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Abstract 

Length of stay (LOS) in hospital is a widely used outcome measure in Health Services research, 

often acting as a surrogate for resource consumption or as a measure of efficiency. Recent activity 

in the field focuses on modeling the dependence of LOS on covariates, using administrative data 

collected for the purpose of calculating fees for doctors, or data extracted from medical charts. 

This problem is a challenging one, due to the high skewness of the distribution of LOS, the presence 

of multiple destinations (healthy discharge, death in hospital, transfer to another institution) and 

the unexplained heterogeneity which remains even after all available covariates have been included 

in the model. 

In this thesis, we develop parametric models for LOS that accommodate the skewness of the 

distribution and allow for multiple destinations. The models are based on the time, T, until a 

Wiener process with drift ( representing a health level process) hits one of two barriers, one repre­

senting healthy discharge, the other representing death in hospital. The model is parameterized in 

terms of the barrier levels and drift, which are allowed to depend on covariates. The parameters 

of the model are estimated using the method of maximum likelihood. We show bow to estimate 

expected LOS and probability of discharge, and disc\188 ways of testing hypotheses of interest. 

An interesting feature of the variable T is that the density and distribution functions are infinite 

series. We show that the density and its derivatives are absolutely and uniformly convergent, and 

that regularity conditions are satisfied in the zero drift case for iid observations. 

The models can easily be extended to allow the drift parameter to have a mixing distribution, 

thereby partially addressing the issue of unexplained heterogeneity. While mixture models often 

require numerical integration in order to estimate parameters, we show that, if the mixing dis­

tribution is normal, numerical integration is unnecessary for these models. Also, an extension to 

handle transfers out of hospital is implemented. Since the decision to transfer is at least partially 

based on the health level of the patient, transfers cannot be treated as independently censored 

observations. We develop a model in which patients are transferred with probability p when their 

health level reaches an intermediate decision barrier. We can then model pas a function of c~ 

variates. ~ before, the parameters of these models are estimated using maximum likelihood, and 
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we show how to estimate expected LOS and probability of healthy discharge. 

This approach to analyzing LOS has many parallels with competing risb analysis, and can be 

seen as a way of formalizing a competing risk situation. Further work will explore incorporation of 

time-varying covariates, different distributions for the health level process, and formal measures 

of goodness of fit. 
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Chapter 1 

Introduction 

1.1 Length of Stay in Hospital 

Length of stay (LOS) in hospital is a widely used outcome measU?e in Health Services research, 

often acting 88 a sunogate for resoU?ce consumption or as a measure of efficiency [4). Research 

questions sometimes focus on average length of stay for patients grouped by hospital or physician. 

For instance Rosenthal et al [34) in a 1997 JAMA article compare severity-adjusted mortality and 

LOS in teaching versus non-teaching hospitals. In order to ensure fair comparisons between groups 

of patients, adjustments need to be made for both hospital-level variables such 88 number of beds 

and hospital type (chronic versus acute care), and individual-level variables such as age, sex and 

presence of chronic conditions. Other studies try to determine how patient-level characteristics 

aft"ect length of stay. Bonuck and Arno [5] found that HIV/ AIDS patients with inadequate housing 

stayed in hospital five days longer on average than those with stable housing. Morris et al [28) 

model durations of stay in nursing homes as a function of patient characteristics such as age, 

gender, marital status and general health. 

The data used to investigate these questions are often administrative data, whose primary 

purpose is in calculating fees for doctors. Even after all available covariates have been included in 

the model, large amounts of heterogeneity remain. This situation remains true even when clinical 

data are used. For instance, Rosenthal et al [34} studied six diagnoses that represent common 

causes of hoepitalisation, and used patients' medical records as the data soU?ce. They found that 

at most 25% of the variation in LOS could be explained by their severity-adjusted models. 

1 



CHAPTER l. INTRODUCTION 2 

There are several features of LOS which make it challenging to model. It has a highly skewed 

distribution and the presence of outliers is common. Figure 1.1 shows a histogram of LOS for 

females admitted to hospital with circulatory disorders and myocardial infarction. While r~ 

8 -
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Figure 1.1: Histogram of LOS, Females, APR-DRG=121, Utah Discharge Database 

bust methods would decrease the influence of outliers, interest centers on total consumption as 

estimated by total LOS, and outliers are an important component of the total. 

Another interesting feature of LOS data is the existence of multiple destinations, as shown in 

Figure 1.2. An individual's stay in hospital can end in healthy discharge, death, or transfer to a 

different institution. So far, this aspect has largely been ignored in health services research. Often 

only patients who experienced healthy discharge are analyzed, or all hospital stays are analyzed 

together, ignoring final outcome. 

A further challenge ia the residual heterogeneity that remains even after all available covariates 

have been included in the model. For normal linear models, any unexplained variation becomes 

part of the residual variation and ia accounted for in confidence intervals and teats, but does not 

affect interpretation of parameters. However heterogeneity does affect the interpretation of ~ 
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Figure 1.2: LOS by Discharge Destination, Females, APR-DRG=121, Utah Discharge Database 

rameters in non-normal models such as the logistic model, as discussed by Neuhaus, Kalbfleisch 

and Hauck (31]. Moreover, when the response is time to some event, a selection effect occurs 

because individuals at high risk experience the event of interest sooner (1, 41]. Results must be 

interpreted with care. The population hazard function, h(t), represents the conditional rate of 

failure given survival to time t, averaged over the whole population. In the presence of hetero­

geneity, it cannot be interpreted as an individual's conditional failure rate. This will be discussed 

in more detail in section 6.1. 

In this ,hesis, we develop models for LOS which deal with multiple destinations, and accommo­

date the highly skewed distribution of LOS. These models are derived from the waiting time until 

a Wiener process hits one of two barriers, one barrier representing healthy discharge, the other 

death in hospital. Transfers to other institutions may be modelled as breach of an intermediate 

barrier. These models are rich in the many ways that they can accommodate covariates, both 

individual and hoepital-level. 

The relationship of these models to competing risks analyses is discusaed in Chapter 7. Note 
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that while the competing risks problem is usually presented in terms of failure time and causes 

of failure, the corresponding ideas for health care data would be time in hospital and diac:harge 

status (ie death, discharge home, transfer to another institution). The approach used here is 

distinct from the classic:& competing risks problem, as expounded by Daniel Bernoulli in 1760, 

and as described for instance in the monograph by David and Moeschberger (13], or Chapter 9 

of Cox and Oakes (11]. In the classical competing risks analysis, one postulates the existence of 

several latent failure times, T1, T2, ... , T.,, corresponding to p different causes of failure. Only 

one of these failure times is actually observed, namely the minimum of T1, T2, ... , T.,. Often, the 

purpose of a classical competing risks analysis is to estimate the distribution of time to one type 

of failure, n say, once all other causes of failure have been "eliminated". To do this, we must be 

very precise about what we mean by elimination of a cause of failure. Usually this will involve 

some very strong assumptions, such as independence of the latent failure times. 

In this thesis, we are not concerned with modelling latent times, but consider only the observed 

time in hospital T. We model the joint distribution of T and D, where D is a discrete variable 

indicating discharge status. This is similar to the approach described in Kalbfleisch and Prentice 

([22], p. 163) and in Cox and Oakes ((11], p. 143). 

A brief outline of the thesis is now given. Section 1.2 describes a data set which is used 

throughout the thesis to demonstrate the various models. In section 1.3 we discuss earlier work 

relating health status and length of stay in hospital to a Wiener process with a single barrier. In 

Chapter 2, health status is modelled as a zer1>drift Wiener process with two barriers, one repre­

senting discharge and the other death. Maximum likelihood is used to estimate the parameters. 

In Chapter 3, we extend the model to incorporate a drift parameter,µ. Chapters 4 and 5 address 

technical considerations associated with the models, including uniform convergence of the density 

functions and their derivatives, and regularity conditions. In Chapter 6 we discuss a mixture 

model in which the drift parameter µ is itself a random variable from a Normal distribution. This 

allows the model to account for some excess heterogeneity. We also discuss a model which allows 

for transfers to another institution. Chapter 7 examines the relationship of this approach to the 

competing risks analyses expounded by Prentice et al [32]. Finally, Chapter 8 concludes the thesis 
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with a discussion of the models developed, and some areas for further research. 

1.2 Data 

Throughout this thesis, the Utah Hospit&I Inpatient Discharge Data File (1996) (39] is used for 

purposes of illustration. Since January 1992, all licensed hospitals in the State of Utah must, by 

law, report information on inpatient discharges. This includes personal information about the 

patient, the services received in hospital and associated charges, and medical information. The 

Utah Department of Health makes this information available in various formats for public use. 

Three fixed subsets of the data base are publicly available to researchers at minimal cost, and 

speci&I requests for additional information are considered. Also an inquiry system is accessible on 

the internet at http://161.119.100.19/hda/?. 

Discharge data is received quarterly from hospit&ls, and extensive procedures are in place to 

ensure that the over 50 Utah hospitals report consistent and valid data. Patient confidenti&lity 

is assured through various means. Sever&I covariates are available in grouped format only, for 

instance age and diagnosis codes. Furthermore, where there is a danger that an individual may 

be identified from the information in the data file, data values are encrypted. Patients treated 

in small hospitals, or residing in aip-code areas with a small population, or those with sensitive 

diagnoses (such as HIV) have encrypted information. 

Note that no observations are censored, due to the sampling scheme used to construct the 

database. The database coDBists of all patients discharged in 1996. Patients who are in hospital 

on December 31, 1996 and who remain in hospital into 1997 will not be included in this data file, 

but instead will go into the 1997 data file. On the other hand, patients who were admitted in 

1995, but whose hospital stay continued into 1996 and ended in 1996 will appear in the 1996 file. 

All information will be included on these patients, including procedures performed and diagnoses 

made in 1995. 

In addition to the outcome variables length of stay and discharge status (eg discharged home 

or to another institution, or died in hospital), a large amount of covariate information is available. 

Patient level characteristics include agegroup, sex, zip-code and county of residence, marital status 
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and race. The admitting hospital is identified, and we can determine hospital characteristics such 

aa number of beds, type of ownership (government, not-for-profit, investor-owned), affiliation 

(HMO or free-standing), location, and whether urban or rural, teaching or non-teaching. The 

type of admission (emergency, urgent, elective, or newbom), the source of admission (eg physician 

referral, transfer from another institution), and where relevant, the speciality of the admitting 

physician, are also recorded. Information on the payer (Medicaid, Medicare, HMO, etc.) is also 

available. All of these variables are known at the time of admission to hospital, and are fixed (ie 

do not change over time). 

The file also contains principal procedure and up to five secondary procedures, and principal 

diagnosis and up to eight secondary diagnoses. Procedures and diagnoses are recorded in the form 

of ICD-9-CM codes. ICD-9-CM stands for International Classification of Diseases (9th Revision) 

Clinical Modification. The International Claasification of Diseases is the World Health Organi­

zation's system for coding diseases, originally developed in 1975, and subsequently supplemented 

with codes for surgical and other procedures. There are thousands of these codes, and several 

systems have been developed for grouping admissions according to ICD-9-CM codes. Three of 

these systems are included in the database, namely DRG (diagnosis related group), APR-DRG 

(all-patient-refined DRG) and MDC (major diagnosis category). The MDC system classifies ad­

missions into 25 broad categories based on their ICD-9-CM code for principal diagnosis. The 

categories relate to the major organ system affected ( eg circulatory system), or the type of disor­

der (eg HIV) or condition (eg pregnancy). The DRG system is a system for claasifying patients, 

(or more precisely admissions), into one of 495 groups, according to information available on the 

computerized patient chart, namely principal and secondary diagnoses, principal procedure, age, 

and sex and (for a few DRG's) outcome. This system attempts to group together patients with 

similar clinical attributes and similar resource consumption, ( as measured by LOS and costs). 

DRG's are used to develop indices of hospital case mix (that is, summary measures of the fre­

quency of types of admissions in a hospital), and as a basis for reimbursement. In some cases, 

two DRG's are identical except for the presence or absence of complications and comorbidities. 

A complication or comorbidity is a disease or condition other than the principal diagnosis. While 
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a comorbidity is present on admission to hospital, complicatioD8 develop while the patient is in 

hoepital. The APR-DRG system is another system, similar to DRG, with 791 categories. 

Note that the time of the procedures and diagnoses is not recorded, although this information is 

presumably available from patient charts. While secondary diagnoaea usually represent comorbid 

conditions present at admission to hospital, sometimes they represent conditions which arose 

during the hospital stay, for instance myocardial infarction. These events, as well as various 

procedures, might be important predictors of LOS or coats. H the time of the procedures and 

conditions which lead to secondary diagnoses were available, they could be used as time-varying 

covariates. While time-varying covariates are not addressed in this thesis, they are an important 

area for future research. 

The variable "patient severity subclass" (severity), is a measure of the number of comorbidities 

and complications. It is constructed by the 3M PC-Grouper software which classifies admissions 

into APR-DRG's, and may, for some DRG's, contain information that is not known at time of 

admission. Because of the necessity of adjusting for comorbidities in investigative studies, many 

indices have been developed to quantify severity of disease. Some of these are calculated using 

chart review data [8, 7], while others are baaed on claims data, [27]. When data are extracted 

from charts, researchers can be careful to use only data available on admission to hospital. When 

indices are constructed from claims data, care must be taken not to include conditions which 

might have developed during the hoepital stay. For instance in a study of proetatectomy [27], 

myocardial infarction and congestive heart failure were excluded from calculation of a claims­

baaed comorbidity index, since these conditions likely developed after the patient was admitted 

to hospital. In this thesis, the variable severity is treated as if it were a fixed covariate whose 

value was known at admission to hoepital, and so illustrates how a comorbidity index could be 

used with these models. 

The 1996 data file consists of over 200,000 records. For the figures shown in section 1.1, a small 

subaet of the data base, comprising 632 admissions, was extracted. Thia is the set of all female 

patients admitted to a licensed Utah hospital in fiscal year 1996 with an APR-DRG clasaification 

of 121, ie Circulatory Disorders with Acute Myocardial Infarction. This data set or a subeet 
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thereof is used throughout the thesis to demonstrate the various models. 

1.3 Health Status as a Stochastic Process 

The idea of modelling the physiological status of an individual as a one-dimen11ional stochastic 

process, with an absorbing barrier representing death, can be traced back at least to Sacher 

and Trucco [35] and probably beyond. If we could quantify health status, it would be a highly 

multi-dimensional construct, encompassing for instance organ function, mental health, physical 

conditioning, age, and gender. Suppose now that we can construct a one-dimensional summary 

of health status, called health level. Let H(t) denote an individual's health level at time t, and 

consider the stochastic process {H(t);t > 0}. Further assume that if the individual's overall health 

improves, the measure of health level increases, whereas if health deteriorates H(t) decreases. If 

H(t) reaches a very low level, the individual dies. 

Eaton and Whitmore [15] extended this idea to model length of stay in hospital, and specifically 

assumed that H(t) follows a Wiener process with driftµ > 0 and volatility parameter tr2 . A person 

is postulated to enter hospital when his health process H(t) falls below a certain level. The time 

an individual enters hospital is taken to be time 0, and health level at this time is arbitrarily set 

to 0, ie H(0) = 0. An individual's length of stay in hospital is then the time when his health 

process first rises above the level u > 0, ie the first time the process reaches a barrier at u. We 

can use this conceptualization to derive a distribution for the length of stay in hospital, T. It is 

in fact well known, (see for instance [38] that T has an inverse Gatl88ian distribution. 

Note that Eaton and Whitmore fit this model to some data on psychiatric patients, very few 

of whom were transferred or died in hospital, so a single barrier was sufficient for their purposes. 

Beginning in Chapter 2, we will extend this model to allow for multiple destinations. 

There are many ways to account for population heterogeneity in this model. The barrier 

position may vary for diff'erent patients, or for patients grouped by hospital or health-care provider. 

We may be able to model some of this heterogeneity by allowing barrier position to depend on 

individual level covariates such as marital status. There is some evidence (see [281) that hospitals 

tend to discharge patients relatively early if there is a caretaker at home, and being married can 



CHAPTER 1. INTRODUCTION 9 

be a surrogate for presence of caretaker. Then we might allow the upper barrier to differ for 

married and unmarried patients. Alternatively, we may allow the upper barrier to depend on 

type of hospital, whether urban/rural, teaching/non-teaching, etc. 

We might also allow the drift and volatility parameters of the underlying Wiener process to 

vary by individual. For instance we may allow drift to depend on severity of disease, age, sex or 

other individual-level covariates. 

Whitmore (42) extended the model to allow for negative drift, and applied it to data on 

employment duration. For a Wiener process with negative drift, the first passage time to a 

barrier above the origin has a defective distribution with a m888 of probability at infinity. 

In 1983 Whitmore [43) presented a regression model for the inverse gall88ian distribution with 

positive drift parameter JJ and upper barrier fixed at u = 1. He allowed the drift to depend on 

the covariates through an inverse link function (ie 1/ µ = zT /3), and allowed for censoring. He 

used the EM algorithm to find the maximum likelihood estimates of the regression and volatility 

parameters. Inference was based on asymptotic distributions. He was not able to extend this 

model to the negative drift case however. 

Aalen [l] diacull8ed these approaches and extended the model by allowing the drift parameter 

to have a mixing distribution. Thia is di8CU88ed further in Chapter 6. 



Chapter 2 

Double Barrier Model, Zero Drift 

In this chapter, we introduce a simple double barrier model for length of stay in hospital. This 

extends the work of Eaton and Whitmore (15] to allow the latent health level process to end at 

one of two barriers, representing healthy discharge and death. The problem of allowing for other 

outcomes will be considered in section 6.2. 

A brief outline of the Chapter is now given. In Section 2.1 we examine the distribution ofT, the 

time the health level process first reaches either a barrier representing healthy discharge or a barrier 

representing death in hospital. We discuss derivation of the cumulative distribution function, 

density, and subdensities, and examine the form of these functions as well as the hazard and 

cumulative hazard. In Section 2.2 we discuss maximum likelihood estimation of the parameters, 

and non-linear functions of the parameters. We extend the model to accommodate covariates, 

and discU88 starting values needed for the iterative estimation procedure. Section 2.3 deals with 

informal methods of model assessment, while in Section 2.4 we demonstrate the model using some 

real data. 

2.1 Distribution of Time until Breach 

In addition to an upper barrier representing healthy discharge, we now poetulate the existence 

of a lower barrier representing death. An individual's length of stay in hospital is modelled as 

the time, T, until his health level process first reaches one of the two barriers. To simplify the 

discussion in this aection, aasume that the process has zero drift. We further aMume that the 

10 
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data set represents a fairly homogeneous group of individuals, all of whom have approximately 

the same health status on admission to hospital, and all of whom share the same upper and lower 

barriers. These restrictions will be relaxed later, by allowing the barrier parameters to depend on 

covariates (section 2.2.2), and by introducing a drift parameter (Chapter 3). 

To further specify the model, assume that an individual's health level process, {H(t), t > 0}, 

is a standard Wiener process, with drift O and volatility 1. (Note that taking volatility equal to 

1 entails no loss of generality here, since it is a scaling factor and health status is, in any case, 

a latent (unmeasurable) quantity.) The individual is assumed to enter hospital at time 0, with 

health level 0, i.e. H(O) = O. The health level process unfolds in the presence of two barriers, as 

shown in figure 2.1. The upper barrier is identified with a health level of u, and the lower barrier 

with health level equal to -l, where u > 0 and l > O. The random variable T represents the time 

the process first reaches one of the two barriers, which we equate with length of stay in hospital. 

We will say that the process ends when it hits one of the two barriers. The distribution of T 

has no name but is discussed in moet intermediate-level textbooks on stochastic processes (eg 

(17, 231). Where necessary, we will refer to it as a first passage two barrier (FP2B) distribution. 

Let F(t; u, l) denote the cumulative distribution function (cdf) of T, so that F(t; u, l) is the 

probability that the process hits one of the two barriers at or before time t. The process may end 

at time t by reaching the upper barrier u, or the lower barrier -l. Let Ft(t) equal the probability 

that the process hits the lower barrier at or before time t without reaching the upper barrier. 

Similarly, let F.(t) equal the probability that the process hits the upper barrier at or before time 

t without having hit the lower barrier. Then clearly F(t; u, l) = Ft(t) + F.(t). 

We may also think of this situation as a multivariate distribution, with two random variables, 

one continuous and one discrete. This point of view is similar to the model for several types of 

failure discussed in Cox and Oakes [11, p.143], also discussed by Kalbfleisch and Prentice [22, p. 

163] under the name of competing risks model. As before, let the continuous random variable 

T represent the time until the process hits one of the two barriers. Further, define the discrete 

random variable D which takes the value u if the process ends at the upper barrier, and which 

takes the value 1 if the process ends at the lower barrier. Then Ft(t) = P{T ~ t, D = 1) while 
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Figure 2.1: Wiener Process starting at 0 with barriers at land u 

F.(t) = P(T ~ t, D = u). The joint distribution of (T, D) can now be described by 

{ 

Fu(t) if d = u 
FT,D(t,d) = 

Ft(t) if d = 1. 

12 

Note that in health services research, we have data on both time in hoepital ( corresponding to T) 

and discharge status (corresponding to D), so that we are able to model this joint distribution. 

Ft(t) and F11 (t) are referred to as subdistribution functions, because the limit of each function 

as t approaches infinity is lesa than one. The marginal cdf of T is of course F(t; u, l) and the 

probability that the process ultimately ends at the upper barrier is 

P(D = u) = lim F.(t). 
t➔00 

Since we are aasuming zero drift, these probabilities can be derived via simple reflection argu­

ments. These arguments are heuristic but are quite standard (see for instance (231). In appendix 
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B we show that the upper subdistribution function F.(t) is given by 

(2.1) 

where 

111r = -(2k + l)(u + l) 

and +(z) is the standardized normal cumulative distribution function evaluated at z. Similarly, 

we can show that the lower subdistribution function is 

Ft(t) = 2 t { t ( 
11
1r; u) _ 4 elr~ u)} · (2.2) 

Note that to get the lower subdistribution function, we only need to reverse the roles of u and 

t in the upper subdistribution function, ie if we write Ft(t) = g(t; t, u) then F.(t) = g(t; u, l). 

This is discussed further in appendix B. Of course, if u = l, then F.(t} = Ft(t), and P(D = 

u) = F.(00} = P(D = 1) = Ft(oo) = .5. We will see throughout the thesis that probabilities 

associated with the lower subdistribution function have the same functional form as conesponding 

probabilities associated with the upper subdistribution function. This fact can be exploited when 

writing the computer programs to estimate parameten. For instance a single module in the 

computer program can calculate both Ft(t) and F.(t}, with only a change of argument. Finally, 

since F(t;u,l) = F.(t) + Ft(t}, we find 

F(t;u,t) = 2t { + ( a1r;i)-+ ( a,r~l) ++ ( 111r;u)-+ ( a,rJiu)}. 

Consider for a moment the series 

Let 921r = 111r + l and 921+1 = 111r - l. Then the sequence {g1r }r:o is a decreasing sequence 

of negative numben. Also, for finite t, the sequence {+(11rh/i}r;0 is a decreasing sequence of 

positive numben, the limit of which is O 88 le ➔ 00. Thus the series F.(t) converges pointwiae for 

finite t, by the alternating series teat. Furthermore, 88 we show in appendix A, this series, grouped 
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as shown, is absolutely convergent for finite t. Similarly, Fi(t) ia also absolutely convergent. 

Absolute convergence of Fi(t) and F. (t) imply the absolute convergence of F(t; u, l). 

There are many other ways of deriving the cdf F(t; u, i) or equivalently the survivor function 

.F(t; u, l) = 1 - F(t; u, i). For instance, from the joint distribution of (max{H(t) : 0 < t < 

T}, min{H(t} : 0 < t < T}, H(T)), which is given in a 1951 paper by Feller [16], we can derive 

an alternative form for F(t;u,i), namely 

00 

F(t;u,i} = 1- L 
l-=-00 

00 

+E 
l-=-00 

{ • (2A:(u :,:) + u) _ • (2A:(u :,;} - i)} 
{ • (2k(u+jg+ 2u+l)- • (2A:(u~) +u)}. 

The disturbing fact that these expressions involve infinite series does not turn out to be an 

insurmountable problem, as in general only a small number of terms are perceptibly different from 

zero. This is illustrated in Figure 2.2, where for i = 2, u=l and t = 64, the sum 

is the shaded area under the curve. The value of F.(t) at t = 64 is computed as 2 times the shaded 

area. As k ➔ oo, the terms of the series approach O very quickly, and in fact only the first 6 

terms are larger than lOe-5 in absolute value. Since the terms of the series are strictly decreasing 

in absolute value as k ➔ 001 any computer programs written to evaluate this function can easily 

monitor the size of the terms, and cease looping over the summation when some predefined limit 

is reached. Also, from well-known results for alternating series, we know that the size of the error 

incurred by truncating the series after n terms is less in absolute value than the (n + l)" term. 

Again this fact can be used to determine when enough terms of the series, written in alternating 

series form, have been evaluated. A similar check can be made for the first and second derivatives. 

As we show in Chapter 4, F.(t) can be differentiated term-by-term for finite t, giving the 

corresponding subdensity, 
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where 'P(z) is the standard normal density evaluated at z. It turns out that we can write this 

more compactly as 

_._ ~ (8" +I.) /.(t) = -t ,- 4-.J if, v'i (ar, +i). 
•=-00 

(2.3) 

There are many other ways of deriving /.(t). For instance, in section 3.1, we give the corre­

sponding subdensity, J:(t), for the case where the health level proceas is a Wiener process with 

drift µ 'I= 0. This subdensity can be derived from dift'erence equation arguments as outlined in 

Feller [17} and in appendix C of this thesis. Then lettingµ ➔ 0 in the expreasion for J:(t), we 

get /.(t). 

Similarly we find that the subdensity corresponding to F,(t) is 

_ ar, + u ar, - u 
00 { ( ) ( ) } ft(t)=-t •~ 4' v'i (ar,+u)-; v'i (ar,-u) , (2.4) 
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which can also be expressed as 

• 

00 

(a1r +u) /1.(t) = -t- ~ ~ ; v'i (a1r + u). 
lr=-00 

Note that once again, we can get /1.(t) by reversing the roles of u and l in /.(t). The two functions 

/.(t) and ft(t) are refened to as subdensities because each integrates to something less than 1. 

Figures 2.3 and 2.4 show plots of the subdensities for various values of the parameters. 

Figures 2.5 and 2.6 show the upper and lower subdensities for a given set of parameters plotted 

on the same plot. Of course when u = l, the subdensities are identical. If l < u, then the lower 

subcdf dominates the upper, since the probability of travelling the shorter distance l by any given 

time t is larger than the probability of travelling a distance u > l. This fact is also apparent from 

examination of the expressions for the subcdf's in 2.1 and 2.2, since, if u > l, F.(t) < F1.(t) for 

all t. This imparts a lack of flexibility to the model, in contrast with the drift model di8CU88ed in 

Chapter 3. There, as we shall see, the addition of an extra parameter allows a wider variety of 

relationships between the two subdensities. 

The densityofT, the time the process reaches one of the two barriers, is /(t;u,l) = J.(t)+ft(t). 

A plot of the density for various values of the parameters u and l is shown in Figure 2.7. Note 

that /(t;u,l) = f(t;l, u), so in fact we show the density only for u = 1 and several values of l. 

If we let the lower barrier approach negative infinity, we return to the situation of a single 

barrier. When the underlying process is a Wiener process with zero drift and volatility tr2, the 

distribution of the first passage time to a single barrier at u is the stable law with index 1/2. The 

density is given by 

>.,1/2 (->.) 
/(t) = ✓2na exp 2t 

where >. = u2 /tr2. This density, with u = 1 and tr2 = 1 is also shown in figure 2.7 as the heavy 

line. This is of course the limiting form of J(t; 1, l) as t ➔ 00. Note that the mean and variance 

of this distribution are infinite. The stable law distributions are discussed briefly in appendix B. 
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In survival modelling, one often examines the hazard function, 

h(t) = Jim P(t < T < t + AtlT > t) = f(t) 
1 

4t➔O+ At .F(t) 

19 

10 

where .F(t) = 1-F(t) is the survivor function. Figure 2.8 shows the hazard function for l = 1 and 

several values of u. Apparently, the hazard function can be either unimodal or non-decreasing. 

It evidently approaches a constant as t ➔ oo, and 80 for large values of t, it behaves like the 

exponential distribution. 

Finally, we note that this distribution has non-proportional hazards, i.e. there are no two 

values of 8 = (u,l) and no real number a, such that h(t;81) = a h(t;82). This is illustrated 

graphically in Figure 2.9, where the log cumulative hazard is plotted against log time. The 

cumulative hazard 1£(t) equals 

1£(t) = L' h(a) da = -log.F(t). 

If two hazard functions h1(t) and h2(t) are proportional, then 80 are the cumulative hazards, 
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'H1(t) and 'H:z(t) so that 

log('H1(t)) = log(a) + log('H:z(t)). 

Thus a plot of the log of the cumulative h~.iuds against time ( or some function thereof) should 

give parallel curves. Figure 2.9 shows two cumulative hazards for difrerent values of u plotted 

against log time, and clearly the two curves are not parallel. 

For convenience we record here the expected value of T, the marginal distribution of D, and 

the conditional expectation of T given D, for the simple zero drift model. These quantities will 

be derived more generally in section 3.2 when we discuss a process with non-zero drift. It will be 

shown that, for zero drift, 

E(T) = m,z, =lu 

P(D = u) = PD = l/(u + l) 

P(D = 1) =1- PD = u/(u + l) 

E(T'D
- ) _ _ u(u+2l) 
-U - ffll/'/u - J 

E(TID = 1) = ffll/'/t = l(2u + l). 
3 

Once again, we can get P(D = 1) by reversing the roles of u and l in P(D = u). Also, we can get 

E(TID = 1) by reversing the roles of u and l in E(TID = u). Finally note that the conditional 

density of T, given D = u) is 

lim P(t < T < t + AtlD = u) _ /.(t) 
~,➔o+ At P(D = u) 

2.2 Maximum Likelihood Estimation 

When there are no covariates, individuals make different likelihood contributions according to 

their ultimate destination, as follows. Individuals who are discharged at time t, ie for whom 

[T = t, D = u], make a likelihood contribution, /u(t), proportional to the probability that the 

process hits the upper barrier at u for the first time in [t, t + dt) and does so without first going 

through the lower barrier. For individuals who die at time t, we have [T = t, D = l]. These 
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individuals make a likelihood contribution, ft(t), proportional to the probability that the process 

hits the lower barrier at -l for the first time in [t, t + dt) and does so without first going through 

u. 

It is possible that the data will include individuals whose outcome is not known at the end of 

the study period. For these censored observations, we know only that the time of the process hits 

either barrier is greater than the time on study, t. If the censoring mechanism can be considered 

independent of the health level process, likelihood construction is relatively straightforward. These 

individuals contribute a term proportional to the probability that Tis greater than t, namely F{t). 

Thus for the zero drift model with volatility=l and no covariates, the log-likelihood is 

l(u,l;t) = L log/.(ti) + L logft{ti) + L logF{ti) 
{i:D1=•} {i:D,~} {i:D1::e} 

where ti is the time of death or discharge for individual i, and Di is the discharge status of 

individual i where now Di can take values u, l or c depending on whether individual i is discharged, 

dies or is censored at time ti. 

AB is well known, for independent and identically distributed (iid) observations from a dis­

tribution belonging to a parametric family of distributions which satisfies appropriate regularity 

conditions, the maximum likelihood estimator (mle) is consistent, asymptotically efficient, and 

asymptotically normal. We discuss regularity conditions for the LOS model in Chapter 5. 

In the multi-parameter case, let i = (61, 92, ... , i,,) represent the vector of maximum likelihood 

estimates, let l(8) represent the log likelihood function, and let /(6) represent the observed 

information, that is the matrix -82 £(8) / 882, evaluated at i. If the multi-parameter regularity 

conditions are satisfied, then i converges in distribution to a normal distribution with mean vector 

8 and covariance matrix which can be estimated by r-1(8). This fact can be used to construct 

confidence intervals for components 8; as follows: Let v; be the;'" diagonal element of 1-1(6) and 

z0 be the a quantile of the normal distribution. Then a symmetric tw~sided (1-a)% confidence 

interval for 8; is 8; ± Za/2 ./Vi· This will be referred to in the examples as a normal-theory 

confidence interval, since it relies on the assumption of asymptotic normality. 

Values of u and l that maximize the likelihood, or equivalently the log likelihood, can be 
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found via the Newton Raphson method, or some other optimization routine. Both Splt18 and 

SAS have convenient, built-in optimization routines. These routines can also perform constrained 

optimization, which is relevant here since both u and l mtl8t be positive. For the examples tried 

so far, it has not been necessary to use the constrained optimization routine, as the constraints 

have been automatically satisfied by the mle's. 

Although the routine can run without derivatives, it works much faster if the user supplies a 

routine for calculating the gradient, i.e. the vector of first derivatives of the log likelihood. In 

order to get the value of the observed information, which is necessary for inference, the user mtl8t 

supply a routine for calculating the hessian, the matrix of second derivatives of the log likelihood. 

Derivation of fin;~ and second derivatives is straightforward, and the results are given in appendix 

E. 

As mentioned at the beginning of this chapter, we set the volatility parameter a-2 = 1, since 

it is merely a scaling factor. Also as we show in appendix F, it is not possible to simultaneously 

estimate u, l and a-2 due to identifiability problems. 

2.2.1 Non-linear Functions of the Parameters 

Since the health level process is not directly observable, the values of u and l are not readily 

interpretable. But expected time in hospital and the probability that the hospital stay ends in 

healthy discharge are quantities of direct interest to the researcher. As we saw in section 2.1, 

E(T) = m,z, = lu and P(D = u) = PD = i/(u + l), both of which are non-linear functions of the 

parameters. To estimate these quantities, we replace u in the above expressions by its maximum 

likelihood estimate ii, and l by its maximum likelihood estimate i. Because of the invariance of 

the likelihood under parameter transformation, this gives 118 respectively the maximum likelihood 

estimate fflT of E(T) and the maximum likelihood estimate PD of P(D = u). 

The conditional expected length of stay given outcome will be a useful quantity for informal 

model assessment, as will be discussed in section 2.3. At first glance, this quantity may not seem 

to be of much use to planners, since outcome will be unknown when an individual is admitted to 

hoepital. However, depending on the medical condition under study, individuals who ultimately 

die in hospital may need more expenaive daily care than th011e who are eventually discharged. 



CHAPTER 2. DOUBLE BARRIER MODEL, ZERO DRIFT 24 

Thus a researcher may want to predict the proportion of patients in a cohort who are expected to 

die, and also predict their length of stay, and multiply this by per diem expenses. AB we saw in 

section 2.1, E(TID = u) = m,z, /• = •<•;2'> and E(TID = 1) = m,z, /t = t(z~+t). By the invariance 

property of maximum likelihood, the maximum likelihood estimates of these quantities are found 

by replacing u by u and l by i. 
Of course we would also like confidence intervals for these quantities. For instance, researchers 

might want to assess whether expected time in hospital is significantly different for two different 

values of a covariate. Variance estimators and confidence intervals for non-linear functions of 

the parameters are difficult to derive. For this reason, we will use the bootstrap to construct 

confidence intervals, which will be illustrated in section 3.5. 

2.2.2 Covariates 

AB discussed in section 1.3, we may allow the barrier levels to vary for different individuals or 

groups of individuals. Let Ui and t. denote the upper and lower barriers respectively for individual 

i. Let 

be the ( (p. + 1) x 1) vector of covariates measured on individual i which are thought to affect the 

upper barrier, and 

be the ( (p, + 1) x 1) vector of covariates measured on individual i which are thought to affect the 

lower barrier. Then we may model each barrier level as a function of the relevant covariates, by 

specifying 

Ui = g(~-.~) 

ii = h{t,i) 
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where ~• and ft are vectors of parameters to be estimated. We may want to choose functions 

g(.) and h(.) that automatically satisfy the constraints Ui > 0 and 4 > O; for instance we might 

take g(~, ~ = exp(,!' • ~), where • denotes matrix multiplication. 

For the purposes of these preliminary investigations, we take both g(.) and h(.) to be the 

identity function, so that each barrier level depends on the covariates in a linear fashion: 

In the examples shown in this thesis, we will use standard unconstrained optimization routines 

to find the maximum likelihood estimates of the parameters. Extension of the log-likelihood, 

gradient and hessian to accommodate covariates is straightforward and is shown in appendix E. 

2.2.3 Starting Values 

The routines used to find the maximum likelihood estimates are iterative, and it is imperative 

to have good starting values for the parameters. For a model with no covariates, the following 

heuristic approach works well in practice. We know that for this model E(T) = lu and P(D = 
u) = l/(u+l). We can estimate E(T) by t, the sample average LOS. We can estimate P(D = u) 

by the observed proportion of individuals in the sample who were ultimately discharged, which 

we denote asp.. Then, approximately, t = lu and p,. = l/(u + l). Solving these two equations 

for l and u gives 

These rough estimates can be UBed as starting values for u and l. 

For starting values of the regression parameters /3 in models with covariates, we use a sort 

of mock least squares estimate, which we now describe. A linear least squares model for time in 



CHAPTER 2. DOUBLE BARRIER MODEL, ZERO DRIFT 26 

hospital would take the form 

E(T) =M- =XP, 

and the least squares estimate of /3 would be 

In the models developed here, we specify that the upper barrier is a linear function of covariates, 

i.e. u = X{j, so that p = (X' X)-1 (X'u). Of course, u is unobservable. So, to find starting 

values, we might replace u in the above expression with a function of T, g(T) say, which behaves 

approximately like u. Since (X' X)-1 (X' g(T)) has the form of a least squares estimate, we refer 

to it as a mock least squares estimate. 

In practice, it seems that to estimate u, we should use only individuals in the data set whose 

paths ended at the upper barrier, i.e. who were discharged. So to estimate starting values, we 

divide the data set into two groups, according to discharge status. Let T11 be the vector of times 

in hospital for individuals who were ultimately discharged, and let Xu be the matrix formed by 

stacking the row vectors (~ )' belonging to those individuals who were ultimately discharged. 

Then the starting values for the vector of parameters ~• = (~, M, ... , 13; .. )' could be calculated 

as (X~X11 )- 1(X~ g(T11 )). To find a suitable function g(T11 ), recall that E(TID = u) = mtr/11 = 

•(•;u> and P(D = u) =PD= i/(u + l). So then, approximately, 

u= (
1-PD) 3mtrt• 1 + PD • 

Thus a reasonable candidate for the function g(T11 ) is 

Similarly, let Tt be the vector of times in hospital for individuals who died in hoepital, and 

let Xi be the matrix formed by stacking the row vectors {.~)' for those individuals who died in 

hospital. Then starting values fort= (Pt,~, .... ~,)' can be calculated as (X~Xt)-1(X; h(Ti)), 
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where 

2.3 Assessment of Model Fit 

Once a model has been choaen and the maximum likelihood estimates calculated, it is important 

to assess the fit of the model to the data. We first di8CU88 the scenario where the model involves 

a small number of discrete covariates, each with a small number of levels, so that the number of 

distinct combinations of covariate levels or "covariate cells" in the data is small. Then an informal 

assessment oi fit can be made by comparing the average length of stay in each covariate cell to 

that predicted by the model. These results can be displayed in a table. 

The model predictions we use are the maximum likelihood estimates of the expected time in 

hospital at the appropriate combination of covariate values. Recall that, for individual i, the 

expected time in hospital fflT, is a simple function of the barrier levels !Ji and ti, and in tum !Ji 

is a function of covariates ~ and regreseion parameters 13•, and ~ is a function of covariates i 
and regression parameters t. Thus 

and the mle of TnT, which we will use for predictions, is 

We can also examine observed versus predicted LOS in each covariate by discharge cell. In 

this case, the necessary predicted values will be 

and 
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We can also compare the observed and predicted proportions of individuals who are discharged 

in each covariate cell. For predicted proportions, we will use 

- 1a• ,;, • ') PD, =PD!.t!, ,e_ ,~ ,~ • 

These methods are illustrated in detail in section 2.4. If the covariates are continuous, we can 

still perform this kind of analysis, after dividing the range of each covariate into a small number 

of non-overlapping intervals. 

When a moderate to large number of distinct covariate cells is present in the data, it is best to 

use graphical means of assessing model fit. We will construct the ,.,,. "raw" residual f'i by taking 

the,.,,. observation in the data set, (ti,~), and subtracting the length of stay predicted by the 

model at these covariate values, from the observed length of stay, giving 

The raw residuals can then be plotted against observation number and against each covariate 

in the data set. These residuals measure the distance between observed and predicted values. 

Thus large values indicate observations that might warrant further investigation, and systematic 

patterns in the plots can help to point out some inadequacy in the model specification. 

To assess whether the FP2B distribution provides an adequate overall fit to the model, we 

want to examine residuals with a known distribution, and thus another kind of residual is called 

for. A general definition of residuals, useful for models which do not belong to the location-scale 

family of distributions, was given by Cox and Snell [12] in 1968. Suppose that we can express 

the response for individual i, ti, as a function of a vector of unknown parameters~. a vector of 

covariates~, and some quantity Ei where E1, E2, ••• , En are independent and identically distributed 

(iid) from some well-known distribution. If we can then write Ei as 
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for some function g(.), then we can define general residuals~ as 

where ~ is the mle of~-

The residuals, ~, will be neither independent, nor identically distributed. However Cox and 

Snell argue that when the number of parameters is small in relation to the number of observations, 

the distribution of the residual Hi should not be too far from the distribution of Ei, and at any rate, 

this approximation will be good enough for graphical assessment. On the other hand, formal tests 

of goodness of fit based on residuals will probably require more careful methods. For instance, 

Cox and Snell give some first-order corrections which can be made to the residuals to bring their 

distribution closer to that off· 

HT is a random variable from a distribution with cdf F(t), then both the transformed random 

variables Z = F(T) and U = 1- F(T) = F(T) have a uniform (0,1) distribution. Furthermore, 

the transformed random variable, - log F(T), has a unit exponential distribution. 

Suppose that we have a parametric family of distributions with survivor functions F(t, II), 

and that we fit a regression model with Iii = h(1ti,~ for some function h. Then we can use 

F(ti,~,~ (or some transformation thereof) as the required Ei, since they are iid with a uniform 

(0,1) distribution. This is especially convenient in survival models where the survivor function, 

F(t,©, is needed for calculating the contribution of censored individuals to the likelihood, so 

algorithms for calculating it will already be available. The Cox-Snell residual Hi is defined as 

-logF(ti,~,~- ff the data do come from the distribution with survivor function F(ti,~'~' 

then the Cox-Snell residuals should have approximately an exponential(!) distribution. 

We can use this fact to check graphically that the model developed in this chapter gives a 

suitable fit to the data under investigation. A quantile plot, with the ordered Cox-Snell residuals 

plotted against the order statistics of a unit exponential distribution, should give approximately 

a straight line with unit slope if the fit of the model is adequate. These plots give a graphical 

measure of overall goodness of fit. 

Unlike residuals from normal linear models, the Cox-Snell residuals used in survival analysis 
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do not correspond to a distance. Thus the suggested plots can be hard to interpret. Note that, in 

the absence of covariates, large survival times will have small values of F(t,8), and so the corre­

sponding residuals will be large. Of course, when covariates are present, the relationship is more 

complicated. Observations with survival times corresponding to small estimated probabilities of 

survival will have large residual values. Thus, observations with large values of Cox-Snell residuals 

will correspond to survival times that are unusually long, given the covariates. 

Recently, concern has been expressed in the literature that the Cox-Snell residuals are too 

lenient for checking distributional assumptions. Baltazar-Aban and Pena [3] show that when the 

data is from an exponential distribution with no censoring, and an exponential model is fit to 

the data via maximum likelihood estimation, the ordered Cox-Snell residuals will have a smaller 

variance than the order statistics of an exponential distribution. Thus the quantile plot will be 

closer to a straight line, on average, than we would expect if in fact the Cox-Snell residuals did 

have an exact exponential distribution. They also give some simulation results which indicate that 

this phenomenon also occurs when the data come from the hypothesised distribution and that 

distribution is Weibull. The more relevant question of the behaviour of the Cox Snell residuals 

when the data do not come from the hypothesised distribution is only indirectly addressed in the 

article. This is an area which needs further research. 

If the data includes censored observations, then the corresponding residuals will also be cen­

sored. Lawless [25] discusses residuals for censored data. Gentleman and Crowley [19] discuss 

graphical methods for censored data. They recommend that censored observations be presented 

on plots using the same plotting symbol as uncensored observations, but with a lighter color 

value. If this is done, censored observations will be perceived as having somewhat less importance 

than uncensored observations. They also discuss boxplots and smoothing techniques for censored 

observations. 

2.4 Example 

In this section we demonatrate the model on a small subset of the Utah data. This subset 

.:onaists of females over 80 years old with a recorded APR-DRG of 121 (C-uculatory Disorders 
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with Myocardial Infarction), who either died in h08pital (n=32} or were discharged home (n=102). 

On average, members of this subset spent 4.582 days in b08pital (median 4 days). As shown in 
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Figure 2.10: LOS by Destination, Females > 80 years, APR-DRG=121 

figure 2.10, there is clearly a diff'erence in LOS by discharge status. The mean length of stay in 

the discharge group is 5.147 days (median 5 days), while in the group who died in hospital, the 

mean is 2.781 days (median 2 days). However, recall that discharge status is part of the response, 

and so it would be incorrect to include it as a covariate in the model. 

In what follows, we will treat the variable severity as if it represented comorbidities present at 

admission to hospital (see the discussion in section 1.2). Because of sparsity in the data, we have 

recoded the covariate severity to three levels (from its original 4 levels). Severity=2 represents 

no, minor or moderate complication or c~morbidity; Severity=3 represents major complication 

or c~morbidity; Severity=4 represents extreme complication or c~morbidity. In figure 2.11 we 

show side-by-side boxplots for each severity by outcome group. Note that the width of each box 

is an indication of the number of individuals in the data set with the given level of severity and 

discharge status. The effect of severity is to increase time to discharge, but to decrease time to 

death, although the effect is less pronounced. On the boxplot the circles indicate the mean LOS 
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Figure 2.11: LOS by Severity and Outcome 

in each group, while the horizontal lines represent the median. 

Recall that in the development of the model, we assumed that all individuals in the data set 

had roughly the same health level upon admission to hospital, which we arbitrarily set to 0. In 

other words, letting {Hi(t), t > 0} represent the health level process for individual i, we have 

so far assumed that Hi(0) = 0 for all individuals. However, individuals do enter hospital with 

differing severity of disease, so that it is more realistic to let Hi(0) vary acr088 individuals, and to 

model Hi(0) as a function of covariates. Thus it would appear that we should develop a new and 

more complicated model. However, as we now show, the existing model can be parameterized to 

allow for differing health levels at admiaaion to hospital. 

Let us make the arbitrary assumption that individuals with low severity enter hoepital with 

a health level of 0. Patient i, who is admitted with higher severity of disease, would then enter 

hospital with a health level less than 0, say -hi (where hi > 0). In effect, entering hospital 

with a high level of severity increases the distance to the upper barrier by hi, and decreases the 

distance to the lower barrier by ~, as compared with someone who enters hospital with a low 

level of severity. As we show in appendix B, allowing the procesa to start at -la. with upper 
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barrier u; = I, and lower barrier -4 = -a, (where a, 6, h; > 0), is equivalent to starting the 

process at O with barriers at u. =I,+ h; and -4 =-a+ h; = -(a - h;), in the sense that the 

time until the process first reaches one of the two barriers has the same distribution function (and 

subdistribution functions) in each case. Thus we can use our existing model which assumes that 

all individuals enter hospital with health level O. But for individual i who enters hospital with 

increased severity of disease, we allow both the upper and lower barriers to be raised by the same 

amount, h;, where hi will be modeled as a function of covariates, and estimated. 

More specifically, to model the effect of severity on the health level of individual i at admission 

to hospital, we can let 

Ui =~ +hi 

li =~-hi. 

where hi= /JtZi, and Zi = 0 if patient i is admitted to hospital with a low level of severity and 

Zi = 1 if severity of disease is high at admission. 

More generally, the model may be parameterized so that the upper and lower barriers are 

functions of distinct parameters. 

Ui =/3: +~Zit 

ii =~+~Zit• 

This would be appropriate if severity was thought to affect the level of the barriers, as well as the 

starting value of the process. 

We create two dummy variables to represent severity. Let Zil = 1 if individual i exhibits a 

major complication or comorbidity and O otherwise. Let Zi2 = 1 if individual i has an extreme 

complication or comorbidity and O otherwise. Individuals classified as having either no, minor, or 

moderate complication or comorbidity fall into the baseline category, with both Zil and Zi2 equal 
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to 0. Then the barrier levels for individual i will be modelled as 

Ui =~ +/J'tzil +/3;Zi2 

ti = /3f, + /if zi1 + ~Zi2 

34 

The maximum likelihood estimates and their estimated standard errors are shown in the following 

table. 

Estimate 2.010 0.623 1.639 2. 705 -0.803 -1.034 

Std Err 0.156 0.324 0.800 0.260 0.342 0.420 

The reported standard errors are the square root of the diagonal elements of 1-1(8), the inverse 

of the observed information matrix, evaluated at the mle. The parameter estimates indicate that 

the more severely ill a patient, the greater the distance to the upper barrier (discharge), and the 

shorter the distance to the lower barrier (death). This agrees with our intuition. 

AB figure 2.12 indicates, the overall fit of the model is not good. If the model is correctly 

specified, the ordered Cox-Snell residuals plotted against the quantiles of the exponential(!) dis­

tribution should lie on a straight line with slope 1 and intercept 0. This plot indicates that the fit 

is not very satisfactory, but it's difficult to look at the plot and say what exactly is going wrong. 

Some further exploration is required, which we now carry out. 

Figure 2.13 shows the raw residuals plotted against observation number. Here we can see no 

systematic pattem. We see that there are four observations that have fairly large residuals, indi­

cating that the model is underestimating length of stay for these individuals. Closer examination 

of the data reveals that these individuals were eventually discharged home. 

In the following table we show, in each covariate cell, the observed average time in hoepital (T), 

the observed average time for thoae that were discharged (TID = u), and the observed average 

time for those who died in hoepital (TID = 1). The last two columns show the observed proportion 

of patients who were discharged (P(D = u)), and the proportion who ultimately died in hoepital 

(P(D = 1)). The corresponding expected quantities predicted by the model are shown in brackets. 
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Figure 2.12: Quantile Plot of Cox Snell residuals 

Severity n T TID=u TID=l P(D = u) P(D = 1) 

low 82 4.49(5.43) 4.61(4.97) 3.60(6.06) 0.88(0.57) 0.12(0.43) 

med 39 4.67(5.01) 5.96(5.65) 2.36(4.54) 0.64(0.42) 0.36(0.58) 

high 13 4.92(6.10) 8.80(8.50) 2.50(5.00) 0.38(0.31) 0.62(0.69) 

Note that the observations and predictions agree in rank as severity increases. However we see 

that the model is systematically overestimating both probability of death and time until death in 

each of the three covariate cells. This lack of fit could be due to some unexplained variability in 

the data. However the lack of flexibility exhibited by the model with respect to the relationship 

between the upper and lower subdensities, ia probably also partially to blame. As we shall see 

in section 3.5, incorporating a drift parameter allows more flexibility and results in a better fit 

overall. 
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Figure 2.13: Index plot of raw residuals 
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Chapter 3 

Double Barrier Model, Non-Zero 
Drift 

As we saw in Chapter 2, the zero-drift model does not appear to be sufficiently flexible to provide 

a good fit to the data. In this chapter, we extend the model to allow for the inclusion of a drift 

parameter, µ. 

A brief outline of the Chapter is now given. In section 3.1 we examine the distribution of 

T, the time of breach of one of the two barriers. We discU88 derivation of the subdensities and 

cdf and examine the form of these functions and the hazard function. In section 3.2 we derive 

expressions for certain non-linear functions of the parameters that are of special interest to the 

researcher. In section 3.3 we compare this distribution to the inverse GaU88ian distribution. 

In section 3.4 we discuss maximum likelihood estimation, extend the model to accommodate 

covariates, and describe starting values for the iterative estimation procedure. Finally in section 

3.5 we demonstrate the model using some real data. 

3.1 Distribution of Time until Breach 

The health level process, {H"{t), t > O}, is now a Wiener process with driftµ different from zero 

and volatility o-2 = 1. As in Chapter 2, we argue that the volatility parameter is merely a scaling 

factor, and so no loea of generality is entailed by setting it equal to a constant. Furthermore, as 

shown in appendix F, we run into identifiability problems if we try to estimate o-2 in addition to 

37 
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the barrier and drift parameters. A,!, before we take H(0) = 0 and postulate the existence of an 

upper barrier at u and a lower barrier at -l. We need to find the distribution of T, the time the 

process first reaches one of the two barriers. We will call this distribution the FP2Bµ distribution, 

(First P888&ge time, Two Barrier, driftµ). 

Because of a lack of symmetry introduced by the drift parameter, reflection arguments can no 

longer be used to derive the cdf ofT, nor the subdistribution £unctions. There are various possible 

alternatives. One general strategy that we will use to find expressions for the subdensities, expec­

tations, and probabilities, exploits the fact that a Wiener process with drift can be constructed as 

the limit (in a certain sense, see section C.2) of an asymmetric random walk on the integers. We 

will start with the random walk and set up a difference equation, the solution of which gives the 

desired quantity in the discrete framework. We next solve the difference equation, and then take 

the limit of the solution in the manner referred to above, to give the corresponding quantity in 

the continuous case. This pusage to the limit in distribution is justified by the weak invariance 

principle (see eg [36)). 

For example, we can set up and solve a difference equation for the probability that the random 

walk reaches the lower barrier in exactly n steps, without first reaching the upper barrier. We 

then take the limit of this solution in the sense described above. This gives an expression for 

ff (t), the subdensity corresponding to the event that a Wiener process with driftµ hits the lower 

barrier -l at time t without first hitting the upper barrier u: 

'"( ) -• -<e•t2,1,. ~ {"' (s" + u) ( )} JI. t = -t "f e .t..J y, ,/i St, + U , 

lr=-00 

(3.1) 

This procedure is outlined in detail in appendix C, section C.2, following Feller. Note that the 

limit as µ ➔ 0 of this expression is /1.(t) ( as in equation 2.4), the corresponding subdensity in the 

zero-drift case. 

The subdensity corresponding to the event that the process hits the upper barrier u at time t 

without first hitting the lower barrier is 

(3.2) 
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Again the limit of this expression asµ ➔ 0 is /.(t) (as given in equation 2.3), the corresponding 

subdensity in the no-drift case. Also note that to get J:(t), we can replace u with l, l with u, and 

µ with -µ in 1: (t). This is explained in more detail in section C.2. Figures 3.1 and 3.2 show 

plots of the subdensities for l = 1, u = 2 and various values ofµ. Figures 3.3, 3.4 and 3.5 show 

the relationship between the two subdensities for various values of the parameters. We can see 

that there is more flexibility in the relationship between the subdensities, than in the zero-drift 

case. 

The density of T, the time of breach of one of the two barriers is /(t) = f: (t) + ff (t). Figure 

3.6 shows the density plotted against time for various values of the parameters. Note that the 

density may be bi-modal, if the modes of the two subdensities are well separated. 

Of course, other methods of deriving the distribution functions and densities exist. Starting 

with the joint distribution of 

(max:{H(t) : 0 < t < T}, min{H(t) : 0 < t < T}, H(T)) 

where {H(t), t > O} is a zero-drift Wiener process, we can apply a Girsanov factor to obtain the 

corresponding joint distribution in the drift case. (see (33]). This method is particularly helpful 

in finding the survivor function in the drift case, F"(t), which we now set down. 

F"(t)= ,tel) {e-,.c• [•(c•+✓t-µt) -t(c•-~-µt)] (3.3) 

_ e"'• [ t (-d1r ~ - µt) _ t (-d1r j-µt)] } (3.4) 

where c1r = 2k(u+l) and d1r = 2k(u+i)-+2u. Expressions for the subsurvivor functions are now 

given. The upper subsurvivor function is 

F:(t) = .tel) sign(µ) { e-PC•t (sign(µ) (Cl,+ ✓t- µt)) -e"'•t (sign(µ) (-d1r :,;-µt))} 
(3.5) 
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and the lower subeurvivor function is 

~f (t) = t sign(µ) { e"'•• ( sign(µ) (-d1r j- µt)) - e-Pe•. (sign(µ) ( Cfr -~ - µt))} . 
lr--00 

{3.6) 

The presence of sign(µ) is necessary to ensure that the series converges. 

The hazard function for various values of the parameters is shown in figure 3. 7. Some interest­

ing shapes are p088ible for small values oft, while for larger values the hazard appears to approach 

a constant value, just as in the zer~drift case. Note that this distribution can have either propor­

tional or non-proportional hazards. Figure 3.8 shows the log cumulative hazard plotted against 

log time for various values of the parameters. On this scale, proportional hazards will show up as 

parallel curves. In fact h(t; a, a, #'1) = ah(t; a, a, µz) for all a> 0. 
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3.2 Non-linear Functions of the Parameters 

In this section we discuss several important non-linear functions of the parameters, namely the 

expected time until breach, E(T); the probability that the upper barrier is ultimately breached, 

P(D = u); and the conditional expection of time until breach given that the upper barrier is 

breached, E(TID = u). For the discrete case, i.e. an asymmetric random walk on the integers 

with two absorbing barriers, expressions for these quantities are well known and are easily found 

as solutions to difference equations. To find the corresponding quantities in the continuous case, 

i.e. a Wiener process with drift and two absorbing barriers, we take the solution to the difference 

equation and pass to the limit in the manner described in appendix C, section C.2. 

As noted below, an expression for P(D = u) is given in Karlin and Taylor (23]. However I 

have not been able to find expressions for E(T) and E(TID) in the literature. These quantities 

have been carefully checked by numerical integration for several values of the parameters, as will 

be discussed in section 3.2.3. 

3.2.1 Probability that D = I 

In this section, we show how to find the probability that the process ultimately ends at the lower 

barrier. Following our general strategy, we start with the discrete case, set up a difference equation 

for P(D = 1), find the solution, and then take the limit as described in appendix C, section C.2. 

Consider a random walk on the integers, which takes an upward step with probability p, and a 

downward step with probability q = l - p, and with absorbing barriers at O and a > z. Following 

Feller [17], let q6 be the probability that the walk, starting from position z, ultimately ends at 

the lower barrier. Then for z = 1, 2, ... , a - 1, we have the diff'erence equation 

with boundary conditions qo = l and q. = 0. The general solution of this system of difference 
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equations is given by 

{ 

w,r-(f/p)" p -L q 
- (9 p)•-1 ~ 

qi, -
1-z/a p=q. 

(3.7) 

Taking the limit as described in appendix C.2 and setting tr = 1 gives 

To describe the situation where the process starts at 0, and has absorbing barriers at u > 0 and 

-l < 0, we need only change c~ordinate systems and substitute l for(, and u + l for a. This 

gives 

or equivalently 

µ "# 0 

µ=0. 

Note that atµ= 0, the first line in the previous expression gives an indeterminate form, 0/0. 

A single application of L'Hopital's rule shows that the limit asµ ➔ 0 of 4~;;,'::;,~, is u/(u + l), 

the same value found by taking the limit of qi, in the prescribed manner when p = q. Also note 

that this agrees with an expression given in Karlin and Taylor (23} which is derived by martingale 

arguments. 

Of course for this model, the only two possible outcomes are breach of the upper barrier and 

breach of the lower barrier. Thus P(D = u) = 1-P(D = 1) and is given by 

µ¢0 

µ=0. 

Note that we can get P(D = u) &om P(D = l) by replacing u with l, l with u andµ with-µ. 
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3.2.2 Expected Value of T 

To find the expected value ofT, the time the process first reaches one of the two barriers, consider 

the same random walk aa in the previous subsection, with absorbing barriers at O and a > z. Let 

Dz be the expected time until a walk, startiilg at position z, is absorbed at one of the barriers. 

Then for z = 1, 2, ... , a - 1, 

Dz = p(Dz+l + 1) + q(Dz-1 + 1) 

with boundary conditions Do = 0 and D,. = 0. 

As shown in Feller (17], the general solution of this diff'erence equation is given by 

(3.8) 

Now taking the limit of this expression as described in appendix C, section C.2, and setting 

tr2 = 1, we find that the expected number of steps until the particle is absorbed approaches 

Dividing this by the number of steps per unit timer, gives the expected time until a Wiener 

process with drift, starting from position(, reaches one of the two barriers (at O or a). 

Making a change of coordinate system to describe the situation where the process starts at 0 

and baa absorbing barriers at u > 0 and -t < 0 gives 

µ;/:0 

µ=0 

Note that atµ= 0, the fint line in the previous expression gives an indeterminate form, 0/0. 

A single application of L'Hopital's rule gives 
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Again this gives 0/0, so another application of L'Hopital's rule is needed. This gives 

. . -2l(u + i)[2(u + i)e-2P(•+l) - 2te-2,.t] 
lim E(T) = lim ( > = tu. 
p➔O p➔O 2(u + i)e-2" •+l [2 - 2µ( u + i)] 

This agrees with the value of E(T) found above atµ= 0. 

3.2.3 Conditional Expectation of T, given outcome 

In this section we discU88 the conditional expectation of time in hospital, T, given outcome, that 

is given knowledge of whether the hospital stay ended in discharge or death. This quantity is 

useful for purposes of model assessment, and may be of interest to the researchers as discWISed in 

section 2.2.1. 

The conditional density ofT, given D=u {ie given that the patient is ultimately discharged) is 

1 _ P(t<T<t+dt,D=u) _ f.(t) 
" 1• - P(D = u) - P(D = u). 

Similarly the conditional density of T, given D = 1 (ie given that the patient dies in hospital) is 

I - P(t<T<t+dt,D=I) _ ft(t) 
" 1' - P(D = l) - P(D = 1). 

Then the conditional expectation of T, given ultimate discharge is 

E(TID = u) = J tf.(t)dt 
P(D = u) 

and similarly, the conditional expectation of T, given death in hospital is 

Note that 

E(TID = 1) = J tfi(t)dt 
P(D =l}° 

E(T) = E(E(TID)) =E(TID = u)P(D = u) + E(TID = l)P(D = I) 

= J tf.(t)dt + J tf,(t)dt. 

Given estimates of the model parameters, numerical integration will give values for the ex­

presaiona Jtf.(t)dt and Jtf,(t)dt. This can be done in Maple or some other package. Recall 
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that both /.(t) and ft(t) are infinite series, and so approximations in the form of a finite number 

of terms of the series must be used. Since the integration is over the interval (0, 00 ), a special 

technique {such as transformation of the variable of integration) must be used, and this is done 

automatically by Maple. 

Numerical integration is very computationally expensive and so closed forms for these con­

ditional expectations will now be derived. As before, we start from the discrete case, and pass 

to the limit as described in section appendix C, section C.2. The formulae 80 derived have been 

found to agree with results obtained by numerical integration for several values of the parameters. 

Consider the (by now familiar) random walk on the integers with absorbing barriers at 0 and 

a. Let u.,n be the probability the walk, starting from position z, ends at the lower barrier at step 

n. and let q. be the probability that, starting from z, the lower barrier is ultimately breached. Let 

m. be E~=O n u.,n, 80 that the expected time until breach of the lower barrier, given that this 

event occurs, is m./q •. As shown in Chung [10], the quantities m. satisfy the difference equation 

for z = 1, 2, ... , a - 1, with boundary conditions mo = m. = 0. The solution to this difference 

equation when p # q is given by 

2w .. aw-w .. w- 2wcaa - (w .. )2 

m. =- 2 + 
(wca - l)p(-1 +w) 

w•zw +w"wz-w•w-wcaz -w"z-w"wca 

(wca - l)p(-1 + w)2
. 

--------------- + ------- (WCI -1) 
2w .. aw-w .. w-2w .. a-(w .. )2 -w-wca ) _1 

(w .. -l)p(-l+w)2 (w .. -l)p{-l+w)2 (3.9) 

where w = q/p. (Note that Chung gives the difference equation and solution in the more general 

case where probability of an upward step can vary at each epoch.) 

The quantity corresponding to m. when p # q in the continuous case is fa°° t 1: (t)dt. Then 

the expected time until breach of the lower barrier, given that this barrier is hit before the upper 

barrier, is fa°° t J:(t)dt/P(D = 1). To find f0
00 t 1: (t)dt, we start with m. as given in (3.9), and 

pass to the limit as described in section C.2. We first need to do some algebraic manipulations to 
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eliminate the explicit presence of pin (3.9). Note that 

p(l-w)=p-q. 

Using this fact, we can rewrite (3.9) as 

We now pass to the limit, which reduces here to the simple process of replacing w:ir with e-Zp:ir, 

and (p- q) with µ. Then to translate the axes to the situation where the process starts at 0, and 

has absorbing barriers at u and i, we replace a with u + i and z with i. This gives 

Loot 1r (t)dt = 

[ 
2 ]-1 µ (e-2P(•+t) - 1) (-1 +e-2") [2e-2,,<•+t) (u+i) +e-2,,<•+l+l)t+ 

2e-2"<•+U+1) (u + l) + e-"" <•+t>t - e-211 tt- e-211 <•+t>t + e-211 <'+1>t + 

e-Zp(Zl+•>t- e-Zp(•+U+i)t- e-2" (h+U+llt- 2e-211 <2L+•) (u + i) -2e-2P<•+l+l) {u + i)]. 

Then the conditional expectation of T, given that the process ends at the lower barrier, i.e. 

E(TID = I), is f0
00 t ff (t)dt divided by P(D = I) whenµ# 0. This gives 

[µ ( e-211 (•+I) _ 1 )2 (-l + e-211) (e-2,.. • - l) ]-l (- (-e-211 (•+1+1) + e-2111 + e-211(•+1) _ 

e-211 (l+1) + e-2" (•+21+1) + e-2,. (h+2l+1) _ e-•11<•+1) _ e-2,. (•+21)) (e-2,.. •-211I - l) e21111 

-(2e-211(•+2I) _ 2 e-211(•+21+1) +2e-211(•+l+1) _ 2e-211(•+I>) (e-2,..-2,..1 -l)e2,..1 {u+l)]. 

To find E(TID = I) in the no-drift case, we take the limit of the above expression as µ ➔ 0. 

This gives 
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Similarly one can show that J0
00 tf:(t)dt in the drift case is 

[µ (-1 + e-211 (u+t)f (-1 + e-2,a) 1-1 [e-2,a(•+l+l) (u + l) -e-2,a(t+l)t - e-z"i+ 

e-Z,ati + e-211 (u + i) - e-211 <•+t) (u + l) + e-211 <•+t+l)t - ie-211 <•+t) + 

(u + i) e-z,at - e-211 <•+zt+l) (u + i) - e-211 (t+l) (u + l) + 
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e-2,.(u+Zt) (u+i) +e-211(u+2t+1)t-e-211(•+2t)t-u]. 

Then E(TID = u) is Jo"° tf:(t)dt/ P(D = u), which gives 

~ ( e-211 <•+I) - 1 }2 (-1 + e-211 ) {-1 +e2111) ]-l [ (e-2" + eh (-l+I) + e-211 •+ 

e-211 (•+I) -e-2,a(u+l+l) _ 1 _ e-2,a(u+i)) (e-211• -eh') e_z,.,l 

+ (-ez,.(-1+1) + e_z,. _ e-2,. (u+l) _ e-211 (•+I) + e-211• _ 1 + e-21'(•+1+1)) 

(e-211 • -e
2

"
1
) e-2"' (u + l) + ue2 " 1 (e-

2
"• - e

2
"

1
) e-211 ']. 

For zero drift, E(TID = u) is given by 

As usual, E(TID = u) is found from E(TID = 1) by reversing the roles of u and i, and replacing 

µ by-µ. 

3.3 Relation to Inverse Gaussian Distribution 

A closely related distribution is the inverse Gaussian. Consider a Wiener process with drift µ > 0 

and volatility <r2, and let T be the time the process, starting from 0, first reaches a barrier at 

u > O. Then T bu an inverse Gauuian distribution, with density 

g(t· u /J <T2) = u .. """ (-< u - µt )2 ) 
I ' ' (T-lfii,i ..,_l" 2tr2t 

(see for instance (91). All positive and negative moments of this distribution exist. Note that 

the drift parameter for the FP2Bµ distribution discussed in this chapter can be any real number. 
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However, if the drift parameter for the inverse GaUSBian distribution is less than 0, while u > 0, 

we get a defective distribution with a mass of probability at infinity. 

Parameterized as above, the inverse GaU.88ian distribution has identifiability problems, since 

two distinct values of the parameter vector can give the same value of the density. There are many 

ways of reparameterizing to reduce the parameter space to two dimensions. Most simply, we can 

set tr2 = 1. In this case the inverse Gaussian distribution has mean u/ µ and variance u/ µ 3• 

We can argue probabilistically that F"(t; u, i, µ), the survivor function of the FP2Bµ distribu­

tion, is dominated by the cdf of the inverse Gaussian distribution, which we will denote G(t; u, µ). 

Of course F"(t; u, i, µ) gives the probability, p say, that the process hits one of the two barriers 

before time t. For the inverse Gall88ian distribution with mean µ > 0, the lower barrier has 

been removed, and G(t; u, µ), the probability of reaching the upper barrier before time t, must be 

smaller than p (because paths that used to be stopped by the bottom barrier can now continue 

on). Thus, whenµ> 0, F"(t; u,i,µ) > G(t;u,µ), and so 1-F"(t;u,i,µ) < l-G(t;u,µ). Thus, 

if T1 ~ FP2B(u,i,µ) and T2 ~ IG(u,µ), 

a-1 E(Ti) = / t•-1(1- F"(t; u, i, µ)) dt < / t•-1(1 - G(t; u, µ)) dt = a-1 E(Tz') (3.11) 

where a is any real number. For a Wiener process with drift -µ < 0, the time until hitting a single 

barrier at -u < 0 also has an IG(u, µ) distribution. Since all moments of the inverse Gaussian 

distribution exist, ie E(Ti') < oo for all a, equation 3.11 ensures that all moments of the FP2Bµ 

distribution exist, for µ :/; 0, u < oo, i < oo. 

3.4 Maximum Likelihood Estimation 

For the model with non-zero drift and volatility=!, the log-likelihood is given by 

.C(u,i,µ;t) = E log/:(ti) + E log/f(ti) + E log.F"(ti) 
{i:D;=u} {i:D;:I} {i:D;:c} 

where, as before, Di is the discharge status of individual i, which takes values u, 1 or c depending 

on whether individual i is discharged, dies or is independently censored at time ti. 

As before, we use optimization routines to find the values of u, l and µ which maximize the 
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log-likelihood. To find the maximum likelihood estimates of mean time in hospital, probability of 

ultimate discharge, and conditional expectation of time in hoapital given destination, we substitute 

the maximum likelihood estimates of the parameters u, t andµ into the expressions given in section 

3.2. Since P(D = u), E(T) and E(TID = u) are all non-linear functions of the parameters u, l 

and µ, the bootstrap will be used to construct confidence intervals. 

When both destination and time of breach are known, there are no problems with identifiability, 

that is distinct values of the parameter vector 9 = ( u, l, µ) will give rise to distinct distributions of 

the observables. However, certain configurations of the data potentially give estimability problems. 

If the same number of individuals breach the upper barrier as breach the lower barrier, and u = t, 

then 91 = (a, a,µ) and 92 = (a, a,-µ) will give identical values of the distribution. It is unlikely 

in any practical situation that u will exactly equal t. However, in the rare case where this occurs, 

it is easily shown analytically that if we restrict the parameter space so that u = l, the maximum 

likelihood estimate ofµ is zero. Thus there is still a unique maximum likelihood estimate, namely 

9 = (a,a,O). 

3.4.1 Covariates 

We may allow the barrier levels to vary for different individuals or groups of individuals. We can 

allow these parameters to depend on covariates exactly as described before. 

In the context of health care data, the drift parameterµ. might be interpreted as the propensity 

to get well. Some of the heterogeneity in the data may be explained by allowing µ to depend 

on individual-level variables, such as age, gender and severity of disease at admission. This 

approach is particularly useful with detailed individual data, for instance on physical conditioning, 

or comorbidities. In the example shown in section 3.5, we allow the drift parameter to be a linear 

function of some individual covariates, 

where (zro, zr1, ... , zr,,ul' is a vector of covariates measured OD individual i, thought to affect the 

drift parameter, and~ ,/jf, .. ·/J&,. are parameters to be estimated. 

We again use maximum likelihood to estimate the parameters. Extension of the log-likelihood, 
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gradient and besaian to accommodate covariates in the drift case is straightforward and is shown 

in appendix E. 

3.4.2 Starting Values 

As always, good starting values for the estimation procedure are important. For a model with no 

covariates which includes only the parameters u, l and µ, experience baa shown that it is usually 

adequate to run the same data through the zer~drift software, and use these estimates aa starting 

values for the barrier parameters in the drift case. For starting values for the drift parameters, a 

value of zero seems to suffice. 

For a drift model involving covariates, it seems to be adequate to start with mock least squares 

estimates of the barrier parameters aa described in section 2.2.3, and use a starting value of zero 

for all the drift parameters. 

3.5 Example 1 

In this section we fit the drift model to the same data set discussed in section 2.4. Here we will 

allow the drift governing an individual's health status process to be a function of the covariate 

severity. As before, let Zi1 = 1 if individual i exhibits a major complication or comorbidity, and 

let Zi2 = 1 if individual i baa an extreme complication or comorbidity. Individuals with no, minor, 

or moderate complication or comorbidity have both Zil and Zi2 equal to 0. 

Thus the drift for individual i is 

The following table shows the maximum likelihood estimates and standard errors for this model. 

The last two lines show two 95% confidence intervals. The first is a normal-theory symmetric 

confidence interval constructed using the displayed standard error. The second is a bootstrap 

confidence interval, which will be discussed below. 
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Estimate 

Std Err 

u 

3.573 

0.234 

l 

1.661 

0.146 

l3C 
0.654 

0.071 

Pr 
-0.291 

0.091 

-0.582 

0.138 

Normal (3.15, 3.99) (1.40, 1.92) (0.52, 0.79) (-0.47, -0.11) (-0.86, -0.31) 

Bootstrap (3.15, 4.14) (1.50, 1.85) (0.53, 0.82) (-0.49, -0.12) (-0.97, -0.34) 
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The fit of the model is illustrated graphically in figure 3.9. The ordered Cox-Snell residuals 
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Figure 3.9: Quantile Plot of Cox Snell residuals, Example 1 

plotted against the quantiles of the exponential(!) distribution should lie on a straight line with 

slope 1 and intercept 0. and this plot indicates that the fit is better than the zero-drift model, 

although there is still room for improvement. Figure 3.10 shows that four observations have large 

raw residuals. Later we will refit the model, without these observations. 

The next table shows the estimated drift in each severity group. The obeerved average time 

in hospital for those who were discharged is given in the column labelled TID = u. The observed 

average LOS for those who died in hospital is given in column TID = l. Column T gives the overall 

obeerved average time in hoepital. The observed proportion of patients who were discharged is 
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Figure 3.10: Index plot of raw residuals 

55 

given in column P(D = u), and the observed proportion who died in hospital is given in column 

P(D = 1). The corresponding values predicted by the model are shown in brackets. 

Severity n µ T TID=u TID=l P(D=u) P(D = 1) 

low 82 (0.654) 4.49(4.56) 4.61(4.82) 3.60(2.45) 0.88(0.89) 0.12(0.11) 

med 39 (0.363) 4.67(5.76) 5.96(6.59) 2.36(3.64) 0.64(0.72) 0.36(0.28) 

high 13 (0.072) 4.92(6.14) 8.80(8.12) 2.50(4.81) 0.38(0.40) 0.62(0.60) 

Here, the upper barrier is estimated to be 3.573, and the lower barrier to be -1.661. The 

model indicates that severity baa a significant effect on the drift of the health status process, with 

the sicker patients having a less pronounced propensity to get well. The estimated drift is 0.654 

for the low severity group, 0.363 for the medium severity group, and 0.072 for the high severity 

group. In all severity groups, the drift is estimated to be positive; thus even in the more severely 

ill group, the patients tend to drift toward the upper barrier. The model predicts that, as severity 

increases, the drift decreases towards zero. 

Note that the model predicts that 88 drift decreases, the expected time to hitting the upper 
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barrier increases, which seems reasonable. However, expected time to bitting the lower barrier 

also increases with decreasing dri!t, which may seem somewhat counterintuitive. Examination of 

the subdenaities may help to explain the situation. The subdensities for the low and high severity 

groups are shown in figures 3.11 and 3.12. The upper subdensities are shown as a solid line, and 

the lower as a dotted line. The mean LOS, given the upper barrier is reached, is shown as a solid 

vertical line, while mean LOS given the lower barrier is reached is shown as a dotted vertical line. 

Due to the heavy tails, the means are to the right of the modes. 

We see in figure 3.11, that when the drift is high, the probability that the process ends at 

the lower barrier is quite small, as indicated by the small area under the dotted curve. However, 

given that that the process does end at the lower barrier, it will do so relatively early (2.45 days 

on average). This seems strange, but recall that the lower barrier is closer to the origin than 

the upper barrier, so {despite the upward drift) some of the paths will breach the lower barrier 

early in the observation period. Paths that move upward in the early time intervals, however, are 

unlikely to come down a, far as the lower barrier later on. 

Figure 3.12 shows the situation when the drift is reduced to almost 0. First, it now takes 

longer to hit either barrier than it did when the drift was higher, since now the paths tend to 

wobble about the horizontal axis. Since the upper barrier is farther away (3.573) than the lower 

barrier (1.661), and the drift is almost 0, it is less likely that the process will end at the upper 

barrier. Also it takes, on average, longer to hit this barrier (8.12 days) than to bit the lower 

barrier ( 4.82 days) 

We can see that the drift model is doing a good job of predicting some features of the data. 

The probability of each outcome ( discharge or death) is well predicted by this model, in contrast to 

the zero-drift model. The predicted time in hoepital in the group of patients who were ultimately 

discharged (shown in the column labeled TID = u) is reasonably cloee to the observed average. 

However, for thoee who ultimately die in hoepital predicted time in hOBpital is quite different from 

the observed average (column TID = 1). For this group, the model predicts that time until death 

increases with severity of illness, whereas in fact the observed average LOS is highest for the low 

severity group, and lowest for the medium severity group. 
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Figure 3.11: Su~Densities, Low Severity Group, µ = 0.654 
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Figure 3.12: Su~Densities, High Severity Group, µ = 0.072 
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The overall time in hospital is also not well predicted, due to the lack of fit in the low severity 

group. 

There seems to be a trade-off' here, between providing a good fit to probability of outcome, 

time in hospital given discharge, and time in hospital given death. In this case the model does a 

good job of predicting probability of outcome and time until discharge. Time until death is less 

well predicted. Note that the group of patients who died is much smaller (n=32) than the group 

who were discharged (n=102). So the model is doing a good job of malcing predictions for the 

larger group. 

An assumption implicit in this model is that, within each severity group, all patients share the 

same value of the drift parameter and the barrier parameters. It would seem that this assumption 

is not supported by the data. Perhaps an important covariate is missing. 

The previous table gives normal theory confidence intervals, and bootstrap confidence intervals 

constructed from the 2.5% and 9. 75% quantiles of a bootstrap distribution of 1000 iterations. The 

confidence intervals are compared graphically in figure 3.13. Here we can see that the bootstrap 

intervals are nearly symmetric, and close in length to the normal-theory confidence intervals. 

This gives some reassurance that the estimates are asymptotically normal, an issue which will be 

discussed in Chapters 4 and 5. 

We rely on the bootstrap to construct confidence intervals for the predicted length of stay and 

proportion of patients discharged in each covariate group, since theae are non-linear functiona of 

the parameters. These are shown in the next table. 

Severity II low med high 

E(T) 4.560 5.757 6.142 

(4.15, 5.03) (5.09, 6.57) (4.11, 7.16) 

P(D=u) 0.887 0.717 0.401 

(0.83, 0.93) (0.54, 0.84) (0.08, 0.67) 

In particular, we note that the confidence intervals for the high severity group are rather large, 

perhaps due to the relatively 8Ulall number of patients (n=13) in this group. 

Recall that figure 3.10 showed four large raw residuals. In fact these conespond to the four 
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largest values of LOS in the data set. We now refit the model, removing these four observations. 

AB shown in figure 3.14, excluding these four values does not seem to improve the fit of the 

model. Note that the raw residuals are not identically distributed, and a few large values are not 

necessarily indicative of a bad fit. 
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3.6 Example 2 

We now investigate another subset of the data consisting of individuals with renal failure (DRG 

= 316), 75 years or older, wh~ were either discharged home (n = 78) or died in hospital (n = 22). 

Here because of sparsity in the data we have coded severity at two levels. Let Zil = 1 if individual 

i has a high severity score {major or extreme comorbidities and complications), and Zil = 0 

otherwise. Side by side boxplots of severity by outcome group are shown in figure 3.15. 

UJ 0 Discharged Died 
~ C\I 

"C 

.E -en 0 . . 
0 ..... . . . . 

B ......... 
..J 

[!J 
...-

It) 

~ @ -0 

low high low high 

Severity Code 

Figure 3.15: LOS by Severity and Outcome 

An earlier investigation showed that severity does not significantly affect the drift parameter. 

The model considered here is 

Ui =~ +/1izi1 

~ =r;f,+~zu. 
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The following table shows the maximum likelihood estimates and standard errors for this 

model. 

Estimate 2.592 0.623 2.247 -0.554 0.381 

Std Err 0.240 0.327 0.297 0.348 0.059 

All individuals in the data set are estimated to have the same positive drift. Severity has a 

marginal effect on the upper and lower barriers. High severity increases the apparent distance 

to the upper barrier, and decreases the distance to the lower barrier. As discussed earlier, this 

situation could reflect differing health levels at admission to hospital. 

en 
1i ::, 
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Figure 3.16: Quantile Plot of Cox Snell residuals 

The fit of the model is illustrated graphically in figure 3.16. The plot indicates a good fit to 

the data. The observed and predicted values are shown in the following table. Predicted values 

are given in parentheses. 
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Severity n T TID = u TID = l P(D = u) P(D = 1) 

low 48 4.85(4.78) 5.08(4.85) 3.75(4.35) 0.84(0.84) 0.17(0.16) 

high 52 4.81(5.11) 5.53(5.69) 2.85(3.47) 0.73(0.74) 0.27(0.26) 

The predictions are quite good as well, although the model is overestimating E(TID = 1) some­

what. 

3. 7 Example 3 
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Figure 3.17: LOS by hospital, Males, ~ 70, DRG=l07 

Our final example for this section investigates a surgical DRG, coronary bypass with cardiac 

catheter (DRG 107). This subset of patients are males, age 70 or over. Here we investigate 

whether LOS distribution differs between four large hospitals, adjusting for severity of disease, 

and also age of patient. 

Severity is coded at two levels, and the variable ,evi equals 1 if individual i had major or 

extreme complications or comorbidities and O otherwise. Age of patient is coded in five year age 

groups. There are three indicator variables for the four hoepitals. Thus the variable ho,p;i equals 
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1 if individual i stayed at hospital j, and 0 otherwise. The baseline hospital is a rural hospital, 

whereas the other three hospitals are urban. Here we let the drift parameter depend on age and 

severity. The upper barrier is allowed to dift'er for the dift'erent hospitals. All patients in the data 

set are aasumed to share the same lower barrier. The upper barrier and drift are 

The estimated coefficients for this model are now given. 

~ f3't M /jJ l PC Pf P: 
Estimate 10.985 -4.394 -5.855 -4.075 2.175 2.260 -0.145 -0.081 

Std Err 0.716 0.620 0.652 0.739 0.244 0.276 0.047 0.016 

The fit of the model is illustrated graphically in figure 3.18. 
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Figure 3.18: Quantile Plot of Cox Snell residuals 

The baaeline hoepital is estimated to have a much higher upper barrier than the three urban 
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hospitals. Increasing severity lowers the drift parameter, and increasing age likewise decreases drift 

toward zero. The Cox-Snell plot shows that the fit of the model is not good for the observations 

with large residuals. Further investigation is needed. 



Chapter 4 

Properties of the Zero Drift FP2B 
Distribution 

In this chapter we study the properties of the FP2B distribution with drift equal to 0, using 

the series representation developed in the previous Chapter. (An alternate representation will be 

explored in Chapter 5.) We establish that the density of the FP2B distribution can be obtained by 

differentiating the cumulative distribution function ( cdf} discussed in the previous Chapter term 

by term. Also the various derivatives can be obtained by differentiating an appropriate series 

term by term. 

We will focus on the upper density and its derivatives, and the corresponding cdf. The results 

and proofs for the lower barrier are exactly parallel. Also we discuss here the derivatives with 

respect to u of the upper density. The results and proofs for the derivatives with respect to l and 

the mixed derivatives are similar and in most cases slightly simpler. Unless otherwise indicated, 

we assume both u and l to be finite. Where not stated, the limits of summation over le run from 

0 to oo. We will use ~(z) to denote the standard normal density evaluated at z, and •(z) to 

denote the standard normal cdf. 

We will make use of three commonly known theorems, which are stated here without proof. 

Conditions for interchanging differentiation and summation, i.e. conditions that allow us to 

differentiate a series term by term, are given in the following theorem, from Bressoud [6]: 
Theorem Let F( z) = ft ( z) + '2 ( z) + '3 ( z) +. . . 6e an infinite aerie, /O'f" which each ,ummand, 
/1, ( z), i, differentiable at every point in an open intffflal I containing a. If E::.1 J:, ( z) convnge, 

66 
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uniformly over I, then F(z) ia differentiable at a and 

00 

F'(a) = E /;,(a) 
k=l 

Likewise, sufficient conditions for interchanging integration over a finite interval and summ~ 

tion are given in the following theorem, also from Bressoud [6]. 
Theorem Let Ji (z )+ '2 ( z )+ '3 ( z )+. . . 6e uniformly convergent over the interval [a, 6], converging 
to F(z). If each /i(z) ia integrable over [a,b], then 10 ia F(z) and 

16 0016 

11 

F(z) dz=~ 
11 

/t(z) dz 

We will also use the well-known Weierstrass M-test, which is given here as stated in Apostol 

[2]. 
Theorem (Weierstrass M-test). Let {M11 } 6e a ,equence of nonnegative number, ,uch that 

1/11 (z)I $ Mn, for n = 1, 2, ... , and for every z in S. 

Then E/11 (z) converge, uniformly on S i/E M11 converge,. 

Corollary Under the ,ame aa,umption, given for the Weier,tm,1 M-te,t, /(z) = E/11 (z) i, 

bounded if r:, M11 converge, . 

Proof: 

which converges by assumption. Q.E.D. 

4.1 The FP2B Density 

In this section we will show that 

• /. (t; u, l) is truly the upper subdensity by showing that it can be obtained by differentiating 

the upper cdf term by term, 

• for small t, /. (t; u, l) behaves like t-3/ 24, ( 7,). 
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The probability that the process hits the upper barrier before time t, and does 80 without first 

hitting the lower barrier is 

(4.1) 

where 

sr, = -(2k + l)(u + t). 

Note that u, l > 0 and ar, < 0. In this section, we will write the series in ( 4.1) as F. (t; u, l) = 

2 E1r F.r,(t; u, l} where F.r,(t; u, l} = • ( ~) - • ( •~t). We will define F.r,(0; u, l) = 0, which 

makes F.r, ( t; u, l} continuous at 0. 

Theorem 4.1 For u,l > 0, F.(t;u,l} = E1r F.,,(t;u,l) can be differentiated term by teffll 'With 
respect to t, for all t ~ 0, gitJing 

/.r,(t; u, l} = -t-312 { (ar, + i) ~ ( ar,; l) - (ar, -l) 4, ( ar,,fi l)}. 

Proof: For u,l > 0, each function F.r,(t;u,l} is differentiable for each t in (0,00), and the 

derivative with respect to t of 2Fa1r(t; u, l) is 

The function F.r,(t;u,l) has a right hand derivative at t = 0, and this right hand derivative is 

easily seen to be 0, the limit as t ➔ 0 of /.r,(t; u, t). To show that we can differentiate the series 

E1r F.r,(t; u, l} with respect tot term by term, it suffices to show that E1r /a1r(t; u, l) is uniformly 

convergent in t. We will do this using the Weierstrass M-test. 

Let gr, equal the first summand of /.r,(t;u,l), i.e. gr,= -t-3l2(ar, +i} t;(~). Note that gr, is 

positive, and achieves its maximum overt E (0, 00) at t = ½(ar,+l}2. Let Mr, denote the maximum 

value of this function overt E (0, 00). Clearly, Mr, is O(k-2 ) and 80 E1r Mr, converges. By the 

Weierstrass M-test, the series -t-312 E,,(ar,+l) ti>(¥,) converges uniformly int, fort E (0, 00}. A 

similar argument applies to -t-312 E,,(ar, -l) ;c•~l ), and 80 E,, la1r(t; u, l} converges uniformly 

int, fort E (0,00). Note that we have also shown that the series E,,f.r,(t;u,l) converges 

absolutely. Also, by the corollary to the Weierstrass M-test, the function 1/.(t;u,l}I is bounded. 
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Figure 4.1: The first summand of /-1r(t;u,l) plotted against t for u = l,l = l,k = 0 
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Thus we have shown that the series 2 E1r F.t(t; u, l) can be differentiated term by term, with 

respect tot fort E [O,oo). Q.E.D. 

Since the function 

f.(t;u,l) = -t-312 ~ { (a1r + l) tf, ( "•; l) - (at -l) tf, ( "•;i l)}. (4.2) 

is obtained by differentiating the upper subcdf, it is a subdensity function. Similarly we can show 

that ft(t;u,l) can be obtained by differentiating the lower subcdf. Thus /(t;u,l) = f.(t;u,l) + 
ft(t; u, l) is a density. 

Although it is the case that for finite T, 

fT E!.t(t;u,l) dt = EF■1r(T;u,l), 
lo.• • 

we cannot conclude that the same is true for T replaced by oo. In other words, while uniform 

convergence is enough to ensure that a series can be integrated term by term over a finite interval, 

it is not enough in the case of an unbounded interval. In fact, for the series investigated in this 
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chapter we can show that term by term integration with respect to t over [0, oo) is not valid. In 

particular, for the upper subdensity, 

1
00 

J.(t;u,l) dt = 100 

EJ-,,(t;u,l) dt :f; E 100 

/-,,(t;u,l) dt. (4.3) 
0 0 t t 0 

Note that the left hand side of ( 4.3) equals 

1
00 

/.(t;u,t) dt = fun F.(t;u,l) = P(D = u) 
0 t➔co 

where P(D = u) is the probability that the process ends at the upper barrier. As discussed 

earlier, we know from difference equation arguments that for the n~drift model, P(D = u) = t~•. 

However the right hand side of (4.3) equals 

E 100 

/-,,(t; u, t) dt = E '~ F-,,(t; u, l) = ~ '~ {. ( "\~ ') - • ( "\,q ') } = 0. 
t t t 

Thus we have shown that term-by-term integration of the series is not valid. 

Theorem 4.2 For u, l > 0, the function /. (t; u, l) ia poaitive for t > 0 and integrate, to 
F.(oo; u, l). 

Proof: Since /.(t;u,t) is an upper subdensity, it is clear that it is non-negative and integrates 

to F.( oo; u, l). It is also easily shown that /. (t; u, l) is continuous in t, since it is the sum of 

a uniformly convergent series of continuous functions. It will be shown in theorems 4.3 and 5.3 

that /. (t; u, l) is strictly positive for small t and for large t. To prove that /. (t; u, l) is strictly 

positive for intermediate t is more difficult, but an argument using essentially the self-similarity 

of the Wiener process can be constructed. 

Theorem 4.3 For fi:ted u,l > 0 and ,ufficiently ,mall t, 

for aome c, C > 0. In particular, f.(t; u, l) appn,ache, 0 a, t ➔ 0. 
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Proof': The first summand of the first term of /.(t;u,i) is t-3l2u4, ( 71). This summand domi­

nates /.(t;u,i) as t ➔ 0, i.e. 

-r3l2(u + 2i)<f, ( ~) + E::2 /.,, 

t-3/2u<f, ( 7,) 

approaches O as t ➔ 0. This is true since it can be shown that </, ( 7t) can be factored out of 

the numerator, leaving terms which converge to a sum which goes to Oas t ➔ O. Thus as t ➔ 0, 

/. (t; u, i) behaves like t-3l2u4, ( 7,). In particular /. (t; u, i) approaches O as t ➔ 0, and for small 

enough t, we can find constants c and C such that ct-312; (t,) $ /.(t;u,i) $ Ct-3124, (t,). 
Q.E.D. 

4.2 First Derivatives 

In this section we will show that 

• for each fixed t and i > 0, the series /.(t;u,i) = EJ.,,(t;u,i) can be diff'erentiated term 

by term with respect to u, for u > O, giving E :_1,.,,(t;u,i) = :.J.(t;u,i); 

• for each fixed u, i > 0, the series :. /. (t; u, i) = E :. /91i(t; u, i) is uniformly convergent in 

t, fort~ O; 

• for small t, f.J.(t;u,i) behaves like t-5124, (-71); and 

• for u,l > 0, fa°° :_t.(t;u,i) dt = :. f0
00 f.(t;u,i) dt. This will partly satisfy regularity 

conditions required for consistency and asymptotic normality of the maximum likelihood 

estimate, as will be discus8ed in Chapter 5. 

We will define /.t(O; u, i) = 0 and /. /.t(O; u, i) = 0 so that these functions are continuous at O. 

Theorem 4.4 For each fized t ~ 0 and i > O, the aerie, /.(t;u,i) = Etf.t(t;u,i) can be 
diifnentiated term by term with re,pect to u, for u > 0; 

Proof': Assume t and i are fixed positive real numbers. Then /.t(t; u, i) is differentiable for each 

u in [O, oo) and the derivative of /.t(t; u, i) is 
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The function f.t(t; u, i) has a right hand derivative at t = 0, and this right hand derivative is 

easily seen to be 0, the limit as t ➔ 0 of B/u•J!;•,L). To show that we can differentiate the series 

E,/.,{t;u,t) with respect to u term by term, we only need to show that E,-/.fat(t;u,t) is 

uniformly convergent in u. We will do this using the Weierstrass M-test. 

&t) 

0 
I 

0.0 0.5 1.0 
u 

1.5 2.0 

Figure 4.2: The first summand of :. f.t(t; u, i) plotted against u fort= 1, t = 1, k = 1 

Let g,(t; u, t) represent the first summand of :. f.t(t; u, i), i.e. 

The limit of g,(t; u, t) as u ➔ 00 is 0. For large enough le, (specifically for (,, + t) 2 > 3t), the 

functions g,(t; u, t) are negative-valued and monotonically increasing for u in (0, 00 ). 

Let M, equal the maximum over u E (0,00) of lg,(t;u,l)I, Fork large enough, this maximum 

occurs at u = 0 and 
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for le = 0, 1, 2, .... Using the integral test, we will now show that the series E M1, converges. M,, 

is a sequence of positive terms, which is decreasing for large enough k, say le > 1e•. Let 

Then the integral 

converges to 

f
00 

M(:z:) dz J,,. 

1' ( Y9,) c21e·t2(21e· + 1) + t) 

2 t2t3/2 

which is finite for finite t. Thus the series E M1r converges by the integral test, and the series 

E lu11(t; u, l)I converges uniformly in u by the Weierstrass M-test. A similar argument applies to 

the second summand in :. J.,, (t; u, l), and 80 the series E :,,1.,, (t; u, l) converges absolutely, and 

uniformly in u for u E (0, oo). 

Thus, we have shown that conditions for term-wise differentiation with respect to u of the 

series E,, / •" ( t; u, l) are satisfied. Q .E.D. 

Theorem 4.5 For u,l > 0, the aeriea f.f.(t;u,l) = E,, /.f.1,(t;u,l) ia unifonnly convergent 
int, fort> 0. 

Proof: Again let 91,(t; u,l) represent the first summand in :.t.(t;u, l). For each le= 0, 1, 2, ... , 

the function 91, ( t; u, l) approaches 0 both as t ➔ 0 and as t ➔ 00. It has a minimum overt E [0, oo) 

at t = 3 -t1(a1, + l) 2

, where it has a negative value, and a maximum at t = 3 ±{6(a1, + l) 2

, where 

it is positive-valued. 

The function lu11(t; u, l)I achieves a maximum overt E (0, 00) at t = 3
- 3tl(a1, + l)2• Let M1t 

denote the maximum value of this function. Clearly, M1, is O(k-2), and 80 the series E:;.o M1, 

converges. By the Weierstrass M-test, the series E lu11(t; u, l)I converges uniformly in t. A similar 

argument applies to the second summand in :.f.(t;u,l). Thus E,, :.1w11(t;u,l) is absolutely, 

and uniformly convergent int, fort~ 0. Also, 1:./.(t;u,l)I is bounded. Q.E.D. 
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Figure 4.3: The first summand of :.1■1i (t; u, l) plotted against t for u = 1, l = l, le = 0 

Theorem 4.8 For fized u, l > 0 and aufficiently amall t, 

ct-5
1

2</J (✓i) s :uf.(t;u,l) s ct-512</J (✓i) 

for aome c, C > O. 

Proof: As in theorem 4.3, we argue that the first summand of the first term of /. /.t ( t; u, l) 

dominates as t ➔ 0. Q.E.D. 

To show that regularity conditions (for consistency and asymptotic normality of estimates) 

are satisfied, we need to prove further properties of the subdeosities and their derivatives. For 

example, if f(t; 9) is a density with parameter 9, we need to find an integrable function g(t) such 

that 

However this tuma out to be difficult to do in the case of parameters 9 = ( u, l). While we 

can find analytically the location and value of the maximum of each function I "f~;•> I it is not 
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p088ible to determine the location and value of the maximum of the summed function 81~') = 

E 81';};;'). Thus we discuss, in this chapter, weaker conditions that can be shown using only 

the representations for /.(t;u,i) and /1.(t;u,i) analogous to (4.2), leaving the full examination of 

regularity conditions to Chapter 5. 

An important sufficient condition for consistency of the maximum likelihood estimate of a 

parameter 8 is that the expectation of the score is 0, ie 

where E, denotes expectation with respect to (J, and .C{fJ; t) represents the likelihood. For the 

FP2B models considered here, we can write the log likelihood (for a single individual) as 

.C(u,i;t) =cS'log/.(t;u,i) +(1-cS')logJ,.(t;u,i) 

where 6 = 1 if the individual was discharged, and 6 = 0 if the individual died in hospital. Then 

the score function (for a single individual) is 

where 8 = ( u, i). The expected value of the score is then 

E,(S(u, i;t)) = fo00 
{ (! log/.{t; u,i)) /.(t;u,i) + (! log/1.(t;u, i)) /1.(t; u, i)} dt, 

because the probability that T E (t, t + dt) and 6 = 1 is /.(t; u, i)dt, while the probability that 

TE [t, t + dt) and 6 = 0 is /1.(t; u, i)dt. Then the above equals 

which equals 0, as long as differentiation and integration can be interchanged. More precisely, the 

expected value of the score equals O if differentiation with respect to IJ and integration over the 

interval (0,00) can be interchanged for both /.(t;u,i) and /1.(t;u,i). 

We will now show that this interchange is valid for the upper subdensity of the FP2B distri­

bution and the component u of IJ. Because /.(t;IJ) in the FP2B case is an infinite series which 
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cannot be integrated term by term over (0, oo), the situation is rather delicate. We will need the 

following theorem. 

Theorem 4.7 Let ,f,(z) be an integrable function defined on (-oo, u], u > 0, whoae derivative 
,t,'(z) uiata on (-oo, u) and aatiafie, too 11/l(v)ldv < oo; and let t'(z) = f~oc ,p(v)dv. Then 

lim f: {• (•• +l)- t' ('" -l)} = (-l) t'(O) 
T➔oo ll:o v'T v'T u + l 

where,,, = -(2k + l)(u + l) and u, l, T > O. 

Proof: Let t1, = -2k( u + l). Note that t11 - u = ,,, + l, and t11 + u = am - l, where m = k - 1. 

Then 

'1(0) = L: ,t,(v)dv = ~ { t' ( ":; l) -t' ( .,~ l) + t' c·;.u) -• c~")} 
- [• (Jf )-•<o>]. (4.4) 

For each k, 

and 

Then 

We show below that, as T ➔ 00, we can take the approximation to be exact. Substituting 

expression 4.5 into expression 4.4, taking the limit as T ➔ oo and rearranging gives 
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We now show that the error in the approximation goes to O as T ➔ oo. For each k, 

I• (6· + l) - • (6· -l) _ 1/, (6· + l) 2i I < 1 "', ( 6t ) ( 2i ) 
2 

.,ff .,ff .,ff .,ff - 2 .,ff .,ff 

where (t E (tt - u, tt + u). Then the error in approximating the sum in 4.4 by 

Et { 1J ( •~l) - 'I ( 't,jl)} [1 + i] is less than or equal to 

Ki Ev,'(~)+ K2 E ,J,' (S!..) $ K3 (o v,'(w) dw, 
T k .,ff T k VT vT J _oo 

which approaches O as T ➔ 00, as long as the integral in the above expression converges. Thus 

we can ignore the error in the approximation as long as fO() ,t,'(w) dw < oo. Q.E.D. 

Note that we have also proved the following corollary: 

Corollary: 

As an aside, we can use theorem 4. 7 to show that 

loo l 
f.(t;u,l) dt = 1im F.(t;u,l) = --l, 

o t➔oo u+ 

without recourse to difference equation arguments. Recall that, for the upper subdistribution 

function F. (t; u, l), we have 

½F.(t;u,l) = ~ { • ( 6tjl) _ • ( 6t✓t l)} · 

We apply theorem 4.7, taking the function 'l(z) to be the standard normal cdf •Cz). As 

t ➔ 00, the sum in the above expression approaches .~t•(O) where •(O) = 1/2. Therefore, 

lim,➔O() F.(t;u,l) = .!t· 
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Theorem 4.8 For u, I. > 0, 

a loo loo a 
au lo J.(t;u,I.) dt = lo auf.(t; u,/.) dt 

taking each ft to mean WDT➔oo J;'. 

Proof: From difference equation arguments, we know that J0
00 f • ( t; u, /.) dt = .~t, so 

:. f0
00 f. (t; u, /.) dt = :. ( .~t) = ~ (•.;t)'. The right hand side of equation 4.6 is 

Loo a LT 8 
-I) f.(t;u,l.)dt= lim E-a !urr(t;u,l.)dt 

o U T➔oo o Ir u 

LT 8 
= lim E !J_./.rr(t;u,I.) dt 
T➔oo Ir o uu 

= _2}~~ (2:;1) {; (a:;/)-; (a:;/)} 
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(4.6) 

(4.7) 

Note that interchange of integration over the bounded interval (0, T) and summation in equation 

(4.7) is valid since E /.f.rr(t; u, I.) is uniformly convergent int, as we proved in theorem 4.5. Now 

since (2k + 1) = -srr/(u + /.) the last expression equals 

We now apply theorem 4.7 to the first line of the above, talcing IJ(z) to be z(/S(z). Since the value 

of this function at 0 is 0, the first line in the above approaches 0 as T ➔ 00. For the second 

line, we take 'i(z) to be 'P(z) whose value at 0 is 1/.,/f,i. Thus the second line approaches Oas 

well. By the corollary, the last line approaches - J(•~l). Thus the RHS of expression 4.6 equals 

- (u,;ti' as desired. Q.E.D. 

4.3 Second Derivatives 

In this section we will show that 
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• for each fixed t ~ 0 and l > 0, the series /. /. (t; u, l) = E /. /., (t; u, l) can be differentiated 

term by term with respect to u, for u > 0, giving E/;,rf.,,(t;u,i) = ~/.(t;u,l); 

• for each fixed u, l > 0, the series /;wr /. (t; u, l) = E /;,r J.,,(t; u, l) is uniformly convergent 

in t, for t ~ 0; 

• for small t, ~/.(t;u,l) behaves like t-712,j, (~); and 

• for u, l > 0, I.,, f0
00 

/. (t; u, l) dt = ft -1.,r !. (t; u, l) dt, thus partially satisfying the regular­

ity conditions required for consistency and asymptotic normality of the maximum likelihood 

estimate, as will be discuaed in Chapter 5. 

We will define -J;r /(0; u, l) = 0, making this function continuous at 0. All the proofs are exactly 

analogous to those in the previous section. 

Theorem 4.9 For each fi:zed t ~ 0 and l > 0, the aerie, :_ /. (t; u, l} = Et :_ J.,,(t; u, i) can be 
diffenmtiated term by term with reapect to u, for u > O; 

Proof: Assume t and l are fixed. Then f. /91i(t; u, l) is differentiable for each u in (0, 00) and its 

derivative is 

::2 f.,(t; u, l) = t-t(2k + 1)2 { ti, ( '"; l) (11, + i) [3t - (11, + i)2] -

ti, ( '"y1 l) (a1, - l) [3t - (a, - i)2]}. 

The function B/u•£t'> has a right hand derivative at t = 0, and this right hand derivative is easily 

seen to be 0, the limit as t ➔ 0 of /;,r /.1,(t; u, l). To show that we can differentiate the series 

E, :. /.,, (t; u, l) with respect to u term by term, we only need to show that E, ~ J.,,(t; u, l) is 

uniformly convergent in u. We will do this using the Weierstrass M-test. 

Let g1,(t; u, l) represent the first summand of ~ /.,, (t; u, l), i.e. 

91,(t;u,l) = t-t(2k + 1)2; ( ""1 l) (•re+ l) [3t - (,, + i)2] 

The limit of g1,(t; u, l) as u ➔ 00 is 0. For large enough k, (specifically for /c > 3t,'¢°t), the 

functions g1,(t;u,l) are poeitive-valued and monotonically decreasing for u in (0,00). 
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Let Mt equal the muimumover u E (0, 00) of l9t(t; u,i)I. For large enough k, this maximum 

ocCUlS at u = 0 and 

Using the integral test, we will now show that the series E Mt converges. The sequence {Mt} is 

positive fork> ,/3t/2l. Furthermore, it is decreasing for large enough k (say k > k*}, becall8e 

the term in; will dominate all other terms in the expression for Mt. The integral 

/

00 

M(z) dz J,,. 

converges to 

1; ( 'J1f,-) {(16k*4 + 16k*3 + 4k*2)i4 + (4tk• 2 - t)i2 + 2t2} 

2 l3t5/2 

which is finite for finite t and i. Thus the series E Mt converges by the integral test, and the series 

E l9t(t; u, l)I converges uniformly in u by the Weierstrass M-test. A similar argument applies to 

the second summand in /;,/.t(t;u,i), and 80 the series E ~/.t(t;u,i) converges absolutely, 

and uniformly in u for u E (0, oo). 

Thus, we have shown that conditions for term-wise dift'erentiation with respect to u of the 

series Et f. J.,,(t; u, i) are satisfied. Q.E.D. 

Theorem 4.10 For u, i > 0, the aerie, -1.,s f. (t; u, i} = Et f..s /.t(t; u, i) i, unifonnly conver­
gent in t, fort > O. 

Proof: Again let 9t(t;u,i} represent the first summand in ~/.(t;u,i). For each k = 0, 1, 2, ... , 

the functiongt(t;u,i) approaches 0 both as t ➔ 0 and as t ➔ oo. It has a minimum overt E [0, oo) 

at t = 5-;(i9(,t +i)2, where it has a negative value, and a maximum at t = 5tfF(•t +i)2 , 

where it is positive-valued. 

The function l9t(t;u,l}I achieves a maximum overt E [0,oo) at t = 5- 1-{@(,t +l)2 . Let Mt 

denote the maximum value of this function. Clearly, Mt is O(k-2), and 80 the series E~o Mt 

converges. By the Weierstrass M-test, the series E l9t (t; u, i) I converges uniformly in t. A similar 

argument applies to the second summand in ~f.(t;u,i). Thus Et ~f-,,(t;u,i) is absolutely, 
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and uniformly convergent int, fort~ 0. Also,l~/.(t;u,l)I is bounded. Q.E.D. 

Theorem 4.11 For fi:,:ed u, l > 0 and auf/iciently ,mall t, 

ct-7/2,1. (~) < az # (t· u l) < ct-7/2,1. (~) 
y, Ji - 8u2 J• ' ' - y, ,/t 

for aome c, C > O. 

81 

Proo(: As in theorem 4.3, we argue that the first AUmmand of the first term of f..rf-,,(t;u,l) 

dominates as t ➔ O. Q.E.D. 

A further condition for consistency of the maximum likelihood estimate of a parameter 9 is 

that the variance of the score equal minus the Fisher information, ie 

For the FP2B models, the score for a single individual, when squared, equals 

S(u,l;t)2 = (!c(u,l;t)r = 

(er! log/.(t;u,l)r +2cf(cf- l) (! log/.(t;u,t)) (! log/,(t;u,t)) + ((1-cf) ! log/,(t;u,l)r 

where 9 = ( u, l) and where cf = 1 if the individual is discharged and 6 = 0 if the individual dies 

in hospital. Note that the middle term vanishes, since 6(1 - 6) is always 0. Then 

E, (S(u,l;t)2) =Lao(! log/.(t;u,i)r /.(t;u,l) dt+ Lao(! log/,(t;u,l)r /,(t;u,l) dt 

= 100 
fis/.(t;u,l) dt+ 100 

;isf,(t;u,l) dt. (4.S) 
lo /.(t;u,l) lo ft(t;u,l) 

Also, for the FP2B model, 

az az lJ2 
882 C(u, l;t) = cf IJB2 log/.(t;u, l) + (1 -cf) 882 log/,(t; u, l). 
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It can be shown that 

-E, (::2 .C(u,l;t)) = 
("' 82 ("' ,&st.(t;u,l) ("" {}2 ("" /;sft(t;u,l) 

- lo {JIPJ.(t;u,l)dt+ /o /.(t;u,l) dt- lo IJ82/t(t;u,l)dt+ lo ft(t;u,l) dt. 

(4.9) 

If we can differentiate twice under the integral, then 

/
82 ja2 a2 f 

{}82 /.(t;u,l) dt + 
882

/t(t;u,l) dt = {}82 (f.(t;u,l) + ft(t;u,l)) dt 

equals O since f(t;u,l) = f.(t;u,l) + ft(t;u,l) is a density and so integrates to 1. In that case, 

equation 4.8 will equal equation 4.9. Thus if we can differentiate each subdensity twice with 

respect to (J under the integral with respect tot on (0,00), the variance of the score will equal 

minus the Fisher information. 

We now show that we can differentiate /. (t; u, l) twice with respect to component u of fJ under 

the integral. 

Theorem 4.12 For u,l > 0, 

a2 f"" f"" 82 
au2 1

0 
f.(t;u,l)dt= lo {Ju2 /.(t;u,l)dt (4.10) 

Proof: Fromtheorem4.8, we have/. f0
00 

/u(t;u,i) dt = -~so l?,s J0
00 

/u(t;u,l) dt = <•~)*· 

Now 

(4.11) 

Note that interchange of integration and summation in equation 4.11 is valid since E ~ /-,,(t; u, i) 

is uniformly convergent int, as we proved in theorem 4.10. Noting that (2k + 1) = -a1i/(u + l) 
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we can write the above as 

• 2 ~ { [ ('• + l) ('• -l)] 
T~ -(u+l)2 ~ '11 ,If - '11 ,If 

- ~ [ '12 ( ':;/) - 'iz ( ':;/)] 

+ ; [ '13 (':;/) - '13 ( '~;/)] 

- 2:;, '12 ( ':;/)} 

83 

where '11(z) = z3ip(z), 'i2(z) = z2ip(z), and '13(z) = zq,(z). Note that '11(0) = '12(0) = 
'13(0) = 0, so that, applying theorem 4. 7, the first three lines of the above expression approach 0 

as T ➔ oo. Let '1,.(z) = J:
00 

'i2(1)d, = +(z) -zip(z). Then by the corollary, the last line of the 

above equals -2.~t '1,.(0) = - .!c So finally the RHS of equation 4.10 equals 1.!~>' as desired. 

Q.E.D. 

4.4 Third Derivatives 

In this section we will show that 

• for each fixed t ~ 0 and l > 0, the series ~J.(t;u,l) = E ~J •• (t;u,l) can be differenti­

ated term by term with respect to u, for u > 0, giving E /;rf .. (t; u, l) = l.rJ. (t; u, l); 

• for each fixed u, l > 0, the series /;r /. (t; u, l) = E /;r J_.(t; u, l) is uniformly convergent 

in t, for t ~ O; and 

• for small t, /;rf.(t;u,l) behaves like t-9l 2ip (~)· 

We will define ,l.r / (O; u, l} = 0, making this function continuous at O. All the proofs are 

exactly analogous to those in the previous section. 

Theorem 4.13 For each ju:edt ~ 0 and l > 0, the aerie, -/;rf.(t;u,l) = E. l;rJ .. (t;u,l) can 
6e diffenmtiated term by term with f'f!lpect to u, for u > O; 
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Proof: Assume t and i are fixed. Then .,..,/.,,(t;u,i) is differentiable for each u in [0,00) and 

its derivative is 

!:3/.,,(t;u,i) = t-1(2/c + 1)3 { ~ ("\;; i) [6(a., + i)2t - (at+ t)'' - 3t2] -

; ( "•Ji i) [6(a., + i)2t - (a.,+ i)4 
- 3t2

]}. 

The function "
2
l~~;•,t) has a right hand derivative at t = 0, and this right hand derivative is 

easily seen to be 0, the limit as t ➔ 0 of ~J.,,(t; u,i). To show that we can differentiate the series 

E., ~/..,(t;u,i) with respect to u term by term, we only need to show that E .. ~/..,(t;u,i) 

is uniformly convergent in u. We will do this using the Weierstrass M-test. 

Let g.,(t;u,i) represent the first summand of ~J.,,(t;u,i). We now show that for large 

enough le, the functions g.,(t; u, i) are negative-valued and monotonically increasing for u in (0, 00). 

Differentiating g., (t; u, i) with respect to u and setting the result equal to O shows that g.,(t; u, i) 

has five critical points. Three of these are always negative. The remaining two are 

-2ki+c1../i 
2k+l 

where c1 and c2 are positive constants. These two critical points will be negative for large enough 

le. By differentiating again, we can show that c1 is a minimum, and that g.,(t;u,i) is negative 

valued at this minimum, and approaches Oas u ➔ 0. Thus g., (t; u, L) is negative and monotonically 

increasing on u E (0, 00) for large enough k. 

Let M., equal the maximum over u E (0, 00) of lg.,(t; u, L)I. For large enough le, this maximum 

occurs at u = 0. The sequence M., is positive and decreasing for large enough le (say le > k•), 

because the term in; will dominate all other terms in the expression for M.,. The integral 

/

00 

M{z) d:,; J ... 
converges to 

; (~) h(t,k•) 

t1/2i" 
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where h(t, t•) is a sixth degree polynomial in t and k. This expression is finite for finite t 

and t. Thus the series E Mt = E l9t(t; 0, t)I converges by the integral test, and 80 the series 

E l9t(t; u, t) I converges uniformly in u by the Weierstrass M-test. A similar argument applies to 

the second summand in ~/ .. (t;u,L), and 80 the series E ~f.t(t;u,t) converges absolutely, 

and uniformly in u for u E (0, 00). 

Thus, we have shown that conditions for term-wise differentiation with respect to u of the 

series Et ~/at(t;u,t) are satisfied. Q.E.D. 

Theorem 4.14 For u,t > 0, the aerie, /;rf.(t;u,L) = Et /;rf.t(t;u,t) ia uniformly conuer­
gent in t, fort 2'. O. 

Proof: Again let 9t(t;u,L) represent the first summand in ~/.(t;u,L). For each k = 0, 1,2, ... , 

the function 9t(t; u, t) approaches 0 both as t ➔ 0 and as t ➔ 00. 

The function l9t(t;u,L)I achieves a maximum overt E [0,oo) at t = c(at + l.)2 where c 

is a positive constant. Let Mt denote the maximum value of this function. Clearly, Mt is 

O(k-2), and 80 the series E:°:o Mt converges. By the Weierstrass M-test, the series E l9t(t; u, L)I 

converges uniformly int. A similar argument applies to the second summand in ~/.(t;u,t). 

Thus Et -/;rf.t(t; u, t) is absolutely, and uniformly convergent int, fort 2'. 0. Also,la$/.(t;u, t)I 

is bounded. Q.E.D. 

Theorem 4.1& For fized u, L > 0 and ,ufficiently ,mall t, 

ct-912, (~) $ :U21.(t;u,t) $ ct-912, (~) 

for 1ome c, C > 0. 

Proof: As in theorem 4.3, we argue that the first summand of the first term of /;f.t(t;u,t) 

dominates as t ➔ 0. Q.E.D. 



Chapter 5 

Properties of the Zero Drift FP2B 
Distribution, Sin Representation 

An alternate representation for the densities is available (17, p. 359]. This series converges slowly 

for small t, and so is not as useful for computational purposes as the representation discussed 

in Chapter 4, at least not for the distribution of times encountered in hospital length of stay. 

However, it converges quickly for large t and so is more helpful in verifying regularity conditions. 

The equivalence of the two series is a consequence of the theory of theta functions [17, p. 370]. 

In this chapter, using the new representation, we show that all moments of the zero drift 

FP2B distribution exist, and examine the behaviour of /. (t; u, i) and its first three derivatives 

for t large. Finally, we establish that regularity conditions for the FP2B distribution (in the case 

of iid observations) are satisfied in the zero drift case. Here we focus attention on the upper 

subdensity, as the results and proofs for the complete density can be reduced to proofs for the 

upper and lower subdensities. As we point out below, regularity in the drift case will follow as an 

easy consequence. Unless otherwise indicated, we assume both u and i to be finite. 

In the notation used in the thesis, the alternate representation for the upper subdensity is 

,. 1r (-(µt +2u)µ) ~ ( -k
2
rt ) • ( 1rku) 

J.(t;u,i,µ)= (u+i)2exp 2 ~kexp 2(u+i)2 sm u+i • 

This series, known in dift'usion theory as Furth's formula for first passages, is uniformly convergent 

86 
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int [17, p. 359). For the zero drift case, the series reduces to 

(5.1) 

where ,\ = ,r2 /(2(u + i)2), and 'Y = ,ru/(u + i). Note that, for u, i > 0, both ,\ and 'Y are strictly 

positive, and furthermore 0 < -y < ,r. Also, note that because the function g(t) = exp (-<e'!2•>e) 
approaches 0 very quickly as t ➔ 00, and its integral J;' g(t) dt likewise converges quickly, 

regularity conditions for the drift case will follow easily from the zero drift case. For the remainder 

of this chapter, the zero drift subdensity will be denoted as /. (t; u, i), without the superscript 0. 

5.1 Moments of the Zero Drift FP2B distribution 

We prove in two steps that moments of all values exist for the upper subdensity. 

Theorem 5.1 The integral 

loo tPf.(t;u,i)dt 
to 

converge, for all p, where to= 1/(2,\). 

Proof: 

00 

J.(t;u,i) = ( "'i):, Lkexp(-k2t,\) sin(k'Y) 
u+ t=t 

where g(k) = kexp (-k2t,\). The function g(k) achieves a maximum on (0, 00) at k = 1/,/fil. 

Then fort> 1/(2,\), g(k) is monotonically decreasing on (1, 00). We can then apply lemma 0.0.1 

(see appendix D), which gives 

= exp(-t,\) ( 1 + 2~t) 
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Thus /.(t;u,l) $ exp(-t~)(l+'ib) and t'f.(t;u,l) $ t'exp(-U){l+'ib). The integral of 

this last function with respect tot over (to, oo) converges for all p. Thus we have shown that 

1
00 

t1 /. (t; u, l)dt 
ta 

converges for all p, where to= 1/(2~) > O. Q.E.D. 

Theorem 5.2 All poaitive momenta of the zero drift FP2B dutribution ezut. 

Proof: We showed in theorem 5.1 that J,"; t'f.(t;u,l)dt converges for all p, where to= 1/(2~). 

As shown in theorem 4.1, f.,(t;u,l) is bounded on (0,oo). Thus the integral oft'/.(t;u,l) over 

(O,to] is finite for all p > O. Similar statements can be made about ft(t;u,l). Thus all positive 

momenta of the FP2B distribution exist. Q.E.D. 

5.2 Regularity Conditions 

The following specification of regularity conditions for consistency and asymptotic normality of 

maximum likelihood estimates from iid observations comes from Serfling (37] and is for single­

parameter models. The extension to multiple parameter models is straightforward. 

Regularity Condition.. Consider 8 to be an open interval (not necessarily finite) in R. We 

assume: 

(Rl) For each fJ E 8, the derivatives 

8log/(z;6) 82 log/(z;6) a3log/(z;6) 
8fJ 8(J2 8fJ3 

exist, all Zj 

(R2) For each 80 E 8, there exist functions g(z), h(z) and H(z) (possibly depending on 90) 

such that for 6 in a neighborhood N(60 ) the relations 

hold, all z, and 

/ g(z)dz < oo, / h(z)dz < oo, E,{H(X)} < 00, for fJ E N(fJ0 ); 
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(R3) For each fJ e 8, 

Here E, denotes expectation taken with respect to 8. 

Thus we will prove in the zero drift case that 

• the first, second, and third derivatives of log/. (t; u, l) exist; 

• There exists a function g(t) such that 

1:u/.(t;u,l)I $g(t) 

for all t e (0, oo) and Jo"° g(t) dt < oo; 

• There exists a function h(t) such that 

1::2 /.(t;u,l)I $ h(t) 

for all t e (0, oo) and Jo"° h(t) dt < oo; 

• There exists a function H(t) such that 

1!3 log /.(t;u,l)I $ H(t) 

for all t e (0, 00) and E.{H(T)} < oo; and 

• For each u > 0, 

Here E. can be taken to be expectation with respect to the upper subdensity. It can be shown 

that the regularity conditions of Serfling can be reduced to conditions like these. 

We first prove several theorems about the behaviour of/. (t; u, l) and its derivatives when t is 

large. 
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Theorem S.3 FM t large, 

,. (t; u, l) ~ E exp(-tl) 

for ,ome E > 0 and when! A= r /(2(u + t)2). 

Proof: 

00 00 

/.(t;u,l) =~fat= (u:t)Z ~kexp(-k2tl) sin(k-y). 

We will argue that the first term of this series dominates for large t, ie 

Write 4►aa J..,, as c E ar,br, where 
/u1 

and 

where r = t - 1. Clearly Ear, converges. We now show that limr➔oo E br, = 0. First note that 

br, = exp(-rl(k2 - 1)) is monotonically decreasing for k E (0, oo). Then 

The limit of this expression as r ➔ oo is 0/0. We now apply L'Hopital's rule. Differentiating the 

numerator and denominator of the last expression with respect to r gives 

~ ( virX) r-1/2 1 

e-rA(r-1/2 _ 2Arl/2) = 1- 2Ar 

which approaches 0 as r ➔ oo. ThU8 limr➔oo E:°=z ar,br, = limr➔oc E:°:2 /.r,/ /.i = 0 . Thus 

the first term of the series, /.i = k1 exp(-tl) sin(-y), dominates for large t. Note that, for finite t, 

/.i is strictly positive, because 0 < 'Y < 1r. So fort large, /.(t;u,l} > Eexp(-tl), for some E > 0. 

Q.E.D. 
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Theorem 5.4 For t aufficiently large, 

1:u/.(t;u,l)I S A:1texp(-tA) 

for aome A:1 > 0 and where A = r /(2(u + i)2). 

Proof: 

l!/.(t;u,l)I = l(u:i)5 tA:exp(-A:2tA) 

{ t,r2A:2 sin (k-y) - 2(u + l)2 sin (A:-y) 

+1rkl(u +t) cos (k-r)}I (5.2) 

where -y = ,ru/(u + l). For large t, it suffices to examine the behaviour of the factor involving t. 

So consider the sum 

00 

E A:3t exp(-A:2tA). 
lr=l 

Note that the function g0 (A:) = A:3texp(-A:2tA) achieves a maximum on A: E (0, oo) at fc• = 
✓3/(2tA), and monotonically decreases for A:> A:•. Then fort> 3/(2A), go(k) is monotonically 

decreasing on (1, oo). For functions of this shape we have 

f 9o(k) S /
00 

go(k) dk + go(l) 
l 11 

{see lemma D.0.1, in appendix D). Thus, fort> 3/(2A) 

1 = 
2
A2t2 exp(-tA)(tA + 1) +texp(-tA) 
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For large t,this last expression is O(t exp(-tA) ). Therefore, we can show that for large t, J. (t; u, i) < 

k1t exp(-tA), for some k1 > O. Q.E.D. 

Theorem 5.5 For la"9e t, 

for aome conatant k2 > O. 

Proof: 

I
IJ2 I 1 00 

8u2/.(t;u,i) = (u+i)' ?;exp(-k2tA) 

{t2k5,r5 sin(k-y) + t[-7k3,r3 sin(k-y)(u + i)2 + 2k4 ,r4 cos(k-y)i(u + i)] 

+6knin(k-y)(u + i)" - 2k3,r3 sin(k-y)[ui3 + u2i2 + l"] - 6k2,r2 cos(k-y)(u +t)"}I (5.3) 

1 00 

< ---Eexp (-k2tA) {t2k5,r
5 + t(-7k31r3{u+i)2 + 2k41r4i(u +i)] 

- (u +i)' i=l 

+6k1r(u + i)" - 2k3,r3[ui3 + u2i2 + l"] - 6k21r2{u + i}"} (5.4) 

For large t, it suffices to examine the behaviour of the factor involving t2. So consider the sum 

00 00 

Ego(k) = Ek5t2exp(-k2tA). 
i:1 i:1 

Each summand g0(k) achieves a maximum over k E (0, oo) at k• = ~' and monotonically 

decreases thereafter. Then fort> 5/(2A), g0 (k) is monotonically decreasing on {l, oo). By lemma 

D.0.1, fort> 5/(2A), the sum above is less than or equal to 

For large t, the above function is O(t2 exp(-tA)). Thus we can find a constant k2 such that 

,~/.(t;u,t)I ~ k2t2exp(-tA). Q.E.D. 

Theorem 5.8 For laf'rle t, 
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for ,ome con,tant k3 > 0. 

Proof: We can show that 

1:3/.(t;u,l)I S (u+\)11 texp(-k2tA)t3k7,r7 

plus some terms in smaller powers of t, which will be inconsequential for large t. Consider the 

sum 

00 00 

Ego(k) = Lk7t3exp(-k2tA). 
k:1 k:1 

Each summand go(k) achieves a maximum over k E (0, oo} at i• = f'j;, and monotonically 

decreases thereafter. Then fort> 7/(2A}, go(k) is monotonically decreasing on (1, oo}. By lemma 

D.0.1, fort > 7 /(2A), the sum above is less than or equal to 

For large t, the above function is O(t3 exp(-U)). Thus we can find a constant k3 such that 

l/.rt.(t;u,t)j S k3t3exp(-tA). Q.E.D. 

We now show that regularity conditions are satisfied. 

Theorem 5. 7 The firat derivative of log/■ (t; u, l) with reapect to u ezi,t, fort E (0, 00}. 

Proof: First, note that 

8 f.J.(t;u,l) 
8u log/.(t;u,l) = f■ (t;u,l) • 

Also, as we showed in theorem 4.5, /.f.(t;u,l) is bounded fort E (0, oo). We showed in theorem 

4.2 f(t; u, l) is greater than 0 for t > 0. Thus, the derivative of log f■ (t; u, l) with respect to u 

exists for t E (0, 00 ). Q.E.D. 

Theorem 5.8 The 1lltmd derivative of log/.{t; u,l) 1Dith re,pect to u eziat, fort E (0, oo). 

Proof: 

!__l I (t· l) - pJ.(t;u,l) 5/.(t;u,l) 2 a
2 

( 
8 

)2 
A...2 og,. ,u, - ( ) -
uu J. t;u,l f■ (t;u,l) 



CHAPTER 5. PROPERTIES OF THE ZERO DRIFT FP2B DISTRIBUTION, SIN 
REPRESENTATION 94 

We showed above that /.f.(t;u,1.)//.,(t;u,I.) exists, so we only need to prove that the first 

summand is less than oo. Also, as shown in theorem 4.10, ,£.rJ.(t;u,I.) is bounded on (0,oo). 

Since /., (t; u, /.) is greater than 0 for t > 0, the second derivative of log/. (t; u, /.) with respect to 

u exists fort E (0, oo). Q.E.D. 

Theorem 5.8 The thinl derivative o/log/.(t;u,/.) 'IDith re,pect to u emta fort E (0,oo). 

Proof: 

a33 log/.(t;u,/.) = Erf.,(t;u,/.) -3 -/;Jf.(t;u,I.} /;J.(t;u,I.) +2 (/;/.(t;u,/.))3 (5.5) 
au f.(t;u,I.) J.(t;u,I.) J.(t;u,I.) J.(t;u,I.} 

We only need to prove that the first summand is less than oo, since the other summands have been 

shown to be less than 00 above. First, -l;r/.(t;u,I.) is bounded on (0,00), aa shown in theorem 

4.14. Since /. (t; u, /.) is greater than O fort > 0, the third derivative of log/. (t; u, /.) with respect 

to u exists fort E (0, oo). Q.E.D. 

Theorem 5.10 There emta a function g(t) ,uch that 

1:u/.(t;u,/.)1 $ g(t} 

for all t E (0, oo) and J;" g(t) dt < oo. 

Proof: As we showed in theorem 4.5, :_J.(t;u,I.) is bounded fort E (0,00). Thus we only need 

to show that I; f. (t; u, I.) is dominated in absolute value in the right tail by an integrable function 

g(t). We showed in theorem 5.4 that l:./.(t;u,1.)1 $ k1texp(-t~), which is clearly integrable 

with respect tot on (to, 00) 1 where to> 0. Q.E.D. 

Theorem 5.11 There eziata a function h(t) auch that 

I ::2 t.(t; u, '-}I $ h(t) 

for all t E (0, oo} and Jo"" h(t) dt < oo 

Proof: As we showed in theorem 4.10, -/;rf.(t; u, /.) is bounded fort E (0, oo). In theorem 5.5 we 

showed that, for large t, I ,J;rJ.(t; u, /.)I $ k2t2 exp(-~t) which is clearly integrable with respect 

tot on (to,00), for to> 0. Thus 1£st.(t;u,/.)I is dominated in the right tail by an integrable 

function. Q.E.D. 
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Theorem 5.12 Thue uiat, a function H(t) auch that 

1!3 log /.(t;u,i)I $H(t) 

for all t E (O, 00) and E.{H(t)} < 00 

Proof: From equation 5.5 we have 

I 
03 I l~/.(t;u,t)I ,~/.(t;u,t)j l~J.(t;u,i)I 1: /.(t;u,i)l3 

- 3 log/.(t;u,i) < -------+ 3----------==---..... + 2 • 2 (5.6) 
au - J.(t;u,i) J.(t;u,i) f.(t;u,i) f.(t;u,i) 

As we showed in theorem 4.14, ~/.(t;u,i) is bounded fort E (0,oo). We showed in theorem 

4.3 that, for small t, f.(t; u, i) ~ ct-3/'lt/) ( -j;). Also for small t, -/. J. (t; u, i) $ C1i-5l2tf, ( 7,) 
and l,rJ.(t;u,i) $ C1t-1l 2tf, (t,), as was shown in theorems 4.6 and 4.11. Then, for small t, 

the second summand, when multiplied by J.(t;u,i), is less than or equal to Ct-9l 2tf, (t,) and 

so is bounded. This is also true for the third summand. Thus we only need to ensure that each 

summand in (5.6), when multiplied by f.(t;u,i), is dominated in the right tail by an integrable 

function. 

Using theorem 5.6, we have that the first summand multiplied by /. (t; u, i) is 

for some k1 > O. From theorems 5.3, 5.4 and 5.5, the second summand, when multiplied by 

1. (t; u, l) is 

for some k2, k3, k4 > 0. Finally, from theorems 5.3 and 5.4, the third summand, when multiplied 

by /.(t;u,i) is 

for some ks, ke > 0. Since the integral 

f
00 

t3 exp(-tl) dt 
J,o 
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converges for to> 0, we have proved the desired result. Q.E.D. 

Theorem 5.13 

0 < E. { ( 8log/8!t;u,l)) 
2

} < 00_ 

Proof: Note that 

E. {({Jlog/.(t;u,i))
2

} = (
00 

(a/.(t;u,l))
2 

1 dt 
{Ju lo au /. (t; u, l) 

(5.7) 

First, as noted previously, both /.(t; u, i) and B/u~•,t) are bounded. To show that the integral 

in 5.7 converges on (0, 00) 1 we need to show that (1) the integral converges for large t and (2) the 

integrand is bounded as t ➔ 0. 

We first show that the integral converges for large t. We saw above that, for large t, B/u~•,l) $ 

ctexp(-..\t). Also, in theorem 5.3, we showed that /.(t;u,l) > uxp(-t..\), for some E > 0. Thus 

( B/ug~•,l)) 
2 

/u(t~•,l) :$ ld.2 exp(-..\t) for some constant le > 0, and so the integral in 5. 7 converges 

for large t. 

Now fort small, we need to show that the integrand in 5.7 is bounded. We showed in theorem 

4.3 that, for small t, /.(t;u,l) ~ ct-3 12

; (t,). Also for small t, :,J.(t;u,t) $ C
1

t- 5 l 2

; (t,) 
and -i.,/.(t;u,l) $ C1t-1t2; (t,), as was shown in theorems 4.6 and 4.11. Then, for small t, 

the integrand in 5.7 is less than or equal to ct-7/'z; (~) and so is bounded. 

Q.E.D. 



Chapter 6 

Extensions 

6.1 Mixture Models 

In this section, we discuss the effect of heterogeneity in the population on the interpretation of 

the hazard function in survival analysis. We then extend the model developed in Chapter 3 to a 

mixture model that recognizes this heterogeneity. 

An unavoidable characteristic of administrative data in health services research is heterogene­

ity. Often there are very few covariates available that are truly helpful in predicting LOS. Excess 

heterogeneity can affect the interpretation of the model, particularly the hazard rate. Recall that 

the hazard function at time t gives the instantaneous risk of failure at time t given survival up to 

time t. When the response is time to death, individuals in a heterogeneous population that are at 

high risk will die sooner. Due to this selection effect, we cannot interpret the population hazard 

as the risk to any single individual over time. 

The simplest example of a heterogeneous population consists of two homogeneous subgroups 

of individuals. Suppose both groups have constant hazards, with the hazard of the "frail" group 

being higher than the hazard for the "robust" group. Suppose that both of these subgroups are 

initially of the same size, so that the frail group makes up half the population. One can show that 

the hazard for the whole population decreases monotonically over time, even though the hazard 

in each group remains constant. This is because those at high risk ( the frail group) are failing 

early, resulting in a higher proportion of the population belonging to the robust group. Thus over 

time, the population huard will approach the huard of the more robust group, i.e. over time the 

97 
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population hazard will be pulled downwards. However, the population hazard does not represent 

the survival experience of any individual member of the population. 

AA another illustration, consider a population where one group of individuals has an increasing 

hazard, but the other group is "immune", so has a constant hazard rate of 0. In this case, one 

can show that the population hazard initially increases to some maximum value, and thereafter 

decreases. This shape of population hazard is typical of data on time to breakdown of marriage. 

This phenomenon bas been interpreted as showing that an individual marriage is at high risk 

of breakdown at some time (the "seven year itch"}, but if the marriage survives beyond this 

time, the chances of breakdown will decrease. In fact, the shape of the hazard could be due to 

heterogeneity in the population. Some individuals could be immune to marriage breakdown due 

to religious beliefs, while others could be at ever-increasing risk of divorce. For other examples of 

"heterogeneity's ruses", see the paper by Vaupel and Yashin (41]. 

Any real population will be far more complicated than a mixture of just two homogeneous 

populations, and it is even p088ible that no two individuals will share exactly the same hazard 

function. To address the problem of heterogeneity, mixed models, or frailty models as they are 

sometimes called, have been developed for survival data [24]. The canonical frailty model is the 

proportional frailty model. Here the hazard rate for individual j in group i is of the form 

where ho(t} is a baseline hazard common to all individuals, Zi; is a vector of covariates for 

the individual j in group i, and Zi, the "frailty" for group i, is a random variable from some 

distribution. The regression parameters {j, and the parameters of the frailty distribution are 

estimated by some method. Note that the groups may be of size 1, i.e. that each individual bu 

their own distinct hazard rate. If the variance of the frailty distribution is found to be significantly 

different from 0, this gives evidence that heterogeneity is indeed present in the population and 

that a frailty model is in fact neceaaary. Frailty distributions that have been investigated in the 

literature include the gamma, positive stable, inverse Gauuian, and log-normal, and extensions 

have been developed to allow for the presence of immune individuals in the population. 
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The models discussed in this thesis can be extended to give a mixture model for LOS, which 

recognizes the presence of heterogeneity in the population. Again assume that health status 

follows a Wiener process with driftµ and volatility ~2 = 1, but allow the drift parameterµ to 

be a random variable from some distribution. This approach was investigated by Aalen [1) in the 

case of a single barrier, where LOS bas an inverse GaU88ian distribution. 

For the case of two barriers, let µ be distributed as a Normal random variable with mean 9 

and variance 112. Then the density of LOS is given by 

(6.1) 

The first of these integrals is 

where c1r = 2k(u + l) + u. The integral in 6.2 can be evaluated by completing the square to give 

(t112 + 1)-1/2 exp (--1- [e2 - (u112 + 8)2]) loo exp ( (w - z)2) dw 
2112 t112 + 1 -oo 2112 

where z = (u112 + fJ)/v't112 + 1, and we have made the change of variable w = µv't112 + 1. The 

integral in the last expression is the kernel of the normal cdf, which integrates to (2,r112)1l 2. 

Finally we get 

which we denote as I:' (t). The second integral in 6.1 is handled in exactly the same way to give 

where e1r = 2k( u + l) + l. Then the density for the distribution of LOS is the sum of the two 

subdensities 

Note that, while many mixture models require numerical integration to evaluate the densities, 
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numerical integration is not necessary here. The subdensities for l = 1, u = 2, 11 = 1 and various 

values of fJ are shown in figures 6.1 and 6.2. 

The above model allows each individual to have their own distinct drift. 

This model can be easily extended to accommodate covariates. As an example, let the drift 

parameter µ come &om a Normal distribution with mean fJ where now (J is allowed to depend 

linearly on a covariate 

Estimation in this case is straightforward. 

6.2 Transfers 

So far, we have only considered two outcomes, death and discharge. However, any hospital 

database will include information on individuals who are transferred to another institution. From 

the point of view of the hospital administrator, transfers are an important component of coets 

and resource consumption, and 80 it is imperative to include them in the model. 

In general, patients are transferred &om one acute care institution to another because the new 

institution has specialized facilities and staff that are better suited to the needs of the patient. 

Sometimes, patients are transferred to another acute care institution because it is closer to their 

family or area of residence. Patients may be transferred to another type of institution (such as a 

chronic care or nursing home) because the patient needs an alternate (less intense) level of care. In 

the United States, the patient's insurance policy may also dictate that the patient be transferred 

to a cheaper facility at the earliest possible opportunity. 

In any case it seems reasonable to assume that decision to transfer depends at least partially 

on the health status of the patient, 80 it would not be correct to treat transfers as independently 

censored observations. Thus another approach is developed here. 

It seems reasonable to postulate that individuals become eligible for transfer to another acute 

care institution once their health status first reaches a moderate level, w, where O < w < u. 

Once this level is achieved, an individual may be transferred to another acute care institution 
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depending on his needs, availability of a bed, availability of transport, etc. Given enough up­

t~date information, it might be poesible to determine whether or not an individual would be 

transferred. However given the scanty information available to health services researchers, it 

seems more useful to model this decision as a random event. 

We now develop this approach in terms of the health level procesa H(t). The situation is 

shown in figure 6.3, with discharge barrier u, transfer decision barrier to and lower barrier -i 

corresponding to death in hospital. Lett• be the time the health level process H(t) first reaches a 

i 

u ........................................................................ ~ ..................... . 

w 

' 
' ' 
' 
' ' 

Q1-h,-IL------___;:;;.&_~L.;;...----.......;~------1 

' ' ' . 
' 

_, ............................................................................................................... ~ ................................. . 

tfme 

Figure 6.3: Decision barrier 

barrier at w. With probability p, the process is terminated at t•, corresponding to the event that 

the individual is transferred to some other institution. With probability q = 1 - p, the process 

continues until it is either absorbed at the upper barrier u, (the patient is discharged), or it is 

absorbed at the lower barrier -i, (the patient dies in hoepital). Note that in this simple model, 

only the first visit of the process tow potentially triggers a transfer. It is a1ao poaible that the 

process could be censored by some independent mechanism, such as end of study period. 

We now derive the distribution of T, the time in hoepital, under this new model. The event 
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that the hospital stay ends in an interval of time (t, t + dt) can be considered as the union of the 

four disjoint events: 

1. The health level process first hits -l in (t, t + dt), without going through w. 

2. The process first hits w in (t, t + dt), without going through -l, and (with probability p) is 

terminated. 

3. The process hits w in (ti, t1 + dt) where t1 < t, continues on (with probability q), and hits 

the barrier u in (t, t + dt), without hitting -l along the way. 

4. The process hits w in (t1, t1 + dt) where t1 < t, continues on (with probability q), and hits 

the barrier -l in (t, t + dt), without hitting u along the way 

Since there are now three barriers, we need new notation that makes missing a barrier explicit. 

Throughout this section, we will assume the more general drift model is used, so dependence on 

µ will be suppressed. Write tJ•l (t) for the subdensity corresponding to the event that a Wiener 

process with drift and two barriers a and 6, hits a for the first time in an interval around time 

t, without first going through I,. Note that one of a, h will be positive, (representing the upper 

barrier), and the other negative (representing the lower barrier). Given values for a and I,, an 

expression for /~•>(t) can be calculated as shown in section 3.1. If a> 0, and b < 0, then calculate 

the upper subdensity as in equation 3.2 with a replacing u and lbl replacing l . Similarly, if 

a< 0, and I,> 0, then calculate the lower subdensity as in equation 3.1 with lal replacing land 

I, replacing u . 

Now consider item 1, the event that the process first hits the lower barrier -l in an interval 

around time t, without hitting the barrier at w. In the new notation, this event has probability 

proportional to /~~) (t). 

The event del!Cribed in item 2 is only slightly more complicated. This is the event that the 

process hits the barrier at w for the first time in an interval of time around t, without hitting the 

lower barrier at -l. (Note that we don't need to worry about the process hitting u, since u > w 

and if the procesa is hitting 10 for the first time, it will not have encountered u.) The event in 
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question has probability proportional to Jl-t) (t). This must be multiplied by p to take account 

of the fact that only a proportion p of these paths actually terminate when they reach w. 

We now con.sider the probability of the event described in item 3, i.e. the probability that the 

process is terminated at u in an interval of time around t. Note that all paths which terminate at 

u must have fint hit w, but not been terminated at 10. Also these paths must have avoided the 

lower barrier at -t. Thus we need to consider all paths that reached u at time t without going 

through -1., and then take only the proportion that made it through the intermediate barrier at 

w. The probability corresponding to this event is proportional to is q J!-'>(t). 

Item 4 is the event that the process terminates at -I. in (t, t = dt), having previoualy passed 

through the intermediate barrier w. We fint confine attention to all paths that do not hit u. Of 

these, we need paths that go to w and eventually down to -t. (Note that the paths may wobble 

around w several times, but may not hit u before -t). But this is the set of all paths that go 

to -t (without hitting u), minus those that go to -t without hitting 10. Again we need to take 

only the proportion q of these paths which were not terminated at 10. Thus the event described 

in Item 4 has probability proportional to q(l~) (t) - l~> (t)). 
Finally the probability that the hospital stay ends in the interval (t, t + dt) is proportional to 

which can be written as 

This is of coune the density of the random variable T, time in hospital when transfers are poeaible. 

The likelihood contributions for the various individuals in the data set are now as follows: 

Individuals who are transferred at time t, corresponding to item 2, contribute p/i-'>(t). Indi­

viduals who are discharged at time t, corresponding to item 3, contribute q/!-'>(t). Individuals 

who die at time t may or may not have paaaed through the intermediate barrier. Thus the event 

"death at time t" is the union of the two eventa described in items 1 and 4. These individuals thus 

contribute /~~>(t)+q[J~1(t)- /~~) (t)]. This can be more succinctly written as p/~~>(t)+q/~~(t). 
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Ultimately, assuming u and tare finite, one of the three mutually exclusive outcomes (death 

in hospital, discharge home, or transfer) must occur. We can define the discrete random variable 

D which takes values 1, u, or w according to whether the individual dies in hospital, is discharged 

or transferred. Then the probability of ultimate discharge is 

The probability of death in hospital is 

Finally, the probability of transfer is 

It is also possible to accommodate independently censored individuals, for instance those lost 

to follow-up or still in hospital at the end of the study. We can represent the event [censored 

at time t] as the union of the two events, [ceDBOred at time t without passing through w] and 

(censored at time t having passed through w at time t1 < t]. Note that we cannot observe when, 

or even if, an individual who is not transferred passes through w. 

Here again we will need some new notation. Write ,1'(6,e>(t) for the probability that neither 

the barrier at 6, nor the barrier at c is breached by time t, i.e. that the time of breach is greater 

than t. This can be calculated as in equation 3.3. Then the probability that an individual is 

censored at time t without passing through w, is the probability that neither the barrier at w or 

-t has been breached by time t. In the new notation, this probability is ,1'(-t,•>(t). 

Individuals who are censored at time t, having previously passed through w are more compli­

cated. The probability that an individual hits w for the fint time at time t1 and is not transferred 

is q/i-'>(ti). Given the occurrence of this event, the probability that he has not hit the upper or 

lower barrier by time tis then ,1'(-(l+•),•-•>(t - t1). Thus the probability that an individual is 
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censored at time t, having previously passed through w is 

We will denote this integral as r•••-l(t). Thua individuals who are censored at time t contribute 

,:-l,• (t) + r,■,-l(t) to the likelihood. 

Unfortunately, the integral r,■,-l(t) ha& no closed form in general. Thus calculation of the 

likelihood would involve a numerical integration, and this would have to be repeated at each step 

of the optimization procedure which finds the maximum likelihood estimates. Since this is a very 

time consuming operation, we would like to find another expression for the probability of being 

censored at time t. 

We do this by noting that someone who is not censored at time t was either discharged, 

transferred or died sometime before time t, ie their hospital stay was less than t. This event has 

probability 

P(T<t) = L' [qf!-l)(a) +Pl~\,) +ql~>(a) +p/1-l)(a)] da 

= qFJ-l>(t) + pF!~>(t) + qF!~>(t) + pF!-l)(t) (6.3) 

where FJ6>(t) is the probability that the barrier at a is hit before time t, without fint hitting 

the barrier at I,. Write F.,&(t) for the probability that one of the barriers at a or I, was breached 

before time t, and note that Fa,&(t) = 1 - ,F(•,6>(t), so an expression is available. Of course 

FJ6>(t) + Fl•> (t) = F.,&(t). Now the complement of the above event, the probability of being 

censored at time t, has probability 1 - qF•,-l(t) - pF.,-dt). Thus the log-likelihood for the 

transfer model is 

C(u,-l,w,p,µ)= E log[qJ!-l)(ti)]+ E logfp/~~>(ti)+q/~1(ti)] 
(i:D,=a} (i:D1:l} 

+ E logfp/i-l>(ti)] + L log[l - qF.,-t(ti) - pFw,-t(ti)] 
(i:D,=w} (i:D1=c} 

where Di is u, I, w, or c depending on whether individual i is discharged, dies, is transferred or is 

censored at time ti. The parameters to be estimated in this model are u, -t, w, p and µ. 
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As before, we can contemplate modelling these parameters as functions of covariates. We 

can allow the barrier levels to depend on covariates exactly as before. We can also allow p, the 

probability of transfer given that the decision barrier at w is breached, to depend on covariates. 

Since p must always be between O and 1, a logistic model for p would be appropriate, ie log(p/(1-

p)) = z{j. However for the preliminary investigations described in this thesis, we have used a linear 

model for p, i.e. p = z{j, which, at least so far, has always given an estimate of pin the admissible 

range. The extension to covariates is straightforward and is described in appendix E.3. 

The Cox-Snell residuals for this model are easily constructed. Recall that T, the time in 

hospital in the presence of transfers, has survivor function 1- qF.,-t(t) - pF•,-t(t). The Cox­

Snell residual for individual i is then 

where Ui = i•)'!J', ti= (j)'~, and Wi = ([J_"')'~•. Note that the function F11,6(t) depends also 

on the drift parameter which is estimated as l'i = <i:' )' ~. 
The expectation of time in hospital, and the probability that the patient is discharged, trans­

ferred or died in hospital, are important quantities. Also the expected time in hospital given 

outcome is useful for model 888e88ment. These quantities can be found as simple functions of the 

corresponding quantities in the model without transfers. 

First, consider the model with only two barriers, and no mechanism for transfer. Let T.,t be 

the random variable representing time until breach of one of the two barriers -t < 0 or u > 0 in a 

Wiener process with drift. Also, let D.,t be a discrete variable which takes the value 1 if the lower 

barrier at -t is breached, and which takes the value u if the upper barrier at u is breached. If we 

define functions corresponding to E(T.,t}, P(D.,t = u) and E(T.,tlD.,t = u} then we can specify 

all the necessary quantities discussed above for the transfer model in terms of these functions. 

Let 
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and 

h3(u,l, µ) = ~ (-1 + e-2,.<•+'>)2 (-1 + e-2") ]-l [- (-e-2" C•+l+l) + e-2,.('+11+ 

e-2,. C•+l) + e-2,. _ e-2,., _ e-2,. (•+2l+l) + e-2,. (•+2l)) l - ( e-2,. (l+l) _ e-2"l 
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+ e-2,. (•+2l+l) - e-2,.(•+2l) - e-2,. + e-2,. C•+l) - e-2,. C•+l+l)) (u + l) - u] . 

Then 

E(T.,t) = 100 

t [t!'l(t) + /J•l(t)] dt = h1(u,l,µ) 

P(D.,t = u) = 100 

fi'l(t) dt = h2(u,l,µ) 

P(D.,t = l) = 100 

JJ•>(t) dt = h2(l, u, -µ) 

fttJi'1(t) dt _ h3(u,l,µ) 
E(T.,,ID.,t = u) = P(D.,t = u) - h2(u,l,µ) 

J.00 t/,<->(t) dt _ h3(l, u, -µ) 
E(T.,,ID.,, = l) = ~(D:,, = l) - h2(l, u, -µ) 

Now consider the model which allows for transfer to another institution, and let T.,,,. represent 

the time until either discharge, death, or transfer, and let D.,l,• take the value u, I, or w depending 
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on whether discharge, death, or transfer has occurred. Then 

= qE(T.,,) + pE(Tc,t) 

P(D.,l,c = u} = 1oc qJ!') (t) dt 

=q h1(u,l,µ)+ph1(w,l,µ) 

= qP(D.,t = u) 

P(D.,t,c =I)= 1oc q/J•>(t) + p/j">(t) dt 

= qP(D.,l = 1) + pP(Dc,l = I) 

P(D.,l,c = w) = fooc p/},,'>(t) dt 

= pP(Dc,l = w) 

Finally 

E(T. ID
- ) _ P(T.,l,c E (t, t + dt), D.,L,c = u) _J0oc tq/!')(t) dt 

•le -U- -
' ' P(D.,l,c = u) qP(D.,l = u) 

_ q h3(u,l,µ) 
- q h2(u,l,µ) 

E(T. ID= l) = P(T.,,,., E (t, t + dt), D.,,,., = l) 
••'•" P(D = l) .. , .. 

q h3(l, u, -µ) + p h3(l, w, -µ) 
- q h2(l, u, -µ) + p h2(l, w, -µ} 

E(T. ID= ) = P(T.,,,c E (t, t + dt), D.,,,c = w) 
••'•• w P(D - ) •,l,• -W 

p h3(w,l,µ) 
- ph2(w,l,µ} 

It t [qtJ•>(t) + pfJ"'] dt 

qP(D.,t = l) + pP(D.,,t = l) 

ft tpf},,'>(t) dt 
pP(D.,,, = w} 

109 
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6.3 Starting Values 

For the transfer model, no simple relationship exists between P(D = u) and E(TID = u) which 

can be exploited to get starting values for the regression parameters. For starting values we again 

use a mode least squares estimate, as described in section 2.2.3, but with g(T.) now equal to the 

simple function ff.. Recall that g(T.) is chosen to behave approximately like u. Thia choice of 

g(.) can be rationalized by the self-similarity of the Wiener process, which remains the same in 

distribution if we change the time scale by a factor of c and the apace scale by a factor of ,fi. 

Specifically, for individuals who were discharged, we form the vector T. of observed LOS, and 

the matrixX. of covariates thought to affect the upper barrier. Then we use (X~x.)-1(X~v'TJ 

as the starting values for the vector of regression parameters IJ.• = ~,/Jr, ... , f3:u )'. A similar 

strategy is used to find starting values for t and fi"'. 
Again we can wie zero as the starting value for the drift parameters. When there are no covari­

ates on the parameter p, an obvious starting value is to use the proportion of patients in the data 

set who were transferred. This will be a very rough estimate of p, which represents the proportion 

of individuals who passed through the transfer barrier and were transferred. Nevertheless it seems 

to work well in practice. If covariates are present on the parameter p, then it suffices to use the 

starting value discussed, and repeat it for each covariate. 

6.4 Example 

In this section we illustrate the transfer model using a larger subset of the data, comprising females 

of all ages admitted with an APR-DRG of 121 (Circulatory Disorders with MI), a total of 445 

cases. Here we test whether type of payer affects probability of transfer to another acute care 

hospital, adjusting for severity of disease. Type of payer is coded at three levels (government 

insurer, private insurer and managed care). Let z;1 = 1 if individual i baa a government insurance 

plan (Medicare, Medicaid, or other government) and let Zi2 = 1 if individual i has managed care. 

Baseline individuals, with Zit and Zi2 both equal to 0, have private insurance plans (Blue Croes, 

Blue Shield or other private) . As before, let Zit = 1 if individual i exhibits a major complication 

or comorbidity, and let Zi2 = 1 if individual i has an extreme complication or comorbidity. 
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Individuals with no, minor, or moderate complication or comorbidity have both Zi1 and Zi2 equal 

to 0. 

Thus the drift for individual i is 

while the probability of transfer, given the health process reaches the intermediate barrier at w 

is given by 

The following table shows the maximum likelihood estimates and standard errors for this 

model. 

u i ~ w ~ 
Estimate 3.743 1.832 0.829 -0.364 -0.687 2.212 0.488 -0.239 -0.169 

Std Err 0.140 0.099 0.043 0.056 0.068 0.115 0.076 0.080 0.102 

Increasing severity reduces the upward drift, although drift remains poeitive for all covariate 

groups. The conditional probability of transfer given that the intermediate barrier is reached is 

estimated to be highest for individuals with private insurance, somewhat lower for those with 

managed care (though not significantly so), and significantly lower for patients with government 

insurance. 

The observed and predicted values are shown in the following table for the least severely ill 

patients. The higher severity groups have less than 10 individuals in some covariate cells and are 

not shown here. 

Severity Payer n P(D=u) P(D = l) P(D=w) 

low private 37 0.49(0.48) 0.03(0.05) 0.49(0.47) 

low managed 39 0.67(0.65) 0.00(0.05) 0.33(0.30) 

low gov't 218 0.69(0.72) 0.05(0.05) 0.26(0.24) 
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Severity Payer n T TID=u TID=l TID=w 

low private 37 2.70(3.34) 3.33(4.29) 4.00(2.14) 2.00(2.46) 

low managed 39 2.77(3.63) 3.35(4.29) . (2.15) 1.62(2.46) 

low gov't 218 4.02(3.76) 4.66(4.29) 3.54(2.16) 2.42(2.46) 

The model is doing a very good job of predicting probability of each outcome (discharge, 

death, transfer). Note that none of the 39 individuals in the managed care group died in the 

original admitting hospital. The (unconditional) probability of transfer, P(D = w), is highest 

for individuals with private insurance, and lowest for patients with government insurance, with 

managed care falling in between. Note that the expected time in hospital given D = u or D = w 

is the same for each payer, since payer is not assumed to affect the drift or barrier levels, only the 

probablity of transfer. So given transfer, payer will not affect expected time in hospital. However 

the probability of transfer is used to calculate expected LOS given D = l so it changes slightly. 

Cl) 

1ii 
~ C0 'C 

• 
·u; 
G) 

a: C0 -a; 
C: 

"' ~ I s 
0 
'C C\I 
! 
G) 

"E 0 
0 

0 2 4 6 
Quantiles of Exponential(1) 

Figure 6.4: 

The model appears to fit quite well, except for the approximately 10 points that appear in the 

top right quadrant of the plot. Some investigation shows that these points belong, for the most 
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part, to individuals who were discharged from hospital, and had long stays in hospital (7 days 

or more). The model predictions are much lower than the observed LOS for these individuals. 

Again, this could be due to a miuing covariate. However, the model does a good job of prediction 

for the bulk of the data. 



Chapter 7 

Comparison with Competing 
Risks in Survival Analysis 

In this chapter, we briefly review some of the common models used in survival analysis where 

the response variable is time to a single type of failure. We then discuss competing risks, in 

which there are several types of failure, and outline two approaches to the problem. We discuss 

the relationship between certain competing risks models and FP2B models. In the final section, 

we fit some of the competing risks models to the data on females with circulatory disorders 

and myocardial infarction and compare the estimates obtained to those from the FP2B model 

discussed in section 3.5. 

7.1 Common models used in Survival Analysis 

Survival analysis is concerned with modelling T, the time until some event, often a failure. Usually 

some of the observations are censored, which means that the actual failure time is unobserved, 

but is known to be greater than an observed censoring time. The presence of censoring greatly 

complicates the analysis in many cases, and so special methods of analysis have been developed 

for failure time data. 

There are many poeaible censoring schemes. In a random censoring mechanism, for individual 

i we observe Xi = min(7}, Ci) where both 7} and Ci are random variables, with n being time 

until failure and Ci a censoring time. Thia design includes many clinical trials where the end of 

114 
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the study is fixed, but patients are accrued randomly over time. It also includes studies in which 

the individual censoring times are fixed in advance. In Type Il censoring, the study is ended 

after a pre-determined number of failures have been observed. All these schemes are examples 

of independent censoring mechanisms. Censoring is independent if an individual who is censored 

at time t is representative of all other individuals who share the same covariate values, and who 

survive to time t. 

~ usual, let /(t) denote the density of T and F(t) its cumulative distribution function. The 

survivor function F(t) = 1 - F(t) = P(T;:: t) gives the probability of surviving past time t. An 

important concept in survival analysis is the hazard function, h(t), defined as 

h(t) = lim P(t < T < t + Atl T > t) = /(t) 
At➔O At F(t) I 

where P(A) denotes the probability of event A. The value of the hazard at time t gives the 

instantaneous probability of failure at time t, given that an individual has survived to time t. 

Another useful function is the integrated or cumulative hazard 

1£(t) = fo' h(a) da. 

These definitions lead to the relationships 

d 
h(t) = - dt log(F(t)) 

F(t) = exp ( - fo' h( u) du) = exp(-1£(t)) 

and 

1£(t) = -logF(t) 

In the presence of censoring, the survivor function of T in a homogeneous population can 

be estimated by the Kaplan Meier or product-limit estimate, F(t). This is a non-parametric 

maximum likelihood estimate. Suppoee that the distinct observed failure times in the data set 
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are t1 < t2 < ... < t,,. Then 

(7.1) 

where dr, is the number of failures at time t,. and nr, is the number of individuals still at risk (ie 

those who have not failed and are uncensored) just before time t,.. Clearly, F(t) is a step function, 

with F(O} = 1 and jumps at the observed failure times. 

Suppose we have data on time to failure for n independent individuals, and an independent 

censoring mechanism. Then the parametric likelihood is 

n n 

II /(ti)'' F(ti)1- 11 = II h(ti)'1 F(ti), 
i:1 i:1 

where ti is the time of either failure or censoring for individual i, and where di equals 1 if individual 

i is actually observed to fail and O if individual i is censored at time ti. Note that, in the last 

expression, while only uncensored individuals contribute a factor of h(ti) to the likelihood, all 

individuals, both censored and uncensored, contribute a factor of F(ti)• The likelihood can be 

written 

ft h(ti)1' exp [- ('' h(u) du]. 
,=1 lo 

(7.2) 

Parametric families of distributions commonly used to model survival data are the exponential, 

gamma, Weibull, log-normal, or log-logistic. We note in passing that for the exponential distribu­

tion, the hazard is constant over time, i.e. h(t) =..\,and the survivor function is F(t) = exp(-..\t). 

The Weibull distribution has hazard h(t) = ..\PptP-1 and survivor function F(t) = exp(-(..\t)"). 

There are two broad classes of models in common use to study the effect of covariates on failure 

time, proportional hazard models and accelerated failure time models. In accelerated failure time 

(AFT) models, the covariates ad multiplicatively on T, and so the effect of a covariate is to 

accelerate (or decelerate) the time until failure. Letting Y = log(T), an AFT model for Y is 

linear in the parameters and has the form 

Y=z/J+W 
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where W is a random variable from some specified distribution. Usually W is chosen so that 

exp(W) has one of the following distributions: exponential, gamma, Weibull, log-normal, or log­

logiatic. The hazard for the AFT model has the form 

h(t,:z:,/3) = ho(texp(-:z:/3)}exp(-:z:/3) 

and the sumvor function is 

[ r up(-~~) l 
F(t,:z:,/3) = exp -

10 
ho(u) du 

where ho(t) is the baseline hazard function of exp(W), ie ho(t) is the hazard function of T when 

:z: = O. The likelihood for an AFT model is formed as in equation (7.2) with h(t) parameterized 

as shown above. We note that the exponential AFT model has hazard h(t,:z:,/3) = ,\exp(-:z:/3), 

while the hazard for the Weibull AFT model is h(t, :z:, beta) = ,\PptP-l exp(-:z:/3p). Note that if 

an intercept is included in the model (ie the first covariate has the value 1 for all individuals in 

the data set), then we can, without loss of generality, take,\= 1. The parameterization used by 

Splus has ,\ = 1 and a scale parameter tr = 1/p. 

In the proportional hazards model, the covariates act multiplicatively on the hazard, usually 

through the relationship 

h(t, :i:, beta) = ho(t) exp(:z:/3), 

where :z: is a vector of covariates, /3 is a vector of regression parameters, and ho(t) is a baseline 

hazard function, the hazard for an individual with :z: = O. The sumvor function is then given by 

where 

Fo(t) = exp [-L' ho(u) du]. 

The moet popular proportional huards model is the Cox model, a semi-parametric model in 

which the baaeline huard ho(t) is left unspecified. The /3 parameters of this model are estimated 
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using the method of partial likelihood. There is some overlap of AFT and proportional hazard 

models, in that Weibull AFT models (which include exponential models as a special case) can 

have proportional hazards. 

7 .2 Competing Risks Models 

Often we know not only the time of failure, but we can also designate the failure as having one 

of several poesible modes, or attribute the failure to one of several pouible causes. For instance 

a machine, consisting of several components, may fail when any one of its components fails. A 

person's cause of death might be heart disease or cancer. The multiple modes offailure are termed 

competing risb. 

There are two distinct approaches to analyzing this kind of data. The clasaical approach, 

going back to Daniel Bernoulli, postulates the existence of m random variables T1, T2, ... , T,,., 

where T; is the time at which failure mode j occurs. We observe only the first of these failure 

times, T = min(Ti, T2, ... , T,,.), and also which failure type has occurred. The remaining failure 

times are latent, or unobeerved. With this kind of data, the joint distribution of the n's can be 

estimated only in very special circumstances, for instance if the 7} 's are multivariate normal (30) 

or the Tf, are independent from a distribution with non-vanishing right tail (29). 

Typically the problem posed in the classical approach is to estimate the marginal distribution 

of T; if one or more of the other causes of failure could be "eliminated". Often one assumes 

that the n are independent. In the case of a machine with independent components, it may 

make sense to consider elimination of a failure type. However with human subjects and caU8e& 

of death, it is unlikely that failure types are independent. As pointed out by Cox and later 

studied in detail by Tsiatis, with the type of data available in the competing risb situation, it 

is impouible to distinguish between a model with dependent T; and one with independent T;. 

Even if independence is assumed, a mechanism for cause-removal would still need to be specified, 

likely involving other assumptions (for instance, that individuals who would have died &om the 

eliminated cause are subject to the same risk of death from the remaining causes as the rest of 

the population). 
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The other approach to competing risks was expounded by Prentice et al [32]. In this approach, 

we model the time to failure T, and a discrete random variable D which represents cause of failure. 

Suppose that there are m causes offailure, so that D takes values in the set {1,2, ... ,m}. The 

cause-specific hazard for cause j is defined as 

h ·(t) = Jim P(t < T < t + At, D = j I T > t) = /;(t) 
, At➔O At F(t) 

where 

f·(t) = lim P(t < T < t + At, D = j ) . 
, At➔O At 

We can also define cause-specific subaurvivor functions 

Note that these three functions, because they are probabilities, are additive: 

m 

h(t) = L h;(t). 
j:1 

m 

f(t) = L l;(t). 
j:1 

m 

F(t) = L ~(t). 
j:1 

The marginal distribution of D is given by 

1r; = P(D = j} = F;(O) j = 1,2, ... , m 

Typically the question of interest in this approach to competing risks is the effect of covariates 

on the time until failure from cause j. Suppose that on each of n individuals, i = 1, 2, ... , n, we 

observe time of failure or censoring ti, the ceJU10ring indicator 6i, the cause of failure ii and a 
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vector of covariates z,. The parametric likelihood is then 

II II [h;,(t,, z,,P)]'• :F(ti, z,,P) 
i=l 

where P is a vector of parameters to be estimated. We now perform some manipulations which 

allow us to show that, as long as each of the cause-specific hazards is parameterized individually, 

the likelihood factors into m terms, one for each cause of failure. 

Define the pseud(>.survi vor functions 

g;(t,z,P) = exp [-L' h;(a,z,P) da] 

and note that the survivor function 

[ 

, m l m 
:F(t,z,P}=exp - L ~h;(a,z,P) da = '}J€i;(t,z,P). 

(The pseud(>.survivor functions do not have an interpretation as probabilities, in general). Then 

the likelihood can be written as 

n n m 

IT [h;,(t,, Zi,,8))1
' :F(ti, Zi,P) = II [h;,(t,, z,,,8)]1

' TI g;(t,, z,,P) 
i:1 i:1 j:1 

= fi(h;.{t.,z,,,8)J" fl exp [- fo'' h;(a,zi,P) da]. 

This factors into m terms, one for each cause, with the i'" term given by 

(7.3) 

where 6,; equals 1 if ii = j and if individual i is uncensored, and O otherwise. Note that all 

individuals, whether censored, failed &om cause j, or failed &om other causes, contribute to the 

last factor of the likelihood. Thus the i"'" factor of the likelihood has the same form as the 

likelihood for a single cawie of failure given in equation (7.2). In fact, equation 7.3 gives the 

same value as we would get by treating failures due to caUle:8 other than cause j as censored, and 

constructing the likelihood as in 7.2. Suppoee that we parameterize the model so that for each 
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j, h;(t, z,/3) is a function of a vector of parameters /3; and that /3; and /31, have no elements in 

common. The likelihood factor for the ;'" cause then becomes 

(7.4) 

and we may estimate the cause-specific parameters (fl;) separately for each cause of failure, by 

maximizing equation (7.4). 

A useful function for summarizing the survival experience of individuals is the cause-specific 

subdistribution function F;(t), the probability that an individual fails from cause j and does so 

before time t: 

F;(t) = P(T $ t, D = j) = L' /;(11) d/1 = L' h;(11).r(11) d11. 

Note that 

m 

F(t) = L F;(t) 
j:1 

1r; = P(D = j) = F;(oo) 

and 

F;(t) = 1r; - .r;(t) 

The function F;(t) goes by various names in the literature, namely cumulative incidence function 

(Kalbfleisch and Prentice), absolute cause-specific risk, crude incidence curve, and cause-specific 

failure probability. 

A point of much confusion to non-statisticians is how to estimate survival probabilities in 

the presence of competing risks. A common practice is, for the ,.,,. cause of failure, to form the 

Kaplan Meier estimate obtained by treating all failure times from causes other than j as censored. 

It can be shown that the Kaplan-Meier estimate obtained in this way in fact estimates the pseud~ 

survivor function (i;. Plots of (i; ( t) versus time are useful in that they illustrate the cause-specific 

hazard functions on a certain scale. However they should not be interpreted as probabilities. As 
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we saw above, F;(t) does represent a probability, namely the probability that an individual will 

fail prior to time t from cause j. Unfortunately, the common statistical paclrages do not have 

routines for estimating F;(t). 

Recall the classical competing risks framework where T = min(T1, ... , T,,.). If the T; are 

independent, then (}; has an interpretation as the survivor function of the latent variable T;. 

Then /(t) is the density of the minimum observed time, T. However, in many cases it is not 

reasonable to assume independence, and as mentioned above, this assumption cannot be checked. 

Suppose that we want to quantify the survival experience for a homogeneous group of indi­

viduals. Note that this might be a subset of the data consisting of all individuals who share the 

same covariate values. To estimate the pseud~survivor function, (};, we treat failure times due 

to causes other than j as censored and form the Kaplan Meier estimate, which we will denote g;, 

Let t;1 < t;2 < ... < t;K be the distinct observed failure times for cause j. Then 

where d;r, is the number of failures due to cause j at time t;r, and n;r, is the total number of 

individuals in the data set still at risk just before time t;r,, It's easy to see that, as long as there 

are no ties among observed failure times from different causes, 

m 

:F(t) = II g;(t) 
j:1 

where :F(t), given in equation (7.1), is the regular Kaplan Meier estimate formed by ignoring 

cause offailure. Then a non-parametric estimate of F;(t) is 

Then we can plot both C,;(t) and F;(t) against time t. While F;(t) can be used to predict the 

probability that individuals will fail from cause j before time t, C;(t) can only be used for model 

assessment. 

Suppo&e now that we are modeling the effects of covariates using an accelerated failure time 
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model. Maximization of the jf• component of the likelihood given in equation (7.3) will give 

estimates P; of the parameters. An estimate of the j•• cause-specific hazard function is 

h;(t) = h;(t,:r:,P;) = ho;(texp(-zP;))exp(-zP;) 

and of the j'• pseudersurvivor function is 

where ho;(t) is the baseline hazard for an individual who fails from cause j. (A more restrictive 

model would have ho;= ho for all j). Then an estimate of the overall survivor function is 

m 

F(t) = F(t, z,P;) = IT '1;(t) 
j:l 

and an estimate of the cumulative incidence function is 

F;(t) = F;(t, z,P) = 1' h;(s)F(a) da. 

These functions are easily calculated when each cause-specific hazard is constant over time, 

i.e. has the form of an exponential hazard. To allow dependence on covariates, we will use an 

exponential AFT model. We will take ho;(t) = 1, which involves no loss of generality if an 

intercept is included in the model. Then, for an individual with covariate values given by the 

vector :r:, 

h;(t) = exp(-z/3;) 

g;(t) = exp{-t exp(-:r:P;)} 

F(t) = exp(-ct) 

F;(t) = c-1 exp(-zfj; ){l - exp(-ct)} 

P(D = j) = F;( 00) = c-1 exp(-zP;) 
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where c = E.1=i exp(-z/J; ). Note that, T the time to failure (ignoring cause) has survivor 

function exp(-tc) and so has an exponential distribution with mean c-1. Also notice that the 

cumulative incidence functions F; ( t) are proportional, differing by a factor of exp(-z/J;). Then 

the conditional distribution function of T given D = j is 

( I 
.) F;(t) ( ) 

FTID t 3 = P(D = j) = 1- exp -ct 

which is exponential, and furthermore has no dependence on j. Thus, the conditional distributions 

of time to failure given outcome are identical (for a given value of the covariate vector). This 

implies that T and D are independent. This is a feature of proportional risb modela, which are 

models in which the hazard functions for separate competing risb are proportional. Finally, 

E(TID = j) = E(T) = 100 

F(t)dt = c-1
• 

To estimate these functions, we just substitute the estimated value P for {J. The Cox-Snell residual 

for individual i is calculated as 

where Ci = :Ej'=1 exp(-ziP; ). 

Another competing risk model specifies that each cause-specific hazard has the form of a 

Weibull AFT hazard. We will allow a different scale parameter P; for each of the j outcomes. 

This ensures that the model is not a proportional risks model. Then 

g;(t) =exp(-t'J exp(-zP;P;)) 

F(t) = exp (t-t,J exp(-zfJ;P; )) 
,=1 
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F;(t} = P; exp(-z/3;P;} 1' af'J-l exp (t-r'J exp(-zP;P; }) da 
0 J=l 

Again, to estimate these quantities, we just substitute the estimated value ~ for "{3. Note that 

.F;(t) involves an integral which must be evaluated numerically. F;(oo), the predicted probability 

of failure from cause j, can also be found numerically. The survivor function for the conditional 

distribution of T given that D = j is 

I
. _ F;(t) 

FT1o(t3}-l- P(D=i)' 

and the expected time until failure, given that failure occurs due to cause j is 

To estimate this last function, note that we must integrate under a curve whose equation has no 

closed form. Fortunately most numerical integrators can handle this situation. 

The Cox-Snell residual for individual i is 

m 

ri = E tPJ exp(-z~;P; ). 
j:1 

7 .3 Competing risks and FP2B models 

The foregoing approach to competing risks, which models the joint distribution of T and D, is 

clearly similar in many respects to the FP2B models for length of stay outlined in this thesis. In 

the context of length of stay, time until exit from hospital corresponds to time until failure. The 

two types of exits, healthy discharge and death, correspond to the causes of failure. Recall that the 

value of the subdistribution function F. (t) gives the probability that an individual is discharged 

by time t, while F,(t) gives the probability that an individual dies in hospital, and does so before 

time t. F.(t) and F,(t) are, in the terminology of competing risks, cumulative incidence functions, 

corresponding to F;(t), j = 1, 2. As we saw in Chapters 2 and 3, these functions arise naturally in 

the development of the model. They can easily be estimated and plotted by plugging the values of 

the estimated parameters into equations 3.5 and 3.6. Plots of the cause-specific hazard functions 
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can also be made. 

Note that the subdensities for the dift'erent outcomes of the FP2B model cannot be estimated 

separately, since all the parameten are involved in both the upper and lower subdensities. While 

the covariate z might only aff'ect the upper barrier u, so that the associated parameter, f3" say, 

is only involved in the upper barrier, u appears in both the upper and lower subdensity. The 

FP2B model £ully specifies the joint density of T and D, while competing risks models, generally 

speaking, only specify the separate subdensities, and not the relationship between them. 

The classical competing risks approach does not seem very palatable for modelling LOS in 

hospital, as it seems somewhat absurd to consider the time someone would be released from 

hospital, if they didn't die first. Certainly one could not assume independence of the latent 

random variables time to death and time to discharge. 

One advantage of the FP2B model, though not particularly applicable to LOS in hospital, is 

that we now have a mechanism for removing a cause, in that we can think of letting one of the 

barrien approach infinity. If the drift is positive, and the lower barrier is removed, the resulting 

distribution is inverse Gaussian. If the drift is negative and the lower barrier is removed, the 

resulting distribution is defective (has a mass of probability at infinity), but nevertheless has been 

successfully used in modelling (see (43]). Predictions of expected time to breach, and probability 

of breach of the remaining barrier, would be po88ible if one were willing to assume that, after 

removal of one barrier, the remaining barrier and the drift parameter remained unchanged. 

7.4 Example 1: Exponential competing risks model 

We now fit some of the competing risk models to the same data set fitted in sections 2.4 and 3.5. 

Here we examine the exponential competing risk model. In the following table we show, in each 

covariate cell, the observed time in hospital (T), the observed time for thoee that were discharged 

(TID = u), and the observed time for thoee who died in hospital (TID = 1). The laat two columns 

show the observed proportion of patients who were discharged (P(D = u)), and the proportion 

who ultimately died in hospital (P(D = 1)). The corresponding expected quantities predicted by 

the model are shown in brackets. 
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Severity n T TID=u TID=l P(D=u) P(D = 1) 

low 82 4.49 4.61(4.49) 3.60(4.49) 0.88(0.88) 0.12(0.12) 

med 39 4.67 5.96(4.67) 2.36(4.67) 0.64(0.64) 0.36(0.36) 

high 13 4.92 8.80(4.92) 2.50(4.92) 0.38(0.38) 0.62(0.62) 

First we note that the model is fitting the probabilities of each outcome exactly. Note that the 

expected time in hospital, for a given level of the covariates, is the same for both outcome groups, 

since this is a proportional risks model. The expected times in hospital, given outcome, are not 

very close to those observed, but are in fact exactly equal to the average unconditional LOS. A 

plot of the Cox Snell residuals for this model further indicates that the fit is not very satisfactory. 

In general, low LOS are overpredicted by the model, while high LOS are underpredicted. 
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Figure 7.1: Exponential Competing Risb model 
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7.5 Example 2: Weibull competing risks model 

Here we fit the Weibull competing risks model described above to the same data. The model 

predictions are shown in the following table. 

Severity n T TID=u TID=l P(D= u) P(D = 1) 

low 82 4.49 4.61(4.59) 3.60(2.89) 0.88(0.88) 0.12(0.12) 

med 39 4.67 5.96(5.96) 2.36(3.63) 0.64(0.61) 0.36(0.39) 

high 13 4.92 8.80(6.85) 2.50(3.98) 0.38(0.37) 0.62(0.63) 

Again, the predicted probabilities of each outcome are almost exactly equal to the observed 

proportion of patients in each outcome group. Length of stay given each outcome is well predicted 

by the model for low and medium severity patients who were discharged. The model is under­

estimating LOS both for high severity patients who ar~ ultimately discharged and low severity 

patients who die in hospital by about 20%. On the other hand, it overestimates LOS for those 

who die in hospital in both the medium and high severity groups by more than 50%. 

The Cox-Snell residuals are shown in figure 7.2. While observations with large LOS are 

underpredicted by this model, the overall fit is much improved over the exponential model. We now 

compare the Weibull competing risks model to the FP2B model fit in section 3.5. A comparison of 

the quantile plot of the Cox-Snell residuals for the two models indicates that the Weibull competing 

risks model gives a somewhat better fit. There is still substantial lack of fit for observations with 

high residuals, corresponding to those patients who remain in hospital an unusually long length 

of time, given the covariates. 

We now compare the predicted times and probabilites of each outcome given by the two 

models. The Weibull competing risks model does a better job of predicting probability of outcome, 

especially in the medium severity group. The Weibull model also does a better job of predicting 

LOS, except for patients with high severity who were ultimately discharged. This group of patients 

are observed to have long lengths of stay on average, which are underpredicted by the Weibull 

model. 
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Figure 7 .2: Weibull Competing Risks model 



Chapter 8 

Discussion and Further Work 

8.1 Discussion 

In this thesis, we have presented statistical models for time to breach of an upper or lower barrier 

in a latent Wiener process, which we call FP2B models. The motivating application for this work 

is length of stay in hospital, for patients with diseases and procedures and for agegroupe in which 

a substantial number of deaths occur in hospital. There are many other p088ible applications, for 

instance 

• time until graduate students graduate or withdraw, 

• time until CD4 counts in AIDS patients reach an upper or lower threshold, 

• time until cancer patients go into remission or die, 

• in breast cancer patients: time from beginning of treatment to "progression" (cancer starts 

to grow again) or "shrinkage" (cancer shrinks by a specified amount, usually 50%). 

Because cancer and AIDS patients are not monitored continuously, the latter three applications 

would involve interval censoring, which would be an interesting area for further research. 

The parameters of the FP2B models are the barrier levels and drift. Since these are unobserv­

able, we have given expressions for observable non-linear quantities that are of direct interest to 

the researcher, namely expected time in hoapital, and the probability that the hospital stay ends 

130 
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in healthy discharge. In health services applications, where LOS is sometimes used as a surro­

gate for resource consumption, it is important to estimate the mean expected time, rather than 

the median, since total LOS can be reconstructed from the mean. The parameters of the model 

have been estimated using the method of maximum likelihood. We ha·,e shown that regularity 

conditions are satisfied, for the zero drift FP2B distribution with lid observations. 

The subdensities of this model are infinite series, which we have shown are absolutely conver­

gent and uniformly convergent with respect to the parameters and to the variable t over (0, oo). 

The computed likelihood is necessarily an approximation, in that only a finite number of terms 

of the series can be included. It would seem to be a good approximation, since the terms of the 

series drop off' like exp(-k2) as k ➔ oo. However, small inaccuracies in the likelihood could lead 

to large inaccuracies in the estimated parameters, if the likelihood is flat. While more work is 

needed to investigate this issue, we have demonstrated that the approach is workable and that 

the maximu:n likelihood estimates obtained seem reasonable. 

In administrative data files, LOS in hospital is recorded in days, and for the DRG 's investigated 

in this study, LOS typically takes values in the set 1, 2, ... , 35. Thus a discrete time model might 

provide a somewhat better fit to these data. But for other applications, in which time to the event 

in question is recorded in continuous time, a continuous model such as developed here, would be 

necessary. 

A simple discrete time model would be easy to construct. For instance, we could model the 

health level procesa as a random walk on the integers, which takes jumps of size one in either the 

positive or negative direction at discrete time intervals of one day. Then the distribution of time to 

hitting a lower barrier is well known, and in fact is given in equation C.8 of the thesis. Expressions 

for the mean, conditional means, and probability of each outcome are given in equations 3.8, 3.10 

and 3.7. More realistic but less tractable discrete time models would allow other distributions for 

jump si1e. Further investigation would be needed to determine whether the resulting estimates 

for LOS parameters would be very different from their corresponding estimates in the continuous 

framework. 
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We can think of the continuous FP2B model as an approximation to the discrete time model. 

Note that the subdensities for the simple discrete time model involve the binomial coefficients, 

which, for large values of LOS, would have to be approximated using for instance Stirling's ap,­

proximation. Thus even this discrete time model would involve an approximation. Also, any 

analytical investigations would presumably have to invoke this approximation as well. 

As di8CU88ed in section 1.2, the data investigated in this thesis do not include any right censored 

observations. However right censoring may be present in other applications. In this thesis, we 

use maximum likelihood to estimate the parameters of the FP2B models. Independently censored 

observations can easily be accommodated; individuals who are censored at time t contribute a 

factor of F(t) to the likelihood, where Fis the survivor function of the FP2B distribution. All 

the software written to support this thesis can accommodate independently censored observations. 

Under mild conditions on the (independent) censoring (see (22)), maximum likelihood estimates 

will be consistent and asymptotically normal. 

However, good estimates of the mean of a distribution in finite samples are notoriously difficult 

to obtain when a high proportion of observations are censored (see [21)). The same sorts of 

difficulties would apply to the estimate of P(D=u) since this functional also depends heavily on 

the tails of the cdf. 

We have shown that the FP2B models have many similarities to competing risks models in 

which the joint distribution of time to failure and cause of failure is modelled. Indeed, the FP2B 

models can be thought of as special parametric models for two competing risks. While the most 

common competing risks analysis !eaves the relationship between the two subdensities unspecified, 

the FP2B models specify the relationship between the subdensities, due to the fact that the same 

parameters appear in both subdensities. This may be a disadvantage in that the usual competing 

risks model is more flexible. However the FP2B model will presumably be more efficient, if the 

data do indeed arise ftom the kind of mechanism which motivates the FP2B distribution. 

Note though that the usual competing risb analysis parameteriaes each of the ·outcomes sep,­

arately. If the data did come from the mechanism described in this thesis, that is with an 

underlying process hitting one of two barriers, then it would seem to be inappropriate to allow 
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separate parameten for each outcome. 

A non-statistical issue is that the idea of an underlying one-dimensional stochastic process 

with two barriers may provide a conceptual framework for certain research problems that allows 

researchers to think clearly about their hypotheses and how to test them. In the following dis­

CUSBion, we will uae the idea of internal and external covariates as described in (22). An internal 

covariate is defined to be a covariate which can only be measured at time t if the individual 

survives to time t. On the other hand, an external covariate is not directly involved with the 

underlying health level process. 

It seems reasonable that internal variables might affect the health level process through the 

drift parameter, (which we might interpret as an individual's propensity to get well) while external 

variables might only affect the barrier levels. However, it may be difficult to classify a variable as 

truly extemal. For instance it seems that payer (Medicare/Medicaid/HMO) would be unlikely to 

affect an individual's health level process. However, the group of patients served by a particular 

payer are distinct. Since individuals insured by Medicaid tend to be disadvantaged, we may 

find that this disadvantage shows up as an effect on the drift parameter. External hospital­

level covariates such as type (rural/urban, teaching/non-teaching), or size of hospital, might 

conceivably affect barrier levels, but again the appropriate model depends on the hypothesis 

under investigation. To test whether rural hospitals keep patients longer than necessary, it would 

be natural to place an indicator variable for location (rural/urban) on the upper barrier. H this 

variable were thought actually to affect quality of care, it might be placed on the drift parameter. 

It seems natural that intemal attributes of the individual patient, such as sex, age, and presence 

of c~morbidities, will directly affect the health status process and an individual's propensity to get 

well, and so should be put on the drift parameter. However, some internal attributes are important 

indicators of health level status at admiBBion to hospital, for instance c~morbidities present at 

admission. AB discussed in Chapter 3, differing health status levels at admission to hospital can 

be modelled by allowing both barrier levels to be raised (or lowered) by some estimated value. 

It is not p088ible to distinguish whether a change in apparent barrier level is due to a change in 

starting value, or an actual change in barrier level. 
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It should be noted that patients with like covariates all share the same drift, regardless of 

outcome ( death or discharge). If we wish to model a differential effect of an internal covariate 

on outcome, then it would be necessary to put the covariate on the barriers as well. However, 

this raises the question of why such a differential effect exists. For instance, homelessness is 

an internal attribute which would presumably affect propensity to get well, as well as starting 

level. In addition, a differential effect on outcome could be present because hospitals were holding 

homeless patients longer out of compassion, or because drift varies &cr088 individuals in a way not 

explained by the model. 

We have developed two extensions in Chapter 6. The fint extension, a parametric mixture 

model, recognizes the presence of heterogeneity in the data that remains even after all relevant 

covariates have been included in the model. We have shown that if we allow the drift parameter 

to have a normal mixing distribution, the likelihood is quite tractable in that it does not involve 

numerical integration. 

The second extension, a transfer model, gives a way of dealing with a third outcome, transfer to 

another institution. We postulate the existence of an intermediate barrier, and model probability 

of transfer given breach of this barrier as a function of covariates. Note that while independently 

censored obeervations are easily accommodated by the earlier models, transfers cannot be treated 

as independent censoring, since the decision to transfer at least partially depends on the health 

level of the individual. In the example given in the thesis, we modelled transfer to another acute 

care institution. We assumed that the transfer barrier level was greater than the starting poeition 

of the health level process, but less than the discharge barrier. This was felt to be appropriate 

since myocardial infarction is a catastrophic event, and presumably patients are not transferred 

until their condition stabilises somewhat. In other applications, it may be more appropriate to 

have the transfer barrier below the starting position, for instance for individuals transferred to a 

nursing home. 
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8.2 Further Work 

A methodology for dealing with time-varying covariates should be developed, so that information 

on procedures and diagn08e& that develop while the patient is in hospital can be included in 

the modelling process. In other applications, we might want to incorporate information from a 

covariate or marker process. One approach would be to extend the work of Whitmore, Crowder, 

and Lawless [44). They use a bivariate Wiener process to model the joint distribution of a marker 

process and an unobservable degradation process. In this approach, it is assumed that a unit 

fails when the degradation process crosses a single barrier. Then time until failure will have an 

inverse GaU88ian distribution. They find that information from the marker process can improve 

predictions and increase the efficiency of estimation of the degradation process parameters when 

censoring is present. This increase can be substantial if the correlation between the two processes 

is high. 

In this thesis, the underlying health level process is assumed to be a Wiener process, with 

independent increments, but it is p088ible that another process with dependent increments might 

be more realistic, for instance the Ornstein-Uhlenbeck process. 

The mixture model developed in Chapter 6 recognizes unstructured heterogeneity in the pop­

ulation, but it is important to develop random effects models which accommodate the known 

hierarchical structure of the population, since patients are clustered within hospital. A method­

ology for incorporating sampling weights would be useful for some studies. Formal techniques 

of model assessment need to be addressed. Finally, the models could be extended to deal with 

recurrent events, which arise in health services research as multiple admissions. 



Appendix A 

Absolute convergence of F(t) 

In this appendix we show that the series F.(t) ia absolutely convergent for finite t?:. 0, where 

with a1, = -(2k + l)(u +l), and l, u > 0. 

Let t be non-negative and finite. Consider the series E:°:o a1, with a,, = • ( ~). For 

-(a1, +t)/~?:. 2, ie for le?:.(~ +t/2)/(u+l)-1/2, we have 

... (a" +l) 1 100 -•~/2d a1,=-, - =- e u 
~ ./fi -·~' 

1 100 

-•d 1 (a" +l) '-< r..:::. e u= .r..=exp ~ =u1,. 
v21r - •~' v21r vt 

If E 61, converges, then E a1, converges by the comparison test. 

We now use the integral test to show that E 61, converges. We can write 61, as a exp(-/cB) for 

positive constants a= (2,r)-112 exp(-u/v't) and fJ = 2(u + l)/~. Now aexp(-zfJ) ia a positive, 

continuous function of z, that ia non-increasing for z?:. 0 and 

which is finite for finite t. Therefore E 61, converges by the integral test. It follows that E a1, = 

E •< •1;') converges by the compariaon test. 
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Figure A.1: The sequence at is represented by dots, the sequence "• by plus signs, and the function 
ae-:11111 by a smooth line. 

Similarly, one can show that E:°:o ii( •~t), E:°:o ii( 7r ), and E:°:o ii( ''Ji") all converge. 

Then 

converges absolutely, as does 



Appendix B 

Derivation of distribution, Zero 
Drift 

A Wiener process with zero drift is a continuous time, continuous state-space stochastic process 

{H(t);t ~ 0} with continuous sample paths. Here the index t represents time. The increments 

H(t)-H(s) exhibit the properties of stationarity, independence and normality. More specifically, 

1. the distribution of H(t) - H(a) depends on t - a, (and not tor a), 

2. H(t;)-H(a;) is independent of H(tr,}-H(ar,} whenever the intervals (a;,t;) and (ar,,tr,) 

are disjoint, and 

3. H(t) - H(a) has a normal distribution with mean 0 and variance <r(t - ,). 

The parameter tr2 is referred to as the volatility or variance parameter. Property 1 is sometimes 

called the property of "temporal homogeneity". Additionally, the zero-drift Wiener process is 

spatially homogeneous, since the distribution of H(t) - H(a) does not depend on H(a). 

In this appendix, we consider a Wiener process {H(t);t ~ 0} which starts at 0, (ie H(0) = 0), 

so that H(t) ~ N(0, <rt). We will derive an expression for F.(T), the probability that the process 

first hits an upper barrier at u > 0 at some time before time T, without having hit a lower barrier 

at -l < 0. We will do this by constructing the set of paths of the proc:esa that reach u before 

time T, without fint hitting -l. We will then find the probability associated with all paths in 

the set. 

Start with the set of all paths that reach level u before time T. Now this will include some 

paths that reached -l before T and then went on to u. These paths must be removed from the 
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set. But in doing so, we will have removed paths that go to u, then -l then u, which should be 

part of the set, so we must add these paths back in. Then again, paths that go to -l, u, -t, u 

must be removed, etc. Writing P[A} for the probability of event A, we have 

F. (T) = P[ all paths that reach u before time T without hitting -t] 

= P[ all paths that reach u before time TJ 
- P[ paths that go to -t, then u before TJ 
+ P[ paths that go to u, -t, u before TJ 
- P[ paths that go to -t, u, -l, u before TJ + .... 

(B.1) 
To find each of these probabilities, we use a reflection argument. For instance, the first probability 

on the right hand side of equation (B.1) is the probability of all paths that hit u at some time 

T1 where 0 < T1 < T. But the event [H(T1) = u] is the union of the two disjoint events 

[H(T1) = u, H(T) > u] and [H(T1) = u, H(T) < u]. Furthermore there is a 1:1 correspondence 

between paths with H(T1) = u, H(T) > u and those with H(T1) = u, H(T) < u. This is shown 

~ -::c 
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Figure B.1: Sample path reflected about H(t) = u 

in figure B.l where the path which ends above u at time T (depicted by the solid line) is reflected 
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about the line H(t) = u, to give a corresponding path which ends below u at time T (represented 

by the dotted line). Because of the properties of the Wiener process and the symmetry of the 

normal distribution, these events have equal probability. Therefore, 

P[H(T1) = u] = 2P[H(T1) = u, H(T) > u) 

= 2P[H(T) > u] 

=2•(~P) 
where -t(z) is the cdf of the standard normal distribution evaluated at z. The second equality 

is true because all paths that reach a position greater than u must have passed through u at a 

previous time. 

The second term of equation (B.1) is only slightly more complicated. We need the probability 

' 
' ' ' 
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Figure B.2: Sample path reflected about H(t) = u and H(t) = -l 

of all paths that hit -lat some time T1, then u at some time T2, where O < T1 < T2 < t. As 

shown in figure B.2, among paths with H(T1) = -l and H(T2) = u there is a 1:1 correspondence 
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between those that end below u at time T, and those that end above u at time T. Thus 

P[H(Ti) = -l, H(T2) = u] = 2P[H(T1) = -l, H(T2) = u, H(T) > u] 

This type of path is difficult to deal with, so we reflect it about the line H = -l to give a path 

with H(T1) = -l, H(T2) = -l- (u + l), H(T) < -t - (u + t). The probability associated with 

paths of this type is just 

P[H(T) < -t - {u + t)] = 2• (-t :~+ l)) 

since all paths that reach -l - ( u + l) must have previously passed through the levels H = -l 

and H = -l - ( u + t). Thus P[paths that go to t then u before time TJ = 2• (-t~_y;tt>). 

The same sorts of arguments show that the probability of all paths that go to u then -t a total 

of k times, and then to u, all before time T, is 2• (-•-.,.~+t)) for Jc = 0, 1, 2, 3, .... Recall that 

these types of paths are added to the set in equation (B.1). Similarly, the probability of all paths 

that go to -l then u a total of Jc+ 1 times before T is 2• (-t-(2!j;l<•+t)) for Jc = 0, 1, 2, 3, .... 

Recall that paths like this must get removed from the set, so we subtract these probabilities. 

In total then, the probability that the process reaches the upper barrier u for the rust time 

before time T and does so without going through -t is 

F.(T) = 2 'E {• (-u-2/c(u+l)) _ • (-l-(2/c+ l){u+t))}. 
k=O u.,/T uv'T 

The lower sub-distribution function, F,(t), can be derived in an analogous manner. However, 

we can also argue that, due to the symmetry of the process, the time to reach a barrier at -t is 

the same as the time to reach a barrier at t. Thus we can get Ft(t) by reversing the roles of u 

and tin F.(t). More precisely, if we denote F.(t) as the function g(t, u, t), thenF,{t) = g(t, t, u). 

Thus 

Ft(T} = 2 f: {• (-t-2/c(u +t)) _ • (-u - (2/c + l)(u +t))}. 
k=O u.,/T u.,/T 
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Let F(T) denote the probability that the process breaches one of the two barriers before time 

T. Then since F(T) = F. (T) + Ft(T), we get 

F(T) = 2f {• (•• +t)-+ (•• -l) ++ (•1r+u)-+ (~)} 
lr:O tr,JT tr,JT tr../f tr../f 

where •1r = -(2k + l)(u + l). Note that in the body of the thesis, we take tr2 = 1. 

Theorem B,1 Let Ta,&,~ denote the time that a Wiener proce,,, {H(t), t ~ O}, ,tarting at H(O) = 
z, fir,t 'l'eache, either a barrier at a or b, where a < z < b. Then Ta,&,o haa the 1ame diatribtition 
aa Ta+e,&+e,e 

Proof: If we retrace our steps through the proceeding derivation of the upper sul>distribution 

function of T.,-t,o, it is clear that the theorem follows from the spatial homogeneity of the Wiener 

process. Let He(t) be a Wiener process that starts at c. Then 

He(t) - He(O) = He(t) - c ~ N(0, t). 

To find the upper sul>diatribution function of T•+e,-t+e,e we need the probability of all paths 

that reach u + c before time t without first hitting -l + c. As before we can decompose this into 

an alternating series of probabilities. 

F. (T) = P[ all paths that reach u + c before time T without hitting -l + c] 

= P[ all paths that reach u + c before time T] 

- P( paths that go to -l + c, then u + c before T] 

+ P( paths that go to u + c, -l + c, u + c before T] + .... 
The first addend in the series equals 

2P(He(t) > u + c) = 2P(He(t) - c > u) = 2+ (-;;) 

exactly the value of the first addend in expression B.1. All the other terms in the new series have 

the same probability as their corresponding tefJD8 in B.l. Thus the upper sul>distribution function 

of T.,-t,o is identical to the upper sul>diatribution function of T•+e,-t+e,e• Similar arguments 

apply to the lower sul>diatribution function and the distribution function itself. Q,E.D, 
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B.1 Stable Laws 

As before, coDBider a zererdrift Wiener process with volatility tr which starts at 0. Now let the 

lower barrier at -l ➔ -oo so that only a single barrier at u remains, and let T. be the first 

passage time to this barrier. Then P(T. < t) is given by the first term in expression B.1 so 

Differentiating gives the density 

f(t·u o-) = _u_exp (-~) = t-3l 2u t; (~). ' ' v'2'rt3 2o-2t o-,/t 

This distribution is a stable law with index 1/2 (see below). Note that if we let u ➔ oo, leaving 

a barrier at -l < 0, the first passage time -l has the same density given above, with u replaced 

by l. Thus for the first passage time to a barrier at a # 0, the density is given by 

The stable laws are characterized as follows. X, X 1 , X2, ... X,. have a stable distribution if 

E::1 Xi has the same distribution aa a,.X + b,. where a,. > 0 and b,. are arbitrary constants. 

Clearly the normal distribution is stable. The limiting distribution of sums of iid random variables 

must be a stable law. 

The characteristic function of a random variable X with stable distribution can be mitten as 

([14]) 

·x {exp (-lctl0 exp(-i f /J sgn(t)) + icft} a# 1 
E[e' '] = 

exp (-lctl - i(2/J/1r)ct log lctl + ilt) a = 1 

where -oo < t < oo, 0 < a S 2, !Pl S min(a, 2 - a), c > 0, - 00 < o < 00 •. The parameter a 

is referred to as the index or characteristic exponent. The parameter /j is a skewness parameter, 

with /j = 0 corresponding to a symmetric distribution. c and o are respectively scale and location 

parameters. 

The stable laws include the normal family of distributions (a = 2) and the Cauchy distributions 
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(a= 1), as well as the fint passage time distributions discusaed above (a= 1/2). These are the 

only three cases in which the density has a closed form. However, an expression for the density 

in terms of an infinite series is known for all stable laws. Assuming the random variable X has 

been standardized to have c = 1, 6 = 0, the density of X ia given by ([18], p. 549) 

To find the density for z < 0, note that /(-z;a,/j) = /(z;a, -/j). 

z > 0,0 <a< 1 

z > 0,1 <a< 2. 

If a stable law baa characteristic exponent a, then it has finite absolute momenta of order 'Y 

where O < 'Y < a. All absolute momenta of order ~ a are infinite ([20], p. 182). Of the stable 

laws, only the normal baa finite variance. Both the Cauchy and the stable law with a = 1/2 have 

both infinite variance and infinite expectation. 



Appendix C 

Derivation of Distribution, 
Non-Zero Drift 

C.1 Solution to Difference Equation 

In this appendix we give the derivation of the subdensities for the drift case. Following Feller ( [17]), 

we start with a random walk, and construct and solve a difference equation for the probability of 

breach of one of the barriers at epoch n. As the number of steps per unit time gets large, while 

the size of the steps gets small, the random walk becomes, in the limit, a Wiener process. Taking 

the limit of the probability of breach at time n in the same way, gives the subdensity we seek. 

Consider independent random variables Z1, Z2, ... , where P(Zi = 1) = p and P(Zi = -1) = 
1- p. Let Xo = 0, and Xn = Xn-1 + z •. We can visualize the stochastic process {Xn}:=o as 

the path of a particle which starts at position z > 0 at time O and performs a random walk on 

the integers. At each unit of time the particle takes either an upward step of unit length with 

probability p, or a downward step of unit length with probability q, where p + q = 1. Suppose 

that there are absorbing barriers at poeitions a > z and O. 

A more colorful representation of this situation is that of a gambler, who starts with an initial 

8UII1 of money z dollars, playing against an adversary whose initial capital is a - z dollars. The 

gambler wins a hand with probability p, in which case he takes a dollar from the adversary. He 

loees with probability q, in which case he must give a dollar to his adversary. The game continues 

until one of the players is mined, that is until one player's capi&al is reduced to O. In this cue 

145 
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Xn represents the gambler's fortune at the n•• hand of the game. 

Let u.,n be the probability that the walk, starting from position z, breaches the lower barrier 

at then•• step, (without first reaching the upper barrier). We can set up a system of difference 

equations to describe the situation: 

U•,n+l = P "•+1,n + q Ua-1,n 

with boundary conditions 

Uo,o = 1 

Ua,n =O 

Uo,n = 0 

Ua,O = 0 

z = 1, 2, ... , a - 1 n = 0, 1, 2, ... (C.l) 

n = 0, 1,2, .. . 
(C.2) 

n = 1,2,3, .. . 

z = 1,2, ... ,a. 

This system can be solved using the method of generating functions. The generating functions 

for Ua,n is 

00 

u.(.,> = E u.,n.,n 
n:0 

Transforming the sequences in equation C.l to their respective generating functions gives 

and since Ua,o = 0 for z = 1, 2, ... , a 

(C.3) 

This is itself a second-order homogeneous diff'erence equation in the variable U.(a). The initial 

conditions are given by 

Uo(a) = 1 u.(a) = 0 (C.4) 

since 
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and 

and, as specified in C.2, uo,o = 1, but all other coefficients in the two power series equal zero. 

General difference equation theory suggests that we try solutions of the form Ua (a) = ,\ a (a), which 

upon substitution into C.3 gives 

Dividing through by ,\a-land rearranging, we get 

This equation has roots 

and 

2 1 q 
,\ - -,\ + - = 0 

pa p 

1 - v'l - 4pqa2 
..\2(a) = 

2 pa 

The general solution will then be of the form 

where A(a) and B(a) are determined by the boundary conditions C.4. We find that 

so that 

(C.5) 
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or equivalently, because ..\1(a)..\2(a) = q/p, 

Uz(a) = (!.)z ,\~-z (a) - ..\;-z (a) 
p ..\?(a) - ..\!(a) 

(C.6) 

A little algebra allows 118 to rewrite C.6 as a function independent of ..\1 

Then expanding the denominators as geometric series, ie 

allows 118 to write 

Ua(a) = E (~)h ,\~h+ir - E (~)h-ir ,\~ta-a 
k:O 'J i=l q 

(C.7) 

We still need to derive an explicit expression for ..\2. Consider another random walk, starting 

at z > 0 as before, but now with only a single absorbing barrier at O. It turns out that Ai(•) is 

the generating function of Wa,n, the probability that the walk ends at the barrier at epoch n, as 

we will now show. 

The difference equation for the single barrier situation has the same form as before, namely 

Wa,n+l = P Wa+l,11 + 'l Wa-1,n 

but with dift'erent boundary conditions 

Wo,o = 1 

Wo,n =0 

Wa,O =O 

z = 1,2,3, ... n = 0,1,2, ... 

n = 1, 2, 3, .. . 

z = 1, 2,3, .. . 

Transforming the difference equation in terma of generating functions W6 (a) = E::i=o Wa,n•" 

gives 
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with boundary condition Wo(a) = 1. The same particular aolutions ..\1(a) and ..\2(a) still apply 

but the boundary condition now dictates that A(a) = 0 and B(a) = l ao that the general solution 

of equation C.5 is given by 

00 

K'--.(a) = E w,,nan = ..\;(a) 
n:0 

Now in fact, w,,n can be found by simple combinatorial arguments (eg [17]) as 

W:, n = !. ( n ) • p<n-11)/2q(n+11)/2 
' n (n+:i) 

2 

where the symbol()• denotes the usual combinatorial symbol if n and z are of the same parity, 

and zero otherwise. Substituting the expression for ,\~ into the generating function C. 7 gives 

The nth coefficient of the series gives the quantity we seek, namely u11,n, the probability that a 

wallc starting at z reaches the bottom barrier at epoch n: 

(C.8) 

C.2 Limiting Distribution 

In fact, W 11,n = ¼ P(Xn = ni:i) where Xn ~ Bin(n,q). Then since Xn ~ Y where Y ~ 
N(nq, ,lnqp), we have that, as n-+ 00, 

W:,,n ~ ; ~exp ( 

= ;~exp( 

(~-nq)2) 
2npq 

(z+n(p-q))2) 
8npq • 

We began this section with a random wallc that takes a single step of length one at each time 
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epoch. Consider what happens as the steps become smaller and smaller in size, and at the same 

time the number of steps per unit time interval gets larger and larger. If in the limit we let 5, 

the size of the steps go to zero, r, the number of steps per time epoch go to infinity, and p, the 

probability of an upward step go to 1/2 in such a way that 

(p-q)5r -+ µ 

4pq62r ➔ tr 

where µ and tr2 are constants, we get a Wiener process with drift µ and volatility tr. 
We want to find the probability that the limiting process, starting from position ( > 0, reaches 

the lower barrier at 0, in a small interval around time t, without breaching the upper barrier at 

a > (. We must adjust the starting position, z, and upper barrier a, and the total number of 

steps n in the discrete walk so that 

z ~(/6 a~a/6 n~tr 

Also, we take the limits so that 

and 

(p) f ( 2µ/tr2)-f ~ - ~ 1-- ➔ e.-,---
q 1/6 

Taking the limit of expression C.8 in the way described gives 

(C.9) 

This is the probability that the process ends at the lower barrier in an interval of length 2/r 

around t. The corresponding subdensity is 

(C.10) 
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Now we need to change c~ordinate systems in order to describe the situation where the process 

starts at 0, and the absorbing barriers are at u > 0 and -l < 0. As shown in figure C.2, a distance 

s 
3:! 

l 

?----+-U 

. . 
················· ...................................................................................... -....... ··-·-·· . 

0 t 

time 

of ( in the old system corresponds to a distance of l in the new system, while a distance of a in 

the old system conesponds to a distance of u + l in the new system. Making these substitutions 

in C.10 gives 

(C.11) 

Setting ~2 = 1 and using notation established in the main body of the thesis gives 1: (t) 

-t -<e•±J'1" ~ ( ) (a" + u) 
-t e J "~oc a1r + u • ,Ji 

The other subdensity, J: (t), is derived in a similar fashion. Again we start with the discrete 

case, and think of a gambler with initial capital z. In this case we want the probability of the 

event that the gambler wins at epoch n. But this is just the event that his adversary, with initial 

capital a - z, loees at epoch n. Thus we need to replace z in the above argument with a - z. Also 

the adversary wins each hand with probability q, eo the roles of p and q in the above argument 
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must be reversed. Eventually we get that t:(t) is 



Appendix D 

Integral Bounds 

We use the following lemma to establish integral bounds on infinite series. 

Lemma D.0.1 Let g(z) be a non-negative function that dtcfflUea monotonically on [a, 00). Let 
{gt} be the aequence formed from g(z) at integer value• of z. Then 

Proof: 

t gk $ 100 

g(z) d:z: 
k=•+l 4 

so that 

oo (oo 
Egk $ la g(:z:) d:z:+g(a). 
k=• • 

Q.E.D. 
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Appendix E 

Derivatives 

This appendix records the derivatives for all the models discussed in the thesis and outlines the 

incorporation of covariates. To simplify notation, we write /.i for /.(ti), fu for /1.(ti) and J:i for 

J:(ti)• Where limits are not indicated, the sums over k extend from -oo to oo. 

E.1 Zero Drift Model 

The log likelihood for the zer~drift model without covariates is 

n 

.C(u,l;t1,t2,••· ,tn) = L.Ci = L C.i+ L .Cu+ L lei (E.1) 
i:1 {i:D,=a• {i:D;:I} {i:D1=c} 

where Di is u, I or c according to whether individual i was discharged, died or was censored. Here 

.Ci is the contribution to the likelihood from individual i, and 

where 

.C•i = log(/.i) if Di = u, 

.Ci = .Cu = log(/1.i) if Di = I, 
.Cci = log(~) if Di = C 

154 

(E.2) 
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and c1: = -(a1: +t) and e1: = -(a1: + u). As before, &1: = -(21: + l}(u + t), 80 that 

c1: = 2k(u+t) +u e1: = 2k( u + t) + t. (E.4) 

For thia model, u and t are the parameters to be estimated. 

In what follows, we will need the derivatives of the subdensities, 80 we record them now. Write 

9 = (91,92)' = (u,t)' for the vector of parameters to be estimated. Then, for j = 1,2, we have 

where 

The gradient, G(u,t), ie the vector of first derivatives of .C(u,t;t1,t2, ... , tn), is a (2 x 1) 

vector, (: :1 )'. We can write 

n 

G(u,t) = Eci = E G.i+ E Gu 
i:1 {i:D,:a} {i:D,=I} 

where Gi is the contribution from individual i and 

where 
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For j = 1,2, 

(E.5) 

The Hessian, H( u, i), ie the matrix of second derivatives of .C( u, l; ti, t2, ... , tn), is a (2 x 2) 

matrix. The element in the ;'" row and ;''" column of H is ~"f,J, . We can write 

n 

H(u,l) = Eei = E H.i + L Hli 
i=l {i:D1=u} {i:Di=l} 

where Hi is the contribution from individual i and 

where 

Then for j = 1, 2, 

(E.6) 

where the second derivatives of the subdensities are 

B
2
/.i - t-f E Bet Bet ; (Ct) Ct [4 -a] 

88;IHJ;, ' t IHJ; IHJ;, ,/fi ti ti 

B
2 
!ti =cf~ Bet aet ; ( et ) et [el _a]. 

88;IHJ;, ' 7" 88; 88;, ,/fi ti ti 

The third derivatives of the· subdenaities are needed to prove that regularity conditions are 

satisfied, so they are recorded here. 
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Extension of this model to allow the barrier levels u and I. to depend on covariates is straight­

forward. We may allow each barrier to depend on a different set of covariates. Let 

be the ((p. + 1) x 1) vector of covariates measured on individual i which are thought to affect the 

upper barrier, and 

be the ((p, + 1) x 1) vector of covariates measured on individual i which are thought to affect the 

lower barrier. Since now the barriers may vary by individual, write ui, ti for the barrier levels for 

individual i. The simplest conceivable model allows each barrier level to be a linear function of 

the relevant covariates, ie 

(E.7) 

where !! = (Uo, u1, ... , u,,u)' and l = (l.o, l.1, ... , I.,,,)', are the parameters of the model, and • 

denotes matrix multiplication. 

Denote the log likelihood for the model with covariates as .c•(u,I.). This will have the same 

form as .C(u,I.) in equations E.l, E.2, E.3, and E.4, but with u and I. expanded as in equation E.7. 

The gradient for this model 

II 

G•(u,I.) = E Gi = E G;i + E Gti 
i=l {i:D1=a} {i:Di=l} 
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is now a vector of length q = (p. + Pt + 2) where O:i and G,i have i'" elements 

respectively, where A= (A1, A2, ... ,A9) = (yj~ = (uo, u1, ... , U,u1lo,i1, ... ,ti,,). 

Note that we can write a:i and Gii succinctly as 

G• -•i -
~®~ 
8Cy( '°'Zi• 

IJt 'Cl==-

~®~ 

8if'®~ 

where the partials are as specified in equation E.5, and ® denotes Kronecker product. 

The Hessian for the model with covariates, 

II 

a·cu,t> =Ea:= E a;i+ E a;i 
i:1 {i:D1:Q} {i:D1:l} 

is now a q x q matrix with (j, j')'" element ~- This can be written succinctly as 
OAJOAJI 

and 

0i;I' ® (~ •~) ~1i ® (~ •~) a;i = _______ __. _________ _ 

~:1i ® (~ • !l} 0if~<• ® (~ • !l) 

where the partials are as written in equation E.6. 

E.2 Drift Model 

The log likelihood for the drift model without covariates is 

n 

C"(u,i,µ;t1,t2, ••• ,tn) = Ecr = L c:i+ L c~i+ E c~ 
i:1 {i:D;:u} {i:D;:l} {i:D;=c} 
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(E.8) 
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where Di = u if individual i was discharged from hospital, Di = 1 if individual i was observed to 

die in hospital. Di = c if individual c was censored. Here 

c:i = log(/:i) if Di= u, 

er= l~i =log(/::) if Di= I, 

C~ =log(~f) if Di= C 

and 

For this model, we have to estimate the parameters u, l, and µ. 

Let 

Then the partial derivatives of the sub-densities can be expressed as 

(E.9) 

(E.10) 

(E.11) 

(E.12) 
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The gradient, G11(u,i), ie the vector of first derivatives of C11(u,i,µ;t 1,t2, . .. , t11 ), is a (3 x 1) 

vector (ac.'' at:." at:.")' We can write '°horo;;-· 

II 

G"(u,i,µ) = E Gf = E a:i + E a:j 
i=l {i:D,=u} {i:D,=l} 

where 

and 

(

at:." l ( 1 ,,, .. l ~ .,,.. !:!&I.. a. lu, B• 

G". = a~, = i a1;, = 
•• ~ Bl 

at:." 1 Bl"· ~ .,,.. ~ a,. lu, a,. 

1-it 

(E.13) 

The Hessian, H 11 (u,i,µ), is now a (3 x 3) matrix. Let 9 = (91,92,93) = (u,i,µ). Then the 

element in the i'" row and/'" column of H11 is~. We can write 
OflJOfl J' 

II 

H"(u,i,µ) =Ear= E n:j+ E a: 
i=l {i:D,=u} {i:D,=l} 
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where 

and 

(

tJ't:." tJ't:." ~] 
(

B't:." a'r.;, ~] H"-= :e' 6ua1.1 
8u8p ~ lh,8t 8u8p 

tJ't:." a'r.:, Ht·= o'r.;, B't:." a'r.;, •• 7fiil:f ~ 8t8p 1 8tlh, ~ 8t8p 

a't:." B't:." B't:." a'r.;, B't:." B't:." 
6,,a".1 7;tf ~ 8p8• a,,Ji ~ 

where for j = 1, 2, 3, 

(E.14) 

The second derivatives of f: are 

The second derivatives of ff are 

8;!f =y(l,ti) ~~ (1) ( ':;: r ~: [:: -3] 

a
2
1: =y(l,ti)~~(.!!_) ae,, {ae,,~[ef _3]-µ[l- ef]} 

8u/JI. 
11 

,,/ii /Ju 81. t, ti ti 
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be the vector of covariates measured on individual i which are thought to affect the upper and 

lower barriers respectively, and now let 

be the ( (p,, + 1) x 1) vector of covariates measured on individual i which are thought to affect the 

drift, µ. The simplest conceivable model allows each of u, l and µ to be a linear function of the 

relevant covariates, ie 

i / 
/.' =i!, * ~ = /IQ ZJ.'io + /.'1 ZJ.'il + • • .+J.'i,,. ZJ.'ip,. (E.15) 

where l! = (Uo, u1, ... , u,u)', l = (lo,l1, ... ,t,t)' and I!= (µo,µ1, ... ,µ,,.)' are the parameten 

of the model. 

Denote the log likelihood for the drift model with covariates u t,P• ( u, l). This will have the 

same form u l.11 (u,l) in equations E.8, E.9, and E.11, but with u, l, andµ expanded aa in 

equation E.15. 
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The gradient for the model with covariates 

II 

GP•(u,l,µ) =Ear-= L a:;+ L G~t 
i=l {i:D,=a} {i:D,=l} 

is now a vector of length q = (p. + Pt + p,, + 3) where a:; and G~t have i'" elements 

8£"~ 8£",.~ •• and 
{Jltj lJlt; 

respectively, where 

Note that we can write a:; and G~t succinctly as 

'8C.'' ' =i:" ®!Yi 

~®~ G
,,. 
ti = 

BC" 
,~®~1 

where the partials are as specified in equation E.13. 

The Hessian for this model 

II 

H"•(u,l,µ) = EHr- = L H!; + L Hft 
i=l {i:D,:a} {i:D,:l} 

is now a q x q matrix with (j, j')'" element 8~
2Jt:,. This can be written succinctly as 

a2c" 
~®<~•u> 

a2,:.,. 
~®(~•~) 

H:; = a2c" 
~®<~•u> 

a2c" 
~®(~•~) 

a2c" 
a,,1.1 ® (~ •u) 

a2C." 
=s-fl/"®(~•~) 

and 

a2c" 
~®(a•~) 

a"c" 
~®(~•~) 

Jt;t = a"c" 
~®(~•~) 

a"c." 
~®(~•!l!) 

a"c." 
~®(~•~) 

B"c." 
~®(~•~) 

where the partials are as written in equation E.14. 
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E.3 Transfer model 

Here we record the derivatives for the transfer model. Write J!!1 for t!!1. As stated in section(?), 

the log-likelihood for the transfer model without covariates is 

C(u,l,w,p,µ)= E log[qf!!1]+ E log[,1Jr1+qf};1]+ 
{i:D;:u} {i:D1=1} 

E log [P 1!1] + E log [1- qF.,,(ti) - pF.,,(ti)] 
{i:D;=w} {i:D;:c} 

where Di is u, 1, w, or c depending on whether individual i is discharged, dies, is transferred 

or is censored at time ti. For this model, we want to estimate the parameter vector fJ = 
(81,82,83,84,85)' = (u,l, w,p,µ)', where the parameter u represents the value of the upper bar­

rier, l represents the lower barrier, w the transition barrier, andµ is the drift parameter for the 

underlying health level process. The parameter p = 1 - q is the probability that an individual 

who passes through the transfer barrier at w is actually transferred. Let y( u, t) = t-1 e -c,.,,,u>e 

and define the function 

where Ct = 2k(u + l) + u. Here and in the rest of the section, sums over le run from -oo to 00. 

Then 

t!!1 = /(u, l, µ, ti) 

I!'/ = /(w, l, µ, ti) 

JJ;> = f(l, u, -µ, ti) 

f171 = /(l, w, -µ, ti) 
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Also define 

F(u,l,µ,t)=~e-e•µ [•(~) -•(~)l­
e'•µ [ • ( /t) -• ( ✓i)] 
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where cu1r = 2k(u + l) + u - µt, cl1r = 2k(u + i) - l - µt, du1r = -2k(u + l) - u - µt, and 

dL1r = -2k( u + i) - 2u - l - µt. 

The gradient, G(u,l,µ,w,p) has components 

G(u,l,µ,w,p)= ~ G.i+ ~ Gti+ ~ Gwi+ L Gei• 
{i:D1:11} {i:D1=l} {i:D1=•} {i:D1:c} 

Here G•i is a vector of length 5 with i'A element, a; say, where 

a [ <t>] ( 1 ) (aqJ!!>) a;= IJ(J. log qf.i = --m- ~ . 
, qf.i , 

Recall that q = (1 - p) is a parameter, so does not cancel in general in the above expression. 

Define the functions 

G1(u,l,µ,t) = 8!~> = y(u,t) ~ IP ( :;) {/JC•+ (2k + 1) [1 - cf]} 
G2(u,l,µ,t) = a~~t) = y(u,t) ~2k IP ( ~) [1- c!] 

a1!t> 
G3(u1 l, µ, t) =aµ= (u - µt)/(u, l, µ, t) (E.16) 



APPENDIX E. DERIVATIVES 166 

/,q ,!:> 
as = (l) = -1/q 

q '•i 

Note that y(u,t) appears in both the numerator and denominator of a1 and a2, so some further 

simplification is poesible. 

G•i is a vector of length 5 with ;'" element, b; say, where 

Then the elements of G•i can be written as 

Gu has i'" element 

Gu can be expressed as Dlu + Dlw where Dlu is a vector of length 5 with i'" element c; say 

where 

•; = CJ!.•I : PIL°1) ( :,, ,JL•I) ' 

and Dlw is a vector of length 5 with ;•• element d; say where 



APPENDIX E. DERIVATIVES 

a J.'•1 
d1 a.P ti - 0 

q 1J;1 +p JJ71 -
ftp Jt1 p Gi(t, w, -µ, ti) 

d2 ---------------------'----q JJ;l + p JJ71 - q f(t, u, -µ,ti)+ p f(t, w, -µ, ti) 
/J 1(•) 

ifiiP Jti -p G3(t, w, -µ, ti) d3 _.,...,.. __ ..,.. - -------,-------
q JJ;J + p JJ7l - q /(t,u, -µ,ti)+ p /(t, w, -µ, ti) 

d• /.P JJrl p G2(t, w, -µ, ti) 
q JJ;I + p JJ;"l = q f(t, u, -µ,ti)+ p f(t, w, -µ, ti) 

IJ 1(•) 
ds opP,ti _ f(t,w,-µ,ti) 

q JJ;l +p JJ;"l - q J(t,u,-µ,ti) +p /(t,w,-µ,ti) 
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Note that the minus sign in c3 and d3 appear because we have replaced µ with -µ in the function 

G3, but still desire the derivative with respect to positive µ. 

Finally, Gci has i'" element 

Gci can be expressed as -DlFu - DlFw where DlFu is a vector of length 5 with j'11 element 
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e; say where 

e; = ( 1 
( ) ) ( !i~ qF.,t(ti)) , 1- qF.,t(ti) - pF.,t ti Vf7j 

and DlFw is a vector of length 5 with i'" element /; say where 

Define the functions 

Then the elements of DlFu can be written as 
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where a= 1/(1-qF.,t(ti) - pF.,t(ti)), The elements of DlFw can be written as 

The Hessian H(u,t,µ,w,p) has components 

H(u,t,µ,w,p) = E H.i+ E Hli+ L H.,i+ E Hci• 
{i:D;:a} {i:D;:l} (i:D1=•} {i:D,=c} 

Here H.i is a 5 x 5 symmetric matrix with the element in row j, column /c given by 

_a_1 [ 1,<9] _ _!_ (.!..i r A~']) _ ~q •i _ ¥iq •i a,;qf.j 
2 a

2 
1,<t) ( a 1,<t) ) ( 8 (ti ) 

88·88t og q •• - IJ(J. IJ(J1, og Lq1., - At) 1,<t) 1,<t) 
1 1 qJ.ii q •• q ui 

which can be expressed as 

where • denotes matrix multiplication, and G.i is given in equation (E.16). Here D2u is a 5 x 5 

symmetric matrix with elements a;,t say where 

( 
1 ) ( 8

2 
<t>) 

a;,t = qf!!' IJ(J;8• qf •• • 
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Define the functions 



APPENDIX E. DERIVATIVES 171 

,, ,, 1,<t) ,, ..It) 
JpJZf •i -»T•i -G2(u,l,µ,ti) 

a5 'I = (l) = (t) = ( , q l.i q l.i q/ u,i,µ,ti) 
,, ,, 1,<t) (J 1,(t) 
apa;;t •i -a;; •i -G3(u,i,µ,ti) 

05 3 = .(t) = (l) = ( ' q li,i q f.i q/ u,i,µ,ti) 
(J ,, 1,<t) 
~r.f •i -o 

as," (t) -
q l.i 

1!..l!..q J,<9 _J!.. J,<9 _apa, •• - 8P •• -o 
05,5 - (l) - (l) -

q '•i q '•i 

The last row of the Hessian can be simplified somewhat. Note that 

~ 1 [ 1,<~>] = ~ (q/,; t!!l) 
8po81, og q •• 8p qf!!I 

equals O for 81, E {u,i,µ,w}. Thus letting h;,1r denote the element in row j, column le of Hui we 

have 

hs,1 = hs,2 = hs,3 = hs," = 0 

which saves some computation. Also note that 

a
2 

[ <'>] a (-l~
1
) hs,5 = 8p8p log q/•i = lJp q/l{> = -l/(q

2
) 

Persons who are transferred contribute the term H.i, a 5 x 5 symmetric matrix with elements 

which can be expressed as 

where D2w is a 5 x 5 symmetric matrix with elements b;,1r say where 
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Then the unique elements of D2w are 

Again, the last row of the Hesaian can be simplified somewhat. Note that 

_8_1 f. 1,<')] _ !_ PJJ; •i 2 ( a 1,<t)) 
~ og LP •• - IJp 1,<t) 

l p wi 
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equals O for 91, E { u, l, µ, w }. Thus letting h;,1, denote the element in row j, column k of H •i we 

have 

hs,1 = hs,z = hs,3 = hs,• = 0 

which saves some computation. Also note that 

hs,s =~log [PfitJ] = ~ ( /~:~)) = -1/(p2
) 

pf.,, 

Persons who die at time ti contribute the term Hti, a 5 x 5 symmetric matrix with elements 

IP l [ t<•l ,<•l] 86;861, og q li + PJti 

which can be expressed as 

Hti = (D2lu + D2lw) - Gu • G~i 

where D2lu is a 5 x 5 symmetric matrix with elements c;,1, say where 

c;,1, = (qJj:l: pfj~l) ( ~z91, qfj:l). 

and where D2lw is a 5 x 5 symmetric matrix with elements d;,1, say where 

d1,• = ( 9/,;'l ~ pf,;"1) ( O::s. pf,;"1) • 

Then the unique elements of D2lu are 

Cz,1 

cz,z 

CJ,1 
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a a ,<•> 
_ 8;hq J li _ O 

C5,4 - (•) -
q lu +p .Ju 

a a ,<•> _ api;9 Jli 
C5,5 - (•) 

q lti +p .Ju 

Then the unique elements of D2iw are 

= 

174 

a2 ,<•> 
d _ W.P Jti -O 

2,1 - (•) -
q lu + P ./ti 
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4t,3 

dt, .. 

ds,1 

ds,2 

ds,3 

ds," 

ds,s 

elements 

a2 

88
;
88

,, log [-qF(u, l, t) + pF(w, l, t)] 

which can be expressed as 

Hei = (-D2Fu -D2Fw) - Gei • G~i 

where D2Fu is a 5 x 5 symmetric matrix with elements e;,11 say where 

and where D2Fw is a 5 x 5 symmetric matrix with elements /;,11 say where 
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Define the functions 
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Then the elements of D2Fu are 
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e3
1
1 =!H F,(u, i, µ, ti} 

a 

e3
1
2 =!HFs(u,i,µ,ti) 

a 
q 

e3
1
3 =-HFe(u,i,µ, ti) 

a 

e,,1 =e,,2 = e413 = e,,, = 0 

-GF1(u,i,µ,ti) 
es1=--"-----' a 

-GF2(u,i, µ, ti) 
es2=-----

' a 
-GF3(u,i,µ,ti} 

e5 3 =--"-------, a 

es,, = = es,s = 0 

where b = 1- qF.,t(ti) - pFw,i(ti)• Then the unique elements of D2Fw are 

/1,1 ='2.1 = '3,1 = /,,1 = /s,1 = 0 

a 

/s,s =O 

179 
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Identifiability 

Jn this appendix we show that it is not p088ible to estimate all four parameters u, i, µ and ~ 

because of identifiability problems. Let 8 = ( u, i, µ, 172 ). From equation C.11, the su~density 

corresponding to the event that a Wiener process with drift µ and volatility ~ hits the lower 

barrier at -i < 0 at time t without breaching the upper barrier at u > 0 is 

where at = -(2k + l)(u + l). Similarly, the su~ensity corresponding to the event that the 

process hits the upper barrier at time t without breaching the lower barrier is 

If no observations are censored, the joint frequency function of the observations is 

.c(8;t) = II 1.(ti;8) II 1t(tii8). 
{i:D1=•} {i:D1=L} 

Let 

81 = (i, u, µ, 17
2

) 

82 = (ml, mu, mµ, (7716)2) 

180 
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where mis any real number. Then it's easy to see that 

and 

and so 

Thus we have shown that distinct values of the parameter vector, 81 # 82, can give rise to exactly 

the same frequency function for the data. 

Note that this result holds for the zero drift model whereµ is fixed at O, as well as the more 

general drift modei. 
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