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Abstract

Semiconductor quantum dot spin qubits are a leading candidate for scalable, fault-
tolerant quantum computing. Their advantages include nanoscopic device size, compat-
ibility with foundry fabrication processes, and long coherence times relative to gate du-
rations. The fabrication and control of a quantum processing unit composed of tens of
thousands to millions of physical qubits pose many engineering challenges. These chal-
lenges fall broadly into two categories: device design, such as optimizing the geometry for
high-quality qubit formation, and qubit control, which involves the precise manipulation
of spin or charge states in qubits that are capacitively coupled to numerous neighboring
electrodes. In this thesis, we develop a simulation tool that accelerates device design iter-
ation prior to fabrication by providing a priori knowledge of the quantum dot electrostatic
potential landscape as a function of external electrode voltages. This enables effective
spin and Hubbard Hamiltonian parameters to be computed before experimental charac-
terization, facilitating early-stage control method development and device performance
prediction. The tool, implemented as the Python-based QuDiPy package, integrates three-
dimensional finite-element Poisson solutions with modules for electrostatic reconstruction,
Hamiltonian parameter extraction, and control pulse optimization. Unlike previous dis-
jointed toolchains, QuDiPy offers a unified workflow for full-stack qubit control simulations,
including automated voltage-to-Hamiltonian mapping for exploring high-dimensional gate
voltage spaces and mitigating crosstalk in dense qubit arrays. The simulator is designed
to be memory- and CPU-efficient to enable computationally efficient simulation of linear
quantum dot arrays consisting of several qubits. Simulation of small quantum dot arrays
serves as a design tool for control protocols within multi-node quantum processors. Sim-
ulation of spin qubit dynamics in many-qubit nodes connected in a network enables the
study of required voltage ranges for maintaining stable charge configurations in the device.
It also supports the design of experimental input pulses to generate maximally entangled
Greenberger–Horne–Zeilinger (GHZ) states between nodes, a key step for implementing
surface code error correction protocols.

Spin qubit control requires a precise understanding of the impact of experimental con-
trols, such as electrode voltages or radio-frequency magnetic field amplitude and phase,
on effective parameters such as electronic g-factor, exchange energy, chemical potential,
etc. A mapping between experimental and effective parameters is created by performing
effective parameter calculations on two-dimensional cross-sections of the electrostatic po-
tential landscape obtained from a 3-dimensional Poisson solver nextnano++, a commercially
available, 3D Poisson solver chosen for its robustness, flexibility in defining quantum device
geometries, and proven accuracy in modeling semiconductor heterostructures at cryogenic
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temperatures. First, a 2D cross-section of the electrostatic potential landscape is taken
along the growth direction of the quantum dot device, near the heterojunction where qubit
formation occurs. This region is selected because it captures the horizontal confinement
profile most relevant to charge localization and wavefunction shape. The cross-section is
extracted for all simulated voltage configurations applied to the gate electrodes. Second,
the single-particle ground state or first excited state wavefunctions are determined using
a non-uniform grid Schrödinger solver for all voltage configurations and for each isolated
quantum dot or nearest-neighbor quantum dot pair. The non-uniform grid provides higher
spatial resolution near confinement potential minima, enabling more accurate modeling
of localized wavefunctions where precision is most critical. The mapping between input
voltage and single-particle wavefunctions is leveraged, along with numerical integration
routines, to calculate the desired effective parameters as a function of voltage. The chemi-
cal potential, tunnel coupling, and onsite and interdot Coulomb parameters are computed
for each voltage configuration. This enables exact diagonalization of the Hubbard Hamil-
tonian at every point in voltage space and identifies the regions of charge stability for a
multiqubit quantum dot device. This step is essential for establishing control over the
quantum processor.

The second part of this thesis investigates optoelectronic device enhancement using
localized surface plasmons in nanocrystals. Fast and accurate detection of light in the
near-infrared (NIR) spectral range plays a crucial role in alleviating speed and capacity
bottlenecks in optical communications and in enhancing the control and safety of au-
tonomous vehicles through NIR imaging systems. Several technological platforms are cur-
rently under investigation to improve NIR photodetection, aiming to surpass the perfor-
mance of established III–V semiconductor p-i-n (PIN) junction technology. These plat-
forms include in situ-grown inorganic nanocrystals (NCs) and nanowire arrays, as well as
hybrid organic–inorganic materials such as graphene-perovskite heterostructures. How-
ever, challenges remain in NC and nanowire growth, large-area fabrication of high-quality
2D materials, and the fabrication of devices for practical applications. Here, we ex-
plore the potential for tailored semiconductor NCs to enhance the responsivity of planar
metal–semiconductor–metal (MSM) photodetectors. MSM technology offers ease of fabri-
cation and fast response times compared to PIN detectors. We observe enhancement of the
optical-to-electric conversion efficiency by up to a factor of ∼2.5 through the application
of plasmonically-active semiconductor nanorods and NCs. We present a protocol for syn-
thesizing and rapidly testing the performance of non-stoichiometric tungsten oxide (WO)
nanorods and cesium-doped tungsten oxide (CsyWO) hexagonal nanoprisms prepared in
colloidal suspensions and drop-cast onto photodetector surfaces. The results demonstrate
the potential for a cost-effective and scalable method exploiting tailored NCs to improve
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the performance of NIR optoelectronic devices.
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Chapter 1

Introduction

Over the past century, advancements in quantum mechanics have played a pivotal role
in understanding mesoscopic and nanoscopic physical phenomena, leading to the develop-
ment of many groundbreaking technologies. Perhaps most notable is the advent of the
transistor in 1948 [6], which revolutionized modern electronics. This was shortly followed
by numerous technological advancements such as the development of lasers [7] in 1960,
the development of MRI imaging [8] in 1973, as well as efficiency improvements of solar
cells [9] in 1990, just to name a few. At the turn of the 21st century, many quantum
technologies started to emerge that made improvements to metrology [10], sensing [11,12],
biomedical [13], and communication [14, 15] technologies. In recent decades, research has
increasingly focused on harnessing quantum mechanics for computational purposes, with
the potential to surpass classical computing for specific tasks. This idea was first proposed
by Paul Benioff in 1980 [16] and Richard Feynman [17] in 1982. Since then, significant
progress has been made in identifying problems where quantum computing could offer a
computational advantage over classical methods, such as database search, prime factoriza-
tion, and molecular simulation [18, 19]. The potential to solve these problems has driven
efforts to build large-scale Quantum Computers (QCs) capable of leveraging quantum su-
perposition and entanglement for computation. This challenge has attracted significant
interest from both researchers and private companies. Over the past two decades, progress
has been made in developing high-quality quantum-bit (qubit) devices that can perform
high-fidelity quantum logic gate operations—an essential requirement for scalable quantum
computation.

Many physical architectures are being pursued as alternative paths toward demon-
strating the quantum advantage of a QC over classical computation. These included ion
traps [20], superconducting circuits [21, 22], photonics-based approaches [23, 24], topolog-
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ical qubits [25], nitrogen-vacancy centers [26], and semiconductor-based electron or hole
confinement [27], among others. Each of these architectures must satisfy the DiVincenzo
criteria [28], which outline the essential requirements for physical implementations of quan-
tum computing:

1. a scalable system of well-defined qubits,

2. the ability to initialize qubits to a known state,

3. long coherence times relative to gate operation time scales for maintaining quantum
information,

4. a universal set of high-fidelity quantum gates for general-purpose computation,

5. and reliable qubit-specific measurement capabilities.

The feasibility of different architectures is often compared based on how well they meet
these criteria, as well as their scalability to large numbers (e.g., millions or billions) of
physical qubits, the speed and fidelity of gate operations, and the complexity of qubit
initialization, control, and readout as the system grows. As a system’s number of physical
qubits scales, quantum error correction (e.g., a surface code [29]) and fault-tolerant gate
protocols [30] become a requirement for practical large-scale QC. In addition to the DiVin-
cenzo criteria, different architectures are compared by how well the physical qubit error
rates fall below the fault tolerance threshold for the given system. In this thesis, electron
spin qubits confined in electrostatically defined Quantum Dots (QDs), as proposed by Loss
and DiVicenzo in 1998 [31], are investigated as a potential candidate for large-scale quan-
tum computation. In particular, small-scale QD device properties are simulated to aid in
rapid prototyping of device design and qubit control. Such simulations are increasingly
desired as the complexity of the device grows with the number of qubits.

1.1 Thesis Overview

The background section of this chapter will provide an introduction that focuses primarily
on electron transport in semiconductor QDs, as well as semiconductor QD electron spin
qubit initialization, control, and readout. Additional work discussed in this thesis involves
a separate research topic on plasmonic enhancement of photodetectors; therefore, we con-
clude this chapter with a brief overview of relevant material. Further reading on QDs can
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be found in [27, 32–37], while further reading on photon detection in semiconductors and
plasmonics can be found in [38–42].

Chapter 2 presents the development of QuDiPy, a Python-based simulation frame-
work designed for modeling and optimizing QD spin qubit systems. The simulator enables
calculations of electrostatic potentials, single-particle wavefunctions, and effective Hamil-
tonian parameters for multi-qubit devices. Using finite-element Poisson solutions, QuDiPy
determines potential landscapes and computes relevant parameters, including exchange
interaction and Hubbard model coefficients, which are essential for mapping out stable
charge configurations as a function of gate voltages and spin dynamics.

A key application of the simulator is its ability to impose constraints on optimal con-
trol voltage pulse-finding methods by constructing charge stability diagrams and extracting
capacitance matrices. This allows for feedback optimization between simulation and ex-
perimental data, facilitating increased predictive power of the simulator and its ability
to emulate real QD systems. The simulation framework also extends to modeling qubit
operations, including controlled interactions for generating entangled states. Examples of
two- and three-qubit operations are provided, demonstrating the preparation of Bell and
GHZ states across an interconnected network of QD devices (referred to as nodes). Finally,
experimentally relevant parameters are simulated to generate figures of merit for character-
izing real QD devices. These figures of merit can then be used as validation checks for the
simulator’s accuracy, highlighting its utility for both theoretical studies and experimental
design.

Chapter 3 introduces a compact modeling approach for simulating spin qubit dynamics
within classical circuit simulation environments. This model provides a bridge between
quantum device physics and control electronics, enabling efficient simulation of multi-qubit
evolution under realistic experimental conditions. The compact model is built upon the
QuDiPy framework and maps the system’s Hamiltonian to an equivalent electrical circuit
representation.

The chapter begins by formulating the system’s master equation in terms of circuit
components, allowing the simulation of voltage-dependent variations in qubit parameters.
An analytical mapping between control voltages and effective qubit parameters, such as
the g-factor and exchange interaction, is derived and incorporated into the model. A key
feature of the approach is the use of Verilog-A for embedding quantum dynamics into
classical circuit simulators such as SPICE, enabling integrated simulations of control pulse
sequences. The compact model is validated against full numerical simulations, demonstrat-
ing its ability to reproduce experimentally relevant evolution of the qubit system, including
decoherence, with significantly reduced computational overhead. The chapter concludes
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with an analysis of potential extensions for this work.

Chapter 4 shifts focus to a separate topic of research, investigating the enhancement of
InGaAs Metal Semiconductor Metal (MSM) photodetectors using Localized Surface Plas-
mon Resonance (LSPR) effects. The study explores the integration of plasmonic nanocrys-
tals to increase light absorption and photocurrent generation, with a focus on Near-Infrared
(NIR) and infrared Infrared (IR) detection applications.

The chapter begins with an overview of MSM photodetector fabrication and the syn-
thesis of tungsten oxide-based nanocrystals, which are drop-cast onto the device surface to
introduce plasmonic effects. Structural and optical characterizations confirm the formation
of plasmonic resonances in the NIR range, while electrical measurements demonstrate an
increase in photocurrent response. The impact of nanocrystal concentration, particle size,
and incident wavelength on photodetector performance is systematically analyzed.

Experimental results show that the addition of nanocrystals enhances spectral respon-
sivity by up to a factor of 2.5, with improvements in external quantum efficiency and specific
detectivity. These enhancements are attributed to the strong electromagnetic field confine-
ment induced by the plasmonic nanostructures. The chapter concludes by discussing the
potential of this approach for cost-effective and scalable enhancements in semiconductor
photodetector technology.

Chapter 5 synthesizes the results and insights gained from the core areas of this thesis:
simulation and modeling of QD spin qubits, compact modeling for control electronics, and
plasmonic enhancement of photodetectors. It reflects on the broader implications of the
work, emphasizing how the developed tools and experimental strategies advance the under-
standing and optimization of quantum device behavior and photodetection technologies.
The chapter also outlines key directions for future research, including enhanced modeling
accuracy through experimental feedback, machine learning-driven device control, and im-
proved photodetector fabrication techniques, setting the stage for continued progress in
both quantum information and optoelectronic applications.

1.2 Background

1.2.1 Semiconductor Quantum Dots

We begin with an introduction to QDs formed in semiconductor devices made through
nanofabrication processes. Portions of this section are based on the theses of Buona-
corsi [43] and Holloway [44]. To begin, we consider a single QD formed at a SiO2/Si
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heterojunction which is capacitively coupled to source and drain ohmic contacts, as seen in
Figure 1.1. The ohmic source and drain leads form reservoirs of electrons that can tunnel
onto or off the QD. These reservoirs enable initialization and readout of electron spin states
on the QD for QC applications, which is discussed in Section 1.2.2. The QD is formed by
applying voltage to a metal plunger gate Vg1 and two additional barrier gates Bn, which
are capacitively coupled to the QD with the strengths Cg1, CB1, and CB2. The plunger gate
voltage Vg1 enables tuning of the energy levels within the QD while the voltages applied to
each barrier gate allow tuning of the energy of the conduction band edge between the dot
and the reservoirs, forming tunnel barriers. Electrons fill the quasi-continuum of states of
the source and drain up to the respective chemical potentials of the leads µS and µD, as
shown in Figure 1.1. The chemical potentials of the leads are controlled by applying an
external bias voltage Vbias = VS − VD, i.e., eVbias = µS − µD. The chemical potential of the
QD µd(N) = E(N) − E(N − 1) is the energy required to add an additional N th electron
to the QD, where E(N) is the energy of the QD containing N electrons.

Figure 1.1: An example cross-section of a single QD device fabricated in Si, in addition to
the band edge diagrams along the growth axis and conductance channel through the QD.
Voltages VS and VD can be applied to ohmic leads, fabricated from the implantation of
n-type dopants near the QD location. The ohmic leads act as electron reservoirs, supplying
or accepting electrons, while the metallic electrodes Vg1, B1, and B2 are used as gates to
form the QD, control the electron occupancy, as well as control the tunneling rates.

To accurately determine the chemical potential of the QD from physical first principles
is a complex challenge. However, the semi-classical constant interaction model proves to
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be an adequate model for describing the electron transport behavior of QDs [33–35, 45],
leading to,

µd(N) = ϵN +
N −N0 − 1/2

C1

+ |e|αg1Vg1, (1.1)

where ϵN is the orbital energy of the N th electron, N0 is the number of electrons on the
QD when Vg1 = 0V , αg1 = Cg1/C1 is the lever arm between gate Vg1 and the QD, and C1 is
the self-capacitance of the QD. Now we consider the discrete orbital energy spectrum due
to quantum confinement along all three spatial dimensions of the QD. The spacing of the
discrete orbital energy levels can be approximated using the commonly taught “particle in
a box" toy model, which gives orbital energies:

ϵorb =
ℏ2π2

2m∗

(
n2
x

L2
x

+
n2
y

L2
y

+
n2
z

L2
z

)
, (1.2)

where m∗ is the electron effective mass and ni are the quantum numbers for each spatial
dimensions for a box of side lengths Li. The energy for adding an additional electron to
the QD is then simply calculated from the difference between the chemical potential for a
QD with N versus N + 1 as,

µd(N + 1)− µd(N) = ϵN+1 − ϵN +
e2

C1

, (1.3)

which gives the difference in orbital energy and charging energy required to overcome the
Coulomb repulsion of adding another electron onto the QD. In the regime where e2/C1 ≫
ϵN+1− ϵN , the separation between chemical potentials for N +1 vs N electrons will be the
charging energy required to add or remove an electron from the QD.
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Figure 1.2: Schematics showing electron transport conditions through a single QD (a)
Current as a function of plunger gate and source/drain bias voltage displaying regions of
Coulomb blockade. The electron occupancy, N , is shown as the plunger gate shifts the
QD chemical potentials relative to the source/drain bias window. (b-d) Energy diagrams
under various source/drain bias and plunger gate voltage

In the regime e2/C1 ≫ ϵN+1 − ϵN , the occupancy of the QD is directly controlled by
applying an external plunger gate voltage, which enables the tuning of µd in the QD.
Applying a bias Vbias to the leads creates an energy separation between µS and µD, causing
a bias window to open. When the QD chemical potential lies within the source/drain
bias window, µS > µd(N) > µD, current flows from source to drain, as seen in Figure
1.2(a). When the QD chemical potential does not lie within the source/drain bias window,
µd(N +1) > µS > µD > µd(N), addition or removal of an electron onto the QD is blocked,
creating Coulomb blockaded regions where no current transport occurs. In the absence
of bias Vbias, no current transport occurs between leads, however a QD occupied by N
electrons can have an electron tunnel from the leads into the QD if µS, µD > µd(N + 1),
or out of the QD if µd(N) > µS, µD > µd(N − 1).
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Figure 1.3: Setup to indirectly measure a QD charge state using a SET charge sensor. (a)
Schematic for a charge sensor capacitively coupled to a QD with charge q. The charge
sensor is tuned so that the tunnel rates through the sensor, Γ, produces a measurable
current signal and sharp Coulomb peaks are resolved (b) The bottom-right graph shows
the Coulomb blockade cross-section along Vg1 from Figure 1.2(a) for the charge sensor. The
charge sensor is first tuned to operate on a Coulomb peak which makes the current through
the sensor, ICS, sensitive to changes in capacitance of the QD. The top-right graph shows a
red/blue/green line representing the measured changes in ICS over time as the occupancy
of the QD is varied; red/green/blue points in the bottom-right graph show ICS along a
Coulomb peak as a function QD occupancy.

Up to this point, we have implicitly assumed that system parameters, such as the
QD capacitance and tunneling barriers, are constant quantities. However, both of these
parameters depend on the electrode voltages defining the QD. Lowering the voltage Vg1

decreases electron occupancy on the QD to the few- or single-electron regime, which effec-
tively increases the tunnel barriers between the leads and the QD. When the tunnel barriers
become sufficiently large, the tunneling rates of electrons between leads and the QD do
not have high enough frequencies to produce an appreciable current that can be measured
with commonly used experimental equipment. For this reason, the charge state of a QD
in the few-electron regime is typically measured indirectly using a charge sensor. A charge
sensor is formed using a second QD and is capacitively coupled to the desired nearby QD
as seen in Figure 1.3(a). The charge sensor is tuned to operate on a Coulomb blockade
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peak, which enables the current through the charge sensor to be sensitive to capacitance
changes in the QD. As the electron occupancy on the QD changes, discrete current shifts
are measured by the charge sensor as shown in Figure 1.3(b). The magnitude of the current
shift measured by the charge sensor is proportional to the capacitive coupling to the QD.
This enables the charge sensor to measure the electron occupancy on a desired nearby QD.
If implemented in a multi-QD system, in practice, a single charge sensor can be used to
readout ≈ 3 nearby dots in a linear array [46].

Figure 1.4: (a-b) Two chemical potential configurations where electron transport is blocked,
yielding no current through the system. (c) Chemical potentials of the QDs fall within the
bias window and allow for electron transport between each QD, yielding current through
the system.

Our discussion above has focused on the charging and transport characteristics for a
single QD system, but QC requires many QDs to construct large qubit systems, as will be
discussed in more detail in Section 1.2.2. For this reason, we now turn our discussion to a
double QD device, which serves as a building block for understanding larger QD systems.

A double QD system can be pictured as two single QDs in parallel or series between
two ohmic contact electron reservoirs; however, we consider QDs in series since parallel QD
systems serve little utility. When bias voltage Vbias is applied to the ohmic leads, electron
transport can occur when the chemical potentials µ1(2) in QDs 1(2) fall inside of the bias
window and are positioned such that electrons can flow from high-to-low energy levels
or resonant tunneling when the QD chemical potentials are equal µ1 = µ2. The energy
level diagrams depicting various µS, µ1, µ2, µD configurations are shown in Figure 1.4.
Figures 1.4(a-b) shows configurations which block electron transport, and Figure 1.4(c)
shows cascading energy levels µS ≥ µ1 ≥ µ2 ≥ µD enabling electron transport through
both QDs.
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Figure 1.5: Capacitive couplings between QDs, metal gates, and source/drain leads for a
double QD system. Compared to a single QD, the double QD has additional inter-QD
capacitive coupling, Cm, as well as cross capacitances Cg1d2 and Cg2d1. An additional
barrier gate W is added for tuning the tunnel barrier between QD 1 and QD 2.

Similar to the single QD device from Figure 1.1, a double QD system is composed of
a set of electron reservoirs and gate electrodes, as seen in Figure 1.5. In addition to a
second plunger gate Vg2, which primarily controls µ2, a tunnel gate W is added to help
control the tunnel barrier between QDs 1 and 2. Current through the double QD system
can be studied similarly using the constant interaction model as in the case of a single
QD. Thus, the following discussion focuses on the electrostatic conditions that form stable
charge configurations of the two QDs. To start, it is assumed that there are no couplings
between the two QDs, such that µ1(2) are independently controlled by their respective
plunger gates. This implies that there is zero mutual capacitive coupling Cm between QDs
and zero cross-capacitive couplings to neighboring plunger gates (i.e., crosstalk). Under
very small Vbias electron loading can occur only when µ1(2) aligns with µS(D) and enables
measurement of a 2D charge stability diagram by varying the voltages on each plunger
gate, as seen in Figure 1.6(a). The solid lines in Figure 1.6(a) indicate charge transitions
between the two QDs or from lead to a single QD, determining the regions where the charge
configuration in the two QDs is stable. Looking at the stable charge configurations for the
lowest energy charge configuration for a given set of gate voltages, charge transition lines
are observed, which are analogous to the single QD case from Figure 1.2(a).
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Figure 1.6: Double QD electron occupancy as a function of plunger gate voltage when (a)
the QDs have no mutual capacitive coupling and (b) a finite mutual capacitive coupling.
While the single QD Coulomb diamond Figure 1.2(a) shows charge stable regions, these
double QD diagrams (or N-QD diagrams) are commonly referred to as charge stability
diagrams. Note that these plots are cross-sections of stability regions for a larger voltage
configuration space. Black lines indicate electron transfer between QDs or a QD and lead.
The blue/red points in (b) indicate the electron-hole triple point pairs where three different
charge configurations are in equilibrium. The change in slope of transition lines from (a)
to (b) is observed when crosstalk from nearest neighbor electrodes is included, influencing
the chemical potential µ of the respective QD.

It was instructive to examine the charge occupancy for the two QDs assuming inde-
pendent electrostatic control. However, capacitive couplings to neighboring plunger gates,
crosstalk, and capacitive coupling between QDs influence the charge stability diagram. An
example of a double QD system with cross-couplings is shown in Figure 1.6(b). In this
case, the charge transition lines become sloped, due to neighboring plunger gate voltage
crosstalk, and charge transition intersections split into two points due to inter-QD capaci-
tance Cm. Hexagonal regions of charge stability form, which are commonly referred to as
honeycombs. The labeled points in Figure 1.6(b) are known as triple points, where three
charge states are degenerate and current can flow through the double QD, enabling sequen-
tial tunneling of electrons or holes. The colored blue(red) triple point shows the location
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of sequential s(hole) charge transfer. At the electron triple point, the QDs cycle through
the sequence, (N1, N2)→ (N1 + 1, N2)→ (N1, N2 + 1)→ (N1, N2), sequentially tunneling
an electron through the double QD system. At the other triple point location, the charge
transfer process is (N1 + 1, N2 + 1) → (N1, N2 + 1) → (N1 + 1, N2) → (N1 + 1, N2 + 1),
sequentially tunneling a “conduction band hole" through the double QD system.

1.2.2 Spin Qubits

Various methods have been developed to encode the spin of charges in QDs as logical qubits,
including single-spin [5, 31, 47], singlet-triplet [48–50], exchange-only [51–53], and donor-
spin approaches [54–56]. Loss and DiVincenzo [31] first proposed using single-spin qubits in
QDs, which is the focus of this thesis. The first step in realizing such a QC is to form a two-
level system capable of encoding a qubit within a QD. From Stern-Gerlach experiments
and the Dirac equation, we know that an electron confined in a QD exhibits quantized
spin-1

2
angular momentum. In the absence of an external magnetic field, the spin states |↑⟩

and |↓⟩ are degenerate. Applying a strong static magnetic field, B0, lifts this degeneracy
via the Zeeman effect, creating two distinct energy levels, E|↓⟩ > E|↑⟩. This allows for
driven transitions, via magnetic resonance, and readout through energy-selective tunneling.
Naturally, the spin states |↑⟩ and |↓⟩ can be mapped to the logical qubit states |0⟩ and
|1⟩ for QC. Constructing a QC with QDs requires assembling a quantum processor from
a large network of interconnected QDs capable of storing individual electrons, performing
nearest-neighbor exchange, and enabling single-qubit rotations to realize a universal gate
set.

To initialize a spin qubit in a QD, an electron is loaded by connecting the QD to an
electron reservoir and tuning the chemical potential, µd, of the QD to allow electron loading,
as discussed in Section 1.2.1. When the chemical potential of the reservoir µreservoir is lower
than E|↑⟩, electrons do not have enough energy to tunnel onto the dot, seen in Figure
1.7. Adjusting µd to lie between the ground and excited states of the electrons in the
reservoir enables a single electron with spin state |↑⟩ to tunnel onto the QD, as shown in
Figure 1.7(b). Occupation of electron energy states in the reservoir follows the Fermi-Dirac
distribution. At T = 0, electrons in the reservoir occupy all energy levels up to µreservoir

and cannot access any energy levels greater than µreservoir. At temperature close to absolute
zero, the electrons in the reservoir mainly occupy energy levels up to µreservoir, however,
there is a high energy tail that follows a Fermi function p(ε) =

(
e−(ε−µ)/kBT + 1

)−1, where
p(ε) is the probability of an electron to have energy ε at a given temperature T . The blue
schematic in Figure 1.7 represents thermal smearing of the electron energy distribution in
the reservoir when T > 0. Therefore, the probability of initializing a spin state |↑⟩ depends
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on the effective electron temperature of the reservoir and strength of the Zeeman energy
splitting Ez = E|↓⟩ − E|↑⟩. The magnitude of Ez is given by Ez = gµBB0, where g ≈ 2 is
the electron g-factor in bulk silicon, but can substantially vary from spin orbit coupling in
QDs, and µB is the Bohr magneton. Experimental magnitudes for B0 typically are on the
order of ∼ 1 T, which gives a Zeeman splitting of ≈ 116 µeV . If the thermal energy of the
reservoir, kBT , is comparable to the Zeeman splitting, then some |↓⟩ spin state electrons
in the reservoir have enough energy to tunnel onto the QD with nonzero probability. To
ensure nearly deterministic initialization of the qubit in the |↑⟩ spin state, the effective
temperature of the reservoir must satisfy kBT ≪ EZ . Due to the small energy scale of the
Zeeman splitting, experiments are typically conducted in dilution refrigerators operating at
millikelvin temperatures. However, recent experiments have demonstrated the operation
of spin qubits above 1K by decoupling the QDs from the electron reservoir, which could
enable experiments to be conducted in more relaxed experimental conditions and with
much higher cooling powers, which could enable the co-integration of conventional CMOS
circuits for control and readout [57–63].

Figure 1.7: Schematic for energy selective Elzerman readout [5] of a QD spin qubit con-
nected to an electron reservoir at mK temperature such that Ez ≫ kBT . (a-c) Show the
current reading of a nearby charge sensor ICS as electrons tunnel onto or off of the QD. (a)
QD chemical potential is tuned to be higher than the chemical potential of the reservoir,
preventing a single spin-up or down electron from tunneling onto the QD. (b) The QD
energy levels are lowered such that the spin-up single electron energy level is lower than
the chemical potential of the reservoir. This enables deterministic loading of the spin-up
state. (c) After exciting the spin qubit from a quantum gate operation, the electron is able
to tunnel out of the QD and is replaced by another electron in the ground spin state.
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A strong advantage of QDs is the ability to readily generate entangled two-qubit states
using a single QD. Loading two electrons into the same orbital state (e.g., the orbital ground
state) of a QD forms an entangled singlet state |S⟩ = (|↑↓⟩ − |↓↑⟩)/

√
2 due to the Pauli

exclusion principle. The electron charges can be subsequently separated and shuttled such
that the spin singlet becomes non-local. This principle can be used to share entanglement
between different processor nodes in a network, for example. Entanglement distribution
is necessary for performing non-local two-qubit quantum gate operations required for QC
constructed from a network of QDs [64] and is further discussed in Section 2.5.

Qubit Control Executing quantum algorithms on a large processor requires large arrays
of qubits [46, 65], but controlling many spin qubits in QDs with high fidelity remains a
fundamental challenge [66]. Variations in qubit properties [67], coupled with decoherence
and crosstalk [68–70], introduce significant obstacles to scaling up quantum processors.
The fundamental operations in QC are comprised of single- and two-qubit gates, and
any practical QC implementation requires methods for achieving these gates with high
fidelity. Single-qubit gates are comprised of rotations of individual spin states, achieved
through magnetic resonance, while two-qubit gates, such as the

√
SWAP gate, are enabled

by nearest-neighbor exchange, generating entanglement between qubits. Implementing
high-fidelity versions of these gates is essential for constructing reliable quantum circuits
and achieving fault-tolerant quantum computing architectures. The following discussion
reviews the fundamental gate operations required to manipulate spin qubits in QDs.

A standard approach for implementing single-qubit rotations in QD spin qubits is
ESR [71–73], where a microwave magnetic field B1 is applied perpendicular to a static
Zeeman field B0. When the microwave frequency matches the electron’s Larmor preces-
sion frequency, which is the same as the Zeeman energy splitting, the spin state undergoes
coherent oscillations between |↑⟩ and |↓⟩, i.e., performing rotations about the Bloch sphere.
Spin state transitions can be realized between |+⟩ and |−⟩, or |i⟩ and |−i⟩, states by selec-
tively choosing the phase of the ESR field, ϕ, to be zero of π

2
respectively. ESR is typically

performed by delivering microwave power through either a resonant cavity or a microstrip
line positioned near the QD. While resonant cavities can generate large B1 fields across
an area spanning many qubits, they also induce strong electric fields, leading to photon-
assisted tunneling, which results in loss of the qubit. Microstrip lines, placed within a few
hundred nanometers of the dot, require less power, mitigating photon-assisted tunneling,
but occupy significant space and provide only local control over a subset of qubits. While
microstrip lines have demonstrated high-fidelity single-qubit gates, achieving fidelities of
> 0.999 at T = 20 mK [73] and > 0.998 for T > 1 K [63], a global ESR field generated by
a microwave resonator [74] will be assumed throughout the rest of this thesis.
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Applying a microwave ESR pulse perpendicular to the Zeeman field implements x-axis
and/or y-axis qubit rotations on the Bloch sphere; however, a rotation about the z-axis
can be done by combining rotations about the x-axis and y-axis. It can also be done by a
phase shift of subsequent pulses (i.e., change of frame). Therefore, implementing a single-
qubit gate in a single QD system is straightforward in an experiment. However, control
complexity increases rapidly when addressing single qubits in multi-QD systems due to
local disorder causing variations in the electron g-factor between QDs [46,75]. To mitigate
this challenge, single qubits can be selectively tuned on or off resonance with the global
ESR field by electrostatically creating a Stark shift of the electron g-factor caused by the
small but finite spin–orbit coupling for electrons in silicon [76]. The ability to address
individual qubits by applying external gate voltages results from the small but nonzero
spin-orbit coupling in silicon.

Implementing two-qubit gates is quite natural in QD systems through control over the
exchange interaction strength, J , which has been demonstrated in [47, 62, 63, 72, 77–80]
and manifests as rotations between |↑↓⟩ ↔ |↓↑⟩. The exchange interaction is a quantum
mechanical phenomenon arising from the combination of Coulomb repulsion between elec-
trons and the requirement that their total wavefunction (spin + spatial) be antisymmetric
under particle exchange. This antisymmetry leads to an energy difference between spin
triplet and singlet states, where the triplet state is higher in energy for J > 0. The magni-
tude of J arises from the tunnel coupling, t, and detuning energy, ε, magnitudes between
nearest-neighbor pairs of QDs, effectively controlling the relative overlap of single-particle
orbital states [81],

J =
4t2U

U2 − ε2
,

where U is the intra-Coulomb charging energy required to add an additional electron onto
the QDs. Both tunnel coupling and detuning energy can be controlled electrostatically,
enabling two-qubit entanglement gates to be controlled solely through externally applied
electrode voltages. Controlling the strength of J over the duration of an applied electrode
voltage pulse enables two-qubit rotations on nanosecond time scales [82], allowing SWAP
and

√
SWAP two-qubit exchange gate operations. Constructing general two-qubit gate

operations, such as Control-Z (CZ) or Control-ROT(θ, n̂) (CROT), requires additional
single-qubit gates. Implementing a CZ gate can be achieved using three single-qubit gates
and two

√
SWAP gates, as proposed in [31], while a Control-X (CNOT) gate can be

realized with an additional two single-qubit gates. Instead of independently performing
exchange and ESR gates, some two-qubit gates, such as CZ, can be implemented as a single
gate operation by simultaneously pulsing J and the ESR field [72].
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Qubit Measurement Direct measurement of the electron’s magnetic moment, though
desirable, is not realistically feasible due to the small magnetic moment of the electron,
µe = −9.284× 10−24JT−1. Instead, spin-correlated proxy measurements are conducted to
monitor the spin state of a single qubit. One of the earliest and most common approaches
to measuring the spin state of a qubit is often referred to as Elzerman readout [5] and
depicted in Figure 1.7. A charge sensor is coupled to a nearby QD and tuned to operate on
a Coulomb blockade peak, as in Figure 1.3(b). The QD chemical potential, µd, is modified
to load a spin-up electron from a coupled electron reservoir, while blocking the loading of
spin-down electrons. No change in current is observed from the charge sensor, ICS, since
the spin-up electron cannot tunnel off the QD. However, if the spin state is excited to |↓⟩
by a resonant ESR pulse, then the excited state has enough energy to tunnel off the QD,
allowing another spin state |↑⟩ to tunnel onto the QD. This sequential tunneling process
manifests as a blip in ICS, which is shown in Figure 1.3(c). Elzerman readout establishes a
foundation for measuring electron spin in QDs through spin-to-charge conversion, although
it suffers from two primary limitations:

1. It is a destructive measurement, i.e, the electron spin state is lost after the electron
tunnels off of the QD.

2. Reduced readout fidelity from the coupling of the QD to a reservoir at a finite effective
temperature, limiting the resolution to discriminate between the two spin states.

An alternative type of spin-to-charge conversion is based on Pauli spin blockade in a
double QD [83,84], which preserves the total number of electrons in the system, as shown
in Figure 1.8. Two electrons are loaded into the (1,1) charge state of a double QD and form
a singlet or one of the three triplet states, sz ∈ {−1, 0, 1}. When the chemical potentials
of the two QDs are equal, a single electron occupies each QD, creating a (1,1) charge
configuration. Applying a bias between the two QDs produces an energy level difference
µ1 > µ1, leading to the (0,2) charge state being energetically favorable.
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Figure 1.8: Schematic for Pauli spin blockade readout in a double QD system. The two
QDs are initialized with a single electron in each QD, i.e., the (1,1) charge state. A singlet
state S(1,1) has total spin angular momentum s = 0 while the triplet states T(1,1) have
total angular momentum s = 1. A charge sensor is located near the left QD and is tuned
to produce a measurable current signal ICS. A bias is applied to the double QD system,
lowering the S(0,2) charge state energy compared to S(1,1), and ICS is monitored. (a) An
initialized S(1,1) state enables an electron to tunnel between QDs from the S(1,1) to the
S(0,2) state. (b) An initialized T(1,1) state suppresses electron tunneling between QDs
due to the Pauli exclusion principle as long as the T(0,2) state is energetically unavailable.

Tunneling preserves spin, so T(1,1) cannot become S(0,2). The only possibility is T(0,2),
but that is higher in energy by roughly the orbital excited state energy, so T(1,1) is blocked
from tunneling into (0,2). Under small bias conditions, the electron on the left QD is
allowed to tunnel onto the right QD, forming S(0,2), if the initial two-particle state was
S(1,1), however, tunneling is suppressed if the initial state was T(1,1) since the energy level
for T(0,2) is inaccessible. The resultant current ICS monitoring the double QD spin state
of a nearby charge sensor is shown in Figure 1.8.

Although high-fidelity measurements are performed using Pauli spin blockade read-
out [85, 86], the requirement to fabricate additional nearby charge sensor QDs to readout
the qubit states increases the device complexity and overall processor footprint, which
is undesirable for scalable QC. To mitigate this limitation, an alternative charge sensing
gate-base dispersive readout technique can be performed using radio frequency reflectome-
try [87–89]. Dispersive readout uses a surface-mounted LC tank circuit connected directly
to the plunger gate of a QD to measure changes in the quantum capacitance of the double
QD system (i.e., in the Pauli spin blockade regime) [90], significantly reducing the total
number of fabricated electrodes.
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Outlook for Spin Qubits Spin qubits in semiconductor quantum dots have emerged
as one of the leading candidates for scalable quantum computing due to their long coher-
ence times, compatibility with CMOS processes, and compact device footprint. Recent
years have seen significant progress in materials engineering, device fabrication, and coher-
ent control, culminating in high-fidelity single- and two-qubit gates exceeding 99.9% and
99.5% [78, 79, 91, 92], as well as spin readout fidelities above 99% [76, 79, 93, 94]. Control
mechanisms such as electric-dipole spin resonance (EDSR) using micromagnets [46,67,70]
and globally applied ESR fields [64, 74] are actively being optimized for scalable, address-
able architectures. The field is also transitioning toward automation, reproducibility, and
ML-assisted calibration to reduce device tuning overheads [95, 96], while large-scale ar-
rays—demonstrated up to 16 qubits [65]—are pushing toward error-corrected operation
using surface codes. However, challenges remain in qubit variability, noise mitigation, and
high-fidelity gate operation when scaling the quantum processor size. This work aims to
address these bottlenecks by developing simulation-based tools that bridge experimental
device design with predictive modeling, enabling more rapid design iteration and control
optimization in QD-based quantum processors.

1.2.3 Plasmonically Enhanced Photocurrent

Beyond spin-based quantum systems, another area of focus in this work involves the devel-
opment and enhancement of photodetectors by the application of plasmonic nanocrystals.

Metal-semiconductor-metal (MSM) photodetectors are a widely studied class of pho-
todetectors that leverage the fast carrier transport properties of semiconductors and the
built-in electric field between interdigitated metal contacts to achieve high-speed photode-
tection. These devices rely on the absorption of incident photons to generate electron-hole
pairs, which are then collected by the metal electrodes under an applied bias. While
MSM photodetectors offer advantages such as simple fabrication, high-speed operation,
and broad spectral response, their performance is often limited by low quantum efficiency
due to weak light absorption in the semiconductor. LSPR provides a promising route
to enhance the efficiency of MSM photodetectors by leveraging the strong optical near-
fields generated by metal nanostructures. Plasmonic nanostructures integrated with the
detector can concentrate incident light into subwavelength regions, increasing the effective
absorption cross-section and enhancing carrier generation. Additionally, plasmonic effects
can modify the local density of optical states, enabling improved photocarrier extraction
and reduced recombination losses. These enhancements make LSPR-engineered MSM pho-
todetectors attractive for applications requiring high-speed, high-sensitivity photodetection
across a range of wavelengths.
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Metal-Semiconductor-Metal Photodetectors MSM photodetectors are fast and highly
responsive optical sensors that operate based on the modulation of carrier transport within
a semiconductor material. They consist of two interdigitated metal electrodes (typically
made of gold, platinum, or titanium) deposited on a semiconductor substrate, forming
Schottky contacts shown in Figure 1.9(a). When illuminated by incident photons with
energy greater than the semiconductor bandgap, electron-hole pairs are generated in the
depletion region near the metal contacts shown in Figure 1.9(c)-(d). The applied bias
voltage then drives the photogenerated carriers toward the respective electrodes, result-
ing in a measurable photocurrent, as shown in Figure 1.9(b). The performance of MSM
photodetectors is characterized by their high-speed response, large bandwidth, and low
dark current, making them suitable for applications in high-speed optical communication,
biomedical imaging, and ultraviolet detection. Their response time is primarily limited
by carrier transit time and recombination effects, which can be optimized by engineer-
ing the electrode spacing, semiconductor material layer thickness, and surface passivation
techniques to enhance efficiency and speed.

Figure 1.9: Common metal-semiconductor-metal (MSM) photodetector design (a) Metal
contacts are deposited on a semiconductor (such as AlGaAs) producing a double Schottky
barrier junction (b) MSM device along growth direction cross-section showing electron-
hole pair generation in an InGaAs absorption layer (c) Bandedge diagram along electrode
contact axis (d) Bandedge diagram along growth axis.

The responsivity of a photodetector, defined as the generated photocurrent per unit
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incident optical power, varies as a function of wavelength due to the material’s absorption
characteristics and the efficiency of carrier extraction. In general, photodetectors exhibit
a peak responsivity within the spectral range where the semiconductor’s bandgap allows
efficient photon absorption, with a sharp cutoff at longer wavelengths when the photon
energy falls below the bandgap, shown in Figure 1.10. At shorter wavelengths, responsivity
may also decrease due to increased surface recombination and absorption losses in the
contact layers. The exact shape of the responsivity curve depends on factors such as the
semiconductor composition, device architecture, and the presence of optical enhancement
mechanisms like anti-reflection coatings or plasmonic structures. By engineering these
factors, the spectral response can be tuned for specific applications, from ultraviolet to
infrared detection.

Figure 1.10: The responsivity of a general semiconductor photodetector with bandgap
energy cutoff EB is given by R(λ) = ηqλ

hc
, where η is the quantum efficiency, q is the electron

charge, h is Planck’s constant, and c is the speed of light. In general, the penetration
depth of photons decreases with decreasing wavelength, i.e., the absorption coefficient
increases, leading to greater surface recombination of electron-hole pairs and a reduction
in photon-to-current conversion efficiency. Wavelengths beyond the bandgap cutoff do not
possess enough energy to generate electron-hole pairs, resulting in zero response from the
photodetector.

Localized Surface Plasmonic Resonance The LSPR phenomenon is physically ob-
served when free electrons in the metallic nanoparticles oscillate collectively in response to
incident light, creating resonant oscillations that significantly enhance the electromagnetic
field at the nanoparticle surface, as shown in Figure 1.11. This resonance occurs at specific
wavelengths determined by the size, shape, and material properties of the nanoparticles,
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and it leads to a dramatic increase in local electric fields in the vicinity of the particles.
The enhanced electric fields can be directly observed through the scattering or absorption
of light by the nanoparticles, typically resulting in a strong color shift or intense peaks
in the absorption spectra. Additionally, LSPR can be detected via changes in the extinc-
tion spectra, which correspond to shifts in the resonance frequency when the surrounding
dielectric environment or particle geometry is altered.

Figure 1.11: Sub-wavelength nano-particle structures exhibit enhanced electric fields locally
from resonant charge fluctuations driven by external electro-magnetic field excitations.
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Chapter 2

Quantum Dot Spin Qubit Simulator in
Python

2.1 Introduction

Quantum dots (QDs) are a leading platform for scalable scalable quantum computing (QC).
Their appeal lies in their long coherence times [97, 98], fast gate operations [91, 98], and
compatibility with existing semiconductor fabrication technologies [46,99,100]. Spin-based
QDs enable high-fidelity quantum gate operations through precise control of spin dynam-
ics and tunable exchange interactions, which facilitate electrically controlled single- and
two-qubit gates; an essential requirement for universal quantum computation. The small
footprint of spin qubits in QDs compared to superconducting qubits or ion trap qubits is
advantageous for creating high-qubit-density compact processors. Recent advances in iso-
topically purified materials [78,101], high-fidelity single- and two-qubit gates [78,79,91,92],
“hot" qubit operation (i.e., operation above dilution refrigerator base temperatures) [62,63],
and error mitigation schemes [78, 92, 102] have significantly improved coherence and con-
trol fidelity, bringing semiconductor qubits closer to fault-tolerant quantum computing.
Despite these advances, scaling to large qubit arrays presents key challenges, including
variability in qubit properties, crosstalk, and control complexity. Addressing these chal-
lenges will require improvements in qubit uniformity and the development of fast, tunable
couplings to mitigate variability and crosstalk in large arrays. In parallel, integration with
cryogenic complementary metal-oxide-semiconductor (CMOS) control electronics will be
essential for scalable and efficient qubit control in practical QD-based quantum processors.

Various implementations of qubits rely on electrostatically confined charges, including
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single-spin qubits [5,31,47], singlet-triplet qubits [48–50], exchange-only qubits [51–53], and
donor spin qubits [54–56]. This research focuses specifically on single-electron spin qubits
due to their scalability, relatively simple control requirements, and compatibility with stan-
dard semiconductor fabrication techniques. The fabrication of Quantum Processing Units
(QPUs) of this kind involves two primary steps. First, semiconductor and dielectric lay-
ers are grown on a substrate using techniques such as chemical vapor deposition or atomic
layer deposition to form heterostructures or quantum wells. At cryogenic temperatures (i.e.,
≲ 100mK), these structures confine charges into two-dimensional electron (2-Dimensional
Electron Gas (2DEG)) or hole gases (2-Dimensional Hole Gas (2DHG)), typically formed
in material systems such as Si/SiGe, Si/SiO2, GaAs/AlGaAs. Second, metal electrodes
are patterned via photolithography and electron-beam lithography, used to apply exter-
nal voltage that locally induces or depletes carriers to form isolated charge islands (i.e.,
QDs) and tune them into the few-charge-particle regime. These lateral gates typically
have feature sizes on the order of tens of nanometers, highlighting the precision required
in device fabrication. Research efforts have explored various QD material systems and
electrode geometries, such as AlGaAs/GaAs hole/electron QDs [103], (CMOS)-compatible
silicon electron QDs [72], and Si/SiGe electron/hole QDs [97], among others. Researchers
originally investigated AlGaAs/GaAs QD devices due to the low lattice mismatch between
AlGaAs and GaAs, which enables the growth of high-quality, low-disorder heterojunctions.
However, the presence of non-zero nuclear spins in both materials leads to hyperfine inter-
actions that cause unwanted qubit decoherence, i.e., inhomogeneous dephasing, T∗

2, on the
order of ∼ 10 ns [49]. As fabrication processes have improved, researchers have shifted to-
wards using enriched 28Si for its zero nuclear spin, T∗

2 ∼ 100 µs [76], and compatibility with
standard CMOS fabrication steps to enable large-scale processors. This shift has enabled
more stable spin coherence and integration with industrial process flows. These device
architectures have demonstrated the ability to initialize qubits, perform high-fidelity gate
operations, and enable qubit readout [76, 79, 93, 94]. Hitherto, QD devices require highly
skilled researchers to manually tune qubits, often over hours or days, for initialization,
manipulation, and readout. Advances in fabrication have enabled QD arrays consisting
of up to 16 qubits in a 2 × 2 arrangement [65] and the potential for three-dimensional
arrays of coupled QDs [104]. The days of laboriously tuning QD devices may be near-
ing an end as companies like Intel have demonstrated 12-qubit QD arrays with embedded
charge sensors, which enable fast, high-fidelity charge-state readout and pave the way for
autonomous device tuning using real-time feedback, leveraging CMOS-compatible fabri-
cation processes [46]. The development of automated tuning and calibration protocols,
coupled with the potential for reproducible behavior across fabrication runs, could en-
able more efficient tuning protocols for future QPU devices. As qubit numbers increase,
accurate predictions of device performance and control become a necessity.
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QD spin qubits are formed by applying external electrode voltages to tune the QD’s
chemical potential, allowing for controlled addition or removal of electrons. A sufficient
energy separation between the excited state (|↑⟩) and ground state (|↓⟩) is achieved by
applying an external static Zeeman magnetic field, lifting spin degeneracy to enable spin-
state manipulation. Once a spin qubit is initialized on a QD, its state can be manipulated
by applying an external, resonant Radio Frequency (RF) magnetic field. The external RF
magnetic field can be directly applied perpendicular to the Zeeman field, or enhanced spin-
orbit coupling can be induced that enables RF electric fields from nearby electrodes to drive
spin-state transitions. Qubit control is achieved through electron spin resonance (ESR)
using global [74] or local microstrip lines [71–73], or via Electron Dipole Spin Resonance
(EDSR) using micromagnets [46, 67, 70], which generate local magnetic field gradients for
selective qubit addressing. While global ESR scales efficiently with fewer control lines,
EDSR is typically more suitable for individual qubit addressability in dense arrays due
to its localized control capabilities. The choice of control mechanism impacts scalability,
fidelity, and coherence, guiding the optimization of QD-based quantum processors. In this
thesis, we focus on spin qubit manipulation via a global microwave magnetic field that is
capable of driving ESR transitions for all qubits in the processor.

As QD-based quantum processors scale, the increasing complexity of qubit control,
calibration, and error mitigation necessitates a strong foundation in theoretical modeling
and simulation tools [105–107]. Accurate theoretical models–such as Poisson–Schrödinger,
Hubbard, or Full Configuration Interaction (FCI)–are essential for predicting physical be-
havior, guiding device design, and optimizing qubit operation by providing insights into de-
coherence mechanisms, charge noise effects, and exchange interactions. These models form
the basis for numerical simulations that enable detailed studies of qubit dynamics, gate
fidelities, and system-level performance under realistic conditions. Beyond fundamental
modeling [108–114], specialized simulation tools are needed to study qubit evolution [115]
within quantum circuits, allowing validation of quantum algorithms and refinement of
error correction protocols [116, 117] tailored for QD architectures. Additionally, as exper-
imental setups grow increasingly complex, advanced simulations can assist in real-time
hardware control [116] by predicting optimal tuning parameters and automating calibra-
tion [95, 96, 118].In practical implementations, this is often achieved through embedded
FPGAs and fast feedback loops that interface directly with measurement hardware to
enable low-latency adaptive control. A crucial extension of these capabilities involves gen-
erating datasets through physics-based simulations [119–123], which can be leveraged for
training machine learning (ML) models to automate qubit initialization, manipulation, and
readout. This hybrid approach enables both predictive control and adaptive calibration
across fabrication runs, bridging the gap between theoretical modeling and experimental
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implementation. By integrating theoretical modeling with simulation-driven experimen-
tation and ML-assisted control, researchers can accelerate the development of scalable,
high-fidelity quantum processors while mitigating the challenges associated with qubit
variability, decoherence from charge noise, and manual tuning.

Spin qubits in semiconductor QDs provide a promising route to scalable, fault-tolerant
quantum computing. Despite these advantages, the development of large-scale spin-based
QPUs remains hindered by significant engineering challenges, including precise device ge-
ometry design and optimal tuning of spin and charge states. To address these challenges,
we develop a simulation tool that accelerates quantum device design iterations before fab-
rication. By leveraging three-dimensional Poisson simulations, we extract electrostatic po-
tential landscapes of isolated QDs to compute spin and Hubbard Hamiltonian parameters,
enabling efficient modeling of linear QD arrays. The simulator also supports the inclusion
of disorder, charge traps, and realistic noise models, allowing for more accurate and ro-
bust predictions of device performance under experimental conditions. Precise spin qubit
control requires mapping experimental parameters, such as electrode voltages, to effective
qubit properties, including the electronic g-factor, exchange energy, and chemical poten-
tial. This mapping facilitates the implementation of optimal qubit control strategies, such
as Gradient Ascent Pulse Engineering (GRAPE) or a constrained pulse shape engineering
approach developed by Bohdan Khromets [1]–which determines theoretically perfect volt-
age control pulses compared to GRAPE. Our simulation framework enables the design of
experimental voltage pulses to control Hamiltonian parameters, ensuring that the simu-
lated results are physically accurate. These results serve as key figures of merit for device
characterization and the implementation of single- and two-qubit gate operations, which
form a universal gate set for QC. Such operations are essential for implementing general
quantum algorithms and can be applied to construct entangled states in node-based quan-
tum networks to execute surface code error correction protocols. The simulation framework
developed in this thesis serves as a versatile design and validation platform, a “playground”
for optimizing device architectures, testing multi-qubit control schemes, and informing the
development of scalable models of spin-based quantum processors. Uniquely, the simulator
operates in terms of actual gate voltages applied to realistic device geometries, in contrast
to approaches that rely on idealized or analytically simplified potentials. The following
chapter presents the construction and capabilities of this framework, and demonstrates its
use in exploring both near-term device control and long-term architectural strategies.
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2.2 Quantum Dot Spin Qubit Simulator

An important component for classical control of qubits in a QD system is the precise tun-
ability of the QD device’s underlying electrostatic potential using external experimental
controls, such as electrode voltages. A priori knowledge of the potential landscape as a
function of these voltages enables the extraction of effective parameters for the system
Hamiltonian prior to device fabrication and characterization. This capability is critical for
developing control methods and predicting device performance, thereby reducing experi-
mental overhead and accelerating the design cycle. To facilitate processing of electrostatic
potential datasets, qubit control method development, and general QC implementations
using spin qubits in QDs, a Python-based QuDiPy package has been developed, which con-
tains several modules for Poisson solvers, Hamiltonian parameter extraction, and control
optimization. QuDiPy addresses critical gaps in quantum device engineering by unify-
ing electrostatic landscape reconstruction, Hamiltonian parameter extraction, and control
pulse optimization into a single simulation framework, capabilities that previously required
disjointed toolchains [106, 115, 116, 124, 125]. Its automated voltage-to-Hamiltonian map-
ping enables rapid exploration of high-dimensional gate voltage spaces, which is essential
for mitigating crosstalk in dense qubit arrays. As the first software package to combine
realistic device electrostatics with full-stack qubit control simulations–encompassing every-
thing from low-level voltage tuning to high-level gate fidelity analysis–QuDiPy significantly
accelerates the transition from theoretical device designs to experimentally viable quantum
processors.

In general, the underlying electrostatic potential for a specific QD device design may
be determined numerically by solving both Poisson’s and Schrödinger’s equations self-
consistently for a specific charge density distribution and set of applied electrode voltages.
Self-consistency is essential because the charge distribution influences the electrostatic po-
tential, which in turn modifies the wavefunction and thus the charge distribution itself. To
precisely determine the potential landscape requires calculating the many-particle wave-
function under various voltage configurations, which proves to be computationally resource-
intensive. To mitigate computational resource demand, one commonly uses a single-particle
wavefunction and a mean-field potential [126] to approximate the multi-particle wavefunc-
tion. Such approximations fail to accurately represent the electron behavior in QD devices
since numerical solutions of the electron density are not quantized, due to the ignored
multi-particle Coulomb repulsion. Ignoring multi-particle interactions leads to unrealis-
tic continuous charge densities under various voltage configurations and leads to incorrect
electrostatic potentials. To address this, we define pseudo-materials to prevent electron
population over experimental voltage ranges. Alternatively, we introduce electron doping
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profiles at the heterojunction to approximate a quantized electron density distribution and
estimate the underlying 3D potential landscape of a QD device. We focused on the 2D
behavior of electrons confined in QDs due to the strong confinement at the heterojunction
along the growth axis of the substrate. The 2D electrostatic potentials are determined at
the expected 2DEG location along the growth axis from simulated 3D potentials calculated
via the classical Poisson finite-element solver nextnano++ [126]. The 2D potential datasets
are generated for a range of control voltage configurations, {V⃗}, where each control vector,
V⃗ , consists of plunger gate voltages, V⃗ , and tunnel barrier voltages, W⃗ , and is defined as,

V⃗ := V⃗ ∪ W⃗ ≡ [V1,W1, · · · ,WN−1, VN ],

for a device consisting of N QDs.

Figure 2.1: Mosaic of simulated electrostatic potential landscapes for a silicon, MOSFET
style, double QD device as a function of the applied plunger gate voltages. Moving along
the diagonal, top-left to bottom-right, shows the potential well depth increases without
any detuning between the QDs. Conversely, the anti-diagonal, bottom-left to top-right,
shows how to deepest potential well depth changes from the left to the right QD as the
detuning voltage Vdetuning = V1 − V2 is symmetrically varied from -200mV to 200mV.

The simulator processes the finite number of 2D potentials, Φ(r⃗, V⃗), simulated for a set of
voltage configurations {V⃗} and performs a multi-variable interpolation for spatial and volt-
age coordinates to generate 2D interpolation functions for both the 2D potential, Φ̃(r⃗, V⃗),
and the electric field along the growth axis, Ẽ(r⃗, V⃗). As seen in figure 2.1, cross-sections of

27



the potential interpolation objects Φ̃(r⃗, V⃗) are plotted over a range of plunger gate voltages
for a CMOS style double QD device.

The interpolated functions Φ̃(r⃗, V⃗) and Ẽ(r⃗, V⃗) provide a direct mapping of the external
control voltage inputs to the QD potential and electric field environment. These functions
are inputs to the QuDiPy package, which enables a user to design a semiconductor QD
device to be fabricated and estimate expected qubit dynamics. The general use of QuDiPy
flows is as follows:

1. Design a 3D semiconductor QD device. Figure 2.2(a) shows a top-down view cross-
section for an example double QD device with a single electron transistor for readout.

2. Solve 3D Poisson’s equation for a range of control voltage configurations expected
during experimental operation.

3. Process the 3D potentials to extract the 2D interpolation functions Φ̃(r⃗, V⃗) and
Ẽ(r⃗, V⃗) for input to other QuDiPy modules.

4. Calculate the Single Particle Ground State Wavefunctions (SPGSWs) for all voltage
configurations, as seen in figure 2.2(b).

5. Use the interpolation functions and SPGSWs to calculate relevant effective Hamil-
tonian parameters, design an experiment or quantum circuit to be simulated, and
evolve the system density matrix under time-dependent external experiment controls,
as seen in figure 2.2(c).

6. Predict the time evolution of a spin qubit processor; an example of a Hadamard gate
applied to the first qubit while the second qubit idles is seen in figure 2.2(d).
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Figure 2.2: High level representation of data processing in the QuDiPy simulator for a
double QD, i.e. 2 spin qubit, example (a) User designs a layered metal/semiconductor
device and uses finite-element Poisson solutions to determine 3D electrostatic potential
landscape for electrode voltage configurations in the range of expected experimental op-
eration (b) The simulator extracts 2D electrostatic potential at the position of the 2DEG
and calculates single particle ground state wave functions, i.e. ψ1(r) and ψ2(r), for isolated
QD potentials at each simulated voltage configuration (see Section 2.2.3 for further discus-
sion) (c) Python modules construct spin and Hubbard Hamiltonians allowing the user to
initialize a given input density matrix, set of experimental gate operations, and construct
a desired quantum circuit (d) The evolution module contains tools to visualize quantum
gate operations.

2.2.1 Modeling Electrostatic Potentials

A fabricated spin qubit QD device consists of many plunger, barrier, and screening elec-
trodes to control the QD confinement potential shape and location, as in figure 2.2(a).
However, for efficient simulation of the electrostatic potential landscape, the device geome-
try used for solving the 3D finite-element Poisson solutions is simplified by only considering
the electrode geometry near the regions where QDs are expected to form. The simplified
device geometry used in this study is shown in Figure 2.3. Figure 2.3(a) shows the side
cross-section of the QD device where a 2DEG is formed in the silicon substrate at the
SiO2/silicon heterojunction. Figure 2.3(b) shows the potential cross-section showing where
electrons can accumulate when a positive voltage is applied to shift the conduction band
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below the Fermi level, inducing a 2DEG which can be tuned into the few-electron regime.

Figure 2.3: Cross-sections from figure 2.2 along lines (black dashed lines) (a) Cross-section
perpendicular to QD array. (b) Cross-section along QD array. (c) Reduced 3D model ge-
ometry used for finite-element Poisson calculations of the electrostatic potential landscape
in the plane of the induced 2DEGs.

2.2.2 Solving Time-Independent Schrödinger Equation

To numerically solve the Time Independent Schrödinger Equation (TISE) we must map
the TISE,

− ℏ2

2m∗∇
2ψ + V ψ = Eψ, (2.1)

to a eigenvalue problem of the form Hψ⃗ = λψ⃗, where ψ⃗ is a vector representing the
wavefunction ψ at all spatial points on a mesh grid. This first step is to approximate the
Laplacian, ∇2, on a finite coordinate system.

Non-Uniform Mesh Grid Spacing

Derivatives can be approximated using finite difference methods, which are derived using
Taylor series expansions of the wavefunction ψ. An example of a single variable wavefunc-
tion is,

ψ(xi) +
dψ(xi)

dx
∆xi +

d2ψ(xi)

dx2
(∆xi)

2

2!
+ . . .+

dnψ(xi)

dxn
(∆xi)

n

n!
, (2.2)

where ∆xi = xi+1 + xi is the 1D mesh grid step size.

30



1D TISE Eigenvalue Problem

The 1D Schrödinger equation is written as follows,

− ℏ2

2m∗
d2ψ(x)

dx2
+ V (x)ψ(x) = Eψ(x). (2.3)

To solve this Ordinary Differential Equation (ODE), the first step is to approximate the
first and second derivatives. The first derivatives can be approximated on a general 1D
mesh grid as follows:(

dψ

dx

)
i+1/2

≈ψ(x+∆xi)− ψ(x)
∆xi

+O
(
∆xi

2
)
, (2.4)(

dψ

dx

)
i−1/2

≈ψ(x)− ψ(x−∆xi−1)

∆xi−1

+O
(
∆xi−1

2
)
. (2.5)

The second derivative can then be approximated as,(
dψ2

dx2

)
i

≈ 2

xi+1 − xi−1

[(
dψ

dx

)
i−1/2

−
(
dψ

dx

)
i+1/2

]
,

=
2

xi+1 − xi + xi − xi−1

[(
dψ

dx

)
i−1/2

−
(
dψ

dx

)
i+1/2

]
,

=
2

∆xi −∆xi−1

[(
dψ

dx

)
i+1/2

−
(
dψ

dx

)
i−1/2

]
,

=
2

∆xi −∆xi−1

(
ψ(x+∆xi)− ψ(x)

∆xi
− ψ(x)− ψ(x−∆xi−1)

∆xi−1

)
. (2.6)

Let L2
i =

1
2
(∆xi −∆xi−1) [127] and γ = − ℏ2

2m∗ , then the Schrödinger equation becomes,

γ

L2
i

[(
ψ(xi +∆xi)− ψ(xi)

∆xi

)
−
(
ψ(xi)− ψ(xi −∆xi−1)

∆xi−1

)]
+ V (xi)ψ(xi) = Eψ(xi),

γ

L2
i

[(
ψi+1 − ψi

∆xi

)
−
(
ψi − ψi+1)

∆xi−1

)]
+ Viψi = Eψi,

γ

L2
i

[
ψi+1

∆xi
+

ψi−1

∆xi−1

]
+

[
− γ

L2
i

(
1

∆xi−1

+
1

∆xi

)
+ Vi

]
ψi = Eψi.

(2.7)
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Now the state vector ψ⃗ can be defined which describes the 1D wavefunction at all discrete
x-coordinates,

ψ⃗ =


ψ2

ψ3
...

ψN−1

 . (2.8)

Note, at the boundaries of the spatial region under consideration, the wavefunction at x1
and xN are set to zero, i.e. ψ1 = ψN = 0. Having defined the state vector and necessary
boundary conditions allows the eigenvectors and values to be found for the eigenvalue
problem Hψ⃗ = λψ⃗ by using equation 2.7 to write H as,

Hij =



1
L2
i∆xi

, if j = i+ 1,
1

L2
i∆xi−1

, if j = i− 1,

− 1
L2
i

(
1

∆xi−1
+ 1

∆xi

)
+ Vi

γ
, if j = i,

0 otherwise

(2.9)

where λ = E
γ
. It is instructive to partially write elements of H in matrix form and, for

compactness, define ηi−1,i = −
(

1
∆xi−1

+ 1
∆xi

)
. Therefore, H takes the form,

H =



1
L2
2
η12 +

V2

γ
1

L2
2∆x2

0 · · · 0

1
L2
3∆x2

1
L2
3
η23 +

V3

γ
1

L2
3∆x3

. . . ...

0 1
L2
4∆x3

1
L2
4
η34 +

V4

γ

. . . 0
... . . . . . . . . . 1

L2
N−2∆xN−2

0 · · · 0 1
L2
N−2∆xN−2

1
L2
N−1

ηN−2,N−1 +
VN−1

γ


(2.10)

The Hamiltonian H is sparse and tridiagonal, however, non-symmetric. To accurately and
efficiently solve the computational eigenvalue problem for orthogonal eigenvectors ψ⃗, we
transform the matrix H into a symmetric matrix [127,128]. This is achieved by taking note
that each row of H is multiplied by L−2

i , therefore, defining a diagonal matrix M := LL
with diagonal elements L2

i and taking the product with H produces a symmetric matrix
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S,

S =MH =



η12 +
V2

γ
1

∆x2
0 · · · 0

1
∆x2

η23 +
V3

γ
1

∆x3

. . . ...

0 1
∆x3

η34 +
V4

γ

. . . 0
... . . . . . . . . . 1

∆xN−2

0 · · · 0 1
∆xN−2

ηN−2,N−1 +
VN−1

γ


. (2.11)

The original eigenvalue problem is transformed by first multiplying M to both sides and
using the diagonal matrix L−1, which has diagonal elements L−1

i =
√

2
∆xi−∆xi−1

,

Sψ⃗ =MHψ⃗ = λMψ⃗,(
L−1SL−1

)
Lψ⃗ = λL−1Mψ⃗ = λLψ⃗,

HsysΨ⃗ = λΨ⃗. (2.12)

The transformed eigenvalue problem gives eigenvalues λ for transformed wavefunction
eigenvectors Ψ⃗. To find the eigen energies, E, and true state vectors, ψ⃗, simply trans-
form the quantities as follows, E = γλ and ψ⃗ = L−1Ψ⃗.

2D TISE Eigenvalue Problem

The 2D Schrödinger equation is written as follows,

− ℏ2

2m∗

(
∂2ψ(x, y)

∂x2
+
∂2ψ(x, y)

∂y2

)
+ V (x, y)ψ(x, y) = Eψ(x, y) (2.13)

The continuous 2D TISE in the above equation 2.13 can be discretized using the 1D finite
difference second derivative from equation 2.6 as,

γ

[
2

∆xi +∆xi−1

(
ψ(x+∆xi, y)− ψ(x, y)

∆xi
− ψ(x, y)− ψ(x−∆xi−1, y)

∆xi−1

)
+

2

∆yj +∆yj−1

(
ψ(x, y +∆yj)− ψ(x, y)

∆yj
− ψ(x, y)− ψ(x, y −∆yj−1)

∆yj−1

)]
+

V (x, y)ψ(x, y) =Eψ(x, y)
(2.14)
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Which is simplified using index notation as,

γ

[
2

∆xi +∆xi−1

(
ψi+1,j − ψij

∆xi
− ψij − ψi−1,j

∆xi−1

)
+

2

∆yj +∆yj−1

(
ψi,j+1 − ψij

∆yj
− ψij − ψi,j−1

∆yj−1

)]
+

Vijψij =Eψij (2.15)

To better understand how to solve the eigenvalue problem in two dimensions, equation
2.15 is written in operator form as,

[γ (Dy ⊗ Ix + Iy ⊗Dx) +W ] ϕ⃗ = Eϕ⃗

[γ (Dy ⊕Dx) +W ] ϕ⃗ = Eϕ⃗ (2.16)

Where the 2D state vector takes the form,

ϕ⃗ =


ψ⃗(2−→N−1),2

ψ⃗(2−→N−1),3
...

ψ⃗(2−→N−1),(N−1)

 (2.17)

Where ψ⃗(2−→N−1),j is defined as follows.

ψ⃗(2−→N−1),j =


ψ2j

ψ3j
...

ψN−1,j

 (2.18)

The left side of equation 2.16 is a sparse banded tri-diagonal matrix which is better seen
by writing the tensor products Dy ⊗ Ix and Iy ⊗Dx, as well as W explicitly. The tensor
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product Dy ⊗ Ix is a block tridiagonal matrix as shown below,

Iy ⊗Dx = Iy⊗



1
L2
2
η12

1
L2
2∆x2

0 · · · 0

1
L2
3∆x2

1
L2
3
η23

1
L2
3∆x3

. . . ...

0 1
L2
4∆x3

1
L2
4
η34

. . . 0
... . . . . . . . . . 1

L2
N−2∆xN−2

0 · · · 0 1
L2
N−2∆xN−2

1
L2
N−1

ηN−2,N−1


(2.19)

=


Dx 0 0 · · · 0

0 Dx 0
. . . ...

0 0 Dx
. . . 0

... . . . . . . . . . 0
0 · · · 0 0 Dx

 (2.20)

Similarly, the tensor product Dy⊗ Ix is a "banded" block diagonal matrix as shown below,

Dy ⊗ Ix =



1
L2
2
η12Ix

1
L2
2∆x2

Ix 0 · · · 0

1
L2
3∆x2

Ix
1
L2
3
η23Ix

1
L2
3∆x3

Ix
. . . ...

0 1
L2
4∆x3

Ix
1
L2
4
η34Ix

. . . 0
... . . . . . . . . . 1

L2
N−2∆xN−2

Ix

0 · · · 0 1
L2
N−2Ix∆xN−2

Ix
1

L2
N−1

ηN−2,N−1Ix


(2.21)

The matrix W is a diagonal matrix of the potential that has been "unwrapped" to match
the dimensions of the operator Dy ⊕Dx. The matrix elements are defined as,

Wij = ⟨i+ j − 1|Vij |i+ j − 1⟩ (2.22)

The eigenvalue problem posed by equation 2.16 can be rewritten after making use of the
following operator definitions M = LL and N = KK. Note that K is defined similarly to
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L except that ∆x is replaced by ∆y.

[γ (Dy ⊕Dx) +W ] ϕ⃗ = Eϕ⃗

Hϕ⃗ = Eϕ⃗

(N ⊗M)Hϕ⃗ = E (N ⊗M) ϕ⃗

Sϕ⃗ = E (N ⊗M) ϕ⃗(
K−1 ⊗ L−1

)
S
(
K−1 ⊗ L−1

)
ϕ⃗ = E (K ⊗ L) ϕ⃗

HsysΨ⃗ = λΨ⃗ (2.23)

The transformed eigenvalue problem gives eigenvalues λ for transformed wavefunction
eigenvectors Ψ⃗. To find the eigen energies, E, and true state vectors, ψ⃗, simply trans-
form the quantities as follows, E = γλ and ψ⃗ = (K−1 ⊗ L−1) Ψ⃗.

2.2.3 Single-Particle Ground State Wavefunctions

To determine the SPGSWs for qubits isolated in each QD, as shown in Figure 2.2, we
introduce a potential “masking" procedure to determine the isolated potentials for all QDs
in a device. For each isolated QD potential, the 2D Schrödinger equation is solved to deter-
mine the SPGSW. If the SPGSW is calculated for the full QD device potential, any energy
detuning between QDs causes it to localize in the lowest energy QD. However, this does
not accurately represent electron behavior when multi-particle effects, such as Coulomb
repulsion, are considered. Potential masking can be performed in several different ways,
with primary methods consisting of 1) splitting the potential at the central coordinates
of the user-designed tunnel barrier electrodes, 2) splitting the potential at the local max-
ima and performing either a harsh or Gaussian masking. Harsh masking simply assigns
masked QDs with the max global potential, while Gaussian masking fits an inverted Gaus-
sian function to the local minima of an isolated QD potential. Figure 2.4 is an example
of a triple QD device potential, which is split along potential maxima between QDs with
Gaussian masking applied. Regardless of the three masking procedures, no visible differ-
ence is observed in the Hamiltonian effective parameter calculations when comparing 1D
voltage sweep plots. The invariance in effective parameter calculations across the various
masking methods is attributed to the potential landscape not being significantly modified
during masking in regions overlapping the calculated SPGSWs.
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Figure 2.4: Example of a triple QD (a) Electrostatic potential in the plane of the 2DEG with
regions showing ≈ 65%, ≈ 95%, and ≈ 99% containment of the SPGSW (b) An example of
potential masking for the left QD to determine the SPGSWs in that region (c) An example
potential masking for the right QD pair used to determine the exchange energies. Both
masking procedures in (b)-(c) show an example of Gaussian masking, which performs a
fit of an inverted Gaussian function to local minima for QDs or QD pairs; however, other
masking routines can be specified by the user.

2.2.4 Spin interactions in a semiconductor quantum processor

In an external magnetic field, B⃗, the electron spin Hamiltonian for a system of N electron
spins is understood in general as,

H =
N∑
i

giµB

ℏ
B⃗ · S⃗i =

µB

2

N∑
i

giB⃗ · σ⃗i, (2.24)

where gi is the electron g-factor of the ith electron, µB is the Bohr magneton, S⃗i is the spin
operator of the ith electron, and σ⃗i is the vector of Pauli operators, i.e., σi ∈ {Xi, Yi, Zi}.
The static Zeeman field, B0, defining the z-axis, produces spin precession around the z-
axis for all electrons in the system. An additional RF magnetic field, BESR(t), is applied
perpendicular to B0, enabling coherent spin rotations about the x- and y-axes in the
rotating frame.

In addition to interactions with external magnetic fields, neighboring electrons are cou-
pled through the exchange interaction, Ji,i+1, which arises from the overlap of their wave-
functions and is mediated by the Pauli exclusion principle. This interaction is described
by the Hamiltonian term,

HJ =
1

4

N−1∑
i=1

Ji,i+1(t)σ⃗i · σ⃗i+1, (2.25)
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where Ji,i+1(t) is the exchange coupling strength between the ith and (i+1)th electrons. The
exchange interaction is externally controlled via gate voltages that modulate the inter-dot
barrier height and detuning.

Collecting all spin interaction Hamiltonian terms, the system Hamiltonian for N elec-
trons in an array of QDs, in the laboratory reference frame, is given by

HLab =
µBB0

2

N∑
i

gzzi (t)Zi︸ ︷︷ ︸
Zeeman

+
1

4

N−1∑
i=1

Ji,i+1(t)σ⃗i · σ⃗i+1︸ ︷︷ ︸
Exchange

+ µBBRF (t)
N∑
i

[gxxi Xi cos(ωRFt+ ϕ(t)) + gyyi Yi sin(ωRFt+ ϕ(t))]︸ ︷︷ ︸
ESR

, (2.26)

where BRF (t) represents the envelope amplitude of the applied RF field, ωRF = 2πfRF is
the driving angular frequency, ϕ(t) is the RF field phase, and gjji are components of the
electronic g-factor tensor out-of-plane, gxx(yy)i := g

(⊥)
i , or in plane, gzzi := g

(∥)
i with respect

to the Zeeman field for the electron in the ith QD. The Zeeman field is the dominant
energy defining the quantization axis and is applied perpendicular to the substrate growth
axis; BRF (t) is applied perpendicular to the Zeeman field axis. Note that off-diagonal
tensor elements are negligible in silicon and diagonal components are g(∥) ≈ g(⊥) ≈ 2.
The ESR field frequency is set to be in resonance with the Zeeman splitting, such that
ωRF ≈ g(∥)µBB0/ℏ, and under the assumption that g(∥) is the same for all electrons. Using
the rotation operator R = exp

(
i
2

∫ t

0
ωrf(t

′)dt′
∑N

j=1 Zj

)
, the Hamiltonian for N electron

spins in the laboratory reference frame is transformed using the following equation, HRot =
RHLabR

† + iℏṘR†, into the rotating reference frame,

HRot =
ℏ
2

N∑
i=1

[
µBBzg

(∥)
i (t)

ℏ
− ωRF(t)

]
Zi +

1

4

N−1∑
i=1

Ji,i+1(t)σ⃗i · σ⃗i+1

+ µBBRF(t)g
(⊥)

N∑
i=1

[cosϕ(t) Xi + sinϕ(t) Yi] , (2.27)

It is instructive to rewrite the Hamiltonian in Equation 2.27 in terms of voltage induced
g-factor deviation δg(V⃗(t)), i.e. Stark shift, which is defined as g(∥)i (V⃗(t)) := g

(∥)
i (V⃗(0)) +

δgi(V⃗(t)) for each electron. Here V⃗(0) is the externally applied voltage from gate electrodes
at time zero. Using the new definition for g(∥)i and normalizing the Hamiltonian by ℏ yields
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the following,

HRot =
1

2

N∑
i=1

[(
1 +

δgi(V⃗(t))
g
(∥)
i (V⃗(0))

)
ωi − ωrf(t)

]
Zi +

1

4ℏ

N−1∑
i=1

Ji,i+1(V⃗(t))σ⃗i · σ⃗i+1

+
Ω(t)

2

N∑
i=1

[cosϕ(t) Xi + sinϕ(t) Yi] , (2.28)

where ωi = µBB0g
(∥)
i (V⃗(0))/ℏ is the Larmor frequency, Ω(t) = g(⊥)µBBRF (t)/ℏ is the Rabi

frequency of the applied RF field, and g
(∥)
i (V⃗(0)) is the initial g-factor of each electron.

The time-dependent experimental inputs to the normalized Hamiltonian consist of the
control voltage vector, V⃗(t), as well as the global ESR angular frequency, ωRF (t), phase
ϕ(t), and field envelope, BRF (t). The effective spin couplings in the Hamiltonian consist
of: 1) Larmor frequency control through voltage-induced g-factor deviations, δg(V⃗), 2)
Voltage-controlled exchange interaction, Ji,i+1, between the ith and i+1th electrons, and 3)
time-dependent global ESR field.

From the weak spin-orbit interaction in silicon, a Stark shift to the electron g-factor is
primarily controlled by the plunger gate voltage directly over the QD and vary on the order
of δg ∼ 10−5 − 10−3 [76, 129]. The Stark shift δg is observed in figure 2.5(a-c) for a triple
QD device, where δg has been calculated from the out-of-plane electric field interpolation
object Ẽ(r⃗, V⃗) (cf. Section 2.2) and the formula,

δgi(V⃗) = ηgi(V⃗(0))⟨|Ẽi(V⃗)|2⟩, (2.29)

where η is the quadratic Stark shift fit parameter estimated by Veldhorst et al. [76] to be
≈ 2.2

(
nm
V

)2. It is observed that the dominant control of the electron g-factor is from the
plunger gate directly above a given electron; however, non-negligible shifts in the g-factor
occur from electrical cross-talk of neighboring plunger/barrier electrodes.
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Figure 2.5: Effective parameters of the spin Hamiltonian calculated from Equation 2.29
and formulas discussed in Section 2.3 for a triple QD system. (a-c) g-factor deviation,
i.e. δg(V⃗ ), for electrons in all three QDs as a function of plunger or tunnel barrier gate
voltage. (d-e) exchange energy calculation using a Hund-Mulliken exchange approximation
(cf. Section 2.3) for each pair of QDs as a function of plunger or tunnel barrier gate voltage.

As will be discussed in Section 2.3, the exchange interaction is calculated from the
numerical integration of the potential interpolation objects, Φ̃(r⃗, V⃗), for the Heitler-London
(HL) or Hund-Mulliken (HM) exchange integral using SPGSWs basis functions as seen in
Figure 2.5(d-e). The exchange interaction is able to be selectively turned on/off purely
from electrostatic controls and changes exponentially for barrier electrodes between pairs
of QDs [47,72,78,91].
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(a) Left QD potential and out-of-plane electric
field vs left V1 plunger gate sweep from 0.2-0.4
V.

(b) SPGSW orbitals in left/middle QD as
a neighboring plunger gate, V3, voltage is
swept from 0.2-0.4 V.

(c) SPGSW orbitals overlap in left/middle QD as
the tunnel gate, W1, voltage is swept from -0.1
to 0.1 V.

Figure 2.6: Examples of wave function (blue) behavior under varying potential (green) and
out-of-plane electric field (magenta) landscapes in a triple QD system when the voltage is
swept for individual gates. The plots are zoomed in on the left and middle QD region.

The effective parameter behavior can be understood by studying the SPGSW orbital be-
havior in a triple QD system under various voltage configurations, as seen in Figure 2.6.
For example, Stark shift of the g-factor is best explained for the triple QD system shown in
Figure 2.6a. If a neighboring tunnel or plunger gate voltage is applied close to the middle
QD, the middle QD potential delocalizes and shifts in the direction of the neighboring
gate. This causes the SPGSW orbital to be less localized and shifted with regard to the
out-of-plane electric field peak, causing ⟨|Ẽi(V⃗)|2⟩ to decrease. Instead, if the plunger gate
voltage directly above the QD is increased, the potential well depth and the out-of-plane
electric field increase substantially, increasing confinement, Stark shift, and ultimately δg,
in agreement with the results observed in Figure 2.5.

The trends in exchange interaction in Figure 2.5(d-e) are best illustrated in Figures
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2.6c-2.6b. Similarly to the observed behavior of δg, as the neighboring gate voltage is
applied, the behavior of the exchange energy as a function of the gate voltage is controlled
by the localization of the SPGSWs and their respective overlap with one another. Figure
2.6c shows how the SPGW in the middle QD delocalizes and is shifted to the right, de-
creasing the exchange energy, while the SPGSW for the electron in the left QD is negligibly
impacted. Increasing the voltage of the tunnel gate significantly changes the height of the
tunnel barrier between adjacent QDs, causing the SPGSWs in the left and middle QDs to
overlap significantly, as seen in Figure 2.6b. Increasing the voltage of the tunnel gate lowers
the barrier height, leading to the observed exponential increase in the exchange energy, as
seen in Figure 2.5.

2.2.5 Predicting Spin Qubit Dynamics

Having defined the spin Hamiltonian for electron spins confined in an array of QDs, we can
now predict the behavior under various device design considerations or external inputs.
To simulate the system’s spin state evolution, the Lindblad master equation formalism
[130, 131] is used in place of the Liuoville-von Neumann master equation dρ

dt
= − i

ℏ [H, ρ].
This formalism models certain types of interaction between the qubits and the environment.
The Lindblad equation is an example of a Markovian master equation, meaning it assumes
the environment has no memory. It may be suitable for describing qubit interactions like
charge noise, but it is not suitable for modeling decoherence due to nuclear spins, for
example, since a nuclear spin system has a long memory. The Lindblad master equation
is written as,

dρ

dt
= − i

ℏ
[H, ρ] + 2

N∑
j=1

3∑
α=1

(
Lα,jρL

†
α,j −

1

2
{Lα,jL

†
α,j, ρ}

)
, (2.30)

where Lα,j are the Lindblad operators [1, 132],

L1,j =

√
pi
2T1

σ+,j, L2,j =

√
1− pi
2T1

σ−,j, L3,j =
1

2
√
T2
Zj,

where T1 the characteristic time for the spin to relax to its ground state, i.e., aligned
with external Zeeman field, T2 is the characteristic time for spin dephasing, and pi is
the probability of the ith electron spin to be excited |↓⟩ at a given electron temperature,
governed by the Boltzmann distribution. The operators σ±,j are the raising/lower operators
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applied to the jth qubit which represent the operators:

σ±,j =

(
j−1⊗
i=1

Ii

)
⊗ σ± ⊗

(
N⊗

i=j+1

Ii

)
,

where Ii is the identity matrix for the ith spin.

Figure 2.7: Simulated single QD Rabi-chevron map showing qubit spin-up probability as
a function of ESR detuning frequency, fL − fRF , and ESR pulse time. A Zeeman field of
≈ 1T is applied, causing a Larmor frequency ≈ 28 GHz.

The first step in simulating an array of spin qubits under external experimental controls
is to simulate the spin dynamics for a single qubit by explicit control of the effective
parameters in the Hamiltonian. For example, the qubit in Figure 2.7 is initialized in the
ground state, |↑⟩, then the evolution of the qubit’s spin state is simulated by solving the
ordinary differential equation defined in Equation 2.30 during an applied ESR field. By
varying the Larmor frequency on/off resonance with a constant amplitude ESR field, with
phase ϕ = 0, the qubit undergoes rotations about an axis (in the rotating frame) in the x-z
plane that depends on the resonance detuning. When the qubit is on resonance, fL−fRF =
0, solely x-axis rotation is observed, but detuning the qubit off resonance, |fL − fRF |> 0,
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tilts the rotation axis away from the x-axis causing higher frequency “flopping" between
the component of the spin state projections onto |↑⟩ and |↓⟩, as seen in Figure 2.7. What
we also observe is that the visibility of the Rabi oscillations decreases due to interaction
with the environment, causing decoherence, when T1 = ∞ and T2 ≈ 0.25µs are used as
inputs to the simulation.

(a) Double QD Chevron pattern (b) Double QD exchange oscillations

Figure 2.8: Examples of (a) Chevron patterns for a double QD device when g-factor
detuning is induced by varying the plunger gate voltage, V1, on QD 1. (b) Exchange
oscillations between two electrons in a double QD pair when varying tunnel gate voltage,
W1.

Although it is instructive to simulate the spin state evolution of a single-qubit system,
our goal is to predict the spin qubit dynamics for multi-qubit systems under the influence of
external controls that can be applied experimentally. We now consider a two-qubit system
formed in a double QD device geometry, similar to the one shown in Figure 2.3. The
effective parameters, such as the g-factor and exchange coupling, are now controlled by
external gate voltages, which dictate the underlying potential landscape of the QD device.

The first characterization of a QD device we perform is to determine the Rabi and
exchange oscillations under various gate voltage conditions. In Figure 2.8a, the g-factor
for both spin qubits is initially tuned to resonance with a constant amplitude ESR field.
The plunger gate voltage of the left QD is varied, leading to a noticeable detuning from
resonance in the left QD’s electron Larmor frequency. This detuning causes Rabi oscilla-
tions with a higher frequency and lower visibility, as expected. Due to crosstalk, the right
QD spin qubit experiences a slight detuning with the ESR field frequency, as seen in Figure
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2.8a.

Another crucial characterization step is to assess the sensitivity of gate voltage controls
on the exchange coupling between neighboring spin qubits. This is achieved by monitoring
the |↑⟩ and |↓⟩ spin state projections of a double QD, initialized in a |↑↓⟩ spin state,
while the tunnel gate voltage modifies the tunnel barrier between the two QDs. The
resultant exchange oscillations are observed in Figure 2.8b. As the tunnel gate voltage
becomes increasingly positive, the tunnel barrier is lowered between the two QDs, inducing
more rapid oscillations between the |↑↓⟩ and |↓↑⟩ states. Note, this is consistent with an
exponential turn-on of exchange with respect to the tunnel gate voltage.

2.3 Double Quantum Dot Exchange Interaction

In semiconductor QD systems, the exchange interaction plays a crucial role in determining
the spin dynamics of confined electrons. The exchange coupling arises due to the interplay
between the Coulomb interaction and the Pauli exclusion principle, leading to an energy
difference between symmetric (triplet |T ⟩) and antisymmetric (singlet |S⟩) spin states. To
analyze this effect, we start with the second-quantized Hamiltonian describing interacting
electrons in a QD system:

H =
∑
i

ϵic
†
ici +

e2

4πϵ0ϵr

∑
ijkl

⟨ij| 1

|r1 − r2|
|kl⟩c†ic

†
jckcl. (2.31)

Here, ϵi represents the single-particle energy levels of the QD, while c†i and ci are the
fermionic creation and annihilation operators, respectively. The first term describes the
non-interacting electron energy levels determined by confinement potentials in the dot. The
second term accounts for the Coulomb interaction between electrons, where ⟨ij| 1

|r1−r2| |kl⟩
is the two-electron Coulomb integral, describing the electrostatic repulsion between elec-
trons in orbitals i and j scattering into states k and l.

To extract the exchange interaction, we consider a two-electron system confined in a
double QD potential. The exchange energy J is obtained from the difference in energy
between the symmetric and antisymmetric spatial wavefunctions, which determine the
symmetry of the spin wavefunctions. This energy splitting is given by:

J = ⟨ψT |H|ψT ⟩ − ⟨ψS|H|ψS⟩, (2.32)

where |ψT ⟩ and |ψS⟩ denote the spin-symmetric and spin-antisymmetric wavefunctions,
respectively.
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To calculate exchange numerically, we start by defining the Coulomb interaction as
H

(c)
ijkl :=

e2

4πϵ0ϵr
⟨ij| 1

|r1−r2| |kl⟩ and expressing it in integral form,

H
(c)
ijkl =

e2

4πϵ0ϵr

∫ ∞

−∞

∫ ∞

−∞
ϕ∗
i (r1)ϕ

∗
j(r2)

1

|r1 − r2|
ϕk(r1)ϕl(r2)dr1dr2, (2.33)

Note that the Coulomb integral is singular when r1 = r2 making it potentially challenging
to evaluate. However, a change of variable, r = r1−r2, eliminates this challenge by letting
r1 = r + r2, the Jacobian reads, ∣∣∣∣∂r1

∂r
∂r1

∂r2
∂r2

∂r
∂r2

∂r2

∣∣∣∣ = ∣∣∣∣1 1
0 1

∣∣∣∣ = 1,

So Equation 2.33 now becomes,

H
(c)
ijkl =

e2

4πϵ0ϵr

∫ ∞

−∞

∫ 2π

0

∫ ∞

0

ϕ∗
i ((|r|cos θ, |r|sin θ) + r2)ϕ

∗
j(r2)

× ϕk(r2)ϕl ((|r|cos θ, |r|sin θ) + r2) d|r|dθdr2, (2.34)

where the integration in Equation 2.34 of r is now carried out in polar coordinates, dr ≡
dxdy → |r|d|r|dθ, to remove the 1

|r| dependence in the integrand which could lead to
a divergent integral. An integral of this form is a straightforward computational task
when leveraging interpolation object basis functions over a mesh grid of coordinates and
Simpson’s rules for definite integration.

Calculating exchange energy requires evaluating a series of Coulomb-like integrals (equa-
tion 2.34) using a two-particle wave function that describes the two-electron state in a
double-QD system, rather than the single-particle wavefunctions, ϕ(r), previously dis-
cussed. Exactly solving for the exchange energy would require constructing the exact
two-particle wavefunctions from Slater determinants using an infinite set of single-particle
orbital wavefunctions, which is computationally infeasible. To address this, several ap-
proximate methods have been developed that use a truncated set of single-particle or-
bital wavefunctions as a basis. Examples include full-configuration interaction (FCI),
multi-configurational self-consistent field (MCSCF), density matrix renormalization group
(DMRG), and quantum Monte Carlo (QMC). While the FCI method can converge to an
exact solution, it requires diagonalizing the many-body Hamiltonian, whose size grows
combinatorially with the number of single-particle orbitals and electrons, making it com-
putationally expensive. Other methods aim to reduce computational overhead, often at the
cost of accuracy or increased implementation complexity. For this thesis and lightweight
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simulation, the Hund-Mulliken and Heitler-London exchange approximations offer a com-
putationally efficient approach, as they simplify the treatment of electron-electron interac-
tions by assuming separable exchange integrals and weak inter-electron correlation. These
methods aim to balance accuracy and efficiency, making them well-suited for use in the
QuDiPy simulator.

2.3.1 Heitler-London Exchange Energy

The HL exchange approximation is a widely used method in quantum mechanics to describe
the exchange interaction between two electrons in a system, particularly in two-electron
systems such as QD. Based on the Pauli exclusion principle and the symmetry of the two-
particle wave function, the HL approximation simplifies the electron-electron repulsion by
assuming that the two electrons are in a |S⟩ or |T ⟩ state with a maximum spatial separa-
tion. In this approach, the exchange energy is derived from the overlap of the two-electron
wavefunctions, specifically by calculating the exchange integrals that result from the inter-
action of the wavefunctions of individual particles. The HL approximation assumes a weak
coupling between the electrons, meaning that their interactions are simplified to an effec-
tive two-body interaction, making the computation of the exchange energy analytically
manageable. While this approximation is highly efficient and computationally feasible,
especially for systems with well-separated QDs, it may not fully capture the complexi-
ties of electron correlation and may be less accurate in systems where electron-electron
interactions are more significant. Nevertheless, the HL approximation remains a valuable
tool for gaining quick insights into exchange effects in many-body quantum systems and
applications to QD systems.

The HL approximation assumes that the the symmetric and antisymmetric orbital state
wavefunctions |ΨS⟩ and |ΨT ⟩ are constructed from SPGSWs [133] as,∣∣ΨS/T

〉
=
φ−d(r1)φ+d(r2)± φ−d(r2)φ+d(r1)√

2(1± S2)
, (2.35)

Where φ±d := φ(r,±d) are the SPGSWs for an electron confined in the left or right QD of
a QD pair separated by 2d and S := ⟨φ±d|φ∓d⟩ is the overlap of the orbital wavefunctions
for the two SPGSWs. The approximate two-particle wave function from Equation 2.35
allows for the exchange energy to be calculated from Equation 2.32 once the SPGSWs are
known.

Analytic Solution To determine the exchange coupling, one approach is to assume that
the underlying double-QD potential resembles a biquadratic or quartic function [133–135].

47



In this thesis, we focus on estimating the double-QD potential using an analytic quartic
function of the form,

Φ(x, y) =
m∗ω2

0

2

(
(x2 − d2)2

4d2
+ y2

)
+ eEx, (2.36)

where m∗ is the electron effective mass, ω0 determines the effective width of the quantum
dots, given by

√
ℏ/m∗ω0, 2d is the QD separation, and E is the electric field along the

x-axis, i.e., the major axis connecting the two dots. Next, the SPGSWs are assumed to be
the wavefunctions of electrons confined in two dimensions for a harmonic oscillator, shifted
by ±d. This leads to SPGSWs in the form of Fock-Darwin states, shifted by ±d:

φ±d(x± d, y) =
√
mω

πℏ
e−mω((x±d)2+y2). (2.37)

Plugging Equations 2.35-2.37 into 2.32 gives the following analytic expression for exchange
energy at zero out-of-plane magnetic field,

JHL(B = 0) =
ℏω0

sinh 2(d/ab)2

[
c

(
e−(d/ab)

2

I0((d/ab)
2)− I0(0) +

3

4
(1 + (d/ab)

2)

)

+
3

2d2

(
eEd

ℏω0

)2
]
, (2.38)

where c =
√
π/2 e2

4πϵ0ϵrab

1
ℏω and I0 is the zeroth-order modified Bessel function of the first

kind.

To calculate the exchange energy for QD device potentials using potential interpolation
functions, a quartic potential of the form in equation 2.36 is fit to the local minima of the
double-QD potential to estimate ω0, d, and E in equation 2.38. The same procedure is
applied for the biquadratic approximations. However, due to the barrier height dependence
of both biquadratic and quadratic potentials, an accurate fit is not always guaranteed to
exist.

In real QD devices, the barrier height between two QDs is typically controlled by
a tunnel gate independent of QD separation. The analytic approximations and fitting
routine provide a convenient method for quickly estimating exchange energy in QD devices
within a specific domain of gate voltages. However, a more general approach is required
to calculate exchange energy over the full range of possible gate voltage inputs.
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Direct Integration Rather than assuming the analytical expression for SPGSWs, we
instead use the 2D potential landscape extracted by QuDiPy beneath the SiO2/Si interface,
where a 2DEG is expected to form, to calculate the SPGSWs for each QD’s local potential.
Each QD’s local potential is approximated by masking the double-QD potential, as shown
in figures 2.9c-2.9d and described in Section 2.2.3.

Since the Hamiltonian contains both the single-electron kinetic energy and two-electron
potential terms, it can be defined as H := H1 +H2, where H1 contains the kinetic energy
operators − ℏ2

2m∗∇2
i and H2 represents the Coulomb interaction term, H2 ∝ 1

|r1−r2| . The
SPGSWs are then used in equations 2.32 and 2.35 to evaluate the relevant Coulomb and
exchange-like integrals.
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(a)

(b)

(c) (d)

Figure 2.9: A schematic MOSFET double QD device in Si: (b) Top-view cross-section
showing the double well confining potential formed by the plunger (V1, V2) and tunnel
(W1) electrodes. The electrostatic potential energy at the SiO2/Si interface is calculated
by a finite element Poisson solver based on a 3D device model. (a) Contour plot of the
potential energy landscape in (b). Zoomed in electrostatic potential energy, Φ, regions for:
(c) left single QD and masked right QD (d) right single QD and masked left QD. Regions
are encircled where there is a ≈ 99%, ≈ 95%, and ≈ 65% probability of finding an electron.

We begin with the given expression for the triplet state energy,

⟨ψT |H|ψT ⟩ =ET +
1

8πϵ0ϵr

∫∫ [
φ∗
−d(r1)φ

∗
+d(r2)− φ∗

−d(r2)φ
∗
+d(r1)

]
× 1

|r1 − r2|
[φ−d(r1)φ+d(r2)− φ−d(r2)φ+d(r1)] dr1dr2, (2.39)

where ET is the kinetic energy of the two-electron system and simplifies to,
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⟨ψT |H|ψT ⟩ = ET +
1

8πϵ0ϵr

∫∫
1

|r1 − r2|

(
φ∗
−d(r1)φ

∗
+d(r2)φ−d(r1)φ+d(r2)

− φ∗
−d(r1)φ

∗
+d(r2)φ−d(r2)φ+d(r1)

− φ∗
−d(r2)φ

∗
+d(r1)φ−d(r1)φ+d(r2)

+ φ∗
−d(r2)φ

∗
+d(r1)φ−d(r2)φ+d(r1)

)
dr1dr2.

Recognizing that the four terms in the integrand correspond to Coulomb C and exchange
Jex integrals, we can define,

C =

∫∫
φ∗
−d(r1)φ

∗
+d(r2)φ−d(r1)φ+d(r2)

|r1 − r2|
dr1dr2, and (2.40)

Jex =

∫∫
φ∗
−d(r1)φ

∗
+d(r2)φ−d(r2)φ+d(r1)

|r1 − r2|
dr1dr2, (2.41)

Since the integrals are symmetric, the second and third terms are equal to Jex, while the
first and fourth terms are equal to C. Thus, the entire expression simplifies to,

⟨ψT |H|ψT ⟩ = ET +
1

8πϵ0ϵr

2C − 2Jex
1− S2

= ET +
1

4πϵ0ϵr

C − Jex
1− S2

. (2.42)

Similar to the derivation of Equation 2.42, the singlet energy is calculated as,

⟨ψS|H|ψS⟩ = ES +
1

4πϵ0ϵr

C + Jex
1 + S2

, (2.43)

and, since ES = ET , Equation 2.32 is written in terms of Coulomb, exchange, and overlap
integrals as,

JHL =
1

4πϵ0ϵr

S2C − Jex
1− S4

. (2.44)

2.3.2 Hund-Mulliken Exchange Energy

Instead of the HL exchange energy approximation, which treats spatially isolated and
weakly interacting electrons, we introduce the HM method of molecular orbits, which
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extends the HL method by including the doubly occupied singlet states. This makes it a
more accurate method than HL for describing systems with intermediate to strong electron-
electron interactions, while still maintaining manageable computational complexity. Al-
though the HM approximation does not capture all the subtleties of the full many-body
wavefunction, it strikes a balance between accuracy and computational efficiency.

This new choice of molecular orbitals extends the Hilbert space from two to four di-
mensions and requires the creation of new single-particle orbitals, which must be orthonor-
malized [133,134]. These new basis functions are,

Φ±d(r) := Φ(r,±d) = φ±d(r) +Gφ∓d(r)√
1− 2SG+G2

, (2.45)

where, S = ⟨φ−d|φ+d⟩ and G = (1 −
√
1− S2)/S and the addition two-particle orbital

basis functions for the doubly occupied singlet states are,

ΨD
±d(r1, r2) = Φ±d(r1)Φ±d(r2), (2.46)

with a two-particle orbital basis function of a similar form to Equation 2.35 for the spatially
separated singlet and triplet states,

ΨS
±d(r1, r2) =

1√
2
[Φ+d(r1)Φ−d(r2)± Φ−d(r1)Φ+d(r2)] . (2.47)

Using this basis leads to the exchange energy calculation JHM = V−Ur/2+
1
2

√
U2
r + 16t2r

with the following required integrals [133]:

V = V− − V+ =
〈
ΨS

−
∣∣C ∣∣ΨS

−
〉
−
〈
ΨS

+

∣∣C ∣∣ΨS
+

〉
(2.48)

tr = t− w = ⟨Φ±d|h |Φ∓d⟩ −
1√
2

〈
ΨS

+

∣∣C ∣∣ΨD
±d

〉
(2.49)

Ur = U − V+ +X

=
〈
ΨD

±d

∣∣C ∣∣ΨD
±d

〉
−
〈
ΨS

+

∣∣C ∣∣ΨS
+

〉
+
〈
ΨD

±d

∣∣C ∣∣ΨD
∓d

〉
(2.50)

where X is similar to an inter-dot Coulomb exchange integral, U is the on-site (Hubbard)
Coulomb repulsion, V+ and V− are the Coulomb energies for the (1,1) singlet and triplet
states, with Ψ(1,1) S/T built out of orthogonalized single-electron orbitals, and t is the
inter-dot tunneling matrix element modified by the Coulomb matrix element w (t is the
bare tunneling).
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Analytic Solution Similar to Section 2.3.1, the analytic form of exchange energy can
be determined from Equations 2.48-2.50 assuming the quartic potential (2.36) and shifted
Fock-Darwin SPGSWs (2.35). This leads to the following analytic forms for Equations
2.48-2.50 [133],

t =
3

8

S

1− S2

(
1 + d2

)
V+ = N4

(
4g2(1 + S2)F1 + (1 + g2)2F2 + 4g2F3 − 16g2F4

)
V− = N4(1− g2)2

(
F2 − S2F3

)
U = N4

(
(1 + g4 + 2g2S2)F1 + 2g2F2 + 2g2S2F3 − 8g2F4

)
X = N4

[(
(1 + g4)S2 + 2g2

)
F1 + 2g2F2 + 2g2S2F3 − 8g2F4

]
w = N4

(
−g(1 + g2)(1 + S2)F1 − g(1 + g2)F2 − g(1 + g2)S2F3 + (1 + 6g2 + g4)SF4

)
where the functions Fi [133] are defined as,

F1 = c

F2 = ce−d2I0(d
2)

F3 = cI0(0)

F4 = ce−d2/4

∞∑
k=−∞

(−1)kI2k
(
d2

4

)
I2k

(
−d

2

2

)

with In being the n-th order modified Bessel function of the first kind.

Direct Integration Similar to Section 2.3.1, instead of assuming the SPGSWs, we use
the 2D potential landscape extracted by QuDiPy beneath the SiO2/Si interface, where a
2DEG is expected to form, to calculate the SPGSWs for each QD’s local potential. Each
QD’s local potential is approximated by masking the double-QD potential, as shown in
figures 2.9c-2.9d and described in Section 2.2.3.
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V− =
〈
ΨS

−
∣∣C ∣∣ΨS

−
〉
=

e2

4πϵr

∫ ∫
ΨS

−(r1, r2)
∗ 1

|r1 − r2|
ΨS

−(r1, r2)dr1dr2

=
e2

8πϵr
[∫ ∫

Φ+d(r1)
∗Φ−d(r2)

∗ 1

|r1 − r2|
Φ+d(r1)Φ−d(r2)dr1dr2

−
∫ ∫

Φ−d(r1)
∗Φ+d(r2)

∗ 1

|r1 − r2|
Φ+d(r1)Φ−d(r2)dr1dr2

−
∫ ∫

Φ+d(r1)
∗Φ−d(r2)

∗ 1

|r1 − r2|
Φ−d(r1)Φ+d(r2)dr1dr2

+

∫ ∫
Φ−d(r1)

∗Φ+d(r2)
∗ 1

|r1 − r2|
Φ−d(r1)Φ+d(r2)dr1dr2] (2.51)

V+ =
〈
ΨS

+

∣∣C ∣∣ΨS
+

〉
=

e2

4πϵ0ϵr

∫ ∫
ΨS

+(r1, r2)
∗ 1

|r1 − r2|
ΨS

+(r1, r2)dr1dr2

=
e2

8πϵ0ϵr
[∫ ∫

Φ+d(r1)
∗Φ−d(r2)

∗ 1

|r1 − r2|
Φ+d(r1)Φ−d(r2)dr1dr2

+

∫ ∫
Φ−d(r1)

∗Φ+d(r2)
∗ 1

|r1 − r2|
Φ+d(r1)Φ−d(r2)dr1dr2

+

∫ ∫
Φ+d(r1)

∗Φ−d(r2)
∗ 1

|r1 − r2|
Φ−d(r1)Φ+d(r2)dr1dr2

+

∫ ∫
Φ−d(r1)

∗Φ+d(r2)
∗ 1

|r1 − r2|
Φ−d(r1)Φ+d(r2)dr1dr2] (2.52)

Therefore, V = V− − V+ is simplified too:

V = − e2

4πϵ0ϵr
[∫ ∫

Φ−d(r1)
∗Φ+d(r2)

∗ 1

|r1 − r2|
Φ+d(r1)Φ−d(r2)dr1dr2

+

∫ ∫
Φ+d(r1)

∗Φ−d(r2)
∗ 1

|r1 − r2|
Φ−d(r1)Φ+d(r2)dr1dr2] (2.53)
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t = ⟨Φ±d|h±d |Φ∓d⟩ =
e2

8πϵ0ϵr

∫ ∫
Φ±d(r2)

∗ 1

|r1 − r2|
Φ∓d(r1)dr1dr2 (2.54)

w =
〈
ΨS

+

∣∣C ∣∣ΨD
±d

〉
=

e2

4πϵ0ϵr

∫ ∫
ΨS

+(r1, r2)
∗ 1

|r1 − r2|
ΨD

±d(r1, r2)dr1dr2

=
e2

8πϵ0ϵr
[∫ ∫

Φ+d(r1)
∗Φ−d(r2)

∗ 1

|r1 − r2|
Φ±d(r1)Φ±d(r2)dr1dr2

+

∫ ∫
Φ−d(r1)

∗Φ+d(r2)
∗ 1

|r1 − r2|
Φ±d(r1)Φ±d(r2)dr1dr2] (2.55)

X =
〈
ΨD

±d

∣∣C ∣∣ΨD
±d

〉
=

e2

4πϵ0ϵr

∫ ∫
ΨD

±d(r1, r2)
∗ 1

|r1 − r2|
ΨD

±d(r1, r2)dr1dr2

=
e2

8πϵ0ϵr

∫ ∫
Φ±d(r1)

∗Φ±d(r2)
∗ 1

|r1 − r2|
Φ±d(r1)Φ±d(r2)dr1dr2

(2.56)

U =
〈
ΨD

±d

∣∣C ∣∣ΨD
∓d

〉
=

e2

4πϵ0ϵr

∫ ∫
ΨD

±d(r1, r2)
∗ 1

|r1 − r2|
ΨD

±d(r1, r2)dr1dr2 (2.57)

=
e2

8πϵ0ϵr

∫ ∫
Φ±d(r1)

∗Φ±d(r2)
∗ 1

|r1 − r2|
Φ∓d(r1)Φ∓d(r2)dr1dr2

(2.58)

The integrals in Equation 2.44 from Section 2.3.1 and integrals in Equations 2.48-2.57 are
numerically integrated using Equation 2.34 and evaluating the function on a cartesian and
polar coordinate mesh grid for specific integrands, while S is calculated as the dot product
between arrays representing 2D wavefunctions.

2.3.3 Results

To determine the validity of the numerical integration routines for the exchange calculations
in Sections 2.3.1 and 2.3.2, exchange calculations were performed using the shifted Fock-
Darwin basis functions and compared to the analytic solutions for the exchange energy
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under the assumption that the potentials are biquadratic and quartic. Excellent agree-
ment between the analytic solutions for exchange energy and the numerically integrated
calculations was obtained.

Having confirmed the accuracy of the numerical integration methods, we now turn to
calculating exchange energy by determining the SPGSWs from solving the Schrödinger
equation on simulated single-QD potentials processed by QuDiPy. Figure 2.10(a) shows
the comparison of the exchange energy calculated for both the HL and HM methods using
analytic solutions with a quartic potential fit and the solutions for numerical direct integra-
tion. In general, HM estimates higher exchange compared to HL, caused by the inter-dot
delocalization of the electron wavefunctions when using the four HM basis functions from
Equations 2.46 and 2.47. Direct integration methods estimate exchange orders of mag-
nitude stronger than analytic solutions due to both over-confinement of electrons when
assuming a quartic potential compared to the true QD potential and overestimating the
tunnel barrier energy when fitting the quartic potential to a more realistic QD potential
as seen in Figure 2.10(b).

Figure 2.10: Exchange energy as a function of barrier voltage, W1. All exchange calcula-
tions exhibit an exponential relationship of exchange energy vs W1.

We go further than just comparing the direct integration and analytical fit methods
by comparing the exchange energy results to Hubbard model calculations of the tunnel
coupling, t, on-site energy, Ui, and detuning energy, ϵ, where the exchange interaction is
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calculated from [81],

JH =
2t2

U1 − ϵ
+

2t2

U2 + ϵ
, (2.59)

to compare the spin and Hubbard model numerical methods. The exchange calculated from
Hubbard parameters is comparable to the HM exchange calculated from direct integration,
as seen in Figure 2.10(a).

2.4 Quantum Dot Hubbard Model

The Charge Stability Diagram (CSD) is a fundamental characterization tool for gate-
defined QDs that elucidates regions of Coulomb blockade under various device operating
conditions. Accurately simulating CSDs allows for estimating voltage ranges suitable for
initialization and readout experiments, as well as defining boundaries for voltage controls
in spin qubit gate operations.

The simplest model for CSDs is the constant interaction model [33], as described in
Section 1.2.1. This model treats each QD as a classical system with an integer number of
charges, capacitively coupled to neighboring QDs and/or reservoirs. As a result, the CSD
exhibits periodicity in the voltage domain, with electron additions occurring at regular
voltage intervals that shift the QD’s chemical potential by the charging energy. Although
this model provides a good approximation in many cases, it breaks down in regimes where
quantum effects become significant—particularly under strong tunnel coupling. In this
regime, charge transition lines near the triple points in the CSD become rounded, a phe-
nomenon that the constant interaction model cannot fully capture.

To account for these quantum effects, we construct the Hamiltonian matrix elements
using the Hubbard model, which enables the generation of CSDs that incorporate strong
tunnel coupling effects. Another key distinction between the two models is that specific
parameters in the Hubbard model can be directly calculated from the underlying potential
of a given QD device. This allows the calculation of CSDs solely from the changing potential
landscape as input control voltages vary. In contrast, the constant interaction model
requires prior knowledge of capacitances between QDs and all other charge carriers (e.g.,
reservoirs, gates), which can be challenging to determine experimentally. Additionally, the
Hubbard model allows for a priori determination of electron CSDs for a given device design
before conducting any experiments, which is something that the constant interaction model
is not capable of.
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Thus, incorporating the Hubbard model into the QuDiPy simulator provides a more
comprehensive and predictive framework for analyzing CSDs, particularly in regimes where
quantum effects cannot be neglected.

2.4.1 Hamiltonian

A generalized Hubbard Hamiltonian developed by [136, 137] for electrostatically defined
QD systems is composed of,

H(V⃗) = Hµ(V⃗) +Ht(V⃗) +HU(V⃗) +HJ(V⃗), (2.60)

Where terms describing the chemical potential, Hµ, tunnel coupling, Ht, Coulomb re-
pulsion, HU , and spin exchange, HJ , are included. The first term, Hµ, represents the
occupation of spin states in an array of N quantum dots:

Hµ(V⃗) = −
∑
σ=↑,↓

[
N∑
i=1

µi(V⃗ , γ)n̂i,σ

]
, (2.61)

Here, i is the index of each QD in a linear array of N QDs, µi are their chemical potentials,
σ ∈ {↑, ↓} is the spin state, and n̂i,σ is the electron number operator for the spin state σ of
the ith QD. The number operator is defined as n̂i,σ = ĉ†i,σ ĉi,σ, where ĉ†i,σ (ĉi,σ) are the usual
creation (annihilation) operators. The chemical potential, µi, for the ith QD is found by
isolating the single QDs potential and calculating the SPGSW eigenenergy. The formula
for the chemical potential in each QD reads µi = εi+γi, where γi is a constant energy shift
to match the chemical potential to experiment [136].

The second term, Ht, represents the tunnel couplings between QDs where an electron
with spin state σ is allowed to tunnel to an adjacent QD,

Ht(V⃗) = −
∑
σ=↑,↓

[
N−1∑
j=1

tj,j+1(V⃗)
(
ĉ†j,σ ĉj+1,σ + ĉ†j+1,σ ĉj,σ

)]
, (2.62)

Here, tj,j+1 is the tunnel coupling, or inter-site hopping terms for adjacent QDs. The
operators ĉ†j,σ ĉj+1,σ,

(
ĉ†j+1,σ ĉj,σ

)
, account for j → (j + 1), (j ← (j + 1)), tunneling events.

The tunnel coupling term tj,j+1 between the jth and (j +1)th QD is calculated assuming a
double QD Hamiltonian of the form [1,35],

Hj,j+1(V⃗) =

[
ε̄j,j+1(V⃗) + ∆ϵj,j+1(V⃗)

2
tj,j+1(V⃗)

tj,j+1(V⃗) ε̄j,j+1(V⃗) + ∆ϵj,j+1(V⃗)
2

]
,

58



where ε̄j,j+1 = (εj + εj+1)/2 is the average energy, and ∆ϵj,j+1 = |ϵj − ϵj+1| is the detuning
energy between the QD pair. The eigenenergies of this Hamiltonian are,

E
(e/g)
j,j+1 = ε̄j,j+1 ±

√
∆ϵ2j,j+1 + 4t2j,j+1,

and taking the difference between the ground and first excited state energies of the QD
pair system, E(e)

j,j+1 − E
(g)
j,j+1, leads to a tunnel coupling of the form [1,35],

tj,j+1(V⃗) =
1

2

√(
E

(e)
j,j+1(V⃗)− E

(g)
j,j+1(V⃗)

)2
−
(
ε
(g)
j (V⃗)− ε(g)j+1(V⃗)

)2
.

The single QD ground state energies, ε(g)j , are obtained by solving the 2D Schrödinger
equation for the isolated single QD potential, while the double QD energies, E(g)

j,j+1, are
calculated using the isolated QD potential of the double QD system.

The third term, HU(V⃗), is the Coulomb repulsion between all electron pairs,

HU(V⃗) =
N∑
i=1

Ui(V⃗)n̂i,↑n̂i,↓ +
∑

σ1,σ2∈{↑,↓}

[
N−1∑
j=1

Uj,j+1(V⃗)n̂j,σ1n̂j+1,σ2

]
,

The intra-Coulomb (onsite) energy, Ui(V⃗), represents the Coulomb repulsion energy of
electrons within the same QD, while the inter-Coulomb energy, Uj,j+1(V⃗), accounts for the
Coulomb interaction between electrons in adjacent QDs. In general, the inter-Coulomb
energy includes contributions from all pairs of electrons in different QDs; however, in
this work, only nearest-neighbor interactions are considered. The onsite energy energy is
calculated using the developed numerical integration method described prior in Section 2.3
applied to the following integral form,

Ui =

∫ ∫
|φi (r1)|2 |φi (r2)|2

e2

4πϵ0ϵr |r1 − r2|
dr1dr2, (2.63)

where φi is the SPGSW in the ith QD, e is the charge of the electron, ϵ0 is the vacuum
permittivity, and ϵr is the relative permittivity. The inter-Coulomb repulsion term is
calculated similarly,

Uj,j+1 =

∫ ∫
|φj (r1)|2 |φj+1 (r2)|2

e2

4πϵ0ϵr |r1 − r2|
dr1dr2, (2.64)
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where φj and φj+1 are the SPGSWs in the jth or (j+1)th QD. Note that for the last term
HJ in the Hamiltonian from Equation 2.60 represents the exchange interaction. Generally
there will be a difference in Coulomb repulsion for the states with spin pairs that are
aligned (triplet state) and anti-aligned (singlet state) due to the exchange interaction HJ .
However, this effect is small in comparison to the inter-Coulomb energy and is ignored in
the Hubbard model we utilize.

2.4.2 Example: Double QD System with 2 electrons

With a complete description of the Hamiltonian established, we now construct it explicitly
to facilitate calculations and implementation in code. One approach would be to use
Jordan-Wigner transformations to define the creation and annihilation operators explicitly.
However, we adopt a method in which matrix elements are computed for a given basis [138].
This simplifies the task to generating a sufficient number of basis states and evaluating
inner products, both of which are straightforward.

As an illustrative example, we construct the Hamiltonian for a two-site, two-electron
system. The first step is to define the basis, which consists of all possible ways to distribute
two electrons across two QD sites while respecting the Pauli exclusion principle. In this
case, there are six possible states. Although the ordering of basis states is arbitrary, we
follow the convention used in Ref. [139] to ensure consistency and facilitate verification.
Thus, the six basis states are:

|a⟩ = c†1,↑c
†
2,↑ |0, 0⟩ = |↑, ↑⟩ = |0011⟩

|b⟩ = c†2,↓c
†
2,↑ |0, 0⟩ = |0, ↑↓⟩ = |0101⟩

|c⟩ = c†1,↓c
†
2,↑ |0, 0⟩ = |↓, ↑⟩ = |1001⟩

|d⟩ = c†2,↓c
†
1,↑ |0, 0⟩ = |↑, ↓⟩ = |0110⟩

|e⟩ = c†1,↓c
†
1,↑ |0, 0⟩ = |↑↓, 0⟩ = |1010⟩

|f⟩ = c†1,↓c
†
2,↓ |0, 0⟩ = |↓, ↓⟩ = |1100⟩ .

The last equality for each basis state expresses the occupation of all |↓⟩ or |↑⟩ states for
each QD site:

|ψ⟩ := |n1n2⟩↓ |n1n2⟩↑ = |n1,↓n2,↓n1,↑n2,↑⟩ ,
where |ψ⟩ represents a specific charge state, and ni,(↑/↓) ∈ {0, 1} denotes the occupancy
of a given QD site. This notation will be useful when constructing a CSD that maps to
specific charge state configurations.
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With the basis defined, we now construct the Hamiltonian. Starting from Equation
2.60 and neglecting the small HJ term, we obtain:

H = Hµ +Ht +HU . (2.65)

We analyze each term individually, beginning with the chemical potential term:

⟨m|Hµ |n⟩ = −
2∑

i=1,σ

µi ⟨m|ni,σ |n⟩ . (2.66)

Since the number operator ni,σ does not redistribute states, the inner product is zero
for m ̸= n, ensuring that this term is diagonal. For the diagonal elements, we count
the number of electrons on each dot to determine the total energy contribution from the
chemical potential:

Hµ =


− (µ1 + µ2) 0 0 0 0 0

0 −2µ2 0 0 0 0
0 0 − (µ1 + µ2) 0 0 0
0 0 0 − (µ1 + µ2) 0 0
0 0 0 0 −2µ1 0
0 0 0 0 0 − (µ1 + µ2)

 . (2.67)

Here, we assume the absence of a magnetic field, meaning spin states with different ori-
entations have the same chemical potential. To incorporate a magnetic field, we would
introduce an additional term corresponding to the Zeeman splitting, which can be conve-
niently included in Equation 2.65.

The tunnel coupling term for the Hamiltonian is the most difficult to calculate since
all the other terms are diagonal, whereas this term is manifestly off-diagonal as it couples
pairs of different states. To determine which terms of the tunnel coupling are non-zero, we
need to identify which pairs of basis states are one-electron “hops" away from each other
— that is, states where moving one spin from one site to the other transforms one basis
state into another. There are four such allowed “hops":

|0, ↑↓⟩ ⇔ |↓, ↑⟩ (|b⟩ ⇔ |c⟩)
|0, ↑↓⟩ ⇔ |↑, ↓⟩ (|b⟩ ⇔ |d⟩)
|↑↓, 0⟩ ⇔ |↓, ↑⟩ (|e⟩ ⇔ |c⟩)
|↑↓, 0⟩ ⇔ |↑, ↓⟩ (|e⟩ ⇔ |d⟩)
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Thus, we only need to compute four inner products for this Hamiltonian. Although there
will be eight non-zero terms in the Hamiltonian (one for each direction of the four tunnel
couplings), we can use the fact that the Hamiltonian is Hermitian. Therefore, we can
simply take the conjugate transpose of each element to account for the other direction of
the hopping. The two spin states where both spins are aligned in the same orientation
are isolated because they both require a spin flip in order to connect with any other basis
state.

Now, let us compute one of the terms,

⟨b|Ht |c⟩ = −
∑
σ

tbc ⟨b|
(
c†0,σc1,σ + c†1,σc0,σ

)
|c⟩

= −tbc ⟨0, ↑↓|
(
c†0,↑c1,↑ +�

���c†1,↑c0,↑ +�
���c†0,↓c1,↓ + c†1,↓c0,↓

)
|↓, ↑⟩

= −tbc
(
⟨0, ↑↓| c†0,↑ |↓, 0⟩+ ⟨0, ↑↓| c

†
1,↓ |0, ↑⟩

)
= −tbc ((((((((⟨0, ↑↓| ↑↓, 0⟩+ ⟨0, ↑↓| 0, ↑↓⟩)
= −tbc.

All other non-zero terms are evaluated the same way. Therefore, the final Hamiltonian we
end up with is:

Ht =


0 0 0 0 0 0
0 0 −tbc −tbd 0 0
0 −tbc 0 0 −tec 0
0 −tbd 0 0 −ted 0
0 0 −tec −ted 0 0
0 0 0 0 0 0

 . (2.68)

In this particular example, we assume all the tunnel coupling rates to be different between
different pairs of states. However, one approximation that simplifies this would be to
assume they are all the same and have a common tunnel coupling t.

Matrix elements for the Coulomb repulsion terms HU in the Hamiltonian are calculated
similar to Equation 2.66 as,

⟨m|HU |n⟩ =⟨m|U1n1,↑n1,↓ + U2n2,↑n2,↓|n⟩
+⟨m|U12 (n1,↑n2,↓ + n1,↓n2,↑ + n1,↑n2,↑ + n1,↓n2,↓) |n⟩. (2.69)

Since the number operator does not redistribute states, this term of the Hamiltonian must
be diagonal. Additionally, each pair will contribute only one term, where both sets of the
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number operator do not yield zero. Therefore, the Hamiltonian is:

HU =


U12 0 0 0 0 0
0 U2 0 0 0 0
0 0 U12 0 0 0
0 0 0 U12 0 0
0 0 0 0 U1 0
0 0 0 0 0 U12

 . (2.70)

Putting everything together, we end up with the following Hamiltonian:

H =


−(µ1 + µ2) + U12 0 0 0 0 0

0 −2µ2 + U2 −tbc −tbd 0 0
0 −tbc −(µ1 + µ2) + U12 0 −tec 0
0 −tbd 0 −(µ1 + µ2) + U12 −ted 0
0 0 −tec −ted −2µ1 + U1 0
0 0 0 0 0 −(µ1 + µ2) + U12


(2.71)

In order to construct a CSD, the Hamiltonian matrix in Equation 2.71 must be diag-
onalized, and the eigenvector corresponding to the lowest eigenvalue must be determined
for each voltage configuration.

2.4.3 Generalization: Many QD System

Now that we have worked through a specific example, we can generalize the method to n
electrons in m sites.

In the previous example, we considered a system with exactly 2 electrons. However,
we now want to be able to vary the number of electrons in the system (as is needed for a
CSD). To achieve this, we extend the basis states to include configurations with different
numbers of electrons. For each non-negative integer l where 0 ≤ l < n, we generate all
possible states with l electrons distributed across m sites, initially ignoring other degrees
of freedom. Then, for each possible configuration, we assign spin states to the electrons,
ensuring that we discard any configurations that violate the Pauli exclusion principle. Since
states with different numbers of electrons do not couple in the Hamiltonian, this results in
a block-diagonal matrix.

One important consideration with this model is that placing more than 2 electrons
on a single site becomes complex. This is because the orbital energy spacing must be
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known in order to determine the energy of adding a third (or fourth, fifth, etc.) electron
to a site. Therefore, when generating basis states, we limit ourselves to a maximum of 2
electrons per site, which ensures that n ≤ 2m. In QuDiPy simulations, we do not exceed 2
electrons per site, so this limitation should not be restrictive for most of the QD spin qubit
QC experiments that we wish to perform. To ensure compliance with the Pauli exclusion
principle, the QuDiPy implements a combined site and spin index, restricting each index to
contain either 0 or 1 electron. This guarantees that no site is doubly occupied by electrons
with the same spin.

Once the basis states are generated, we construct the Hamiltonian matrix by applying
the general forms of the various Hamiltonian components. Although in the previous exam-
ple, we simplified the process by exploiting our understanding of the system, performing
the full calculation in a computational framework yields the same results. To this end,
we created a simple implementation that includes the creation, annihilation, and number
operators, as well as an inner product calculator.

2.4.4 Regions of Charge Stability

Given the Hamiltonian components defined in Equations 2.61 through 2.63, the effective
parameters µi(V⃗), Ui(V⃗), Ui,i+1(V⃗), and ti,i+1(V⃗) are pre-calculated for all voltage config-
urations, V⃗ , and saved as interpolation objects. The resulting behavior of each Hubbard
effective parameter is shown in Figure 2.11(a) for a 2D sweep of plunger gate voltages,
with a fixed barrier voltage of -0.4V, for a double QD device. The V⃗-dependent effective
parameter objects enable QuDiPy to efficiently construct and diagonalize the Hamiltonian
in Equation 2.60, thereby determining the lowest energy charge state base vector, which
produces the CSD observed in Figure 2.11(b).
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Figure 2.11: (a) Calculated effective parameters of the Hubbard Hamiltonian for a double
QD system. Hubbard parameters are a function of V⃗ = [V1,W1, V2], however, W1 has been
chosen to be in the low tunnel barrier regime of -0.4V for the sweep of the plunger gates.
(b) CSD resulting from exact diagonalization of the Hubbard Hamiltonian constructed
with the Hubbard effective parameters in subfigure (a) with a constant tunnel coupling set
to 3 meV.

2.4.5 Automated Extraction of Capacitance Matrix

The ability to efficiently and accurately determine the capacitive couplings between the
charge on the QD and the gate electrodes is invaluable to the experimental control of
spin qubits in QDs. Extracting the capacitance between all QD-electrode and QDi,i+1

pairs allows for virtual gates to be created, enabling easier qubit control, and for Hubbard
parameters such as charging energy to me estimated. The two capacitance matrices of
interest, and in our ability to estimate with only unbiased CSDs, are the following,

Cd =

[
C1 Cm

Cm C2

]
, Cg =

[
Cg1d1 Cg1d2

Cg2d1 Cg2d2

]
(2.72)

Where Cd is the capacitance matrix associated with the only QD charges, i.e. C1(2) ≡
total capacitance on QD1(2) and Cm ≡ mutual capacitance between QD1 and QD2. Sim-
ilarly, Cg is the capacitance matrix associated with the QD charge and gate electrodes,
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i.e. Cg1(2)d1(2) ≡ capacitance between QD1(2) and gate V1(2) and Cg1(2)d2(1) ≡ capaci-
tance between QD1(2) and gate V2(1). The total capacitance on each QD is the sum
of all QD and electrode capacitances, including source/drain leads, and is written as
C1(2) = CL(R) + Cg1(2)d1(2) + Cg2(1)d1(2) + Cm with CL(R) ≡ capacitance between QD1(2)

and Vsource(drain).

Figure 2.12: Honeycomb region for an example double QD showing a single charge state
with along with the electron-hole triple point pairs. The voltage spacings between electron-
hole, electron-electron, and hole-hole triple point pairs allows capacitance matrix estimates
to be made using the constant interaction model.

Using the constant interaction model, and following references [33, 45], we derive the
following expressions for the capacitance matrix elements from voltage spacings as shown
in Figure 2.12,

Cg1 =
|e|

∆Vg1
, Cg2 =

|e|
∆Vg2

, Cm =
∆V m

g1

∆Vg1
C2 =

∆V m
g2

∆Vg2
C1, (2.73)

Cg1(2)d1(2) =
|e|∆Vg2(1)

∆Vg1∆Vg2 −∆V c
g1∆V

c
g2

, Cg1(2)d2(1) =
|e|∆V c

g2(1)

∆Vg1∆Vg2 −∆V c
g1∆V

c
g2

, (2.74)

C1(2)

Cm

=
|e|

Cg2(1)d2(1)∆V m
g2(1)

−
Cg2(1)d1(2)

Cg2(1)d2(1)

. (2.75)
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Note though, that without biased CSD measurements, which produce bias triangle features,
all capacitance matrix elements can be estimated expect for C1(2) and Cm; only the ratio
C1(2)

Cm
can be estimated. However, assuming that CL(R) ≈ Cg1(2)d1(2) simplifies the expression

for C1(2) ≈ 2Cg1(2)d1(2)+Cg2(1)d1(2)+Cm such that the ratio C1(2)

Cm
calculated from Equations

2.73 enables us to find the mutual capacitance and fully estimate both capacitance matrices.
This approximation is in line with recent reported values in literature [140] and leads to
an expression for the mutual capacitance as,

Cm =
(
Cg1(2)d1(2) + Cg2(1)d1(2)

) [ |e|
Cg1(2)d1(2)∆V m

g2(1)

−
Cg2(1)d1(2)

Cg1(2)d1(2)

− 1

]−1

(2.76)

Given a CSD, we wish to extract estimates for the voltage coordinates for all visi-
ble triple point pairs. Once extracted the triple point coordinates trivially estimate the
required voltage spaces used in Equations 2.73. For this reason, a QuDiPy module was
developed to process CSDs, an example of a double QD CSD is shown in Figure 2.13, where
the module: (2.13a) splits the charge stability regions on perceived centroids into quad-
rants (2.13b) performs a spiraling search, i.e. “snake" search to identify charge transition
lines and their slopes (2.13c) find the charge transition line intersections to estimate triple
point pair voltage coordinates (2.13d) perform the triple point pair coordinate extraction
on all sub-CSD regions.

Inputting the extracted triple point pair coordinates into Equations 2.73 yields the following
estimates for the capacitance and lever arm matrices,

Cd =

[
2.399 aF 0.837 aF
0.837 aF 2.685 aF

]
, Cg =

[
2.482 aF 0.481 aF
0.483 aF 2.778 aF

]
, (2.77)

α =

[
αg1d1 αg1d2

αg2d1 αg2d2

]
=

[
0.402 0.069
0.069 0.397

]
(2.78)

Which is in good agreement with values reported in [140].
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(a) CSD similar to Figure 2.11 split into quad-
rants.

(b) Snake search algorithm detects
transition line slopes.

(c) Triple point pairs are determined from
transition line slopes.

(d) Triple point voltage coordinates ex-
tracted from all quadrants.

Figure 2.13: Figure showing the automated extraction of triple point pairs used to deter-
mine capacitance and lever arm matrices.

2.5 Node Network

The realization of large-scale, fault-tolerant quantum computing requires architectures that
can efficiently implement quantum error correction while maintaining scalability and high-
fidelity qubit operations. Among various qubit implementations, spin qubits in semicon-
ductor QDs offer a compelling pathway due to their potential for high-density integration,
long coherence times, and compatibility with existing semiconductor fabrication technolo-
gies. However, scaling up QD-based processors to a practical size presents numerous chal-
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lenges, including qubit connectivity, control wiring constraints, and the need for reliable
entanglement distribution.

A promising approach to addressing these challenges is the use of a node-based net-
work architecture for spin qubit quantum computing. This architecture, as proposed by
Buonacorsi et al. [64], employs a distributed network of QD nodes connected via electron
shuttling pathways. Each minimal node consists of a small number of QDs, comprising
one data qubit, two ancilla qubits, and additional shuttle QDs that collectively perform
stabilizer operations for quantum error correction. The nodes are arranged in a scalable 2D
network, with entanglement distributed through the coherent transport of electron spins
between adjacent nodes.

A key feature of this architecture is its ability to implement surface code quantum error
correction with minimal hardware overhead. Instead of relying on direct physical coupling
between distant qubits, entanglement is established through spin singlet states that are
spatially separated via controlled electron shuttling. This approach effectively mitigates
cross-talk and interference issues that arise in densely packed qubit arrays while enabling
high-fidelity quantum gate operations. Moreover, the micron-scale separation between
nodes allows for practical integration of classical control electronics, which is essential for
large-scale implementations.

|0⟩ H
|00⟩+|11⟩√

2
|0⟩

(a) Two qubits

|0⟩ H

|000⟩+|111⟩√
2|0⟩

|0⟩

(b) Three qubits

|0⟩ H

|0000⟩+|1111⟩√
2

|0⟩

|0⟩

|0⟩

(c) Four qubits

Figure 2.14: Quantum circuits for generating maximally entangled GHZ states. The ex-
amples assume entanglement creation in separate QD nodes if two-qubit gate operations
can be applied between node pairs.

In principle, creating entangled states between qubits in different QD nodes can be
achieved by applying a series of single- and two-qubit gates as shown in Figure 2.14.
However, non-local two-qubit gates must be applied directly between QD nodes, which
is not possible in the node network proposal. To avoid this limitation, entanglement
distribution is shared by shuttling individual electrons from a singlet pair to specific QDs
on nodes in the network. A series of gate operations and qubit measurements are then
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applied locally to specific QDs and specific nodes to realize a 4-qubit GHZ state that is
leveraged for surface code stabilizer operations.

Rz(
π
2
)

√
swap

Rz(π) √
swap

Ry(−π
2
) Rz(−π

2
) Ry(

π
2
)

Figure 2.15: Series of single- and two-qubit gate operations to achieve a two-qubit CNOT
gate. The top wire represents the control qubit channel, while the bottom is the target
channel.

The set of required local gate operations to implement the node network surface code
is shown in Figure 3.1, where the quantum circuit’s net effect is performing a CNOT gate.
The single-qubit gates are operators Rn̂(θ) which perform single-qubit rotations about an
axis n̂ by an angle θ, and are realized through voltage controlled g-factor variation, Rz(θ), or
applied ESR pulses, Ry(θ). Two-qubit

√
SWAP gates are achieved through the voltage-

controlled exchange interaction. QuDiPy can generate control pulses for general single-
qubit, Rn̂(θ), and two-qubit, SWAP k, gate operations, as well as simulate the evolution
of a multi-qubit spin system. This enables small-scale simulation of the node network
proposal.

As discussed in Section 1.2.2, singlet generation in QDs is a simple and efficient method
to generate entanglement. A singlet state is generated by loading two electrons into a QD
by proper alignment of the reservoir and QD chemical potentials. The electron pair forms
the singlet state, then can be separated by coherently shuttling the electrons to different
QDs in nodes across the network. The distributed entanglement is utilized as a resource
to create new entangled states between nodes in the network, effectively creating non-local
two-qubit gate operations.
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2.5.1 2 Node Bell State Preparation

∣∣∣S(1)
1

〉
∣∣∣S(1)

2

〉
∣∣∣S(2)

1

〉
∣∣∣S(2)

2

〉

Node A

Z(π)

|00⟩+|11⟩√
2

Node B

Figure 2.16: Quantum circuit diagram illustrating distributed entanglement between QD
nodes A and B by preparing a two-qubit maximally entangled Bell state. Singlet states S1

and S2 are shared between QDs 1 and 2 in both node A and B. CNOT gates are applied
to each node separately and a single Z(π) rotation gate is applied to the qubit in A1 which
forms a Bell state between qubits in A1 and B1.

To demonstrate non-local entanglement generation, we start with a simple double QD two-
node example, as shown in Figure 2.16. We define the state of networked nodes A and B
to be the following,

|Ψ⟩ := |A1A2, B1B2⟩ , (2.79)

where An and Bn are considered to be ancilla qubit states in individual QDs for each
respective node. In the absence of a qubit in one of the node’s QDs, we define an empty
QD state to be |∅⟩, e.g., empty QDs representing ancillas A2 and B2 would read |Ψ⟩ =
|A1∅, B1∅⟩. If a singlet, |S⟩ = 1√

2
[|↑↓⟩ − |↓↑⟩] = 1√

2
[|01⟩ − |10⟩], is generated and shared

between A1-B2 and A2-B1 then the state becomes,

|Ψ⟩ = 1√
2
(|01⟩ − |10⟩)A1B1

⊗ 1√
2
(|01⟩ − |10⟩)A2B2

,

:=
1

2
(|0∅, 1∅⟩ − |1∅, 0∅⟩)⊗ (|∅0, ∅1⟩ − |∅1, ∅0⟩) ,

=
1

2
(|00, 11⟩ − |10, 01⟩ − |01, 10⟩+ |11, 00⟩) , (2.80)
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Applying CNOT gates between ancillas A1-B2 and A2-B1 creates the following state,

CNOTA2A1 |Ψ⟩ =
1

2
(|00, 11⟩ − |10, 01⟩ − |11, 10⟩+ |01, 00⟩) ,

CNOTB2B1CNOTA2A1 |Ψ⟩ =
1

2
(|00, 01⟩ − |10, 11⟩ − |11, 10⟩+ |01, 00⟩) ,

:=
1

2
(|00⟩a1 |01⟩a2 − |11⟩a1 |01⟩a2

− |11⟩a1 |10⟩a2 + |00⟩a1 |10⟩a2), (2.81)

where the states |⟩a1(2) have been defined as the state between ancilla qubits in QDs A1(2)

and B1(2). Now we consider a Z(π) := ROT (π, ẑ) = exp
{(
−iπ

2
σ̂3
)}

which simplifies to,

e−iπ
2
σ̂3 = cos

(π
2

)
σ̂0 − i cos

(π
2

)
σ̂3

= e−iπ
2 σ̂3 (2.82)

Applying the Z(π) gate to the first ancilla produces the following final state,

ZA1(π)A1CNOTB2B1CNOTA2A1 |Ψ⟩ =
e−iπ

2

2
(|00⟩a1 |01⟩a2 + |11⟩a1 |01⟩a2

+ |11⟩a1 |10⟩a2 + |00⟩a1 |10⟩a2),

=
e−iπ

2

2
[ |00⟩a1 (|01⟩a2 + |10⟩a2)

+ |11⟩a1 (|01⟩a2 + |10⟩a2) ],

= e−iπ
2

1√
2
(|00⟩a1 + |11⟩a1)︸ ︷︷ ︸

Bell State

× 1√
2
(|01⟩a2 + |10⟩a2) .

(2.83)

Note that the state between the ancilla qubits in both nodes, |ψa1⟩, produces a maximally
entangled Bell state, |ψa1⟩ = (|00⟩a1 + |11⟩a1) /

√
2 with a global phase factor e−iπ

2 .
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2.5.2 3 Node GHZ State Preparation

∣∣∣S(1)
1

〉
|∅⟩∣∣∣S(1)
2
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∣∣∣S(2)

1
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Z∣∣∣S(2)

2

〉
|∅⟩

Node A
X(−π)

|000⟩+|111⟩√
2

Node B

Node C
X(π)

Figure 2.17: Quantum circuit diagram illustrating distributed entanglement between QD
nodes A, B, and C by preparing a three-qubit maximally entangled GHZ state. Singlet
states S1 and S2 are shared between QDs in nodes A, B, and C. A X(−π) gate is applied
to ancilla 1 in node A, in parallel with a CNOT gate between ancilla qubits in node B. A
conditional X(π) gate is applied to ancilla one in node C after a Z-basis measurement of
the second ancilla qubit in node B, forming a GHZ state between the first ancilla qubits
across all three nodes.

As another illustrative example, we show how non-local entanglement can be generated
for a 3-qubit state for a system of double QDs across three nodes. We define the state of
networked nodes A, B and C to be the following,

|Ψ⟩ := |A1A2, B1B2, C1C2⟩ , (2.84)

where An, Bn, and Cn are considered to be ancilla qubit states in individual QDs for each
respective node. If a singlet, |S⟩ = 1√

2
[|↑↓⟩ − |↓↑⟩] = 1√

2
[|01⟩ − |10⟩], is generated and
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shared between A1-B1 and B1-C1 then the state becomes,

|Ψ⟩ = 1√
2
(|01⟩ − |10⟩)A1B1

⊗ 1√
2
(|01⟩ − |10⟩)B2C1

,

:=
1

2
(|0∅, 1∅, ∅∅⟩ − |1∅, 0∅, ∅∅⟩)⊗ (|∅∅, ∅0, 1∅⟩ − |∅∅, ∅1, 0∅⟩) ,

=
1

2
(|0∅, 10, 1∅⟩ − |1∅, 00, 1∅⟩ − |0∅, 11, 0∅⟩+ |1∅, 01, 0∅⟩) , (2.85)

For clarity, we ignore empty ancilla qubits in the second QD for each node, i.e.,

|A1, ∅, B1B2, C1, ∅⟩ := |A1, B1B2, C1⟩ .

Applying a CNOT gate between ancillas B1-B2 creates the following state,

CNOTB1B2 |Ψ⟩ =
1

2
(|0, 11, 1⟩ − |1, 00, 1⟩ − |0, 10, 0⟩+ |1, 01, 0⟩) . (2.86)

A X(−π) gate can be applied in parallel to the CNOTB1B2 gate, but for illustrative pur-
poses, we apply the X(−π) gate after the CNOT operation, which produces the following
state,

XA1(−π)CNOTB1B2 |Ψ⟩ =
1

2
(− |1, 11, 1⟩+ |0, 00, 1⟩+ |1, 10, 0⟩ − |0, 01, 0⟩) ,

:=
1

2
(− |111⟩a1 |∅1∅⟩a2 + |001⟩a1 |∅0∅⟩a2

+ |110⟩a1 |∅0∅⟩a2 − |000⟩a1 |∅1∅⟩a2). (2.87)

Measuring the B2 ancilla qubit in the Z-basis yields the following two observed states,

a2 ⟨∅0∅|ψa2⟩ = |∅0∅⟩a2 →
1

2
(|001⟩a1 + |110⟩a1) , (2.88)

a2 ⟨∅1∅|ψa2⟩ = |∅1∅⟩a2 → −
1

2
(|111⟩a1 + |000⟩a1) . (2.89)

When the measurement produces |0⟩B2, i.e., a2 ⟨∅0∅|ψa2⟩ = |∅0∅⟩a2, a X(π) is applied to
ancilla qubit C1, producing a 3-qubit GHZ state across the first ancilla qubits for all three
nodes A, B, and C with 100% probability,∣∣∣ψ(final)

a1

〉
=

1√
2
(|000⟩a1 + |111⟩a1) , (2.90)

while ignoring a global phase factor of eiπ = −1.
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2.5.3 4 Node GHZ State Preparation

The previous two examples demonstrate how non-local entanglement generation is possible
when electron singlet pairs are used as a resource and distributed across a network of QD
nodes. However, to perform the surface code for fault-tolerant error correction, QC, non-
local 4-qubit entangled states are required, along with the necessary experimental control
inputs to realize such states.

To this end, QuDiPy has been designed to be lightweight to simulate nodes up to four
QDs. An example 4-qubit GHZ state is prepared from a series of Hadamard and CZ gates
for a four QD device, as shown in Figure 2.18. The initialized state of the qubit system
is all set to the |0⟩ state, and the gate voltages are tuned such that the g-factor of each
electron is the same across all four qubits. QuDiPy determines the effective parameter
evolution required to implement Hadamard or CZ gates for various qubits or qubit pairs
and calculates the estimated voltage and ESR field pulses to achieve them [1,141].
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Figure 2.18: 4-qubit maximally entangled GHZ preparation from a series of Hadamard
and CZ gate operations. CZ gate is realized as a CPHASE(π) gate operation in QuDiPy.
The required effective parameter evolution (g-factor and exchange J) is determined, and
the resultant experimental control pulses (plunger gate V, tunnel gate W, and ESR field
BRF ) are plotted.

While the node network proposal presents a QD node device consisting of four QDs, to
simulate the surface code in QuDiPy, only requires a triple QD node, which consists of a
data qubit and two ancilla qubits. Simulating an error correction stabilizer step requires
four nodes and entanglement distribution from three singlets. The singlet sharing, gate
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operation, and measurement protocol are shown in Figure 2.19, which generates a 4-qubit
maximally entangled GHZ state between four nodes and performs either a Z or X stabilizer
operation.

Figure 2.19: (a) Triple QD and four-node GHZ preparation and X/Z surface code stabilizer
operation. Singlet states |S⟩ are distributed between ancilla 1 in nodes A-B, ancilla 1 in
nodes C-D, and ancilla 2 in nodes A-D. Single- and two-qubit gates are performed, X-
basis measurement on ancilla qubits 2 in nodes A and C, and conditional X(π) gates on
ancilla qubits 1 in nodes A and B to form a GHZ state across all ancilla 1 qubits. (b)
Additional gates are conditionally applied to achieve an X or Z stabilizer operation. (c-f)
Show the resultant density matrix elements for the qubit state across ancillas A1, B1, C1,
and D1. Density matrix elements ar show at intermediate steps when preparing the 4-qubit
GHZ state: (c) initial state after singlet distribution, (d) state after single- and two-qubit
rotation gates, (f) state after an X-basis measurement is applied to ancilla qubits A2 and
C2 (measuring odd parity), and (e) the final GHZ state after corrective X(π) gates are
applied for an odd parity measurement between A2 and C2.
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2.6 Conclusions

This chapter introduced QuDiPy, a lightweight Python-based simulation tool designed to
model quantum dot spin qubit systems, supporting device design and the investigation of
spin qubit control and error correction protocols. The simulator enables memory-efficient
handling of electrostatic potential interpolation functions and fast calculations of single-
particle wavefunctions, Coulomb-like integrals in exchange energy, and Hubbard model
applications, as well as effective Hamiltonian parameters. Multi-variant interpolation func-
tions enable efficient simulation of a QD device’s spin state under control signal inputs and
estimation of its charge state using a control-voltage-dependent Hubbard model.

To maintain efficiency without compromising accuracy, QuDiPy incorporates strategic
approximations, such as isolating single and double QD potentials via a masking routine
and computing exchange energy with a finite orbital basis set. These simplifications enable
the simulator to capture spin qubit dynamics with sufficient detail for investigating general
qubit control and quantum error correction protocols.

Additionally, we demonstrated QuDiPy’s capability to simulate multi-qubit interac-
tions, particularly in generating entangled states such as Bell and GHZ states across QD
arrays. Validation against experimentally relevant parameters confirmed its utility for
both theoretical investigations and practical quantum computing applications. Future en-
hancements, including noise modeling, adaptive control schemes, and a QD-specific multi-
electron solver, will further expand its role in designing scalable quantum processors.
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Chapter 3

Spin Qubit Compact Model for Control
Electronic Design

3.1 Introduction

Chapter 2 focused on the development of the QuDiPy simulator to aid in QD device design,
spin qubit control, and the investigation of QD physical models. The work in Chapter 2
assumes the ability to generate highly precise voltage and magnetic field signals experi-
mentally, which presents a significant technical challenge worthy of dedicated investigation.
While the prior work assumed the ability to generate arbitrarily precise control signals,
QuDiPy is capable of processing real control signals created by experimental Digital to ana-
log converter (DAC) signal generators. While this is useful for investigating the physical
impacts of bandwidth-limited or noisy signals, it poses a design bottleneck for electri-
cal engineers who need to iterate through various DAC specifications and other control
electronics for specific spin qubit experiments or quantum computations. The restriction
on design iteration time necessitates the creation of a classical compact model that can
simulate qubit behavior under classical control electronic input signals while allowing a
classical circuit simulator, such as SPICE [3] and ADS [4], to perform the calculations
entirely within the respective software package.

In recent years, several spin qubit compact models have been proposed [142–147], which
have shown progress towards building compact models to aid qubit control electronic de-
sign. However, these methods generally require the spin Hamiltonian to be simulated
outside of the classical circuit solver or use approximations that introduce additional er-
ror. The goal of this chapter is to take a given Hamiltonian and map the Liouville-von
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Neumann and Lindblad master equations to a model that can represent the quantum sys-
tem state evolution as a classical circuit compact model. This model is be able to take
experimental control signal inputs to a qubit system, simulate the state evolution under
a desired unitary, and output the resultant state of the system for modeling in software
systems e.g. [3,4] with minimal reduction in fidelity from the theoretically perfect unitary
gates generated by QuDiPy.

To study control electronic signal impacts on qubit state evolution, a master state
equation, such as the Liouville-von Neumann master equation iℏdρ

dt
= [H, ρ], must be solved

for each matrix element of the density matrix. The following equations can be written as
dρi
dt

=
∑

j=1Gijρj, resemble Kirchhoff’s current law, and can be solved by proper creation
of a classical circuit. With the aid of QuDiPy, voltage and ESR field control pulses can be
simulated for spin qubit gate operations, and an analytic functional map can be constructed
through an optimization protocol to create a spin qubit compact model using the Varilog-A
programming language. The methodology for constructing a compact model is a follows:

1. Define a set of universal gate operations or a specific desired unitary along with
experimental controls, i.e. R(V⃗(t), BRF (t), ϕ(t), ωRF , θ, n̂) ∈ X, Y, Z, SWAP k(V⃗(t)),
U(V⃗(t), BRF (t), ϕ(t), ωRF ).

2. Generate experimental controls pulses: gates, V⃗(t), (V⃗ (t) := Plunger, W⃗ (t) := Bar-
rier) voltage and global ESR, BRF (t), ϕ(t), ωRF (BRF (t) = amplitude, ϕ(t) = phase,
and ωRF = angular frequency).

3. Map experimental controls to system effective parameters i.e. g(t) = Fg(V⃗(t)) and
J(t) = FJ(V⃗(t))

4. Create Verilog-A compact model in classic circuit software package and hard-code
experiment-to-effective parameter functions.

5. Simulate quantum system evolution for QuDiPy-generated ideal control pulses and
compare against pulses generated by DACs.

Without the experimental-to-effective parameter mappings, this methodology would
require a simulation package like SPICE/ADS to generate experimental control pulses,
export them to QuDiPy for processing, and import the system state evolution after sim-
ulation. It is advantageous to skip the export/import step with SPICE/ADS and have a
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self-contained, compact model. To this end, the effective parameter g-factor is assumed to
have an approximately quadratic relationship to electrode voltages [76] of the form,

gm(V⃗(t), A(m), B(m)) :=
n∑
i

(
2∑

p=0

A
(m)
ip V p

i (t)

)
+

n−1∑
j

(
2∑

p=0

B
(m)
ip W p

i (t)

)
, (3.1)

where A(m) and B(m) are matrices containing fit coefficients for the quartic functions map-
ping plunger, Vi, and tunnel, Wi, gate voltages to the electron g-factor along the growth
axis in the mth ∈ [1, · · · , n] QD. Each row in A or B corresponds to the coefficients for
a degree-2 polynomial for a specific plunger or tunnel gate. Similarly, exchange energy
between adjacent pairs of QDs is assumed to have an exponential or polynomial relation-
ship to gate voltage. It is assumed that exchange changes exponentially for tunnel gate
electrodes between the QD pair and has a polynomial relationship for all other electrons,
which leads to the functional form,

Jm,m+1(V⃗(t), C(m), D(m), α⃗(m)) :=
n∑
i

(
5∑

p=0

C
(m)
ip V p

i (t)

)
+

n−1∑
j ̸=n

(
5∑

p=0

D
(m)
ip W p

i (t)

)
+ α

(m)
1 exp

{
α
(m)
2 Wn(t)

}
, (3.2)

where C(m) and D(m) are matrices containing fit coefficients for the degree-5 polynomial
functions mapping plunger, Vi, and tunnel, Wi, gate voltages to exchange energy for the
(m,m + 1)th pair∈ [1, · · · , n − 1] of QDs. The other function parameter, α⃗(m), is a vector
of fit coefficients for the exponential function mapping exchange to the tunnel gate voltage
for the tunnel gate between (m,m+ 1)th pair of QDs.
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Figure 3.1: An abstract circuit representation of a qubit compact model. The voltage
across each capacitor, Cqubit, represents the quantum state density matrix elements as the
system evolves under experimental control inputs. Voltage-controlled current sources vary
the voltage across the capacitors as the density matrix elements and system Hamiltonian
evolve under experimental input controls.

The voltage across each capacitor, Cqubit, of the circuit in Figure 3.1 solves each cou-
pled ordinary differential equation that represents a density matrix element for the master
equation, which describes the evolution of the quantum state. The exact system Hamilto-
nian used in the master equation dictates which voltage outputs for each row are feedback
into other rows to control voltage-controlled current sources connected to each capacitor.
The quantum state is initialized by applying a voltage at time t = 0 to each capacitor for
a desired starting density matrix. After time t = 0, the voltage sources used to initialize
the charge on each capacitor are disconnected, and the current is allowed to flow under
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the influence of the current-controlled voltage sources. Current-controlled voltage sources
are governed by the instantaneous voltage across other capacitors and Hamiltonian matrix
element inputs as experimental control pulses are applied.

3.2 Single Spin Qubit Compact Model

Let’s assume a single qubit state, |ψ⟩, for a system Hamiltonian, H, and density operator,
ρ. The operators can be written in matrix form in the following general form,

H =

[
H00 H01

H10 H11

]
, ρ = |ψ⟩ ⟨ψ|=

[
ρ00 ρ01
ρ10 ρ11

]
, (3.3)

Where the single qubit spin Hamiltonian in the rotating frame is,

H =
ℏ
2

[(
1 +

δgz1(t)

2

)
ω − ωRF

]
Z1 + Ω(t) (X1 cos(ϕ(t)) + Y1 sin(ϕ(t))) .

3.2.1 System Master Equation

As an illustrative example, we treat a simple closed quantum system, i.e., no decoherence,
whose system evolution can be modeled by the Liouville-von Neumann master equation
iℏdρ

dt
= [H, ρ]:

iℏ
dρ00
dt

= H01ρ10 − ρ01H10 (3.4)

iℏ
dρ01
dt

= H00ρ01 +H01ρ11 − ρ00H01 − ρ01H11 (3.5)

iℏ
dρ10
dt

= H10ρ00 +H11ρ10 − ρ10H00 − ρ11H10 (3.6)

iℏ
dρ11
dt

= H10ρ01 − ρ10H01 (3.7)

Since density matrix and Hamiltonian elements are mapped to voltage inputs in the com-
pact model, the real and imaginary components of the master equation must be solved
separately. Defining the real and complex components of the Hamiltonian and density
operator as Hij := HR

ij + iHI
ij and ρij := ρRij + iρIij transforms the above equations:

ℏ
d(ρR00 + iρI00)

dt
= HI

01ρ
R
10 −HI

10ρ
R
01 +HR

01ρ
I
10 −HR

10ρ
I
01
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+ i
(
HI

01ρ
I
10 −HI

10ρ
I
01 −HR

01ρ
R
10 +HR

10ρ
R
01

)
ℏ
d(ρR01 + iρI01)

dt
= HI

00ρ
R
01 −HI

01ρ
R
00 +HI

01ρ
R
11 −HI

11ρ
R
01 +HR

00ρ
I
01 −HR

01ρ
I
00 +HR

01ρ
I
11 −HR

11ρ
I
01

+ i
(
HI

00ρ
I
01 −HI

01ρ
I
00 +HI

01ρ
I
11 −HI

11ρ
I
01 −HR

00ρ
R
01 +HR

01ρ
R
00 −HR

01ρ
R
11 +HR

11ρ
R
01

)
ℏ
d(ρR10 + iρI10)

dt
= −HI

00ρ
R
10 +HI

10ρ
R
00 −HI

10ρ
R
11 +HI

11ρ
R
10 −HR

00ρ
I
10 +HR

10ρ
I
00 −HR

10ρ
I
11 +HR

11ρ
I
10

+ i
(
−HI

00ρ
I
10 +HI

10ρ
I
00 −HI

10ρ
I
11 +HI

11ρ
I
10 +HR

00ρ
R
10 −HR

10ρ
R
00 +HR

10ρ
R
11 −HR

11ρ
R
10

)
ℏ
d(ρR11 + iρI11)

dt
= −HI

01ρ
R
10 +HI

10ρ
R
01 −HR

01ρ
I
10 +HR

10ρ
I
01

+ i
(
−HI

01ρ
I
10 +HI

10ρ
I
01 +HR

01ρ
R
10 −HR

10ρ
R
01

)

Both operators are Hermitian, i.e., ρ = ρ† and H = H†; therefore, each real and imaginary
matrix element is related to its transpose by: ρRij = ρRji, ρIij = −ρIji, HR

ij = HR
ji , and

HI
ij = −HI

ji. Using the Hermiticity of the operators simplifies the previous master state
equations and reduces the total number of equations required when simulating the spin
qubit compact model by two; only diagonal and lower or upper triangular matrix elements
are required. The reduced set of simplified master state equations then reads:

ℏ
d(ρR00 + iρI00)

dt
= 2(HI

01ρ
R
01 −HR

01ρ
I
01)

ℏ
d(ρR01 + iρI01)

dt
= ℏ

d(ρR10 − iρI10)
dt

= HI
00ρ

R
01 −HI

01ρ
R
00 +HI

01ρ
R
11 −HI

11ρ
R
01 +HR

00ρ
I
01 −HR

01ρ
I
00 +HR

01ρ
I
11 −HR

11ρ
I
01

+ i
(
HI

00ρ
I
01 −HI

01ρ
I
00 +HI

01ρ
I
11 −HI

11ρ
I
01 −HR

00ρ
R
01 +HR

01ρ
R
00 −HR

01ρ
R
11 +HR

11ρ
R
01

)
ℏ
d(ρR11 + iρI11)

dt
= −2(HI

01ρ
R
01 +HR

01ρ
I
01)

Note that the equations for d(ρR01+iρI01)

dt
were omitted since they are determined from the

Hermiticity condition. These equations describe the state evolution of a closed quantum
system for a single spin qubit. This information is useful; however, we wish to capture
decoherence effects from interaction with the environment. For this reason, the Lindblad
master equation formalism described in Section 2.2.5, by Equation 2.30, is used in place of
the Liouville-von Neumann master equation.

Given the following Hamiltonian for a single spin qubit subject to a global electron spin
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resonant magnetic field in the rotating frame and normalized by H = H/ℏ:

H (δg1(t),Ω(t), ϕ(t), {ω, ωRF}) =

 ω
(

δg1(t)
2

+1
)

2
− ωRF

2
(−i sin (ϕ(t))+cos (ϕ(t)))Ω(t)

2

(i sin (ϕ(t))+cos (ϕ(t)))Ω(t)
2

−
ω
(

δg1(t)
2

+1
)

2
+ ωRF

2

 (3.8)

Where ω(t) = 2µBB0

ℏ is the Larmor frequency and Ω(t) = 2µBBRF (t)
ℏ is the Rabi frequency.

Given the single qubit Hamiltonian from equation 3.2.1, the above Lindblad master equa-
tions become:

dρR00
dt

=

(
−ρI01 cos (ϕ(t))− ρR01 sin (ϕ(t))

)
Ω(t)

2

−
(
ρI01 cos (ϕ(t)) + ρR01 sin (ϕ(t))

)
Ω(t)

2
− ρR00a1

T1
+
ρR11p1
T1

dρI00
dt

= −ρ
I
00a1
T1

+
ρI11p1
T1

dρR01
dt

= 2ρI01

ω
(

δg1(t)
2

+ 1
)

2
− ωRF

2

− (ρI00 cos (ϕ(t))− ρR00 sin (ϕ(t)))Ω(t)
2

+

(
ρI11 cos (ϕ(t))− ρR11 sin (ϕ(t))

)
Ω(t)

2
− ρR01
T2
− ρR01a1

2T1
− ρR01p1

2T1

dρI01
dt

= −2ρR01

ω
(

δg1(t)
2

+ 1
)

2
− ωRF

2

+

(
ρI00 sin (ϕ(t)) + ρR00 cos (ϕ(t))

)
Ω(t)

2

−
(
ρI11 sin (ϕ(t)) + ρR11 cos (ϕ(t))

)
Ω(t)

2
− ρI01
T2
− ρI01a1

2T1
− ρI01p1

2T1
dρR11
dt

= −
(
ρI01 cos (ϕ(t)) + ρR01 sin (ϕ(t))

)
Ω(t)

2

+

(
ρI01 cos (ϕ(t)) + ρR01 sin (ϕ(t))

)
Ω(t)

2
+
ρR00a1
T1
− ρR11p1

T1
dρI11
dt

=
ρI00a1
T1
− ρI11p1

T1

To ensure the validity of the equations derived above, we consider the generalized Bloch
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sphere state vector,

|ψ⟩ = cos

(
θ

2

)
|0⟩+ eiϕ sin

(
θ

2

)
|1⟩,

Where ϕ = 0 and θ = π
2

define an initial state vector making a 45◦ angle with the |0⟩-axis
in the |0⟩/|+⟩-plane.

Figure 3.2: Numerical solutions for the Lindblad master equation with an initial state
vector defined by ϕ = 0 and θ = π

2
. Off-diagonal elements rapidly decay to 0 from

dephasing, while the Re{ρ00} converges to 1 from spin relaxation to the external Zeeman
field.

Numerically solving the above master equations for the initial state under relaxation time
T1 = 40µs, dephasing time T2 = 10µs, and over a duration of 20µs, yields the density
matrix element evolution shown in Figure 3.2. As expected, the off-diagonal density matrix
elements quickly decay to 0 from the dephasing while the on-diagonal elements slowly relax
to either 1 or 0, exhibiting spin alignment with the external Zeeman field. The resultant
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evolution of the voltage across each capacitor when simulated in the compact model is in
good agreement with the numerically obtained results after normalizing the voltage outputs
of the model to map to the true density matrix values.

Figure 3.3: Simulated Rabi oscillations as a function of qubit g-factor detuning generated
by a single qubit compact model.

After defining the compact model circuit in the ADS circuit solver using Verilog-A, the
Lindblad master equation is solved for a qubit in the initial state |↑⟩ with spin relaxation
and dephasing “turned off", i.e., T1 = T2 =∞. A series of simulations were performed for
various g-factor detunings to observe Rabi oscillation decrease as the detuning is increased;
generating a prototypical chevron pattern. Figure 3.3 shows the resultant Rabi oscillation
frequency as a function of experimentally realized g-factor detuning for a silicon single QD
device; visual artifacts on the right of the figure are caused by a finite number of compact
model simulations.

3.2.2 Mapping Voltage to δg

After confirming the validity of the derived master equation in section 3.2.1, a quadratic fit
must be found that maps input plunger gate voltage to g-factor deviation, δg, to allow for
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a self-contained single qubit compact. A fit with an R2 = 0.9996 is trivially obtained and is
displayed in Figure 3.4. For this simple example, equation 3.1 simplifies to δg1(V1, A(1)) =

A
(1)
11 V

2(t) + A
(1)
12 V (t) + A

(1)
13 where A1 = [3.396 · 10−4, 3.787 · 10−5,−1.453 · 10−06].

Figure 3.4: Quadratic fit for δg-factor as a function of plunger gate voltage with an R2 =
0.9996.

Given the analytic functional map of plunger gate voltage, V1, to g-factor deviation,
δg1, enables the function to be hard-coded in a self-contained single qubit compact model.
For example, it may be desired to implement a single qubit gate which requires specific
ESR field and voltage control pulses, which must be generated by DACs and other control
electronics. To determine the exact design criteria to limit impacts on gate fidelity, a set of
control pulses should be benchmarked on the compact model. To illustrate this procedure,
a set of control pulses was generated by QuDiPy for a X1

(
π
2

)
|↑⟩ = |i⟩ gate operation and

imported to the compact model. The resultant state evolution of the single qubit system
is shown in Figure 3.5, where Bloch sphere projections are plotted along the principle
axes to observe the |↑⟩ state evolve to the expected |i⟩ after the application of ESR field
and voltage pulses. The control pulse QuDiPy determines to produce perfect infidelity
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of ∼ 10−12 is reduced to ∼ 10−7 after simulation in the compact model. The increase in
infidelity is attributed to the time step size in the ADS circuit solver and can be improved
to limit the increase in infidelity at the expense of computational cost.

Figure 3.5: Simulated state evolution of a qubit under ESR field and voltage pulses to
realize a X

(
π
2

)
. ESR and voltage pulses were determined by QuDiPy’s optimal control

module.

3.3 Two Spin Qubit Compact Model

Considering a two-qubit system becomes noticeably more interesting to simulate, as there
are now two plunger gates for each qubit, each isolated in its respective quantum dot
potential well, as well as one barrier gate used to control the tunnel coupling or mitigate
capacitive cross-talk between neighboring qubits. The two-qubit Hamiltonian is defined
similarly to before but now includes additional operators:

H =
2∑

i=1

{
ℏ
2

[(
1 +

δgzi (t)

2

)
ω − ωRF

]
Zi + Ω(t) (Xi cos(ϕ(t)) + Yi sin(ϕ(t)))

}
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+
J12(t)

4
[X1 ⊗X2 + Y1 ⊗ Y2 + Z1 ⊗ Z2] (3.9)

Where each Pauli operator, σn ∈ {X, Y, Z} for n ∈ {1, 2, 3}, is defined as

σn,j =

(
j−1⊗
i=1

Ii

)
⊗ σn ⊗

(
N⊗

i=j+1

Ii

)
, (3.10)

and there are additional operators related to the exchange energy between qubits in the
two QDs, i.e., σn ⊗ σn. All two-qubit operators are displayed in Table 3.1 below. The

X1 ⊗ I I ⊗X2 X1 ⊗X2
0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0




0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0




0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0


Y1 ⊗ I I ⊗ Y2 Y1 ⊗ Y2

0 −i 0 0

i 0 0 0

0 0 0 −i

0 0 i 0




0 0 −i 0

0 0 0 −i

i 0 0 0

0 i 0 0




0 0 0 −1

0 0 1 0

0 1 0 0

−1 0 0 0


Z1 ⊗ I I ⊗ Z2 Z1 ⊗ Z2

1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1




1 0 0 0

0 −1 0 0

0 0 1 0

0 0 0 −1




1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 1


Table 3.1: Two-qubit Pauli operator matrices.

total number of master equations that must be added to the compact model, in general, is
22N+1 but is reduced to 22N + 2N when the Hermiticity of ρ and H is taken into account.
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Therefore, in the two-qubit case, the 25 = 32 master equations can be fully simulated with
a subset of 24+4 = 20. The fully derived master equations for the two-qubit Hamiltonian,
using equation 3.9, are given in Appendix A.1.

Figure 3.6: (a) Experimental control pulses to realize a CZ gate from a sequence of single
and two-qubit gate operations generated by QuDiPy. (b) Zoomed-in figures showing ex-
perimental input pulses for a

√
SWAP gate.

Previously in Sections 2.5.1-2.5.3, a node network architecture was proposed for a scal-
able fault-tolerant quantum computing application. To realize the surface code error cor-
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rection protocol, a sequence of single- and two-qubit gates must be implemented experi-
mentally with DACs and other control electronics. The twenty master equations required
to simulate the two-qubit system were hard-coded into a Verilog-A compact model and
simulated in ADS for various qubit gate operations by using the Hamiltonian effective pa-
rameter pulses as inputs. This is the first step for testing the validity of the compact model
prior to finding a voltage-to-effective parameter functional mapping. As shown in Figure
3.6, QuDiPy is leveraged to generate a series of control voltage and effective parameter
pulses, simulating both singe-/two-qubit gates, to realize a control-Z, CZ, gate operation.

Figure 3.7: simulated Density matrix element evolution under ESR field and voltage pulses
generated by QuDiPy and consistent with the two-qubit compact model results.

As shown in Figure 3.7, the twenty density matrix elements for the diagonal and lower
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triangular density matrix elements evolve properly for a two-qubit CZ gate and initial
state CZ12 |↓ −⟩ = |↓ +⟩. The results generated by QuDiPy are consistent with the two-
qubit compact model; however, a time step of dt ≈ ps is required for the compact model
numerical integration routine. This leads in the simulation of the circuit taking a few hours
to produce the state evolution results, which is less than desired but can be mitigated by
simulating individual single- and two-qubit gates as separate smaller compact model circuit
elements and defining a unique time step size for each circuit element; larger time steps
can be set for single qubit gate operations since their pulse duration is limited for a few
µs.
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Figure 3.8: Bloch sphere projections of a two-qubit CZ gate operation consistent with the
two-qubit compact model.

Figure 3.8 shows the single-qubit Bloch sphere projections constructed from the two-qubit
density matrix elements after a series of single- and two-qubit gates are applied to realize
a CZ12 gate, along with the fidelity after subsequent gate operations. As in Figure 3.6,
the apparent discontinuities near 14µs and 21µs in Figure 3.8 are nanosecond time-scale√
SWAP gate operations.
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3.3.1 Mapping Voltage to δg and Exchange

Finding an analytic function mapping of plunger gate voltage to g-factor for the single qubit
case in section 3.2.2 is quite straightforward. However, the problem of analytic function
fitting becomes significantly more challenging as the effective parameters become multi-
variable functions of plunger and tunnel gate voltage, i.e., δgm( ⃗V(t)) and Jm,m+1( ⃗V(t)).

(a) δg1(V1, V2) (b) δg2(V1, V2)

Figure 3.9: QuDiPy interpolated function for δgn plotted as a function of the two plunger
gates with W1 = −0.1V .

Figures 3.9a-3.9b show example 2D cross-sections of δg for a fixed tunnel gate voltage of
W1 = −0.1V generated from QuDiPy calculations. To determine analytic functional maps
of voltage-to-effective parameters for a two-qubit system, the following analytic functions
must be fit to the multi-variant effective parameter data,

gm(V⃗(t), A(m), B(m)) =
2∑

p=0

A
(m)
1p V

p
i (t) +

2∑
p=0

A
(m)
2p V

p
i (t) +

2∑
p=0

B
(m)
ip wp

i (t), (3.11)

J12(V⃗(t), C(m), α⃗(m)) =
5∑

p=0

C
(m)
1p V p

i (t) +
5∑

p=0

C
(m)
2p V p

i (t) + α
(m)
1 exp

{
α
(m)
2 W1(t)

}
. (3.12)

The coefficient matrices and vector in Equations 3.3.1 and 3.3.1 can be estimated through
various optimization techniques, but for the initial investigation, nonlinear regression from
Python’s SciPy optimization package is used.
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Figure 3.10: Percent relative error for the δg1 and the fitted analytic function for various
W1 cross-sections (a) W1 = −0.1V (b) W1 = −0.019V (c) W1 = 0.016V . The missing
data points in (c) are from NaNs in the δg interpolation, caused intentionally after a dot
merging event occurs.

After determining the fit coefficients the percent relative error (PRE) is calculated using,

PRE(f, V⃗) = 100%× f (fit)(V⃗)− f (QuDiPy)(V⃗)
f (QuDiPy)(V⃗)

To determine whether the fitting procedure and functional form agree with the effective
parameter interpolation function produced by QuDiPy, Figure 3.10 shows examples of
several 2D cross-sections of PRE calculations for δg1 at various tunnel gate voltages. The
analytic functions generally exhibit a few percent error compared to the expected effective
parameter interpolation function, which is not suitable for use in the two-qubit compact
model. Small errors in exchange would lead to artificially large errors in the compact model
results due to the exponential/polynomial behavior of exchange versus voltage, and even
moderate errors in the g-factor would lead to artificial off-resonance rotations. For this
reason, an alternative approach is leveraged.

Attempting to fit the analytic effective parameter functions from Equations 3.3.1-3.3.1
over the full domain of voltage inputs proves inadequate for application to the compact
model. A fit over the full domain of voltage inputs would enable a single general compact
model that would have the ability to simulate any desired single- or two-qubit unitary
operations, regardless of the desired gate voltage pulses.
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Gate Initial
State

Final
State Model Optimized Parameters Infidelity

Theory Fit

√
SWAP |↑↓⟩

1+i
2
|↑↓⟩+

1−i
2
|↓↑⟩

J12 = exp(v1a1 + a2w
+v2a3 + a4)
g1 = Simulated ≈ 0
g2 = Simulated ≈ 0

a1 = −203.64 a3 = −436.89
a2 = 236.62 a4 = 82.35

1.253×
10−8

8.506×
10−4

Y2(±π
2
) |↑↑⟩ |↑ ±⟩

g1 = a1v
2
1 + a2w

2 + a3v
2
2

+a4v1w + a5v1v2 + a6wv2
+a7v1 + a8w + a9v2 + a10
g2 = Simulated ≈ 0
J12 = Simulated ≈ 0

a1 = 1.0116×10−4 a6 = −1.1019×10−5

a2 = −2.3135×10−6 a7 = 1.1972×10−4

a3 = 5.7297×10−6 a8 = −4.0347×10−5

a4 = −1.1271×10−5 a9 = 6.6604×10−6

a5 = 4.0049×10−5 a10 = −2.1653×10−5

8.822×
10−12

3.826×
10−4

Z1(
π
2
) |+ ↑⟩ |i ↑⟩

g1 = a1v
2
1 + a2w

2 + a3v
2
2

+a4v1w + a5v1v2 + a6wv2
+a7v1 + a8w + a9v2 + a10
g2 = Simulated ≈ 0
J12 = Simulated ≈ 0

a1 = 4.6047×10−5 a6 = 9.3208×10−6

a2 = 1.8456×10−6 a7 = 7.6951×10−5

a3 = 9.9127×10−6 a8 = 3.2566×10−5

a4 = 1.1870×10−5 a9 = 1.7147×10−5

a5 = 2.6485×10−5 a10 = −9.5753×10−6

5.007×
10−14

1.234×
10−3

Z2(−π
2
) |↑ +⟩ |↑ −i⟩

g2 = a1v
2
1 + a2v1 + a4w

+a5v
2
2 + a6v2 + a7

g1 = Simulated ≈ 0
J12 = Simulated ≈ 0

a1 = 8.2771×10−7 a4 = −7.7241×10−7

a2 = 4.1076×10−6 a5 = 4.6797×10−7

a3 = −1.3012×10−6 a6 = 1.9562×10−5

1.772×
10−8

3.193×
10−6

Z1(π) |+ ↑⟩ |− ↑⟩

g1 = a1v
2
1 + a2w

2 + a3v
2
2

+a4v1w + a5v1v2 + a6wv2
+a7v1 + a8w + a9v2 + a10
g2 = Simulated ≈ 0
J12 = Simulated ≈ 0

a1 = 6.9755×10−5 a6 = 2.1591×10−6

a2 = 3.2327×10−7 a7 = 1.0312×10−4

a3 = 1.0645×10−5 a8 = 5.1035×10−6

a4 = 5.4619×10−6 a9 = 1.6738×10−5

a5 = 3.5645×10−5 a10 = −1.8366×10−5

1.790×
10−12

4.535×
10−5

Table 3.2: Summary of gate operations, input/output test states, analytic fit models with simulated g1, g2,
and J12 behavior, optimized parameters determined by Nelder-Mead optimization using L2 regularization
with a scale factor of 10−3−10−6, and infidelity values. Note that the initial cost function uses mean square
error (MSE) to compare theoretical gate pulses as a function of voltage to the proposed analytic models,
then the L2 norm of the fit coefficients is added to help reduce infidelities.
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Rather than fitting the function to the full domain of possible input voltages, a set of
specific unitary gate operations is instead generated, in QuDiPy, to form a universal set
of quantum gates for QC. Each generated gate object contains information about the
effective parameter pulses over time that realize the respective unitary. A Nelder-Mead
optimization routine is then employed to find the fit coefficient matrices and vector for
the effective parameter pulses for each unitary in the set. Restricting the voltage domain
for each unitary effective parameter fitting enables single- and two-qubit unitary gate
infidelities ranging from ∼ 10−3 to ∼ 10−6. The resultant effective parameter analytic
models, respective optimized fit parameters, and theoretical versus fitted voltage pulse gate
infidelities are presented in Table 3.2. The above set of gates was selected to construct a
CNOT gate in the compact model simulations to test DAC voltage pulses. Since each gate
from the set only has one non-zero effective parameter varying in time, we only perform
a single analytic model fit for the non-zero effective parameter and use the theoretically
exact effective parameter pulses for nearly zero effective parameters. Performing the model
fits enables the compact model to be self-contained in the classical circuit solver, with no
additional need to calculate the spin dynamics under voltage pulses in QuDiPy.

3.4 Conclusions

In summary, a methodology has been developed for constructing spin-qubit compact mod-
els in single- and two-qubit systems that generalizes to large qubit systems. The method
enables self-contained quantum system simulations within classical circuit solver packages
to support control electronics design. Using QuDiPy simulations of effective parameter re-
lationships δgm(V⃗) and Jm,m+1(V⃗) as a function of input gate voltages, V⃗ , we can construct
analytic functions which can be hard-coded into Verilog-A to create a self-contained com-
pact model. We overcome the limitation of reduced accuracy in analytic function fitting to
the full domain of input voltages by restricting the domain for desired single- and two-qubit
unitary operations and constructing separate gate compact model modules. This creates
more work by constructing multiple compact models, but with the trade-off of reduced
simulation time for faster design prototyping. Future work includes exploring alternative
analytic function anzatzs to accurately fit to the effective parameter functions over the full
voltage domain, as well as investigating noise impacts for various DAC specifications.
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Chapter 4

Metal-Semiconductor-Metal InGaAs
Photodetector Enhancement

4.1 Introduction

Light detection in the NIR and IR wavelength ranges has numerous applications in fields
such as biomedical imaging and sensing, thermal imaging, and telecommunications [40,148–
152]. Initially, mesoscopic-scale inorganic semiconducting materials were the primary can-
didates for developing faster, smaller, and more sensitive detectors. However, recent efforts
have shifted towards engineering inorganic, organic, and hybrid inorganic/organic semicon-
ducting nanostructures to significantly enhance performance, reduce device size, and create
flexible form factor devices for industrial applications [42,152,153]. Promising approaches
include designing III-V semiconductor nanowires, in situ-grown metal/semiconductor nanopar-
ticles, and utilizing chemical vapor deposition or exfoliation techniques to produce 2D
inorganic graphene/perovskite structures for optoelectronic devices [153–155].

During the past few decades, interest in the physics and applications of IR photode-
tectors with a tunable band gap for telecommunication wavelengths (∼ 1.2− 1.7 µm) has
grown, especially those based on III-V semiconductors such as InGaAs [156, 157]. Sev-
eral InGaAs photodetector designs are commonly studied, such as PN or PIN junctions,
avalanche, and MSM photodetectors [157]. MSM detectors are desirable for telecommuni-
cation applications due to their fast response times and ease of fabrication and integration
with other electronics [158–163].

A standard MSM photodetector consists of interdigitated metallic electrodes deposited
on an active layer, such as InGaAs, forming two Schottky junctions in series. A finger
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electrode design is often chosen for simplicity of the device, both in terms of fabrication
and characterization. MSM detectors can suffer from large dark currents due to relatively
low Schottky barriers, however, this can be mitigated by introducing a lattice-matched
InAlAs top layer to increase the barrier height. Performance improvements have been
achieved through band gap tuning via InxGa1−xAs alloy concentration, Schottky barrier
enhancement, and superlattice structures [157,161,164]. In this paper, we explore the use
of plasmonic semiconductor nanocrystals to enhance the optical-to-electrical conversion
efficiency of InGaAs MSM photodetectors, as measured by responsivity in the wavelength
range of 1− 1.7 µm.

Plasmonics primarily focuses on the generation, propagation, and detection of plas-
monic waves, which are collective electronic excitations resulting from the interaction be-
tween an electromagnetic (EM) field and a metal/dielectric interface [165–167]. When EM
waves interact with a metallic surface, a coherent charge density oscillation coupled to the
EM field arises, known as a surface plasmon. Strong nanoscale confinement leads to LSPR,
characterized by discrete optical absorption bands and electric fields orders of magnitude
larger than those associated with free space EM waves. Given their nanoscale dimensions,
integration of plasmonic nanostructures with micro- and nanoelectronic devices is possible,
and holds the potential to enhance device performance or realize novel functionalities.

Conductors with sub-wavelength dimensions support LSPRs, whose resonance frequen-
cies depend on the geometry and free carrier density of the nanostructure, as well as its
orientation with respect to the polarization of the EM field. Depending on the mate-
rial, LSPRs can span from the ultraviolet (UV) to the far-infrared. Upon illumination,
nanoscale regions of strong EM field enhancement, referred to as hot-spots, are generated
at the surface of the structure. Plasmonics have been widely used to enhance the perfor-
mance of photodetector and photovoltaic devices [168–174]. The enhanced EM field sur-
rounding nanostructures can be harnessed in optoelectronic devices by generating LSPRs
to improve responsivity across a broad range of frequencies. LSPR mechanisms that con-
tribute to enhanced responsivity include: 1) increased concentration of the incident EM
field and extended optical path length within the semiconductor, thereby enhancing photon
absorption, and 2) plasmonic energy transfer from the nanostructure to the semiconduc-
tor through direct electron transfer [175]. Because of these broadband optical properties,
plasmonic nanostructures have found use in a variety of applications including catalysis,
medicine, surface chemistry, solar cells, and sensing [165–167,176–182].

Typically, Au and Ag nanoparticles (NPs) exhibit strong LSPRs and are used as plas-
monic materials in the visible [183] or UV [184–186] spectral ranges. An emerging area
of interest focuses on identifying high-performance plasmonic materials compatible with
other frequency ranges of interest, from NIR to terahertz [187–190]. Fundamentally, the
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physics of LSPR does not change in the IR compared to the visible region, but the mate-
rial requirements are dramatically different. The optical resonances in Au and Ag can be
tuned to a degree by changing the size and shape of nanostructures, but the charge car-
rier densities (∼1022 cm−3) that primarily determine the plasmonic frequency response are
fixed. NIR applications require materials with lower carrier concentrations compared to
metals, such as degenerately doped or non-stoichiometric semiconductors [191–194]. There
have been several reports on the use of materials such as transition metal oxides [195,196],
nitrides [197], and doped semiconductors [198] for IR plasmonic photodetectors.

Two candidate materials for IR plasmonics are WO3−x [189] and CsyWO3−x [190] NCs.
Compared to commonly used plasmonic Au/Ag nanostructures exhibiting LSPR in the UV-
visible region, both WO3−x and CsyWO3−x possess visible-NIR LSPR due to their lower
carrier densities, in the range of 1018-1022 cm−3. These materials are known to have optical
absorption in the NIR, but their effectiveness as plasmonic materials for enhancement of
responsivity in a photodetector has not yet been thoroughly investigated; only one recent
study has investigated photodetector enhancement in the visible light range using WO3−x

nanowire arrays [189]. The carrier densities of these materials can also be tuned via the
chemical synthesis procedure (e.g., extrinsic doping). However, a potential challenge when
using WO3−x and CsyWO3−x NCs, despite being environmentally benign, is their rate of
oxidation in air. Oxidation degrades the carrier concentration over time or with exposure
to higher temperatures, which may lead to changes in crystal structure by reducing the
oxygen vacancy concentration, and thus the carrier density.

In this paper, we characterize the performance of InGaAs MSM photodetectors operat-
ing in the NIR modified by drop-cast WO3−x nanorods and CsyWO3−x hexagonal prisms.
Clear enhancements of responsivity by up to a factor ∼2.5, broadly consistent with the
plasmonic absorption spectra of the NCs, are observed. These results indicate that suitably
prepared conductive metal oxide NCs are a promising family of materials for IR plasmonic
applications.
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4.2 Materials and Methods

Figure 4.1: Structure of the IR metal-semiconductor-metal (MSM) photodetectors. (a)
Semiconductor heterostructure layers grown by molecular beam epitaxy. The In0.53Ga0.47As
active region is grown between In0.52Al0.48As barriers on an InP substrate. (b) Top view
schematic of the interdigitated metal electrode geometry, where design parameters are
electrode width (W ∼ 10 µm), spacing (S ∼ few µm), length (L ∼ 500 µm), and active
area (A ∼ 500 µm × 540 µm) indicated by dashed red box.

4.2.1 Molecular Beam Epitaxy of InGaAs Heterostructures

The InGaAs heterostructure shown in Figure 4.1(a) was grown by molecular beam epitaxy
(MBE). Prior to growth, a 2", semi-insulating (Fe-doped), double-side polished InP(001)
substrate was heated to 520 ◦C for approximately 10 minutes to desorb surface oxides.
Epitaxy of the InAlAs/InGaAs/InAlAs layers was carried out at a substrate temperature
of 470 ±10 ◦C. Both the In0.53Ga0.47As and In0.52Al0.48As layers were grown at a rate of
2.5 Å/s.
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4.2.2 Nanocrystal Synthesis

Materials

All chemicals were used as received, with no further purification. W(CO)6 (97 %) and
HPLC-grade tetrachloroethylene (TCE) (≥ 99.5 %) were purchased from Thermo Scientific,
WCl4 (95 %), CsCl (95 %) from Kodak, technical-grade oleic acid (OlAc, 90 %) and
oleylamine (OlAm, 70 %), HPLC-grade acetone (≥ 99.9 %), toluene (≥ 99.9 %), and
hexane (≥ 98.5 %) were all purchased from Sigma Aldrich.

Synthesis of WO3−x

Substoichiometric tungsten oxide (WO3−x) NCs were synthesized following the thermal
decomposition synthesis procedure for tungsten NPs reported by Sahoo et al. [199], with
minor modifications as previously reported [200]. Briefly, 7.626 g of OlAc, 2.415 g of OlAm,
and 1.057 g of W(CO)6 precursor were mixed inside a reaction vessel and degassed for 30
minutes. Using a standard Schlenk line technique, the vessel was purged with nitrogen
gas, then the reaction mixture was heated to 300 ◦C at a rate of 0.5 ◦C/s. After 2 hours
at 300 ◦C, the vessel was removed from the heating mantle and naturally cooled to room
temperature. The blue-color reaction mixture, indicating the presence of WO3−x NCs,
was purified three times using toluene and ethanol in a 1:1 volumetric ratio. After each
washing cycle, the samples were centrifuged at 3000 RPM for 5 min at room temperature.
After final purification, the WO3−x NCs were dispersed in 5 mL of toluene. For the optical
extinction measurements, 1 mL of the toluene dispersion was precipitated once again using
the above method and redispersed in 1 mL of TCE. All the colloidal dispersions were stored
under N2 atmosphere until further use.

Synthesis of CsyWO3−x

Hexagonal CsyWO3−x NCs were synthesized using the synthesis method reported by Mat-
tox et al. [201] with minor modifications. The solid precursors (0.20 mmol of WCl4 and
0.12 mmol of CsCl) were added into a mixture of OlAc (8.95 g) and OlAm (0.267 g), which
was then degassed for approximately 20 min at 120 ◦C. The reaction mixture was then
heated to 300 ◦C and kept at that temperature. After 2 hours, the reaction mixture was
cooled down to room temperature, and the dark blue product obtained was pipetted into
centrifuge tubes. NCs were washed with toluene and acetone in approximately 1:1 volu-
metric ratio, applying vortex mixing for 5 minutes, then the sample was centrifuged at 7830
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RPM for 5 min to separate the NCs from the supernatant. Similar to the WO3−x NCs, the
as-prepared CsyWO3−x NCs were suspended in toluene or TCE for optical measurements
and stored under N2 atmosphere until further use.

4.2.3 Photodetector Fabrication

A 2 cm × 2 cm die from the as-grown InGaAs heterostructure wafer was cleaned by soni-
cation in acetone and isopropyl alcohol (IPA) for 2 minutes each. Polydimethylglutarimide
polymer (PMGI) and Shipley 1813 positive photoresists were deposited by spin coating at
5000 RPM for 60 seconds to create a homogeneous bilayer approximately 1.3 µm thick.
The resist is baked at 120◦C for 90 seconds, followed by optical lithography performed
using a Heidelberg Instruments MLA150 maskless aligner to pattern the interdigitated
electrodes and bond pads. The patterned resist was developed in a metal-free optical de-
veloper (MF-319) for 100 seconds, followed by a 20 second plasma ash to remove traces
of resist residue from the exposed areas. A 1 minute HF etch was performed to remove
surface oxides prior to deposition of 20/80nm of Ti/Au via electron beam evaporation.
Metal liftoff was performed by leaving the sample overnight in Remover PG, followed by
rinsing in acetone and IPA. A schematic of the interdigitated electrode geometry is shown
in Figure 4.1(b).

4.2.4 Characterization of Nanocrystals

X-ray diffractometry (XRD) was performed to study the crystallinity and phase of the syn-
thesized NCs using a Rigaku MiniFlex II Diffractometer equipped with a Cu Kα1 radiation
source (λ = 1.54056 Å). Transmission electron microscopy (TEM) measurements were per-
formed to investigate the NC morphology using a JEOL-2010F instrument operating at
200 kV. The optical extinction spectra of the colloidal NC dispersions in TCE or NC thin
films were performed to characterize the resonant wavelengths, absorption peak widths,
and overall spectral shape using a Varian Cary 5000 UV-vis-NIR spectrophotometer. The
synthesis and optical properties of the WO3−x and CsyWO3−x NCs in this work were found
to be highly reproducible (see Figures S4-S5 in Supplementary Information).

4.2.5 Photocurrent Measurement Setup

Photodetectors are characterized using a custom setup that enables photocurrent measure-
ments as a function of bias voltage and incident wavelength of light from the visible to the
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near-IR. The setup also enables characterization of the power spectrum of the light source,
which is necessary for proper normalization of the measured photodetector responsivity. A
schematic of the setup is shown in Figure 4.2.

Figure 4.2: Measurement setup for characterizing photodetector responsivity. (1) The
broadband light source generates a beam that is collimated and then focused on the
monochromator entrance slit; (2) wavelengths are selected by mechanical positioning of
diffraction gratings; (3) the monochromator output is filtered and focused onto the wire-
bonded MSM device; (4) a bias voltage is applied to the device and the photocurrent is
measured using a current-voltage (I-V) amplifier. The output of the I-V amplifier is read
out with a digital multimeter (DMM). Responsivity is determined from the DMM output
and incident beam power measurements.

A Thorlabs SLS402 Mercury-Xenon short-arc light source generates a broadband spec-
trum ranging from 240 nm-2.4 µm that is collimated and focused using a Thorlabs LA4464-f
= 60.0 mm UV fused plano-convex uncoated lens into the 2 mm aperture entrance slit of a
Sciencetech monochromator. A desired wavelength is selected by choosing one of the three
Blaze gratings inside the monochromator and rotating the grating into to proper position
with respect to the incident beam. The wavelength ranges for each of the three gratings
are 100-700 nm, 700-1500 nm, and 1500-3500 nm. The diffracted beam for a selected
wavelength then passes through a 2 mm aperture exit slit, FEL1400 or FEL0750 longpass
filters to prevent higher-order diffracted wavelength modes, and is then focused using a
Thorlabs LA5370-f = 40.0 nm CaF2 plano-convex uncoated lens through a post-mounted
iris diaphragm onto the sample focal plane.

Photodetector devices are attached to a printed circuit board and wire bonded to Au-
plated pins that connect to an external circuit through a custom socket. The sample mount
is fixed to a lateral (XY) translation stage assembled from Thorlabs single-axis PT1 and PT
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series components to facilitate alignment of a chosen detector with the beam. A Keithley
230 programmable voltage source supplies a bias voltage to the source/drain electrodes of a
detector. Current is measured using a DL Instruments 1212 current-voltage amplifier, with
the output signal fed into an Agilent 34401A digital multimeter. The monochromator and
the voltage source are computer-controlled using a custom-written LabVIEW program.

Responsivity Measurement Protocol

The broadband light source is switched on for 1 hour to reach a stable operating temper-
ature and ensure stability of the output spectrum. Prior to measuring the photodetector
spectral responsivity, a Thorlabs 700-1800 nm, 50 nW-40 mW Ge photodiode power sensor
is used to obtain the power spectrum of the light source. The power sensor is placed in
the focal plane behind the post-mounted iris diaphragm, and the FEL0750 filter is placed
between the monochromator and the LA5370 focusing lens. The power spectrum is mea-
sured over the wavelength range 750-1400 nm, with data points acquired at 5 nm intervals.
In the 1400-1800 nm range, the FEL1400 filter is used.

Once the source power spectrum is acquired, the power sensor is replaced by a chosen
photodetector, which is then positioned using the XY translation stage to maximize the
photocurrent detected at a reference wavelength of 550 nm. The photodetector dark current
is recorded over a bias voltage range of +1 V to -1 V with the iris closed. The photocurrent
versus bias voltage is then measured across the same wavelength values as the power
spectrum to obtain the spectral responsivity of the device. All such measurements were
carried out after covering the optical table with a piece of nylon blackout fabric to shield
the detector from ambient light.

4.2.6 Nanocrystal Drop-Casts

Nanocrystals are deposited onto the active area of the photodetectors by drop-casting,
using diluted suspensions of the WO3−x or CsyWO3−x NCs. Each colloidal NC suspension
is diluted with hexane using a VWR single-channel pipette. Approximately 0.255 g of
the original 190 g/L suspension of CsyWO3−x NCs was measured on a digital scale, and
then diluted with 340 µL of hexane, yielding a concentration of 152 g/L. Similarly, a
WO3−x colloidal NC suspension was diluted to yield a concentration of 100 g/L. The
dilute suspensions are then drop-cast onto the active areas of photodetectors using a 0.5
µL volume, and subsequently dried with nitrogen gas.
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4.3 Results

4.3.1 Nanocrystal Characterization

Figure 4.3: Characterization of crystalline structure and morphology of the synthesized
NCs. (a-b) X-ray diffraction (XRD) spectra of WO3−x and CsyWO3−x NCs with back-
ground signal subtracted. Reference spectra of the bulk materials are reproduced from
ICSD no. 24731 and no. 56223. (c) TEM images of drop-cast WO3−x nanorods; (right
inset) lateral cross-section of a single nanorod; (magnified inset) lattice spacing along ⟨010⟩
direction. (d) TEM images of drop-cast CsyWO3−x NCs; (top right inset) end cross-section
of a single NC; (bottom right inset) lateral cross-section image of a single NC.

Depending on the specific W/O atomic ratio, substoichiometric tungsten (VI) oxide (WO3−x)
can adopt different crystal structures, known as Magneli phases [202]. In the present study,
colloidally synthezised WO3−x NCs crystallized in the monoclinic phase, as suggested by
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the excellent match of the experimental X-ray diffractogram (figure 4.3(b), blue trace) with
the simulated XRD pattern (black trace) of bulk monoclinic WO2.72. The two dominant
peaks in the XRD pattern of the WO3−x NCs appearing at approximately 23.5◦ and 48.3◦
can be assigned to (010) and (020) planes, respectively, suggesting the oriented growth
of the NCs along the ⟨010⟩ direction. This observation was confirmed by the TEM mi-
crographs seen in figure 4.3(c) showing the presence of elongated NCs (nanorods) with a
mean length of 32.1 ± 7.8 nm and a diameter of 4.3 ± 1.4 nm (for further details see
Supplementary Information). The inset of figure 4.3(c) displays a high-resolution TEM
micrograph of a WO3−x nanorod having a mean lattice spacing of 3.7 Å along the ⟨010⟩ di-
rection indicated by the red lines/arrows. In undoped non-stoichiometric plasmonic metal
oxides, oxygen vacancies can introduce at most two electrons per vacancy (V••

o ) into the
crystal to maintain charge neutrality [203], which can subsequently lead to the reduction
of nearby metal ions in the lattice (e.g., 2W6+ + V••

o → 2W5+ + Vo). To investigate the
electronic structure and tungsten speciation in the WO3−x nanorods, X-ray photoelectron
spectroscopy (XPS) measurements were performed, the results of which were presented in
our earlier report [200]. The W 4f XPS spectra suggested approximately 6% W5+ to be
present in the WO3−x nanorods. In the optical extinction spectrum of the colloidal (black
trace) and drop-cast (blue trace) WO3−x NCs shown in figure 4.4(a), a characteristic broad
band starting in the visible region near 490 nm and extending into the NIR region can be
observed. Based on the earlier report [200], the optical absorption in the visible region
originates from intra-ionic (d-d) transitions, whereas the absorption at lower energies in
the NIR region is assigned to LSPR originating from the collective oscillation of oxygen-
vacancy-induced free electrons in the conduction band. The intense absorption in the UV
region with an onset starting near 480 nm is assigned to the excitonic (band-to-band)
transition of the semiconducting WO3−x nanorods [200].
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Figure 4.4: (a-b) Optical extinction spectra measured for colloidal solutions and drop-cast
WO3−x/CsyWO3−x NCs showing plasmonic resonance in the NIR-IR wavelength range.
Colloidal solutions were prepared using tetrachloroethylene (TCE). Spectra are normalized
by the peak extinction and vertically shifted for comparison.

When tungsten oxide is doped with metal ions, a family of non-stoichiometric com-
pounds of the general formula MyWO3 (M is usually an alkali metal ion) is formed, called
tungsten bronzes [204]. Depending on the type and radius of the dopant ion, the crystal
structure as well as the free carrier concentration, and thus the metallic conductivity, can
be modulated in tungsten bronzes. The X-ray diffractogram seen in figure 4.3(b) reveals
that as-synthesized CsyWO3−x NCs are of high purity and crystallized in the hexagonal
phase, indicated by the excellent match between the experimental data and the simulated
XRD pattern of the hexagonal-phase Cs0.29WO3. The two most intense peaks near 23.3◦
and 27.7◦ originate from the (002) prismatic and (200) basal planes, respectively. The TEM
images shown in Figure 4.3(d) reveal a rod-like morphology for as-synthesized CsyWO3−x

NCs and a mean length and height of 17.8 nm and 10.4 nm (aspect ratio 1.7), respectively
(see Figure S2 of the Supplementary Information). The high-resolution TEM micrographs
in Figure 4.3(d) display an inset image of a basal plane (top) and the prismatic plane (bot-
tom) of a CsyWO3−x NC along the ⟨002⟩ direction. In tungsten bronzes, the electric charge
introduced by the dopant ion results in an increase in the number of free electrons in the
conduction band, leading to an increase in electrical conductivity. Therefore, besides the
oxygen vacancies, the other source of free carriers in CsyWO3−x NCs is the cesium dopant
ion. In the optical extinction spectra shown in Figure 4.4(b), the sharply increasing UV
signal originates from the bandgap absorption, similar to WO3−x NCs. The broad vis-NIR
absorption band of CsyWO3−x nanorods has been reported in the literature to originate
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from two resonance (transverse and longitudinal) modes as a result of strong crystalline and
shape anisotropy [205, 206], with an additional polaronic band in the visible region [207].
Given the geometric parameters of the as-synthesized CsyWO3−x NCs (aspect ratio 1.7),
the longitudinal and transverse LSPR modes nearly overlap, resulting in the broadened
single-peak absorption band seen in Figure 4(b) [205,206].

4.3.2 Photodetector Characterization

An array of 16 MSM photodetectors with varying electrode geometries was characterized
using an Agilent E5262A source/measure unit probe station. The typical device resistances
were measured under white light illumination (Rlight) and in the dark (Rdark). Figure 4.5(a)
shows an optical microscope image of a photodetector device with a geometry similar to
those used in this study. The interdigitated finger electrode structure allows colloidally
suspended NCs to be readily drop-cast, as discussed previously in section 4.2.6.

Figure 4.5: Optical microscope images of a MSM photodetector with a similar geometry
to the photodetectors measured in this study: a) Upper half of the MSM device with no
NCs, b) lower half of the MSM device after drop-casting CsyWO3−x NCs from a 150 g/L
solution. The lower image indicates a relatively uniform distribution of NCs.

Table 4.1 summarizes the resistance values measured with applied bias -10 mV to +10
mV, including the mean and standard deviation values for the entire array. Two devices,
referred to as A and B, showed relatively large increases in conductivity under illumination
and were selected for further measurements.

The spectral responsivities of devices A and B were measured using the setup described
in Figure 4.2. These photodetectors share the same geometry, with active area 500 µm ×
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Device Rdark[MΩ] Rlight[MΩ] ∆R[%]
µ± σ All 4.24 ± 2.44 0.144 ± 0.0950 -96.6

A 0.200 0.0183 -90.8
B 4.55 0.181 -96.0

Table 4.1: Resistance values for as-fabricated photodetectors measured on a probe station
with (Rlight) and without (Rdark) illumination under a white light source to characterize
photodetector performance. The applied bias ranged from -10 mV to +10 mV. The optical
power was approximately 18 µW

mm2 with the probe station lamp on and 32 nW
mm2 with the lamp

turned off (ambient light). Devices A and B were chosen for the plasmonic enhancement
study because they exhibited significant decreases in resistance under illumination and
had the same electrode geometry. ∆R refers to the percentage change in resistance under
illumination. The mean resistance (µ) and standard deviation (σ) across the array of 16
detectors are also indicated.

540 µm, and finger width, spacing, and length of 10 µm, 3 µm, and 500 µm, respectively.
The photoresponse versus bias voltage obtained at a wavelength of 1550 nm is shown in
Figure 4.6. A relatively large dark current was observed compared to similar InGaAs MSM
photodetectors reported in the literature (∼nA [158, 161]), even with the InAlAs barrier
layer present. We attribute this to a pitting surface defect density of ∼106 cm−2 in the
InAlAs/InGaAs wafer material that leads to regions with lowered Schottky barriers and
deviations from typical thermionic emission behavior [208, 209]. Using a double Schottky
barrier model described in [210], the dark current through the MSM device can be modeled
as

J(V ) =
2JS(Φ1)JS(Φ2) sinh

(
βV
2n

)
JS(Φ1) exp

(
βV
2n

)
+ JS(Φ2) exp

(−βV
2n

) (4.1)

where β = 1/(kBT ), Φ1/2 is the Schottky barrier for either contact, n is the ideality factor
assumed to be the same for both contacts, and JS(Φ1/2) are the thermionic saturation
current densities for either contact. From the double Schottky barrier model, the average
barrier heights between MSM contacts were estimated to be ⟨ΦA⟩ ≈ 0.53 eV and ⟨ΦB⟩ ≈
0.50 eV for both devices A and B, compared to the theoretically expected 0.7 eV [209].
These results are also consistent with earlier theoretical predictions [161]. See the Sup-
plementary Information for characterization of wafer morphology and details of the dark
current model.
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Figure 4.6: Characterization of photodetector performance versus bias voltage and illumi-
nation. Dark current and photocurrent for the as-fabricated InGaAs photodetectors A (a)
and B (b) used in this study. Photocurrent was acquired at a wavelength of 1550 nm with
an incident beam power of 176 µW

mm2 over the photodetector active area.

4.3.3 Enhancement of Photodetector Spectral Responsivity

Figure 4.7: Responsivity measured at a bias voltage -1 V with and without (a) WO3−x

NCs (device A) and (b) CsyWO3−x NCs (device B). Significant increases in responsivity are
observed for both types of NC. Responsivity is determined by subtracting the dark current
and normalizing the photocurrent with respect to the measured power spectrum of the
light source. Note that the fluctuations in responsivity versus wavelength are reproducible
and not due to measurement noise (uncertainty due to noise is smaller than the plot line
width). These fluctuations may arise from sharp features in the broadband light source
spectrum that are not fully removed by our normalization protocol (see Supplementary
Information) or by wave interference due to the electrode geometry.
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Spectral responsivity is defined as the ratio of the output photocurrent to the incident opti-
cal power, and it measures the optical-to-electrical conversion efficiency of the photodetec-
tor. The spectral responsivities of the as-fabricated photodetectors were first determined
by measuring the dark current, photocurrent, and power spectrum of the light source. A
fixed bias voltage of -1 V was used for both devices. Note that the light source power
spectrum was appropriately scaled to account for the differing areas between the photodi-
ode detector and the MSM photodetectors, as well as variations in the beam profile. Also,
measurement artifacts from switching between two gratings during the spectral sweep were
removed (see Supplementary Information). Next, diluted solutions of WO3−x (100 g/L)
and CsyWO3−x (152 g/L) NCs were drop-cast onto the active area of each photodetector
and dried. The optical microscope image in figure 4.5(b) shows an example of drop-cast
CsyWO3−x NCs. Similar drop-casts are obtained for WO3−x NCs, although there can be
significant variability in the quality of the drop-cast (see Supplementary Information). The
responsivity measurements were then repeated in order to quantify the effect of having NCs
present.

Figure 4.7 shows the responsivities with and without NCs for devices A and B. Device
A (B) had WO3−x (CsyWO3−x) NCs drop-cast. Before NC deposition, both devices show a
wavelength-dependent responsivity characteristic of MSM photodetectors with an InGaAs
active layer [211, 212]. Using the responsivity, the specific detectivity for both devices is
calculated as:

D∗ =

√
A

2qeIdark
×R(λ) (4.2)

Where A is the electrode contact area, qe is the elementary electron charge, Idark is the
average dark current, and R(λ) is the wavelength-dependent responsivity. Peak detectivi-
ties of D∗

A ∼109 Jones and D∗
B ∼1010 Jones are observed for devices A and B, respectively,

which are comparable to other NIR photodetectors [155,174,213] that typically range from
D∗ ∼108− 1014 Jones. Furthermore, MSM InAlAs/InGaAs photodetector detectivities up
to D∗ ∼1011 Jones can be achieved with improved substrate quality [163]. Significantly
increased responsivity is observed for the addition of both WO3−x and CsyWO3−x NCs to
the active regions of the photodetectors.

Relative Enhancement

It is of interest to examine the relative enhancement of responsivity as a function of wave-
length and compare it with the optical extinction measurements of the drop-cast NCs. The
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relative percent difference (RPD) is defined as:

RPD(λ) =
RNC(λ)−R0(λ)

R0(λ)
× 100% (4.3)

where λ is wavelength, and RNC(λ) and R0(λ) are the responsivities with and without
NCs, respectively.

The RPD is plotted in Figure 4.8, with the NC optical extinction measurements over-
laid. The RPD calculated from equation 4.3 is in the range of 60-150% and 58-125% for
devices A and B, respectively, demonstrating a strong overall enhancement of the respon-
sivity with the addition of both NC types.

Figure 4.8: Relative percent change in responsivity (RPD) as a function of wavelength due
to the addition of (a) WO3−x and (b) CsyWO3−x NCs. The optical extinction measurement
for drop-cast NCs (red line), plotted on the right vertical axis in each plot, shows overall
agreement with the RPD. Note that the relative scaling of the two vertical axes is arbitrary.

Broad agreement between the RPD and the NC extinction spectra is observed in Figure
4.8, indicating that the plasmonic responses of the NCs likely play a role in the enhanced
photoresponse of the MSM detectors. Better agreement between the RPD and the NC
extinction spectra was observed for WO3−x NCs compared to the case of CsyWO3−x NCs.
The details of the spectral responses are expected to depend strongly on aggregation effects
and film thickness, both of which can vary significantly between drop-casts (see Supple-
mentary Information).

External Quantum Efficiency

The ability of a photodetector to convert incident photons to charges collected in the
electrodes is quantified by the external quantum efficiency (EQE) as a function of wave-
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length [41]:

EQE(λ) =
R(λ)hc

qeλ
× 100% (4.4)

where h is Planck’s constant and c is the speed of light. Figure 4.9 shows the EQE for both
photodetectors with and without NCs, calculated based on the data shown in Figure 4.7.
The highest EQEs are observed in the wavelength range 1400-1600 nm for both devices.

Figure 4.9: External quantum efficiency (EQE) of each photodetector with and without
the addition of (a) WO3−x and (b) CsyWO3−x NCs. EQEs based on the data shown in
Figure 4.7 demonstrate improved photodetector optical-to-electrical conversion efficiency
for both NC types.

The EQE increases from approximately 7% to 20% for device A and approximately
25% to 60% for device B at a wavelength of 1400 nm, indicating that ∼2-3 times as many
charge carriers are generated or collected after the addition of the WO3−x and CsyWO3−x

NCs. The EQEs before the addition of NCs are comparable to those reported for other
NIR photodetectors [214] and are enhanced by the addition of NCs.

4.4 Discussion

Mechanisms for plasmonic response giving rise to increased photodetector EQEs have been
debated in recent years. Possible mechanisms to explain our observations include:

115



1. LSPR modes of the NCs [205,206] create stronger electric fields in the InGaAs layer
of the MSM photodetector, generating charge carriers at a higher rate [215].

2. Plasmon-induced hot carriers are injected from the NCs into the bulk semiconductor
[15,174,216–218].

3. Photon collection from scattering is increased due to the NC films forming an anti-
reflective (AR) coating [175,219,220].

It is not clear from the present data which of these mechanisms are present or dominant
in our devices. However, recent work has demonstrated that injection of plasmonically-
excited carriers can play a primary role in enhanced photodetection [174, 214]. Evidence
that hot carrier injection is the primary mechanism for WO3−x nanorod photodetectors
has been demonstrated [189]. The plasmonic absorption band for our NCs ranges over
0.7-1.2 eV. Depending on the work function of the NCs, a Schottky barrier could form that
would be low enough to inject energetic carriers into the bulk semiconductor, generating
a photocurrent under an applied bias. To test this hypothesis, carrier injection could
be suppressed by depositing a thin, wide-bandgap insulating layer between the NCs and
the InAlAs surface. The influence of hot carrier injection on photodetector responsivity
could be studied by varying the doping concentration of the NCs, where a higher doping
concentration would be expected to yield a stronger increase in responsivity. Additionally,
LSPR-generated EM fields can be orders of magnitude stronger than the incident field.
A stronger EM field in the InGaAs active layer would generate electron-hole pairs at a
higher rate. Here, the enhancement in photodetection would be governed by the thickness
of the InAlAs buffer layer, since the electric field generated at the NC surface drops off
as |E|∝ 1/r2 [215]. This mechanism can be tested by varying the thickness of the InAlAs
layer.

The magnitude and distribution of the EM field are determined by the NC morphology,
which governs the packing behavior of the NCs and the dominant LSPR mode [206]. The
optimal morphology for increased density of EM field hot spots in the active region could be
investigated using finite-difference time-domain EM simulations [205, 206], and correlated
with responsivity measurements for different NC morphologies.

Finally, enhancement in EQE from the NCs acting as an AR coating could be potentially
challenging to separate from other LSPR effects. Plasmonic nanostructures have been used
for AR coatings [221], alongside commonly used dielectric nanoparticles. A systematic
study of the reflectivity of transition metal oxide NC films on various surfaces could clarify
the significance of this effect.
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Future work will aim to clarify the dominant mechanisms for enhancement and improve
performance through the following approaches:

1. Synthesizing CsyWO3−x NCs with varied aspect ratios and carrier concentrations to
elucidate the role of LSPR;

2. Characterizing performance improvements using non-plasmonic dielectric AR coat-
ings;

3. Improving sensitivity by using higher-quality substrates for MBE growth to reduce
dark current. In addition, incorporating control devices with variable-thickness di-
electric barriers between the NCs and the InAlAs surface to test the hot carrier
injection hypothesis;

4. Applying NCs via cold vacuum aerosol deposition, or spin coating with NCs em-
bedded in a silica matrix, in order to improve the reproducibility and quality of NC
coverage.

4.5 Conclusion

In this study, we have demonstrated that easy-to-fabricate MSM photodetectors can ex-
hibit improved performance in the NIR with the addition of semiconducting WO3−x or
CsyWO3−x NCs to the active area. This shows the potential of both non-stoichiometric
and doped transition metal oxide plasmonic nanomaterials for various IR optoelectronics
applications, such as enhanced speed and sensitivity of receivers in optical fiber communi-
cations or increased range and reliability of Light Detection and Ranging (LiDAR) systems
for autonomous vehicles. The ease of deposition by drop-casting is convenient for rapid
prototyping of modified MSM detectors, but lacks the consistency needed for industrial
scaling.

In future work, the mechanisms for plasmonic enhancement of photodetection can be
distinguished by systematic experiments, as previously discussed, along with comparison
to finite-difference time-domain EM simulations. Other directions for improvement include
the use of higher quality substrates for MBE growth (reduced dark current), the use of
more sophisticated NC deposition methods for reproducibility and consistency, and the use
of a transparent conductive material (such as indium tin oxide) for the electrodes.
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Chapter 5

Conclusions

In conclusion, we explored key advancements in the simulation and modeling of QD spin
qubits, compact models for qubit control electronic design, and LSPR enhancements in
photodetectors. Chapter 1 introduces QD device electron transport behavior and examines
regions of charge stability under the assumption of a semi-classical constant interaction
model. The chapter also discusses electron spin qubit initialization and manipulation,
concluding with an overview of photodetectors and plasmonic principles. Through the
development of computational tools, theoretical models, and experimental validation, this
work has contributed to a deeper understanding of QD spin qubit device behavior and
semiconductor photodetection enhancements.

Chapter 2 focuses on the development of QuDiPy, a simulation framework for QD
spin qubits. By efficiently computing electrostatic potentials, charge stability, and spin
interactions, QuDiPy provides an essential tool for bridging theoretical modeling with
experimental optimization. Its ability to estimate charge stability regions, extract capaci-
tance matrix elements, and simulate entangled state preparation in a network of quantum
dot nodes underscores the simulator’s importance in guiding QD device design and exper-
imental spin qubit control. Future work will focus on the incorporation of experimental
feedback loops that make corrective changes to the effective parameter behavior. This will
aim to improve the simple, idealized spin and Hubbard models, as well as characterize
potential defect features or noise sources. Among the next steps, we will note the creation
of large datasets for effective parameter and charge stability diagram variation for 1,2,3,
and 4 QD devices. The different device geometries will be simulated with various charge
defects so that machine learning models can be trained for noise source classification and
autonomous device control. Building on this foundation, several promising directions re-
main for extending QuDiPy’s functionality and impact: 1) constraining spin Hamiltonian
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optimal control strategy’s voltage pulses using CSD information from the Hubbard model,
2) improving the accuracy of exchange calculations using a many-body solver, e.g., using a
linear combination of harmonic orbitals (LCHO) approach previously developed [222], 3)
extend the simulator’s capability to handle 3D potentials, opposed to 2D potential cross-
section, 4) develop a self-consistent Poisson-Schrödinger-many-body solver for electrons
in QDs, 5) extend capabilities of the simulator for hole calculations and EDSR control,
6) incorporate a spin-valley Hamiltonian, and 7) develop a module to investigate charge
shuttling between QD nodes.

Chapter 3 introduces a compact modeling approach that incorporates spin qubit dy-
namics into classical circuit simulations, enabling its application to qubit control electronics
design. By mapping qubit Hamiltonians to electrical circuit representations, this model
efficiently simulates qubit evolution under realistic control signals generated by classical
electronics. Furthermore, since the approach is fully integrated within classical circuit sim-
ulation software, it facilitates rapid prototyping of control electronic design parameters to
mitigate the impacts of control signal noise on spin qubit gate operations. This modeling
framework provides a practical pathway for designing and optimizing quantum proces-
sors in conjunction with conventional electronics. Future work will focus on improving
the analytical functional forms that are fit to simulated multi-variant effective parameter
data. This will be achieved by using spectral analysis on the effective parameter data and
selecting an appropriate basis function to reconstruct the effective parameter-to-voltage
relationships. Additional future work will consist of simulating the qubit evolution for
control signals generated by DAC circuitry and characterizing the design parameters that
significantly impact qubit gate fidelity.

Chapter 4 investigates plasmonic enhancements in MSM photodetectors by the addi-
tion of NCs to the photodetector’s active area via drop casting. By leveraging LSPR effects
through engineered NCs, we demonstrated significant improvements in photocurrent gen-
eration and spectral responsivity, achieving enhancements in external quantum efficiency
and specific detectivity. These results highlight the potential for cost-effective, scalable
improvements in semiconductor photodetector performance. Future work will focus on
improving the NC application protocol to improve reproducibility and stability, such as
using a silica gel to uniformly distribute the NCs across the photodetector surface and slow
the rate of oxidation. Additional experiments will be conducted to elucidate the precise
mechanisms leading to the observed increase in spectral responsivity.
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Appendix A

Compact Model Master Equations

A.1 2 Spin Qubit Hamiltonian to Circuit Representa-
tion

For the 2-qubit example from Equation 3.9, the normalized Hamiltonian components due
to the Zeeman and ESR field terms read as follows,
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Accounting for the exchange interaction terms yields the following normalized Hamiltonian
term:

HJ =


J1(t)
4ℏ 0 0 0

0 −J1(t)
4ℏ

J1(t)
2ℏ 0

0 J1(t)
2ℏ

−J1(t)
4ℏ 0

0 0 0 J1(t)
4ℏ

 (A.2)

Putting everything together, H = HZeeman + HESR + HJ and defining,

γ1 :=
1

2

[(
1 +

δg1(t)

2

)
ω − ωRF

]
, γ2 :=

1

2

[(
1 +

δg2(t)

2

)
ω − ωRF

]
, γ3 :=

Ω(t)

2
,

allows for the real and imaginary components of the master equation to be written as:
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dρR00
dt

= −2ρI01γ3(t)− 2ρI02γ3(t)−
ρR00a1
T1
− ρR00a2

T1
+
ρR11p2
T1

+
ρR22p1
T1

dρI00
dt

= −ρ
I
00a1
T1
− ρI00a2

T1
+
ρI11p2
T1

+
ρI22p1
T1

dρR10
dt

= ρI00γ3(t)− ρI01
(
−γ1(t)− γ2(t)−

J1(t)

4ℏ

)
− ρI01

(
γ1(t)− γ2(t)−

J1(t)

4ℏ

)
− ρI02J1(t)

2ℏ

− ρI03γ3(t)− ρI11γ3(t)− ρI12γ3(t)−
ρR01
T2
− ρR01a1

T1
− ρR01a2

2T1
− ρR01p2

2T1
+
ρR23p1
T1

dρI10
dt

= −ρR00γ3(t)− ρR01
(
−γ1(t)− γ2(t)−

J1(t)

4ℏ

)
− ρR01

(
γ1(t)− γ2(t)−

J1(t)

4ℏ

)
− ρR02J1(t)

2ℏ

− ρR03γ3(t) + ρR11γ3(t) + ρR12γ3(t) +
ρI01
T2

+
ρI01a1
T1

+
ρI01a2
2T1

+
ρI01p2
2T1

− ρI23p1
T1

dρR11
dt

= 2ρI01γ3(t)−
ρI12J1(t)

ℏ
− 2ρI13γ3(t) +

ρR00a2
T1
− ρR11a1

T1
− ρR11p2

T1
+
ρR33p1
T1

dρI11
dt

=
ρI00a2
T1
− ρI11a1

T1
− ρI11p2

T1
+
ρI33p1
T1

dρR20
dt

= ρI00γ3(t)−
ρI01J1(t)

2ℏ
− ρI02

(
−γ1(t)− γ2(t)−

J1(t)

4ℏ

)
− ρI02

(
−γ1(t) + γ2(t)−

J1(t)

4ℏ

)
− ρI03γ3(t) + ρI12γ3(t)− ρI22γ3(t)−

ρR02
T2
− ρR02a1

2T1
− ρR02a2

T1
− ρR02p1

2T1
+
ρR13p2
T1

dρI20
dt

= −ρR00γ3(t)−
ρR01J1(t)

2ℏ
− ρR02

(
−γ1(t)− γ2(t)−

J1(t)

4ℏ

)
− ρR02

(
−γ1(t) + γ2(t)−

J1(t)

4ℏ

)
− ρR03γ3(t) + ρR12γ3(t) + ρR22γ3(t) +

ρI02
T2

+
ρI02a1
2T1

+
ρI02a2
T1

+
ρI02p1
2T1

− ρI13p2
T1
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dρR21
dt

= ρI01γ3(t) + ρI02γ3(t) +
ρI11J1(t)

2ℏ
− ρI12

(
−γ1(t) + γ2(t)−

J1(t)

4ℏ

)
− ρI12

(
−γ1(t) + γ2(t) +

J1(t)

4ℏ

)
− ρI13γ3(t)−

ρI22J1(t)

2ℏ
− ρI23γ3(t)−

2ρR12
T2
− ρR12a1

2T1
− ρR12a2

2T1
− ρR12p1

2T1
− ρR12p2

2T1

dρI21
dt

= −ρR01γ3(t) + ρR02γ3(t)−
ρR11J1(t)

2ℏ
− ρR12

(
−γ1(t) + γ2(t)−

J1(t)

4ℏ

)
− ρR12

(
−γ1(t) + γ2(t) +

J1(t)

4ℏ

)
− ρR13γ3(t) +

ρR22J1(t)

2ℏ
+ ρR23γ3(t) +

2ρI12
T2

+
ρI12a1
2T1

+
ρI12a2
2T1

+
ρI12p1
2T1

+
ρI12p2
2T1

dρR22
dt

= 2ρI02γ3(t) +
ρI12J1(t)

ℏ
− 2ρI23γ3(t) +

ρR00a1
T1
− ρR22a2

T1
− ρR22p1

T1
+
ρR33p2
T1

dρI22
dt

=
ρI00a1
T1
− ρI22a2

T1
− ρI22p1

T1
+
ρI33p2
T1

dρR30
dt

= −ρI01γ3(t)− ρI02γ3(t)− ρI03
(
−γ1(t)− γ2(t)−

J1(t)

4ℏ

)
− ρI03

(
−γ1(t)− γ2(t) +

J1(t)

4ℏ

)
+ ρI13γ3(t) + ρI23γ3(t)−

2ρR03
T2
− ρR03a1

2T1
− ρR03a2

2T1
− ρR03p1

2T1
− ρR03p2

2T1

dρI30
dt

= −ρR01γ3(t)− ρR02γ3(t)− ρR03
(
−γ1(t)− γ2(t)−

J1(t)

4ℏ

)
− ρR03

(
−γ1(t)− γ2(t) +

J1(t)

4ℏ

)
+ ρR13γ3(t) + ρR23γ3(t) +

2ρI03
T2

+
ρI03a1
2T1

+
ρI03a2
2T1

+
ρI03p1
2T1

+
ρI03p2
2T1

dρR31
dt

= ρI03γ3(t) + ρI11γ3(t)− ρI12γ3(t)− ρI13
(
−γ1(t)− γ2(t) +

J1(t)

4ℏ

)
− ρI13

(
−γ1(t) + γ2(t) +

J1(t)

4ℏ

)
+
ρI23J1(t)

2ℏ
− ρI33γ3(t)−

ρR13
T2

+
ρR02a2
T1
− ρR13a1

2T1
− ρR13p1

2T1
− ρR13p2

T1
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dρI31
dt

= ρR03γ3(t)− ρR11γ3(t)− ρR12γ3(t)− ρR13
(
−γ1(t)− γ2(t) +

J1(t)

4ℏ

)
− ρR13

(
−γ1(t) + γ2(t) +

J1(t)

4ℏ

)
+
ρR23J1(t)

2ℏ
+ ρR33γ3(t) +

ρI13
T2
− ρI02a2

T1
+
ρI13a1
2T1

+
ρI13p1
2T1

+
ρI13p2
T1

dρR32
dt

= ρI03γ3(t) + ρI12γ3(t) +
ρI13J1(t)

2ℏ
+ ρI22γ3(t)− ρI23

(
−γ1(t)− γ2(t) +

J1(t)

4ℏ

)
− ρI23

(
γ1(t)− γ2(t) +

J1(t)

4ℏ

)
− ρI33γ3(t)−

ρR23
T2

+
ρR01a1
T1
− ρR23a2

2T1
− ρR23p1

T1
− ρR23p2

2T1

dρI32
dt

= ρR03γ3(t)− ρR12γ3(t) +
ρR13J1(t)

2ℏ
− ρR22γ3(t)− ρR23

(
−γ1(t)− γ2(t) +

J1(t)

4ℏ

)
− ρR23

(
γ1(t)− γ2(t) +

J1(t)

4ℏ

)
+ ρR33γ3(t) +

ρI23
T2
− ρI01a1

T1
+
ρI23a2
2T1

+
ρI23p1
T1

+
ρI23p2
2T1

dρR33
dt

= 2ρI13γ3(t) + 2ρI23γ3(t) +
ρR11a1
T1

+
ρR22a2
T1
− ρR33p1

T1
− ρR33p2

T1

dρI33
dt

=
ρI11a1
T1

+
ρI22a2
T1
− ρI33p1

T1
− ρI33p2

T1

dρR00
dt

=

(
−ρI01 cos (ϕ(t))− ρR01 sin (ϕ(t))

)
Ω(t)

2
−
(
ρI01 cos (ϕ(t)) + ρR01 sin (ϕ(t))

)
Ω(t)

2

+

(
−ρI02 cos (ϕ(t))− ρR02 sin (ϕ(t))

)
Ω(t)

2
−
(
ρI02 cos (ϕ(t)) + ρR02 sin (ϕ(t))

)
Ω(t)

2

− ρR00a1
T1
− ρR00a2

T1
+
ρR11p2
T1

+
ρR22p1
T1

dρI00
dt

= −ρ
I
00a1
T1
− ρI00a2

T1
+
ρI11p2
T1

+
ρI22p1
T1
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dρR10
dt

= −ρI01

ω
(

δg1(t)
2

+ 1
)

2
−
ω
(

δg2(t)
2

+ 1
)

2
− J1(t)

4


− ρI01

−ω
(

δg1(t)
2

+ 1
)

2
−
ω
(

δg2(t)
2

+ 1
)

2
+ ωRF −

J1(t)

4

− ρI02J1(t)

2

+

(
ρI00 cos (ϕ(t)) + ρR00 sin (ϕ(t))

)
Ω(t)

2
+

(
−ρI03 cos (ϕ(t))− ρR03 sin (ϕ(t))

)
Ω(t)

2

−
(
ρI11 cos (ϕ(t)) + ρR11 sin (ϕ(t))

)
Ω(t)

2
−
(
ρI12 cos (ϕ(t)) + ρR12 sin (ϕ(t))

)
Ω(t)

2

− ρR01
T2
− ρR01a1

T1
− ρR01a2

2T1
− ρR01p2

2T1
+
ρR23p1
T1

dρI10
dt

= −ρR01

ω
(

δg1(t)
2

+ 1
)

2
−
ω
(

δg2(t)
2

+ 1
)

2
− J1(t)

4


− ρR01

−ω
(

δg1(t)
2

+ 1
)

2
−
ω
(

δg2(t)
2

+ 1
)

2
+ ωRF −

J1(t)

4

− ρR02J1(t)

2

−
(
−ρI00 sin (ϕ(t)) + ρR00 cos (ϕ(t))

)
Ω(t)

2
−
(
−ρI03 sin (ϕ(t)) + ρR03 cos (ϕ(t))

)
Ω(t)

2

+

(
−ρI11 sin (ϕ(t)) + ρR11 cos (ϕ(t))

)
Ω(t)

2
+

(
−ρI12 sin (ϕ(t)) + ρR12 cos (ϕ(t))

)
Ω(t)

2

+
ρI01
T2

+
ρI01a1
T1

+
ρI01a2
2T1

+
ρI01p2
2T1

− ρI23p1
T1
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dρR11
dt

= −ρI12J1(t)−
(
−ρI01 cos (ϕ(t))− ρR01 sin (ϕ(t))

)
Ω(t)

2
+

(
ρI01 cos (ϕ(t)) + ρR01 sin (ϕ(t))

)
Ω(t)

2

+

(
−ρI13 cos (ϕ(t))− ρR13 sin (ϕ(t))

)
Ω(t)

2
−
(
ρI13 cos (ϕ(t)) + ρR13 sin (ϕ(t))

)
Ω(t)

2

+
ρR00a2
T1
− ρR11a1

T1
− ρR11p2

T1
+
ρR33p1
T1

dρI11
dt

=
ρI00a2
T1
− ρI11a1

T1
− ρI11p2

T1
+
ρI33p1
T1

dρR20
dt

= −ρ
I
01J1(t)

2
− ρI02

−ω
(

δg1(t)
2

+ 1
)

2
+
ω
(

δg2(t)
2

+ 1
)

2
− J1(t)

4


− ρI02

−ω
(

δg1(t)
2

+ 1
)

2
−
ω
(

δg2(t)
2

+ 1
)

2
+ ωRF −

J1(t)

4

+

(
ρI00 cos (ϕ(t)) + ρR00 sin (ϕ(t))

)
Ω(t)

2

+

(
−ρI03 cos (ϕ(t))− ρR03 sin (ϕ(t))

)
Ω(t)

2
−
(
−ρI12 cos (ϕ(t)) + ρR12 sin (ϕ(t))

)
Ω(t)

2

−
(
ρI22 cos (ϕ(t)) + ρR22 sin (ϕ(t))

)
Ω(t)

2
− ρR02
T2
− ρR02a1

2T1
− ρR02a2

T1
− ρR02p1

2T1
+
ρR13p2
T1
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dρI20
dt

= −ρ
R
01J1(t)

2
− ρR02

−ω
(

δg1(t)
2

+ 1
)

2
+
ω
(

δg2(t)
2

+ 1
)

2
− J1(t)

4


− ρR02

−ω
(

δg1(t)
2

+ 1
)

2
−
ω
(

δg2(t)
2

+ 1
)

2
+ ωRF −

J1(t)

4

− (−ρI00 sin (ϕ(t)) + ρR00 cos (ϕ(t))
)
Ω(t)

2

−
(
−ρI03 sin (ϕ(t)) + ρR03 cos (ϕ(t))

)
Ω(t)

2
+

(
ρI12 sin (ϕ(t)) + ρR12 cos (ϕ(t))

)
Ω(t)

2

+

(
−ρI22 sin (ϕ(t)) + ρR22 cos (ϕ(t))

)
Ω(t)

2
+
ρI02
T2

+
ρI02a1
2T1

+
ρI02a2
T1

+
ρI02p1
2T1

− ρI13p2
T1

dρR21
dt

=
ρI11J1(t)

2
− ρI12

−ω
(

δg1(t)
2

+ 1
)

2
+
ω
(

δg2(t)
2

+ 1
)

2
− J1(t)

4


− ρI12

−ω
(

δg1(t)
2

+ 1
)

2
+
ω
(

δg2(t)
2

+ 1
)

2
+
J1(t)

4

− ρI22J1(t)

2
+

(
ρI01 cos (ϕ(t)) + ρR01 sin (ϕ(t))

)
Ω(t)

2

−
(
−ρI02 cos (ϕ(t))− ρR02 sin (ϕ(t))

)
Ω(t)

2
+

(
−ρI13 cos (ϕ(t))− ρR13 sin (ϕ(t))

)
Ω(t)

2

−
(
ρI23 cos (ϕ(t)) + ρR23 sin (ϕ(t))

)
Ω(t)

2
− 2ρR12

T2
− ρR12a1

2T1
− ρR12a2

2T1
− ρR12p1

2T1
− ρR12p2

2T1
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dρI21
dt

= −ρ
R
11J1(t)

2
− ρR12

−ω
(

δg1(t)
2

+ 1
)

2
+
ω
(

δg2(t)
2

+ 1
)

2
− J1(t)

4


−ρR12

−ω
(

δg1(t)
2

+ 1
)

2
+
ω
(

δg2(t)
2

+ 1
)

2
+
J1(t)

4

+
ρR22J1(t)

2
−
(
−ρI01 sin (ϕ(t)) + ρR01 cos (ϕ(t))

)
Ω(t)

2

+

(
−ρI02 sin (ϕ(t)) + ρR02 cos (ϕ(t))

)
Ω(t)

2
−
(
−ρI13 sin (ϕ(t)) + ρR13 cos (ϕ(t))

)
Ω(t)

2

+

(
−ρI23 sin (ϕ(t)) + ρR23 cos (ϕ(t))

)
Ω(t)

2
+

2ρI12
T2

+
ρI12a1
2T1

+
ρI12a2
2T1

+
ρI12p1
2T1

+
ρI12p2
2T1

dρR22
dt

= ρI12J1(t)−
(
−ρI02 cos (ϕ(t))− ρR02 sin (ϕ(t))

)
Ω(t)

2
+

(
ρI02 cos (ϕ(t)) + ρR02 sin (ϕ(t))

)
Ω(t)

2

+

(
−ρI23 cos (ϕ(t))− ρR23 sin (ϕ(t))

)
Ω(t)

2
−
(
ρI23 cos (ϕ(t)) + ρR23 sin (ϕ(t))

)
Ω(t)

2

+
ρR00a1
T1
− ρR22a2

T1
− ρR22p1

T1
+
ρR33p2
T1

dρI22
dt

=
ρI00a1
T1
− ρI22a2

T1
− ρI22p1

T1
+
ρI33p2
T1
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dρR30
dt

= −ρI03

−ω
(

δg1(t)
2

+ 1
)

2
−
ω
(

δg2(t)
2

+ 1
)

2
+ ωRF −

J1(t)

4


− ρI03

−ω
(

δg1(t)
2

+ 1
)

2
−
ω
(

δg2(t)
2

+ 1
)

2
+ ωRF +

J1(t)

4

+

(
−ρI01 cos (ϕ(t)) + ρR01 sin (ϕ(t))

)
Ω(t)

2

+

(
−ρI02 cos (ϕ(t)) + ρR02 sin (ϕ(t))

)
Ω(t)

2
−
(
−ρI13 cos (ϕ(t)) + ρR13 sin (ϕ(t))

)
Ω(t)

2

−
(
−ρI23 cos (ϕ(t)) + ρR23 sin (ϕ(t))

)
Ω(t)

2
− 2ρR03

T2
− ρR03a1

2T1
− ρR03a2

2T1
− ρR03p1

2T1
− ρR03p2

2T1

dρI30
dt

= −ρR03

−ω
(

δg1(t)
2

+ 1
)

2
−
ω
(

δg2(t)
2

+ 1
)

2
+ ωRF −

J1(t)

4


− ρR03

−ω
(

δg1(t)
2

+ 1
)

2
−
ω
(

δg2(t)
2

+ 1
)

2
+ ωRF +

J1(t)

4

− (ρI01 sin (ϕ(t)) + ρR01 cos (ϕ(t))
)
Ω(t)

2

−
(
ρI02 sin (ϕ(t)) + ρR02 cos (ϕ(t))

)
Ω(t)

2
+

(
ρI13 sin (ϕ(t)) + ρR13 cos (ϕ(t))

)
Ω(t)

2

+

(
ρI23 sin (ϕ(t)) + ρR23 cos (ϕ(t))

)
Ω(t)

2
+

2ρI03
T2

+
ρI03a1
2T1

+
ρI03a2
2T1

+
ρI03p1
2T1

+
ρI03p2
2T1
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dρR31
dt

= −ρI13

−ω
(

δg1(t)
2

+ 1
)

2
+
ω
(

δg2(t)
2

+ 1
)

2
+
J1(t)

4


− ρI13

−ω
(

δg1(t)
2

+ 1
)

2
−
ω
(

δg2(t)
2

+ 1
)

2
+ ωRF +

J1(t)

4

+
ρI23J1(t)

2

−
(
−ρI03 cos (ϕ(t))− ρR03 sin (ϕ(t))

)
Ω(t)

2
+

(
ρI11 cos (ϕ(t)) + ρR11 sin (ϕ(t))

)
Ω(t)

2

+

(
−ρI12 cos (ϕ(t)) + ρR12 sin (ϕ(t))

)
Ω(t)

2
−
(
ρI33 cos (ϕ(t)) + ρR33 sin (ϕ(t))

)
Ω(t)

2

− ρR13
T2

+
ρR02a2
T1
− ρR13a1

2T1
− ρR13p1

2T1
− ρR13p2

T1

dρI31
dt

= −ρR13

−ω
(

δg1(t)
2

+ 1
)

2
+
ω
(

δg2(t)
2

+ 1
)

2
+
J1(t)

4


− ρR13

−ω
(

δg1(t)
2

+ 1
)

2
−
ω
(

δg2(t)
2

+ 1
)

2
+ ωRF +

J1(t)

4

+
ρR23J1(t)

2

+

(
−ρI03 sin (ϕ(t)) + ρR03 cos (ϕ(t))

)
Ω(t)

2
−
(
−ρI11 sin (ϕ(t)) + ρR11 cos (ϕ(t))

)
Ω(t)

2

−
(
ρI12 sin (ϕ(t)) + ρR12 cos (ϕ(t))

)
Ω(t)

2
+

(
−ρI33 sin (ϕ(t)) + ρR33 cos (ϕ(t))

)
Ω(t)

2

+
ρI13
T2
− ρI02a2

T1
+
ρI13a1
2T1

+
ρI13p1
2T1
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Appendix B

Photodetector Supplementary
Information

B.1 Nanocrystal (NC) Characterization

Figures B.1 and B.2 provide information on the size and shape distributions of the WO3−x

and CsyWO3−x NCs, as determined from TEM images. Figure B.3 shows energy dispersive
X-ray spectroscopy results that were used to determine the composition of the CsyWO3−x

NCs. Figures B.4 and B.5 show the crystalline and optical characterization for WO3−x and
CsyWO3−x NCs, respectively. Tables B.1 and B.2 present a summary of these results.

Figure B.1: Length and width distributions of WO3−x NCs determined from post-processed
TEM images using ImageJ software.
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Figure B.2: Length and width of distributions CsyWO3−x NCs determined from post-
processed TEM images using ImageJ software.

Figure B.3: Energy dispersive X-ray spectroscopy (EDS) measurement on CsyWO3−x NCs
that determined the atomic fraction of Cs and W to be 4.78% and 17.67%, respectively.
From this, the ratio of Cs/W in CsyWO3−x NCs was determined to be y = 0.27.
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Table B.1: Summary of crystallographic and optical characterization of WO3−x NC sam-
ples from independent syntheses. The maximum plasmonic resonant wavelengths from
extinction measurements (UV-NIR) and peak XRD angles for a given crystal orientation
with Full-Width Half-Maximum ((crystal orientation)-FWHM) are tabulated. This demon-
strates a high degree of reproducibility in the synthesis of WO3−x NCs.

Sample UV-
NIR

Max [nm]

XRD
(010)

XRD
(020)

WO3-x 1126 23.4-0.5 48.3-0.8
WO-S1 1098 23.8-0.5 48.3-0.6
WO-S2 1153 23.7-0.7 48.3-1.3

Table B.2: Summary of crystallographic and optical characterization of CsyWO3−x NC
samples from independent syntheses. The aspect ratios (AR), maximum plasmonic reso-
nant wavelengths from extinction measurements (UV-NIR), and peak XRD angles for a
given crystal orientation with Full-Width Half-Maximum ((crystal orientation)-FWHM)
are tabulated. This demonstrates a high degree of reproducibility in the synthesis of
CsyWO3−x NCs.

Sample AR UV-
NIR

Max [nm]

XRD
(002)

XRD
(200)

XRD
(112)

XRD
(202)

CsyWO3-
x

1.6 1442 23.4-
0.8

27.7-
1.3

33.8-
0.8

36.7-
0.9

CsWO-
S1

1.5 1363 23.6-
0.8

28.0-
1.4

34.2-
0.9

37.0-
0.8

CsWO-
S2

1.6 1449 23.8-
0.8

28.1-
1.3

33.9-
1.0

36.9-
0.9
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Figure B.4: Characterization of two additional substoichiometric monoclinic WO3−x NC
samples demonstrating the synthetic reproducibility of the NCs via XRD patterns (a), UV-
Vis-NIR spectra (b), and (c-e) TEM micrographs. (Blue traces in (a) and (b) correspond to
the WO3−x in the main text. The red trace in (a) is a simulated pattern of bulk monoclinic
WO3 (ICSD no. 24731).
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Figure B.5: Characterization of two additional CsyWO3−x bronze NCs demonstrating the
synthetic reproducibility of the samples. (a) XRD patterns, (b) UV-Vis-NIR spectra, and
(c-e) TEM micrographs of the CsyWO3−x NCs. (Blue traces in (a) and (b) are the data
shown in the main text. The red trace in (a) is the simulated pattern of bulk Cs0.29WO3

(ICSD no. 56223)).
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B.2 Light Source Characterization

Figure B.6: Xenon-Halogen light source (a) beam profile upon exiting the monochromator
and (b) power spectrum over a wavelength range 750-1800 nm, where a 750 nm or 1400
nm filter was used to block higher-order modes of diffracted light from the monochromator
gratings.

Cross-sections of the beam profile are shown attached to a head-on image of the beam at
550 nm wavelength. The image of the beam is not to scale with the cross-sectional beam
profiles. The beam profiles were measured using a standard knife-edge measurement.
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B.3 Spectral Responsivity Normalization and Incident
Power

Figure B.7: Example showing how the power spectrum and photocurrent data are processed
to account for changes in power transmission through different diffraction gratings used in
the monochromator. Two gratings are used over the range of wavelength values selected;
the grating change occurs at 1500 nm.

The total integrated power, Ptotal(λ), incident on a power sensor photodiode area is recorded
over a band of wavelengths. From the beam profile measurements above, the photodetector
was positioned in a region of the beam profile with maximal power density, ∆P/∆r. For the
typical photodetector active area, the power density is nearly constant across the device.
Calculating the total power incident on the photodetector, Pdevice(λ), is performed by
numerical integration of ∆P/∆r along ∆r ∈ {∆x,∆y} cross sections over the dimensions
of the device active area position relative to the beam profile. The Pdevice(λ = 550nm) was
calculated from a beam profile measurement taken at a wavelength of 550 nm. Assuming
the beam profile does not vary with wavelength, Pdevice(λ) was calculated as the normalized
total integrated power:

Pdevice(λ) :=
Pdevice(λ = 550nm)

Ptotal(λ = 550nm)
× Ptotal(λ) (B.1)

This method is a reasonable lower-bound approximation for the incident power seen by
the photodetectors. Since refractive optics were used for beam collimation and focusing,
the beam spot size will slightly increase for λ > 550nm due to chromatic aberrations,
decreasing the power density.

Measuring the photodetector current or the light source power spectrum yields disconti-
nuities in the measured spectra due to the change of the diffraction grating at a wavelength
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of 1500 nm. The power density at the focal plane of the photodetectors changes due to
power transmission variation between the two diffraction gratings used to perform each
wavelength sweep measurement. The discontinuity is removed by properly normalizing the
current and power spectra for the wavelength range associated with one of the diffraction
gratings. The wavelength range, which is normalized, is 1500-1800 nm, and the spectra
are normalized by α or β, defined as:

α, β :=
f
(I,P )
G1 (λ = 1500nm)

f
(I,P )
G2 (λ = 1500nm)

(B.2)

where G1/G2 refer to diffraction blaze gratings (G1 := grating 1, G2 := grating 2) utilized
for f (I,P )

G1 (λ = 1500nm) and f
(I,P )
G2 (λ = 1500nm) which represent the measured quantities:

(current I := f (I)) or (power P := f (P )). The normalized response is then calculated using
the scale factors α and β:

R(λ) =
Iλ1 ∪ (α× Iλ2)

Pλ1 ∪ (β × Pλ2)
(B.3)

where λ1 ∈ [750 nm, 1500 nm], λ2 ∈ (1500 nm, 1800 nm], and ∪ represents the union of
two data sets collected from measurements.

The power and photocurrent measurements are scaled independently such that the
last/first values in the wavelength ranges 750-1500 nm and 1505-1800 nm are equivalent
for both power and photocurrent spectra. The pre- and post-scaled spectra are plotted in
Figure B.7, where the dashed lines are the pre-scaled portions of the respective spectra.
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B.4 In0.52Al0.48As/In0.53Ga0.47As Wafer Morphology

As stated in the main text, we observed larger than expected dark currents in the MSM
photodetectors, despite having an In0.52Al0.48As barrier layer present. From Nomarski
microscope images (see figure S6) of the InAlAs surface, pitting defects can be observed
with a density of ∼106cm−2. Such defects can provide low-resistance pathways between
the metal electrodes and the InGaAs active layer. Based on previous MBE growths in the
same system, we suspect that these defects originate from defects native to the InP growth
wafer.
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Figure B.8: Characterization of surface defects using a Nomarski microscopy scan of MBE-
grown In0.52Al0.48As/In0.53Ga0.47As on InP, taken at the center of the wafer. (left inset)
Magnified view of pitting surface defects suspected to result from defects in the InP growth
substrate.

B.5 Schottky Contact Model

Using a thermionic emission model for a double Schottky diode from [210], the dark current
through the device is given by:

J(V ) =
2JS(Φ1)JS(Φ2) sinh

(
βV
2n

)
JS(Φ1) exp

(
βV
2n

)
+ JS(Φ2) exp

(−βV
2n

) ,
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where

JS(Φ1/2) = A1/2A
∗T 2 exp

(
−βΦ1/2

)
,

and where β = 1/kBT , Φ1/2 is the Schottky barrier for either contact, n is the ideality
factor assumed to be the same for both contacts, A1 = A2 = 3.342× 10−7m−2 is the area
of the contact, A∗ = 1.01 × 105 A m−2 K−2 is the Richardson constant for InAlAs, and
JS(Φ1/2) are the thermionic saturation current densities for either contact. From fitting
our dark current data to this model, the Schottky barriers and ideality factor are estimated
to be: (device A) Φ1 = 0.51 eV, Φ2 = 0.54 eV, and n = 11.92 (device B) Φ1 = 0.50 eV,
Φ2 = 0.49 eV, and n = 18.84. The theoretically expected Schottky barrier for Ti/InAlAs is
0.7 eV [210]. Figure B.9 shows each model fit and the experimental dark current data with
the Normalized Root Mean Square Error (NRMSE) calculated using the equation NRMSE
= RMSE/[max(Idark)−min(Idark)]). NRMSEA = 7.6× 10−4 and NRMSEB = 9.4× 10−4

for devices A and B, respectively.

Figure B.9: Dark current versus bias voltage for the as-fabricated InGaAs photodetectors
A (a) and B (b) used in this study (black lines). Plotted in red are simulated I-V curves
from the double Schottky barrier model described above. Schottky barriers (Φ), ideality
factors (n), and Normalized Root Mean Square Errors (NRMSE) determine by the fitting
are listed.

B.6 Spectral Specific Detectivity D∗(λ)

Figure B.10 plots the Specific Detectivity as a function of wavelength for both photode-
tectors used in this study, before and after NCs were deposited in the active areas.
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Figure B.10: Specific Detectivity (in Jones, i.e. cm
√
Hz

W
) is plotted as a function of incident

wavelength for devices A and B, with and without the addition of NCs. Maxmum detec-
tivity prior to adding NCs is ∼109 Jones for device A and ∼1010 Jones for device B.

B.7 Photodetector Drop-Casts

A range of photodetector parameters were tested in various combinations creating 4 sets
of photodetectors with the same geometries, L ∈ {400 µm, 500 µm}, S ∈ {3 µm, 10 µm},
and A ∈ {400 µm×440 µm, 500 µm×540 µm, 980 µm×540 µm}. Selected photodetectors
were used for characterizing the quality and variability of drop-cast NCs as seen in figures:
B.11, B.12, B.13, B.14, and B.15.

Figure B.11: Optical image of a photodetector taken at 5X magnification (a) before and
(b) after drop-casting of WO3−x NCs. The NC concentration and quality of the drop-cast
yielded an increased photoresponse compared to the bare photodetector.
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Figure B.12: Optical image of a photodetector taken at 5X magnification (a) before and
(b) after drop-casting CsyWO3−x NCs. The NC concentration and poor quality of the
drop-cast yielded a decreased photoresponse compared to the bare photodetector.
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Figure B.13: Scanning electron microscope (SEM) images of drop-cast NC films on the
active areas of MSM photodetectors. Images show the distribution of (a) CsyWO3−x NCs
and (b) WO3−x NCs. The solution concentrations were similar to those used in the main
study. Both samples were loaded into the SEM at the same time and imaged under identical
conditions (beam current, acceleration voltage, focus, and contrast settings).
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Figure B.14: The effect of successive drop-casts of CsyWO3−x NCs using a concentration
of 135g/L. (a) Responsivity as a function of wavelength for successive drop-casts. (b)
Relative percent difference in responsivity for successive drop-casts, measured at several
bias voltages. The median (data points) and standard deviation (bars) of the relative
percent difference are calculated over the full wavelength range shown in (a).
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Figure B.15: The effect of drop-cast concentration on the change in responsivity (RPD)
for CsyWO3−x NCs. Samples were diluted in hexane. The RPD is measured over the
full spectrum (900-1800 nm), and the median value is plotted (bars indicate the standard
deviation).
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