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Abstract

The field of analytic combinatorics is dedicated to the creation of effective techniques
to study the large-scale behaviour of combinatorial objects. Although classical results in
analytic combinatorics are mainly concerned with univariate generating functions, over the
last two decades a theory of Analytic Combinatorics in Several Variables (ACSV) has been
developed to study the asymptotic behaviour of multivariate sequences. This thesis pro-
vides results for two areas of ACSV: limit theorems and asymptotics of algebraic generating
functions. For both, the aim is to provide readers a blueprint to apply the powerful tools of
ACSV in their own work, making them more accessible to combinatorialists, probabilists,
and those in adjacent fields.

First, we survey ACSV from a probabilistic perspective, illustrating how its most ad-
vanced methods provide efficient algorithms to derive limit theorems, and comparing the
results to past work deriving limit theorems. Using the results of ACSV, we provide a
SageMath package that can automatically compute (and rigorously verify) limit theorems
for a large class of combinatorial generating functions. To illustrate the techniques in-
volved, we also establish explicit local central limit theorems for a family of combinatorial
classes whose generating functions are linear in the variables tracking each parameter.
Applications covered by this result include the distribution of cycles in certain restricted
permutations (proving a limit theorem conjectured in work of Chung et al. [16]), inte-
ger compositions, and n-colour compositions with varying restrictions and values tracked.
Key to establishing these explicit results in an arbitrary dimension is an interesting sym-
bolic determinant, which we compute by conjecturing and then proving an appropriate
LU-factorization.

The second part of this thesis shifts focus to the calculation of asymptotics of multivari-
ate algebraic generating functions through ACSV. So far, the methods of ACSV have largely
focused on rational (or, more generally, meromorphic) generating functions, although many
natural combinatorial objects have generating functions with algebraic singularities. In this
part, we survey techniques for analyzing multivariate algebraic generating functions, going
into detail specifically for the process of embedding an algebraic generating function into
a sub-series of a rational function of more variables. Other methods mentioned include
explicit singularity analysis of algebraic singularities, and manipulation of complex inte-
grals over algebraic hypersurfaces. We give implementations of the embedding techniques
in the SageMath computer algebra system, and provide examples from the combinatorics
literature.
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Chapter 1

Introduction

A key goal in combinatorics is enumerating mathematical objects or, rather, counting the
number of elements of some finite set. In particular, the aim is to find techniques, be it
through algorithms, exact methods or large-scale behaviour of objects, to determine the
sequence which counts a mathematical object. There are two main goals of this thesis.
The first goal is to showcase how approaches from the field of analytic combinatorics
in several variables (ACSV) can be used to find the large-scale behaviour of numerous
mathematical objects. The second goal is to demonstrate how the methods of ACSV can
be automated, and provide implementations for future use. More precisely, we aim to
showcase how implementations of ACSV techniques create black box functions that allow
a user to obtain results while requiring little or no background knowledge of the field of
ACSV.

1.1 Motivating Example

The mathematical objects that are studied in the field of enumerative combinatorics are
vast and varied. Problems in this field include questions such as “How many permutations
are there of size n”, “What is the probability that a random tree of size n has 7 leaves”
and “What is the average number of comparisons that quicksort performs when sorting all
possible permutations?”. In this thesis, we focus on counting objects which have more than
one aspect, or parameter, tracked. An example of such a question is:

How many non-empty planar rooted binary trees are there with n vertices and k leaves?

To understand what this question is asking, we first need the definition of a planar
rooted binary tree.

Definition 1. A rooted binary tree is a tree with the following properties:



Left child of vertex 1,
Parent of vertices 3 and 4

Leaf Leaf

Left and right children of vertex 2

Figure 1.1: An example rooted binary tree with important characteristics labeled.

e If the tree has at least one vertex, one vertex is labeled as the root.
e Every vertex, aside from the root, has exactly one parent vertex.

e Every vertex, including the root, is connected to at most two non-parent vertices,
called (if they exist) left and right children.

Vertices of a binary tree that have no children are leaves. A non-empty tree is a tree with at
least one vertex. A binary tree is planar if we distinguish between left and right children.
For example, a tree with a root vertex and one left child viewed as different from the tree
with a root vertex and one right child, even though they are both graphs with two vertices
and one edge connecting them. This can be seen in Figure 1.2, with the two leftmost trees
being distinct from the two rightmost trees.

Figure 1.1 demonstrates the different aspects of a non-empty planar rooted binary tree
in the above definitions. Figure 1.2 shows all non-empty planar rooted binary trees with 3
vertices.

We can compute a number pieces of enumerative information about such trees. For
example, using classical techniques from enumerative combinatorics it can be shown that

there are
1 2n
n+1l\n

planar rooted binary trees with n vertices (where we do not track the number of leaves).

Additionally, it is possible to prove that the number of leaves among the planar rooted

binary trees of size n satisfy a normal distribution with mean %, an example of a Central

Limit Theorem (CLT). Using ACSV we can find more precise information, for instance




S

Figure 1.2: All non-empty planar rooted binary trees with 3 vertices. Note that there are
four trees with one leaf and one tree with two leaves.

that as the size n — oo, the number of non-empty planar rooted binary trees with an
leaves and bn total vertices tends to

2_20+b(72a+b)2a_bbb n
a2a a + b 1
3 + O _2
(a+b)n (b — 2a)2Vb n
when b > 2a. Binary trees have applications in the sorting and storing of data, coding
theory, and more. They are one of many examples that highlight the diverse applications

and importance of enumerative combinatorics. The remainder of this thesis will provide
two main approaches, limit theorems and asymptotics, to study such sequences.

1.2 Organization

This thesis is a combination of work from two papers, Central Limit Theorems via Ana-
lytic Combinatorics [60] and Algebraic Generating Functions and Analytic Combinatorics
in Several Variables (in progress). Chapter 2 provides the background required for both
papers, specifically background for enumeration in Section 2.1, analytic combinatorics in
Section 2.2, and ACSV in Section 2.3. Chapter 3 discusses results that provide Local Cen-
tral Limit Theorems (LCLTs) for multivariate generating functions. Chapter 4 discusses
various methods for calculating asymptotics of algebraic generating functions, including
algorithms. In Chapter 5, documentation and examples are provided for SageMath imple-
mentations of automatic LCLTs and asymptotics of algebraic generating functions. This
chapter is intended to be self-contained, and thus can be read independently of the re-
mainder of this thesis. Finally, Chapter 6 provides the next steps and conclusions of this
thesis.



Chapter 2

Background

This chapter provides a general background for the field of ACSV. Specifically, we discuss
the required enumeration background including combinatorial classes, generating functions
and multivariate notation. Then we provide details of analytic combinatorics in the univari-
ate setting, before finally offering an overview of the field of ACSV. Additional background
material that is required only for Chapter 3 or Chapter 4 will be provided within those
chapters.

2.1 Enumeration

We begin by establishing definitions for the mathematical objects that we wish to count,
as well as providing definitions for how we encode the information we study.

Definition 2. Let C represent a set of objects. A weight function is a function w : C — N,
which maps the elements of C to the natural numbers!.

We illustrate this definition with an example.

FExample 3. Let C represent the set of binary strings. Then the function wy : C — N, where
wy(c) gives the length of the binary string, and the function wy : C — N, where wsy(c) is
the number of 1s in the string, are weight functions. <

Definition 4. A combinatorial class is a set of objects C paired with a weight function w
such that for each n € N there are a finite number of objects ¢ € C such that w(c) = n.

Ezample 5. With w; and ws as in Example 3 above, (C,w;) is a combinatorial class because
there are a finite number of binary strings of any given length and hence a finite number of
binary strings ¢ such that w(c) = n for any n € N. However, (C,w,) is not a combinatorial
class as there are infinitely many binary strings with which have no 1’s. In other words,
there are an infinite number of binary strings ¢ such that ws(c) = 0. <

I'Note that in this thesis we have that 0 € N.



Definition 6. Let (C,w) be a combinatorial class. Then the counting sequence of (C,w)
is the sequence (c,) where ¢, is the number of objects ¢ in C such that w(c¢) = n. The
generating function of a combinatorial class (C,w) with counting sequence (c,,) is the series

C(z) = Z Cpnx™.
n>0
The coefficient of ™ in C(z), denoted [2"|C(z), is the number ¢,, of objects in C of weight n.

FExample 7. If C is the set of binary strings, and w; is the length function defined in
Example 3, then the counting sequence of (C,w;) is ¢, = 2". The generating function of

(C,wy) is the series
1

C(z) = %;2":(;” =15,
and [2"|C(z) = 2". q
Ezample 8. If b, denotes the number of (non-empty planar rooted) binary trees on n
vertices then the symbolic method [29, Chapter I] allows one to translate the recursive

definition of such a tree as either a single root vertex, a root followed by either a left or
right subtree, or a root followed by two subtrees into the algebraic equation

B(z) = v + 2¢B(z) + 2 B(x)? (2.1)

for the generating function B(z) = > ., b,2". In particular, this recursive definition pro-
vides a combinatorial specification, a way of deconstructing the class of objects into smaller
pieces such that the larger class can be re-created from the smaller pieces. The quadratic
formula then recovers the classical Catalan generating function (with the constant removed)
B(z) = 1-vi-dw
2z
<

A weight function allows us to track one property of a combinatorial object, and gener-
ating functions provide a method for storing the corresponding information. We can also
have multivariate generating functions, where multiple properties of objects are tracked.

Definition 9. A combinatorial class with d parameters is a set of objects C', paired with
weight function w : C — N (such that for each n € N there are a finite number of objects
c € C with w(c) = n) and a parameter function p : C — Z%. The multivariate generating
function of the combinatorial class with d parameters (C,w, p), is

C(z,t) = Zzp(")tw(”) = Z (Z fiﬁnzi> t"

oeC n20 \iezd
with z = (21, 2, . . ., 24), where z! = zil z? e zfld and f;, is the number of objects in C such
that p(o0) = i and w(o) = n. Our notation for extracting a coefficient is similar to the

univariate setting. In particular, [2¢"|C(z,t) = fi,, and [t"]C(2,t) = Y icpa finZ'.
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Remark 10. In this thesis extra parameters in a combinatorial class do not need to follow
the same restriction as the weight function. The result of the map could be any integer
and parameters could have an infinite number of objects that map to a certain integer.
In general, we simply need that every coefficient in the resulting function would be finite
under the weight and parameter functions defined. That being said, the definition above
is most useful for this thesis.

Ezample 11. Return again to the set C of binary strings where w(c) is the length of string c.
This time, we also define p(c) as the number of 1’s in the binary string ¢. Then (C,w, p) is

a combinatorial class with 1 parameter, whose generating function is
1

C(z,t) = ————.

(%) 1—(1+2)t

N

Example 12. Let B be the set of non-empty planar rooted binary trees and let w be the
function w : B — N where w(b) is the number of vertices in b. If p is the function
p : B — 7Z where p(b) is the number of leaves in b then (B, w,p) is a combinatorial class
with 1 parameter. The multivariate generating function for this class is

B(z,t) = Z b2t

k,n>0

where by, is the number of non-empty planar rooted binary trees with k leaves and n
vertices. Modifying the combinatorial specification in Example 8 allows one to write B(z, t)
in closed form. Indeed, the class of non-empty planar rooted binary trees can still be
thought of as the class where every object is one of the following:

e Just a root,
e A root with a left subtree in B and no right child,
e A root with a right subtree in B and no left child, or

e A root with a left subtree in B and a right subtree in B

Since the root adds one to the number of vertices in an object, and the only time we
add leaves are through the subtrees or if we have only a root and no children, we may
decompose B as B = zt + 2tB + tB?%. The quadratic formula can then be applied to find
the generating function

1—\/1—4t—|—(1—z)4t2_1
2t ’

B(z,t) =
4

In this thesis, we typically assume that we already have access to the generating function
and focus on extracting information from this generating function.



2.2 Analytic Combinatorics

Prior to diving into the multivariate case, we provide a brief discussion of the univariate
theory of analytic combinatorics. A detailed treatment of the results described here can be
found in the work of Flajolet and Sedgewick [29]. The methods of analytic combinatorics
rely on the Cauchy integral formula.

Theorem 13 (Flajolet and Sedgewick [29, Theorem IV.4]). Let F(x) = }_ -, faz™ be a
function which is analytic in an open connected subset D of C. Then for any simple closed
curve v € D which surrounds the origin,

= — T.
2mi J, gntl

This powerful result links the coefficients of a generating function to the analytic be-
haviour of the function that it represents. Thus, the question of determining sequence
asymptotics turns to one of studying the Cauchy integral in Theorem 13. Before we con-
tinue, we require a few definitions.

Definition 14. An isolated singularity of a function F'(x) is a point such that F is analytic
in a neighbourhood of the point except at the point. An isolated singularity p of a function
F(x) is a pole if

lim |F(x)| = oo.

T—p
Isolated singularities which are not poles are called essential singularities. An alternative,
and more common method for defining poles is to say that p is a pole if

lim (z — p)*F(x)

T—p

is finite and non-zero for some k € Z-o. We say F(x) is meromorphic over an open
connected subset of C if it is analytic in that subset aside from a finite set of points, each
of which are poles.

Mermorphic functions can be integrated using residues.

Definition 15. Let F(x) be a function which has a pole at p. Then there exists a positive
integer k£ such that
F(z) = Z folz —p)"
n>—k

converges for all x in a neighbourhood of p, except at p, where f_x # 0. The order of the
pole z = p is k and the coefficient f_; is called the residue of F'(x) at p.



Theorem 16 (Flajolet and Sedgewick [29, Theorem IV.3|). Let F(x) be a meromorphic
function in some open connected subset D of C. Then, for any simple closed curve v € D
avoiding the poles of F,

L d:p—ZResF

i
pEA

where A is the set of poles of F inside 7.
A few helpful results and definitions for applying Theorem 16 are the following.

Definition 17. Assume that we have two functions N — R, a(n) and b(n). Then we
have the following definitions.

o If lim, % = 1 then we write a(n) ~ b(n).

o If there exists two constants ¢ > 0 and N € N such that, for alln > N, a(n) < ¢-b(n)
then a(n) = O(b(n)).

o If lim, % = 0 then a(n) = o(b(n)).

Theorem 18 (Melczer |59, Lemma 2.4]). If F(z) = 1?1((2)) has a pole at x = p of order k
then

Res F(o) =y i (oo ) ).

In particular, if F(z) has a pole of order k at x = p then

528 (o (1)

Theorem 19 (Flajolet and Sedgewick [29, Chapter VIIL.2, Equation 5|). Let y be a curve
of finite length. Then
/ F(z)dx
gl

Example 20. An integer partition of size n with parts at most 5 is a non-decreasing sequence
of positive integers each less than 6 that sum to n. Consider

1
(1 —2)(1 —2*)(1 —2%)(1 —2*)(1 — %)’

< length(y) - sup,, |F ()]

when this integral exists.

F(z) =
the generating function for integer partitions with parts at most 5. We will apply The-
orem 16 to determine an approximation for [z"|F(z). Note first that all singularities of

this function lie on the unit circle, and the singularity of highest order is x = 1 with order

8



5. Since the poles of F(x) are all on the unit circle, F' ( ) is analytic inside the unit disk.
Thus, the Cauchy integral Formula gives that f, = P& dae for 4 = {|z| = €} with

any 0 < € < 1. Theorem 16 then gives that f, = Res,—g j;(—fz, since 0 is the only pole of
@) in 1.

Now, let A represent the set of poles of F'(z). Since all poles of F'(z) have (maximum)
modulus 1, Theorem 16 implies that

27rz ~y gntl

1 1
57 In+1 ZResF x+1+RfoSF<x>;pn+l'

|z|=2 *

Since all poles of F'(z) are on the unit circle and have order lower than 5, aside from = = 1,
we see that

1
1 7 dx — Res F(z)

_ x
270 J|3)=2 gl p=1 gntl

+O(n?) + Res L)

= 0 anrl

By Theorem 18,

F(z) ., 4, A 5-1 nt
R Rl | AN L
s " (( e YT 4150

and hence

dx 1 dx n?
o = B P05 = 5 o, T * i O

Theorem 19 provides a bound

1 dx
— F
271 /|2,2 (x) xntl

—o@™),

and thus

N

Another classical method to approximate integrals is the saddle-point method, named
after points that visually look like a saddle. For an integral of the form

1 dz
Py F(o) g

211 |z|=r

the saddle-point method can be broken into the following steps.



1. Pick » > 0 such that x = r is a saddle-point by solving the saddle-point equation

rF(r) _
oy =1 + 1.

2. Divide {|z| = r} into two regions, call them A and B, such that the integral over B
is exponentially small. Re-parameterize to integrate over an interval in R.

3. Prove that the integrand can be replaced by the leading terms of its series expansion
at a point when integrating over A.

4. Prove that the interval we are integrating over can be extended to R.
5. Compute the integral.

Remark 21. The saddle-point method is known to work for large classes of functions,
see [29].

We illustrate the method through an example.
Example 22. Consider the integral

1 1 dx

210 J gz (1 — )l gt

which equals (2:) for any 0 < r < 1. Our first step is to find a saddle-point. For this
example, the saddle-point equation gives
r(n+1)(1 —r)"H!
(1 _ r)n+2

=n+1,

1

which reduces to » = 1 — r and thus we take r = 7

Now, we divide the circle of radius % around the origin into two regions,

6
{5 0e (5D

and B the rest of the circle. For any z € B, Theorem 19 gives

1 1 dx
— = 03" 2.2
71 || | = 0 22
as a result of the following. First, we note that
1 1 1
(1 —z)x] = [1—xf|z|
by definition of |- |. Then, for any = € B,
1 1 - 3
2

0 |§ -
Xz ‘1_82

10



and

When we take these results to the power of n + 1 and multiply by the length of our curve
B we get our results. We will see that the integral in (2.2) is exponentially less than the
integral over A. We re-parameterize A by taking x = %ew, to get

gn (/4 1 do
o —n/d (1 _ §> ((2 _ ez‘@)ew)n.

It can be shown that the integrand can be replaced by the leading terms of its series
expansion with sufficiently small error to approximate our integral as

gn [T/ )
2¢ 07 dp.

% —7/4

Again approximating by extending this integral to R gives

4” e 92 "
— o = .
oo ‘ VT

So, the saddle-point method ultimately implies

2n\ 1/ 1 dx 4n
n)  2mi aj=1 (L— )"ttt/

™

2.3 Analytic Combinatorics in Several Variables

While the methods of analytic combinatorics are quite strong in the univariate case, this
thesis aims to consider multivariate generating functions. For these problems we look to the
relatively new field of analytic combinatorics in several variables (ACSV). ACSV provides
a unified framework to study the asymptotics of multivariate generating functions, and
a deeper understanding of which singularities contribute to coefficient asymptotics. The
results are also explicit to the point of being completely automated for large classes of
combinatorial generating functions (such as through work of Hackl et al. [11] and the
software packages corresponding to this thesis), allow for the computation of asymptotic
expansions to arbitrary order, and work under different sets of assumptions.

In this section we provide an overview of the methods of ACSV as used to calculate
asymptotics for rational generating functions. More specific background for computing
LCLTs and asymptotics of algebraic generating functions can be found in Section 3.3 and

11



Section 4.1, respectively. Note that much of the discussion for this background comes
from [60].

Let F(z,t) = G(z,t)/H(z,t) be aratio of complex-valued functions G and H analytic in
a domain D C C4*! containing the origin, and suppose that F' has a power series expansion

k 7 iq 1k
E flth E fil ----- idvkzll"'zdt

(i,k)ENd+1 (i,k)ENd-+1

valid in some neighbourhood of the origin in D (meaning, in particular, that H(0,0) # 0).

To discuss asymptotics in a multivariate setting, we must describe how the indices we
consider go to infinity. One approach, which we use in this background, is to fix a direction
vector (r,s) € R‘fgl and determine asymptotics of the univariate (r, s)-diagonal sequence
(farms)n>0 whose generating function is the (r, s)-diagonal

( I‘S)F anrs

n>0

Because we deal with Laurent series expansions with at least one of the variables al-
ways non-negative, we consider all formulas for f,« ) in this thesis as holding only when
n(r,s) € N+ and take fu,s) to be undefined otherwise. The theory of ACSV shows how
asymptotics often vary smoothly with (r,s), allowing for more general asymptotic expan-
sions and limit theorems. The most common case occurs for the main diagonal (r,s) =1,
in which case we write

(AF)(@) = (M F)@) = 3 fur”

n>0

Similar to the univariate case, asymptotic arguments typically start with the Cauchy
integral representation

1 dzdt
s =m0 | F(z,t)z7"t° ——, 2.3
Joo = g || Pl 23
where 7 is any product of circles |z;| = |t| = € sufficiently close to the origin. The methods

of ACSV manipulate the domain of integration 7 to convert the Cauchy integral (2.3) into
something that can be asymptotically approximated. As in the more classical univariate
case, this process depends heavily on the singular set of the generating function F. Because
F is a ratio, its singularities form a subset of the analytic variety V = {(z,t) € C4*! :
H(z,t) = 0} defined by the vanishing of the denominator H, and includes all points where
H vanishes and the numerator G does not. In many applications F' is a rational function,
in which case we may assume that G and H are coprime polynomials and the singular set of
F' equals the algebraic variety )V defined by the vanishing of H (a similar characterization
holds for general meromorphic functions, but one must introduce the notion of coprime
germs of holomorphic functions).

12



Univariate meromorphic functions that are not entire always have a finite set of dom-
inant singularities (the singularities with minimal modulus) dictating their asymptotic
behaviour, and explicit expressions for asymptotics can be determined by adding up con-
tributions given by each of these points. In contrast, if F' is rational but not a polynomial
and the dimension d > 2 then the set V is infinite and the geometry of V plays a large role
in determining coefficient behaviour. In order to characterize the singularities determining
asymptotics, we make the following definitions.

Definition 23. Let (w,s) € CZ! = (C\ {0})*"!. We say that (w,s) is

e a minimal point if H(w,s) = 0 and there is no element of V which is coordinate-wise
closer to the origin, i.e., there does not exist (y, ¢q) with |y;| < |w;| for all 1 < j <d
and |q| < |s| such that H(y,q) = 0;

e a strictly minimal point if it is minimal and no other point of )V has the same
coordinate-wise modulus;

e a finitely minimal point if it is minimal and only a finite number of points in ) have
the same coordinate-wise modulus;

e a smooth critical point in the direction (vr,m) € RZL' if it satisfies the system of
equations
w1 Wy Wy t
H(w,s) =0, —H, (w,s)=—H,(w,s)=---=—H, (w,s) = —Hy(w,s)
1 9 Td m

(2.4)
and one of these partial derivatives does not vanish (which, in fact, implies that all
of the derivatives do not vanish).

Remark 24. If H and all of its partial derivatives simultaneously vanish at a point w then
either w is a zero of H with multiplicity greater than one or V is not a manifold near w.
In the first case, H can be replaced by its square-free part near w to determine critical
points (when H is a polynomial this means replacing it by the product of its distinct
irreducible factors). In the second case, when V has non-smooth points, critical points can
be defined by stratifying V into a finite collection of smooth manifolds that ‘fit together
nicely’ and calculating critical points on each stratum. In general, if H is a polynomial
then the critical points on each stratum are defined by a finite collection of polynomial
equalities and inequalities that can be computed automatically from H (see |63, Section
8.2] and [11]). To simplify our presentation here we state our main results for the smooth
case with zeroes of multiplicity one.

2.3.1 Asymptotic Results

The earliest techniques of ACSV were derived using an explicit surgery method. ACSV
determines asymptotic behaviour by manipulating the domain of integration 7 in (2.3),
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splitting it into some regions where the Cauchy integral is negligible and other regions
where the integral can be approximated with analytic techniques. Roughly speaking, in
the smooth setting one can push out the domain of integration 7 in (2.3) to approach the
set of singularities of F', take a residue in one variable to reduce to a d — 1 dimensional
integral lying ‘on the singular set,” and then (hopefully) determine asymptotics of this lower
dimensional integral using the saddle-point method. Minimal points are those to which 7
can be easily deformed, while critical points are those where a saddle-point analysis can
be performed locally after computing a residue.

The surgery approach to ACSV (introduced for the smooth case in [62]) applies in the
presence of finitely minimal critical points. The assumption of finite minimality allows one
to make explicit residue computations by fixing the moduli of the z variables and varying
only the modulus of the ¢ variable. This makes the surgery method a fairly straightforward
analogue of the techniques from univariate analytic combinatorics, however finite minimal-
ity is difficult to verify computationally and is a stronger condition than necessary. The
surgery method is covered in detail in Melczer [59, Chapter 5], yielding asymptotic results
relying on one further quantity.

Definition 25. Let (w,s) € C4*! be a smooth critical point in the direction (r,m) and
suppose Hy(w,s) # 0. The phase Hessian H(w,s) of H at (z,t) = (w,s) is the d x d
matrix H with entries

TiTj Tj T TiTj . -
» 3 +Uij— 2Uiarr — 2Ujan + 3 Usiiann 10 # ] (25)
ij = )
Ti r? U 2r; i )2 U i— 5
m Tz TV — Vi +(5) Ydrian 1=
 wiwiHz e, (w,s) L. .  wiH4(w,s) _ tHy(w,s)
where Uz',j = W for 1 S 1,] S d while Ui,d+1 = W and Ud+1,d+1 = THiwys)

The point (w, s) is called nondegenerate if the phase Hessian matrix H(w, s) has non-zero
determinant.

Theorem 26. Suppose that the rational function F(z,t) = G(z,t)/H (z,t) admits a nonde-
generate strictly minimal smooth critical point (w,s) € CI*t in the direction (r,m) € R,
such that Hi(w,s) # 0. Then for any non-negative integer M there exist computable con-
stants Cy, ..., Cyr such that

_ M
fn(r,m) = (w71~1 cee wgdsm)innid/2M (Z Cj(mn)*j + O (nM1)> , (26)

det(mH)

where H = H(w, s) is the phase Hessian matriz and

- _G(W78)
Co = sHy(w,s)

J=0

The asymptotic expansion (2.6) holds uniformly in neighbourhoods R C R of v where
there is a smoothly varying nondegenerate strictly minimal critical point such that H; does
not vanish.
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The matrix in Definition 25 is equivalent to the H in Theorems 30 and 34 below up to
sign, with the entries now determined explicitly from evaluations of partial derivatives of
H using (2.5).

Example 27. Let

1 RN
F(Z,t)zm:z:f@jztj:Z( ; )th.

1,j20 1,j20

Although we can find the asymptotics of (f; ;) directly from Theorem 26, we sketch the
techniques involved for the (1, 1)-direction. For this example, the Cauchy integral formula

implies that
2n\ 1 / 1 dzdt
n)  (2mi)? T(ap) 1 — 2 — t znHitntl’

where (a,b) € {(z,t) € C?: |z| +t] < 1}. In the (1, 1) direction, we solve the critical point
equations

l—z—t=—-—2+4+t=0

to get the critical point (%, %) By the triangle inequality, this point is strictly minimal.

Taking (a,b) = (%, %), it can be shown that with exponentially small error we can introduce
a new integral

2n 1 / 1 dzdt 1 / 1 dzdt
n (2mi)? IZIj//i 1—z—tzntlgntl (270)2 Jlsl=5 1 — 2z — t zntlgnt]

[¢] [t|=2
1 1 dzdt
= — es
271 |2|=1/2 t=1-21 — 2z — th+1tn+1
B 1 dz
9 I2=1/2 ZnH1(1 — z)ntl
4’!’L

~Y

V'
by Example 22 above. For a general direction (7, s) we get the critical point equations

l—2z2—-—t=—-sz+st=0,

r s
r+s’ r+s

s (r+s>m (rJrs)sn Vr+s
e r 5 V2rstn

with corresponding strictly minimal critical point ( ) Applying Theorem 26 directly

then gives asymptotics

N

In Chapter 3 we modify such theorems to help prove LCLTs. We also discuss how to
prove minimality in cases not as obvious as Example 27. For Chapter 4 we apply such
techniques to study multivariate algebraic generating functions.
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Chapter 3

Multivariate Limit Theorems

This chapter is modified from the paper “Central Limit Theorems via Analytic Combina-
torics in Several Variables” [60]. It will provide some history of Central Limit Theorems
(CLTs), background, the motivation for the automation work, results, and two applications
where we quickly prove LCLTs.

3.1 Central Limit Theorems

Let (X,,) be a sequence of random variables. A limit theorem (or limit law) for X,, is an
approximation of the cumulative distribution functions P(X,, < k) as n — oco. A local limit
theorem is an approximation of the exact probabilities P(X, = k) as n — oco. A central
limit theorem (CLT) or local central limit theorem (LCLT) compares these probabilities to

a normal density function
1

¢IMU($) = \/%

The classical CLT states that if Ay, Ay, ... is a sequence of independent identically dis-
tributed random variables with an expected value p and a finite variance o > 0 then the
sequence of random variables

e~ (@=)?/20

converges in distribution, after rescaling, to the standard normal distribution, so that

lim P

e [Xaf —} / Porlt

for all real x. Note that we rescale the sequence X,, so that its limit is a fixed distribution
instead of one that varies with n.

The classical CLT has a long history (see Section 3.2 for a brief recap), and has been
generalized to weaken its assumptions, give explicit rates of convergence, and work in
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more abstract settings. In d-dimensions, a multivariate (L)CLT compares probabilities to
multivariate normal density functions

1 1 Tl
Puzs(x) = (2m)i &P <—§(X — ) (x— M)) :
The classical multivariate CLT states that if (A,) is a sequence of d-dimensional inde-
pendent identically distributed random variables with an expected value vector pu and a
positive definite covariance matrix 3 then the sequence of d-dimensional random variables

A1_|_..._|_An_n”
Vn
converges in distribution to the multivariate normal distribution with density function

¢0,2 (X)

In combinatorial contexts, one often has a combinatorial class (C,|-|) defined by a set of
objects C and a size function |-| : C — N such that there are only a finite number of objects
of any given size. A d-dimensional parameter on such a class is any map x : C — N¢ and
the multivariate generating function with respect to the triple (C,| - |,x) is the (d + 1)-

dimensional power series!
C(z,t) = Z (Z ci,nzi> t"

n>0 \icNd

X, =

where ¢;,, denotes the number of objects in C with size n and parameter value i. Well-
established combinatorial theories and methods exist to derive algebraic, differential, or
functional equations satisfied by the generating functions of many types of combinatorial
classes (see, for instance, [29, 38, 68, 70]). Thus, one often has a multivariate generating
function C(z,t) encoded in some way, and wants to determine the limiting behaviour of
the d-dimensional array (c;p)iene as a function of i when n — oo.

Strikingly, the theory of analytic combinatorics (see Section 2.2 for an introduction)
shows how central limit theorems for many combinatorial parameters can be derived di-
rectly from a study of the singular behaviour of C(z,t). Flajolet and Sedgewick [29,
Chapter IX] gives a detailed introduction, and Hwang [15] lists more than 25 limit laws
proven by the late Philippe Flajolet using this framework, including patterns in words, cost
analyses of various sorting algorithms, parameters in different kinds of trees, polynomials
with restricted coefficients, and ball-urn models.

The classical theory of analytic combinatorics is chiefly concerned with the derivation
of asymptotics of univariate generating functions. In typical cases, one applies transfer
theorems to deduce the asymptotic behaviour of a generating function’s coefficients from
series expansions of the generating function near its singularities. For many classes of
generating functions, it is essentially algorithmic to compute the singularities determining

! As mentioned in Chapter 2, throughout this thesis we use the multi-index notation z' = zil 232 e zfid

for any d-dimensional vectors z and i.
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asymptotics, apply transfer theorems, and find asymptotic behaviour. In particular, on
examples occurring in practice, there exist well established theorems, methods and tech-
niques to compute such asymptotics. We can see an example of this with an application of
Theorem 26 in Example 27. General multivariate results in analytic combinatorics can be
traced back to work of Bender, Richmond, and collaborators in the 1980s (see Section 3.2
below for more details). Although such results apply to many applications in combina-
torics and the analysis of algorithms, they capture only one type of multivariate singularity
and require one to verify certain properties of multivariate generating functions (such as
grouping singularities by moduli), which can be computationally expensive.

These issues led to the development of analytic combinatorics in several variables
(ACSV) |59, 63] starting in the early 2000s (see Section 2.3 for more details). Following
the framework of univariate analytic combinatorics, the goal is to derive effective methods
to take an encoding of a multivariate generating function and return asymptotics or limit
theorems of its series coefficients. Most results in ACSV focus on sequences with multivari-
ate rational generating functions. Such sequences appear naturally in many applications,
and many functions with more complicated singular behaviour can be encoded by rational
functions in a higher number of variables (for instance, every algebraic function in d vari-
ables can be encoded as an explicit subseries of a rational function in 2d variables [19]).
The crux of this chapter is to illustrate both the power of ACSV for proving limit theorems
and the (in many cases completely) automatic nature of the required computations.

3.2 Analytic Methods for Central Limit Theorems

The application of analytic methods to prove limit theorems in probability and combina-
torics has a long and wide-ranging history. It is impossible to give a full account of such a
vast topic in this space, so the following presentation is a broad overview tailored to the
context of the work of this chapter.

3.2.1 Probablistic CLTs

The proto-history of the CLT goes back at least as far? as a 1733 offprint Approzimatio ad
summam terminorum binomii (a + b)™ in seriem expansi of Abraham de Moivre (printed
in English in the 1738 edition of his seminal Doctrine of Chances [18]). Motivated by the
computation of explicit bounds for the Law of Large Numbers, de Moivre used Stirling’s
approximation for n! (which de Moivre independently approximated around the same time

2The history of the CLT is covered in great detail by Fischer [27], from which we have adapted some
of our historical details.
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as Stirling) to deduce®

o R ey
n— =| ST~ e T
2 271'7”&0

for large n, where X,, = A; +---+ A,, and each A is a random variable taking the value 0
with probability 1/2 and the value 1 with probability 1/2. Note that in the above equation
we use =~ to denote that the probability

Perhaps the first systematic uses of analytic methods to derive CLT-like results are
due to Laplace. Laplace’s approach to the CLT built off of his ground-breaking work [52]
on the approximation of parameterized integrals in the 1770s. Still influential to this day,
Laplace’s method (in its classical form) is used to approximate integrals of the form

b
/ A(z)e @ dy

where A and ¢ are analytic functions with ¢ minimized over [a,b] at a unique point ¢ €
(a,b) such that ¢ has a Taylor expansion at x = ¢ that begins with a quadratic term.
In an 1810 memoir, Laplace [53]| introduced the concept of characteristic functions by
making a change of variable t = € in integral representations for the sum of certain
independent and identically distributed random variables. He then (formally) used his
method to asymptotically approximate the probability that this sum lies between two
factors at \/n-scale by integrating a normal density. Although not working with a modern
standard of rigor, Laplace’s techniques continue to be influential to this day.

Many famous mathematicians in the nineteenth century worked on topics related to
central limit theorems, including Gauss [35| (who derived the now sometimes-eponymous
Gaussian function in the context of probabilistic error analysis), Poisson [64] (who stated
a CLT for a normalized sum of random variables, and gave explicit conditions on charac-
teristic functions for a CLT to hold), Dirichlet (who gave proofs with more rigor, including
correct truncation bounds to prove errors arising in Laplace’s method go to zero), and
Cauchy [13] (who gave an updated proof of the CLT using characteristic functions). As
pointed out by Fischer [27], it is also instructive from a historical perspective to reflect that
Cauchy and Dirichlet were working at the time period when mathematics and probability
were starting to move away from a discipline chiefly concerned by modelling observations
of the physical world to a more abstract logic-based subject. A Russian school, involving
mathematicians such as Hausdorff, Chebyshev, and Markov, also developed CLT-like re-
sults in the late nineteenth and early twentieth century using techniques such as the method
of moments and moment generating functions. The first “modern” treatment of the CLT
(as a general mathematical result not dedicated to specific applications or to illustrate
analytic methods) is often considered to be work of Lyapunov [57, 58] around the turn of

31n historical formulas we have updated some notation; for instance, de Moivre referred to the exponen-
tial function only by its series expansion, while we use its symbolic form to align with modern presentations
of the CLT.
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the twentieth century. The term central limit theorem was likely coined by Polya [65] (who
studied various aspects of CLTs, and when sequences of distribution functions converge)
in 1920. Lévy [56] and Feller [26] gave necessary and sufficient conditions for the CLT to
hold in 1935.

Modern probability theory texts typically prove the CLT using the continuity theorem
developed by Lévy [54, 55] in the 1920s, which states that if the characteristic functions

of a sequence (X,,) of random variables converge pointwise to a continuous function ¢(t)
then ¢ is the characteristic function of some random variable X and the sequence (X,,)
converges in distribution to X (see |9, Theorem 26.3] or [23, Theorem 3.3.6] for proofs). If
A, is a sequence of independent random variables with a common characteristic function

©(t) then the characteristic function of X,, = A; 4+ --- + A, is ¢(¢)". Assuming that the
A; have a mean 0 and a finite variance o > 0, it is possible to get an expansion

ot) =14 (it)E[A;] — gE[Af] +o(t*)=1-— %Qtz + o(t?)

Xn
ovn

tN (2L (T t e
— | = ——+o|— e
7 ovn 2n n

for each t as n — oo. The CLT in the mean zero case then follows from the continuity
theorem, and the result for a general mean follows from a shift of the X,.

as t — 0, so the characteristic function of X = satisfies

A complete proof of the general Lindeberg-Feller CLT can be found in |9, Theorem 27.2]
and |23, Theorem 3.4.5]. Under slightly stronger conditions (such as finiteness of the third
moments of the A;) the Berry-Esseen theorem [3, 25| describes the rate of convergence
between the cumulative distribution functions of the X,, and the cumulative distribution
function of the normal distribution (see |23, Theorem 3.4.9] for a modern presentation).
Multivariate limit theorems, including the multivariate CLT, can be established from uni-
variate results through the classical Cramér-Wold theorem [17] provided below (see [9,
Theorem 29.4| for a proof).

Theorem 28 (Cramér and Wold [17]). A sequence (X,,) of d-dimensional random variables
converges in distribution to a random variable Y if and only if the sequence of univariate
random variables 6 - X,, converges to 0 -Y for all § € RY.

3.2.2 Combinatorial CLTs

As described in Section 3.1, in combinatorial contexts one has a multivariate sequence
defined by a multivariate generating function

Clz,t)=>_ (Z cimzi) t (3.1)

n>0 \ieNd
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tracking some parameter y, and wishes to extract a limit theorem for the random variables
(X,,) taking the values i € N¢ with probabilities

pn(i) = P[x(c) = i when o has size n] = S U (3.2)

ZiENd Ci7n
In the 1-dimensional case, a direct computation verifies

Zizo o Cin _ t"]C.(1,1)
> is0 Cin [t)C(1,¢)

where C, denotes the partial derivative of C' with respect to z. Similarly, the £&th moment
of X, can be expressed in terms of the first k derivatives (with respect to z) of C(z,t), and
limit theorems for X, can be established by extracting coefficients from these expressions.
The theory of analytic combinatorics shows how, instead of explicitly computing coeffi-
cients, their behaviour can be approximated — to a degree often sufficient to establish
limit theorems — implicitly by studying the analytic behaviour of C(z,t) in ¢t when z ~ 1
(for CLTSs) or when |z| =~ 1 (for LCLTS).

Remark 29. It may seem odd that the 1-dimensional case corresponds with a bivariate
generating function. This behaviour corresponds to the understanding that, for this Chap-
ter of the thesis, we consider dimension to be the additional variables representing the
parameters tracked. Thus, in this instance, we have one parameter tracked and it is hence
the 1-dimensional case.

]E[Xn] =

A similar approach can be used for higher-dimensional parameters, except that the
translation of the analytic behaviour of C' to the limit behaviour of ¢;,, is more delicate.
Classical treatments typically proceed by requiring that the coefficient slices

¢n(z) - [tn]C(Z,t) = Z Ci’nZi
ieNd
encoding the objects of size n are approximated by quasi-powers. We briefly describe some

of these results, and illustrate the methods involved in their proof, to compare with the
limit theorems derived using the framework of ACSV in Section 3.3.

Theorem 30 (Bender and Richmond [7, Theorem 1]). Suppose that z = (21, 22, ..., 2a),
On(z) ~ f(n)g(z)\(z)" uniformly in a neighbourhood of z = 1 where g(z) is uniformly con-

3
tinuous and A\(z) has a quadratic Taylor series expansion with error term O (chlzl |z — 1\) ) :

If the Hessian matriz H of log A(€®) at s = 0 is non-singular then

_ 1
€ 2n

(z—nm)H 1 (z—nm)7T dz

= o(1),

] 1
s;1np Z P(l) = (27n)4/2\/det(H) /z<an

i<a,

where py, (1) is the scaled coefficient defined in (3.2) above, m is the gradient of log A(e®) at
s = 0, and the inequalities are taken coordinate-wise.

4We define o to have size n when the weight function associated with C(z,t) has value n at o.
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Theorem 30 and its corollaries below were first established in the 1-dimensional case
by Bender [(]. Generalizations of Theorem 30 in the 1-dimensional case were given by
Hwang |15, 16, 17] and Heuberger and Kropf [11] (see also the treatment in Flajolet and
Sedgewick [29, Chapter IX]).

Proof Sketch. The random variable X, with probability distribution function p,, has char-
acteristic function o)
E [oi6X0)] — RICEON Sk _ PnlE .
= 2 S T

Shifting Xj, by its mean nm and scaling by 1/y/n gives a new random variable with a
characteristic function

keNd

fuls) = e Vims). On (€™ V)

$n(1)
and the expansion
sHs”
2
combines with our assumptions on ¢, to give f,(s) ~ exp[—#] for all fixed s. The 1-

dimensional random variable s-X,, thus satisfies a CLT for any s by the continuity theorem,
meaning X, satisfies a multivariate CLT by the Cramér-Wold theorem (Theorem 28). [

log A(e®) =log A(1) + (s - m) + 4.

The key insight for combinatorial CLTs is that it is often possible to prove that ¢,
satisfies the assumptions of Theorem 30 directly from the analytic behaviour of C(z,t)
near some of its singularities.

Corollary 31 (Bender and Richmond |7, Corollary 1|). Let C(e®,t) be the generating func-
tion described in (3.1). Suppose that there exists €,6 > 0, a number ¢ € Q\ {—1,—-2...},
and functions A(s), B(s,t), and r(s) such that

Cle* ) = Afs) (1 - %) L B <1 - %)q (3.3)

where

o A(s) is continuous and non-zero,
e 1(s) is positive and has continuous third-order partial derivatives, and

e B(s,t) is analytic and bounded

for ||s|]| < € and |t| < |r(0)| 4+ §. If the Hessian matriz of A(s) = 1/r(s) is non-singular at
s = 0 then the CLT in Theorem 30 holds.
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Proof. For any fixed s with [|s|| < €, bounding the modulus of the Cauchy integral

1 B(s,t
B0 =5 [ 5.1) oy
27 Jyy=ir(o)+26/3 T

by the length of the curve of integration times the modulus of the integrand implies

[t"]B(s,t)| < C-(|r(0)] +20/3)™"

for some C' > 0. Thus, taking the coefficient of ¢" in (3.3) gives, after making use of the
general binomial expansion [z"](1 — z)~® = ("7 "), the bound

o)~ A (")

q

<o(" T s o ko)

k=0

if € is small enough such that |r(0) — r(s)| < 0/3 whenever [|s|| < e. This final sum is a
geometric series with ratio less than 1, so the asymptotic behaviour of binomial coefficients
implies

n-+gq

¢n<z>=¢n<es>:( q >A<s>r<s>-” (1+0(n)

uniformly in a sufficiently small neighbourhood of z = 1, and the stated CLT follows from
Theorem 30. O

Remark 32. Note that the key reason that Corollary 34 uses C(e®,t) (rather than C(z,t))
stems from the proof of Theorem 30, where having the variables represented in this manner
allows for re-writing the function as an expression involving exp (—%SBST) for some B,
which is important for showing that the CLT holds.

Ezample 33. Bender and Richmond |7, p. 261] illustrate Corollary 31 on the Tutte poly-
nomials T, (x,y) of wheel graphs on n vertices, which can be defined recursively by

T,—(r+y+2)Th 1+ (y+z+y+ 1)1, o —2yl, 3=0
for n > 3, along with the initial conditions
To=ay—z—y+1, Ti=zy, Th=a’+y +zy+z+y.
Solving this recurrence gives a trivariate generating function

I—z+(@y—y—1t) 1 —y+ (xy —x — 1)t) — axyt

C(z,y,t) = ZTn(xuy)tn = (1—t)(1 — (z+y+ D)t + zyt?)
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which has, for positive z and v,

2
r+y+ 1+ ((x—y)?+2z+2y+1)1/2

t= r(a:,y) =

as the smallest root of the denominator. Then C' has a simple pole at r, as the numerator
does not vanish at ¢t = r(x,y), and differentiating

1— (€5 4 e%2 + 1)r (e, %) + e %2 (%1, e%2)? = 0

implicitly gives that
—Vlogr (e®, e®?)
is equal to
( eSt — eSitszy (681, 682> e52 — eSitsay (651, 652) >

14 est 4 e%2 — 2es1tsap (es1 e52)) 14 %1 + e52 — 2es1ts2y (651, e%2)

At s = 0, further algebraic manipulation shows Corollary 31 applies with ¢ = 0 and
A(s) = (1 — z/r)C, giving a central limit theorem with

3 2

1 1 1 1 S -2
(2 2v/5 2 2\/5> _ 2 3
5V5  5V5

N

Further CLTs of this type using the theory of singularity analysis [28] were derived (in

the 1-dimensional case) by Flajolet and Soria [30, 31] and, in the multivariate setting, by
Gao and Richmond [31]. In particular, the work of Gao and Richmond allows C(z, t) to have
algebraic and logarithmic-type singularities near z = 1. Drmota [20, 21] used an analytic

approach (based on techniques such as the saddle-point method) to derive central limit
theorems from generating functions defined implicitly by (systems of)) functional equations;
see also the treatment in Drmota [22, Section 2.2|. A detailed survey of analytic methods
for the derivation of (largely 1-dimensional) CLTs is given in Flajolet and Sedgewick [29,
Chapter IX].

Central limit theorems of the type described in Corollary 31 are derived from knowledge
of the generating function C(z,t) in a neighbourhood of z = 1. When further information
about the behaviour of C' is known for all points with the same coordinate-wise modulus,

LCLTs can also be produced.

Theorem 34 (Bender and Richmond |7, Corollary 2|). Let R be a compact subset of
(—00,00)¢ and suppose that there exists € > 0, a number ¢ € Q \ {—1,-2...}, and
functions A(s), B(s,t), and r(s) such that

Cle* ) = Afs) (1 - %) L B (1 - %) B (3.4)

(s (s

where
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(1) A(s) is continuous and non-zero in an e-neighbourhood of R,

(i) r(s) is non-zero and has continuous third-order partial derivatives in an e-neighbourhood

of R,
(111) B(s,t) is analytic and bounded fors in an e-neighbourhood of R and |t| < |r(s)|(1+¢€),
(iv) the Hessian matriz H(s) of X(s) = 1/r(s) is non-singular for alls in an e-neighbourhood
of R, and
(v) C(e%,t) is analytic and bounded whenever |t| < |r(Re(s))|(1+€) and € < |Im(s);| <
foralll <j<d.
Then .
“n g e VK A(w)
n
D(q+ 1)/ (2mn)d det H(w)

uniformly for all k such that k/n = —V logr(w) has a solution for w € R. Furthermore,
there is a local limit theorem

Ckp ~ T(W

: 1
Cim ™~ Cion - W i) (exp [—ﬁu’H(w)luT] + 0(1))
uniformly, where u = (j — k)/\/n.

The key to establishing the LCLT in Theorem 34 is Condition (v), which implies that
the modulus of the singularity ¢t = r(s) of C(z,t) is uniquely minimized among the points
z = €% with fixed coordinate-wise modulus when z has positive real coordinates. For
instance, in one variable, information about C(z,t) near the point z = 1 is not sufficient to
establish local limit theorems, one must also verify that C'(z,t) has no other singularities
with |z| = 1 and the same value of |¢{|. The advanced methods of ACSV, however, show
that the multivariate situation is more complicated: in at least two variables there can be
singularities that do not form ‘obstructions’ to deforming domains of integration, making
these singularities irrelevant to determining asymptotic behaviour. We return to this in
the context of ACSV in Section 3.3 below.

Proof Sketch. The Cauchy integral formula implies

1 dz
Gn = (o) /|z|:ew d)"(Z)z;lH gt

for w € R, where |z| = (|z1],...,|z4|). A modification of the argument used in the proof
of Corollary 31 shows that

6n(2) = Bu(”) = (”;Q>A<s>r<s>-” (1+0 (n)
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uniformly for s in an e-neighbourhood of R, and following the proof of Theorem 30 we shift
the mean of X; by —nVlogr(w) and scale by 1/y/n to get a new random variable with
characteristic function

SHST} (3.5)

fu(s) ~ exp [ 5
for certain values of w. Tracing through the definitions of the characteristic functions, and
making a polar change of variables, to establish the LCLT from the Cauchy integral above
it becomes sufficient to prove that

R

= o(1)

/[\W\/ﬁﬂr\/md

for w given in the statement of the theorem. Near the origin (up to roughly /n-scale) it
can be shown that this difference is small using (3.5), and the second integral, which has
an explicit integrand, is o(1) when bounded sufficiently away from the origin. Roughly
speaking, Condition (v) implies that |¢,(z)| is small when z is away from the positive real
axis, so the first integral is also o(1) when bounded sufficiently away from the origin and
the claimed limit theorem holds. O

An extension of Theorem 34 to functions C(z,t) with algebraic and logarithmic singu-
larities was given by Gao and Richmond [31].

Although Theorem 34 is now classical, it still finds use today. In fact, since the work
provided in this chapter was originally published, there have been two new cases appearing
in the literature where we proved conjectured LCLTs quickly using this method. We provide
both examples below.

FExample 35. The first example stems from a paper by Ekhad and Zeilberger exploring
Werner Krandick’s binary tree jump statistics [24]|. In particular, they study the bivariate
generating function

—qr+ 1 — 1+ /¢?22 — 2q2% — 2qz + 22 — 22 + 1

H —
(g, ) S0z

which tracks the number of binary trees enumerated by the number of internal vertices ()
and the number of jumps in a DFS of the tree (¢). Writing

H(e*,t) = A(s) <1—$>1/Q+B(s,t) (1_$)3/2

for A(s) = e™3/4 (/2 + 1) and r(s) = (e*/>+1)2, the results of Theorem 34 imply (after
some analytic bounding on B) a central limit theorem and, with a bit more work, give an
LCLT

as n — o0o. As a check, we plot the series coefficients ¢(s) = [¢°z'"™]H(q, z) compared to
the expected distribution, as seen in Figure 3.1.
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Figure 3.1: A plot of series coefficients c(s) = [¢*x'™|H(q, z) compared to the expected
distribution.

FExample 36. The second example follows a similar derivation to Example 35. In this case,
we examine the trivariate generating function given by Jessica Khera and Erik Lundberg
in their paper on the distribution of the length of the longest path in random acyclic
orientations of a complete bipartite graph [19]. Note that an acyclic orientation of a graph
is a way of assigning a direction to each edge in the graph such that no directed cycles are
created. For this work, the authors consider the generating function

e — (u—1)%(e* —1)(e¥ — 1)
1—wu?(er —1)(ev — 1) ’
which enumerates the number of acyclic orientations on the complete graph K, with

length of longest path equal to ¢, where x tracks n, y tracks k and u tracks /. As with
Example 35, we can re-write F'(z,y,u) in a way that satisfies Theorem 34. Specifically,

F(z,y,u) =

Fe®, e ) = A(s) <1 _ %) + B(s,1)

where s = (sq, 1),

1 1 s
A(s) = (e = 1)(ele™) — 1) 4 e 2l

and

-1
r(s) = (\/6(630+631) —e(e0) _ele’t) 1> '
This gives an LCLT of

2(e —1)4+3 20(n +k)(e? —e) —2(n* + k?)(e* — 2e + 1) — (€?
mle(e — 2) P ( 20(e? — 2e) )

[2yut] ~
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Figure 3.2: A plot of series coefficients [z"y*u?®]F(x,y, u) in red compared to the expected

distribution in green.

for n and k as £ — co. We can see these results visually in Figure 3.2.

3.3 ACSV and Multivariate CLTs

The multivariate results in Section 3.2 are derived from, in the words of Flajolet and
Sedgewick |29, Page 768], “a perturbative theory of one-variable complex function theory.”
In contrast, the methods of ACSV in its modern form are based around the theory of
complex analysis in several variables. Although the ACSV framework draws from a much
larger (and more recently developed) collection of mathematical techniques®, it is possible
to package the end results in ways that allow them to be used without understanding most
of this background.

In this section we give an overview of the methods of ACSV required specifically for
use for CLTs, and survey the explicit limit theorems they provide. Applications of these
results are given in Section 3.5.

®For instance, Pemantle et al. [63] includes roughly 100 pages of appendices with (highly abridged)
background material, beyond the additional background material discussed in the main text.
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3.3.1 Background

We note that this background is an extension of the background given in Section 2.3,
however it focuses on the background required specifically for LCLTs.

We begin by extending from Theorem 26 to LCLTs. In particular, we use the fact that
the asymptotic behaviour described in Theorem 26 varies smoothly with the direction r

under small perturbations which allows (with a small amount of extra analysis) for the
derivation of LCLTs.

Remark 37. There are several natural ways to take the sequence indices of f;; to infinity
and search for limit theorems: for instance, one could examine coefficient slices with i, +
--++14+k =n and take n — oo. For us it makes the most combinatorial sense to take the
final index to infinity (as in the results above) and study coefficient behaviour in the first
d indices, but the methods of ACSV adapt naturally to other situations. Work extending
the types of limit theorems derived by our software package is ongoing.

Proposition 38 (Melczer |59, Proposition 5.10]). Suppose F(z,t) = G(z,t)/H(z,t) has
a power series expansion F(z,t) = Z(i,k)eNdH finz'th at the origin such that fiy is non-
negative for all but a finite number of terms. Suppose further that, in some direction (m, 1),
there is a strictly minimal critical point of the form (1, p) for some p > 0. If H(w,p) and
G(w, p) are non-zero, and the phase Hessian H of H at (1, p) is non-singular, then

—G(1, p) (2nn)~4? (s —nm)TH (s — nrh)} '
dj2 | n o _ — 0. 3.6
i S S o[ =

The requirement of strict minimality in Proposition 38 is analogous to Condition (v)
in Theorem 34 from Section 2.3.

Remark 39. Proposition 5.10 in Melczer [59] requires G and H to be polynomials to simplify
its presentation, however the result continues to hold as long as G and H are analytic
functions [59, Remark 5.14]. Other generalizations that can be handled with the ACSV
framework include (non-power series) Laurent expansions, non-smooth geometries, and
non-minimal points when additional assumptions are verified.

The most computationally expensive hypothesis to verify in Proposition 38 is strict
minimality (see Melczer and Salvy [61] for a complexity analysis of smooth ACSV methods).
Generically® V is smooth and the set of smooth critical point equations (2.4) admits a finite
set of solutions, however verifying strict minimality of a point w requires examining whether
V intersects the (always infinite) set of points with the same coordinate-wise moduli as w.
The perturbative approach in Section 3.2.2 and the surgery ACSV method both require
strict minimality (or finite minimality with some extra bounding), however more advanced
multivariate methods show that this can be weakened, as will be seen below.

5For instance, these properties hold for all polynomials H except for those whose coefficients lie in an
algebraic set determined only by the degree of H.
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Indeed, in the univariate setting it is the singularities of minimal modulus that con-
tribute to dominant asymptotic behaviour, so it is tempting to assume that minimal singu-
larities are the ones determining dominant multivariate asymptotics. In fact, as the theory
of ACSV matured, its methods were re-examined through more advanced mathematical
frameworks, illustrating how critical points are the singularities dictating asymptotic be-
haviour. The most explicit results still hold for minimal critical points, however one only
needs to verify that the (generically finite) set of critical points has no other elements with
the same coordinate-wise modulus as a candidate minimal critical point. Without this
strengthening, algorithms to compute asymptotics (or rigorously establish limit theorems)
would not terminate in reasonable time even for examples with relatively low dimension
and degree.

Theorem 40 (Pemantle, Wilson, and Melczer |63, Theorem 9.12]). Suppose that the ra-
tional function F(z,t) = G(z,t)/H(z,t) admits a nondegenerate minimal smooth critical
point (w,s) € CH1 in the direction v € R, such that Hy(w,s) # 0 and no other critical
point has the same coordinate-wise modulus as (w,s). Then the conclusions of Theorem 26
hold, where the expansion (2.6) now holds uniformly over neighbourhoods where there is a
smoothly varying nondegenerate minimal critical point such that Hy does not vanish and
no other critical point has the same coordinate-wise modulus.

Theorem 40 was first discussed in Pemantle and Baryshnikov [5] using cones of hyper-
bolicity. To briefly summarize, if (z,t) is a minimal point then the tangent plane to the
modified function H(e™, ..., e% e?) at (log(z),log(t)) is defined by a normal vector that
is a multiple of a real vector v. If (z,t) is not critical then v is not parallel to the direction
vector r and this can be used to locally deform a domain of integration near (z,t) into a
region of complex space where it can be bounded and shown to be negligible. The frame-
work of hyperbolic cones shows that these local deformations can be done in a consistent
manner (away from critical points) and also generalizes to non-smooth cases.

FExample 41. The rational function

1
F(x,t) =
@)= ar e =0
admits (z,t) = (1,1) as a minimal critical point in the direction r = (1,1), however

this point is not finitely minimal as (—1,¢) is a singularity for any ¢t € C, and none of
Theorem 34, Theorem 26, or Proposition 38 directly apply. Since there are no other
critical points with the same coordinate-wise modulus as (1, 1), Theorem 40 does apply

and we can compute
1
— 1/2 O -1 )
fan=n (4ﬁ+ (n ))

In fact, the local central limit theorem

1 1
fon = g o0 |-
holds. N

sup n'/?
SEZL
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When dealing with combinatorial generating functions, the importance of critical points
can be seen directly. Indeed, the idea underpinning cones of hyperbolicity (that the tangent
space near any smooth minimal point has a normal vector that is a multiple of a real
vector) implies that every minimal point is critical in some direction. When the series
under consideration has non-negative coefficients, this implies that any minimal point with
the same coordinate-wise modulus as a critical point with positive coordinates is also
critical |59, Corollary 5.5, giving the following result on which we base our algorithm for
automatically finding and verifying LCLTs.

Proposition 42. Suppose F(z,t) = G(z,t)/H(z,t) has a power series expansion F(z,t) =
Z(i,k)eNd“ fixZ't* at the origin such that fiy is non-negative for all but a finite number of
terms. Suppose further that, in some direction (m, 1), there is a minimal critical point of
the form (1,p) for some p > 0 and no other critical point has the same coordinate-wise
modulus. If Hy(w,p) and G(w, p) are non-zero, and the phase Hessian H of H at (1, p) is
non-singular, then the LCLT (3.6) holds.

Going even further, Baryshnikov, Pemantle, and Melczer |3| show how asymptotic be-
haviour can be characterized in the absence of minimal critical points using techniques
from stratified Morse theory. This requires introducing the notion of critical points at
infinity and gives asymptotics as a linear combination of asymptotic expansions with (gen-
erally unknown) integer coefficients, so here we stick to the explicit case of (not necessarily
strictly) minimal critical points covered by Theorem 40.

Finally, although it is beyond the scope of this thesis, we give a non-smooth example
from forthcoming work that illustrates the differences from the smooth cases discussed
above.

FExample 43. Consider the generating function

6
(1-3t(1+=x)(1—-2t2+x))

The methods of ACSV for transverse multiple points (see [59, Chapter 9] or [63, Chapter
10]) imply that the asymptotic behaviour of fy,, varies with A € (0,1) in a computable
manner. Indeed, if 0 < A < 1/3 or 1/2 < A < 1 then the dominant asymptotic behaviour
of finn is dictated by a smooth minimal critical point vanishing on only one of the denom-
inator factors of F', and fy,, — 0 exponentially quickly. In contrast, when A € (1/3,1/2)
then the dominant asymptotic behaviour is determined by the non-smooth minimal criti-
cal point (1,1) where both denominator factors vanish, and the methods of ACSV imply
f)\n,n — 0.

Thus, unlike the smooth case where a central limit theorem is obtained, here we have
a range of indices where the same minimal critical point determines asymptotics, giving

a limiting distribution with a flat plateau (see the middle plot in Figure 3.3). A minor
modification of the arguments in [1, Section 6.2] — developed there only for generating
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Figure 3.3: The coefficients ¢(k) = frny (in blue) compared to their limiting behaviour
(in red and orange) when N = 1000. The transitions in behaviour near N/3 and N/2 are
shown on intervals of length 2v/N in the left and right plots.

functions whose denominator factors are linear — shows how to capture the transition
between the different limiting regimes, which occurs on a square-root scale. Indeed, if

D(t) = % /Ot e ds

is the Gaussian error function then

Fassirgmn ~3+30(3t/2)  and  foopgma ~ 3 — 30(V21)

when ¢ grows sufficiently slower than y/n (for instance, when ¢ is bounded). See Figure 3.3
for an illustration. <

3.3.2 Verifying Minimality

Because verifying criticality is easier than verifying minimality, most ACSV algorithms for
asymptotics fix a direction, compute critical points in this direction, and then study the
critical points to determine which are minimal points. In contrast, because Proposition 38
requires a minimal critical point of the form (1,¢), to prove an LCLT it is often easiest to
use (2.4) to discover a direction r = (m, 1) with critical points of this form and then verify
the required conditions.

Determining minimality is easier for points with positive coefficients when F(z) has
only a finite number of non-negative coefficients, as it does under our assumptions. The
following result should be seen as a multivariate generalization of the well-known Vivanti-
Prinsheim theorem in the univariate case, and the approach to proving an LCLT that it
suggests when combined with Proposition 42 is summarized in Figure 3.4.

Lemma 44 (Melczer [59, Lemma 5.7|). Suppose F(z,t) = G(z,t)/H(z,t) has a power
series expansion at the origin with (at most) a finite number of negative coefficients. Then
(w,p) € RL, is minimal if the line segment from the origin to (w,p) contains no roots of
H(z,t), i.e., if

H(swy,...,swq,sp) # 0 for all s € (0,1).
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Characterize the smallest positive solution t = p of
L. H(1,t) = 0 and define m = (Hzl(l’p) sz(l’p))

pH(1,p)7 """ pHi(1,p)
i L i
. Show that H(s,...,s,sp) #0forall0 <s <1
| l J

3 Show that no other critical point has the same
" coordinate-wise modulus as (1, p)

!
4 Prove that the determinant of the phase Hessian H
* is non-zero at (1, p) in the direction r = (m, 1)

i)
5 Prove that Hy(1, p) and G(1, p) are non-zero and
" read off the local central limit theorem from (3.6)

Figure 3.4: A schema to prove LCLTs using Proposition 42.

Although proving strict minimality is difficult in general, there is one case arising in
some combinatorial applications where it is automatic.

Definition 45. A power series S(z) = ) e Pnz" is called aperiodic if every element of
Z% can be written as an integer linear combination of the exponents {n € N¢ : p, # 0}
appearing in S.

Proposition 46 (Melczer |59, Proposition 5.5]). Suppose F(z) = G(z)/H (z) is a ratio of
analytic functions G and H. If H(z) = 1 — S(z) for some aperiodic power series S with
non-negative coefficients then every minimal point that is within the domain of convergence
of the power series expansion of F(z) is strictly minimal and has positive real coordinates.

Proof. Suppose that w is a minimal point and for each 1 < j < d write w; = z;¢% with
z; > 0 and 0; € R. Let s, denote the coefficient of 2™ in S(z). Then

1=|S(w)| = Z spxe! )| < Z SpX"
neNd neNd
since w is within the domain of convergence of G and H and hence |S(w)| < S(|wy], ..., |wa|).

]

3.4 Motivating Problem

In this section, and the next two, we will illustrate how to apply the approach of Figure 3.4
to prove LCLTs. We begin with the example that originally motivated the work of this
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chapter.

Definition 47. For any d € N, let F4(n) be the set of permutations ¢ on {1,...,n} such
that i —d < o(i) <i+1 for all i. Let F; be the union of sets Fy(n) for all n € N.

Note that every element of F,;, when written in disjoint cycle notation, has cycles of
length at most d + 1.

Proposition 48 (Chung et al. [10, Theorem 1]). The number of permutations in Fa(n)
with iy cycles of length k equals the coefficient 21 - s 2 F(z,t) in the power series
expansion of the rational function

1
F(z,t) = F(z1,...,%24941,t) = .
(%) (=1 a1, 1) 1 — 21t — 29t? — -+ — zgy1t4HL

Chung et al. [16] prove Proposition 48 by considering the set of perfect matchings of
the graph associated with F; and using this to find an explicit recurrence that can be
manipulated. One of the motivations for their study of this family is a relationship to
the determination of sample sizes required for sequential importance sampling of certain
random perfect matchings in classes of bipartite graphs.

Conjecture 49 (Chung et al. [16, Page 45]). For fixed d the joint limiting distribution of
the number of k-cycles approaches a multivariate normal distribution as n — oo.

Experimentally checking the properties of Proposition 42 in low dimension using a
computer algebra system, we were initially surprised to find that some of the properties
did not hold! To better understand the behaviour of the coefficients we thus plotted the
coefficients of [t'°|F(z,t) for d = 1, shown on the left of Figure 3.5.

Figure 3.5 shows the problem establishing a limit theorem on the coefficients of F'(z,t):
the coefficients approach a normal distribution, but the distribution is supported on a d-
dimensional slice of R%!. Indeed, if the size n of one of our restricted permutations is
fixed, and the number i, of k£ cycles it contains is specified for all £ > 2, then its number
of one cycles (i.e., fixed points) is uniquely determined as iy =n — 2is — -+ - — (d + 1)igy1.
We thus prove that Conjecture 49 is true by setting z; = 1 and applying the techniques of
ACSV to the coefficients of F'(1, 2y, ..., zq4,t).

Theorem 50. Let h(t) =1 —1t —--- —t¥ and let p > 0 be the smallest positive root of
h(t). As n — oo, the maximum coefficient of [t"|F(z,t) as a polynomial in za, ..., 2441
approaches
Ao (424t (A D))t
—ph/(p)(2m)*/2 (I+p+---+ pd)p@
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Figure 3.5: Left: The coefficients of [t'*°]F(z,t) when d = 1, divided by the maximum
coefficient and shifted to put the maximum at the origin. Right: The coefficients of
[t159) F(1, 29, ) compared to their limiting normal distribution and shifted to put the max-
imum at the origin.

Furthermore,
252 2 (L, 2, Zagt, €
sup 12 ain U1F (L 2 art) Un(S2, .y Sar1)| = 0 (3.7)
52,...,84+1€EN A’I’L
where
e vu,(s) = exp [— (anmm;,i(s*nm)T] )
Y _pttt
¢ m= ( W) h’<p>>’
e and H is the non-singular matriz with entries
p IR (p)—p*tI (14i+j)h (p) L L
H, o h’(p)3 ? 7£ ]
W) R )= T A (D)= W (0)
b (p)® J

Theorem 50 follows directly from Proposition 42 after some direct calculations, the most
difficult of which is computing a closed form for the determinant of the Hessian matrix
H. We complete these calculations in Section 3.6, using a guess-and-check method for
symbolic determinants which is a useful tool for establishing limit theorems such as these
with parameterized dimension. In fact, we will prove a more general result in Section 3.5.
Note that Conjecture 49 is a direct result of Theorem 50!
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3.5 Family of Limit Theorems

In this section we will give an automated version of an LCLT theorem which will be
highlighted with a number of examples. Note that Theorem 50 is an example application
for this automated theorem. The proof for this theorem can be found in Section 3.6.

Theorem 51 (Automatic LCLT Theorem). Let F(z,t) = g(é?) be a ratio of functions
where

d
H(z,t) =1—q(t) = > _ qilt)z.
k=1
let P(t) = H(1,t), and let p be the smallest positive root of P(t). Suppose that

e cach of the q;(t) is a non-zero polynomial vanishing at the origin and q(t) is a complex-
valued analytic function for |t| < p that vanishes at the origin,

e the power series expansion of S(z,t) =1 — H(z,t) = q(t) + >, qx(t)zi, at the origin
has non-negative coefficients,

e the exponents appearing in the power series q(t) have greatest common divisor 1, and

e G(1,p) is non-zero.

Asn — oo, the mazimum coefficient of [t"|F(z,t) as a polynomial in z1, ..., zq approaches

G(1,p)
—pP'(p)(2m)4/2\/det H'

where H is the non-singular d x d matriz

pgi(0)a;(p)P"(p) — (4;(p)ai(p)p + ai(p)dj(p)p — ai(p)a;(p)) P’ (p)

2Pl 3 Z 7é j

Hij = PP ) (3.8)
! pa;(p)*P"(p) — (24;(p)d;(p)p — 4;(p)*)P'(p) — q;(p)pP’ (p)? i
p*P'(p)? /

whose determinant

(—1) (Hizl qk(p)) [(q(p) —1) (pP”(p) + P'(p) +p Xy qf:{?;) + q’(p)zp]

detH = P'(p)d+2pit
(3.9)
is non-zero. Furthermore,
L Ay .. t
sup 1 ',z t) Un(S1,-.,84)| = 0
81 4eeey sqEN An
where
_ —1(q _ T _ _
vn(s) = exp {_ (s —nm)H"'(s —nm) ] for m = ( qi(ﬂ)7 . qc/l(/)))
2n pP'(p) PP (p)



Remark 52. The SageMath package accompanying this article automatically proves central
limit theorems for all explicit rational functions satisfying the conditions of Proposition 42,
which includes all those satisfying the conditions of Theorem 51.

Although the form of H in Theorem 51 might seem restrictive, generating functions of
this form appear quite frequently when tracking parameters in combinatorial classes using,
for instance, the symbolic method framework described in Flajolet and Sedgewick [29]. We
end this section by describing some other combinatorial limit theorems it captures.

3.5.1 Strings with Tracked Letters

Let A = {a1,...,a,} be an alphabet with ¢ letters and let Q = {wy,...,wq} C A be a
subset of d letters we wish to track. The multivariate generating function enumerating

such strings is
1

1—(21+22+...+Zd)t—(£—d)t’
which trivially satisfies the hypotheses of Theorem 51 when ¢ > d (if / = d then all

coefficients live in a d-dimensional hyperplane of R4*! because adding the number of
occurrences of each letter gives the length of the string). Thus, as n — oo, the maximum

F(z,t) =

coefficient of [t"]F(z,t) as a polynomial in 2y, ..., z4 approaches
A, = ﬁ"n_d/Q—l
(2m)4/2, ) =t
and
sup [0 -t F (2,5 2a0t) exp |- (s —nm)H (s — nm)” 0
S1,...,84EN An 2n ’

where m = (%, ey %) and H is the non-singular d x d matrix with off-diagonal entries —e%
=1

and diagonal entries “z=. Note that tracking the number of 1s in binary strings (where
¢ =2 and d = 1) recovers the classical central limit theorem,

n _ [Zstn] 1 ~ O ie—(n—2s)2/2n'
s 1—(1+2)t ™m

3.5.2 Compositions with Tracked Summands

Fix a positive integer d and recall that an (integer) composition of size n is an ordered
tuple of positive integers which sum to n. If C is the class of compositions, enumerated by
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size and the number of times each element of {1,...,d} occurs, then C has the multivariate
generating function

1 1
C(z,t) = =
( ) 1—S(Z7t) 1 — 2t — 292 — -+ — 2gtd —

td+1 )
1-t

where

S(z,t) =zt + 2t + -+ 2t + Y #F
k>d+1

td+1

1-1t¢

= 2t + 2pt® + o+ 2zt +

is the multivariate generating function of positive integers where z; tracks the number of
occurrences of k. Once again, it is easy to verify the hypotheses of Theorem 51 hold with
p = 1/2, the smallest positive root of P(t) = H(1,t) = 1 — 5. Figure 3.6 illustrates the
corresponding local central limit theorem when d =1 and d = 2.

Theorem 53. As n — oo the mazimum coefficient of [t"|C(z,t) as a polynomial in
21, ...,%2q approaches

d? | 7d
An:2nnid/2 24+4+1 ’
2(2m)42\/(d? + 4d + 6)27 — 2
and
sup [ - 2y t"]C 21, - - 2 t) exp |- (s —nm)H (s — nm)T} 0
S1,.-,8gEN An 2n
where m = (1, %,...,527) and H is the d x d matriz with off-diagonal entries H;; =

—277972(j 4 j — 3) and diagonal entries H;; = 272UV (27+ — 25 4 3).

The flexibility of Theorem 51 allows us to modify the restrictions on the elements
appearing or tracked among the compositions under consideration. For instance, for any
finite set 2 C Z~( the multivariate generating function enumerating compositions by size
and number of times each element of Q = {wy,...,wy} occurs is

1
d
Y e )

where z; tracks the number of occurrences of wy. The hypotheses of Theorem 51 still hold,
so a local central limit theorem applies (although, of course, the parameters of the limiting
distribution will depend on which summands are tracked).

F(z,t) =

Y
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or T T T T T T y
-20 -15 -10 -5 5 10 15 20 50 o

Figure 3.6: Left: The coefficients of [t1%] (1 — 2t — t2/(1 —t))~" divided by the projected
maximum coefficient compared to their limiting normal distribution and shifted to put
the maximum at the origin. Right: The coefficients of [t10°] (1 — 21t — 292 — £3/(1 — )"
divided by the projected maximum coefficient and shifted to put the maximum at the
origin.

Even more generally, we can restrict our compositions to summands in some set A C Z+q
and track occurrences of elements in a finite subset 2 = {wq,...,ws} C A. The relevant
multivariate generating function becomes

1
y )
L= (e — D)t — ZkeQ th

When the elements of €2 are coprime, Theorem 51 applies, so a local central limit theorem
holds (when the elements of €2 have greatest common divisor larger than 1 then some
intervention is needed to determine which singularities determine asymptotic behaviour).

F(z,t) =

Remark 54. Restricting compositions to use only the numbers 1,...,d + 1 and tracking
occurrences of those numbers gives the same generating function as the family of restricted
permutations discussed above, whose behaviour is described in Theorem 50.

3.5.3 n-Colour Compositions with Tracked Summands
Finally, we consider the class of n-colour compositions, introduced by Agarwal [1] and stud-

ied in Gibson et al. [37], where each integer i is coloured by one of i available colours (each
summand must be coloured and different colourings give distinct n-colour compositions).
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Example 55. The twenty-one n-colour compositions of 4 are

41, 4o, 43, 4y,

3111, 3214, 331y, 1131, 1132, 1433,

2121, 2129, 292y, 2929,

20101y, 29101y, 14291y, 142914, 13142q, 141429,
111141y,

where the subscripts denote the colours assigned to each summand.

Once again, we fix a positive integer d and track the number of times each element of
{1,...,d} occurs. If S, is the class of positive integers where each integer i is coloured
with one of 7 possible colours then

Sn(zat> - th+ 222t2 —|— . e + dZdtd + (d_|_ 1)td+1 + (d+ 2)td+2 + .

d d+1
= 21t + 22912 + - - + dzgt? + t—
10+ 22917 + +d+dt(1—t>
td—i—l td—‘rl

= 2t + 22512 + - - - + dzgt?
21t + 22907 + -+ dzg +1—t+(1—t)2

is the multivariate generating function of positive integers where z;, tracks the number
of occurrences of k, so the corresponding multivariate generating function for n-colour
compositions is

1

1 — 29t — 22912 — -+« — dzgtd — didjtl ~ (115(232 .

Cy(z,t) =

As expected, the hypotheses of Theorem 51 hold, and we get a (messier) LCLT whose
parameters are given explicitly in the SageMath notebooks corresponding to this paper.
Similar to our last example, we may further restrict which elements (or colours!) are
allowed or tracked, and immediately get LCLTs. The proofs for such extensions follow
similarly to those for integer compositions.

3.6 Family of Limit Theorems Proof

We now prove Theorem 51 by applying the outline in Figure 3.4 to verify the conditions
of Proposition 42. To that end, assume the hypotheses of Theorem 51 hold.

Remark 56. Note that the proof provided in this Section is not only a proof of Theorem 51,
but also an example of how the outline for an LCLT proof provided in Figure 3.4 may be
applied.
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Step 1: Finding the correct direction.

Following the outline of Figure 3.4, we substitute w = (1, p) into the smooth critical point
equations (2.4) to find that w is a critical point in the direction (m, 1) where

e (—ql(p) —qd(p))
pP'(p)" " pP(p) )

Steps 2 and 3: Establishing minimality.

Suppose H(s,...,s,t) =0for 0 < s <1land 0 <t < p. Then SZZZI qr(t) =1 —q(t), and
we cannot have Zi:l qx(t) = 0 since this implies ¢(0) = 1 which would violate the fact
that ¢ has no constant, so

1 —q(t)

0]

Our assumptions imply that the polynomial Zzzl qr(t) and series expansion of ¢(t) have
non-negative coefficients and 0 < ¢(p) < 1, which implies that |s| increases as 0 < t < p
decreases. Thus H(s,...,s,sp) # 0 for all 0 < s < 1, and w is minimal by applying
Lemma 44 to the function 1/H(z,t) = 1/(1 — S(z,t)) whose series expansion at the origin
has non-negative coefficients. Our assumptions imply that S(z,t) is an aperiodic power
series with non-negative coefficients, so Proposition 46 implies that no other singularities
(including no other critical points) have the same coordinate-wise modulus as w.

Step 4a: Computing an LU-factorization.

We now prove that the phase Hessian matrix defined by (2.5), which simplifies to (3.8)
in our case, has non-zero determinant. To compute this symbolic determinant, we orig-
inally used the SageMath computer algebra system to compute and factor the Hessian
determinant for the permutation generating function described by Proposition 48 in small
dimensions. Observing a pattern in the factors, we were able to conjecture, and then a
posteriort prove, an LU-factorization for the Hessian matrix in that case, and then extend
to the general case. This approach immediately gives the Hessian determinant: if HU = L
for a lower triangular matrix L and an upper triangular matrix U with diagonal elements
equal to 1 then det H is simply the product of the diagonal elements of L.

Remark 57. When the dimension d is fixed, the matrix equation HU = L defines an
explicit system of equations in terms of the entries of U and L, so it is often possible to
computationally determine suitable U and L in low dimension, conjecture their general
form, then prove this inference. This approach to symbolic determinants is described in
the well-known treatise of Krattenthaler [51], which attributes the popularization of such
a ‘guess-and-check’ LU-factorization to George Andrews after he used it to great effect in
a variety of papers starting in the 1970s.
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Figure 3.7: The three cases, distinguished by colour, for d = 4.

A companion SageMath notebook to this paper gives a procedure to calculate U and L
for any fixed d. Studying the numerator and denominator of the rational function entries
we are able to deduce certain patterns, such as the denominators being constant down

columns, which leads us to conjecture that, in general dimension, HU = L where
i (p)gij

S 1< 0 1<

_ o ) —aore
Uj=<1 =7 and Li; = W i=7
0 i>j Lt >

for

rj=P'(p)’p— P"(p)pA; + 2P (p)pB; — P'(p)A; — p (4;D; — B;)

gi; = P'(p) +P"(p)p—p (Zigg + ngg;) (P'(p) +Bj — qi(p)) +p (Dj - qéi((pp)) )

rq;(p)q;(p)
ai(p)a;(p)

(4; = ai(p))

sy = P+ oDy = p (B0 B0 () 1)+ () + (SO
with

j—1 j-1 1( )2
AJZZQk(p)7 szzq;c<p>7 Dj:ZQk(p) :

k=1 k=1 = w(p)
Although these formulas are quite involved, we note that by keeping P’(p) and P”(p)
as symbolic parameters the entries of U and L are independent of d, which allows us to
algorithmically verify that HU = L with the aid of a computer algebra system. We break
this verification into three cases depending on the behaviour of the entries of U and L: see
Figure 3.7 for an illustration of the different cases on a 4 x 4 matrix.

<

Case 1: 7 >1
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Case 1 (j >i): As U is upper-triangular, we have

J
(HU)ij =Y Hilaj = Y HiaUaj + HiUij + My
a=1 1S;L£<'j

where we split the sum in such a way that the summands in the indefinite series have a
uniform definition. Using SageMath for algebraic manipulations, we see that

by O (%ff,f;) + Biiqa(p) + i3 4(p)
e PP (p)r;
where
oy = (P'(0)a;(p) — 45(p)Aj + a;(p) B;) P'(p)ai(p)p’ (3.10)
B = [P(0) (60D = 43(0) = P"(0)as (p)p + 4} ()0 B; — 5(p)pD, (3.11)
(P o) (oo = alp) = P"(0)ai(p)e]
and

Yis = |4 ()a(p) + dl(p)as ()| 0P () = 2 P'(p) + P"(0)p| P (p)as(p)as )

+ [P”(p)q} (P)ai(p)p — P'(p)di(p)d;(p)p + P’(p)q}(p)qi(p)] pA;
(3.12)

+ [q§<ﬂ)qi(p)p +ai(p)a;(p)p — ai(p)g; (,0)} pP'(p)B; — P"(p)qi(p)a;(p)p’ B;

— P'(p)ai(p)a;(p)p*D;.

Since «;j, Bj, Vij, and the denominator in our above expression for H;,U,; are not
dependent on a,

/ 2
L) + Biida(p) + 71344 (0)

j{: WU — j{: Yij <Qa@)
ot AP,

1<a<j 1<a<j
a#i a#i

1 %o (p)? :
= 2o 3. | Y Z + Bij Z 9a(p) + Vi Z 2.(p)
PP (p)°r; = Ga(p) s =

¢ (p)?

ai(p)

1
- PP (p)r; [% (

D;— ) + Bij (A5 — @i(p)) +ij (Bj — QQ(P))] :
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Substitution of our above formulas then gives, after some algebraic simplification by Sage-
Math, that

> HialUoj + HisUij + Hij = 0
1<a<y
ai

in this case, as required.

Case 2: i =j

Case 2 (i = j): Since U is upper-triangular we again have

a j j-1
(HU)js =Y Hjalas = ) HjaUas = ) Hyalos + My,
a=1 a=1 a=1

where we separate the case a = j since the entries of U have a different definition on the
diagonal and above the diagonal. It is therefore sufficient to prove

j—1

Y Mol + My = Ly,
a=1
using the definitions above. Analogously to Case 1,
) + Bijaa(p) + 3444 (p)
p*P'(p)°r;
where «a;;, 5;; and ;; are defined in (3.10), (3.11) and (3.12) respectively. Since o, 5;j,

755, and the denominator in this expression for H;,U,; are not dependent on a, we can
algebraically simplify to get

Ay (
HjaUqj =

] RV
7j—1 H u Jj—1 Q4 (q;a((pp)) ) + Bija(p) + ’YJthlz(p)
£ ja aj pa pQPI(p)37«j
_ CijDj + ﬂjjAj + /YJ']'B]' )
PP (p)r;

Substitution of our above formulas then gives, after some algebraic simplification by Sage-
Math, that

j—1

Y Hjlas +Hyy — Ly; =0

a=1

in this case, as desired.
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Case 3 (j <i): At this point, we have proven that HU is lower-triangular and described
its diagonal entries, which gives the desired determinant. Although not needed to establish
Theorem 51, for completeness we prove the claimed expression above for the below diagonal
entries in the companion SageMath notebook.

Step 4b: Computing the Hessian determinant

Our LU-factorization expresses the Hessian determinant as the product of the diagonal
entries of the lower-triangular matrix L. In fact, the form of these diagonal entries causes
cancellation of many terms, leading to a relatively compact final answer,

- - _ - —qm (P)Tms1 _ (_1)d <HZ=1 Qk(P)> Td+1
det H = H me - P/(P)Prm - P’(p)dpdrl
(=1)¢ <HZ:1 Qk(P)> Td+1

2 (,0) d+2pd+1

m=1 m=1

Furthermore,
P(p)=1—q(p) =Y ailp) =0 and P'(p) =—q'(p) = >_ a(p)

so that Agr = S0 qu(p) = 1= q(p) and Bapr = 31_ ¢p(p) = —¢'(p) — P'(p). Making
these substitutions into our definition of ry,; gives, after some algebraic simplification,
that the Hessian determinant has the form (3.9).

Step 4c: Non-singularity of the determinant

It remains to show that the expression in (3.9) is non-zero under our assumptions. Each
qr(p) # 0 because p > 0 and the g have non-negative coefficients, so it is sufficient to

prove that
/
%P ) ¢ (p)’p > 0.

First, we note that ¢'(p)%p > 0 (as ¢(t) is non-constant with non-negative coefficients and
p>0) and ¢(p) — 1 <0, so it is enough to prove that

M&

(a(p) — 1) <pP”( + P'(p

2

pP”( —|—P’ Z ;c(pp)>



Because

2

o (0) + P+ >0 B [ )= S )] — o) - Y- )+ Y B

ar(p — = “— qi(p)

and ¢'(p) and pq”(p) are non-negative, this holds if
/ 2

’“ <pY dilp)+ Y dilp):

Mg_

k=1

B
—
B
Il

—

Now, if f(2) = a1z + a22® + - -+ + a,2°® is any non-zero polynomial vanishing at the origin
with non-negative coefficients then

z (a1 + 2a02 + -+ + SCLst*l)2
(

IN

z(ar +asz 4+ a2 ) (a1 + 2%apz + -+ S22

= f(2) (2f'(2))
f(2) (=f"(2) + f'(2))

for any z > 0, where the first inequality holds because each term in the expansion is
non-negative and 2ij < i? + j2 for all 4, j € N. Thus,

pq;.(p)?
dk (P)

< pa(p) + g (p)

for all k£, and summing over k gives the desired inequality. The Hessian determinant is
therefore non-zero.

Remark 58. When each of the ¢, are monomials this inequality becomes an equality.

Step 5: Checking final hypotheses
To conclude Theorem 51 from Proposition 38 it remains only to note that G(1,p) # 0,

which is one of our assumptions, and that H;(w) = P’(p) # 0 because none of the ¢(t)
and ¢(t) have constant terms and we assume the denominator is not constant.
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Chapter 4

Asymptotics of Algebraic Generating
Functions

This chapter is modified from the upcoming work “Algebraic Generating Functions and
Analytic Combinatorics in Several Variables” with Torin Greenwood, Stephen Melczer and
Mark C. Wilson. We provide an exploration of various methods to embed multivariate
algebraic generating functions as rational diagonals for the purpose of finding asymptotics
and conclude with a brief discussion of other methods for approaching finding asymptotics
of algebraic generating functions.

4.1 Rational Embeddings

Let F(x) be a generating function with power series expansion

F(X) - Z fiXi - Z fi1,--~,idxil e xjid

ieNd 01 4ee0yig >0

In additional to the r-diagonals discussed in Section 2.3, we also consider diagonals in
blocks of variables. An elementary diagonal of I is any series A,,—,, I in one less variable
obtained by taking only the terms where the power of z; matches the power of x;, and a
block diagonal is any series obtained by repeatedly taking elementary diagonals. We often
group elementary diagonals together, for instance if

o i1 i4
F(xla X2,T3, Zlf4) - § fi17i27i37i4x1 T Ty

11,82,13,14>0

then we can write

(A(xl,xg):(xg,x4)F> (1’1,272) - <Aa:1:x3Az‘2:x4F> (ZE1,$2) = Z fi17i27i17i2x§1x22'

11,6220
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An algebraic generating function is a generating function F(x) such that F(x) is a
root P(x, F'(x)) = 0 for a polynomial P(x,Y) € Z[x,Y]. Any such P of minimal degree
in Y is called the minimal polynomial of F. The minimal polynomial is unique up to
multiplication by a constant with respect to Y.

FExample 59. The Catalan generating function

is a root of the integer polynomial
P(x,Y)=z2Y?-Y + 1.
q

The main technique highlighted in this thesis to analyze an algebraic generating function
is to systematically embed it as a sub-series of a higher-dimensional rational function. This
approach is possible due to two facts. First, much work has been done in the quest to find
asymptotics of rational generating functions including the work that automates asymptotics
under some conditions [11]. Second, there is a deep connection between algebraic functions
and rational diagonals that dates back at least to work of Pdlya [66] in the 1920s, who
noted that the diagonal (AF)(t) =) . annt™ of any bivariate rational generating function
F(z,y) =3, ars2"y’ is algebraic (see [33, 42] for analytic arguments of this result, [36,

| for algebraic proofs holding over any field of characteristic zero, Bousquet-Mélou |12,
Section 3.4] for a combinatorial proof, and Bostan et al. |1 1] for effective algorithms and
complexity results). In the 1960s, Furstenberg noted a partial converse: any univariate
algebraic generating function that is the unique branch of its minimal polynomial vanishing
at the origin can be written as the diagonal of an explicit bivariate rational function.

Lemma 60 (Furstenberg [33]). If the minimal polynomial P(x,Y") of a univariate algebraic
generating function f(x) that vanishes at the origin satisfies Py (0,0) # 0 then

Proof. The hypotheses imply P(z,Y) = (Y — f(z))u(x,Y’) for some analytic function u
near the origin with «(0,0) # 0, so

Y2Py (zY,Y) Y? Y2uy (2Y,Y)

P(zY)Y) Y — f(zY) u(zY,Y)

The main diagonal of the first summand is f(z), while the main diagonal of the second
vanishes. O
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If f(x) # 0 but no other branch of P(z,Y) takes the value f(0) at x = 0 then Lemma 60
can still be applied to, for instance, f(x)— f(0) or z f(x) to determine a rational embedding.
Different preprocessing steps (like subtracting constants or multiplying by powers of x) can
lead to different diagonal expressions.

FExample 61. The Catalan generating function

i - /T

has a non-zero constant term. Applying Lemma 60 to f(x) — 1 gives the representation

Y (1-2Y2%x —2Yx)
f(w)_A( 1—a(Y +1)2 )

while applying Lemma 60 to z f(x) gives the representation

2f(z) = A (51/(_1%2_}2)

An asymptotic expansion beginning

1) =+ (0 (1))

can be derived completely automatically from either of these expressions, using the smooth
minimal critical point (1/4, 1) for the first representation and the smooth minimal critical
point (1/2,1/2) for the second. <

=14+z+22+52%+---

An analogous argument gives a higher-dimensional generalization of Lemma 60.
Lemma 62. If the multivariate algebraic generating function f(x) has no constant term,
and its minimal polynomial P(x,Y") can be written P(x,Y) = (Y — f(x))u(x,Y) for an
analytic function u(x,Y’) with u(0,0) # 0, then

Y2Py(Yx, Y))

be1f ) = b ( P(Yx,Y) 42

where |r| =11 + -+ 4+ rq.

Equation (4.2) can be expressed in several equivalent ways. For instance, under the
hypotheses of Lemma 62 examining the coefficients in Y that are extracted gives the

constant term expression ,
- Y2Py(x,Y)

If the hypotheses of Lemma 62 are strengthened so that xj divides f(x) for some k (i.e.,
f vanishes identically when x; = 0) then we also have the elementary diagonal expression

Y2Py(x,Y) ) | 4)

(X" f(x) = [x"Y"*] (W
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Remark 63. These modifications can give different embeddings. For instance, if f(z,y) is
the only branch of its minimal polynomial to take the value f(0,0) at the origin then we

can apply (4.2) to f(z,y) — f(0,0), apply (4.4) to yf(x,y), or apply (4.4) to zf(x,y) to
obtain different embeddings.

4.1.1 Non-Simple Roots

In the 1980s, Denef and Lipshitz used high-level algebraic arguments to show that rational
embeddings exist even if multiple branches of the minimal polynomial collide.

Theorem 64 (Denef and Lipshitz [19, Theorem 6.2]). Let f(x) be any algebraic power
series in d variables.

(i) There exists an algebraic power series ¢(x) vanishing at the origin and a rational
function W (x,Y) such that W(x,p(x)) = f(x) and the minimal polynomial Q(x,Y)
of ¢ satisfies Qy(0,0) # 0. If

Y - W(Yx,Y)Qy(Yx,Y)

R(x,Y) = V= Y)

(4.5)
for any such rational function W then [x*|f(x) = [x*"YI|R(x,Y) for all r € N°.

(ii) There exists a rational power series S(x,Y) in 2d variables such that f(x) = (Ax=yS)(x)
for all r € N<.

Denef and Lipshitz prove the existence of ¢ and W by exploiting the fact that the
ring defined by adjoining f to the local ring Q[x] (s, ., lies in a finite étale extension of
Q[x](z,,....04)- This argument does not give a method to construct ¢, but (as will be seen in
examples below) we can often guess a good choice for ¢ and then verify the existence of W
computationally. Assuming the existence of ¢ and W, Theorem 64(i) follows from algebraic
manipulations similar to the proof of Lemma 62 above, and Theorem 64(ii) follows from
repeated applications of Theorem 64(i) in an explicit manner.

Remark 65. The series ¢ is not unique, and different choices of ¢ yield different embeddings
with varying properties that can make it easier (or harder) to apply the techniques of ACSV.
The preprocessing steps discussed above (subtracting off a constant or multiplying by a
variable) can be viewed as different choices of ¢.

=xy/1—x—y. If we

the rational function

1-Y)P-(1-z-y

Ezample 66. Consider the algebraic generating function f(z,y
take (b(x?y) =1- \/1 —Ir—-Yy then ( 7y) = (x7y7¢( ))
Wi(z,y,Y) = (1 = Y). The minimal polynomial Q(x,y,Y) =
of ¢ satisfies Qy(0,0,0) = —2 # 0, so

)
fo

(4.6)

2"y ] f (2, y) = [z7y"Y "] ( 20V (Y — 1) ) |

2—x—y-Y

20



We can also calculate S(z,vy,Y1,Y3) from our original embedding. If R(z,y,Y) is the
rational function in (4.6) then

YIR(%%YI) _YQR(x7y7}/2)

Yi—-Y,
C2eYP (M - 12— —y—Yo) —220YR (Yo - 1)’2—z —y - Y))
ViY@ —1-y—T)2—c—y-Y)

S(xvyayla}/?) =

and f(z,y) = (Asey; y=v»5)(x,y). In general, for more variables, the process is continued

. _ Y iR 1 (Y1, Y ) =Y R 1 (%Y1, Ye 2, V%)
with Ry = S .

We can obtain asymptotics by applying the results of ACSV to (4.6), giving

[w”’"y”s]f(x,y)<%>n-< var +o(i)>.

n(r+s) Amn(r + s)\/s n?

Similarly, to lift g(z,y) = z//1 — 2z —y we can again take ¢(z,y) =1 — /1 —z—y
where now W(z,y,Y) =z/(1 —Y), so that

22Y
(] . r sy r+s
oy lato) =y (=20,

and

n(r+s) n

2"y ]g(x,y) = ( > (2\7{375“)(1))-

N

Remark 67. As noted in Remark 65, the embeddings that could result from the application
of Theorem 64 can vary greatly in complexity depending on the ¢ chosen. This fact is both
a challenge and advantage to the Denef and Lipshitz method, as there is no known method
for choosing a ¢ that will give a ‘nicer’ embedding. We see an example of the difference
that ¢ can make in following example.

FExample 68. Consider again the Catalan generating function

1—+v1—-4x

fla) = =1

Applying Theorem 64 with ¢(z) = f — 1 and hence Q(z,Y) = Y?z +2Yx — Y + x and
W(z,Y) =Y + 1 gives an embedding using

(1—-2Y?%z —2Yx)(Y +1)

V) —
R(z,Y) 1—-Y2x—-2Yz —=z
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which is essentially combinatorial and thus relatively simple to work with. However, using
d(x) = —x(f —1) and hence Q(z,Y) =Y? —2Yz+2*>+Y and W(z,Y) = —Y/x +1 gives
an embedding using

2Yz -2 —1)(1 —x)

(Ya2 -2Yzx+Y + 1z

which is not combinatorial (the series coefficients are not all non-negative). This distinction
is important as combinatorial functions have much more results and automations available
for computing their asymptotics. <

R(z,Y) =

Although there is no known method to find a valid choice of ¢ in general, there are
methods to determine ¢ for generating functions with minimal polynomials of certain
degrees.

Ezample 69. Let f(x) be an algebraic generating function vanishing at the origin with
quadratic minimal polynomial P(x,Y) = a(x)Y?+ b(x)Y + ¢(x) and discriminant D(x) =
b(x)? — da(x)e(x) = C(x)*D(x) factored such that D(0) = 1 and D is squarefree. Assume
first that a(0) # 0 and define

so that ¢(0) = 0, the minimal polynomial Q(x,Y) = (Y —1)%>—D(x) of ¢ has Qy(0,0) # 0,
and f(x) = W(x, ¢(x)) where

“b(x)(1 - Y) + C(x)D(x)
2a(x)(1 - Y)

W(x,Y) =

Theorem 64 then gives [x*]f(x) = XY "] R(x,Y) where

Rx.Y) =Y - 2(b(Yx)(1—Y) + C(YX)I’V)(YX))' (47)
a(Yx)(D(Yx) — (1 -Y)?)

Regardless of whether a(0) = 0, an analogous construction applied to a(x)f(x) implies
[x"a(x)f(x) = [x"Y]S(x,Y) where

SxY) =Y 2(b(Yx)(1 - V) + C(YX)D(YX))' (48)
D(Yx)— (1-Y)2

Remark 70. Note that the signs in R and S should be chosen so that W (x, ¢(x)) = f(x).
N

Algebraic functions of degree two have the large benefit that they can be expressed
explicitly using the quadratic formula. Of course, this does not occur for most algebraic
functions of large degree.
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FExample 71. In their 2024 paper on an implicit method for finding asymptotics of algebraic
generating functions (described briefly below), Baryshnikov, Jin, and Pemantle [2| provide
a variety of examples. One such example is that of the 0-2-5 trees or rather trees where
every vertex has zero, two or five children. We may create a bivariate generating function
based on such trees F'(z,y) where y gives the number of vertices in the tree and = gives
the number of vertices with five children. In particular,

F(z,y) =1+ y[(F(z.y) = 1)* + 1) + 2(F(z,y) — 1)°]

and so
P(z,y,Y)=1-Y +y[(Y —1)> = 1) + 2(Y — 1)°].

We note that in this example F' is not known explicitly, but we can still obtain an embed-
ding. Specifically, we know that F'(0,0) = 1. Thus, using ¢ = F' — 1 with

Q(z,y,Y) = -Y +y(Y? -1 +2Y?)

and W(z,y,Y) =Y + 1 gives an embedding with

5YCxy 4+ 2Y2%y — 1)(Y +1
Riz,y,v) = L2 - DD,
xy+Yiy—y—1
4

With regards to ACSV, the form of the denominator in (4.5) implies that the smooth
critical point equations (2.4) for R with respect to the direction (r,|r|) are equivalent to
the polynomial system

QIYx,Y) = Qy(Yx,Y) =0, ?Qzl (Yx,Y)= = ?de(yx, Y). (4.9)
1 d

The solutions to this system are thus either smooth critical points, or points where the
gradient of ) vanishes (including all non-smooth points of its zero set). Even for quadratic
generating functions, it is possible that asymptotics will be determined by non-smooth
critical points.

Ezample 72. Consider the function f(z,y) = v/(1 —y)/(1 — x) with minimal polynomial
P(z,y,Y) = (1—2)Y? — (1 —y). Example 69 implies that we have a rational embedding
[z"y*| f(z,y) = ["y° Y| R(z,y,Y) for

2(1 —yY)
R Y) = .

For any direction (r, s, 7+ s) the only solution to the smooth critical point equations (2.4) is
(r,y,Y) = (1,1,1), which is a non-smooth point (reflecting the fact that the discriminant
of P factors as 4(1 — z)(1 — y)). The expansion

2-Y —w—y+ay¥ = (1—a)(1-Y)+(1-Y)(1—y)+(1—2)1—y)— (1-y)(1-Y)(1-2)

shows that (1,1,1) is a cone singularity. q
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4.1.2 Effective Embeddings

As discussed in the last section, the method provided by Denef and Lipshitz does not
provide a constructive approach to finding an appropriate ¢. We now turn our attention to
a method from Safonov [(67] which provides an algorithm for finding a rational embedding.

Theorem 73 (Safonov [67, Theorem 1|). If f(x) is an algebraic generating function in d
variables that vanishes at the origin then Algorithm 1 computes a rational function R(x,Y)
in d + 1 variables and unimodular matriz A € N9 such that

[x"]f(x) = [xArYMrl] R(x,Y)
for all r € N,

Proof Sketch. Suppose that the algebraic generating function f(x) has minimal polynomial
P(x,Y), so that we can write P(x,Y) = (Y — f(x))u(x, Y') for an analytic function u(x,Y’)
with u(x, f(x)) not identically zero. If u(0,0) # 0 then f is the unique branch of P that
goes through the origin, and the desired result follows from Lemma 62.

Difficulty arises when u(0,0) = 0, so that multiple branches of P go through the origin.
In this case, let 4 > 0 denote the lowest degree of the terms in the series expansion of
u(x, f(x)) at the origin and let S,(x) be the polynomial containing the terms in the power
series expansion of f(x) at the origin with degree at most ¢ = p(pu+1)/2. Safonov performs
an explicit resolution of singularities by constructing a polynomial change of variables

Y =85,(¢", ..., ¢ +wek and z; =" (1<j<d), (4.10)
with rational inverse, such that

P(¢,w) =P, ..., ¢, 8, (¢, &) + w¢k) = ¢™(w — h(¢))a(¢, w)

for some m € Z¢ and analytic functions h and @ with 2(¢,0) = 0 and @(0,0) # 0. Since
the roots of P are separated at the origin, we can write [¢"]h(¢) = [¢*w™|R(¢, w) where
R is the rational function defined by replacing P with P on the right-hand side of (4.2).
By construction, there exists a vector £ € N such that

FE o €)= Ch(Q) + 8y (¢, M),

SO
Y2Py(x,Y
Xf(x) = [x*] f(x",...,x") = [XA‘”YIA”] X~—Y(X’) + .5, (x, L xYY)
P(x,Y) ,
(a11)’
where A is the matrix with rows vy, ..., vy. n

The key to making Theorem 73 effective is Safonov’s description of the change of vari-
ables (4.10). See Algorithm 1 for a full description of the change of variables used.
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Algorithm 1: SafonovEmbed

Input: The minimal polynomial P(x,Y) € Z[x,Y] of an algebraic series f(x) that
vanishes at the origin and an oracle to compute the series coefficients of f
up to any desired order.

Output: Rational R(x,Y) and unimodular matrix A such that

X f(x) = Y R(x,Y).

Let k = 0, Sk<X) =0and A = Id
while Py (x, Sk(x)) vanishes to order k do
Set k=Fk+1
Let Sk(x) be the polynomial defined by the terms in f of degree at most k
end
Let 1 be the lowest degree of a term in Py (x, Sk(x)) and define ¢ = pu(p +1)/2
Let S,(x) be the polynomial defined by the terms in f of degree at most ¢
Let P(¢,w) = P(¢,w)
while > 0 do
Let (; be a variable of maximum degree among the lowest degree terms of

Pu(, 5,(0))
Make the change of variables w = w(!* and (; = (;¢; for j # i (with (;
unchanged)
Let Atemp = Id
Update Ayepyp so that Ay, =1 for all £
Set A=A Atermp
Factor ¢ out of P, (¢, w) to find PY(C,
Let 1 be the order of vanishing of P()(¢
Set P(¢,w) = PU (¢, w)

end

w)
¢, 5(C))

Remove the monomial factors from P

if P is not divisible by ¢, then
| Make the change of variables (; = (;¢s forall 1 <j <d

end

Set R(x,Y) =YX 15 ¥ where all variables in P are multiplied by Y’
Return R and A
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FExample 74. A bivariate refinement of the Catalan generating function is the Narayana
generating function

1

flay) =5 (1-aly -1 = VI= 20+ )+ 22y - 17),

which enumerates non-crossing partitions by set size and number of blocks, rooted ordered
trees by edges and leaves, Dyck paths by semi-length and number of peaks, and more.
Note that f(x,y) — 1 satisfies the hypotheses of Theorem 73, and hence embeds into

(1-2Y%r+Y?ry+ Y)Y

R Y)=
(z,y,Y) 1—(Y2x+Y2zy+Ya+ Yay)

with A = I. Note that by making the substitution y = y/Y and setting y = 1 recovers one
of the rational functions encoding the Catalan generating function in Example 61. Using
this embedding we can obtain asymptotics of

(,,,_8)25727'7.27' n
5 )
n(r+s) 2mn(r — s)? n?

If we instead multiply by = before embedding, we obtain

Y(1-2Y -Yz(yY —1))
l—z-Y -Yz(yY — 1)’

2"y f(x,y) =

R(z,y,Y) =

again with A = I, which specializes to the other rational function in Example 61 when we

substitute y = 1/Y. q
Example 75. A polygon dissection is a non-crossing configuration whose vertices are con-
nected in sequence to form a polygon. If A = {d1,...,0,,} is a collection of 2-connected

graphs then Velona [69] proves that algebraicity of the generating function Fa(z1, ..., Zm,y)
for the number of polygon dissections where y marks the size of the dissection and x; marks
the number of occurrences of d as a pattern (subgraph up to relabelling of vertices), and
gives a method to compute its minimal polynomial.

For instance, the generating function enumerating dissections by size and number of
3-cycles is a root of the polynomial

Plz,y,Y)=1-2)Y’+ (z+ 1)yY?> = Yy*(1 +y) + ¢y

We can then apply Safonov’s algorithm to get an embedding using R = G/ H such that

G=((BY"+7Y3+6Y2+3Y + 1)a®Y> — BY*  + 7Y +6Y2 +3Y +1
+ (2Y* +3Y3 4+ 22 + 1)2Y )Y — (Y% 42V + 1)yY +Y + 1)y*Y?

and

H = (Y’+3Y?+3Y + D)ay*Y? — (Y 4+ 3Y24+3Y + (Y2 +2Y +1)zY +1)y°Y — (Y +1)yY +1
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with corresponding matrix

A=
01

Note that this example would not have been able to use Lemma 62 directly and required
Safonov’s algorithm to loop. <

Ezample 76. If P(x,Y) = as(x)Y?+ a1(x)Y + ap(x) is quadratic then Safonov’s algorithm
only performs its loop if the discriminant d(x) = a;(x)*—4ay(x)as(x) vanishes at the origin.
Because f(0) = 0, we know that ao(0) = 0, so the loop runs if and only if a;(0) = 0. In
general, we can achieve r loops of Safonov’s algorithm with any generating function of the

form
(p(x) ~ b(x) m<x>> T

q(x) '
such that ky,..., k. > 1. N

4.2 Examples

This section provides a few more examples of algebraic generating functions and the ap-
plication of methods by Denef and Lipshitz and Safonov. The notebook corresponding to
this work can be found at

https://github.com/Tial300/masters_thesis/.

FExample 77. We may return again to our example of enumerating the number of non-empty
planar rooted binary trees with n vertices and k leaves. As seen in Example 12, we have
that

1—/1—4t+ (1 —2)42 .

2t B
which has corresponding minimal polynomial P(z,¢,Y) = tY? + (2t — 1)Y + z¢. Since the
class we are counting is non-empty we know that B(z,t) has no constant term. We also
note that Py(0,0,0) = —1 # 0. Thus, this is an application of Furstenberg and hence,
either Denef and Lipshitz can be applied with ¢ = F, ) = P and W =Y or Safonov can
be applied with no loops to achieve an embedding of

B(z,t) =

(2Y% 4+ 2Yt - 1)Y
R(z,1,Y) =
Y = o Vi avi— 1)

where [29""|B(z,t) = [z9™"Y @M R(2,1,Y).
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Ezxample 78. An assembly tree T (G) for a connected graph G is a rooted tree whose nodes
are labelled by subsets of the vertex set V(G) of G such that the leaves of 7 (G) are labelled
by the singleton sets {v} for v € V(G), the root of T(G) is labelled with V(G), and each
non-leaf node in 7 (G) has at least two children and is labelled by the union of the labels
on its children. Assembly trees are named because they encode a process that builds G
from its individual vertices. An edge gluing rule for an assembly tree adds the property
that each non-leaf node has exactly two children, labelled by U; and Us,, such that there
exists an edge between a vertex from U; and a vertex from U, in the graph G. Boéna
and Vince [10] study the generating functions of assembly trees with the edge gluing rule
for certain families of graphs. In particular, they prove that the (exponential) generating
function for the number of assembly trees of the complete bipartite graph Kj ,, is

F(z,y) = Z femt®y" =1 —+/(1 —2)2+ (1 —y)2 — 1.

k,n>0

The minimal polynomial for this generating function is
P(z,y,Y) =Y - 1) = (1-2)"+ (1 -y)* - 1)

and thus Py (0,0,0) = —2 # 0. This is an application of Furstenberg and therefore, either
Denef and Lipshitz can be applied with ¢ = F, Q = P and W =Y or Safonov can be
applied with no loops to achieve an embedding of

B 21-Y)Y
Y24+ Yy2—Y — 22— 2y +2

R(z,y,Y)

where [y F(z,y) = [xT”yS”Y(’"*s)”]R(a:,y,Y).
<

FExample 79. We say that a leaf in a rooted plane tree is old if it is the leftmost child of its
parent, and young otherwise. Chen et al. [15] refine the Narayana numbers by enumerating
the number f;,, of plane trees with k£ old leaves, ¢ young leaves, and n edges, showing
that the generating function of this sequence satisfies

2(F(x,y,2) — 1+ 2)
1—2(F(x,y,2) —14y)

F(z,y,2) = Z frontyt2" =14+

ktn>0

The minimal polynomial of this function is
(Y+1) =)A= 2((Y +1) = 1+4y) —2((Y +1) = 1 + )

and, as with the previous example, Py (0,0,0) # 0. Therefore, either Denef and Lipshitz
can be applied with ¢ = F, Q = P and W =Y or Safonov can be applied with no loops
to achieve an embedding of

Yz +2Y22 + Yz —1)Y
R Y)=
(I,y,Z, ) YQyZ+Y2z—|—YZL'Z+YZ_1
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where [27"y "2 F(z,y) = [27y*"2Y 0+t R(2, 5, 2,Y). We highlight this example as
it demonstrates that both Denef and Lipshitz as well as Safonov’s algorithm indeed work
well in non-bivariate settings. <

Example 80. An RNA secondary structure is a two-dimensional approximation of the three
dimensional structure of an RNA strand, where each nucleotide in the strand is paired to at
most one other nucleotide, and no two pairings can cross when drawn as arcs in a line. RNA
secondary structures can be represented as dot-bracket sequences such as .((...)..) where
dots represent unpaired nucleotides and pairs of parenthesis represent paired nucleotides
(in this example the third and seventh nucleotides are paired, as are the second and last
nucleotides).

While the most prominent method of predicting the secondary structure corresponding
to an RNA strand is to use an energy model, an alternative method is to use a stochastic

context-free grammar. One particularly successful grammar is the KH99 grammar from
Knudsen and Hein [50] defined by

S — LS with probability p; or L with probability ¢ (4.12)

L — (F) with probability p, or . with probability ¢, (4.13)

F — (F) with probability ps or LS with probability g¢s, (4.14)
where ¢; = 1 — p;. Heitsch and Poznanovic [13]| used the bivariate generating function

(1 — p1gax) (1 — p32%y) — /(1 — p1go)?(1 — p322y)? — dpaqiqaqaz®y(1 — p3z2y)

F(z,y) =
(z9) 2p2q322y

I

with z tracking number of nucleotides and y tracking number of base pairs, to show that
many different RNA structural features are normally distributed according to this gram-
mar, and find interesting relationships between the means of the features. While the
minimal polynomial of this example,

P(z,y,Y) = Ypipageya® — Y2poqaya® + paqiqeyx® — Ypsyz® — Ypigox — qigox +Y,

does satisfy that Py (0,0,0) # 0, we highlight this example to demonstrate that both the
methods and code of Denef and Lipshitz and Safonov work well with parameters. In either
case, we achieve the embedding

R(z,y,Y) = (Yipipsgea®y — 2Y 4 pagza®y — Yopsa®y — Ypiger +1)Y
- YAp1psqaady + Y3psqugoady — Yipagsa®y — Y3psa?y — Ypigoxr — qugpr + 1

where [2™y*"|F (2, y) = [2"y*"Y O+ R(z,y,Y). 4

Ezample 81. Recall that a Dyck path P is a path from (0,0) to (2n,0) for some integer n
where P is comprised of 2n unit steps from {7, \,}. Additionally, P never crosses below
the line y = 0 (although it may touch the line). Then, the semi-length ¢(P) of such a path
is the total number of up steps in the path, or n. We also define p(P) to be the number of
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peaks of the path P — in other words, the number of 7 steps immediately followed by a
N\ step. A valley is defined similarly as a ~\, step immediately follows by a 7 step.

In [32], the authors consider the y-coordinates of all of the valleys, listed in an array
v=(v1,va,...,). A restricted d-Dyck path is defined as any path where v; — ;1 > d for
2 <i <k, and the set of such paths is denoted D,. It turns out that generating functions
encoding restricted d-Dyck paths for fixed d > 0 are rational and they are algebraic when
d < 0.

Among other results, the authors derive that when d = —1, the generating function
L(z,y) = Y a"Py?
PeD_1

satisfies the minimal polynomial

P = Y% y+Ya?y? +Y22? = 2Y 20y + 2Y 22y — Yay® + 22y* —2Y % —3Y ay — 2y + Y2+ Y.

We note that this example does not have that Py (0,0,0) # 0. However, we can apply
the results of Example 69 to find D(z,y) = (z3y* — 2%y* + 22%y + 2zy + = — 1)(z — 1) and

thus Q(z,y,Y) = (Y —1)2 = D(z,y) and W = ’BU;AY(&??(””). Using these inputs, we can
get an embedding of

G(z,y,Y)

H(z,y,Y)

R(z,y,Y) =
where
G(z,y,Y) = (Y2 — Y322 + 2V %%y + Y2y + Yay +2Yr — o — 1) (Yo — 1)Y?y
and

H(z,y,Y) = (Y’ —2Y 2% +2Y°2%y + Y322y + Yo — 2Yay — Y — 20 + 2)
(Y32%y + Y?2® — 2Y?2y — 2Yz + 1).

We can also apply Safonov’s algorithm directly to this example as f(0,0) = 0. Using
Safonov’s algorithm gives an embedding of

G(z,y,Y)

where

G($,y,y) — (2Y6$2y3 + Y5$2y3 + 2Y5l‘2y2 + 2y4x2y2 o 4y4$y2
—Y3xy? — 4Y32y — 3Ywy +2Y + 1)Y?y
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and

H(z,y,Y) = (Yo + Yo%y + Y5222 + 2Y12%y? — 2Viay? 4 Ya?y?
~Y3xy? - 2Y 2y — 3wy — Yay +Y + 1)

with

<

Ezample 82. In their 2024 paper, Ekhad and Zeilberger [24]| explore Werner Krandick’s
binary tree jump statistics. In particular, we are interested in their result for the generating
function of binary trees enumerated by the number of internal vertices (z), the depth of
the right-most leaf (y) and the number of jumps in a DFS of the tree (z). They provide a
generating function

—xyz + 2y + /229222 — 229222 — 22927 + Y222 — 22w + 2 +y — 2
2xyz + y?xr —axy —y+1) '

F(z,y,z) =

Note that most of the paper focuses just on the jumps and internal vertices, setting
y = 1. That being said, we can find results for F'(x,y, z) — 1. Specifically, we can get

P(x,y,2,Y) = (Y2xy* + Yioyz — Yoy + 2Yay? + Yaoyz — Yy — Yay +2y° + Y? — Yy)
(zy® + wyz — a2y —y + 1).

We note that again this example does not have that Py (0,0,0) # 0. However, we can
apply the results of Example 69 to find D(z,y, 2) = 2%2% — 22?2 + 2% — 222 — 22 + 1 and

thus Q(z,5,Y) = (Y = 1)> = D(x,y,2) and W = ~BU0H (0 mvavoyiDevs) ging
these inputs, we can get an embedding of

R = )
where
G(r,y,2,Y) = (Y222 — 23222 + 2Y32y + Y32z + Y222
—2Y?ry —3Y?2z — Y’z — Y2 - Y +2)Yy
and

H(z,y,2,Y) = (Y3222 —2Y?2%2 + Y2® —2Y w2z — Y — 22 4 2)
(Y3zy? + Yi2yz — Yoy — Yy + 1).
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We can also apply Safonov’s algorithm directly to this example as f(0,0,0) — 1 = 0.
Using Safonov’s algorithm gives an embedding of

G(z,y,2Y)
R V)= —F 1~
) = Gy, )
where
G(z,y,2,Y) = 2Y%y’2 + 2Y°2y® + Y'ay?z — 2Y'2y® + 2Y 2y
—YZiry —2Y%y 4+ 2Y — 1)Y?y
and
H(z,y,2,Y) =YY%’z + Yxy® + Y'ay?z — Yiay® + 2Y?2y° — Yay
—Y?y+Yay+Y —1
with
100
A=1111
0 01

4.3 Other Methods

Although embedding methods work for all algebraic generating functions, the downside of
this approach is that, once embedded, the rational generating function obtained may be
quite difficult to find asymptotics from. The Denef and Lipshitz method does provide a
way to attempt to obtain embeddings which allow for easy computation of asymptotics
(namely through changing what ¢ is used as seen in Example 68), however finding a simpler
embedding is a process of trial and error. As such, it is beneficial to consider other methods
to find asymptotics of algebraic generating functions. In this section we briefly outline a
few such methods.

Bivariate contour manipulations.

The most obvious method of attack on such a problem is to try to mimic the custom contour
of integration used by Flajolet and Odlyzko but in more dimensions. This was done in the
bivariate case in the PhD thesis work of Greenwood [39]. For the results of that work to
apply, an explicit formula for the generating function in the form H~? is required for some
B & Zo. The dominant singularity of 1/H must be a smooth minimal critical point, H
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must be analytic near the origin, and H must satisfy some partial derivative constraints at
the critical point. One benefit of the proof approach is that it can be extended to functions
that include logarithms [10], which remains a challenge for the other methods described
here. On the other hand, the results in [39] are currently limited to bivariate generating
functions. While it should be possible to extend this proof method to generating functions
with any number of variables, technical obstructions have blocked this extension so far.

Delta Analytic Functions

A direct generalization of the work of Flajolet and Odlyzko to multivariate problems was
made by Chen [I1]. Generalizing the A-domain (“Camembert domain”) of [28] to any
product of such sets, one for each variable, Chen derives detailed asymptotic transfer
theorems valid for large sets of directions. However, the definition of admissible domain is
very restrictive: “In particular, it implies that the dominant singularity (for any reasonable
definition of the term) is unique and independent of the [direction| taken. This is in
stark contrast with the case of rational functions, where the dominant singularities (a.k.a.
contributing critical points) generically depend on the direction of the diagonal limit taken.”
[14, Section 4| Under this assumption, the exponential growth rate is constant across
directions, which is unlikely to occur in practice.

Implicit Integration

Instead of lifting to higher dimensions — which can destroy nice properties of generating
functions such as sparsity and coefficient positivity — or using explicit contour deforma-
tions — which can be hard to generalize — Baryshnikov, Jin, and Pemantle [2] propose
a method to compute asymptotics of algebraic functions by integrating over curves in al-
gebraic varieties. Indeed, if F' is an algebraic function satisfying the polynomial equation
P(x, F(x)) = 0 then the Cauchy integral expression

1 dx
fi:W/TF(X)F

for the power series coefficients of F', where the torus T is a product of arbitrarily small
circles |xi| = €, can be lifted to an integral expression

dx

where T = {(x,Y) : x € T and Y = F(x)} is the lifted torus lying in the d-dimensional
subset V' C C4*! defined by the vanishing of P. The integral in (4.15) is simpler than the
Cauchy integral because it does not contain the singularities or branch cuts of F', however
the domain of integration T can only be deformed within V' (or another complex d—mamfold
which contains it) without a priori changing the value of the integral. In practice we deform
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T by deforming 7" in C? and lifting to C?*!, which requires accounting for the geometric
structure of V' and thus brings back a consideration of the algebraic properties of P. The
benefit of this method is that, when it can be applied, asymptotics will be obtained. In
ongoing work related to this chapter, the authors are creating an implementation of this
method so that it may also be compared to the embedding methods.
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Chapter 5

SageMath Code

SageMath (https://www.sagemath.org) is a Python-based open-source computer algebra
system which incorporates many other open-source packages such as NumPy, matplotlib,
Maxima, etc. It is an extremely useful tool for not only quick mathematics calculations,
but also more complex results. The open-source nature allows for the development of
many new packages for the software, and there is already a package by Hackl et al. [11]
which computes asymptotics of rational generating functions under certain constraints. In
this chapter we describe how to use the code associated with Chapter 3 and Chapter 4
to obtain further results. Note that we will briefly redefine various aspects to make this
chapter self-contained. All notebooks associated to this chapter can be found at

https://github.com/Tial300/masters_thesis/.

The code provided in these notebooks contains the functions required to use the methods
from Chapter 3 and Chapter 4 as well as companion examples and notes for those chapters.

5.1 Multivariate Limit Theorems

The goal of this work is to aid in proving multivariate Local Central Limit Theorems
(LCLTs). We note that in d-dimensions, a multivariate LCLT compares probabilities to
multivariate normal density functions

Oux(x) = W exp <—%(x —p)'E N (x — u)) )

The classical multivariate CLT states that if (A,) is a sequence of d-dimensional inde-
pendent identically distributed random variables with an expected value vector pu and a
positive definite covariance matrix 3 then the sequence of d-dimensional random variables

Ait-+ A, —np

NLD
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converges in distribution to the multivariate normal distribution with density function
$o.5(x).

The code associated with this section provides three main functions. The first two
prove LCLTs using the following result, which is a restatement of Theorem 51.

Theorem 83 (Automatic LCLT Theorem). Let F(z,t) = % be a ratio of functions
where

d
H(z,t) =1—q(t) = > q(t)z,
k=1
let P(t) = H(1,t), and let p be the smallest positive root of P(t). Suppose that

e cach of the q;(t) is a non-zero polynomial vanishing at the origin and q(t) is a complex-
valued analytic function for |t| < p that vanishes at the origin,

e the power series expansion of S(z,t) =1 — H(z,t) = q(t) + >, q(t)zi, at the origin
has non-negative coefficients,

e the exponents appearing in the power series q(t) have greatest common divisor 1, and

e G(1,p) is non-zero.

Asn — oo, the mazimum coefficient of [t"|F(z,t) as a polynomial in z1, ..., zq approaches

A :pfnnfd/2 G(lﬂp)
—pP'(p)(2m)4/2\/det H'

where H is the non-singular d X d matrix

pai(p)a;(p)P" (p) — (a;(p)ai(p)p + ai(p)di(p)p — a:(p)a;(p)) P (p)

2P/ 3 Z 7é j
) pai(0)2P"(p) — (24;(p)di(p)p — 4;(p)*) P'(p) — q;(p)pP' (p)? .
p*P'(p)? /

whose determinant

(=1 (TTizs ae()) [(alo) = 1) (pP"(0) + P'(p) + p iy 05 ) + ¢ ()20

det = P’(p)d+2pd+1
is non-zero. Furthermore, (5.2)
Sl’?};SEN [Zfl"'sttn]j:zl,...,zd,t) (51 )| = 0
where
va(8) = exp {_ (s —nm)H (s — nm)T} for m— <_Q1(P)’ . —qd(p))
2n pP'(p)""" pP'(p)
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Characterize the smallest positive solution ¢t = p of
L H(1,t) = 0 and define m = (Hzl(lvf)) sz<1,p>>

pHt(L,p)7 """ pHi(1,p)
: I i
) Show that H(s,...,s,sp) #0forall0 <s <1
(. i J

3 Show that no other critical point has the same
" coordinate-wise modulus as (1, p)

!
4 Prove that the determinant of the phase Hessian H
* is non-zero at (1, p) in the direction r = (m, 1)

]
5 Prove that Hy(1, p) and G(1, p) are non-zero and
" read off the local central limit theorem from (3.6)

Figure 5.1: A schema to prove LCLTs.

The third function attempts to automatically prove LCLTS for rational generating
functions using the schema in Figure 5.1.

The code for applying Theorem 83 has two key functions. The first, getLCLT, applies
Theorem 83 to a specific generating function. To call this function, assume that we wish
to apply the theorem to

G

et == q(t) = iy ae(t)z

getLCLT takes in four parameters:

e (7, the numerator,
® g, a list of our gx(¢) in order from k=1 to k = d,
e ¢, the analytic function ¢(¢) in closed form,

e vars, a list of the variables z, ..., z; and ¢ used in our generating function, with ¢ in
the last position.

The function getLCLT verifies the majority of requirements for a LCLT, with the fol-
lowing caveats:

1. It does not check that the coefficients of the analytic function ¢(¢) are non-negative
(ie that the analytic function is combinatorial).
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sage: var('z t')

(z, t)

sage: A,, m, v,, hes = getLCLT (1, [t], t, [z, t])
sage: show(A4,)

V2

VO

sage: show(m)

(0.500000000000000)

sage: show(v,)

252
e(—%n%w—%)

1
1—t—=zt”

Figure 5.2: An example of applying getLCLT on

2. It assumes that ¢(t) is analytic for |t| < p.

3. It attempts to certify aperiodicity of ¢(t), but does not prove if something is periodic.
If the certification for aperiodicity fails, a warning is printed.

4. It assumes that the variable orderings correspond to ¢, and that the last variable is
the one representing ¢.

If the function fails one of its verifications (one of the assumptions of Theorem 83
bar those listed in the caveats), an error is printed and the function returns. However,
assuming all checks pass, getLCLT returns four values, A,,, m, v, (s) and H, all as defined
in Theorem 83.

FExample 84. Consider applying getLCLT to the function

1

Flat) = 17—

to recover a classical CLT. Then the numerator is G = 1. Since we have only ¢(t) = ¢
we get q_k = [t]. As well, since ¢(t) = ¢ and we have two variables z and ¢, our two
remaining inputs are q_t = t and vars = [z, t]. Thus, we call getLCLT(1, [t], t,
[z, t]) and get the output displayed in Figure 5.2. N

The second key function for applying Theorem 83, getSymLCLT, is meant for quickly
proving that families of generating functions satisfy an LCLT, and finding such an LCLT.
The set up for this function is similar to that of getLCLT. In particular, we no longer
assume that d is known, but rather treat it as a symbolic parameter. We again assume
that we have a

1—q(t) = Xz k(1) 2k
however this time we may assume that we know ¢x(t) as a function of k, creating a family
of generating functions. getSymLCLT takes in nine parameters:

F(z,t)
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Gsuwp, the numerator with all variables set to 1 except t,

qx, the polynomial g(t) as a symbolic expression in k,

qt, the analytic function ¢(t) in closed form,

the variables ¢, d and k, and

either variables or values which provide p, P’ and P” as defined in Theorem 83.

The function getSymLCLT makes the same caveats as getLCLT, with the addition that
it is assumed that the ¢ pattern produces polynomials. This is assumed because patterns
are allowed to have other variables which may be representing various values depending
on the combinatorial context. As with getLCLT, getSymLCLT prints an error and returns
should a verification fail. Assuming all checks pass, getSymLCLT returns four values:

o A,

e a symbolic expression for determining the entries of m in terms of &,

e a symbolic expression for determining the entries H; ; in terms of ¢, j and k, and
e a symbolic expression for determining the entries H; ; in terms of j and &.

Example 85. Consider applying getSymLCLT on the family of generating functions

1

F(z,t) =
(1) l—(z1+ 224 ...+za)t — (L —=d)t’

which count the number of strings in an alphabet of size ¢ with d letters tracked. Then our
numerator, no matter the substitution, is 1. Each of our ¢x(¢) = t and thus our function
qr = t. We have ¢(t) = (¢ — d)t in our family and thus the input for ¢ is (¢ — d)t. Our
variables are t, d, k and from our definitions, p = %, P'= —( and P" = 0. Thus, we call

getSymLCLT(1, ¢, (¢ — d)t, t, d, k, %, —/, 0) and see the output in Figure 5.3. <

5.1.1 LCLT Package

Our next code aims to prove LCLTs more generally. In particular, all that is required is a
rational generating function which is combinatorial (i.e., all coefficients are non-negative)
and the getLCLT function of this package will either return an LCLT (thus proving that
the LCLT holds and is correct) or will raise an error. In order to use this package, the
sage acsv package must be installed [11].

getLCLT requires two inputs and has three optional parameters:

e F'| the rational function G/H in d variables,
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sage: var('t k d 1')

(t, kx, 4, 1)

sage: A,, mpat, H;;, H;; = getSymLCLT(1, t, (1-d)*t, t, d, k, 1/1, -1, 0)
sage: show(A4,)

(—l)dln+%
(27n) % \/(—1)dy/—d Tl

sage: show(m)

1

T

sage: show(H;;)
&

sage: show(Hj;;)
=1

=

1
1—(z1+2z2+...+zq)t—((—d)t "

Figure 5.3: An example of applying getSymLCLT on

sage: var('z t')
(z, t)
sage: show(getLCLT(1/(1-z*t-t), t, as_symbolic = True))

(, <n—zjm>2)
\/52"6 2n
/TN

Figure 5.4: A limit theorem for the number of Os in binary strings of length n.

e main_var, the variable that marks the “size” of the objects (so that the limit theorem
holds as the exponent of main_var goes to infinity), and

e as_symbolic, an optional parameter, set by default to False. If it is True, getLCLT
returns the limit theorem as an expression from the symbolic ring in the variable n.
If it is False, getLCLT returns a tuple (a, n®, 7°, C, D, v) such that the local central
limit theorem is specified by the function

) —amnt b C o (_(s—nv)D(s—nv)T) |

2n

Remark 86. The calculations in getLCLT rely on methods from sage acsv which use
Grobner basis calculations. If Macauly2 or msolve is installed, the back-end settings of
sage acsv can be modified to use either of these packages and speed up the calculations.

Figure 5.4, Figure 5.5, Figure 5.6 and Figure 5.7 show a variety of examples of applying
getLCLT.
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sage: var('x y t')

(x, y, t)

sage: F = 1/(1-x*t-y*t~2-t"3/(1-t))

sage: show(getLCLT(F, t, as_symbolic = True))

(_ 7(n—4s )273-5(”—3.@1)2>
T on n
8/ 352"e

™

Figure 5.5: A limit theorem for the number sy of 1s and s; of 2s in compositions of length
n.

sage: var('x y')

(x, ¥
sage: m = 2
sage: F = (1-x"m)/(1-x-x"m*(1-x"m)*y)

sage: show(getLCLT(F, x, as_symbolic = True))

(—0.41149558866264587n+5() (—24.0927708251992271n+458.54928093761673%75s() )
2n

N

3.9071295880847317-1.3247179572447467™ ¢ (_

Figure 5.6: Applying getLCLT to a generating function for ways to maximally pack a path
of length m in a path of length n to get a limit theorem for the number of copies of the
smaller path, using the generating function from [63]. We note that this example has a
maximum in a direction with irrational coordinates.

sage: var('x y')
(x, y)
sage: F = (x*y*(1-x"3))/((1-%x)"4-x*y*(1-x-x"2+x"3+x72%y))
sage: show(getLCLT(F, x, as_symbolic = True))
_ (7O.4530745716375183?'!L+50)(73.296142343669530?n+7.275054814390697750))

0.34504752645190377-3.205569430400590?7" e ( 2n
Vn

Figure 5.7: A limit theorem for the number of rows in horizontally convex polyominoes of
size n using the generating function from [70].
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5.2 Algebraic Generating Functions

The goal of the work from this section is to provide methods for finding asymptotics of
algebraic generating functions. In particular, we look at multivariate functions

F(x) = Z fix!

iczd

such that there exists some minimal polynomial P(x,Y") with P(x, F') = 0. There are two
main implementations of methods for finding asymptotics of algebraic generating functions
that have been developed for the work presented in this thesis. Both methods involve
embedding the algebraic generating function as a sub-series of a higher dimensional rational
function.

5.2.1 Denef and Lipshitz

The first such methods was provided by Denef and Lipshitz in the 1980s. Note that the
theorem below is a re-statement of Theorem 64(i).

Theorem 87 (Denef and Lipshitz [19, Theorem 6.2]). Let f(x) be any algebraic power
series in d variables. There exists an algebraic power series ¢(x) vanishing at the origin
and a rational function W (x,Y') such that W (x, ¢(x)) = f(x) and the minimal polynomial

Q(x,Y) of ¢ satisfies Qy(0,0) # 0. If
Y W(Yx, Y)Qy(Yx,Y)
Q(Yx,Y)

R(x,Y) = (5.3)

for any such rational function W then [x*]f(x) = [x*YI|R(x,Y) for all v € N¢, where
r|=r1 4+ +7q.

We note that although Denef and Lipshitz did not provide a constructive method for
finding ¢, we provide code that will perform the embedding once such a ¢ is determined and
both (Q and W have been calculated from ¢. Specifically, the function embed_algebraic_DL
is provided, which embeds a d-variable algebraic series f(x) as a diagonal of a (d + 1)-
variable rational function R(x,Y’). This function requires specific input whose existence is
guaranteed by results of Denef and Lipshitz. The function embed_algebraic_DL takes in
five parameters:

e P, a polynomial in Q[x, Y] such that P(x, f(x)) = 0,

e (), a polynomial in Q[x, Y] such that Q(0,0) =0, Qy(0,0) # 0 and vanishing at the
origin such that Q(x, ¢(x)) =0,
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sage: var('x Y')

(x, Y)

sage: P = Y~ 2*x-Y+1

sage: Q = Y " 2*x+2*%xY*x-Y+x
sage: W = Y+1

sage: ratDL = embed_algebraic_DL(P, Q, W, Y=Y)
sage: show(ratDL)

(2Y2x4+2Yz—1)(Y +1)
Y2z+2Yx+ax—1

Figure 5.8: An example of embedding 1=¥1—%¢ 3;‘49‘7 using Denef and Lipshitz’s method.

e W, a rational function in Q(x,Y") such that W(x, ¢(x)) = f(x) for a power series
¢(x),

e Y an optional parameter which is the variable of P(x,Y’) for which Y = f(x) is a
root. By default, the final variable returned by P.variables(), and

e params, an optional parameter which is a list of symbolic variables appearing in P
that are considered parameters, meaning they remain after coefficient extraction.

This function outputs a (d+ 1)-variable rational function R(x,Y’) such that [x*]f(x) =
[x*Y*]R(x,Y) for all r in N?. The function returns an error if P, @, or W do not satisfy
the required conditions.

Remark 88. The code verifies that W (x, ¢(x)) = m(x) for some m with P(x,m(x)) =0
but does not verify that m(x) is the specific root f(x) of P. An optional argument to
check this will be added later.

FExample 89. Consider applying embed_algebraic_DL to the Catalan generating function,

1—v1—-4x

fla) = =1

We note that the Catalan generating function has f(0) = 0. However, if we use ¢(z) =

loylie —4* _ 1 and hence Q(z,Y) = Y?2 +2Yzx — Y + 2 and W(2,Y) = Y + 1, this is
Vahd input for Denef and Lipshitz. Thus, we can call embed_algebraic_DL (Y 2*x-Y+1,
Y~2*xx+2*Y*x-Y+x, Y+1, Y) and get the output displayed in Figure 5.8. <

5.2.2 Safonov

Our second method for finding the asymptotics of algebraic generating functions is com-
pletely automatic, relying on the following result, which is a re-statement of Theorem 73.

Theorem 90 (Safonov [67, Theorem 1]). If f(x) is an algebraic generating function in d
variables that vanishes at the origin then Algorithm 1 computes a rational function R(x,Y)
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in d+ 1 variables and unimodular matriz A € N sych that
X" f(x) = [x*"Y] R(x,Y)

for all r € N,

The function corresponding to Theorem 90 is embed_algebraic_Safonov, which em-
beds a d-variable algebraic series f(x) as an “A-diagonal” of a (d+1)-variable rational func-
tion R(x,Y) following the algorithm of Safonov. The function embed_algebraic_Safonov
takes in four parameters:

e P, a polynomial in Q[z,Y] such that P(x, f(x)) =0,

e terms, a function that takes a natural number n and returns the series terms of f(x)
up to order n,

e Y an optional parameter which is the variable of P(x,Y") for which Y = f(x) is a
root. By default, the final variable returned by P.variables(), and

e params, an optional parameter which is a list of symbolic variables appearing in P
that are considered parameters, meaning they remain after coefficient extraction.

This function outputs a (d + 1)-variable rational function R(x,Y) and (d x d)-matrix
A such that [x*]f(x) = [x*Y " R(xz,Y) for all r in N%.
Example 91. Consider applying embed_algebraic_Safonov to the Narayana generating

function )

2

G(r,y) = (1—x(y—1)— \/1—2x(y+1)+x2(y—1)2>,

which enumerates non-crossing partitions by set size and number of blocks, rooted or-
dered trees by edges and leaves, Dyck paths by semi-length and number of peaks, and
more. Note that G(z,y) — 1 satisfies the hypotheses of Theorem 90. So, we can call
embed_algebraic_Safonov and get output as displayed in Figure 5.9. <

Remark 92. We note that in the above example, Safonov’s algorithm did not loop, mean-
ing that A was the identity. This occurred as the input to Safonov’s algorithm had the
additional property that Py(0,0) # 0. If the minimal polynomial has this property and
f(x) vanishes at the origin, we can obtain the same embedding as Safonov’s algorithm
using Denef and Lipshitz with Q = P and W =Y.

Below, we provide a further example of applying Safonov’s algorithm. In this Example,
we see the power of the algorithm to overcome the complication of having Py (0,0) = 0.

Example 93. A polygon dissection is a non-crossing configuration whose vertices are con-
nected in sequence to form a polygon. If A = {dy,...,6,,} is a collection of 2-connected
graphs then Velona [69] proves that algebraicity of the generating function Fa(x1, ..., Zm,y)
for the number of polygon dissections where y marks the size of the dissection and x; marks
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sage: var('x y Y')

(x, y, Y)
sage: £ = (1 + x - x*y - sqrt(1-2*xx*x(y+1)+x"2*x(y-1)"2))/(2*xx) - 1
sage: P = Y~ 2*x+Y*xx*xy + Y*x + x*xy - Y

sage: def terms(m): return f.taylor([x, yl, O, n)
sage: ratSaf, A = embed_algebraic_Safonov(P, terms, Y=Y)

sage: show(ratSaf)
(Y3y+2Y34+Y?)z—Y)
(V4 (Y2 +Y)y+Y)z—1)
sage: show(A)

)

Figure 5.9: An example of embedding 5- (1 —z(y—1)— /1 -2z(y+1) +22(y — 1)2) -1
using Safonov’s algorithm.

the number of occurrences of d as a pattern (subgraph up to relabelling of vertices), and
gives a method to compute its minimal polynomial.

For instance, the generating function enumerating dissections by size and number of
3-cycles is a root of the polynomial

P(z,y,Y)=1-2)Y’+ (z+ 1)yY?> = Yy*(1 +y) + "

We can then apply Safonov using embed_algebraic_Safonov as seen in Figure 5.10.
Note that in this instance we do not have f solved for directly so use the expansion of f
up to degree 9 for y to create the terms function. <
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sage: var('x y Y')

(x, vy, Y)

sage: f = (429%x~7 + 1287*x"5 + 495xx~4 + 1155%xx~3 + 540*xx~2 + 309%x +
64)*xy~9 + (132xx7"6 + 330*x"4 + 120*x~3 + 216*x"2 + 80*x + 25)*xy~8 +
(42%x~5 + 84*x~3 + 28*%x"2 + 35*x + 8)*y~7 + (14*x~4 + 21%x~2 + 6*%x +
4)*xy~6 + (bxx~3 + bxx + 1)*y~5 + (2*x~2 + 1)*y~4 + x*xy~3 + y~2

sage: P = -x*Y~3 + x*xY~" 2%y - Yxy~3 + y~4 + Y~3 + Y"2xy - Yxy~2

sage: def terms(m): return f.taylor([x, yl, O, n)

sage: ratSaf, M = embed_algebraic_Safonov(P, terms, Y=Y)

sage: show(ratSaf)

(BY ' +7Y346Y 743V 4V %) ay® —(BY"+7Y +6Y° 43V 44 V34 (2Y " 43Y 42V 4 ¥ ) a)y* — (Y 542V 4 4V 3) 3+ (Y3 4V 2)y?)
(YO6+4+3Y54+3Y44Y3)zyd —(YA43Y3+3Y 2+ (Y4+2Y3+Y 2)z+Y )y?2 — (Y24+Y)y+1)

sage: show (M)

11

01

Figure 5.10: An example of embedding P(z,y,Y) = (1—2)Y3+(z+1)yY2 =Y y*(1+y)+y*
using Safonov’s algorithm.
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Chapter 6

Conclusion

The methods of analytic combinatorics in several variables, while perhaps daunting to some
outside users due to its reliance on a wide breadth of mathematical techniques, provide
some of the most powerful tools for the study of multivariate generating functions.

In the context of proving LCLTs, although Bender and Richmond [7] already provided
techniques for a variety of combinatorial generating functions, verifying required conditions
on analytic regions for the generating functions is too expensive to implement in a general,
practical, algorithm. Using results of ACSV, a better understanding of the singular sets
of multivariate generating functions yields such an algorithm, in addition to providing a
framework for further generalizations. The goal of the work provided for LCLTs is that
by putting the results of ACSV into context with past probabilistic work, giving a simple
outline of how to apply the results, implementing the results in a computer algebra package,
and using the results to prove a family of limit theorems, readers are inspired to look further
into this growing area of combinatorics. The next step for this area of research is to extend
results to other generating functions, such as the non-smooth or degenerate cases.

With regard to asymptotics of algebraic generating functions, this thesis provides a
detailed description and implementations of two methods to embed algebraic generating
functions as diagonals of rational generating functions. Specifically, it provides an imple-
mentation of Safonov’s algorithm, which can be applied to all algebraic generating functions
and constructively finds an embedding, and a method of Denef and Lipshitz, which allows
for more user variation to help find an embedding. The next steps in this area of research
are to finish implementations of the implicit method, search for and implement other meth-
ods to help encapsulate all asymptotics of algebraic generating functions and find ways to
easily choose the best method for a given generating function.
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