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Abstract

Within the study of frustrated magnetism, the pyrochlore lattice is deemed a fruit-
ful ground where phenomena such as quantum and thermal order-by-disorder, moment
fragmentation, and spin-liquids, both quantum and classical, might be realized. In this
thesis, we study a Heisenberg and Dzyaloshisnkii-Moriya nearest-neighbor Hamiltonian in
this lattice which presents all the above phenomena, providing a quantitative description
through the application of both analytical and numerical approaches. First, we obtain
a phase diagram where three long-range ordered phases (two antiferromagnetic and one
ferromagnetic), and two spin-liquid points, the well-known classical Coulomb phase and a
new spin-liquid, that we dub “order-by-disorder selected spin liquid”, are identified. We
then proceed to study the order-by-disorder selection in two of the long-range ordered
phases (an antiferromagnetic and a ferromagnetic phase) and show that the quantum
order-by-disorder selection mechanism in one of these phases is only produced at non-zero
temperature, i.e. without zero-temperature quantum order-by-disorder. Then, we study
the newly identified spin-liquid and the evolution of its correlation function as a function
of temperature. The correlation function of this spin-liquid presents pinch-lines, twofold
and fourfold pinch-points at high temperature, whereas at low temperature, these features
are replaced by a spin-ice pattern. This effect is a consequence of the order-by-disorder
selection of an extensive subset of ground-states (the spin-ice states) within the manifold.
Finally, we study the phenomenon of fragmentation, commonly referred to as the observa-
tion of both sharp pinch-points and Bragg peaks in the correlation functions of an ordered
phase. Specifically, we demonstrate how this effect is a consequence of a Helmholtz-Hodge
decomposition of the spin mode excitations in an ordered phase, and is therefore expected
to be observed especially for Hamiltonians whose interaction parameters are proximate to
a spin-liquid point.
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Chapter 1

Introduction

One of the most challenging and interesting concepts to study is collective phenomena. The
possibility that the collective behavior of individual constituents differ, and could even re-
alize some type of emergent behavior only observed at large scales has been exemplified in
different fields as biology, with the flocks of birds [5], economy, with the behavior of stock
markets [6] and, to the preference of the author of this thesis, in physics where multiple
examples could be provided. In condensed matter, systems presenting collective phenom-
ena are perhaps one of the most studied as these often exhibit exotic behavior resulting
from seemingly simple microscopic principles. In this context, the study of systems where
superconductivity, topological insulators, and spin-liquids have been observed or predicted
has captivated the physics community in the last decades. In this regard, the study of mag-
netic systems, where phenomena as symmetry breaking, highly-correlated disorder states,
and topological excitations have been observed, may represent an almost ideal platform to
study collective behavior.

Magnetism is one of the oldest physical phenomenon known to humanity where histor-
ical records indicate that the ancient Greeks and Chinese observed it in iron-rich magnetic
stones known as “lodestones”. In condensed matter, magnetism is one of the most funda-
mental phenomenon which often represents an ideal platform to first approach and study
collective behavior by studying the Ising model [7] on a square lattice where a symmetry-
breaking transition at a temperature 7 to a long-range ordered state is observed. Interest-
ingly, this same model on different lattices may lead to entirely different low-temperature
states as a consequence of geometrical frustration. In this chapter, we provide a brief
introduction to symmetry-breaking, the Landau theory used to describe it, geometrical
frustration, and the pyrochlore lattice.



1.1 Symmetry Breaking in the Ising Model

The Ising model in a square lattice is one of the simplest and most studied physical systems
in condensed matter. This model consists on discrete variables located at the vertices of a
lattice representing magnetic dipoles, which we call spins, that can take values of +1 repre-
senting two possible orientations “up” or “down”. For the nearest-neighbor ferromagnetic
Ising model, the spins interact with each other where being “align” with their nearest-
neighbor s is energetically preferred. The Hamiltonian, i.e. energy function, describing
such system is given by

H=J o;07, (1.1)

(i)

where ¢ and j denote the vertices of the lattice considered, o7 = £1 denote the spin variable
at site 4, (ij) denotes i and j nearest neighbors, and J < 0 for the ferromagnetic case. In
the Hamiltonian (1.1) each term can be minimized by “aligning” neighboring spins along
the same direction, i.e. ¢ = 1 or 0 = —1 for neighboring spins. At high temperatures,
i.e. T/|J| > 1, a system described by the Ising model is in a paramagnetic phase where
the spins take random orientations o = #1. In contrast, for a ferromagnetic J, at low
temperatures the spins tend to be aligned effectively minimizing the energy of the system.
This model therefore presents a symmetry breaking transition at a temperature T, ~ J
from a paramagnetic phase to a ferromagnetic phase.

The spin configuration which minimizes the energy associated with the Hamiltonian (1.1)
can be identified by performing a Fourier transformation of the spin variables into the re-
ciprocal space basis

z _L U'ZBiri'q
U@_\/WZ; e (1.2)

where 7; is the location of the spin i, NV is the number of spins in the system, and q are
the reciprocal space vectors. Applying the inverse of this transformation to the Hamilto-
nian (1.1) on a square lattice yields the diagonal reciprocal space Hamiltonian

Ho= Z(%;cowq-a)) (@)

q

= ) el (gl (1.3)

q

where d represents the nearest-neighbor translation vectors. For the square lattice we have
e(q) = J(cos(qure) 4 cos(gyre)) where r. is the nearest neighbor distance, see Fig. 1.1. The
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eigen mode 0%(q) which minimizes the energy function e(q) is expected to dominate the
low-temperature physics and therefore identify the corresponding low-temperature config-
uration. For the ferromagnetic case we therefore expect the g = 0 state which in real space
translates to having all spins up or down.
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Figure 1.1: £(q) of the Ising ferromagnetic model on a square lattice shown in a contour

plot (left) and a 3D plots (right) where we set J = 1.

The transition between the high-temperature disorder state and the low-temperature
ordered state at T, can be described by a Landau theory where an order parameter m can
be used to signal the transition from the disordered phase, where m = 0, to the ordered
phase where m acquires a finite value. This theory takes as its starting assumption that
the free energy F of the system is a smooth function of the order parameter m. Close
to the phase transition at T, we may approximate the free energy function by considering
symmetry-allowed powers of the order parameter m. For the ferromagnetic Ising model,
the order parameter m is the total magnetic moment, m = % >, 07, and the free energy
theory is constraint to be invariant under the flipping the signs of all spins. This constraint
results in the landau free energy theory

F = Fo+am®+bm*+0(m), (1.4)

where a and b are temperature dependent parameters and Fq is a constant that we may
set to zero. The values of a and b can be deducted by minimizing the free energy with
respect to m, this is

0F

o 2am + 4bm® = 0 = m(a + 2bm?) = 0 (1.5)
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Figure 1.2: Free energy F as. a function of m in Eq. (1.4) plotted for decreasing values of
a; corresponding to different temperatures T; where we have a4 < a3z < as < ay.

Above T, we have m = 0 and therefore a,b > 0. In contrast, below T,., m acquires a
finite value, m = y/—a/(2b), which can be solved by considering a = ag?== and b = b,
where ag and by are positive constants. Fig. 1.2 shows the free energy as a function of
the order parameter m for various values of a. In this figure, a; > 0 corresponds to a
temperature above T, (T} > Tj), as = 0 corresponds to T, (T, = T,.), and a3, as < 0 for
temperatures below T'c (T, > Ty > T,). This analysis therefore predicts the evolution of
the order parameter below T, to be

Qo (TC — T)

_ jalde =) 1.
mn 2y T (1.6)

Although an exact solution of the Ising model in a square lattice shows that m o (%) 1/8 8],
the Landau formalism is an excellent starting point when describing a disorder to order
transition. Moreover, we note that this formalism is exactly the same for an Ising ferro-
magnetic model in any other 2D lattice, as are the triangular, honeycomb, kagomé, lattices,
and lattices in 3D and higher dimensions.

An equivalent behavior would have been obtained for the antiferromagnetic Ising model
on a square lattice where the order parameter would now be the staggered magnetization,
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ie.m=3 . 40— ,.p0; where A and B represent a partition of the sites of the square
lattice such that every A site only has B site nearest-neighbors and vise-versa. For the
antiferromagnetic model on the square lattice, the energy ¢(q) = J(cos(g,7.)+cos(g,r.)) in
Eq. (1.3) would now be minimized at ¢ = |7/, 7/r.] which translates in a Néel state where
the spins in the A sites point up (down) while the spins in the B sites point down (up),
therefore minimizing the energy associated with every pairwise set of neighbors ofo7 =
—1'. A Landau free energy analysis for the antiferromagnetic Ising model on a square
lattice would then result in the same predictions as for the ferromagnetic model for the
evolution of the order parameter. However, and in contrast to the ferromagnetic case, this
description cannot be extended to all other 2D lattices [9] nor 3D lattices [10]. This is for
example the case of the kagomé and pyrochlore lattices where geometric frustration may
prevent the system from ordering at low temperatures, resulting in far more interesting
low-temperature configurations, and another expression of collective behavior. In fact,
an analysis of the energy bands £(q) for these lattices identifies an extensive number of
q points at which this function acquires its minimum value and therefore preventing the
system from adopting a single configuration describing the low-temperature state.

1.2 Geometric Frustration

In magnetism, geometric frustration refers to the conflicting interactions resulting from
the position of the interacting magnetic particles which prevents every pairwise interaction
to be minimized. For the nearest-neighbor Ising antiferromagnet, geometric frustration
in a lattice can be seen whenever the spins share a set of nearest neighbors®. Such sce-
nario is fulfilled for lattices constructed by frustrated units where all the spins are nearest
neighbors. The smallest and simplest example of a frustrated unit is a triangle with
which we can construct the triangular [9] and kagomé [11] lattices in 2D, and the face-
centered cubic (FCC) [12], pyrochlore [13], hyper-kagomé [14] and trillium [15] lattices in
3D. Since the Ising antiferromagnetic interaction is minimized by “anti-aligning” nearest-
neighbors, all the pairwise interaction in a frustrated unit cannot be minimized simulta-
neously which can result in extensively degenerate ground state manifolds and therefore
exotic low-temperature physics, see Fig. 1.33.

L Another way of thinking about this is to simply flip the £(q) function shown in Fig. 1.1 where now
the minimum is at g = [ /r., 7/7¢].

2This could be easily remembered by the phrase “My neighbor’s neighbor is my neighbor”.

3As a side note, this is somewhat similar to the Greek tragedy where an unstoppable force meets an
unmovable object. In other words, the system is faced with a decision of where to make the spin point in
a frustrated unit where both outcomes are equally good and bad at the same time.
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Figure 1.3: Two frustrated units: a triangle (left) and a tetrahedron (right). In both cases,
the spins are assumed to be Ising and are constrained to point “up” or “down”, where an
anti-aligned configuration is preferred for antiferromagnetic interactions. In the tetrahe-
dron the “up” direction refers to the spin pointing towards the center of the tetrahedron
and the “down” direction to the spin pointing away from the center of the tetrahedron. In
both cases, the blue question marks makes reference to the choice where adding an “up”
or “down” spin results in the same energy for the resulting configuration.

Although we have focused our discussion on the Ising model, geometric frustration is
not limited to such interactions or spins. In fact, magnetic systems with other spin degrees
of freedom and interactions in a geometrically frustrated lattice may also display exotic
collective behavior. Perhaps some of the most influential work pointing out how frustration
in magnetism could lead to exotic new behavior at low temperatures was authored by Phil
Anderson [16, 17]. In his work, Anderson highlighted how the combination of frustration
and low spin values could lead to a spin-liquid phase [18], a highly-disordered yet highly-
correlated state. The possibility of such state sparked an increasing interest in the study
of geometrically frustrated systems. The work presented in this thesis is focused in the
study of the pyrochlore lattice.

1.3 The Pyrochlore Lattice

The word pyrochlore comes from greek pyro- (mup) -chlore (xAwpo() meaning green fire as a
direct reference to the color the first occurrence of a material described by this lattice struc-
ture turned when ignited. The magnetic pyrochlore lattice is a network of corner-sharing
tetrahedra where the spin degrees of freedom are located at the corners of each tetrahedron,
see Fig. 1.4, whose symmetry group, and therefore the allowed lattice transformations, are
given by the F'd3m space group. In this corner-sharing network, the tetrahedra can be



labeled as “up” or “down” tetrahedra?, see Fig. 1.5. An alternative way of visualizing this
lattice is to consider face-centered cubic lattice with a sublattice structure of four sites
forming the up tetrahedra, where the 0" sublattices are located at every face-centered
cubic vector. For a more detailed presentation of the lattice positioning of the spins we
refer the reader to Appendix A.

Figure 1.4: Pyrochlore lattice illustrated from two different perspectives.

Figure 1.5: Pyrochlore lattice where the up tetrahedra are colored in red and the down
tetrahedra are colored in blue.

4This labeling therefore implies that each up tetrahedron share its corners with the adjacent down
tetrahedra



During the last few decades the pyrochlore lattice has received increasing attention
partly as a consequence of the many compounds that have been synthesized realizing this
structure [19-21], this includes the increasing number of pyrochlore oxides of the form
AyBy07 compounds [19, 20, 22, 23], where A is a 4f rare-earth magnetic ion, and the
AB,X, spinel compounds [19, 24], where B is a 3d — 5d magnetic ion. At low temperatures,
the electronic structure of the magnetic ions in these compounds is often found in a ground
state doublet which allows the description of the low-temperature physics by pseudo-spin
1/2 operators interacting via an effective Hamiltonian [23]. The competing interactions
on this lattice may result in exotic phenomena such as order-by-disorder selection [25],
the magnon Hall-effect [26], magnetic moment fragmentation [27], and the realization of
spin-liquids in both classical [28] and quantum [29] models. In fact, the pyrochlore lattice
is well known for hosting a classical spin-liquid dubbed spin-ice [13, 28] realized in the
compounds Ho, Ti5,07 [30] and Dy, Ti,O7 [31], and more recently a promising quantum spin-
liquid candidate in the magnetic compound CesZry07 [29]. The liquid-like correlations in
these compounds result in the observation of sharp anisotropic features in their correlation
functions, signaling the strong correlations observed in these phases. In this regard, the
search of such exotic phases has been greatly benefited by the study of unpolarized neutron
scattering (Eq. (1.7)) which provides a measurement of the spin-spin correlations x:; (q)
of a compound

S.(q) = Zz(m—qﬁ%) (@) (.7)

ay ab

Neutron Projector

@ = [ a a0 -a.0) (18)

—00

i@t = = S, (1.9

where pf, refers to the o component magnetic moment p;, at the FCC site ¢ and sublat-
tice a [32], and the neutron projector factor filters the perpendicular components of the
moments p°. Additional information from the study of neutron scattering, and therefore
the correlation function, can be obtained by considering the polarized neutron scattering
which decomposes the neutron scattering into the non-spin-flip (NSF) and the spin-flip

5This filtering is a simple consequence of the divergence-free condition in the magnetic fields V - B,
which in reciprocal space translates in q - B = 0, where B is a magnetic field and which for spin models
is produced by the magnetic moments at each point of the lattice.



(SF) channels

¥ @) = D) () xai (@), (1.10)

ab o,
S¥(q) = Si(q)—ST(q), (1.11)

where z; is the scattering vector along which the neutrons are initially polarized. We refer
the reader to Appendix B for more details regarding these functions and Appendix C for
details in the reciprocal space high-symmetry planes and paths used to study the neutron
structure factor in this work.

1.4 An Overview of the Thesis

In this thesis, we study symmetry-breaking, order-by-disorder, Fragmentation, and the
realization of a novel spin-liquid phase in the pyrochlore lattice. Although our results are
mainly focused on the Heisenberg and Dzyaloshinskii-Moriya model, the tools and analysis
presented in this thesis can be extended and used to study other magnetic Hamiltonian in
the pyrochlore lattice.

In Chapter 2, we present a brief overview of how the magnetic Hamiltonians in py-
rochlore lattice are obtained, discuss some of the allowed nearest-neighbor interactions
when considering Ising and Heisenberg spin degrees of freedom, and give a first introduc-
tion to the collective magnetic phenomena studied in this thesis. Chapter 3 is dedicated
to present the analytical and numerical techniques we have used and developed to per-
form our analysis. This chapter also provides examples of the application of some of these
approaches. In Chapters 4 and 5, we present a quantum and classical phase diagram for
the Heisenberg and Dzyaloshinskii-Moriya Hamiltonian and expose the order-by-disorder
selection present in some of the identified phases. In Chapter 6, we study an instance of the
Heisenberg and Dzyaloshinskii-Moriya model where a novel spin-liquid phase is identified
separated by a crossover at a temperature 7™ to a spin-ice spin-liquid phase. We argue that
an order-by-disorder mechanism might be responsible for the distinct spin-liquid phases
above and below T*. In Chapter 7, we study how a magnetically ordered phase in the vicin-
ity of a spin-liquid phase can present remnant correlations indicative of the proximity to
the spin-liquid. We mainly focus on ordered phases proximate to the Coulomb spin-liquid,
but expect that our results can be generalized to other spin-liquids. Lastly, in Chapter 8,
we provide a summary and conclusion of the work presented in this thesis.



Chapter 2

Ising and Heisenberg spins

In this chapter, an overview of the origin of the pseudo-spin degrees of freedom and the
magnetic Hamiltonians consisting of nearest-neighbor interactions between the pseudo-
spins in the pyrochlore lattice is presented. These Hamiltonians descent from the different
symmetry allowed interactions between the pseudo-spin at each site of the pyrochlore lattice
which can be related to a magnetic moment p; at site ¢

pi = —piB [gzzigf + gu (@57 + yigf)] , (2.1)

where {x;,y;, z;} define the local basis at site i w}th Z i§ oriented along the local [111]
direction, y; along the Cy axis', ®; = y; X z;, and {S¥, S?, S7} are the effective pseudo-spin
operators at site 7, see Fig. 2.1.

After motivating the use of the pseudo-spin degrees of freedom, we present the possi-
ble nearest-neighbor magnetic Hamiltonians in the pyrochlore lattice where the magnetic
moments are Ising or Heisenberg-like. First, systems with Ising spins are presented where
special attention is provided to the antiferromagnetic nearest-neighbor model whose ground
state is described by the so-called spin-ice states. Then, for Heisenberg spins, a general
overview of the allowed nearest-neighbor interactions, the ¢ = 0 ground state configura-
tions, and some of the possible exotic ground states are provided.

!This is (111) for the 0*" sublattice.
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Figure 2.1: Local {x;,y;, 2;} directions for the four sublattices in a single tetrahedron.
Here the blue, green, and red arrows correspond to the local x;,y;, and z; directions
respectively.

2.1 From Electrons to Pseudo-Spins

Since most of the magnetic compounds relevant for the analysis and discussion in this
thesis are composed of rare-earth elements, the brief overview of the pseudo-spin degrees
of freedom presented here is focused on the magnetic Hamiltonians relevant to these rare-
earth based magnets. In particular, the work presented in this thesis is mostly applied
to compounds of the form A;B5O7, where A is a trivalent magnetic rare-earth ion, B is a
non-magnetic transition metal, and O are oxygen atoms. In these compounds, the A and
B ions arrange in two interpenetrating pyrochlore lattices. For a more detailed discussion,
we refer the reader to [23, 33, 34].

The 4f electrons in a rare-earth ion can be considered to be well isolated from electrons
in other ions due to the the radial dependence of its wave function. This observation can
be translated into a hierarchy of energies where single-ion physics dominates over two-ion
exchange. In other words, single-ion physics must first be considered towards the derivation
of an effective model. For a single rare-earth ion, the 4f electrons are subject to Coulomb
interactions, spin-orbit coupling, and a crystal field produced by the environment of the
ion, where the first two interactions dominate over the crystal field. The many-body ground
state can be found by first minimizing the Coulomb and spin-orbit coupling interactions
by applying Hund’s rules [33] resulting on a set of many-body states with a definite total

11



angular momentum J? and a degeneracy of (2J+1) for the ground state, i.e. |J,ms). Next,
the application of the crystal field splits the (2J 4 1) many-body states. In particular, we
are interested in systems where the crystal field ground state is describe by a doublet we
label |£), which is a linear combination of total angular momentum states |.J,m;). In fact,
the realization of this ground state doublet represents a key ingredient in the derivation
of an effective pseudo-spin model: the effective model is obtained by projecting the full
Hamiltonian into its ground state doublet subspace [23]. A ground state doublet can be
realized in two ways depending on the number of 4f electrons in the ion®. For ions with an
odd number of electrons, and hence a half-integer total angular momentum J, Kramers’
theorem [35] implies that all the resulting crystal field states are doubly degenerate! which
in turn yields a doublet as the ground state. On the other hand, for ions with an even
number of electrons the two-fold degeneracy in the ground state must be imposed by the
crystal symmetry.

The gap produced between the crystal field ground state and the first excited state is
considerably higher than the energy of the two-ion interactions [36-38]°. Consequently, at
temperatures well below the gap energy, we can restrict the analysis to the ground state,
assuming that the crystal field excited states are unpopulated, and then consider the effect
of the two-ion exchange. This procedure yields an effective low-temperature Hilbert space
in each ion consisting of only two states (the double |£)), which can be effectively described
in terms of a pseudo-spin 1/2 system using the operators

~

S = S (HNH = 1=X=D, ST =KX=, S =[-X+. (2.2)

N | —

Note that the resulting pseudo-spin operators are not required to transform as an
angular momentum operator, as one would naively expect for a simple spin 1/2 system [39].
This disparity stems from the definition of the pseudo-spin operators in Eq. (2.2), where the
raising and lowering operators connecting the two ground states |+) may be composed by
more than one angular momentum operator J*. This seemingly simple difference results

2 As the spin-orbit coupling dominates over the crystal field interactions, the total angular momentum
J is a good quantum number. Note that this is not the case when dealing with magnetic ions where the
valence electrons are located in other orbitals, for example the d electrons.

3Note that this sole observation classifies the rare-earth elements according to the number of unpaired
electrons in the 4f orbital

4Kramers’ theorem relates the two distinct states by unitary transformation which relies on the total
angular momentum J. If the angular momentum is a half-integer the two states are guaranteed to be
different.

5This is usually around 10 — 100K ~ 1 — 10meV, whereas the as two-ion interactions are around
0.01 — 0.5meV
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in entirely different magnetic behavior where the pseudo-spin operators may transform
as magnetic dipoles, quadrupoles, or octupoles [23], where the magnetic moment p; in
Eq. (2.1) is only carried by those components which transform as dipoles. The pseudo-
spin operators can then be assembled to find the symmetry-allowed bilinear exchange
interactions. Depending on how these operators transform, we can broadly identify three
distinct types of allowed Hamiltonians which can be sub-classified as Kramers or non-
Kramers. More specifically, these three cases are usually referred to as the effective spin-1/2
(Kramers), non-Kramers, and dipolar-octupolar Hamiltonians (Kramers).

The effective spin-1/2 (Kramers) Hamiltonian has all pseudo-spin operators transform-
ing as magnetic dipoles yielding

H=>" [Jzzé*féj — I (Sjﬁ; + S Aj) + s (vijéjﬁj + h.c.>
(i)

v oJa (gjﬁf( 5F 4 57) +h.c.)], (2.3)
where h.c. stands for hermitian conjugate, and v;; = —(; is a bond-dependent phase
factor [23], and {J.., Jx, J1y, J.+} label the possible coupling interactions between the
pseudo-spin operators®. For this effective spin-1/2 system, the magnetic moment p; in
Eq. (2.1) is not constrained to have a non-zero value of g..” and therefore can realize strong
Ising (g, > g+), strong XY (g+ > g.), and Heisenberg (g, = g+ # 0) magnetic moments.
This model is of special relevance for the results presented in this thesis and is further
discussed in the rest of the chapter.

The non-Krammers Hamiltonian has the S~ operator transforming as a magnetic dipole
whereas the S* operators transform as a quadrupole. The essential difference between these
two operators is that the quadrupole degrees of freedom are time-reversal even whereas
the dipolar degrees of freedom are time-reversal odd. This difference forbids a mixing term
between these degrees of freedom yielding the non-Kramers Hamiltonian

H= 3 [ 1825 = I (8185 + 5788 ) + Juw (3575 +0e)] . 29)

(i)
Note that when comparing the effective spin 1/2 Hamiltonian in Eq. (2.3) with the non-
Kramers Hamiltonian Eq. (2.4), the only apparent difference is that the latter® does not

SNote that since the construction of the pseudo-spin operators is mostly based on symmetry, these
operators are defined in the local sublattice basis as this is the basis.

7All of its components transform as dipoles and hence each one of these contributes to the magnetic
moment.

8This ignores the fact that the pseudo-spins are dipolar in Eq. (2.3) and octupolar in Eq. (2.4).
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have a coupling .J.4. This difference is of crucial importance and will be discussed again
in the next subsection and in Chapter 6.

The other possible magnetic Hamiltonian is known as the dipolar-octupolar (Kramers)
Hamiltonian where the Sx Sz operators transform as a dipole whereas the Sy operator
transforms as an octupoleg. Altogether, the effective Hamiltonian for this system yields

H= 3 | JeaSE57 + Ty SYSY + T 5285 + T (8287 + 8257) +| (2.5)

(i5)
where J,, = 2(Jex—J1), Jyy = 2(Jox+J3), and J,, = 2,410 [23]. Note the application of
a rotation around the local y axis, which effectively mixes the x and z components, results
in an effective Hamiltonian which does not have a J,. coupling. Although the effective

Hamiltonian, now described by an XY Z model, is simpler, one has to account that now
both the x and z components carry a dipolar moment.

Having provided a brief overview of some of the magnetic Hamiltonians that may
be realized on the pyrochlore lattice, in the next sections, we consider the classical spin
Hamiltonians and present some of the possible Ising and Heisenberg Hamiltonians and
some of the different low-temperature phases that these realize.

2.2 Ising Spins

As stated in Chapter 1, the simplest spin Hamiltonian on the pyrochlore lattice is the
nearest-neighbors Ising model

H= JZUf = Z (ZO‘ ) + constant, (2.6)

(i5) 1€X

where X refers to a single tetrahedron in the lattice, and the Ising spins are constrained
to point either into (6% = +1 for up tetrahedron) or away (¢* = —1 for up tetrahedron) of

9Note that the S* operator is a mix of both dipole and octupole degrees of freedom, this mixed
combination presented in the x operator allows coupling with the z degree of freedom but not with the
y [40].

10Note that if we had chosen to write the Hamiltonian in terms of the {J.., Jx, Jx+, J,+ } interactions
the bond-dependent phase factors would not be present as a consequence of how the octupolar degrees of
freedom transform.
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the center of the tetrahedron!!. This model is realized for the exchange coupling constants
{Jony I, Jx, J.x} = {J,0,0,0}. For the ferromagnetic case where J < 0, the energy is
minimized by maximizing the magnitude of the Ising moment for every tetrahedron. This
condition is accomplished by making every spin to point in or out of every up tetrahedron,
this amounts to having all spins pointing along (or against) their local z direction as shown
in Fig. 2.1. In other words,

> o7 =4, (2.7)

1€eX
Fulfilling this condition leads to a long-range ordered configuration known as the all-in-
all-out state. This long-range ordered state will be further discussed when introducing
the Heisenberg models and the possible long-range ordered configurations. On the other
hand, for the antiferromagnetic Ising model where J > 0, minimizing the Hamiltonian (2.6)
requires the net moment in each tetrahedron to vanish, i.e.

> i =0. (2.8)

For a single tetrahedron, out of the 2* = 16 states, this constraint is fulfilled by 6 config-
urations, the two-in-two-out states, where two spins point into and two spins point away
from the center of a tetrahedron. The sole fulfillment of this constraint, in addition to the
fact that different two-in-two-out configurations share some of the spin orientations'?, leads
to an extensively degenerate ground state manifold, i.e. a ground state manifold where
the number of states increases exponentially as a function of the system size. The states
in this manifold are referred to as the spin-ice states where the inspiration for this name
originates from the way water freezes into ice: a similar two-in-two-out constraint is found
in water ice where the molecules freeze into a configuration where the oxygen atoms are
located on diamond lattice sites'® while the hydrogen atoms are constrained to lie between
the oxygen atoms. The oxygen atoms in this configuration, therefore, have two hydrogen
atoms which are closer and two which are further'#. The equivalence between the spin-ice
configurations and water ice is obtained by associating the spin orientation pointing into
(away from) a tetrahedron center to a hydrogen atom being close to (further from) the
oxygen at the center of the tetrahedron, see Fig. 2.2.

' This is along their local z direction

12This condition is crucial as it allows for the construction of different states by tilling the lattice with
the different 6 two-in-two-out configurations.

13The diamond lattice is the parent line graph of the pyrochlore lattice where the diamond lattice sites
can be associated to the centers of the tetrahedra in the pyrochlore lattice.

14This is simply a consequence of building the crystal structure with water molecules.
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Figure 2.2: Two-in-two-out state in the Ising spins system on the left and in crystallized
water on the right where the red sphere represents an oxygen atom and the blue spheres
represent hydrogen atoms.

The entropy for water ice, and other crystal structures with randomness in their atomic
arrangement, was studied by Linus Pauling [41]. To elucidate this extensive degeneracy
for the spin system, and following Pauling’s arguments for water ice, we can consider the
fraction of states that fulfill the constraint in Eq. (2.8) in a single tetrahedron, times the
number of possible states in the system. In other words,

6\ N2 3\ N/2
Y oV — [ Z 2.
()" (9)"

where N is the number of spins in the system, and N/2 is the number of tetrahedra. The
entropy associated with this ground state manifold is therefore

N
S=kglnWy = QkB In @) , (2.10)

which is referred to as the Pauling entropy. The extensive degeneracy of the ground
state manifold prevents the system from undergoing a transition to a symmetry-broken
state, therefore remaining paramagnetic all the way down to 7' = 0, realizing a classical
spin-liquid phase. The spins in this paramagnetic state are strongly correlated as these
are constrained by Eq. (2.8) which, at low temperatures, lead to algebraic correlations
between the spins. Moreover, this system realizes an emergent magnetic theory described
by magnetic charges @) and magnetic fluxes B [13, 28, 42, 43]. At low temperatures,
the magnetic charges are suppressed and the fluxes fulfill the condition V - B = 0, i.e.
the fluxes become divergent-free or irrotational. The emergence theory of fluxes and the
resulting the algebraic correlation between these inspired the name of this paramagnetic
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spin-liquid phase as a Coulomb phase. Below, a brief description of how this emergent
theory is obtained is provided and then a real space description of the spin configurations
composing this phase is provided.

2.2.1 Emergent magnetic charges and fluxes

The emergence of magnetic fluxes and charges was first formally demonstrated by Conlon
and Chalker [13, 42] where the spin degrees of freedom are mapped onto magnetic charge
and fluxes. Then, by producing a long-wavelength expansion at low temperatures, an
emergent Gauss’ law on the fluxes exposes the divergence-free constraint which results in
the algebraic correlations between the spins.

Before making the above statements more precise, some general remarks on the Hamil-
tonian (2.6) are provided. This Hamiltonian can be rewritten in the following way

J
H=1J) oio; =3 0i Ay, (2.11)
(i) ij

where A;; is the pyrochlore lattice nearest-neighbor adjacency matrix, where its matrix
elements are 1, i.e. A;; = 1, if the i and j sites are nearest neighbors, and 0 otherwise. In
reciprocal space, this matrix consists of a block-diagonal form composed of 4 x 4 blocks
labeled by the sublattice indices a and b

1 CoS (qzquy) COS ((Izl’q,z) COS (quQZ)
B cos (qzzqy) 1 cos (qy;qz cos (ngqz)
A Z s (1) cosge) 1 con(e) |

—_

cos (#5%) cos (#5%) - cos (B7%)

where we have assumed the cubit unit cell size a = 1 for simplicity, see Appendix A. The
diagonalization of the adjacency matrix in reciprocal space reveals two degenerate low-
energy flat bands, reflecting the extensive degeneracy of the ground state configurations,
and two dispersive bands. The eigenvalues {e(q)} of the adjacency matrix, illustrated in
Fig. 2.3, are

€o,1 = 07
1
23 = 5 (4 + \/5\/2  CoyF Comy+ Con+ Coms+Coy + cz,,y> , (2.13)

where for short-hand notation we have used c,, = cos (@). Although only the two

lowest energy bands are completely degenerate, there is a degeneracy between the two
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lowest bands and the third band at g = 0. Close to this point the first dispersive band
disperses as g? whereas the second dispersive band disperses as 4 — 1—16q2.

(hh?) (hk0)

2.0 2.0
w 10 w 10
0.5 0.5
0.0 0.0 / \
-0.5 -0.5

(000) (222) (220) (110) (111) (000) (010) (020) (120) (%%0) (000)

Figure 2.3: Energy bands of the adjacency matrix (2.12) shown along high-symmetry paths
in the (hh()] (a), and in the (hk0) (b) planes, and in 3D in (hh?)] (c), and in the (hk0) (d)
planes. We refer the reader to Appendix C for a description of the symmetry paths used.

The physical interpretation of these energy bands can be exposed by mapping the
Hamiltonian (2.6) from spins to charges and fluxes through the transformation

Q 11 1 1 of
B, | 11t -1 -1 1 0%
B,| 2|1 -1 1  —1||eoz]|’ (2.14)
B. 1 1 -1 -1) \oz
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or equivalently

Q=52 % (2.15)
3
B = g 5007, (2.16)

where Z, is the local z direction of sublattice a, see Appendix A. A direct comparison
between the above equations and Eq. (2.8) translates into the suppression of magnetic
charges at low temperatures since the Hamiltonian (2.6) transforms to

H = JZafaj = QJZ (Qg)” + constant, (2.17)
(i) ®

therefore clarifying that at low temperatures the system fulfills the condition Qg = 0 for
all tetrahedra. To obtain the low-temperature theory of this model, we can first consider
the long-wavelength expansion of the adjacency matrix (2.12) yielding

0 () () (2’

y B (qquy)Q 0 (22%)” (e2%) A
ap(@) = 2045 — (qurqz)z (qy_qz)z 0 (qm_qy)z +0(q"), (2.18)
(qyin)Q (qzizz)2 (qx—Qy)Q 40
4 4 4
where 04 is a Dirac delta. Next, introducing the transformation in Eq. (2.14) to the
Hamiltonian (2.6), yields the effective low-temperature Hamiltonian

H=2J> lg-Blq)+0(q", (2.19)

where the magnetic charge terms have been suppressed!®. Minimizing the effective low-
temperature Hamiltonian (2.19) requires the fluxes to become transverse to g, i.e. q -
B(q) = 0. In real space, the expression q - B(q) = 0 translates into the divergence-
free constraint V - B = 0, therefore, elucidating the origin of the rotational nature of
the fluxes B. The configurations fulfilling this constraint are those described by the two
degenerate low energy flat bands, illustrated in Fig. 2.3'%. In these states, the spin-spin

15Tn practice, instead of suppressing the magnetic charges these can be integrated out which results in
a redefinition of the fluxes without changing the overall result.

16To obtain a real space picture we can use the definition of the divergence operator in a lattice which
corresponds to the sum of the bonds degrees of freedom connecting to a site. Therefore, for a flux defined
on a diamond lattice site, the divergence corresponds to the sum of the spin in the tetrahedron assigned
to that site.
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correlation, (o70%), are dipolar'” [44-46] which in reciprocal space translate into highly
anisotropic features known as pinch points, these features are shown in Fig. 2.4 for the
neutron structure factor S, (q), see Appendix B.

(00£)
o
"y

3210 1 2 3 4

(hh0)

(a) (b)

Figure 2.4: Neutron structure factor in the spin-ice phase observed in the (hh{) (a) and
(hk0) (b) scattering planes.

Upon increasing temperature, the constraint (2.8) may be violated which translates
into a thermal population of the upper bands of the adjacency matrix, and thus realizing
higher energy spin configurations. These configurations might be states which violate the
divergence-free constraint, i.e. q - B(q) # 0, and also states where the magnetic charges
have not been suppressed, i.e. ) # 0. In fact, breaking the divergent-free constraint
results in an energy cost proportional to g%, see Eq.(2.19), given by the first excited band
whereas the inclusion of charges results in a constant shift (plus a decreasing energy cost
—1=¢*) given by the second excited band, see Eq. (2.17)'®. The inclusion of these higher
energy configuration results into an increasing pinch point width!® which will be discussed
in further detail in Sec. 3.1. Following this identification, spin configurations fulfilling
the constraint (2.8) are referred to as rotational configurations, while those violating this
condition as irrotational configurations. In the following section, a real-space description
of these configurations is provided.

"This comes from the fact that the divergence free constraint results in dipolar correlations between
the fluxes which is then inherited by the spin variables [3, 44].

8Note that for a single tetrahedron a charge can acquire the values of 0, +2 and +4.

19Click on the corresponding scattering plane, (//./)] or (hk0), for an animation on how the pinch point
width changes as the temperature is lowered.
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2.2.2 Real Space Ising Spins Configurations

To construct a spin-ice configuration in the pyrochlore lattice one has to follow the ice
rules [13, 28, 47] where every tetrahedron must be in a two-in-two-out configuration. Al-
though there are many configurations which can be constructed by the implementation
of these rules, a common trait can be found between these states: these configurations
are described by oriented closed loops of spins [48, 49] on the pyrochlore lattice where the
segments of a loop are composed by two spins, one going in and one going out of a tetrahe-
dron, see Fig. 2.5 for an example on the smallest possible loop?’. In a system with periodic
boundary conditions, the closed loops can wrap around the system?! effectively generating
topological sectors defined by the number of times a loop wraps around the system. Each
topological sector can be characterized by the total flux B a spin configuration in the
lattice has.

Figure 2.5: Smallest closed loop form by Ising spins. The remaining spins are not shown
as each can adopt two possible configurations fulfilling the ice rules.

Higher energy configurations can be constructed starting from spin-ice configurations by
performing single spin-flips, and therefore breaking the ice rule, see Fig. 2.6. Interestingly,
a single spin-flip generates two magnetic charges, one () = 1 and one () = —1 charge

2OTnterestingly, it has been shown that the probability of two spins to be on the same loop plateaus to
a constant value [50]
21Tn other words crossing a periodic boundary an odd number of times before closing the loop.
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in the adjacent tetrahedra which share the flipped spin, see Fig. 2.6 (b), see Eq. (2.15).
The generation of these two magnetic excitations by a single spin-flip is referred to as
fractionalization [51]. For the nearest-neighbor antiferromagnetic model, the two generated
charges can move freely in the lattice with no extra energy cost and are only destroyed
when meeting on the same tetrahedron. These charges define the end-points of a string of
spins, such strings have been dubbed Dirac strings and have been broadly studied in this
system [52, 53].

Figure 2.6: (a) Spin-ice configuration in two adjacent tetrahedra. (b) Excited configuration
where the cyan spin has been flipped creating a Q = —2 (blue) and a @@ = 2 (red) magnetic
charges in the tetrahedra sharing the spin.

2.2.3 Spin-ice in systems beyond the nearest-neighbor model

Other allowed Ising spin interactions in the pyrochlore lattice include the further-nearest-
neighbor interactions and dipolar interactions. The inclusion of these further neighbor
interactions may still stabilize a spin-ice phase. For example, consider the inclusion of
second nearest-neighbor (.J;), and third-a nearest-neighbors (.Js,) interactions, the so-called
extended spin-ice model where phases such as spin slush [54] as well as spin-ice can be
observed

Hes = JZJij + Jo Z 0705 + J3a Z oio%, (2.20)

(ig) (ij)2 (ij)3a
where (ij)s and (ij)s, denote pairs of second and third-a nearest neighbors. In this model,
for the case J' = Jy = J3, the spin-ice phase is realized for —1/2 < J'/J < 1/4. In this
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case, the observation of the spin-ice manifold is directly related to the interaction matrix
of the Hamiltonian which, for the case J; = J3, can be taken to be a polynomial of the
adjacency matrix A [3, 55]. Consequently, the eigenvectors of A remain eigenvectors of
the full interaction matrix. In particular, for the case —1/2 < J'/J < 1/4, the low-energy
eigenvectors of extended spin-ice are the same as those for the regular nearest-neighbor
model, preserving the same ground state manifold and therefore realizing a low-temperature
spin-ice phase.

When including dipolar interactions, the Ising Hamiltonian takes the form

D zi zj—3(zi-1rij)(rij - 25) L .
Hap =) oioj+5 ) = (r(”/r ;§< ! J)aiaj, (2.21)
(i) i 17/ ' nn

where z; is the local [111] direction of site 4, r;; is the separation vectors between site ¢
and site j, and r,, is the nearest-neighbor distance. Interestingly, for (J 4+ 5D)/3 > 0
this model stabilizes a finite temperature spin-ice phase®? before collapsing into an ordered
phase at low temperatures [48]. It is worth noting that the pyrochlore compounds Ho, TisO7
and Dy,TiyO; are accurately described by this model where both compounds fulfill the
condition (J + 5D)/3 > 0% therefore realizing a spin-ice phase [47]. In fact, it has been
shown that pinch point features, as those shown in Fig. 2.4, are observed in the neutron
structure factor for HopTi507 [30, 32]. Naturally, one may wonder what other interactions
can be included which preserve, or mildly modify, the realization of a low-temperature
spin-ice phase. In particular, this may include the introduction of off-diagonal interaction
terms, this is {J,., Jx, Jox, J.+ } # {J,0,0,0}, which are of especially relevant in terms of
material realization. The inclusion of these off-diagonal couplings has been studied from
both a quantum and classical perspective.

From a quantum perspective, the inclusion of a small Ji to the Hamiltonian (2.6)
was considered by Ref. [56] resulting in the realization of a U(1) spin-liquid with gapless
“photon”?* excitations. The inclusion of additional couplings has been extensively studied
using a gauge mean-field theory [57, 58] and projective symmetry group approaches [59]
resulting in the prediction of other spin-liquid phases and quadrupolar magnetic orders.

22This approximation is obtained by simply separating Hamiltonian (2.21) into the nearest-neighbors
Hamiltonian and a Hamiltonian containing all the longer-range interactions. This procedure yields the
nearest-neighbor interaction parameter (J + 5D)/3 and consequently it is expected that the condition
(J +5D)/3 > 0 realizes a spin-ice phase. A more accurate condition was found by classical Monte Carlo
resulting in (J + 4.53D)/3 [47].

23 As well as the stronger condition given by classical Monte Carlo [47].

24This is an excitation that disperses o g.
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Going beyond these analytical approximations often requires the application of numer-
ical techniques such as quantum Monte Carlo [60], High-Temperature Series Expansion
[61, 62], numerical linked-cluster analysis expansion [63, 64], pseudo-fermion functional
renormalization group [65-67] and pseudo-majorana functional renormalization group [68],
and recently the application of tensorial network approaches such as density-matrix renor-
malization group (DMRG) [69]. All of the above techniques however have, however, their
own limitations depending on system size, the temperature range where these can be ap-
plied, or even thermodynamic quantities that can be studied such as high order in the
spin correlation functions. Alternatively, the inclusion of these interactions can be stud-
ied from a classical perspective to complement, or even guide, the quantum treatment.
In the next section, we present a general overview of the classical treatment for the case

{Jzza Ji: Jii, Jzi} 7& {J, O, 0, 0}.

2.3 Three-component Spins

Although when studying Heisenberg systems we can start by considering the effective
spin 1/2 Hamiltonian in Eq. (2.3) with the interaction parameters in the local basis
{J.z, Jx, Jxx, J.+}, here we use a different set of interactions parameters in the global
basis?® {J, jis, Jpa, Jpom} which directly refer to the physical origin of the exchange inter-
actions between the spins [70, 71|, we refer to this basis as the global physical interaction
basis. For the details on how these interaction parameters are related to each other we
refer the reader to Appendix E. Note however, that using the basis {J,., Js, Jis, Jo4 }
clearly identifies if the Hamiltonian studied is the effective spin-1/2 or the non-Kramers
Hamiltonian by simply considering the case when J,+ = 0. For the basis global basis, the
distinction between the two Hamiltonians can be clarified by mapping the global couplings
{J, Jisi, Jpa, Jpm } onto the local couplings {J.., Jx, Jex, Jo4}.

25Tn other words where the spin components are defined along the global cartesian directions.
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In terms of the global basis interaction parameters, the effective spin Hamiltonian is

H = Hueis + Hising + Hra + Hpm (2.22)
Hueis = JZ S; - S (2.23)
(i)

Hlsing = Jlsi Z (Sz . Zi) (S] . Zj) (224)
(i5)

de = de Z (SZ' . 'rij) (’I"Z'j . Sj) (2.25)
(i5)

%DM = JDM ZD” . (Sz X SJ) (226)

(i)

where z; is the local z direction of site ¢, ;; are the normalized nearest-neighbor separation
vectors between sites ¢ and j, and D;; are the allowed Dzyaloshinskii-Moriya (DM) vectors
[72, 73] whose description and derivation are provided further in Chapter 4. The above
bilinear spin interaction terms are known as the Heisenberg (2.23), Ising (2.24)%, pseudo-
dipolar (2.25)?7, and Dzyaloshinskii-Moriya (DM) (2.26). Note that for S > 1/2, another
symmetry-allowed interaction is the single-ion anisotropy

Hoa = dY (Si-z), (2.27)

which favors (disfavors) the orientation of the spins along their local z direction for d < 0
(d > 0)*. This term is of special relevance in Chapter 7, where it will be discussed in
further detail.

Starting from the Hamiltonian (2.22) with the addition of the single-ion anisotropy in
Eq. (2.27), we can now study the possible low-temperature phases realized in pyrochlore
systems, these being magnetically ordered or disordered phases.

26Here we use this name to refer to the interaction between the local z degrees of freedom of the spins.

2"Note that this term originates from considering dipolar interactions, see Eq. (2.21), up to first nearest-
neighbors.

28for S = 1/2 this term is just a constant shift in the energy.
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2.3.1 Magnetically Ordered Phases in the nearest-neighbor Hamil-
tonian

As a consequence of the corner-sharing structure of the pyrochlore lattice, the nearest-
neighbor Hamiltonian (2.22) can be expressed as

H=> Hx (2.28)

where X denotes single tetrahedron, and the sum includes both up and down tetrahedra.
Yan et al. [74] showed that for this model the possible (classical) long-range ordered
(LRO) phases can be found by identifying a spin configuration which minimizes the energy
in a single up (or down)?® tetrahedron®’. The minimum energy spin configuration it then
replicated for all up (or down) tetrahedra in the lattice. The possible resulting states,
labeled as ¢ = 0 orders, are the all-in-all-out (AIAO) [75], the coplanar antiferromagnet [73,
76], the colinear ferromagnet [77-81], the Palmer-Chalker (PC) [82-85], the 1y [61, 86—
88], and the 15 states [89, 90], shown in Fig. 2.7. Before continuing it is important to
mention that, depending on the couplings {J, jisi, Jrd, Jom}, and specially when ji; #
0 and Jpgq # 0, the minimum energy configuration may be described by a combination of
the colinear ferromagnet and coplanar antiferromagnet states resulting on a two possible
canted ferromagnetic states [70, 70, 91-95], see Fig. 2.8 for a possible combination of the
colinear and coplanar states which we label the Ice and ferromagnetic xy states for reasons
which will become clear in chapter 3. The properties of these ¢ = 0 ground states, and
the precise combination between the colinear ferromagnet and coplanar antiferromagnet
states are derived by studying the transformations under which a single tetrahedron is
invariant, i.e. the transformation of the tetrahedral group 7,;. We delay this analysis to
Chapter 3 where the precise spin configurations, the energy as a function of the interaction
parameters {.J, jisi, Jpd, Jpm } associated to each g = 0 state, and further symmetry analysis
of T,; group is presented.

The identification of a LRO phase through this relatively simple, yet powerful, min-
imum energy configuration in a single tetrahedron has shown to be remarkably accurate
when predicting the low-temperature ground state configurations for a plethora of com-
pounds described by the Hamiltonian (2.22) [70, 77, 82, 87, 89]. Perhaps more interesting
is the case when the energy analysis of the g = 0 states identifies a degeneracy between

29Tn other words minimizing Hg.
30The choice of considering the up or down tetrahedra does not change the end result as these two are
related by a Cy symmetry which is demonstrated by Ref. [74].
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Figure 2.7: g = 0 orders in a single up tetrahedron where the red arrows depict the spin
and the global &, y, and z are shown in red, green and blue, respectively.

Ice xy

Figure 2.8: Canted ferromagnetic ¢ = 0 configurations resulting from a specific combina-
tion of the coplanar antiferromagnetic and the colinear ferromagnetic states.
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two or more configuration. This degeneracy can be understood as a competition of dif-
ferent orders which may lead to two possible outcomes: either temperature or quantum
fluctuations select one of the energy-degenerate states leading to a low-temperature LRO
phase, a phenomenon dubbed Order-by-Disorder [25], or the competition is so strong that
the system completely avoids LRO and instead realizes a magnetically disordered phase
down to T" = 0, i.e. a spin-liquid phase. These two cases are discussed in the following
sections.

2.3.2 Order-by-Disorder

The term order-by-disorder (ObD) was coined by Villain et al. [25] when studying the
“domino model”: an Ising model on a rectangular lattice where two types of ions are
considered and the interactions between these are type-dependent. In his work, Villain
showed that this model exhibits LRO at low temperatures but not at 7' = 0. Interestingly,
Villain demonstrated that the addition of quenched random impurities®! could restore LRO
thus demonstrating the first realization of an unexpected effect where the introduction of
disorder may lead to an ordered configuration.

In magnetism, ObD is usually observed in systems where different energy degenerate
spin configurations are not related by a global symmetry. Using these states, we may
identify an equal energy manifold formed by spin configurations resulting from a normalized
linear combination of the energy-degenerate states. The states in this manifold are related
by an accidental symmetry? parametrizing the equal energy manifold [96]. Crucially,
this transformation does not leave the Hamiltonian invariant and therefore is referred to
as an accidental symmetry. In practice, ObD is usually understood as the quantum or
thermal selection of a set of configurations from the energy-degenerate manifold where
the selected states present lower energy fluctuations at 7' = 0 thus minimizing the total
internal energy in the quantum case, or higher entropic fluctuations at finite temperatures
thus minimizing the free energy, FF = E' — T'S. The exact quantitative argument behind
this selection mechanism for both the 7" = 0 and the T" > 0 case is presented in Chapter 3.

A simple example of the accidental degeneracy and the ObD selection is provided by
the compass model in a square lattice [97, 98] where the Hamiltonian is given by

H= 3 (JaSESE e+ 1y SUSYen) (2.29)

31This is by selecting a set of sites in the lattice and making this non-interacting and thus non-magnetic.
32This term is usually used to refer to a transformation with which the states in the equal energy
manifold can be obtained.
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where 7 is the lattice site position and e® is the displacement vectors along the a direction.
For the case J, = J, = J < 0 the ground state is a ferromagnet where all spins point
along the same in-plane direction, therefore having a U(1) symmetry® on the ground state
manifold related to the total magnetization orientation of the state. However, this U(1)
symmetry is accidental as it is not a symmetry of the Hamiltonian. In fact, a careful study
of the spin configurations would show that the states where all the spins are oriented along
the Cartesian @ or y directions possess lower quantum energy fluctuations resulting in
lower total energy and therefore the selection of these states.

The accidental symmetry manifold and the dependence of the fluctuations about a given
spin configuration can be understood by the cartoon shown in Fig. 2.9(a) and (b). In this
figure, the Cartesian axis would represent some parameters in configuration space where
every point represents a different spin configuration. The color in these figures represents
the energy associated with the corresponding configurations, where the white dashed line
marks the lowest energy in the configuration space landscape. Clearly, Fig. 2.9(a) has an
exact U(1) symmetry and therefore all points along the white dashed line are equivalent as
well as the energy fluctuations around these. In other words, the energy fluctuations along
both, the radial (perpendicular to the dashed line) and angular direction (along the dashed
line), are equivalent for all configurations in the dashed line. It is however clear that the
energy landscape in Fig. 2.9(b) does not present a U(1) degeneracy although it appears to
if we only focus on the white dashed line®**, but rather a C,*® degeneracy. In fact, the radial
energy fluctuations for the states in the white dashed line are “softer” at points along the
axis, i.e. at angles nm/2 with n being an integer. Fig. 2.9(b) can be therefore understood
as a cartoon picture of the energy landscape of what would be observed for the compass
model.

Quantitatively, the energy for the fully polarized states for the compass model as a
function of the rotation angle 6 is given by [97]

1
_ 2 x 02
Egs = —JS°N + 3 gq 4JS\/1 — cos? f cos(q - e®) — sin” O cos(q - €Y), (2.30)

where S is the spin length and N is the number of sites in the square lattice. The en-
ergy (2.30) is composed of two terms: the first is the classical ground state energy of a
polarized configuration, and the second term is associated with the quantum corrections
provided by the excitations about the state®®. The equivalence of the first term for all

33 A simple rotational symmetry around the z direction.

34This apparent degeneracy is what we refer to as the accidental degeneracy.

35this is a rotation by 7/2 about the z axis

36This second term is the zero-point energy correction and is further discussed in Section 3.3.
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Figure 2.9: Cartoon picture for the (a) energy landscape of an exact U(1) degenerate
manifold. (b) Energy landscape of an accidental U(1) degenerate manifold. In both figures,
the color represents the energy and the minimum energy is marked by the dashed white.

orientations®” clearly demonstrates the accidental symmetry observed in the system. On
the other hand, the excitations about the selected configuration present an anisotropy with
a Cy symmetry. The energy (2.30) is therefore minimized whenever § = nn/2 where n is
an integer, elucidating the selection of the configurations where all spins point along the x
or y directions.

The observation of accidental symmetries and the ObD selection are not uncommon in
frustrated magnetism [73, 74, 86, 99, 100]. Typically, it is expected that quantizing the
Hamiltonian will lift the accidental symmetry of the ground state due to an additional
contribution from quantum fluctuations about the ground state [99]. In fact, for a bilinear
Hamiltonian in the pyrochlore lattice, the 15 and 13 configurations are bound to have the
same classical ground state energy [71, 74, 89]%®. The degeneracy between these two con-
figurations gives rise to the accidental U(1) symmetry and therefore an energy-degenerate
manifold known as the I's manifold [23, 71, 74]. The selection of either configuration
is therefore a consequence of ObD where the exact mechanism can be either thermal,
quantum or a combination of both. Note however that the quantum and thermal ObD
mechanism might promote different configurations. Consequently, upon ordering, a system
might select a given spin configuration at T, for example 15, while at low temperatures

37This means that the term is not a function of the angle 6.
38This argument does not take into account a possible crystal field interaction term which may differ-
entiate these two configurations.
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the system reorients itself onto another configuration, for example 3. Interestingly, this
temperature-dependent selection has not been pervasively discussed in the literature where
some studies only provide predictions at 7" = 0 naively assuming that the selected state
is conserved upon increasing temperature. These effects are further studied in Chapters 4
and 5.

Although an ObD selection may suggest that an ordered phase can always be accessible
when energy degeneracy is present, there are cases where the competition between the
different orders is so strong that the system remains disordered down to 7" = 0 producing
a disorder yet highly correlated phase, i.e a spin-liquid. This is for example the case for
spin-ice. In the next section, we present one of the best known spin-liquids realized in the
pyrochlore lattice with nearest-neighbor interactions.

2.3.3 Spin-liquids in the pyrochlore lattice

The avoidance of a LRO phase is related to strong competition between different orders
which persist to the lowest temperatures. For the pyrochlore lattice with nearest-neighbor
interactions, the possible competing orders are the ¢ = 0 states presented in Subsec-
tion 2.3.1 possessing the lowest classical energy for a given set of parameters {.J, Jisi, Jpa, Jpm |-
Therefore, a spin-liquid phase in the general bilinear magnetic Hamiltonian (2.22) might
be realized for interaction parameters where two or more of the ¢ = 0 orders are degenerate
in energy.

The Heisenberg Antiferromagnet

One of the best known examples of a spin-liquid in a pyrochlore system with Heisenberg
degrees of freedom is presented by the antiferromagnetic Heisenberg model (2.23). This
Hamiltonian, in direct analogy to the Ising Hamiltonian in Eq. (2.6), may be written as

2
J
HHeis = 5 Z (Z Si> 4+ constant. (2.31)

X 1eX

From the above equation, it is clear that the ground state configurations are those which
have no net-magnetization in every tetrahedra. In terms of the g = 0 states, this is
translated into a competition between the antiferromagnetic states ATAO, coplanar anti-
ferromagnet, PC, 15, and 13, shown in Fig. 2.7. Interestingly, this model presents a similar
emergent field theory as the one realized by spin-ice where the ground state configurations
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obey a divergence-free constraint. To make this connection clear, we can express the Hamil-
tonian (2.31) in terms of the adjacency matrix A;; and the isotropic spin interaction matrix
Jid = 0pny s

SO

MHus = > SPAJRLS)

(ig) v

= ) S(Ay® Jiw) S
(i5)

= J) SI'(A;®1s.3)S;. (2.32)
(ig)

where 1343 is the identity matrix for the spin components. Given the spin interactions are
isotropic, the interaction matrix for this Hamiltonian is equivalent to the one found for the
Ising system with the only difference that now each band is threefold degenerate steaming
from isotropic interactions. In fact, a direct comparison between Eq. (2.32) and Eq. (2.11)
shows that this Hamiltonian can be simply understood as three copies of the Ising model.
Therefore, we can consider a basis transformation similar to the one in Eq. (2.15) and
Eq. (2.16) where now a charge and a set of fluxes is defined for every spin component «

Q = %Z Se (2.33)

(e \/g e
B® = 7%:% S, (2.34)

In this case, the charges Q¢ are related to the total magnetization components, which
vanishes for the ground state configurations. A long-wavelength expansion equivalent to
the one presented in Subsection 2.2.1 results in the effective long wavelength Hamiltonian

H=J7) > lg-B(q)+0(q", (2.35)

and consequently, in an emergent Gauss’ law V - B = 0 for the set of fluxes defined
for each spin component. The neutron structure factor correlation function in reciprocal
space at low temperatures, i.e. where the divergence-free condition is enforced, is shown in
Fig. 2.10 for the (hh¢)] and (hk0) scattering planes®. Note that, similar to what was shown
for spin-ice in Fig. 2.4, pinch point features are observed signaling the rotational nature of
the low-temperature modes and therefore the algebraic correlations between spins in the
low-temperature phase, i.e. forming a Coulomb phase.

39Click on the corresponding scattering plane, (7/.()] or (hk0), for an animation on how the pinch point
width changes as the temperature is lowered.
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(002)

Figure 2.10: Neutron structure factor for the Heisenberg antiferromagnetic model observed
in the (hhf) (a) and (hk0) (b) scattering planes. These correlation functions were obtained
using a SCGA discussed in Section 3.1 for the lowest temperature shown in Fig. 3.1.

Although the condition for the Heisenberg antiferromagnet and spin-ice seem to be
equivalent, a small precision is needed. In spin-ice, the divergence-free condition relates
to a zero total Ising magnetic moment along the local z direction in each tetrahedron, see
Eq. (2.8). For a single tetrahedron this condition is fulfilled by the two-in-two-out states
which have a non-zero magnetization, see Fig. 2.6(a). On the other hand, for the Heisenberg
antiferromagnet, the divergence-free condition relates to a zero total magnetization in each
tetrahedron, i.e. each tetrahedron must be in an antiferromagnetic configuration. A simple
way of making this difference clear is to consider a Heisenberg ferromagnet (2.23) with an
addition single-ion-anisotropy term (2.27). If we now take the limit d — —oo the spins
are now constraint to lie along the local z direction and we can therefore take S; = z;0;.
Since z; - z; = —1/3 for i # j, the resulting model yields is an Ising antiferromagnet*.
This minor clarification is used in Chapters 6 and 7 when discussing the realization of a
spin-ice phase in a system of Heisenberg spins.

The observation of pinch points in the Heisenberg antiferromagnet has been extensively
studied [42, 43, 46, 101] and has motivated the search of compounds which exhibit these
features in the reciprocal space correlation functions [29, 75, 102-106]. In particular, recent
work on the compound CeyZr,O7, a dipolar-octupolar magnet which remains disorder
down to the lowest temperatures studied, yields pinch point features in its correlation

40With an additional multiplicative factor of 1/3.
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function [29].

Spin-liquids in other degenerate manifolds

As stated at the beginning of this section, the avoidance of LRO can be accomplished when
multiple magnetic orders compete such that LRO, and a possible ObD is avoided. This
observation alone provides us with a recipe, or at least an indication where other possible
spin-liquids may be realized. This is for example the case of the pinch-line-singularity [107],
the rank-2 U (1) [108], the pseudo-Heisenberg antiferromagnet [4] spin-liquids. In the pinch-
line-singularity spin-liquid (an effective spin 1/2 system) the PC, a splayed ferromagnet,
Yy and 13 orders compete. In the rank-2 U(1) spin-liquid (an effective spin 1/2 system)
the coplanar antiferromagnet, the 1) and 15 orders compete*!. Lastly, for the pseudo-
Heisenberg antiferromagnet (a non-Kramers system) the PC, the T} splayed ferromagnet,
and spin-ice compete. In all of the above case, the low-temperature phase may be described
by an emergent rank-2 field theory constructed upon the competing orders and is further
discussed in Chapter 3.

2.4 Overview of the Next Chapters

In the last few sections, the different low-temperature magnetic phases, including magnetic
LRO and spin-liquids, were discussed. Special attention was brought upon models where
multiple magnetic orders compete leading to the observation of either an ObD-selected
magnetic order or a spin-liquid phase. Finding a model that presents this competition
might require fine-tuning in the interaction parameters {.J, jis, Jpa, Jom, d}, i.e. a specific
set of values for these, as is the case for the spin-liquids presented in the last section.
Nevertheless, there are certain spin models in the pyrochlore lattice which are localized at
phase boundaries for a range of the interaction parameters considered. This is precisely
the case of the Heisenberg and DM Hamiltonian

H o= J> S-S+ Jomy Dy (SixS;), (2.36)
(ig) (i5)

41 This spin-liquid is realized in the breathing pyrochlore [109] with a Heisenberg and DM interactions
Hamiltonian. Crucially, Jpy vanishes in the down (or the up) tetrahedra. As a consequence, in the up
(or down) tetrahedra the w9, 13, and coplanar states are degenerate in energy. On the other hand, in
the down (or up) tetrahedra all the antiferromagnetic ¢ = 0 orders are degenerate in energy. The mixed
degeneracy between different tetrahedra prevents the formation of a LRO by an ObD effect as would be
expected for a uniform Jpy interaction as is discussed in Chapter 4.
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where, for a set of parameters, this model resides at the boundary between a splayed
ferromagnet and a I's phase [110]. This model is of special relevance for compounds where
d orbital electrons are responsible for the magnetic behavior, as it was noted that the
Heisenberg exchange and the DM interactions are the leading magnetic interactions [37].
This is for example the case of Luy V07 [26], Yo V207 [81], FeF3 [75], and NaCaNiF, [111]*2.
This model has been explored for certain range of the interaction parameters J and Jp;
however, a complete study of this Hamiltonian is yet to be done [26, 73, 75, 76, 112].

In this thesis, we present a detail exploration of the Heisenberg and DM Hamiltonian
and the phases observed for all possible values of the interaction parameters J and Jpy. In
Chapter 4, we present a phase diagram obtained for the classical and quantum system where
one ferromagnetic phase and two antiferromagnetic phases are identified. In Chapter 5,
we study the phenomenon of ObD in the ferromagnetic phase where certain magnetization
orientations are chosen. We further demonstrate that the selection for the quantum case
is purely thermal, uncovering a novel route towards the realization of ObD. In Chapter 6,
we study a point in the phase diagram presented in Chapter 4 where no magnetic order
is observed effectively realizing a novel spin-liquid phase. Interestingly, at this point in
parameter space, the spin system exhibits a bump in the specific heat at a temperature
T*, signaling a rapid crossover from a high-temperature spin-liquid to a low-temperature
spin-liquid. We argue that this is entropic in nature and provide evidence of this. Lastly, in
Chapter 7, we explore the possible observation of liquid-like correlations in ordered phase
for systems whose interaction parameters are proximate to a spin-liquid phase.

42The model describing this compound also considers other types of interactions, however, the leading
interactions are the Heisenberg and DM.
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Chapter 3

The Tool Box

This chapter presents an overview of the analytical and numerical methods used throughout
this thesis. These methods are both analytical and numerical in nature. We first present the
analytical methods: the self-consistent gaussian approximation, classical low-temperature
expansion, quantum linear spin-wave theory, and the irreducible representation analysis
of the tetrahedral group T,;. In order to demonstrate the application of this analytical
approaches we provide a brief example of how these can be applied at the end of each
section. Next, the numerical methods used are presented, these being classical Monte
Carlo and iterative minimization.

3.1 Self-Consistent Gaussian Approximation

The self-consistent gaussian approximation (SCGA) [42, 104] is a classical approximation
where the hard-spin constraint, i.e. having spins which individually fulfill the spin length
constraint, is replaced by a soft-spin constraint where the spin length constraint is preserved
in average. In other words, for a n-component spin the spin length constraint

n

S (5 = ISP = 5,

«

is replaced by the thermodynamic average condition

(ISF) = 5%
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This condition can be realized by the introduction of a Lagrange multiplier imposing such
average constraint at all temperatures. The introduction of this approximation in the spin-
length constraint results in a quadratic theory, i.e. Gaussian theory, which can be solved
exactly and from which quantities as the correlation functions can be computed. Since this
approximation has been widely used in the study of spin-liquids [42, 44, 104], we apply it
in Chapter 6 to study the neutron structure factor of a spin-liquid.

To illustrate how this approximation works for the pyrochlore lattice, we start by con-
sidering a general spin Hamiltonian with quadratic interactions

1 ar oo
H= B Z Z ia b0 Sb: (3.1)
ia,jb o,y

where the sub-indices 7 and j refer to the primitive FCC vectors R, the sub-indices a
and b to the sublattice structure, and the super-indices a and v to the components of the
spins, we refer the reader to Appendix A for more details in this convention. The classical
partition function associated with this Hamiltonian yields

N
Z = /HdS 5 (|S:| — S?) exp [—§ SN J;;gbsgS]b] ,
i ia,jb oy

where the delta function is introduced to impose the spin length. This constraint can be
further carried as a part of the action in the Hamiltonian by expressing the delta function
as an integral over an auxiliary field ¢

zZ = / [[dsde exp |—i Z 902” (S5Si — 52)] exp [—g >N J;gbsgs;b]

ia,jb oy
1 . . a
= /H de(,O exp —§ Z SZ; <6Jia,jb + zgo,»aéia,jb) Sjb + 252 Z %

ia,jb

. (3.2)

Note that introducing the field ¢;, results in an effective interaction matrix M;,» =
(BJia,jb+ 1iaia ) from which the spin-spin correlation function can be identified, G4 =
(M;o.)" Y, see Appendix B. The introduction of these fields yields a quadratic action in the
spin variables which can be integrated out. To do so, we use the Gaussian d-dimensional

integral
1 (2m)? \ 2
I=[d ——zT Ax| = :
/d xexp{ zw w} (det(A))
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where A is a (d x d) matrix and x an d-dimensional vectors. Applying the above identity
the following expression is obtained

s fre( ) e [E 0]

52 1
= (QW)N/Q/DQQGXP 7 (7/%01(1) — §lndet M] s

:52

1
= (QW)N/Q/Dgoexp 7Tr(ig0) - éTrlnM] ,

[1
= (QW)N/Q/Dgoexp §Tr (S%’gp—lnM)},

1a,

where, by translational symmetry, the ¢ fields are taken to be equal over all sites of the
lattice and an isotropic to correctly represent the nature of the spins’ components !, and N
is the number of spins. For isotropic interactions, the above equations obtain a factor of n in
the term In M and can therefore be evaluated exactly in the limit n — co. Alternatively,
for the case where n is finite, a saddle point approximation can be taken yielding the
constraint

iTlr (S%ip —In(BJ +ip)) = 0,

dp;
> (BT +ip) e = S

This equation can be further solved in reciprocal space by taking the Fourier transform of
the matrix M = BJ + i@ and assuming that i = X is real® yielding

%Z(ﬁem(q) N = S (3.3)

where €,,(q) are the eigenvalues of the interaction matrix J(q). To impose this constraint
it is customary to shift the eigenvalues €,,(q) such that the minimum eigenvalue is 0,
i.e. €min(q) = 0. This shift is produced to avoid the possibility of having a vanishing

!Each spin is considered to be equivalent and related by a Cy symmetry in the global frame.

2This condition by itself appears to be quite confusing as the auxiliary fields ¢ were introduced from the
definition of a delta function; however, recasting these fields amounts to imposing a probability distribution
on the spin length described by a gaussian probability centered at S?, see Eq. (3.2). This is also the reason
why one refers to A as a Lagrange multiplier.
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denominator on the left-hand side of the above equation and amounts to shifting the value
of A by Bémin. This seemingly subtle change associates A with the inverse of the thermal
occupation number of the lowest energy mode of the effective interaction matrix M [3].

In practice, when applying the SCGA the auxiliary field A is first computed self-
consistently and then used to compute other quantities of interest. In particular, this
approach provides the following expression for the correlation function structure factor

Xy = (S2(@)S)(—a)) = Y (B (@) + N7, (3.4)

q
which can be easily identified from Eq. (3.2).

Although the SCGA has demonstrated great success when describing a variety of py-
rochlore magnets [42, 44, 104] one should be vigilant as there might be some effects that
might not be captured by this approach. In particular, it has been noted that this ap-
proximation fails to capture the phenomenon of order-by-disorder [46] which is typically
produced by higher-order terms in a free-energy description?.

3.1.1 Application to the Heisenberg Antiferromagnet

To demonstrate how the SCGA can be implemented, we apply this approximation to the
Heisenberg antiferromagnetic Hamiltonian (2.23). The interaction matrix for this Hamil-
tonian has 6 degenerate low energy bands, and 6 dispersive bands as discussed in Subsec-
tion 2.3.3. Using this interaction matrix, we may compute self-consistently the Lagrange
multiplier A in Eq. (3.3) as a function of temperature, see Fig. 3.1. Note that at low tem-
peratures, the value of A plateaus to a constant value. For a Hamiltonian with low-energy
flat bands, this value reflects the ratio of low-energy flat bands to the total number of
bands (12 for the Heisenberg model) times 3.

To be more precise, and assuming S = 1 for simplicity, consider Eq. (3.3) and assume
that there are Ny number of degenerate low-energy flat bands, this is flat bands with
ém(q) = 0. Therefore, at T'— 0 (5 — o0) the expression in Eq. (3.3) reduces to the sum

3An example of a higher order term is discussed in Chapter 4 for the I's phase where a sixth order
term in the order parameter, i.e. O(mS), is the first term in a free-energy expansion which differentiates
between the 1o and 3 orders.
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over the flat bands, indexed by m/,

%ZA# = 1,

q,m/

N¢Nrco

SUARCON L g,
4Npoe

Ao = 3(%) (3.5)

where the sum Zq 1 reduces to the number of g points, i.e. the number of FCC points
Nrcc. Note that by an equivalent argument when, 7' — oo (8 — 0), A plateaus to 3 as now
the sum in Eq. (3.5) is instead taken over all bands*. For the Heisenberg antiferromagnet
as T'— 0o, A — 3/2, i.e. the number of degenerate low-energy bands is Ny = 6.

2.81 °

2.61

2.4

2.2

2.01

1.8

1.6

Figure 3.1: Lagrange multiplier as a function of temperature for the Heisenberg antiferro-
magnet. The red dashed line marks the value Ay = 3/2.

The values of A can then be used to compute the correlation function of the spin, and

4In Eq.(3.3) taking 8 — 0 amounts to having an equal contribution from all bands of % Although we
could naively say that this would be equivalent to Ny = 12, to be completely precise, this is not the case
as the starting point for Eq. (3.5) is taking 8 — oo which for the high-temperature limit is now 5 — 0
such that all bands equally contribute.
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in particular the neutron structure factor. These are shown in Fig. 2.10 for the (hhf) and
(hk0) scattering planes.

3.2 Classical Low-Temperature Expansion

As a magnetic system orders at low temperatures in a long-range ordered configuration,
one might be interested in studying the fluctuations of the spins about the ordered config-
uration. These fluctuations can be used to study the dynamics of the system (the magnon
bands), thermal entropic selection, and correlation functions in the ordered phase. To
study these fluctuations at low temperatures in a classical system we consider the gen-
eral quadratic spin Hamiltonian in Eq. (3.1), and assume that the spin components are
described in a frame where the Z axis is the ordering direction. In other words,

(0n*)*  (dn¥)?
— T Yy 2 __ r\2 __ 2) ~ z Yy _ —
S = <(57”L ,(57’L , \/S (677/ ) (6ny) ) = (677' 7(5’” 75 (1 252 252 ’

where it is assumed that the system presents small fluctuations én® about the ordering
orientation, where « labels the perpendicular directions to the spin ordering direction
with |dn®*| < S. In general, the ordered configuration does not have all spins pointing
along the same direction; therefore, a sub-index labeling the spins composing the repeating
ordered structure is required. For the case of the pyrochlore lattice with nearest-neighbor
interactions, we can safely assume that the ordered configuration can be described by a
single tetrahedron®. Therefore, for a general long-range ordered configuration, the spin
variables are expressed as

z\2 y\2
S, = (Mg,ang, (s — <5§§> — (5;;) )) , (3.6)

where a labels the sublattice in a single tetrahedron. Introducing the above expression into
the Hamiltonian in Eq. (3.1) expressed in the rotated basis yields®

H = HO+HD 1 0(5n?), (3.7)

5As discussed in the Chapter 2, the nearest-neighbor Hamiltonian for the pyrochlore lattice, the ordered
configurations are always g = 0 orders, i.e. in a single tetrahedron.

SNote that there is no first-order term as it is assumed that the ordered configuration chosen is a true
ground state. In fact, the requirement of having a vanishing linear term is also fulfilled by states which
describe saddle points in the energy function. This condition can be then used to study meta-stable states
and was used by Ref. [113] in the context of linear spin wave theory.
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where the zeroth order term is associated with the classical ground state energy of the
ordered configuration,

Z ia ]b7 (38)

ia,jb

and the second-order term is an effective quadratic Hamiltonian for the fluctuating com-
ponents of the spins

7_[(2) — %ZZ on mJ@?jﬁn izz [(6nia leazj 'La]b((sn]b) } ’

ia,jb ayy ia,jb oy

_ ary

- 5 E : E : 5nza‘]mjb5n § : E : 5nza za]b (39)
ia,jb oy ia,jb o

The effective Hamiltonian in Eq. (3.9) can be further simplified in reciprocal space, resulting
in

HE = —ZZZM (Jjg -~ abamztfzz >5nb q),

ab oy q
1 o (6%
= 32D o) H (@)dn; (@) (3.10)
ab ay q

where a,y € {x,y} represent the local xy coordinates, and the matrix H:3' ap 18 commonly
referred to as the Hessian [90]. The Hamiltonian in Eq. (3.10) can be dlagonahzed under
an orthogonal transformation U

DD WU HIUL, = enbnm,

a,b o,y

where {e,} are the eigenvalues of the Hessian. The effective quadratic Hamiltonian in
Eq. (3.7) defines a partition function for the fluctuating components

Zz - 57{(0)/1—[ D(Sn exp{__ZZZ(Sn ( )5nZ(q)}

ab oy q

— OO /H(D ong) exp{—gzzgn(q)évn(—@évn(q)}, (3.11)
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where {dv,(q)} are the eight eigen modes of the Hessian H;}'(q). Note that the above
equation implies that the average occupation of the eigen modes of the Hessian {dv,} is
inversely proportional to the corresponding eigenvalue

(00a?) = T/en(q)- (3.12)
From Eq. (3.11) the correlation function of the fluctuating components yields
-1
(ong(~a)oni(a) = T (H(a))

_ Usa(=@)U,(q)
= T; @ (3.13)

The Eq. (3.13) is the correlation function in the local basis; therefore, to obtain the corre-
lation function in the global basis the fluctuating components must be rotated back into
the global frame

Xoy = D (R Ry (6nfi(—q)oni (q)) (3.14)
[TRY
where R, is the rotation matrix from the global frame into the local z, ordering direc-
tion. Furthermore, the partition function in Eq. (3.11) can be exactly evaluated to study
the evolution of the free energy, and therefore the entropy, as a function of the ordered
configuration [74, 90]

F=HO - NTlnT+§Zlndet (H(q)). (3.15)
q

The above expression can be used to study the free energy associated with a given ordering
configuration. Consequently, for Hamiltonians where the classical ground-state manifold
has an accidental symmetry, Eq. (3.15) can be used to study the thermal entropic selection
towards a configuration in the classical ground state manifold.

3.2.1 Application to Er;TiyO7

To demonstrate how the thermal ObD selection can be exposed through Eq. (3.15), we
study the entropic weight associate to a ground state configuration

oF

~ = S() = N(nT+1) - g;ln (det H(q) . (3.16)
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For example, we consider the effective spin 1/2 compound EryTi,O7 [61, 86, 88], whose
interaction parameters identify the I's manifold as the ground state manifold with an
accidental U(1) degeneracy, see Subsection 3.4.2. The states in this manifold can be
parameterized by a linear combination of the vy and 13 spin configurations. In other
words, the spins of a single tetrahedron configuration in the I's manifold can be written as

S!5(0r,) = cos(fr,)S¥* + sin (O, ) S, (3.17)

a

where §¥3 and S§¥2 denote the spin orientations on sublattice a in each of the respective
two types spin configurations, and fr, is an angle parameterize the I's manifold [1]. We
can then define the entropic weight difference as AS(0r,) = S(0r,) — S(0) where the state
with the most entropic weight is expected to be selected at T' = 0*. Using the parameters
in Ref. [74] for EryTisO7, we compute the quantity AS(fr,) illustrated in Fig. 3.2. Note
that the maximum of this function is located at O, = 30°,90°. These angles are associated
with the 5 configuration and the entropic weight predicts that at low temperatures this
configuration is selected [74].
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Figure 3.2: Entropic weight difference between states in the I's manifold. Here, the entropic
difference is taken with respect to the entropic weight of the 15 states.

3.3 Quantum Linear Spin-Wave Theory

In the previous section, the classical spin fluctuations about a ground state configurations
were studied. Alternatively, we could have started by considering the quantum fluctua-
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tions instead. This analysis is produced by recasting the spin operators in the classical
ground state ordering frame into bosonic operators through the Holstein-Primakoff (HP)
transformation [70, 74, 90, 110]

Sfa = S_éZaéim
Sho= S 4+iSY = (25 — ¢l,¢ia)?Cia,
S = St —iSY =&, (25 — él,éa),

where [¢;4, é;b] = 0jqjp. Here, it is assumed that the proliferation of the HP bosons lower
the spin value along the ordering direction, therefore producing an excitation. At low
temperatures, the system is assumed to have small fluctuations about the classical ground
state configuration Which allows us to assume that the number of HP bosons is small
compared to S, i.e. c .Cia/S < 1. Applying this approximation to the spin operators
yields

S’i—g ~ V éim
S’;I ~ V2 c

or in terms of the local spin components

1a)

gfa = S_ézaéiay
%==V§%+%HO%MW% (3.18)

‘SA?Q = _Z\/g(ém - é;fa) + O(’fbm/sl/2).

Introducing the spin operators in terms of the HP bosons in the bilinear Hamiltonian in
Eq. (3.1) written in the local ground state basis results in the following Hamiltonian 7

S(S+1 B
no= YT ZX (5 ) ¥

a,b
- Zw b ZXT VHrswX(q), (3.19)
a,b

"Note that the constant term in Eq. (3.19) in comparison to Eq. (3.8) has a factor of (1 + ). This
factor is taken to be a small quantum correction which vanishes when S — oc.
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where

Aula) = = [Tii(a) + (@) — i (T7h(a) — J5(@))] —das ) Ji(a=0)
1

2
Aua) = 5 (@) + )+ (e — T5(@)] — bu Y Tiila = 0)
Bi(—a) = 5 [Jzi(a)— @) i (J24a) + T25(a)
Bula) = 5 [J5i(a) ~ J2ha) +i (J2ha) + J25(@)]
X(@) = (@) &la) &le) @) d(-q) d(-a) d-a) d(-a)"

The above Hamiltonian describes the fluctuating components around the ordering ground
state, the magnon excitations. Since the resulting expression is quadratic, the eigen modes
defining the excitations of resulting system can be exactly studied. To do so, a Bogoliubov
transformation preserving the bosonic commutation relations is applied [70, 74, 110]. In
other words, given the commutation relation on X(q),

[Xi<q)7 X;(q/)] = 0ij0q,q';

c = 14><4 O4><4
04><4 _14><4 ’

we define a Bogoliubov transformation U such that

where

X(q)=UY(q),

A ~ A A A I

Y(q) = (do(q) di(q) do(q) ds(q) di(—q) di(—q) di(—q) di(—q)) .

resulting in the bosonic commutation relations of Y (q) operators

i(a), Y (@)| = 7100
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By applying this transformation into the quadratic Hamiltonian, and ignoring the con-
stant term, we obtain the quadratic bosonic Hamiltonian®

HP = —ZYT VWUTHpswUY (q)
— 5ZYT(q)azﬁlaﬂwwUY(q)
S
= EZYT((DUDLSWY(Q);

where Dy is diagonal®. Using the commutation relation of the Bogoliubov bosons and
the occupation number operator, the above Hamiltonian can be written as a simple quan-
tum harmonic oscillator Hamiltonian

HO = Szzwa {na +%}, (3.20)

where {w,(q)} are the magnon energies and {n,(q)} is the corresponding occupation num-
ber. The magnon energies define the allowed energy and momentum values at which an
excitation can be produced. These excitations can be experimentally observed in the in-
elastic neutron scattering in an ordered phase [70, 74, 90|, and can be described using the
HP bosons by the expression

S(g.w) = ZZZ( q“qﬁ)RwRWs (—q.—w)$2(q.w)).

ab a8 7,0 4

-~

projection factor

(3.21)

= = Z ( N C]a(lﬁ> Z [nBE(ea)5(w — ea)sz + (1 + npr(e,))d(w — EQ>M§J£,¢1+S] )

a

where the projection factor accounts for the perpendicular components of the scattered
neutrons, npg is the Bose-Einstein distribution, and the matrix M is defined as

M = U to M*PU

8Here the identity U~! = oU'o is used which is easily derived from the bosonic commutation relations.
9Note that the Bogoliubov transformation defines the eigenvectors of the matrix o Hy gy instead of the
matrix Hypsw.
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with

Ra’ﬁYRB#) Dp Ra,yR/B#ﬁ
M =311, <p7 o gh, Drbe e b (3.22)
! v.6 ! RYTR)® pyRITR)?,

where I, =1, I, = —i, p, = 1 and p, = —1. For a full derivation of the above expression,
the reader is referred to Appendix F.
3.3.1 Application to YbyTi,Or

The Eq. (3.21) can be used to study magnon modes observed in the inelastic neutron
scattering of an ordered phase. This expression can be used to study the energy-integrated
neutron structure factor in the ordered phase resulting from the magnon excitations by
integrating Eq. (3.21) over all energies

S(q) = /000 S(q,w)dw. (3.23)

The resulting expression is the diffuse scattering that would be observed beneath the mag-
netic Bragg peaks in the elastic neutron scattering.
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Figure 3.3: Neutron elastic structure factor for YbyoTizO7 in the (hhf) plane.

As an example, consider the effective spin 1/2 compound YbsTiyO7, and take the in-
teraction parameters identified by Ref. [70]. The elastic neutron structure factor at 7' — 0
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for this compound is calculated using Eq. (3.23) and illustrated in Fig. 3.3. For this
compound, rods along the [111] direction in the neutron scattering structure factor have
attracted considerable attention in the last few years [70, 93-95], which were believed to
be related to pinch point features [114] and latter associated as being an artifact from
the neutron projector [92, 115]. Ref. [116] noted that the rod features would disappear in
the ordered phase as the temperature is lowered. This observation agrees with the predic-
tion shown in Fig. 3.3 as this structure factor was taken for 7' — 0. However, the rods
of scattering along the [111] direction can be recovered by increasing the temperature in
Eq. (3.23) (not shown) which in turn corresponds to increasing the magnon population.
Interestingly, if the structure factor is obtained through a classical low-temperature ex-
pansion in Eq. (3.13) with the corresponding neutron projector, the rods of scattering are
obtained and are not predicted to vanish as 7" — 0 as the temperature in this expression
simply consists of a multiplicative factor which only modifies the intensity of the pattern
but not its modulation.

3.4 Irreducible Representation Analysis

The irreducible representation (irrep) analysis is based on the study of a symmetry group
and how this can be decomposed into independent subspaces. Since we are interested in
the study of a Hamiltonian H defined on a lattice, and the lattice itself has a symmetry
group G, the identification of the eigen modes of the Hamiltonian can be done by studying
those of the group G instead. This is simply a property of the invariance of H under the a
symmetry transformations g € G,

gHg ' =H, (3.24)

or equivalently [g,H] = 0. For the pyrochlore lattice with nearest-neighbor interactions,
this analysis was carried by Yan et al. [74] for the tetrahedral group T;. This study was
inspired by the observation that the Hamiltonian of the pyrochlore lattice with only nearest-
neighbor interactions can be expressed as the sum of Hamiltonians in each tetrahedron,
see Eq. (2.28). Therefore, the irrep analysis of the T} identifies the eigen modes of a single
tetrahedron which in turn represent the possible ¢ = 0 modes discussed in Subsection
2.3.1. Here, we present the general ideas describing this decomposition by first discussing
how an irrep analysis would be produced for a group G and then apply these to Ty.
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3.4.1 General Idea

In order to find a decomposition of the group G, we first have to find a representation in
which this symmetry group can be partitioned into a direct sum of independent subspaces.
To this end, we first have to study the structure of the group and the different types of
transformations defined in this group, i.e. different types of rotations and reflections. To
do so, one can classify the objects of the group in different equivalence classes [117] defined
by the conjugation operation over an element f; € G by another element g € G

gfig™" (3.25)

Then, two elements of the group f; and f; belong to the same equivalence class if and only
if

9h1g™" = fa. (3.26)

for some element g € G. In other words, a group G can be partitioned into different
sets, called the equivalence classes, where elements of a particular set are related by the
transformation Eq. (3.26). A consequence of this classification into equivalence classes
is that group elements that act similarly will end up in the same equivalence class. For
example, all lattice reflections belong to the same equivalence class'®.

To depart from the abstract representation of the group G, we can study its matrix
representation I' instead!!. This representation preserves all the properties of the equiv-
alence classes and the algebra!? of the elements of the group. However, the choice of the
matrix representation is not unique as one can produce a similarity transformation that
defines a different but equivalent basis IV. Therefore, to describe the matrix representa-
tion I', a property invariant under a similarity transformation must be used. The trace of
the matrix representation possess this property and as such is called the character of the
representation

x(g) = Tr[I(g)] = Tr [I"(9)] (3.27)

Now suppose that there exist some representation I" where the matrices of the operators
are found to be block diagonal such that any operation performed can be taken as the
operation over distinct subspaces. If this is the case, in principle we could describe the

0Given that the similarity transformation Eq. (3.26) does not change the equivalence class of an object,
this operation defines closed orbits (this refers to the sequence of elements resulting from an operation
repeated multiple times which is bound to be repeated in a finite group) where, potentially, all members
of the equivalence class are connected by this operation.

HFor example, the identity transformation &£ is then represent by a identity matrix 1.

12This means the operations and group products defined.
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group as a direct sum of distinct subspaces which do not overlap under any symmetry
transformation. In other words, one could partition the symmetry group G as

G=Go®G D+---.

This construction implies a relation between the character of the transformation in the
group G and the character in the corresponding subspaces G;

x(g) = Z Xi(9)- (3.28)

Moreover, imagine that the subspace G; is observed h; times in this representation. Then,
the character can be written as

x(9) = 3 hixilg) (3.29)

The above equation for the character of the element g has been produced by assuming
that a block diagonal representation could be obtained. In principle, one could try to keep
on repeating this process where each block would be further block-diagonalized. However,
since the groups considered are finite!?, this procedure always comes to an end. In fact,
when no further decomposition can be produced, the representation found is said to be
irreducible; hence, the name irreducible representation. After finding the irreducible rep-
resentation of the group G, we may want to know how many subspaces are found following
this procedure, see Eq. (3.28). Fortunately, the number of subspaces is exactly the same
number as the number of equivalence classes described above [117].

To apply this formalism to a given system, two theorems [33, 117], or rather the equa-
tions given by those, are used:

Noi; =Y X (9)xi(9), (3.30)

and

hj = j%/ = ;Xj(g)x(g), (3.31)

where N is the number of elements found in the group G. A compact way of presenting
all the information of this construction is illustrated in the character table x(g) of the
different irreducible representations where the subspaces and equivalence classes are listed

13These being the symmetry groups on a finite lattice.
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along with the characters in each of the corresponding subspaces. In the next subsection
we consider the irreducible representation of the group T, present its character table, and

discuss the eigen modes found for the single tetrahedron Hamiltonian H¥ in Eq. (2.28)
which correspond to the g = 0 configurations.

3.4.2 Irreducible Representation of the Tetrahedral Group Tg4

The tetrahedral group Ty is composed by the symmetry operations that transform a single
tetrahedron into itself. The possible transformations are the identity (£), a rotation by
27/3 about (111) axis (C3), a rotation by m about the Cartesian axis (C3), a rotation by
7/2 about a Cartesian axis followed by a reflection from the perpendicular plane defined
by this axis (S4), and a reflection defined by a plane which cuts the tetrahedron in half

(04)*. In Fig. 3.4, an example of some of the rotation axis as well as one of the reflection
planes are illustrated.

CQa 84

(a) (b)

Figure 3.4: (a) Rotation axis for the Cy, C3, and Sy transformations (b) Reflection plane
4.

The character table for the group Ty is given in Table 3.1 [118] where, in the top
row, the different equivalence classes are listed!®, and in the first column, the irreps are
provided. Note that the dimension of each subspace is provided by the trace (or character)
of the identity operator in the first column. It is customary to name the different resulting

14The total number of elements for this group is 24 which coincides with size of the permutation group
of four elements as 4! = 24

I5Here the number beside each corresponds to the number of elements in each equivalence class
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S 8 03 3 Cg 6 S4 6 g}
A |1 1 1 1 1
Ay | 1 1 1 -1 -1
E |12 -1 2 0 0
Ty | 3 0 -1 1 -1
T, | 3] 0 1| -1 1

Table 3.1: Character table of the group T; where the numbers represent the value of the
character x(g) for the block represented by the corresponding irrep.

subspaces by the dimensionality that these span. All one-dimensional representations are
labeled with the letter A, two-dimensional representations by the letter E, and three-
dimensional representations by the letter 7. With the character table, and Eq. (3.29), we
find that the group T, can be partitioned in the following way'¢

Ty=AoFEaoT o1 &1 (3.32)

where two copies of the T7 irrep are identified, this double appearance of the T} irrep
is further discussed below. The resulting subspaces are characterized by a basis that
transforms according to the character table. For example, consider the one-dimensional
A, representation. As the basis of this representation is one-dimensional, the character is
simply a multiplicative factor which transform the basis of the representation. Therefore,
the basis of this space is invariant under the C5 and C) rotations whereas it changes sign
under the action of Sy and o,4. In terms of the spin components, a natural choice for this
basis is to take the spins pointing along their local z direction, i.e. the ATAO configuration
in Fig. 2.7, as this configuration is invariant under C'3 and C transformations. Furthermore,
a reflection will take the basis vector into its inverse additive since spins are axial vectors
and this transformation is equivalent to producing rotation by 7 around the vector normal
to the reflecting plane!”. This demonstrates that the AIAO configuration is indeed the
basis of the Ay irrep.

Clearly, the case of a one-dimensional representation is the simplest as the characters in
this representation are the transformations themselves. For all other non-one-dimensional
irreps we would have to consider the action of the symmetry operations on the basis vectors

16This decomposition is obtained as dim(Ty) = 12 =1+ 2+ 3+ 3+ 3 = dim(Az) + dim(E) + dim(7}) +
dim(7T} )+dim(7%) where each number correspond to the dimensionality of the corresponding irrep subspace.

17"For example, if we produce a reflection along the (110) directions, then all vectors will simply be rotted
by m around the vector (110), producing an overall negative sign.

93



corresponding to each subspace. Therefore, the characters of the symmetry operations
shown in Tab. 3.1 are the trace of these transformations in the subspace span by the basis.
Although this calculation can be performed, the identification of the other irrep modes can
be done by instead considering the g = 0 orders presented in Subsection 2.3.1. In fact, since
the irreps basis are spin configurations that transform within the subspace defined by their
corresponding irrep, it should not be surprising that these configurations coincide with the
q = 0 orders as these are the eigen modes of a single tetrahedron Hamiltonian'®. In the
irreducible presentation terminology, the ATAO corresponds to the A, irrep, the 1y and
13 correspond to the E irrep, the PC states correspond to the T3 irrep, and the coplanar
antiferromagnet and colinear ferromagnet states correspond to the 7} irreps. Since both
coplanar antiferromagnet and colinear ferromagnet states belong to the 77 irrep, we label
Ty, theirrep corresponding to the coplanar antiferromagnet and 7' the irrep corresponding
to the colinear ferromagnet. Moreover, note that the 15 and 13 spin configurations belong
to the same irrep E, and therefore the same eigen mode of H¥. This observation clarifies
why the two configurations are energy-degenerate as previously stated in Subsection 2.3.1.

Taking the spins in the global frame, the irrep modes, m? for the I'" irrep, correspond-
ing to the spin configurations in a single tetrahedron illustrated in Fig. 2.7 are

mg, — %;m-s‘z), (3.33)

mi - 53 (;‘; §> 334

my = %Z %ﬁ : (3.35)

my = LZ Zjﬁégy , (3.36)
V2 iy - 5

(2o X So)*

)
1
My = ﬁz E§“§§“§ , (3.37)

where 22 is the o component of the local z, direction of the a'® sublattice, and v2? are
the normalized bond vectors attached to a sublattice site a belonging to an up-tetrahedron
and which lie on the cubic a-v plane defined as

18As [g,H] = 0 for g € T, these are also eigen modes in Ty. In other words, the eigen modes of H
coincide with the irrep modes.
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1 -1
1 1
vy = —vi'=—111], vyl =—vy!=—111],
2 0 2 0
1 1 1
vyt = —vy =—1|0], vi¥ = —v5" = — ,
2 \1 2\-1
vy® = —v] = S (1) v}’ = —v) = S —01
V2 \4 V2 \

The Diagonalized Single Tetrahedron Hamiltonian H™

The irrep modes {m%'} can be used to re-express the Hamiltonian in a single tetrahedron
H¥ in its diagonal basis. To this end, we first have to express H® as a 12-dimensional
matrix and then used the irrep modes {m%} to diagonalize it. Although this procedure
can be done in the global physical interaction parameter basis {.J, Jising, Jpa, Jom, d}, it is
instead useful to work in a basis which reflects the symmetries of a single tetrahedron.
Following Ref. [74], this basis is constructed by considering the general bilinear exchange
Hamiltonian (3.1) and studying the effect of the bond exchange matrix J;; between two
sites in a single tetrahedron, {Jy, Jo, J3, Jy, d}'?. For example, the exchange matrix in an
up tetrahedron between the sublattices 0 and 1 is

S Js =y
Joi=|Js L —J ]|, (3.38)
Ji Jy s

where the resulting couplings are related to the global physical interaction parameter basis
{J, JIsinga de, JDM} in the fOHOWiIlg way

J = J,—Js, (3.39)
Jising = —3J1 +3J2+3J3, (3.40)
Jpa = —2J1+2J5+4Js, (3.41)
Jom = =S+ S+ I3+ Jy, (3.42)

9Note that for both descriptions the single-ion-anisotropy term is unchanged.
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or equivalently

1 1
o= J- g]{smg + 5(]13(1, (343)

1
J2 = J+ gJIsing7 (344)
Jy = —1J + 1J (3.45)
3 - 3 Ising 9 Pd> .

1

Jy = _gjlsing + Jpwm- (3.46)

The other exchange matrices J,; can be obtained by performing the symmetry transfor-
mations in 7. For example, the Jy3 matrix can be obtained by performing a C'3 rotation
about the (111) axis, i.e. Jo3 = ['(C3)Jo1'(C3)T. Lastly and for completeness, we provide
the local interaction matrix J, , which only contains the single-ion anisotropy interactions.
These matrices are obtained by considering the matrix resulting from the operation z,z1%.
For example, for the 0" sublattice the Jo,0 matrix is

Jf1 11
Jo=g (11 1) (3.47)
111

In terms of the irrep modes {m%}, we now can write the single tetrahedron Hamiltonian
as

1

M2 = fan,(m%) + as(m)? + ar,(m)?
+a/T1,H (m?”‘ )2 _'_ a’Tl,J_ (m’?ill)2 + aTl,mixm,?iIH ) mgli-] ’ (348)

where ay is the irrep energy parameter (IEP), i.e. the energy cost of the spin configuration
corresponding to the I'® irrep. In terms of the parameter basis {J;, Jo, J3, Ju, d}, these

20This is simply a way to rewrite the single-ion-anisotropy term (S, - z,)? = ST (z,21)S,.
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IEPs take the form

ap, = —2J1 -+ Jz — 2J3 — 4J4 -+ d (349)
agp = —2J1 —+ J2 + Jg + 2J4 (350)
ar, = —JQ + J3 - 2J4 (351)
d
aTlH = 2J1 + Jz -+ g (352)
2d
ar, = —JQ — Jg + 2J4 + ? (353)
2
CLTl‘mix = —\/?_(&]3 + d) (354)

Note that in Eq. (3.48) there is a term that mixes the two identified T} irreps, i.e.
the coplanar antiferromagnet and the colinear ferromagnet configurations. This mixing
is possible as both irreps transform in the same symmetry subspace 7). To avoid this
complication we may define a new irrep basis for the T} irreps such that the mixing term
is avoided. The rotated basis for the T} irreps is defined as

my,. = cosf m%” +sinf my | (3.55)
my_ = sin6 m%” —cosf my, | (3.56)

where the rotation angle, also refer to as the splayed angle is given by

0 = arctan ( VB(d + 3J;) ) . (3.57)

6J1 +6Jo+3J3 —6Js —d

Fig. 3.5 illustrates the irrep modes for the T} irreps before producing a rotation in Fig. 3.5(a)
and after producing a rotation in Fig. 3.5(b) by 6 = 7 /4. In this figure, the disks in each
sublattice show the rotation of the spins. The resulting states are the so-called splayed
ferromagnetic states shown in Fig. 2.8.

The rotation to the {mf7 ,} in Egs. (3.55) basis diagonalizes Eq. (3.48) identifying the
new IEPs

1

an—- = §<aT1|| tar. — \/a%,mix + (aT1|| - aTlL)Q (358)
1

ary = glan) +ans+ \/a%l,mix + (ary — ar1)* (3.59)

Note that the Ice (zy) configuration shown in Fig. 2.8 is a particular combination of the
Ty, and Th) irreps configurations where the spins lie on the local z direction (local zy

o7



Figure 3.5: (a) Spin configurations for the 7y (cyan) and 7', (orange) irreps.(b) Spin
configurations for the 77, (blue) and 77_ (red) irreps. Go to this link for an animation on
how the irrep modes evolve as a function of the angle 6.

plane) for the Ice (zy) configuration. From here on, when the Ice and xy configurations
are used, we refer to the corresponding irreps as 77 and T} respectively.

The irrep basis of H¥ can then be used to predict the ¢ = 0 ground state of the
system by considering which of the irreps has the minimum IEP a;. This procedure was
carried by Yan et al. [74] where they identified the possible ¢ = 0 phases for the set of
parameters {Ji, Jo, J3,0} with J3 < 0 and by Benton [119] for another set of parameters.
Note however, that when two irreps or configurations have the same IEP, i.e. these are
degenerate in energy, the irrep analysis is not capable of predicting what the state of the
system will be. As discussed in Section 2, this degeneracy leads to two possible outcomes:
an ObD-selected phase or a spin-liquid phase. In particular, when the ag is the minimum
IEP and since the 15 and 13 configurations are both represented by the E irrep, the irrep
analysis cannot predict which of the two describes the ground state of the system. The
selection in these cases is via an ObD mechanism which can be studied through a classical
low-temperature expansion or linear spin wave theory.

Additionally, since the irrep analysis identifies the ¢ = 0 modes of the system, it
represents a good starting point to perform a long-wavelength approximation, i.e. when
g — 0 [4, 107, 108]. This approach is used in Chapter 7.
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3.4.3 Application of Irreducible Representation to the Spin Fluc-
tuations in a Low-Temperature Phase

The irrep analysis is not limited to studying the prediction of an ordered phase. This
approach can also be used to describe the fluctuations about an ordered phase which, up
to quadratic order, can be obtained from the classical low-temperature expansion. In other
words, the Hessian H in Eq. (3.10) and therefore the fluctuating components of the spins
can be studied and described through an irrep decomposition.

As an example consider an ATAO ground state (Ay) as the ¢ = 0 configuration. We
may construct the Hessian by projecting out the components of the other irreps whose
spins are along the ordering direction and adding a diagonal shift related to the weight of
the ground state irrep, i.e. the IEP. Since the spins in the ATAO configuration lie in their
local z direction, all irreps which are uniquely composed by spins along these directions
are projected out, i.e. the Ay and the T\ irreps. We are left with the {Tg, Ty, 77"}
Therefore, the Hessian can be obtained by considering

H = (I—Pu)HI—Py,)” + constant shift
X CEIPE + CTQ]P)T2 + CTI,PlanarIP)Tl,Planar7 (360)

where the coefficient ¢; is defined by the weight (a; — a4, ), the P; are the projections onto
the corresponding irrep subspaces and, the constant shift is associated with the ground
state energy of the AIAO state.

3.5 Iterative Minimization

An alternative approach towards studying the ground state configurations, the correlation
functions, and other thermodynamic quantities of a system, is to appeal to numerical meth-
ods capable of accessing these quantities. Iterative minimization is a numerical method
that identifies spin configurations that classically minimize the energy of a system given
by its Hamiltonian

H=-> hi S, (3.61)

where h; is the molecular field at site 7.

The procedure followed by this numerical approach can be summarized in the following
way: first, a spin configuration is constructed by first considering a system with randomly
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oriented spins. Then, for a randomly selected spin on the system S;, its molecular field h;
is calculated. The spin S; is then oriented along its molecular field h; effectively lowering
the energy of the system. This process is repeated an N number of times where N is the
number of spins in the system. We call these N updates a sweep of the system. The spin
reorientation is carried until the energy between subsequent sweeps is less than a threshold
AFE.. The configuration resulting from the last sweep is then stored in memory. This
process is then repeated an Ny, number of times, each starting from a different randomly
oriented spin configuration. The stored Nye.s Spin configurations are then used to compute
any quantities of interest.

For the general bilinear Hamiltonian in Eq. (2.22) the molecular field is defined as

1
hi=—3 > IS+ Jom(S; x Dij) + Jeari;(S; - i) + JisingZi(S; - 75) ], (3.62)

@i

where j@q refers to all the sites j which are nearest neighbors to the site 7, the factor
1/2 is added to avoid over-counting in Eq. (3.61), and the DM interaction term is ob-
tained by using the triple product rule in the DM term. For a given set of parameters
{J, Jising; Jra, Jom}, iterative minimization uniformly explores the complete ground state
manifold of the system. This method however does not include any temperature depen-
dence and is therefore blind to any temperature-related effects, such as thermal ObD.

3.6 Classical Monte Carlo

Classical Monte Carlo (MC) represents one of the most powerful numerical tools when
studying classical spin systems. In this section, we only provide a brief overview of the
general ideas behind this approach and focus on the spin updates used to produce the
results presented in this thesis. For a more detail discussion we refer the reader to [120-
123].

Consider the case where we are interested in numerically studying a system of contin-
uous degrees of freedom {¢} with a Hamiltonian H[¢p]. A thermodynamic quantity (p) is
formally defined as

(p) = % / D¢ plg] e M9, (3.63)

where D¢ = [], d¢;, the Boltzmann weight is e #7¢) and Z = [ D¢ e=#"¢l is the partition
function. If we are interested in numerically measuring this quantity, strictly speaking, we
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would have to compute the quantity p[¢] for every possible configuration of the continu-
ous degrees of freedom {¢} and then average these values weighed by the corresponding
Boltzmann factor. Since performing this exact measurement is virtually impossible when
the system size is increased, we can instead focus on measuring this quantity over a subset
of configurations which are more likely to be accessed by the system. In other words, we
focus on configurations with a higher Boltzmann weight. The idea of measuring a quantity
over the most likely configurations is often referred to as importance sampling and is the
central concept behind the measurements obtained through MC.

In order to measure a thermodynamic quantity at a temperature 7" using MC, we first
have to identify the configurations which are most likely to be accessed at this temperature.
The identification of these configurations is performed in the following way: starting from
a configuration {¢,} we propose an update and with some probability accept the update
resulting in the configuration {¢,1}. In this process, the updates proposed must be
ergodic, i.e. capable of accessing any configuration on the system given sufficient time.
The type of updates used play a crucial role in MC as these may significantly improve the
statistics of the thermodynamic quantities measured®!. For the spin systems studied in this
thesis we use three types of updates: a Gaussian update [120], over-relaxation [87, 124],
and valley average [125].

The Gaussian update consists in updating a spin S; by considering a deviation from its
original orientation by a normalized random vector v. This deviation updates the spin at
site ¢ in the following way S; — (S;+€v)/|S;+ev|, where € is a parameter which is varied as
a function of temperature such that the updates are accepted 50% of the time, this is having
a 50% acceptance rate. The Gaussian update is accepted with a probability proportional
to the ratio of the Boltzmann factors of the original and proposed, i.e. configuration e?2F
where AF is the difference in energy between both configurations. This move is ergodic
as any spin orientation may be accessible by the random shift ewv.

The over-relaxation updated is based on the molecular field at site ¢ in Eq. (3.62). The

spin at this site can be expressed as S; = Sl“ + S+ where SZH (S;h) is the component of the
spin S; which is parallel (perpendicular) to h; defined as

I (Si-hi), A
S e hi, (3.64)
St = (S—%h) (3.65)

21This is because some update may be capable of accessing more configurations which possess the same
Boltzmann weight compared to others which cannot. This is for example the case of the loop move for a
spin-ice system [48].
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The over-relaxation update consists on flipping the perpendicular component of the spin
S, =Sl +st -8l -5t (3.66)

Clearly, this update does not produce any energy change in the system and it is, therefore,
always accepted®?. However, the over-relaxation update alone is not ergodic (configurations
with a different SZH cannot be reached with this update) and it is therefore supplemented
with an additional update which is ergodic?®. This update is especially useful when study-

ing energy-degenerate manifolds as the I's manifold discussed in Section 2.3.1 as was noted
by Ref [87].

Lastly, the valley average consists on performing Ny, independent MC simulations and
then averaging the thermodynamic quantities measured over the Ny, simulations. This
average is of especial relevance in glassy systems [125] where the system can get frozen in
a spin configuration.

The classical MC method discussed here describes the spins in the system as normalized
classical three dimensional vectors. The introduction of quantum effects would then require
to perform a quantum version of this method, i.e. a quantum Monte Carlo. Unfortunately,
this method is often limited by the infamous sign problem therefore limiting its application
to high-temperatures. There is however a proposal of adding quantum fluctuations [126,
127] in a perturbative way by a method dubbed perturbative Monte Carlo. In Appendix I
we illustrate how this method can be applied to an XXZ model on a square lattice.

22The ratio of the Boltzmann weights between the original and updated configuration is always 1.
23In the systems we study, we use over-relaxation supplemented with the Gaussian update.
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Chapter 4

The Heisenberg and
Dzyaloshinskii-Moriya Hamiltonian
Phase Diagram

In this section we present a detail study of the Heisenberg and Dzyaloshinskii-Moriya (DM)
model in the pyrochlore lattice, two of the possible symmetry-allowed interaction in the
pyrochlore lattice as previously discussed in Chapter 2. These interactions are of special
relevance for pyrochlore magnets with 3d-5d transition metal elements as it is expected for
the DM term to be the leading interaction following the Heisenberg exchange [37, 75, 80].
To produce a full study of this Hamiltonian, we first apply an irrep analysis effectively
predicting which ¢ = 0 orders can be realized. To go beyond this analysis, we apply
classical Monte Carlo (MC), classical low-temperature expansion (CLTE), and linear spin
wave theory (LSW). Since the results presented in this chapter are presented and discussed
in detail in Ref. [1], here we simply present a brief overview of the results which is especially
useful for the upcoming chapters.

4.1 The Heisenberg and and DM Hamiltonian

The Heisenberg and DM Hamiltonian in the pyrochlore lattice is given by

H o= J) Si-Sj+Jou Y Dij-(SixS;), (4.1)
(i) (i4)
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where the DM vectors D;; can be obtained by following the Moriya rules [72, 128, 129].
Following these set of rules results in the six DM vectors corresponding to the six bonds
found in a tetrahedron, namely,

DOl = (_17 170)7 D02 = <1a07 _1)7 D03 = (07 _17 1)7 (42)
Dl? = (O’ ]-7 1)7 D13 = (_]-aOa _]-)a D23 = (17 1a0)7 (43)

we refer the reader to Appendix A for the sublattice structure and its labeling. All other
DM vectors can be obtained by noting that D;; = —Dj;'. Following Refs. [26, 73, 76],
we refer to the above set of vectors {D;;} as direct DM vectors and their inverse additive
{—D,;} as indirect DM vectors. Fig. 4.1 illustrates some of the direct DM vectors in a
single tetrahedron.

[110]

EN

Figure 4.1: DM vectors for a single tetrahedron. Here the Dy, Dgo, Doz, D12, D13 and
D53 are shown.

With the above definition for the DM vectors in place, we are now ready to study the
Hamiltonian (4.1) for any choice of interaction parameters {.J, Jpy}. To this end we adopt
the parametrization

J =cost Jpu =sind, (4.4)

which gives us access to all possible ratios of the interaction parameters J and Jpy. More-
over, since J2 + J3,; = 1 we take all energy scales in this section to be measured in units
of \/J?+ J2\; = 1. In what follows, we keep the definition of the DM vectors provided
in Eq. (4.2) and (4.3) fixed and instead consider the sign change of the Jpy parameter.
Therefore, we refer to Jpy > 0 as a direct DM interaction and Jpy < 0 as a indirect DM
interaction.

!This property can be easily seen as the Hamiltonian (4.1) is invariant under i <= j. Since the cross
product is antisymmetric under this transformation the DM vectors must also be antisymmetric.
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4.2 Irrep Analysis

A first approximation to identify a phase diagram of the Hamiltonian (4.1) can be per-
formed by applying an irrep analysis and studying the evolution of the IEPs {aa,, ag, ar,+
,ar,_,ar,} as a function of temperature, see Subsection 3.4.2. In general, producing this
analysis would first requires us to identify the correct combination of the T} irreps which di-
agonalize the Hamiltonian and for which ap, mix vanishes. Fortunately, from the expression
for ar, mix in Eq. (3.54) we have that

Ty mix = _g<_!]lsing + gJPd + d); (45)
which vanishes for the Hamiltonian (4.1) as it does not have an Ising, pseudo-dipolar or
single-ion anisotropy interactions. Therefore, the T} irrep modes that diagonalize the single-
tetrahedron Hamiltonian H* with only Heisenberg and DM interactions correspond to the
colinear ferromagnet (77) and the coplanar antiferromagnet (77.) spin configurations as
shown in Fig. 2.7. Following this identification, we can use the corresponding IEPs and
express them in terms of the interaction parameters J and Jpy; yielding

asr, = —J—4Jpum, (4.6)
ap = —J+2Jou, (4.7)
ar, = —J —2Jpm, (4.8)
ar,, = 3J, (4.9)
ar,, = —J+2Jpu, (4.10)

or in terms of the parametrization in Eq. (4.4)
as, = —cos(d)—4sin(h), (4.11)
ap = —cos(f)+ 2sin(h), (4.12)
ar, = —cos(f)— 2sin(h), (4.13)
ar, = 3cos(f), (4.14)
ar,, = —cos(#)+ 2sin(h). (4.15)

Note that for this model agp = ap,, for all angles 6 € [0,360°). The dependence of these
parameters as a function of the parametrization angle is shown in Fig. 4.2. According to
the irrep analysis, the lowest energy irrep (the one with the smallest IEP) is expected to
describe the classical ¢ = 0 ground state. From Fig. 4.2 we can identify three regimes:
two where a single irrep configuration has the lowest energy IEP, and one where two irrep
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configurations share the lowest energy IEP. In other words, the irrep analysis predicts that
the Ay irrep (AIAO order), and the Ty irrep (colinear ferromagnet order) describe the
classical ground state for 8 € (0°,135°) and 6 € (135°,243°) respectively. On the other
hand, for 6 € (243°,360°) the irrep analysis is inconclusive as it identifies the F and the
T1, irreps as the minimum energy configurations. This observation aligns with what was
reported by Ref. [110] where a set of interaction parameters for the Hamiltonian (4.1)
locates this spin model at a phase boundary?.

— A E —— T Ty —— T

NS

243°

135° i
0° 50° 100°  150° 200° 250°  300°  350°
6

Figure 4.2: IEP as a function of the parametrization angle 6. The dashed lines at § = 135°
and 0 = 243° mark the points where two or more IEPs intersect.

Although the irrep analysis identifies two competing irreps for 6 € (243°,360°), as
discussed in Chapter 2, this does not equate to avoiding the realization of an ordered phase
at low temperatures as ObD might select one of the competing orders. As a consequence
of the energy degeneracy of the two irreps for 6 € (243°,360°) the classical ground state
manifold is then composed by two continuous manifold: the I's manifold and the coplanar
manifold. The I's manifold is composed by spin configurations resulting from a combination
of the 15 and 13 states, whereas the coplanar manifold is composed by spin configuration
resulting from a combination of the 13 and 77, states where the spins in both irreps lie in
the same Cartesian plane. The spin configurations in these manifold can take the form

8.7 () = cos(¢)Sy® + sin($) g2, (4.16)
S;Opla“ar(y) = cos()S¥? + sin(y) S+, (4.17)
2Click on the link for an animation of the phase diagram where the red dot marks the location of the

Heisenberg and DM model, the x axis is J,4/Jy, the y axis is Jy4/J1, and the phase diagram is evolved
as a function of .J,,/Jy. In this diagram, the yellow phase is a splayed ferromagnet, the blue is a T'5 phase,
and the gray phase is a PC phase.
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where S! is the a sublattice spin corresponding to the I'® irrep3. In the above equations,
¢ and 7 can be thought as angles describing a rotation about the local z axis and the
Cartesian axis perpendicular to the plane where the spins reside, respectively. Although
the realization of this manifold was noted by [73, 76], its decomposition into the E and
Ty, irreps was not clarified. Although the degeneracy between the E and the T}, irrep
can not be equated to avoiding an ordered phase, at high temperatures this degeneracy
does imply that the susceptibilities associated with both orders should follow the same
behavior, i.e. limp o xg = limy o X7, - This statement follows form a Landau theory
where the coefficient of the quadratic term in the expansion of the free energy in terms
of the irrep modes is proportional to (37 + a;) where T is the temperature [130, 131].
The high-temperature susceptibility for the irrep modes is therefore proportional to (37 +
ar)~!, which results in equivalent susceptibilities for energy degenerate irreps at these
temperatures and is further studied below.

4.3 Monte Carlo Simulations: a First Approach

To go beyond the irrep analysis, we apply classical MC simulations where we consider the
interaction parameters {J, Jpy} in terms of the parametrization in Eq. (4.4). To study
the realization of a ¢ = 0 magnetically ordered phase corresponding to the irrep modes
we study the irrep order parameters {m%}, defined in Subsection 3.4.2, averaged over all
tetrahedra

4
Moy = i ZE: m?, (4.18)

and study the evolution of its thermal average over the configurations sampled through
MC as a function of temperature

mr = (|Myal), (4.19)

where (---) refers to thermal averaging. In an ordered phase described by the I'! irrep,
the corresponding thermal averaged order parameter m; plateaus to 1 at low temperatures
whereas all other order parameters vanish.

MC simulations is performed for a system of N = 4 x L3 spins with L = 10 and
averaged between 20 — 100 independent MC runs. We refer the reader to Ref. [1] for a more
details of the MC simulations. The study of these order parameters as a function of the
parametrization angle ¢ reveals a phase diagram where three ordered phases are identified,

3For an animation of the ¢ = 0 spin configurations found in these manifold go to I's or coplanar.
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see Fig. 4.3. In agreement with the irrep analysis, for # € (0°,135°) and 6 € [135°,243°) an
ATAO and colinear ferromagnetic phases are respectively observed*. In contrast to what
was predicted by the irrep analysis, for § € (243°,360°) a I's ordered is observed. Moreover,
our MC simulations detected two points where no g = 0 ordered phases were detected.
One of these points is the Heisenberg antiferromagnetic point, i.e. Jpy = 0 (0 = 0), which
was discussed in Subsection 2.3.3. The other point however corresponds to the value of
for which Jpym/J = 2 and where the 77, Ty, and the E irreps share the same IEP, see
Fig. 4.2. A more in-depth study and analysis of this point is performed in Chapter 6.

1.75

1.50 - Paramagnet

=2

125+

JomlJ

&~ 1.00

Ferromagnet
0.75

T
150° 200°
0

Figure 4.3: Phase diagram obtained from the study of the {m;} order parameters.

As previously stated, our MC simulations detect I'5 order corresponding to the E irrep
and showed no signal of a T}, phase, however, and as stated in the previous section,
the competition between the E and the 77, modes can be exposed at high temperatures
by studying the evolution of the susceptibilities associated with each irrep. We therefore
define the order parameter susceptibility (using the standard form used in MC simulations
of finite-size classical three-component spin systems [132]) as

2 2

o () (i) 120)
for I € {E,T1,}. The susceptibility for both irreps is shown in Fig. 4.4(a) and (b)
for 8 = 250° and # = 300° respectively. A similar behavior was observed for all other
parametrization angles 6 € (243°,360°). As expected, at high temperatures the suscep-
tibility for both irreps agree at high temperatures only deviating from each other when

approaching the critical temperature T,.

4Note that MC identified the colinear ferromagnet as the g = 0 ground state at § = 135°.
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Figure 4.4: Order parameters susceptibilities x; for the ' and the T}, irreps measured for
6 = 250° (a) and 6 = 300° (b).

After identifying the different order phases in terms of the thermally averaged irrep
modes {m;}, we can now focus on the region where the I's; manifold is identified as the
ordered phase. As discussed in Chapter 2, this manifold comes from an accidental U(1)
degeneracy and therefore an ObD mechanism is expected to select either the 1 or the
13 states. In the next section, this selection is studied through a CLTE for the low-
temperature regime before returning to the MC analysis to study what the selection is
at all other temperatures. It is worth noting that the selection of the w3 order at low
temperatures for the Hamiltonian (4.1) with an antiferromagnetic Heisenberg interaction
and an indirect DM coupling was first observed by Ref. [73]. This study however was
limited to a finite range of ratios between the two interaction couplings and did not make
any claims of the possibility of an intermediate phase.

4.4 Order-by-Disorder in the I';s phase

To study the ObD selection for 6 € (243°,360°) we first apply a CLTE and study the
entropic weight associated with the 15 and 3 in Eq. (3.16), see Subsection 3.2.1. According
to this approximation, at low temperatures the ordered configuration with the highest
entropic weight is expected to be selected. Consequently, we study the difference of this
quantity between the two orders, i.e. AS = S(¢3) — S(¢2). According to this definition,
if AS > 0 a 13 order is entropically preferred while for AS < 0 a 1, order is preferred.

As shown in Fig. 4.5, AS is found to be positive in the low-temperature limit, i.e.
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T = 0%, for all values of the parametrization angle # where the I's phase is identified. In
other words, at low temperatures, the 13 order is expected to be selected by a thermal
ObD mechanism. Moreover, note that the AS shows a minimum value around 6 ~ 350°
which can be interpreted as a stronger competition between 15 and 13 orders at this angle,
see inset in Fig. 4.5.

0.03

0.02

AS

0.01

0.00

250°  275°  300°  325°  350°
4
Figure 4.5: Entropic weight difference AS as a function of the parametrization angle 6.
The inset shows the minimum in AS centered around 6 ~ 350°.

Although the CLTE predicts a selection of the 13 order at low temperatures, this does
not mean that the 13 order is selected at T,.. Studying this selection with a CLTE would
require to go beyond the quadratic theory presented in Subsection 3.2. We leave this
analysis for future work and return to the MC analysis to study the ObD selection in the
I's manifold at all temperatures below T, in the next section.

4.5 Monte Carlo Simulations: the I's Manifold

In Section 4.3, the thermal average order parameters {m;} were used to identify the onset
of a ¢ = 0 ordered phase. For 6 € (243°,360°) the mp order parameter was found to
saturate to 1 at low temperatures, signaling a I'; ordered phase. This parameter however
does not differentiate between 1)y or 13 orders® and therefore another quantity is needed
to expose the ObD selection. Therefore, following Refs. [86, 87, 112, 133], we study the

This is because we are measuring the magnitude of the E irrep mode which would evolve in the same
way for both orders.
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(0 3

Figure 4.6: ¢ (left) and w5 (right) where the spins (red arrows) point along the local x
and y axes for ¥y and 3, respectively.

parameter mgg defined as
mpe = (Mg ayv| cos(66)) (4.21)

where (- - - ) denotes thermal average, ¢ = arctan (mY,, /m%,.), and mp ., = (M} . MY )

defined as

MEaw = x; - S (4.22)

1
m%,av = N Z Y Sz (423)

where x; and y; are the local xy basis of the spin S; at site i, see Subsection 3.4.2 and
Appendix A. Note that 1, states can be associated with the spins pointing along the local =
direction whereas the 13 are associated with the spins pointing along the local y direction,
see Fig. 4.6. Consequently, in the Eq. (4.21), the angle ¢ refers to the I'; angle in Eq. (4.16)
where, ¢ = n7/3 corresponds to a 13 order, whereas ¢ = nmw/3 + m/6 corresponds to a
order for n € 0,1,2,3,4,5 [86, 133]. Therefore, the parameters mgg is expected to become
positive for 15 order and negative for 13 order; however, this quantity should merely be
viewed as a prozy of these orders as we further discuss at the end of this chapter.

The origin of the mpgg parameter and the reason why this parameter is well suited to
differentiate between the 1)y and 13 orders stems from the first anisotropic term in a Landau
theory where the order parameter is given by the E irrep mode. Ref. [71] constructed such
theory by considering a complex order parameter my, = /m3 + m; exp(i¢) where m, and
m,, are related to the onsite magnetization in the local zy planes and ¢ is the I's angle in
Eq. (4.16). Using this quantity, and including the local z order parameter m,, Ref. [71]
found that the first anisotropic term in the m, and m, components in the Landau free
energy corresponds to

6F = 216|my|°® cos(6¢), (4.24)
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where ng is a temperature dependent parameter whose sign determines which order con-
figuration is expected to be selected, for ng < 0 a 1 order is selected and for ng > 0 a 13
order is selected. In terms of the irrep modes, m,, corresponds to the magnitude of mpg
whereas m,, corresponds to the oz component of mpg ,, in Eq. (4.22) and (4.23).

Before presenting the mpgg parameter temperature evolution as measured via MC sim-
ulations, an important clarification must be made about this thermodynamic quantity and
the limitations encompassing it. Refs. [71, 86, 133] noted that this sixth order term in the
free energy is dangerously irrelevant. This means that while the evolution of this term does
not affect the critical properties of the system, it plays a crucial role in the ObD selec-
tion at T < T, [71]. Additionally, this means that there is an emergent length-scale A(T')
associated to this anisotropy [133]. Consequently, the ObD selection only takes place for
system sizes bigger than this length-scale. Therefore, we study the temperature evolution
of the mg and mpgg parameters for three different system sizes L = 8,10, 12 and illustrate
these in Fig. 4.7 for two set of interaction parameters corresponding to the parametrization
angle 6 = 250° and 6 = 300°.

0=250° 0—300°
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L8
—e— L=10
. e L=12
£05
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0.2 0.4 0.6 0.8 1.0
00 r : o '
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& Y L=t L-8 0] - ¢ -
10 —e— L=10 s /
1o 0.15 0.20 0.25 e L=12 1o y@ff 01 o 5 ‘ —— L=12
0.2 0.4 0.6 0.8 1.0 0.2 04 0.6 0.8 1.0
T T
(a) (b)

Figure 4.7: Evolution of the mg and mgg order parameters as a function of temperature
for = 250° (a) and 6 = 300° (b).

For both angles, the mg order parameter increases and plateaus to 1 at low tempera-
tures. On the other hand, the evolution of the mpgg parameter is fundamentally different
for 6 = 250° and # = 300°. For # = 250°, the mpgg parameter becomes negative just below
T. and keeps on increasing its magnitude to low temperatures. In contrast, for 8 = 300°,
the mpgg parameter first becomes positive below T, and only changes sign to a temperature
we label Tr,. As was mentioned before, and following Refs. [86, 112, 133], the negative
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sign of the mgg parameter would lead us to identify a w3 order below T, and all the way
down to T" — 0 for the angle § = 250°. In contrast, for § = 300° an intermediate ¢, phase
is identified from 7 to Ty, which is then replaced by a 13 phase which prevails all the way
down to T" — 0. The value of Tt is identified with the change of sign of the mgg order
parameter measured for system sizes L = 10,12 which crosses at this temperature [112],
see inset of Fig. 4.7(b). Note that when increasing the system size used in the MC simu-
lations, the value of the mpgg increases, see inset in Figs. 4.7(a) and (b). This increment
in the value of the mpgg is presumably related to the emergent length-scale A(T'), i.e. ObD
selection produced by the sixth order term in the free energy becomes more prevalent for
increasing system size [86, 112, 133, 134].

Figure 4.8: Temperature dependent phase diagram for the I's phase illustrating a selection
between the 1y and 13 ordering as a function of 6.

Performing a similar analysis on the sign of the mpgg parameter and identification of
the corresponding 19 and 13 orders on angles 6 € (243°,360°) lets us construct the phase
diagram shown in Fig. 4.8. The mgg analysis identifies two regions: one for 6 € (243°,265°)
where a single transition is observed into a 3 order, and a second region for 6 € (265°, 360°)
where an intermediate 15 phase is detected at high temperatures followed by a transition
into a 13 phase at Tr,. Interestingly, a drop in the value of Tt is observed for 6 ~ 350°.
This drop in T, can be understood in terms of the CLTE entropic weight difference shown
in Fig. 4.5 which presents a minimum around the same value of 6 and implies stronger
competition between the two phases. Such strong competition could be interpreted as a
suppression of the transition between the two orders. In fact, note that as AS decreases
in Fig. 4.5 when approaching 6 ~ 350°, Tr, drops as seen in Fig. 4.8.
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Although similar results were reported by Ref. [112], that work only considered values
of up to Jpy/J ~ 1.5. Here, by implementing the parametrization in Eq. (4.4), we are
able to identify the phase diagram for all possible ratios of Jpy/J. The classical phase
diagram of the magnetic phases including the inner structure in the I's; phase is shown in
Fig. 4.3.
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Figure 4.9: Phase diagram obtained from the study of the {m;} order parameters and the
mpe parameter.

Before continuing with the quantum version of this phase diagram, a word of caution
is needed. According to Ref. [71], the transition between the 1, and 3 orders in the
I's phase should either be a single first order transition or two continuous second order
transitions. The first scenario would imply a discontinuity in the mpgg parameter, whereas
the second scenario would imply an intermediate phase between the 1), and 3 order.
Our MC analysis does not present a discontinuity in the these quantities. To explore the
possibility of an intermediate phase, we study the distribution of the angle ¢ obtained by
averaging 100 independent MC simulations and show these distributions for § = 300° at
three temperatures, one below 7, and above Tt , one at approximately Tt,, and one below
T[‘ 6.

5

Fig. 4.10 illustrates the 2D and 1D histograms for the I'; angle ¢ for the temperatures
marked by black dashed lines in panel (a) where the mp and mpgg order parameters are
illustrated. As can be seen, for Tj, both the 1D and 2D histograms show wide peaks at
nr/3 withn € {0,1,2,3,4,5}, which according to the sign of mgg is identified as a 1), order.

6For # = 300° we used for the three temperatures Ty = 0.461, 77 = 0.395, T, = 0.249, where all
temperatures are in units of /J2 + JDM2 =1.
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At Ty, both the 1D and 2D histograms show an almost featureless distribution where all
angles ¢ in the I's phases are sampled with a comparable frequency. Lastly, for T5, both
the 1D and 2D histograms show sharp peaks at n7/3 + 7/6 with n € {0, 1,2, 3,4,5}, at
this temperature a 13 order is identified. An intermediate phase would be indicated by
peaks in the distribution of ¢ at positions which are not related to a vy or a 13 order.

(a) 6=300°

E I

¢

Figure 4.10: Panel (a) illustrates the mp and mpge parameters measured for 6 = 300°.
Panels (b), (d) and (f) show 2D polar histograms of m g ,,. Panels (c), (e) and (g) show
1D histograms of the angle ¢ where the vertical red lines mark multiples of 7/6. Here,
the second row (panels (b) and (c)) corresponds to data taken at Tp, the third row (panels
(d) and (e)) corresponds to data taken at 7, and the fourth row (panels (f) and (g))
corresponds to data taken at T5.
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We do not find any evidence of an intermediate phase which does not allow us to
identify the nature of the transition between the low-temperature )3 phase and the high-
temperature 1, phase as a second order phase transition. An equivalent observation was
performed in Ref. [133] when studying a similar system in the pyrochlore lattice which also
shows a high-temperature 1, phase followed by a low-temperature 13 phase. The failure
in identifying the order of the transition might be related to the emergent length-scale
A(T) associated with the dangerously irrelevant term in the free energy. Moreover, note
that for T in Fig. 4.10 the ¢ distribution reveals that the MC is sampling configurations
from all angles across the I's manifold although the distribution is clearly peaked at angles
associated to the 1y state. In a true 15 ordered phase we would expect the peaks of the ¢
distributions at Tj to look like the peaks observed for the distributions at 75. Presumably,
as the system size is increased, the ¢ distributions would become sharper and consequently
the value of mpg would increase, see Fig. 4.7. The system size limitation observed in the
¢ distributions is the reason why we take the sign of the mpgg parameter as a proxy of the
ordered configuration [1]. Addressing this complication would require the study of bigger
system sizes and we therefore leave this study for future work.

4.6 Quantum Phase Diagram

To study the phase diagram in the quantum model we apply three methods: pseudo-
fermion functional renormalization group (PFFRG), a high-temperature series expansion
(HTSE), and LSW theory. In this section, we focus in the results provided by the LSW
theory and only present the results from PFFRG and HTSE. The detail description and
analysis of both PFFRG and HTSE can be found in Ref. [1]. The identified classical and
quantum phase diagrams are summarized in the angular phase diagram in Fig. 4.11.

4.6.1 PFFRG and HTSE Results

In general, the phases found in the quantum case by PFFRG at T" = 0 are consis-
tent with those identified in the classical picture: there are three magnetically ordered
phases, and two spin-liquid phases. The magnetic phases are identified to be the AIAO
for 8 € (10°,135.75°), colinear ferromagnet for 6§ € (135.75°,229°), and the I's phase for
0 € (243°,338°). On the other hand, the two spin-liquid phases are found around 6 = 0°
and another close to 6 ~ 243° where the Jpy/J = 2 classical spin-liquid is identified.
Interestingly, the two spin-liquid phases are found to be stable for a wider range of angles
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Figure 4.11: Classical and quantum phase diagram of the Heisenberg and DM Hamiltonian
where the outer most ring shows the selection at 7" — 0 and the middle ring corresponds
to the ordered phase selected at T, as identified by MC. The inner circle corresponds to
the magnetic phases as identified by PFFRG.

than what is observed in the classical case. Unfortunately, the current PFFRG implemen-
tation does not allow for an identification of the ObD selected phase in the I's phase as
this method can only study two point correlators whereas the ObD selection is driven by
a sixth order correlation function [86], see Section 4.5.

To study the selected orders at T,., we applied a HTSE and study the sixth order
cumulants [61]. This analysis identified a similar 15 /13 selection as what was identified by
MC: for # < 260° a 13 phase is identified and for most angles 6 > 260° a v, is identified.
For # = 310°, 320° the HTSE was inconclusive finding that different Padé approximants

7



of the series predicts different orders. For a more detailed discussion of these results, we
refer the reader to Ref. [1], and Appendix G where the HTSE for y; is calculated up to
order 3% for the E and T}, irreps, see Eq. (4.20).

4.6.2 Quantum Order-by-Disorder

To study the quantum ObD selected states at T — 0 and supplement the quantum phase
diagram identified through PFFRG, we study the zero-point energy correction to the clas-
sical energy about the 15 and 3 states. This correction is related to the zero-point motion,
i.e. at T =0, of the magnon energies given by Eq. (3.20), namely

() =5 3 Y wla), (4.25)

where the state with the lowest energy correction is expected to be selected as T" — 0.
Consequently, we study the difference in this correction between the 13 and 1y states, i.e.
AEy = Ey(13) — Eo(1)2), as a function of the parametrization angle 6, see Fig. 4.12.
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Figure 4.12: Zero-point energy correction difference between the 13 and 1, states, i.e.
AEy = Ey(103)— Eo(102). Inset shows a zoomed version of this difference for 0 € [344°, 346°].

As can be seen, for most angles, AFE, < 0 signaling a 13 selection. Interestingly, and
in contrast to the classical case, for § € [344°,352°] AE, oscillates between AE, < 0 and
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AFE, > 0 which translates in an oscillating selection between the v, and 15 orders’. These
oscillations can be understood by considering the expression for AFj as a function of the
local exchange interaction parameters derived by Ref. [110]

3 2 4 6
AEO ~ Ji |:Cg (in:::) + C2 (J:I:(:;—:;t]z:t) + (b&j—?) + Co (?I) ]7 (426)
where the coefficients ¢; are dimensionless functions of .J,./J.. In the above equation, the
local interaction parameters are combinations of trigonometric functions resulting from the
parametrization in Eq. (4.4) and therefore the oscillations observed in Fig. 4.128. Moreover,
we believe that this phenomenon is related to the observation of a thin regime in the local
interaction parameters {J,,, Jy, Jit, J, + } phase diagram where 15 order is selected [110]:
the parametrization chosen oscillates in the phase boundary progressively approaching the
Heisenberg point while crossing through the 5 /13 phases identified by Ref. [110] which
results in the oscillations observed. Quantitatively demonstrating this would require to
identify the 3D phase diagram and we therefore leave this for future work.

4.7 Conclusion and Outlook

In this section we have identified the magnetic phase diagram for the Heisenberg and DM
Hamiltonian in both the classical and quantum model. In both cases, three g = 0 ordered
phases, two antiferromagnetic phases (AIAO and I's phases) and one ferromagnetic phase
(colinear ferromagnet phase), and two spin-liquid phases are identified (the Heisenberg
antiferromagnet and the Jpy/J = 2 spin-liquid). Moreover, an ObD selection is observed
in the I's phase where a 13 phase was identified for 6 € (243°,265°) at all temperatures,
whereas for 6 € [265°,360°) an intermediate v phase is identified followed by a low-
temperature ¥3 phase. Since the interest in the Heisenberg and DM Hamiltonian originated
from the exact degeneracy between two symmetry breaking phases, our work motivates
the study of other magnetic systems living in phase boundaries which may present fruitful
ground on the identification of new exotic phenomena. Moreover, our results can be used
to spearhead the search for models in the interaction parameter space which may realize
similar types of spin-liquids and even to motivate the search of these in other geometries.

"We have verified the origin of these oscillations by implementing different integration techniques (Rie-
mann integration, MC integration, and a Python integration function), as well as the numerical study of
this quantity using a CLTE which all resulted in the same oscillations.

8The local interaction parameters in terms of the parametrization Eq. (4.4) take the form J,, =
—2(cos(0) +4sin(h)), J+ = §(cos(d) —2sin(h)), J1+ = 3 (cos(d) +sin(f)) and J.4 = ﬁ(Z cos(f) —sin(6)).
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Chapter 5

Order-by-Disorder in the Colinear
Ferromagnet

In Chapter 4, the magnetic phases realized for the Heisenberg and DM Hamiltonian were
identified and studied. In particular, we focused on the antiferromagnetic I's phase where
the ground state manifold possesses an accidental U (1) symmetry, which in turn leads us to
study the effect of quantum and thermal ObD in this phase. Similar ObD effects have been
widely studied for other pyrochlore Hamiltonians where the ground state configuration is a
['5 state [73, 74, 86, 87, 89, 110, 112]. In contrast, much less attention has been given to the
onset of these phenomena for colinear ferromagnetic phases in the pyrochlore lattice where
an accidental O(3) symmetry is associated with the ferromagnetic states, and therefore
the ground state manifold. The ObD selection in colinear ferromagnetic phases has been
studied for other lattices and interactions [135-137] where a selection of the magnetization
orientation has been observed. In this chapters we study the quantum and thermal ObD
phenomenon in the ferromagnetic phases using LSW for the quantum model, and CLTE
and MC for the classical model.

5.1 Accidental O(3) Symmetry

Starting from the Heisenberg and DM Hamiltonian as defined in Chapter 4

H o= J) Si-Sj+Jou Dij-(SixS;), (5.1)
(i) (i4)
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where we now consider a set of interactions parameters {J, Jpp} = {cos,sin 0} such that
the low temperature phase is a colinear ferromagnetic phase, see Fig. 4.11 in Chapter 4.
Additionally, all the energy related quantities presented in this chapter are measured in
units of \/J2 + J3,,, as was done in that chapter. As was previously discussed in Chapter 4,
this model realizes a ¢ = 0 colinear ferromagnetic state for § € [135°,243°) for the classical
model and 6 € [135°,229°) for the quantum model, as illustrated in Fig. 4.11. In the
absence of the DM interaction, i.e. Jpy = 0, the Hamiltonian in Eq. (5.1) is a ferromagnetic
Heisenberg model with an exact global O(3) symmetry!. When Jpy # 0, the anisotropy
introduced by the DM interaction reduces the symmetry group from O(3) to the tetrahedral
group Ty [74, 118], a subgroup of O(3) [33, 117].

Despite the anisotropy induced by the DM interaction, the ground state manifold retains
a global O(3) symmetry in both the classical and quantum models. In the classical case,
the irrep modes of the Tj correspond to configurations where the spins are polarized
along the global Cartesian axis. A polarized configuration in an arbitrary direction can be
obtained by a linear combination of the irrep modes preserving the classical energy of the
polarized configuration. This linear configuration between different ferromagnetic states
is equivalent to the combination given in Eq. (4.16) for the I's phase where instead of the
19 /103, states we use colinear configurations along different axis. In the quantum case, the
accidental O(3) symmetry in the ground state manifold is retained as a consequence of the
chirality of the DM vectors for a single site in a tetrahedron,

> D=0, (5.2)
J#i
i,j€X

which geometrically translates into a chirality associated to the DM vectors of a site ¢ in a
single tetrahedron as shown in Fig. 5.1.

To illustrate how the chirality of the DM vectors results in the accidental symmetry of
the quantum ground state manifold, consider a fully polarized product state, i.e. colinear
ferromagnetic state, oriented along the global magnetization direction m

N

o (1)) = () [17). (5.3)

i=1

Clearly, the above state is an eigenstate of the Heisenberg Hamiltonian (2.23), as we have
Hueis |Yo(m)) = —3JNS?|¥y(m)) independent of the magnetization axis, reflecting the

n other words, an O(3) rotation operator Urey commutes with the Hamiltonian, [H, Uret] = 0.
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Figure 5.1: DM vectors between a site ¢ and its nearest neighbors for a single tetrahedron.
Note that the orientation of DM vectors can be associated with an oriented closed loop.

fact that Eq. (2.23) is fully O(3) symmetric. Furthermore, an application of the DM
Hamiltonian (2.26) to this state yields

Hom [To(rn)) = iJpnS Y | D di | Si [Wo(rh)) =0, (5.4)
1eX J#i
i,j€X

=0

where d;’j = D,; - (u + iv), where w and v label the perpendicular directions to the m
polarization. Therefore, the energy associated with the state |WUy(m)) is the Heisenberg
exchange energy. Consequently, from Eq. (5.2) and Eq. (5.4), all the colinear ferromagnetic
states preserve the Heisenberg energy which results in the accidental symmetry in the
quantum model. It is worth noting that the preservation of the O(3) symmetry of the
colinear ferromagnet ground manifold is generally not expected as the introduction of
anisotropic interactions usually results in orientation dependent energy contributions which
lift the degeneracy. In the next section we study the effects of temperature in the selection
of a magnetization orientation for the quantum case.

5.2 Quantum Thermal Order-by-Disorder

Typically, it is expected that quantizing the Hamiltonian in Eq. (5.1) would lift the acciden-
tal symmetry of the ground state due to the additional contribution from the zero-point en-
ergy correction [110], a mechanism commonly referred to as quantum ObD [100, 110, 125].
Interestingly, since the colinear ferromagnetic states are exact eigenstates of the Hamilto-
nian in Eq. (5.1) the degeneracy over all magnetization orientations is preserved even after

82



considering the zero-point energy corrections®. While this observation is strictly valid in
the limit 7" = 0, we would expect the accidental O(3) symmetry to be lifted by thermal
effects involving anisotropic energy fluctuations at 7' # 0. In other words, we may study
the thermal quantum ObD mechanism where the selection is produced by the way the
energy fluctuations about a ground state configuration are populated.

Within a LSW theory, the energy fluctuations are described by the magnons and the
allowed energies of these fluctuations by the magnon bands, see Section 3.3. To study how
the anisotropy of these fluctuations and the way these are populated result in a thermal
quantum ObD selection, we compute the free energy difference [100] associated to the
magnon excitations about different magnetization orientations n and m

)
R R 1 —e Wa (q)/T
AF = Fm — 7@ :T221n< o )/T>, (5.5)
l—ewa’la
q a

where {w((lm) (q)} are the magnon energies associated to the colinear ferromagnet orientated
along the m direction, we have taken kg = 1, and the values shown are in units of

J? + J3\. From the above expression, it is clear that the temperature dependence of
the free energy difference relies on how the magnon bands are populated. Therefore, if
we identify an orientation m such that AF < 0 for all other orientations {n}, then m is
identified as the preferred orientation.?
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Figure 5.2: Free energy difference AF for § = 227° (a) and 6 = 240° (b). In this diagrams
the orientation with the least minimum energy difference is selected.

2This was also verified numerically for different orientations.
3Since the magnon spectrum changes depending on the orientation of the total magnetization (not
shown), it is therefore expected that the free energy difference will identify a preferred orientation.
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We have computed the free energy difference AF in Eq. (5.5), for n = (001) and
m = [cos(¢nr) sin(Oar), sin(¢ar) sin(far), cos(fy)] in the first octant?. Within this analysis,
the orientation with the most negative free energy at a temperature 1" is expected to be
selected. Although the PFFRG results presented in Chapter 4 predict a disordered phase
for 0 € [229°,243°], we apply the free energy analysis for § € [135°,243°) and postpone
the discussion of the disordered phase to the end of the chapter. Fig. 5.2 shows AF for
@ = 227° in panel (a) and 0§ = 240° in panel (b) at 7' = 0.1. In these plots, the minimum in
AF is found at cos(fy) = 1/v/3, and ¢ = 7/4 and cos(fy;) = 0 and ¢ = 0° corresponding
to the (111) and (110) orientations, respectively.

Producing a similar analysis at low temperatures (i.e. T — 0) for § € [135°,243°)
identifies two regions in parameter space: one for 6 < 239° and another for 6 > 239° where
the (111) and (110) orientations are respectively selected. As illustrated in Chapter 4, the
ObD selection at T" — 0 does not have to agree with the selection produced at higher
temperatures. Therefore, using the same free energy difference calculation, we identify
the ObD magnetization orientation selection as a function of temperature 7'/T, as shown
in Fig. 4.8. In this figure, the values of T, used are obtained from the MC simulations
presented in Chapter 4, see Fig. 4.3. Our analysis identifies a phase diagram where either
the (111) or (110) orientations are selected.

The phase diagram in Fig. 5.3 shows the difference AF between the (111) and (110)
orientations where positive values indicate a (110) selection and the negative values indicate
a (111) selection. This phase diagram shows re-entrance [82] of the (110) orientation, i.e. a
regime where an intermediate (110) phase is observed between a high and low temperature
the (111) phase. The (110) phase is first detected at low temperatures for § ~ 239°
reaching 6 ~ 229° as temperature is increased around T'/T. ~ 0.2 and then decreasing
upon increasing temperature up to 6 ~ 236°. Consequently, for 6 € [229°,236°), a (111)
orientation is predicted at low temperatures followed by an intermediate (110) orientation,
and finally (111) orientation at high temperatures. For § < 229° our analysis predicts a
selection of the (111) orientation for all temperatures although the free-energy difference
decreases its magnitude, and therefore the selection weakens, as # — 180°. This decreasing
free energy difference is expected from approaching the Heisenberg limit which has an
exact O(3) symmetry. This decreasing effect in the free energy difference is also seen as
T approaches 0. This effect is however expected, as for 7" — 0 the free energy starts to
approach the limit where it is solely described by the zero-point energy correction which,
as previously discussed, is the equivalent for all colinear ferromagnetic states.

4In Cartesian coordinates this is for z,y, z > 0.
5The other points are related by C3 rotations.
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Figure 5.3: Phase diagram constructed using the free energy difference AF obtained
through LSW where AF < 0 indicates a (111) selection and AF > 0 indicates a (110)
selection.

Note that the selection towards an orientation is expected to be rather weak, as the free
energy difference AF ~ O(1077), and only increases when approaching a phase boundary.
In fact, comparing the free energy scale in the ferromagnetic phase to the zero-point energy
difference AEy ~ O(107*) in the I's discussed in Chapter 4 would imply an entropic selec-
tion by an energy quantity which is three orders of magnitude smaller. This observation
naturally raises the question on whether a selection of a given magnetization orientation
can be observed or if this effect will only take place at low temperatures which could in
principle be inaccessible experimentally or even numerically.

5.3 Classical Thermal Order-by-Disorder

To assess the classical thermal ObD selection at low temperatures in the colinear ferro-
magnetic phase, we study the entropic weight difference between distinct magnetization
orientations, AS. The entropic weight selection presented in this section is analogous to
the one performed in Section 4.4 for the I's phase, and as such we only present the results.
Figure 5.4 shows the entropic weight difference AS between the (110) and (001), and be-
tween the (110) and (111) orientations. In these figures, the configuration with the highest
entropic weight is expected to be selected at low temperatures, see Subsection 3.2.1.
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Figure 5.4: Entropic weight difference AS for 6 € [135°,243°) (a) and 6 € [230°,243°) (b).

From Fig. 5.4, and in agreement with the LSW analysis, we found that the (001) orien-
tation is not favored for any angle 6 € [135°,243°), i.e. Sio) is always smaller than Si11)
and S110y. We illustrate this by showing Sp10) —So01) in Fig. 5.4(a) and (b)¢. Additionally,
this analysis identifies two regions in parameter space where different orientations are fa-
vored at low temperatures: one for § € (135°,238°) and another for 6 € (238°,243°) where
the (111) and (110) orientations are selected respectively, see Fig. 5.4(b). The identifica-
tion of these phases is similar to what is predicted by LSW for low temperatures where
the two regions are 6 € (135°,239°) and 6 € (239°,243°) for (111) and (110) orientations
respectively. Moreover, as in the LSW analysis, the ObD selection becomes stronger upon
approaching a phase boundary. Unfortunately, and in contrast to what is predicted by
LSW, the entropic weight derived in Section 3.2 is incapable of identifying a reorientation
of the total magnetization as a function of temperature since the temperature only enters as
an overall prefactor, see Eq. (3.15). Going beyond this analysis would require considering
higher order terms in the CLTE.

Comparing the magnitude of the entropic weight difference for the colinear ferro-
magnetic state [AS ~ O(107%)] with what was found in Chapter 4 for the I's phase
[AS ~ O(1072)] yields similar results to the comparison made for the quantum ObD selec-
tion: the selection is predicted to be two orders of magnitude weaker in the ferromagnetic
phase than in the antiferromagnetic phase’. However, both LSW and CLTE are limited
to T" < T, and therefore a method capable of going beyond this limit is needed. With
this in mind, we now turn to diagnose the possibility of a selection in the magnetization

6 A similar behavior is found for 8111y — So01) and we therefore omit the presentation of these curves.
"This argument excludes the selection in the ferromagnetic phase close to the I's boundary.

36



orientations using classical MC.

5.4 Monte Carlo Analysis

The conclusions drawn from the LSW and CLTE analysis are restricted to low temper-
atures [33, 74]. As such, methods capable of studying the full thermal evolution of the
ordered phase and the selection in the magnetization orientation are needed in both the
classical and quantum case. For the classical case, we apply a classical MC analysis for
a system of N = 4 x L3 spins with L = 10,12 with the update algorithms discussed in
Section 3.6 where we have used Ngm = 100 and roughly Npeas ~ 10°.

Clearly, the colinear ferromagnet order parameter, i.e. the mp, | irrep, cannot differen-
tiate between different orientations in the total magnetization vector as it only probes the
magnitude of the total magnetization. A similar scenario was encountered in the I'; phase
where the distinction of the 15 and 13 phases is performed by analyzing the evolution of
the mgg parameter instead of the mg irrep. The reason why the mpgg parameter can be
used® originates from the Landau free energy where this parameter is the first anisotropic
term which differentiates the states in the I's manifold. In that case, the sign of this param-
eter was used as a proxy to determine whether a 1, or a 13 order is preferred. Following
the same ideas we now consider a Landau free energy for the colinear ferromagnetic phase
where the order parameters are given by the components of the total magnetization M

F = a|m|2+Kf1)(mimi—i—mimi—i—mimi)—klﬁz)(mi—kmi—l—mﬁ)—i—lﬁ(mim;mi)—i—- -+, (5.6)

where
1 (6%
My = N EZ Sz . (57)

In this expansion, the terms with the a, Kfl), KP, and K, constants are the first
anisotropic terms in the free energy expansion [136-138]° which we referred to as the
cubic (anisotropy) parameters. In analogy to the I's manifold mpgg parameter, we study

8Recall the discussion in Chapter 4 where this parameter is used as a proxy to differentiate the two I's
orders.

9For simplicity, here we have ignored other possible sixth order terms in the theory. In principle we
could use the higher order terms too, but, as is further discussed below, the identification of the orientation
is performed by studying other quantities.
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the thermal average of the quantities

My = 3{(m2im; + m.m? +mZm2), (5.8)
M44:<mi+m§+mﬁ>, .
Mg = 27 (mZm.m?), (5.10)

to assess the possibility of a preferred orientation of the total magnetization vector M.
For fully isotropic systems, the cubic parameters should plateau to the values My, =
3/4, My, = 3/5 and Mg = 9/35 simultaneously!®. On the contrary, when a specific
orientation for the total magnetization is selected, the values of these thermodynamic
quantities differ from those in the isotropic case. For example, these parameters acquire the
values { Mya, My, Mg} = {0,1,0}, {3/4,1/2,0}, {1,1/3,1}, when the total magnetization
vector is oriented along the (001), (110), and (111) directions, respectively. We primarily
focus on these orientations as these correspond to high symmetry orientations allowed by
cubic symmetry and are also what is predicted to be observed by both LSW and CLTE.

Following the analysis obtained from the CLTE, we present results for three different
angles 6 = 235°, 238°, 240°. These angles correspond to regions where the CLTE identified
a (111) and (110) ordering for § = 235° and 6 = 240°, respectively, while § = 238° corre-
sponds to the angle where the CLTE analysis does not identify a preferred magnetization
orientation between the (111) and (110) orientations, see Fig. 5.4(b). Fig. 5.5 illustrates
the evolution of the cubic parameters Myo, Myy, and Mg as a function of temperatures ob-
tained for L = 12. In these figures, the horizontal lines mark the values that are expected
for an isotropic system and those expected for the (001), (110) and (111) orientations. For
0 = 235°, the My and Mg parameters seem to increase smoothly as the temperature is
lowered whereas the My, parameter shows a small decrease in its slope right below the
value My4 = 1/3. Similarly, for § = 238°, 240° the cubic parameters My presents a slight
change in the slope of the function whereas the My, develops a small bump in a region
right below the critical temperature T,.. This behavior, i.e. the change in the slope of the
cubic parameter, is more pronounced in the My parameter for 8 = 240° where the function
shows a broad bump before starting to decrease. The change in the slope for the cubic
parameters may signal a reorientation of the magnetization vector. Furthermore, the oscil-
lations in the cubic parameters at low temperatures are presumably associated with poor
statistics which can in principle be improved by running more simulations and measuring
more configurations, i.e. increasing Nyeas and Ngp,, see Section 3.6.

10These values are obtained by integrating the associated quantity while considering an equal probability
for all orientations. For example, for the My, parameter we obtain My = = [(s2 —l—s‘; +52)sin(0)dfdg = 2

4
where the components of the spin are taken in spherical coordinates.
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Figure 5.5: Temperature evolution of the Mys, My, and Mg parameters for § = 235° (a),
0 = 238° (b), = 240° (c) obtained using classical MC for a system size L = 12. Note
that for an isotropic system we would expect these parameters to plateau to the values
M42 = 3/4, M44 = 3/5 and M6 = 9/35
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As can be seen in Fig. 5.5, none of the cubic parameters plateaus to the isotropic case
at low temperatures. Additionally, the values of these parameters at low temperature do
not agree to what would be expected for the (001), (111), or (110) orientations'!. This
disagreement can be related to the weak selection predicted by the CLTE. In other words,
there could be a slight preference for the system to fluctuate around orientations which are
favored by the entropic weight, however, given that this effect is small, the system would
still able to “explore” other orientations'?. This would then explain why the values of cubic
parameters do not plateau to those related to the (001), (110), or (111) orientations but
instead to intermediate values. In fact, for < 235° we observed a similar but more subtle
evolution of the cubic parameters to what was observed for § = 235° where the deviation
from the isotropic values decreases as § — 180°!3. This observation is inline to what is
predicted by the CLTE where the entropic weight difference decreases as 8 — 180°, see
Fig. 5.4(a). To further study the preferred magnetization orientations and the possibility
of the system to “explore” other orientations below we study the distribution of the total
magnetization orientation sampled through MC in the first octant for 6 = 235°, 238°, 240°
at a temperature 1. First, we focus on the low temperature distribution to compare our
findings to what is predicted by the CLTE and then explore the possibility of a reorientation
in the magnetization vector at higher temperatures.

Fig. 5.6 shows the density plots of the magnetization orientation as a function of the
azimuth angle ¢, and polar angle 6, at a temperature T' < T, for 6 = 235°, 238°, 240°
sampled from MC. The color in these plots indicates the number of configurations that
are sampled at the respective orientation, consequently this plots can be understood as
a probability distribution of the magnetization orientation at a temperature 7'*. For
0 = 235°, 238° the pattern of these distribution is similar to what is predicted for the free
energy difference by LSW as shown in Fig. 5.2(a) where a (111) order is detected. Similarly,
the pattern for # = 240° agrees to the one obtained for a (110) orientation for the free
energy as shown in Fig. 5.2(b). It is worth noting that the density distribution for these
angles is quite scattered, only showing an increase in the number of samples at locations
corresponding to the (111) and (110) orientations. This observation supports the idea
that the system is able to explore other magnetization orientations at low temperatures
although it “spends” more time in those predicted by the CLTE analysis. Following these

1Tt is worth stating that the deviation of the parameters from the isotropic values increases with the
system size L which might be an indication of an emergent length-scale A(T) similar to the one discussed
in Chapter 4.

12This is similar to what happened with the mgg parameter and the distribution of the I's angle ¢.

13This means that while the cubic parameters do not plateau to the isotropic values, the deviation from
these is smaller.

14This plots are similar to the ¢ distributions shown in Chapter 4.
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Figure 5.6: Total magnetization density plot as sampled from MC for § = 235° (a), 6 =
238° (b), and 6§ = 240° (c) for the temperature given in the title of each panel. These
distributions were obtained for a system size of L = 12 for § = 235°,238° and for L = 10
for 6 = 240°.

observations, we label § = 235°,238° as (111) phases at low temperatures and § = 240° as a
(110) phase at low temperatures. Similar results to those shown for § = 235° were obtained
for # < 235° although the distribution for these angles was found to be broader. This is
in turn consistent with the decreasing entropic weight obtained from the CLTE, and the
decreasing deviation at low temperatures of the cubic parameters from the isotropic values.
Interestingly, the CLTE predicts that at § ~ 238° no selection between the (111) and (110)
orders is produced. Although this effect is not observed for § = 238° it is somewhat
observed for 8 = 239° where the density plots of the magnetization orientation shows a
high concentration of points at locations corresponding to the (111) and (110) orientations,
see Fig. 5.7. Altogether, the low-temperature distribution of the magnetization lets us
conclude that the predictions obtained from CLTE correctly represent what is observed in
the MC simulations.

Having clarified the selection on the magnetization orientation at low temperatures,
we now focus on the selection at temperatures near 7T, and at intermediate temperatures.
Fig. 5.8 shows the magnetization orientation distribution for § = 235°, 238°, 240° at higher
temperatures near 7T,.. For all the indicated angles the distribution at high temperatures
now shows a concentration of points at ¢, = 0,7 and cos(6y;) = 0, and at a broad line
covering all angles ¢y, with cos(6y,) = 1. Interestingly, this pattern corresponds to a
(001) and all the other Cartesian axis vectors implying a selection of these orientations
at high temperatures. This pattern is however lost for § < 227° and is replaced by one
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0=239°, T=0.002

Figure 5.7: Total magnetization density plot as sampled from MC for 8 = 239° sampled
at the temperature indicated in the title.

consistent with a (111) orientation. In other words, for # > 227° a (001) selection seems
to occur just below T.. The selection towards the (001) or (111) cubic axis close to T,
is expected from an renormalization group perspective as the cubic symmetry sets in at
the critical temperature eliminating the accidental O(3) symmetry [139]'>. The (001)
selection is presumably related to the evolution of the cubic parameters right below T
shown in Fig. 5.5 where a small but abrupt change was observed in the evolution of these
parameters. Note that the selection close to the critical temperature is not captured by
LSW or CLTE as these approximations assume small fluctuations about the ordered spin
configurations only valid for 7' < T,. Going beyond these low temperatures approximations
would require other analytical approaches capable of studying the free energy fluctuations
close to T, [140].

The observation of different patterns in the magnetization orientation distribution at
high and low temperatures can be taken as a smoking gun proof of the reorientation
of the total magnetization vector for 6 > 227°. This however does not mean that no
other orientation can be favored at intermediate temperatures. In fact, LSW predicts
a reorientation from the (110) to the (111) orientation as temperature is increased for
0 > 239° at low and intermediate temperatures, see Fig. 5.3. We therefore study the
evolution of the distribution of the magnetization orientation for € > 239°. Fig. 5.9 shows
the evolution of the magnetization distribution for # = 240° at three temperatures: one for

5From a renormalization group perspective, for a second order phase transition only these two orders
can set it and the free energy theory would not have the sixth order cubic parameters as these become
irrelevant. This selection however changes when the transition becomes first order and the cubic parameters
now enter the theory.
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Figure 5.8: Total magnetization density plot as sampled from MC for § = 235° (a), 6 =
238° (b), and # = 240° (c) for a temperature close 7, (7. = 0.440, 0.335, 0.224 for
0 = 235°, 238°,240°, respectively) where the exact value of the temperature is given in
the title of each panel. These distributions were obtained for a system size of L = 12 for
0 = 235°,238° and for L = 10 for # = 240°.

T < T,, one for an intermediate temperature below T,, and one just below T.. As identified
before, the patterns of distributions at high and low temperatures for = 240° correspond
to a preference for the (001) and (110) orientations, respectively. However, the pattern for
intermediate temperatures corresponds to a preference for the (111) orientation although
this pattern is more scattered than those observed at low temperatures in Fig. 5.6. Similar
results were obtained for 6 > 240°.

Altogether, the temperature evolution of the magnetization orientation distribution
for 6 > 240° implies that the magnetization vector undergoes two re-orientations as the
temperature is lowered. On the other hand, for 227° < # < 240° one re-orientation is
observed while for §# < 227° a preference for the (111) orientation is observed for all
temperatures below 7.. We summarize these results in an approximate phase diagram in
Fig. 5.10 where the yellow region corresponds to a preference for the (111) orientation, the
purple region corresponds to a preference for the (001) orientation, and the green region
corresponds to a preference for the (110) orientation in the colinear ferromagnetic phase.
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Figure 5.9: Total magnetization density plot as sampled from MC for 8 = 240° for the
temperatures given in the title of each panel. These distributions were obtained for a
system size of L = 10.

5.5 Conclusion and Outlook

In general terms, the preferred orientation predicted for the total magnetization vector
in the classical and quantum models agree: at low temperatures for § < 239° a (111)
orientation is preferred whereas for § > 239° a (110) orientation is preferred. Additionally,
both the classical and quantum models present a reorientation of the total magnetization
vector from the (110) to the (111) for 6 > 240°. In contrast, the re-entrance of the (111)
orientation for the quantum case predicted by LSW as 6 is decreased is not captured by
our MC analysis.

The analysis presented for the quantum model ignores the paramagnetic region identi-
fied by PFFRG in Chapter 4. In fact, PFFRG does not find a magnetically ordered state
for 6 € [229°,243°] which also corresponds to the region in space where LSW identifies
a (110) orientation at intermediate temperatures. Interestingly, a relation between low
temperature competition and “high” temperature behavior was presented and studied by
Ref. [82] where re-entrance of a Palmer-Chalker (PC) phase was observed. In this case,
0 = 229° corresponds to the boundary found by PFFRG where no order is found at 7' — 0
(the low temperature behavior), and the smallest angle at which LSW predicts a (110)
orientation at 7/T. ~ 0.2 (the high temperature behavior). The relation between these
two observation, i.e. the avoidance of LRO and the re-entrance of the (110) phase, deserves
further attention.
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Figure 5.10: Approximate phase diagram of the ferromagnetic phase with the magnetiza-
tion orientations identified using through MC.

The avoidance of a magnetically ordered phase predicted by PFFRG might imply an
instability of the ferromagnetic phase for 6 € [229°, 243°] which is not captured by our LSW
theory. A possible route to capture the instability of the ferromagnetic phase found by PF-
FRG is using spin-wave theory while considering higher order terms [141]. The introduction
of these effects was considered by Ref. [141] where it was found that the magnon-magnon
interactions would result in a breakdown of a ferromagnetic ordered phase in a region close
to the classical phase boundary with a I's phase. Incidentally, the phase boundary studied
by Ref. [141] presents strong competition between the ferromagnetic and antiferromagnetic
modes which has been related to the proximity to a classical spin-liquid phase [142], the
pinch-line-singularity spin-liquid [107]. Such competition and instability of the ferromag-
netic phase could in principle be realized for the Heisenberg and DM Hamiltonian when
approaching the Jpy/J point for the quantum case as was already hinted by PFFRG.
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Although the instability of the colinear ferromagnetic phase is not present in the classical
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Figure 5.11: Specific heat for different values of  approaching the I'; phase.

case as our MC simulations identity a magnetically ordered phase, this does not mean that
the classical system is immune to the competition related to the proximity to a spin-liquid.
In fact, as 8 — 243° the ordered transition into the colinear ferromagnetic phase starts
to become first ordered as shown in Fig. 5.11. Moreover, for 8 = 242° the specific heat
develops two peaks: a strong peak associated to the symmetry breaking transition at 7.
and a weak peak at T' < T,. The origin of this secondary peak at 7" might be related to an
increasing phase competition as our MC simulations detect a region just below T, where
the mp, | parameter acquires a non-zero value and vanishes at 7' = T, see Fig. 5.12. In the
next chapter we study the Jpy/J = 2 model and the paramagnetic phase it realizes.

The ObD selection in this chapter assumed a colinear ferromagnet as the low-temperature
ground state configuration. In terms of the irreps, this ground state is obtained by enforc-
ing that the ar, mix in Eq. (4.5) vanishes, which is clearly satisfy by the Heisenberg and DM
model. There are however other Hamiltonians which can satisfy this constraint although
such models can be regarded as fine-tuned. Although in general grounds we expect that
those alternative models also present a classical and quantum ObD selection, a zero-point
energy correction could already show a preference towards certain magnetic orientations.
This correction is expected as the quantum ground state manifold degeneracy may not sur-
vive the addition of any other non-DM interaction terms. This observation portrays the
ObD selection presented in this chapter as a novel realization of a quantum ObD selection
where the selection is purely thermal.
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Figure 5.12: Irrep order parameters as a function of temperature for angles 6 close to
0 = 243°.

97



Chapter 6

An Order-by-Disorder Selected
Spin-Liquid

In the previous chapters we studied the Heisenberg and DM model and characterize its
magnetically ordered phases. In Chapter 4, we identified a point in the interaction pa-
rameter space where no magnetic order was found both in the classical and the quantum
model. This point corresponds to Jpy/J = 2 with J < 0 and Jpy < 0, and is located in
the boundary between an antiferromagnetic I's phase and a colinear ferromagnetic phase.
Additionally, in Chapter 5 we hinted that the cascade of re-orientations in the ferromag-
netic phase may be related to the proximity to this point. In the present chapter, we study
the Heisenberg and DM Hamiltonian for Jpy/J = 2 point using a self-consistent gaussian
approximation (SCGA), iterative minimization (IM), and classical Monte Carlo (MC). We
discuss the competition which ultimately results in the avoidance of LRO and hint at the
possibility of an ObD effect selecting an extensive set of configurations within the ground
state manifold. In this chapter, we use the magnitude of the Heisenberg interaction J as
energy scale for all the energy related quantities presented.

6.1 Irrep Analysis and Interaction Matrix

In Chapter 4, we considered the Heisenberg and DM Hamiltonian

H o= —J) Si-Sj+Jou > Dij-(SixS;), (6.1)
() (i)
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and performed an irrep analysis which identified the ¢ = 0 states which minimize the
energy in a single tetrahedron for a set of interaction parameters {J, Jpy} parameterized
by Eq. (4.4). In terms of the parametrization in Eq. (4.4), the irrep analysis finds that three
irreps, 17y, the £, and the T}, have the same minimum energy, see Fig. 4.2 at 0 = 243°.
These irreps correspond to the colinear ferromagnet (77), the I's (E), and the coplanar
(T11) q = 0 states, see Fig. 2.7. Moreover, note that the energy degeneracy between two
Ty irreps allows us to choose any two T irrep modes when describing the theory!'. In
particular, we use the T and T} irreps (see Fig. 2.8) such that the low-energy irreps
can be separated into the irreps with the local xy degrees of freedom, the E and the T}
irreps, and the irrep with the local z degrees of freedom, the T71. The separation of the
degrees of the irreps in these two categories is especially relevant for J = 1, Jpy = —2
as the J,. coupling vanishes signifying that this model describes a non-Kramers system
where the local zy degrees of freedom do not interact with the local z degrees of freedom?,
see Section 2.1. In what follows, we refer to the Heisenberg and DM interaction model
with Jpy = —2J and a ferromagnetic Heisenberg interaction as the Jpy/J = 2 model for
short-hand notation?.

A

AN
IAN ; </w

-2
(000) (222) (220) (110) (111) (000) (010) (020) (120) (330) (000)
(a) (b)

Figure 6.1: Interaction matrix energy bands of the Heisenberg and DM model with
Jpm/J = 2 plotted along high-symmetry paths in the (hh() (a) and (hk0) (b) planes.
We refer the reader to Appendix C for more details of the high-symmetry paths chosen.

(hh?) (hk0)

S = N Wk~
O = N W kA

As seen in Chapter 4, a MC study does not find any signal of a magnetically ordered

1Since the two T} irreps are degenerate, any linearly independent basis of composed by these two irreps
is a valid irrep mode for this model.

2As a consequence, an effective theory of this Hamiltonian should not mix the local z and local zy
irreps.

3This naming is used to follow the results in Chapters 4 and 5 where the parametrization (4.4) is used.
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phase which can be taken as the possible realization of a strongly correlated paramagnet,
i.e. a spin-liquid. A similar scenario is found for the pure Heisenberg antiferromagnet
({J, Jom} = {J,0}, J > 0 in Eq. (6.1).) where the Ay, E, T\, and T3 irreps are energy
degenerate [74], see Fig. 4.2 for # = 0°. The degeneracy of these modes is reflected in
the bands of the Heisenberg antiferromagnet interaction matrix which present six degener-
ate low-energy flat bands and therefore an extensively degenerate ground state manifold.
The extensive degeneracy of the ground state manifold of the Heisenberg antiferromagnet
model ultimately results in the avoidance of LRO and a classical spin-liquid [43, 74, 101].
In Subsection 2.3.3, we showed how this model showcases an emergent divergent-free con-
straint [43, 143] which translates in the observation of twofold pinch point features in the
Fourier space correlation functions, see Fig. 2.10. As in the Heisenberg antiferromagnet,
the Jpum/J = 2 model has four low-energy flat bands in the spectrum of its interaction
matrix, see Fig. 6.1, which presumably results in the avoidance or LRO. As a first approx-
imation to study the Jpy/J = 2 model, we perform a SCGA to study the evolution of the
Lagrange multiplier A and the correlations functions as a function of temperature.

6.2 Anisotropic Features in the Neutron Scattering
Structure Factor

The similarity between the Heisenberg antiferromagnet and the Jpy/J = 2 model suggests
that the methods used for the description of the Heisenberg antiferromagnet can also be
used to analyze the Jpy/J = 2 model. We therefore use the SCGA, a method widely used
when studying spin-liquids [3, 42, 104], to study the evolution of the Lagrange multiplier A
and the neutron structure factor of the Jpy/J = 2 model. Figure 6.2 shows the evolution
of the Lagrange multiplier A as a function of temperature. As can be seen, the Lagrange
multiplier plateaus to 1 at low temperatures.

As discussed in Subsection 3.1.1, this value should be expected as it reflects the fraction
of degenerate low-energy flat bands: for four low energy flat bands, A should go to A\g =
3 ( 4 ) = 1. Using the values identified for A we can now compute the neutron structure

I oy 104
S =22, (5 q|?

factor
a7’y q

) (BT (@) + V), (6.2)

where [ is the inverse temperature and sz is the interaction matrix of the Jpy/J =
2 model. We refer the reader to Section 3.1 for more details in the derivation of the
above expression. Although in principle the quadrupolar degrees of freedom would not
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Figure 6.2: Lagrange multiplier A obtained for the Jpy/J = 2 model.

be observed in an experiment for the values of g considered*, here we present the full
neutron structure factor where both local zy and z degrees of freedom are included in the
calculation. The full neutron structure factor in the (hh¢) and (hk0O) scattering planes
is shown in Fig. 6.3(a) and (b) respectively for the lowest temperature used in Fig. 6.2°.
The resulting correlation functions show a multitude of anisotropic features: in the (hh()
plane in Fig. 6.3(a) twofold pinch points (at the points (hh(¢) = [220], [222], [002] and other
symmetry related points) and a continuous line of scattering intensity along the [111]
direction is observed. On the other hand, the neutron scattering in the (hk0) plane in
Fig. 6.3(b) shows fourfold pinch points at (hk0) = [000]. It is worthwhile noting that if
we had only considered the local z degrees of freedom, a spin-ice neutron structure factor
is observed with roughly the same temperature dependence as the one obtained for the
nearest-neighbor Ising antiferromagnet.

Similar anisotropic features, i.e. the continuous line of scattering, and the twofold and
fourfold pinch points, have been previously observed in other spin-liquids: in Ref. [107]
twofold pinch points and a continuous line of scattering was observed while in Ref. [108§]
twofold and fourfold pinch points where observed. The observation of all of these anisotropic
features has been related to emergent field theories where the twofold pinch points de-
scribes an emergent divergent-free constraint in vector fields [143], while the fourfold pinch
points and the continuous line of scattering have been related to emergent rank-2 theo-
ries [107, 108]. Interestingly, the observation of fourfold pinch points has also been related
to the realization of fractons as line-like excitations which are confined to move in a single
direction [145-147].

1Effectively, this would equate in modifying the expression in Eq. (6.2) such that only the local z degrees
of freedom are considered [144].

5Click on the respective scattering plane for an animation of the evolution of the neutron structure
factor as a function of temperature, (hh/() or (hk0).
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Figure 6.3: Neutron structure factor for the Jpy/J = 2 model in the (hhf) (a) and (hkO)
(b) planes obtained using a SCGA.

Although we currently do not have a long-wavelength theory at hand, we can assess
the possibility of fracton excitations in this model. To do so, we first have to consider
which are the possible ground state configurations allowed of the Jpy/J = 2 model. The
construction of these configurations can be performed by employing the so-called lego-
brick rules introduced in Ref. [74] where the low-energy irrep modes can be used to tile the
pyrochlore lattice. The low-energy irreps for Jpy/J = 2 model are the T, T}Y, and the
E (i.e. 1y and 1)3) irreps, see Fig. 2.7 and Fig. 2.8 for the spin configurations associated
with these irreps.

First, we can consider the g = 0 ground state configurations. Clearly, these are con-
structed by considering all the up tetrahedra in the same configuration, i.e. a 77, E,
or a Ti irrep mode. Additionally, using combinations of these irreps, other g = 0 spin
configuration can be constructed where now the spins in a single tetrahedron are described
by a combination of irreps similar to the one given in Eq. (4.17) described in Chapter 4.
In terms of the q # 0 modes, the use of the T irrep implies that all the spin-ice states®
are valid ground state configurations for the Jpy/J = 2 model. Interestingly, we can also
construct non-qg = 0 states where the spins in each tetrahedra are described by the 77"
or the F irrep mode. The construction of these states is as follows: consider a ¢ = 0
state where all tetrahedra are described by a T}"¥ irrep and focus on an infinite chain of
tetrahedra, see Fig. 6.4(a). Note that flipping all the spins along the chain, i.e. the blue

6This takes into account ¢ = 0 and non-q = 0 states.
“In other words S; — —S;.
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(a) T7"

(b) 2

Figure 6.4: Chain of tetrahedra where each tetrahedron is in a 7} (a) and v, (b) config-
uration. Note that the two configurations only differ by the flipping of blue spins.

spins in Fig. 6.4(a), has the effect of swapping the T spin configuration for the 1, spin
configuration, see Fig. 6.4(b). The same chain-flipping procedure can be applied to other
chains in the system such that the spins in the each tetrahedra always end up in a v, or
T7Y configuration®. This construction leads to a sub-extensive set of possible states given
by all possible combinations of the selected flipped spin chains®.

The appearance of fracton excitation in this system is related to the chain-flipping
construction: in order to avoid any excitations the chain of spins cannot have end-points

8Note that this is not possible for the 13 in the Jpy/J = 2 model.

9For example, starting from a ¢ = 0 T7¥ (12), we would have to choose two chains out of the O(L?)
chains to flip. This means that there are (L?)(L? — 1)/2 possible states that we can generate. From the
above statement, it is easy to see that the number of zy states that can be obtained starting from a single

2
g = 0 configuration would be given by ZiLQ <2£ ) = 9217,
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since the tetrahedra at these end-points would have spin configurations which are not
described by the E, Ty, or T irreps, or a combination of these. Once a chain has two
end-points the energy cost of such excitation is independent of the length of the chain as
long as the end-points remain in the same chain of spins where only two tetrahedra are
affected!?. This implies that once a finite chain is generated, the end-points of this chain
can freely move in the 1-dimensional path described by the chain. We believe that the
end-points of these chain are the fractons which are presumably related to the observation
of the fourfold pinch points in the neutron scattering correlation function, see Fig. 6.3(b).
Moreover, note that in this construction we have only used the zy irreps. Since the xy
degrees of freedom are quadrupolar, the fracton excitations identified are quadrupolar as
well. As previously mentioned, to make this argument more precise, an effective long
wavelength low-temperature theory should be developed. The construction of such theory
is left for future work.

6.3 Monte Carlo: An Order-by-Disorder-Selected Spin-
Liquid

After having used the SCGA to study the neutron structure factor for the Jpy/J = 2
model, we now apply classical MC to study how these correlation functions evolve as a
function of temperature, and check if these agree with what is predicted by SCGA. For
the Jpy/J = 2 model we considered a system of N =4 x L? spins with L = 10, averaged
the quantities measured in 500 independent MC simulations, and used Npyeas ~ 107, see
Section 3.6. The energy per spin and the specific heat measured with MC are shown in
Fig. 6.5. As can be seen in Fig. 6.5, the energy of the Jpy/J = 2 model evolves smoothly
down to the lowest temperatures where it plateaus to the value £/J = —3, as expected from
the irrep analysis (see Eq. (3.49)-(3.54)). On the other hand, the specific heat C' = dFE/dT
develops a small bump at 7%/J ~ 1072 Interestingly, a similar bump in the specific
heat is seen in spin-ice [48] signaling the thermal depletion of the population of magnetic
monopoles, see Section 2.2. Note that at low temperatures, the value of the specific heat
plateaus to C' ~ 7/8 = 0.875 and not 1 as expected from the equipartition theorem, see
for example Fig. 5.11. Following [43, 148], the low temperature value of the specific heat
implies that the low-energy fluctuations in the ground state result in an effective theory
where quadratic and quartic modes are obtained. We have studied the evolution of the
specific heat as a function of temperature and systems size, shown in Fig. 6.6, to discard

10For another chain would create an additional defect, i.e. three defects instead of two in a single chain.
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Figure 6.5: Energy (left) and specific heat (right) obtained through MC for the Jpy/J = 2
model. We label the temperature at maximum of the specific heat as T*. Both functions
were obtained for a system size L = 10.

the possibility that this bump would signal a first order transition in the thermodynamic
limit.
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Figure 6.6: Specific heat measured for the Jpy/J = 2 model for various systems sizes L.
Note that the specific heat bump centered at T does not sharpen as L is increased.
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To gain some insights on what the bump in the specific heat signals, we study the
full'’ neutron structure factors for the (hhf) and (hk0) planes obtained through MC for
two temperatures, one above and one below T™. Additionally, we compare these structure
factors with the ones obtained using SCGA in Fig. 6.3. Figure 6.7(a) shows the neutron
structure factor for both scattering planes at a temperature above T%. For this temperature,
we find a good agreement between these results from MC and the ones predicted by SCGA
in Fig. 6.3. The only noticeable difference between the two figures is the high intensity
at ¢ = 0 observed in MC. However, this feature can be obtained by the SCGA when
increasing the temperature'?. In contrast, and perhaps more interesting, the structure
factors obtained by MC below T™ are radically different to what is observed above T™,
see Fig. 6.7(a) and (b): the structure factor below T* no longer exhibits the continuous
intensity lines observed in the (hh{) plane nor the fourfold pinch points in the (hk0)
plane. Instead, this structure factor only exhibits twofold pinch points. Remarkably, the
neutron structure factor in Fig. 6.7(b) resembles the structure factor that found for spin-
ice at low temperatures, see Fig. 2.4. This similarity is somewhat unexpected as the Ising
nearest-neighbor antiferromagnetic Hamiltonian discussed in Section 2.2 considers Ising
spins whereas the Jpy;/J = 2 model considers Heisenberg spins. However, the irrep analysis
identified T as one of the low-energy modes where all the spins are constrained to their
local z degrees of freedom, similar to the Ising case. The observation of a spin-ice structure
factor would then point to the possibility of having the spins in every tetrahedra in a two-
in-two-out configuration, i.e. a T configuration. In other words, as the temperature is
lowered we might expect the spins to adopt a T configuration in all tetrahedra.

Naively, to study the onset of a spin-ice phase, we can take the same approach as in
Chapters 4 and 5 where we study the onset of an irrep mode by studying the m; parameter
where I denotes the corresponding irrep, see Eq. (4.19). These parameters however assume
a q = 0 configuration. Since the spin-ice states are generally not g = 0 configurations®®
the Myice parameter is not well suited to signal such a phase. Instead, to explore wheter
the spins are adopting a T} configuration, we study their projection onto their local z
axis

z _ 1 2
Plocal - <N Z (zi : Sz) > . (63)

%

HRecall that this means that we are taking into account all spin degrees of freedom when computing
these correlation functions.

12Check (hh!) for the evolution of the neutron structure factor as predicted by the SCGA. Here the high
intensity at g = 0 is observed.

13The only ¢ = 0 spin-ice states are the ones which replicate the same two-in-two-out configuration
through the lattice.
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Figure 6.7: Neutron structure factors for the Jpy/J = 2 model above (a) and below (b) the
temperature T*. In each panel the left plot corresponds to the (hh(¢) plane and the right
plot to the (hk0) plane. These structure factors were obtained for a system size L = 10.

In terms of the irreps, this projection measures the “amount” of Ay and 71 configurations.
However, since the A, irrep (i.e. ATAO) has a higher energy than the 71 configurations
(see Fig. 4.2 at § = 243°) and at low temperatures, the spins avoid these high energy
modes'?, the projection in Eq. (6.3) can thus be taken as a measure of the T configura-
tions only.

Figure 6.8 shows the temperature evolution of the PZ_,. At high temperatures, this

14We have additionally check that the m,, parameter vanishes as the temperature is progressively

lowered (not shown).
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Figure 6.8: P}, projection as a function of temperature measured through MC for an
L = 10 system.

projection acquires an approximate value of P7Z_,, ~ 1/3 as expected for a fully param-

agnetic system where the spins are free to fluctuate in all directions. As the temperature
is decreased, the P? ., projection rapidly increases around 7' ~ T™ and plateaus to 1 as
T — 0. The evolution of P, suggests that the low temperature phase below 7™ is in fact
a spin-ice phase. Interestingly, this phase is not predicted by the irrep analysis or SCGA.
Therefore, we may ask what is exact mechanism which causes the selection of the spin-ice
states. Alternatively, since the irrep analysis and the SCGA do not predict this phase,
we may ask what are the approximations leading to their failure. A common feature of
both approaches is that both the irrep analysis and SCGA are somewhat build to only
describe the quadratic modes of the spins. For example, in Chapter 3, we mentioned that
the SCGA is not well suited to capture ObD which typically considers higher order terms
in a free-energy description, see Chapters 4 and 5 for the discussion of the mpgg and cubic
parameters. A similar scenario is realized for the irrep analysis which only identifies the
modes used in a quadratic Landau theory. Therefore, the failure of these two methods
at low temperatures suggests that there are higher order terms in the free-energy theory
affecting the MC simulations and resulting in the selection of the spin-ice manifold. Since
the selection of the ground state configuration produced by the higher order terms in the
free-energy theory in Chapters 4 and 5 is entropic, we may inquire whether the selection
of the ice states may have an entropic origin. In fact, when describing the possible ground
state configurations, we stated that the spin-ice manifold is extensively degenerate. The
extensive degeneracy of the spin-ice states might be associated with an increasing entropy
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resulting in the selection of these states. To assess this, we could perform a CLTE to
measure the entropic weight associated to different ground state configurations, similar to
what was done in Chapters 4 and 5 for the F and the colinear ferromagnet states. This
calculation would then yield a higher entropic weight for the spin-ice states over all other
configurations in the ground state manifold. However, the exact calculation and imple-
mentation of this calculation goes beyond the scope of this thesis and will be performed in
future work.
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Figure 6.9: Neutron structure factors in the (hh¢) (left) and (hkO) (right) obtained using
IM for a system of size L = 10 and Ny,eas = 1000.

Even though with the current state of the methods used in this thesis we cannot produce
a direct measurement of entropy S, and consequently the free energy F = F —T'S, we can
produce an indirect proof of this selection by considering how the structure factor would
look like for T' = 0. In other words, if the selection of the spin-ice states has an entropic
origin, a method which explicitly excludes these effects could in principle shed some light
on what the selection mechanism is. We therefore apply iterative minimization (IM) to this
model and study the neutron structure factors obtained for the (hh(¢) and (hk0) scattering
planes, see Fig. 6.9. Remarkably, the T = 0 predictions obtained with IM agree with what
is seen in MC above T™, and therefore what was predicted by the SCGA, see Fig. 6.3 and
Fig. 6.7. The disagreement between MC and IM at low temperatures alludes to an entropic
mechanism, similar to ObD, as the culprit behind the selection of the spin-ice states. In

15 A possible way of studying the evolution of the entropy would be to use the Lee-Kosterlitz method[149).
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other words, the spin-ice spin-liquid in the Jpy/J = 2 model can be understood as an
order-by-disorder-selected spin-liquid. In the next subsection, we study the spin-ice phase
observed in this model and contrast the thermodynamic quantities measured in this phase
with those obtained for a spin-ice phase in an Ising system.

6.3.1 The Spin-Ice Phase in the Jpy/J = 2 Model

Although the neutron structure factor and the evolution of the projection P, seem to
point to the realization of a spin-ice phase similar to what is observed in an Ising system,
we need to be cautious when comparing the physics observed in both models. For instance,
the specific heat C' in the spin-ice phase of the Ising model goes to zero [48] whereas in
the Jpn/J = 2 model it goes to a constant as previously pointed out, see Fig. 6.5. This
difference originates from the nature of the spin degrees of freedom: in the Jpy/J = 2
model these are Heisenberg spins and not Ising. Despite this fundamental difference, we
could ask what other thermodynamic quantities might be similar for these two models.
Given that the neutron structure factor of both models seem to agree, a natural starting
point for this question is what other correlation functions of the Jpy/J = 2 model may
display a similar pattern to the one observed for an Ising system. Answering this question
is of fundamental interest as the unique features observed in other correlation function
may guide us in the identification of an effective model realized at low temperatures for
the Jpym/J = 2 model. For example, the polarized neutron scattering for the spin-ice
phase for the nearest-neighbor Ising model is radically different to the one observed the
dipolar spin-ice: in the first, the non-spin-flip channel is featureless whereas in the second a
strong modulation can be seen [3, 30]. We therefore compute the neutron structure factor
non-spin-flip (NSF) channel, defined as

S @)=Y (S:(~a)S)(a)) (2022) (6.4)

oy ab

and the spin-flip (SF) channel, defined as S*(q) — S™¥(q), referring the reader to Ap-
pendix B for more details about these correlation functions. In Fig. 6.10, we illustrate the
polarized neutron structure factors for the the Jpy/J = 2 model below T*.

In both scattering planes, the SF channel display the typical pinch point features ob-
served in the spin-ice phase [3]. On the other hand, in the NSF channel of the (hk0) plane
twofold pinch points can be observed while the (hh() plane seems to have a slight modula-
tion. This modulation however may be related to the thermalization procedure performed
in the MC simulations therefore limiting the analysis that we can perform. Our statistics
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Figure 6.10: Polarized neutron structure factors in the (hh¢) (left column) and (hk0) (right
column) obtained using MC for a system of size L = 10.

however allow us to study the average value of the NSF in the (hh() plane, (SNF) 16 and
its behavior as a function of temperature, see Fig. 6.11. As can be seen, at low tempera-
tures, the average plateaus to the value (SNF), = 8/3 ~ 2.66. This value corresponds to
what is predicted for the featureless NSF realized in the nearest-neighbor Ising model at
low temperatures [3]. Although this observation suggests that the effective model at low
temperatures is the nearest-neighbor antiferromagnetic Ising model, further investigation
is needed to provide a more robust identification. Improving the current statistics and

16This is simply an uniform average of the intensity of all the g values measured.
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thermalization may require the development of a different update algorithm suited to ac-
cess different spin-ice configurations efficiently in a Heisenberg system [150-152]. Although
we have not implemented such loop-like algorithm yet, we have slightly avoided this issue
by increasing the number of independent MC simulations used in the implementation of
the valley average method discussed in Section 3.6.

SINSF at T// =0
250 . a

(SN5F),
[ee]
=]
=)

1.50 - . .

10-3 10-2 107! 10°
7

Figure 6.11: Average value of the NSF channel in the (hh¢) plane as a function of tem-
perature. Here the lower three temperatures are below 7™, and the red dashed line marks
the value predicted for the flat NSF for the spin-ice phase observed in the nearest-neighbor
Ising Hamiltonian [3].

6.4 Non-Kramers Spin Systems

At the beginning of this chapter we mentioned that in terms of the local interaction pa-
rameters {J.., Ji, Jix, J.+} the Jpu/J = 2 model has a zero J.. coupling!” which ef-
fectively identifies this Hamiltonian as a non-Kramers Hamiltonian, see Section 2.1. The
non-Kramers Hamiltonian has been extensively studied by both quantum and classical
methods where four phases have been identified: three of which are quadrupolar and one
dipolar [4, 60, 153-155]. Classically, in terms of the irreps, the quadrupolar phases are

17"Assuming J = 1 and Jpmy = —2 in the Hamiltonain (6.1) leads to the local interaction cou-
plings {Jzzan:aJiivjzj:} = {371/23_150}5 or equalenﬂy {Jzz/JzzaJj:/JzzaJii/Jzz;sz:Jzz} =
{1,1/6,—-1/3,0}.
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described by the E, Ty, and T} spin configurations while the dipolar phase is described
by the T, see Fig. 6.12. In this diagram, the only g # 0 predicted phase is the yellow
phase which denotes a spin-ice phase.

1.00 Jo+ 1;=0.00

Dual model

-1.0 —0.5 0.0 0.5 1.0
JulJ

Figure 6.12: Classical phase diagram obtained using an irrep analysis. This phase diagram
agrees to the one reported by Ref. [4]. Here the lower black dot represents the Jpy/J = 2
model and the upper black dot the dual model.

Incidentally, in the phase diagram in Fig. 6.12 the Jpy/J = 2 model falls at a point
where three phases meet: the T}Y the E, and the T, We may therefore ask which other
points in this phase diagram may correspond to systems where strong competition results
in the avoidance of a magnetically ordered phase at low temperatures and possibly the
identification of novel spin-liquids as the one identified for the Jpy/J = 2 model. A
natural starting pointing in the search for such model are the two other points where
three phases meet, i.e. the corners of the yellow phase in Fig. 6.12. In fact, the left-
most point for which Jyi = 0 was studied by Ref. [4] labeling this point as a pseudo-
Heisenberg antiferromagnetic phase. The reasoning behind this name is that this model can
be transformed into a Heisenberg antiferromagnet by a local rotation in the xy degrees of
freedom [4]. In contrast, the model for the interaction parameters in the upper corner of the
yellow region has not been characterized. The Hamiltonian described by this point however
is dual to the Jpy/J = 2 model and may be obtained by the transformation in the pseudo-
spin operators S’f — :I:ZS’ZjE In terms of the spin components this transformation translates
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into a local rotation in the xy degrees of freedom, which effectively changes the sign of the
Jit coupling. In terms of the irreps, this rotation has the effect of swapping the T} irrep
by the T irrep, and the components of the E irrep, i.e. 1y <+ 5!, This point, which we
label as a dual model to the Jpy/J = 2 model, should have an equivalent thermodynamic
behavior to the Jpy/J = 2! model therefore exhibiting the same thermodynamic results as
the one presented in Fig. 6.5, which we have checked using MC (not shown). However, other
quantities as the neutron structure factors in a given scattering plane may change as the
low energy modes of the model change under the local transformation. At low temperatures
below T™, the dual model also presents a spin-ice phase with the same structure factors as
observed for the Jpy/J = 2 model in Fig. 6.7(b). However, the neutron structure factor of
the dual model above T* does not agree with the one obtained for the Jpy/J = 2 model,
see Fig. 6.13.

T/7=0.025
T/7=0.025
2
6
fen) ~ 4
S S0
=) 4 =2
2
N -2
-2.5 0.0 2.5 -4
(hhQ) -2.5 0.0 2.5

(hh0)

Figure 6.13: Neutron structure factors for the dual model below the temperature 7. The
left plot corresponds to the (hh¢) plane and the right plot to the (hk0) plane. These
structure factors were obtained for a system size L = 10.

The similarity at low temperature and disagreement at high temperatures can be under-
stood by the local transformation Sii — iz’Sf: since only the local zy degrees of freedom
are affected, the structure factor below 7™ should be the same as it is generated by spin-ice

18This symmetry is observed in the phase diagram in Fig. 6.12 which only swaps the PC phase with the
T7Y phase.

9For the dual model, the low-energy irreps are the E, T1°, and T,. Consequently, the ground state
configurations constructed for this model with the chain-flipping argument are now build using 3 and PC
configurations instead of ¥, and T}"Y configurations as shown in Fig. 6.4.
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configurations with only local z components whereas the structure factor above T™* differs
as xy configurations also contribute.

6.5 Conclusion and Outlook

In this chapter, we have studied the Jpy/J = 2 model where no magnetic ordered phase
is detected down to the lowest temperatures considered. To characterize this phase we
applied a variety of analytical and numerical techniques which allowed us to identify a
crossover temperature 1™ which separates two distinct spin-liquid phases. The correlation
function for both spin-liquids were studied, finding that above T, anisotropic features such
as continuous intensity lines, twofold and fourfold pinch points are observed. In contrast,
the spin-liquid below 7™ only exhibits twofold pinch points. The similarity between the
correlation function of the spin-liquid below 7™ with the one observed for a spin-ice sys-
tem lead us to identify this phase as a spin-ice spin-liquid. Our results suggest that the
low temperature spin-ice spin-liquid is selected by an entropic mechanism. To confirm this
statement, a study of the entropic weight associated with the spin-ice states will have to be
performed. Additionally, the development of a loop algorithm for Heisenberg spin models
to improve the statistics obtained in our current MC implementation may shed light in the
low-temperature physics of this model and the possibility of an effective low-temperature
model. Although the results presented in this chapter only make reference to the clas-
sical case, quantum simulations done with PFFRG performed by the group of Johannes
Reuther?® seem to also indicate a spin-liquid phase for interaction parameters close to the
ones used in this chapter. The characterization of the novel spin-liquid realized in the
Jpm/J = 2 model increases the interest in non-Kramers pyrochlores where other novel
low-temperature phases may be realized. Our work therefore motivates further analysis
of non-Kramers magnetic pyrochlores, their phase diagram, and the anisotropic features
observed in their neutron scattering correlation functions [155-160].

20Reuther’s group webpage.
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Chapter 7

Theory of Fragmentation

A common theme in Chapters 4, 5, and 6 is how strong competition between different
magnetic orders may lead to phenomena such as ObD and the realization of a spin-liquid
phase. Moreover, in Chapter 5, we observed a cascade of reorientations of the total mag-
netization vector in the colinear ferromagnetic phase and hinted that this may be related
to the adjacent spin-liquid phase, i.e. the spin-liquid realized in the Jpy/J = 2 model. In
fact, since a spin-liquid is the product of strong competition, we might expect signatures
of such competition in the immediate vicinity of the spin-liquid. In fact, recent work on
FeF3 [75] and YbyTi,O7 [142, 161] identified anisotropic features in the spin correlation
functions similar to those observed in the adjacent spin-liquid phases! before falling into
a magnetically ordered phase. On the other hand, there has been increasing attention in
dipolar-octupolar Nd-based compounds where pinch point features in the ordered phase
have been observed [102, 162-166], a phenomenon known as fragmentation [102, 162]. Al-
though recent work has related the observation of such features in the correlation function
observed in an ordered phase to the proximate spin-liquids [107, 167], there is still no
general argument or procedure which can be used to unmistakably expose such connec-
tion. In this chapter, we provide a general procedure to illustrate how the proximity to a
spin-liquid phase in the pyrochlore lattice results in the observation of remnant anisotropic
correlation of the spin-liquid in the adjacent ordered phases at low temperatures. We
demonstrate and present this general framework for the Coulomb spin-liquid realized in
the Heisenberg antiferromagnetic model and simply elucidate how it can be generalized for
other spin-liquids.

!This being the Coulomb spin-liquid in a Heisenberg antiferromagnet [43, 143] for FeF3, and the pinch-
line-singularity spin-liquid [107] for YbaTisO7.
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7.1 The Coulomb Phase in the Heisenberg Antiferro-
magnet

In order to study how the proximity to the Coulomb phase realized in a Heisenberg an-
tiferromagnet may affect the correlation functions observed in an adjacent ordered phase,
we first have to provide a general description of the Coulomb phase realized in the Heisen-
berg antiferromagnet. As discussed in Subsection 2.3.3, the Hamiltonian in the Heisenberg
antiferromagnet can be expressed in the follwing way

Hues = J Y ST (Ay©15.3) S, (7.1)
(i5)

= %Z(Zsi) + &, (7.2)

1eX

where &, is the ground state energy, X denotes both the up and down tetrahedra in
the pyrochlore lattice,J(A;; ® 1343) is the interaction matrix of the Heisenberg antiferro-
magnetic model, A is the pyrochlore adjacency matrix, and 1343 is the identity in three
dimensions. Clearly, spin configurations with vanishing magnetic moment in every tetra-
hedron minimize this Hamiltonian. In fact, an irrep analysis of this model identify four
degenerate minimum energy irrep modes corresponding to the Ay, E, Ti,, and Ty, i.e.
the antiferromagnetic irrep modes. Classically, the Hamiltonian in Eq. (7.2) exhibits an
extensively degenerate ground-state manifold composed of all possible antiferromagnetic
configurations [43]. This degeneracy is reflected in the spectrum of the interaction matrix
where six low-energy degenerate flat bands are observed, see Fig. 7.1 and Appendix C for
a description of the high-symmetry paths used in this chapter.

As shown in Subsection 2.3.3, performing a transformation from spins in a single tetra-
hedron to charges Q® and fluxes B® degrees of freedom defined

0% 1 (6%
Q" = 3> 5 (73)
B - Yy s (7.4)

allows for the construction of an effective long-wavelength theory at low temperatures
where Q% = 0 [42], yielding

Hueis = J > > la-B* (@) + O(q"). (7.5)
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Figure 7.1: Energy bands of the interaction matrix of the Heisenberg antiferromagnet
illustrated in two high-symmetry paths in the (hh¢) (a) and (hk0) (b).

At low temperatures, the fluxes become transverse to q, i.e. q - B® = 0 which, in real
space, translates into a divergence-free condition V - B® = 0 [13, 44]. In terms of the
interaction matrix, and as described in Section 2.2 and Subsection 2.3.3, the flat band
modes corresponds to the fluxes which fulfill this divergence-free constraint, i.e. V-B% = 0,
the lowest dispersive bands correspond to the fluxes which violate this constraint, i.e.
V - B® # 0, while the dispersive upper bands to the states where magnetic charges are
present, i.e. Q% # 0. The classification of the fluxes degrees of freedom according to the
divergence-free constraint can be generally done by implementing the Helmholtz-Hodge
decomposition [27, 102, 162], where a vector field B can be divided into three separate
components

B= V¢ +VXA+ H
~—~ ~~— ~

Irrotational ~ Rotational ~ Harmonic

(7.6)

In the above equation, ¢ is a scalar field, and A and H are vector fields. In this de-
composition, the rotational component is divergence-free, the irrotational component is
curl-free and the harmonic component is both divergence- and curl-free [105]. Note that
the harmonic component being both divergence- and curl-free can be though as a constant
shift of the vector field B. According to Eq. (7.5) and Eq. (7.6), the ground state man-
ifold is uniquely composed of rotational fluxes which in turn result in the observation of
sharp twofold pinch points in the correlation function at low temperatures [3, 42, 43], see
Fig. 2.10. The Helmholtz-Hodge decomposition in Eq. (7.6) was first explicitly introduced
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to pyrochlore magnetism in Ref. [27], where the spin degrees of freedom in an ordered phase
are decomposed into ordered irrotational components and fluctuating rotational compo-
nents. This decomposition results in the simultaneous presence of magnetic Bragg peaks
and pinch point features in the neutron structure factor produced by the irrotational and
rotational degrees of freedom, respectively.

Having identified the ground state manifold, we can now construct a projector into the
ground state manifold, Pgry, and the excited states, Pr.ot, using the eigen modes of the
interaction matrix, {¢,(q)}

Prot(q) = Y. éu(@)oh (), (7.7)
neglz;toband
IPIrrot(q) =

> o@dn(@) + ) dul@)oh (@), (7.8)

n ¢ flat band
q#0

where we have chosen to include both the irrotational and harmonic space in the projection
Pr0t. By construction, the addition of these projectors sums to the identity operator in
spin configuration space. For a spin configuration S.(q) = % >, Sie™ ) we may construct
a measure of how rotational or irrotational the configuration is by employing the rotational
and irrotational projectors

Prot(q)Sc(q)°

PROt = 5 (79)
EAC
Provot (9)Se(q) |’
PIrrOt = | I t<q> 2(q)l , (710)
|Se(q)]

where both Pret and P are constrained to be positive, less than one, and the sum of the
two projections is constrained to be 1, i.e. 0 < Prot, Pirrot < 1 and Prot + Pirot = 1. The
quantity Prot (Prot) therefore measures how rotational (irrotational) a spin configuration
is. As a proof of concept, we may apply these projectors to the eigen modes {¢,(q)} of
the interaction matrix of the Heisenberg antiferromagnetic in Eq. (7.2) and illustrate the
projection by coloring the corresponding eigenvalues {¢,(q)}, i.e. the energy bands of the
interaction matrix. Figure 7.2 shows the bands of interaction matrix of the Heisenberg
antiferromagnetic model colored by the irrotational projection P.o. In this figure, a value
of 1 (red) means that the eigenvector considered is fully irrotational while a value of 0
(blue) means that the eigenvector is fully rotational.

2Thanks to the spectral theorem, the interaction matrix of the Heisenberg antiferromagnet can be
expressed as J(A;; @ Lsxs) = >, endn(q)9L(q), where £, is the energy associated which each mode
{#n(q)}. Moreover, these modes are constructed using the eigen modes of the adjacency matrix.
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Figure 7.2: Bands of the Heisenberg antiferromagnetic model colored by the projection

Priyot in a high-symmetry path in the (hhf) (upper plot) and (hk0) (lower plot) planes.

The projections P, can therefore be used to track the rotational modes (for which
Pt = 0) as the Heisenberg antiferromagnetic Hamiltonian is perturbed. In the next
section, we show how the observation of twofold pinch points associated to the correlations
produced by rotational modes can be exposed by the application of this projector.

7.2 The Single-Ion Anisotropy Model

In this section, we consider the Heisenberg antiferromagnetic model with a single-ion
anisotropy term,

Ho=J) Si-Sj+d) (z-85), (7.11)
(i) i
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(002)

where we take J > 0, d < 0%, and |d| < J. An irrep analysis of this model identifies the A,
irrep, i.e. the ATAO configuration, as the lowest energy g = 0 configuration, see Eq. (3.49)-
(3.54) where J; = J, = J and J3 = J; = 0. The results presented in this section were
obtained using d/J = —0.25. A MC study of this model for a system size L = 10 confirms
the realization of a low-temperature ordered phase with an ATAO configuration. Moreover,
a consequent study of the neutron structure factor of this model in the (hh{) plane shows
pinch-point-like features above T, and below T, underneath the magnetic Bragg peaks, as
can be seen in Fig. 7.3, where some of the pinch points are marked by the white arrows.

(hh0)

Figure 7.3: Neutron scattering in the (hh¢) plane obtained through MC simulations for a
system size L = 10. The temperatures at which these correlation function were obtained
are shown in the title of each panel. For both T' < T, and T' < T,, we have removed the
magnetic Bragg peaks to expose the diffuse scattering pattern.

Above T,, the observation of these features is associated to the contribution of rota-
tional modes before the AIAO modes become critical and the rotational modes become
depopulated. In fact, a study of the interaction matrix bands of the single-ion anisotropy
model illustrates how the rotational models corresponding to the flat bands observed in
the Heisenberg antiferromagnetic model have been slightly shifted in energy or distorted,
see Fig. 7.4 and compare it with Fig. 7.1%.

On the other hand, the observation of the pinch-point-like features below T, is related
to the spin fluctuations about the ordered configuration. At low temperatures, these fluc-
tuations can be described by a classical low-temperature expansion (CLTE), as discussed in

3The choice of this sign therefore identifies the single-ion anisotropy term in the Hamiltonian in
Eq. (7.11) as an easy-axis term.

4This means that at temperatures above T, the contribution of the rotational modes is somewhat similar
to what would be expected in the Heisenberg antiferromagnetic model which results in the observation of
broadened pinch points.
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Figure 7.4: Energy bands of the interaction matrix of the single-ion-anisotropy model in
Eq. (7.11) illustrated in two high-symmetry paths in the (hh¢) (a) and (hk0) (b).

Section 3.2. The neutron structure factor produced by these fluctuations obtained through
a CLTE is shown in Fig. 7.5°. A comparison between Fig. 7.5 and the structure factors
measured in MC at low temperatures shows that the predictions provided by these two
methods agree, which allows us to utilize in the CLTE approximation to expose the origin
of the pinch-point-like features observed.

7.2.1 A Classical Low-Temperature Expansion

As discussed in Section 3.2, a CLTE is designed to describe the spin fluctuations about
an ordered configuration. The description provided in Section 3.2 does not expose how
the fluctuating components about the ground state lead to the observation of pinch-point-
like features in the neutron structure factor. Therefore, in this subsection we provide an
alternative description of the spin fluctuations to expose how these components lead to
the observation of pinch-point-like features in the neutron structure factor in the ordered
phase.

Assuming an ordered configuration at low temperatures, we may express the spin vari-

SNote that the expression for the correlation function given by CLTE has the temperatures T as a
prefactor. Since this prefactor does not change the modulation of the correlation function, the results
presented in this chapter omit this factor.
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Figure 7.5: Neutron structure factor in the (hhf) (a) and (hk0) (b) planes obtained using a
CLTE. These correlation functions were obtained using Eq. (3.13) where the temperature
prefactor is not taken into account.

able in terms of ordering and fluctuating components
S; =8P+ 8% (7.12)

where S?rd is the component of the spin at site i along the ordered configuration® and
S¢ is the fluctuating component which we assume |S?| < 1. Note that the fluctuating
component S¢ for spins ordering in an AIAO configuration are constrained to the local zy
planes. Using Eq. (7.12), we may rewrite the Hamiltonian (7.11) keeping only quadratic
terms in S¢. The Heisenberg Hamiltonian can be expressed as

Hueis = J Z Sia - Sjp

(ia,jb)
2
_ % S (S s0m sf) L& (7.13)
X ieX
2 2
- %Z (Z S?rd> + (Z Sf) +2 (Z Sf) (Z S?rd> + &,
X i ieX ieX ieX ieX

where & is the ground state energy of the Heisenberg antiferromagnetic model. On the

SFor the A, irrep these correspond to the local z directions.
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other hand, the single-ion anisotropy Hamiltonian can be expressed as

Haa = dY (S
= dZ(S?fdf
_ _ZZ SOrd

1€X

where we have used the fact that the ground state configuration is an ATAO configuration
where the spins point along their local z directions. Altogether, up to the constant &, the
Hamiltonian in the ordered basis can be written as

H = g%: <Zs?rd>2+<28f>2+2<28?> <ZS?“1> +§ZZ<S?“>2

1eX 1eX ieX 1eX X e

- srner s (o) 3 () V() (3)

X e X 1eX ieX 1eX ieX

~
Ordered Fluctuating Couphng
— HOrdered + 7-[Fluctuatlng + HCouphng

- _Z<Zs) + ZZ — 187 [) +O( S; "),

1€X X e
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where the following approximations have been used

—ZZSO“ =—ZZ I8! P)

ieX 1eX
2 ; 2
r Ord
P2 () = (S (1grsr)s) wousiny
i€X R \iex
2
J sord 1 5 12 &0rd 514
= EZ Zsi _§Z|Sz| S; +0(]s; %)
| iex i€X
=0
; 2
Ord
= I (s s ogsiy
K \ieX
= o(s! .

Note that the effective Hamiltonian describing the fluctuating components in Eq. (7.14)
resembles the Heisenberg antiferromagnet Hamiltonian up to the term proportional to d’®,
this term is however a constant shift in the overall energy. Therefore, as the low energy
modes of the regular Heisenberg antiferromagnet are rotational, we would expect that the
low energy modes of Eq. (7.14) to be rotational as well. To demonstrate this, we use the
projector Pp.o; to characterize the modes of the effective interaction matrix between the
fluctuating components, i.e. the Hessian matrix H(i’,;’(q) derived in Section 3.2.

Figure 7.6 shows the eight eigen bands® of the Hessian colored by the irrotational pro-
jection Ppot. The band structure of the Hessian shows two flat low energy bands which,
according to the irrotational projection, are fully rotational (blue), similar to what is
observed in the Heisenberg antiferromagnetic model. In the Heisenberg antiferromagnet

"The linear term coming form the coupling vanishes as Dier S T 0 as the ordered state is antifer-
romagnetic.

8In a CLTE, the expression describing the coupling between ordered and fluctuating components pro-
duce cubic terms in the fluctuating components, which in the notation of Section 3.2 would result in én®,
(6n*)* 6nf and (6n®)* terms with o, 3 € {z,y}. These terms would be neglected in such an analysis,
leaving behind the Coulomb phase like term, which in turn explains the pinch point features observed in
the structure factor.

9In the full interaction matrix, we have twelve bands as there are three degrees of freedom per spin and
four spins in a single tetrahedron (3 x 4 = 12). The Hessian however only considers fluctuations about an
ordered state and therefore only possess two degrees of freedom per spin, 2 x 4 = 8.
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Figure 7.6: Energy bands of the Hessian along a high-symmetry path in the (hh¢) plane
colored by the irrotational projection Ppot.

model, as the temperature is lowered, the excited bands, and therefore the irrotational
modes, are rapidly depopulated as the temperature is decreased resulting in the observa-
tion of sharp pinch point features [43, 143]. In contrast, for the effective Hamiltonian in
Eq. (7.14), the population of the eigen modes of the Hessian is proportional to T'/e,(q)
(see Eq. (3.12)) as is its contribution to the neutron structure factor (see Eq. (3.13)). The
non-vanishing contribution of the irrotational modes (red bands) results in widen pinch
points, i.e. the pinch-point-like features, observed in Fig. 7.5%.

Although the neutron structure factor predicted by CLTE results from the combined
rotational and irrotational eigen modes of the Hessian, we can isolate the contribution
resulting from the rotational eigen modes numerically to further study the origin of the
pinch-point-like features. This is possible given that the correlation function obtained
in the CLTE results from the separate contribution of each eigen mode, see Eq. (3.13).
Fig. 7.7 shows the neutron structure factor in the (hhf) and (hk0) planes resulting from
the contribution of the two lowest eigen modes.

1ONote that if we take d — 0 the contribution of the lower bands rapidly increases in comparison to the
higher energy bands. For such case, the pinch points in Fig. 7.5 would become sharper
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Figure 7.7: Neutron structure factor in the (hhf) (a) and (hk0) (b) obtained using a CLTE
considering the contribution of only the two lowest bands. The white arrows in the (hk0)
plane illustrate the location of the twofold and fourfold pinch pints.

As expected, the neutron structure factor obtained from only considering the rotational
contributions yields sharp pinch points in the (hh¢) plane. Perhaps more interesting is the
observation of both twofold and fourfold pinch points in the (hk0) plane. As discussed in
Chapter 6, the observation of fourfold pinch points has been related to the realization of
fractons and possibly the realization of a rank-2 effective theory [108, 145, 146]. In the
next subsection, we explore the possibility of an effective rank-2 theory which can be used
to understand the observation of fourfold pinch points.

7.2.2 Effective Low-Energy Theory

The derivation of a low-energy theory can be obtained by considering the irrep modes
and how these are incorporated in the theory when performing a long-wavelength ap-
proximation. This procedure was followed by Refs. [107, 108] for the rank-2 U(1), and
pinch-line-singularity spin-liquids by considering the low-energy irreps of the corresponding
models. In fact, an equivalent construction can be performed for the Coulomb spin-liquid
observed in the Heisenberg antiferromagnetic model where the three flux variables defined
in Eq. (7.4) can be re-expressed in terms of the low-energy irrep modes components. As
mentioned before, for the Heisenberg antiferromagnet, the low-energy irrep modes are the
Ag, E, T1,, and Ty irreps. This construction for the regular Heisenberg antiferromagnetic
model is performed by considering the rank-2 tensor M whose column vectors are defined
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by the fluxes in Eq. (7.4), namely

o \/g «
M = TZG:ZCLSZ, (715)
which can be further divided into three contributions
M = \/5 (MSym + MAsym + MTracefull) ; (716)
where
2
MTracefull = §TTLA2]1, (717)
%% m;ﬁ M,
MSym = mgjv};lL _\/ng/}Z - 1?3 mg“jL y (718)
mry mr, | \/ngQ + 3
0 m% mig’
MAsym = _m;g 0 m‘gﬂz . (719)
miy; —mz}z 0

In Eq. (7.17)-(7.19), the m7], (m3)) correspond to the Ty, (T3) irrep modes where
the spins lie in the global ay plane. The effective low-energy theory for the Heisenberg
antiferromagnet in Eq. (7.5) therefore becomes

Mies = J Y _|q- M[* +0(q"), (7.20)

q

where now q - M results in a vector whose components are the dot product with the fluxes
q- B~

Constructing a low-energy theory for the fluctuations of the single-ion anisotropy model
in Eq. (7.14) first requires the identification of the irrep modes. Fortunately, since the spin
fluctuations S° are constrained to the local zy planes, only the zy irreps need to be
considered, i.e. the E, T}V, and T; irreps. Note that the T} irrep is ferromagnetic while
the E, Ty irreps are antiferromagnetic, this observation makes clear that the E and T5
irreps correspond to the low energy irreps according to Eq. (7.14)'. Given the similarity

"U'When computed exactly, the IEP associated to the E and Ty irreps is —d/2 while for the Ty irrep is
1
5(8J —3d).
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of the fluctuating Hamiltonian in Eq. (7.14) with the Hamiltonian in Eq. (7.2) we can use
an adapted version of the charge and flux transformation in Eq. (7.4)

Q= 53 (7.21)
M = ?Zzg(sg)n (7.22)

where we have simply replaced the spins S, in Eq. (7.4) and Eq. (7.15) by the corresponding
fluctuating components S¢.

As mentioned before, the next step to follow is to consider a long-wavelength approxi-
mation while only considering the low-energy irreps, which in our case are the I and the
T, irreps. Doing this assumes that, at low temperatures, all other irreps are effectively
depopulated, which is not true for the fluctuating components!?'3. However, we may per-
form this approximation to rationalize the contribution of the lowest bands to the neutron
structure factor. Therefore, performing a long-wavelength approximation by considering
only the E and 75 irrep results in the low-energy effective theory

Hor = 3 [dTe [M7M] + €lg - M| +0(a*). (7.23)

q

In the above equation, the first term corresponds to the constant shift in Eq. (7.14) while
the second term is an emergent Gauss’ law in the rank-2 tensor M'* where ¢ is a function
of the coupling J'°. Reference [108] associated the realization of an emergent Gauss’ law
in a rank-2 tensor with the observation of fourfold pinch points in the rank-2 U(1) spin-
liquid. The same principle seems to be valid for the effective low-energy theory of the
Hamiltonian (7.14) as both an emergent Gauss’ law in a rank-2 tensor and the observation
of fourfold pinch point in the correlation function are obtained.

12These depopulate as T'/e and therefore cannot be neglected.

BThere is, however, a model that realize this low-temperature effective theory for the full spins S;. This
model is the single-ion-anisotropy with positive d [168]. In such model, the E and T, are the low energy
degenerate irreps and the SCGA produces the same patterns as in Fig. 7.7. Unfortunately, this model
presents ObD selection towards the E irrep which prevents the spin-liquid and full low-energy theory to
be realized.

14 As noted in Section 2.2, in real space, this transforms into a V - M.

5Here ¢ ox J/? characterizes the dispersion of the quadratic dispersive modes.
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7.3 The Magnon Bands

In the previous section we demonstrated that the physical origin of the pinch-point-like
features observed in the ordered phase of the single-ion anisotropy model in Eq. (7.11) can
be traced to the rotational fluctuations about the ordered spin configurations. A CLTE
was used to expose the rotational nature of these modes (see Fig. 7.6) and numerically filter
the contribution produced by those, i.e. the sharp pinch point correlations. Although this
filtering can easily be performed numerically, we are interested in exposing how this could
also be performed experimentally. This filtering, and therefore the observation of pinch
points, has been performed in the magnon bands for dipolar-octupolar compounds [102,
162-165] and for a Heisenberg antiferromagnetic model in the kagomé lattice [167]. In
these systems, a low-energy magnon flat band uniquely composed of rotational modes is
observed, where its contribution of the magnon flat band to the neutron structure factor
results in sharp pinch point features. We refer the reader to Appendix H for a derivation
of the rotational modes describing these band in the dipolar-octupolar Hamiltonian. In
this section, we demonstrate that a similar effect can be exposed in the magnon bands of
the single-ion anisotropy Hamiltonian in Eq. (7.11).

Figure 7.8 shows the magnon bands obtained for the single-ion anisotropy model and the
neutron structure factor resulting from energy integrating the contribution of all magnon
bands in the (hhf) plane, in other words

S(q) = /000 S(q,w)dw. (7.24)

The energy-integrated inelastic neutron structure factor considers the contribution of all
four magnon bands. We refer the reader to Section 3.3 for more details in the derivation of
these modes and the integration of its contribution. Similarly to what was observed in the
neutron structure factor in Fig. 7.5, the integrated inelastic neutron scattering shows pinch-
point-like features presumably related to the correlations produced by rotational modes.
To expose the rotational nature of the magnon eigenvectors, we consider the projection
P10t and color the magnon bands accordingly as shown in Fig. 7.9. The irrotational
projection in these bands reveal that the two lower magnon bands are strongly rotational,
i.e. Pt < 1, whereas the two upper magnon bands have a mixed rotational /irrotational
nature.

To filter the contribution of the strongly rotational magnon bands to the neutron struc-
ture factor we may define an energy window of integration which isolates these modes and
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(b) Integrated inelastic neutron scattering in the (hht)
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Figure 7.8: (a) Magnon bands of the single-ion anisotropy Hamiltonian in a high-symmetry
path in the (hhf) plane where we have considered J = 1 meV and d = —0.25 meV. Here
we have used a Gaussian function to make the magnon bands wider to mimic what would
be observed in an experiment. (b) Energy integrated inelastic neutron scattering obtained
from integrating the contribution of the magnon bands shown in panel (a).

therefore their contribution. In other words, we consider

S(q) = /0 " S(q,w)dw, (7.25)

where w.,; is an upper energy bound defined at the top of the second lowest excited band,
this energy is illustrated by the white dashed line in Fig. 7.9. The integrated inelastic
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Figure 7.9: Magnon bands of the single-ion anisotropy Hamiltonian in a high-symmetry
path in the (hh() plane where we have considered J = 1 meV and d = —0.25 meV. The
coloring of the bands is obtained by using the Pj.o projection where Ppop = 0 (blue)
means that the corresponding mode is fully rotational, Py, = 1 (red) means that the
corresponding mode is fully irrotational, and 0 < Pt < 1 means that the corresponding
mode has a mixed rotational-irrotational nature. Here the white dashed line represents

Weut -

neutron structure factor over the energy window [0, wey] is illustrated in Fig. 7.10 in both

the (hh() and (hk0) planes.

Similarly to what was observed in Fig. 7.7, the integrated inelastic neutron structure
factor over the strongly rotational lower magnon bands in Fig. 7.10 illustrates sharp twofold
pinch points. In contrast, the fourfold pinch points observed in Fig. 7.7 are not visible.
The fourfold pinch points were related to the isolated contribution of the rotational bands
and the effective long-wavelength theory constructed by considering the E and T, irreps.
In the magnon bands, however, the lower two bands are not fully rotational which might
be related to the lack of fourfold pinch points when integrating these bands. However,
other anisotropic features in the inelastic neutron structure factor can be obtained by
considering the contribution of higher magnon bands. Although we currently do not have
a full understanding of what these correlations imply, for completeness, we nevertheless
present these results in Fig. 7.111,

6Interestingly, the fourfold pinch points in the third excited band are observed at band touching points
which suggest that these features might have a topological origin.
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Figure 7.10: Energy integrated inelastic neutron scattering obtained from integrating the
contribution of the two lower magnon bands in the (hhf) (left) and (hk0) (right) planes.
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Figure 7.11: Energy integrated inelastic neutron scattering obtained from integrating the
contribution of the third magnon band in the (hhf) (left) and (hkO) (right) planes. These
figures present discontinuous and highly varying features (noise) in sections where two
magnon bands cross, i.e. energy degeneracy lines in the magnon bands. In other words,
these features are numerical artifacts resulting from separating the contribution of the

modes at these degeneracy lines.
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7.4 Pinch Points in FeF3 and Proximity to Other Spin-
Liquids

As was initially discussed at the beginning of this chapter, we chose the single-ion anisotropy
as a starting point to demonstrate how sharp pinch point features associated to the prox-
imate Coulomb spin liquid can be observed in an ordered phase. However, our results can
be generalized to other systems which are proximate to the Coulomb spin-liquid realized in
the Heisenberg antiferromagnet. For example, consider the compound FeF3 [75] described
by a Heisenberg and DM Hamiltonian with J > 0, Jpym > 0, and Jpy < J, see Eq. (4.1).
Similarly to the single-ion anisotropy model, this Hamiltonian presents a low-temperature
ATAO phase where, above T, pinch point features have been observed [75]. Applying an
equivalent analysis to the magnon bands of this model reveals that the two lowest magnon
bands are strongly rotational. Integrating over these bands in the (hh¢) and (hk0) planes
reveals twofold pinch points similar to the ones in Fig. 7.8. These results are summarized

in Fig. 7.12.

0.0 0.2 0.4 0.6 0.8 1.0

60

(0k0)
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-25 00 25 (Hh0)
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Figure 7.12: Magnon bands for the Heisenberg and DM Hamiltonian with J = 1meV,
Jpm = 0.02/meV (upper plot).

Although the results presented so far assume an AIAO order as the low-temperature
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phase, our analysis can be generalized to Hamiltonians proximate to the Heisenberg anti-
ferromagnet Coulomb spin-liquid ultimately undergoing ordering to the low-temperature
states. The motivation behind choosing the ATAO ordered, and in particular the single-ion
anisotropy model, is that we can build a transparent interpretation, both numerically and
analytically, which serves as a stepping stone when generalizing our results.

Although the work presented in this chapter focuses on the Coulomb spin-liquid realized
in the Heisenberg antiferromagnet, we can generalize its application to other spin-liquids.
To do so, we would have to define an equivalent projection capable of distinguishing the
spin configurations composing the ground state manifold of the proximate spin-liquid.
Numerically, this projection has the same form as Py, in Eq. (7.8). However, to produce
a meaningful interpretation, a long-wavelength theory of the proximate spin-liquids would
be necessary.

7.5 Conclusion and Outlook

In this chapter, we studied how the proximity of a model to a spin-liquid phase results in
the observation of remnant correlations of the spin-liquid in the near by ordered phases. To
illustrate this, we considered the Coulomb spin-liquid and the single-ion anisotropy model
where we used a classical low-temperature expansion and linear spin wave theory to expose
how sharp pinch point features can be observed in the ordered phase. The observation of
these correlations can be traced back to the rotational nature of the spin fluctuations
about the ordered states, which we demonstrated numerically and analytically using the
projector Pr... This projector was built by considering the rotational spin subspace
which corresponds to the ground state manifold of the Coulomb spin-liquid. Therefore,
the application of Pr.o allowed us to track the rotational spin modes and consider their
contribution to the different correlation functions considered. We speculate that a similar
construction can be generalized to other spin-liquids. For example, the results presented in
this chapter are of particular interest to study the compound YbyTi,O7 [142] where rods
of (neutron) scattering may be related to the continuous lines of intensity observed for the
proximate spin-liquid, the pinch-line-singularity spin-liquid [107].
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Chapter 8

General Conclusions and Broad
Outlook

In this thesis we have studied symmetry breaking, classical and quantum order-by-disorder
(ObD), a novel spin-liquid phase, and how the proximity to a spin-liquid affects the cor-
relations function in an ordered phase in the pyrochlore lattice. In particular, these phe-
nomena were exposed and carefully studied for the Heisenberg and Dzyaloshinskii-Moriya
(DM) Hamiltonian,

(i5) (i)

where the interest in this model originates from the exact degeneracy between two symme-
try breaking phases [110] for a range of parameters {J, Jpy} which we have demonstrated
to be fruitful grounds for the identification of exotic phenomena.

In Chapter 4, we identified the ¢ = 0 magnetic phases for the Hamiltonian (8.1) in both
classical and quantum models. Using a number of classical and quantum approaches, we
identified three magnetically ordered phases (AIAO, I's, and colinear ferromagnetic phase)
in addition to two spin-liquid phases (the Heisenberg antiferromagnet Coulomb spin-liquid
and the novel Jpy/J = 2 spin-liquid). Interestingly, our quantum phase diagram identified
with a pseudo-fermion functional renormalization group (PFFRG) method finds that the
two classical spin-liquid points extent for a finite region of ratios Jpy/J. Additionally, we
studied the ObD selection of the 15 and 3 states in the I's phase at T, and T" — 0 where
we found that the classical and quantum models roughly agree in the selection of these
phases [1].
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In Chapter 5, we studied the classical and quantum ObD selection of the total magne-
tization orientation in the colinear ferromagnetic phase identified in Chapter 4. In general
terms, we found good agreement between the classical and quantum analytical predic-
tions where two preferred total magnetization orientations were identified as 7' — 0. In-
terestingly, both the classical and quantum models present a reorientation of the total
magnetization vector when approaching the I's boundary. However, the quantum ObD
was performed with linear spin-wave theory ignoring the paramagnetic region identified
by PFFRG in Chapter 4. This paramagnetic region might be a result of an instability
of the ferromagnetic phase close to the classical I's boundary which is not captured by
the approximations we considered. This instability of the ferromagnetic phase might be
captured using Holstein-Primakoff transformation and considering magnon-magnon inter-
actions [141] that are ignored in the LSW theory which we leave to investigation in future
work. The tools and approximations used in this chapter allowed us to study the classical
ObD selection at all temperatures while quantum ObD selection was only performed for
T — 0. Additional work employing a high-temperature series expansions may therefore
allow us to generalize our work and to further compare and contrast the ObD selection in
both the classical and quantum models.

In Chapter 6, we studied the novel spin-liquid identified in Chapter 4. A classical
Monte Carlo study allowed us to identify a transition temperature 7™ which separates two
distinct spin-liquid phases. The spin-liquid phase above T™ exhibits a correlation function
where anisotropic features such as continuous intensity lines, twofold and fourfold pinch
are observed. In contrast, the spin-liquid below T™ exhibits a correlation function similar
to the one observed for a spin-ice system which lead us to identify this phase as a spin-ice
spin-liquid built from Heisenberg spins. A posterior analysis using a self-consistent gaussian
approximation and iterative minimization suggests that the low temperature spin-ice spin-
liquid is selected by an entropic mechanism. Validating this observation would require the
study of the entropic weight associated with the spin-ice states which we leave for future
work. The Hamiltonian and spin-liquid studied in this chapter are of special relevance for
the non-Kramers pyrochlores where we believe other novel low-temperature phases may be
realized.

In Chapter 7 we studied how the correlation functions in ordered phases proximate to
a spin-liquid may present remnant features characteristic of the spin-liquid. To demon-
strate this, we considered the Coulomb spin-liquid and the Heisenberg antiferromagnetic
model with a small additional single-ion anisotropy term. The remnant correlations in the
low-temperature ordered phase were exposed by employing a classical low-temperature ex-
pansion and linear spin wave theory which unveil sharp twofold pinch points, characteristic
of a Coulomb phase, in the ordered phase correlation functions. The observation of these
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correlations was traced back to spin fluctuations about the ordered states which conserve
some of the correlations characteristic of the Coulomb spin-liquid. This identification was
done analytically and numerically using a projector Py capable of tracking the spin
modes composing the Coulomb phase ground state manifold. We expect our results to be
generalizable to any other spin liquid by identifying a pertinent projector Paround—state-

In conclusion, in this thesis, we have presented a thorough analysis of the Heisenberg
and DM model by dissecting the ordered and disordered phases identified and the mech-
anisms leading to these. Our work motivates the study of other magnetic Hamiltonians
which may lie at phase boundaries between different ordered phases and resulting in the
observation of new exotic phenomena. Moreover, our results can be used to spearhead the
search for models in the interaction parameter space which may realize similar types of
spin-liquids and even to motivate the search of these in other lattices.
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Appendix A

Pyrochlore Lattice Vectors and Local
Basis

The pyrochlore lattice can be described by a face-centered cubic (FCC) lattice with a four
sublattice basis resulting in the corner sharing network of tetrahedra illustrated in Fig. 1.4.
In the global frame, the FCC lattice vectors are given by

1 1
Rlz% 1], RF% 0], R3:% 1], (A1)
0 1 1

where 7, is the length of the FCC unit cell', and x,y, z are the global Cartesian unit
vectors. The four sublattices, labeled by a = {0, 1,2, 3}, positions are given by

Ty — 0, ™ = R1/2, o = R2/2, rs3 = R3/2 (A2>

Fig. A.1 depicts the FCC and sublattice basis vectors in a single FCC unit cell where only
the up tetrahedra are shown. With the above convention we define the local basis for the
spin in the sublattice a = 0 as

-1 1 1

zo=—|-1], w=—r7|-1], z=—2|[1
V6 \ 5 V2 \ g V3 \4

!Note that in the main text we set r. = 1 for simplicity.
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The basis vectors for all other sublattices can be obtained by applying transformations in
T,. For completeness, here we provide the local z direction of all sublattices.

1 -1 -1 1

RRV:E bF R V1 Ul A v 3 U R
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r3

L)

To 1

Figure A.1: Pyrochlore lattice for a single FCC unit cell where the FCC vectors { R} are
illustrated in red and the sublattice vectors {r} are shown in blue. Here the size of the
box, i.e. the cubic unit cell, is r..
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Appendix B

Neutron Scattering

In this appendix, we provide the expressions used for the neutron scattering structure fac-
tors used in this thesis. We consider incident neutrons initially polarized along a fixed
direction Z; which are then scattered in a direction defined by the wave vector q. For each
possible scattering wave vector q lying in a perpendicular plane to Zs, we define a local
basis {Zs, Us, 2s }, where Z; || ¢ and g, = 2, X &, as illustrated in Fig. B.1.

(00¢)
A

(110)

Figure B.1: An scattered neutron with wave vector g in the (hh{) scattering plane where
the incident neutron initial polarization axis is Z, || (110), and the local basis defined by
the direction of wave vector g and the polarization axis Z, is shown.
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To measure the correlation functions obtained through neutron scattering one must
compute the correlation functions of the spin components which are transverse to the
incident neutron wave vector q [32, 119]

=3 > (S (=a) (S5 ().

67

This measurement can be expressed in terms of a projection of the full correlation function
in the following way

SJ.(Q) = Z(Savz (Sv)

a,b

_ ZmZ(Sa (Su-@)d")(S] ~ (Si- @)")

a,b

= Z oy Z (5257 —25247(Sy - 4) + 4°4"(S. - 4)(Si - @)

- ZZSQSWM 2,250

a,y a,b a

DD IEETEDY Z Sia°S]q
oy ab a,y a,b

= D ) (59S)) (dary — 4°4") (B.1)
oy ab

where a,b are the sublattice indices, «, label the Cartesian components, and 9, is the
Kronecker delta. The inclusion of the neutron projection results in the expression provided
in Eq. (1.7) corresponding to the unpolarized neutron scattering

= > > (6 ") (S2(~q)S; (a)) - (B.2)

oy ab

The unpolarized neutron scattering can be further divided depending on whether the scat-
tered neutron has flipped its spin upon scattering or not. To perform this analysis we
consider the incident neutron defined by a scattering wave vector q to be polarized along
the Z; direction, see Fig. B.1. The case where the scattered neutron does not flip its spin is
captured by the non-spin-flip (NSF) channel. The NSF channel is obtained by studying the
correlations of the components of the (S$), which are parallel to the polarization vector
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Z,. In this case, one would obtain

SY¥(q) = ZMZ )1 (S))L

a,b

- Zz Z(sa (Sa-q)g*)(S) — (Sv-4)q")

— ZZS Z(SQS” 25547(Sy-q) +4°q"(Sa - 9)(Sy - q))
= ZZ S"‘S” ) (2227), (B.3)

where, in the third line, the second and third term vanishes as the scattering vector q is
perpendicular to Zs. For completeness, we also provide the expression for the correlation
function between two spins, i.e. the spin-spin correlation function, although it has not
been explicitly used in this thesis,

=) Si(—a)Sp(a),
a ab

where S,(q) = \/LJV ZZ S, e (Ritra)q),

In this thesis, we consider the spins S; to describe the magnetic moments p;, i.e.
w; = S;. However, for real materials [70], and as discussed in the introduction of Chapter 2,
these two quantities are generally related by an anisotropic g-tensor

/’Lza Zga”ySZN (B'4)

where g27 is the g-tensor associated to the a sublattice.
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Appendix C

High-Symmetry Paths in the
Brillouin Zone

In this appendix, we provide the high-symmetry in the Brillouin zone used to present the
interaction matrix bands, the Hessian bands, and the magnon bands in Chapter 6 in the
(hh?) and (hk0) planes. The high-symmetry paths for both scattering planes are shown in
Fig. C.1.

(0k0)
00¢)

(H00)
Figure C.1: High-symmetry paths demarked in red in the (hk0) (left) and (hh{) (right)

planes. The black dots denote the boundary between different Brillouin zones.

These two paths in both scattering planes were chosen to include some of the high-
symmetry points in the Brillouin zone. In Fig. C.2 we illustrate the high-symmetry paths
and points in the reciprocal space where the labeling and exact value of the high-symmetry
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points is provided in Tab. C.1. From Fig. C.2 it is therefore clear why the (hhf) and the
(hk0) planes are chosen to illustrate the neutron scattering correlation functions: these
planes contain some of the symmetry paths and points in reciprocal space.

3/2 | 3/2

h
0
0
1/2
1
/
1

=Rl

I NN DN O
—_

= OO | OO
[\]

Table C.1: High-symmetry points

Figure C.2: 3D high-symmetry paths and points illustrated in different two perspectives.
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Appendix D

Classical Low-Temperature
Expansion in a Field

In this appendix we present an extension of the classical low-temperature expansion (CLTE)
in a field. Starting from what was done in Section. 3.2, we now consider the application of
a magnetic field B through a Zeeman coupling

Hz =—pB ZB Mia = —UB Z ZBQQGO"BSZ, (D.1)

a o,

where g2# is the g tensor of sublattice a. To introduce this term into the low temperature
expansion, one has to consider the spins along the ordering direction as in Eq. (3.6). Since
the magnetic field in Eq. (D.1) is defined in the global frame and the spins in the CLTE
are taken in the local ordering frame, to take the dot product, we express the spin in the
global frame as the rotated spins in the local frame

global __ T qlocal
Sa - Ra Sa
B,global  _ T\B,y Qv,local
Sa - (Ra) Sa
v
— Y,B Qy,local
= 3 Rpfgplecl
Y
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Introducing this notation into Eq. (D.1) one obtains
CERTO%S [z e

where we have defined the effective local magnetic field H, as

— § :ch . ga,ﬁR%B
a a *
a?ﬁ

y
Sia

The expression above can be easily included into the low temperature expansion in Eq. (3.9)
as it would only contain quadratic terms corresponding to the same sublattice. In other
words,

(2 _ HB (72 x
HZ - ﬁ ; Ha ((6nia)2 + (571?(1)2)
_ 'u_B 72 a2
- 25 — za: Ha (5nza) ) (D?))

while also including a correction to the classical ground state energy

HY = —NSupy H:.

Finally, by introducing a Fourier transform the Zeeman term becomes

Hy = g—g > H (o)

- 17303 dns(@)ong ()@ R
59>

:gZ%ZZWWWW' (D.4)

It is important to note that the application of a magnetic field will in general change
the ground state configuration and therefore the ordered basis defined in Eq. (3.6) which
is used in this approximation. For example, for the nearest-neighbor Hamiltonian in the
pyrochlore lattice, the ¢ = 0 modes are generally expected to be modified and therefore will
not be characterized by the irrep modes of T;'. The ground state spin configurations can
be obtained numerically by an iterative minimization approach described in Section 3.5.

! This is a consequence of breaking the tetrahedral symmetry when applying a field.
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Appendix E

Interaction Parameters Basis

As mentioned in Chapters 2 and 3, there are multiple interaction parameter basis used in
the literature to describe the most general nearest-neighbor Hamiltonian. Here we provide
the transformation which relate the three basis discussed in this thesis, namely the local
basis {J.., Jx, Jax, Joa }, {J1, J2, I3, Ju}, {J, Ipd;, Jising, Jom }- These transformations can
also be found in Refs. [70, 74]. {J, Jpa, Jising, Jom} to {J1, J2, J3, Ju}.

J = J—Js (E.1)
Jising = —3J1+ 32+ 3J3, (E.2)
Jpa = —2J1+2Jy+4J5, (E.3)
Jom = —J1+ o+ J3+ Jy, (E.4)
or equivalently
1 1
S = J- gJIsing + §JPda (E.5)
1
J2 = J+ gJIsingy (E6>
1 1
J3 = _gt]lsing + §JPd> (E.7)
1
Ji = —gjlsing + JpMm. (E.8)
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{J17 J27 J37 J4} to {Jzza Ji) Jii? Jzi}
1

Jzz = —5 (2J1 - J2 —+ 2J3 -+ 4J4> 5 (Eg)
1
Je = 2@h—h—Ji=20), (E.10)
1
Jir = 6 (Jl + Jy —2J3 + 2J4) , (Ell)
1
Jzi - 3—\/§(J1+J2+J3—J4) (E12)
or equivalently
1
ho= 3 (—JZZ ATy 2 e 2\/§Jzi> , (E.13)
1
ho= 3 (Jzz AT+ AT+ 4\/§Jzi> , (E.14)
1
ko= 5 (—Jm 9. — AJes + 2\/§Jzi> , (E.15)
1
Bio= 5 (—Jzz 9, 4 2] — ﬂjzi) . (E.16)
(E.17)
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Appendix F

Linear Spin Wave Theory

Here we provide the full derivation of the inelastic neutron structure factor obtained
through linear spin wave theory following the results presented in Section 3.3.

After having identified the quadratic Hamiltonian and the Bogoliubov transformation
used to find its eigenvalues, one may be interested in obtaining the correlator associated
with the transverse components. To define this correlator, it is useful to express the spin
components in terms of the bosonic operators

Sita) = /3 (eula) + L),
Sta) = ~iy/5 (ala) ~ dl(-a). (k1)

such that the correlation function can be written as

. . g X A R R
(S2(=0)S(@) = 2 Lads ( (¢a(=a) + pai(@) (&r(@) + pac(~9)) )

where I, =1, I, = —i, p, = 1 and p, = —1. Based on this correlation function, one can
compute different quantities of interest. For example, we are interested in obtaining the
inelastic neutron scattering which describe the possible excitations observed in the system.
This quantity can be obtained by computing

S XS (b ) R RS )8 )

ab af 7,9

TV
projection factor
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where we have added the neutron projection discussed in Appendix B and the rotation
matrices to take the correlation function in the lab frame!. All together, the expression
for the inelastic neutron scattering can be written

S(q,w) =

S XS (dun - ) e

ab a,B v,¢

<210 (el ) + (@) (@n(g.0) + pol(a,—) ) )

ZZ( qa%)

ab o,fp
5 Ro RB9 R RB9 N ( w)
5 (@ - Pyfte 1Y = PyPolte” 1Y, »(4,
E <<C“(q’w) vl ZI I¢< REVR)T pyRIVR ) (él(—q, —w>>
M
§ZZ bup — ) ((Eh(g,w) Ca(—q, —w)) MCY fb(‘%”) _
ST AN 7 o 7 “* \y(—gq, —w)

Note that M;“f are the components of an 8 x 8 matrix dependent of the parameters o and
B. Therefore, using this identification, one can write the above expression as

S(q,w)

-2 ZZ ( o qa%) <(él(q,w) Cal( =g, —w)) M (Cgfb—(g u—))w))>

ab o,

_ S Z (0= 22} (X (.M X (q,0)

5 (o ) o )

where we have used the Bogoliubov transformation to express the vector X in terms of the
magnon bosons Y [70, 74] recalling that

X(q) = UY(q)
X'(q) = Yi(qU'
Yi(q)oU o,

! This rotation is necessary as the spins are defined along their local ordering direction.
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as is discussed in detail in Section 3.3. Note that, since the Hamiltonian described is
diagonal in the basis defined by Y (q), the system can effectively be described as a harmonic
oscillator with decoupled eigenvectors; therefore, the only non vanishing quadratic terms
are the ones involving the same sublattice operators, i.e. terms describing the same boson

(Yors(—q, —w)Ya(q,w)) = <C§a( )da( w)) =~ npp(€.)d(w — €,)
(Ya(—q, —w)Yars(qw)) = (da(q,w)d}(q,w)) ~ (1 +npp(ea))d(w —€a),  (F.2)

where npg/(€,) is the Bose-Einstein distribution evaluated at the energy €,. Given the aver-
age above, it is clear that only the diagonal components of the resulting matrix contribute
to the overall result as all other terms will have a vanishing expectation value. In other
words, if we define

1\~/Ia’ﬁ = oU 'oM*PU

the inelastic neutron scattering can be written

S(gw) = Z ( CMB) <Y*(q,w) [Ma’q Y(q,w)>

_ 2 Z ( . Mﬁ) 3 [nBE(ea)5(w — )M 4 (14 nps(ea))6(w — )M L

a

In other words, the intensity of each band can be described by contributions given by each
magnon mode weighted by the Bose-Einstein distribution. After having an expression for
the inelastic neutron scattering, one can compute the equal-time neutron scattering as an
energy integrated inelastic neutron scattering. In other words,

S(g) = S(q,0)
- /0 S(q,w)ei”'ode/O S(q,w)dw. (F.3)
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Appendix G

High Temperature Series Expansion

In this appendix we provide a high-temperature series expansion calculation for order
parameter susceptibility. The results shown here are referred to in Ref. [1]. Broadly
speaking, this approach is based on a Taylor series of the exponential function. Consider
the Heisenberg and Dzyaloshinskii-Moriya (DM) Hamiltonian

H o= JY Si-Sj+Jom ) Dy(S; xS;) +thMt
() ) (i.3)
M b 2

= J+D+M, (G.1)

and the expansion for the free energy (divided by —kgT")

In(Z) = In(Tr {e*B(JJ“DJFM)})

= 1n<Tr{1+Z JI+]D>+I\\AI) })

s (g {02200

— NIn(25+1)+In (1 + Z (_f!)nun>

n>1

= NIn(25+1

n>1
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where ), are the cumulants related to p,. For example, the first cumulants [169] are

)\l == ,ul7
Ao = po — pi,
A3 = pz— 3pape + 2#?7

In the above expressions, the third term in Eq. (G.1) is added according to the method of

sources [170] to measure the susceptibility associated with M

_ (M) — (M)
XM = kBT )
which may be obtained by computing
1 0?
= ———In(Z
XM 3 0n? n(Z) o
. (=p)" 9*
B e n!  Oh? heo
62 /B 82 52 62 5
= TarM T aaE T e T OV

Note that the first cumulant vanishes as the dependence in h is linear

0? 0? 1 0?
Al = H1 =
dh? dh? (25 + 1)N Oh?

Tr({J+D+M| =0.
—_———
O(h)

On the other hand, for the second cummulant we have

0? 0?

W)\z = W(M - M%),

(G.3)

(G.4)

(G.5)

(G.6)

'In practice, this means adding a fictitious field along the direction of the vector M with which we can
take derivatives to obtain its correlation functions. Note that we have dropped the label ¢ denoting the

parameter in a single tetrahedron such that M =Y, M.
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with
1 2
o
25+ )N
1

(25 + )N (

Tr(M2 + JM + DM + +MJ + MD + O(1)))
Tr(M?) + O(h) + O(1)) . (G.7)

Note, however, that a second derivative with respect to h will make all terms which are
not quadratic in A vanish (as the subsequent step would be to evaluate at A = 0). Finally,
and by a similar argument, we compute

2 = Wﬁ(muomwou). (G.8)

Equipped with the above results we may express the susceptibility related to the spin
configuration M;, to order 3, as

1 0?
(2S + 1)°N Jn2

A
we= g ey o M)

Tr(M)?| + O(8), (G.9)

=0

where the second term in the expression vanishes as M is assumed to be linear in the spin
variables. The next order term in the series is given by A3 which due to the fact that
1 = 0, simplifies to

1
)\3 = U3 = WTI’ ;{(J + D)M,M}J

_ mﬁ ((J + D)MM + M(J + D)M)

_ ﬁﬂ" (J + D)MM) . (G.10)

~
Anti—commutator

Therefore, to order 3% the susceptibility is
B 1 0? (2 1 0?

o= sy M) - S as Ty o (I + DIMM) + O(F)
1 B 0% ) B2 o? \
= @y |2one T - g T+ DMM) |+ O(5). (G.11)
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Before proceeding with the calculation for a specific order parameter, or field, M we may
note the following useful properties of the trace for a spin-1/2 system

Tr(SY) =0

for « € {x,y,2} and ¢ any lattice point. Moreover, and recalling that the square of any
Pauli operator is equal to the identity matrix, we have

2
Tr(S8SY) = %@jaaﬁ. (G.12)

As a consequence, we note that, for the first in Eq. (G.11), only terms as M- M contribute as
all other terms have mixed site indices and therefore vanish, see Eq. (G.12). A similar case is
observed for the second term of Eq. (G.11): provided that M is a linear combination of the
spin operators in a single tetrahedron, only the terms proportional to Tr(S?’H%ﬁ Sjﬁ SZQS? )
do not vanish. In fact, this expression can be readily evaluated by noting

Tr(SpHSISeST) = HY T(SesS!SY)
_ ap a Qo B qB
sl
From these results we can see that (i) the first term of Eq. (G.11) produces a “norm”
or normalization of the order parameter or field and (ii) the computation of the trace is
equivalent to the sum of the different spin-spin interaction terms produced by the combi-
nation of the spin operators and the M order parameter. For instance, consider the order

parameter related to one of the 77 co-planar states

1
mfézE<—5§+5f—5§+5§—53+S%+S§’—S§). (G.14)

From the above observations, we see that the trace of the square of the above order pa-
rameter is equivalent to

Tr ((my;)?) = %Tr (Z(Ss>2+2<83>2)

= > Tr((59)%)

h2
= 45 = 212, (G.15)
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where a, b denote the sublattice indices. On the other hand, and recalling that there are no
self-interactions, i.e. HY = 0, we only have to calculate the different contributions from
the diagonal contributions. For the Heisenberg and Dzyaloshinskii Hamiltonian, we have

o = J. A trick for counting all the contributions from these type of terms is to consider
the sign product matrix

0 -1 +1 -1

e e 1 0 -1 +1
sign(S5,Sy) = -1 0 -1 (G.16)
-1 +1 -1 0

and sum the components of this matrix. This matrix is constructed by assigning the sign
of a component by the sign of the term in the product S* H%”S¥S*S# resulting from the
product S7 Hsb’ﬂ Sgcmgmg Note that the diagonal vanishes from our previous observation
where no on-site (diagonal) terms exist. For this case, the sum of the components of the
sign product matrix gives a total of —4. In other words,

h4
2 x Tr (Z SgHj,;fsgmgmg) = —4J (G.17)
ab

where the factor 2 on the left hand side is included as we have not included the factor 1/ V2
in Eq. (G.14). An equivalent argument can be used to calculate the contribution from the
y components of the spin, producing an analogous result. Therefore, we have

2 x Tr (Z > 53H§5“53m§;m§;> = —2JK (G.18)

o ab

Lastly, we consider the mixed terms which couple the x and y components of the field by
considering the sign product matrix

0 -1 +1 —1 0 0 +1 —1 0 -1 0 0

. 1 0 -1 41 0 0 -1 +1| [-1 0 0 o0
T Y\ __ _

Sen(Se S =11 41 0 w17 =1 41 0 ofT|o 0o 0o 1

+1 -1 +1 O +1 -1 0 0 0 0 +1 0

antisyr‘n,metric symgetric
(G.19)
Note that the mixed coupling stemming from the DM interaction are antisymmetric in
the spin components for a given spin-spin interaction term a — b, i.e. HyY = —H.".
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Therefore, the symmetric contribution from the above matrix vanish when considering the
corresponding coupling. On the other hand, by considering the couplings, we have

H&’é’ = —JpuMm
Hyy = Joum
Hf%’ = Jpum
Hfgy = —Jpm.
Therefore, we find that
h4
2x T | > Y SeHG S mlml [ = —(4x2x 2)Jon = —4Jpuh?, (G.20)
a,B  ab
a8

where the factor 4 comes from the contribution of the upper triangular terms in the sign
matrix, the first factor 2 comes from the equivalent contribution from the lower triangular
terms, and the second factor 2 in the parenthesis comes from considering an equivalent
contributions from SYSy.

From these results, Eq. (G.15), Eq. (G.18) and Eq. (G.20), allow to rewrite the suscep-
tibility for the m]} order parameter as”
52

_ Ng 5 2 4 3
Xuly, = 29+ 1)N 52l + 5 (4 2Jom) | + O(67)., (G.21)

where Ny is the number of tetrahedra in the pyrochlore lattice.

After having derived an expression for the susceptibility for one of the possible orders
of the co-planar state, it is natural to seek an the extension to the other possible orders.
For example,

1
myt = —= (=S — S7 + Sy + 5§ — S5+ 57 — S5+ 53). (G.22)

V2
It is easy to note that the square of the trace of this field will produce an equivalent
contribution as for the previous case. Moreover, the only difference for this field is the

2Note that in this expression the normalization factor 1/v/2 in expression Eq. (G.14) has already been
included.
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fact that the terms HY” in the Hamiltonian may produce a different contribution. This
difference would in turn lead us to the same counting procedure as illustrated above. In
fact, note that

0O +1 -1 -1 0O +1 -1 O o 0 0 -1
. -1 0 +1 +1 -1 0 0 +1 0 0 +1 0
Yy Z) — —
Sen(SeS) =y 41 0 —1| 7|+t 0 0 —1|T{0o 41 0 o0
-1 -1 +1 0 0 -1 41 0 -1 0 0 0
antisy?nrmetric sym?nretric
(G.23)

The above decomposition into the symmetric and antisymmetric part of the sign matrix is
useful as the interaction HY;” considering only the DM interactions is antisymmetric itself,
ie. HY = —H.Y , as a consequence, the symmetric contribution will vanish. Moreover, a
peculiar result is obtained if the specific sublattice contributions are considered: since

Hyy = —Jom
Hgs = Jou
Hyy = —Jou
HY5 = Jom

This expression produces the same type of contribution as the one computed for the
order parameter mg Therefore, we conclude

— — Ng B oo p? 4 3
Xt = Xm3 = 28+ 1)V 520+ ?(J+2JDM)FL + O(5°). (G.24)

Let us now consider the same quantity, but for an order parameter describing a 3
order given by

1
M, = 75 (55 = 57 = S5+ 55 = S+ 5 - S{ + 55).. (G.25)

Note that the form of this order parameter closely resembles that of the mg order pa-
rameter. In fact, every argument used to calculate the susceptibility for this parameter is
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equivalent with the exception of the cross terms where the sign product matrix is given by

0 +1 +1 -1 0 0 +1 -1 0 +1 0 0

. 10 —1 41 0 0 -1 +1 10 0 0
x Y\ —

Sen(Se %) =121 0 0 1| =141 0 otlo o o -1

+1 -1 -1 O +1 -1 0 0 0 0 -1 0
antisy?nrmetric sym?nretric

(G.26)
The resulting sign product matrix closely resembles the one calculated for the mg In fact,
carrying out this calculation yields

71 = XmE > (G27)

May Y3

X

which implies that, to order 32, the susceptibilities for both irrep modes in the Heisenberg
and Dzyaloshinskii-Moriya model are exactly the same.

178



Appendix H

Dipolar-Octupolar Fragmentation
Derivation

In this appendix, we present an analysis of the Helmholtz-Hodge decomposition similar to
what was presented by Ref. [102]. Consider the Hamiltonian

H = JZ Sza Sjb+dz ia Z
(ia,5b)

where the indices 7, j label the FCC lattice position and the indices a, b label the sublattice
basis. To gain some intuition into the equations of motion for the fluctuating degrees of
freedom, first, consider that the ion anisotropy term is directed along the global z-direction
such that the ground state configuration consists on spins pointing along these directions.
Lets now study the evolution of the S* component produced by the equation of motion

8,:8265 = 1 [IH’ SZ;] )

S EPIEALALALAD NCALAL

(ia,jb)

= 1] Z ]b’Sﬁc [Szza' ]b?SEC +Zdz Sﬁc :

(ia,jb)

To proceed, we use the following two identities

[AB,C] = A[B,C]+[A,C]B, (H.1)
[sg,sﬂ = ieap, S0, (H.2)
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where h = 1 is considered throughout the following calculations. Applying the identifies
in Eq. (H.1)-(H.2) simplify the equations of motion to

0S5, = —J Y (=% OuevSi. — OteiaSie - 5% + Siu - Shdeejo + S5+ Stedicia)
(ia,jb)

—dz SZ Sgcémz ¢+ Sg 5za,é,cSiza) ’

= J Z SZC —J Z Sgc SKCSZ: + Sgcsgc)?

ia@flc ia@fc

where the ia@fc denotes the sum of all ia neighbours of /c. Before continuing any further,
we note that if we had only considered the Heisenberg exchange term of the Hamiltonian,
the equations of motion would yield

6#5?0 - (Z SKC ' S?c) )

ia@fc

atsé/c = _J<Z SEC Sz:c)

ia@fc

Furthermore, in the ordered state and to first order in the fluctuations of the spins', we
may assume S7, ~ S, simplifying the above equation to

9,52 = JS (Z Sy — S;;;> ,

ia@flc

0,50 = —JS (Z ST — Sgc> :

ia@flc

Moreover, since the above computation is done by considering the ordering direction along
the z-direction, all other components will only produce infinitesimal contributions. In
addition to the simplifications considered above, we may simplify the expressions in terms
of lattice vector calculus: the first term of this sum can be taken as the “outgoing flux” at
site £c. In fact, this term can be expressed in terms of a lattice gradient and divergence in
the following way

Y (Sh—5L) = V- (VS})= Vs, (H.3)

ia@fc

!This argument is similar to the one presented in Section 3.3
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Further details of this vector calculus can be found in Ref. [171]. Note that this rep-
resentation is especially useful when considering spin-ice and its representation in gauge
fields?. Using the lattice calculus representation, the equation of motion for the S® spin
components can be expressed in the following way

oSy, = JSV-(VS))—25dS], (H.4)
Similarly, the equation of motion for the SY spin components is obtained
oSy = —JSV-(VS)+25dS;.. (H.5)

Note that the effect of adding the single-ion anisotropy term into the above equation is
to introduce an extra term oc S*¥, which does not produce any extra g-dependence when
applying a Fourier transform. This procedure is further exemplified in Ref. [167] where a
Heisenberg model with an applied field along the global z-direction is applied.

Now, let us introduce the Helmholtz-Hodge decomposition where a vector field M, can
be written in the following way

M, =Vi)+VxA+W, (H.6)

where the first term is divergence-full, the second is divergence-free and the last term
refers to the harmonic contribution. If the harmonic part is neglected, when applying
this identity to the spin degrees of freedom, one can independently find a solution for
and A. Furthermore, it has been established that the existence of the A field is related
to the observation of Coulomb-like correlations [102]. We are interested in applying the
Helmholtz-Hodge decomposition to the above models in the diamond lattice, the parent
lattice of the pyrochlore lattice. To do so, we consider the magnetization on every tetra-

hedron M defined as
M,=>_S, (H.7)
ict
where t label a tetrahedron surrounding one site of the diamond lattice. Here, we simplify
the notation by considering ta — ¢ to avoid a clutter of variables. Before continuing,

2This identification can be made as the pyrochlore lattice is the dual of the diamond lattice where the
spins in the pyrochlore lattice are located on the bonds defining the diamond lattice. In other words, the
O-simplexes in the pyrochlore lattice are taken as 1-simplexes on the diamond lattice [171]. As such, the
gradient defined above is taken in the diamond lattice.
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consider the following expression related to the Laplacian of such degrees of freedom

Z(Mt' _ Mt) _ ZMt’ o ZDiamond Z Sia

t'Qt t’'Qt 1€t

_ Z Z Sj . (ZDiamond . 2) Z S, — ZDiamond Z Sia

ict jQj ict ict

_ Z Z Sj . (QZDiamond . 2) Z S,

i€t j@i it

_ Z Z Sj _ ,Pyrochlore Z S;,

ict jai ict

= 2D (S-S, (H8)
ict jai
where zPlamond — 4 apd gPyrochlore — G are the coordination numbers of the correspond-
ing lattices. Using the above equation, one can define the equations of motion for the
magnetization as

OM? = JSV - (VMY)— S(2d) M},
oMY = —JSV - (VM) + S(2d) M7

Applying the Helmholtz-Hodge decomposition to these equations, and, in particular,
by considering the Heisenberg equation for the M?* component, the effective equations of
motions yield

ow* = S(JVAHY —2dyY) ,
0,A° = —2SdAY, (H.9)

explicitly decoupling the divergence-free and divergence-full components of the spin. This
however only considers the Helmholtz-Hodge decomposition of the field M;.

The above case was considered to get familiarized with the calculations done to ex-
plicitly demonstrate how the divergence-full and divergence-free degrees of freedom are
separated. As in Ref. [167], this case is a very simple example where the ordered state is
considered along the global z-direction. Motivated by this analysis we can now study the
general bilinear Hamiltonians presented in Chapter 2 which may host ordered ground state
configurations at low temperatures. In particular, we are interested in the ATAO ground
state which has the property of being defined along the local 2z direction of each sublattice
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of the pyrochlore lattice. We consider the general bilinear Hamiltonian
Moo= {J..878; = Ju(SFSy + S 8F) + Jee (1SS + 75557 S7)
(ig)
+1.1(Gii SEST + (5878 +i+ j)}, (H.10)
where symmetric phase factors v;; and (;; are introduced, the ladder operators are defined
as

Sy o= Sp+iSyE,
Sy = Sp—iSy,
1
Si = (5 +50),
1 -

and the ground state configuration requires (S?) ~ S and (S*) < S. To continue, we
consider the equations of motion for S*. To do so, the following commutators are needed

1 Mg
(55,87 = o

First, consider the J,, term
D IS7S; S = ) (SEIS, Sl + 57, 57155)
(i.9) (i.)
= £ (S7SFo+ S;Skou),
(i,)
= ) SiSF. (H.11)
iQk

Next, consider the Ji term for the St operator

DOISES; + 57858 = Y (SFIS; S+ 87,5187 )
(6,3) (4,3
= =2 (S Sidu+ SiS)ou)
(i.4)
= -2) S°S;, (H.12)

1Qk
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and similarly for the S~ operator

> 1S5S + 878, 5]
(4,9)

> (1S5, 5¢18; + 5718754 1)
(4,5)
2 " (SpS; 0w+ S Sk

23 57 SE.

iQk

(H.13)

Now, for the Ji4 term we have to take into account that fact that a phase factor, 7;;, must
be considered as part of the commutators. First, take the equation of motion for S*

2[72]5+S++71j5 S S+]
(4,9

and for the S~ operator

S uSESE + 455087, Sy ]
(4.4)

Z%J (5757, S,
Z%J
_9 Z%j (S7Sidu + SiSy o),

5]

1Qk

1S5, SET+[S7,5¢185)

(H.14)

Z%J S+S+ —
Z%’j i j S+
(6.4)

2 Z ij (SiSidm + SpSi o)
(4.4)
2 Z VieS; S

1Qk

(5", 8¢ 15F) .

(H.15)
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Finally, for the term J.., the commutator for the operator S is given by

> 1GiSiST +¢SiS7. S = Zgw [S7SF, S+ ¢ [S7S7, 51,

J2i 25 25 M50
(4,5)

= ZQ] Sz S+ S++CZJ(S7,Z[S]_’S2_] + [522752_]53_)’

= ZQ]S ST + G (—257 870 + S S5 i),
(4.4

= =2 SISO+ > CuSiS o + ¢SSy b,

(3,5) (i,9)

= =) GSISi+ Y GiSiESTou + ¢Sy Sy b, (H.16)

iQk (2,7)

the remaining term containing a J,. interaction term are easily obtained by exchanging
the labels 7 <+ j. Lastly, for the S~ operator one has

> [GiSiS) +¢S28;, 8] = ZQJ (9757, S 1+ ¢ilS7S7. 51,
(3,9)

= ch (S71SF, Sy 1+ 157, S¢1S7) + 5187, 57155,

= Z Gij (257 S50 — Sy Si o) — Gy Sy S5 Gun,

(3,9)

- ZZCwSsz gk ZQ] S+6zk+g S S 52k7

= Z QkaS,j -y gijs,;sj S + €Sy S 0. (HAT)

iak (i.3)

Note that in the last two commutators, only the first term is considered as all other terms
are of order (S*S™) which, to first order, are ignored. Taking all the above contributions
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into account yields

W,
—i=-S¢ = [H,5]]
= ) L.SPSy +2J:8FS; — 20a S S; — 2.:G 875} + O(STST),
1Qk
SO LS+ 2068 = 20005 ST — 20668 + O(STST),
1Qk

—ig S = [H.5]

12

= N LSSy — 20487 7+ 20u ST SE + 20.4CuSESE + O(STST),
1Qk
SN ISy = 2JuS7 + 20eaaST + 20aCaS + O(STST).  (H.18)

1Qk

12

With the above expressions, the equations of motion for the transverse components of the
spin result in the expression

0

. 1 _ _ - "
—zaSk ~ Sé Z JZZ(S]:- - Sk ) + 2J:|:<SJ+ — Sj ) + QJ:ti(’ijS;- — ijSj ) + 2Jz:ﬁ:<<jk — C]k)S
jQk
+ O(STS7),
jQk

where the last term can be rewritten by separating the real and complex components of
the phase factor v;;, as

(Re(%'k) + iIm(’ij)) (ng + ZSJy) - (Re(%'k) - iIm(’ij)) (ij - ZS]y) =2i Re(%‘k)s]y + 2 Im(’ij)Sf7

finally obtaining

0
ES,‘? ~ —SZ JzzS,Z -+ 2JiSJy -+ 2Jii(Re('yjk)S§’ -+ Irn(fyjk)Sf) +4J,4 Im(CJk)S + O(SJrSi),
jQk
= —SZ JZZS}Z + <2Ji + 2Jii Re(’yjk))S;’ + QIm(’yjk)JiiSf + 4J2i Im(Cjk)S
jQk
+ O(STS7), (H.19)
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and for SY

0 1 _ - - ]
—zas;; ~ S5 D LS+ Sp) 4 202 (SF 4 S7) = 20 (VST + 5kSy) — 2. (G + Gr)S

@k
+ O(S*tS7),
0
ES]?CJ = S Z JzzS,’j + (QJ:t - QRG(’)/jk)Jii)Sf + 2 Im(yjk)JiiSjy —45J,+ Re(Cjk)
i@k
+ O(575), (H.20)

Note that, for both equations of motion, there is only one term proportional to Im(v;)
which contains the same spin component corresponding to the derivative in the left-hand
side of the equation. This particular term can be neglected if the phase factors are taken
to be real, see Chapter 2. This scenario can be realized in the Dipolar-Octupolar (DO)
Hamiltonian® for which J,4+ = 0 [102] resulting in the following simplified equations

d . _
5%k = -5 > TSP+ 2(Jx + Jrs)SY+ O(STST),
JjQk
8 x xX —
5 = sj% Jo2SE+2(Jy — Jps) ST+ 0(STS). (H.21)

Taking the interactions variables J,, = 2(Jiy — Jy) and J,, = —2(Jyy + Jy) [23] the
equations of motion become

0

=58 = _SZ Jo2Sp = Jyy(SY = SY) — Jyy Sy + O(ST57)
JQk
a T T xr T -
550 = s]@zk TSk = Jen(S§ — SF) — TS + O(STS7). (H.22)

Using the resulting equations of motion for the DO Hamiltonian we may now obtain the
equations of motion for the magnetization, given by Eq. (H.7), in each tetrahedron

%M: — (=6S.J.. + 65, ) MY + S.J,, V> M} + O(SS),
%Mty = (68, — 6SJ,)MF — S.J,,V2M?E + O(STS7). (H.23)

3In general, J,+ # 0 for the DO Hamiltonian. However, we may produce a rotation in the spin
components to a basis in which this coupling vanishes.
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The expressions obtained are equivalent to those found by Ref. [102]. Moreover, the applica-
tion of the Helmholtz-Hodge decomposition to the above expressions effectively decouples
the rotational and irrotational degrees of freedom. In the general bilinear Hamiltonian,
where the phase factors are complex and J.4 # 0, the equations of motion mix the mag-
netization components. Moreover, note that the complex phase factors produce a constant
term in both equations which can be expressed as either the gradient or curl of a certain
function, making the separation between the rotational and irrotational degrees of freedom
less intuitive.
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Appendix 1

Perturbative Monte Carlo

In this last appendix, we present a perturbative Monte Carlo technique. This technique
can be used to perturbatively introduce the effect of quantum terms starting from a clas-
sical theory and was used by Refs. [126, 127, 172] in the study of LiHo,Y;_F4 upon the
introduction of disorder. Here we extend this approach to an XXZ Hamiltonian in the
pyrochlore lattice. Consider the spin 1/2 XXZ model on the pyrochlore lattice

L

H= Z [Joioi + Ji(of0f +ala?)], (L.1)
(i)

where J > 0, and J; will be taken as a perturbation. To study this model, a cumulant
expansion method can be performed. Through this procedure, a quantum Hamiltonian
can be expressed in a perturbative series as a classical Hamiltonian such that the partition
function can be written in the following way

Z = (e "My = ZefﬁHeff[wi]’ (1.2)

where 1); represents a classical product state. To continue with this derivation, the Hamil-
tonian can be divided into a “classical”, Hy, and “quantum”, H;, terms:

H = J) ojoj+J1 Z(Ufaijafa?).
(i) (ig)

N J/ J/
-~

Ho Hy
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Prior to applying this definition, a perturbation series of the partition function can be
obtained in the following way

Z = B (B
InZ = —B(H)+ In(e PH-),

= —B(H)+In <1 +) % (—=B(H - <7i>))"> :

= —fB(H)+1n 1+<

= —5<H>+ZL‘—?+§+
2 23
(e = exp{—ﬁ<H>+:c—7+g+---}-

Finally, we choose a basis conformed by product states {| ) ‘ ) =@, | af)}. It is

easy to note that the expectation value of a spin-flip operator for any state in this basis
vanishes. Therefore, the previous expression can be written in the following way

(™) = exp{—ﬂ<Ho>+x—$—2+x—3+---},

2 3
1 2 3
e = (e 2,

Moreover, we note that the first term of the series in x now vanishes as a consequence of
the product basis chosen. The expression above is exact; however, it is obvious that such a
series will not be used as it involves an infinite number of terms. Instead, we may consider
a perturbation series given by considering the case J, < J, where the first term in the
series is of order J?. Therefore, the lowest order in the perturbation series, the effective
Hamiltonian can be written as

1 - (_5)11 n 4
Mo = (Ho) =53 S (L= ()" ) + O,
o _l - (_5)n . n—2 4
= (Ho) = 5> (P (o = Bol])"* #1) + O(T1),
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where only the first term in x is used. The expression above is further simplified by the fact
that the basis chosen is a classical product state basis. To continue and obtain an effective
Hamiltonian, the trace over the n power operator must be performed. In this process, the
following identities are used

orail)y = |fifi),
Joil) = —aioi|fifiv),

where, |f;fj1) is represented as the state | 1) with the spins ¢ and j flipped, and o7 is
the value of the spin in site ¢ prior to being flipped. By using the classical product states
and the identities previously stated the following operator, the following operation can be
calculated

Hilg) = JuY (1—0i07) | fifi),
(ig)
(Ho — Eole)" 7 Ha [ ) = Jo Y (1= 0fo}) (Bolfif] = Bo[e])" ™ | fifivh),

(i)

Hi(Ho — Eo[g))" 7 Ha | 9) = J} Z > (1= ofop) (1 — ofo?) (Bolfifiv) — Bo[e))" 2 | fifififuth).

(i5)

Finally, this state is going to be projected into the original state |1)). Hence, to have a non-
zero contribution the flips obtained must cancel out. This will only happen when (i,j) =
(k,1) and (i,7) = (I, k); however, only one of the cases is included to avoid overcounting.
To include this constraint, two delta functions can be added such that

My (Ho — Eolw)" 7 Ha | ¢) = J Z Z (1= 0707)(1 = 0707) (Eolfi f3¢] = Eol])" ™ (8ix) | ©),

- Z(l — 0707 (Bolfufi90] — Eole])"™ | ¥),
(i)
= T2 (1-20707 + (0707)%) (Eolfifi¥)] — Eolt])" ™ | ¥),
(i)
= 2J} Z(l —0707) (AE[fif;0])" 2 | ¥).
(1)
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In this way, the effective Hamiltonian is found to be

1

(=BAE[fif;¥])"

[]#

. z Z_l 2 — 0,0 )~
He = J%Uﬂj 52Jiz<1 UZUJ)AEo[fifW]Q(

(i) 2

n

n!

) +0(J1),

(=BAEy[fifj)"

]2

1 . 1

(i5) (ig)

[|
)

n

Z 1 Y
- J%Ji _2JLBZ 1 —ojo; J BEAE fi fi1]? nz;

= JY oioi —2728Y (1 -dio (if;)ju()(m

(ig) (ig) n=2

py ) +O(J1),

/—}%
—BAE[fifi¥]

n!

et —x—1
= J) oio; —2J18 Zu — oi0?) <—x2 > +O(J4),
(i) 7

= J) oio; —zjﬁz (1 —oi0?)Fyj(z) + O(J}),
(i)

where the sub-indices 7, 7 in the function F' are added to label the site dependence of the
variable x. Lastly, we need to obtain an expression for the energy change in the classical
Hamiltonian given by two distinct, but neighboring spins to obtain an expression for x in
Eq. (I.3). This energy change is produced by every neighboring spin of the site ¢ and j

without taking into account the pair (i, j):

Elfifi] = —2J o7 > 0l+<7 > al

lENN leNN(j

= —=2J Z o] +0o; Z oy

lENN lENN(j)
1#j 1#£1

192

+4Jo?0%

7770

(L.3)



Using the above expression for z, the effective Hamiltonian can be expressed as

Her[t)] = JZO’ —QJLﬁZ (1—ojos)F |28 | of Z of + 05 Z of || +0WJ1).
IeENN(i) IENN(5)
l#j l#1

I.1 High temperature-J, expansion

As a consequence of this derivation, the effective Hamiltonian has a temperature depen-
dence that is encoded in the explicit # term in the perturbation term, as well as in the
function F(z). Therefore, through this simple recognition, a high-temperature expansion
can be obtained for the Hamiltonian by using the Taylor expansion of the function F'(z):

ef—x—1

Fa) = S

n=2

where the variable x is proportional to 5. Hence, by only using the first two terms of the
series the effective Hamiltonian is further simplified to

Sz\z
%N

Her[t)] = JZUf —QJLBZ % — Z al—i—a Z o}
(i)

ZENN IENN(j)
l#j l#i

+ O(J18%) + O(J1),

2 32
= JZJf JLBZ oio?) 2J{;B Z(l—df Z 0l+a Z o}
(i5)

(i5) leNN IENN(j)
[ I#i

+O(J18°) + O(J1).

As can be seen, the previous expression redefines the Ising interaction by a small parameter
and adds a small perturbative term to the Hamiltonian at this order. Therefore, the
Hamiltonian is
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—I1B i 1

\ 2 02
Harlv] = —Jiﬁ(N;Z)WHimzaf;—#z > oo 3 o,

(i5) (i5) IENN(i IENN(5)
I£j I

2JJL6 Z Z of +oi S of | +O(28%) + O},

leNN IENN(5)
l#7 1#1

where z is the number of first nearest neighbors for every site. This expression can be
identified with terms of first, second and third nearest neighbor. To do so, consider the
following case: say that for every site i, its nearest neighbors are labeled iy, 19,13, 4, 15
and 7¢. Therefore, the second term involving the [-th nearest neighbor that is not the j-th
neighbor can be expressed as an explicit sum over each sum that does not contain a specific
neighbor of the ¢-th spin:

0 +o;, +op, +o;, +o. +og
+o;, +0  +o7, +o;, +oi +oi
Z Z o — Z o7 +o; +o;, +0  +oi, +oi o
! ~ | 407 +0f +0i +0 +oi +o
<Z_]> ZGNN 4 Zl 22 ZJ » 5 z()
145 +o;  +oj, +oi, +o;, +0 +oi

+o;, toi, +o;, +oi +oi +0

24 5

= SZaf (z—1) Zaz o,
(i7)

where z = 6 is the coordination number of the pyrochlore lattice. Therefore, it is easy to
notice that the second term of the effective Hamiltonian is a nearest-neighbor term with a

factor 102”& =2(z — 1)2‘]‘&5 The third term of the Hamiltonian provides a different
kind of 1nteract10n as it is a term between the i-th site and the neighbors of its j-th neighbor
(without taking into account the i — j interaction). This term can be regarded as every
possible connection between site ¢ and any other site that requires exactly 2 links. With
this idea in mind, it is easy to check that, for the pyrochlore lattice, every first nearest
neighbor is still contributes as it can be reached by 2 different paths (this result is lattice
dependent, in the case of the pyrochlore it is true, however, in the case of the square lattice
this term does not appear). In the same way, every second nearest neighbor and third
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nearest neighbor, type a [54]'; is connected to the site i. Hence, this term can be written
as

— z __Z
E o; E o = nlg aiaj—l—ngg ala]—l—ng E oo ],

(i) IENN() (i) (i
I#i

= 220’;0; + Z o;0; + Z o;o;. (L.5)
(i) (@) a

(@

In the equation above, the constants n;, with ¢ € {1,2,3}, denote the number of possible
2-bond paths through which a specific 1st, 2nd or 3rd nearest neighbor can be reached;
thus, lattice dependent. For the pyrochlore lattice, the values are 2, 1 and 1 respectively.
An interesting side effect of this “double link” connection is that the third nearest neighbor
of type “b” is not present in this approximation. These constants can change depending
the lattice considered. For example, for the square lattice, there is no contribution from
the first nearest-neighbors to Eq. (I.5). However, for the square lattice, there are two ways
of getting to a second neighbor.

For the pyrochlore lattice, the third term in the Hamiltonian produces a first nearest-

4]J3 g2
3

2JJ2 32
) (J+ J38) ZO‘O‘ —2(z—1) 3L/6 Zafaj
(i5) (i5)

neighbor term with a factor —4 , and farther nearest-neighbors terms:

Halt] = —J28 (N

2.0.J% 32 L.
+2 ; 2Y oioi+ Y oioi + Z oioi | +O(J2B%) + O(J1),
(i) {(ig)) (i

X z 2JJ2 32 L 2J.J2% 3
Heg[)] = _JLﬁ( 5 ) (J+ JiB) ZO’ (z—1) 3l Zaiaj—i—él BJ_
(ig) (ig)

4J.J3 32 3
+ «Z% +<<Z oioi | +O(J33%) + O(J1).
] a

IThe pyrochlore lattice has two types of third nearest-neighbors, type a and b where both neighbors
are equally distant, but are connected by a different number of bonds.
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Therefore, the Hamiltonian can be written as a first, second and third-nearest neighbors

Hale] = ~ 70 (55 ) (4 25 - 22— 00 T oo
(i)

4JJ3 32 3 4
+=5 «Z» +<<Z oioi | + O(J23%) + O(J1).
Z] a

In this way, the effective Hamiltonian can be rewritten in terms of the coefficients J;, Jo
and .J3, defined as

2
J o= (J+JB— 5(2z —6)JJ13%),

4.JJ?% 32

J2 = 3J_/8 9
4 2 22

J3a = J{))J_B )

such that the total Hamiltonian is

N
Healt] = —J18 ( 2X Z) +Ji ZO’ZUZ + J5 Z 0,07 + J3a Z o;o; + 0 (J18%)
(i)
+0(J1). (1.6)

As may have been expected, the effective Hamiltonian obtained is an extended Ising model
with farther nearest-neighbor interactions. However, this new expression has an extra de-
pendence on temperature, given by its coefficients. Consequently, this dependence will
modify the way the thermodynamics quantities are obtained whenever a temperature de-
pendence is involved. For this reason, the derivative with respect to § will be needed:

o) N X 2 4 .. 8JJ2pB L
g (arlol) = =2 (55 ) 4 (2 = J@e = 0)020) Yoty + 2P Y o
(i5) ((ig))
8J.J2p ..
+ 3L > oioi +0(J18%) + O(J}),
(@) a
o 4 8JJ 8J.J3
g7 (Heald]) = —3(22-6)JJ2 ) ofo] LZ o+ =5+ Y oo +O(iB
(i5) (7)) a
+ O(J})
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Using this expression, the average energy can be obtained

107
Z 0B’

19 (E —BH ff[?ﬁ])
= —_——— e € ,

Z 0p 5

1 OH
_ __Z —BHealy] [ _ _ eff

= <Hﬁ + 66?5ﬁ> +O0(J38%) + O(J1),

= (Eer) +O(J18%) + O(J1).

(E) =

As well as the heat capacity defined as

OBy = —kpp?

or E)B< )

107

- mit s (550)

10°Z 1 aZ 2

= kgp? 2852_ aﬁ))
(Eer

(
_ ( %(Ze%ﬂ ( it — ﬁaggff))—weﬂf),
(230

_ 2 2 OH et O*Hoq
=l _<2 o5 om >)
M, 0*H,
C, = kpB? ((AE§H>—<2 aﬁﬁ+5 8ﬁ2ff>>' (L.7)

1.2 Magnetization

To obtain the magnetization the source method can be used. To do so, a longitudinal
field term should be added to the Hamiltonian. The quantities of interest, magnetization,
and susceptibility are derived through this dependence. Finally, the field is set to zero.
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Following this argument, the new Hamiltonian is defined as

H = JZafaj+thf+JLZ(0faf+afa?).
(i) '

i (i4)

J/ (. J

~~

Ho Hi

With this Hamiltonian, the derivation above is still valid; however, the classical term and
the energy shift should include the field term. Therefore, an extra change in the energy
term due to two neighboring spin flips is require:

AEw(i,j) = —2h (0] + 03) .

As could have been expected, when both neighboring spins are pointing in different di-
rections the energy of the system does not change. However, because of the geometric
frustration, it is guaranteed that a finite energy shift will happen for some pair (i, 7).
Altogether, the total Hamiltonian for the system is

Heg[t)] = JZaij + hZJf —2J28 Z(l —0;0%)
(ig) i (i5)

xF |28J | of E o] +0; g of | +26h (o7 4+07)| +O(J1).
IENN (i) IENN(j)
I#] I#i
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With this new effective Hamiltonian, the magnetization is defined in the following way

1 /107
o = 5 (7).

3\ Zon !
¥ h=0

1 OH
— _ 7&‘%63[11[)] —eﬁ
72.° ( oh >] ’

- A= i
1 - z z __Z z z a
= |3 D e MWl 1N "oz 4T3 82 (1 ofo}) (0] + 0})5-F (@) :
| i (i) 1 =0
1 —BHr [V z 2 02 z z z z 9
= ZZG © Zai —4Jip Z(Ui + 07 —o; —aj)a—xF(x) )
| v i (i) 1 =0

_ % 3 el (Z aj)] ‘
i h=0

L 9

Therefore, the magnetization term ends up being described by the usual expression even
with the effective Hamiltonian. As a consequence, the powers of the magnetization are
described in the usual way?

(M) =

%Z o~ Henl] (Z 0?) ] .
¥ i h=0

1.3 Structure factor

After having derived some of the most relevant and simple thermodynamic quantities, we
want to study the effect of this perturbative procedure on the expression of the struc-
ture factor, see Appendix B. To obtain this expression we can start with the modified
Hamiltonian (I.8) with an on-site field h;;

H = JZO’?O'JZ» + Zhisf +J Z(Jfaf +ajay).
(ig) '

? (ig)
A TV ~ TV 7

Ho Ha

2This result might not agree with what was found by Ref. [172] for a different system.
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As before, the energy change produced by flipping two neighboring spins is
AEh(Z,]) = -2 (hZO'Zz + hjU]z-) s

which in turn would produces an effective Hamiltonian of the form

Heer[t)] = JZU +Zhiaf,

—2Ji8Y (1 —=oioi)F 28] |07 Y oi+0i > of | +28 (ko] + hyo?)
(ij) lENN(4) IENN(j)
1#£j I

+ O(J}).

To obtain the factor o7oF needed to describe the structure factor, we can derive the par-
tition function with respect to the onsite field variables h; and h;

(of0%) = i(l 07 )
% 2 \Zonon, ),
L (éa]f;h em[w]> |
g Ty h=0

110 OH
- _— = —BHes[¢] eff
3 Z&hi§e (ah )] ’

h=0

]‘ ]‘ — z z __Z z a
- 5|7 hiE:e BHeg V] 07 — 4J2 37 E (1—aiaj)(aj)%F(ﬂf) :
i ¥ iENN(J) he0
171 oH 9
zozy 4|t —BHe[v] | TTTeff (24 g2 52 2 _ g2\ L
(0707) = 6[226 e R Rl 'E:'(aj o) F(x)
P tENN(5)
828 Y (o — o) L DI (L.8)
2.9 i 92 ho
tENN(5)
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1.4 Application to the XXZ model on the square lat-
tice

To benchmark the result obtained for the XXZ model through the PMC approach, we
study the effective Hamiltonian derived by performing a high-temperature expansion of
the function F,

i :—+ +O( %),

n!

n=2

where y o< 8. This expansion produces interaction terms between sites that are connected
by two Manhattan distances of the form

nlzafaj—i—ngZa 2+ ng Zal o,
(i) ((5))

(¢

where the sums run over the first, second, and third nearest neighbors pairs, respectively. In
this expression, the constants ny, ny and nz describe the number of paths composed by two
bond distances that connect a pair of neighbors of a given kind. For the pyrochlore lattice,
there are two paths connecting the first nearest neighbors and only one path connecting
the second and third type a [54] nearest-neighbors. Therefore, by introducing these terms
into the Hamiltonian, the effective high-temperature expression is obtained

Z) +leafoj+nga
7

((ig))

Halt] = I8 (N
+J3q Z o707 +O(J1B%) + O(J1), (1.9)

where the coupling constants J;, Jo and J3, are defined as

2
J = (J+TB— §(2z —6)JJ? 5%,

4.JJ2 3
Jy = TLB’
4. J3 2
Jay = %ﬁ

This derivation provides equal weights for both second and third type a nearest neighbors.
As such, and by following the results reported in Ref. [54], the two-in-two-out manifold is
still considered the ground state of the system.
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To study the performance of the PMC method, we study the square lattice with fer-
romagnetic couplings and compare our results with QMC simulations. To perform these
simulations, we use a single spin flip update algorithm (SSF) and the effective thermody-
namic quantities described above. For the square lattice, the effective energy possesses a
term that depends on the first, second, and third nearest neighbors of the spin in question,
this dependence is depicted in Figure [.1. To benchmark this technique, we first study the

TR e T S

¢ L S ¥ ¢ ¢

Figure 1.1: Nearest neighbors diagram for a square lattice. The center site in black is the
base site, red sites as the first neighbors, blue sites as the second nearest neighbors, and
green sites as the third nearest neighbors.

moments of the magnetization. In particular, we focus on the second and fourth moment as
these two functions are used in the binder cumulant to extract the transition temperature.
The results for the moments of the magnetization for J, = —0.07 are presented in Figure
L[.3.

As can be seen, the behavior of the curves found through the PMC simulations agrees
well with the QMC results obtained using the ALPS package [173]. Furthermore, we

compute the Binder radio,
1 (M1
G=-(3—-
> (4= i)

and extract the transition temperatures provided by both QMC and PMC (see Figure 1.4).
To further test the validity of the method, we extract the transition temperature for several

values of J,. We construct a function by means of the L-dependent Binder ratio function
GL7

F; =G+ Gia — 2G5 (1.10)
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Figure 1.2: Energy curves for J, = —0.5J.

J1/17=-0.07 J1/J=-0.07
0.8 DA 0.74 o Do
—— L=I5PMCM22 —— L=15PMCM4
0.7 i igg:ﬁg 0.6 1 10 QMC M4
12 QMC M4
—— 150QMC 0.5 — 158MCM4
0.61 .
ol =
E 0-5 i E 0.4'
0.4 0.31
031 0.2
02 0.1 |
2.0 2.1 2.2 2.3 2.4 2.5 2.0 2.1 22 2.3 2.4 2.5
e T
(a) (b)

Figure I1.3: Moments of the magnetization obtained through PMC and QMC simulations
for J, = —0.07J (a) (M?), (b) (M*).

to obtain the critical temperature as the point where F;, = 0. Applying this procedure
to both sets of data the phase diagram in Figure 1.5 is obtained. The results obtained
show a good agreement between the critical values found for both methods. In fact, the
percentage error between the critical temperatures found is less than 1% for the values of
J | considered.
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Figure 1.4: Binder ratio obtained by QMC and PMC for J, = —0.07J.
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Figure [.5: Phase diagram for the XXZ model with ferromagnetic interactions obtained
through QMC and PMC simulations.

1.5 Conclusions

In this appendix, we presented a perturbative approach known as PMC to study the
XXZ model (I.1). The calculations presented in this appendix were largely based on
previously work [126, 127, 172] where PMC was used to study a different Hamiltonian. To
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demonstrate the validity of this approach, we studied the XXZ model on a square lattice
and compared the thermodynamic quantities obtained by PMC and QMC where we found
good agreement between the two methods. Although we used QMC to benchmark this
perturbative approach, it is worth noting that, in contrast to QMC, PMC does not present
a sign problem and can therefore be used to study the XXZ model for both positive and
negative values of J,. Consequently, this method could be used to study the XXZ model
on the pyrochlore lattice for both signs of J;, where QMC has been used to study the
case J; < 0 [60], but presents a sign problem for J;, > 0. For J;, < 0, Ref. [60] found a
modulation in the in the neutron scattering NSF channel [60] which is not present when
J1 =0 [3]. The application of PMC to the XXZ model may provide key insights regarding
the origin of this modulation. Furthermore, we believe that this perturbative approach can
be applied to other Hamiltonians which may represent an invaluable tool when studying
quantum systems.
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