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1. Introduction

1.1. Let H be a complex, separable Hilbert space, and let B(H) denote the algebra
of bounded linear operators acting on H. By K(H) we denote the two-sided ideal of
compact operators in B(H). An element E € B(H) is said to be idempotent if £? = E,
and we denote by € the set of all idempotent operators on H. A number of authors [22,
36,18] have considered the problem of determining which elements of B(#) may be
written as a commutator [E, F] := EF — FFE or a difference £ — F of idempotents.
As pointed out in the paper [28], one very good reason for being interested in this
problem is that if there exists a pair A, B € B(H) of operators each satisfying a quadratic
equation (meaning that each is a translation of an idempotent operator by a scalar
operator), and if the commutator of A and B is quasinilpotent but not triangularisable,
then there exists an operator T € B(H) without invariant subspaces! In the finite-
dimensional setting, characterisations of the sets €¢ = {[E,F]: E,F € ¢} and D¢ :=
{E — F : E,F € ¢} have been obtained [22,18]. The corresponding characterisations in
the infinite-dimensional setting are far more delicate; partial results are due to Drnovsek,
Radjavi and Rosenthal [18] and Wang and Wu [36].

The fact that E € € implies that ST'ES € & whenever S € B(H) is invertible
implies that both €¢ and D¢ are invariant under conjugation by invertible operators.
The work of Herrero on norm-approximation of similarity-invariant sets in the 1980s led
him to conjecture the existence of a metatheorem [24] which suggests that if a similarity-
invariant set W C B(H) has “sufficient structure”, then the list of all spectral, semi-
Fredholm and algebraic conditions that the Riesz-Dunford functional calculus and the
stability properties related to the set of semi-Fredholm operators impose upon elements
of the norm-closure cLos (W) of W are also sufficient to characterise membership in that
set. (We shall not require a precise definition of “sufficient structure” here — we refer the
reader to Herrero’s paper.) Loosely stated, to characterise cLos (W), one writes down
the list of spectral, index and algebraic conditions required to belong to that set, and
then goes about proving that the necessary conditions are also sufficient. While that last
step is typically quite difficult — such problems have the advantage that one always has
a conjecture as to what the characterisation should be.

In this paper, we adopt Herrero’s approach as we continue our work from [25] on
the problem of characterising the norm-closure of €¢. In the first paper, we described
CLOS (€¢) and CLOS (D¢) when dim H < oo, as well as describing K(#H) N cLOS (€¢) in
the infinite-dimensional setting. Our current goal is three-fold:

o firstly, we shall characterise the set of biquasitriangular operators which lie in
cLOS (€¢). The biquasitriangular operators are those operators T for which 7' — AT
has semi-Fredholm index equal to zero whenever it is defined. We shall obtain our
characterisation by first establishing that all nilpotent operators belong to CLOS (€¢),
and using this to help us describe the set of normal operators which lie in that set.
From a theorem of Apostol, Foiag and Voiculescu [4], one deduces that the set (BQT)
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of biquasitriangular operators agrees with the norm-closure of the set of all operators
which are similar to normal operators, and this will prove useful in extending our
result for normal operators in CLOS (€¢) to biquasitriangular operators in CLOS (€¢).

o Next, we take a first step towards determining which non-biquasitriangular operators
belong to CLOS (€¢) by establishing an index obstruction which allows us to deduce
that for the unilateral forward shift S and x € C, we have that xS € cLOS (C¢) if
and only if || < 1.

 Finally, we consider a number of factorisation problems for operators in B(#). More
specifically, we determine that every operator in B(#) may be written as a sum of
at most five elements of €¢, and as a product of at most three elements of that set.

1.2 Notation. Let us now establish a number of definitions, notations and observations
we shall require below.

If o# K CC and d >0, then (K); :={z € C :|z—k| < for some k € K}, while
[K]s :={z€C:|z—k| <6 for some k € K}.

Given an operator T' € B(#), we denote by o (T') the set of all isolated eigenvalues
of finite multiplicity of T. For a Borel subset Q@ C C with Q N o(T) being a clopen
subset of o(T), we denote by dim H(Q;T) the dimension of the Riesz subspace for T
corresponding to the set QN o (T).

Two operators A, B € B(H) are approximately unitarily equivalent (and we write
A ~, B) if there exists a sequence (U, ),, of unitary operators such that B = lim,, U} AU,,.
It is readily verified that this is an equivalence relation. For A € B(H), we denote by
U(A) := {U*AU : unitary U € B(H)} the unitary orbit of A, while S(A) := {S™1AS :
invertible operator S € B(#H)} denotes the similarity orbit of A.

Let 1 < p < oo be a real number. The Schatten p-class C,,(#) consists of those compact
operators K with the property that the eigenvalues (s,), of |K| := (K*K)z (i.e. the
singular numbers of K) belong to ¢P. Each C,(H) is a Banach space with the norm
IK|lp == |(sn)nllp, and each Cp(#H) is a two-sided ideal of B(H). We refer the reader
to [13] for more information on these sets. The space C;(#H) is also known as the set of
trace class operators, while Co(#H) is referred to as the set of Hilbert-Schmidt operators.

Let m : B(H) — B(H)/K(H) denote the canonical quotient map of B(H) into
the Calkin algebra. The essential spectrum of T is the set 0.(T) = {A € C
m(T) is not invertible in B(H)/K(H)}. An operator T € B(H) is said to be semi-
Fredholm if w(T") is either left- or right-invertible in the Calkin algebra. We recall that
the semi-Fredholm domain of an operator T € B(H) is defined as

psr(T) :={X € C: (T — \) is semi-Fredholm}.
When T is semi-Fredholm, we define the semi-Fredholm index of T" to be:

INDT := NULT — NULT™.
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This is well-defined (as an element of Z U {£oo}, as at least one of NULT and NULT™ is
necessarily finite). A standard result [10] shows that the set of semi-Fredholm operators
with a fixed index m € Z U {£o0} is open.

In the event that T is semi-Fredholm and its semi-Fredholm index is finite, we say
that T is Fredholm. In this case, w(7T') is invertible in B(H)/KC(H) [10]. We shall denote
the set of Fredholm operators on H by FRED(H).

We shall also denote the spectral radius of T by SPR(T) = max{|a| : a € o(T)}.

An involution is an invertible operator S € B(H) such that S = S~!. We define the
sets

NIL(H) := {T € B(H) : T* = 0 for some k > 1};
NEGg(H) :={T € B(H) : T is similar to — T'};
NEGws(H) :={T € B(H) : T is involution-similar to — T'}.

1.3 Definition. An element T € B(H) is said to be weakly balanced if

(a) o(T) =o(-T).
(b) If Gy, G are disjoint open sets such that o(7T) C G1 U Go, then

dim H(G1;T) = dim H(—Gy;T).

We say that T is balanced if 7" is weakly balanced (in the above sense) and for all
A€ C, T — M is semi-Fredholm if and only if T"+ A is semi-Fredholm, in which case
we also require that

IND (T — M) = IND (T + AI).

We denote by WBAL(#H) (resp. BAL(H)) the set of all elements of B(#) that are
weakly balanced (resp. balanced).

It is worth observing (and we shall use this fact below) that if 7" € B(H) is balanced,
then o¢(T) = 0.(—T). Indeed, if T is balanced and A ¢ ¢.(T), then T'— AI is Fredholm
and has finite index, whence T + A is Fredholm with finite index, i.e. =\ ¢ o.(T) or
equivalently, A ¢ o.(—T). It is routine to verify that T is balanced if and only if —T is
balanced, from which the result easily follows.

We recall the following result [25, Proposition 2.2]:

1.4 Proposition. For any Hilbert space H,
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1.5. Finally, given a non-empty subset S C B(#), we denote by LATS the invariant
subspace lattice of S;

LATS := {M C H : M a closed subspace of H and SM C M for all S € S}.
When § = {S} is a singleton set, we simply write LAT S.
2. Nilpotent operators in €¢ and in clos (€¢)

2.1. Recall that an element ¢ of a Banach algebra A4 is said to be quasinilpotent if
o(q) = {0}. As we shall now see, a quasinilpotent operator @ € B(H) belongs to €¢
if and only if there exists an involution J € B(H) such that J? = I and —Q = JQ/J.
Unfortunately, given @ € B(H) quasinilpotent, it is highly non-trivial to determine
whether or not such an involution exists.

We first require the following result from [18, Theorem 1].

2.2 Theorem (Drnovsek, Radjavi and Rosenthal). Let R be a unital ring with identity 1
in which the element 2 is invertible, and t € R. Then t is a commutator of a pair of
idempotents in R if and only if there exist j and s € R such that j2 =1, jt +tj = 0,
js =sj, st =ts and52:t2+i.

In other words, ¢ is a commutator of idempotents in R if and only if ¢ 4 % admits
a square root which not only commutes with ¢, but also with an involution j which
implements the similarity of ¢t and —t.

We say that a compact subset K C C does not separate 0 from oo if 0 lies in the
unbounded component of C \ K.

2.3 Proposition. Let T € B(H). If T € C¢, then T is similar to =T wvia an involution
operator. Conversely, if the spectrum of T? + i[ does not separate 0 from oo and T is
stmilar to =T via an involution operator, then T € Cg.

Proof. If T € €¢, then by Theorem 2.2, there exists J € B(#H) such that J? = I and
JT +TJ =0, or equivalently, =T = JTJ.

To prove the converse, suppose that J is an involution operator and that JT+TJ = 0.
Then

1 1 1
J(T? 4 1) = =TJT + 2 = (T* + 71)J.

Since T? 4 i[ does not separate 0 from oo, from the Riesz functional calculus, 7% + i[
admits a square root S which lies in the norm-closed algebra generated by T2 + il .
Since T? + %I commutes with both J and T', we have that SJ = JS and ST =TS. By
Theorem 2.2, T € €¢. O
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2.4 Corollary. Let T € B(H) with SPR(T) < & or T be a compact operator with +5 ¢
o(T). Then T € €¢ if and only if T is similar to =T wvia an involution operator.
In particular, if Q@ € B(H) is quasinilpotent, then Q € C¢ if and only if Q is similar

to —Q wvia an involution operator.
The next corollary will prove useful in Section 3.

2.5 Corollary. Let Q € B(H) be a quasinilpotent operator and let o € C \ {£%}. Then

|l +Q 0
R, = 0 —OéI—Q:| € Ce.

Proof. Note that R, is similar to —R,, via the involution operator {(I) ﬂ dfa # :t%7

then o(R% 4+ 1I) = {a® + 1} does not separate 0 from co. By Proposition 2.3, R, €
Ce. O

2.6. There have been multiple examples of nilpotent operators M of order three such
that M is not similar to —M (and consequently M ¢ €g). These examples resemble
each other in the sense that they are all of the form

0 D I
M=|0 0 D
0 0 0

for an appropriate operator D € KC(H). The first construction we know of is [3, Exam-
ple 9.48] where D = DIAG(%). There, Apostol, Fialkow, Herrero and Voiculescu show
that M ~ oM if and only if & = 1. The second construction of which we are aware
appears in the proof of [36, Proposition 1.11] where D = DIAG(") for some fixed € > 0.

In fact, the family of examples of nilpotent operators M of this form which are not
similar to their negatives can be extended considerably, as we shall now prove.

2.7 Lemma. Suppose that 0 < P is of the Hilbert-Schmidt class, but that it is not a trace
class operator. If Z € B(H) is invertible, then

ZPZ '+ P ¢ Ci(H).

Proof. We shall argue by contradiction. Suppose, to that end, that ZPZ '+ P € C;(H).
Let Z = U|Z| be the polar decomposition of Z, and observe that U is unitary. Since
C1(H) is invariant under unitary conjugation (it is in fact an ideal of B(H)), we see that

|Z|P|Z|7' + U*PU € Cy(H).
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Moreover, |Z| is normal, and thus by a result of Voiculescu [35] (see also [14]), given
e > 0, there exists a Hilbert-Schmidt operator K with ||K| < ||K]l2 < € such that
D :=|Z] — K is diagonalisable. Note that by choosing ¢ sufficiently small (for example
0<e<|Z7Y 1), we may guarantee that D is invertible.

Defining L := |Z|~! — D7!, we have that

I=|Z"Y2Z|=D '+ L) (D+K)=I+D'K+LD+ LK.
Thus
LD =—(D"'"+L)K € C2(H).

Since D is invertible and Co(H) is also an ideal of B(H), L = (LD)D~! € Co(H).
Thus

|Z|P|Z|"' +U*PU = (D+ K)P(D™* + L) + U*PU
=DPD'+DPL+ KPD '+ KPL+U*PU.
Since P, L and K € Co(H), and since the product of two Hilbert-Schmidt operators is
a trace-class operator, it follows that DPL, KPD~! and KPL € C;(#). From this we
see that
DPD™' 4+ U*PU € C,(H).
Fix an orthonormal basis {e, }, relative to which D is diagonal, say D = DIAG(d}, ).
Let ay, := (Pey,e,) and 5, := (PUe,,Ue,), n > 1. Observe that a,,, 8, > 0 for all n.
Since DPD~! + U*PU € C1(H), we obtain (keeping in mind that series of positive

terms may be rearranged in any order without changing their sum):

TR(DPD™! + U*PU) =Y (PD 'en, D*ey) + (PUey, Uey)
=Y (Pd, e, dyen) + Bn
= (an +B)
= Z ap + Z B
But Y, an, =", By = TR(P) = o0, since P ¢ Ci(H), a contradiction. Thus

ZPZ '+ P¢Ci(H). O
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2.8 Proposition. Let 0 < D be an element of C3(H) such that D is injective, has dense
range, and D? is not a trace-class operator. Let

0 D I
M:= |0 0 Dj.
0 0 0

Then M is not similar to —M .

Proof. Suppose that S = [S;;] is invertible and SM S~ = —M. Then SM = —M S and
S0
0 SuuD Si1+ S12D

0 So1D S+ S22D
0 Ss1D S31+ S39D

DS31 DS32 DSBB

[Dsm +S31 DS+ S32 DSa3 + S33
a 0 0 0

Since D is injective with dense range, we immediately conclude by considering the (3, 2)-
operator entry that S3; = 0. By next looking at the (1, 1)- and the (3, 3)-operator entries,
we conclude that Sy; = 0 = S35, whence

S Si12 Sis
S = 0 522 523 .
0 0 Sss
A similar computation applied to S~! shows that it too is block upper-triangular, and
thus that S;; is invertible, 1 < j < 3.
The above matrix equation also implies that

(i) SllD = —DSQQ;
(ii) SQQD = —DS33; and
(iii) S11 + S12D = —DSs3 — Ss33.

From these we see that

(iV) 511D2 = D25337 and that
(v) S11+ Ss3 = —(S12D + DSa3).

Hence
(511 + Sg3)D2 = S11.D2 + 533D2 = D2533 + SggD2 = —(SlgD + DSQS)DQ.

Observe that S12D, DSs3 € C3(H) since D € C3(H) and the latter is an ideal, and that
D? € C3/5(H) since D € C3(H). From this and Holder’s inequality with p = 3 and
g = 3/2, it follows that the right-hand side of the above equation lies in C;(H), the set
of trace-class operators on H.
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As for the left-hand side of the equation, by setting Z := S33 and P = D? in
Lemma 2.7, we see that

Sa3 D283 + D? ¢ Ci(H),
whence

Ss3D* + D*S33 ¢ C1(H),
a contradiction. Thus M is not similar to —M. O

2.9. As previously mentioned, it is not always easy to determine whether or not a given
quasinilpotent operator M is similar to —M. For example, let V denote the classi-
cal Volterra operator in B(L?([0,1],dx)). As of yet, we have been unable to determine
whether M ~ —M, where

0 Vv I
M=1|0 0 V
0 0 0

More delicate still is the following question which we leave to the interested reader.

Question. Suppose that M € B(H) is nilpotent of order k£ > 3 and that M is similar to
—M. Does there exist an involution J € B(H) such that —M = JMJ?

Fortunately, the question of determining which nilpotent operators lie in CLOS (€¢) is
much more tractable, and we now turn our attention to this problem.

2.10. If X and Q) are Banach spaces, R € B(2), T € B(X), we may define the corre-
sponding Sylvester-Rosenblum operator

TR, T * B(X,QJ) — B(%,QJ)
Z — RZ-ZT.

It is a standard result (due independently to Sylvester in the matrix setting [32] and to a
number of people (see [8]) including Krein, Dalecki and Rosenblum [29] in the operator
setting) that if o(R) N o(T) = @, then 7 r is invertible. Indeed, the operators

Ani BEY) - BEY) . er: BRY) - BEY)
Z — RZ A — T

are commuting elements of B(B(X,2))), and by standard Banach algebra techniques, it
follows that

o(trr) = 0(Ar — or) C 0(Ar) —a(or) € o(R) — o(T).
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We shall use this in the following way. Suppose that A € B(H) and that M € LAT A.
Write

_ A A
[ i

relative to the decomposition H = M @ M*. If 6(A;) N o(A4) = @, then A is similar
to B := A; @ Ay. Indeed, since 74, 4, : B(ME, M) — B(M*, M) is invertible, there
exists X € B(M*, M) such that A1 X — XAy = As.

Let S = (relative to the same decomposition of H), and note that S is clearly

I X
0 I
invertible. Furthermore,

e [ =X] A 0] I X]_ A AX —XA,] _
5 BS = L) I ] [0 A4] [o I] = {o A |74

2.11. Recall that if 0 # M € B(H) is nilpotent of order k > 2 and H; := ker M7 &
ker M7~1 1 < j <k, then

dim H;_y > dim H;, 2<j5<k.
2.12 Lemma. Let 0 # M € B(H) be nilpotent of order k > 2, and suppose that
dim(ker M*~1)+ = cc.
Then M € cLos (C¢).

Proof. As before, let H; := ker M7 ©ker M7~ 1 < j < k. By the observation preceding
the Lemma, dim H; = oo for all 1 < 5 < k. Note that relative to the decomposition

H= @?:17-[]-, we may write

0 My Mz --- My
0 0 My --- Moy,

Mo l0 0 0 e My
0 0 0 Mk—l,k
0 0 0 0

Let ¢ > 0. For 1 < j < k, let D; € B(H;) be a normal operator with ¢(D;) =
oe(Dj) ={5,5},and let D = @?lej. Then ||D|| = sPr(D) < ¢, and

Dy My M3z --- My
0 Dy DMy --- Moy,

MaD— |0 0 Dy o My
0 0 0 Mk—l,k
0 0 0 cee Dy,
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By repeated applications of the observation in Section 2.10, we see that M + D is similar
to D. But D is normal and D ~ —D. By [18, Proposition 3], we conclude that D € C¢.
Since €¢ is invariant under similarity, M + D € €¢ as well.

Finally, since ||(M + D) — M|| = | D|| < ¢, and since € > 0 was arbitrary, we conclude
that M € cLos (€¢). O

2.13 Theorem. Let 0 # M € B(H) be nilpotent of order k > 2. Then M € cLOS (€¢).
Proof. Define H; := ker MIoker Mi71, 1 < j <k+1, and choose 1 < kg < k such

that dim Hy, = oo > dim Hy,+1.
Relative to the decomposition H = @leHj, we may write

0 Mlg M13 Mlk
0 0 My -+ My

Mol0 0 0 o My
0 0 0 Mk—l,k
0 O o - 0

Observe that Hy := Hpg41 @ Higr2 @ - -+ @ Hy is finite-dimensional. Relative to the
decomposition H = (H)* & Hy, we may write

)

0 X4

Let € > 0. Now, X; € B(’HJ%) is a nilpotent which satisfies the conditions of Lemma 2.12,
and as such, as in the proof of that Lemma, we can find an operator Y; such that

« Yy = [E}, Fy] for some idempotents F1, F} € B(Hj;); and
e (Y1) =0.(Y1) and o(Y7) N {0} = @.
. ||X1 — Y1|| <e.

Note that X4, is a finite-rank nilpotent operator, so it is a bona fide commutator of
idempotents, by [18, Proposition 6]. Choose idempotents Ey, Fy € B(Hy) such that

Xy = [Ey, Fy].

Y1 Xo

LetY:{O X,

} . Clearly

Y = M| =X, -1l <e.

Setting E = E1 @ E4 and F = F| @ Fy, we find that E and F € B(H) are idempotents,
and by the comments of Section 2.10, Y is similar to
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Y10 Xy = [El,Fl] D [E47F4] = [E,F}

Since Y1 ® X4 € €¢ and the latter is invariant under similarity, Y € €¢. But |M-Y| < ¢,
and € > 0 was arbitrary, whence M € cLOS (€¢). O

2.14 Corollary. Let T € B(H) satisfy:

(i) o(T) is connected and 0 € o(T).
(ii) 0e(T) is connected and 0 € o.(T).
(iii) IND(T — AI) =0 for all X in the semi-Fredholm domain of T.

Then T € cLOS (C¢).

Proof. The set of operators T' € B(H) which satisfy the above conditions is precisely
the norm-closure of the set of all nilpotent operators in B(H), by a celebrated theorem
of Apostol, Foiag and Voiculescu [5]. The result now follows immediately from Theo-
rem 2.13. O

As we shall see below — Theorem 4.2 — a result of Apostol, Foiag and Voiculescu
shows that the set of operators in B(H) which satisfy condition (iii) is precisely the set
of biquasitriangular operators.

3. Normal operators in clos (€¢)

3.1. It is an immediate consequence of Corollary 2.14 that if N € B(H) is normal,
0 € o(N) and o(N) is connected, then N € cLOS (€¢). Our next goal is to describe the
set of all normal operators which lie in cLOS (C¢).

3.2 Lemma. Let A be a unital Banach algebra. Let a,b, € A, n > 1, and suppose that
a = lim, b,. If o(b,) = o(=by) for all n > 1, then every connected component of o(a)
intersects o(—a).

Proof. Suppose otherwise, and let 2 C o(a) be a connected component such that
QN—c(a) =QNo(—a)=2.

Writing A :=o(a) \ 2, we then have that QN —-Q =@ and QN -A =g =-QNA.

It follows that 2, —Q and (AU —A) are three disjoint, compact sets. Being bounded,
they are contained in the closed ball B(0,u) := {z € C : |z| < u} for some u > 0.
Furthermore, B(0, 1) is compact and Hausdorff, hence normal (as a topological space).

We can therefore find three disjoint open sets G, G; and G2 such that (AU—A) C Gy,
QA C Gy and —Q) C Gs. Let Hy := G1 N —G5 and Hy = —H4, so that Hy, Hy are open,
each being the intersection of two open sets. Furthermore, H; C G; and Hy C G,
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so that Gy, H; and Hy are disjoint open sets with 2 C H; and —Q2 C Hj. Clearly
a(a) C GoU H;.

Using the upper semi-continuity of the spectrum and Newburgh’s Theorem (cf. [23,
Theorem 1.1]), there exists 6 > 0 such that ||y —al| < ¢ implies that o(y) € GoU H; and
o(y) NGy # & # o(y) N Hy. If, furthermore, o(y) = o(—y), then o(y) N H; # & implies
that o(y) N He # &, a contradiction.

This completes the proof. 0O

3.3 Lemma. Let T' € cLos (WBAL(H)). If o, —« are isolated points in o(T), then
dim H({a}; T) = dim H({—a};T).

Proof. Suppose that 7' € cLos (WBAL(H)), and that o, —« € o(T) are isolated points.
Then there exist disjoint open sets Gy, Gy such that a € G, —a € Gy := —G; and
A:=0(T)\ {a, —a} C Gy.

As in Lemma 3.2, the upper semi-continuity of the spectrum and Corollary 1.6 of [23],
there exists ¢ > 0 such that ||Y — T'|| < § implies that

L G'(Y) Q GoUGlUGQ,
e o(Y)NGL # @, k=1,2,3, and
o dim H({a};T)=dim H(c(Y)NG1;Y), dim H({—a};T) = dim H(c(Y) N Ga;Y).

In particular, if B € WBAL(H) and ||B — T|| < 4, then
dim H({a};T) = dim H(c(B) N G1; B) = dim H(c(B) N Ge; B) = dim H({—a};T). O

3.4 Example. The next example will hopefully be of use in helping the reader understand
the conditions of Theorem 3.5 below. Let N € B(H) be a normal operator with o(N) =
Fl U FQ U Fg @] F4, where

. Flz{—l};

e Dy={—g5+iy: -1<y<1}

o I3={-1+iy:-1<y<1}; and
o I'y=1[0,1].

Suppose furthermore that —1 is an isolated eigenvalue of N of multiplicity 3. Then
N € cLos (Cg).

First note that N ~, Is & N, so that N ~, (—I3 ¢ I3) & N°, where N° is the
compression of N to ker (N + I)*. Since (—I3 @ I3) € C¢, it suffices to prove that
N° € cLos (C¢).

Let Q € B(H) be a quasinilpotent operator such that ¢ := 7(Q) € B(H)/K(H) is
not nilpotent. (For example, @ := V() where V denotes the Volterra operator.) Then
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by the results of Herrero [23, Proposition 8.3], @ is a universal quasinilpotent operator

in the sense that cLos (S(Q)) = crLos (NIL (H)). Of course, —@Q is also a universal

quasinilpotent by Herrero’s result. In particular, any normal operator M whose spectrum

is connected and contains 0 lies in cLOS (S(Q)) N cLos (S(—Q)) [23, Proposition 5.6].
Now for any X € B(H), T := X & —X € BAL (), and so for any a € C,

Ry = (ol + Q) ® (—ad — Q) € BAL (H).

In particular, by Corollary 2.5,

9
10

]_
Ro &Ry~ 0
o © Iy > 0
0

Let N; be a normal operator with o(Nz) = I's. Then Ny € cros (S(—51 — Q))
Similarly, if N3 is a normal operator with o(N3) = I's, then N3 € cLos (S(—31 — Q))
Finally, if Ny is a normal operator with o(N;) = I'y = [0, 1], then Ny € cLos (S(31+Q))
and Ny € cLos (S(551 + Q)).

Since N° and Ny@ N3 @ Ny are normal operators and o(N°) = o(Na@® N3® Ny) has no
isolated points, it follows that o.(N°) = 0(N°) = 0(No® N3 B Ny) = 0.(Na ® N3 D Ny).
By the Weyl-von Neumann-Berg Theorem [7] (see also [15, Corollary 11.4.2]),

)

N® >4 No® N3 D Ny
=~y No@® N3 ® Ny ® Ny
€ CLOS (S(Ro @ Ry1))
C cLos (C¢).

3.5 Theorem. Let N € B(H) be a normal operator. The following conditions are equiva-
lent:

(a) N € cLos(C¢).

(b) N € cros (BAL(H)).

(¢c) (i) Ewvery connected component of o(N) intersects o(—N).
(ii) Ewvery connected component of o.(N) intersects o.(—N).
(iii) If o, —ax € o(N) are isolated points, then

dim H({a}, N) = dim H({—«a}, N).

Proof. (a) implies (b). For N € €¢, N is similar to —N, therefore, N € BAL(H).
(b) implies (c).
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Write N = lim,, M,,, where each M,, € BAL(H). By Definition 1.3 and the comments
which follow it, o(M,) = —o(M,) and o.(M,) = —o.(M,) for all n > 1. By
Lemma 3.2, conditions (i) and (ii) of (c) hold. From Lemma 3.3, we see that whenever
o, —a € o(N) are isolated points,

dim H({a}; N) = dim H({—a}; N).

Thus condition (iii) holds as well.

implies (a).

STEP 1. We begin by reducing the problem to the case where o(N) has at most
finitely many connected components, and any connected component of the essential
spectrum contains infinitely many points.

Suppose that N satisfies conditions (i), (ii) and (iii) of (c). Let N, be a normal opera-
tor with o(N,) = 0.(N.) = 0.(NN), and observe that by the Weyl-von Neumann-Berg
Theorem [7] (see also [15, Corollary 11.4.2]), N ~, N @& N,. Let £ > 0, and let M, be
a normal operator with

o(M.) =0e(M.) ={X € C :dist(\,0¢(N)) < e}.

As noted in Remark 1.4 of Davidson [12] (as applied to the case of an infinite-
dimensional, separable Hilbert space), since M, and N, are normal operators whose
spectra coincide with their essential spectra, d(M.,U(N,.)) < e. By setting N, =
N & M., we find that

dist (N.,U(N)) < e.

If we can show that V. € cLOS (€¢) for each € > 0, then clearly N € cLos (€¢). The
advantage of N, over N is that not only does N, satisfy conditions (i), (ii) and (iii)
of (c¢), but by Putnam’s Theorem [27], o(N.) has at most finitely many connected
components. Since the problem reduces to considering N, we may assume without
loss of generality that o(N) had at most finitely many connected components to
begin with, and that any connected component of the essential spectrum of N has
infinitely many points.

STEP 2. Next, we shall reduce to the case where item (iii) is vacuously satisfied.

If o,—a € o(N) are isolated points, then by STEP 1, they correspond to eigen-
values of finite multiplicity for N, and by condition (iii), ux := dimH({a}, N) =
dim H({—a}, N). Thus

ol 0 0
N ~ 0 —opl,, 0],
0 0 N°

where N° is the compression of N to (span{ker(N — aiI),ker(N + axl)})*. It
is not hard to see that N° still satisfies conditions (i), (ii) and (iii) of (c), and
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a(N°) = o(N) \ {ag, —ax}. In particular, o(IN°) has two fewer components than
o(N).
ak]ltk 0

_O‘kfuk} € CLOS (C¢), and so it suffices to

Moreover, by Corollary 2.5, [

prove that N° € cLOS (€¢). By repeating this argument finitely many times (keeping
in mind that o(V) had at most finitely many connected components to begin with),
we may reduce to the case where o(N) has at most finitely many components, N
satisfies (i) and (ii) of (c¢), and there does not exist @ € C such that «, —« are isolated
in o(N).

STEP 3. Our next objective is to remove isolated eigenvalues of finite multiplicity.
After the above reductions, we now have that if o € o(INV) is an isolated eigenvalue
of finite multiplicity, then —« € o.(N), and the connected component I'_,, of o(N)
which contains —« has infinitely many points in it. Let N_, denote the compression
of N to the spectral subspace H(I'_; N). Since —a € o(N_,), and since the latter
set is connected and has infinitely many points in it, by the Weyl-von Neumann-Berg
Theorem, N_, ~, —al, & N_,, where p := dim H({a}; N). Thus N ~, —al,, ® N,
and since N ~ al, ® N°, where N° is the compression of N to the orthogonal
complement of ker(N — af), we see that

al, 0 0
N~y | 000 —al, 0.

0 0 N°

Again, [aé“ _21 ] € CLOS (€¢), and it suffices to prove that N° lies in cLOS (€¢).
I

Note that o(N°) = o(N) \ {a}. By repeating this argument finitely often (once for
each isolated eigenvalue of finite multiplicity of N), we reduce to the case where
o(N) = g.(N) has no isolated points.

STEP 4. We now deal with the remaining case.

At this stage, we have that o(N) = 0.(N) has finitely many connected components,
each of which contains infinitely many points and intersects o(—N) non-trivially.
Our approach is similar to that used in Step 1. Let € > 0, and let M. be a normal
operator with

o(M.) =0.(M.) = {) € C : dist(\,0.(N)) < e}.

From Davidson’s result, dist(M.,U(N,)) = €, so that by setting N = N @ M., we
find that

dist (N, U(N)) < e.

If we can show that N. € cLOS (€¢) for each € > 0, then clearly N € cLOs (€¢).
The advantage of N. over N is that not only does o(N.) = o.(NN:) has finitely
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many connected components, but the intersection of each component with o(—N)
contains a open disc. Since the problem reduces to considering N., we may assume
without loss of generality that o(IN) = 0.(IN) had at most finitely many connected
components, say I'1,T's,..., Ty, to begin with, and T'y N o(—N) contains an open
disc, 1 <k <m.

For each 1 < k < m, choose a point ay € Ty such that —ay € o(N), and «ay, # i%.
Let 7(k) € {1,2,...,m} be the unique element such that —ay, € I'; (. Let Q € B(H)
be a universal quasinilpotent in the sense of Herrero [23], in that 7(Q) € B(H)/K(H)
is quasinilpotent but not nilpotent, and thus cLos (§(Q)) = cros (NiL(H)). By
the Apostol-Foiag-Voiculescu characterisation of cLos (NIL(?)), we see that N €
cLos (S(axl + @Q)), 1 < k < m, where Ny, is the compression of N to the spectral

subspace determined by T'j.

For each 1 < k < m, by Corollary 2.5, the operator Ry := ak10+ @ _ak? —Q €

Ce, and from above,
Ni @ Ny € CLOS (C¢).

Thus ©} (N & N-x)) € CLOS (€¢), and since N ~, ©}L(Np ® N-)) by the
Weyl-von Neumann-Berg Theorem (here we use the fact that o(N) = 0.(N) so that
we may repeat terms Nj or Np(;y as often as we wish), we see that N € cLOS (C¢).
This completes the proof. 0O

We remark that the normality of N was not required to prove that (a) implies (b)
nor that (b) implies (c). These conditions will reappear in Theorem 4.11 below, applied
to biquasitriangular operators.

4. Biquastriangular operators in clos (€¢)

4.1. An operator T € B(H) is said to be triangular if there exists an ONB {e, }2>°; for
H relative to which the operator matrix [T] := [(Tej, e;)] is upper-triangular; that is,
(Tej,e;) =0foralli>j > 1. Wesay that T is quasitriangular (and we write T' € (QT))
if there exists K € K(H) such that T — K is triangular. It is known [23, Theorem 6.4]
that if T € (QT), then for all ¢ > 0 there exists K € K(H) with ||K| < e such that
T — K is triangular, and thus (QT) is the norm-closure of the set of triangular operators.
Finally, we say that T is biquasitriangular if both 7" and 7™ are quasitriangular, in which
case we write T' € (BQT).

The following deep theorem of Apostol, Foiag and Voiculescu [4] yields a very useful
and practical way of determining whether or not a given operator is quasitriangular.

4.2 Theorem (Apostol, Foias, and Voiculescu). An operator T € B(H) is quasitriangular
if and only if
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IND (T' = M) :=NUL (T — AI) = NUL (T — AI)* > 0 for all X € ps.p(T).
Thus T € (BQT) if and only if IND (T — XI) =0 for all X\ € ps.p(T).

Theorem 6.15 of Herrero’s book [23] establishes no fewer than seventeen equivalent
formulations of biquasitriangularity of Hilbert space operators. The formulation which
we shall require below is the following, which — as observed by Herrero — is a relatively
straightforward corollary of the characterisation by Voiculescu [33] of (BQT) as the
closure of the set of algebraic operators in B(#) — i.e. those operators T' € B(H) for
which there exists a non-zero polynomial p such that p(T") = 0.

4.3 Theorem. An operator T € B(H) is biquasitriangular if and only if T = lim, T),
where each T, is similar to a normal operator.

The fact that €¢ is invariant under conjugation by invertible operators, combined
with the above theorem and the results of the last section will allow us to determine
precisely which biquasitriangular operators lie in CLOS (€¢ ), and this is the main goal of
this section. Our approach will be similar to that taken in the previous section: this time,
given a biquasitriangular operator T', we first wish to “fatten up” the spectrum of T to
eliminate all but finitely many isolated eigenvalues of finite multiplicity. That we can do
so without sacrificing biquasitriangularity (Proposition 4.8 below) is a nice surprise.

We shall also require the following, which is an immediate consequence of Proposi-
tion 1.4 and Lemma 3.2.

4.4 Lemma. Let T € cLOS (C¢). Let A € o(T), and let 'y denote the connected component
of Nino(T). ThenTxNo(-T) # @.

Given Y € B(H), we denote by pe.(Y) the left essential resolvent of Y; i.e. the set of
all a € C for which there exist X € B(H) and K € K(#) such that

Xl -Y)=I+K.

Equivalently, ps.(Y) may be thought of as the set of all « € C for which n(Y — al)
is left-invertible in the Calkin algebra. Analogously, there is an obvious corresponding
notion of a right essential resolvent p,..(Y) for Y.

We also define the left essential spectrum oy (Y) := C \ pg(Y), the right essential
spectrum o,.(Y) := C\ p,.(Y), and the left-right essential spectrum of Y as 0¢,(Y) :=
00e(Y) Nope(Y).

4.5 Lemma. Let T' € B(H) and t := n(T) € B(H)/K(H). Let H, be a separable Hilbert
space, ¢ : C*(t) = B(H,) be a faithful, unital *-representation, and set X := ¢(t). Then
pe(T) = pre(X(>)).
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Proof. By Voiculescu’s non-commutative Weyl-von Neumann Theorem [34] (see also [15,
Corollary 11.5.5]), T ~, T & X (*).

« Suppose that a € pg(T). Then clearly a € pp(T @ X)) and so the operator
T @ X — (I @I) is left-invertible modulo the compacts, say

A B T—al 0 1 0
[c D} ' [ 0 Xx0o al(m)} = [0 I@)} +K
for some compact operator K € B(H @ ’H,ffo)). By considering the (2,2) entry of this
operator, we see that
D(X) — 1)) = () 4 [,

for some compact operator L € B(Hffo)) (namely the compression of K to this
corner), and thus a € pre(X (). Hence, pg.(T) C pge(X(o")).
« Now suppose that a € pg(X(°)). Then there exists Y € B(Hg’o)) such that

V(X — Il =y (X —al)™ =T+ K
for some K € /C(’HEPOO)). Writing Y = [Yj;] € B(Hﬁf‘”), we obtain
lim Y, (X —al) =1,
whence X — al is left-invertible. From this it easily follows that | X — o is bounded
below, say by ¢ > 0; in other words, o(|X — al]) C [§, 00).
Since ¢ is injective (and therefore induces a *-isomorphism between C*(¢) and C*(X)
that sends |t — al] to | X — all), we find that

o(|t — all) C [4,00).

In B(H), we consider the polar decomposition T'— al = V,|T — | and set v, :=
m(V4). Since 7 is a *~homomorphism we have:

t—al =v,t — all,

and so |t — al|7 v} is a left-inverse for t — al. In other words, a € pye(T'). Hence,

pee(X ) C pe(T). D
By taking adjoints, we see that ppe(T) = pre(X ().
4.6 Theorem. Let T' € (BQT) and t := w(T) € B(H)/K(H). Let ¢ : C*(t) — B(H,) be

a faithful, unital *-representation, where H, is a separable Hilbert space. If X := p(t),
then X () is biquasitriangular.
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Proof. Since T' € (BQT), we have that 04 (1) = 04(T). Combining this with Lemma 4.5
above, we get

UZE(X(OO)) = UTE(X(OO)) = Ugre(X(oo)).
Hence
0e( X)) = 04 (X)) U 06 (X)) = 00 (X ) N 00 (X)) = g (X)),

which implies that if & & g (X(*)), then X () —aI(*) is Fredholm and thus has finite
index. But a ¢ o.(X(*)) implies that

IND (X () — (%)) = ZIND (X —al),

which can only be finite if it is equal to 0. By Theorem 4.2, we conclude that X(°°) e
(BQT). O

4.7 Example. Maintaining the notation and conditions of Theorem 4.6, it is natural to
wonder whether or not X = ¢(t) itself must lie in (BQT). The next example shows that
this need not be the case.

Let S denote the unilateral forward shift, and let
T=(S®S)®=8a5®S®S* & € B(@,Hn).

Then o(T) = 0¢(T) = 04e(T) = 04¢(T) = 04re(T) = D. In particular, T € (BQT).
The space K := H1 & Ha @ Hs is orthogonally reducing for T', and so if we define P
to be the orthogonal projection of ®&H,, onto K, then the map

p: CHT) — B(K)
Y — PY|ranp

is a *-homomorphism.

Note that C*(T) N K(H) = {0}, and so ¢ annihilates C*(T") N IC(H). In particular, ¢
factors trivially through the Calkin algebra, and yet X := o(T) =S @ S* @ S ¢ (BQT)
according to Theorem 4.2. As we have just seen, however, X(>) ~ T ¢ (BQT).

4.8 Proposition. Let T' € (BQT) be a norm-one operator and § > 0. Then there exists a
biquasitriangular operator Ts and a unitary operator Vs satisfying

(i) 1T = V5 T5Vs| < 26;
(i) 0e(T5) =[oe(T)]s :={z € C:|z—a| <9 for some a € 0.(T)}; and
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(iii) if A € op(T) and DIST(X,0.(T)) > 6, then X € op(T5) and
dim H({A\}; Ts) = dim H({\}; T).

Proof. Let ¢t := 7(T') be the image of T in the Calkin algebra. Without loss of generality,
we may assume that 6 < 1. Let o : C*(¢) — B(H,) be a faithful, unital *-representation,
where H, is a separable Hilbert space. That such a representation exists is clear from
the fact that C*(t) is separable [15, Theorem 1.9.12]. By Theorem 4.6, if X := o(t), then
X (°0) is biquasitriangular, and

IXCO = 1X[| = fie)f < 1T = 1.

Let {yn}n be a countable dense subset of {z € C : |z| < §}. Then (1 + ~,)X ()
is biquasitriangular for each n > 1, and since the direct sum of a countable family

of biquasitriangular operators is biquasitriangular (an immediate consequence of [20,
Theorem 4]),

Ts =T & (Bn(1 + 72) X)) € (BQT).
By Voiculescu’s Theorem, however, T ~, T @& (9, X)), and
IT @ (@a X)) =T @ (a1 +7) X)) = sup lya X ) < 6.
Thus there exists Vs unitary such that
IT — Vi TsVs| < 25,
Notice that
0e(T5) = 0e(T) U Uno (14 72) X)) = Up(1+ 70)0e(T) = [0e(T)]5.

Furthermore, if A € o) (T') and DIST(X, 0¢(T)) > 0, then A ¢ o(®,(1 +9,) X)), But
T is a direct summand of T, and so it follows that X € ¢0(T5) and

dim H({\};T5) = dim H({A\};T). O

The following result of Barria and Herrero has an extension to all normal operators
with o(N) = 0.(N); however, it simplifies nicely when ¢ (V) has no isolated points. In
that case, T € cLOS (S(N)) implies that neither the spectrum o(T") nor the essential
spectrum o.(T") admits isolated points.

4.9 Theorem. [6, Theorem 1] Let N be a normal operator and suppose that o(N) has no
isolated points (in which case o(N) = 0.(N) automatically). The following are equiva-
lent.
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(a) T € cLos (S(N)); i.e. T is a limit of operators similar to N.
(b) T satisfies the following conditions:
(i) T is biquasitriangular.
(ii) Neither o(T) nor o.(T) has isolated points.
(iii) o(N) Co(T) and 0.(N) C 0.(T).
(iv) If A € 0.(T), then the component I'x of A in 0.(T) intersects o.(N).

4.10 Corollary. Suppose that T € (BQT) is such that 03(T) = @ and oc(T) has no iso-
lated points. If N € B(H) is normal and 0(N) = 0.(N) = 0.(T), then T € cLOS (S(N)).

4.11 Theorem. Let T € B(H) be a biquasitriangular operator. The following conditions
are equivalent:

(a) T € cLos (€g);

(b) T € cLos (BAL(H));

(¢) (i) every connected component of o(T') intersects o(=T);
(ii) every connected component of oo(T) intersects o.(—T); and
(iii) If o, —a € o(T') are isolated points, then

dim H({a};T) = dim H({—a};T).

Proof. (a) implies (b) (resp. (b) implies (c)).
These follow as in the proof of Theorem 3.5 (a) implies (b) (resp. (b) implies (¢)),
since the normality of the operator N was not used at that point.

(c) implies (a).
STEP 1. Let 6 > 0 and ¢ = 7(T) be the image of T in the Calkin algebra. Let
0: C*(t) — B(H,) be a faithful, unital *-representation, where #, is separable. As
in Proposition 4.8, we define the operator

T5 =T & (D (1 +70) X)) € (BQT),

where X = p(t) and {~,}, is a countable dense subset of {z € C : |z| < d}. Then,
by that Proposition,

o there exists a unitary Vs such that || — V' TsVs|| < 24;

e 0(Ty) = [oo(T)]s

e if A € 09(T5), then dim H({)\}; Ts) = dim H({\};T).

It is routine to verify that o0 (T5) = {\ € op(T) : DIST(X, 0.(T)) > 6}. Moreover, as
a consequence of Putnam’s Theorem [27], this is a finite set.

Clearly it suffices to prove that Ts € cLOS(C¢) for all 6 > 0.

STEP 2. The hypothesis that every connected component of o(7T') intersects o(—T")
implies that we may partition 0’2 (Ts) into two sets, say A := {1, —aq, a2, —aa, .. .,
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Qm, —0un } and B = {f1, B2, ..., By} where BN—B = @. (It is possible that m = 0, in
which case A = &.) Furthermore, for each 1 < k < ¢, {—} intersects a component
of o(T), and since that component is not {—f} itself, it must lie in the interior of

[e(T)]5-
Let M = H(A;Ts), and write Ts = {)(()1 §ﬂ relative to the decomposition H =

M@ M. Since AN (BU[0.(T)]s) = @, as noted in Section 2.10, we see that Ty is
similar to X; @ X4. It therefore suffices to show that X; @ X, € cLos (€¢).
Keeping in mind that M is finite-dimensional, the hypothesis that —a, « € o(T') are
isolated implies that

dim H({a};Ts) = dim H({a};T) = dim H{—a};T) = dim H({—a};Ts),

and thus by [25, Theorem 3.5], X7 lies in CLOS (C¢).
We have therefore reduced the problem to showing that X, lies in cLOS (€¢).

STEP 3. Note that o(Xy) = B U [0¢(T)]s. Letting N' := H(B; X4), we see that
relative to N & (Nt N M), we may write

1 Y
X4—[0 YJ’

where 0(Y1) = B and 0(Yy) = 0.(Ys) = [0¢(T)]s. The fact that B and [0.(T)]s are
disjoint implies that X, is similar to Y; @Yy, and thus it suffices to prove that Y7 &Yy
lies in CLOS (C¢).

Let N € B(H) be a normal operator with o(N) = [0.(T)]s, so that o(N) = o.(N).
Recall that each —fy is in the interior of o.(/N). By the Weyl-von Neumann-Berg
Theorem [7], N ~, N & M, where M = &}_, M, and My, = — I, , where pj, =
dim H({Bk}; Ts)-

Now Y7 & M € cLos (€¢) since it is balanced and acts on a finite-dimensional
space. Furthermore, the condition that each connected component of o.(T) inter-
sects o.(—T') implies that each component of c.(N) = o(N) = [0.(T)]s intersects
0e(—=T) C 0.(—=N) = 0(—N). By Theorem 3.5, N € cLOS (C¢).

By Corollary 4.10, Y3 € cLOS (S(INV)) C cLOS (€¢). Thus

YieoMaY, € cros (Cg).
By Proposition 5.13 of [23], N ~, M & N € cLos (S(M & Y})), and so
Y1 @ N € cLos (C¢).

Finally, Y3 € cLos (S(NV)) implies that
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Yi1®Y, € cLos(S(Yr @ N)) C cLos (Ce).
As we have seen, this is sufficient to complete the proof. O

4.12 Remark. Since €¢ C NEGws(H) C NEGs(H) € BAL(H), by Proposition 1.4, we
see that for a biquasitriangular operator T', the following are equivalent:

o T € CLOS
o T € CLOS
e T € CcLOS
e T € CLOS

BAL(H));
NEGs(H));
NEGnvs(H)); and
Ce).

S~~~ o~

5. Non-biquastriangular operators in clos (€¢)

5.1. In order to characterise CLOS (€g), there remains to determine which non-
biquasitriangular operators lie in that set. Unfortunately, this is currently beyond our
reach. It is tempting to believe that, as in the case of operators acting on a finite-
dimensional Hilbert space [25], or the case of biquasitriangular operators as in the
previous section, an operator will lie in cLOS (€¢) if and only if its spectrum is balanced
in the sense described in Theorem 4.11. The unilateral forward shift S has this property,
and a fortiori, S is similar (in fact unitarily equivalent via an involution) to —S. We were
therefore surprised to discover that S € cLOS (€¢) if and only if |u| < 1 (Corollary 5.9).
We will soon identify an obstruction to membership in CLOS (€¢) which hearkens back
to Proposition 4 of [18].

5.2 Lemma. Let X,Y € FRED(H). Then 0.(XY) = 0.(Y X), and
IND (Al — XY) =IND(M — Y X) for all A e C\ o (XY).

Proof. Since X € FRED(H), by Atkinson’s theorem, there exists Z € FRED(H), and
K1,Ky € K(H), such that XZ =T+ Ky and ZX = I 4+ K5. Therefore,

ZA—XY)=AZ-Y - K,Y  and (M-YX)Z=M-Y —YK.

Since Z(AM — XY) — (M — XY)Z € K(H), we observe that Z(A] — XY') € FRED(H) if
and only if (Al — Y X)Z € FRED(H), in which case their Fredholm indices coincide.
Moreover, since an operator is Fredholm if and only if its image in the Calkin algebra
is invertible, and since the invertible elements of any unital Banach algebra form a group,
we obviously have that A\l — XY € FReD(H) if and only if Z(AI — XY) € FRED(H),
and (A\] — Y X)Z € FRED(H) if and only if A\I — Y X € FRED(H).
Combining this with the previous observation yields:

0e(XY) = 0. (YX).
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Let A € C\ 0.(XY). Since IND Z(A] — XY) = IND(A] — Y X)Z, it follows that
IND (A - XY)=IND(M -YX). O

The next result [11, Theorem 3.1] will prove useful below. Given an integer p > 2, we
define the set R, := {T? : T € B(H)}. It is clear that R,, is invariant under conjugation
by invertible operators.

5.3 Theorem (Conway and Morrel). Let T € B(H) and 2 < p € N. Then T € cLOS (R,)
if and only if the set

{Ae€C: M —T € FrRED(H) and IND (A —T) ¢ pZ}
does not separate 0 from co.
5.4 Proposition. Suppose that T € cLOS (€¢) N FRED(H). Then T? + 11 € cLos (Ry).

Proof. Let T' € cLOS (€¢) N FRED(H). Since FRED(H) is open, given ¢ > 0, there exists
Z € €¢ N FRED(H) such that max(||Z — T, || 2% — T?||) < . Write Z = [E, F] with
E,F € €. (Since [E,F] = [I — F, E], as in the proof of Lemma 7.9, we may assume
without loss of generality that E has both infinite rank and infinite nullity.) Choose an
invertible operator S such that

pe IO
stes=[] §].

Relative to this decomposition, write

S1pS = {Fl X]

-Y F,
Then

0 X

—g-lyg_
W:=2_5 ZS_[Y 0

] € C¢ NFRED(H).

In particular, X,Y are Fredholm operators. Moreover, since S~'F'S is an idempotent, it
follows that

F? - XY =F,.

Clearly,

1 1
XY + ZI: (Fl — 5[)2 € Ro.
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Note also that

> [XY 0
w —[ 0 YX}
By Lemma 5.2, 0.(W?) = 0.(XY) = 0.(Y X), and
IND(A — W?) =2-IND(A] — XY) for all A € C \ o.(W?).

Since XY + i[ € Ry C cLOS (Rz2), by Theorem 5.3,

{/\E(C:)J—(XY—i—iI)eFRED(H) and IND (Al — (XY + I))géZZ}

does not separate 0 from oo.
Thus

1
AeC: N — (W?+ 1) € FrED(H) and IND (AT — (W? + I)) ¢ A7}
does not separate 0 from co. Applying Theorem 5.3 once again, we find that W?2 +

11 € cLOS (Ry). But W = S~'ZS implies that W2 + 11 = S71(Z2 + 1I)S, whence
Z%*+ LI € cLos (Ry), and

1 1
[ (T2 + ZI) — (22 + ZI) | = IT? - Z%| <e.
Since € > 0 was arbitrary, 72 + 11 € cLos(R4). O

5.5 Corollary. Let S € B(H) denote the unilateral forward shift. If i € C and |p| > 1,
then uS ¢ cLOs(C¢).

Proof. Since S is unitarily similar to aS, « € T = {z € C : |z| = 1}, we may assume
o> % Then

1
INeC:x—(u?S%+ ZI) is Fredholm and
1 1
ind(\ — (u*S% + I)) ¢42} ={z€C: |z — Z' < p?}

does separate 0 from co. By Theorem 5.3, u2S5?% + 1] ¢ cLos (Ry4). By Proposition 5.4,
wS ¢ cLos (€¢). O

Using the next Lemma, one can exhibit a large class of non-quasitriangular operators
in 6@.
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5.6 Lemma. Let M be a closed subspace of H. Let A € B(M, M*), B € B(M*+, M),

and suppose that SPR(AB) < i, where SPR(-) denotes the spectral radius function. Then

P

is a commutator of idempotents in B(H).

Proof. Note that we also have SPR(BA) < %. Now AB + I, has a square root T
which may be expressed as a series:

1
T = §IML + a1 AB + ap(AB)* + - .
Similarly, BA + %I M has a square root R with the same coefficients:

R= %IM + a1 BA + az(BA)? + - - - .
It is easy to check that
AR=TA, BT =RB.
These equations show that the operator

1
s+ R —-B
— |2
B [ A %IML_T:l

is an idempotent. The proof is completed by taking the commutator of £ and

P [IM 0

0 o P

We are now in a position to produce a converse to Corollary 5.5. We thank Peter
Rosenthal for showing us the proof that S+ I has a square root, where S is the unilateral
forward shift.

5.7 Corollary. Let S € B(H) denote the unilateral forward shift on H and p € C. Then
lu| < 1 implies that pS € Ce.

Proof. Since € is invariant under unitary conjugation, so is €, and since S is unitarily
equivalent to S whenever o € T := {z € C : |z| = 1}, we may assume without loss of
generality that 0 < p < % Let {e,}, denote an orthonormal basis for H with respect to
which Se,, = ep41 for all n > 1. If we write H = H1 @ Ha, where H; := V{ean}n and
Ho := V{ean—_1}n, then we see that S is unitarily equivalent to
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v [0 1]

Thus, it suffices to show pY € €¢, 0 < p < %
Case 1. If0< u< %, then SPR (uS - ul) < %, and so by Lemma 5.6, uY € C¢.
CASE 2. Suppose that y = % If we can find an idempotent of the form

A 17
— 2
E[%s B}’

then we can complete the proof by exhibiting %Y as the commutator of E and
I 0
- [0 0] |
A necessary condition for E to be an idempotent is that A2 — iS’ = A, or equivalently,

1., 1
(A - 5[) = Z(S—i—I).
(It is now hopefully abundantly clear why one might want S 4 I to have a square root!)

Let H* denote the space of bounded analytic functionson D = {z € C : |z| < 1}. We
identify the unilateral forward shift with the Toeplitz operator T, acting on the Hilbert
space H?(D). Let f denote a holomorphic branch of the square root function defined on
C except at 0 and on the negative real axis. Then the composition h(z) = f(1 + 2) is
analytic at every point in Q:=C\{z € R:z < -1}.

In particular, h(z) is analytic on the open unit disc, and h(z)? = z + 1. Since the
modulus of 1+ z is less than 2 on D, the modulus of A(z) is less than /2 on D and thus
he H®. Hence S+ 1 =T, = T,%, and T, S = ST;,.

Let A:= (I +T) and B := 3(I —T}). A routine computation then shows that the

corresponding F = % o +STh) (I _ITh)} is indeed the required idempotent. O

5.8 Remark. We thank the referee for providing a second proof of the fact that S + I
admits a square root, namely: the series

o 1
R:= 2)8m
> (;)s
n=0
converges absolutely and R? = S + I.

5.9 Corollary. Let S € B(H) denote the unilateral shift and u € C. Then uS € cLOS (€¢)
if and only if uS € Ce, and this happens if and only if |p| < %

Of course, since €¢ is self-adjoint, we have corresponding results for the unilateral
backward shift.
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6. C¢ is strongly dense in B(H)

6.1. Corollary 5.5 implies (amongst other things) that €g is not dense in the norm
topology of B(H). In this section, we prove that €¢ is, however, dense in the strong
operator topology.

6.2 Proposition. The set CLOS (€¢) has no interior. Consequently, neither does Cg.

Proof. Let T € cLOS (€¢). By Lemma 4.4, every component of ¢(7) must intersect
o(=T).

Let e > 0 and choose 0 < ¢ < 15 such that || T—X|| < § implies that o(X) C (0(T))e /43
this is possible thanks to the upper semicontinuity of the spectrum. Fix o € o(T") with
|a| = sPR(T), the spectral radius of 7. Then « is an approximate eigenvalue of T, and
as such we can find a norm-one vector x € H such that ||(T — al)z| < d.

Set M := Cz and relative to the decomposition H = M @& ML, write

_ | I3
T = {TS TJ .
Note that
T1 —
= (T —al d.
1" ] 1= T - anel <
Setting YV := {8{ %L] , we see that ||T'— Y| < § and therefore that

o(Y) C (0(T))esa-

Also, since M is finite-dimensional, it follows from [21, Corollary 8] (alternatively, it can
be shown directly) that

{a}Ua(Ty) =o(Y) C (o(T))eya-

, so that DIST(B,0(T)) = 5. (If SPR(T) = 0, then o = 0 and we

.) In particular,

_|_
. 5
simply let § = 3

18 = sPR(TY) + 7.
and so —f ¢ o(Ty). Set Z = {g %1] Then

T_-Z7 T € € €
< _ .
| < Y|+ Y ZH<5+_2<—10+—2<5
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As before, since M is finite-dimensional, 0(Z) = {8}Uc(T4). Let I' s denote the connected
component of 3 in o(Z). Since {#} = I's does not intersect o(—Z), we conclude from
Lemma 4.4 that Z ¢ cLOS (€¢).

This completes the proof. 0O

Let us denote by D,, the set of diagonal matrices in M, (C) relative to the standard
ONB for C". Given a non-empty subset A C B(H), we write S(A) to denote the set

{S7IXS: X € A, S € B(H) invertible}.

The following result is a routine exercise; clearly any matrix 7' € M,,(C) may be
upper-triangularised, and by a small perturbation of its diagonal, we may approximate
T by a matrix Ty whose diagonal consists of n distinct entries. But then Ty is similar to
a diagonal matrix.

6.3 Lemma. Let n € N. Then S(D,,) is norm-dense in M, (C).
6.4 Proposition. The set €¢ is SOT-dense in B(H), and therefore WOT-dense in B(H).

Proof. Let T € B(H), e > 0 and Q := {x1,29,...,2,} C H. We shall produce a (finite-
rank!) operator C' € €¢ such that ||Txy — Czyl| <e, 1 <k <mn.

Let M := span {z1, 23, ..., 2, } and let Py denote the orthogonal projection of # onto
M. Set Fy := T' Py, so that Fy € B(H) is of finite rank. Let A/ be a half-space (i.e. a space
of infinite dimension and co-dimension) which contains R := span { M, ran Fy, ran F },
and write the compression Iy of Fy to N as

Fi 0
Fl:[él 0}

relative to the decomposition N = R & (N © R). Keep in mind that R is finite-
dimensional. Let V = {? ‘(])} relative to the decomposition H = N @ N*. Relative

to the decomposition H =R & (N OR) D VR ® V(N & R), consider the operator

1

OOO»Ej

Let 1 := max{||zx|| : 1 <k < n}. By Lemma 6.3, there exists a normal operator D and
an invertible operator S in B(R) such that ||S™1DS — Fy;|| < T
Let

S=1DS 0 0
0 0 0
0 0 —-S7'DS
0 0 0
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Then [|[Y — X|| < ¢ and Y is similar to

DO 0 0
oo 0o o
M:=149 o -p o

00 0 0

Note that M is normal since D is, and in fact, M is finite-rank since D is. By [18,
Proposition 3], M € €¢. Since the latter set is clearly invariant under similarity, Y € C¢.
If 1 <k <n, then

HTiL'k — YZL’kn < ||T.’Ek — Flll'k” + ||F11£L’k — S_lDSLEkH

<0+nllFiy —S7'DS|
€
2
< €.

<

Thus, every basic sSOT-neighbourhood of T' contains an element of €¢, and as such, the
latter is soT-dense in B(H). O

7. Factorisation problems

7.1. We now turn our attention to the problem of factoring elements of B(#) as sums and
products of elements of €¢ and closely related sets. Given a non-empty subset A C B(H)
and an integer n > 1, we define the sets

YA ={> Ti:Tr € Aforall 1 <k <n}

k=1

and

T2 =A]]T%: Tk € Aforall 1 <k <n}.

n k=1

The problem is to find the minimum positive integers m and n (if they exist) such
that B(H) = >, A = [[,,A. Such decompositions of Hilbert space operators have
been studied by several authors for various sets A (see, e.g. the papers [37,38] and their
references). For example, in the paper [16], it is shown that if @ # A ¢ CI + K(H) and
A is invariant under conjugation by invertible operators, then

B(H)=> A
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(This applies, in particular, to the case where A = S(T) is the similarity orbit of a fixed
operator T' ¢ CI 4+ K(H).) Of course, the bigger the set A is, the smaller we expect the
corresponding m and n to be.

7.2 The finite-dimensional case. In the case where n := dim H < oo, we note that
every element of €¢ clearly has trace zero, and as such, for all m > 1, we have that
Y>omCe C sl,(C) :={T € M,,(C) : TR(T) = 0}. Moreover, if n is odd, then the fact
that T' € €¢ implies that T ~ —T, which in turn implies that 0 € ¢(T). Thus any
product of elements of €¢ must be singular. These are the only obstructions to factoring
operators as sums and products of elements of €¢, as we now prove.

7.3 Proposition. Let n := dim H < co. Then
> € =50, (C).
2

Proof. Let T € sl,(C). By the theorem of Albert and Muckenhoupt [1], there exists
an ONB {ej}y_, relative to which the matrix [T] = [t;; := (Te¢j,e;)] for T admits a
zero-diagonal; i.e. tx =0, 1 <k < n.

. t; ifi<j
We may then write T = U + L, where U := [u;;] and u;; = , and
0 ifi>j
L :=T — U is lower triangular. Clearly U and L are nilpotent. Since every nilpotent

matrix lies in €¢ by [18, Proposition 6], we see that T' € )", Ce¢.
The converse was observed in the paragraph above. O

We also require the following result of Sourour [30].
7.4 Theorem (Sourour). Let T be a nonscalar invertible n x n. matriz over a field F and
let o and B;, 1 < j < n be elements of F such that H?Zl o - B = det(T). There exist
n X n matrices A and B with eigenvalues aq, s, ...,a, and B1,Bs, ..., Bn respectively
such that T = A - B.

7.5 Proposition. Let n := dim H < co.

(a) If n is even, then

(b) Ifn is odd, then
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Proof. We reduce the proof to the following two cases:

CASE ONE. n = 2m is even and T' € M,,(C) is invertible. Suppose first that T is a scalar
matrix, say T = Aay,. By [18, Proposition 3],

A, 0 I, O
T:[ 0 —)Jm}'[o _Im]EI;[Q:@.

This reduces the problem to the case where T is a nonscalar matrix. It is not hard to
see that we may choose oy, -« - , a,, € C such that all of the numbers +ay, g, -, g,
are distinct and

(H Oék)4 =det T.
k=1

By Sourour’s Theorem 7.4 above, we may factor T as a product of the form T'= A - B,
where

0(A) =0(B) ={faq,tas, -, tan,}.

By considering Jordan forms, we see that A and B are then each similar to D & —D,
where D = DIAG(av, @2, -+ , iy ). Then Proposition 3 of [18] asserts that D @& —D € Cg,
whence A, B € €¢, completing the proof in this case.

CaAseE Two. n € N is arbitrary and T' € M,,(C) is not invertible.

Ifn=2and T = [O t1a

0 0 } € M5 (C) is nilpotent, then clearly

10 o te
T_[O 1]~[0 0]61;[%.

Now suppose that either n > 3, or n = 2 and T is not nilpotent. It follows from [31,
Theorem 1] that T' may be factored as a product T'= A- B where A and B are nilpotent.
As already noted above, every nilpotent matrix lies in €¢, and so T € ], C¢.

When n is odd, we have already noted in Section 7.2 that [, €e¢ C {T" € M, (C) :
0 € o(T)} for all k > 1, so this completes the proof. O

7.6 The infinite-dimensional case. We next turn our attention to the case where H is
infinite-dimensional, separable and complex.

7.7 Proposition. Not every operator in B(H) is a sum of two commutators of idempotents,
but every operator is a sum of at most five of these. In other words,

D> Ce CBH) =) Ce.
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Proof. Suppose that B(H) =), Ce¢. Then there exist X,Y € €¢ such that
I=X+Y,

or equivalently,
Y=I-X.

Since Y € €¢, by Proposition 2.3, Y ~ =Y. Then [ — X =Y ~ —-Y = X — [. Applying
the spectral mapping theorem,

oX)-1=1-0(X),

and thus o(X) =2 — o(X).

Choose « € 0(X) such that REa = max{REA : A € o(X)}. Then a € o(X) implies
that —a € o(X) (since X ~ —X because it is a commutator of idempotents) and so
2—(—a) =2+ «a € 0g(X). Clearly RE(2 + a) > RE«a, a contradiction.

That B(H) = Y ; Ce follows from the fact that every operator in B(#) may be
written as a sum of at most five nilpotent operators of order 2 [26, Theorem 2|, and each
nilpotent of order two lies in €. This holds, since any nilpotent M of order two may be

written in the form M = [8 ]\gz]’ which is the commutator [E, F| of E = I ¢ 0 and
s
e-[t %]

7.8 Proposition. Let T € B(H). Then there exist X, Y € cLOS (C¢) such that T = X +Y .
In other words,

B(H) = cLos (Ce).

Proof. Let T € B(H) be arbitrary. An immediate corollary of [23, Theorem 5.15] is
that there exist operators X,Y, each a limit of nilpotent operators in B(#), such that
T=X+Y.

By Theorem 2.13, every nilpotent operator lies in CLOS (€¢), from which the result
now follows.

As we have seen in Corollary 5.5, if S is the unilateral forward shift, then S ¢
CLOS (€¢). Thus 2 is the minimum number n for which ) cLos (C¢) = B(H). O

We next turn our attention to finding the minimal m € N such that B(H) = [],, Ce.
We show that 2 < m < 3, and identify a large class of operators which lie in [, Ce.
Since I ¢ €, the following result is not a complete triviality, though it is not difficult.
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7.9 Lemma. If X € €g, then X =Y - Z, where Y, Z € &g. In other words,
Ce C [ ] e
2

Proof. Let X := FF — FE € €, where E, F € €.

CAsE 1. Consider first the case where F has both infinite rank and infinite nullity. Since
both €¢ and [[, C¢ are invariant under conjugation by invertible operators, it suffices

to suppose that £ = P = [I 0].

0 0
P F
F; Fy
conjugation and so

1 o 0 B [I 0] [0 iR
Z = [0 iI]'[Fg o}'{o z‘I]—LFg o]e%'

—I 0
0

Fy

Write F' = [ ]7 so that X = [_27,3 0 } Now € is invariant under unitary

But Y := { } € €¢ by [18, Proposition 3], and so

X=Y -Ze]]Ce.
2

CASE 2. A similar argument shows that if F' has both infinite rank and infinite nullity,
then X € [], €¢. (Here we first reduce to the case where F =1 ®0.)

CAsE 3. If neither of E nor F has both infinite rank and infinite nullity, then by replacing
E by (I — E) and F by I — F as necessary, we may assume that both E and F have
finite rank. Let M := span{ran E,ran F,ran E*,ran F*}. Relative to the decomposition
H = Mo ML, we have that E = Ey @ 0 and F = Fy @ 0. Since M~ is infinite-
dimensional, we can find an orthogonal projection @ € B(M™) such that the rank and
nullity of @) are both infinite.

Note that F, := Eg & Q and F; := Fy @& @ are idempotents with infinite rank and
infinite nullity, and X = E1F; — F1 E1. We are therefore in a position to apply CASE 1
to complete the proof. 0O

7.10 Proposition. Let A, B € B(H).

(a) If T € B(H) is similar to [61 g} , then T € T], Ce.

(b) If R € B(H) is similar to [g 81} , then R €[], Ce.

Proof. Since €¢ is invariant under similarity, it suffices to consider operators T and R
that are of the 2 x 2 operator matrix forms above.
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First note that by Proposition 3 of [18],

[06] —21] € Ce.
(a) Observe that for all € > 0,
A 0] [ 0o eI 0 B
{0 B]L—-ll 0 ]'[aA 0]'
Fix 0 < & < 1 such that sSPR(¢2AB) < ;. Then by Lemma 5.6,

0 eB
|:€A 0:|€€Q5

Since 0 < e < 1, e~ > 1 and so from above,

0 e I N e I 0 ce
e'r o0 || 0 —lI ¢

From this the result follows.
(b) Similarly,

0 Al _[e7 0 0 €A
B 0] 0 —~ 1| |-eB 0 |-

By Lemma 5.6, the second operator lies in €¢ for sufficiently small 0 < ¢ < 1, and
as we have just seen, the first operator also lies in €g. This completes the proof. O

7.11 Corollary. Every element z of the Calkin algebra is of the form z = x -y, where x
and y are commutators of idempotents in the Calkin algebra.

Proof. By Voiculescu’s non-commutative Weyl-von Neumann Theorem [34] (see also [15,
Corollary I1.5.5]), given T € B(H), there exists K € () such that T — K ~ [61 g]

for some A, B € B(H). By Proposition 7.10, T — K € [[,C¢, say T = X - Y where
X,Y € C¢. Passing to the Calkin algebra,

m(T)=n(T - K)=n(X) -n(Y),

and clearly 7(X), 7(Y) may each be written as a commutator of two idempotents in the
Calkin algebra. O
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7.12 Corollary.

(a) If N € B(H) is normal, then N € [], Ce.
(b) If S € B(H) is the unilateral forward shift and x € C, then kS € [], Ce.

Proof. « Let N € B(#H) be normal. Then N admits a decomposition N ~ N; @& Nj
where each term acts on an infinite-dimensional subspace of H, and so by Proposi-
tion 7.10 (a), N €[], Ce.

o If k = 0, this is trivial. Also, since kS =~ |x|S, it suffices to consider the case where

k > 0. As we have seen above, S ~ [g ﬂ, and

kI 0 0 ir
0 —4xl —iS 01"

The first normal operator lies in €¢ as shown in [18, Proposition 3], and by

0 kI
/-@S:[RS 0]

Lemma 5.6, the second operator lies in €¢ as well. O

Our approach to proving that B(H) = [[; Ce requires us to show that we can extend
the above result for the unilateral shift to arbitrary isometries. The proof that every
isometry lies in [[, €¢ requires some effort. We begin with a result drawn from the proof
of [19, Corollary 4.3].

7.13 Theorem (Guinand-Marcoux). Let 2 < n € N and 0 < r; < ro < --- <71, < 1.
Let S € B(H) denote the unilateral shift. Then there exist B € B(C™) with o(B) =
{ri,re,...,rn} and A € B(C"™,H) such that

S A ;
S~ {0 B] € B(HeCm).

7.14 Corollary. Let T € B(C?™) ~ My,,,(C) be a nonscalar invertible matriz. Given
0 <& <1, there exist A, B € € such that SPR(A) < &, SPR(B™1) < ¢, and

T=A-B.

Proof. By Corollary 9 of [18], if X € M, (C) and 3i ¢ o(X), then X € € if and only if
X is similar to —X. Let  := det(T’), and write § = €'?|§| for an appropriate 6 € [0, 27).
Choose 0 < vy < Q-1 < -+ < a; < £min(1,[0['/2™), and set aumir = —ay,
1 <k <m. Clearly |ag]| < 5 <eforall 1 <k <2m.

Let By := ei9/2m|5\1/2ma;1, 1<k<2m.Forl<k<2m,

_ —1/om _ €
182 = lan - 617/ < .



38 L.W. Marcoux et al. / Journal of Functional Analysis 284 (2023) 10985/

Observe furthermore that ag,1 < k < 2m are distinct, as are 0,1 < k < 2m, and
that

2m m
[T e Be = TT(e2m161 /)% = 6] = 6 = det (T).
k=1 k=1
Using Theorem 7.4, we can choose matrices A and B with o(A) = {a4}2™, and
o(B) = {Bk}3™, such that
T=AB.
Since all eigenvalues of A are distinct and a4, = —ag, 1 < k < m, A is similar to —A.

Since |ag| < § < 3 for all 1 < k < 2m, we see that i ¢ o(A) and so as noted in the
first paragraph of the proof, A € C¢.

Similarly, since all fy’s are distinct, 1 < k < 2m and By = — 0k, 1 < k < m, B is
similar to —B. Moreover, \ﬁ;1| < g, implying that |Bx| > % > 3,1 < k < 2m, whence
1i ¢ o(B). Thus B € €¢, and so T € [], Ce.

Finally, the fact that max;<p<om (Jakl, |Bc] ™) <

[

< implies that

max(SPR(A),sPR(B™1)) < g <e. O
7.15 Proposition. Let H be an infinite-dimensional Hilbert space and W € B(H) be an
isometry. Let k > 0 be a constant. Then kW € [], Ce.

Proof. Let 0 < x be fixed. By the Wold Decomposition (see, e.g. [15, Theorem V.2.1]),
there exist a unitary operator U and a cardinal number 0 < a < dim H such that

W~Ua S,

where S is the unilateral forward shift. The space upon which U acts may be zero,
finite-dimensional, or infinite-dimensional. Also, by Corollary 7.12 (b), we have that
kS €[], Ce, say kS = Y5 - Zy with Y3, Z5 € Cg.

CASE 1. Suppose that U acts on an infinite-dimensional space, or a finite-dimensional
space of even dimension. By Corollary 7.12(a) or Proposition 7.5(a) (depending upon
the dimension of the space), kU € [], €¢, say kU =Yy - Z; where Y1,7Z; € €. Thus,
for any 0 < «, we have

KW = kU @ kS = (Vi @ V,Y) - (21 @ 2{") € [ e.
2

CASE 2. Suppose that U acts on a finite-dimensional space of odd dimension n. In this
case, a > 1. Hence we may write W ~ (S @ U) @ SV, where o — 1 := « if v is an
infinite cardinal. Since kS € [], ¢, it clearly suffices to prove that k(S ® U) € [], Ce.
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Choose % <r, <rg < -1, < 1. By Theorem 7.13, we can find operators A €
B(C™,H), B € B(C") with o(B) = {r1,ra,...,7,} such that

S A
S o~ [O B} .
Observe that k(B U) € B(C?") is nonscalar and invertible, and so by Corollary 7.14,

_ | Y11 Yo _ %41 212 1
we can find Yy = {Ym Yﬂ] and Zy = [221 222] € C¢ such that sPr(Y)) < 15,

SPR(Z; ') < &, and k(BaU) =Yy - Zo.

It then follows that

0 S A 0

I 0 A 0
MSeU)=rly o B 0
00 0 U

3xI 0 0 0 0 35 A1 0

|0 =3I 0 0 -3 0 —1Ay O

— 10 0 Yy Yo 0 0  Zu  Zi2

0 0 Yy Yo 0 0  Zon  Zx

Clearly the first operator matrix in the product lies in €¢, since both [381 —gfd]

and Y() do. .
As for the second operator matrix, observe that o( [_21. 505}) ={zeC:|z| <3},
3
while 0(Zy) C {z € C : |z| > 10}. It follows from Section 2.10 that

0 1S A4 0 0 35 0 0

1 1 1 1

0 0 Z11 Z12 0 0 Zuu Zi| |0 Zy|°
0 0 Zyr Lo 0 0 Zon Za

But %S € €¢ by Corollary 5.7, and Zy € €¢ from above, so the second operator
matrix also lies in ¢, implying that k(S & U) € [[,C¢. O

7.16 Theorem. Every operator in B(H) is a product of at most three elements of €¢; that

is,

B(H) =[] ¢e.
3

Proof. Let T' € B(H), and consider the polar decomposition T' = V|T'| of T. Then V is
a partial isometry. Let R = (ranT)* and K := ker T. Note that €¢ is selfadjoint, and
thus so is [[; Ce.

By replacing T' by T if necessary, we may therefore assume without loss of generality
that dim < dim R.
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In this case, let P¢ denote the orthogonal projection of H onto K and let Vg : K — R
be any isometry. We then define W := V+V}, P, so that W is an isometry and T' = W|T|.
Let Q € B(H) be any spectral projection for |T'| such that @ has infinite-dimensional
range and infinite-dimensional kernel. Relative to H = ran@ @ ker @, we may write

_|H1 0 10 I
|T—[0 HJ.Next,letU.— {I 0}.

Choose € > 0 such that

eU - |T| = [ 0 EHﬂ

EHl 0

satisfies SPR(e?H1 Hs) < 3. By Lemma 5.6, eU - |T| € €.
Meanwhile, e"'WU* is a multiple of an isometry, and thus e *WU* € [], €¢ by the
above Proposition. Hence

T =('WU)(eU|T)) € [[¢e. O
3

7.17 Remark. Although we have so far been unable to determine whether or not B(H) =
[I; Ce, it is not hard to show that [], €¢ is dense in B(H).

Indeed, let T € B(H) and € > 0. Let @ : B(H) — B(H)/K(H) be the canonical
quotient map. By Voiculescu’s Theorem, there exists a compact operator K € B(H) such
that |K|| < eand T — K ~ T @ 0(*) ((T)), where g is a unital, faithful *-representation
of C*(n(T)) into B(H,), and where H, is a separable Hilbert space. By Proposition 7.10
(a), T ® 0°) (7(T)) € [, €e. Thus T € cros ([, €e).

We have seen that B(H) = > 5 €¢ = [[; €, and in [25, Proposition 2.3] it was shown
that every element of €¢ is a difference of idempotents, i.e. that €¢ C D¢. Moreover,
this inclusion is strict (e.g. I € D¢ \ C¢). It is therefore of interest to see if we can
find better estimates for the minimum values of m and n € N respectively such that
BH)=>,9¢ =L, De. In the case of sums, we can definitely do this.

7.18 Proposition. Fvery operator T € B(H) may be written as a sum of four or fewer
elements of ®¢. In other words,

B(H) = Z@@

Proof. First we observe that if X € B(H), then

1
Sl-IT-X I+X |

X 0] 1[I+X —I+X I-X -I+X
0 —-X|~"3|-I-X I-X|~

Hence, X & —X € Dg.
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Next, note that X @0 € ), D¢ (where the 0-term acts on an infinite-dimensional
space). To see this, note that if Y = X@—-X®XP—XP--- (so that Y ~ X () g X (),
then Y € D¢ from above. Clearly Z =00Y =0p X & -X DX B -X B - € D¢ as
well. But then

X@0=Xa080008--=Y+Z€) Do
2

Finally, it was shown in the proof of [16, Lemma 2.6] that every operator T' € B(H)
admits a tridiagonal operator form

T, T, 0
T=\T, T5 Ts
0 Tz Ty

relative to some decomposition H = Hq1 ® Ho ® Hs, where dim Hyi = dim H, k= 1,2, 3.
Writing

T, 1T» 0 0 0 O
T= |7y 15 0|+ 1|0 0 15|,
0 0 O 0 Tg Ty

and applying the argument of the previous paragraph, we conclude that T' € ), D¢. O

In keeping with the terminology from [17], we refer to the class of operators of the
form A 4+ K where A is a complex number and K € K(H) is compact as thin operators,
and this set will be denoted by T. It is a classical result of Brown and Pearcy [9] that
there exist A, B € B(H) such that T' = [A, B] if and only if T € (B(H) \ %) U K(H).

7.19 Lemma. Let T € B(H). If T ¢ X, then there exists a closed subspace M C H
of infinite dimension and codimension, such that relative to the decomposition H =

Mo ML,

A B
r=[é 3]

where B is left-invertible.
Proof. Since T is not a thin operator, by [2] (or [16, Theorem 2.4]), there exists a

decomposition H = H1 & Ha & Hs, where each Hy is isomorphic to H, and relative to
which we may represent 7" in the form

01 0 *
O 02 * 1,
* * *
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where — relative to orthonormal bases {ey, },, and {f,, }», respectively — C; = DIAG{ v, }52 4
and Cy = DIAG{S,}22, are diagonal operators with lim o, = «, lim 8, = 3, and
n—oo

n—oo
a # B.
Next, fix N > 1 such that n > N implies that

a5l

max(|a, — al,|Bn — B]) < ¢ : 3

Setting £1 := V{e,}Y_; and Lo := V{f,,})_,, we see that relative to the decomposition
H=(H1S9L1)® (H26 L2) B (Hs B L1 D L2),

T not only admits a 3 x 3 decomposition of the form

Dl 0 *
0 D2 * |,
* * *

but now Dy — Dy is diagonal and bounded below (by §), and thus Dy — D5 is invertible.

Set g, = @(en + fn), hn = @(en — fn), n > N. Then {gp }n>n is an orthonormal
set, as is {h, tnsn. Define K1 = V{gn}nsn, Ko = Vi ooy and K3 = (K1 @ Ko)t.
Relative to H = K1 & K3 @ Ko, we find that

* * %(Dl—Dg)
T=|x% =x X
* * *

for an appropriate operator X. Since D; — D> is invertible, it follows that

F(DlX_ Dz)]

is left-invertible. The proof is completed by setting M =K1 ® K3. O

7.20 Lemma. Let T = {é g} be an operator in B(H & H) with B left-invertible. Then
there exists an invertible operator R € B(H @& H) such that
-1_ A B
RTR " = [01 Dyl

where By and Cy are both left-invertible.

I 0
Proof. Set R := {tl I}’

Z € B(H) be a left inverse of B. Then

where ¢t € R\ {0} is a parameter which will be fixed later. Let
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RTR = A-tB B } — {

T |tA+C —t(tB+D) tB+D

A1 By
C1 Dy|-

Hence, By = B and
1 1 1 9

Since the set of left-invertible operators of B(#) is open, C; is left-invertible for a suffi-
ciently large choice of t. O

7.21 Proposition. Let T € B(H) \ T, then T € [[, De.

Proof. By Lemma 7.19 and Lemma 7.20, we may assume that

A B
r-[e 5]

and B, C are left-invertible. Pick Y, Z such that YB = ZC' = I. Then
T A B| |1 -AZ 0 B
—|C D| |\DY -I -C 0
I 0 0 AZ I B I 0
:([DY o}_{o 1])({0 o}_{c o])€H9@~ 0
7.22. There are certainly many thin operators which lie in [[, D¢, but we have been
unable to determine whether or not every thin operator (and thus every operator) lies in

[, ®¢. Of course, by Theorem 7.16, B(H) = [[; ©¢. We finish by enumerating a short
list of questions which remain unresolved.

(a) Find the minimum integer n > 2 such that B(H) = >, ®¢. By Proposition 7.18,
this minimum integer is at most 4.
(b) Determine whether or not the set T of thin operators is contained in [], De¢.

(c) Find the minimum integers m,n > 2 such that B(H) = >, NEGs(H) =
Hm NEGs(H).
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