = (sx;Sy;S;) and consider the following vectors:
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1
Voq = pﬁ(sxsz;sysz;53 1);
yA

1
Voo = Pﬁ( Sy: Sx; 0): (2.173)
SZ

Ifs, 0,v,;andv,, can be de ned replacing thez-component with thex or y-component
in Eq. (2.173).fS;;Vv»1; V>0 are all mutually orthogonal. To rotate Sj, we need to choose
an axis of rotation that is randomly-chosen and ideally orthogonal t&;. A rotation axis
that satis es these criteria can be de ned as

u=(cos Vot (sin )voy; (2.174)

where 2 [0;2 rad) is a randomly chosen angle. With an axis of rotation chosen, one can
rotate S; around u by an angle that is adjusted to ensure an acceptance rate of 50%
if possible. To do that, one can track some numbeX ., of proposed spin updates, and
Nace, Number of spin updates that were accepted out of the most recelt,,, propositions,

to update the angle of rotation as

2N acc,

: 2.175
Novon (2.1795)

As long asNyyq, is large enough to have a representative sample of accepted and rejected
spin updates, one should expect this update to lead to the optima acc=Nprop 0:5.
lllustrations of rotating a spin by a set angle in a random direction is shown in Fig.(2.3).
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Figure 2.3: Schematic of rotating a spin vectog; into a new vectorSjO. a) A random unit
vector u is chosen in the plane orthogonal t&;. b) An spin update by rotating S; around
u to make the spin at sitej be S?.

For a system with Ng spins, it is convenient to group a sequence bfs randomly cho-
sen spin updates into a single \sweep". The algorithm for a Monte Carlo sweep is as follows:

for i =1;2;:::;Ngdo
Choose a random sitg, which has spinS;.
For a randomly chosen to obtain u unit vector from Eq. (2.174).
Rotate S; around u by an angle to get new spinSjO.
Calculate the local eld h; as done in Eqg. ((2.168)).
Calculate the energy cost of the update, E = h; (Sj0 S)).
Generate a random 2 [0;1)

if e FE°T for temperature T then
set§ S
end if
end for

2.5.4 Extracting Data

In a Monte Carlo simulations, the values of system variables such as spins and energy
uctuate even when the system is thermalized. For this reason, it is important to sample
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the system'’s con gurations over multiple system updates. Moreover, when averaging over
multiple con gurations, it is important for the con gurations' correlations with each other

to be negligible. This means that samplings of the system's con gurations should be spread
apart in time enough for the sampled microstates to be signi cantly di erent from each
other. This requires samplings to be spread apart by a su cient number of Monte Carlo
updates (sweeps and overrelaxations), although the necessary number of such updates
depends on the system. When the system's temperature changes, it is also important to
let the system undergo enough updates to reach its new thermal equilibrium (thermalize).
The minimum number of sweeps that are needed for the system to thermalize properly
depend on the system.

Structure Factor

Consider a three-dimensional lattice withL L L unit cells. The lattice has primi-
tive translation vectors a;; a,; as; and reciprocal lattice vectorsb;; b,; bs. From Egs.
(2.11) and (2.20), the structure factor for models with isotropic spin Hamiltonians (such
as Heisenberg) can be written as

S(a) = hs(a) s( a)i = his(a)j“i; (2.176)

and
X
s(a) = se(q); (2.177)

C

wherec is the sublattice index, ands.(q) is de ned as

X .
se(q)=e 4 S e 'dR; (2.178)
|

For a system withL L L unit cells, the unit cells indexl can be de ned as
| =(ng;nns);  nynyns2f0; 1; i L g (2.179)
The position for unit cell with index nq; ny; n3 is then

Riin,ns = N1@1+ Npaz + nzas;,  ng;npng2f0; 1; o L 1g: (2.180)
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The wavevectors in the system are also constrained, with a Brillouin zone de ned as
m m m
g= le1+ T2b2+ T3b3; my;mo;ms2f0; 1; i L 1g: (2.181)

Let
Shinangie = S(R = Nqag + Npaz + N3ag + 1) (2.182)
be the spin at unit cell index (11; n2; n3) and sublattice indexc. Let
Smimzmac = S O = mbl"‘ @bz"' %bg (2.183)
L L L
be the Fourier-transform of the spins at sublattice index, as de ned in Eq. (2.178). Let
S(Mi;mzimg) = S q= by + T2by+ b (2.184)

be the structure factor at the de nedq value. The discrete representations of the structure
factor as a function of wavevector indicesi;; m,; m3) is useful for representing the Fourier
transforms of the spins in the lattice. Using Egs. (2.177) in (2.183), we get

X1
i mi m2 m3 i2
ire ("trba+ 2bo+ T3b3) Shinanac€ T (n1m1+n2mz+nzms). (2.185)

ni;nz;n3=0

émlmzmg;c =e

The structure factor can then be obtained from plugging Eqgs. (2.176) and (2.177) into Eq.
(2.184) to get

X
S(my;mz;mz) = hji  8mymymaci; (2.186)

c

for 8m,m,msc given in Eq. (2.185).

Speci ¢ Heat and Susceptibility

To extract the speci ¢ heat of the system, it is useful to sample the energlt, = H(M ), and
the square-energyE? of the system between Monte Carlo update. By taking the average
of these sampled quantities over multiple con gurationshEi and hE?i can be used in Eq.
(2.27), to obtain the speci c heat of the system. The I5,|niform- eld susceptibility can be
obtained likewise by sampling the magnetizatioM = k ijl Sjk and M 2 and using their
averages in Eq. (2.35).
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2.6 Chapter Summary

In this chapter, we went over methods to extract information on the neutron scattering
di erential cross section, speci ¢ heat, and susceptibility from theoretical analysis methods
of the model used to describe CuAIG&;. We also went through the theory behind MFT,
large-N, and Monte Carlo simulations. The results from the analytic MFT and largeN
methods are presented in Chapter 3, while the results from the numerical Monte Carlo
method are presented in Chatper 4.
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Chapter 3

Semi-Analytical Results

As previously established in Section 1.3, the theoretical models treat CuAl{E; as a
Heisenberg model on a breathing pyrochlore lattice. Initially, the model used was Heisen-
berg with exchange couplings up to third-nearest neighbours, obtained by our collaborators
using density-functional theory (DFT). One set goes up tds, couplings, and a more recent
set of parameters goes up to fth-nearest neighbour couplings, with the displacements
corresponding to the couplings shown in Fig. 3.1. These \up-td3NN" and the \up-to-

5 NN" sets of parameters are given in Table 3.1. Since the geometric breathing ratio for
CUAICr4Ss is close to 1 (the \large" tetrahedra are only 7 % longer than the \small"
tetrahedra), and because setting the geometric breathing ratio to be exactly 1 does not
a ect the qualitative results in all the methods tested, all the original data and our col-
laborators' theoretical data assumes that the geometric breathing ratio of the breathing
pyrochlore is 1. With that assumption, the pyrochlore is still a breathing pyrochlore due to
the breaking of inversion symmetry, since the model is di erentiating betweenalnearest
neighbours and b nearest neighbours.

The Hamiltonian in the up-to-39-NN model can be rewritten explicitly from Eq. (2.54)
as

_ Jde X Jp X J X
H = 76‘ S S+ = S So+ S Sjo
j 02N J(la) J 02N J(l b) ] 02N J(z)
Jaa X Jgp X
+% Sj Sjo+% Sj Sjo; (3.1)
joon G2 joon P

wherej °2 N stands for \j °andj arek™ -nearest neighbours", the divisions by 2 are there

76



to account for double counting, and theJ, coe cients are given from the up-to-39-NN
row in Table 3.1.

Figure 3.1: In the model, the magnetic CGI* ions are the spins, located at the corners of
the tetrahedra. Exact coordinates corresponding to the displacement between each type
of neighbours is provided in Appendix A.

| Model [ J1a (K) [ Jan (K) [ J2 (K) | Jza (K) | Jan (K) [ J4 (K) [ I5 (K) |
Up-0-39-NN | -0.2(2) | -2.7(2) | 0.1(1) | 6.0(0) | 35(1) | 0 0
Up-to-5"-NN | 2.0(5) | -4.6(5) | 1.1(3) | 5.92) | 3.3(2) | -1.0(2) | 0.2(2)

Table 3.1: Table of exchange couplings used in the Heisenberg model for CuA&gr

The Hamiltonian in the up-to-5""-NN model can be rewritten explicitly from Eq. (2.54)
as
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102N§<la) jOZN;b) j 92N j(2)
J J
joon B2 jooN @D
Js X Js X
+?4 S| Sjo+ 75 S| Sio; (3.2)

where the J, coe cients are given from the \up-to-5"-NN" row in Table 3.1, and this
means that they are di erent from the Jy coe cients in Eg. (3.1). We investigate the
results predicted for both sets of coupling to assess any changes between the models.
Besides those two sets of parameters, the systems were investigated using |Arder sets

of parameters that are slight alterations of the two existing parameter sets. The intention
of investigating the system with altered exchange parameters is to examine the sensitivity
of the results to perturbations in the Hamiltonian. The up-to-3*-NN parameter set is
sensitive to perturbations since the ordering wavevectors change under slight perturbations.
The sensitivity on the ordering wavevector for the up-to-8-NN parameters may be related
to the degeneracy of the ground-state manifold, which is prone to being broken under small
perturbations.

3.1 Energy Bands

The exchange coupling matrix in momentum space] (q), de ned in Eq. (2.59), has
eigenvalues that corresponds to the energy bands at each waveveajor The up-to-3¢-
NN couplings result in the ordering wavevectors forming degeneracy lines of the form
g = =a(2;k;0), as can be seen in the at segment of the bottom band in Fig. 3.2. On
the other hand, the up-to-3"-NN coupling do not have the degeneracy line in the lower
band, but instead the energy is minimized for wavevectors of the forn¥a (2;0;0) and
=a(2;2;0), as can be seen by the minimum in the lowest band in Fig. 3.3.
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Figure 3.2: Exchange coupling eigenvalue bands for a selected path in the Brillouin zone,
for the up-to-39-NN model. The eigenvalues are of the Fourier-transformed exchange
coupling matrix, J (q), de ned in Eq. (2.59). Note that the absolute minimum of the lowest
eigenvalue is attained along a degeneracy line passing throug®; 2; 0] and -[2;2;0]. The
degeneracy line means that internal energy does not select a single well-de ned ordering
wavevector, although other phenomena such as ObD may narrow down the set of ordering
wavevectors. Since the minima are not & = 0, this suggests that the ordering of the spin
cannot be represented by a single unit cell, since the wavelength of the ordering wavevectors
spans multiple unit cells.
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Figure 3.3: Exchange coupling eigenvalue bands for a selected path in the Brillouin zone,
for the up-to-5"-NN model. The minima at the lowest band for wavevectors=a[0; 2; O]
and =a[2; 2; 0] are global minima and thus the classical ordering wavevectors.

3.2 Mean Field Theory

3.2.1 Ciritical Temperature

Using (2.111), the up-to-3'-NN and up-to-5"-NN models have mean- eld critical temper-
atures of 20475 K and 3375 K, respectively. For comparison, the experimental value for
the critical temperature is about 20 K [33]. Although this suggests that the up-to!3-NN
agrees more with experiment, the mean- eld critical temperature is not as reliable as the
critical temperatures obtained from numerical methods such as Monte Carlo, since the
mean- eld approximations is ingrained with assumptions that are only valid when well
above the critical temperature. The critical temperatures from Monte Carlo are given in
Chapter 4.
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3.2.2 Structure Factor

The MFT structure factor is obtained using Eq. (2.113).

Up to 3 "™ Nearest Neighbours

Temperatures lower thanTY" give negative values for the structure factor, which is non-
physical. We will see in Chapter 4 that the more accurate Monte Carlo simulation has
a critical temperature that is about half of TMF. For these reason, mean- eld theory is
subject to scrutiny when it comes to predicting temperatures of phase transitions. As seen
in Fig. 3.4, the structure factor peaks form box patterns in thetlfkO] plane. When nearing
TYF from above, the box pattern, which is on the degeneracy line of ordering wavevec-
tors, has a modulation of the structure factor that peaks at the midpoint of the box edges
2 =a(1;0;0). However, the peak does not approach a point-wise singularity.
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Figure 3.4: Plots of MFT structure factor for CuAlCrsSg model up to Js,, spin modulus
S = 3=2, the MFT critical temperature is TMF =20.475 K.

82



While the structure factors presented in Fig. 3.4 show the highest structure factor
intensities along the degeneracy ground-state lines, the structure factor varies along the
degeneracy lines. When compared with the AFM nearest-neighbour model on the FCC
lattice, which has the same set of ordering wavevectors forming degeneracy lines, the MFT
structure factor for the AFM nearest-neighbour model on the FCC lattice give a constant
intensity in the structure factor along the degeneracy lines (as shown in Fig. B.3 in
Appendix B.2). The variation of the structure factor along the degeneracy lines in the
up-to-39-NN model is due to the tetrahedral unit cells in the breathing pyrochlore having
a wavevector-dependent form factor that a ects the structure factor. Due to interference
between wavevectors and the tetrahedral unit cells, the form factors maximize the MFT
structure factors at the mid-points of the box edges, as seen in Figs. 3.4.

Up to 5" Nearest Neighbours

Like the up-to-3-NN model, the structure factor for the up-to-3'-NN model gives unphys-
ical negative values for structure factor at temperatures lower than the model's respective
critical temperature (33.75 K). At high temperatures, the structure factor peaks at the
same box pattern as the up-to-8-NN model. A crucial di erence is in the low tempera-
ture regime, where discrete intensity peaks form at the ordering wavevectors, which form at
the midpoint of the box edges (2=a (1, 0; 0)) and the box corners (2=a (1; 1, 0)). The peaks

at the midpoint of the box edges are more intense than the one at the box corners, but
both peaks in the structure factor approach a singularity as the temperature approaches
TYF =33:75 K from above.
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Figure 3.5: Plots of MFT structure factor for the CuAICr;Sg model up toJs, spin modulus
S =3=2. The MFT critical temperature is T¥ =33.75 K.
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3.3 Large-N

Unlike MFT, large-N has a constraint that satis es the average norm of the spin. While
largeN gives well-de ned numerical values for any nonzero temperature, while MFT which
is restricted to T > TMF. However, the largeN fails to capture a phase transition, in
the sense that the heat capacity does not form a peak that sharpens about the critical
temperature as the system size is increased. This disagrees with experimental data for
CuAICr4Sg, where a magnetic phase transition was observed [33]. While no clear phase
transition was observed from largeN for both the up-to-39-NN and the up-to-5"-NN
models, we will see in Chapter 4 that classical Monte Carlo simulations do display a phase
transition.
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3.3.1 Specic Heat and Susceptibility

Up to 3 "™ Nearest Neighbours

a) b)

Figure 3.6: LargeN analysis for model with exchange couplings up td3NN. a) Specic
heat versus temperature. There is no sign of a phase transition since the heat capacity
remains continuous, but the curve does atten at aroundlT 10 K. The absence of a
singularity in the heat capacity is due to approximations made in largé. LargeN also
fails to capture a singularity in the speci c heat for the ferromagnetic nearest-neighbour
simple cubic Heisenberg model (for which there should be a phase transition with an
in nite heat capacity [2]). b) Reciprocal susceptibility, with asymptote to the Curie-Weiss
temperature, given by Eqg. (2.40). The high temperature behaviour agrees with the Curie-
Weiss law.
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Up to 5 Nearest Neighbours

a) b)

Figure 3.7: LargeN analysis for model with exchange couplings up td a) Speci ¢ heat.
Like Fig. 3.6a), there is no indication of a phase transition in the heat capacity, but a
attening of the curve below a certain temperature. For the up-to-%-NN parameters, this
attening takes place at around 20 K. b) Reciprocal susceptibility, with asymptote to
the Curie-Weiss temperature, which is 41:85 K for the speci ¢ exchange couplings in the
model.

3.3.2 Structure Factor

Like mean- eld theory, a notable feature of the structure factor is the intensity peak in the
[hkO] plane along a box with corners at%( 1, 1;0).

Up to 3 " Nearest Neighbours

Plots of the largeN structure factor for up-to-39-NN model are shown in Fig. 3.8.
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Figure 3.8: Plots of largeN structure factor with up-to-3"4-NN exchange coupling at var-
ious temepratures.

Like the results from MFT for the up-to-39-NN model (given in Fig. 3.4), the structure
factor for large-N in Fig. 3.8 has lines of high intensities along the degeneracy lines. Like
MFT, the structure factor is not uniform along the degeneracy lines due to the tetrahedral
unit cells' form factor.

The powder average, seen at Fig. 3.9 and obtained by using Eq. (2.47), suggests peaks
at kQk = ;2,10 0.63A, 1.89 A, 3.15 A, which are all commensurate with the size
of the Brillouin zone. These peaks sharpen as the temperature decrease, but the peaks
maintain some width rather than becoming in nitesimally narrow. The peaks' residual
width at low temperatures is expected since the high-intensity points in the structure
factor are not discrete points, but rather a continuous set that spans across a range of
wavevectors (speci cally the ordering wavevectors on the ground state degeneracy lines).
The peaks' growth is continuous with temperature rather than being an abrupt appearance,
since largeN for the up-to-39-NN model displays the ordering at low temperatures as a
continuous process rather than an abrupt phase transition. In Chapter 4, we will see that
like largeN, Monte Carlo simulations give structure factor peaks at the midpoints of the
box edgesg = 2 =a(1;0;0). Moreover, Monte Carlo simulations give peaks at the corners
of the box,q =2 =a(1;1;0). These peaks would also be expected to repeat in momentum
space according to reciprocal lattice translations, which have the for@ = 2 =a(q;r; s) for
integersq; r; ssuch thatg+ r + sis even. For these reasons, we expect the pow%—zr average
to have peaks at the moduli of wavevectors of the form(2h; 2k; 21), which are % n for
some integemn. These wavevector moduli are marked in Fig. 3.9 as red vertical dashed
lines. However, the peaks in the plots in Fig. 3.9 &tQk =2 =a; 6 =a; 10=a 0.63A,
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1.89A, 3.15 A all correspond to reciprocal lattice translations ofy = 2 =a(1;0; 0), while
there are no peaks corresponding to the ones we shall see in Chapter 4 from Monte Carlo
simulations,q = 2 =a(1; 1;0).

a) T=5K b) T=10K

) T=20K d) T=40K

Figure 3.9: Powder average of the largk- structure factor for the up-to-39-NN parameters

at various temperatures. The peaks, which are sharper at low temperatures, correspond
to commensurate wavevectors. The dashed red vertical lines correspond to wavevectors of
the form _(2h; 2k; 2I) for integers h; k; I, which correspond to the wavevector moduli at
peaks that we will see in the results from Monte Carlo simulations in Chapter 4.

Up to 5" Nearest Neighbours

Plots of the largeN structure factor for up-to-5"NN model are shown in Fig. 3.10.
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Figure 3.10: Plots of largeN structure factor with up-to-5"-NN exchange coupling at
various temperatures.

The powder average, shown in Fig. 3.11, has peaks at the same wavevector moduli as
the powder average for the up-to-8-NN parameters, which were shown in Fig. 3.9. When
compared with the low-temperature powder average data for the up-td¥aNN model,
shown in Fig. 3.9a), the peaks for up-to!5-NN model, shown in Fig. 3.11a) become
narrower in the limit of low temperatures. The reason for the di erence is that the peaks
in the powder average for the up-to-8-NN model correspond to a broad range of high-
intensity wavevectors along the degeneracy line, which gives the peak a minimum width,
while the peaks in the powder average for the up-tdsNN model correspond to singular
discrete ordering wavevectors.
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a) T=10K b) T=20K

c) T=30K d) T=40K

Figure 3.11: Powder average of the largs- structure factor for the up-to-5"-NN param-
eters at various temperatures. The peaks, which are sharper at low temperatures, are at
the same wavevector moduli as the peaks in the powder average for the up-ftb48SN pa-
rameters.The dashed red vertical lines correspond to wavevectors of the fogif2h; 2k; 2I)

for integersh; k; I, which correspond to the wavevector moduli at peaks that we will see
in the results from Monte Carlo simulations in Chapter 4.

Comparison with Collaborators

The methods presented so far are classical. To understand the e ects of quantum uc-
tuations on the neutron scattering structure factor, our collaborators have used quantum
methods called pseudo-fermion functional renormalization group (PFFRG), and pseudo-
Majorana functional renormalization group (PMFRG). In PFFRG, spin operators are de-
composed into products of Abrikosov fermions, more details are presented in Refs. [90{92].

94



The limitation of PFFRG is that the calculations can only be performed atT = 0. In
PMFRG, the spins are instead decomposed into Majorana fermions, with consequences
that allow for analysis at nonzero temperatures, as explained in Ref. [93]. Similarly to
the classical MFT and largeN results, structure factors from the two quantum methods
have a box pattern of high intensity in the hkO] plane. The di erence, however, is that
PFFRG and PMFRG give peaks along the edges of the box that are o the midpoint of
the box edge. These peaks seem to be incommensurate at the available resolution, as seen
in Figs. 3.12 and 3.13. The PMFRG results in Fig 3.13 further suggest that the location
of these o -midpoint peaks depends on the temperature, with the peaks drawing closer to
the midpoint of the box edges for higher temperatures. The temperature dependence of
the peaks' locations according to PMFRG suggests that PMFRG and the classical semi-
analytical methods (MFT largeN) might agree in the limit of high temperatures. From
the given resolution, the peaks in the structure factor from our collaborators' PFFRG and
PMFRG methods for the up-to-39-NN model seem to be continuous modulations along
the degeneracy lines rather than being sharp Bragg peaks. This lack of Bragg peaks was
seen in MFT and largeN for the same model, as shown in Figs. 3.4 and 3.8.
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