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Abstract 

This thesis studies in detail the expected discounted function of a penalty at 

ruin which involves the time of ruin, the surplus immediately prior to the time of 

ruin, and the deficit at the time of ruin, based on the surplus process of ruin theory 

containing an independent Wiener {diffusion) process. 

First, main background for this thesis is reviewed in chapter 1, which contains 

the surplus process of ruin theory with and without a Wiener process, the defec­

tive renewal equations for some expected ( discounted) functions, reliability-based 

classification and equilibrium distribution. 

In chapter 2, we will derive the defective renewal equation and the asymptotic 

formula for the expected discounted function of a penalty at time of ruin, and 

propose the Tijms-type approximation for and an upper and a lower bounds on a 

compound geometric distribution function. Moreover, the reliability-based class im­

plications for the associated claim size distribution are also given. When the claim 

size distribution is a combination of exponentials or a mixture of Erlangs, explicit 

analytical solutions to the compound geometric distribution function and to the 

expected discounted probability of ruin due to oscillation and a claim, respectively, 

can be obtained. 

Moments are studied in chapter 3 include the (discounted) moment of the deficit 

at the time of ruin, the joint moment of the deficit at ruin and the time of ruin, 

and the moments of the time of ruin due to oscillation and caused by a claim, 

respectively. 
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In chapter 4, we give the explicit expressions for the (discounted) joint and 

marginal distribution functions of the surplus immediately before the time of ruin 

and the deficit at the time of ruin, and for the ( discounted) distribution function 

of the amount of the claim causing ruin, Then the (discounted) probability density 

functions are obtained by differentiating the corresponding ( discounted) distribu­

tion functions. In addition, the defective renewal equations for these ( discounted) 

distribution functions and probability density functions, respectively, are also de­

rived. 

Finally, summary and future research are presented in chapter 5. 
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Chapter 1 

Background 

1.1 Classical risk model 

In the classical continuous time risk model, the number of claims is assumed to 

follow a Poisson process {N(t) : t > 0} with mean A. The individual claim sizes 

Xi, X 2 , .. . , independent of N(t), are positive, independent and identical random 

variables with common distribution function ( df) P( z) = Pr( X < z), moments 

Pi = fo00 

:1.:idP(x) for j = 0, 1, 2, .... The aggregate process {S(t) : t > 0}, where 

S(t) =Xi+ X 2 + · · · + XN(t) (with S(t) = 0 if N(t) = 0) is the aggregate claims 

up to time t, is a compound Poisson process with parameter A. The surplus of an 

insurer at time t is 

U(t) = u +ct - S(t), t ~ 0, (1.1) 

where u = U(0) is the initial surplus, c = Ap1 (1 + 8) is the constant rate per unit 

time at which the premiums are received, and 8 > 0 is the relative security loading. 

1 



CHAPTERl. BACKGROUND 2 

Let T = inf{t : U(t) < O} be the time of ruin (the first time that the surplus 

becomes negative). Two important nonnegative random variables in connection 

with the time of ruin T are IU(T)I, the deficit at the time of ruin, and U(T-), 

the surplus immediately before the time of ruin, where T- is the left limit of T. 

Another associated random variable is {U(T-) + IU(T)I}, the amount of the claim 
. . 

causmg nun. 

There have been many papers discussing various issues, such as marginal and 

joint distributions of T, U(T-) and IU(T)I, based on the model (1.1). See Ger­

ber, Goovaerts and Kaas (1987) [23), Dufresne and Gerber (1988b) [15], Dickson 

(1992) [5] and (1993) [6], Dickson and Waters (1992) [13], Dickson, Egidio dos 

Reis and Waters (1995) [11], Dickson and Egidio dos Reis (1996) [9], Gerber and 

Shiu (1997) [28] and (1998a) [29], Willmot and Lin (1998) [47], Lin and Willmot 

(1999) [36], Picard and Lefevre (1998) [38] and (1999) [39], and references therein. 

In particular, Gerber and Shiu (1998a) [29] considered a function associated with 

a given penalty function w and the joint distributions of T, U(T-) and IU(T)I as 

follows: For~> 0, define 

</>0 (u) = E[e-0Tw(U(T-), IU(T)l)I(T < oo)IU(O) = u], u > 0, (1.2) 

where w(z,y),O < z,y < ex>, is a nonnegative function; I(T <ex>)= 1,T < ex> and 

l(T < oo) = 0 otherwise. 

Equation ( 1.2) may be viewed as the Laplace transform of w with the argument 

~, or as the expectation of the discounted penalty function with the force of interest 
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6. Of course, the ruin probability is 

1Po(u) = E[I(T < oo)IU(0) = u] = Pr(T < oolU(0) = u), u > 0, (1.3) 

a special case for w(z, y) = 1 and 6 = 0. 

1.2 Diffusion process 

Dufresne and Gerber (1991) [16] extended the classical risk model (1.1) by adding 

an independent diffusion process ( or Wiener process) to ( 1.1) to form 

U(t) = u + ct- S(t) + uW(t), t > 0, (1.4) 

where u > 0 and {W(t) : t > 0} is a standard Wiener process (that is, W(t) ~ 
N(0, t) and then uW(t) ~ N(0, u 2t) = N(O, 2Dt), where D = u 2 /2) that is inde­

pendent of the compound Poisson process {S(t): t > 0}. 

They studied "Pd(u), the probability of ruin caused by oscillation, 1P.(u), the 

probability of ruin caused by a claim, and 1Pe(u), the probability of ruin caused 

either by oscillation or by a claim, where 

and 

"Pd(u) - Pr(T < oo, U(T) = 0IU(0) = u), u > 0, 

1P.(u) - Pr(T < oo, U(T) < 0IU(0) = u), u > 0, 

(1.5) 

(1.6) 

1Pt(u) = 1Pd(u) + 1P.(u) = Pr(T < oolU(0) = u), u > 0. (1.7) 
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Later, Gerber and Landry (1998) [24] generalized the discussion of Dufresne and 

Gerber(l991) [16] based on the same model (1.4) by considering a penalty scheme 

which is defined by a constant u,0 and a nonnegative function w(-yj, y > 0. Then 

the penalty due at ruin is w0 if ruin occurs by oscillation and w( U(T)) if ruin is 

caused by a jump. They declared that the expected discounted penalty ef>(u), as a 

function of the initial surplus, is 

ef>(u) - w0 E[e-&T I(T < oo, U(T) = 0)IU(0) = u] 

+ E[e-6Tw(U(T))l(T < oo, U(T) < 0)IU(0) = u], u > 0. (1.8) 

In the special case that w(-y) = 0 and w0 = 1, ef>(u) becomes 

ef>d(u) = E[e-&T l(T < oo, U(T) = 0)IU(0) = u], u ~ 0, (1.9) 

the defective Laplace transform or the expectation of the present value of the time 

of ruin T due to oscillation. Note that when d = 0, ef>d(u) = "Pd(u). 

For another special case with w(-y) = 1 and w0 = 0, ef>(u) turns out to be 

ef,.(u) = E[e-&T l(T < oo, U(T) < 0)IU(0) = u], u ~ 0, (1.10) 

the defective Laplace transform or the expectation of the present value of the time 

of ruin T due to a claim. Similarly, when d = 0, ef,.(u) = -rt,.(u). 

If we define 
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- E[e-&T I(T < oo, U(T) = 0)IU(0) = u] 

+ E[e-&T I(T < oo, U(T) < 0)IU(0) = u], u > 0, (1.11) 

then obviously, when 6 = 0, ef>,(u) = 1/Je(u). 

1.3 Defective renewal equation 

Function Z ( u) is said to satisfy a renewal equation if Z ( u) can be expressed as 

Z(u) = fou Z(u - z)dF(z) + v(u), u > 0, (1.12) 

where Fis a distribution function concentrated on [0, oo) with F(0) = 0. If Fis 

a defective distribution function (that is, F(oo) < 1), then the renewal equation 

above is defective. 

Gerber and Shiu (1998a) [29] derived a defective renewal equation based on 

(1.1) for ef>0 (u) in (1.2) as follows: 

..\ !au 100 ..\ 100 100 

<f>0 (u) = - ef>o(u-z) e-p(y-z)dP(y)dz+-epu e-pz w(z,y-z)dP(y)dz. 
C O z C u z 

(1.13) 

In (1.13), p = p(6) is the unique nonnegative root of Lundberg's equation 

(1.14) 

where p(s) = J0
00 e-•zdP(z) and p(0) = 0. 

For the surplus process with a diffusion process, Dufresne and Gerber (1991) [16] 



CHAPTERl. BACKGROUND 6 

derived defective renewal equations based on (1.4) for 1/ic1(u), ,t,.(u) and 1Pt(u), in 

(1.5), (1.6) and (1.7) respectively, as follows: 

(1.15) 

(1.16) 

and 

where 

H1(u) - 1 
_..£.u 

-e D ' u > 0, (1.18) 

H2(u) 
[[1 - P(x)]dz 

u ~o, (1.19) - ' Pl 

and 

h1 ( u) 
C e 

(1.20) - Hf(u) = -e-~u, u > 0, 
D 

h2(u) H~(u) = 
1- P(u) 

u > 0. (1.21) -
' Pl 

Note that ,t,.(0) = 0 and 1Pt(0) = 1/ic1(0) = 1 by the oscillating nature of the 

sample paths. 

With regard to the expected discounted penalty function, Gerber and Landry 

(1998) (24] first showed based on (1.4) that ,J,c1(u) in (1.9) satisfies the defective 
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renewal equation 

ef>c1(u) = ku ef>c1(u - y)g(y)dy + A(u), u > 0, 

where 

h(s) C -b• - De ' 

-y(s) - ~ J.00 

e-p(z-•)dP(z), 
C • 

b 
C - a-p= D +p, 

C 
a - D +2p, 

A(u) -bu u2:: 0, - e ' 

7 

(1.22) 

(1.23) 

(1.24) 

(1.25) 

(1.26) 

(1.27) 

is the expected discounted value of a contingent payment of 1 that is due at ruin, 

provided that ruin occurs before the first record low (the first time where the surplus 

falls below the initial level) that is caused by a jump, and 

g(y) - h * -y(y) = lo" h(y - sh( s )ds (1.28) 

- ~1" e-b(J1-•) J.00 

e-p(z-•)dP(z)ds (1.29) 
D o • 

..\ 111 J.00 - -ePII e-a(11-•) e-pzdP(z)ds, (1.30) 
D o • 

is the discounted probability that the first record low is caused by a jump with 

}~00 g(y )dy = (fooo h(y )dy) (fooo -y(y )dy) 
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_ ( c )(Dp
2
+cp-6) 

c+pD cp 

_ Dp2 + cp - 6 < 1. 
Dp2 + cp 

(1.31) 

In (1.24), (1.25), (1.29), (1.30) and (1.31), the quantity p = p(c5) is the unique 

nonnegative root of generalized Lundberg's equation 

(1.32) 

with p(0) = 0. 

Then they demonstrated by a probabilistic interpretation that </>(u) in (1.8) 

satisfies the defective renewal equation 

</>(u) - [ </>(u - y)g(y)dy + w0 A(u) 

+ 100 

w(u - y)g(y)dy - A(u) £,00 

w(-y)g(y)dy, u > 0, (1.33) 

Clearly, from (1.22) and (1.33), </>.(u) satisfies the defective renewal equation 

</>.(u) = fou </>.(u - y)g(y)dy + 100 

g(y)dy - A(u) fo00 

g(y)dy, u > 0, (1.34) 

and 'Pt ( u) satisfies the defective renewal equation 
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Next, consider the defective renewal equation as follows: 

1 ru 1 
,p{u) = 1 + {3 lo ,p(u - z)dG{z) + 1 + /3B{u), u >0. {1.36) 

where /3 > 0, G{z) = 1 - G(z) is a distribution function, and B{u) is of bounded 

variation. Define the associated compound geometric distribution function K{u) = 
1- K{u) by 

- ~ {3 1 -=-n 
K{u) = ~ ~(~tG {u), u > 0, 

n=l + /J + /J 

(1.37) 

with K{0) = 
1 
~ /3' and where Cin{u) is the tail of then-fold convolution of G{u), 

1.e. 

with 

(1.38) 

Then Lin and Wilmot {1999) [36] showed that K(u) satisfies the defective renewal 

equation 

- 1 ru- 1 -
K(u) = 1 + {3 lo K(u - z)dG(z) + 1 + /3G{u), u > 0, {1.39) 

with 

roo e-.UK(u)du = 1 - G(s) ' 
lo s[l + /3 - G(s)] 

(1.40) 
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or 

f
00 

e_.,.dK(u) = /3 - , 
lo- 1+,8-G(s) 

and the solution tp(u) to (1.36) may be expressed as 

1 ru- 1 
tp(u) - - ,B lo- K(u - z)dB(z) + /3B(u) 

- ; J:_ B(u- z)dK(z), u > 0, 

10 

(1.41) 

(1.42) 

(1.43) 

which, if B(u) and K(u) are differentiable with derivatives B'(u) and K'(u) for 

u > 0, respectively, may be expressed as 

1 r- 1 1 _ 
tp(u) - - fJ }o K(u - z)B'(z)dz + /3B(u) - ,BB(0)K(u) 

1 ru 1 
- /3 Jo B(u - z)K'(z)dz + ,BK(O)B(u), u > 0. 

(1.44) 

(1.45) 

They also showed the following theorem regarding the order between tp( u) and 

K(u): 

Theorem 1.1 If B(u) > (<) c•G(u) where c• E (0, oo), then tp(u) > (<) c•K(u). 

Sometimes, we want to investigate the asymptotic behavior as u ➔ oo of the 

function Z(u) satisfying the renewal equation (1.12). Feller (1971) (21] proposed a 

renewal theorem for this asymptotic behavior as follows: 

Theorem 1.2 Suppose that the distribution function F(z) is non-arithmetic (that 

is, not concentrated on a set of points of the form 0, ±h, ±2h, ... ), ,., > 0 satisfies 

fo00 

e,cz dF ( z) = 1, and Z ( u) satisfies the defective renewal equation ( 1.12). If 
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ei=v(x) is directly Riemann integrable on (0, oo), then 

as u ➔ oo, (1.46) 

where the notation a(x) ~ b(x), as x ➔ oo, means limz➔ooa(x)/b(x) = 1. 

1.4 Reliability classification 

Before introducing reliability-based classifications of distributions, we would like to 

define the failure rate and the mean residual lifetime of a distribution as follows: 

If the distribution function P( x) is absolutely continuous, the failure rate (haz­

ard rate) of P( x) is defined as 

(1.47) 

and the mean residual lifetime of the distribution function P( x) ( this does not 

require absolute continuity for its existence) is defined by 

_ loo P(t)dt _ fo
00 

P(x + t)dt 
rp(x) - P(x) - P(x) • (1.48) 

Now we briefly review various reliability-based classifications of distributions 

(see Fagiouli and Pellerey (1993) [18] and (1994) [19] for further details) as follows: 

The distribution function P( x) is: 

DFR (IFR) or decreasing (increasing) failure rate 
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if hp(:c) is nonincreasing (nondecreasing) in x, or equivalently P(z +y)/ P(z) 

is nondecreasing ( nonincreasing) in x for fixed y 2: O; 

IMRL (DMRL) or increasing ( decreasing) mean residual lifetime 

if rp(z) is nondecreasing (nonincreasing) in x, or equivalently P 1(z+y)/ P1(z) 

is nondecreasing ( nonincreasing) in x for fixed y > 0 

(that is, P1(z) is DFR(IFR)); 

UW A (UBA) or used worse (better) than aged 

if rp(z) satisfies rp(oo) = limz➔oorp(z) E (O,oo) and P(z +y) $ (>) 

P(y )e-z/rp(oo) for all :,; > 0 and y > 0, or equivalently hp(:,;) 2: ( <) hp( oo) 

where hp( oo) E (0, oo ); 

UWAE (UBAE) or used worse (better) than aged in expectation 

if rp(:,;) satisfies rp(z) < (2:) rp(oo) where rp(oo) E (0, oo); 

NWU (NBU) or new worse (better) than used 

if P(:c +y) > (<) P(z)P(y) for all z > 0 and y > O; 

2-NWU (2-NBU) or 2-new worse (better) than used 

if P 1(z + y) > (<) P 1(z)P1(y) for all z 2: 0 and y 2: 0 

(that is, P 1(z) is NWU (NBU)); 

NWUC (NBUC) or new worse (better) than used in convex ordering 

if P 1(z + y) > (~) P 1(z)P(y) for all z > 0 and y > O; 
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NWUE (NBUE) or new worse (better) than used in expectation 

if rp(z) > (<) rp(O), or equivalently P 1(z) > (<) P(z) for z > 0. 

The following diagram lists the implications of the classes of the distributions. 

DFR (IFR) 

JJ. 

NWU (NBU) 

JJ. 

IMRL (DMRL) ⇒ 2-NWU (2-NBU) ⇒ NWUC (NBUC) 

JJ. JJ. 

UWA (UBA) ⇒ UWAE (UBAE) NWUE (NBUE) 

Note that the implications IMRL(DMRL) ⇒ UWA(UBA) ⇒ 

UWAE(UBAE) hold provided the mean residual lifetime r(oo) E (0, oo). And the 

former implication was shown recently by Willmot and Cai (1999) [46]. 

Reliability-based classifications of distribution functions can be applied to de­

riving a lower or/and an upper bound on a function, and to proving preservation of 

classes for a function under some operations. Some results for risk theory have been 

found, such as Alzaid (1994) [1], Willmot (1997) [45], Willmot and Lin (1998) [47] 

and (1999) [48], Lin and Willmot (1999) (36], and Willmot and Cai (1999) [46]. 

In particular, Lin and Willmot (1999) [36] showed the following theorem con­

cerning class implications: 

Theorem 1.3 The folloW'ing class implications hold. 

(a) If P(x) is /FR (DFR) then r(z) is /FR (DFR). 

(b) If P(x) is DMRL (IMRL) then r(z) is DMRL (IMRL). 

(c) If P(x) is 2-NBU (2-NWU) then r(x) is NBUE (NWUE). 
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And Willmot and Cai (1999) [46] proved that 

Theorem 1.4 The following class implications hold. 

(a) If P(z) is UBA (UWA) then r(z) is UBA (UWA). 

(b) If P(z) is UBAE (UWAE) then r(z) is UBAE (UWAE). 

where P(z) is the claim size distribution and 

(1.49) 

Reverse the order of integration and integrate by parts, we obtain 

Put z = 0 to get 

(1.51) 

Therefore, r(z) in (1.49) becomes 

(1.52) 

and r' ( z) is a probability density function where 
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eP'Z 1
00 

e-PlldP(y) 
r'(z) = __,,00-lz: _______ _ 

la e-w P(y )dy 
(1.53) 

Clearly, when p = 0 which is the case when 6 = 0, from (1.53) we obtain r'(z) = 

P(z)/p1 = P{(z), i.e. r(z) = P1(z). 

1.5 Higher order equilibrium distributions 

The equilibrium of the distribution Pn-l ( z) is defined by 

n = 1, 2, 3, .... (1.54) 

where P 0 (z) = 1-P0 (z) = P(z), and Pn(:r:) is called the n th equilibrium distribution 

function of P(z). Then it can be shown that for n = 0, 1, 2, ... , 

100 

Pn-1(y)dy 100 

Pn-1(z + y)dy 
z -~o.__ ____ _ 

- 100 

Pn-1(y)dy - 100 

Pn-1(y)dy 

100 

(y - xrdP(y) _ 100 

(y- xrdP(y) 

fo00 

yndP(y) - Pn 
(1.55) 

and 
00 loo yn+ldP(y) 

la P ( )d Jo Pn+l 
n z z = oo = ---. 

O (n + 1) fo yndP(y) (n + l)Pn 
(1.56) 

See Hesselager, Wang, and Willmot (1998) [34] for more details. 
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Lin and Willmot ( 1999) (36] defined the distribution function r n ( z) = 1 - r n ( z) 

to be 

:,; > 0 and n = 0, 1, 2, ... , (1.57) 

and showed that 

:,; ~ 0 and n = 0, 1, 2, ... , (1.58) 

that is, the equilibrium distribution function of r n(:,;) is r n+l ( z). 

Since f(z) = f 0 (z) = 1 - fo(z) and P(z) = P0 (z), (1.52) is (1.57) with n = 0. 

This means that r n(z) satisfying (1.57) is the n th equilibrium distribution function 

of f(z). Note that if t5 = 0, which implies p = 0, then r n(z) = Pn+1(z) by (1.54) 

and (1.57). 



Chapter 2 

Surplus process with a diffusion 

factor 

In this chapter, the defective renewal equation for the expected discounted function 

of a penalty at the time of ruin based on the surplus process of the classical continu­

ous time risk model containing an independent Wiener process is generalized. Then 

we propose the asymptotic formulas for the expected discounted penalty function. 

The Tijms-type approximation for and the upper and lower bounds on a compound 

geometric distribution function are also given if the claim size distribution function 

satisfies a certain condition. Besides, the reliability-based class implications for 

the associated claim size distribution are also given. Explicit analytical solutions 

to the compound geometric distribution function and to the expected discounted 

probability of ruin due to oscillation and a claim, respectively, can be obtained if 

the claim size distribution is a combination of exponentials or a mixture of Erlangs. 

17 
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2.1 A generalized defective renewal equation 

In this section, we are going to further generalize equation (1.8) based on the 

model (1.4) by involving both the random variables, IU(T)l, the deficit at the time 

of ruin, and U(T-), the surplus immediately before the time of ruin, and derive 

the corresponding defective renewal equation. 

</>( tL) - Wo ef,d( u) + </>w ( tL) 

- w0 E[e-oT I(T < oo, U(T) = 0)IU(0) = u] 

+ E[e-0Tw(U(T-), IU(T)l)l(T < oo,U(T) < 0)IU(0) = u]. (2.1) 

where 

</>w(u) = E[e-6Tw(U(T-), IU(T)l)I(T < oo, U(T) < 0)IU(0) = u]. (2.2) 

Note that </>w(O) = 0 since Pr(T < oo, U(T) < 0)IU{0) = 0) = lf,.(0) = 0. 

We first deal with a simpler case </>w(u) where the penalty due at rwn 1s 

w(U(T-), IU(T)I) if ruin is caused by a jump. To derive the defective renewal 

equation for (2.2), consider the infinitesimal time interval between O and dt. The 

discount factor for the interval [O dt] is e-odt ..:. 1 - 8dt. The p,.ocess {S(t) : t > O} 

will either have exactly one claim with probability >.dt or have no claim with prob­

ability 1 - >.dt. By conditioning on this, the amount of the claim (if it occurs) and 

the value of W(dt), we have that 

</>w(u) = (1 - >.dt)(l - 8dt)E[</>w(u + cdt + o-W(dt))] 



CHAPTER 2. SURPLUS PROCESS MTH A DIFFUSION FACTOR 19 

{ 

fu+cdt+tTW(dt) 
+ Adt(l - 6dt) lo <f,,,,(u + cdt + uW(dt) - z)p(z)dz 

+ 100 

w(u + cdt + uW(dt), z - u - cdt - uW(dt))p(z)dz}. 
u+ctit+tTW(dt) 

(2.3) 

First we expand ef,,,,(u + cdt + uW(dt)) to a Taylor's series about u to the term of 

ef>:(u), and ignore the term containing (dt)2 to get 

ef,,,,(u + cdt + uW(dt)) 

- ef>w(u) + </>'w(u) [cdt + uW(dt)]+½<f,::,(u) [cdt + uW(dt)r 

(7"2 

- <f,,,,(u) + cef>'w(u)dt + uef>'w(u)W(dt) + 2 ¢:,(u)W2(dt) + cuef,:,(u)W(dt)dt. 

Then from the facts that E[W(dt)] = 0, E[W2(dt)] - Var[W(dt)] = dt, and 

D = u 2 /2, we have 

E[ef>w(u + cdt + uW(dt))]..:. <f,,,,(u) + c<f>'w(u)dt + Def,:,(u)dt. (2.4) 

Now substitute (2.4) in (2.3) and let dt ➔ 0, we obtain 

D<f,:,(u)+cef>'w(u)+A [fou ef>w(u - z)p(z)dz + £00 

w(u,z - u)p(z)dz] = (A+'5)ef,,,,(u). 

(2.5) 

Then we perform the Laplace transform on the both sides of (2.5) and get 
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w{z) = £00 

w(z,y - z)p(y)dy = fo00 

w(z,y)p(z + y)dy. {2.7) 

Note that if w{z, y) = 1, then w{z) = P{z). 

By intergration by parts, fo
00 

e-eut/>~{u)du = e-euef>w{u)j~ +{ef>w{{) = {ef>w{{) 

since ef>w{0) = 0, and hence fo
00 

e-euef>!{u)du = e-euef>~{u)j~ +{ fo
00 

e-euef>~{u)du = 

-t/>~{0) + e2ef>w{{). 

Then (2.6) can be simplified to 

Since p satisfies generalized Lundberg's equation {1.32), letting {=pin {2.8) leads 

to Def>~{0) = ,\w(p). Substitute,\+ 6 for Dp2 + cp + ,\p(p), (2.8) can be written as 

Since Dt/ + c{- Dp2 -cp = D({ + p)({-p) + c(e-p) = (D{ + Dp + c){{- p) = 

(D{ + Db)({ - p) = D({ + b){{ - p), Dividing {2.9) by D{2 + c{ - Dp2 - cp gives 

[1 _ -\(p{e) - fi{p)J ] 4> {{) = -\[w({) - w{p)J 
D( b + {)(p - {) w D( b + {)(p - {) ' 

{2.10) 

which is exactly the the Laplace transform of ef>w{u) = fou ef>w{u - y)g(y)dy + g..,(u) 

(the Laplace transforms of both g(y) and g..,{u) are stated in (2.19) and {2.22), and 

the detailed proof can be referred to Lemma 2.1 and Corollary 2.1, respectively), 
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where 

g,.,(u) - h • ')',.,(u) = {. h(u - s)')',.,(-')ds, (2.11) 

- ~ [ e-b(u-•) 100 

e-p(:r-•) w( z )dzds, (2.12) 
D o • 

- ~e"" {. e-a(u-•) 100 

e-p:rw(x)dxds (2.13) 
D o • 

and 

(2.14) 

The uniqueness of the Laplace transform gives 

Theorem 2.1 The function 4'w(u) in (2.2) satisfies the defective renewal equation 

<Pw(u) = fou <Pw(u - y)g(y)dy + g,.,(u) = 4'w * h * "Y(u) + h * -y,.,(u), u > 0. (2.15) 

We remark that with the definitions of "Y(s) in (1.24) and ')',.,(s) in (2.14), equa­

tion ( 1.13) can be rewritten as 

t/>o(u) = fou t/,o(u - y)"Y(y)dy + ')',.,(u) = 4'o * ')'(u) +-y,.,(u), u > 0. (2.16) 

Similarly, combining (2.15) with (1.22), we have the following defective renewal 

equation (2.17) for (2.1), which is more general than (1.33) (that is, equation (26) 

in Theorem 3 of Gerber and Landry (1998) (241), the defective renewal equation for 

(1.8). 
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Theorem 2.2 The function tp(u) in (2.1) satisfies the defective renewal equation 

tp(u) = fou tp(u - y)g(y)dy + w0 A(u) + g..,(u), u > 0, (2.17) 

with A(u) given by {1.27). 

Moreover, g(y) and g.., ( u) can be reexpressed as follows for more and later ap­

plications, especially the limiting behavior of tp(u) in (2.17) as D ➔ 0. 

Lemma 2.1 The function g(y) in {1.29) can be simplified as 

and the Laplace transform of g(y) is 

-(c 8) = t'° -e11 ( )d = .\[fi({) - p(p)] = .\(p({) - 1] + Dp2 + cp - d (2 19) 
g~, lo e gy y (b+{)(p-{)D (b+e)(p-e)D •• 

Therefore, for y > 0, when D ➔ 0, 

,\ 100 g(y) = h * "Y(Y) ➔ "Y(Y) = - e-p(z-11>p(z)dz. 
C 11 

(2.20) 

Proof: By changing the order of integration, b = cf D + p and a = cf D + 2p = b + p, 

g(y) 

~ f
11 

e-b(11-•> J.00 

e-p(z-•>p(z)dzds 
D lo • 

- ~e-bsl [fo11 
e-pzp(z) !oz e0 •dsdz + loo e-pzp(z) fo11 

e0 •dsdz] 
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- a~e-bs, [fo11 
e-pzp(z)eaz - l)dz + loo e-pzp(z)(ea11 - l)dz] 

- a~e-bs, [fo11 
ehzp(z)dz + loo ea11e-pzp(z)dz - fo00 

e-pzp(z)dz] 

,\ [ 111 
e-6<11-z>p(z)dz + 1

00 
e-p(z-11>p(z)dz - e-bs, 1

00 
e-pzp(z)dz] 

c + 2pD lo /11 lo 
➔ ,\ /'X> e-p(z-11>p(z)dz = 7(y), 

C }11 

since D ➔ 0 implies that c + 2pD ➔ c, b = cf D + p ➔ 00, and the first and third 

terms in the bracket vanish. 

Changing the order of integration gives 

g(!,6) 

fooo e-e11g(y)dy 

,\ [ ('° e-e11 /II e-b(11-z)p(z)dzdy + 100 e-e11 100 e-p(z-11)p(z)dzdy -
c + 2pD lo lo lo 111 

(fo00 

e-e11e-bs,dy) (fo00 

e-pzp(z)dz)] 

since p satisfies (1.32). D 

Since g..,(u) (equation (2.12) or (2.13)) has the same form as g(y) (equation 
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(1.29) or (1.30)) except that g..,(u) and g(y) have the cillferent innermost integrands 

w( x) and p( z), respectively, we have 

Corollary 2.1 The function g..,(u) in (2.12) can be simplified as 

and the Laplace transform of g..,(u) is 

_ _ /
00 -tu _ A[w(e) - w(p)] 

g..,({, 6) - lo e g..,(u)du - (b + e)(p - e)D' 

where w(s) = fo00 

e--w(z)dx with w(z) given in (2. 7). 

Therefore, for u > 0, when D ➔ 0, 

(2.22) 

_ A /
00 

e-p(z-u>w(z)dz (2.23) 
C /u 

_ A e'1" /
00 

e-pz f'X) w(z,y - z)p(y)dydz.(2.24) 
C lu /z 

Intuitively, one can conceive that when D ➔ 0, the Wiener process {uW(t): t > 

O} ➔ a random variable degenerating at O since uW(t)"' N(O, u 2t) = N(O, 2Dt). 

Therefore, as the surplus process (1.4) containing an independent diffusion (or 

Wiener) process approaches the classical surplus process ( 1. 1), so does the corre­

sponding defective renewal equation. That is, for the function <l>w( u) defined in 

(2.2), the defective renewal equation (2.15) based on the model (1.4) reduces to the 

one (2.16) for </>o(u) defined in (1.2) based on the model (1.1) as D ➔ 0, which can 

be proved by (2.20) and (2.24). 
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Moreover, from (1.22) when D ➔ 0, ef,d(u) =<Pd• (h•-y)(u) + A(u) ➔ <Pd •-r(u). 

If we perform the Laplace transform on the both sides, then when D ➔ 0, ¢,d( s) ➔ 

¢,d(s)i(s), i.e. ef>d(s)[l -i(s)] ➔ 0 for alls> 0. Since -y(s) # 1 for some s, we have 

when D ➔ 0, ef,d(s) ➔ 0 for all s > 0, which implies <Pd(u) ➔ 0. Therefore, we 

obtain the following theorem. 

Theorem 2.3 Foru > 0, if D ➔ 0, then 

o-W(t) = N(O, 2Dt) ➔ a r. v. degenerating at O; 

U(t) = u +Ct - S(t) + o-W(t) ➔ U(t) = u +Ct - S(t); 

,\fi( e) = ,\ + 6 - ce - ve ➔ .\p({) = ,\ + 6 - ce, Lundberg' sequatian; 

<Pw(u) = <Pw * (h * --y)(u) + h * "Yw(u) ➔ </,o(u) = <Po •--y(u) + "Yw(u); 

<Pd(u) =<Pd• (h * --y)(u) + A(u) ➔ O; and 

ef,(u) = Wo <f,d(u) + <Pw(u) ➔ </,o(u), independent of Wo. 

To connect (2.17) with (1.33), we first reexpress gw(u) in another form as follows: 

Lemma 2.2 

where 

g(z,y) 

-y(y, s) 

- fo11 
h(y - s)"Y(z,s)ds, 

- ,\ J.
00 

e-p(z-•>w(z -y,y)p(:z:)dz, 
C • 

(2.25) 

(2.26) 

(2.27) 
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with h(s) and A(u) given in {1.29) and {1.27), respectively. 

Proof: By (2.7) and (2.12), changing the order of integration and replacing the 

variable z by s = z + t yield, 

g,.,(u) - ~ ru e-b(u-.s) rX) e-p(z-.s) /
00 

w(z, t)p(z + t)dtdzdz 
D la 1.i la 

- ~ /

00 

ru e-b(u-.s) /
00 

e-p(z-z)w(z, t)p(z + t)dzdzdt 
D la la lz 

- ~ /

00 

/"' e-b(u-z) 100 

e-p(z-t-z)w(z - t, t)p(z)dzdzdt 
D la la t+z 

- ~ /

00 

lt+u e-b(t+u-•) 1
00 

e-p(z-•>w(z - t, t)p(z)dzdsdt 
D la t • 

_ ~ (

00 

r+u e-b(t+u-•> 100 

e-p(z-•>w(z - t, t)p(z)dzdsdt -
D la la • 

~ /

00 r e-b(t+u-•) 100 

e-p(z-•>w(z - t,t)p(z)dzdsdt 
D lo lo • 

- ~ /

00 r e-b(t-•) 100 

e-p(z-•>w(z - t + u, t - u)p(z)dzdsdt -
D lu la • 

~e-bu /
00 

rt e-b(t-•) J.00 

e-p(z-•>w(z - t, t)p(z)dzdsdt 
D lo la • 

- fu00 

lot h(t - s)-y(t- u,s)dsdt - e-bu fo00 

lot h(t - s)-y(t,s)dsdt 

- £00 

g(t - u, t)dt - A(u) fo00 

g(t, t)dt, 

which is (2.25). D 

When w(z, y) = w(y), w(z, y) can be extracted from the integrand of (2.27), 

and hence (2.25), (2.26) and (2.27) can be simplied as follows: 

Corollary 2.2 If w(z,y) = w(y), then 

-y(y, s) - w(y)-y(s), 

g(z,y) - w(z)g(y), 

(2.28) 

(2.29) 
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Ow(u) = Loo w(z - u)g(z)dz - A(u) fo00 

w(z)g(z)dz, (2.30) 

with -y(s) given in {1.2,4). 

Proof: Ifw(z,y) =w(y), (1.24) and (2.27) give-y(y,s) =w(y),\/.oo e-p(z:-•>p(z)dz 
C • 

= w(y)-y(s); by (1.28) and (2.26), g(z,y) = w(z) fo" h(y - s)-y(s)ds = w(z)g(y); 

therefore from (2.25), g111 (u) = Loo w(z - u)g(z)dz - A(y) fo00 

w(z)g(z)dz. D 

When w(z, y) = w(-y), (2.30) turns out to be g111 (u) = Loo w(u - y)g(y)dy -

A(u) fo 00 

w(-y)g(y)dy, which are exactly the third and fourth terms of the right 

side of (1.33). Therefore, the defective renewal equation (1.33) is a special case of 

(2.17). 

2.2 The associated claim size distribution 

In this section, we will demonstrate where each of (1.22), (2.15) and (2.17) is of the 

form (1.36), and we shall determine /3, G(z), and B(u) for each of them. 

Consider the general case 

ef,(u) = [ f
00 

g(y)dy] f" ,f,(u - z) i(z) dz+ V(u). (2.31) 
lo lo g(y)dy 

0 

/oo l g(z) 
Equating (1.36) and (2.31) leads to Jo g(y)dy = -

1 
a' G'(z) = Loo , and 

o + ,-,, g(y)dy 
0 

V(u) 
B(u) = Loo . From (1.31), (1.32) and that 

g(y)dy 
0 
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we get 

1 

1 + ,8 

or equivalently, 

- fooo g(y )dy 

Dp2 + cp - d _ ..\(1 - p(p)] 
Dp2 + cp - (c + Dp)p 

- c +~D koo e-w P(y)dy = b~ koo e-Pfl P(y)dy, 

(2.33) 

(2.34) 

6 c+pD bD 
/3 = ---- = 00 - 1 = 00 - 1. (2.35) 

Dp2 + cp - 6 ..\ la e-w P(y)dy ..\ lo e-w P(y)dy 

Clearly, f3 > 0 since~> 0 from (2.34). Also, when p = 0, from (2.35) we have 
l+,-., 

,8 = -=-- - 1 = fJ. Moreover, we denote ,80 for the case D = 0, that is, 
..\p1 

d C 
/3o = -- = 00 - 1, 

cp - 6 ..\ lo e-PII P(y)dy 

or equivalently, 

1 _ cp - 6 _ ..\[l - p(p)] _ ..\ Loo -wp( )d ------_..;;;_-----~- e y y. 
1 + /3o cp cp c o 

(2.36) 

(2.37) 
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From (2.34) and (2.37), we get 

bD c+pD 
1 + .B = -(1 +.Bo)= -.;___(I+ .Bo)-

c C 
(2.38) 

. g(z) h * -y(z) 
Smee G'(z) = 

1

00 = 
100 

, from (1.29) and (2.34) we see that 
g(y)dy g(y)dy 

0 0 

(2.39) 

Therefore, from (1.28) and (1.49) we have 

G(x) 

(2.40) 

where G(z) is called the associated "claim size" distribution, and H(z) = 1- H(z) 

is a distribution function with 

- Loe h(s)ds H'(z) 
H(x) = zoc = e-bz = _.;;.._;... lo h(s)ds b 

(2.41) 

(H'(x) = be-bz is a probability density function). Hence, 
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Note that when D ➔ 0, g(y) ➔ -y(y) by (2.20), and hence 

Lz g(y )dy 1z -y(y )dy 
G(z) = 

1
°00 ➔ 

1
°00 = r(z), 

g(y)dy -y(y)dy 
0 0 

z > 0. (2.43) 

From (1.52), (2.37) and (2.38), we also have 

(2.44) 

The Laplace transform of r'(z) is easily obtained. From (1.51), (1.53) and 

integration by parts, we have 

1
00 - foe e-<•-p)z 100 e-P11dP(y)dz P [p(s) - p(p)] 

e •zdf(z) = Jo oc z = -- - . 
o lo e-w P(y)dy P - s 1 - p(p) 

(2.45) 

The Laplace transform of G'(z) can be got from (2.19), (2.33) and (2.45) as follows: 

fo00 

e-•zg(z)dz 

fo00 

g(z)dz 

p(s) - p(p) [ bp ] 
( b + s )(p - s) 1 - p(p) 

(2.46) 
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(2.47) 

Since G(z) = H • r(z) = (1- H) * r(z) = r(z) - H * r(z), from (2.41), we get 

G(z) - 1 - [r(z) - H • r(z)] = r(z) + H * r(z) 

r( ) H' * r(z) = r( ) G'(z) 
- z+ b z+ b" (2.48) 

Similarly, by (2.40) and the commutative property of convolution, G(z) = r * 

H(z) = (1 - r) • H(z) = H(z) - r * H(z) and we get the alternative form 

(2.49) 

Example 2.1 Combination of exponentials 

r 

Suppose P'(z) = L q1cµ1ce-µ•z, z 2:: 0, where q1 + q2 + ... +qr= 1. If q1c > 0 for all 
k=l 

k then P' ( z) is a mixture of exponentials whereas if q1c < 0 for some k then P' ( z) is 

called a combination of exponentials (see page 79 of Everitt and Hand (1981) [17] 

for the respective sufficient and necessary conditions for P'(z) to he a probability 
r 

density function). Then we have P(z) = L q1ce-µ•z, z > 0, and 
k=l 
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From (1.52), 

where 

with 

r 

rcz> = E qze-"'z, z > o, 
k=l 

q1c 

q• - P + µ1c k 1 2 le - r • = ' ' ... 'r, 
'1i 

~ p +µ; 

q1c 

• - µ1c k 1 2 qlc,6=0 - r (Jj , • = , , • · · , r • 
E-
j=l µ; 

(2.50) 

(2.51) 

(2.52) 

Hence, r(z) is also the tail of a mixture or combination of exponentials with new 

weights qzs. Moreover, G(z) = H(z) + r • H(z), as shown below (assume b # 

µ1c,k = 1,2, ... ,r), 

G(z) - r 1z -bz + b L • -µ,(z-11) -1,yd e ~ e e y 
lc=l O 

r e(µ,-b)z _ 1 
- e-bz + b L qze-"'z 

k=l µ1c - b 

r r • [ ] L qze-bz + b L q/c e-bz - e-,,,z -
k=l /c=l µ1c - b 

r • r • L q1cµ1c e-bz + b L q/c e-,,,z -
lc=l µ1c - b k=l b - µ1c 

r • r 

- L q/cµk e-bz + bq· L qz•e-"'z (2.53) 
lc=l µ1c - b lc=l r 

- (1 - bq•)e-bz + bq· L qz•e-"'z (2.54) 
lc=l 
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is again the tail of a mixture or combination of exponentials, where 

• ~ q; 
q=~ 

j=l b- µ; 
(2.55) 

with 

(2.56) 

and 

k = 1, 2, ... , r, (2.57) 

with 

k = 1, 2, ... , r. (2.58) 

Note that when r = 1, the distribution function is exponential with parameterµ, 

and we obtain r(z) = P(z), and if b Iµ, G(z) = µe-ln: -:e-µz, a combination of 
µ-

two exponentials. D 

Example 2.2 Mixture of Erlangs 

, r µ(µz )k-1 e-µz . 
Suppose P (z) = ~qk (k- l)! ,z ~ 0, where {q1,q2, ... ,qr} 1s a proba-

bility distribution. Then 
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When x = 0, we get (if p > 0) that 

From (1.53), we obtain 

(2.59) 

where 
,. ( µ )j-/c Eq; --

• j=/c µ + p 
q/c = . , k = 1, 2, ... , r, 

,. J-1 i 

Eq;E(-µ) 
j=l i=O µ + p 

(2.60) 

with ,. 
Eq; 

• ;=1c k 
q/c r O = ..;.__ • = 1, 2, ... 'r. ,a= r (2.61) 

Eiq; 
j=l 
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Consequently, r' ( z) is also the probability density function of a mixture of Erlangs 

with new weights qzs. However, G'(z) = foz h(z - y)r'(y)dy, as shown below with 

rz n! [ n+l (tz)i-1] 
the help of the identity lo yne-t11dy = n+l 1 - e-tz L (. _ )' , when b =I=µ, 

0 t i=l J 1 • 

G'(x) = 

(2.63) 

n "' ( z)k-1 
is the probability density function (the function form is ~ L qik~::~ l)! e-µ;z 

•=l k=l 
n "' bq• 

with qi/, > 0 and L L qi/, = 1) of a general Erlangs mixture if ,;=-- < 1 and 
~lbl µ 

b
bq• qj/ > O, k = 1, 2, ... , r, where 
-µ 

(2.64) 
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with 

(2.65) 

and 

(2.66) 

with 

k = 1, 2, ... , r; 

(2.67) 

whereas when b = µ 

G'(z) -µ(z-11) ~ .µ µy e d L
z r ( )k-1 -µ11 

- o µe ~ qk (k -1)! y 

r !oz ( y)k-1 - µe-µz L q• µ µ dy 
k=l k O (k - l)! 

~ • µ(µz )k -µz 

- L.Jqk k' e 
k=l • 

(2.68) 

is the probability density function of a mixture of Erlangs. 

Note that when r = 1, the distribution function is exponential with parameterµ, 

and we obtain r'(z) = P'(z) and G'(z) = _!!_bbe-bz - _!!__bµe-pz, a combination 
µ- µ-
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of two exponentials when b =/;µ,whereas G'(z) = µ(µz)e-1= when b = µ. □ 

Tijms (1994) [44] (pp. 163-64) has shown that the probability distribution 

function of any positive random variable can be arbitrarily closely approximated by 

a mixture of Erlangian distributions with the same scale parameters, thus justifying 

its importance. 

Lemma 2.3 For n=O, 1, 2, ... , if p > 0 then the moments of G( z) are given by 

Proof: Lin and Willmot (1999) [36] showed that if p > 0 then the moments of r(z) 

are given by 

n = 0, 1,2, .... (2.70) 

And note the identity 

100 n -•zd - ~ --v ~ (sy)i 
z e z - n+l e L..J .1 , 

11 S j=O 1· 
(2.71) 

or equivalently, 

LJ/ n -•zd = .±_ (1 - e--v ~ ( sy )i] z e :,; n+l L..J ·t • 
0 8 j=O 1· 

(2.72) 
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Now from (2.18), (2.42), (1.51) and (1.53), and reverse the order of integration, we 

have 

(2.73) 

□ 
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Note that when D ➔ 0, then b/a ➔ l and the second term of the right side of 

(2. 73) vanishes; hence, 

µc,n(P) ➔ µr,n(P), n = 0, 1, 2, .... (2.74) 

Corollary 2.3 // p > 0 then the mean of G(z) is 

Pl b - p [ l 1 + 9 ] ..\p1 
µc,l(P) = 1- p(p) - ~=.\pi Dp2 + cp - d - Dp2 + cp = Dp2 + cp[/3- 9]. 

(2. 75) 

Proof: For n = 1, from (1.32), (2.33), (2.69) and c = ..\p1(l + 9) we have 

_ b [l _ PP1 ] + P [l + bp1 ] 
p( b + p) 1 - p(p) b( b + p) 1 - p(p) 
Pl b-p ---

1- p(p) bp 
,\pl C 

--- ..\[l - p(p)] bpD 

,\pl ..\p1 (1 + 9) 
D p2 + cp - d D p2 + cp 

,\ [ 1 1+9 ] 
- Pi Dp2 + cp - d - Dp2 + cp 

..\p1 [ Dp2 + cp - (1 + 9)] 
Dp2 + cp Dp2 + cp - d 

- ..\p1 ra - 9] 
Dp2 + cp LI-' • 

D 
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Corollary 2.4 // p = 0 then the moments of G(z) are given by 

n! [ n (cf D)i Pi+l] 
µc,n(O) = (cfD)n 1 + ~ (j + l)! Pl , n = 0,1,2, •••• (2.76) 

Proof: Lin and Willmot (1999) (36] showed that if p = 0 then the moments of r(z) 

are given by 

(0) Pn+l O 1 2 
µr,n = (n + l)p1' n = ' ' ' •••• (2.77) 

Now if p = 0, then a= b = cf D, and (1.51) becomes 

1 100 --[1 - p(p)]lp=O = e-w P(y)dylp=o = p1 . Therefore, from (2. 73) we have 
p 0 

n! n (cf D)i Pi 
µc,n(O) = µr,n(O) + ( f D)n+l L .1 

C j=l J. Pl 

Pn+l n! [ c ~ (cf D)i P;] 
- (n+ l)p1 + (cfD)n+l D + ~ j! P1 

_ n! [-=- + n+l (cf D)i P;] 
(cf D)n+l D ~ j! P1 

n! [l n (cf D)i P;+i] 
- (cfD)n +~(j+l)! Pl • 

D 

We remark that the relationship, associated with the equilibrium distribution 

functions of P(z), between µr,n(P) and µr,n(O) was found by Lin and Willmot 

( 1999) (36] as follows: 

n = 0, 1, 2, .... (2.78) 
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Example 2.3 Combination of exponentials 

r r 

As shown in example 2.1, if P(z) = L q1ce-µ•z, then r(z) = L q;e-µ•z, z > 0, 
lc=l lc=l 

r 

and G(z) = (1 - bq•)e-bz + bq• L q;•e-1-1•z, z > 0. Hence, 
lc=l 

(2.79) 

and 

(2.80) 

□ 

Example 2.4 Mixture of Erlangs 

(2.81) 

and 

µa,n(P) 
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[ 
bq• ] n! bq• n! ,. •• ( n + k - l ) 

- 1--- -+---Lqk · 
b - µ U' b - µ µn k=l n 

(2.82) 

D 

The computations of µo,n(P) and µr,n(P) seem complicated. However, much 

computational effort can be saved by the following recursive formulas. 

Lemma 2.4 For n=l, 2, 9, .. . , 

(2.83) 

Proof: From (2. 70), 

n n! (-p)R Pn Pn 
µr,n(P) + -µr,n-1(p) = ( )n I l -( ) = l -( ) • p -p n. - p p - p p 

Similarly, from (2.73) 

b n p ~ 
- -µr,n(P) - -µr,n-1(p) + - 1 -( ) a a a -pp 

b[ n Pn ] n P Pn 
- - --µr,n-1(P) + l -( ) --µr,n-1(p) + - 1 -( ) 

a p -pp a a -pp 
n Pn 

- --µr,n-1(P) + l -( ) p -pp 

- µr,n(p). 

D 

With n = 1 in (2.83), we get the mean of I'(z), µr,1(p) = 
1 
!;(p) -¼, and the 

mean of G(z), µo,1(p) = µr,1(p) +¾,which can be verified from (2.48) too. 
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For the case p = 0, (2. 76) and (2. 77) easily lead to the following result. 

Corollary 2.5 For n=1, 2, 9, ... , 

(2.84) 

2.3 Compound geometric distribution and dis­

counted probabilities of ruin 

In this section, we are going to discuss four cases based on different choices of 

V(u) in (2.31). One of them can lead ef,(u) to a compound geometric distribution 

function. 

To see this, since B(u) = i (u) = (1 + P)V(u), 
g(y)dy 

0 

Case 1 : when V(u) = w0 A(u) + 9w(u) which is the case of (2.17), 

if w0 = ~ and w(z, y) = 1 then from (2.12), (2.34) and (2.49) 
1+,-, 

B(u) 
- ru e-b(u-•) 100 

e-p(z-•) /
00 

w(z,y - z)p(y)dydzds 
- H(u) + lo • 1 oo lz -

b lo e-PII P(y )dy 

- ru e-b(u-•) 100 

e-p(z-•) P(z)dzds 
- H(u) + lo 1 :, -

b lo e-PII P(y)dy 

- G(u), (2.85) 

and (2.17) becomes 
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( 1 /U / 1-
<t, u) = 1 + {3 lo <j,(u - x)G (x)dx + 1 + /JG(u), u > 0. (2.86) 

Thus, in this c~e, (1.36) and (1.39) imply that <t,(u) = K(u). Therefore, from 

(1.37) we obtain 

- ~ /3 1 -=-n 
<t,(u) = K(u) = '-' ~( ~tG (u), 

n=l + /J + /J 
u > 0, (2.87) 

a compound geometric distribution function, and (2.1) turns out to be 

K(u) 
1 

- l + /3E[e-6
T l(T < oo, U(T) = 0)] + E[e-6

T l(T < oo, U(T) < 0)] 

1 
-

1 
+ /3<Pd(u) + <t,.(u), u > 0. (2.88) 

We remark that when D ➔ 0, /3 ➔ {30 and G(u) ➔ r(u) by (2.43), then we 

have 

- - ~ /Jo 1 =-n 
K(u) ➔ Ko(u) = '-' l /Ji ( /Ji tr (u), 

n=l + 0 1 + 0 
u > 0. (2.89) 

Lin and Willmot (1999) [36] showed that 

K 0(u) = E[e-6T l(T < 00)], u > 0, (2.90) 

- 1 
with K 0 (0) = 

1 
+ /3o. Then (1.39) becomes 

Ko(u) = 
1

: /Jo ku Ko(u - z)dr(z) + 
1

: /3o r(u), u > 0. (2.91) 

In fact, since when D ➔ 0, K(u) ➔ K 0 (u) for u > 0, and </,c1(u) ➔ 0 for u > 0 
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by theorem 2.3, we have that both ef>t(u) and ef>.(u) ➔ K 0 (u) for u > 0 when D ➔ 0. 

In the case 6 = 0, when D ➔ 0, 

Ko=o(u) ➔ Ko,o=o(u) = E[I(T < oo)] = Pr(T < oo) = 1/,o(u), u > 0. (2.92) 

Moreover, if 6 = 0, then {3 = fJ, (2.88) reduces to 

(2.93) 

Also from (1.15) and (1.16), K.s=o(u) satisfies the following defective renewal 

equation 

(2.94) 

which agrees with that K.s=o(u) is a compound geometric distribution function. 

The defective moments of the compound geometric distribution function K( u) 

can be expressed in terms of the moments of G(:,;) by 

i oo - d" 100 - I unK(u)du = (-Itd n e_.,.K(u)du ,n = 0,1,2, .... 
0 S O •=O 

For example, from (1.38) and (1.40), 
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and the defective mean of K(u) is 

fo00 

uK(u)du 

- - ~ 1
00 

e--K(u)dul 
w, lo •=O 

_ [l - G(s) G'(s) sG'(s) + 1 - G(s) 1 ] I 
- s [1+,B-G(s)]2 - s2 l+,8-G(s) •=O 

_ ~[G'(0)] 2 + .!_ sG"(s) + G'(s) - G'(s) I 
/3 ,8 2s •=O 

1 2 1 
- 132/JG,1 (p) + 2,8/JG,2(p), (2.96) 

with the help of L'Hopital's rule. Therefore, the proper mean of K(u) is 

(2.97) 

Case 2 : when V(u) = w0 A(u) which is the case of (1.22) then 

B(u) = wo(l + {3)e-bu = wo(l + ,B)H(u). (2.98) 

lf w0 = 1 then 

B(u) = (1 + {3)H(u), (2.99) 

and B'(u) = -(1+,B)h(u). Equation (1.22) becomes the defective renewal equation 

for the discounted ( with discount factor 6) probability of ruin caused by oscillation, 

1 ru 
</>d(u) = 1 + ,B lo </>d(u - z)dl' * H(z) + H(u), (2.100) 
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In addition, by (1.44), <Pd(u) can he expressed as 

(2.101) 

where 

K * H(u) = 1 - K * H(u) = 1 - (1 - K) * H(u) = H(u) + K * H(u). (2.102) 

With (2.88) and (2.101), we get 

(2.103) 

and 

H * K(u) - !au H(u - z)dK(z) = K(u) - K * H(u) 

- {3 
- K * H(u) - K(u) = l + {J<Pd(u). (2.104) 

When 6 = 0, then {3 = (J and (2.103) becomes 

(2.105) 

Since K * H(u) = !au K(z)H'(u - z)dz = b J: e-b(u-z-) K(z)dz and by (2.101), 
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we have 

d<f>t(u) dK • H(u) [ ] r~ - ] b/3 
- du = du = b K(u)-K • H(u) = b K • H(u)-K(u) = 1 + {3</>c1(u). 

(2.106) 

Therefore, 

100 loo 1100 loo 1 
u K • H(z)dz = u K(z)dz + b u dK • H(z) = lu K(z)dz + ,;K • H(u), 

(2.107) 

or by (2.103), 

100 100 1 lu <Pt(z)dz = u K(z)dz + ,;<l>t(u) (2.108) 

with 

fo00 

<Pt(x)dx = fo00 

K • H(z)dx = fo00 

K(x)dx+ ¼ = µc~(p) + ¼ = µr;}p) + l ~/3 

(2.109) 

by (2.95). Also from (2.103) and (2.106), the defective tail discounted (with discount 

factor tf) probability of the time of ruin caused by oscillation is 

(2.110) 

with 
/00 1 + /3 1 

lo ¢,d(x)dx = V = bK(0)" (2.111) 

The defective moments of the function ¢,ci( u) can be also expressed in terms of 

the moments of G( z) by 
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n=O, 1, 2, ... , like the defective moments of the compound geometric distribution 

function K(u) above. However, with (2.109) and (2.110), the defective mean of 

<Pd( u), fo00 

uef>d.( u )du can be easily derived as follows: 

and hence the proper mean of the function <f>d( u) is 

Case 3 : when V(u) = g111(u) which is the case of (2.15), 

if w(x, y) = 1 then from (2.12), (2.34), (2.40) and (2.49) 

B(u) -

- r* H(u). 

(2.112) 

(2.113) 

(2.114) 

(2.115) 
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We remark that the function B(u) based on (1.13) is 

100 

e-p(z-u) f
00 

w(z,y-z)p(y)dydz 
Bo(u) = u le: la e-w P(y )dy 

(2.116) 

Equation (1.34) becomes the defective renewal equation for the discounted (with 

discount factor «S") probability of ruin caused by a claim, 

1 [ 1 -</>.(u) = ----;i </>.(u - x)dl' * H(z) + ----;ir • H(u), 
1+,.., 0 1+,.., 

(2.117) 

Also by (1.44), </>.(u) can be expressed as 

1 ru- - 1-
</>.(u) = - /3 Jo K(u - x)dl' * H(z) + 

13
r * H(u). (2.118) 

- 1 
Since K(u) = </>.(u) + 

1 
+ {3</>d(u), from (2.95) and (2.111), 

2µc,1 (p) 2 2µr,1 (p) 
Also by (2.96), (2.112) and µc,2(p) = b + µr,2(p) = b2 + b + µr,2(p) 

from (2.83), the defective mean of </>.(u) is 
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and hence the proper mean of the function ef,.( u) is 

Case 4: when V(u) = w0A(u) + g161 (u) which is the case of (2.17), 

if w0 = 1 and w(z, y) = 1 then from (2.99) and (2.115) 

(2.121) 

B(u) = (l+/J)H(u)+H(u)-r•H(u) = /JH(u)+l-H•r(u) = /JH(u)+r * H(u). 

(2.122) 

Equation ( 1.35) becomes the defective renewal equation for the discounted ( with 

discount factor d') probability of ruin caused by both oscillation and a claim, 

<l>t(u) = l ~ /3 Lu <l>t(U - z)dl' * H(z) + l ! /JH(u) + l ~/Jr* H(u), u > 0. 

(2.123) 

Since <f>t(u) = </>d(u) + ef,.(u), from (2.100), (2.101), (2.117) and (2.118), <l>t(u) can 

be written as 
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1 +.B[-=-=---==- - ] 1 ,- - 1-= ,B K * H(u) - K(u) - {3 lo K(u - z)dl' * H(z) + 
13

r * H(u), (2.124) 

and can be simplified to 

ef>t(u) = (1 + ,B)K(u) + {. K(u - z)dl' * H(z) - r * H(u) (2.125) 

by (2.103). 

Note that when p = 0 which is the case when 6 = 0, then /3 = fJ and H(u) and 

r(u) simplfy to H1 (u) and H2 (u) of Dufresne and Gerber (1991) [16], respectively; 

hence (2.100), (2.117) and (2.123) reduce to their (5.10), (5.16) and (5.17) which 

are stated in (1.15), (1.16) and (1.17) respectively. 

Since ef>t(u) = c/>.(u) + 1Pd(u), from (2.112) and (2.120), the defective mean of 

'Pt(u) is 

Combining this with (2.109), the proper mean of the function c/>t(u) is 

(2.127) 

Recall that Gerber and Landry (1998) [24] mentioned that g(y) is the discounted 
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probability that the first record low is caused by a jump. That is, g(y )dy is the 

discounted probability that the surplus will ever fall below its initial level u, and 

will be between u - y and u - y - dy when it happens for the first time caused by a 

jump (A[l - P(y)Jdy for the case of the classical continuous risk model (1.1) that 
C 

D = 0 and 6 = 0). In fact, based on the fact that a compound Poisson process has 

independent and stationary increments, g(y) is the discounted probability that the 

surplus process {U(t) : t > 0} attains a record low caused by a jump. Let T1 (with 

TJ = O) be the n th time when the surplus process {U(t): t > O} attains a record low 

caused by a jump, and Ln = U(T~_1 )-U(T1) be the amount by which the resulting 

n th record low caused by a jump is below the surplus at time T~_1 , n = 1, 2, .... One 

can define L(t) = L1 +£2+· • ·+LN(t) (with L(t) = 0 if N(t) = 0), the total amount 

up to time t by which the resulting N(t) th record low caused by a jump is below the 

initial level u, where N(t) is the total number of record lows up to time t caused 

by a jump, which is independent of £1, £2, .... and Pr(N(t) = n) = ,8(1 + ,B)-n-1, 

n = 0, 1, 2, .... Then G'(y) = g(y)/ fo00 

g(y)dy is the common probability density 

function of the identical and independent random variables £ 1 , £ 2 , . . .. And the 

function K(u) in (2.88), which satisfies the defective renewal equation (2.86) as 

well as (2.87), can be treated as K(u) = Pr(L(t) > u), u > 0. 

2.4 Explicit analytical solution : examples 

- - 1 + ,8 [-=-=----::- - ] Since 'Pt(u) = K * H(u) = H(u) + K * H(u), ¢d(u) = ~ K * H(u) - K(u) and 

¢.(u) = 'Pt(u)-¢d(u) = 1 ; /3 K(u)- ~K * H(u), if the explicit analytical solution 

to K(u) given in (1.37) is available in some cases, then all 4'e(u), ef,d(u) and ef,.(u) 
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will also have explicit analytical solutions in these cases. We will demonstrate these 

cases by examples. 

Example 2.5 Combination of exponentials 

r 

As shown in example 2.1, if P(z) = L q1ce-µ"z, then G(z) = (1 - bq•)e-bz + 
lc=l 

r r 

bq· L qz•e-µ•z and G'(z) = (1- bq.)be-bz + bq. L qz·µ1ce-µ•z, z > 0. The Laplace 
k=l lc=l 

- ioo b r l'k transform. of G(z) is G(-s) = e•zdG(z) = (1 - bq•)-b - + bq• L qj/--. 
O - S lc=l /'le - 8 

Then by (1.40), 

1 - (1 - bq•)_b_ - bq• t qz• 1'1c 
/ 00 b - s µ1c - s Jo eau K(u)du = - b lc=l r • 
0 

8 [1 + J1 - ( 1 - bq• )-b - - bq• L qj/ l'lc ] 
- 8 lc=l /'le - 8 

(2.128) 

The roots of the denominator are so= 0 and s 1 , s2, ... , sr+l· That is, s 1 , s2, ... , Sr+l 

satisfy 

(2.129) 

/1- _s_[1 + t qib ]= 0. 
b-s µ1c-s lc=l 

(2.130) 
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If all the qZ7s are positive, so are all s1 , s2 , ... , Sr+i by (2.130). Dufresne and Gerber 

(1988a) [14] showed that complex roots are only possible if at least one of qZ's is 

negative; in this case, these complex roots must be paired ( conjugate each other) 

and have positive real part. 

We assume these roots are distinct for simplicity. One of 8 1 , s 2 , ... , 8,-+1, say 81, 

satisfies generalized Lundberg's equation (1.32), and ,-, = 8 1 > 0 is called the ad­

justment coefficient. By the principle of partial fractions as mentioned in Dufresne 

and Gerber (1988b) [15], there exist coefficients Do, D 1 , ... , D,.+l such that 

To find these coefficients Do, D 1 , ... , Dr+i, multiply (2.131) bys and then set 

s = 0 to get 

Do= -[1 + /3- (1-bq•) -bq• t qz•]-1 

= _ _!._ 
k=l /3 

(2.132) 

If we multiply (2.131) by s(s - s;) and then let s ➔ s;, then we obtain 
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with the help of L'Hopital's rule, (2.55), (2.57) and (2.129). In addition, if we let 

s ➔ band s ➔ µ;, j = 1, 2, ... , r + 1, in (2.131), respectively, we have that 

D"+lD D"+lD 
~ + L k = ~ + L k = 0, j = 1, 2, ... 'r + 1. 
b k=l b - s1: µ; k=l µ; - s1: 

(2.134) 

Thus, (2.128) becomes 

By the uniqueness of the Laplace transform, 

K(u) - - I: Di:e-••u - Do[(l -bq•)e-bu + bq• tq;-e-µ;u]+ 
k=l j=l 
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r+l 

- /3 L D1ce-•,u, 
lc=l 

(2.135) 

a combination of exponential functions, by (2.129), (2.132) and (2.134). Moreover, 
r+l 

letting u = 0 in (2.135) leads to K(0) = /3 L D1c. Therefore, 
lc=l 

and 

(2.136) 

(2.137) 

When 6 = 0, /3 = (J and (2.130), (2.133), (2.135), (2.136) and (2.137) become 

r+l 

Ko=o(u) = fJ L D1c,o=oe-•"•1=0 u 
k=l 

where s1,6=0, s2,6=0, ... , s,-+1,6=0 satisfy 

and 

D _ _ c/ D - s;,o=o . 1 2 ,,o=0 - [ ,. q• µ ] , J = , , ... , r + 1, 
C ~ lc,6=0 le 

s;,o=0 1 + fJ + D LJ ( )2 
lc=l µ1c - Sj,6=0 

(2.138) 

(2.139) 

(2.140) 
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with 

and 

In the case D = 0, similar arguments show 

,. 
Ko(u) = f3o L D1ee-•1:u, 

k=l 

a combination of exponential functions, where 81, 82, ... , s,. satisfy 

and 

j = 1, 2, ... , r, 

with 
" 1 - 1 E D1e = 1 + /3o Ko(O) = /3o(l + /3o) 

and 

(2.141) 

(2.142) 

(2.143) 

(2.144) 

(2.145) 

(2.146) 

,. 1 
L D1e = -

1 
/3 = -Ko(O). (2.147) 

k=O + 0 

For the special case r = 1, that is, P(z) = e-l'Z, then qi = qi• - 1 and 

q• = (b - µ)-1 . By (2.130), 8 1 and 8 2 satisfy {3- -
6 

8 
[1 + -

6
-] = 0 or 

-8 µ-s 
(1 + /3)(8 - b)(s - µ) = bµ, or equivalently, 
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{3 
8

2 -(b+µ)8 + 1 +{Jbµ = 0. 

S• b {3 (b )2 /3 b ( 2 4bµ mce81+82 = +µ,8182= l+{Jbµand +µ -4l+/3 µ= b-µ) +l+/3 >0, 

8 1 and 8 2 both are positive real numbers. In this case, K(u) in (2.135) becomes 

(2.148) 

where 

Di 
b- 81 b- 81 -

81 [ 1 + /3 + (µ bµ8i)2] 
-

81(1+/3)[1+ 81-b] 
81 -µ 

(81 - b}(81 - µ) 82 - =-
(1 + /3)81(81 - 82) /3(1 + /3)(81 - 82) 

and 

i = 1,2. 

With the explicit analytical solution (2.135) to K(u), then K • H(u) = 
fu r+l [ r+l /u lo K(u - z)h(z)dz = {3 L D1: e-•1i(u-:r:)be-=dx = b/3 L Dke-••u lo e-(b-•1i):r:dx 
O k=l O k=l O 
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r+l D [ ] = b/3 L b _ 1c e-•,u - e-bu , and from (2.102) and (2.103) 
k=l Sic 

(2.149) 

by (2.132) and (2.134), with 

(2.150) 

In addition, from (2.101) and (2.103) we have 

(2.151) 

with 

~t, ( ) _ 1 + 8 [K H ( ) K ( )]- (l + 8) ~ D1c,6=0Slc,6=0 -•• •=ou 
'f'd u - - 8 - 6=0 * 1 u - 6=0 u - L.J /D e • , 

k=l C - Sk,6=0 

(2.152) 

and 

(2.153) 

with 
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We remark that ef>e(u), ef>d(u) and ef>.(u) as well as 1/le(u), V'd(u) and 1/,.(u) are all 

a combination of exponential functions if the claim size distribution is a combina-

tion/mixture of Exponentials. D 

Example 2.6 Mixture of Erlangs 

,. µ(µz)k 
As shown in example 2.2, when b =µthen G'(z) = ~ qz k! e-,,z, whereas 

[ 
bq• ] bq• ,. µ(µz )k-1 

when b =/ µ, G'(z) = 1 - b- µ be-bz + b- µ ~ qz• (k - l)! e-,,z. The former 

100 r k+l 100 r ( )k+l has G(s) = e-•zdG(z) = L qzµk' e-(µ+•)zzkdz = L qz _µ_ = 
O k=l • O k=l µ + S 

_µ_Q•(-µ-) where 
µ+s µ+s ,. 

Q·(z) = L qzzk. (2.155) 
k=l 

Then follow the method of Willmot and Lin (1998) [47] and by (1.41) we have 

/3 

/

00 

e-audK(u) = /3 _ = l+/3 = c(-µ-) 
lo- 1+/3-G(s) 1 __ 1 ___ µ_Q•(-µ-) µ+s 

1+/3µ+s µ+s 
(2.156) 

where 

(2.157) 
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is the probability generating function of a compound geometric distribution for 

some coefficients Co, c1 . . .. Letting z = 0 in (2.157), and differentiating (2.157) 

with respect to z and then setting z = 0, respectively, lead to Co = 
1 
! /3 and 

C1 = 0. 

Since lo~ e_..,dK(u) = K(0) + fo00 

e--..K'(u)du and K(0) = l ! /3' (2.156) 

becomes 

(2.158) 

00 

where C; = L Cn,i = -1, 0, 1, ... with C-1 = 1, by interchanging the order of 
n=j+l 

summation in the last equation. 

Note that the coefficients {Co, C 1 , C 2 , ... } may be calculated recursively as fol­

lows for computational purpose. By Feller (1968) (20] (p. 265), the associated 

probability generating function is 

Rearrangement gives 

1 1 - zQ*(z) 
l+/3 1-z 

1 • 
1 - --zQ•(z) 

1 +/3 
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~ C n __ l_ Q•( ) ~ C n 1 1 - zQ•(z) 
~ nZ - Z Z ~ nZ +------. 
n=O l+,B n=O l+,8 1-z 

Equating coefficients of zn leads to 

_ 1 n-1 _ 1 oo 

Cn = 1 + a E qZCn-lc-1 + 1 + /3 E qz, n = 1, 2, 3, ••• ' 
~ lc=l lc=n 

(2.160) 

with qz = 0 if k > r. Thus the coefficients Cn for n = 1, 2, 3, ... may be calculated 

recursively by (2.160) with starting value C0 = 1- Co = (1 + ,B)-1 , and (2.159) can 

be used to compute K(u). 

When b =/ µ, G(s) = e-•zdG(z) = 1- _q_ b e-<b+•)zdz + - Loo [ b • ] Loo 
o b-µ o 

__!!!£_ t qj/ µk f'X) 2l-1e-(µ+•)zdz = [1 - ~]-6- + bq• Q .. (~) 
b - µ k=l (k -1)! lo b- µ b + s b - µ µ + s 
where 

,. 
Q··c > - ~ •• le Z - ~qk Z. 

lc=l 

(2.161) 

Similarly, by (1.41) we have 

,B 
1 +,8 

l 1 [(l bq• ) b bq• Q•· ( µ )] 
-1+,B - b-µ b+s + b-µ µ+s 

- c(-
6 

b , _µ_) (2.162) 
+s µ+s 

where 
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{3 
00 00 1+,B 

C(z, w) = L L Cm,nZmWn = l bq• b • (2.163) 
m=On=O 1- -[(1- -)z + _q_Q••(w)] 

1+/3 b-µ b-µ 

for some coefficients Cm.n, m, n = 0, 1, 2, .... Letting z = w = 0 in (2.163) leads to 
{3 

Co,o = 1 + 13· 

Since lo~ e-.udK(u) - K(0) + fo00 

e-.u K'(u)du and K(0) 

becomes 

{3 
- ~' (2.162) 

1 +,.., 

100 b µ 
00 00 

( b ) m ( µ ) n e-.uK'(u)du = c1,o-
6
-+eo,1--+ EE Cm,n -b- -- . (2.164) 

0 + 8 µ + 8 m=l n=l + 8 µ + 8 

By the uniqueness of the Laplace transform, we have K'(z) = 
oo oo z b[b(z )Jm-1 ( )n-1 

c1,obe-lr.r: + Co,1µe-µz + L L Cm,n f - y 
I 

e-b{z-y) µ µy 
I 

e-"'"dy (note 
m=l n=l /o (m - 1). (n - 1). 

z b[b(z _ )Jm-1 ( )n-1 
that f y e-b{z-i,) µ µy e-"'11 dy is the convolution of two Erlangian 

lo (m - 1)! (n - 1)! 
probability density functions) and 

Further calculations show that fu00 

1oz (z-y)m-lyn-le-b{z-y)e-"'11dydz and hence 

K(u) can be expressed in terms of e-buum and e-"'uun, m, n = 0, 1, 2, .... However, 

the associated coefficients of e-buum and e-"'uun are very cumbersome and have no 
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recursive relation like (2.160). An alternative method based on the principle of par­

tial fractions can be used to express K( u) in terms of finite number of exponential 

functions as in example 2.5. To see this, by (1.40), 

1- 1--- ----- qk --( 
bq• ) b bq• r •• ( µ ) 1c 

/ 00 .u- _ b - µ b - s b - µ ~ µ - s 
Jo e K(u)du - - bq• b b • r k • 

o s[1+.a-(1--)---q I:qz·(-µ)] 
b-µ b-s b-µ µ-s k=l 

(2.166) 

The roots of the denominator are so = 0 and s1, s2, ... , Sr+i, that is, s1, s2, ... , 8r+l 

satisfy 

( 
bq• ) b bq• r ( µ )k 

1--- --+--I:qz• -- =l+/J. 
b - µ b - 8 b - µ k=l µ - 8 

(2.167) 

We assume these roots are distinct for simplicity. One of 8 1 , s 2 , ... , 8r+1, say 8 1 , 

satisfies generalized Lundberg's equation (1.32), and,;= s 1 > 0 is called the adjust­

ment coefficient. Argument similar to the one in Dufresne and Gerber (1988a) [14] 

shows that either 8 1 , 82, ... , Sr+i are all positive or some of them are paired ( conju­

gate each other) complex roots with positive real part. By the principle of partial 

fractions as mentioned in Dufresne and Gerber (1988b) [15], there exist coefficients 

Do, D1, ... , Dr+l such that 

D r+l D { [ ( bq• ) b bq• r ( µ )k] }-1 ~+L 1c =- s l+,8- 1--- -----I:qz• -- · 
S 8 - S•- b - µ b - 8 b - µ µ - 8 k=l ~ k=l 

(2.168) 

To find these coefficients Do, D1 , ... , Dr+i, multiply (2.168) by 8 and then let 

s = 0 to obtain 
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[ ( 
bq• ) bq• r ]-1 1 

Do=-1+,8- 1--- ---Eqi/ =--. 
b - µ b - µ le=l ,8 

(2.169) 

If we multiply (2.168) by s(s - s;) and then let s ➔ s;, then we obtain 

with the help of L'Hopital's rule. In addition, if we lets ➔ bands ➔ µ, in (2.168), 

respectively, we get that 

D r+l D D r+l D 
O ~ le _ 0 ~ le -o -+L.,----+L.,---. 

b k=l b - s1e µ k=l µ - s1e 
(2.171) 

Thus, (2.166) becomes 
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with the help of (2.171). By the uniqueness of the Laplace transform, 

by (2. 72) and (2.167). We declare that 

(2.172) 
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for each j - m = 1, 2, ... , j, since m = 0, 1, ... , j - 1 and j = 1, 2, ... , r, which 

implies 
r+l 

K(u) = /3 L D1ce-••u, 
lc=l 

(2.173) 

a combination of exponential functions, which has the same expression as (2.135) 

for the combination of exponentials case. Thus, (2.136) and (2.137) apply. When 

J = 0, (2.173) becomes 

r+l 

K6=o(u) = 8 L D1c,6=oe-••.1=0 u 

lc=l 

where s1,6=0, s2,6=0, ... , s,.+1,6=0 satisfy 

by (2.167), and for j = 1, 2, ... , r + 1, from (2.170) 

Note that (2.141) and (2.142) also apply here. 

(2.174) 

(2.175) 

To show (2.172), we can differentiate both sides of (2.168) (j - m - 1) times 

with respect to sand then let s ➔ µ. The consequence for the left side is 
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which is exactly (-1);-m-l(j - m - l)! times the left side of (2.172). Thus, it is 

sufficient to show the (j - m -1 )th derivative of the right side of (2.168) at µ equals 

to 0. Let a(z) "'e b(z) as z ➔ c denote lim%➔e<J(z)/b(z) = 1. Then the right side 

of (2.168), as s ➔ µ, 

1 

[ ( 
bq• ) b bq• ,. ( µ ) 1c] 

s l+J3- 1--- -----Eqi/ --
b-µ b-s b-µ µ-s lc=l 

"'µ 
1 

bµq• q;• (-µ-),. 
b-µ µ-s 

(b- µ)(µ - s)" 
bq•q;•µr+i 

Since j - m -1 = 0, 1, ... , j -1 < r, we have :j~m-\ (µ - s )" I = 0 which implies 
3J-m- •=µ 

di-m-
1 

{ [ ( bq• ) b bq• ,. ( µ )1}-11 
- ·-m-1 s 1 + /3 - 1 - -- -- - --E qz• -- = o. 

ds' b - µ b - s b - µ k=l µ - s •=µ 

For the case b =µ,similar arguments show 

,. 
K(u) = /3 L D1ce-••u, 

k=l 

a combination of exponential functions, where s1 , s 2 , ... , s,. satisfy 

(2.177) 

(2.178) 
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and 

j = 1, 2, ... , r, (2.179) 

with relationships (2.146) and (2.147) hut /Jo and K 0 (u) replaced by /J and K(u), 

respectively. 

When D = 0, similar derivations lead to 

r 

Ko(u) = /Jo L D1ce-•"u, 
lc=l 

a combination of exponential functions, where s1, s2, ... , s., satisfy 

and 

j = 1, 2, ... , r. 

Note that (2.146) and (2.147) also hold in this case. 

(2.180) 

(2.181) 

(2.182) 

To get explicit analytical solutions for <Pt(u), ,Pd(u) and ,p.(u), since (2.173) and 

(2.177) have the same expressions as (2.135), equations (2.149), (2.151) and (2.153) 

apply for b =f. µ case, whereas substitute r for r + 1 in the upper index of summation 

in these three equations for b = µ. Similarly, equations (2.150), (2.152) and (2.154) 

apply for V't(u), V'd(u) and 'ifJ.(u) by the argument above. 

Alternative explicit analytical solutions for 4>t(u), <Pd(u) and ,p.(u) can be ob­

tained as follows for b = µ case if (2.159), K(u) = e-pu E Cn (µ~)n, is used. First 
n=O n. 

_ Lu_ 00 _ µn+l Lu 
calculate K * H(u) = K(z)µe-p(u-z)dz = L Cn-

1
- e-pzzne-p(u-z)dz = 

0 n=O n. 0 
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oo _ (µu.)n+l 
e-µu L Cn ( l)'. Then from (2.102) and (2.103) 

n=O n + . 

-µu [ - (µu )n+l ] -µu oo - (µu r 
'Pt(u) = K * H(u) = e L Cn( l)' + 1 = e L Cn-1-1--o n + . n=o n. 

(2.183) 

with C _1 = 1. Moreover, from (2.101) and (2.103) we have 

and 

- 1 00 r- ~1 (µu)n <p.(u) = K(u.) - ~<pd(u.) = e-µu L Cn - a -,-. 
1 + /J n=O /J n. 

(2.185) 

□ 

2.5 Asymptotic formula and Tijms-type approx­

imation 

In this section, we will first study the adjustment coefficient and propose the asymp­

totic formula for the defective renewal equations <p( u) in (2.17), then give the Tijms­

type approximation for the associated compound geometric distribution function 

K(u) in (2.87). 

Recall from (1.32) that p > 0 satisfies generalized Lundberg's equation ,\p(e) = 
,\ + J - ce - Df.2. If we define 
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then >.p( {) = >. + d - c{ - De2 is equivalent to 

(2.187) 

Since >.p'({) = ->. fo
00 

ze-e:i:p(z)dz < 0 and >.p"({) = >. fo
00 

z 2e-e:i:p(z)dz > 0, we 

have that >.p({) is a decreasing convex function with >.p(0) = >.. Moreover, due to 

the negative coeflicient(-D) of the {2 term in {2.186), r({) is a concave parabola 

with r(0) = >.+d and the maximum 
4
~ +>.+d at { = -

2
~. Therefore (2.187) has 

exactly two roots, one nonnegative, says {1 , which is p(d) by (1.32), and another 

negative, say {2 = -ti:(d), where ti:{d) > 0. 

Note that since r(-b) = r(p(d)) < r(-ti:(d)), we have b > ti:(d). In addition, 

when d ➔ 0, {1 = p( d) is decreasing to 0 and 161 = ti:( d) is also decreasing. And if 

d ➔ 0, which implies p ➔ 0, then from {1.32), 

(2.188) 

Let ef,111 ({, d) = fo
00 

e-eu<f,111 (u)du, we multiply (2.15) by e-eu, and integration 

from u = 0 to u = oo yields 

(2.189) 
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Therefore, 

which is the Laplace transform of 

00 

<Pw(u) = Lg,.,* g-n(u). 
n=O 

From (2.19), after some computations, we get 

and 

_,(e 6) = .\p'(e) + [c + 2De]g(e, 6) 
9 ""' (b+e)(p-e)n ' 

g(e,6> -1 -
.\fi( e> + ne2 + ce - 6 - ,\ 

(b + eHP - e>n 
,\p(e) - T( e) 

- (b + eHP - e>n· 

Then from (2.22), (2.190) and (2.193), we obtain 

(2.190) 

(2.191) 

(2.192) 

(2.193) 

(2.194) 

If w(x, y) = 1, then ef>w(u) = ef,.(u), w(z) = P(x), w(s) = fo00 

e-•z P(x)dx = 

1 - p(s) and 
s 

,\ [1 - fi<e> _ 1 - fi(P>] 
T<e> - ,\fi(e> e P 
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.\p[l - p(e)] + e(6 - cp - Dp2 ) 

e[.\p(1 - fi<e>> + p(6 - ce - ne2 >1 
(2.195) 

where efJ.(e, 6) = l,00 

e-euef,.(u)du. ff we further let 6 ➔ 0, then from (2.188) 

where 'if/.(e) = fo00 

e-eu'f/,.(u)du. Moreover, if D ➔ 0, then equations (2.195) and 

(2.196) reduce to (2.59) and (2.60) of Gerber and Shiu (1998a) [29], respectively. 

Now to obtain the asymptotic formula for ¢,w(u) satisfying (2.15), 'Pw(u) = 
¢,w * g(u) + 9w(u), we seek a ,., > 0, called the adjustment coefficient, such that 

fo00 

e..zg(x )dz = g(-K., 6) = 1. By (2.193), g(-K., 6) = 1 is equivalent to .\p(-K.) = 

r(-K.). Therefore _,., is exactly e2 , the unique negative root of (2.187), which has 

been mentioned by Gerber and Landry (1998) [24] too. 

With the asymptotic formula (1.46) for a renewal equation, we can apply it to 

(2.17) and obtain the following theorem. 

Theorem 2.4 The asymptotic formula for ¢,(u) satisfying {2.17} is 

.\ 100 

(e-= - e-~) 100 

w(x,y- x)p(y)dydx + w0 (p + K.)D 
¢,(u)"' o z .\p'( ·) 2 ·D e-Ku, as u ➔ oo, 

- -K, - C + K, 

(2.197) 

where -fl(-,;;) = l,00 

xe-dP(x), ,., = -e2 and e2 is the unique negative root of 

(2.187). 
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Proof: From (2.22), (2.192), g(-K., 6) = 1 and the fact that b > K., we have as 

u ➔ oo 

</>( u) ,.., 

D 

Note that when D = 0, (2.197) reduces to (4.10) of Gerber and Shiu (1998a) [29], 

which agrees with the fact that the defective renewal equation (1.33) is a special 

case of (2.17). 

Corollary 2 .6 If w( z, y) = 1, then the asymptotic fonnula for </>( u) satisfying 

(2.17) is 

-1..( ) [6 + (wo - l)pK.D](p + ,-;) -Ku 
'f' u ,..,, .;...._..,.........;---_,;_;_-~---,,-e , as u ➔ oo, 

p,-;[-~p'(-,-;) - c + 2,-;D] 
(2.198) 

where -p'(-,-;) = fo00 

ze,czdP(z), K. = -6 and {2 is the unique negative root of 

(2.187). 

Proof: If w(z, y) = 1, from (2.197), integration by parts and that both p and -,;, 

satisfy (2.187), we have as u ➔ oo 
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ef,(u) ,.._, 
A /

00 

(e,cz - e-P) /
00 

p(z + y)dydz + Wo(P + li.)D 
lo lo e-Ku 

-Afl(-li.) - c + 2KD 

A 100 

(e,cz - e-P)P(z)dz + wo(P + li.)D -Ku 

-Afl(-K) - c + 2KD e 

Afp(-K) - 1] A[p(p) - 1] ( )D ~~~~+----+~p+li, 
Ii, p --

-Afl(-1') - c + 2K.D e 

d + CK - DK2 d - cp - Dp2 

----- + ----- + wo(p + K)D 
Ii, -----------------e-KU 

-Afl(-li.) - c + 2K.D 

[d + (wo - l)p1i.D](p + K) -Ku 

- pK[-Afl(-K.) - c + 2KD] e • 

D 

N h ifD O I 
~ O h [d+(w0 -l)pKD](P+") d d , ote t at = , et a ➔ , t en --------'---~--''-"---....;... = -+ - ➔ c- "'-Pl 

P" " p 
by (2.188), and (2.198) implies </>o(u) ,.._, A~ ( A7 e-Ku, which is exactly the 

- fl -K. - C 

equation (4.15) of Gerber and Shiu (1998a) [29]. 

1 -Recall that if w0 = 
1 
+ /3 and w(z, y) = 1, then ef,(u) = K(u). Now we have 

the asymptotic formula for K(u) as follows: 

Corollary 2.7 If w0 = ~ and w(z,y) = 1, then the asymptotic formula for 
1 +,.., 

K(u) satisfying {1.99} is K(u) ,.._, ce-Ku, as u ➔ oo, where 

[ /3 ] [ P"-D ] d - -/3p,;,D (p + K) d 1 - D 2 (p + K) 
C= 1+ = p +cp , 

pK[-Afl(-K) - c + 2K.D] pK.[-Afl(-K) - c + 2KD] 
(2.199) 

-p'(-,;,) = 100 

ze-dP(z), "= -{2 and {2 is the unique negative root of {2.187}. 
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Proof: Substitute ~ for w0 in (2.198), then from (2.35) we obtain (2.199). □ 
1+,.., 

From both a numerical and an analytical viewpoint, Tijms (1986) (43] suggested 

approximating K(u) by 

(2.200) 

where a is chosen so that the approximation preserves the mean /
00 

KT(u)du = 
00 k 

Jo K(u)du, i.e. 

(2.201) 

with fo00 

K(u)du = µc,;}p) by (2.95) and µc, 1(p) given in (2.75). 

Note that the approximation preserves the true value K(0) = (1 + /3)-1 , the 

mean, and the asymptotic right tail behavior as u ➔ ex> if a>,;,. Moreover, KT(u) 

is exactly equal to K(u) if P(z) (or more generally, K(u)) is the sum or mixture of 

two exponentials. 

2.6 Reliability-based class implication and bound 

In this section, we are going to propose reliability-based class implications between 

P(z) and G(z). A lower bound and an upper bound on the associated compound 

geometric distribution function K(u) in (2.87) can be developed provided the claim 

size distribution P(:,;) is in some of the reliability-based classes. 

Recall we have defined the mean residual lifetime and the failure rate of the 

claim size distribution function P(:,;) in the last section of the previous chapter. 
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Since P1(x) = /
00 

P(t)dt L 100 

P(t)dt = 1
00 

P(t)dt/p1 by (1.54) with n = 1, rp(x) Jz I Jo lz 
in (1.48) becomes rp(x) = p1P 1(x)/ P(z). By L'Hopital's rule, 

( ) 1:_ ( ) 1:_ -P( X) 1:_ 1 1 rp 00 - uiu rp X - lllU --'--~ - J.UU. - --
- z➔oo - z➔oo -P'(z) - z➔oo hp(z) - hp(oo)' 

(2.202) 

provided rp( oo) and hp( oo) are well defined. 

Similar to (1.48), the mean residual lifetime of the distribution r(x) is defined 

by 

100 

r(t)dt 100 

r(x + t)dt 
rr(z) = z r(z) = 0 r(x) ; (2.203) 

and rr(x) = µr,1(p)r1(z)/r(x) by (1.58). From (1.52) and (1.55), 

Then by (1.57), 

a weighed average of values of rp(z) with weights proportional to e-pz P(z). By 

L'Hopital's rule, 

. -e-pz P( z )rp( z) . 
rr(oo) = lim rr(z) = lim P( ) = lim rp(x) = rp(oo) 

z➔oo z➔oo -e-pz x z➔oo 
(2.206) 

provided r p ( oo) is well defined. 
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From (2.48), we have the failure rate of G(z) = r * H(z), 

hc(z) = G'(z) = b[1 - r(z)] 
G(z) G(z) 

(2.207) 

with O < hc(z) < b = hH(x) and hc(O) = 0 since G'(O) = 0, and the mean residual 

lifetime of the distribution G(z), 

- Loo G(t)dt - !. f:° f(t)dt - !. [ hc(z)] 
rc(z) - G(z) - b + G(z) - b + 1 - b rr(z) (2.208) 

with the help of (2.48), (2.203) and (2.207). 
1 1 

Note that rH(z) = b < rc(z) < b + rr(z) = rH(z) + rr(z) and rc(O) -

µc,1(p). In addition, Since rc(oo) = 1/hc(oo), from (2.208) rc(oo) = rH(oo) + 

[1 - ::~:nrr(oo), or equivalently, 

1 
rc(oo) = rH(oo) = b or rc(oo) = rr(oo) = rp(oo) (2.209) 

provided re( oo ), rr( oo) and rp( oo) are well defined. 

Similar to Theorems 1.3 and 1.4 which are concerning class implications between 

P(z) and f(z), we have the following theorem regarding class implications between 

P(z) and G(z) too. 

Theorem 2.5 The following class implications hold. 

(a) If P(x) is /FR then G(z) is /FR. 

(b) If P(x) is DMRL then G(z) is DMRL. 

(c) If P(x) is UBA then G(z) is UBA. 
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(d) If P(x) is UBAE then G(x) is UBAE. 

(e) If P(x) is 2-NBU then G(x) is NBUE. 

Proof: If P(x) is IFR (DFR) then r(z) is IFR (DFR) by Theorem 1.3.(a). Based 

on the facts that convolution preserves the IFR property ( that is, if X and Y are 

independent with /FR distribution functions, then X+ Y has an IFR distribution 

function), since G(x) = H •r(z) by (2.40), the convolution of distribution functions 

H(x) and r(z), and H(z) = 1 - e-bz is IFR, we have that if P(z) is IFR, so are 

r(z) and G(x), proving (a). 

From Theorem 1.3.(b), if P(x) is DMRL (IMRL) then r(z) is DMRL (IMRL). 

Since H(x) is IFR, by Bondesson (1983) [2], G(x) = r * H(x) is DMRL, proving 

(b). 

By Theorem 1.4, if P(x) is UWA (UBA) then r(z) is UWA (UBA) and that 

if P(x) is UWAE (UBAE) then r(z) is UWAE (UBAE). Since H(x) is both UBA 

and UBAE, and UBA and UBAE are closed under the convolution operation by 

Alzaid (1994) [l], we get that G(x) = r * H(z) is UBA (UBAE) if P(x) is UBA 

(UBAE), proving (c) and (d). 

If P(x) is 2-NBU (2-NWU) then r(z) is NBUE (NWUE) from Theorem 1.3.(c), 

that is, rr(z) < (>)rr(O). From (2.208), ra(x) < ¼ + rr(z) < ¼ + rr(O) = ra(O), 

that is, G(x) is NBUE, proving (e). D 

Lin (1996) [35] demonstrated that if the mean residual lifetime of G(x) satisfies 

0 ~ r 1 < ra(x) < r 2 < oo then 

(2.210) 
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In addition, Lin and Willmot (1999) [36) showed that if P(z) is 2-NWU (2-NBU) 

then rr(z) > (<)µr, 1 (p), and that if P(z) is NWUC (NBUC) then rr(z) > (<) 

1/hr(0). 

Therefore, since ¼ < ra(z) $ ¼ + rr(z), 

if P(x) is 2-NBU then ¼ < ra(z) < ¼ + µr, 1 (p) = µa,1(p) and 

u > O· - ' (2.211) 

if P(x) is NBUC then ¼ < ra(z) < ¼ + hr~O) and 

u >0· - ' (2.212) 

if P(x) is UWAE with rp(oo) E (0, oo) then f(z) is UWAE (that is, rr(x) < rr(oo)) 

by Willmot and Cai (1999) [46]. Hence¼< ra(z) < ¼ + rr(oo) = ¼ + rp(oo) by 

(2.206), and 

(2.213) 

whereas if P(z) is UBAE with rp(oo) E (0, oo), Alzaid (1994) [1] showed that 

rax =J0
00

G(z+y)dy> 1 = 1 = 
( ) G(z) - min[hr(oo),hn(oo)] min[hp(oo),hn(oo)] 

. [ / ( \ /h ( )] = maz(rp(oo),rn(oo)] = maz[rp(oo),1/b] with the help 
min 1 rp oo , 1 H oo 
of (2.202) and (2.206), and 

(2.214) 
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a tighter upper bound than [l - ~/bJe-"u. 

Note that no matter what class the distribution P(z) is, we always have the 

upper bound [l - ~Je-KU for K(u). Moreover, the bounds in (2.210) may be im­

proved. For example, if G(z) is IMRL (DMRL), then the factor 1 - ~r1 (1 - ~r2) 

may be replaced by (1 + /3)-1 . See Lin (1996) [35] and Willmot (1997) [45] for 

details. Since if P{z) is IFR then G(z) is IFR, which implies that G(z) is DMRL, 

we have that (1 + /3)-1e-"u < K(u). 



Chapter 3 

Mon1ents 

In this chapter, we first derive the expression for the (discounted) moments of deficit 

at the time of ruin. An upper bound is also given if the claim size distribution 

function satisfies a certain condition. Next, we will show that the joint moment of 

the penalty function and the time of ruin due to a claim satisfies a defective renewal 

equation, and has an explicit expression. Then the joint moment of the deficit at 

ruin and the time of ruin is just a special case by appropriate choice in the penalty 

function w(x, y). Finally, the moments of the time of ruin due to oscillation and 

caused by a claim, respectively, are studied. We also find that these two kinds of 

moments of the time of ruin have the same recursive expressions. The expressions 

for these functions based on the classical risk model without a diffusion process have 

been proposed in Lin and Willmot (1999) [36], and Picard and Lefevre (1998) [38] 

and (1999) [39]. 

83 
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3.1 A technical preliminary 

Recall that r n(z) is the nth equilibrium tail of the distribution function f(z) = 
ro(z). If we define 7-1 (p) = Pl and "Yn(P) = fo00 r n(z)dz for n = 0, 1, 2, ... (that is, 

"Yn(P) is the mean of the n th equilibrium distribution function r n(z) of f(z)), then 

from (1.54), (1.56) and (2.78) we have 

Note that if d = 0, which implies p = 0, then µr,n(0) = (n :;\Pi by (2.77), and 

(0) _ Pn+2 
"Yn - (n + 2)PnH. 

(3.2) 

Therefore r n+l ( :z:) in ( 1.58) can be expressed as 

n = 0, 1, 2, ... , (3.3) 
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Since rn+l * H(u) = fourn+1(U - s)H'(s)d., = b fourn+1(U - s)e-b•d.,, then by 

(3.3) 

b ru r (u - s)e-b•cls -
dI'n+i * H(u) _ br (O) -bu ]0 n _ rn * H(u) 

du - n+l e + 'Yn(P) - 'Yn(P) • (3.4) 

Hence, we get 

where 

r n+i * H ( u) = 1 - r n+i * H( u) = H ( u) + H ( u) - r n+1 * H( u) = H( u) + r n+i * H ( u). 

(3.6) 

If we define 

c:tn(u, p) = -Yn(P) [!au K(u - :z:)dI' n+1 * H(:z:) + r n+i * H(u)], n = -1, 0, 1, 2, ... , 

(3.7) 

with c:tn(O,p) = 'Yn(P), then by (3.4) and (3.5), 

and since 1'-i(P) = P1, G(:z:) = r * H(:z:) = ro * H(:z:), by (1.39), 
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b Lou e-b(u-z) 100 e-P(11-z) Pn(y)dydz 
Since r n * H(u) = b r. e-b(u-z>r n(z)dz = -Loo e-PII Pn(y)dy 

has the same form as g(u) = ~ fou e-b(u-z) loo e-P(1t-z)p(y)dydz, by (2.18) in 

lemma 2.1, r n * H(u) can be expressed as 

(3.10) 

Therefore, when D ➔ 0, then b/a ➔ 1, 

if u > 0, (3.11) 

and 

r n * H(u) = H(u) - r n • H(u) ➔ r n(u), if u > 0. (3.12) 

We remark that for the case ~ = 0, (3.11) and (3.12) still hold by just replacing 

rn(u) by Pn+i(u), and H(u) by Hi. 

Hence, in the case that D ➔ 0, by (2.89), (3.11) and (3.12), equations (3. 7), 

(3.8) and (3.15) become 

ao;n(u,p) 

- 'Yn(P) [fou K 0 (u - :z:)dr n+i(z) + r n+i(u)], n = -1, 0, 1, ... , (3.13) 

- Lu Ko(u - z)r n(z)dz + Loo r n(z)dz, n = 0, 1, 2, ... , (3.14) 
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and 

There is a recursive equation for an( u, p) as follows: 

Lemma 3.1 For u > 0 

On+1(u,p) 

- "Yn~P) L
00 

an(t, p)dt - Loo K(t)dt - ¼K * H(u) 

_ _!__() /
00 

an(t,p)dt- f
00 

K•H(t)dt, n= -1,0,1, ... , 
"Yn p lu Ju 

where K • H(u) can be replaced with </>e(u) by (2.109). 

Moreover, when D ➔ 0, On+i ( u, p) reduces to 

87 

(3.15) 

(3.16) 

(3.17) 

c:to;n+i(u, p) = _!__() /
00 

c:to;n(t,p)dt - f
00 

K 0 (t)dt, n = -1, 0, 1, 2,.... (3.18) 
"Yn p Ju Ju 

Proof: For n=-1, 0, 1, 2, ... , by interchanging the order of integration, and by 

integration by parts 

loo kt K(t - x)dl' n+l * H(x)dt 

- ku Loo K(t- x)dtdl'n+l * H(x) + loo 1
00 

K(t - x)dtdl'n+l * H(x) 

- ku l:z K(t)dtdl'n+l * H(z) + [loo dl'n+l * H(x)]fo
00 

K(t)dt 

- [r n+l * H(x>] l:z K(t)dtl:- four n+l * H(x)K(u - x)dx + 

r n+l * H(u) fo
00 

K(t)dt 
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- [rn+1 * H(u)]fo
00 

K(t)dt- hu K(u - :r:)rn+i * H(z)dz + 

r n+i * H(u) fo00 

K(t)dt 

- fo00 

K(t)dt - hu K(u - z)H(z)dz + hu K(u - z)r n+1 * H(:r:)dz, 
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combining with Loo r n+l * H(t)dt = Loo H(t)dt + Loo r n+l * H(t)dt by (3.6), then 

from (3. 7) and (3.8) we obtain 

Loo an(t, p)dt 

- "Yn(P) [L
00 

Lt K(t - :r:)dr n+l * H(z)dt + Loo r n+l * H(t)dt] 

"Yn(P) [0n+1(u,p) + fo00 

K(t)dt - r. K(u - :r:)H(z)dz + Loo H(t)dt] 

"Yn(P) [0n+1(u, p) + (Loo+ Lu) K(t)dt - hu K(z)H(u - z)dz + Loo H(t)dt] 

-Yn(P) [0n+1(u,p) + Loo K(t)dt + !au K(z)H(u - z)dz + Loo H(t)dt] 

"Yn(P) [0n+1(u, p) + Loo K(t)dt + ¼ fou K(u - :r:)dH(:r:) + ¼H(u)] 

- "Yn(P) [0n+1(u, p) + Loo K(t)dt + ¼K * H(u)], 

which implies (3.16) as well as (.3..1 'n by..1.2.107). 
When D ➔ 0, then b ➔ oo, K(tJ ➔ K 0 (t) 6y (2.89), and 

1 1 [[- - ] ru- bz 1 bu ,;K * H(u) = b 
O 

K(u - :r:)dH(z) + H(u) = lo K(u - z)e- dz+ 6e- ➔ 0, 

(3.19) 

or 

K * H(u) = K(u) + H * K(u) - K(u) + !au e-b(u-z) K'(z)dz + K(0)H(u) 
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➔ K 0 (u) or 1, (3.20) 

depending on u > 0 or u = 0, either implies 

1 100 100 On+i(u,p)(u) ➔ ao;n+1(u,p)(u) = -(-) Oo;n(t,p)dt- K 0 (t)dt. 
"'fn P u u 

D 

In addition to expressions (3.8) and (3.16), we also have the following alternative 

representation for an(u,p) from lemma 3.1. 

Theorem 3.1 For u ~ 0 

/00 _ l ~ /00 1 + ,8 
ao(u, p) = ,8 lu K(x)dz - 6K * H(u) = ,8 lu K * H(z)dz - - 6-K * H(u), 

(3.21) 

and for n=l, 2, 9, ... 

an(u,p) - ,8 100 - n 100 n 

() 
(z-utK(z)dz- b () (z-u) - 1K•H(z)dz 

µr,n p u 1-'r,n p u 

n-1 ( n ) ( ) 00 L µr,n-; p 1 (:,; - u)' K * H(z)dz, 
i=O j µr,n(P) u 

(3.22) 

where µr,n(P) is given in (2. 70}, and K * H(u) can be replaced with 'Pt(u) by (2.109). 

Moreover, when D ➔ 0, {9.21} and (9.22} reduce to 

(3.23) 

and for n=l, 2, 9, ... 
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R n-1 ( n ) ( ) /JO 00 - I'n • 00 -

c:to;n(u,p) = c > 1 (z-urKo(z)dz- L µ • -( ~ 1 (z-u)'Ko(z)dz. 
PI',n p u j=O j Pr,n p u 

(3.24) 

Proof: Since ,-1(p) = p1 and a_1(u,p) = p1(l + /3)K(u) from (3.9), with n = 
-1 and by (2.107), equation (3.17) becomes a 0 (u,p) = Pt(l + /3) 100 

K(z)dz -
Pl u 

fu00 

K * H(z)dz = /3 L00 

K(z)dz - ¼K * H(u) = 

{31
00 

K * H(z)dz - [! + ¼] K * H(u) = /31
00 

K * H(z)dz - l: /3 K * H(u). 

We would like to prove (3.22) by induction on n with the help of the following 

equation. For j > -1, by interchanging the order of integration we have 

1

00100 1 100 (z - t)' K(z)dzdt = -. -
1 

(z - u);+1 K(z)dz. 
u t J + u 

(3.25) 

Note that (3.25) still holds if we replace K(z) by K * H(z). 

Now by ,o(p) = µr,1(p) from (3.1), equation (3.17) becomes with n = 1 

which shows (3.22) with n = 1. 

Assume (3.22) holds for n = m, m > 1, then by (3.1), (3.17) yields with 
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n=m+l 

°"1+1(u,p) 

~ ) fa:; ctni(t, p)dt - fa:; K • H(t)dt 
tm P Ju Ju 

- (m + l)µr,m(P) /3 fa:; fa:; (z - t)m K(z)dzdt -
µr,m+i(P) µr,m(P) lu lt 

(m + l)µr,m(P) m fa:; fa:; (z - t)m-1 K • H(z)dzdt - fa:; K • H(t)dt 
µr,m+i(P) bµr,m(P) lu lt lu 

_ Y:1 
( m ) (m + l)µr,m(P) µr,m-;(p) f"° ["° (z - t); K • H(z)dzdt 

j=O j µr,m+i(P) µr,m(P) lu t 

/3 ( ) f"° (z - u)m+l K(z)dz - b m + ~ ) fa:; (z - u)m K • H(z)dz -
µr,m+i p lu µr,m+i p lu 

}: ( m + 
1

) µr,m-;(p) 1"° (z - u)i+lK * H(z)dz -1
00 

K * H(z)dz 
j=O j + 1 µr,m+1(P) u u 

/3 () fa;;(z-u)m+lK(z)dz-
6 

m+~) fa;;(z-u)mK•H(z)dz-
µr,m+i p lu µr,m+i p lu 

f ( m+l) µr,m+1-;(p) 1a;;(z-u);K•H(z)dz, 
j=O j µr,m+i(P) u 

which proves (3.22). 

When D ➔ 0, /3 ➔ /30 , (3.21) ➔ (3.23) by (2.89) and (3.19), and (3.22) ➔ 

(3.24) by (2.89) and (3.20), and since the second term of the right side of (3.22) 

approaches to 0. D 

From (3.21), the defective tail probability of K(u) is 

(3.26) 
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Since K(u) = ~ef>d(u) + ef,.(u), by (2.110) and (3.26), the defective tail dis-
1 + ,-, 

counted ( with discount factor 6) probability of the time of ruin caused by a claim 

1S 

r:,o roo 1 /00 ao(u p) 
Ju ef,.(z)dz = Ju K(z)dz - l + {3 lu ef>d(z)dz = 13, 

(3.27) 

where a 0 (u,p) is explicitly given by (3.7) or (3.8) with n = 0. 

In the special case 6 = 0, which implies p = 0, then f3 = 8, H(u) = H 1(u), 

- - Pn+2 - 1 r n(z) = Pn+i(z), "'Yn(O) = ( 
2

) by (3.2), and Ks=o(u) = -
1 8

,t,d(u) +,t,.(u) 
n+ ~~ + 

~-----=-
by (2.93). In addition, K * H(u) = ef>t(u) turns out to be Ks=o * H 1 (u) = 'fPt(u). 

If we denote Tn(u) = On-1(u, 0), n = 0, 1, 2, ... , then with H(u) = H1(u), (3. 7), 

(3.8) and (3.9) become 

and for n = 1, 2, 3, ... , 

or equivalently, 

with Ks=o(u) given in (2.93) and 

) 1
00

- Pn+l 
Tn(0 = Pn * H1(z)dz = ( l) • 

O n+ Pn 
(3.31) 
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Note that when D ➔ 0, Ks=o(u) ➔ 'f/,0 (u) by (2.92), and from (3.11) and (3.12), 

equations (3.28), (3.29) and (3.30) reduce to 

and for n = 1, 2, 3, ... , 

To;n(u) - (n 1:;;1
)Pn {Lu 1Po(u - z)dPn+1(z) + Pn+1(u)} 

- Lu 1/Jo(u - z)Pn(z)dz + loo Pn(z)dz, u > 0. 

Furthermore, when D ➔ 0, by (3.20) with H replaced by H1 

depending on u > 0 or u = 0. 

(3.32) 

(3.33) 

(3.34) 

(3.35) 

In the special case d = 0 and by (2.77), (3.2) and (3.35), lemma 3.1 and theo­

rem 3.1 respectively become 

Corollary 3.1 For u > 0 

where Ks=o * H 1 (u) can be replaced with 'f/,e(u) by (2.105). 

Moreover, when D ➔ 0, Tn+i(u) reduces to 

n = 0, 1, 2, ... , (3.36) 
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(n + l)Pn 100 100 

To;n+1(u) = ----- To;n(t)dt - -rp0 (t)dt, 
Pn+l u u 

n = 0, 1, 2, .... (3.37) 

Corollary 3.2 For u > 0 

r 1 (u) - 8 1
00 

K.r=o(z)dz - D K.r=o * H 1(u) Ju C 

- 8 1
00 

K.r=o * H 1(z)dz - ,D K6=0 * H 1(u), (3.38) Ju AP1 

and for n=2, 9, ,I, ... 

(3.39) 

where K.r=o(u) is given in {2.99), and K6=0 * H1 (u) can be replaced with 'Pt(u) by 

(2.105). 

Moreover, when D ➔ 0, (S.98) and {S.99) reduce to 

(3.40) 

and for n=2, 9, ,I, . .. 
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np1 fJ 100 n-
2 

( n ) Pn- -100 • To;n(u) = -- (z-ur-1¢o(z)dz- L _, (z-u)'t/,o(z)dz. (3.41) 
Pn u j=O j Pn u 

Example 3.1 Combination of exponentials and mixture ofErlangs (b =/; µ) 

r+l 

As shown in example 2.5 and example 2.6 that K(u) = /3 L D1ce-••u and K • H(u) 
k=l 

r+l Db 
= /3 Lb k e-••u. By (3.9) and (3.21), 

k=l - 8 k 

r+l 

a_1(u,p) = p1(l + /3)K(u) = Pi/3(1 + /3) L D1ce-••u (3.42) 
k=l 

and 

(3.43) 

a combination of exponential functions. To compute a.. ( u, p) for n = I, 2, 3, ... , 

first calculate 
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and 

r q~ 
Then by µr',n(P) = n! L ~ in (2.79), (3.22) for n = 1,2,3, ... becomes, 

i=l µi 

an(u,p) -

a combination of exponential functions. 

96 

(3.44) 
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Since Tn(u) = On-1(u,0) for n = 0,1,2, ... , from (3.42), (3.43) and (3.44) 

r+l 

To(u) = P1(l + 8)Kcr=o(u) = p18(l + 8) L D1c,6=oe-••·1=0u, (3.45) 
lc=l 

(3.46) 

and for n = 1, 2, 3, ... 

(3.47) 

D 

3.2 Discounted moment of the deficit 

In this section, we are going to study the (discounted) moment of the deficit at 

the time of ruin caused by a claim. To see this, let's consider the special case that 

w(z, y) = yn where n is a positive integer, then a relatively simple expression exists 

for (2.2) as follows: 
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Theorem 3.2 For u > 0 and n = 1, 2, 3, ... , 

E{ e-oTIU(T)lnl(T < 00, U(T) < 0) }= ~ [nµr,n-1(P)ctn-1(u, p)-µr,n(p)K * H(u)] 

(3.48) 

where 0n(u,p) is given in (9.22}, and K * H(u) can be replaced with 4>e(u) by 

(2.109). 

In addition, when D ➔ 0, equation (9.,,/8} reduces to 

with ao;n(u,p) given in {9.24}. 

Proof: From (1.54), (1.55), (1.56) and (1.57), B(u) in (2.114) with w(z, y) = yn 

becomes 

B(u) -

Then by (2.77) and (2.78), 
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and from (3.1), (3.6) and (3.7), (1.44) becomes 

1r- 1 1 _ 
<Pw(u) - - {3 lo K(u - x)dB(x) + {3B(u) - PB(O)K(u) 

_ µr,p(p) [- fou K(u - z)dl' n * H(z) + r n * H(u)] 

- µr,p(p) [- [ K(u - z)d[H(x) - r n * H(z)] + fn • H(u) - H(u)] 

- µr,p(p) [[ K(u - z)dl'n * H(z) + f n • H(u) - K • H(u) - H(u)] 

_ µr,n(P) [c:tn-1(u, p) _ K * H(u)] 
/3 'Yn-1(p) 

nµr,n-i(p) ( ) µr,n(P) K H( ) - p ltn-1 u, p - /3 * U • 

That is, E{ e-STIU(T)lnl(T < oo, U(T) < 0) }= ~ [nµr,n-1(p)c:tn-1(u,p) - µr,n(P) 

K * H(u)], which is (3.48). If D ➔ 0, then {3 ➔ Po, and K * H(u) ➔ K 0 (u) for 

u > 0 by (3.20), proving (3.49) for the c~e u > 0. 
For the c~e u = 0, t3.49) with u = 0 becomes 

;
0 

[nµr,n-1(P)Oo;n-1(0,p) - µr,n(p)Ko(O)] 

1[ /00- - ] - Po nµr,n-1(P) lo f n-1(z)dz - Ko(O)µr,n(P) 

- ;
0 

(µr,n(P) - l: {3
0
µr,n(P)] 

µr,n(P) 
- (l+Po)' 

by (3.1) and (3.14). Moreover, from (1.44), (2.77), (2.116), (1.55), (1.56) and (2.78), 
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</>o(O) - ;
0 

[Bo(O) - Bo(O)Ko(O)] 

1 
- (l + /Jo) Bo(O) 

1 fo00 

e-P 100 

(y- xrdP(y)dz 
-

(l+/Jo) fo00 

e-PP(z)dz 

1 Pn fo00 

e-pzpn(z)dz 
-

(1 + /Jo) fo00 

e-pzp(z)dz 

1 P 
/

00 

e-PdPn+i(z) 
n+l Jo - ---..,..,...-----

(1 + /Jo) (n + l)p1 fooo e-pzdP1(z) 

100 

which shows that (3.49) also holds for the case u = 0. D 

1 
When n = 1, by (3.21) and µc,1(p) = µr, 1(p) + b' (3.48) turns out to be 

E{ e-6TIU(T)ll(T < oo, U(T) < O)IU(O) = u} 

- ~ (µr,o(p)ao(u,p) - µr,1(p)K * H(u)] 

- ~ [.a 100 

K(z)dz - ¼K * H(u) - µr,1(p)K * H(u)] 

_ /

00 

K(z)dz - µc,i(P) K * H(u) (3.51) 
lu /3 

with µc, 1 (p) given in (2.75). ff further D ➔ 0, then by (3.23), (3.49) becomes 
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1 
p 

If in the special case that 6 = 0, then /3 = IJ, H(u) = H1 (u) and On-i(u,0) = 
Tn(u), and from (2.77) and (3.35), theorem 3.2 becomes 

Corollary 3.3 For u > 0 and n = 1, 2, 3, ... , 

E{IU(T)lnl(T < oo, U(T) < 0)IU(0) = u }= p~IJ [PnTn(u) - ::
1

1 Ko=O * H1(u)] 

(3.53) 

where Tn(u) is given in (9.98) and {9.99), and K6=0 * H 1(u) can be replaced with 

"Pt(u) by {2.105}. In addition, when D ➔ 0, equation (9.59} reduces to 

with Tn(u) given in (9.40) and (9.41}. 

When n = 1, by (3.38), (3.53) turns out to be 

E{ IU(T)ll(T < 00, U(T) < 0)IU(0) = U} 
100- CJ)2+2D 

- Ju K6=o(z)dz - 2cp
1

fJ K6=0 * H 1 (u) (3.55) 
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where Ko=O • H 1{u) can be replaced with 1/Je{u) by (2.105). Hfurther D ➔ 0, then 

Ko=o(u) ➔ 1/J0 (u), and by (3.35), {3.55) reduces to 

E{IU(T)II(T < oo)IU(0) = u}= £00

1/,o{z)dz -
2
~

8
1/,o{u). (3.56) 

The second moment, and hence the variance, of the deficit at the time of ruin 

caused by a claim can also be easily obtained from {3.53). 

Example 3.2 Combination of exponentials and mixture ofErlangs (bf;µ) 

r+l [{3 1 ] As shown in example 3.1 that ao{u,p) = {3 L D1c - - b e-•,u and for n = 
k=l Sk - Sfc 

{3 r+i D1c{f3 1 [ " • l-{s1c/~r1} -•,u 1,2,3, ... ,crn(u,p)= ,. • E~ --b l+bEqm----- e . L q~ k=l sk Sk - Sk m=l µm - s1c 

i=l µi 
r • 

Combine these with µr-,n{P) = n! L q';; from (2.79) and K • H(u) = 
m=lµm 

r+i Db 
{3 Lb k e-•,u from (2.149), {3.48) with n = 1 turns out to be 

k=l - Sk 

E{ e-6TIU(T)II(T < oo, U(T) < 0)IU(0) = u} 

; (ao(u,p) - µr,1(p)K • H(u)] 

- _!_[/3 I: D1c(P... - 1 )e-••u - t q;_ {3 E D1cb e-•,u] 
{3 k=l Sk b - Sk m=l ~ k=l b - Sk 

- E D1c[P... - l (1 + b t q;_)]e-••u, 
k=l Sfc b - Sk m=l µm 

a combination of exponential functions, and for n = 2, 3, 4, ... , 

(3.57) 
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a combination of exponential functions. Note that (3.58) with n = 1 reduces to 

(3.57). Therefore, (3.58) holds for n = 1, 2, 3, .... When 6 = 0, for n = 1, 2, 3, ... , 

(3.58) turns out to be 

D 

Now, we have an upper bound for functions of the deficit at the time of ruin 

caused by a claim as follows: 
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Theorem 3.3 If P( x) is DMRL, then for n = 1, 2, 3, ... , 

Proof: H P(x) is IMRL(DMRL), by theorem 3.2 of Lin and Willmot (1999) [36), 

r(x) is IMRL (DMRL) which implies (Fagiuoli and Pellerey, (1994) [19)) that the 

n th equilibrium distribution function r n(z) is NWUE (NBUE), that is, r n+i(z) > 

(<)rn(x). Then by (3.50), B(u) = µr,n(p)rn•H(u) > (<)µr,n(p)r•H(u) = 

µr,n(p)[G(u) - H(u)). 

Therefore, if P(z) is DMRL, then B(u) < µr,n(p)[G(u) - H(u)] < µr,n(p)G(u) 

which implies E{ e-6TIU(T)jR I(T < oo, U(T) < 0) }< µr,n(p)K(u) by theorem 1.1. 

□ 

Corollary 3.4 If P( z) is DMRL, then for n = 1, 2, 3, ... , 

E{IU(T)lnI(T < oo, U(T) < 0) }~ (n :;\Pl K1=o(u) = (n :;\Pl [?J,.(u)+ idluJ]. 
(3.61) 

Proof: When 6 = 0, µr,n(O) -

1 
--l}?j,d(u). 
1+ 

Pn+l ---- by (2.77), and Kcf=o(u) = 'f/,.(u) + 
(n + l)p1 

□ 

When D ➔ 0, we can obtain both lower bound and upper bound for functions 

of the deficit at the time of ruin caused by a claim as follows: 

Corollary 3.5 If P(z) is IMRL (DMRL), then for n = 1, 2, 3, ... , 
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Proof: From the proof of theorem 3.3, if P(z) is IMRL (DMRL), then B(u) = 
µr,n(p)r n * H(u) > (<) µr,n(p)r * H(u). When D ➔ 0, by (3.11) the inequality 

reduces to B0 (u) = µr,n(p)r n(u) > ( <) µr,n(p)r(u), then by theorem 1.1 which 

becomes "B0 (u) > (<) c•r(u) where O < c• < oo, then ef,0 (u) > (<) c•Ko(u)" in 

the case that D ➔ 0, we get (3.62). □ 

To obtain the discounted joint moments of the surplus U(T-) before the time of 

ruin and the deficit IU(T)I at the time of ruin due to ajump,just set w(z, y) = zmyn, 

for m, n = 0, 1, 2, ... , in (2.2) to form 

Then by (1.55), B(u) in (2.114) becomes 

B(u) -

If we define 

(3.64) 

and 

(3.65) 
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with ro,n(z;p) = rn(z) and ro,n(z;O) = Pn+1(z), then B(u) can be written as 

where <4n,n(P) = Pn Pm,n((p;. From (1.44), (3.63) turns out to be 
Po,o P 

E[e-6TU(T-)mlU(T)r l(T < oo, U(T) < O)] 

1 ru- 1 1 -
- - {3 lo K(u - z)dB(z) + {3B(u) - {3B(O)K(u) 

<4nn(P) [ fu- - - ] 
- /3 - Jo K(u - z)dl' m,n(P) • H(z) + r m,n(P) • H(u) 

106 

- dm,'i/p) [- r. K(u - z)d[H(z) - r m,n(P) • H(z)] + r m,n(P) * H(u) - H(u)] 

dm{j(p) [{. K(u - z)dl'm,n(P) * H(z) + r m,n(P) * H(u) - K * H(u) - H(u)] 

- dm{j(p) [f. K(u - z)dl'm,n(P) • H(z) + rm,n(P) • H(u) - K • H(u)]. (3.67) 

In general, the integration calculation for r m,n(z; p) (or r m,n(z; p)) is very com­

plicated, especially when m is large. It seems that we have no similar expression 

like (3.48), in which case mis equal to O. 

3.3 Joint moment of the deficit at and the time 

of ruin 

In this section, we will study the joint moment of the deficit IU(T)ln at ruin and the 

time of ruin T due to a claim. First, consider tf,1,w(u), the joint moment of the time 
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of ruin T caused by a claim, and the associated penalty function, w( U(T-), I U (T) I), 

that is, 

¢1,w(u) = E[Tw(U(T-), IU(T)l)I(T < oo, U(T) < 0)IU(0) = u], u > 0, (3.68) 

then we can differentiate (2.2) with respect to 6 and set 6 = 0 to get 1/,1,w(u), 

namely, 1/,1,w(u) = - !</>w(u)l6=0· Now we will show that 1P1,w(u) satisfies a defec­

tive renewal equation and has an explicit expression as follows: 

Theorem 3.4 For u > 0, 1/,1,w(u) in (9.68) satisfies the defective renewal equation 

(3.69) 

and is given explicitly by 

I [-1P1,w(u) - >.piiJ 
O 

K6=0 * H1(u - z)</>w,6=o(z)dz 

+ >.p~ 62 [lo" K6=0 * H 1 ( u - z )B6=o( z )dz + £00 

B6=o( z )dz -

K6=0 • H 1(u) fo<X) B6=o(z)dz], (3.70) 

where 

<Pw,6=0( U) - E[w(U(T-), IU(T)l)l(T < oo, U(T) < 0)IU(0) = u] (3.71) 

- 11u_ I 1 - 8 0 
K6=o(u - z)B6=0 (z)dz + 8B6=o(u), (3.72) 

B6=o(u) 1 L" 100 (3.73) - - h1(u - z) w(y)dydz, 
Pl O z 
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and Ko=O * H 1(u) can be replaced with 1Pe(u) by {2.105). 

In addition, when D ➔ 0, equation (9.69) reduces to 

1 /u 1 
1Po;1,w(u) = l + (J Jo 1Po;1,w(u - z)dP1(z) + l + 8Bo;1,w(u), 

and is given explicitly by 

1Po;1,w(u) - >.:ifJ [ ,Po(u - z)<Po,o=o(z)dz 

+ >.p~fJ2 [fou 1Po(u - z)Bo,o=o(z)dz + i00 

Bo,o=o(z)dz -

108 

(3.76) 

1/,o(u) fo00 

Bo,o=o(z)dz], (3.77) 

where 

d 
1Po;1,w(u) = E[Tw(U(T-), IU(T)l)I(T < oo)IU(0) = u] = - d«f<Po(u)lo=O, (3.78) 

ef>o,o=o( u) - E[w(U(T-), IU(T)l)I(T < oo)IU(0) = u] (3.79) 

- 1 Lu 1 - 9 0 
1Po(u - z)B~,6=o(z)dz + 9Bo,6=o(u), (3.80) 

Bo,o=o(u) 1 100 (3.81) - - w(z)dz, 
Pl u 
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and 

B0;1,w(u) 
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(3.82) 

(3.83) 

Proof: Perform the Laplace transform on the both sides of (2.2), then by (2.19) 

and (2.22), equation (2.189) becomes 

Since P1(e) = 1 
- ~(e) and [(b + e)(p - e)D] - {Afp(e) - I] + Dp2 + cp - 6} = 
Pl 

[D(p2 -e2 )+c(p-e)]-[-AP1eft1(e)+Dp2 +cp-6] = -{De2+ce[I-
1

: 
9

ft1(e)]-6}, 

we have 

- loo d 100 d -
Since 1P1,w(e) = Jo e-{u1P1,w(u)du = - d6 lo e-{u<Pw(u)dulo=O = - d6<Pw(e, 6)16=0, 

differentiating with respect to d and then setting d = 0 lead to 

Further letting e = 0 gives Jw(0, 0) = p'(0) fo
00 

zw(z)dz. Therefore, 
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Division by ( D{2 + <=e) yields 

{
l __ 1_ c/ D _ (C)}~i. (C) = !_ c/ D J,,,(0, 0) - J,,,({, 0) 

1 + (J cf D + ePl ~ 'f'l,,u ~ C cf D + e t ' 

which is exactly the Laplace transform of (3.69) with B1,,,,(u) given in (3.74). The 

uniqueness of the Laplace transform gives (3.69). 

From (2.15), <f,,,,,6=o(Y) in (3.71) satisfies the defective renewal equation 

with B.s=o(Y) given in (3.73). Then by (1.44) with d = 0, <f,,,,,6=o(y) can be expressed 

as 

If ; J: e-frt [
00 

w(z)dzdt ➔ oo, as y ➔ oo, then by L'Hopital's rule, we have 

_ lim ]:__.!:_ff efJt ft00£w(z)dzdt = .!_.!:_ lim efrJ/ f:0 ~(z)dz 
J/➔OO Pl D eoJI Pl D Jl➔oo l,eoJI 

- .!. lim 100 

w(z)dz = 0. 
Pl J/➔OO JI 

(3.85) 

Therefore, 

100 

foJI K.s=o(Y - t)B;=0 (t)dtdy 

- 1oz 100 

Ks=o(Y - t)B;=0 (t)dydt + 100100 

Ks=o(Y - t)B~=o(t)dydt 
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- fo:i: L:t K.s=o(y)B5=0(t)dydt + [£00 
B5=0(t}dt] [lo00 

K.s=o(y)dy] 

- B.s=o(t) 1
00 

K.s=o(y)dyl:,: - r:i: K.s=o(z - t)B.s=o(t)dt -
1:i:-t o Jo 

B.s=o( z) lo00 
K 6=o(Y )dy 

- - !oz K.s=o(z - y)B.s=o(y)dy. 

Integrating (3.72) for ef>w,6=0(Y) from y = z toy= oo yields 

£00 
'Pw,6=o(y)dy - -¼ £00 

lo" K.s=o(Y - t)B5=0(t)dtdy +¼Loo B.s=o(y)dy 

- ¼ !oz K6=o(z - y)B6=o(y)dy + ¼ £00 
B6=o(y)dy. 

Then by the associative property of convolution, integration by parts, and 

K6=0 * H 1(u) = K6=0 * H1(u) + H 1(u), equation (3.74) becomes 

B1,w(u} 

,\I [ h1 (u - z) /
00 

<Pw,6=o(y)dydz 
Pl O 1:i: 

,\:
18 

[!au h1(u - z) 1oz K.s=o(z - y)B6=o(y)dydz + 

111 

fou h1(u - z) 1= B6=o(y)dydx] (3.86) 

- ,\:
18 

[fou K6=0 * H1(u - z)B6=o(z)dz + lou Loo B6=o(y)dydH1(u - z)] 

- ,\:
18 

[!au K6=0 * H1(u - z)B6=o(z)dz + £00 
B6=o(y)dy -

H1(u) 1o= B6=o(y)dy + lou H1(u - z}B.s=o(z)dz], 

which is (3.75). 
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Since B1,,,,(u) = , 1 f h1 (z) /
00 

t/>w,6=0(y)dydz, and from (3.72) 
"'Pl O lu-z 

(3.87) 

by B.;=o(O) = 0 and (3.85), then we have 

B~,,,,(u) - ,\:
1 

[h1(u) fo00 

4'w,6=o(y)dy - [ h1(z)4>w,6=o(u - z)dz] 

- , 
1

8
h1(u) /'x, B.,=0 (y)dy - , I /u h1 (u - z)t/,111,,=o(z)dz. 

"'Pl lo "'Pl Jo 

Apply (1.44) again with 6 = 0 and by the associative property of convolution, 

(3.88) 

which is (3.70), by (3.75) and K.;=o * H1(u) = K,=o * H1(u) + H1(u). 

When D ➔ 0, dP1 * H1 (x) = h2 * h1(x)dx ➔ h2(z)dz = dP1 (z) by (1.19) and 

(2.20), and 
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- lu Loo <Pw(Y )dydH 1 ( U - Z) 

- H1(u - z) Loo ef>w(y)dyl: + lu H1(u - z)ef>w(z)dz 

- Loo ef>w(z)dz - H1(u) loo ef>.,(z)dz + lu H1(u - z)ef>.,(z)dz 

➔ Loo </>o(z)dz, if u > 0, 

which prove equations (3.76) and (3.82) for u > 0 from (3.69) and (3.74). 

Similarly, when D ➔ 0, B6=o(u) = _!_ /u h1(u - z) 100 

w(y)dydz ➔ 
Pi lo z 

1100 - -- w(z)dz = Bo,6=o(u), and all K6=o(u), K6=0 * H1(u) and K6=0 * H 1(u) ap-
P1 u 

proach to ,f,0 (u) for u > 0, which imply (3.73) ➔ (3.81), (3.72) ➔ (3.80), (3.75) ➔ 

(3.83) and (3.70) ➔ (3.77) for u > 0. In fact, equations (3.76)-(3.83) can be shown 

for both cases u > 0 and u = 0 by similar derivations based on the traditional risk 

model (1.1). D 

We remark that Loo B6=o(z)dz and loo B6=o(z)dz on the right side of (3.70) 

and (3. 75) can be written as follows: 

i00 

B6=o(y)dy 

- _!_ 100 

/" h1 (y - t) loo w( s )dsdtdy 
P1 z lo t 

_!_ fz 1oo hi (y - t) loo w( s )dsdydt + .!..100 loo hi (y - t) /
00 

w( s )dsdydt 
Pi lo z t Pi z t le 

- _!_ 1
2 100 

h1 (y) [
00 

w( s )dsdydt + .!_ [ /
00 

h1 (y )dy] 100 loo w( s )dsdt 
Pi lo z-t t Pt lo z t 

.!.. rz Ht(Z -t)[
00 

w(s)dsdt + .!..100 1· w(s)dtds 
Pt lo t Pt z z 

- .!.. rz Ht(Z - t) [
00 

w(s)dsdt + .!..100 

(s - z)w(s)ds (3.89) 
Pt lo t Pt z 

➔ .!..100 

(s - z)w(s)ds = 100 

Bo,6=o(y)dy, when D ➔ 0, (3.90) 
Pt z z 
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and 

Loo 1 Loo Loo B6=o(y)dy = - sw(s)ds = Bo,6=o(y)dy. 
0 Pl O 0 

(3.91) 

Theorem 3.4 provides the explicit expression and the defective renewal equation 

for -,P1,w( u), the joint moment of the time of ruin T due to a claim, and the associ­

ated penalty function w(U(T-), IU(T)I). ff we consider the important special case 

w(U(T-), IU(T)I) = IU(T)ln, and define 

t/J1,n(u) = E[TIU(T)lnl(T < oo, U(T) < 0)IU(0) = u], u > 0, n = 0, 1, 2, ... , 

(3.92) 

the joint moment of the time of ruin T caused by a claim, and the deficit to the 

n th at ruin, then we have the following result. 

Theorem 3.5 Foru > 0 and n = 0, 1, 2, ... , -,µ1,n(u) in (9.92) satisfies the defective 

renewal equation 

(3.93) 

and is given explicitly by 

-,P1,n(u) 

>.:fB2 Lu K6=0 * H 1(u - z)Tn(z)dz - (n + l);n: 2)>.pfB2 K6=0 * H1(u) 

+ (n :~)lpfB2 [Tn+i(u) - fou K6=0 * H1(u - z)K6=0 * H 1(z)dz] (3.94) 
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where Tn+l * h1(u) = fou h1(u - z)Tn+i(z)dz, To(u) = P1(l + 8)K6=o(u), T1(u) is 

given by (9.98), Tn(u) is given by (9.99) for n = 2, 3, 4, ... , and K6=o * H 1(u) can 

be replaced with 1Pt(u) by (2.105). 

In addition, when D ➔ 0, equation (9.99) reduces to 

~I, ( ) 1 /u ( Pn+l 
'f-'0;1,n u = l + B Jo VJ0;1,n(u - z)dP1 z) + (n + l)cpiB To;n+i(u), (3.95) 

and is given explicitly by 

1/10;1,n(u) - >.;;2 fou VJo(u - z)To;n(z)dz - (n + l)r:: 2),\pflJ21/1o(u) 

+ (n :~);pfB2 [To;n+i(u) - [ 1/,o(u - z)1/,0(z)dz] (3.96) 

where To;o(u) = p1(1 + 8)¢0(u), To;1(u) is given by (9.40}, To;n(u) is given by (9.41} 

for n = 2, 3, 4, ... , and 

1/10;1,n(u) = E[TIU(T)lnl(T < oo)IU(O) = u], ,u > 0, ,n = 0,1,2,.... (3.97) 

Proof: When w(z,y) = yn and & = 0, rn(z) = Pn+i(z), and from (2.77) and (3.50), 

(3.98) 

By (3.30) and (3.86), 
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which is the second term of the right side of (3.93). And hence the second term of 

the right side of (3.88), 

by (3.31) and (3.36). 
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Next, using (3.53), ef>w,6=o(u) in (3. 71) becomes 

Therefore, the first term of the right side of (3.88) turns out to be 

Finally, from (3.31), the third term of the right side of (3.88) is simplied to 

Adding up together these three alternative expressions above for the right side of 

(3.88) gives (3.94) using K6=o * H 1(u) = Ko=O * H1(u) + H1(u). 

As regarding (3.95) and (3.96), they can be shown either by similar arguments 

above from (3.76) and (3.77) or by letting D ➔ 0, Tn+1 * h1(u) ➔ To;n+1(u), 

Tn(u) ➔ To;n(u) and K6=0 * H 1(u) ➔ tpo(u) in (3.93) and (3.94). The latter ap-

proach, however, can show only for u > 0. D 
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Corollary 3.6 

1P1,1(u) = E[TIU(T)II(T < oo, U(T) < 0)IU(0) = u], u > 0, 

satisfies the defective renewal equation 

and is given explicitly by 

where Ko=O * H 1(u) can be replaced with -rpe(u) by (2.105). 

In addition, when D ➔ 0, equation (9.100) reduces to 

118 

(3.99) 

(3.101) 

1 Lu 11
00 

P2 1
00 

'¢,0 ;1,1(u) = --
8 

1Po;1,1(u-z)dP1(z)+- (z-u)-rpo(z)dz--
2 

() V'o(z)dz 
1 + 0 C u cpl u 

(3.102) 
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and is given explicitly by 

,Po;1,1(u) 

- >.:
18 

[[ -rPo(u - z) £00 

t/Jo(y)dydz + Loo (z - u),J,0 (z)dz] 

2>.~82 (fou -rPo(u-z)t/Jo(z)dz+ Loo -rPo(z)dz]-
6

).~(J2,Po(u) (3.103) 

where 

¢0;1,1(u) = E[TIU(T)II(T < oo)IU(0) = u], u > 0. (3.104) 

• ~8100 -Proof: When n = 1, Tn+1(z) m (3.93) becomes r2(z) = -- (y - z)K6=o(y)dy 
P2 z 

2Dp1 + cp2100 -==--~ . . 
- ---- K6=o * H 1(y)dy by (3.39) with n = 2, which leads to (3.100). 

cp2 z 

Combining the expression for r2(u) with r1(z) = 8 £00 

K6=0 * H 1(y)dy -

,D K6=0 * H 1 (z) by (3.38), equation (3.94) with n = 1 becomes 
-"Pl 

which is (3.101) after some rearrangements. 

(3.102) and (3.103) can be shown either by similar arguments from (3.95) 

and (3.96) with To;1(z) = 81
00 

-rPo(y)dy and To;2(z) = 
2
:

8 £00 

(y - z)t/J0 (y)dy -

£00 

,P0(y)dy by (3.40) and (3.41), or by letting D ➔ 0, both K6=o(u) and 

Ko=O * H 1(u) ➔ ,Po(u) in (3.100) and (3.101). The latter approach, however, can 
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show only for u > O. □ 

Example 3.3 Combination of exponentials and mixture ofErlangs (b # µ) 

As shown in example 2.5 and example 2.6 that K6=o • H 1 ( u) = 
c() r+l D r+l - L k,

5
=0 e-••.•=ou and K6=o(u) = 8 L D1c,6=oe-••·1=0 u. Then 

D k=l cf D - s1c,6=0 k=l 

(3.105) 

The integrations ru(u-z)e-••.'=02dz = - l [cu-z)e-••.•=02 lu+ ru e-••.1=02dz] 
lo s1c,6=0 o Jo 

U e-•lt,l=OU - 1 
- --+ 2 and 

SJc,6=0 8Jc,6=0 

if j = k, 
e-•;,,=ou - e-••.•=ou 
------, if j # k 

(3.106) 

SJc,6=0 - Sj,6=0 

lead to 

(3.107) 
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{3.108) 

and 

(3.109) 

Therefore, (3.101) becomes 

(3.110) 
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after some rearrangements. D 

3.4 Moment of the time of ruin due to oscillation 

In this and the next sections, we are going to derive the n th moment of the time 

of ruin caused by oscillation, and the nth moment of the time of ruin due to a 

claim. We will see that these two kinds of n th moments have the same recursive 

expressions. 

Theorem 3.6 For u > 0 and n = 1, 2, 3, ... , the n th moment of the time of ruin 

due to oscillation, if this kind of ruin occurs, 

1Pd;n(u) = E[Tnl(T < oo, U(T) = 0)IU(0) = u], (3.111) 

satisfies a sequence of integro-dijference equations 

1 iu n Lu 100 1Pd;n(u) = --
8 

"Pd;n(u - z)dP1 * H1(z) + - h1(u - z) 1Pd;n-1(y)dydz 
1+ O CO ~ 

(3.112) 

and is given recursively by 

1Pd;n(u) - ).;I} [!au Ko=O * H1(u - z)1Pd;n-1(z)dz + L00 

1Pd;n-1(z)dz -

Ko=O * H1(u) fo00 

1Pd;n-1(z)dz] (3.113) 

in terms of ,Pd;n-l (u) with ,Pd;o(u) = 1Pd(u) and 
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fo
00 

"Pd;n(u)du = A;
18 

fo
00 

U1Pd;n-1(u)du, 

where K6=0 * H 1(u) can be replaced with 1/Je(u) by (2.105). 

In addition, when D ➔ 0, ,Pd;n(u) ➔ 0, n = 0, 1, 2, ... 

Proof: Perform the Laplace transform on the both sides of (1.22), we get 

as 

123 

(3.114) 

(3.115) 

Since 'Pd(u) = E[e-6
T l(T < oo, U(T) = O)], "Pd;n(u) = (-lt d~n 'Pd(u)l

6
=

0
, 

- 100 100 
d" I "Pd;n({) = e-(u,Pd;n(u)du = e-euc-1rd.~ 'Pd(u) du= 

0 0 on 6=0 

(-lr :n Jd({, 6)'
6
=

0 
= (-1rJ~n)({, 0), n = 0, 1, 2, ... , and p(O) = 0, differentiating 

(3.115) both sides n (n > 1) times with respect to 5 and then setting 6 = 0 lead to 

{ Df.2 + ce[1 - l: 8ih(e)]} :nJd({,6)'
6
=

0 
- :;n [6Jd({,6) - Dp(6)] '

6
=

0 

- (-1r{ ne + ce[ 1 - l: 9P1(e)] }~d;n(e) - n(-1r-1~d;n-1({) + np<n>(o) 

- 0. 
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Letting e = 0 gives n(-l)n-l~d;n-1(0) - Dp(n)(O). Thus, equation (3.115) 

becomes 

or equivalently, 

(3.116) 

Dividing (3.116) by De2 + ce leads to 

which is the Laplace transform of (3.112). The uniqueness of the Laplace transform 

'-gives (3.112). 

Now apply (1.44) with B(u) = n(l + 9) /u h1(z) /
00 

"Pd;n-1(y)dydz and~= 0, 
C Jo lu-z 

then 

and hence by the associative property of convolution, "Pd;n(u) can be written as 

"Pd;n( u) 

- >.;
8 

[!au K6=0 * H1(u - z)'f/Jd;n-1(z)dz + !au h1(u - z) loo "Pd;n-1(y)dydz -

K6=0 * H1(u) fo00 

"Pd;n-1(z)dz]. (3.117) 
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Next, using integration by parts, 

Lu h1(u - z) loo 1Pd;n-1(y)dydz 

- Lu loo 1Pd;n-1(y)dydH1(u - z) 

- H1(u - z) loo 1Pd;n-1(y)dyi: + fou H1(u - z)1Pd;n-1(z)dz 

L00 

"Pd;n-1(y)dy - H1(u) fo
00 

1Pd;n-1(y)dy + [ H1(u - z)1/Jd;n-1(z)dz. 

Combining this with K6=0 * H 1(u) = K6=0 * H1(u) + H1(u) gives (3.113) from 

(3.117). 

Since 

fo
00 

Lu "Pd;n(u - z)dP1 * H1(z)du - [fo
00 

,Pd;n(u)du] [fo00 

dP1 * H1(z)] 

- fo
00 

,Pd;n(u)du 

and 

Loo ku h1(u - z) loo 1Pd;n-1(y)dydzdu 

- fo00 

loo h1(u - z) Loo 1Pd;n-1(y)dydudz 

- [fo00 

h1(u)du] [fo00 

Loo 1Pd;n-1(y)dydz] 

- fo
00 lo" "Pd;n-l (y )dzdy 

- fo00 

Y"Pd;n-1(y)dy, 

integrating (3.112) from u = 0 to u = oo gives (3.114). 
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From (3.113), we know that 1Pct;n(u) is expressed recursively in terms of ,Pct;n-1(u), 

n = 1, 2, 3, ... , and hence is expressed in terms of V'd;o(u) = ,t,c1(u). Since when 

D ➔ 0, ,t,d(u) ➔ 0 by theorem 2.3, we have ,Pct;n(u) ➔ 0 for n = 0, 1, 2,... D 

The mean of the time of ruin caused by oscillation can be obtained by letting 

n = 1 in (3.112) and (3.113). 

Corollary 3. 7 The mean time to ruin due to oscillation, if this kind of ruin occurs, 

,Pc1;1(u) = E[T l(T < oo, U(T) = 0)IU(0) = u], (3.118) 

satisfies the defective renewal equation 

and is given explicitly by 

(3.120) 

with 

(3.121) 

- ---- - IJ where H 1 * Ko=o(u) = Ko=o * H 1 (u) - Ko=o(u) can be replaced with 
1 

+ 
8

,t,d(u) by 

(2.104) with 6 = 0, and Ko=O * H 1 (u) can be replaced with 1Pt(u) by (2.105). 

1+8[-~ - ] 1+8-Proof: Since 1Pc1(z) = -
8

- Ko=o • H1(z) - Ko=o(z) = -
8
-H1 * Ko=o(z) by 

. 100 D(l + 8) (2.101) and (2.104) with 6 = 0, u ,t,c1(z)dz = cB Ko=o * H 1(u) by (2.110) 
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with 6 = 0, and fo00 

1/Jd(z)dz = D(~: 
9

) by (2.111) with 6 = 0, we have from 

(3.113) with n = 1 

which is (3.120). Again, using £00 

'Pd(y)dy = D(lc: 
9

) K6=0 • Hi(z) by (2.110) 

with 6 = 0, the second term of (3.112) with n = 1 becomes 

.!_ /u h 1(u - z)D(l: 
9

) K6=o • H 1(z)dz = , 1
8 

/u K6=0 • H 1(u - z)H1(z)dz, 
c lo c ""P1 lo 
which is the second term of (3.119). 

Clearly, letting n = 1 in (3.114) gives 100 

'Pd;i(u)du = A:
18
100 

u1/Jd(u)du = 
_l_D(l +8) [µc, 1(0) + D]= D [.1:2_ + D + D]= ADP2 +2D

2 
by (2_76) 

Ap1 8 c8 8 c A2pf82 2p18 c8 c 2A3pf83 

and (2.112) with 6 = 0. D 

Example 3.4 Combination of exponentials and mixture of Erlangs (bi=µ) 

As shown in examples 2.5 and 2.6 that 
c8 ~ D1c6=0 

K6=0 * H1(u) = 'Pt(u) = D LJ / D ' e-•••1=0
u and 

k=l C - Sk,6=0 

~,. ( ) 1 + 8 [K H ( ) K ( >]- (1 + 8) ~ Dk,6=os1c,6=0 -•• 1=ou Then 
,pd u = -8- 6=0 * 1 u - 6=0 u - LJ /D e • • 

k=l C - Sk,6=0 
(3.120) becomes 
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with the help of (3.106), which is a combination of exponential functions. D 

Corollary 3.8 For u > 0, the second moment of the time of ruin due to oscillation, 

if this /,,-ind of ruin occurs, 

1Pd;2(u) = E[T2 l(T < oo, U(T) = 0)IU(0) = u], (3.123) 

satisfies the defective renewal equation 

(3.124) 

with 

).3:r(J2 [fou h1 ( U - Z) 1oz K6=0 * H 1 ( Z - y )Ko=O * H 1 (y )dydx + 

fou h1(u - z) Loo K6=0 * H1(y)dydx] (3.125) 

and is given explicitly by 
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- -=-=-----,= - IJ 
where Hi* Ks=o(u) = Ks=o * H 1(u) - Ks=o(u) can be replaced with 

1 
+ 

8
-,pd(u) by 

(2.104) with 6 = 0, and Ks=o * H1(u) can be replaced with t/Je(u) by (2.105). 

Proof: First, for any two functions X() and Y(), 

Loo J: X(y - t)Y(t)dtdy 

- 1oz loo X(y - t)Y(t)dydt + loo loo X(y - t)Y(t)dydt 

- 1oz l~t X(y)Y(t)dydt + Loo Y(t)dt fo00 

X(y)dy 

- !oz Y(z - t) 1 00 

X(y)dydt + loo Y(t)dt fo00 

X(y)dy. (3.127) 

Then from (2.104), (2.106) and (2.107) with 6 = 0, and by (3.127), integrating 

(3.120) for t/Jd;i(Y) from y = z toy= oo gives 
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1 +8 D [ fz ( 00 

- .,\p
182 

c Jo lt K6=0 * H 1(y)dydK6=0 * H 1(z - t) + 

K6=o * H 1 (z) fo00 

K6=o * H 1(y)dy] 

- .,\2~ 82 [K6=0 * H 1(z - t) [
00 

K6=o * H 1(y)dy1: + 

foz K6=o • H1(z - t)K6=o • H1(t)dt + 

K6=o • H1(z) fo00 

K6=o • H 1(y)dy] 
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- .,\2~ 82 [L
00 

K6=0 * H1(y)dy + !oz K6=0 * H1(z - t)K6=0 * H 1(t)dt]. 

(3.128) 

With this, (3.124) and (3.125) can be obtained directly from (3.112) with n = 2. 

Using (3.120), (3.121) and (3.128), equation (3.113) with n = 2 leads to (3.126). D 

We remark that the variance of the time of ruin caused by oscillation can be 

obtained explicitly by (3.120) and (3.126). 

3.5 Moment of the time of ruin caused by a claim 

The next theorem shows that the moments of the time of ruin caused by a claim 

have the same recursive expression as the moments of the time of ruin caused by 

oscillation given in theorem 3.6. 

Theorem 3. 7 For u > 0 and n = 1, 2, 3, ... , the n th moment of the time of ruin 

due to a claim, if this 1..-ind of ruin occurs, 

1/1.;n(u) = E[T" l(T < oo, U(T) < 0)IU(0) = u], (3.129) 
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satisfies a sequence of integro-difference equations 

"P•;n(u) = 
1 

1 
8 

[ t/J.;n(u - x)dP1 * H1(z) + n [ h1(u - z) /
00 

"P•:n-i(y)dydz 
+ O C O Jz ' 

(3.130) 

and is given recursively by 

"P•;n(u) - >.;B [fou Ks=o * Hi(u - z)t/J.;n-1(z)dz + £00 

"P•;n-1(z)dz -

Ko=O * H1(u) fo
00 

"P•;n-1(z)dx] (3.131) 

in terms of t/J.;n-i(u) with V'•;o(u) = t/J.(u) and 

roo n roo 
lo t/1.;n(u)du = >.p18 lo ut/J.;n-1(u)du. 

where Ko=O * H 1(u) can be replaced with "Pt(u) by (2.105). 

In addition, when D ➔ 0, equation (9.190) reduces to 

1 ru n 100 

"Po;n(u) = l + B Jo "Po;n(u - z)dP1(z) + ~ u t/1o;n-1(z)dz 

and is given recursively by 

(3.132) 

(3.133) 

1/Jo;n(u) = >.;B [.lu '¢,o(u-z)t/Jo;n-1(z)dz+ £00 

1Po;n-1(z)dz-'¢,o(u) fo
00 

1Po;n-1(z)dz] 

(3.134) 

in terms of '¢,o;n-1 ( u) with t/Jo;o( u) = t/Jo( u) and 

roo n roo 
lo V'o;n(u)du = >.piB lo ut/Jo;n-i(u)du. (3.135) 
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where 

1Po;n(u) = E[rI(T < oo)IU(O) = u], u > 0. (3.136) 

Proof: When w(z,y) = 1, w(z) = P(z) by (2.7), and w(e) = fo 00 

e-ezw(z)dz = 

l -:({) = p1p1({). Therefore, the right side of (3.84), A[w(p)-w({)] = A[
1 

-:(p) 

- p1p1 ({)] = Dp
2 

+pep - d - Ap1p1 ({) = ¼{ Dp2 + cp [ 1 -
1 
! 

8
.ii1 (e) ]-d} since p 

satisfies generalized Lundberg's equation (1.32), and then (3.84) with <Pw(u) = tp.(u) 

in the case w( z, y) = 1 can be written as 

{ De2 + ce[ 1 - 1 ! 8.ii1({)]-6 }p(d)J.({, d) = Dp(6)2 + cp(d) [1 - 1 ! 8.ii1({)]-d. 

(3.137) 

Since p(O) = 0, differentiating (3.137) both sides n+l (n > I) times with respect 

to 6 and then setting d = 0 lead the right side of (3.137) to 

where p<n) is the ntl, derivative of p, while the left side is 
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Equating (3.138) and (3.139) gives 

{ D{' + ce[1 - l: 
8

_;;,({)]} ~(-1)' ( n: l ) /n+l-kl(O)~_,.({) 

- (n + 1) Ec-1)'= ( n ) p<n-A:)(o)~.;A:(e) + D t ( n + l ) p(n+l-A:)(O)p(A:)(o) 
k=O k k=l k 

+ c[l - l: 
8

p1(e)]pn+l(O). (3.140) 

Setting e = 0 in (3.140) leads to 
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Combining these above with 'if,.;o({) = :t,.(e, 0), for n > 1, (3.140) can be simplied 

to 

-(n + 1) E (-1)1 ( n) p<n-A:)(o)[tP.;1:(0) - ~-;1:(e>] 
k=O k 

- {De'+ c{[1 - l: sP1CO]} t.c-1i> ( n: l ) p<n+Ml(o),i;r,.({) 

- { De2 + ce[ 1 - l: 9P1(e>]} Ec-1)"+1 ( n + l ) p<n-k)(O)'if,.;1e+1<e) 
k=O k+l 

- -(n + 1){ne2 + ce(1- -
1
-fti(e>] }Ec-1)" ( n) p<n-k)(o)-i,.:"+i(e). 

1+8 A:=O k k+l 

(3.141) 

We declare that for n = l, 2, 3, ... , 

(3.142) 

which is exactly the same form as the expression (3.116). Therefore, equations 

(3.130), (3.131) and (3.132) can be shown just like (3.112), (3.113) and (3.114). An 

alternative expression for 1/,.;n(u) as (3.117) for 1Pd;n(u) is 
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"P•;n(u) 

- >.~B [!au K6=0 * Hi(u - z)t/i.;n-1(x)dx + fou h1(u - x) Loo 'fP•;n-i(y)dydx -

K6=0 * H1(u) fo00 

'fP•;n-i(x)dx]. (3.143) 

Equation (3.142) can be proved by induction on n. Letting n = 1 in (3.141) 

shows the case n = 1 in (3.142). Assume that for n = 1, ... , m - 1, identity (3.142) 

holds. Now let n =min (3.141), then these terms but the last terms on both sides 

of (3.141) are canceled out. Thus (3.141) reduces to 

which is equal to (3.142) for n = m. 

Since when D ➔ 0, "P•;n(u) ➔ t/io;n(u), which implies (3.132) ➔ (3.135). As 

in the proof of theorem 3.4, (3.133) and (3.134) can he shown either by similar 

arguments based on traditional risk model (1.1) or by letting D ➔ 0 in (3.130) and 

(3.131). The latter approach, however, can show only for u > 0. D 

To get the mean of the time of ruin because of a claim, just set n = l in (3.130) 

and (3.131). 

Corollary 3.9 The mean time to ruin due to a claim, if this kind of ruin occurs, 

t/i.;1(u) = E[T I(T < oo, U(T) < 0)IU(0) = u], u > 0, (3.144) 
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satisfies the defective renewal equation 

and is given explicitly by 

with 

1/J.;1(u) - Ap:IJ2 [(1 + IJ) [ K6=o • H 1(u - z)K6=o(z)dz -

fou K6=0 * H1(u - z)K6=0 * H1(z)dz] 

1 100 ~P2 +2D + ApilJ u K6=o • H 1(z)dz - 2A2p~IJ2 K 6=0 * H 1(u) 

where Ko=O * H1 (u) can be replaced with 1/Je(u) by (2.105). 

In addition, when D ➔ 0, equation or (9. LI 5) reduces to 

1 ru 1100 
1Po;1(u) = 1 + IJ Jo 1Po;1(u - z)dP1(z) +-;; u 1/J0 (z)dz 

and is given explicitly by 

1 (fu 100 P2 ] 1Po;1(u) = ApilJ lo 1/Jo(u - z)'I/Jo(z)dz + u 1/Jo(z)dz - 2p
1
IJ1/Jo(u) 

136 

(3.146) 

(3.147) 

(3.148) 

(3.149) 
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with 

(3.150) 

where 

1Po;1(u) = E[T T(T < oo )IU(0) = u], u 2'.: 0. (3.151) 

1

00 ao(x 0) r1(:z:) Loo 
P;of: Since z ,t,.(y)dy = fJ' = -

8
- = ,z Ka=o * H 1(y)dy -

>..p
18

Ko=O * H 1(:z:) from (3.27) with 6 = 0 and (3.38), the second term of the right 

side of equation (3.130) with n = 1 become 

. . r00 -==--= µr 1(0) D(l + 8) P2 
which shows (3.145) usmg lo Ko=O * H1(y)dy = •

8 
+ cf} = 

2
pifJ + 

D ~2+2D . 
>..p

18 
= 

2
ApifJ by (2.77) and (2.109) with 6 = 0. 

In addition, 1/,.(z) = ¼[1Pd(:z:) + (1 +fJ),t,.(z)-1Pt(z)]= 
1 

;(J K 0=0 (x)-

l--~ r00 µr1(0) P2 
8K 6=0 * H 1(z) by (1.7), (2.93) and (2.105), and lo ,t,.(y)dy = •

8 
= 

2
p

1
fJ by 

(2. 77) and (2.119) with p = 0 and /3 = fJ, equation (3.131) with n = 1 leads to 

(3.146). 
roe 1 roe 

Clearly, (3.132) with n = 1 becomes lo 1/,.;1(u)du = ApifJ lo u,p.(u)du = 
1 { µr,1(0) [µc,1(0) D] µr,2(0)} 1 { P2 [ P2 D D] P3 } 

>..p18 fJ fJ + -; + 28 = Ap1 fJ 2p18 2p1fJ + cfJ + -; + 6p18 = 
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3Ap~ + 2Ap11>38 + 6DP2 . 
12

A2pf 83 by (2. 76), (2. 77) and (2.120) with 6 = 0. 

Letting D = 0 in (3.147) leads to (3.150). Equations (3.148) and (3.149) can be 

shown directly from (3.133) and (3.134) with n = 1, and fo 00 

t/Jo(z)dz = 
2
:

8 
by 

(2.77) and (2.119) with p = 0 and /3 = 8. □ 

Note that the covariance of T, the time of ruin due to a jump, and the associ­

ated penalty function, w( U( T-), I U(T) I), can be obtained from (3. 70), (3. 72) and 

(3.146). Especially, when w(U(T-), IU(T)I) = IU(T)ln, the covariance of T (due 

to a jump) and IU(T)ln follows from (3.53), (3.94) and (3.146). 

Example 3.5 Combination of exponentials and mixture of Erlangs (b #= µ) 

As shown in example 2.5 and example 2.6 that K6=o * H 1 ( u) = 
c8 r+l D r+l - L k,6=0 e-•••1=0 u and K6=o(u) = 8 L Dk,6=oe-••·1=0 u. Then 
D k=l c/ D - Sk,6=0 k=l 

r+l n2 
82 ~ k,6=0 -•• i-ou C ULJ----'--e •-

k=l c - Dsk,6=o 
(3.152) 

with the help of (3.106). Combining this with (3.105) and (3.109), (3.146) turns 

out to be 
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after some rearrangements, which is a combination of exponential functions. D 

Corollary 3.10 For u > 0, the second moment of the time of ruin due to a claim, 

if this !-.-ind of ruin occurs, 

1/1.;2(u) = E[T2l(T < oo, U(T) < 0)IU(0) = u], (3.154) 

satisfies the defective renewal equation 

(3.155) 

with 

B.;2(u) - .,\2:fB [fou h1(u - z) 1oz Ko=o(z - y) 100 

Ko=O * H 1(t)dtdydz + 

fou h1(u - z) £00 

(y - z)Ko=O * H1(y)dydx] 



CHAPTER 3. MOMENTS 

and is given explicitly by 

where Ko=O * H 1(u) can be replaced with TPt(u) by (2.105). 

In addition, when D ➔ 0, equation (9.155) reduces to 

140 

(3.157) 

(3.158) 
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with 

(3.159) 

and is given explicitly by 

where 

1Po;2(u) = E[T2 l(T < oo )IU(0) = u], u > 0. (3.161) 

Proof: Equations (3.120) and (3.146) imply that 

1P•;l ( U) 

1 Ap2 + 2D~-~ 
- -l+81Pd;1(u)- 2A2pi82 K.r=o•H1(u) 

+ A:
18 

[Lu K.r=o * H1(u - z)K.r=o(z)dz + £00 

K.r=o * H 1(z)dz]. (3.162) 

By changing the order of integration, 

100 100 

K.r=o * H 1(t)dtdy = 100 Lt K.r=o * H 1(t)dydt = 100 

(t - z)K.r=o * H 1(t)dt. 

Also using (3.127), we have 100 

fo11 
K.r=o * H 1(y - t)K.r=o(t)dtdy = kz K.r=o(z - t) 

100 

K.r=o • H 1(y)dydt+ r. K.r=o(t)dt fo00 

K.r=o • H 1(y)dy. With the help of(3.128) 

for 100 

"Pd; 1(y)dy, (2.107) with 6 = 0 for £00 

K.r=o • H 1(y)dy = 100 

K.r=o(y)dy + 
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loo "P•;l(y)dy 

>.:
18 

[1oz K6=o(z -y) loo K6=0 * H1(t)dtdy + loo (y - z)K6=0 * H1(y)dy] 

c>.~B2 [l
00 

K6=0 * H1(y)dy + 1oz K6=0 * H 1(z - y)K6=0 * H 1(y)dy 

>.Dp2 + 2D2~-~ 

2c>.2pfB2 K6=0 * H1(z). (3.163) 

Letting n = 2 in (3.130) leads to (3.155) and (3.156). Now use (3.146), (3.147) and 

(3.163), and apply (3.131) with n = 2, we have (3.157) after some rearrangements. 

Note that when D ➔ 0, loo t/J.;1(y)dy in (3.163) reduces to 

Equations (3.158), (3.159) and (3.160) can be shown by similar arguments from 

(3.133), (3.134), (3.149), (3.150) and (3.164). Or they can be proved by letting 

D ➔ 0 in (3.155), (3.156) and (3.157). The latter approach, however, can show 

only for u > 0. D 

We remark that the variance of the time of ruin caused by a claim can be 

obtained explicitly by (3.146) and (3.157). 
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Discounted distribution and 

probability density functions 

In this chapter, we are going to derive the explicit expressions based on ( 1.4) for 

F(x, y; d, Dlu), F1(x; «5, Dju) and F2 (y; ct, Dju), the discounted joint and marginal 

distribution functions of U(T-), the surplus immediately prior to the time of ruin, 

and IU(T)I, the deficit at the time of ruin, and for Fz(z; ct, Dlu), the discounted 

distribution function of the amount of the claim causing ruin, {U(T-) + IU(T)l}­

Then the discounted probability density functions, /(z, y; ct, Dlu), /i(z; ct, Dju), 

/ 2(y; «5, Dlu) and fz(z; «5, Dlu) are obtained by differentiating the corresponding 

discounted distribution functions. We will show that F1(z; ct, Dlu), F2 (y; 5, Dlu) 

and Fz(z; ct, Dlu) also satisfy a defective renewal equation, respectively. Besides, 

the explicit expressions, which have been derived by Lin and Willmot (1999) (36], 

and defective renewal equations based on {1.1) can be easily got by letting D ➔ 0. 

143 



CHAPTER 4. DISCOUNTED DISTRIBUTION AND PROBABILITY 

DENSITY FUNCTIONS 

4.1 Introduction 
144 

When ruin occurs due to a claim, let /(z, y, t; Dlu) denote the defective joint proba­

bility density function of U(T-), IU(T)I and T, and define the discounted defective 

marginal probability density functions with the discount factor 6 > 0 as follows: 

f(z,y;6,Dlu) - fo
00 

e-6tf(z,y,t;Dlu)dt, (4.1) 

/1(x;6,Dlu) - fo
00 

f(z,y;6,Dlu)dy= fo
00 

fo
00 

e-6tf(z,y,t;Dlu)dtdy,(4.2) 

/2(y;6,Dlu) - fo
00 

f(z,y;6,Dlu)dz = fo
00 

fo
00 

e-6t/(z,y,t;Dlu)dtdz.(4.3) 

Dickson (1992) [5] derived the defective probability density function of U(T-), 

the surplus before the time of ruin, for the case 6 = 0 based on the classical surplus 

process (1.1) as follows: 

/1(z;O,Olu) = 

with '¢,0 (u) given in (1.3) 

A P(x) 1 - 1Po(u) 
c 1 - 1/Jo(0)' 

if O < u < z, 

AP(-) 1Po(u - z) - v,0 (u) ., if O < z < u, 
c 1 -1/Jo(0) ' 

A­
/i(x;0,0I0) = -P(z). 

C 

(4.4) 

(4.5) 

Later, Gerber and Shiu (1998a) [29] generalized Dickson's formula for the case 

6 > 0 to get the discounted defective probability density function of U(T-) 
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DENSITY FUNCTIONS 

if O < u < x, 

fi(x; 6, Olu) = 

with 

and 

145 

(4.6) 

(4.7) 

Kp(u) = E[e-oT-p(U(T>l[(T < oo)IU(0) = u], u > 0. (4.8) 

Set w(x, y) = e-w in (1.2), then from {1.13) Kp(u) satisfies the defective renewal 

equation as follows: 

Kp(u) 

.A /"' Kp(u - z) /
00 

e-P(JI-U}dP(y)dx + .A 100 

e-P(Jl-u) 100 

e-p(z-11>p(z)dzdy 
C Jo Jz C lu 111 

A {"' Kp(u - z) /
00 

e-P<11-u>dP(y)dx + .\ f
00 

fz e-p(z-u>p(z)dydz 
clo lz clu lu 
.\ {"' Kp(u - z) /

00 

e-P(JI-U)dP(y)dx + .\ 1
00 

(z - u)e-p(z-u)p(z)dz (4.9) 
clo lz clu 

- .A /"' Kp(u - z) /
00 

e-P(J1-u)dP(y)dx + 
c Jo lz 
A /

00 

e-p(z-u) P(z)dz - .\ p /
00 

(z - u)e-p(z-u) P(x)dz, u > 0, (4.10) 
C Ju C Ju 

with Kp(u)lo=O = 1/,o(u). 

Since p(6) is a root of (1.14), we have .\p(p) = .\ + 6 - cp. If we differentiate 
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with respect to 6, then cp'(6) - 1 = .,\p'(6) fo00 

ze-P'Zp(z)dz. Therefore, from (4.9) 

we obtain 

- .,\r 1 
Kp(O) =~Jo ze-pzp(z)dz = 1 - cp'(b)' (4.11) 

with Kp(O)l6=0 = ..\p1/c = 1/(1 + 8) = 1/,o(0). 

Later we are going to derive the more general discounted defective probability 

density function of U(T-), the surplus before the time of ruin, for the discount 

factor 6 > 0 based on the surplus process (1.4) with an independent Wiener process. 

4.2 Discounted joint distribution and probability 

density functions of IU(T)I and U(T-) 

First of all, by appropriate choice in the penalty function w(z, y), we have that the 

discounted defective joint distribution function of U(T-) and IU(T)I is equal to 

ef>w(u). Then the explicit expression for the discounted defective joint distribution 

function of U(T-) and IU(T)I can he obtained by (1.36) and (1.44). To see this, 

for any fixed z and y, let 

(4.12) 
otherwise. 

Then by (4.1), ef>w(u) in (2.2) becomes 

ef>w(u) = E[e-6Tw(U(T-), IU(T)l)I(T < oo, U(T) < 0)IU(0) = u] 
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- fo00 fo00 fo00 

e-6tw(z1, z2)/(z1, z2, t; Dlu)dtdz1dz2 

rz {" {00 6 - lo lo lo e- t /(z1, z2, t; Dlu)dtdz1dz2 

- kz fa" /(z1, z2; 6, Dlu)dz1dz2 

- F(z, y; 6, Dlu), 
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(4.13) 

(4.14) 

the discounted joint distribution function of U(T-) and IU(T)I- And the function 

B(u) in (2.114) can be written by (2.34) and (1.52) as follows: 

if O ~ u < z, 

B(u) 

- ~(l + /3) ru e-b(u-•) 100 

e-p(zi-•) 100 

w(z1, Z2 - zi)p(z2)dz2dz1ds 
D lo • z 1 

- ~(1 + /3) ru e-b(u-•) lz e-p(zi-•) 1zi+'II p(z2)dz2dz1ds 
D lo • z1 

- ~ (1 + /3) ku e-b(u-•) /.z e-p(zi-•) [P(zi) - P(z1 + y) ]dz1ds 

- ~(1 + /3) [ e-b(u-•>{1
00 

e-p(zi-•) P(zi)dz1 -100 

e-p(z,-•-JJ) P(z1)dz1 -
D o • •+11 

e-p(z-•) [£00 

e-p(zi-z) P(zi)dz1 - £:'II e-p(z, -z-JJ) P(zi)dz1] }ds 

b !au e-b(u-•>{ r(s) - r(s + y) - e-p(z-•) [r(z) - r(z + y)] }ds 

- b !au e-b(u-•) [r(s + y) - f(s)] ds - be-pze-bu [r(z) - r(z + y)]fou ea•ds 

- b iu+'II e-b(u+11-•>r(s)ds - J: f(s)H'(u - s)ds -

!e-pze-bu(eau - l)[l'(z) - f(z + y)] 
a 

- G(u) - G(u + y) - H(u)G(y) - !e-pz(epu - e-bu)[r(z) - f(z + y)], (4.15) 
a 
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and for u > 0 

if O < z < u, 
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B(u) - ~ (1 + /3) fou e-b(u-•) J.00 

e-p(zi-•) 1~ w(z1, z2 - zi)p(z2)dz2dz1ds 

_ ~ (1 + /3) [1oz + Lu] e-b(u-•) /.z e-p(zi-•) 1~•+1J p(z2)dz2dz1ds 

and 

- ~(l + /3) rz e-b(u-•) /.z e-p(z1-•) 1z1+11 p(z2)dz2dz1ds 
D lo • z1 

- b 1oz e-b(u-•>{ r(s) - r(s + y) - e-p(z-•) [r(z) - r(z + y)] }ds 

- b 1oz e-b(u-•) [r(s + y) - r(s)]ds - be-pze-bu [r(z) - r(z + y)]foz e'uds 

- lz+1J be-b(u+11-•>r(s)ds - e-b(u-z) 1oz be-b(z-•>r(s)ds -

!e-pze-bu(eaz - 1)[r(z) - r(z + y)] 
a 

- e-b(u-z) foz+JI be-b(z+11-•>r(s)ds - e-bu lo" be-b<11-•>r(s)ds -

e-b(u-z) rz be-b(z-•>r(s)ds - !e-bu(ebz - e-pz)[r(z) - r(z + y)] 
lo a 

- H(u - z)[G(z) - G(z + y)] - H(u)G(y) -

!e-bu(ebz - e-pz)[r(z) - r(z + y)], 
a 

B'(u) - -H'(u - z)[G(z) - G(z + y)] + H'(u)G(y) + 

!H'(u)(ebz - e-pz)[r(z) - r(z + y)]. 
a 

(4.17) 

(4.18) 
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When D ➔ 0, ! ➔ 1 and G(z) ➔ r(z); in this case B(u) becomes 
a 
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{ 

[r(u) - r(u + y)] - e-p(z-u)[r(z) - r(z + y)], if O < u < z, 
B0 (u) = (4.19) 

0, if 0 < z < u. 

We remark that the expression above for B0 (u), 0 $ u < z, also holds when u = 0, 

which can not be obtained by D ➔ 0, but by derivations similar to ( 4.15) from 

Bo(u) = ,\(1 +.Bo)1
00 

e-p(zi-u) /
00 

w(z1,z2 -zi)p(z2)dz2dz1. 
C U l:i:1 

Theorem 4.1 The discounted defective joint distribution function of U(T-) and 

IU(T)I is 

if0<u<z, 

(4.20) 

; foz K(u - t) [a'(t) - G'(y + t)]dt - ;G(y)K * H(u) 

1 b r- - ] [ /z - ] + ,B ~e-pz r(z) - r(z + y) p Jo ept K(u - t)dt + K * H(u) 

+; [ ( G(z) - G(z + y) )-~ (r(z) - r(z + y))] K * H(u - z), 

if0 < z < u, 

with 
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F(z, y; b, DID)= 0, 

where K * H(u) can be replaced with ef>t(u) by {2.109). 

When D ➔ O, 

i/0 < u < z, 

1 /%- [ , ] 1 -
/Jo lo Ko(u - t) f'(t) - r (y + t) dt - /Jo f(y)K0 (u) 

with 

+ ;
0 

e-pz [r(z) - f(z + y)] [P lo%~ Ko(u - t)dt + K 0 (u)], 

i/0 < z < u, 

If further let b = 0, 
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(4.21) 

(4.22) 
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F(x, Yi 0, Olu) 
1

; (J [,t,0 (u) -,t,o(u + y)]+¼[P1(z + y) - P1(z) - P1(Y)]1Po(u) 

1[ ] l [11 -- 8 P1(z + y) - P1(z) + fJpi Jo ,Po(u + y - t)P(t)dt, 
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i/0 < u < z, (4.24) 

with 

8
:

1 
1o· ,p0 (u - t) [ P(t) - P(y + t)] dt 

+¼[P1(z + y) - P1(z) - P1(Y)]1/Jo(u), i/0 < z < u, 

Proof: IfO < u < z, from (1.39), (4.14), (4.15) and (4.16), equation (1.44) becomes 

F(x, Yi 6, Dlu) 

1 ru- ' 1 
- - {3 lo K(u - t)B (t)dt + {3B(u) 

; fou K(u - t) [c'(t) - G'(t + y)] dt - ;G(y) fou K(u - t)H'(t)dt + 

; ~e-p:r: [r(z) - r(z + y)]fou K(u - t) [pept + be-bt]dt + 

; [c(u) - G(u + y) - H(u)G(y) - ~e-p:r:[epu - e-bu][r(z) - r(z + y)]] 

1 +/3- 1 r- _ J - f3°K(u) - {3G(y) K * H(u) + H(u) + 

; ~e-p:r: [r(z) - r(z + y)] [P fou eptK(u - t)dt + K * H(u) + H(u) - eP"]-

11u+11 _ I 1-
{3 

11 
K(u + y - t)G (t)dt - {3G(u + y) 
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1+.ar- _ 1 1 1 '"- , - ~ K(u) - K(u + y) - ,BG(y)K * H(u) + ,B lo K(u + y - t)G (t)dt + 

; ~e-,,z [r(z) - r(z + y)] [P !au ept K(u - t)dt + K • H(u) - epu]. 

For u = 0, by (1.39), 

1 + ,B r- - ] 1 1 [11 _ I F(x, y; 6, DID) - /3 K(O) - K(y) - ,BG(y) + ,B lo K(y - t)G (t)dt 

1 + .B- 1 [11 - 1-
- -{JK(y) + ,B lo K(y - t)dG(t) + ,BG(y) 

- 0, 

showing (4.21). 

Similarly, if O < z < u, from (1.39), (4.14), (4.17) and (4.18), equation (1.44) 

turns out to be 

F(x, y; 6, Dlu) 

1 ,z_ I 1 [- I 1 
- - ,B Jo K(u - t)B (t)dt - ,8 z K(u - t)B (t)dt + ,BB(u) 

- ; foz K(u - t) [a'(t) - G'(t + y)]dt - ;G(y) foz K(u - t)H'(t)dt + 

;~e-,,z [r(z) - r(z + y)]foz K(u - t) [pept + be-bt]dt + 

1 [ ] r- 1 [- I ,8 G(z + y) - G(z) lz K(u - t)H'(t - z)dt - ,BG(y) z K(u - t)H (t)dt -

; ~ [e''z - e-pz] [r(z) - r(z + y)]Lu K(u - t)H'(t)dt + 

; [n(u - z)[G(z) - G(z + y)] - ;H(u)G(y) -

lb bu bz - - ] ,8 ;;e- (e - e-P)[r(z) - r(z + y)] 
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; foz K(u - t)[G'(t) - G'(t + y)]dt - ~G(y) [K * H(u) + H(u)] + 

; ~e-pz [r(z) - r(z + y)] [P foz eP' K(u - t)dt + K * H(u) + H(u)] + 

; [a(z) - G(z + y)] [[ K(u - t)H'(t - z)dt + H(u - z)]-

; ~[r(z) - r(z + y)] [L" K(u -t)H'(t - z)dt + H(u - z)] 

; foz K(u - t) [G'(t) - G'(t + y)]dt - ~G(y)K • H(u) + 

;~e-pz[r(z) - r(z + y)] [P foz eP'K(u - t)dt + K * H(u)]+ 

; [[G(z) - G(z + y)] - ![r(z) - r(z + y)]] 

[fou-z K(u - z - s)H'(s)ds + H(u - z)] 

- ; foz K(u - t) [G'(t) - G'(t + y)]dt - ;G(y)K • H(u) + 

; ~e-pz [r(z) - r(z + y)] [p 1oz ePtK(u - t)dt + K • H(u)]+ 

; [[G(z) - G(z + y)] - ![r(z) - r(z + y)]]K • H(u - z), 

proving (4.20). 
b - -

When D ➔ 0, {3 ➔ {30 , - ➔ 1, G(y) ➔ r(y), K(u) ➔ K 0 (u), and by (3.20), 
a 

K * H(u) ➔ K 0(u) or 1 depending on u > 0 or u = 0. Therefore, (4.20) ➔ (4.22) 

when D ➔ 0. 

Note that the expression in (4.22) for F(z, y; 6, 0lu), 0 < u < z, also holds for u = 0, 

which can not be obtained by D ➔ 0 from (4.20), but by derivations similar to 

1 [- I 1 1 -(4.20) from F(z,y; 6, 0lu) = - /3o 
O 

Ko(u - t)B0 (t)dt + /3o Bo(u) - f3o Bo(0)Ko(u) 

with B0 (u) given in (4.19). When u = 0, by (2.91), (4.22) reduces to 
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1 +/Jo [ 1 - ] 1 
F(x, y; 5, OjO) - /Jo 1 + /Jo - K0 (y) - /3o(l + /Jo) I'(y) + 
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1 r- _ 1 r 1 1 1 /"-/Jo e-pz I'(x) - I'(x + y) 1 + /Jo - 1 + /Jo lo K 0 (y - t)dl'(t) 

- .!_ - 1 + /Jo Ko(y) - [.!_ - 1 ]r(y) + 
/Jo /Jo /Jo 1 + /Jo 

1 : /Jo e-pz [r(z) - I'(x + y)] + ;
0 

[(1 + /3o)K0 (y) - I'(y)] 

- l: /Jo [e-pzr(z) + I'(y) - e-pzr(z + y)], 

which is (4.23). 

If further 5 = 0, then /30 = 8, Ko,5=o(u) = t/,0 (u), I'(z) = P1(x) and I"(z) = 
P(x). In this case, (4.24) can be easily obtained from (4.22). When u = 0, similar 

Pl 

arguments show (4.25) from (4.24) by (2.91) with 5 = 0. Alternatively, when 5 = 0, 

p = 0, /Jo= fJ and I'(x) = P1 (:z:), (4.25) is easily obtained from (4.23). D 

Corollary 4.1 The discounted defective joint probability density function of 

U(T-) and IU(T)I is 

f(x, y; 5, Dlu) 

..xe-pzp(z + y) epu - K * H(u) - p fou eptK(u - t)dt . < 
C + 2pD 1 - K(O) ' if O - u < z, 

rz e- (4.26) 
..xe-P=p(x + y) eP=K * H(u - x) - K * H(u) - p Jo eP K(u - t)dt 

c + 2pD 1 - K(O) 

if0 < X < U, 
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with 

/(z, y; 6, DID)= 0, 

where K * H(u) can be replaced with <Pt(u) by {2.109). 

When D ➔ 0, 

f(z, y; 6, 0ju) 
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(4.27) 

,\ epu - K 0 (u) - p Lu eptKo(u - t)dt 
;e-pzp(z + y) 

1 
_ ;o(O) , if 0 < u < z, 

,\ el'ZKo(u- z) - K 0 (u) - p 1~ eptKo(u - t)dt 

c e-,,zp{z + y) 1 - Ko(0) 
0 

' 

{4.28) 

ifO < z < u, 

with 

(4.29) 

If further let 6 = 0, 

..\ 1 -1/Jo(u) 
;p(x + y) 1 -1/Jo(0)' ifO < u < z, 

f(x, Yi 0, 0ju) = {4.30) 

..\ ( ) 1/Jo(u - z) -1/Jo{u) 
;P x + Y 1 -1/Jo(0) , if O < z < u, 

with 
..\ 

f(x, Yi 0, 0I0) = -p(z + y). 
C 

(4.31) 



CHAPTER 4. DISCOUNTED DISTRIBUTION AND PROBABILITY 

DENSITY FUNCTIONS 

. ( ~ I ) 8 2 F(z, y; 6, Dlu) fr ( ) Proof: Smee / z, y; a, D u = Bz8y , om 4.20 

if O < u < x, 

8F(x, y; 6, Dlu) 
8y 

_ -
1 + /3 K'(u + y) - !.a'(y)K • H(u) 

{3 {3 
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1 b _ [ fu ,..- ~ ] - {3 ~e-,,zr'(z + y) p lo e"· K(u - t)dt + K * H(u) - epu 

and 

8 2 F(z, y; 6, Dlu) 
8z8y 

1 - 1 /"-+ {3G'(y)K(u) + {3 lo K'(u + y - t)G'(t)dt, 

- ;~[pe-,,zr'(z + y) + e-,,zr"(z + y)] [P fou eptK(u - t)dt + K * H(u) - epu] 

- ; ~e-pz [pr(z + y) + r'(z + y) ]'[P !au ePt K(u - t)dt + K * H(u) - e/lU] 

; ~e-pz b~ (1 + {3)P'(z + y) [p !au ept K(u - t)dt + K * H(u) - epu] 

,\ e/lU - K * H(u) - p Lu ePt K(u - t)dt 

c + 2pDe-Pp(z + y) 1- K(~) ' 

with the help of (2.44); 

if Q < X < U, 

8F(x, y; 6, Dlu) 
8y 
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and 

82 F(z, y; ~, Dlu) 
8z8y 

1 - 1 b -, -
- /3G"(x +y)K(u - z)- /3;e-pzr (z +y)pel"ZK(u - z) 

+; ~ [pe-pzr'(z + y) + e-pzr"(z + y)] [P 1oz eptK(u - t)dt + K * H(u)] 

1 r-,, b-,, ] -/3 G (z+y)-;r (z+y) K•H(u-z) 

b r-, b- Jr~ - J - /3 G (z + y) - ;r'(z + y) K * H(u - z) - K(u - z) 

1 [ bp- - b
2
-, J-- - /3 G"(z + y) + -;-r'(z + y) - bG'(z + y) + -;r (z + y) K(u - z) 

157 

1 r-,, b-,, -, b
2
-, ] - /3 G (z + y) - ;r (z + y) + bG (z + y) - -;r (z + y) K * H(u - x) 

A K•H(u)+p Lz eptK(u-t)dt 
- c + 2pD e-pzp(x + y) 1 - ~(O) 

1 [bp b
2J-, _ - -/3 -; - b +-; r (z + y)K(u - z) 

- .!_ [< b -
62 

) r ' ( z + y) + ! r 11 
( Z + y )] K * H ( U - Z) 

/3 a a 

A K * H(u) + p Lz ePtK(u -t)dt 
- c + 2pDe-pzp(z + y) 1 - ~(O) 

1 b A -, 
- -/3;bD(l+/3)P (z+y)K•H(u-z) 

A K * H(u) + p Lz ePtK(u - t)dt 

- c + 2pDe-pzp(z + y) --=-=--= 1 - ~(O) 

A epz K • H(u - z) - -K-•-H-(u) - p Lz ept K(u - t)dt 

- c + 2pD e-pzp(z + y) 1 - K(O) 
0 

' 

with the help of (2.44), (2.48) and (2.106). 
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Similar arguments show (4.28) from (4.22). H further 6 = 0, then Ko,6=o(u) = 

v,o(u), and (4.28) reduces to (4.30). Letting u = 0 in (4.26), (4.28) and (4.30) easily 

lead to (4.27), (4.29) and (4.31), respectively. D 

4.3 Discounted distribution and probability den­

sity functions of IU(T)I 

The discounted distribution function of IU(T)I, F2(y; 6, Dlu), now is easily obtained 

from F(z, y; 6, Dlu) by letting z ➔ oo 

Corollary 4.2 The discounted defective marginal distribution function of IU(T)I 

1,S 

1 + /3 r- - ] 1 --=-::--:= 1 (11- I F2 (y; 6, Dlu) = T K(u)-K(u+y) - {3G(y)K * H(u)+ ,B lo K(u+y-t)G (t)dt 

(4.32) 

with 

( 4.33) 

and 

where K * H(u) can be replaced with ef>t(u) by {2.109). 
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When D ➔ 0, 
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1 + /Jo r- - ] 1 - 1 /fl- I F2(y; d, 0ju) = /Jo Ko(u)-Ko(u+y) - /Jo r(y)Ko(u)+ /Jo lo Ko(u+y-t)r (t)dt 

(4.35) 

with 

(4.36) 

and 

(4.37) 

If further let d = 0, 

with 

1 ..\ !of/ -F2(y; 0, 0j0) = --
9

P1(Y) = - P(t)dt 
1 + C 0 

(4.39) 

and 

(4.40} 

Proof: By letting z ➔ oo in the case 0 < u < z (since u is fixed) of (4.20), which 

implies both r(z) and r(z + y) ➔ 0, we easily get (4.32). Equations (4.35) and 

(4.38) can be proved from (4.22) and (4.24), respectively, by similar arguments, 

whereas (4.33), (4.36) and (4.39) can be shown from (4.21), (4.23) and (4.25), 

respectively. 
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When y ➔ oo, K(u + y) ➔ 0 and lo" K(u + y - t)G'(t)dt < fo00 

K(u + y -t) 

1+/3- 1-- -
G'(t)dt ➔ 0, which imply F2(y; 6, Dlu) ➔ -y-K(u) - ,BK* H(u) = K(u) -

_!__/3</>d(u) = ¢,.(u) by (2.101) and (2.103), proving (4.34). Similar arguments 
1+ 
show (4.37) and (4.40). D 

Corollary 4.3 The discounted defective probability density function of IU(T)I is 

1 + /3- 1 - 1 (" -
b(y; 6, Dlu) = --y-K'(u + y) - ,BG'(y)H * K(u) + /3 lo K'(u + y - t)G'(t)dt 

( 4.41) 

w-ith 

b(y; 6, DIO) = 0, (4.42) 

- ....,..,,--== - /3 
where H * K(u) = K * H(u) - K(u) can be replaced with -/3</>d(u) by (2.104)-

1 + 
When D ➔ 0, 

1 +/Jo- 1 / 11 -
b(y; 6, Olu) = - /Jo K~(u + y) + /Jo lo K~(u + y - t)r'(t)dt (4.43) 

with 

h(y; 6, OIO) = l: .Bo r'(y). (4.44) 

If further let 6 = 0, 

1+8 1 /", -
h(y; 0, Olu) = --o-1/J'(u + y) + 8p1 lo 1P (u + y - t)P(t)dt (4.45) 

with 
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Proof: By differentiating ( 4.32) with respect to y, we get 

1 + .B-, 1 , [ - ] /2(Y; 6, Dlu) = -~K (u + y) - {3G (y) K * H(u) - K(u) + 

1 /"-,B lo K'(u + y - t)G'(t)dt. 
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Combining this with K * H(u) - K(u) = H * K(u) by (2.104), we obtain (4.41). 

Similarly, differentiating (4.35) and (4.38) give (4.43) and (4.45), respectively, 

whereas differentiating (4.33), (4.36) and (4.39) give (4.42), (4.44) and (4.46), re­

spectively. Alternatively, when u = 0, (4.41) becomes 

'2(y; 6, DI0) 

1 + /3-, 1 , [ 1 ] 1 /" -, , 
- -pK (y) - ,BG (y) 1 - 1 + /3 + ,B lo K (y - t)G (t)dt 

1 + /3-, 1 , 1 [ {J {" - - '( ] - -pK (y) - 1 + /3G (y) + /3 oy lo K(y - t)dG(t) - K(0)G y) 

- -
1

; /3 K'(y) - i ~ /3G'(y) + ~ [(1 + /3)K'(y) - G'(y) - K(O)G'(y)] 

0 

with the help of (1.39), proving (4.42). Similar arguments show (4.44) and (4.46) 

from (4.43) and (4.45), respectively. D 

Theorem 4.2 The discounted defective distribution function of IU(T)I satisfies the 

defective renewal equation 

- _!_,fl {" F2(y; 6, Dlu - :z:)dG(:z:) + 
1 + lo 

1 
~ ,B [a(u) - G(u + y) - G(y)H(u)]. (4.47) 
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When D ➔ 0, 

If further let 8 = 0, 

which is (5) of Gerber, Goovaerts, and Kaas {1987} {29}. 

Proof: For any fixed y, let 

{ 

1, if z < y, 
w(z,z) = 

0, otherwise. 

Then by (4.1) and (4.3), ef>w(u) in (2.2) becomes 

'Pw(u) - E[e-6Tw(U(T-), IU(T)l)l(T < oo, U(T) < 0)IU(0) = u] 

- fo00 fo00 fo00 

e-6tw(z, z)/(z, z, t; Dlu)dtdzdz 

- J: 100 100 

e-ot /(z, z, t; Dlu)dtdzdz 

- J: 100 

/(z, z; t5, Dlu)dzdz 

- lo" '2(z; 8, Dlu)dz 

- F2(y; '5, Dlu), 

the discounted distribution function of IU(T)I. 
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(4.50) 

(4.51) 
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By (2.15), F2(y; 6, Dlu) satisfies the defective renewal equation 
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F2(y; 6, Dlu) = fou F2(y; 6, Dlu - z)g(z)dz + 9w(u) where g111 (u) = h * -y..,(u). From 

(2.7) and (2.14), 

and by (1.49) and (1.52) 

This implies 

9w(u) 

fo00 

g(z)dz 

fou h(u - shw(s)ds 

- fo00 

h(z)dz fo00 

-y(y)dy 

- fou H'(u - s) [r(s + y) - r(s)]ds 

ru+11 
-

111 
H'(u + y - t)r(t)dt - G(u) 

- G(u + y) - fo11 
H'(u + y - t)r(t)dt - G(u) 

- G(u) - G(u + y) - e-"" [ H'(y - t)r(t)dt 

- G(u) - G(u + y) - G(y)H(u). 
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Since 1~ g(z)dz = 
1 

1 
,, and G'(z) = t(z) , 

0 + /J g(z)dz 
0 

F2(Y; 6, Dlu) 

- fou F2(y; 6, Dlu - z)g(z)dz + 9w(u) 

1 ru g(z) 1 9w(u) 
- 1 + {3 lo F2(y; 6, Dlu - z) hoo g(z)dz dz+ 1 + /3 hoo g(z)dz 
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- 1 ! /3 fou F2(y; 6, Dlu - z)G'(z)dz + 1 ! /3 [o(u) - G(u + y) - G(y)H(u)]. 

(4.48) and (4.49) can be shown by similar arguments. Alternatively, when D ➔ 

0, /3 ➔ /Jo, H(u) ➔ 0 for u > 0 and G(z) ➔ r(z), (4.47) ➔ (4.48) for u > 0. ff 

6 = 0 then /30 = IJ and r(z) = Pi(z), (4.48) reduces to (4.49). □ 

We remark that (4.47) can be shown from a probabilistic viewpoint. Since g(z) 

defined in (1.30) is the discounted probability that the first record low (the first 

time where the surplus falls below the initial level) is caused by a jump where z is 

the amount by which the resulting first record low caused by a claim is below the 

initial surplus u, and H(u) = e-bu is the expected discounted value of a contingent 

payment of 1 that is due at ruin, provided that ruin occurs before the first record 

low that is caused by a jump, by conditioning on the time and amount of the first 

record low caused by a claim, we obtain 

ru [+11 (fl F2 (y; 6, Dlu) = lo F2(y; 6, Dlu-z)g(z)dz+ u g(z)dz-H(u) lo g(z)dz. (4.52) 
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Note that the second term of the right side includes an unwanted contribution 

for the situation where ruin occurs by oscillation prior to the first record low caused 

by a jump; the third term is the corresponding offset. 

Since 100 

g(z)dz = 
1 

1 
,, and G'(z) = J.',!(z) , (4.52) can be written as 

o + JJ g(z)dz 
0 

F2(y; 6, Dlu) 

- l ~ /3 fou F2(Y; 6, Dlu - z)G'(z)dz + l ~ (3 lu+t1 G'(z)dz -

1 - Lt/ -
13

H(u) G'(z)dz 
1+ 0 

1 ru 1 r- _ - ] 
1 
+ {3 lo F2(y; 6, Dlu - z)dG(z) + 

1 
+ /3 G(u) - G(u + y) - G(y)H(u) , 

which is exactly equation (4.47). 

Corollary 4.4 The discounted defective probability density function of IU(T)I sat­

isfies the defective renewal equation 

b(y; 6, Dlu) = l ~ /3 [ b(y; 6, Dlu - z)dG(z) + 
1 
~ /3 [a'(u + y) - G'(y)H(u)]. 

(4.53) 

When D ➔ 0, 

1 Lu 1 b(y; 6, Olu) = l /3 h(y; 6, Olu - z)dl'(z) + . /3, r'(u + y). 
+ O O 1+ O 

(4.54) 

If further let 6 = 0, 

1 Lu 1 P(u+y) 
b(y; O,Olu) = -

1 
IJ /2(y;O,Olu - z)dP1(z) + --

8
---. 

+ 0 1+ Pl 
(4.55) 
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Proof: Differentiating ( 4.4 7), ( 4.48) and ( 4.49) with respect to y easily yield ( 4.53), 

(4.54) and (4.55), respectively. □ 

counted defective distribution function. It is convenient to define the discounted 

proper distribution function as follows: 

(4.56) 

Then we have the following result for 

F2,oo(y; 8, D) = 1 - F2,oo(Y; ,5, D) = llinu➔oo F2,u(Y; ,5, D). 

Theorem 4.3 F2,oo(Y; d, D) = limu➔oo F2,u(Y; d, D) satisfies 

fo
00 

e,cz [a(z) - G(z + y) - G(y)H(z)]dz 

fo00 

e,cz [a ( z) - H ( z)] dz 
(4.57) 

/3 1 - 100 ,a-- - --G(y) - e-~11 e G(t)dt 
Ii, b - Ii, 'II 

f3 1 y 2:: 0, (4.58) 

"' b-li. 

where Ii. satisfies fo
00 

e,czdG(z) = 1 + /3, or equivalently, Ii. = -{2 and {2 is the 

unique negative root of {2.187). 
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Proof: Since ,t,.(u) satisfies (2.117), ,t,.(u) = ~ /u ,t,.(u - z)dG(z) + ~r * 
1 +,.., lo 1 +,.., 

1 ru 
H(u), and F2(y; d, Dlu) satisfies (4.47), F2(y; d, Dlu) = 

1 
+ /3 lo F2(Y; d, Dlu - z) 

dG(z) + 
1 
~ /3 [a(u) - G(u + y) - G(y)H(u)], by theorem 1.2, 

and 

as u ➔ oo, 

where ti. is positive and satisfies fo 00 

e,cz dG( z) = 1 + /3. Therefore, 

which is ( 4.57). 

Since fo00 

e,czG(z + y)dz = e-KJ/ loo e'"G(t)dt, fo00 

e,cz H(z)dz = fo00 

e-(b-K)zdz 

= -b 
1 

by b > K., and /
00 

e,czG(z)dz = ..!:. f
00 

G(z)de- = ..!:.[e,czG(z)j
00 

+ 
- ti. lo ti. lo ti. o 

fo 00 

e,czdG(z)]= !, (4.57) leads to (4.58). D 
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4.4 Discounted distribution and probability den-

sity functions of U(T-) 

The discounted distribution function of U(T-), F1(z; S, Dlu), is directly obtained 

from F(x, y; S, Dlu) by letting y ➔ oo 

Corollary 4.5 The discounted defective marginal distribution function of U(T-) 

1,S 

with 

(4.60) 

and 
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where K * H(u) can be replaced with ~e(u) by {2.109). 

When D ➔ 0, 

F1(z; d, 0lu) 

Ko(u) + ;
0 
e-pzr(z) [p fou eptK0(u - t)dt + K 0 (u) - e'"'], 
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i/0 < u < x, 

with 

and 

If further let d = 0, 

with 

and 

(4.62) 

i/0 < z $ u, 

i/0 < u < x, 

i/Q < X < U. 1 

(4.63) 

(4.64) 

(4.65) 

(4.66) 

(4.67) 
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Proof: By letting y ➔ oo in (4.20), which implies K(u +y), r(z + y), G(z + y) and 

G'(y+t) ➔ 0, G(y) ➔ 1, and lo" K(u+y-t)G'(t)dt < fo00 

K(u+y-t)G'(t)dt ➔ 0, 

we obtain (4.59). Equations (4.62) and (4.65) can be shown from (4.22) and (4.24), 

respectively, by similar arguments, whereas (4.60), (4.63) and (4.66) can be shown 

from (4.21), (4.23) and (4.25), respectively. 

l+P- 1-=---= - 1 
When z ➔ oo, F1(z; 6, Dlu) ➔ PK(u) - PK* H(u) = K(u) - 1 + /J<Pd(u) 

= </J.(u) by (2.101) and (2.103), proving (4.61). (4.64) and (4.67) can be shown 

directly. □ 

Corollary 4.6 The discounted defective probability density function of U(T-) is 

fi(z; 6, Dju) 

..\e-pzP(x) epu - K * H(u) - p ku eptK(u - t)dt 

c + 2pD 1 - K(0) 
if0 < u < z, 

..\e-pzP(z) epz K * H(u - z) - K * H(u) - pk~ e"tK(u - t)dt 
(4.68) 

c + 2pD 1 - K(0) 

with 

/1(z; 6, DI0) = 0, 

where K * H(u) can be replaced with <Pt(u) by (2.109). 

When D ➔ O, 

if0 < z < u, 

(4.69) 
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/1(z; 6, Olu) 
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,\ _ e"" - Ko(u) - p Lu e"'Ko(u - t)dt 
~e-pz P(x) 1 - ;o(O) ' i/0 < u < x, 

,\ _ epzKo(u - x) - Ko(u) - p 1z e"'Ko(u - t)dt 
c e-pz P(x) 1- Ko(O) 

0 
' 

(4. 70) 

i/0 < X < u, 

with fi(x; 6, OIO) given (.I. 7). 

If further let 6 = 0, 

A P(x) 1 -1/,o(u) 
c 1 -1/,o(O)' 

/1(z; 0, Olu) = 

i/0 < u < x, 

A P(x) 1Po(u - x) - t/Jo(u) 
c 1 -1/,o(O) , if O < x < u, 

with / 1 (x; 0, OIO) given (,1.5). 

(4.71) 

Proof: By (2.44) and K(O) = 
1 
~ /3' differentiating (4.59) with respect to x leads 

to that 

if O < u < x, 
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,\ _ epu - K • H(u) - p !au e"'K(u - t)dt 

= c + 2pDe-pzP(z) 1- K(~) ; 

if O < z < u, with the help of {2.48) and (2.106), 

1- 1 l b [ _ ] 
1 

[ fz _ ] - {3K(u - z)G (z) + /3; e-pzr(z) p lo ept K(u - t)dt + K • H(u) + 

1 b - - 1 r- b- ] --e-pzr(z)pepz K(u - z) + - G'(z) - -r'(z) K * H(u - z) + 
{3a {3 a 

1 r- b- ] {3 G(z) - ;r(z) K * H'(u - z) 

1 [ , bp- J- 1 r-, b-, ] - {3 G (z) + -;-r(z) K(u - z) + /3 G (z) - ;r (z) K • H(u - z) + 

b r- b- ] [ - ] {3 G(z) - ;r(z) K • H(u - z) - K(u - z) -

,\ _ K * H(u) + p iz e"'K(u - t)dt 
---e-pzP(z) 0 

c + 2pD 1 - K(O) 

1 [ , bp- - b
2

- J-- {3 G (z) + -;-r(z) - bG(z) + -;r(z) K(u - z) -

1 [ , b 1 _ b2- ] - G (z) - -r (z) - bG(z) + -r(z) K • H(u - z) -
{3 a -::-:--~ a 

,\ _ K • H(u) + p iz eptK(u - t)dt 
---e-pzP(z) 0 

c + 2pD 1 - K(O) 

1 [bp b2]_ _ - - --b+- r(x)K(u-x)-
/3 a a 

l[ b
2 

- b 1 ] - (- - b)r(x) - -r (z) K • H(u - z) -
{3 a a 

,\ _ K • H(u) + p iz eptK(u - t)dt 
---e-pzP(z) 0 

c + 2pD _ -- 1 - K(O) 
1 b [ - J-- /3; pr(z) + r'(x) K • H(u - z) -
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~ _ K • H(u) + p 12 

~K(u - t)dt 
---e-pz P(z) 0 
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c + 2pD ~~ 1- K(O) 

~ _ el'ZK • H(u - z) - ..,,,.,K,,_•-H=(u) -p 1z efnK(u - t)dt 
---e-pzP(z) 0 . 
c + 2pD 1 - K(O) 

Similar arguments derive (4.70) from (4.62). ff further d = 0, then Ko,6=o(u) = 
?/J0 (u), and (4.70) reduces to (4.71). Setting u = 0 in (4.68), (4.70) and (4.71) easily 

give (4.69), (4.7) and (4.5), respectively. D 

Now equate (4.6) and (4.70), we get 

epu _ Kp(u) _ epu - Ko(u) - p fou e"tKo(u - t)dt 

1 - K p(O) - 1 - K 0 (0) 

or equivalently, 

- 1- Kp(0) [ - !au pe- ] Kp(u) = epu - --=------ epu - K 0 (u) - p e K 0 (u - t)dt , 
1 - K 0 (0) o 

(4.72) 

Theorem 4.4 For O $ u < z, the discounted defective distribution function of 

U(T-) satisfies the defective renewal equation 

(4.73) 

When D ➔ 0, 
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F1(z; t5, 0lu) = 1: /3o ku F1(z; 6, 0lu - y)dl'(y) + 1: /3o [r(u) - e-p(z-u)r(z)]. 

(4.74) 

If further let 6 = 0, 

Proof: For any fixed z, let 

{ 

1, if z::; z, 
w(z, y) = 

0, otherwise. 

Then by (4.1) and (4.2), <Pw(u) in (2.2) becomes 

<Pw(u) - E[e-JT w(U(T-), IU(T)l)l(T < oo, U(T) < 0)IU(0) = u] 

- fo00 fo 00 fo 00 

e-6tw(z, y)f(z, y, t; Dlu)dtdydz 

_ kz fo 00 

loo e-ot/(z,y,t; Dlu)dtdydz 

- kz loo f(z, y; t5, Dlu)dydz 

- kz /1(z; t5, Dlu)dz 

- F1(z; 6, Dlu), 

the discounted distribution function of U(T- ). 

(4.76) 

(4.77) 
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By (2.15), F 1(z; '5, Dlu) satisfies the defective renewal equation 
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F 1(z; '5, Dlu) = J: F1(z; '5, Dlu - y)g(y)dy + g..,(u) where g..,(u) = h * -y..,(u). For 

0 < u < z, from (2.7) and (2.14), 

and by (1.49) and (1.52) 

This implies 

g..,(u) 

fo00 

g(z)dz 

Lu h(u - s)-y..,(s)ds 

- Loo h( Z )dz Loo -y(y )dy 

- fou H'(u-s)[r(s)-e-p(z-•>r(z)]ds 

- r * H(u) - e-pzr(z)be-bu fou e<b+P)•ds 

- r * H(u) - e-pzr(z)-
6
-e-bu [e<b+p)u -1] 

b+p 

- r * H(u) - ~e-pzr(z) [epu - e-bu]. 
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rXJ 1 g(z) 
Since Jo g(z)dz = -1 {3 and G'(z) = Loo , 

o + g(z)dz 
0 
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( 4. 7 4) and ( 4. 75) can be shown by similar arguments. Alternatively, when D ➔ 

0, {3 ➔ {30 , bf a ➔ 1, r * H(u) ➔ r(u) and H(u) = e-bu ➔ 0 for u > 0, (4.73) ➔ 

(4.74) for u > 0. H d = 0 then /30 = IJ and r(z) = Pi(z), (4.74) reduces to (4.75). 

□ 

Corollary 4. 7 For O < u < z, the discounted defective probability density function 

of U(T-) satisfies the defective renewal equation 

When D ➔ 0, 

(4.79) 

If further let d = 0, 
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1 ru ~-
/1(z; 0, 0lu) = 

1 
+ 8 lo /1(z; 0, 0ju - y)dP1(Y) + c P(z). 
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(4.80) 

Proof: Differentiating (4.73), (4.74) and (4.75) with respect to z lead to (4.78), 

(4.79) and (4.80), respectively, with the help of (2.44). □ 

Dickson (1992) [5] proposed a relationship between F1(z; 0, Olu), the probability 

that ruin with initial surplus u and the surplus immediately prior to ruin caused by 

a claim is at most z, and F2 (y; 0, 0lu), the probability of ruin with initial surplus u 

and the deficit immediately after the claim causing ruin is at most y, as follows: 

We also have corresponding relationships between F1(z; 6, Dlu) and F2 (y; 6, Dlu) 

and between F1(z; 6, 0lu) and F2(y; 6, 0lu) as follows: 

Lemma 4.1 For 0 < z :$ u, 

[
- _ ] 1 b _ fz pt _ 

- F2(z; 6, Dlu - z) - K(u - z) - K(u) - /3 ;e-pzr(z) lo e dK(u - t) -

~ [1 - ~r(z)] [K(u - z) - K * H(u - z)]+ 

~ [1 - !e-pzr(z)] [K(u) - K * H(u)]. (4.82) 

When D ➔ O, 
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Fi(x; 6, Olu) = F2(x; 6, Olu-x)-[Ko(u-x)-Ko(u)]-;
0 
e-~r(z) Lz eptdKo(u-t). 

(4.83) 

If further let 6 = 0, (.t.89) simplifies to (..1.81). 

1+,8[- - ] 1 Proof: By (4.32), F2(z;6, Dlu-x) = p K(u-x)-K(u) - ,BG(y)K * H(u-x) 

+~!oz K(u - t)dG(t). Deducting this from (4.59) (the expression for O < z < u) 

gives 

F1(z; '5, Dlu) - F2(z; 6, Dlu - z) 

1+.ar- _ J lr J - -~ K(u - z) - K(u) + ,B K * H(u - z) - K * H(u) -

;~r(x)K•H(u-x)+ ~!e-~r(x)[p Lz ePtK(u-t)dt+K*H(u>] 

1 + ,B r- _ J 1 [~ ~ J - -~ K(u - z) - K(u) + ,B K * H(u - x) - K * H(u) -

lb-
,B ~r(z)K * H(u - z) + 

; ~e-pzr(z) [epz K(u - x) - K(u) - foz eptdK(u - t) + K * H(u)] 

[
- _ ] lb _ /z -

- K(u - x) - K(u) - ,B~e-pzr(z) lo eptdK(u - t) -

; [ 1 - ~ r( z)] [K ( u - x) - K * H ( u - x)] + 

; [1 - ~e-pzr(x)] [K(u) - K * H(u)] 

after some arrangements. 
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When D ➔ 0, bf a ➔ 1, /3 ➔ /30 and both K(u) and K • H(u) ➔ K 0 (u), 

implying that (4.82) ➔ (4.83). If 6 = 0 then /30 = IJ, r(z) = P 1(z) and K 0 (u) = 
1j,0 (u), (4.83) reduces to (4.81). D 

4.5 Discounted distribution and probability den­

sity function of {IU(T)I + U(T-)} 

When ruin occurs due to a claim, {IU(T)l+U(T-)} is the amount of the claim 

causing ruin. If we observe corollaries 4.1 and 4.6, we find some relations as follows: 

/(z,y;6,Dlu) /(z,y;6,0lu) /(z,y;O,Olu) p(z+y) 
- - -/i(z; 6, Dlu) /1(z; 6, Olu) /i(z; 0, Olu) P(z) ' 

(4.84) 

independent of u, where z + y is the amount of the claim causing ruin. Though 

Dickson and Egidio dos Reis (1994) [8] first showed the relation above for the 

case D = 0 and 6 = 0, their proof seemed complicated. Later, Gerber and Shiu 

(1997) [28] gave a easier proof. 

If we let w(z,y) = z + y, then by (4.1), <Pw(u) in (2.2) becomes 

<Pw(u) - E[e-6T(U(T-) + IU(T)l)l(T < oo, U(T) < O)IU(O) = u] 

fo00 fo00 fo00 

e-6t(x + y)/(z, y, t; Dlu)dtdzdy 

fo00 fo00 

(z + y)f(x,y; 6, Dlu)dzdy 

fo00 

z kz f(x, z - z; 6, Dlu)dzdz 

- fo00 

zfz(z; tS, Dlu)dz, (4.85) 
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the defective Laplace transform or the expectation of the present value of the 

amount of the claim causing ruin, where 

(4.86) 

by ( 4.84), is the discounted defective probability density function of the amount 

of the claim causing ruin. ( 4.86) provides alternative formulas for obtaining the 

expression for fz(z; h, Dlu) since the explicit expressions for /(z, y; h, Dlu) and 

fi(z; d, Dlu) are available from (4.26) and (4.68), respectively. 

Theorem 4.5 The discounted defective probability density fu.nction of {U(T-) + 

IU(T)I} is 

with 

fz(z; d, Dlu) 

(c + ~D)p ::z:c\1) {pepz [[ K * H(u - t)dt - [ K(u - t)dt]+ 

[epz - epu] - [epz - l]K * H(u) + p ku ePtK(u - t)dt }, if 0 < u < z, 

(4.87) 

( ~ D) e-PZp\z\ {pePZ [ r K * H(u - t)dt - r K(u - t)dt]-
c + 2p p 1 - K o lo lo 

[epz - l]K * H(u) + p kz ePt K(u - t)dt }, if 0 < z < u, 

fz(z; &, DI0) = 0, (4.88) 

where K * H(u) can be replaced with ,Pe(u) by {2.109). 

When D ➔ 0, 
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fz(z; 6, 0lu) 

A [ep.i: - eP"] - [ep.i: - l]Ko(u) + p ru ePt Ko(u - t)dt 
-pa: ( ) lo 

cp e p z 1 - Ko{0) ' 
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i/0 < u < z, 
- (4.89) 

with 

If further let 6 = 0, 

fz(z; 0, Olu) = 

with 

A 1- e-p,; 

fz(z; 6, 0I0) = ---p(z). 
C p 

A [z - u] - tPo(u)z + ku t/Jo(u - t)dt 
~p(z) 1 -1/,o(0) , if0 < u < z, 

A -1/,o(u)z + 11' 1/,o{u - t)dt 

~p(z) 1-1/,o{0) ' if O < z < u, 

A 
fz(z; 0, 0I0) = -zp(z). 

C 

Proof: By (4.68), if 0 < z < u, (4.86) becomes 

(4.90) 

( 4.91) 

(4.92) 
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fz(z; 6, Dlu) 

- c + ~pD l ~<;j(O) {1oz K * H(u - z)dz - K * H(u) !oz e-pzdz -

p !oz e-pz kz ePtK(u - t)dtdz} 

A p(z) { /z K * H(u - z)dz - l - e-pz K * H(u) -
c + 2pD 1 - K(O) lo p 

p !oz iz e-p(z-t) K(u - t)dzdt} 

~ D P<;j( ) { /z K • H(u - z)dz - l - e-pz K * H(u) -
c+ p 1- 0 lo p 

kz [ 1 - e-p(z-t)] K(u - t)dt} 
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(4.93) 

- (c + :pD)p ::z:~1) {pePz [1oz K * H(u - t)dt - kz K(u - t)dt]-

[epz - l]K * H(u) + p !oz ept K(u - t)dt }; 

whereas if O < u < z, decompose !oz into ku and Lz· Then from (4.93) 

( ) ru /i(z; 6, Dlu) d 
p z lo P(z) z 

A p(z) { /u K * H(u - t)dt - l - e-pu K • H(u) -
c + 2pD 1 - K(O) lo p 

lou[l - e-p(u-t)]K(u - t)dt }, 

and from (4.68) 
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Therefore, for 0 < u < z, 

fz(z; J, Dlu) 
,\ p(z) { 1 - e-p(.a:-u) 1 - e-p.a: 

- c + 2pD l - K(0) p - p K * H(u) + 

fou K * H(u - t)dt - fou (1 - e-p(.a:-t)] K(u - t)dt} 

- (c + ;pD)p ;:i\1) {pepz [fou K * H(u - t)dt - fou K(u - t)dt] + 
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[ep.a: - epu] - [ep.a: - l]K * H(u) + p fou ePtK(u - t)dt }· 

Similar arguments show (4.89) and (4.91) from (4.70), (4.71) and (4.86). Alterna­

tively, when D ➔ 0, both K * H(u) and K(u) ➔ K 0 (u) for u > 0, which implies 

(4.87) ➔ (4.89) for u > 0. When J ➔ 0, p ➔ 0 and K 0 (u) ➔ '¢0(u), it is easy to 

see that (4.89) ➔ (4.91). 

When u = 0, (4.88), (4.90) and (4.92) are easily obtained from (4.87), (4.89) 

and ( 4.91), respectively. □ 
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The expressions for Fz(z; 6, Dju), Fz(z; 6, Oju) and Fz(z; 0, Oju), the discounted 

defective distribution functions of the amount of the claim causing ruin, can be 

obtained from ( 4.86) as follows: 

Fz(z; 6, Dlu) - 1oz fz(y; 8, Dlu)dy 

- r ( ) 111 /i(z; 8, Dlu) d d 
lo p y lo P(z) z y 

- - r 111 fi(z; 6, Dlu) dzdP(y) 
lo lo P(z) 

- 111 fi(z; 6, Dlu) lz r 
- -P(y) lo P(z) dz 

O 
+ lo /1(y; 6, Dlu)dy 

- F1(z; 6, Dlu) - P(z) foz /i(z~:~r lu) dz. (4.94) 

That is, subtractions of (4.87), (4.89) and (4.91) with p(z) replaced with P(z) from 

(4.59), (4.62) and (4.65) with z replaced with z give Fz(z;6,Dju), Fz(z;6,0lu) and 

( I ) . el . f ~ I ) ( ) r /1(z; 8, Dlu) Fz z; 0, 0 u , respect1v y, smce z(z; o, Du = p z lo P(z) dz. 

In addition, integrations of fz(t; 6, DIO), fz(t; 6, OIO) and fz(t; 0, OIO) from t = 0 

tot= z in (4.88), (4.90) and (4.92), respectively, yield 

Fz(z; 6, DIO) = 0, (4.95) 

(4.96) 

and 

(4.97) 
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We remark that 

Fz( oo; 6, Dlu) - lim Fz(z; 6, Dlu) = ef>.(u) 
z➔oo 
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- lim F1(z; 6, Dlu) = lim F2(Y; 6, Dlu), (4.98) 
z➔oo 11➔00 

Fz( oo; 6, 0lu) - lim Fz(z; 6, 0lu) = Ko(u) 
z➔oo 

- lim F1(z; 6, 0lu) = lim F2(y; 6, 0lu) (4.99) 
z➔oo 11➔00 

and 

Fz(oo;0,0lu) - lim Fz(z; 0, 0lu) = 1Po(u) 
z➔oo 

- lim F1(z; 0, 0lu) = lim F2(y; 0, 0lu). 
z➔oo 11➔00 

(4.100) 

Theorem 4.6 For 0 $; u < z, the discounted defective distribution function of 

{U(T-) + IU(T)I} satisfies the defective renewal equation 

Fz(z; d, Dlu) 

-
1 
~ /3 fou Fz(z; 6, Dlu - y)dG(y) + 1 ~ /3 { r * H(u) -

~e-pzr(z) [epu - e-""] }- ..\ 1 - e-pz P(z) [epu - e-""]. (4.101) 
a c+ 2pD p 

When D ➔ O, 
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If further let 6 = 0, 
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1 fu 1 r- - Z-] Fz(z; 0, 0lu) = 1 + B lo Fz(z; 0, 0lu -y)dP1(y) + 1 + 8 P1(u) - P1(z) - Pi P(z) . 

Proof: From (4.94), 
1 

~/l [ Fz(z;6,Dlu-y)dG(y) = 
_1_ fuF( ·6 DI - )dG( )- P(z) fu r/1(:r:;tS,Dlu-y)d dG() 
1 + /l lo 1 z, ' u y y 1 + /l lo lo P(z) z y • 

Subtraction of this equation from (4.94) and by (4.73) and (4.78) yields 

Fz(z; 6, Dlu) -
1 
~ p fou Fz(z; 6, Dlu - y)dG(y) 

F1(z; 6, Dju) -
1 
~ /3 fou F1(z; 6, Dlu - y)dG(y) -

(4.103) 

P(z) foz P;z) [t1(z; tS, Dlu) -
1 
~ p fou /1(z; tS, Dlu - y)dG(y)]dz 

-
1 
~ /3 {I'* H(u) - ~e-pzl'(z) [epu - e-bu] }­

c + ~pD P(z) [epu - e-""]foz e-pzd:r: 

1 
~ /3 {I'* H(u) - ~e-pzl'(z) [epu - e-bu] }-

,\ 1 - e-pz P(z) [~ - e-bu]' 
c+2pD p 
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proving (4.101). (4.102) and (4.103) can be shown by similar arguments. Alterna­

tively, when D ➔ 0, P ➔ Po, bf a ➔ 1, r • H(u) ➔ r(u) and H(u) = e-bu ➔ 0 for 

u > 0, (4.101) ➔ (4.102) for u > 0. H 6 = 0 then Po= fJ and r(z) = P1(z), (4.102) 

reduces to ( 4.103). D 

Corollary 4.8 For 0 < u < z, the discounted defective probability density function 

of {U(T-) + IU(T)I} satisfies the defective renewal equation 

1 ru ..\ 1 - e-p& [ ] 
fz(z;6,Dlu) = l+{Jlo /z(z;6,Dlu-y)dG(y)+ c+ 2pD p p(z) epu-e-bu. 

(4.104) 

When D ➔ 0, 

1 [ .,\ epu(l - e-P&) 
fz(z;6,0lu) = 

1 
a fz(z;6,0lu-y)dl'(y) + ----~p(z). 

+,vo O C p 
(4.105) 

If further let 6 = 0, 

1 r .,\ 
fz(z; 0, 0lu) = 1 + (J lo /z(z; 0, 0lu - y)dP1(Y) + ;zp(z). (4.106) 

Proof: Differentiating (4.101), (4.102) and (4.103) with respect to z give (4.104), 

(4.105) and (4.106), respectively, with the help of (2.44). □ 

Since ( 4.82) gives the expression for F1(z; 6, Dlu)-F2(z; 6, Dlu-z) for 0 < z < u, 

combining this with (4.94), Fz(z; 6, Dlu) = F1(z; 6, Dlu) - P(z) r /i(z; :, Dlu) dz, 
lo P z) 

we can obtain the expression for Fz(z; 6, Dlu) - F2(z; 6, Dlu - z) for 0 < z ::5 u. 

Note that since each of the expressions for the discounted probability dis­

tribution functions F(z, y; 6, Dlu), F1(z; 6, Dlu), F2(Y; 6, Dlu) and Fz(z; 6, Dlu), 
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and for the discounted probability density functions /(z, y; 6, Dlu), /i(z; 6, Dlu), 

/ 2(y; 6, Dlu) and Jz(z; 6, Dlu) involves G(u), r(u), K(u) or/and K • H(u) which 

have explicit analytical solutions in (2.50), (2.54), (2.59), (2.63), (2.135) and (2.149) 

if P( z) is a combination of exponentials or a mixture of Erlangs, each of these ex­

pressions for the discounted distribution functions and probability density functions 

can be obtained explicitly if P( z) is a combination of exponentials or a mixture of 

Erlangs. 



Chapter 5 

Sun1n1ary and future research 

5.1 Summary 

A defective renewal equation for the more general expected discounted function of 

a penalty at ruin which involves the time of ruin, the surplus immediately before 

the time of ruin, and the deficit at the time of ruin, based on the surplus process 

of ruin theory with an independent diffusion process, has been derived. When 

the variance of the distribution of the diffusion process ( with the mean of zero) 

goes to zero, the defective renewal equation reduces to the one based on the surplus 

process of classical risk model. In addition, the asymptotic formula for this expected 

discounted function of a penalty at time of ruin is proposed by applying Feller's 

renewal theorem to the corresponding defective renewal equation. 

Given the claim size distribution function P(z), we can construct the classical 

distribution function r ( z) and the associated claim size distribution G( z) which is 

just the convolution of r(z) and an exponential distribution function H(z). Then 

189 
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the associated compound geometric distribution function K(u) can be expressed 

in terms of G(u). A Tijms-type approximation (a combination of two exponential 

functions) is given for K(u). When P(z) is a combination of exponentials or a 

mixture of Erlangs, an explicit analytical solution ( a combination of several expo­

nential functions) to K(u) is achieved. Once K(u) has explicit analytical solution 

or Tijms-type approximation, so do 'Pd(u) and tf,.(u), the discounted probabilities 

of ruin due to oscillation and a claim, respectively, since both 'Pd(u) and ef,.(u) can 

be written in terms of K(u). 

Moreover, when P(z) satisfies a certain reliability-based class condition, not 

only upper and lower bounds on the compound geometric distribution function 

K(u) are obtained, but also I'(z) and G(z) satisfy the same reliability-based class 

condition. 

The (discounted) moment of the deficit at the time of ruin, the joint moment 

of the deficit at ruin and the time of ruin, and the moments of the time of ruin 

due to oscillation and caused by a claim, respectively, are also studied in detail, 

including the corresponding defective renewal equations and explicit expressions. 

The explicit expressions for the covariance of the deficit at ruin and the time of 

ruin, and for the variances of the time of ruin due to oscillation and caused by a 

claim, respectively, can be obtained from these (joint) moments. We also find that 

the moment of the time of ruin caused by a claim has the same recursive expression 

as the moment of the time of ruin caused by oscillation. When P( z) is DMRL 

( decreasing mean residual lifetime), the discounted moment of the deficit at the 

time of ruin is bounded above by a constant multiplied by K(u). 
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The explicit expressions and defective renewal equations for the (discounted) 

joint and marginal distribution functions of the surplus immediately before the 

time of ruin and the deficit at the time of ruin, F(z, y; 6, Dju}, F 1(z; 6, Dlu) and 

F2(y; 6, Dlu}, respectively, and for the (discounted) distribution function of the 

amount of the claim causing ruin, Fz(z; 6, Dlu), are derived. Then the (discounted) 

probability density functions are obtained by differentiating the corresponding ( dis­

counted) distribution functions. Besides, the relationships between F 1(z; 6, Dju) 

and F2(z;6,Dlu-z) and between F1(z;6,Dlu) and Fz(z;6,Dlu} are also given. 

Since each of the discounted distribution functions, F(z, y; 6, Dlu), F1(z; 6, Dlu), 

F2(y; 6, Dju) and Fz(z; 6, Dlu), and each of the discounted probability density func­

tions, /(z, y; 6, Dlu), /i(z; 6, Dlu), h(y; 6, Dlu) and fz(z; 6, Dju) can be expressed 

in terms of P(u), r(u), G(u) and K(u), if P(z) is a combination of exponentials or a 

mixture of Erlangs, each of these discounted distribution functions and probability 

density functions has an explicit analytical solution. 

5.2 Future research 

In the case where no explicit analytical solutions are available, some numerical 

algorithms (for example, Dickson and Waters (1991) [12], and Dickson, Egidio dos 

Reis and Waters ( 1995) [11]) can be applied to compute the value of probability of 

ruin if the specific initial surplus u is given. 

In this thesis, the number of claims is assumed to follow a Poisson distribu­

tion, which is equivalent to that the inter-arrival time between successive claims is 

exponential distributed. There are some other assumptions about the interarrival 
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time, like Erlang-2 (the probability density function is k(t) = 7 2te-rt for t > 0) 

and Coxian-2 (see pp. 360-361 of Tijms (1994) [44]) distributions. In particular, 

Dickson (1998) [7] and Dickson and Hipp (1998) [10] have proposed some results 

based on the Erlang-2 assumption. 

Since our surplus process contains a diffusion factor, some applications to the 

pricing of financial securities, such as certain (American) perpetual options, are 

feasible. See Gerber and Shiu (1994) [25], (1996a) [26], (1996b) [27], (1998b) [30] 

and (1999) [31], and Gerber and Landry (1998) [24] for more details. 
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