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Abstract

This thesis studies in detail the expected discounted function of a penalty at
ruin which involves the time of ruin, the surplus immediately prior to the time of
ruin, and the deficit at the time of ruin, based on the surplus process of ruin theory
containing an independent Wiener (diffusion) process.

First, main background for this thesis is reviewed in chapter 1, which contains
the surplus process of ruin theory with and without a Wiener process, the defec-
tive renewal equations for some expected (discounted) functions, reliability-based
classification and equilibrium distribution.

In chapter 2, we will derive the defective renewal equation and the asymptotic
formula for the expected discounted function of a penalty at time of ruin, and
propose the Tijms-type approximation for and an upper and a lower bounds on a
compound geometric distribution function. Moreover, the reliability-based class im-
plications for the associated claim size distribution are also given. When the claim
size distribution is a combination of exponentials or a mixture of Erlangs, explicit
analytical solutions to the compound geometric distribution function and to the
expected discounted probability of ruin due to oscillation and a claim, respectively,
can be obtained.

Moments are studied in chapter 3 include the (discounted) moment of the deficit
at the time of ruin, the joint moment of the deficit at ruin and the time of ruin,
and the moments of the time of ruin due to oscillation and caused by a claim,

respectively.

iv



In chapter 4, we give the explicit expressions for the (discounted) joint and
marginal distribution functions of the surplus immediately before the time of ruin
and the deficit at the time of ruin, and for the (discounted) distribution function
of the amount of the claim causing ruin, Then the (discounted) probability density
functions are obtained by differentiating the corresponding (discounted) distribu-
tion functions. In addition, the defective renewal equations for these (discounted)
distribution functions and probability density functions, respectively, are also de-
rived.

Finally, summary and future research are presented in chapter 5.
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Chapter 1

Background

1.1 Classical risk model

In the classical continuous time risk model, the number of claims is assumed to
follow a Poisson process {N(t) : ¢ > 0} with mean A. The individual claim sizes
X1, X2, ..., independent of N(t), are positive, independent and identical random
variables with common distribution function (df) P(z) = Pr(X < z), moments
pj =/:o z’dP(z) for j = 0,1,2,.... The aggregate process {S(t) : t > 0}, where
S(t)=X1+ Xz + -+ Xnq (with S(¢) = 0 if N(t) = 0) is the aggregate claims
up to time t, is a compound Poisson process with parameter A. The surplus of an

insurer at time t is

Ut)y=u+ct—S(), t>0, (1.1)

where v = U(0) is the initial surplus, ¢ = Ap;(1 + 6) is the constant rate per unit

time at which the premiums are received, and 8 > 0 is the relative security loading.
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Let T = inf{t : U(t) < 0} be the time of ruin (the first time that the surplus
becomes negative). Two important nonnegative random variables in connection
with the time of ruin T are |U(T)|, the deficit at the time of ruin, and U(T-),
the surplus immediately before the time of ruin, where T'— is the left limit of T'.
Another associated random variable is {U(T—) + |U(T')|}, the amount of the claim
causing ruin.

There have been many papers discussing various issues, such as marginal and
joint distributions of T, U(T'—) and |U(T)|, based on the model (1.1). See Ger-
ber, Goovaerts and Kaas (1987) [23], Dufresne and Gerber (1988b) [15], Dickson
(1992) [5] and (1993) [6], Dickson and Waters (1992) [13], Dickson, Egidio dos
Reis and Waters (1995) [11], Dickson and Egidio dos Reis (1996) [9], Gerber and
Shiu (1997) [28] and (1998a) [29], Willmot and Lin (1998) [47], Lin and Willmot
(1999) [36], Picard and Lefevre (1998) [38] and (1999) [39], and references therein.

In particular, Gerber and Shiu (1998a) [29] considered a function associated with
a given penalty function w and the joint distributions of T", U(T'—) and |[U(T)| as
follows: For 6 > 0, define

¢o(v) = E[e™Tw(U(T-),[U(T))(T < o)|U(0) =u], >0, (1.2)

where w(z,y),0 < z,y < 00, is a nonnegative function; I(T" < o©) = 1,T < oo and
I(T < o) = 0 otherwise.
Equation (1.2) may be viewed as the Laplace transform of w with the argument

é, or as the expectation of the discounted penalty function with the force of interest
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4. Of course, the ruin probability is
Yo(u) = E[I(T < )|U(0) = u] = Pr(T < oo[U(0) =u), u >0, (1.3)

a special case for w(z,y) =1 and § = 0.

1.2 Diffusion process

Dufresne and Gerber (1991) [16] extended the classical risk model (1.1) by adding

an independent diffusion process (or Wiener process) to (1.1) to form
Ut) =u+ct—S(t)+oW(t), t>0, (1.4)

where o > 0 and {W(t) : t > 0} is a standard Wiener process (that is, W(t) ~
N(0,t) and then oW (t) ~ N(0,0%t) = N(0,2Dt), where D = 02/2) that is inde-
pendent of the compound Poisson process {S(t) : £ > 0}.

They studied ¥4(u), the probability of ruin caused by oscillation, #,(u), the
probability of ruin caused by a claim, and #.(u), the probability of ruin caused

either by oscillation or by a claim, where

Ya(u) = Pr(T <oo,U(T)=0[U(0) =%), u 20, (1.5)
Y. (u) = Pr(T <oo,U(T) <0|U(0) =u), u>0, (1.6)

and

Pe(u) = Ya(u) + $u(u) = Pr(T < oo|U(0) = u), u > 0. (1.7)
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Later, Gerber and Landry (1998) [24] generalized the discussion of Dufresne and
Gerber(1991) [16] based on the same model (1.4) by considering a penalty scheme
which is defined by a constant wo and a nonnegative function w(—yj,y > 0. Then
the penalty due at ruin is wo if ruin occurs by oscillation and w(U(T)) if ruin is
caused by a jump. They declared that the expected discounted penalty ¢(u), as a

function of the initial surplus, is

$(u) = wo E[e™*TI(T < 00, U(T) = 0)|U(0) = u]
+ Ele™*Tw(U(T))I(T < o0, U(T) < 0)|U0) =u), u>0. (1.8)

In the special case that w(—y) = 0 and wy = 1, ¢(u) becomes
$a(u) = E[e™TI(T < 00, U(T) = 0)|U(0) =u], w20, (1.9)

the defective Laplace transform or the expectation of the present value of the time
of ruin T due to oscillation. Note that when § = 0, ¢q(u) = a(u).

For another special case with w(—y) =1 and we = 0, ¢(u) turns out to be
¢.(u) = E[e*TI(T < 00,U(T) < 0)[U(0) =u], u>0, (1.10)

the defective Laplace transform or the expectation of the present value of the time
of ruin T due to a claim. Similarly, when & = 0, ¢,(u) = ¥,(u).
If we define

$e(u) = da(u)+ ¢i(u)
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= E[e™*TI(T < 00, U(T) = 0)|U(0) = 4]

+ E[e*TI(T < 00,U(T) < O)|U(0) =u], u>0, (1.11)

then obviously, when é = 0, ¢,(u) = ¥,(u).

1.3 Defective renewal equation

Function Z(u) is said to satisfy a renewal equation if Z(u) can be expressed as
Z(u) = '[0 * Z(u — z)dF(z) + v(u), u >0, (1.12)

where F' is a distribution function concentrated on [0,00) with F(0) = 0. If F is
a defective distribution function (that is, F(oo0) < 1), then the renewal equation
above is defective.

Gerber and Shiu (1998a) [29] derived a defective renewal equation based on
(1.1) for ¢o(u) in (1.2) as follows:

dow) = 2 [ do(u—2) [ e 0aP(y)dz+ 2 [~ e [T w(z,y—z)dP(y)dz.
(1.13)

In (1.13), p = p(d) is the unique nonnegative root of Lundberg’s equation
AF(E) = A+ 6 — cE, (1.14)

where p(3) = [5° e **dP(z) and p(0) = 0.
For the surplus process with a diffusion process, Dufresne and Gerber (1991) [16]
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derived defective renewal equations based on (1.4) for ¥4(u), ¥.(u) and ¥¢(u), in

(1.5), (1.6) and (1.7) respectively, as follows:

1

W =119

/0"1/:4(11 — z)hy * ha(z)dz + [1 — Hy(u)], (1.15)

V() = o [} el = 2« ha(e)ds + 5[ Halw) — Hix Ha(w)],  (116)

and
Vo) = T [ el = )y ¢ ha(e)de + (1 — Ha()] + 51— H  Ha(w)]
(1.17)
where
Hi(u) = 1—e 5% u>0, (1.18)
[" 1 — P(z)]dz
Hy(u) = =2 , w20, (1.19)
D1
and
hi(u) = Hi(u)= %e-fs", u>0, (1.20)
M) = Hw="—1" ux0 (L21)
1

Note that 9,(0) = 0 and ¥,(0) = ¥4(0) = 1 by the oscillating nature of the

sample paths.
With regard to the expected discounted penalty function, Gerber and Landry

(1998) [24] first showed based on (1.4) that ¢4(u) in (1.9) satisfies the defective
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renewal equation

baw) = [ dualu - v)a(u)dy + Alw), w20,

where

h(s) = —e®,

D
78 = 2 [T b,

C
b = —_— = —
a p D+p’
[+
@ = pt
A(w) = ™, u>0,

(1.22)

(1.23)
(1.24)
(1.25)
(1.26)

(1.27)

is the expected discounted value of a contingent payment of 1 that is due at ruin,

provided that ruin occurs before the first record low (the first time where the surplus

falls below the initial level) that is caused by a jump, and

9¥) = hevw)= [ by - s)r(s)ds
= %/: e bl—2) /w e"’("')dP(z)ds

- %e"" /0 Y gmatu-1) / = e~*=dP(z)ds,

(1.28)
(1.29)

(1.30)

is the discounted probability that the first record low is caused by a jump with

S sway = ([T away) ([ redy)
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- (&) (5
~ \c+pD cp

Dp? +cp—4
—_— < L 1.31
Dp? + cp < (1.31)

In (1.24), (1.25), (1.29), (1.30) and (1.31), the quantity p = p(d) is the unique

nonnegative root of generalized Lundberg’s equation
AB(§) = A+ 8 — £ — D¢ (1.32)

with p(0) = 0.
Then they demonstrated by a probabilistic interpretation that ¢(u) in (1.8)

satisfies the defective renewal equation

pw) = [ $u—y)o)dy+wo Alu)
+ [T w-ne@dy - a@) [~ w(-vigw)dy, w20, (133)

Clearly, from (1.22) and (1.33), ¢,(u) satisfies the defective renewal equation
bu(w) = [ buu - 09wy + [ gw)dy — A@) [ 9w)dy, u20,  (134)

and ¢,(u) satisfies the defective renewal equation

#uiw) = [ w0y + [~ 9wy + a1~ [ gwdy], w2 0. (1.35)
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Next, consider the defective renewal equation as follows:

$(u) = " $(u — z)dG(z) + B w20 (1.36)

1+ﬂ

where 8 > 0, G(z) = 1 — G(z) is a distribution function, and B(u) is of bounded
variation. Define the associated compound geometric distribution function K(u) =

— K(u) by

K "G > .37
Rw) = 3 o550 @, w20 (1.37)
with K(0) = ﬁ, and where G (u) is the tail of the n-fold convolution of G(u),
ie.
oo J— 1 -
[ e T wdu = {1 - G
with

G(s) = /0 e dG(u). (1.38)

Then Lin and Willmot (1999) [36] showed that K(u) satisfies the defective renewal

equation
K(u) = 1 +ﬁ K(u - z)dG(z) + 1 ﬂﬁ(‘u), u >0, (1.39)
with )
o _ 1-G(s)
/0 e R(wdu = o (1.40)
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or

® e _ B8
/("_ e dK(u) = 15 g (1.41)

and the solution ¢(u) to (1.36) may be expressed as

bu) = —= [ K(u-2)dB(z) + = B(u) (1.42)
B Jo- B
= %/(: B(u — z)dK(z), u >0, (1.43)

which, if B(u) and K(u) are differentiable with derivatives B’'(u) and K'(u) for

u > 0, respectively, may be expressed as

L < ’ l u —l K(u
bu) = 'E/o K(u—2)B'(z)dz + 5B(u) ~ BOK(@)  (144)

1 po , 1
=3 /0 B(u~2)K'(z)dz + 5K(0)B(x), u20. (1.45)

They also showed the following theorem regarding the order between ¢(u) and
K (u):

Theorem 1.1 If B(u) > (<) c"G(u) where c* € (0,00), then ¢(u) > (<) c"K (u).
Sometimes, we want to investigate the asymptotic behavior as u — oo of the

function Z(u) satisfying the renewal equation (1.12). Feller (1971) [21] proposed a

renewal theorem for this asymptotic behavior as follows:

Theorem 1.2 Suppose that the distribution function F(z) is non-arithmetic (that
13, not concentrated on a set of points of the form 0, £h, £2h, ... ), & > 0 satisfies

/ = e“dF(z) = 1, and Z(u) satisfies the defective renewal equation (1.12). If
0
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e™*v(z) s directly Riemann integrable on (0, ), then

/oo e~v(z)dz

Z(u) ~ 2 e, as u — oo, (1.46)
/o ze™*dF(z)

where the notation a(z) ~ b(z), as £ = oo, means lim,_,a(z)/b(z) = 1.

1.4 Reliability classification

Before introducing reliability-based classifications of distributions, we would like to
define the failure rate and the mean residual lifetime of a distribution as follows:

If the distribution function P(z) is absolutely continuous, the failure rate (haz-
ard rate) of P(z) is defined as

P'(z)

Fo (1.47)

hp(z) = —+-logP(z) =

and the mean residual lifetime of the distribution function P(z) (this does not

require absolute continuity for its existence) is defined by

/, “P(t)dt B /0 * Pz + t)dt

rp(z) = 5@ " 76) (1.48)

Now we briefly review various reliability-based classifications of distributions
(see Fagiouli and Pellerey (1993) [18] and (1994) [19] for further details) as follows:

The distribution function P(z) is:

DFR (IFR) or decreasing (increasing) failure rate
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if hp(z) is nonincreasing (nondecreasing) in x, or equivalently P(z +y)/P(z)

is nondecreasing (nonincreasing) in x for fixed y > 0;

IMRL (DMRL) or increasing (decreasing) mean residual lifetime

if 7p(z) is nondecreasing (nonincreasing) in x, or equivalently P,(z+y)/P1(z)
is nondecreasing (nonincreasing) in x for fixed y > 0

(that is, P,(z) is DFR(IFR));

UWA (UBA) or used worse (better) than aged

if rp(z) satisfies 7p(00) = lim,,o rp(z) € (0,00) and P(z +y) < (>)
P(y)e~=/"7(=) for all z > 0 and y > 0, or equivalently hp(z) > (<) hp(o0)

where hp(c0) € (0, 00);

UWAE (UBAE) or used worse (better) than aged in expectation

if rp(z) satisfies rp(z) < (>) rp(co) where rp(o0) € (0, 0);

NWU (NBU) or new worse (better) than used

if P(z+y) > (<) P(z)P(y) for all z > 0 and y > 0;

2-NWU (2-NBU) or 2-new worse (better) than used

if Py(z+y) > (<) Pi(z)Pi(y) forallz >0 and y > 0
(that is, Py(z) is NWU (NBU));

NWUC (NBUC) or new worse (better) than used in convex ordering

if Py(z+y) > (L) Pi(z)P(y) for all z > 0 and y > 0;
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NWUE (NBUE) or new worse (better) than used in expectation

if rp(z) > (<) rp(0), or equivalently P,(z) > (<) P(z) for z > 0.

The following diagram lists the implications of the classes of the distributions.

DFR (IFR) = NWU (NBU)
4 4
IMRL (DMRL) = 2-NWU (2-NBU) = NWUC (NBUC)
4 4
UWA (UBA) = UWAE (UBAE) NWUE (NBUE)

Note that the implications IMRL(DMRL) = UWA(UBA) =
UW AE(U BAF) hold provided the mean residual lifetime r(o0) € (0, 00). And the
former implication was shown recently by Willmot and Cai (1999) [46].

Reliability-based classifications of distribution functions can be applied to de-
riving a lower or/and an upper bound on a function, and to proving preservation of
classes for a function under some operations. Some results for risk theory have been
found, such as Alzaid (1994) [1], Willmot (1997) [45], Willmot and Lin (1998) [47]
and (1999) [48], Lin and Willmot (1999) [36], and Willmot and Cai (1999) [46].

In particular, Lin and Willmot (1999) [36] showed the following theorem con-

cerning class implications:

Theorem 1.3 The following class implications hold.
(a) If P(z) is IFR (DFR) then ['(z) is IFR (DFR).
(b) If P(z) is DMRL (IMRL) then I'(z) is DMRL (IMRL).
(c) If P(z) is 2-NBU (2-NWU) then I'(z) is NBUE (NWUE).
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And Willmot and Cai (1999) [46] proved that

Theorem 1.4 The following class implications hold.
(a) If P(z) is UBA (UWA) then I'(z) is UBA (UWA).
(b) If P(z) is UBAE (UWAE) then I'(z) is UBAE (UWAE).

where P(z) is the claim size distribution and

/:o v(s)ds B l:o e’ /:Oo e "dP(y)ds

/ooo v(8)ds B /Ow e’ ./..o‘> e YdP(y)ds ' (1.49)

T(z) =1-I(z) =

Reverse the order of integration and integrate by parts, we obtain

/:O eP* /:w e ?p(y)dyds = ’1—) ['13(3) — e /:o e""”dP(y)] = P /:° e~"P(y)dy.
(1.50)

Put z =0 to get
.[ e / ™ emovp(y)dyds = L2P) _ / " e VP(y)dy. (1.51)
o s P (o]

Therefore, ['(z) in (1.49) becomes

_ e [Py [ e P +y)dy

F(z) = £ — = =0 == — ’ (152)
/ e~ P(y)dy / e P(y)dy
0 0

and I'V(z) is a probability density function where
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= [" emapiy)
[ e Py
Clearly, when p = 0 which is the case when § = 0, from (1.53) we obtain I''(z) =
P(z)/py = P{(z), i.e. [(z) = Pi(z).

I'(z) = - (1.53)

1.5 Higher order equilibrium distributions

The equilibrium of the distribution P,_;(z) is defined by

[ Po-iwdy

) e , n=123,.... (1.54)
/0 Pa_i(y)dy

P.(z)=1-P.(z) =

where Py(z) = 1—Py(z) = P(z), and P,(z)is called the n** equilibrium distribution

function of P(z). Then it can be shown that for n =0, 1, 2,.

[ Pas@idy [ Pas(z+u)dy

T s [ e
(y — z)"dP(y) (y— z)"dP(y)
_ L L w55)
- f y"dP(y) Pn '
and -
n+l
/O“Fn(z)d:c: /; AP pen (1.56)

(n+1) [ yrap(y) o+ D

See Hesselager, Wang, and Willmot (1998) [34] for more details.
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Lin and Willmot (1999) [36] defined the distribution function I, (z) = 1 —T,(z)
to be

Ta(z) = =z , z20and n=0,1,2,..., (1.57)

and showed that

[“Tawdy [ Tz +v)dy

—— = = z>0and n=0,1,2,..., (1.58)
[ Tawdy [ Tatwdy

Toii(z) = )
that is, the equilibrium distribution function of [';(z) is [ny1(Z).

Since I'(z) = [o(z) = 1 — To(z) and P(z) = Ps(z), (1.52) is (1.57) with n = 0.
This means that I, (z) satisfying (1.57) is the n** equilibrium distribution function
of ['(z). Note that if § = 0, which implies p = 0, then T, (z) = P.41(z) by (1.54)
and (1.57).



Chapter 2

Surplus process with a diffusion

factor

In this chapter, the defective renewal equation for the expected discounted function
of a penalty at the time of ruin based on the surplus process of the classical continu-
ous time risk model containing an independent Wiener process is generalized. Then
we propose the asymptotic formulas for the expected discounted penalty function.
The Tijms-type approximation for and the upper and lower bounds on a compound
geometric distribution function are also given if the claim size distribution function
satisfies a certain condition. Besides, the reliability-based class implications for
the associated claim size distribution are also given. Explicit analytical solutions
to the compound geometric distribution function and to the expected discounted
probability of ruin due to oscillation and a claim, respectively, can be obtained if

the claim size distribution is a combination of exponentials or a mixture of Erlangs.

17
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2.1 A generalized defective renewal equation

In this section, we are going to further generalize equation (1.8) based on the
model (1.4) by involving both the random variables, |U(T')|, the deficit at the time
of ruin, and U(T-), the surplus immediately before the time of ruin, and derive

the corresponding defective renewal equation.

d(u) = wodi(u)+ du(u)
= wo E[e™*TI(T < 00, U(T) = 0)|U(0) = 4]
+ Ele™*Tw(U(T-), |[U(T)DI(T < 0o,U(T) < O)|U(0) = u]. (2.1)

where
bw(u) = Ele™*Tw(U(T-), |U(T)|)I(T < 00, U(T) < 0)|U(0) = u]. (2.2)

Note that ¢,,(0) = 0 since Pr(T < oo, U(T) < 0){U(0) =0) = ,(0) = 0.

We first deal with a simpler case ¢,(u) where the penalty due at ruin is
w(U(T-), |U(T)|) if ruin is caused by a jump. To derive the defective renewal
equation for (2.2), consider the infinitesimal time interval between 0 and dt. The
discount factor for the interval [0 dt] is e~%% = 1 — §dt. The process {S(¢) : t > 0}
will either have exactly one claim with probability Adt or have no claim with prob-
ability 1 — Adt. By conditioning on this, the amount of the claim (if it occurs) and

the value of W (dt), we have that

bo(u) = (1—Adt)(1 — 8dt)E[py(u + cdt + oW (dt))]
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u+cdt+oW(dt)
+  Adt(1 - Jdt){ /0 bu(u + cdt + oW (dt) — z)p(z)dz
/u+od:+aW(.a) w(u +cdt + oW(dt),z —u — cdt — ”W(dt))P(z)dz}-

(2.3)

First we expand ¢, (u + cdt + cW(dt)) to a Taylor’s series about u to the term of

#2 (u), and ignore the term containing (dt)® to get

do(t + cdt + cW(dt))
= gu(u) + 4 (n) [cdt + aW(dt)]-i—%cﬂ,’,(u) [cdt + aW(dt)]z

= du(u) + cd,, (u)dt + o ()W (dt) + %2¢Z,(u)Wz(dt) + codl, (u)W(dt)dt.

Then from the facts that E[W(dt)] = 0, E[W?(dt)] = Var[W(dt)] = dt, and

D = a?/2, we have
Elpu(u + cdt + aW(dt))] = u(u) + cdl(w)dt + Dely(w)dt.  (2.4)
Now substitute (2.4) in (2.3) and let dt — 0, we obtain

D) +edu (@A [ bulu — Dp(a)dz + [ w(n, s - w)plz)dz| = (A+)u(w).
(2.5)

Then we perform the Laplace transform on the both sides of (2.5) and get

D [T et uidute [ e, (u)dut Ao (EFE)+AD(E) = (A+8)u(6). (26)
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where o (£) = /0 e~ g (u)du, B(€) = / e~ w(u)du and
w(z) = [ w(z,y—op)dy = [ wiz,v)p(z +v)dy. (2.7)

Note that if w(z,y) = 1, then w(z) = P(z).

By intergration by parts, [ gl (u)du = e"gu(u)| +6du(€) = £dul®)
since $4(0) = 0, and hence [ e~ gl (u)du = e-€“¢;,(u),:°+f i * e~tug! (u)du =
—.,(0) + £ 4u(£).

Then (2.6) can be simplified to

(D€ + c& + 46(6) — (A + )] Bu(€) = DL (0) — 2(®). (28)

Since p satisfies generalized Lundberg’s equation (1.32), letting £ = p in (2.8) leads
to D¢, (0) = A@(p). Substitute A + & for Dp? + cp + Ap(p), (2.8) can be written as

(D€ + e+ 26(6) - D — oo = A5(p)]|Bul®) = A[ate) ~a(9)].  (29)

Since D> +c§ — Dp? —cp = D(E+p) (€ —p)+c(§E—p) = (DE+Dp+c)(§—p) =
(D€ + Db)(& — p) = D(€ + b)(€§ — p), Dividing (2.9) by DE? + c§ — Dp* — cp gives

Alo(§) — @(p)]
Db +&)p—-&)’

[1 Alp(€) — p(p)]

Db+ &)(p —€) (2-10)

tEGE
which is exactly the the Laplace transform of ¢ (u) = /0 - duw(u — y)g(y)dy + gu(u)
(the Laplace transforms of both g(y) and g, (u) are stated in (2.19) and (2.22), and

the detailed proof can be referred to Lemma 2.1 and Corollary 2.1, respectively),



CHAPTER 2. SURPLUS PROCESS WITH A DIFFUSION FACTOR

where
w = h w = - w d )
gu(w) = hrvu(w) = [ h(u— shr(s)ds
— A ~b(u—s) had —p(z—9)
= P /0“ e _/; e w(z)dzds,
A oo
_ . 73 —a(u—s) —-pz
DE /0‘. e ./: e " w(z)dzds
and

1u(8) = %‘/:’o e~ "=~ (z)dz.

The uniqueness of the Laplace transform gives

21

(2.11)
(2.12)

(2.13)

(2.14)

Theorem 2.1 The function ¢,(u) in (2.2) satisfies the defective renewal equation

bu(w) = [ b~ 1)gW)dy + 9u(w) = o £ hx7() + hx7(w), w2 0. (215)

We remark that with the definitions of y(s) in (1.24) and +,(s) in (2.14), equa-

tion (1.13) can be rewritten as

do(u) = [ go(u — y)1(w)dy + Yu(u) = o+ 7(w) + Tulw), u20.

(2.16)

Similarly, combining (2.15) with (1.22), we have the following defective renewal

equation (2.17) for (2.1), which is more general than (1.33) (that is, equation (26)

in Theorem 3 of Gerber and Landry (1998) [24]), the defective renewal equation for

(1.8).
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Theorem 2.2 The function ¢(u) in (2.1) satisfies the defective renewal equation
b(w) = [ #u - y)g(y)dy + wo A(w) + gulw), w20, (2:17)

with A(u) given by (1.27).

Moreover, g(y) and g,(u) can be reexpressed as follows for more and later ap-

plications, especially the limiting behavior of ¢(u) in (2.17) as D — 0.

Lemma 2.1 The function g(y) in (1.29) can be simplified as

__ A V —b(y-z) ® —o(z-v) oty [ e ]
90) = 555 [ e @)z + [T e p(a)de — e [ e p(z)as]
(2.18)

and the Laplace transform of g(y) is

e 51— [ etnaryry = ABE =P _ AG(E) =1 + Dg? 4 cp— 5
He9) = [ I =g a0 o= T Grap-g0 " Y

0
Therefore, for y > 0, when D — 0,

g) = hxaly) > o) = 3 [ e p(z)ds. (2.20)

Proof: By changing the order of integration, b = c¢/D+pand a =c¢/D+2p =b+p,

9(y)
= %/: e~blv—) /oo e ?==p(z)dzds

= %e‘b" [‘/Oy e *p(z) /: e*dsdz + /voo e "*p(z) /oy e‘"dsdz]
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= e[ emp@e= - do + [T e pa)(e — 1)da]

= e tv [ /o Y e p(z)dz + /:: = Ve *p(z)dz — _/0 ~ e"”P(z)dz]
- +;pD [/0" e~t=3)p(z)dz + /:o e P Vp(z)dz — et /Ow e""p(z)d:c]

+ 2 [T e Ipa)ds = ()

since D — 0 implies that ¢+ 2pD — ¢, b = ¢/D + p — oo, and the first and third
terms in the bracket vanish.

Changing the order of integration gives

#(¢,9)
= [T eady

= A * =ty ~b(y—=z) ® o=ty [T ~olz-v) -
= c+2pD[/c1 e /Oye p(z)dzdy+/o e /y e p(z)dzdy

(7 emvetmay) ([~ e“"p(z)dz)]

= a_';).[/ e p(z)/ (b+€)ydyd2+/ e P® (z)/ (p— E)”dydz ;’(P){

- 2 [b+£/ e“p(z)e~t+=dz + ——/ e " p(z)[e? " — 1]dz - Z’é_g)g]
= %[big + =] [#0) - 0]
Alp(€) — p(p)]
(6+&(p —€)D
Ap(&) — 1]+ Dp*+cp—4
G+0p-6D

since p satisfies (1.32). a

Since g,(u) (equation (2.12) or (2.13)) has the same form as g(y) (equation
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(1.29) or (1.30)) except that g, (u) and g(y) have the different innermost integrands

w(z) and p(z), respectively, we have

Corollary 2.1 The function g,(u) in (2.12) can be simplified as

go(u) = ;:—-{T;—pD— [/Ou e b=y (z)dz + '/:o e "= Yy(z)dr — e~ /Ow e"”w(z)dz]
(2.21)
and the Laplace transform of g,(u) is
- _[® —tu _ Al@(§) —@(p)]
3u(6:0) = [~ e (wdu = GO, (2:22)
where &(s8) = /Om e *w(z)dz with w(z) given in (2.7).
Therefore, for u > 0, when D — 0,
A reo
gu(w) = hxr(w) 2 v(u) = = [T e u(z)dz (2.23)
= -'-(\:-e"“ /:o e /:o w(z,y — z)p(y)dydz.(2.24)

Intuitively, one can conceive that when D — 0, the Wiener process {cW (t) : t >
0} — a random variable degenerating at 0 since oW (t) ~ N(0,0%t) = N(0,2Dt).
Therefore, as the surplus process (1.4) containing an independent diffusion (or
Wiener) process approaches the classical surplus process (1.1), so does the corre-
sponding defective renewal equation. That is, for the function ¢, (u) defined in
(2.2), the defective renewal equation (2.15) based on the model (1.4) reduces to the
one (2.16) for ¢o(u) defined in (1.2) based on the model (1.1) as D — 0, which can
be proved by (2.20) and (2.24).
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Moreover, from (1.22) when D — 0, ¢a(u) = ¢g* (h+v)(u) + A(n) = dq x=v(u).
If we perform the Laplace transform on the both sides, then when D — 0, ¢4(s) —
$a(3)7(s), i.e. a(s)[1 —7(s)] = O for all s > 0. Since J(s) # 1 for some s, we have
when D — 0, @a(s) — O for all s > 0, which implies ¢4(u) — 0. Therefore, we

obtain the following theorem.

Theorem 2.3 Foru >0, if D — 0, then

oW (t) = N(0,2Dt) a r.v. degenerating at 0;

Uit)=u+ct—S(t)+oW(¢t) Uit)=u+ct— S(t);
Ap(€) = A + 8 — c€, Lundberg’sequation;
$o(u) = do * 7(w) + vu(u);

0; and

AB(€) = A+ 8 — c£ — DE?

Pu(u) = ¢uw * (b +7)(n) + h * 7. (u)
$d(u) = ¢a * (h*7)(u) + A(u)
$(u) = wo da(u) + du(uw)

R T T At

do(u), independent of wp.

To connect (2.17) with (1.33), we first reexpress g.,(u) in another form as follows:

Lemma 2.2
= % a(z - - * oz, z)dz, 2.
Jgo(u) /ug(z u,z)dz A(u)/o‘ g(z,z)dz (2.25)
where

gz.y) = [ hy- o)1, 9)ds, (2:26)

1w e) = 2 [ e (e — y)p(a)dz, (2:27)
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with h(s) and A(u) given in (1.28) and (1.27), respectively.

Proof: By (2.7) and (2.12), changing the order of integration and replacing the

variable z by s = z + ¢ yield,

A ru =] oo
gu(u) = D /0 e Hu—2) ‘/z e~#(="3) /(; w(z, t)p(z + t)dtdzdz
— A > r -b(u—z) * —p(z-z)
= B/(; /(; e /; e w(z, t)p(z + t)dzdzdt
A 2 [ —bumn) [ —p(z-t-2)
= = u—z £ z —t.t
D/(; /0 e H’:e w(z — ¢, t)p(z)dzdzdt
A erums) [P —p(z—s)
=35 [) '/: e /: e w(z — ¢, t)p(z)dzdsdt
A /oo /Hm e~ bttu=s) /m e "= y(z — t,t)p(z)dzdsdt —
o Jo . ’

oo pt had
/ e—b(t+u=2) / e PE=y(z — t,t)p(z)dzdsdt
0 s

e =]

STRgeTh]
S~

[

t 0O
/ e'b("')/ e P w(z — t + u,t — u)p(z)dzdsdt —
0 s
A —-bu [ ¢ ~b(t—s) * —p(z—3s)
D /(; /; e /' e w(z — t,t)p(z)dzdsdt
_ 0 t _ _ _ —bu o0 t _
= /.. /0 h(t — s)y(t — u, s)dsdt — e /0 /0 h(t — s)(¢, s)dsdt

- /.. * gt — u, t)dt — A(n) / ~ g(t,t)dt,

which is (2.25). o
When w(z,y) = w(y), w(z,y) can be extracted from the integrand of (2.27),
and hence (2.25), (2.26) and (2.27) can be simplied as follows:

Corollary 2.2 If w(z,y) = w(y), then

7(y,8) = w(y)r(s), (2.28)

9(=, y) = w(z)g(y), (2.29)
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go(u) = /.. w(z — u)g(z)dz — A(u) [o w(z)g(z)dz, (2.30)

with v(8) given in (1.24).

Proof: If w(z,y) = w(y), (1.24) and (2.27) give v(y. s) = w(y)% / ~ emPle=op(z)dz
= w(y)v(s); by (1.28) and (2.26), g(z,y) = w(z) /0 " h(y - s)7(s)ds = w(z)g(y);
therefore from (2.25), g.(u) = /., ” w(z — u)g(z)dz — A(y) fo ~ w(z)g(z)dz. O

When w(z,y) = w(-y), (2:30) turns out to be gu(u) = [ w(u — y)g(y)dy -
A(u) /0 * w(—y)g(y)dy, which are exactly the third and fourth terms of the right
side of (1.33). Therefore, the defective renewal equation (1.33) is a special case of

(2.17).

2.2 The associated claim size distribution

In this section, we will demonstrate where each of (1.22), (2.15) and (2.17) is of the
form (1.36), and we shall determine 3, G(z), and B(u) for each of them.

Consider the general case

oo u (:B)
¢u) = [ gv)dy| [ ¢~ z)t—dz + V(u). (2.31)
U I | sy
: o 1 ’ g(=)
Equating (1.36) and (2.31) leads to gly)dy = ——, G'(z) = -s————, and
/° 1+5 /0 9(y)dy
B(u) = —-o-:—/& From (1.31), (1.32) and that
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/(: " e P(y)dy = % [1 - /; ~ e""’p(y)dy] = l;f(ﬂ,

we get

1 a0
m = /0 9(y)dy
Dp* +cp—d _ Al — p(p)]
Dp? +cp (c+ Dp)p

A o — A o _
oy - -0y
oy [Py = 735 [ e P,

or equivalently,

B 5 _ c+pD 1= bD
Dp?+cp—-4 ,\/C’.o e VP(y)dy z\/ e VP(y)dy
o 0

B

Clea.rlz, B > 0 since 1 _*1_ 3
B = o 1 = 4. Moreover, we denote Gy for the case D = 0, that is,
P1

é c

= = — — 1,
cp—d /0 e~"P(y)dy

Bo =

or equivalently,

1 _op=3 _MN1=p(p)] _A (= >
= = = - P(y)dy.
1+ 8o cp cp c /c: ¢ (y)dy

-1

28

(2.32)

(2.33)

(2.34)

(2.35)

> 0 from (2.34). Also, when p = 0, from (2.35) we have

(2.36)

(2.37)
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From (2.34) and (2.37), we get

c+ pD
c

1+8= ?(1 +Bo) = (1 + Bo)- (2-38)

Since G'(z) = wg(z) = ’z: 7(2) , from (1.29) and (2.34) we see that
[T oway [ gtu)dy

[ et [T ertommdp(y)ds

G'(z) = = (2.39)
2 [ e Py
Therefore, from (1.28) and (1.49) we have
/ " g(y)dy / . / " h(y — s)v(s)dsdy
G(z) = o= Py

[awdy  [7 ["he - s)1()dsdy

[ [ keysdy [Ty H(z - v)dy
[Ty [Ty [T vy

= /0 " H(z — y)dl(y) = H « [(z), (2.40)

where G(z) is called the associated ”claim size” distribution, and H(z) = 1 — H(z)

is a distribution function with

[ n(e)s e H)
/:o h(s)ds B b

H(z) = (2.41)

(H'(z) = be~® is a probability density function). Hence,



CHAPTER 2. SURPLUS PROCESS WITH A DIFFUSION FACTOR

G'(z) = f.-oﬂ— = H'*T'(z) = bH = I'(z).

Note that when D — 0, g(y) — v(y) by (2.20), and hence

/ - 9(y)dy / i 7(y)dy
G(z) = F= — <L =I(z), z>0.
/0 9(y)dy /(; 7(y)dy
From (1.52), (2.37) and (2.38), we also have
P(z)

pL(z) +'(z) = —e~le T (z)]' = += —
[ e Py

= %(1 +Bo)P(z) = %(1 + B)P(z).

30

(2.42)

(2.43)

(2.44)

The Laplace transform of I''(z) is easily obtained. From (1.51), (1.53) and

integration by parts, we have

/Ooo e-=dl'(z) = /(; e‘(t—p)z/; e YdP(y)dz o [ﬁ(s) —ﬁ(P)] .

/0 = e~"P(y)dy T p—s| 1-5(p)

(2.45)

The Laplace transform of G'(z) can be got from (2.19), (2.33) and (2.45) as follows:

/:o e **g(z)dz
-/:o g(z)dz

p(s) — B(p) [ bp ]
(b+s)(p—s) |1—5(p)

/o ¥ e =dG(z) =

(2.46)
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b
b+ s

/0 ¥ e~ dT(z). (2.47)
Since G(z) = H*I[(z) = (1 — H) «I'(z) = I'(z) — H *«I'(z), from (2.41), we get

G(z) = 1-[I(z)-H=*I(z)] =T(z)+ H *(z)

= I(z) + E#-(—zl =I(z) + @ (2.48)

Similarly, by (2.40) and the commutative property of convolution, G(z) = I *
H(z) = (1 -T)* H(z) = H(z) — T « H(z) and we get the alternative form

G(z) = 1—(H(z)-T=*H(z)) = H(z)+T * H(z)
= e 4b /; " b=V (y)dy
/O : e~ b=-v) / = e P~V P(s)dsdy

-
5 /0 e P(y)dy

e > 4+ (2.49)

Example 2.1 Combination of exponentials

Suppose P'(z) = i qepre "=, 2 > 0, where ¢y + g2+ ...+ ¢ = 1. If g > 0 for all
k then P'(z)is a ;:i;cture of exponentials whereas if g < 0 for some k then P'(z) is
called a combination of exponentials (see page 79 of Everitt and Hand (1981) [17]
for the respective sufficient and necessary conditions for P(z) to be a probability

density function). Then we have P(z) = Y_ qre™**,z > 0, and
k=1

o — r oo r
/ e YP(y)dy = Z Qk/ e~ (Prevgy — E _I —(ptmi)z
* k=1 % k=1 P+ Bk
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From (1.52),
L(z) = Y qe™=, z2>0,
k=1
where
9k
q-=_r&:‘;ek_'. L—192’ ' Ty
E ;5
=1 Pt H
with
3
qk5—0=—rﬂc_7 L—lazs s T
3 %4
=1 I‘j

32

(2.50)

(2.51)

(2.52)

Hence, [(z) is also the tail of a mixture or combination of exponentials with new

weights gis. Moreover, G(z) = H(z) + T * H(z), as shown below (assume b #

l‘k’k = 1,2,...,1‘),

— r z
G(z) = e +b > q,:-/(; e #EVe~tugy,
k=1

r Gn-b)z _
bz . —uaz€
— e + b e e __
Zl % e — b

- Gurmeefphlen -]

1M —

: 2 o

= (L—bg")e™ +bq z:q"
k=1

(2.53)

(2.54)
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is again the tail of a mixture or combination of exponentials, where

- q9;
q = — (2.55)
,z-; b—p;
with
- - q;,5=0
=0 = _—, 2.56
1= ,z=:1 c/D — p; (2:56)
and .
) r
s b— (113 b— B
G = ==, k=12,...,1 (2.57)
T z: q;
j=1 b 1 7]
with . .
9k, 5=0 9k, 5=0
G0 = C/D.— Br _ rc/D B p=1,2,....r (2.58)
95=0 Z 956=0
Jj=1 C/D - l‘j

Note that when r = 1, the distribution function is exponential with parameter p,
= —_ — ~bz _ pe—n=
and we obtain T(z) = P(z), and if b # , G(z) = &= ¢

, a combination of

-b
two exponentials. ]
Example 2.2 Mixture of Erlangs
r k-1 _~uz
Suppose P'(z) = Z qk”(lz':) l)e' ,Z > 0, where {q,92,.--,¢-} is a proba-
k=1 - °

bility distribution. Then

J=1

2 ( ) /oo (p+p)jyj°lc"(“+”)yd
=AY G — 1) Y

=1
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P)z]k-—l e-(u+P)z

- Zq’(y+p) Z[(”+ (k- 1)

i=1

_ d Ik | p(pz)-les=
B u+pk-1 [JZ_;q,(#H) ] (k—1)t

When z = 0, we get (if p > 0) that

[emPwdy = 21— [T emarw)
)]

P Jj=1 I‘+P

3
_l_z':qj__.ﬂ_f_g_
Kk+pio 1- £

pte

r J—1

=S4y

B+pio n_o(l‘+P

From (1.53), we obtain

, .#(#Z)" lemne
Mz , z2>0,
( ) = /) (L ).
where 2'_: u \ik
‘IJ( )
- u+p
q.= J:k J -1 .3 k=1’27"'7r7
” 2 §
5 (4)
,§ ’.-§ p+p
with .
29
ql.:6=0‘ J:-.k ’ k=1727 s T

34

(2.59)

(2.60)

(2.61)
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Consequently, I'V(z) is also the probability density function of a mixture of Erlangs
with new weights ¢;s. However, G'(z) = / ) h(z — y)I'(y)dy, as shown below with

! n+l i~
the help of the identity / y"e Vdy = t',‘:" [ —e Z (¢z) 1)'] when b # pu,

J—l

1e—Hy

G'z) = / be-b=—1) g: .I‘(#y)"’l)! dy

= b S gty [ ey

k=1

B (0 ) 1 PRIPNINL Ny gy P
= "ekzq*(k—l)!(n—b)k[ —e 2.2 G—1)! ]

- o[ a(2)' -u_bz[zq,‘ )][(p(:)lz)lf-‘e-u

J=1 |k=j

— (' - [ k] k-] I‘(I‘z)j-l e
= b*qu(#_b)J E "Z_;qk( ) j—(j—l)!e
= bl a(£) e b R 1) san g
= b_EQk(F—b)jek—;-_bkgl chq‘i(l‘—_z) JE——I—)'

~ k - r Z)e-1
B [E q’:(ﬁ) J"e-b“f %Zqi":—(kf‘—_)T);e‘“’ (2.62)
)k—l

bq- ] ~bz bq' 'l"(l‘z -
= |[1—-——{b " S —-——e (o 2.63

n r A rs.pYe—1
is the probability density function (the function form is 2 Z qikl‘z_g‘.ﬁ)lT_
i=1 k=1 A

e~ HiT

< 1 and

with g > 0 and ) d" g = 1) of a general Erlangs mixture if bbq P
i=1 k=1 -

b g >0,k=1,2,...,r, where
b—p

T —ZZQJ( )H 2'34,2( ) Eq,Z(#’:b)i (2.64)

=1 j=1 t=1 =1
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with
r r j—i P
QJ=0=§JZ=;qJ’.J=O( C/D) J—Zlqjtf—o'—zo( C/D)
and
r . ” -k r . I‘ -k
Zq:' —,,_b) Z‘b‘ —)
g == . k=1,2,...,r,
q- r -1
Z 525 )
i=1 =0
with
73 j—k r . 7 -k
z q] 5—0( C/D) Z qj,5=0 (_'—C/_D)
- - j=k — i=k
Qr5=0 = P = e k=1,2,..
) Zq]“,_zo( c/D)

whereas when b=y

, (e - k-1 ,—-ny
G'(z) = /I‘e a( v)kz: I‘(I‘y) —y dy

e N~ e ﬂ(#y)" 4
"e Zlqk 0 (k_l)! y
-u(pz)® _
45 k'

k=1

is the probability density function of a mixture of Erlangs.

36

(2.65)

(2.66)

(2.67)

(2.68)

Note that when r = 1, the distribution function is exponential with parameter 4,

b

and we obtain I''(z) = P'(z) and G'(z) = ;‘#—be"" - Py bpe"“, a combination

-b
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of two exponentials when b # u, whereas G'(z) = pu(uz)e ™= when b = u. a

Tijms (1994) [44] (pp. 163-64) has shown that the probability distribution
function of any positive random variable can be arbitrarily closely approximated by
a mixture of Erlangian distributions with the same scale parameters, thus justifying

its importance.

Lemma 2.3 Forn=0, 1, 2, ..., if p > 0 then the moments of G(z) are given by

Hon(p) = [ 2"dG(z)

> S >
- bip{(—/i)“[1+1—1l—p(p) }+b£p b—'i'[l %’7 }
(2.69)

Proof: Lin and Willmot (1999) [36] showed that if p > 0 then the moments of I'(z)

are given by

2 (—=p)
a(p) = zdl'(z) = —'—{1+1=——.——}, n=0,12,.... 2.70
pralp) = [ 2"d0(e) = = — (2.70)
And note the identity
® . n! g~ (sy)
n sz y
/,, dz = e § R (2.71)
or equivalently,
1 n 3
/y z"e **dz = —:'_,_—1[1 —e vy (_sy'_)] . (2.72)
0 s =0 J:
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Now from (2.18), (2.42), (1.51) and (1.53), and reverse the order of integration, we

have

/0 ~ 2"dG(z)
/0 * zg(z)dz
[ 9(=)dz
2 /o = z"{e"" /0 : "p(y)dy + = /z * e Pp(y)dy — e~ /0 = e-p”p(y)dy}dz
[T Py
Yp(y)dy — e / ~ e~mp(y)dy

= g/om"" ["(z)+e_b¢/0 i . dz

/0 ~ e P(y)dy

/oco ep(y) /:o z e =dzdy — [/:0 a:”e'b'dz]ﬁ(p)}

= g’{l‘l‘.n(l’) +

11— #(0)]

. [b,,+, Z% / %p(y)e” ""(—b-y% ~ b,,ilﬁ(p)]
= ;{I‘I‘.n(P) + = =70

5 pnl (55 J, / y'p(y)dy — p(p)
= ;I‘r,n(P) + —b_"{ 1= 5(p)

b n! g ;p’
= —pra(p) + —b—"{l + ; -(p)} | (2.73)

Z (—p)’ i L

n! =
= %ﬁ{(—iﬁ)"[l‘* 1— p(p) ]}+b£p{b_':[l+1-;(f’) }
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Note that when D — 0, then b/a — 1 and the second term of the right side of

(2.73) vanishes; hence,

Ben(p) = pralp), n=0,12,.... (2.74)

Corollary 2.3 If p > 0 then the mean of G(z) is

_ _ = A - = — 4].
pc.1(p) 1-p(p) bp P1 Dp*+cp—8 Dp*+cpl Dp®+ cp[ﬂ ]
(2.75)

Proof: For n = 1, from (1.32), (2.33), (2.69) and c = Ap1(1 + ) we have

b [ p1 ] p [ bp: ]
- — 1-—- — + 1+ =
= pl - b _ p
1-p(p) bp
All -p(p)] bpD
_ Ap1 _ Api(1+6)
~ Dp*+cp—8 Dp*+ep
_ [ 1 1+6 ]
= WD tcp—3 Dp+cp
Ap: [ Dp? +¢cp ]
_ - /]
Dt +cpl D vep—5 O HO)
/\pl
= o ls-a
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Corollary 2.4 If p =0 then the moments of G(z) are given by

[ +Z (/D) "’“], n=0,1,2,.... (2.76)

l‘G,n(O) ( /D)" = (J + l)l P

Proof: Lin and Willmot (1999) [36] showed that if p = 0 then the moments of I'(z)
are given by

— _ DPnt1 -
pura(0) = —————-—(n + Opy n=012,.... (2.77)

Now if p =0, then a = b = ¢/D, and (1.51) becomes
ll’[l — 0(p)]lp=0 = /:o e Y P(y)dy|,=0 = p1. Therefore, from (2.73) we have

n! Z (c/D)j&
(c/D)"H,-.Zl i p

pn+1 (C/D) pJ
(n+1)p1+(c/D)"+1[ ; 5 pl]
_n [e R(/DYp;
(c/D)"+1[ g, It pl]

— (C/D) Pi+1
= (/D)"[ +,§_:1(:+1)' pl]

#Ga(0) = pra(0)+

a

We remark that the relationship, associated with the equilibrium distribution

functions of P(z), between ur.(p) and pr.(0) was found by Lin and Willmot
(1999) [36] as follows:

e_‘"dP,..H (Z)

[lr',.(p) = ;lr'n(O) 0 ) y, = 0, 1, 2, ceee (2.78)
/ e "*dP(z)
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Example 2.3 Combination of exponentials

As shown in example 2.1, if P(z) = D" qe™=, then T(z) = z e ",z > 0,
k=1 k=1

and G(z) = (1 — bq")e™™ + bq" Z qr e "%,z > 0. Hence,

uralp) = [ 2"d0(z) = 3 aim [ aremdz =t 30 & (2.79)

k=1 Mk

and

sen(p) = b(1— bQ')/ z"e % dz + bg" Y qi"ue / e M dz
k=1 0

= (1-bg )—+bq niz‘f"‘k. (2.80)
k=1

Example 2.4 Mixture of Erlangs

l r kel -~
, .#(#z) e
—7) then IM(z) = 2 ax &= 1)1

k—1
and G'(z) = [1 - bq ]b —b= 4 b—_ Z "’—z(k—”i)—)—e'“’,z > 0. Thus,

k—
In example 2.2, if P/(z) = E Qe #(#z)
k=

k

nl & +k—1
ueale) = S digrtgy [T tema = g (TT ) sy

”k— n

and

senlp) = [1 - ——]/ ne~trgr 4 9 E @ G ;i"l)' /w k-1 g—nz g
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bg* ]n! bg® n! __(n+k—l)

P L NG : 2.82

[ | sy 3L o (282)
a

The computations of ugn.(p) and pra.(p) seem complicated. However, much

computational effort can be saved by the following recursive formulas.

Lemma 2.4 For n=1, 2, 3,...,

n n Pn
— 4G n-1(p) = pirn(p) = ——pirn- S L 2.
Hen(p) — g#Gn-1(P) = Br.a(p) P 1(p) + 72 507) (2.83)
Proof: From (2.70),
n n! (—p)"  pa Pn
n + —p4rn- = = = = .
pralp) + Shrn-1P) = R T2 500 ~ 1= 500)
Similarly, from (2.73)
(0) = Zticn1(p) = —pira(p) = Zpras(p) + 2 L2
HGn\p bl‘G,n—l P) = al‘l‘.n P al‘l‘.n-l 4 al —ﬁ(p)
_ b n pn n P Pn
- a [—pl‘ry"—l(p) + 1 "13([’)] aﬂ'r.ﬂ—l(p) + al — ﬁ(l’)
n Pn
= ——HCn- + ——
= I‘rvn(p)'
(]
. . 24! 1
With n = 1 in (2.83), we get the mean of ['(z), ur, = —— — —, and the

mean of G(z), puc1(p) = pra(p) + %, which can be verified from (2.48) too.
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For the case p = 0, (2.76) and (2.77) easily lead to the following result.

Corollary 2.5 For n=1, 2, 3,...,

nD Pn+1
n 0 - n— 0 = n 0 = —TT 2-84
bGn(0) —Ha, 1(0) = pur.»(0) o + ps (2-84)

2.3 Compound geometric distribution and dis-

counted probabilities of ruin

In this section, we are going to discuss four cases based on different choices of
V(u) in (2.31). One of them can lead ¢(u) to a compound geometric distribution

function.
V(u)

/0 " g(y)dy

Case 1 : when V(u) = woA(u) + g.(u) which is the case of (2.17),

if wo = I:l-_ﬁ and w(z,y) = 1 then from (2.12), (2.34) and (2.49)

= (1+8)V(w),

To see this, since B(u) =

“ —b(u—s) *° —p(z—s) = —
/oe /: e ‘/z w(z,y — z)p(y)dydzds
-
d -oy
s [T e Py
/ e~b(u—2) / e"’("')ﬁ(z)dzds
0 I o;
d - P,
s [ e Py
= G(u), (2.85)

B(u) = H(u)+

= ﬁ(u) +

and (2.17) becomes
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$(u) = / b(u — 2)G'(2)dz + 7 ﬂﬁ(u), u>0. (2.86)

1+
Thus, in this case, (1.36) and (1.39) imply that ¢(u) = K(u). Therefore, from
(1.37) we obtain

=K "G > .87
#w) = Rw) = 3 A5 (50w, v =0, (2.87)
a compound geometric distribution function, and (2.1) turns out to be

K(u) = E[e™*TI(T < 00,U(T) = 0)] + E[e *TI(T < 00,U(T) < 0)]

1+
ﬂ¢a(u) + fa(u), u2>0. (2.88)

We remark that when D — 0, 8 — (o and G(u) = ['(u) by (2.43), then we

have

K(u)—»xo(u)—ffHﬂ (7T W, w20 (2.89)

Lin and Willmot (1999) [26] showed that

Ko(u) = E[e™*TI(T < )], u>0, (2.90)
with Ko(0) = ] ':ﬂo' Then (1.39) becomes
Ko(u) = 1= ,e / Ko(u — 2)dI(z) + 1 ﬂof(u), u>0. (2.91)

In fact, since when D — 0, K(u) — Ko(u) for u > 0, and ¢4(u) — 0 for u > 0



CHAPTER 2. SURPLUS PROCESS WITH A DIFFUSION FACTOR 45

by theorem 2.3, we have that both ¢,(u) and ¢,(u) = Ko(u) for u > 0 when D — 0.
In the case é =0, when D — 0,

FJ:Q(U) —> 70‘5=0(u) = E[I(T < oo)] = PT(T < C”) = ‘¢o(’u), u > 0. (2.92)

Moreover, if § = 0, then 8 = 8, (2.88) reduces to

1

Kswolw)= 175

Ya(u) + Yu(u), u=>0. (2.93)

Also from (1.15) and (1.16), Ks—_o(u) satisfies the following defective renewal

equation

1

m H1 * Hz(u), (2.94)

- u_ 1
Kio(u) = 175 || Kocolu — 2)dH: « Ha(2) + 155
which agrees with that K;_o() is a compound geometric distribution function.

The defective moments of the compound geometric distribution function K (u)
can be expressed in terms of the moments of G(z) by

bt LY 7d — “dn > —su 7 —
/0 u"K(u)du = (-1) ds"./; e K(u)du| ,n=0,12,....

=0
For example, from (1.38) and (1.40),

© __G(0) _ [°udG(u) _ pcalp) _#ralp) 1
/O K(u)du = —=5= = 20 = £2 55+ o (2.95)




CHAPTER 2. SURPLUS PROCESS WITH A DIFFUSION FACTOR 46

and the defective mean of K(u) is

/:o uK(u)du
—_ d i —m—If d
=~k e (u)du -
_ _[1 —G(s) G'(s) _ sG'(s) +1 - G(s) 1 ]
s  [1+8-G(s))? 8 1+ 8 —G(s)dls=o
1 - S v (Y
= E[GI(O)]z + %"G (") + st(s) G (3) .
= gerba(p) + 35h0a(p), (2.96)
with the help of L’'Hopital’s rule. Therefore, the proper mean of K(u) is
/ uK(u)du 1 pg,2(p)
= = — ——. 2.97
/ K(z)dz P ua(p) 2pca(p) (2.97)
0
Case 2 : when V(u) = wo A(u) which is the case of (1.22) then
B(u) = wo(1 + B)e~ = wo(1 + B H(u). (2.98)
If wo = 1 then
B(u) = (1 + B)H(u), (2.99)

and B'(u) = —(1+8)h(u). Equation (1.22) becomes the defective renewal equation

for the discounted (with discount factor §) probability of ruin caused by oscillation,

ba(u) = I_iﬁ / * a(u — z)dT + H(z) + H(u), u>0. (2.100)
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In addition, by (1.44), ¢4(u) can be expressed as

— p—
'+m‘+
™

D

$a(u)

I

: [ R - 2)h(z)dz + H(w) - ?(u)]

= & « H(u) + H(u) — ?(u)]

+®

—
>

TK_*—H(u) - F(u)] (2.101)

ml

where
K+Hu)=1—-K+«H(u)=1-(1-K)*H(u) = H(u) + K * H(u). (2.102)

With (2.88) and (2.101), we get

K H() = Th564(0) + K(w) = dulw) + 4.(x) = d(w), (2.103)
and
H+k(@) = [ Hu-2)dK(z) = K@) - K+ H()
. B
= K=*H(u)—K(u)= e ﬂ¢d(u). (2.104)
When é§ = 0, then 8 = 6 and (2.103) becomes
Kicow Hy(v) = 7oga(u) + Kono(w) = $alw) + () = a(w).  (2.105)

Since K * H(u) = /0 “K(z)H'(u—z)dz = b /0" e=4~2) K (z)dz and by (2.101),
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we have

d¢,(u) dK = H(u)
T du du

[K(u) K*H(u)] [K*H(u) K(u)] (2 ﬂ¢,,,(u).

(2.106)

Therefore,

[ Rt [yt [ 0 = [ R+

(2.107)
or by (2.103),
[ da)de = [~ Riz)de + ?l,-gb,(u) (2.108)
with
o _ [ _ 1 _ pci(p) ura(p) 1+8
/0 ¢,(z)dz_/0 K*H(z)dz_/o K(z)dz +3 = 225 +b_ g
(2.109)

by (2.95). Also from (2.103) and (2.106), the defective tail discounted (with discount

factor d) probability of the time of ruin caused by oscillation is

/:o ¢a(z)dz = ¢.( u) = - +ﬂK * H(u) (2.110)
with
= 148 1
[, taterde = 557 = s (2.111)

The defective moments of the function ¢4(u) can be also expressed in terms of

the moments of G(z) by
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7w dutwdn = (~1y 2 [T e gatu)dn] = (=14 (0,8),

n=0, 1, 2, ..., like the defective moments of the compound geometric distribution
function K(u) above. However, with (2.109) and (2.110), the defective mean of
da(u), /(; ~ ugq4(u)du can be easily derived as follows:

/0 ~ uda(u)du = /0 = fo" ba(u)dzdu = /o b /, ” $a(u)dudz

1+p8 o _1+Bpcalp) , 1
5 [ #ulz)dz = bﬂ[ y +b], (2.112)

and hence the proper mean of the function ¢4(u) is

/0°° uda(u)du _ #G,1(p)
[ tatzriz P

Case 3 : when V(u) = g,(u) which is the case of (2.15),
if w(z,y) =1 then from (2.12), (2.34), (2.40) and (2.49)

1 o0
+3= /; be(z)dz. (2.113)

./o e“"("")/. e"’(’-')/z w(z,y — z)p(y)dydzds
% /o " eV P(y)dy
/0 e b(u=e) _/; e *==*P(z)dzds
-,1; fow e P(y)dy

= _G_(u) — et

(2.114)

B(u)

T « H(u). (2.115)
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We remark that the function B(u) based on (1.13) is

e [ w(z,y — 2)p(y)dyda

Bo(u)=/" —— (2.116)
[ e Py

Equation (1.34) becomes the defective renewal equation for the discounted (with

discount factor §) probability of ruin caused by a claim,

bs(u) = Ii—ﬂ/o"mu —2)dl + H(z) + © iﬂf* H@), w>0.  (2.117)
Also by (1.44), ¢,(u) can be expressed as
1 (v _ 1-
#(w) =~ /0 K(u~2)dT « H(z) + 5T » H(u). (2.118)

1

5 %4(w), from (2.95) and (2.111),

Since K(u) = ¢,(u) +

[ du2)de = [T R(a)dz—; iﬂ/o“ alz)dz = Hea®) 1 _ prale) 440

B b3 I
Also by (2.96), (2.112) and p.a(p) = 220D 4 () = 2 4 BralD) )
from (2.83), the defective mean of ¢,(u) is
oo oo __ 1 oo
/0 uds(u)du = /0 wK(u)du — 77— /0 uda(u)du

1
= %ﬂzc,l(l’) + %I‘G,Z(P) - b—lﬂ‘ gg;_(l’_)_ + g]

= eoa(pura(p) + 5 [2222 — 2]
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uri(p) [Hca(p) ur2(p)
3 [ 3 b]+ , (2.120)

and hence the proper mean of the function ¢,(u) is

[) _#ca(p) 1 prale)
[0)

Case 4 : when V(u) = woA(u) + g (u) which is the case of (2.17),
if wo = 1 and w(z,y) =1 then from (2.99) and (2.115)

B(u) = (1+8)H(u)+H(u)—T*H(u) = fH(u)+1—-H=*(u) = FH(u)+T = H(u).
(2.122)
Equation (1.35) becomes the defective renewal equation for the discounted (with

discount factor §) probability of ruin caused by both oscillation and a claim,

de(u) = 1+ﬂ/ ¢,(u—z)dI‘*H(z)+—ﬂ——H(u)+ lﬁI‘*H(u), u>0.
(2.123)
Since ¢¢(u) = ¢a(u) + ¢,(u), from (2.100), (2.101), (2.117) and (2.118), ¢(u) can

be written as

¢¢(“)
= 1 -z u—2z * z ——'B——_u - T« H(u
- +ﬂ/[¢4(u )+ u(u — 2)|d0  H(z) + T H () + 5 T Hw)
1 S __ 1
A Ku—:c)dI‘*H(:r:)+[E—m]r*ﬂ(u)'f'fﬁd(u) H(u) +
s 1 =
oA )+1—+—B-[H(u)+l‘*H(u)]
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_ Y4By ol L e T 1<
- =£ [K + H(u) K(u)] ; /O“K(u 2)dl's H(z) + 5T+ H(w), (2124)
and can be simplified to
¢e(w) = 1+ AKw) + [ K(u—2)dF « H(z) - T+ H(u) (2.125)

by (2.103).

Note that when p = 0 which is the case when § = 0, then 3 = 6 and H(u) and
I'(u) simplfy to H;(u) and H;(u) of Dufresne and Gerber (1991) [16], respectively;
hence (2.100), (2.117) and (2.123) reduce to their (5.10), (5.16) and (5.17) which
are stated in (1.15), (1.16) and (1.17) respectively.

Since ¢.(u) = ¢,(u) + va(u), from (2.112) and (2.120), the defective mean of

¢e(u) is

/Ooo uge(u)du = /:o udq(u)du + /oo ud,(u)du

1+ B [pc.(p) pr.i(p) [#c.1(p) pr.2(p)
bﬂ[ 3 +b]+ 3 [ 3 +b]+ 28
[#GE(P) b] +ﬂrz(p)_ (2.126)

Combining this with (2.109), the proper mean of the function ¢.(x) is

-1

/jw":t((“):d“ _ [I‘G;(P) + b]_#‘r;éﬁ) [I‘G;(P) + b] . (2.127)

Recall that Gerber and Landry (1998) [24] mentioned that g(y) is the discounted
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probability that the first record low is caused by a jump. That is, g(y)dy is the
discounted probability that the surplus will ever fall below its initial level », and
will be between u — y and u — y — dy when it happens for the first time caused by a
jump (%[1 — P(y)]dy for the case of the classical continuous risk model (1.1) that
D =0 and 6 = 0). In fact, based on the fact that a compound Poisson process has
independent and stationary increments, g(y) is the discounted probability that the
surplus process {U(t) : ¢ > 0} attains a record low caused by a jump. Let TJ (with

' = 0) be the n** time when the surplus process {U(t) : ¢ > 0} attains a record low
caused by a jump, and L, = U(T?_,)—U(T3) be the amount by which the resulting
nt? record low caused by a jump is below the surplus at time T3 ,,n=12.... One
can define L(t) = Ly +L2+---+ Ly, (with L(t) = 0 if N(t) = 0), the total amount
up to time t by which the resulting N()** record low caused by a jump is below the
initial level u, where N(t) is the total number of record lows up to time t caused
by a jump, which is independent of Ly, L,,.... and Pr(N(t) = n) = B(1 + 8)~""!,
n=0,1,2,.... Then G'(y) = g(y)/ /(;00 g(y)dy is the common probability density
function of the identical and independent random variables L;, L,,.... And the
function K(u) in (2.88), which satisfies the defective renewal equation (2.86) as

well as (2.87), can be treated as K(u) = Pr(L(t) > u),u > 0.

2.4 Explicit analytical solution : examples

Since ¢¢(u) = K * H(u) = H(u) + K « H(u), ¢a(u) = 1 ;ﬂ [K H(u)— K(u)] and

ds(u) = Pe(u) — Pa(u) = 1 ;'BK( )— EK * H(u), if the explicit analytical solution

to K(u) given in (1.37) is available in some cases, then all ¢.(u), ¢4(u) and ¢,(u)
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will also have explicit analytical solutions in these cases. We will demonstrate these

cases by examples.
Example 2.5 Combination of exponentials

As shown in example 2.1, if P(z) = )_ qee™*, then G(z) = (1 — bg*)e b +

k=1
bg" Y gie™** and G'(z) = (1 —bg")be ™™ +bg" ¥ _ gi"ure =,z > 0. The Laplace
k=1 k=1
transform of G(z) is G(—s) = /oo e”dG(z) = (1 — bq‘)L + bq” Zr:q" e
o b—s k=1 * B — 3
Then by (1.40),
m 1 (- b~ b S S
/ e K (u)du = — k=1 . (2128)
0 k
148 —(1-bg)r— —bg" Y i ]
s[ +B8-(1-bg)g— —bq kgl‘b: g
The roots of the denominator are s = 0 and sy, 82,...,8,41. Thatis, 31,82,...,8,41
satisfy
(1- bq')—b— + bg® z': " K 1+ B. (2.129)
b —$ k=1 B — S
Note that by (2.55) and (2.57), 1+ 8 — (1 —bq')——— — bq" Z ‘pm‘ - = 1+
=1 k=
b b e qkb (b — pe)
—_ + b = .l[ _ ]=
g e e = e —9)
[1 + E aib ] thus (2.129) is equivalent to
k=1 Bk —
8- [1 +3 % ]= 0. (2.130)
b—s =im—s
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If all the g;’s are positive, so are all s, 33, . .., s,41 by (2.130). Dufresne and Gerber
(1988a) [14] showed that complex roots are only possible if at least one of g¢;’s is
negative; in this case, these complex roots must be paired (conjugate each other)
and have positive real part.

We assume these roots are distinct for simplicity. One of s;, 35, ..., $,41, say $i,
satisfies generalized Lundberg’s equation (1.32), and x = s; > 0 is called the ad-
justment coefficient. By the principle of partial fractions as mentioned in Dufresne

and Gerber (1988b) [15], there exist coefficients Do, Dy, ..., D,4; such that

g

S

o }—l. (2.131)

—{s[1+ﬂ—(1—bq)——bq2 -

To find these coefficients Do, D,,.. ., D.4;, multiply (2.131) by s and then set

s = 0 to get

Do=—[1+8-(1-bg)~ bq'i_: @] =-5 (2.132)

If we multiply (2.131) by s(s — s;) and then let s — s, then we obtain

D; = {ss|a-ba)g bJ)z+ L I__)z]}—

k=1

N { b+ﬂ (pk-sf;(b—s,-))]}-l
~ {u[ s el uk_)sj)}
= b"’ j=1,2,...,r+1, (2.133)

[l+,3+bz(—i':-“i—],

K — 85)?
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with the help of L'Hopital’s rule, (2.55), (2.57) and (2.129). In addition, if we let

s —+band s - uj, 7 =1,2,...,7r+1, in (2.131), respectively, we have that
D r+l1 DO r4l Dk

= 2o =0, j=1,2,...,r+1. 2.134
Eb--’k H; gﬂj—sk ! ( )

Thus, (2.128) becomes

/0°° e K (u)du
= [1—(1—5‘1 )———bq Z --pj—s][%-*-gs?ksk]

e Ve B (R P Sy
s(b -

+
s k=1 %k —$ i=1 3(!‘.1 s)

b r+1 Dk r+l r 1 e
1-bq" b Diq;* —————
( q)b—sg_:sk— + qu”_zl x4 T sk—spi— s
Dy, X D 1 1 1
_ Do _ —(1-8 D[ +———]- ‘D [—+ ]+
8 k=138 ( 70 b DJZ_; s  pj—3s
r+1 Dkb 1 r+l r Dkq 1 1
Lt i =i o P idr]
( q)zb—sk S — S8 - k'—z:l;ygl”il 8 — S Hji— S
r41 D[ 1
= — J— 1__ ‘___+ - .. ]+
}_‘,Sk_ o|(1 = bg") qu_l e
=l Db 1 1 T Degitpi 1 1
o B - e SRS
( q)g_;lb—sk S, —s b—s kz—-:xg-zll‘:—sk Sk—S p;j—S

By the uniqueness of the Laplace transform,

r+1
7(11.) = - E Dye™" — Dy [(1 —bq" )e + bq" z: q“e-m"]_*_
k=1 j=1

r+l Dkb r+l r

= b) S 2 [ - 55 D e

k=1 j=1 2
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r+1
= ZDk[(l-bq*) — + by’ z P ~1]emme -
. '“ Dkb —bu . & Dip; .
(l—bq)[Do+ -—sk]e —bq.gzl [Do+kz_:lﬂj—sk]
= ﬂ'f Dpe™, (2.135)

a combination of exponential functions, by (2.129), (2.132) and (2.134). Moreover,
r41

letting u = 0 in (2.135) leads to K(0) = 3 Z D;. Therefore,
k=1

r+41 1

ZD:: = K K(0) = 55775 (2.136)
and

r+l1 1 _

kz_%D,, ~135 = ~KO). (2.137)

When § =0, 8 = 6 and (2.130), (2.133), (2.135), (2.136) and (2.137) become

r+1

Kis=o(u) = 8 )_ Dis=oe™**4=0" (2.138)
k=1
where 31 §-0, 82,6=0, - - -  Sr+1,6=0 satisfy
R o
and
Djse0 = c/D "”“-°q_ o F=L2.r4l (2140)
8j5=0 [1 +0+ 5 Z . e ’:’;js_o),]
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with

'ZHD ‘% (0) .
4=0 = S §= = 3

o T e T a1+ )

and

r+l1 1 .
Dps—og = ——— = —K;_0(0).

,§, k,5=0 156 s=0(0)

In the case D = 0, similar arguments show
?o(u) = fo Z Dje™ ",
k=1

a combination of exponential functions, where s;, 32, .. ., 8, satisfy

S g =1+ 4
k=1

B — 8
and
-1
’ -=1127'°-1 L]
{ssz_:qk I‘k_s)z} J r
with
ZDk— Ko(0) = =m—
1+ﬂ Bo(1 + Bo)
and
o 1 _
Dy = — = —Kp(0).
,cz__.% . 1+ 6o o(0)

For the special case r = 1, that is, P(z) = e, then ¢f = ¢qi" =

= (b — p)~1. By (2.130), s, and s, satisfy 8 — 5 2 [1 +

-3
(1 + B)(s — b)(s — p) = bp, or equivalently,

58

(2.141)

(2.142)

(2.143)

(2.144)

(2.145)

(2.146)

(2.147)

1 and
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2 _ B _
s (b+#)3+1+ﬂbﬂ 0.
Since 81 +s2 = b+p, 8132 = é-ﬂ-by and (b+p)' —47—— fﬂby = (b—,‘)2+.___14j’_"ﬁ >0,

s1 and s, both are positive real numbers. In this case, K(u) in (2.135) becomes

K(u) = ﬂ[Dle""‘ + Dze"""] , (2.148)
where
b— s, b— s,
b = TR =3
(o 31
31[1+ﬂ+——-(”~31)2] s1(1 +ﬂ)[l+sl—p]
(s =B(a-m) _ s
(1 + B)si(s1 — s2) B(1+ B)(s1 — s2)
and
D — b— s, =_(32—b)(32—p) _ 81
f 1+6+ by ] OBl —s) AL+~ s
(1 — s2)
. _ _ ﬂ . _ b[l _ 81382
with the help of s, +s2 = b+ p, 318, = mbﬂ and (s; —b)(si—p) = 1+8 B8 °
i=1,2

With the explicit analytical solution (2.135) to K(u), then K * H(u) =
r41 r+l1

‘= — = —s4(u—z)y ,—bz = —u [ —(b—as)z
/OK(u z)h(z)dz ﬂZDk/O“e e(u-2)po—bz g bﬂéDke ' /0 e=G-a)z gy

k=1
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r+1
=b8 Z —n [e"*" - e"’"], and from (2.102) and (2.103)

r+1 r+1
$e(u) = K*H(u)—bﬂzb e~ 4 [ bﬂz ] —bu

b—sk

r+1

> =2 e (2.149)

by (2.132) and (2.134), with

co r+l1 Dk 5=0

Ye(u) = Ks=o * Hy(u) = D Z: < ¢/D — S5m0 ¢ e (2.150)
In addition, from (2.101) and (2.103) we have
ba(n) = 1 +ﬂ[K ~H(u) - K(u)]= 1+8)3 Dk[ b _ 1] s
ﬂ k=1 b
= (1+ﬂ)'2+1b k%% g-ou (2.151)
with
r+1
Ya(u) = +9 [K5_0 * Hy(u) — Kg_o(u)] (1+8) Z %’%i—:‘ie-'k.t:ou,
(2.152)
and
_7 1 YD s 2.153
$u(0) = R(w) — ale) = 3 DafB 5 (2.153)

with
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. 1 r4+l - oo
Yu(u) = Kocolw) = 755¥a(w) = 3 Desmo [o - _C-/F’*_v‘s:j]e bimou | (2.154)

We remark that ¢,(u), #4(u) and ¢,(u) as well as 1, (u), Ya(u) and ¥,(u) are all
a combination of exponential functions if the claim size distribution is a combina-

tion/mixture of Exponentials. O

Example 2.6 Mixture of Erlangs

. B ooy _ = o uz)*
As shown in example 2.2, when b = 4 then G'(z) = E "y

k=1
(o) = [ 2 et 4 B S el
whenb#p,G(z)—[l - be +b—pk§1q" (k—l)!e . The former

oo r k+1 ,00 r k+1
~ = —sz = o —(pto)z _k —= -( [ ) =
has G(s) /o e~ dG(z) ij:lq,‘ - /0 e tdz = 3 g

k=1 M + s
E Q" ( E where
B+ 4+ s

e ** whereas

Q(2) = Z aiz~. (2.155)
k=1

Then follow the method of Willmot and Lin (1998) [47] and by (1.41) we have

B
© _ B _ 1+ 0 _ [z
-/o—e dK(u)—1+ﬂ—G(s)—1_ 1 & Q'( H )—C(#+s)
1+Bu+s° \pu+s
(2.156)
where 3
Clx)= 3 s = 11+ B (2.157)
n=0 1-— z2Q*(z)

1+8



CHAPTER 2. SURPLUS PROCESS WITH A DIFFUSION FACTOR 62

is the probability generating function of a compound geometric distribution for

some coefficients cg,c;.... Letting z = 0 in (2.157), and differentiating (2.157)
with respect to z and then setting z = 0, respectively, lead to ¢, = l—g—ﬁ- and
Cc) = 0.

B

Since /0 " emdK(u) = K(0) + /0 ¥ e~ K'(u)du and K(0) = T (2:156)

becomes

Thus K'(u) = 2 "("“) BBY) o~ and by (2.71)

b ’d —uz (2] £ e Hu ("'J
K(u) = }_,‘c,.(n_l),/ dr = e nz_jl Jz_%(’"f) zc “)

2. 159)
where C; = 2 cn,j = —1,0,1,... with C_; = 1, by interchanging the order of

n=j+1
summation in the last equation.

Note that the coefficients {Co, C,Cy, ...} may be calculated recursively as fol-
lows for computational purpose. By Feller (1968) [20] (p. 265), the associated
probability generating function is

B 1 1-2Q%(2)

iﬁnz"—l—c(z)=l_l+ﬂ[l 1+ﬂzQ()] 1+ﬂ 1—=z2

= T 1-2 1-2z
1- 5@ ()

Rearrangement gives
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> N 1 1 —zQ'(z)
Cn n = * Cn "
2 Cn" = e (@) 2 On”
Equating coefficients of 2" leads to
’(7———1—-"—1 :C + L n=1,23 (2.160)
n — 1+ﬂk=lQI‘ n—k-1 1+ﬂk_nq"’ = ALy Iy ey 4

with gf = 0 if £ > r. Thus the coefficients C,, for n = 1,2, 3, ... may be calculated
recursively by (2.160) with starting value Co = 1 — ¢ = (1 +6)~!, and (2.159) can
be used to compute K(u).

When b # p, G(s) = /0 ~ e =dG(z) = [1 - ——-] / etz gy 4

bq k=1 _—(u+e) [ bq" ] b bg" .( | )
lzd —_ - =
pkzlk(k—lyf e * 1 b—p b+s+b—pQ p+s

Q™ (z) = Zq" g (2.161)
Similarly, by (1.41) we have
B
® e 1+4
[ ek (@) = - e
o- q q - H#
1- 1+ﬂ[(1— b—p)b+s t b—pQ (p+s)]
_ I
= C b+s’p+s) (2.162)

where
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_B_
B (2.163)

Clayw) = 32 3 emns™u" = — l—i—g[(l - b—-#)z+ bb:;‘” (w)]

for some coeflicients ¢y n,m,n = 0,1,2,.... Letting 2 = w = 0 in (2.163) leads to

= T¥E
Since /0 T e mdK(u) = K(0) + /; * e~ K'(u)du and K(0) = l-f—ﬂ- (2.162)

becomes

b m 7 n
n . (2.1
b+s+co'ly+s+zzcm (b+s) (/4+3) (2.164)

m=1n=1

/oo e ™ K'(u)du = c1
0

By the uniqueness of the Laplace transform, we have K'(z) =

o o0 z — m-—1 n-1
cl,obe‘b” + cope™ + 2 Zc,,.,,/ b{b(z — y)] e"’("”)”—(ﬁl)—e“‘”dy (note

m=1n=1 0 (m - 1)! (n —1)!
b(z — y)]m ! _~b(z—y) I‘(l‘y)n -t e MY : : 3
that / (m = 1)! e (n — 1) dy is the convolution of two Erlangian

probability density functions) and

K(u) = cioe™™ +coppe™

bm#n * [* — g \M=1,n—1_=b(z—y) ,—puy
+ chﬂ'" —1)!(n—1)!./u /0(1: y)" 'y e e *Vdydz

m=1n=1
(2.165)

e ] z
Further calculations show that / / (z—y)™ ty"le P= Ve " dydz and hence
u Q
K (u) can be expressed in terms of e "™u™ and e~ **u", m,n = 0,1,2,.... However,

the associated coefficients of e **u™ and e~#“u™ are very cumbersome and have no
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recursive relation like (2.160). An alternative method based on the principle of par-
tial fractions can be used to express K(u) in terms of finite number of exponential
functions as in example 2.5. To see this, by (1.40),

bq. b bq- r I‘ k
- (1- )5 - r(55)
b— b—,‘g‘“

b—p -8

frer- ()i - n e (2]

Cb—plb—s b—pg ™\
(2.166)

/ow e™K(u)du = —

The roots of the denominator are so = 0 and sy, 82, ..., 8,41, that is, 81,82,..., 8,41

satisfy

(1 B bbf.p) bf P bbf-,, gqll'(“ £ 8)k= 1+p. (2.167)

We assume these roots are distinct for simplicity. One of 31, s2,..., 8y41, say 8,
satisfies generalized Lundberg’s equation (1.32), and £ = s; > 0 is called the adjust-
ment coefficient. Argument similar to the one in Dufresne and Gerber (1988a) [14]
shows that either s, 32, ..., s.41 are all positive or some of them are paired (conju-
gate each other) complex roots with positive real part. By the principle of partial
fractions as mentioned in Dufresne and Gerber (1988b) [15], there exist coeflicients
Do, Dy, ...,D.qy such that

22+r§ = =—{$[I+ﬂ—(l_bbifu)bf _be' iq':.(ﬂ’:s)k]}—l'

$ k=13 — Sk S
(2.168)

To find these coefficients Dy, Dy, ..., Dy41, multiply (2.168) by s and then let

s = 0 to obtain
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Do [1 +8— (1 - “) bbjt,‘ k;l q,:']_l= —%. (2.169)

If we multiply (2.168) by s(s — s;) and then let s — s;, then we obtain

A L 7 L
D-={s-[(1— ) + ———]} L i=1,2,.... 741,

A W A Sy A RS e P~ a2 g
(2.170)

with the help of L’Hopital’s rule. In addition, if we let s — b and s — u, in (2.168),

respectively, we get that

r41l r+1
Do Dk
+ 2 : — + 2 =0. 2.171
b B o B Sk ( )

Thus, (2.166) becomes

/ooe"‘f{—(u)du
0
bq* b bq 11D E D:
= [p-(-5%) (= )H }
[ b—pulb—s ;4;_:1 - s Es—sk
_ Dy & D —[1— bq" ][ Dob '+1 ]_
T s =Sk —s b—uils(b-s) b—sk_lsk—s
LS ) LS ra = (5))]
D - Dy
b—pu ogq’s kz_:“z_:l kg5 S —S\pu—3
_ DO r+1 Dk _
- S k=13’°_3

[l—b_b%.;][Do(i b-— s) 'fbD—k:‘(sk—s_ —s)]_
P S () - E S e () ]

j=1 k=1 j=1 k=
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- —ri:lskD—ks bbj.p(fz)+[ bq.] ,i:l(b

bg* [ o
b— —-

- sk)(sk - 3)

)'+'z+:lz':D k—s(y’:s)j]

k=1j=1

J= 1

with the help of (2.171). By the uniqueness of the Laplace transform,

K(u)
r+1 bq

= r+1 r
= — z Dke"“" - bq Do <+ [1 ] Dkb e + — [Do
=1 b—p — Sk b—p i=1

“ "‘(l‘z)j—l —uz gt g - —ag(u— ),‘(#z)" -1 - ]
——e d + D . wlv=—2) " _~ _ ¢ sz Jp
o (-1 z :2:”2:1 k4 /o G = 1)

r41 - b r4l Db
— _ZDke—ahM_ bq DO+[ q Zb k

[Doz (1 = 2 (;m)"‘)

=1 m=0

S5 g () (e - e & L)

m=0
r+1 r+1

b
— E Dye " + (1+B) z Dye™ " — 3 z p

[ 5_3 ..g(uu?ng:‘il, ( _sk) é&ﬂ;n:fl_"‘]

r+1 y—1 r+1
= Y D= My g S T [+ Y e
k=1 b—p =1 w k=1 (B — se)’

e %Y +

B — Sk

=
—uy

e

!
m=0 M-

by (2.72) and (2.167). We declare that

r+1

I"’-m

67

o 2 e sk)-""‘ =0 (2.172)
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for each j —m = 1,2,...,j,sincem =0,1,...,5j—1and j = 1,2,...,r, which
implies

__ r4l

Ku)=p E Die™**", (2.173)
a combination of exponential functions, which has the same expression as (2.135)
for the combination of exponentials case. Thus, (2.136) and (2.137) apply. When

é =0, (2.173) becomes

r+l1
Ks—o(u) =46 Z Dy s=ge™ *54=0% (2.174)

k=1

where 3; 50, $2,6=0, - - - , Sr41,0=0 Satisfy
- - r k
cq5=0 c cq6=0 =% ( " ) —_

1- - =1+6 2.175
( c—Dp)c—Ds+c—-Dyk=1q"""° T + ( )

by (2.167), and for j =1,2,...,7r + 1, from (2.170)

Djs=0

= fosamo (1 - 22 ) eD g5 2 kut ]}‘1
= =0 c—Dpl(c—- D.'Jj.¢s=o)2 c— Dp = Ths=o (B — 8j5=0)* .

(2.176)

Note that (2.141) and (2.142) also apply here.
To show (2.172), we can differentiate both sides of (2.168) (j — m — 1) times

with respect to s and then let s — u. The consequence for the left side is

-1 1D r+1 p
2+l

dsi-m-1l s ~ (=1s—s

=p
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- (_l)i-m-l(j_m—l)![ P %I(T:%),—m]

= (-1 —m—l)'[#,_,n 'f:l (,‘_,k),-m]

which is exactly (—1)"™~!(j — m — 1)! times the left side of (2.172). Thus, it is
sufficient to show the (j —m — 1)t derivative of the right side of (2.168) at u equals
to 0. Let a(z) ~. b(z) as ¢ — c denote lim,_,.a(z)/b(z) = 1. Then the right side

of (2.168), as s — u,

1 1
- bqt b bq‘ r I‘ k ~I‘ bl‘q- = l‘ r
18- (-5 ) 5= - =(75) ] (+5)
8[ +A-U1 b—pu/b—s b—pgq“ [T b—pu \u—s
(b—p)(p—s)
bgrgrprtt
7~m—1
Since j—m—-1=0,1,...,5—1 < r, we have o= (p—38)"| =0 which implies
‘=“
d/—m-1 bg* \ b bg" I~ . B )“] }“
_dsj""‘l{s[1+ﬁ—(l—b—p)b—s—b—pqu (ﬂ—s .=,,—0'
For the case b = u, similar arguments show
K(u) =B )_ Dee ", (2.177)
k=1
a combination of exponential functions, where s;,s,,..., s, satisfy
£a(z)"
&~ 4k L—s ( )
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and

r (k-{-l)pk'ﬂ -1 .
D-={s- ————-} . j=1,2,....1 2.179
J Jkqu (p—Sj)k+2 2 ( )

with relationships (2.146) and (2.147) but B, and Ko(u) replaced by 8 and K(u),
respectively.

When D = 0, similar derivations lead to

Ko(u) = fo Y Dre™"*, (2.180)
k=1
a combination of exponential functions, where s,, 35, ..., s, satisfy
r m k
v = 2.
qu(#_s) 146 (2.181)
and
D { > L (2.182)
;=48 q'————} , 7=L2,...,r .182
7 7 k=1 gy (l‘ - sj)k+1

Note that (2.146) and (2.147) also hold in this case.

To get explicit analytical solutions for ¢:(u), ¢4(x) and ¢,(¢), since (2.173) and
(2.177) have the same expressions as (2.135), equations (2.149), (2.151) and (2.153)
apply for b # u case, whereas substitute r for r+1 in the upper index of summation
in these three equations for b = u. Similarly, equations (2.150), (2.152) and (2.154)
apply for ¥,(u), ¥4(u) and ¥,(u) by the argument above.

Alternative explicit analytical solutions for ¢,(u), ¢4(u) and ¢,(u) can be ob-
tained as follows for b = u case if (2.159), K(u) = e™** i}ﬁn(%?')—", is used. First

w __ [+ <) _ ﬂ+l u
calculate K * H(u) = ./0 K(z)pe "™ dz = ) Cny—l—/ e "= zhe M2 dy =
n=0 o

n:
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e—Hu E (’":)-"1:1' Then from (2.102) and (2.103)
— o—uu (,‘u)n+l — L, —uu o~ (I‘u)n

bo(u) = K+ H(u) = e [i; N T 1]_ e Y Cunl (2189)

with C_; = 1. Moreover, from (2.101) and (2.103) we have

sw) = SE[RH@) - K
n ]
_ 1+ ,,,,2[ ](I‘:) ;ﬂ -,...Z (# ) ) (2.184)
and

82(w) = K@) = g ulu) = z:[c s (2.185)
a

2.5 Asymptotic formula and Tijms-type approx-

imation

In this section, we will first study the adjustment coefficient and propose the asymp-

totic formula for the defective renewal equations ¢(u) in (2.17), then give the Tijms-

type approximation for the associated compound geometric distribution function

K (u) in (2.87).

Recall from (1.32) that p > 0 satisfies generalized Lundberg’s equation Ap(§) =

A+ 68 —cf — DE. If we define
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c c
T(€) =A+8—cf—DE =-D({+35) + z +A+4 (2.186)
then AG(€) = A + 0 — c€ — DE? is equivalent to
Ap(§) = 7(§) (2.187)

Since AF'(€) = —A /0 ~ ze~¢*p(z)dz < 0 and AF"(£) = A /0 ¥ 22e~p(z)dz > 0, we
have that Ap(§) is a decreasing convex function with Ap(0) = A. Moreover, due to
the negative coefficient(—D) of the £ term in (2.186), 7(£) is a concave parabola
with 7(0) = A+4 and the maximum {%+,\+5 at £ = -%. Therefore (2.187) has
exactly two roots, one nonnegative, says §;, which is p(d) by (1.32), and another
negative, say §; = —x(d), where x(d) > 0.

Note that since 7(—b) = 7(p(d)) < 7(—~(d)), we have b > x(4). In addition,
when § — 0, & = p(d) is decreasing to 0 and |{2| = K(4) is also decreasing. And if

é — 0, which implies p — 0, then from (1.32),
é A - © =
~=pD+c—S[1=p(p)]=pD +c- ,\/ e P(z)dz — c — Ap1.  (2.188)
P 0

Let ¢u(&,8) = /(; = e "¢, (u)du, we multiply (2.15) by e, and integration

from v = 0 to u = oo yields

$u(£,8) = dul(€, 9)3(£, 8) + 3u(€,9). (2.189)
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Therefore,
-w 6 = §U(£1J) = — .u ,5 -n 6 ,
Bultd) = (20 = 3 060 (E.0)

which is the Laplace transform of
bu(n) =D g *9™(u).
n=0

From (2.19), after some computations, we get

AP (§) + [c + 2D€Jg (£, 9)
b+&(p—-&D

g',9) =

and

Mp(€) + DE2 +c£E -6~ A
G+8( - 6D

_ (6 —7(®)
G+&)p-6D

Then from (2.22), (2.190) and (2.193), we obtain

1-3(&90) (&) —Ap(§)

&w(fv s) =

73

(2.190)

(2.191)

(2.192)

(2.193)

(2.194)

If w(z,y) = 1, then 4u(u) = hu(u), w(z) = P(z), d(s) = [~ e P(z)ds =

1 — p(s) and
S

A F—ﬂo_l—ﬂm]

#80 = a7 7
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Ap[1 — p(€)] + €(8 — cp — Dp?)
E[Ap(1 — p(€)) + p(6 — c£ — DE?)]

(2.195)

where &,(¢,6) = /:o e “$,(u)du. If we further let § — 0, then from (2.188)

21— 5@+~ e~ pD
_P

. E
P60 = MI=H+ 3~ €~ DE
‘[1 - ﬁ(f)] - '\Pl -
o A= put ~ #(6)]
= ) = RO = —D@ ~ 1 —50) —< - Deg 1%

where ¥,(£) = /0- = e “4,(u)du. Moreover, if D — 0, then equations (2.195) and
(2.196) reduce to (2.59) and (2.60) of Gerber and Shiu (1998a) [29], respectively.

Now to obtain the asymptotic formula for ¢,(u) satisfying (2.15), ¢y (u) =
dw * g(u) + gu(u), we seek a & > 0, called the adjustment coefficient, such that
/0 ¥ e g(z)dz = §(—~,8) = 1. By (2.193), §(—~,8) = 1 is equivalent to Ap(—x) =
7(—~K). Therefore —& is exactly £z, the unique negative root of (2.187), which has
been mentioned by Gerber and Landry (1998) [24] too.

With the asymptotic formula (1.46) for a renewal equation, we can apply it to

(2-17) and obtain the following theorem.

Theorem 2.4 The asymptotic formula for ¢(u) satisfying (2.17) is

A/oo(e""" —e ) /oo w(z,y — z)p(y)dydz + wo(p + k) D
P(u) ~ —2 —z/\ﬁ’(—n) et 2D e "™, asu — oo,
(2.197)

where —p'(—k) = /(; ze"*dP(z), & = —& and & s the unigque negative root of
(2.187).
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Proof: From (2.22), (2.192), §(—~,8) = 1 and the fact that b > s, we have as

u — 00
/oo e~ [_q‘.,(z) + woe'b'] dz
$(u) ~ = = —e™"
/(; ze™g(z)dz
- . Wo
— gw(—h’ 5) + b - N e—nu
_§I(_n’ 6)

M&(=r) = o(p)] + wolp + KD _,
—Ap/(~K) —c+ 2D
4\/000(6"3 — e™%) /:o w(z,y — z)p(y)dydz + wo(p + &) D _
—_sz’(—n) —c+2xD ¢

Ky

a

Note that when D = 0, (2.197) reduces to (4.10) of Gerber and Shiu (1998a) [29],

which agrees with the fact that the defective renewal equation (1.33) is a special
case of (2.17).

Corollary 2.6 If w(z,y) = 1, then the asymptotic formula for ¢(u) satisfying

(2.17) is
[6 + (wo — 1)prD)(p + &) _u

Hu) ~ pPE[=AP'(—K) — c + 2xD] ’

as u — oo, (2.198)

o

where —p'(—k) = / ze™dP(z), k = —§€; and £ is the unique negative root of
0

(2.187).

Proof: If w(z,y) = 1, from (2.197), integration by parts and that both p and —x

satisfy (2.187), we have as u — oo
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A /0 (= — ) /o ~ p(z + y)dydz + wo(p + K)D _

Hu) ~ —-Ap/(—K) —c+ 2D e

z\-/:o(e"' — e #)P(z)dz + wo(p + k) D _

= —AP(—K) — c+2xD €
Alp(—k) -1 Alp(p) — 1
) = A g
- —Ap/(—K) —c+2xD €
6+cn—Dn2+6—cp—Dpz

-Ku

- +wo(p + &) D

= [ 4

—Ap/(—K) —c+2xD
6 + (o = VprDl(p +5) v,
pr[—=Ap/(—K) — c + 2xD]

a
Note that if D = 0, let § — 0, then [0 + (wo — V)prDl(p + &) = -‘i+i —c—Ap:
/\pn K p
. - C— ADy —xu . .
by (2.188), and (2.198) implies ¢o(u) T —e which is exactly the

equation (4.15) of Gerber and Shiu (1998a) [29].
Recall that if wy = I—%ﬁ and w(z,y) = 1, then ¢(u) = K(u). Now we have
the asymptotic formula for K () as follows:

Corollary 2.7 If wo =

1 _*l_ﬂ and w(z,y) = 1, then the asymptotic formula for
K (u) satisfying (1.89) is K(u) ~ Ce™™", as u — oo, where

[ —lfﬂan](P-i-h") _ J[I—BﬁTngc—p](P'{"‘)

- p[=AP(—K) —c+ 26D) ~ p[-Ap(—k) — c + 2xD)’

(2.199)

—p'(—K) = /m ze®*dP(z), k = —§€; and &, is the unique negative root of (2.187).
0
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1
Proof: Substitute
ubstitu 115

From both a numerical and an analytical viewpoint, Tijms (1986) [43] suggested

for wp in (2.198), then from (2.35) we obtain (2.199). O

approximating K (u) by

Dp*+cp— 6

KT(u) = Dpz +Cp

- C)e""‘ +Ce™ = ( — C) e ™ +Ce™, u>0,

(2.200)

(73

m—
where a is chosen so that the approximation preserves the mean / Kr(u)du =
0

/:o K(u)du, i.e.

-1

a= [1+ﬂ c] [/ K(u)du——] , (2.201)

with / K (u)du = £S [‘3(”) by (2.95) and pe.1(p) given in (2.75).

Note that the approximation preserves the true value K(0) = (1 + 8)7!, the
mean, and the asymptotic right tail behavior as u — oo if @ > x. Moreover, K(u)
is exactly equal to K(u) if P(z) (or more generally, K (u)) is the sum or mixture of

two exponentials.

2.6 Reliability-based class implication and bound

In this section, we are going to propose reliability-based class implications between
P(z) and G(z). A lower bound and an upper bound on the associated compound
geometric distribution function K(u) in (2.87) can be developed provided the claim
size distribution P(z) is in some of the reliability-based classes.

Recall we have defined the mean residual lifetime and the failure rate of the

claim size distribution function P(z) in the last section of the previous chapter.
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Since Py(z) = / * ?(t)dt/ /0 “P(t)dt = / “ P(t)dt/p: by (1.54) with n = 1, rp(z)

in (1.48) becomes rp(z) = p1 P1(z)/P(z). By L’Hopital’s rule,

(2.202)

L e _F(z) b 1 1
rp(oo) = zh_{lc}o rp(z) = }1_1,20 —P'(z) Tz hp(z) - hp(o0)’

provided rp(oo) and hp(oo) are well defined.
Similar to (1.48), the mean residual lifetime of the distribution I'(z) is defined

by
[ “ T(¢)dt ) [) “T(z +t)dt

F 4

m(z) = Epo— = (2.203)

and rr(z) = pr1(p)F1(z)/T(z) by (1.58). From (1.52) and (1.55),

e _ [) ey / ~ P(z + y)dzdy _m /(; ~ e~ P, (y)dy
pralp) = [ T - [ e [T e Py

(2.204)
Then by (1.57),

LG [ enPindy [ e Piwdy [T e Pren)dy

rrlz) = ) — = =3 — = 3 —

T T [ Pary [ Py [ e Py
(2.205)

a weighed average of values of rp(z) with weights proportional to e~**P(z). By
L’Hopital’s rule,

rr(c0) = lim rp(z) = lim —e " P)rr(z) _ re(z) = rp(c0)  (2.206)

z—00 _e—ﬂ-p(z) z—o0

provided rp(oo) is well defined.
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From (2.48), we have the failure rate of G(z) =T = H(z),

G'(z) [ I(z)

h = == —_— R
c(z) <) bil 2@ (2.207)
with 0 < hg(z) < b = hy(z) and he(0) = 0 since G’(0) = 0, and the mean residual
lifetime of the distribution G(z),

“C(t)dt o7t .
VARG -2 T S N R

1
G(z) b

re(z) =

with the help of (2.48), (2.203) and (2.207).

Note that ry(z) = 1 < rg(z) < H + rr(z) = ru(z) + rr(z) and rg(0) =

b b
#c.1(p). In addition, Since rg(o0) = 1/hg(o0), from (2.208) rg(o0) = rg(oo0) +
[1 - :}G{E:;]rp(oo), or equivalently,

rg(o0) = rg(o0) = > or rg(o0) =rr(o0) = rp(co) (2-209)

Q| -

provided rg(oo), rr(o0) and rp(oo) are well defined.
Similar to Theorems 1.3 and 1.4 which are concerning class implications between

P(z) and I'(z), we have the following theorem regarding class implications between

P(z) and G(z) too.

Theorem 2.5 The following class tmplications hold.
(a) If P(z) is IFR then G(z) s IFR.
(b) If P(z) is DMRL then G(z) is DMRL.
(c) If P(z) is UBA then G(z) is UBA.
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(d) If P(z) is UBAFE then G(z) s UBAE.
(e) If P(z) is 2-NBU then G(z) is NBUE.

Proof: If P(z) is IFR (DFR) then I'(z) is IFR (DFR) by Theorem 1.3.(a). Based
on the facts that convolution preserves the IFR property (that is, if X and Y are
independent with I FR distribution functions, then X+Y has an IFR distribution
function), since G(z) = H *I'(z) by (2.40), the convolution of distribution functions
H(z) and I'(z), and H(z) = 1 — e % is IFR, we have that if P(z) is IFR, so are
I'(z) and G(z), proving (a).

From Theorem 1.3.(b), if P(z) is DMRL (IMRL) then I'(z) is DMRL (IMRL).
Since H(z) is IFR, by Bondesson (1983) [2], G(z) = T * H(z) is DMRL, proving
(b).

By Theorem 14, if P(z) is UWA (UBA) then I'(z) is UWA (UBA) and that
if P(z) is UWAE (UBAE) then I'(z) is UWAE (UBAE). Since H(z) is both UBA
and UBAE, and UBA and UBAE are closed under the convolution operation by
Alzaid (1994) [1], we get that G(z) = T = H(z) is UBA (UBAE) if P(z) is UBA
(UBAE), proving (c) and (d).

If P(z) is 2-NBU (2-NWU) then I'(z) is NBUE (NWUE) from Theorem 1.3.(c),
that is, rr(z) < (2)rr(0). From (2.208), re(z) < %+ r(z) < %+rr(0) = rg(0),
that is, G(z) is NBUE, proving (e). 0

Lin (1996) [35] demonstrated that if the mean residual lifetime of G(z) satisfies

0 <r; <rg(z) <rz < oo then

(1—rrz)e™ < K(u) < (1 —xri)e™, u>0. (2.210)
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In addition, Lin and Willmot (1999) [36] showed that if P(z) is 22NWU (2-NBU)
then rp(z) > (<)pra(p), and that if P(z) is NWUC (NBUC) then rr(z) > (<)
1/h(0).

Therefore, since % < rg(z) < % +re(z),
if P(z) is 2-NBU then 7 <ro(2) < 7 + hralp) = sea(p) and

1 - rpga(p)le™ < K(u) <[1—x/ble™™™, u>0; (2.211)
. . 1 1 1
if P(z) is NBUC then - < re(z) < A + e (0) and
{ 1— n[% + %(0)] }e-“ <R(u) <[1—r/ble™, u>0; (2.212)

if P(z) is UWAE with rp(o0) € (0, 00) then I'(z) is UWAE (that is, rp(z) < rp(o0))
by Willmot and Cai (1999) [46]. Hence % <rg(z) < %+ rr(oo0) = %-i— rp(co) by
(2.206), and

{1 — u[% + rp(oo)]}e_"" < K(u) <[1—&/ble™™, u>0; (2.213)

whereas if P(z) is UBAE with rp(o0) € (0,00), Alzaid (1994) [1] showed that

re(o) = BB+ )y 1 - - =
ST G@) = minfhe(c0),ha(o0)]  min[hp(oo), hu(oo)]

= maz(rp(oo), rg(o0)] = maz{rp(oo),1/b] with the help

min[l/rp(c0),1/h(c0)]
of (2.202) and (2.206), and

K(u) < {1 — s[maz(rp(o0),1/b)]}e™"*, » >0, (2.214)
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a tighter upper bound than [1 — x/bje*".

Note that no matter what class the distribution P(z) is, we always have the
upper bound [1 — %]e"‘“ for K(u). Moreover, the bounds in (2.210) may be im-
proved. For example, if G(z) is IMRL (DMRL), then the factor 1 — xr; (1 — K72)
may be replaced by (1 + 8)~!. See Lin (1996) [35] and Willmot (1997) [45] for
details. Since if P(z) is IFR then G(z) is IFR, which implies that G(z) is DMRL,

we have that (1 + 8)~'e™™* < K(u).



Chapter 3

Moments

In this chapter, we first derive the expression for the (discounted) moments of deficit
at the time of ruin. An upper bound is also given if the claim size distribution
function satisfies a certain condition. Next, we will show that the joint moment of
the penalty function and the time of ruin due to a claim satisfies a defective renewal
equation, and has an explicit expression. Then the joint moment of the deficit at
ruin and the time of ruin is just a special case by appropriate choice in the penalty
function w(z,y). Finally, the moments of the time of ruin due to oscillation and
caused by a claim, respectively, are studied. We also find that these two kinds of
moments of the time of ruin have the same recursive expressions. The expressions
for these functions based on the classical risk model without a diffusion process have
been proposed in Lin and Willmot (1999) [36], and Picard and Lefévre (1998) [38]
and (1999) [39].

83
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3.1 A technical preliminary

Recall that T, (z) is the n*® equilibrium tail of the distribution function I'(z) =
To(z). If we define v_;(p) = p; and yu(p) = J5° Tu(z)dz for n = 0,1,2,... (that is,
7 (p) is the mean of the n*? equilibrium distribution function I,(z) of I'(z)), then

from (1.54), (1.56) and (2.78) we have
/ T e / ¥ =P, (y)dydz
1] z

/om e~ P, (y)dy
_/:o ‘/:o e"W'I_’-,.(:l: + y)dydz /:o =PV /Ow Po(z + y)dzdy

Il

Mm(p) = [ Tale)dz =

- -vp - ® e~ P.
/(; e " P,.(y)dy /0 e~ Pn(y)dy
—py D b - D
e Paeedy [T e Py
/ e=VP, (y)dy (n+1)pn / e~ P, (y)dy
0 0

® ey
Pn+2 /o ¢ "dPualy) ~ __#ravi(p) n=0,1,....(3.1)

(7 + 2)pnss /Ow edP, ., (y) (+ Derale)

Note that if § = 0, which implies p = 0, then ur,(0) = _Pntr by (2.77), and

(n+1)p
Pn+2

n(0) = ———. 3.2
1m(0) = Bt — (3:2)

Therefore Tn;1(z) in (1.58) can be expressed as

/m Ta(v)dy (41 oo

bl Hr n(p) kol
| A === = : Cn(y)dy, n=0,1,2,..., (3.3
+(2) Y (P) Br.ns1(p) fz (v)dy (3:3)
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Since [y * H(u) = /0 “Cosi(u—8)H'(s)ds = b / “Ls1(u — s)e~*ds, then by
0
(3.3)

b/: Ta(u— s)e'b'ds B T, + H(x)
~a(p) T mmlp)

dlnyy * H(u)

- (3.4)

= bl p41(0)e™™ +
Hence, we get
[ Tux H@)dz = va(p) [ s+ H@) = vl Tmri s H(w),  (35)

where

Tops * H(u) = 1~ Ty * H(u) = H(u)+ H(u) ~Topr * H(u) = H() +Topy = H(u).
(3.6)

If we define

aﬂ(uvp) = 7ﬂ(p) [/0"7(1" - z)drﬂ‘l-l * H(z) + Fn+l * H(u)] ’ n = _11 0’ 1’ 21 cevy
(3.7)

with a,(0,p) = 7n(p), then by (3.4) and (3.5),
an(u,p) = /u-l?(u —z)T, * H(z)dz + /mﬁ. * H(z)dz, n=0,1,2,..., (3.8)
0 u
and since 7_;(p) = p1, G(z) =T = H(z) = o * H(z), by (1.39),

as(v,p) = (1 +B)| [ K(u-2)dG(z) +Cw)|=m1 +HR@).  (39)
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e~ 4u—2) e~ Pv-2)Pp

b / / P.(y)dydz
[ e Paw)dy

has the same form as g(u) = D/ -b(“")/ e *v=2)p(y)dydz, by (2.18) in

lemma 2.1, T,, * H(u) can be expressed as

Since T, * H(u) = b/" e~ -3 (z)dz =

“bu-WP_(y)dy + ~Py-)P, (y)dy — e~ ~PVP, (y)d:
T Hu) = b/u (y)dy / (y)dy — e / e (y)y

[ e Paw)dy
(3.10)

Therefore, when D — 0, then b/a — 1,
/ " &m0 P (y)dy

Fo*H(u) - 22— — =Ta(u), ifu>0, (3.11)
[ e Pa)dy

and

[.+«H(u) = Hu)—Tn*x H(u) = Ta(u), ifu>0. (3-12)

We remark that for the case § = 0, (3.11) and (3.12) still hold by just replacing
Tw(u) by Pas(u), and H(u) by H,.

Hence, in the case that D — 0, by (2.89), (3.11) and (3.12), equations (3.7),
(3.8) and (3.15) become

ao;n(u, p)
= 7alo)| [ Kolw = 2)dluis(@) + Tuns(w)], m=-1,0,1,..., (3.13)
- /0 " Ko(u — 2)Ta(z)dz + / “To(z)dz, n=0,1,2,.. ., (3.14)
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and

ao;—1(%, p) = p1(1 + Bo)Ko(u). (3-15)

There is a recursive equation for a,(u, p) as follows:

Lemma 3.1 Foru >0

any1(u, p)
= %tp) /.. ~ an(t, p)dt — /.. T R(t)dt - %T(*—H—(u) (3.16)
- - tp) ["anttp)it - [TEEH@®d, n=-1,0,1,..., (317)

where K * H(u) can be replaced with ¢¢(u) by (2.103).

Moreover, when D — 0, an41(u, p) reduces to

1 [~ ) oo
agns+1{, p) = —— n(t, p)dt — Ko(t)dt, n=-1,0,1,2,.... (3.18
omti(t:p) = = [~ aom(t p)dt ~ [ Ko(t) (3.18)

Proof: For n=-1, 0, 1, 2, ..., by interchanging the order of integration, and by

integration by parts

[ = i "Rt — 2)dTnyy + H(z)dt
- / / K (t — z)dtdT sy + H(z) + / = /, " R(t — z)dtdTnyy * H(z)
= [* [T Rydtdras, » H(z:) + [ [ dCns + H(z)] [” R
- [r,,“ . H(z)] /u " K(t)de| - /0 Loy * H(z)K(u — z)dz +

T« Hu) /0 T RK(t)dt
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- [r,,+1 . H(u)] /; " R(t)dt — /0 “K(u - 2)Toss + H(z)dz +
T+ H(u) /o = K(t)dt
- /0 * R(t)dt - /0 “K(u - z)H(z)dz + /O “R(u - z)Tys * H(z)dz,

combining with / Y Top » H(t)dt = / THt)dt + / ¥ Tas1 + H(t)dt by (3.6), then

u

from (3.7) and (3.8) we obtain

[ antt,p)at
= 7alp) F / °° i "R(t ~ z)dTwyy + H(z)dt + /., = m(t)dt]

= 7a(p) ia,.ﬂ(u, )+ /0 “R(t)dt — /: R(u — z)H(z)dz + /u = _I'I—(t)dtj
= 2(p) ia,,.H(u, )+ ( /., “ Ji ")F(t)dt - /0 “K(z)H(u - z)dz + / = F(t)dt]
= 1a(p) tan.H(‘u,p) +/ “R(t)dt + / “K(z)H(u - z)dz + i - _I?(t)dt;
= 7@ [ansi(wp) + [TR@Od+ 5 [(R(u-2)dH (@) + H )]

= Ta(p)[annilup) + [T R(e)de + ;R H ()]

which implies (3.16) as well as (3.17 by7$2.107).
When D — 0, then b — oo, K(t) =& Ko(t) by (2.89), and

%——K + H(u) = %[ /0“ R(u — z)dH(z) +F(u)]= /0 "R(u - z)e*dz + %e"b“ 50,
(3.19)

or

K+«Hu)=K(u)+H*K(u) = K(u)+ /ou et 2 K'(z)dz + K(0)H (u)



CHAPTER 3. MOMENTS 89

— Ko(u)or 1, (3.20)

depending on u > 0 or u = 0, either implies
1 00 oo __
= - . a
@t (8, p)() = Gomss (w,9)(8) = =5 [~ aom(t, o)t~ [ " Kole)a

In addition to expressions (3.8) and (3.16), we also have the following alternative

representation for a,(u,p) from lemma 3.1.

Theorem 3.1 Foru >0

cofusp) = B [~ K(a)z - SR+ T (w) = B [~ KAz - LR @),

(3.21)
and forn=1, 2, 8, ...
= A "z - w)K(z r — — — oo-’b'—'u"-l__*——z z
walne) = Ty o= R@e - s [ e K H @)
> . Leni) [z - oK H o) (3.22)

where pr o(p) is given in (2.70), and K * H(u) can be replaced with ¢.(u) by (2.103).
Moreover, when D — 0, (3.21) and (8.22) reduce to

aco(u,p) = o [ Kol(z)de, (3.23)

and forn=1, 2, 3, ...
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n—-1

"R (2)de— Brai(P) [® VR (2)de.
on(t,p) = =20 [ (=) Ro(z)d M N [ @-wRo(a)d

(3.24)

Proof: Since 7_1(p) = p: and a_y(u,p) = pr(1 + B)K(u) from (3.9), with n =
—1 and by (2.107), equation (3.17) becomes ao(x, p) = "-‘“Tjﬁ—) /u “ R(z)dz —
/; “EvH(z)dz = /.. * K(z)dz — %m(u) =

6 [~ K+ H(z)dz - [‘-’ + %]m(u) =4 [~ K<Hz)dz -

b
We would like to prove (3.22) by induction on n with the help of the following

Ry £3: ()

equation. For j > —1, by interchanging the order of integration we have

L /,oo(z ~ t)’K(z)dzdt = J% [ @ - vt R(@)dz. (3.25)

Note that (3.25) still holds if we replace K(z) by K = H(z).
Now by ~o(p) = pr.1(p) from (3.1), equation (3.17) becomes with n =1

a;(u,p)
_ ‘mtp) /.‘ * aolt, p)dt — /uw K+ H(t)dt
= 70‘?” fu * /, * R(z)dzdt — 57:1(—) / T K H(t)dt — / K+ H(t)dt
— #Ff(p) /“ *(z — u)K(z)dz — W / K+ H(z)dz — / K+ H(z)dz,

which shows (3.22) with n = 1.
Assume (3.22) holds for n = m, m > 1, then by (3.1), (3.17) yields with



CHAPTER 3. MOMENTS

n=m+1

am+1(us P)
- %(m/u‘” am(t, p)dt -/u‘” K+ H(t)dt

= mtDurm(p) B [* [°  m (o \dedt —
 prme(p) I‘I‘.m(P)/u /t (2 = )" K(z)dzdt

91

(m+ Dprm(p) m In /,m(” ~ " K v H(z)dzdt ~ [~ K= H(t)dt

prm+1(p)  bprm(p)

) mz-x m | (m + 1)ur.m(p) prm—i(p) /': = /‘ (@ — K + H(z)dzdt

prom+1(p)  prm(p)

=0\ j
= _'B_ L \mHITF _ _ m+1 . o m - _
i (p) ‘/" (2~ )" K(z)dz bur,m+1(p) /u (z —u)"K « H(z)dz

met [ a1 . oo N co
z + I‘I‘,m—J(p) /u (:l: _ u)J*“K * H(z)dz —/; K = I{(:':)d:c

- B ©  m4l - )
- l‘l‘.m+1(P)/u (z = w)™"K(=)dz bﬂr,mﬂ(P)-/-: (z —u)"K + H(z)dz
o~ [ ™| om0 = mTE
J-z:f) j i1 (P) /; (z —u)’K = H(z)dz,

which proves (3.22).

When D — 0, 8 = fo, (3.21) — (3.23) by (2.89) and (3.19), and (3.22) —

(3.24) by (2.89) and (3.20), and since the second term of the right side of (3.22)

approaches to 0.
From (3.21), the defective tail probability of K(u) is

[ Rizldz = 3[aatu.p) + FKFH @)= 5[actu, ) + gew)]

u B

O

(3.26)
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1

1+
counted (with discount factor §) probability of the time of ruin caused by a claim

Since K(u) = da(u) + é,(u), by (2.110) and (3.26), the defective tail dis-

is
1
1+

/ > balz)dz = 22(%:P) (3.27)

/:o d.(z)dz = /;oo K(z)dz — 3

where ag(u, p) is explicitly given by (3.7) or (3.8) with n = 0.

In the special case § = 0, which implies p = 0, then 8 = 6, H(u) = H,(u),
_ _ . — 1
Ta(2) = Pasa(2), m(0) = —E22— by (3.2), and Kieolw) = 15¥a(s) +¥u(w)

(n + 2)Pn+l 1+
by (2.93). In addition, K * H(u) = ¢(u) turns out to be Ks—g * H,(u) = ¥(u).

If we denote 7,(¢) = ap-1(%,0), n =0,1,2,..., then with H(u) = H,(u), (3.7),
(3.8) and (3.9) become

ro(w) = pi(L + O)Komolw) =1 [uw) + (L +O)u(w)],  (3:28)
and forn =1,2,3,...,

— Pntr ‘K u—2zx * z P.oo*H,(u -
ro(u) = G2 { [* Ricolu — 2)aPos  Hi(e) + B w By} |, (3.29)

or equivalently,

Ta(u) = /0 * Kiseo(u — z)Po + Hy(z)dz + / " P, Hy(z)dz, (3.30)

u

with Ks_o(u) given in (2.93) and

12(0) = ‘[)‘” P, x Hy(z)dz = Zn_pif;l)?: (3.31)
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Note that when D — 0, K;s-0(u) — vo(u) by (2.92), and from (3.11) and (3.12),

equations (3.28), (3.29) and (3.30) reduce to
Too(u) = p1(1 + 0)bo(u), =20,
and forn =1,2,3,...,

ron(w) = B [P you — 2)dPraa(2) + Pra(u)}

= /Ou Yo(u — z) P, (z)dz + /:o P.(z)dz, u>0.

Furthermore, when D — 0, by (3.20) with H replaced by H,

KJ:O * HI(U) — Yo'.s:o(‘u) = ¢o(‘u) or 1,

depending on u > 0 or u = 0.

(3.32)

(3.33)

(3.34)

(3.35)

In the special case § = 0 and by (2.77), (3.2) and (3.35), lemma 3.1 and theo-

rem 3.1 respectively become

Corollary 3.1 Foru >0

Tagr(t) = (—’i:—jl)& /; ~ ra(t)dt — /., T Koo * Hy(t)dt, n=0,1,2,..., (3.36)

where Ks—o * H,(u) can be replaced with ¥(u) by (2.105).

Moreover, when D — 0, T,41(u) reduces to
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1 n oo oo
ro_,,ﬂ(u):(—"-:—JL /., Tom(t)dt — /., Yo(t)dt, n=0,1,2,.... (3.37)

Corollary 3.2 Foru >0

Tl(u) = 0/00 ?5=0(z)d3 - %K6=0 * Hl(u)

u

= 0/-00 Ks=o * Hy(z)dz — %K,s:o * H,(u), (3.38)
u 1
and forn=2, 8, 4, ...
Ta(u)
8 roo _ _ ] _—

n—2 n . poo —

_ Z% . p;.., / (z — u)’ Ks=¢ * Hy(z)dz, (3.39)
=0\ j noo

where Ks-o(u) is given in (2.93), and Kjs—o * H,(u) can be replaced with 1,(u) by
(2.105).
Moreover, when D — 0, (3.88) and (3.89) reduce to

roa(u) = 6 [ go(z)dz, (3.40)

and for n=2, 38, 4,...
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npy o0 1 n-2 n n—J
Pno/u (z—u)™~ ‘l/’o(z)dz—z p / (z— u)’¢o(z)dz (3.41)

=0 j

Tom(u) =
Example 3.1 Combination of exponentials and mixture of Erlangs (b # u)

r41
As shown in example 2.5 and example 2.6 that K (u) = 3 Z Die~** and K * H(u)

r+4+1
=p Z kab e~ **“. By (3.9) and (3.21),

r+1

a_1(u,p) = pi(1 + B)K(u) = p1B(1 + B) Y Die ™ (3.42)
and

ao(u.p) = B[ Kl(eldz — ;K +H(z)

r41 r+l D b
— 2 —qz k e oY
= ﬂZD"/ dz — bzb—sk
r+l1 ﬂ 1
— = _ —su
- gkz::lu,,[s’: b_“]e , (3.43)

a combination of exponential functions. To compute a.(u,p) for n = 1,2,3,...,

first calculate

/ * (¢ —u)"R(z)dz
r41 r+l1

ZD"_/ (z —u)"e " *dz = EDke . /(; z"e " dzx

k=1
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r+l Dk

n+1
k=1 Yk

e—a.,u

Bn!

and

/oo(z —u)’K = H(z)dz

96

r41
> ,,D"" / (z — ufe™=de
r+1 _
2 Z 1(b—s )s’“e

Then by ur,.(p) = n! Z z‘ in (2.79), (3.22) for n = 1,2,3,... becomes,
=1
2 r4l1 r+1
ay, (u, = [ ! n e %y n! e oy _
(x. ) #rn(p) o 2 “ =P Z (b—s Joz*
n-1 r+1 b _
B Z Hr n—J(p)] Z b F41€ "u]
=0 j k=1 (b— si)si

—8gU

=1 ,‘t

n+1
3k

_ ﬂ r+1 Dk ,B 1

- Eq, ,;.sk{sk b— s
=1 ”l

_ ,3 r+1 Dk ’3 1

- Z { T b— s

Z Q| k=1 3,‘

=1 l‘t

a combination of exponential functions.

1 n—-1 r qm 1 ]
R TR e YT b

j=0m=1 B#m

q' n-1 ""l-j
(L4835 o 5 A e

m=1 =0

- ()

Hm — Sk

[1 +b Z 4, ]}e""‘", (3.44)

m=1
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Since T,(u) = an_1(u,0) for n = 0,1,2,..., from (3.42), (3.43) and (3.44)

_ r+1
To(u) = p1(1 + 0)Ks=0(u) = p16(1 + 6) Z Dy 5—oe™**4=0", (3.45)
k=1
)=63"D i L 3.46
T = - — -.i,‘=0“’ _4
1('"- = k,5=0 Lk,&:o c / D — 31,,5=o]e ( )

and forn =1,2,3,...

0 H Dk,J:O

Ta(u) =

n(v) 2': %is=0 =1 kim0
n—1

i=1 Hi

1— (-ﬂ:,s:o)""l
0 1 [ o4 r !‘
—_ 1 + — "n _ m ]}e—u,4=ou_
{Sk,5=o ¢/D — 8k 5-0 = Tm.s= HBm — Sks=0

(3.47)

3.2 Discounted moment of the deficit

In this section, we are going to study the (discounted) moment of the deficit at
the time of ruin caused by a claim. To see this, let’s consider the special case that
w(z,y) = y™ where n is a positive integer, then a relatively simple expression exists

for (2.2) as follows:
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Theorem 3.2 Foru>0andn=1,2,3,...,

E{e“’TlU(T)I"I(T < 00, U(T) < 0)}= %[nllr.n—l(l’)an—l(“:P)—I‘P.n(P)K «H (u)]
(3.48)

where ag,(u,p) is given in (8.22), and K « H(u) can be replaced with ¢¢(u) by
(2.108).
In addition, when D — 0, equation (3.48) reduces to

E{e“‘TIU(T)I"I(T < oo)}= [}o[nm...-x(p)ao,«..-l(u,p) - ur.n(p)?o(u)] (3.49)

with ag.n(u,p) given in (3.24).

Proof: From (1.54), (1.55), (1.56) and (1.57), B(u) in (2.114) with w(z,y) = y"

becomes

—bu [* as [T —pz * — »\7
e /0 e [ e /z (y — z)"dP(y)dzds
R —
5 [ e Py
p,,e_b" ‘/: ede?? /oo e " P,(z)dzds
1 )
Zpl/(-) e"’”dPl(y)
pnbe / - eb'r,.(s)ds
0

- _ / ¥ eV P, (y)dy
P /0 e VdP(y) “°

B(u) =

~ e dP,1(y) «
& Pn+1 ‘/(’) = [be—bu / e'"[‘,.(s)ds] .
p1(n+1)p, / e~"dP,(y) 0

0

Then by (2.77) and (2.78),
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B(u) = tir.a(p) [ Ta(s)H'(u = 5)ds = ur.a(p)T + H(w), (3.50)

and from (3.1), (3.6) and (3.7), (1.44) becomes

bow) = 5 ["K(u—=2)dB(z) + 5B(w) - 5BOK)
_ E’-_;(_’L) t- /0" K(u ~ z)dT,, » H(z) + T, H(u)]
= L2 [*R(u - 2)d[H() ~ T H(z)] + o3 B () - B ()]
- EP_-};.(_’L) [ Bu — 2)dTn « H(z) + Ta s H(w) - K + H(w) - F(u)]
= gl e
nyr a-1(p)

= Mol (u,p) - 2O FTR ).

That is, E{e“’TIU(T)I"I(T < o00,U(T) < 0)}= %[’H‘F,n—l(ﬂ)aﬂ—l(utp) — pra(p)

K~H H(u)], which is (3.48). If D — 0, then 8 — fo, and K v H(u) — Ko(u) for

u >0 bz’ (3.20), proving (3.49) for the case u > 0.
For the case u = 0, %3.49) with © = 0 becomes

,Blo inlll‘,n—l(l’)ao:n—l(ﬂ,p) - I‘P,n(P)-I?Q(O)]
= i :nI‘[‘.n—l(P) /0 bt Co-i(z)dz — T{—O(O)I‘l‘.n(p)]
= % :I-‘l‘.n(p) - 1 :ﬂopp'"(p)]
_ #ralp)

(1+ o)’

by (3.1) and (3.14). Moreover, from (1.44), (2.77), (2.116), (1.55), (1.56) and (2.78),
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%0(0)

7 [B0(0) - Bo(0Ra(0)]
1
T+

! /0 ¥ e /, “(y — z)"dP(y)dz

(1+ Bo) /Ow e " P(z)dz

1 Pn /:o e " P,(z)dz
(1+ /o) / ~ e P(z)dz
1]

/oo e ?*dPps i (z)
0

1 Pn+1
(14 Bo)(n+1)p; /°° e dP,(z)
br.(p)
(14 Bo)’

which shows that (3.49) also holds for the case u = 0.

When n = 1, by (3.21) and ug.1(p) = pr.a(p) + <, (3.48) turns out to be

with g 1(p) given in (2.75). If further D — 0, then by (3.23), (3.49) becomes

1
b’

E{e“TlU(T)II(T < 00, U(T) < 0)|U(0) = u}

1
B
1

u

[1ro(p)aau,p) - wra(p K= H(w)]
58 [ Kle)de - (KR @) - pra(p) K Hw)

[ Rz)dz - —-"";;(”) K+ H(u)

100

(3.51)
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E{eTIUT)I(T < 2)IU(©0) = u}= [~ Ko(z)dz - E"ﬁ%f’il?o(u) (3:52)

P1 1
where = —— = -
If in the special case that é = 0, then 8 = 6, H(u) = Hi(u) and a,_1(4,0) =

Ta(¢), and from (2.77) and (3.35), theorem 3.2 becomes

Corollary 3.3 Foru>0and n=1,2,3,...,

" 1 W
E{ \U(T)["I(T < o0, U(T) < 0)|U(0) = u}-- ~ [p,,‘r,,(u) Pett Romow Hy(u)
(3.53)
where 1,(u) is given in (3.88) and (8.39), and Ks—o * H,(u) can be replaced with
Ye(u) by (2.105). In addition, when D — 0, equation (8.53) reduces to

n - _ 1 Pn+1
B{IU(T)I LT < 0)|U(0) = u}= —puron(u) - Petl o) (3.54)

with 1,(u) given in (8.40) and (3.41).

When n = 1, by (3.38), (3.53) turns out to be

E{IU(T)II(T < 00, U(T) < 0)|U(0) = u}

cp2 +2D

Sepi0 Ks—o * Hi(u) (3.55)

= /:o Ks—o(z)dz —
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where Ks5_0 * H,(u) can be replaced with y,(u) by (2.105). If further D — 0, then
Ks-o(u) = ¥o(u), and by (3.35), (3.55) reduces to

Yo(u). (3.56)

[ P2
E{lU@)(T < 0)[U(©0) = uf= [~ wo(e)dz - P

The second moment, and hence the variance, of the deficit at the time of ruin

caused by a claim can also be easily obtained from (3.53).

Example 3.2 Combination of exponentials and mixture of Erlangs (b # u)

r4l
As shown in example 3.1 that ag(u,p) = 8 E D, [g -3 13 ]e""" and for n =
Sk — Sk

D (sk/l‘vvt)n
1,2,3,..., [1+b . ]} —ouu
x{w.p) = E qu ,; sE 31; — Sk ,,,2_:1 — S
'=1 l‘l

Combine these with prq(p) = n! Z Z’: from (2.79) and K = H(u) =

m=1

r+l1
3 2 kab ~%% from (2.149), (3.48) with n = 1 turns out to be

E{e“’TIU(T)II(T < 0, U(T) < 0)|U(0) = u}

= 3[eots ) - wa(VETE W)

_ 1 r+1 ‘B 1 —eu r q;n r+l1 Dkb —cku

- B[ﬂéDk Sk_b—Sk)e —mz—:ll‘m =i b— sk ]

_ r+1 ﬁ _ -.‘u

= > Lk — (1 + bmz—l I ] (3.57)

a combination of exponential functions, and for n = 2,3,4,. ..,
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E’{e“‘TIU(T)I“I(T < 00, U(T) < 0)|U(0) = u}

R oF - (RTS sP A UL | R

m=1

m=1 "m k=1
r+1 - n-1 __ n-l n-1

= nl Dk {ﬂ [1+bz: 9n ("m Sk + S )J}e-—cgu
1% s b—se m=1 I‘&-l Hm — Sk Hm
r+1

= ny 22215 (3"/ | e (3.58)
k=1 Sk — Sk m=1 — Sk

a combination of exponential functions. Note that (3.58) with n = 1 reduces to
(3.57). Therefore, (3.58) holds for n =1,2,3,.... When é =0, for n = 1,2,3,...,

(3.58) turns out to be

E{ [U(T)["I(T < o0,U(T) < 0)|U(0) = u}

' 'f Dk,&:o [ ) D
= n! -
-1
k=1 Sks=0 LSks=0 ¢ — Dsrs—0

(145 35 gupot o lomsmalbn)) | e (50

HBm — Sk,b6=0

m=1
(W]

Now, we have an upper bound for functions of the deficit at the time of ruin

caused by a claim as follows:
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Theorem 3.3 If P(z) is DMRL, then forn =1,2,3,...,
E{e=TIU(T)IT < 00,U(T) < 0)}< iralp)K (). (3.60)

Proof: If P(z) is IMRL(DMRL), by theorem 3.2 of Lin and Willmot (1999) [36],
[(z) is IMRL (DMRL) which implies (Fagiuoli and Pellerey, (1994) [19]) that the
n** equilibrium distribution fanction Tn(z) is NWUE (NBUE), that is, Tnsi(z) >
(<) Ta(z). Then by (3.50), B(u) = prna(p)Tn * H(u) > (X) pra(p)T + H(u) =
e (0)[C(u) — H(w)].

Therefore, if P(z) is DMRL, then B(x) < prn(p)[G(u) — H(x)] < pra(p)C(u)
which implies E{e"‘TIU(T)I"I(T < 00, U(T) < 0)}5 prn(p)E(u) by theorem 1.1.

a

Corollary 3.4 If P(z) is DMRL, then forn =1,2,3,...,

E{ [U(T)|"I(T < 00,U(T) < 0)}5 ﬁmﬂ(u) - (szﬁl);f[ () +1fdiu3]'

(3.61)
Pr:of: When § = 0, pura(0) = (—;I:—'T)p—l by (2.77), and Kjs-o(u) = v.(u) +
PWAL) =

When D — 0, we can obtain both lower bound and upper bound for functions

of the deficit at the time of ruin caused by a claim as follows:

Corollary 3.5 If P(z) is IMRL (DMRL), then forn =1,2,3,...,

E{ T U@ IT < 00)}2 () prnlp)Ko(u). (3.62)
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Proof: From the proof of theorem 3.3, if P(z) is IMRL (DMRL), then B(u) =

pro(p)Trn * H(u) > (L) pra(p)T « H(u). When D — 0, by (3.11) the inequality

reduces to Bo(u) = pra(p)Tn(2) > (L) pra(p)T(u), then by theorem 1.1 which

becomes “By(u) > (<) c*T(u) where 0 < ¢* < oo, then ¢o(u) > (<) c*Ko(u)” in

the case that D — 0, we get (3.62).

d

To obtain the discounted joint moments of the surplus U(T —) before the time of

ruin and the deficit [U(T')]| at the time of ruin due to a jump, just set w(z,y) = z™y",

for m,n=0,1,2,...,in (2.2) to form

¢u(u) = E[e™TU(T—)"|U(T)|"I(T < 00,U(T) < 0)], u20.

Then by (1.55), B(u) in (2.114) becomes

B e~ /ou e** /.oo e “z™ /:o(y — z)"dP(y)dzds

B(u) =
% /0 e ¥ P(y)dy

bpne~t /Ou e** [OO e "™ P, (z)dzds
[ e Pwdy |

If we define
= * -z mp
Pra(p) = [ 2" Pu(z)ds

and

= / T ey Po(y)dy e / ~ ey Po(y)dy

T (z; p) = % — =
[ e Paty)ay Pm.n(p)

(3.63)

(3.64)

(3.65)
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with To.(z; p) = Tu(z) and Lo ,(z;0) = Phyi(z), then B(u) can be written as

B(u) = m%”)—) 0" Tonn(s; p)be s = d,. . (p)Tmn(p) * H(u) (3.66)

where dp n(p) = p,,g'ﬂ'(—p). From (1.44), (3.63) turns out to be
Poo(p)

E[eSTU(T—)™|U(T)|"I(T < o0, U(T) < 0)]

= —.% Ou K(u — z)dB(z) + %B(u) - %3(0)7(“)
_ dmz(p) T_ ‘/:‘ ?(u - z)dt‘_m'n(p) «H(z) + Fm.n(P) * H(u)]

= Fmnlp) f_ /o” K(u - z)d[H(z) — Tmn(p) * H(z)] + Tran(p) * H(u) — F(u)]

®

= 22l [*R(u  2)dlmn(p) * H(z) + Tmalp) * B (w) ~ K = H(x) — H(u)

$
3 W™

= 2ol " R(u — 2)dlmn(p) * H(z) + Tmalp) » H(w) - K+ H(w)]. (367

Ry

In general, the integration calculation for Ty, »(z; p) (or T n(z; p)) is very com-
plicated, especially when m is large. It seems that we have no similar expression

like (3.48), in which case m is equal to 0.

3.3 Joint moment of the deficit at and the time

of ruin

In this section, we will study the joint moment of the deficit |U(T')|™ at ruin and the

time of ruin 7" due to a claim. First, consider ¥, ,,(u), the joint moment of the time
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of ruin T caused by a claim, and the associated penalty function, w(U (T -), |U(T))),

that is,
Y1w(v) = E[Tw(U(T-), [UT))I(T < 0,U(T) <0)|U(0) =u], >0, (3.68)

then we can differentiate (2.2) with respect to & and set § = 0 to get ¥, o(u),
namely, ¥ ,(u) = —diﬁd"”(u)l":o' Now we will show that ¥, ., (u) satisfies a defec-

tive renewal equation and has an explicit expression as follows:
Theorem 3.4 Foru > 0, ¥,,,(u) in (8.68) satisfies the defective renewal equation

1

bru(u) = %5 /0" Yru(u = 2)dPy + Hi(2) + 755 Bru(u), (3.69)

and is given ezplicitly by

Piw(ue) = ,\:7/:?&0 * H) (u — z)du,5=0(z)dz

1
Apl 62

+ [/u Ks—0* Hy(u — z)Bs=o(z)dz + /w Bs—o(z)dz —
0 u

oo Hy(u) /(; B;=o(z)dz], (3.70)
where

$uws=o(u) = E[w(U(T-),[UTNIT <o, U(T)<0)jU0)=+] (3.71)

%Bg=o(u), (3.72)

Bs—o(u) = pil /0 “hy(u—z) /, * w(y)dydz, (3.73)

1 (v
- —5/0 Ks=o(u — z) Bs—o(z)dz +
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Brulu) = A; [ b =2) [ busmaly)dydz

Ap: 0
H;(u)/o B&:o(z)d-’"] )

and Kjs—o * Hy(u) can be replaced with .(u) by (2.105).
In addition, when D — 0, equation (3.69) reduces to

Yorw(®) = g [ Yoru(s - 2)dPi(2) + T Boalu),
and is given ezplicitly by

Yoaw(e) = z\_;—ﬂ /Ou Yo(u — z)dos=0(z)dz

T e [/0“ Yo(u — z) Bos=o(z)dz + /u " Bo s=o(z)dz —
Yo(u) A ~ Bo,5=o(z)dz],
where
Youw(u) = E[Tw(U(T-), [U(T)) (T < )|U(0) = u] = __%(u)ls_o’

bos=o(z) = E[w(U(T-),|U(T))I(T < o0)|U(0) =]

= —l /" 1/)0(‘u. - $)36'5=0(3)d3 + %BO.6=0(U)1

1
Bos=o(u) = — w(z)dz,
D

108

(3.74)

- [ / Kimo + Hy(u — z)Bs—o(z)dz + /,. * Bseo(z)dz ~

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)
(3.80)

(3.81)
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and

Bosw(u) = 7\:71 /u°°¢0,5=o(z)dz (3.82)

1 o
= o 0[ A Yo(u — z) Bo s=0(z)dz + / Bo'a':o(z)dz]_ (3.83)
Proof: Perform the Laplace transform on the both sides of (2.2), then by (2.19)

and (2.22), equation (2.189) becomes

Al&(€) — @(p)]
(b+&)(p—&)D’

Alp(€) — 1]+ Dp* +cp—6 -
(b+&)(p—-&)D

bu(é,9) +

4;w(€, 5) =

Since 7u(§) = ~—L and [(b+ €)(p — D] — {ABE) — 1] + DF +ep =4} =

[D(p* =) +elp= &)~ [=Ap1&p1 (&) + Dp? +-cp—8] = ~{DE +c£[1 -1 op‘(f)] —%}

we have
{De* + et[1 - (0] ~s}dute ) =A[at) —a(0)].  (3.88
Since f1u(€) = [ e hraluldy = 2 [7 gy u)dulsno = — 5hu(€,8)ls=o
differentiating with respect to é and then setting é = 0 lead to
$ul6,0) + {DE + c£[1t - 55 (O)] Jru(©) =5 O) [~ 2w}

Further letting £ = 0 gives é,(0,0) = p’(0) /co zw(z)dz. Therefore,
0

{De + ce[1 = 175310 Jral®) = $u(0,0) - 3u(6.0).
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Division by (D&? + cf) yields

{1 12 (6)}1ﬁ1.w(£)=1 ¢/D ¢w(0’0)—¢..,(§,0),

T1+68c/ D+l ce/D+ € ¢

which is exactly the Laplace transform of (3.69) with B, ,(u) given in (3.74). The
uniqueness of the Laplace transform gives (3.69).

From (2.15), @y s=0(y) in (3.71) satisfies the defective renewal equation

1 v 1
1_;-*__9 o ¢w,5=0(y - t)hl * hz(t)dt + 110

Puws=0(y) = Bs=o(y),

with Bs—o(y) given in (3.73). Then by (1.44) with 6 = 0, ¢, s=0(y) can be expressed

as
buso®) =~ [ Fezoly ~ ) Bio()dt + 5 Bscolv).

If —;— /y ebt /oo w(z)dzdt — oo, as y = oo, then by L’Hopital’s rule, we have
0 t

lijg’e%‘ﬁww(z)dzdt _ lc lim ei’”ffw(z)dz

yliff,‘o Bs=o(y) = v=oo p, D eV p1 Dy 'I%e%v
1 o o]
= — i dz =0. 3.85
n "‘H’1° v w(z) N ( )

Therefore,

0 Y
| Ks=o(y — t)Bso(t)dtdy
- /0 K=oy — t) Bj_o(t)dydt + L [ Ki=o(y — t) Bj_o(t)dydt
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/: /‘Z Ks-0(y)Bs=o(t)dydt + [ / = Bg=o(t)dt] [ /0 = K,=o(y)dy]

= Bicolt) | Kscow)dy| - [ Kicolz — t) Bocolt)dt -
Bi=o(@) | Kozoly)dy

- — /Oz 75:0(3 - y)BJ=0(y)dy’

Integrating (3.72) for ¢y s=0(y) from y = z to y = oo yields

1 /o° rv.__ 1 proo
—5 | [ Romoly - 0Bio(®)itdy + 5 [~ Bioy)dy

1 rz__ 1 po
= 3 [ Ricole ~v)Binolv)y + 5 [ Bimoly)dy.

[ bus=ow)dy

Then by the associative property of convolution, integration by parts, and

Ks—o * Hi(u) = K=o * H,(u) + H,(u), equation (3.74) becomes

Bl,w(u)
= ,\1? ‘/0“ hl(u - -'B) /zw ¢w,5=0(y)dydz

1 [ [y z__
~ pf /0 e = z)/o Ks=0(z — y) Bs=o(y)dydz +
A hl(u - z)/; BJ:O(y)dde] (3.86)
1 [ e u poo _
= /\plg -‘/(; K5=0 * Hl(u — z)Bé':O(Z)dz + -/0 -/z BJ:o(y)ddel(u - 2)]
1 [re— )
= o0 .‘/c: Ks—o * H)(u — z)Bs=o(z)dz + /u Bis=o(y)dy —

:ACY * Bs—o(y)dy + [ - z)Bs__.o(z)dz],

which is (3.75).
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Since Byo(u) = /\1; [ m@) [~ dusmoly)dyde, and from (3.72)

c ) 1 oo , o ___ 1 oo
/0 bws=o(u)du = -—5/0 B;=0(z)dz/(; Ks—o(u)du + 5[) Bjs—o(u)du

1 - <]
= 5/0 Bs—o(u)du (3.87)
by Bs=0(0) = 0 and (3.85), then we have

Bl (u) = Aipl [11) [~ dusmolu)dy — [ ha(e)busmolu — 2)ds]
= X;%hl(u) /ooo Bs—o(y)dy — -Xi: /ou hy (v — £)¢w s=0(z)dz.

Apply (1.44) again with § = 0 and by the associative property of convolution,

brw() = —3 [ Fiocolu — 2)B; (2)dz + 5Biu(u)
= 555 Fomolu—2) [ ha(e = y)dhuso(u)dydz + 5 Brulw) -
th’ /0 Kol — z)hi(z)dz /0 * Bs—o(y)dy
= z\;g /ou Ks-0 * Hi(u — z)$u s=0(z)dz + %Bl,.,,(u) -
I}%O—,-I?a':o « Hy(u) /0 * Bseoly)dy, (3.88)

which is (3.70), by (3.75) and Ks=0 * H,(u) = Ks-0 * Hi(u) + H,1(u).
When D — 0, dP, * Hi(z) = hz * hy(z)dz — ho(z)dz = dPy(z) by (1.19) and
(2.20), and

[ m—2) [ duu)dydz
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[ [ tuw)dydHiu-2)

Hiw—2) [ u@dy] + [ Hilu - 2)u(a)de

- /u % bu(z)dz — Hy(u) /0 * bu(z)dz + /0 “Hi(u - z)bu(z)dz
— /u°°¢o(z)dz, if us>0,

which prove equations (3.76) and (3.82) for « > 0 from (3.69) and (3.74).
Similarly, when D — 0, Bs—o(u) = pl/" hy(u — z) /oo w(y)dydz —

1 fo e y —

o1 e w(z)dz = Bos=o(u), and all Ks_o(u), Ks_¢ * H;(u) and Ks=o * H,(u) ap-

proach to ¥o(u) for v > 0, which imply (3.73) — (3.81), (3.72) — (3.80), (3.75) —

(3.83) and (3.70) — (3.77) for u > 0. In fact, equations (3.76)-(3.83) can be shown

for both cases u© > 0 and u = 0 by similar derivations based on the traditional risk

model (1.1). o
We remark that / = Bjs_o(z)dz and /0 oo Bj—o(z)dz on the right side of (3.70)

u

and (3.75) can be written as follows:

/:, Bs=o(y)dy
- pll :’ /Oyhl(y—-t)/tww(s)dsdtdy
- ;}1_/0’/:" hl(y—t)/:ow(s)dsdydt+pl1/zm [7 w0 [ w(s)dsdyat
_ pl; /0 * /, °_°t ha(y) /e % w(s)dsdydt + pll[ /0 * h,(y)dy] /, = /, % w(s)dsdt
_ %/{ﬁl(z —t)/::w(s)dsdt+%/z: [ ws)dtds
- /0 Hi(z —t) [ w(s)dadt + - /, (s — z)w(s)ds (3.89)

— -l_/oo(s — z)w(s)ds = /m Bos=o(y)dy, when D — 0, (3.90)
D1 V= z
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and

[ Bicoly)dy = pi [ sw(s)ds = [~ Bosmoly)dy. (3.91)

Theorem 3.4 provides the explicit expression and the defective renewal equation
for 1, (u), the joint moment of the time of ruin T due to a claim, and the associ-
ated penalty function w(U(T—), |U(T)|). If we consider the important special case
w(U(T-),|U(T)|) = |U(T)|", and define

P1a(u) = E[T|IU(T)|"I(T < 00, U(T) < 0)|JU(0) =4}, vu>0, n=0,1,2,...,
(3.92)
the joint moment of the time of ruin T caused by a claim, and the deficit to the

n** at ruin, then we have the following result.

Theorem 3.5 Foru > 0andn =0,1,2,..., ¥ .(u) in (3.92) satisfies the defective

renewal equation

1 u n
Yra(w) = 755 | Yralu — 2)dPx Hi(2) + m—fﬁﬂrﬂ“ «hy(u), (3.93)

and is given ezplicitly by

‘wl.n(u)

P (BT H (u— _ Pn+2 7

i /0 Kimo Hy(u = 2)ta(e)de — oy P2 Koo w H ()

(n +p;)+;ngz [T"+1 (v) - _/0 Ks=o * H,(u — z)Ks=0 * H;(z)dz] (3.94)
1
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where Thyy * hy(u) = /:‘ hi(u — Z)Tns1(z)dz, To(u) = p1(1 + 0)Ks=0(u), T1(u) is
given by (8.88), Ta(u) is given by (8.89) forn = 2,3,4,..., and Ks— * H,(u) can
be replaced with P,(u) by {2.105).

In addition, when D — 0, equation (3.93) reduces to

Yon(u) = i—i‘é [ Yoin(u — 2)dPi(z) + G{*—l‘;icm-mm(u), (3.95)

and is given ezplicitly by

—_ Dn+2
Yorn(n) = ,\ngz / Yol = z)ron(z)dz - (n + 1)(n + 2)Ap26? Yo(u)
m—-p%{? ["Om+1(") - /0" Yo(u — z)t,bo(z)dz] (3.96)

where To,0(1) = p1(1 + 8)o(u), 101(u) is given by (3.40), Ton(u) is given by (3.41)
forn=2,3,4,..., and

Yoan(u) = E[TIUT)|"I(T < ©)|U(0) =4}, ,u>0, ,n=0,1,2,.... (3.97)

Proof: When w(z,y) = y™ and § =0, T'n(z) = Pnsi1(z), and from (2.77) and (3.50).
_ _Pnn 5

Bs—o(u) = —(n ¥ Poyy * Hi(u). (3.98)

By (3.30) and (3.86),

1+ oB‘ w(u)
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1 DPn+1 [ z __ —
- - =o(z — y)Pn dyd
Ap16(1 +6) (n + 1)p, /:"“u "’)fo Ks=o(z — y)Pns1 * Hi(y)dydz +

/Ou hi(u — z) /:o I Hl(y)dyda:]

— Pn+1 hy(u — z) [/0 Ks=o(z — y)Pns1 = Hi(y)dy +

(n+ 1)ep18 Jo
/:o Poy = Hl(y)dy] dz
=t e Ml (el
= e * )

which is the second term of the right side of (3.93). And hence the second term of

the right side of (3.88),

1
—Bl'w(u)

5
Pn+1
= mr g )

= (#ﬁiﬁ/o rn+1(z)dm(u-z)

Prn+1 =
= G g T

= T )~ (O)E (u) + B

/o “Hi(u— z)m,(z)dz]

/Hl(u z)r +1(z)d:,,-]
(n+1)pn

/ H,(u — z)To(z)dz —

Pn+t1 _ Pn+2 -

Pn+1 Y T}
Angz/ Hx(u z)To(z)dz — = +1)/\p§02[) Hy(u — £)Ks—0 * Hy(z)dz,

by (3.31) and (3.36).
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Next, using (3.53), ¢w s=0(u) in (3.71) becomes

buso() = =5 [putalu) = 22K v H (u)]

Therefore, the first term of the right side of (3.88) turns out to be

1 v n
-—W / Ks—o* Hy(u — z) [p,,‘r,,(z) - plll Ks—o * Hx(z)]dz

= ,\p= - / Ko * Hy(u — z)1a(z)dz —

(n + 1)Api6? +pi')+§pfoz [ Biozo+ Hi(u — 2)Fimo = By (2)dz.

Finally, from (3.31), the third term of the right side of (3.88) is simplied to

1 Pn+l 5> ® 5
356 (n + s Ks=o* Hl(u)/o Ppy1 * Hy(y)dy

Pn+1 Pn42 -
- Ks_ox H
(m + D)ApI0 (n + 2)pugy om0 * 1)
= Pnt2 Ko+ Hy(u).

T (m+1)(n +2)Ap20

Adding up together these three alternative expressions above for the right side of
(3.88) gives (3.94) using Kj5—o * H(u) = Ks=o * Hy(v) + Hy(u).

As regarding (3.95) and (3.96), they can be shown either by similar arguments
above from (3.76) and (3.77) or by letting D — 0, 741 * hi(u) = Tomnsr1(u),
Tn(2) = Ton(u) and Kj—o * H,(u) — to(u) in (3.93) and (3.94). The latter ap-

proach, however, can show only for u > 0. a
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Corollary 3.6
Y11(u) = E[T|U(T) (T < 00, U(T) < 0)|U(0) =u], u >0, (3.99)
satisfies the defective renewal equation
Y1.1(%)
1 273 1 73 oo -
= [ ¥rau-2)dPix Hi2) + < [ ha(w—2) [ (v - 2)Kszoly)dyds
2Dp, +cp2 [ ®
25 /0 hy(u —z) /, Koo = H,(y)dydz (3.100)
and is given ezplicitly by
Y11(x)
1 “___ o _________ u —
= 3pif [-/o Ks_ox Hi(u— z)/z Ks-0 * H,(y)dydz +/(; (u — z)K5=o(z)dz]
2D + A  S— —_
3?2350_1;2’/0 Kico * Hi(u — 2) Koo * Hi(z)dz
2Dpy +cp2 [® 7 P3
2cAp26° /., Koo x H(2)dz — o5 agz Komo » Hi(u) (3.101)
where Ks—o * H,(u) can be replaced with (u) by (2.105).
In addition, when D — 0, equation (3.100) reduces to
1 u 1 oo 00
Yous(@) = 55 [ Yorslw—2)dPi(e)+; [ (@ —wiole)de~ 325 [ do(e)dz

(3.102)
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and is given ezplicitly by

Yo,1.1(n)

#ioz [lou Yo(u — z)Yo(z)dz + /"“’" ¢o(z)dz] 6ip 2021110(11.) (3.103)

where

Poa1(u) = E[TIU(T)I(T < o)|U0) = u], u>0. (3.104)

Proof: When n =1, 7,41(z) in (3.93) becomes 72(z) = 2p:9

_2Dpy +cp;
cp2
Combining the expression for r,(u) with r(z) =6 / Ks—0 * H,(y)dy —
D z

FKG:O * H,(z) by (3.38), equation (3.94) with » = 1 becomes
1

/ (v — z)Ks=0(y)dy

/ Ko * Hi(y)dy by (3.39) with n = 2, whxch leads to (3.100).

Y1.1(u)

® D _
= Ap19’/ Ks_o*Hx(u—z)[ /; Ks:o*fll(y)dy—/\—K(,:o*}[l(z)]dz

_p2 [2pmf 2Dp; + cp2
+ 2,\1,21’92 [ / (z — u)Ks=o(z)dz — ————-/ Ks—o * H\(z)dz —

/0 Rico v Hy(u — 2) Koo  Hy(z)dz

] 6Ap zezK"-" * Hy(u),

which is (3.101) after some rearrangements.

(3.102) and (3.103) can be shown either by similar arguments from (3.95)
and (3.96) with 70a(z) = 6 [~ ¥aly)dy snd ma(e) = 222 [y ~ zpuly)dy -
/:o ¥o(y)dy by (3.40) and (3.41), or by letting D — 0, both K;_o(u) and

Ks=0 * Hi(u) — to(u) in (3.100) and (3.101). The latter approach, however, can
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show only for u > 0. o

Example 3.3 Combination of exponentials and mixture of Erlangs (b # u)

As shown in example 2.5 and example 2.6 that Ks—¢ * H,(¢) =
cb r+1 Dk,6=0 r+1

= E e~ *%4=0% and ?5:0(11) =4 E Dis=0e™***=°%. Then
D k=1

= ¢/D — si5=0

cd' X Dy s=o

[T ADTEEESS

rhaset 3.105
k=1 (C/D - 3k,6=0)3k,5=oe ( )

b [ eameds)
0 0

[(u —z)e *k4=07

The integrations / u(u—z)e""-"“‘dz = -
0

8Lk 5=0
u g =0t — ]
= + 3 and
3k,5=0 3&.6:0
u ue-'k.‘zo“’ ifj — k’
/ e—lk.‘:ﬂ(u—z)e—‘i.‘=03dz — e—l,‘"=ou - e—l‘._‘gou . (3-106)
0 , fj#k
Sk,6=0 — 8;,6=0
lead to

r+1

/u(u - z)—l?5=o($)d2: = @ Z Dk,6=0 /u(u — z)e-'&,5=o=dz
0 k=1 0

r+1 u e—lg.‘=ou — 1
= 05 Dismo| 2+ |, @aor
kz=:1 k.s=0 8k.5=0 32.,5=0 ( )
/(; KJ:O * Hl(u - z)L KJ:O * Hl(y)dydz
c?g? Firl D s=0Djs=0 /" ;
_ ¢ A= b= e~ ths=0(U—2) o =8; =02 J,
D2 kzz:”_z_:l (¢/D — Sk s5=0)(c/D — 3;4=0)855=0 Jo
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6202 r+l r+1

= pra X

k=1 j=1j#k (¢/D — 3k5=0)(c/D — 8;5=0)(3k,5=0 — 8;5=0)3j6=0

20%u 'f:l( Dk,&:o )2 1

D2 k=1 C/D — 8k 5=0

Dy 5=0Djs=0

[e—u,-.‘=°u _ e—u,;:o"] + e thi=ou (3.108)

8k,5=0

and

/0 “ Rico* Hu(u — 2)Komo % Hy(z)dz

c202 r4+lr4l Dk S—ODj $—0 - timo
= — s P = — 8k 5=0(u—2) —8j,6=0% ],

D? ,,‘é,?; (¢/D — sk 5=0)(c/D — 3;4=0) /o ¢ € *
ey H Dy s=0Djs=0
- D k=1 j=1,j#k (¢/D — sks=0)(c/D — 8j5=0)(Sks=0 — 3;s=0)

202y T} Diso 2
—8;8=0U __ o8k =0U 0= —l.'jgou. .109
e 2 (c/D Z su:o) € (3.109)

Therefore, (3.101) becomes

r4+l r41
Y11(e) = cg(1+0)2 E [ 1 _2D+Ap,

k=1 j=1,j#k

Dkv5=0 Dj.5=0 [e—.i"=ou - e-‘l,l=o“]

8j5=0 2Ap, 6

— 4
(¢ — DSk s=0)(c — D3;s5=0)(Sk,s=0 — 3j5=0)

r+l 2
cH(1 + O)u Z[ 1 _ 2D + Apz] ( D s=0 ) o= thimon _
k=1 - Sk,§=0

2Ap, 0 ¢ — Dsgs=0
2DP1 + cp2 'il Dk,J:O e thd=0Y __
2Ap24 = (¢ — D3k 5=0)Sks=0
r+1
cps Dk,6=0 —8g §=0Y
6Ap20 kz=:1 c— Dsys5-0 ¢ *

41 D oo r41 _ r+l —
1 [“Z kS=0 z: Dis=0 + Qk_"‘:ge"t.hou]_ (3.110)

) 2
Aprl (o] Sks=0 (21 Sks=0 k=1 Ské=0
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after some rearrangements. a

3.4 Moment of the time of ruin due to oscillation

In this and the next sections, we are going to derive the n** moment of the time
of ruin caused by oscillation, and the n** moment of the time of ruin due to a
claim. We will see that these two kinds of n** moments have the same recursive

expressions.

Theorem 3.6 Foru >0 and n = 1,2,3,..., the n** moment of the time of ruin

due to oscillation, if this kind of ruin occurs,
Yan(u) = E[T™I(T < 00,U(T) = 0)|U(0) = u], (3.111)

satisfies a sequence of integro-difference equations

1 u n u oo
Yin(w) = 755 [ Van(u—2)dPx Hu@) + 2 [“ha(u = 2) [ Yans(w)dyde
(3.112)
and is given recursively by
Yan(u) = ,\:10 /0 Ks—0 * H (v — 2)Yan-1(z)dz +‘/‘: Yain-1(z)dz —
Kico v Hu(u) [ Yan-1(2)dz] (3.113)

in terms of Yan—1(u) with Pao(u) = Ya(u) and
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/ Dan(u)du = 0 ud;dm_l(u)du, (3.114)

where Ks—o * H;(u) can be replaced with y(u) by (2.105).
In addition, when D — 0, Yan(u) -0, n=0,1,2,...

Proof: Perform the Laplace transform on the both sides of (1.22), we get

- _A[p(€) —1] + Dp +cp— 5 1
by (2.19), where ¢4(¢,6) = /0 = e “pq(u)du. With p,(§) = I”E(O

[(5+&)(p—€) D] —{A[p(§) — 1]+ Dp* +cp—38} = [D(p* — &) +c(p—E)] — [ Ap:1€P1 (€) +

Dp® +cp—68] = —{DE* +c€[1— P1(€)] — 6}, the equation above can be written

1+6
(D€ +ct[1 - om(o)] ~8}dute,8) = DIg - ol (3.115)
Since ¢4(u) = E[e*TI(T < 00, U(T) = 0)], Yamn(u) = (-1)" d5n¢a(u) 0,

T * —£u _ had ~fuy__1\n —

fanlt) = [ e pantu)du = [T e (1 T gu(w)]_du=

(-1)" d&n""‘“’ 8 =(-1)"¢ #5(€,0),n =0,1,2,..., and p(0) = 0, differentiating
(3.115) both sxdes n (n > 1) times with respect to é and then setting § = 0 lead to

(D€ +ct]1 ~ 125 (0)] } g bate.8)|,_ —1=[564(6.0) ~ Dotd)] |
= (- {De e[t - — 0p1(e)]}¢am(e)—n(—l)"-*w/)d;,.-l(e)+Dp‘"’(0)

= 0.
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Letting £ = 0 gives n(—1)""'9¥4,-1(0) = Dp™(0). Thus, equation (3.115)

becomes
(~1"{ D€ + e€[1 = 1751(O)] JBan(®) = (=1 [Bim-1(6) = s 0)].

or equivalently,

(e + ce[1 = 1251(6)] }Han(®) = n[bams(0) = Fums(0)].  (3.116)

Dividing (3.116) by D¢? + c£ leads to

1 C/D - -~ _ n C/D 1/;4;11—1(0) - 'Z’d;ﬂ—l (E)
[1_]_+0£+C/Dp1(£)]¢dm(6)_ZE‘FC/D E ’

which is the Laplace transform of (3.112). The uniqueness of the Laplace transform

~gives (3.112).
Now apply (1.44) with B(u) = " ”) / hy(2) / Yan_1(y)dydz and & = 0,

then
B'(u) = /\l[ (u) / by (z)dz — / " hl(z)tpdm_l(u—z)dz],

and hence by the associative property of convolution, ¥4.x(u) can be written as

¢dcn(u)

Ip—lb‘[ ou ?6:0 * Hl(u - $)¢dm—l(3)dz + /(;“ h,(u - Z) /zoo '/’d;n—l(y)dydI —

Kso  Hy(u) /0 * ¢d,,._,(z)dz]. (3.117)
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Next, using integration by parts,

/ou hy(u - z) ./:o VYdin—1(y)dydz

= ‘/: /:O Yan—1(y)dydH,(u — z)

= Hi(u—2z) /:’o Yan-1(y)dy :+ /Ou Hi(u — 2)Ydm_1(z)dz

= /:o Yan—1(y)dy — Hy(u) _[o VYam-1(y)dy + /: Hi(u — 2)bam_s(z)dz.

Combining this with Kjs—o * H,(u) = Ks=o0 * Hy(u) + H,(u) gives (3.113) from
(3.117).

Since

[T [ bants = 2)dPy + Hi(@)du = [ [ duanwran] [ [~ ap « Hl(,)]
= /ooo Yda.n(u)du

and

/‘oo‘o /ou hi(u — z) /:" Ydan—1(y)dydzdu
- -/:o /:o hi(u — z) /:o Ydin-1(y)dydudz

- [ /0 °° hl(u)du] [ /0 °° /, * 1/)d;n_1(y)dydz]

= /ooo /: Yan-1(y)dzdy
= /0 ” Ydm-1(y)dy,

integrating (3.112) from u = 0 to u = oo gives (3.114).
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From (3.113), we know that 14, (u) is expressed recursively in terms of ¥g.n-1(u),
n = 1,2,3,..., and hence is expressed in terms of ¥40(u) = Ya(u). Since when
D — 0, ¥4(u) — 0 by theorem 2.3, we have Ygn(u) — 0 for n =0,1,2,... a
The mean of the time of ruin caused by oscillation can be obtained by letting

n = 1in (3.112) and (3.113).

Corollary 3.7 The mean time to ruin due to oscillation, if this kind of ruin occurs,
Ya1(u) = E[TI(T < 0o, U(T) = 0){U(0) = u], (3.118)
satisfies the defective renewal equation

1 g 1 o —
Paa(u) = m/; Yaa(u — z)dP, + Hi(z) + W-[: Kico® Hy(u — z)Hi(z)dz

(3.119)
and is given ezplicitly by
1 0
Yaaw) = 1o [ Koo v Hy(u — 2)Hy + Koco(2)de (3.120)
with
ADp, + 2D?
/ Y (w)du = 3 0 m/)d(u)du = e (3.121)
where H; * Ks—o(u) = Ks—0 * Hy(u) — Ks=o(u) can be replaced with i 01/)4(1;) by

(2.104) with § = 0, and Ks=¢ * H,(u) can be replaced with y,(u) by (2.105).

1+0[ 1+0

Kico s Hy(z) - K;_o(z)] H, * Ks—o(z) by

Proof: Since ¥4(z) =
D(1+6)-0——

(2.101) and (2.104) with & = 0, /., Yalz)de = ——

Kso* H H,(u) by (2.110)
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D(1 + 6)

with § = 0, and /0°°¢,,(z)dz = ==

(3.113) with n = 1

by (2.111) with é = 0, we have from

balw) = ol [ Fecor Huln - 2)u(e)ds + [~ bul@)dz -

Koco v Ha(w) [ ba(z)da]|
1 + 6—

= z\p19[ Ks—o* H\(u — z)

D(1+86)
ch

H, * K5_o(z)dz +

D(1 +9)

Ks—o * H,(u) — P

Ko Hi(u)],

D(1 +6)
cb

with § = 0, the second term of (3.112) with n = 1 becomes

1 pu D(1+6 1 w___ —

HACEDE e ey ACTESE Y i wyy AVEES ACTR

cJo ct
which is the second term of (3.119).

Clearly, letting n = 1 in (3.114) gives [ Yua(u)du = Xpl_é / % wa(u)du =
1

which is (3.120). Again, using / * baly)dy = Koo+ H,(z) by (2.110)

1 D(1+6) [,‘G,,(O) ]_ D [ p2 . D | D]_ ADp, +2D?
Ap8 8 8 T olT Npelope Tt )T aapies - OY (276)
and (2.112) with § = 0. a

Example 3.4 Combination of exponentials and mixture of Erlangs (b # u)

As shown in examples 2.5 and 2.6 that
cO r+1 D k8=0

Koo v Hi(w) =$ew) = 5 2
1 + é [

-8k 4=0U
—_— ™ and
1 ¢/D — si5-0

r+l1

atw) = =~ Koo Halw) — Kamolu)]= (1 +6) 3
(3.120) becomes

Dy 5=08k 5=0
_——e-'k ‘—0“ Then
C/D - sk §=0
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r+lr4l N N
c(l + 0) Dk,‘:ODJ. =031,5=0 u e—...‘=o(u—z) e—.,-"=ozdz

= /\pl k;, J_Zl (C/D - 3k.5=0)(c/D - 3.1'16=0) 0

r4l1 r4l1 D _ D'J— 8;5=0
— D1+02 k,6=04736=0936=
( ) g_ J—g#k Dsk.J:O)(c - Dsj,&:O)('skJ:O - 3j,6=0)

r+1

[e_'i.l=°“ —_ e"k.‘:o"]+D(l + 0)2,“ 2( Dk,5=0
k=

2
————) Sksmoe="*4=9%(3.122)
1 \C— D3k.6=0

with the help of (3.106), which is a combination of exponential functions. a

Corollary 3.8 Foru > 0, the second moment of the time of ruin due to oscillation,

if this kind of ruin occurs,
Ya2(u) = E[T?I(T < oo, U(T) = 0)|U(0) = u], (3.123)

satisfies the defective renewal equation

baa(u) = 1+ _ / Yaalu — 2)dPy + Hi(z) + 7 03,,;2(1‘) (3.124)
with
B —20—[/"1;(—)/’——_1{ v H,(z — y)EKomo = H, (y)dydz +
a;2(2) X3p367 LJo nu—z , [18=0 1T —Yy)Rs=0 1(y)dydz

/Ou hy(u —z) [:O Ks=o * Hl(y)dyd:c] (3.125)

and is given ezplicitly by
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0 S z____ —
Ya2(u) = %:?-:32 /‘. Ks—o* Hy(u - z)/ Ks—0 « H\(z — y)H, * K5-0(y)dydz

+ A" A3p363 [f Ks—o* H\(u — 2)Ks-0 * H,(z)dz +/ K;_o* Hl(z)dz]

ADp, +2D%

Npige Ki=o * Hy(u) (3.126)

where Hy * Ks—o(u) = Ko * H,(u) — Ks=o(u) can be replaced with 1 i 0¢d(u) by

(2.104) with § = 0, and Ks—o * H,(u) can be replaced with .(u) by (2.105).

Proof: First, for any two functions X() and Y(),

/, = /: X(y — t)Y (¢)dtdy

/0 - /z " X(y — )Y (¢)dydt + /z - /, * X(y — )Y (t)dydt

- /o : / ‘: X(y)Y (t)dydt + L Ty (t)dt /0 * X (y)dy

= /0 “Y(z —t) /‘ * X (y)dydt + /, “y(t)de /0 * X(y)dy. (3.127)

Then from (2.104), (2.106) and (2.107) with § = 0, and by (3.127), integrating

(3.120) for ¥q,1(y) from y = z to y = oo gives

L‘” Yaa(y)dy

14+60 ° Vo -
- Ap, 62 ./; /o Ks—o = Hi(y — t)H\ = Ks=o(t)dtdy

1467 (= o
= W[/o H, * Kszo(z — t) /. Koco~ H,(y)dydt +

/; H, * Ks:o(t)dt/o Ks—o * Hl(y)dy]



CHAPTER 3. MOMENTS 130

1+6D
- Ap1682 ¢ [_/ _/ K;s_o * H (y)dydKs—0 + H\(z — t) +
Koo v Hi(2) [ Komos Hl(y)dy]
D

= 3 20,[K5_0*H1(3—t)/ Ks—o * H,

/0 Komo * Hy(z — t)Kico » Hy(t)dt +
Koz % Hu(a) [ Koco * Hu(u)dy]

= AZp 202 [/ Ks—o * Hi(y)dy +/ Ks—o* Hy(z — t)Ks=0 * Hl(t)dt]

(3.128)

With this, (3.124) and (3.125) can be obtained directly from (3.112) with n = 2.
Using (3.120), (3.121) and (3.128), equation (3.113) with n = 2 leads to (3.126). O

We remark that the variance of the time of ruin caused by oscillation can be

obtained explicitly by (3.120) and (3.126).

3.5 Moment of the time of ruin caused by a claim

The next theorem shows that the moments of the time of ruin caused by a claim
have the same recursive expression as the moments of the time of ruin caused by

oscillation given in theorem 3.6.

Theorem 3.7 Foru >0 and n = 1,2,3,..., the nt® moment of the time of ruin

due to a claim, if this kind of ruin occurs,

Yem(x) = E[T"I(T < o0, U(T) < 0)|U(0) = ], (3.129)
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satisfies a sequence of integro-difference equations

banle) = g [ bems = )P Hi(2) + 2 [“hau —2) [ Yom-a()dyde

(3-130)
and is given recursively by
n | oo
1/’0;"(“) = I\_p;'; [‘/0 Ks—o * Hl(u - z)¢nm-l(z)dz + L '»ba:n—l(z)dz -
Koo+ Hi(u) /0 ¢.;n_1(z)dz] (3.131)
in terms of Yup-1(u) with ,0(v) = ¥,(u) and
s o] n o <]
/O Yum(wldu = 5 [[7 whun-s () (3.132)
where K=o * Hy(u) can be replaced with 1,(u) by (2.105).
In addition, when D — 0, equation (3.130) reduces to
1 u n o0
Yon(u) = 15 '[) Yom(u - 2)dP(z) + = /.. Yon_1(z)dz (3.133)

and is given recursively by

Yom(u) = ﬁ—é [ [ botu=2)bom-s(@)dz+ [ Yon-s(z)dz—vo(u) [~ %m_l(z)dz]
(3.134)

in terms of Pom—1(u) with Yoo(v) = Yo(u) and

[ pontwidu = 25 [ ~ wom1(u)du. (3.135)
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where

Yom(u) = E[T™I(T < 00)|U(0) = u], u > 0. (3.136)

Proof: When w(z,y) = 1, w(z) = P(z) by (2.7), and &(§) = /:o e w(z)dz =
1= P(6) _ 5 5.(€). Therefore, the right side of (3.84), ,\[o(p) —o(g)]= A[l—‘;ﬁ(—”l

'3
ttcp—4
- Plﬁl(f)]= De +pcp —Ap1pi(€) = %{DP2 +cp [1 - -1—:_—0—131(6)] —6} since p

satisfies generalized Lundberg’s equation (1.32), and then (3.84) with ¢,,(u) = ¢,(u)

in the case w(z,y) = 1 can be written as

{De + ct[1 ~ 5 (€)] -6} o(8)u(6,8) = Do(6Y* + cp8) 1t - o536 -
(3.137)

Since p(0) = 0, differentiating (3.137) both sides n+1 (n > 1) times with respect
to 4 and then setting 4 = 0 lead the right side of (3.137) to

drtt
5=0 d5n+l

dn+l

dn+1 1 .
e[l - 175(O)] Zme®)

g+

= n+1 I .
Dk§=:1 ( . ) p" 17 (0)p™ (0) +c[1 ~1 +0p1(€)] +1(0) (3.138)

D 5

=0

where p(™ is the n*" derivative of p, while the left side is

{Dg + etlt — g (€1} e [POBu60)]|_— o [s001de,)]|
= {Dez+cs[1 TP O] g p@ORE. )| -

(n+ 1) 2= (O] | (3.139)
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Moreover, since Yym(u) = (—1)ﬂ£;¢.(u)| and Fun(6) = [ e hun(u)du

® ey L O ad . )
= [t g _d = 0 d5n¢.(f,s)|5=o— (1", 0), » =
0,1,2,..., we have

k=0

2 [6)3 ES N B T P
Fl@aeo)| z(k)p 0)5(£.0)

- Py ( " ) P (0) e (E)-
k=0 k

Equating (3.138) and (3.139) gives

k=0

{per + ot - ginie] - ( " 1 ) A8 (0)a(6)

= (n+1) Z( 1) ( Z ) P (0)4,.(€) + D 2": ( " : 1 ) p"+1=8)(0) p*) (0)

k=0 k=1

+ oeft-- Mpl(e)]p"“m). (3.140)

Setting £ = 0 in (3.140) leads to

Dy ( mH ) P 1E(0)p™)(0)

k=1 k

k=0

- e+ ¥- 1)*(L) PR O a(0) — 1 = 5] ).
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Since when 6 — 0, g — ¢ — Ap; by (2.188); in the case (3.137) turns out to be

{De+et1- @] }au(6,0) = o[- 115 0)] [ 2mi] = 5 [1-006)].

1+6

Combining these above with ¥,.0(€) = ¢,(¢,0), forn > 1, (3.140) can be simplied

to

k=0

o+ 1) S 1) ( i ) p™0(0) [dus(0) — Fus(€)]

47 k=1

1Nt n+1 -
- {sz'*'cf[l_ 1+0P1(§) }Z(—l)k( * ) (n+1- k)(0)¢a:k(£)

k=0

= {pg +etft- (,pl(e);}z':(—l)"“(ul) P O)uaia (6)

= —(n+ 1){D§2 + Cf[l ~ 1 T 01’1(6)]}2( l)k ( n ) (n-k)(0)1/hkl::(lf).

k=0 k

(3.141)

We declare that for n =1,2,3,...,

(D€ + t[1 = 1510 }Hon(©) = n[uns0) = Fema(0)], (3242

which is exactly the same form as the expression (3.116). Therefore, equations
(3.130), (3.131) and (3.132) can be shown just like (3.112), (3.113) and (3.114). An

alternative expression for ¥,.,(u) as (3.117) for Yga.n(u) is
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Yan(u)
= ol Romor Hiw— 2umas(2)z + [ hatu = 2) [ bumos(u)dyd -
Riszo* Hi(u) [ $um-1(2)de]. (3.143)

Equation (3.142) can be proved by induction on n. Letting n = 1 in (3.141)
shows the case n = 1 in (3.142). Assume that forn = 1,...,m — 1, identity (3.142)
holds. Now let n = m in (3.141), then these terms but the last terms on both sides

of (3.141) are canceled out. Thus (3.141) reduces to

(_l)m—lmp(l)(o) ['Z’c:m—l(o) - '/.’mn—l(f)]

= {D{’ + c{[l -1 41,0’7‘(5)] }(-1)"‘"p“’(0)1/3m(£),

which is equal to (3.142) for n = m.

Since when D — 0, ¥,n(u) — Yo.n(u), which implies (3.132) — (3.135). As
in the proof of theorem 3.4, (3.133) and (3.134) can be shown either by similar
arguments based on traditional risk model (1.1) or by letting D — 0 in (3.130) and
(3.131). The latter approach, however, can show only for u > 0. |

To get the mean of the time of ruin because of a claim, just set n = 1 in (3.130)

and (3.131).

Corollary 3.9 The mean time to ruin due to a claim, if this kind of ruin occurs,

$ea(w) = E[TI(T < oo, U(T) < 0)[U(0) = u], u >0, (3.144)
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satisfies the defective renewal equation

bealw) = = +0/ Yor(u — 2)dP, + Hy(z) + - /u°° Boso+ Hy(z)dz

Ap; + 2D

2cAp 0 H(u) (3.145)

— E./o Hy(u~z)Ks5-0 * H,(z)dz —

and is given ezplicitly by

Yea(u) = ,\pta [(1 +6) /u Ks=0 * H,(u — 2)Ks-o(z)dz —

/ Ks—0* Hy(u—z)Ks=0 * Hl(z)dz]

1 Ap2 +2D_——
+ ’\plo / Ks—o * H]_(Z)d - WKJ—O * Hl(u) (3146)
with
= = 3Ap3 + 2Ap1p38 + 6 Dp,
/0 Pealujd = / wps(u)du = 12X2526° , (3.147)

where Ks—o * H,(u) can be replaced with ¥.(u) by (2.105).

In addition, when D — 0, equation or (8.145) reduces to

Yoa(w) = 72 [ Yoa(s = 2)aPi(e) + < [ po(z)ds (3.148)

1+9

and is given ezplicitly by

Yoa(u) = 5omg | [ Yol — 2Wo(e)de + [ va(z)dz — Logow)]  (3.149)
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with
> _ 1 ® _ 3p3 + 2p1pab
/0 Yo, (u)du = _Ap10/o uo(u)du = 1300 (3.150)
where
You(u) = EITIT < )|U(0) = u], u>0. (3.151)
Proof: Since [~ gu(y)dy = 2220 = 2D _ [V g )y

D
Ap, 6
side of equation (3.130) with n = 1 become

Ks—o * H,(z) from (3.27) with § = 0 and (3 38), the second term of the right

1 /;" (v — z)/ K;—0 * H,(y)dydz —

c

D —_—
10 [ hl(u - z)I(J:O * HI(Z)dZ
1 _ u__
= z[) ‘/z KJ:O * I{l(y)ddel(u - I) -_ W-/(; Hl(‘u - J:)K5=o * Hl(z)dz

1 foo 0 — — 1 . —
= - [ Ko Hwdy - SHiw) [ Kicow Hy(y)dy +

1 o - 1 e B
Z/o Hi(u — z)Kico » Hy(z)dz — W/o Hi(u — 2)Kimo » Hy(z)dz,

. i K vH _pra(0)  D(1+6)  p
wil;ch sh:ws (3;45) using [) Ksmo * Hi(y)dy = L + - - .
p2 + 2 _
- ’ - t = (.
"l 2apg DY (277) and (2.109) with § =0

In addition, ¥,(z) = %[1#4(:) + (14 0)¢.(z) — 1/:,(3)] 1+ 0?6=0(-'B) —
%7(6:0 *Hy(2) by (L.7), (2.93) and (2.105), and [ * u(y)dy = "Pv;(o) _ 220 by

(2.77) and (2.119) with p = 0 and 8 = 6, equation (3.131) with n = 1 leads to

(3.146).
Clearly, (3.132) with n = 1 becomes /wd; a(u)du = —1—/00 uy,(u)du =
2 L A 0 0 [ J
1 [pra(0) [#61(0) ] urz(O)} { Be 2 2] Pl
,\pla{ 9 8 Tl 20 ST 3p6\2p012p6 T8 T clt6p6)”
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3Ap2 + 2\p1p3f + 6 Dp,
12A2p36°
Letting D = 0 in (3.147) leads to (3.150). Equations (3.148) and (3.149) can be
shown directly from (3.133) and (3.134) with = = 1, and /:o Yo(z)dz = % by
1
(2.77) and (2.119) with p =0 and 8 = 6. o

by (2.76), (2.77) and (2.120) with & = 0.

Note that the covariance of T, the time of ruin due to a jump, and the associ-
ated penalty function, w(U (T -), |[U(T')|), can be obtained from (3.70), (3.72) and
(3.146). Especially, when w(U(T-), |[U(T)|) = |U(T)|", the covariance of T (due
to a jump) and |[U(T)|" follows from (3.53), (3.94) and (3.146).

Example 3.5 Combination of exponentials and mixture of Erlangs (b # u)

As shown in example 2.5 and example 2.6 that Ks-¢ * H,;(u) =

ﬁ 'i:l _._Q_ﬂsio_e‘u;:ou and 75- (u,) =6 'il Di s_o€~"*4=0%_ Then
D = ¢/D — sis-0 =0 2 =0 ;

/u Ks—o * H\(u — z)Kjs-0(z)dz

1r+1
cf? HE Dy s=0Djs=0

= e“k.l:o (u_z) e-'j,t=ozd3
,‘2_:.72_2 C/D — 8k §=0 /
_ coz 'f’ 'i’:l Dk,&:ODJ'.J=O [e_"'-‘=°" _ C-“"=°u] +
=1t J# — Dsi5=0) (k=0 — 8;5=0)
. r+l k5 _ Dis—0
4 = e fhi=0u 3.152
o Z ¢c— Dsgs=0 ( )

with the help of (3.106). Combining this with (3.105) and (3.109), (3.146) turns

out to be



CHAPTER 3. MOMENTS 139

Va1 (u)
H&E c Dis=0Djs=0 [e"iv‘=°" - e‘“-‘=°"]
= (1+6 [ 1+6)— ] | L
( ) kgl j=lz,j:¢k ( ) c— Ds.‘i.5=0 (C - Dsk,&:O)(sk,5=0 - 3j,5=0)
(1+6)u 'i:l [(1 +6) — ¢ ] DZ.J:O etk é=0b
k=1 ¢ — Dsis=0lc— Dsrs-0
r+1 Dk §=0
1+6 = e thi=0Y _
( ) 2 (C — Dsi s5-0)Sk =0
(Ap2 + 2D)(1 +0)HE  Dis-o —enso
fg=o® 15
2’\P1 6 2 Ds,, 5_0 (3 3)
after some rearrangements, which is a combination of exponential functions. a

Corollary 3.10 For u > 0, the second moment of the time of ruin due to a claim,

if this kind of ruin occurs,
Ye2(u) = E[T?I(T < 00, U(T) < 0)|U(0) = u], (3.154)
satisfies the defective renewal equation

Yoa(w) = T [ brals — )Py 5 Hi(@) + 1 Baalw) (3.155)
with

2 u z __ o
Buaw) = oz [ =) [ Kool —v) [ Kiow Hu(O)dtdydz +

[ mtw—2) [" - 2)Feco* Hi(u)dydz]
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- cAz 202 [./ ha(u - z)/ Ks=o * H,(y)dydz +
/0 hy(u — z) /o Kicov Hy(z — y)ml(y)dydz]
ADp, + 2D? fu -
Teapigr /0 hi(u ~ 2)Ks=o0 * Hy(z)dz (3.156)

and is given ezplicitly by

¢n;2(u)

2

= |0 +0) [ Bomow Hi(u—2) [ Koo H(e —y)Romoly)dydz -

[ Bov B~ 2) [ Kiow Hi(e - 9oz * H(y)dyda]
+ ,\z yeer [ [ Roev =) [ Rocox Hi(v)dydz +
/: Ksolu — z) /, Ko+ Hy(y)dydz +

/., “(z — u)ml(z)dz]

pr . 2D(2+6)] (4
- [A’p‘:os AT [ B Hus — o) Fomo Hi(2)ee

2p1p3b + 3p2  DAp2(2 + 6) + 2D?6
- [ 6A2 19 cA3p36*

_ cA= / Kiso + Hy(z)dz (3.157)

=

where Ks_q * H,(u) can be replaced with ¥,(u) by (2.105).

In addition, when D — 0, equation (8.155) reduces to

Yoalu) = 5 +0 [ oatu — 2)dPi(2) + 5 030:2(") (3.158)
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with
2 u o0 o0
Boa(u) = g | [ Yo(w—2) [ volw)dydz + [~ (@ — wivnlz)dz]  (3.159)
and is given ezplicitly by

Yoalw) = s [l Yol — 2) [ valz — y)oly)dydz

+ 3oz Jy votw—2) [T vou)dyde + 5z [ (@ - uo(z)ds

“ 2 0 + 3p?
— ’\22;03 /0 ¢0(‘ll- - 2:)1[10(:)(13 - Llslj\s—_zp;-o‘—pz¢o(u) (3160)
where
Po2(u) = E[TI(T < 00)|U(0) = u], u> 0. (3.161)

Proof: Equations (3.120) and (3.146) imply that

1/)-;1(")
1 Ape +2D—
= 17 g Yan () — WK&O * H,(u)

1
/\Pl 6

+ [ / “ Kico® Hy(u — 2)Kseo(z)dz + /,, > ml(z)dz]. (3.162)

By changing the order of integration,
/:’ /:o FKoco * H,(t)dtdy = /:° [; Koo » H,(t)dydt = /j(t — 2) Ko » H,y (t)dt.
Also using (3.127), we have /:o /oy K=o * Hy(y — t)Ks=0(t)dtdy = /: Ks—o(z —t)
/,  Rico + Hy(y)dydt+ /j Ks—o(t)dt /0 * Kizo* Hy(y)dy. With the help of (3.128)
for /:O Ya.1(y)dy, (2.107) with § = 0 for /:o Ks—0* H,(y)dy = /:o Ks=o(y)dy +
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D

—c—K5=o * H,(z), and (2.109) with § = 0 for /oo Ks—o = H,(y)dy = Aps + 2D
0

2Ap1 4

, we

obtain

[ beay)dy
_ ,\:_0 [ Riole—9) [~ Koo Hatt)atdy + [ty - ) Koo w i (v}

_ cxplm [ / Koco+ Hai(y)dy + / Koo Hy(z — v)Kiso v Hy(y)dy

ADp, + 2D?

T Kizo * Hi(z). (3.163)

Letting n = 2 in (3.130) leads to (3.155) and (3.156). Now use (3.146), (3.147) and
(3.163), and apply (3.131) with n = 2, we have (3.157) after some rearrangements.
Note that when D — 0, /w Ya1(y)dy in (3.163) reduces to

/:o Yo, (z)dz = —1—0-[/ 1/’0(“—::)/ ¢o(y)dydz+/ (2—u)¢o(z)dz] (3.164)

Equations (3.158), (3.159) and (3.160) can be shown by similar arguments from
(3.133), (3.134), (3.149), (3.150) and (3.164). Or they can be proved by letting
D — 0 in (3.155), (3.156) and (3.157). The latter approach, however, can show
only for u > 0. O

We remark that the variance of the time of ruin caused by a claim can be

obtained explicitly by (3.146) and (3.157).
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Discounted distribution and

probability density functions

In this chapter, we are going to derive the explicit expressions based on (1.4) for
F(z,y;d, D|u), Fi(z;46,D|u) and F:(y;d, D|u), the discounted joint and marginal
distribution functions of U(T —), the surplus immediately prior to the time of ruin,
and |U(T)|, the deficit at the time of ruin, and for Fz(z;9d, D|u), the discounted
distribution function of the amount of the claim causing ruin, {U(T-) + |U(T)(}-
Then the discounted probability density functions, f(z,y;é, D|u), fi(z;é, D|u),
f2(y; 8, D|u) and fz(z;4, D|u) are obtained by differentiating the corresponding
discounted distribution functions. We will show that Fy(z;é, D|u), Fa(y;é, D|u)
and Fz(z;4, Dju) also satisfy a defective renewal equation, respectively. Besides,
the explicit expressions, which have been derived by Lin and Willmot (1999) [36],

and defective renewal equations based on (1.1) can be easily got by letting D — 0.

143
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4.1 Introduction

When ruin occurs due to a claim, let f(z,y,t; D|u) denote the defective joint proba-
bility density function of U(T—), [U(T')| and T, and define the discounted defective

marginal probability density functions with the discount factor § > 0 as follows:

f@yi8, D) = [~ e *f(z,y.t; Dlu)dt, (4.1)
fuz:6,Dlw) = [~ f@y6 D)y = [ [~ e f(z,y.t; Dludedy,(4.2)
w6 Dl) = [7 fz.y:6,Dluydz = [ [T e f(z,y,¢; Dlu)dtda.(4.3)

Dickson (1992) [5] derived the defective probability density function of U(T—),
the surplus before the time of ruin, for the case § = 0 based on the classical surplus

process (1.1) as follows:

As, 1 —0(u) .
Zp(z)l—-—-m’ lfOS'Ua<$,

fi(z;0,0lu) = (4.4)

A sy Yolu=2) ~do(w)
| O T O s

with 3o(u) given in (1.3)
f1(z;0,0]0) = %F(z). (4.5)

Later, Gerber and Shiu (1998a) [29] generalized Dickson’s formula for the case
8 > 0 to get the discounted defective probability density function of U(T—)
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[ A — e —K,(u) .
—ePp _—__° <
ce (z) T-R,0) fo<u<e,
fi(z;6,0lu) = 5 (4.6)
A e € K(u—1z)— K,(u) .
- — <
‘ Ce P(z) 1-K.(0) , f0<z<u,
with
fi(z;6,0/0) = %e""ﬁ(z), (4.7)
and
K, (u) = E[e*T VDI [(T < 20)|U(0) =u], u>0. (4.8)

Set w(z,y) = e~ in (1.2), then from (1.13) K,(u) satisfies the defective renewal

equation as follows:

?p(“)

A u __ oo oo o0
- 2 - -p(y—u) z —p(y—u) —o(z—y)
= 2 /0 K.(u - z) /, e dP(y)dz + /., e /,, e p(z)dzdy

>

P

-~

A Y oo A [ rz

= = — —p(y—u) z —p(z—u)

= c/o K, (u :t:)/z e dP(y)dz + c/.: /; e p(z)dydz

_ A e % —ply—u) é (e — —p(z—u)

= 2 /0 K.(u—z) /, e dP(y)dz + = /.. (z —u)e p(z)dz  (4.9)
Ay L)

= = - —p(y-u)

= = _/0 K,(u — z) /; e dP(y)dz +

A oo . A oo .
A [T gmotz—w _2 _ u)e—Pl=-w > .
: /u e P(2)dz - p /u (z — u)e P(z)dz, >0, (4.10)

With 7,,(11,”5:0 = 1#0(‘![).
Since p(d) is a root of (1.14), we have Ap(p) = A + 8 — cp. If we differentiate
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with respect to 4, then cp’'(d) — 1 = Ap’(d) /0 = ze *p(z)dz. Therefore, from (4.9)

we obtain
1

o (4.11)

K,(0) = :c\-fooo ze Zp(z)dzr =1 —

with K,(0)]|s=0 = Ap1/c = 1/(1 + 8) = v0(0).
Later we are going to derive the more general discounted defective probability
density function of U(T—), the surplus before the time of ruin, for the discount

factor § > 0 based on the surplus process (1.4) with an independent Wiener process.

4.2 Discounted joint distribution and probability
density functions of |U(T)| and U(T-)

First of all, by appropriate choice in the penalty function w(z,y), we have that the
discounted defective joint distribution function of U(T'—) and |[U(T)| is equal to
¢w(u). Then the explicit expression for the discounted defective joint distribution
function of U(T'—) and |U(T)| can be obtained by (1.36) and (1.44). To see this,
for any fixed z and y, let

1, ifz; <z,z, <y,
w(e1, 22) = St (4.12)

0, otherwise.

Then by (4.1), ¢w(u) in (2.2) becomes

¢u(u) = EleTw(U(T-),|UT))(T < o0,U(T) < 0)|U(0) = u]
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= /ooo /:o /Ow e % w(z,, z;) f(21, 22, t; D|u)dtdz,dz,

- /0 * /0 Y /0 ~ e=% f(21, 23, t; Dlu)dtdzdz;

- /'0 - /0 * f(z1,22; 8, DJu)dz,dz; (4.13)
= F(z,y;6, D|u), (4.14)

the discounted joint distribution function of U(T—) and |U(T)|. And the function
B(u) in (2.114) can be written by (2.34) and (1.52) as follows:

fo<u<e,
B(u)
= %(1 + B) /ou e~blu—2) /m e~#®1-9) /oo w(zy, 2 — z1)p(z2)dz2dz,ds
] 1
A u z z1+y
= 51+8) /0 e=blu=2) / e~ [ plas)derdz,ds

= %(1 +8) [ “embtumn) ["emstmm) [F(zl ) — Pz + y)] dz,ds
= %(1 +B) /o" e""“-'){ / = e P =)P(z,)dz, — / Z e PE =~V P(z,)dz, —
e=Plz=2) [ /z % ¢=o=1-2P(z,)dz; — /, : e=?=1 =1 P(z, )dzl] }ds
= b [ferbtems {F(s) _T(s+y) — e [F(z) —T(z+ y)] }ds
= b [ et [F(s +y)— F(s)] ds — be=Pee~t [f(z) —T(z + y)] [ eas
= b /,, Y gbutv=0)[(g)ds — /0" L(s)H' (u — s)ds —
Semre(e™ — T(z) ~ T(= +)]

= G(u) — G(u+y) — H(u)G(y) - ge""(e"‘ - e'b“)[r(z) —T(z+y)], (4.15)
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and for u > 0

B'(u) = G’(u+y)—G'(u)+H'(u)G(y)—ge"”(/’e""+be"’")[f(z)-f(z+y)]; (4.16)

fo<z<u,

B(u)

and

A v o_ u—s * _ z)—8 >
B‘(l +ﬂ)/; e & )/: € (=1 )./;l w(31,23 —zl)p(22)d22d21d3

—3—(1 +B) [ /0 "+ /, "] e~bu=) / " gmplzi=e) /, T'ﬂ' p(z5)dzzdz,ds

%(1 +8) [ et [Temstm=a [ T'“’ p(22)dzdz ds

b /0 " gblu—s) {F(s) —T(s+y) — =" [F(z) —T(z+ y)] }ds

b b [I‘(s +y) - I‘(s)] ds — be—r=e b [F(z) i y)] [ evds
[T bert D (a)ds — 74472 [ pemHe-IT(a)ds -

Y emrmembu(e= — 1)[[(z) ~ Tz +y)]

ebum2) [T pebletv-ar(s)ds — e [* be=0 T (s)ds
e [ pe-be=(s)ds ge"""(eb" — e=*)[[(z) - T(z +y)]
H(u — z)[G(z) — G(z + y)] — H(»)G(y) —

aﬁe-'m(e'w — e=#)[[(z) - T(z + y)], (4.17)

B'(v) = —H'(u-2)[G(z) -Gz +y)] + H'(v)G(y) +
SH'(u)(e"‘ — e™)[[(z) — T(z +v)]. (4.18)
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When D — 0, g — 1 and G(z) — I'(z); in this case B(u) becomes

T(u) - T(u + —e =Y (z) -T(z +y)], fO0<uc<ze,
Bo(u) = [[(u) — T(u +y)] [T(z) — (= + y)] (4.19)
09 fo<z S u.
We remark that the expression above for Bo(u), 0 < u < z, also holds when u =0,

which can not be obtained by D — 0, but by derivations similar to (4.15) from
A o0 o0

Bo(u) = —(1 +ﬂo)/ e“’(""“)/ w(zy, 22 — z1)p(z2)dzqdz,.
C u )

Theorem 4.1 The discounted defective joint distribution function of U(T—) and
lU(T)| s

F(z,y; 4, D]u)
[ 2L [R@w) - R+ )] -6 K+ H@w
+50¢[F@) - Tz+)]
[p /0 “ e R(u —t)dt + B v H(u) — e""]
+% [ Rau+y-newa, fo<u<z,
= 4 (4.20)
% /0 "Ru—t) [G’(t) _Gy+ t)] dt — %G(y)m(u)
+%ge"” [F@) T +y)|[p [ K- t)dt + K H(w)|
+5[(6@) - Btz + 1)) -2 (T@) - e +9)) |K T B - 2)

f0<z<u,

with
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F(z,y;4,D|0) =0, (4.21)

where K = H(u) can be replaced with ¢¢(u) by (2.108).
When D — 0,

F(z,y;6,0lu)
(1 ';oﬂz [T{'o(ul ~Folut v)]- irf‘y)?i(u) )
+5e[F(@) = T+ )] [p [ R — 1)t + Kofw) - ]

+é [ Bolw+y - )at, fo<u<z,
= (4.22)

& [ Folu— 000 - o+ 0]t - 2TWKo(w)
+ ﬂl_oe—m [r(z) -T(z + y)] [p /(; i} e Ko(u — t)dt + ?o(u)],

| fo<z<u,

with
1

[e-“r(z) +T(y) — eT(z + y)]. (4.23)

If further let 6 = 0,
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F(z,y;0,0]u)

[ 222 [go(w) — vutas + )] +5[Pil +9) = Pi(e) — Pato)]d(w)
—%[Pl(z +y) - Pl(":)] +0—;—1'_/0 Yo(u+y — t)P(t)dt,

= fo<u<z, (4.24)

% /: Yo(u —t) [F(t) —P(y+ t)] dt

+5P +9) - Pe) - P, HFo<z<u,
with
F(z,y:0,0{0) = Jlr 5 [Pl(z) + Pi(y) — Pi(z + y)]- (4.25)

Proof: If 0 < u < z, from (1.39), (4.14), (4.15) and (4.16), equation (1.44) becomes

F(z,y;6, D|u)
1 fu_ , 1.
= —B/o K(u— t)B(t)dt + 5 B(w)

1 Y= ’ U 1 4 ’
= ﬁ/ K(u—t)[G(t)—G(t+y)]dt—BG(y)/o K(u— t)H'(t)dt +

%ge—n [F@) ~ Tz + )] [ K = t)[pe + be]de +
5[0 - B+ 1) - Hwew) - Zele - ™) - T + v)]]
- v PR (w) - 560)[K « Hw) + Hw)+

%ge—” [l"(z) —T(z+ y)] [p [ e Ru-t)dt+ K« Hw) + Hw) - e""] -

3 L K(u+y—t)G'(t)dt — %ﬁ(u +y)
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= 2L [Rw) - Rw+y)] 560K+ Hw + 5 [ Ka+y - 06 0d +
1b

Fee ™ [[@) ~Te+u)][p /0 K (u — t)dt + K5 Hu) — .

For u = 0, by (1.39),

F(z,y;6,Dl0) = 1—;’—’[ 0)—F(y)]—§c(y)+§ [ R - 06 (t)a

1+ v__ 15
- ‘T Kw)+5 /o K(y — t)dG(t) + 5G(v)

[
o

2

showing (4.21).
Similarly, if 0 < z < u, from (1.39), (4.14), (4.17) and (4.18), equation (1.44)

turns out to be

F(z,y;4, Dlu)
1 T ___ ’ 1 —_— P 1
= _5/0 K(u—t)B'(t)dt — E/:K(u —9)B(t)dt + 5B(v)

_ % [Ew-v [G’(t) G+ y)]dt - %G(y) [ Re-tE @+

%ge_” [F(z) _T(z+ y)] / "R(u—t) [peﬂ‘ + be""] dt +
l[G(z +y)— G(z)] [ B - o)t~ 2)ae - lc:(y [ R - o ed -
;Z [e - e_"’] [I‘(z) Tz + y)] / R(u— t)H'(t)dt +
5[F@ - 2@ -8 + ] - FH@EW) -
16

E;e""‘(e e *)[[(z) - T(= + y)]]
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= 5 [ Ra-9[c®) -6 +y)|d - 560)[K+ B + Hw)+
B Jo g

%ge"”‘ [F(:) . y)] [p [ R~ t)dt + K« Hw) + F(u)] +

s[e@ -8 +v)[[ Ku-ome -+ Bu—2)]-
5e[F@ - T+ ][ [ K-t - 20t + Hlu - 2)]
- [ Ru-n[e® -6t +y)a- Z6WRTHW +
sae[Fe) Tz + )] [p [ *Kiu - e + Kx B+
%[[@(z) -G(z+y) - %[T(z) —T(z+ y)]]
[ / “R(u -z — s)H'(s)ds + H(u— z)]
= 3 [Ra-9[60) - @ +u)]d- 360KTHW +

%ge-m [Fe) =Tz +9)][o [ #Rlw — )t + BB (w)|+

1

5|6 - B + ) - 2@ - Fe + )| KR - 2),

proving (4.20).

153

When D — 0, 8 — fo, g — 1, G(y) = C(y), K(u) = Ko(u), and by (3.20),

K + H(u) — Ko(u) or 1 depending on u > 0 or u = 0. Therefore, (4.20) — (4.22)

when D — 0.

Note that the expression in (4.22) for F(z,y;4,0]u), 0 < u < z, also holds for u = 0,

which can not be obtained by D — 0 from (4.20), but by derivations similar to
—_ 1 _—
(4.20) from F(z,y; 4, 0[u) = —— [ Ro(w ~ 0)Bi(t)dt + -Bo(w) - L By (0)Ko(u)
Bo Jo o Bo

B
with Bo(u) given in (4.19). When u = 0, by (2.91), (4.22) reduces to
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. _ 1+ 60 1 T ____1___
Fleid000) = 22|~ Kalo)| - T +
1 o —[F —T 1 - i "By —
5 [[@ -Te +v)] |55 - 1+5 [ Kol - 1@
_ 1 148 o [1 1
B Bo Koly) [ﬂo 1+ﬂo]r(y)+

e [P - T + )]+ [+ B Foty) - T)]
1

= 7% [e"”r(z) + [(y) — e™™T(z + y)],

which is (4.23).
If further § = 0, then By = 8, Kos5-0(u) = ¥o(u), I'(z) = Pi(z) and I'(z) =

PIE:B) . In this case, (4.24) can be easily obtained from (4.22). When u = 0, similar
1

arguments show (4.25) from (4.24) by (2.91) with § = 0. Alternatively, when § = 0,
p =0, Bo =6 and I'(z) = Pi(z), (4.25) is easily obtained from (4.23). a

Corollary 4.1 The discounted defective joint probability density function of
U(T-) and |U(T)| is

f(z,y; 6, Dju)
f AePp(z +y) &€~ K« H(u) — p/ou e” K (u — t)dt F0<u<z
c+20D 1-K(0) A ’
= __ o . (4.26)
Ae=*=p(z + y) e””K « H(u — z) —K*H(u)—p/(; e K(u —t)dt
c+2pD 1-R(0) ’
; fl<z<u,




CHAPTER 4. DISCOUNTED DISTRIBUTION AND PROBABILITY
DENSITY FUNCTIONS 155
with

f(z,y;8,D|0) =0, (4.27)

where K * H(u) can be replaced with ¢.(u) by (2.1083).

When D — 0,
f(z,y;6,0[u)
r A e”™ — Ko(u) — p/ e Ko(u — t)dt
Ler* =0 f0 <
Se p(z +y) T = Kq(0) , #Y#o0<u<z,
= J - - = — (4.28)
A e Ko(u — z) — Ko(u) — p/ e” Ko(u —t)dt
—e—pzp(’: + y) 73 0 ’
c 1 — Ko(0)
‘ f0<z<u,
with
A
f(z,y;6,0[0) = —e™"p(z +y). (4.29)
If further let § = 0,
(A 1 — vo(u) -
Z S Yot <
Cp(z+y)1—¢o(0)’ 1f0__u<z)
f(z,y:0,0[u) = J (4.30)

ez +v) "’°("1'_’1;0?0’;’°(“), ifo<z<u,

L

with
£(2,;0,000) = Zp(z +3). (4.31)
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Proof: Since f(z,y: 4, Dlu) = 2L (’:9;"’95 D) & om (4.20)
fo<u<ez,
Mgt D) - PRy - 60K H)
_%ge"”f‘ (= + y)[ _/; “ e K(u — t)dt + K+ H(u) - e"“]
+EG'(y)?(u) + E/: K'(u+y —t)G'(t)dt,
and

0*F(z,y; 8, D|u)

dzdy
= SelprTa+n + e e+ o) [p [ Rl - e + K Hw) - o]
- %Ee =[iT(e +4) + 'z + y)]'[p/o" R (u—t)dt + K+ Hu) - |
b _ . -
= S+ AP +y)p [ Riu - )it + K Hw) - o]
A _ e”"—K*H(u)-—p/:e"‘f(u—t)dt
= c120° Pty 1- K(0) ;
with the help of (2.44);
fo<z<u,
0F(z,y;8,Dlu) 1 r=— " 1,
o = _5/ K(u—t)G"(y +t)dt — 5G' (1)K x H(u)

e T +y)p [ Riu - t)de + Kr H(w)]

-5 + v - T+ 9|FHE-2)
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9*F(z,y; 8, Dlu)
0zdy

= —56" (e +u)R(u—2) - 5 2e Tz +y)pe=K(u — 2)
1b

~5[E @+ 9 - e+ )RR -2)

~5[Ee +9) - 2T + )] [ A - 2) - K- 2)]

2
= —é— [G"(z +y)+ ba—pf'(a: +y)—bG'(z +y) + %F'(z + y)]F(“ —z)

+E" [pe T/ +y) + Tz +y)| [o [ Bu - t)it + Ko H ()]

157

_% [a-"(z +y) - gr"(z +y) +bG'(z +y) — b:f’(z + y)]m(u ~=)

K = H(u) +p/;ze”‘-l?(u —t)dt
1 - K(0)

_ -pz
c+2p De p(z +v)

_ _E[b” bt ]r (z +9)E(u ~ z)

a

—[6-ET e+ 9+ 20 + ) [KTR@-2)

A K+H@u) +p [ Rlu-tdt
0

~et12D° Pty 1— K(0)

= 525+ AP+ KR —2)

K+H(u)+p / K (u — t)dt
0
1 - K(0)

e""K*H(u—z)—K*H(u)—p/:e"‘f(u—t)dt

e ”p(z +y)

c+2pD 1- K(0)

with the help of (2.44), (2.48) and (2.106).
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Similar arguments show (4.28) from (4.22). If further é = 0, then Ko s-0(u) =
Yo(u), and (4.28) reduces to (4.30). Letting u = 0 in (4.26), (4.28) and (4.30) easily
lead to (4.27), (4.29) and (4.31), respectively. a

4.3 Discounted distribution and probability den-
sity functions of |U(T)|

The discounted distribution function of |[U(T')|, F2(y; 4, D|u), now is easily obtained

from F(z,y;é, D|u) by letting z — oo
Corollary 4.2 The discounted defective marginal distribution function of |U(T)|

is

Fa(yi 6, Dl) = “52 [R(w)~R(u+)| - 560K B+ [ Klury-1)Ge)at
(4.32)

with
Fy(y;6,D[0) = 0 (4.33)

and
. 1+8— )
Fy(00; 8, Dju) = vli’ngo Fy(y;6,D|u) = —ﬂ—K(u) - EK * H(u) = ¢,(u), (4.34)

where K x H(u) can be replaced with ¢.(u) by (2.103).
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When D — 0,
1 — — 1 — 1 rv— ,
Faly; 6, 0fu) = 2222 [Ro(u)~Ko(u+y)] ~ 5L Kotw)+ - [ Kofaty-t)T(e)de
Bo Po Bo Jo
(4.35)
with
1
Fy(y;4,0(0) = r 4.36
1(4:,000) = 735 TO) (4:36)
and
Fi(003,00u) = lim Fy(y;6,01u) = Ko(u). (437)

If further let § = 0,

Fu(w;0,01u) = 3= [Vo(u) — Yo(u+9)] ~ 5 Prubow)+ 5= [ bou+y—t)Plt)at
(4.38)

with
Fify;0,000) = 15Pw) = 2 [ Pleyae (4.39)

and
Fi(00;0,00) = Jim Fy(y;0,00u) = do(u). (4.40)

Proof: By letting £ — oo in the case 0 < u < z (since u is fixed) of (4.20), which
implies both T'(z) and I'(z + y) — 0, we easiiy get (4.32). Equations (4.35) and
(4.38) can be proved from (4.22) and (4.24), respectively, by similar arguments,
whereas (4.33), (4.36) and (4.39) can be shown from (4.21), (4.23) and (4.25),

respectively.
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When y — oo, K(u +y) — 0 and /"?(u+y—t)c'(t)dt < /Owﬁ(u+y —t)
0

G’(t)dt — 0, which imply Fy(y;d, Dju) — liﬂ—-I?(u) - %K*H(u) = K(u) —

B
éd(v) = ¢,(u) by (2.101) and (2.103), proving (4.34). Similar arguments

1+ ﬂ
show (4.37) and (4.40). o

Corollary 4.3 The discounted defective probability density function of |U(T)| is

12038, Dlu) =~ 2R w+ 1) ~ 2 « K(w) + 5 [ K'(u+y - )G (e
(4.41)

with
f2(y; 6, D[0) =0, (4.42)

where H * K(u) = K * H(u) — K(u) can be replaced with 1 '34’4(") by (2.104).

When D — 0,
Filwi 8,0 = 2Ryt 4 - [ Rsy-0r@a @443)
with
£a4:6,000) = 12T (0). (4.44)
If further let § = 0,
0.0 =~ 5 Wt ) + 5= [Wury-tPed  (245)
with
— Aee
£0.00) = R0 = T P@ = 5P0).  (446)
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Proof: By differentiating (4.32) with respect to y, we get

_1+85
I¢)

3 /; B'(u+y —t)G'(t)dt.

£:3i8,Dlu) = ——ER (u+y) - 56 ) K7 B ~ K|+

Combining this with K * H(u) — K(u) = H = K(u) by (2.104), we obtain (4.41).
Similarly, differentiating (4.35) and (4.38) give (4.43) and (4.45), respectively,
whereas differentiating (4.33), (4.36) and (4.39) give (4.42), (4.44) and (4.46), re-

spectively. Alternatively, when v = 0, (4.41) becomes

f2(y; 6, D|0)
_ 1+ﬂ v T = 4
- -2lr) - G()[l =51+ [ Rw-newae
1+ 8—, / /
= ‘TK( )—mc( )+E[8_ K(y —t)dG(t) — K(0)G (y)]
- 1+ﬂ_'()‘I+ﬂG'(y)+ sla+aF @ -0 - KOe W)
=0

with the help of (1.39), proving (4.42). Similar arguments show (4.44) and (4.46)
from (4.43) and (4.45), respectively. a

Theorem 4.2 The discounted defective distribution function of |U(T')| satisfies the

defective renewal equation

Fy(y;6,Dlu) = —l—ﬂ [ Fa(4:6, Dlu - 2)dG(2) +

——ﬂ-[G(u) CGlu+y) - G(y)H(u)] (4.47)
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When D — 0,

1

Fy(y;6,0[u) = 1575

[ Fa(y:6,0u — 2)dr(z) + ’1_:_,6; [F(u) . y)]. (4.48)
If further let § = 0,

Fiy;0,0u) = 1 [ Fa(a;0,0lu— 2)dPu(2) + 1 [Puw) = Pu(u+)], (4.49)

1+6Jo
which is (5) of Gerber, Goovaerts, and Kaas (1987) [25].

Proof: For any fixed y, let

1, fz<y,
w(z,z) = (4.50)

0, otherwise.

Then by (4.1) and (4.3), ¢u (%) in (2.2) becomes

bu(u) = Ele=Tw(U(T-),|UT))I(T < 00,U(T) < 0)|U(0) = u]
- /o * /0 > /0 = e=%w(z, z) f(z, z, t; D|u)dtdzdz
- /0" /0 = /0 = &% f(z, z,t; D|u)dtdzdz
- /0“ /0 * f(z, ; 6, Dju)dzdz
= /0" f2(2; 6, Du)dz
Fy(y; 8, Dlu), (4.51)

the discounted distribution function of |U(T)|.
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By (2.15), F2(y;d, D|u) satisfies the defective renewal equation

Fi(y; 6, Dlu) = [ Fy(y;4, Dlu — z)g(2)dz + gu(u) where gu(u) = h * 7.(u). From

(2.7) and (2.14),

A o 00

- =2 —p(z—s)

Tu(8) = c/. e /0 w(z, z)p(z + z)dzdz

A [ v

= = —p(z—s)

= c/. e /; p(z + z)dzdz
A [ — —

= Z —p(z—3) —

= 2" [P(z) P(z+y)]dz

= %/{;we‘”[ﬁ(z+s)—ﬁ(z+s+y)]dz,

and by (1.49) and (1.52)

208 _ W) _f(y) _T(s+y) = Do +3) - (s)
/(; 7(y)dy = /0 e "P(y)dy

This implies

Cgw) A a)v()ds
/000 g(z)dz - /om h(z)dz /0°° ~+(y)dy
= /: H'(u— s)[l"(s +y) - P(s)]ds

- /v " H'(u 4y — t)[(8)dt — Glu)

= Gu+y) - /0" H'(u +y — t)[(t)dt — G(u)
= G -Cu+y) —e™ [ H(y - l(t)de
= G(u) — G(u+y) — G(y)H(u).
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: o0 1 / 9(z)
Since g(z)dz = —— and G'(z) = —,
/0 1+ / 9(z)dz
()
Fz(y§ 67 DI“)
- /0 Fi(y; 8, Dlu — z)g(z)dz + gu(u)

1 u g9(z) 1 9w (u)
= —_— Fo(y; é, Dlu — = dz + =
5 /0 2(y; 6, Dlu — z) I 2+ 15 / i
0 0

1 fu ; 1 (= _ —
= 153 /0 Fy(y; 4, Dlu — z)G'(z)dz + m[G(u) —~Gu+y)— G(y)H(u)].

(4.48) and (4.49) can be shown by similar arguments. Alternatively, when D —
0, 8 — Bo, H(u) = 0 for u > 0 and G(z) = I'(z), (4.47) — (4.48) for u > 0. If
é = 0 then By = 6 and I'(z) = Pi(z), (4.48) reduces to (4.49). a

We remark that (4.47) can be shown from a probabilistic viewpoint. Since g(z)
defined in (1.30) is the discounted probability that the first record low (the first
time where the surplus falls below the initial level) is caused by a jump where z is
the amount by which the resulting first record low caused by a claim is below the
initial surplus u, and H(u) = e~™ is the expected discounted value of a contingent
payment of 1 that is due at ruin, provided that ruin occurs before the first record
low that is caused by a jump, by conditioning on the time and amount of the first

record low caused by a claim, we obtain

F,(y;6,D|u) = /ou Fy(y; 6, D|u—z)g(z)dz +/:+y g(z)dz — H(u) /oy g(z)dz. (4.52)



CHAPTER 4. DISCOUNTED DISTRIBUTION AND PROBABILITY
DENSITY FUNCTIONS 165

Note that the second term of the right side includes an unwanted contribution
for the situation where ruin occurs by oscillation prior to the first record low caused
by a jump; the third term is the corresponding offset.

Since /0 ~ g(z)dz = —— and G'(z) = —=2®) ., (4.52) can be written as

/gzz

1
1+8

Fy(y; 6, Dlu)
- % [ Falwi6, Dlu ~ 2)G'(2)de + 1= 5 /u"ﬂ' G'(z)dz —
ﬁﬁ(u) /0 Y G (z)dz
= 137 /[ P8, Dlu - 2)dG(z) + 135 [0w) - Clu+9) - G Fw),

which is exactly equation (4.47).

Corollary 4.4 The discounted defective probability density function of |U(T')| sat-

isfies the defective renewal equation

£24:6,Dl) = 155 [* 1208, Dlu = 2)dG(z) + 15 (G (w +9) - G H(w)].

(4.53)
When D — 0,
1 u 1 '
fa(yi8,0) = 7= [ i 8,00u —2)dl(z) + ;o T(uty).  (454)
If further let 6§ = 0,
£2(w30,00) = 155 [ (330,00 — 2)P(e) + iyt B (459)
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Proof: Differentiating (4.47), (4.48) and (4.49) with respect to y easily yield (4.53),
(4.54) and (4.55), respectively. a
Since F3(00;8, Dlu) = limy o F2(y; 6, Dlu) = ¢.(u), Fy(y;é,Dlu) is a dis-
counted defective distribution function. It is convenient to define the discounted

proper distribution function as follows:

FZ(y; 67 Dlu)

(1) (4.56)

Fau(y;6,D) =1 — Fa,(y;8,D) =

Then we have the following result for

Fy00(y;6,D) = 1 — F0o(y; 6, D) = limyy00 F2u(y; 4, D).

Theorem 4.3 F; . (y;9d, D) = lim,_ o Fa.u(y;d, D) satisfies

[ e=[6@) - Cla+v) - cw)A@)|dz
Fy00(y;8,D) = = . (4.57)
/; e~ [@(z) - T{.(z)]dz

'g — 3 1 K-C_;(y) —e v /:0 e~G(t)dt

K b-—=&

where K satisfies /m e™”dG(z) = 1 + B, or equivalently, k = —§; and &, is the
0

unique negative root of (2.187).
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Proof: Since ¢,(u) satisfies (2.117), ¢,(u) = i_-il-_ﬁ./ou d.(v — z)dG(z) + 1 iﬂf*

H(u), and Fy(y; 8, Dlu) satisfies (4.47), Fy(y; 6, Dju) = %ﬂ- [ Faw:6,Dpu— )

dG(z) + T—_*l_z[_G_(u) - G(u+y)— G(y)ﬁ(u)] , by theorem 1.2,

Ba(u) ~ foeT A . _ . e=[ee - F(ﬂ]""e_

/0 = ze™=dG(z) /0 ~ ze™dG(z)

"4 as u — 0o,

and

L =[6@ -Ce+v) - cwB@)d

= e ™", as u — oo,
/ ze"*dG(z)
0

Fy(y; 6, Dlu) ~

where & is positive and satisfies / = e”*dG(z) =1 + B. Therefore,
0

F2,co(y; 6, D) = uli'x& Fz,u(y; 6’ D) = llm € Fz(y; 6, Dlu)

u;»oo e’“‘d),(u)
/0 * er [6(:) _C(z+y) - G(y)ﬁ(z)] dz
/0°° en [E(z) - F(z)]dz

k]

which is (4.57).
: ® x2S — p— Y bt L Yal k2T = ® —(b—x)z
sllnce /0 e=C(z +y)dz = e /,, elG(t)dt, /0 e H(lz)da: /0 e dz
= ;= byb>rand [ =Tla)ds = [~ Cla)de™ = _[e G(,,)Io +

I e"‘dG(z)] =B (4.57) leads to (4.58). =
0 X
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4.4 Discounted distribution and probability den-

sity functions of U(T-)

The discounted distribution function of U(T-), Fi(z;d, D|u), is directly obtained
from F(z,y;d, D|u) by letting y — oo

Corollary 4.5 The discounted defective marginal distribution function of U(T—)

18

Fi\(z;é, D|u)
. 1+ﬂK( )—EK*HM

J if0§u<z,(459)
= je )  — '
E-/o K(u - )G/ (t)dt — 5K = H(u)

+%§e-ﬂzf(z) [p /0 " " R(u —t)dt + 7{*—3(“)]

L +%[§(z) - -(b;f(z)]—K_*—ﬁ(u —-z), fo<z<u,

with
Fy(z;48,D|0) =0 (4.60)

and

1+8—

Fi(o0; 4, D[u) = Jim Fi(z;4,D|u) = 3

——K(u) - EK*H(u) $s(u), (4.61)
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where K * H(u) can be replaced with ¢,(u) by (2.103).

When D — 0,

Fi(z;4,0[u)
r Ko(u) + Blge""f"(z) [p /ou e Ko(u — t)dt + Ko(u) — e""] ,

fo<u< :z:,( 62)
1 pe_ , 1 1.
af fo(u ~ OT'()dt — 5-Fo(u)

+—e""T(z) [p /: e”Ko(u — t)dt + _Ifo(u)] , tf0<z<u,

=

\ Po
with
Fi(z:6,000) = ——[1 — =T )] (4.63
i\Z; 0, - 1 +,BO[ € (Z . )
and
Fy(00;4,0|u) = :ﬁ_{lolo Fi(z;6,0|u) = Ko(u). (4.64)
If further let § = 0,
[1+M]¢0(“)-Ma f0<u<gz,
Fi(z;0,0l) =4 4 .0 _ 8y (4.65)
o /0 Yo(u — )P(t)dt — SPi(2)o(u), F0<z<u,
with
Fi(2;0,000) = 15 Pi(2) (4.66)
and

Fy(00;0,0[u) = zﬁ_{go Fi(z;0,0[u) = to(u). (4.67)
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Proof: By letting y — oo in (4.20), which implies K (z +y), [(z +y), G(z +y) and
G'(y+t) = 0,G(y) = 1, and /0 ‘ K(u+y—t)G'(t)dt < /o = K(u+y—¢£)G'(t)dt — 0,
we obtain (4.59). Equations (4.62) and (4.65) can be shown from (4.22) and (4.24),
respectively, by similar arguments, whereas (4.60), (4.63) and (4.66) can be shown
from (4.21), (4.23) and (4.25), respectively.

When z — 0o, Fi(z; 6, D) —» *XPR(u) - EK K+Hu) = K(u) —

3 1+ﬂ¢d( u)
= ¢,(u) by (2.101) and (2.103), proving (4.61). (4.64) and (4.67) can be shown

directly. a

Corollary 4.6 The discounted defective probability density function of U(T—) s

fi(z; 4, Dlu)
[ rePe) & —~KxHw —p [ #Ru-t)dt
— if0 <

et 20D I-R(0) , #fo<u<e,

- . (4.68)
Ae-#<P(z) K+ H(u—2)-KxHu) —p [ & Klu-t)dt
0
c+2pD 1-K(0) ’
f0<z<u,
with

fi(z;6,D|0) =0, (4.69)

where K * H(u) can be replaced with ¢,(u) by (2.103).
When D — 0,
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fi(z;4,0]u)
A e —Ko(u)—p /0 e Ko(u — t)dt -
P P(z) T—K.(0) , f0<u<ez,
= J _ _ z (4.70)
y _  e*Kou—z)—Ko(u)—p / A Ko(u — t)dt
Ze==P(z) ~__Je ’
C 1- Ko(O)
‘ f0<z<u,
with fi(z;4,0|0) given (4.7).
If further let 6 = 0,
[ A5, 1 —1o(u) X
ZP(z)‘:m, fo<u<z,
fi(z:0,0]u) = (4.71)
Ag .\ Yoy —z) —o(u) .
L ZP(z) 1_¢0(0) ' 1f0<zS“,

with fi(z;0,0]|0) given (4.5).

Proof: By (2.44) and K(0) = TL-’ differentiating (4.59) with respect to z leads

+p8
to that
fo<u<rez,
fi(z;6,Dlu) = lé[e"”f(.'c)]l[p/u e”*K(u—t)dt + K « H(u) — e""]
1 1 Y ﬂa o
15 A

= —525p5 +PeP) [p [ e Ru - t)dt + R H(w) - e""]
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e — K e H(u) — p/o" R (u—t)dt
1—K(0) ’

A =B
= —=p
c+ 2pDe ()

if 0 < z < u, with the help of (2.48) and (2.106),

fi(z; 4, D|u)

= %-I_{_(u -z)G'(z) + %%
1b

—;e"”ﬁ(z)pe"'ﬁ(u ~z)+ %[ﬁ'(z) - gf'(z)] K+H(u—z)+

=T [o [ Fw — t)at + BB (w)] +

Tﬁ(z) - z-F(z)]K T H'(u—z)

TG’(z) + %”F(z)]?(u —z)+ %[6'(:) - gr'(z)]—_x T H(u—z)+

VoW~ W=

T@(z) - gf(z)] [m(u —z)~K(u - 1:)] -

K*H(u)-{»—p/oze"‘?(u—t)dt
1- K(0)

2
- %[G'(z) + ';—”F(z) —bG(z) + %t“(z)]'l?(u —z)—
2
l[G'(:r:) - g["(z) - bG(z) + b;r(z)]K «H(u—z)—-

B
A - K*H(u)-{-p/:e”‘?(u—t)dt
c¥20° ) - K0)
= l b_p_ g_2:—_11,—:: —
= 5[Z-t+F@R@-2

L& o) - 20| Ko - 2) -
A KxH(u)+p /0 ) e”K(u — t)dt
c+2pD 1 - K(0)
_ ; b [pf(z) + F'(z)]m—(u —z)—

e " P(z)

a
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\ _ “_“K*H(u)+p/'eﬂ?(u-t)dt
-
1 - K(0)
A _ e"‘K*H(u—z)—K*H(u)—p/ze"‘—f(u—t)dt
0
1-K(0) )

Similar arguments derive (4.70) from (4.62). If further § = 0, then Ko 5-0(u) =
%o(u), and (4.70) reduces to (4.71). Setting u = 0 in (4.68), (4.70) and (4.71) easily
give (4.69), (4.7) and (4.5), respectively. a

Now equate (4.6) and (4.70), we get

e Ry~ Kolw) —p [ Folu—tt
1-K,0) 1 — Ko(0) ’

or equivalently,

| ?,,(0)

Ko(w) =" - =% 0)

[e”" —Ro(u)—p /o * e Ro(u — t)dt], (4.72)

with K, s-0(x) = Kos=0(2) = ¥o(u).

Theorem 4.4 For 0 < u < z, the discounted defective distribution function of

U(T —) satisfies the defective renewal equation

Fy(z;6,Dlu) = Ti—ﬂ- [ Fi(@;8, Dlu — y)dG(v) +
o {T i@ - ZemT@) e - e} @)

When D — 0,
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Fy(2;6,0u) = — / " Fi(=;6,0/u — y)dT(y) + — [F(u) - e-ﬂ<=""F(z)]-
1 Y 1 +ﬂO o 1 Y 1 +ﬂ0

(4.74)
If further let 6 = 0,

1 u 1 r— —
Fi(z;0,0[u) = mjo Fi(z:0,00u — y)dPy(y) + m[Pl(u) — P,(z)]. (4.75)
Proof: For any fixed z, let

1, fz<¢z,
w(z,y) = (4.76)

0, otherwise.

Then by (4.1) and (4.2), ¢, (u) in (2.2) becomes

$u(v) = Ele™Tw(U(T-),|[U(T))(T < o0, U(T) < 0)|U(0) = u]
= [T [T [7 e**u(zv)f(zv,t; Dlu)dtdyds
= /0 i /0 ~ /0 ¥ e=%f(z,y, t; Dlu)dtdydz
= [ [ #(z.v15, Dlu)dydz
- /Ozf,(z; 8, Dlu)dz
= Fy(z;6,Dlu), (4.77)

the discounted distribution function of U(T'-).
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By (2.15), Fi(z; 8, D|u) satisfies the defective renewal equation

Fi(#i8,Dlu) = [ Fi(;4, Dlu — y)g(v)dy + gu(u) where g.(u) = h * 7.(u). For

0 < u <z, from (2.7) and (2.14),

1) = 2 [T e [Z wiz,y)p(z + y)dydz
= 2 / e~ [ p(z +y)dyd=
= [/ "’("')P(z)dz - / —"(‘—')P(z)dz]

= = —p(z—0) D _ o=plz=0) [* —o(s-2)P
c[/ e~ P(z)dz — e [e P(z)dz]

and by (1.49) and (1.52)

7”(8) - 70(3) — ’]':\' —of{z—8) T,
= = — =I(s)—e L(z).
/0 v(y)dy % /0 e~"P(y)dy

This implies

au(u) [ b = s)1u(s)ds
[To@dz [T @)z [ v(w)dy
= [ “H'(u—s) [F(s) _ e-P<=-'>F(z)] ds
= T+ H(u) - e*I(z )be"’“ / * ebolegy

= T+ H(u) - e""'I‘(z) -""[ (btoju _ 1]

T* H(u) - ge_””r(z) [e”" - e‘b“] .

Il
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Since -/Oco g(2)dz = ﬁ and G'(z) = 7%,
z)dz

Fl(z; 67 D'u)

= / " Fy(z; 6, Dlu — y)g(y)dy + go(x)

1 +ﬂ f /0 g(z)dz 1+8 /0 9(z)dz
- ﬁ / * Fi(2; 6, Dlu - y)G'(y)dy +

liB{P*H(u)—— 2e "'I‘(z)[ -e-b"]}.

(4.74) and (4.75) can be shown by similar arguments. Alternatively, when D —
0,8 = Bo, b/a > 1,T xHu) - T(u) and H(u) = e™ — 0 for u > 0, (4.73) —
(4.74) for v > 0. If § = 0 then By = 6 and '(z) = Pi(z), (4.74) reduces to (4.75).

a

Corollary 4.7 For 0 < u < z, the discounted defective probability density function

of U(T —) satisfies the defective renewal equation

fi(z; 6, Dju) = 135 / fi(z; 8, D|u — y)dG(y) + +;pD e~ P(z) [ei"‘ - e‘bu] .
(4.78)

When D — 0,

Filz:8,00w) = 7= [ fi(2:6,01u — y)dl(w) + 2eP(z).  (479)

If further let § = 0,
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Ai(z50,00) = 15 [ 0,00~ 9)dRG) +2P@).  (480)

Proof: Differentiating (4.73), (4.74) and (4.75) with respect to z lead to (4.78),
(4.79) and (4.80), respectively, with the help of (2.44). a

Dickson (1992) [5] proposed a relationship between Fj(z;0,0|u), the probability
that ruin with initial surplus » and the surplus immediately prior to ruin caused by
a claim is at most z, and F3(y;0,0|u), the probability of ruin with initial surplus u

and the deficit immediately after the claim causing ruin is at most y, as follows:
: — (s Py(z)
Fi(z;0,0|u) = Fy(z;0,0lu—z)— 1+--T— Yo(u—z)—yo(u)|, 0 <z <u. (4.81)

We also have corresponding relationships between Fi(z; d, D|u) and F:(y; 8, D|u)
and between Fj(z;4,0[u) and F3(y;d,0|u) as follows:

Lemma 4.1 For0 <z < u,

Fi(z;4, Dlu)

= Fy(z;8,Dlu—z) - [?(u —z)— ?(u)] —%ge"”r(z) /o " et dR (u—t) —
%[1 - gf(z)] [?(u —z)-K+H(u- z)]+
%[1 - -z-e""’r(z)] [?(u) - m(u)]. (4.82)

When D — 0,
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Fi(z;6,0lu) = Fy(z;4,0lu—=z)— [?o(u—z) —fo(u)] —-F];-e'”r‘-(z) /Oz e”dKo(u—t).

(4.83)
If further let § = 0, (4.83) simplifies to (4.81).
Proof: By (4.32), Fa3(z;é,Dju—z) = l%é [?(u—z) —-I—(-(u)]—%G(y)K * Hlu—=z)

+ % /0"' K(u — t)dG(t). Deducting this from (4.59) (the expression for 0 < z < u)

gives

F\(z; 6, D|u) — F3(z;d, Dju — z)

- _.1_;_@ [7(u —z)— 7(u)]+%[-1{—*f7(u _z)— m(u)]—

5 T KT Hu—2) + 52T [p [ e Rut)dt + Kx H(w)]
= —--1;—'3 [I?(u —z)— ?(u)]+% [m(u —z)— m(u)] —

%gf(z)l( «H(u—z)+

%ge"’zf(z) [~ -2) - R - [ e*dR(u-t) + K+ H(w)]

— :_I?(u —z)— ?(u)] —%ge'”f(z) /0 " e dR (u —t) —

:1 - gf(z)] [?(u —z)—K+H(u— z)] +

W= W=

:1 - ge_”'r(z)] [?(u) - T(_*—ff(u)]

after some arrangements.
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When D — 0, b/a — 1, 8 — o and both K(u) and K = H(u) —» Ko(u),
implying that (4.82) — (4.83). If § = 0 then B = 6, [(z) = Py(z) and Ko(u) =
o(u), (4.83) reduces to (4.81). o

4.5 Discounted distribution and probability den-
sity function of {|{U(T)| + U(T-)}

When ruin occurs due to a claim, {|{U(T)|[+U(T-)} is the amount of the claim

causing ruin. If we observe corollaries 4.1 and 4.6, we find some relations as follows:

f(z,y:8,Dlu) _ f(z,3:6,00u) _ f(2,4;0,01u) _ p(z +)
fi(z:6Dfw) ~ filz:6,0w) | fi(z:0,00w) | P(a)

(4.84)

independent of u, where z + y is the amount of the claim causing ruin. Though
Dickson and Egidio dos Reis (1994) [8] first showed the relation above for the
case D = 0 and § = 0, their proof seemed complicated. Later, Gerber and Shiu
(1997) [28] gave a easier proof.

If we let w(z,y) = z + y, then by (4.1), ¢,(u) in (2.2) becomes

bo(u) = E[e™T(U(T-)+ |[UTDIT < 00,U(T) < 0)|U(0) = u]
- /0 ® /o > /0 * e=%(z + y) f(z,y, t; Du)dtdzdy
= /Ooo ‘/:o(z +y)f(z,y;6, D|u)dzdy
/ow z‘/oz f(z,z — z; 6, D|u)dzdz
= [)w 2fz(z;6, D|u)dz, (4.85)
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the defective Laplace transform or the expectation of the present value of the

amount of the claim causing ruin, where

fz(z;6,D|u) = [)‘ f(z,z — z;4, D|u)dz = p(z) Oz ﬂ-:l%_;).t(s;z)DMda: (4.86)

by (4.84), is the discounted defective probability density function of the amount
of the claim causing ruin. (4.86) provides alternative formulas for obtaining the
expression for fz(z;4, Dlu) since the explicit expressions for f(z,y;d, Dju) and
fi(z; 6, D|u) are available from (4.26) and (4.68), respectively.

Theorem 4.5 The discounted defective probability density function of {U(T—) +
|U(T)[} is

fz(z; 8, D|u)

( o ;\pD)p :‘:‘%((;)) {,,epz [ /0“ K+ H(u—t)dt — /0" 'I?(u—t)dt]+

[e”* — e — [e”* — 1]K = H(u) + p/ou e K(u — t)dt}, f0<u<z,
= (4.87)

iy S e[ 04 [ Ko~

[e?* —1]K « H(u) + p‘/z e K(u — t)dt}, if0< z<u,
\ o]

with
fz(z;6,D|0) =0, (4.88)

where K * H(u) can be replaced with ¢y(u) by (2.103).
When D — 0,
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fZ(z; 57 Olu')
f A [e7* — ] — [e”* — 1]Ko(u) + p/ e Ko(u — t)dt
—e-p‘p(Z) 7 2 ’
cp 1 — Ko(0)
fo<u<z,
= (4.89)

—[ef* — 1]Ko(u) + p[: e”Ko(u — t)dt

Ao ,
\ ;e p(Z) 1 _-k—o(o) 4 lfo <z S u,
with
£2(:8,000) = 2172 ) (4.90)
If further let § = 0,
' A [z — u] — Yo(u)z + /: Yo(u —t)dt
ZP(Z) T=%e(0) , f0<u<z,
f2(z;0,0}u) = { (4.91)
x —to(u)z+ / " o(u — t)dt _
ES . Fo<z<u,
with
fz(2;0,0[0) = %zp(z). (4.92)

Proof: By (4.68), if 0 < z < u, (4.86) becomes
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fz(2; 6, Dju)

=2 +;pD 1 f(%)(O) {./oz KxH(u—z)dz ~ K+ H(u) ./o‘ ¢ dz ~

p‘/(;z e /: e K(u — t)dtdz:}

_ A p(z) i H(u— 2\de — L T (u) —
= c+2pD 1-?(0){/01( H(u —z)d= p R H)

p/og /;‘ e PEK (u — t)dzdt}

R S N e s
= c+2pD 1—?(0){/01{ H(u —=)d , KA

A [1 - e"’("')] Klu-— t)dt}

T (et ;pD)p le ‘_‘"%((20)) {pepz on K+ H(u—t)dt - /: K(u ) dt] B

[ — YR+ H(u) +p / "t R (u - t)dt};
0
whereas if 0 < u < z, decompose /o : into / * and / z. Then from (4.93)
o u

v fi(z; 6, D|u)
ple) [ e

A p(2) {/:‘ K+ H(u — t)dt — 1 —:—WT{*—H(u) -

c+2pD 1 - K(0)
/ou [1 - e"’(“")] K(u - t)dt},

and from (4.68)
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p(z) _/: fu(z: 9, Diu) dz

P(z)
S +;”D = (Tzf)(O) { -F+H@w - [ Ru-t)t} [ =dz
G +A2PD 1 j)(%)(0){‘3'"' ~K=H@ ~p [ @R t)dt}si:ﬁ
— eP=—y) -pu _ o=pr___
N C+;pD 1—1,(%)(0) 1 —— K+ H()~

/u [e'”("") - e"’(‘")] K(u— t)dt}.
()

Therefore, for 0 < u < z,

fz(z; 6, D|u)
A p(2) {1 —ePlz—w) ] _ePr_______
c+2pD 1 - K(0) p T KxH(u)+
‘I — _ [ — o=ee=0 T (0 —
[ B Hu-nd- [ [1 e ]K(u t)dt}

= o3 ;\pD)p fj}{ﬂ((f))) {peﬂ‘ [/: K+ H(u — t)dt — /0.. K(u-— t)dt] +

[e* — e”] — [e”* — 1]K = H(u) + p/ou e K(u — t)dt}.

Similar arguments show (4.89) and (4.91) from (4.70), (4.71) and (4.86). Alterna-
tively, when D — 0, both K = H(z) and K(u) — Ko(u) for u > 0, which implies
(4.87) — (4.89) for u > 0. When 6§ — 0, p — 0 and Ko(u) — 1o(u), it is easy to
see that (4.89) — (4.91).

When u = 0, (4.88), (4.90) and (4.92) are easily obtained from (4.87), (4.89)

and (4.91), respectively. 0O
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The expressions for Fz(z;é, D|u), Fz(z;4,0|u) and Fz(z;0,0|%), the discounted

defective distribution functions of the amount of the claim causing ruin, can be

obtained from (4.86) as follows:

Fz(26,Dlu) = [ fa(y;6, Diu)dy
= /zp(y) /y Mdzdy

P(2)
_ fi(z;6,Du) , =
= // Sy P
= P [ 2EL2anl s [* 36, Dl

= fi(z; 4, Dlu)

o) dz. (4.94)

= Fi(2;6, D[u) — P(z2) A

That is, subtractions of (4.87), (4.89) and (4.91) with p(z) replaced with P(z) from
(4.59), (4.62) and (4.65) with z replaced with z give Fz(z;6, D|u), Fz(z;4,0|u) and

* fi(zid, Dlu) |

Fz(z;0,0|u), respectively, since fz(z;48, D|u) = p(z)/0 h B(z)
In addition, integrations of fz(t;d, D|0), fz(t;4,0[0) and fz(¢;0,0|0) from ¢t =0
to t = z in (4.88), (4.90) and (4.92), respectively, yield
Fz(z;4, D|0) = 0, (4.95)

Fz(2;4,0/0) = %[‘/: e *P(t)dt - 1

e ?(z)] (4.96)

and

Fa(z0,00) = 2 [p Pi(z) — 2P(=)] (4.97)
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We remark that

Fz(o0;6,Dlu) = xliglo Fz(z;6, Dlu) = ¢,(u)
= lim Fy(z;9,Dlu) = vli’xgo Fy(y; 4, D|u), (4.98)

Fz(00;4,0lu) = E.’EQFZ(Z; 5,0[u) = Ko(u)
= zli_{lc}o Fi(z;4,0|u) = }ig’loFg(y; d,0|u) (4.99)

and

Fz(00;0,0lu) = lim Fz(z; 0,0|u) = to(u)
= zli’xglo Fy(z;0,0[u) = }i_{xgon(y; 0,0]u). (4.100)

Theorem 4.6 For 0 < u < z, the discounted defective distribution function of

{U(T—) + |U(T)|} satisfies the defective renewal equation

Fz(z;6,D|u)
u 1 .
~ 555 Felz8.Dlu — »)dG(w) + 135 {T+ Hew) -
b —pzT, o —bu _ A 1—eP__ -
—e I‘(z)[e e } cT2,D p P(z) [e e b“]. (4.101)

When D — 0,
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Fz(z:8,0lu) = f‘ Fz(z;8,0lu — y)dT(y) +

+ﬂ
1 e—pla-u Ae(l —e™™) o
o [F(w) — e=e~9T(z)| - P (a102)

If further let 6 = 0,

1

Fz(2:0,00) = 175 |,

* Fz(z;0,0lu —y)dP(y) + i% [ﬁl(u) —Py(2) - p—z—l-l_’-(z)] .
(4.103)

Proof: From (4.94), —— 1 +ﬂ sz(z 8, Dlu — y)dG(y) =

z 1(z; 8, Dju —
5/ Fi(s:6, Dlu - 9)dG() - ffr L[ (ﬁ;-(z')" Y drdGy).

Subtraction of this equation from (4.94) and by (4.73) and (4.78) yields

Fa(:8, Dlu) — 15 [ Fa(z 6, Dlu — )dG(y)
ﬁﬁ [ Fa(26, Dlu ~ y)dG(y) ~
P(a) [ s [fi=:8.01) = 1 [ i, Dlu = 1)dG(y)] o

= ﬁE{F * H(u) — ge""‘f(z) [e"" - e"b"] }—

= Fl(z;‘s’ DI“) -

. +’;pDF(z) [e”" - e"b"] /z e ~dzx
e - bertafe- )
A 1—-e"*

- D _ po—bu
= ¥oD & P(z)[e"" e ],
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proving (4.101). (4.102) and (4.103) can be shown by similar arguments. Alterna-
tively, when D — 0, 8 — Bo, b/a - 1, T « H(u) = I'(u) and H(u) = e — 0 for
u >0, (4.101) — (4.102) for v > 0. If § = 0 then By = 8 and I'(z) = Pi(z), (4.102)
reduces to (4.103). ]

Corollary 4.8 For 0 < u < z, the discounted defective probability density function
of {U(T-) + |U(T)|} satisfies the defective renewal equation

1 o A l—e
f2(6,Dlu) = /o fa(z:6, Dlu—y)dG () + 5 5-p : p(z)[el"‘—e‘bu].
(4.104)
When D — 0,
1 Aers(l — ot

fz(2;6,0lu) = 1% o /Oufz(z; 4,0lu — y)dI'(y) + ze_(—'—e——)l’(z)- (4-105)

If further let 6 =0,
Fa(:0,000) = 5 [ fa(:0,0lu ~0)aPiw) + Sap(s).  (4.106)

Proof: Differentiating (4.101), (4.102) and (4.103) with respect to z give (4.104),
(4.105) and (4.106), respectively, with the help of (2.44). Q
Since (4.82) gives the expression for Fi(z; d, D|ju)—F3(2; 8, D|ju—z)for 0 < z < u,
combining this with (4.94), Fz(z; 6, Dlu) = Fy(z; 8, Dlu) — P(2) /o : f%)u—"ﬂdz,
we can obtain the expression for Fz(z; 4, Dju) — F2(2;9,D|u — z) for 0 < z < u.
Note that since each of the expressions for the discounted probability dis-

tribution functions F(z,y;d, D|u), F\(z;d, D|u), F2(y;é,D|u) and Fz(z;d,D|u),
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and for the discounted probability density functions f(z,y;d, D|u), fi(z;é, D|u),
f2(y; 8, D|u) and fz(z; 4, D|u) involves G(u), T'(u), K(u) or/and K * H(u) which
have explicit analytical solutions in (2.50), (2.54), (2.59), (2.63), (2.135) and (2.149)
if P(z) is a combination of exponentials or a mixture of Erlangs, each of these ex-
pressions for the discounted distribution functions and probability density functions
can be obtained explicitly if P(z) is a combination of exponentials or a mixture of

Erlangs.



Chapter 5

Summary and future research

5.1 Summary

A defective renewal equation for the more general expected discounted function of
a penalty at ruin which involves the time of ruin, the surplus immediately before
the time of ruin, and the deficit at the time of ruin, based on the surplus process
of ruin theory with an independent diffusion process, has been derived. When
the variance of the distribution of the diffusion process (with the mean of zero)
goes to zero, the defective renewal equation reduces to the one based on the surplus
process of classical risk model. In addition, the asymptotic formula for this expected
discounted function of a penalty at time of ruin is proposed by applying Feller’s
renewal theorem to the corresponding defective renewal equation.

Given the claim size distribution function P(z), we can construct the classical
distribution function I'(z) and the associated claim size distribution G(z) which is

just the convolution of I'(z) and an exponential distribution function H(z). Then

189
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the associated compound geometric distribution function K(u) can be expressed
in terms of G(u). A Tijms-type approximation (a combination of two exponential
functions) is given for K(u). When P(z) is a combination of exponentials or a
mixture of Erlangs, an explicit analytical solution (a combination of several expo-
nential functions) to K(u) is achieved. Once K (u) has explicit analytical solution
or Tijms-type approximation, so do ¢4(u) and ¢,(u), the discounted probabilities
of ruin due to oscillation and a claim, respectively, since both ¢4(u) and ¢,(u) can
be written in terms of K (u).

Moreover, when P(z) satisfies a certain reliability-based class condition, not
only upper and lower bounds on the compound geometric distribution function
K (u) are obtained, but also I'(z) and G(z) satisfy the same reliability-based class
condition.

The (discounted) moment of the deficit at the time of ruin, the joint moment
of the deficit at ruin and the time of ruin, and the moments of the time of ruin
due to oscillation and caused by a claim, respectively, are also studied in detail,
including the corresponding defective renewal equations and explicit expressions.
The explicit expressions for the covariance of the deficit at ruin and the time of
ruin, and for the variances of the time of ruin due to oscillation and caused by a
claim, respectively, can be obtained from these (joint) moments. We also find that
the moment of the time of ruin caused by a claim has the same recursive expression
as the moment of the time of ruin caused by oscillation. When P(z) is DMRL
(decreasing mean residual lifetime), the discounted moment of the deficit at the

time of ruin is bounded above by a constant multiplied by K (u).
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The explicit expressions and defective renewal equations for the (discounted)
joint and marginal distribution functions of the surplus immediately before the
time of ruin and the deficit at the time of ruin, F(z,y;é, D|u), Fi(z;4, D|u) and
Fy(y; 4, D|u), respectively, and for the (discounted) distribution function of the
amount of the claim causing ruin, Fz(z; §, D|u), are derived. Then the (discounted)
probability density functions are obtained by differentiating the corresponding (dis-
counted) distribution functions. Besides, the relationships between Fj(z;d, D|u)
and Fy(z;d, D|u — z) and between Fy(z; 48, D|u) and Fz(z; 4, D|u) are also given.

Since each of the discounted distribution functions, F(z,y; d, D|u), Fi(z; 8, D|u),
F,(y; 6, D|u) and Fz(z; 4, D|u), and each of the discounted probability density func-
tions, f(z,y;4, Dlu), fi(z; 8, D[u), fi(y; 6, Dlu) and fz(z;6, Dlu) can be expressed
in terms of P(u), ['(%), G(u) and K (u), if P(z) is a combination of exponentials or a
mixture of Erlangs, each of these discounted distribution functions and probability

density functions has an explicit analytical solution.

5.2 Future research

In the case where no explicit analytical solutions are available, some numerical
algorithms (for example, Dickson and Waters (1991) [12], and Dickson, Egidio dos
Reis and Waters (1995) [11]) can be applied to compute the value of probability of
ruin if the specific initial surplus u is given.

In this thesis, the number of claims is assumed to follow a Poisson distribu-
tion, which is equivalent to that the inter-arrival time between successive claims is

exponential distributed. There are some other assumptions about the interarrival



CHAPTER 5. SUMMARY AND FUTURE RESEARCH 192

time, like Erlang-2 (the probability density function is k() = y*te~" for t > 0)
and Coxian-2 (see pp. 360-361 of Tijms (1994) [44]) distributions. In particular,
Dickson (1998) (7] and Dickson and Hipp (1998) [10] have proposed some results
based on the Erlang-2 assumption.

Since our surplus process contains a diffusion factor, some applications to the
pricing of financial securities, such as certain (American) perpetual options, are
feasible. See Gerber and Shiu (1994) [25], (1996a) [26], (1996b) [27], (1998b) [30]
and (1999) [31], and Gerber and Landry (1998) [24] for more details.
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