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Chapter 1

Soft thermodynamics of gravitational
shock wave

1.1 Introduction

Recent developments at the interface between quantum gravity and quantum information
theory in the AdS/CFT correspondence have provided useful tools to address conceptual
puzzles concerning quantum aspects of black holes on less ambiguous settings [107, 64, 135,
5, 109, 67, 32, 111, 6]. At the heart of these progresses is the improved understanding on
how the structure of quantum entanglement changes dynamically under the gravitational
backreaction from the infalling and outgoing matter [132, 131, 136, 133, 75, 118, 55, 50,
121, 81, 114, 122, 82, 151, 113, 149, 148, 150]. The gravitational shock wave geometries [3,
38, 37, 68, 120, 18, 19, 4, 9] provide a particularly useful family of analytically tractable
models of the gravitational backreaction that can be induced by infalling massless particles,
or equivalently, perturbations on the boundary by light operators.

Despite extensive studies in the past decades and recent revivals in the AdS/CFT
correspondence, the quantum origin of the gravitational shock waves still remains elusive.
The gravitational shock waves in the black hole background are often interpreted as low-
energy excitations which constitute the microscopic degrees of freedom of the quantum
black hole. It is, however, unclear how the gravitational shock waves are ever quantized and
account for the finite value of Bekenstein-Hawking entropy in a concrete manner. Also, if
one hopes to study geometries beyond the AdS/CFT correspondence (e.g. asymptotically
flat spaces or systems without the spatial infinity as in the de Sitter space), additional

1



technical and conceptual subtleties often hinder naive application of holographic intuitions 1

2. Hence, as a first step, it is desirable to develop a universal framework to characterize the
gravitational shock waves through some microscopic lens in a way applicable to geometries
beyond the AdS/CFT correspondence as well.

Recent rapid progress on the soft hair of black holes in an asymptotically flat space pro-
vide useful hints toward such a goal with series of interesting derivations of the Bekenstein-
Hawking entropy [24, 23, 57, 2, 8, 27] 3. It has been also pointed out that the linearized
gravitational shockwaves can be realized as BMS supertranslations via certain choices of
parameters [128, 62, 63]. Furthermore, some general expressions of thermodynamic rela-
tions for soft charges have been derived for the Schwarzschild black hole and several other
geometries [35].

While these developments may provide a further insight into quantum aspects of the
gravitational shock waves, it remains unclear how the soft charges may be measured in a
concrete setting. In addition, the derived thermodynamic relations, associated with soft
charges, are in rather abstract forms without concrete physical interpretations. As such,
the implications of the soft hair physics on conceptual puzzles of quantum black holes
still remain vague, in comparison with concrete developments within the framework of the
AdS/CFT correspondence. What is currently missing is an effort to tie these two develop-
ments. Hence, deriving a microscopic thermodynamic characterization of the gravitational
shock waves on a unified footing may be the necessary first step.

In this chapter, we derive the microscopic thermodynamic relations which are localized
on the near horizon region and are sensitive to the gravitational shock wave in a concrete
form. Our treatment is applicable to arbitrary gravitational shock waves at a bifurcating
horizon in generic static spacetime (including AdS, dS, and asymptotically flat spaces), and
is valid for arbitrary covariant theory of gravity which may be beyond general relativity (e.g.
higher-derivative gravity theories). Furthermore, our thermodynamic relation provides
a concrete physical interpretation of the gravitational shock waves, or soft charges. In
particular, we derive a simple formula which relates the horizon area deformation induced
by two intersecting gravitational shock waves to the incoming and outgoing energy sources.
We will then find that the soft charge associated with the gravitational shock waves is
nothing but the horizon area in the presence of two intersecting gravitational shock waves.

Our main technical machinery is the covariant phase space formalism, namely Wald’s

1For instance, the absence of the spatial infinity may suggest that the structure of quantum entan-
glement in the de Sitter space differs crucially from that of the AdS space or the asymptotically flat
space.

2See [48, 49] for other studies of entanglement structure in the de Sitter space.
3See [14, 117, 21, 22, 72, 33, 36, 34, 126, 29] for samples of earlier works and relevant developments.
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Noether charge method. It turns out that the original treatment by Wald, which focuses
on contributions at the linear order of field variations, is not sufficient to probe the gravi-
tational shock wave. For this reason, we will extend the Noether charge method to include
variations of the matter fields at arbitrary order. This refinement enables us to obtain the
microscopic thermodynamic relations (as in Eq. (1.7)) which directly associate the area
deformation to the energy momentum tensor variation. One benefit of the covariant phase
space formalism is that it is applicable to arbitrary covariant theory of gravity. As an
application, we demonstrate that, in the Gauss-Bonnet gravity [97, 127, 17, 1], the gravi-
tational shock wave equations indeed follow from the microscopic thermodynamic relation
with much simplified calculations.

Our result also suggests a concrete framework to physically characterize (or, even mea-
sure) soft charges via out-of-time order correlation (OTOC) functions. The leading-order
(in 1/GN) behaviours of OTOCs are dominated by the gravitational scattering unitary ma-
trix which typically takes the following form; U = exp

[
i
∫∫

dΩ1dΩ2Pout(Ω1)f(Ω1,Ω2)Pin(Ω2)
]
.

Here f(Ω1,Ω2) is the green function for the shock wave equation, and Pin and Pout account
for the incoming and outgoing energy fluxes. Our thermodynamic characterization enables
us to rewrite the above scattering matrix into a simple form:

U = exp
(
iArea

)
, (1.1)

up to some multiplicative factor in the phase. Here “Area” represents the horizon area in
the presence of two intersecting gravitational shockwaves due to Pin and Pout. Thus, the
phase factor of the scattering matrix is proportional to the horizon area (or equivalently,
the soft charge of an infalling matter measured by an outgoing matter).

1.1.1 Main result

Here we present a summary of our main result. We study a bifurcating Killing horizon in
generic static spacetime of the following form:

ds2 = 2F (u, v)dudv +G(u, v)hijdx
idxj,

T = 2Tuvdudv + Tuududu+ Tvvdvdv + Tijdx
idxj , (1.2)

where u = 0 and v = 0 corresponds to the bifurcating horizons. We assume that the
timelike vector ∂t = κ(−u∂u + v∂v) is a Killing vector of the spacetime. The gravitational
shock wave can be generated by shifting this spacetime as

ṽ = v + θ(u)α(x) , (1.3)

3



where θ(u) is a step function and x collectively denotes angular profiles. At the leading
order, the metric variation can be computed by considering the horizon translation vector
α̂:

δgµν = θ(u)Lα̂gµν , α̂ ≡ α(x)∂v , (1.4)

where Lα̂ is the Lie derivative with respect to α̂. To satisfy the Einstein equation, an
additional energy momentum tensor needs to be introduced:

T (p)vv = T (p)(x)δ(u) . (1.5)

For general relativity (i.e. L(G) = 1
16π

(R − 2Λ)), Sfetsos derived the shock wave equation
of motion which relates the shift profile α(x) and the energy momentum profile T (p)(x) via
a certain differential equation [120]. In this chapter, we will work on arbitrary covariant
theory of gravity (i.e. arbitrary covariant Lagrangian L(G)) which may be beyond general
relativity.

We will investigate the shock wave geometry by using the covariant phase space formal-
ism [138, 31, 90, 139, 74, 140] 4 and derive a microscopic thermodynamic formula which
captures low-energy excitations on the Killing horizon. The standard method utilizes the
timelike Killing vector ξ(t) = ∂t to construct the Noether charge Qξ and relate the horizon
area (at u = v = 0) to the ADM thermodynamic parameters at asymptotic infinity. It
turns out, however, that the area variation due to the gravitational shock wave vanishes
at u→ 0, and hence non-trivial thermodynamic relations cannot be derived.

In this chapter, we study the gravitational shock wave by using the Noether charge Qβ̂

constructed from another horizon translation vector β̂ in the u direction:

β̂ = β(x)∂u . (1.6)

In particular, we probe the gravitational shock wave, which was generated by the shift
v → v + α(x) in the v direction, by another shift u → u + β(x) in the u direction.
For general relativity, this enables us to derive the following microscopic thermodynamic
relation:

Area(β(x), α(x)) − Area(0, 0) =

∫ √−gβ(x)T (p)(x)dx , (1.7)

up to a multiplicative factor. Here Area(β(x), α(x)) corresponds to the total area of the
sphere at u = β(x) and v = α(x). For a generic covariant Lagrangian L(G), the area term

4See [78] for a review.
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would correspond to the Wald’s geometric entropy. This thermodynamic relation can be
rewritten as

Eshockβ(x) = 0 , (1.8)

such that Eshock = 0 corresponds to the shock wave equation of motion for α(x) and T (p)(x).

We will also study the gravitational scattering unitary matrix:

U = exp

[
i

∫∫
dΩ1dΩ2Pout(Ω1)f(Ω1,Ω2)Pin(Ω2)

]
. (1.9)

Let us assume that Pout and Pin induce the shifts α(x) and β(x). Then, for general relativity,
the above thermodynamic characterization enables us to rewrite U as follows:

U = exp
(
i(Area(α(x), β(x)) − Area(0, 0))

)
, (1.10)

up to a multiplicative factor for the area. Hence, the scattering matrix is the exponential
of the horizon area (or equivalently, the soft charge).

1.1.2 Relation to previous works

The microscopic relation between the area deformation and the gravitational shock wave
for the Schwarzschild black hole, for the case with T µν = 0 (i.e. a “sourceless” shock wave),
was initially communicated to us from Yoni BenTov 5. Our contribution is to include the
energy momentum tensor and extend this observation to a bifurcate Killing horizon in
generic static spacetime for arbitrary covariant theory of gravity. The covariant phase
space formalism has been recently applied to the Jackiw-Teitelboim (JT) gravity which is
a tractable model of the gravitational backreaction [59].

In an asymptotically flat space, Hawking, Perry and Strominger have identified a con-
crete way of generating the gravitational shock wave from BMS supertranslation and su-
perrotation on the boundary of the asymptotic flat spacetime [63]. Namely they provided
a generic formula to prove the shock wave can be created by a supertranslation, by using
the Noether charge constructed from a supertoration. This result was further investigated
and extended, see [35, 137, 110, 80] for instance. It is worth clarifying our contributions
and novelties in comparison with these previous works. First, previous works study the
linearized shock wave near the horizon whereas our treatment applies to the shock wave

5BenTov told us that he learned it from Alexei Kitaev.
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which runs exactly on the horizon as well. Second, our thermodynamic relation is cast in a
concrete form. The shock waves described by these relations can be considered low-energy
excitations, which span the black hole microstates. So these thermodynamic relations give
useful hints to the Hilbert space of a black hole.

Third, as already noted above, our treatment applies to any bifurcate Killing horizon
in generic static spacetime for arbitrary covariant theory of gravity.

It should be noted that, while our primary motivation stems from quantum aspects of
black holes, the treatments in the present chapter are entirely classical. Also, our treatment
is localized near the horizon and does not consider asymptotic infinity or boundaries. As
such, we do not discuss BMS transformations in a direct manner.

1.1.3 Organization

The chapter is organized as follows. In section 1.2, we present a review of Wald’s Noether
charge method. In section 1.3, we will make certain refinements to the Wald’s entropy
formula so that it is valid up to higher order of matter field variations. In section 1.4,
we present a review of gravitational shock wave in general relativity on a bifurcate Killing
horizon in generic static spacetime. In section 1.5, we investigate the variations of the
metric due to horizon translations. In section 1.6, we derive a microscopic thermodynamic
relation on the horizon. In section 1.7, we apply our formalism to general relativity and
demonstrate that the shockwave equations of motion indeed follows from the area deforma-
tion. In section 1.8, we apply our formalism to the Gauss-Bonnet gravity. In section 1.9,
we briefly discuss the gravitational scattering matrix. In section 1.10, we conclude with
discussions.

1.2 Review of the Noether charge method

In this section, we present a self-contained review of the Noether charge method in the
presence of matter fields. Readers who are familiar with the method may skip to the next
section.
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1.2.1 Variation of Lagrangian

Bold letters are used to represent differential forms. Consider the following diffeomorphism
covariant Lagrangian d-form on a d-dimensional manifold 6:

L = L(G) + L(M) , (1.11)

where L(G) is the gravitational Lagrangian d-form and L(M) is the matter Lagrangian d-
form. Here we assumed that the Lagrangian can be separated into two parts L(G) and
L(M) 7. At the linear order in δgµν , δϕ, the variations can be expressed as

δL(G) = E(G)µνδgµν + dΘ(G)(gµν , δgµν) ;

δL(M) =
1

2
ϵϵϵT µνδgµν + E(ϕ)δϕ+ dΘ(M)(gµν , ϕ, δϕ) ,

(1.12)

where ϕ collectively denotes all the matter fields. Here ϵϵϵ denotes the volume form ϵϵϵ =
ddx

√−g and Θ(G),Θ(M) are called symplectic potentials 8. These variations lead to
equations of motion:

E(G)µν +
1

2
ϵϵϵT µν = 0, E(ϕ) = 0 , (1.13)

where the energy momentum tensor is defined by 9

T µν ≡ 2√−g
δ(
√−gL(M))

δgµν
, L(M) = ϵϵϵL(M) . (1.14)

6The diffeomorphism covariance condition is LξL(ψ) = ∂L
∂ψLξψ.

7More precisely, we assume that L(G) consists of terms which do not involve matter fields ϕ and their
covariant derivatives ∇µ1

. . .∇µm
ϕ whereas L(M) consists of terms which do not involve Riemann tensors

Rabcd and their covariant derivatives ∇µ1 . . .∇µmRabcd. As such, Riemann tensors Rabcd do not directly
couple to matter fields (e.g. terms like Rϕ2 do not appear) in the Lagrangian. Such matter fields are often
said to be minimally coupled to gravity. Gravitational shock waves with non-minimal couplings have been
studied in [84].

8Since the matter Lagrangian does not involve Rabcd and its covariant derivatives, the matter symplectic
potential Θ(M) can be constructed so that it does not depend on δgµν . See Section 3 of Iyer and Wald for
details [74].

9The Euler-Lagrange derivative is defined by

δL

δϕ
=
∂L

∂ϕ
− ∂µ

∂L

∂∂µϕ
+ ∂µ∂ν

∂L

∂∂µ∂νϕ
+ · · · .
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Field configurations {gµν , ϕ} which satisfy equations of motion Eq. (1.13) are called on
shell.

Now consider variations under an infinitesimal diffeomorphism by an arbitrary vector
field ξ. According to Eq. (1.12), the total on shell variation can be expressed by

δ̂ξL = δ̂ξL
(G) + δ̂ξL

(M) = dΘ
(G)
ξ + dΘ

(M)
ξ , {gµν , ϕ} on shell , (1.15)

where Θ
(G)
ξ ≡ Θ(G)(gµν , δ̂ξgµν) and Θ

(M)
ξ ≡ Θ(M)(gµν , ϕ, δ̂ξϕ) with δ̂ξgµν ≡ Lξgµν and

δ̂ξϕ ≡ Lξϕ. Here Lξ denotes the Lie derivative with respect to ξ. It is worth emphasizing

that the variation δ̂ξL is induced by a diffeomorphism δ̂ξ acting on each field gµν , ϕ.

The variation δ̂ξL can be expressed in another form due to the diffeomorphism covari-
ance. The covariance of the gravity and matter Lagrangians implies

δ̂ξL
(G) = LξL(G), δ̂ξL

(M) = LξL(M) , (1.16)

where LξL(G),LξL(M) are the Lie derivatives of L(G),L(M). We have

δ̂ξL
(G) = LξL(G) = d(ξ · L(G)), δ̂ξL

(M) = LξL(M) = d(ξ · L(M)) , (1.17)

where we made use of the Cartan’s magic formula10

LξΛ = ξ · dΛ + d(ξ ·Λ) , Λ : arbitrary . (1.18)

Note that δ̂ξL
(G), δ̂ξL

(M) must be total derivatives according to Eq. (1.17).

1.2.2 Wald’s entropy formula

Wald introduced the following Noether current (d− 1)-form

Jξ,Wald ≡ Θ
(G)
ξ − ξ · L(G) + Θ

(M)
ξ − ξ · L(M) . (1.19)

One can verify

dJξ,Wald = 0 , {g, ϕ} on shell . (1.20)

10Here ξ ·Λ indicates insertion of ξ into the first argument of Λ. It is also called interior product and
denoted as ιξΛ.
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Here we used g to denote the metric tensor gµν for brevity of notation. One can actually
show that Jξ,Wald is exact due to the fact that Jξ,Wald is closed for all ξ [90]. As such, the
Noether charge (d− 2)-form Qξ,Wald can be constructed 11

∃Qξ,Wald such that Jξ,Wald = dQξ,Wald , {g, ϕ} on shell . (1.21)

Let us now fix ξ and consider the variation of the Noether current Eq. (1.19) at the
linear orders of δgµν , δϕ:

δJξ,Wald = δ[Θ(G)(Lξg)] − ξ · δL(G) + δ[Θ(M)(Lξϕ)] − ξ · δL(M)

= δ[Θ(G)(Lξg)] − ξ · dΘ(G)(δg) + δ[Θ(M)(Lξϕ)] − ξ · dΘ(M)(δϕ) ,
(1.22)

where we used the on shell conditions Eq. (1.13) in the second line. Let us define the
symplectic currents Ω(G)(g, δg,Lξg), Ω(M)(g, δg,Lξg, ϕ, δϕ,Lξϕ) by

Ω(G)(g, δg,Lξg) ≡ δ[Θ(G)(g,Lξg)] − Lξ[Θ(G)(g, δg)] ;

Ω(M)(g, δg,Lξg, ϕ, δϕ,Lξϕ) ≡ δ[Θ(M)(g, ϕ,Lξϕ)] − Lξ[Θ(M)(g, ϕ, δϕ)] .
(1.23)

By using the Cartan’s formula Eq. (1.18), we obtain

δJξ,Wald = Ω(G)(δg,Lξg) + d(ξ ·Θ(G)(δg))

+ Ω(M)(δg,Lξg, δϕ,Lξϕ) + d(ξ ·Θ(M)(δϕ)) , {g, ϕ} on shell . (1.24)

Finally we shall focus on variations δg, δϕ which satisfy the linearized equations of
motion. This allows us to replace Jξ,Wald and its variation δJξ,Wald with the Noether charge
dQξ,Wald and its variation δdQξ,Wald. Hence, by focusing on on shell variations, we obtain

δdQξ,Wald = Ω(G)(δg,Lξg) + d
(
ξ ·Θ(G)(δg)

)
+ Ω(M)(δg,Lξg, δϕ,Lξϕ) + d

(
ξ ·Θ(M)(δϕ)

)
, {δg, δϕ} on shell . (1.25)

The above expression can be further simplified when ξ is a Killing vector:

Lξgµν = 0 . (1.26)

Let us further assume a similar relation for the matter field:

Lξϕ = 0 . (1.27)

11A systematic algorithm to construct the Noether charge Qξ,Wald can be found in Iyer and Wald [74].
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Then at the linear order in δg and δϕ, we have

Ω(G)(δg,Lξg) = 0, Ω(M)(δg,Lξg, δϕ,Lξϕ) = 0 . (1.28)

Hence we arrive at the well-celebrated result of Wald:

δdQξ,Wald = d
(
ξ ·Θ(G)(δg)

)
+ d
(
ξ ·Θ(M)(δϕ)

)
, ξ : Killing vector, Lξϕ = 0, {δg, δϕ} on shell .

(1.29)

1.2.3 Example: general relativity

We illustrate the covariant phase space formalism and the Noether charge by looking at
general relativity with scalar fields. The Lagrangian is given by

L(G) =
1

16π
ϵϵϵ(R− 2Λ), L(M) = −1

2
ϵϵϵ(∇µϕ)(∇µϕ) . (1.30)

The equations of motion are

E(G)µν = − 1

16π
ϵϵϵGµν , E(ϕ) = ϵϵϵ∇µ∇µϕ , (1.31)

where Gµν ≡ Rµν − 1
2
Rgµν + Λgµν . The symplectic potentials are given by

Θ
(G)
abc = ϵϵϵdabc

1

16π
gdegfh(∇fδgeh −∇eδgfh) , Θ

(M)
abc = −ϵϵϵdabc(∇dϕ)δϕ . (1.32)

and the energy momentum tensor is

Tµν = ∇µϕ∇νϕ− 1

2
gµν∇αϕ∇αϕ . (1.33)

For variations by diffeomorphism, we have

Θξ
(G)
abc = ϵϵϵdabc

1

16π
(∇e∇dξe + ∇e∇eξd − 2∇d∇eξ

e) . (1.34)

To compute the Noether current, it is useful to make use of the following relation:

∇e∇dξe −∇d∇eξ
e = −Rβ d

α βξ
α = R d

α ξ
α . (1.35)
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We can then rewrite Θ
(G)
ξ as

Θξ
(G)
abc = ϵϵϵdabc

1

16π
(∇e∇eξd −∇e∇dξe + 2R d

α ξ
α) , (1.36)

and obtain

Jξ,Waldabc = ϵϵϵdabc
1

16π
(∇e∇eξd −∇e∇dξe + 2R d

α ξ
α) − 1

16π
ϵϵϵdabcξ

d(R− 2Λ) − ϵϵϵdabcT
deξe .

(1.37)

By using the Einstein equation:

Tµν =
1

8π

(
Rµν −

1

2
gµν(R− 2Λ)

)
, (1.38)

we arrive at

Jξ,Waldabc = ϵϵϵdabc
1

16π
(∇e∇eξd −∇e∇dξe) . (1.39)

Hence the expression of Jξ,Wald is written entirely with the metric and does not contain
Λ, ϕ or Tµν explicitly. Finally we obtain the Noether charge

Qξ,Waldab = − 1

16π
ϵϵϵabcd∇cξd . (1.40)

1.3 Two refinements to Wald’s entropy formula

The original Noether charge method is not particularly suitable for studying the gravita-
tional shock wave geometries. In this section, we will make two refinements to the Wald’s
entropy formula.

First, we will derive an alternative expression of the Noether current Jξ,field, which dif-
fers from the Wald’s construction Jξ,Wald, by evaluating the Lie derivative of the matter
Lagrangian LξL(M) explicitly and relating it to the energy momentum tensor Tµν . Our
construction of the Noether charge Qξ,field is particularly useful for studying the gravi-
tational backreaction as it relates the energy momentum tensor variation directly to the
metric variation.

Second, we will extend the linear order analysis by Wald to the higher order matter field
variations δϕ while keeping the metric variation δg at the linear order. This is due to the
fact that contributions from the linear order variation δϕ vanish for the gravitational shock
wave geometries, and hence the linear order variation of T µν is induced by the higher order
variation of ϕ. Our construction of the Noether current Qξ,field enables us to evaluate its
variation δQξ,field under the matter field variation δϕ at any order in a systematic manner.

11



1.3.1 Matter current

Our derivation deviates from Wald’s where we evaluate the Lie derivative LξL(M) of the
matter Lagrangian in Eq. (1.17). Diffeomorphism variation of the matter Lagrangian can
be explicitly evaluated as follows:

δ̂ξL
(M) = LξL(M) = Lξgµν

δL(M)

δgµν
+ Lξϕ

δL(M)

δϕ
+ dΘ

(M)
ξ

= 2∇(µξν)
δL(M)

δgµν
+ Lξϕ

δL(M)

δϕ
+ dΘ

(M)
ξ

= ddx
√−gT µν∇(µξν) + Lξϕ

δL(M)

δϕ
+ dΘ

(M)
ξ

= ddx
√−g∇µ(T µνξν) − ddx

√−g(∇µT
µν)ξν + Lξϕ E(ϕ) + dΘ

(M)
ξ

= −ϵϵϵ(∇µT
µν)ξν + ddx∂µ(

√−gT µνξν) + dΘ
(M)
ξ ,

(1.41)

where we made use of the metric compatibility

∇ξgµν = 0, Lξgµν = ∇µξν + ∇νξµ , (1.42)

the evaluation of the integral by parts, and on shell condition of matter fields. Let us define
the matter current (d− 1)-form by

J
(M)
ξ,field ≡ J

(M)
ξ,field

µ√−g(dd−1x)µ, J
(M)
ξ,field

µ ≡ −T µνξν . (1.43)

Here (dd−1x)µ is a (d− 1)-form that does not contain dxµ 12. We then obtain

LξL(M) = −ϵϵϵ(∇µT
µν)ξν − dJ

(M)
ξ,field + dΘ

(M)
ξ , ϕ on shell . (1.45)

Recall that LξL(M) can be expressed as a total derivative, according to Eq. (1.17).
Thus, from Eq. (1.45), we can deduce the conservation of the energy momentum tensor:

∇µT
µν = 0 , ϕ on shell . (1.46)

12Explicitly, we have

(dd−px)µ1...µp
=

1

p!(n− p)!
ϵµ1...µpνp+1...νd dxνp+1 ∧ · · · ∧ dxνd , (1.44)

where ϵ is the Levi-Civita symbol. Here J
(M)
ξ should be understood as the Hodge dual of the 1-form

current.
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Then, the Lie derivative of the matter Lagrangian LξL(M) can be expressed as

LξL(M) = −dJ(M)
ξ,field + dΘ

(M)
ξ , ϕ on shell . (1.47)

Also, the Lie derivative of the gravity Lagrangian is given by

LξL(G) = dJ
(M)
ξ,field + dΘ

(G)
ξ , {g, ϕ} on shell . (1.48)

Here it is worth emphasizing that LξL(G) ̸= dΘ
(G)
ξ and LξL(M) ̸= dΘ

(M)
ξ due to the matter

current.

We define the Noether current (d− 1)-form by

Jξ,field ≡ Θ
(G)
ξ − ξ · L(G) + J

(M)
ξ,field . (1.49)

One can verify that Jξ,field is closed when {g, ϕ} are on shell:

dJξ,field = dΘ
(G)
ξ − d(ξ · L(G)) + dJ

(M)
ξ,field

= dΘ
(G)
ξ − LξL(G) + dJ

(M)
ξ,field

= 0 .

(1.50)

Then one can construct the Noether charge Qξ,field:

∃Qξ,field such that Jξ,field = dQξ,field , {g, ϕ} on shell . (1.51)

Note that our definition Jξ,field differs from Wald’s Jξ,Wald since, instead of Θ
(M)
ξ − ξ ·L(M),

we have used J
(M)
ξ,field. We will compare two constructions in section 1.3.3

1.3.2 Higher-order matter variation

Until this point, our derivation of the Noether current Eq. (1.49) is an exact calculation
which does not rely on perturbative analysis 13. The remaining task is to evaluate the
variation of the Noether current Eq. (1.49) under δgµν , δϕ.

13Recall that it suffices to use the linearized variation formula Eq. (1.12) to evaluate the Lie derivative.
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We will focus on the linear order metric variation δgµν while we do not impose such
restriction on the matter field variation δϕ. We then obtain

δJξ,field = δ[Θ(G)(Lξg)] − ξ · δL(G) + δJ
(M)
ξ,field

= δ[Θ(G)(Lξg)] − ξ · dΘ(G)(δg) + δJ
(M)
ξ,field − ξ · E(G)µνδgµν

= δ[Θ(G)(Lξg)] − Lξ[Θ(G)(δg)] + d(ξ ·Θ(G)(δg)) + δJ
(M)
ξ,field − ξ · E(G)µνδgµν

= δ[Θ(G)(Lξg)] − Lξ[Θ(G)(δg)] + d(ξ ·Θ(G)(δg)) + δJ
(M)
ξ,field +

1

2
(ξ · ϵϵϵ)T µνδgµν ,

(1.52)

where we used E(G)µν = −1
2
ϵϵϵT µν . By using the gravity part of the symplectic current

Ω(G)(δg,Lξg) ≡ δ[Θ(G)(Lξg)] − Lξ[Θ(G)(δg)], we obtain 14

δJξ,field = Ω(G)(δg,Lξg) + d(ξ ·Θ(G)(δg)) + δJ
(M)
ξ,field +

1

2
(ξ · ϵϵϵ)T µνδgµν , {g, ϕ} on shell .

(1.53)

It is worth emphasizing again that Eq. (1.53) is valid up to the linear order in δgµν and
up to any order in δϕ. Note that the matter field variation δϕ enters through the matter
current variation δJ

(M)
ξ,field. Finally we shall focus on variations δg, δϕ which satisfy the

equations of motion up to the linear order in δg and up to any desired order in δϕ.

Finally, we arrive at

δdQξ,field = Ω(G)(δg,Lξg) + d
(
ξ ·Θ(G)(δg)

)
+ δJ

(M)
ξ,field +

1

2
(ξ · ϵϵϵ)T µνδgµν , {δg, δϕ} on shell .

(1.54)

We will use this formula to derive the microscopic thermodynamic relation.

The above expression can be further simplified when ξ is a Killing vector of the space-
time:

Lξgµν = 0 . (1.55)

Then we have Ω(G)(δg,Lξg) = 0 in the linear order in δg.

14In fact, we do not need the on shell condition for the matter fields ϕ for this equation to hold. We

would need it to make sure dJ
(M)
ξ,field = 0 so that the matter charge Q

(M)
ξ,field can be constructed.
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When ξ is a Killing vector, the matter current is conserved:

∇µJ
(M)
ξ,field

µ
= −∇µ(T µνξν) = −(∇µT

µν)ξν − T µν∇µξν = −1

2
T µν(∇µξν + ∇νξµ) = 0 ,

(1.56)

or equivalently

dJ
(M)
ξ,field = 0 . (1.57)

Thus, we can construct the matter charge (d− 2)-form Q
(M)
ξ,field such that

J
(M)
ξ,field = dQ

(M)
ξ,field . (1.58)

Hence we arrive at the following expression:

δdQξ,field = d
(
ξ ·Θ(G)(δg)

)
+ δdQ

(M)
ξ,field +

1

2
(ξ · ϵϵϵ)T µνδgµν , ξ : Killing vector, {δg, δϕ} on shell ,

(1.59)

which is valid up to linear order in δg and any order in δϕ.

1.3.3 Comparison

Let us explicitly compare two possible constructions of the matter current

J
(M)
ξ,Wald ≡ Θ

(M)
ξ (ϕ,Lξϕ) − ξ · L(M) ;

J
(M)
ξ,field ≡ J

(M)
ξ,field

µ√−g(dd−1x)µ, where J
(M)
ξ,field

µ ≡ −T µνξν .
(1.60)

To begin, we compare their total derivatives:

dJ
(M)
ξ,Wald = dΘ

(M)
ξ − d(ξ · L(M))

= −E(ϕ)Lξϕ− 1

2
ϵϵϵT µνLξgµν ,

(1.61)

and

dJ
(M)
ξ,field = −ddx

√−g∇µ(T µνξν)

= −ϵϵϵ
(
(∇µT

µν)ξν + T µν∇(µξν)
)

= −ϵϵϵ
(

(∇µT
µν)ξν +

1

2
T µνLξgµν

)
.

(1.62)
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Their difference indeed vanishes for matter fields on shell:

dJ
(M)
ξ,field − dJ

(M)
ξ,Wald = E(ϕ)Lξϕ− ϵϵϵ(∇µT

µν)ξν = 0 , ϕ on shell . (1.63)

Hence both J
(M)
ξ,Wald and J

(M)
ξ,field lead to valid constructions of the Noether charge Qξ,Wald and

Qξ,field.

Next, let us look at the scalar field Lagrangian

Lscalar = −1

2
ϵϵϵgµν∇µϕ∇νϕ . (1.64)

We have

J
(M)
ξ,field = −T µνξν

√−g(dd−1x)µ

= −(∇µϕ∇νϕ ξν −
1

2
ξµ∇αϕ∇αϕ)

√−g(dd−1x)µ ;

J
(M)
ξ,Wald = −

(
(∇µϕ)Lξϕ− 1

2
ξµ∇αϕ∇αϕ

)√−g(dd−1x)µ

= −
(
ξν∇νϕ∇µϕ− 1

2
ξµ∇αϕ∇αϕ

)√−g(dd−1x)µ .

(1.65)

Hence, we have

J
(M)
ξ,field = J

(M)
ξ,Wald . (1.66)

For the electromagnetic Lagrangian

LEM = −1

4
ϵϵϵFµνF

µν , (1.67)

we have

Tµν = FµαF
α

ν − 1

4
gµνFαβF

αβ , (1.68)

Θ
(M)
abc (A, δA) = −ϵϵϵµabcF µαδAα , (1.69)

E(A),α =
δLEM

δAα
= ϵϵϵ∇µF

µα , (1.70)

and

J
(M)
ξ,field = −T µνξν

√−g(dd−1x)µ

= −(F µ
αF

να − 1

4
gµνFαβF

αβ)ξν
√−g(dd−1x)µ ;

J
(M)
ξ,Wald = −(F µαLξAα −

1

4
ξµFαβF

αβ)
√−g(dd−1x)µ

= −(F µαξνFνα + F µα∇α(ξνAν) −
1

4
ξµFαβF

αβ)
√−g(dd−1x)µ ,

(1.71)
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where we used the Cartan’s magic formula for the Lie derivative. Hence we obtain

J
(M)
ξ,field − J

(M)
ξ,Wald = F µα∇α(ξνAν)

√−g(dd−1x)µ , (1.72)

which, by imposing on shell conditions ∇αF
µα = 0, becomes

J
(M)
ξ,field − J

(M)
ξ,Wald = ∇α(F µαξνAν)

√−g(dd−1x)µ , (Aν on shell) . (1.73)

Note that two definitions of the matter current for the electromagnetic field differ by a
total derivative. Thus we can write

J
(M)
ξ,field − J

(M)
ξ,Wald = dQ

(∆)
ξ , (1.74)

which leads to the following difference of two constructions:

Qξ,field −Qξ,Wald = Q
(∆)
ξ . (1.75)

Here it is worth emphasizing that the charge difference Q
(∆)
ξ is linear in the vector field ξ,

and thus vanishes as ξ → 0.

In fact, by following Iyer and Wald (Lemma 3.1 in [74]), one can show that, for an
arbitrary matter Lagrangian,

(a) J
(M)
ξ,field and J

(M)
ξ,Wald differ only by a total derivative.

(b) The charge difference Q
(∆)
ξ vanishes as ξ → 0.

For our application to the gravitational shock wave geometries, terms which vanish as ξ → 0
do not contribute to the surface integral of the Noether charge. As such, our construction of
the Noether charge Qξ,field bears the same geometrical meaning as the Wald’s construction
Qξ,Wald.

1.4 Gravitational shock wave in General Relativity

Having reviewed and refined the Noether charge formula, let us shift the gear a bit. In this
section, we present a brief review of gravitational shock wave geometries in general gravity
by following the works by Dray, ’t Hooft and Sfetsos [38, 120] who derived the gravitational
shock wave equations of motion from the Einstein equation.
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Figure 1.1: Gravitational shock wave at u = 0, moving in the v-direction. The shaded
region experiences metric variations.

Consider the following family of d-dimensional static spacetime, expressed in the Kruskal-
type coordinate and its corresponding energy momentum tensor:

ds2 = 2F (u, v)dudv +G(u, v)hijdx
idxj ;

T = 2Tuvdudv + Tuududu+ Tvvdvdv + Tijdx
idxj .

(1.76)

Following Sfetsos [120], we assume that the metric and matter fields satisfy the following
conditions:

G,v = F,v = Tvv = 0 , (u = 0) , (1.77)

G,u = F,u = Tuu = 0 , (v = 0) . (1.78)

The above conditions follow from the assumption that the timelike vector ∂t is a Killing
vector of the spacetime as we will see in the next subsection. Non-vanishing Christoffel
symbols are

Γuuu =
F,u
F

Γuij = −G,v

2F
hij Γvvv =

F,v
F

Γvij = −G,u

2F
hij

Γiuj =
G,u

2G
δij Γivj =

G,v

2G
δij Γijk =

1

2
hil(hlk,j + hlj,k − hjk,l).

(1.79)

Let us shift this spacetime by

v → ṽ = v + θ(u)α(x) , (1.80)
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where x represents xj collectively and θ(u) is a step function. The resulting metric and
energy momentum tensor are

ds̃2 = 2F (u, v + θα)du(dv + θα,idx
i) +G(u, v + θα)hijdx

idxj , (1.81)

and

T̃ = 2Tuv(u, v + θα, x)du(dv + θα,idx
i) + Tuu(u, v + θα, x)du2

+ Tvv(u, v + θα, x)(dv + θα,idx
i)2 + Tij(u, v + θα, x)dxidxj .

(1.82)

Note that the shifted metric and the shifted energy momentum tensor still satisfy the
Einstein equation except at u = 0 where an additional source of the energy momentum
tensor is needed. Consider the extra contribution to the energy momentum tensor from a
massless particle, located at u = 0 and moving with the speed of light in the v-direction:

T (P ) = T (P )
uu du

2 = 4p(v)F 2δ(x)δ(u)du2 , (1.83)

where p(v) is the momentum of the particle; T (P ),vv = 4p(v)δ(u)δ(x) 15. The Einstein
equation is satisfied if Eq. (1.77) holds and the following equation holds:

∆hijα(x) − d− 2

2

G,uv

F
α(x) = 32πp(v)GFδ(x) . (1.84)

Here the Laplacian is defined as ∆hij ≡ 1√
h
∂i
√
hhij∂j. We will derive this equation by

using the Noether charge method later 16.

1.5 Horizon translation vector

In this section, we investigate the symmetry properties of the spacetime. The gravitational
shock wave solutions require certain consistency conditions on the fields gµν , Tµν as we
reviewed in the previous section. These conditions actually follow from the existence of
the timelike Killing vector ξ(t) = ∂t as we shall show in this section. We will also study the
effect of a vector field β̂ which introduce the horizon translation. In later sections, we will
use the horizon translation vector β̂ to construct the Noether charge which is sensitive to
the gravitational shock wave. Note that the argument in this and next section holds not
only for general relativity, but also for generic covariant theories of gravity.

15Our choice of T (P ),vv = 4p(v)δ(u)δ(x) differs from Sfetsos’ by a factor of (−1) due to the sign difference
in the Einstein equation.

16We note that Eq. (1.78) is not necessary to derive Eq. (1.84). We will however assume both Eq. (1.77)
and Eq. (1.78) in this chapter since we are interested in static spacetime.
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1.5.1 Timelike vector

In this subsection, we verify that Eq. (1.77) and Eq. (1.78) follow from the fact that the
timelike ξ(t) = ∂t vector is a Killing vector.

A vector field ξ is a Killing vector if Lξgµν = 0. Let us begin by computing Lξgµν for
the metric given in Eq. (1.76). Looking at (µ, ν) = (u, v), we have

Lξguv = ξa(∂aguv) + (∂uξ
a)gav + (∂vξ

a)gua

= ξuF,u + ξvF,v + (∂uξ
u + ∂vξ

v)F .
(1.85)

Looking at (µ, ν) = (i, j), we have

Lξgij = ξa(∂agij) + (∂iξ
a)gaj + (∂jξ

a)gia

= ξuG,uhij + ξvG,vhij + ξk(∂kgij) + (∂iξ
k)gkj + (∂jξ

k)gik .
(1.86)

Looking at (µ, ν) = (u, i), we have

Lξgui = ξa(∂agui) + (∂uξ
a)gai + (∂iξ

a)gua

= (∂uξ
j)gji + (∂iξ

v)guv .
(1.87)

Looking at (µ, ν) = (v, i), we have

Lξgvi = ξa(∂agvi) + (∂vξ
a)gai + (∂iξ

a)gva

= (∂vξ
j)gji + (∂iξ

u)guv .
(1.88)

Consider the following timelike vector field:

ξ(t) ≡ κ(−u∂u + v∂v) , (1.89)

where κ represents the surface gravity. One can verify

Lξ(t)guv, Lξ(t)gij → 0 , u→ 0 or v → 0 , (1.90)

and Lξ(t)gui,Lξ(t)gvi = 0, suggesting that ξ(t) asymptotically becomes a Killing vector on
the horizon at u = 0 and v = 0 due to Eq. (1.77) (1.78). Furthermore, we see that the norm
of ξ(t) vanishes on the horizon, and ξ(t) = 0 at (u, v) = (0, 0) 17. Hence, u = 0 and v = 0
hypersurfaces are Killing horizons of ξ(t). In static black holes such as the Schwarzschild
black hole, ξ(t) corresponds exactly to the timelike Killing vector ∂t

18.

17The norm is given by 2ξuguvξ
v = −2κ2uvF → 0 for u, v → 0 where we assumed F (u, v) is not

divergent at u = 0 or v = 0. For non-static black holes, such as the Kerr black hole, guv in the Kruskal-like
coordinate contains a term proportional to (uv)−1. As such, u = 0 or v = 0 hypersurfaces are not horizons
with respect to the timelike Killing vector ∂t.

18As for Tµν , we were not able to verify LξTµν = 0 from the conditions Tvv = 0 (u = 0) and Tuu = 0
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(a) (b)

Figure 1.2: (a) The timelike Killing vector ξ(t). (b) The shifted timelike vector χ.

1.5.2 Horizon translation

Next, consider the following horizon translation vector field:

β̂ ≡ β(x)∂u , (1.91)

where β(x) is an arbitrary function of xi. With direct calculations, one finds

Lβ̂guv = β(x)
(
∂uF

)
, Lβ̂gij = β(x)hij

(
∂uG

)
,

Lβ̂gvi =
(
∂iβ(x)

)
F, Lβ̂gui = 0 .

(1.92)

Namely, at the limit of v → 0, we have

Lβ̂guv,Lβ̂gij,Lβ̂gui → 0 , Lβ̂gvi =
(
∂iβ(x)

)
F ̸→ 0 . (1.93)

In the next section, we will use this horizon shift vector β̂ to construct the Noether
charge and derive the microscopic thermodynamic relations as in Eq. (1.7). It is worth
recalling that, in the original treatment by Wald, the vector field ξ in the Noether charge
Qξ was chosen to be a Killing vector. This was crucial in the derivation of Wald’s Noether
charge relation since the pre-symplectic form Ω(G)(g, δg,Lξg) vanishes when ξ is a Killing

vector. In the above calculation, we found that the horizon shift vector β̂ is not a Killing
vector at v = 0 (unless β(x) does not depend on x). Nevertheless, the pre-symplectic form
Ω(G)(g, δg,Lβ̂g) vanishes at v = 0 as we shall see in section 1.6.3.

(v = 0) in Eqs. (1.77)(1.78). Note, however, that we did not need to impose Lξϕ = 0 or LξTµν = 0 in
deriving the Noether charge relation in section 1.3.
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1.6 Microscopic thermodynamics on horizon

In this section, we will derive microscopic thermodynamic relations which are localized on
the horizon.

1.6.1 Noether charge from shifted vector

Let us briefly recall the setup. The original static spacetime was given by Eq. (1.76) which
is reprinted below

ds2 = 2F (u, v)dudv +G(u, v)hijdx
idxj ;

T = 2Tuvdudv + Tuududu+ Tvvdvdv + Tijdx
idxj .

(1.94)

The shifted metric and the energy momentum tensor are given by Eq. (1.81) and Eq. (1.82)
which are obtained by the substitution v → ṽ = v + θ(u)α(x). It is worth noting that, at
the leading order in α(x), the metric variation is given by

δgµν = θ(u)Lα̂gµν , α̂ ≡ α(x)∂v , (1.95)

which can be verified from results in section 1.5. In addition, there is an extra source of
the energy momentum tensor T

(P )
uu at u = 0 as in Eq. (1.83). See Fig. 1.3 for summary.

Let us specify how the integral of the Noether charge is taken. We will consider an
integral of the Noether charge relation Eq. (1.54) over the (d − 1)-dimensional surface Λ
at v = 0 that connects two (d− 2)-dimensional boundaries ΣA and ΣB (see Fig. 1.2(b) or
Fig. 1.3):

ΣA = {(u, v) = (0−, 0) , ΣB = {(u, v) = (β(x), 0)} . (1.96)

Here 0− means that u approaches zero from below. For our purpose of deriving the shock
wave equations of motion, it actually suffices to choose ΣA as any boundary with u < 0.

Finally, let us construct the Noether charge. As a vector field, we shall take the shifted
timelike vector:

χ ≡ ξ(t) + κβ̂ = κ
((
β(x) − u

)
∂u + v∂v

)
, (1.97)

in order to construct the Noether charge. It is essential to observe

χ = 0 at ΣB , (1.98)

which will be useful in simplifying the thermodynamic relation.
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Figure 1.3: The Noether charge integral. A redline represents the gravitational shock wave
running at u = 0. Blue lines represent the null-shifted timelike vector. The shaded region
(u > 0) experiences the metric variations δgµν and the energy momentum variations δTµν
which result from the shift v → v + θ(u)α(x). In addition, at u = 0, the variation δT

(P )
uu

from the shock wave is introduced.

1.6.2 Thermodynamic relation

Our central formula is Eq. (1.54) which is reprinted below:

δdQχ,field = Ω(G)(δg,Lχg) + d
(
χ ·Θ(G)(δg)

)
+ δJ

(M)
χ,field +

1

2
(χ · ϵϵϵ)T µνδgµν , {δg, δϕ} on shell .

(1.99)

Integrating it on the v = 0 surface generates

δ

∫
Λ

dQχ,field =

∫
Λ

Ω(G)(δg,Lχg) +

∫
Λ

d
(
χ ·Θ(G)(δg)

)
+ δ

∫
Λ

dQ
(M)
χ,field . (1.100)

Two comments follow. First, the last term 1
2
(χ · ϵϵϵ)T µνδgµν vanishes since the integral

is along the vector field χ and thus
∫
Λ

(χ · ϵϵϵ) = 0. Second, we have introduced the matter

charge Q
(M)
χ,field. Here it is useful to note that, while β̂ is not a Killing vector of the spacetime,

one can still construct the matter charge on the v = 0 surface since

∇µ(Jχ,field
µ) = −1

2
T µν(Lχgµν) = −T vi(Lχgvi) = 0 , (v = 0). (1.101)

23



Then, by using the Stokes’ theorem, we obtain∫
ΣA

(
δQχ,field − δQ

(M)
χ,field − χ ·Θ(G)(δg)

)
+

∫
Λ

Ω(G)(δg,Lχg)

=

∫
ΣB

(
δQχ,field − δQ

(M)
χ,field − χ ·Θ(G)(δg)

)
.

(1.102)

Below, we will further simplify this expression by using the properties of the shifted vector
field χ.

Let us evaluate each term in Eq. (1.102) at ΣA and ΣB. First, we observe

χ ·Θ(G)(δg) = 0 at ΣA,ΣB , (1.103)

by noting that χ = 0 at ΣB and δg = 0 at ΣA. Second, we observe

δQχ,field = 0 at ΣA , (1.104)

since δg = 0 at ΣA. Third, we can construct the matter charge Q
(M)
χ,field as an integral over

v = 0 surface in the u direction :

Q
(M)
χ,field ≡

∫ u

−∞
J
(M)
χ,field = −

∫ u

−∞
T µνχν

√−g(dd−1x)µ = −
∫ u

−∞
T vvχv

√−g(dd−1x)v .

(1.105)

Due to the constraint T vv = 0 at v = 0 in Eq. (1.78), we have

δQ
(M)
χ,field = −

∫ u

−∞
(δT vv)χv

√−g(dd−1x)v . (1.106)

There are two potential contributions to the variation δT vv. The first contribution is due
to the metric shift which is explicitly given by

δT vv = T vv(u, v + α) − T vv(u, v) , u > 0 . (1.107)

It turns out that this contribution is subleading in α. Recall that the timelike vector ξ(t)

is the symmetry of the spacetime. We then have

Lξ(t)T vv = −u∂uT vv + v∂vT
vv − 2T vv = 0 . (1.108)

Let us Taylor expand T vv for small u and v. Then we find that only the terms of the form
uava+2 are allowed. This suggests that T vv is ∼ v2 at most, and hence δT vv is ∼ vα + α2.
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Integrating it along v = 0 only generates a contribution of O(α2). The second contribution
comes from the shock wave. Considering δT vv = 4p(v)δ(u)δ(x) at v = 0, we find

δQ
(M)
χ,field = 0 at ΣA , (1.109)

and

δQ
(M)
χ,field = −

∫ u=β(x)

−∞
4p(v)Fδ(u)δ(x)κ(β(x) − u)

√−g(dd−1x)v

= (dd−2x)uv
√
G4p(v)Fδ(x)κβ(x) at ΣB .

(1.110)

Note that
√
G is the volume element intrinsic on the (d−2)-dimensional surface (u, v) =

(0, 0). Hence, we obtain

δ

∫
ΣB

(
Qχ,field −Q

(M)
χ,field

)
−
∫ u=β(x)

u=0−

Ω(G)(δg,Lχg) = 0 . (1.111)

1.6.3 Pre-symplectic form

The remaining task is to evaluate the pre-symplectic form Ω(G)(δg,Lχg). Here we will
show that ∫ u=β(x)

u=0−

Ω(G)(δg,Lχg) = 0 . (1.112)

Since the timelike vector ξ(t) is the symmetry of the original spacetime, we have
Ω(G)(δg,Lξ(t)g) ≃ 0, and

Ω(G)(δg,Lχg) ≃ κΩ(G)(δg,Lβ̂g) , (1.113)

where ≃ denotes that we evaluate the differential form on the v = 0 surface. Recalling
δg = θ(u)Lα̂g at the linear order in α(x), we arrive at∫ u=β(x)

u=0−

Ω(G)(δg,Lχg) = κ

∫ u=β(x)

u=0

Ω(G)(Lα̂g,Lβ̂g) . (1.114)

Let us recall that the variation of the gravity Lagrangian is given by δL(G) = E(G)µνδgµν+
dΘ(δg). Using the equations of motion and taking δ = Lβ̂, we obtain

Lβ̂L(G) = −1

2
ϵϵϵT µνLβ̂gµν + dΘβ̂ . (1.115)
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Taking another variation Lα̂, integrating it and using the Cartan’s formula, we have∫
Lα̂Lβ̂L(G) = −1

2

∫
Lα̂(ϵϵϵT µνLβ̂gµν) +

∫
dLα̂Θβ̂

= −1

2

∫
d(α̂ · ϵϵϵT µνLβ̂gµν) +

∫
dLα̂Θβ̂

= −1

2
(α̂ · ϵϵϵT µνLβ̂gµν) + Lα̂Θβ̂

= −1

2
α(x)

√−gT µνLβ̂gµν(dd−1x)v + Lα̂Θβ̂

≃ −α(x)
√−gT viLβ̂gvi(dd−1x)v + Lα̂Θβ̂ = Lα̂Θβ̂ .

(1.116)

Similarly, we have∫
Lβ̂Lα̂L(G) = −1

2
β(x)

√−gT µνLα̂gµν(dd−1x)u + Lβ̂Θα̂ . (1.117)

Since Lα̂ and Lβ̂ commute, we have
∫
Lβ̂Lα̂L(G) =

∫
Lα̂Lβ̂L(G). Hence we obtain 19

Ω(G)(g,Lα̂g,Lβ̂g) ≡ Lα̂Θβ̂ − Lβ̂Θα̂ (1.118)

≃ −1

2
β(x)

√−gT µνLα̂gµν(dd−1x)u . (1.119)

By integrating Ω(G)(g,Lα̂g,Lβ̂g) on the v = 0 surface, we obtain∫ u=β(x)

u=0

Ω(G)(Lα̂g,Lβ̂g) = 0 , (1.120)

since the term with (dd−1x)u does not contribute to the integral.

This enables us to obtain the following simple constraint that governs microscopic
thermodynamics of gravitational shock waves on the horizon:

δ

∫
ΣB

Qχ,field − δ

∫
ΣB

Q
(M)
χ,field = 0 . (1.121)

This is the central result of this chapter.

As we will see in the next section, the first term corresponds to the area deformation
under two shifts u → u + β(x) and v → v + α(x). The second term corresponds to

19For general relativity, we have checked that Lα̂Θβ̂ ≃ Lβ̂Θα̂ ≃ 0 via brute force calculation.

26



the matter charge variation due to the gravitational shock wave, probed by the horizon
translation vector field β̂.

While the formula itself is remarkably simple (and might look unsurprising), the un-
derlying reason behind the simplicity of the formula is rather non-trivial. Here it is useful
to recall the generic relation concerning the Noether charge from Eq. (1.54) with on shell
{δg, δϕ}, as reprinted below:

δdQχ,field − δdQ
(M)
χ,field = Ω(G)(δg,Lχg) + d

(
χ ·Θ(G)(δg)

)
− χ · E(G)µνδgµν . (1.122)

In the original analysis due to Wald, the vector field χ was chosen to be the timelike
Killing vector. As a result, we have Lχg = 0 everywhere in the spacetime and ξ = 0 at
the bifurcation surface which would eliminate the contributions from three terms on the
right hand side. In our treatment, however, ξ is not a Killing vector, and ξ ̸= 0 at the
bifurcation surface. Still, the contributions from three terms vanish due to careful choice
of our vector field ξ and the interval for the integral.

Finally, it is worth emphasizing that, if the original unshifted timelike vector ξ(t) were
used, we would not have any interesting thermodynamic relation since δQ

(M)
ξ,field = δQξ,field =

0. This is related to the fact that the area variation by v → v+α(x) vanishes at the bifurcate
surface as we shall explicitly see in the next section.

1.7 Shock wave from area minimization

In this section, we derive the gravitational shock wave equations of motion in general
relativity by using the microscopic thermodynamic relation on the horizon.

1.7.1 Area variation

We have evaluated the matter charge δQ
(M)
χ,field in the previous section. Here we evaluate

δQχ,field at ΣB. For general relativity with scalar fields, the Noether charge is given by 20

Qχ,fielda = − 1

16π
ϵϵϵabc∇bχc , (1.123)

20For scalar fields, we have Qχ,field = Qχ,Wald. The difference between Qχ,field and Qχ,Wald generically
vanishes as χ→ 0. See section 1.3 for discussions.

27



where a = a1 · · · ad−2 collectively denotes (d − 2) indices. Recall that χ is held fixed in
variations. Also χ = 0 at ΣB. Hence we have

δQχ,fielda = − 1

16π
(δϵϵϵabc)∇bχc at ΣB . (1.124)

Non-trivial contributions come from b, c = u, v. We thus have

δQχ,field = − κ

8π

1

F
(dd−2x)uvδ

√
G at ΣB , (1.125)

where (dd−2x)uv
√
G is the volume element intrinsic on the (d−2)-dimensional surface ΣB.

It is worth relating the variation of the Noether charge explicitly to the area deformation
(Fig. 1.4). Let Area(β, α) denote the total area of the hypersphere at (u, v) = (β, α) in the
original unperturbed metric ds2. The Noether charge integral gives∫

ΣB

δQχ,field = − κ

8π

1

F

(
Area(β, α) − Area(β, 0)

)
= − κ

8π

1

F

(
Area(β, α) − Area(0, 0)

)
,

(1.126)

where we have used Area(β, 0) = Area(0, 0), since (u, v) = (β, 0) is still on the horizon.
Hence the Noether charge variation is proportional to the increase of the area of the
bifurcating horizon by two null-shifts u→ u+ β and v → v + α. Note that α comes from
the shift by the gravitational shock wave while β is set by the shift in the vector field χ.

One comment follows. If we used the timelike Killing vector ξ instead of the shifted one
χ, we would have the contribution proportional to Area(0, α) − Area(0, 0) which vanishes
since (u, v) = (0, α) is still on the horizon. Hence the Noether charge relation would be
trivial.

1.7.2 Intrinsic metric

The remaining task is to evaluate the intrinsic metric on ΣB. A spacetime point on ΣB

can be expressed as

Xµ(y⃗) ≡ (β(y⃗), α(y⃗), y⃗) , (1.127)

where α(y⃗) results from the metric variation. The intrinsic metric on ΣB is given by

dσ2 ≡ ds2|(u,v,x)=X(y⃗) ≡ Gij(y⃗)dyidyj , (1.128)
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Figure 1.4: The area deformation in the original unperturbed geometry.

where

Gij(y⃗) = gµν(X(y⃗))
∂Xµ

∂yi
∂Xν

∂yj
. (1.129)

We shall Taylor expand Gij(y⃗) for small α, β. Looking at (µ, ν) = (u, v), we have the
following contribution to Gij(y⃗):

guv(X(y⃗))
∂β

∂yi
∂α

∂yj
=

(
F (0, 0) +

∂2F (u, v)

∂u∂v
αβ + · · ·

)
∂β

∂yi
∂α

∂yj
. (1.130)

Looking at (µ, ν) = (i, j), we have the following contribution to Gij(y⃗):

gij(X(y⃗))dyidyj =

(
G(0, 0) +

∂2G(u, v)

∂u∂v
αβ + · · ·

)
hij(y⃗)dyidyj . (1.131)

We observe that the leading correction to Gij(y⃗) is at the order of αβ. In the expansion

of Eq. (1.130), the term ∂2F (u,v)
∂u∂v

αβ ∂β
∂yi

∂α
∂yj

is at the order of α2β2, and hence is negligible.
Then we find

dσ2 ≈ 2F (0, 0)
∂β

∂yi
∂α

∂yj
dyidyj +

(
G(0, 0) +

∂2G(u, v)

∂u∂v
αβ

)
hij(y⃗)dyidyj

= dσ2
∗ + 2F (0, 0)

∂β

∂yi
∂α

∂yj
dyidyj +

∂2G(u, v)

∂u∂v
αβhij(y⃗)dyidyj ,

(1.132)

where dσ2
∗ represents the unperturbed intrinsic metric when (α, β) = (0, 0):

dσ2
∗ = G(0, 0)hijdy

idyj . (1.133)
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To summarize, we have obtained the variation of the intrinsic metric:

δGij = 2F∂iα∂jβ +G,uvαβhij , (1.134)

where F and G,uv are evaluated at u = v = 0.

Recall that the first order variation of the determinant is

δ
√
G =

1

2

√
GGijδGij . (1.135)

Hence the variation of the determinant at ΣB is given by

δ
√
G =

√
G 1

2G

(
2F (∂jα)(∂jβ) + (d− 2)G,uvαβ

)
. (1.136)

Note Gij = gij = hij

F
at u = v = 0. Observe ∂j

(
β(∂jα)

√
h
)

= (∂jβ)(∂jα)
√
h +

β∂j

(
(∂jα)

√
h
)

. After integrating by parts, we obtain

δ
√
G =

√
G 1

2G

(
− 2Fβ(∆hijα) + (d− 2)G,uvαβ

)
. (1.137)

Note that total derivatives do not contribute to the surface integral of the Noether charge.

Finally, we derive the shock wave equations of motion. Using the expression of deformed
area density Eq. (1.137), we obtain

δQχ,field = −(dd−2x)uv
κ
√
G

8π

1

2GF

(
− 2Fβ(∆hijα) + (d− 2)G,uvαβ

)
, (1.138)

and combining it with the variation of the matter Noether charge in Eq. (1.110), we then
find that the constraint Eq. (1.121) leads to

−
√
G κ

8π

1

2GF

(
− 2F (∆hijα) + (d− 2)G,uvα

)
β =

√
G4p(v)Fδ(x)κβ . (1.139)

We can arrange it into the following form(
(∆hijα) − (d− 2)

2

G,uv

F
α− 32πGFp(v)δ(x)

)
βκ

√
G = 0 . (1.140)

Hence we recover the shock wave equation of motion

∆hijα(x) − d− 2

2

G,uv

F
α(x) = 32πp(v)GFδ(x) . (1.141)
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1.8 Gauss-Bonnet gravity

The microscopic thermodynamic relation can be generalized to arbitrary covariant theory
of gravity. The gravitational shock wave equations in the Gauss-Bonnet gravity have been
previously studied for a certain black hole solution in [114] while exhaustive studies have
been presented in [70, 69] with rather involved calculations. In this section, we present a
simpler derivation of the gravitational shock wave equations of motion in the Gauss-Bonnet
gravity based on the Noether charge method.

1.8.1 Noether charge in Gauss-Bonnet gravity

The Lagrangian d-form of the Gauss-Bonnet gravity is

L = ϵϵϵa1···ad

( 1

16π
R +

λ

16π
(RabcdR

abcd − 4RabR
ab +R2)

)
. (1.142)

This yields the Noether charge (d− 2)-form [74]

Qχa = −ϵϵϵade
( 1

16π
∇dχe +

λ

8π
(R∇dχe + 4∇[fχd]Re

f +Rdefh∇fχh)
)
. (1.143)

We shall focus on a family of the metric of Eq. (1.76). The main task is to evaluate the
variation δQχ under (u, v) = (β, 0) → (β, α) at ΣB. It suffices to compute the contribution
to Qχa from (d, e) = (u, v) in Eq. (1.143)21:

−(dd−2x)uv
√
G 1

8π
(1 + 2λH)∇[uχv] , H ≡ Rµνg

µν − 4Ruvg
uv − 2Ru

uvug
uv , (1.144)

and its variation δQχa:

−(dd−2x)uv(δ
√
G)

1

8π
(1 + 2λH)∇[uχv] − (dd−2x)uv

√
G 1

8π
2λ(δH)∇[uχv] . (1.145)

To evaluate H, we need the following non-vanishing Ricci tensors:

Ruv =

(
−F,uv

F
− d− 2

2

G,uv

G

)
, Rij = R

(d−2)
ij −

(
G,uv

F

)
hij , (1.146)

21Note there is a factor of 2 which comes from the contribution of (d, e) = (v, u)
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and the following Riemann tensor:

Ru
uvu = ∂vΓ

u
uu − ∂uΓ

u
vu + ΓuvαΓαuu − ΓuuαΓαvu = ∂v

F,u
F

≃ F,uv
F

. (1.147)

Putting all these together, we obtain the following simple result

H = R
(d−2)
ij gij =

R(d−2)

G
, (1.148)

where R(d−2) is the scalar curvature computed from hij.

As for δH, the following observation simplifies the calculation. Let us focus on the
variation of the first term Rµνg

µν in H:

δ(Rµνg
µν) = δ(Rµν)g

µν +Rµνδ(g
µν) . (1.149)

By utilizing the following relation

δRρ
µλν = ∇λδΓ

ρ
νµ −∇νδΓ

ρ
λµ . (1.150)

δ(Rµν)g
µν can be expressed as a total derivative. In a similar manner, we can show the

following

δH = Rµνδg
µν − 4Ruvδg

uv − 2Ru
uvuδg

uv + (total derivative) . (1.151)

Note that total derivatives do not contribute to the surface integral of the Noether charge.
By dropping these terms, we obtain

δH = R
(d−2)
ij δGij . (1.152)

Using δ
√
G = 1

2

√
GGijδGij = −1

2

√
GGijδGij, the total variation Eq. (1.145) can be expressed

as

δQχ,field = (dd−2x)uv
κ
√
G

8πF
δGij

(
1

2
Gij
(

1 + 2λ
R(d−2)

G

)
− 2λR

(d−2)
ij

)
. (1.153)

Finally, by making use of Eq. (1.134) and integrating by parts, one can obtain the gravi-
tational shock wave equations of motion in the Gauss-Bonnet gravity.
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1.8.2 Isotropic space

So far, our discussions are applicable to generic static spacetime in the Gauss-Bonnet
gravity. By specializing in isotropic spaces, one obtains further simplified expression of
δQχ. Let us consider the following metric

ds2 = 2F (u, v)dudv + r2Hhijdx
idxj , (1.154)

where the metric of hij depends on k = 1, 0,−1 and looks like

k = 1 → de Sitter (sphere) ;

k = 0 → flat space ;

k = −1 → anti-de Sitter (hyperbolic) .

(1.155)

We then have

R
(d−2)
ij = (d− 3)khij , R(d−2) = k(d− 3)(d− 2) . (1.156)

Plugging these into Eq. (1.153), we obtain

δQχ,field = −(dd−2x)uv
κ
√
G

8π

1

2GF

(
1 + 2λ

k(d− 3)(d− 4)

r2H

)(
− 2Fβ(∆hijα) + (d− 2)G,uvαβ

)
,

(1.157)

where r = rH is the horizon radius. By setting λGB ≡ λk(d−3)(d−4)

r2H
, we see that the Noether

charge variation δQχ,field is rescaled by a factor of (1+2λGB). This recovers the result from
[114]

(1 + 2λGB)
(

∆hijα(x) − d− 2

2

G,uv

F
α(x)

)
= 32πp(v)GFδ(x) . (1.158)

1.9 Measuring shock waves

In this section, we present a brief discussion on the connection between OTOCs and the
thermodynamic relation. Here we shall focus on the cases where the infalling and outgoing
matters consist of scalar fields for simplicity of discussion.

So far, we have studied geometries with single gravitational shock waves running in
the v direction and derived the thermodynamic relations by using shifted vector fields in

33



the u direction. A naturally arising question concerns geometries with two intersecting
gravitational shock waves running in the u and v directions. Such geometries can be
generated by using shifts α(x) and β(x) in the v and u coordinates respectively, and have
been explicitly considered by Kiem, Verlinde and Verlinde [79]. Readers might wonder if
similar analyses based on the covariant phase space formalism would reveal thermodynamic
relations for two gravitational shock waves. Unfortunately, the horizon area deformation
induced by two gravitational shock waves are the second-order contributions, and as such,
naive application of the covariant phase space formalism does not appear to give rise to
non-trivial thermodynamic relations 22.

Nevertheless, the microscopic thermodynamic relation can be generalized to geometries
with two shock waves in a straightforward manner. This is due to the fact that, in a geome-
try with two shock waves, each shock wave needs to satisfy the corresponding gravitational
equation of motion, which is identical to the one with a single shock wave [79]. Then the
effective Lagrangian for two shock waves can be constructed as follows:

Lshock = Area(α(x), β(x)) −
∫
α(x)T (u)(x) −

∫
β(x)T (v)(x) , (1.159)

up to a multiplicative factor for the area term 23. Here T (u)(x) and T (v)(x) are energy-
momentum tensor profiles running in the u and v directions respectively. By taking the
variation of the Lagrangian, we indeed recover equations of motion for α(x) and β(x):

δLshock

δα(x)
= Eshock(β(x), T (u)(x)) ,

δLshock

δβ(x)
= Eshock(α(x), T (v)(x)) . (1.160)

Here one may interpret α(x) and β(x) as scalar fields which live on the bifurcating sphere,
and the Area(α(x), β(x)) as interacting massive scalar fields. Then, T (u)(x) and T (v)(x)
can be interpreted as source terms coupled with fields α(x) and β(x).

Let us now turn our attention to the problem of measuring gravitational shock waves.
Recall that the gravitational shock waves can be probed by out-of-time order correlation
(OTOC) functions of the form ⟨V (0)W (t)V (0)W (t)⟩ within the AdS/CFT correspondence.
When the time separation between two perturbations V (0) and W (t) is larger than the
scrambling time, two gravitational shock waves will intersect with each other near the black
hole horizon. It can then be approximated that two shock waves are running on the black

22We expect that a careful analysis, similar to the one given in this chapter for higher-order matter field
variations, will enable us to treat higher-order metric variations in a controlled matter.

23The effective Lagrangian similar to Eq. (1.159) was derived by ’t Hooft [134] for the Schwarzschild
black hole.
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hole horizon and intersect with each other. Such an approximation would be valid if the
values of u, v at the intersecting location are smaller than the effective shifts α, β.

At the heart of the calculation of OTOCs is the gravitational scattering unitary matrix.
In his pioneering work, ’t Hooft [134] derived the following scattering unitary matrix for
the Schwarzschild black hole (often called the horizon S-matrix) 24:

U = exp

[
i

∫∫
dΩ1dΩ2Pout(Ω1)f(Ω1,Ω2)Pin(Ω2)

]
, (1.161)

where f(Ω1,Ω2) is the green function for the shock wave equation 25. Here Pin and Pout

account for the incoming and outgoing energy flux. One can cast the above scattering
matrix in an illuminating form which makes the relation to the soft thermodynamics more
explicit. Here we consider the limit where two shock waves collide near the horizon. Note
that one can identify Pout(Ω1) and Pin(Ω2) as T (u)(x) and T (v)(x) respectively. Then, one
obtains

α(x) =

∫
dΩ2f(Ω1,Ω2)Pin(Ω2), β(x) =

∫
dΩ1f(Ω1,Ω2)Pout(Ω1) . (1.162)

Recalling that the equations of motion for α(x) and β(x) read

δArea(α(x), β(x)) =

∫
α(x)T (u)(x) , δArea(α(x), β(x)) =

∫
β(x)T (v)(x) , (1.163)

one can rewrite the above expression as follows:

U = exp
(
i(Area(α(x), β(x)) − Area(0, 0))

)
, (1.164)

up to a multiplicative factor for the area. Since Area(0, 0) is a constant, one may express
the scattering unitary matrix simply as

U = exp
(
i · Area(α(x), β(x))

)
. (1.165)

This expression suggests that, at the leading order, the decorrelation of OTOCs is given
by the area deformation 26

24see [112] also.
25Quantum mechanical aspects of the scattering matrix have been further studied in recent years, see [11,

45, 46] for instance.
26Direct measurement of OTOCs in many-body quantum systems is challenging with inverse time-

evolution, but an alternative formulation of OTOCs using entanglement does not require inverse time-
evolution. Various experimental protocols for measuring OTOCs in controlled quantum simulators have
been proposed [130, 146, 58, 39, 152], with concrete experimental demonstrations [56, 92, 87, 12]. It is
still premature to envision measurement of OTOCs in gravitational systems, but at the conceptual level,
the smoothness of the black hole horizon for an infalling observer is an indirect evidence of decorrelation
of OTOCs, see [148, 110] for details.
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It is worth emphasizing that this expression of the scattering unitary matrix can be
generalized to any bifurcating horizon in generic static spacetime in arbitrary covariant
theory of gravity 27. The above expression of the scattering matrix can be viewed as a
concrete method of measuring the soft charge, which is realized as the gravitational shock
wave. We hope to further expand this observation in the future.

Also note that matter contents render rich additional structures in the scattering ma-
trix, see the table in [134] for instance. It will be interesting to extend our analysis to the
cases where the infalling and outgoing matters are not scalar fields.

1.10 Discussions

In this chapter, we derived microscopic thermodynamic relations localized at the near-
horizon region, providing a concrete and universal characterization of gravitational shock
waves applicable to generic static spacetimes, including those beyond the AdS/CFT cor-
respondence. By extending Wald’s covariant phase space formalism to arbitrary-order
matter variations, we obtained an explicit formula relating the horizon area deforma-
tion—interpreted as a soft charge—to the incoming and outgoing energy fluxes. Specif-
ically, we showed that the gravitational scattering matrix, encapsulated by out-of-time-
order correlation functions, is directly related to the horizon area variations induced by
intersecting shock waves.

Our result provides a clear physical interpretation of soft hair in gravitational contexts,
bridging abstract soft charges and measurable horizon deformations. Moreover, our method
generalizes beyond general relativity, illustrated through explicit calculations in Gauss-
Bonnet gravity, underscoring the robustness and universality of our approach.

We now turn to the black hole information problem, a central challenge in quantum
gravity. The Hayden-Preskill thought experiment presents a sharp framework for under-
standing how information can be retrieved from a black hole after the scrambling time.
In the next chapter, we analyze quantum information retrieval in holographic systems by
studying gravitational shock wave geometries, which model backreaction from infalling and
outgoing perturbations. This framework allows us to explicitly test recoverability criteria
and deepen our understanding of holographic information dynamics.

27While OTOCs are concepts primarily studied within the framework of the AdS/CFT correspondence,
they can be generically defined as correlation functions of matter fields which were initially located away
from the horizon. Hence, we speculate that our observation may be generalized to asymptotically flat
spaces as well as the de-Sitter horizon.
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Chapter 2

Information recovery and shock
waves

2.1 Introduction

One of the most famous puzzles in modern theoretical physics, which has been fundamental
in shaping our expectations for a complete theory of quantum gravity, is the celebrated
black hole information problem [61]. This apparent tension between general relativity and
quantum mechanics arises at the semiclassical regime: quantum field theory in curved
spacetimes seems to suggest, at the same time, that (i) black holes are thermodynamic
objects whose entropy is finite and proportional to their horizon area, as given by the
Bekenstein-Hawking formula, and (ii) black holes can evaporate and shrink in size by emit-
ting Hawking radiation that is nearly exactly thermal, and whose entropy seemingly grows
monotonically even after exceeding the entropy of the black hole itself. These two seem to
naively imply that black hole evaporation could violate unitarity, hinting at fundamental
information loss[61] and suggesting that, within effective field theory on a curved space-
time alone, information that falls into a black hole will never be revealed in the Hawking
radiation.

The first substantial theoretical challenge to the notion of fundamental information loss
came from the discovery of the AdS/CFT correspondence [99, 54, 142]. In this duality,
quantum gravity in asymptotically anti-de Sitter (AdS) spacetimes is equivalently described
by a conformal field theory (CFT) living on the asymptotic boundary, without dynamical
gravity. Consequently, information falling into a black hole in AdS must be preserved,
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and black hole dynamics must remain intrinsically unitary, as the complete gravitational
physics is encoded in a manifestly unitary boundary theory.

It is now widely accepted that AdS/CFT exemplifies a broader principle known as
holography, which posits that gravitational physics in various spacetimes—not only AdS-
like—can be fully captured by non-gravitational theories defined in fewer dimensions.
Leveraging holographic insights, Hayden and Preskill (HP) [64] formulated precise criteria
for the recoverability of information falling into black holes, assuming unitary dynamics
and a finite black hole Hilbert space dimension determined by the exponential of the hori-
zon area. In the Hayden-Preskill thought experiment, if one can manipulate the Hawking
radiation with arbitrarily high precision, then after waiting until past the Page time (the
moment at which the entropy of the collected Hawking radiation exceeds the Bekenstein-
Hawking entropy of the black hole) [108, 107], any additional information thrown into the
black hole is returned to the exterior in the form of Hawking radiation as quickly as it
physically can. The key to such quick recovery in the Hayden-Preskill thought experi-
ment is the phenomenon of quantum information scrambling, a manifestation of quantum
chaos describing how information disperses across strongly coupled many-body quantum
systems[67, 81, 121, 119]. Even though the original claims by Hayden and Preskill were
derived under the assumption of Haar-random dynamics (which is highly unphysical). Re-
markably, the conditions for quick information recovery originally derived under idealized
Haar-random dynamics have been observed in strongly coupled, large-N conformal field
theories—precisely those theories expected to admit semiclassical holographic duals [115].

The Hayden-Preskill recovery criterion establishes a ”pure-boundary” argument for
the recoverability of information after the Page time, based on the scrambling proper-
ties of the boundary theory. On another front, inspired by insights from AdS/CFT, the
most significant recent breakthrough in understanding information recovery from a bulk
perspective was the discovery of the Quantum Extremal Surface (QES) formula and en-
tanglement wedge reconstruction [43, 141, 116, 71]. When applied to evaporating black
holes in AdS with absorbing boundary conditions, the QES prescription directly yields the
Page curve for the von Neumann entropy of Hawking radiation, demonstrating the purifi-
cation of radiation entropy after the Page time [111, 6]. Furthermore, entanglement wedge
reconstruction provides a rigorous criterion identifying the bulk subregion encoded in the
collected Hawking radiation. Crucially, after the Page time, the entanglement wedge of the
radiation includes the black hole interior, confirming that information falling into the black
hole approximately a scrambling time earlier can be explicitly reconstructed from radiation
degrees of freedom. Surprisingly, these profound results derive largely from Hawking’s orig-
inal quantum field theory calculations in curved spacetime—methods previously believed
capable only of suggesting information loss. The essential new ingredient enabling this bulk
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calculation to demonstrate information recoverability is entanglement wedge reconstruc-
tion, which is inherently holographic and has no purely semiclassical gravity counterpart,
yet precisely reproduces Hayden-Preskill’s criteria for information recovery.

Nevertheless, the absence of explicit scrambling dynamics in previous QES calcula-
tions, despite their agreement with HP criteria, remains puzzling. A plausible explanation
is that the QES formula implicitly encodes scrambling effects as a ”black box.” Supporting
this perspective, minimal surface analyses at the boundary have been shown to become
valid precisely when associated out-of-time-order correlators (OTOCs)—direct indicators
of scrambling—begin to decay [67]. However, it remains unclear how semiclassical methods,
traditionally neglecting gravitational backreaction and thus unable to explicitly reproduce
scrambling phenomena like OTOC decay, can nevertheless yield correct predictions consis-
tent with HP-type recoverability.

Recent algebraic perspectives have further illuminated aspects of this puzzle. Wit-
ten observed that including specific O(GN) corrections modifies the algebraic structure of
quantum field theory from type III1 to type II∞, enabling direct computations of entangle-
ment entropy and extending the QES formula’s validity into algebraic frameworks within
the semiclassical limit [143, 26, 76]. Still, this algebraic approach inherently neglects grav-
itational backreaction, emphasizing instead an emergent algebra defined within a strictly
semiclassical regime.

Our goal in this work is to bridge these perspectives by explicitly incorporating scram-
bling dynamics through gravitational backreaction, thus directly testing the connection
between scrambling and entanglement wedge reconstruction. It is well-established that in
holography, boundary perturbations, in certain regimes, correspond to shockwaves propa-
gating in the bulk geometry, which explicitly encode scrambling dynamics [121, 93]. Here,
we demonstrate that analyzing a non-evaporating eternal black hole geometry incorporat-
ing gravitational backreaction from incoming and outgoing shockwaves precisely reproduces
the HP criteria for information recoverability, thus making explicit the role of scrambling in
bulk semiclassical calculations. Our findings constitute a significant step toward unifying
entanglement wedge reconstruction, scrambling dynamics, and Hayden-Preskill recover-
ability criteria within a consistent dynamical framework.

2.1.1 Overview of results

The underlying motivation behind this work is to derive the standard quantum mechanical
and information theoretic results on the HP thought experiments from the bulk calcula-
tions. In doing so, we hope not to ignore the gravitational backreaction from the infalling
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and outgoing matter fields that will be induced near the black hole horizon. While a com-
plete study would require us to consider the all the possible effects of backreaction from the
existing matter fields, we expect that this will lead to tremendously complex analysis. In-
stead, we will consider a minimal toy model that includes an infalling quantum state A and
a particular outgoing Hawking quanta D as the only matter degrees of freedom on the bulk
that are present in the model. That is, our toy model will have only three matter quanta,
the infalling matter A, the outgoing radiation D to be caught, and its entangled partner
D. Our hope is to analyze this toy model carefully and derive conceptual implications in
a universal matter that will remain valid in the full model of quantum gravity.

Even with this drastic simplification, however, consideration of gravitational backreac-
tion for this minimal toy model poses a crucial challenge. This essentially results from the
treatment of the colliding shockwaves concerning how to incorporate two coordinate shifts
in a consistent manner. To see this, we begin by constructing the bulk geometries that
corresponds to the infalling matter and the outgoing radiation respectively. By carefully
comparing the results with quantum mechanical predictions, we argue that corresponding
bulk geometries are those as depicted in Fig. 2.7. Here, the geometry for the infalling mat-
ter simply treat A as a spherically symmetric shell of matter which can be approximated as
a gravitational shockwave in the proximity of the black hole horizon. On the other hand,
the geometry for the outgoing radiation comes with two entangled gravitational shockwaves
D and D where D is caught when it reaches the boundary. Note that D’s backreaction
disappears once it is caught, and this is consistent with the quantum mechanical predic-
tions. Indeed, we demonstrate that other approaches to incorporate backreaction from D
fail to obtain consistent results.

We then construct a combined shockwave geometry in which A, D, and D all propagate
as gravitational shockwaves, and carefully examine how the coordinate shifts should be
applied across intersecting null shells. We propose that the backreaction from A must be
applied first, followed by that of D. This ordering ensures consistency across all Cauchy
slices and correctly reproduces the entanglement structure of the Hayden-Preskill setup.

Evaluating the generalized entropy associated with various candidate surfaces via the
maximin prescription, we recover the quantum information-theoretic prediction that the
mutual information I(A,BD) sharply increases when MD ≳ MA, consistent with the
recoverability threshold nD ≳ nA in the boundary model. We show that this is a direct
consequence of the entanglement wedge of BD encompassing the infalling quantum state
A, and that this reconstruction criterion fails precisely when the shocks do not intersect
sufficiently close to the horizon—that is, when the separation between A and D is below
the scrambling time.
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Moreover, the generalized entropy profile exhibits a local maximum in the strongly
scrambling regime, forming a “Python’s lunch” structure with barrier height ∆S ∼ 2SA.
This is in precise agreement with expectations from circuit complexity arguments, where
the decoding cost for retrieving A scales as C ∼ O(2SA). In contrast, in the weakly
scrambling regime with MD ≫MA, the entropy barrier disappears and decoding becomes
efficient. This geometric transition captures the crossover to traversable wormhole-style
protocols, where decoding can be performed qubit by qubit with low overhead.

We also demonstrate that our treatment resolves the apparent paradox that arises when
evaluating SBD on a Cauchy slice where D has been caught but the infalling backreaction
is not yet visible. Without a proper treatment of the shift ordering, one would conclude
that A is not recoverable. Our prescription removes this inconsistency and aligns the bulk
calculation with the quantum information-theoretic picture, ensuring that recoverability is
immediate upon catching D.

Lastly, we examine the implications of this geometry for the Almheiri-Marolf-Polchinski
-Sully thought experiment. We show that the partner mode D̃ of the outgoing Hawking
radiation is reconstructed on AC, not on B. In particular, the entanglement wedge of AC
contains D̃, while that of B does not. This indicates that the interior partner is dynam-
ically re-encoded in a way that depends on the infalling observer, providing a geometric
realization of observer-dependent interior reconstruction. The same bulk configuration
thus resolves both the information recovery and monogamy paradoxes within a unified
framework

Together, these results provide a derivation of the Hayden-Preskill protocol from semi-
classical gravity, explicitly incorporating backreaction. The agreement with quantum in-
formation theory is exact at the level of mutual information, entanglement wedges, and
decoding cost, and does not rely on auxiliary systems or replica wormholes. Our results
highlight how the causal structure and shockwave dynamics of AdS gravity encode fine-
grained quantum information recovery, and suggest a mechanism by which black hole
interiors can remain smooth without violating monogamy or unitarity.

2.2 Hayden-Preskill thought experiment

One concrete approach to addressing the information loss problem is to throw a quantum
state into a black hole and see if we can later recover it. In this chapter, we focus on a
variant of information loss thought experiments due to Hayden and Preskill (HP) [64] as
it captures the most essential moment when the information leaks out from the black hole.
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Figure 2.1: Schematics of the HP thought experiment and labelling of Hilbert spaces.

2.2.1 Setup

Consider a black hole B which has already emitted more than a half of its content. This
old black hole will be maximally entangled with the early Hawking radiation B. For our
purposes, this black hole can be modelled as nB copies of EPR pairs where nB corresponds
to the coarse-grained entropy of the black hole.

The HP thought experiment proceeds as follows: Alice throws an unknown quantum
state into an old black hole, and Bob will reconstruct it by collecting the Hawking radiation
which comes out from the black hole. The interesting twist is the assumption that Bob
has an access to all the early radiation B, which has already been emitted. We graphically
summarize the setup in Fig. 2.1. Here, A is the Hilbert space for Alice’s initial quantum
state while B is the black hole and B is the early radiation. The black hole time evolves
by a unitary operator U , and D is the late Hawking radiation whereas C is the remaining
black hole. Bob has an access to both B and D (the early and late radiations), aiming to
reconstruct the state on A.

Can Bob reconstruct Alice’s quantum state? The answer is yes, but surprisingly, Bob
requires only a handful of qubits. Namely, if Alice’s quantum state is supported on nA
qubit Hilbert space, Bob only needs to collect nD = nA+O(1) qubits. Hayden and Preskill
demonstrated this result in the case of Haar random U . Subsequent works showed this
generically for scrambling dynamics U [151].

For a later purpose, let us recall one useful information theoretic trick. Here, we
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introduce the reference system A which is maximally entangled with the Hilbert space A.
Namely, instead of a secret quantum state |ψ⟩ supported on A, we prepare EPR pairs on
AA. The quantum state of our interest is given by

|Ψ⟩BCDA = UBA|EPR⟩BB|EPR⟩AA = , (2.1)

where the horizontal line in the diagram represents EPR pairs and black dots represent
normalization factors of 1√

dB
and 1√

dA
.

The reference system effectively keeps track of the initial quantum state which was
prepared on the Hilbert space A. The crucial point is that, if an unknown quantum state
|ψ⟩ is recoverable from the subsystem BD, then the reference system A would be entangled
with BD. Hence, the recoverability of Alice’s diary can be quantitatively assessed by
computing the mutual information:

I(A,BD) = SA + SBD − SABD . (2.2)

Namely, I(A,BD) ≈ 2SA guarantees the information recoverability, on average over all
the input states [67].

2.2.2 Minimal surface calculus

The information recoverability can be demonstrated by explicitly computing (or lower
bounding) I(A,BD) using the Haar integral formula. Here, instead of explicit calculations,
we present a heuristic analysis using the minimal surface trick for computing entanglement
entropies in Haar random states. This essentially says that entanglement entropies in
quantum states, built out of Haar random unitary operators, obey the minimal surface
rule similar to the Ryu-Takayanagi formula. Namely, letting E be an arbitrary subsystem
of |Ψ⟩, we have

SE ≈ min(nE, 2n− nE) . (2.3)

The resemblance to the Ryu-Takayanagi formula in holography hints the parallels between
the bulk and boundary calculations, as further elaborated in section 2.5.
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Let us compute each term in Eq. (2.2):

SA = min{nA, nB + nC + nD} = nA ;

SBD ≈ min{nB + nD, nA + nC} ;

SADB ≈ min{nA + nB + nD, nC} = nC ,

(2.4)

where we compared the number of cuts in two candidate surfaces as depicted in Fig. 2.2.
The second term depends on the sizes of A and D. Using n = nA+nB = nC +nD, we have

min{nB + nD, nA + nC} = 2 · min{nA, nD} − nA + nC . (2.5)

Putting these together, we can conclude

I(A,BD) ≈ 2 · min{nA, nD} , (U : strongly-scrambling) . (2.6)

Hence, for nD > nA, we have I(A,BD) ≈ 2SA, and the information is recoverable. The
Page curve behaviour [108, 107] can be studied by setting nA = 0 in the HP thought
experiment. Namely, it simply corresponds to the statement SBD ≈ nC .

Note that, in the above analysis, the choice of qubits D to be caught is arbitrary as long
as nD > nA. This is an artifact of using Haar random unitary. In the next section, this
limitation will be lifted by introducing the notion of scrambling and out-of-time ordered
correlation functions.

The argument presented above primarily addresses the recoverability of the initial state,
proving the existence of a recovery quantum operation. However, it is important to note
that the decoding problem, which pertains to the efficient reconstruction of the initial
state on A, is also vital. An algorithm from [151] employs the Grover search algorithm
and achieves a decoding complexity that scale proportionally with the input Hilbert space
dimension dA = 2nA . Although this algorithm may not be highly efficient when the input
qubit size is polynomially large with respect to n = SBH, it is expected that this algorithm
performs optimally with respect to dA = 2nA when U is strongly scrambling [151].

It will be also useful to study how the information recovery fails in non-scrambling
cases. While a formal definition of scrambling will be introduced in the next section, one
may consider a many-body dynamics U that runs very short period of time as an example.
We have SA = nA and SADB = nC . As for SBD, since we are primarily interested in the
cases with nA, nD ≪ nB, nC , the outgoing radiation D will remain entangled with B. So,
we have

SBD ≈ nB − nD , (U : non-scrambling) . (2.7)

and I(A,BD) ≈ 0. Hence the information is not recoverable.
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Figure 2.2: Two candidate surfaces, homologous to BD, with “Areas” being nB + nD and
nC + nA respectively.

2.2.3 Projective measurement

Given recent progress on studies of projective measurements and their consequence on
the entanglement structure in many-body quantum systems, it will be also interesting to
ask what happens when the outgoing radiation D is projectively measured. Effects of
projective measurements on quantum black holes have been studied in [153]. In this case,
the quantum state of interest is given by

|Ψ(Π)⟩BCA ∝ ΠDUBA|EPR⟩BB|EPR⟩AA = , (2.8)

where ΠD = |0⟩⟨0|D.

The information recoverability can be addressed by computing I(A,B). Using the
minimal surface trick, we have

SA = min{nA, nB + nC} = nA ;

SB ≈ min{nB, nA + nC} = min{nD, 2nA} − nA + nC ;

SAB = min{nA + nB, nC} = nC ,

(2.9)

and

I(A,B) ≈ min{nD, 2nA} . (2.10)

Hence, if nD > 2nA, the information is recoverable.

When U is non-scrambling, measuring D will reduce entanglement entropies of B as D
and B would be entangled. Hence we have

SB ≈ nB − nD , (2.11)

and thus I(A,B) ≈ 0.
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V (0)

V (0)

W (0)

W (t)

U(t)

Figure 2.3: Operator growth and scrambling. V (0) and W (t) will eventually overlap,
leading to the decay of OTOC ⟨V (0)W (t)V (0)W (t)⟩.

2.3 Scrambling and Information Recoverability

We have seen that the information recovery is possible for Haar random U . Subsequent
works [67] established that the information recovery remains possible as long as U is scram-
bling.

2.3.1 Out-of-time order correlation

To illustrate the idea, we begin by considering a one-dimensional chain of qubits as in
Fig. 2.3. LetW be a local Pauli operator acting on a single qubit. In the Heisenberg picture,
the local operator W (0) will eventually grow into some complex operator W (t) = U †WU
that has non-trivial supports on many qubits for large t. In other words, the size of the
operator W (t) grows under scrambling dynamics. This generic growth of the operator size
is the essence of scrambling, and is indeed what makes the information recovery in the HP
thought experiment possible.

The growth of operators can be studied by using out-of-time order correlation (OTOC)
functions, which have the following form:

⟨V (0)W (t)V (0)W (t)⟩ ≡ 1

d
Tr
[
V (0)W (t)V (0)W (t)

]
, (2.12)

where V is another single-qubit Pauli operator which is distant from W . Initially, V and
W commute with each other, so OTOC = 1. At later times, however, W (t) becomes a big
operator, and V (0) and W (t) do not commute with each other anymore. As a result, we
tend to have OTOC ≈ 0. Hence, OTOCs measure if W (t) has a non-trivial support on the
qubit where V (0) is supported. So, OTOCs can measure the size of the operators.
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While the definition of OTOCs involves time-reversal, it can be measured without a
time machine. Namely, one can rewrite OTOCs as follows:

OTOC = ⟨W (t)|(V T ⊗ V )|W (t)⟩ , (2.13)

where V T is a transpose of V . For the EPR state, we have

(I ⊗ V )|EPR⟩ = (V T ⊗ I)|EPR⟩ . (2.14)

The purturbed state |W (t)⟩ is then defined as

|W (t)⟩ ≡ (I ⊗W (t))|EPR⟩ . (2.15)

Thus, OTOCs can be represented as two-point correlation functions in |W (t)⟩.
The information recoverability follows directly from scrambling dynamics. Letting A

and D be subsystems supporting the infalling quantum state and the outgoing radiation
respectively, we assume that U is scrambling with respect to operators on A and D. In
particular, we assume

⟨VD(0)WA(t)VD(0)WA(t)⟩ ≈ 0 , (2.16)

when VD and WA are non-identity Pauli operators (or any set of complete basis operators)
supported on D and A. As shown in [67], values of OTOCs are sufficient to explicitly

compute Renyi-2 entropy S
(2)

BD
. One can then lower bound I(A,BD) from Renyi-2 quanti-

ties, showing I(A,BD) ≈ 2SA when U is scrambling. Furthermore, one can show that the
estimates from the minimal surface treatment remain valid when U is scrambling.

The upshot is that the quantum state on A is recoverable if the outgoing Hawking mode
D is scrambling with respect to A in a sense of OTOCs for operators acting on A and D.

Note that previous approaches for deriving the Page curve, coupling the system to an
external heat bath, do not offer precise control over which outgoing modes to be collected.
Furthermore, as a consequence of introducing a heat bath, further infalling energy flux is
created, which makes difficult to ask the recoverability question in a precise form. One
of the goals of this chapter is to derive the HP recoverability without introducing a heat
bath.

2.3.2 Weakly scrambling regime

We have addressed the information recoverability for two regimes; i) when U is strongly
scrambling, and ii) when U is non-scrambling. It turns out that, in the intermediate time
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scale where U is not strongly scrambling, the information recovery still remains possible
if one takes nD ≫ nA. It is worth analyzing this weakly scrambling regime since the
underlying physical mechanism behind the information recoverability and the recoverability
is qualitatively distinct from the strongly scrambling case.

A defining feature of strongly scrambling dynamics is the full operator growth where
any local operator grows to an O(n)-body operator. Instead, we consider a dynamics U
that runs shorter than the scrambling time where the operator size becomes large, but is
still much smaller than O(n). The well-celebrated Lyapunov growth in a black hole occurs
in this time regime.

A weak scrambling dynamics can be modelled by considering an all-to-all coupled sys-
tem where random two-qubit Haar random gates are applied sequentially on randomly
chosen pairs of qubits. Such a random circuit can generate scrambling unitary dynamics
after O(log n) time steps. Here we simply stop the circuit before it gets fully scrambled. In
order to further simplify the analysis, we will focus on random Clifford gates and assume
that, under the circuit U , any single body Pauli operator will grow to W -body Pauli oper-
ator with randomly distributed supports of qubits. Namely, we will work in a regime with
1 ≪ W ≪ n and 1 ≪ nA < nD ≪ n. Note that the variance of the size can be of order of
the size itself since the size growth is exponential, but for our purpose, this approximation
suffices.

In order for the information recoverability, a local operator on A needs to grow large
enough to overlap with D. This occurs with high probability when

WnD ⪆ n . (2.17)

This criteria can be better understood by considering the inverse time evolution U †. A
typical Pauli operator supported on D has size of O(nD). Its inverse evolution will make it
grow to size of O(WnD). The information recovery becomes possible when a typical Pauli
operator on D becomes as large as the whole system size.

In the weakly scrambling regime, there exists an efficient decoding algorithm whose
quantum circuit complexity does not increase with dA. The algorithm is identical to the
one presented in [153] for the specific case where nA = 1. This follows from the fact
that, in the weakly scrambling regime, local operators acting on each qubit on A grows to
O(W )-body operators, and these operators do not overlap significantly with each other.
Consequently, one can treat the quantum information, prepared on each qubit in A, as
more or less independent when recovering it. Note that this algorithm is fundamentally
akin to the traversable wormhole, see [47, 98, 103] for details.
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2.3.3 Scrambling and shockwaves

In the bulk, scrambling emerges from the fact that finite energy signals at asymptotic
infinity will be blueshifted as they approach the black hole horizon. This blueshift will
lead to a large backreaction on the geometry and can be described as a gravitational
shockwave [38, 37, 68, 121].

Let us illustrate this by focusing on the BTZ black hole in 2+1 bulk dimensions. In
the Kruskal coordinates, the unperturbed BTZ metric is given by

ds2 =
1

(1 + uv)2
[
−4ℓ2dudv +R2(1 − uv)2dϕ2

]
, (2.18)

where R =
√

8GNMℓ is the location of the horizon and ℓ is the AdS radius. If we send
some matter into the bulk at a boundary time −tW and boundary energy E, requiring
continuous radial evolution (defined by

√
gϕϕ) imposes

R
1 − uv

1 + uv
= R̃

1 − ũṽ

1 + ũṽ
, (2.19)

where ũ, ṽ are the coordinates to the future of the shock. Furthermore, R̃ =
√

8GN(M + E)ℓ
is the radius corresponding to a black hole of mass M +E to account for the infalling mat-
ter’s energy. For small E/M and large tw, this leads to a coordinate shift:

ṽ = v +
E

4M
exp

[
2π

β
tw

]
Θ(u− u0) . (2.20)

Figure 2.4 shows this geometry.

To establish a relation to OTOCs, recall that the eternal black hole is dual to the
thermofield double state

|TFD⟩ ∝
∑
n

e−
β
2
En|n⟩|n⟩ , (2.21)

which becomes |EPR⟩ at the infinite temperature limit of β → 0. The shockwave can be
created by perturbing the boundary with simple operator W , and time-evolving it:

|W (t)⟩ = (I ⊗W (t))|TFD⟩ . (2.22)

OTOC-like functions can then be probed by two-point correlation functions across the
two-sided black hole:

⟨VL ⊗ VR⟩ = ⟨W (t)|VL ⊗ VR|W (t)⟩ . (2.23)

49



Figure 2.4: The Penrose diagram of the black hole geometry after including the perturba-
tion from asymptotic infinity. The dashed lines are the horizon, and the infalling matter
shockwave is in red. The horizon is disjoint because of the coordinate shift.

This correlation function can be estimated to the leading order by recalling

⟨φ(x)φ(y)⟩ ∼ e−md(x,y) , (2.24)

where m is the mass of φ and d(x, y) is the geodesic distance between x, y. With a
gravitational shockwave, d(x, y) increases sharply due to the coordinate shift, leading to a
sharp decrease in the mutual information between the left and right boundaries [121].

The exponential growth of the shift appears to suggest that, for large tw, an infalling
signal would be sent to the black hole singularity immediately after crossing the gravi-
tational shockwave. It would be, however, more reasonable to think that some quantum
gravity effect will suppress such a growth after the scrambling time. Also, whether a sud-
den coordinate shift is an accurate description of the bulk physics is questionable. It may
be more reasonable to think that the shockwave geometry is simply an effective descrip-
tion that matches the phase shift experienced by infalling/outgoing modes asymptotically.
Throughout the chapter, we will work on regimes where tw is at most the scrambling time,
so that the coordinate shift is not negligible, but still remains less violent, as in [121].

2.4 Shockwave Geometry for Infalling/Outgoing Mat-

ter

In this section, we will derive the shockwave geometries that correspond to throwing a
quantum state A and catching a Hawking radiation D. Our strategy is to construct the
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candidate geometries, compute entanglement entropies using the HRT formula (namely
the Maxmin prescription), and confirm that the results precisely match with quantum
mechanical predictions. We will work on the two-sided eternal AdS black hole, but our
discussions are applicable to generic maximally entangled black holes.

2.4.1 Quantum extremal surface and maxmin prescription

The Ryu-Takayanagi (RT) formula [116] relates the bulk geometry to the entanglement of
the boundary by

S(R) = minχ
Area(χ)

4GN

, (2.25)

where R is a subregion of the boundary at a fixed time and χ is a codimension-2 surface
in the bulk that is homologous to R.

The RT formula can be generalized in two ways, and indeed the more general form
is key for understanding the HP recovery in the bulk. On the one hand, the area term
accounts for the gravitational entropy, but we must also account for the matter entropy in
the bulk as well. On the other hand, the RT formula assumes the spacetime in question
is static. If the spacetime is dynamical, there may be multiple saddle points to choose
between instead of a unique minimum. In that case, the correct χ must be extremal, in
the sense that changing χ → χ + δχ leaves the area invariant to first order. If there are
multiple extrema, we pick the minimum one. Let E be the bulk region bounded by the
RT surface χ, meaning ∂E = χ ∪R. Then, putting the pieces together, we have

S(R) = min extχ
Area(χ)

4GN

+ Sbulk(E) . (2.26)

Often, this variation is hard to compute in practice. Luckily, there is an easier (but
still difficult) variation called the maximin prescription which is equivalent to the Hubeny-
Rangamani-Takayanagi (HRT) formula if one only further assumes the quantum focusing
conjecture [141]. The maximin prescription is given by

S(R) = max
Σ

min
χ

Area(χ)

4GN

+ Sbulk(E) . (2.27)

The quantity we are varying is the same, but the variation is different. The procedure is
as follows:
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(a) Fix a Cauchy slice Σ.

(b) Find the χΣ on this Cauchy slice that minimizes S(R).

(c) Among all candidate {χΣ}, the true HRT surface maximizes S(R).

Calculating the generalized entropy of a boundary subregion is not the only purpose that
the HRT surface serves. It also demarcates which regions of the bulk can be reconstructed
on which boundary subregions. E is often called the entanglement wedge, and any operator
with support on E can be reconstructed as a (possibly complicated and nonlocal) operator
on R.

2.4.2 Infalling quantum state

As a warmup exercise, let us look at the geometry corresponding to an infalling quantum
state. Throwing a spherically symmetric quantum state A into a black hole can be modelled
as an infalling shockwave which glues two black hole geometries with M = MB and M =
MB + MA respectively (Fig. 2.5). This can be verified easily by computing entanglement
entropies by the Maxmin prescription. In a quantum circuit language, the state of interest
is given by

, (2.28)

where the outgoing radiation D is absent. We assume the scrambling time separation
between A and the boundary time of the Cauchy slice. This ensures that the intersection
between the Cauchy slice Σ and the shockwave will be close to the horizon.

Let us begin by computing SB. Since a Cauchy slice Σ goes through two regions,
labelled by I and II in Fig. 2.5, we begin by finding candidate generalized entropy for each
region.Candidate generalized entropies for the region I and II are given by

S
(I)

B
=

1

4GN

Area(MB) ;

S
(II)

B
=

1

4GN

Area(MB +MA) + SA .
(2.29)
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Figure 2.5: Shockwave geometry for an infalling quantum state.

Here, S
(II)

B
includes the matter contribution SA as the candidate surface encompasses

A. Also, S
(II)

B
’s area contribution is approximated by 1

4GN
Area(MB + MA) because the

shockwave runs close to the horizon. One can verify that there exists a Cauchy slice Σ that
contains these two candidate surfaces simultaneously. The remaining task is to find the
global maxmin. After looking at possible configurations of Cauchy slices, one can verify
that this amounts to considering the minimum of the candidate generalized entropies S

(I)

B

and S
(II)

B
:

SB = min
{
S
(I)

B
, S

(II)

B

}
=

1

4GN

Area(MB) . (2.30)

One can repeat a similar analysis to compute SC . We find the following candidate
generalized entropies

S
(I)
C =

1

4GN

Area(MB) + SA , S
(II)
C =

1

4GN

Area(MB +MA) . (2.31)

Here we must have S
(I)
C ≤ S

(II)
C in order for the Bekenstein to be obeyed. One may also

rely on a standard thermodynamic argument.Hence we have

SC = min
{
S
(I)
C , S

(II)
C

}
=

1

4GN

Area(MB) + SA . (2.32)

These results are consistent with predictions from Eq. (2.28).
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2.4.3 A detour

The horizon radius R and the inverse temperature β of BTZ black holes are given by

R2 = 8GNMℓ2, β =
2πℓ2

R
(2.33)

where ℓ is the AdS radius. Suppose that the mass changes to M + ∆M by an insertion
of the shock. For ∆M ≪ M , the increase of the horizon radius and the coarse-grained
entropy are

∆R ≈ ∆M

2M
R, ∆SBH =

1

4GN

2π∆R. (2.34)

This obeys the first law of the thermodynamics

T∆SBH = ∆M. (2.35)

2.4.4 Failed approaches for outgoing mode

Next, let us discuss the effect of catching a Hawking radiation D. The state of interest is
given by

. (2.36)

In order to illustrate our proposal better, we begin by demonstrating that naive approaches
fail to reproduce consistent results.

Catching a Hawking radiation D and removing it from the system effectively reduces
the mass of the black hole from M = MB = MC + MD to M = MC . Then one might
be tempted to think that this could be modelled as a gravitational shockwave which falls
into the black hole and glues black hole geometries with M = MC and M = MC +
MD as shown in Fig. 2.6(a). Indeed, this geometry appears to reproduce entanglement
entropies consistent with Eq. (2.36). This treatment, however, suffers from a number of
inconsistencies. First, this would be a negative energy shockwave. Indeed, a signal from
the lower left boundary would reach the right boundary due to the negative coordinate
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(a) (b)

Figure 2.6: Failed approaches for geometries corresponding to catching the Hawking ra-
diation. (a) Sending a negative energy shockwave. (b) Shockwave exiting the asymptotic
boundary.

shift, resulting in a traversable wormhole 1. Second, in the HP thought experiment, the
infalling quantum state A must become recoverable as a result of catching the Hawking
radiation D. A shockwave as in Fig. 2.6(a), however, will not be able to make any influence
on A as shockwaves from A and D will not intersect with each other.

Another approach would be to consider a shockwave that exits the asymptotic boundary
at D as shown in Fig. 2.6(b). Note that this geometry can be obtained by turning the
geometry of Fig. 2.5 upside down, so it is essentially the time-reversal of throwing a matter
into a black hole. This geometry, however, does not reproduce entanglement entropies
consistent with quantum mechanical predictions from Eq. (2.36) because from this bulk
geometry we would have

SB =
1

4GN

Area(MC) , (2.37)

instead of SB = 1
4GN

Area(MC +MD).

2.4.5 Outgoing mode

Here, we propose that one needs to include a shockwave propagating on the left hand side
which glues black hole geometries with M = MC and M = MC + MD. The inclusion of

1In this chapter, we do not introduce any coupling between two sides of the black hole, and thus, the
black hole must remain non-traversable.
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(a) (b)

Figure 2.7: (a) Shockwave geometry for catching a Hawking radiation. (b) Shockwave
geometry for measuring a Hawking radiation.

such a shockwave can be justified as, from the perspective of the left hand side, the mass
of the black hole will remain MB = MC +MD. Here, this shockwave on the left hand side
corresponds to the entangled partner mode D of the Hawking radiation D as depicted in
Fig. 2.7(a).

With this geometry with the partner shockwave, let us compute entanglement entropies
via the maxmin prescription. The Cauchy slice Σ goes through two regions, labelled by I
and II in Fig. 2.7(a). We begin with SB. We have

S
(I)

B
=

1

4GN

Area(MC +MD) , S
(II)

B
=

1

4GN

Area(MC) + SD . (2.38)

Here SD corresponds to the entanglement entropy of the Hawking radiation, and must
satisfy S

(I)

B
= S

(II)

B
. As such, we obtain

SB =
1

4GN

Area(MC +MD) . (2.39)

Next, let us compute SC . We have

S
(I)
C =

1

4GN

Area(MC +MD) + SD , S
(II)
C =

1

4GN

Area(MC) , (2.40)

and thus,

SC =
1

4GN

Area(MC) . (2.41)
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These results are consistent with Eq. (2.36).

Our proposal can be also verified by considering the case when the outgoing radiation
D is projectively measured. The corresponding geometry is depicted in Fig. 2.7(b). The
Cauchy slice Σ goes through three regions: I → II → I. For SB, we have

S
(I)

B
=

1

4GN

Area(MC +MD) , S
(II)

B
=

1

4GN

Area(MC) . (2.42)

Note that S
(II)

B
does not contain the matter contribution as the Hawking radiation D, as

well as the partner mode D, have been projected onto a pure state |0⟩. Hence, we have

SB =
1

4GN

Area(MC) , (2.43)

where the entanglement entropy is reduced due to the projective measurement of D by
SD = 1

4GN
Area(MD). This follows from our assumption that MD ≪ MB, allowing us to

use the first-order expansion as discussed in section 2.4.3.

One might worry about that the shockwave geometry in Fig. 2.7 would be running
backward in time as a result of catching D, and thus sending a signal to the past. The
correct interpretation is to think that D and D were present from the beginning, regardless
of catching D or not. Namely, these represent gravitational backreaction from the matter
fields. In the vacuum solution of quantum field theory on a black hole geometry, one finds
that the Hawking pairs are created across the horizon at a constant rate. In order for the
full treatment, one needs to consider backreaction from all the outgoing Hawking radiations
and their partners.

In this sense, the shockwave geometry in Fig. 2.7 should be viewed as a toy model which
assumes that D and D are the only matter fields present in this theory. Admittedly, this
is a drastic simplification of the full problem. But the fact that this treatment perfectly
reproduce predictions from quantum mechanical analysis of the HP thought experiment
should be viewed as its justification. We expect that general lessons from this analysis will
remain qualitatively valid.

2.5 Information Recovery from Shockwave Geometry

In this section, we discuss the information recoverability via catching the Hawking radiation
(i.e. the HP thought experiment).
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Figure 2.8: Shockwave geometry for the HP recovery via catching the Hawking radiation.

2.5.1 Scrambling case

The corresponding shockwave geometry is depicted in Fig. 2.8 where two kinds of shock-
waves, associated with D,D and A, coexist. The treatment of two colliding shockwaves
needs a careful analysis, and will have an important conceptual implication as we argue in
section 2.5.4. For the moment, we ignore subtleties associated with the treatment of two
coordinate shifts at the colliding point, but we still assume that each region in the colliding
shockwave geometry has a well-defined mass.

We need to evaluate I(A,BD). Here SA and SADB = SC can be easily computed, so we
focus on computing SBD by looking for the extremal surfaces homologous to the subsystem
BD. There are four kinds of regions of interest, which are labelled by I, II, III and IV.
Candidate generalized entropies are

S
(I)

BD
=

1

4GN

Area(MB) + SD ;

S
(II)

BD
≈ 1

4GN

Area(MA +MB) + SA + SD ;

S
(III)

BD
=

1

4GN

Area(MA +MB −MD) + SA ;

S
(IV )

BD
=

1

4GN

Area(MB −MD) .

(2.44)

Here, the area contribution in S
(II)

BD
is approximated by the area of the black hole horizon

for region II due to the scrambling time separation.
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We begin with two types of Cauchy slices (Σ1,Σ2) where boundary times are located
in the future of D and D (Fig. 2.8). We will discuss another Cauchy slice, Σ3, in the later
subsection. Consider first Σ1 which goes through the following regions:

Σ1 : I → II → III . (2.45)

Since S
(II)

BD
≥ S

(I)

BD
, S

(III)

BD
, we have S

(Σ1)

BD
= min

{
S
(I)

BD
, S

(III)

BD

}
. Next, consider Σ2 which

goes through the following regions:

Σ2 : I → IV → III → II . (2.46)

Here, S
(IV )

BD
is the smallest, so we have S

(Σ2)

BD
= S

(IV )

BD
. Taking the maximum of S

(Σ1)

BD
and

S
(Σ2)

BD
, we obtain SBD = S

(Σ1)

BD
. Finally, assuming that SA is nearly maximal for a given

mass MA, we have 2

SBD = S
(I)

BD
MD ⪅MA ;

= S
(III)

DB
MD ⪆MA .

(2.47)

This allows us to compute I(A,BD),

I(A,BD) = SA + SBD − SADB ≈ 0 MD ⪅MA ;

≈ 2SA MD ⪆MA .
(2.48)

Therefore we conclude that the information recovery is possible when MD ⪆ MA. The
information recoverability follows also from a stronger hypothesis of entanglement wedge
reconstruction, as the HRT surface for BD lies in region III, and the infalling mode A
is contained in the entanglement wedge. We have thus obtained a result which exactly
parallels with the one predicted from scrambling dynamics in the HP thought experiment.

One potential issue would be that, while S
(IV )

B
is given by an extremal surface,

S
(I)

B
, S

(II)

B
, S

(III)

B
are not. This subtlety results from using shockwaves with delta-function

profiles that introduce sudden coordinate shifts. For a more realistic treatment, one can
introduce some broadening in shockwaves to avoid sudden increase of generalized entropies
when crossing shockwaves as in Fig. 2.9(a). Noting that area terms in S

(I)

B
, S

(II)

B
, S

(III)

B
are

already nearly extremal due to the proximity to the bifurcation surface, we expect that
compensations from gradual increase/decrease of matter contributions will make these
candidate generalized entropies extremal 3.

2If we use non-maximal SA, this reduces to the situation considered in [66] where the input information

of entropy SA is encoded into an object with a coarse-grained entropy S
(coarse)
A > SA.

3For instance, when moving from region I to region II, the area decreases slightly while we also pick up
gradual increase of SA.
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(a) (b)

Figure 2.9: (a) Approximate locations of candidate surfaces and two kinds of Cauchy slices.
(b) Generalized entropies associated with the Cauchy slice Σ1. Here, MD ≥MA guarantees

S
(III)

BD
≤ S

(I)

BD
. The entropy barrier is S

(II)

BD
− S

(I)

BD
≈ 2SA.

Let us draw a schematic picture of the generalized entropies associated with the Cauchy
slice Σ1 as in Fig. 2.9(b). We find that the true minima (region III) is separated from the left
boundary by a local maxima (region II). Such a geometry is often called the Python’s lunch,
and is associated with high decoding complexity [16]. Namely, it has been conjectured that
the decoding complexity is proportional to the exponential of the barrier of generalized
entropies. In our setup, we find S

(II)

BD
− S

(I)

BD
≈ 2SA, suggesting the decoding complexity

of C ≈ 2O(SA). Indeed, the recovery algorithm from [151], which works deterministically
in the regime where the time separation of the boundary time of A and D is longer than
the scrambling time, has a run time proportional to the Hilbert space size of A, in other
words, C ≈ O(2SA).

2.5.2 Non-scrambling case

Now we discuss what would go wrong in the above calculation when A and D are not
separated by the scrambling time. A crucial difference is that shockwaves run far from the
horizons. Let us revisit candidate generalized entropies associated with the Cauchy slice Σ1.
When moving from the region I to II, the area term decreases further from 1

4GN
Area(MB)

after crossing region I’s horizon. As a result, S
(I)

BD
will have a much smaller value. Similar

observation holds for S
(II)

BD
and S

(III)

BD
. On the other hand, candidate generalized entropies
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for the Cauchy slice Σ2 remain unchanged. As a result, the Cauchy slice Σ2 will be
preferred, and we have

SBD = S
(IV )

BD
=

1

4GN

Area(MB −MD) . (2.49)

This corresponds to the non-scrambling regime, as in Eq. (2.11), where B and D remain
entangled.

2.5.3 Weakly scrambling regime

Beyond the fully scrambling and non-scrambling limits discussed above, it is also instructive
to consider the weakly scrambling regime as discussed in section 2.3.2. Notably, the value
of SBD depends on how small S

(II)

BD
is. Here, we focus on the cases with MD ⪆ MA and

thus S
(III)

BD
≤ S

(I)

BD
.

When S
(III)

BD
≤ S

(II)

BD
≤ S

(I)

BD
, we have S

(Σ1)

BD
= S

(III)

BD
, and thus, the information recovery

is still possible. The corresponding entropy landscale is depicted in Fig. 2.10. A notable
feature of this geometry is that the local maxima in region II disappears since S

(II)

BD
becomes

smaller due to the decrease of ∆t. According to the hypothesis of Python’s lunch, this
suggests the possibility of an efficient decoding. This is consistent with the decoding
complexity of the traversable wormhole algorithms. The algorithms is known to work
efficiently in a regime of nD ≫ nA with intermediate time scale before the scrambling
time. Here, we can observe that taking MD ≫MA makes the generalized entropy difference
S
(I)

BD
−S

(III)

BD
large. This will make it easier to tune the time separation ∆t so that S

(III)

BD
≤

S
(II)

BD
≤ S

(I)

BD
. A similar observation has been made in the traversable wormhole algorithms.

When S
(II)

BD
≤ S

(III)

BD
, we have S

(Σ1)

BD
= S

(II)

BD
, and thus, the information recovery is not

fully possible. In this case, we have

SBD = max
{
S
(II)

BD
, S

(IV )

BD

}
. (2.50)

The case with S
(II)

BD
≤ S

(IV )

BD
corresponds to the non-scrambling regime where B and D

remain entangled.

2.5.4 On Σ3

So far, we have computed SBD for a family of Cauchy slices Σ1,Σ2. Since unitary time-
evolution does not change the entanglement entropy, one naturally expect that the same
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Figure 2.10: Weakly scrambling regime where the traversable wormhole algorithms work
efficiently. The Python’s lunch disappears by tuning the time separation ∆t so that S

(III)

BD
≤

S
(II)

BD
≤ S

(I)

BD
. Dotted paths correspond to ∆t ⪆ tscr and ∆t≪ tscr.

result would be obtained when we change the boundary time on the left side by considering
another Cauchy slice Σ3 as in Fig. 2.8.

It turns out, however, that this is not the case. Or, at least, a naive approach fails.
Here the Cauchy slice Σ3 goes through the following regions:

Σ3 : I → IV → III . (2.51)

Since S
(IV )

BD
is the smaller, one would have

SBD = S
(IV )

BD
, (2.52)

which implies the failure of information recovery. Hence, we have obtained an inconsistent
result by considering the Cauchy slice Σ3.

The key to resolve this puzzle is to consider the effect of coordinate shifts from an in-
falling state A carefully. Recall that we have ignored the subtlety concerning the two shifts
at the colliding points of two shockwaves. Here we make the following crucial proposal:

• The gravitational backreaction from an infalling quantum state A needs to be con-
sidered before considering the one from an outgoing Hawking radiation D.

From the causal perspective, our proposal of considering the shift from A first is natural as
throwing A into a black hole occurs earlier than catching the Hawking radiation D. With
this proposal, one can resolve the aforementioned puzzle concerning the calculation on Σ3.

62



Figure 2.11: The effect of coordinate shift from A’s shockwave. The Cauchy slice Σ3 is
not well defined.

Namely, we can observe that the shift along the infalling state A shifts the trajectories
of D and D as in Fig. 2.11. Then, under the scrambling dynamics, the Cauchy slice Σ3

simply becomes unphysical as one cannot pick a boundary time before D on the left side.

Another independent check of this proposal is to consider the non-scrambling cases.
Recall that, with ∆t ≪ tscr, the coordinate shift is negligible. Ignoring the gravitational
backreaction from A, we obtain

SBD = S
(IV )

BD
, (2.53)

for Σ3. This indeed coincides with the result for non-scrambling cases where Σ3 remains
physically valid.

It is worth pointing out that this proposed resolution is consistent with the fact that the
expression of the interior partner mode D changes due to the backreaction from the infalling
mode A as pointed out in [150]. Furthermore, based on these observations, we propose that
the shift from A should be introduced first, and then the shift from D should be introduced
after, concerning the potential subtleties at the colliding point of two shockwaves. We will
further elaborate on this in the next section.

2.5.5 Measuring a Hawking radiation

Next, let us discuss the information recovery via projective measurement. There are four
kinds of regions of interest, which are labelled by I, II, III and IV, in Fig. 2.12. Applying
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the maxmin prescription for each region, candidate generalized entropies are

S
(I)

B
=

1

4GN

Area(MB) ;

S
(II)

B
≈ 1

4GN

Area(MA +MB) + SA ;

S
(III)

B
=

1

4GN

Area(MA +MB −MD) + SA ;

S
(IV )

B
=

1

4GN

Area(MB −MD) .

(2.54)

Consider first Σ1 which goes through the following regions:

Σ1 : I → II → III → II . (2.55)

Since S
(II)

B
≥ S

(I)

B
, S

(III)

B
, we have S

(Σ1)

B
= min

{
S
(I)

B
, S

(III)

B

}
. Next, consider Σ2 which goes

through the following regions:

Σ2 : I → IV → III → II . (2.56)

Here, S
(IV )

B
is the smallest, so we have S

(Σ2)

B
= S

(IV )

B
. Taking the maximum of S

(Σ1)

B
and

S
(Σ2)

B
, we obtain that SB = S

(Σ1)

B
. Assuming that SA is nearly maximal, we have

SB = S
(I)

B
MD ⪅ 2MA

= S
(III)

B
MD ⪆ 2MA ,

(2.57)

(SL) check this recovering the results from section 2.2. When the time separation is much

less than the scrambling time, we will have SB = S
(IV )

B
, which is consistent with the

non-scrambling case.

To conclude, we discuss what would go wrong if we did not consider the effect of
backreaction from infalling and outgoing modes. For spherically symmetric matter, the
coordinate shifts simply amounts to the change of the area terms in generalized entropies.
Then, ignoring backreaction is essentially the same as ignoring the change of the mass. We
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Figure 2.12: Shockwave geometry for the HP recovery via measuring the Hawking radia-
tion.

then would have

S
(I)

BD
≈ 1

4GN

Area(M) ;

S
(II)

BD
≈ 1

4GN

Area(M) + SA ;

S
(III)

BD
≈ 1

4GN

Area(M) + SA ;

S
(IV )

BD
≈ 1

4GN

Area(M) ,

(2.58)

which leads to an incorrect surface, namely S
(I)

BD
or S

(IV )

BD
.

2.6 Interior Partner from Shockwave Geometry

The same setup, used for the HP thought experiment, can be used to study the problem con-
cerning the Hawking interior partner mode, as conceived in the Almheiri-Marolf-Polchinski
-Sully (AMPS) thought experiment [7]. In this section, we briefly discuss the implication
to the firewall puzzle.
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2.6.1 Setup

Again, consider an old black hole B which is maximally entangled with the early Hawking
radiation B. According to the effective field theory calculation, pairs of entangled particles
will be created across the horizon. Here we will focus on a particular pair of the outgoing
mode D and the interior partner mode D̃. Since the old black hole is maximally entangled,
the outgoing mode D must be entangled with some degrees of freedom in the early radiation
B. Let us denote such partner degrees of freedom by D. So far, we have found that the
outgoing mode D is entangled with D which is in the early radiation B, and also entangled
with D̃ which is inside the black hole. However, this contradicts with the monogamy of
entanglement, namely, D cannot be entangled with two things simultaneously.

The AMPS thought experiment is designed to probe a potential violation of the monogamy
of entanglement by an infalling observer A. Imagine that Bob carefully distill the mode
D, which will be entangled with D, into multiple qubits, by applying some appropriate
quantum operation on the early radiation B. Alice then jumps into the black hole while
carrying these qubits D in her pocket. Her goal is to verify that the outgoing mode D is
entangled with D in her pocket, as well as the interior mode D̃. Successful crossing of the
horizon would mean that Alice could verify the violation of the monogamy of entanglement.
Hence, the AMPS thought experiment appears to suggest that the outgoing mode D and
the interior mode D̃ may not be entangled with each other across the horizon, implying
the presence of the firewall across the horizon.

One possible resolution of the firewall puzzle can be obtained by considering the effect
of backreaction from the infalling observer A. Suppose that an infalling observer A carries
finite energy and entropy and jumps into a black hole. Depending on the initial state of the
infalling observer, the black hole will respond in a different manner. Again, it is convenient
to append the reference system A which is entangled with A. Then, the quantum state of
our interest is given by

|Ψ⟩BCDA = UBA|EPR⟩BB|EPR⟩AA = , (2.59)

which is exactly the same as Eq. (2.1).

In the absence of the infalling observer A, the interior partner mode can be found on
the early radiation B. In the presence of the infalling observer A, the situation changes
drastically. The problem of finding the interior partner mode D̃ can be addressed in an
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unambiguous manner by finding degrees of freedom with which the outgoing mode D is
entangled. Below we identify the interior partner mode from both boundary and bulk
perspectives.

2.6.2 Boundary picture

Here, we demonstrate that the partner mode D̃ can be found on AC by computing
I(D,AC). We have

SD = nD ;

SAC ≈ min{nD + nB, nA + nC} ;

SDAC = nB ,

(2.60)

and thus

I(D,CA) ≈ 2 · min{nA, nD} . (2.61)

Hence, for nA ≥ nD, we have I(D,CA) ≈ 2SD, and D will be entangled with AC. Equiv-
alently, we have I(D,B) ≈ 0, suggesting that D is decoupled from the early radiation B.
The assumption of nA ≥ nD can be justified by recalling that A needs to carry D in order
to perform the AMPS thought experiment.

This analysis suggests that, due to the backreaction from an infalling observer A, the
qubits D inside the early radiation B, are no longer entangled with the outgoing mode
D, avoiding the violation of the monogamy of entanglement. One crucial implication of
the above analysis is that the construction of interior operator is state-independent in a
sense that it does not depend on how the black hole was initially entangled with the early
radiation B. In fact, one can easily see that the same construction of the interior partner
mode D̃ works for a young pure state black hole as well, resolving the Marolf-Polchinski
version of the firewall puzzle [101].

However, it is still important to keep in mind that the construction of interior oper-
ators depends on the initial state of the infalling observer. This suggests that the black
hole interior is observer-dependent object. Depending on how you enter the black hole,
the entanglement structure is reorganized and observer-dependent interior mode will be
dynamically created.
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2.6.3 Bulk picture

One can reproduce these results from the bulk perspective by following the argument for the
HP thought experiment. The only difference is that one must compute SAC for the interior
reconstruction problem while one computes SBD for the HP recovery. These calculations of
course match, but the entanglement wedge reconstruction occurs for modes encompassed
by the HRT surface and AC, instead of SBD. For MA ≥MD, the entanglement entropy is
given by

SAC = S
(I)

AC
, (2.62)

and the partner mode D̃ is inside the entanglement wedge of AC. Hence, D̃ can be
reconstructed from AC.

A crucial benefit of this analysis is that the firewall puzzle and the information loss
problem can be resolved on an equal footing, at least when MA ≈MD. Namely, we observe
that, under the scrambling dynamics, the Cauchy slice Σ1 is preferred (regardless of MA >

MD or MA < MD), supporting the proposal that the black hole interior mode D̃ changes
dynamically as a result of backreaction from A and is no longer the same as D. The Cauchy
slice Σ2 would contain the original partner mode D, but those modes relevant to the firewall
puzzle are the ones close to the horizon that requires the scrambling time separation.
This observation provides a further counterargument, from the bulk perspective, against
previous proposals for resolving the firewall puzzle, which are often bundled under the
slogan of ER = EPR. For counterarguments from the boundary perspective, see [148].

2.7 Outlook

Throughout this chapter, we have focused on the cases where infalling matter A and
outgoing mode D are spherically symmetric. It will be interesting to consider the cases
where A and D are spatially localized modes. For a 1 + 1-dimensional BTZ black hole,
the locations of A and D may be specified by an angular variable θ. When A and D are
spatially separated, say at θ = 0 and θ = π respectively, the scrambling time separation is
not sufficient to make ⟨OA(0)OD(t)OA(0)OD(t)⟩ decay [114]. In such a case, the recovery
will not be possible even when shockwaves are running close to the horizon.

One useful observation is that the partner mode D will not experience the shift from
the infalling mode A when ⟨OA(0)OD(t)OA(0)OD(t)⟩ did not decay. Similarly, the null
trajectory from A will not experience the shift from D. This suggests that, when moving
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the surface through region I, region II and region III on a Cauchy slice, one can deform the
surface without crossing the shockwaves at all. This keeps the area terms almost constant
and will prevent us from finding the HRT surfaces in region I and region III.

With this observation in mind, it will be interesting to revisit a previous work [93] by
two of the authors. Inspired by a pioneering work by ’t Hooft, it has been advocated that
the area deformation under two null shifts (δu, δv) = (α(x), β(x)) is a quantitative measure
of scrambling. Appealing to the above observation, the absence of the area deformation
seems to suggest the failure of the information recovery as expected from non-decaying
OTOCs. We hope to elaborate on this in the future.
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Chapter 3

Noise-strength-adapted approximate
quantum codes inspired by machine
learning

3.1 Introduction

Having explored the fundamental challenges of information recovery in black hole physics
and the role of quantum information scrambling in the previous chapter, we now turn to
the practical frontiers of quantum information science. In this chapter, we shift our focus
from the theoretical landscape of quantum gravity to the design and discovery of quantum
error-correcting codes, leveraging modern machine learning techniques. This transition
highlights the versatility of quantum information concepts, bridging foundational questions
in physics with emerging applications in quantum technologies.

Large-scale fault-tolerant quantum computers are essential for achieving the theoreti-
cally promised advantages over classical machines in solving certain important problems,
and quantum error correction (QEC) plays an essential role for enabling that. While
much research has focused on QEC codes that enable exact recovery of logical informa-
tion, namely perfect error correction [123, 51, 105], approximate quantum error-correcting
(AQEC) codes, which allow for a certain degree of recovery inaccuracy, can provide more
practical and sometimes necessary alternatives with important advantages. For example,
AQEC can outperform exact QEC in terms of code rates [91, 30] and facilitate continuous
transversal logical gates in covariant codes [65, 44, 144, 86, 145, 156, 96, 95, 85] which
would otherwise be prohibited [42].

70



Despite the importance of AQEC codes, our understanding of them remains limited. In
particular, there lacks a systematic framework for designing useful AQEC codes, and most
known codes depend on pre-assumed algebraic structures, such as stabilizer formalism [51]
or self-complementary quantum codes [125, 88]. In this work, we propose to employ ma-
chine learning (ML) to explore AQEC codes beyond conventional algebraic constraints,
thereby expanding the range of possibilities. Specifically, we demonstrate how a hybrid
quantum-classical learning algorithm leads to the discovery of novel AQEC codes with
unique structures and improved performance. This machine learning approach offers sev-
eral advantages. Its flexible architecture provides a systematic way to search for AQEC
codes suitable for any noise model, while also enables the exploration of non-stabilizer
codes. Although there have been previous works [20, 77] using variational ML to find QEC
codes, little efforts have been devoted to exploring AQEC.

This work makes the following key contributions. We introduce noise-strength-adapted
(NSA) quantum codes – new families of approximate quantum error-correcting codes whose
codewords vary continuously with noise strength, enabling substantial improvements in
code performance. These codes are discovered using a hybrid quantum-classical machine
learning protocol and then analytically generalized to arbitrary system sizes and bosonic
systems. Specifically, we focus on AQEC codes for amplitude damping (AD) noise—a
common noise that models energy losses in quantum systems, such as photon losses and spin
relaxations in photonic and superconducting systems respectively [25, 28]. Through our
learning protocol, we first find two ((4, 1)) codes capable of approximately correcting a single
AD error, with the innovative NSA feature that the code is adaptive to arbitrary AD noise
strength (note that Ref. [100] also identifies a different 4-qubit AD code with this feature).
This feature allows the possibility of tailoring the codes towards different quantum device
architectures to improve performance. It should be noted that no additional information
is required in designing these adaptive codes, since the noise strength value is already
necessary for decoding AD codes, as demonstrated in [91]. Leveraging the NSA property,
our codes outperform the Leung–Nielsen–Chuang–Yamamoto (LNCY) AD code [91] by
exhibiting lower Knill–Laflamme condition violation and higher worst-case fidelity. The
two new codes discovered from ML are named the self-complementary (SC) code and the
pair-complementary (PC) code. The former is an NSA version of the LNCY code, while
the latter is an entirely new code. Moreover, the PC code achieves even better performance
than SC code, with higher-order loss suppression and increased fidelity. Note that the code
found in Ref. [100] through biconvex optimization can also achieve higher fidelity than
LNCY code [100], together suggesting that the NSA formalism can consistently improve
code performances.

Remarkably, both the SC and PC structures can be systematically generalized into
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families of AD codes under the framework of NSA, each capable of correcting a single AD
error. Compact codeword forms of these families for arbitrary n can also be obtained. We
explicitly compute the fidelities for both families of codes as functions of n and γ, and
show that the performance advantage of NSA codes grows with the number of qubits. We
also observe that the two families present a trade-off between error-correction performance
and code rates. Specifically, for a given n, PC code has a smaller k but achieves a higher
fidelity. We note that the NSA SC codes can be generalized further to qudit systems
with arbitrary local dimension q ≥ 2. In addition, our NSA framework can be applied to
systems consisting of bosons. One of the simplest examples of a bosonic code, the 0-2-4
binomial code, which can correct a single photon loss [102], can be adapted to an NSA
version with improved fidelity. Our results demonstrate that NSA is an advantageous and
comprehensive formalism that may significantly benefit the design of a wide variety of
codes.

It is important to emphasize that the NSA ((4, 1)) AD codes originate from our observa-
tions in the learning procedures, which are non-stabilizer codes, highlighting the potential
of machine learning to identify and refine new codes. Furthermore, we successfully devel-
oped an analytical understanding of our NSA codes, enabling systematic generalizations
to broader classes of codes.

3.1.1 Organization

The remainder of this chapter is organized as follows: Sec. 3.2 reviews the principles of
(approximate) quantum error correction and defines amplitude damping noise. Sec. 3.3
demonstrates how our ML experiments lead to discovering NSA codes, followed by Sec. 3.4
where we present our ((4, 1)) NSA code findings. In Secs. 3.5, we present recovery protocols
for the self-complementary and pair-complementary NSA codes, along with calculations
of their worst-case fidelities. In Sec. 3.6, we generalize these results by deriving families
of ((n, k)) NSA codes and an NSA version of the 0-2-4 binomial code. Finally, Sec. 3.7
summarizes our findings and outlines potential directions for future research.

3.2 Preliminaries

3.2.1 Quantum error correction

To perform quantum error correction, we need to encode the logical qubits into a larger
physical Hilbert space, so that the encoded information is protected from the noise. Con-
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sider a a 2k-dimensional subspace of an n-qubit Hilbert space as a ((n, k)) code. This code
is considered a perfect QECC against a set of errors {Ea} if and only if it satisfies the the
Knill-Laflamme (KL) condition [83]:

⟨ψ̄α|E†
aEb|ψ̄β⟩ = Cabδαβ , (3.1)

where {
∣∣ψ̄α〉} forms the basis of the code subspace, and Ea are the Kraus operators for the

noise channel. Here, the weight of an error operator is defined as the number of qubits on
which it acts nontrivially, for example an opeartor Ea = id1 ⊗ id2 ⊗ σx,3 ⊗ id4 has weight
1. A code can correct weight-t errors if Eq. 3.1 holds for all error operators with weight
up to t, in which case it can also detect errors of weight 2t.

The KL condition guarantees that there exists a perfect recovery channel R after the
encoded information is contaminated by the noise operators, in other words R◦N ◦E = idL,
where N and E are the noisy and encoding channels respectively, and idL denotes the
identity channel on the logical subspace, see Fig. 3.1 for an illustration.

|ψ⟩

E N R

|ψ⟩

|0⟩
|0⟩

|0⟩

Figure 3.1: Cartoon of quantum error correction.

One of the foundational frameworks for constructing quantum error-correcting codes is
the stabilizer formalism, which employs groups of commuting Pauli operators—known as
stabilizers—to define a protected subspace. A stabilizer code is specified by its stabilizer
group, and the code space is the simultaneous +1 eigenspace of all stabilizer generators.
A notable property of stabilizer codes is that the norm of each logical state’s components
remains uniform across the code space. These structural features make stabilizer codes
both conceptually elegant and practically powerful, establishing them as the cornerstone
of modern fault-tolerant quantum computation.
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3.2.2 Approximate quantum error correction

Conversely, when the recovery channel can not be perfect, namely R ◦ N ◦ E ≈ idL, an
approximate quantum error correction code is obtained and Eq. 3.1 can be relaxed to
be [10, 104]:

⟨ψ̄α|E†
aEb|ψ̄β⟩ = Cabδαβ + ϵαβ,ab , (3.2)

where ϵαβ,ab are small parameters quantifying the KL condition violation and depend on
both the code states and the error operators. Alternative ways to describe the deviations
of an AQEC code from an exact one include the subsystem variance [147] and the near-
optimal fidelity [155], both of which are related to the violation of the KL condition in
Eq. (3.2).

One can also benchmark the performance of an AQEC code by the worst-case fidelity,
which we will simply refer to as fidelity later on,

F = max
R

{
min
|ψ̄⟩

⟨ψ̄| (R ◦N )(|ψ̄⟩⟨ψ̄|) |ψ̄⟩
}
, (3.3)

where minimization is taken over the code states |ψ̄⟩ and maximization is taken over all
possible recovery channels R. While in general there is no restriction on the recovery
channel, we restrict ourselves to R such that after the recovery there will be no residual
logical error. Note that the scaling of 1 −F with respect to the noise strength γ is lower-
bounded by the KL condition violation’s scaling; a detailed proof is presented in the next
subsection, section 3.2.3.

3.2.3 Worst-case fidelity and loss function for AQEC codes

In this subsection, we provide detailed information on the relationship between the worst-
case fidelity and the loss function that we discuss in section 3.2.2. Specifically, we will define
three types of measures that describe the deviation from the exact QEC: the completely
bounded fidelity Fc, the worst-case fidelity F , and the loss function L, here L = L(ϵαβ,ab)
can be regarded as a function of the KL condition violation. We will focus on the scaling
of these measures in terms of the noise strength γ, and we prove that the scaling of the loss
function L provides a lower bound for the scaling of 1 −F and 1 −Fc, i.e. if L = O(γt+1)
where γ is the noise strength, then 1 −Fc = O(γt+1) and 1 −F = O(γt+1).

We now define these two fidelity measures individually:
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Definition 1 (Completely bounded fidelity). For encoding map E and noise channel N
acting on the physical system, the Completely bounded fidelity is defined as

Fc := max
R

min
ρ
f((R ◦N ◦ E ⊗ id)(ρ), (idL ⊗ id)(ρ)) , (3.4)

where f is the Uhlmann fidelity f(ρ, σ) := Tr
√√

ρσ
√
ρ, and idL denotes the logical identity

channel. The optimization involves R, which runs over recovery channels, and ρ, which
runs over input states on any extended system.

Definition 2 (Worst-case fidelity). For encoding map E and noise channel N acting on
the physical system, the worst-case fidelity is defined as

F := max
R

min
ρ
f(R ◦N ◦ E(ρ), ρ) , (3.5)

where f is the Uhlmann fidelity f(ρ, σ) := Tr
√√

ρσ
√
ρ, and idL denotes the logical identity

channel. The optimization involves R, which runs over recovery channels, and ρ, which
runs over input logical states.

Note that Fc ≤ F , so we just need to prove that if L = O(γt+1) where γ is the noise
strength, then 1 −Fc = O(γt+1). Our proof is based on the following lemma:

Lemma 1 (Proposition 2 in [20]). Consider an n-qubit noise channel N (ρ) =
∑

aEaρE
†
a,

and a quantum error correcting code spanned by code words {|ψ1⟩ , ..., |ψK⟩}. Denote the
cost function of the basis states as L. Then if the code is ε-correctable under N , i.e.√

1 −Fc = ε, we can bound ε by
ε ≤ K

√
2L . (3.6)

Using this lemma [20], we have

Fc ≥ 1 − 2K2L . (3.7)

So if L = O(γt+1) then 1 −Fc = O(γt+1) and thus 1 −F = O(γt+1).

3.2.4 Amplitude damping noise

In this work, we aim to use machine learning to find AQEC codes suitable for amplitude
damping noise, which in a two-level system corresponds to the spontaneous decay from the
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excited state to the ground state. The noise channel NA(ρ) = A0ρA0† + A1ρA1† is given
by the Kraus operators

A0 =

(
1 0
0

√
1 − γ

)
; A1 =

(
0

√
γ

0 0

)
, (3.8)

where the decay rate γ characterizes the noise strength. A1 corresponds to a ‘jump’ from
the state |1⟩ to |0⟩, while A0 reduces the amplitude of |1⟩ by the amount

√
1 − γ.

We consider the following independent amplitude damping noise model, N = ⊗n
i=1NA

i ,
where NA

i is the amplitude damping channel acting on the i-th qubit with Kraus operators
A0 and A1. Note that each qubit is affected independently by its own noise operator.

3.3 Machine learning experiments

In the following, we demonstrate how our machine learning experiments played a key role
in discovering NSA codes for amplitude damping noise. While our NSA formulation is
motivated by experimental results, its analytical construction remains rigorous and inde-
pendent of the learning process.

To search for AQEC codes, we employ a variational quantum learning approach, where
the bases of the code space are generated by a parametrized quantum circuit. This cir-
cuit consists of multiple layers of one- and two-qubit rotation gates with trainable vari-
ables. The details of the circuit are provided later in this section. For an AQEC code
designed to approximately correct t errors, the KL condition violation is required to scale
as O(γt+1) [52], where γ denotes the noise strength. To enforce this scaling, we define our
loss function in our variational quantum learning as the sum of the L1-norms of the KL
condition violations [20]:

L =
∑
µ

 ∑
1⩽α<β⩽2k

|⟨ψ̄α|Eµ|ψ̄β⟩|


+
∑
µ

 2k∑
α=1

1

2

∣∣∣⟨ψ̄α|Eµ|ψ̄α⟩ − ⟨Eµ⟩
∣∣∣
 , (3.9)

where Eµ = E†
aEb and each Kraus operator Ea is drawn from the error set {Ea}. Our

experiments focus on a 4-qubit system designed to approximately correct a single amplitude

76



damping error (t = 1). The independent error set consists of operators Ea = ⊗n
i=1A

li
i , where

at most one qubit experiences a jump error A1, while the remaining qubits are affected by
A0.

We begin with applying the variational quantum learning protocol to search for the
best code states at a fixed noise strength γ0 by minimizing the loss function defined in
Eq. (3.9). The details of the learning procedure are provided in later in this section. After
obtaining an optimized code at γ0, we evaluate its performance across a range of noise
strengths γ, as shown in Fig. 3.2(a). In general, for an AQEC code correcting a single AD
noise, the loss function is expected to vary smoothly with γ and typically scales as O(γ2),
ensuring that the code remains effective for a general strength γ. This expected behavior
is exhibited in the ((4, 1)) LNCY code in [91], as shown in the green line in Fig. 3.2(a).

However, the codes found through our variational learning optimized for a specific noise
strength γ0 exhibit a strikingly different pattern. Not only do they achieve lower losses
around γ0 compared to the LNCY code, but their loss functions also reveal a distinct non-
smooth point precisely at γ = γ0 = 10−1.5, as shown in the orange and blue solid lines
in Fig. 3.2(a). This observation leads to significant implications: i) the codes learned by
our variational protocol must be fundamentally different from the LNCY code; ii) AQEC
codes optimized for a specific noise strength can not be realized as a single fixed-parameter
code across varying noise regimes. Instead, the optimal code structure itself should vary
with γ. This motivates us to introduce a new code construction—noise-strength adapted
(NSA) codes—in which the code states are designed to continuously adjust with the noise
strength γ.

As shown in Fig. 3.2(a), the machine learning results reveal the presence of two saddle
points, indicated in the blue and orange lines. Both saddle points correspond to code struc-
tures with reduced loss around γ0, and they belong to two distinct families of codes. With
the new NSA construction, we demonstrate that the loss function for codes with varying
code states smoothly changes with γ, as indicated in the dashed lines in Fig. 3.2(a). We
demonstrate in the next section that these two families—termed self-complementary and
pair-complementary codes—differ in their structural properties (with the naming conven-
tion becoming clear from the analytical formulation), and offer better performance over a
broad range of noise strength, compared to the conventional non-NSA approximated code.

3.3.1 Details of variational quantum learning

Here, we provide details of our variational quantum learning approach and explain how
the properties of the logical states found through machine learning (ML) guided us in
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Figure 1
(a) (b)

Figure 3.2: (a) Loss L as a function of γ is shown. The solid green line shows the smooth
γ2 dependence of LNCY code. The solid blue and orange lines show the losses of two codes
optimized for γ = 10−1.5. The blue and orange dashed lines, instead, show the losses for
NSA codes with adaptive code states. (b) shows the fidelity plotted as a function of γ for
((4, 1)) NSA SC, ((4, 1)) NSA PC, and LNCY codes.

developing our noise-strength adapted (NSA) code.

To identify the code subspace, we employ a parameterized quantum circuit introduced
in [20]. This circuit comprises multiple layers of one- and two-qubit rotation gates with
trainable parameters, as shown in Fig. 3.3. For an ((n, k)) code, the first k qubits are
initialized as the logical state we want to encode, and the rest of the qubits are initialized
as the |0⟩ states. For instance, if k = 1, the first qubit are initialized as |0⟩ and |1⟩ for
the logical states |0̄⟩ and |1̄⟩ respectively, while all other states are initialized as the |0⟩
states. After initialization, we apply multiple layers of rotation gates, {Rx, Rz, Rzz}, to
encode the states. Here, Rx and Rz are single-qubit rotation gates about the x- and z-
axes, respectively, while Rzz is a two-qubit entangling gate defined as e−iθσ

z
i σ

z
j /2. This gate

set is universal, as any unitary operation can be decomposed into a combination of these
three gates.

Specifically, our circuit consists of three layers of rotation gates. Within each layer,
we apply Rx and Rz rotations to each physical qubit and Rzz rotations to all possible
qubit pairs. Each rotation gate has a trainable rotation angle, resulting in a total of
(3n2 + 13n)/2 parameters. In our experiments, we focus on searching for the ((4, 1)) code
using a 50-parameter parameterized quantum circuit.

As discussed earlier in this section an approximate quantum error correcting (AQEC)
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Figure 3.3: Encoding circuit E with trainable parameters for searching ((4, 1)) code.

code designed to approximately correct t = 1 errors requires the violation of the KL
condition to scale as O(γ2) [52]. To enforce this scaling, we define the L1 loss function
in our variational quantum learning framework as the sum of the L1-norms of the KL
condition violations. To enhance training stability, we introduce an additional L2 loss
function, also defined as the sum of the L2-norms of the KL condition violations. The
training procedure consists of two stages: we first perform pre-training using the L2 loss
function, followed by fine-tuning with the L1 loss function [20]. The loss function L1 is
defined above in Eq. 3.9, and the loss function L2 is defined as follows

L2 =
∑
µ

 ∑
1⩽α<β⩽2k

|⟨ψ̄α|Eµ|ψ̄β⟩|2
+

∑
µ

 2k∑
α=1

1

4

∣∣∣⟨ψ̄α|Eµ|ψ̄α⟩ − ⟨Eµ⟩
∣∣∣2
 . (3.10)

Here as before, {
∣∣ψ̄α〉} are encoded states after parameterized quantum circuit in Fig. 3.3 ,

Eµ = E†
aEb, and each Kraus operator is drawn from the independent error set Ea = ⊗n

i=1A
li
i

, where at most one qubit experiences a jump error (A1), while the remaining qubits are
affected by A0.

In our experiments, we used the BFGS method from the SciPy optimization package
(scipy.optimize) as our optimizer. Within 20,000 steps, our minimization process suc-
cessfully identified optimized encoding circuits for the code subspace. As discussed and
illustrated in Fig. 3.2, the codes discovered through our variational quantum learning are
optimized for a specific noise strength γ0. However, while these codes outperform known
codes [91] within certain regimes around this specific noise strength γ0, they perform worse
in other regimes. This suggests that AQEC codes optimized for a specific noise strength
cannot performs optimally across different noise regimes. Instead, the optimal code struc-
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ture itself should vary with γ.

Figure 3.4: Codeword obtained through variational quantum learning, corresponding to
the self-complementary NSA code.

To investigate how codewords vary with noise strength γ, we analyzed the norms and
angles of codewords obtained through our variational quantum learning method at γ =
γ0 = 10−1.5. The codewords corresponding to the blue line in Fig. 3.2 are illustrated
in Fig. 3.4 below. We observe that only two computational basis components have a
considerable norm, and their phases appear to be quite random. Upon closer examination of
the norms, we find that their differences are proportional to certain factors of γ0. Therefore,
we propose the following ansatz for the codewords:

|0̄⟩ = A(γ) |0000⟩ +
√

1 − A(γ)2 |1111⟩ ;

|1̄⟩ = B(γ) |0011⟩ +
√

1 −B(γ)2 |1100⟩ . (3.11)

We further compute the L1 loss of these codewords as a function of the coefficients A(γ)
and B(γ). Our results show that the choice A(γ) = 1/

√
1 + (1 − γ)−4 and B(γ) = 1/

√
2

yields a minimum of the loss function in Eq. (3.9), leading to the self-complementary NSA
code presented in Eq. 3.12.

We perform the same analysis for a second code learned from ML, corresponding to the
orange line in Fig. 3.2. The optimized codewords from ML are shown in Fig. 3.5. Similarly,
we find that when parameterizing the codeword basis as a function of γ as in Eq. 3.11, we
obtain a code of the form given by Eq. 3.13, which yields a minimum of the loss function.
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Figure 3.5: Codeword obtained through variational quantum learning, corresponding to
the pair-complementary NSA code.

3.4 Basic analytical results

Our machine learning experiment on 4-qubit codes reveals a distinct structured pattern
in the code states, which can be captured analytically by a closed-form expression that
adapts to the noise strength γ.

We begin by presenting the 4-qubit NSA self-complementary code:

|0̄⟩ =

√
1

1 + (1 − γ)−4
(|0000⟩ + (1 − γ)−2|1111⟩) ;

|1̄⟩ =

√
1

2
(|0011⟩ + |1100⟩) . (3.12)

This code differs from LNCY code in that the coefficients in |0̄⟩ depend on γ, whereas the
coefficients in both |0̄⟩ and |1̄⟩ in LNCY code are fixed at 1/

√
2. In the limit of γ → 0, the

NSA code reduces to its non-NSA counterpart, the LNCY code.

The loss L, calculated using Eq. (3.9), for the NSA code in Eq. (3.12) is γ2 + O(γ3),
which is smaller compared to the LNCY code, 3γ2 +O(γ3). Furthermore, without allowing
residual logical errors, the fidelity for the NSA code is 1− 3γ2 +O(γ3), cf. 1− 5γ2 +O(γ3)
for the LNCY code, plotted as the blue and green lines in Fig. 3.2(b) respectively. The
difference in the fidelities lies in that the recovery channel distorts the encoded states in
LNCY non-NSA code, but such distortion can be absent in our NSA code, as detailed in
section 3.5.1. Notably, even in the non-NSA code, where the codewords are independent
of γ, knowledge of the noise strength remains crucial for decoding [91].
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Next, we introduce another 4-qubit NSA code, termed the pair-complementary (PC)
code, which differs from the self-complementary code by having code states consisting of
four basis states:

|0̄⟩ =
(
(1 − γ)−1|0011⟩ − (1 − γ)−3/2|1110⟩

−(1 − γ)−3/2|1101⟩ + |0000⟩
)
/N0 ;

|1̄⟩ =
(
(1 − γ)−1|1100⟩ + (1 − γ)−1/2|0001⟩

+(1 − γ)−1/2|0010⟩ + (1 − γ)−2|1111⟩
)
/N1 , (3.13)

where N0 and N1 are normalizations. Notice that the basis states involved in the two logi-
cal states are pairwise complementary to each other. The loss for the pair-complementary
code is γ3/4 + O(γ4), and achieves higher-order loss suppression compared to the self-
complementary codes, as also illustrated by the dashed orange lines in Fig. 3.2(a). Ad-
ditionally, the fidelity for the pair-complementary code, given by 1 − 7γ2/4 + O(γ3) and
marked as orange line in Fig. 3.2(b), is larger than the NSA 4-qubit self-complementary
code. Notably, this new code has no corresponding non-NSA versions that have been
reported in the literature.

Both codes derived from ML experiments can be generalized to arbitrary system size. In
later section, we introduce these two families of NSA codes and demonstrate their enhanced
performance in terms of fidelity.

3.5 Recovery protocol and fidelity calculation

In this section, we present the recovery protocol and detailed fidelity calculation for the
self-complementary and pair-complementary ((4, 1)) NSA codes.

3.5.1 Recovery and worst-case fidelity of ((4, 1)) self-complementary
NSA code

Our recovery channel is similar to the non-NSA ((4, 1)) amplitude damping code in [91],
and we will showcase that the self-complementary NSA code can obtain a larger fidelity
using a similar decoding circuit.
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We consider the input qubit state,

|ψ̄in⟩ = a|0̄⟩ + b|1̄⟩ , (3.14)

where the codewords of the 4-qubit NSA AD code are as follows:

|0̄⟩ =
(
|0000⟩ + (1 − γ)−2|1111⟩

)
/
√

1 + (1 − γ)−4 ;

|1̄⟩ = (|0011⟩ + |1100⟩) /
√

2 . (3.15)

After t = 1 amplitude damping errors A0000 = A0A0A0A0, A1000 = A1A0A0A0, A0100 =
A0A1A0A0, A0010 = A0A0A1A0 and A0001 = A0A0A0A1, all possible final states occurring
with probabilities at least O(γ) are,

|ϕ0000⟩ = a

[
|0000⟩ + |1111⟩√

1 + (1 − γ)−4

]
+ b

[
(1 − γ) [|0011⟩ + |1100⟩]√

2

]
, (3.16)

|ϕ1000⟩ = a

√
γ

(1 − γ)(1 + (1 − γ)−4)
|0111⟩ + b

√
γ(1 − γ)

2
|0100⟩ , (3.17)

|ϕ0100⟩ = a

√
γ

(1 − γ)(1 + (1 − γ)−4)
|1011⟩ + b

√
γ(1 − γ)

2
|1000⟩ , (3.18)

|ϕ0010⟩ = a

√
γ

(1 − γ)(1 + (1 − γ)−4)
|1101⟩ + b

√
γ(1 − γ)

2
|0001⟩ , (3.19)

|ϕ0001⟩ = a

√
γ

(1 − γ)(1 + (1 − γ)−4)
|1110⟩ + b

√
γ(1 − γ)

2
|0010⟩ . (3.20)

The first step of the recovery process is to perform the error syndrome detection as
shown in Fig. 3.6, which is similar to the circuit in Fig. 2 in [91]. There could only be
three possible outcomes, (M2,M4) = (0, 0), (0, 1), (1, 0). If (M2,M4) = (0, 0), the inferred
state will be |ψ0000⟩; if (M2,M4) = (1, 0), the inferred state will be |ψ1000⟩ or |ψ0100⟩; if
(M2,M4) = (0, 1), the inferred state will be |ψ0010⟩ or |ψ0001⟩; and we discard the output
state if (M2,M4) = (1, 1). In the following, we examine the first three cases separately.

After the syndrome measurement, only the first the third qubits remain. We denote
their states as |q1⟩ and |q3⟩ respectively. If (M2,M4) = (0, 0), that implies A0000 has
occurred, then |q1, q3⟩ after measurement becomes,

a

[
|00⟩ + |11⟩√
1 + (1 − γ)−4

]
+ b

[
(1 − γ)(|01⟩ + |10⟩)√

2

]
. (3.21)
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Figure 3.6: (A) Circuit for error syndrome detection. The measurement outcomes
(M2,M4) determine which of the three recovery operations Wk to apply. (B), (C),
and (D) show the corresponding recovery circuits for measurement results 00, 10,
and 01, respectively. The controlled-rotation gates are CRy gates with rotation angle

2 cos−1
(√

2
(1−γ)2+(1−γ)−2

)
.
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Applying a control-not using |q3⟩ as a control, gives,

|q1q3⟩ =

[
(a

√
2

1 + (1 − γ)−4
|0⟩ + b(1 − γ)|1⟩)

]
|0⟩ + |1⟩√

2
. (3.22)

We then connect the system with an ancilla qubit prepared to be |0⟩, and consider a
non-unitary operation on the q1 qubit: N (ρ) = N0ρN

†
0 +N1ρN

†
1 where

N0 = |0⟩⟨0| +

√
2

(1 − γ)2 + (1 − γ)−2
|1⟩⟨1| ; (3.23)

N1 =

√
1 − 2

(1 − γ)2 + (1 − γ)−2
|1⟩⟨1| . (3.24)

This operation is equivalent to applying a controlled rotation gate CRy—with |q1⟩ as the
control qubit and the ancilla as the target qubit—using a rotation angle of

2 cos−1
(√

2
(1−γ)2+(1−γ)−2

)
. Subsequently, the ancilla qubit is measured. If the measurement

outcome on the ancilla is |0⟩, the resulting state is:

|ϕout⟩ =

√
2

1 + (1 − γ)−4
(a|0⟩ + b|1⟩) . (3.25)

If (M2,M4) = (1, 0), that implies A1000 or A0100 has occurred, then the final states that
we should consider will be |ϕ1000⟩ or |ϕ0100⟩. In either case, |q1q3⟩ is a product state and
the third qubit will be distorted as

|q3⟩ = a

√
γ

(1 − γ)(1 + (1 − γ)−4)
|1⟩ + b

√
γ(1 − γ)

2
|0⟩ . (3.26)

We can also connect the system with an ancilla qubit prepared to be |0⟩, and considering
a non-unitary operation N (ρ) = N0ρN

†
0 +N1ρN

†
1 where

N0 = |0⟩⟨1| +

√
2

(1 − γ)2 + (1 − γ)−2
|1⟩⟨0| ; (3.27)

N1 =

√
1 − 2

(1 − γ)2 + (1 − γ)−2
|1⟩⟨0| . (3.28)
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This operation consists of applying an Pauli X gate to qubit |q3⟩, followed by a controlled
rotation gate CRy—with |q3⟩ as the control qubit and the ancilla as the target qubit—using
the same rotation angle as previously described for A0000. Subsequently, the ancilla qubit
is measured. If the measurement outcome on the ancilla is |0⟩, the resulting state is:

|ϕout⟩ =

√
γ

(1 − γ) + (1 − γ)−3
[a|0⟩ + b|1⟩] . (3.29)

Same decoding process can be performed when error A0010 or A0001 has occurred, when
(M2,M4) = (0, 1). Thus the worst case fidelity is

F =
2

1 + (1 − γ)−4
+

4γ

(1 − γ) + (1 − γ)−3
= 1 − 3γ2 +O(γ3) . (3.30)

In contrary, the fidelity for the non-NSA 4-qubit self-complementary AD code in [91] is
1 − 5γ2 +O(γ3). Our NSA code indeed has better fidelity at the order of O(γ2).

3.5.2 Recovery and worst-case fidelity of ((4, 1)) pair-complementary
NSA code

In this subsection, we continue to present the recovery protocol and calculate the worst-
case fidelity achievable without residual logical errors for the ((4, 1)) pair-complementary
NSA code. The key idea of the recovery protocol is similar to the self-complementary code,
so we will not repeat the details here. We consider the following codewords,

|0̄⟩ =
1

N0

(
(1 − γ)−1 |0011⟩ − (1 − γ)−3/2 |1110⟩ − (1 − γ)−3/2 |1101⟩ + |0000⟩

)
;

|1̄⟩ =
1

N1

(
(1 − γ)−1 |1100⟩ + (1 − γ)−1/2 |0001⟩ + (1 − γ)−1/2 |0010⟩ + (1 − γ)−2 |1111⟩

)
,

(3.31)

where N0 and N1 are normalization factors,

N0 =
√

(1 − γ)−2 + 2(1 − γ)−3 + 1 , N1 =
√

(1 − γ)−2 + 2(1 − γ)−1 + (1 − γ)−4 .
(3.32)

For an input state
∣∣ψ̄in

〉
= a |0̄⟩+ b |1̄⟩, the possible output states after t = 1 amplitude

86



damping, occurring with probabilities of order O(γ) or higher, are:

|ϕ0000⟩ =
a

N0

(|0011⟩ − |1110⟩ − |1101⟩ + |0000⟩) +
b

N1

(|1100⟩ + |0001⟩ + |0010⟩ + |1111⟩) ,
(3.33)

|ϕ1000⟩ =

√
γ

1 − γ

[−a
N0

(|0110⟩ + |0101⟩) +
b

N1

(|0100⟩ + |0111⟩)
]
, (3.34)

|ϕ0100⟩ =

√
γ

1 − γ

[−a
N0

(|1010⟩ + |1001⟩) +
b

N1

(|1000⟩ + |1011⟩)
]
, (3.35)

|ϕ0010⟩ =

√
γ

1 − γ

[
a

N0

(|0001⟩ − |1100⟩) +
b

N1

(|0000⟩ + |1101⟩)
]
, (3.36)

|ϕ0001⟩ =

√
γ

1 − γ

[
a

N0

(|0010⟩ − |1100⟩) +
b

N1

(|0000⟩ + |1110⟩)
]
. (3.37)

Note that while orthogonality can assure us to distinguish the errors A0000, A1000, A0100,
there is a large overlap between the the error words |ϕ0010⟩ and |ϕ0001⟩, and we cannot
distinguish the error A0010 and A0001 with a projective measurement. However, one can
consider the classical mixture of the two error words and finish the error correction in its
diagonal basis. More explicitly, consider the following projective measurement:

P0000 =
1

4
(|0011⟩ − |1110⟩ − |1101⟩ + |0000⟩) (⟨0011| − ⟨1110| − ⟨1101| + ⟨0000|)

+
1

4
(|1100⟩ + |0001⟩ + |0010⟩ + |1111⟩) (⟨1100| + ⟨0001| + ⟨0010| + ⟨1111|) ,

(3.38)

P1000 =
1

2
(|0110⟩ + |0101⟩) (⟨0110| + ⟨0101|) +

1

2
(|0100⟩ + |0111⟩) (⟨0100| + ⟨0111|) ,

(3.39)

P0100 =
1

2
(|1010⟩ + |1001⟩) (⟨1010| + ⟨1001|) +

1

2
(|1000⟩ + |1011⟩) (⟨1000| + ⟨1011|) ,

(3.40)

PS =
1

6
(|0001⟩ + |0010⟩ − 2 |1100⟩) (⟨0001| + ⟨0010| − 2 ⟨1100|)

+
1

6
(|1101⟩ + |1110⟩ + 2 |0000⟩) (⟨1101| + ⟨1110| + 2 ⟨0000|) , (3.41)

PA =
1

2
(|0001⟩ − |0010⟩) (⟨0001| − ⟨0010|) +

1

2
(|1101⟩ − |1110⟩) (⟨1101| − ⟨1110|) .

(3.42)
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Here, we use S and A to denote the ‘symmetrized’ and ‘anti-symmetrized’ invariant sub-
spaces. After performing the projection operators, we can further apply some recovery op-
erations based on the projective measurement outcomes. As mentioned before, we choose
recovery operations such that there is no residual logical error in the recovered state.

We can now explicitly compute the worst-case fidelity achievable without residual logical
errors. The contribution from the error operator P0000 is given by

F0 = 4 min

{
1

N2
0

,
1

N2
1

}
= 1 − 2γ +

1

4
γ2 +O(γ3) . (3.43)

The factor of 4 is due to the error state |ϕ0000⟩ comprising four terms, and the minimum
is derived from the calculation of the worst-case fidelity. The contribution from P1000 or
P0010 is

F1 =
2γ

1 − γ
min

{
1

N2
0

,
1

N2
1

}
=

1

2
γ − 1

2
γ2 +O(γ3) . (3.44)

Here we use subscript 0 or 1 to denote the scaling order with respect to the noise strength
γ of the code states after the amplitude damping errors.

As PS and PA are the projections to the invariant subspace of the error subspace, the
output states, despite being affected by the noise channel, remain in a pure state after
projective measurement, namely

PS(|ϕ0010⟩ ⟨ϕ0010| + |ϕ0001⟩ ⟨ϕ0001|)PS = |ϕS⟩ ⟨ϕS| , (3.45)

PA(|ϕ0010⟩ ⟨ϕ0010| + |ϕ0001⟩ ⟨ϕ0001|)PA = |ϕA⟩ ⟨ϕA| , (3.46)

where the projected states are

|ϕS⟩ =

√
γ

1 − γ

[
a√
2N0

(|0001⟩ + |0010⟩ − 2 |1100⟩) +
b√
2N1

(|1101⟩ + |1110⟩ + 2 |0000⟩)
]
,

(3.47)

|ϕA⟩ =

√
γ

1 − γ

[
a√
2N0

(|0001⟩ − |0010⟩) +
b√
2N1

(|1101⟩ − |1110⟩)
]
. (3.48)

Their contributions to the worst-case fidelity are

F ′
1 = F ′

1,S + F ′
1,A = (3 + 1)

γ

1 − γ
min

{
1

N2
0

,
1

N2
1

}
= γ − γ2 +O(γ3) . (3.49)

To summarize, we get the worst-case fidelity up to O(γ3),

F = F0 + 2F1 + F ′
1 = 1 − 7

4
γ2 +O(γ3) , (3.50)
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which is higher than the worst-case fidelity Eq. (3.30) of the ((4, 1)) self-complementary
NSA code.

3.5.3 Entanglement fidelity of ((4, 1)) pair-complementary NSA
code

Apart from worst-case fidelity, we can also calculate the entanglement fidelity of the ((4, 1))
pair-complementary NSA code. Consider the maximal entangled state:

|Φ+⟩ =
1√
2

(|0̄⟩|0r⟩ + |1̄⟩|1r⟩) . (3.51)

The entanglement fidelity is given by

Fent = ⟨Φ+|(R ◦N ) ⊗ idr(|Φ+⟩⟨Φ+|)|Φ+⟩ . (3.52)

Notice that by linearity we can calculate the contribution of the entanglement fidelity for
different errors. We will focus on the t = 1 amplitude damping errors here, the possible
output states after t = 1 amplitude damping, are:

Φ+
a =

1

2
|ϕa⟩⟨ϕa| , (3.53)

where a = 0000, 1000, 0100, 0010, 0001, and

|ϕ0000⟩ =
1

N1

(|0011⟩ − |1110⟩ − |1101⟩ + |0000⟩) ⊗ |0r⟩

+
1

N2

(|1100⟩ + |0001⟩ + |0010⟩ + |1111⟩) ⊗ |1r⟩ , (3.54)

|ϕ1000⟩ =

√
γ

1 − γ

[−1

N1

(|0110⟩ + |0101⟩) ⊗ |0r⟩ +
1

N2

(|0100⟩ + |0111⟩) ⊗ |1r⟩
]
, (3.55)

|ϕ0100⟩ =

√
γ

1 − γ

[−1

N1

(|1010⟩ + |1001⟩) ⊗ |0r⟩ +
1

N2

(|1000⟩ + |1011⟩) ⊗ |1r⟩
]
, (3.56)

|ϕ0010⟩ =

√
γ

1 − γ

[
1

N1

(|0001⟩ − |1100⟩) ⊗ |0r⟩ +
1

N2

(|0000⟩ + |1101⟩) ⊗ |1r⟩
]
, (3.57)

|ϕ0001⟩ =

√
γ

1 − γ

[
1

N1

(|0010⟩ − |1100⟩) ⊗ |0r⟩ +
b

N2

(|0000⟩ + |1110⟩) ⊗ |1r⟩
]
. (3.58)

We apply the projective measurements as described in Eqs. (3.38)–(3.42).
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We can now explicitly compute the entanglement fidelity. The contribution from the
error operator P0000 is given by

F0
ent =

1

4
(

2

N1

+
2

N2

)2 = 1 − 2γ +
1

4
γ2 +O(γ3) (3.59)

The contribution from P1000 or P0010 is

F1
ent =

γ

4(1 − γ)
(

√
2

N1

+

√
2

N2

)2 =
1

2
γ − 1

2
γ2 +O(γ3) . (3.60)

The projected states for PS and PA are given by

|ϕS⟩ =

√
γ

1 − γ

[
1√
2N1

(|0001⟩ + |0010⟩ − 2 |1100⟩) ⊗ |0r⟩ +
1√
2N2

(|1101⟩ + |1110⟩ + 2 |0000⟩) ⊗ |1r⟩
]
,

(3.61)

|ϕA⟩ =

√
γ

1 − γ

[
1√
2N1

(|0001⟩ − |0010⟩) ⊗ |0r⟩ +
1√
2N2

(|1101⟩ − |1110⟩) ⊗ |1r⟩
]
.

(3.62)

Their contributions to the entanglement fidelity are

F ′1
ent = F ′1,S

ent + F ′1,A
ent =

1

4

γ

1 − γ

[
(

√
3

N1

+

√
3

N2

)2 + (
1

N1

+
1

N2

)2

]
= γ − γ2 +O(γ3) . (3.63)

To summarize, we get the entanglement fidelity up to O(γ3),

Fent = F0
ent + 2F1

ent + F ′1
ent = 1 − 7

4
γ2 +O(γ3) , (3.64)

which is the same as the worst-case fidelity, and better than Liang’s code in [100] with an
analytical quantum error recovery.

3.6 Generalizations

As observed in the 4-qubit NSA codes, the optimized code structure introduces asymmetry
into the traditional self-complementary codes which admit a basis of codewords of the form
|ψ̄u⟩ = (|u⟩ + |ũ⟩)/

√
2, where for each qubit i, ũi = 1 − ui. The key insight from the
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machine learned self-complementary codes is that allowing different coefficients for |u⟩ and
its complement, adjusted based on the noise strength, enhances code performance.

Expanding on this concept, we extend the formalism to general ((n, k)) NSA SC codes1,
building upon an existing family of ((n, k)) self-complementary codes designed to correct
t = 1 amplitude damping noise [88], and arrive at the following structure for the codeword:

|ψ̄u⟩ = (1 − γ)−∥u∥/2|u⟩ + (1 − γ)−∥ũ∥/2|ū⟩/Nu , (3.65)

where Nu is the normalization, and for a given bit string u, ∥u∥ denotes the Hamming
weight. Notice that each basis coefficient is a function of the noise strength γ and the basis
itself. We then compute the fidelity for the NSA self-complementary codes and find

FSC = 1 − (n2 − n) γ2/4 + O(γ3) . (3.66)

We compare it with the non-NSA codes and find that up to O(γ2) NSA codes achieve a
higher fidelity by the amount given by (2n⌊n/2⌋−2⌊n/2⌋2)γ2/4. Note that the performance
enhancement of NSA codes grows as the system size increases. In addition, the NSA self-
complementary code can be readily extended to qudit systems with a local dimension q ≥ 2,
and for further details, including the fidelity calculations, are provided in section 3.6.2.

We now turn to discuss the generalization of pair-complementary NSA codes. Building
on our finding of ((4, 1)) NSA pair-complementary code through machine learning, we show
that there exists a new family of ((n, k)) code to correct a single amplitude damping noise.
The codeword takes the following form,

|ψ̄u⟩ ∼ |u11⟩ + |u00⟩ − |ũ10⟩ − |ũ01⟩ ;

|ψ̄′
u⟩ ∼ |ũ00⟩ + |ũ11⟩ + |u01⟩ + |u10⟩ , (3.67)

where all coefficients and normalizations are omitted to emphasize the code structure more
clearly. The coefficients, which follow the same form as in Eq. (3.65), depend on both γ
and the Hamming weight of the basis. Notice that the codewords of this new family is con-
structed by extending the basis u in the self-complementary codeword with two additional
bits. Specifically, the |ψ̄u⟩ and |ψ̄′

u⟩ pair contains superpositions of all combinations {0, 1}2
appending after the self-complementary codeword u and its complementary ũ. Hence,
we claim that for any given ((n, k)) self-complementary code, there exists a corresponding

1We assume the largest possible k for a given n qubit systems The fidelity calculations conducted later
are also under the same assumption.
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((n + 2, k + 1)) pair-complementary code that can correct one amplitude damping error;
further details of the calculation and the proof of this claim are provided in Section 3.6.3..

We compute the fidelity of NSA pair-complementary codes for general n, and obtain

FPC = 1 − (n2 − 3n+ 3)γ2/4 +O(γ3) . (3.68)

We observe that for any given n, pair-complementary NSA codes achieve higher fidelity
than the self-complementary ones, at the cost of fewer logical qubits. Specifically, we
establish the following inequality,

FSC[((n, k))] > FPC[((n+ 2, k + 1))] > FSC[((n+ 2, k + 1))] (3.69)

The formalism of NSA can be further extended to the bosonic codes [102]. For the
simplest 0-2-4 binomial code, with the code states: |0̄′⟩ = 1√

2
(|0⟩ + |4⟩) , |1̄′⟩ = |2⟩,

it can be generalized to the NSA version, with |0̄′⟩ becoming

|0̄⟩ =
(
|0⟩ + (1 − γ)−2|4⟩

)
/
√

1 + (1 − γ)−4 , (3.70)

while |1̄⟩ = |2⟩ remains. Note that this code can be reduced from the ((4, 1)) qubit code
by summing up the bit strings in each basis. Hence, the behavior of the fidelity is also the
same, which is 1 − 3γ2 + O(γ3) for the NSA code, as compared to 1 − 5γ2 + O(γ3) in the
non-NSA code.

3.6.1 Fidelity of self-complementary qubit NSA code generaliza-
tion

In this subsection, we show the details of how to generalize the ((4, 1)) NSA amplitude
damping (AD) code to a family of self-complementary NSA AD codes, and compare the
fidelity difference between the NSA and non-NSA AD codes for arbitrary n.

As shown in [88, 124], for a self-complementary ((n, k)) code C = span{(|u⟩+ |ũ⟩)/
√

2 |
u ∈ S} can correct t = 1 amplitude damping errors if and only if the set S ⊂ {0, 1}n
satisfies:

(a) If u ∈ S, then ū ∈ S.

(b) Error spaces from different u must not overlap.
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Note that we consider largest possible k given a n in the self-complementary code for the
following calculations. A non-NSA self-complementary AD code can be written as,

|ψ̄u⟩ =
1√
2

(|u⟩ + |ũ⟩) , (3.71)

where ũi = 1 − ui for every single qubit site. The AD error that has A0 acting on every
single qubit transforms an input state |ψ̄in⟩ =

∑
u cu (|u⟩ + |ũ⟩) /

√
2 into

∑
a

cu

(√
(1 − γ)∥u∥

2
|u⟩ +

√
(1 − γ)∥ũ∥

2
|ũ⟩
)
, (3.72)

where ∥u∥ denotes the Hamming weight of the code word basis |u⟩. The contribution to
the worst-case fidelity is then dominated by the case where the number of 0s and 1s in the
bit string u is balanced. Thus

Fnon-NSA
0 =

(1 − γ)⌊n/2⌋ + (1 − γ)n−⌊n/2⌋

2
. (3.73)

Consider an AD error that has A1 acting only on one qubit i and A0 acting on the rest
of the qubits, denoted as A1i . It transforms the input state into,

1√
2

(
δ1,ui(1 − γ)(∥u∥−1)/2γ1/2|u− ei⟩ + δ1,ũi(1 − γ)(∥ũ∥−1)/2γ1/2|ũ− ei⟩

)
, (3.74)

where ei denotes a bit-string with 1 at the i-th bit and 0 on the others. Note that after the
A1 noise, only one of the two bases in Eq. (3.74) survives, whose weight takes the minimum
value when u contains all zeros or all ones. This gives the contribution of the worst-case
fidelity

Fnon-NSA
1 =

(1 − γ)(n−1) γ

2
. (3.75)

Hence, the worst-case fidelity is,

Fnon-NSA = Fnon-NSA
0 +nFnon-NSA

1 = 1−(n2−n+2n⌊n/2⌋−2⌊n/2⌋2)γ2/4+O(γ3) . (3.76)

Now, we generalize the non-NSA self-complementary codeword to the following NSA
self-complementary codeword for arbitrary n,

|ψ̄u⟩ =
(1 − γ)−∥u∥/2|u⟩ + (1 − γ)−∥ũ∥/2|ū⟩√

(1 − γ)−∥u∥ + (1 − γ)−∥ũ∥
. (3.77)
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Similarly, consider an input state that is a random superposition of all logical qubits. The
AD error A0 transforms the input state into,∑

u

cu
|u⟩ + |ũ⟩√

(1 − γ)−∥u∥ + (1 − γ)−∥ũ∥
. (3.78)

Its contribution to the worst-case fidelity is

FNSA
0 = min

u

{
2

(1 − γ)−∥u∥ + (1 − γ)−(n−∥u∥)

}
=

2

1 + (1 − γ)−n
(3.79)

Using the mean inequality, we find that when u is the all-zero bit string (or equivalently,
the all-one bit string), the minimum can be achieved.

And the AD error A1i transforms the input state into,∑
u

cu (1 − γ)−1/2 γ1/2
δ1,ui |u− ei⟩ + δ1,ũi |ũ− ei⟩√

(1 − γ)−∥u∥ + (1 − γ)−∥ũ∥
. (3.80)

Its contribution to the worst-case fidelity is

FNSA
1 = min

u

{
γ (1 − γ)−1

(1 − γ)−∥u∥ + (1 − γ)−(n−∥u∥)

}
=

γ

(1 − γ)1−n + (1 − γ)
(3.81)

As above, using the mean inequality, we find that when u contains all zeros or all ones, the
minimum can be achieved.

The total contribution to the worst-case fidelity hence is,

FNSA = FNSA
0 + nFNSA

1 = 1 − (n2 − n) γ2/4 + O(γ3) . (3.82)

The fidelity for the NSA self-complementary codes is shown to be better than the non-NSA
self-complementary codes, and their difference is (2n⌊n/2⌋−2⌊n/2⌋2)/4 in the order of γ2.
Notice that the advantage of NSA self-complementary code grows as the qubit number n
increases.

3.6.2 Self-complementary qudit NSA code generalization

In this subsection, we discuss the generalization to the NSA self-complementary qudit code
with local dimension q ≥ 2. We start with an example of n = 4 qutrit codes. Then, we show
the definition of the amplitude damping noise for qudit systems, and detail the extension
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to the non-NSA self-complementary qudit codes from the non-NSA self-complementary
qubit codes. Afterwards, we show how we can generalize the non-NSA self-complementary
qudit codes to the NSA self-complementary qudit codes. Along the way, we show how
to compute the worst-case fidelities for both non-NSA and NSA self-complementary qudit
codes, and argue that NSA self-complementary qudit codes have better performance.

We start with an example of n = 4, q = 3 amplitude damping code. We first introduce
the non-NSA version of the code and then move to the NSA version, and calculate their
fidelities respectively. For q = 3, the amplitude damping operator takes the form,

A0 = |0⟩⟨0| +
√

1 − γ|1⟩⟨1| + (1 − γ)|2⟩⟨2| , (3.83)

A1 =
√
γ|0⟩⟨1| +

√
2γ(1 − γ)|1⟩⟨2| , (3.84)

A2 = γ|0⟩⟨2| . (3.85)

The non-NSA codewords are the following,

|0̄⟩ =

√
1

3
(|0000⟩ + |1111⟩ + |2222⟩) ;

|1̄⟩ =

√
1

3
(|0011⟩ + |1122⟩ + |2200⟩) ;

|2̄⟩ =

√
1

3
(|0022⟩ + |1100⟩ + |2211⟩) . (3.86)

Consider an input state |ψ̄⟩ = a0|0̄⟩+a1|1̄⟩+a2|2̄⟩. The output states after error operators
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A0000, A1000 and A2000 respectively are,

|ψ0000⟩ = a0

[ |0000⟩ + (1 − γ)2|1111⟩ + (1 − γ)4|2222⟩√
3

]
+ a1

[
[(1 − γ)|0011⟩ + (1 − γ)3|1122⟩ + (1 − γ)2|2200⟩]√

3

]
+ a2

[
[(1 − γ)2|0022⟩ + (1 − γ)|1100⟩ + (1 − γ)3|2211⟩]√

3

]
; (3.87)

|ψ1000⟩ = a0

[√
γ(1 − γ)3/2|0111⟩ +

√
2γ(1 − γ)7/2|1222⟩√

3

]

+ a1

[√
γ(1 − γ)5/2|0122⟩ +

√
2γ(1 − γ)3/2|1200⟩√

3

]

+ a2

[√
γ(1 − γ)1/2|0100⟩ +

√
2γ(1 − γ)5/2|1211⟩√

3

]
; (3.88)

|ψ2000⟩ = a0

[
γ(1 − γ)3|0222⟩√

3

]
+ a1

[
γ(1 − γ)|0200⟩√

3

]
+ a2

[
γ(1 − γ)2|0211⟩√

3

]
. (3.89)

Note that there is no overlap between the error subspaces, enabling us to distinguish
different errors by a projective measurement. The error correction procedure is almost
identical to section 3.5.1, and the total worse-case fidelity would be

Fnon-NSA SC
4 qutrit = ((1 − γ)2 + (1 − γ)4 + (1 − γ)6)/3 + 4 × (γ(1 − γ)3 + 2γ(1 − γ)7)/3

+ 4 × (γ2(1 − γ)6)/3

= 1 − 14γ2 +O(γ3) . (3.90)

Now, we move on to NSA case. Inspired by the qubit case, we can choose the logical
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states to be the following,

|0̄⟩ =
|0000⟩ + (1 − γ)−2|1111⟩ + (1 − γ)−4|2222⟩√

1 + (1 − γ)−4 + (1 − γ)−8
;

|1̄⟩ =
(1 − γ)−1|0011⟩ + (1 − γ)−3|1122⟩ + (1 − γ)−2|2200⟩√

(1 − γ)−2 + (1 − γ)−6 + (1 − γ)−4
;

|2̄⟩ =
(1 − γ)−2|0022⟩ + (1 − γ)−1|1100⟩ + (1 − γ)−3|2211⟩√

(1 − γ)−2 + (1 − γ)−6 + (1 − γ)−4
. (3.91)

After affected by noise A0000, A1000, A2000,

|ϕ0000⟩ =a0

[
|0000⟩ + |1111⟩ + |2222⟩√
1 + (1 − γ)−4 + (1 − γ)−8

]

+a1

[
|0011⟩ + |1122⟩ + |2200⟩√

(1 − γ)−2 + (1 − γ)−6 + (1 − γ)−4

]

+a2

[
|0022⟩ + |1100⟩ + |2211⟩√

(1 − γ)−2 + (1 − γ)−6 + (1 − γ)−4

]
; (3.92)

|ϕ1000⟩ =a0

[
γ1/2|0111⟩ + (2γ)1/2|1222⟩√

(1 − γ) + (1 − γ)−3 + (1 − γ)−7

]

+a1

[
γ1/2|0122⟩ + (2γ)1/2|1200⟩√

(1 − γ)−1 + (1 − γ)−5 + (1 − γ)−3

]

+a2

[
γ1/2|0100⟩ + (2γ)1/2|1211⟩√

(1 − γ)−1 + (1 − γ)−5 + (1 − γ)−3

]
; (3.93)

|ϕ2000⟩ =a0

[
γ |0222⟩√

(1 − γ)2 + (1 − γ)−2 + (1 − γ)−6

]

+a1

[
γ |0200⟩√

1 + (1 − γ)−4 + (1 − γ)−2

]

a2

[
γ |0211⟩√

(1 + (1 − γ)−4 + (1 − γ)−2

]
. (3.94)

The error correction procedure is also very similar to section 3.5.1, and the total worse-case
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fidelity would be

FNSA SC
4 qutrit =

3

1 + (1 − γ)−4 + (1 − γ)−8
+ 4 × 3γ

(1 − γ) + (1 − γ)−3 + (1 − γ)−7

+ 4 × γ2

(1 − γ)2 + (1 − γ)−2 + (1 − γ)−6

= 1 − 10γ2 + O(γ3) . (3.95)

With the examples of n = 4 qutrit codes, we now move to the general qudit case. Now,
consider the amplitude damping noises for general qudit systems that take the following
form,

Al =

q−1∑
a=l

√(
a

l

)√
(1 − γ)a−lγl |a− l⟩⟨a| , (3.96)

where l indicates the level of jumps in the AD noises.

Inspired by the non-NSA self-complementary qubit codes, we define a new family of non-
NSA self-complementary qudit codes with local dimension q as Cd = span{∑q−1

a=0

∣∣u↑a〉 /√q|u ∈
Sd} for Sd ⊂ {0, · · · , (q − 1)}n, where

∣∣u↑a〉 = |(u+ a⊗n) mod q⟩ and the module is taken
at every qudit site. Here, we continue to consider weight t = 1 amplitude damping errors,
where there is at most one non-A0 acting on all qudits. Code Cd can correct t = 1 AD
errors if and only if the set Sd satisfies:

(a) if u ∈ Sd, then u↑a ∈ Sd, ∀ a ∈ {0, · · · , (q − 1)};

(b) error spaces from different u must not overlap [88, 52].

The codeword takes the form of,

|ψ̄u⟩ =
1√
q

q−1∑
a=0

∣∣u↑a〉 . (3.97)

Notice that a enumerates each basis in the codeword. Consider the following input
state,

|ψ̄in⟩ =
1√
q

∑
u

cu

q−1∑
a=0

|u↑a⟩ . (3.98)
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An amplitude damping error with only A0 acting on every single qudit changes the input
state to,

1√
q

∑
u

cu

q−1∑
a=0

(1 − γ)∥u
↑a∥/2|u↑a⟩ . (3.99)

Its contribution to the worst-case fidelity is taken from the codeword that has the smallest
coefficients. For error of all A0, the codeword that has the smallest coefficient is the one
where u↑0 is half being 0 and the rest being 1.

min
u

{∑q−1
a=0(1 − γ)∥u

↑a∥

q

}
= min

u

[
1 − 1

q

(
q−1∑
a=0

∥u↑a∥
)
γ +

1

2q

(
q−1∑
a=0

(
−∥u↑a∥ + ∥u↑a∥2

))
γ2 + · · ·

]
.

(3.100)

Notice that every dit in u↑a is a permutation of {0, 1, ..., q − 1} as a runs from 0 to q − 1,
hence the summation of weight is a constant∑

a

∥u↑a∥ = nq(q − 1)/2 . (3.101)

Thus, finding the minimum of Eq.(3.100) is equivalent to finding the minimum of
∑q−1

a=0 ∥u↑a∥2.
For simplicity of the calculation, we assume that n is divisible by q. By the mean inequal-
ity we can minimize the summation of the square by taking ∥u↑a∥ to be independent of a,
which can be achieved by taking u with each of the digits from 0 to q − 1 appearing n/q
times, thus ∥u↑a∥ = n(q − 1)/2, and we obtain the minimum to be

min
u

∑
a

∥u↑a∥2 = n2q(q − 1)2/4 . (3.102)

By substituting the minimum quantity into Eq. (3.100), we obtain its contribution to the
fidelity,

F0 = 1 − 1

2
n(q − 1)γ +

1

8
n(q − 1)(n(q − 1) − 2)γ2 +O(γ3) . (3.103)

Let’s now consider the case where an amplitude damping error that evolves jump of
|u↑a − e

(l)
i ⟩⟨u↑a | where u↑ai ≥ l denotes the i-th dit in the dit string u↑a . We define e

(l)
i to

be a dit string that is all 0 except that the i-th dit is of value l. It effectively represent the
AD error which has Al is acting on qudit site i and A0 acting on all the rest qudits. After
the error, the input state becomes,

1√
q

∑
u

cu

q−1∑
a=0

√(
u↑ai
l

)
(1 − γ)(∥u

↑a∥−l)/2γl/2 |u↑a − e
(l)
i ⟩ . (3.104)
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Since we assumed that different error spaces do not overlap, we can use projective mea-
surement to distinguish the noise state after any e

(l)
i . The contribution to the worst-case

fidelity comes from a codeword of smallest coefficient, and is,

min
u

{
1

q

q−1∑
a=0

(
u↑ai
l

)
(1 − γ)(∥u

↑a∥−l)γl

}
. (3.105)

In the case where l = 1,

F1 = min
u

{
1

q

q−1∑
a=0

u↑ai (1 − γ)(∥u
↑a∥−1)γ

}

= min
u

{
1

q

q−1∑
a=0

u↑ai γ − 1

q
max
u

q−1∑
a=0

u↑ai (∥u↑a∥ − 1)γ2 +O(γ3)

}
(3.106)

=
q − 1

2
(γ + γ2) − γ2

q
max
u

q−1∑
a=0

u↑ai ∥u↑a∥ +O(γ3) . (3.107)

the minimization is taken when
∑q−1

a=0 u
↑a
i ∥u↑a∥ is taken to be maximal. Note that

q−1∑
a=0

u↑ai ∥u↑a∥ =
∑
j

q−1∑
a=0

u↑ai u
↑a
j ≤ n

q−1∑
a=0

a2 = n
(q − 1)q(2q − 1)

6
. (3.108)

where by the rearrangement inequality, the maximum is taken when u↑ai = u↑aj for any i, j
and a, i.e. u is a dit string where all dits are the same. Hence,

F1 =
q − 1

2
γ +

(q − 1) (3 − n(2q − 1))

6
γ2 +O(γ3) . (3.109)

In the case where l = 2,

F2 =

q−1∑
a=2

(
a

2

)
γ2 =

q(q − 1)(q − 2)

6
γ2 +O(γ3) . (3.110)

where we get rid of the dependence of u because when we sum over a, u↑ai is just a
permutation of integers from 0 to q − 1. Moreover, note that for l > 2, its contribution
to the worst-case fidelity is already on the order of O(γ3); thus, these terms can be safely
neglected.
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The total worst-case fidelity for non-NSA code is

Fnon-NSA = F0 + nF1 + nF2 = 1 − 1

24
(n(q − 1)(2 − 4q + n(5q − 1))) γ2 +O(γ3) . (3.111)

For the generalization to NSA qudit amplitude damping code, we follow the similar
analysis above to calculate the worst case fidelity. The general form of the NSA codeword
with local dimension q is,

|w⟩ =

∑q−1
a=0 (1 − γ)(−∥u↑a∥)/2√∑q−1

a=0(1 − γ)−∥u↑a∥
|u↑a⟩ , (3.112)

For error with only the damping A0, a general input state becomes,∑
u

cu
|u↑a⟩√∑q−1

a=0(1 − γ)−∥u↑a∥
, (3.113)

and contribution to the worst case fidelity is the minimal coefficient of the codeword,

min
u

{
q∑q−1

a=0(1 − γ)−∥u↑a∥

}
=

q∑q−1
a=0(1 − γ)−a·n

. (3.114)

Now consider the amplitude damping errors evolving jumps l. The input state becomes,

∑
u

cu

∑q−1
a=0

√(
u↑ai
l

)
γl/2 (1 − γ)−l/2√∑q−1

a=0(1 − γ)−∥u↑a∥
|u↑a − e

(l)
i ⟩ . (3.115)

Its contribution to the worst case fidelity is,

min
u

{∑q−1
a=0

(
u↑ai
l

)
γl (1 − γ)−l∑q−1

a=0(1 − γ)−∥u↑a∥

}
=

∑q−1
a=0

(
a
l

)
γl (1 − γ)−l

maxu
∑q−1

a=0(1 − γ)−∥u↑a∥
=

∑q−1
a=0

(
a
l

)
γl (1 − γ)−l∑q−1

a=0(1 − γ)−a·n
.

(3.116)
From the rearrangement inequality, the smallest coefficient here corresponds to the code-
word in which u is all 0. And the total worst case fidelity is,

FNSA =
q∑q−1

a=0(1 − γ)−a·n
+ n×

q−1∑
l=1

∑q−1
a=0

(
a
l

)
γl (1 − γ)−l∑q−1

a=0(1 − γ)−a·n

= 1 − 1

12
(q − 1)(2q − 1)(n2 − n)γ2 +O(γ3) . (3.117)
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Hence, we find the difference between NSA and non-NSA fidelities,

∆F =
1

24
n2(q2 − 1)γ2 (3.118)

Below we display fidelities up to second order in γ for several different q of general n
for both NSA and non-NSA self-complementary codes.

q FNSA SC F non-NSA SC

3 1 − 5
6
(n2 − n)γ2 1 − 1

12
(14n2 − 10n)γ2

4 1 − 7
4
(n2 − n)γ2 1 − 1

8
(19n2 − 14n)γ2

5 1 − 3(n2 − n)γ2 1 − 1
6
(24n2 − 18n)γ2

6 1 − 55
12

(n2 − n)γ2 1 − 5
24

(29n2 − 22n)γ2

7 1 − 13
2

(n2 − n)γ2 1 − 1
4
(34n2 − 26n)γ2

3.6.3 Fidelity of pair-complementary qubit NSA code general-
ization

In this subsection, we show the details of how togeneralize the ((4, 1)) pair-complementary
NSA code to a family of pair-complementary NSA codes, and calculate the worst-case
fidelity achievable without residual logical errors for arbitrary n.

By inspecting the codewords of the ((4, 1)) pair-complementary NSA code, one observes
that the basis states are paired with each other. Thus we consider the codewords of the
following form: ∣∣ψ̄i,ju 〉 ∼ |u⟩ + |u− ei − ej⟩ − |ũ+ ei⟩ − |ũ+ ej⟩ ;∣∣ψ̄′i,j

u

〉
∼ |u− ei⟩ + |u− ej⟩ + |ũ+ ei + ej⟩ + |ũ⟩ , (3.119)

where ei ∈ {0, 1}n denotes the error vector with 1 at the i-th bit and 0 on the others. To
highlight the structure of this code more clearly, we have omitted the coefficients in the
equations above. Specifically, each computational basis state |u⟩ should include a factor of
(1 − γ)−∥u∥/2 before it, where ∥u∥ denotes the Hamming weight of the bit-string u.

We then try to find the set of {u, i, j} such that the Knill-Laflamme condition can be
approximately satisfied. To simplify notation, we define Su,i,j = {u, u−ei, u−ej, u−ei−ej}
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in the following, and use S̃u,i,j = {ũ, ũ + ei, ũ + ej, ũ + ei + ej} to denote its element-wise
complement. The pairwise orthogonality condition of codewords then imposes the following
constraint:

(C1) (Su,i,j ∪ S̃u,i,j) ∩ (Sv,k,l ∪ S̃v,k,l) ̸= ∅, iff u = v and {i, j} = {k, l}.

To assure that no confusion between different {u, i, j} arise after one damping, we will
also require

(C2) Error spaces from different {u, i, j} must not overlap.

Since for each triplet {u, i, j}, the corresponding pair-complementary code words
∣∣ψ̄i,ju 〉

and
∣∣ψ̄′i,j

u

〉
contains superpositions of all combinations of 0 and 1s on the i-th and j-th

qubits, for our condition (C2) it is only relevant to consider code word on the other n− 2
qubits. Similarily, for another triplet {v, k, l} it is only relevant to consider code word on
n − 2 qubits other than the k-th and l-th qubits. To maximize the code rate, it is then
natural to pick our code spaces such that for any triplet, {u, i, j}, the set {i, j} are the
same. This inspires us to construct the following family of pair-complementary NSA codes.

Proposition 2. For any ((n, k)) self-complementary code

C1 = span{(|u⟩ + |ũ⟩)/
√

2 | u ∈ S} , (3.120)

we can construct a ((n+ 2, k + 1)) pair-complementary code

C2 = span{
∣∣ψ̄u〉 , ∣∣ψ̄′

u

〉
} | u ∈ S/Z2} , (3.121)

where

|ψ̄u⟩ ∼ |u00⟩ + |u11⟩ − |ũ10⟩ − |ũ01⟩ ;

|ψ̄′
u⟩ ∼ |u01⟩ + |u10⟩ + |ũ11⟩ + |ũ00⟩ . (3.122)

Here the quotient set S/Z2 is defined such that if u ∈ S/Z2 ⊂ S then ũ /∈ S/Z2, i.e. the
quotient set only contains one element in each complementary pairs u and ũ. u00 denotes a
bit string starting with u and ending with 00, with similar conventions for the other terms.

Proof. To show that our construction gives an AQEC code for one amplitude damping er-
ror, we verify that it satisfies the condition C1 and C2, and demonstrate the error correction
process and the worst case fidelity for it.

To verify C1, notice that for Su,i,j ∪ S̃u,i,j, the first n−2 bits in the bit strings are either
u or ũ, thus (Su,i,j ∪ S̃u,i,j) ∩ (Sv,k,l ∪ S̃v,k,l) = ∅ iff u = v or u = ṽ. Since u, v ∈ S/Z2,
ṽ /∈ S/Z2, so u = v.

103



To verify C2, consider code states generated from different bit strings u and v, notice
that if the errors happen in the last 2 qubits, then since u ̸= v and u ̸= ṽ, the error spaces
are guaranteed to not overlap with each other. If the errors do not happen in the last 2
qubits, then the non-overlap requirement is equivalent to saying that for u, ũ, v, ṽ, there is
no confusion arises assuming the decay occurs at no more than one qubit.

This is exactly the condition for C1 to be an AQEC code for a single AD noise.

It is worth mentioning that when we take u = 00, the above codeword corresponds to
the ((4, 1)) NSA pair-complementary code in Eq. 3.13.

We now demonstrate the error correction process for the pair-complementary code.
Consider the following codewords of ((n, k)) pair-complementary code:∣∣ψ̄u〉 =

1

Nu

(
(1 − γ)−

∥u∥
2 |u00⟩ + (1 − γ)−(

∥u∥+2
2

) |u11⟩

− (1 − γ)−
n−∥u∥−1

2 |ũ10⟩ − (1 − γ)−
n−∥u∥−1

2 |ũ01⟩
)

;∣∣ψ̄′
u

〉
=

1

N ′
u

(
(1 − γ)−

n−∥u∥
2 |ũ11⟩ + (1 − γ)−

n−∥u∥−2
2 |ũ00⟩

+ (1 − γ)−
∥u∥+1

2 |u01⟩ + (1 − γ)−
∥u∥+1

2 |u10⟩
)
. (3.123)

Here we use the superscript u to label the pairs of logical states generated by the codeword
(|u⟩+ |ū⟩ /

√
2) of the ((n− 2, k− 1)) self-complementary code. And similarly as before, Nu

and N ′
u are normalization factors, and ū is the complement of the bit-string u, where for

each qubit site i, we have ũi = 1 − ui.

For an input state
∣∣ψ̄in

〉
=
∑

u au
∣∣ψ̄u〉+ bu

∣∣ψ̄′
u

〉
, there are three kinds of output states

after t = 1 amplitude damping, occurring with probabilities of order O(γ) or higher.
Firstly, an amplitude damping error with only A0 acting on every single qubit changes the
input state to,

|ϕ0⟩ =
∑
u

au
Nu

(|u00⟩ + |u11⟩ − |ũ10⟩ − |ũ01⟩) +
bu
N ′
u

(|ũ11⟩ + |ũ00⟩ + |u01⟩ + |u10⟩) .

(3.124)

Secondly, for an amplitude damping error with operator A1 acting on qubit site i, where
1 ≤ i ≤ n− 2, and operator A0 acting on all other qubits, the input state transforms as:

|ϕ1,i⟩ =


√

γ
1−γ
∑

u

[
au
Nu

(|u′00⟩ + |u′11⟩) + bu
N ′

u
(|u′01⟩ + |u′10⟩)

]
, if ui = 1 ;√

γ
1−γ
∑

u

[
−au
Nu

(|ũ′10⟩ + |ũ′01⟩) + bu
N ′

u
(|ũ′11⟩ + |ũ′00⟩)

]
, if ui = 0 .

(3.125)
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Note that this state contains half as many terms as |ϕ0⟩. We denote by u′ the bit-string
obtained by changing the bit at site i from 1 to 0, and similarly define ũ′.

Finally, for an amplitude damping error with operator A1 acting on one of the last two
qubit sites and operator A0 acting on all remaining qubits, the resulting output states are:

|ϕ...10⟩ =

√
γ

1 − γ

∑
u

[
au
Nu

(|u01⟩ − |ũ00⟩) +
bu
N ′
u

(|ũ01⟩ + |u00⟩)
]
, (3.126)

|ϕ...01⟩ =

√
γ

1 − γ

∑
u

[
au
Nu

(|u10⟩ − |ũ00⟩) +
bu
N ′
u

(|ũ10⟩ + |u00⟩)
]
. (3.127)

Note that, similarly to the second case discussed above, these states contain half as many
terms as |ϕ0⟩. Furthermore, as discussed in Section 3.5.2, there is a large overlap between
the error words |ϕ...10⟩ and |ϕ...01⟩. We therefore consider the classical mixture of these two
error states and adopt the following set of projective measurements:

P0 =
1

4
(|u00⟩ − |ũ10⟩ − |ũ01⟩ + |u11⟩) (⟨u00| − ⟨ũ10| − ⟨ũ01| + ⟨u11|)

+
1

4
(|ũ11⟩ + |u01⟩ + |u10⟩ + |ũ00⟩) (⟨ũ11| + ⟨u01| + ⟨u10| + ⟨ũ00|) , (3.128)

P1,i =

{
1
2

(|u′00⟩ + |u′11⟩) (⟨u′00| + ⟨u′11|) + 1
2

(|u′01⟩ + |u′10⟩) (⟨u′01| + ⟨u′10|) , if ui = 0 ;
1
2

(|ũ′10⟩ + |ũ′01⟩) (⟨ũ′10| + ⟨ũ′01|) + 1
2

(|ũ′11⟩ + |ũ′00⟩) (⟨ũ′11| + ⟨ũ′00|) , if ui = 1 ,

(3.129)

PS =
1

6
(|u01⟩ + |u10⟩ − 2 |ũ00⟩) (⟨u01| + ⟨u10| − 2 ⟨ũ00|)

+
1

6
(|ũ01⟩ + |ũ10⟩ + 2 |u00⟩) (⟨ũ01| + ⟨ū10| + 2 ⟨u00|) , (3.130)

PA =
1

2
(|u01⟩ − |u10⟩) (⟨u01| − ⟨u10|) +

1

2
(|ũ01⟩ − |ũ10⟩) (⟨ũ01| − ⟨ũ10|) . (3.131)

We continue to calculate the worst-case fidelity achievable without residual logical er-
rors. To ensure clarity, we introduce the following notation. For simplicity of calculation,
we denote the logical states by

∣∣ψ̄λ〉, labeled by index λ, which have the form:∣∣ψ̄λ〉 =
1

Nλ

∑
α

±(1 − γ)−∥λα∥/2 |λα⟩ . (3.132)

Here, the index α labels the individual computational-basis components of the logical
state, Nλ is the normalization factor, and some bases carry alternating signs. If the noisy
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states are projectively measured to be in the subspace of P0, after the error correction, the
contribution to the fidelity is given by

F0 = 4 min
λ
N−2
λ , (3.133)

which can be expanded in a Taylor series up to order O(γ2).

N−2
λ =

[∑
α

(1 − γ)−∥λα∥

]−1

=

[
4 +

(∑
α

∥λα∥
)
γ +

1

2

(∑
α

∥λα∥ +
∑
α

(∥λα∥)2

)
γ2 + · · ·

]−1

=
1

4

[
1 −

∑
α ∥λα∥

4
γ +

(
(
∑

α ∥λα∥)2

16
−
∑

α (∥λα∥ + (∥λα|)2)
8

)
γ2

]
+ · · · . (3.134)

Note that from the structure of the pair-complementary codewords given in Eq. (3.123), it
follows that

∑
α ∥λα∥ = 2n for any basis logical state. Therefore, the leading contribution

to worst-case fidelity is

F0 = 1 − n

2
γ +

(
n2

4
− 2n+ maxλ [

∑
α(∥λα|)2]

8

)
γ2 +O(γ3) . (3.135)

Note that within each pair of the logical states in the pair-complementary codes, i.e.
consider Eq. (3.31) for a specific u, the sum of squared Hamming weights in each computa-
tional basis is the same, i.e. the quantity

∑
α(∥λα∥)2 is equal. Thus to find the maximum,

we only need to identify the bit-string u that maximizes the following quantity S(u),

S(u) =
∑
α

(∥λα∥)2 =
[
(∥u∥)2 + (∥u∥ + 2)2 + 2(n− ∥u∥ − 1)2

]
. (3.136)

This maximum occurs when u is the all-zero bit-string (or equivalently, the all-one bit-
string), resulting in the maximum value:

max
u

S(u) = 22 + 2(n− 1)2 = 2n2 − 4n+ 6 . (3.137)

Thus, we arrive at

F0 = 1 − n

2
γ +

n− 3

4
γ2 +O(γ3) . (3.138)

We can similarly obtain the contribution from the projection P1,i:

F1 =
2γ

1 − γ
min
λ
N−2
λ =

γ

2
+ (1 − n

2
)
γ2

2
+O(γ3) . (3.139)
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Finally, we can determine the contributions from the projections PS and PA:

F ′
1 = F ′

1,S + F ′
1,A = (3 + 1) · γ

1 − γ
min
λ
N−2
λ = γ + (1 − n

2
)γ2 +O(γ3) . (3.140)

Summarizing these results, we obtain the worst-case fidelity up to the order O(γ3):

F = F0 + (n− 2)F1 + F ′
1 = 1 − n2 − 3n+ 3

4
γ2 +O(γ3) , (3.141)

which is higher than the worst-case fidelity Eq. (3.82) of the ((n, k)) self-complementary
NSA code.

3.6.4 Recovery and worst-case fidelity of binomial NSA codes

The binomial code has been proposed to use a single bosonic mode for boson loss and
gain errors. In this subsection, we show that one can have an NSA generalization of the
binomial code with improved fidelity. Since we focus on a single atom loss error in this
chapter, we consider the simplest version of the binomial code, i.e. the 0-2-4 code, which
can correct the amplitude damping noise with ℓ ≤ 1, where the Kraus operators are as
follows:

Aℓ =

(
γ

1 − γ

)ℓ/2
al√
ℓ!

(1 − γ)n̂/2 . (3.142)

The code states are as follows:

|0̄⟩ =
1√
2

(|0⟩ + |4⟩) ;

|1̄⟩ = |2⟩ . (3.143)

Note that this can be thought of as being reduced from the ((4, 1))2 qubit code in [91] by
summing up the bit strings in each basis. Following our NSA generalization of the 4-qubit
self-complementary code, we can generalize the 0-2-4 code to the NSA version, with the
code states:

|0̄′⟩ =

√
1

1 + (1 − γ)−4

(
|0⟩ + (1 − γ)−2|4⟩

)
, |1̄′⟩ = |2⟩ . (3.144)

The recovery and fidelity of the (non-)NSA 0-2-4 code is also similar to their (non-)NSA
4-qubit counterpart, which we state below for concreteness.
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For the non-NSA 0-2-4 code, we consider the input qubit state,

|ψ̄in⟩ = a|0̄⟩ + b|1̄⟩ , (3.145)

after the amplitude damping noise A0 or A1 all possible final states will be:

|ϕ0⟩ = a
|0⟩ + (1 − γ)2|4⟩√

2
+ b(1 − γ)|2⟩ ; (3.146)

|ϕ1⟩ =

√
2γ

1 − γ
(a(1 − γ)2|3⟩ + b(1 − γ)|1⟩) . (3.147)

The syndrome measurement could be done by a parity measurement of the boson number,
and the fidelity after the recovery will be

F = min

{
1 + (1 − γ)4

2
, (1 − γ)2

}
+

2γ

1 − γ
min{(1−γ)4, (1−γ)2} = 1−5γ2+O(γ3) (3.148)

For the NSA 0-2-4 code, we consider the input qubit state,

|ψ̄in⟩ = a|0̄′⟩ + b|1̄′⟩ , (3.149)

after the amplitude damping noise A0 or A1 all possible final states will be:

|ϕ0⟩ = a
|0⟩ + |4⟩√

1 + (1 − γ)−4
+ b(1 − γ)|2⟩ , (3.150)

|ϕ1⟩ =

√
2γ

1 − γ
(

√
2

1 + (1 − γ)−4
a|3⟩ + b(1 − γ)|1⟩) . (3.151)

The syndrome measurement could also be done by a parity measurement of the boson
number, and the fidelity after the recovery will be

F = min

{
2

1 + (1 − γ)−4
, (1 − γ)2

}
+

2γ

1 − γ
min

{
2

1 + (1 − γ)−4
, (1 − γ)2

}
= 1−3γ2+O(γ3) ,

(3.152)
which is higher than the non-NSA counterpart as in Eq. (3.148).

3.7 Discussions

Building on observations from machine learning methods, we formalized a novel frame-
work for AQEC codes featuring noise strength adaptation, which enables advantages over
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conventional codes. Specifically, by employing a hybrid quantum-classical learning algo-
rithm, we identified two ((4, 1)) noise-strength-adapted AQEC codes tailored for amplitude
damping noise, with performance surpassing its previously known non-NSA counterpart.
The NSA framework generalizes to two families of codes for arbitrary system size, show-
casing its scalability. Moreover, it extends to AQEC for single-photon loss through the
NSA version of the 0-2-4 binomial code. These codes are all non-stabilizer codes.

Our NSA-based codes optimize code performance by directly incorporating the actual
noise strength into the design process, opening a new avenue for code design. Our findings
show that NSA codes consistently outperform their non-NSA counterparts, highlighting the
advantages of adapting codes to specific noise environments. This suggests that quantum
error correction and fault tolerance procedures may significantly benefit from noise-strength
adaptation. Future investigations could explore how the NSA principle may extend to other
noise models or hybridize with existing QEC paradigms to enhance performance under real-
world conditions. Furthermore, loss functions based on different measures [155, 100] can
be employed, which may lead to other structures of NSA codes and inspire new AQEC
studies.

In this study, the enhanced performance of our NSA codes relies on the constraint that
no residual logical errors remain after correction. Nevertheless, we anticipate that our NSA
framework can also be effectively applied to scenarios where this constraint is not strictly
necessary. Additionally, we generalized the NSA self-complementary code to qudit systems
and expect similar generalizations to be feasible for pair-complementary codes.

Beyond NSA codes, our ML-based methodology provides a systematic approach for ex-
ploring quantum error correction codes. In particular, for codes with well-defined algebraic
structures—such as stabilizer codes— machine learning methods, including reinforcement
learning, could be effective in identifying new codes [106, 129, 154]. By applying these
techniques to structured families of quantum codes, future research may uncover novel
error correction strategies that would be difficult to find through conventional analytical
approaches.
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Bowen. Quantum error correcting codes in eigenstates of translation-invariant spin
chains. Phys. Rev. Lett., 123:110502, Sep 2019.

[16] Adam R. Brown, Hrant Gharibyan, Geoff Penington, and Leonard Susskind. The
Python’s Lunch: geometric obstructions to decoding Hawking radiation. JHEP,
08:121, 2020.

[17] L. S. Brown and J. C. Collins. Dimensional renormalization of scalar field theory in
curved space-time. Annals Phys., 130:215, 1980.

[18] R.-G. Cai and J. B. Griffiths. Null particle solutions in three-dimensional (anti-)de
sitter spaces. J. Math. Phys., 40:3465–3475, 1999.

[19] M. Campanelli and C. Lousto. Exact gravitational shock wave solution of higher
order theories. Phys. Rev. D, 54:3854–3860, 1996.

[20] Chenfeng Cao, Chao Zhang, Zipeng Wu, Markus Grassl, and Bei Zeng. Quantum
variational learning for quantum error-correcting codes. Quantum, 6:828, October
2022.

[21] S. Carlip. Black hole entropy from conformal field theory in any dimension. Phys.
Rev. Lett., 82:2828–2831, 1999.

111



[22] S. Carlip. Entropy from conformal field theory at killing horizons. Class. Quant.
Grav., 16:3327–3348, 1999.

[23] S. Carlip. Black hole entropy from bondi-metzner-sachs symmetry at the horizon.
Phys. Rev. Lett., 120(10):101301, 2018.

[24] A. Castro, A. Maloney, and A. Strominger. Hidden conformal symmetry of the kerr
black hole. Phys. Rev. D, 82:024008, 2010.

[25] N. Cerf, Gerd Leuchs, and E. Polzik. Quantum Information With Continuous Vari-
ables of Atoms and Light. Imperial College Press, 02 2007.

[26] Venkatesa Chandrasekaran, Geoff Penington, and Edward Witten. Large N algebras
and generalized entropy. JHEP, 04:009, 2023.

[27] L.-Q. Chen, W. Z. Chua, S. Liu, A. J. Speranza, and B. d. S. L. Torres. Virasoro hair
and entropy for axisymmetric killing horizons. Phys. Rev. Lett., 125:241302, 2020.

[28] Luca Chirolli and Guido Burkard. Decoherence in solid-state qubits. Advances in
Physics, 57(3):225–285, 2008.

[29] G. Compère and A. Fiorucci. Advanced lectures on general relativity, 2018.
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