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ABSTRACT 

The applications of horizontal and slant wells in the oil industry have increased rapidly for the last 

decade after successful improvements in horizontal drilling technology. Compared with 

conventional vertical wells, horizontal or slant wells can sigdificantly improve the per-well 

productivity because of the longer contact length of the well with the reservoir and a smaller 

pressure gradient. Horizontal wells are also more effective in controlling problems such as gas or 

water coning and solids production. Horizontal wells have also been found more effective in phase 

displacement in cold or hot injection assisted production. 

Productivity from a horizontal or slant well is a function of many factors such as well length, 

orientation and elevatio~ reservoir thickness, anisotropy, porosity, compressibility, and boundary 

conditions, both lateral and vertical. To find the relationship between these factors and the 

prcxtuctivity of a well is an important task in choosing the proper well pattern in reservoir 

exploitation. For this purpose, the focus of this thesis is on the analysis of fluid flow to horizontal 

and slant wells. A new more general so~ution is developed in this thesis for evaluating per-well 

productivity of a horizontal or slant well. Compared with the solutions available in the literature, 

the new solution considers an arbitrarily oriented slant well in a three dimensional anisotropic 

reservoir. By using the new solution, the direction along which a well obtains the optimum 

production can be determined. 

As we know, reservoir parameters are the most important factors in well productivity prediction. 

There are several methods (transient solutions) available in the literature for reservoir parameter 

estimation. However, the parameters estimated from these solutions can deviate from the real field 

parameters because of poor assumptions, particularly in highly anisotropic reservoirs. A new 

transient solution is developed considering an arbitrarily oriented well in an anisotropic reservoir, 

which is not considered in the solutions available. In the new solution, we have presented detailed 

analysis on the two characteristic times, the upper and lower impermeable boundary effect time tb 

and the well length effect time t. from a horizontal well. We found these two parameters to be as 

important as the others such as permeability and storativity in characterizing a well•reservoir 

interaction model. 

Wellbore storage and formation alteration are another two important aspects in a horizontal well 

test and productivity analysis. A brief analysis of the wellbore storage effect on horizontal well 
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test interpretation is discussed. The storage effect on a haizontal well test is similar to that of a 

vertical well test, but can mask one or more tlow regimes which can destroy possibilities to 

estimate the parameters which are characterized only by these regimes, such as the vertical 

permeability characterized in the early time Dow regime. 

Formation alteration effect bas often been simulated by a skin term for both vertical and horizontal 

well tests. However. the skin term does not always w<Xk. particularly when a large size of the 

formation is altered (improved or damaged). In order to simulate the alteration effect in such 

situations, a new model is developed in this thesis. Tile new model considers a more realistic 

permeability variation model in the altered zone, a continuous variation model. 1be permeability in 

the new model is assumed to satisfy a power relationship with radial distance from the well. 

Experiments indicate that this power permeability model can more closely model the field alteration 

than the step permeability model widely discussed in the literature. By using the new model, the 

alteration characteristics such as alteration degree and alteration size can be evaluated 

Because of the more general and detailed analysis on fluid flow to a horizontal or slant well, we 

believe the conclusions derived from this research will be beneficial to the further applications of 

horizontal and slant wells in the petroleum and other industries. 
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Chapter One 

Introduction 

1.1 About Horizontal Wells 

Vertical wells have been the main tool used for the purpose of natural underground fluid resource 

exploration and exploitation [Butler, 1989 et aL. 1989; Freeze and Cherry, 1979}. A vertical well, 

however, has ics disadvamages in terms of well productivity. The productivity of a well is mainly 

controlled by two factors, the conducting force, i.e. the pressure gradient, and the resisting force, 

quantified through appropriate use of parameters such as permeability. viscosity, and saturation. 

Permeability is a porous medium related lumped parameter expressing the macroscopic effect of 

microtexture, assuming a represencative elementary volume. The larger the permeability. as in the case 

of a gravel or vuggy limestone, the less resistance force the medium can exen to flow, and the more 

production can be achieved. The resistant force factors associated with the fluid phast! are viscosity 

and saturation. Issues such as relative permeability arise when there are more than one fluid phase (oil, 

water, gas), and this relative permeability incorporates both porous medium factors and fluid properties 

[Dullien, 1979]. 

To improve well productivity, the basic ideas are to improve the "conducting-factors" and to reduce 

the "resisting-factors". Reduction of resisting factors involves directly increasing the formation 

permeability, a highly successful approach to reservoir treatment in the oil industry which includes 

methods such as hydraulic fracturing, formation acidizing, sand production and so on. Other methods 

of reducing the resisting factors are related to reduction of viscosity by heating, solvent injection 

(including soluble gas), or by changing or affecting the surface tension and the fluid sarurations. 

Methods to increase (or maintain) conducting factors include water flood and gas injection to maintain 

pressure gradient. Other aspects relating to conducting factor improvement had not been successful 

until the last decade, when horizontal well drilling techniques were substantially improved. Slant and 

horizontal wells can increase well productivity by reducing the conducting distance over which the 

formation pressure must act, compared to a convergent vertical flow well. The geometrical 

configuration of the tluid collector is therefore a basic factor which can change the exploitation str.1tegy 

of the pressure drive in a reservoir, and also change the pressure distribution of the reservoir. It can 
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also give substantial advantages in implementation of gravity-dominated production processes. 

All these factors are closely related in a full-scale field flow system. Under conditions of constant flow 

rale, the pressure gradient is the result of the combined effects of permeability, viscosity, well 

geometric configuration, and boundary conditions. To maintain a specific production rale in a medium 

of lower permeability generally requires a higher pressure gradient. Similarly, in a high permeability 

reservoir, a lower gradient can achieve a specific production rate. Changes of well orientation or 

boundary conditions,. on the other hand, will change the pressure distribution, and affect well flow rate. 

Horizontal wells can reduce the resisting force because they can have a length as long as the 

underground reservoir extent. Horizontal wells have been intensively adopted by the oil industry in 

the last ten years because of advances in horizontal drilling techniqut!s. The pott:!ntial tor horizontal 

well application in underground tluid resource exploration and production comes from the natural 

geological formations which are usually much longer horizontally than vertically. The conventional 

venical well exploitation scheme seriously limits the optimum per-well productivities because of the 

tremendous hydraulic gradient required around the well in order to move the resource stream from 

great distance to the wellbore. A vertical well represents only a point sink in a horizontal reservoir; 

this makes it very possible that the productivity potential of the well is impaired if a shale lens or a 

low permeability blockage is located near the well. The natural layered characteristics of underground 

formations imply that, if a well can be drilled along the horizontal extension of the layer. tremendous 

energy can saved in the exploitation process. Horizontal wells. therefore. have bt!comt! the prefom:d 

choice for this purpose in many regions or the world. 

However, because of the lack of advanced horizontal drilling techniques, horizontal wells were not 

widely used until the late 1970's. when horizontal drilling for the first time became feasiblt! both 

economically and technically. The currem horizontal drilling cost has dropped almost to the same per­

meter level as vertical drilling. The advances in horizontal drilling technology have significantly 

increased the possibilities for using horizontal wells in various underground engineering constructions, 

as the applications of horizontal wells are not limited to the oil industry. In environmental engineering, 

advantages in catching and blocking groundwater contaminants from contaminated aquifers makt! 

horizontal wells much more effective than the conventional vertical wells. It is also obvious that 

horizontal wells are usually the best choice in dewatering systems in slope stability improvement and 

other similar applications. 

Horizontal wells are more and more used in various industries. However, some basic characteristics 

of horizontal wells in interacting with layered formations remain unsolved, which limits optimum 
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design in real applications. These problems include horizontal well productivity evaluations. formation 

parameter estimation from horizontal well tests. horizontal well test interpretation, parameter effects 

on productivity, and pressure distribution analysis. This research was intended to address most of these 

questions, and results will be outlined in the following Chapters. 

1.2 Objectives of The Research 

The objective of this research is to explore the advantages that horizontal wells offer in both 

engineering and science applications by theoretical analysis. Thus it is hoped to answer some of the 

questions arising in use of horizontal wells. including horizontal well productivity analysis. well lt!st 

interpretation, wellbore damage effects on production, and pressure distribution analysis. The eft'i!cts 

of various parameters including formation parameters such as anisotropic permeabilities, 

compressibility. porosity. and geometrical parameters such as well length. reservoir thickness. well 

elevation and orientation. are important in understanding characteristics of fluid t1ow behaviour to a 

horizontal well. The effect of individual parameters and combinations of these parameters should be 

generally emphasized, and will be studied herein. 

Another major goal of this research program is to analyze and solve tluid tlow problems commonly 

c!ncountered in reservoir engineering, ground water exploration and geotcchnical t!ngineering. Those 

problems include formation alteration effects on production. as well as pressure distributions \Vhid1 

results from hydraulic fracturing. formation acidizing and reservoir sand production. 

Fluid flow in post-treated formations can be simulated by assuming non-uniform permeability. More 

generally, the fluid collector factor, i.e. horizontal wells,. can also be simulated by the formatiun 

permeability as ''infinite-conductivity... which might be expressed as follows in a "homogeneous 

isotropic" reservoir: 

(1.2.1) 

where ko is the homogeneous permeability of lhe porous medium. O(r-r') is the Delta function which 

is infinite for r = r' and is zero for r * r'. r is the coordinate and r' is where the fluid collector is 

located, p is fluid pressure (hydraulic head). cm is formation compressibility, ci, is formation porosity, 

µ is fluid viscosity and t stands for time. 
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Equation (1.2.1) usually can not be solved analytically for generally non-uniform pt!Cmeabilitit!S. 

However, the traditional transient flow solution to a bounded vertical well, achieved by assuming a 

constant permeability, can not be used for cases when one or more of the above described productivity­

improvement treatment methods are used. Significant "calibration" or "correction factors" (such as a 

skin term) have to be introduced to permit use of these conventional equations in any predictive 

capacity, and this means that the physics of the process is being mis-represented or overly simplified. 

To give appropriate solutions for these problems, more physical and mathematical analysis is required 

and this has become a fundamental objective of this research program. 

1.3 Research Approaches 

Theoretical analysis has been the main approach for this research program. Several theoretical 

solutions have been obtained related to applications of horizontal wells in engineering. In analyzing 

fluid flows in an underground porous medium, Darcy's law, describing fluid flow in porous media, and 

the continuity equation, describing mass conservation, are the basic theoretical foundations. Because 

of the different conventions in the expression of the governing equations in oil and groundwater 

industries, they are used alternatively in this research. The main difference between the two 

conventions is that the gravity effect is neglected in the oil convention compared to tile groundwater 

convention. In the oil industry, fluid pressure is widely used instead or llydraulic llead, wllicll is the 

sum of pressure and gravity effect commonly used in groundwater research. Other differences are in 

the use of formation parameters, such as reservoir compressibility and porosity in the oil industry. 

whereas specific storage is used in the groundwater area. Strictly, all the derivations in this thesis are 

accurate for the groundwater convention; the oil convention is only acceptable when the gravity term 

can be safely neglected. The relationships for these different expressions are simple and are listed in 

the following sections. 

1.3.1 Darcy's Law 

Darcy's law describes fluid flow in a porous medium. It can be written as the following in terms of 

hydraulic head and conductivity: 
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_ K an _ K an _ an r. 
q:: -l + -] + -1\. .tax y ~, az. 

(1.3.1) 

where q is flow rate, K,.. Ky and ~ are the anisotropic hydraulic conductivities and H is hydraulic 

head. 

The hydraulic head and hydraulic conductivity can be expressed in terms of pressure and permeability 

in the following way: 

k-=K~ 
r 'pg 

( 1.3.2) 

where Z is the elevation head. 

If we assume that the fluid density is a const_ant, then by substituting H and ~ of ( 1.3.2) into equation 

( 1.3.1), the following is obtained: 

,7 :: - 1 fk i)p i + k dp T + k ( dp +pg)] µ[ .c ax )I dy ;; az (1.3.3) 

where p is fluid density, g is the gravitational acceleration constant and ks, ky and ~ are onhogonal 

anisotropic permeabilities of the porous medium. 

If the gravitational term pg can be neglected, then equation ( 1.3.3) becomes the same form as equation 

( l. 3 .1) in terms of pressure and permeability viscosity ratio instead of hydraulic head and hydraulic 

conductivity. 

1.3.2 Continuity equation 

The continuity equation of fluid tlow in a porous medium can be written as: 

div(p ij) :: 'cJ(p ct>) a, 

where 4> is the porosity of the porous medium, p is fluid density. 

(1.3.4) 
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If we substitute the expression of q in equation (1.3.1) into (l.3.4) and assume a slightly comprt!Ssible 

fluid, we obtain the following governing equation in terms of hydraulic head: 

(1.J.5) 

where: 

(l.3.6) 

is the storage coefficient (specific storage)7 (3 is the fluid compressibility and ex. is formation 

compressibility which is defined as. 

1 av, 
<X=--v, ap 

(l.3.7) 

where Vt is the total volume of the porous medium. 

In the oil industry the fluid compressibility is usually neglected, and instead of using fonnation 

compressibility ex, tormation void compressibility cm is used which is defined as: 

where V v is the pore volume. 

From equation (1.3.7) and (l.3.8) we have: 

C = Hl 

therefore the governing equation ( 1.3.5) becomes the following form in terms of pressure: 

(1.3.8) 

(1.3.9) 
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(1-1.10) 

where the fluid is assumed incompressible ((3 = 0). 

Therefore. the governing equations of the two conventions also have the same form. 

1.3.3 Boundary conditions 

Two types of boundary conditions are usually used in fluid flow analyses: the first type condition 

(known head or pressure) and the second type condition (known flux). The first type boundary 

condition is usually used in specifying a constant head in tht! wellbore and drainage boundary, which 

for a horizontal well can be written as the following: 

H(x;y.z} '"·dlborc = H..., 
P(x '" -=-> I = P <Z> • •- ,... "dlborf! ••· 

(1.3.11) 

(l.3.12) 

where Pwcu borc(Z) and pdr:linasc<Z) are the pressure values along the well bore and drainage boundaries and 

are functions of the elevation because of the relationships in equation ( 1.3.2). 

For the drainage boundary, if a constant head is maintained, the ma.timum and minimum pressures are 

at the lower and upper boundaries of the formation Le PJr.un.isc(lower boundary) = Pc + pgh/2 and 

P<irainasc(upper boundary)= Pc - pgh/2, where Pc is the pressure at the middle of the formation. Because 

the drainage boundary pressure (far-field pressure) in most oil reservoirs is much larger than the terms 

introduced by the gravity factor, it is usually neglected by only using Pc• However. if the gravity cenn 

can not be neglected, the hydraulic head is to be used. 

For the same reason, the wellbore boundary condition is also usually approximated by the pressure 

values along the axis of the well Pw· The maximum and minimum pressures are at the bottom and top 

sides of the well i.e Pwcllbon:(bottom side) = Pw + pgrw and Pwctlboce(upper side) = Pw - pgrw. 

The second boundary condition is usually specified at impermeable boundaries which are usually the 
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layers above and below a oil reservoir. The specification of the second boundary condition in terms 

of hydraulic head and pressure can be written as follows: 

iJH 
dz I boundaria = 0 

rapL = -pg 
L<lz artt!S 

(1.3.13) 

Because of the gravity term pg. the specifications are different betwl.!en tlle two conventions. 

However. as discussed above. because it is very small compared to the avt!rage pressure gradient. the 

gravity effect is usually neglected in the oil industry. which makes the two conwntions identical in the 

specification. 

Obviously, at such boundaries. the hydraulic head instead of pressure should always be ust!d. 

However, because of tht! convention used in oil industry, we will still Wit: tfle pressun: terms tor 

problems close to the oil industry in the following chapters, but obviously they can easily be conwned 

into groundwater conventions. 

1.4 Thesis Organization 

1bis thesis is divided into eight chapters. Chapter One introduces the objectives uf this rest!arch and 

the basic equations used in the research. There are cwo different t:unvcntions cum.:nLly us\.!J h~ 

engineers. Oil engineers prefer to use the conventions of the pressure equation, and hydrogeulogists 

prefer to use the hydraulic head equations. Chapter One also introduces the terminologies used for the 

later chapters. The relationships between the two conventions are presented, because both conventions 

are used alternately in the analysis in the following Chapters. By using these relationships. one 

convention can be transferred to another. Chapter Two briefly introduces the development of 

horizontal wells worldwide. We also discuss some of the advantages of horizontal wells in oil and 

other industrial applications in this Chapter. Chapter "Three discusses the productivity of a horizontal 

or slant well, and a new solution is derived for this purpose. The new solution cunsidt!rs the cffoc.:L uf 

three dimensional anisotropic permeability, as well as the orientation of the well, and is a more gt!neral 

solution for an arbitrarily oriented slant welt In this Chapter, the tniditional productivity evaluation 

methods, as well as the solutions used in the evaluation, are also discussed and compared with tht: nc:w 

solution. A detailed parametric analysis is presented which gives a clear picture of the productivity 
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of a slant or horizontal well under various parametric situations. Chapter Four focuses on a discussion 

of well test interpretation. ln this Chapter, a new method is inttoduced for test interpretation based on 

a new transient flow solution derived in this Chapter. Compared with tbt: solutions available! in tht:: 

literature, the new solution is more convenient., general and easy to use. Toe new solution also 

revealed several new characteristics of horizontal well tests which were not reported in the literature. 

We will discuss the effect of wellbore storage on test interpretations in Chapter Five. Identification 

of the effects of wellbore storage from a type curve and a derivative graph art! discusSt:d. In Chaplt!r 

Six, the effect of formation alteration on well tests is analyzed. The formation alteration analysis is 

based on the assumptions that formation parameters are altered around a vertical well, but can be 

extended to horizontal well applications because of the similarity at the early vertical radial tlow 

period. A brief summary and som~ general conclusions are presented in Chapter Seven. Further 

research and analysis required in horizontal well applications are also summarized. Finally. all the 

references can be found in Chapter Eight. where they are listed in alphabetic order. 



Chapter Two 

Horizontal Well Development And 
Applications 

2.1 History of Horizontal Well Applications 

Toe introduction and utilization of hodzontal wells is one of the most exciting recent tt!chnologies 

developed in the petroleum and groundwater industries. Horizontal wells are much more effective in 

underground fluid resource exploitation than vertical wells. This is because the underground fluid 

reservoirs are natural formations which extend horizontally much longer than vertically. because of the 

flow limitations caused by layered barriers in the horizontal direction. The convergent now generated 

by a vertical well requires a tremendously large potential gradient in order fur the tluids to now rapidly 

into the well. A horizontal well. on the ocher han~ does not need a huge gradienc because of the 

longer contact length of the well with the formation. Therefore, horizontal wells have been considered 

as the preferred choice in oil production for some time, and are being widely used. 

Before several stellar and risky experimental successes carried out by Elf Aquitaine in the Rospo Mare 

field offshore Italy in the late 1970's, horizontal wells were not considered by Che industry becaust: of 

the lack of drilling techniques and the much higher per-foot drilling cost compared to a Vt!rtical wdl. 

The Rospo Mare case showed that there were a number of advantages to be gained on the productivity 

and sustainability side from hodzontal wells, particularly where the high gradients necessary to achieve 

adequate production rates led to premature wacer coning or sand production. Wilh the devdopmem 

of new techniques to control the direction of advance of the drill bit, it has become not only possible 

to place a horizontal well where desired, but it can also be done at a per-meter cost that is now at the 

same level as a vertical well. 

The number of horizontal wells drilled has been increasing steadily for the last ten years. Figure 2.1 

shows the number of horizontal wells drilled in Canada starting with the first of the modem horizontal 

wells drilled by Esso Resources Canada in its Cold Lake field in 1978. Tilis was drilled co test Esso • s 

lO 
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steam assisted gravity drainage process for the recovery of bitumen. This well has now produced mun: 

than 52,000 m3 of oil and its production is continuing. Starting in 1987, the number of horizontal 

wells drilled each year in Canada increased rapidly. Many of these were in Saskatchewan, where it 

was found that horizontal wells can produce Lloydminster-type, mobile heavy oil more economically 

than conventional venical wells [Butler, 1994). 

The largest growth of the use of horizontal wells outside of Canada started in 1989 when horizontal 

wells drilled by Oryx Energy Co. achieved very high production rates in the generally uneconomic 

Pearsall reservoir in the Austin Chalk. Figure 2.2 shows data of horizontal-well completions in tht: 

United States and Rgure 2.3 shows the incrt!ase of horizontal well utilization worldwide. 

2.2 Productivity Advantages of Horizontal Wells 

2.2.1 Productivity of a vertical well 

It is widely recognized that for a conventional vertical well, most of the! pressurt: decline occurs near 

the wellbore because of the convergent flow, and all the streamlines must pass through the limitt!d 

wellbore entry area to contribute to production. The requirement for rwo-dimt!nsional convcrgem t1uw 

is thought 10 be a drawback for thin, extensive, flat-lying reservoirs because most of the flow in these 

cases must come from a considerable horizontal distance, therefore limiting the production rate capacity 

of a vertical well. 

For reservoirs with great thickness, a vertical well might be the best choice because in such reservoirs 

the drawdown cone will be limited in size. Therefore. more wells can be added oulSide of the 

influence radius. The productivity of wells in such reSl!rvoirs may be able to reach a high per-\\tt:ll 

capacity and a high toral productivity. 

Vertical well productivity also can become effective in reservoirs where horizontal permt:ability is 

much larger than venical permeability. for example, if intense horizontal fractures are present, or if 

there are many thin horizontal beds. In such situations, the horizontal fractures act as horizontal 

conduits which help to transpon the fluid from the far field to the wellbore. 

However, because most reservoirs have a relatively small thickness and can bt! mad~ more ..:onduclivc 
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vertically because of artificial simulation. e.g .. hydraulic fracturing,, horizontal wt!lls arc suiLablt! in mosl 

cases. 

2.2.2 Productivity of horizontal and slant wells 

Most moderate thickness horizontal reservoirs with venical wells can be approximated by two­

dimensional (radially symmetrical) flow to c::ach well, so that once:: again tht: prt::ssurc drop 1s 

concentrated in the near wellbore vicinity. particularly so if tht:rc is pem1t:ability impaim1t!nt m the 

zone just around the wellbore. The requirement for two-dimensional convergent now is thought to be 

a particular drawback for thin, extensive, flat-lying reservoirs because most of the tlow in these cases 

must come from a considerable horizontal distance, therefore limiting the production rate capacity of 

a vertical well. 

Therefore, an efficient way to improve productivity in thin reservoirs is to redm.:e the avt:r-dgc tr-dvd 

distance of the fluid; use of a horizontal well is an eftectivc way to du this. fa:onumk studies 

invariably show that quick profits are more valuable than delayed profits because of tht: possibility of 

re-investment and the meeting of capital t!quipment costs. Therefore, tht! issue of produ(:tiun rate u\'\!f 

time is at least as important as the issue of resource recovery (total ()t!CCt!nt of original oil in plm;e 

produced). Both of these issues must be addressed in a general assessmt!nt of the t:conomic viability 

of vertical versus horizontal drilling. 

Slant wells are also important in a general well productivity assessment process. Clearly, it is 

impossible to drill precisely horizontal or pn:cisely vertical wells because of drilling deviations {drift) 

and measurement errors. The most common case is that wells are somewhat inclined and can bt: called 

slant wells. However, the effect of a few degrees of inclination on production rate is negligible. It 

is important to decide the best choice of well types (horizontal, vertical or slant) and their geumetri\: 

lay out before developing a particular reservoir, in view of the economic constraints on the exploitation 

strategy for a reservoir. For example, many slant wells are deliberately drilled because it is simply 

easier (more economical) than venical wells. A common example is in heavy oil operations in Alberta 

and Saskatchewan reservoirs at deplhs of 300-700 m, where from 8 to 24 wells may be drilled from 

a single pad. In these cases, horizontal well techniques are usually not used, and only the central wells 

are approximately vertical. In offshore platform drilling. stet:ply incli~d wt!Us, ·tong-rt:ach or 

extended-reach horizontal wells, vertical access wells with short turning radius sections and sever-JI 

horizontal drains, and other variations are all used for efficient reservoir access bt!cause it is far <.:h...:a(X:r 

to drill horizontal boreholes than it is to build new plauorms. 
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In view of the need for quantitative evaluation. several questions arise: how will a slant wdl difft=r 

from a horizonal well or a vertical well in terms of sustained production race and how will the 

directional permeabilities with respect to a particular well orientation and inclination affect the 

production rate in those cases·? 

Multi-horizontal or slant well systems are major tools to increase the per well productivity in a field, 

as one can exploit the reservoir pressure gradient more effectively and sooner than in the t.:ast= uf a 

single horizontal well or a series of vertical wells. One such case was repont!d by Karakas t!l al.. 

[1991]; however the productivity increase is not linearly proportional to the im.,Tease in the number uf 

wells drilled, therefore a optimization criterion must exist between the productivity increase and the 

drilling cost increase. However, this is not the case if horizontal holes can be "self-produced" during 

the process of oil production.. such as has been suggested as an explanation for thl! t=nhanl:t!d 

productivity of wells experiencing cold production (oil production with continuuus sulitls l:u­

production). It has been suggesced that piping channels are propagaced as the result of an internal 

erosion of sand, and these piping channels serve as (approximately) horizontal collector tubes, bringing 

in oil from distance to the venical wdlbore. If lhis is indeed the mechanism which dominatl!s cold 

production, we need to consider a case of many horizontal wells instead of one. Thert: could 

conceivably be so many such horizontal "worm holes" in a case of massive sand production ( 1000 m-· 

in three years for example for st!vt!ral cases in Alberta) that it bt!comes nect!ssary to consider that tht! 

sanded area permeated by lhe horizontal drains has a general permeability incrnase. There is need tor 

solutions which can analyze these cases, permitting at least qualitalivt! asst:ssmcnt ur tilt: t!fkt:l ol a 

small number of drain holes leading to a vertical well. versus a zone of large permeability change. 

using either a continuous permeability change function. or a step-permeability model with Sl.!Vl!ral 

zones. 

2.3 Other Advantages of Horizontal Wells 

2.3.1 Horizontal wells in water or gas coning reservoirs 

Many reservoirs have a gas cap above the oil body because of the natural geological history of 

petroleum and gas migration. The gas cap sometimes can be the most imponant factor limiting the 

production of oil from the reservoir. This is because when the reservoir pressure decreases the gas in 

the gas cap begins to move venically in the decreased pressure direction, which eventually reaches the 
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production well as a gas cone. If a waler body exislS ~low Ult! oil n:st!rvoir, a similar siLuation also 

can happen to produce a water cone. Horizontal wells can have substantial advantages in a gas l."ap 

drive reservoir. The conventional way of reducing the effect of coning is to complete the vertical well 

over a limited venical distance to maximize the standoff from the underlying water or overlying gas 

cap, as the case may be. In this circumstance, the contact of the vertical well with the reservoir is 

reduced even further than it would be for a full thickness completion. The effect of reservoir thickness 

on the relative performance of a horizontal well is much smaller. 

Because of its extended contact with the reservoiry a horizontal well usually has lt:ss pressure 

drawdown for a given production rate than does a vertical well. This reduced drawdown lessens the 

tendency for coning of watt!r or gas with the produced oil. Thus, for example, horizontal wdls may 

be operated at the same rate as a conventional vertical well but with less, and sometimes much less 

coning, i.e. wilh better water-oil ratios or gas-oil ratios or both. In some cases. production \Vithout 

coning may be economic using horizontal wells, where it would be prohibitively slow with 

conventional wells. In situations where the initial rate for production without free gas coning would 

be impractical with vertical wells, it may be possible \\tith horizontal wt!lls to achieve ecunumk 

production by gravity drainage with only a small rate of gas injection to maintain gas cap prt!ssurt! 

through voidage replacement. 

Even if operation below the critical rate tor coning is impractical because of economics, there can still 

be large advantages for horizontal wells. This situation is common when viscous, heavy oil deposits 

such as those in Saskatchewan, are produced from above a water layer. Here, the high oil viscosity 

and the low difference in density between the oil and water makes water coning, or more rnrrcctl y 

fingering, occur even at very low production rates. In these cases, the volume of oil that is produced 

is approximately proportional to the volume swept by the water fingering. Horizontal wells have 

advantages over vertical wells here because the fingers have much larger volume, and tht: large rn.=st 

simply displaces a much large volume of oil. 

This application is being developed enthuastically, panicularly in Canada. For instanL:t:, iL has bc~n 

reported that in Saskatchewan heavy oil fields, horizontal wells can produce about ten times the volumt: 

of oil than can be produced by conventional wells [Butler. 1994]. In some Saskatchewan reservoirs. 

it is economic to produce oil with horizontal wells but not with conventional vertical wells. 
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2.3.2 Horizontal wells in fractured reservoirs 

Many reservoirs consist of a fine-grained, low-permeability matrix penettated by approximately parallel 

natural vertical fractures. Connection of a production well with these fractures is important if higher 

productivity is to be obtained When the fractures are vertical or nearly vertical, their intersection by 

vertical wells is difficulL On the other hand, the length of a horizontal well, particularly if it is drilled 

at a right angle to the fracture planes,. can provide contact with multiple fractures and greatly improvt: 

productivity. A related field is in karstic reservoirs,. which contain interconnecting solution cavitit!s 

and passages. Production from such reservoirs is dependent upon imersecting these tlow systems. The 

chances of doing lhis are much greater with a longer horizontal wt!ll. 

In reservoirs where fractures do not occur naturally~ it is sometimes possible to create venical artificial 

fractures. Preferably, these should extend at right angles to the well, although in some cast!s. for 

example, with hodzontal wells drilled like spokes of a wheel from an offshore plau·urm in a uniform 

stress field, this may not be practical. Success has been obtained in making multipk fractures along 

the length of a horizontal well so thal each fracture contributes to tht: wdl's prucJuctivily . ror 

example, a well with five artificial, equally spaced fnictures originating from it ~an have: an uuual 

productivity approximately five times that of a vertical well with a singlt! artilidal fracture in the saint! 

reservoir. 

2.3.3 Horizontal wells in heavy oil production 

Probably the most promising area for using horizontal wells lies in lhe field of heavy oil recovery. 

particularly thermal recovery using steam. There are enormous opportunities here. For t!xamplc. the 

bitumen deposits in Canada. which are impossible to recover economically by conventional venical 

wells, have a volume of oil in place approximately equal to that of all the known conventional mu.le 

oil in the world. One approach used to recover these resources is open pit mining. However, this is 

limited to the small fraction of the Athabasca reservoir that is close to the surface and the approach 

involves handling vast quantities of material. In situ thermal recovery is more genercllly applicable, 

cheaper and less damaging environmentally. Because the deposits are shallow ( < 700 m), wt!lls an: 

economical and thermal effectiveness is high. 

Thermal recovery normally requires close well spacing. Typical projects have a spacing of 1 to 2 

hectares (2.5 to 5 acres) per well and, in many cases, these are later infilled to improve recovery. 

Steamflood projects in California with spacing as low as 0.25 ha are being operated. In such 
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circumstances, a single horizontal well can replace a row of as many as ten or more conventional 

vertical wells. This may become one of the most important applications of horizontal wells. The 

successful operation of field pilocs in Cold Lake, the Lloydminster area and in Athabasca using 

horizontal wells and steam - assisted gravity drainage (SAGD) are discussed by Butler [ 1994). A 

particularly imponant feature of the use of horizontal wells for steam recovery is that it is possible to 

operate and obtain higher recoveries with little steam production. i.e. with little steam bypassing by 

cresting. With horizontal wells, it is possible to produce economically below the critical rnte tor steam 

bypass. With vertical wells, steam-flooding is impractical without the bypass of steam. except un very 

close spacing. 

2.3.4 Horizontal wells in sand production reservoirs 

Solids production is another problem in both conventional and heavy oil reservoirs. Because of the 

high viscosity of heavy oil, sand is usually co-produced with production of oil in uncemenced 

reservoirs. The amount of sand produced from a well also increasc::s with increasing pruducliun raLc 

of oil. Several ways have been employed to lessen sand production; however, it is observt!d that 

decreasing the amount of sand production. for instance by utilizing a gravel filter. will decrease the oil 

production at the same time. Sand production has also been a serious problem for the environment 

as it is required to be disposed of. 

Massive sand production is a special case of solid production. which usually is introduct!d when the 

pressure gradient becomes higher than the cohesive force of the solid. This partially explains why the 

solids production increases with increasing oil production. Horizontal wt!lls can lessen the amuum uf 

sand production, and at the same time maintain or even increase the oil production. This is bt:cau~t! 

the pressure gradient around a horizontal well can be much smaller than a conventional vertical well, 

therefore decreasing the sand production rate. Also. because of the much longer length of horizomal 

wells compared with conventional vertical wells, a higher per well production rate can he maintained. 

2.3.S Horizontal wells in environmental applications 

Groundwater resources are often contaminated by use of agricultural chemicals. spills of industrial 

chemicals. leakage from waste disposal facilities, or leakage from underground storage tanks. 

Contaminants can migrate hundreds of meters per year and reach groundwater discharge zones? water 

supply wells, or cross propeny boundaries, leading to environmental or legal prublc::ms. 
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Much research has been carried out to develop physical, chemical and biological methods to control 

or remediate contaminated groundwater. One of the most common physical remediation methods is 

the pump-and-treat (P&T) method. P&T systems have been widely used in groundwater remediation 

programs for many years. These systems involve the installation of groundwater extraction wt!lls 

within a contaminated zone and removing contaminants with groundwater, followed by above-ground 

treatment of the contaminated wacer. P&T is intended to capcure and prevent further expansion of 

contaminated plumes. The effectiveness of a P&T system will depend on the size of the capture zone 

and the amount of contaminants captured per unit well length. The effectiveness can be intluenced by 

many factors, such as the well orientation, hydrogeological features. the nature of the contamination 

and the pumping well design. Among those, the orientation and elevation of the well relative to the 

contaminant plume is probably the most important. 

Groundwater contaminants usually migrate from the contaminant source as a plume with higher 

concentration around the centre of the plume and a gradual decrease outward. Depending on lht! 

hydrogeological features of the aquifer and properties of the contaminants. the plume:! can be at dift't!rt!nL 

elevation and with different sizes at different times. Obviously, if a well can be oriented along lht! 

longer axis of the cross section of the plume and placed at the elevation of the plume centrt!. the 

optimum capture zone can be obtained. A horizontal well or a slant wt!ll is the best choice fur tllis 

purpose. 

2.4 Horizontal Drilling Development 

The potential advantage of horizontal wells for draining reservoirs has been recognized for a lung timl!. 

As early as the 1930's, Ranney [ 1939] indicated that horizontal wdls could have particular advamages 

if they could be drilled for a long distance in a thin reservoir [Ranney. 1939 ). Although he drilled 

some wells of this type? the idea did not become popular because of directional control difficulties and 

high cost. 

With equipment advances and better drilling approaches, the horizontal well concept was successfully 

established in recent years (based on pioneering work by Bf Aquitaine). As an example of the 

technical level reached in the l980's, a case reported by MacDonald [1985] was drilled with an open 

horizontal length in the reservoir of over 1000 m, with the well bore staying within 2 m of the desir~d 

elevation. Current practice is even better. 

Wells having long horizontal sections are now regularly drilled using conventional deviated drilling 
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methods; techniques which have contributed to the suc<..--ess of such projects are summarised by Buller 

[ 1989] as follows: 

1. The use of downhole mud motors with bent housings is necessary. If a hole is drilled with 
such a motor, it tends to deviate in the direction of the bend, and can be steered by orienting 
the drill pipe so that the bend from the "tool face" is in the desired direction. Relatively 
straight holes can also be drilled by rotating the drill pipe as the hole is drilled. The use of 
the bent sub assembly connected to a straight motor has been replaced in most recent practice 
by the use of a molor wilh lhe bend in the motor housing itself. 

2. Heavy drill collars are commonly used in the more vertical part of the well during drilling so 
as to exert a large compressive load on the bit. High drill-string weight in horizontal and near­
horizontal sections of the hole is undesirable as it contributes to friction. The obvious use of 
light (aluminium) drill pipe has been considered for the near-horizontal portion of the hole. hut 
is not generally used for reasons of cost, durability and availability. 

3. MWD (measurement while drilling) lt!chniques are required tu locate the: bit position and 
advance direction. These involve measurements of the direction of the t!arth's gravity and 
magnetic fields at the bit location, and non-magnetic metallic drill ~ollars or stet!ring tools are 
used. 

4. Swivel-drive (top-drive) rigs rather than conventional rotary table rigs are prd~rred, mainly Lu 

allow mud circulation and drillstring rocation during trips. lbis tt:nds to prevc::m slick.mg and 
helps keep drill cuttings suspended rather than letting them settle in the bottom of the 
horizontal sections of the hole. 

Using these techniques, wells can be deviated with a radius of curvature of about 600 ft. To drill 

shallow horizontal holes it may be necessary to employ an inclined drilling rig mast rather than a 

conventional vertical one. With some modifications. such as the use of smaller diameter. comprl!ssi ve 

service drill pipe and drill motors having two beads rather than ont!, holes <.:an have a radius ut 

curvature of about 300 to 500 ft. and it is possible to drill several horizontal drains at the base of a 

vertical well section. 

2.5 Cost of Horizontal and Slant Wells 

The coses of earlier horizontal wells were much higher than comparable vertical wells drilkd in the 

same reservoir. As in any new field of technology, early procotypes may be expecte;:d to be much mort! 

costly than later, well-established operations because of additional precautions involved in expt:rimental 

projects, rig down time for periodic hole location, and the use of non-optimum equipment and methods. 

It has been found by companies drilling horizontal wells that the costs decrease as experience is gained. 

It was reponed that the costs per foot of horizontal drilling decreased from US$462 co US$282 as 
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compared to US$233 for a conventional well [Butler, 1994]. Ulis shows that with lht: acqui~iliun uf 

corporate knowledge, unit length costs of long horizoncal wells can be expected to be much less than 

double the costs of a venical well, and in some cases il can almost approach equality [ Butler, 1989 J. 
There are additional costs associated with geophysical logging and completing horizontal wells which 

are not fully accounted for in this analysis, but the per foot cost ratios are probably similar. Workover 

costs of horizontal wens are in general much more expensive than for vertical wells. Rgure 2.4 shows 

the decreases of cost in drilling a horizontal well wilh time. Given that the reservoir intersection length 

of a horizontal well can be anywhere from several times lo more than 20 times that of a vertical wdlT 

and that production capacity will rise as some function of the incersection length, the economics uf 

horizontal wells are quite appealing, provided that the reservoir properties are appropriate. Clearly, to 

assess the economics of horizontal wells properly, methods of estimating the potential productive 

capacity of such wells are necessary. 

The costs of slant wells are intermediate between those of horizontal and vertical wells. For heavy oil 

development, it is common for 8-24 wells to be drilled from a single pad, saving on rig moving costs 

and on the cost of surface production facilities. Typically. reservoir intersection angles will be rrum 
30° to 70° from vertical, so that Che imersection length may be as much as three times the reservoir 

thickness. As stated above, to optimise the investment rationally, the best possiblt: prt:dh:tin: 

approaches for reservoir productivity shoulll be used. These prt:dktiuns t!vcn indmk lhc: possibility 

of orienting horizontal sections in panicular directions to take advantage of natural pt!rmeability 

anisotropy. 
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Chapter Three 

Productivity of A Horizontal Well 

3. 1 Horizontal well productivity 

One of the main purposes of horizontal and slant wells is to achieve higher per well fluid production 

from oil. gas. and water reservoirs, as discussed in Chapter Two. This is particularly the case in off­

shore development where highly inclined and horizontal wells are necessary for economical field 

development. Other advantages include reduced tendencies for premature water coning and solid 

production. The advamages and production improvements offered by horizontal wells have bet!n 

discussed by various authors [Butler. 1989; Cinco et al., 1975; Joshi. 1988, 1987; Lee and l\4illiken, 

1993]. For the same well length, the production improvement by a horizontal well is usually less than 

l 0% compared with a venical well, if the medium has isotropic permeability. lhis indicatt:s that. in 

addition to the longer well intersection length with reservoir. the anisotropic permeability is another 

important factor in slant well analysis. This includes not only the permeability magnitude. but also its 

principal directions relative to the well orientation. 

Borisov reported a mathematical solution to predict steady-state horizontal well production with no 

mention of anisotropic permeability [Borisov, 1984). One augmentation solution for steady-state now 

to a horizontal well which mentioned the anisotropic permeability effect was derived by Joshi [ l 9881 

where he considered only the transverse isotropic case. i.e .. the horizontal pt:!rmeabilily iliffl.!rs frum 

the vertical, but with kx = ky = ~- The anisotropic permeability was incorporated by substituting 

isotropic permeability with the square root of the product of the vertical and horizontal permeability. 

which is a commonly employed transformation. 

Lee [ 1989] reported some results of the effects of anisotropic permeability on slant well production. 

but his results were based on numerical simulation. 

A new analytical solution for fluid flow to a slant well in a medium with permeability anisotropy is 

derived in this thesis. Tilree dimensional anisotropy is considered in this new solution, and the effect 

of this anisotropy on tluid production is discussed. 

22 
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3.2 Productivity Evaluation Scheme 

3.2.1 Vertical well productivity evaluation 

Toe evaluation of well productivity is one of the most imponant tasks in the exploration for 

underground resources. The productivity capacity of a well directly affects well pattern design. Well 

productivity is a function of not only the well geometry but most importantly is also a reflection of the 

reservoir characteristics. 

Conventional vertical well productivity is evaluated by assuming radial flow and constant pressure 

boundary conditions both at the well bore and at the drainage radius. The productivity of a vertical well 

under this condition is in the form of a very simple solution. Therefore, the conventional solution only 

reflects the capacity of a well as well as the transmissivity of the reservoir. Tht! various boundary 

conditions are not considered in iL However, for simple boundary conditions such as nu tluw ur linear 

constant flow boundaries. the solution can be modified by superposition of the boundary effects. 

However, the constant boundary conditions are not always satisfied~ particularly in pressurized 

( confined) reservoirs. The real presswe in such reservoirs decreases and the influence radius moves 

outward with time during production. The distance from the well where the pressure is just beginning 

to decrease at a given time is referred to as the influence radius of the wellbore at that timt!. 

However, pseudo steady-state solutions which satisfy the constant boundary conditions can be 

developed around the well after a period of production. 

Other conventional venical well productivity solutions and modifications developed over the years were 

mostly based on the modelling of natural physical flow cases by considering various more complicated 

boundary conditions, such as the aquitard models, free phreatic surfaces (water-table) models, or multi­

layered reservoir models. 

3.2.2 Horizontal well productivity evaluation 

It is widely recognized that a horizontal well can yield more fluid than a conventional vertical well, 

in particular if the reservoir is thin and extensive. Some of the advantages and production 

improvements offered by horizontal wells have been discussed in the previous chapter, and several 
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approximate solutions for horizontal well productivity have been derived [ Borosov. 1984; Joshi, 1988,. 

1987]. For inclined (slant) wells, however,. there seems co be no systematic analysis yet available except 

for the numerical analysis reponed by Lee [1989]. 

To best utilize the advantages provided by a horizontal well, the effect of various parameters such as 

the true three-dimensional anisotropic permeability need to be evaluated. 

Several productivity evaluation methods have been reported in the literature. Borisov [ 1984] reported 

the following steady-state solution for predicting fluid flow to a horizontal well: 

Q = 21tkhilp 
µ (3.2.1) 

where h is the reservoir thickness. L is the horizontal well length, re is the drainage radius uf th~ 

reservoir, rw is the well bore radius, L.1p is the pressure diffi:!rence bt!twet:n lht: wdl-burt! and tht: 

drainage boundary, k is the homogeneous isotropic penneability of the rest=rvoir, and µ is the tluid 

viscosity. 

Borisov's solution has a very simple fonn and is convenient in use. however, the solution is limited 

in general analysis because of the isotropic assumption. 

Another commonly used solution for horizontal well production is the augmentation solution dt:rivl!d 

by Joshi [ 1988] in the following form: 

21t khh Ap /(µBJ 
Q=---;=:====-----

lo[ a+ Ja2 - (L/2)2 ] + p21t ln(~) 
L/2 L 2r,., 

(3.2.2) 

where Bo is formation factor. p :: Jk/k.., . and a is the maximum axis length of the drainage dlipse 

of the well and has the following relationship with the drainage radius re: 
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-1 -2r ~ ]~ 
- +(-!.) 
4 L 

(3.2.J) 

with other parameters the same as in Borisov's solution. 

Joshi derived this solution by separating the three-dimensional problem into two two-dimensional ones, 

relating to vertical and horizontal cross-sections. The solutions are combined using an electrical analog 

concept. 

Joshi modified his isotropic solution to account tor horizontal well eccentricity by using Muskat" s 

method, initially developed for a vertical well located eccentric to a circular drainage boundary 

[Muskat, l937]. Finally, he arrived at the following result for the isotropic case: 

2rcklulpl(µBJ 
Q=----=====-------

ln[ a + Ja1 - (l/2)1 ] + !!_In[ ('1/2):. - o:. I 
L/2 L (hr.)2) 

(3.2.4) 

where the term o is the distance of the horizontal well from the midheight of th~ reservoir. 

Joshi also compared horizontal and slant well productivities using some results provided by Cinco et 

al., [l975] and Van Der Vlis et al., [19791 and presented some information on slant well productivity 

for wells inclined in the range of zero to 75° from vertical. 

However, Joshi has over-simplified the effect of anisotropic permeability in his solution (3.2.2). and 

his solution has also some difficulty in analyzing both the eccentricity and the inclination dfc!cts 

because of the singularity at 45 = h/2, where one cannoc recover the original solution (3.2.2). 

Lee [1989] provided a semi-numerical simulation of a slant well in a thin reservoir, obtained using by 

analytically integrating around the boundaries and using numerical boundary integral methods in the 

calculation. Because of the introduction of a numerical technique, the solution lost its analytical 

characteristics, and it becomes inconvenient to use by engineers. 

In this chapter we will present a new analytical solution which predicts slant and llorizontal wdl 
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production in an 3-D anisotropic reservoir. and will show that the cases of venical and horizontal wells 

are the two limits for this new solution. A series of parametric analyses and comparisons of horizontal. 

slant and vertical wells is also presented. To conclude, we will discuss the results and address the 

anisotropic permeability effect implied by the new solution. 

3.3 Flow Rate Changes Under Coordinate Transformations 

Anisotropic permeability can usually be transformed to an equivalent isotropic permeabilily by 

coordinate transformation in solving the governing equations. The primary variable, such as the tluid 

pressure in the flow equation, will be an invariant with the transformation; however. other variables 

such as the flow rate are not necessarily the same. This is particularly so when the transformation is 

not conformal, so care must be taken in the transfonnation. 

Assume a cartesian coordinate system is chosen wilh its axes being paraUel to the principal anisotropic 

penneability directions. Then, lhe steady-slate flow equation under such a coordinatt: systt:m can bt: 

written as (equation l.3.10): 

(3.3.1) 

where kx. ~ and ~ are the principal permeabilities and p is fluid pressure. 

Suppose a new Cartesian coordinate system (u.v.w) is related to the old system (x,y,z) by the following 

relationship: 

ll = I,; X (3.3.2) 

and assuming the reservoir is homogeneous in permeability and viscosity. then equation (3.3. l) ~an bt: 

written in the following form under the new system: 

(3.3..3) 

which becomes the three-dimensional Laplace equation with an equivalent isotropic permeability ks, 
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which appears as an arbitrary constant only if the transformation factors satisfy tht: relationships: 

I = :. 
(3.3.4) 

It is obvious that the pressure p is indeed an invariant under this transformation if the relationships of 

the two coordinate systems ex.pressed in equation (3.3.2) are applied. 

For the flow rate we can do the following analysis. Suppose the tlow through a arbitrary surfact! S is 

Q in the {x,.y,z) system and is Q' in the {u,v,w) system; then we have Q = Qi + Qj + QJc~ Q' = Qi 

+ QJ + Qwk and: 

where: 

and similarly we obtain: 

l ( k dp 
Q = -)

5 
' dudw 

" µ. s fJ/r. av 

therefore the flow rate obtained from the two coordinates have the following relationships: 

Q' 
Q = fl/ 

x.-, : 

(3.3..5) 

(3.3.6) 

(3.3 .. 7) 

(3.3.8) 

Titis equation indicates that if the coordinate transformation factors expressed in equation (3.3.2) are 
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used, then the flow rate calculated from the (u,v,w) system is not the true flow rate, but needs tu be 

multiplied by the reciprocal product of lhe tnwsformacion factors. 

For the two-dimensional venical well flow case we have: 

Q : Q' = ks 21th~ 
l.l, l l r 
• ~'µlo(-~) 

r w 

: M21e1tflp 
r 

µIn(.-:.) 
r ... 

(3.3.9) 

which shows that the isotropic equivalent penneability can be represented by the square root of the 

product of the two principal permeabilities. 

3.4 Mathematical Model of Flow to a Slant Well 

3.4.1 Problem formulation 

To obtain a solution for a slant well in an anisocropic reservoir, we will utilize the:: transformation 

techniques outlined in section 3.3. Upper and lower boundaries will be simulated using the image 

principle, and the results will be simplified using a Laplace transformation result 

To derive a productivity evaluation solution for a slant or horizontal well, we also assume that the 

simple constant pressure boundary conditions are satisfied. The problem here is described as follows: 

the reservoir has a constant thickness h, the horizontal dimension is much larger than the vertical 

thickness, such that the horizontal boundary drainage condition can be assumed to be constant pressure!, 

very far away with respect to the well intersection length. The upper and lower reservoir boundaries 

are parallel no-flow planes, corresponding to relatively impermeable strata. The well has a kngth L. 

is inclined with an angle fl to the vertical upward direction (z axis in Figure 3.1), and one t!nd ur tht! 

well is located in the reservoir at a distance b from lhe lower boundary, which is defined as z = 0, and 

the well is orientated with an angle of a to the x axis. The anisotropic permeability values in the 

principal directions, corresponding to the canesian axes, are kx, ky, and ~- The governing equation for 

the steady-state and incompressible fluid flow satisfies the Laplace equation ( l.3.10): 
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(3.4.l) 

and the boundary conditions for the problem can be described as: 

(3.4.2) 

the wellbore condition should be a constant pressure around the wcllbore,. which if writtt!n in 

mathematical terms, satisfies the following: 

(3.4.3) 
p(x,:y.z) I cx-.,'r!. '~ - y'r. •::. - ::.'r .. r; = P .... 

r.t-.t'ICOS{«) ... ty - y')sincaJ ... I: - :')l!'tantll) c 0 

where x·. y· and z' are the coordinates of a point at the well axis where a sink is located. re: is che 

drainage radius, r.,.,. is the well radius. p is fluid pressure, and Pc and P~ are the pressures al re and r~ 

respectively. We assume that the amount of fluid that flows into a well through the two ends of the! 

well is negligible; that is, we assume that L >> rw. 

As noted in Chapter One, the above boundary conditions are only approximations in tt!nns of prcssurt!; 

the exact conditions should consider the gravity t!ffect which give the same form as above if hydraulic 

head. is used. 

[fl is defined as a distance along the well, then x\ y' and z· c-Jn be wriltt!n as: 

x' = /cos(a.)sin(P) . y' = /sin(a.)sin(P) , z' = b + lcos('3) (3.4.4) 

To simplify equation (3.4.1) the following coordinate transfonnation is applied: 
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u = I x . v = I v , w = [_z :, ,~ 
(3.4.5) 

where ks is the three dimensional equivalent isotropic permeability. If we let lxly~ = 1, which makes 

the productivity calculated from both systems identical9 then we obtain the equivalent penneability ks3 

= kxky~-

The governing equation (3.4.1) under this transformation becomes: 

(3.4.6) 

and the boundary conditions (3.4.2) become: 

$ (cc,v,w) 11.;.,= ••.;:.r =r/ = $e . ' (3.4 .. 7) 

the wellbore condition (3.4.3) becomes: 

ct, (u,v,w) I (3.4.8) 

where 

4> = (3.4.9) 

is the pressure potential9 µ is fluid viscosity, CXm and ~m are the transformed angles, l1zu is lhe 

transformed reservoir thickness under the (u,v,w) system and Ap = Pc - pis the pressure drawdown 

between the drainage boundary pressure and the wellbore pressure. 
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Because the components in the x. y and z direction must satisfy the relationships of ~ = u. yly = v 

and Dz= w, if we take the point on the well axis of distance/ from the origin as the study point. then 

the relation between the two systems can be obtained: 

lcos(a)sin(l3)ft = l,..cos(am)sin(l}m) 

/ sin(a)sin(I}) /Y = lmsin(a,,)sin((3 ,n) 

l cos(I} ) I_ = l"' cos(J3) 

where Im is the distance corresponding to l in the! (u, v. w) systt!m. 

From the relationships in (3.4.10) we obtain: 

I 
tan( a,,,) = / tan( a) . 

( 

lt is easy to find the following relationships from equations (3.4.10) and (3.4.11): 

sin(am) = 
/Ysin(a) 

cos(cxm) = 
/icos(a) 

[1 /1 

sin((3 m) = 
l

1
sin((3) 

cos((3 Hf) = 
/:cos(J3) 

I, [, 

lm = ll! • l,,, = LI'! II = /Jl 
'" - bm = l:b 

and 

(3.4.10) 

(3.4.11) 

(3.4.12) 

(3.4.13) 

where ku is the horizontal pemieabihty in the direction of the well projection, ~ is the directional 
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permeability in the direction of the well and they have the following fonns: 

(3.4.14) 

3.4.2 Solution of the problem 

The problem described by equation (3.4.6) tor a reservoir with infinite thickness and a sink point 

located at (u'. v· w') can be described by the Green's function [Muskat 1937]: 

q'(lm)d[m 
d$ = -:=========== 

✓(Cl - cc'f· + (V - V1 ):? + (W - u·'):? 

(3A.15) 

where u', v' and w' are the sink locations, q·({"') is the sink sm:ngth in U1e {u, v, w) system and 1s 

Q~ if the total flow rate from the well is Q, dim is the differential well segment which product!s a 

potential fraction d$ at the point (u,v,w). lllis is the basic solution for our problem. 

The two impermeable boundaries can be simulated by applying lhe image prindple. Figure 3.2 shows 

the image principle for the case of a horizontal well. The same approach can be used to solve for the 

slant well. 

By applying the superposition results presented in Figure 3.2. the effect of the two nu-tluw boundaries 

can be simulated by the following infinih! St!ries: 

q'(lm) dim 
(3.4.16) 

where s2 = [(u-u')2 + (v-v'}2]/I/_ 

A closed form expression of this series is not available. There have been several mc:thuds used Lo 

obtain an approximation of this series. Muskat [ 1937] used two series to approximate a vertical wdl 

not totally penetrating the reservoir, which is only a special case of the problem here. One series arises 

when u + v is very small9 and the other when it is very large. lllis is possible because for a vertical 
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well u + v can be taken as very small when the well bore boundary is considered. and u + v can be: 

taken as very large when the drainage boundary is considered. Howevc:r this method bt!comes invalid 

here because u + v for a horizontal well can never be considered a small quantity~ dther for the wdl 

bore dimension or for those of the drainage boundary. Haitjema [ 1985] USt:d another mc:lhud Lu 

approximate the above series in which he only considered the first several terms. employing a "strip" 

to simulate the effects of the rest of the terms. nus approach works because the eftects of the terms 

decrease as n becomes larger; however. many terms still need to be considered if such accuracy is to 

be achieved, particularly for the thin reservoirs common in stratified formations. This makt!s the 

application of Haitjema·s solution inconvenient. 

The following alternative method transforms the infinite series into an imc:gral tonn by applying lht! 

results of Laplace transformation. In fact equation (3.4.16) can be written as the following integral: 

(3.4.17) 

lt is obvious that for the problem depicted above, we always have positive values of \V. w· and h
1 
.. and 

also (w + w") S 211m for all possible values of (u, v, w) in tht: rest=rvuir. This facl guaramet:s chat tht! 

following relationships is satistkd: 

- -Ee-r1 ..... ~ .. n.,~~1 = Ee_,1..,.~ .. ,, ... ,, + Ee-r1, .. -11,.,n .... ,, 

0 l 

= Ee-'("'. w')[e-~ .. '( + Ee""". llJ'[e_.:!J,.,rt 

0 l 

Now, the above series can be written as the following: 

= e-1r .. 1cosh[t(w + w')] 

sinh[hnrt] 

(3.4.18) 

(3.4.19) 
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and for the same reason, the second series can be written as: 

(3.4.20) 

and therefore equation (3.4.17) becomes: 

'"' 
d$ = fe-"'Tetn' + t!..,,.,V,P:.st)dt 

q'(lm)dl,,, 0 (3.4.21) 

- -ht ' ' + ife .. cosh[t(w+w )] cosh[t(w-w )l 1. (l_sl)d r 

0 
sinh(hmt) ' -

which leads to the following form: 

d$ f ... [cosh[t(w - h,,)J cosh(tw')] 
___ = 2 --------- 1(1.st)dt 
q'(lm)dl"' ,) sinh(h,,l) 

0 
-

(3.4.22) 

From equations (3.4.4) and (3.4.12) we know that u·, v• and w· satisfy the following relationships: 

{3.4.23) 

and therefore s can be written as: 

(3.4.24) 

where parameter A· is defined as: 

llCOS(CXffl) + vsin(a,n) 
A'=--------

/1 
(3.4.25) 
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If we substitute x., y., z and l back to solution (3.4.22) we obtain: 

d4> J- tcosh[/J(z -/z)]cosb(l_tz')} 1 d __ = 2 - -
0

( _s I) t 
I I I_ q([) dl 

O 
sinh(//rt) -

.I: 1.. -

(3.4.26) 

where q(laJ dim = q(l) ell and q(l) is the flow rate per unit well length in the (x. y,. z) system. and s of 

equation (3.4.24) in terms of x, y and z becomes: 

(3.4.27) 

where parameter A' and C become : 

' l .! , • A = -[X l:t COS( CX) + y 1; sin( CX)] 
/2 

l 

(3.4.28) 

If we define l; = Izt then solution (3.4.26) becomes: 

l d~ = 2 f .. [cosh[~(z_- h)]cosh{~z')}
0
{s~)d; 

l/
1 

q([)dl O smh(/r~) 
(3.4.29) 

The flow rate distribution q(l) along the well bore can have several forms <.kpending on the 

assumptions. Toe assumption that q is a constant implies uniform flow. Tilis assumption, however., 

cannot generate a uniform pressure along the well. To meet this condition, i.e. for an uniform pressure 

assumption, other distributions have to be used. such as a parabolic or a discrete function [Muskat. 

1937, Haitjema. 1985]. Theoretically, q in equation (3.4.29) can be spcdtkd by any rational rum:Liun 

without too much difficulty; however, here we will maintain the uniform flow assumption to pc;:rmit 

comparison with published solutions. Toe fluid production will be approximately the same as that 

calculated by a uniform pressure assumption if the well bore pressure is taken as the pressure that 

exists three-quaners way along the well [Muskat, 1937] and, as explained later in this paper, by using 

this assumption we can obtain good agreement with conventional vertical well production rates by 



Chapter 3 Productivity of a Horizontal Well 36 

letting 13 ➔ 0°. Also, when p = 90°t it gives good agreement with Borisov's and Joshfs solutions for 

the isotropic case. 

The solution for a slant well with length Land a uniform production rate q along the wdl can bt! 

obtained by integrating equation (3.4.29) with respect to the sink length dl from U to L which gives 

the following form: 

(3.9.30) 

where 'Vis the integral tenn, and if use z' as defined in (3.4.4), it becomes: 

'V = 2 f,..JL I cash[ l;(: - lz)J_cosh[;(b + lcos(l3))] \ (sf;)dl dl; 

0 0 [ smh(hl;) J'1 
(3.4.31) 

To determine the production rate qt the drainage and wellbore boundary conditions of (3.4.2) and 

(3.4.3) need to be used. When x: + y1 becomes very large, the integral 'V tends to zero. and therdore 

<t>c: is the pressure potential at the drainage boundary, and ctlw is the pressure potential at the wellbore. 

Therefore we obtain the following: 

(3.4.32) 

where 'Ve and 'Vw are the theoretical integral value obtained by equation (3.4.31). 

Because usually re >> L, we can neglect the effect of the well length and reservoir thickness effect in 

approximating the drainage boundary, and take a representative point of re distance away in the well 

direction, which can be written as (recos(cx), rc5in(cx), h/2). If we substitute this point into the 

parameters A', C and s in equation (3.4.28) and (3.4.27), we have: 

C = 0 , s~ = Jf3: (lsin(P) - r,) (3.4.33) 
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an~ by substiruting A., C and se into equation (3.4.3 l), we obtain lhe drdinage boundary integral value: 

(3.4.34) 

where '3z = k/kri, 

The well bore boundary has to be determined from the following equation: 

'

., I - I ,. ., (x-x )- + (y-y )- + (z-z )- = r;, (3.4.35) 

(x-x')cos(<X) + (y-y')sin(cx) + (z-z')ctan((3) = 0 

The wellbore boundary condition also can be represented by choosing a representative point at the 

elevation of well axis and distance &- along the well, with o being the position parameter, which may 

take a value between 0.75 and 0.866 [Muskat, 1937, Goode et al., 1987]. 

1ltis representative point (x,,.. Yw, Zw) therefore can be written as: 

x"' = oLsin({3 )cos(cx} + rbsin(cx) . 

Yw = oLsin({3 )sin(cx) - rbcos(cx} . 

~ = b + oLcos({3) 

lf we substitute this point into the parameters A' and C defined in 3.4.28, we obtain: 

and the parameters at the wellbore becomes: 

(3.4.36) 

(3.4.37) 
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(3.4.38) 

where ~ = kJku = {ii; I ka and rb is the permeability weighted wellbore radius [ Goode et aL. 

1987]. 

Therefore the integral term 'V of (3.4.3 l) at the wellbore becomes: 

= if•fl [cosh[l;(b + lcos('3) - h)]cosh(l;(b + !cos(P)))} (s _~)dldC:, 
'Vw .nh(l J:.) 0 .. ~ o c, SI l":, 

(3.4.39) 

Obviously, the well production q can be obtained by applying \fl~ of {3.4.34) and \V,_ uf(3A.3Y) in 

solution 3.432)~ which leads to the following: 

(3.4.40) 

Thus by using solution (3.4.40), the well productivity Q can be determined. 

For a horizontal well (3 = 90°, then the drainage boundary integral term 'II~ becomes: 

(3.4.41) 

and 'Vw becomes: 
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= 2J-fl [cosh[;(b - h)]cosh(;b >}.cs ~)did; 
'V__. "nh{l ~) .• w~ 

0 0 
SI I 

(3.4.42) 

where parameter se and Sw becomes: 

., 

s : 
w 

~.[(/ - 6L)1 + r;] 
- 13; 

(3.4.43) 

If we funher assume that the well is located at the middle of the reservoir .. Le. b = h/2 then 'Ve and 'Vw 

under this condition become: 

•l -L 

"'~ = JJ10(;s)colh(;b)d/d~ 'V .. = JI 10(s,..c;,)coth(c,b)dldE; (3 . .i.44) 
01) (/l) 

if we define [
1 

= r{f:. L, ~ ~ ,then 'Ve and 'Vw of (3.4.44) become: 

(3.4.45) 

then the production rate (3.4.40) becomes: 

-4 -4 (3.4.46) 

f f10(~s)coth(~b)dl1d~ - Jf10(~sJcoth(~b)dlfl~ 
00 00 

where 
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s = w 

(3.4.47) 

Equation (3.4.46) implies that the anisotropic permeability effect on horizontal well productivity c:an 

be considered using the following modified well length, well radius and permeability as the isotropic 

parameters and used in isotropic solutions such as Borisov's or Joshi's solution. 

(3.4.48) 

3.4.3 Verification of the solution 

To validate the solution developed in this chapter, we compared the two extreme cases of the new 

solution with the ones available in the literature. Figure 3.3 shows the horizontal well production 

curves of the new solution compared with Borisov's and Joshi's solutions under i~otrupic pt!rmeabilily 

conditions. Figure 3.4 compares the new solution of~ = 0° (venicai wdl) with the conventional 

vertical solution. In all lhese figures, the veni<...tl axes (y axis) are the rt!lative production Qi which 

is defined as Qi= QµhtAp with Q being the real production,µ the fluid viscosity, and AP the pressure 

difference between the well bore and drainage boundaries. maintained constant. From Figure 3.3 we 

find that the new solution agrees very well with Borisov's solution except for a small difference ( < 5%) 

when the well length becomes less than the reservoir thickness. However. a consistent difft!rcnce 

between Joshi's solution is present, but still within the range of a good engint:t!ring approximation. 

Joshi developed his solution by superposition of the vertical and horizontal flow, which might cause 

this difference. 

From Rgure 3.4 we also found that the new solution agrees with the conventional venical well solution 

very well when P = 0 is used. Tilis confirms Che validity of our new solution because it replicates the 

well formulated and accepted conventional vertical solution. 
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3.5 Productivity of a slant well 

Production rates in the following analysis are obtained by applying solution (3.4.40) with 'Ve and \V.,.. 

defined in (3.4.33) and (3.4.39)9 and are also expressed in the form of relative production Qi = 
Qµhc~. To show the productivity of a slant well9 the relative production Qi is plotted versus tile 

inclination angle ~ when various other parameters are varied. The two geometric parameters re and 

rw have been fixed in all the analyses and take the value of re:= l(X)() m. which is four to five times 

larger than the longest well length used in lhe analyses, and rw = 0.2 m9 which is 20 times less than 

the shortest well we have used in the analysis. Also if ku is the flow permeability in the direction a. 
then the gradient permeability (usually used in flow analysis) can be written kti1lku. Tht!refun:. if ku 
is fixed, then increase ~ is equivalent to increase the gradient permeability in Che direl'.lion 

perpendicular to the well. Therefore,. in the following discussions we use ~ whenever tht! gradit!lll 

permeability perpendk.1.llar to the ex direction is considered. 

3.5.1 The effect of well inclination 

A large inclination toward the vertical direction (small value of~) is only possible in thick rest:rvuirs 

because thin reservoirs significantly limit the possible length of a slant well. Horizontal or slightly 

inclined wells ((3 > 85°) are most likely to be used in thin reservoirs. Therefore, we will only discuss 

thick reservoirs where the well length can be approximately the same or less than the resc:rvuir 

thickness. Figure 3.5 shows a case of an isotropic reservoir with thickness of h = 50m. To compare 

the production changes relative to the vertical well of the same length. the vertical axis in the figure 

is expressed as the production ratio between the slant well and the vertical well (Q/QJ. It becomes 

obvious that the production rnce increases as the slant well becomes more horizontal, and also the 

int.Tease caused by inclination changes is larger for longer wells than short ones. However, genc:rally 

the production increase caused by the inclination change is insignificant (less than 8% from the figure). 

We also note that the amount of production increase mostly happens when tht: slant anglt! is at 20° < 

~ < 80°. The production of a slant well with (J > 80° is almost the same as a horizontal wdl. and 

for ~ < 20° it is almost the same as for a venical well. This agrees with the numerical simulation 

results presented by Lee [1989]. 

In reality. horizontal and slant wells have longer intersection lengths in all practical cases, and therefore 

have much higher sustainable production rates. This cells us that, for constant pressure boundary 

conditions9 the increased production of a horizontal well comes mostly from the longer contact lt!nglh 
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of the well with the reservoir. with only a small part from the inclination effect. 

We may conclude that the horizontal well always has larger production compared with the vertical well 

in an isotropic reservoir. The production advantages most come from the longer contact lc:ngth or tilt! 

well with reservoir. but also from the inclination effect. 

3.5.2 The effect of vertical permeability 

The anisotropic permeability effect also plays an important part in the productivity t:valuacion. The 

effect of vertical penneability is studied by fixing the horizontal and varying the vertical ()t!rmt!ability. 

The slant well production in such a situation is shown in Figure 3.6. where kx = ky = Kn = l is used. 

and different curves in the figure represent different values of the k/k11 (k/k.J ratio. 

The vertical permeability effect is best demonstrated in Figure 3.6 where even though the isotropic 

production (kv /kh = l) increases with increasing slant angle (become more horizontal). as discussed 

above. the production for k./kii = 0.5 increases with ~ only when '3 < 20°. In other cases, howt:ver. 

the production decreases with ~. except when f3 becomes very large. As is expected, the production 

for a vertical well (13 = 0°) becomes identical and is independent of the vertical pt!nnt:ability values. 

To more clearly observe the anisotropic permeability eftect by eliminating the:: inclination effi:cls. \Vt! 

also plotted Q/Q1 versus 13 in Figure 3.7. where Q/Q1 scands for the ratio of anisucropic permt!ability 

production Q to the isotropic production Or· It is found that by decreasing the vertical permeability by 

half, the horizontal well production decreases by about 8%; decreasing it by five times results in a 

production decrease of about 21 %. Also we found that the vertical permeability eftects decreast: if a 

slant well becomes more vertical (Figure 3.7). 

3.5.3 The effect of horizontal permeability 

Figure 3.8 shows the well production changes while the permeability in the direction perpendicular co 

the well is varied while maintaining ~ and lea as unit values. From Figure 3.8 we find that kh has 

approximately the same effect on all differently inclined wells. The production increases about l.4 

times if the magnitude of kti is doubled. and is about 2.2 to 2.4 times if we increast! kt. by livt! limt!s. 

This indicates that the effect of a permeability change perpendicular to the well is approximatd y the 
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same for all well inclinations. 

Figure 3.9 shows the results when the ~ and ~ are fixed. i.e. kz = kti = I. and the permeability in tht! 

ex (well projection) direction ku is increased. Compared with Figure 3.8. the production incn:ast: in 

these cases is approximately the same only for vertical wells. For slant wells. the production im:rea!\c 

caused by an increase in ku is less than when ku is increased. The production increase tor the 

horizontal well is the least and shows a 14% to 30% difference. depending on the amount of 

permeability increase. compared with the results in Figure 3.8. This indicates that a larger a-direction 

permeability increases venical well production more effectively than horizontal well production. 

3.6 Productivity of a horizontal well 

3.6.1 Reservoir thickness and well length effect 

The well length and reservoir thickness have significant effects on horizontal well production because 

most of the horizontal well advantages come from the longer contact length of the well with the 

reservoir. as discussed above. Figures 3.10 and 3.11 show the production changes versus reservoir 

thickness and well length. From Figure 3.10. we find chat the production rate increases with incrt!asing 

thickness. However, the increase is not a linear function with h. The production incn:ascs rapidly with 

h only for thin reservoirs. When h becomes very large, a quasi-steady state can bt! reached and under 

this state, the production rate predicted is no longer affected significantly by reservoir thidmess. Lung 

wells require a greater thickness value for reaching this quasi-steady state than short wells (Figure 

3.11). TI1is indicates. logically~ thal for exceptionally thick reservoirs, the optimum exrraction method 

may require several horizontal wells located at different pre..<fesigned ht:ighcs in lilt: rc!st:rvuir. Pruvi<.kd 

that the drive mechanism is pressure-field dominaced, this should increase both production efficic:ncy 

and total resource access. 

Well production increases with well length, but again the relationship is not linear, as in lht! case of 

a vertical well. The increase of production with well length is greater when the well is shun. and 

lesser when the well becomes long. A log-log relationship may approximately describe this variation 

with L (Figure 3.10). 

3.6.2 The effect of eccentric placement 
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The location of a horizontal well in the producing stratum can affect well performance; incuiti vet y, tor 

the solutions derived herein which have constant pressure boundary conditions at a large distance from 

the wellbore, one would expect that the best production rates would be found at the midpoint. The 

parametric analysis results are shown in Figure 3.12 for different well lengths. The vertical axis in this 

figure is the value of Q/QDl where ~ is the production when the well is located in the middlt! of the 

reservoir (b = h/2), and Q stands for production of an off-midheight well. The horizontal axis of the 

figure is the ratio between well location and reservoir thickness b/h. If b/h = o. it means a horizontal 

well is on the bottom boundary, b/h = 0.5 means it is at the midheight, and b/h = l means it is at the 

top boundary. 

The locations of the horizontal wells in the reservoir indeed affect the steady-state production rate. The 

maximum production rate is given when the wells are at the middle of the reservoir. as \vuulJ hi! 

expected, and decreases 28% if the wells are shifted to tht! impervious buundarh!s for a wdl \Vilh h/L 

= 0.5). Tilis difference also would increase if h/L > becomes larger than 0.5. Thus, wt: may rnndw.k 

that for long wells in a thin reservoir (h/L < 0. l ), deviation of the well location from the middle of the 

reservoir does not significantly affect the sustainable production. but for short wells in a thick reservoir, 

the effect is more pronounced. 

3.6.3 Ad vantages of horizontal wells in production 

We have discussed the effect of well lenglh and reservoir thickness on horizontal wdl prudm.:tion. but 

did not discuss the production of a vertical well in the same reservoir. To analy-Le the advantagc::s of 

horizontal wells in production relative to vertical wells, it is better to obtain the ratio between tht! 

horizontal and vertical well production under the same conditions. 

Figure 3.13 shows the QIQv relationships under various values of well length and reservoir thickness 

in an isotropic reservoir. Q is the horizontal well production and Q"" is the production of a vertical wt!ll 

which penetrates the reservoir. Figure 3.13 clearly shows that for an isotropic permeability reservoir, 

horizontal wells are always beuer than venical wells if the well length is largc:r Chan the rt:st!rvoir 

thickness. However~ we also can see that even though production increases with well length, the 

increase becomes insignificant when the well is quite long. For inscancc. for a 30 m thick rcsc:rvoir, 

an increase in production of about 2 times requires an increase in th!.! horizontal well length of aboul 

4-5 times. lllis may not economically viable if the drilling cost is also considered. Also, because of 

the viscosity effect,. the capability for transponation of fluid within the wellbore may also limit the 

production if a well is too long. Therefore a optimum production design is required. 
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The effect of vertical permeability on pro~uctivity of long horizontal wells largely depc:nds on rest!rvuir 

thickness. Decreasing vertical permeability will decrease che horizontal well production,.. and this 

decrease can be significant for thick reservoirs. Figure 3.14 shows the case of a 30 m reservoir. whcrt! 

the horizontal well becomes worse than the vertical well when k/ku becomes lt:ss than 0.05 if h/L is 

less than 0.2. This indicates that for thick reservoirs with a very small vertical permeability. vertical 

wells are still the preferred choict:. For thin rt!Servoirs,.. horizumal wdls art: bt!llt!r and it uu\!::, nuL 

heavily depend on the permeability ratio. 

Figure 3.15 shows the results when ~ = ~ = 1 and the permeability in the well direction is increased. 

Increasing ~ can increase production more for a vertical well than for a horizontal well. Th.is can be 

seen from Figure 3.15, where if ku increases 20 times, the Q/Qv ratio decreases from 2. 7 to UL This 

indicates that larger axial permeability (parallel to the well axis) does not havt: a significant dt't!ct on 

the well production,.. even lhough, in general, horizontal wells are still much bencr lhan vertical wells. 

The case of increasing ~ is different from that of increasing ku- Increasing ~ does increase the Q/Q._ 

ratio. even though the increase is not great. Figure 3.16 shows the results where ~ = k« = l and ki, 
is increased. The effect of ~ on horizontal well production is less significant for short wells than for 

long ones. This indicates that the effect of the permeability perpendicular to the well is almost lht! same 

for both slant and vertical wells, as was discussed above. 

We may conclude from this section that horizontal wells are always beuer than Vt!rtical wdls ir tht: h/L 

is not too large (< 0.2) and the venical permeability is not too small { > kJ2U). Generally speaking. 

increasing ~ or kt. and decreasing ku can permit us to exploit the advantages of a horizontal wdl. and 

this can also be seen from Figure 3.17. We conclude that to best use the advantages of a horizontal 

well, it is best to place the well along the minimum permeability direction. and perpendicular to the 

maximum permeability direction in the horizontal plane. For very thick reservoirs. multilevel 

horizoncal wells at different heights are probably a good idea no matter what the vertical and horizontal 

permeability ratios are. 

3.7 Conclusions 

A new analytical solution has been developed to analyze the sustainable (steady-stale) production rates 

from wells in an anisotropic reservoir with a constant inclination angle. This solution avoids some of 

the assumptions that others have tound necessary in order to achieve a useful approximation. Instead, 
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a definite integration term is introduced which can be evaluated easily by numerical integration. Wt! 

show that for the well-known limiting case of a vertical well, our solution gives almost identical 

results, and for horizontal wells, good agreement has been obtained compared wilh previous published 

solutions, through our solution is more rigorous. 

Using sustainable production rate as the comparisont and for the case of constant far-field pressure 

boundary conditions, horizontal wells are always bener than vertical wells if the well length is larger 

than the reservoir thickness in an isotropic case, regardless of the reservoir thickness. However if the 

horizontal well length is less than the reservoir thickness, the production becomes almost the samt: fur 

wells of any angle. The production rate decrease for an inclined well is insignilkam lo suslainablc 

production rates, particularly when ex is less lhan 20°. A horizontal well locatt:<.l otht:r than in tht! 

midheight of the reservoir will decrease the production rate, but this effect is usually less than 25'k and 

the effect decreases with increasing well length and decreasing reservoir thickness. Because horizoncal 

or inclined wells always have longer intersection lengths in the reservoir, compared co venical wdls. 

a proper economic comparison should be nom1alised to a unit length of intersection of the reservoir. 

In general, the results herein confirm clearly that the longer the horizontal well, the greater the bt!ndits, 

leaving aside costs arising from other sources. However the increase of production is not proportional 

to the increase of the well length. 

We must be aware that all the conclusions obtained above are for stt!ady-state flow. Tilt!St! conclusions 

will not in general apply to transient cases directly, as will be discusst!d in Chapter 4. Anisotropic 

permeability has been incorporated in the newly developed analytical solution to analyze the suslainabk 

(steady-state) production rates from a slant well at any angle. For the well-known limiting ~ast! of a 

vertical well, our solution gives identical results, and for horizontal wells, if we take an isotropic 

permeability, good agreement has been obtained with previous published solutions. A general 

anisotropic analysis has never been done before in a analytical formulation, therefore. th! nt!w solution 

presents advantages for analysis of anisotropy. 

Anisotropic permeability has significant effects on the production rate of a horizontal or a slant \VCll. 

The permeability in the well direction has less effect on small angle wells than for large anglt! onl!s. 

The permeability in the direction perpendicular to the well increases horizontal well production bt!Ucr 

than for vertical ones., but the difference is insignificant. The anisotropic permeability effect may be 

approximately simulated by using the reservoir anisotropy modified parameters defined in equation 

(3.4.47) in a isotropic solution such as Borisov's solution. 

Generally speaking, vertical wells are most suitable for thick reservoirs or where there is very small 
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vertical penneabilityy whereas horizontal wells are suitable for thin reservoirs., particularly when lhe 

vertical permeability is larger. 



Upper impermeable layer 

Figure 3.1 Configuration of a slant well in a three dimensional 
anisotropic reseMJir. 
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Chapter Four 

Horizontal Well Test Interpretation 

4.1 Interpretation of Horizontal Well Test 

4.1.1 Literature review 

Interpretation of a horizontal well test is more difficult than for a vertical well test because of the 3D 

geometrical nature and the evolution into different flow regimes. Horizontal well test results will not 

only depend on the reservoir characteristics, but also on the well geometry and orientation. Even 

though a number of well defined horizontal well pressure analyses have been reported in the literature 

[Daviau et al., 1988; Goode et al., 1987; Kuchuk et al .. 1988; Mattar and Santo. 1995] some of the 

issues are still not clearly resolved. Well test behavioar in a highly anisotropic reservoir seems to be 

one of these issues which has not received enough attention. It has been observed that a complete 

horizontal well test in an infinite acting reservoir can usually be segmented into three flow regimes 

(neglecting the wellbore storage effect): the vertical radial flow regime, the linear t1uw regime and the 

horizomal radial flow regime as shown in Figure 4.0 [Daviau et al .. 1988; Goode.et al .. 19871. 

However, under cenain conditions, such as when the vertical permeability is very small compared Lo 

the horizontal one, linear flow could be absent, and instead, a spherical flow regime can develop. 

However, the criteria for linear flow to be replaced by spherical flow and the corresponding test 

behaviour during the spherical flow period have not, as far as we are aware, been discussc::d in the 

literature. 

Another example of a deficiency in many existing analyses is that most of the horizontal solutions were 

developed by assuming the well was drilled along the kx direction, therefore leading to the conclusion 

that by using the vertical radial flow regime the combined permeability [kylcz] m can be determined. 

Tilis conclusion is only acceptable in a horizontally isotropic reservoir or if the well is truly drilkd 

along the kx direction; otherwise, errors are introduced, and the magnitude of these errors increases with 

increasing anisotropy. 

In this Chapter we present a interpretation method which considers a well in an anisotropic reservoir, 
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oriented arbitrarily in the horizontal plane. By using the new solution. accurate test interpretation can 

be obtained for all possible horizontal well orientations. Also, if two tests are carried out in wells of 

two different orientations from the same reservoir,. then the permeability anisotropy can be determined. 

We will also try to outline some guidelines for flow regime identification based on our analysis. Tot! 

criteria for such identification differ in the literature [Daviau et al., 1988; Goode et al., 1987; Mattar, 

and Santo, 1995] which makes it difficult and confusing to use in flow regime identification, which 

is the foundation for using the segmental analysis melhod in interpreting test [Zhang and Dusseault, 

1996). 

4.1.2 Limitations of traditional interpretation methods 

Many analyses of transient horizontal well pressures have been reponed in the literature, and several 

test interpretation methods have also been developed based on these solutions. However. several 

problems still exist in using the available solutions. As we have discussed above. most availabk 

solutions assume the reservoir is isotropic horizontally, or if a horizontally anisotropic reservoir is 

encountered, then the well is assumed to be parallel to the ~ direction. These assumptions make it 

difficult to determine the true reservoir anisotropies from arbitrarily oriented horizontal wells. 

Another limitation of the available solutions is that the characteristic times, such as the time when the 

no flow boundaries take effect, or when the length of the well begins to take effect. are not used. ln 

fact, such times give imponam information on the characteristics of the reservoir and lht! \.\'dl 

configuration, and sometimes could be the only information availablt!. Wt: will in lht! following 

sections develop a new set of solutions which takes advantage of all possible information and wtli,h 

also provides imponant data concerning the reservoir and the well behaviour. 

4.2 Horizontal Well Drawdown Test Interpretation 

4.2.1 Theoretical derivation of the solution 

The horizontal well problem discussed here is similar to that discussed by others [Daviau et al., l 98~; 

Goode et al., 1987] except that an arbitrary horizontal well is drilled at a degrees from the ~ direction. 

Other assumptions are as follows: 1) the reservoir is an infinite, horizontal reservoir with constant 
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thickness h; 2) the reservoir has no-flow upper and lower boundaries; 3) lhe reservoir has primary 

anisotropic permeabilities kx, Icy and J.; which coincide with the three axes of the coordinate system 

an~ 4) a well of length L is located at a distance b from the lower boundary (Figure 4.1). The! 

following equation is used to model this problem: 

c q, at¥J _ k.r; a16/J _ k, aitlp _ k: a2llp 
"' -rr µ ax2 µ c)y2 µ dZ 2 (4.2.1) 

= q(t')5(x-x' /y-y' ,:.-:.' ,t-t1
) 

where kx, Icy. ~ are the primary permeabilities in the three-dimensional space. x9. y'. z' defint: the 

position of the well, µ is viscosity, ct> is porosity. cm is compressibility. L1p = Pi - Pwc is defined as the 

pressure drop between wellbore and far field, q is flow rate per unit well length, and c is time. 

The boundary conditions for such a problem are: 

dp(x,y.z.t) 1.r = .t ,., = 0 llp(x,y,z,t) I,,= .t,., = 0 

A < > I o atlp I - o • aad=p I=- .. h = o up x.y,z.r r - 0 = dZ : = I) - • -

(4.2.2) 

To solve the boundary value problem defined by (4.2. l) and (4.2.2), we define new 

variables x = xJkJk . '" = \'JkJk , and 2,i = z, lhen equation (4.2.1) becomes: 
J - .t -d - - y 

(4.2.3) 

where kh = J kxk, is the horizontal average permeability. 

The boundary conditions ( 4.2.2) become: 
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ilp(X,py ,rZ,.rl) 1.r., • ~ ,.. = 0 

Ap(X,pJ,.rZd.l) Ir• o = 0 

If we apply the following exponential transform: 

to equation (4.2.3) and boundary conditions (4.2.4) for~ and Yd• we obtain: 

and the transtormed initial and boundary conditions become: 

If we further apply the following Fourier transform: 

to equation (4.2.6) and the boundary conditions (4.2.7) we have: 
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(4.2.4) 

(4.2.S) 

(4.2.6) 

{4.2.7) 

(4.2.8) 

(4.2.9) 
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Solving for G from equation (4.2.9) we obtain: 

(4.2.10) 

If cx1 and exi in equation (4.2.10) are invened back to Xci and yd, we obtain the following point sink 

solution: 

(4.l.11) 

whicll can be written as: 

- q(t'}µ ~p = e 
41t k

11
(t-c') 

(4.2.12) 

If we inven n back to z.i, then the point sink solution becomes: 

(4.l.13) 

Substituting the variables x = xJ k/k . v = vJ kjk ,and z.i = z back into solution ( 4.2.13 ). we 
d • .t ,4 J ~ y 

obtain the following: 
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_ l r.r-.t'J2 • ryif 1 • __:__[--r-

q(t')µ. e ~- • ' 
Ap' = _;,...,-----~---

41tk1th(t-t') (4.2.14) 

For a slant well defined in Figure 3.1, with I being measured radially outward from lhe coordinate 

center, the following relationships are satisfied: 

x' = lsin(8)cos(cx) , 

y' = lsin(8)sin(tt) , 

z' = b + /cos(8) 

If we substitute the relationships of (4.2.15) into (4.2.14) and let 't = t - t'. we obtain: 

dp = µ Jf Q(t-"t) e --~e'•"'"'"'.""'-•I' • l''"""•-:-••->I'] 

41thk1tL O O t 

[
l +2:E e - c,:_•'< cos( mr(b-l cos(8)} )cos(~)}/ d't 

nsl h h 

(4.2.15) 

(4.2.16) 

where Q(t-t) = q(t-t)L is the total flow rate along the full length of wellbore if wellbore storage is 

neglected. 

Solution (4.2.16) is the pressure drawdown solution tor a slant well ddincd in Figure 3.1 in a layt:r1:tl 

reservoir. Solution (4.2.16) has a exponential term and a series term included in the double integral; 

each term reflects different geometric aspects of the problem. Because the double integral can nut be 

solved analytically, a numerical scheme must be applied to evaluate the solution. 

For a horizontal well as defined in figure 4.1, because 0 = 900, the series term becomes independent 

of I, and the exponential tenn becomes: 



where 
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[lcos(a) - xf + [!sin(a) - y]2] = [Al _ A'Lf + CA :L 1 

k~ k., 

A= 
cos2(a} 

k_r 

A' = _1_[ xcos(a.) 
AL ~r 

vsin(a.)
1 +----

ky 
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(4.2.17) 

(4.2.18) 

and ku is the permeability along the direction of well with ex being dc!fined as the angle bc::cwecn U1c 

well and the x axis. which has the following form: 

(4.2.19) 

Equation (4.2.19) implies that tht: directional pt!m1eabilicy in tl'k! horizontal pla.nt: ti>nns an dlipSt: with F, 

and {;; as its major and minor axis respectivt!ly [Hantush. 1966]. The squan: ruol of tht.: 

permeability in any direction therefore can be determined from the ellipse shown in Figure 4.2 

lf Q(t-'t) is a constant Q, then by integrating I from O to L., solution (4.2.16) becomes: 

{4.2.20) 
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We can introduce dimensionless pressure Pd and dimensionless time ltt as : 

4kut 
l,1= ---

L2c,,A>µ 
(4.2.21) 

and by applying Pd and ~ to solution (4.2.20) we have: 

(4.2.22) 

where the function inside the integral Z(tJ is defined as: 

(4.2.23) 

where ~z = k/ku 

Solution ( 4.2.22) can be used in evaluation of pressure at any point (x, y, z) as long as the parameters 

A, A' and C in equation (4.2.18) are used. lbis solution can also be used to determine reservoir 

parameters by test data from an observation well (point). 

For the pumping well, if we use the point (Xw, Yw, b) from the wellbore with: 

xw = olcos(a) + rbsin{Ct) 

Y .. = o Lsin(a) - rbcos(cx) 
(4.2.24) 

where rb is the permeability weighted equivalent radius which considers the effect of tht! anisoLrupic 

permeability and takes the form [Goode et al., 1987): 
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(4.2.25) 

then the geometrical parameters A~ and C can be approximately written: 

(4.2.26) 

where l3ti = ktfku and o is the location parameter which can take a value between 0.75-0.886 [Muskat. 

1937; Goode et al., 1987]. 

Substituting A and A' into Z(tJ, equation (4.2.23) becomes: 

(4.2.27) 

The solution expressed in equations (4.2.22) with (4.2.27) and its derivative are usually used in well 

test interpretation if the integrated method (curve matching) method is used. Figures 4.3 and 4.4 show 

the type curves and their derivatives generated by lhis solution. The parameter HV in the figures is tlle 

flow criterion from which the flow pauem can be determined. and this will be discusst:d in section 

4.4.4 

The skin term for a horizontal well can be obtained by analogy to a vertical well, and can be added 

to the pressure drawdown term as: 

(4.:Z.28) 

where S can be written as (see the average permeability expression in the segmentation approximation 
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section later in this Chapter): 

(4.2.29) 

where lea is the skin permeability in the skin zone from rw to ra around the well. Toe pseudoskin term 

can also be added into (4.2.28) if it needs to be considered [Goode et al .• 1987]. 

4.2.2 Type curves and curve matching method 

The dimensionless solution given by (4.2.22) and (4.2.27) is the type curve generator in estimating 

reservoir parameters by the integrated method (curving matching) method. Generally. cwo parameLers 

must be provided to generate the horizontal well test type curves. one to describe the horizontal 

anisotropy ((3J and the other to describe the vertical :anisotropy (~z>• However. multi-parnmeter 

matching usually is difficult and time consuming because many parameters need to be altered during 

simulation in order to find a good match. One of the advantages of the solution givt:n in (4.2.27) is 

that only one parameter ~z is significant in type curve generation. because the horizontal anisotropic 

characteristics are separated from the solution to the dimensionless variables Pd and~- The appearance 

of ~h in the exponential term can be added into the permeability weighted well radius rb, which docs 

not have much effect on the results except at a very shon early time period. The main effect c.:ausc:d 

by horizontal anisotropy in this solution is represented in the definition of dimensionlt!ss pressure Pd 

and time td. 

Therefore, the type curves generated with different J3;t values such as those shown in Rgure 4.3 and 

the derivative curves in Figure 4.4 can be used to estimate reservoir parameters by log-log curvt! 

matching. 

If a matching point (Pd m, td m, Apm, tm, Pzm) has been determined for a horizontal well test data, then the 

parameters can be determined by the following equations: 

(4.2.30) 
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The dimensionless pressure Pd defined in (4.2.21) is only related to lhe horizontal average permeability 

ku and therefore, at late times of a test, the effect of Pz will become insignificant. lb.is is t!Videm as 

all type curves with different P1: fall into a curve single or very closely spaced ones. This can be 

helpful in curve matching if a test curve can not be matched uniquely to the type curves in the early 

separated sections. Obviously, this characteristic is only available when the horizontal radial flow 

regime is present. However. if the horizontal radial flow regime is not present, a modified 

dimensionless pressure P c1v can produce type curves which are independent of 13z in the early time 

vertical radial flow regime. 

ln fact. the type curves in the vertical radial flow regime will be independent or Pz if lht! nt!w 

dimensionless pressure (Pd\,) and the type curve generator Z.(W art! redefined as: 

(4.2.31) 

Because P dv is related to the three dimensional average permeability, which is characterized by the ~arly 

vertical radial flow regime, the type generator Z,(tJ is therefore indt!pt!ndt!Ol of Pz al C!arly Limes. 

Figures 4.5 and 4.6 show the type curves and their derivative generated by ZvOcJ. 

If a matching point (P dv m, ~ 01
, apm. tm, 13h m) has been obtained, either from the type curve matching or 

from the derivative curve matching, then the parameters can be obtained by the following: 

k_ = µQPd7 ku 

4rclulp m k/c'f 
{4.2.32) 

Ambiguity has often been one of the difficulties encountered in the curve matching method. 111is 

problem exists because the test data are often contaminated (affected by other unexpected processes 

such as flow rate fluctuation, electricity voltage variation and so on). The direct effect of 

contaminated test data is that it becomes difficult co identify (match) to a unique type curve in the main 

flow regime. This difficulty can be partially eased by using lhe sectional curve match mt:lhods 

discussed above. 
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Another advantage of solution (4.2.27) ~e want to highlight is that the well length dfcct time l..tw is 

a constant 1hr. Therefore, by determining the value of the well length effect time: t~ from a well test 

which matches to a unique type curve can help to determine the parameters included in the definition 

of t,., such as well directional penneability ku. formation compressibility cm and porosity. 

4.2.3 Characteristic times for a horizontal well test 

le has been noted that three tlow regimes can be recognized from a complete horizontal wdl h.:sL if 

wellbore storage is neglt:!cted. Howevt:!r, the criteria for identification of these regimes <.tilkr m the 

literature [Daviau et al., 1988; Goode et al., 1987; 1988; Mallar and Santo, 1995 J. Because tlow 

regime identification is an essential part of segmental analysis, we would like to first discuss some 

aspects of these criteria. 

The logarithmic derivative of Pd (dP JdOog(tJ)) in equation (4.2.22) is Z~)*~- If wt:!llbore storage is 

neglected, Z(tJ is composed of three pans: the exponential term, the error function term, and the series 

term. The square root term of td will be combined into one of the above three pans in diftercm Limt:s 

to generate the required result. The exponential term is similar Lu the expression fur a vt:rliLal wdl 

and accounts for the pressure drop with radial flow coward a wt:Il. The error rum:tion term accuuncs 

for the well length and orientation effects in the horizontal plane. The series term accounts for the 

effect of the upper and lower no-flow boundaries. 

Two imponant time criteria are needed in the identification of flow regimes; the effoct of the nu-tluw 

boundary time ft,, and the effect of well length time lw- Therefore? based on tb and ~-. lhrec llow 

regimes can be recognized. The early time vertical radial flow regime is maintained when t < min(tb• 

fw) and the horizontal radial flow regime is maintained when t > mcu:(tb• fw). Between lb and ~T tlte 

middle transitional tlow regime develops. 

In the vertical flow regime, the exponential term is dominant; it varies exponentially at very early times 

and becomes a constant when C/~ becomes greater than 0.01 [Muskac, 1937]. In the following 

discussion, we always assume this criterion is satisfied. In face, because ycos(cx) - xsin(cx) is the 

distance from the observation point to the well, which is usually very small compared to the well 

length L, this criterion is usually satisfied at relatively early times. Before the well length (t=rror 

function term) cakes effect? the derivative of Pd is dominated only by the st!rit!s term. 

If we define the series term f(p1 *tJ as: 
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JCl3=•t4) = l + 2E e 
(4.2.33) 

nsl 

then we find that f(l3z *tJ gives a value of unity for large td. For small ld, f(l3z *lJ varies linearly wilh 

the square root of '32 *l.:t, which can be expressed as: 

(4.2.34) 

where g(~2 *l.i) gives a value of unity for small ~-

If we assume that the well is localed in the middle of the reservoir, i.e. b = h/2, then we find t.hert: 

exists a unique point below which g((32*tJ becomes unity, and above which f((3z*tJ becomes unity 

(Figure 4.7). Because the no-flow boundaries effect is only dependent on the st:ries term, this point 

clearly defines the no-flow boundary t!ffects. and therefore gives tb as: 

(4.2.35) 

The effect of the well length, on the other hand, can be obtained by applying ~ to equation (4.2.59) 

by noting the fact that the slope of the linear flow straight line of the logarithmic derivative is 0.5 in 

a log-log graph. It is easy to show lhat ~ has the following value: 

I 
t4w = -

7t 
(4.2.36) 

However, we should be aware that the effect of well length is a more complicated and lengthy process, 

and takes a time of about one half to 2 cycles of logarithmic time. The ~w obtained abovt! is 

approximately in the middle ofthis process. By evaluating the error function term in equation (4.2.27), 

we find that the error caused by segmentation approximation becomes only non-negligible (relative 
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error larger than 0.1 % ) when ~ is in the range of (Appendix 4.1 ): 

0.lA1 lOA 1 

--<ld<--
1t 1t 
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(4.2.37) 

therefore error corrections are necessary in the segmentation approximation in this range around let,... 

In the derivative graph. ~ is the intersection point beLween the early Vt!rtical flow horizontal line and 

the middle transitional straight line (linear or spherical flow. see the discussion below). and fttw is the 

intersection between the middle transitional straight line and the late time horizontal radial now line 

(Figure 4.4). 

If we write the error function tean of Z(td) in equation (4.2.27) as e(tJ : 

(4.2.38) 

then, based on the derivation of~ and t!f,&,, we are led to the following approximate expressions tor 

the terms contained in Z(~) : 

(4.2.39) 

(4.2.40) 

Therefore, Z(tJ can be simplified as follows when ~ > 1 OOC : 

(4.2.41) 

and 
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(4.2.42) 

(4.2.43) 

(4.2.44) 

The segmentation solutions discussed below will be based on tht!se rt!lationships. 

We have neglected the effect of wellbore storage in the discussion. Wellbore storage usually masks 

pans or all of one or more flow regimes. If the criteria time rb or ~ are masked by the storage effect. 

it then becomes impossible to identify flow regimes from a derivative graph. The wellbort! storage 

effect will be analyzed and discussed in Chapter 5. 

4.2.4 Flow regimes and segmentation 

4.2.4.1 Solutions in forms of dimensionless ,·ariables 

Segmental approximation provides a convenient approach to well test interpretation. The approximate 

solutions derived by Goode [Goode et al .. 1987] do not use the characteristic limes tb and ~. and 

therefore are more complicated lhan the solutions we derive in the following. It is also diftkull lo 

obtain the geometric skin from Goode's solution if the vertical radial flow regime is mask~d 

[Domzalski and Yuer, 1992]. 

We will try to eliminate those requirements by integrating Z(lct) with each individual now regime. 

based on ~ and ~ values discussed above. Two situations can arise: either ~ < ~ or ~ > tc1w. If 

~ < ~. which occurs if L2/h1 > k/ka (see equation (4.2.59) in lhe following), the common Vertical­

Linear-Horizontal flow pattern (VLH) is generated. If~ > tttw, which occurs if L:!/h1 < k/ku. the 
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Vertical-Spherical-Horizontal flow panern (VSH) is generated. We give the segmentation solutions 

for both patterns. 

The Vertical-Linear-Horizontal Dow pattern 

The vertical radial flow regime in the VLH flow pattern is maintained when let < ~. and if~ > l OOC. 

Solution (4.2.22) then can be approximately expressed as: 

(4.2.45} 

where y = 0.5772. 

The linear flow regime is observed when rdb < td < tdw. The solution for Pd and £\p in this regime can 

be obtained by integrating t!quatiun (4.2.22) using the time criterion~: 

(4.2A6) 

When td becomes greater then t11u·• the horizontal radial tlow regime starts. and P 4 in this n.:gi 1111.: is 

approximated as: 

(4.2.47) 

where £1 = - 0.93 is the error correction term for VLH tlow panern caused by the appruximaliun uf 
Cw (Appendix 4.1). 

The Vertical-Spherical-Horizontal flow pattern 

If~> fctw, which occurs if L2/h: <~(see equation (4.2.59)), a Vertical-Spherical-Horizontal now 



Chapter 4 Horizontal Well Test Interpretation 74 

pattern (VSH) will be generated. The vertical radial flow regime is maintained for ~ <: cdw• and 

solutions for ~ > lOOC are the same as in ( 4.2.45). 

The spherical flow regime starts when ~ = tdw and ends when td = ~- The pressure Pd in Che spherical 

flow regime is: 

and £1 = - 0.56 is the VSH pauem error correction term caused by the 

approximation of ~ (Appendix 4.1 ). 

The horizontal flow regime starts when ~ > ~. and lhe equations are: 

(d mdb tdw ] P,1 = In(_) - 2 + _ In(-) - (y-2-£) 
t"b r"". C g 

4.2.4.2 Solutions in forms of oil field units(darcy, psi ... ) 

If the dimensionless pressure Pd and time td are expressed in oil field units, they become: 

tz'kk P = V"-.i:"-y 6p 
d 10.6µBQ 

kl 
Id=----

948Uc,,r¢>µ 

where B is the formation volume factor. 

The boundary effect time tb and well length effect timer... therefore become: 

(4.2.48) 

(4.2.49) 

(4.2.50) 

(4.2.51) 
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The Vertical-Linear-Horizontal flow pattern 

The segmentation solution of the VLH flow pattern for the venical radial flow regime (4.2.45) 

becomes: 

[62.6µBQmb O t ] llp = ---- - loe1J-) + 0.866 + F /; li t.... lb 
'Vtr...,ff..y 

(4.2.52) 

the linear flow solution (4.2.46) becomes: 

A _ 141.2µ.BQIT F up------+ 
1rJktky t"" 

(4.2.53) 

and the horizontal radial flow solution (4.2.47) becomt!S: 

l62.6µBQ t ] ~p = ----log10(T) + 0.463 + F 
1rJkiky w 

(4.2.54) 

where F is the VLH total skin term at t = rb which has the following form: 

(4.2.55) 

The Vertical-Spherical-Horizontal tlow pattern 

For the VSH flow pattern we have the following form for the spherical flow regime solution (4.2.28) 

4p s _ 141.2µBQ J t6 + G 

1iJ~/cy t 

(4.2.56) 

and the horizontal radial flow regime solution ( 4.2.49) : 
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(4 . .2.57) 

where G is lhe total skin term for the VSH panem. given by: 

(4.2.58) 

Note that if we take the Iogarilhmic derivative we find lhat all the coefficients of lhe solutions in 

dimensionless forms become 2.3. and in oil field terms become 162.6BµQ/kJI. 

These solutions do not require calculation of the slope of a well test in interpretation. but employ some 

degree of approximation around well-length time 1,.._ Figure 4.8 shows the comparison between the 

segmentation approximations with the system solution. From lhis figure we find that satisfactory 

results are obtained from the segmentation solutions. However, non-negligible errors t:xisl wichin the 

two logarithmic cycle area around fw. If all the test data fall into this area. then lhe segml!ntatiun 

solutions derived in this thesis are not valid. 

If we define the derivative ratio HV as the ratio between the horizontal radial flow derivative and the 

vertical radial flow derivative : 

~L~ 
HV= ~i';; =h~t 

(4.2.59) 

then it becomes obvious that if HV > l. the linear flow regime will be present and the larger HV, the 

longer is the period. If HV < 1, then the spherical flow regime will be present. and the smaller HV. 

the longer is the period. Finally, if HV = l, neither linear nor spherical flow regimes will be present. 

In such situations, the vertical radial flow transfers to lhe horizontal radial flow directly and rb becomes 

identical to fw. It has therefore become clear that the derivative ratio is a measure of tht! duration of 

the transitional flow period. A small value of HV c::ilher mt:ans a small vertical pc.-:rmeabilily is 

encountered or the effective well length is reduced. If a small effective well length is encountered in 

a long horizontal well, this may mean that production is dominantly from the hed of tht: well. The 
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VLH flow pattem is the most often encountered in field and Figure 4.9 shows one such example or 

a horizontal well test from Mauar and Santo [1995]. However, we also frequently t=ncuunter the VSH 

flow pattern is the field tests. Figure 4.10 is one VSH flow pattern well lt:st repont!d by Domzalski 

and Yuer (1992]. 

4.2.S Well eccentricity effect 

The boundary effect time tb in (4.2.35) is obtained by assuming b = h/2. lf the well is not located in 

the middle of the reservoir, two different time effects can sometimes be observed because uflhl! dti!i.:cs 

of the two boundaries at different distances. From the derivatiw graph, this effect is indicated by two 

horizontal line sections in the vertical flow regime (Figure 4.1 L). The end of lhe first horizontal line 

section indicates that the first boundary (the one closest to the well) is taking effect, and the second 

section indicates that the second boundary is taldng effect. 

The time criterion for the first boundary effect can be obtained by substituting b for h (or h - b for h 

if b > h/2) in equation (4.2.35), which gives t.tt,1 and tb1 (in oil field units) : 

{bl = (4.2.60) 

The time criterion for the second boundary effect is approximately four times larger than~ i.e.: 

(4.2.61) 

'This indicates that the effect time of the second impermeable boundary presented in a derivative graph 

is dependent only on the reservoir thickness. and the actual elevation of the well does not affect the 

value of tbz· This conclusion may come from that fact that after the first boundary begins to take 

effect, the pressure propagation speed is doubled, which results in approximately the same 1t, regardless 

of the actual location of the first boundary. 
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As indicated by Kuchuk et al. [1990}~ ifa horizonlal well is located much closer to one boundary than 

to the other, then a obvious two-line derivative could be obtained in the early vertical radial flow 

regime (Figure 4.11). If this is the case, then the derivative value of the second line section is twice 

as large as the one obtained by solution (4.2.45) and (4.2.56). 

4.2.6 Observation Wells 

Most of the approximate solutions discussed above are for the active pumping welL For observation 

wells the measuring point (x. y, z) considered in the parameters A' and C of equation (4.2.18) are 

different from the wellbore, and therefore can not be simplified to equation (4.2.26). 

However, the boundary effect time lb and well length effect time ~ are still tht! same as in equation 

(4.2.35) and (4.2.36) because their derivations are independent of the wellbore condition. From the 

analyses of the series term f((3ztJ and error function term e(tJ in equation (4.2.33) and (4.2.38) we also 

find that the approximate solutions derived in section 4.2.4 are true for observation wells. 

However, we note lhat lhe parameter C is proportional to the distance bt!tween lhe observation and tht! 

pumping well, therefore the criterion for C/t.t < 0.0 l requires a longer time to satisfy then ror lhl! 

well bore case. One effect of this criterion change is that the boundary effect time tb may become un­

observable from the derivative graph due to the masking effect. 

Figure 4.12 shows observation results of a point with a distance of 3U8 from one t!nd of tile well 

(origin) and at the height of zJb = 0.2. Because this observation point is close to lite lu\vcr 

impermeable boundary, the boundary effect time tb becomes difficult to identify. 

Figure 4.13 also shows observation results of a point of 3U8 from one end of the well (origin). but 

at the height of z/b = 0.8. Compared to the results of Figure 4.3.12. it is obvious tbal the boundary 

effect time It, in this case is identifiable. 

Both figures also indicate that the well length effect time fw can be identified easily. However. if a 

more remote observation point is consideredT the well length effect time also can be masked, and in 

such cases, both tb and t., can become difficult to identify. 
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4.3 Horizontal Well Buildup Test 

4.3.1 Interpretation methods from the Bterature 

Pressure buildup tests usually can provide ODe S11DXh and ooise-free test data fer evaluation of reservoir 

characteristics than pressure draWOOWll tests. However~ some of the now regimes presented in a drawoown 

test can be masked by the effect of buildup superposition. The superposition of the various flow regimes 

makes a horizontal buildup test much DDe difficult to interpret than a vertical well buildup test. ~ common 

superposition results fer a hcxizontal well buildup test shows that the late time flow regimes are masked. If 

the early time flow regime is also serious masked by wellbcre stora~ then the test interpretation becomes 

a1ma;t itnpa;sible. 

Analyses of hcxizontal well buildup tests in the literature are rare. Gocx1e presented a set of segmentation 

solutiom for a hcxizootal well buildup test [Goode, et al., 1987]. 11oe solutiom requires that the shut-in 

time tp be larger than the well length effect time tw, and, therefcxe that the effect of buildup superposition in 

early time can be neglected. Uooer this assumption, a buildup test usually can be con.gdered as equivalent to 

a drawdown test foc the recovery time periods t < 0.1 fpt and the interpretation using these pericm becomes the 

same as for a draWOOWll test. However, if these periods appear inmfficient fer interpreting the test, such as 

when the early pan is seriously masked by wellbae st<ng~ the inta'pretation is unsuccessful 

Another problem in horizontal well buildup test interpretation is ~ identification of th! test flow sequence 

patt~ as presented in section 4.2 A hcrizontal well test can be a Vertical-Linear-Haizontal sequence 

(VLH), or a Vertical-Spherical-Hcxizontal Dow sequence (VSH) depemng on the magnitude of the parameter 

HV. The logarithmic derivative of premire recovery fer the VSH sequence will decrease with increased 

recovery time t' in the spherical Oow regime. This decrease can sometimes be difficult to distinguish from 

decreases caused by the buildup superposition. 

An alternative approach would be to dea:JmpR the pressure supel'p(mtion effect from the horizontal buildup 

test by restoring thase flow regimes masked by the superposition effect, and obtain an equivalent drawdown 

derivative curve. If this buildup restcratioo is sucrewill, then the interpretation of a buildup ~ fer late tirre 

pericm becomes identical to that of a drawdown test. 
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Unfcxtunately. an accurate restcntiat equation fer the masked tmzomaI buildup test peri(X5 is very unlikely 

because of the complicated effect of varioos flow ~-~ we want to develq> an approximate 

metlxxl in this sectioo to restore the Oow ~ masked by the buildup superpagtioo, and hope that the 

restcration can make the inlerpretation of a lmzootal buil<llp test one practical ml reliable. 

4.3.2 ~ buildup test analysis 

4.3.2.1 Buildup test model 

A transient well pressure solution fer a horizontal well test with variable flow rate was obtaired in 

dimensionless variables in section 4.2 , with the following fcrm 

(4.3.1) 

where Z(~ is expressed as: 

C [ (I -6) 0 ] [ - "1
rl.

1
fJh 2 n1Cb ] Z(ta) = e-<~J erf{ ,:-- I+ er/[ r:-1 I + 2Le -11i1 cos (-) 

v~ v~ ' h 
(4.3.2) 

For a horizontal well buildup test, if we assume that the pressure shut-in time is tq, and neglect the wellbore 

storage effect , the bottom-hole flow rate can be Mitten as (the wellbcre stcrage effect is discussed in Chapter 

5): 

Qblt( t4) = [
Q- 0 (t, < t,,J] 

Q-Q ( t, ~ t,,J 
(4.3.3) 

where ~ = 4kat/(I}~µ. ), aoo under this condition. the bottom-bole Oow rate Q.i becomes identical to the 

well discharge Q, and tha'efoce the dimemionless pressure Pd becomes : 

, •• ,, 'f 
P" = f 7' -r )d-r - 7' r )d-r (4.3.4) 

0 0 

where~· is the pressure buildup time. 
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If we define the dimemionless pressure recovery P dt: as P c1c = P"' - P c1 where Pct, is the dimemiooless pressure at 

shut-in time~ and Pd is the dimemionless pressure after recovery time lei'. then we d1tain: 

(4.3.5) 

the logarithmic derivative of P fb if expressed in field units Ap', becomes: 

Ap' = l62.6BµQ Z(t')t'[l - Z(t+t')] = l62.6µBQ Z(t')t' R 
h.Jkxky Z(r') h✓k.11:ky 

(4.3.6) 

where Z(t') is defined as in (4.3.2). 

Equation ( 4.3.6) is cOOlp(Rd of two team. The first term Z(t')t' is equivalent to the derivative of a 

drawdown tes~ and the second term R = 1 - Z(tp + t')/Z(t') is the effect of the buildup superp<Etion. We can 

call R the buildup reduction factcr because the value of R is always less than 1, which therefore always 

reduces the derivative value of a buildup test if it is compared with a drawdown test. Obviously, the 

magnitude of the reduction faacr will oot only depend on the recovery time lei', but nut impoctantly, the 

buildup shut-in time tp . If the magnitude of R is d<R to l then the derivative value as well as the flow 

regimes presemed by the buildup test will be similar to ttae of a drawdown test. However, if R << l, then 

the buildup test will be much different frcm the corresponding drawdown test. Because the value of R is 

usually cl~ to 1 when t' is less than 10% of the shut-in time ts,, the flow regimes presented fer early times are 

not affected significantly by the reduction factor, and therefcre can usually be identified easily. On the other 

hand, if R decreases rapidly with iocreasing lei' beyond the time point oft' = Ip, the Oow regimes beyooJ this 

time will not be identifiable from the buildup test. Figure 4.14 shows an example using the buildup test 

reported by Sherrard et al., [1987]. 

To analyz.e the effect of the buildup reduction factor, we oote that fp + t' is the ooly parameter which affects 

the value of R. In the following sectiom, we will give analysis fer all the three ~ible cases fer tp + t' > tw, 

tt, < tp + t' < tw, and tp + t' < ft, and obtain the caresponding segmentation soluti~. Based on the 

segmemation solutiom developed, an approximate metlDI will be presented fer restcration of the buildup flow 
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regimeS masked by the buildup superposition. 

4.3.2.2 The VLH complete• drawdown buDdup ten 

82 

The three flow regimes fer a VLH flow sequence are: the early time vertical flow regime, the midcDe time 

linear flow regime and the late time lnizontal radial flow regime. A complete drawdown-buildup test means 

that all three flow regimes were present befcxe buildup shut-in. i.e. the slwt-in time lp > fw. In a complete 

drawdown-buildup test. the derivative of P ck at lime tp + t' is Z(lp + f)t', which if expressed in field units, can 

be written as follows: 

Z(t +t')t' = p 

l62.6µBQ t' 

h.Jk.r.k, tp +t' 
(4.3.7) 

Therefore . the corresponding three segmentation solutions of the logarithmic derivatives can be obtained by 

obtaining the derivative of Pc11: at time t', and then combining with equation (4.3.7), which leads to the 

following segmental solutions: 

t' < t b (4.3.8) 

(4.3.9) 

J62.6µBQ t' ] 
J!p' = r,:-;:- I -

C h~k.r.ky t ,+ t' 
t' > t,,, (4.3.10) 

Observe that the expressiom of the buildup reduction factcr R in the derivative equation (4.3.8) and (4.3.10) 

all decrease with increasing recovery time t', even tmugh the reduaion factCl'S vary with different flow 

regimes. Numerical simulation soows that when the recovery time t' is •~ than 10% of the shut-in lime lp. 

the reduction factcrs in all three equatiom become very d<R to 1. The derivative of the buildup test fer t' < 

O. ltp is therefcxe similar to that of a drawcbwn test, and the flow regimes befcre this time can be identified in 

much the same way as a drawdown test. However, if the shut-in time lp becomes larger than t., the reduction 
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factors will become smaller than 0.S, aoo will decrease funher with iocreasing time t'. Aow ~ 

characteristics beyond this put trerefcxe will be significantly affected. To resttte the flow regimes affected 

by these reduction factcxs, we write the tmzomaI radial flow reductioo factoc in equation (4.3.10) as : 

t' 
R =1---

.\ t +rt 
fl 

(4.J.11) 

We can obtain ~ mcxtified derivatives by dividing the derivative solutiom (4.3.8) - (4.3.10) by ~ . It 

beeomes obvious that the ~ modified derivatives foc the IDizomal radial flow ~ become identical to 

those of a drawdown test. On the other hand. the an:fification will also change the values of the derivatives in 

the vertical and linear flow regimes. However, based on ire analysis above we may assume that this change 

will not significantly alter the flow regimes because bodl the reduction factors in the vertical and linear flow 

regimes will bed~ to 1, which is a1so true fa ~ . The following inequalities in fact show that a comistent 

value slightly less than 1 is maintained fer the ~ mcxtificatiom. 

For ~ VLH flow sequence, because t,, > tt,, if we carry oot the division we find : 

[1-fi• ~]+[1--t' ,] < J t' < t (4.3.12) 
lb t,+t tp+t 

b 

and 

1--"'- + 1--- < l [ PJ [ r' ] 
tp+ t' tp+ t' 

tb < t' < tw (4.3.13) 

F.quatio~ (4.3.12) and (4.3.13) indicate that the~ mcxtified derivatives are always less than the equivalent 

drawdown test derivatives in the vertical and war flow regimes. TID'efcxe, the ~ nntified derivatives CRtt 
curve) can be comidered as the minimum derivative value of the equivalent drawdown in the vertical and 

linear flow regimes, and the identical equivalent drawdown derivative in the tnizontal radial flow regime. 

In the same way if we define the linear flow reduction fact<r R, as: 
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R -1-,- (4.3.14) 

and obtain the R1 roodificatiom by dividing R1 ftomequation(4.3.8)-(4.3.10), we have: 

[ 
t.,t ' • ~] [ fZ] l 1

- ,b(tp+t 'JV~· 
1-v~ > 

t' < t b (4.3.15) 

1- "' + I- -- >l [{;!;f,S'][ff;'] t,+t' t,+t' t,+t' 
(4.3.16) 

[1- t' ]•[l- II] > I 
tp+t' v~ t' > t_ (4.3.17) 

which indicates that the R1 roodified derivatives give the maximum derivative values of the equivalent 

drawdown in all three flow regimes. □early, if we can fioo some way to interpolate the equivalent derivative 

from lhe two modified derivative curves, the buildup test interpretation will become identical to a drawdown 

test interpretation. Because the two modified derivative curves are very cl~ in the vertical and linear flow 

regimes as discussed abo\'ey a visual interpolation iS often sufficient. figure 4.15 shows such a simUlated 

example for the case of tp > t,.... From this figure we can see that the midcOe pattern between che two modified 

derivative curves give a good approximation for the vertical and linear ffow re~. The symbols (circles) 

are true drawdown derivatives which coincide with the ~ mooified derivative in the horizontal radial flow 

regime. The B curve is the simulated buildup derivative curve. 

4.3.2.3 The VLH non complete- drawdown buildup test 

If the shut-in time ti, is Jess than the well length effect time t. then a oon-complete drawdown-buildup test iS 

obtained. Two ~ can be present in a non-complete drawdown-buildup test; ft, < tp + t' < t..v and tp + t' < ~ 

In the first case, when lt, < tp + t' < tw , the superposition derivative becomes: 
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162.6µBQ l r' 
Z(t +t')t' = 

' h.Jksk, .JI: ~t, +t' 

Two segmentation solutiom can be generated under this coooition : t' <~and ft, < t' < t., : 

, J62.6µBQ/Eb [ J t' ] Ap=----1-
h~k:,:ky tw Ji; ✓t,,+ t' 

!!pc' = 162.6µBQ [[[1 _ fZ] 
h✓k]Ck, vr.: v0 

t' < t b 
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(4.3.18) 

(4.3.19) 

(4.3.20) 

lf we generate the~ and R1 mcxlificati~ to the derivati~ of equatiom (4.3.19) and (4.3.20), we obtain ire 

following inequalities foc their reduction factors: 

For the Rti mcxlification: 

[ ~

p + t' t' ] [ t' ] 1- -- + I --- < l 
tb tp +t' tp+ t' 

t' < t b (4.3.21) 

[ fSr] [ t' ] 1- -- + 1--- < 1 
t,,+ t' t,,+ t' 

(4.3.22) 

and for the R1 modification: 

[ /f'fS'] [ fS'] 1- - + 1- -- > I 
tb t 11 +t' tp+t' 

t' < t b (4.3.23) 

[1- II]+[1- II]= 1 v~ v,-;+7 (4.3.24) 

The inequalities of (4.3.21) - (4.3.24) indicate that the Ras mcxtified derivatives also gererate the minimum 

value of the equivalent drawdown in bolh flow regimes in the non-complete drawdown situation. The R1 

modified derivatives ge!U'ate a maximum equivalent derivative curve in the vertical flow ~ and an 
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identical equivalent drawdown in the linear flow regime. This also coofinm the early definition of Rt , the 

linear flow reduction factc:r. Fer the same reason as in the canplete drawdown test situati~ both~ and Rt 
modified derivative curves shoold bed~ to the equivalent drawdown in the early time vertical flow regime, 

therefcre the identification of flow regimes fium the two olXli.fied curves becomes the same as in the complete 

drawdown-buildup test discussed above. Figure 4.16 aoo 4.17 show such simulated examples foc the case of 

~<fp<fw. 

In the second case where ti, + t' < to , the superposition term becomes: 

Z( , 162.6µBQ /Eb t' 
l P + l )t' = 

hJkxk, t..., t P + t' 
(4.3.25) 

There is only one ~ble segmentation solution fer this case : t' < tt, . TI1e buildup derivative fer this case is : 

, J62.6µBQJRb t ' ] 11p(: = ---===-- - 1 - , 
h~kzk, t..., tp+t 

(4.3.26) 

Obviously, the ~ modified derivative for solution (4.26) also gives tbe identical derivative to the equivalent 

drawdown t~t, and the Rt modified derivative curve gives its maximum value. This indicates that the 

drawoown derivative can be interpolated uniquely uooer any superpa;itioo effect, and this guarantees the 

applicability of th! ~ - R1 methcx1 Figure 4.18 shows a simulated example for th! case of tp < ~ From this 

figure we can see good approximations of the ~ - R1 IOOdification curves in various flow regimes, compared 

with the true drawdown derivative curve (symbols). 

The ~ and R1 llkXtifierl derivatives provide an approximate meam to restcre the masked buildup derivatives 

by the buildup reduction factas. In summary, if R. stands fa the average derivative between R& and R1 

(interpolated somehow between them), the following is the recanmended procedures in interpreting a 

horizontal buildup test using the ~ and R1 methcxl: 

1. Plot tre logarithmic derivative of a buildup rest on a log-log graph. 

2 Calculate and pltt the ~ aid Rt curves by dividing the reductioo factas ~ ml Rl from the derivative 
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data. 

3. From the three derivative curves, estimate~ and t. and compare lh!ln with the shut-in time tp.. 

4. If tp <~:the equivalent drawdown derivative curve sboold be Rtt - R, - Rta 
S. If lb < tp < t.,: the equivalent drawdown <bivative curve slnlld be Ra -Ki - Rta 
6. If tp > rw: the equivalent drawdown derivative an-ve slwld be Ra .. R,. .. Rn . 

4.3.2.4 Solutions for the VSH ftow sequence 
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The boundary effex:t time ~ in the Venical-Spherical-Haizootal (VSH) flow se.queoce becomes greater then 

the well length effect time t.,. Theref~ the order of the three flow regimes in the VSH sequence becomes : 

the early time vertical radial flow regime when t' < lw , too middle transient spherical flow regime when r.. < t' 

< ~ and. the late time lDizoolal radial flow regime when t' > rt, . The segmentation derivative of the pressure 

recovery can also be obtaux:d from equation (4.3.5). 

FlfSt let us consider the case when tp + f > q, which meam that a complete drawdown-buildup test is obtaired. 

The su~ition term Z(fp + t')C in such a situation is exactly the same as in equation (4.3. 7} fer too VLH 

sequence, which gives: 

Z(t +t')t' = p 

162.6µBQ t' 

h✓ksk, tp+t' 

And the segmentation derivatives fer the three flow regimes are : 

I 162.6µBQJB,., JF• t' ] Ap = -1- ---
C h~k.rky t.., tb tp + t' 

APc = l62.6µBQ~,,[l-,jf' t' ] 
h.Jkxky t' tb tp +t' 

Ape _ I62.6µBQ[l _ t' ] 
- h,./k.rk, t, + t' 

(4.3.27) 

t' < t,., (4.3.28) 

tw < t' < tb (4.3.29) 

t' > t w (4.3.JO) 
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We still can use ~ deflrro in equation (4.3.11) as the bcrizonlal radial Oow buildup reduction fact<r because 

the derivative in this flow regime is the same as in the VLH ~ence. However, the tramieot spherical flow 

buildup reduction factcr R. is different frail Rt because of the differences between the two midcDe ttamieot 

flow regimes. The spherical flow reduction factcr has the following fam: 

(4.3.31) 

If we apply the ~ and Rs modifications to equations (4.3.28) - (4.3.30), the following ineq'Jalities are 

generated: 

for the Rti modification we have: 

[ .fiw t' ] [ t 
1 

] 1- ---- + 1--- > I 
lb t p + t' t p + t ' 

t' < t w (4.3.32) 

[ Jfl f
1 

] [ t' ] 1- ----, + 1---, > I 
tb tp + t tp + t 

(4.J.33) 

[ t ] [ t'] 1--- + 1--- = 1 
tp+ t tp+t' 

t' > t b (4.3.34) 

and fer the Rs modification we have: 

[1- ~ t' ,]•[1- [-t' ,]3] < I v-;;: ,p +, tp+t 
t' < t VI 

(4.3.35) 
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(4.3.36) 

[1--t' ]•[/- [ t' 13] < 1 
Ip+ t' tp+ t' 

t' > t b (4.3.37) 

These inequalities iJdcate that the maximum and minimum derivatives cooditiom are also satisfied fer the ~ 

- Rs mcxlificaticm for VSH sequence However, different from the VLH flow sequence. the ~ mooified 

derivatives give the maximum derivative co the equivalent drawdown test instead of the minimum in the 

vertical and spherical flow regimes. But, similar to the VLH sequence. the mcxfified curve becomes identical 

in the horizontal radial flow regime. The Rs nrofied derivatives, on the <Xher ham. give the minimum values 

in all three flow regimes. 

'The non complete - drawdown buildup test of the VSH flow sequence can also be similarly obtained as 

follows: 

Z(tp +t')t' (4.3.38) 

Tile two derivative segmematiom fer this case are: 

llp,' 162.6µBQ ~[ .{r:t' ] 
= h~kzk, V"f:: l - J(t,+ t') 3 

(4.3.39) 

l62.6µBQ {IJ t' 3] 
= h✓kxky \It'll- [tp +t'] 

(4.3.40) 
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We obtain the following inequalities fa- the Rti aoo Rs nntification of equation (4.3.39) and (4.3.40) : 

for the Rti modification we have: 

1- "' -- + 1--- > 1 
[ ~ t' ] [ t' ] 

t p + t' t p + t' t p + t' 
(4.3.41) 

[
/- [ t' 13]+[1--t'] > l 

tp+t' tp+t' 
(4.3.42) 

and fer Rs modification we have: 

1- w -- + 1- ---- < l 
[ ~ t' ] [ fS' t' ] 

t p + t' t p + t' t p + t' t p + t' 
l' < lw (4.3.43) 

[ J- [ t' 13]+[1- [-t' 13] = J 
tp+ t' t,+ t' 

(4.3.44) 

Equations (4.3.41) - (4.3.44) indicate that the Rti ml Rs modificatioo also~ the maximum and 

minimum derivative properties to the equivalent drawoown derivative. Besides, we find that the Rs mcxtified 

derivative curve also generates the identical value to the equivalent drawdown derivative from equation 

(4.4.44) , as expected Figure 4.19 shows the simulated example of a complete drawdown.buildup test for 

the VSH flow sequence and the modified derivatives compared with the true drawdown derivative. 

Fer the case of tp + t' > ft,, an identical derivative solution is obtained as equation (4.3.24) which meam that 

the~ mcx1ified derivative also gives identical values to the equivalent derivative, and that the R. mcxtified 

derivatives give the minimum value. Therefae, the same strategy can be used fer the VSH sequence in 

buildup test interpretation. The following procedure is similar to the VLH sequence, and can be applied in a 

horizontal buildup test interpretation fer the vertical - spherical - loimntal now sequence: 
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1. Plot the logarithmic derivative of a buildup test on a log-log graph. 

2. Calculate and plct the ~ and R. curves by dividing the reduction fact<n ~ aJk1 Rs into the derivative 

data. 

3. From the three derivative curves, ~te r., and r.. ml compare them with the slmt-in time t.p. 

4. If tp < ff,: the equivalent drawdown derivative curve slnlld be~ - R. - R& 
5. If ft, < tp < t.,: the equivalent drawdown derivative curve slwld be R. - Rs -~ 
6. If ti, > r...: the equivalent drawdown derivative curve slnJid be R. - R. -~ . 
TABLE I lists the varioos reduction factas in different flow regimes. 

4.3.3 Field Examples of Buildup Test Interpretation 

Example 1: Figure 4.20 shows the buildup test interpretation using the~ - Rs modification methcxl. This 

buildup test is a multi-rate test, but the discussion we presented above is only for a single rate test. However, 

fer a multi-rate test. only SOO"C acklitional terms need to be added in the buildup superpa;ition to account fer 

the muti-rate effect 

If a multi-rate test with Q1 at (to - t1), Qi at (t1 - ti) .... , and On at (tn-1 - 00 ), tren dimensionless pressure drop Pd 

becomes: 

" ,,-t;.r 

A1 : I I (Qi-Qi_,)Z('r )d'r 
i=l O 

(4.3.45) 

where to = 0 is the start time of the drawdown . 

If the test is slwt-in at time tp = ta-i, then Qi= 0, and the buildup recovery pressure P c1c becomes: 

(4.3.46) 

The logarithmic derivative of equation (4.3.36) becona: 
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,,_, 
I[Q. - Qi_,JZ( tp -ti-I+ t') 

= Q,._,Z(t' )t'[ 1 - isl i ) 

Q,._1Z(t') t' 
(4.3.47) 

Therefore, the only difference between the single rate and multi-rate tests is the reduction term. If we still 

apply the procedures discussed fer the single rate test but use the reduction factor presented in solution 

(4.3.37), the multi-rate test can also be interpreted by the same medm. 

Figure 4.20 is the interpretation result using the reduction factcr in (4.3.37). The three flow regimes identified 

by the ~ - Rs modification method are soown in the figure by the segmentation lines. 

Example 2: Figure 4.21 shows the field buildup test repcxted by Mattac and Santo [1995]. The authors 

declared that the oorizontal radial flow regime has just been readm at the em of the buildup. Obviously this 

conclusion is based on the hclizontal trend of the buildup derivative at the end. However, after we calculated 

the Rti and Rl modified derivatives. it becomes clear that the horizontal treoo of the buildup derivative curve 

does not give any infamation about the lnizontal radial flow re~ but is the result of the effect of the 

buildup reduction. 

Example 3: Figure 4.22 shows the buildup test example of figure 4.14 from Sherard et al., [1987]. The 

special characteristics of the test make the test inlerpreration difficult. particularly the 0ow pattern 

identifications, i.e the VLH or VSH. We applied all three modificati~, Rti, R1 aoo Rs- All three modified 

~ show more or less the dual pattern property, but a VLH flow sequeoce seems more likely to be presenL 

This is because, as discussed in the previws sectiom, the Rl mooified derivative gives the maximum and the 

Rs modified derivative gives the minimum derivative in the vertical flow regime, and the Rti mcxtified 

derivative gives the identical value in this regime. If we observe the pa;ition of all these three mcxtifications, 

we may say that the HV = 1 case is present in this example, which meam that the boundary effect time 

becomes identical to the well length effect time. 

4.3.4 Disaaiom and Conclusion 

We have discussed an approximate method in buildup test interpretatioo. This method can interpolate a 

drawdown equivalent derivative from the Rti - Rl <Rti - R. for the VSH flow sequeoce) nntificatioos of the 
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buildup derivative. 

The Rti - Ri modificatioo method can restcre the altered flow regimes by the superposition effect . This 

method is one useful fer buildup tests which have looger recovery times than drawdown times. This also 

implies the (mS!bility that a slot drawdown and longer buildup test can be used in reservoir charactem.ation 

if the method discussed in this paper is used. 

The method is developed based on the inequalitit5 derived from the th.netical analysis of the segmelllation 

solution for various flow regimes. Even though the drawdown equivalent derivative needs to be interpolated 

from the two modified derivatives, both simulation and field examples indicate that the difference between 

them is small and can be interpolated visually with good accuracy. 
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Table 1 Reduction factors in the pressure derivatives 

VLH 
162.6µBQl"[ ,. ] 
hJk

11
k

1 
lw J • lp+t' 

VSH same 

VLH 162.6µBQl,, [ l t' ] 
hJk11k, '"' I - T,: Jt,+ t' 

162.6µBQ[f'[ fS'] 
hJk"k, -;-: I - tp+ t' 

VSH 162.6µBQ~,, ,·~ ] 
hJ k,k, t., J • J< I. + t' l 

l62.6µBQ/¥"[ 
1 

t' J] 
hJk,k

1 
( 1. ,<,,+t') 

VLH l62.6µBQ~"[ fJw t' ] 
hJk

11
k

1 
tw l - ,;;: t,+ t' 

162.6µBQf' [J _ Jtwl'] 
hJk_.k, tw t,+ t' 

l62.6µBQ[ t' ] 
hJk

11
k

1 
l - t,+ t' 

VSH same l62.6µBQJ¥"[ Jf' t' ] 
hJk,k

1 
f' I • lb 1,+ t' 

same 

94 
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4.4 Reservoir Anisotropy Determination 

4.4.1 Anisotropic permeability ellipse and ellipsoid 

Segmentation solutions developed in the drawdown and buildup test sections have often been used in 

well test interpretation. However. if we substitute tb and fw of equation (4.2.51) inco these solutions, 

it becomes apparent that, except for the horizontal radial flow regime (equation (4.2.54) and (4.3.57)) 

where the horizontal average ~rmeability k = 'kt is obtained. the permeability determined by 
h V"x''-y 

other regimes is orientation-dependent. For example. the permeability determined from the Vt.!nkal 

radial flow regime is J kjki,A and from the transient tlow regime (linear or spherical) is J kJkrk~ . 

lf all flow regimes are clearly identifiable in a test, then the permeabilities we can dt!tcrmine are well 

direction permeability kn, the vertical permeability ~ and the horizontal aver.ige permeability k1i, but 

the true anisotropy of the reservoir can not be uniquely determined. 

To determine the principal penncabilities and their directions, the permeability ellipse in the horizontal 

plane must be determined. From Figure 4.2 we find that there are tour possible dirt!ctions in which 

the permeability has the same magnitude. If two directional permeabilities k1 and kz have bt:t!n 

determined from two horizontal wells in different location but separalcd by an angle of p degrees 

measured counter-clockwise from k1 to k2, then the permeability ellipse can be uniquely dett!rmined. 

Therefore, two well test data sets from two differently orientated wells are requirt!d in order Lu 

determine the permeability ellipse. Several methods can be used in determining che pc;:rmt!ability 

ellipse, and we will discuss two of them in the following section. 

4.4.2 A graphical method in anisotropy determination 

If we rewrite the equation of directional permeability (4.2.19) in the following form : 

k; I 1 
- = -(k + k \ - -(k - k) cos(2cx) 
k 2 " -r 2 x • 

a 

(4.4.1) 
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and define variables Pm = (kx + ky)/2, Qrn = (kx - ky)/2 and the modified permeability ~ = lGi 2/ku then 

equation (4.4.1) becomes: 

k,n : Pm - Q,,, cos(2cx) 
(4.4.2) 

Two circles can be generated from the two equations in {4.4.2), the ~ circle and the ~ circle. The 

kh circle is a circle centred at (0. 0) and with radius kb,. The k.r. circle is centred at (Pru• 0) with radius 

Qm (Figure 4.23). Two important properties can be generated from these two circles: 

I) The centre of the kui circle is outside of the kti, circle i.e. P >= kti; 

2) The two circles have at least one intersection i.e P <= Q + ~-

Both properties can be proved from the second equation of (4.4.2). 

The modified directional permeability ~ in any direction ex can be determined by finding the point 

on the ~ circle which forms 2cx + 7t degrees from the~ point. which is the right intersection of ku, 
circle with the ~ axis (Figure 4.23). 

If two directional modified penneabilities ~ 1 and km1 are known, then the k111 circle must satisfy tht! 

following conditions: 

l) The angle from kui1 to km1 is 213; 

2) At least one of the ~ circle radial lines is tangential to the IGi circle. 

In order to determine these two properties, a measuring tool such as a compass net is required. The 

net should be composed of concentric circles which can be used to identify the "1a circle, and radial 

lines which can be used to find the tangential line to the kti circle. At the same time. it must ~rmit 

one to measure the angles between lhe two modified permeability points. Figure 4.24 shows an 

example of such a neL 

To determine the permeability ellipse by using the net of Figure 4.24, the following steps are 

recommended: 
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I Obtain the two directional and horizontal average permeabilities ku1• kuz and 1G. from two well 

1ests in different azimuths using curve matching or segmenlal methods. Transform ku1 and ku2 

into lhe modified permeability kui1 and kuiz by the following relationships: 

k; 
k,,,1 =­

ku.1 

and write down lhe orientalion angle 13 measured from ku1 to~-

(4.4.3) 

2 Draw lhe k11 circle with its centre at (0.0) and radius kh on a transparency. Make the positive 

~ axis 3-4 times longer than k11• 

3 Mark out ~ 1 and km2 on I.he kui-axis and draw vertical lines through thc!se two poims. 

4 Put the paper on top of lhe compass net (Figure 4.24) and. move tllt! transparency hurizumally 

with the ~ axis coinciding with the 0° -180° line of the net. 

5 The~ circle is the one which intersects the~ circle and the two vertical lines of fcu. 1 and kw.?· 

The azimuth angle between the two intersection of ~ circle with ku.1 and k.r.2 is 2(3. 

6 Now, ~ and ky can be measured directly from the graph. We also can obtain the P rn and Q°' 

values from the graph and the primary permeability kx is Pru+ Qm and ~ is Pu, - Qm. Tht: 

angle measured from kx to k.r.1 is 2cx + 7t, where ex is tht! direction of k1 measurt:d from chi; k" 

direction. 

4.4.3 Numerical method in anisotropy determination 

If two directional permeabilities ku1 and kuz with directions cx1 and cx1 + (3 have been determined from 

two well tests. then from equation (4.4.1) we know that they satisfy the following two equations: 
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2k; 
,;-=<~, +kyJ-(k, -k})cos(2a) 

al 
(4.4.4) 

(4.4.5) 

where (3 is the angle from the first well (ku1) to the second (ku0 measured counter-clockwise. 

An analytical solution for (4.4.4) and (4.4.5) has evaded us, therefore numerical techniques may be 

required to solve for kx and ky. To make the numerical calculation easier, Wt! would like to simpliry 

the two equations by first subtr.u:ting equation (4.4.5) from equation (4.4.4) to obtain: 

(4.4.6) 

and then if we substitute (4.4.6) into (4.4.4) we obtain: 

2k,;[kcz1cos(2cx+2~ )-ku
1
cos(2C()j 

k+k-~~-----~~--~-
_, Y kala

1
[cos(2a+2~ )-cos(2a)] (4.4.7) 

If we add equation ( 4.4.6) to ( 4.4. 7) we obtain an expression for kx= 

(4.4.8) 

and if we subtract (4.4.7) from (4.4.6) we obtain another expression for~ by using the relationship 

of kti2 = kxky: 

k = ka1ku2 cos(2a+2(3) - cos(2C() 

JC 2 kulsin2(Cl) - ka2sin2(cx+l3) (4.4.9) 

Equations (4.4.8) and (4.4.9) represent two independent relationships between I,; and a. The 



Chapter 4 Horizontal Well Test Interpretation 99 

variations of kx with ex (0° to 18<1') for both equations can be drawn by any commercial spread-sheet 

software .. such as Excel or Qpro, and the intersections between the two curves give lhe k:c and ~ value. 

However, one drawback for equations (4.4.8) and (4.4.9) is that four singular points c-'10 be present, 

which complicates the identification of these intersections. To overcome this difficulty. it may be a 

good idea to calculate the ratio R between the two equations which is: 

(4.4.10) 

If the kx values of equation (4.4.8) and the R values of (4.4.10) are plotted by varying a from C11 to 

180". then the four singular points are reduced to two which are located at a = 90° - ~/2 and ex. = 180° 

- (3/2 respectively. Moreover, because the two curves share the same! singularities,. lhis makes Lhdr 

identification obvious. Also. the point of R = l gives the ex value which is che direction of~ relative 

to the ku1 direction. The kx value can be determined from the ks_ curve at the determined ex value. 

Sometimes the kx values may be much larger than t which can make the two curves (Rand kx) Vt!ry 

incompatible in their magnitude from a same scale graph. It may be a good idea lo multiply R with 

a known constant of the same order of magnitude as permeability, such as kti, to make the two curves 

compatible. The orientation of I,; under this condition can be obtained at the point of R = k,r Also, two 

such points are obtained, one gives the kx value (the one with large value), and the other gives the ky 
value (smaller one). Figure 4.28 shows an example of the numerical method in permeability ellipse 

determination. 

The cwo methods discussed above each have advantages and disadvantages. Tite numerical method is 

more accurate than the graphical melhod but the equations need to be inpuc to a program. Also, we 

need to figure out and eliminate the singularities. The graphical method is easy to use but less accurate, 

and a measuring net is required. In practical applications, if all three permeabilities ku1, ~ and kh are 

very close in their magnitude, then it is possible that the reservoir is an isotropic reservoir; if ku1 and 

ka2 are close in magnitude but differ from lei., lhen the spread sheet method might be preferable; if 

ku1 and kai differ significantly, then the graphical method is convenient 
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4.4.4 A field example 

Figure 4.25 and 426 are two horizontal well tests reponed by Karakas et al ... [ l 99 l J. The wells were 

drilled from a old venical well in directions l 95° apan in two adjacent layers with thickness 44 fl an<l 

22 ft respectively. If we assume the primary permeability directions in both layers are the same (very 

likely because of a similar deposition environment) and have similar magnitude .. then the permeability 

ellipse can be determined by the well tests conducted. From the two figures we find that only the 

middle linear flow regimes are observable. However, if we utilize the horizontal average permeability 

determined from the previous vertical well test, the horizontal permeability ellipse can be obtained. 

Karakas et al., [1991) lists the permeabilities estimated by those well tests (including the vertical well). 

Ifwe assume the permeabilities were estimated by the conventional method from Figure 4.25 and 4.26. 

then the following permeability values are peninent to the new solution: 

k11. = 134.1 md 

13 = 15° (195°) 

ku1 = 205 .5 md ku1 = 242.4 md 

We now use both the graphical and numerical (spreadsheet) methods to determine the pcnneability 

ellipse for this example. 

The modified permeabilities for k1 an<l k.? are ku.1 = 87.5 md and ku..! = 74.18 mu. Toe L.· and L· 
nt1 ""tu 

circles determined using the measuring net of Figure 4.24 for these values an! shown in Figurt! --t27. 

Toe following values are obtained from the figure: 

2a + 180 = 150,. a = - 15 

kx = 240 md 

Icy= 74.0 md 

The example is also evaluated numerically by drawing the R curve of c=quation 4.4.10 and chc ~ curve 

of equation ( 4.4.8). using Excel (Figure 4.28). The corresponding values for "1, ky and er. oblaincd frum 

Figure 4.28 are: 

ex= - 16.3 

~ = 242.6 md 

ky = 74.1 md 

Comparing these two sets of results we find that if an accurate measuring net is used, the graphical 
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method can be quite satisfactory. Figure 29 shows the permeability ellipse determined for this 

example. From this figure we find that the minimum permeability direction in this area is almost 

perpendicular to the HD2 well. Therefore. we might obtain optimum productivity if wells art! drilkd 

in the northwest directiont Le along the minimum permeability direction. 

4.5 Conclusions and Discussions 

The effect of well orientation on horizontal well test interpretation has been analyzed in this paper. 

For a horizontally isotropic reservoir. or if the horizontal well is in the primary permeabilily (k.J 

direction, then the new solutions for the VLH flow pattern are the same as those developed by Gum.le: 

et al.(1987). However. the orientation effect can be significant in highly anisotropic reservoirs. 

ln an anisotropic reservoir, the parameters estimated from the early vertical and middle transitional flow 

regimes are orientation-dependent. We presented and discussed two methods to determine the 

permeability ellipset a graphical method and a numerical method. The graphical method is easy to use! 

but less accurate and a measuring net is required. The numerical (spreadsheet) method usually gives 

more accurate results, but is inconvenient to use because of the requirement of invalid solution 

elimination. 

If the vertical permeability is very small compared with the well direction ()(!rmcability. tht!n lht! 

commonly observed Vertical-Linear-Horizontal flow pattern (VLH) can be replaced by the Vertical­

Spherical-Horizontal flow panern (VSH), but linear and spherical flow can not co-exist. The linear 

flow regime is identified by a slope of 0.5 in the log-log derivative graph and the spherical t1ow is 

identified by a negative slope of 0.5. 

We also have attempted to eliminate the test-dependent features of the segmental solutions derived by 

Goode by identifying two critical time criteria, the boundary effect time tb and the well length eftt!cl 

time ¼- [Goode et al., 1987). The segmentation approximation solutions are obtained by integration 

using these criteria. which eliminates the requirement of measuring the test curve slope discussed by 

Goode et al., [1987]. The relative error caused by using tb in the integration is less than 0. l %. Even 

though slightly larger errors can be introduced by using fw without correction, if it is corrected the error 

also becomes less than 0.1 %. except in the range of two logarithmic cycles around fw. Even though 

it is extremely rare, if most of the well test data fall into the two log-cycles around lwt then the 

segmental solutions can not be used for test interpretation. 
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Two field case examples are used to demonstrate the application of the methods incroduced in this 

paper. One shows the spherical flow regime and its derivative in a log-log graph .. and the other 

demonstrates the application of permeability ellipse determination. If the permc=ability ellipse is 

determined for a reservoir or pan of a reservoir, Chen optimum productivity wells can be designed 

along the minimum permeability (ky) direction [Zhang et al.. 1994]. 
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Appendix 4.1 

Error Analysis by tw Approxi01ation 

Because the error function term changes gradually, the criterion t,., used in determining the pressure 

drops can lead to errors during and after the time of t.,,.,. 

The error caused by t.v can be evaluated from comparing the lIUt! pressure drops obtained by (4.2.22) 

and (4.2.27) with those obtained by (4.2.45)-(4.2.49) at the period around ~- We can assign the 

integration range as ~/m < l,i < m~. where m is a constanL 

For the VLH flow system. the integral in this period can be approximated as: 

(Al) 

and the segmentation solution gives: 

(A2) 

Ifwe evaluate the difference between (Al) and {A2) by increasing the value of m, we obtain the steady 
value of E1 : 
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(A3) 

For the VSH system the system integral is: 

(A4) 

and the segmentation solution is: 

hmu A:. A:. J+, .,] N = - - In(-) - In(--) + 2 - - ~ 
s L k_ C7t nnt C m 

(AS) 

hmu J+, l = - _ ln(m) + 2 - -2 
L k_ m 

and evaluation of E
8 

gives: 

(A6) 

ln the evaluation we found that a value of m = 10 gives a good approximation of the segmentation 

solution. 



Figure 4. 1 An arbitrarily oriented horizontal well in an anisotropic reseN>ir. 

Figure 4. 2 There are four directions in a permeabflty elffpse where the 

directional permeabffity ku has the same magnitude. 
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Figure 4.26 Rate Normalized Pressure (Rl'P) of the HD2 horizontal v.ell test data 
from Karakas et al., (1991). 
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Chapter Five 

Wellbore Storage Effect 

5.1 Wellbore Storage Effect in a Drawdown Test 

The horizontal well test solutions developed in Chapter 4 assume that wellbore storage can be 

minimized to such a small value that no obvious effects can be observed from a well test. lhis is 

possible through use of carefully chosen measuring tools such as a downhole pressure gauge or a tlow 

meter. However, sometimes the wellbort: eftect can be very large and becomes non-negligible. ln such 

situations, the wellbore storage must be considered in interpreting a well test. 

Wellbore storage in a horizontal well can come from two sections, the vertical section and the 

horizontal section. Obviously, the vertical section is more important than the horizontal section 

because it contributes immediately after a test starts. The horizontal section only applies when the 

pressure has declined to the elevation of the horizontal section. In such cases, the drawdown cone 

usually has become very large. and the flow regimes could have reacht:d the middle transient or the 

horizontal radial flow regime. Because of the huge recharge area at this stage, the wellbore prt!ssure 

drawdown race in such periods will be very small and, the percentage of wellbore discharge in rhe Lutal 

flow race becomes very small. Therefore, it is most likely Chat the wellbore storage effect in such 

stages of a test can be safely neglected. Because of this, we will only discuss the wellbore storage 

effect of the vertical section in chis chapter. 

W ellbore storage comes into effect by contributing the fluid stored in the wellbore to the whole wt!ll 

discharge rate. The solutions obtained in Chapter 4 assume that the discharge totally comes from the 

reservoir through sand face flow (no storage) ~i(t). lf the total well discharge rate is a constant Q, 

then it is composed of two pans, the sand face discharge ~ 1{t), and the wellbore discharge Q_,. The 

sand face discharge satisfies the mass conservation equation: 
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Q.,(l) = Q - QJc> = Q - cc az,. (S.1.1) 

where ~Pw is the pressure drawdown at the wellbore and Cc is the wellbore storage coefficient which 

is the volume of wellbore discharge per unit of pressure changes and can be approximately calculated 

as Cc = 1trc 2 for a vertical section with wellbore radius re:. If the wellbore is inclined with 8 degrees 

from the vertical. then Cc = m-//cos(8). 

If we use the following dimensionless variables of~ and Pd defined in Chapter 4 in equation (5.1. l ): 

t" = (S.1.2) 

we have: 

(S.1.3) 

where 

(5.1.4) 

and Cd is the dimensionless storage coefficient. 

Take Laplace transforms of (5.1.3) with respect to~ to obtain: 

(5.1.5) 

For a non-constant sandface flow rate (l.(t). the general horizontal solution of (4.2.22) of Chapter 4 
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can be written as: 

(S.1.6) 

If we take Laplace transforms of solution (5.1.6) by applying the result of (5.15) we have: 

tz l - Q(t -t) - l -
P, = L J d Z('t)d-r = Z(s)[- - c,sP ~ 

0 Q s 

(5.1.7) 

Take the drawdown at the wellbore in equation (5.1.7) and solve for PdW: 

z.,V> 
P~,- =------

s[ l + C,sZ..(s)] 
(5. 1.8) 

and if we substitute (5.1.8) into (5.1.7). we obtain: 

(5.1.9) 

wht!re the Laplace transform of Z(t) is: 

-
Z(s) = fe-s~ Z(t)d't (5.1.10) 

0 

The Laplace transformed logarithmic derivative of Pd is: 

LI iJP dw ] = ar-2.3sP dw(s)] = 2.3[C)"'
2
(s) - ~(s)] 

la[log10(l4)] as [1 + C~Z...(s)]2 

(S.1.11) 

where z,,,:cs) is the derivative of Zw(s) with respect to s and which can be written as: 
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-
.((s) = - Je-st

c Z(t4)t4 dt4 
(S.1.12) 

0 

Therefore by invening solution (5.1.9), the dimensionless pressure under the storage effect can be 

obtained. In the same maMer, by invening solution (5.1.11), the dimensionless pressure derivative can 

also be obtained. Analytical inversions of solutions (5. l.9) and (5. l.11) are not realistic, therefore a 

numerical scheme bas to be applied. 

5.2 Wellbore Storage Effect in a Buildup Test 

The buildup test can be simulated by superposition of two sectional drawdown tests with different well 

production rates. The sand face flow rate in such superpositions can be written as follows, with 

consideration of the wellbore storage: 

(5.2.1) 

where tdp = 4k«y'(L 1cmq,µ) and Q is the well discharge. 

By applying the Laplace transformation to both equations (5.1.l) and (5.2.l) in tht! same way as in the 

last section, the pressure transient equation can be obtained in LaplaCt! space as : 

[ l - e --rr•]Z(s) 
P,,=------

s[ l + c,sZW(s)] 
(5.2.2) 

where Z..,(s) is the value of Z(s) at the wellbore. 

As we can see when ttrp tends to infinityy solution (5.2.2) becomes identical to the solution (5.1.9) 
developed above. 
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If we denote the Laplace transformed dimensionless pressure dn1wdown P11w of t!quation (5.1.8) al 

wellbore as P dwd(s). and its logarithmic derivative of equation (5. LI l) as p·~is) with : 

and 

Z_,(s) 
p dti·d(S) : -----­

s[l + C4sZw(s)] 

- 1 2.3[Cjw \s) - Z(s)l 
p ""J..s) = -------­

[l + C4'Z,.,(s)f 

(S.l.J) 

(5.2.4) 

then the buildup dimensionless pressure of solution (5.2.2) at the wellbore can be written as: 

and the logarithmic derivative of the buildup solution (5.2.5) bt!comes: 

or in the expanded form: 

"iJP 11w 2.3[1-e-s'c;,][C~(s)-Z,{s)] 
--- = ----------a1og10(l4) [l + CdsZ,..(s)] 

2.3l dpZw(s)e -Sl_,, 

1 + C~Z...,(s) 

(5.2.5) 

(5.2.6) 

(5.2.7) 
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ThereforeT the dimensionless pressure of a buildup test and its logarithmic derivatives including the 

wellbore storage effect can also be obtained from solution (5.2.5) and (5.2. 7). 

S.3 The Effect of Wellbore Storage Masking 

When solutions (5.l.9) or (5.l.11) are evaluated, we find that the effect of wellbore storage for a 

horizontal well test is very similar to that of a vertical well test. At very early times the dimensionlt!ss 

pressure and its logarithmic derivatives are masked by wellbore storage (Figure 5.1 ). Larger values 

of storage (larger CJ generate proportionally longer times of masking. 

From solution (5.1.9) for very small times we have : 

(S.3.1) 

which shows that the dimensionless pressure and its derivativt: at very small dimensionless timt:s has 

a linear function with~ and CJ: 

aPd _ cJ 

d[log(t4)] - Cd 

(S.3.2) 

Tilis is exactly the same as for the vertical well. 

To determine the wellbore storage coefficient we can extend the straight line to intersel:t with tht! 

vertical line at~= LO, and the corresponding Pd value gives for the coefficienc Cd in the following 
relationship: 

(5.3.J) 

Solution (5.3.3) indicates that at the very beginning of a test, wellbore storage dominates the well 

discharge and the reservoir discharge is negligible. With increasing time, lhe reservoir discharg\! 
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gradually increases, and the wellbore storage dominance diminishes. When the reservoir discharge 

becomes dominant, the wellbore storage effect vanishes. The end point of the wellbore storage pt!riod 

can be considered as the point where the wellbore storage straight line intersects with the type ~urve 

(Rgure 5.1). Titis point is presented in the logarithmic derivative curve as the peak valut: at tht! t:nd 

of the log(tJCJ straight line, as shown in Figure 5.2. 

5.4 Wellbore Storage Effect Analysis 

Figure 5.3 and Figure 5.4 show the wellbore storagt! effect on the type and logarithmic derivative 

curves of an isotropic reservoir. Because of the now regimes in a horizontal wt!ll test. tht: storage 

effect termination time varies not only with the storage coefficient Cd• hUl also with wt!ll and rt!st:rvuir 

parameters such as reservoir thickness h and well length L. Depending on the magnitude of Cd. one 

or more flow regimes of a horizontal well test can be masked. 

ln the anisotropic permeability situation. the wellbore storage effect termination time clearly dt!pcnds 

also on the degree of anisotropy. Figure 5.5 and Figure 5.6 are the type and derivative curvt:s for 

k/ku = 0.01. the situation where the vertical permeability is much less than tht! horizontal pennt!ability. 

Figure 5.7 and Figure 5.8 are for k/ku = 100, the situation where the vertical perm~ability is much 

greater than the horizontal penneability. 

Comparing the derivative curves of different anisotropy cases in Figures 5.4, 5.6 and 5.8, we find lhac 

the storage effect is more obvious in reservoirs with higher vertical permeability than in lowt!r vertical 

permeability situations. 

The wellbore storage effect in a buildup test is very similar to the drawdown test. as can be st=en rrum 

Figures 5.9 and 5.10. If the storage effect becomes negligible at the shut-in time, then the Rh -R1 (RJ 

reduction factor method is also effective. However., if the storagt! effect is non-negligiblt! at tht! shut-in 

time, then the Rti -R1 (RJ method will not work before the storage effect becomes very small. 

The wellbore storage effect on a VSH flow sequence is shown in Figure 5.11 and ils derivative in 

Figure 5. 12. The same effect is also observed in the VSH flow sequence as in the VLH now sequenct!. 

The only difference is that the storage effect time will be longer for the VSH sequence than fur the 

VLH sequence under the same conditions because of the higher pressure (derivative) required in such 

a flow sequence. 
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Chapter Six 

Effect of For01ation Alteration Around a Well 

6.1 Formation Alteration 

6.1.1 Artificial stimulation 

6. 1.1.1 Hydraulic fracturing 

Hydraulic fracturing. a method for increasing well productivity by fracturing lhe producing formation 

and thus increasing the formation permeability. was originally conceived and patented by R. F. Farris 

[Howard and Fast,1970]. The effectiveness of hydraulically created fractures is governed by the 

orientation, areal extent, and conductivity of the fracture system, and is evaluated by post-treatment 

production rate tests, compared to pretreatment transient well testing. 

The effect of fracturing on both short and long term well productivity has been studied by many 

investigators, most of whom concluded that, regardless of the kind of treatment, four basic pattt!rns of 

production behaviour have been observed: 

Type - A: Sustained increase in well production accompanied by a flattening of the production 

decline curve following the treatmenL 

Type - B: Sustained increase in production with the higher production rate of the well aft~r 

treatment declining essentially at the same rate which had been established before treatment. 

Type - C: Transitory increase in production lasting from a few weeks to several monlhs, atkr 

which the well continues to follow the production decline trend lhat was observed prior to 

treatment 
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Type - D: No increase in production after tteatment, with the well continuing to follow its 

established, normal production history. 

As an example of the application of these concepts, Ghauri [1960] gave several well production 

histories after hydraulic fracturing treatment and analyzed them in terms of lhe four "type cases· 

outlined above. 

Toe search for appropriate flow solutions for well evaluation after hydraulic fracturing has been 

extensive. The goal is to be able to conduct a relatively short-term well test on a hydraulically 

fractured well after clean-up, and to analyze that information in such a way that the long-term 

productivity (sustained-rate production) can be reliably predicted. One early approach to this goal was 

to modify existing solutions by considering the hydraulic fracturing treatment as adding a nc=gati vc skin 

factor to the flow equation. However, this doc::s not always work satisfactorily, particularly for short 

times; one study clearly shows that a negative skin effect was not sufficient to define short time! wdl 

behaviour [Agarwal et al., 1970]. 

To consider lhe individual fracture as a boundary possessing infinite-conductivity or constant flow rate 

is an alternative method to analyze this problem quantitatively. Several solutions have been developed 

[Van Everdingen and Meyer, 1971; Russell and Truitt, 1964; Gringanen et al., 1974]. Howevt!r, Lht!st! 

solutions are generally too complicated to be used systematically by field engineers evaluating a<:LUal 

cases unless they are coded into a computer program, and there are always concerns about Lhl! 

suitability of the assumptions in particular cases. 

6.1.1.2 Formation acidizing 

The Pure Oil Co. in cooperation with Dow Chemical Co. performed the first acidizing of a oil well 

in 1932. By 1934 acidizing had become an accepted practice for well simulation in areas when.~ the 

producing formation was limestone. Acidizing increases the diameter of the tlow channels (pore 

throats, fracture apertures) in the limestone, and therefore increases the permeability in the near 

wellbore environment. Conventionally, these enhancements have been analyzed in a manner similar 

to hydraulic fractures, with modified flow equations incorporating a negative skin factor, or with a 

radially symmetric step-permeability flow model. In some cases, particularly those in vuggy dolomites 

or jointed limestones, the acidizing may have a more concentrated effect on channels, and instead of 

opening up and helping to unblock pore throats generally, a network of flow-enhanced tubes is created. 

These effects must be considered by the appropriate models, and it is not evident that a simple stc!p-
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permeability radial flow model is applicable to these cases. It would seem more appropriate to develop 

tools which provide transient or steady•state flow analyses based on a physically more realistic 

interpretation of the near-wellbore flow situation. 

6.1.2 Non-artificial alteration 

Formation improvement or damage refers to the process of changing formation parameters by other 

operating processes, either deliberate or natural. For example, particularly in a reservoir dominated by 

fissure flow, permeability may change because of stress redistribution after the well has been drilledT 

and this is a "natural" effect. Depending on the magnitudes of the stress fidd and tht! naLUrt! ur Lht! 

reservoir, the change of stress around a well can compress or dilate Ult! formation and dt!crt!ast! ur 

increase formation flow parameters. A similar effect could occur during injt!ction of hot ur mid tluids. 

which would cause fractures to close or open. 

The fonnation also can be altered during the drilling operation. On the one hand, drill bit and drill 

pipe action can break or damage the formation near the wellbore to increase the permeability through 

microfissure generation or general shearing and extensional circumferential fracturing; on tht! other 

hand, drilling muds can invade lhe formation through the wellbore and thereby clog pore throats, 

change saturations? affect chemistry, and in general decrease the formation permeability. Otht!r changl!s 

which occur during the production phase include fine•grained material migration. solids co-pruuuctiun. 

asphaltene or carbonate precipitation, all of which serve to contribute co tht! parameter altt:ration in th\.! 

wellbore region, or even for a large region around the wellbure in the cast! of wells which havt: 

produced large amounts of sand. 

6.2 Formation Alteration Analysis in the Literature 

6.2.1 Alteration analysis around a horizontal well 

Formation alteration around a horizontal well has been recognized as early as the horizontal well was 

considered for use by hydrogeologists and petroleum engineers. Formation parameters may change with 

radial distance from the wellbore because of stress redistribution, drilling damage, fine-grained material 

migration, solids co-production, asphaltene or carbonate precipitation, drilling mud invasion or some 

combination of these processes. The solutions for well test interpretation presented in Chapter 4, as 
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well as all other solutions reponed in the literature, do not consider the true effect of these alter,llions 

on well test interpretation, but instead utilize the skin term concept in their development. 

Some mechanisms in formation alteration around a horizontal are the same as in a vertical wt!ll 

situation, such as drilling damage and solids co-production. However, others may be more complk11t~d 

than a vertical well, such as drilling mud infiltration. This is because a horizontal well is gt!ncrally 

much longer than a vertical well, and therefore the infiltration time is longer near the heel (start 

section) than the toe (end section). This time difference can make the shape of the damaged zone like 

a cone along the well. The shape and distribution of damage around a horizontal well would also 

reflect the vertical-horizontal permeability anisotropy. During production, lhe large pressure gr-.u.lient 

near the vertical section would result in a similar shape of production induced damage. During drilling, 

it is obvious that drilling mud penetration would generate a truncated cone wilh a large base nt!ar the 

vertical section of the well. The base of this cone would be radial if the reservoir is isotropic, and 

elliptical if it is anisotropic. If the vertical permeability is much smaller than tht! horizontal 

permeability (typical anisotropy}, then the cone will be elliptical with the large axis of the ellipst! being 

horizontal. In the case when the vertical permeability may be larger, then the large axis of the ellipse 

will be vertical. 

Frick and Economides [ 1993 J established an analytical expression for the skin term in such an elliptical 

shape damage zone using the following form: 

k l 4 a\H.max a,H.max 
s~q = (-k -l)ln( (/ .+l) _

3
( 

2 
+ __ • -+l) 

s ant rw r ... 

(6.l.l) 

However, the actual size of the damage ellipse zone will depend on the magnitude of the permeability 

around the well and the time of drilling. Generally, the size difference caused by fluid penetration will 

not be very large, and taking the average size to make a cylindrical shape assumption will be suffici~nl. 

Therefore, the vertical well solution in most cases will be applicable for a horizontal wt:11, partkularly 

in the early vertical flow period. In the following sections we will develop a semi-analytical solution 

to simulate a well test in an altered reservoir. Obviously, this solution can also be used in horizontal 
well test interpretations. 
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6.2.2 Alteration analysis around a vertical well 

Pumping or injection tests performed in vertical wells have ttaditionally been the standard mt!thods 

used to evaluate the penneability and storage coefficient of aquifers for water supply purposes or in 

oil reservoir evaluation. The Theis [ 19351 solution. which assumes a fully penetrating well in a 

homogeneous, isotropic, infinite confined aquifer, is the most popular solution used by hydrogeologists~ 

and its modifications by Muskat are the basis of petroleum reservoir evaluation. Formation alteration 

around a vertical well has also been recognized by hydrogeologists and petroleum engineers. but it is 

not considered in the basic solutions. Formation parameters may change with radius for the same 

reasons. as discussed above. around a horizontal well. To consider the influence of this altered 

permeability on productivity and well behaviour. several models have been proposed in the literature. 

One of the earliest models, which has also been adapted to the horizontal well solution. is lilt: "skin 

term" model [Hawkins, 1956], in which an small lhin skin close to the well was assumed, and an 

increase (or decrease) of penneability can cause a finite hydraulic head rise (drop) equivaknt to the 

effect of the aquifer improvement or damage resulting from this skin. 'Ibis model has been repeatedly 

used by petroleum engineers [Robert, 1977] and groundwater scientists [Moench, 1985]. TI1e mudt!l 

assumes a zero thickness and storativity for the skin. and the hydraulic head drop across the skin is 

presumed to occur under steady flow conditions [Novakowski, 1989]. Because of the reality that the 

skin region must be finite in nature and have some storativity, many composite models have also bt:t!n 

proposed [Olarewaju and Lee. 1987; Butler. 1988; Novakowski. 1989). All these models assume a 

axisymmetric two-annulus aquifer around the wellbore. with permeability being constant within t!ach 

zone. and an abrupt jump at the interface. Because permeability changes in the;: form uf a step fum:tiun 

with radius in these models, we will refer to them as "step permeability" models. However, both 

experiments and theoretical analysis show that most of the permeability changes because uf formaliun 

alterations are continuous. rather than abrupt [Bennion and Thomas. 1994). 

The step permeability model is probably a good approximation only when the altered zone has a small 

thickness. If the altered zone is very large, as arises in the case of massive sand production in a uil 

well [Geilikman et al., 1994], the two-zone step permeability model will likely be invalid. To more 

closely consider realistic cases, a multi-zonal composite model has been proposed [Kamal et al .. l 992]. 

In this model, the altered zone is divided into many subzooes wilh the average penneability in t!ach 

subzone expressed as a constant. They also presented a relationship among the permeabilities which 

is expressed as: ~ = a ·~.1 b + d, where i stands for the i th subzone, and a.b.d are constants. In two 

field examples to which the model was applied they found that d = 0 and b = I, lhus a linear 

relationship was obtained. Two difficulties arise in this model: first, it is often difficult to find the 

boundaries for many subzones; and second, the solution becomes more complicated with the increase 
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of the number of subzones. To develop a more realistic composite model, a continuously varying 

permeability which can be simply expressed and can also approximace lhe real permeability variation 

is desired; ideally, this solution would be semi-analytic instead of numerical to allow more t:asy 

inversions. 

A new analytical solution has been developed for a two-zone composite model. The permeability in 

the first zone is assumed to change continuously in a power relationship with radiusT and the 

permeability in the second zone is a constant and equals the original permeability. The permeability 

can change smoothly at the interface, or jump in a discontinuous manner. dt!pending on the pammeters 

considered most appropriate. The solution is obtained in the Laplace space, and numerical inversions 

are needed to evaluate the solution and to generate type c...'1.lrves for general wdl test intt:rprt!tatiuns. 

6.3 A New Model for Alteration Analysis 

6.3.1 Parameter variation because of formation alteration 

Several reservoir parameters can be altered because of formation alteration. such as formation 

permeability, porosity, compressibility, Young's modulus and so on. Among those, the first three: the 

permeability, formation compressibility and porosity, are the most imponant ones in tlow analysis. 

In order to consider the true effect of these altered parameters on well test interpretation, instead of 

using a simple skin term. the variation of the parameters with space and time are required. 

Unfonunately, such quantitative relationships are extremely rare, particularly when they are requirt!d 

in both the space and time domain. To simplify the problem. we would like only to consider the 

situation where the formation has already experienced the alteration. Tilis assumption is reasonable 

in most practical problems because most of the formation alteration mechanisms are largdy time 

independent, such as drilling damage or stress redistribution because of drilling. Other mechanisms 

can be time dependent, such as production induced alteration, sand production and tluid injection. We 

deal only with the first category in this chapter. We also assume the compressibility and porosity 

change because of formation alteration can be expressed by a step function; two constant values in both 

the alteration and unaltered zones. The continuous permeability variation model will be discussed in 

the following section. 
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6.3.2 Post alteration variation model in permeability 

Permeability in an aquifer can be increased or decreased because of tonnalion alteration. le is calkd 

formation improvement if the permeability is increased and formation damage if it is decreased. 

Formation alteration can be caused by several factors. Drilling damage can induce mechanical 

breakage of the wellbore (improvement) or mud invasion (damage}. The former is of considerable 

interest to borehole stability in shales [Dusseault., 1994]; the latter is commonly found in drilling 

sandstone reservoirs and aquifers .. and is usually deliberately cleaned up during completion to guarantee 

good productivity. Stress-induced alterations involve the compaction or dilation of the aquifer because 

of stress redistribution around the well .. and effects may ~ expected to bt! the largest in those rcst!rvoirs 

dominated by fracture flow. as fracture permeability is most susceptiblt: to dtective stress changes. 

Large-scale solids production, usually found in uncemented heavy oil reservoirs, can altt!r the 

permeability in zones that may approach several tens of meters, particularly if hundreds of cubic metres 

of sand are produced over prolonged time. periods [Geilikman et al., 1994]. Accompanying the 

permeability change in this case are large-scale porosity and compressibility alterations. In the case 

of fine-grained material migration, the permeability can be massively altered as well, but for a smaller 

zone, perhaps a meter or two, and the porosity and compressibility alterations are far more mmkratc 

than in the case of massive solids production. In heavy oil production, asphaltent!s precipitating near 

the wellbore can also impair permeability, and similar effects can be envisioned in cases of aquitcr 

production. 

Exactly how the permeability is altered by these processes remains a challenging topic, exacerbated 

by the lack of suitable models and the difficulty of careful sampling of the near-wellbore environment. 

The relationship used by Kamal et al ... [1992), for example .. is one approximation available in ll1e 

literature for fonnation damage. An experiment concerning formation damage is presented by Bennion 

and Thomas (1994], where continuous permeability-radius data were published. Real cases concerning 

explicit measurements of permeability increases caused by solids production are rare. One tltt!oretkal 

derivation of the porosity-radius relationship in the allered zone was proposed by Geilikman et al., 

[ 1994 ]. The model suggests that the porosity increases caused by solids productipn are in a powt!r 

relationship with radius at any moment, and can be expressed as ct> = ct> 0 - Mr', where ct>u, ex are 

constants and M is a function of formation properties., well radius .. and time. 

Relationships between porosity and permeability have been well tabulated in the literature; most of 

these are linear or power-law approximations. The former includes the capillary tube model bast:d on 

the Hagen-Poisseuille law [Scheidegger .. 1960], and the fissure model [lrmay. 1955). The laucr 
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includes the hydraulic radius model and the resistance flow model [Rumer, 1969 I. 

It therefore seems reasonable to express the permeability variation with radius as a power relationship 

in the fonn k = k2 + ko£'1; however, some difficulties arise in applying this relationship. First, it dot!s 

not show any "composite" properties, i.e. the permeability changes within a limited area around the 

well and becomes the constant original permeability outside the altered zone. Second, it becomes 

more complicated to solve the resulting boundary value problem analytically. To make it simple, a 

two-pan relationship is suggested: it is assumed that in the altered zone the permeability can be 

expressed as k = ko£'1, and outside the altered zone it is a constant k = k2• These relationships are 

mathematically written as: 

(6.3.1) 
k(r) = Is_ 

where ko, a. and k2 are constants, rs is the radius of the altered zone and rw is the well n1dius. 

Using the dimensionless variable rd= r/rv. instead of r, equation (6.3.l) can be written as: 

(6.3.2) 

where k1 = kor"w « is the penneability at the wellbore, lei is the original formation permeability in Ute 

un-altered zone, and rds = r/rw is the radius of the altered zone in dimensionless form. 

Using equation (6.3.2), if <X > 0, then k increases with radius, and this represents formation damage 

(i.e., reduced k near the wellbore, rising to the original k away from the wellbore). If a < 0, then k 

decreases with radius to the virgin state, which represems formation improvement. lf <X = u, the 

relationship may be used to represent the two-zone, single-step permeability model. Figure 6. I 

graphically shows these relationships for various values of the power law parameters. The model is 

therefore highly general compared to either lhe single-step or the multi-step permeability model. 

It may be stated from observing the figure that if the permeability is maintained continuous across the 

interface, <X may be interpreted as the "degree" of improvement or damage of the formation if the size 

of the altered zone rc1s is fixed. Alternatively, it represents the "extent" of the alteration in the 
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formation if the permeability at the wellbore k1 is fixed. The boundary value problt!ms sol vt:d h~re 

are based on these permeability relationships and will be referred to as the '"power permeability" mudd. 

Figure 6.2 shows experimental data (symbols) on permeability variation reported by Marx and Rahman 

[1987], and the lines are permeability variations simulated with the power permeability model (6.3.2). 

The power permeability model simulation curves agree with the experimental data quite well. 

6.3.3 Pressure analysis in an altered reservoir 

The mathematical description of the composite model for a fully penetrating well with permeabilities 

defined above can be described as: 

l a u dsl ds1 
(r

11
• S r < rs) (6.3.3) --[T1r4r.-] = S1-

r ar iJr a, 

1 a ck, dS2 
(r ~ r) (6.3.4) -[T,r._-] =S,,-

r ar - ilr - ac 

where, T1 = k1hpg/µ. T1 = k~hpg/µ are transmissivities with subscripts l and 2 denoting the altered 

and unaltered regions. respectively.sis hydraulic head drawdown, S1 and S1 are storativities, ra is the 

dimensionless radial distance from the well, and r> is the radius of th~ altered zone. 

The initial condition is: 

(6.3.5) 

and the boundary conditions at the infinite far-field and wellbore are: 
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(6.3.6) 

(6.3.7) 

where Cw is a constant describing wellbore storage capacity and is equal to m/ fur an opt!n pumping 

well with standpipe radius r~ 

The boundary conditions at the interface rs of lhe two regions must satisfy Lhe continuity conditions: 

,, as1 dS., 
Trd -1 = T,--1 1 J ar r:r, - iJr r-sr. 

If we define and substitute the following dimensionless variables: 

T, 
'" = ---,r 

S1r; 
T, 

a= -­r. 

(6.3.8) 

(6.3.9) 

(6.3.10) 

into equations (6.3.3) and (6.3.4), then apply the Laplace transtonn (considering the initial condition 

(6.3.5)) to equations (6.3.3) and (6.3.4), the following equations are obtained: 

(6.3.11) 

(6.3.12) 
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where A
111 

= Jpap , B,,, = {p , P ~ SifSi is the storativity ratio of the two zones, and p is the 

Laplace transform variable. 

The Laplace transformed boundary conditions of (6.3.6) and (6.3. 7) are: 

where Cd= CJ(2m-w1S1) and the internal boundary conditions (6.3.8) and (6.3.9) become: 

a asi11 
a or lr .... ru 

r,1s 4 

(6.J.13) 

(6.3.14) 

(6.3 .. 15) 

(6.3 .. 16) 

The governing equation for the unaltered region (6.3.12) together with its far-field boundary condition 

(6.3.13) can be solved in the Laplace space to produce an expression of the following fom1 [Carslaw 

and Jaeger,1959]: 

{6.3 .. 17) 

where Ko(z) is the modified Bessel function of the second kind and order zero. and C is a constant 

which is to be determined by the internal boundary conditions (6.3.15) and (6.3.16). 

To solve the equation of the altered zone (6.3. l l), we define a new variable l; as: 



Chapter 6 Effect of Fon11atian Alteration Around a Well 144 

and if we substitute lhe relationships of (6.3.18) into (6.3.11). we obtain: 

(6.J.19) 

Obviously if m is defined as: 

m(2-a} - 2 = 0 . i.e. 
2 

nl=-
2-a 

(6.3.20) 

where ex~ 2, then equation (6.3.19) can be simplified to: 

(6.3.21) 

The wellbore boundary condition of (6.3.14) at~= r/m = l bt:cumes: 

m0 -- (6.3.22) 
p 

and the internal boundary conditions (6.3. 15) and (6.3.16) at ~ = rds11
m become: 

(6.J.23) 

(6.3.24) 

where y = - a/(2-a.) = 1 - m. 

Equation (6.3.21) can be further simplified by defining another new variable X as: sd1 = ~~ X, and by 

applying its first and second order derivatives: 
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(6.3.25) 

(6.3.26) 

equation (6.3.21) becomes the standard modified Bessel panial differential equation: 

and its solution has the following form: 

(6.3.28) 

Substituting sd1 back into (6.3.28), we obtain: 

(6.3.29) 

where A = ~ and, the two constants A and B are to be determined by the boundary conditions of 

in (6.3.22), (6.3.23) and (6.3.24). 

By using the derivative propenies of modified Bessel's functions (A3) of Appendix 6.1, tht! wellbore 

boundary condition (6.3.22) can be written in leans of solution (6.3.29) as: 

me "l 
-- : A(A/l_p,.) - BK1_1CA)] 

p (6.3.30) 

- C40mp[Al.
1
(A} + BK

7
(A)] 

If constant A is expressed as A = R1 - B R2 where: 

(6.3.31) 
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then solution (6.3.29) becomes: 

R., _ A,..K1 _i<J~.) + C"8pK10, . .) 
.. - C"8pl.,O .. ) - A,../T_l(X:) 

146 

(6.3.32) 

(6.3.33) 

Ifwe apply the identical drawdown condition at the interface (6.3.23) to solutions (6.3.17) and (6.3.29) 

we have: 

(6.3.34) 

and if we apply the identical cross flow condition (6.3.24) at the interface to solutions (6.3. l 7) and 

(6.3.29) we have: 

Cm0B K 1(B r,J + AR
1
/ 1(AE ) = iJ1[K. 1(A~ ) + R..I. 1(A~ J} ,n ,n .... 1- • s r- ~s _ 1- ~s 

Solve equations (6.3.34) and (6.3.35) simultaneously to obtain: 

q> l = ;; [KiAl;,) - RlrCA;s)] 

4>2 = A[K7-l(A;) + R/,-l{~s)J 

By applying the propeny (A3) of Appendix 6.1, we obtain the follo"wing relationship: 

(6.3.35) 

(6.3.36) 

(6.3.37) 
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(6.3.38) 

and constant C is obtained from equations (6.3.36). (6.3.37) and (6.3.38): 

RI C=-------------------------~ 
r JAK0(B,.,r ds)[K1 _1(A;)+Rl1_i<}1.t>J - m8B111;;K1(Bmr c1s>[KyCA;1)-.R//A;)I] 

(6.3.39) 

Constants B and A are therefore obtained as: 

CKu(B,,,r ,1s) - R1~;/7(At) 
B = ---------

R1~!K/A;s) - RzCK0(Bmrds) 
A = ---------- (6.3.40) 

;;[K7(A~s> - R/,(A;r)I ~;[KiA.;s) - R:I/A.;,) 

[f we substitute the constants A. B and C into solutions (6.3.29) and (6.3.17). we obtain the altcreu 

zone solution: 

(6.3.41) 

and the unaltered zone solution : 

(6.3.42) 

6.3.4 Solution verification 

Verification of the solutions (6.~.41) and (6.3.42) can be performed by comparing to t!x.isting solutions 

for special cases that appear in the literature. If a= 0 and 9-:,: 1. then m =: l. y = O. and~= rd. The 



Cl,apter 6 Effect of Fon11atio11 Alteration Around a Well 148 

solutions lead directly to the solutions derived by Novakowski [1989]. 

If we assume ex = 0, 8 = I and 13 = 1, i.e. the permeability and storativity are the same in both zones, 

then we have Am= Bm. By using the properties of (Al) and (A3) (Appendix 6.1), the constant C of 

(6.3.39) becomes: 

(6.3.43) 

Constants B and A become: 

B == 
RlKo(Bmr ds) - Rlo<Bmr ds)J 

=C 
RlK0(B mr ds) - R/0(B mr r1s>] 

(6.3.44) 

A= 
R1[K0(Bmrds) - K0(B,,,r ~] 

=O 
Ko(B ,,l r1) - R,lo(B mr r1s>] 

and the solution simplifies to: 

(6.3.45) 

This is the well flow solution in an homogeneous isotropic aquifer considering the wellbon:! storage 

effect given by Papadopulos and Cooper [1967]. 

If rc1s = 1, which also means no altered zone exists, then ~ = l equations (6.3.41) and (6.3.42) also 

give the identical solution to (6.3.45). Therefore, the new solution corresponds precisely to well-known 

existing solutions in the limiting cases, giving confidence in the use of the new results for gt!nt:ral 

cases. 
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6.3.5 Production analysis in an ~tered reservoir 

The evaluation of well production in the transient flow period is usually obtained by evaluating the 

production variation with time when the wellbore pressure (hydraulic head) is fixed as a constant. The 

pressure solution obtained in the above section can not be used in production evaluation because a 

constant flow rate is assumed as the wellbore condition. 

To analyze the production in such an altered reservoir,. the wellbore condition of (6.3. 7) must be 

changed into the following constant pressure (hydraulic head) condition: 

s(rt)I =s l • rar. w 
(6.3.46) 

If we redefine the dimensionless pressure sd as: 

(6.3.47) 

and maintain other dimensionless variables the same as defined in (6.3. IO) then we obtain the same 

governing equation as equations (6.3.ll) and (6.3.12) for flow in the two zones. TI1e boundary 

condition of (6.3.14) becomes: 

1 
p 

and the imerface boundary is still the same as in (6.3.15) and (6.3.16). 

(6.3.48) 

The procedure in solving the constant wellbore pressure condition is the same as in the constant 

wellbore flow condition, and if we use the relationship of ;m = rd to rciw = 1, we have ~11.- = l. The 

constant wellbore pressure condition, however, gives lhe following relationship which corrt!sponds tu 

equation (6.3.30) of the constant flow condition: 
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(6.3.49) 

Therefore~ parameters R1 and R2 in equations (6.3.31) and (6.3.32) change to: 

R = I 
l p/yCA) ,. 

(6.3.SO) 

Because olher conditions are the same as in lhe constant wellbore flow analysis. the only difference 

between them is the different R1 and R! fonnulations in equation (6.3.50). 

Toe wellbore production can be obrained by using Darcy· s law: 

(6.3.51) 

where Cw is the wellbore scorJ.ge coefficienl. 

If we. substitute lhe dimensional variables sd• ~ and rd= ;m into equation (6.35 l) we obtain: 

(6.3.52) 

and the Laplace transformed Q becomes: 

(6.3.53) 

The derivative of sd1 with respect to; can be obtained from solution (6.3.41). which gives: 

(6.3.54) 

and the well production rate in the Laplace space (6.3.53) becomes: 
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(6.3.55) 

If we define the dimensionless wellbore storage coefficient Cd = CJ(2xr,.,2SJ .. and the dimensionless 

well production rate Qi= Q/(21tT1sw), the dimensionless production rate gives the following solution: 

(6.3.56) 

Obviously, the well production race Qi must be inverted numerically. 

6.4 Well test interpretation in an altered formation 

6.4.1 Pressure variation in an altered formation 

Heterogeneity of aquifers directly affects hydraulic head distribution with space and time in the 

transient period. The hydraulic head (drawdown) distributions under the proposed power permeability 

models can be evaluated by numerically inverting the solutions obtained. Stehtest's Laplace inversion 

algorithm has been used in the evaluation in this paper [Stehfest, 1970). 

Figure 6.3 shows hydraulic head (drawdown) variation with radial distance in an altered formation 

obtained by this power permeability model. From this figure we find that the effect of permeability 

alteration on pressure distribution is only observable in the altered zone. The drawdown-radius curvt!s 

of altered permeability fall into the homogeneous one (Cl= 0) at a point within the altt!rcd zone. An 

increment of the altered permeability (negative a) reduces the drawdown, and a decrease (formation 

damage) of lhe altered permeability increases the drawdown, compared to the homogent!ous cast! ((.( 

= 0). 

The type curves of drawdown with time generated under this power pt!rmeability model show similar 

properties, as shown in Figure 6.4. The magnitude of drawdown of these type curves increases wiU1 

increasing value of the power parameter ex, because larger a values mean more damage to the aquiti:r. 

Because of the difference in drawdown values presented from lhe type curves in Rgure 6.4, tile curve 

matching method is a possible means to identify formation alterations by estimating the power 
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parameter of a field well test. 

Toe type cw-ves generated in Figure 6.4 neglect the effect of wellbore ston1ge. If lhis effc:ct is 

considered, then typical type curves are shown in Figure 6.5 .. where the storagt! parameter CJ= 1000 

is used. The effect of wellbore storage on type curves of an altered formation is similar to the: 

homogeneous cases discussed in the literature. A linear relationship is presented in the early times 

where wellbore storage is the dominant factor controlling the drawdown rate. After the storage 

dominant period .. the effect gradually vanishes. Type curves with different degrees of formation 

alteration still possesses the differences caused by the magnitude of a in the wellbore storage situations 

considered. 

6.4.2 Logarithmic pressure derivatives in an altered formation 

Toe effect of formation alteration can be more clearly observed in a logarithmic derivative graph as 

shown in Figure 6.6? becaust! lht! logarithmic derivative of pressure drawdown givt!s a horizontal lint: 

in a log-log graph after a very short period at the beginning of a test. The cft"t!cl of diffor~nt et valul!s 

is clearly presented in Figure 6.6. From Figure 6.6 we find that lhe typt: curvt!s under tormaliun 

c.:nhancement (negative ex) are below the homogeneous formation type curw. and typt! curves under 

formation damage arc above the homogeneous one. Thereton:. from this figure it is possible to 

determine the degree of formation alteration if a test derivative curve is matched to the typt! curves 

generated. such as in Figure 6.6. 

Toe size of the altered zone can also be determined if a test curve is compared with the type curves 

generated under different alteration radii, such as the one shown in Figure 6.7, where a fonnacion 

enhancement is assumed (ex= -0.5). Different sizes of alteration are represemed by approximately 

parallel line segments at early times, and the segments intersect the late time horizontal line at diftt!rt!nt 

times. Because these intersection times are independent of the alteration degree (Figure 6.6), therdon; 

they directly reflect the size of the alteration. For a damaged formation (positive at). similar results 

are obtained~ as shown in Figure 6.8. From a theoretical analysis, we find lhal Ult: alteration size has 

the following approximate relationship with the dimensionless time: 

,r 
111 : r,1s 

where n is a constant which takes values between 2 and 3. 

(6.4.l) 
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If the wellbore storage effect is considered,. the derivative curves arc as shown in Figure 6.9. Bc,ausc 

wellbore storage is the dominant factor in the early time period of a test,. the alteration effect in this 

time period is most likely to be masked by the wellbore storage. However, if the alteration effect time 

is longer than the wellbore storage effect time, then it is still possible to identify the degree of 

alteration from the unmasked part of the derivative curves (Figure 6.9). Figure 6.10 shows the 

alteration size effects presented in derivative type curves considering the wellbore storage effete. One 

obvious effect of the wellbore storage is that equation (6.4. l) may become invalid for small altcralion 

sizes, such as rm = 50 in Figure 6.10. 

6.4.3 Comparisons between the power and step permeability model 

Figure 6.1 l and figure 6.12 compare the power permeability model (solid lines) with the seep 

permeability model (dolled lines). The case of a = 0 corresponds to the homogeneous aquifer case 

obtained from the power permeability model. The step permeability model also rt!quires s«!tting Ct.= 

0, but the constant altered permeability k1 is a steady-sate equivalent average ohcaineu by assuming the 

same flow rate and pressure drawdown between the wellbore and altert!d boundary and which has the 

following form: 

k = ~cxln(r d.r) 

r:fs - I 
(6.4.2) 

The drawdown difference between lhe step permeability model and powt!r permeabilily model is shown 

in Figure 6.11 and 6.12. The seep pc!rmeability by using the equivalent permeability k obtained form 

(6.4.2) has a similar effect as decreasing the et value of the power permeability model ( Figure 6.11). 

However, in Figure 6.12 we find that besides the magnitude difference of drawdown, the shape of the 

type curves can be different between the step and power permeability models. This shape deviation 

becomes more obvious for heavily improved aquifer (increased pc!rmeability) situations (Figure 6.12). 

6.4.S Production evaluation 

Well productivity in the transie~t flow period can be evaluated by using the constant wellbore pressure 

(hydraulic head) solution of (6.3.56). Under the constant wellbore pressure.condition, well production 
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rate Q will vary with time. Figure 6.13 shows the production variation with time in an permeability 

enhanced reservoir (negative ex values). Generally. the production rate will decrease with time 

regardless if the reservoir is altered or not, and the production increase t..--aused by the improvement of 

permeability near the well is only beneficial in the early production times. As the production time 

becomes longer, the production rate gradually decreases to the non-altened rate. as has been observed 

in the field. 

However. if the reservoir is damaged instead of improved. the production decreases not only ac lhe 

early production times. but also at late times. The damaged (positive et) reservoir production is shown 

in Figure 6.14. This indicates that if a reservoir is damaged, lhcn USC! of reservoir stimulation 

approaches to overcome the damage can improve a production well significantly. 

Figures 6. l 3 and 6.14 also imply that artificial reservoir stimulation. such as hydraulic fracturing or 

reservoir acidizing are only beneficial economically for damaged rt!Servoirs. Fur non-damaged 

reservoir, such methods can only be beneficial at early times, provided that the production reservoir 

is very large (laterally infinite condition). Because most of production patterns limit the produr.:tion 

area of each well to a finite size. an increase of the permeability near the wt!ll may not be benctkial 

in the long term. 

6.S Model Application to Horizontal Wells 

Formation alteration mechanisms for horizontal wells will yield similar characteristics as for the vertical 

well discussed above. TIie mechanism of alteration for a horizontal wdl r.:an also result in an increase 

or decrease in permeability around the wellbore. If the alteration radius around the horizontal well is 

less than the distance from the well to the upper or lower boundary. then it has exactly the same cft"t!cls 

as the vertical well, because both vertical and horizontal wells have the permeability near the entry area 

altered. However, horizontal wells are usually drilled in thin reservoirs with the well lengch much 

larger than the reservoir thickness. It is quite possible that the alteration will reach the upper and lower 

boundaries. If this is the case, then the early vertical radial flow period actually takes place in the 

altered zone, and will obviously show the same behaviour as the vertical well. The early time 

horizontal line of the logarithmic derivative, therefore, will have the same characteristics as those 

presented in Figure 6.6 - Figure 6. IO. The identification of such characteristics will also be the same, 

as discussed in the last section. In such situations, the whole vertical flow regime may be affectt!d and 

this makes the identification of the early flow regime difficult. 
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If the alteration radius is greater than the upper and lower boundarit!S~ then both the t!arly and middlt! 

linear flow regimes will also be affected.by the alteration effects. On lhe olher hand9 if lhe altt:ratiun 

also appears beyond the well length. then lhe middle time spherical and the late time horizontal tlow 

regimes will also be affected by the alteration. Such alterations will affect the appearance of the 

straight lines of the middle. as well as of the late time segmental lines in a derivative graph. However. 

identification of the size and degree of the alteration is still possible. 
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APPENDIX 6.1 Some Properties of Modified Bessel Functions 

1. Modified Bessel functions of negative order satisfy: 

(Al) 

and if of integer order n, (Al) becomes: 

(A2) 

2. Derivatives of l\'lodified Bessel functions 

(..\3) 

and if y = 0 then 

(A4) 

3. Some relationships of Modified Bessel functions 

(AS) 

/yCz)K~(z) - K.,(z)l;(z) = - ~ 
'-
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Figure 6.9 Logarithmic derivatives of hydraulic head drawdown 
using different power parameter values with wellbore storage 
considered. 
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Figure 1.10 Logarithmic deri\atMBS of hydraulic head (drawdoYm) with different 
size of alteration with wellbore storage considered. 
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Figure 6.11 Comparisons of hydraulic head (drawdown) variations along 
radius between step permeability and power permeability models. 
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Figure 6.12 Comparisons of hydraulic head (drawdown) \tlriations with time 
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Figure 6.13 Well flow rate '8riations with time under constant well pressure 
concfrtions (improved reser.oir). 

1.E+01 

a =0.0 a =0.2 a = 0.5 a =0.8 a= 1.0 

• I! 1.E+OO 

l 
J 
i 
I 1.E-01 

~ i5 
0 

1.E-02 

1.E-02 1.E+OO 1.E+C2 1.E+04 1.E+06 1.E+OB 1.E+10 

IJmenslonlH• Um• 

Figure 6.14 Well flow rate \&riations with time under constant well pressure 
conditions (damaged resenoir). 
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Chapter Seven 

Research Sununary and Conclusions 

7.1 Research Summary 

Several detailed analyses on application aspects of horizontal wells have bet!n discussed in this thesis. 

Horizontal wells have become one of the most important tools in t!Xploiting oil resoun:es in Ult! oil 

industry. The applications of horizontal wells in ocher engineering area such as contarninatt!d 

groundwater cleanup is emerging. The traditional application of horizontal well in agriculture water 

table levelling and geotechnical dewatering can be systematically designed by the analytical results in 

this thesis. A horizontal well possesses many advantages compared to a conventional vertical well. 

In terms of productivity, a horizontal well usually is much better than a venical well because of its 

longer contact length with the reservoir. Horizoncal wells can lessen some of the conventional venical 

well problems, such as gas or water coning and sand production. Horizontal wells also can greatly 

enhance gravity drainage processes because of the smalkr pressure graditmt requirt:d in prodm:tiun. 

The productivity improvement from a horizomal well mainly comes from two pans; the longer contact 

length and the anisotropic permeability. Toe productivity increase is proponional to the well lt:ngth 

for shon wells (L < 2h), but the increase becomes a approximate logarithmic relationship when the well 

length becomes longer (L >> h). This indicates that, if the drilling cost is considered, increases of wt!ll 

length do not always mean an increase of production economically. The anisotropic permeability effect 

on well production can be approximately expressed as a relationship which is proponional to the 

square-root of the permeability ratio between vertical permeabilily ~ and wdl dirt=ctional pt!rmeabilicy 

ku. 

A slant well also can lead to a gain in production because of the inclination, besides the lt!nglh and 

anisotropic permeability effects discussed above. Even though the productivity increase due to 

inclination is very small compared lo the other two factors, it is worthwhile to note lhat lhe optimum 

productivity may come from a slant well rather than a horizontal well in thick and vertically less 

permeable reservoirs. 
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The reservoir parameters such as anisotropic permeability, formation compressibility and porosity are 

important in the evaluation of well productivity. The accuracy of these parameters directly affects the 

prediction of productivity and the design of well pauerns in reservoir exploitation. Horizontal well test 

interpretation is one of the primary sources in obtaining these parameters. Therefore, it becomes 

another major objective of this thesis. Because well productivity is directly related to the permeability 

in the well direction, determination of ka becomes an imponant task in well test interprelation. The 

new solutions derived in this thesis provide a way to determine the well directional permeability. The 

analyses available in the literature have not considered this parameter. 

We also present new forms of the segmental solutions in terms of characteristic times. which makt:s 

the solutions simple, and convenient to use. The charactedstic times for the boundary t!ft't!ct time: tb 

and well length effect time ~ usually can be determined directly from a derivative curve of a well test. 

The true reservoir anisotropy can be determined by two directional pt!rmt!abilities from tllt! samt: 

reservoir using the relationship of ( 4.2.19). Two methods were discussed in lhe determination. a 

graphical method and a numerical method. 

Wellbore storage and fonnation alteration often mask one or more flow regimes of a horizontal wt!ll 

test, which are the important data in che test interprecation. We discussed the t!ft'ects of the stunige un 

the segmental characteristic lines of different flow regimes. We also discussed ways to determine the 

end of the wellbore storage and formation alteration effects from both pressure and derivative curves. 

The formation alteration effects on a well test are not always possible to simulate by a skin term. If 

a large area is altered, such as in an sand producing reservoir, lhe alteration effect must be considered 

using an alteration model such as dedved in Chapter 6. 

Both wellbore storage and formation alteration effects can be evaluated by the curve macchin!! method. 

However, to fully determine the anisotropic parameters of a reservoir, lhe wt!llbore storage efti-!ct 

should be minimized, such as by the use of a bottom-hole flow meter. 

Even though hodzontal wells have been the focus in this research, slant wt!lls can be easily analyzc:d 

using the results presented in this thesis. All the solutions derived in this thesis are for gent!ral slant 

wells, the hodzontal well solutions are only special situations of them. However, generally tht! slam 

solutions are more complicated than the horizontal well solutions, and therefore more numerical 
evaluation is required to use these solutions. 
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7 .2 Conclusions and Discussion 

7 .2.1 Horizontal well productivity 

Since the successful completion of the first modem horizontal well in the early 1970's, horizontal well 

applications have become extremely common and popular in the oil industry. Horizontal wells can 

provide a much larger drainage area than vertical wells under the same magnitude of pressure gradient 

because of a longer contact length wilh reservoirs. Horizontal wells also act as connecting conduils 

between vertical or inclined fractures in a reservoir. 

Productivity prediction usually provides information for well pattern design in reservoir developrnt!nt. 

Productivity evaluation should therefore consider all imponant parameters such as 3-D anisorropic 

permeability, well orientation and inclination. and lateral boundary conditions. Borisov developed a 

productivity solution for horizontal wells in an isotropic reservoir which was modified later by Joshi 

to consider the reservoir anisotropy effect. However, Joshi only considt:red a two dimensional 

anisotropy by assuming ~ = ky. This assumption makes his solution invalid in situations whert! kx 
differs significantly from ky. Neither solution considered the well inclination effect (slant well). which 

may lead to false conclusions for an optimum production design in thick reservoirs of small vt!nical 

permeability. To overcome these drawbacks. we presented a detailed analysis of the production 

evaluation of a slant well arbitrarily located in an 3-D anisotropic reservoir. 

For a horizontal well, we find that the anisotropic permeability t:ffects on well production can be 

approximately simulated by the following anisotropy-modified parameters: 

(7.1) 

From these parameters. we find that the modified well length L1 is proportional to the inverse square­

root of the well direction penneability ku- This indicates that a horizontal well drilled along me 

minimum permeability {ky) direction can improve the well production in the same way as an increase 

in well length. Well radius has long been considered as sufficient by taking the permeability weighted 

average at the cross section in the evaluation of well productivity. However. from equation (7. l) we 

find that the additional terms such the axial permeability ~ also play a role and should be considered 
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in this weighting average. Considering the effect of ku on well r.1dius, we find that it is beneficial to 

the productivity if a well is drilled along· lhe maximum (kJ direction. However, because well radius 

has a very limited effect on well productivity, this anisotropy effect on the well radius may never be 

able to overcome the productivity decrease caused simultaneously by decreasing the moditkd wt!ll 

length Ls. 

Increasing the vertical penneability ~. by hydraulic fracturing for example, is equivalent to increase 

well length or wellbore radius (not linearly). Therefore, increasing the vertical permeability can 

improve productivity more than decreasing ku- From equations in (7. l ), we also find that the effect 

of vertical permeability can also be considered by using the anisotropy-moditit!d well lt:ngth LL and 

well radius, which are proportional to the square-root of ~-

7 .2.2 Horizontal well test interpretation 

Interpretation of a horizontal well test is more difficult than a vertical well test because of the many 

possible interactions between the well (orientation, elevation~ inclination ... ) and reservoir (boundary 

condition, anisotropy ... ). The various flow regimes presented in a horizontal wt!ll test c.:umplic.:att! the 

interpretation further. 

Many well pressure transient solutions have bt!en reponed in lhe literature. These solu1ions art! the 

basis of horizontal well test interpretation. However, there are several problems with those solutions. 

As we know, all these solutions assume that the well is parallel to the ky direction which, however, is 

not always true. One drawback of this assumption is that the estimated permeability by these solutions 

is not the true reservoir anisotropy. A false anisotropy ellipse could lead a designed well to deviate 

significantly from the optimum productivity direction. Another common problem of the solutioID) in 

the literature is that the various characteristic times presented in a horizontal well test arc nut wdl 

formulated and used. The characteristic times are imponant in a test interpretation because they control 

the length of each flow regime as well as the test flow patterns identification ( VLH or VSH). 

A detailed horizontal well pressure analysis is given in Chapter 4. The solution is derived tor a wdl 

with arbitrary orientation and inclination, and located in a three dimensional anisotropic reservoir. We 

discussed the horizontal well situation in much more detail than for the slant well because horizontal 

well tests are more common in the evaluation of reservoir characteristics, which is particularly true in 

the development period of a reservoir. However, a slant well test can also be interpreted similarly as 

a horizontal well test with the slant well solution developed in Chapter 4. 
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The logarithmic derivative of a horizontal well test is more useful than its pressure curve in test 

interpretation. nus is because the derivative shows more distinguishable characteristics for each flow 

regime. The segmenlal solutions expressed in terms of me characteristic timt:s in Chapter 4 in fact can 

lead to a simple and uniform solution fonn for the derivatives. 

By simple derivation, we can find che following forms for the derivatives of the VLH flow pattern in 

oil field units: 

ilp' ~ 162.6µBQ J r. (I < t,) (7.2) 
hkh t.., 

ilp' = 162.6µ8Q J I (lb < l < lJ 
(7.3) 

hkh 1, .. 

L\ 1 _ l62.6µBQK.., (I> tj (7.4) 
p - -

hkh I.., 

and for the VSH flow pattern: 

" 1 _ 162.6µBQKb up---- -
lrkh t.., 

(t < tJ (7.5) 

" , _ 162.6µBQ~,, up---- -
hkh t 

(lw < I < 1,,) 
(7.6) 

(t > tr) (7.7) 

where L1p' is the derivative and ft, and t. are the characteristic times which have the following forms: 
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30l.75L2c,.r4,µ 
t...,=-----

ka 
(7.8) 

In fact, the two characteristic times, tb and lw, themselves may be taken as two more representativt! and 

comprehensive parameters in describing the combined effects of a well interaction with a reservoir. 

First, the relative magnitudes of ft, and ~ determine the flow patterns, VLH or VSH; second, we note 

that It, reflects the time at which the boundary effects are observed in the wellbore pressure, and t.... is 

the time at which tbe well length effect on the wellbore pressure tranSition becomes negligible. Also. 

the effects of well effective length, formation compressibility and porosity are included in these 

parameters, which are difficult to determine for the real test. Intuitively, if the productivity is co be 

evaluated during the transient period, ft, will be the time at which productivity shows a sudden decrt!ast!. 

and t...,. is the time when productivity begins co gradually stabilize towards the steady-state production 

discussed in Chapter 3. 

It is a simple task to estimate other reservoir parameters from (7.8) if tb and tw are obtained. except for 

kx and ky. The determination of horizontal anisotropic permeability ~ and Icy requires estimating of 

the permeability ellipsoid of a reservoir. We have discussed a detaikd procedure to determine the 

horizontal anisotropic permeability ellipse from two horizontal wells in different orientations. Two 

methods were introduced in Chapter 4 to determine the true reservoir anisotropy: a graphical method 

and a numerical method. Each method has its advantages and disadvantages. The numerical method 

is more accurate than the graphical method but we need to figure out and diminate the invalid 

intersections. The graphical method is easy to use but less accurate and a measuring net is required. 

In practical applications, if all three permeabilities ku1, kuz and k11 are very close in magnitude. then 

it is possible that the reservoir is an isotropic reservoir; if kur and ~ are close in magnitude but differ 

from IGi, then the spreadsheet method might be preferable; if ku1 and~ differ significantly, then the 

graphical method is convenient. 

The flow patterns are the results of the combined effects from both the well geometry and reservoir 

characteristics. The flow pattern can be uniquely determined by the characteristic times lt, and ~­

Two primary flow patterns can be present in a horizontal well lest performed in a infinite rt!scrvoir; 

the Vertical-Linear-Horizontal (VLH) flow pattern and the Venical-Spherical-Horizontal (VSH) flow 

pattern. The two patttms differ in their relative magnitude between the boundary effect time tb and 

well length effect time fw. The segmental solutions simplified from the integralt!d solution b~<.:omt! 

different for the two flow patterns, and the appropriate solutions need to be used in a horizontal wt:11 
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test interpretation with a given flow pattern. 

Toe solution expressions presented in Chapter 4 also provide a way to estimate the effective wt!ll 

length if the horizontal penneability is approximately isotropic, or if the well is in the average 

permeability direction i.e. ku = JGi. Under these conditions, the horizontal permeability ~ can bt! 

estimated from the horizontal radial flow regime, which is independent of the well length, and lhe well 

effective length can be determined from parameter Cw to obtain the following (in oil field units): 

0.5398Qt L ~ ,.. 
e I 

he,,/~ llp h 

(7.9) 

where Le: is the effective well length and ~p· 11 is the pressure derivative at the horizontal radial tluw 

regime. 

The vertical permeability can be estimated from the early venical radial regime or from tb. 

7.2.3 \Vellbore storage and formation alteration effects 

Wellbore storage effects on horizontal well tests are very similar to those of vertical well tests in terms 

of both type curves and derivative curves. However. depending on the magnitulle of the storage 

coefficient, the early, middle, and even the late time flow regimes can be masked. Different from a 

venical well test. horizontal well test masking can seriously damage the chamcteristics the segmental 

lines possess, which the test interpretation usually depends on. If this is the case. the interpretation 

quality will be limited, and most likely, only the storage coefficient can be determined from the storage 

masked segments. Therefore, if a large pan of a test curve shows wellbore storage as dominant, the 

anisotropic parameters may become impossible to estimate. 

Fonnation alteration also distorts the original characteristics of horizontal well test type curves and 

derivative curves. If the section of the type curve in which the alteration characteristics are present 

is not masked by the wellbore storage, it can be used to estimate the formation alteration parameters, 

such as alteration degree and alteration, by methods such as curve matching. 1be alteration size also 

can be estimated by using solution (6.4.1) because different alteration sizes give different intersections 

to the non-altered horizontal line in a derivative graph. However, if wellbore storage and formation 

alteration are combined, usually the alteration characteristics will be masked by the wellbore storagl!. 



Chapter 7 Research Su11u1,ary and Conclusions 17 l 

One thing we need to mention is that a improved formation sometimes can show a very similar eftect 

to that of wellbore storage on a pressure or derivative L"UfVe, particularly if the formation permeability 

improvement is great (<X < - 05). Tilis similarity comes from the fact that both effects slow down the 

wellbore pressure decline rate. If this is the case, the slope of the affected line segmenlS should be 

studied carefully to identify the cause of the dominant effect. 

7.3 Future Research On Horizontal Well Analysis 

We have focused on the analysis of productivity as well as parameter estimation tor a horizontal well 

test throughout this research. However, many important issues related to horizontal well applications 

have been simplified. and sometimes over-simplified. Some other problems remain unsolvt!d. The 

most important ones include the determination of horizontal well effective length. rt!st!rvoir 

heterogeneity effects, moving boundaries. and productivity evaluation under multi-phast! tlow condition. 

In the derivation of the solutions in Chapter 3 and 4 we assume that tht: tlux entering the wellbore is 

the same along the whole length of the wellbore. This has over-simplified the real situation. Because 

of the viscosity effect, a cenain amount of pressure gradient along the well axis is required in ordt!r 

for the fluid entering the wellbore to be transported to the well heel. The axial pressure gradienl along 

the well also is not a constant; the gradient should be larger near the heel, and gradually decreases 

toward the toe. However, the actual pressure distribution along the well is unknown because it will 

be a function of the well length, orientation, total flow rate and rt!scrvoir characteristics. The reservoir 

pressure decline will also decrease from the area near the well heel to the area near the well tot!. Fur 

a long horizomal well, it is very possible that the reservoir flux entering the wellbore is so small near 

the well toe area that the surrounding reservoir pressure decline becomes very small compared to the 

average. Under this condition, the effective well length which is receiving flux from reservoir will 

become less than the actual well length, and a effective well length must be used. 

The effective well length can affect the magnitude of parameters_ estimated frum a well test. 

Determination of well effective length is only possible from a well lest if~=~, as discussed abuvt.:. 

However, if this condition on the horizontal permeability can not be satisfied, it seems unlikely that 

the effective well length can be detennined from a well lesl Two possible ways might be considered 

in further research; the experimental method and numerical simulation. 

The viscosity effect on the transponation of fluid within the wellbore disappears in a buildup cest 

because no real wellbore flow exist in such cases. Therefore, we expec~ that the well length in a 
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buildup test should be approximately the same as the real wt:11. lllis provides ont: possibk way to 

estimate the effective well length by comparing the parameters estimated from both tht: drawdown and 

buildup test. However, because the effective well length depends on individual well configurations9 

the effect length obtained from a individual test may not be applicable to other wells in the same 

reservoir. 

Another possibility in determining the effective well length is through numerical simulation. Two 

wellbore conditions may be used in such simulations. We may assume that the whole length of the 

well is filled up with fluid, but with varying densities due to the pressure difference along the well. 

The pressure and pressure gradient along the well can then be calculated easily. TI1e calculated 

pressure is then assigned as the wellbore pressure conditions in the reservoir transient simulation. If 

the numerical simulated pressure is compared with the analytical pressure solution develo()t!tl in 

Chapter 4T the effective well length can be estimated. Another possible way to simulate the effecti vc 

length related problem may employ the assumption that, instead of a well9 a cylinder or highly 

permeable material is located at the well location. Under this condition, only the pressure al lhc wdl 

heel need be simulated numerically. The pressure at olher pans of tht! well will be dt:tcnnincd by Lhc 

tlow conditions. Titis assumption may be closer to reality because the wellbore pressure will be 

determined automatically baSt!d on the simulation~ which has the same: mcl:hanism as lhc real silualiun. 

Reservoir heterogeneity is also an imponant factor in horizontal well test interpretation. In some 

situations, a horizontal well can be as long as 2000 to 3000 meters. In such a long section. it is almost 

certain that the porous medium properties will vary along the well. A well test in a heterogenous 

reservoir will reflect the combined characteristics along the whole dfective length. This makes i1 

difficult to identify lhe productive sections from the impaired sections. However, there are nu 

obviously feasible methods which can address the problem. Observation points located along the 

wellbore may help by providing pressure distribution data, but this requires a complicated completion 

procedure or extra wells. 

All the productivity and pressure analyses in this thesis assume that the reservoir is a layered reservoir 

with upper and lower impermeable boundaries. The situation of a gas cap or active bottom waler 

reservoir will be much different from this assumption. Strictly speaking, the flow in such rest:rvoirs 

will be multi-phase rather than single-phase flow. If the multi-phase character can bt! negle<.:tcd, lhe 

moving boundary problem must be considered because lhe boundaries between the two phases will 

move toward the well during a well test or during production. lbis moving boundary problem is alsu 

important in the prediction of water or gas coning. It might be interesting to explort: tht: relationship 

between the boundary effect time tb and the moving boundary initiating time. There should exist some 

quantitative relationships because, intuitively, only after the boundary is detected by lhe pressure 
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propagation can the particles beyond lhe boundary begin to move. 

Other problems related to horizonlal well application analysis and applications also nct:d tu be 

addressed in future research. Tilis may include a cost-optimized well productivity analysis by 

considering the cost in well drilling,. completion and so on. Horizontal well test interpretation in 

fractured reservoirs also needs a more detailed study. Topics related co other engineering areas may 

include pressure decline analysis in water-table aquifers, imponant in dewatering d\!sign; watt:r pressure 

distribution in a non-horizontally distributed initial pressure surface, a problem oficn cncoumt!rt:li in 

slope stability analysis; and other environmental and petroleum related problems. 
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