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Abstract

Many body physics, the study of emergent behavior from the microscopic interactions be-
tween countless degrees of freedom, is fundamental to our understanding of the universe.
Understanding these systems enable the design and development of everything from mate-
rials, pharmaceuticals and even machine learning algorithms. However, to our knowledge,
classical simulation of these systems are naturally insufficient and or inefficient.

Recent developments in quantum processors herald a new age in the study of many body
systems. The ability to process, extract and generalize the information from such devices
is pertinent to new discoveries in the field.

In recent years, autoregressive generative models have been proven to have remarkable
capabilities in a wide range of applications, from machine translation, text summarization
to image generation. These models not only allow exact evaluation of the likelihood but
also enable independent and identically distributed samples to be drawn from their encap-
sulated complex joint probability distribution of many degrees of freedom. Additionally,
these models have demonstrated emergence, where the model exhibits complex behaviors
allowing exceptional performance in a wide range of scenarios. These algorithms are prime
candidates for the extraction of information from quantum processors and many-body
systems.

In current times, data from quantum processors is still rare and expensive, as such we
desire the most efficient method to extract information from such limited data. Generative
models reveal themselves to be powerful tools in this scenario, achieving higher accuracies
with little data.

Rich many-body systems typically inhabit higher dimensional spaces compared to the
1-dimensional sequence of autoregressive models. Consequently, a choice is required re-
garding the traversal of these higher dimensional systems. We explore the effects linked to
this choice of traversal in the training of such models.

Furthermore, we systematically probe the generalization abilities of autoregressive gener-
ative models in a variety of axes, such as in size and parameters, for typical discrete and
continuous many-body systems.

Finally, Inspired by the recent establishment of correspondence between machine learning
and many-body physics, we integrate real-space renormalization group into the model
architecture. This integration of a many-body physics technique with machine learning
demonstrates considerable promise for the future development of powerful architectures
capable of achieving generality.
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Chapter 1

Introduction

The study of many-body physics brings about advances in quantum information processing,
material science, machine learning and our fundamental understanding of the universe. In
the field of quantum information processing, many-body physics exhibits a close relation
with error correction protocols, such as the toric code and other topological codes [3, 1]. For
material science, much is still unknown about the mechanism that leads to the emergence
of superconductivity in high temperature superconductors, further studies of many-body
physics models aimed to explain this phenomenon naturally power future efforts to search
for or design superconducting materials [5-7]. In recent years, efforts have be made to
gain insight into the power and behavior of machine learning via reframing these systems
as statistical field theories [8—10]. Our best models for the universe consist of quantum
field theories, these systems have a bilateral correspondence with many-body systems,
development of analysis methods are widely shared between these fields.

On the other hand, the accelerating development of quantum processors is exciting for the
advancement of many-body physics. Quantum simulation of many-body systems at scale
[11-16] could be realized in the near future, contributing to the repertoire of tools physicist
could employ in the investigations of such systems.

Another area that has experienced multiple breakthroughs over the past few decades is
machine learning. Machine learning has demonstrated extraordinary capability to recog-
nize patterns, generalize and scale. In particular, autoregressive generative models, such as
the transformer, have shown remarkable performance in natural language processing task
[17-19]. This has led to the commodification of these large language models (LLMs) in
today’s world, famous examples include ChatGPT [20], Gemini [21], DeepSeek [22], etc.
Furthermore, machine learning has proven useful in a wide variety of fields in physics, such



as, many-body physics [23-25], quantum control [26, 27], quantum information processing
[28-30], high energy physics [31], fluid dynamics [32], cosmology [33, 31] etc.

In this thesis, we explore the use of autoregressive generative models, particularly the trans-
former, to study typical many-body physics models of the classical and quantum variant.
The quantum many-body models investigated are heavily influenced by the capabilities of
currently available atom-based quantum simulators. We investigate the influence on the
behavior of autoregressive generative models associated with the choice of autoregressive
path. Additionally, we probe the generalization power of these autoregressive generative
models in multiple axes. Finally, we propose many-body physics inspired architectural
modifications to improve the generality of such models.

1.1 Many-body systems

1.1.1 Ising model

The Ising model is a classic model in the field of many-body physics [35]. The system
describes the emergence of magnetism in a group of spins with the following expression for
the energy:

E=%+) mx;, x;€{xl}. (1.1)

(i.)

Each spin experiences an interaction with its nearest neighbors. Based on the sign of the
interaction, the spins would be preferably aligned or anti-aligned, resulting in ferromag-
netism and anti-ferromagnetism respectively. Additionally, the Ising model exhibits a Zs
symmetry, i.e. flipping every spin leaves the energy unchanged. Due to the Zs symmetry,
the ground state of the system has a degeneracy of 2. At low temperatures, the model
undergoes spontaneous symmetry breaking and ends up in one of the two ground states.
The Ising model can be applied to lattices of arbitrary dimensions or even arbitrary graphs.

In one dimension, the spins form a chain, the chain can either be open or closed. An
open chain has the spins at the two ends of the chains unconnected, this is called an
open boundary condition (OBC). Whereas, the closed chain has the spins at the two ends
connected, this is called a periodic boundary condition (PBC). The same property applies
to arbitrary dimensional Ising models that live on a lattice, they can have OBCs or PBCs.
The one-dimensional (1D) Ising model was solved by Ising [35], he showed that the model
does not exhibit a phase transition.



Figure 1.1: Diagram of the 2D Ising model on a square lattice. The spins are
discrete 2-level systems and are placed on the vertices of the lattice.

For the two-dimensions and higher, Peirels argument proves that the system exhibits a
phase transition [36] between an ordered phase and a disordered phase, where the spins
are aligned in an ordered way or the spins are orientated randomly respectively. As the
lowest dimensional Ising model with a phase transition, the lower critical dimension of the
Ising model is d°"" = 2. There exist a duality between the high and low temperature
regimes of the 2D Ising model, this duality is known as the Kramers-Wannier duality [37].
The Kramers-Wannier duality was the first to theoretically determine the critical point
where the phase transition occurs, at temperature,

TC:2/ln(1+\/§>. (1.2)

The 2D Ising model was analytically solved by Onsager [38] and the solution is known as
Onsager’s solution. This phase transition in the 2D Ising model is the namesake of the 2D
Ising universality class of phase transition, of which many other phase transitions belong
to.

There is no known analytic solution to the 3-dimensional (3D) Ising model on the cubic
lattice. One method used to study this system is Monte-Carlo simulations (see section 1.3),
where the equilibrium configuration of the system is sampled. The Monte-Carlo estimate of
the critical temperature T, =~ 4.511 [39, 10]. The critical point, where the phase transition
occurs, in the 3D Ising model on a cubic lattice is known as the Wilson-Fisher fixed
point. This fixed point was determined via renormalization group (RG) techniques (see
section 1.2) [11]. This phase transition is the namesake of the 3D Ising universality class.

The infinite dimension Ising model corresponds to an all to all interaction between the
spins and can be solved exactly with mean-field theory. In mean-field theory, the spins



Dimension d 2 3 >4
z 1
=& v 1 0.63 3
O O
Z 8 a 0 0.11 0
o Z :

Table 1.1: Critical exponents for Ising models of various dimensions. Here, v, a
and 7 are the critical exponents of the correlation length, specific heat capacity and sus-
ceptibility respectively. The values for the critical exponents can be derived analytically
for 2D and d > 4 systems. For 3D systems, the critical exponent is taken from [39, 12].

are approximated to be interacting with a global field instead of between one another
simplifying the system. Another method of solving the infinite dimensional Ising model is
using Landau theory [43, 44]. In Landau theory, the microscopic properties of the system
are ignored and instead the theory focuses on the macroscopic properties. The Landau
theory when applied to Ising models of greater than d = 4 dimensions demonstrate that
they abide by the mean-field solution. Consequently, di***" = 4 is the upper critical
dimension of the Ising model.

The critical exponents for the phase transitions exhibited by the d-dimensional Ising mod-
els, explored above, are collated in table 1.1.

1.1.2 Transverse field Ising model (TFIM)

The transverse field Ising model (TFIM) is the quantum generalization of the classical ising

model:

H==+) 6/67+hY o7 (1.3)
(i.3) i

Here, h is the transverse field strength. Like its classical counterpart for thermal phase

transitions, the transverse field Ising model is a foundational model for studying quantum

phase transition, where the field h is varied.

Instead of the nearest neighbor interaction, if we instead replace it with a power law
interaction between all spins, we obtain the long-range TFIM, extensively studied in recent
years [15—18]. The long-range TFIM is of particular interest as they are natively simulatable
on a variety of quantum processors [11, 13, 19-51]. These models are highly interesting



as they are naturally frustrated. Furthermore, the long-range property relates to faster
information transfer throughout the system useful for efficient quantum signalling [52].

1.1.3 Ising lattice gauge theory

The Ising lattice gauge theory is a generalization of the ising model where, instead of the
spins placed on the 0-dimensional vertices and the interaction on the 1-dimensional (1D)
edges, the spins are placed on the 1D edges and the interactions on the 2-dimensional
plaquettes. The plaquette is a four-body interaction involving the spins bordering the
plaquette resulting in the following energy:

E = :l:in:Ej:Ekxl, x; € {1}, (1.4)
0

where, Z represents a sum over all possible plaquettes, an example of which is shown in

O
fig. 1.2.

© O O O
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© O © O

—(1) 1 | 1
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® © O O

©

Figure 1.2: Diagram of the 2D Ising lattice gauge theory on a square lattice.
The spins are discrete 2-level systems placed on the edges of the lattice. The red square
represents a plaquette operator, the blue cross a star operator and the purple line is a
Wilson loop.

Similar to the Ising model, the Ising lattice gauge theory has a Z, symmetry. However, the
Ising lattice gauge theory has a gauge degree of freedom, i.e. there is a local symmetry that

5



leaves the energy invariant. This gauge degree of freedom makes the Ising lattice gauge
theory related to other gauge theories that arise in quantum chromodynamics [53, 5] and
quantum electrodynamics, thus motivating its study. The gauge degree of freedom on the
Ising lattice gauge theory corresponds to the star flip (shown in fig. 1.2 as a blue cross).

By Peirels argument [30], the Ising lattice gauge theory has a lower critical dimension
dver = 3. The 3D Ising lattice gauge theory on a cubic lattice can be related to the
3D Ising model via Wegner duality, a generalization of Kramers-Wannier duality [55].
Consequently, the phase transition for the 3D Ising lattice gauge theory belongs to the 3D
[sing universality class with the same critical exponents as shown in table 1.1. The critical
temperature of the 3D Ising lattice gauge theory is T, ~ 1.31 [56]. It is proven that the
3D Ising lattice gauge theory does not have a local order parameter [57]. The transition
is studied via the examination of the Wilson loops, the product of spins along a loop, an
example of which is the purple line in fig. 1.2 .

The Ising lattice gauge theory can be further generalized for DoF's on the s-dimensional
hyperface and the interactions on an s + 1 dimensional hypercube [55].

1.1.4 Classical XY model

Figure 1.3: Diagram of the 2D XY model on a square lattice. The rotors are
continuous DoF's, parameterized by a single angle, placed on the vertices of the lattice.

Instead of generalizing the dimension of the hyperface the spins live on, we consider re-
placing the discrete spins of the Ising model with a 2D rotor at each site:

E=+) cos(; —0;), 0;¢€l-mm) (1.5)
(4,9)
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where, 6; is the angle that indicates the direction the rotor-i is pointing in. This forms
the XY model, a pivotal model that forms our understanding of superfluidity. The system
has a U(1) continuous global symmetry, i.e. a uniform rotation of all the rotors does not
modify the energy.

The XY model experiences the well known Berezinskii-Kosterlitz-Thouless (BKT) tran-
sition [58, 59] between disordered phase and a quasi long-range ordered phase at critical
temperature T, = 0.89273 [00]. Due to vortex generation in the XY model, the BKT
transition exhibits an algebraic decay of correlations near criticality instead of the typical
exponential decay.

1.2 Renormalization group (RG)

Renormalization group (RG) is a method with great success in the study of many-body
systems. In particular, RG provides a mechanism for studying models as they are scaled in
size, up to the thermodynamic limit. RG capabilities arise from the introduction of a scale
transform, used to grow the system while ignoring asymptotically irrelevant aspects of the
model. The process is conditioned on the self-similarity of the model at multiple scales in
the representation RG is performed in. The method gives us insight into the behavior of
many-body systems by providing a way to theoretically obtain estimates for the critical
properties of the system as it undergoes a phase transition.

1.2.1 Real-space renormalization group

Real-space RG, also known as Kadanoff RG was introduced by Kadanoff to solve the 2D
and 3D Ising models on the square and cubic lattice respectively [(1, 62]. The procedure
involves decimating a local patch of spins into a block-spin with magnetization equal to the
mean magnetization of the local patch. For the Ising model, the process of doing so does
not change the structure of the model, i.e. the model is self-similar under this decimation
procedure. Consequently, the decimation process can be iteratively applied to the system.
During the iterative decimations, the parameters of the model are modified. RG involves
studying the system of equations that govern the evolution of the model parameters as
a single decimation step is performed, these are the RG equations that describe the RG
flow. As the model is decimated, the parameters flow into particular fixed points. These
fixed points each correspond to either phases or critical regions of the model. At criticality,
models typically experience a divergence in the correlation length. Due to this divergence,
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Figure 1.4: Illustration of the decimation process in real-space RG. As each deci-
mation step is performed we obtain a higher order block-spin z(©).
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there exist no length scale in the problem, resulting in a fully self-similar model, i.e. model
parameters are not modified by the RG flow. However, these fixed points are unstable,
perturbations near criticality drive the system into stable fixed points that correspond
to different phases. By determining the parameter regimes in the phase diagram that
are attracted to each fixed point, under RG flow, we determine the phase boundaries
where phase transitions occur. Furthermore, the equations describe the properties near
criticality, i.e. the critical exponents, allowing us to determine the universality class of the
phase transition.

In the real-space basis, we are limited in the models where RG applies. With different
lattice geometries and different models, the system is no longer self-similar under the real-
space decimation procedure, resulting in the invalidity of RG.

1.2.2 Momentum-space renormalization group

Momentum-space RG, also known as Wilsonian RG, expands on the RG process by con-
sidering a different basis [11, 63-65]. Instead of performing RG in real-space, suppose a
Fourier transform is first applied mapping the system into momentum space. RG is then
performed on the model expressed in the momentum basis. The key realization is that
in momentum space, high wavenumber components correspond to short-range effects, as
such, implementing a ultraviolet (UV) cutoff is analogous to coarse-graining. After the UV
cutoff, the system is rescaled to the original scale, in doing so the system parameters would
be updated with new values. Similar to before, the updates are governed by a set of RG



equations. Solving these RG equations informs us about the phases and phase transitions
that exist in the many-body model.

1.3 Monte-Carlo methods

1.3.1 Markov chain Monte-Carlo (MCMC)

The purpose of MCMC is to sample from a target joint probability distribution. In this
manuscript, we are interested in sampling from a Boltzmann distribution for an energy
function describing a many-body system,

x ~ P(X) = Boltzmann|[FE](X), (1.6)
Boltzmann[E](X = x) = Z Z=) e PEX, (1.7)
The Metropolis-Hastings algorithm [66, 67] used to perform the sampling is as follows:
1. Start with sampling the configuration x from an initial distribution Q).
xo ~ Q(X). (1.8)

2. Propose an update to the the configuration and accept the proposal based on tran-
sition probability:

TIE](xs — %,1) = min (1, PJS&;”) | (1.9)

3. repeat step (2) until the Markov chain equilibrates.

4. repeat step (2) to generate samples.

In step (4) of the Metropolis-Hastings algorithm, we generate samples by iteratively ap-
plying Monte-Carlo steps. Due to the Markovian process, the samples are autocorrelated
in time. By pruning the samples generated, i.e. only collecting samples separated by
the autocorrelation time, we are able to obtain approximately independent and identically
distributed (IID) samples with MCMC.

Another issue with MCMC is that the Markov chain could end up frozen in a particular
configuration for low-temperature systems. Annealing [68] and parallel tempering [69, 70]
are two methods that address this problem.
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Figure 1.5: Markov chain Monte-Carlo. The state at a time step x;, depends only on
the state immediately preceding it z; ;. At each step, a proposed move is made with an
acceptance probability that depends on the energy of the initial and proposed states T[E].

1.3.2 Quantum Monte-Carlo (QMC)

Quantum Monte-Carlo (QMC) consist of a family of algorithms that enable the simulation
of many-body quantum systems. The flavours of QMC include:

e Green’s function Monte-Carlo [71]
e Path integral Monte-Carlo [72, 73]
e World line Monte-Carlo [71]

e Stochastic series expansion (SSE) [75-77]

In path integral and world line Monte-Carlo, the Suzuki-Trotter decomposition [78, 79] is
applied to the partition function. Whereas, in stochastic series expansion, the partition
functions is decomposed via Taylor expansion. These methods introduce a mapping be-
tween d-dimensional quantum systems to a d + 1 dimensional classical system [30] prime
for simulation with MCMC introduced in the previous section.

A well-known set of problems with QMC are the sign problems associated with fermionic
systems [31, 82] and frustrated systems [33, 81].

1.4 Quantum processors

In the recent decade, the development of quantum processors has accelerated with many
efforts to prove quantum advantage over conventional classical computing [85, 86]. A
quantum processor is a well-behaved controllable quantum mechanical system. These
processors are expected to revolutionize multiple fields in the coming decades, including
metrology [27], material science [$8], medicine [39], etc.
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1.4.1 Quantum computation
A typical framework to view programs ran on a quantum computer is based on discrete

computational blocks, i.e. gates. In this framework, the gates are composed with measure-
ments to form circuits, as shown in fig. 1.6.

~ 8 =
SR

Figure 1.6: Typical quantum circuit. The circuit in the diagram is the standard prepa-
ration procedure for the Greenberger-Horne-Zeilinger (GHZ) state.

The DiVincenzo’s criterion [90] outline the requirement for quantum computers:

1. A physical system that is capable of encoding a qubit, i.e. a quantum two-level
system, and this qubit is well insulated from its surroundings.

2. A protocol to prepare the qubits in one of the states with high fidelity.
3. The qubit demonstrates a long coherence time.
4. A universal gate set for manipulating the qubits.

5. A protocol for measuring the current state of the qubits.

A universal gate set consist a set of gates that allow for arbitrary rotations of a single qubit
and an entangling gate between pairs of qubits. Together, the universal gate set is able to
perform arbitrary computation on the state.

Many architectures of quantum computers have been proposed and are in active devel-
opment, such as trapped-ions, Rydberg atom arrays, superconducting qubits, photonics,
etc.
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1.4.2 Quantum simulation

In contrast to quantum computation, for quantum simulation we are looking to reproduce
the Hamiltonian of a physical system in our quantum processor. Each quantum processor
architecture has a set of native interactions that give rise to the gates of the system. In
particular architectures, the native interactions permit a wider range of possible interac-
tions via finer control over the processor parameters [27, 91-93]. We use the flexibility in
the native interactions to mimic the physical system of interest, such as molecules, materi-
als or many-body systems. Under these interactions, the quantum processor behaves as a
well-controlled and probeable analogue enabling in depth studies of the system of interest.
Another approach for quantum simulation would be to decompose the Hamiltonian of the
physical system into gates or simpler Hamiltonians [91].

1.4.3 Trapped-ion quantum processor

The trapped-ion quantum processor is comprised of a set of ions suspended in vacuum
using electrostatic and electrodynamic fields. The system of the ions are then manipulated
with electromagnetic fields and lasers to perform quantum operations.

Ton selection

Typically, hydrogen-like ion species are used due to their simple energy level structure
demonstrated in fig. 1.7. These ion are not only alkali-like, i.e. they have one unfilled
orbital populated by exactly one electron, they also have simple nuclear structure, i.e.
having a nuclear spin of 1/2. Tons that satisfy this criteria include **Ba™, "'Yb*.

Another consideration when picking the ion species is the transition energies between
the energy levels. The ideal ion would have transition energies commensurate with the
frequencies of available high-powered lasers. This allows the optical system to be comprised
of commercially available components that are easily procured.

Electrodynamic Trap

Ions experience Coulomb forces when interacting with electric fields due to their charged
nature, as such we utilized these fields to confine the ions. The Earnshaw’s theorem states
that it is impossible to trap a charged particle with only an electrostatic fields as this
would require a violation of Laplace’s equation. Therefore, a combination of electrostatic

12
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Figure 1.7: Typical electronic structure of a hydrogen-like ion.

and electrodynamic fields are used to trap the ions. The electrostatic fields are typically
generated by apply a direct current (DC) on an electrode, whereas the electrodynamic
fields are generated by applying a radio-frequency (RF) current on the electrode. After
time-averaging the Coulomb forces experienced by the ions, the ions are approximately
confined by a harmonic pseudo-potential, in all three directions, near the vicinity of the

trap. This procedure of trapping the ions is known as the Paul trap [95]. The total
potential experienced by the ions take the following form in the vicinity of the trap:

(I)total — (I)Coulomb 4 (I)Pau17 (11())

(I)Coulomb — Z 4i9; (111)

471'60”1'1' — I'j” ’

1<J
Pl N~ M 29 99 29
O Z 5 (wiaf + wiy? + w?z?) . (1.12)

(I)total (I)Coulomb

Here, is the total potential experienced by the ions, is the Coulomb potential
between the ions, ®F*" is the time-averaged harmonic pseudo-potential generated by the
DC and RF electrodes. The position, mass and charge of ion-i are r;, M and ¢; respectively.
€p is the permittivity of free space, a universal constant.

Typically the ions are trapped as a 1D Coulomb crystal by setting the axial trapping
strength to be much less than the transverse trapping strengths, i.e. w, < wy/y, [96, 97].
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Figure 1.8: Illustration of pseudo-harmonic ion trap. The ions are trapped in a chain
given the trapping strength obey w, < w,/,. Due to charge of the ions, they experience
long-range Coulomb interactions.

Quantum degrees of freedom

As previously mentioned, ion species are decided upon based on their electronic structure.
These electronic states are used to encode quantum information. Typically, quantum
experiments are designed based on a two-level system, forming a qubit. As such we encode
a qubit into the electronic states of the ion. There are multiple schemes for this procedure:

e Hyperfine qubits are formed by encoding the qubit states into the two of the hyperfine
ground-states of the ion [95].

e Optical qubits are formed by encoding the qubit states between a ground-state of the
ion and a meta-stable excited state of the ion [99]. The energy difference between
these two states is typically in the optical regime.

In both of the above schemes, the electronic states of ions chosen to encode the qubit are
long-lived, satisfying condition (1) and (3) of DiVincenzo’s criterion.

Another quantum degree of freedom in the trapped-ion system arises due to the com-
bination of Coulomb repulsion between ions and the trap potential experienced by the
ions. When the ions are trapped, they form a Coulomb crystal. The Coulomb crystal
behaves like a solid, as such they exhibit collective behavior. The collective behavior of the
crystal corresponds to vibration that propagate within the crystal, i.e. phonons. At low
temperatures, these phonons form a bosonic quantum degree of freedom of the system.

14
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Figure 1.9: Qubit schemes for a trapped-ion quantum processor. (a) Hyperfine
qubit and (b) optical qubit.
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Figure 1.10: Typical Phonon modes of a trapped-ion quantum processor. Here,
we show the transverse eigenvectors for a 5 ion system.

Light-matter interactions

So far, I have described the properties of the trapped-ion system, in the following I will
described how electromagnetic fields are used to manipulate the trapped-ion system to
perform quantum experiments.

To prepare the system for a quantum experiment, the phonon modes of the ion crystal
are first cooled to low temperatures. This is typically done in multiple stages to attain
the lowest temperatures. The first stage is Doppler cooling, a classical process, where the
Doppler effect is leveraged to cool the ions motion with a laser [100]. The frequency of the
laser is tuned such that when the ion is moving towards the source of the laser beam, the
laser is resonant with a particular electronic transition of the ion to a short-lived excited
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Figure 1.11: Incoherent operations for a trapped-ion quantum processor. (a)
Doppler cooling, (b) optical pumping, (c) fluorescent measurement and (d) resolved side-
band cooling.

state. This results in the ion conditionally absorbing a photon from the laser. As the
photon has some momentum that is opposite in direction with the movement of the ion,
by the conservation of the momentum, the magnitude of the momentum possessed by the
ion is reduced accordingly. Due to the short-lived nature of the excited state. The ion
quickly decays back into the ground-state while emitting a photon. The emitted photon
propagates in a random direction and the ion experiences a corresponding kick. However,
due to the randomness in the direction of the kick, on the whole, the ions momentum is
reduced. This reduces the motion of the ions, hence, the ion is cooled. Due to the random
kicks experienced by the ion, the motion of the ions never reach zero, as such there is a
limit to the temperatures reachable via Doppler cooling. This temperature is known as
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the Doppler temperature and takes the form Tpoppler = 77/ (2kp), where h is the reduced
Planck’s constant, 7 is the linewidth of the transition and kg is Boltzmann’s constant.

To cool the ions below the Doppler limit, resolved sideband cooling [101, |, electro-
magnetically induced transparency cooling [103], etc. can be employed. Resolved sideband
cooling involves driving a resonant red-sideband pulse of a particular transition and phonon
mode (see fig. 1.11(d)). After which the ion is allowed to decay back into the ground-state.
The above procedure is repeated allowing for the iterative extraction of energy from the
phonon modes, reducing the population of the phonon mode and thus the temperature.

After cooling the phonon modes of the ion crystal, the ions are prepared in one of the
qubit states via the optical pumping procedure [104]. Optical pumping involves driving a
resonant transition between the non-target qubit state and a short-lived excited state (see
fig. 1.11(b)). The short-lived excited state probabilistically decays into the target qubit
state. If the ion decays into some other state, those states are driven back to the qubit
subspace with additional repump lasers. Overall, the population in the target qubit states
increases and asymptotically saturates to 1. This allows the qubit to be initialized in one
of the qubit state with high fidelity satisfying (2) of DiVincenzo’s criterion.

Measurements in the trapped-ion platform are performed via the driving of a fluorescent
transition between one of the qubit states and a short-lived excited state forbidden from
transitioning into the other qubit state [105]. The short-lived excited state either decays
back into the initial state or to some other state outside the qubit space. Repump lasers
are used to drive the outside states back to the initial state, ensuring a closed cycling
transition between the initial state and the excited state. As the protocol is performed, the
ion fluoresces producing photons that are collected by an imaging system. The presence of
fluorescence indicate that the ion is in the target qubit state whereas lack of fluorescence
indicate that the ion is in the non-target qubit state. This protocol addresses (5) of
DiVincenzo’s criterion.

Once the qubit is prepared, single qubit operations are performed by driving the qubit tran-
sition with a direct beam or a two-photon Raman transition, this equates to the following
Hamiltonian:

H= % (e6, +e 6 ). (1.13)

Here, €2 is the Rabi frequency and ¢ is the effective phase of the driving beam and affects
the axis of the one-qubit rotation. For a hyperfine qubit, the direct beam would typically
be of a microwave frequency. This limits the ability to focus the beam for individual
addressing, as such the two-photon Raman transition [101] is instead used for general one-
qubit operations on a trapped-ion quantum computer. The two-photon Raman transition
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Figure 1.12: Two-photon Raman transition for a trapped-ion quantum processor.
The transition is driven by a pair of frequencies detuned specifically such that they are
off-resonant with the excited states and the difference in frequencies is the qubit frequency.

couples the qubit manifold with an excited state off-resonantly (see fig. 1.12(a)). When
the two Raman beams are far-detuned, the excited state is only virtually excited, i.e. is
not populated significantly. With this procedure, the frequency of the Raman beams are
detuned by the qubit frequency and each beam is of a frequency near the frequency of the
excited state transition, typically in the optical regime. As such, the two-photon Raman
transition enables individual addressing in the trapped-ion system.

The entangling gates of the trapped-ion system is typically performed with Mglmer-
Serensen scheme [104, 106]. By off-resonantly driving a pair of blue and red sidebands, the
ions are driven with a spin-dependent force. The spin-dependent force imparts momen-
tum into the ion crystal, exciting the phonon modes of the system resulting in a coupling
between the qubit degrees of freedom and the phonon degrees of freedom. With suffi-
cient detuning on the sidebands, the phonon modes are only virtually excited and can be
adiabatically eliminated, resulting in a pure interaction in the qubit space. The effective
Hamiltonian experienced by the ions is as follows:

H=>J;oi6} (1.14)
i<j
where J;; is the interaction strength between ion-i and ion-j. The interaction strength can

be controlled by adjusting the parameters of the beams driving the blue and red sidebands.
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Figure 1.13: Mglmer-Sgrensen scheme for a trapped-ion quantum processor. The
protocol consist of driving the red and blue sidebands. Typically, for hyperfine qubits these
sidebands are driven by a pair of counter-propagating beams via the Raman transition.

Another procedure to decouple the phonon modes in the Mglmer-Sgrensen scheme is via
the precise pulse shaping of the beams such that the phonons are uncoupled from the spin
at specific times. This allows for faster two-qubit gates as there is no restrictions on the
population of the phonon states during the evolution.

The combination of the two-photon Raman transition and the Mglmer-Sgrensen scheme
fulfills (4) of DiVincenzo’s criterion. In addition to quantum computation, one can use the
trapped-ion system for quantum simulation as well, e.g. by making use of the procedures
introduced above one can engineer the TFIM on the trapped-ion system [13, 19, 50].

1.4.4 Rydberg atom array quantum processor

The Rydberg atom array is another platform for quantum processing. It makes use of
an optical tweezer array to suspend neutral atoms. The internal state of the atoms are
then manipulated with electromagnetic fields and lasers. The Rydberg atom array bears
remarkable similarities to the trapped-ion quantum processor as they are both based on
the light-matter interaction in atomic systems.

Ton selection

The choice of atom in the Rydberg atom array depends on the frequencies of the elec-
tronic state transitions. Ideally, commercially available lasers should be able to drive these
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transitions. Typical choices include 8'Rb, 8"Sr, 133Cs.

Optical tweezer array
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Figure 1.14: AC Stark shift. The red arrows represent the same laser when interacting
with different electronic levels.

Optical tweezers, as shown in fig. 1.15, make use of the alternating current (AC) Stark
effect to trap the atom [107, |. The AC Stark effect involves applying a beam, off-
resonant to the allowed electronic state transitions, as shown in fig. 1.14. This gives rise an
interaction Hamiltonian, that when diagonalized, result in light dressed states with their
energy shifted compared to the bare atomic Hamiltonian. This energy shift is related to
the intensity of the laser. Due to the spatial profile of the laser, typically Gaussian, used
in the optical tweezer, the atom experiences a corresponding spatially dependent energy
shift. Depending on the frequency of the optical tweezer, the current state of the atom
and its allowed transitions, the energy shift can either trap the atom at the focal point of
the Gaussian beam or push the atom out of the trap entirely.

Qubit scheme
There are typically two qubit schemes in the Rydberg atom array [109]: the Rydberg

qubit and hyperfine qubit. The hyperfine qubit scheme is similar to that of the trapped-
ions hyperfine qubit scheme. The Rydberg qubit, as shown in fig. 1.15, involves the ground
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state and a high lying Rydberg state, i.e. an electronic state with a high principal quan-
tum number. The states in the Rydberg qubit are long-lived and satisfies (1) and (3) of
DiVincenzo’s criterion.
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Figure 1.15: Rydberg atom array quantum processor. On the left shows a diagram
of an optical tweezer trapping an atom. On the right shows the electronic structure of the
atom with indicators for the hyperfine and rydberg qubit schemes.

Quantum operations

To prepare the Rydberg atom array, we cool the atoms with doppler cooling (described
previously). This removes kinetic energy from the atoms and allows them to remain still
at the focal point of the individual optical tweezers. Similar to in trapped-ions, the initial
electronic state of the atoms is prepared via optical pumping. Typical measurement of
the Rydberg atom array involves driving one of the qubit states to an anti-trapping state
resonantly [109]. When in the anti-trapping state, the atom is repelled out of the trap
and is lost. A fluorescent transition is then driven and the presence of the atom indicate
the results of the measurement. The above procedures satisfy (2) and (5) of DiVincenzo’s
criterion.

Single qubit gates are performed via the two-photon Raman transition, similar to in
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trapped-ions. Whereas, the entangling gate naturally occurs due to the interactions be-
tween the electrons when they populate the Rydberg state. The highly excited Rydberg
state occupies a relatively large region of space, this forbids other nearby atoms from pop-
ulating the Rydberg state. This interaction is a dipole-dipole Van der Waals interaction
known as the Rydberg blockade [109-113]. These processes satisfy the universal gate set
requirement specified by DiVincenzo’s criterion (4).

A typical Hamiltonian of the Rydberg atom array takes the following form:

H =Y CeVijrizi; — 8> iy — %Z&f, (1.15)

1<j 7

Rb 6 a 6
C :Q(-) , w:(—) | 116
=25 1=\ =n)l (1.16)

where 67 = |g);(r|i+|r)i(gl:, the occupation number operator n; = 3 (6; + 1) = |r);(r|; and
i = |r)i(rli = 9)i(gl;- The experimental settings of a Rydberg atom array are controlled
by the detuning of the Raman beams from resonance d, the effective Rabi frequency €2 of
the two-photon Raman transition and the positions of the atoms {r;}¥ [11, 92, 93].

1.5 Machine Learning

Machine learning is a framework designed to frame the process of teaching a machine how
to process data and make predictions as an optimization problem. Machine learning is
heavily inspired by the human brain as can be seen from the naming of the elementary
building block of machine learning architectures, the artificial neuron [114].

An artificial neuron represents a parameterized non-linear multi-input scalar function as
follow:
Hi(x) =c(Wx+b). (1.17)

Here, o is a non-linear function and A = {W, b} is the set of parameters comprising of the

weights and biases respectively. Common choices for the non-linear activation function are
described in table 1.2.

The universal approximation theorem [115, 110] states that these neurons can be combined
to approximate any arbitrary function. An architecture for a universal function approxi-
mator is the multi-layer perceptron (MLP) [117, ]. The MLP is a type of feed-forward

neural network (FFNN) where neurons are organized into multiple stacked layers and data
is propagated sequentially through each layer, as shown in fig. 1.17.
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Figure 1.16: Artificial neuron. On the left are the inputs to the neuron {z;}, the artificial
neuron, in general, performs a non-linear function on the inputs and outputs a scalar result.

1.5.1 Backpropagation

A key algorithm used in machine learning is backpropagation [119]. Backpropagation is an
algorithm for calculating the derivatives of a composite function with respect to multiple
parameters by making use of the chain rule of derivatives:

yn:fnofn—lo-"oféofl(x)a (118)
Oyn _ Ofn Ofn1 0f20f1 (1.19)
Ox OYp—1 OYn—2 Oy Ox

First, we put the composite function into the form of a computational tree with directed
edges. Then we calculate the derivatives corresponding to each edge in the tree. The
combination of derivatives form the backwards flow through the computational tree. An
example application of backpropagation is shown in fig. 1.18.

With backpropagation, we can compute the gradient of the output of the computational
tree with respect to any node, particularly the leaf nodes, in the computational tree.

A generalized version of backpropagation to multi-input multi-output functions, f : R™ —
R™, is automatic differentiation (AD) [120]. Automatic differentiation comes in two flavours:
forward-mode and reverse-mode.

e In forward-mode AD the iterative unfolding of the derivatives are performed bottom
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Name Equation Plot
1
g . 1
igmoid
14+e®
0
-5 0 )
8
Rectified linear unit max(0, z) 4
(ReLU) ’
0
-5 0 5
1
Hyperbolic tangent tanh(z) 0
-1
-5 0 5

Table 1.2: Common activation functions used in neural networks.

to top in the computation tree:
8}’71 _ aYn aYn—l
ox Oyn—1 0x

_ aYn aYn—l aYn—Q
aYn—l a}’71—2 8x

_ 8yn (ayn—l (aYn—Z ayn—?)))
aYn—l ayn—Q aYn—B 8X

(1.20)

e In reverse-mode AD the iterative unfolding of the derivatives are performed top to
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Figure 1.17: Multi-layer perceptron. On the left is the input node, followed by layers
of hidden neurons and a final layer of output neurons.

bottom in the computation tree:

aYn _ 8Yn aYI
ox dy1 0x
- (8yn 8y2) dy1
- \Oy20y1) Ox (1.21)

_ ((3yn (9Y3> 8y2> y1
8)’3 a}’2 a}ﬁ ox

The decision of which flavour of AD should be used depends on the dimensions of the input
and output of the function [120, 121].

1.5.2 Gradient-based optimization

To perform training on the machine learning models the model parameters A\ are adjusted
in accordance to the optimization of a loss function £ : RV — R.

argmin L(M), ...), (1.22)
A
where, M) represents the model.
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Figure 1.18: Backpropagation. (a) Mathematical representation, (b) breakdown of com-
putational steps and (c) computation tree.

The strategy to optimize the parameters involve using the gradient of the loss function
with respect to the model parameters:

N =\—nV,L, (1.23)

where 7 is the learning rate. The gradient can be calculated efficiently with the backprop-
agation introduced in fig. 1.18. This is the gradient descent algorithm [122].

There are a multitude of variation of the gradient descent algorithms that seek to address
its shortcomings by introducing momentum [123, | and other techniques, they include
RMSprop [125], AdaGrad [126], Adam [127], AdaDelta [128], etc.

1.6 Generative models

Generative models is a sub-category of machine learning, where the architecture is de-
signed to perform generative tasks. Generative models parameterize a joint probability
distribution of multiple parameters and are equipped with an algorithm for sampling the
parameters from the parameterized distribution. In recent years, generative models have
demonstrated their ability to capture complex probability distributions. Generative mod-
els have been used for many task, such as natural language processing, image generation,
ete.

Training these generative models involve the optimization of the parameterized probability
distribution to match that of the target distribution. To characterize the distance between
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the distributions, we use a statistical distance such as the Kullback-Leibler divergence
(KLDiv) [129]:

KLDiv(p||lq) = Zp ) log (ﬁ) (1.24)

X

1.6.1 Energy-based models (EBMs)

Energy-based models (EBMs) are a family of physics-inspired machine learning models.
These models may resemble many-body physics models like those described in section 1.1.
In these models, an energy function F), is associated with the configuration of the network
with parameters A. This energy function is applied to the inputs x to obtain the energy
of this state.

Hopfield network
The Hopfield network [130] was a pioneer in the class of energy-based models. The Hopfield
model is an adaptation of the well studied Ising model to be a computational tool. In

particular, the Hopfield model was designed to store a content-addressed memory, also
known as an associative memory [130].

Figure 1.19: Hopfield model. The model consist of full interactions between the neurons,
resembling an infinite dimensional Ising model, the strength of each bond is parameterized.

The Ising model is a many-body system comprising of spins x; that is able to take on one
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of two states. The energy of the Ising model takes on the following form:

Ew(x)=—Y Wyxm;, ;€ {*l}, (1.25)

1<j

where z; is the i-th spin and W;; indicates the coupling between -th and j-th spin. For
the Hopfield model, self-connections are prohibited, i.e.

Wi =0 Vi (1.26)

The associative memory is encoded with the many-body system by adjusting the param-
eters W such that the memory state is the minimum energy state of the energy. The
memory can then be retrieved from any other state via the minimization of the energy.

The first algorithm used to train the Hopfield network is Hebbian learning. This originates
from the observation that the energy eq. (1.25) takes on a quadratic form. As such, for a
single memory state, we set the parameters W to be the projection matrix after applying
eq. (1.26). For p memory states this is generalized by summing the respective projection
matrices, i.e.

1

Hebbian learning has a severe drawback in the case of multiple memory states as they lead
to local minima states, in the energy, that corresponds to states not within the desired
memory states. Other training scheme have been developed to circumvent this issue [131].
However, Hopfield models have a critical drawback as they are provably only able to encode
a linear amount of patterns for a given system size [130].

Boltzmann machine

Boltzmann machine [132] are a generalization of the Hopfield model that introduces hidden
units alongside the usual visible units. The energy of the Boltzmann machine takes on the
following form:

E)\(X) = Z WijZL‘Z‘ZL'j + Z biZEi, X; € {:l:]_}, (128)
1<j 1
A= (W’b>7 X = (V)h>7 (129)

where v, h are the visible and hidden units respectively.
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Figure 1.20: Boltzmann machine. The introduction of hidden units h; improves the
capacity of the Boltzmann model compared to the hopfield network. The system is fully-
connected between all visible and hidden units.

The Boltzmann machine draws further connection to many-body physics by integrating
the Boltzmann distribution into the architecture.

efEA(a-)

pa(x) = L Z=) e (1.30)

Z

The model considers the visible and hidden units to be drawn from the Boltzmann distribu-
tion. The procedure for sampling the visible and hidden units from the Boltzmann machine
takes the form of the Markov chain Monte-Carlo algorithm described in section 1.3.1.

The Boltzmann machine is trained to replicate the underlying distribution of some dataset.
This is done by maximizing the likelihood of observing the dataset. The Boltzmann ma-
chine allows access to the unnormalized probability distribution through the energy func-
tion eq. (1.29), however normalizing this probability distribution is generally intractable
due to the requirement of calculating the partition function Z. Without access to the
normalized probability distribution, training the Boltzmann machine via maximizing the
likelihood is inefficient.
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Figure 1.21: Restricted Boltzmann machine (RBM). The bonds in the RBM are
restricted to form a bipartite graph, where the system is split between the visible and
hidden units.

Restricted Boltzmann machine (RBM)

The restricted Boltzmann machine (RBM) is a modification of the Boltzmann machine
such that the connections form a bipartite graph between the visible and hidden units
of the system. The energy for the RBM takes the same form as that of the Boltzmann
machine eq. (1.29).

Similar to the Boltzmann machine training the RBM via the maximization of the prob-
ability is inefficient due to the intractability of the partition function Z. Therefore, the
RBM is instead trained via a different procedure contrastive divergence [133].

RBMs also allow a more efficient sampling procedure based on Gibbs sampling [134],
k-block Gibbs sampling . This procedure is more efficient compared to the sampling
procedure for the Boltzmann machine.

Due to the fact that Monte-Carlo methods are used to sample the RBM, there is a natural
autocorrelation time between samples for them to be fully uncorrelated. This affects the
efficiency of sampling for these models.

1.6.2 Flow-based models

In the above energy-based models, the distribution captured by the system is limited. In
this section, we describe a way to parameterize a more general probability distribution
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Figure 1.22: Flow-based model. The left blue units represent the samples taken from
an initial distribution, a typical choice being the standard normal distribution. The right
green units represent samples drawn from the flow model.

using bijective, i.e. invertible, transformations, this architecture is known as flow-based
models.

Flow-based models comprise of an initial distribution and a set of parameterized bijective

transformations. A typical choice for the initial distribution is Gaussian distribution and

its generalizations, this forms the subcategory of models known as normalizing flows [135—
]. Figure 1.22 shows the architecture of a flow based model.

Sampling from the flow-based models involves first sampling from the initial distribution.
Then, the sample is transformed via the parameterized bijective functions. The output of
the process forms a sample of the flow-based model.

X = fio fao..fio10 fi(zo), (1.31)

where, f; is the i-th bijective transform layer and z, the sample from the initial distribu-
tion and x the sample from the model. Typical parameterized bijective functions include
different types of splines [138-1410] and affine transformations [111].
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1.6.3 Autoregressive models

In the earlier introduced generative models, the joint probability distribution is param-
eterized in its entirety. In this section, we introduce an alternative method for the pa-
rameterization of a joint probability distribution via the autoregressive decomposition of
probability distributions.

In statistics, a well-known theorem is the chain rule for probabilities:

p(x) = P(Il)P(I2|I1)P(I3|$17 $2)-~p($N|l‘17 T2yt xN—1)

(1.32)

This theorem states that any joint probability distribution can be decomposed into a set
of conditional probability distributions.

Via the autoregressive decomposition of joint probability distribution, independent and
identically distributed (IID) random variables can be easily drawn via the continued sam-
pling of the ordered set of conditional probability distributions.

The set of conditional probabilities naturally form a sequence where the order is governed
by causality. As such, the set of models most appropriate for parametrizing the autore-
gressive probability distribution are sequential models, such as recurrent neural networks
(RNNs), transformers, etc.

The process of outfitting sequential models with the autoregressive property involves en-
suring the sequence obeys causality, i.e. the current outcome only depends on the outcomes
preceding it. The output of the sequential model also has to be converted to a discrete
probability distribution by applying a generator layer. The generator typically takes the
form of a dense layer with a softmax function applied to the output.

Softmax(x); = : (1.33)
e’
J
Recurrent Neural Network (RININ)
Recurrent Neural Networks (RNNs) [112] are a sequential model with recurrent connection.

These recurrent connection connects outputs back into the input of a computation cell.
This recurrent information is the hidden state of the RNN and stores context for the
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Figure 1.23: Recurrent neural network. The recurrent cell takes as input the current
hidden state and an element of the input sequence. The output of the recurrent cell is
used both as the new hidden state and also the an element of the output sequencce of
the RNN. As the recurrent cell is called multiple times, the input sequence is consumed
and processed into an output sequence. The output sequence is converted to a sequence
of conditional probabilities by a generator.

previous runs of the computation cell, each of these runs update the state. The RNN is
typically initialized with a zero vector as the hidden state.

To autoregressively encode a joint probability distribution, we start the RNN with a fixed
initial token zq, instead of the first element of the input sequence x, this allows the first
element of the output sequence to be the probability distribution governing x;. Next, the
first element x; is fed, alongside the updated hidden state, to the RNN cell to produce the
next element of the output sequence, that only depends on x;. This process is repeated
with the following input token, as shown in fig. 1.23. The output only depend on the
inputs preceding it satisfying the autoregressive property. The output sequence of the
RNN is then fed into the previously mentioned generator layer and mapped to conditional
probability distributions.

An initial problem faced by RNNs, is the problem of exponential growth and decay of
gradients during the training process [143, |. Due to the iterative nature of the RNN,
the gradient of the parameters affecting the early units of the RNN are suppressed or
exploded leading to vanishing or unstable training respectively. To remedy the problem,
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gated recurrent unit (GRU) cell [115], long short-term memory (LSTM) cell [116], etc.,
were developed.

The representation power of the RNN is governed by the size of the hidden state. As the
hidden state is constantly updated and maintains the same size throughout the unrolling of
the model, the past context is necessarily being compressed. This leads to an exponential
decay of correlations between units far apart in the sequence length [111, ]. One way
to increase the power of RNNs is to consider passing the hidden state at multiple points
instead of only passing the previous hidden state [148]. However, necessarily, the temporal
connections must obey causality to preserve the autoregressive property of the model.

The computational complexity of the RNN depends linearly on the sequence length and
quadratically on the size of the hidden state. This makes the RNNs a highly efficient
architecture for predicting long sequences.

Transformer

Transformers [119] are a sequential model that takes advantage of an attention mechanism.
The attention mechanism relates the importance between pairs of points in the sequence.
These attention scores are computed with the scaled dot product attention:

_ QKT
- Vi

Given that the attention connect all possible pairs in the sequence, transformers are nat-
urally long-range. This full connection in the transformer results in the computational
complexity scaling quadratically with the sequence length [119, ].

A

1% (1.34)

Instead of performing attention on the entirety of the embedding space, they can be par-
allelized by splitting the embedding space and applying the scaled dot product attention
on each subspace individually, this results in the multi-head attention (MHA). The com-
putational complexity of the multi-head attention mechanism is linear in the size of the
embedding space.

As a consequence of the full connections present, the transformer is not autoregressive.
The autoregressive property can be restored for the transformer by applying a causal mask
to the attention disallowing causally forbidden connections.

Similar to the RNN, the transformer’s input sequence is padded with an initial token z,
when autoregressively encoding a joint probability distribution. Since the attention mech-
anism does not capture any information of the position of tokens in the input sequence,
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Figure 1.24: Transformer. z, is the initial token required to initiate the Transformer,
typically taken to be the zero vector.

the positional embedding is used to incorporate positional information. The embedded se-
quence is then processed by the MHA and a FFNN. The output sequence of the transformer
is then fed into a generator, mapping it to conditional probability distributions.

1.7 Thesis Outline

In this thesis, we

e In chapter 2: We compare and evaluate the efficiency of classical shadow and neural
quantum state (NQS) methods of estimating observables from data. Furthermore,
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we introduce the conditional local density RNN (CLDRNN) that seeks to remedy
the exponential cost associated with the rotations of NQS for arbitrary Pauli basis
measurements. NQSs demonstrate a significant difference in the sampling complexity
of estimating observables as compared to the other methods, especially with high-
weight Pauli observables. However, this accompanies an increased computational
cost for general quantum states. The CLDRNN underperforms due to the biases in
the estimations generated by neural networks. Overall, we demonstrate a tradeoff
in sampling complexity and computational complexity between methods that incor-
porate the the constraints of quantum states, NQSs, and methods that violate the
physicality condition of quantum states, classical shadows and CLDRNN.

In chapter 3: Autoregressive models have a degree of freedom in the autoregressive
decomposition of the joint probability. The 1D sequence corresponding with the
autoregressive path affects the learning characteristics of the model, independent of
architecture, RNN or transformer. Specifically, the correlations in the model are
biased and this bias is related to the properties of the path chosen. Choosing the
appropriate path could improve the efficiency of the training of the autoregressive
model. For the 2D Ising model with periodic boundary conditions (PBCs), we find
that the zigzag path converges the fastest despite its anisotropy that is in direct
contrast to the symmetries inherent to the model.

In chapter 4: NQSs have been trained to reproduce single states, however, with an
encoder-decoder structure, we are able to condition these NQSs on system variables,
enabling the model to parameterize a family of states. A significant area where
this is desirable is with the ground states of parameterized Hamiltonians, such as
the Hamiltonian for the Rydberg atom array quantum processor. The model shows
signatures of generalization for particular system parameters. However, significant
progress is required before these models are able to provide accurate estimates of the
properties for a wide range of system variables.

In chapter 5: Traditionally, autoregressive models such as the transformer has been
designed for discrete local DoFs, however, we propose a simple modification, with
normalizing flows, that allow these models to parameterize joint probability distri-
bution of continuous variables. We demonstrate this architecture on the classical
XY model with the well-known Kosterlitz-Thouless transition. The model is able to
parameterize the equilibrium configuration to a high degree across the phase tran-
sition. However, once again, we demonstrate the incapability of the transformer at
generalizing to larger systems.

36



e In chapter 6: We develop an architecture, called the fractal transformer, introduc-
ing a hierarchical structure to the transformer inspired by Kadanoff RG and the
efficiency of the patched transformer. Our results demonstrate that the fractal trans-
former is able to better generalize to larger system sizes for systems with local order
parameters, such as the Ising model and the XY model. The model is conducive to
the transfer learning process, where models are initially trained on smaller system
sizes and fine-tuned for larger system sizes. However, the model fails to perform for
systems without local order parameters like the Ising lattice gauge theory.
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Chapter 2

Estimating physical observables from
data

Quantum processors, as described in section 1.4, have been developed under the specula-
tion that they lead to computational advantages in a variety of problems. One such area
where quantum processors distinguish themselves is in the quantum simulation of naturally
quantum systems such as materials [35], molecules [151], etc. In quantum simulations ex-
periments, the quantum simulator serves as a surrogate for the quantum system of interest.
In order to learn about the quantum system of interest, we extract information from the
surrogate quantum simulator by measuring the system. However, due to the probabilistic
nature of quantum systems, singular measurements of the quantum processor does not re-
sult in the full information about the current state of the system. Therefore, we must look
to extract the information of interest from the quantum system via repeated measurements
of the quantum system, in general these measurements are done in a multitude of bases.

From these measurements, information of the system can be extracted with the following
procedures:

e Classical shadows [152]

e Quantum state tomography (QST)

Performing QST for the full state is known to be intractable due to the exponential growth
of the number of complex parameters required to express a quantum state as the system
grows in size. To address this issue, methods for performing QST with a compressed
representation of the state were developed. Ome such approach to the problem is with
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a tensor networks such as matrix product states (MPSs) [153, |, projected entangled
pair states (PEPSs) [155], tree tensor network (TTN) states [156], etc. These tensor
product states can be optimized to find the ground state of a system via density matrix
renormalization group (DMRG) algorithm, a variational method for searching the space
of a particular tensor product ansatz [157—160]. These methods are hugely successful
and still remain state of the art for 1-dimensional (1D) systems. However, the space of
states efficiently expressible by these tensor network ansatz are provably incomplete. In
particular, given a fixed bond dimension, the entanglement of these states follow an area-
law [155, 161].

Taking inspiration from machine learning algorithms’ capabilities in compression (autoen-
coder models) and the non-linearity in such models, neural quantum states (NQSs) were
developed with the prospect of being able to efficiently represent a wider variety of states
including certain volume law entangled states [162, |. Due to the probabilistic nature
of quantum states, a natural choice for NQSs are generative models, such as those outlined
in section 1.6.

In general, classical shadow outperform QST methods in computational complexity due to
their simplicity. However, it has been shown that this comes with a tradeoff in sampling
complexity [161], i.e. classical shadows require more data for a desired accuracy of the
observable.

In this thesis, we are interested in two platforms for quantum simulation trapped-ions and
rydberg atom arrays. Trapped-ions and rydberg atom arrays have a repetition rate of
approximately 10> Hz and 1 Hz respectively, as such data generation from these machines
is expensive and limited. This repetition rate is governed by the protocols in such systems,
preparation of the initial state and measurements are of order 1072 s to 1072 s and gate
times are of order 10™* s to 1075 s. For the Rydberg atom array, the measurements results
in the lost of atoms leading to the slower repetition rate. Further optimizations of the
experiment could push the repetition rate by another order of magnitude. Therefore, for
these machines, the ability to extract the maximal amount of information from the limited
data is crucial.

In this chapter, we seek to compare the sampling complexity of classical shadows and
complex RNN wavefunction for a typical trapped-ion quantum simulation experiment. We
propose the conditional local density RNN (CLDRNN) in an attempt to address the issue
with exponential computational complexity of training the complex RNN wavefunction
ansatz. Furthermore, we demonstrate the mechanism that leads classical shadows to have
a higher sampling complexity for certain operators.
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2.1 Classical shadows

Given that physical observables are Hermitian and the Pauli operators form a basis for
Hermitian operators, all observables can be decomposed into a linear combination of Pauli
operators and written as:

0=> 000, (2.1)
Q

Q=0Q1Q2..Qn, Qi€ {ﬂ,f(,?, Z} . (2.2)

As such, if we obtain an estimate for the expectation of all Pauli operators, we are able to
construct an estimate for the expectation of arbitrary physical observables.

<O> =Y 0q <Q> . (2.3)

Classical shadow algorithm [152, | makes use of random uniform Pauli measurements
to estimate the expectation of all Pauli operators.

A Pauli measurement is a measurement of the system in a pauli basis B.
B=BBy..By, B;e{X,Y,Z}. (2.4)

To perform this measurement, typically, appropriate local rotations are applied to each
qubit to change basis to the desired Pauli basis B;. The Pauli basis rotations take the
following form:

AX - ]f[7
Uy = HS, (2.5)
T, =1.

Here, H and S are the Hadamard and phase gate respectively. After applying the ap-
propriate gates, the qubits then undergo a projective measurement in the computational
basis, typically taken to be B = ZZ...Z. The outcome of the Pauli basis measurement
takes the following form

M = {0, B}, (2.6)

o =0109...0n, 0; €1{0,1}.

where o is the measurement outcome.
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To outline the classical shadows algorithm, we define the following helpful terms:

Supp (Q) = {2|Q2 + ﬂ}, (2.8)
Weight (Q) = ’Supp (Q) ’ , (2.9)
1 ifQ, =1
fi(BaQ) =43 ifB= Qz (2-10)
0 if B # Qs
wilo) = {+1 if oy = [1) (2.11)

The classical shadows algorithm to estimate a Pauli observable Q from a set of random
uniform Pauli measurements D = {M,}?_, is as follows:

<Q> = % > 11+ (B@) I wio). (2.12)
MeD = (Q)

JESupp

A caveat with the classical shadows algorithm is that the estimates generated are not
guaranteed to be compatible with a physical state [152].

2.2 Neural quantum states (NQSs)

Neural quantum states (NQSs) can be parameterized by energy-based models [166-173],
sequential models [171, 175] and autoregressive models [164, 176—-1858] described in sec-
tions 1.6.1 and 1.6.3 respectively. In this chapter, we adopt the architecture described in
the paper Recurrent neural network wave function[l176] where the NQS is parameterized
by an autoregressive RNN model (shown in fig. 2.1).

The following equations are used to obtain the quantum state parameterized by the complex
RNN wavefunction:

[Txx) =D Unn(o) o), (2.13)

\I/NN(O') = €i¢NN(U) pNN(O'>, (214)

mwm{h@mm¢w@:2mm%> (2.15)
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Figure 2.1: Complex RNN wavefunction. hy and z( are the initial hidden state and
initial token respectively required to initiate the RNN, they are typically taken to be the
zero vector.
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As can be seen from eq. (2.15), obtaining the probabilities in the computational basis is
simple. However, obtaining the probabilities of the state in an arbitrary Pauli basis is
inefficient and takes the following form:

p(M) = (0| UL [¥xn) (2.16)

where, M denotes a measurement outcome o in the Pauli basis B (eq. (2.7)). In general,
Ug is a dense operator, as such all coefficients of the state needs to be evaluated to per-
form calculation. This results in an exponential scaling with the number of qubit when
evaluating the probability of a particular outcome from a Pauli measurement.

Computational basis samples can be obtained from the complex RNN wavefunction with
the following method:

1. Feed an initial token xy to the complex RNN wavefunction, the outputs include the
probabilities p(o1) and corresponding local phases ¢(o;) for both states of the first
qubit.

2. Sample from the probabilities p(o7) of the first qubit, the outcome is the measurement
of the first qubit.
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3. Repeat step 1 replacing the initial token with the outcome of the measurement of
the first qubit oy, the outputs include the conditional probabilities p(oq|oy) and
corresponding local phases for both states of the second qubit ¢(o3|o7).

4. Step 2 can be repeated for the second qubit to obtain the outcome of the measurement
of the second qubit os.

5. Continue to repeat steps 3 and 4 with the next qubit in the sequence until the last
qubit is measured.

Sampling from an arbitrary Pauli basis requires the probabilities of every state of the
Pauli basis to be evaluated in accordance to eq. (2.16). As aforementioned, obtaining the
probabilities in an arbitrary Pauli basis requires the state to be fully evaluated. Therefore,
performing Pauli measurement of the complex RNN wavefunction is intractable.

We use the local estimators to estimate the expectation value of observables O from the
complex RNN wavefunction [169, , , 190]. .

<O>NN = <‘IINN\O|‘I’NN> ;
= Z (Unn|o) (o] O lo") (0| ¥nn)

- 7 (o' |Unn)
_Z| \I/NN|U U|O| >M’ (2.17)

Here, Oioc = Y, Opor¥nn(0”)/¥nn (o) is a local estimator for the observable O. For a
general observable, the local estimator cannot be efficiently evaluated due to the as O, is
dense. However, if the observable O has sparse off-diagonal elements in the computational
basis, the local estimator and therefore the expectation is tractable and can be efficiently
evaluated.
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2.3 Conditional local density RNN (CLDRNN)

To try and overcome the intractable rotations mentioned in section 2.2, we instead look to
consider each measurement of a qubit in the system as a measurement of a local density
operator, as local density operators can be rotated efficiently.

2.3.1 Local density operators

To determine the local density matrix of a quantum state, we take the partial trace.

Local density operator:
A=A A Ay, (2.18)
pa, = tra_, (p). (2.19)
Here, A represents the full system.
For a single two-level system, an arbitrary density matrix takes the following form:

ﬁ:%(ﬂ—i-n-é'). (2.20)

For a product state, it is trivial to prove that with the set local density operators, one is
able to scalable obtain the Pauli measurements from the state via local rotations. However,
for a more general state, rotation of the set of local density matrices does not yield the same
state as the rotation of the global density matrix. As such, one is unable to obtain Pauli
measurements of the state without performing the rotation on the entire state. Therefore,

the use of local density matrices does not address the problem regarding the requirement
of intractable rotations during Pauli measurements.

2.3.2 Conditional local density operators

Instead of obtaining the local density matrices of the state before the Pauli measurement,
let us consider the circuit for performing a Pauli measurement (fig. 2.2(a)). A Pauli pro-
jective measurement takes the following form:

Iy = U |o)o| U, (2.21)
p(M) = tr (ﬂMp) : (2.22)
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Figure 2.2: Circuit diagram for conditional local density. Red dots signify where
the conditional local density operators are parameterized by the neural network.

where, M denotes a measurement outcome o in the Pauli basis B (eq. (2.7)).

Instead of synchronous Pauli measurement involving parallel applications of the local ro-
tations and measurements, considering staggering them as shown in fig. 2.2(b). In the
regime where there are no errors during the time of measurement or the duration of the
pauli measurement of a single qubit approaches zero, we see that the synchronous Pauli
measurement and the sequential Pauli measurement leads to the same results, samples are
drawn from equivalent distributions.

Consider the measurement of the first qubit during the sequential Pauli measurement.
This corresponds to evaluating the local density for the first qubit and performing a local
rotation and measurement accordingly. The outcome of this measurement naturally affects
the remaining state of the system as it projects the first qubit into a particular state.
Specifically, the remaining state of the system takes the following form:

ﬂM<iﬁﬂM<i
tr (Tlu_,pa.. ) (2.23)

=M ® pa., ;-

PAM; =

For the measurement of the second qubit, we can calculate the conditional local density
of the second state dependent on the outcome of the measurement on the first qubit. The
conditional local density for the second qubit is as follows:

pagve; = tra., (Pasmc,) - (2.24)

As such, we are able to perform a measurement on the second qubit. Similar to before,
the remaining state of the system is now conditioned on the first and second qubits’ mea-
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surement outcome. This process is continued until all qubits are exhausted and we obtain
a Pauli measurement of the entire system.

As previously mentioned, the outcomes are identical to the synchronous measurement,
however at each qubit’s measurement, we get a conditional local density matrix that we can
perform local rotations on and measure. This formulation of the state supports tractable
Pauli measurements of the system.

2.3.3 Architecture

To utilize the conditional local density formulation in a neural network, we output the
conditional local density matrix after each recurrent step instead of the conditional prob-
abilities and the local phase (as shown in fig. 2.3). We call this network the conditional
local density recurrent neural network (CLDRNN).
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Figure 2.3: Conditional local density recurrent neural network (CLDRNN). kg
and x( are the initial hidden state and initial token respectively required to initiate the
RNN; they are typically taken to be the zero vector. The layer (n — p) corresponds
to the mapping from the Bloch vector to the local density operator (eq. (2.20)) and the
layer (M — 11 a) corresponds to the mapping from a Pauli measurement outcome to the
projection operator (eq. (2.21)).
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The neural network preserve the autoregressive property as the order of the conditional
density matrix decomposition is analogous to the order of the autoregressive sequence. To
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obtain the probability of a pauli measurement from the system, we perform the following
computation:

p(M) = p(My)p(Ma|My)..p(My|Mcy)
=][w ﬂMiﬁAi\AQ) : (2.25)

Measurements in Pauli basis B can be sampled from the CLDRNN by performing the
following procedure:

1. Feed an initial token xy to the CLDRNN, the output corresponds to local density of
the first qubit p;.

2. Evaluate the probabilities for Pauli measurement with basis By on the first qubit
p(My).

3. Sample from the probabilities to obtain the measurement of the first qubit M; =
{0'1, Bl}

4. Repeat step 1 substituting in the outcome of the measurement of the first qubit M;
for the initial token, the output corresponds to the conditional local density of the
second qubit pg;.

5. Repeat steps 2 and 3 with the conditional local density of the second qubit po;.

6. Continue repeating steps 4 and 5 with the next qubit in the sequence until the last
qubit is measured.

As we are able to efficiently perform measurements in arbitrary Pauli basis with CLDRNN
architecture, we can perform random uniform Pauli measurements on the CLDRNN to
generate a dataset larger than the dataset the CLDRNN is trained on. We can perform
classical shadows (detailed in section 2.1) on this expanded dataset to obtain estimates for
the expectation of physical observables.

2.4 Long-range transverse field Ising model (TFIM)
on the trapped-ion quantum processor

We evaluate the methods introduced in sections 2.1 to 2.3 on the ground state of a practical
Hamiltonian for the trapped-ion system. Specifically, we consider the 1D long-range anti-
ferromagnetic transverse field Ising model (TFIM) with power law decay, with exponent
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a, in the interaction strength with distance.

H=> J;6{67+hY 67 (2.26)
i<j i
1
i = J
Here, J;; is the interaction strength between the i-th and j-th qubit and A is the transverse
field strength. The trapped-ion system is able to simulate long-range TFIM via the Mglmer-
Serensen scheme described in section 1.4.3 [13, 19, 50].

The long-range TFIM has been studied extensively due to their interesting physics in
relation to frustration, quantum phase transition, faster information transmission, etc. [15—

, 52]. The 1D long-range anti-ferromagnetic TFIM is known to experience a quantum
phase transition near a critical field [16]:

he ~ (1 - %) (), (2.98)

where, ( is the Riemann zeta function.

By performing an adiabatic quantum simulation, the ground state of the long-range TFIM
can be prepared to high fidelity [19]. After preparation, random Pauli measurements
can be performed via site-dependent single qubit gates followed by a global site-resolved
measurement [191], these procedures are described in section 1.4.3. These measurements
form the dataset from which we extract information by estimating the expectation of
physical observables of the system.

For the remainder of the chapter, we generate data via the exact diagonalization of
eq. (2.26) for small systems. We sample a total of D = 10° random Pauli measurements
from the ground state of the system.

2.5 Training procedure for complex RNN wavefunc-
tion and CLDRNN

The training of the complex RNN wavefunction and the CLDRNN takes on the same form.
With the dataset D generated from exact diagonalization, we evaluate the Kullback-Leibler
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Complex RNN wavefunction CLDRNN
Ny, 128 64

Nagers 2 1
Nparams 152483 14435
Ddropout 0.0 0.4
Epochs 1000 500

RNN cell GRU

Batch size 100

Optimizer Adam

Learning rate 3x107*

Table 2.1: The hyperparameters for the training of the complex RNN wave-
function and CLDRNN on the long-range TFIM. N, is the size of the hidden
state, Niyers is the number of RNN cell layers, Nparams is the total number of trainable
parameters and paropout 15 the dropout probability during training.

divergence (KLDiv) loss function (eq. (1.24)) for multiple basis:
pan(0) = pan (M), (2.29)
Lxi, =Y KLDiv(p3|lpfy)
B

= ;;pg(a) log ( Pp(0) )

pun(0)

: (2.30)
=5 Z [log (pp(M)) — log (pxn(M))]

MeD
1
=Hp— 5 > log (pxx(M))
MeD

By removing the constant, entropy of the dataset Hp, the loss is reduced to the negative
log-likelihood (NLL) loss.

L:NLL = —% Z IOg (pNN (M)) . (231)

MeD

Equations (2.16) and (2.25) gives the functional form of pyy(M) for the complex RNN
wavefunction and CLDRNN respectively. This loss function Cyrp, is minimized during
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training using a gradient descent protocol, described in section 1.5.2. The specific optimizer
used is described in table 2.1.

We performed a hyperparameter search for both the complex RNN wavefunction and
CLDRNN, the optimized values are presented in table 2.1.

The models are implemented with PyTorch [192] and Lightning [193]. The hyperparameter
tuning was performed with Ray [194, 195].

2.6 Results

As the complex RNN wavefunction encodes a physical quantum state, evaluation of the
exact state is possible, though intractable at large sizes. We compare the fidelity of this
RNN NQS with the target state obtained via the exact diagonalization of the Hamiltonian
eq. (2.26). The fidelity between a pair of states has the following form:

F = | (Uxn]¥as) |2 (2.32)

The result in consistent with the findings of [164], in the log-log plot of infidelity and
training data (fig. 2.4), they are related linearly. The fidelity for the classical shadow and
CLDRNN are not well-defined as, in general, they do not capture valid quantum states,
pure or mixed.

----- Best fit (slope = —0.809) AL RNNNQS
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Figure 2.4: Infidelity of NQS state. The system parameters are a = 0.5 and h = 0.6
close to the theoretically predicted critical point h, =~ 0.604 from eq. (2.28). The shaded
area is the relative error over 5 realizations of the NQS.
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To compare the proposed methods, we study the performance of each method by estimating
the error of the full set of Pauli observables.

0= (9 e (D s 259

As previously mentioned, all physical observables can be reproduced by a linear combi-
nation of this basis, thus, this serves as a general evaluation of the accuracy of the state
produced by the various methods. Figure 2.5 shows that the RNN NQS has a balanced
variance for all Pauli operators. In contrast, that the classical shadows and CLDRNN have
a weight dependent error profile, higher weight Pauli observables generally behave worse
compared with lower weight variants.

(a) (b)

—— Classical shadow —— RNN NQS —— CLDRNN
0.2 0.14
<> |
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Figure 2.5: Error in the expectation of Pauli observables for the 4-qubit TFIM
ground state. The methods are evaluated for the system (o = 0.5 and h = 0.6) with 8000
random Pauli measurements. In (a) and (b), the shaded area and error bars correspond to
the standard deviation over 5 realizations of each method.

For classical shadows, this consequence can be derived from Equations (2.10) to (2.12),
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where for high-weight Pauli observables, most of the data is discarded and the remaining
data reweighted by the function f. This results in the variance of the expectation increasing
with weight. The CLDRNN employs the classical shadows for observables estimation,
except with an expanded dataset, thus, leading to the same result.

Therefore, NQSs are ideal for estimating high-weight Pauli observables with limited data.
On average, over all Pauli observables, the CLDRNN outperforms classical shadows for
larger weight observables. However, there are Pauli observables for which the CLDRNN
exhibit a large bias from the true value. This results in larger errors in energy for the
CLDRNN compared to classical shadows seen in fig. 2.6.

Furthermore, we see that that there is a correspondence between the energy estimate in
fig. 2.6 and the fidelity of the state fig. 2.4. Notice that there exist an extremely data-
starved regime (D < 200) where classical shadows outperform the NQS. This arise from the
fact that classical shadows form unbiased estimators of the observables, whereas, NQS are
known to exhibit a systematic bias [190], this is a variation of the well-known bias-variance
tradeoff in the field of machine learning.
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Figure 2.6: Sampling complexity for TFIM energy. The system parameters are
a = 0.5 and h = 0.6 near the predicted critical point h. ~ 0.604 from eq. (2.28). The error
bars correspond to the relative error taken over 5 different datasets for each size.

Next, we examine the error in the energy estimate as the system size N is scaled. We
obtain further evidence of the bias-variance tradeoff. Figure 2.7 shows classical shadows
produced an unbiased estimator for the energy, whereas, the machine learning methods
include an inductive biases. In contrast, the variance of the NQS is significantly smaller
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than that of the classical shadows. The CLDRNN performs significantly worse than the
other methods, exhibiting high variance and bias.

— CS 4~ RNN NQS #— CLDRNN
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Figure 2.7: Estimates for TFIM energy for varying system sizes N. The system
parameters are & = 0.5 and h = 0.6 near the predicted critical point h. ~ 0.604 from
eq. (2.28). The error bars correspond to the relative error taken over 5 different datasets
for each size.

2.6.1 Computational cost of machine learning models

Figure 2.8 agrees with expectations, the time complexity of training the complex RNN
wavefunction scales exponentially with system size whereas the CLDRNN scales linearly
with time. At low N, the constant factors in the computation for the models are domi-
nant, as such, the time complexity of training the model does not grow according to the
asymptotic scaling.

2.7 Discussion

The CLDRNN enforces the physicality of the state at the local level, however, it does not
incorporate any constraints at the global scale. A direct consequence is that the CLDRNN
does not strictly represent physical states. The extra space of unphysical states influences
the tendency of the CLDRNN to overfit. In contrast, the complex RNN wavefunction is
more resilient to overfitting due to the requirement that the state remains physical.
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Figure 2.8: Training time complexity for complex RNN wavefunction and
CLDRNN. The best fit curve and line are plotted for the complex RNN wavefunction
and CLDRNN based on the last 5 system sizes evaluated for each architecture.

As previously mentioned, training an NQS, on random Pauli measurements, for a general
wavefunction is intractable due to the exponential scaling. However, it is possible to
incorporate information known regarding the sign structure to ease this issue. In particular,
it is known that the ground state of Hamiltonians, stoquastic in a known basis, are real
and positive in said basis. Stoquasticity implies the representation of the Hamiltonian
in the basis only consist of non-positive off-diagonal elements [197]. These states are
known to have no sign structure, containing only real and positive coefficients, as such,
this information can be utilized by removing the phase parameterization of the NQS.
This makes the NQS highly efficient as this removes the need for measurements in bases
other than the canonical basis and the exponential computation required to rotate the
NQS that accompanies it. The probability distribution parameterized by the NQS can
straightforwardly be mapped to the quantum wavefunction with the following:

\I’NN(O') = VpNN(U)- (234)

The space of observables that can be efficiently estimated is still limited by the sparse
off-diagonal constraints associated with eq. (2.17).
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2.8 Conclusion

For the trapped-ion quantum processor, in the data-starved regime, we examine the extrac-
tion of information via random Pauli measurements of a variety of protocols. We observe
that NQSs perform the best of the proposed methods to obtain an accurate estimate of
general observables scaling much better with the expansion of the training dataset. This
is especially true for observables with decompositions containing significant contribution
from high-weight Pauli observables. However, the computational requirement of NQS for
reconstructing general states from the random Pauli basis measurement data is intractable.

Classical shadows are much more computationally efficient for cases where data is abundant
or low-weight observables are of interest. In general, there is a tradeoff between the sam-
pling and computational complexities when comparing the methods. Additionally, there
is a bias-variance tradeoff when comparing classical shadows with the machine learning
methods.

Our proposed architecture of the CLDRNN fails to provide a full alternative for the cases
where NQSs are not viable. This is due to the emergence of significant biases in particular
Pauli observables leading to potentially worse performance, when compared to classical
shadows. However, we do demonstrate that, in general, the CLDRNN outperforms classical
shadows for high-weight Pauli observables.

The formulation of a scheme that incorporates constraints on larger subsystems in the
CLDRNN, without affecting the capability of efficient local rotations, could improve the
performance of the model, providing a middle ground between NQSs and classical shadows.
A thorough comparison of the CLDRNN, classical shadows and NQSs with density matrix
compatible ansatz [168, 172] for mixed state reconstruction is also warranted.

Furthermore, more efficient basis sets are known for reconstructing pure wavefunctions
[198=200]. The corresponding bases rotations are also sparse in nature enabling efficient
rotation of the RNN NQS. However, the realization of such bases measurements in near-
term quantum devices could be computationally expensive. Optimization of the basis set
for both near-term quantum device and efficient NQS basis rotations is a worthy pursuit.
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Chapter 3

Autoregressive model path
dependence near Ising criticality

From section 1.6.3, we see that autoregressive decomposition breaks down the joint prob-
ability distribution into a sequence of conditional probability distribution, we call this
sequence the autoregressive path. The autoregressive path is naturally a 1D object. In the
previous chapter, we looked at the 1D long-range TFIM model, as such, there is a straight
forward choice for the autoregressive path as the dimensions match. For higher-dimensional
systems, the choice for the autoregressive path is non-trivial as there is a requirement to
map the 1D sequence onto the higher-dimensional space.

The process of mapping a 1D sequence onto a higher-dimensional space corresponds to the
concept of space-filling curves [201]. A d-dimensional curve +(t) is defined as a function of
the following form:

~:10,1] — [0, 1]% (3.1)

Space filling curves are a family of curves where ~(t) is bijective.

Typically, many-body systems are defined on lattices, as such, these models are discretized
in space. As such, there is a need to consider space-filling curves for discrete spaces.
This corresponds to the typical construction of space-filling curves where the true space-
filling curve is defined as the limit of a set of discrete space-filling curves on finer and
finer grid of points. Examples of 2-dimensional (2D) space-filling curves that utilize the
above construction include the Hilbert curve [202, 203], Morton curve [201], etc. Some of
these space-filling curves have irregular and higher-dimensional generalizations [205-208].
Traditionally, these space-filling curves have been used in resource management for high
performance computing and multi-dimensional data storage [209-212].
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This chapter consists of material written for publication [1]. In this chapter, we study
how the autoregressive path affects the learning behavior of two leading autoregressive
architectures, RNNs [164, —178] and transformers [2, , —215], when trained on
data that is not intrinsically a 1D sequence. Specifically, we look at the 2D Ising ferro-
magnet on a square lattice with periodic boundary conditions (PBCs) (shown in fig. 1.1),
a paradigmatic model in statistical physics, with Hamiltonian,

E=- ZUin, o; € {£1}. (1.1 revisited)
(i.7)

where (ij) denotes nearest-neighbor bonds. Near its well-studied thermal critical point,
Ising variables develop long-range correlations that decay as a power law. By mapping
lattice sites to sequence elements, we train several autoregressive models on this data, and
observe their behavior in regard to learning optimal model parametrizations. We find that
training dynamics depends strongly on the arbitrary choice of autoregressive path through
the 2D lattice, and discuss possible consequences for improving training behavior of large
autoregressive models in the future.

3.1 Autoregressive paths

p(X) = P(U1)P(U2|01)P(U3|01,02)---p(0N|01,02, -'-;O-N—l)

(1.32 revisited)

The autoregressive decomposition eq. (1.32) holds for any arbitrary ordering of the variables
into a sequence. Therefore, there is a freedom in the assignment of the sequence labels to
the sites of a lattice, which generates a path through the system.

For the 2D Ising ferromagnet on a square lattice (eq. (1.1)), we are interested in the
multiple ways of constructing paths for 2D systems. Consider an 2D square lattice of size
L x L = N, as aforementioned, the path traversing this lattice will be discrete:

IT:{tn:%‘neNandnST}, (3.2)
’72IN — T x Iy, (33)

Specifically we are interested in paths that exhibit these property: jump-free, locality-
preserving, path anisotropy (see section 3.1.2).
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3.1.1 Space-filling curves

As previously mentioned, well-known space-filling curves are a natural choice for the au-
toregressive paths. In this chapter we use the following curves: zigzag curve, snake curve,
Morton curve and the Hilbert curve [212].

Zigzag Snake

E

Morton Hilbert

B S

0.0 0.2 0.4 0.6 0.8 1.0
t

Figure 3.1:  Space-filling curves traversing a 2D square lattice. The color
represents the parameter ¢ which is varied, from 0 to 1, to generate the paths from their
respective parametric equations v(t). The diagram is adapted from [1] with permission.

The zigzag curve, also called a raster scan or sawtooth, is one of the simplest space filling
curve. The zigzag curve is composed of a set of parallel lines where subsequent lines are
connected end to start. The simplicity of the zigzag curve leads it to be the first curve used,
as such, it is used in many simulation strategies [176]. Another curve similar to the zigzag
curve is the snake curve. For the snake curve, the parallel lines are instead connected by
alternating between end to end connections and start to start connections. This curve has
been extensively used as the autoregressive path for neural quantum states [177, 210].
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One method for generating space-filling curves is with a recursive procedure [201], the
Morton curve [204], also known as the Lebesgue curve and the Z-order curve, is one such
curve. The Morton curve is generated by starting with a curve in the shape of “Z”  the
vertices in the curve are then recursively replaced with a “Z” and the ends are connected
in the same order as before to form the next iteration of the Morton curve. From the
generating procedure, we can see a famous property of the Morton curve, its ability to
preserve locality. The Morton curve is traditionally used in resource management in high
performance computing [209-211].

Another method for generating space-filling curves is with Lindenmayer systems (L-systems)
[201, ]. The Lindenmeyer system is a grammar based description of these curves, where
the process of generating iterations of the curve is described by a context-free grammar.

The Hilbert curve is an example of a curve that can be generated from an L-system. Similar
to the Morton curve the Hilbert curve is well known for its locality-preserving property
[202, ]. It has been demonstrated that the Hilbert curve has advantages compared
to the snake curve for tensor network methods, such as tree tensor networks (TTN) and
matrix product states (MPS) [218].

Due to the recursive nature of the generation procedure for the Hilbert and Morton curve,
for the O-th iteration, the linear size of the Hilbert and Morton path is L = 29. There
are algorithms for the generalization of such curves for arbitrary sizes and dimensions

[ o ) o ]

3.1.2 Path properties

A jump-free path obeys the following:

Vi < N, [[¥(tns) =yt = = (3-4)

This states that each step of the curve is of a uniform size equal to the minimum length
scale of the discrete space.

A Locality-preserving path implies that the locality measure C for the path is low. The
locality measure takes on the following form [201]:

_ [y(#) —~@®)]I
C= max{ 1]

vt £ t} . (3.5)
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When using the maximum, outliers, corresponding to jumps in the curve, dominate the

expression. Therefore, we instead consider the mean:

5 {H'r(t’) — @1

C = mean
|t — ¢

Vi £ t} .
Anisotropy of the path can be measured with the following:

Ai:mean{M'vy#}, i {1,nd}

" =1
A;

J

When A;; = 1, the system is isotropic between directions ¢ and j.

Path Property Value
Jump-free No
. Locality measure (mean) C 0.8232
Zigzag
Anisotropy Ay, 2.1075
Jump-free Yes
Spake Locality measure (mean) C 0.7904
Anisotropy A, 2.0105
Jump-free No
Morton Locality measure (mean) C 0.8185
Anisotropy Ay, 1.2495
Jump-free Yes
Hilbert Locality measure (mean) C 0.7368
Anisotropy Ay, 0.9269

Table 3.1: Properties of 2D space-filling curves. The properties are calculated for a
system size of L = 8 with PBCs. The path is locality-preserving when the locality measure

C is small and anisotropic when Ay =1

The Hilbert path both preserves locality the best and also has the least anisotropy out
of the paths considered as can be seen from table 3.1. Figure 3.2 shows that the locality
measure of the Morton and Hilbert paths are more stable with system size compared to
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the zigzag and snake paths. The anisotropy of the Hilbert and Morton paths decrease with
system size, whereas, the anisotropy is increasing with system size for the snake and zigzag
path. The zigzag path is not jump-free in general, however, for PBCs, the 2D zigzag curve
only has L diagonal jumps at the end of each chain.

Zigrag Snake & Morton ‘ Hilbert

m
]
m

1.0 .
= 051
o0 -
i) = = = = El
0.0 ‘
4 ) 16 39 64
L

Figure 3.2: Scaling of locality measure C and anisotropy A, of autoregressive
path with system size N.

3.2 Hyperparameters and training procedure

With the paths proposed in section 3.1, we focus on training two autoregressive architec-
tures: RNNs and transformers with masked self-attention (see section 1.6.3). We train
the 1D RNN and transformer using data of the ferromagnetic Ising model on a 2D square
lattice with PBCs (eq. (1.1)) obtained via thermal Monte Carlo simulations described in
fig. 1.5.

We run the Monte-Carlo simulation for the following system parameters:
L e {4,8,16}, [ €[0.286,0.667], (3.9)

where, 3 is the inverse temperature. Each dataset consist of D = 10* uncorrelated samples,
80% of which is used for training and the remainder for validation. We choose the linear
sizes L = 29 for compatibility with the Hilbert and Morton path.
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Similar to section 2.5, we train the autoregressive models by minimizing the negative log-
likelihood (NLL), £NE) of obtaining the dataset. The optimization is performed with
Adam [127] and a learning rate of 1073.

To account for the architectural differences between RNNs and transformers, we tune the
hyperparameters with the Asynchronous Successive Halving Algorithm (ASHA) [222] and
obtain the optimal parameters for both model architectures outlined in table 3.2.

Transformer
1D RNN
Parameter Value
Parameter Value
N, 32
N 10 N, 512
N layers 1 PN
N heads 4
RNN Cell GRU
. N blocks 2
trainable params 3522 .
trainable params 75490
Pdropout 0.0
Pdropout 0.1
Table 3.2: Hyperparameters for the training of 1D RNN and transformer on

the 2D Ising model. N, and Ny are the hidden state size and number of RNN
cell layer s used in the 1D RNN respectively. N, is the embedding size, Nppny is the
dimension of the FENN, Njeaqs is the number of heads used in MHA Ny is the number
of transformer blocks used in the transformer architecture. pgropout is the probability of
dropout during training.

| and Lightning |

The models are implemented with PyTorch | |. The hyperparameter

tuning was performed with Ray [191, 195].

3.3 Results

We first study the performance of the models near criticality at 3 = 0.435. The exact
critical point of the 2D Ising model is at 5. = In (1 + \/5) /2 ~ 0.4407 determined in
Omnsager’s solution [38]. As can be seen in fig. 3.3, the training performance of each model
depends strongly on the autoregressive path formulation. The paths that perform best for
the RNN also perform best for the transformer, however the transformer loss is minimized
at a significantly faster rate (in units of epochs). In particular, the transformer is able to
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Figure 3.3: Training results for the 2D Ising model near criticality at g = 0.435
with linear size L = 8 for 1D RNN (top) and transformer (bottom). The
shaded area represents the standard error over 10 independent training runs. The diagram
is adapted from [1] with permission.

converge relatively rapidly regardless of the autoregressive path, compared to the 1D RNN
which requires a large number of epochs in order for the sub-optimal paths to converge.

In fig. 3.4, we study the two-point spin-spin correlation function in the transformer as it is
trained, specifically its anisotropy. The two-point spin-spin correlation function G has the
following form:

1

G(Az, Ay) = N Z (O yOuraayray) = (Toy)(Oatazy+ay)) (3.10)
Y
r— |G — Rotate(G)|| (3.11)

151l ’

where, 0, , is the spin at lattice site (z,y), I' is a measure of the anisotropy in the correla-
tions between the x and y directions and Rotate(G) is a rotation of the correlation matrix
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Figure 3.4: Evolution of the two-point spin-spin correlations G(Az, Ay) during
the training of the transformer for the 2D Ising model near criticality at g =
0.435 with linear size L = 8. (a) Actual spin-spin correlation of the system, (b) spin-
spin correlation of the transformer and (c) anisotropy I' in the spin-spin correlations of the
transformer. EMA (x) is the exponential moving average used to smooth the plot.
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Figure 3.5: Training of the transformer with the zigzag path on different system
sizes. The transformer is trained on different sizes L. = 4,8 and 16 near criticality
(8 = 0.435). The shaded area represents the standard error over 10 independent training
runs. The diagram is taken from [I] with permission.
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Figure 3.6: Training of the transformer with the zigzag path at different temper-
atures for the 2D Ising model. The transformer is trained on different temperatures,
B between 0.286 and 0.667, across the phase transition for L = 8. The diagram is taken
from [1] with permission. 65



by 90 degrees. The square lattice is isotropic with no preferred direction, therefore, the
correlations within the system should reflect this property. Figure 3.4(b) shows that during
the early-phase training of the autoregressive model with the zigzag and snake path, we
observe an anisotropy in the captured correlations. In contrast, the correlations in models
with the Hilbert and Morton paths are near-isotropic. This behavior holds for both the 1D
RNN and the transformer. Comparing the early learning of the transformer (before 300
epochs in fig. 3.3) with the anisotropy of the spin-spin correlation in the transformer (shown
in fig. 3.4(c)), we see a correspondence. Our results indicate that the slowdown in learning
early on for the transformer) with the zigzag and snake paths is due to the anisotropy.
When the model resolves this anisotropy, it is able to quickly reach the optimal loss.

Finally, it is interesting to observe that even with the anisotropic learning of correlations in
the zigzag and snake paths, models with these paths converge faster than the other paths
for the case of the Ising model. This is in contrast to the results with TTN and MPS [218],
where the Hilbert path was demonstrated to be advantageous.

As we scale the transformer, we see that the anisotropic learning of correlations for the
zigzag path is consistent across sizes L = 4,8 and 16. We note that the number of epochs
required to resolve the anisotropy does not significantly depend on the size of system for
the transformer architecture (as shown in fig. 3.5).

Finally, we extended our training regime to include a broad range of temperatures across
the phase transition of the 2D Ising model. Due to the algebraic decay of correlations at
criticality, training near criticality is the most difficult, supported by fig. 3.6. In fig. 3.6, we
observe that the initial plateau due to the anisotropic learning of correlations in the models
with the zigzag path peaks near the transition and disappears far into the ordered and
disordered phases. This provides evidence for the importance of studying the performance
of such models across the phase transitions.

3.4 Conclusion

Our results show that the selection of the autoregressive path impacts the learning char-
acteristics both recurrent neural networks (RNNs) and transformers. In the case of a 1D
RNN, the locality-preserving paths (Hilbert and Morton) are clearly the worst performers,
failing to converge to a good loss value even after significant epochs of training. This re-
sult is surprising, since locality-preserving paths have recently been shown to give superior
performance in 1D Matrix Product State (MPS) simulations [218]. In contrast, for the
transformer the final result of the models’ training is essentially independent of the autore-
gressive path. However, the locality-preserving paths take more epochs to train than the
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zigzag and snake paths, converging in the same order (zigzag, snake, Hilbert then Mor-
ton) as observed in the RNN. Our results also show that the transformer is able to learn
correlations at a significantly faster rate (per epoch) compared to the 1D RNN. Overall,
for the Ising model on a 2D square lattice with periodic boundary conditions, we conclude
that the zigzag path performs best out of the various autoregressive paths we tested. We
conjecture that in the comparison between the zigzag and snake path, the zigzag path per-
forms better due to the periodic boundary condition of the model in study. The periodic
boundary contains connections that wrap around the boundary, present in the zigzag path
but absent in the snake path. It would be interesting to repeat our study for models of
other geometries, dimensions, and interacting Hamiltonians.

This work reveals the need to study more closely the effect of autoregressive path choice
in the training of modern language models. While our results are for relatively vanilla
architectures, in recent years there have been multiple proposals of modified transformers
with reduced scaling in sequence length [223-228]. In certain cases, such models have been
demonstrated to outperform the vanilla transformer with significantly fewer resources. It
would be interesting to examine the training efficiency of these models with varying au-
toregressive paths. Perhaps the combination of modern transformer architecture with a
variational principle which optimizes the autoregressive path will lead to increased perfor-
mance on the expensive training task which faces all large language models.
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Chapter 4

RydbergGPT: A large language
model for Rydberg atom array
physics

In the previous chapters, models were trained to reconstruct a particular state, this is
inefficient if we were trying to learn a family of states, parameterized by some system
parameters y, as the model would need to be retrained for each value of the system param-
eters. One way to handle this is with transfer learning [229], where, instead of training a
newly initialized network with random weights, the weights of a trained network, preferably
where the system parameters y are close, is used as a starting point for the optimization.
However, this still requires adjustments to the network.

In this chapter, we consider a encoder-decoder attention-based transformer architecture
that encodes a state conditioned on the system parameters y. The family of states of
interest to us is the ground states of parameterized Hamiltonian. These systems exhibit
phase transitions as the system parameters are modified, as such, different regions in the
phase diagram exhibit different properties. Interesting physics occurs in the transition
between phases with regards to the emergence of order, divergences in correlations and
other quantities, universality between different models etc. Our architecture, takes as
input the system parameters y and outputs a model representing the ground state of
the system as a probability distribution. We apply our architecture to the governing
Hamiltonian of the Rydberg atom array quantum processor. The transformer is trained
on a variety of different system parameters encompassing a pair of phases, the disordered
and anti-ferromagnetic checkerboard phase. We demonstrate that the transformer is able
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to interpolate between parameters and acquire a reasonable prediction for the properties
corresponding to the ground state of Hamiltonians with system parameters outside of the
training regime. Our results give optimism that attention-based transformer models are
well-positioned to provide a powerful approach for predicting the properties of quantum
many-body systems. This chapter consists of material written for publication [2].

4.1 Rydberg atom array physics

The Rydberg atom array quantum processor, introduced in section 1.4.4, is a powerful
platform for quantum information processing. The native Hamiltonian of the Rydberg
atom array are as follows:

g o) 5 Q AT ..
H= ; CoVignriy — 521’:?% ) XZ: a5 (1.15 revisited)
6 6
Co =1L (&) ;o Vi = (L) . (1.16 revisited)
a [ — 75

where 67 = |g)i(r|; + |r)i(g|;, the occupation number operator 7; = 1 (6; + 1) = |r);(r|;
and 6; = [r)i(rl; — |9)i(gls-

The Rydberg Hamiltonian is naturally a long-range spin model as the Rydberg blockade
term behaves as a Van der Waals type interaction, i.e. a power law interaction that decays
in distance with an exponent of o = 6. This interaction is intrinsic to the Rydberg state,
as such, it cannot be turned off. To adjust the interaction term, the atoms are assembled
into specific geometries that give rise to the target interaction. Here, we are interested
in the 2D square lattice with lattice spacing a. This geometry of the atoms is encoded
by a symmetric matrix V in eq. (1.16). Additionally, the Rydberg Hamiltonian depends
on the parameters of the Raman beams, the detuning 6 and Rabi frequency 2. The Rabi
frequency €1 is typically taken to be the overall energy scale for the system. From the lattice
spacing a and the energy scale (), we define a characteristic radius of Rydberg blockade
Ry, in which simultaneous excitations are penalized, with eq. (1.16) [I11, |. For our
simulations, we consider the system to be in thermal equilibrium with finite temperature

T=1/8.

The Rydberg Hamiltonian contains rich physics in its phase diagram with multiple distinct
phase transitions [11, 14, 92 —232] to explore. Another nice property of the Rydberg
Hamiltonian is its stoquasticity, resulting in a real and positive ground state wavefunction
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[77, 92, , ]. Consequently, not only can measurements of the system be simulated
efficiently via QMC, projective measurements in the occupation basis are sufficient for the
reconstruction of the ground state with NQSs.

4.2 Physical observables

The physical observables of interest in the Rydberg Hamiltonian consist of the:
e Staggered magnetization (G5/%9)
e r-magnetization (6%)
o FEnergy E

Diagonal observables, such as the staggered magnetization, can be directly computed from
samples taken from the NQS.

<5_stag> ~ % Z

o~p(o)

, (4.1)

Sty (nte) - 1)

where, ¢ runs over all N = L x L atoms for the snake path through the 2D square lat-
tice. The staggered magnetization is the order parameter for the disorder-to-checkerboard
quantum phase transition under investigation[234].

For estimating the expectation of off-diagonal observables in the NQS, we utilize the
local estimators introduced in eq. (2.17). The calculation of the spatially averaged z-
magnetization 67 is as follows:

(67 ~ ‘If,\ U’
D Z Z @ (4.2)

o~pa (o) o' €SSF (o

where SSF(o) is the set of configurations that are connected to o by a single spin flip.

From eq. (1.16), the energy of the system is a combination of the xz-magnetization and a
diagonal observable. Therefore, estimating the energy is trivially,

= 3" GV i) — 3(0) — (") (4.3

1<J

where, the correlation (n;7;) and density (n) can be directly estimated from samples.
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4.3 Encoder-decoder transformer architecture

The system parameters of the Rydberg Hamiltonian, eq. (1.16), can be represented as
a fully connected graph, GG, consisting of vertices V and edges £. The vertex attributes
correspond to the global and local system parameters, whereas, the edge attributes corre-
spond to the interactions between the spins. We encode global system parameters as vertex
attributes such that they can be passed into a typical graph neural network. The following
set of equations establish the mapping of the non-dimensionalized system parameters into
a graph representation:

G={V,&}, (4.4)

Yy = { gaRbyﬂg}v yg:{VS} (45)

Fully connected graphs naturally scales quadratically with the system size N due to the
inclusion of all possible edges. We choose to process the graph with a graph convolutional

neural network (GCN) [235, 236], where information of the edge attributes are incorporated
into the nodes. We consider composing multiple layers of GCN, after each of the layers,
we apply a layer norm [237]. The output of the last GCN layer correspond to sequence

of the transformed node attributes s, as shown in fig. 4.1. This fully encodes the system
variables into a sequence that scales linearly with system size.

Gi'} Ch-

O

4 N

Graph Convolutional
Network (GCN)

O

O—O—O—O

)

Figure 4.1: Encoding of the system parameters via a graph convolutional neural
(GCN). The GCN systematically considers each node and the edges connected to it. It
uses the edge attributes and neighbor node attributes to update the state of the node.

Our goal is to parameterize, with parameters A, the probability distributions of the spins
conditioned on the encoded system variables py(c|s(G)). For this purpose, we propose the
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use of the vanilla encoder-decoder transformer [119], shown in fig. 4.2. The transformer
is a universal sequence-to-sequence function approximators and, granted sufficient tunable
parameters A, can encode arbitrarily complex functions [235].
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Figure 4.2: Encoder-decoder transformer architecture. The diagram is taken from
[2] with permission.

The transformer encoder is used to further capture correlations by passing the encoded
system variables s through the self multi-head attention (MHA) mechanism and feed for-
ward layers to obtain a context vector. The context vector is then fed to the transformer
decoder via a cross MHA with the intermediate state of the decoder.

We outfit the transformer decoder with the autoregressive property by instituting a causal
mask on the self-attention mechanism. As a result, the transformer decoder represent a
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joint probability distribution and its outputs are the conditional probability distributions
from the autoregressive decomposition. This enables IID samples to be drawn efficiently
from the transformer decoder. The joint probability distribution represented by the trans-
former decoder corresponds to a pure quantum wavefunction conditioned on the system
parameters G after the application of the Born rule py(c|G) = |V, (c|G)|*>. As previously
mentioned, as there is no sign structure for the ground states of the Rydberg Hamiltonian,

Ua(o]G) = /palo]G) [113, 177].

Sampling from our architecture involves processing the system parameters of interest with
the GCN and transformer encoder to obtain a context vector. Following that, the decoder,
conditioned on this context, initializes with a starting token and samples the state of the
first spin in the sequence. Then the subsequent spins are iteratively sampled conditioned on
all spins preceding it. The lattice of atoms is systematically traversed with the snake path
convention, as shown in fig. 3.1. Our choice of the snake path is influenced by the OBCs
in the Rydberg Hamiltonian and the fact that the snake path maps the 2D checkerboard
pattern to the 1D alternating pattern regardless of size.

A powerful property of sequential models is the ability to unroll the model for arbitrary
sequence lengths. This enables us to investigate our architecture’s ability to generalize in
system size, i.e. accurately predict the behavior of the Rydberg atom array model as the
system is scaled up and down.

The models are implemented with PyTorch [192], Lightning [193] and PyTorch Geometric

[239].

4.4 Training transformer models

We follow a data-driven training procedure, where the dataset D is composed of pairs of
system parameters G and samples . Our samples are derived from simulated Rydberg
occupation measurements, produced via stochastic series expansion (SSE) quantum Monte-

Carlo (QMC) method described in [77]. We produce data with QMC for a wide range of
settings:

R
BQ € {05,1,2,4,8,16}, —2 =1.15,
a
; (4.6)
g €170364,3.173), L € {5,6,11,12,15,16}

Without loss of generality, we take {2 = 1 henceforth. For each configuration, we generate
a dataset containing D = 10° samples, the total number of tokens is outlined in table 4.1.
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Lattice size, L | 5 6 11 12 15 16
Tokens (10%) | 1.5 2.16 7.26 8.64 13.5 15.4

Table 4.1: Number of tokens, in units of 10®, contained in our dataset for various
sizes L. A token corresponds to the measurement outcome of a single Rydberg qubit.

The datasets are selected to explore 0/€) values near a quantum phase transition in the 2D
square lattice Rydberg atom arrays, which occurs at approximately §/2 ~ 1.1 [77]. The
dataset is available at [210].

Similar to section 2.5, we train the transformer architecture by minimizing the negative
log-likelihood (NLL), LN of obtaining the dataset. We initialize each model using the
method introduced by Glorot et al. [211] The model is then trained with the AdamW
optimizer [212], an extension of stochastic gradient descent with adaptive learning rate
and weight regularization, in combination with a cosine annealing warm restart learning
rate scheduler [213]. Details for the architecture and training hyperparameters can be
found in table 4.2.

RydbergGPT Iraining
Parameter Value Para.mfater Value
NGCN 64 Optimizer AdamW
NGON 9 Batch size 1024
layers . -3
N, 39 Learning rate 1 x 10
N, 123 Learning rate Cosine annealing
FENN schedule warm start
e X z !
}]lezzks L Tmult 2
Nblocks 3 Tmin 1 x 1075
trainable params 66562
Pdropout 0.1

Table 4.2: The hyperparameters for the transformer encoder-decoder architec-
ture and optimizers. The GCN has parameters NN and N, the hidden dimension
size and number of layers in the GCN. The transformer parameters include the embedding
size N,, the number of heads for the MHA Nycaqs, the dimension of the feedforward network

layer Nppxy and the number of encoder and decoder blocks NS ~and ND<,  respectively.
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Three separate models were trained on different subsets of the simulated data. Specifically,
the models differ in the sets of linear size they were trained on as detailed in table 4.3. For
each size, the models were trained on all values of 6/Q and 5. Notice, as we generated
the same number of samples for each lattice size, the larger lattice sizes have more tokens
compared to the smaller ones. Each model was trained with a dataset on an A100 GPU
for 85 hours, during which they processed on the order of 10!° tokens.

Model M,y M, M;
Linear Sizes L 5) 5,6 5,6,11,12
Epochs 116 40 17
Tokens in dataset (108) 3.66 19.6 48.4
Tokens processed (10?) 4.25 7.82 8.23
Training time 85h on an A100 GPU

Table 4.3: Details on the training of multiple RydbergGPT models. The table
includes the linear sizes used to train the models, the number of epochs trained, the amount
of tokens in the training dataset, in units of 108, and the total number of tokens processed
during training, in units of 10%.

4.5 Inference with trained transformer models

We performed inference with the trained model to study the disordered-to-checkerboard
phase transition of the Rydberg atom array, governed by the dimensionless detuning § /€.
To probe the physical observables of interest listed in section 4.2 at different system pa-
rameters G, we use (G to perform the sampling procedure described in fig. 4.2. The samples
are then used to obtain predictions of physical observables. We compare our model’s pre-
dictions with estimates obtained from QMC simulations [77]. For Rydberg atom arrays,
QMC is able to obtain an estimate of the observables that can be considered exact, within
statistical errors. In showing that our model’s predictions of these observables are in good
agreement with the QMC values, we illustrate the efficacy of data-driven training as a
technique for predicting Rydberg atom array measurement outcomes for ground states.
Further, we explore our trained models’ ability to generalize away from the ground state
and also to system sizes not represented in the training data.

The computational cost of sampling in our implementation scales as O(N?), where the
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system size N = L x L. However, this complexity can theoretically be reduced to O(N?)
by caching the appropriate intermediate values in the attention calculation.

4.5.1 Results

It is important to emphasize that the estimates of off-diagonal observables are appropriate
only when the output of the decoder can be interpreted as the normalized wavefunction
amplitude, U, (c|G) = /pr(c|G). In particular, this correspondence is valid when the
system is in a pure state and the wavefunction can be assumed to be real and positive in
the occupation basis, as is the case for the Rydberg Hamiltonian in its 7" = 0 ground state.
Importantly, the use of the decoder output as a wave function amplitude is no longer valid
for finite temperature states. While the above estimates can still be computed, V(o) is
not able to capture the physics of the thermal state, as is demonstrated in our results which
follow.

We now demonstrate the results of the trained models across parameter regimes and ob-
servables. In fig. 4.3 we illustrate the performance of model M; on the three observables
introduced in section 4.2 as a function of §/€2, for Ry/a = 1.15, Q2 = 16.0. The estima-
tors are calculated over N, = 10° samples. The predictions are benchmarked against the
QMC observables calculated from 10° decorrelated samples, which we take as the ground
truth. At 5Q = 16, the temperature is sufficiently low for the Rydberg atom array to be
in its ground state to a good approximation. The model shows good agreement with the
QMC estimates for the energy and staggered magnetization. As for the x-magnetization,
we observe a slight deviation from the QMC estimates in the tails. We conclude that the
trained model is able to generalize well to dimensionless detunings, 6/€2, that lie outside
of the training data set, when the system is restricted to the ground state.

Next, we investigate how well the model generalizes away from the ground state. In fig. 4.4
we illustrate predictions made by model M; with the same strategy, except temperature
T =1/ is varied instead of the detuning. We see a strong disagreement between the exact
observables and the model-obtained estimates at high temperatures. In our architecture,
the decoder represents a probability distribution over configurations in the Rydberg oc-
cupation basis, which can be mapped one-to-one onto a positive wavefunction of a pure
state. As mentioned, the 7' = 0 ground state of the Rydberg Hamiltonian section 4.1
is known to take such a form, and thus the model performs well for the ground state,
e.g. low temperatures. However, as the temperature is increased, the system becomes
a well-mixed Gibbs state, which can no longer be accurately represented with a positive
wavefunction. As such, the output of the decoder is incapable of accurately representing
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Figure 4.3: Model predictions of multiple observables across the disordered-to-
checkerboard phase transition, which is governed by the dimensionless detun-
ing, 6 /0. The observables include the site-averaged energy, z-magnetization and staggered
magnetization. Here, blue points correspond to observables estimated from projective mea-
surements sampled from the trained model (i.e., out-of-distribution), red points indicate
parameters contained within the training dataset (i.e., in-distribution), and dotted black
lines correspond to the exact observables. The diagram is taken from [2] with permission.

this state. The model is merely approximating a probability distribution that results in
identical occupation-basis measurement likelihoods. This results in the incorrect estimate
of off-diagonal observables, which require the wave function interpretation of the decoder
output ¥y (o) = v/pa(0), as in eq. (4.2). To appropriately capture such high temperature
states, one might employ more sophisticated methods such as a complex density matrix
[244] or minimally entangled typical thermal states (METTS) [215, 240].

This is particularly evident in fig. 4.4 at the limit of large temperature. Here, the system
tends to the fully-mixed state where all states are equi-probable. The positive wavefunction
that shares the same computational basis probability as this state is the equi-superposition
of all states. This state corresponds to the maximum eigenstate of the x-magnetization,
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leading to the divergence in fig. 4.4 between the exact QMC and the trained model estima-
tors at high temperatures, where (6*) becomes significantly over-estimated. This is further
supported by the fact that the high-temperature estimates of the staggered magnetization
are somewhat accurate. Again, this behavior is due to the fact that this diagonal estimator
relies only on the computational basis probabilities with which certain configurations are
sampled.
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Figure 4.4: Model predictions of multiple observables as the dimensionless
temperature 7/() is increased. The observables include the site-averaged energy, x-
magnetization and staggered magnetization. Again, blue points correspond to observables
estimated from projective measurements sampled from the trained model (i.e., out-of-
distribution), red points indicate parameters contained within the training dataset (i.e.,
in-distribution), and dotted black lines correspond to the exact observables. The diagram
is taken from [2] with permission.

Finally, we assess the ability of our transformer to generalize to larger system sizes beyond
those included in the training set. For this we use all three trained models, M, M5 and
Ms. Figure 4.5 presents the energy evaluations from each of our three trained models,
averaged over 10* samples. These models were trained on consecutively larger datasets
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as previously described in table 4.3. We first observe that the model M; trained on the
smallest dataset, containing only data from lattice sizes L = 5,6, captures the L = 5
energy accurately but struggles to generalize to larger system sizes. Interestingly, the
models trained on more extensive datasets do not accurately capture the properties of their
respective training sets, with the energy estimates deviating significantly from expected
values.

These results illustrate how physical estimators are affected by bias in the training datasets.
As shown in table 4.1, we always accumulate 10° samples for each grid size. Therefore,
the number of training tokens or measurements varies for each lattice size; more precisely,
the dataset is biased towards larger lattice sizes. This explains why models My and M3
perform worse than M for the lattice sizes L = 5,6, since the fraction of measurements
for smaller sizes is less represented in their training dataset. However, they perform better
for larger grid sizes, where a larger relative number of training tokens are available.
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Figure 4.5: Extrapolation over lattice size L. The ground-state energy, as estimated
by quantum Monte Carlo simulations and the models trained on three different datasets,
demonstrates how training data affect the ability to extrapolate to system sizes not included
in the training. The diagram is taken from [2] with permission.
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4.6 Conclusion

In this chapter, we explored the training of attention-based transformer models for the
problem of mapping a system parameters of the Rydberg atom array to the corresponding
equilibrium state. We construct an encoder-decoder architecture, where the encoder input
is a graph-based representation of the interacting Hamiltonian, and the decoder output
represents measurements of the Rydberg occupation.

Since transformers have been developed as autoregressive models for natural language
processing, they naturally represent probability distributions, such as Born-rule-distributed
measurement outcomes. In the case where a quantum state can be assumed to be pure, real
and positive, this probability distribution has a one-to-one mapping to the wavefunction,
giving the output of the decoder a powerful interpretation. In the ground state of Rydberg
atom arrays governed by Hamiltonian eq. (1.15), this assumption is valid, and we use it to
demonstrate that a trained transformer model can accurately reproduce physical estimators
in this case.

We have further explored the behavior of the transformer model when the quantum state
is no longer real and positive, i.e. in a thermally mixed state at higher temperature. We
clearly see the breakdown in our ability to interpret the output of the decoder as the
corresponding quantum state, as the physical estimators significantly deviate from their
exact values for large T. However, we propose that our decoder architecture could be
modified to represent a density matrix [211] or METTS [215, 246], which would be able to
represent noisy, thermal and dynamical states, extending the capabilities of the model.

Finally, we attempt to demonstrate the scaling potential of the encoder-decoder trans-
former. Namely, whether the transformer model, when trained on a dataset composed of
smaller many-body system, is able to make predictions for larger system sizes. Our re-
sults shows signatures of generalization, however, it also suggest that we have not attained
the necessary scale in our transformer to exploit its full potential. Hopefully, by training
models with more data on a diverse set of lattice sizes, systematic improvements in model
performance will be observed. Indeed, such systematic scaling is the hallmark of large
transformers used in industry, giving reason for optimism [247].

More generally, just like in modern LLMs, our transformer architecture should allow for
vastly improved performance with increases in the number of trainable parameters A, larger
data sets, and more computational resources. In addition, since these models are being de-
signed to represent physical qubit systems, a number of architectural improvements should
be explored. For example, there may be more efficient ways to use tokens than to repre-
sent a dictionary of only two individual qubit measurements. In particular, transformers
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designed for natural language processing typically manage dictionaries comprising tens to
hundreds of thousands of tokens [218]. An alternative approach involves using patches
of qubits as tokens, which can reduce some computational demands [179]. However, this
method introduces constraints on the system geometries, potentially limiting the appli-
cability to arbitrary quantum array configurations. This balance between computational
efficiency and system flexibility remains a critical area for future research.

Notably, all three models discussed in this study were trained using only a single NVIDIA
A100 GPU over a duration of 85 hours. Looking forward, we can use this as a benchmark
as the size and capability of such transformer models is increased towards the goal of
predicting the behavior of larger quantum systems. Inspired by the scaling observed in large
language models within industry today, we imagine that significantly larger transformers
trained on vastly more data may be able to make highly useful predictions, e.g. about
the behavior of a quantum computer in parameter regimes for which no data is currently
available.

Finally, while our models in this study learned from synthetic data, our transformer archi-
tecture could instead be trained on qubit measurement data obtained from real experimen-
tal devices. Such would be the beginning of a new type of foundation model, trained on
real quantum computer output to generate predictions on a wide variety of unseen input
settings. Like today’s LLMs, the capabilities of such large quantum models could increase
dramatically with increased number of parameters, data set size, and compute, potentially
ushering in a new era of scaling in Al and quantum computer co-design.
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Chapter 5

Autoregressive model for continuous
variable many-body systems

So far, we have focused on many-body models with discrete degrees of freedoms (DoF's).
Applying autoregressive models to such models involves mapping the latent space out-
putted by the model to a conditional discrete probability distribution with a generator.
The generator in this scenario takes the form of a dense linear layer followed by a softmax
activation (see section 1.6.3).

For a model that exhibits continuous DoF's, the typical generator would require either
a discretization or reparameterization [219] of the space. Instead, let us consider using
the flow-based methods introduced in section 1.6.2. These flow-based methods have been
exactly developed to handle the parameterization of continuous probability distributions.

In this chapter, we replace the discrete generator with a conditional flow-based generator.
Consequently, the model is able to parameterize a joint probability distribution of contin-
uous variables. We apply the model to the classical 2D XY model on a square lattice and
study the well known Berezinskii-Kosterlitz-Thouless (BKT) transition [58, 59] that arises
in this system. With the proposed modification to the autoregressive models, they are able
to accurately capture the properties of the system as it undergoes this phase transition.

5.1 Architecture

We adapt the transformer for continuous probability distributions by replacing the gen-
erator with a conditional normalizing flow, shown in fig. 5.1. The flow-based generator
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is conditioned on the output of the transformer. This enables the full architecture of the
transformer and flow generator to represent joint continuous probability distributions.

0.4
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Figure 5.1: Flow-based generator for the transformer. The output of the transformer
is used to condition all transform layers.

Sampling from a normalizing flow is a simple process consisting of propagating a gaussian
sample through the transforms.

0= fiofao..fii1o fi(2), (1.31 revisited)

where, f; is the i-th transform layer, [ is the total number of transform layers. To obtain the
probability density of a sample, we first backpropagate the sample in the reverse direction
obtaining the initial samples drawn from the standard normal distributions:

20 = f;71(0)
za = [} o f7H(0)
_ (5.1)
Zp = ffl o f;l-'-fz_—ll © fl_l(e)-

The sample zy is drawn from the standard normal distribution, as such, the probability
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density is trivial to calculate:

po(z0) = e, (5.2)

This probability density is then combined with the Jacobians of the parameterized bijective
functions to obtain the probability of the transformed sample:

. 1
p(0) = H det(d?zl ) po(20),

i=1
df;
log(p(x)) = log(po(20)) Zlog (det<

The models are implemented with PyTorch [192], Lightning [193] and nflows [250]. The
hyperparameter tuning was performed with Ray [194, 195].

5.2 Autoregressive model for the classical XY model

The XY model, previously introduced in section 1.1.4, is characterized by the following
Hamiltonian:
E=+ Zcos(@' —0;), 0,¢€[-mm). (1.5 revisited)

For a 2D square lattice, the system undergoes the well known BKT transition at T, =
0.89273 [60]. To study the phase transition, we are interested in the energy and helicity
modulus. The helicity modulus, also known as the spin stiffness, is an indicator for the
BKT transition with the following form:

1
=¥ <; cos(0; — 8;)(a - (r; — rj))>
J ) (5.4)

1 .

where, a € {x,y} is a directional unit vector and r; is the position of the i-th rotor. Specif-
ically, the helicity modulus measures the response of the material as a twist is introduced.
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The generation of vortices in the model near criticality affects the helicity modulus of the
system leading to the phase transition.

We generated data for the 2D XY model on a square lattice with PBCs via MCMC for a
variety of sizes and temperatures:

L e {4,816}, T €][0.1,2.5]. (5.5)
Each dataset consist of 10* uncorrelated samples, 80% of which is used for training and the
remainder for validation. We train multiple models with parameters outlined in table 5.1
on subsets of the data. We employ the snake path for the autoregressive decomposition of

the joint probability distribution based on the discussion in chapter 3.

Transformer with flow generator

Parameter Value
N, 16
Nheads 4
NrpNN 256
NEG 1
NBes, 1
Flow transform Piecewise Rational Quadratic Spline [138,
Nbins 32
Ktail =+
Nparams 44319
Training
Parameter Value
Loss NLL
Algorithm Adam
Learning rate 3x 1071
Batch size 256

Table 5.1: Hyperparameters of the transformer, with flow generator, and the
training procedure. Ne,NheadS,NFFNN,NSEEkS and Nﬁgﬁks are the parameters of the
transformer. For the spline-based flow generator, Ny,s is the number of bins used in the
spline, whereas, k. is the cutoff that designates the tail region of the distribution.
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Instead of the full graph encoder for system parameters, used in the previous chapter,
we employ a simplified scheme as the system is governed only by a single global variable,
temperature T. We simply feed this single global variable into the transformer encoder
and the output is used to condition the transformer decoder.

5.3 Results

We train multiple models for separate sizes of the classical XY model on the 2D square
lattice as detailed in table 4.3.

Model M Mo M; My
System size N 4 x 4 8 X 8 16 x 16 all
Dataset size D 270000 810000

Epochs 128 256

Table 5.2: Details on the training dataset of multiple transformer models for
different sizes of the XY model. The dataset size D is the total number of samples,
of the system size N, used to train the model for the set of temperatures 7" in eq. (5.5).

First, we investigate the training of the model with the snake path, the results reinforce
the conclusions in chapter 3. The snake path yields a training process that is naturally
anisotropic, however, with sufficient training, the model is able to recover the isotropic
correlations and converge to the true distribution. For the classical XY model, we observe
in fig. 5.2, the helicity modulus reveals a large anisotropy early in training that is resolved
with sufficient iterations.

Figure 5.3 demonstrates the models’ ability to accurately capture the properties of the
dataset. With the simplified conditioning on the system parameter, the model is able
to interpolate between values of the temperature T', generalizing to parameter regimes
not seen during training. When the model is applied to system sizes not included in the
training set, overall trends of the properties for the different system sizes is still consistent.
To handle different sizes, we employ two techniques, training on multiple sizes and transfer
learning.

We consider training on multiple sizes and transfer learning in order to obtain results for
additional sizes. Model M, was trained on all the generated data, it is able to accurately
reproduce the estimates of the data for all sizes. However, we note that training models
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Figure 5.2: Training behavior of model M, on the XY model. The shaded area
corresponds to the standard error of 5 independent training runs. Plots (a) and (b) record

the helicity modulus YT, and T, red and purple respectively, against temperature during
model training.
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Figure 5.3: Trained models M, estimates for properties of the XY model. The
models are each evaluated on the system sizes they are trained. The estimates for energy
and the helicity modulus is obtained from drawing 1000 samples from the model.

87



Figure 5.4: Performance of model M, on multiple sizes of the XY model. The
model M is evaluated on system sizes L = 4,8,16. The estimates for energy and the
helicity modulus is obtained from drawing 1000 samples from the model.
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Figure 5.5: Evaluation of a model M, trained on multiple sizes of the XY model.
The model Mys is evaluated on system sizes L = 4,8,16. The estimates for energy and
the helicity modulus is obtained from drawing 1000 samples from the model.
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on multiple sizes require significantly more time. The competition between the losses of
varying size constrains the parameter trajectories during the optimization process.

If we instead leverage the fact that the model trained on different sizes has already obtained
the qualitative behavior of the properties, we can employ the transfer learning procedure
where a pre-trained model is fine tuned for the new systems of interest. We observe
that unlike the randomly initialized model, the transfer learned model learns the true
distribution at an accelerated rate, most notably, it does not experience the slow down in
training due to the need to resolve the anisotropy arising from the choice of path.

Transferred
1.41 —— Fresh
=
U
1.3
0 20 40 60 30 100 120

Epochs

Figure 5.6: Transfer learning of model M, for size L = 16 XY model. The fresh
curve corresponds to a model trained from scratch on the size L = 16 XY model.

5.4 Conclusion

In this chapter, we introduce a simple modification of typical autoregressive models to
be applicable to systems with continuous DoFs. When applied to the system of rotors
described by the 2D classical XY model on the square lattice with PBCs, the model was
able to accurately capture the behavior of the system throughout the BK'T phase transition
for the sizes it was trained on. The training results of these models further support the
conclusions from chapter 3 regarding the relation between the training behavior and the
correlation anisotropy for the snake path in autoregressive models.

However, the models are unable extrapolate in size, failing significantly when unrolled for
larger system sizes. The ability to perform transfer learning in these models helps alleviate
some of the cost of training new models for every size. We observe that when transfer
learning onto a larger system size, the model is able to bypass the initial phase of training,
related to the anisotropic nature of the snake path, converging to the solution earlier.

89



This works widens the applicability of autoregressive generative models to many-body
physics models. There exist formulations of many-body physical models that map sys-
tems from discrete space to continuous space, corresponding to statistical field theories.
Furthermore, we propose this allows us to study the system in alternate bases, such as
the fourier basis. The fourier transform maps local, real-space, elements of the theory to
global, momentum space, elements and vice versa. Local constraints of the discreteness of
spins does not straightforwardly map to a decomposable momentum space representations.
This introduced flexibility, due to the parameterization of continuous DoF's, provides a way
to resolve this by considering the full continuous space in which the discrete set of possible
momentum representations of the state is contained.
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Chapter 6

Fractal transformer: A
renormalization group inspired
transformer architecture

In the previous chapters, we leverage the ability of sequential models to be unfolded to an
arbitrary size to investigate the behavior of the transformer to generalize to larger sizes
of the Rydberg system. However, we observed the vanilla transformer struggle to obtain
accurate values for the properties of interest.

In this chapter, we take inspiration from renormalization group (RG) [61] and the patched
transformer [179] and build an architecture that incorporates the structure of real-space
RG. The use of RG in many-body physics has enabled physicist to probe the asymptotic
properties of many-body systems, at the thermodynamic limit, by introducing a system for
scaling the model that ignores irrelevant components and obtaining a system of equations
that describe this scale transformation. In this way, the elements in RG shows promise as
a technique for assisting autoregressive models in obtaining generalization in the system
size. We show that such a model has a tree-like structure and outperforms the vanilla
transformer when extrapolating to a larger size.

6.1 Architecture

In the patched transformer architecture [179], spins and grouped together into patches. The
long-range correlations are captured by a transformer, whereas, the short-range correlations
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are confined to the patches and are captured by an RNN. The use of the hierarchical struc-
ture improves the efficiency of the architecture. As previously mentioned in section 1.6.3,
the computational cost of the vanilla transformer scales quadratically in sequence length,
in contrast, the RNN computational cost scales linearly with sequence length, as such the
reduction in sequence length for the transformer in the patched transformer architecture
improves the computational cost. Furthermore, transformer were initially built for natural
language processing where the local dimension of the sequence is in excess of 10®, whereas,
the spin-models of interest to us are only 2 dimensional locally. By patching the spins, the
local dimension of the model is increased.

In this work, we generalize the patched transformer for an arbitrary number of hierarchies.
Consequently, the resulting architecture resembles a tree. Tree structures have been shown
in the field to be beneficial, such as Tree Tensor Networks (TTN) performing better than
Matrix Product States (MPS) at reconstructing states [252]. The structure is also similar
to the structure imposed by real-space RG shown in fig. 1.4. Instead of individual models
at the different hierarchies in the model, we use the same transformer at all levels in the
hierarchy and share the weights between them. We call this the fractal transformer.

The fractal transformer is comprised of a vanilla transformer and a FFNN. The FFNN,
shown in fig. 6.1, serves as a parameterized decimation scheme, similar to the scale trans-
form in real-space RG. The decimation acts on patch of spins and reduces it to an effective
block-spin. Via the iterative application of the decimation to the system, we obtain the
coarse-grained spins at various scales:

{o,0",0",...,0©}, (6.1)

where, O is the depth of the fractal transformer. These coarse-grained spins are the inputs
to the transformer and the outputs are used as the initial token for the transformer in the
subsequent lower level (fig. 6.2). At the leafs of the hierarchy, a generator is applied to map
the latent space to a conditional probability distribution. These conditionals combined
represent the full joint probability distribution of the spins. The model preserves the
autoregressive property of the transformer as each element in the output depends only on
the hierarchy of spins that precede it. This corresponds to a pre-order tree traversal where
the nodes in the hierarchy are traversed left to right.

Due to the tree-like structure of the fractal transformer, the system sizes N has to be
a power of the patch size Npaien. Furthermore, the fractal transformer requires that the
structure of the lattice is invariant to the patching procedure, this enables further patching
of the coarse-grained spins. A compatible lattice would be the hypercubic cubic lattice.
For hypercubic lattices with spins on the vertices, a natural choice for the patch is the
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Figure 6.1: Neural network for the decimation of spins in the fractal trans-
former.
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Figure 6.2: Schematic for the hierachy of transformer calls in the fractal trans-
former. The top of the hierarchy corresponds with level 1 and takes as input the order O
coarse-grained spins, whereas, level O consist of leaf nodes at the bottom of the tree with
inputs being the actual spins of the system.
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hypercubic unit cell. For a d-dimensional hypercubic lattice, the size of the unit cell is 2.
The hypercubic lattice exhibits self-similarity, i.e. the lattice has the same geometry at
all scales. If the spins were to instead live on the edges, faces or hyperfaces, there exist
groupings of the spins that result in a hypercubic lattice with the grouped spins on the
vertices.

Due to the hierarchical structure of the fractal transformer, the autoregressive path through
the system has a hierarchical block structure, We choose to use the generalized snake path
and its generalizations for the autoregressive path through the hypercubic patch at all
levels in the hierarchy. At the scale of the hypercubic unit cell, the generalized snake path
and generalized hilbert path are identical. Therefore, the total path is mostly isotropic.

A key property of sequential models are their ability to handle arbitrary sequence length.
This property allows for sequential models to be unrolled, i.e. during inference the model
is applied to, or use to generate, longer sequences than present in the training dataset.
In our fractal transformer architecture, instead of unrolling in the sequence size, a more
natural way to unroll the network is in the hierarchy. This scheme increases the sequence
length by a multiplicative factor of the patch size Npain at once instead of by a single
element at once.

As the transformer, in the fractal transformer, is constantly called on a fixed size input
(the patch size Npaten), the overall computational cost of the fractal transformer is govern
by the number of calls to the transformer. For an order O hierarchy, the number of calls
is the following:

0-1
> Nien = 1+ Noatch + Nongen + - + Nty < N, (6.2)
i=0
Therefore, the fractal transformer is computationally efficient with linear asymptotic scal-
ing with the system size.

Similar to in previous chapters, we are able to modify the transformer to be conditioned
on the system parameters with an encoder-decoder architecture. Since the model is con-
ditioned on the system parameters, after training, we are able to evaluate the model on
system parameters not present in the training dataset. We use the simple encoding of
system parameters introduced in the previous section, the system parameters are directly
passed to the transformer encoder.

In the following sections, we test the fractal transformer with hyperparameters described
in table 6.1 on multiple many body systems.

The models are implemented with PyTorch [192], Lightning [193] and nflows [250]. The
hyperparameter tuning was performed with Ray [194, 195].
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Fractal transformer Training
Parameter Value Parameter Value
N, 16 Loss NLL
Nyecimation 8 Algorithm Adam
Nheads 2 Learning rate 1x1073
NEENN 128 Batch size 32
Nijlocks 2 PDdropout 0.1

Table 6.1: Hyperparameters of the fractal transformer architecture and train-

ing.

6.2 Results

6.2.1 Ising model

We train the fractal transformer on the 2D ferromagnetic Ising model on a square lattice
described by eq. (1.1) and fig. 1.1 with an MCMC generated dataset. We configure the
model with a conditioning on the temperature. We train multiple models with different
system sizes, the models are presented in table 6.2.

Model M,y Moy Ms My

Order O 2 3 4 3,4
System size N 4 x4 8 X 8 16 x 16 8 x 8,16 x 16
Dataset size D 500000 500000, 500000
Temperatures T 0.1, 5]

Table 6.2: Details on the dataset used to train multiple fractal transformer
models. The dataset is split 80% for training and 20% for validation and testing.

we study the estimates for the magnetization M, energy F, magnetic susceptibility y and
the specific heat capacity C, produced by models. The magnetic susceptibility x and
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Figure 6.3: Fractal transformer estimates for the properties of the 2D Ising
model across the phase transition. The model M, is evaluated in this figure with

1000 samples per point. The estimated critical temperature is 7, ~ 2.210(35).
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Figure 6.4: Collapse in the magnetic susceptibility for the 2D Ising model esti-
mated by the fractal transformer. The models M, My, M3 and M, are evaluated
in this figure with 1000 samples per point. Here, we use the well-known exact critical
exponents for the 2D Ising model.

96



specific heat capacity C, are estimated from the model with the following:

N 0 63
_ (B -y
C, = (6.4)

During the phase transition, the specific heat capacity C, diverges at criticality. We obtain
an estimate of the critical temperature by determining the peak of the specific heat capacity
C, via optimization based on querying the fractal transformer at various temperatures. The
estimated critical temperature for trained models are around T, ~ 2.4(1). We observed
that the architecture has significant error in the estimated critical temperature, this is due
to the dataset the model is trained on, from the dataset, the critical temperature is around
T. ~ 2.3(1). Therefore, the model predicted critical temperature agrees with the data and
we believe training on a cleaner dataset would result in a corresponding improvement of
the model.

Additionally, fig. 6.3 demonstrates that unrolling the model results in reasonable estimates
of the properties for values of L larger than the system in the training dataset.

We collapse the magnetic susceptibility x curve with the theoretical values for the critical
exponents in fig. 6.4. As the model is trained on larger sizes, systematic improvement is
made. Each model performs well on the subsequent larger system O + 1 with the curves
overlapping to a significant degree.

6.2.2 Rydberg system

Next, we look to study the fractal transformer when applied on the Rydberg hamiltonian
described by eq. (1.15) and fig. 1.15. We configure the model with a conditioning on the
detuning ¢/ and set R,/a = 1.15, Q =1 and § = 64. We train the model on N = 16 x 16
system, at low temperatures § = 64. The data is simulated with SSE QMC and we sweep
the detuning §/€2 as per eq. (4.6). The dataset has a total size of 100000 samples, 80%
used for training and the rest for validation and testing. We only train the model at low
temperatures as, similar to RydbergGPT, the current fractal transformer architecture is
incapable of differentiating between mixed states and superposition states, this can be
resolved by modifying the model to admit a mixed state representation.

In Figure 6.5, we study the properties of the system, including the density (n), staggered
magnetization (G°%9) z-magnetization (6*) and the energy (E). There is good agreement
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for the staggered magnetization, density and energy between the QMC data and the model.
However, we observe a deviation in the xz-magnetization.

We are able to extract the model’s prediction as system size is scaled. The trend of the
energy agrees with expectation, the average energy increases and converge as the system
is scaled to larger sizes. Despite this, the finite size effects are not fully captured by the
model.

The dataset used includes data-spared regions, the kink in the high detuning regime is
within such a region. We are confident the introduction of more training data in the
vicinity would remedy the issue.

— L =4 — L =28 — L =16 — L =32 Data

5/9 5/9

Figure 6.5: Fractal transformer estimates for the properties of the 2D Ryberg
Hamiltonian across the phase transition. The model is evaluated in this figure with
1000 samples per point. The dashed grey lines indicate the parameters for which the model
is trained on.

6.2.3 Classical XY Model

For the XY model described by eq. (1.5), we employ the mechanism introduced in chapter 5,
allowing the fractal transformer to parameterize a system of continuous DoF's conditioned
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on the temperature of the system. The flow generator is comprised of Niyyers = 2 layers
of piecewise rational quadratic spline transforms [138, |, with Ny, = 32 bins and a tail
cutoff at k. = +m. We train the model across the BKT transition, with 10* uncorrelated
samples generated with MCMC for temperatures 7' € [0.1,2.5] and system size L = 8.

The continuous fractal transformer was able to achieve similar performance for the helicity
modulus and energy at smaller and larger system sizes despite being trained only on a
single size L = 8. However, there is a slight systematic bias across the different lattice
sizes, worse at higher temperatures.

L=4

1.0

0.5 1 \ 1 \\\ T,

Figure 6.6: Evalating the continuous fractal transformer applied to the 2D XY
model. The model is evaluated on system sizes L = 4,8,16. The estimates for energy and
the helicity modulus is obtained from drawing 1000 samples from the model.

6.2.4 Ising lattice gauge theory

The Ising lattice gauge theory, previously introduced in section 1.1.3, is governed by the
following hamiltonian:
E=4+ ZUinUkUl, o; € {£1}, (1.4 revisited)
O

where, the sum is over all possible plaquettes. Figure 6.7 shows the structure of the 3D
I[sing lattice gauge theory on a cubic lattice with PBCs. The system exhibits a local gauge

symmetry, flipping the star conserves energy. By Elitzur’s theorem, there does not exist
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a local order parameter for the system [57]. The phase transition is characterized by the
Wilson loops.

/

//7‘4 _, T

O

Figure 6.7: The 3D Ising lattice gauge theory on a cubic lattice and the tetra-
hedral grouping of spins. The system has PBCs, on the left, the red square represents
a plaquette operator, the blue asterisk a star operator and the purple line a Wilson loop.
The spins (green) forming a tetrahedral with the vertices (black) of the lattice are grouped
together.

Spins live on the edges in the Ising lattice gauge theory. We obtain a self-similar cubic
lattice structure by a tetrahedral grouping of spins around the vertices of the cubic lattice.
This reduces the model to a cubic lattice with DoF's on the vertices. The number of possible
states for these DoF's on the vertices is 2% = 8. This construction supports the applicability
of the fractal transformer on the model.

For the patches of the fractal transformer, we use the cubic unit cell composed of Npapch = 8
vertices. The patch is traversed with the generalized 3D snake path. Due to this increase in
local dimension, we update the parameters of the fractal transformer model, see table 6.3.

We train the model on MCMC data generated for L = 4 for the Ising lattice gauge theory,
this corresponds to a total of N = 3L = 192 spins, with a conditioning on the temperature.
We sweep the temperature T’ € [0.1,5], generating a total to 10 uncorrelated samples at
each temperature. The model is trained on 80% of the data, while, the remainder is used
for validation.

Training the network yields fig. 6.8, we observed that the fractal transformer is unable to
generalize the behavior of the Wilson loop to sizes unseen during the training. Furthermore,
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Fractal transformer

Parameter Value
N, 128
Ngecimation 64
N heads 2
NEFNN 1024
Nblocks 2
Nparams 1455113

Table 6.3: Hyperparameters of the fractal transformer architecture for the 3D
Ising lattice gauge theory.

L=2 — L =1 — L =38 Data

Figure 6.8: Fractal transformer prediction for the Wilson loops of the Ising
lattice gauge theory. We evaluate the model on multiple sizes L = 2,4,8. The dashed

line indicates the actual critical temperature g, ~ 0.76 [50].

for the size the model was trained on, the model struggles to obtain the properties of the
system during the phase transition.
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Non-local parameters, spanning the full system, cannot be decomposed into smaller blocks.
This results in an incompatibility with the hierarchical structure of the fractal transformer,
which is obtain by iteratively breaking down the system into smaller and smaller patches.
The full size of the system is required to compute the Wilson loop, however, the fractal
transformer does not include any information on the full size of the system, just information
on the handling of patches and scaling of the system. Furthermore, near criticality, the
correlations governing the system are the correlation of all closed contours of spins. These
closed contours of spins naturally do not fit into patches and cannot be reduced, as such, the
fractal transformer is unable to accurately reproduce states for the system near criticality.

6.3 Conclusion

We demonstrate that a more performant generalization in size can be achieved by the
integration of RG structures in autoregressive neural networks. This joins several other
works that integrate RG with machine learning [253-257]. The model leverage the RG’s
ability to determine the scaling behavior of systems. We test our architecture on a variety
of scenarios, including, a system with a quantum phase transition and thermal phase
transitions in discrete and continuous systems. Our technique performs well for systems
with local order parameters and is not capable of handling systems without local order
parameters. This failure is due to the real-space hierarchical structure of the transformer
being incompatible with non-local properties of the Ising lattice gauge theory. We project
that an alternative formulation of the architecture based instead on momentum-space RG
may be able to overcome this.

We have tested the fractal transformer on the 2D square lattice which is self-similar. Future
work could expand this with methods to accommodate other lattice geometries, such as
triangular, hexagonal, Kagome, etc. The fractal transformer currently consist of a single
transformer applied at all levels in the hierarchy. Another avenue for exploration would be
to eliminate this weight sharing between levels by modifying the transformer conditioned
on the level.

The integration of RG into neural networks is promising and warrants further investigation.
Furthermore, in recent years, neural networks have been studied via a mapping to statistical
field theories [8—10]. RG has proven a useful tool in the analysis of neural networks [253].
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Chapter 7

Conclusion and outlook

In conclusion, We studied the mechanisms and structures underpinning autoregressive
generative models by applying them to typical many-body physics models. We explored
multiple avenues to achieve efficiency and generality in these machine learning models.

We demonstrated the physicality of the state enforced by neural quantum states (NQSs) al-
lows for a logical tradeoff between computational and sampling complexity. The physicality
of the state naturally imparts a constraint on the search space, shrinking it. Whereas, for
stateless methods, such as classical shadows and the introduced conditional local density
RNN (CLDRNN) architecture, the search space is a superset of the physical states. The
incorporation of information is at the heart of the improvement in sampling complexity
as it leverages a priori knowledge. With the full Pauli basis set, utilizing this knowledge
requires computationally inefficient application of rotations, however, via the further inclu-
sion of information regarding the sign structure of the wavefunction, there exist a regime
in which these methods are tractable.

For near-term atom-based quantum processing devices, the repetition rate of experiments
limit the amount of extractable data. NQS are a forerunner, facilitating accurate estimates
of system properties in spite of finite data. Furthermore, native interactions in these devices
include sufficient flexibility to study interesting physical systems amenable to efficient data
extraction with NQS.

Optimization of these autoregressive models for many-body physics systems accompanies
multiple choices regarding the parameterization. One such parameterization is a prod-
uct of the sequential property of autoregressive models, requiring the mapping of higher-
dimensional systems to 1-dimensional sequences, known as a space-filling path. The choice
of this traversal through the higher dimensional discrete space has considerable effects on
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the training behavior of such models, implying the existence of an optimal decomposition
of the space into a sequence. Contrary to expectations, we find results from autoregressive
models that differ from past work examining the same for tensor network methods, suggest-
ing the need for further investigations to reveal the relation between optimal space-filling
paths and many-body systems.

Typically, these autoregressive models reconstruct singular states of interest of a many-
body system, corresponding to a particular set of system parameters. However, this does
not leverage the proven generalization power of these models. Instead, we envision these
models learning the equilibrium state for the entirety of the system’s phase diagram and
more. This is done via encoding the system parameters as a graph, processing it and,
finally, conditioning the autoregressive model on it. This enables us to probe the models’
effectiveness at learning the physics of the many-body system. Our results, applying the
method to the Rydberg atom array quantum processor, show promise that with sufficient
resources, such models could truly achieve generality.

The usual systems studied by these networks consist of discrete degrees of freedom (DoF's),
however, there exist many-body systems that exhibit continuous DoFs. Our approach em-
ploy a simple modification of the autoregressive model to handle such systems, augmenting
the model output layer with flow-based models, able to capture complex continuous proba-
bility distributions. Application of this combination architecture demonstrate the ability to
capture the complex behavior of the XY model through the Berezinskii-Kosterlitz-Thouless
(BKT) transition.

On the path to achieve scale and generality, we adopt many-body techniques in our model.
Specifically, the structure of real-space renormalization group (RG) is introduced into the
transformer in an attempt to demonstrate size extrapolation. We observe signatures of the
model achieving size independent estimates of the system properties for particular models,
with local order parameters. In contrast, the model fails to do the same for models without
local order parameters, a famous one being the Ising lattice gauge theory.

The work reveals a host of directions for future research. The Pauli basis form an over-
complete basis for the reconstruction pure quantum states, this has been proven achievable
with 5 bases [198-200]. Moreover, the bases rotations required are computationally efficient
to implement on the NQSs.

Additionally, we have mainly considered global parameters when conditioning autoregres-
sive models on the system parameter graph, there is more to study in regards to local
parameters and arbitrary 2-body edge interactions or higher-body hyperedge interactions,
corresponding to lattice geometries or more generally graph geometries. Perhaps, the di-
mension of the system could also be included in the parameterization of the system.
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Lastly, in recent years, efforts have been made to integrate RG theory with machine learning
[253-258]. We propose introducing the structure of momentum-space RG and other RG
formulations into autoregressive models as an area that warrants research.

We are optimistic that the culmination of these areas of research could be revolutionary,
yielding novel efficient methods to assist in the understanding of complex many-body
systems.
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