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Abstract

In this thesis, we study various properties of Iy and e-Kronecker sets and we show

that most infinite sets in the discrete dual group contain infinite interpolation sets.
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Chapter 1

Background and preliminary

results

1.1 Introduction

Many classical harmonic analysis results are based on ‘Lacunary or Hadamard
sets’. Weierstrass used Hadamard sequences to build the first example of nowhere
differentiable continuous function. Hadamard sets also inspired the classical
Hadamard gap theorem and the Riesz product measure, which is an example of a
continuous measure whose Fourier coefficients do not vanish at infinity. Zygmund
extensively studied analytic properties of the trigonometric series whose Fourier

tranforms were supported on a Hadamard set [21].

Lacunary sets have various interpolation properties. For example, every function
to the complex unit circle can be approximated by a continuous character
(equivalently, the Fourier Transform of a single point mass measure) within
a small error. This inspired the idea of e-Kronecker sets. The terminology
‘e-Kronecker’” was motivated by the classical theorem of Kronecker, which states
that every infinite independent subset of the real line is a Kronecker set, meaning

the approximation is exact.

An Iy set, the main topic of this paper, is a weaker interpolation notion. Rather



than interpolating with a single continuous character, I, sets permit the use of
limits of finite linear combinations of Fourier transforms of point mass measures,
i.e., they are the Fourier transforms of discrete measures. These interpolation
sets were first considered in the 1960’s and have been extensively studied since
that time. They are special examples of Sidon sets [§]. Early research on I sets

was done by mathematicians such as C. Ryll-Nardzewski [20] and S. Hartman [10].

Topologically, I sets are closely related to almost periodic functions, the continu-
ous functions that are periodic within any desired level of accuracy. The original
definition of an I, set was a set F such that ‘every bounded function on £ C Z
can be extended to an almost periodic function’. But these extensions could
always be found in the space consisting of Fourier transforms of discrete measures
restricted to E. Thus, [ sets are sets such that ‘every bounded function is a

Fourier transform of discrete measures’, the modern definition.

The focus of this thesis is an existence result: infinite e-Kronecker sets or I, sets
can be found in most infinite subsets of discrete abelian groups. This is proved
in Chapter 3. In Chapter 4, we show an alternative, topological approach to the

existence result. We give basic properties of interpolation sets in Chapter 2.

1.2 Background

In this section, we give background harmonic analysis results and examples. For

more details and proofs on the background information readers can see [19)].

1.2.1 The Haar measure
We begin by introducing the Haar measure of a locally compact abelian group.
For any locally compact abelian group G, there exists a positive, regular, non-zero

Borel measure m, called the Haar measure on GG, which satisfies the following

(1) m is both left and right invariant. That is, for every S C G measurable and



x € G, we have m(zS) = m(Sxz) = m(95).

(2) m is inversion invariant. That is, for every S C G measurable, we have
m(S™1) = m(S).

(3) For any compact K C G, m(K) < occ.

(4) For any open U C G, m(U) > 0.

Moreover, this Haar measure is unique up to a positive scaling.

Example 1.1. (1) Let G = T, the unit circle group in C, with the usual topology.
The Haar measure on G is the (normalized) Lebesgue measure.
(2) Let G = Z with the discrete topology. The Haar measure on G is the counting

measure.

With respect to the Haar measure m and for p < oo, we can define the space

LP(G) to be
I'G) = {f:CG = C : / @) dmiz) < 00}/ ~.
a
where the equivalence realtion is given by
f~gem({zeG: f(x) #g(x)}) =0.

L*>*(@G) is the space of essentially bounded functions quotient the equivalence re-

lation given above.

1.2.2 Dual group and the Fourier transform

We next introduce the construction of the dual group.

For a locally compact abelian group G, we denote by é, or I', its dual group,
defined by

={y|~v:G— T, is continuous and multiplicative},

where the group operation on I' is pointwise multiplication. Thus, for every v € T’

we have y(z + y) = v(z)y(y) for every z,y € G and the identity 1 € T, satis-



fies 1(xz) = 1 for allz € G. Elements in I are called the continuous characters on G.

The Fourier transform of a function f € L'(G) is the function F:T = C given
by f(3) = Jg F(2)r(x) dm(z).

We denote by M (G) the Banach space of complex, finite, regular Borel measures
on G and for p € M (G) we define the Fourier Stieltjes transform i via i : I' — C,
where fi(y) = [, a(@ . We denote by M;(G) the space of discrete measures,
the finite, complex measures concentrated on a countable subset of G. For every
p € My(G), we have = > "7 a;0,, for some a; € C, x; € G and J,, is the point
mass measure at x;. We denote by M (G) the set of discrete measures with

non-negative coefficients. If, in addition, p is concentrated on U C G, we write
p € My(U) (resp. M (U)).

Let f,g € LY(G). The convolution of f and g, denoted by f * g, is a function
f*g:G — C, given almost everywhere by

- /G f(Hg(x — 1) dm(z).

If f,g € L*(G), then fxg e LYG) and f x g = g = f. Similarly, for pu,v € M(G)
and a Borel set F C G, we define F' = {(z,y) € G xG | x+y € E}
and define p x v(E) = p x v(E'). If v € M(G), then pxv € M(G) and

|| VHM(G) < H:UHM(G) HVHM(G)

To give a topology on I', we use the following identification.

Proposition 1.2. The map

oI — LYG),
given by ®(Y)(f) = F(7) = Jo [@)y(@) dm(z) for all f € L}(G),y €T, is a
bijection.

Through this identification, we can give I' the weak*® topology inherited from
LY(G)*.



Proposition 1.3. Fquipped with topology described above, I' is again a locally

compact abelian group.
We have the following duality theorem.

Theorem 1.4 (Pontryagin’s Duality Theorem). A locally compact abelian group

G is isomorphic to T as topological groups via the embedding x — T, where T(y) =
~v(x) forvy eT.

Hence, we may identify the dual group [ as G. From the duality theorem, we also
have the following result about the duality between compact groups and discrete

groups.

Proposition 1.5. An abelian group G is compact if and only if its dual group T’

1s discrete.

Example 1.6. Consider the compact group T. Notice that T can be identified
as [—m, ] = R/27 with addition mod 27 as the group operation. The continuous
characters on T = [—m, 7] are of the form y(z) = €™ for some n € Z and the
topology on T is indeed the discrete topology. Therefore, the dual group T is the
discrete group Z. Moreover, if v : Z — T is a continuous character on Z, put
7(1) = 2, € T and then we have y(n) = z7. Conversely, any function of the form
f(n) = x™ for some x € T is a continuous character on Z. Hence, Z = T, which is

compact, as expected.

Let H C G be a closed subgroup. We denote by H* the annihilator of H. We

have the following relation between dual groups and quotient groups.
Proposition 1.7. H* = CT/?I and H=T/H".

Suppose G; is a compact abelian group for each ¢ € I. The direct product group

[L,c; Gi is again a compact abelian group with the product topology.

Proposition 1.8. Let G; be compact abelian groups for i € I. We have

[[c. - D,

el el



where @ielé\i 1s the direct sum, meaning each ®;cry; € @ie[@- has only finitely

many coordinates different from the identity.

1.2.3 Bohr compactification

We denote by G4 the group G equipped with the discrete topology. Its compact
dual group is T, called the Bohr compactifiction of I'. For a subset £ C T, we
denote its closure in I by E. It is known that I' is dense in T' and every element

in T is a cluster point of I,

Notice that if 1 € My(G), then fi is a continuous function on I' because it is the

Fourier transform of an ¢* function on Gy.

1.2.4 Other notation

Unless specified otherwise, throughout this thesis, G denotes a compact abelian
group and I' will be its discrete dual group. We denote the identity of G' by e and
the identity of I' by 1, except when G = T and I' = Z, we use 1 and 0 respectively.



Chapter 2
Interpolation sets

We start with definitions.
Let E C T" be a subset. We say that a function ¢ : E — C is Hermitian if for
every v € E with v71 € E, we have ¢(7) = o(y71).

Definition 2.1. Let U C G be a Borel set and E C I'. We say E' is [y(U) (resp.,
FZIy(U)) if for every bounded (and Hermitian) ¢ : F — C there exists pu € My(U)
(resp., u € M (U)) such that i = ¢ on E.

When U = G, we just say F is Iy (resp., F'Z1,).

Note that if = >".°, a;0,, is a real discrete measure (ie. each a; € R), then for
v € E, we have [i(y) = Y2 aiy(z;) = Yooy aiy(z;) = fi(y~!). Thus, the Fourier

transform of a real discrete measure is Hermitian and hence the reason for only

requiring the interpolation of Hermitian functions in the definition of F'Z1 sets.

Definition 2.2. Let U C G be a Borel subset, £ C ' and ¢ > 0. We say F
is e-Kronecker(U) if for every function ¢ : £ — T there exists € U such that
lo(y) — ()| < e for all y € E.

We say E is weak e-Kronecker(U) if for every ¢ : E — T there exists z € U such
that |o(7) — y(z)| < e for all v € E.

When U = G, we just say F is e-Kronecker (resp., weak e-Kronecker).

In this chapter, we will prove basic properties of Iy, F'Z1, and e-Kronecker sets.

Moreover, we will demonstrate how e-Kronecker sets are related to the other



interpolation sets.

We say that U C G is symmetric if U = U~!. The next result implies that any
FZIy(U) set is Iy(U) when U C G is symmetric.

Proposition 2.3. Assume U C G is symmetric. If E C T" is FZIy(U), then
EUE" is I,(U).

Notation: For p =Y ", a;0,, where z; € U and a; € C, we define 1 = )2 @;0,-1.
Notice also 1 € My(U™1).

Proof. Suppose E is FZIy(U). Each ¢ € (*°(FE U E') can be decomposed as a

sum of a Hermitian function and an anti-Hermitian function by ¢ = @1 — ipo,

where ¢1(7) = (p(7) +¢(v71))/2 and @2(7) = i(¢(7) — ¢(7y71))/2 are Hermitian
functions. We can find py, s € M (U) such that iy = @1 and fia = ps. Then, if

we put

?

2(”2 - :u2>7

1 .
vi= 5(#1 + [11)
we have that () = ¢(v) for all y € EU E~!. So EU E~is IH(U). O

Remark. In [8], it is shown that if E does not contain 1, then E is FZI, if and
only if FU E~!is I,.

2.1 Characterizations and examples of interpo-

lation sets

We give a characterization of Iy (F'Z1) sets.
Notation: For a Banach space X, we denote the unit ball in X by B(X).

Theorem 2.4 ([4], [13], [I7]). Let U be a compact subset of G and E C I'. The
following are equivalent.

(1) E is Iy(U) (resp,. FZI1y(U)).

(2) There ezists a constant K such that for every (Hermitian) ¢ € B({*(E)),
there exists p € My(U) (resp,. M} (U)) such that ji(y) = ¢(v) for all v € E and

8



el sy < K-
(3) There exists some 0 < € < 1 such that for every (Hermitian) ¢ € B({>*(E)),

there exists p € My(U) (resp., M7 (U)) with ||u|| < K and |ji(y) — ¢(v)| < € for
ally € E.

(4) There exist 0 < e < 1 and an integer N such that for every (resp., Hermitian)
¢ € B({*(E)), there exist ¢; € C (resp., ¢; € RY) and x; € U, 1 < i < N, such
that p = Zf\il iy, satisfies |p(y) — ()| < € for ally € E.

Proof. Notice that (2) = (3) and (4) = (3) are clear.

We first prove the equivalences among (1), (2) and (3) in the Iy(U) case. The
FZIy(U) case follows similarly.

(1) = (2)
Suppose E C I'is Io(U). Consider the map T : My(U) — (>°(E) given by u — [i|g.

Since T is linear and for every pu € My(U), we have
[l goo (1) = sup [V < Nl vy »
ye€

T is continuous. Moreover, since E is Io(U), T is also surjective. By the Open

Mapping Theorem, T is an open map. Consider
T :My(U)/ ker(T) — ((F)

such that " = T" o q, where q : My(U) — My(U)/ker(T') is the quotient map.

Then T is also continuous, open and bijective. Hence,
T 0°(E) — My(U)/ker(T),

is continuous and therefore bounded. Let K > ||T"7!||. For each ¢ € B({*°(F)),
we let 771 (¢) = p +ker(T) € My(U)/ker(T). We can find v € ker(T) such that
|12+ || p) < K. Since v € ker(T), i+ v and ¢ agree on E, proving (2).

(3) = (1)



Suppose (3) holds. Let ¢ € B({*(F)) and 0 < ¢ < 1. Choose pu; € My(U)
such that |[x|| < K and ||¢ — ||, < € on E. Note that the function
(¢ — f11)/e € B({>*(FE)) and by (3) we can choose ps € My(U) with ||us]] < K
such that |[(¢ — f1)/e — f12||, < € on E. Observe that (u + epe) € My(U) and

‘(ﬁ — ,ul/—i-?/@H < €2 on E. Iterating in this way, for each n € N we can find

tn € My(U) such that ||u,|| < K and H¢ — Z?:(gi\ﬂ,ui

< e™
o0

Let =320 e i As [pl] < 2572, & |wl| < 322,67 HK < oo, p € My(U),

and since ¢ = i on E, (1) is proven.

Remark. We call the iterative argument in the proof above the ‘standard iteration’.

This argument will be frequently used later.

The final step we need to show here is (3) implies (4). Before we prove (3) = (4),

we first prove (3) is equivalent to (3’):

(37) For each 0 < € < 1, there exists K such that for every (Hermitian) ¢ € B({*(F)),
there exists u € My(U) (u € MJ(U)) with ||p|] < K and |u(y) — ¢(7)| < € for all
veE.

Indeed, if (3) holds for some 0 < ¢ < 1, then for each 0 < &’ < £, we let n be
the integer that e" < &'. If ¢ € B({*(F)), then after n steps of the iteration
argument in the proof above, there is a discrete measure u € My(U) with
lillase) < Xy £ K, such that (|6 — flisll., < =" < .

We thus give a proof for (3") = (4) with any € < 1 for the F'ZI, case.

Let 0 < € < 1 be fixed. For each v € E, define D, := [-1,1] if v = 47!, and

D, :=B(C)={z€C:|z| <1} if y #77L Let Dg := [[,ceDy. Forn €N, we

10



define

D*(n,U)i={pn € MJ(U) | p=  aiba,, |a;| <1,2; € U}

i=1

and
W, :={¢ € Dg | Ju € D" (n,U) with |i(y) — ¢(y)| < /2 Vy € E}.

From (3°), U, W,, = Dg.

Claim. Each W, is closed in Dg with the product topology.

Fix n € N and let (¢))rea be a net in W, such that ¢, — ¢ € Dp. For each
A€ A, we find ay; € B(C) (or [-1,1]if y =~7!) and x5, € U, 1 < j < n such
that [|gx — 1x|ello, < €/2, where py = 377 ay ;0,, ;. By passing to a subnet, if
necessary, we may assume that ay; — a; € B1(C) (or [-1,1]), and z); > x; € U
for 1 <j <n.

Let = 377, a;,,. Since x; — x; implies y(zy ;) — v(z;) and ¢r(y) — ¢(7)
for every v, we have that, for each v € F and for all &’ > 0,

n

6(7) = A = [o(7) = Y ajy(x)|

J=1

n

< o(7) = (N + [da(v) = D axjv(za;)]

=1

+ | Z ax;Y(Trg) — Z a;y(@;)]
j=1 j=1

<&/[2+¢e/2+E)2,

if A is large enough. Since ¢’ > 0 is arbitrary, |¢(y) — fi(7)| < €/2 and therefore
¢ € W, proving the Claim.

The Baire Category Theorem tells that some W,, will have non-empty interior.

11



Hence, there is some finite set F C E and a point (2i,...,2p) such that
(21, ...,Z|F|) X DE\F Cc W,.

Consider the real subspace S of ¢*°(E) consisting of all the Hermitian functions
which vanish off F. As F' is finite, S is finite dimensional. Take a basis of .S, say
ei1,...,e;, where e; € B({>°(FE)), 1 < j < [. Since all norms are equivalent on a

finite dimensional space, there is some ¢ > 0 that

l
e b

14

Each +e; is Hermitian, so again by (3’) we can find u;,v; € M;(U) with
11 (v) —e;(v)| < ce/4n and |V; — (—e;)(7)| < ce/4n for v € E. Because we only
have a finite number of p;’s and v;’s and each p; or v; is a norm limit of finite
length, discrete measures, we can also assume that for some large enough m,

pj,v; € DT (m,U) for all j.

Let ¢ € B({*°(FE)) be a Hermitian function. Since ¢ coincides on F\F with some
element in W, we can find u € D(n,U) such that |a(y) — ¢(7)] < /2 for all
v € E\F. As p is a positive discrete measure, (¢ — 11)|r (extended by 0) belongs
to S and therefore equals Z;:l bje; for some b; € R. Write b; = bj —b; where
bjc > 0. Notice

l
e Il < 16—l < 1+]lull < 2n.

For v € E,

|9(7) — () (0F 5 + b)) ()]

Jj=1
l

=|(¢ = Wer() + (& = Wr(y) = Q6 i + ;7)) (7))

Jj=1

12



7j=1
!
< sup [¢(v) — G| +sup | > (6] (e; — fiz) + b; (—e; — ;) ()]
YEE\F veE =1
!
e ce
<-4+ = <

Note that pu + Zj L0 g+ Z] b;v; € DY(N,U), where N = n + 2mdim(F),
which is independent of the choice of ¢. n

If U C G is symmetric, it suffices to check that the £1-valued functions on E can
be approximated by Fourier transforms of discrete measures concentrated on U to

prove E is I5(U). We have the following proposition.

Proposition 2.5 ([4]). Let U C G be Borel and symmetric and E C I". Suppose,
for some 0 < e < 1, we have that for all ¢ : E — {—1,1} there is p € My(U) such
that |p(y) — (y)| < € for ally € E. Then E is Iy(U).

Proof. First, let ¢ : E'— [—1,1] be given and define ¢ : E — {—1,1} via

m):{ 1 ifg(y) >0

—1 else

Then |[¢ —¢/2[| <1/2 on E.

By our assumption, there exists p € My(U) such that || — ¢|| < € on E. Write
n= Zfil a;0,, where x; € U, and we let v := (u + 1)/2.

For each v € E,

13



Hence, v has real Fourier transform. Moreover,

N 1 - 1 =
lo =71l < 5 lle = Bll + 5 |[o — || <&

Thus, ||[¢ —V/2|| < 1/2+ ¢/2 < 1. Using the standard iteration, we have that
there exists u € My(U) with 1 = ¢ on E.

For any ¢ € B({>*(F)), we can interpolate the real and imaginary parts of ¢ in
this way to see that E is Io(U). O

Remark. Note that the proposition above immediately implies e-Kronecker sets
with ¢ < 1 are 1.

In fact, any e-Kronecker(U) set with & < v/2 is an FZIy(U) set.

Theorem 2.6 (e-Kronecker sets are FZI, [5]). Let 0 < ¢ < /2 and E C T

be an e-Kronecker(U) subset, where U C G is Borel and symmetric. Then, E is
FZI,(U).

Remark. If E is e-Kronecker for some ¢ < \/5, then ENE~' = (. So we do not
need to worry about the Hermitian issue.
Notation: For z € C, (z) and J(z) are the real and imaginary part of z respec-

tively.

Proof. Choose a 0 < ¢ < 1, depending on ¢, such that for z € T, |z — 1| < ¢
implies R(z) > 0. Also pick b € (0, ) such that b+ 1 — 62 < 1.

Let ¢ € B({*(E)). We write p(v) = a,+ib, for each v € E, where a,, b, € [-1,1].
Find zy € U such that for all v € F|

y(zo) — 1| < e ifa, € [b1],
|v(xo) + 1| <e ifa, €[-1,-b],
I (z0) —i] <& if ay € (=b,b).

If a, € [b,1], then |y(zy) — 1| < ¢ and therefore R(y(z)) > 0, which implies
lay — R(y(z0))] < 1 —0. If a, € [-1,-b], then |y(zo) + 1| < e. This means

14



R(v(xg)) < —d and hence |a, — R(y(xo))| < 1 — 0. Lastly, if a, € (—b,b), then
|v(x0) — i| < e, which gives J(y(xp)) > 0. Hence, |R(y(x0))] < v1—92? and
therefore |a, — R(y(z0))| < b+ V1 — 6%

Thus, we have |a, — R(7(xo))| < max(1—4,0++/1 —d2?) < 1. By iterating we can

interpolate any real sequence on F with the Fourier transform of some u € M (U).

To interpolate {ib,},cp, we argue as follows. Let x; € U be such that |y(z;) —
ryi| < e for all v € E, where r, = 1if b, > 0 and r, = —1 if b, < 0. Since
f(v) == =R(y(z1)) € B({*(E)), from above there exists p € M (U) such that
i = f on E. Note that the § > 0 given above also satisfies |y(z) — i| < € implies
S(y(x)) > 6. Thus, if b, > 0, then J(y(z)) > 6 and if b, < 0, F(y(z)) < —4d. For
each v € I, as [3(y(x1))/2| € (0/2,1/2), |b,| € [0,1] and they have the same sign,
we have
o

R e A P )
Hence, if 0 € M (U) is the measure interpolating R(¢), then 7 := o+ (u+4,,)/2 €
M7 (U) satisfies |7 —¢| <1—46/2 <1 on E. We get the desired measure by the

standard iteration argument. O
We now give examples of e-Kronecker sets.

Definition 2.7. A set E' = {z;}°, C R" is Hadamard with ratio ¢ > 1 if for each

i > 1 we have z;11/x; > q.

Hadamard sets with ratio ¢ > 2 are examples of e-Kronecker sets for ¢ > |1 —

¢™/(@=1)| as the following proposition implies.

Proposition 2.8. Suppose E = (n;)32, C Z" is Hadamard with ratio ¢ > 2. For
each ¢ : E — T there exists 6 such that for all j,

\go(nj) . €mj9’ S ‘1 . e’iﬂ'/(qfl)"

Proof. Let ¢ : E — T. Since ™% takes all values in T as x ranges over an interval

(in T) of length at least 2m/n;, we can choose 6; inductively by the following

15



in1 61

procedure. We choose 6, € [—7/ny, m/n;] such that p(n;) = e™. For j > 2, we

choose 0; € [0;_1 — 7/n;,0;_1 + m/n;] such that @(n;) = "%,

By this construction, we have that for 1 < j < k,

10; — 0] < Z 011 — 6] < Z —

z_g+1 I= ]+1
<
Z nqd g — 1)

Since n; — oo, this means (0;)52, is Cauchy. Let 6; — 0. For each j, |6 — 0;| <

|0 — 0| + |0 — 0;] for all k > j, so |0 — 60, < 7/(n;j(¢ —1)). Therefore,

() = &™) < [ip(ng) — ™| 4| — )
< |1 — e™/a=Y)

?

as desired. [

Remark. Theorem 2.8 implies Hadamard sets with ratio greater than three are
FZIy. Tt is known that every Hadamard set is I [14].

We next provide a property of e-Kronecker sets for later use.

Proposition 2.9. Let E C I' be a subset. Suppose each finite subset F' C E is

e-Kronecker. Then, E is weak e-Kronecker.

Proof. Let ¢ : E — T be a function. We may assume FE is infinite. For each
F C F finite, we find zr € G such that |y(zp) — ¢(7)| < € for all v € F. We
partially order the collection F := {F C E : |F| < oo} by inclusion and note that
(Tp)|p|<co forms a net in G. Since G is compact, we let & be a cluster point of
(p)|p|<co- For any fixed v € E and for any § > 0, we may choose F’ large enough
that v € F’ and |y(z) — y(xp)| < d. Then,

(@) =] < Iy(@) = (@)l + y(@e) —o(y)] <o +e.
As § > 0 is arbitrary, this means F is weak e-Kronecker. O
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We also notice that the interpolation property of a subset £ C I' is invariant under

translations.

Proposition 2.10. Let U C G be a Borel set and E C I'. If E is I4(U), then
(1) Ev is Io(U) for every v € I, and
(2) E is 1y(Uzx) for every x € G.

Proof. (1) Let ¢ : Ey — C be bounded. Define ¢ : E — C via ¢(8) = ¢(v - ).
Since E is Iy(U), there exists a discrete measure y = ). a;0,,, where x; € U,
such that i = ¢ on E. Let v := ) .a;y(x;)0,,. Then, for every 8 € E, we have

v(B-y) = 22 any(wi)Bla)y(w:) = 325 aib(w:) = B(B) = ¢(B) = ¢(5 - ). Hence,
E~ is IH(U), too.

(2) Let ¢ : E— C be bounded. Note that the function ¢(v) = ¢(v)y(z) is also
a bounded function from E to C and therefore there exists a discrete measure
o= >, a0, with z; € U and i = ¢. Then, v = ). a;0,,, will be a discrete

measure concentrated on Uz and 7 = ¢. O
For e-Kronecker sets, however, we only have the following.

Proposition 2.11. If E C I is e-Kronecker(U), then E is e-Kronecker(Ux) for
every x € G.

Proof. It E C T is e-Kronecker(U), then for any function ¢ : E — T, ¢/Z,
where Z(y) = 7(z), is still a function from E to T. Since E is e-Kronecker(U),
there exists g € U such that for every v € E, |¢(v)/v(z) — v(xo)| < €. Hence,
|6(v) — v(xoz)| < € and zgx € Uz. This means E is also e-Kronecker(Uz). O

Remark. Notice that the analogue of (1) in Proposition 2.10 fails for FZI, sets
since the singleton {0} C Z is not F'ZI,, while all other singletons in Z are.

2.2 I, sets and the Bohr topology

Another characterization of I sets is related to the Bohr compactification of T,

due to Hartman and Ryll-Nardzewski.
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Theorem 2.12 (HRN characterization, [I1]). The following are equivalent.

(1) E is 1.

(2) If Ey and Es are disjoint in E, then they have disjoint closures in the Bohr
compactification of T'.

(3) If E1 and Ey are disjoint in E, then there is a discrete measure p such that i

is 1 on Ey and is 0 on Es.

Proof. (1) = (2)
Let ¢ : E— C be such that ¢ is 0 on F; and is 1 on E,. Find a discrete measure
p with 71 = ¢ on E. Since p is continuous on the Bohr compactification of I', we

see that E; and Ey must have disjoint closures.

(2) = (3)
Suppose E; and FE5 are disjoint sets in £ and their Bohr closures are disjoint.

Since T is both Hausdorff and compact, I is normal.
Claim. There exists an open set V C I such that E; - VN E, -V = 0.

From the normality of T, since Fy N Ey = 0, there exists Uy, Us open in I' such
that U; N U, = 0 with £y C Uy and Ey C Us. Since I is compact and Hausdorff
and E; C T is closed, F; is also compact.

Note that £ C U; implies 1 ¢ Efl -U¢ and Efl - Uf is compact. By normality,
find an open set V) containing 1 such that V; N E_l - U¢ = (). This implies
Ey - Vi C U;. Similarly, we can find open Vs such that E, - Vo C U,. Finally, we
take V = V) NV, and the Claim is proved.

Now we return to proving (2) = (3). Take g,h € (*(G4) such that g = 1y and
h=15y-1. Let du=g-h/mp(V) € ({(Gq) = My(G). Since fi = (§ * h)/mz(V),
fiis 1 on E; and is 0 off B4 - V - V! and in particular, i is 0 on Es.

(3) = (1)

Suppose that for any disjoint sets E; and E, in E, we can find discrete p such
that 77 is 1 on F; and 0 on Ey. Let ¢ : F — {—1,1}. Then E; := ¢ '({1})
and Fy := ¢ '({—1}) are disjoint and there is a discrete y; with 3 = 1 on E;

and 17 = 0 on FE,. Also, there is another discrete measure ps with 5 = 0 on E
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and [y = —1 on E,. We have that ¢ = (& + [ = fi1 + pi2 on E. Since we can

interpolate 41 functions on E, from Proposition 2.5 we have that E is Ij. O

The interpolation property of an Iy set £ will continue to hold if we add a finite
number of elements to E. The proof of this uses the fact that any Iy set does
not cluster in I' at any continuous character. Towards proving that, we need the

following lemma.

Lemma 2.13. Let E C T be an 1y set. There exist N > 1, a finite set F' C E and a
fized set {cy,...,cn} C A:={z € C||z| <1} such that for all o : E\F — {—1,1},
there are {x1, ..., xn} C G with |p(y) — Son, eiy(a:)| < 1/3.

Proof. For each M > 1, let Dj; be a countable dense subset of AM.
For each M > 1 and ¢ = (c¢1,...,cm) € Dy, let A\f’(M,c) be the set
of all ¢ € B({*(E)) = AF such that there exist zy,..,zy € G with
() — oM, eiy(x)] < 1/3 for all 4 € E. Since G is compact, each AP(M, ) is

closed in AZ.

Moreover, since E is I, for each ¢ € B({*(E)), there exists p = > o) a;0;, €
My(G) such that @ = ¢, where a; € A. Hence, there exists My € N such
that |30 ay(z7Y) — ¢(7)] < 1/3. Since Dy, is dense in AM we may
take (c1,...,ca,) € Dag, such that | S0 ciy(z;h) — ¢(y)| < 1/3. This means
szt Usen,, AP(M; ) = B(E<(E)).

The Baire Category theorem implies there is some N > 1 and ¢ € Dy with
ANP(N ,¢) having non-empty interior. By the definition of the product topology,
there exists a finite set F' C E such that A\f’(N ,¢) contains V x AP\ wwhere V C
AT is open. This means for any ¢ : E\F — {—1,1}, |p(y) — 3o, ery(z)] < 1/3
for all v € E\F. O

Theorem 2.14 ([16]). If E is an Iy set, then E does not cluster in the Bohr

topology at any continuous characters.

Proof. 1t is enough to show E does not cluster at 1. Suppose, otherwise, that F
clusters at 1. By Lemma 2.13, there exists a finite set F' C E and ¢y, ...,cy € A
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such that |1 — 32, ¢iy(x)| < 1/3 for some 21, ...,xy € G and for all v € E\F.
Also, |14 32N, eiy(yi)| < 1/3 for some yy, ..., yy € G and for all v € E\F.

Since E clusters at 1, E\F still clusters at 1. Since .~ ¢, 1 and 32N cid,—1
are continuous functions on T, there exists § € E\F such that | Y1, ¢;1(z;) —
S aBw)] < 17 and |5, () — X2 eiB(yi)] < 1/7. Thus,

N N N

1= el <= Bl + D al(z) =) ab()]

i=1 i=1 = i=1

<1/3+1/7<1/2.

Similarly, we have |1+ Y ", ¢;| < 1/2 at the same time, which is not possible. [

Remark. 1t is worth noting that a finite union of I sets may not be I [15]. Consider
the disjoint sets Fy = {107 : j € N} and Fy = {10/ +j : j € N}. Both E; and
E5 are I since they are Hadamard with ratio greater than three. Since N is dense
in Z, we let j, — 0 in Z for j, € N. Since Z is compact, by passing to a subnet
if necessary, we assume 107« — y € Z. Hence, both E; and F, cluster at x in Z,
which implies E; U Es is not Iy by Theorem 2.12.

Proposition 2.15. If E is Iy and F' C T is a finite set, then EU F' is still 1.

Proof. Since F is finite, ' = F', where F is the closure of F in the Bohr topology
onI. Since (E\E)NF = (E\E)NF = () from the theorem above, the result holds
from the HRN characterization of I, sets. ]

If G is further assumed to be connected and F' C T finite, then any E € I4(U) has
the property that EU F € Iy(U - W) for any W a neighbourhood of e € G. That
is, to interpolate an Iy(U) set with a finite number of extra elements, we do not

have to enlarge U too much.

Theorem 2.16 ([4]). Let G be a connected compact abelian group and U C G be
a neighbourhood. If E C T is Iy(U), A € ' and W C G is any neighbourhood of
the identity, then E U {\} is Io(U - W).
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Proof. By Proposition 2.10, we may assume A = 1 € I" and U is a neighbourhood
of e e G.

Claim. There exists a finitely supported measure pu = Z}]=1 cj0e; € My(G), ¢; € C,
xj € G, J € N, such that i(1) = 1 and ju(y) < 1/100 for all v € E.

From Proposition 2.15, since F is Iy, £ U {1} is also I, and therefore there
exists 1/ € My(G) with ;/(y) = 0 for all v € E and /(1) = 1. Write
p= > ajd,; with a; € C and z; € G. Since {a;}32, € (', find J € N such
that >°7° ;. la;| < 1/1000. Put 3 = Z}le a; € C.

Let p = (ijl a;jdg;)/B. Then, 1i(1) = (Z}]:1 a;j)/B = 1. Moreover, we notice
that for all v € F,

|Za] s =100 = D @b, <M+ a6 ()
Jj=J+1 Jj=J+1
=1 ajde, (NI < > oyl < 1/1000.
j=J+1 j=J+1

Similarly, |5| > 999/1000. Hence, |u(vy)| = |Z] L ai0q, (MN/1B] < 1/999 < 1/100,
proving the Claim.

Let V' be an open neighbourhood of e € G such that V- V=1 c W.

Claim. G=,_,V

Let Uy C V be a symmetric open neighbourhood of e € G. Denote W := (J)~ | U,
Notice that since each U} is open, W is open. Moreover, if z,y € W, write
r=][,u and y = HJ v for u;,v; € Uy. Then, zy = H wv; € UFT™ C WL
Also, 271 =[], u; ' € Uy C W, as Uy is symmetric. This means W is an open
subgroup and therefore is closed. But G is connected and clearly W = ) (e € W),
so W = G. Hence, W C |J,—, V™ implies | J,~, V" = G, proving the Claim.
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Therefore there exists an integer N such that z; € V¥ for all j = 1,...,J. Write
xj = Hfj:l wj, with w,, € V.

Claim. For some ¢ > 0,

Z Z [V (wjk) — Wwjr)| > €

j=1 k=1

for all v € F.
We first justify the following inequality. If a,b € T, then

lab—1| <|a—1]+ |b—1]. (%)

Indeed, notice that |ab—1| = |[ab—a+a—1| < |ab—al+|a—1| = |a||b—1|+|a—1] =
la —1]+]b—1].

As |,u( )| < 1/100 for all v € E, we have

J
99/100 < [fi(7) — 1] = |i(3) =13 ¢
7=1

<Z|CJ||'7 (z;) — 1 = Z|CJ||H7U’JIC —1]. ()

Denote C' = max|c;|. Using (*), we have

J N
() C DY y(win) — 1] = CZZ\vwgk—ll

j=1 k=1 j=1 k=1

I

Q
M“
WE
=)
&
T

L
5

Therefore, Z}]:1 SV v(w;k) — 1(wie)| > 99/(100C) for all v € E, proving the
Claim with & = 99/(1000).
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Thus, for all v € E, the Cauchy-Schwarz inequality implies

j=1 k=1

J N J N
- (Z Z 12 (Z Z Y (wjx) — v(w; k)yz)
> (ZZ [y (wjk) — 1<wak’)|) > e,

and hence

Let w = Z}]:1 Z/{g[:l(éwng — 01) * (5w7]1 —01). Then, & is at least €2/(JN) on E
from above. Also, W(1) = E}]=1 SV (M(wjk) — 1)(1(w;z) — 1) = 0. Moreover, w
is supported on V- V-1 Cc W.

Since E is Iy(U) and 1/@ is bounded on E (by JN/&?), there is v € My(U) such
that 7 = 1/@ on E. Therefore, T =w*v € My(U -W) and Tis 1 on E, 0 at 1.

To interpolate any ¢ € B({>*(EU{1})), we first find A\ € My(U) with X=¢onkE,

~

which we can do since E is I4(U). Let 0 = A+ (¢(1) — A(1)) (0. — 7) € MU -W).
We have 5(7) = A(y) = ¢(7) for all y € E and 5(1) = A1) + ¢(1) — A(1) = ¢(1).
This implies EU {1} is Io(U - W). O

The following results come directly from the theorem above.

Corollary 2.17. Let G be a connected, compact abelian group and U C G be
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a neighbourhood. If E C T is Iy(U), F is a finite set in I' and W C G any
neighbourhood of the identity, then EU F is Io(U - W).

Proof. Let W be a neighbourhood of e € G. Let W, be another neighbourhood
around e such that W/ ¢ W. From Theorem 2.16, for any v € F, E U {1}
is Iy(U - Wy). By repeated application, E'U F' is Io(U - W(LF‘) and therefore is

Corollary 2.18. Let G be a connected, compact abelian group. Let E be a finite
set in I'. Then E is Io(U) for all open sets U.

Proof. The empty set ) C T"is Io(U) for all open U C G and therefore this corollary

follows immediately from the corollary above. m

Theorem 2.19 ([4]). Let 0 < &' < € and let E C T be an ¢'-Kronecker subset.
For any compact neighbourhood U C G, there exists a finite set F' so that E\F is
e-Kronecker(U).

Proof. Since G is compact and U is a neighbourhood, there exists a finite collection
of {,}_, C G such that |J"_,(z,U) = G. Because U is compact, each

X, ={¢€T¥ |3z cu,Uwith |p(y) —(x)| < Vye€E}

is closed in T# with the product topology. As E is ¢-Kronecker, Uivzl X, =TF.
This implies at least one of the X,,’s has interior, say X,. Thus, there exists a
finite set ' C E such that X, D V x TPV where V C T¥ is open. Hence, for
any ¢ € TP\ there exists x € U such that |¢(y) — y(z)] < & < e Vy € E\F.
Thus, E\F is e-Kronecker(z;U) and therefore is e-Kronecker(U) by Proposition
2.11. O

We finish this chapter with some consequences of the previous theorem.

Corollary 2.20. Suppose E C I is weak e-Kronecker, & > ¢ and v € I'. There
exists a finite set F' C E such that v(E\F') is €'-Kronecker.

Proof. Let U ={z € G : |y(z) — 1] <& —¢}. As U is a compact neighbourhood,
by Theorem 2.19 there exists a finite set F' C FE such that E\F is weak

24



e-Kronecker(U).

Let ¢ : v(E\F) — T be a function. We define ¢ : E\F — T via ¢(8) = ¢(70).
There exists € U such that |¢(5) — B(x)| < e for all 5 € E\F. Furthermore, for
all p € E\F, we have

0(v8) = 7(2)B(x)] < le(v8) — B(x)| + |B(z) —y(2)B(z)| <e+& —e=¢"
[l

Corollary 2.21. If E C T is e-Kronecker for e < /2, then for each compact
neighbourhood U C G, there exists a finite set F' C E such that E\F is FZIy(U).

Proof. Let U C G be a compact subset. From Theorem 2.19, there exists a finite
set ' C E such that E\F is ¢’-Kronecker(U) for some &’ < /2 and therefore E\ F
is FZIy(U) by Theorem 2.6. O

Remark. In the next chapter, we will see that most infinite sets contain infinite
e-Kronecker sets for ¢ < /2 and hence contain infinite FZI,(U) sets for any
compact neighbourhood U C G.
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Chapter 3
Existence of interpolation sets

In this chapter, we will show that most infinite sets contain subsets of the same

cardinality that are FZIy(U) for any given compact neighbourhood U C G.

3.1 Statement of the existence result

We first give a technical definition.

Notation: For a subset F' C T', we denote by (F') the subgroup generated by F.
We define gr : I' — I'/(F) to be the quotient map. For 2 < N € N, we define
'y to be the subgroup of I' whose elements have orders dividing N. We write
gv = qry- Finally, we define I'y C I to be the subgroup of finite order elements
and qo : I' = I'/Ty to be the quotient map.

Definition 3.1. Let 2 < N € N and £ C I'' We say that E is N-large if
lgv(E)| < |E|. If E is not N-large, we say that F is N-small. We say that F is
tor-large if |qo(E)| < |E|.

We state the main theorem of this chapter.

Theorem 3.2 ([7]). Let E CT" be an infinite subset.

(1) If E is N-small for all N > 2, then for all € > 0 there ezists an e-Kronecker
subset F' C E with |F| = |E|.

(2) Suppose E is M-large for some M. Let N be the smallest such M, L be any
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prime number that divides N and k be the largest power such that L*|N. Then E

contains a weak e-Kronecker subset F with |F| = |E| and ¢ = |1 — e™/(F")],

Corollary 3.3. Let E C IT" be an infinite subset. Suppose E is not 2-large.

(1) For any compact neighbourhood U C G there exists F' C E with |F| = |E| such
that F is FZI(U).

(2) If G is connected, then there exists F' C E with |F| = |E| such that F is Io(V)
for all compact neighbourhoods V C G.

Proof. Since E is not 2-large, either E is N-small for all N > 1 or E is
M-large for some minimal M > 2. In either case, Theorem 3.2 implies there
exists Fy C E with |Fy| = |E| such that Fy is e-Kronecker for ¢ < v/2 (even
weak e-Kronecker for ¢ < 1). This Fy will be used for the proofs of both (1) and (2).

(1) By Proposition 2.11, we may assume U is a compact neighbourhood of the
identity in G. Since every neighbourhood of the identity contains a symmetric

neighbourhood, we may further assume U is also symmetric.

Theorem 2.19 implies there exists a finite set S C Fy such that Fp\S is
e-Kronecker(U). Since ¢ < /2, by Theorem 2.6 Fy\S is FZIy(U). Since S is
finite, we have |Fp\S| = |Fo| = |E|.

(2) By Proposition 2.10, we may assume V' is a compact neighbourhood around
e € G. Let W C G be another compact neighbourhood around e such that
W2 C V. By Theorem 2.19, there exists a finite subset C' C Fy such that Fy\C' is
¢’-Kronecker(W) for ¢’ < /2. By Theorem 2.6, F;,\C'is Io(V'). By Corollary 2.17,
Fy = (Fy\C) U C is Iy(W?) and therefore is I(V) with |Fp| = |E]. O

Remark ([7]). When E is infinite and 2-large, for any compact neighbourhood
U C G there exists F' C E with |F| = |E| such that every +1-valued function on
F' can be interpolated exactly on U. By Proposition 2.5, F'is Iy(U).

To prove this theorem, we first establish some intermediate results.
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3.2 Preliminaries to the proof of the existence

theorem

The proof of Theorem 3.2 is based upon ideas of [5] and [7].

We first give a lemma that will allow us work in subgroups or enlarge to a larger

group.

Lemma 3.4. Let ECT,e>0,v€Tl and A CT be a subgroup.

(1) Let q : I' — I'/A be the quotient map. If q is one-to-one on E and q(F) is
(weak) e-Kronecker, then E is (weak) e-Kronecker.

(2) Suppose E C A. Then E is (weak) e-Kronecker as a subset of I if and only if

E is (weak) e-Kronecker as a subset of A.

Proof. (1) Suppose ¢ : I' — T'/A is one-to-one on E and ¢(F) is e-Kronecker.
We will show that E is e-Kronecker. Let ¢ : E — T be a function. Because
q is one-to-one on E, for each v,5 € E, if § # 7, then v — 8 ¢ A. Thus,
we can define ¢’ : ¢(E) — T via ¢'(y + A) = ¢(v) for v € E. Since ¢(E) is

e-Kronecker, there exists z € At = I'/A such that [¢'(y + A) — z(y+ A)| < € for
ally € E. Asx € AL, |p(y)—v(x)| < e for all v € E. This means FE is e-Kronecker.

(2) We first suppose E is an e-Kronecker subset of I Let ¢ : E — T be a
function. There exists © € G such that [p(y) — v(z)| < ¢ for all v € E. Let
z+ At e G/AY = A. Since E C A, for all v € E we have

lo(7) = (x+ AN ()] = le(y) —y(2)] <e.

This means FE is e-Kronecker as a subset of A. The proof of the converse part of
(2) is similar. O

Before we state the next lemma, we introduce the notion of independent sets.

Definition 3.5. Let £ C I' be a subset without 1. E' is independent if whenever
N eN, v, ....,7v € Fand ky, ..., kxy € Z with Hfil fyf =1, then each *yf =1 for
all 1 <7< N.
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Lemma 3.6. Suppose E is infinite, tor-large and generates I'. There exists FF C I’
such that the image, qr(E), has the same cardinality as E and T'/(F) is a torsion

group.

Proof. Let S be the collection of all independent subsets of I' containing only
elements of infinite order. We partially order & by inclusion. Since a set A C I’
is independent if and only if every finite subset of A is independent, whenever
(Ca)a C S is a chain, |, C, is still independent and has only elements of infinite
order. This means every chain has an upper bound and Zorn’s Lemma gives a

maximal element in S, denoted by F'.

We note that ¢y : I' — I'/T is one-to-one on (F). This is because if we have
Hf.vzl 7!” € Iy for some N > 1,0 # ky,....,kxy € Z and 74, ...,y € F, then for
some m € N, we would have Hf\il%’”kl = 1. By independence, this means each
4™ = 1, which contradicts that elements in F have infinite order. For a similar
reason as above, we have that each element other than the identity in (F') has

infinite order.

We will use this fact to show that |gr(F)| = |E|. First, if ¢o(£) is finite, then we
let go(E) = {[N] : i € E;1 <i <mn}, n €N, be the coset representatives and
write E = |J;_, E;, where each E; is the portion of the coset in E corresponding
to A\;. At least one of the E;’s has cardinality |E|, say E;. We note that gp is
one-to-one on Fj. Indeed, suppose for some sy, s9 € E7, we have qp(s1) = qr(s2).
Write s; = A\y; and s; = A\jys for some y;,y2 € I'g and hence of finite order.
Now, gr(s1) = qr(sy) means s;s,° € (F). But s;s;' = yy," has finite
order and therefore s;s,' = 1 which implies gp is one-to-one on E;. Hence,
lqr(E)| = lqr(Er)| = [Ex| = |E].

Otherwise, qo(E) is infinite. We claim that |[(F)| < |E|. Because E generates I
and qo is one-to-one on (F), |qo(E)| = [{qo(E))| = lgo(T')| = [qo({(F))| = |(F)[. If
|(F)] > |E|, then |qo(E)| = |E| and this is a contradiction since E is assumed to

be tor-large. This proves the claim.
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Let qr(E) = {[8;] : i € I} with B; € E the coset representatives. We define
f:E—qp(E)x(F)

by f(v) = ([8:],78; 1), where [3;] = qr(v) € qr(E) for some i € I. This is an
injection because for v, 7 € E, if ([ﬁi],fyﬁzfl) = f(y) = f(r) = ([ﬁj]J@ﬂ% then
clearly ¢ = 7 and therefore v = 7.

Hence, |E| < |qr(E)||(F)|. But [(F)| < |E| implies |¢r(E)| > |E| and hence we
still have |¢r(E)| = |E|.

Finally, if there exists an element v + (F) € I'/(F') such that v + (F) has infinite
order, then v has infinite order and v ¢ (F) for all n € N. Then we can form
the set F'U{~v}, which is still independent. This contradicts the maximality of F.
Thus, I'/(F) is a torsion group, as desired. O

Remark. These two lemmas above allow us to assume I' is a torsion group when

FE is infinite and tor-large.

Proposition 3.7. Suppose E C T" is independent and contains only elements of
order at least N > 2. Then, E is weak |1 — ™/ N+ |-Kronecker.

Proof. Since E is independent, for each v € E, (y) N (E\{v}) = {1}. This
gives (E) = @,cp(y). By Lemma 3.4, E is weak |1 — ¢™/™*+D|_Kronecker as
a subset of I' if and only if F is so as a subset of (E). Thus, we may assume
D= (E) = @,ep(7) and G =T = [T, (7).

Let ¢ : E — T be a function. For each v € E, either v has infinite order or
has order n > N, so (v) is either Z or Z,. If () is Z, then ~ has dense range
and therefore ~ is onto by continuity and compactness of G. Hence, there exists
Ty € </”y\> such that v(z,) = ¢(v). If (y) = Z,, for some n > N, then there exists
Ty € (/7\) such that |y(z,) — ()| < |1 — ™™ +| because the range of v is the

set of nth roots of unity. We form z € G by z =[] 5z,
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Each v € E has the form v = HﬁeE Ag, where A\g =1 for all § # v, A, = v and
v(x) = v(x,). Thus,

(@) = (N = (z,) = ()] < 1 =™,

Hence, E is weak |1 — ¢/ (V*+1|_Kronecker. O
Notation: For a prime number p, we denote by C(p™) the discrete p-subgroup of
T, ie. the discrete group of all p™ roots of unity.

The general structure of an abelian group is given in the following theorem.

Theorem 3.8 ([I8]). Every abelian group T is isomorphic to a subgroup of
Pa.ePcwy),
a B

where Q, are copies of Q and pg are prime numbers.
We start with C(p>°) and Q and give them the discrete topology.

Proposition 3.9. Let ¢ > 0 and p be a prime. Each infinite subset of C(p™) or

Q has an infinite e-Kronecker subset.

Proof. Let € > 0 be given.

First, we suppose £ C I' = C(p™) is an infinite subset. For m € Z, we can define
Xm : C(p®) = T by xpm(e¥™/P") = e2mmk/P" ~ Note that each Y, is a continuous
character on C(p>) and therefore y,, € T. We choose N € N large enough that
|1 — e2m/P" | < £/2. We will pick the subset F' = (7;)%, C E inductively.

For 71, because E is infinite and the subgroup generated by {e?™*/ " h<N }is
finite, we can choose n; > N and 7, = > /P"" ¢ F where 1 < ky < p. For j > 1,
we similarly choose n;y; to be such that n; 1 —n; > N and v; = e>™*/?" ¢ E

for some 1 < k; < p. Let F' = (7;)>1.
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We will show that F' is e-Kronecker. Let ¢ : F' — T be given. Since k; and p™ are
coprime, the set {x(71) : m € Z} contains all p"'th roots of unity. As n; > N,

we can choose m; € Z such that

Xoma (11) — ()] < |1 = 2P| < g2,

Similarly, as ny —n; > N, we can choose my € Z such that

Xy +mapms (72) = ()] = [e2TR2/PT2E — o(p)e7BmRam/PE | < g /2,
At the same time, we have

Ximamspes (71) — @(1)] = |2 Hrlmatmap™ /™ ()|

= [xm (1) — ()| <e/2.
Continuing this way, for each [ > 1 we obtain an integer
ny_1

S =mq + mop"™t + ...+ myp™tp™..p

such that |xs () — @(7)| < e/2 for all i <.

Since G is compact, we let x be a cluster point of the set (xs, );>1. For each i and

any £ > 0, we may choose I’ > i large enough that |v;(sy) — vi(x)| < &'. Then,

7)) = ()] < 1yilse) = %00+ 1vlse) — ()] <e/2+€.

This means |7;(x) — ¢(7:)| < €/2 for all ¢ and hence F' is e-Kronecker, as desired.

Now, we consider the case where I' = Q. Similar to the proof of Proposition
2.8, we have that for every Hadamard set M = (;);>1 C R of ratio ¢ and every
@ : M — T, there exists # € R such that

o) — e < [1 = e h),
Note that yg : 7; — €7 is a character on R (or Q) and therefore is a continuous
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character on R (or Q) with the discrete topology. If we choose ¢ large enough
such that |1 — e'™(@=Y| < ¢/3, then every Hadamard set (v;);>1 with ratio at least
q will be £/3-Kronecker.

If £ C Q is unbounded, we can find a subset (v;);>1 in E such that v;11/7 > q.

Then, (7;)i>1 is e-Kronecker and we are done.

If £ C Q is bounded, we may find a subset (7;);>1 such that v; — r when i — oo,
for some r € R. (This convergence is respect to the usual topology on R.) By
passing to a subsequence, if necessary, we may assume (y;41 —7)/(v; —r) < 1/q for
all j > 1. We form E' = {v;—r :i > 1}. Each finite subset of £’ is Hadamard with
ratio ¢ and therefore is £/3-Kronecker. By Proposition 2.9, this implies £’ is weak
e/3-Kronecker and hence is £/2-Kronecker. By Corollary 2.20, there is a finite
subset F' C E’ such that (E'\F)+ r is e-Kronecker and (E'\F)+r C EC Q. O

Notation: For each v € D45 C(pF), we define m5(7) to be the projection of v on

the f-coordinate. For x € [[5.5C(pF), we let ms(x) be the projection of x on the

B-coordinate. We let B(y) = {3 € B : ms(7y) # 1}. For v € Dy C(07), B(7) is
finite.

We give a key lemma.

Lemma 3.10. Let ' C ®BEB L'z, where I'g is either C(p>) for some prime p or
Q, and B s infinite. Suppose N > 1 and E C T is infinite such that for every
[ € B there exists v € E such that mz(y) has order at least N. There exists a
weak |1 — e™/N|-Kronecker subset F C E with |F| = |E|.

Proof. First, we observe that |B| = |E|. Indeed, by our assumption and the
axiom of choice, there is a function f : B — F such that for each 5 € B, f(§) € E
is an element with m3(f(/5)) having order at least N. Note that each v € E has
at most finitely many coordinates satisfying this, thus there are at most finitely
many (’s in B that can be mapped by f to one element in E. This means
|B| < |E|Xg = |E|. On the other hand, we note that |E| < |I'| < |B|Xy = |B].
Hence, |E| = |B|.

33



We next construct the set F. If E is countable, we let A\; € E and (1) € B be
such that mg1)(A1) has order at least N. Suppose for ¢ > 1, i € N, and we have
found A; € E for all 1 < j < i satisfying B(\;) ¢ U;.; B(Ay). Since each B(A)
is finite, J;_; B();) is finite and therefore we may choose 3(i) € B\(U,.; B(\;))
and \; € E such that mg(;)();) has order at least N. Let F' = (\;)i>1.

For the case where E is uncountable, we let I be a well-ordered index set of
ordinals of cardinality |B| with 1,2, ... as the first elements of I. Let A; € E and
B(1) € B be such that mgn)(A1) has order at least N. Suppose for i > 1 and
we have found A\; € E for all 1 < j < i satisfying B(\;) & U;; B(Aj7). If we
already have |{)\; : 1 < j < i}| = |E|, we stop. Otherwise, since B(7y) is finite
for all v € E, if i < oo, then Uj<iB(/\j) is finite, while if 7 is not finite, then
Ui B = {1 < < i} <|E|l In either case, [U,.; B(\j)| < |B].
Thus, may pick (i) € B\(U,; B(};)) and A; € E such that mp;)();) has order
at least N. Again, we let F' = {\;:i € I} and |F| = |B| = |E|.

We now show that F is indeed weak |1 — e™/N|-Kronecker. We use (trans-
finite) induction. By Lemma 3.4, we may assume that I' = @, 5T and
G=T= [1scp G, where Gg = f‘;

Let ¢ : F'— T be a function and put ¢ = |1 — ™/¥|.

We can choose z; € Gg1y such that |p(A1) — Ai(21)] < € since mg(1y(A1) has order
at least N. Suppose ¢ > 1 and we have chosen z; € Hj/gj Gy forall 1 < j <4
satisfying [p(A;) — Aji(z;)| < € and mg(jn(x) = g (z;) for all 1 < 5" < 5.

If ¢ has an immediate predecessor 7, then we choose z € Ggu with

lo(A;) — Ai(zyx)| < e and just concatenate = at the end of zy to set z; = xyx.

For a limit ordinal i, we use a limit argument to find z;. First, we will show
Gg(j) (add e’s
to the remaining coordinates of z; to make x; € H].Q. Gpa(j))- Indeed, any open
set in [[;_; Gy is of the form []

that if ¢ is a limit ordinal, then (z;);<; is a Cauchy net in [];_;

Uj, where U; are open and U; = Gy

7<t
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for all but finitely many j. We let s < ¢ be the largest (finite) ordinal such
that Us # Gpg(s). By our construction, for all k,I > s we have that z; and x;
coincide on all the coordinates j where U; # Gy ;) and therefore z2, " € [1;-:U;.
Hence, (z;);<; is a Cauchy net. We let zp = lim;.;z;. Then z, € Hj<i G
satisfies [p(A;) — Aj(zo)| < € and mg()(x;) = 7 (o) for all j < i. Now, we
choose x € Gpg;) such that [p(A;) —Ai(zox)| < € and just set 2; = zox € [[,, Gag)-

Finally, we let z = lim;>; x;, which exists by similar reasoning to above, and we
have |p()\;) — \i(2)| < e for all i > 1. Hence, F is weak e-Kronecker. O

3.3 Proof of the existence theorem

We now prove Theorem 3.2.

Proof of Theorem 3.2. (1) Let ¢ > 0 be given and choose N > 1 such that

1—e™N|=¢ <e.

By Theorem 3.8 and Lemma 3.4, we may assume I' = @gcpl's, where I'g is either

C(p™) for some prime p or Q and B is an index set.

We first suppose E is countable. Consider the collection
I ={i€ B:3ye€ E m(y) has order at least N}.

If I is infinite, we appeal to Lemma 3.10.

Otherwise, [ is a finite collection. For i € I, we let ); : I' — I'; be the quotient
map. We claim that there exists j € I such that ;(E) is infinite. Indeed, if Q;(E)

are finite for all 2 € I, because [ is finite, we let
K = max{order(Q;(v)) :i € I,v € E,order(Q;(7)) < co}.

Then gk (F) is finite, which contradicts that E is K!-small.
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Thus, we may find j € [ such that Q;(F) is infinite. By Theorem 3.9, there
exists an infinite e-Kronecker set F” C Q;(E). We use the axiom of choice to find
F C E such that @); is one-to-one on F' and Q;(F) = F'. By Lemma 34, FF C E

is an infinite e-Kronecker set.

We next suppose E is uncountable. We form the set
J:={p € B: 3y € E,ms(7) has order at least N}.

For I C B, (Q; denotes the quotient map

Qr:Pewy) — Pcwy).

BeB Bel

We claim that |J| = |E|. If |J| < |E|, we would have

lavi(E)| < lgm(Q(E))| X [am(Qp\s(E))].

From our construction, gy (@p\s(£)) is trivial. But

g (Qu(E))| < |Qu(E)] < [J[Ro < |E].

Hence, |[gn(E)| < |E|, which is a contradiction because E is N!l-small.
Hence, we have |J| = |E| and we appeal to Lemma 3.10.

(2) Since E is N-large, it is tor-large. From Lemma 3.6, there exists a set
F C T such that |¢gr(F)| = |E| and I'/(F) is a torsion group. This means there
exists a subset E' C E with |E'| = |E| and gp is one-to-one on E’. By Lemma

3.4, it suffices to show ¢r(E’) admits an e-Kronecker subset of the same cardinality.

We may assume I is a torsion group and therefore I' C Py 5 C(pF) for some
primes pg and index set B. Lemma 3.4 also tells £ C I' admits an e-Kronecker
subset of the same cardinality if and only if £ C (F) contains such a subset.

Hence, we may futher assume T' = (E) C @45 C(pF)-
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We write N = p’flp’f...pﬁ" for distinct primes p;, 1 < i <mn, k; € Nand n € N.
Let K =pM, K' =p"" ' and J = pé’?...pﬁ”. We will show there exists F' C F such
that |F| = |E| and F is weak e-Kronecker with ¢ = |1 — ¢™/K].

Since N is the smallest integer such that E is N-large, E is J-small. Hence,
lgs(E)| = |E| and |gn(E)|] = |gx(qs(E))| < |E|. Thus, by Lemma 3.4 and
replacing E with ¢;(E), we may assume N = K = p''.

We consider

C:={p € B:psg=p1,3Fy € E,m(7) has order at least K},
C':={B € B:ps=p1,Iy € E,m(7) has order less or equal to K"},
D :=B\(Cuc).

Let Qc, Q¢ and Qp be the quotient maps given in the proof of (1). Since E C
Qc(E) x Qe (E) x Qp(E), we have

|4x (E)| < laie (Qe(E))] X |ax (Qer (E))| X lax (@p(E))|- (%)
By our construction, gx/(Qc:(F)) is trivial. Since E is K-large,
|9 (Qp(E))| = [Qp(E)| < lax (E)| < [E]. ()

If E is uncountable, we claim that |C| = |E|. Suppose, otherwise, that |C| < |E].
We have

|96 (Qo(E))| < [Qe(E)| < [CRo < |E].

Hence, (x) gives |qx/(E)| < |E|, which is a contradiction because E is K’-small.
Thus, |C| = |E| and we appeal to Lemma 3.10.

Finally, assume F is countably infinite. If C' is infinite, then |C| = |E| and we
appeal to Lemma 3.10. Otherwise C is finite. Since |qx/(Qp(E))| < |E| by (**),
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lg (Qp(E))| is finite. Moreover, since E is K'-small, |gx/(E)| = |F| and (x)
implies gx/(Qc(F)) is infinite and therefore Q¢ (F) is infinite. Since C' is finite,
there exists ¢ € C such that Q.(F) is an infinite subset of C(p°) and then we
appeal to Proposition 3.9. O]

Remark. We note that the result of Theorem 3.2 (2) is the best possible. Consider
G =Z) and for j > 1, let 7; € T = @° Z, have ¢*™/? in coordinate j and 1 in
the other coordinates. Let E = (7;);>1. Let ¢ : E — T be given by ¢(v;) = e™/P
for all j > 1. Since y;(x) € {e®*™/P . 0 < k < p— 1} for all # € G, the best

interpolation error is |1 — e™/P|.
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Chapter 4
Interpolation sets revisited

In this chapter, we will show an alternate and more topological approach to the
result that every infinite subset of the dual of a compact, abelian and locally

connected group G contains an infinite e-Kronecker subset.

Definition 4.1. G is locally connected if for every x € GG and open set V C G

containing x, there exists a connected open set U such that x € U C V.

Remark. Note that not every locally connected compact abelian group is con-
nected. Consider finite abelian discrete groups. They are locally connected but
not connected.

From [12] (Proposition 4.6), we also have that not every connected compact abelian

group is locally connected.

Lemma 4.2. Let E C T" be infinite. For all neighbourhoods U of e € G, we have
U,ep7(U) =T.
Proof. Suppose otherwise that there exists a neighbourhood V of e € G and

p € T such that p ¢ |,z 7(V). Note that p# 1 € T. Let U be a neighbourhood
of 1 €T.

We will first show that there exists a neighbourhood W of e € G such that v(W) C
U for all v € E. Choose n € N large enough that the connected component of
T\{z € T : 2™ = p} containing 1, C,(1), satisfies C,(1) C U. Since the map
fn: G — G given by f,(w) = w™ is continuous, there exists a neighbourhood W
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of e € G such that f,(W) C V. Since G is locally connected, we may assume W

is connected. For all v € E, we have

V(W) (V) € T\{p}.

Then, for all v € E and w € W, we have y(f,(w)) = v(w") = v(w)" € T\{p}.
Hence, for all v € E, 1 € y(W) C T\{z € T : 2™ = p}. Since W is connected and
v € E is continuous, v(W) is also connected. Hence, v(W) C C,(1) C U for all
vye k.

That proves E is equicontinuous. By viewing E C (C(G), |||, ), the Arzela-Ascoli
Theorem implies there are cluster points of E. This implies E has cluster points
in L?(G). But E C T is orthonormal and therefore E does not have any cluster
points in L?(G). This is a contradiction. O

Theorem 4.3 ([2]). If E C T is infinite, then for any sequence (A,)52, of positive
real numbers there is an infinite subset F' = ()52, C E such that for any sequence
(Ix)72, of intervals in T with length I(Iy) = M, there exists v € G such that
ve(z) € Iy, for all k > 1.

Proof. We first inductively construct a countable family of neighbourhoods,
(Ki)52,, of e € G and a sequence ()52, C E such that (K})3, are connected,
compact and symmetric, i (Kg) = T, [(7£(2Kk11)) < Ap and 2K, C K}, for all
k> 1.

Let C be the connected component of e € G. Since G is locally connected, C'
is open. From Lemma 4.2, we let 74 € E be such that —1 € ~,(C). Since C
is a connected, open and therefore closed subgroup of G and v is a continuous
homomorphism, 7;(C') C T is a non-trivial connected subgroup. But subgroups
of T are either finite or dense, hence since v1(C') is also compact, we have that

7 (C) =T and therefore we can choose K7 = C.

Suppose for some k£ > 1, compact neighbourhoods of e € G, {Kj,..., Ki}, and
{7, ., %} C E are found. We choose K1 be a neighbourhood of e € G
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such that K41 is compact, connected and symmetric with [(74(2K41)) < Ak
and 2K;,1 C K. From Lemma 4.2, UWGE’V(KkJrl) = T. We choose Y11 € E
such that —1 € 7,41 (Kgy1). Since Y41 is a continuous character and Ky is
connected and symmetric, Yx11(Kjky1) C T is connected and symmetric. But
since 1,—1 € ~yiy1(Kpyq), it follows that v (K1) = T and the inductive

construction of (Kj)g>1 and (7x)g>1 is complete.

Let (I)r>1 be a sequence of intervals in T such that [(Ix) = Ag. Let ¢ be the
middle points of I for £ > 1. We inductively construct a sequence (zy)r>1 C G
with zj, € K} such that v (zq + ... + xx) = ¢ and Y(z1 + ... + 2 + 2K,11) C Iy
for all £ > 1.

For k = 1, we choose z; € C' = K such that 7;(x1) = t;. Suppose for some k& > 1,

x1, ...,z € G are found as required. Since 1 (Kgi1) = T, we have that

Vi1 (@1 + oo+ 2p + K1) = Yepr (@1 + oo+ @) Vo1 (Kea) = T

Hence, we can choose x4 € K1 such that ye1(x1 + ... + 2 + Tp1) = teer. We

have

Vi1 (T1 + oo+ Tpg1 + 2K542) = Vi1 (01 + oo+ Tpg1) Vs 1 (2K 42)
= tps1Vit1(2Kp42) C g,

since Ko is symmetric and {(Vx41(2Kk12)) < Ag+1. This completes the induction
step.

Finally, we form Cy = x; + ... + xp + 2Ky for £ > 1. Each C} is compact
and v, (Ck) C Ix. Moreover, since 2Ky o C Kyi1, Tpr1 + 2K C 2Ky and
therefore Cy D Cyy1. Since G is compact and each C} is compact, by the finite
intersection property, we have [),~, C # 0 and we choose = € ()5, C # 0. We
have v, (x) € Iy for all k > 1, as desired. ) O

Corollary 4.4. If E C T is infinite, then there exists an infinite subset FF C E
such that given any € > 0, there exists a finite subset F. C F such that F\F. is
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e-Kronecker.

Proof. We choose A\, = 1/k for k > 1 and find F' = (7x)g>1 from Theorem 4.3. For
any given € > 0, we find N € N large enough that 1/N < e. We let F. = (y)r<n
and ¢ : F\F. — T. For each k > N, we let I} be the interval in T with length A
centered at (7). From Theorem 4.3, there exists x € G such that v (z) € I, for
all k. Hence, |p(vr) — m(x)| < 1/(2k) < 1/N < € for all k£ > N, which implies
F\F. is e-Kronecker. O

Remark. 1. Theorem 4.3 is actually a special case of a much more abstract
theorem proven in [2]. This work of Galindo and Hernandez was motivated by
[M], and was extended further in [3] where the authors use topological ideas to
study the more general problem of the existence of I sets in locally compact
MAP groups. (We call topological groups, I'y MAP (maximally almost periodic)

if the finite dimensional representations of I" separate points in I'.)

2. The existence of large I sets in duals of compact non-abelian groups was also

investigated in [9] and [6].
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