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Abstract

Background: With the advent of personalized and stratified medicine, there has been much
discussion about predictive modeling and the role of classical regression in modern medical
research. We describe and distinguish the goals in these two frameworks for analysis.

Methods: The assumptions underlying and utility of classical regression are reviewed for
continuous and binary outcomes. The tenets of predictive modeling are then discussed and
contrasted. Principles are illustrated by simulation and through application of methods to a
neurosurgical study.

Results: Classical regression can be used for insights into causal mechanisms if careful thought is
given to the role of variables of interest and potential confounders. In predictive modeling,
interest lies more in accuracy of predictions and so alternative metrics are used to judge adequacy
of models and methods; methods which average predictions over several contending models can
improve predictive performance but these do not admit a single risk score.

Conclusions: Both classical regression and predictive modeling have important roles in modern
medical research. Understanding the distinction between the two framework for analysis is
important to place them in their appropriate context and interpreting findings from published
studies appropriately.
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1. Introduction

Much scientific research aims to characterize the relationships between individuals’ attributes
(e.g. demographic or genetic features), their environment (e.g. exposures or treatments), and
health outcomes. For this purpose, the attributes and environmental features of interest are
summarized in the form of covariates, with the health outcome representing a response in a
statistical model. The particular scientific aim may simply be to describe observed relationships
between the covariates and the response, or it may be to gain deeper insights into underlying
causal mechanisms.! Classical regression can be used for both types of objective, but causal
analysis typically involves a more formal and exhaustive enumeration of potential confounding
variables, careful consideration of the relationships between all variables, and an explicit
specification of modeling assumptions; directed acyclic graphs (DAGs) play a key role in organizing
and communicating much of this information.2

With the advent of personalized medicine over the last two decades,? interest has
increased in a third type of research aim in medicine - that of predictive modeling.*> In the
neurosurgical setting, for example, Byon et al.® developed a predictive model for fluid
responsiveness in mechanically ventilated children undergoing neurosurgery. Chen et al.”
considered use of a scoring system developed by Copeland et al.8 to predict mortality in general
neurosurgery that can play a role in audits on performance. In prediction, the goal is not to
interpret associations or make causal inferences about the role of key covariates but rather to
develop models that can be used to accurately predict health outcomes. Here, relationships
between variables are exploited to predict outcomes with a high degree of accuracy, often
through derivation of risk scores based on regression models, or more generally from “black box”
risk prediction algorithms. In medical settings, decisions are often guided by predictive inferences -
individuals designated as “high risk” for poor health outcomes may be offered lifestyle counselling,
or more intensive or expensive treatments. Risk predictions also may alter individuals’ standing on
wait lists for surgical procedures - Kent et al.® argued that in settings in which risk prediction
models are used to manage health services, they should be transparent, accurate, and updated
frequently.

Prediction accuracy is measured differently depending on the nature of the response (i.e.
continuous, binary, or censored time-to-event responses). Measures characterizing how close
model predictions are to actual outcomes reflect overall performance. A more detailed
consideration of predictive performance involves two properties: calibration and discrimination.®
Calibration refers to the accuracy of estimates of absolute risk? in the sense of how well the
average predictions align with some marginal population attribute such as the mean response, the
prevalence of a condition, or the median time to an event in the failure time setting. Good
calibration is key in demand forecasting when predictive modeling issued to plan and budget for
health service needs in a population. Discrimination is typically a more important feature of a
prediction method in medical settings when focus is on individual patients - it refers to how well a
prediction model differentiates between individuals who will experience an event, say, from those
who will not experience the event.
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The purpose of this article is to review uses of classical regression and explain statistical
issues in predictive modeling. We first review modeling for descriptive statistical analyses and
causal analyses. We then outline approaches for the development and evaluation of predictive
models and prediction more generally. In Section 2, we introduce the linear model and consider
the classical aims of regression modeling, which may be descriptive modeling of associations, or
the more ambitious and meaningful goal of causal analysis. We then discuss prediction in the
context of linear models and ways of measuring predictive performance; this introduces the
notions of model fit and explained variation. In Section 3, we consider the setting in which the
response of interest is binary and discuss methods for quantifying predictive performance with
such outcomes. Remarks on more modern methods for building and evaluating prediction
algorithms are given in Section 4. An application is given in Section 5, where the aim is to predict
satisfactory long-term outcome among individuals experiencing a ruptured brain aneurysm and
undergoing neurosurgery!?. Issues in predictive modeling with censored time to event data are
considered in Section 6, and concluding remarks are provided in Section 7.

2. Classical Regression versus Predictive Modeling

2.1 Descriptive and Causal Analysis via Classical Linear Regression

Classical linear regression involves a continuous response depicted by the letter Y, and a set of
covariates Xj,j = 1,...,p. The goal is to study the relation between the covariates and the
response through the additive model

Y = ,80 + ,81X1 + e+ ﬁpo + €, (1)

where Bo is called the intercept, B;is the coefficient of Xj,j =1,..,p,and e~N(0, o?)isa
normally distributed error term reflecting random variation. The model is often represented more

compactly by defining the covariate vector X = (1, X1, ...,Xp)’, the vector of regression

coefficients 8 = (8o, B1, ...,ﬁp)’, and writing Y = u(X; 8) + € where u(X; 8) = X'B is the
expected (mean) response for an individual with covariate vector X. The model has two parts to it:
the systematic component 1 (X; ), and the random component € =Y — u(X; ), which
accommodates variation of the response about its expected value. The standard deviation of the
random error, o, quantifies the extent to which observations can deviate from the expected value,
given the covariates; it is often left as an implicit assumption that the error € is independent of the
covariates X, but as we will see shortly this is an important assumption. With a sample of n
independent individuals, contributions from each individual represent independent realizations of
the joint process generating (Y, X). If the relationship between the covariates and the response is
of interest, we interpret B; as the expected change in the mean response when we increase X; by
one unit, when all other covariates are held fixed; often we use the term “when controlling for all
other covariates”. If interest lies in assessing whether X; adds any explanatory power in the
presence of the other covariates, a test of the important of X; can be carried out by testing
whether or not B; = 0in (1).

Classical Regression and Predictive Modeling
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To simplify the discussion, suppose p = 2 giving

Y = Bo+ B1X1+ Xy + € (2)
where e~N(0,02). If (2) is viewed as the “correct model” then B; is the causal effect of a
one-unit increase in X; on the expected response when X; is held fixed. If X; is omitted from the
model and

Y = (04)) + ale + €, (3)
is fitted, one can show that

ay = f1+ B4, 4)

where A,= E(X;|X; = 1) — E(X3|X; = 0) and E(X;|X; = x,) represents the average value of X,
when X; takes on a particular value x;. The term f5,A, represents the bias of the estimator of a; in
(3) for the causal effect B1 in (2). This bias arises from the confounding effect of omitting X> when
it is associated with the response and the covariate Xi. Of course, if X, is not important (i.e. 2 =0)
or if X7 and X> are not associated, the bias is zero; in the latter case A,= 0, since the average value
of Xo will be the same regardless of the value of X; (i.e. E(X,|X; = 1) = E(X,|X; = 0)). More
generally, however, the inference we draw regarding the importance of X; when we fit (3) is
influenced not just by its true causal effect B1, but also by the effect of Xz in (2) denoted by B1, and
the strength of the association between X; and X,. The complex nature of this bias makes the
estimator for a; difficult to interpret meaningfully which has lead to the greater appreciation of
the importance of causal thinking. Thus, when analyses are carried out more informally, they are
best viewed as descriptive, and inferences should be confined to statements about associations
between variables. Of course, the underlying model (1) adopted here is very simple, and in
practice there are many more potential confounding variables at play. The use of naive simply
models in more complex settings yield estimators that are subject to influence from many
confounders, making interpretation even more difficult than illustrated here.

Returning to the simple setting of (1), we note that in a randomized clinical trial, we may
have X;: =1 or 0 if an individual is assigned to the experimental intervention or standard care,
respectively. In this setting, X> may represent an important prognostic variable. Because Xj is
assigned by randomization, it is independent of X, and so simply fitting the model (3) will yield an
unbiased estimate of the causal effect 1 and a simple t-test can be performed. A test for the
treatment effect based on (2) corresponds to an analysis of covariance where adjusting for X, will
often reduce the residual variation and hence can increase the power of the test of treatment
effect.1?

2.2 Predictive Inference in the Linear Model

Classical Regression and Predictive Modeling
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In prediction, interest lies less in studying the relationship between particular covariates and the
response. Instead, the goal is to use available covariate information to obtain a predictive estimate
of a response, sometimes by a simple model incorporating available contextual information, and
sometimes by complex and non-transparent black-box computing algorithms. Here, we revisit the
regression model (1) and note that the mean u(X; f) is the expected value of the response for an
individual with a given set of covariates X; the arguments X and B make it clear that the mean
depends on both the covariates and their corresponding regression coefficients. Upon fitting a
regression model, we have an estimate § and we estimate the mean as u(X; ,@) = X'B. This
estimate, being the best estimate of the expected response, is used for prediction. Thus, if a new
individual is encountered with covariate Xpew, their predicted response would be fi, e, = Xhewl
and the error between their actual response and the predicted response would be €.y, = Ypew —
Anew- Since the goal of predictive modeling is to use covariates to posit a value that will be close
to the response as possible, we want to select predictive models that minimize the size of €,
across individuals in a target population.

Schemper®3 introduces the general measure D to quantify the variation of the random
component of a simple model involving no covariates, where D(X) is the corresponding measure in
a regression model including covariates Xj, ..., X;,. Then, [D -D(X)] = D is the proportion of the
variation in the null model that can be explained by the covariates in the model using X; this
guantity falls between zero and one. If p is large and knowledge was sufficient that all relevant
covariates were available, then the percentage of variation would be very high, but typically there
remains a large amount of unexplained variation and the proportion of variation explained will be
modest. The predictive accuracy of a model with a very high proportion of explained variation will
be excellent, and covariate information from a fitted model will be very helpful in anticipating a
response. The sum of squared errors (or the error sum of squares) isa common measure used for
D. In this case, the total sum of squares (SS::) is for a model with no covariates, and the residual
sum of squares (SSres) is the corresponding terms for the predictive model involving covariates.
The proportion of variation explained is then PVE = (5S¢ - SSres) = SStot; this is sometimes labeled
R?, as we do in what follows and is called the coefficient of determination. If the covariates explain
the variation in the response very well predictions will tend to be close to the responses and PVE
will be large. Note that a covariate may have a large and significant regression coefficient but
paradoxically fail to explain much variation in the response and therefore not enhance predictive
accuracy. This arises when there is little variation in the covariate in the sample - some variation is
needed to detect a significant effect of course, but it may be of limited value for prediction if the
vast majority of individuals share the same value of the covariate.

To illustrate, consider a simple linear regression model with
Y= B+ pX1+e (5)
with € ~N(0,062), Bo=1, B1 =2, and o= 1.0. We consider Scenario A, in which Xz is normally
distributed with mean zero and var(X:) = 1.0. In this linear model, the PVE is given
BZvar(X;)/(BZvar(Xy) + ¢2), which here gives PVE = 0.80. We simulate n = 1000 observations

{(Y;,X;),i =1,..,1000} and create a scatter plot of Y versus X; in Figure 1(a). Scenario B is

Classical Regression and Predictive Modeling
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identical, except we greatly reduce the variation in the covariate and set var(X:) = 0.04, giving a
PVE =0.138; this substantial drop from Scenario A is due to the smaller variation in X1. The
scatterplot of a sample of n = 1000 observations is given in Figure 1(b), where the empirical
estimate of the PVE is given as 0.159; note that the scales for Figures 1(a) and 1(b) are the same to
make the contrasts clear. The first two columns of Table 1 report the estimated regression
coefficients for these two simulated datasets, and The fitted regression lines and 95% confidence
intervals (Cls) are superimposed on the corresponding scatterplots. The estimated regression
coefficients for X; are 2.013 and 2.067 for Figures 1(a) and 1(b), respectively (close to the true
value of 2). Also, note that the standard error of the regression coefficient for X1 is 0.030 for
Scenario A and much greater at 0.151 for Scenario B; this reflects the impact of the variation in the
covariate on the precision of the estimated coefficients - the greater the variation in the covariate,
the more precise the estimated regression coefficient.

Table 1: Table of estimated regression coefficients, standard errors, and p-values for Scenarios
A,BandC

Scenario A Scenario B Scenario C
N =1000, var(X1) =1 N =1000, var(X;) =0.04 N =4000, var(X;) =0.04
Est SE p Est SE p Est SE p
Bo 1.004 0.031 1.004 0.031 1.012 0.016
B; 2.013 0.030 <0.001 2.067 0.151 <0.001 2.034 0.081 <0.001

Figure 1: Scatter plots and fitted regression lines for Scenarios A, B and C, where the proportion
of variation explained is 80%, 13.8% and 13.8%, respectively.

(a): n=1000, var(X) =1 (b): n=1000 , var(X) = 0.04 (c): n=4000, var(X)=0.04
1 — PREDICTED Y | °
51 -+ 95% CONFIDENCE BAND . 51
44 - 4
31 31
24 24
Y 14 Y 14
0 A 0 A
-1 _:. -1
-2 -2
,3 4 ’ ,3 4
-4 4 -4 -4
-10 05 00 05 10 -10 -05 00 3 10 -10 -5 00 05 10
X4 X4 X4

In Scenario C, we retain the parameter settings of Scenario B, but quadruple the sample
size to n =4000; the corresponding scatterplot is given in Figure 1(c) and the estimates are
reported in the last column of Table 1. Here, we see that the point estimate for B1 is again close to
the true value of 2, but the standard error is about half of what it was in Scenario B. This reflects

the general phenomenon that the standard error decreases linearly with 1/\/5 where n is the
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sample size - thus by quadrupling the sample size we halved the standard error. This also
highlights the fact that the power to detect an important effect is influenced by both the sample
size as well as the variation in the covariate; this is well known in experimental design but is
seldom discussed explicitly in the analysis of observational data. The proportion of variation
explained is comparable in Figures 1(b) and 1(c) at 0.159 and 0.137, respectively, also highlighting
the fact that measures of predictive performance are (as they should be) independent of sample
size. To summarize, in each of Scenarios A to C the regression coefficients are significant, butin
Scenarios B and C the proportion of explained variation is low because there is little variation in
the covariate.

Other measures of predictive accuracy that reflect discriminatory power of a predictive
model include Harrell's C index.'# This method considers all possible pairs of individuals in a data
set and computes the proportion of such pairs for which the ordering of the predictions is
concordant with the ordering of the responses - high values (close to 1) represent good
discriminatory power, whereas values around 0.5 indicate poor discriminatory power.

3. Prediction with Binary Outcomes

3.1 General Framework for Modeling

In many settings, the response of interest is binary, reflecting whether a surgical intervention was
successful or not, or an event or complication was experienced during follow-up. If Y denotes a
binary variable taking the value 1 if an outcome occurred and 0 otherwise, generalized linear
models!> may be formed based on the probability P(Y = 1 | X). For binary responses P(Y =1/X) =
E(Y[X) = u(X) is the mean given X and upon specification of a link function g(.) we set

g(uX; B) = Bo + X'B, (6)

where Xisa p X 1 covariate vector and B is a p X 1 vector of regression coefficients.!® Logistic
regression models are perhaps most often used where g(u) = logit(u) = log(/(1-12)). Upon fitting
this model and obtaining estimates 5 we can think of §, + X'f or i(X) = ,u(X; ﬁ) =

gt (,30 + X’[?) as a risk score. Since the latter is based on an estimated probability it is called a
probabilistic prediction, which is simply the estimated probability that the response will be 1. With
a threshold c specified, the corresponding point prediction would be Y = I(i(X) > c)where I(.)
is an indicator function such that I(4) = 1if Ais true and is zero otherwise. The key distinction is
that a probabilistic prediction will not take on values that are possible for the actual response
whereas point predictions will.

As in the case of continuous responses, with binary responses measures of predictive

accuracy reflect how close predictions are to realized responses which is referred as overall
performance. One common measure proposed by McFadden?’ is

Classical Regression and Predictive Modeling
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R2  — iliCuo) — X li(li(xiiﬁ))
M ¥ Li(1o)

where Lo is the proportion of individuals with Y =1 and [;(1) = y;logu + (1 — y;)log(1 — p).
Several variations of this formula have been proposed, including one by Nagelkerke! that involves
a standardization to ensure an upper bound of 1 can be reached; see Menard? for further
discussion of this family of measures of predictive performance.

An alternative is to consider a measure of predictive accuracy based on the absolute
performance. The Brier score is a measure of predictive accuracy for categorical outcomes and
probabilistic prediction.?° If y, ..., },,,denote observations from a validation sample and a
prediction model obtained from a training sample yields probabilistic predictions p(X;), then the
Brier score (B) is defined as

B= 13 (v-n(xsB))" ™
i=1

In this case, a predictive model is perfect if the Brier score is zero. The upper bound of a scaled
Brier score can be set to 1, but the precise interpretation of the Brier score (or its scaled version) is
unclear; Brier scores are useful for comparing predictive models (lower values correspond to
better predictive models), which can be done informally or formally.?!

With binary outcomes discrimination refers to how well a predictive model differentiates
those at higher risk of an event from those at lower risk, whereas calibration refers to how well
the predictive model reproduces marginal features of a population distribution.® A predictive
model that yields predictions that, when averaged, reflect the population mean response is well-
calibrated. If it does not yield predictions that are close to individual responses (i.e. if it does not
discriminate well between people with and without an event) it is not useful for decision-making
at the individual level. The concept of overall performance of a predictive model is based on how
close predictions are to responses and usually assessed by Brier scores using probabilistic
predictions.?2 The Hosmer-Lemeshow test?3 is often used for assessing fit of a model to the
dataset used to build it. We expand our discussion of discrimination-based measures of predictive
accuracy in the following section.

3.2 Measures of Discrimination

Point Prediction versus Probabilistic Prediction

Note that for continuous outcomes the range of possible values for the response and the
prediction are compatible. For binary or other discrete responses, risk scores may take on values
that are not possible for the response. Point prediction is the term used to describe a prediction
taking on the possible values of the response. With a binary response a natural point prediction
Y based on the probabilistic predictor 4(X) = P(Y = 1|X; B)is ¥ = I(ji(X) = 0.5); that is, for a

Classical Regression and Predictive Modeling
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point predictor we would predict the value that has the greatest probability of occurrence based
on our model, but thresholds other than 0.5 are often preferable as we next describe.

Table 2: Cross-classification of individuals according to their point predictions and responses in the
form of a confusion matrix with threshold T

Y=1 Y=0 Total
Y=1 A(T) B(T) A(T) + B(T)
Y = C(T) D(T) C(T) + D(T)
Total A(T) + C(T) B(T) + D(T)

Having developed a risk score one can assess how well the risk score performs in predicting
outcomes. This is typically done by considering a range of possible thresholds for the risk score,
assigning point predictors accordingly, and examining the concordance between the point
predictor and responses. So, if we use the probability scale for the risk score, we might choose a
threshold T (0 < T< 1) such that if i(X) > T we predict Y(X) = 1 and we set Y(X) = 0 otherwise.
We can then create a 2 X 2 table (Table 2) referred to as a “confusion matrix” in machine
learning,2* which shows the relation between the true responses (Y) and predictions (¥). With a
given threshold T, A(T) is the total number of individuals for whom their response is 1 and their
point predictor is 1 (i.e. their point predictor and response are concordant at 1), while B(T) is the
total number of individuals for whom their response is 0 but their point predictor is 1 with the
threshold T, representing a misclassification; the other cells are similarly defined.

From this we calculate estimates of the false positive rate (FPR) of the point prediction with
threshold T, defined as the proportion of individuals for whom Y = 0 but who were classified with
Y = 1, given here by FPR(T) = B(T)=(B(T)+D(T)) and the false negative rate (FNR) estimated as
FNR(T) = C(T)=(A(T) + C(T)). The sensitivity of the classification scheme is the complement of the
FNR, sometimes called the true positive rate (TPR), and is estimated as SENS(T) = A(T)=(A(T) + C(T))
and the specificity is the complement of the FPR, and is given by SPEC(T) = D(T)=(B(T) + D(T)).
When values of Trange from 0 to 1 all possible thresholds are considered and one can plot the
TPR against the FPR to form receiver operating characteristic (ROC) curve; see Pepe?>. A
classification rule that is of no predictive value will generate a 45-degree line on the ROC curve,
whereas risk scores yielding better discrimination will generate curves above the 45-degree line;
the better the discrimination, the greater the curve, motiving the use of the area under the ROC
curve (AUC) as a summary statistic of discriminative ability of the risk score - this is sometimes
referred to as the C-statistic.? The C-statistic represents the probability of concordance, that is,
the probability that randomly chosen pair of subjects, one with Y =1 and one with Y =0, are both
correctly classified yielding a concordance of their true and predicted classes. Note, however, that
the ROC curve is constructed by considering all possible thresholds, but a particular threshold will
often need to be chosen when making predictions; the ROC is therefore a reflection of the
potential discriminative ability of predictions based on the risk score.

Classical Regression and Predictive Modeling
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Figure 2: Risk score distributions for a setting with good (panel (a)) and poorer (panel (b))
discrimination; Risk score is standard normal N(0; 1) for Y =0 in both scenarios

] 1 1 1
To=—1 T;=0 T,=25 To=—1 T;=0 T.=25

(a) Risk score distribution is N(n1=2, o= 1) for  (b) Risk score distribution is N(i1=1, o= 1) for
Yy=1 Y=1

Figure 3: Receiver operating characteristic curve for the setting of Figure 2(a) (higher curve) and
Figure 2(b) (lower curve)
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Consider the distribution of risk scores for individuals with Y =0 and Y = 1, where
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higher values of the risk score tend to occur for those with Y = 1. For illustration, we suppose that
the risk score is normal with mean 0 if Y =0 and mean 2 if Y =1, with the standard deviations
common at 1; the distributions are plotted in Figure 2(a) where we overlay three illustrative
thresholds for classification at To =-1, T; =0 and T, = 2.5. With threshold To, the probability an
individual with Y = 0 has a risk score above -1 is denoted by Ay, so we write FPR(-1) = FPRo = Ay,
and the probability an individual with Y = 1 has a risk score above -1 is By, so we write TPR(-1) =
TPRo = Bo. With threshold T; the probability an individual with Y = 0 has a risk score above 0 is A1
so we write FPR(0) = FPR; = Az; the probability an individual with Y = 1 has a risk score above 0 is
B1, so we write TPR(0) = TPR; = B;. With threshold T, = 2.5, the probability an individual with Y =0
has a risk score above 2.5 is Ay, giving FPR(2.5) = FPR; = A, and the probability an individual with Y
=1 has arisk score above 2.5 is B,, so we write TPR(2.5) = TPR; = B,. These points are plotted in
Figure 3 with the labels Ty, T; and T, to indicate the threshold to which they correspond. All such
thresholds can be considered, and if we plot the TPR (%) against the FPR (%) for each possible
threshold, we construct a ROC curve depicted by the solid curve in Figure 3. The greater the
separation between the two risk score distributions, the better the risk score serves as a basis for
classification. Figure 2(b) displays risk score distributions when there is less separation, which
gives the lower ROC curve in Figure 3 with the dashed line. The discriminatory ability, which is the
focus of binary classification model, is typically characterized by sensitivity, specificity, and the
concordance statistic (C-statistic), which is equivalent to the area under the ROC curve.?’

3.3 Over-fitting and Issues in Validating Models

Prediction models are obtained by modeling the relationship between covariates and a response
in sample data. Such modeling procedures typically aim to find the best model among a family of
possible models. Traditional methods involving forward or backward selection yield biased
estimates of the effects of selected covariates due to the “winner's curse”.?8 This refers to the
phenomenon by which over-fitting lead to the inclusion of covariates that enhance fit for the
particular sample but results in the model not performing well in other samples, even if randomly
drawn from the same target population. Zhong and Prentice?® describe methods for bias-
reduction that are important when a large number of variables are being considered. Ridge
regression was proposed as a means of smoothing regression coefficients to attenuate larger
estimates due to unique features of a particular random sample.3® We comment on

penalized regression and other more modern machine learning methods in Section 4.

When a single sample is available for building and assessing a predictive model, more
honest assessments of prediction accuracy can be obtained by dividing a sample into a training
sub-sample (say 50% - 75% of the original sample) used to build a predictive model, and the
complementary sub-sample to be used to assess predictive accuracy - this technique is called split-
sample validation. This approach is criticized as poor because the model is built on a smaller sub-
sample that may have unique features by chance from the random splitting process, and that the
validation sample is correspondingly modest. It is particularly problematic with binary outcomes
when the overall event rate is low. Some of the limitations of this approach are addressed by use
of K-fold cross-validation wherein the sample is dividing into K distinct sub-samples (or “folds”) of
equal size, the model is built in each of K training subsamples, each comprised of the distinct
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union of K- 1 folds, and the predictive accuracy is assessed in the fold that was held out from the
training sample. For this approach, the model building benefits from the larger training sub-
samples, and the full sample is ultimately used to assess prediction accuracy. Note that with K-fold
cross-validation, we end up with K different predictive models, so this really is assessing the model
building procedure in the context of the available data, rather than a single predictive model that
would arise from the split-sample validation. It therefore has a useful role in selecting tuning
parameters for penalization methods where the question is a more global question about how to
avoid over-fitting, rather than assessing performance of a particular model. An extreme form of K-
fold cross-validation is when K = n, where n is the sample size - this is called the jack-knife
approach.

Steyerberg® points out the bootstrap procedure is preferred method as the resampling
recognizes the fact that the sample was drawn from a population. Here, we may take B bootstrap
samples of size n by resampling with replacement, build the predictive model for each bootstrap
sample, and assess the predictive performance in the bootstrap sample on which it was built that
estimates the apparent predictive accuracy, and in the original sample. The difference of the two
measures of performance is a measure of the optimism of predictive performance when assessing
validation in the same sample as the sample used to build the model. It can therefore be used to
“correct” for the optimism one might otherwise have about performance.

The critical role of the covariate distribution in predictive performance of a model was
mentioned in Section 2.2. When models are built for prediction in a given setting and to be used in
a population with a quite different covariate distribution, performance will often be compromised
- this feature of a predictive model is called “transportability”. As an example, a model builtin a
sample with an equal proportion of men and woman may find sex to be a variable in a risk score. If
the same model is to be used in a sample comprised exclusively of men, then this element of the
risk score will not be informative and so some degradation of performance can be expected. Use
of external validation samples can help give insight into the generalizability of predictive
performance metrics. Careful consideration of the composition of the external validation sample
will be necessary to determine if the findings from this validation exercise are influenced by this
factor. If interest lies in estimating the predictive performance of a model in a specific setting for
which the covariate distribution can be specified, adjusted measures of predictive performance
can be calculated.3!

4. Penalized Regression and Machine Learning Technigques

4.1 Penalized Regression

Breiman3?2 noted that the traditional methods of best subset selection (e.g. forward or backwards
elimination) yielded unstable models and that such instability could lead to poor predictive
performance. An alternative approach to model building is to define an objective function to be
maximized but to penalize this function to mitigate over-fitting. Ridge regression? imposes some
shrinkage, which leads to more stable models, but does not set any coefficients to zero and
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therefore does not “select” key variables. The LASSO3* is a penalization approach wherein the
penalty attempts to maintain the advantages of both subset selection and ridge regression by
shrinking some coefficients and setting others to zero through use of a log-likelihood with a so-
called Ly penalty function. This has the form

14
OERSYA (®)
j=1

where [(f) is the log-likelihood and the second term is the penalty. This model is selected by
maximizing this function but each time a coefficient deviates from zero the function decreases by
an amount l|[§j|, which combats over-fitting. Other penalty functions which have recently been
proposed include the smoothly-clipped absolute deviation (SCAD)3%3¢, the adaptive LASSO%, the
elastic net3, the grouped LASSO3% and the minimax concave penalty (MCP)*. While much of the
work on variable selection techniques was initially carried out in the context of continuous
responses, advances have been made to deal with binary responses and time-to-event responses.
For the latter, the penalty term is typically applied to the partial likelihood arising from a
semiparametric Cox regression model*! when data are right-censored.

4.2 Classification and Regression Trees

An alternative nonparametric framework for the development of prediction algorithms is through
recursive partitioning. In this framework, a sample is initially sub-divided to create two distinct
sub-samples of individuals in which individuals in different sub-samples are dissimilar with respect
to a chosen measure, that is, individuals within the same sub-sample are more similar to one
another than individuals in the opposing partition. Given a list of covariates, the algorithm
considers splits based on each possible categorization using all discrete and continuous covariates
where for the latter type of covariate every possible cut-point is considered. The optimal split is
the one that leads to the greatest separation between the sub-samples (i.e. the two branches of a
tree). Often, this decision is based on the minimum p-value or the maximum test statistics*?
among the candidate tests but other criteria can be applied*3. Following an initial binary split, the
two sub-samples are considered for further partition by splitting on another variable within each
sub-sample leading to the term recursive partitioning. The sequence of divisions is repeated, with
the resulting splits depicted graphically in a tree formation; this stage is called the tree-growing
step. Cross-validation is typically used to gauge the extent of over-fitting during which results from
excessive splitting. The concern here is that the partitioning is carried out on a single dataset to
make use of the information in that particular sample —if this is done to an excessive degree, then
it may perform well in addressing the idiosyncrasies of that sample at hand, but not other samples
which may be drawn from the same population but differ in some random way. The tree pruning
stage uses cross-validation to produce a final tree that balances simplicity and fit, and in so doing
renders a classification procedure that may be more generalizable and perform better in external
samples.
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Recursive partitioning may be viewed as a nonparametric procedure since there are no
regression coefficients naturally associated with the final tree and splits may be based simply on
test statistics. Instead of obtaining regression coefficients we obtain samples of individuals in the
terminal nodes (a term for the sub-samples of individuals where no further partitioning is carried
out) are viewed as similar with a common prediction for them. If a new individual is encountered,
the prediction algorithm based on recursive partitioning simply determines which terminal node
they fall in, and assigns the predictive value as the average value among individuals in the
respective terminal node. For binary outcomes, this corresponds to the proportion of individuals
who have the response of interest, which is an estimated probabilistic predictor - based on this a
point predictor can be obtained as described earlier. For binary responses, the term used is a
classification tree, but both classification and regression trees are subsumed in the acronym CART.
See Strobl et al.** for an accessible review.

4.3 Ensemble Methods

Ensemble methods recognize that individual predictive models may suffer from instability in the
selection and estimation of covariate effects, thus better performance may be obtained by
considering several predictive models and averaging prediction over the set of predictive models.
A particularly popular ensemble algorithm is based on the growth of several classification trees to
form a collection of trees - this algorithm is called random forests. A prediction is then made from
each tree and the predictions are aggregated to obtain an overall prediction. The idea of adopting
multiple prediction models is to avoid over reliance on a single classification scheme when other
classification or prediction rules may perform quite closely in terms of overall performance.

The algorithm of growing a tree will produce the same tree unless the datasets are different.
To address this training data are resampled with replacement via the nonparametric bootstrap to
create B bootstrap samples of the same size as the original. For boosting methods, the recursive
partitioning algorithm is applied to each bootstrap sample and the prediction is made by averaging
the predictions for each of the B trees grown. Random forests work in a similar way, but involve
another random element - the set of covariates considered for growing the tree for each
bootstrap sample is a random subset of the full set of covariates - this ensures that there is more
diversity in the types of trees that are grown across the bootstrap samples.

5. Prediction Following Surgery for Ruptured Aneurysm

Here we consider illustrating the selection and evaluation of predictive models and algorithms for
a binary outcome based on the Tirilazad database.!! This data arose from multicenter randomized
double-blinded and placebo-controlled trials conducted between 1991 and 1997 involving adult
patients with evidence of ruptured brain aneurysms and associated subarachnoid hemorrhage
(SAH). The outcome of interest is the dichotomized patient's Glasgow Outcome Score (GOS) 3
months’ post-rupture; the response is an indicator of good recovery with potentially moderate
disability but functional independence, whereas a poor outcome includes the events of death or
loss to follow-up.!! Thirty covariates displayed in Table 3 are considered for the development of
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predictive methods. For the analyses that follows, we make use of data from 3,137 patients with
complete covariate information and split the data randomly into a training sample (75%) and a
type of external validation sample (25%) used to assess predictive performance. All analyses were
implemented using the R language (Version 4.1.1).%°

Table 3: A list of 30 covariates considered for the prediction of subarachnoid hemorrhage (SAH) from Lo et

al.®

Demographic variables:

Age (years)
Sex
Weight (kg)

Non-treatment related neurological variables:

Hospital admission neurological (Hunt and Hess) grade
Aneurysm size £12 mm

Presence of admission angiographic vasospasm
Presence of intraventricular hemorrhage
Presence of intracerebral hematoma

Posterior circulation location of aneurysm
Subarachnoid hemorrhage thickness <1 mm
Prior episode of SAH

History of migraines

Presence of hydrocephalus

Development of cerebral edema

Occurrence of post admission stroke
Development of vasospasm during treatment
Seizures requiring antiepileptic medications

Treatment related neurological variables:

Time to surgical treatment (hours)
Treatment arm receiving Tirilazad
Severe vasospasm needing balloon angioplasty

Systematic variables:

Systolic blood pressure (mmHg)

Diastolic blood pressure (mmHg)

Occurrence of fever one week after admission
History of hypertension

History of angina

History of myocardial infarction

History of diabetes mellitus

History of hepatic disease

History of thyroid disease

Development of pulmonary edema

We consider the LASSO via the glmnet package?®® wherein the penalty parameter A in (8) is
set using 10-fold cross-validation via the cv.glmnet function with a view to minimizing the error
based on loss functions involving the AUC, deviance or misclassification error. For the CART
analysis we used the rpart package*’, where we specify the minimum number of observations in
each terminal node as 10, and set the complexity parameter to 0; 10-fold cross-validation was

again used (Figure 4). The pROC package®® was used to create the ROC curve corresponding to the
final tree. The random forests algorithm was implemented using the randomForest package*® with
100 trees grown. To assess the importance of different covariates we consider the mean decrease
of accuracy (i.e. how much accuracy the model losses by excluding each variable) and the mean
decrease of the Gini index (i.e. this indicates how each variable contributes to the homogeneity of
the nodes at the end of the tree)* - the more important the variable is for the respective criteria,
the greater itis in the plot; see Figure 5. Itis apparent that the most important variable is the
history of myocardial infarction, followed by neurological grade at hospital admission.
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Figure 4: The final CART following pruning according to the optimal complexity parameter
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Figure 5: Plots reflecting importance of covariates based on 100 random trees: The left panel is
based on mean decrease in accuracy, and the right panel is based on mean decrease in node

impurity measured by the Gini index.
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The ROC curves corresponding to each of the predictive analyses are given in Figure 6,
where it can be seen that the LASSO performs well with an AUC of 85.6% (95% Cl: 82.9, 88.3). The
CART algorithm does a poorer job in this study, with an AUC of 80.4% (95% Cl: 77.1, 83.6), but the
random forest algorithm yields superior discriminatory performance with an AUC remarkably close
to that of the LASSO with a value of 85.5% (95% Cl: 82.7, 88.3); See Table 4.

Table 4: Predictive performance of LASSO, CART, and random forest approaches on the validation
data from Lo et al.!!

Classification Brier
Approach AUC (95% CI) Accuracy’ Error Rate’ Score?
LASSO 0.856 (0.829, 0.883) 0.794 0.206 0.137
CART 0.803 (0.771, 0.836) 0.774 0.225 0.153
Random Forest (100 trees)  0.855 (0.827, 0.883) 0.802 0.197 0.139

" Accuracy = (A(T) + D(T)) = (A(T) + B(T) + C(T) + D(T)); See Table 2.
" Classification error rate = 1 - Accuracy.

* Brier score can be calculated using the BrierScore function in the DescTools package™.

Figure 6: Receiver operating characteristic (ROC) curves and associated areas under the curves
(AUCs) corresponding to use of the LASSO, CART, and random forest.
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6. Some Remarks on Prediction with Time to Event Responses

When interest lies in longer-term outcomes, prediction methods for time-to-event responses must
accommodate censoring due to loss to follow-up both in the training and validation samples. For
training samples, a natural starting point is to fit a Cox regression model or build one using
penalized regression; the LASSO is commonly used with Cox regression®! and was among the first
to be developed, but many of the common penalty functions of interest can be applied in this
setting. Classification and regression trees also have played a role in risk prediction, with early
papers based on Cox regression or more nonparametric approaches to tree growing based on the
log-rank statistic, for example®?, see also LeBlanc and Crowley>® and Molinaro et al.°* and
Steingrimsson et al.>> for more recent developments. Early work on ensemble methods for
variable selection and prediction based on the Cox model includes Zhu and Fan®®; Ishwaran et al.>’
introduces new splitting rules and describes innovations for dealing with incomplete data.

Prediction models may be directed at predicting event times or, more commonly, the
event status of individuals at a specified time horizon t,. In either case, assessing predictive
performance with censored data can be challenging, since times of interest may be unknown in
the validation sample due to right-censoring; likewise, when the goal is to predict event status at
to, this will be unknown for individuals who were event-free censored at some time A <t, where A
represent an administrative censoring time. Methods for dealing with unknown event status at a
particular time horizon of interest include imputation-based techniques, or use of inverse
probability of censoring weights which address the use of a biased sub-sample when attention is
restricted to individuals whose data are complete enough to use them in the validation exercise.
This requires modeling the censoring time distribution given fixed or possibly time-varying
covariates. Harrell's C index>® is another measure of predictive discrimination where in the failure
time setting one again assesses concordance in the ordering between the observed and predicted
times within each pair of individuals in a data set. That is the failure time and predicted failure
time are later for one member of a pair than the other member, the pair would be designated as
exhibiting concordance, but not otherwise. The proportion of all pairs for which the predicted and
realized orderings are concordant defines Harrell's C index. The challenge with censored data is
that individuals’ failure times may be unobserved due to censoring - for this reason, it is common
to restrict attention to pairs in which at least one individual was observed to fail and the ordering
can be determined based on the information from the other member. Empirically, one can
compute the proportion of pairs for which an ordering can be determined for which the pairs
exhibit concordance in their observed and predicted ordering. To avoid bias that can arise from
the sub-sample of pairs for which ordering is possible, estimators incorporating inverse probability
of censoring weights have been developed.>® More direct model-based estimates of concordance
are also possible - see Gonen and Heller®. Blanche et al.®! recently argued that when interest lies
in predicting survival status at a time horizon t, then computing the time-dependent area under
the receiver operating characteristic curve is more suitable since it is aligned with the aim of
predicting the dichotomous outcome (survived or not to t,).

More extreme forms of censoring arise if it is necessary to examine individuals in order to
determine whether they have experienced the event of interest or not. Clinical settings where this
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is the case include the evaluation of prediction models for asymptomatic vertebral compression in
osteoporosis studies, prediction of the development of metastatic lesions in cancer patients with
skeletal metastases, and prediction of progression of liver disease where the damage status is only
measurable from biopsy. Interval-censoring arises when multiple assessments are made over time
with the event time only known to have occurred between the last negative and the first
assessment. Wu and Cook®? discuss the development of predictive models in interval-censored
data via penalization, with methods for assessing predictive accuracy addressing interval-
censoring in the validation sample given in Wu and Cook®3. Yang et al.®* consider development of
survival trees based on an extreme form of interval censoring yielding current status data; here,
there is a single assessment time so observations are either left- or right-censored.

7. Concluding Remarks

There is an increasing awareness of the power of machine learning and artificial intelligence and it
is natural that these are seeing application to problems of predictive inference. Ensemble methods
can offer predictions that perform better than algorithms based on simple risk scores in many
settings, and if there is no need to report easily calculable risk scores, ensemble and other “black-
box" methods can often be adopted for best performance. Guidelines have been established for
the steps appropriate for the development, evaluation and reporting of new predictive
models.6>66

In many datasets used for the development of predictive model, there is relatively little
attention paid to how individuals were recruited - recruitment mechanisms can be quite different
for cohort studies, disease registries, and administrative datasets, and the details on how
participants are selected can have a profound affect on the covariate and hence the risk score
distributions. It is important to appreciate that the predictive performance of a predictive model
will differ in populations with different covariate distributions and quantifying the extent to which
performance deteriorates is part of the rationale for using external validation samples. If it is well-
understood, and possible to model, how the training sample and target populations characteristics
differ, calibration can be carried out. Otherwise, it is important to bear in mind that this may be a
key factor in explaining poor transportability of predictive models to new settings.®’

In the context of the linear model of Section 2, classical regression and causal inference
were discussed as related topics, but ones that are distinct from predictive modeling. However,
predictive modeling can play an important role in the development of propensity scores for causal
analysis.®®%2 A newer connection between causal inference and predictive modeling arises in
settings where interest lies in prediction of counterfactual outcomes to guide medical decision
making.”%71

We have focused on continuous, binary and failure time responses, but there is great
interest in the development of predictive models and methods for more general and complex life
history processes in settings with incomplete data due to loss to follow-up. The frameworks we
have discussed and the methods of measuring predictive accuracy can be adapted for such
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settings; we refer readers to Steyerberg® for a textbook treatment of this problem and Spitoni et
al.”2 for remarks on prediction with multistate models; see also Section 8.2 of Cook and Lawless’3.

We close with some guiding principles to consider when analysing a research dataset,

where the suitable approach is naturally shaped by the precise scientific aims.

1.

If interest lies in assessing the relationship between a modest set of covariates and an
outcome of interest, a traditional regression model can be fitted. Before interpreting the
results of a fitted model, however, diagnostic checks should be carried out to assess model
adequacy. Provided the underlying assumptions and model fit seem reasonable, covariate
effects can be interpreted in concert - that is, the coefficient of a given variable reflects the
association between that covariate and the response, while adjusting for the effects of the
other covariates in the model.

If there is one covariate (such as an exposure or treatment) that is of primary interest, and the
goal is to make a more formal assessment about the possible causal effect of that variable on
the response, then careful thought is required about possible confounding variables to ensure
they are adjusted for appropriately. The “potential outcomes” or counterfactual framework for
causal reasoning has dominated the field of causal inference, which has seen significant high-
impact advances over the past twenty to thirty years. Many of these methods exploit
propensity scores derived from models of the exposure variable given the confounders.
Propensity scores can be used as the basis for matching or stratification within a sample, or
through regression adjustment; use of inverse propensity of exposure weighting is also
particularly appealing, particularly when the covariate of interest is discrete.

Sometimes interest lies in identifying (i.e. selecting) which covariates in a large set of
covariates appear to have an important relationship with the response. One approach for
doing this is to carry out univariate tests of the association between each covariate and the
response in turn, while controlling the risk of false positive findings through use of a multiple
testing procedure. A second approach is to select the important covariates while considering
them jointly - this is achieved through use of penalized regression models (e.g. the LASSO),
which seeks to find the simplest set of covariates by penalizing an objective function for the
accommodation of non-zero regression coefficients. The notion in this framework is that
covariates exhibit a strong enough effect on the response that the improvement in fit
outweighs the penalty for the inclusion of another covariate. The different penalty functions
available for penalized regression operate in this way but differ in the nature and extent of the
penalties for the use of more complex models.

If interest lies in predicting the response, the concerns regarding over-fitting and
transportability arise. Specified (i.e. fixed) lists of covariates can be used to develop predictive
models, but risk scores and predictive models will be optimized for the training dataset and
some loss of performance typically expected in a validation sample. Often, some degree of
model selection is carried out when building a predictive model (e.g. step-wise regression,
penalized regression) since it may be desirable to have a small list of key variables when
developing risk scores for prediction. When such procedures are employed, it is important to
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note that use of standard estimators and their standard errors do not yield valid inference; the
standard approach to constructing confidence intervals or reporting p-values are not valid in
settings where a model was obtained following any variable selection technique. So-called
ensemble methods of prediction recognize the instability of estimates from particular selected
models, and the fact that many models may provided good fit to a given dataset. By
synthesizing predictions across candidate models, predictive accuracy can be enhanced but
again this is achieved at the price of not having interpretable point estimates of individual
covariate effects.

With the increasing complexity of data in the information age, statistical methods are
playing an increasingly important role in health and medical research. A clear specification of the
primary scientific objectives is needed to identify the most suitable methods for analysis to
address the questions of interest.
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