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Abstract

This is a mathematics thesis that contributes to an understanding of nonlocal games as

formal objects. With that said, it does have connections to quantum physics and information

theory.

Nonlocal games are interactive protocols modelling two players attempting to win a game,

by answering a pair of questions posed by the referee, who then checks whether their answers

are correct. The players may have access to a shared quantum resource state and may use a

pre-arranged strategy. Upon receiving their questions, they can measure this state, subject to

some separation constraints, in order to select their answers. A famous example is the CHSH

game of [Cla+69], where making use of shared quantum entanglement gives the players an

advantage over using classical strategies.

This thesis contributes to two separate questions arising in the study of synchronous non-

local games: their algebraic properties, and their generalization to the quantum question-and-

answer setting. Synchronous games are those in which players must respond with the same

answer, given the same question.

First, we study a synchronous version of the linear constraint game, where the players must

attempt to convince the referee that they share a solution to a system of linear equations over a

finite field. We give a correspondence between two different algebraic objects modelling perfect

strategies for this game, showing one is isomorphic to a quotient of the other. These objects are

the game algebra of [OP16] and the solution group algebra of [CLS17]. We also demonstrate an

equivalence of these linear system games to graph isomorphism games on graphs parameterized

by the linear system.

Second, we extend nonlocal games to quantum games, in the sense that we allow the ques-

tions and answers to be quantum states of a bipartite system. We do this by quantizing the rule

function, games, strategies, and correlations using a graphical calculus for symmetric monoidal

categories applied to the category of finite dimensional Hilbert spaces. This approach follows

the overall program of categorical quantum mechanics. To this generalized setting of quantum

games, we extend definitions and results around synchronicity. We also introduce quantum ver-

sions of the classical graph homomorphism [MR16] and isomorphism [Ats+16] games, where

the question and answer spaces are the algebras representing the “vertices” of quantum graphs,

and we show that quantum tensor strategies realizing perfect correlations for these games cor-

respond to morphisms between the underlying quantum graphs.
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1 Introduction

We should not be lulled into accepting the primacy of the category of sets and

functions just because of its flexibility. The mere fact that we can use set theory

as a framework for studying quantum phenomena does not imply that this is the

most enlightening approach. Indeed, the famously counter-intuitive behavior of

the microworld suggests that not only set theory but even classical logic is not

optimized for understanding quantum systems. While there are no real paradoxes,

and one can compute everything to one’s heart’s content, one often feels that one

is grasping these systems ‘indirectly’, like a nuclear power plant operator handling

radioactive material behind a plate glass window with robot arms. - John Baez,

[Bae06]

1.1 Operational approach to nonlocal games

We begin by introducing games operationally. A game can be understood informally as players

being asked questions and responding with answers, along with a rule for which answers are

jointly correct. Traditionally there are two players named Alice and Bob, and there is a third

character – the referee – whom we think of as posing the questions and verifying the answers.

We generally require that Alice and Bob cannot communicate once they have received their

questions. This can be done by physically separating the players.

It will be helpful to keep in mind the following story of a game, to accompany the mathe-

matics to come.

1. Questions: The referee privately poses a separate question to each of Alice and Bob.

2. Answers: Each player, by some predetermined process, chooses an answer to their question,

then sends their answer back to the referee.

1



3. Evaluation: The referee receives the two answers and checks the rules to determine whether

the players have jointly won or lost the game.

Referee

Alice Bob

x y

a b

Figure 1.1: The setup for a typical nonlocal game.

The title of this thesis refers to synchronous games. When we say a game is synchronous,

we describe some level of symmetry between Alice and Bob. The title of this thesis also refers

to quantum games, which are a generalization of nonlocal games, where the questions and

answers are now also quantum states. When we say a game is nonlocal, we imply that the

playersmay have access to non-classical physical shared resources, like quantum entanglement.

1.2 Context for the generalization of nonlocal games to
quantum games

Nonlocal games are recent objects of study in quantum information theory and complexity

theory. They have been used to distinguish between various models of quantum mechanics

[Cle+04; Slo19]. They have also played a role in proving that the Connes embedding problem

from operator algebras has a negative answer [Ji+21]. These results and others demonstrate

deep connections between quantumphysical models, complexity classes, and operator theoretic

constructions.

Synchronicity for nonlocal games, introduced in [Pau+16], is a well studied property in

the typical setting, where questions and answers are classical. Winning a synchronous game

requires players to give the same answer upon receiving the same question. In that setting,

2



synchronicity forces the players to have matching strategies. For those familiar with nonlocal

games, we elaborate on what we mean bymatching strategies: Strategies corresponding to syn-

chronous correlations are pairs of functions or operators (depending on the strategy class) that

are forced to agree on a relevant subset of their domain. Both players apply their own map to

their received question to produce an answer. Furthermore, if a game is synchronous, the asso-

ciated winning correlations (statistical behaviour of the players) are forced to be synchronous

themselves, in that the probability of the players responding with different answers to the same

question is zero.

The program of categorical quantum mechanics (CQM), initiated in [AC04], approaches

quantum theory as a process theory, modelling physical systems and transformations as the

objects and morphisms in a category equipped with some additional structure. Composition-

ality is the key feature of this approach. CQM lends itself well to the quantisation of classical

protocols – once they are carefully modelled as processes in an appropriate category, one need

only extend the underlying category to automatically model a quantum version of the proto-

col. One compelling example of this is that quantum teleportation and one-time pad encryption

can be seen as quantum and classical models of the same compositional construction [HV19,

Section 3.2].

We use CQM ideas to extend the theory of nonlocal games, including features of synchronic-

ity, to quantum games – nonlocal games with quantum questions and answers – using string

diagrams interpreted in the category of finite dimensional Hilbert spaces. We also upgrade

other notions from nonlocal games to the quantum game setting. We make some initial con-

nections of quantum games to another quantized object: quantum graphs. We hope that this

notion of quantum games will be found to have deep connections to other quantized objects,

such as quantum groups.

1.3 Chapter layout and summary of results

We use Chapter 2 to provide background on the typical nonlocal games setting, where the

questions and answers are classical. We review correlation and strategy classes, the definition

and some examples of synchronous games, and the definition of the ∗-algebra of a synchronous
game.

In Chapter 3, we discuss a synchronous version of the linear constraint system game, and

prove two of our major results. The first of the two results (Theorem 3.4) is the equivalence

of two algebraic objects describing the game: its solution group, and its ∗-algebra. The second
result (Theorem 3.6) is the equivalence of a linear system game to the graph isomorphism game

for a pair of graphs based on the linear system.
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Then, in Chapter 4, we use a graphical language to define quantum games: a generalisation

of nonlocal games where the questions and answers can be quantum states. The key concepts

we generalise are games, correlations, and strategies. We extend certain correlation classes to

the quantum game setting by defining non-signalling correlations, and quantum commuting,
quantum, and deterministic strategies, generalizing these notions as defined for typical non-

local games. We also define some products of quantum games, and the value of games and

correlations. Finally, we interpret how a quantum game may be implemented operationally,

and we use this interpretation to connect quantum games to related notions in the literature.

Chapter 4 is definition-heavy, and can mostly be thought of as preparation for the next two

chapters.

We are then equipped to extend synchronicity to quantum games in Chapter 5. This defini-

tion builds off something that we call sharing, which we also use to graphically represent the

classical dimension of a quantum set.

In Section 5.2, we extend properties of typical synchronicity. One of our main results is that

perfect correlations/strategies for synchronous quantum games are forced to be synchronous

(Theorem 5.9). We examine the structure of synchronous strategies and correlations. We show

that Alice’s operators determine Bob’s operators when implementing a synchronous quantum-

commuting correlation (Theorem 5.22) or strategy (Theorem 5.25). As a key tool, we present a

diagrammatic version of the Cauchy-Schwarz inequality for quantum functions (Theorem 5.24).

In Section 5.3, we discuss bistrategies, bicorrelations, and bisynchronicity. We show (Theorem

5.36) that bisynchronicity of increasingly structured maps preserves a growing list of quantum

set properties: dimension, classical dimension, quantum isomorphism class, isomorphism class.

We also describe the structure of bistrategies in different strategy classes. Then, in Section 5.4,

we compare our definitions to two other notions of synchronicity in the literature [Bra+23;

Bra+24; BKS23] that also aim to generalize typical synchronicity.

Finally, in Chapter 6, we come to two examples of quantum games played on quantum

graphs. First we study a truly quantum, synchronous game (the quantum graph homomor-

phism game), generalizing the well-known graph homomorphism game of [MR16]. We connect

its perfect quantum correlations to quantum homomorphisms of quantum graphs (Theorem

6.7). Second, we discuss the bisynchronous quantum graph isomorphism game, and connect its

perfect bistrategies and bicorrelations to quantum graph isomorphisms (Theorem 6.16).

This thesis is an (edited) compilation of three sources, with the addition of several new

sections. Chapter 2 comes mostly from the author’s unpublished master’s project, [Gol19].

Chapter 3 comes from the author’s published article, [Gol21]. Chapters 4, 5, and 6 are from the

author’s preprint [Gol24], with the exception of sections 4.5, 4.6 and 4.7, which are published

for the first time in this thesis. Chapter 6 has been heavily updated from the preprint version.
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2 Nonlocal Games: Background

Quantum mechanical objects can exhibit correlations with one another that are

fundamentally at odds with the paradigm of classical physics; one says that the ob-

jects are ‘entangled’... [E]ntanglement has come to be studied not only as a marvel

of nature but as a potential resource, particularly as a resource for certain unusual

kinds of communication. - [Eke+98]

This chapter is not strictly a necessary prerequisite to quantum games – after all, typical

nonlocal games can be thought of as quantum games played on classical question and answer

sets, so starting there is reasonable. However, most of our work is motivated by analogy to typ-

ical nonlocal games. For the intuitively curious or operationally motivated reader, this chapter

is worthwhile background. The reader familiar with nonlocal games may view this chapter as

a resource to access as needed, and may wish to skip ahead.

This chapter uses material from the author’s unpublished Master’s project, [Gol19].

In this chapter we define nonlocal games and strategies (Section 2.1) from the basics, and we

then compare multiple physical models of reality under which Alice and Bob may be assumed

to operate (Section 2.2). These physical models, called correlation classes, dictate what strate-

gies are available to the players of the game, and accordingly impact the players’ performance.

We then describe (Section 2.3) how a synchronous game, which is a game with some symmetry

between the two players, can be assigned a ∗-algebra called the game algebra. It encodes infor-
mation about the existence of strategies that are guaranteed to win, known as perfect strategies.
Finally (Section 2.3.4) we present some notable synchronous games.

5



2.1 The language of nonlocal games

In this section, we define cooperative two-player nonlocal games, and strategies for playing

these games.

2.1.1 What is a nonlocal game?

Formally, we define a nonlocal game
1
as follows.

Definition 2.1 (Nonlocal game). A nonlocal game is a tupleG = (X, Y,A,B, λ), whereX, Y,A,B
are finite (classical) sets and λ : A×B ×X × Y → {0, 1} is a function.

We call X, Y the input or question sets, and A,B the output or answer sets belonging re-

spectively to Alice and Bob. See Figure 1.1 to understand why. We call λ the rule function.

Note that when Alice and Bob receive a pair of questions (x, y) ∈ X × Y and return a pair

of answers (a, b) ∈ A × B, then λ(a, b|x, y) = 0 means the players have lost the game, and

λ(a, b|x, y) = 1 means they have won it. We will use the letters x, y to denote Alice and Bob’s

respective questions and a, b to denote their respective answers. The vertical bar in λ should

evoke the conditional nature of the rule function.

Example 2.2. The CHSH (Clauser, Horn, Shimony, and Holt) game originating in [Cla+69] has

X = Y = A = B = Z2, and

λ(a, b|x, y) =

{
1, a+ b = x · y,
0, otherwise.

where the operations used are addition and multiplication mod 2.

Notice that in the definition of a game, there is no information on how the referee selects

which questions to ask (question distribution), and by what methods Alice and Bob may choose

their answers (strategies). We think of the question distribution and the strategies as external to

the game. Whenever we study a specific game, it will be done with respect to some distribution

of questions and some strategy or class of strategies. We introduce these concepts in the next

two sections.

1
There are manyways to define a game. Here we are defining a specific class of games: co-operative two-player

finite input/output games with classical questions and answers. In this chapter, we simply refer to them as games,

but the reader should note that they are a small subclass of the quantum question-and-answer games defined in

Chapter 4.
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2.1.2 Strategies and correlations

Based on the kinds of behaviour that should be possible, we introduce classes of strategies or

classes of correlations. Let us explain each term, and the connection between these two different

terms: ‘strategy’ and ‘correlation’. In brief, the difference is in point of view – whether one is

trapped inside the machine, being a player of the game, or looks on from the outside, as an

observer or referee might.

Strategies

A class of strategies can be thought of as an algorithm that Alice and Bob can use to decide their

answers given their questions. The algorithm has modifiable parameters, that Alice and Bob

can choose in order to maximize their chance of winning the game. Additionally, this algorithm

does not need to be deterministic, in that it can involve evaluating random variables or doing

quantum measurements. In Section 2.2, in order to describe a class of strategies, we list some

mathematical objects (determined by some parameters) that the players can use, along with a

way the players can extract their answers from these objects.

Given a class of strategies, in order to fix a single strategy within a class of strategies, the

players agree in advance on a choice of the parameters of the given mathematical objects. We

often identify a strategy with the choice of objects themselves, implicitly remembering the

method by which Alice and Bob use the objects to produce answers. This is similar to the way

a group is often referred to by its underlying set, with implicit knowledge of the associated

operation.

To demonstrate the concept of a strategy, we introduce a simple class of strategies, known

as the deterministic strategies.

Definition 2.3 (Deterministic strategy). A deterministic strategy for a game is a pair of func-

tions fA : X → A and fB : Y → B.

These functions can be chosen together by Alice and Bob before playing, with knowledge

of the rules of the game (i.e. knowledge of the function λ). When playing the game, Alice

receives question x and returns answer a = fA(x). Similarly, Bob receives question y and

returns answer b = fB(y). Alice and Bob do not communicate during this process.

Example 2.4. One very simple deterministic strategy for CHSH (see Example 2.2) is given by

fA(x) = 0, fB(y) = 0 for x, y ∈ Z2. Note that under this strategy, when (x, y) = (1, 1), the
result is a loss, as

fA(1) + fB(1) = 0 + 0 = 0 ̸= 1 = 1 · 1 = x · y.
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However, when any other pair of questions is posed, then x · y = 0, so the strategy results in a

win.

Correlations

Instead of thinking about a game algorithmically, or from the players’ point of view, in the sense

of the players applying a strategy to turn questions into answers, we can think of a game prob-

abilistically, or from an observer’s point of view, in the sense of the players behaving according

to some discrete conditional probability density function, referred to here as a correlation. A
correlation models the likelihood of a certain pair of answers given a specific pair of questions.

These correlations are also referred to in other work as densities or behaviours.

Definition 2.5 (Correlation). A correlation p(a, b|x, y) is a function p : A×B×X×Y → [0, 1],
satisfying ∑

(a,b)∈A×B

p(a, b|x, y) = 1

for any (x, y) ∈ X × Y .

If we think of Alice and Bob as random players, p(a, b|x, y) represents the conditional prob-
ability of Alice giving answer a ∈ A and Bob giving answer b ∈ B given that Alice has received

question x ∈ X and Bob has received y ∈ Y .

To illustrate the correspondence between strategies and correlations, let us describe the

class of deterministic correlations corresponding to the deterministic strategies. We denote this

class Cdet. For a given deterministic strategy fA, fB , let

SA := {(fA(x), x)|x ∈ X} ⊆ A×X
SB := {(fB(y), y)|y ∈ Y } ⊆ B × Y

These are the sets of answer/question pairs Alice and Bob plan to use for their chosen strategy.

Let χS(·) denote the indicator function taking value 1 on the set S and 0 otherwise. That is,

χS(s) =

{
1 s ∈ S
0 otherwise

The correlation corresponding to the strategy where Alice uses fA and Bob uses fB , in the sense
of the statistical pattern observed when the players follow this strategy, is

p(a, b|x, y) = χSA
(a, x)χSB

(b, y)
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which is 1 exactly when both Alice and Bob apply their strategy functions, and 0 otherwise.

The class of deterministic correlations, Cdet, includes only correlations that can be written in

this form.

Example 2.6. The correlation corresponding to the strategy of Example 2.4 is given by p(0, 0|x, y) =
1, and for (a, b) ̸= (0, 0), p(a, b|x, y) = 0.

Notice that in the case of any deterministic correlation, the only possible values for p(a, b|x, y)
are 0 and 1, and for each pair (x, y), there is exactly one pair (a, b) that maps to the value 1.

2.2 Classes of strategies

We will now introduce several models of physical reality in which Alice and Bob may operate.

More precisely, we introduce different classes of strategies corresponding to different physical

models. Different kinds of answers may be possible in different physical realities. For example,

the reader hopefully agrees that in any reasonable model, given our non-communication clause,

Bob’s answer should not directly use knowledge of Alice’s question (this property is called non-

signalling and is defined in Section 2.2.3).

We first introduce strategies that reflect a classical model of reality, with no quantum en-

tanglement. These strategies are referred to as local strategies, and include the deterministic

strategies as a subclass. After giving a picture of the classical model, we go on to describe some

classes of nonlocal strategies. These strategies have the power to exploit entanglement.

2.2.1 Local strategies

Local strategies are a probabilistic generalization of deterministic strategies. We introduce them

for completeness, but we will eventually explain why probabilistic strategies need not be con-

sidered, as they provide no advantage in our setting over deterministic strategies. However,

there are other settings in which they could be advantageous. For example, they may be useful

in a multi-round setting, if the referee is an adversary attempting to spy on Alice and Bob and

learn their strategy.

Definition 2.7 (Local strategy). A (probabilistic or) local strategy for a game is given by a

probability space (Ω,F , P ), along with two sets of random variables {gxA : Ω → A | x ∈ X}
and {gyB : Ω→ B | y ∈ Y }.
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As in the deterministic case, these random variables are chosen before playing, with knowl-

edge of the rules of the game. When playing the game, Alice receives question x ∈ X and sam-

ples the appropriate random variable gxA to return answer a ∈ Awith probabilityP (gxA(ω) = a),
and similarly for Bob. We can imagine Alice and Bob using the price of some mutually-agreed

upon stock at a given time of day to decide how to answer. The idea is that both Alice and Bob

have shared access to a source of classical randomness.

Notice that a deterministic strategy fA, fB can be framed as a local strategy by setting

gxA(ω) := fA(x) for all x ∈ X,ω ∈ Ω and gyB(ω) := fB(y) for all y ∈ Y, ω ∈ Ω. So we

can think of the deterministic strategies as a subset of the local strategies.

If we want to think in terms of correlations, the corresponding class of local correlations,
denoted Cloc are correlations of the form

p(a, b|x, y) = P (gxA(ω) = a ∧ gyB(ω) = b).

The above form can always be rewritten as a convex combination of deterministic correla-

tions. We discuss this in Section 2.2.5.

In Section 2.2.4, wewill define the value of a game. It will follow that a deterministic strategy

can always replace a probabilistic strategy and perform at least as well. That is to say, Alice and

Bob cannot play better by (locally) randomizing their actions. Therefore, it will be enough to

think of local strategies as deterministic. Local strategies are mostly introduced here to contrast

the ineffectiveness of shared classical randomness with the perhaps surprising effectiveness of

shared entanglement.

2.2.2 Some useful language from quantum information

Before we introduce nonlocal strategies, we need to have an idea of what a quantum experiment

is. In theworldview of quantum information, we consider states (representing the physical state

of a particle or a system) and transformations of those states. Pure states are represented by

unit vectors in a Hilbert space, and the transformations applied are represented by a special

class of operators on that space.

Formally, we will letH denote a Hilbert space, and |ϕ⟩ ∈ H denote a state2, which is merely

some unit vector inH.
To model measurement of a quantum system, we use something called a measurement sys-

tem.

2
For the reader who is not familiar with bra-ket notation: If ϕ behaves as a vector it is written as a ket |ϕ⟩ and

if it behaves as a dual vector or linear functional it is written as a bra ⟨ϕ|.
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Definition 2.8 (Measurement system). Given Hilbert spacesH,K, ameasurement system with

n outcomes, denoted {Mi}ni=1, is a set of bounded linear operatorsMi ∈ B(H,K) satisfying∑
i

M∗
i Mi = I.

Measurement systemsmodel physical measurements of quantum systems in that each index

i in the above definition refers to a particular outcome of the measurement. Given that the

system starts in state |ϕ⟩, the probability of outcome i is given by ⟨ϕ|M∗
i Mi |ϕ⟩.

One can also use Mi to compute the state after measurement, given that outcome i was
observed. However, in this work, we are only interested in probabilities, and not in the state

after measurement. This is due to the fact that the games we study here are static, not con-

tinuing beyond a single round of questions and answers. Because we are only concerned with

probabilities, it is enough to work with the positive bounded linear operators on H given by

Xi :=M∗
i Mi. There is a formalization of this model of measurements, called POVM

3
measure-

ments, defined as follows.

Definition 2.9 (POVM). A POVM measurement with n outcomes, denoted {Ei}ni=1, is a set

of n positive bounded linear operators on H summing to identity. That is to say, for each i,
Ei ∈ B(H) and

Ei ≥ 0,
∑
i

Ei = I.

Because any positive operator E can be decomposed asM∗M in some way, this definition

models the same measurements as the previous definition. The main difference here is that

POVMs simplify some calculationswhile obscuring the state aftermeasurement. For a thorough

treatment of the subject, see [NC10].

Tomodel entanglement between two physical systems represented byHilbert spacesHA,HB ,

we consider states inH := HA⊗HB given by the tensor product of the two spaces. Operators

on HA (or HB) give rise to operators on all of H by tensoring on the left with the identity of

HB (respectively, on the right with the identity ofHA).

2.2.3 Nonlocal strategies

If we update our model of physical reality to reflect the phenomenon of quantum entanglement,

we can look at strategies where Alice and Bob can choose their answers after performing mea-

surements on a (possibly entangled) bipartite state. This may make it sound like the first player

3
POVM stands for positive operator-valued measure
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to act on the system can somehow communicate to the second one, but that is not the case. This

is because the operations performed by the players will always be required to commute. We

will see shortly that strategies built from commuting operations always give rise to correlations

with a non-signalling property that guarantees no useful communication happens between the

players.

In fact, this non-signalling property is common to all the classes of strategies (or cor-

relations) discussed here. The purpose of the non-signalling property is to impose a non-

communication requirement on the players while the game is in progress. It means that the

probability that Alice gives a specific answer cannot depend on Bob’s question, and vice versa.

Definition 2.10 (Non-signalling). A correlation p(a, b|x, y) is non-signalling if the following

quantities are well-defined:

pA(a|x) :=
∑
b∈B

p(a, b|x, y) for any fixed y ∈ Y

pB(b|y) :=
∑
a∈A

p(a, b|x, y) for any fixed x ∈ X

In the above definition, ‘well-defined’ means that the value of pA(a|x) is independent of the
choice of y ∈ Y , and the value of pB(b|y) is independent of the choice of x ∈ X .

Standard quantum model

The first and most widely studied class of strategies we discuss are the (standard) quantum

strategies or q-strategies.

Definition 2.11 (Quantum strategy). A quantum strategy (or q-strategy) for a game is a state

|ϕ⟩ ∈ HA ⊗ HB , where HA,HB are finite-dimensional Hilbert spaces, along with a POVM

measurement on HA given by {Ex,a}a∈A for each x ∈ X and a POVM measurement on HB

given by {Fy,b}b∈B for each y ∈ Y .

Note that HA and HB represent Alice and Bob’s respective physical systems or labs. In

order to play the game, upon receiving a question x ∈ X , Alice hunts down the corresponding

measurement {Ex,a}a∈A and measures her part of |ϕ⟩, that is, she performs the measurement

locally, in her own lab. The outcome of the measurement is some a ∈ A. She gets answer a
with probability ⟨ϕ|Ex,a ⊗ I |ϕ⟩. She sends her answer to the referee. Bob follows the same

procedure, receiving question y, and giving answer bwith probability ⟨ϕ| I⊗Fy,b |ϕ⟩. However,
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since Alice’s and Bob’s answers are not independently generated (both depend on the state |ϕ⟩),
we cannot multiply these two probabilities to find p(a, b|x, y) as we could in the local case.

Rather, in the case of a quantum correlation,

p(a, b|x, y) = ⟨ϕ|Ex,a ⊗ Fy,b |ϕ⟩ .

Alice and Bob’s joint measurement of the system, given question pair (x, y), is

Ex,y := {Ex,a ⊗ Fy,b}(a,b)∈A×B,

which is built from local operations. The class of quantum correlations is denoted Cq. Note that

in general,

⟨ϕ|Ex,a ⊗ Fy,b |ϕ⟩ ≠ ⟨ϕ|Ex,a ⊗ I |ϕ⟩ ⟨ϕ| I ⊗ Fy,b |ϕ⟩ ,

but when the above holds with equality for all a, b, x, y, the strategy in question is actually a

local strategy dressed up as a quantum strategy.

Remark 2.12. Note that if quantum strategies are defined to use PVMs instead of POVMs, i.e.,

if the operators are required to be projections, the resulting class of correlations is still the same.

See [Jun+11; Fri12].

Infinite dimensional models

Definition 2.13 (Quantum spatial strategy). A quantum spatial strategy (or qs-strategy) is a

generalization of a quantum strategy (see Definition 2.11) in that the Hilbert spaces HA,HB

are allowed to be infinite-dimensional.

The class of associated quantum spatial correlations is denoted Cqs.

Allowing the Hilbert spaces to be infinite dimensional is only one way of removing the

finiteness constraint that is present for quantum strategies. Another way of generalizing q-

strategies is to take the closure of Cq. The topological notion of closure here is unambiguous,

as the correlations live in a finite dimensional space. Specifically, they can be viewed as a subset

of [0, 1]n ⊆ Rn
where n = |X| · |Y | · |A| · |B|. This gives us a class of correlations called the

quantum approximate (qa) correlations, denotedCqa. Because of the nature of this construction,

we cannot describe the corresponding strategies directly, but rather must think of them as limits

of q-strategies.

The final class of strategies we introduce involves removing the tensor product structure re-

quirement on Alice and Bob’s physical systems. Instead, wemodel their joint physical system as
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one large (possibly infinite dimensional) Hilbert space. Alice and Bob still choose their answers

via POVMmeasurements on this space. However, in order to ensure that Alice and Bob cannot

communicate during the game, we require that Alice’s measurement operators commute with

Bob’s measurement operators. This works by preventing Alice from being able to perform her

measurement and thereby communicate to Bob by modifying the state of the system before he

chooses his answer. To see formally why the commutation condition prevents communication,

see Section 2.2.5, where we discuss why these strategies are indeed non-signalling. We call

these the quantum commuting strategies, and the associated class of correlations is denoted

Cqc. Formally:

Definition 2.14 (Quantum commuting strategy). A quantum commuting strategy (or qc-strategy)
consists of a state |ϕ⟩ in a Hilbert space H along with POVM measurements on H given by

{Ex,a}a∈A for each x ∈ X and {Fy,b}b∈B for each y ∈ Y , subject to the requirement that for all

x, y, a, b, Ex,aFy,b = Fy,bEx,a.

Note that the correlation corresponding to the above qc-strategy is given by

p(a, b|x, y) = ⟨ϕ|Ex,aFy,b |ϕ⟩
and the class of quantum commuting correlations is denoted Cqc.

Similarly to Remark 2.12, if qc-strategies are defined to use PVMs instead of POVMs, the

resulting class of correlations is unchanged, as shown in [Jun+11; Fri12].

2.2.4 The many values of a game

Now that we have defined games and the strategy classes, we will define the value of a game

corresponding to a given class. This value measures how likely it is that the players can win,

given they are using an optimal strategy from that class.

We first define the value of a specific correlation for a game G, and then define the value of

a game by taking the supremum over all correlations from that class.

The value of a correlation is contingent not only on G and p, but depends also on the prob-

ability of receiving each pair of questions. Recall that a (usual, not conditional) discrete proba-

bility density function on a finite set S is a function Π : S → [0, 1] such that

∑
s∈S Π(s) = 1.

Π can also be thought of as a probability measure.

Definition 2.15 (Value of a correlation). Given a game G, a correlation p(a, b|x, y) and a prob-
ability density function Π : X × Y → [0, 1], the value of the correlation is

ω(G,Π, p) :=
∑
x∈X
y∈Y

Π(x, y)
∑
a∈A
b∈B

p(a, b|x, y)λ(a, b|x, y)
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Class t Strategy p(a,b|x,y) = . . .

Deterministic det fA, fB χSA
(a, x)χSB

(b, y)

Local loc (Ω,F , P ), {gxA}x∈X , {g
y
B}y∈Y P (gxA(ω) = a ∧ gyB(ω) = b)

Quantum q |ϕ⟩ ∈ HA ⊗ HB finite dimensional

shared state, POVM measurements

{Ex,a}a, {Fy,b}b for all x, y

⟨ϕ|Ex,a ⊗ Fy,b |ϕ⟩

Quantum spatial qs |ϕ⟩ ∈ HA ⊗ HB shared state, POVM

measurements {Ex,a}a, {Fy,b}b for all
x, y

⟨ϕ|Ex,a ⊗ Fy,b |ϕ⟩

Quantum

approximate

qa - Closure of Cq

Quantum

commuting

qc |ϕ⟩ ∈ H shared state, pairwise

commuting POVM measurements

{Ex,a}a, {Fy,b}b for all x, y

⟨ϕ|Ex,aFy,b |ϕ⟩

Non-signalling ns - Has non-sig. property

Table 2.1: Classes of strategies/correlations for nonlocal games

For the probabilists out there, note that the above is just the expected value of λ if we recall

that the probability of the tuple (x, y, a, b) is given byΠ(x, y)p(a, b|x, y). For computation pur-

poses, note that if p corresponds to a deterministic strategy given by fA, fB , and Π is uniform,

then the value of the correlation is given by

ω(G,Π, p) := 1

|X||Y |
∑
(x,y)

λ(fA(x), fB(y)|x, y). (2.1)

Definition 2.16 (t-Value of a game). Given t ∈ {loc, q, qs, qa, qc, ns}, a game G and a proba-

bility density function Π : X × Y → [0, 1], the t-value of the game is

ωt(G,Π) := sup
p∈Ct

ω(G,Π, p).

If Π is uniform, we may omit any mention of Π and just write ωt(G). In fact, if it is clear

which game is under consideration, we will simply write ωt to refer to the t-value of the game.
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Example 2.17. If we consider CHSH with a uniform distribution on the questions, and the

deterministic strategy of Example 2.4 we get a value of

1

4
(1 + 1 + 1 + 0) =

3

4
.

This is calculated using (2.1). A short argument, given in [Cle19], demonstrates that in fact this

is an optimal deterministic strategy. That is to say, ωdet(CHSH) =
3
4
.

We are especially concerned with the question of which games can be won with certainty.

In light of that, we define perfect strategies.

Definition 2.18 (Perfect strategy). We say that a correlation p corresponds to a perfect strategy
for G if λ(a, b|x, y) = 0 implies p(a, b|x, y) = 0.

Wemay also just say p is a perfect correlation. If p ∈ Ct is perfect, we call the corresponding

strategy a perfect t-strategy for G. People are often interested in the question: Does G have a

perfect strategy within a given class of strategies? This can correspond to the existence of a

certain type of morphism between mathematical objects encoded by the game.

Remark 2.19. If p is a perfect correlation for G then for all probability density functions Π,
ω(G,Π, p) = 1.

Thus, whether or not a game can be won with certainty is independent of the particular

values of Π.

2.2.5 Hierarchy of strategies

We saw in Section 2.2.1 that the deterministic strategies are a subclass of local strategies. It is

easy to come up with an example of a non-deterministic local strategy, for instance, take two

different deterministic strategies and have each player randomly decide to use one or the other

when preparing their answer. This is non-deterministic, so we are dealing with a strict subclass.

In terms of correlations, we see that Cdet ⊊ Cloc.

In this section, we will explain the following chain of containment between the classes of

correlations. We sketch some proofs and give examples to demonstrate each strict containment,

when these are simple to write down. When the proofs are more involved, we give references.

Cdet ⊊ Cloc ⊊ Cq ⊊ Cqs ⊊ Cqa ⊊ Cqc ⊊ Cns
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Note that when we write each Ct, we mean with respect to fixed cardinalities ofX, Y,A,B.

Therefore, it makes sense to talk about the chain of strategy classes for any fixed game, but it

does not make sense to compare strategies for games with different sized question/answer sets.

All of the above containments are known to be strict, as we will see shortly. We now discuss

the containments one by one.

Local strategies are quantum strategies

We will now explain why Cloc ⊆ Cq. See [Gol19, Section 4.1] for a detailed proof.

Sketch of proof. One way to see this is that Cdet ⊆ Cq , that Cq is convex, and that Cloc is the

convex hull of Cdet.

To see thatCdet ⊆ Cq, we need to disguise any deterministic strategy as a quantum strategy,

resulting in the same correlation. This can be done by picking Hilbert spaces and state on their

tensor product, and then letting Alice use the following family of POVMs. For each question x,
the associated POVM is the identity on answer a = fA(x) and zero on all other answers, and

similarly for Bob. One can then check that the resulting correlation is unchanged.

Next, Cq can be shown to be convex by building convex combinations of resident correla-

tions from direct sums of the POVMs that realize these correlations.

Finally, let’s discuss why Cloc is the convex hull of Cdet. Combining deterministic strate-

gies by weighting them according to a given convex combination produces a local strategy.

Conversely, given a local strategy, one can partition the associated probability space, Ω, into
finitely many sets on which the random variables defining the strategy are constant. One can

then define a mixture of deterministic strategies, where the weights come from the probabilities

of each set in the partition. This reproduces the original local strategy.

We now conclude that Cloc ⊆ Cq. To see that the containment is strict, it is enough to ob-

serve that there are games for which the quantum value is strictly greater than the deterministic

value (as deterministic correlations are the extreme points of the local correlations). Example

2.20 demonstrates this.

Example 2.20. The CHSH game introduced in Example 2.2, along with the uniform question

distribution, has deterministic value ωdet = 3
4
, as mentioned in Example 2.17. However, it is

known that the quantum value is strictly greater: ωq = 2+
√
2

4
. For an analysis of the CHSH

game, see [Cle19].
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Relationship between the quantum strategy classes

We will now explore the relationship between all of the quantum strategy classes. It is fairly

clear that Cq ⊆ Cqs, because the models are identical except that in the quantum spatial model,

any Hilbert spaceH can be chosen, whereas in the quantum model,H is required to be a finite

dimensional space.

From the definition of the quantum approximate strategies as the closure of Cq, it is clear

that Cq ⊆ Cqa, but then we must ask where do the quantum spatial strategies live? It is shown

in [SW08] that Cqs ⊆ Cqa, and hence Cqa is also the closure of Cqs. So we have that

Cq ⊆ Cqs ⊆ Cqa.

There is an example constructed in [CS18] demonstrating that Cq ̸= Cqs. It is demonstrated

in [Slo19] thatCq andCqs are both not closed, so thatCqs ̸= Cqa. This proof implicitly defines a

game that has no perfect quantum spatial strategy but does have a perfect quantum approximate

strategy.

To see thatCqa ⊆ Cqc, we first claim thatCq ⊆ Cqc. This is achieved by disguising quantum

strategies as quantum commuting strategies, using the fact that operators of the form E ⊗ I
commute with operators that look like I⊗F . Then noting thatCqc is closed, we get the desired

containment. The proof that Cqc is closed is somewhat technical, and follows from the fact that

Cqc is the image of the weak-∗ closed set of states on a given C
∗
algebra under a continuous

mapping.

With much labour, it was shown thatCqa andCqc are not equal. Their possible equality was

known until recently as the Weak Tsirelson Conjecture, which was shown to have a negative

answer in [Ji+21]. It is shown in [Jun+11; Oza12; Fri12] that the two sets are equal if and only if

Connes’ embedding problem has a positive solution, so [Ji+21] also provides a negative answer

to this longstanding problem in operator algebras.

Finally, let us see that all of the strategies we have discussed so far are non-signalling. We

need only observe that qc-strategies are non-signalling, as qc is the largest class discussed so

far. To see this, note that the expecations of each player’s POVM operators with respect to

the shared state gives us their marginal distribution. See [Gol19, Section 4.2] for details. The

containment is strict, i.e. Cqc ̸= Cns. For one example, see [Pau16].

Ordering of values

From the chain of containment of correlation classes, we get a similar chain of values. That is,

for a fixed game and question distribution,
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ωdet = ωloc ≤ ωq ≤ ωqs ≤ ωqa ≤ ωqc ≤ ωns (2.2)

Note that a strict containment of correlation classes does not imply a strict inequality here.

Indeed, the first containment of classes does not allow for greater values, that is, the best local

strategies can be taken to be deterministic. The local correlations are the convex hull of the

deterministic correlations and thus, by linearity of the value function, the maximum value is

achieved at an extreme point, i.e. at a deterministic correlation. This means that a local strategy

can always be replaced with a deterministic strategy with no decrease in value.

2.3 Synchronous games and *-algebras

Definition 2.21 (Synchronous game). A synchronous game is a game where X = Y =: I ,
A = B =: O, and for x ∈ I, a, b ∈ O, if a ̸= b then λ(a, b|x, x) = 0. We denote the game by

the triple (I,O, λ).

From the definition we can see that in a synchronous game, if Alice and Bob receive the

same question, they lose unless they give the same answer. This means that there is some

degree of symmetry between the players. However, for x ̸= y, there is no guarantee that

λ(a, b|x, y) = λ(b, a|y, x), i.e. if Alice and Bob trade roles, the outcome of the game may

change. However, even if the rule function is not symmetric, it turns out that perfect strategies

are symmetric in the following sense.

In [Hel+19], it is shown that every synchronous game can be symmetrized, in the sense

that perfect strategies for the symmetric version and the original version coincide. This means

a perfect strategy for a synchronous game is always a symmetric strategy, in the sense that

p(a, b|x, y) = p(b, a|y, x). Therefore, there is no loss in assuming a synchronous game has a

symmetric rule function.

We will see that synchronous games can be modelled well by *-algebras. In particular, each

synchronous game can be assigned a *-algebra that encodes the existence of perfect strategies

in various classes.

2.3.1 Synchronous correlations

When working with a synchronous game, we consider a subclass of strategies or correlations

that are called synchronous. In this section we will see why we can abandon non-synchronous

strategies.
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Definition 2.22 (Synchronous correlation). A correlation p(a, b|x, y) is called a synchronous
correlation when p(a, b|x, x) = 0 for a ̸= b ∈ O, x ∈ I .

We call the corresponding strategy a synchronous strategy. Themotivation behind the above

definition comes from the definition of a perfect strategy. By combining the definitions of per-

fect strategies, synchronous games, and synchronous correlations, we get the following remark.

Remark 2.23. A perfect strategy for a synchronous game must be synchronous.

Thismotivates a refinement of the classes of correlationswhen studying synchronous games.

We denote the synchronous subset of any class of correlations Ct by C
s
t .

2.3.2 The *-algebra of a synchronous game

To a synchronous game we can associate an algebra with an involution, ∗. We call this associ-

ated algebra the game algebra. It captures the structure of the game. This definition is adapted

from the original definition of [Hel+19].

Definition 2.24 (Game algebra). Given a synchronous game G = (I,O, λ), the game algebra
A(G) is the unital ∗-algebra over the complex numbers, generated by ei,x for i ∈ I, x ∈ O,
with the following relations:

1. e2i,x = ei,x = e∗i,x for all i ∈ I, x ∈ O,

2.

∑
x∈O ei,x = 1 for all i ∈ I ,

3. λ(x, y|i, j) = 0 =⇒ ei,xej,y = 0 for all i, j ∈ I, x, y ∈ O.

Each projection ei,x corresponds to one of the players receiving the input i and responding
with output x. Relation 2 captures the fact that a player must always respond with some out-
put. Relation 3 captures the rules of the game, imposing orthogonality on input-output pairs

that lose the game. In other words, the relations say that the generators should be families of

projections that send losing pairs of answers to zero under multiplication.

The reader may be familiar with the related idea of theC∗
-algebra of a game as in [Lup+20].

The C∗
-algebra of a game can be realized as a completion of the game algebra.

The game algebra captures a number of interesting properties about the existence of perfect

strategies in various physical classes (corresponding to various quantummodels). We now state

a result from [Hel+19] that demonstrates the utility of the game algebra. This result will be

applied in Section 2.3.4.
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Theorem 2.25 (Helton, Mayer, Paulsen, Satriano). Let G = (I,O, λ) be a synchronous game,
with game algebra A(G).

1. G has a perfect deterministic strategy if and only if there exists a unital ∗-homomorphism
from A(G) to C.

2. G has a perfect q-strategy if and only if there exists a unital ∗-homomorphism from A(G)
to B(H) for some non-zero finite dimensional Hilbert spaceH.

3. G has a perfect qc-strategy if and only if there exists a unital C∗-algebra C with a faithful
trace and a unital ∗-homomorphism π : A(G)→ C.

The proof is quite short, but it rests heavily on a more involved result from [Pau+16] regard-

ing synchronous correlations. The result tells us that for a synchronous qc-correlation, there is

a C∗
-algebra C with a tracial state τ : C → C and families of projections {Ex,a} ⊆ C satisfying∑

aEx,a = I for all x such that p(a, b|x, y) = τ(Ex,aEy,b). This leads to a proof of statement 3.

The proof then works backwards through the statements of the theorem, adding stricter con-

ditions on the correlation p(a, b|x, y) to specialize the guaranteed homomorphism to satisfy

statements 2 and 1. The specialization uses the fact that perfect strategies in the smaller classes

are also perfect strategies in the larger classes.

There are also conditions onA(G) for which G has a perfect qa-strategy but the mathemat-

ical objects involved are beyond the scope of this thesis. Here are the conditions as stated in

[Hel+19].

Theorem 2.26 (Helton, Mayer, Paulsen, Satriano). G has a perfect qa-strategy if and only if
there exists a unital ∗-homomorphism of A(G) into the von Neumann algebraRω.

2.3.3 Notable synchronous nonlocal games

In this section, we will introduce three fairly general-purpose paramaterized families of syn-

chronous nonlocal games. These games will be used and extended in Chapters 3 and 6.

Linear constraint system games

Let A = [ai,j] be anm× n matrix with entries in Z2. Let b ∈ Zm
2 . Let

Vi := {j ∈ {1, . . . , n} : ai,j ̸= 0}
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denote the support of the ith row of A. Let

Si := {x ∈ Zn
2 :

n∑
j=1

ai,jxj = bi, xj = 0 ∀j ̸∈ Vi}

denote the set of solutions to the ith equation that are 0 off the support of that row. A syn-

chronous binary constraint system (BCS) game is a game where the players demonstrate partial

solutions to the linear system Ax = b as follows. A non-synchronous variant was first intro-

duced in [CM14]. It can be shown that they are equivalent to these games in terms of existence

of perfect strategies.

Definition 2.27 (SyncBCS game). The synchronous BCS game associated with the systemAx =
b is given by syncBCS(A, b) := (I,O, λ) where I := {1, . . . ,m}, O := Zn

2 , and for i, k ∈ I ,
x, y ∈ O, λ(x, y|i, k) = 1 iff

1. x ∈ Si,

2. y ∈ Sk, and

3. xj = yj for all j ∈ Vi ∩ Vk.

Less formally, Alice and Bob are each required to solve a linear equation corresponding to a

specific row of the system, so that their solutions are compatible. Here, compatible means that

when both equations feature the same variable (the corresponding matrix entry is nonzero),

Alice and Bob must both assign it the same value. Another way to say this is that Alice and

Bob’s solutions must agree on the common support of their question rows.

We will generalize the above definition by allowing the entries of A, b to range over Zp for

some p ∈ N prime. See Definition 3.1. We call this more general class of games synchronous

linear constraint system (LCS) games. Note that there are non-synchronous LCS games as well.

For example, the BCS games introduced in [CM14] have different input and output sets for Alice

and Bob, and are therefore not synchronous.

Linear constraint system games let us weaken the notion of solving a linear system of equa-

tions, giving rise to the idea of a quantum solution to a linear system. More precisely:

Proposition 2.28. Perfect deterministic strategies for syncBCS(A, b) are in one-to-one correspon-
dence with solutions to the linear system Ax = b.
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Proof. One direction of this correspondence is immediate – a shared solution x to the linear

system allows Alice and Bob to play the game perfectly, by each answering with the entries

of x. That is, f(i) = g(k) = x. Their answers will solve any row of the system and will be

mutually consistent. The other direction of this correspondence can be seen as follows. Say

Alice and Bob have a perfect deterministic strategy. First off, their answer functions f and g
must be equal on Vi for each row i – if they receive the same row, they must always give the

same answer, otherwise their strategy would not win in every scenario. The values of g(i)j
for j ̸∈ Vi are irrelevant to the strategy so can be assumed equal to f(i)j . So we can assume

g = f . Now given two rows i, k with j ∈ Vi ∩ Vk, if the answer function assigns a different

value to the jth variable, i.e. f(i)j ̸= f(k)j , this means f(i)j ̸= g(k)j , which says that Alice and
Bob give inconsistent answers when presented with the pair of rows (i, k), resulting in a losing

scenario. This is not possible given that their strategy is perfect, so the answer function must

have f(i)j = f(k)j for all rows i, k and all indices j. This means that fj := f(i)j is well-defined
and it is easy to see that the vector fj solves the linear system.

The above correspondencemotivates the definition of a t-solution to the linear systemAx =
b, for t ∈ {loc, q, qs, qa, qc, ns}, as a perfect t-strategy for syncBCS(A, b).

Graph homomorphism games

The graph homomorphism game was introduced in [MR16], extending the much earlier graph

coloring game [GW02; Cle+04]. Before describing the graph homomorphism game here, we

quickly introduce some notation about graphs. If G is a graph, then V (G) denotes the vertex
set of G, and for v, w ∈ V (G), we write v ∼ w if (v, w) is an edge, and v ̸∼ w otherwise. In

this work, all graphs are undirected, and are assumed to have no loops.

Definition 2.29 (Graph homomorphism game, [MR16]). Let G,H be two graphs. The graph
homomorphism game associated with the pair (G,H) is given by Hom(G,H) := (I,O, λ)
where I := V (G), O := V (H), and for v, w ∈ V (G), a, b ∈ V (H), λ(a, b|v, w) = 1 if

1. v = w and a = b, or

2. v ∼ w and a ∼ b, or

3. v ̸∼ w

Similarly to Proposition 2.28, it is not difficult to verify that perfect deterministic strategies

forHom(G,H) are in correspondence with graph homomorphismsG→ H . In fact, this corre-

spondence is whatmotivated the definition of this game. We can thus define a t-homomorphism

from G to H as a perfect t-strategy for Hom(G,H), for t ∈ {loc, q, qs, qa, qc, ns}.
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Graph isomorphism games

In order to simply present the rules of the graph isomorphism game, as introduced in [Ats+16]

and studied further in [Bra+19], we first define an auxiliary ‘relation’ function on the vertices

of a graph. For a graph G, let rel : V (G)× V (G)→ {−1, 0, 1} be given by

rel(v, w) :=


0, v = w,

−1, v ∼ w,

1, otherwise.

(2.3)

Note that for rel to be well-defined, there must be no loops in the graph.

Definition 2.30 (Graph isomorphism game, [Ats+16]). Let G,H be two graphs. The graph
isomorphism game associated with the pair (G,H) is given by Iso(G,H) := (I,O, λ) where
I,O := V (G)⊔V (H), and for v, w, a, b ∈ V (G)⊔V (H), λ(a, b|v, w) = 1 if all of the following
conditions are met

1. v and a belong to different graphs and w and b belong to different graphs

2. If v, w are from the same graph, rel(v, w) = rel(a, b)

3. If v, w are from different graphs, x = w iff y = v

Aswas the case withHom(G,H), it is not difficult to verify that perfect deterministic strate-

gies for Iso(G,H) are in correspondence with graph isomorphismsG→ H . We can thus define

a t-isomorphism fromG toH as a perfect t-strategy for Iso(G,H), for t ∈ {loc, q, qs, qa, qc, ns}.
We write G ∼=t H to mean G and H are t-isomorphic.

2.3.4 Algebraic equivalence of games

In this section we introduce algebraic equivalence of games.

There are several notions of equivalence for games. Here we are interested in studying

the existence of perfect strategies. We want a notion of equivalence that guarantees a perfect

t-strategy in one game if and only if we have a perfect t-strategy in the other. One way to

guarantee this is with algebraic equivalence (also referred to as ∗-equivalence).

Definition 2.31 (Algebraic equivalence). Let G1,G2 be synchronous games. We say these

games are algebraically equivalent or ∗-equivalent if there are unital ∗-homomorphismsA(G1)→
A(G2) and A(G2)→ A(G1).
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Note that the homomorphisms are not required to be mutual inverses, i.e. the algebras are

not necessarily isomorphic.

This notion of equivalence is notably quite a bit weaker than isomorphism of the game

algebras. It is motivated by its preservation of perfect strategies in all of the relevant strategy

classes, as follows.

Perfect strategies in equivalent games

Due to Theorem 2.25 (and other omitted results regarding perfect strategies in other classes),

if two games are algebraically equivalent, then mutual existence or non-existence of perfect

strategies is immediate, by the composition of ∗-homomorphisms. The following proposition
4

summarizes the above remark:

Proposition 2.32 ([Bra+19]). Let t ∈ {loc, q, qa, qc}. If G1,G2 are synchronous games that are
algebraically equivalent, then G1 has a perfect t-strategy if and only if G2 has a perfect t-strategy.

The proof of this result makes use of Theorem 2.25. This proposition is practically appli-

cable. Let’s say perfect strategies are known to exist in various classes but not exist in other

classes for some fixed game G. If any other game can be shown to be algebraically equiva-

lent to G, then there is no further proof required in characterizing its perfect strategies. This

simplification makes the game algebra an attractive tool.

4
The original result is stated for two more classes of strategies, as well as for hereditary equivalence, but they

are not defined in this work so we omit them here.
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3 Synchronous linear constraint
system games: Algebraic methods

Mathematics compares themost diverse phenomena and discovers the secret analo-

gies that unite them. - Joseph Fourier

Herewe unify and expand upon results about a class of nonlocal games called syncLCS(A, b),
parameterized by a system of equationsAx = b over the finite field of prime order p. The game

is meant to verify whether two players share a solution to the system of equations. Many tasks

can be formulated in terms of solving a linear system of equations, so in a sense this is a general-

purpose game. The game was introduced in [KPS18] as a synchronous version of the binary

constraint system game from [CM14]. We define this game in Section 3.1.

Two distinct algebraic objects have been associated to this game, both encoding information

about the existence of perfect strategies. One such object is a group called the solution group,

due to [CLS17], and the other is a *-algebra called the game algebra (see Section 2.3.2), due

to [OP16] and described in more detail in [Hel+19]. We demonstrate an equivalence of these

objects in Section 3.2. In more detail, our first result of this chapter, Theorem 3.4, states that

the game algebra is *-isomorphic to a suitable quotient of the group algebra of the solution

group. In other words, both algebraic objects encode the same information about the existence

of perfect strategies.

Then, in Section 3.3, we prove the secondmain result of this chapter. Theorem 3.6, improves

upon [Bra+19, Theorem 5.6]. We show that the game syncLCS(A, b) is *-equivalent to the

graph isomorphism game, introduced in [Ats+16], for a suitable pair of graphs. The notion

of *-equivalence, introduced in [Hel+19], is useful for the following reason. When two games

are *-equivalent, if there is a perfect strategy for one game in any of the standard correlation

sets (local, quantum tensor, quantum approximate, quantum commuting, etc.) then there is a

perfect strategy for the other game in the same set.
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This chapter is published in the paper [Gol21].

3.1 The syncLCS(A, b) games

Let p be a prime number. Given anm×nmatrix A = (Ai,j) and a vector b = (bi) over the field
Zp := Z/pZ, the game syncLCS(A, b) has Alice and Bob convincing a referee that they share

a solution x to the equation Ax = b. This game generalizes the syncBCS game introduced in

[KPS18], allowing more than just binary coefficients. LCS stands for ‘linear constraint system’

whereas BCS stands for ‘binary constraint system’, because in syncBCS, p = 2. There are also
nonlinear BCS games – syncLCS generalizes linear BCS games.

For a vector x ∈ Zn
p , let supp(x) := {j ∈ {1, . . . , n} : xj ̸= 0} be the support of x, and let

fi = [0 . . . 0 1 0 . . . 0]T be the ith standard basis vector in Zm
p . Notice that the i

th
row of A is

given by fT
i A. For rows i = 1, . . . ,m, we let

Vi := supp(fT
i A).

So Vi is the support of the i
th

row of A. In other words, Vi is the set of indices where the i
th

row of A has a nonzero coefficient. We then define

Si := {x ∈ Zn
p : fT

i Ax = bi and supp(x) ⊆ Vi}.

Thus, Si is the set of solutions to the ith equation, modulo discrepancies where coefficients of

A are 0. When we are working with multiple games, there may be confusion over which linear

system Si refers to. In that case, we will write Si(A, b) instead.

We now define the synchronous game associated to the system Ax = b.

Definition 3.1 (SyncLCS game). Let A be an m× n matrix over Zp and let b ∈ Zm
p . Then the

synchronous LCS game associated to the linear system Ax = b and denoted syncLCS(A, b) is
the tuple (I,O, λ), where

1. the input set I = {1, . . . ,m}, corresponding to rows of A,

2. the output set O = Zn
p , corresponding to potential solutions to the system, and

3. given inputs (i, j) and outputs (x, y), λ(x, y|i, j) = 1 iff (x, y) ∈ Si× Sj and xk = yk for
all k ∈ Vi ∩ Vj .
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We can think of Alice and Bob winning the game if they provide compatible solutions to

their respective equations. In fact, the notion of compatibility is quite useful in the remainder

of this work, so we formalize it as follows.

Definition 3.2 (Compatible solutions). Let i, j ∈ {1, . . . ,m}, and x ∈ Si(A, b), y ∈ Sj(A, b).
We say (x, y) are compatible solutions for rows (i, j) if for all k ∈ Vi ∩ Vj , xk = yk. Otherwise,
we call the pair (x, y) incompatible for rows (i, j).

Note that when i = j, (x, y) being compatible solutions to row i is simply equivalent to

x = y. Therefore, syncLCS(A, b) is a synchronous game.

3.2 The solution group of syncLCS(A, b)

When p = 2 in the syncLCS game, the game is referred to as syncBCS(A, b), as introduced
in [KPS18]. A nonsynchronous version of this game was introduced earlier in [CLS17], where

properties of the game were shown to be captured by a group the authors called the solution

group, denoted Γ(A, b). The solution group was defined there for p = 2. It was noted in that

paper that the solution group could be defined for any prime p. Following that note, we set

down a fairly direct generalization to the case when p > 2, allowing us to associate a group to

the syncLCS game. There is a similar definition in [CS19], where the authors study LCS games

over the ring Zd for positive integers d.

Definition 3.3 (Solution group). The solution group Γ(A, b) is the group generated by symbols

g1, . . . , gn and J satisfying the following relations.

1. gpj = 1 for j = 1, . . . , n.

2. Jp = 1.

3. [gj, J ] = 1 for j = 1, . . . , n.

4. [gj, gℓ] = 1 if j, ℓ ∈ Vi for some i ∈ {1, . . . ,m}.

5.
n∏

j=1

g
Ai,j

j = J bi
for i = 1, . . . ,m.
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Each gj represents a variable xj in the system of equations Ax = b. The element J is

meant to represent a primitive pth root of unity. (In the case that p = 2, the solution group can

be thought of as a multiplicative representation of the system of equations, where 0s become

1s, and 1s become Js, which should be thought of as −1s.) Any two variables that appear in

the same equation in the system Ax = b are required to have corresponding group elements

commute. Finally, the variables in a given equation should have their corresponding group

elements multiply to an appropriate power of J depending on the value of bi. Note that there
is a one-to-one correspondence between powers of J and possible values for bi.

3.2.1 Connection to the game algebra

Let CΓ(A, b) denote the group ∗-algebra of the group Γ(A, b). Its elements can be thought of

as C-linear combinations of group elements. Multiplication extends bilinearly from the group

multiplication. The ∗-operation is defined on group elements to be the group’s inverse operation

and then extended conjugate-linearly. This algebra is unital, with the unit given by the identity

element of the group.

Letω ∈ C be a primitive pth root of unity. InCΓ(A, b), there is an elementω1 and an element

J . In keeping with the motivation for constructing the solution group, we identify J with ω1
through a quotient. (In the p = 2 case, this is the identification that ensures J really does

represent −1.) Similarly to A(syncLCS(A, b)), the resulting ∗-algebra encodes information

about perfect strategies in the syncLCS game. In fact, the two algebras are isomorphic – the

first of the main results of this chapter.

Theorem 3.4. The following algebras are isomorphic as unital ∗-algebras.

A(syncLCS(A, b)) ∼=
CΓ(A, b)
⟨J − ω1⟩

There is a related notion to the game algebra, called the C∗
-algebra of a game, denoted

C∗(G), that also encodes information about perfect strategies. The C∗
-algebra C∗(G) is a quo-

tient of the game algebra. Theorem 3.4 resembles [Lup+20, Corollary 4.10] but is more general

in that it is a result at the level of *-algebras as opposed to difficult-to-construct quotients. This

result is also more general in that we do not restrict p = 2.

Proof. To begin, let us briefly examine the algebra A(syncLCS(A, b)). Following the game-

algebra construction, we get a ∗-algebra over C generated by self-adjoint idempotents ai,x
where i ∈ {1, . . . ,m} and x ∈ Si(A, b), satisfying the following relations:
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1.

∑
x∈Si

ai,x = 1.

2. When (x, y) are incompatible solutions to rows (i, k) then ai,xak,y = 0.

We will define two ∗-algebra homomorphisms ϕ̃ and ψ and then show that they are mutual

inverses.

Define ϕ : CΓ(A, b)→ A(syncLCS(A, b)) on the generators by:

ϕ(gj) =
∑
x∈Si

ωxjai,x,

ϕ(J) = ω1,

where i is chosen so that j ∈ Vi.
We must check that ϕ is well-defined, i.e. that

∑
x∈Si

ωxjai,x doesn’t depend on the choice

of i.

For each 1 ≤ i ≤ m, 1 ≤ j ≤ n, and t ∈ Zp, define

Pi,j(t) :=
∑
x∈Si
xj=t

ai,x,

with Pi,j(t) = 0 if the above sum is empty. By the relations that the generators ai,x satisfy, it

follows that:

1. Pi,j(t)
2 = Pi,j(t) for all i, j and t,

2. Pi,j(t)Pk,j(s) = 0 if j ∈ Vi ∩ Vk and s ̸= t,

3.

∑
t∈Zp

Pi,j(t) = 1 for all i, j.

Therefore, if j ∈ Vi ∩ Vk, then using Properties 2 and 3, we get

Pi,j(t) = Pi,j(t)

∑
s∈Zp

Pk,j(s)

 = Pi,j(t)Pk,j(t)

=

∑
t∈Zp

Pi,j(s)

Pk,j(t) = Pk,j(t).
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Thus ϕ(gj) =
∑

t∈Zp
ωtPi,j(t) =

∑
t∈Zp

ωtPk,j(t). That is, ϕ(gj) does not depend on the choice

of i.

To see that ϕ is a ∗-algebra homomorphism, one must check that the relations of Γ(A, b)
given in Definition 3.3 are satisfied in the image. These relations are easily verified, except

perhaps for relation 5, so we verify it here.

Let i ∈ {1, . . . ,m}. We must check that

∏
j∈Vi

ϕ(gj)
Ai,j = ϕ(J)bi .

∏
j∈Vi

ϕ(gj)
Ai,j =

∏
j∈Vi

(∑
x∈Si

ωAi,jxjai,x

)
=
∑
x∈Si

(∏
j∈Vi

ωAi,jxj

)
ai,x

=
∑
x∈Si

ωbiai,x = ωbi1 = ϕ(J)bi .

So ϕ : CΓ(A, b) → A(syncLCS(A, b)) is a homomorphism of ∗-algebras. Because J − ω1 ∈
ker(ϕ), there is an induced ∗-homomorphism ϕ̃ : CΓ(A,b)

⟨J−ω1⟩ → A(syncLCS(A, b))where ⟨J−ω1⟩
is the ideal generated by J − ω1.

Now for the reverse direction we define

ψ : A(syncLCS(A, b))→ CΓ(A, b)

ai,x 7→
∏
j∈Vi

fj(xj),

where for j ∈ {1, . . . ,m}, we have

fj : Zp → CΓ(A, b)

s 7→ 1

p

p−1∑
t=0

(ω−sgj)
t.

After checkingψ is a ∗-homomorphism, we can compose it with the quotientmapCΓ(A, b)→
CΓ(A,b)
⟨J−ω1⟩ to get the ∗-homomorphism we are looking for:

ψ : A(syncLCS(A, b))→ CΓ(A, b)
⟨J − ω1⟩

.

In order to see that ψ is a ∗-homomorphism, we will use some facts about the family fj .
First and foremost, each fj(s) is a self-adjoint projection. Furthermore, each gj decomposes as
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a linear combination of the fj(s) as follows:

gj =

p−1∑
s=0

ωsfj(s).

Note also that if there is some i ∈ {1, . . . ,m}with j, ℓ ∈ Vi then fj(s) commutes with fℓ(r) for
all r, s, precisely because gj commuteswith gℓ. Finally, for each fixed j, {fj(s) : s ∈ Zp} form an

orthogonal family summing to 1, where by orthogonal we mean that for s ̸= r, fj(s)fj(r) = 0.

With these properties of fj(s), it is fairly easy to extend them and prove all but one required

property of ψ.

For each ai,x, we have ψ(ai,x) is a self-adjoint projection, as it is a commuting product of

self-adjoint projections.

Now let (x, y) be a pair of incompatible solutions to rows (i, k). Then there exists u ∈ Vi∩Vk
with xu ̸= yu. But then fu(xu)fu(yu) = 0. So

ψ(ai,x)ψ(ak,y) =
∏
j∈Vi

fj(xj)
∏
ℓ∈Vk

fℓ(yℓ)

=

 ∏
j∈Vi\{u}

fj(xj)

 fu(xu)fu(yu)

 ∏
ℓ∈Vk\{u}

fℓ(yℓ)

 = 0.

The last property we need to show is that

∑
x∈Si

ψ(ai,x) = 1. This is the trickiest one to prove

and requires the use of some involved symmetry arguments. We will first note that because

Ai,j ̸= 0 ∈ Zp for all j ∈ Vi, we can apply a change of variables in our definition of fj as
follows, replacing t with tAi,j , to get

fj(s) =
1

p

p−1∑
t=0

(ω−sgj)
tAi,j .

We will let the set Pi denote the set of partitions λ of the set Vi into exactly p blocks, where the
tth block is denoted λt. More precisely, each λ = {λt : t = 0, . . . , p − 1}, satisfying Vi = ∪tλt
and λt ∩ λs = ∅ when s ̸= t. Note that λt may be empty.
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We then have

p|Vi|
∑
x∈Si

ψ(ai,x) =
∑
x∈Si

∏
j∈Vi

p−1∑
t=0

(ω−xjgj)
tAi,j

=
∑
x∈Si

∑
λ∈Pi

p−1∏
t=0

∏
j∈λt

(ω−xjgj)
tAi,j

=
∑
λ∈Pi

∑
x∈Si

p−1∏
t=0

(
ω−

∑
j∈λt

Ai,jxj
∏
j∈λt

g
Ai,j

j

)t

.

We will divide the outer sum into a sum where λ has exactly one non-empty block λs = Vi and
a sum where λ has more than one non-empty block. We will denote the second set of partitions

by P̃i. The sum splits into the following two pieces.

p−1∑
s=0

∑
x∈Si

(
ω−

∑
j∈Vi

Ai,jxj
∏
j∈Vi

g
Ai,j

j

)s

(3.1)

∑
λ∈P̃i

∑
x∈Si

p−1∏
t=0

(
ω−

∑
j∈λt

Ai,jxj
∏
j∈λt

g
Ai,j

j

)t

(3.2)

We have that p|Vi|
∑

x∈Si
ψ(ai,x) is the sum of (3.1) and (3.2). We will now show that (3.1) = p|Vi|

and (3.2) = 0, completing the proof of this particular property. First, we have

(3.1) =

p−1∑
s=0

∑
x∈Si

(
ω−biωbi · 1

)s
=

p−1∑
s=0

∑
x∈Si

1 = p · |Si| = p|Vi|.

Second, we have

(3.2) =
∑
λ∈P̃i

∑
x∈Si

p−1∏
t=0

ω−t
∑

j∈λt
Ai,jxj

∏
j∈λt

g
tAi,j

j

=
∑
λ∈P̃i

(∑
x∈Si

ω−
∑p−1

t=0

∑
j∈λt

tAi,jxj

)
p−1∏
t=0

∏
j∈λt

g
tAi,j

j .

For the following paragraph, fix λ ∈ P̃i. Let

µi : Zn
p → Zp

x 7→ −
p−1∑
t=0

∑
j∈λt

tAi,jxj.
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As x ranges over Si (a vector space over Zp), the linear functional µi(x) could either be con-

stantly 0 or hit every value in Zp equally many times. But because λ has at least two blocks,

this functional is not a constant multiple of

∑
j∈Vi

Ai,jxj , so has a kernel defining a hyperplane
that is not equal to Si. In other words, µi is not constantly 0 for x ∈ Si. Thus, µi must take

each value equally many times, and so we get that∑
x∈Si

ωµi(x) = 0.

Thus, (3.2) = 0.

Putting both pieces together, we get that∑
x∈Si

ψ(ai,x) = p−|Vi|(p|Vi| + 0) = 1.

This completes the argument that ψ : A(syncLCS(A, b))→ CΓ(A, b) is a ∗-homomorphism.

Finally, we must show that ψ and ϕ̃ are mutual inverses.

Let ℓ ∈ {1, . . . , n}. Let i be such that ℓ ∈ Vi.

ψ(ϕ(gℓ)) = ψ

(∑
x∈Si

ωxℓai,x

)
=
∑
x∈Si

ωxℓ

∏
j∈Vi

fj(xj)

=
∑
x∈Si

ωxℓfℓ(xℓ)
∏

j∈Vi\{ℓ}

fj(xj) =
∑
x∈Si

gℓfℓ(xℓ)
∏

j∈Vi\{ℓ}

fj(xj)

= gℓ
∑
x∈Si

ψ(ai,x) = gℓ,

where the fourth equality holds because of the following:

ωsfj(s) =
1

p

p−1∑
t=0

ω−s(t−1)gtj =
gj
p

p−2∑
t=−1

ω−stgtj = gjfj(s).

If q is the canonical quotient map CΓ(A, b)→ CΓ(A,b)
⟨J−ω1⟩ , then for all j,

ψ ◦ ϕ̃(q(gj)) = q(gj).
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Also, ψ ◦ ϕ(J − ω1) = ψ(0) = 0. Thus,

ψ ◦ ϕ̃(q(J)) = q(J).

In summary, we get that ψ ◦ ϕ̃ is the identity on
CΓ(A,b)
⟨J−ω1⟩ .

In the other direction, let i ∈ {1, . . . ,m}, and y ∈ Si. Then we have

ϕ(ψ(ai,y)) = ϕ

(∏
j∈Vi

fj(yj)

)
=
∏
j∈Vi

1

p

p−1∑
t=0

(
ω−yjϕ(gj)

)t
=

1

p|Vi|

∏
j∈Vi

p−1∑
t=0

(
ω−yj

∑
x∈Si

ωxjai,x

)t

=
1

p|Vi|

∏
j∈Vi

∑
x∈Si

(
p−1∑
t=0

ω(xj−yj)t

)
ai,x

=
1

p|Vi|

∑
x∈Si

(∏
j∈Vi

p−1∑
t=0

ω(xj−yj)t

)
ai,x

=
1

p|Vi|

∏
j∈Vi

p−1∑
t=0

ω(yj−yj)tai,y =
1

p|Vi|

(∏
j∈Vi

p

)
ai,y = ai,y,

where the third-to-last equality holds because whenever there is some xj ̸= yj , we get the p
distinct pth roots of unity which sum to 0. Thus, the only x that survives is x = y.

Note that ϕ̃ is an induced homomorphism satisfying ϕ̃ ◦ q = ϕ. So

ϕ̃ ◦ ψ = ϕ̃ ◦ q ◦ ψ = ϕ ◦ ψ = Id.

3.3 Equivalence to the graph isomorphism game

So far, we have seen two equivalent algebraic structures modelling the game syncLCS. Now

we will see that this structure connects syncLCS to another class of games, known as graph

isomorphism games.

We can associate a graph to the system Ax = b. This is the same GA,b defined in [Ats+16],

but now A, b have entries in Zp.
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Definition 3.5 (Graph of a linear system). Let GA,b be the graph with vertex set {(i, x) : i ∈
{1, . . . ,m}, x ∈ Si(A, b)} and (i, x) ∼ (j, y) if there exists k ∈ Vi ∩ Vj with xk ̸= yk.

Recall that Si(A, b) is the set of solutions to row i of the system of equations Ax = b, and
Vi is the support of row i of A. We can think of edges in GA,b as capturing incompatibility of

solutions to the various rows.

We will now see that the game asking the players to construct an isomorphism from GA,b

toGA,0 is essentially the same as the game syncLCS(A, b), which asks players to demonstrate a

shared solution to the system Ax = b. This graph game is known more generally as Iso(G,H)
for two graphs G and H . See Definition 2.30.

The following theorem was first stated as such in an early version of [Bra+19] for the p = 2
case, but the proof had an error, as there was a third game included in the equivalence which is

now known to only satisfy a weaker form of equivalence to these two games. That third game

is the graph homomorphism game fromKm toGA,b. The result in [Bra+19] was then weakened

to say the three games are hereditarily ∗-equivalent, meaning that the hereditary quotients of

the game algebras possess a pair of ∗-homomorphisms.

The following theorem generalizes that equivalence result to the p > 2 setting, and drops

themodifier “hereditarily” once again, but only for two of the three games originally considered.

Theorem 3.6. Let A be an m × n matrix over Zp and let b ∈ Zm
p . Then the following two

synchronous games are ∗-equivalent:

1. syncLCS(A, b)

2. Iso(GA,b, GA,0)

Before seeing the proof, it will be useful to learn a little about the game algebra of Iso(G,H).

For graphs G,H , A(Iso(G,H)) is generated by eg,h where g ∈ V (G) and h ∈ V (H).
Looking at the definition of Iso(G,H) and the definition of the game-algebra, it seems we may

need the other three possibilities of which graphs the pair (g, h) can live in. However, it can

be shown that eg,h = 0 whenever g, h are vertices in the same graph. With some additional

cleverness, it can also be shown that eh,g = eg,h, eliminating the need for both index orderings.

This means that in our case, A(Iso(GA,b, GA,0)) is generated by e(i,x),(j,y) where i, j ∈
{1, . . . ,m}, x ∈ Si(A, b), y ∈ Sj(A, 0). That is, each (i, x) is a vertex of GA,b and (j, y) is
a vertex of GA,0. The usual game algebra relations are in place: each generator must be a self-

adjoint idempotent. Also for a fixed input, the sum over all outputs must be 1. In that case, this
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gives us the following two relations:∑
(i,x)

e(i,x),(j,y) = 1,
∑
(j,y)

e(i,x),(j,y) = 1.

Furthermore, the product of two generators must be 0 when the corresponding inputs and

outputs don’t satisfy the game’s rules. That means e(i,x),(j,y)e(i′,x′),(j′,y′) = 0 whenever the

relationship of the vertices (i, x), (i′, x′) inGA,b is not the same as the relationship of the vertices

(j, y), (j′, y′) in GA,0. In more detail, e(i,x),(j,y)e(i′,x′),(j′,y′) = 0 whenever:

• (i, x) = (i′, x′) but (j, y) ̸= (j′, y′), or (j, y) = (j′, y′) but (i, x) ̸= (i′, x′). That is, one
pair of vertices is equal when the other pair is not equal.

• (i, x) ∼ (i′, x′) but (j, y) ≁ (j′, y′), or (j, y) ∼ (j′, y′) but (i, x) ≁ (i′, x′). That is, one
pair of vertices is incompatible when the other pair is compatible.

Proof of Theorem 3.6. We claim the following map defines a unital ∗-homomorphism:

ϕ : A(Iso(GA,b, GA,0))→ A(syncLCS(A, b))
e(i,x),(j,y) 7→ δijai,x+y

for all i, j ∈ {1, . . . ,m} and all x ∈ Si(A, b), y ∈ Sj(A, 0). Each generator maps to a self-

adjoint idempotent. We must verify that ϕ preserves the other relations of A(Iso(GA,b, GA,0)).
Unitality will follow from these.

First we show that the “sum to one” relations are preserved by ϕ.∑
(i,x)

ϕ(e(i,x),(j,y)) =
∑
(i,x)

δijai,x+y =
∑

x∈Sj(A,b)

aj,x+y =
∑

z∈Sj(A,b)

aj,z = 1.

The second-to-last step here is due to the fact that the set of solutions to Ax = b is preserved
by adding a homogeneous solution. Similarly,∑

(j,y)

ϕ(e(i,x),(j,y)) =
∑
(j,y)

δijai,x+y =
∑

y∈Si(A,0)

ai,x+y =
∑

z∈Sj(A,b)

aj,z = 1.

The second-to-last step here is due to a similar fact: The set of solutions to Ax = b can be

constructed by starting with a particular solution and adding to it all homogeneous solutions.

From the above arguments, we get that ϕ sends 1 to 1.
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Now we show that the relations corresponding to the rules of the isomorphism game are

preserved under ϕ.

Assume e(i,x),(j,y)e(i′,x′),(j′,y′) = 0. Then we would like to show that

ϕ(e(i,x),(j,y))ϕ(e(i′,x′),(j′,y′)) = δijai,x+yδi′j′ai′,x′+y′

evaluates to 0 as well. Whenever i ̸= j or i′ ̸= j′, the above expression is 0, so we may assume

i = j, i′ = j′, and we must show that e(i,x),(i,y)e(i′,x′),(i′,y′) = 0 =⇒ ai,x+yai′,x′+y′ = 0. That is,
we must show that (x+ y, x′ + y′) are incompatible solutions to rows (i, i′).

If e(i,x),(i,y)e(i′,x′),(i′,y′) = 0, there are several cases to consider.

1. If (i, x) = (i′, x′), we must have (i, y) ̸= (i′, y′). Because i = i′, we have that y ̸= y′.
Then, because x = x′, x+ y ̸= x′ + y′, and so (x+ y, x′ + y′) are incompatible solutions

to row i.

2. Now if (i, y) = (i′, y′), we must have (i, x) ̸= (i′, x′). Exchanging x and y in the above

argument shows that (x+ y, x′ + y′) are once again incompatible solutions to row i.

3. If (i, x) ∼ (i′, x′), then there exists k0 ∈ Vi ∩ Vi′ with xk0 ̸= x′k0 . But also, we must have

that (i, y) ≁ (i′, y′), so for all k ∈ Vi ∩ Vi′ , yk = y′k. Thus, (x + y)k0 ̸= (x′ + y′)k0 , so
(x+ y, x′ + y′) are incompatible solutions to rows (i, i′).

4. If (i, y) ∼ (i′, y′), then exchanging x and y in the above argument resolves this last case.

We have shown that in all cases, ϕ preserves the “rules” relations of the isomorphism game, al-

lowing us to conclude thatϕ is a unital ∗-homomorphismA(Iso(GA,b, GA,0))→ A(syncLCS(A, b)).
In the other direction, let ψ be the linear map given by

ψ : A(syncLCS(A, b))→ A(Iso(GA,b, GA,0))

ai,x 7→
m∑
k=1

e(i,x),(k,0)

for all i ∈ {1, . . . ,m}, x ∈ Si(A, b). The element ψ(ai,x) is self-adjoint and idempotent because

{e(i,x),(k,0) : k = 1, . . . ,m} are a family of orthogonal projections.

When (x, y) are incompatible solutions to rows (i, j), we have ai,xaj,y = 0. But then (i, x) ∼
(j, y) in GA,b, so

ψ(ai,x)ψ(aj,y) =
m∑

k,ℓ=1

e(i,x),(k,0)e(j,y),(ℓ,0) = 0,
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because each (k, 0) ≁ (ℓ, 0) in GA,0 (they are either the same vertex, or distinct but compatible

and therefore nonadjacent).

Finally, we must show that

∑
x∈Si

ψ(ai,x) = 1. This piece of the proof relies on the fact

that A(Iso(X, Y )) is *-isomorphic to O(GX , GY ) as defined in [Bra+19]. In that paper, Theo-

rem 4.7 tells us that whenever A(Iso(X, Y )) is nonzero, it admits a faithful state. Therefore,

A(Iso(X, Y )) is hereditary. A *-algebra A is hereditary whenever

∑N
i=1 x

∗
ixi = 0 implies each

xi = 0, where xi ∈ A.

We follow exactly the steps taken in [Bra+19] in the proof of Theorem 5.6. Let pi :=∑
x∈Si(A,b)

∑m
k=1 e(i,x),(k,0). We would like to show that pi = 1. Note that pi is self-adjoint,

being a sum of projections, and idempotent, because e(i,x),(k,0)e(i,y),(ℓ,0) = 0 unless x = y and

k = ℓ. Then, qi := 1− pi is also a self-adjoint idempotent. Thus,

m∑
i=1

q∗i qi =
m∑
i=1

1− pi = m · 1−
m∑
k=1

m∑
i=1

∑
x∈Si(A,b)

e(i,x),(k,0)

= m · 1−
m∑
k=1

1 = 0,

so because the algebra is hereditary, we have that each qi = 0. Thus, each pi = 1. We can also

conclude from this that ψ is unital.

It follows that ψ is a unital ∗-homomorphismA(syncLCS(A, b))→ A(Iso(GA,b, GA,0)).We

have exhibited a unital ∗-homomorphism in both directions, meaning that the games

syncLCS(A, b) and Iso(GA,b, GA,0) are ∗-equivalent.

Remark 3.7. In fact, composing ϕ ◦ ψ gives the identity on A(syncLCS(A, b)). This means

that ψ is an embedding of A(syncLCS(A, b)) into A(Iso(GA,b, GA,0)).
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4 Quantum games: Graphical
methods

Wherever there are words, let there be pictures. - Chris Riddell

In this chapter, we generalize the setting of typical nonlocal games to quantum question

and answer games. To define games, strategies and correlations in the quantum question and

answer setting, we follow the program of categorical quantum mechanics, using the language

of monoidal dagger categories, and the accompanying graphical calculus. We apply this ap-

proach to the category of finite dimensional complex Hilbert spaces, where the dagger is the

Hilbert space adjoint. There is an excellent exposition of this topic in [HV19]. We follow the

conventions introduced there.

First, in Section 4.1, we define quantum sets and quantum functions, and make our first use

of the graphical calculus. Then, building on this, in Section 4.2, we make the basic graphical

definitions for the quantum question-and-answer game setting, including quantized notions of

games, strategies, and correlations. In Section 4.3, we define quantum question-and-answer

analogues to some of the strategy classes introduced in Section 2.2. We go on to define various

products of games (Section 4.4) and then using an operational interpretation of quantum games

(Section 4.5), we define values of games and correlations (Section 4.6). Finally, in Section 4.7,

we discuss other definitions for quantum question-and-answer games, and compare them to

our approach.

4.1 Quantum sets and functions

Instead of question and answer spaces being finite sets, they will now be some kind of “quantum

sets". Quantum sets are introduced in [MRV18] (and are equivalent to the finite quantum sets

of [Kor20]). We include the definition here, but first, we must define dagger Frobenius algebras.
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In the following, let FHilb be the dagger compact category of finite dimensional complex

Hilbert spaces with linear maps as morphisms. Notably, it has a monoidal structure, given

by the Hilbert space tensor product, ⊗, and a biproduct structure, given by the direct sum of

Hilbert spaces, ⊕. In this category, the dagger (†) is the Hilbert space adjoint.

Definition 4.1 (Dagger Frobenius algebra). A dagger Frobenius algebra inFHilb is an objectX
of FHilb that has an associative unital multiplicationm : X ⊗X → X with unit u : C→ X ,

and a coassociative counital comultiplication ∆ : X → X ⊗X with counit ε : X → C. These
maps must satisfy ∆ = m†, ε = u†, and

(1⊗m)(∆⊗ 1) = ∆m = (m⊗ 1)(1⊗∆) (4.1)

Here, we use 1 to refer to the identity map on X . By associative, we mean

m(m⊗ 1) = m(1⊗m) (4.2)

and by unital, we mean

m(u⊗ 1) = 1 = m(1⊗ u) (4.3)

By coassociative and counital, we mean that∆ and ε satisfy the daggers of the above equations.
These properties are automatic given that ∆ = m†

and ε = u†, but we include them in the

definition to emphasize that we have both an algebra and coalgebra structure on the same

vector space.

Equation (4.1) is called the Frobenius equation.

Dagger Frobenius algebras are related to Hopf algebras
1
, but should not be confused for

each other, despite the similar notation used here.

Definition 4.2 (Quantum set, [MRV18]). A dagger Frobenius algebra X in FHilb is called a

quantum set if it is special, that is
m∆ = 1, (4.4)

and symmetric, meaning

εmσ = εm, (4.5)

where σ is the canonical isomorphism that swaps tensor factors.

These dagger Frobenius algebras are an alternate presentation of finite-dimensional uni-

tal C
∗
-algebras [Vic10, Theorem 4.6]. Their underlying algebras are direct sums of finite-

dimensional complex matrix algebras. The inner product coming from the Hilbert space struc-

ture determines ε and ∆.

1
Both have algebra and coalgebra structures, but the ways these structures interact are different.
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From an operator algebraic perspective, we can think of (4.4) as requiring that ∆ is an

isometry, and of (4.5) as requiring that ε is tracial.

Quantum sets are referred tomost everywhere else as †-SSFAs (for special symmetric dagger

Frobenius algebras) in FHilb, and when they are classical, as †-SCFAs (where the c stands for
commutative). We use the terminology quantum set here because it is more evocative, given

that we are generalizing nonlocal games with classical question and answer sets.

If a dagger Frobenius algebra is only symmetric, but not special, we will refer to it as a †-SFA
(and if commutative, as a †-CFA).

Remark 4.3 (Structure of quantum sets). As laid out in [HV19, Corollary 5.34], all quantum sets

are specially weighted direct sums of complex matrix algebras. More precisely, we mean that

the underlying set of a quantum set A is a finite direct sum of full matrix algebras

⊕
kMnk

(C).
The multiplication m is given by the usual matrix multiplication, but divided by

√
nk on each

block, so that given a, b ∈ A with a =
⊕

k ak, b =
⊕

k bk,

m(a⊗ b) =
⊕
k

1
√
nk

akbk.

The unit u is given by the usual identity matrix, but scaled in each block by

√
nk, so that

u(1) =
⊕
k

√
nkInk

.

Taking the dagger to be the Hermitian adjoint (conjugate-transpose) operator, the compatible

Hilbert space inner product that arises is ⟨a, b⟩ = Tr(ab†). Under this inner product, the stan-
dard matrix-unit basis {Ek

ij : 1 ≤ i, j ≤ nk} is orthonormal, where Ek
ij ∈ A has a 1 in the (i, j)

entry of block k and 0s elsewhere. The comultiplication is then given on this basis by

∆(Ek
ij) =

1
√
nk

∑
t

Ek
it ⊗ Ek

tj

and the counit is given by

ε(a) =
∑
k

√
nkTr(ak).

Remark 4.4 (Normalization choices). If specialness is not required, we are free to adjust the

normalization coefficients αk of the unit u(1) =
⊕

k αkInk
. (Normalization coefficients of the

multiplication follow from unitality.) Different choices of αk affect the scalar that pops out most

naturally in graphical calculations, given by εu.
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αk =
√
nk: This choice of normalization ensures specialness. This can be interpreted as a

counting normalization, in the sense that εu evaluates to the dimension of the under-

lying vector space. (In the commutative case of the algebra of functions on a finite set S,
we have εu = |S|.)

αk =
1√
nk
: In the commutative case, this is the same as above, because each nk = 1, but gener-

ally this violates the specialness condition so does not result in a quantum set. Under this

choice of normalization, εu counts the number of matrix blocks. This is a second type of

counting normalization.

αk = 1: This is the naive normalization condition, and also does not generally result in a quan-

tum set. In this case, εu evaluates to

∑
k nk, which gives the dimension of the Hilbert

space naturally acted on by the algebra.

Dividing by
√
K : Three more natural choices come by dividing the above αk by a factor of√

K , where K is the number of matrix blocks in the decomposition. The first results in

εu giving the average dimension of a matrix block, and the second results in εu = 1.
This second choice, with αk =

1√
Knk

, is the most suitable for a quantisation of a discrete

probability space. The third results in εu giving the average dimension of the Hilbert

space acted on by a block.

The structure result of Remark 4.3 illustrates a sliding-scale of “quantumness”. When all

matrix algebras are size nk = 1, a quantum set is a finite direct sum of copies of C, and the

above multiplication becomes commutative. We call the resulting quantum set classical. On
the other end of the spectrum, when there is only one direct summand, so the quantum set is a

full matrix algebra, we call it maximally quantum.

Example 4.5 (Classical set). Because we will refer to classical sets often, let’s specify that we

will often implicitly identify the set element i ∈ [n] with the standard basis vector |i⟩ ∈ Cn
.

The operations in Remark 4.3 become

m(|i⟩ ⊗ |j⟩) = δij |i⟩ ,

u(1) =
∑
i

|i⟩ ,

∆(|i⟩) = |i⟩ ⊗ |i⟩ ,
ε(|i⟩) = 1.

Here multiplication can be thought of as merging of classical elements, the unit is (an un-

normalized copy of) the maximally mixed state, comultiplication can be thought of as copying
classical elements, and the counit has a deletion effect on classical elements.
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Classical sets are also commonly identified with diagonal matrices under |i⟩ 7→ Eii. In that

case the above operations give us back matrix multiplication (or the Schur product, as they

coincide here).

Example 4.6 (Maximally quantum set). In the case that the quantum set is a full matrix algebra

Mn, the operations of Remark 4.3 become

m(a⊗ b) = 1√
n
ab,

u(1) =
√
nIn,

∆(Eij) =
1√
n

∑
t

Eit ⊗ Etj,

ε(a) =
√
nTr(a).

It is convenient and elegant to use a graphical calculus to work with Frobenius algebras.

Symbolic equations only possess one dimension of latitude in which to perform two types of

composition: tensor products, which in physics represent composing across space, and com-

position of maps, physically representing composing in time. This results in the eyes jumping

back and forth matching nth
tensor factors when performing compositions. Using a two dimen-

sional graphical calculus allows us to depict tensor products horizontally and composition of

maps vertically, freeing the brain from this extra matching step.

From this point onwards, equations will be presented diagrammatically. Using the graphical

calculus given in [HV19], we encode Frobenius algebras as follows. The diagrams are read from

bottom to top
2
, as processes evolving in time, and left to right for tensor products. Each string

or wire represents the Frobenius structureX , and the structural maps are represented by nodes

with the appropriate number of X inputs and outputs. Empty space represents C (the tensor

unit of FHilb).

u m ∆ ε

We will often omit the small circles for m and ∆, as the multiplication or comultiplication

can be inferred just from the joining or splitting of strings. For convenience, we will also draw

caps and cups to represent the common compositions εm and ∆u.

2
I was recently told by Andre Kornell that some call this the optimistic convention.
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εm ∆u

:= :=
,

These cups and caps define a duality (in the sense of monoidal categories) of X to itself,

resulting in the “snake equations”. This is the chosen duality for quantum sets in our work.

= =

Given quantum sets X,A if f : X → A is a linear map, then we represent f as a node

transforming an X-wire to an A-wire.

f

We now explain the canonical ways a linear map f can be flipped and rotated. These cor-

respond to the duals and conjugates that arise in dagger symmetric monoidal categories. For

an explanation of duals and conjugates at the categorical level, see [HV19]. In the following it

suffices to understand the relationship between duals and conjugates and how to manipulate

them graphically. For the interested reader, we also provide some computational details.

The dagger of the map f is denoted f †
. The categorical dual (transpose) of the map f is

denoted f ∗
. The categorical conjugate of f , denoted f∗, is defined as the composition of dagger

and transpose (which can be shown to commute).

Taking the dagger of a diagram is done by flipping the whole diagram upside down, and

applying daggers to any maps, which corresponds in FHilb to the Hilbert space adjoint oper-

ation.

When working with an entire diagram and taking conjugates and transposes, a horizontal

flip of each element of a diagram corresponds to its categorical conjugate, and a half-turn (ro-

tation by π or
3 −π) of the diagram while keeping inputs and outputs fixed corresponds to its

transpose.

In accordance with the above graphical rule, it is sometimes convenient, whenworkingwith

daggers, transposes, and conjugates, to use the following trapezium notation for maps.

3
They are equivalent by symmetry of FHilb as a monoidal category.
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=:f f =:f∗ f

=:f † f =:f ∗ f

For the reader interested in doing calculations, consider f : X → A where X and A are

quantum sets that decompose into blocks with matrix unit bases {xsij} and {atkl}. From the fact

that the dagger is the Hilbert space adjoint and then from the way self-duality interacts with

matrix units, we can deduce that

⟨fxsij, atkl⟩A = ⟨xsij, f †atkl⟩X = ⟨atlk, f∗xsji⟩A = ⟨f ∗atlk, x
s
ji⟩X

In particular, for classical quantum sets, these equations tell us that when f is represented

as a matrix in the distinguished orthonormal bases, the dagger is the Hermitian adjoint, the

conjugate is the entrywise complex conjugate, and the dual is the matrix transpose.

So far we have only discussed the (self-dual) quantum set setting. In general, if there is no

quantum set structure present, i.e., if f : H → K, then letting H∗
be the Hilbert space dual of

H,
f † : K → H, f∗ : H∗ → K∗, f ∗ : K∗ → H∗

In a Hilbert space without a designated quantum set structure, these transformations, al-

though basis independent, can be computed in any basis {|j⟩} of H along with its canonical

dual basis {⟨j|} ofH∗
(and similarly {|i⟩} of K and {⟨i|} of K∗

). Here,

⟨i| f |j⟩ = ⟨j| f † |i⟩ = (f∗ ⟨j|) |i⟩ = (f ∗ ⟨i|) |j⟩ .

Under the non-canonical linear identification H∗ → H extending ⟨i| 7→ |i⟩ (and similarly for

K), if we let [f ]ij := ⟨i| f |j⟩ be the matrix of f in the given bases, we recover the simple

computational form that we saw for classical quantum sets, with

[f †] = [f ]
T
, [f∗] = [f ], [f ∗] = [f ]T

We can now graphically represent the equations defining quantum sets.
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= =

Equation (4.1): Frobenius

=
==

Equation (4.2): associative Equation (4.3): unital

=
=

Equation (4.4): special Equation (4.5): symmetric

Example 4.7 (Example 4.5 continued). When X is classical, the Frobenius equation shows

us three equivalent ways of projecting onto pairs of equal elements. Given a pair of elements

(x, y), either copy y and then check one output against x, or check x against y and then copy the
output, or copy x and check one output against y. The specialness equation says that copying

an element x and then checking it against itself does nothing. The symmetry equation says

that checking (x, y) against each other and deleting the result is the same as if the input was

(y, x). In fact, in the classical case, we have the stronger property – commutativity. Checking

(x, y) against each other is the same as checking (y, x) against each other.

Example 4.8 (Example 4.6 continued). When X is maximally quantum, X can be thought of

asCn⊗ (Cn)∗, and we can prove the above properties by splitting theX wire into two oriented

Hilbert space wires (where the upward arrow depicts a Hilbert space and the downward arrow

its canonical dual space), and depicting multiplication and unit as follows:

= =
1√
n

√
n

This is a weighted instance of the infamous graphical pair of pants algebra, named for the graph-

ical similarity of themultiplication to the article of clothing. See, for instance, [HV19] for details.

In the general quantum set case, X can be graphically broken down as a direct sum of

normalized pair of pants algebras. We will use this in several proofs.

Remark 4.9 (Graphical proofs). The result of all of these diagrammatic definitions is that the

algebraic rules for quantum sets allow for somewhat freely manipulating their diagrams in the
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plane. Wires can be bent and passed over nodes. Nodes can slide along wires. The quantum

set operations can be rotated inside the plane, keeping their input and output wires in the

same relative positions. These are all correct manipulations up to planar oriented isotopy, as
stated to be valid for †-SSFAs in a pivotal category (which FHilb is) in [HV19, Theorem 3.28].

Referencing each algebraic property would make some of our proofs quite arduous, so we will

proceed graphically at times.

Now that we have introduced our quantum objects, let us speak of the morphisms between

them.

Definition 4.10 (Quantum function, [MRV18]). Given quantum sets X,A and a Hilbert space

H, a quantum function

φ

from X to A overH, denoted φ : X →H A, is a linear mapH⊗X → A⊗H satisfying

φ

φ

φ
=

(4.6)

=φ (4.7)

φ† = φ (4.8)

Letting H = C in the above definition recovers the definition of a ∗-cohomomorphism

from X to A, thought of as tracial C∗
-algebras. In that case, (4.6) becomes comultiplicativity,
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(4.7) becomes counitality or trace preservation, and (4.8) becomes ∗-preservation. Note too that
this is equivalent to φ†

being a ∗-homomorphism A → X – a more commonly encountered

definition in operator algebras.

Quantum sets as objects with quantum functions as morphisms form a category, as shown

in [MRV18]. The Hilbert space wire in the definition of a quantum function can be thought of

as a resource space. When X,A are classical, a quantum function is a family of PVMs indexed

by X with outcomes in A.

The wire H could be infinite-dimensional in general, but because several results in this

thesis rely on traces, we will stick to finite-dimensional spaces here. We expect our results

generalize toH infinite dimensional at least whenever the dual spaceH∗
is not involved in the

proof. In fact, infinite dimensional Hilbert spaces do not have duals in the dagger categorical

sense [HV19]. The Hilbert space dual is only a dagger categorical dual for finite dimensional

Hilbert spaces.

4.2 Games, strategies, and correlations

In the following, let X, Y,A,B be quantum sets. We will sometimes use a single wire instead

of two to graphically represent the quantum setX ⊗ Y and similarly A⊗B. In order to make

sense of this, note that X ⊗ Y is itself a quantum set when equipped with operations

m := (mX ⊗mY )(IdX ⊗ σ ⊗ IdY ), (4.9)

u := uX ⊗ uY (4.10)

and ∆ := m†, ε := u†.

Graphically, this looks like using a thick wire to replace the pair of wires X ⊗ Y

:=

and then defining a new multiplication and unit

:=

,

:=

Equation (4.9) Equation (4.10)
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In order to quantize games and correlations, we will need a diagrammatic definition of

complete positivity.

Definition 4.11 (Complete positivity). A linear map f : X → A for quantum sets X,A is

completely positive (CP) if there exists a linear map g : X ⊗ A → Q for some other quantum

set Q satisfying

g

g

f =

In FHilb, this diagrammatic notion agrees with the usual definition of complete positivity.

See [HV19, Theorem 7.18] for details.

4.2.1 Games and strategies

We now generalize nonlocal games to allow quantum questions and answers.

Definition 4.12 (Game). A (quantum) game is a linear map λ : X ⊗ Y → A⊗B satisfying

λ=λλ and λλ† =

In the remainder of this section, when we refer to the game λ, we mean λ : X⊗Y → A⊗B.

Remark 4.13 (Games with classical questions and answers). In case X, Y,A,B are commuta-

tive, they can be thought of as classical sets
4
, and then λ is a linear mapC(X×Y )→ C(A×B)

with idempotent coefficients. This can be thought of as the usual rule functionX×Y ×A×B →
{0, 1}, for nonlocal games with classical questions and answers.

In general, given two linear maps between quantum sets, f, g : X → A, we can form their

⋆-product f ⋆ g, quantizing the Schur product of matrices, and given by

4
This is via Gelfand duality, and is discussed in greater detail in [MRV18].
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f g:=f ⋆ g

With this inmind, the first condition on games isλ⋆λ = λ, quantizing the Schur-idempotency

condition of a nonlocal game’s rule matrix.

Remark 4.14 (Equivalent characterization of games). The second (self-conjugacy) condition

for games is not well-motivated by analogy to the classical setting. In order to motivate it, let us

mention an equivalent characterization of games, as ⋆-idempotent CP mapsX ⊗ Y → A⊗B.

This characterization is equivalent to Definition 4.12, given the following two propositions.

Proposition 4.15. CP maps between quantum sets are self-conjugate.

Proof. LetX,A be quantum sets and let f : X → A be completely positive. By definition, there

is some g : X ⊗ A→ Q for some other quantum set Q so that f satisfies

g

g

f =

But then we have

f
g

g
=

g

g

†

= f= = f

Proposition 4.16. ⋆-idempotent, self-conjugate maps between quantum sets are completely pos-
itive.

Proof. Let X,A be quantum sets, and f : X → A be a linear map that is ⋆-idempotent, in that

f ⋆ f = f , and be self-conjugate, in that f † = f ∗
. Then,
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f = f f =

f

f

=

f

f †

An earlier version of the above results, for the case that X = A, can be found in [Mat22,

Lemmas 2.22, 2.23], in a discussion of the (graphical) definition of a quantum graph.

Remark 4.17 (Games are bipartite quantum relations). Consider linear maps f : X ⊗ Y →
A⊗B. Given a game λ, the space of all linear maps f such that f ⋆λ = f is a quantum relation

as defined in [Kor20], which are known to be equivalent to the quantum relations of [Wea10].

In this sense, a quantum game is a quantum relation from the question space to the answer

space. There are connections to be explored in future work between the following presentation

of quantum games, and the point of view of quantum relations.

We now introduce a “container” object that can hold any type of strategy.

Definition 4.18 (Combined strategy). A combined strategy for the game λ over a Hilbert space

H is a quantum function φ : X ⊗ Y →H A⊗B, depicted by

φ

The main takeaway here is that all strategies will be thought of as maps from the space of

question pairs to the space of answer pairs with a Hilbert space resource.

Example 4.19. With classical questions and answers, a quantum tensor strategy given by

PVMs {Exa}a, {Fyb}b can be encoded as a linear map |ψ⟩⊗x⊗y 7→
∑

a,b a⊗b⊗(Exa⊗Fyb) |ψ⟩ .

The word combined is used because it rolls both players’ strategies together into a single

map. Thus far, we havemade no guarantees that a given combined strategy can be implemented
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under non-communication requirements on the players. That is because there is no separation

of Alice and Bob baked into the definition. Later we will define various types of valid strategies,
meaning strategies that can be understood to physically model spacetime-separated players

with a non-communication requirement. The definition of combined strategy is useful merely

because it allows us to talk about all types of valid strategies at once.

4.2.2 States and correlations from channels

Whenwe aren’t interested in varying the state of the resource systemH used by the players, we

use a correlation instead of a strategy. To define correlations, we first diagrammatically define

channels between quantum sets, and to do this we make use of the diagrammatic definition of

complete positivity, as well as another diagrammatic condition, counitality.

Definition 4.20 (Counital). A linear map f : X → A for quantum sets X,A is counital if

=f

Counitality implements the physical property causality when the counit is thought of as a

discarding map. See [CK17] for details. This condition is called trace-preserving when think-

ing of quantum sets as C∗
-algebras or matrix algebras, although note that the counit will not

generally be given by the canonical trace, but rather by a reweighted version. See Remark 4.3.

Definition 4.21 (Channel). Given quantum sets X,A, a channel from X to A is a completely

positive, counital linear map f : X → A.

Channels here are just the channels in [CHK13], given as normalizedmorphisms inCP∗[FHilb].

Remark 4.22 (Kraus operators). Given a channel f , decompose the map g of Definition 4.11,

coming from complete positivity of f , as

g =
∑
i

|i⟩ ⟨i| g

over a basis {i} of Q. EachKi := ⟨i| g corresponds to a Kraus operator.

Example 4.23 (Maximally quantum and classical channels). In the maximally quantum case,

this notion of channel recovers the usual definition of a quantum channel as a CPTP map be-

tween matrix algebras, but with scaled traces.
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In the classical case, this definition picks out exactly classical channels, which are probability

distributions p(a|x) on the set A conditioned on the set X . In that setting, complete positivity

is equivalent to non-negativity of p and counitality is equivalent to

∑
a p(a|x) = 1.

Definition 4.24 (Correlation). A (bipartite) quantum set correlation is a channel P fromX⊗Y
to A⊗B.

Note, that this should not be confused with the typical notion of correlations induced by the

quantum strategies of Definition 2.11, but rather is a generalization of correlations (Definition

2.5) to when the question and answer sets are quantum. With that said, in the following we

will drop the words quantum set and just write correlation. Our definition of correlation is the

dagger dual of [BKS23, Definition 5.3].

Now that we have channels, we can use them to define states of quantum sets.

Definition 4.25 (State of a quantum set). A state of a quantum set X is a channel C→ X .

When the quantum set is maximally quantum, so the underlying vector space is someB(H),
this definition of state corresponds to the density matrices of standard quantum mechanics.

To relate strategies and correlations, we also need a notion of pure states. We use the nor-

malized version of [HV19, Definition 1.10], as follows.

Definition 4.26 (Pure state). Let H be a finite-dimensional Hilbert space. A pure state of H is

a linear map |ψ⟩ : C→ H, depicted

ψ

that is normalized in the sense that

ψ

ψ
=

(Recall that the empty diagram above represents IdC, or scalar multiplication by 1.)

We denote the corresponding effect by ⟨ψ| := |ψ⟩†, and depict it
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ψ

Remark 4.27 (State disambiguation). When we say a state of a quantum setX , we are always

referring to Definition 4.25, which corresponds to a mixed state of the Hilbert space that the

quantum set naturally acts on, rather than to a pure state of the underlying Hilbert space. We

denote both of these types of states by |·⟩, or by triangles pointing downwards in the graphical

notation. The way to tell them apart is to determine whether they map to a Hilbert space with

no additional structure (an oriented wire) or to a quantum set (an unoriented wire).

Definition 4.28 (Realized by). A correlation P is said to be realized by a combined strategy φ
onH and a normalized state |ψ⟩ ∈ H when

ψ

ψ

φP =

The physical interpretation of a correlation as a channel from question pairs to answer pairs

emphasizes the observable “signature" of a strategy, from the referee’s perspective, not having

access to the players’ resource state.

Remark 4.29. A combined strategyφ over a finite-dimensionalH and a normalized state |ψ⟩ ∈
H always give rise to some correlation P , as in Definition 4.28.

Proof. Let φ be a combined strategy over a finite-dimensionalH and let |ψ⟩ ∈ H be a normal-

ized state. Let P be the expectation of φ with respect to |ψ⟩, as in Definition 4.28. We show

that P is a correlation.

P inherits counitality directly from (4.7) for φ, using the fact that |ψ⟩ is normalized. To see

that P is completely positive, we proceed diagrammatically, applying (4.6) and (4.8) to φ and

bending some wires, to get
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P φ=

φ†

φ

=

φ†

φ

=

Letting

g :=
φ†

we can see that P satisfies Definition 4.11.

4.2.3 Perfect behaviour

In the study of nonlocal games, we are especially interested in correlations that are guaranteed

to win a game, also known as perfect correlations. Let us define a perfect correlation in this

general setting.

Definition 4.30 (Perfect correlation). A correlation P for the game λ is called perfect if

P=λP

Note that swapping P and λ in the definition is equivalent due to both maps being self-

conjugate.
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Remark 4.31 (Typical perfect correlations). In the case that questions and answers are classical,
this says that the question-answer pairs that occur with nonzero probability according to P are

winning question-answer pairs according to λ, which is exactly the typical definition of perfect.
Indeed, the above equation becomes

p(a, b|x, y)λ(a, b|x, y) = p(a, b|x, y)

for all a ∈ A, b ∈ B, x ∈ X, y ∈ Y . This is equivalent to saying λ(a, b|x, y) = 0 implies

p(a, b|x, y) = 0.

By adding a resource wire to the definition of a perfect correlation, we can define perfect

strategies.

Definition 4.32 (Perfect strategy). A (combined) strategy φ for the game λ is called perfect if

=λφ φ

Remark 4.33 (Perfect strategies versus perfect correlations). If a strategy over resource space

H is perfect for λ and realizes a correlation P together with a normalized state inH, then P is

perfect for λ. However, the converse implication does not hold. Perfect correlations need not

come from perfect strategies. Indeed, being a perfect strategy has much stronger consequences

than realizing a perfect correlation. In light of this, it may be more appropriate to think of

perfect strategies as absolutely perfect.

4.3 Strategy classes

We have the equipment to describe some of the typical strategy classes for nonlocal games

(specifically – deterministic, quantum tensor, and quantum commuting strategies), and easily

extend them to quantum games. All of these classes fall under the umbrella of non-signalling
strategies (strategies realizing non-signalling correlations). We will begin with the diagram-

matic definition of non-signalling, and work towards the stricter strategy classes.

Definition 4.34 (Non-signalling, marginals). A quantum-set correlation P : X ⊗ Y → A⊗B
is called non-signalling if there are linear maps PA : X → A and PB : Y → B such that
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=P PA =P PB

,

The maps PA, PB are called the marginals of P .

This reduces to the typical definition of non-signalling for classical question and answer

sets, as given in Definition 2.10. Non-signalling quantum-set correlations are also referred to

as QNS (quantum non-signalling) correlations, and were introduced in [DW16].

Corollary 4.35. The marginals of a non-signalling correlation P are channels.

Proof. By definition of P being nonsignalling, we have

=PA P1
dimY

We can see that PA is counital as follows:

=PA P1
dimY

= 1
dimY

=

To see complete positivity, let f be a square root of P as given in the definition of complete

positivity for P . Then g given as follows is a square root of PA.

g = 1√
dimY

f

The approach is the same for PB .

If we are interested not just in marginals, but in Alice and Bob’s implementation of their

strategies, we need to look at valid strategy classes. The most general valid strategy class we

will deal with here is quantum commuting.

58



Definition 4.36 (Quantum commuting strategy). A quantum commuting strategy for the game

λ is a pair of quantum functions (E,F ) over a Hilbert space H, given by E : X →H A,F :
Y →H B, that commute onH. In diagrams,

E
F

F
E=

A quantum commuting strategy gives rise to a combined strategy onH as follows:

E
F:=φ

If H is bipartite with Alice and Bob each measuring their own part of H, we get quantum
tensor strategies.

Definition 4.37 (Quantum tensor strategy). A quantum tensor strategy for the game λ is a pair

of quantum functions (E,F ), given by E : X →HA
A,F : Y →HB

B. In diagrams,

F
E

A quantum tensor strategy gives rise to a combined strategy onH := HA⊗HB as follows:

:=φ F
E
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Note that a quantum tensor strategy is the composition defined in [MRV18] of the quantum

functions (E ⊗ IB) ◦ (IA ⊗ F ).

Definition 4.38 (Deterministic strategy). A deterministic strategy for the game λ is a quantum

tensor strategy with classical resource spaces, i.e. HA = HB = C.

Proposition 4.39. Deterministic strategies are quantum tensor. Quantum tensor strategies are
quantum commuting. Quantum commuting strategies realize non-signalling correlations.

Proof. Deterministic strategies are quantum tensor by definition.

A quantum tensor strategy can be thought of as quantum commuting by setting H :=
HA ⊗ HB and extending the resource space of the given E, F to act trivially on the newly

accessible half ofH.
A quantum commuting strategy realizes a non-signalling correlation due to counitality of

E,F .

Remark 4.40 (Beyond quantum functions). Quantum functions quantize the classical question-

and-answer game strategies given by families of PVMs. Seemingly more generally, Alice and

Bob may use families of POVMs, but this is made unnecessary, via Naimark’s dilation theorem

(a consequence of Stinespring’s theorem), by working in a larger resource space. For reference,

see [Pau16, Proposition 9.6 and Theorem 9.8].

In the quantum question-and-answer setting, there is a similar result to Naimark’s dilation

thorem presented in [BKS23].

There is a graphically natural approach to generalizing strategies in the quantum question-

and-answer case as well, replacing quantum functions with channels, which we describe below

for the quantum commuting model, but do not refer to in the rest of this work. It remains to

be shown if these realize a larger class of correlations, or if they can always be achieved by

quantum functions.

We can extend the class of quantum commuting strategies by generalizing the shared re-

source space H to be a quantum setM , and by allowing the players’ quantum functions to be

replaced by channels. Specifically, we require that Alice uses a channel E : X ⊗M → A and

Bob uses a channel F : M ⊗ Y → B. Together, (E,F ) is an extended quantum commuting
strategy provided that

FE = FE
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Our existing notion of quantum commuting strategies fit into this extended model as fol-

lows. Take a quantum commuting strategy, (E,F ) over some Hilbert spaceH. LetM := B(H)
as a Hilbert space, equipped with the maximal quantum set structure, and define the corre-

sponding extended strategy (E ′, F ′) by

E ′ := F ′E F:=,

Then, the condition thatE and F commute onH is equivalent to the above equation describing

that (E ′, F ′) form an extended quantum commuting strategy.

4.4 Products of games

We mention two products of games – their tensor product, and their commuting product, and

we relate perfect strategies for products of games to perfect strategies for the individual games.

Definition 4.41 (Tensor product of games). The tensor product of games λ1, λ2 is denoted λ1⊗
λ2 and given by

λ1 λ2

A1 B1A2 B2

X1 Y1X2 Y2

Some wires are crossed in the above definition so that the new game keeps Alice’s questions

and answers separate from Bob’s. Note that the tensor product of games is a game. The tensor

product (with the same wires crossed) of perfect strategies or correlations for each game is

perfect for the product.

Definition 4.42 (Commuting product of games). Given games λ1, λ2 with the same question

and answer sets satisfying
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λ1 λ2 λ1λ2=

we call the above product the commuting product of games. We denote this product λ1 ⋆ λ2.

Note that the commuting product of games is a game. Note also that in the classical question

and answer case, this is just the Schur product of the rule matrices.

If the commuting product of games is well-defined, we say we have commuting games.

Proposition 4.43. Let λ1, λ2 be commuting games X ⊗ Y → A ⊗ B. Then φ be a perfect
strategy for both λ1, λ2 if and only if φ is a perfect strategy for λ1 ⋆λ2. Analogously, P is a perfect
correlation for both λ1, λ2 if and only if P is a perfect correlation for λ1 ⋆ λ2.

Proof. We present the proof for a correlation P . To extend it to strategies, add a Hilbert space

wire to P to get a strategy φ, and use the same graphical manipulations.

Assume P is a perfect correlation for λ1 ⋆ λ2. We proceed graphically to show P is perfect

for λ1.

P λ1
=
1 λ2 λ1P λ1 λ2 λ1P P

=
2

=
3

The equations are justified as follows:

1. P is perfect for λ1 ⋆ λ2,

2. associativity of A⊗B, coassociativity of X ⊗ Y , and Schur-idempotency of λ1, and

3. P is perfect for λ2 ⋆ λ1.
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By symmetry, P is also perfect for λ2.

Conversely, if P is perfect for each game, then iteratively apply the definition of a perfect

correlation to immediately see that P is perfect for their ⋆-product.

The above proposition supports viewing the commuting product of games as a logical AND

operation.

4.5 Towards playing games

In this section, we attempt to connect our formalism of a quantum game λ to a physical protocol
representing playing the game with correlation P and question state |γ⟩ of X ⊗ Y . With that

said, we are missing a physical interpretation of the comultiplication.

Remark 4.44 (Games as binary measurements). We use λ to define a quantum function,Mλ,

capturing the rules of the game. In fact, this is a quantum function fromC to a classical quantum

set, making it just a PVM with two outcomes. This PVM models a binary measurement of the

question and answer spaces, measuring 1 for correct answers and 0 for incorrect answers. This
can be defined graphically by assigning to outcome 1 the projection onto the winning subspace

of the question and answer space, and by assigning to outcome 0 the complementary projection.

Let2 be the classical 2-element quantum setwith distinguished orthonormal basis {|0⟩ , |1⟩}.
DefineMλ : C→A⊗B⊗X⊗Y 2 by

:= +

1 0

−
0

λλMλ

Using the fact that λ is a self-conjugate ⋆-idempotent,Mλ can be shown graphically to be

a quantum function by some straightforward computations. In keeping with [MRV18, Remark

3.5],Mλ can be described as a quantum element of a bit.

Note that we could have alternatively defined games as binary projective measurements,

given that λ can be recovered fromMλ by applying a unit to the input answer wire, a counit to

the output question wire, and the effect ⟨1| to the 2 wire.
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We now describe the proposed protocol followed by a referee and two players Alice and

Bob, who play the quantum game λ with correlation P and question state |γ⟩ of X ⊗ Y . Keep

in mind that the comultiplication is not, a priori, physical.

1. The referee prepares the question state |γ⟩ ofX⊗Y , and then applies the comultiplication

to prepare the state ∆X⊗Y |γ⟩ of X1 ⊗ Y1 ⊗X2 ⊗ Y2 (where the subscripts are just used
to distinguish instances of each quantum set).

2. The referee sends X1 to Alice and sends Y1 to Bob, retaining X2 ⊗ Y2.

3. Alice and Bob apply the quantum channel P to X1 ⊗ Y1 to get a state of A ⊗ B, which

they send back to the referee.

4. The referee then performs the binary measurement described byMλ on the system A⊗
B ⊗X2⊗ Y2, resulting in a bit. If the resulting bit is |0⟩, this corresponds to a loss, while
|1⟩ corresponds to a win.

5. Optionally, the referee discards the A⊗B ⊗X ⊗ Y system.

We can draw this protocol graphically as in Figure 4.1, splitting the diagram vertically into

the steps above performed from bottom to top, and horizontally into the players’ side on the

left and the referee’s side on the right.

P

Mλ

γ

Figure 4.1: Spacetime demarcated protocol for playing a quantum game.
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In other words, given a quantum game λ : X ⊗ Y → A ⊗ B, a correlation P : X ⊗ Y →
A ⊗ B, and a question state |γ⟩ of X ⊗ Y , Figure 4.1 shows how to construct a bit whose

probability of evaluating to 1 represents the probability of Alice and Bob winning the game as

played.

Remark 4.45 (State preparation). Other than the preparation of ∆X⊗Y |γ⟩, the remainder of

the protocol has a physical interpretation (a channel, a binary projective measurement, and

sending systems). The comultiplication can be considered as a quantum element of X over

itself (that is, a quantum function C →X X), but this is not enough. We leave a physical

interpretation of quantum functions for future discussion.

Other approaches to quantum question-and-answer games avoid this issue. In Definition

4.52, we will see that the authors of [LTW08] allow the referee to prepare any tripartite state

between the referees and the players, perhaps overgeneralizing the classical question scenario,

where the question the referee tests the answers against is related to (in fact, is a copy of) the

question the players use to determine their answers.

Remark 4.46. This (mostly) operational interpretation of quantum games may shed some light

on the correct approach to a formal composition of quantum games. Note that the question and

answer spaces, once measured, need not be discarded. This is a direction for future work.

4.6 Values of quantum correlations and quantum games

We now define the value of a correlation and of a game.

Definition 4.47 (Value of a correlation). The value Ω(λ, P, γ) of a correlation P for the game

λ played with question state |γ⟩ is given by

= λPΩ(λ, P, γ)

γ

If the question and answer sets are classical, then γ defines a probability distribution on

question pairs, and this definition recovers Definition 2.15.

Remark 4.48 (Value as winning probability). Operationally, the value can be interpreted as

the probability of the players winning the game λ with correlation P and question state γ.
This probability can be computed by pairing the game protocol bit state with the effect ⟨1|
(measuring a 1).
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P

1

γ

= λP

γ

Mλ

Example 4.49. A natural choice for |γ⟩ is the normalized unit ofX⊗Y (which gives a uniform

question distribution in the classical case), simplifying the value diagram even further to be:

λP
−1

Similarly to the case of nonlocal games as in Definition 2.16, we can define the t-value of a
game for a strategy class t by taking the supremum over correlations from that class.

Recall the quantum set correlation classes defined in Section 4.3. Let Qt denote the class of

quantum set correlations for t ∈ {det, q, qc, ns}.
Definition 4.50 (t-Value of a game). The t-value of a game λ for t ∈ {loc, q, qc, ns} with
question state |γ⟩ is

Ωt(λ, γ) := sup
P∈Qt

Ω(λ, P, γ).

We can immediately conclude the following.

Corollary 4.51 (Corollary of Proposition 4.39). Qdet ⊆ Qq ⊆ Qqc ⊆ Qns and therefore Ωdet ≤
Ωq ≤ Ωqc ≤ Ωns.

4.7 Other quantum question-and-answer games

In a somewhat speculative digression, we now discuss other authors’ formulations of extensions

of nonlocal games with quantum questions and answers. We begin with general approaches to

quantum question-and-answer games. There is still some work to be done to explicitly connect

all of these constructions to the quantum games defined above, but we give a few hints at how

this may work. We then mention several papers where the authors extended specific nonlocal

games to allow the questions to be quantum states.
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General approaches to quantum question-and-answer games

In [LTW08, Definition 3.1], the authors present an operational definition of a quantumquestion-

and-answer game as a protocol. We restate their definition here to compare it to ours.

Definition 4.52 (Two-player one-round quantumgame). LetR, S,T,A,B be finite-dimensional

quantum registers, let |ρ⟩ be a quantum state of the registers (R, S,T), and letM be a binary

measurement on the registers (R,A,B).

1. The referee prepares (R, S,T) in the state |ρ⟩, and then sends S to Alice and T to Bob.

2. Alice and Bob transform the registers S andT sent to themhowever they choose, resulting

in registers A and B that are sent back to the referee.

3. The referee applies the binary measurementM on the registers (R,A,B). The outcome

1 means that Alice and Bob win, while the outcome 0 means that they lose.

Usually quantum registers are understood to hold only pure states. In that case, this is a

somewhat restrictive definition of a quantum game. If the registers are understood to hold

mixed states, however, we have the following result.

Proposition 4.53. Quantum games (in our sense) can be realized as a mixed-states generalization
of two-player one-round quantum games, in the sense of [LTW08].

Proof. Beginning with a quantum game λ : X ⊗ Y → A ⊗ B, define a two-player one-round

quantum game as follows. Forgetting the quantum set structure and treating quantum sets as

finite dimensional Hilbert spaces, take S := X , T := Y , and R := X⊗Y . To evaluate the game

λ, the players must apply their strategies to a question state |γ⟩ of X ⊗ Y . Have the referee

prepare |ρ⟩ := ∆X⊗Y |γ⟩. Then, potentially using another shared resource state |ψ⟩ as well as
their parts of |ρ⟩, Alice and Bob prepare an answer state of A⊗ B. Finally, the referee applies

the binary measurementM :=Mλ, as defined in Section 4.5.

One can check graphically that the value of a correlation P for the quantum game λ with

question state |γ⟩ is equal to the probability of measuring a win (the outcome ofM labelled 1)
when Alice and Bob use a strategy corresponding to P in the described two-player one-round

game.

Remark 4.54. There are a coupleways inwhich [LTW08] have amore general definition (when

allowing for mixed states) of two player one round quantum question-and-answer games than

given here.
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1. Their referee’s register R is not required to be a second copy of registers (X,Y).

2. The tripartite question state |ρ⟩ is not required to have any particular structure, whereas

here it must be in the image of ∆X⊗Y .

It may, however, be the case that a referee can essentially be nomore powerful with an arbitrary

register, or with an arbitrary state of that register. This is a question for future work.

Another general class of quantumquestion-and-answer games are rank-one quantum games,
introduced in [Coo+11]. The definition is very similar to the two-player one-round quantum

games of Definition 4.52. The term rank-one refers to the rank of the projection associated

to the winning outcome in the binary measurement applied by the referee for rule-checking.

Projections of rank one arise naturally when working only with pure states. A subclass of our

quantum games likely connect to rank-one games by restricting to a pure question state |γ⟩, to
maximally quantum question and answer sets, and to λ that is rank one in the sense that it can

be written as

λ = ℓ ℓ

for some ℓ in B(H,K) with X ⊗ Y ≃ B(H) and A⊗ B ≃ B(K). In order to define a game, ℓ
must be a pure state of K ⊗H∗

under the canonical identification.

Removing this constraint on λ gives the games introduced later in [Cra+23] called finite-
rank projection games.

Yet another approach to quantum question-and-answer games, also given in [Cra+23], are

hypergraph quantum games. These games are defined as probabilistic quantum hypergraphs,

which encode a probability measure on (pure) question states along with a map from question

states (so pure states of the Hilbert space acted on by our quantum question set X ⊗ Y ) to

the projection lattice of A ⊗ B. Hypergraph games are also discussed in [HT22; HT25]. This

approach seems likely to connect well to our notion of quantum games.

A somewhat distinct approach to quantum games is taken in [TT24] where the authors

define quantum non-local games to be join continuous, 0-preserving maps between projection

lattices of matrix algebras corresponding to X ⊗ Y and A ⊗ B in the maximally quantum

case. These games are further studied in [Bra+23; Bra+24]. There are likely connections of this

approach to our quantum games. This is a direction for future work.
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Partial extensions of nonlocal games to quantum question-and-answer
games

An extension of nonlocal games to only allow quantum questions are the semi-quantum games
of [Bus11]. They can be thought of as two-player one-round quantum gameswhere the referee’s

register R and the answer registers A,B are classical, and Alice and Bob’s question state TrR |ρ⟩
is a separable state of (S,T).

Another partial extension are the extended nonlocal games of [Joh+16], generalizing two

different nonlocal game extensions introduced in [Fri12; Tom+13]. These games have classical

questions and answers allow the players to send a quantum system to the referee (that may

be correlated to their resource state) and the value of the game is then determined by an inner

product of the final state on the referee’s system (after the players have done their measure-

ments) with an observable chosen depending on the questions and answers.

Specific nonlocal games extended to have quantum questions

Classical XOR games are nonlocal games where the answer sets are binary, that is, A = B =
{0, 1}, and the rule function has a particular format: The players win exactly when the binary

XOR of their answers (a ⊕ b) is equal to some binary function of their questions. Note that

the CHSH game is an XOR game. In [RV15], the authors extend these games to quantum XOR

games, allowing the question pair to be replaced with one of finitely many bipartite quantum

states, selected at random.

The classical graph homomorphism game, described previously in 2.3.3, was extended by

[BGH22] to a game requiring homomorphisms from a quantum graph to a classical graph, with

the quantum question pairs corresponding to states in the Hilbert space corresponding to the

operator system of a quantum graph.

To conclude this section, there is further work to be done to explicitly connect our quantum

games to the other definitions discussed here, and to carefully consider the generalisation from

pure states to mixed states. It seems possible that, with some further work and a possible

extension to an arbitrary quantum set belonging to the referee (rather than a copy ofX⊗Y ), the

diagrammatic settingmay be powerful enough to unify existing approaches to general quantum

question-and-answer games, at least in the finite dimensional setting.
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5 Synchronicity for quantum games

Enthusiastic about Pauli’s suggestions, Jung responded with the bold proposal of

generalizing synchronicity to include acausal relationships without a mental com-

ponent - that is, purely physical interactions. He did not specify quantum entan-

glement, but surely that fell into Jung’s expanded definition. - Paul Halpern

This chapter focuses on synchronicity for quantum games, one of the central definitions

of this thesis, and lays out its properties and consequences. Synchronicity for quantum games

generalizes synchronicity for nonlocal games (Section 2.3). In Section 5.1, we define synchronic-

ity for quantum games using a graphical approach. In Section 5.2, we study perfect strategies

for synchronous quantum games and see that they are forced to be synchronous, then we see

our first examples of synchronous quantum games, and we study the symmetric structure of

synchronous correlations and strategies. As an aside, we also introduce the notion of classical
dimension of a quantum set, which is a graphical definition that is closely linked to synchronic-

ity. Then, in Section 5.3, we study the additional structure entailed by bisynchronicity. Finally,
in Section 5.4, we discuss other existing generalizations of synchronicity from nonlocal to quan-

tum games.

Remark 5.1 (The naming of things). Upon finalizing this work, it is apparent that what we

call here perfect strategies should better have been called something like universally perfect or
absolutely perfect strategies, as they realize perfect correlations with respect to any state. This

would allow the term perfect strategies to be used for strategies that simply realize a perfect

correlation with respect to some state. The same applies to what we call synchronous strategies,
which would likely better be called something like universally or absolutely synchronous. With

this change in nomenclature, some of the following results for synchronous quantum games

would connect more naturally to the nonlocal games literature. See Remark 4.33.
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5.1 Diagrammatic approach to synchronicity

To extend synchronicity for nonlocal games to quantum games, we would like the players to

use the same question and answer spaces as each other. It turns out that the classical question-

and-answer results extend more elegantly and directly if the multiplication structure on the

question and answer spaces is mirrored. This means that if Alice has questions in the quantum

set X , then Bob’s question set should be X but with the opposite algebra structure.

We start by defining the opposite of a quantum set, and then studying the Frobenius map,

which we will also refer to as sharing. We then use sharing to define synchronicity, the central

property of this chapter. We justify our terminology by considering the classical question and

answer case.

5.1.1 Opposite of a quantum set

Definition 5.2 (Opposite of a quantum set). Given a quantum setX , its opposite, denotedXop
,

is another quantum set with the same underlying set X , the same unit as X ,

:=

and multiplication given bymσ,

:=

In the following, we always take Y = Xop
, and B = Aop

, with filled nodes corresponding

to the opposite multiplication.

There is no need to distinguish the cups and caps that come from the original quantum

set or its opposite, as (4.5) shows us that they are equal. Under the duality coming from the

quantum set structure ofX ⊗Xop
, we can check that the transpose of the filled multiplication

is the empty comultiplication and vice versa. Equivalently, the filled nodes become the empty

nodes under conjugation and vice versa.
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5.1.2 Sharing

We now consider a sharing map, defined as follows. This map features in the definition of

synchronicity, and will also allow us to introduce the notion of classical dimension.

Definition 5.3 (Sharing). The sharing map of a quantum set X is the Frobenius map of (4.1)

given by

= =

It may seem unnecessary to give a new name to the Frobenius map, but it makes some of

our statements more operationally accessible. It also leaves room for different sharing maps to

be used in the definition of synchronicity – for instance, we could introduce a twist into the

sharing map, and define synchronicity that way, with many of the same properties. We will

elaborate on this in future work.

In the classical case, the sharing map is the projection onto the diagonal (or “shared”) ques-

tions |x⟩ ⊗ |x⟩, which is the reason for calling it sharing.

We will often work with the thick wire X ⊗ Xop
(and A ⊗ Aop

). It will be convenient to

have a shorthand notation for sharing, using thick wires.

:=

We take note of some straightforward but useful properties of the sharing map.

Lemma 5.4 (Properties of sharing). Consider the sharing map of X .

(a) Sharing is self-adjoint.

(b) Sharing is a projection.

(c) Sharing the unit produces the cup state.

=
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(d) Sharing commutes with the right leg of multiplication.

=

Proof. (a) Self-adjointness follows from applying a dagger to the Frobenius equations (4.1), or

graphically by noticing their vertical symmetry.

(b) Composing the sharing map with itself and then applying specialness of the quantum set

X returns the sharing map.

(c) Let’s see that sharing the unit produces the cup state.

= = =

(d) Using thin wires, and repeated applications of the Frobenius equation and associativity, we

have

= = =

= = =

Property (c) of sharing motivates one more piece of shorthand notation, allowing us to

represent the cups and caps ofX using only thick wires. We visually retract the unit in property

(c) to define

:=

We denote the conjugate of sharing, with respect to the duality given by the thick-wire cups

and caps of X ⊗Xop
, by the filled square,
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This is also the transpose of sharing, due to self-adjointness, and is also sharing in the

opposite quantum set Xop
.

Property (d) of sharing is equivalent to two other equations relating sharing, the conjugate

of sharing, and multiplication. The equivalence comes from bending wires.

==

,

Another way to approach the relationship between sharing and multiplication, is that if we

think of X ⊗ Xop
as a left-module over itself, then sharing is a left-module endomorphism.

Similarly, opposite sharing is a right-module endomorphism.

5.1.3 Synchronicity

Definition 5.5 (Synchronousmap). We say a linear map f : X⊗Xop → A⊗Aop
is synchronous

if

f = f

The above definition, in casual terms, says a map is synchronous if “shared inputs lead to

shared outputs”. If the linear map is a game or correlation, we get the notion synchronous game,
or synchronous correlation.

It will sometimes be useful to use the equivalent thin-wire version of the above definition,

given by

f f=
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Synchronous games and correlations with classical questions and answers are already an

established notion, defined in [Pau+16]. Let’s briefly call that property typically synchronous.
A correlation or game f(a, b|x, y) is typically synchronous if for all a ̸= b, f(a, b|x, x) = 0 for
all x. It may be momentarily confusing to not give our more general property a unique name,

but Proposition 5.6 resolves this confusion.

Proposition 5.6. A classical correlation (game) is synchronous if and only if it is typically syn-
chronous.

Proof. Let X,A be classical. Let P be a correlation X ⊗X → A ⊗ A. Denote the coefficients

p(a, b|x, y) := ⟨a| ⟨b|P |x⟩ |y⟩ . Being synchronous says that P |x⟩ |x⟩ is in the diagonal sub-

space of A ⊗ A. This means that the coefficients, p(a, b|x, x) are zero unless a = b. The same

proof applies when replacing the correlation P by a game λ.

Remark 5.7 (A quantum processes interpretation of synchronicity for maps on classical sets).
In the case that X,A are classical, this equation can be understood as saying that after one

instance of decoherence (the map ∆m), the map f commutes with any further decoherence.

See [CK17] for a diagrammatic definition of decoherence.

Definition 5.8 (Synchronous quantum function). We say a quantum functionφ : X⊗Xop →H
A⊗ Aop

is synchronous if

=φ φ

The above definition gives us the notion of a synchronous strategy. We will see that this is

a much stronger condition than realizing a synchronous correlation. Note that if a strategy on

H is synchronous, then together with any normalized state |ψ⟩ ∈ H, it realizes a synchronous
correlation.

5.2 Consequences of synchronicity

5.2.1 Impact on perfect strategies

One of the most useful properties of (typical) synchronous games is that they force associated

perfect strategies to be synchronous. We generalize this result to quantum question and answer

games.
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Theorem 5.9. Perfect correlations for synchronous games are synchronous.

Proof. Let P be a perfect correlation for a synchronous game λ. We have that

P
=
1 λP

=
2 λP

=
3 λP λP

=
4

=
5 P

where

1. uses the definition of a perfect correlation,

2. uses property (d) of sharing,

3. uses synchronicity of λ,

4. again uses property (d) of sharing, and

5. again uses the definition of a perfect correlation.

Corollary 5.10. Perfect strategies for synchronous games are synchronous.

Proof. While not truly a corollary, the steps of the proof are identical to the above, with P
replaced by a strategy φ, and Hilbert space wires tacked on to φ in each diagram.

We have presented the results in this order as the proof is cleaner and easier to read without

the additional Hilbert space wire.
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5.2.2 First examples of synchronous games

Let us now make some guesses as to what may constitute a synchronous quantum game. Our

candidates are the identity map and the sharing map. In the classical case, the identity map can

be thought of as the game Simon Says, where Alice and Bob must each repeat their question as

their answer, and the sharing map can be thought of as an unfair Simon Says, where they can

only win if their questions also agree with each other.

These are both synchronous maps, due to the fact that sharing is a projection. The identity

is always a game, by specialness of a quantum set. However, this is not true of sharing.

Proposition 5.11. X is classical if and only if sharing is a game.

Proof. Let X be classical. Then sharing is self-conjugate because X = Xop
.

For classical sets, we have access to the spider theorem for †-SCFAs, that asserts that all
connected diagrams from n input wires to k output wires using only the quantum set operations

are equal. For a full treatment of the spider theorem, see [HV19, Section 5.2]. We can use the

spider theorem to show sharing is a game. The left-hand-side of the idempotency equation for

games is a connected 2-input, 2-output classical spider. By the spider theorem, this is equal

to any other connected 2-input, 2-output spider, and so the idempotency equation defining a

game holds.

Conversely, assume sharing is a game. Recall that X =
⊕K

k=1Mnk
, as in Remark 4.3. We

first show graphically that

= K,

as follows.

= =
∑K

k=1
n−2
k

with the coefficients introduced as given in Remark 4.3, due to four instances of multiplication

or comultiplication. But the complicated looking knot is just two closed loops inCnk
, so is equal
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to dim2Cnk = n2
k, so we get

=
K∑
k=1

1 = K.

Then applying units and counits to one of the defining equations for sharing being a game, we

get

= ==⇒

The loop evaluates to dimX . We conclude thatK = dimX , so we must have nk = 1 for all k.
Therefore, X is classical.

So in general, sharing is synchronous but it is not a game outside of the classical setting. The

identity map is our only example so far of a synchronous game with non-classical questions

and answers.

We can also look at the function game λ→, given by

λ→ := ( )+

−

This is a game, and is synchronous. In fact, it is the “easiest” synchronous game, in the following

sense.

Proposition 5.12 (Function game is the easiest synchronous game). Given any synchronous
game, λ : X ⊗ Xop → A ⊗ Aop, the function game on the same sets commutes with λ, and
satisfies

λ ⋆ λ→ = λ.

The proof follows directly from computing both products, and using synchronicity of λ
(with respect to both sharing and conjugate sharing) to cancel two of the three terms.

Wewill construct examples, in Chapter 6, of more interesting synchronous games with truly

quantum questions and answers.

We can also always construct more synchronous games by taking the commuting product

of any game that commutes with a synchronous game, because of the following fact.

78



Proposition 5.13. If λ is synchronous, then λ′ ⋆ λ is synchronous.

Proof. The proof is identical to steps 2-4 of the proof of Theorem 5.9, replacing P with λ′.

Some of the games in this section motivate one more definition.

Definition 5.14 (Fair game). We say a game is fair if there is no (self-conjugate) state |γ⟩ of
X ⊗ Y such that λ(|γ⟩) = 0.

The identity map and the function game are fair games. The graph games in Chapter 6 are

also fair.

5.2.3 Classical dimension

The proof of Proposition 5.11 motivates us to define the classical dimension ofX as the number

K of direct summands whenX is decomposed as a direct sum of matrix algebras. In diagrams,

we can use the sharing map to make our definition without appealing to a structure theorem.

Definition 5.15 (Classical dimension). The classical dimension of a quantum setX (seen from

the perspective of X ⊗Xop
) is

We call this notion “classical dimension” because it counts classically distinct subspaces. At

the level of Abelian categories, this notion is called the length of X as an object of FHilb. It
should not be confused with other notions of classical dimension that may be in the literature.

We have defined classical dimension of X using the wires of X ⊗Xop
. Using the notation

for the opposite Frobenius algebra, we can give a simpler, equivalent definition.

Proposition 5.16. The classical dimension of a quantum set X is also given by .

Proof. This diagram also counts the number of matrix blocks (denoted K) in the quantum set

X , as follows (see Remark 4.3 for block decomposition of X):

=
K∑
k=1

(
1
√
nk

)2

=
K∑
k=1

1

nk

=
K∑
k=1

dimCnk

nk

=
K∑
k=1

1 = K
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We can now restate the key takeaway of Proposition 5.11.

Corollary 5.17. A quantum set X is classical if and only if its (quantum) dimension is equal to
its classical dimension.

5.2.4 Structure of synchronous correlations

Lemma 5.18. A synchronous correlation P : X⊗Xop → A⊗Aop can “slide upwards” off a loop:

P =

A synchronous (combined) strategy φ : X ⊗Xop →H A⊗Aop can “slide upwards” off a loop,
leaving behind its resource wire:

=φ

Proof. Beginningwith the definition of a synchronous correlation, wemake a series of graphical

derivations.

P P=

P =

=⇒
1

⇐⇒
3

⇐⇒
2P P= P =

P = ⇐⇒
4

The steps are justified as follows.

1. Apply units and counits.
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2. Contract the units and counits using Lemma 5.4, and use the fact that P is counital.

3. Contract the remaining counit.

4. Rewrite using single wire notation, and use specialness of X .

All of the above steps can be applied to a synchronous strategy φ instead of a correlation P ,
by adding a resource Hilbert space wire through the map. Then, in step (2), on the right hand

side, we apply (4.7), and the resource wire remains in the diagram.

Remark 5.19. Notice that by defining P̂ to be an operator on X ⊗ A, given by the partial

transpose of P

P̂ := P

Lemma 5.18 says that for P synchronous, trP̂ = dimX where the trace of P̂ is given by

P̂

Proposition 5.20. A non-signalling correlation P : X ⊗Xop → A ⊗ Aop has marginals given
by

P PB
,PA = = P

Proof. We give a diagrammatic proof for PA

=
1

=
2 PAPAP
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with the steps justified as follows:

1. P is nonsignalling, and

2. comultiplication is counital.

Flip the proof horizontally for PB .

Note that conjugating the above statement allows us to use the filled quantum set instead,

as PA and PB are channels and so are self-conjugate. When Alice and Bob have the same sets,

we define the swapped correlation P σ := σPσ, corresponding to Alice and Bob switching

places. When P is non-signalling, P σ
is also non-signalling, and PB = P σ

A . If additionally, P is

synchronous, we get PA = PB , as follows.

Proposition 5.21. A non-signalling synchronous correlation P has equal marginals given by

P PB=PA =

Proof. We give a diagrammatic proof

P
=
1

=
2

=
3PA PP

with the steps justified as follows:

1. Apply Proposition 5.20.

2. P is synchronous.

3. Contract loose counit.
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Note that conjugating the statement of the above proposition replaces all multiplication and

comultiplication with that of the opposite algebra. So we also have

P PB=PA =

In the classical question and answer case, consider the quantum processes interpretation

(see [CK17]) of the above proposition: Each of Alice’s and Bob’s marginals looks like encoding

their own question as a quantum state, applying P , and then measuring to get back classical

data.

If the non-signalling correlation P is realized by some quantum commuting strategy and a

shared state, we can say even more about the strategy. This is a diagrammatic alternative to

the proof of [BKS23, Theorem 6.6, (1)].

Theorem 5.22. If a synchronous correlation is realized by a quantum commuting strategy (E,F )
on a finite-dimensional resource spaceH, and a normalized state |ψ⟩ ∈ H, then

ψ

E =

ψ

F

Before proving this result, we will present a diagrammatic version of the Cauchy-Schwarz

inequality for FHilb. (Note that the diagrams being compared in the following equation are

both non-negative scalars.)

Lemma 5.23 (Cauchy-Schwarz). Let f, g : K → H in FHilb. Then

f

f

g

g

gf

f g

≤ (5.1)

with equality if and only if f = αg for some α ∈ C.
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Proof. By sliding the left-side fs along theH wire to the other side of their loops, this just says

⟨f, g⟩⟨g, f⟩ ≤ ⟨f, f⟩⟨g, g⟩, which is the Cauchy-Schwarz inequality, and it holds with equality

exactly when f is a scalar multiple of g.

The Cauchy-Schwarz inequality in this format leads to two inequalities for pairs of quantum

functions.

Theorem 5.24. Let E : X →H A,F : Xop →H Aop be quantum functions, with H finite-
dimensional.

1. Let |ψ⟩ ∈ H be a normalized state.

ψ

E

ψ

F ≤

ψ

F

ψ

E

with equality if and only if

ψ

E =

ψ

F

2. We have

E
F ≤

F
E

with equality if and only if
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E = F

Proof of Theorem 5.24. 1. We have

E
F

F
E =

F
E

F †

E†

≤
(5.1)

F
E

F †

E†

=
F

F
E

E

where the inequality is the Cauchy-Schwarz inequality 5.23 with

ψ

E
ψ

F
g := f :=

,

But, given thatE andF are quantum functions, we can further simplify this by computing
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E
E =

(4.6)
= E

E

=
(4.7)

=

using the properties of E as a quantum function, the definition of the cup, and the fact

that X,A are special and |ψ⟩ is normal. The same holds for F , using the symmetry

property of the quantum set to postcompose a swap with the cup ofX , using the opposite

comultiplication in the first equation. Substituting these loops into the above inequality,

we have our desired result.

Now, let us examine the case of equality. Equality holds if and only if g := αf for some

α in C. This is exactly the condition that

E
= α

 F


∗

= α

 F †


∗

= α F †
= α

F

Because E is a quantum function, due to (4.7) we must have α = 1, resulting in equality

if and only if

ψ

E =

ψ

F

2. LetH∗
denote the linear dual ofH. Consider the map E ′ : H⊗H∗⊗X → A⊗H⊗H∗

,

given by
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EE ′ :=

Observe that E ′
is again a quantum function X →H⊗H∗ A, by noting that the added H∗

wire does not interfere with the diagrammatic properties of E. Construct F ′
in the same

way from F . Observe that (E ′, F ′) is again a synchronous strategy, by adding anH∗
wire

to the synchronicity equation for (E,F ), as pictured.

E ′
F ′

E F= E F= F ′
=

E ′

Let |ψ⟩ be the normalized cup state ofH⊗H∗
coming from the duality ofH∗

toH. Then
(E ′, F ′) together with |ψ⟩ generates a synchronous correlation, P .
We can now apply part (1) to get

E
F

F
E

ψ

E ′

ψ

F ′

≤

ψ

F ′

ψ

E ′
=

with equality if and only if
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E = F

or equivalently, by the snake equations,

E = F

With these tools in hand, we are equipped to prove the previous theorem.

Proof of Theorem 5.22. Because (E,F ) is quantum commuting, we have that

ψ

E

ψ

F =

ψ

F

ψ

E

By the loop-sliding lemma 5.18, given that the realized correlation is synchronous, these are

also equal to

Then, we have equality in Theorem 5.24 (1), implying the desired equality.

Theorem 5.25. If a quantum commuting strategy (E,F ) on a finite-dimensional resource space
H is synchronous, then
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E = F

Proof. Because (E,F ) is quantum commuting, we have that

E
F =

F
E

By the loop-sliding lemma 5.18, given that the strategy is synchronous, these are also equal

to

Then, we have equality in Theorem 5.24, (2), implying the desired equality.

The consequenceE = F of Theorem 5.25 may be surprising. It shows us that synchronicity

at the level of strategies is an extremely strong property – much stronger than synchronicity

at the level of correlations. In a sense, it results in an n dimensional restriction on the players’

behaviour instead of a 1 dimensional restriction.

As a corollary, we will show that synchronous qc strategies are essentially families of local
strategies. Over an n-dimensional Hilbert space, these strategies are merely recipes for convex

interpolation between n deterministic strategies. The specific local strategy implemented varies

depending on the selected resource state. A more precise statement follows.

Corollary 5.26 (Corollary of Theorem 5.25). Let (E,F ) be a synchronous quantum commuting
strategy on an n-dimensional resource space H. Then (E,F ) together with any state ψ of H can
be realized by a convex combination of n synchronous deterministic strategies.
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Proof. By Theorem 5.25, we have E = F . Fix a self-conjugate basis of each of X and A (this

translates to being self-adjoint when thought of as operators). For each choice of basis elements

x, y of X and a, b of A, composing these with the quantum commuting condition on (E,E)
gives a condition

Ey,bEx,a = Ex,aEy,b,

where Ex,a := a†Ex. Note also that each Ex,a satisfies

E†
x,a = (a†Ex)† = x†E†a =

1
a∗Ex∗ =

2
a†Ex = Ex,a

where step 1 is due to the realness property of the quantum function E and step 2 is due to

self-conjugacy of the basis elements x, a.

So we have a family of pairwise commuting self-adjoint operators, {Ex,a}. Fix an orthonor-

mal basis {|i⟩ : i ∈ [n]} ofH in which this family of operators is diagonal. Let fi := ⟨i|E |i⟩. It
follows that each fi is a (classical) quantum function bothX →C A andXop →C A

op
so (fi, fi)

is a deterministic strategy for the same game.

Now letQ be the classical quantum set structure onH coming from the specified orthonor-

mal basis. Let

|α⟩ :=
n∑

i=1

| ⟨ψ|i⟩ |2 |i⟩ .

Then the local strategy given by

∑n
i=1 ⟨α|i⟩ fi⊗ fi realizes the same correlation as (E,E)with

|ψ⟩.
Remark 5.27 (Synchronous correlations versus synchronous strategies). This result does not
conflict with the existence of synchronous correlations in Cqc\Cloc. The key difference here is

that being a synchronous strategy is much stronger than being a synchronous correlation. That
is, to make the proper analogies to the classical question-and-answer literature, one must talk

about synchronous correlations implemented by quantum commuting strategies, as opposed to

synchronous quantum commuting strategies.

5.3 Bisynchronicity

Bisynchronous nonlocal games and correlations are introduced in [PR21]. We extend these

definitions to the quantum question and answer setting.

In the classical question and answer setting, the graph isomorphism game is an example

of a bisynchronous game. In Chapter 6, we discuss a quantum generalization of the graph

isomorphism game, and use the fact that it is bisynchronous to relate its perfect strategies and

correlations to quantum graph isomorphisms.
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5.3.1 Bicorrelations and bistrategies

Definition 5.28 (Bicorrelation). We say a correlation P is a bicorrelation if P †
is also a corre-

lation.

A bicorrelation is simply a unital correlation.

Proposition 5.29. Let P be a nonsignalling bicorrelation. Then P † is also nonsignalling.

Definition 5.30 (Bistrategy). We say a combined strategy φ : X⊗Y →H A⊗B is a bistrategy
if

φ†

is also a combined strategy φ : A⊗B →H∗ X ⊗ Y .

This is equivalent to defining a bistrategy φ to be a quantum bijection as given in [MRV18,

Definition 4.3]. From the perspective of C
∗
-algebras, this can be thought of as an entanglement

assisted ∗-isomorphism.

Note that correlations realized by bistrategies are automatically bicorrelations.

It turns out bistrategies have the desirable property of φ inheriting the strategy class of φ,
as follows.

Proposition 5.31. Let φ : X ⊗ Y → A⊗B be a bistrategy.

1. If φ is quantum commuting, then so is φ.

2. If φ is quantum tensor, then so is φ.

3. If φ is deterministic, then so is φ.

Proof. 1. If φ is quantum commuting then we can write φ as follows:

φ†
E

F=φ = φ =
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But then using the fact that (E,F ) is quantum commuting, we have

F

F
E =φ =

E

so it looks like φ is a quantum commuting strategy for λ† implemented by (E,F ). We

will just check if the operators commute. Indeed,

E
Fφ =

E

F

=

So φ is quantum commuting.

2. If φ is quantum tensor, implememented by some (E,F ), then it is quantum commuting

with operators

E
F

E ′
F ′ == ,

But then φ is quantum commuting and implemented by (E ′, F ′). These are given by

E FE ′ F ′ == ,
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and so φ is a quantum tensor strategy implemented by (E,F ).

3. If φ is deterministic, then H = C but also by the above, φ is quantum tensor and imple-

mented by †-cohomomorphisms (E†, F †). So φ : A⊗B → X ⊗ Y is deterministic.

5.3.2 Bisynchronous maps

Definition 5.32 (Bisynchronous map). We say a linear map f : X ⊗ Xop → A ⊗ Aop
is

cosynchronous if f †
is synchronous. We say f is bisynchronous if f is both synchronous and

cosynchronous.

Definition 5.33 (Bisynchronous quantum function). We say a quantum function φ : X ⊗
Xop →H A⊗ Aop

is bisynchronous if both φ and φ are synchronous.

Proposition 5.34. A map or quantum function is bisynchronous if and only if it intertwines
sharing.

Proof. Let f : X ⊗Xop → A⊗ Aop
be a bisynchronous linear map. If f is bisynchronous,

f =f = f

Let φ : X ⊗Xop →H A⊗Aop
be a bisynchronous quantum function. Then the same proof

holds with anH wire tacked on.

Conversely, if f intertwines sharing, then f and f †
are synchronous because sharing is a

projection. The same goes for φ and φ.

In the quantum commuting case, there is something redundant about the definition of a

bisynchronous bistrategy, as follows.

Proposition 5.35. Let φ be a synchronous quantum commuting strategy.

1. If φ is a bistrategy, then φ is bisynchronous.

2. If φ is bisynchronous and unital – in the sense that φ satisfies (4.7) – then φ is a bistrategy.
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Proof. By Theorem 5.25, φ : X ⊗ Xop →H A ⊗ Aop
is given by some quantum function

E : X →H A applied twice.

1. If φ is a bistrategy then applying (4.6) to E and E, we see that φ commutes with sharing

and is therefore bisynchronous.

2. By assumption, we have thatφ satisfies (4.7). We know thatφ satisfies (4.8) becauseφ does

and the condition is the same. To see that φ satisfies (4.6), given that φ is bisynchronous,

start with the result of Proposition 5.34, and apply a counit to the left A wire of the

equation. By counitality of E, we get that (4.6) holds for E, and then it follows for φ as

well. Therefore, φ is a bistrategy.

Theorem 5.36. Let X,A be quantum sets.

1. If P : X ⊗Xop → A⊗ Aop is a bisynchronous bicorrelation, then dimX = dimA.

2. If additionally, φ : X ⊗ Xop →H A ⊗ Aop is a bisynchronous bistrategy, then X and A
have the same classical dimension.

3. If furthermore, φ is quantum commuting, then X,A are quantum isomorphic as quantum
sets.

4. If furthermore, φ is deterministic, then X,A are isomorphic as quantum sets.

Proof. Because P is a synchronous correlation, the loop-sliding lemma 5.18 gives us that

P =

Because P †
is a synchronous correlation, by applying the loop-sliding lemma to P †

and then

taking daggers (turning diagrams upside down), we have that

P =
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Therefore, the two circles are equal. In a quantum set, the circle (given by εm∆u) computes

the dimension of the underlying Hilbert space.

In the case that φ is a bisynchronous bistrategy, then using the fact that φ and φ are both

quantum functions, and fixing any normalized state ofH,

φ
φ

=
3

=
1

φ
φ

φ

=
2

=
4

=
5

φ

In the above, the steps are justified as follows:

1. Apply the counitality equation (4.7) for φ.

2. Apply the comultiplicativity equation (4.6) for φ.

3. Apply Proposition 5.34 to interchange φ with the sharing map on both sides.

4. Apply the comultiplicativity equation (4.6) for φ.

5. Apply the counitality equation (4.7) for φ.

If, furthermore, φ is quantum commuting, then because it is synchronous, it is realized by

two copies of E which is a quantum function both X →H A and Xop →H Aop
, as shown in

Theorem 5.25. Because φ is a bistrategy, E is also a quantum function, and so E is a quantum

bijection X →H A.

In the case that φ is deterministic, H = C and the quantum bijection E just becomes a

quantum-set isomorphism.
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Corollary 5.37 (of Theorem 5.36). Consider a bisynchronous game λ.

1. If λ has a perfect bicorrelation, then the question and answer sets have the same dimension.

2. If λ has a perfect bistrategy, then the question and answer sets have the same classical di-
mension.

3. If λ has a perfect quantum commuting bistrategy, then the question and answer sets are
quantum isomorphic (in the sense that there is a quantum bijection from one to the other).

4. If λ has a perfect deterministic bistrategy, then the question and answer sets are isomorphic
as quantum sets.

Proof. A perfect correlation P for a synchronous game λ is synchronous by Theorem 5.9. We

also know that P †
is perfect for the game λ† by taking daggers of Definition 4.30. Because λ†

is also synchronous, we can apply Theorem 5.9 again to see that P †
is synchronous. Therefore,

P is bisynchronous, and so we can conclude that dimX = dimA. Making the same argument

to show that a perfect strategy is also forced to be bisynchronous, we can apply the rest of

Theorem 5.36 to show the remaining items.

5.4 Other quantum approaches to synchronicity

We now consider two other recent generalizations of synchronous games and correlations. We

relate these to our definition of synchronicity.

5.4.1 Concurrent correlations

In [Bra+23; Bra+24], there is a related attempt to generalize synchronicity to quantum question

and answer games. The authors call these correlations concurrent instead of synchronous, and

their definition is specific to the case where X,A are full matrix algebras. Concurrency says a

correlation takes the cup state (which is maximally entangled) to the cup state.

The question and answer sets of [Bra+23], thought of as quantum sets, are maximally quan-

tum, as in Example 4.6. With this in mind, their definition of the property concurrent for a

quantum correlation P is represented by the graphical equation
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P =

Using the above as a template, we can extend concurrency to when the question and answer

sets are general quantum sets.

Definition 5.38 (Concurrent). A linear map F : X ⊗Xop → A⊗Aop
is called concurrent if it

satisfies

F =

We can think of concurrency as preserving the cup state.

Note that replacing P with P †
gives “co-concurrency" of P . In the case that X,A are clas-

sical, this is causality of the quantum map P , as given in [CK17].

In the case that X = A, and F is a quantum relation on X as defined in [MRV18], concur-

rency is the reflexivity condition of [MRV18, Definition 7.6].

It turns out that synchronous games and correlations need not be concurrent.

Example 5.39 (Unfair function game). The synchronous game

is not concurrent, because

= ̸=

This is an unfair version of the function game, where the players cannot win if they receive

different answers.
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The concurrency equation fails by a scaling factor. There are also synchronous games that

fail more seriously to be concurrent.

Example 5.40 (Unfair graph game). Given irreflexive graphs
1 G,H , the synchronous game

G

H

is not concurrent, because

G

H
= 0 ̸=

Note that these are both unfair games. It would be interesting to see a fair synchronous

game that is not concurrent.

If P is a bicorrelation, then we can relate concurrency to bisynchronicity, as follows.

Proposition 5.41. Bisynchronous bicorrelations are concurrent.

Proof. Let P : X ⊗Xop → A⊗ Aop
be a bisynchronous bicorrelation. Then

P
=
1

=
2

P

with steps justified as follows:

1. P preserves sharing by 5.34.

2. P is unital.

Note that the proof did not use the property that a bicorrelation is CP, nor that a bicorrelation

is counital. This means there is a somewhat more general result here, that bisynchronous unital

maps are concurrent.

1
See Chapter 6 for a definition of quantum graphs.
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5.4.2 Synchronicity in the quantum spaces of maps setting

In [BKS23], there is also a definition for synchronicity of quantum question and answer cor-

relations, which the authors refer to as quantum correlations of quantum spaces. Their input

space denoted C(P) corresponds to our question space X while their output space C(O) cor-
responds to our answer space A. For the purposes of this section, we denote X =

⊕NX

ℓ=1Xℓ

where each Xℓ is the full matrix algebraMmℓ
(C), and A =

⊕NA

k=1Ak where each Ak is the full

matrix algebraMnk
(C).

Their definition of synchronous is given by the property∑
s,t,i,j,k,ℓ

1

nkmℓ

kk
ℓℓ P

(st),(st)
(ij),(ij) = NX (5.2)

where the coefficients of P come fromwriting the correlation P in a matrix unit basis forX
and A. In [BKS23], these are denoted with an X instead of a P . See their paper for the details
of index placement.

When matching summed indices using strings, this looks a lot like a consequence of our

definition, given by the loop-sliding equation of Lemma 5.18,

P =

however, neither the weighting in the sum, nor the number NX can arise when interpreting

each wire as a quantum set, or even as an (unnormalized) †-SFA. (This last claim is based on the

†-SFA classification result [HV19, Proposition 5.33], which is slightly more general than what’s

described in Remark 4.3.)

Instead, we show a graphical way to generate (5.2) using a similar loop-sliding diagram, but

allowing for two Frobenius structures on the same set. The approach uses only classical struc-

tures, which means that [BKS23]’s definition of synchronicity of QNS correlations is a classical

property. We compare the graphical translation of (5.2) to our definition of synchronous, and

show that in the classical question and answer case, it is equivalent to our definition.

Using classical structures

Using two commutative Frobenius structures (not both normalized to be quantum sets) on X
and doing the same thing for A, we can draw (5.2) like this:
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P =

To read (5.2) from the above diagram, we must specify the †-CFAs. Each †-CFA on X uses

a differently weighted Schur product and the appropriate unit. The †-CFA represented by the

filled node has its multiplication given by the Schur product of matrices, ◦, with entrywise

multiplication in the ℓth block weighted by the square root of its size

√
mℓ and the Schur unit

(having a 1 in each nonzero entry) weighted by

√
mℓ

−1
. In other words, if a, b ∈ Xℓ, then the

filled multiplication takes a ⊗ b to
√
mℓ a ◦ b, and the unit is given by

⊕
ℓ

√
mℓ

−1Jℓ where
Jℓ ∈ Xℓ is the all-ones matrix.

The †-CFA on X represented by the empty node is the same as above but the weights

are replaced with their multiplicative inverses. This second †-CFA is actually special and so is

indeed a quantum set, matching our empty node notation from the rest of the paper.

For the †-CFAs on A, the structures are the same as above, replacing Xℓ with Ak and
√
mℓ

with

√
nk.

When the questions and answers are classical

In the case of classical questions and answers, mℓ = 1 = nk for all k, ℓ. This means that the

matrix blocks are all size 1, and the coefficients on the operations are all 1, and so the two

Frobenius structures (filled and empty) coincide to be the classical quantum set that copies the

diagonal matrix units. In this case, (5.2) actually is the loop-sliding equation

P =

of Lemma 5.18.

In general, the loop-sliding equation is a consequence of our definition of synchronicity. In

the classical question and answer setting, they are equivalent, as loop-sliding says∑
x∈X,a∈A

p(a, a|x, x) = |X|
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or equivalently, p(a, b|x, x) = 0 for a ̸= b. This is equivalent to

δabp(a, b|x, x) = p(a, b|x, x)

for all a, b, x, which is the commutative interpretation of our synchronicity definition.

This equivalence in the classical setting is to be expected, as both our definition and that

of [BKS23] have been shown to generalize typical synchronicity. However, the generaliza-

tions lead in different directions for quantum sets. Our definition generalizes the measure-

and-encode step of checking synchronicity, replacing that map by sharing, its noncommutative

counterpart. This leads to a synchronicity that observes quantum structure. The [BKS23] defi-

nition appears to be equivalent to treating the quantum set as a large classical set, in the sense

of superdense coding, and then applying the typical definition of synchronicity.
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6 Games on quantum graphs

Meaning is an automatic by-product of our recognition of any isomorphism. - Dou-

glas R. Hofstadter

As an example of how to apply our graphical theory of games, we construct the quantum

graph homomorphism game in Section 6.1, generalizing the (classical) graph homomorphism

game of [MR16] to allow the question and answer spaces to be quantum graphs. We prove that

it is a synchronous game, and we relate its perfect correlations and strategies to quantum graph

homomorphisms.

We also define the very similar quantum graph isomorphism game in Section 6.2, general-

izing the (classical) graph iosomorphism game of [Ats+16], later studied by [Bra+19]. We prove

that it is a bisynchronous game and relate its perfect bicorrelations and bistrategies to quantum

graph isomorphisms.

For background on quantum graphs that informs our approach, see [MRV18]. We include

the definition here, as well as some tools for working graphically with quantum graphs.

Definition 6.1 (Quantum graph). Given a quantum set X , a quantum graph is a self-adjoint

linear map G : X → X satisfying

G=GG and GG =

We say a quantum graph X is irreflexive if

0=G
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The quantum setX can be thought of as a quantum vertex set. Notice that the definition of

a quantum graph looks similar to the definition of a game, plus self-adjointness. In fact, we can

equivalently define a quantum graph as a self-adjoint one-player game on V , by treating Bob as

a trivial player having questions and answers given by the classical one-element set, and using

the fact that for a quantum set X , X ∼= X ⊗ C.

In order to work more easily with quantum graphs, we introduce thick wire notation for a

quantum graph as a state (or effect) ofX⊗Xop
, as well as notation for an equivalent formulation

as a projection onto the “edges”. We denote

G:= G=G

and

GPG G=:=

which are both well-defined due to self-conjugacy of G. The notation for PG should evoke its

self-adjointness but non-self-conjugacy.

Another way of thinking about PG is as the right-multiplication by the graph state |G⟩.
Indeed,

PG=
G

As a first example, consider the reflexive quantum graph given by G = IdX with PG given

by sharing.

Note that the idempotency condition in the definition of a quantum graph is equivalent to

G=GG
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Also note that irreflexivity of G can be equivalently defined using sharing by

PG

0=

6.1 The quantum graph homomorphism game

Definition 6.2 (Quantum graph homomorphism game). Given irreflexive quantum graphsG :
X → X and H : A → A, the quantum graph homomorphism game is denoted λG→H : X ⊗
Xop → A⊗ Aop

and given by

λG→H :=

G

H
+ + −

G

−

or equivalently, using thick wires,

λG→H =

G

H
+ + −

G

−

In order for the above to be a reasonable definition, we should check that it is actually a

game.

Proposition 6.3. The quantum graph homomorphism game is a game.

Proof. To see thatλG→H is self-conjugate, note that it is defined by composing only self-conjugate

maps.

We will now see that λG→H satisfies the idempotency condition of Definition 4.12. We have

a sum of five terms, leading to twenty-five terms to compute. In order to make this easier, note

that all of the terms are disconnected diagrams, so we may compute top and bottom halves

separately. We may also take daggers of our computations.
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There are three different bottom-halves, so we begin by computing their coproducts, given

in Table 6.1. The same holds by taking daggers for products of the top-halves of λG→H .

We use Table 6.2 to compute the twenty-five terms in the sum. Adding up the terms in the

table, we get λG→H , concluding the proof.

Table 6.1: Coproducts of the bottom halves of λG→H .

Coproducts G

G G 0 G

0

G

In the case of classical questions and answers, λG→H reduces to the graph homomorphism

game between classical graphs, as introduced in [MR16]. The rule function in the classical case

becomes

λG→H(a, b|x, y) = ⟨a|H |b⟩ ⟨x|G |y⟩+ ⟨a|b⟩⟨x|y⟩+ 1− ⟨x|G |y⟩ − ⟨x|y⟩

With 1S denoting the indicator function for a subset S of all possible variable assignments,

we can break the above rule function into three cases.

If x = y, then because G is irreflexive, we get

λG→H(a, b|x, y) = ⟨a|b⟩ = 1a=b.

If x ∼G y, we have
λG→H(a, b|x, y) = ⟨a|H |b⟩ = 1a∼Hb.

Finally, if x, y are unrelated by G,

λG→H(a, b|x, y) = 1.
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Example 6.4 (Quantum colouring a quantum graph). Let G be any irreflexive quantum graph

on X . LetKA be the irreflexive quantum graph on A given by the diagram

KA = −

Then the gameλG→KA
can be thought of as a quantum colouring game forG, and if the quantum

vertex set A is classical of dimension n, then this simplifies to the classical n-colouring game

for G.

Proposition 6.5. The quantum graph homomorphism game is synchronous.

Proof. We evaluate both sides of the synchronicity equation. Let λ := λG→H . By irreflexivity

of G,

=
G

0
G =

We have

λG→H =

G

H
+ + −

G

−

= + + − −0 0

=

and we also have
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λG→H =

G

H
+ + −

G

−

= + + − −0 0

=

so λ is synchronous.

One would hope that the quantum graph homomorphism game is connected to some notion

of homomorphisms between quantum graphs, as is the case for classical graphs.

In the case of classical graphs, the graph homomorphism game was defined first, and then

used to define quantum homomorphisms in [MR16]. Quantum homomorphisms between clas-

sical graphs are given by quantum tensor strategies for the graph homomorphism game that

realize perfect correlations.

We don’t need to take an analogous approach here, as there are already notions in the

literature of a quantum homomorphism between quantum graphs, but there is no associated

game. We restate here the quantum homomorphism definition of [MRV18].

Definition 6.6 (Quantumhomomorphism of quantumgraphs, [MRV18]). Given quantumgraphs

G : X → X,H : A→ A, a quantum function E : X →K A is said to be a quantum homomor-
phism from G to H if

G

H

=
E

E

G
E

E
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In [MRV18], the authors show that when the underlying graphs are classical, this notion

coincides with the notion of quantum homomorphism coming from the game of [MR16].

We can now relate quantum homomorphisms to the quantum graph homomorphism game,

extending the results mentioned above.

In the remainder of this section, take G : X → X , H : A→ A to be quantum graphs.

Theorem 6.7. There is a bijective correspondence between

• quantum homomorphisms from G to H , and

• quantum tensor strategies realizing perfect correlations (with respect to a cup state) for the
quantum graph homomorphism game λG→H .

In order to prove the theorem, we split it into several smaller results, in the sections to come.

The correspondence we set out to prove, at the level of the homomorphisms and strategies, is

given by

←→E
E

E∗

with a quantum homomorphism on the left and a quantum tensor strategy realizing a perfect

correlation on the right. We denote the strategy employed on the right by E ⊗ E∗.

Remark 6.8. The above correspondence is bijective in the sense that there is a bijection be-

tween quantum graph homomorphisms and quantum tensor strategies with the given proper-

ties. However, note that different quantum tensor strategiesmay give rise to a single correlation.

6.1.1 Quantum graph homomorphisms produce perfect q-correlations

We begin with the following lemma, allowing us to build a synchronous correlation from two

copies of the same quantum function.

Lemma 6.9. LetE : X →H A be a quantum function. Then the quantum tensor strategyE⊗E∗
realizes a synchronous correlation along with the cup state ofH⊗H∗.
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Proof. We first show that the linear map given by composing E with itself on the H wire is

synchronous. We proceed diagramatically.

E
E

E =
E

E = E

E
E

E

= E

E
E

E

= E

E

E
=

E

Tracing out the Hilbert space wire on the above equation and then sliding the right copy

of E around the cap to get E∗ gives the synchronicity condition for the correlation realized by

E ⊗ E∗ with the cup state.

Next, we demonstrate the structure of perfect correlations for the quantum graph homo-

morphism game.

Proposition 6.10. Perfect correlations P for λG→H are exactly the synchronous correlations sat-
isfying

PG

PH

P=

PG

P

Proof. Let P : X ⊗Xop → A⊗ Aop
be a perfect correlation for λG→H . Then we have that
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P = λP

= P P P P P
G

H

G

+ + − −

PG

PH

P= + P + P −

PG

P − P

Cancelling out P from each side and rearranging, we have

PG

PH

P= + P

PG

P + P

By Proposition 6.5, λG→H is synchronous. Then, by Theorem 5.9, P is also synchronous. Can-

celling the terms with sharing,

PG

PH

P=

PG

P

Conversely, if P is synchronous and satisfies the above equation, then we can reverse all of

the steps to show that P is perfect for λG→H .
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We now have all the tools we need to prove one direction of the correspondence of Theorem

6.7.

Theorem 6.11. Given a quantum graph homomorphism E from G to H over K, the quantum
tensor strategy E ⊗ E∗ realizes a perfect correlation for λG→H with respect to the cup state of
K ⊗K∗.

Proof. If E : X →K A is a quantum homomorphism from G to H , define φ to be the quantum

tensor strategy where Alice uses E and Bob uses E∗. Along with the cup state of K ⊗ K∗
, φ

realizes a synchronous correlation P , as shown in Lemma 6.9.

Because E is a quantum graph homomorphism, we have

G

H

=
E

E

G
E

E

Tracing out the K wire and sliding the righthand E around the cap, we get

H

=

G

E
E∗

G

E
E∗

which is exactly the equation condition of Proposition 6.10.

P satisfies the conditions of Proposition 6.10, so P is a perfect correlation for λG→H .

6.1.2 Perfect q-correlations come fromquantumgraphhomomorphisms

In this section we present the second direction of the proof of the correspondence of Theorem

6.7. Let K be a Hilbert space, as usual.
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Theorem 6.12. Let P be a perfect correlation for λG→H arising from a quantum tensor strategy
applied to the normalized cup state of K ⊗ K∗. Then the quantum tensor strategy is of the form
E ⊗ E∗ where E : X →K A is a quantum graph homomorphism from G to H .

Proof. By Proposition 6.10, we have

PG

PH

P=

PG

P

Denote the quantum tensor strategy realizing P by E ⊗ F , where HA = K and HB = K∗
,

with the resource state being the (normalized) cup state of K ⊗K∗
. Then by Theorem 5.22,

E =
F

which is equivalent
1
(by the snake equations for K) to F = E∗.

At the level of the quantum function E, the fact that P is perfect implies

H

=

G

E
E∗

G

E
E∗

1
We have not worked explicitly with the conjugates of quantum functions. Note that E∗ is also equal to E

with the transpose operation applied only to the Hilbert space wires.
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or, subtracting the right-hand side from the left and then sliding E∗ up around the K wire to

get E, we have

=
E

E

I − PH

PG

0 (6.1)

and we need to show that

=

I − PH

PG

0
E

E

In order to do this, let {|g⟩}, {|h⟩} respectively be positive bases for Im(PG) ⊆ End(X),
Im(I − PH) ⊆ End(Y ) (the ranges of the two projections). We can choose positive bases

because we are working with the images of (self-adjoint) projection operators.

For any fixed choice of |g⟩ , |h⟩, due to positivity, there are maps r, s so that they can be

written

g r r= h s s=,

But then, by sliding maps around a loop, the following is a positive element of B(K), as
shown by vertical symmetry.
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r r

s s

E
E

r

r

s

s

E

E†

=

But this has trace zero, by (6.1), and so by positivity, it must be the zero operator. Because

this holds in a basis, we can conclude that

=

I − PH

PG

0
E

E

which is equivalent to the condition that E : X →K A is a quantum graph homomorphism:

G

H

=
E

E

G
E

E

6.1.3 Graph homomorphisms and associated games

The preceding results allow us to connect the quantum graph homomorphism game to other

notions of graph homomorphism.

We present the relationships, in Figure 6.1, between the quantum and classical graph homo-

morphism games, and quantum and classical homomorphisms of quantum and classical graphs.

Our quantum graph homomorphism game adds a previously missing vertex to this diagram.

The solid arrows are due to the work presented here.
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Figure 6.1: Relationships between the classical and quantum graph homomorphism games and

quantum/classical homomorphisms between quantum/classical graphs.

hom game

homs of graphs q-homs of graphs

homs of q-graphs q-homs of q-graphs

q-hom game

perfect det strategies perfect q-correlations

restrict to classical resource

restrict to classical graphs restrict to classical graphs

restrict to classical resource

restrict to classical graphs

perfect det strategies perfect q-correlations

6.2 The quantum graph isomorphism game

It is also possible to similarly construct a quantum graph isomorphism game, but having more

terms in the rule function. This can be constructed directly by inclusion-exclusion reasoning,

in analogy to how the graph homomorphism game was defined, but can also be constructed

from graph homomorphism games as a commuting product.

Definition 6.13 (Quantum graph isomorphism game). Given irreflexive quantum graphs G :
X → X andH : A→ A, the quantum graph isomorphism game is denoted λG≃H : X⊗Xop →
A⊗ Aop

and given by

λG≃H := λG→H ⋆ λ†H→G.

We quickly check that the commuting product is well defined here. We just need to see that

λG→H and λ†H→G commute. This follows from the fact that Table 6.2 is symmetric, as these

are the building blocks of λG→H and λ†H→G. The commuting product λG→H ⋆ λ†H→G can be

computed in either order to give
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λG≃H =

G

H
+ +

− G

H

−

− −
( )
( )

Proposition 6.14. The quantum graph isomorphism game is bisynchronous.

Proof. Because λG→H is synchronous, then by Proposition 5.13, λG≃H is also synchronous. Note

further that λ†G≃H = λH≃G is also synchronous so λG≃H is bisynchronous.

Remark 6.15 (Classical graph isomorphism game). In the case of classical graphs, λG≃H is a

0-1 matrix with entries ⟨a| ⟨b|λG≃H |x⟩ |y⟩ that are 1 whenever both

⟨a| ⟨b|λG→H |x⟩ |y⟩ = 1,

⟨x| ⟨y|λH→G |a⟩ |b⟩ = 1.

Perfect deterministic bistrategies in the classical case are bijectionsE : X → Amapping x to a
and y to b only when the above conditions are satisfied. But this is exactly the condition that E
is a valid graph isomorphism from G toH . This and related results are considered in [LMR20].

This game is a simplified version of the graph isomorphism game of [Ats+16], without some

of the rules that force perfect strategies to come from bijections. Instead, we look to bistrategies
to get bijections, and only force perfect strategies to intertwine the adjacency matrices.

We would like to extend this remark to the quantum game setting, using the definition of

quantum isomorphism of quantum graphs, given in [MRV18]. The following bijective corre-

spondence is analogous to Theorem 6.7 from the homomorphism case.

Theorem 6.16. There is a bijective correspondence between

• quantum isomorphisms from G to H , and

• quantum tensor bistrategies realizing perfect bicorrelations (with respect to a cup state) for
the quantum graph isomorphism game λG≃H .

The proof builds on results of Section 6.1.
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Proof of Theorem 6.16. In the forward direction, given a quantum graph isomorphism E : G→
H , we know by Theorem 6.11 E ⊗ E∗ is a quantum bistrategy for λG→H and for λ†H→G that

realises a perfect bicorrelation for each, so by Proposition 4.43, E ⊗E∗ realises a perfect bicor-

relation for the commuting product.

Conversely, given a quantum bistrategy E ⊗ F realizing a perfect bicorrelation P for the

quantum graph isomorphism game with respect to a cup state, we can apply Theorem 6.12 in

both directions, as follows. We know, by Proposition 4.43, that the bicorrelation P is perfect for

both λG→H and λ†H→G. By Theorem 6.12, F = E∗ andE is a quantum homomorphismG→ H .

We can also conclude that P †
is a perfect correlation for λH→G, so again by Theorem 6.12, E is

a quantum homomorphism H → G.

But then, by combining these two quantum homomorphism equations (and taking daggers

in the case of E), we get that E is a quantum bijection satisfying

G

H
=

E

E

E

E

Applying a counit on the top left and a unit on the bottom right, we get

G

H

=
E

E

so E is a quantum isomorphism from G to H , as per [MRV18].

Corollary 6.17 (of Theorem 6.16). Perfect deterministic bistrategies for λG≃H are in one-to-one
correspondence with graph isomorphisms from G to H .
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Table 6.2: Commuting products of the terms of λG→H .

row col

G

H
−

G

−

G

H

G

H
0

G

H
−

G

H
0

0 0 −

G

H
−

G

−

−
G

−
G

H
0 −

G G

0

− 0 − − 0

118



References

[AC04] Samson Abramsky and Bob Coecke. “A categorical semantics of quantum proto-

cols”. In: Proceedings of the 19th Annual IEEE Symposium on Logic in Computer Sci-
ence, 2004. IEEE. 2004, pp. 415–425. doi: 10.1109/LICS.2004.1319636.

[Ats+16] Albert Atserias, Laura Mančinska, David Roberson, Robert Šámal, Simone Severini,

and Antonios Varvitsiotis. “Quantum and non-signalling graph isomorphisms”. In:

Journal of Combinatorial Theory, Series B 136 (Nov. 2016). doi: 10.1016/j.jctb.2018.

11.002.

[Bae06] John Baez. “QuantumQuandaries: ACategory-Theoretic Perspective”. In: The Struc-
tural Foundations of Quantum Gravity. Oxford University Press, Nov. 2006. doi:

10.1093/acprof:oso/9780199269693.003.0008.

[BGH22] Michael Brannan, PriyangaGanesan, and Samuel J. Harris. “The quantum-to-classical

graph homomorphism game”. In: Journal of Mathematical Physics 63.11 (Nov. 2022),
p. 112204. doi: 10.1063/5.0072288.

[BKS23] Arkadiusz Bochniak, Paweł Kasprzak, and Piotr M Sołtan. “Quantum Correlations

on Quantum Spaces”. In: International Mathematics Research Notices 2023.14 (July
2023), pp. 12400–12440. doi: 10.1093/imrn/rnac139.

[Bra+19] Michael Brannan, Alexandru Chirvasitu, Kari Eifler, Samuel Harris, Vern Paulsen,

Xiaoyu Su, and Mateusz Wasilewski. “Bigalois Extensions and the Graph Isomor-

phismGame”. In:Communications inMathematical Physics 375.3 (Sept. 2019), pp. 1777–
1809. doi: 10.1007/s00220-019-03563-9.

[Bra+23] Michael Brannan, Samuel J. Harris, IvanG. Todorov, and Lyudmila Turowska. “Syn-

chronicity for quantum non-local games”. In: Journal of Functional Analysis 284.2
(2023), p. 109738. doi: 10.1016/j.jfa.2022.109738.

119

https://doi.org/10.1109/LICS.2004.1319636
https://doi.org/10.1016/j.jctb.2018.11.002
https://doi.org/10.1016/j.jctb.2018.11.002
https://doi.org/10.1093/acprof:oso/9780199269693.003.0008
https://doi.org/10.1063/5.0072288
https://doi.org/10.1093/imrn/rnac139
https://doi.org/10.1007/s00220-019-03563-9
https://doi.org/10.1016/j.jfa.2022.109738


[Bra+24] Michael Brannan, Samuel J. Harris, IvanG. Todorov, and Lyudmila Turowska. “Quan-

tumno-signalling bicorrelations”. In:Advances inMathematics 449 (2024), p. 109732.
doi: 10.1016/j.aim.2024.109732.

[Bus11] Francesco Buscemi. “All entangled quantum states are nonlocal.” In: Physical review
letters 108 20 (2011), p. 200401. doi: 10.1103/PhysRevLett.108.200401.

[CHK13] Bob Coecke, Chris Heunen, and Aleks Kissinger. “Categories of Quantum and Clas-

sical Channels”. In: Quantum Information Processing 15 (May 2013). doi: 10.1007/

s11128-014-0837-4.

[CK17] B. Coecke and A. Kissinger. Picturing Quantum Processes. Cambridge University

Press, 2017. doi: 10.1017/9781316219317.

[Cla+69] John F. Clauser, Michael A. Horne, Abner Shimony, and Richard A. Holt. “Proposed

Experiment to Test Local Hidden-Variable Theories”. In: Phys. Rev. Lett. 23 (15 Oct.
1969), pp. 880–884. doi: 10.1103/PhysRevLett.23.880.

[Cle+04] Richard Cleve, Peter Hoyer, Benjamin Toner, and John Watrous. “Consequences

and limits of nonlocal strategies”. In: Proceedings. 19th IEEE Annual Conference on
Computational Complexity, 2004. IEEE. 2004, pp. 236–249. doi: 10.1109/CCC.2004.
1313847.

[Cle19] Richard Cleve. QIC 890 Entanglement and Nonlocal Effects Lecture Notes. Apr. 2019.

[CLS17] Richard Cleve, Li Liu, and William Slofstra. “Perfect commuting-operator strate-

gies for linear system games”. In: Journal of Mathematical Physics 58.1 (Jan. 2017),
p. 012202. doi: 10.1063/1.4973422.

[CM14] Richard Cleve and RajatMittal. “Characterization of binary constraint system games”.

In: International Colloquium on Automata, Languages, and Programming. Springer.
2014, pp. 320–331.

[Coo+11] Tom Cooney, Marius Junge, Carlos Palazuelos, and David Pérez-García. “Rank-one

quantum games”. In: computational complexity 24 (2011), pp. 133–196. doi: 10.1007/

s00037-014-0096-x.

[Cra+23] Jason Crann, Rupert H. Levene, Ivan G. Todorov, and Lyudmila Turowska. Values
of cooperative quantum games. 2023. arXiv: 2310.17735 [quant-ph].

[CS18] Andrea Coladangelo and Jalex Stark. Unconditional separation of finite and infinite-
dimensional quantum correlations. 2018. arXiv: 1804.05116 [quant-ph].

[CS19] Andrea Coladangelo and Jalex Stark. Robust self-testing for linear constraint system
games. 2019. arXiv: 1709.09267 [quant-ph].

120

https://doi.org/10.1016/j.aim.2024.109732
https://doi.org/10.1103/PhysRevLett.108.200401
https://doi.org/10.1007/s11128-014-0837-4
https://doi.org/10.1007/s11128-014-0837-4
https://doi.org/10.1017/9781316219317
https://doi.org/10.1103/PhysRevLett.23.880
https://doi.org/10.1109/CCC.2004.1313847
https://doi.org/10.1109/CCC.2004.1313847
https://doi.org/10.1063/1.4973422
https://doi.org/10.1007/s00037-014-0096-x
https://doi.org/10.1007/s00037-014-0096-x
https://arxiv.org/abs/2310.17735
https://arxiv.org/abs/1804.05116
https://arxiv.org/abs/1709.09267


[DW16] Runyao Duan and Andreas Winter. “No-Signalling-Assisted Zero-Error Capacity

of Quantum Channels and an Information Theoretic Interpretation of the Lovász

Number”. In: IEEE Transactions on Information Theory 62.2 (2016), pp. 891–914. doi:
10.1109/TIT.2015.2507979.

[Eke+98] A. Ekert, R. Jozsa, R. Penrose, and William K. Wootters. “Quantum entanglement

as a quantifiable resource”. In: Philosophical Transactions of the Royal Society of
London. Series A: Mathematical, Physical and Engineering Sciences 356.1743 (1998),
pp. 1717–1731. doi: 10.1098/rsta.1998.0244.

[Fri12] Tobias Fritz. “Tsirelson’s problem and Kirchberg’s conjecture”. In: Reviews in Math-
ematical Physics 24.05 (2012), p. 1250012. doi: 10.1142/S0129055X12500122.

[Gol19] AdinaGoldberg. “Synchronous nonlocal games inmultiple quantummodels”. Avail-

able on personal website, https://sites.google.com/view/mathwithadina/research. Sept.

2019.

[Gol21] AdinaGoldberg. “Synchronous linear constraint system games”. In: Journal ofMath-
ematical Physics 62.3 (Mar. 2021), p. 032201. doi: 10.1063/5.0025647.

[Gol24] AdinaGoldberg.QuantumGames and Synchronicity. 2024. arXiv: 2408.15444 [quant-ph].

[GW02] V. Galliard and S. Wolf. “Pseudo-telepathy, entanglement, and graph colorings”. In:

Proceedings IEEE International Symposium on Information Theory, 2002, pp. 101–.
doi: 10.1109/ISIT.2002.1023373.

[Hel+19] William Helton, Kyle P. Meyer, Vern I. Paulsen, and Matthew Satriano. “Algebras,

Synchronous Games and Chromatic Numbers of Graphs”. In: New York Journal of
Mathematics 25 (2019), pp. 328–361.

[HT22] Gage Hoefer and Ivan G. Todorov. Quantum hypergraph homomorphisms and non-
local games. 2022. arXiv: 2211.04851 [math.OA].

[HT25] Gage Hoefer and Ivan G. Todorov. “Homomorphisms of quantum hypergraphs”.

In: Journal of Mathematical Analysis and Applications 543.2, Part 1 (2025), p. 128907.
doi: https://doi.org/10.1016/j.jmaa.2024.128907.

[HV19] C. Heunen and J. Vicary. Categories for Quantum Theory: An Introduction. Oxford
Graduate Texts in Mathematics Series. Oxford University Press, 2019.

[Ji+21] Zhengfeng Ji, Anand Natarajan, Thomas Vidick, John Wright, and Henry Yuen.

“MIP* = RE”. In: Commun. ACM 64.11 (Oct. 2021), pp. 131–138. doi: 10.1145/3485628.

121

https://doi.org/10.1109/TIT.2015.2507979
https://doi.org/10.1098/rsta.1998.0244
https://doi.org/10.1142/S0129055X12500122
https://sites.google.com/view/mathwithadina/research
https://doi.org/10.1063/5.0025647
https://arxiv.org/abs/2408.15444
https://doi.org/10.1109/ISIT.2002.1023373
https://arxiv.org/abs/2211.04851
https://doi.org/https://doi.org/10.1016/j.jmaa.2024.128907
https://doi.org/10.1145/3485628


[Joh+16] Nathaniel Johnston, Rajat Mittal, Vincent Russo, and John Watrous. “Extended

non-local games and monogamy-of-entanglement games”. In: Proceedings of the
Royal Society A: Mathematical, Physical and Engineering Sciences 472.2189 (2016),

p. 20160003. doi: 10.1098/rspa.2016.0003.

[Jun+11] Marius Junge, Miguel Navascues, Carlos Palazuelos, David Perez-Garcia, Volkher

B Scholz, and Reinhard F Werner. “Connes’ embedding problem and Tsirelson’s

problem”. In: Journal of Mathematical Physics 52.1 (2011), p. 012102. doi: 10.1063/
1.3514538.

[Kor20] Andre Kornell. “Quantum sets”. In: Journal of Mathematical Physics 61.10 (Oct.

2020), p. 102202. doi: 10.1063/1.5054128.

[KPS18] Se-Jin Kim, Vern Paulsen, and Christopher Schafhauser. “A synchronous game for

binary constraint systems”. In: Journal of Mathematical Physics 59.3 (Mar. 2018),

p. 032201. doi: 10.1063/1.4996867.

[LMR20] Martino Lupini, Laura Mančinska, and David E. Roberson. “Nonlocal games and

quantumpermutation groups”. In: Journal of Functional Analysis 279.5 (2020), p. 108592.
doi: 10.1016/j.jfa.2020.108592.

[LTW08] DebbieW. Leung, Ben Toner, and JohnWatrous. “Coherent state exchange inmulti-

prover quantum interactive proof systems”. In: Chic. J. Theor. Comput. Sci. 2013
(2008). doi: 10.4086/cjtcs.2013.011.

[Lup+20] M. Lupini, L. Mančinska, V. I. Paulsen, D. E. Roberson, G. Scarpa, S. Severini, I. G.

Todorov, and A. Winter. “Perfect Strategies for Non-Local Games”. In: Mathemati-
cal Physics, Analysis and Geometry 23.1 (Feb. 2020). doi: 10.1007/s11040-020-9331-7.

[Mat22] JunichiroMatsuda. “Classification of quantum graphs onM2 and their quantum au-

tomorphism groups”. In: Journal ofMathematical Physics 63.9 (Sept. 2022), p. 092201.
doi: 10.1063/5.0081059.

[MR16] Laura Mančinska and David E. Roberson. “Quantum homomorphisms”. In: Journal
of Combinatorial Theory, Series B 118 (May 2016), pp. 228–267. doi: 10.1016/j.jctb.

2015.12.009.

[MRV18] Benjamin Musto, David Reutter, and Dominic Verdon. “A compositional approach

to quantum functions”. In: Journal of Mathematical Physics 59.8 (Aug. 2018). doi:

10.1063/1.5020566.

[NC10] Michael A. Nielsen and Isaac L. Chuang.QuantumComputation andQuantum Infor-
mation: 10th Anniversary Edition. Cambridge University Press, 2010. doi: 10.1017/

CBO9780511976667.

122

https://doi.org/10.1098/rspa.2016.0003
https://doi.org/10.1063/1.3514538
https://doi.org/10.1063/1.3514538
https://doi.org/10.1063/1.5054128
https://doi.org/10.1063/1.4996867
https://doi.org/10.1016/j.jfa.2020.108592
https://doi.org/10.4086/cjtcs.2013.011
https://doi.org/10.1007/s11040-020-9331-7
https://doi.org/10.1063/5.0081059
https://doi.org/10.1016/j.jctb.2015.12.009
https://doi.org/10.1016/j.jctb.2015.12.009
https://doi.org/10.1063/1.5020566
https://doi.org/10.1017/CBO9780511976667
https://doi.org/10.1017/CBO9780511976667


[OP16] Carlos M. Ortiz and Vern I. Paulsen. “Quantum Graph Homomorphisms via Opera-

tor Systems”. In: Linear Algebra and its Applications 497 (May 2016), pp. 23–43. doi:

10.1016/j.laa.2016.02.019.

[Oza12] Narutaka Ozawa. About the Connes Embedding Conjecture—Algebraic approaches—.
2012. arXiv: 1212.1700 [math.OA].

[Pau+16] Vern I. Paulsen, Simone Severini, Daniel Stahlke, Ivan G. Todorov, and Andreas

Winter. “Estimating quantum chromatic numbers”. In: Journal of Functional Anal-
ysis 270.6 (Mar. 2016), pp. 2188–2222. doi: 10.1016/j.jfa.2016.01.010.

[Pau16] Vern Paulsen. Entanglement and Non-Locality. Ed. by Samuel J. Harris and Satish K.

Pandey. 2016.

[PR21] Vern I. Paulsen and Mizanur Rahaman. “Bisynchronous games and factorizable

maps”. In: Annales Henri Poincaré. Vol. 22. Springer. 2021, pp. 593–614. doi: 10.
1007/s00023-020-01003-2.

[RV15] Oded Regev and Thomas Vidick. “Quantum XOR Games”. In: ACM Trans. Comput.
Theory 7.4 (Aug. 2015). doi: 10.1145/2799560.

[Slo19] William Slofstra. “The set of quantum correlations is not closed”. In: Forum ofMath-
ematics, Pi 7 (2019), e1. doi: 10.1017/fmp.2018.3.

[SW08] V. B. Scholz and R. F. Werner. Tsirelson’s Problem. 2008. arXiv: 0812.4305 [math-ph].

[Tom+13] Marco Tomamichel, Serge Fehr, Jędrzej Kaniewski, and StephanieWehner. “Amonogamy-

of-entanglement game with applications to device-independent quantum cryptog-

raphy”. In: New Journal of Physics 15.10 (2013), p. 103002. doi: 10.1088/1367-2630/

15/10/103002.

[TT24] Ivan G Todorov and Lyudmila Turowska. “Quantum no-signalling correlations and

non-local games”. In: Communications in Mathematical Physics 405.6 (2024), p. 141.

[Vic10] Jamie Vicary. “Categorical Formulation of Finite-Dimensional QuantumAlgebras”.

In: Communications in Mathematical Physics 304.3 (Nov. 2010), pp. 765–796. doi:

10.1007/s00220-010-1138-0.

[Wea10] Nik Weaver. Quantum relations. 2010. arXiv: 1005.0354 [math.OA].

123

https://doi.org/10.1016/j.laa.2016.02.019
https://arxiv.org/abs/1212.1700
https://doi.org/10.1016/j.jfa.2016.01.010
https://doi.org/10.1007/s00023-020-01003-2
https://doi.org/10.1007/s00023-020-01003-2
https://doi.org/10.1145/2799560
https://doi.org/10.1017/fmp.2018.3
https://arxiv.org/abs/0812.4305
https://doi.org/10.1088/1367-2630/15/10/103002
https://doi.org/10.1088/1367-2630/15/10/103002
https://doi.org/10.1007/s00220-010-1138-0
https://arxiv.org/abs/1005.0354


Index of Defined Terms

A

algebraic equivalence 24

B

bicorrelation 91

bistrategy 91

bisynchronous , see quantum function

C

channel 53

classical dimension of a quantum set 79

commuting product of games 62

compatible 28

complete positivity 50

concurrent 97

correlation (on quantum sets) 54

non-signalling 57

perfect 56

realized by 55

correlation (on sets) 8

non-signalling 12

synchronous 20

counital 53

D

dagger Frobenius algebra 41

deterministic , see strategy (NL game)

E

effect 54

G

game algebra 20

L

local , see strategy (NL game)

M

marginals 58

measurement system 11

N

non-signalling , see correlation (on sets) ,

correlation (on quantum sets)

nonlocal game 6

graph homomorphism 23

graph isomorphism 24

synchronous 19
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P

perfect , see strategy (NL game) , strat-

egy (quantum game) , correlation (on

quantum sets)

POVMmeasurement 11

Q

quantum function 48

bisynchronous 93

synchronous 75

quantum game 50

fair 79

quantum graph 102

homomorphism game 104

isomorphism game 115

quantum homomorphism 107

quantum set 41

classical 43

maximally quantum 43

opposite 71

S

sharing map of a quantum set 72

solution group 28

∗-equivalence 24

state
normalized 54

of a quantum set 54

pure 54

strategy (NL game) 7

deterministic 7

local 9

perfect 16

quantum 12

quantum commuting 14

quantum spatial 13

synchronous 20

strategy (quantum game)
combined 52

deterministic 60

local
perfect 57

quantum commuting 59

quantum tensor 59

syncBCS game 22

synchronous , see nonlocal game , syn-

chronous map , strategy (NL game) ,

quantum function

synchronous map 74

syncLCS game 27

T

tensor product of games 61

V

value (NL game)
t-value of a game 15

value of a correlation 14

value (quantum game)
t-value of a game 66

value of a correlation 65
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