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Abstract

This thesis has two main themes, both centered around the role of cuts in integer program-
ming and approximation algorithms.

In the first part, we investigate the complexity of split closures in mixed-integer sets in R?
with two integral variables and one continuous variable. While it is known that in R?
the split closure admits a polynomial-size description, extending this result to the mixed-
integer setting in R3 poses new challenges. For a rational polyhedron P C R? and integer
index set I = {1,2}, we denote by P; := conv(P N (Z* x R)) the mixed-integer hull of
P with respect to I, and by P;” " the intersection of all split cuts with respect to I. We
make progress toward understanding the structure of P;” tit by proving the existence of a
polyhedron @ such that P; € Q C Pi" where Q can be described by a polynomial number
of inequalities relative to the input size of P. In addition, we introduce a generalized mixed-
integer rounding (MIR) procedure that begins with systems of two equations, rather than
a single equation as in the classical setting. This leads to a new family of valid inequalities
for mixed-integer sets, whose derivation relies on structural results for split closures in R3.

The second part focuses on approximation algorithms for the minimum multicut problem in
planar graphs and certain subclasses thereof. We analyze the integrality gap of the natural
LP relaxation within the framework of small-diameter decompositions. By introducing
novel tools, we improve the best known lower bound on this integrality gap from 2 to
% for the family of cactus graphs, which in turn yields an improved lower bound of the
integrality gap for planar graphs. Complementing this, we establish an upper bound of
3.44 for cactus graphs, improving the previous bound of 4. We further obtain tight bounds
in special subclasses: the integrality gap is exactly 2 for unicyclic graphs and for path
cactus graphs. Extending the study to outerplanar graphs, we prove an upper bound of 8
on the integrality gap by designing a randomized rounding algorithm that transforms the
optimal fractional solution of the LP relaxation into a feasible multicut whose expected
cost is at most 8 times the cost of the optimal fractional solution. Together, these results
sharpen our understanding of the minimum multicut problem and its LP relaxation in
planar graphs.
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Preface

This thesis consists of two main parts. The first part (Chapter 1) focuses on developments
in integer programming. The second part (Chapter 2) turns to approximation algorithms
for the minimum multicut problem. Each chapter is largely self-contained and can be read
independently, though common themes and techniques connect the two.
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Chapter 1

Mixed-Integer Sets with Two
Integral and One Continuous
Variables and Their Applications.

1.1 Introduction

Many combinatorial optimization problems can be modeled as the problem of optimizing
a linear objective function over a set of feasible solutions defined by linear constraints with
variables forced to be integer, known as integer programming (IP). In many cases, some
variables are allowed to be continuous, which is called mixed-integer programming (MIP).
In general, MIP seeks to maximize a linear objective function ¢’z over the set S = {x €
Z1 x RIl | Az < b}, where I C [n] denotes the indices of the integral variables, and
C' = [n] \ I denotes the indices of the continuous variables. Here, [n] :={1,... ,n},c € Z",
A eZ™" and b € Z™, where n is the number of variables, and m is the number of linear
constraints. The special case where I = [n] and C' = @ corresponds to a pure integer
program (IP).

Solving an IP (or MIP) is, in general, very hard; in fact, IP is known to be NP-Hard.
However, many approaches have been developed to solve IP (MIP); we refer the interested
reader to [3] for an overview. Among these, the cutting plane method has been proved
to be one of the powerful ones, and this chapter of this thesis focuses on this method.
The cutting plane method is based on relaxing the integrality constraints by replacing
the feasible set S with the polyhedron P = {x € R" | Az < b}, which defines the linear



programming relaxation

max CT{,E

(LP)
Ax <b.
While P is not necessarily pointed in general, we assume it is pointed for simplicity, as this
guarantees the existence of an optimal basic solution. The method proceeds by finding the
optimal solution z* of (LP), which we assume is an extreme point of P. If z* € Z!/l x RI¢l,
then it is already feasible for the original MIP, and the process terminates. Otherwise, one
finds a cutting plane that separates z* from S, and then adds it as a constraint to the
system Az < b, and repeats the process. Note that the existence of such a cutting plane
is guaranteed when z* is an extreme point. Numerous cutting plane methods have been
developed over the years. We begin by reviewing some of the most important ones.

In the 1960s, Gomory [24] introduced the first cutting plane method to solve IPs, the
resulting cuts are known as Gomory cuts. The method is based on solving the LP relaxation
(LP) using the simplex method, and then deriving a cutting plane using the corresponding
single simplex tableau row of a non-integral component of x*. Gomory showed that this
method eventually terminates. Later, he introduced the Gomory Mixed-Integer (GMI)
cuts for MIPs [23]; however, the use of GMI cuts does not guarantee termination. In
fact, finding a finite cutting plane method for MIPs had been open until very recently, the
interested reader is referred to [27].

Around the same time, Chvatal [I 1] introduced another class of cutting planes for the pure
integer case, now known as Chvatal-Gomory (CG) cuts. A CG cut is obtained by taking
a valid inequality with integer coefficients for P and rounding down the right-hand side to
the nearest integer. Formally, in the pure integer case, a CG cut takes the form:

Ly < {max WTl’J ,
zeP
where 7 € Z" is an arbitrary integer vector. The name Chvatal-Gomory arises because,
when the non-negativity constrains are present, CG cuts coincide with Gomory cuts. For
mixed-integer sets, an analogous definition of CG cuts exists. The algebraic form remains
the same:



but here 7 € ZHl x 0I°!, meaning that the coefficients of continuous variables are zero. In
both cases, the form of the inequality is identical; the distinction lies in the domain of valid
multipliers 7 which must respect the integrality structure of the problem.

Later, Balas [1] introduced the concept of intersection cuts for mixed-integer sets. An
intersection cut is obtained by selecting a closed convex set L whose interior contains no
points of S, and deriving a valid inequality for the set PN (R™\ L). It turns out that both
GMI cuts and CG cuts can be viewed as a special case of this framework. In particular,
if L ={xcR"|m < ale < m+ 1} for some 7 € Z!l x 0/ 1y € Z, then any valid
inequality for P N (R™\ L) is called a split cut. The class of split cuts strictly generalizes
CG cuts, which correspond to the special case where my = Lmaxxe P 7TT:L’J.

In a subsequent work, Nemhauser and Wolsey [30] introduced mixed-integer rounding
(MIR) cuts for the mixed-integer sets and showed that they are equivalent to both split
cuts and GMI cuts, that is, all three families define the same set of inequalities. Informally,
MIR cuts offer an algebraic approach to derive split cuts, in contrast with the geometric
way of deriving split cuts via the intersection cut procedure.

One way to assess the quality of a cutting plane method is by how quickly a general
polyhedron P converges to its integer hull P; = conv(S) through repeated application
of the method, where conv(S) denotes the convex hull of S. The Chvatal closure of a
polyhedron P with respect to [ is

zeP

Py C PFM = ﬂ (rT2 < {maXWTxJ) CP.

TEL™

Chvatal [11] introduced this set in the pure integer case and proved that PE" is indeed a
polyhedron provided that P is rational. Let P(Y) denote the Chvatal closure of P, and define
P® recursively as the Chvatal closure of P*~Y for ¢ > 2. Chvatal [11] also proved that
there exists ¢ € N such that P®) = P;. This result shows that, in the pure integer case,
applying CG cuts iteratively yields the integer hull in finitely many steps. In addition
to convergence, one may ask how many inequalities are needed to describe the closure
obtained after a single round of CG cuts. In a seminal work, Bockmayr and Eisenbrand
[9] showed that in the pure integer case, P¢" can be described using a polynomial number
of inequalities with respect to the description-size of the system P = {z € R" | Az < b},
when the dimension is fixed.

Cook et al. [11] studied the following closure in the context of mixed-integer sets:



P; C PP = ﬂ cov({r € P|nTe<m}u{z e P|n"a>m+1}) C PF"C P,

nezZH1x0lC!
ToEZL

and showed that P;” s a polyhedron, referred as the split closure of P with respect to
I, provided that P is rational. Let P denote the split closure of P, and define Py

split split

recursively as the split closure of Ps(;gtl ) for ¢t > 2. In contrast to the pure integer case

with Chvétal closure, there does not necessarily exist ¢ € N such that Ps(t?it = P;. In fact,
Cook et al. [11] constructed an example of a rational polyhedron P C R® with I = {1, 2},

such that P; is always strictly contained in Ps(;git for all t € N. This shows that, in the
mixed-integer case, iterated application of split cuts does not necessarily yield the mixed-
integer hull. As in the case of Chvatal closure, one may also ask how many inequalities are
needed to describe the split closure after one round. This has remained a long-standing
open question. Recently, Basu et al. [0] resolved this in the pure integer case when P C R?,
showing that P;” lt can be described using a polynomial number of inequalities in terms of

the description-size of P.

It is noteworthy that integer programming in R? has been shown to be tractable. Specif-
ically, in the case of pure integers, Harvey [25] showed that P; can be described using
a polynomial number of inequalities with respect to the description-size of P, and that
optimizing any linear function can be optimized in P; in polynomial time.

1.1.1 Overview of Results

The failure of split cuts to obtain P; in the aforementioned mixed-integer example of Cook
et al. [14], where P C R3 and I = {1,2} suggests that mixed-integer sets with two integral
variables and one continuous variable present the first challenge in extending the results
from pure integer programming to mixed-integer programming. Having this point of view,
one direction of this thesis is an attempt to extend the aforementioned result of Basu et al.
[6] about the complexity of split closure of polyhedrons in R? to the mixed-integer sets with
two integral variables in R3. Given a rational polyhedron P C R3 and I = {1, 2}, the goal
is to show that P;” "t can likewise be described by polynomial many inequalities in terms
of the description-size of P. While this goal is not fully achieved, we obtain a noteworthy
result in section 1.3. We are able to find a polyhedron @ such that P, C Q C P;” tit
and that can be described with polynomial number of inequalities with respect to the
description-size of P.



The other main direction of this thesis concerns the derivation of new cutting planes. In
section 1.4, we study mixed-integer systems defined by equality constraints together with
non-negativity constraints. The material in this section begins with a review of classical
results that are well established in the literature and are not part of our contribution.
Specifically, the derivation of standard cuts such as Gomory Mixed-Integer (GMI) cuts,
Mixed-Integer Rounding (MIR) cuts, and split cuts typically proceeds through linear com-
binations of the constraints into a single equality, after which a standard cutting-plane
procedure is applied (see Sections 5.1.4 and 5.1.5 in [12]). For example, GMI cuts are
obtained from a single row of the simplex tableau corresponding to a basic variable with
a fractional value. Once the system is reduced to a single equality with non-negativity
constraints, it is a classical result of Nemhauser and Wolsey [30] that the GMI cut, the
split cut, and the MIR cut all coincide. This background will be reviewed in section 1.2
before we move on to our new contributions.

We generalize this MIR procedure by reducing the system to two equalities, either through
aggregation or by directly selecting two rows from the simplex tableau. This leads to a
system of two equalities along with non-negativity constraints and integrality conditions
on some variables, which will be detailed in section 1.4. Specifically, we model the system
as a mixed-integer set in R3, with two integer variables and one continuous variable. We
then construct a valid inequality for this set and map it back to the original formulation.
Interestingly, our main result in section 1.3, namely theorem 1.3.2, plays a crucial role in
the derivation of this generalized cutting plane.

1.1.2 Notation

For any point z € R and index i € [n], we denote (¥ as the i-th component of 2. For a
set S C R”, let

k
conv(S) = {Z i
i=1

k
€S, N >=0Vi, Y =1, keN}
=1

denote the convex hull of a set S C R”. For points zq,...,x; € R", we simply use
conv(xy, ..., x;) instead of conv({z1,...,x}). For any subset of indices I = {iy,...,ix} C
[n], let

Sr=conv (SN (Z‘” X ]RI[N]\II))
denote the mixed-integer hull of S with respect to I. For a point z € R", let

pT’OjI(x) = (x(il)a s 733(%)) € RII‘)

5



and, let
proji(S) = {proji(x) | = € S} C RV

For rays rq,...,r, € R", define

k
cone(ry,...,my) = {Z it | A > 0}»
i—1

that is, the set of all conic combinations of the rays rq,...,7r,. A vector r € R" is called a
conic combination of ry,...,r, if r = Zle A;r; for some scalars \; > 0. All polyhedrons
that we consider are assumed to be pointed. For any polyhedron P = {z € R" | Az < b},
we define its recession cone as

rec(P) ={r e R" | Ar <0}.

A ray r € rec(P) is called an extreme ray if it cannot be written as a nontrivial conic
combination of other rays in rec(P), that is, if r = Ele AN with \; > 0, r; € rec(P),
then all r; € cone(r). For any real number a € R, define the fractional part of a as

fla)=a—la].
Whenever we refer to a polynomial in the description-size of a polyhedron
P ={x e R"| Az < b},

we mean a polynomial in the parameters n, m, log||Al|~, and log ||b||~, Where m is the
number of inequalities and n is the number of variables. Here, ||A]|s denotes the maximum
absolute value of the entries of A, and ||b||.. denotes the maximum absolute value of the
entries of b. Thus, log || A||» and log ||b]| measure the binary encoding length of the largest
coefficients in A and b, respectively. In the fixed-dimension setting, where n is constant, a
polynomial in the description-size refers to a polynomial in m, log || A||~, and log ||b||c-

1.2 GMI Cut, Split Cut, MIR Cut for a Single Equal-
ity System
In this section, we review the GMI cut applied to a system consisting of a single equality

together with non-negativity constraints. Reducing a system of equalities to a single equal-
ity via linear combinations is a standard approach that has long been established in the



literature. We then review the split cut and MIR procedures, and recall the classical result
of Nemhauser and Wolsey [30] showing that, in this setting, all three yield the same cutting
plane. This material is purely background and serves as preparation for the generalization
of the MIR procedure presented in section 1.4.

Let S; be the following system:

Za(i)x(i) =0, (1.1)
i=1

2@ >0 Vie[n],
W eZ Viel, (1.2)

where I C [n] denotes the set of indices corresponding to integer variables. Also, let
C = [n] \ I denote the set of indices corresponding to continuous variables. We assume
that the fractional part f(b) > 0. We are going to derive a valid inequality for S;. We
rewrite the equality constraint of S; by separating integer and fractional components:

Z Fla®) @ + Z (f(a®) = 1)z + Za(i)x(i) =

F@aD)<f(b) F(a)>f(b) ied
el el

] = Sl 2® — ST 20 | 4 p),
i€l Fa)>1)

and let

k:LbJ_ZLa(i)Jx(i)_ Z 2@

iel 1(@®)>1()
i€l

k is always an integer, we now distinguish between two cases:



1. £k < —1; in this case, the left-hand side of the aggregated constraint satisfies

Fa)<f(b) f(a” )> f(b ) €C
el el

Dividing both sides by f(b) — 1 yields the inequality:

f(a®) 0 1 — f(a®) 0 a® 0
— —— '\ 4 Ty e A — W >1. (1.3
D (TR D e M Prey
F@)<f(b) F@®)>f(b) i€
i€l i€l
2. k > 0; in this case, the left-hand side of the aggregated constraint satisfies:

Z FaP) 2 + Z —1)z® + Za(i)w(i) > f(b)

F@M)<f(v) f(a®) >f(b) €C
el =y

Dividing both sides by f(b) gives:

| | WO
2 fj(%b))f’”m* > f(l)>> gzl 09

a<Z))<f(b ( ) )>f(b) eC
el zEI

Since both inequalities (1.3) and (1.4) have right-hand side equal to 1, and all variables
are constrained to be nonnegative, we can construct a valid cut by taking the maximum
coefficient for each variable across both. This yields the Gomory Mixed-Integer (GMI) cut
associated with the 1-equality system Si:

fa?) 1-f a(“
Z f(b) SRR — f +Z +Z —f D> 1.

(a)<f(b F(a'D)>f(b) alt >>0 a) <0
zGI i€l ieC ZEC

(1.5)

In the special case of pure integer programs (i.e., when I = [n| and C' = @), the GMI cut
simplifies to:

f@?) 1—f@)
> D e AL B (1.6)
satrerey ©) ratane ©)



In the following, we present two alternative procedures for deriving a cutting plane from
the equality constraint of Sj, both of which yield the same GMI cut as in (1.5). The first
is the intersection cut procedure, applied after lifting the integer variables; and the second
is the MIR procedure. We begin with the first approach, which is formally outlined below.

Let t; € Z be an arbitrary integer for each ¢ € N. Starting from the equality con-
straint (1.1), we can rewrite it as:

S () 2@ 4+ 30 4 1) 2@+ 3 a2 =,

el el icC

Since both (Y and t; are integers for i € I, the first summation on the left-hand side is an
integer. We introduce a new integer variable z("*1 to represent this quantity, and relax
the integrality requirements of the original variables (¥ for ¢ € I. This yields the new
system S/
iel ieC
29 >0 Vieln],
") e 7.

Next, consider the polyhedron S, obtained by relaxing the integrality of (1)

i€l ieC
2@ >0 Vien.
This defines a pointed polyhedron in R™™!. One can verify that
z=1(0,...,0,0)

is the unique vertex of Sf, where the last coordinate corresponds to ("t . Also, it can be
verified that the extreme rays of S| are given by:

0,...,0,1,0,...,0, —a® —t;) foriel,
T = .
(0,...,0,1,0,...,0, —a®) for i € C,

where the 1 appears in the i-th position (corresponding to a:(i)), and all other components
are zero. We define the disjunction set:

L:={zeR""|[b] <mz<[b]+1},
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where 7 := (0,...,0,1) € R*"!. The set L contains Z, but no mixed-integer point of R" x Z
in its interior. From Theorem 6.5 of [12], the intersection cut associated with L is valid for
S1, and takes the form:

where

a; :=max{a>0|z+ar, € S}.

For this specific construction, the intersection cut simplifies to:

a® + ¢, ; —(a® + ;) , L ;
Z f(b) LL’()+ Z 1_— Z Zol——f(b)x()ZL

a@4¢;,>0 a®4¢;<0 ali )>0 al® <
iel iel ieC ieC

(1.7)

Since t;’s are arbitrary integers for ¢ € I, we can minimize each coefficient in (1.7) inde-
pendently. For each i € I, the minimal possible coefficient of z(" in (1.7) is:

. {f(a(“) 1—f(&“))}
IONEEON &

which ultimately yields the same GMI cut as derived in (1.5). Now, we describe the MIR
procedure. We begin by rewriting the equation (1.1):

Z la® | 2 + Z [a®2®  + Z F(a?)

F(aD)<f(b) F(aD)>f(b) F@)<f(b)
iel iel il
T S (ORI FUEES S UFUNE PP
F@D)>f(b ) a)>0 a(h <0
icl i€’ icC

and let
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F@)<f(b) F(@)>£(v)
el el
s= 3 fa®)a®+ 3 040,
F@D)<f(b) a>0
icl icC

Since

Z (f(a(i)) —1) 2@ 4 Z a® 20 <0,

f(alD)>f(b) ad <0
iel ieC

then the pair (w, s) satisfies the following system:

w+s>b
5>0
w € Z.
We have the following Remark 1.2.1:
Remark 1.2.1 ([12]). The inequality
s > f(b)([b] —w)
is valid for the system (1.8). (See Chapter 1.4.1 of [12]).

(1.8)

(1.9)

Substituting back the expressions for w and s into (1.9) yields the same GMI cut as stated

in (1.5).

1.3 Split Closure of Mixed-Integer Sets in R® with

Two Integral and One Continuous Variables

Basu et al. [6] proved the following theorem (see Theorem 20 in [0]):

11



Theorem 1.3.1 ([0]). Let Ax < b be a description of a polyhedron P C R? consisting of m
inequalities. Then P;pht, where I = {1,2}, admits a description whose size is polynomial
in m, 10g || Al|oc, 10g [[b]| oo

In this chapter, we attempt to extend this result to the case where P C R3 and I = {1,2}.
Although we do not succeed in proving that P;” it admits a polynomial-size description,
we construct a polyhedron @) such that

P CQC PP

and () can be described using a polynomial number of inequalities in terms of the description-
size of P.

We first reduce the problem to the case of translated cones in R3, namely polyhedron
described by three independent facet-defining inequalities. This reduction is not new; it
follows directly from Corollary 5.7 in [12]. In particular, by this corollary it suffices to show
that the split closure of a translated cone can be described with a polynomial number of
inequalities. Given such a translated cone, instead of analyzing its split closure directly,
we study its mixed-integer hull. Rather than characterizing this hull by its facet-defining
inequalities, we use its Minkowski-sum representation, namely, as the convex hull of its
extreme points plus its recession cone. By Lemma 6.8 in [25], the set of extreme points
of this mixed-integer hull is bounded polynomially (in fact, linearly) in the description-
size of the translated cone. This implies that the mixed-integer hull of a translated cone
has a polynomial-size description in terms of the description-size of the cone. Finally, by
intersecting the mixed-integer hulls of all the translated cones derived from P, we obtain
the polyhedron (), and we will show that () has a polynomial-size description.

We now formally describe our contribution. Let P = {z € R® | Az < b} be a non-
empty pointed polyhedron such that A € Z™3 b € Z™, and let I = {1,2}. We have
P = conv(PN(Z? xR)), and since P is pointed, then rank(A) = 3. Let B # & denote the
family of all bases of the system Az < b, that is, all subsets B C [m] such that |B| = 3 and
the corresponding rows of A with respect to B are linearly independent. For each B € B,
let P(B) = {z € R® | alx < b®, Vi € B}, in which alz < b is the i-th row of Az < b.
We have the following Lemma 1.3.1, which relates the split closures of the polyhedrons
P(B)’s to P

Lemma 1.3.1 (Corollary 5.7 in [12]).

P[split _ ﬂ P(B);plit

BeB
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Since |B| < (’g), to prove that P;” ' admits a polynomial description-size, it suffices to
show that P(B)? it admits a polynomial description-size for an arbitrary basis B, by
Lemma 1.3.1. Let B € B be an arbitrary basis, the polyhedron P(B) is full-dimensional,
and described as:

alz <@ (1.10)

where rank(ay, as,asz) = 3. For ease of terminology, we refer to P(B) as C, and call it the
translated cone.

Definition 1.3.1. Let C = {z € R3 | al'x < b®, i = 1,2,3} be a translated cone. It can
be derived that C' has a unique vertex

where we denote it as the apex of C', and it has 3 extreme rays

™ = (7,.51)’ T§2)7 7”§3)),

o = (rgl)v T§2)7 T§3)>,

o= (0,29 € .
such that
C = v+ cone(ry,re,13).
We can assume that these rays satisfy the orthogonality and normalization conditions:
0 if i # 7, .
ri = f 7&] for alli,j € {1,2,3}.
-1 ifi=j,

For each i € {1,2,3}, let '
Ci={xecC|a’z=0"}.

be the facet of the cone C' (see Figure 1.1).
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Figure 1.1: C' = v + cone(ry,72,13)

Note that 7,79, 73 are linearly independent; otherwise, C' is not full-dimensional. We also
have the following Lemma 1.3.2:

Lemma 1.3.2. Let ‘
C={zeR®|alz<b?, i=1,23}

be a translated cone with vertexr v. Denote its facets by C1,Cs, C5 and its extreme rays by
r1,72,73, as defined in Definition 1.5.1. Then

Cy = v + cone(ry, r3),
Cy = v + cone(ry, rs),

C3 = v + cone(ry, ra).

Proof. We only show C = v + cone(ry,r3). Let © = v + pary + pgrs, where o, uz > 0.
v is the unique vertex of C, which means that alv = b for i = 1,2,3. Since alry =
alry = 0, then one can derive that o’z = b)), Since al'ry,alrs < 0, then x € C. Thus,
x € Cp. Now, let ' € (4. Since ' € C, then there exists p}, pb, pu5 > 0 such that
¥ = v+ phry + phro + phrs. Since alry = alr3 =0 and afr; < 0, then one can derive that
afz < bW if ) > 0. Thus, 2’ = v + phry + phrs, which completes the proof. ]
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Instead of directly describing the split closure C7” it we aim to describe the set C; by
leveraging the structure of the integer hulls of its facets. (C;); is a polyhedron for i = 1,2, 3,
see Theorem 4.30 in [12].

Definition 1.3.2. Let C be a translated cone with facets by C1, Csy, C3 as defined in Defi-
nition 1.3.1. Let V; denote the set of extreme points of the integer hull (C;)r, fori = 1,2, 3.
Note that each of V1, V5, V5 could be an empty set; however, we later establish in Lemma 1.3.5
that the union Vi U V5 U V3 is non-empty.
Remark 1.3.1 (Theorem 4.30 in [12]). rec((C;)r) = rec(C;) for i =1,2,3. So,

(C1)1 = conv(Vy) + cone(ra, 13)

(Cq)1 = conv(Vay) + cone(ry, r3)

(C3)r = conv(V3) + cone(ry,m3)

The following lemma will be useful in our subsequent arguments; see Lemma 6.8 in [25].

Lemma 1.3.3 ([25]). Let P = {x € R" | Ax < b} be a system consisting of two inequalities.
The P; can be described using at most

O (max {log || Al|sc, log |[b]sc})
inequalities.
We apply Lemma 1.3.3 to show that |V;] is bounded linearly in the bit-length of the input
defining the cone C', for each i = 1,2, 3.

Lemma 1.3.4. Let .
C={zeR®|alz<b?, i=1,23}
be a translated cone with facets Cy,Cy, Cs, and fir I = {1,2}. For eachi € {1,2,3}, let V;

denote the set of extreme points of (C;)r. Then the cardinality of V; is bounded linearly in
the bit-length of the input defining the cone C'.

Proof. We prove the Lemma for ¢ = 3; the cases i = 1 and 7 = 2 follow analogously. The
facet ('3 is defined by the following system:

alz < bW

agx < p?

atz = p®

If V3 = &, the result is trivial. Otherwise, we proceed by case analysis on the value of aég),
the third component of as:
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1. a{¥ = 0; let 2/ = (p, q,0) € V3, with p,q € Z. We claim the following;

Claim 1.3.1. At least one of the inequalities aTx < b or alz < b2 must be tight
at '

Proof of Claim. Suppose not. Then both inequalities are strict at 2/, i.e., a2’ < b
and al2’ < b®. Since o) = 0, the equation alz = b® is independent of the third

variable. Thus, there exists ¢ > 0 such that

x1:<p7Q7€+6)7 xQ:(p7Q7€_€)

both satisfy the constraints of C3, and since p,q € Z, we have x1, 25 € (C3);. But
then 2/ = %(Il + x5), contradicting extremality. A

Now, we show |V3| < 4. Suppose for contradiction that |V3| > 5. Since each point in
V3 must satisfy one of the two inequalities, 'z < b1, a7z < b, with equality, then
by the Pigeonhole Principle, there exist 3 points x1, x9, z3 on the same hyperplane.
WLOG, assume

afz; =bM for j =1,2,3.

As all three points also satisfy alz = b®| they lie on the affine line
{r eR®|alz =W, al'z =¥},

Hence, one of x1, 9, x3 lies in the convex hull of the others, violating extremality.
Thus, |V3| < 4 in this case.

2. Case agg) # 0; for any x € Cj3, the third component is uniquely determined by the
first two via:
pB3) — aél)x(l) — ag)x(?)

o

2 =

Substituting this expression into the first two inequalities yields a projected descrip-
tion of C' = proj;(Cs) C R? as follows:

(a§3)a§” . agl))x(l) + (a§3)a ) aéQ))x(Z) < a:(;”)b(l) —p®
(070" = a”)e® + (af

)

@
1

1.11

o — afP)z® < aPp® — p®. (1-1)

Claim 1.3.2. For any point x' € 6, there exists a unique point x € C3 such that
proji(z) = .
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Proof of Claim. Suppose for contradiction that two points 1 = (p, q, 1), 2 = (p,q,{2) €
Cs project to the same (p, q) € C. Then alz; = alzy, = b®). Since o) # 0, it follows
that ¢; = 5, contradicting the assumption that x; # x,. A

This shows that there is a one-to-one correspondence between points in C3 and their
projections in C. We now relate extreme points.

Claim 1.3.3. Let x € Cs, and let ' = proj;(x). Then x € V3 if and only if ' is an
extreme point of (C);.

Proof of Claim. Suppose = = (p,q,{) € V3 with p,q € Z, and assume for contradic-
tion that 2’ = (p, ¢) is not an extreme point of (C);. Then there exist integer points

x,...,x; € C such that
z' € conv(zl,. .. ;).

For each z = (p;, ¢;), define the lifted point

p3) _ a(l)pi _ a(z)qi
Ty = (pi7qi7 3 (3) 3 S C13'
as

Then z; € (C3)7, and x lies in the convex hull of these z;, contradicting the extremal-
ity of . The reverse direction follows similarly. A

Thus, the cardinality of V3 is equal to the number of extreme points of (C');, where
C' C R? is defined by two linear inequalities. By Lemma 1.3.3, the number of in-
equalities required to describe (5) 1, and hence the number of its extreme points of
(6’) 1), is linearly bounded in the bit-length of the description of C'. Moreover, since
C is obtained from Cj via rational projection operations, its bit-length is at most
a constant factor (e.g., at most 16 times) the bit-length of the description of Cj.

Therefore, the number of extreme points of (C);, and thus |V5], is linearly bounded
in the description-size of C.

]

We now show that V; U Vo U Vs 2 @) a result essential for our subsequent analysis.

Lemma 1.3.5. Let '
C={zeR|alz<b? i=1,23)

be a translated cone with facets Cy,Cy, Cs, and fir I = {1,2}. For eachi € {1,2,3}, let V;
denote the set of extreme points of (C;)r. Then, Vi U Vo U V3 # @.
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Proof. Since the vectors ai,as,as are linearly independent, at least one of the entries
a§3),a§3),a§3) must be non-zero. Without loss of generality, assume a:(;’) # 0. From the
proof of Lemma 1.3.4, we know that there exists a one-to-one correspondence between the
set V3 and the set of extreme points of the integer hull of the cone C' = proj;(Cs) C R
The cone C is rational, full-dimensional (as the system describing it—see 1.11—has rank

two), and pointed, and hence it contains integer points. Therefore, the integer hull (C');
has at least one extreme point, implying that V3 # @. Thus, V; UV, U V3 # @. O

We now show how C; can be reconstructed from the sets Vi, V5, V3 of and the recession
directions of the original cone.

Theorem 1.3.2. Let '
C={zeR|alz<b? i=1,23)

be a translated cone with apex v and extreme rays ry,rs,73, S0 that
C' = v+ cone(ry,r9,73).

Let C1,Cy, C3 denote the three facets of C, and let I = {1,2} be the index set of integer-
constrained variables. For each i € {1,2,3}, let V; be the set of extreme points of (C;);.
Define

C := conv(Vy U Vo U Vi) + cone(ry, ra,73).
Then,

Cr=C.

Proof. 1t is clear that C C (7, since all V; C (C;); € C;. We now prove the reverse
inclusion C; C C by contradiction. Suppose there exists a point 7 € C' N (Z* x R) such
that 7 ¢ C. Then, there exists an inequality a’z < b such that

alZ>b and afz<b for all 7 € C.

Claim 1.3.4. a”r; <0 for each i =1,2,3.

Proof of Claim. Let z € V1 UV, U V3 be an arbitrary point. By Lemma 1.3.5, such a point
exists. Suppose, for contradiction, that a’r; > 0. Then for any sufficiently large scalar
k > 0, the point z + kr; € C, but

a’(z + kry) = a’z 4+ ka®ry > b,

contradicting the assumption that a’x < b for all z € C. A
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Claim 1.3.5. aTv > b.

Proof of Claim. Suppose instead that a’v < b. Since ¥ € C, we can write
T =0+ iy + poTa + [1373
for some pq, o, t3 > 0. Then,
T

a’? =a"v + ,u1aTT1 + ,uzaTTQ + ,M3CLT7“3 <,

since a’v < b and a’r; < 0 for each 7. This contradicts the assumption that a’zZ > b. A

We have alx < by, alT < by, and alT < b3, since otherwise Z would lie on one of
the facets C;, and hence be contained in (C;)r, which would imply z € C, contradicting

our assumption. Now consider the third components of the vectors aq, as, as, denoted by
af”), agg’), a33). WLOG, assume that

af’) < a&”” < a§3).

We analyze the situation through the following four cases, and derive a contradiction in
all:

1. a§3) = aég) = aég) = 0; this contradicts the assumption that C' is full-dimensional
cone.

2. 0< ag?’) and aé?’) > 0; let r = (0,0, —1). Then for sufficiently large k£ > 0, the point
x1 =2 —kr =12+ k(0,0,1)

has the same first two coordinates as T, and hence proj;(x) = proj;(¥) € Z*. Since

7€ C,and al'7 < b; for all i = 1,2,3, and all third components ai3 are non-negative
with at least one of them strictly positive, it follows that for sufficiently large k > 0,
the point x; satisfies alz; < b; for some i € {1,2,3}. Thus, x; € C;, and since its
first two coordinates are integer, we have z; € (C;); C C. Therefore,

atz, <0.

However, since z; = Z — kr, and we have assumed a’Z > b, it follows that

b>alzy =a’% —ka'r > b—ka'r,
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which implies a”r > 0. Now, consider the point x5 = 7 + k'r for some k¥’ > 0. Since
r=(0,0,—1) and € C, we claim that z; € C as well. This follows from the fact
that alr <0 for all i = 1,2, 3. Therefore, x5 € C, and thus there exist non-negative
scalars puq, pa, 3 > 0 such that

Ty = U+ 171 + fale + 4373,
Applying the linear functional a’ to both sides, we get
alozy=a’Z+Ka'r =av v+ walr + poary + psa’rs.

Since a’r; <0 for all ¢ € {1,2,3} (as shown previously) and a’v is fixed, the right-
hand side is bounded above by a’v. However, the left-hand side grows unbounded as
k" — oo due to a’r > 0. Thus, we encountered a contradiction in this case as well.

3. af’) < 0 and agg) < 0; let r = (0,0, 1). This case is symmetric to the previous case.
Repeating the same reasoning, it can be derived that a’r > 0, and this leads a similar
contradiction.

4. af’) < 0 and aéf” > 0; let 7 = (0,0,1).

Since the third components of the facet normals have mixed signs, we can move both
upward and downward along the direction r while remaining inside the cone. Define

=2+ kr, zo=17—FKr

for sufficiently large k, k" > 0. Then, due to the signs of a§3), it follows that =, € C;
and zy € C; for some i # j € {1,2,3}. Furthermore, since proj(z1) = proj;(zz) =
projr(T) € Z?, both points belong to their respective mixed-integer hulls:

xr1 € (Ci)[, To € (Cj)[.

Hence, z1, 22 € C, and since a’2; < b and aTz, < b, we conclude that every point
on the line segment between them satisfies a’z < b. But I € conv(xy,z3), and we
assumed a’Z > b, which leads to a contradiction in this final case.

Corollary 1.3.1. Let
C={zeR|alz<b? i=1,23)

be a translated cone, and fix I = {1,2}. The set C; can be described using a polynomial
number of inequalities in terms of the description-size of C.
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Proof. Let Cy,Cy, Cy be the facets of C. For each i € {1,2,3}, let V; be the set of extreme
points of (C;);. By Lemma 1.3.4, the total number of points in the union V; U V5, U V3
is linear in the bit-length of the input defining the cone C'. Each facet of the polytope
conv(Vy U Vo UV3) is determined by three affinely independent extreme points. Hence, the
number of such facets—and consequently, the number of inequalities needed to describe this
convex hull is polynomial in the input size. Let @Q; = {x € R® | Dx < d} be a description
of the polytope conv(Vy U Vo U V3), where the number of rows in D is polynomial p(D).
Now, let
s ={r eR*|alx <0, ajz <0, a3z <0}

denote the cone(ry,re,73). The Minkowski sum C; = Q1 & Q2 can be represented as a
projection of a higher-dimensional polyhedron. Specifically, define

Q3 = {(z,x,y)€R9|Dx§d, aly <0, aly <0, aly <0, z:a:+y}.

Then C; = projg 2,3(@3), the projection of Q3 onto the z-coordinates. The polyhedron @3
is described using a polynomial number of inequalities p(D) + 4, and projection onto a 3-
dimensional subspace can be computed via Fourier-Motzkin elimination. Since the number
of eliminated variables is at most 6 (eliminating x € R? and y € R3), and each step of
Fourier-Motzkin introduces at most a quadratic blow-up in the number of inequalities,
the total number of resulting inequalities is at most (p(D) + 4)%. Therefore, C; admits
a description with a polynomial number of inequalities in terms of the description-size of

C. ]

Corollary 1.3.2. Let P be a pointed polyhedron in R with basis family B and fix I =
{1,2}. Define

Q=) PB)

BeB

PrCQC prlit, and Q) has polynomial description-size in terms of the description-size of

P.

One direction for further exploration is to determine whether there exists an example in
which P; is strictly contained in ). We have not found such an example. It would be
surprising if no such polyhedron exists, since this would immediately imply that P; itself
admits a polynomial-size description. The question of whether the split closure P;” lit
admits a description using a polynomial number of inequalities remains open, even in the
restricted setting of translated cones.

For a structural characterization of translated cones in R?, we refer the interested reader
to Section 1.3.1. Although not directly related to our main development, this discussion
provides useful geometric insights that support the broader theory.
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1.3.1 A Characterization of Translated Cones in R?

As a brief deviation from the main thread of this chapter, we present a structural classi-
fication of translated cones in R3, which may be of independent geometric interest. Here,
we distinguish between three types of translated cones in R?. Let C' = v + cone(ry, 72, 73)
be a translated cone with apex v € R? and extreme rays ry,79,73 € R3. Let I = {1,2},
and let C" = proj(C) = v' + cone(ry, ry, r5) be the projection of C' into the (x,y)-space
such that v' = projr(v) and 7} = proj;(r;) for i = 1,2,3. Note that dim(r},ry,r5) = 2.
Lemma 1.3.6. Let
C={recR|alz<b? i=1,273)

be a translated cone with vertex v. Denote its facets by Cy,Cy, C3 and its extreme rays by
r1,79,73, as defined in Definition 1.5.1. Let v' = proj;(v) and v} = proj;(r;) fori=1,2,3.
Exactly one of the following holds:

1. One of the r} is contained in the cone generated by the other two, i.e., exactly one of
the following holds:

o 1 € cone(ry,r));
o 1) € cone(ry,r5);
o 1 € cone(ry,1}).
We say that C' is of type 1 in this case. (Figure 1.2)
2. C" = R?; we say that C is of type 2 in this case. (Figure 1.3)

3. Ezactly two vectors among 1,4, ry’s are linearly dependent; we say that C' is of type
3 in this case. (Figure 1.4)

Proof. Suppose that none of the r;’s lies in the cone generated by the other two. This
implies that 7, 75,75 # 0. Suppose that C’ = v’ + cone(r, rh, %) # R?. This means that
there exists a vector u = (u', u?) € R? such that p ¢ cone(r},r5,74). So, the system

A
2 .92 .2 2| =
r Ty T3 As M2
A, A2, A3 >0

is infeasible. Using the Farkas’ Lemma (See Theorem 3.5 in [12]), there exists y = (y', y?) €
R?, such that yTr! <0 for i = 1,2,3, and y"u > 0. Note that y # 0, since y’ . > 0. We
have two cases,
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1. At least two of the values y? 7}, yTrh, yTr, are equal to 0; without loss of generality
1 2 Y T3
assume that y7r) = y?rl, = 0, then r}, 7}, are linearly dependent.

2. At most one of the values yr}, y*rh, y'r} is equal to 0; then, there exist § € R? such
that

gt g, ngré < 0.
The reason is that either
T T T
y Ty Ty, Yyt ry <0,

in which § = y works, or exactly one of the values of y'r},yr}, y*r} is equal to 0.
Without loss of generality, suppose y'rf = 0 and y’r},y"ry < 0. Since r} # 0, we
can slightly change y to obtain ¢ that satisfies the condition.

In the remaining assume there exists a vector § € R? such that §7r! < 0, and we are going
to show that this leads to a contradiction. Without loss of generality assume that

gtry < gt <gfrh <o. (1.12)
Since span(r}, ) = R?, then there exists A1, A3 € R, such that
Ty = M1y + A3
We have multiple cases, and each leads to a contradiction:

1. A1, A3 < 0; rewriting (1.12) gives
gl < Mg+ Aty < gl < 0.

Since g7y, g7y < 0, then g7r} + A3, g"ry > 0, which is a contradiction to g7} +
Asglrhy < grh < 0.

2. A < 0,A3 > 0; then vl — Ay} = Agrh. A3 # 0; otherwise, r, and r] are linearly
dependent. Thus,

1 / _>‘1 /
)\37"2+ )\3 1,

ry =
which means 74 € cone(r},r}), contradiction.
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. A1 > 0,3 < 0; similar to the previous case, it can be derived that 7| € cone(rh, r}),
contradiction.

. A1, A3 > 0; this means that 7}, € cone(r],r}), contradiction.

O
z Y
2
r
/ 1 7,,/1
'N f r3 'rg
T2 p/
/ I y !
b) The projection of C' into the x, y-space
(a) C (b) proj , Y-Sp
Figure 1.2: C'is of type 1, since 1 € cone(rh, 1%).
< )
T3
IN "
— | v 3
)
/k -
x
Y v
(a) €

(b) The projection of C' into the z, y-space
Figure 1.3: C'is of type 2, since C" = R%.
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(a) C (b) The projection of C into the (z, y)-space

Figure 1.4: C'is of type 3, since ], 75 are linearly dependent.

1.4 The MIR Procedure for Systems with Two Equal-
ities

In section 1.2, we reviewed the classical result that the GMI cut, the split cut, and the MIR
cut coincide when applied to a system consisting of a single equality constraint together
with non-negativity conditions, a result well established in the literature. In this section, we
present our contribution: an extension of the MIR procedure to systems with two equality
constraints, still under non-negativity and mixed-integer restrictions. In section 1.4.1, we
model such systems as a mixed-integer set in R?, involving two integer variables and one
continuous variable. Then, in section 1.4.2, we study the convex hull of this set and apply
Theorem 1.3.2 from section 1.3 to derive the description of a facet of this convex hull,
yielding a new valid inequality. Finally, in section 1.4.3, we project this inequality back to
the original space, thereby obtaining a generalization of the MIR cut.

We consider the following system for Sy, consisting of two linear equalities:

Z a'gZ)x(Z) = b17
i=1
Z agL)x(Z) = b27
i=1

2@ >0 Vieln],
ez Viel,
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where I C [n] denotes the index set of variables constrained to be integer, and C' := [n]\ I
denotes the set of continuous variables. We assume throughout that f(by), f(b2) > 0.

1.4.1 Modeling into R?

We begin by relaxing Sy by discarding all non-positive terms of the form agi)x(") < 0 and
af? 2 < 0 for continuous variables (i € C) with coefficients a{”, a{’ < 0. Since all variables
satisfy ) > 0. We retain all positive continuous-variable terms, and keep all terms for

integer variables unchanged. This yields the following relaxed system, denoted by S5:

Za&i)x(i) + Z agi)x(") > by, (1.14a)

i€l ieC’

HON
> ez + Z a2 > b, (1.14b)
el i€’

ag>>0

29 >0 Vieln],
29 ez Viel.

Let Ny ={iel]| f(agi)) > 0}, and let 7" C N, be an arbitrary subset. We rewrite (1.14b)
as:

D Lo Ja?+ D7 (0512 43 fla)

i€T 1EN2\T €T
S <f(a§>)_1>x(o+za2 Z a3 > b, (1.15)
1€EN2\T i€\ N3

ZEC

> (fa)=1)a¥ <0

1€EN\T

Observe that the term

since f (a(;)) € [0,1) and 29 > 0. Thus, removing this term yields a valid relaxation of

(1.14Db):
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SUIEE Y TIRINS SEIMIND SRR S P MyET
€T iEN\T i€T i€I\Na )>0
zEC

Similarly, we rewrite (1.14a) grouping by 7" C Ny, and obtain:

D L") a®+ 37 a1 43 flar”) e

ieT 1EN2\T €T
Py (- ww) 04 Y [af]a0
1€EN\T 1€\ N> (117)
+ Z < ) '\ + Z CLl > b1
’LEI\NQ
zEC

Again, the terms

Z (agi) - [agl”) @ and Z (agi) _ MY)}) o)

1EN2\T 1€\ N2

are non-positive for the same reason (since 2 > 0, and agi) < (agi)}). Dropping them
leads to a valid relaxation of (1.14a):

Yolat? 2@+ 37 [aiaD + 3 faf) 2@+ Y (6?20 + D7 al? 2@ > by,
€T iENQ\T €T ’iGI\NQ l)>0
zGC

(1.18)

(4) (4)
{ = max ¢ max &;)) , max a?) 10 (1.19)
€\ f(a3”)) of’>0 \ay
iec

Note that ;1 > 1 by definition. We now reinterpret the valid relaxations (1.16) and (1.18)
as a system in R3, using the variables w;,wy; € Z and s € Rs(. These variables are defined
as follows:

Let
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i€T i€EN2\T 1€\ Ny
wy = —|bo] + ZLa(l)J z® 4 Z [a$] 2@ + Z al? 2,
i€T iEN\T i€I\N3 (1.20)
(@) ‘
7 i i i a )

i€T a$?>0 ¥’ <0
ieC >0
ieC

Lemma 1.4.1. The quantities wy,ws, s defined in (1.20) satisfy the following system:

wy + ps > f(by), (1.21a)
wy + s > f(by), (1.21Db)
s >0,
wy, Wy € 7.

Here, p is defined in (1.19).

Proof. The non-negativity of s follows directly from the fact that each term in its definition
involves non-negative coefficients and variables: for i € T' C Ny, f (agi)) > 0; for ¢ € C,
we only keep terms with ag) > 0; and all variables satisfy ) > 0. The integrality of w,
and ws is immediate, noting that ag) € Zforalli € I\ Ny, and 2%) € Z for all i € I by
assumption. Finally, the inequality (1.16) can be rewritten in terms of the variables wy

and s as: '
> Ao
Wy + 5 — —ax' > f(by),
V<o a
2 =
a§2)>0
ieC
which directly implies that
wo + S > f<b2>7

since the term
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is non-negative. Now, we show that
wy + ps > f(br).

Bringing [b; | from the right-hand side to the left in (1.18) and substituting the definition
of wy, we can rewrite (1.18) as:

w4y @) 2+ Y7 al? 2D > o).

i€T a{?>0
i€C

Thus, to prove wy + ps > f(by), it suffices to show that:

P STTCUECES SYFFUN SPLPTES Sy UPCRS SRR

€T ay’) >0 a$ <0 = a{’>0
ieC {950 ieC
ieC

Canceling the common term

Z agi) A

a$’<0
agl) >0
ieC

from both sides, we are left with showing:

S )50+ Y el 2 3 a0+ Y ol 40

€T a(2“>0 €T a(2i>>0
eC a§1>>0
ieC

By the definition of u, we have:

(1) (4)
[ 2> max { max f(azi)) , Mmax aéi) >1,
€T\ flay") ) af’>0 \ ay
1eC

and since all 2 > 0, each term on the left-hand side dominates its corresponding term
on the right-hand side. Hence, the inequality holds.

]
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We define the system (1.21) as ()3, which is obtained by relaxing the original mixed-integer
system S5 in a structured manner. In the next section, we derive a valid cutting plane for
the convex hull conv(Q3) of this relaxed system. The goal is to use the geometric struc-
ture of this three-dimensional relaxation to identify an inequality that separates infeasible
fractional points from conv(Q)3). Later, in section 1.4.3, we show how this cutting plane
for conv(Q3) can be lifted back to the original space to obtain a valid cutting plane for the
original set Ss.

1.4.2 Finding Valid Cutting Planes for conv(Q3)

We now focus on deriving valid inequalities for the convex hull of the mixed-integer set (3
defined in (1.21). As a starting point, we recall that certain inequalities can be immediately
obtained by applying the MIR procedure to appropriate projections.

Remark 1.4.1. Let (wy,wo,s) € Q3 be an arbitrary mized-integer point in Z* x R. Con-
sider the pair (ws, s), which satisfies:

Wy + S Z f(bg),
s >0,
Wy € 7.

Then, by Remark 1.2.1, the inequality
f(b2)ws + s > f(by) (1.22)
is valid for Q3. Similarly, the pair (wy, s), satisfying

Wy + [ > f<b1>7

s >0,
wy € 7,
leads to the valid inequality
b b
GV ICY (1.23)
1 1

Although the inequalities (1.22) and (1.23) are valid for conv(Q3), they arise from applying
MIR independently to lower-dimensional projections. As such, they do not fully capture
the structure of conv(Q3). To make further progress, we relax the integrality constraints
and consider the continuous relaxation of Q.
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Definition 1.4.1. Let Q3 C R3 denote the full-dimensional pointed cone obtained from

Qs by allowing both wy and wy to be continuous. Then one can see that Q5 is a translated
cone and is defined by the system:

wy + ps > f(br),
Wy + 8 Z f(bz),
s> 0.

The unique vertex of Qfy, which we refer to as the apex, is given by

v= (f(bl)v f(b2)70)

One can verify that the extreme rays of Q% are:

P1 = (17070)7
P2 = (07170)7
p3 = (_:ua_la]-)

See Figure 1.5.

Figure 1.5: Q% in R3. The black points represents the integer points in the (wy, ws)-plane.

Let I" = {1,2}. One can verify that conv(Q3) = (Q%)r. Therefore, from now on we only
focus on (Q%) instead of conv(Q3). We apply Theorem 1.3.2 to obtain a valid inequality
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for (Q%)r. To do so, we must first identify the extreme points of the mixed-integer hulls
of the facets of the cone ).

Definition 1.4.2. Let the three facets of Q% be defined as:

Cy={r€Qy|w +us=f(b)},
Co={z€Q;|wy+s=f(ba)},
Cs={r€Qy|s=0}

Also, let V; denote the set of extreme points of the mized-integer hull (C;)p for each i =
1,2,3.

Theorem 1.3.2 implies that:

(Q%) 1 = conv(Vy U Vo U V3) + cone(pr, pa, p3)-

To study the sets Vi, Vs, V3, we analyze the projections of the facets C; onto the (wq, ws)-
space. Let C! = projp(C;) for i = 1,2,3, and define the projections of the rays:

pll = pT‘ij(pl) = (17 O)?
py = projp(pz) = (0,1),
Py = projr(ps) = (—p, —1).

Let o' = projp(v) = (f(b1), f(b2)) be the projection of the apex of Q%, and consider the
four integer points surrounding v’ in R

Bi - (070)7 Bé - (170)7
By =(1,1), B;=(0,1)

While these points themselves are not necessarily significant, it is important to determine
which facet of the shell of @4 (i.e., the union C} U Cy U C3) contains the corresponding
preimage of each point. To analyze this structure, we distinguish between the following
three cases, which are illustrated in Figure 1.9:

f(b) _ f(b) f(b)
f(b2)’ = f(b2)’ e f(b2)

o<
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W2
(] [ ] [ ] [ ]
Cs
° ° BZL oBé °
/ P
] o
Bf / Bé w1
2
[ ] [ ] [ ] [ ]
P
[ ] [ ] [ ] [ ]
Figure 1.6: C7, CY, C§ when p < % Figure 1.7: C1, CY, C§ when p = ;EZ;;

Figure 1.8: C1,C%, C} when p > ;EZ;; D}, D) are closest integer points
on wy = 0 to the ray pj.

Figure 1.9: projp(Q%) under different assumptions on pu.

Regardless of the structural differences across the three cases, the set (C3)p admits a par-
ticularly simple description. Define the point By = (1, 1,0), and observe that its projection
onto the index set I’ is given by B} = projp(Bs) = (1,1). The following Remark 1.4.2 is
useful in analyzing the structure of Vi, V5, and Vj:

Remark 1.4.2. Consider Q% together wit its extreme rays p1, p2, ps defined in Definition
1.4.1. Let Cy,Cy,C5 be the facets of Q%, and let V; denote the set of extreme points of C;
as defined in Definition 1.4.2. One can verify that:

(Cl)p = comj(Vl) + COHG(PQ, P3)>
(C2)p = conv(Va) + cone(py, ps),
(C3)pr = conv(Vs) + cone(p1, pa).
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Lemma 1.4.2. Consider the facet Cs of Q% together with the set of extreme points Vs of its
integer hull with respect to I', as defined in Definition 1.4.2. Then V3 consists of a single
point:

Vs = {Bs}, where By =(1,1,0).

Proof. Note that By € (C3)p, which immediately implies V3 # @. Let 2 € (C3)p, so
x = (a,b,0) for some a,b € Z. Since z € Q4 and 2® = 0, we must have a > f(b;) and
b > f(by). As both 0 < f(by), f(ba) < 1, we conclude a,b > 1. Comparing the coordinates
of By =(1,1,0) and = = (a, b,0), we obtain:

x=DBs+ (a—1)p; + (b—1)ps,

where p; = (1,0,0) and py = (0,1,0) are extreme rays of (C3)p. Now, consider the point:
T =Bs+2(a—1)p1+2(b—1)ps,

which is contained in (C3)p, as B; € (Cs)p. However, z = Z5 Thus, z is not an

extreme point of (C3); unless a = b = 1, i.e., x = Bs. Since V3 # @&, we conclude that
Vs = {Bs}. O

Now, we explore V;. We define the point

Dy = ([f(b1) = uf(b2)], 0, f(b2)) € (Ca)r,

whose projection D] = projp(D;) appears in Figure 1.8. Specifically, D; = (0,0, f(b2))

when p = ;EZ;;, Dy = (1,0, f(by)) when p < ;EZS, and has a non-positive integer first
J(b1)

coordinate when p > Fos) - In all cases, we will show that D; € V5 in the following Lemma
1.4.3:

Lemma 1.4.3. Consider the facet Cy of Q5 together with the set of extreme points Vo of
its integer hull with respect to I', as defined in Definition 1.4.2. Then the point

Dy = ([f(br) = pf(b2)], 0, f(b2))
belongs to V5.

Proof. Note that Dy € (Cy), which implies that V5, # @. We first show that the second
coordinate of any point in conv(V3) is non-positive:

Claim 1.4.1. For any = € conv(Vy), we have (2 < 0.
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Proof of Clatim. We prove the claim for the elements of V5, which implies the result for
all points in conv(V3) by convexity. Let z € V,. Since x € Cy, we have z® > 0 and
2@ + 2@ = f(by). As 2 € Z and f(by) < 1, it follows that 2 < 0. A

Suppose, for contradiction, that Dy ¢ V5. Then by Remark 1.4.2, there exists & € conv(V53)
and A, A3 > 0 such that
D1 =2+ Ap1 + Asps.

From the previous claim, £ < 0. Comparing the second coordinate on both sides, we
find:
0=D% =z® 1 X\ p» 4+ A5,

Since ng) =0 and pg) = —1 < 0, this forces A3 = 0. Thus, we conclude:

D1 =+ )\1p1.
From this, we obtain that #®) = 0. Since & € C, it follows that
7?1470 = 76 = f(by).

Because & € conv(V3), any convex combination representing & uses only points from V;
with second coordinate equal to zero.

Claim 1.4.2. For any x € Vs, with +® =0, we have
2 > [f(by) — puf (b2)] -

Proof of Claim. Since z € Cy, we have z® + 20 = f(by), so 23 = f(by). Also, since
x € (U3, it must satisfy

2 4 pa® =2 4 f (bs) > f(br).
So, V) > f(by) — pf(by). Since 2V € Z, we conclude that
2> [f(br) = puf (b2)]

A

Since T is a convex combination of elements of V5, with second coordinate equal to zero,
claim 1.4.2 implies that

D > [f(b) = puf(b2)]
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Comparing the first coordinate of both sides in D; = & + A\ p;, we get:

[f(b1) — uf (b2)] = DIY = 2@ + A,

Since 7 > [f(by) — uf(by)], this forces A; = 0, and hence # = D;, which contradicts the
assumption that Dy ¢ V5. O

Finally, we analyze the set V. To this end, we define the following points:

By = (0,0, f(by)),

Note that B, = projp(B;) fori = 1,4. In Lemma 1.4.4 below, we show that the membership

;EZ;; Specifically, if p < ;EZ;;’

of these points in V;

then B; € Vi. And, if pu > }c( ba) then B, € Vj. This dichotomy arises from the relative
positions of the points with respect to the facet structure of C1, Cs.

Lemma 1.4.4. Consider the facet Cy of Q5 together with the set of extreme points Vi of
its integer hull with respect to I', as defined in Definition 1.4.2. Let By = (O, 0, %) and

By = (0,1,702)
) o .

o If p <43, then By € Vi

o Ifu> IB, then By € V1.

Proof. Note that B, € (C4), which implies that V; # @. We begin by showing that the
first coordinate of any point in conv(V}) is non-positive:

Claim 1.4.3. For any x € conv(V}), we have V) < 0.

Proof of Clatim. We prove the claim for all x € V;, which suffices by convexity. Since
x € Cp, we have 2 > 0 and (V) + pu2® = f(b;). Given that f(b;) < 1 and 2V € Z, it
follows that = < 0. A

We now show the existence of a point in V; with first coordinate equal to zero:

Claim 1.4.4. There exists an extreme point ' € Vi such that (z/)V) = 0.
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Proof of Claim. Suppose, for the sake of contradiction, that () < 0 for all z € V;. Then
every point in conv(V}) also satisfies 2(!) < 0. Since By € (C})r, by Remark 1.4.2, there
exist T € conv(Vy) and g, A3 > 0 such that

By =T+ Aapa + Azps.

But the first coordinate of the left-hand side is 0, while that of the right-hand side is strictly
negative: 71 < 0, pgl) =0, and pgl) = —pu < 0. This contradiction implies the existence
of an extreme point 2’ € V; with (2/)1) = 0. A

Let 2/ € Vi be such that (2/)") = 0. Since 2/ € C}, we have

S (b1)
o

pa)® = o) = @) =

Since p > 1, it follows that (2/)®) < f(by) < 1. As 2’ € C, we have

(@) + @) > fbe) = ()P > f(be) - @ > fby) —1> -1

Given (') € Z, we conclude (z/)® > 0.
Claim 1.4.5. We have (2')® < 1, hence (z/)? € {0,1}.

Proof of Claim. Suppose (2')? > 2. Then,
= B4 + ((.1’/)(2) — 1),02
Define 7 = By + 2((2')® — 1)p, € (C})p. Since
/ 1 ~
¥ ==(By+ ),
2
it follows that 2’ ¢ V;, contradicting the extremality of z’. Thus, (2')® < 1. A

If (2/)® =0, then 2/ = By, and if (2/)® = 1, then 2’ = B;. We now distinguish two cases
depending on the relation between p and %:
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o /> ;EZ;;, suppose (2')?) = 0. Then,

(l‘/)(2) + (1;/)(3) — % < f(by),

which violates the constraint ' € C. Therefore, we must have (2/)® = 1, and

conclude that
Y = By = (01%) eV

f(b1)

* 1< 00 in this case, (2')® = 0 is feasible, since

/ / b
@)@ + (@)@ = L0 > g
Thus, we may take

— (O, 0, @) € C; and therefore 2’ € (Cy)p.

Moreover, ' € Vj, since the only other possibility (2')? = 1 corresponds to 2’ =
By = B; + pa, and both B; and By lie in (C4) .

Thus, we have identified the following extreme points in V; U Vo U Vj:

2. Dy = ([f(b1) = puf(b2)],0, f(b2)) € V3,
!

(ﬁ1)> € Vi, when p < f(21)7

4 By = (0,1, @) € Vi, when yu > 10,

Before proceeding, however, observe that when p = ;EZ;;, the structure of conv(Q3) =

(Q%)r becomes particularly tractable, as stated in the following Lemma 1.4.5. Note that
in this case we have:

B, = Dy = (0,0, f(by)) = (0,0, fﬁ”) .
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Lemma 1.4.5. Consider the sets of extreme points Vi and Vs as defined in Definition 1.4.2.

Assume that p = %, and let By = (0,0, f(by)). Then

Vi=V, = {Bl} = {31} = {D1}-

Proof. We already know By = By € V; and B, = D; € V,. We prove that Vs = {El}; the
proof for Vi = { B} is analogous. Let z = (wy, w3, s*) € V3 be an arbitrary extreme point
such that x # Bj.

Claim 1.4.6. s* > f(bs).

Proof of Claim. Suppose, for contradiction, that s* < f(by). Since x € Cy, it satisfies
ws + s* = f(be). Because wj € Z, we must have:

wy = f(by) —s* > 0.

Thus, wj > 1, which contradicts the fact that f(by) € (0,1), since wi + s* = f(bs) and
s* > 0. Hence, s* > f(by).

A

Now consider the point
T = (2w], 2wj, 25" — f(by)).

Claim 1.4.7. We have & € (Cy) .

Proof of Claim. The first two coordinates of & are integers, thus we only need to verify
T € Cy. Since x € Cy, we have wj + s* = f(bs), so:

2ws + (25" — f(ba)) = 2f(ba) — f(ba) = f(b2),

which satisfies the second constraint. Also, since s* > f(by), we have 2s* — f(b2) > 0. For
the first inequality:

2wy + (28" — f(b2)) = (Wi + ps”) + (wi + ps™ — puf (b)).

Since z € @, the first term is at least f(b;), and the second term is nonnegative due to
f(b1) = pf(be), so the inequality is satisfied. A
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Observe that

B ~
x = 1t and By, € (Co)p
so x is not an extreme point of (Cy)y. Thus, By is the only element of V5. ]
Lemma 1.4.5 implies that conv(Qs) = conv(Bs, By) + cone(py, pa, ps) when p = ;Eg;; In

this case, we obtain the following characterization of conv(Qs).

Theorem 1.4.1. Assume p = ;gz;;, and define the polyhedron Q C R3 by the following

system:

f(b2)wy + s> f(by), (1.24)
f(b2)wy + s> f(by), (1.25)
wi + ps > f(br),
wy + s > f(by),
s>0

Then conv(Q3) = (Q5)r = Q, where Qs is the system defined in (1.21) and QY is its
relaxation stated in Definition 1.4.1.

Proof. Substituting u = ;Eg,
exactly to the MIR-type inequalities (1.23) and (1.22). Thus, the inequality description of

() contains all valid inequalities already known for @3, implying conv(Q3) C Q.

we see that the inequalities (1.24) and (1.25) correspond

Additionally, all constraints in Q are satisfied by the continuous relaxation Q%, so QC Q5.
Since conv(Q3) = (Q%)r, we have:

rec(conv(Q3)) = rec(Qy) = cone(py, p2, p3),

by Theorem 4.30 in [12]. It follows that:

rec(Q) = rec(Qy) = cone(py, pa, po).

Therefore, Q and conv(Q3) share the same recession cone. To complete the proof, we
observe that Q has exactly two extreme points: B; and Bs. This can be verified by
examining all active constraint combinations that define extreme points. Hence, since the
extreme point and recession cone structure of Q matches that of conv(Q3), we conclude

conv(Q3) = Q. O
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We now analyze the two cases 1 < 101 and > ! (bl), in which the description of conv(Q3)

J(b2) f(b2)
becomes more intricate. In the first case pu < %, we construct a hyperplane passing
through the three linearly independent points Bs, Dy, By. In the second case u > ! (bl), we

f(b2)
pass a hyperplane through the points B3z, D1, By. The motivation behind this construction

is that, in each case, the involved points are candidate extreme points of (%), since they
belong to the set Vi UV, U V3, and from our structural characterization, we know that

(Q5) 1 = conv(V1 UV, U V) + cone(py, a2, p3)-

Therefore, if our goal is to identify a facet-defining inequality for conv(Q3), it is natural
to look for hyperplanes that pass through three linearly independent extreme points. This
justifies our approach and shows why it geometrically sounds.

Note that in the case p < &2 Dy = (1,0, f(by)), we have the following Theorem 1.4.2:

f(b2)
Theorem 1.4.2. Assume j < ;EZ;; . The hyperplane P passing through the points Bz, Dy, By
1S given by
b b
(f< ) - f(bQ)) wi + f(b2)wz + 5 = M,
fu fu
where

By=(1,1,0) € Vi Dy = ([£(b) — uf (b2)],0, (b)) € Vo, B: = (o,o, / (ﬁl)) v,

and V; is the set of extreme points of (C;)p for i = 1,2,3 as defined in Definition 1.4.2.
The corresponding inequality

(f(jl)

- f(bz)> - flbpun 5 >

f(b1)
. (1.26)

is valid for Qs (See (1.21) for the definition), and cuts off the fractional point v of Q5 (v
is the apex of @y, see Definition 1.4.1).

Proof. Let (wy,ws, s) € Q3. Then, by remark 1.4.1, the following inequalities hold:

f(bz)’LUQ + s Z f(bg), (127)
fw”wy+s>fﬁﬁ (1.28)
[ T '
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Rewriting (1.26), we get:

f(by)
L

f(b1)
I

wy + s+ (wg — wy) f(by) > (1.29)

If wy —w; > 0, then this inequality follows directly from (1.28). Thus, assume wy < wq —1,
and suppose for contradiction that (1.26) does not hold. Then,

(f(il) B f(bQ)) wi + F(bo)ws + 5 < %,

which is equivalent to

s <

f(b1)
1

Adding ws to both sides yields:

f(b1) f(b1)
wy + 5 < T + (f(b2) - T) wi + (1= f(b2))w.

The left-hand side is at least f(b2) by (1.27). Using we < wy — 1 and 1 — f(by) > 0, we
obtain:

fb) Swy+s<

f(b1)
p + <f(b2) — ) wy + (1 — f(by))(wy — 1)

_ (%—1) + (1—@) wy + f(by).

f(b1)
i

Subtracting f(be) from both sides implies:
b
0< (1-%) (wy —1).

Since p > 1, it follows that % < f(by) < 1, hence 1 — @ > 0, so the inequality above
implies wy; > 1.

Now observe that

(P pe) + st s < (Z00 - o))t stayas 4.
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and by assumption, the right-hand side is less than @, hence:

f(bo)wa + s < f(ba),

which contradicts (1.27). Therefore, the inequality (1.26) is valid for all points in Q3. O

Note that when p < %, (1.26) defines a facet defining inequality for conv(Q3), as it
passes 3 linearly indepencfent points of )3, B3, D1, By. See the following example:

Remark 1.4.3. Let f(by) = %, f(be) = %, and pp = 2.4. Q3 is defined as:

W

w1+2.432—
9
+ >1
2Te =y
s>0

w1, We € Z.

Note that u < fgz;; Consider the point T = (%,O, 1—15) One can verify that & € QY% and

satisfies (1.22),(1.23), but does not satisfy (1.26).

<~

Now, assume p > ;EZ; . As mentioned earlier, we pass a hyperplane through the points

B3, B4, D1 and show that it defines a valid inequality for ()3, under the assumption
([f(br) = pf (b2)] = 1) 4 puf (b2) < 0.
We will see in remark 1.4.4 why this assumption is necessary. Let
t=1[f(b1) = pf(b2)] — 1.

Note that we do not use | f(b1) —pf(bs)] for this quantity, since in the case f(by)—puf(by) €
Z, we have [ f(by) = puf(b2)] =1 # [f(b1) — pf(b2)].

Theorem 1.4.3. Assume pn > 280 and let t = [f(by) — puf(by)] — 1. The hyperplane P

—

~

f(b2)’
passing through the points Bs, D1, By is
b b b
f(,ul)wl + (f(bz) + %t) Wy + § = f(bz) + f(,ul) (t + 1),
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where

By=(L,1,0)€ Vs, Dy=([f(b) — uf(b2)] .0, f(ba)) € Vo, B = (0,1, / f”) €.

and V; is the set of extreme points of (C;)p for i = 1,2,3 as defined in Definition 1.4.2.
The corresponding cutting plane

f(b1)
0

)
p (t+1) (1.30)

wy + <f(b2)+

is valid for Qs (See (1.21) for the definition) if t + pf(by) < 0, and cuts off the fractional
point v of Q5 (v is the apex of Qf, see Definition 1.4.1).

t) wa+ s > fby) + f(/i)l)

Proof. Let (wy,ws, s) € Q3. Then, by remark 1.4.1, the following inequalities hold:

f(b2)wy + s> f(by), (1.31)
f(l”)wl +5> fo). (1.32)
1 1t
We rewrite (1.30) as
a5+ 0 w4t 2 )+ L),

If wy + twy >t + 1, then combining this with (1.31) implies that (1.30) holds. So assume
instead that
w1 § t(l — ’LUQ).

Suppose for contradiction that (1.30) does not hold. Then:
b b b

I 1)(25—1- 1) — I 1)w1 — (f(bg) + I l)t) w.
7 7 7

Multiplying both sides by p and adding w; to both sides gives:

wi + ps < pf(b2) + f(b1)(t+1) + (1 — f(b1))wr — (puf(b2) + f(b1)t)wo.
The left-hand side is at least f(b;), so:
f(b1) S wi+ ps < pf(ba) + f(01)(E+ 1) + (1= f(br))wr — (uf(b2) + f(b1)t)wo

< pf(ba) + f(01)(t + 1) + (1= f(b1))t(1 — w2) — (pf (b2) + f(b1)t)w2
= f(b1) +t 4 pf(b2) — (t 4 pf(b2))wo.

s < f(bQ) +
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Thus:
0 < (t+ pf(b2)) (1 — wa).

Since t + puf(by) < 0, it follows that 1 —wy < 0, i.e., wy > 1.

Now observe:
f(b1) fr), fn) f(b1)
Twi + (f(bQ) + —= p ) +s5 < p wy + (f(bQ) + p t) wy + S.

Combining with (1.32), the left-hand side is greater than

f(b1)
1

f(b2) + (t+1),

which contradicts the assumption that the inequality is violated. Therefore, the inequality
(1.30) must hold. O

Remark 1.4.4. In theorem 1.4.3, the condition t + pf(by) < 0 is necessary for (1.30) to
be wvalid for Q3. Consider the example where f(by) = 0.9, f(bs) = 0.3, and p = 9. One
can verify that the point (8,0, gg) € @3, but it does not satisfy (1.30). Furthermore, in this
example we have t 4+ pf(by) > 0.

Thus, We have obtained valid inequalities for the system ()3, corresponding to the cases
w < it i) Vand p > ;Ezlg As discussed earlier, both inequalities (1.26) and (1.30) pass
througli three linearly independent points of ()3, implying that they define facet-defining

inequalities for conv(Q3). Furthermore, their descriptions differ from the two MIR-type

inequalities (1.24) and (1.25). Therefore, when p < & Eblg the inequality (1.26) is a new

facet-defining inequality for conv(Qs). Likewise, in the case p > £ E 5> Provided that (1.30)
is valid, it too constitutes a new facet-defining inequality for conv(Qs3).

In the next section, we map the inequalities (1.26) and (1.30) back to obtain valid cutting
planes for the mixed-integer system S defined in (1.13). The main open question in this
section is whether there exists a facet-defining inequality for conv(Q3) = (Q%)r in the

case [t > ;EZ;; that holds unconditionally. While such an inequality must exist, explicitly

identifying it remains a key challenge in fully characterizing conv(Q3) = (Q%)r in this

regime Additionally, characterizing the full description of conv(Q3) = (Q%) s in the regimes
w < ( and > ! E 1; remains an intriguing and challenging direction, especially in light
f(b1)
f(b2)°

of the complete characterization already obtained in the degenerate case y =
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1.4.3 Mapping the Valid Inequalities for ()35 Back to the Original
System

Recall that the system describing S5 is:

Z a(li)x(i) = b,
=1
Z a'gb)x(Z) = b27
=1

2@ >0 Vie[n],
ez Viel,

and the variables wq, wo, s are defined as follows:

wy =0+ a2+ Y [a]2® + D a2,

€T i€N2\T i€\ N2
wy = —[by] + ZLag)J z® 4 Z [a$] 2@ + Z al 2,
i€T i€N2\T i€\ N2
(#)
NG i) (i a1
s:Zf(aé))x() + Z al) 2 + Z L 20,
i€T ) a{?<0 H
ieC HONN
e

Lou< ;EZ;;, the inequality (1.26):

f(b1) f(b1)
(T - f(b2)> wy + f(b2)wy + 5 > T

translates into:
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2 [m ") + (f (b2) + %t) la5”] + f(aé”)} 20

€T K
b 50 [P0+ (0w + 200 1] o9
1€EN\T H H
+ Z [@ [agi)] + (f(bz) + @t) ag)] 2@ + Z ag)x(i)
i€1\N> H H >0
iceC
(2)
+ %;0 “; 2D > f(by) + f(/ljl)(tJrl) + f(;”)u)lj + (f(bg) + f(,jl)t) 1bs).
Z(i);o
iceC

t=1f(br) = puf(b2)] — 1.
Then the inequality (1.30):

f(b1)

f(b1)
7 w1 + (f(bg) +

f(b1)
i t) w2+32f(bg)+

. (t+1)

translates into:

3 [f (b1) 1a?] + ( Fbs) + %g 1] + f<ag'>>] 20

jer L H

50 [P0+ (00w + 200 1] o9
1EN\T

+ Z [w [agi)] + (f(bz) + @t) ag)} 29 4 Z ag)x(i)
iern, L H K RO

a” f(by) £(by) £(by)
+Z Mx<)2f(b2)+ ; (t+1)+ . Lb1J+(f(b2)+ p t) [ba].
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To conclude, we emphasize that while all facet-defining inequalities of conv(Sy) can be
generated through the intersection cut procedure, as established by Andersen et al. [2], the
explicit inequalities we derived—namely (1.26) and (1.30)—offer concrete analytical ex-
pressions that can be directly interpreted and potentially utilized in computational frame-
works. Although the intersection cut framework inherently yields a vast collection of valid
inequalities (including all facet-defining ones), identifying which specific cuts are most ef-
fective remains a significant practical challenge. Our explicit constructions contribute to
this space by highlighting cases where meaningful facet-defining inequalities can be written
in closed form, thus advancing both theoretical understanding and algorithmic applicabil-
ity. Related results were also obtained by Cornuéjols and Margot [15], who characterized
all facet-defining inequalities of systems similar to conv(S;). Further work by Basu et
al. [5] and Awate et al. [3] studied closures defined by splits, triangles, and quadrilater-
als, comparing the strength of these families of inequalities and analyzing how well each
approximates the conv(S;). However, as in Andersen et al., these approaches rely on the
entire infinite family of lattice-free convex sets to generate the closure and therefore do not
yield a practical or explicit description of a good cutting plane.

In addition to the theoretical contributions, several computational directions emerge: one
may study the practical performance of these inequalities in cutting-plane algorithms,
evaluate their MIR rank, and investigate how they can be recovered via intersection cut
procedures. Extending this approach to uncover other meaningful inequalities for S5, both
analytically and algorithmically, represents a promising direction for future research.
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Chapter 2

Minimum Multicut

2.1 Introduction

Let G = (V(G), E(G)) be an undirected graph with edge costs given by ¢ : E(G) — Z.
We are also given a collection of k source-sink pairs {(s1,%1),...,(sg )} €V x V. For
each i € [k], let P; denote the set of all paths between s; and ¢; in G, and let P = Ule Pi.
A multicut is a subset of edges F' C E(G) such that every path P € P contains at least

one edge of F', that is,
PNF#( foral PeP.

Equivalently, the removal of F' from G disconnects each source s; from its corresponding
sink t; for all i € [k]. The cost of a multicut F is defined as c¢(F) = > . c(e). Thus, the
minimum multicut problem can be written as

min {c¢(F): F C E(G), PNF #( for all P € P}.

This problem generalizes the classical minimum s— cut problem (the case k = 1) and has
been extensively studied. Notably, computing the minimum multicut is NP-hard, even on
simple graph classes such as trees [22].

Closely related to the multicut problem is the multicommodity flow problem (or multiflow),
where the objective is to maximize the total flow that can be simultaneously routed between
the source—sink pairs. In fact, the natural linear programming (LP) relaxation of the
minimum multicut problem is the dual of the LP formulation of the multiflow problem.
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For a path P € P, let

eeP

The LP relaxation of the minimum multicut problem is:

min Z cle) z(e)

e€E(Q) (2 1)
st. z(P) > 1 VPeP, '
xz(e) > 0 Vee E(G).

Even though there are an exponential number of constraints, it is well known that the
optimal solution to (2.1) can be computed in polynomial time [21]. We denote the optimal
solution of the minimum multicut problem by OPT;p, and the optimal solution of its linear
relaxation (2.1) by OPTp. This thesis focuses on the integrality gap of the multicut LP,

defined as
OPT;p

OPTrp

Before presenting our contributions, we briefly review some of the known results. The
celebrated max-flow min-cut theorem [19] states that the integrality gap is exactly 1 when
k =1, i.e., for a single source-sink pair. A classic result of Hu [26] extends this and shows
that the gap remains 1 when k = 2. However, the equality fails when k£ > 3, even on very
simple graphs (see [22] for an example).

Garg, Vazirani, and Yannakakis [21] established a tight bound of ©(log k) on the integrality

gap in general graphs. For trees, the gap is exactly 2 [22]. For K,-minor-free graphs, Tardos
and Vazirani [32] used the decomposition theorem of Klein, Plotkin, and Rao [29] to obtain
an upper bound of O(r?). Building on a long sequence of results [17, 1, 20, 18], Conroy and

Filtser [13] recently proved an asymptotically tight bound of ©(logr) on the integrality
gap for K,-minor-free graphs.

The primary motivation behind the aforementioned works was to establish asymptotic
bounds on the integrality gap (as a function of r), without focusing on optimizing the
constants involved. However, for specific graph families, such as planar graphs, the con-
stants obtained from these results are quite large (close to 100). Thus, determining the
exact integrality gap remains an intriguing open question. It is known that the integrality
gap is at least 2 for trees, and consequently for planar graphs as well. Tighter upper and
lower bounds for this problem remain elusive, serving as the primary motivation for this
thesis. In particular, we provide partial progress toward identifying the integrality gap of
the minimum multicut problem in planar graphs.
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2.1.1 Overview of Results

We first state and review the small diameter decomposition (SDD) problem in section 2.3
and describe its relation to the integrality gap of the minimum multicut problem. This
connection forms the foundation of most of our results.

The previously best known lower bound on the integrality gap of the minimum multicut
problem was 2, established already for trees [22]. We improve this by showing that the gap
is at least 29—0 for cactus graphs in section 2.4 and section 2.5. Recall that in a cactus graph,
any two simple cycles are either vertex-disjoint or share exactly one vertex. Since cactus
graphs are a subclass of planar graphs, this also implies that the gap for planar graphs is
strictly larger than 2. Our proof is initially non-constructive, but it provides the structural
insight needed to build an explicit cactus instance with gap % (see section 2.5.1).

Complementing this lower bound, we prove that the integrality gap in cactus graphs is
at most 3.44, improving upon the previous best upper bound of 4 due to Bentz [7] (see
section 2.6). We then consider structured subclasses of cactus graphs and obtain tight
bounds. In section 2.7, we show that the gap is exactly 2 for unicyclic graphs (graphs
containing exactly one cycle). This implies that adding a single extra edge to a tree does
not increase the integrality gap, which is somewhat surprising. Insection 2.8, we prove the
same tight bound of 2 for path cactus graphs, where all cycles in the cactus lie along a
single path.

All of the above results rely on the connection between the integrality gap of the minimum
multicut problem and SDD. In section 2.9, we turn to outerplanar graphs (planar graphs
in which all vertices lie on the outer face) and prove an upper bound of 8. For this case, we
work directly with the minimum multicut problem. Given an optimal fractional solution z*
of the LP relaxation (2.1), we design a randomized rounding algorithm that, in polynomial
time, produces a multicut of cost at most 8 - OPT 1 p.

2.2 Preliminaries

Given a graph G, we denote its vertex and edge sets by V(G) and E(G), respectively.
We will use K, to denote the complete graph on r vertices. In this paper, we will only
be concerned with planar graphs. A graph G is planar if it does not contain K5 or Kj3
as a minor. Equivalently, a graph is planar if it can be drawn in the plane without any
of its edges crossing. Graphs in which every edge is contained in at most one cycle are
called cactus graphs. Cactus graphs are a subclass of series-parallel and planar graphs,
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and are arguably the simplest family of planar graphs after trees and cycles. Cactus and
series-parallel graphs do not contain K, as a minor.

Given two arbitrary vertices u,v € V(G), we use dg(u,v) to denote the shortest path
distance between u and v in G, if G is clear in the context then we use d(u, v) for simplicity.
The diameter of G is the maximum distance between a pair of vertices in G, i.e., diam(G) =
max, vev(q) da(u, v). We use dg(v,e) to denote the distance of a vertex v from an edge
e = (z,y), i.e., dg(v,e) = min{dg(v, x),dg(v,y)}.

For F C E(G), we use G\ F' to denote the remaining graph after the removal of F' from G.
For any v € V(G), we use Cr(v) to denote the connected component of G \ F' containing
v. We overload notation and also use Cr(v) to denote the set of vertices in the connected
component containing v. We define the radius of v with respect to F' as the distance of
the farthest vertex from v in Cr(v), i.e., radp(v) = max,copw) de(v, u). In addition, the
diameter of F' is the maximum diameter of a connected component after the removal of
F from G, ie., diam(F) = max,ey(c) diam(Cr(v)). Given t € Rxo as a parameter, we
say that I forms a t-diameter decomposition if diam(F') < ¢t. We denote the set of all ¢-
diameter decompositions of G by F;(G). Note that when referring to the distance between
two vertices u, v in a component C', dg(u,v) denotes their distance in G, rather than in the
subgraph induced by C, i.e., G[C]. Given a cycle C' and a path P, we denote by len(C')
and len(P) the number of edges in C' and P, respectively.

Definition 2.2.1. Let P = (vy,...,v,) be a path on n vertices. For any i # j, we denote
by Plv;,v;] the subpath of P between v; and v; (inclusive).

Definition 2.2.2. Let P = (vy,...,v,) and Q = (Vp, . .., Vptm) be two distinct paths such
that they share the verter v,. We denote by P & Q the path from vy to vy, obtained by
concatenating P and Q.

We recall a few definitions from the graph theory textbook by Diestel [16]. A block is a
maximal connected subgraph without a cut-vertex (of that subgraph). Thus, every block
is either a maximal 2-connected subgraph, or a cut-edge (with its ends), or an isolated
vertex. The block graph of a graph G is a bipartite graph on A U B, where A is the set
of cut-vertices of G and B is the set of blocks of G, and the block graph has an edge ab
(where a € A, b€ B) iff a € V(B).

A cactus is a connected graph such that every block is a cycle or else a cut-edge (with its
ends). A path cactus is a cactus such that the block graph is a path, and there are no cut-
edges. A unicyclic graph is a connected graph that has at most one cycle. We will denote
these classes of graphs by CACTUS, PATH CACTUS and UNICYCLIC respectively.
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2.3 Integrality Gap and Small Diameter Decomposi-
tion

We now formally define the integrality gap of the minimum multicut problem on a family
of graphs.
Definition 2.3.1. Let G be a family of graphs, and let M(G) denote the family of all
instances of the minimum multicut problem on G, obtained by assigning arbitrary costs
to the edges and selecting a set of source—sink pairs. The integrality gap cag) of the
minimum multicut problem on M(G) is defined as
N i OPTp(M)
= X —
M©) MeM(G) OPTLP(M)7
where OPTp(M) is the optimal value of the integer program and OPTpp(M) is the
optimal value of its linear relaxation (2.1).

As mentioned in the introduction, ay(rrer) = 2 [22], where TREE denotes the family of all
trees, and aperanar) = O(1) [29], where PLANAR denotes the family of all planar graphs.

Let G be a family of graphs closed under taking minors and under edge subdivisions, and
let M(G) denote the corresponding family of minimum multicut instances. Theorem 2.3.1,
which is a direct application of the work of Carr and Vempala [10] to the minimum mul-
ticut problem, shows that any feasible fractional solution to the LP relaxation can be
approximately represented as a convex combination of feasible multicuts.

Theorem 2.3.1. Suppose we are given an instance M € M(G). Let F C 2F pe the
set of all feasible multicuts for M, and let x be a feasible fractional solution to the LP
relaxation. Then there exists a probability distribution y over F such that

Z yr < apmg) -x(e) Vee E(G).
53

Proof. Suppose the statement does not hold. Then the following linear system (2.2) is

infeasible.
dup=1 (2.2)

FeF
Z yr < a-x(e) Ve € E(G) (2.3)
FeF
ecF
yr 20 (2.4)
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This implies that the following system (2.7) is infeasible as well. The reason is that if the
system below is feasible, then we can scale down the feasible solution appropriately and
obtain a feasible solution for the system above.

Z yr > 1, (2.5)

FeF
Z yr < a-xz(e) Vee€ E(G), (2.6)
FeF
eckF
yp >0 VEeF. (2.7)

By reversing the inequality (2.5), we obtain that the following system (2.8) is also infeasible,

> (—yr) < -1, (2.8)

FeF
Zyp <a-z(e) Vee E(G), (2.9)
FeF
eck
yp >0 VFEFeF. (210)
Now, we use the following variant of Farkas Lemma (See [31] for a proof).

Lemma 2.3.1. {z € R"|Az < b,x > 0} = 0 iff there exists a vector u such that ATu >
0,u >0 and bTu < 0.

For a feasible multicut F, let xr € {0,1}¥ denote its indicator vector. By Lemma 2.3.1,
there exists © > 0 and ¢ > 0 such that ¢’ yp —u>0forall F € F and —u+ o -cl'z < 0.
This means that ¢! yp > u for all F € F, and a - c¢'ow < u. Thus, cI'xyp > u > a - 'z for
all F' € F. Therefore with respect to the cost function ¢, OPTrp < = and OPTrp > w.
This implies that integrality gap of the multicut instance M is > «, a contradiction. [

To connect this with the notion of small diameter decompositions, we now give the formal
definition.

Definition 2.3.2 (Small Diameter Decomposition (SDD)). Given an unweighted graph
G, an integer parameter k € N, and a probability parameter 0 < p < 1, the small di-
ameter decomposition (SDD) problem asks whether there exists a probability distribution
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D = {yr}rer () over Fi(G), the family of k-diameter decompositions of G, such that
every edge e € E(QG) is included in a random k-diameter decomposition sampled from D
with probability at most p, that is,

Z yr < p foralle € E(G).

FG.Fk(G)
ecF
If such a distribution exists, we denote it by SDD(G, k,p) (See Figure 2.1). Moreover, a
family of graphs G is said to be SDD(k,p)-acceptable if for every G € G there exists an
SDD(G,k,p).

€1 €9 €3

Figure 2.1: G is a simple path with 3 edges, and k = 2. Let F; = {ey, e}, Fo = {ea}, F3 =
{62, 63},F4 = {61763}. One can see that fQ(G) = {Fl, FQ, Fg, F4,E(G)} Let Y = Ypy =
yp) =0, and yp, = yp, = 5. This distribution is a SDD(G, 2, 1)

In the following Theorem 2.3.2, we make explicit the relation between the integrality gap
apm(g) and the existence of suitable SDDs for graph families G closed under minors and
edge subdivisions. The forward implication is a direct consequence of Theorem 2.3.1, which

itself follows straightforwardly from the work of Carr and Vempala [10] in the context of
the minimum multicut problem, and is therefore not our contribution. The backward
implication similarly relies on the simple subdivision technique used in [32], and again is

not part of our new contributions. Theorem 2.3.2 merely states this relation explicitly.

Theorem 2.3.2. Let G be a family of graphs closed under minors and edge subdivisions,
and let o be a parameter. Then

ameg) La = VGeg, VweN, EISDD(G,Qw,%).

Proof. Forward direction. Assume ag) < «, and let G € G be arbitrary and w € N. We
define a multicut instance M on G and apply Theorem 2.3.1. Let

S ={(u,v) € V(G) x V(G) | dg(u,v) > 2w}
be the set of source—sink pairs, and assign unit costs to all edges. Define the fractional

solution x by setting x(e) = 5= for all e € E(G). This is easily seen to be a feasible solution
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to the LP relaxation (2.1). By Theorem 2.3.1, there exists a probability distribution y over
feasible multicuts of M such that each edge e € F(G) is cut with probability at most

1 o
AM©) " 30 S u

Finally, note that a set of edges is a feasible multicut for this instance if and only if it

defines a 2w-diameter decomposition of G. This yields the desired SDD(G, 2w, 5-).

Backward direction. Assume that for every G € G and w € N there exists SDD(G, 2w, 5-).
Let M be an arbitrary instance of the minimum multicut problem on G € G with edge
costs ¢ : E(G) — Z, and source-sink pairs {(s;,%;)}*_,. We will show that

OPTp(M) _
OPT p(M) ~

Let © = {z.}ecn () be an optimal fractional solution to the LP relaxation (2.1). Since LP
solutions are rational, we may assume z. € QQ for all e. Define the support of x as

A={ee€ E(G)|x. > 0}.

Choose w € N such that 2wz, is an integer for every e € A. Construct a new graph
S(G, M) by contracting every edge e ¢ A and replacing each edge e € A with a path P, of
length 2wz,.. Since G is closed under minors and edge subdivisions, we have S(G, M) € G.

By assumption, there exists SDD(S(G, M), 2w, 5-). This means there is a probability
distribution y over Fy,,(S(G, M)) (the family of edge sets inducing components of diameter
at most 2w — 1) such that

S wr < £, Vee B(S(G,M)).

Fef?w(S(GvM))
ecl

Claim 2.3.1. For the multicut instance M, we have

OPT;p(M)

OPT,p(M) =

Proof of Claim. For each F' € Fy,(S(G, M)), define
9(F) ={e€ E(G) | FNE(F.) # 2}

g(F) is a feasible multicut for the instance M. The reason is as follows. Suppose, for
contradiction, that there exists a source-sink pair (s;,?;) and a path P € P; connecting
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them in G\ g(F) such that E(P)Ng(F’) = 0. Since the LP solution x satisfies D ppy v >
1, the corresponding path P in S(G, M) (formed by replacing each e € F(P) with the path
P.) has length at least 2w. The assumption E(P)Ng(F) = () implies that E(P")NF = 0,
and thus s; and ¢; remain connected in S(G, M)\ F'. This contradicts the assumption that
F € Fo,(S(G,M)), as no connected component in the decomposition can have diameter
> 2w.

Now, let B = {g(F) | F € F5,(S(G, M))}, and for each b € B, define

Yp = Z Yr-

FEFa,(S(G,M))
g(F)=b

Then 3 = {y, }sep is a probability distribution over multicuts in G. We now analyze the
expected cost of a multicut drawn from this distribution. For any edge e € E(G), if z. = 0,
then e was contracted and does not appear in S(G, M), so:

> uh=0.
ade, beB
If e € A, then:
(0]
r %
SRS SR SRR
boe, beB e'eP, F>e’

FeFau,(S(G,M))

Therefore, in expectation, each edge e appears in a randomly sampled multicut with prob-
ability at most ax.. This implies there exists a multicut b € B such that

Zce <« Z Cete = - OPTpp(M),

ecb e€E(GQ)

which completes the proof. A
O

The transition to the SDD framework eliminates the dependence on the specific placement
of source—sink pairs and edge costs, which could otherwise be arbitrary, and instead pro-
vides a uniform way of analyzing the integrality gap. Theorem 2.3.2 serves as the bridge
between SDDs and the integrality gap: its forward direction will be used in section 2.5 to
establish lower bounds for cactus graphs, while its backward direction will be applied in
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section 2.6, section 2.7, and section 2.8 to derive upper bounds for cactus, unicyclic, and
path cactus graphs.

In the backward direction, it is sufficient to guarantee the existence of SDD(S(G, M), 2w, 5-)
for the particular choice of w arising in the construction. For our upper-bound analysis,
we select w so that each quantity wz,. is not only integral but also even. This ensures that,
after transforming G into S(G, M), the distance between any two original vertices of G
is even—a technical simplification that will play an important role in the arguments that
follow.

To prove the existence of the required SDDs, we explicitly design randomized algorithms.
Each of these algorithms produces a 2w-diameter decomposition with carefully controlled
probabilities of cutting edges. This in turn certifies the existence of an appropriate SDD
and, by Theorem 2.3.2, yields the desired bounds on the integrality gap. In the following, we
present the outlines of these algorithms and explain how they establish the corresponding
bounds.

e Algorithm 1: Given a cactus graph G in which every cycle has even length, the
algorithm removes each edge e € E(G) with probability at most (1+ 515) - = =~

1.721 - % This shows that there exists an SDD(G, 2w, 1.721 - %) By Theorem 2.3.2,
this implies that

acacTus < 3.45.

e Algorithm 2: For an unicyclic graph G in which the unique cycle has even length,
the algorithm removes each edge e € E(G) with probability at most i Thus there
exists an SDD(G, 2w, %), and Theorem 2.3.2 gives

aynNicycLic < 2.

Since unicyclic graphs contain trees as subgraphs (for which the gap is known to be
2), it follows that QUNICYCLIC — 2 [ ]

Remark 2.3.1. In section 2.7, we do not explicitly construct an SDD(G, 2w, %),
but instead prove an equivalent statement that implies its existence. The details will
be elaborated in that section.

e Algorithm 3: For a path cactus graph G in which all cycles have even length, the
algorithm removes each edge e € F(G) with probability at most i Hence there
exists an SDD(G, 2w, %), and Theorem 2.3.2 yields

QPATH CACTUS < 2.
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In section 2.8, we provide an explicit instance of the minimum multicut problem
showing that the gap is at least 2 in path cactus graphs, and therefor apary cacTus =
2

As mentioned earlier, aaq(rresy = 2. By Theorem 2.3.2, this implies that for any tree T
and any integer w € N, there exists

SDD(T, 2w, 2 = 1.

w

In other words, the family of trees is SDD(2w, +)-acceptable for any w € N. More-
over, without directly appealing to Theorem 2.3.2, we can explicitly construct such an
SDD(T, 2w, i) This explicit construction will serve as a foundation for developing intu-
ition regarding structured small-diameter decompositions in the next section 2.4.

2.3.1 Small Diameter Decomposition for Trees

Theorem 2.3.3. Let T be a tree. Then for every integer w € N, there exists
SDD(T, 2w, 1).

Equivalently, there exists a probability distribution D = {yp}rer,, ) over Fau(T) such
that

1
g yrp < — Vee E(T). (2.11)
FEFa,(T) v
eckF

Proof. Root the tree T" at an arbitrary vertex r € V(7). For ¢ =0,...,w — 1, define
F,={ec E(T)|d(r,e) =i+ kw for some k € Zo }.

Set yp, = % foreach i =0,...,w—1, and yr = 0 otherwise. Note that the sets F; partition
E(T): we have BE(T) = Ui, F; and F; N Fj = § for i # j. Thus,

w—1
Z yF:ZyFizi, Ve € E(T).
=0

FeFou (T
662%( ) eck;

It remains to show that each F; is a valid 2w-diameter decomposition. Fix F;, and consider
a pair of vertices (u,v) with d(u,v) > 2w. Let ¢ be the lowest common ancestor of u and v.
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The unique u—v path consists of the u—¢ path and the ¢g—v path. Since d(u,v) > 2w, one of
these subpaths has length at least w. Without loss of generality, suppose d(g,v) > w, and
denote this path by @ = eg,ey,...,e,. Because ¢ is an ancestor of v, we have d(r,e;) =
d(r,ei—1) + 1 for i = 1,...,p. Hence there exists some e; € @ such that d(r,e;) = ¢
(mod w), i.e., e; € F;. Removing F; therefore separates u and v, as required. This shows
that F; defines a 2w-diameter decomposition, and hence D is a valid SDD(T, 2w, 1/w). O

The 2w-diameter decompositions Fy, ..., F,,_1 described in the proof of Theorem 2.3.3 will
be useful in the remainder of the thesis, so we record a formal definition.

Definition 2.3.3. Letw € N, and let T' be a tree with a distinguished root vertex r € V(T').
For each 1 =0,1,...,w —1, define

F'(T,r) :={e € BE(T) | dr(r,e) =i (mod w)},

where dr(r,e) denotes the distance from 1 to the closer endpoint of e. Then {F! (T,r)} !
forms a partition of E(T). Moreover, each F!(T,r) defines a 2w-diameter decomposition
of T', and the connected component containing the root r has radius at most i from r, that
18,

radpi (1) <i <w — 1.

Thus, the SDD(T,2w,1/w) constructed in the proof of Theorem 2.3.3 also satisfies this
useful structural property, which we highlight next.

Observation 2.3.1. For the 2w-diameter decompositions Fy, ..., F,_1 described in the
proof of Theorem 2.3.3, the following properties hold:

1. For everyi=20,...,w—1, we have

radp,(r) <i<w— 1.

(3

Equivalently,

Z yr = L.

F:radp(r)<w-—1

2. For all 1 <k < w, we have radp,(r) < k — 1 with probability f More precisely,

v

k—1
]C 2 OéM( )
> =Y un=— 2 1-s(w—k)=1- ),
1=0

w
Fiiradp, (r)<k—1

60



This observation shows that the SDD(T,2w,1/w) established in Theorem 2.3.3 not only
meets the basic edge condition of equation (2.11), but also enjoys additional structural
properties. These strengthened features are captured in the following Corollary 2.3.1. In
the next section 2.4, we will extend this idea and show that a similar phenomenon holds
for families of graphs closed under the 1-sum operation, a property that the family of trees
also satisfies.

Corollary 2.3.1. Let T be a tree, and let r € V(T) be an arbitrary root. For the fam-
ily Fou(T) of all 2w-diameter decompositions, there exists an SDD(T,2w,1/w), i.e., a
distribution D = {yp}rer,, (1), with the following additional properties:

> ur=1,

F:radp(r)<w-—1

«
g yF21—m(w—k) VkE=1,...,w.
2w
F:radp(r)<k—1

2.4 A Structural Result for Small Diameter Decom-
positions

We now define the 1-sum operation on graphs, which will play a crucial role going forward.
Let Gy,...,Gy be non-empty graphs, and let r; € V(G;) for i = 1,...,k. The graph
G is obtained by taking the disjoint union of Gy, Gy, ..., Gy, and identifying the vertices
1,72, ..., We say that G° is obtained by performing the 1-sum of the G;’s at the
vertices r;’s. The vertex r = r; = --- = ry, is called the main vertex of G°. See Figure 2.2
for an illustration.

AO-O= Y

Figure 2.2: An illustration of the 1-sum operation

Let G be a family of graphs. We say that G is closed under the 1-sum operation if for
any Gi1,...,G € G and r; € G;, the graph obtained by taking 1-sum of Gy,...,G} at
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r1,72,...,T, 18 a graph in G. Many natural classes of family are closed under the 1-sum
operation, such as trees, cactus graphs and planar graphs. Note that 1-sum is a special
case of a well known and a more general notion of clique-sums.

In the remainder of this section, let w € N and 0 < p < 1 be fixed parameters, and assume
that the graph family G is closed under minors, subdivisions, and the 1-sum operation,
and is SDD(2w, p)-acceptable. Note that the existence of an SDD(G, 2w, p) implies that
one can sample a 2w-diameter decomposition of G in which each edge is included with
probability at most p.

We note down a few more definitions before stating the main theorem of this section. Let
G € G be a graph and r € V(G) be an arbitrary vertex. Recall that F5,,(G) denotes the
set of all 2w-diameter decompositions of G. For k € {1,...,w}, we use Fy, (G, r) to denote
the set of all 2w-diameter decompositions of GG such that every vertex in the connected
component containing r is within distance strictly less than k from it. More precisely,

Fo (G,r) = {F € Fou(Q) | radp(r) < k}.

In Theorem 2.4.1, we show that if G is closed under the 1-sum operation and is SD D (2w, p)-

acceptable, then for any G € G and r € V(G), there exists an SDD(G, 2w, p) over the

family of 2w-diameter decompositions Fs,,(G) such that, when sampling a decomposition

F € F5,(G) from this distribution, we are guaranteed that radp(r) < w —1, ie., F €
2 (G, 7). This condition is directly analogous to the first item of Observation 2.3.1.

Theorem 2.4.1. Suppose that G is closed under the 1-sum operation and is SDD (2w, p)-
acceptable. Let G € G and let r € V(G) be an arbitrary vertex. Then there exists an
SDD(G, 2w, p), i.e., a distribution y = {yr | F € Fau(G)}, such that

Z yr =1,

FEFY, (Gyr)

meaning that every sampled 2w-diameter decomposition ' from this distribution satisfies
radp(r) <w — 1.

Proof. Let Fa, = Fou(G) and Fy (1) = Fio (G, r) for simplicity. It is sufficient to show
that the following LP (2.12) is feasible and has optimal value 0.
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min Z i
FEFou,\FL, (r)
Z yr < p Vee€ E(G)

FeFy, (2.12)

Z yr =1
FeFay

yFZO \V/F€f2w

The above LP (2.12) is feasible since G is SDD(2w, p)-acceptable. For the sake of con-
tradiction, assume that the optimal value of the above LP is z > 0. Let m > % be a
natural number. Let Gy, ..., G, be m disjoint copies of G and r; be the vertex of GG; which
corresponds to r. Let G’ be formed by taking 1-sum of Gy,...,G,, at rq,...,r,. See the
following Figure 2.3 for an illustration.

r="r,T2,...,Tm

G
G

Go

G/

Figure 2.3: Illustration for construction of G’ by taking l-sum of Gi,Gs,...,G,, at
1,72, .., Tm.

Note that G' € G since G is closed under the 1-sum operation. Let F, = Fa,,(G’) be the
set of all 2w-diameter decompositions of G’. Since G is SD D (2w, p)-acceptable, then G’ has
a SDD(G',2w,p). Let {gp }rer,, ) denote such a distribution for G'. Let G; = (V;, E;)
and Fa,(G;) be the set of all 2w-diameter decompositions of G; for : = 1,2,...,m.! The
distribution g over Fj,, defines a distribution g" over Fy,(G;) as follows:

9F = Z g forall F e Fyu(G)).

'Note that -, Vi = {r}.
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Since ¢ is the projection of g onto Gy, and g is an SDD(G’, 2w, p), it follows that ¢* is
also an SDD(G;, 2w, p). The following claim states this more generally.

Claim 2.4.1. Let G be a graph and let © = {xp }per,, ) be an SDD(G,2w,p). Let H
be a subgraph of G. For any F € F,(H), define

Yyr = Z Tpr.

F/G]:Qw(G)
F'OE(H)=F

Then y = {yr}rer., ) is an SDD(H, 2w, p).

Proof of Claim. For any edge e € E(H), we have

E Yr = E E Tpr = E T < p
FeFo, (H) FeFow(H) F'€Fau G) F'€Fau (@)
ecl e€F  F'NE(H)=F ecF’

Moreover, y > 0 and y is a probability distribution since

S e Y Y wme Y a-1

FeFau(H) FeFaw(H) F'€Fau(G) F'€Fou(G)
F'NE(H)=F

Thus, y defines an SDD(H, 2w, p). A

Since each G; is an identical copy of G, and ¢’ is a feasible solution to the extended LP
(2.12) above, we have

Z g > 2z foralli=1,2,...,m.
Fe}—Qw(GL)\};Uw(GHT)

Recall that F32 (G;,r) denotes the set of all 2w-diameter decompositions of G; in which
the distance of every vertex in the connected component containing r is at most w —1 from
it. Let 7; be the event that, when sampling F’ € F)  according to the distribution g, the
intersection F' N E; does not belong to F3’ (G;,r). From the above discussion, it follows
that Pr[T;] > z. Since m > 1, we have

ZPr | >z-m>1.

This implies that the events Ti,...,T),, are not disjoint, and there exist indices i, j such
that Pr[T; N T;] # 0. Therefore, there exists a F' € F,,, and vertices u € V;, v € V; such
that:
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1. g >0,
2. u and v are in the connected component containing r in G’ — F”,

3. the distance of v and v from r is at least w.

But then, the diameter of F” is at least 2w, which contradicts the fact that F’ € Fj,,. This
implies that z = 0, and completes the proof of the theorem. O

We say that a graph G together with a vertex r € V(G) has an SDD(G, 2w, p,r) if there
exists an SDD(G, 2w, p) distribution y = {yr}recr,, (@) such that

Z yr = L.

FeFy (Gr)

In this case, every sampled 2w-diameter decomposition F' from y satisfies radp(r) < w—1.
We say that a graph class G is strongly S DD(w, p)-acceptable if for every G € G and every
r € V(G), there exists an SDD(G, 2w, p,r).

In Theorem 2.4.1, we proved that if a graph class G, closed under the 1-sum operation, is
SDD(2w, p)-acceptable, then it is also strongly SDD(w, p)-acceptable. In Theorem 2.4.2,
we extend this result to arbitrary radii. For the proof, we additionally assume that G
contains K, the complete graph on two vertices (i.e., a single edge).

Theorem 2.4.2. Suppose that G is closed under the 1-sum operation, contains Ko, and
is strongly SDD(w, p)-acceptable. Let G € G, r € V(G), and k € {1,...,w}. Then there
exists an SDD(G, 2w, p,r) distribution y = {yr | F' € Fa,(G)} such that

Z yr > 1 —plw—k).

FE]—%‘M (G,r)

Proof. Let Fop = Fou(G), FL (r) = F (G,r) and Fi, (r) = Fx (G, r) for simplicity. It is
sufficient to show that the following LP (2.13) is feasible and has optimal value 0.
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min Z s
FeFou,\FL, (1)
Y yp>l—pw—k)

Fefgw(r)

S yr<p Vee B(G) (2.13)

FeFoy
ecF

Z yr =1

FeFay

Yr >0 VE € fzw

For now, assume that the LP (2.13) is feasible and its optimal value is z > 0. The proof
that LP (2.13) is feasible will also follow from the discussion below. Let m > % and
G1,...,G,, be m disjoint copies of GG. Let r; be the vertex of G; which corresponds to r
and G’ be formed by taking 1-sum of G1,...,G,, at r1,...,r,. We construct H by adding
a path of length w — k to G’ at r. Let P = {ey,ea,...,e,_k} be the set of edges on this
path, where e; = (r,v1),e2 = (v1,12), ..., €w_t = (Vw_k_1,v). See the following Figure 2.4
for an illustration.

Figure 2.4: Hlustration of the construction of H

Since G is closed under the 1-sum operation and Ky € G, we conclude that H € G. By the
assumption that G is strongly SDD(2w, p)-acceptable, there exists an SDD(H, 2w, p,r)
distribution

Tr = {l’p/ ‘ FI € wi(H)},
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with properties

Z =1 and Z xp <p foralleec E(H).
FleFe (Hr) F'€Fau(H)
e€F’

Let A={F' e Fy (H,v) | FFNE(P) # (0} and B={F' € F{ (H,v) | F'NE(P) = 0}.
Let Ay ={F' € A|e € F'}fori=1,...,w—k. Notethat Y p_, T + Y peprr = 1.
Since Y ey, Tr < p, and A = U A;, it follows that:

prg(w—k:)p = ZxF121—(w—k:)p.

F'eA F'eB

Let G; = (Vi, E;) and Fu,(G;) be the set of all 2w-diameter decompositions of G; for
i=1,2,...,m. Recall that F& (G;,r), Fx (G;, 1) is the set of 2w-diameter decompositions
of G; in which the distance of every vertex in the connected component containing r is at
most w — 1 and k& — 1 from it, respectively. For F' € Fy,(G;), let

y}: Z L.

F'eF¥ (Hw)
F'NE;=F

In other words, 3% is the projection of z to the graph G;. The next claim shows that the
projection of the distribution z onto G; is a feasible solution to the LP (2.13).
Claim 2.4.2. y' = {y% | F' € Fou(G;)} is a feasible solution to the LP (2.13).

Proof of Claim. As shown in Claim 2.4.1, y* is a SDD(G;, 2w, p) for G;. Let B; = {F' N
E; | F" € B}. Observe that B; € F2,(G;). Let F' € B;. Then there exists F’ € B such that
F = F' N E;. Furthermore, for any F’ € B, we have F' € Fy (H,v) and F' N E(P) = (.
Hence we can conclude that F' € F¥ (G;,r). Thus,

Z y;zzy%zz Z xF’:ZIF’Zl—(U)—k)-p,

FeFy,(Gir) FeB; FeB; F,ﬁ'bgg h F'eB
=
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Since G; is an identical copy of G and Fy,(G;) is also an identical copy of Fay, = Fou(G),
Claim 2.4 shows that 3 is a feasible solutions for LP (2.13) for G, it follows that LP (2.13)
is feasible. Since z is the optimal solution of LP (2.13), for each y¢, we have,

Z y%zz.

FeFoyu (Gz)\}—é"w (Gi,r)

This implies that,

i Z y%2m2>1.

=1 FEwi(Gi)\fé“Uw(Gi,T)

Using same argument as in the proof of Theorem 2.4.1, we can show that there exists
1<i#j<mand F' € F} (H,v) such that

yr >0, F'OE; ¢ Fo (Giyr) and F' N E; ¢ Fy (G, 7).

This means that there exists a vertex a € V;,b € V; such that the distance of a and b from
r is at least w, and they are both included in the connected component containing r in
H — F'. Hence u and v are at least 2w distance apart, and this contradicts the fact that F”
is a 2w-diameter decomposition. Hence z = 0 and this completes the proof of the theorem.

]

So far, we have shown that SDDs for any graph class closed under the 1-sum operation
are consistent with those constructed for trees in observation 2.3.1. We now state a simple
Lemma 2.4.1, which will be useful in proving the lower bound on the integrality gap for
cactus graphs in section 2.5. From this point onward, by Theorem 2.4.1 and Theorem 2.4.2,
we may restrict our attention to Fy., (G, r) instead of Fa, (G), for a given graph G and vertex

re V(G).

Lemma 2.4.1. Let G € G and let r € V(G) be an arbitrary vertex. Let P be any shortest
path of length w starting at r, and denote its other endpoint by r'. Ify = {yr | F €
L (G,r)} is an SDD(G, 2w, p,r), then:

FNEWP)#0 foralF e Fy,

w

(G7 r)?

and

Yo yr < (wop) -1

FeFy (G,r)
|FAE(P)[2
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Proof. 1f there exists F' € F4 (G, r) such that FNE(P) = ), then r, 7’ are within the same
connected component in G F, which contradicts the fact that F' € F3’ (G, r). Let,

A={FeFo(Gr) | |FNEP) =2} and B = {F € F&(G,r) | |[FnE(P)| = 1}.

Note that A, B forms a partition of F3 (G, 7). Using the definition of A and B, and the
fact that Y ., yr+ > pep yr = 1, we can derive the statement of the theorem as follows:

Syr+1=2-> yr+> yr< . Y. yr< Y p < wep

FeA FeA FeB c€E(P) FeFY (Gr) e€E(P)

2w

ecF
Note that the first inequality can be derived by showing that yr appears at least twice in
the right hand side if F' € A, and exactly once if F' € B. m

We are now equipped to prove the lower bound on the integrality gap for cactus graphs,
which will be the focus of the next section 2.5.

2.5 Lower Bound on the Integrality (Gap For Cactus
Graphs

We are now ready to prove our main theorem. Suppose that w is a fixed even integer.
We will apply the tools developed in the previous sections to the family of cactus graphs.
Let G be the family of cactus graphs, and define o = apqg). Since G is closed under
minors and subdivisions, Theorem 2.3.2 implies that G is SDD (Zw, %)—acceptable. Let
p = 5. Since G is also closed under the 1-sum operation, Theorem 2.4.1 ensures that
G is strongly SDD(2w, p)-acceptable. In Theorem 2.5.1, we show that if G is strongly

SDD(2w, p)-acceptable, then w - p > %. This implies

and hence o > 2.

Theorem 2.5.1. Let G be the family of cactus graphs. If G is strongly SDD(2w,p)-
acceptable, then w - p > %.
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Proof. Let H be a cycle of length 2w. Let r, u, v/, and v be four vertices of the cycle in
anti-clockwise order, such that d(r,u) = d(u,r’) = d(r',v) = d(v,r) = §. We construct G
from H by attaching paths u — v’ and v — v’ of length ¥ from u and v, respectively. We
denote the path of length § from r to u by P,, from u to r’ by P,, from 7' to v by F;, and
from v to r by P,. We denote the path from u to v’ by P. and the path from v to v" by
P;. See the Figure 2.5 for an illustration. Note that G € G.

Figure 2.5: G

For the sake of contradiction, assume that w - p < %. Let k = 5, F = F3,(G,r) and
A=Fk (G,r). Since Ky € G and G is closed under 1-sum, we can use Theorem 2.4.1 and
Theorem 2.4.2 to conclude that there exists SDD(G,2w,p,r) y = {yr | F € FL(G,r)}

such that,

_ T P
Zyp— Z ypzl—(w—k)-p—1—2 p=1 5
FeA FeFs,(r)

Suppose that ' € A. Since d(u,r) = k = § and [(v,7) = k = 5, we have that FNE(P,) #
) and F N (P,) # 0. The next claim shows that under the assumption that w - p < 1970,
there exists F' € A which does not pick any edges from P,, P, P., P;. This will lead
to a contradiction, as v’ and v’ are 2w distance apart, and since F is a 2w-diameter
decomposition, they should have been separated by F'. This implies that w - p > % and

completes the proof of the theorem.

Claim 2.5.1. There exists F' € A such that FONE(F,), FNE(P,), FNE(P.), FNE(P,) = 0.

Proof of Claim. Let P., P} be the two paths between r,r’ containing P,, P, respectively.
Also, let P/, P/ be the unique shortest paths starting at r and ending at u’, v, respectively.
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Let A, ={F € A| FNE(PR,) # 0} and F € A,. This implies that |[FFN E(P,)| > 2. Since
P! is a shortest path with length w from r, using Lemma 2.4.1, we have,

Z yr < (w-p)—1 = Zng(w.p)_l.

FEF,|FNE(P))|>2 FeA,
Similarly, we define,
Ay={F € A|FNE(R,) #0},A.={F € A|FNE(P,) # 0}, Ay = {F € A| FNE(P,) # 0},

and doing the same argument for P, P), P!, we obtain,

ZyFS(w'P)—l; ZyFS(w'p)—l; ZyFS(w-p)—l.

FeA,y, FeA. FeAy

Let A*=A\ (A, U A, UA.UA,). From the discussion above, it follows that,

ZyF:ZyF— Z ypz(1—%>—4.(w.p_1):5_9'@20-p>0‘

FeA* FeA FeAUALUAUA,

This shows that A* # () and completes the proof of the claim. A

2.5.1 An Explicit Construction

Inspired by the proof presented in the previous sections, we now give an explicit example
on a cactus graph where the integrality gap is at least 29—0. In particular, given an € > 0,
we are going to give an instance of the minimum multicut problem M on a cactus graph

G such that,
OPTp(M) < 20

— — €.

OPTrp(M) — 9

We will construct the graph G by using two 1 — sum operations. Let H be the following
graph,
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Us Vg

Uy

Figure 2.6: H

and k be a sufficiently large natural number. Let Hy, ..., H; be k disjoint copies of H.
Let vi be the vertex corresponding to v; in H. We construct H' by taking 1-sum of
Hy, Hy, ..., Hy at vi,v? ... v¥ respectively. Let v; = vl =0? = ... = vF. We obtain H”

by adding an edge (v1,vg) to H'. See the Figure 2.7 below for an illustration.

Figure 2.7: H"”

Let HY,..., H} be k disjoint copies of H”. Let v} be the vertex of H; corresponding to
the vertex vy of H”. Let G = (V, E) be the graph obtained by taking 1-sum of HY, ..., H}
be at v}, ..., vk, respectively. Let vg = v} = ... = vf. Let v; be the unique neighbor of vy

in H;. See the Figure 2.8 below for an illustration.

Vo

Figure 2.8: G

We partition the set of edges £ based on their distance from v, as follows:

Ey={ec E|l(vg,e) =0}, By ={e€ E|l(vg,e) =1}, E3={e € E | l(vg,e) = 2}.

72



Note that FE; is the set of incident edges to vy, and E4, Fs, E3 is a partition of E. Now we
are going to define an instance of the minimum multicut problem on G. We first assign
costs to edges as follows:

k €€E1
cle)=42 e€Fy
1 €€E3

be the cost function, and let S = {(u,v) € V. x V | d(u,v) > 4} be the set of source-sink
pairs. We will denote this multicut instance by M. It is easy to see that z = {z. = }l |e€
E} is a feasible fractional solution to M with cost

k-k+2-k*-2+4k*-1  9-k?

4 4

We will now show that the cost of any feasible multicut (i.e. an integral solution) is at least
5k? — 9k. This will imply that the integrality gap for this instance is at least ? — %, which
can be arbitrarily close to %. More precisely, for any € > 0, we can set k >

= to obtain a
lower bound of % — €.

Recall that for a graph H, we use V(H) and E(H) to denote the set of vertices and edges
in H, and for £ C E(H), we use ¢(E’') to denote the total cost of edges in E’. Let F
be a feasible multicut solution to M. Let t = |E; N F|. For now assume that 0 < ¢t < k.
Without loss of generality, assume that (vo,v;) € F fori=1,... t.

Claim 2.5.2. ¢(FNE(H!) >4-(k—1)+k fori=1,2,....t.

Proof of Claim. We will prove the claim for ¢ = 1. The proof for other values of i is
identical. Denote Hy, ..., H; as the k copies of H incident at v;. For each 1 <i < k, we
call H; good if radp(vy) < 1, and we call it bad otherwise. It is not too difficult to see
that there is at most one bad H;. Suppose that Hy, Hy are bad graphs, then there exists
a € V(Hy),b € V(H;) such that d(a,v),d(b,v1) > 2. But this is a contradiction since a
and b are within the same component as v; after the removal of F'| and are at a distance 4
apart, i.e. they are a source-sink pair in the multicut instance M. Thus, there are at least
k — 1 good graphs attached to v;. By doing a simple case analysis, it can be verified that
c(FNE(H;)) > 4if H; is good. Combining the above with the fact that the edge between
Vg, v1 1s included in F, we obtain the statement of the claim. A

Note that vyiq,...,v; are within the same component as vy after the removal of F. For
each t+1 < j <k, we call H} good if radp(vg) < 1in HY, otherwise we call it bad. Using

73



a similar argument as in the proof of Claim 2.5.1, one can show that there at most 1 bad
HY. Thus, we have at least k —t — 1 good H's.

Claim 2.5.3. ¢(F N E(H})) >5-k if H] is good fort+1<j <k.

Proof of Claim. Since the edge between vy, v; is not included in F', Fy N E(H}) C F or
equivalently, all the edges with cost 2 of HY are included in F. On the other hand, let
H; be one of the attached copies of H to v;. Note that we have already showed that
ExsNE(H;) € F. If E3N E(H;) N F =), then there is a source-sink pair at distance 4 in
H; which is not disconnected. Therefore, in each H;, F' picks edges of total weight at least
5. A

Therefore we obtain,
c(F)>t-(5k —4)+ (k—1—1t)-(5k) = 5k? — 5k — 4t > 5k* — 9k.

Even when ¢ = 0, k, one can use the same arguments as above to obtain the same lower
bound on the cost of F'. This concludes the proof.

2.6 Upper Bound on the Integrality Gap for Cactus
Graphs

Let w € N and G be a cactus with distinct cycles Cy, ..., Cy such that len(C;) is an even
number for i = 1, ..., k. For simplicity, we denote the distance function dg as d throughout
this section. Let r € V(@) be an arbitrary vertex, which we denote as the root. For any
cycle Cj, let r¢, € V(C;) be the unique vertex such that d(r,r¢,) = min,ey (¢, d(r,v), and

let
len(C;)/2

1
i =2 AN o
p ]Z_; len(Cy) — 5
and let D; be the probability distribution on E(C;) defined by

1 1
gf(e) "B len(C;) — d(r¢,,e) — 17

Ve € E(CZ),

where 3; is the normalizing constant ensuring that the total probability sums to 1. To see

this note that for each j =1,..., le”éci), we have [{e € E(C;) | d(r¢,,e) = j—1}| = 2. The

algorithm is described in detail in Algorithm 1.

74



Algorithm 1 Cactus Algorithm

1: Let FF = @.
2: fori=1,...,k do
Choose an edge ¢; € E(C;) randomly according to the distribution D;. Add e; to
F', and remove ¢e; from C;.
end for
Let T' denote the resulting graph, which is a tree.
Pick p € {0,1,...,w — 1} uniformly at random.
Add FA(T,r) to F, and remove E°(T,r) from T.
fori=1,...,k do
if the endpoints of e; are within the same connected component in G \ F' then
10: Remove e; from F, and keep ¢; in G.
11: end if
12: end for
13: Return F.

w

Lemma 2.6.1. F € F5,(G).

Proof. Let I’ denote the set of edges in F' immediately before the execution of the line 8
of Algorithm 1. At that point, we have F' = (E(G) \ E(T)) U F£(T,r), which means that
F' € Fou(G), as FL(T,r) € Fau(T) mentioned in Definition 2.3.3. During the execution
of the lines 8 to 12 of Algorithm 1, each edge e; is removed from F” only if its endpoints
are still connected in G \ F’. This means that no two previously disconnected components
become reconnected. Thus, F' € Fo,(G). O

Now, we show that each edge e € FE(G) is removed by Algorithm 1 with probability at

most (1 + 575) - =

Remark 2.6.1. The choice of p in the line 6 is independent of the choice of the edges in
the lines 2 to 4 of Algorithm 1.

Remark 2.6.1 implies that each cut-edge e € F(G) is removed by Algorithm 1 with prob-
ability i For edges that lie within cycles, we have the following Lemma 2.6.2.

Lemma 2.6.2. Let e € E(C;) for somei=1,.... k. Prlee F]=(1+ é) L

Proof. Let A be the event that e € F, and let B be the event that e is chosen as e; in
line 3 of Algorithm 1. Then,

Pr[A] = Pr[A | B] - Pr[B] + Pr[A | B] - Pr[B].
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By Remark 2.6.1, we have

Pr[A| B]-Pr[B] < — 1=

1
o

g~

To compute Pr[A | B], let P, and P, denote the shorter and longer paths, respectively,
between r¢, and e in C; (see Figure 2.9). Note that

len(Py) = d(rg;, e) <len(Ps) =len(C;) — d(r¢;,e) — 1.

Since r¢, is the least common ancestor (LCA) of P, and P, in the tree T rooted at r (as
defined in line 5), it follows that if E(P) N FL(T,r) # @, then E(Py) N FA(T,r) # @ as
well. Each edge in E(P,) is removed independently with probability <. Therefore, by the
union bound,

pifa | B] < )
w
Now, observe that
len(C;) — d(r¢,,e) —1 1 1 1
Pr|A| B] - Pr|B| = : C— = .
tlA | B PriB w B Ten(C) —d(re,0)— 1 B

Combining both parts, we conclude:

HW:62+$:G+5)'

=

T C;
Py
Py

e

Figure 2.9: P, Py, e in C;

Lemma 2.6.3. 3; > 2In2 forallt=1,... k.
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Proof. 1t is sufficient to prove f(k) = 1 +---+ 5 > In2for any k € N. f(k) is decreasing
in N. We have

2k— 1 2k
Z / L = In(2k) — In(k) = In (2:) = In2.
O

Thus, the probability that any edge is removed by Algorithm 1 is at most (1 + ﬁ) . i
By Theorem 2.3.2, which connects the existence of SDDs to integrality gap upper bounds,
together with the lower bound established in section 2.5, we obtain

222 = & < acacrus < 20 (14 555) < 3.442.

It remains an interesting open problem to close this gap.

2.7 Tight Integrality Gap for Unicyclic Graphs

Let w € N, and let G be a unicyclic graph with central cycle C', where C' has even
length. For each j = 1,...,n, let T} denote the tree attached to the vertex v; on the
cycle. See Figure 2.10 for an illustration Algorithm 2 returns a (random) subset of edges
F € F,(G) such that Prle € F| < 5= for all e € E(G) However this bound is slightly
larger than the probability clalmed in 2 3.1, since ; < 5=. Fortunately, we can resolve
this discrepancy as follows.

Let k € N be arbitrary, and let G¥ be the graph obtained from G by replacing each edge
e € E(G) with a path P, of length k. Note that G* is also unicyclic. Define w' := kw.
There is a natural relationship between Fy,/(G*) and Fs,(G). For each F' € Four(G*),
define the projection

g(F'):={e€ E(G) | F'NE(FR,) # @}.

Claim 2.7.1. g(F") € Fo,(G).
Proof of Claim. Suppose, for contradiction, that there exist two vertices u,v € V(G) that

lie in the same connected component of G \ g(F’) and satisfy dg(u,v) > 2w. Then the
corresponding distance in G* is at least dgx(u,v) > 2wk = 2w'. Let Q be the u—v path in

G\ g(F"). Since F'N (UeeE(Q) E(Pe)> = (), the replacement of @ in G* remains connected
in G¥\ F'. This contradicts the assumption that F’ € Fp,/ (G*). A
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Figure 2.10: Unicyclic graph with the central cycle C. T, is the attached tree to u.

Now, we apply Algorithm 2 to G* with parameter w’ = kw. It outputs a (random) subset
F' € Fpu (G*) such that
2 2

Prle’ € F'] < - .
e e Fl < o = s =1

By projecting the output via g(F”), we obtain a random subset g(F”) € Fa,,(G). Moreover,
for each edge e € E(G),

2 2k
2%kw—1  2%kw—1"

Prle € g(F")] < Prle' € F'| <k
e'€E(Pe)

where we used the union bound and the fact that each path P, has length k. Therefore,
for any k£ € N, we obtain an algorithm that returns a 2w-diameter decomposition of GG in
which each edge is removed with probability at most Taking the limit as £ — oo
recovers the bound claimed in 2.3.1.

2k
2kw—1"

We are now ready to describe Algorithm 2. The algorithm involves two sources of random-
ness. First, the algorithm selects an edge e € F(C') uniformly at random and temporarily
removes it, transforming the cycle C' into a path P := C'\ e.

The path P is then extended at both ends, which we refer to as the extended path P’
Next, the algorithm selects a sequence of roots R along P’ such that consecutive roots
are spaced at distance exactly 2w — 1 from each other. For each pair of consecutive roots
r1,79 € R, the algorithm removes the middle edge of the subpath P’[r1,75]. Then, for each
vertex u € V(P), it removes the set Fli (T'(u),u) from the tree T'(u) attached at u, where
0 <I(u) < w —1 is chosen appropriately.
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Finally, if the algorithm ends up removing an additional edge from P (other than the
initially chosen edge e), then e is permanently removed. Otherwise, if no other edge from
P is removed, the edge e is retained.

Algorithm 2 Unicyclic Algorithm

1: Let F = 0.

10:

11:
12:
13:
14:
15:
16:

Choose an edge e € F(C) uniformly at random. Denote the path C'\ e as P, and let

H =G\ e (see figure 2.11).

Let P, Prighe be two new paths, each of length 2w — 1. Construct a new graph G’ by
gluing P.s to one endpoint of P and Py to the other endpoint of P in the graph H.
Define the extended path P’ = P @ P @ Prignt = (vo, . . ., vi), where vg, vy, are the left
endpoint and the right endpoint of P’ respectively. (see figure 2.12)

> Note that Py = (vo, ..., Vaw_1)-
Pick p € {1,...,2w — 1} uniformly at random.
Let R={u e V(P) | dg(v,,u) =0 mod 2w — 1} denote the set of roots.
> Every two consecutive roots in R are at distance 2w — 1 of each other.
for each two consecutive r1,79 € R do
Add the middle edge of P'[ry,rs] to F, and remove it from P’.
end for
> Since all edges of P' are cut-edges in G’, then each connected component of

G’ \ F, except the ones containing the endpoints of P’, has a unique root at this stage
of the algorithm.
for vwe V(P) do

Let 7(u) € R be the unique root within the same connected component as u in
G'\ F. Let l(u) = w—1—dg(r(u),u), and add Ffu(u)(T(u),u) to F, and remove
£l (T'(u),u) from T'(u).

> One can verify that 0 < dg/ (r(u),u) < w — 1, which implies 0 < I(u) < w — 1.
So, the set Fi™ (T'(u), u) is well-defined. See Remark 2.7.1.
end for
if the endpoints of e are within different connected component in G’ \ F' then

Add e to F, and remove e from G.
end if
F' = F\ (E(Prepr) U E(Pright))

Return F'.

Let I’ denote the set of edges in F' immediately before the execution of the line 12 of the
algorithm 2.
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Figure 2.11: The left figure shows the random chosen edge e € E(C), and the right figure
shows the graph H = G \ e.

o g; 1_4 Uk
® ®
P P,

right

Pl
Figure 2.12: The extended graph G’ and the extended path P’ = Py @ P ® Prignt

Remark 2.7.1. Fach two consecutive roots in R are at distance 2w — 1 of each other,
and the middle edge of the path between each two consecutive roots is contained in F'.
This means that on P’, any two consecutive edges in F' are at distance 2w — 2 of each
other, meaning there are exactly 2w — 2 number of edges of P’ between them. Since
len(Piep), len(Prignt) = 2w — 1, then |F'' N E(Pep)| = |F' N E(Prgnt)| = 1. This means
that any vertex v € V(P) is between two consecutive edges in F' N E(P'). Moreover, there
are exactly 2w — 2 edges of the path P’ between these two edges, which creates the path Q.
The middle vertex of this sub-path Q) of P’ is the unique root r(v) € R denoted in the line
10 of the algorithm 2. So, it can be derived that 0 < dgi(r(v),w) < w — 1. Also, since each
two consecutive roots of R are at distance 2w — 1 of each other, then r(v) is the unique
closest root to v in G'.

Lemma 2.7.1. F € F,,(G).

Proof.
Claim 2.7.2. It is enough to show F' € Fo,(G').
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Proof of Claim. Assume F’ € Fy,(G"). Note that G’ +e¢ is a super graph of G, i.e., G is an
induced sub-graph of G +e. So, we have F'U{e} € F,(G"+¢€). Based on the if condition
in the line 12 of the algorithm 2, there are two cases to consider:

1. The endpoints of e are within different connected component in G’ \ F”; then the line
13 is executed by the algorithm 2, which means that ' = F’ N {e} right after the
execution of the line 14.

2. The endpoints of e are within the same connected component in G\ F’; then the
line 13 is not executed by the algorithm 2, which means that F' = F” right after the
execution of the line 14, and F’ € Fy, (G’ + e).

Thus, in both cases, F' € Fy,(G") right after the execution of the line 14. In the line 15
the edges of P, Prigns are being excluded from F. Thus, F' € F5,,(G) after the execution
of the algorithm 2.

A

So, we prove ' € F,,,(G’) in the remaining. As stated in the Remark 2.7.1, |F'NE(Pp)| =
|F' N E(Pyignt)] = 1, which means that the connected components containing the endpoints
of P"in G'\ F’ are simple paths with length at most 2w — 2. Now, consider the other
connected components in G’ \ F’. Let D be a connected component not containing the
endpoints of P'. If D is a subgraph of T, for some u € V(C), then diam(D) < 2w — 1,
since FA"™ (T(u),u) C F', and FA"(T(u),v) is a 2w-diameter decomposition for T'(u), as
stated in the Definition 2.3.3.

Thus, assume that D is not a sub-graph of any 7'(u). This means that V(D)NV(P') # @.
Since F'N E(P’) must consists of edges along P’ spaced exactly 2w — 2 apart using Remark
2.7.1, and D does not contain the endpoints of P’, then the sub-graph induced by D on the
vertices V(P’), denoted D[V (P’)], forms a contiguous sub-path @ of P’ of length 2w — 2.
Moreover, the unique middle vertex of @) is a root ' € R. Note that the only vertex in
V(D) that belongs to the root set R is this single, central vertex r’.

Claim 2.7.3. de/(r',u) <w —1 for all uw € V(D).

Proof of Claim. If u € V(Q), then since len(Q) = 2w — 2, and 1’ is the middle vertex of
Q, then dg/(r',u) < w — 1. So, assume u ¢ V(Q). This means that there exists a vertex
v € V(Q) such that v € V(T,). We have l(v) = w — 1 — de/(1',v). As stated in the
Definition 2.3.3, rangv)(T(u)’u)(v) < l(v), which means that dg(v,u) < l(v). The triangle
inequality implies that
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de (7' u) < dg/(r',v) + de(v,u) <w —1—1(v) +1(v) =w— 1.
A

This shows that diam(D) < 2w — 2. Thus, F’ € Fp,(G"). O

Now, we are going to show that each edge e € F(G) is removed by the algorithm 2 with
probability at most ﬁ

Definition 2.7.1. For any z € Z, let m(z) € {—(w—1),...,0,...,w — 1} be the unique
integer such that z = my,(z) mod 2w — 1. Note that 0 < |m,(2)| <w—1, and m,(—z) =
—My(2).

Lemma 2.7.2. Fiz the random edge e € E(C) in the line 2, and let G' and P =

(Voy - -, Vay—1) be as stated in the line 3 and p stated in the line 4 of the algorithm 2. For
any v € V(C) =V (P), we have de: (r(v),v) = |my(de (vo, v) — p)|.

Proof. We have de(vo, ) = der(vo,v,) + dar(v,, 7(v)) = p + der(v,,7(v)), which implies
dei (v, Ty) = p mod 2w — 1. There are two cases to consider:

1. r(v) € V(P'[vg,v]); this means that
der (r(v),v) = der (v, v) — der (vo, 7(v)),
which implies
dg/ (r(v),v) = dg/(vg,v) — p mod 2w — 1.
Since 0 < dg/(r(v),v) < w — 1, then 0 < my,(der(vo, v) — p), which implies
dgr (r(v), v) = mu(der (vo, v) = p) = |muw(der (vo, v) — p)|.
2. v € V(P'[vg,r(v)]); this means that
der (r(v), v) = der(vo, 7(v)) — der (vo, v),
which implies
der (r(0),0) = —(do (v, v) — p) mod 2w — 1.

Since 0 < dg/(r(v),v) < w—1, then 0 < my,(—(dg (v, v) —p)) = =M (der (vo, v) —p),
which implies

de (r(v),v) = =mu(der (vo,v) = p) = [mu(der (vo,v) = p)].
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]

Remark 2.7.2. The choice of the edge e in the line 2 is independent from the choice of p
in the line 4 of the algorithm 2.

Lemma 2.7.3. Let u € V(C) = V(P) be an arbitrary vertez, and let k € {0,...,w — 1}
be an arbitrary number.

_1 if k=0
Pride(riu) ) =K = 1751 Y
Sw—1 ’Lf kzl,,w—l
Proof. Fix k. Let e be the random edge denoted in the line 2 in the algorithm 2. By
conditional probability, we have

Prlder(r(uw),w) =K = 3 Prldo(r(u),u) =k | e = f]Prle = /]
JEE(C)
Prle = f] = m for all f € E(C). Now, to compute Prldg (r(u),u) =k | e = f], we
fix e = f. Lemma 2.7.2 implies that dg/(r(u),u) = |my(dg (vo,v) — p)|, where p is the
random number denoted in the line 4 of the algorithm 2. Note that dg (v, v) is a fixed
value assuming e = f is fixed. If k£ = 0, then dg/(r(u),u) = 0 iff my,(de (vo,v)—p) = 0, and
this is equivalent to dgr(vg,v) = p mod 2w — 1. It can be derived that Pr[p = dg(vg, v)
mod 2w — 1] = 5-1—. Thus, Prldg(r(u),u) =0 | e = f] = 5=—. Ifk € {1,...,w — 1},

2w—1 2w—1

then der(r(u),w) = k iff my,(de(vo,v) — p) € {k, —k}. It can be derived that the events
My (dg (ve,v) — p) = k and my,(de/(ve,v) — p) = —k are disjoint from each other, and
each has probability 5. Thus, Pr[de (r(u),u) = k| e = f] = 5725. This completes the
proof. O]

Lemma 2.7.4. Let f € E(G) \ E(C), i.e., f € E(T,) for some u € V(u). Pr[f € F] <
2

2w—1"

Proof. As stated in the Definition 2.3.3, {F}(T (u), u)}*=) is a partition of F(T'(u)). Assume
f € FJ(T(u),u) for some j = 0,...,w — 1. Line 10 implies that f € F iff j = l(u) =
w—1—dg/(r(u),u). So, e € Fiff des(r(u),u) = w — 1 — j. Lemma 2.7.3 implies that

PI‘d/T’U/,U —w—1—4]={2w-1
[der (r(u), u) J] {ﬁ% if 7=0,...,w—2
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Lemma 2.7.5. Let f € E(C) be an arbitrary edge. Pr[f € F] < 2.

2w—1

Proof. Let A denote the event that e = f, where e is the random edge denoted in the
line 2 of the algorithm 2. Denote A as the complement of A. We compute Pr[f € F| by
conditioning on A. We have

Pr[f € F] = Pr[f € F|A|P[A] + Pr[f € F|A]P|[A].
We know that Pr[A] = m and Pr[A] = % Now, if A happens, meaning that
e = f, then f is added to the set F” in the line 13 iff the end-points of e = f are in
different connected components in G\ F’. Note that the endpoints of e = f are indeed the
endpoints of the path P. Since G’ is a tree, then e = f is added to F' iff F' N E(P') # @.
We have two cases to consider:

1. len(C) > 2w; then len(P) > 2w — 1, which means that F' N E(P’) # & by Remark

2.7.1. Thus, Pr[f € F|A]=1< le"( )1 in this case.

2. len(C) < 2w Remark 2.7.1 implies that each edge of P’ is contained in F’ with

probability 5—— assuming e = f is fixed. Using union bound, we have Pr[F'NE(P) #
2] <X penr) Pl"[f’ €l = le”(c) L. Thus, Pr[f € F|A] = @

2w—1

Now, we compute Pr[f € F|A]. Assuming A means f € E(P), and as mentioned before
each edge of P’ is present in F’ with probability Tl—l assuming e # f is fixed. So,

Pr[f € F|A] = . Thus,

len(C) —1 1 N 1 len(C) —1 < 2

P F| = .
tfer 2w—1 ><len(C) 2w —1" len(C) — 2w—1

]

Thus, with the discussion provided at the beginning of the section, the probability that
any edge is removed by Algorithm 2 is at most % By Theorem 2.3.2, this implies that

aynicycLic < 2.
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Moreover, since the family UNICY CLIC contains all trees, and it is known that arrgg =
2, we obtain

2 < aynicycLic-

Combining these inequalities gives

QyUNICYCLIC = 2.

2.8 Tight Integrality Gap for Path Cactus Graphs

We first review some properties of path cactus graphs and introduce the necessary notions.

Observation 2.8.1. Let G be a cactus. Denote by CE(G) C E(G) the set of cut-edges
of G, and let Ule E(C;) be the set of all non-cut-edges, where C4,...,Cy are the distinct
cycles of G. Moreover, for any 1 <i < j <k, we have |V (C;) NV (C;)| < 1.

Definition 2.8.1. A path cactus is a cactus graph G such that CE(G) = @ and each cycle
shares a common vertex with at most two other cycles. Equivalently, the cycles of G can
be arranged in a path of consecutive cycles (see Figure 2.13). Throughout this section, we
restrict attention to path cactus graphs in which all cycles have even length.

Figure 2.13: Path Cactus
Definition 2.8.2. Let P = (vy,...,v,) be an even-length path. We denote the mid-vertex

of P by VUpngiy.

Definition 2.8.3. Let P = (vy,...,v,) be a path. Let f = (v;,vi41) be an arbitrary edge
and let v; € V(P) be an arbitrary vertex. The distance between v;, e is denoted as

dp(Uj,G) _ { P(U]’Uz)a Zf] >

dp(vj,vit1), otherwise

Definition 2.8.4. Assume n > 3. Let P = (vy,...,v,) be a path. Let e; = (v;,v;11),e9 =
(vj,vj11) € E(P) be two distinct edges such that i < j. The distance between ey, es in P is
denoted as dp(e1,es) = j —i — 1. Note that e, ey are consecutive edges in P iff j =i+ 1.
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Definition 2.8.5. Let C' = (vy,...,v,,v1) be an even-length cycle. For any vertex v;, we
denote the opposite vertex of v; in C as

e m
{UHJQL, ifi <3

Vi—z, otherwise

Let G be a path cactus with consecutive cycles C1, ..., C, where
V(C)NV(Cipr) ={w}, i=1,....k—1.

Fix an arbitrary vertex ug # u; in C7 and an arbitrary vertex uy # ug_1 in Cy. For each
1 =1,...,k, the vertices u;_; and u; are joined by exactly two simple paths in the cycle
C;. Denote by S; the shorter of the two and by L; the longer one (see Figure 2.14). As we
discussed in section 2.3, we can assume that S;, L; have even length.

L1 L2 Lk
U 5, Uy S Ug Uk—1 Sy Uk

Figure 2.14: S; and L;

Let P=5,®---&® S, with endpoints ug, ux. We refer v; = uy, ..., v, = u; as the ordered
vertices of P. To perform the Algorithm 3, we need to consider a super graph of G.
Let Prepp = (V_2w,---,00), Pright = (Un+1, ..., Unt2w) be two new paths. Extend G to G’
by adding an edge (vg,v1), and another edge (vy,vny1). Let P’ = Piep @ (vo,v1) & P @
(Un, Unt1) @ Prigne. (Figure 2.15)

Ly,

Sk
Priaht Py
\ J

Un Un+4-2w

Figure 2.15: G" and P’
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Remark 2.8.1. dg/(u,v) = dg(u,v) for any two vertices u,v € V(G). Moreover, {u;}¥_,
are cut-vertices of G'.

Let w € N be a fixed natural number for the rest of the section. We are going to randomly
pick consecutive edges on P’ with distance 2w — 1 of each other, and we will refer to them
as the blue edges. Next, based on which edges are picked as the blue edges, we are going
to remove edges from G, and arguing that each connected component has at most 2w — 1,
and each edge is removed with probability at most % Note that since G is a subgraph of
G’', the same properties hold for G as well.

In order to explain the Algorithm 3, we need to distinguish between the cycles C', ..., C}.
Definition 2.8.6. We say that a cycle C; is long if len(L;) > 2w — 1. For each long
cycle C;, let a; be the mid-vertex of L;. Let Q; = Lifu;—1,a;],Q: = L;[a;,u;]. Note that
len(Q;) = len(Q}) > w. (Figure 2.16)

Figure 2.16: Long Cycle

Definition 2.8.7. We say that a cycle C; is short if len(L;) < 2w—1. For each short cycle
Ci, let a;, b; be the opposite points of u;_y,u; in Cy, respectively. Let Q; = Lilu; 1, a], Q} =
Liu;, b;]. Also, let Q; = Li[b;, a;] be the common sub-path of Q;, Q%. (Figure 2.17)

Figure 2.17: Short Cycle

Remark 2.8.2. Let C; be a short cycle.

len(Q:) = len(Q)) — lenéC’i) _ len(L;) —2|— len(S;) <ow—1.
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Also,

len(L;) — len(SZ-)).

len(Q;[ui—1, b)) = len(Q}[u;, a;]) = 5

We need to define two more important vertices for the sake of short cycles.

Definition 2.8.8. Let C; be a short cycle. Let a} € V(P'[u;, vpy2u]) be the unique vertex
with d(u;_q1,a}) = % Similarly, let b, € V(P'[v_ow,ui—1]) be the unique vertex with

d(u;, b)) = % Moreover, let P, = P'la;,b]. (Figure 2.18)

1) 71

Figure 2.18: Short Cycle

Remark 2.8.3. Let C; be a short cycle. Since len(Pep), len(Prign) > 2w — 1, the vertices
a., bl are well-defined.

(2

len(Cy)  len(Ly) + len(S;
Al . a) = d(us, b)) = 6”502) _ len( 0-2# enSi) <9y _1.

Also,

len(L;) — len(S;))
5 :

d(ui_l, b;) = d(ul, a') =

Finally, len(P;) = len(L;) < 2w — 1.
We are now ready to describe Algorithm 3. The algorithm removes each edge of G with

probability at most i, and we will show that every connected component in the remaining
graph has diameter at most 2w — 1. This establishes the existence of an SDD(G, 2w, %)
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Algorithm 3 Path Cactus Algorithm

1: Pick uniformly random edges from P’ such that the distance of every consecutive edges
is 2w — 1, and call them blue edges.
. for each long cycle C; do
Let o; be the distance of the closest blue edge to u; ;. Pick edges with distance
o + Kw(k'=0,..., [%J) from w;_; in Q;.
4: Let z; be the distance of the closest blue edge to wu;. Pick edges with distance
zi +kKw(k =0,..., L%D from w; in Q).

W N

5: Remove all the picked edges from C;.

6: end for

7: for each short cycle C; do

8: if P, contains a blue edge, then

9: Let f; be the blue edge in P;.

10: Let 0; = dpr(ui—1, fi). Pick the unique edge f with dg, (u;—1, f) = 0; in Q;.
11: Let z; = dp:(uy, f;). Pick the unique edge f’ with dey (ug, f') = z; in QL.
12: Remove f, f' from C;.

13: end if

14: end for

15: Remove the blue edges.

Note that since we extend G to G, then at least one blue edge in both Pjes, Prign: is picked
by the algorithm 3, which implies that each vertex in P has both a left and a right blue
edge. We first prove that each edge is removed with probability at most % by the algorithm
3.

Lemma 2.8.1. Let vj be an arbitrary vertex in P. The algorithm 3 always picks at least
one blue edge from P'[v,_2y,v;| and at least one blue edge from P'[v;, Uni0w]. Let o be the
distance of the closest blue edge to v;. Lett € {0,...,w — 1} then, Plo=1t] = <.

Proof. Let f € E(P'[v,_24,v;]) be the unique edge such that d(v;, f) = ¢, also let f" €
E(P'[vj, vpi24]) be the unique edge such that d(v;, f') = t. Since d(f, f') = 2t < 2w — 1,
the algorithm does not pick both f, f’ as blue edges, simultaneously.

Claim 2.8.1. o =t iff exactly one of the edges f, ' is picked as a blue edge.
Proof of Claim. If o = t, then at least one of the edges f, f’ is picked as a blue edge, and

since f, f' cannot be picked as a blue edge simultaneously, then exactly one of them is
picked as a blue edge. For the reverse direction, WLOG assume f is picked as a blue edge.
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Then o < t. Suppose on the contrary that o < ¢t. This means that there exists a blue edge
e € P’ picked by the algorithm 3, such that d(v;,e) = 0o < t. We have two cases,

o ¢ € E(P'vy_2u,vj]); thend(e, f) =t —0o—1< 2w —1.

o ¢ € E(P'[vj,vnt00]); then d(e, f) =t +0 < 2w — 1.

Both cases lead to contradiction, since e, f are picked as blue edges and their distance must
be at least 2w — 1 based on the line 1 of the algorithm 3. A

Now, since f, f’ cannot be picked as blue edges at the same time, the probability that
exactly one of f, f’ is picked as a blue edge is the sum of the probability of each being
picked as a blue edge, which is ﬁ + ﬁ =1 O

w

Theorem 2.8.1. Let G’ be the extended version of the path cactus G with C,...,C} as
its cycles. The algorithm 3 removes each edge e € E(G") with probability at most i

Proof. If e € E(P'), then it is removed iff it is a blue edge that has probability 5~. Thus,

2w
suppose e € F(L;) for some 1 < i < k. We have two cases; C; is either a long cycle or a

short one. WLOG, assume e = (z,y) € E(Q;), and z € V(Q;[u;—1,y]).

e (; is a long cycle; then, e is removed in the line 3 of the algorithm 3. This happens
iff 0; = dg,(ui—1,€) = dg,(ui—1,2) mod w. Lemma 2.8.1 implies that o; is a uniform
random variable with values {0, 1,...,w—1}, which implies that Pr{o; = dg,(u;—1, )
mod w] = 1. (Figure 2.19)

a;

closest blue
edge to u;_q
-Quu—g—

Ui—1 U;

Figure 2.19: C} is a long cycle
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e (; is a short cycle; then, the algorithm 3 removes edges from L; iff P; contains a blue
edge. Note that P; contains at most one blue edge, since I(P;) = I(L;) < 2w — 1 and
blue edges are picked with distance 2w — 1 of each other. We have two cases,

— e € B(Q;)\ E(Q;); this means that e cannot be removed in the line 11 of the
algorithm 3. Thus, e is removed in the line 10 of the algorithm 3. This means
e is removed iff o; = dg,(ui—1,€) = dg,(ui—1,z). Lemma 2.8.1 implies that
Prlo; = dg,(ui—1,7)] = =. (Figure 2.20)

w

fi W1 U;

Figure 2.20: e € E(Q;) \ E(Q)

— e € E(Q;); then e is either removed in the line 10 or 11 of the algorithm 3.
We show that each has probability ﬁ, which implies that the probability of the
removal of e is % Suppose e is removed in the line 10 of the algorithm 3. This

implies that e is removed iff 0; = dg, (u;_1, €) = dg, (u;_1, ). Since e € E(Q;),
len(L;) — len(S;
o (ui-1.3) > len(Qfus1.b) = DL gy

Consider the blue edge f; € P; in the line 9. Since,

d(ui—y, fi) = 0; = d(ui—1,7) > d(u;1,b;)
then f; ¢ E(P'[b;, u;—1]) which implies that f; € P'[u;_1, a}]. Thus, e is removed
in the line 10 of the algorithm 3 iff f; is the unique edge in P’[u;_y,a}] with
distance o; from w;_;. This happens with probability ﬁ (Figure 2.21)

-
ti—1 fz

Figure 2.21: e € E(Qz)
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]

Now we prove that the diameter of the connected components of G' after performing the
algorithm 3 is bounded by 2w — 1. From now on, we will use the notation B whenever
we refer to the connected component we are arguing about. The following Remark 2.8.4
is useful for the arguments.

Remark 2.8.4. Let B be a connected component of G' after performing the algorithm
3. If there exists two vertices u,v € V(B) such that u € V(L;),v € V(L;) for some
1<i<j<k, then u;,uj—y € V(B).

Proof. w; is a cut-vertex of G’. Removing u; from G’ disconnects any vertex v’ € V(Cy)
such that ¢/ < from any vertex v' € V(C}) such that j* > i+ 1. The same argument is
correct for u;. (Figure 2.22)

U; Uj—1

Figure 2.22: Description

]

Consider a connected component B after performing the algorithm 3. Remark 2.8.4 implies
that either BN V(P') # @ or B is a subgraph of L; for a specific 1 < i < k. The latter
case means that B is a simple path completely contained in L; since, L; is a path and B
is a connected subgraph of L;.

The above discussion implies that we have four types of connected components. The ones
that share vertices with P’, those that contain a; for some long cycle C;, simple paths with
length w — 1 that are attained from long cycles, and simple paths with length at most
2w — 1 that are attained from short cycles. We formalize this in the following Lemma
2.8.2.

Lemma 2.8.2. Let B be a connected component of G' after performing the algorithm 3.
Then B is of one of the following types of connected components, (Figure 2.23)

o V(B)NV(P") #@. (Type 1)
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e B is a sub-path of L; for a specific 1 < 1 < k. Moreover, C; is a long cycle and
a; € V(B). (Type 2)

e B is a sub-path of L; for a specific 1 < i < k. Moreover, C; is a long cycle and B is
either a sub-path of Q; or a sub-path of Q. (Type 3)

e B is a sub-path of L; for a specific 1 < i < k. Moreover, C; is a short cycle. (Type

1)

~ o v N Jéﬂ J

Type 1 Type 2 Type 3 Type 4

Figure 2.23: Types of Connected Components

Proof. Suppose that B is not a type 1 connected component. This means that B is a
sub-path of L; for a specific 1 < ¢ < k. C} is either a long cycle or a short one.

e C; is a long cycle; in this case either a; € V(B) or a; ¢ V(B).

— a; € V(B); this means that B is a type 2 connected component.

— a; ¢ V(B); note that L; = Q; ® Q; and V(Q;) N V(Q}) = {a;} and B is a
sub-path of L;. This means that B is either a sub-path of ); or sub-path of @,
as otherwise a; € V(B).

e (; is a short cycle; this means that B is a type 4 connected component.

[]

Lemma 2.8.3. Let B be a connected component of G' after performing the algorithm 3.
If B is of one of the types 2,3, 4 then, diam(B) < 2w — 1.

Proof. B is a path. We consider the following cases,
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e B is type 2 connected component; we can assume that B = B; & By such that By is
a sub-path of @); and By is a sub-path of @);. Line 3 of the algorithm 3 implies that
at least one edge is removed from any w consecutive edges in (); which means that
len(B;) < w — 1. Similarly, len(Bs) < w — 1. Thus, len(B) = len(By) + len(Bs) <
2w — 2.

e [ is type 3 connected component; WLOG assume that B is a sub-path of ();. Line 3
of the algorithm 3 implies that at least one edge is removed from any w consecutive
edges in @);. This means that len(B) < w — 1. More precisely, len(B) = w — 1.

e B is type 4 connected component; since C; is a short cycle then, len(L;) < 2w — 1.
Since B is a sub-path of L; then, len(B) < len(L;) < 2w — 1.

]

Now, it is only remained to argue about type 1 connected components. In the following,
assume that B is a type 1 connected component.

Remark 2.8.5. Ifv_q, € V(B) or vy42, € V(B), then B is a sub-path of Ppp in the first
case and it is a sub-path of Py in the latter case. Moreover, len(B) < 2w — 1 in both of
the cases.

Proof. Suppose v_q,, € V(B). Since len(Ppp) = 2w > 2w — 1, at least one blue edge is
picked from Pp.p. Also, the distance of each two consecutive blue edges is 2w — 1, which
implies that len(B) < 2w — 1. The same argument is correct for the other case. []

Remark 2.8.6. Let C; be a cycle. If the algorithm 3 removes an edge from S;, then it also
removes an edge from L;.

Proof. If C; is a long cycle, then the algorithm 3 removes at least 2 edges from L;. If C;
is a long cycle, then the removed edge from S; is picked as a blue edge by the algorithm 3
and since S; is a sub-path of P; then lines 10,11 remove edges from L;. ]

Now, we can assume that v_gy, V12, ¢ V(B). We have the following crucial Lemma 2.8.4.

Lemma 2.8.4. [fv_oy, Uniow & V(B), then there exists an index —2w < j, j42w < n+2w
such that V(B)NV (P') = {vj, vj11,. .., Vjtou}. Moreover, the edges (vi_1,v;), (Vjtow, Vjt2uwr1)
are picked as blue edges by the algorithm 3.
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Proof. Since B is a type 1 connected component then, V(B) NV (P') # @. Let v;,v; €
V(B) NV (P') be the leftmost and the rightmost vertices of V(B) NV (P’). Since v_y,, ¢
V(B), then j > —2w. This implies that the edge e = (v;_1,v;) is picked as a blue edge and
removed by the algorithm 3. If j 4 2w > n + 2w, then there does not exist any blue edges
between the edge e and the vertex v,, 9, which implies that v, 2, € V(B), contradiction.
Thus, j 4+ 2w < n + 2w.

Lines 1,15 of the algorithm 3 implies that the edges e = (v;_1,v;),€¢ = (Vj12uw; Vj+2uw+1)
are picked as blue edges and they are removed by the algorithm 3, and none of the edges
between them in P’ are not removed by the algorithm 3. Consider the edge €’. There are
three cases. Either € € E(Ppp), or € € € € E(Pyygt), or € € E(C;) for some 1 <i < k. In
the first two cases, since €’ is a cut edge, then v, 9, is the rightmost edge in V(B) NV (P’)
and we are done.

Thus, suppose € = (Vj 42w, Vjt2u41) € E(C;) for some 1 <1 < k. Suppose, on the contrary,
that there exists a vertex vy € V(B) N V(FP’) such that j* > j + 2w. Since ¢’ € E(S;) is
removed by the algorithm 3, Remark 2.8.6 implies that at least one edge is also removed
from L;. Thus, u; gets disconnected from v;9,, which means u; ¢ V(B). Now, either
vy € V(P'[vj400,w]), or vy € V(P'[u;, Vniow)). (Figure 2.24)

L; L;
v Vjtow ’U;- U; Vj Vjtow Uy Uy
First Case Second Case

Figure 2.24: Description of Cases

In both cases, since u; is a cut-vertex, then vy gets disconnected from v;;9,, which
means vy ¢ V(B), contradiction. O

Thus, if v_9y, Vpi2u ¢ V(B), then V(B) NV (P') = {vj,...,vj42,} for some index —2w <
J < n and the edges (vj_1,v;), (Vj+ow, Vj+ouwt+1) are picked as blue edges by the algorithm
3. We refer v; as x and vj;9, as y in the remaining. Note that dp/(x,y) = 2w — 1. In the

following Lemma 2.8.5, we show d(u, z), d(u,y) < 2w —1 for any u € B. Figure 2.25 shows
how B looks,
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Figure 2.25: Type 1 Connected Component’s Structure

Lemma 2.8.5. Suppose v_oy, Upiow ¢ V(B). Let u € V(B), then do/(u,x),de(u,y) <
2w — 1.

Proof. If uw € V(P'[x,y]), we are done. Thus, assume u € V(L;) for some 1 < i < k and
u € V(Q;). We have three cases. Either C; is either a long cycle, C; a short cycle and the
algorithm 3 does not remove an edge from L;, or C; is a short cycle and the algorithm 3
removes at least 1 edge from L;.

e (;is along cycle; then at least one edge is removed from both Q;, @’ by the algorithm
3. This implies that u;—; € V(P’[x,y]). Line 3 of the algorithm 3 implies that

d(ui—1,u) = len(Q;[u;—1, u]) < 0; = min{du;—1, ), d(u;—1y)}.
Using triangle inequality we have,
d(u,z) < d(ui-1,2) + d(ui-1,u) < d(ui—1,z) + 0

Since, d(u;—12) + d(u;—1,y) = 2w — 1, we can conclude that d(u,z) < 2w — 1. Similar
argument implies that d(u,y) < 2w — 1. (Figure 2.26)

u
Qs
o O °
r Ui y

Figure 2.26: C; is a long cycle

e (; is a short cycle and no edges are removed from L; by the algorithm 3; this means
that P; does not contain any blue edges, and b}, u;—y, u;, a; € V(P'[z,y]). So, we have
b, € V(P'[uj—1,x]) and a € V(P'[u;,y]). (Figure 2.27)
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u

e N

T Uil U /
bi i i a; Yy

Figure 2.27: C; is a short cycle and it is intact

Thus,

_len(Cy)

d(ui—1,2) = 2w —1) = d(ui—1,y) < 2w —1) — d(u;—1,a;) = (2w — 1) 5

Since u, u;_1 € V(C;) then, d(u;_1,u) < % Using triangle inequality we have,

=2w — 1.

len(Cy) N len(C;)
2

d(u,z) < d(ui—1,7) + d(ui—1,u) < (2w —1) - 5

Similar argument implies that d(u,y) < 2w — 1.

e (; is a short cycle and the algorithm 3 removes at least 1 edge from L;; this means
P; contains a blue edge f. We have three cases. Either f € E(P'[u;—1,w]), [ €
E(P'[u;_1,bl]), or f € E(P'[u;,al]).

— f € E(P'lui—1,u;]); We have two cases here. Either x € V(P'[u;—1,u;]), or
(VRS V(P'[ui,l,ui]).

x ¢ € V(P'ui—1,u)); since x,u € V(C) and len(C;) < 2(2w — 1) then
d(u,z) < 2w — 1. Line 11 of the algorithm 3 implies that d(u;,u) <
d(u;, f) = d(u;,x), since f together with at least 1 edge from Q) are re-
moved. Using triangle inequality we have,

See the following, (Figure 2.28)

8
e

Figure 2.28: f € E(P’[ui_l,ui]),x € V(P’[ui_l,ui])
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x y € V(P'[uj—1,u;]); the argument is similar to the previous case.

— f € E(P'[b;,u;—1]); thismeans « € V(P'[b}, u;—1]). This implies that al(uZ 1, r) <
d(ui—1,b}) = M Since w;_1,u € V(C;) then, d(u;_1,u) < —*2 len . Us-
ing triangle mequahty we have

d(u, z) < d(ui—y, ) + d(u;_1,u) < len(L;) —len(S;) | len(C;)

5 + 5 2 = len(L;)
< 2w — 1.
Line 10 of the algorithm 3 implies that exactly 1 edge is removed from Q;[u;_1, b;]

Q; \ Q; and line 10 of the algorithm 3 implies that exactly 1 edge is removed
from Q). We have two cases. Either u € V(Q;[u;—1,b:]), or u € V(Q5)

!/
x u € V(Q;[ui_1,b;]); this implies that d(w;_1,u) < d(u;_1,x). Using triangle
inequality we have,

d(u,y) < d(ui-1,u) + d(ui-1,y) < d(ui-1,2) + d(ui-1,y) = 2w — 1
See the following. (Figure 2.29)

bi a;
N \‘\
*——o f '/ L 4 & @
b, Uj—1 U; a’ Y

(2

Figure 2.29: f € E(P'[b}, u;—1]), v € V(Qs[u;-1, bi])

« u € V(Q); this implies that d(u;,u) < d(u;, x). Using triangle inequality
we have,

See the following. (Figure 2.30)

b, U oa
o “-‘\
*——o ,Z" '/ L 4 \ 4
b, Ui—1 u; !

£
< e

Figure 2.30: f € E(P'[b,u;—1]),u € V(QY)
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— f € E(P'[u;,al]); this means y € V(P'[u;,a;]). This implies that d(u;,y) <
d(u;,ah) = M Since u;,u € V(C;), then d(u;,u) < % Using
triangle inequality we have,

d(u,y) < d(us, y) + d(ui, u) <

= len(L;)

< 2w —1.

len(L;) —len(S;)  len(C;)
2 * 2

Line 11 of the algorithm 3 implies that exactly 1 edge is removed from Q' [u;, a;] =
Q) \ Q; and line 11 of the algorithm 3 implies that exactly 1 edge is removed
from @;. Since we assumed that u € V(Q;), then d(u;—1,u) < d(u;—1,y). Using
triangle inequality we have,

d(u, ) < d(ui_y,u) + d(ui_y, ) < d(ui_1,y) + d(ui_1, ) = 2w — 1.

See the following. (Figure 2.31)

Ui—1 u; Y a’

SX )
=

Figure 2.31: f € E(P'[u;,al])

]

Now, equipped with Lemma 2.8.5, we will prove that if u,v € V(B) and v_gy, Uni20 ¢
V(B), then dg (u,v) < 2w — 1.

Lemma 2.8.6. Suppose v_sy, Untow ¢ V(B) and V(B)NV(P') ={x =v;,...,Vjt00 =y}
for some index j. Let u,v € V(B), then d(u,v) < 2w — 1.

Proof. Lemma 2.8.5 implies that,

d(u,z),d(u,x) <2w—1
d(v,y),d(v,y) < 2w — 1.

We have two cases. Either u,v € V(C;) for some index i, or u € V(C;),v € V(Cy) and
i <1
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e u,v € V(C;) for some index i; if C; is a short cycle then, d(u,v) < % < 2w — 1.
Thus, suppose C; is a long cycle. We have three case.

— u,v € V(S;); then d(u,v) < 2w —1 as S; is a sub-path of P'[z,y]. (Figure 2.32)

—é o —eo— 0 —0°
U1 T U vy U;

Figure 2.32: u,v € V(C;),u,v € V(S;)
— u,v € V(Q;); then line 3 of the algorithm 3 implies that d(u;_1,u), d(u;—1,v) <

0; <w—1, and u;_1,u,v are in the path of length at most w — 1. This implies
that d(u,v) < w — 1. (Figure 2.33)

7 Ui—1 Y
Figure 2.33: u,v € V(C;),u,v € V(Q;)
—u € V(Qy),v € V(Q)); then if len(C;) < 2(2w — 1) we are done. Otherwise,

ui—1,u; € V(P'[z,y]), and Lemma 2.8.5 implies that the shortest path between
u,y, which is Q;[u, u;—1]® P'[u;—1, w;] & P’[u;, y] has length at most 2w — 1, since

len(Q;[u, w;_1]) + len(P'[u;_1, w;]) + len(P'[u;, y]) < 2w — 1. (2.14)

Similarly, the shortest path between v,x, which is Q}[v,u;] & P'lu;, u;—1] &
P’[u;_4, x] has length at most 2w — 1, since

len(Qj[v, wi]) + len(P'u;, ui—1]) + len(P'[uj—q, z]) < 2w — 1. (2.15)
Since,
len(P'[x,u;—1]) + len(P'|ui_1, w;]) + len(P'[u;, y]) = len(P'[z,y]) = 2w — 1,
summing the inequalities 2.14,2.15 implies that,

len(Qifu, ui—1]) + len(P'Tui—1, ui]) + len(Q}u;, v]) < 2w — 1.
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The left-hand side is the length of the path between u,v. (Figure 2.34)

u

l’. u'i—l U; Yy

Figure 2.34: u,v € V(C;),u € V(Q;),v € V(Q})
e ueV(C;),veV(Cy) and i < i; then u;,uy—y € V(P'[z,y]) and u;_, € V(P'[u;,y]).
Let P, be the shortest path between u,y. Since removing u; from G’ disconnects u, y

then, P, = Q, ® P’'[u;,y], which @, is the shortest path between u,u;. Lemma 2.8.5
implies that,

len(Qu) + len(P'|u;, wi—1]) + len(P'lui—1,y]) < 2w — 1. (2.16)

Similarly, let P, be the shortest path between v,x. Since removing u;_; from G’
disconnects v, y, then P, = P'[z,u;y_1] & Q,, which @, is the shortest path between
v, uy_1. Lemma 2.8.5 implies that,

len(P'[z,u;]) + len(P'[u;, ui—1]) + len(Qy,) < 2w — 1. (2.17)
Since,
len(P'[x, u;)) + len(P'[us, wir—1]) + len(P'lui—1,y]) = 2w — 1,
then,
len(Qu) + len(P'[u;, wi—1]) + len(Qy,) < 2w — 1.
The left-hand side is the length of the path between u,v. (Figure 2.35)

s
&
S

=
<

Figure 2.35: w € V(C;),v € V(Cy)
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]

Thus, the randomized algorithm we design always outputs a 2w-diameter decomposition,
and each edge is removed with probability at most i By Theorem 2.3.2, this certifies the
existence of an SDD(G, 2w, %) and implies that

QPATH CACTUS < 2.

Remark 2.8.7. To show that this bound is tight, we construct an explicit instance of
the minimum multicut problem on a path cactus graph whose integrality gap is at least 2.
Consider a graph consisting of n triangles Ay, ..., A, arranged in a path. Two consecutive
triangles A; and A; 1 share a vertex u;, and each triangle A\; has three vertices w;_1,u;, v;.
Fori=1,...,n, the edges (u;,v;) and (u;_1,v;) each have cost 1, while all other edges are
assigned arbitrarily large cost. The source-sink pairs are all pairs (v;,v;) with 1 <i < j <
n.

U1 V2 Un,

U Uy U2 Up—1 Uy,

Assigning a value Of% to each edge (u;,v;) and (u;_1,v;) fori=1,...,n yields a feasible
fractional solution to the LP (2.1) of cost n. However, any integral multicut must include
both edges (u;,v;) and (u;—1,v;) for at least n—1 triangles in order to separate all source-sink
pairs. Thus, the cost of any feasible multicut is at least 2n—2. It follows that the integrality
gap for this instance is
2n — 2
—

As n — oo, this ratio approaches 2. Hence,

QPATH CACTUS = 2.

Combining with the upper bound, we conclude that

QPATH CACTUS = 2.
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2.9 Upper Bound on the Integrality Gap for Outer-
Planar Graphs

In this section, we propose a randomized algorithm for the minimum multicut problem in
outer-planar graphs, using the optimal solution of the LP relaxation (2.1). The expected
cost of the multicut produced by our algorithm is at most 8 - OPTp. We restrict our
attention to maximal outer-planar graphs throughout this section; however, the arguments
can be adapted with minor modifications to handle the non-maximal case as well. To
prepare for the analysis, we first review some useful structural properties of maximal outer-
planar graphs.

For notation, let dy(v) denote the degree of a vertex v in a graph H. For a subset of
vertices S C V(H), define

op(S)={w e E(H)|ueS, veV(H)\S},

the set of edges with one endpoint in S and the other in its complement. We will work
with an LP solution z. For any graph H and vertices u,v € V(H), let d¥ (u,v) denote
the shortest-path distance between u and v in H induced by the edge lengths x. For a
subgraph H; C H, we further define
diam¥,(H,) := d¥
tamiy (Hy) o= max  dy(u,v)

Remark 2.9.1. Let G be a graph with at least two vertices. Then G is a mazimal outer-
planar graph if and only if it excludes Ky and Ko 3 as minors, satisfies |E(G)| = 2|V (G)|-3,
has exactly |V (G)| —1 faces, and in every planar drawing the outer face is a cycle of length
|V (G)| while every internal face is a triangle.

Remark 2.9.2. Let G be a mazximal outer-planar graph, and let H be a Hamiltonian
induced subgraph of G, then H is a mazimal outer-planar graph.

Lemma 2.9.1. Let G be a mazximal outer-planar graphs, and let H be a 2—vertex connected
induced subgraph of G with at least 3 vertices. H is Hamiltonian, and thus it is a maximal
outer-planar graph using Remark 2.9.2.

Proof. Suppose it is not correct. Let C' be the longest cycle in H. |V(C)| < |V (H)|, let
H; be one of the connected components of H \ V(C'). Since H is 2-vertex connected there
exists 2 vertices u,v € V(C') such that they both have a neighbor in H;(not necessarily
same neighbors). Let uy,v; € V(H;) be the neighbors of u, v, respectively. Let P; be the
path between uy,v; in H;. We have 2 cases,
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e u,v are neighbors, then the cycle u,...,v, vy, Pi,u1,u is a larger cycle than C' in H.
Contradiction.

e There is at least 1 vertex between the both paths between u,v in C, let P, P35 be
these paths. By contracting H; to a single vertex, and P, P3 to paths of length 2 we
obtain K5 3. Contradiction. (Figure 2.36)

Uu
(Y

Figure 2.36: The description of the last case

H,

]

Now we are going to orient the edges of G and elaborate on some properties of a directed
maximal outer-planar graph. We will use the following Lemma 2.9.2, which is very useful
(See Therese Biedl’s course notes on Graph-Theoretic Algorithms, Lemma 8.7).

Lemma 2.9.2. Let G be a mazximal outer-planar graph with n > 3 vertices, and consider
a planar drawing of G. Let (v, v2) be an arbitrary edge on the outer face. Then G has a
vertex ordering vy, vs, ..., v, such that every vertex v; for i > 3 has exactly two predecessors
that are adjacent to each other.

Proof. We proceed by induction on the number of vertices.

Base case. If n = 3, then G is a triangle, and the statement is immediate.
Inductive step. Let G be a maximal outer-planar graph on n > 4 vertices, and fix an
outer-face edge (vq,v2). By Remark 2.9.1, G has n — 2 internal triangular faces.

Claim 2.9.1. There exists an internal face T such that (vi,vs) is not an edge of T, and
at least two edges of T are edges of the outer face.
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Proof of Clatm. Suppose for contradiction that every internal triangle contains at most
one edge of the outer face (besides possibly (v, v5)). The outer face has n — 1 edges other
than (v1,v9), and each such edge must be shared with an internal triangle. Since there are
only n — 2 internal triangles in total, this is impossible by the pigeonhole principle. Hence
such a triangle 7' exists. A

Let T be the triangle guaranteed by the claim, and let v,, be the vertex of T that is incident
with the two edges lying on the outer face. Let a,b be the other two vertices of 7. Then
vy, is adjacent only to a and b in G. It follows that G' = G \ {v,} is a maximal outer-
planar graph with n — 1 vertices. Moreover, since T does not contain the edge (v, vs),
the edge (v1,v2) remains on the outer face of G'. By the induction hypothesis, G’ admits
a vertex ordering vy, vs, ..., v,_1 such that every vertex from wvs to v,,_; has two adjacent
predecessors. Appending v, at the end of this ordering preserves the property, since the
only neighbors of v,, are a and b, which are adjacent to each other. Thus we obtain the
desired ordering for GG. This completes the proof. m

Now let G be a fixed maximal outer-planar graph. Using the vertex ordering from Lemma 2.9.2,
define
G :=G[{v,...,v}], i=2...,n,

and for i = 3,...,n set

It follows that the edge set of G admits the partition

E(G) = {(v1,v2)} UEZ,

and moreover |E;| = 2 for all i = 3,...,n. See Figure 2.37.
Ve
V4
AN
U1 . Vg V2 U1 V2 U1

Figure 2.37: G is outer-planar and vy, vs,v3, vy, V5,6 is its corresponding ordering in
Lemma 2.9.2.
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Let 7 = v;. We are going to direct the edges of G iteratively, first direct (vy,vy) from vy
to vy. Assuming that E(G;) is directed, let E;q = {e, f}, and e = (viy1,v;), f = (Viy1,0k)
such that k,j <i. By Lemma 2.9.2, g = (vj,v;) € E(G;). If g is directed from v; to vy,
direct e from v; to v;41, and direct f from v; 41 to vy (figure 2.38). If g is directed from vy,
to v; direct f from vy t(l) Vi+1, and direct e from v; 41 to v;. Let @: be the directed version

of GG;. Note that C_T’,: =G.

Vit1

U3 f

U1 V2

G Git1
Figure 2.38: The direction of edges

Lemma 2.9.3. There is exactly one shortest directed path from r to v; in Gz, and this
path is contained in G forall j <i,i=2,.

Proof. The proof is based on induction on ¢. The base case is k = 2, which is correct.
Suppose that statement is correct for k < n, meaning that there is exactly one shortest
directed path from r to any v; in Gk, J < k, and it is contained in G Consider the
graph CKI , wlog assume that there is exactly one directed edge e = (vjl, Uk+1), and one
directed edge f = (vj4+1,v;,). Since all the directed paths from r to v,y must use e, and
by induction there is only one directed shortest path from 7 to v;,, then there is exactly
one directed shortest path from r to viyq1, and clearly it is contained in Gk+1 Suppose
by contradiction there ex1sts a vertex vj,j < k+ 1 such that there are at least 2 directed
shortest path from r for in Gk+1 At least one of these paths should use vertex vy, so the
path should use e and then use f, but this is a contradiction to being the shortest path as
by replacing (vj,,v;,) with e, f there is a shorter path to v;. Wlth the same logic, it can
be derived that the shortest path from r to v; is contained in Gk, so it is contained in G
using the induction assumption. D

Remark 2.9.3. Note that the proof of Lemma £2.9.3 implies that vj, is the previous vertex
in the shortest directed path from r to vy, before vgiq.
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Lemma 2.9.3 implies that there is exactly one directed shortest path from r to v; in G for
all i = 2,...,n. Denote this path by P, for each i = 2,...,n. We now record the following
useful observation.

Remark 2.9.4. Let v; € V(a), and let v; € V(P,,). Then P,; coincides with the subpath
of P,, fromr to vj, i.e.,
ij = Pvi[T, 'Uj].

Lemma 2.9.4. Let H be an induced subgraph oféz (i > 3) such that it is 2-vertex con-
nected. Then there exists a vertexr v, € V(H) such that Py, contains v, and the sub-path
of P,, starting at v; is totally contained in H, for all v; in V(H).

Proof. We prove this using induction on 7. If ¢ = 3, then the only 2—vertex of G; is G;
itself, and v; € V(G;). Now, suppose the statement is correct for i, and we want to prove it
for ©+ 1. Suppose that H is a 2-vertex connected induced subgraph of CTH) , using Lemma
2.9.1, H is a maximal outer-planar graph. If v; ;1 ¢ V(H), then H is a subgraph of G;, and
the statement is correct using the induction hypothesis. Thus, v;,; € V(H). Since H is
2-vertex connected then E; ., € E(H), or equivalently 0y (vii1) = Eiy1 = {e, f}. WLOG,
assume that e = (v;,, vis1), [ = (Vit1,v5,). I V(H) = {vi41,vj,vj,}, then the statement
is correct, as H is a triangle, and v;, = v;. Otherwise, we have the following,

Claim 2.9.2. H' = H \ v;y1 is a 2-vertex connected induced subgraph of Gj.

Proof of Claim. Since H is Hamiltonian, and dy(v;4+1) = 2, then v;,, v;, are the neighbors
of v;+1 in the outer-face of H. Since H is a maximal outer-planar graph, then (v;,,v;,) €
E(H). This implies that the vertices of H" are on a cycle. Thus H' is 2-vertex connected.

A

Using induction hypothesis on G;, H', there exists a vertex v; € V(H') such that for all
of the vertices v; € V(H'), P,, contains v;, and the subpath of v; starting at v; is totally
included in H'. Let j = j;, we know that P, = pu;, @ e, by 2.9.3. This completes the
proof. O

Let = {z(e) }ccr(e) be an optimal fractional solution to the LP (2.1). Since the edge costs
are non-negative, we may assume without loss of generality that = satisfies the triangle
inequality in GG. Indeed, suppose there exists a triangle with edges e, f, g such that z(e) >
z(f) + z(g). Define a new solution z* by setting z*(e) := z(f) + x(g) and z*(h) := z(h)
for all other edges h # e. For every path P € P containing e, consider the modified path

b= (P\{e}) U{S g},
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which also belongs to P. Then

Since feasibility requires z(P;) > 1, it follows that 2*(P) > 1 as well. Thus the modified
solution x* satisfies all constraints of the LP. Moreover, since edge costs are non-negative,
the objective value does not increase. Therefore x* is also an optimal solution. We are
going design a randomized rounding algorithm, that always outputs a valid multicut. The
algorithm does the following. Given a parameter A, it will randomly remove edges from G
such that each edge is removed with probability at most % for all e € E(G), and the diam-
eter of connected components is strictly upper-bounded by 4A. The algorithm has 2 stages.

In the first stage, it will remove edges of G to obtain the graph H with 2 properties. Each
edge e is removed with probability at most 29 " and the diameter of each block of H is

A
upper-bounded by 2. In the second stage, it will remove edges from H such that each edge
is removed with probability at most %, and eventually each connected component has

diameter at most 4A after the algorithm is done. Here is the description of the first stage:

Algorithm 4 First Stage
1: Let t(v;) = x(P,,) for all i =, ..., n, and also let t(v;) = 0.

2: Choose p € (0, A] uniformly at random.
3: Remove edge ¢ = (u,v) € E(G) if and only if the interval (¢(u),t(u) + z(e)) contains

the number p + [A for some integer number [ > 0.

—

Remark 2.9.5. Let v; € V(G), and let v; € V(P,,). By Remark 2.9.4, P, is the subpath
of P,, from r to v;. Therefore,

tvi) —t(vy) = z(Py,) —a(Py) = (P [vj, i),
where P,,[v;,v;] denotes the subpath of P,, from v; to v;.

—

Lemma 2.9.5. For every edge e € E(G), the probability that e is removed is at most

Proof. Fix an edge e = (u,v). If z(e) > A, then the bound min{mf), 1} =1 is trivial. So
assume x(e) < A. We show that the probability that e is removed is at most %. By
Algorithm 4, the edge e is removed if and only if the interval (¢(u), t(u) + z(e)) contains

a point of the form p + [A for some integer [ > 0. There are two cases to consider:
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1. Case 1. Suppose there exists {; > 0 such that the interval (t(u), t(u) + z(e)) lies
entirely within ([;A, (I; + 1)A). In this case, e is removed if and only if

p € (t(u) — LA, t(u) + z(e) — [1A),

an interval of length z(e). Since p is uniform in (0, Al], the probability is %.

2. Case 2. Suppose instead that (t(u), t(u)+x(e)) straddles a multiple of A, i.e., there
exists Iy > 0 with

(Io — DA < t(u) < LA < t(u)+z(e) < (Io+ 1)A.
Then e is removed if either
p€ (t(u)— (o —1A,A) or pe (0, tu)+x(e) — A).

The first interval has length IobA —¢(u), and the second has length t(u) + z(e) — l2A.
Thus the total probability is

loA —t(u)  t(u) +z(e) — LA  z(e)

A A A
O

Let H be the graph returned by Algorithm 4 when applied to 6, and let H be its directed
version.

Theorem 2.9.1. Let B be an arbitrary block of H. Then G|V (B)| = B, that is, no edge
of GIV(B)] is removed by the algorithm.

Proof. We prove this for é—;: by using induction. The statement is for a f fixed value of p,
G,V (B)] = B for any block B € H; after performing the algorithm on G;. The base case
is correct. For the indu&io}n step, suppose that the statement is correct for Gi, k < n,
now consider the graph G together with Hy . Clearly V(Hyy1) = V(Hy) U{vk41}, and
|E(Hgt1) \ E(Hy)| < 2. There are multiple cases,

o |E(Hy1) \ E(Hg)| = 0,1. In this case either v, is an isolated vertex, or Hyyq =
Hj. + e such that e is an edge-cut with v;,; as one of its endpoints. We can see
that the block decomposition of Hy. is the block decomposition of Hj plus a single
vertex.
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o |E(Hyt1) \ E(Hg)| = 2. Suppose that vy is adjacent to vj,, v, in Hyyq and g =
(Vj1,0),) € E(Grt1),e = (vjy,V41), f = (Vk41,v),) € E(Hy). Remark 2.9.3 implies
that t(vg41) = t(v;,) + x.. It’s not possible that the algorithm removes g, the reason
is that if p +mA € (t(vj;,), t(vj,) + x,4), then either p + mA € (t(vj,), t(vj,) + x.),
or p+ mA € (t(vkt1),t(vkt1) + ). This is because z. + zy > z, (The triangle
inequality). Thus g € E(Hg+1). Now we have 2 cases,

— v;,,v;, € B for some block B € E(Hj). This implies that vy, € B’ such that
V(B') =V(B) U{vgs1}, and Gr441[B'] = B'.

— v;, € B1,vj, € By. This implies that g is an edge-cut in Hj. It can be derived
that the triangle with vertices v;,,vj,, k41 is a block in Gy ;.

[]

Lemma 2.9.6. Let B be a block in H. Then there exists a vertez rp € V(B) such that
dé(rp,u) <A for allu € V(B),

and therefore diami, (B) < 2A.

Proof. By Theorem 2.9.1, we have a[B] = B. If B = K, the statement is immediate.

Otherwise, B is a 2-vertex-connected induced subgraph of G. By Lemma 2.9.4, there exists

a vertex v; € V(B) such that for every v; € V(B), the path P, contains v;, and moreover
the subpath P, [v;,v;] is entirely contained in B. By Remark 2.9.5, we have

t(v;) — t(w) = @(Pylu,v5)) -

If (P,;[v,v;]) > A, then there would exist some integer [ > 0 such that p + IA €

(t(v1),t(v;)), implying that one of the edges of P,,[v;,v;] would have been removed by the
algorithm—contradicting the fact that B is preserved. Hence

z(P,; v, v;]) < A.

Thus every vertex v; € V(B) lies within distance A of v;. Taking rp = v, it follows that
any two vertices in B are at distance at most 2A, and therefore diam7,(B) < 2A. O

We now disregard the orientation of edges in H (the graph obtained by Algorithm 4).

The graph H is not necessarily connected, so let its connected components be Hy, ..., Hy.
By Lemma 2.9.6, every block of each H; has x-diameter at most 2A. We next perform
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Algorithm 5 independently on each component H;. At this stage, we do not use the fact
that H; is a subgraph of some maximal outer-planar graph; the only property we require is
that every block of H; has z-diameter at most 2A. Fix a component H; for the remainder
of the discussion, and note that in this stage H; is treated as an undirected graph.

Algorithm 5 Second Stage

1: Let r € V(H;) be an arbitrary root.
: Choose p’ € (0, A] uniformly at random.
: For each j > 1, define

w N

Uy = {v e VH) | o +(j — DA < dj (r.0) < '+ jA Y},

4: Remove |J; 0m,(U;)-

Let H' be the graph obtained after performing the second stage on H;.

Lemma 2.9.7. For every edge e € E(H;), the probability that e is removed in the second

stage is at most %.

Proof. Fix an edge e = (u,v) € E(H;). Without loss of generality, assume
dy (r,u) < dj (r,v).
Since e is the edge between u, v, we also have
diy (r,v) < df (r,u) + x(e).

Thus the interval (df;, (r,u), df; (r,v)] has length at most z(e). Algorithm 5 removes e if
and only if, for some integer [ > 0, the shifted boundary point p’ + [A lies inside this
interval. Since p' is chosen uniformly at random from (0, AJ, the probability of this event
is at most

g () — dip (rw) _ (o)
A - A
]

This implies that after the execution of both stages of the algorithm, each edge e € E(G)

is removed with probability at most %T@' We now prove that every connected component

H’ of the resulting graph has z-diameter strictly 4A.
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Lemma 2.9.8. Let u,v be two vertices in the same connected component C' of H'. Then
dy, (u,v) < 4A.

Proof. Let B, and B, denote the blocks of H; that contain u and v, respectively, taken
before performing Algorithm 5. If B, = B,, then by Lemma 2.9.6 we have df; (u,v) < 24,
and the claim follows. Now assume B, # B,. Let By be the lowest common ancestor
block of B, and B, in the block decomposition of H; rooted at r. By definition of the
block tree, there exists a cut vertex r, € V(By) such that any path from r to v in H; must
pass through r,. Similarly, there exists r, € V(By) with the analogous property for v.
Moreover, any u—v path in H; must contain both r, and r,. Since u and v lie in the same
connected component C of H', it follows that r,,r, € V(C).

We now bound the distances. By construction of the sets U; in Algorithm 5, if » and 7,
remain connected in C', then

dyy, (r,u) — dy. (r,ry) < A.

Otherwise u would have been separated from r,. Note that the left-hand side above equals
dy (ru,u), since every r—u path must pass through r, once r, is identified as a cut vertex.
Hence,

dyy (ru,u) < A.

An identical argument gives
dy, (v, v) < A.

Finally, since r,,7, € V(By), Lemma 2.9.6 implies

dy, (ru, 70) < 2A.

Applying the triangle inequality, we obtain

dip (u,v) < diy (u,r4) + diy (ru, 7o) +dp (10,0) < A+2A+A = 4A.

This completes the proof. n

Theorem 2.9.2. a < 8, where M is the family of all instances of the minimum multicut
problem in outer-planar graphs.
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Proof. We choose A = }L and run the randomized rounding algorithm using the optimal
solution x of the LP relaxation. Each edge e is removed with probability at most

2z, 2z,
A 1/4

= 8z,.

Furthermore, the diameter of every connected component is strictly less than 4A = 1,
which ensures that all source—sink terminals are separated from each other. Thus the
expected cost of the multicut produced is at most 8 - OPT 1 p. n

Since the family of cactus graphs is a subfamily of outer-planar graphs, the lower bound
from Section 2.5 applies in this setting as well. Hence we have

20
5 < QoUuTER-PLANAR < 8.

Closing this gap remains an open question.
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Chapter 3

Conclusions

This thesis explored two directions under the unifying theme of cuts in optimization and
approximation.

In the first part, we studied the complexity of split closures in mixed-integer sets with
two integral and one continuous variable in R?. While a full extension of known results
from R? remains open, we made partial progress by constructing a polyhedron ) such that
PrCQCP” lit, where () is describable by polynomially many inequalities in the input
size of P. Determining whether P;” Bt jtself admits a polynomial-size description remains
an open problem (see section 1.3).

In addition, in section 1.4, we introduced a generalized mixed-integer rounding (MIR)
procedure derived from two equations, producing a new family of valid inequalities. These
inequalities are rooted in the geometry of split closures in R3. Although we presented only
a brief version of the derivation, the procedure shows promise for further exploration and
could inspire future generalizations to higher dimensions or more complex systems.

In the second part, we analyzed the integrality gap of the natural LP relaxation of the
minimum multicut problem in planar graphs and sub-classes of planar graphs. Using small-
diameter decompositions and novel tools, we proved in section 2.5 that the integrality gap
in cactus graphs is at least %0, strictly improving the previous best lower bound of 2.
Moreover, we established an upper bound of 3.44 for cactus graphs in section 2.6.

In fact, through a more delicate application of Theorem 2.4.2, we improved the lower bound
further to %, although this stronger result is not included in the main body of the thesis.

Specifically, we show that when w = 2, there always exists

SDD(G, 2w=1,% ) = SDD(G. 4,4).

2
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for every G € CACTUS, i.e., every cactus graph. This provides an SDD with an optimal
probability parameter when w = 2. Motivated by this observation, we propose the following
Conjecture:

Conjecture 3.0.1. Let CACTUS denote the family of cactus graphs. Then for any w € N
and any G € CACTUS, there exists an

SDD(G, 2w, =),

3w+1

which implies that acactus < %.

We also obtained tight bounds of 2 for unicyclic graphs in section 2.7, and for path cactus
graphs in section 2.8. Moreover, Algorithm 3 can be adapted with minor modifications to
handle series path graphs, as illustrated in Figure 3.1, yielding a tight integrality gap of 2
for this class as well.

Figure 3.1: A Series Path Graph.

In section 2.9, for maximal outer-planar graphs we proved an upper bound of 8 via a
randomized rounding algorithm. With minor modifications, the same argument extends
to general outer-planar graphs and, in fact, to all graphs of tree-width 2.

Taken together, these results significantly refine the landscape of known bounds for the
integrality gap of the minimum multicut problem in planar graphs. Table 3.1 summarizes
the results on the integrality gap of the minimum multicut problem in planar graphs:

Graph Class Lower Bound | Upper Bound
Trees 2 2
Unicyclic graphs 2 2

Series path graphs 2 2
Cactus graphs % 2+ ﬁ ~ 3.44
Outer-planar graphs %

Planar graphs 2 O(1)

Table 3.1: Known bounds on the integrality gap of the minimum multicut problem in
various graph classes.
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