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Abstract

Many complex phenomena like shock-shock interactions, shock-vortex interactions,
stratified flows, etc., are governed by nonlinear hyperbolic conservation laws. Higher order
numerical schemes like the discontinuous Galerkin (DG) method are increasingly being
used in computational fluid dynamics (CFD) codes to solve such conservation laws. Os-
cillations often develop in the numerical solutions obtained using higher-order methods.
These spurious oscillations can lead to numerical instabilities and eventual degradation of
the solution. Slope limiting is one of the mechanisms used to suppress such oscillations, and
thus, stabilize the numerical solution. Slope limiters were originally introduced for finite
volume (FV) methods, where the reconstructed slope in an element is modified to prevent
oscillations while maintaining second-order accuracy and stability of the numerical solu-
tion. Limiters tailored specifically for the DG method have also been proposed. However,
developing efficient higher order limiting techniques for the DG method on unstructured
meshes remains an open problem. Many factors influence the design of a suitable limiter
for the DG method, e.g., the domain discretization involved, the basis functions used to
approximate the solution, the choice of limiting directions, and the neighborhood used to
reconstruct the solution coefficients, to name a few.

In this work, we propose high-order moment limiters for the DG method on un-
structured two-dimensional (triangular, quadrilateral, curvilinear triangular) and three-
dimensional (tetrahedral) meshes. The limiters work by relating the solution coefficients
(moments) to directional derivatives along specified directions and limiting said direc-
tional derivatives independently using a one-dimensional slope limiter. The limiting is
performed hierarchically starting at the highest moment and stops on reaching a set of
moments/derivatives that remains unchanged, thereby preventing overlimiting.

To use available computational resources efficiently, simulations often employ run-time
adaptive mesh refinement strategies. In this thesis, we present a high-order limiter for the
DG method on nonconforming triangular meshes that arise in such adaptive computations.
Moreover, we also propose a simple algorithm to update the reconstruction stencil of ele-
ments in an adaptively refined triangular mesh. Our algorithm is implemented entirely on
the graphics processing unit (GPU) and avoids race conditions.

We provide numerical examples to show that limited solutions retain the theoretical
rate of convergence and are robust in the presence of discontinuities. Finally, we perform
wall clock studies to analyze the performance of the proposed limiter for the computational
cost involved in executing the limiter.
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Chapter 1

Introduction

Nonlinear hyperbolic conservation laws can be used to model several complex physical
phenomena like shock-vortex interactions, strati�ed 
ows, 
ows around a turbine, etc.
Closed-form analytical solutions do not exist for many of these problems, thus making it
necessary to rely on numerical simulations to obtain approximate solutions. Many of these
simulations, for example modeling atmospheric 
ows for weather forecasting, simulations
of oceanic surface waves and their interaction with coastlines, etc. involve large variations
in length and time scales. Moreover, we require high accuracy in the numerical solution to
e�ciently capture complex phenomena over such large scales. Using traditional techniques
like a simple �nite volume (FV) formulation often prove to be computationally expensive,
especially to achieve the required high accuracy of the solution. Therefore, higher order
numerical schemes are being progressively used in computational 
uid dynamics (CFD)
codes to solve nonlinear conservation laws. Due to its compact computational stencil and
ease in handling adaptive re�nement (of both the computational element and the polyno-
mial numerical approximation of the solution in an element) over complex geometries, the
discontinuous Galerkin (DG) method o�ers an attractive alternative to traditional schemes.

Numerical solutions obtained from high order methods often develop spurious oscilla-
tions near solution discontinuities which can lead to numerical instabilities and eventual
degradation of the solution. For example, consider the linear advection equation

u t � a1
@

@x
u � a2

@
@y

u � 0; (1.1)

with ˆa1; a2• � ˆ1; 0• and the initial condition uˆx; 0• � u0ˆx• given by

u0ˆx• �
¢̈
¨
¦
¨̈
¤

1:0; SxSB0:25;SySB0:25;

0:0; otherwise;
(1.2)
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in the domain 
 � � � 1; 1� � � � 1; 1� . Figure 1.1 compares the cross-section of the exact
solution of the advecting square pulse att � 0:5 with the numerical solution obtained
using a second order DG approximation. We can clearly observe spurious oscillations,
also referred to as "Gibbs oscillations", near the discontinuities atx � 0:25 and x � 0:75.
These spurious oscillations are undesired as they often lead to numerical instabilities and
reduced accuracy in regions where solution is smooth. The issue is further exacerbated

Figure 1.1: Cross-section aty � 0:5 of an advecting square pulse att � 0:5, obtained with
a second order numerical approximation.

for nonlinear hyperbolic conservation laws, where the presence of oscillations can lead to
nonlinear instabilities. Consider the Noh test case [3] for the two-dimensional Euler system
of equations given by

@
@t

’
–––
”

�
�u
�v
E

“
———
•

�
@

@x

’
–––
”

�u
�u 2 � p

�uv
ˆE � p•u

“
———
•

�
@
@y

’
–––
”

�v
�uv

�v 2 � p
ˆE � p•v

“
———
•

� 0; (1.3)

where� is the density, �u and �v are thex- and y-direction momenta,E is the energy, and
the pressure,p, is given by the equation of statep � ˆ 
 � 1• ‰E � �

2ˆu2 � v2•Ž. The test case
involves the time evolution of a symmetric circular shock structure. Figure 1.2 shows how
spurious oscillations have severely deteriorated the numerical approximation of density,
obtained using a second order DG approximation. In certain situations, these oscillations
can potentially lead to nonphysical values for the numerical solution, for example, negative
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values for density, energy, and/or pressure. Therefore, it is imperative that we suppress
such spurious oscillations and stabilize the solution.

Figure 1.2: Numerical solution (density) att � 2: for the Noh test case with a second order
DG approximation.

Designing e�cient and robust techniques to control such spurious oscillations near
solution discontinuities remains one of the challenges in developing robust higher order
methods for solutions of nonlinear hyperbolic conservation laws. Several techniques have
been successfully developed to suppress numerical oscillations resulting from higher order
discretizations employed in traditional methods like �nite volume methods, �nite di�erence
methods, etc. Many of these techniques, for example, arti�cial viscosity methods [4, 5],

ux limiters [4, 6, 1], spectral �lters [7, 8, 9], weighted essentially non oscillatory (WENO)
reconstruction [10, 11], and slope limiters [12, 1, 13, 14] have been successfully applied to
the DG formulation.

1.1 Slope Limiters

Slope limiting, originally proposed for FV methods, is one of the techniques used to sup-
press oscillations by controlling the gradient of the solution in an element. It is a natural
limiting method for second order formulations, especially in the context of FV methods as
it involves reconstructing the slope without altering the average value in an element. For
example, consider the one-dimensional hyperbolic conservation law given by

@
@t

u �
@

@x
f ˆu• � 0: (1.4)
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Let the approximate linear solutionUi in an element 
 i be

Ui � U i � Ûi � ˆx � x0•; (1.5)

where U i is the solution average in 
i , Ûi is the gradient of the solution in the element,
and x0 is the element centroid. As shown in Figure 1.3, slope limiting reconstructs the

Figure 1.3: Reconstruction of the slopes of the solution using slope limiting.

slope of the solution resulting in a modi�ed solution given by

~Ui � U i � � ˆR•Ûi � ˆx � x0•; (1.6)

whereR �
U i � 1 � U i

U i � U i � 1
is the ratio of the forward and backward di�erences inU. Figure 1.4

shows some of the commonly used one-dimensional slope limiters.

E�cient limiters [6, 15, 16, 17] based on the total variation diminishing (TVD) prop-
erty have been successfully developed for second order methods in one-dimension. However,
TVD schemes reduce solution accuracy near smooth extrema [18] to �rst order and, thus,
are at most second order accurate. Through numerical examples, it was shown in [19]
that limiters based on the TVD property on two-dimensional Cartesian grids can achieve
an accuracy of at most �rst-order. Recently, using an isotropic de�nition for total vari-
ation, it was shown numerically in [20] that the limited second order DG solutions of
two-dimensional hyperbolic equations are TVD in the means. However, due to a limited
theoretical basis for the TVD property in high dimensions, most practical limiters were

4



Figure 1.4: Stability regions for commonly used one dimensional slope limiters [1].

developed using geometrical arguments or by direct extension of ideas rigorously developed
in one dimension, e.g., requiring solution values at speci�ed points not to exceed solution
averages in a chosen neighborhood [21, 13]. More recently, the local maximum principle
(LMP) of the solution averages,

min
k>N i

U
n
k BU

n� 1
i Bmax

k>N i
U

n
k ; (1.7)

has been employed to develop newer limiters for second-order methods [22, 2, 23]. For scalar
problems, the LMP guarantees that solution averages remain bounded for all computational
time.

Designing limiters in higher dimensions comes with its own speci�c challenges. Unlike
in one dimension, there is no unique set of directions in which to limit solution gradients.
The number of components of the gradient to be limited also increases in higher dimensions.
For high-order methods, mixed derivatives appear, which further complicates the limiting
process.

One of the �rst limiters on unstructured meshes in higher dimensions was proposed in
[21] for FV methods. The solution gradient is limited by scaling it with a constant coe�-
cient � >�0; 1� . A less di�usive limiter was proposed in [24], where the components of the
gradient were scaled by separate multipliers. Limiters from the FV framework have been
successfully extended to the DG method. Limiters tailored speci�cally for the DG method
have also been proposed [12, 25, 10, 11, 26, 22, 23, 27]. For example, the WENO recon-
struction in [11], hierarchical limiting using a local Taylor series expansion in [28, 29, 13],
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and limiting in the directions of the medians [26] have been proposed for the DG method
on unstructured triangular and quadrilateral meshes. A high-order hierarchical moment
limiter for the DG method on Cartesian grids was proposed in [25]. More recently, a second
order moment limiter for the DG method was proposed in [2] for unstructured triangular
meshes and in [23] for tetrahedral meshes. They limit the numerical solution by �nding the
directions in which the linear solution moments decouple and reconstructing the gradient
along these directions using a one-dimensional limiter. In three-dimension, a WENO re-
construction [30], and an a posteriori sub-cell �nite volume limiter [31] have been proposed
for the DG method on tetrahedral meshes. Limiters designed to preserve speci�c properties
of the solution, e.g., positivity preservation [32, 33, 34] and entropy stability [35, 36, 37, 38]
for nonlinear system of equations have also been proposed. However, limiters present in the
literature for the DG method on unstructured meshes are either computationally expen-
sive, too restrictive or not robust, i.e., they involve problem-dependent tuning parameters.
Therefore, developing compact and robust limiting techniques for the higher order DG
method on higher dimensional and unstructured meshes remains an open problem.

Traditional limiting techniques [25, 10, 2, 27, 29] were designed for conforming meshes,
i.e., meshes where an edge is shared between only two elements. Nonconforming meshes,
i.e., meshes where an element shares an edge with more than one neighboring element, of-
ten arise in simulations employing run-time adaptive mesh re�nement [39, 40, 41, 42, 43].
Adaptive computations allow us to e�ectively use computational resource where they are
needed the most, e.g., to better capture the �ne features of the solution. To ensure numer-
ical stability and maintain accuracy of a high-order DG discretization, it is necessary to
use limiting techniques compatible with nonconforming meshes. It is known that applying
conventional limiters on nonconforming or nonuniform meshes might lead to oscillations.
For example, it was shown in [1] that in one dimension applying a second-order TVD lim-
iter developed for uniform grids to non-uniform grids leads to overshoots/undershoots in
the solution. A limiter taking into account mesh structure was shown to eliminate this
problem. In [44], a direction-aware slope limiter for �nite volume (FV) methods on three-
dimensional adaptively re�ned cubic grids was proposed. Extensions of limiters for the DG
method to adaptively re�ned meshes have been proposed in [45, 46, 47]. In order to limit
the solution in an element 
 i , solution values in the neighboring elements are projected
onto a ghost element with either the same re�nement level or similar cell size as 
i . Then,
the numerical solution is limited by reconstructing solution gradients using the projected
solutions. While such approaches are shown to work well, they are computationally ex-
pensive and di�cult to implement on unstructured meshes. Before discussing limiters in
detail, we provide a brief description of the DG formulation in the next section.
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1.2 Discontinuous Galerkin method

Consider a hyperbolic conservation law

u t � © � Fˆu• � 0; (1.8)

where the vector of conserved variablesuˆx; t• is de�ned on 
 � � 0; T� , 
 is the spatial
domain, T is the �nal time, and Fˆu• is the 
ux function. Additionally, assume that the
initial condition uˆx; 0• � u0ˆx• is provided along with relevant boundary conditions.

The discontinuous Galerkin method is constructed by splitting the domain 
 into a
mesh of elements 
i , such that 
 � � i 
 i . The elements can be triangles, quadrilaterals or
curvilinear triangles in two-dimensions or tetrahedras in three-dimensions. A weak form
of the conservation law is obtained by multiplying (1.8) by a test functionv >H 1ˆ 
 i • and
integrating on 
 i . Using the following identity

S

 i

v© � Fˆu•dx � � S

 i

Fˆu• � ©vdx � S

 i

© � ˆvFˆu•• dx; (1.9)

and applying the divergence theorem, we obtain

S

 i

u tvdx � S

 i

Fˆu• � ©vdx � S
@
 i

vFˆu• � ndl � 0; ¦ v >H 1ˆ 
 i •; (1.10)

wheren � ˆnx ; ny• is the outward facing unit normal on element 
i 's boundary @
 i .

The exact solution on 
 i is approximated by U i , a linear combination of the basis
functions ^' m of degree up top, i.e.,

U i �
P

Q
m� 0

Û i;m '̂ m ; (1.11)

where Û i;m are the degrees of freedom (DOFs) andP is the number of the degrees of
freedom. The basis functions ^' m can be de�ned locally on element 
i , for example by using
a local Taylor series expansion or a local Lagrange basis. However, to obtain a simple set
of semi-discrete equations (shown below) it is more convenient to use orthonormal basis
functions de�ned on a canonical reference element 
0.

We give a brief description of the mappings, basis functions and the �nal set of semi-
discrete equations for the mesh elements considered in subsequent chapters. For triangular
elements, we map 
i to the right unit triangle 
 0 � ˜ 0 Br; s B1; 0 Br � s B1• (Figure 1.5)
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Figure 1.5: Mapping of 
 i to the canonical triangle 
 0 by (1.12).

using the transformation

’
–
”

x
y
1

“
—
•

�
’
–
”

x i; 1 x i; 2 x i; 3

yi; 1 yi; 2 yi; 3

1 1 1

“
—
•

’
–
”

1 � r � s
r
s

“
—
•

; (1.12)

whereˆx i;k ; yi;k •; k � ˜ 1; 2; 3• , are the vertices of 
i . The Jacobian of the transformation is

Ji � Œ
x i; 2 � x i; 1 x i; 3 � x i; 1

yi; 2 � yi; 1 yi; 3 � yi; 1
‘ : (1.13)

On 
 0, the Dubiner basis [48]

' l
kˆ r; s• � C l

k2kL kˆ
2s

1 � r
� 1•ˆ 1 � r •kP2k� 1;0

l ˆ2r � 1•; 0 Bl � k Bp; (1.14)

forms an orthonormal set with respect to theL2 inner product. Above,C l
k are normaliza-

tion constants, L kˆx• is the Legendre polynomial of degreek [49]

L kˆx• �
ˆ � 1•k

2kk!
dk

dxk
�ˆ 1 � x2•k � ; (1.15)

and P2k� 1;0
l ˆx• is a Jacobi polynomial of degreel [49]

P2k� 1;0
l ˆx• �

ˆ � 1• l

2l l !
ˆ1 � x• � ˆ 2k� 1• dl

dxl
�ˆ 1 � x2• l ˆ1 � x•2k� 1� : (1.16)
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With the basis functions (1.14), the numerical solutionU i is written as

U i ˆ r; s; t • �
p

Q
l � k� 0

Û l
i;k ˆ t• ' l

kˆ r; s•: (1.17)

As continuity of the solution at element interfaces is not imposed, the solution can be
multivalued at the boundary between two neighboring cells. Therefore, a numerical 
ux
F‡ˆU i ;U j • is introduced to allow communication between the neighboring elements 
i

and 
 j . Choosingv to be ' l
k , equation (1.10) under the map (1.12) becomes

d
dt

Û l
i;k � S


 0

FˆU i • � ˆ©' l
kJ � 1

i • dr �
1

detJi
Q

j >N e
i

S
@
 i;j

� l
kF‡ˆU i ;U j • � n i;j dl; 0 Bk � l Bp;

(1.18)
whereJi is the Jacobian given by (1.13),N e

i is the list of indices of the elements that share
an edge with 
 i , @
 i;j is the edge shared by 
i and 
 j , and � l

kˆx• � ' l
kˆ r; s•.

Figure 1.6: Mapping of 
 i to the canonical square 
0 by (1.19).

For quadrilateral elements, we map 
i to a unit square 
 0 � ˜ � 1 B�; � B1• (Figure 1.6)
using the transformation

x i ˆ �; � • � x i; 1
ˆ1 � � •ˆ 1 � � •

4
� x i; 2

ˆ1 � � •ˆ 1 � � •
4

� x i; 3
ˆ1 � � •ˆ 1 � � •

4
� x i; 4

ˆ1 � � •ˆ 1 � � •
4

;

(1.19)

wherex i;k � ˆx i;k ; yi;k •; k � ˜ 1; 2; 3; 4• , are the vertices of 
i . Regrouping the terms, (1.19)
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can be simpli�ed to get

x i ˆ �; � • � Ci; x 0 � Ci; x 1� � Ci; x 2� � Ci; x 3��; (1.20)

where the coe�cients Ci; x are

Ci; x 0 �
1
4

ˆx i; 1 � x i; 2 � x i; 3 � x i; 4• ; Ci; x 1 �
1
4

ˆx i; 2 � x i; 3 � x i; 1 � x i; 4• ;

Ci; x 2 �
1
4

ˆx i; 3 � x i; 4 � x i; 1 � x i; 2• ; Ci; x 3 �
1
4

ˆx i; 1 � x i; 3 � x i; 2 � x i; 4• :
(1.21)

The Jacobian of the transformation is

Ji � Œ
x � x �

y� y�
‘ � Œ

Ci;x 1 � Ci;x 3� C i;x 2 � Ci;x 3�
Ci;y 1 � Ci;y 3� C i;y 2 � Ci;y 3�

‘ ; (1.22)

and the determinant of the Jacobian is

detJi � detJi; 0 � detJi; 1� � detJi; 2�; (1.23)

where the coe�cients detJi;j ; j � ˜ 0; 1; 2• , are

detJi; 0 � Ci;x 1Ci;y 2 � Ci;x 2Ci;y 1; detJi; 1 � Ci;x 1Ci;y 3 � Ci;x 3Ci;y 1;

detJi; 2 � Ci;x 3Ci;y 2 � Ci;x 2Ci;y 3:
(1.24)

On 
 0, the tensor product basis

' k
j ˆ �; � • �

»
ˆ2j � 1•ˆ 2k � 1•

2
L j ˆ � •L kˆ � • (1.25)

forms an orthonormal set with respect to theL2 norm, whereL j ˆx• is the Legendre poly-
nomial of degreej [49]. With basis functions (1.25), the numerical solutionU i is written
as

U i ˆ �; � • �
p

Q
j � 0;k� 0

Û k
i;j ' k

j ˆ �; � •: (1.26)

Choosingv to be ' k
j , the equation (1.10) under the map (1.19) becomes

p

Q
r � 0;s� 0

m k;s
i;j;r

d
dt

Û s
i;r � S


 0

FˆU i • �ˆ©' k
j J � 1

i • detJi dr � Q
v>N e

i

S
@
 i;v

' k
j F‡ˆU i ;U v• �n i;v dl; (1.27)

where 0Bj; k Bp, detJi is the determinant of the Jacobian (1.23),N e
i is the list of indices

of elements that share an edge with 
i , @
 i;v is the edge shared by 
i and 
 v, and n i;v is
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the outward pointing unit normal on @
 i;v . The mass matrixM i on 
 i , whose entries are
given by

m k;s
i;j;r � S


 0

' k
j ' s

r detJi dr ; (1.28)

is computed during the pre-processing stage and stored.

Figure 1.7: Mapping of 
 i to the canonical 
 0 by (1.29) (A) for q � 2 and (B) for q � 3.

For curvilinear triangular elements, we map the element 
i to a unit triangle 
 0 � ˜ 0 B
r; s B1• (Figure 1.7) using the transformation

x i ˆ r; s• �
q

Q
l � k� 0

x̂ l
i;k ' l

kˆ r; s•: (1.29)

The coe�cients x̂ i depend on how the nodesx i;k � ˆx i;k ; yi;k •; 1 B k B 1
2ˆq � 1•ˆ q � 2•, on


 i are mapped to nodes on 
0 (Figure 1.7). Moreover, the above coe�cients can be easily
computed in the pre-processing stage by plugging the nodesx i;k on 
 i and their corre-
sponding mappings on 
0 into (1.29) and solving the resulting linear system of equations.
The Jacobian of the transformation (1.29) is

Ji � Œ
xr xs

yr ys
‘ ; (1.30)

and the determinant of the Jacobian is

detJi � Sxr ys � xsyr S; (1.31)

With the basis functions (1.14), the numerical solutionU i is written as in (1.17). Choosing
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v to be ' k
j , the equation (1.10) under the map (1.29) becomes

p

Q
r � 0;s� 0

m k;s
i;j;r

d
dt

Û s
i;r � S


 0

FˆU i • �ˆ©' k
j J � 1

i • detJi dr � Q
v>N e

i

S
@
 i;v

' k
j F‡ˆU i ;U v• �n i;v dl; (1.32)

where 0Bj; k Bp, detJi is the determinant of the Jacobian (1.30),N e
i is the list of indices

of elements that share an edge with 
i , @
 i;v is the edge shared by 
i and 
 v, and n i;v is
the outward pointing unit normal on @
 i;v . The mass matrixM i on 
 i , whose entries are
given by

m k;s
i;j;r � S


 0

' k
j ' s

r detJi dr ; (1.33)

is computed during the pre-processing stage.

Figure 1.8: Mapping of 
 i to the canonical tetrahedron 
0 by (1.34).

Finally, for tetrahedral elements, we map 
i to the reference tetrahedron 
0 � ˜ 0 B
r; s; t B1• (Figure 1.8) using the a�ne transformation

’
–––
”

x
y
z
1

“
———
•

�

<@@@@@@@>

x i; 1 x i; 2 x i; 3 x i; 4

yi; 1 yi; 2 yi; 3 yi; 4

zi; 1 zi; 2 zi; 3 zi; 4

1 1 1 1

=AAAAAAA?

’
–––
”

1 � r � s � t
r
s
t

“
———
•

; (1.34)

where x i;k � ˆx i;k ; yi;k ; zi;k •; k � ˜ 1; 2; 3; 4• , are the vertices of 
i . The Jacobian of the
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transformation is

Ji �
’
–
”

x i; 2 � x i; 1 x i; 3 � x i; 1 x i; 4 � x i; 1

yi; 2 � yi; 1 yi; 3 � yi; 1 yi; 4 � yi; 1

zi; 2 � zi; 1 zi; 3 � zi; 1 zi; 4 � zi; 1

“
—
•

: (1.35)

On 
 0, the Dubiner basis [48]

' l;m
k ˆ r; s; t • � C l;m

k 22k� lL k ‹
2t � s � r � 1

1 � s � r
• ˆ 1� s� r •kP2k� 1;0

l ‹
2s � r � 1

1 � r
• ˆ 1� r • lP2k� 2l � 2;0

m ˆ2r � 1•;

(1.36)
where 0B k � l � m B p, forms an orthonormal set with respect to theL2 inner product.
Above, C l;m

k are normalization constants,L kˆx• is the Legendre polynomial of degreek
[49] andP2k� 1;0

l ˆx• is a Jacobi polynomial of degreel [49]. With the basis functions (1.36),
the numerical solutionU i is written as

U i ˆ r ; t• �
p

Q
l � k� m� 0

Û l;m
i;k ˆ t• ' l;m

k ˆ r •: (1.37)

Choosingv to be ' l;m
k , equation (1.10) under the map (1.34) becomes

d
dt

Û l;m
i;k � S


 0

FˆU i •�ˆ©' l;m
k J � 1

i • dr �
1

detJi
Q

j >N e
i

S
@
 i;j

� l;m
k F‡ˆU i ;U j •�n i;j dl; 0 Bk� l � m Bp;

(1.38)
whereJi is the Jacobian given by (1.35),N e

i is the list of indices of the elements that share
an edge with 
 i , @
 i;j is the face shared by 
i and 
 j , and � l;m

k ˆx• � ' l;m
k ˆ r •.

The volume and boundary integrals in (1.18), (1.27), (1.32), and (1.38) are evaluated
using appropriate numerical quadratures. Finally, we use an explicit Runge-Kutta (RK)
method of orderˆp � 1• to solve the above semi-discrete system of equations in time.

1.3 Outline

This thesis is concerned with the design and implementation of compact, robust, and e�-
cient limiting techniques for the DG method on higher dimensional unstructured meshes.
In Chapter 2, we describe a second order moment limiter for the DG method on adap-
tively re�ned triangular meshes. Further, we also discuss a simple algorithm to update the
limiting neighborhood under adaptive mesh re�nement. In Chapters 3 and 6, we propose,
respectively, an arbitrarily high-order moment limiter for the DG method on unstructured
triangular and quadrilateral meshes. Next, we present and analyze the stability of a class
of second order slope limiters in Chapter 4 and a second order moment limiter in Chapter
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5 for the DG method on quadrilateral meshes. In this process, we propose a new measure
of cell size for quadrilateral elements. In Chapters 7 and 9, we discuss how to extend the
high-order moment limiter for the DG method on triangles to isoparametric curvilinear tri-
angular meshes and three-dimensional tetrahedral meshes, respectively. Finally, we present
and analyze the stability of a class of second order slope limiters for the DG method on
tetrahedral meshes in Chapter 8.
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Chapter 2

Limiting on adaptively re�ned
nonconforming triangular meshes

In this chapter, we present a second order limiter for DG approximations on adaptively
re�ned nonconforming triangular meshes. The limiter works by decoupling linear solution
coe�cients along two pre-determined directions in an element and limiting the gradients
along these directions using a one-dimensional minmod limiter. The limiter is an extension
of the second order moment limiter proposed in [2] for the DG method on unstructured
triangular meshes. Limiting the numerical solution in an element 
i requires access to
solution averages in some neighborhood of 
i , for example, a vertex neighborhood (shaded
polygon, Figure 2.1b). The vertex neighborhood of an element in a nonconforming mesh
usually contains more elements (of varying sizes) compared to a conforming mesh (Figure
2.1a). Further, when the mesh is adaptively re�ned, with every re�nement (and coarsen-
ing), the vertex neighborhood can change its composition and the number of elements in
it. Therefore, updating the limiting neighborhood of an element in an adaptively re�ned
nonconforming mesh is necessary.
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(a) Conforming mesh. (b) Nonconforming mesh.

Figure 2.1: Examples of conforming and nonconforming triangular meshes.

A direct approach to maintaining and updating an element's limiting neighborhood,
sayLN i , requires storing a list of IDs of all elements inLN i . This list is modi�ed whenever
the elements in it undergo re�nement or coarsening. This process is straightforward in
serial computing. However, a parallel implementation on a GPU leads to race conditions,
i.e., reading from and writing to the same memory location simultaneously, which can
lead to an incorrect neighborhood. Alternatively, we propose an approach that entails
maintaining a vertex to element and element to vertex connectivity, i.e., for each element

 i , we store the list of IDs of the vertices associated with it, and for each vertexvi , we
store the list of IDs of elements that share vertexvi and update the corresponding IDs
with every re�nement (coarsening).

2.1 Limiting algorithm

In this section, we describe the proposed second order moment limiter for the DG method
on nonconforming triangular meshes. The limiter works by decoupling linear solution co-
e�cients along two speci�c directions and limiting the slopes along said directions using a
one-dimensional minmod limiter. The choice of the limiting directions and the reconstruc-
tion stencil are described below.
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2.1.1 Moment limiter

The second order DG approximation on 
i can be written in terms of computational
variablesˆr; s• as

Ui ˆ r; s• � Û0
i; 0' 0

0 ˆ r; s• � Û1
i; 0' 1

0 ˆ r; s• � Û0
i; 1' 0

1 ˆ r; s• : (2.1)

The basis functions' are given by

' 0
0 ˆ r; s• �

º
2;

' 1
0 ˆ r; s• � � 2 � 6r;

' 0
1 ˆ r; s• � � 2

º
3 � 2

º
3r � 4

º
3s:

(2.2)

Figure 2.2: Reference triangular element 
0.

Consider the vectorsv1 �
2

º
5

ˆ1; � 1~2• and v2 � ˆ0; 1• in the computational space

(Figure 2.2). The linear solution coe�cients Û1
i; 0 and Û0

i; 1 can be expressed, respectively,
as the directional derivatives alongv1 and v2 as

Û1
i; 0 �

º
5

12
D v1 Ui ; (2.3)

Û0
i; 1 �

1

4
º

3
D v2 Ui ; (2.4)

i.e., the linear solution coe�cients decouple along these directions. Using (1.12) for 
i ,
we map the vectorsv1 and v2 from the computational to the physical space and, after
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normalization, obtain the following unit vectors

v i; 1 �
Ji v1

YJi v1Y
; v i; 2 �

Ji v2

YJi v2Y
; (2.5)

whereJi is given by (1.13). Using the mapping (1.12) and the Jacobian (1.13), (2.5) can
be simpli�ed to

v i; 1 �
1

hi; 1
‹ x i; 2 �

1
2

ˆx i; 1 � x i; 3•• ; v i; 2 �
1

hi; 2
ˆx i; 3 � x i; 1• ; (2.6)

where

hi; 1 � \ x i; 2 �
1
2

ˆx i; 1 � x i; 3•\ ; hi; 2 � Yx i; 3 � x i; 1Y: (2.7)

Using (1.12), (2.5), and (2.6) in (2.3), the linear solution coe�cients can be expressed
as directional derivatives alongv i; 1 and v i; 2 as

Û1
i; 0 �

hi; 1

6
D v i; 1 Ui ; (2.8)

Û0
i; 1 �

hi; 2

4
º

3
D v i; 2 Ui : (2.9)

Therefore, we can limit the solution coe�cientsÛ1
i; 0 and Û0

i; 1 separately by comparing them
to the forward and backward di�erences alongv i; 1 and v i; 2, respectively. The di�erences
are reconstructed using the solution averages on neighboring elements in the reconstruc-
tion stencil shown in Figure 2.3 (shaded elements). Computing these di�erences requires
interpolated solution valuesUf

i;k and Ub
i;k at the forward and backward interpolation points

x f
i;k and xb

i;k , k � ˜ 1; 2• (black squares in Figure 2.3a).
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(a) Reconstruction neighborhood. (b) Reconstruction stencil along v i; 1.

Figure 2.3: Reconstruction neighborhood and stencil for 
i .

To �nd the interpolation points, we �rst form a polygon by joining the cell centroids
of elements that share a vertex with 
i . Next, we construct two lines passing through
the centroid of 
 i and parallel to v i; 1 and v i; 2 (Figure 2.3a). The points where these two
lines intersect the polygon give the required interpolation pointsx f

i;k and xb
i;k . Finally, the

solution values at the interpolation pointsx f
i;k and xb

i;k are obtained using linear interpola-
tion of cell averages from the closest neighboring elements. For example, the forward and
backward interpolated solution valuesUf

i; 1 and Ub
i; 1 along v i; 1 are given by (Figure 2.3b)

Uf
i; 1 � � f

i; 1Um � ˆ1 � � f
i; 1•Un ; Ub

i; 1 � � b
i; 1U j � ˆ1 � � b

i; 1•Uk ;

where� f
i; 1; � b

i; 1 >�0;1� are linear interpolation weights.

After computing the forward and backward di�erences, we use (2.8) and (2.9) to limit
solution coe�cients or moments as follows

~U1
i; 0 � minmod

’

”
l f
i; 1

hi; 1

6

Uf
i; 1 � U i

df
i; 1

; Û1
i; 0; lb

i; 1
hi; 1

6

U i � Ub
i; 1

db
i; 1

“

•
;

~U0
i; 1 � minmod

’

”
l f
i; 2

hi; 2

4
º

3

Uf
i; 2 � U i

df
i; 2

; Û0
i; 1; lb

i; 2
hi; 2

4
º

3

U i � Ub
i; 2

db
i; 2

“

•
;

(2.10)

where the scaling coe�cientsl f
i;k ; lb

i;k , k � ˜ 1; 2• , are nonnegative,U i is the cell average

in 
 i , and df
i;k and db

i;k are, respectively, the distances of the interpolation pointsx f
i;k and
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xb
i;k ; k � ˜ 1; 2• ; from the cell centroid of 
 i . The minmod function is given by

minmodˆa; b; c• �
¢̈
¨
¦
¨̈
¤

sign̂ a• � minˆSaS;SbS;ScS•; if signˆa• � sign̂ b• � sign̂ c•;

0; otherwise:
(2.11)

In the following sections, we derive admissible range for the scaling coe�cientsl i .

2.1.2 Stability constraints for linear advection

The numerical solution in 
 i satis�es the local maximum principle (LMP) in the means if

min
k>N i

U
n
k BU

n� 1
i Bmax

k>N i
U

n
k ; (2.12)

whereN i is a set containing the indices of 
i and its neighbors. LetN �
i be the set containing

indices of out
ow neighbors of 
 i and N �
i be the set containing indices of in
ow neighbors

of 
 i . Then the following constraints onl i;k need to be satis�ed for (2.12) to hold.

1. On each out
ow edge of 
i , we enforce

l i; 1� �
i;j; 1 � l i; 2� �

i;j; 2 B1; ¦ j >N �
i : (2.13)

2. On each in
ow edge of 
i , we enforce

l j; 1� �
j;i; 1 � l j; 2� �

j;i; 2 B1; ¦ j >N �
i ; (2.14)

The coe�cients � �
i;j;k and � �

i;j;k , k � ˜ 1; 2• , are de�ned as

� �
i;j; 1 �

¢̈
¨̈̈
¨̈
¦
¨̈̈
¨̈̈
¤

hi; 1

6
S� 1

0ˆ r i;j •S

df
i; 1

; if � 1
0ˆ r i;j • B0;

hi; 1

6
� 1

0ˆ r i;j •
r i; 1db

i; 1

; otherwise:
� �

i;j; 2 �

¢̈
¨̈̈
¨̈
¦
¨̈̈
¨̈̈
¤

hi; 2

4
º

3

S� 0
1ˆ r i;j •S

df
i; 2

; if � 0
1ˆ r i;j • B0;

hi; 2

4
º

3

� 0
1ˆ r i;j •

r i; 2db
i; 2

; otherwise;
;

� �
j;i; 1 �

¢̈
¨̈̈
¨̈
¦
¨̈̈
¨̈̈
¤

hj; 1

6
S� 1

0ˆ r j;i •S
r i; 1db

j; 1

; if � 1
0ˆ r j;i • B0;

hj; 1

6
� 1

0ˆ r j;i •

df
j; 1

; otherwise;
� �

j;i; 2 �

¢̈
¨̈̈
¨̈
¦
¨̈̈
¨̈̈
¤

hi; 2

4
º

3

S� 0
1ˆ r j;i •S

r j; 2db
j; 2

; if � 0
1ˆ r j;i • B0;

hi; 2

4
º

3

� 0
1ˆ r j;i •

df
j; 2

; otherwise:
;

(2.15)
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wheredf
i;k and db

i;k are, respectively, the distances of the interpolation pointsx f
i;k and xb

i;k
from the cell centroid x i; 0, for k � ˜ 1; 2• , r i;j is a quadrature point on the edge shared by
elements 
 i and 
 j , and the ratios r i; 1 and r i; 2, are

r i; 1 �
’

”

df
i; 1

db
i; 1

“

•

U
n
i � U

b
i; 1

U
f
i; 1 � U

n
i

; r i; 2 �
’

”

df
i; 2

db
i; 2

“

•

U
n
i � U

b
i; 2

U
f
i; 2 � U

n
i

: (2.16)

The constraints (2.13) and (2.14) were derived in [2]. The geometric constants in (2.15)
depend on the mapping (1.12) of 
i to 
 0 and can be computed in the preprocessing
stage. Consider an out
ow edge of 
i with edge numberb. On this edge, we can enforce

Figure 2.4: Mapping of 
 i to the canonical triangle 
 0 by (1.12).

two constraints on the scaling coe�cientsl i; 1 and l i; 2, i.e., the constraint (2.13) on 
 i and
the constraint (2.14) on its in
ow neighbor. For a conforming element (Figure 1.5), the
basis functions� in the coe�cients � �

i;j;k and � �
i;j;k in (2.13) and (2.14) are evaluated at the

midpoint of the edges. For nonconforming meshes, we need to consider an extra case. If the

b � 1
0 � 0

1

1 1 -
º

3
2 1

º
3

3 -2 0

Table 2.1: Values of the linear basis functions evaluated at the midpoints of the edges of

 0.

out
ow edge has been re�ned, the basis functions in (2.13) are evaluated at the midpoint
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of the edge with the corresponding values listed in Table 2.1, while the basis functions in
(2.14) are evaluated at the midpoints of the two half edges, which are listed in Tables 2.2a
and 2.2b. Therefore, if edgeb is an out
ow edge and hasn't been re�ned, the constraints
(2.14) and (2.13) reduce to

l i; 1

6
 f
i; 1

�
l i; 2

4
 b
i; 2r i; 2

B1 and
l i; 1

6
 b
i; 1r i; 1

�
l i; 2

4
 f
i; 2

B1 if b� 1; (2.17)

l i; 1

6
 f
i; 1

�
l i; 2

4
 f
i; 2

B1 and
l i; 1

6
 b
i; 1r i; 1

�
l i; 2

4
 b
i; 2r i; 2

B1 if b� 2; (2.18)

l i; 1

3
 b
i; 1r i; 1

B1 and
l i; 1

3
 f
i; 1

B1 if b� 3; (2.19)

where 
 f
i;k �

df
i;k

hi;k
and 
 b

i;k �
db

i;k

hi;k
for k � ˜ 1; 2• . However, if the out
ow edgeb has been

re�ned, the constraints (2.14) and (2.13) reduce to

l i; 1

12r i; 1
 b
i; 1

�
3l i; 2

8
 b
i; 2r i; 2

B1 and
5l i; 1

12
 f
i; 1

�
l i; 2

8
 b
i; 2r i; 2

B1 and
l i; 1

6
 b
i; 1r i; 1

�
l i; 2

4
 f
i; 2

B1 if b� 1;

(2.20)
5l i; 1

12
 f
i; 1

�
l i; 2

8
 f
i; 2

B1 and
l i; 1

12r i; 1
 b
i; 1

�
3l i; 2

8
 f
i; 2

B1 and
l i; 1

6
 b
i; 1r i; 1

�
l i; 2

4
 b
i; 2r i; 2

B1 if b� 2;

(2.21)
l i; 1

3
 b
i; 1r i; 1

�
l i; 2

4r i; 2
 b
i; 2

B1 and
l i; 1

3
 b
i; 1r i; 1

�
l i; 2

4
 f
i; 2

B1 and
l i; 1

3
 f
i; 1

B1 if b� 3:

(2.22)

b � 1
0 � 0

1

1 �
1
2

�
3
2

º
3

2
5
2

1
2

º
3

3 -2
º

3

(a)

b � 1
0 � 0

1

1
5
2

�
1
2

º
3

2 �
1
2

3
2

º
3

3 -2 �
º

3

(b)

Table 2.2: Values of the basis functions evaluated at (A) the quarter and (B) three quarter
points of the edges of 
0.
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To �nd a suitable pair of scaling coe�cients l i; 1 and l i; 2 during runtime, we need to
identify the out
ow edges of 
 i , check if these edges have been re�ned, identify the edges
on 
 0 to which they are mapped, and �nally, select appropriate constraints from (2.17) -
(2.19) or (2.20) - (2.22). This is computationally expensive. Instead, if any of the edges of
an element has been re�ned, we can enforce the constraints (2.13) and (2.14) on all edges
of 
 i , i.e., �nd scaling coe�cients that satisfy all inequalities (2.20) - (2.22). Doing so leads
to a more di�usive limiter. However, such a limiter is easier to implement. Simplifying
(2.20), (2.21), and (2.22) gives

l i; 1

6 minˆ 
 f
i; 1; r i; 1
 b

i; 1•
�

l i; 2

4 minˆ 
 f
i; 2; r i; 2
 b

i; 2•
B1

l i; 1

12min̂ 
 f
i; 1; r i; 1
 b

i; 1•
�

3l i; 2

8 minˆ 
 f
i; 2; r i; 2
 b

i; 2•
B1

5l i; 1

12 min̂ 
 f
i; 1; r i; 1
 b

i; 1•
�

l i; 2

8 minˆ 
 f
i; 2; r i; 2
 b

i; 2•
B1

l i; 1

3 minˆ 
 f
i; 1; r i; 1
 b

i; 1•
�

l i; 2

4 minˆ 
 f
i; 2; r i; 2
 b

i; 2•
B1

l i; 1

3 minˆ 
 f
i; 1; r i; 1
 b

i; 1•
B1:

(2.23)

Using notations~l i; 1 �
l i; 1

minˆ
 f
i; 1; r i; 1
 b

i; 1•
and ~l i; 2 �

l i; 2

minˆ
 f
i; 2; r i; 2
 b

i; 2•
, (2.23) can be written

as

~l i; 1

6
�

~l i; 2

4
B1

~l i; 1

12
�

3~l i; 2

8
B1

5~l i; 1

12
�

~l i; 2

8
B1

~l i; 1

3
�

~l i; 2

4
B1

~l i; 1

3
B1:

(2.24)

Figure 2.5a shows the region of admissible solutions of (2.24), i.e., choosing any set of
scaling coe�cients that lies in the shaded region leads to a numerical solution that satis�es
the LMP (2.12). To ensure that the scaling coe�cients are not too small, i.e., the limiter
is not too restrictive, we choose a set of scaling coe�cients from the top boundary of the
shaded region markedII in Figure 2.5b, i.e.,

l i; 1 � � n minˆ
 f
i; 1; r i; 1
 b

i; 1•;

l i; 2 � 4‹ 1 �
� n

3
• minˆ 
 f

i; 2; r i; 2
 b
i; 2•; � n >�

6
5

;2� :
(2.25)

Moreover, from (2.10), we note that the limited solution coe�cients can be written solely
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(a) Simpli�ed set of inequalities . (b) Zoom in near admissible region.

Figure 2.5: Simpli�ed set of inequalities for nonconforming element 
i . The shaded region
is the the admissible region for scaling factors~l.

in terms of either the forward di�erences or the backward di�erences as

~U1
i; 0 � l i; 1

hi; 1

6

Uf
i; 1 � U

n
i

df
i; 1

� l i; 1
hi; 1
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U
n
i � Ub

i; 1

r i; 1db
i; 1

;

~U0
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hi; 2

4
º

3
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i; 2 � U

n
i

df
i; 2

� l i; 2
hi; 2

4
º

3

U
n
i � Ub

i; 2

r i; 2db
i; 2

:

(2.26)

Substituting (2.25) into (2.26) and using (2.16), (2.10) simpli�es to

~Ui; 1 � minmod
’

”
� n

Uf
i; 1 � U i

6
; Ûi; 1; � n

U i � Ub
i; 1

6
“

•
;

~Ui; 2 � minmod
’

”
ˆ1 �

� n

3
•
Uf

i; 2 � U i
º

3
; Ûi; 2; ˆ1 �

� n

3
•
U i � Ub

i; 2º
3

“

•
;

(2.27)

where � n > �
6
5

;2� . To maintain the second order accuracy the linear solution coe�cients

must not be altered in the case when the exact solution is linear, i.e.,l i; 1; l i; 2 C1 and (2.25)
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imply

� n minˆ
 f
i; 1; r i; 1
 b

i; 1• C1;

4‹ 1 �
� n

3
• minˆ 
 f

i; 2; r i; 2
 b
i; 2• C1:

(2.28)

Noting that the ratio of the backward and forward di�erences for a linear solution is one,

(a) � n � 12
7 . (b) � n � 3

2 .

Figure 2.6: Interpolation points should lie outside the shaded region in order to maintain
the second order accuracy.

i.e., r i; 1 � r i; 2 � 1, and plugging
 f
i;k �

df
i;k

hi;k
and 
 b

i;k �
db

i;k

hi;k
for k � ˜ 1; 2• into (2.28), we get

minˆdf
i; 1; db

i; 1• C
hi; 1

� n
; minˆdf

i; 2; db
i; 2• C

3hi; 2

4ˆ3 � � n•
: (2.29)

Thus, for the limited solution to retain the second order accuracy, the interpolation points
must lie further from the cell centroid of 
 i than a certain distance. For example, the
exclusion regions for two di�erent values of� are shown in Figure 2.6 as the shaded areas.

2.2 Reconstruction neighborhood

To limit the solution in an element 
 i using the technique described in Section 2.1, we
need access to solutions on elements in the vertex neighborhood of 
i . In this section, we
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describe our approach to �nd the vertex neighborhood of elements in an adaptively re�ned
nonconforming triangular mesh using a vertex database (Figure 2.7a).

(a) Vertex-Element connectivity. (b) Element-Vertex connectivity.

Figure 2.7: The connectivity and the vertex database for a nonconforming triangular mesh.

Figure 2.8: Re�nement of element 
i (shaded).

2.2.1 Vertex database

Consider re�nement of element 
i with element ID ei (Figure 2.8). We refer to the vertices
of an element as its primary vertices (verticesv1; v2, and v3, marked with green dots) and
the midpoints of the edges of an element as the secondary vertices (verticesv4; v5, and v6,
marked with blue rectangles). We present a step-by-step algorithm for updating the vertex
database when an element is re�ned (or coarsened).
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Figure 2.9: Adding newly created vertices and initialising their element ID list.

First, we identify all elements and edges that are to be re�ned. Next, while re�ning
a edge, we allocate memory in the vertex database for newly created secondary vertices,
i.e., the edge midpoints, to store the IDs of the elements sharing the vertex. To ensure
mesh regularity, elements sharing an edge di�er in their re�nement levels by at most one
level. Due to this restriction, each secondary vertex is shared by at most six elements. In
the example shown in Figure 2.8, edgessi; 1 and si; 2 are being re�ned. We create two new
secondary vertices,v4 and v5, and allocate memory for them in the vertex database. Then
we initialise the allocated space with IDs of the elements sharing the edge, with the ID of
the element on the left occupying the �rst three positions and the ID of the element on
the right occupying the last three. For example, for the secondary vertexv4, we assign the
ID ei to the �rst three positions and the ID eo to the next three positions (Figure 2.9).

Next, we replace the ID of the parent element in the element ID list of a primary
vertex with the ID of the corresponding child element. For example, while re�ning 
i , we
replace its ID ei with ei;c1 in the element ID list of v1, ei;c2 in the element ID list of v2,
and ei;c3 in the element ID list of v3 (Figure 2.10a to Figure 2.10b). Next, for each of the
secondary vertices, we replace the ID of the parent element with the IDs of the three child
elements sharing that vertex. For example, for the secondary vertexv4, we replaceei with
the IDs ei;c1, ei;c4, and ei;c2 (Figure 2.11a to Figure 2.11b). Finally, we add the appropriate
vertex IDs to the vertex ID list of each child element. To update the vertex database when
elements are coarsened, the steps described above can be applied in reverse. First, for the
elements being coarsened, replace the element ID, i.e., ID of the child element, with the
ID of the parent element in the element ID lists of all the primary vertices as well as the
secondary vertices (if present) (Figure 2.10b to Figure 2.10a).
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(a) Before re�nement.

(b) After re�nement.

Figure 2.10: Updating the element ID list for primary vertices of element 
i .

Finally, if the left and right elements of a edge are coarsened to the same re�nement
level, i.e., the edge is 
agged for coarsening, the associated secondary vertex (the vertex
at the edge midpoint) is removed from the vertex database and the allocated memory is
freed up to be used later, if needed. Note that, as each element is uniquely identi�ed in the
vertex to element connectivity, updating the IDs of the elements with adaptive re�nement
does not lead to race conditions.
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(a) Before re�nement.

(b) After re�nement.

Figure 2.11: Updating the element ID list for secondary vertices of 
i .

2.2.2 Updating the vertex neighborhood

Vertex neighborhoods can easily be assembled once the vertex database has been updated.
During a re�nement cycle, only a small percentage of elements undergo re�nement. There-
fore, we don't need to update the vertex neighborhood of all elements present in the mesh.
So, we 
ag only those elements whose primary or secondary vertices have an updated el-
ement ID list. To update the vertex neighborhood for the 
agged elements, we read the
element IDs from the element ID list associated with both primary and secondary vertices,
assemble the read element IDs, remove duplicate IDs, if any, and �nally reorder the IDs if
needed.
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Figure 2.12: Reconstruction neighbourhood for vertex neighbourhood limiter.

2.2.3 Updating the reconstruction stencil

Once the vertex neighborhood for element 
i is identi�ed and updated, limiting techniques,
e.g., the second order vertex neighborhood limiter [22] and the second order moment limiter
described in Section 2.1 can be applied. As the vertex neighborhood limiter requires only
the maximum and minimum values of cell averages in the reconstruction neighborhood,
the limiter can be directly applied once the vertex neighborhood (Figure 2.12) has been
updated. However, for the moment limiter, we need to �nd interpolation points along
the directions v i; 1 and v i; 2. Moreover, to maintain second order accuracy, we also need
to ensure that the interpolation points satisfy the geometric constraints (2.28). To �nd
the interpolation points, we �rst replace IDs of elements in the vertex neighborhood that
are at a re�nement level higher than that of 
 i with the IDs of the middle child element
of a parent element at the same re�nement level as 
i (Figure 2.13c). This is described
in Algorithm 1. Next, we compute the convex hull of the enlarged neighborhood (Figure
2.13d) using Algorithm 2. Then, we can �nd the interpolation points and weights along
v i; 1 and v i; 2 (Figure 2.14) and �nally, the moment limiter can be applied as given in (2.27).

2.3 Numerical Results

In this section, we analyze the performance of the proposed moment limiter on adaptively
re�ned nonconforming meshes. We run convergence studies to show that limited solutions
exhibit the expected convergence rate. We present numerical experiments to illustrate
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Algorithm 1 To update the reconstruction neighborhood to satisfy the geometrical con-
straints on the interpolation points

N � Size of reconstruction neighborhood
neighbor idx �N � � IDs of elements in the reconstruction neighborhood
parent�� � Array of parent IDs
child4�� � Array of middle child IDs
ref ine level�� � Array of re�nement level of elements
idx � ID of element 
 i

dif f level � 0
temp idx � 0
for i � 1 � N do

temp idx � neighbor idx � i �
dif f level � ref ine level� temp idx � � ref ine level� idx �
if dif f level A0 then

for k � 1 � dif f level do
temp idx � parent� temp idx �

end for
while child4� temp idx � A� 1 do

temp idx � child4� temp idx �
end while
neighbor idx � i � � temp idx

end if
end for

(a) Zoom in on the red inset. (b) Sample traversal of the element tree.

robustness of the limiter in the presence of discontinuities. In all presented cases, time-
stepping was performed using an explicit second order Runge-Kutta integrator with the
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Algorithm 2 To compute the convex hull of a given reconstruction neighborhood

N � Size of reconstruction neighborhood
centroid�N � � Centroids of elements in the neighborhood arranged in
anticlockwise direction
in convexhull�N � � Array of size N initialised to 1
f lag changein hull � 1
Nb iterations � 5
while f lag changein hull � 1 & Nb iterations A0 do

f lag changein hull � 0
for i � 1 � N do

if in convexhull� i � ! � 0 then
index f � Index of succeeding element in the convex hull
index b� Index of preceding element in the convex hull
� � Angle enclosed in the anticlockwise direction by the lines joining
centroids of elements with indicesindex b; i; index f
if � @180 then

f lag convexhull � 0
else

f lag convexhull � 1
end if
if f lag convexhull ! � in convexhull� i � then

f lag changein hull � 1
end if
in convexhull� i � � f lag convexhull

end if
end for
Nb iterations � Nb iterations � 1

end while

CFL condition proposed in [50]

� t B
3
13

mini
hi

YaY
; (2.30)
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(c) Updating the neighborhood for moment lim-
iter.

(d) Convex hull of the neighbourhood for mo-
ment limiter.

Figure 2.13: Updating the reconstruction neighbourhood for moment limiter on noncon-
forming mesh.

Figure 2.14: Reconstruction neighbourhood for moment limiter.

wherehi is the smallest height of element 
i (Figure 2.15). For nonconforming elements,
we used the proposed second order limiter (2.27) with� n � 3

2 , i.e.,

~Ui; 1 � minmod
’

”

Uf
i; 1 � U i

4
; Ûi; 1;

U i � Ub
i; 1
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“

•
; ~Ui; 2 � minmod
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”

Uf
i; 2 � U i

2
º

3
; Ûi; 2;

U i � Ub
i; 2

2
º

3

“

•
:

(2.31)
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For conforming elements, we used the second order limiter proposed in [2]

~Ui; 1 � minmod
’

”

Uf
i; 1 � U i

2
; Ûi; 1;

U i � Ub
i; 1

2
“

•
; ~Ui; 2 � minmod

’

”

Uf
i; 2 � U i

2
º

3
; Ûi; 2;

U i � Ub
i; 2

2
º

3

“

•
:

(2.32)

The mesh is adaptively re�ned using the re�nement strategy proposed in [43]. Finally, we
use the local Lax-Friedrichs 
ux, unless stated otherwise.

Figure 2.15: Element sizehi � minˆH i; 1; H i; 2; H i; 3• [2].

2.3.1 Advecting Pulse.

In this example, we verify the need for using the proposed moment limiter (2.27) over the
moment limiter (2.32) developed for conforming meshes. We solve the advecting pulse
problem on the domain 
 � � � 1; 1� � � � 1; 1� with the 
ux in (1.8) given by F � �u; u� . The
initial condition, consisting of a square pulse, is given by

u0ˆx; y• �
¢̈
¨
¦
¨̈
¤

1; if max ˆSx � 0:35S; SyS•B0:25;

0; otherwise:
(2.33)

Note that for the given initial condition, the cell averages of the exact solution lie in the
interval � 0; 1� . The problem is solved until t � 0:1 on a nonconforming mesh of 15,912
triangles (Figure 2.16). Table 2.3 shows the minimum and maximum solution averages
at t � 0:1 for forward Euler and RK2 time steps. We observe that the cell averages
of the solution exceed the global bounds with the moment limiter (2.32) developed for
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conforming meshes. However, with the proposed moment limiter (2.27), solution averages
remain within the global bounds.

Figure 2.16: Initial nonconforming mesh of 15,912 triangles for the advecting pulse problem.

Limiter Maximum Minimum
(2.27) 1 -1.67e-21
(2.32) 1.0021 -1.17e-05

(a) RK2.

Limiter Maximum Minimum
(2.27) 1 -2.50e-21
(2.32) 1.0055 -6.27e-06

(b) Forward Euler.

Table 2.3: Global bounds of solution averages att � 0:1 on a nonconforming mesh of 15,912
triangles for the advecting pulse problem with limiter (2.27) developed for nonconforming
meshes and limiter (2.32) developed for conforming meshes.

2.3.2 Advecting Hill.

We consider the advecting hill problem on the domain 
� � � 1; 1� � � � 1; 1� , with the 
ux

in (1.8) given by F � �u; u� . The initial condition is u0ˆx; y• � 2:5 expˆ
� r 2

2R2
•, with R � 0:15

and r �
»

ˆx � 0:25•2 � ˆy � 0:25•2. We solve the problem on a sequence of nonconforming
meshes A-D. Mesh A (Figure 2.17b) is a coarse unstructured nonconforming mesh of 4;391
triangles with the maximum level of re�nement set at three, while meshes B-D are obtained
by the nested re�nement of the preceding mesh. That is, each element in a coarser mesh
is divided into four new elements by joining the edge midpoints to form a �ner mesh. The
L1 errors and rates of convergence forp � 1 DG approximation at t � 0:5 are presented in
Table 2.4. We observe that limited solutions converge with theoretical rates. We note that
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the limiter causes only a moderate increase in the magnitude of numerical errors. Raised
solutions forp � 1 on meshes A and D are plotted in Figures 2.17a and 2.17c, respectively.
Additionally, solution pro�les along y � 0:25 on meshes A and D are shown in Figure 2.17d.
We observe that solutions on all but the coarsest mesh approximate the top of the hill well
(Figure 2.17d).

Mesh Number of elements
L1 error

limited unlimited
A 4,391 3.03e-02 (-) 8.4e-03 (-)
B 17,564 5.3e-03 (2.51) 1.82e-03 (2.2)
C 70,256 1.07e-03 (2.30) 4.04e-04 (2.17)
D 281,024 2.51e-04 (2.09) 9.32e-05 (2.11)

Table 2.4: L1 errors for the advecting hill problem for limited and unlimited solutions at
t � 0:5. The convergence rates are given in parentheses.

2.3.3 Rotating shapes.

We solve the rotating shapes problem with the 
ux in (1.8) given byF � � � 2�yu; 2�xu � .
The initial condition, consisting of a square pulse and a hill (Figure 2.18), is given by

u0ˆx; y• �

¢̈
¨̈̈
¦
¨̈̈
¤̈

cos2ˆ2�r •; if r B0:25;

1; if max ˆSx � 0:35S; SyS•B0:25;

0; otherwise;

(2.34)

where r �
»

ˆx � 0:5•2 � y2. The exact solution of the problem is a rotation of the initial
condition about the origin. The problem is solved untilt � 1 on an initial unstructured
mesh of 1;540 triangles. The mesh is re�ned every 5 time steps with the maximum level
of re�nement set at six.

Figure 2.19 shows the isolines of the solution obtained with the proposed moment
limiter on the �nal mesh. We observe that the isolines are sharp, the discontinuities are
well resolved, and the limiter suppresses oscillations near the discontinuities. This is further
demonstrated in the cross-sections in Figure 2.20. We also note that the peak of the hill
has been 
attened in Figure 2.20a. This well known phenomenon is due to clipping at local
extrema by second order limiters.
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(a) Raised solution on mesh A.
(b) Initial nonconforming mesh A.

(c) Raised solution on mesh D. (d) Solution pro�le along the line y � 0:25.

Figure 2.17: Solutions of the advecting hill problem withp � 1.

2.3.4 Isentropic vortex.

Next, we test the performance of the limiter when applied to a system of nonlinear equa-
tions. We consider the Euler equations

@
@t

’
–––
”

�
�u
�v
E

“
———
•

�
@

@x

’
–––
”

�u
�u 2 � p

�uv
ˆE � p•u

“
———
•

�
@
@y

’
–––
”

�v
�uv

�v 2 � p
ˆE � p•v

“
———
•

� 0; (2.35)

where� is the density, �u and �v are thex- and y-direction momenta,E is the energy, and
the pressure,p, is given by the equation of statep � ˆ 
 � 1• ‰E � �

2ˆu2 � v2•Ž. We solve the
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Figure 2.18: Initial set-up for the rotating shapes test case.

(a) Isolines at t � 1. (b) Final mesh of 120; 178 triangles.

Figure 2.19: Solution of the rotating shapes test case att � 1.

smooth isentropic vortex problem described in [51] with the initial conditions

� � ‹ 1 �
ˆ 
 � 1•

8� 2
ˆM� •2er •

1

 � 1

; p �
� 



M 2
; u �

�
2�R

ye
r
2 ; v � �

�
2�R

xe
r
2 ; (2.36)
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(a) Pro�le of the solution at y � 0. (b) Pro�le of the solution at x � 0:5.

Figure 2.20: Solution pro�les for the rotating shapes test case att � 1.

where r � 1� ˆ x2 � y2•
R2 , R � 1:5, � � 13:5, 
 � 1:4, and M � 0:4. With these initial conditions,

the exact solution is stationary and given by (2.36). TheL1 errors in the density and
convergence rates forp � 1 at t � 0:5 are reported in Table 2.5. Similar to the scalar
advection case, we see that the moment limiter does not degrade the expected convergence
rate.

Figure 2.21: Initial nonconforming mesh A for isentropic vortex problem.
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Mesh Number of elements
L1 error

limited unlimited
A 4,781 6.43e-02 (-) 1.07e-02 (-)
B 19,124 1.39e-02 (2.2) 2.56e-03 (2.06)
C 76,496 3.46e-03 (2.00) 6.16e-04 (2.04)
D 305,984 8.70e-04 (1.99) 1.5e-04 (2.04)

Table 2.5: L1 errors for the isentropic vortex problem for limited and unlimited solutions
at t � 0:5. The convergence rates are given in parentheses.

2.3.5 Double Mach test case.

We solve the double Mach re
ection problem to test the performance of the proposed
moment limiter in the presence of strong discontinuities. The initial set-up for the problem
is taken from [25] and shown in Figure 2.22. The computational domain�0; 3:5� � � 0; 1� is
initially discretized into 1;953 triangles. The initial condition consists of a Mach 10 shock
wave impinging at a 60X angle on a re
ecting wall. The states to the left̂ U l • and to the
right ˆU r • of the shock wave are given in Table 2.6. The simulation is run untilt � 0:2
with the mesh re�ned every 10 timesteps. The maximum level of re�nement is set at seven.
Figure 2.23 shows density isolines obtained att � 0:2 on a �nal mesh of 151;371 triangles.

U l U r

� 8 1.4
s � v � n 8.25 0

p 116.5 1

Table 2.6: States to the left and right of the initial shock for the double Mach test case.

We can observe the well-resolved shock structure (Figure 2.23a) as well as the vortices near
the slip line (Figure 2.24a).

Next, we perform a wall clock study to compare the performance of the proposed
moment limiter and the vertex neighborhood limiter [22] with respect to the computational
cost involved. The results of the study are shown in Tables 2.7 and 2.8. We observe that
although the cost associated with setting up the reconstruction neighborhood is higher
for the moment limiter, the limiting time for the moment limiter is less than 30% of the
limiting time for the vertex neighborhood limiter, thereby o�setting the additional set-up
costs.
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Figure 2.22: The initial set-up for the double Mach re
ection test case.

(a) Density isolines.

(b) Final adaptively re�ned mesh.

Figure 2.23: Density isolines att � 0:2 for the double Mach test case obtained using a
second order approximation with moment limiter on a �nal mesh of 156; 114 triangles.

2.3.6 Shock-vortex interaction.

Finally, we solve the shock-vortex interaction test case to analyze the performance of
the proposed limiter for problems with smooth 
ow features as well as discontinuities.
The test case involves interaction of two vortices of strengthM v � 0:9 with a stationary
shock of strengthM s � 1:5, as they pass through it. The set-up for the problem (Figure
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(a) Zoom in near slipline. (b) Final adaptively re�ned mesh.

Figure 2.24: Density isolines att � 0:2 for the double Mach test case obtained using a
second order approximation with moment limiter, on a �nal mesh of 156; 114 triangles.

Moment limiter Vertex neighborhood limiter
Total run time (s) 733.88 992.15
Limiting time (s) 40.35 174.77

Setting up neighborhood (s) 11.9 4.45
Total limiting time (s) 52.25 179.22

Table 2.7: Wall clock timings (seconds) for the double Mach test case run untilt � 0:2 using
a second order approximation on an initial unstructured mesh of 1; 953 triangles with the
mesh re�ned every 10 timesteps, and the maximum level of re�nement set at seven.

Moment limiter Vertex neighborhood limiter
Total run time (s) 800.86 1031.84
Limiting time (s) 37.94 157.53

Setting up neighborhood (s) 33.56 13.23
Total limiting time (s) 71.5 170.76

Table 2.8: Wall clock timings (seconds) for the double Mach test case run untilt � 0:2 using
a second order approximation on an initial unstructured mesh of 1; 953 triangles with the
mesh re�ned every 2 timesteps, and the maximum level of re�nement set at seven.

2.25) is a modi�cation of the one in [52]. The vortices are initially placed at̂0:25; 0:25•
and ˆ0:25;0:75•, while the shock is located atx � 0:5. The upstream conditions are
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Figure 2.25: Initial set-up for the shock vortex test case.

ˆ � u; uu; vu; pu• � ˆ1;
º

1:4M s; 0; 1• and the vortices rotate with an angular velocity

! �

¢̈
¨̈̈
¨̈
¦
¨̈̈
¨̈̈
¤

! m
r
a

; r Ba;

! m
a

a2 � b2
‹ r �

b2

r
• ; a Br Bb;

0; r Cb;

(2.37)

wherer is the radial distance from the center of the vortex,! m �
º

1:4M v is the maximum
angular velocity, andˆa; b• � ˆ0:075; 0:175•. The density and pressure inside the vortices
are

� � � u ‹
T
Tu

•
2:5

; p � pu ‹
T
Tu

•
3:5

; (2.38)

where Tu � 1 is the upstream temperature and the temperature of the vortices can be
obtained by solving

dT
dr

�
2
7

! 2

r
; (2.39)

where r is the radial distance from the center of the vortex. The domain is initially
discretized into 5; 212 triangles. The simulation is run untilt � 0:7 with the mesh adaptively
re�ned every 5 timesteps and the maximum level of re�nement set at six.

Figure 2.26 shows density isolines att � 0:7 obtained using second order discretization
with moment limiter on the �nal adaptively re�ned mesh. We observe that the shock
structure and compression waves are sharp and well-de�ned. Further, as the vortex passes
through the stationary shock, it splits into two vortices. From Figure 2.26a we see that
vortex splitting is captured and the vortices are well resolved.
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(a) Density isolines.

(b) Final adaptivley re�ned mesh.

Figure 2.26: Density isolines att � 0:7 for the shock vortex test case, obtained using a
second order approximation and moment limiter on a �nal mesh of 181; 057 triangles.

2.4 Summary

In this work, we have described a family of second order moment limiters for the discontinu-
ous Galerkin method on adaptively re�ned nonconforming triangular meshes. The limiter
works by decoupling the linear solution coe�cients along two directions and restricting
the slopes along said directions using a one-dimensional limiter. The limiter uses solution
averages from a compact reconstruction stencil consisting of eight elements. The limiter
is an extension of the second order moment limiter proposed in [2] for conforming trian-
gular meshes. Extension of the limiter to nonconforming meshes is not straightforward
as a triangular element in the mesh can share an edge with more than one element. We
have proposed a simple algorithm, implemented entirely on a GPU, to update the recon-
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struction neighborhood of elements in an adaptively re�ned mesh. The algorithm involves
maintaining a database of vertices in the mesh and updating the vertex to element and
element to vertex connectivity with every re�nement cycle. As every element is uniquely
identi�ed in the database, the algorithm avoids race conditions when implemented on a
GPU.

The numerical experiments provided in Section 2.3 validate the robustness and accuracy
of the proposed limiter. Finally, the performed wall clock timing studies con�rm the
advantage of using the presented moment limiter over the vertex neighborhood limiter
proposed in [22] with respect to the computational cost involved in executing the limiters.
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Chapter 3

High-order moment limiter on
unstructured triangular meshes

In this chapter, we describe an arbitrarily high-order moment limiter for the DG method on
unstructured triangular meshes. The limiter can be viewed as an extension of the second
order limiter proposed in [2] to higher order approximations and an extension of the high-
order moment limiter on Cartesian grids [25] to triangular meshes. The proposed limiter
works by computing directional derivatives of the numerical solution in two specially chosen
directions (Figure 3.1). These values are limited by comparing them to approximations
computed as forward and backward di�erences of the directional derivatives of one order
less. The limited directional derivatives are then related to the solution coe�cients.

The limiter is applied hierarchically, starting with the highest order solution coe�cients.
That is, the limiter is �rst applied to the p � 1 degrees of freedom corresponding to basis
functions of degreep. If one or all of these coe�cients is modi�ed, the limiter is applied to
the coe�cients corresponding to the basis functions of degreep� 1. This process continues
until either all non-zero order coe�cients are limited or we encounter coe�cients that are
not altered by the limiter.

The limiter is very simple to implement as it operates on a small, �xed stencil of eight
elements for all orders of approximation. This stencil is computed in the pre-processing
stage and stored. We also precompute [53] and store geometrical constants involved in the
limiting algorithm. For each directional derivative of the solution, the limiter is written as
a standard minmod function. The values used by the minmod are given by simple formulas
involving solution coe�cients and precomputed constants. The limiter is parameter free
in the sense that no parameter needs to be �ne-tuned. However, there is a range of values
for the parameter that describes how we relate a solution derivative to �nite di�erences of
lower order derivatives. This is similar to the range of stable slopes in the Sweby region
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[6]. We use the value of this parameter used on Cartesian grids in [25].

Since the limiter acts directly on solution coe�cients (moments), it does not require
costly solution evaluations at limiting points. Choosing to limit in �xed directions in the
computational space as opposed to �xed directions in the physical space also leads to
computational savings. This is because the solution is de�ned in the computational space,
hence its derivatives have a simple form in there. As a result, the limiter takes only about
�fteen percent of total computing time in a parallel implementation [54] for the modal
discontinuous Galerkin method.

3.1 Limiting algorithm

We aim to limit directional derivatives of the numerical solution by comparing them to the
forward and backward di�erences of derivatives of one order less. In the following section
we derive expressions for directional derivatives ofUi in the physical and computational
spaces. The moment limiter is then presented in Section 3.1.2 for an arbitrary order of
approximation p. A detailed derivation of the limiter for the p � 2 approximation follows
in Section 3.1.3.

3.1.1 Directional derivatives

Consider directions given by the vectors

v1 �
2

º
5

ˆ1; � 1~2•; v2 � ˆ0; 1•; (3.1)

on 
 0 (Figure 3.1). It was shown in [2] that the �rst order directional derivatives in
directions (3.1) uncouple solution coe�cients. This lead to development of the second
order moment limiter on triangular meshes. While higher order solution coe�cients can-
not be fully uncoupled, these directions signi�cantly simplify relations between solution
coe�cients and solution derivatives.

Denote j th directional derivatives along these directions by

D q
v1

D j � q
v2

Ui ˆ r • �
@j

@vq1@vj � q
2

Ui ˆ r •; 0 Bq Bj; (3.2)

where r � ˆ r; s•. In order to evaluate (3.2) at the cell centroid of 
0, r 0 � ˆ 1
3 ; 1

3•, we
parameterize two lines passing throughr 0 and having directions (3.1). We introduce the
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Figure 3.1: Limiting directions v1 and v2 on the canonical element 
0.

new variablesb �
2s

1 � r
� 1 and a � r and note that b � 0 and a � 1

3 are equations of these

two lines (Figure 3.1). Computing directional derivatives (3.2) of the Dubiner polynomials
(1.14) results in

Œ

º
5

2
‘

q

D q
v1

D j � q
v2

' l
kˆ r; s•W

ˆ 1
3 ; 1

3 •

�
@q

@aq
Œ‹

2
1 � a

•
j � q @j � q

@bj � q
' l

kˆa; b•‘ W
ˆ 1

3 ;0•

� C l
k2k� j � q @j � q

@bj � q
L kˆb•

@q

@aq
‰̂1 � a•k� j � qP2k� 1;0

l ˆ2a � 1•ŽW
ˆ 1

3 ;0•

;

(3.3)

where 0B q B j . Since even degree Legendre polynomials are even polynomials and odd
degree Legendre polynomials are odd, odd derivatives of even degree Legendre polynomials
and even derivatives of odd degree Legendre polynomials evaluated at zero are zero, i.e.,

d2n

d� 2n
L2k� 1ˆ � •W

0

� 0;
d2n� 1

d� 2n� 1
L2kˆ � •W

0

� 0; k; n � 0; 1; 2; � : (3.4)

Setting j � p in (3.3) and using (3.4), we obtain thepth directional derivatives of Ui ˆ r •
along v1 and v2 evaluated at the cell centroidr 0

D p
v2

Ui ˆ r 0• � Û0
i;p � C0

p22p dp

dbp
Lpˆb•� W

ˆ 1
3 ;0•

;

Œ

º
5

2
‘ D p� 1

v2
D 1

v1
Ui ˆ r 0• � Û1

i;p � 1 � C1
p� 122ˆ p� 1• dp� 1

dbp� 1
Lp� 1ˆb•

d
da

P2p� 1;0
1 ˆ2a � 1•� W

ˆ 1
3 ;0•

;
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i;p � 2 � C2

p� 222ˆ p� 2• dp� 2

dbp� 2
Lp� 2ˆb•

d2

da2
P2ˆ p� 1• � 1;0

2 ˆ2a � 1•� W
ˆ 1

3 ;0•

� Û0
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� Ûp� 6
i; 6 � Cp� 6

6 26L6ˆb•
dp

dap
Šˆ1 � a•6P2ˆ 6• � 1;0

p� 6 ˆ2a � 1••� W
ˆ 1

3 ;0•

� � : (3.5)

Expressions in (3.5) can be compactly written as

Œ
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‘
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D p� q
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D q
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Ui ˆ r 0• �
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Q
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Ûq� 2
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 22ˆ p� q� 
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Lp� q� 2
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Šˆ1 � a•2
 P2ˆ p� q� 2
 • � 1;0

q� 2
 ˆ2a � 1••� W
ˆ 1

3 ;0•

; 0 Bq Bp;
(3.6)

where 
 �� is the 
oor function. Denoting the expression in�� by � q;q� 2
 , we write (3.6) in
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the matrix form
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Similarly, the j th directional derivatives of Ui ˆ r •, 1 B j B p, along v1 and v2 evaluated at
r 0 are

Œ
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 q~2�
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Šˆ1 � a•k� j � 2� P2ˆ k� q� 2� • � 1;0

q� 2� ˆ2a � 1••� W
ˆ 1

3 ;0•

; 0 Bq Bj:
(3.8)

Next, we use (1.12) for element 
i to map the directions v1 and v2 de�ned in (3.1)
from the computational to physical space and obtain the following unit vectors (after
normalization)

v i; 1 �
Ji v1

YJi v1Y
; v i; 2 �

Ji v2

YJi v2Y
; (3.9)

whereJi is given by (1.13). Using (1.12), (1.13), and (3.1), (3.9) can be simpli�ed to

v i; 1 �
1

hi; 1
‹ x i; 2 �

1
2

ˆx i; 1 � x i; 3•• ; v i; 2 �
1

hi; 2
ˆx i; 3 � x i; 1• ; (3.10)
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wherex i;k ; k � ˜ 1; 2; 3• are the vertices of 
i and

hi; 1 � \ x i; 2 �
1
2

ˆx i; 1 � x i; 3•\ ; hi; 2 � Yx i; 3 � x i; 1Y: (3.11)

Using (1.12), (1.13), and (3.9), we relate directional derivatives in the physical and com-
putational spaces:

D q
v i; 1

D j � q
v i; 2

Ui ˆx• � Œ

º
5

2hi; 1
‘

q

Œ
1

hi; 2
‘

j � q

D q
v1

D j � q
v2

Ui ˆ r •; 0 Bq Bj; 1 Bj Bp: (3.12)

In the next section, we will derive an algorithm for limitingD q
v i; 1 D j � q

v i; 2 Ui ˆx0•.

Remark 1. The process outlined above can be used to compute directional derivatives
in any given directions. The advantage of using directions (3.1) is sparsity of the matrix
in (3.7).

Remark 2. It can be shown that there are no directions that fully uncouple all directional
derivatives, i.e., result in a diagonal matrix in (3.7).

Figure 3.2: 
 i and the mesh elements sharing a vertex with it. Elements used in limiting
are shaded. Limiting directionsv i; 1 and v i; 2 are shown as arrows. Backward and forward
interpolation points are shown as solid squares. Linear interpolation of directional deriva-
tives at the interpolation points is performed over the segments shown as thick lines.
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3.1.2 Derivation of the moment limiter

We start the limiting process with the highest order solution coe�cientsÛ0
i;p ; Û1

i;p � 1; :::; Ûp
i; 0

and corresponding directional derivatives. We present the algorithm on an example of
limiting on the pth order directional derivative D p� 1

v i; 1 D 1
v i; 2

Ui . We limit D p� 1
v i; 1 D 1

v i; 2
Ui by

comparing its value at the cell centroid of 
i to the forward and backward di�erences of
D p� 1

v i; 1 U along v i; 2 and D p� 2
v i; 1 D 1

v i; 2
U along v i; 1, i.e., the derivatives of one degree less inv i; 2

or v i; 1 direction, respectively.

The forward and backward di�erences are computed from the forwardx f
i; 1 and x f

i; 2, and
backward xb

i; 1 and xb
i; 2 interpolation points (Figure 3.2, solid squares) to the cell centroid

(Figure 3.2, solid circle). We �nd these points by forming a polygon by joining the cell
centroids of the neighboring elements that share a vertex with 
i . Next, we de�ne two
lines parallel tov i; 1 and v i; 2 that pass through the centroid of 
 i . The interpolation points
x f

i;k , xb
i;k , k � 1; 2, are then the points of intersection of these lines and the faces of the

polygon.

(a) (b)

Figure 3.3: (A) Limiting stencil along v i; 1, (B) Limiting stencil along v i; 2.

Let us consider limiting D p� 1
v i; 1 D 1

v i; 2
Ui in the direction v i; 2. In order to �nd the values

of the ˆp � 1•th order derivative D p� 1
v i; 1 U at the interpolation points, we �rst compute the

ˆp � 1•th directional derivative D p� 1
v i; 1 Uf ˆx f; 0•; f � ˜ j; k; m; n • at the cell centroids of the

neighbouring elements 
j , 
 k , 
 m , and 
 n (Figure 3.3b). Consider for example element

 m . In general, limiting directionsvm;1 and vm;2 on 
 m will not coincide with v i; 1 and v i; 2

52



on 
 i . To obtain directional derivatives in the directionsv i; 1 and v i; 2 on 
 m , we express
directions on 
 i as linear combinations of directions on 
m

v i; 1 � � 1
m;1vm;1 � � 1

m;2vm;2; v i; 2 � � 2
m;1vm;1 � � 2

m;2vm;2; (3.13)

for some coe�cients� . Using (3.13) and (3.12), thê p� 1•th directional derivative D p� 1
v i; 1 Um ,

evaluated at the cell centroidxm;0 of 
 m , is

D p� 1
v i; 1

Um ˆxm;0• � ‰� 1
m;1Dv m; 1 � � 1

m;2Dv m; 2 Ž
p� 1

Um ˆxm;0•

� Œ� 1
m;1

º
5

2hm;1
Dv1 � � 1

m;2
1

hm;2
Dv2 ‘

p� 1

Um ˆ r 0•:
(3.14)

Similarly, we can compute thê p� 1•th directional derivatives D p� 1
v i; 1 Uj ˆx j; 0•, D p� 1

v i; 1 Ukˆxk;0•,
and D p� 1

v i; 1 Un ˆxn;0• at the centroids of 
 j , 
 k , and 
 n (Figure 3.3b). We use these values to
linearly interpolate the forward and backward reconstructions of thêp � 1•th directional
derivatives D p� 1

v i; 1 Ub
i; 2 and D p� 1

v i; 1 Uf
i; 2 at the backward and forward interpolation pointsxb

i; 2

and x f
i; 2 as

D p� 1
v i; 1

Uf
i; 2 � � f

i; 2D p� 1
v i; 1

Uj ˆx j; 0• � ˆ1 � � f
i; 2•D p� 1

v i; 1
Ukˆxk;0•;

D p� 1
v i; 1

Ub
i; 2 � � b

i; 2D p� 1
v i; 1

Um ˆxm;0• � ˆ1 � � b
i; 2•D p� 1

v i; 1
Un ˆxn;0•;

(3.15)

where 0B � b
i; 2 B 1 and 0B � f

i; 2 B 1 are the backward and forward interpolation weights for
the limiting stencil in Figure 3.3b. That is, D p� 1

v i; 1 Uf
i; 2 is the weighted average ofD p� 1

v i; 1 Uj ˆx j; 0•
and D p� 1

v i; 1 Ukˆxk;0•, where� f
i; 2 is

� f
i; 2 �

Zxk;0 � x f
i; 2Z

Yx j; 0 � xk;0Y
: (3.16)

Finally, the limited pth order directional derivative D p� 1
v i; 1 D 1

v i; 2
Ui is obtained by comparing

its value to the forward and backward di�erences in thê p � 1•th directional derivatives
multiplied by the scaling parametersl f

i; 2 and lb
i; 2

D p� 1
v i; 1

D 1
v i; 2

Ui ˆx i; 0• * minmod
’

”
D p� 1

v i; 1
D 1

v i; 2
Ui ˆx i; 0•; l f

i; 2

D p� 1
v i; 1 Uf

i; 2 � D p� 1
v i; 1 Ui ˆx i; 0•

Zx f
i; 2 � x i; 0Z

;

lb
i; 2

D p� 1
v i; 1 Ui ˆx i; 0• � D p� 1

v i; 1 Ub
i; 2

Zxb
i; 2 � x i; 0Z

“

•
;

(3.17)
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where the minmod function is

minmodˆa; b; c• �
¢̈
¨
¦
¨̈
¤

signˆa• � min ˆSaS;SbS;ScS•; if signˆa• � signˆb• � signˆc•;

0; otherwise:
(3.18)

Next, we limit D p� 1
v i; 1 D 1

v i; 2
Ui along v i; 1. We compute theˆp � 1•th directional derivative

D p� 2
v i; 1 D 1

v i; 2
U at the cell centroids of 
 a, 
 b, 
 s, and 
 t (Figure 3.3a), e.g. D p� 2

v i; 1 D 1
v i; 2

Us,
evaluated atxs;0, is

D p� 2
v i; 1

D 1
v i; 2

Usˆxs;0• � ‰� 1
s;1Dv s; 1 � � 1

s;2Dv s; 2 Ž
p� 2

‰� 2
s;1Dv s; 1 � � 2

s;2Dv s; 2 ŽUsˆxs;0•

� Œ� 1
s;1

º
5

2hs;1
Dv1 � � 1

s;2
1

hs;2
Dv2 ‘

p� 2

Œ� 2
s;1

º
5

2hs;1
Dv1 � � 2

s;2
1

hs;2
Dv2 ‘ Usˆ r 0•:

(3.19)

Then, we linearly interpolateD p� 2
v i; 1 D 1

v i; 2
U at the forward and backward interpolation points

x f
i; 1 and xb

i; 1 using the values at the cell centroids

D p� 2
v i; 1

D 1
v i; 2

Uf
i; 1 � � f

i; 1D p� 2
v i; 1

D 1
v i; 2

Usˆxs;0• � ˆ1 � � f
i; 1•D p� 2

v i; 1
D 1

v i; 2
Ut ˆx t;0•;

D p� 2
v i; 1

D 1
v i; 2

Ub
i; 1 � � b

i; 1D p� 2
v i; 1

D 1
v i; 2

Uaˆxa;0• � ˆ1 � � b
i; 1•D p� 2

v i; 1
D 1

v i; 2
Ubˆxb;0•;

(3.20)

where 0B � b
i; 1 B 1 and 0B � f

i; 1 B 1. Finally, we limit D p� 1
v i; 1 D 1

v i; 2
Ui by comparing it to the

forward and backward di�erences ofD p� 2
v i; 1 D 1

v i; 2
U scaled by the parametersl f

i; 1 and lb
i; 1

D p� 1
v i; 1

D 1
v i; 2

Ui ˆx i; 0• * minmod
’

”
D p� 1

v i; 1
D 1

v i; 2
Ui ˆx i; 0•; l f

i; 1

D p� 2
v i; 1 D 1

v i; 2
Uf

i; 1 � D p� 2
v i; 1 D 1

v i; 2
Ui ˆx i; 0•

Zx f
i; 1 � x i; 0Z

;

lb
i; 1

D p� 2
v i; 1 D 1

v i; 2
Ui ˆx i; 0• � D p� 2

v i; 1 D 1
v i; 2

Ub
i; 1

Zxb
i; 1 � x i; 0Z

“

•
:

(3.21)

The scaling parametersl f
i;k and lb

i;k , k � ˜ 1; 2• , depend on the order of the derivative being
limited. For pth order derivatives, the admissible range is

1 Bl f
i; 2 B
 f

i; 2ˆ2p � 1•; 1 Blb
i; 2 B
 b

i; 2ˆ2p � 1•;

1 Bl f
i; 1 B
 f

i; 1ˆ2p � 1•; 1 Blb
i; 1 B
 b

i; 1ˆ2p � 1•;
(3.22)

which is equivalent to the range for the scaling parameters used on Cartesian grids in [25].
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The geometric parameters
 i in (3.22) are


 f
i; 1 �

Zx f
i; 1 � x i; 0Z

hi; 1
; 
 b

i; 1 �
Zxb

i; 1 � x i; 0Z

hi; 1
;


 f
i; 2 �

Zx f
i; 2 � x i; 0Z

hi; 2
; 
 b

i; 2 �
Zxb

i; 2 � x i; 0Z

hi; 2
;

(3.23)

wherehi; 1 and hi; 2 are given in (3.11). To minimize loss in accuracy of the solution, in all
experiments in Section 3.2 we choose the least restrictive limiter, i.e., the right hand side
of the intervals in (3.22).

Remark 3. Directional derivatives D j
v i; 1 U and D j

v i; 2 U, 1 B j B p, are limited only in
directions v i; 1 and v i; 2, respectively. Mixed derivatives are limited in both directions with
the smallest of the two limited values taken.

In a similar way, we limit every pth order directional derivative along v i; 1 and v i; 2.
Substituting these limited directional derivatives into (3.7), we obtain the limited pth
order moments. If all pth order directional derivatives are modi�ed by the limiter, we
repeat the process for thê p � 1•th order moments Û0

i;p � 1; Û1
i;p � 2; � ; Ûp� 1

i; 0 . We limit the
ˆp � 1•th directional derivatives alongv i; 1 and v i; 2 by comparing them to the forward and
backward di�erences inˆp� 2•th directional derivatives. We �nd modi�ed values of ˆp� 1•th
order moments by substituting the limited ˆp � 1•th directional derivatives into a system
of equations similar to (3.7), obtained by ignoring the contribution ofpth order moments
in (3.8). The process is continued until we reach either a set ofkth order directional
derivatives that are not modi�ed or the zeroth order moment.

3.1.3 Third order limiter

To illustrate implementation of the high-order moment limiter, we give a detailed descrip-
tion for the casep � 2 in this section andp � 3 in the Appedix A. The third order DG
approximation on element 
 i , written as a linear combination of the Dubiner basis, is

Ui ˆ r; s• �
2

Q
l � k� 0

Û l
i;k ' l

kˆ r; s•: (3.24)
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The quadratic basis functions are given by

' 0
2ˆ r; s• �

3
º

30
2

ˆ2s � r � 1•2 �

º
30
2

ˆ1 � r •2 ;

' 1
1ˆ r; s• � 3

º
2ˆ2s � r � 1• ˆ 5r � 1• ;

' 2
0ˆ r; s• � 3

º
6 � 12

º
6ˆr � 1• � 10

º
6ˆr � 1•2 ;

(3.25)

and the linear and constant basis functions are given by

' 0
0ˆ r; s• �

º
2;

' 1
0ˆ r; s• � � 2 � 6r;

' 0
1ˆ r; s• � � 2

º
3 � 2

º
3r � 4

º
3s:

(3.26)

Using (3.5) and (3.7), the second order moments ofUi can be expressed in terms of the
second order directional derivatives alongv i; 1 and v i; 2 as

’
––––
”

h2
i; 2D 2

v i; 2
Ui ˆx i; 0•

hi; 2hi; 1Dv i; 2 Dv i; 1 Ui ˆx i; 0•

h2
i; 1D 2

v i; 1
Ui ˆx i; 0•

“
————
•

�

’
––––––––
”

D 2
v2

Ui ˆ r 0•

Œ

º
5

2
‘ D 1

v2
D 1

v1
Ui ˆ r 0•

Œ

º
5

2
‘

2

D 2
v1

Ui ˆ r 0•

“
————————
•

�

<@@@@@@@@>

12
º

30 0 0

0 30
º

2 0

�
º

30 0 20
º

6

=AAAAAAAA?

’
––––
”

Û0
i; 2

Û1
i; 1

Û2
i; 0

“
————
•

:

(3.27)
We start by computing the �rst order directional derivatives alongv i; 1 and v i; 2 at the cell
centroids of the elements involved in the limiting stencil (Figures 3.2 and 3.3). For example,
to limit D 2

v i; 2
Ui and Dv i; 2 Dv i; 1 Ui , we need to compute directional derivatives alongv i; 1 and

v i; 2 at the cell centroids of 
 j , 
 k , 
 m , and 
 n (Figure 3.3b). Consider element 
n . Using
(3.8), the �rst order directional derivatives alongvn;1 and vn;2 at the cell centroid xn;0 are

hn;1D 1
v n; 1

Un ˆxn;0• � Œ

º
5

2
‘ D 1

v1
Un ˆ r 0• � 6Œ̂U1

n;0 �

º
30
9

Û0
n;2 �

2
º

6
9

Û2
n;0‘ ;

hn;2D 1
v n; 2

Un ˆxn;0• � D 1
v2

Un ˆ r 0• � 4
º

3
’

”
Û0

n;1 �

¾
2
3

Û1
n;1

“

•
:

(3.28)

Then, the directional derivatives alongv i; 1 and v i; 2 at xn;0 are computed as

D 1
v i; 1

Un � � 1
n;1Dv n; 1 Un � � 1

n;2Dv n; 2 Un ;

D 1
v i; 2

Un � � 2
n;1Dv n; 1 Un � � 2

n;2Dv n; 2 Un ;
(3.29)
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where the coe�cients � are obtained from

v i; 1 � � 1
n;1vn;1 � � 1

n;2vn;2; v i; 2 � � 2
n;1vn;1 � � 2

n;2vn;2: (3.30)

In a similar way, the �rst order directional derivatives alongv i; 1 and v i; 2 are computed
at the cell centroids of 
 j ; 
 k , and 
 m . The computed values at the cell centroids are used
to linearly interpolate the values at the forward and backward interpolation pointsx f

i; 2 and
xb

i; 2 as

Dv i; 1 Uf
i; 2 � � f

i; 2Dv i; 1 Uj ˆx j; 0• � ˆ1 � � f
i; 2•Dv i; 1 Ukˆxk;0•;

Dv i; 1 Ub
i; 2 � � b

i; 2Dv i; 1 Um ˆxm;0• � ˆ1 � � b
i; 2•Dv i; 1 Un ˆxn;0•;

Dv i; 2 Uf
i; 2 � � f

i; 2Dv i; 2 Uj ˆx j; 0• � ˆ1 � � f
i; 2•Dv i; 2 Ukˆxk;0•;

Dv i; 2 Ub
i; 2 � � b

i; 2Dv i; 2 Um ˆxm;0• � ˆ1 � � b
i; 2•Dv i; 2 Un ˆxn;0•:

(3.31)

Finally, the directional derivatives D 2
v i; 2

Ui and Dv i; 2 Dv i; 1 Ui are limited by comparing them
to the forward and backward di�erences alongv i; 2 as

D 2
v i; 2

Ui ˆx i; 0• * minmod
’

”
D 2

v i; 2
Ui ˆx i; 0•; l f

i; 2

Dv i; 2 Uf
i; 2 � Dv i; 2 Ui ˆx i; 0•

Zx f
i; 2 � x i; 0Z

;

lb
i; 2

Dv i; 2 Ui ˆx i; 0• � Dv i; 2 Ub
i; 2

Zxb
i; 2 � x i; 0Z

“

•
;

Dv i; 2 Dv i; 1 Ui ˆx i; 0• * minmod
’

”
Dv i; 2 Dv i; 1 Ui ˆx i; 0•; l f

i; 2

Dv i; 1 Uf
i; 2 � Dv i; 1 Ui ˆx i; 0•

Zx f
i; 2 � x i; 0Z

;

lb
i; 2

Dv i; 1 Ui ˆx i; 0• � Dv i; 1 Ub
i; 2

Zxb
i; 2 � x i; 0Z

“

•
:

(3.32)

The range for the scaling parametersl f
i;k and lb

i;k , k � ˜ 1; 2• , is given in (3.22). Similarly,
the �rst order directional derivatives along v i; 1 and v i; 2 are computed at the cell centroids
of 
 s, 
 t , 
 a, and 
 b (Figure 3.3a), and are used to linearly interpolate the values of the
�rst order directional derivatives at the forward and backward interpolation pointsx f

i; 1 and
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xb
i; 1 as

Dv i; 1 Uf
i; 1 � � f

i; 1Dv i; 1 Usˆxs;0• � ˆ1 � � f
i; 1•Dv i; 1 Ut ˆx t;0•;

Dv i; 1 Ub
i; 1 � � b

i; 1Dv i; 1 Uaˆxa;0• � ˆ1 � � b
i; 1•Dv i; 1 Ubˆxb;0•;

Dv i; 2 Uf
i; 1 � � f

i; 1Dv i; 2 Usˆxs;0• � ˆ1 � � f
i; 1•Dv i; 2 Ut ˆx t;0•;

Dv i; 2 Ub
i; 1 � � b

i; 1Dv i; 2 Uaˆxa;0• � ˆ1 � � b
i; 1•Dv i; 2 Ubˆxb;0•:

(3.33)

The directional derivativesD 2
v i; 1

Ui and Dv i; 1 Dv i; 2 Ui are limited by comparing them to the
forward and backward di�erence alongv i; 1 as

D 2
v i; 1

Ui ˆx i; 0• * minmod
’

”
D 2

v i; 1
Ui ˆx i; 0•; l f

i; 1

Dv i; 1 Uf
i; 1 � Dv i; 1 Ui ˆx i; 0•

Zx f
i; 1 � x i; 0Z

;

lb
i; 1

Dv i; 1 Ui ˆx i; 0• � Dv i; 1 Ub
i; 1

Zxb
i; 1 � x i; 0Z

“

•
;

Dv i; 1 Dv i; 2 Ui ˆx i; 0• * minmod
’

”
Dv i; 1 Dv i; 2 Ui ˆx i; 0•; l f

i; 1

Dv i; 2 Uf
i; 1 � Dv i; 2 Ui ˆx i; 0•

Zx f
i; 1 � x i; 0Z

;

lb
i; 1

Dv i; 2 Ui ˆx i; 0• � Dv i; 2 Ub
i; 1

Zxb
i; 1 � x i; 0Z

“

•
:

(3.34)

Finally, the modi�ed second order momentsÛ2
i; 0, Û1

i; 1, and Û0
i; 2 are computed by sub-

stituting the limited second order directional derivativesD 2
v i; 1

Ui , D 2
v i; 2

Ui , and Dv i; 1 Dv i; 2 Ui

into (3.27)

Û0
i; 2 �

h2
i; 2

12
º

30
D 2

v i; 2
Ui ;

Û1
i; 1 �

hi; 2hi; 1

30
º

2
Dv i; 2 Dv i; 1 Ui ;

Û2
i; 0 �

h2
i; 1

20
º

6
D 2

v i; 1
Ui �

h2
i; 2

240
º

6
D 2

v i; 2
Ui :

(3.35)

If all second order directional derivatives have been modi�ed by the limiter, then the linear
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moments are limited using the second order moment limiter [2]

Û0
i; 1 * minmod

’

”

Uf
i; 1 � U i

2
; Û0

i; 1;
U i � Ub

i; 1

2
“

•
;

Û0
i; 2 * minmod

’

”

Uf
i; 2 � U i

2
º

3
; Û0

i; 2;
U i � Ub

i; 2

2
º

3

“

•
;

(3.36)

whereU
n
i is the cell average in 
i . The forward and backward interpolation valuesUf

i;q and
Ub

i;q , q � ˜ 1; 2• , are linearly interpolated using the cell averages from respective neighboring
elements (Figure 3.2). For example, the forward and backward interpolation values along
v i; 2 are given by

Uf
i; 2 � � f

i; 2U j � ˆ1 � � f
i; 2•Uk ;

Ub
i; 2 � � b

i; 2Um � ˆ1 � � b
i; 2•Un ;

(3.37)

with 0 B� f
i; 2; � b

i; 2 B1.

3.1.4 Implementation of the moment limiter

The limiter is easy to implement and fast in execution. We pre-compute [53] the limiting
stencil for each mesh element (Figures 3.2 and 3.3), i.e., for each 
i , we store pointers
to the eight mesh elements involved in the limiting stencil. We compute and store the
constants� in (3.30) and interpolation weights� in (3.31) and (3.33). For example, with
p � 2, we

1. Compute higher order derivatives using (3.27).

2. Compute lower order derivatives using (3.28).

3. Compute the directional derivatives along the required direction on neighboring ele-
ments using (3.29).

4. Interpolate lower order derivatives at the interpolation points using (3.31) and (3.33).

5. Apply the minmod function.

Each step in the above Algorithm is a set of simple algebraic operations involving the
solution coe�cients and the pre-computed constants. Consequently, the limiter takes only
15% of the total runtime (Example 3.2.5) in this implementation of the modal discontinuous
Galerkin method.
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3.2 Numerical Results

We perform numerical experiments to analyze the performance of the proposed high-order
moment limiter. We run convergence studies to show that limited solutions exhibit the
expected convergence rates. We also present numerical experiments to show robustness
of the limiter in the presence of discontinuities. In all presented cases, time-stepping was
performed using an explicit Runge-Kutta integrator of order̂ p� 1• with the CFL condition
proposed in [50]

� t BCFL min
i

hi

YaY
;

CFL �
1

ˆ2p � 1• Œ1�
4

ˆp � 2•2
‘

; (3.38)

wherehi is the smallest height of element 
i (Figure 3.4). Finally, unless stated otherwise,
the local Lax-Friedrichs 
ux was used.

Figure 3.4: Element sizehi � minˆH i; 1; H i; 2; H i; 3• [2].

3.2.1 Advecting hill.

We consider the advecting hill problem on the domain 
� � � 1; 1� � � � 1; 1� , with the 
ux in
(1.8) given by F � �u; u� . The initial condition is u0ˆx; y• � 2:5 expˆ � r 2

2R2 •, whereR � 0:15
and r �

»
ˆx � 0:25•2 � ˆy � 0:25•2. We solve the problem on a sequence of meshes A-E.

Mesh A is a coarse unstructured triangular mesh. Meshes B-E are obtained by nested
re�nement, i.e., each element in a coarser mesh is divided into four new triangles by
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connecting the edge midpoints with the centroid to obtain a �ner mesh. TheL1 errors and
rates of convergence forp � 2 and p � 3 at t � 0:5 are presented in Table 3.1. We observe
that limited solutions converge with the theoretical rates. It is expected that a limiter will
increase the magnitude of the numerical error. We note that such an increase in the error
is modest. Raised solutions forp � 2 on meshes A and C are plotted in Figures 3.5a and
3.5b. Additionally, solution pro�les along y � 0:25 on meshes A-C are shown in Figure
3.5c. We observe that solutions on all but the coarsest mesh approximate the top of the
hill well.

Mesh Nb. elems
L1 error

p = 2 p = 2 (unlimited) p = 3 p = 3 (unlimited)
A 1,046 4.82e-03 (-) 7.86e-04 (-) 4.98e-04 (-) 6.49e-05 (-)
B 4,184 3.70e-04 (3.70) 9.09e-05 (3.11) 1.85e-05 (4.75) 3.81e-06 (4.09)
C 16,736 4.08e-05 (3.18) 1.07e-05 (3.08) 1.06e-06 (4.13) 2.24e-07 (4.09)
D 66,944 4.63e-06 (3.14) 1.29e-06 (3.05) 6.37e-08 (4.06) 1.35e-08 (4.05)
E 267,776 5.72e-07 (3.02) 1.56e-07 (3.047) 3.91e-09 (4.03) 8.23e-10 (4.035)

Table 3.1: L1 errors for the advecting hill problem for limited and unlimited solutions at
t � 0:5. Convergence rates are given in parentheses.

3.2.2 Limiting directions.

In this section we investigate how ordering of vertices in
uences performance of the limiter.
Triangle 
 i is described by its verticesx i; 1; x i; 2, and x i; 3. Assuming that the vertices
are arranged in the counter-clockwise direction, there are three ways to describe 
i , i.e.,
ˆx i; 1; x i; 2; x i; 3•, ˆx i; 2; x i; 3; x i; 1•, and ˆx i; 3; x i; 1; x i; 2• (Figure 3.6). With mapping (1.12), this
results in three possible limiting directions. We analyse the e�ect of vertex ordering and,
hence, limiting directions, on the accuracy of limited solutions. One way to do so is to
compare the distances of the points used in reconstructing the forward and backward
approximations of solution derivatives from the cell's centroid. For each vertex ordering of

 i , we compute the maximumˆ
 i;M • and the minimum ˆ
 i;m • of the geometric parameter

 i (3.23). Next, we name the vertex ordering with the smallest
 i;M on 
 i Con�guration
1, the mesh generator's vertex ordering Con�guration 2, and the vertex ordering with the
largest 
 i;m on 
 i Con�guration 3. Tables 3.2 and 3.3 show the solution errors obtained
with three con�gurations for p � 2 and p � 3 approximations. We note that the stencils
with the interpolation points closest to the cell centroid have the smallest errors. However,
variation in the errors for the three con�gurations is not signi�cant. Thus, mesh-generated
vertex ordering can be directly used, without any additional pre-processing.
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(a) Raised solution on mesh A. (b) Raised solution on mesh C.

(c) Solution pro�le along the line y � 0:25.

Figure 3.5: Solutions of the advecting hill problem withp � 2.

Figure 3.6: Limiting directions on 
 i .

3.2.3 Rotating shapes.

We solve the rotating shape problem with the 
ux in (1.8) given byF � � � 2�yu; 2�xu � .
The initial condition consists of a hill and a square pulse (Figure 3.7) and is given by
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Mesh Con�guration 1 Con�guration 2 Con�guration 3
A 4.43e-03 4.82e-03 4.14e-03
B 3.54e-04 3.70e-04 3.68e-04
C 3.96e-05 4.08e-05 3.96e-05
D 4.39e-06 4.63e-06 4.45e-06
E 5.37e-07 5.71e-07 5.41e-07

Table 3.2: L1 errors for the advecting hill problem att � 0:5 with three di�erent vertex
ordering, p � 2.

Mesh Con�guration 1 Con�guration 2 Con�guration 3
A 5.08e-04 4.98e-04 4.00e-04
B 1.72e-05 1.85e-05 1.87e-05
C 9.81e-07 1.06e-06 1.05e-06
D 5.78e-08 6.37e-08 6.06e-08
E 3.57e-09 3.91e-09 3.66e-09

Table 3.3: L1 errors for the advecting hill problem att � 0:5 with three di�erent vertex
ordering, p � 3.

u0ˆx; y• �

¢̈
¨̈̈
¦
¨̈̈
¤̈

cos2ˆ2�r •; if r B0:25;

1; if max ˆSx � 0:35S; SyS•B0:25;

0; otherwise;

(3.39)

wherer �
»

ˆx � 0:5•2 � y2. The exact solution is a rotation of the initial condition about
the origin. The problem is solved untilt � 1 on an unstructured mesh of 12; 792 triangles.

Figure 3.8 shows the isolines of the solutions and solution pro�les alongy � 0, x � 0:5,
and x � 0:55 obtained using thep � 1, p � 2, and p � 3 approximations with the moment
limiter. The quality of the solutions is comparable to solutions on Cartesian meshes with
an equivalent number of elements [25]. We observe that the peak of the hill is captured
well only by the third and fourth order schemes (Figure 3.8c). This is due to a well known
phenomenon of clipping at local extremas by second order limiters. Due to the hierarchical
nature of the moment limiter, the second and higher order moments are not limited with
the p � 2 and p � 3 approximations and the accuracy at the peak is preserved. We see that
all three limiters suppress oscillations near solution discontinuities. Comparing solution
isolines in Figures 3.8a and 3.8b, we note that the higher order approximation of the
square pulse is less di�used and more symmetrical. This is further demonstrated in the
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