ON SETS OF POLYNOMIALS WHOSE DIFFERENCE SET CONTAINS
NO SQUARES

THAI HOANG LE AND YU-RU LIU

ABSTRACT. Let Fy[t] be the polynomial ring over the finite field Fq, and let Gy be the
subset of F,[t] containing all polynomials of degree strictly less than N. Define D(N)
to be the maximal cardinality of a set A C Gy for which A — A contains no squares
of polynomials. By combining the polynomial Hardy-Littlewood circle method with the
density increment technology developed by Pintz, Steiger and Szemerédi, we prove that
D(N) < ¢"(log N)"/N.

1. INTRODUCTION

In a series of papers, Sarkozy [11, 12, 13] investigated the set of differences of a set of
positive density in the integers. He proved the following theorem in [11], confirming a
conjecture of Lovasz:

Theorem 1. If B is a subset of positive density of the integers, then there exist two
distinct elements of B whose difference is a perfect square.

Foraset H C N ={1,2,...} and N € N, we denote by D(H, N) the maximal cardinality
ofaset B C {1,2,..., N} such that the difference set B— B does not contain any element of
H. Thus, if T is the set of non-zero squares, the above theorem says that D(T, N) = o(N).
Sérkozy indeed gave an explicit upper bound for D(T, N) by showing that

(loglog N)?/3

(log N)1/3
At about the same time, by using ergodic theory, Furstenberg [2] independently proved
that D(T, N) = o(NN), but his result is not quantitative. Recently, Green [3] and Lyall
[8] provided greatly simplified proofs of Sarkézy’s theorem with weaker bounds. Even
more recently, Green, Tao and Ziegler [14] gave yet another simple and elementary proof

of Sérkozy’s theorem (though with weaker bounds). A sharper quantitative result was
obtained by Pintz, Steiger and Szemerédi in [9], where they proved that

D(T7 N) < N(log N)_(1/12) loglogloglogN'

D(T,N) < N
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This bound was later improved by Balog, Pelikén, Pintz and Szemerédi [1] with 1/12 being
replaced by 1/4.

Various generalizations of Sarkozy’s theorem have been investigated. For example, Ka-
mae and Mendes France [4] gave very general criteria for sets enjoying the same properties
as the squares (known as intersective sets). For | € N with | > 2, the aforementioned
bound of Balog, Pelikén, Pintz and Szemerédi was valid with squares replaced by [th pow-
ers. Sarkozy’s [12] also estimated D(H, N) with H = {p — 1 : p prime}. His theorem was
later improved by Ruzsa and Sanders [10]. For more results on intersective sets, we refer
the reader to the survey paper [6].

In [7], the first author and Spencer investigated a function field analog of Sérkozy’s
theorem for shifted primes. Because of some improved exponential sum estimates, they
obtained a result that is stronger than Ruzsa-Sander’s bound. In this paper, we consider
a function field analogue of Theorem 1. Let F,[t] be the polynomial ring over the finite
field I, and let G be the subset of F,[t] containing all polynomials of degree strictly less
than N. We denote by D(NN) the maximal cardinality of a set A C Gy for which A — A
contains no squares of non-zero polynomials. Also, for A C Gy, we denote by |A| the
cardinality of A. Define

U(A,N) = Z {(a,a) € A’ |a—d = f?}

FEF[t]
70

)

which represents the number of distinct pairs (a,a’) in A? whose difference is a square.
We first notice that if ¢ is a power of 2, the map f — f? is linear. This observation allows
us to provide simple estimates for D(N) and U(A, N) in this case. For a real number R,
let [R] be the smallest integer > R and |R] the largest integer < R.

Proposition 2. Suppose that q is a power of 2.
(1) We have

D(N) < ¢V,
(2) Let A C Gy with |A| = 5¢" and § > ¢~ N/%. We have

U(A,N) > §2qI3N/21 _ 5gN

Proof: For a,a’ € Gy, we have a —a’ = f? € Gy. We first notice that every square
in Gy is of the form xg + w9t + ... + x9xt?*, where z; € F, and k < L%J Let
M = L%j For every x = (z1,29,...,2p) € IF(]]V[, the M-dimensional vector space over
Fy, let A, be the set of all elements a = ag + a1t + ... + an—_1tV "1 in A such that
(a1,a3,...,a20-1) = (21,72, ..., Tp1)-
(1) If

A| > ¢V M > N2,
by the pigeonhole principle, there exists x such that A, contains at least two distinct
elements. Then the difference of these two elements is a non-zero square in F[t].

(2) Suppose that A C Gy with |A] = §¢" and § > ¢~ /2. From the above estimate, we
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see that .
UAN) > > [A? = [A] > 7] AP — 4] = 623N/ — 5¢7.
zeF) 1
This completes the proof of the proposition.

Thus, throughout the rest of this paper, we assume that ¢ is odd. By adapting part of
the Pintz-Steiger-Szeméredi argument, we prove that

Theorem 3. Suppose that q is not divisible by 2.
(1) There exists a constant C, depending only on q, such that
(log N)7

N
(2) Let A C Gy with |A| = 6¢~ and § > Cw. There exists a constant C', depending

only on q, such that

D(N) < C¢

U(AN) > 8 exp ( ~ C%(log NY) g2,

The paper is organized as follows. In Section 2, we will introduce basic notation and
Fourier analysis in F,[t]. In Section 3, we will obtain some exponential sum estimates that
are necessary for our arguments. Then we will prove Theorem 3 in Section 4. We remark
here that since we will not implement the full strength of the Pintz-Steiger-Szemerédi
argument in this paper, the above bound of D(INV) is not as strong as its integer analogue.
However, our approach allows us to get a bound on U (A, N), which is not possible using the
method of Pintz-Steiger-Szemerédi. On the other hand, various arguments used to get the
correct order of magnitude of U (A, N), which is ¢*"/2, give much weaker bounds for D(N)
than the one in Theorem 3. Thus, our bounds of D(N) and U(A, N) are something in
between the two extremes. Also, although we work only with the squares, our approach can
be easily extended to cover [th powers when [ < p, the characteristic of IF,;, with a bound
of the same strength. The cases when [ > p are more difficult. The main obstruction is
that our approach involves the use of Weyl’s differencing (see Lemma 9), which produces
factors of I! on certain exponential sums. Since these factors are zero when [ > p, the
standard application of the circle method is ineffective in providing non-trivial estimates.
In our future paper, we intend to apply the recent work of the second author and Wooley
on Vinogradov’s mean value theorem in function fields to overcome the difficulty of small
characteristics. We also plan to apply the approach of Pintz-Steiger-Szemerédi to obtain
a bound of comparable strength to its integer analogue.

2. PRELIMINARIES

We begin this section by introducing Fourier analysis for function fields. Let K = F(t)
be the field of fractions of F,[t], and let Ko = Fy((1/t)) be the completion of K at oo.
Each element ¢ € Ky may be written in the form & = >, a;(§)t" for some w € Z and
ai(§) € Fy (i < w). If ay,(€) # 0, we say that ord ¢ = w, and we write (£) for ¢°*4¢. We
adopt the conventions that ord0 = —oco and (0) = 0. Also, we write {£} = Y, a;(&)¢
as the fractional part of . It is often convenient to refer to a_;(§) as being the residue
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of &, denoted by res¢. For a real number R, we let R denote ¢®. Thus, for z € Fq[t], we
have (z) < R if and only if ordz < R.

Let T = {6 € Ky |ord¢ < O}. Given any Haar measure d¢ on K., we normalize

it in such a manner that f,ﬂ, 1d¢ = 1. We are now equipped to define the exponential

function on K. Suppose that the characteristic of F, is p. Let e(z) denote e*™* and

let tr:F, — I, denote the familiar trace map. There is a non-trivial additive character
eq : Fy — C* defined for each a € I, by taking e,(a) = e(tr(a)/p). This character induces
amap e : Koo — C* by defining, for each element £ € K, the value of e(£) to be e, (res§).
For £ € K, the exponential function satisfies the following orthogonal relation [5, Lemma

7]:
[ N, iford{¢} < —N,
ZA el) = { 0, iford{¢}>—N. (1)
(zy<N
Let ® : Gy — C. The Fourier transform ®:T—C of ® is defined by
Ola) = Y ®(v)e(za).

(z)<N

If &,V : Gy — C, then the convolution ® x U : Gy — C of ® and ¥ is defined by
xU(z)= Y O(y)¥(z—y).

(W)<N

Let v € T with ordy = —N. By (1), we have

Y Ba)U(zy) =N Y 0(2)¥(w), (2)
(z)<N (z)<N

where ¥(x) is the complex conjugate of \Il(x) Then it follows that
S b= N > iot )
() <N ()
Also, for every a € T, we have
B« () = d(a)T(a). (4)

For a set A C Gy, we denote by A(z) the characteristic function of z. If |A| = SN, by
(3), we have

Y A’ = NJA| = 6N, (5)
(x)<N
Finally, by (2), we have
1 ~ ~
Y AxA(—2)®(z) = 5 |[A(zy) D (7). (6)
(@)<N (z)<N

Notation For r € R, let f(r) and g(r) be functions of r. If g(r) is positive and there
exists a constant C' > 0 such that |f(r)] < Cg(r) for all r, we write f(r) < g(r) or
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flr) = O(g(r)). Throughout this paper, all implicit constants and constants denoted by
C,C’" or ¢; depend at most on gq.

3. EXPONENTIAL SUM ESTIMATES

For n > 0 and a, g € F,[t], define

Magn = {a eT|{(a—a/g) < 77}.
Let R,M € N with R < 2M/3. We recall that for all & € T, by Dirichlet’s theorem in
F,[t] [5, Lemma 3], there exist a, g € Fy[t] with g monic, (a) < (g), (a,9) =1, (a —a/g) <
R{g)"'M~2 and (g) < M2R™'. Let M,y = M
arcs M and the minor arcs m as follows:

a,g,R(g)~1M-2" Then we define the major
M= U Ma,g and m:T\f)ﬁ

<9>S1§

g monic

(a)y<{g)

(a,g):l
Also, we define

Su(a) = Z (x)e(z?a).
(x)<M

In this section, we will obtain some estimates of Sy; on the major and minor arcs. Specific
choices of M and R will be made in Section 4.

Lemma 4. For a € M, 4 C 9N, we have

> e(r’a/g)Su(e—afg) + O((g)?).
(r<l9)

Proof: Let f = a—a/g. For x € F[t], we write x = yg +r with y,r € F,[t] and (r) < (g).
Since o € M, we have (g) < R < M. Then

Sula) =Y (2)e(za/g)e(2?p)

(x)y<M

= > (yg + rye((yg +r)%a/g)e((yg +r)*B)

(r)<{9) (y)<M(g)~1

= Y e(Pafg)elB) + Y e(r%/g)( 3 <yg+r>e(<yg+r>25>).

(r)<(g) (r)<(g) 1<(y)<M(g)—1
Notice that for (y) > 1, we have (yg +r) = (yg). Also, since R < M2/3, we have

<(yg + 7‘)26 — (yg)26> < max {(yg), <T2)}<B) < max {]\/qul, ]§2q*2}]§<g>*1]\/4\*2 <q 2.
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Thus, e((yg + r)2ﬁ) = e((yg)Qﬁ). It follows that
> wg+re(lg+r)?B) = > (yge((yg)’B)

1<(y)<M(g)~! 1<(y)<M(g)~1

== > > (yg+re(lyg+r)’B)

Combining the above two equalities, we have

Su(0) = 0(lg)+ e<r2a/g>(<;>sM<ﬁ>+O(<g>>)
(ry<{g)

This completes the proof of the lemma.

e(r?a/g)Su(B)+0((g)?).

_ b
9 i<
Lemma 5. (major arcs estimate) For o € M, 4 C M, we have
Su(a) < M2(g)~'/2.

Proof: Since Z<T><<g>e(r2a/g) < ()12 [5, Lemma 22] and Sy(o — a/g) < M2, by
Lemma 4, we have

Sar(e) < (9)H(g) 2N ? + (g)* < M>(g) V2.
The last inequality follows since (g)%/? < R3/? < M2

Lemma 6. For a € M, 4, C m, we have

Sy () = Sa(a/g).
Proof: Write a = a/g + . Then
Su(e) = Su(afg+B) = > (w)e(z’a/g)e(x’B).

(zy<M
Notice that for & € m, we have (g) > R. Then
(2”B) < M *Rlg) "M > <%
Thus, e(z%8) = 1, and the lemma follows.

Lemma 7. For M < (g), we have

Z e(za/g) < (g)/*(ord g)'/2.
(z)<M
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Proof: We have
' Z e(z a/g

Since (a,g) = 1 and M < (g), by (1), it follows that

Z Z (@+y) @ —ya/g) < Y ‘ > e(uva/g)‘.

<

2
‘Z e(m2a/g) < M+ Z <{ua/g}>_1
(z)<M 1<(u)<(g)
- M+ Z <z/g>7l
1<(=)<(g)
ordgfl/\ e
<9+ Y Wgw!
W=0
< (g)ord g.

This completes the proof of the lemma.
Lemma 8. (minor arcs estimate) For oo € Mgy C m, we have
Sar(ar) < M2MY2R1/2,

Proof: By Lemma 6, we have Sys(«) = Sy(a/g). There are two cases:
(1) If (g) > M, by Abel’s inequality and Lemma 7, we have

m(a/g) = Z (z)e(2?a/g) < max (r) max

(x)<3T w<h =M

S claalg)| < Nilg) ord ).
<$><:f

Since (g) < M2R™1, it follows that
Sw(a/g) < M2MY2R™1/2,

(2) Suppose that (g) < M. For z € Fqy[t], we write = yg + r with y,r € F4[t] and
(r) < (g). Thus,

ma/g)= > D (yg+re(wg+r’a/g)= > e(r’a/g) D (yg+r).
(r)<(9) (y)<M(g)—! (r)<{g) (y)<M(g)=1

Since 37y < (g) e(r?a/g) < (g)'/? [5, Lemma 22] and (g) > R, it follows that
Sla/g) < (9)'/*M*(g)"" < MR,

Combining the above two cases, the lemma follows.

Lemma 9. For N € N and o € T with —N <orda < —2M + 2, we have

Z 1Sar(za)|® < N,
(z)y<N
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Proof: By [5, Proposition 13|, for any ¢ > 0, we have

/} Z e(yQa)‘4da<<]\72+6.
U<t

Then using the argument in [15, Theorem 3], we can derive from the above bound that
2 6 74
/‘ Z e(y a)’ doo < M™.
T —
(y)<M
By [5, Lemma 1], we have

6
/ ‘ E 6(3/204)‘ da = #{(y1,y2, Y3, 21, 22, 23) € Gar® | y] + 93 + 35 = 27 + 23 + 23 }.
T —
(y)<M

Thus, combining the above estimates with (1), it follows that

Z ‘Sj\/f(aca)‘6

<ac)<]’\7

= > > (Y1) () (ys) (21 ) (22) (z8)e (U7 + 3 + 43 — 21 — 23 — 23)zq)
(@)<N (y1),(y2),(ys),(21),(z2),(z3) <M

=N >, (1) (y2) (ys) (21) (22) (23)

(y1),(y2),(ys), (21),(#2) (z3) <M
Yi+y3+yi=z1+23423

< NM\G#{(yl,yg,yg,zl,ZQ,23) G|+ i +ys =2+ 22+ zg}
< NM™.
This completes the proof of the lemma.
For f € F,[t], a € F; and o € T, define
Ryao(a) = {z € Fy[t]| (20— f—at™!) < q_g}.

The following lemma says that, in a sense, 2>

Lemma 10. Let « € T, a € Fy and f € Fy[t] with f # 0.

(1) For x € Ryq(a) and b € Fy with a # b, there exist unique ¢ € Fy and | € NU {0} such
that  + ct' € Ryp(a).

(2) For any b € Fy, we have |Ryp(a)| = |Ryq(c)].

« is uniformly distributed in T.

Proof: (1) For x € Ry 4(c), we have
z+ct € Ry = ((w+ct)Pa—f-bt)<q?
= (((z+ct)? —a®)a—b—a)t™') <q?
= <ctl(2x +ctha — (b — a)t_1> <q2

Since (z?a— f) < ¢!, ((z+ct')?a— f) < ¢ and f # 0, we have ordz > ord (ct'). Since
a # b, by comparing the orders, we have

l+ordz+orda=—-1 <= I[=—-orda—1—ordz. (7)
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Thus, [ is uniquely determined. Moreover, we see that the leading coefficient of 2cat!a is
equal to b — a. Thus, ¢ is uniquely determined.

(2) Consider ¥, : Rya(a) — Ryp(c) defined by v, 4(z) = x + ct!, where ¢, are defined
as in Part (1). Suppose that z1,21 € Ry ,(a) with z; + 1t = x9 + cot!2. Since (z3a) =
(f) = (¥3a), we have (x1) = (z2). Then by (7), we have

l[i=—-orda—1—ordxy = —orda — 1 —ordxy = Is;

from which it follows that 1 = x2. Thus, v, is injective. Similarly, we can prove that
Uy @ Rpp(a) — Ryq() is also injective. It follows that |Rysp(a)| = |Ryq(a)l.

Lemma 11. For a € T, we have

[Sar(a)] < ()"

Proof: We first notice that if (o) < M~2, then
[Sar(e)] < M < ()7

Thus, in the rest of the proof, we can assume that (o) > M2 Let f € Fq[t], a € Fy and
x € Ry q(a). We have
e(r?a) = e(f +at™) = ey(a).

Notice that f = 0 if and only if (z2a) < 1. Then it follows that (z) < (a)~Y2. If f # 0,
then (z2a) = (f). Thus, () is independent of a. We have

Sar(a)] = \ Y (ae(e?a)

(z)y<M

| Z ol ¥ T ¥
(z2a)<1 1<(f)< ~2(q)~1 a€Fq 2€Ry o (x )
—1\1/2
<@ Y ] Y ) e Y1
(z2a)<1 1<(f)<M2q=2(a) ! a€lfy T€Ry o (a)
_ <a>—1 + Z 1/2 -1/2 Z |Rf, |
1§<f>sﬂ2q*2<a>*1 ackq

By Lemma 10 part (2), the above inner sum is 0. This completes the proof of the lemma.

4. PROOF OF THEOREM 3

For N € N and A C Gy, we define

W(AN)= > (H{(a,d) e Ala-d = [},
fEF[t]

which counts the number of pairs (a,a’) in A% whose difference is f? with weight (f). In
this section, we will prove the following theorem.
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Theorem 12. There exist constants C,C’ > 0, depending only on q, such that whenever
~ 7
A C Gy with |A| = 6N and § > C%, we have

1 N
W(A,N) > 6% exp ( — C'g(log N)7)N2.

We notice that since W (A4, N) > 0 and W (A, N) < NY2U(A, N), Theorem 3 is a direct
consequence of the above theorem.

Let v € T with ordy = —N. For > 0 and g € F,[t], let

Mgy = U Ma,g.ns

(ay<(9)
(a,9)=1

where M, 4, is defined as in Section 3. We also define

F(gm)zAlzv S A

4] (z)<N
TYEMy 1y

The following lemma is about the density increment.

Lemma 13. Let A C Gy with |A| = SN. Let n > 0 and g € Fy[t]. Suppose that
N'= —log,n —2ordg > 0. Then we can find a set A" C Gyr with |A’'| = ' N’ such that

(1) & > 6+ F(g,n),
(2) W(A,N) > (g)*W(A',N').

Proof: Let G = g°G'y. By (3) and (4), we have
1 .

Yo AN(G+2)P = ) [AxG(x))? = |Ax G(zv)” =
(x)<N (x)<N (z)<N (z)

A7) PG ()]

=)
=) —
A
=)

For v € Mgy, and y € Gy, we have

{g®yxy — gya) < (¢*y)n < q "

It follows that
Gy = Y elg®yzy) =N
(y) <N’
Thus, by the definition of F'(g,n), we have

~ ~ ~ 2
> JA@y)PIG(@y)|* = 6F(g,n)NN'".

(z)<N
TYEMyg

2] =

Also, if x = 0, we have

1A(0)2|G(0)[? = 2N N"".

2| =
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We notice that 0 ¢ Mg, as N’ > 0. Combining the above estimates, we have

Yo lANG+a)P S A PIGE)E > (8% + 6F(g,m) NN

(z)<N (x)<N
zye{0fUMyg,y

=)~

We also notice that
3" AN (G +a)| =|A|G| = SNN.
(x)<N

Thus, there exists 2/ € Gy such that |[AN (G + /)| > (6 + F(g,n))]/\f\’. Let A" = {y €
Gy :¢’y+2' € A}, then the set A’ satisfies both conditions of the lemma.

Proposition 14. There exist constants ¢; > 0 (0 < i < 3) such that the following hold:
let N > co, and let a set A C Gy with |A| = 6N and § > N~t. Suppose that W(A, N) <
c102N2. Then there exist N' and a set A’ C Gy with |A| = §' N’ such that

(1) NN >N —cologN,
(2) & >0+ c36%(log N)76,
(3) WA, N') < W(AN),

Proof: Let @ : Fy[t] — C be defined by

@([L’): {<f>7 lfx:f2€GN7

0, otherwise.

By (6), we have

WAN) = 3 Ax A-a)o) = = 3 Ao,

(zy<N (z)<N

Also, we notice that ®(f) = Sy (6), where M = |22, Let R = |cylogN] and K =
|es log N |, where cy, c5 are large constants. Since W (A4, N) < ¢162N? and |A(0)]2®(0) >
§2N3, for ¢; sufficiently small, we have

Y A@)PSa(ay)| > 8N, (8)

(x)<N
x#0

Let Mg g, 9T and m be defined as in Section 3. We now divide the sum in (8) into various
cases. Consider those x with zy € m. By Lemma 8 and (5), for N and ¢4 sufficiently
large, we have

> A(@y)PSu(zy) < max |Syr (7)) ST AP < M2PMRTV26N? < 82N, (9)
xy

(@)<N (z)<N
ryem
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Consider those z with fT(a:fy) < \A|IA( ~1. By Hélder’s inequality, (5) and Lemma 9, for N
and cy sufficiently large, we have

S A PSu(xy)
(zy<N
A(zy)<|A|K 1

5/6
s (5 o) )
A(zy)<|A|K T (z)y<N

< (5]\7[?—1)1/3(5N2)5/6(NM\10)1/6

< N3 (10)
Thus, it remains to consider those x with = # 0, xy € 91 and E(x’y) > |A]I?*1. Let

M(a,g) = {a: € Gy |ay € Mgy and //l\(xfy) > ]A\I?*l}.

By (8), (9) and (10), we have

1/6

IN

SN <« Z Z )121Sar ()]
1<(g)<ReEM(ayg >
g monic
(a)<(g)
(a,g):l
< Z xe%)'f“(””)‘z Z |Sn (z7)]- (11)
1<(g)<R 7 zEM(a,9)
g monic
(a)<{g)
(a,9)=1

For x € M(a, g), since 3,y e(r?a/g) < (g)'/? [5, Lemma 22|, by Lemmas 4 and 11,
we have
Su(ry) < {9)"|Su(ey = a/g)| + (9)* < ()7 (wy —a/g) ™" +(9)*.
Also, by (5), we have
/'\_ 2 A~
M@, )l(JAIK) < > | < > |A@y)? = oN2.
xeM(a,g) ()< N

Thus, for c; sufficiently large, it follows that

IM(a,g)| < 6 TK? < K®. (12)
Let T € N with 7 —1 < K3 < T. Then for a fixed ¢ € Ko and distinct f; € Fy[t]
(1 <i< K?), we have

B LWl
;m & < Z = <T<K.
Also, since ordy = —N, we have (zy — a/g) = N{z — a/(g7))~*. Thus, it follows that
> ISul< Yo (0 PN@=a/(g7)+H0)?) < (o) ENK+H(g) K® < () AN K.
zeM(ag) zeM(ag)
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Substituting this into (11), we have

~ -~ 2
PN < Y max ‘A(m)‘ (g)" V2K,
.. z€EM(a,g)
1<(g)<R
(a,9)=1
g monic

For1<r<Rand1<k<K,let L, be the set defined by
£k = {a/g) (g) = 7. monic. (a) < (g).(a.0) =1 and AR < max | A(@y)| < [AF=1 ).
Then it follows from the above inequality that
PN* < D7 Ll AP TVK,

1<r<R
1<k<K

which implies that
1< Y Lk 2K,

1<r<R
1<k<K

Thus, there exist some r and k such that
1Lk > B*7V2K2R. (13)

We now aim to obtain an upper bound for |£, ;|. For a fixed g € F,[t], by the definition
of F(g,n), we have

i~ 1 ~ 1 -
F(g,R(g)™' M%) = —— > AP > —= > AR
|A|IN . |A|N
{@)<N (a)<(g)
TTEM -T2 ool
Summing over all g € F[t] with ¢ monic and (g) = 7, we have
. _ 1 ~
Fmax F(g, R(g) "M ™%) > ——|L,x||A]*k 2,
max F'(g, F{g) ) |A|N| 14]

which implies that
L0kl < 67K max F(g, R(g) ™' M~?).

(g)="

Also, by using the same argument as in (12), we have
|['7",k| < 5 1k2.
Combining the above two inequalities, we have

1L, 5| < 07 KA1/ max F'(g, R{g)"'M~2)1/2,
g)=r

Combining this with (13), we see that there exists g with (g) < R such that
F(g,R(g)""M~2) > §?K*R2.

Then by Lemma 13, we see that there exist N € N and a set A’ C G with |A'| = §'N
such that
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~

(1) N' = —log,(R{g)~* _)—20rngN—2R2N—2C410gN,
@) 82 54 Flg Ry 1012 2 5 + cetlog )

(3) W(A',N') < (9)*W (A", N') < W(A,N).
This completes the proof of the proposition.

Now, we are ready to prove Theorem 12.
Proof of Theorem 12: Suppose that we have a set A C Gy with |A|] = 5N, §>2N!
and W(A,N) < 6%exp ( — 06%(10g N)7)N2, where cg is a large constant. By applying
Proposition 14 repeatedly, we can construct a sequence of triples (N, A, d;)i>0 such that
N; € N and 4; C Gy, with |4;] = 6;N; which satisfy

(1) (N07 A07 50) (N A 6)
(2) Niy1 > N; — colog Ny,

(3) dip1 > 0; + 6352(10gN)

(4) ( H—laNH-l) < W(A )

Claim 1. For N sufficiently large, we can construct a sequence of triples (N;, A;, 51-)2-220
satisfying the above conditions (1)—(4) with Z = mej and c; a large constant.
Proof: Notice that when we apply Proposition 14 to construct (Nz+1,Ai+1,5i+1) from
(Ni, Ai, i), we need N > co, 6; > N, Dand W(A;, N;) < 0152]\7 Since the sequence
(N;)i>0 is decreasing and the sequence (d;)i>0 is 1ncreasmg, it suffices to show that for
N sufficiently large, for any sequence of triples (Nz,Al,cS ) ~ o satisfying the conditions
(1)—(4), we have Nz > cg, 6 > N, and W (A;, N;) < ¢16? N (0 <i< Z). Notice that

(log N)7

5
Thus, if 6 > cg (IOgNN) for some sufficiently large constant cg (in terms of ¢y and ¢7), we
have Ny > N/2 > ¢p. Since 0 > 2N~ we have § > Nz_l. Also, there exists a large
constant ¢y (in terms of ¢y, ca, ¢7) such that for cg suﬁiciently large (in terms of cg),
(o

NZZN—CQZlOgNZN—CQC7

W(A,N) <52exp<—065(10g]\7) )]/\\72 < 8%q N2 < 5201NZ .

Since (NV;)i>o is decreasing and (d;);>0 is increasing, it follows that

W (A, Ni) < W(A,N) < 102N, < 182N, (0<i < 2).
This completes the proof of the claim.

Claim 2. We have 67 > 1.
Proof: Suppose that all 6; < 1 (0 < i < Z). Let N be sufficiently large such that
c3(log N;)70 <1 (0<i < Z). Then for 0 <i < Z, we have

1.1 1 1 ~ c3(log N;) 7O - c3(log N;)~6 U1

SN - “es(log N
0 Oir1 O O +0352~2(10gNZ-)*6 1+0351(10gNZ-)*6 - 1—|—03(10gN) 6 = 2 (Og )

Summing over all i with 0 < i < Z, for ¢ sufficiently large (in terms of ¢3), we have
1 1 1

— — — >Zcs(logN)™% > =
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which leads to a contradiction. This completes the proof of the claim.

7
Since it is not possible that d; > 1, we conclude that if § > Cg%, then we have
W(A,N) > 6%exp ( — cs3(log N)")N?. By taking C = cs and C’ = ¢, the theorem

follows.
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this paper.
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