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Abstract

Entangled photons are an important resource for di�erent applications in quantum
computation, quantum information, and quantum communication. Sources based on semi-
conductor quantum dots have successfully obtained on-demand, highly entangled photon
pairs with a high repetition rate. However, the �delity of the photon pair to a Bell state is
reduced due to �ne structure splitting (FSS) in the exciton state of the biexciton-exciton
cascade. The FSS causes the exciton to precess during its lifetime resulting in a time-
dependent entangled state which, when larger than the linewidth of a photon (� 1 � eV),
can reveal `which-path' information for the exciton and biexciton cascade. A detector
with a small timing jitter can resolve the dynamics of the entangled photon states. Real-
world applications make it desirable to remove the FSS. Current techniques to remove the
FSS include applying a strain, electric, or magnetic �eld. These techniques require post-
processing of QD sources and are di�cult to implement in conjunction with nanostructures
such as nanowires or micropillar cavities. Here, we present an all-optical method of remov-
ing the FSS, which requires no post-processing of the source and works for any quantum
dot sources. We propose frequency shifting single photons by emulating a fast-rotating
half-waveplate using an electro-optical lithium niobate waveguide. In this thesis we show
this method is capable of frequency shifting photons with high e�ciency (88.4%). We also
examine how the e�ciency is a�ected by the frequency that we are shifting by, and how
the the set-up performs when operating over an extended period of time. We also examine
several electro-optical devices to see if their behaviour is consistent and predictable.

In this thesis we also examine the building blocks for implementing a quantum circuit
using entangled photons on a silicon nitride chip. These chips can be used instead of
traditional free-space optics which take up a signi�cant footprint, make it challenging to
switch between experiments, and face losses because of coupling ine�ciencies and atten-
tuation. Silicon nitride is a low-loss waveguide material that, unlike the more traditional
silicon, allows for the transmission of near-infrared photons. However, the newer material
doesn't have signi�cant libraries of pre-built components that can be used to create larger
circuits. We examine the process of simulating, building, and integrating two of these com-
ponents into a open-source library. This is the start of a process of integrating quantum
dot entangled sources with building scalable quantum systems.
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Chapter 1

Introduction

The properties of light have been a source of scienti�c study and fascination as early as
ancient Greece [7]. The debate between light being a particle or a wave was sparked in
the 18th century between Newton and Huygens [8] and was not resolved until Einstein's
seminal paper on the quantized property of light was published in 1905 [9]. Einstein, along
with Rosen and Podolsky, continued to describe the theory behind entanglement, which
initiated the study of quantum mechanics [10]. The theory was controversial at the time;
Einstein himself was not satis�ed with the explanation, notably saying, \God does not
play dice with the universe"[11]. Schr•odinger also wrote about the perceived problems of
the Copenhagen explanation of quantum phenomena with his famous thought experiment
featuring an ill-fated cat [12]. However, the study persisted, and eventually, the sub-
�eld of of quantum information was born out of the desire to utilize the strange behaviour.
Early implementations of quantum systems relied on the use of nuclear magnetic resonance
(NMR) as it was an established �eld where we could easily exert control over nuclei [13].
As the �eld expanded, the search for the optimal qubit expanded. Researchers began to
examine superconducting circuits [14], trapped ions [15], and photons as options for perfect
qubits. This thesis will examine why photons could be the ideal qubit and some nuances
of implementing a photonic quantum computer.

1.1 Quantum Information

The �eld of quantum information uses quantum mechanics to study how information can
be transmitted, transformed and analyzed. In this thesis, we will examine the smallest
unit of quantum information, the qubit. Just as classical computers use a single unit of
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information, known as a bit, to perform computation, quantum computers use a qubit
as their smallest unit of information. We can use these qubits to solve a di�erent class of
problems than was accessible before; some notable examples include breaking RSA [16] and
securely creating crypographic keys [17]. Like a classical bit, a qubit is a two-state system
that can be used to describe a 0 or a 1, which in quantum computing are represented by
the orthogonal eigenvectors,j0i and j1i .

j0i =
�
1
0

�
j1i =

�
0
1

�
(1.1)

Like a classical bit, when one of these states is measured, they will always yield the
same output: j0i will output 0 and j1i will output 1. Unlike classical bits, qubits can exist
in a superposition. A superposition is a linear combination of the two basis states written
as j i = � j0i + � j1i . A qubit will exist in this state until measured, at which point the
output will be either 0 or 1 with a probability of j� j2 or j� j2, respectively. For example,
the state described in Equation 1.2 will have a 64% chance of giving a 0 result and a 36%
chance of measuring as a 1.

j 0i = 0:8j0i + 0:6j1i (1.2)

Since every measurement can only produce one result all states have to be normalized so
j� j2+ j� j2 = 1. Once the measurement has taken place, the wave function collapses, and the
qubit becomes the state that we measured, with trace of the superposition state remaining.
This means we have no way of obtaining any other information on a superposition state
once it has been measured. If we have multiple identical versions of the state, we can
estimate what the state might have been by measuring all of them. For example, if we
measure Equation 1.2 once and get a 1, that only tells us that� 6= 0. However, measuring
ten versions of the same state and getting three 1s and seven 0s, tells us that the state could
be j 1i =

p
0:7j0i +

p
0:3j1i which is close to the actual state. The more measurements

we take the more accurate our estimate of the state will be.

Single qubits can exist anywhere in a two-dimensional complex Hilbert space spanned
by j0i and j1i , meaning� and � can also be complex numbers. Anei� phase di�erence can
exist betweenj0i and j1i . This phase di�erence does not impact the measured result, as
jei� � j2 = j� j2, but the phase di�erence can be utilized in quantum logic gates. The phases
of qubits in a superposition can interfere, increasing the probability that the desired state
is measured after a quantum operation is performed.
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1.1.1 Entanglement

We have examined the behaviour of single qubits, but quantum algorithms require multiple
qubits to interact. Multi-qubit states can exist as linear combinations of states; an example
is shown in Equation 1.3.

j	 0i = 0:8j01i + 0:6j11i = (0 :8j0i + 0:6j1i ) 
 j 1i (1.3)

We can observe from this example two of the four possible basis states of a two-qubit
system,j01i and j11i . The other two basis states arej00i and j10i . These four vectors span
the four-dimensional complex Hilbert space that can represent all two-qubit states. The
state in Equation 1.3 represents a separable state where one qubit is in the state described
by Equation 1.2 and the other is in the basis statej1i . A separable state is any state where
the state of each qubit can be described individually or byj	 i = j 0i 
 j  1i where 
 is
the tensor product. Within the Hilbert space, there is also a set of states that cannot be
written as the tensor product of two qubits. These states are called entangled because
we cannot describe one qubit without considering the other. An example of an entangled
state is Equation 1.4.

j� + i =
1

p
2

(j00i + j11i ) (1.4)

Equation 1.4 is one of the maximally entangled states called the Bell states. The other
three are described by Equations 1.5, 1.6, and 1.7.

j� � i =
1

p
2

(j00i � j 11i ) (1.5)

j + i =
1

p
2

(j01i + j10i ) (1.6)

j � i =
1

p
2

(j01i � j 10i ) (1.7)

These states are considered maximally entangled because they are the most di�erent
from the four basis states. Bell states are important for implementing superdense cod-
ing [18], quantum key distribution [17], and quantum teleportation [19]. This maximally
entangled quality makes them very important for quantum computing for a number of
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interesting results that come from measuring entangled states. If we take an entangled
state and physically separate the two photons by a great distance. We can measure one
and instantly gain information on what the other qubit is, allowing perfectly correlated
information to be transferred over large distances in a way that classical computing cannot
replicate. For example, if we give Alice and Bob each a qubit from the entangled state
j + i when Alice measures her qubit as a 0, Bob can only get a 1 when he measures, and
both parties know what the other person measured without any other information. In the
same situation with the separable statej� i = 1p

2
(j11i + j10i ), if Alice measures a 1, Bob

still has an equal chance of measuring a 1 or a 0, giving Alice no information. Another
important aspect of the Bell states is that the probability of measuring either state is equal
meaning we have access to a source of true randomness that cannot be easily replicated.

Both the separable and entangled states we have examined so far are what can be
described as pure states, meaning they can be described using a single state. However,
there are also mixed states, which describe the probabilities of a qubit being in one of a
set of initial states. An example is shown in Equation 1.8.

j	 1i =

(
j00i P = 0.5

j11i P = 0.5
(1.8)

While this state may look the same as the Bell statej� + i , it is not actually entangled.
We do need a way to describe both of these states mathematically that can represent the
di�erence between them. For this, we use ann � n density matrix to represent both pure
and mixed states of any number of qubits. A density matrix is de�ned as:

� =
i =1X

m

Pi j� i i h� i j (1.9)

where m is the number of initial states, in the case of a pure statem = 1, using this
process, we can calculate the density matrix of bothj� + i (Equation 1.10) and Equation
1.8 (Equation 1.11) to determine that they are di�erent.

� � + =
1
2

2

6
6
4

1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

3

7
7
5 (1.10)
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� 	 1 =
1
2

2

6
6
4

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

3

7
7
5 (1.11)

The two states di�er in their anti-diagonal elements, which can not be determined when
measuring only in thej0i and j1i basis. However, we can reconstruct the complete density
matrix using quantum state tomography.

1.1.2 Measuring Entanglement

Having established why entanglement is so important, we need a way to measure it. For
a two-qubit system, entanglement is measured using the entanglement of formation (EF)
[20]. For a pure statej	 i , this is de�ned as:

EF = � T r[� 	 log(� 	 )]: (1.12)

EF will be a value between 1 and 0, with 0 being a completely separable state and 1
being a maximally entangled state.EF can be written in terms of the concurrence, where
concurrence is de�ned by:

C(	 A ) = j h	 j ~	 i j : (1.13)

where j ~	 i is a spin 
ip transformation to a pure state, de�ned as� y j	 � i [20]. This
changes the EF equation to:

E(C) = h
�

1 +
p

1 � C2

2

�
; (1.14)

h(x) = � x log2(x) � (1 � x) log2(1 � x): (1.15)

E(C) monotonically increases from 0 to 1 asC increases from 0 to 1. This correlation
means we can use concurrence as its own measure of entanglement. The de�nition of
concurrence given by Equation 1.13 only covers pure states. The concurrence of a mixed
state is given by:
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C(� A ) = max f 0; � 1 � � 2 � � 3 � � 4g; (1.16)

where � i are the eigenvalues of the Hermitian matrix
p p

� ~�
p

� . ~� is the spin 
ip
transformation to a mixed state, given by (� y 
 � y)� � (� y 
 � y) [20]. Since calculating
the concurrence of a state is signi�cantly easier to calculate than the EF, it is commonly
used as the measure of entanglement. Frequently, we do not just want any state with a
high concurrence and instead want one to be in a speci�c maximally entangled state. To
determine this, we can examine a state's �delity to a reference maximally entangled state.
Fidelity is given by:

F (� ) = T r[�� 0]; (1.17)

where� 0 is the density of the maximally entangled state. The �delity of a state� with
a concurrenceC(� ) has a �delity bounded by [21]:

max
�

1 + C
4

; C
�

� F �
1 + C

2
; (1.18)

meaning that the �delity of a two-qubit state will be between 0.25 and 1 and always
be greater than or equal to the concurrence.

1.2 Photons as Qubits

This thesis aims to show how photons can be used as qubits, meaning we must examine how
they can act as information carriers. Photons are used to transmit classical information
through the phase or amplitude of the light, they can be transmitted quickly over long
distances with minimal loss using �bre-optic cables or used to process information on
silicon chips e�ciently. There are several degrees of freedom which we can exploit to encode
quantum information, including the spatial mode, frequency, time, and polarization of a
photon. In this thesis, we will examine the polarization degree of freedom.

1.2.1 Polarization

Polarization describes the orientation of the electric �eld of a single photon. There are six
base polarizations a photon can exist in that are de�ned by their relation to the laboratory
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frame. If the electric �eld is oscillating along thex-direction of the laboratory frame, the
photon is considered to be in thejH i polarization; if it is oscillating along they-direction,
it is in the jV i polarization. These states are orthogonal and are usually de�ned as our
basis states,j0i and j1i respectively.

jH i = j0i =
�
1
0

�
jV i = j1i =

�
0
1

�
(1.19)

If we could look at these polarizations from thez-axis, the electric �eld would appear
to be oscillating in a line along the axis, which is why we call these linear polarizations.

We know that qubits need to be able to exist in a superposition betweenj0i and j1i .
A superposition where� and � are equal in magnitude and phase can be described by the
diagonal polarization, jD i , where the electric �eld oscillates in a line +45� between thex
and y axes. Similarly, the anti-diagonal polarization where the electric �eld oscillates -45�

between thex and y axes,jAi , describes a superposition with� and � in equal phase but
opposite magnitude. These polarizations are also considered linear polarizations.

jD i =
1

p
2

(j0i + j1i ) =
1

p
2

�
1
1

�
jAi =

1
p

2
(j0i � j 1i ) =

1
p

2

�
1

� 1

�
(1.20)

The �nal two polarizations are in the circular basis, meaning instead of the electric �eld
oscillating in a line, they oscillate in a circle. When the electric �eld is rotating counter-
clockwise (CCW), the photon is right circularly polarized (RCP),jRi , and the clockwise
(CW) rotation is left circularly polarized (LCP), jL i . These states represent equal and
opposite� and � with a 90� phase di�erence.

jRi =
1

p
2

(j0i � i j1i ) =
1

p
2

�
1

� i

�
jL i =

1
p

2
(j0i + i j1i ) =

1
p

2

�
1
i

�
(1.21)

Together, these three sets of orthogonal bases:jH i =jV i , jD i =jAi , and jRi =jL i span
the polarization space and can be used to describe a photon in any polarization. We can also
observe that the polarization of any photon can be visualized using a polarization ellipse
which can be described by two parameters (Figure 1.1): the orientation angle, , which
indicates the angle the major axis of the ellipse is from thex-axis, and the ellipticity angle,
� , which is the angle between the major and minor axis of the ellipse. These parameters
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are de�ned in Equation 1.22, using the probability amplitudes of a state� jH i + � jV i and
the phase di�erence between them,� = � � � � �

tan(2 ) =
2j� jj � j
� 2 � � 2

cos(� ) tan(2� ) =
2j� jj � j
� 2 + � 2

sin(� ) (1.22)

Figure 1.1: Polarization ellipse of a photon with the ellipticity (� ) and orientation ( )
angle labelled.

Having established how we de�ne the states of the photons, we must also examine how
to measure them to determine their state.

1.2.2 Measurements

We have previously discussed how a single measurement of a single qubit gives us limited
information, and we need repeated measurements to reconstruct the state of the qubit.
Since we are working with photons where the polarization de�nes the state, we require
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a method for reliably measuring the photon's polarization. There are two primary kinds
of single-photon detectors, single-photon avalanche diodes and superconducting nanowire
single-photon detectors, both of which are only capable of telling us that a photon was
detected but not what polarization it had. To overcome this, we can use a polarization
�lter before the detector, which will only allow photons of a particular polarization, say
jH i , to travel to the detector and photons in the orthogonal polarization,jV i , will be
either absorbed or sent down a di�erent optical path. This process gives us a projective
measurement injH i .

A projective measurement occurs when the original qubit is projected onto the measured
state. The observables of every qubit can be described by a set of eigenvectors and their
corresponding eigenvalues, which are the measurement outcomes and must be real numbers.
Once a speci�c eigenvalue has been measured, the state collapses into the corresponding
eigenvector, hence the term projective.

j	 1i = 0:8jH i + 0:6jV i (1.23)

A projective measurement is mathematically represented by the projection operator
P(	) = j	 i h	 j. For example, if we take Equation 1.2, which has been converted to terms
of polarization in Equation 1.23 and take the projective measurement in statejH i , we get:

P(H ) = h	 j jH i hH j j 	 i = (0 :8hH j + 0:6hVj) jH i hH j (0:8jH i + 0:6jV i ) = 0 :82

= 0:64: (1.24)

This measurement tells us that, as expected, 64% of the photons will be detected,
and 36% of the photons will be discarded. We are not limited to only measuringjH i
and jV i . Instead we can perform measurements in any of the six bases, which gives us
more information on the states. For example measuring Equation 1.23 injD i we get
P(D) = 0 :98 and in jRi we getP(R) = 0 :5. This ability to measure in other states allows
us to determine the phase di�erence in state that would be invisible only using thejH i =jV i
eigenstates. For example, by only measuring the linear states we would not be able to tell
the di�erence between Equation 1.23 and the state 0:8jH i + i0:6jV i however using the
jRi basis the projective measurements areP(R) = 0 :5 and P(R) = 0 :02 respectively. This
measurement process allows us to reconstruct fully the state of a photon, which will be
used in Section 4.1 of this thesis.

Examining the polarization bases shows us how photons can be in a state of superpo-
sition and other single-qubit states, but it does not examine entanglement or multi-qubit
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states. Entanglement can be created using multiple methods, the easiest of which is an
entangled photon source. We will examine the speci�cs of entangled photon sources in
Chapter 2.
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Chapter 2

Photon Sources

Photonics are a promising platform for quantum computing but to make the platform
functional and scalable we need a source of entangled photons. The ideal photon source
must address a list of qualities that would make it usable for quantum algorithms.

2.1 Ideal Photon Source

There are �ve primary qualities that a photon source must display to be considered ideal
for quantum computing: bright, on-demand, high photon pair purity, highly entangled,
and indistinguishable.

Bright

The brightness of a photon source is de�ned as the number of photon pairs released per
second. There is no exact amount of photons per second de�ned to be ideal, but generally,
the higher, the better. We will consider a lower limit of 107 photons per second as accept-
able. We can see why brightness is considered so crucial by comparing it to the classical
computing analogues of bits. The bitrate of a computer determines how much information
or how many bits can be transferred in a given period. The more bits available, the more
information can be transferred and the faster our computers can function. The same goes
for qubits and quantum information.

Brightness is also crucial for combating loss within a system. Photons can be transferred
through a system using various methods; �bre optic, free space, and crystal waveguides
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are the most common. All of these methods have a speci�c loss per length or attenuation.
Multi-mode �bre usually has 1.5 dB/km loss at 1300 nm [22], a silison nitride (SiN) crystal
waveguide has around 0.8 dB/cm loss at a similar wavelength [23], and free space optics
range widely depending on the conditions. Classical computers overcome loss by sending
multiple copies of the information, so the information can be easily recovered if some gets
lost. This method cannot be used with quantum qubits, as they are limited by the no-
cloning theorem, meaning we cannot send multiple copies of the same qubit [24]. Quantum
repeaters have been designed and developed [25], which, in theory, would allow information
to travel over longer distances without being overcome by loss, but in all cases, the more
photons that are initially available, the more information that can be transmitted.

It is important to note that brightness is a�ected by the amount of light output by the
source and the amount that reaches the �rst collection lens after the source. If a source
emits light at a wide range of angles, we can only use a portion of those photons, which
reduces the brightness of the source. In the case of entangled photons, we also have to
consider if the collection lens will always capture both photons.

On-Demand

An on-demand source is one where every trigger creates an event releasing a photon pair.
On-demand photons are essential when we require two photons to interfere with each other,
such as with entanglement swapping and when measuring the Hong-Ou-Mandel e�ect. For
two photons to interfere with each other, they must be incident upon a beam-splitter
simultaneously, meaning we have to be able to reliably predict when photons are released.

An ideal source will receive a triggering event, most commonly electrical signals or laser
pulses, and will release the photon pair within a set period. Some sources are probabilistic,
meaning only a certain percentage of trigger pulses release photons, which are released
randomly. There are ways to overcome this randomness for single photons outlined in
Section 2.2 but none for entangled pairs.

Photon-Pair Purity

For an ideal source, only one pair of photons is released when a triggering event occurs. This
is known as photon-pair purity. If only one trigger is applied, only one photon pair will be
emitted; however, spontaneous sources emit photons based on a Poissonian distribution,
and sources based on electron recombination can be re-excited, emitting multiple pairs.
This poses a problem when working with entangled pairs as one detector might measure
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a photon from one pair, and the other measures a photon from the other pair, leading to
decreased measured entanglement.

Photon purity is measured using the Hanbury-Brown-Twiss e�ect to �nd the second-
order auto-correlation, org(2) (� ). This measures the probability of detecting a photon at
time � after detecting the �rst photon at time t and is described by Equation 2.1.

g(2) (� ) =
hn(t)n(t + � )i

hn(t)i 2 (2.1)

Single-photon purity is measured when� = 0, which is the probability of two photons
being detected simultaneously. An ideal single-photon source will have ag(2) (0) = 0. For
an entangled photon source, we can measure the pair purity by spatially separating the
halves of the pairs and measuring theg(2) of each half. A lowg(2) indicates a high photon
pair purity.

g(2) (0) =
hn2i � h ni

hni 2 (2.2)

Entangled

The photon pairs released by an ideal entangled photon source should be, to nobody's
surprise, perfectly entangled. As mentioned in Section 1.1.2, entanglement is measured
using concurrence, with maximum entanglement giving a concurrence of 1. Many factors
a�ect the concurrence of the source. As stated previously, low photon-pair purity decreases
measured entanglement. Background light and detector dark counts can also a�ect the
concurrence by preventing the measurement of both halves of an entangled pair. A source's
�delity to one of the Bell states is also sometimes considered to be a factor in entanglement.
As discussed previously, a Bell state is considered the ideal entangled state and therefore
is frequently a requirement for many quantum algorithms [17, 18].

Indistinguishable

Finally, a source should produce indistinguishable photons, meaning each photon pair
released should be identical in all meaningful characteristics (for example, frequency or
polarization). Indistinguishability can be measured using the Hong-Ou-Mandel e�ect and
two-photon interference, which relies on the principle that two identical photons incident on
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a beam splitter will interfere and always exit out of the same port of the beam splitter. In
contrast, distinguishable photons have a 50% chance of exiting the same port. Two-photon
interference is required to implement quantum repeaters and other quantum systems.

2.2 State of the Art Sources

The most widely used and commercially developed photon sources are spontaneous para-
metric down conversion (SPDC) sources. These sources use a non-linear crystal and a
pump laser to produce entangled photon pairs. The pump laser emits high-energy pho-
tons, which have the possibility of splitting into two lower-energy photons. The theory
behind SPDC sources is outside the scope of this thesis, but we can examine how they do
or do not ful�ll the requirements outlined in the previous section.

Figure 2.1: Graph representing two emission cones of a SPDC source [1]. The intersection
between these two cones represent areas where photons are polarization entangled.

SPDC sources excel in two of the �ve requirements: indistinguishablity and entangle-
ment. Due to the conservation of momentum, the photons are emitted at an angle, creating
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two emission cones, each with a known energy and each cone having an opposite polariza-
tion. All the photons emitted within a cone will be indistinguishable from each other [1].
Areas where cones intersect produce highly entangled photons with unity concurrence as
shown in Figure 2.1.

SPDC sources do have their downsides, namely being a spontaneous source. This means
they do not ful�ll the requirement of being on-demand. We can combat this when we only
want to use single photons, as we can use one of the photon pairs as a heralding event
to alert us to the presence of a single photon. However, this solution does not address
the problem when using entangled photon pairs. SPDC sources also tend to have low
brightness. For example, a commercial SPDC source (SPDC810) from Thorlabs has a pair
emission rate of> 450 kHz [26], which is functional but lower than what we consider ideal.
Attempting to improve the brightness by increasing the power of the pump laser leads to a
reduction in the photon-pair purity as SPDC sources emit pairs according to a Poissonian
distribution [1].

While SPDC sources are the current state-of-the-art source for single and entangled
photons, we can see that there is still signi�cant room for improvement within the �eld.

2.3 Quantum Dots

A potential contender for the ideal source of single and entangled photons is the quantum
dot (QD). Also known as arti�cial atoms, QDs are an area of three-dimensional con�ne-
ment with discrete energy levels. They are created from regions of material with a lower
bandgap than the surrounding material. Most commonly, QDs are made of either indium
arsnide phosphide surrounded by indium phosphide or indium gallium arsnide surrounded
by gallium arsnide. Research into QDs began in the early 1980s and has seen many im-
provements since then, including control of the dots' position, size, and shape [27, 28].
Before discussing how QDs ful�ll the requirements of being an ideal photon source, we
must understand how they produce photons.

2.3.1 Con�nement

As mentioned, QDs are a region of three-dimensional energy con�nement. This means
the region can carry electrons in the conduction band and electron holes in the valance
band at distinct energy levels. This band structure is where the analogy to atoms comes
from, as these discrete bands can be considered similar to the electron orbitals around
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an atom. Given enough energy, electrons can be excited out of the ground state, where
electrons and electron holes are combined, to an excited state where the electron resides
in the conduction band, and an electron hole is in the valance band. At some point, the
electron-hole pair will recombine radiatively, releasing a photon at a known. We are only
interested in using the lowest energy transition, analogous to the s-shell of an atom. This
level is non-degenerate except for spin degeneracy, so it can only contain two electrons and
two holes. This is bene�cial as the only decay available will be radiative recombination
instead of relaxing to a lower energy level. The shape of the dot controls the energy levels
of a QD, so we need to choose one where only one energy level is available.

Figure 2.2: Simple representation of a puck-shaped QD. The dots we use are approximately
6 nm in height and 30 nm in diameter.

The con�ning potential for this shape is primarily along the z direction, which forms a
one-dimensional square well with the degree of con�nement controlled by the height. The
QDs discussed in this thesis are 6 nm in height, ensuring that only one excited state is in
the z-direction. There is also weaker con�nement in the radial direction, which allows for
the presence of sublevels. The potential energy in this direction is modelled by a simple
two-dimensional harmonic oscillator,V(r ) = 1

2m� ! 2r 2, where m� is the e�ective mass of
the electron or electron-hole. These combine to form allowable energy states described
by Equation 2.3, wheren = 0; 1; 2; ::: is the radial quantum number, l = 0; � 1; � 2 is the
orbital quantum number, and ~! is the quantized energy of the electron or hole.

En;l = (2 n + jl j + 1) ~! (2.3)

For this thesis, we are only concerned with the lowest energy level, which can be marked
as E0;0, but it is important to know that sub-levels are present within QDs and must be
accounted for when exciting the dot.
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Figure 2.3: Simple energy level structure of the conduction band of a QD. The QDs we use
are height-limited, so only the s-shell is available. The valance band would be an inverted
version of this structure.

2.3.2 Photon Generation

As alluded to in the previous section, electrons in the quantum dot can be excited to the
lowest excited state. Then, they will radiatively recombine with the hole in the valance
band and release a photon of a distinct energy. This recombination is the process through
which QDs are a source of on-demand photons. Most commonly, electrons are excited
using a laser pulse, but work is being done to investigate electronically driving electron
excitation [29].

During radiative recombination, angular momentum must be conserved. Photons have
two possible spin-angular momentum (SAM) values, +1 and -1 in units of~; these cor-
respond to LCP and RCP photons, respectively. Only recombinations where the total
angular moment is equivalent to� 1 are allowed. The total angular moment of a charge
carrier (electron or an electron-hole) is found in Equation 2.4 whereL s is the operator for
orbital angular momentum of the shell,Lb is the operator for the intrinsic angular moment
of the band, andS is the operator for the SAM of the charge carrier.

J = L s + L b + S (2.4)

These operators have eigenvaluesj , lb, ls, and s. At the lowest excited state, ls = 0
for both electrons and holes. However,lb is 0 for electrons as they occupy the bottom of
the conduction band, which is s-like, whereas holes occupy the top of the valence band,
which is p-like with an angular momentum of 1. Both electrons and holes have a SAM of
1
2 . This means that electrons havej = f 1

2g and holesj = f 1
2 ; 3

2g. We also must consider
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the angular momentum on the z-axis, which will fall between� j and j inclusive. This
means electrons can have aj z = f� 1

2 ; 1
2g and holes af� 3

2 ; � 1
2 ; 1

2 ; 3
2g. Figure 2.4 displays

the energy band structure.

Figure 2.4: Band structure of a QD conduction and valance bands. The curve labelled
e represents the electrons withj = 1

2 . There are three curves in the valance band; the
lowest, labelledso, is the spin-orbit split-o� with j = 1

2 . The light hole curve with j = 3
2

and j z = � 1
2 is labelled lh and the heavy hole curve withj = 3

2 and j z = � 3
2 is labelled

hh. There is a di�erence in energy between these two layers labelled �hh� ll the curves also
\bend" at di�erent rates due to the spin-orbit coupling, � so.
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The holes exist in three distinct energy states, the �rst being those withj = 1
2 which is

a spin-orbit split-o� band, the middle layer with j = 3
2 and j z = � 1

2 which is the light hole
layer, �nally the layer with the lowest energy excited state is the heavy hole layer withj = 3

2
and j z = � 3

2 . Optical transitions for the lowest energy level only occur between electrons
and heavy holes so that we can disregard the other hole layers, and moving forward, heavy
holes will be referred to as holes.

Remembering that recombination preserves angular momentum and the SAM of pho-
tons is either� 1 or 1, we can see that a recombination event emitting a photon must have
a � j z = � 1. This occurs when eitherj z;e = 1

2 and j z;h = � 3
2 or j z;e = � 1

2 and j z;h = 3
2 .

An excited QD features two electrons in the conduction band and two holes in the
valance band. Both of these will recombine but not at the same time. The �rst will
recombine into either a photon with a SAM of either� 1 or 1 and is labelled the biexciton
(XX); the second has to emit a photon with an opposite SAM as the �rst and is known as
the exciton (X). Remembering that a SAM of 1 corresponds to a LCP photon and -1 is a
RCP photon, the exciton and biexciton will always have opposite polarizations.

Figure 2.5: The XX-X cascade, Electron-hole pairs recombine to produce either an LCP
or RCP biexciton, then an exciton is released in the opposite polarization as the biexciton
when the remaining pair recombines.

There are two possible recombination pathways, also known as the biexciton-exciton
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cascade (XX-X cascade): either the biexciton is LCP, and the exciton is RCP, or the
biexciton is RCP, and the exciton is LCP. Since we cannot know which pathway took place
until measuring the polarization of the photons, there is a superposition created upon
recombination. This leads to a polarization-entangled state expressed as the maximally
entangled state Equation 2.5.

j	 i =
1

p
2

[jRL i + jLR i ] (2.5)

2.3.3 Fine-Structure Splitting

Equation 2.5 represents the entangled state emitted from an ideal quantum dot. In reality,
asymmetries in the shape, strain, and crystal makeup of the dot can a�ect the con�ning
potential of the dot. This asymmetry shifts the energy of each photon by an amount� � .
This di�erence is known as �ne-structure splitting (FSS) and a�ects the emitted entangled
state of the dot. Due to phase accumulation between the two pathways, the emitted state
depends on the time (� ) between the recombination of the biexciton and the exciton.

j	( � )i =
1

p
2

h
jHH i + e� i ��

~ c jV Vi
i

(2.6)

With symmetry broken, the eigenstates of the dot switch from the circular to the linear
basis, but expanding the state according to the circular basis, we get Equation 2.7.

j	( � )i =
1

p
2

�
(jRL i + jLR i ) cos

�
��
2~

�
� i (jRRi + jLL i ) sin

�
��
2~

��
(2.7)

We can see from this expression that after the biexciton is emitted, the remaining
electron precesses as though it was in a magnetic �eld, sometimes emitting the exciton in
the same circular basis as the biexciton.

In the case of a QD with an FSS larger than the linewidth of a photon,� 1 � eV, a
detector with high energy resolution can resolve the di�erence between the two pathways,
removing the superposition entirely. The state emitted by a QD with an FSS< 1 � eV
is still an entangled state as detectors cannot resolve the di�erence between the pathways
and the state will theoretically measure a concurrence of 1. However, the time dependence
of the state makes using the entangled photons challenging. If we require photons in a
speci�c entangled state, as quantum repeaters do, we would need to time gate the emitted
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Figure 2.6: XX-X cascade in the presence of a FSS,� . With the system's symmetry
broken, the eigenstates switch to the linear basis with an energy di�erence between the
intermediate states. When the state is examined in a circular basis, the electron remaining
after the biexciton is released precesses as though in a magnetic �eld.

photons to select for ones with a desirable state. This would signi�cantly reduce counts
and the on-demand nature of QDs.

2.3.4 Quantum Dots as Ideal Photon Sources

Now that we understand what quantum dots are and how they work, we can look at how
they ful�ll our requirements for an ideal photon source. We have already gone through
how QDs are on-demand as a single laser pulse will excite the electrons, and shortly after,
the biexciton and exciton will be released. We also know that because we can select QDs
that only allow for one energy level, meaning only one pair of electrons can be excited at a
time, and only one pair of photons will be released. This leads to high photon-pair purity,
and the separation in wavelength between the biexciton and exciton allows QDs also to
have high single-photon purity [2, 30]. Subsequent emitted photons have a high degree of
indistinguishability [31]. However, the QD's sensitivity to minute changes in shape and size
leads to poor indistinguishability between dots. This has been addressed mainly through
improvements in manufacturing at developments that allow the QD's energy levels to be
tuned [32, 33].

One of the most signi�cant improvements that QDs have over SPDC sources is the
source's brightness. While SPDC sources always have to compromise brightness for photon
purity, QDs are only limited by the recombination rate of the electrons and the collection
e�ciency of the �rst objective lens. The former is not a signi�cant limitation, but the
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Figure 2.7: Simulation of the concurrence of the entangled state and the �delity to the two
Bell states oscillating as a function of�t assuming a 5� eV FSS.

latter poses a problem. QDs do not emit photons in a single direction, which prevents even
the largest of objective lenses from having a high collection e�ciency. To combat this,
various nanostructures have been developed to direct the emission of a QD in predictable
directions. Structures such as bulls-eye cavities and nanopillars use a cavity, which uses a
Purcell enhancement to increase spontaneous emission into the cavity mode [34, 35]. Other
groups, including our lab, use nanowires made of high-refractive index materials, leading
to strong con�nement to a fundamental guided mode [2, 36]. A typical nanowire is shown
in Figure 2.8. There are unique bene�ts to each type of nanostructure, but other than
their e�ectiveness in improving the brightness of dots, the speci�cs are out of the scope of
this work.

The high degree of entanglement of the source is also a bene�t of QDs, but as dis-
cussed, FSS a�ects the �delity to an ideal Bell state and makes QDs less suitable for many
procedures such as quantum teleportation or quantum key distribution [17, 18]. Several
methods have been developed to address the FSS, including using thermal annealing [37],
magnetic �elds [38], electric �elds [33, 39], or strain tuning [32, 40]. These methods all
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Figure 2.8: Scanning electron microscope of a tapered nanowire waveguide with a QD
embedded 200 nm from the base of the wire [2].

require processing each and every dot used in a project directly either by fabricating gates
close to the dot, applying stress to the material the dot is contained in, or applying heat to
the dot. Due to this requirement, implementing these methods on a QD in a nanostructure
is a challenge due to strain relaxation across the nanostructure. Some have proposed using
electric �elds around a nanowire [41], and another group used strain across the base of
a nanowire [42]. Due to the importance of nanostructures in improving the brightness of
QDs, a method of removing �ne-structure splitting that can be used in conjunction with
every type of nanostructure is vital. One such method is described in Chapters 3 and 4.
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Chapter 3

Fine-Structure Splitting Eraser

There have been many methods developed to remove the FSS of quantum dots. These
include using electric [33], magnetic [32], and strain �elds [38] and thermal annealing [37].
These methods have managed to e�ectively remove the FSS of QDs greater than 20� eV
[32]. However, these methods all involve complicated fabrication techniques that must
be performed on each quantum dot that will be used in an experiment, making scaling
complicated. They also cannot easily be used with nanostructures, which, as discussed
in Section 2.3.4, are important for increasing the collection e�ciency of quantum dots
because of strain relaxation [42]. Our project addresses these concerns using a novel all-
optical method of removing �ne-structure splitting.

3.1 All-Optical Approach

The all-optical method developed by Fognini et al. uses unitary optical components to
remove the FSS without photon loss or �ltering required by other schemes [3]. This ap-
proach relies on the use of quarter wave plates (QWPs) and fast-rotating half-wave plates
(HWPs) to convert the state �rst to the circular basis as described by Equation 3.1 and
�nally to a time-independent Bell state (Equation 3.2).

j�( t)i =
1

p
2

h
jLR i + e� i �

~ c jRL i ]
i

(3.1)

j� i =
1

p
2

[jRL i + jLR i ] (3.2)
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Figure 3.1: Diagram of proposed optical set-up for FSS eraser. First, the biexciton and
exciton are split into two pathways using a transmission grating. The biexcitons are sent
through a QWP set at a� 45� angle while the excitons travel through a QWP set at a 45�

angle. Both beams then travel through HWPs rotating CW. [3]

3.1.1 Fast-Rotating Half Wave Plate

Rotating half-wave plates spinning with an angular frequency! can be described by the
Operator 3.3. This equation and the following process for de�ning the CW rotating HWP
come from the textbook by Chuang [43].

� 1=2(! ) =
X

k

ay
k+ 2!

c ;L
ak;R + ay

k� 2!
c ;R

ak;L (3.3)

Here c is the speed of light, andak;� , ay
k;� are the annihilation and creation operators

of photons with wavevector lengthk and polarization � 2 f R; Lg To see how this removes
the FSS, I expressed the state Equation 2.6 using creation and annihilation operators.

	 =
1

p
2

h
ay

z;kXX + �
2~c ;H

ay
z� �c;k X � �

2~c ;H
+ ay

z;kXX � �
2~c ;V

ay
z� �c;k X + �

2~c ;V

i
(3.4)

In Equation 2.6, z refers to the spatial position of the photon, and we can observe that
the exciton is delayed by a factor�c. We also observe that the wavevector is a�ected by a
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FSS equal to �
2~c. To apply the scheme described by Fognini et al., we also need the e�ect

of the QWP on linearly polarized light described by creation and annihilation operators:

� 1=4

�
�

�
4

�
= ay

k i ;Rak i ;V + ay
k i ;L ak i ;H (3.5)

� 1=4

� �
4

�
= ay

k i ;L ak i ;V + ay
k i ;Rak i ;H (3.6)

By spatially separating the exciton and biexciton using a transmission grating, We can
use these two QWP to convert Equation 2.6 to the RCP/LCP basis:

� =
�

� 1=4

�
�

�
4

�

 � 1=4

� �
4

��
	

=
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p
2

h
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z� �c;k X � �
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2~c ;R

ay
z� �c;k X + �

2~c ;L

i
(3.7)

The light is required to be in the circular polarization basis for the interaction with
the HWP to produce the desired results. The reason for this will be discussed further in
Section 3.2.
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From Equation 3.8, we can see that the FSS can be removed by using a! = �
4~.

�
�

�
4~
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1
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Reverting to ket notation, the state becomes the time-independent Bell statej� i =
1p
2

[jRL i + jLR i ]. This state can be measured accurately even using detectors with a large
timing jitter.

Most QDs can be fabricated with FSS< 10 � eV [2], which translates to an! > 600
MHz, which is a signi�cantly higher frequency than can be achieved using a physical HWP.
An electro-optic modulators can be used to emulate a fast rotating HWP to overcome this
obstacle.

3.2 Electro-Optic Modulation

The optical properties of a material can be controlled using an electric �eld of a lower
frequency than the frequency of light travelling through the material. This is known as the
electro-optic e�ect. This e�ect is utilized in electro-optic modulators (EOMs) to change
properties such as the phase, frequency, amplitude or polarization of a beam of light. We
will examine how EOMs a�ect the frequency of single photons by controlling the material's
index of refraction.

3.2.1 Birefringence

Certain materials have an optical property known as birefringence. Birefringence is when
a material's index of refraction is dependent on the polarization and propagation direction
of the incident light. This property is used to create both HWPs and QWPs. The e�ects
of a birefringent material are typically described by an index ellipsoid, which is derived
from the permittivity (Equation 3.10) matrix where the coordinate system has been chosen
such that the matrix is diagonalized.

" =

2

4
" x 0 0
0 " y 0
0 0 " z

3

5 = "0

2

4
n2

x 0 0
0 n2

y 0
0 0 n2

z

3

5 (3.10)

The permittivity of a material (relative permittivity) describes the degree to which
a material polarizes when subjected to an electric �eld compared to the e�ect the same
electric �eld would have on a vacuum ("0). Permittivity is related to the index of refraction

of a material according toni =
q

� i � i
� 0 � 0

=
q

� i
� 0

when the permeability of the material is
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equivalent to that of a vacuum (� i = � 0). However, to describe the index ellipse, we need
the inverse of the permittivity matrix, the impermeability matrix (Equation 3.11).

K = " � 1 =
1
"0

2

6
4

1
n2

x
0 0

0 1
n2

y
0

0 0 1
n2

z

3

7
5 (3.11)

The index ellipse is described by Equation 3.12, whereK ij are elements ofK and ci is
the i th element of the tuple (x; y; z).

"0

3X

i;j =1

K ij ci cj =
x2

n2
x

+
y2

n2
y

+
z2

n2
z

= 1 (3.12)

In a uniaxial medium, where two of the axes have equivalent permittivity values and
the third, the optical axis, has a di�erent permittivity, Equation 3.12 becomes Equation
3.13

x2

n2
o

+
y2

n2
o

+
z2

n2
e

= 1 (3.13)

Here, the subscripto refers to the ordinary wave solution, ande is the extraordinary
wave. Ordinary waves occur when the electric �eld of the wave is entirely perpendicular
to the optical axis, and extraordinary waves are when the electric �eld runs parallel to the
optical axis.

The Pockels E�ect

Up to this point, we have been examining the index ellipse of a material when no electric
�eld is present. Friedrich Pockels de�ned the linear relationship between an applied electric
�eld and the resulting change in the impermeability in 1894. The Pockels e�ect states that
when an electric �eld is applied to an electro-optic material the impermeability matrix
changes toK = K 0 + � K , where K 0 is the impermeability de�ned in Equation 3.11
when no electric �eld is present and �K is the change induced by an applied electric �eld
F = ( F1; F2; F3) = ( Fx ; Fy; Fz) according to Equation 3.14.
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Figure 3.2: Diagram of wave surface of a) an ordinary wave and b) an extraordinary wave.

j ni 1 2 3
1 1 6 5
2 6 2 4
3 5 4 3

Table 3.1: Matrix correspondence convertingij to l indices.

"0� K ij =
3X

k=1

K ijk Fk (3.14)

r ijk are the Pockels coe�cients, and due to symmetry within the crystal, the indicesij
can be replaced with an index between 1 and 6 according to Table 3.1.

This reduces the set ofr ijk = r Ik to a 6� 3 matrix, and Equation 3.14 can be expanded
to Equation 3.15.
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5 (3.15)
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In order to reduce this set of coe�cients to something more manageable, we have to
examine the material that will be used.

Lithium Niobate

Lithium niobate (LiNbO 3) is a manufactured, naturally birefringent material discovered
to be ferroelectric in 1949 and studied extensively for countless acoustic and optical uses
[44]. At 633 nm, the index of refraction of LiNbO3 is 2.297 along the ordinary axes and
2.208 along the extraordinary axis [43].

Figure 3.3: a) Index ellipses of LiNbO3 in the x-y and y-z planes. b) Full index ellipsoid
of LiNbO3 with index ellipses of a non-birefringent material drawn on the cross-sections.
Notice the gap along they-z cross-section.

As LiNbO3 has 3m point group symmetry within its crystal structure, we can determine
that most Pockels coe�cients become 0 while others are equivalent. Namelyr13 = r23,
r22 = � r12 = � r61 and r42 = r51. This means only four coe�cients are required to describe
the electro-optic e�ect in LiNbO3.
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(3.16)

For LiNbO3 at 633 nm these values have been determined to ber13 = 8:6� 10� 12mV � 1,
r22 = 3:4 � 10� 12mV� 1, r33 = 30:8 � 10� 12mV� 1, and r42 = 28 � 10� 12mV� 1[44]. Using
this result to determineK , we can determine the equation relating the electric �eld to the
change in the index ellipsoid by completing Equation 3.12.
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+ 2xy (� r22Fx ) + 2 xz (r42Fx ) + 2 yz (r42Fy) = 1 (3.18)

In most EOMs, one can only apply an electric �eld to two of the axes of LiNbO3. Most
commonly, thez axis is chosen for the light to propagate through, while thex and y axes
can be controlled. This reduced our index ellipse calculations to Equation 3.19.

x2

�
1
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� r22Fy

�
+ y2

�
1
n2

o
+ r22Fy

�
� 2xyr 22Fx = 1 (3.19)
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3.2.2 Rotating Half-wave Plate

We now possess the requisite information to emulate a rotating half-wave plate using an
EOM containing a LiNbO3 crystal. To understand how we might do this, we can examine
how the index ellipse changes when we apply an electric �eld in thex or y direction.

Figure 3.4: a) Diagram showing an index ellipse changing when an electric �eld is applied
along the y-axis and b) diagram showing an index ellipse changing when an electric �eld
is applied along thex-axis.

From Figure 3.4, we notice that when an electric �eld is applied only along they-axis,
the ellipse stretches and shrinks along the major axis according to Equation 3.20.

x2

�
1
n2

o
� r22Fy

�
+ y2

�
1
n2

o
+ r22Fy

�
= 1 (3.20)

We can simplify this equation by rede�ning our indices of refraction along thex and y
axis using Equations 3.21.

nx =
nop

1 � n2
or22Ey

ny =
nop

1 + n2
or22Ey

(3.21)
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This leaves our index ellipse varying according to Equation 3.22, which has the same
form as when we examined birefringence without any applied electric �eld in Equation
3.12.

x2

n2
x

+
y2

n2
y

= 1 (3.22)

From Figure 3.4, we can also see that when an electric �eld is applied along thex
direction, the major and minor axis of the ellipse no longer fall along thex and y axes,
meaning that our equation for" (Equation 3.10) is no longer diagonalized. We chose a
new set of axes that satis�es this requirement, reducing Equation 3.19 to Equation 3.24.
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1

p
2
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�
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This can be reduced similarly to Equation 3.22 using Equations 3.25.

nx0 =
nop

1 � n2
or22Ex

ny0 =
nop

1 + n2
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(3.25)

x02

n2
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+
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n2
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= 1 (3.26)

We can see in Figure 3.5 that along our newly de�ned axes, the index ellipse compresses
and grows depending on the applied electric �eld.
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Figure 3.5: Diagram of an index ellipse varying under an electric �eld applied to thex-axis
with new principle axes depicted in red.

Having examined the e�ects of electric �elds in thex and y directions independently,
we must examine what occurs when both are applied. We can see from Figure 3.6 that
the major and minor axis of the ellipse continue to rotate depending on the amount ofx
or y electric �eld applied. We can choose a new principle axis that will account for this
rotation using Equations 3.27.

x = x0cos(� ) � y0sin(� ) y = x0sin(� ) + y0cos(� ) (3.27)

To examine this, we consider the case where a constant total electric �eld is applied to
the system, but the proportion ofx to y varies sinusoidally at a frequency! (ie. E 2

0 =
E 2

x + E 2
y ), this allows us to rewriteEx and Ey in terms of E0.

Ex = E0 sin(!t ) Ey = E0 cos(!t ) (3.28)

Combining Equations 3.27 and 3.28 we can re-write the index ellipse.

34



Figure 3.6: Diagram showing an index ellipse with the same height and width rotating
through an angle of� . Ellipses shown in grey represent ellipses formed when the electric
�eld is entirely along the x or y axis (E tot = Ex or Ey). Ellipses in colour are derived from
instances whenE tot =

p
E 2

x + E 2
y , so the total electric �eld is always constant.
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(3.29)

From this, we can see that thex0y0 term will be eliminated when� = !t
2 meaning that

the principle axis rotates at half the frequency of the applied electric �eld and reducing
our index ellipse in the rotating frame to be Equation 3.30.
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= 1 (3.30)

We can isolate the indexes of refraction as we did previously to �ndnx0 and ny0.
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The di�erence in the index of refraction between the fast and slow axis in this situation
is � n = r22E0n3

o which we can use to determine what electric �eld will be required to
emulate a half-wave plate or a� retardation along the slow axis compared to the fast axis
(� = � ).

� =
2�ln

�
=

2�lr 22E0n3
o

�
! E0 =

�
2lr 22n3

o
(3.33)

Having determined the half-wave plate electric �eld, which can be achieved using a
HWP voltage at some frequency!

2 , we now have to determine how this rotation will
achieve the results mentioned in Section 3.1

3.3 Frequency Shifting

We have now established that we intend to use a rotating HWP to remove the �ne-structure
splitting of a quantum dot and that we can emulate one using an EOM. However, we still
need to address how a rotating HWP will remove the FSS. The process can be considered
analogous to a Doppler shift that occurs when light re
ects o� a moving mirror. When
a mirror moves towards a light source, any re
ected light will have a higher frequency
than it did at emission, and if the mirror moves away from the light source, the light
will have a lower frequency upon re
ection. This is an example of the conservation of
momentum. In the case of a rotating HWP, we have to examine the angular moment of the
system. Circularly polarized photons have SAM related to their polarization's handedness
(or direction). Rotating waveplates have angular momentum vectors in the +z or � z
direction, depending on their direction of rotation. If the SAM of the photon is in the
same direction as the momentum vector of the waveplate, the photons will increase in
frequency, and if they are in opposite directions, the photons will decrease in frequency.

The frequency conversion can be conveyed mathematically using Jones calculus. A
circularly polarized photon will have an electric �eld vector relating to the direction of
polarization and the angular frequency of the photon,! 0.
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Right Polarized:

2
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E sin(! 0t)

0

3

5 (3.34)

Left Polarized:

2

4
Ex

Ey

Ez

3

5 =

2

4
E sin(! 0t)
E cos(! 0t)

0

3

5 (3.35)

As there is no electric �eld in thez direction, and we do not intend to add one, we can
ignore this portion of the matrix in upcoming calculations. We know from Section 3.2.2
that our EOM has a rotating reference frame described by Equation 3.27, which we must
apply to our photons. We will move forward only by examining the right polarized case
for simplicity.

�
Ex0

Ey0

�

in
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�

cos(� ) sin(� )
� sin(� ) cos(� )
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E sin(! 0t)
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E cos(! 0t � � )
E sin(! 0t � � )

�
(3.36)

We also know that theEx0 component will be retarded by an amount � compared to
the Ey0 as we travel through the EOM. We divide this amount in two as the change occurs
equal but opposite along the fast and slow axes.
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(3.37)

After the photon has passed through the EOM, we can rotate back to the laboratory
frame.
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(3.38)

Remembering from Section 3.1.1 that for our set-up, we are using a � =� and a � = !t
2

we �nd that a fast rotating HWP spinning in the positive direction on a RCP photon will
be down-converted and switched the have LCP output.
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This calculation can be simpli�ed by combining the three operators that describe a
rotating HWP into one unitary operator, Equation 3.40.
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cos(2� ) sin(2� )

�
(3.40)

This process can be easily repeated to see what would occur if the waveplate was
rotating in the other direction or if a LCP photon was input. The results are summarized
in Table 3.2

Input Polarization � Direction Output Frequency Output Polarization
R CCW ! 0 � ! L
R CW ! 0 + ! L
L CCW ! 0 + ! R
L CW ! 0 � ! R

Table 3.2: E�ects of a HWP rotating at a frequency! on circularly polarized light

As a photon undergoes a change frequency, it also experiences a change in energy.
Energy within a system must be conserved so we can surmise that rotating HWP analogue
will increase or decrease in opposition to the photon. If we were using a physically rotating
HWP the change in energy would appear as a change in rotation speed however when using
an EOM the change will be in the electrical signal across the device. In the cases where
the FSS is small enough that it cannot be resolved by a detector the change in energy
would also not be able to be detected. As we cannot determine if a photon was up or
down-converted in frequency, entanglement is preserved.
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Chapter 4

Frequency Shifting

The theory outlined in Chapter 3 has been tested in parts for decades. Campbell and Steier
outlined the e�ects of a LiNbO3 crystal driven by both optimal and sub-optimal electrical
signals on a laser beam in 1971. At the time, a frequency shift of 110 MHz required
194 Volts [45]. Since then, the design of EOMs has improved signi�cantly so frequency
shifting can be achieved using more manageable voltages. EOMs used to feature a large
(� 1 � 1 � 20 mm) crystal with electrical traces being placed along all four sides of the
crystal to allow electrical �elds to propagate along thex and y-axis of the crystal. Modern
EOMs feature a very small doped waveguide in the center of a larger LiNbO3 waveguide,
which allows the majority of the light to be concentrated in a much smaller area, and
the electrical traces can be placed very close to the waveguide. This narrow separation
between the waveguide and the electrodes signi�cantly reduces the power requirements of
these devices.

This work is an extension of research previously completed by Simon Daley [46], Michael
Kobierski [47], and Turner Garrow [4]. Daley and Kobierski were able to show frequency
shifting of laser light by 350 MHz with an e�ciency of 93% [46]. However, these results
could not be explained using the theory. Garrow, using another version of the EOMs,
attempted to predict what factors would drive the EOM optimally and was able to up- and
down-convert a 852 nm laser by 200 MHz with an e�ciency of 80% [4]. However, frequency
shifts of higher frequencies could not be achieved with the EOMs available because of low
e�ciency and concerns of overheating. This thesis aims to examine a range of EOMs to
determine if we can reliably obtain high-e�ciency shifting with any EOM.
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4.0.1 EOMs

All of the EOMs examined in this thesis were custom-manufactured by SRICO. In all cases,
we used anx-cut, z-propagating LiNbO3 crystal with a zinc oxide (ZnO) di�used waveguide
along one of the surfaces. This area forms a low-loss waveguide with low polarization
selectivity. A layer of silicon dioxide (SiO2) is deposited along the surface to passivate it,
and three gold traces are deposited to run parallel to the waveguide. One trace is placed
directly on top of the waveguide, which acts as a common ground for the device; the other
two are laid equidistant from the waveguide and are used to apply voltages. Three di�erent
generations of EOMs were tested and used. The oldest generation, referred to as V1, are
4.5 cm long and have 10�m thick gold traces. The second generation (V2) are 3 cm long
and have 1� m thick gold traces. The newest devices are again 4.5 cm long with 10� m
thick gold traces. Apart from the length and thickness of the gold traces, the cross-section
of the devices are similar and both are shown in Figure 4.1.

Figure 4.1: Cross-sectional diagrams of the EOMs with both the V2 EOMs with 1� m
thick gold traces (top), and the V1 and V3 devices with 10� m gold traces (bottom).

In order to determine how best to drive these devices, a series of characterizations must
be completed.

4.1 Device Characterization

There are four main components to the drive signal that must be determined for each
device that I intend to use: frequency, voltage, phase, and DC bias.
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4.1.1 Frequency

The �rst and simplest variable of the drive signal that has to be addressed is the frequency
to operate the EOM at and, therefore, what frequency the photons will be shifted. As
discussed in Chapter 3, the FSS can be removed by a frequency shift of�

2~. So, determining
the amount of FSS of a quantum dot will allow us to determine the drive frequency of
the EOM. The process for determining the amount of FSS of a QD is well-described
elsewhere[4, 48]. A measurement of a set of quantum dots similar to the ones used in
my experiment found that over 50% of quantum dots had an FSS lower than 2� eV [2].
However, a typical nanowire QD will have a FSS ranging between 2 and 10� eV This means
our EOMs generally have to operate in a range below 250 MHz, but an ideal EOM should
be able to handle quantum dots with FSS up to 10� eV.

4.1.2 Phase

Figure 4.2: An EOM shown with both a di�erential (top) and a common (bottom) voltage
applied to the traces. I observed that a di�erential voltage creates an electric �eld along
the y-axis, and a common voltage creates a �eld along thex-axis.

As mentioned, the EOM has two traces that carry the signal along the length of the
crystal. I needed to determine what the phase di�erence between these two traces must
be to create a rotating wave plate. If the signals were perfectly in phase, the traces would
always have a common voltage, and the electric �eld would be constantly aligned with the
x-axis of the crystal. If the signals are perfectly out of phase (180� ) the traces will always
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have a di�erential voltage, meaning the electric �eld will be constantly aligned with the
y-axis of the crystal. The e�ects of a common and a di�erential �eld are shown in Figure
4.2.

Figure 4.3: A drive signal for channels A and B with a 90� phase di�erence. The common
and di�erential voltage at various points is marked. This shows that at this phase di�erence,
the electric �eld rotates between thex and y direction.

In the ideal case, a 90� phase di�erence will allow the �eld to rotate by combining
common and di�erential voltages, as shown in Figure 4.4. However, the 90� phase di�erence
does not account for the asymmetry in �eld strength that might arise between the common
and di�erential cases. To determine what asymmetry can be expected, a cross-section of
the EOM was simulated using Quick�eld Student. The dimensions were exactly as shown
in Figure 4.1 apart from the gold traces being modelled as in�nitely thin. Garrow found
that by using the same voltage magnitude (� 1 V), the common voltage yielded a �eld ofEx

= 34.9 kV/m, and the di�erential voltage yielded Ey = 18.7 kV/m, meaning the common
voltage is 1.87 times larger than the di�erential voltage. To compensate for this, we have
to choose a phase that ensuresEy to be 1.87 times larger thanEx [4]. This requirement is
satis�ed by a phase di�erence of 123.7� calculated from Equations 4.1 and 4.2, where the
phase is the ratio of�=� . This value may change based on individual devices, but it does
determine that a phase di�erence of 90� cannot be expected.

VA = Vc � Vd = jE j

r
1
� 2

+
1
� 2

cos
�

2! � arctan
�
�

�
(4.1)
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VB = Vc + Vd = jE j
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� 2

+
1
� 2

sin
�

2! + arctan
�
�

�
(4.2)

Figure 4.4: QuickField �nite element method simulations of the EOMs when both a dif-
ferential (top) and common (bottom) voltage of� 1 V is applied [4].

4.1.3 Voltage

Next, I must determine the voltage required to create the half-wave plate within the LiNbO3
crystal. This can be determined mathematically or experimentally. Mathematically the
HWP voltage of an EOM is related to several parameters of the crystal by the equation:

V� =
�d

2n3
or22L

(4.3)

where� is the wavelength of the photons to be shifted,d is the width of the waveguide
in the direction of the electric �eld, and L is the length of the waveguide [45]. Using the
parameters for the V3 EOM, I get a calculated voltage of 1.68 V. This equation assumes
that the gold traces are placed directly next to the waveguide which is not true for our
EOMs. It is also the case that the exact impedance of the traces is unknown and each of
the ports on the EOM will re
ect a certain amount of the signal. Both of these parameters
will a�ect the necessary voltage and can be calculated, however, since they will change for
each port on each device, it is easier to experimentally �nd the voltage required to create
the HWP e�ect in an individual EOM.

43



Figure 4.5: DC testing setup for the EOMs. In this setup, two voltage sources apply a
slow-oscillating triangular wave to the traces of the EOM.

Experimentally, the HWP voltage can be measured using a simpli�ed tomography setup
shown in Figure 4.5. I used a ThorLabs DBR895PN diode laser, as the unique properties
of a single-photon source are not required, and the higher counts from a laser makes this
experiment faster and easier. I chose a laser with a wavelength similar to the wavelength
that our QDs emit at (895 nm) because the frequency shifting process is wavelength de-
pendant, and this allows for an easier transition to using the QDs. The laser light is sent
through a polarizing beamsplitter (PBS), which is set only to allow horizontally polarized
light to pass through. A HWP and QWP are then used to control what polarization of
light is sent into the EOM. For a complete tomography experiment, I would need to exam-
ine all possible polarizationsf H; V; A; D; R; L g. For my purposes, I only need to examine
three input polarizations f H; D; R g to perform a simpli�ed tomography experiment. The
polarized light is sent through an Olympus LMPLN5XIR objective lens and into the EOM
in question. Two Stanford Research Systems DS345 synthesized function generators drive
the EOM by providing a slow (10 Hz) oscillating triangle wave to each trace. By ensuring
that these signals are 180 degrees out of phase from each other, a di�erential signal can
be provided to the EOM. As mentioned in 4.1.2, a di�erential signal will create a voltage
across a singular axis in the crystal. After the EOM, the light is sent through another
HWP and QWP. These waveplates, in conjunction with another PBS, allow me to choose
which polarization was measured.

Using the counts measured by a Tektronix DPO 4104 Digital Phosphor oscilloscope for
each polarization, I can reconstruct how the polarization ellipse of the crystal changes as
the voltage changes. This is done �rst by �nding the Stokes parameters:

44



S0 =
H + V

T
S1 =

H � V
T

S2 =
A � D

T
S3 =

R � L
T

; (4.4)

whereT is the total number of counts andf H; V; A; D; R; L g represents the counts of
each corresponding polarization. The Stokes parameters are related to and � by:
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Figure 4.6: Results showing how an applied voltage on a V3 EOM a�ects the polarization
ellipse of a photon. The ellipticity (� ) and orientation ( ) angle of the output light are
shown for three input polarizations. The EOM appears to act as a HWP at around� 9 V.
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The results from one of the V3 devices are shown in Figure 4.6. From these results, I can
determine a few things. First, by examining the H input, I observe that the polarization
does not signi�cantly change as the voltage increases; this indicates that the fast and slow
axis of the induced half-wave plate is well aligned with the laboratory frame. From the RCP
input and D input, I observe that the EOM does have some built-in birefringence, as at
0 volts, the output polarization does not match the input polarization. This birefringence
will be addressed in 4.1.4. Finally, the HWP voltage can be determined by examining
the D and R input graphs and observing the voltage at which the polarization is precisely
the opposite of what it was at 0 volts. This occurs around� 9 V. Garrow completed this
procedure for one of the V2 EOMs (Figure 4.7) and found that the device achieved an
HWP voltage at approximately � 7 V and had minimal built-in birefringence [4].

Figure 4.7: Results showing how a V2 EOM changes the polarization ellipse of a photon
when a di�erential voltage is applied [4].The EOM appears to act as a HWP at around� 7
V.

There is some noise present in these graphs that arrives from the low sample rate of
the oscilloscope (50 KS/s). The sample rate was doubled for all results shown after this
point. Since both results were taken using a di�erential voltage, the peak-to-peak voltage
(Vpp) to create the HWP e�ect in the EOMs must be calculated. For the V3 EOMs, the
voltage required to create a di�erential voltage of 9 V assuming a phase di�erence of 123�

is 10.2 V or aVpp = 20:2 V and for a V2 EOM, a voltage of 7.93 V or aVpp = 15:86 V is
required, calculated from Equations 4.1 and 4.2.
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4.1.4 DC Bias

As mentioned in Section 4.1.3, these EOMs show some amount of built-in birefringence.
This birefringence can be addressed using a direct current (DC) bias applied to the trace.
Determining this value for each EOM was relatively simple and could be done using the
setup described in Figure 4.9. Using the QWP to send RCP light into the EOM and not
applying any alternating current (AC) signal to the EOM, I used the QWP and PBS after
the EOM to measure LCP. With no birefringence, there should be no LCP light measured.
This was not the case with the majority of the devices tested. Using a BK Precision
1761 DC triple output power supply, which has two tunable voltage sources which can
individually bias the two traces, I swept the voltages across each trace. The correct DC
bias is determined when minimal LCP light is measured. Finding the DC bias was done
before each data set was taken with an EOM because the DC bias 
uctuates. Through
observation, it appears that the bias shifts until the EOM had been running for a while
at which point it stabilizes. This could be due to charge accumulation within the EOM.
LiNbO3 is a dielectric material, meaning it can be polarized by an external electric �eld.
As the material is polarized, it produces its own internal electric �eld that opposes the DC
bias. Dielectrics are also sensitive to temperature and humidity, which can explain why
the necessary DC bias changes depending on the day [49].

Figure 4.8: Intensity of light measured as RCP or LCP after travelling through an EOM
with no AC signal both before a DC bias was applied (left) and after (right).
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4.2 Laser Shifting

4.2.1 Experimental Setup

To test the devices, I used a ThorLabs DBR895PN laser, which emits light at a very narrow
linewidth (1 MHz), allowing the frequency shifts to be observed. The setup is described in
Figure 4.9 and features a PBS and QWP before the EOM, which allows me to control if
I am sending in RCP or LCP photons. An Olympus LMPLN5XIR objective lens focuses
the light onto the waveguide of the EOM. After the EOM, I can either direct the light into
a Thorlabs DCC1545M-GL CMOS camera so I can measure and control the coupling into
the LiNbO3 waveguide, or to another QWP and PBS to allow for measurements of either
RCP or LCP light. I then use a Thorlabs SA200-8B scanning Fabry-Perot cavity with a
free spectral range of 1.5GHz and a resolution of 7.5MHz to measure shifts in frequency
accurately. The Fabry-Perot cavity is connected to a piezo-electric transducer, which allows
the cavity to change length when a voltage is applied. The cavity length determines what
wavelength is transmitted to the photodiode detector. The photodiode and the voltage
source send the signal to a Tektronix DPO 4104 Digital Phosphor Oscilloscope, where the
correlation between voltage applied and transmitted wavelength can be used to determine
the shifts in frequency.

Figure 4.9: AC experimental setup for the EOMs. Here, an RF signal from the ampli�ers
and a DC bias are applied to each trace of the EOM. Before detection, photons are sent
through a scanning Fabry-Perot cavity, which allows me to resolve small frequency shifts.
The cavity is controlled by a slow oscillating triangle wave.

For the EOM to function as a rotating HWP, it also requires several electronic compo-
nents. A pair of sinusoidal signals come from TI DAC38RF82, a dual channel digital to
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analog converter (DAC) capable of generating RF signals up to gigahertz frequencies. I can
control the frequency, phase and amplitude of the signal using custom-built Python code
[50]. The DAC is only capable of producing a maximum power of 1:6 � 0:1 dBm at 200
MHz, which is signi�cantly lower than the power required to drive the EOMs. Therefore,
each output of the DAC is sent through a Mini-Circuits ZHL-50W-52-S+ ampli�er, which
has a gain of 52 dB and a maximum output power of 47.5 dBm. To avoid damaging the
ampli�ers or the EOMs, a Pasternack PE8726 lowpass �lter cuts o� any signal over 400
MHz, and a set of Mini-Circuit attenuators lowers the maximum possible power output.
The amount of attenuation depended on the version of EOM I was using. The EOMs
with the thicker gold traces (V1 and V3) are more resilient against over-heating so an
attenuation of 5 dB was used, whereas with the V2 devices an attenuation of 11 dB was
implemented in an e�ort to protect the thinner gold traces.

Figure 4.10: Electronic setup required to drive the EOM.

Both ampli�ers are powered using a Rohde & Schwarz HMP programmable power
supply with four output channels. A DC bias is added into the signals using a BK Precision
1761 DC power supply with two output ports capable of supplying� 35 V. These signals
are connected to the signals from the ampli�ers using two ZABT-80W-13-S bias tees. Each
signal is applied to one port of either trace. Then, I can choose between using a standing
of a travelling wave mode by either leaving the other port of the trace open or terminating
it with a 50 
 terminator.

There are speci�c reason for using the standing wave mode or a travelling wave mode.
The standing wave mode has both an amplitude anti-node (the point in a wave where the
oscillation has the highest amplitude) and a current node (where the wave has no ampli-
tude) at the open port. Operating at an amplitude anti-node allows the EOM to operate at
a lower power as the photons interact with the part of the wave with the maximum power
di�erential, and the current anti-node means the minimal current is travelling through the
traces. A 
ow in current can cause Joule heating, which has caused the gold traces on
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the EOMs to melt in the past [47]. A travelling wave mode does allow for a current 
ow
and can cause Joule heating, which is the primary drawback of this setup. The bene�t of
a travelling wave mode as compared to the standing wave mode is that the photons and
the signal travel together at approximately the same rate over the length of the EOM.
In contrast, the standing wave mode, the photons are travelling, but the signal is not,
meaning the photons could interact with the signal at various amplitudes over the length
of the EOM. To observe if this could be a problem, it needs to determine if the transit time
of the photon is signi�cantly smaller than the oscillation period of the signal. The transit
time is found usingt t = no l

c , where l is the length of the waveguide and c is the speed of
light, and the oscillation period is found usingT = 2�

! , where ! is the frequency of the
drive signal. Since, the transit time needs to be signi�cantly shorter than the oscillation
period, the equation 1� 2�

!t t
= 2�c

!n o l needs to be true. The worst-case scenario for our
EOMs operating in the standing wave mode would be a frequency of 400 MHz (the highest
frequency our electronics are rated for) with our longest EOMs which are 4.5 cm long.

1 �
2�c
!n ol

1 �
2� (3 � 108 m/s)

400 MHz� 2:3 � 4:5 cm
1 � 45:5 (4.6)

This inequality holds for the worst combination of factors, so the e�ects of the standing
wave should not be a concern for my experiment. In an e�ort to avoid Joule heating, I will
be primarily using the standing wave mode for my experiments.

4.2.2 Devices

The experimental setup for the FSS eraser requires two EOMs capable of high-e�ciency
frequency shifting, so I need to identify which of our EOMs would be able to meet this
requirement. For each EOM available, I used the CMOS camera to make sure light could
be su�ciently coupled to the waveguide, all traces were working correctly, and I analyzed
the best frequency shifting that could be achieved.

Waveguide Coupling

Each device was imaged using a CMOS camera so I could observe the quality of coupling
into the waveguide, the results are shown in Figure 4.11. While imaging the coupling, I
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