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This Perspective addresses the development of polymer field theory for predicting the
equilibrium phase behavior of block polymer melts. The approach is tailored to the
high-molecular-weight limit, where universality reduces all systems to the standard
Gaussian chain model, an incompressible melt of elastic threads interacting by contact
forces. Using mathematical identities, this particle-based version of the model is
converted to an equivalent field-based version that depends on fields rather than
particle coordinates. The statistical mechanics of the field-based model is typically
solved using the saddle-point approximation of self-consistent field theory (SCFT),
which equates to mean field theory, but it can also be evaluated using field theoretic
simulations (FTS). While SCFT has matured into one of the most successful theories
in soft condensed matter, F'TS is still in its infancy. The two main obstacles of F'TS
are the high computational cost and the occurrence of an ultraviolet divergence, but
fortunately there has been recent groundbreaking progress on both fronts. As such,
FTS is now well poised to become the method of choice for predicting fluctuation

corrections to mean field theory.
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I. INTRODUCTION

Block polymers refer to polymer molecules involving two or more sections (i.e., blocks)
formed from chemically distinct monomers.! The general incompatibility of the unlike
blocks tempered by their connectivity causes these macromolecules to self-assemble into
periodically-ordered morphologies. The wide range of polymeric architectures (e.g., linear,
star, comb, etc.) and the potential for blending different molecules leads to an endless array

%6 with new ones continuously

of systems.?® The applications are so numerous and diverse,
emerging, that we do not attempt to describe them here. Instead, we focus on efforts to

predict their equilibrium phase behavior using polymer field theory.

In order to best illustrate the approach, we consider the simplest system, a neat melt
of linear diblock polymers, each composed of N, A-type segments joined to Ng B-type
segments. We follow the convention where monomers are grouped together into larger coarse-
grained segments of a given volume, p,'. Rather than specifying Ny and N, a diblock is
usually characterized by its total number of segments, N = N4 + Npg, and its composition,

f = Na/N. In general, the A and B segments will possess different statistical lengths, a4 and

ap, respectively, from which one defines the average segment length, a = \/ fa% + (1 — f)a%.

In a melt, the typical size of an entire molecule is given by its radius of gyration, R, =
a\/N_/6. Assuming N is large, there will therefore exist a clear separation between the
atomistic and molecular length scales, a and R, respectively. Consequently, the complicated
atomistic structure of the monomers becomes irrelevant on the molecular scale, and in
turn the equilibrium phase behavior becomes universal on the molecular (or coarse-grained)
scale.”™® Although this universality has been evident in experiments from early on,” not until
recently was it shown to be precise.!?'3 The profound implication is that simple models can

provide quantitatively accurate predictions.!4

The Gaussian chain model (GCM) has emerged as the standard model for block polymer
phase behavior.'® It is a minimal model that only contains the essential features, whereby a
melt is treated as an incompressible system of elastic threads interacting by contact forces.
The strength of the interactions is controlled by the usual Flory-Huggins x parameter. In
polymer field theory, this particle-based Hamiltonian is converted to a field-based Hamilto-
nian, H[W_, W,], that depends on a composition field, W_(r), coupling to the difference in

A and B concentration and a pressure field, W, (r), enforcing the incompressibility.
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Self-consistent field theory (SCFT)! approximates the fields by the saddle point of
H[W_,W,], which corresponds to the mean field approximation. The first application of
SCFT to diblock polymers was by Helfand in 1975,'7 but it initially received limited atten-
tion in favor of analytical theories, because of the computational challenges of applying it
beyond 1D problems (i.e., the lamellar phase). In 1980, Leibler!® developed a random-phase
approximation (RPA), which provided a phase diagram for the classical lamellar (L), cylin-
drical (C) and spherical (S) phases at weak segregations, YN ~ 10. Then in 1985, Semenov'?
developed a strong-segregation theory (SST), which provided the phase boundaries in the
limit of YN — oo. Helfand and Wasserman?® did eventually estimate the SCFT phase
diagram by invoking a sharp interface approximation coupled with a unit-cell approxima-
tion that reduces the C and S phases to 1D problems. The assumption of sharp interfaces

was later removed by Vavasour and Whitmore,?! providing a phase diagram of the classical

phases that bridged between the RPA and SST limits.

Following the successful treatment of the classical phases, block polymer research expe-
rienced a period of intense activity as experimentalists began to observe complex phases
situated between the L and C regions. These included the double-diamond (D),?? gyroid
(G),?>?* perforated-lamellar (PL),?> and modulated-lamellar (ML)?® phases. Efforts were
made to extend the RPA and SST beyond the classical phases, but SCF'T soon gained the
upper hand with the introduction of a spectral algorithm that allowed numerical calculations
free of approximation.?® Figure 1 shows the resulting phase diagram. The SCFT predicted
G to be stable, PL to be highly metastable, D to be far from stable, and ML to be unstable.
At first, these findings seemed to contradict experiment, but they would ultimately prove to
be correct. The first revelation occurred when samples initially identified as D turned out to
be G under reexamination;?” there now remains no credible evidence that D ever occurred
in neat diblock polymer melts. The next revelation was that PL eventually converts to G

2829 confirming the prediction that PL is metastable; it is

if annealed for sufficient time,
now understood that the intermediate PL phase forms due to a low-energy kinetic pathway
from the L phase.?® The evidence for ML has since been attributed to nothing more than

! such as transient perforations.®? The latest addition

fluctuations in the simple L phase,?
to the complex phase window was the Fddd (O™) phase, initially predicted by Bailey and
Morse.?3 Within two years of the prediction, experiments identified it in PS-PI diblocks on

the PS-rich side of the phase diagram,? and then later on the Pl-rich side.?®

3
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FIG. 1. SCFT phase diagrams for diblock polymer melts with conformationally (a) symmetric and
(b) asymmetric segment lengths, as and ap, plotted in terms of the Flory-Huggins y parameter,
the degree of polymerization, N, and the composition, f. The labels denote the ordered lamellar
(L), cylindrical (C), bee spherical (S), hep spherical (Sgp), gyroid (G), Fddd (O™), and sigma (o)
phases. The schematic images at the top illustrate the geometry of the A- and B-rich domains

within the L, C, S, and G phases.

With the complex phase window resolved, attention switched to the spherical region.3¢

The usual arrangement of spherical domains is bec, as first predicted by RPA.'® SST also
predicts narrow regions of closed-packed (fcc or hep) spheres along the ODT.3" Although
SCFT finds that hep is slightly favored over fce,®® the energy difference is too small to pro-
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duce long-range order,® as evident by the fact that experiments observe a disordered array
of close-packed spheres.**#! The renewed interest in the spherical region began in 2010,
when Lee et al.*? discovered the Frank-Kasper sigma (o) phase, involving a large tetragonal
unit cell containing 30 spherical domains. SCFT calculations by Xie et al.*® predicted the
o phase to occur if as/ap deviated sufficiently from one, and shortly after experiments®!
confirmed the stabilizing effect of conformational asymmetry. The experiments, however,
found that the o phase requires less conformational asymmetry than predicted by SCFT.
Experiments have attributed this to fluctuation effects omitted by SCFT,*® while SCFT cal-
culations suggest that it results from polydispersity effects.*® At even higher conformational
asymmetry, another spherical phase, A15, emerges between the o and C regions.*” As with
the o phase, A15 occurs at a lower asymmetry in experiments than predicted by SCFT.
Again fluctuations and polydispersity are potential explanations for its enhanced stability.
Despite its remarkable track record regarding ordered phases, SCFT treats the disor-
dered phase very inaccurately.!’® In particular, it predicts uniform mixing of the A and
B segments, which contradicts the strong scattering observed in experiments.? In 1987,
Fredrickson and Helfand®® evaluated the effect of composition fluctuations on the SCFT
phase diagram. For symmetric diblocks (i.e., f = 0.5 and ax = ag), they predicted an ODT

of
(xN)opr = 10.495 + 41.0N /3 | (1)

where the size of the fluctuation correction is controlled by the invariant polymerization
index, N = a%p2N. A somewhat more refined calculation by Mayes and de la Cruz®
gives a coefficient of 39.0 for the correction instead of 41.0. In any case, the approximations
involved are only accurate for N > 10'°, which far exceeds the typical range, 10> < N < 104,
of experiments.?

Field theoretic simulations (FTS) offer a way of obtaining accurate fluctuation correc-
tions to SCF'T, by simulating the Hamiltonian, H[W_, W,]. However, standard simulation
techniques for integrating over the fields are not applicable. Although the composition field,
W_(r), takes on real values, the pressure field, W, (r), is imaginary, which leads to a complex-
valued Hamiltonian and thus a Boltzmann weight that is not positive definite. Ganesan and
Fredrickson®? dealt with this using two different strategies. The first was a steepest descent
technique (STD-FTS), which shifts the integration so that it follows a constant-phase path
through the saddle points of SCFT, and the second was complex Langevin simulations (CL-

5



AlP

Publishing

FTS), whereby both fields sample the entire complex plane. The later method was deemed

to be more eflicient.

In 2008, Lennon et al.?® used the CL-FTS to elevate fluctuation corrections to the ODT of
diblock polymer melts. The simulations, however, were limited to an invariant polymeriza-
tion index of N = 5.4 x 10°, which far exceeds the typical values of experiment. They were
unable to consider smaller N because of an instability that causes the fields to diverge.?%
Delaney and Fredrickson®® have since managed to tame the instability by introducing com-
pressibility and smearing the interactions, allowing them to generate a phase diagram for
N ~ 10%

Another strategy is to perform a partial saddle-point approximation, where W_(r) fluctu-
ates while the pressure field follows its saddle point, w (r), which turns out to be real. Con-
sequently, the resulting Hamiltonian, H[W_,w.], is also real, which then allows for standard
simulation techniques. Comparisons with CL-FTS have shown the approximation to be rela-
tively accurate.?”%® The first implementation of the partial saddle-point approximation used
ordinary Langevin simulations (L-FTS),% but this work was largely overlooked and Monte
Carlo simulations (MC-FTS) prevailed.?”%¢7 Only recently was it realized that L-FTS are
actually far superior to MC-FTS.%® An important advantage of the partial saddle-point

approximation is that it removes the instability, allowing for simulations at lower N .62:63.68

In FTS, the fields are generally represented on a discrete grid with some finite spacing,
A. One might expect the results to become increasingly accurate as A — 0, but this is

subverted by an ultraviolet (UV) divergence. De la Cruz et al.%

were to first to investigate
the divergence, and argued that it could be removed by renormalizing the x parameter.
Stasiak and Matsen®! demonstrated that the renormalization works well for large N, but
Vorselaars and Matsen® later found that it starts to fail just as the experimentally relevant
regime is approached. They proposed an alternative renormalization that seemed to work
when applied to diblock polymer melts, but it failed for homopolymer melts.5* Nevertheless,
Matsen and Beardsley® have now resolved the issue by instead defining y according to the
Morse calibration procedure devised for particle-based simulations.” The UV divergence can
also be removed by modifying the model, which is, in fact, what Delany and Fredrickson®®
did when they included compressibility and smeared the interactions. However, doing so

requires mapping the parameters of the modified model back onto those of the standard

GCM, which could likewise be accomplished with the Morse calibration.

6



AlP

Publishing

T15,39,71,72 73-75

There are numerous reviews on SCF as well as a few on FTS, which we
do not attempt to repeat. Now that FTS are proving to be a practical alternative to
traditional particle-based simulations, we can expect to see a substantial uptake in their
application. To help facilitate this, the present Perspective is aimed at those who may have
experience in SCFT but are otherwise new to FTS. It provides an overarching description
of the field theoretic approach, reviews the current state-of-the-art in numerical methods,
discusses outstanding problems, and assesses the future outlook. So as to provide the most
transparent discussion possible, we concentrate on neat diblock polymer melts. Nevertheless,

one of the main advantages of the field theoretic approach is its incredible versatility, and

so some discussion on its extension to more complex systems is included.

II. STANDARD GAUSSIAN CHAIN MODEL

This section describes the standard GCM for a melt of n diblock polymers, each con-
sisting of N coarse-grained segments of volume p;'. As illustrated in Fig. 2, the polymer
configurations are specified by the space curves r,(t), where the molecule index « = 1,2, ...,n
and the contour variable takes on values ¢ € (0, fN) along the A block and ¢ € (fN,N)
along the B block. The individual segments are themselves polymer coils and thus they can
stretch. However, they lose entropy as they do so, the cost of which increases as the square
of their end-to-end length, a direct consequence of the central limit theorem from statistics.
As a result, the polymers behave as ideal elastic threads, which is handled by weighting each
configuration r,(t) by the probability

P, = exp (—g /O ) |r/28|2dt) . (2)

The conformational asymmetry between the statistical lengths as and ag of the A and B

segments, respectively, is accounted for by the function

a% , fort < fN,
p(t) = (3)
a , fort > fN .

Given the space curves, we can conveniently express the concentration of A segments as

. n, N
pa(r) = S > 5(r —ro(t))dt . (4)
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FIG. 2. Space curve, r,(t), specifying the coarse-grained configuration of a diblock polymer.
The molecular index takes on values « € {1,2,3,...,n}, and the contour variable takes on values

t € (0, fN) along the A block and t € (fN,N) along the B block. The individual segments are

polymer coils on the atomistic scale, and thus they can stretch.

Similarly, the concentration of B segments, quSB(r), is given by an analogous expression, where
the integration instead extends over ¢ € (fN, N).

To complete the model, one needs to include molecular interactions. For a microscopic
model, one might choose Lennard-Jones interactions, but this is inappropriate for a coarse-
grained model. Nevertheless, the same physics must be included. The hard-core part of
the interactions is responsible for a relatively uniform density, which the standard GCM
accounts for by enforcing the incompressibility constraint ¢4 (r)+ ¢p(r) = 1. The attractive
part of the interactions is longer range but still short range compared to R,, and therefore
it is treated by pairwise contact forces. As a result of incompressibility, there is no need
to include interactions between segments of the same type, and thus the internal energy is

expressed as

U .
[ PoXb/¢A¢Bdr , (5)

where the Flory-Huggins y, parameter controls the ‘bare’ strength of the A-B interactions.

It is important to appreciate that the five model parameters, x, N, f, aa, and ap, are
not uniquely defined. This is because of the freedom one has to redefine the coarse-grained
segments by changing po. If one increases py by a factor of A, then y will decrease by a factor

A, N will increase by a factor A\, and the two segment lengths will both decrease by a factor

8
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of v/\. There are, in fact, only four quantities, YN, f, aa /ag, and N, that remain invariant
with respect to changes in pg, and it is their values that control the phase behavior.
We are interested in studying the equilibrium behavior of the standard GCM using sta-

tistical mechanics, which requires the evaluation of the partition function,

U ) R n
Z /exp (—kB—T) S[oa + ¢p — 1] }_IlPaDra . (6)

The integrand of Z includes a Boltzmann weight for the interactions, a Dirac delta functional
to enforce incompressibility, and a weighting function, P,, for the entropic stretching energy
of each polymer. The functional integration is then performed over the configurations, r, (%),
of all n polymers. Before addressing how to evaluate Z, we first discuss the validity of the

standard GCM and how to relate it to experiments.

III. UNIVERSALITY

The significance of universality is that virtually any model can be calibrated to provide
quantitative predictions for any particular experiment. To avoid the need to recalibrate
each model for every different experimental system, it is best to calibrate all systems with
respect to a reference model. Naturally, it is best to select a ‘minimal’ model, which contains
only the essential features of the block polymer melt and thus involves the least number of
parameters possible. The standard GCM nicely serves this purpose.

The universality of block polymer melts has been evident from early on. This was well
illustrated by Bates et al.,” when they showed that the phase diagrams of four chemical
distinct diblock systems were remarkably similar when plotted in terms of YN and f.? The
minor differences could be attributed to variations in a4 /ap and N. However, the equivalence
was not initially regarded as exact, but evidence is now mounting that the universality is,
in fact, quantitative.®!%13 In particular, different simulation models for symmetric diblock

polymer melts are found to exhibit a universal ODT given by!? 12

(XN)opr = 10.495 + 41.0N Y3 1 123.0N 705 (7)

where the third term is an empirical correction to the Fredrickson-Helfand prediction in
Eq. (1). There is also compelling evidence that the equivalence extends to experiments.'® In
reality, this follows logically from the fact that models can be extended to provide arbitrarily

accurate representations of real experiments.

9
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The universality hypothesis implies that the parameters of any experiment (or simulation)
can be mapped onto those of the standard GCM. The mappings of N and f are trivial given
their straightforward definitions in terms of molecular volume. The statistical segment
lengths are also readily defined by the fact that the radius of gyration of linear homopolymers
in a neat melt is given by R, = a\/N_/G for large N. The only non-trivial aspect of the
mapping is how to define the Flory-Huggins y parameter.

The determination of x has been a longstanding problem to which numerous strategies
have been applied.” " Unfortunately, the different methods result in different values of ¥,
leading many to conclude that x depends on composition, architecture, molecular weight,
polydispersity, or basically all the parameters of the system. Others come to the conclusion
that x has no clearcut definition. The problem stems from the way y is determined, which
always involves measuring some quantity by experiment (or simulation) and then fitting to a
prediction of the standard GCM. For y to be accurate, not only does the measurement need
to be accurate but so does the prediction. In most cases, the prediction is based on mean
field theory, which, in effect, buries fluctuation corrections into the y parameter. Thus, it
should be of no surprise that the parameters derived from different quantities are themselves
different, since they possess distinct fluctuation corrections. Furthermore, fluctuation effects
depend on all the parameters of the system, and thus the resulting x will also depend on all

the parameters.

Morse and coworkers have made great progress in resolving the issue of how to define
x. For weak interactions, it is uniquely defined by the requirement that mean field theory
becomes exact in the N — oo limit. However, the definition of x at stronger interactions
requires choosing a quantity to fit. Naturally, it should be one that we can predict accurately.
Morse and coworkers® selected the disordered-state structure function, S(k), for symmetric
diblock polymer melts as predicted by renormalized one-loop (ROL) calculations, arguably
the most accurate prediction available. It is this choice that was used to demonstrate

10-13

the universality among the different simulation models and between experiment and

simulation.'*

10
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IV. FIELD THEORETIC MODEL

Even though the partition function in Eq. (6) looks simple, the functional integrals cannot
be evaluated directly due to the complicated dependence of exp(—U/kpT') and ¢ [QASA + op —
1] on the polymer configurations, r,(t). This problem can, however, be dealt with by
switching from a particle- to a field-based model, as illustrated in Fig. 3. To start, the
incompressibility constraint is used to reexpress the interaction energy, to within an additive

constant, as

U pOXb
k’BT (gbA - ¢B) ’ (8)

where ¢4 (r) — ¢p(r) is the composition of the melt. The Hubbard-Stratonovich identity,

- = / 2 r2w) gy, ()

is then applied at each point in space, r, with u set to the composition and v set to a

‘composition’ field, W_(r). This results in the relationship

U (_n "
exp T o [ exp(—y;

/ [KE W (s — @B)] dr) DIV (10)

Xb

where the polymer concentrations couple linearly to the field. Similarly, the Fourier repre-
sentation of the Dirac delta function,
d(u) = L /wo e’dv (11)
2m
is applied at each point in space, r, this time setting u to the deviation from incompressibility
and v to a ‘pressure’ field, W, (r). This leads to the mathematical identity
S[a + dp — 1] o /eXP (-% X
/WJr(éA + - 1)dr) DWW, , (12)

where the polymer concentrations again couple linearly to the field.
Inserting Egs. (10) and (12) into Eq. (6) for Z allows the functional integrations over
ro(t) to be performed analytically, due to the linear dependence on concentration. The

partition function is then recast in the form

Z x /exp <—%) DW_DW., , (13)
B

11
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(a) particle-based model (b) field-based model

SNOpSB/0-/T
Q8P ~DLTR
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FIG. 3. Comparison of (a) the particle-based model corresponding to Eq. (6), where the configu-
ration of the system is specified by r,(t), and (b) the field-based model corresponding to Eq. (13),

where the configuration is specified by W_(r) and W, (r).

where
W2
H=Hg+ k:BTpo/ (—_ — W+) dr (14)
Xb

defines a field-based Hamiltonian.™ It involves the Hamiltonian,
HQ = —TL]CBTIHQ s (15)

for a system of n noninteracting polymers in the canonical ensemble, which is expressed in

terms of the single-chain partition function,

Qo [ (= [07utea) + W wlir) P, (16
where
1, fort< fN
(t) = (17)
—1, fort> fN |
distinguishes between the A and B blocks.
Both SCFT and FTS will require the functional derivative of H[W_, W] with respect to

each of its fields. The first is given by

1 DH 2
—— =0¢_(r)+ —W_(r), 18
D - W) (18)
where
V. DqQ

(19)
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is the composition of n non-interacting diblocks in the fields. Similarly, the second is given

by

1 DH
T DIV, ¢4(r) -1, (20)
where
V D
¢4 (r) = _N_QDI/IC/QJF (21)

is the total concentration of n non-interacting diblocks in the fields.

V. POLYMER IN A FIELD

The transformation to a field-based model effectively reduces the statistical mechanics of
the system to that of a single molecule in the fields W_(r) and W, (r). Its partition function

is conveniently expressed as
1
Q= [atv.od o 22)

where q(r,t) and ¢'(r,t) are partial partition functions for the (0,¢) and (¢, N) portions of
the chain, respectively, with the ¢’th segment constrained at position r. Thus, the product
q(r,t)q'(r,t) gives the partition function of the entire molecule with the ¢'th segment fixed
at r. The constraint is then removed by integrating over r, providing the partition function
of an unconstrained molecule, Q[W_, W_.].

The reason for introducing the partial partition functions is that they can be readily

obtained by solving modified diffusion equations.!”®® In particular, ¢(r,t) satisfies

dq  Boo
— == — (W W_ 23
5 gV 4~ WetaWo)g, (23)
and the initial condition ¢(r,0)=1, while ¢'(r,?) satisfies the same equation with one side

multiplied by —1 and the condition ¢'(r, N) = 1. Applying the functional derivatives in
Egs. (19) and (21) to the definition in Eq. (22) gives

¢_<r>=NlQ / A(0)ale, ) e, 1)t | (24)
¢+<r>=NlQ / a(r, gl (x, 1)t (25)
13



AlP

Publishing

VI. SELF-CONSISTENT FIELD THEORY

Despite the transformation to a field-based Hamiltonian, the functional integrals in Eq.
(13) still cannot be performed analytically. However, the partition function of the system
can be estimated by

(26)

7 o exp (——H[w"w+]> ,

kgT
where w_(r) and w, (r) denote the saddle point of H[W_, W,]|. Referring to Egs. (18) and
(20), it follows that

w-(r) = —3o-(r) (27)

b.(r)=1. (28)

This saddle-point approximation equates to mean field theory, where Eqs. (27) and (28)
represent the self-consistent field conditions.

Each phase of a block polymer melt corresponds to a distinct locally-stable solution of the
field equations. The solutions are generally located iteratively, starting from initial guesses,
which can be generated from a priori knowledge of the geometry of the composition profile,
¢_(r). In the case of periodic phases, the dimensions of the unit cell have to be adjusted
so as to minimize the free energy, F' = H[w_,w4]. Once the solutions for the candidate
phases have been obtained, the one with lowest free energy is assumed to be the stable phase
while the remaining correspond to metastable phases. The main limitation of this SCFT
procedure is that it does not predict the candidate phases, but rather requires them as input,
provided usually by experiments. Even though SCFT showed Fddd to be stable prior to its
experimental observation in diblock polymer melts, the phase was nevertheless discovered
by experiments on ABC triblock polymer melts.® The obvious problem is that the global
minimum might not be included among the candidate phases, and therefore we cannot be
absolutely certain that all the equilibrium phases are accounted for in phase diagrams like
those of Fig. 1.

Efforts to address this shortcoming began with the screening method proposed by Drolet
et al.,”® where candidate structures are generated by solving the field equations in real-space

starting from randomly generated fields. There have been proposed improvements, whereby

191 192

the diffusion equation is instead solved using pseudo-spectral®® or spectral’® algorithms.

Bohbot-Raviv and Wang? proposed using a weak-segregation approximation to SCFT to

14
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1.4 have also tried to improve

help increase the computational speed of the search. Xu et a
the search by incorporating existing knowledge into the initialization of the fields. The
latest innovation has been the use of genetic algorithms.?® While these approaches have
found new morphologies in ABC triblock polymer melts, this in itself is not much of a test
given the zoo of existing phases.® It still remains uncertain how effective these searches
actually are, but nevertheless they address an important problem worthy of further effort.
Another valuable and perhaps more challenging endeavor is the inverse problem of specifying
a desired morphology and trying to find the system parameters for which it is stable. This
problem has recently been tackled using particle swarm optimization.?¢:97

Although the standard GCM omits atomistic details, it is still a microscopic model.
Thus, SCF'T is able to provide a wealth of information, such as the distribution of various
segments, details regarding the polymer configurations, and different contributions to the free
energy.”®% It can also be used to investigate the stability of ordered phases, the calculation

100-103 4 yaluable

of which closely follows band-structure calculations for crystalline solids;
byproduct of that calculation is the scattering function for ordered phases.>! There is also
an innovative ‘string’” method for locating transition pathways between different ordered

phases.?"

VII. RELATED THEORIES

There are a couple analytical theories for the standard GCM, which nicely compliment the

19 corresponding

numerical SCFT. One is the strong-segregation theory (SST) of Semenov,
to xN — oo. In this limit, diblock morphologies decompose into opposing brushes of A- and
B-type chains separated by internal interfaces. The SST assumes the chains are so strongly
stretched that they remain in ground-state configurations, referred to as classical paths due
to an analogy with classical mechanics.'®* The original application to diblock melts was
limited to the L, C, and S phases, because it applied the unit-cell approximation for which
the classical paths adopt straight trajectories normal to the interfaces. With the discovery of

105-107 and

the complex phases, researchers tried to generalize the SST. Olmsted and Milner
Likhtman and Semenov'®® both extended it to complex phases, but required assumptions
regarding the shape of the interfaces. Likhtman and Semenov'® later introduced a version

of SST in which the interfacial shape is determined through minimization of the free energy.
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Although it still assumes straight trajectories and ignores so-called exclusion zones, it does
provide the best evidence to date that the G phase in Fig. 1(a) does not extend to infinite
segregation,® contrary to speculations based on SCFT calculations.!!?

Although the SST makes a few reasonably accurate predictions, such as the position of
order-order transitions and the periodicity of the ordered phases,? careful quantitative com-
parisons with SCFT have indicated that it may not represent the true strong-segregation
limit.'"! Likhtman and Semenov!!? addressed this issue by analyzing the dominant correc-
tions to SST, which included a correction to the interfacial tension and fluctuations about
the classical paths.''3 These corrections bring SST into good qualitative agreement with
SCFT, and eventually quantitative agreement, although only at extremely high segrega-
tions of YN > 106114

Despite its quantitative limitations, SST has been instrumental in developing an intuitive
explanation of block polymer phase behavior in terms of a competition between the inter-
facial energy and the stretching energy of the opposing brushes.!%!® Firstly, the domain
size is determined by balancing the stretching energy, which prefers small domains, against
the interfacial energy, which prefers large domains. Secondly, the competition between the
stretching energies of the opposing brushes imparts a spontaneous curvature to the inter-
face, favoring the shorter blocks on the inside of curvature. Consequently, the lamellar phase
occurs at symmetric compositions (i.e, f ~ 0.5) with the complex phases then cylinders and
finally spheres occurring as the diblocks become increasingly asymmetric. The selection
among the different complex phases is controlled by a subtler effect, packing frustration.!
The stretching energy favors domains of uniform thickness, while interfacial tension favors
interfaces of constant mean curvature. Packing frustration refers to the inability of a mor-
phology to simultaneously satisfy both tendencies. The preference for the G phase is simply
a result of low packing frustration. Likewise, packing frustration plays a key role in selecting
among the different spherical phases (e.g., bee, fee, hep, o and A15).

In the opposite limit, Leibler'® developed a weak-segregation approximation to SCFT,
where the random-phase approximation (RPA) is used to expand the free energy, F', to
fourth-order in the composition, ¢_(r). The calculation is well-known for predicting a critical
point in the diblock phase diagram [e.g., the dot in Fig. 1(a) at (x/V)opr = 10.495], and the
topology of the phase boundaries emerging from the critical point. A useful byproduct of

the expansion is a simple analytical expression for the disordered-state structure function,
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FIG. 4. RPA,'® F-H,%° and ROL'?? predictions of the disordered-state structure function, S(k),
for YN = 8.0, f = 0.5, ag/ap = 1.0, and N = 500. Arrows point to the peak position, k*, which

provides the typical domain size, 27 /k*, in the disordered phase.

S(k). The initial RPA calculation only included the principle wavevectors of magnitude
k*, which limited it to the classical L, C, and S phases. Podneks and Hamley!'” as well as
Milner and Olmsted!!® have since incorporated higher-order wavevectors, so as to account

for the G phase. Ranjan and Morse!!? later did the same for the Fddd phase.

The RPA theory also provides the foundation upon which Fredrickson and Helfand®
calculated fluctuation corrections to the mean field theory, and in particular the famous
expression in Eq. (1) for the ODT of symmetric diblocks. The F-H theory has since been
extended by Podneks and Hamley!'? to include the G phase and by Miao and Wickham!%°
to include the Fddd phase. While the former calculation predicts direct G-to-disorder tran-
sitions, which is consistent with experiment, the later calculation predicts the destruction of
the Fddd phase, which is inconsistent with experiment. This is likely due to the inaccuracy
of the F-H theory at experimentally relevant values of N. The F-H theory also improves
upon the disordered-state structure function, predicting the peak, S(k*), to remain finite
and its position to shift to smaller £* as the ODT is approached, which brings the behavior
of S(k) into better agreement with experiment.!?! Morse and coworkers'?*123 have improved
upon this even further with a renormalized one-loop (ROL) calculation of S(k), which now
stands as one of the most accurate predictions for the standard GCM.%!?* Figure 4 compares

the different predictions of S(k) for symmetric diblocks at YN = 8.0 and N = 500.
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Not surprisingly, the free energy expansion of RPA breaks down beyond the weak-

125

segregation regime. Ohta and Kawasaki'“> remedied this problem by modifying the higher-

order terms, allowing for calculations over the full range of segregation. Muthukumar!?
later incorporated fluctuation corrections to the O-K model. As a result of its computa-
tional efficiency, the method has seen wide-spread use over the years. However, quantitative
comparisons with SCFT reveal significant quantitative inaccuracies, and in some cases qual-
itatively incorrect predictions. This shortcoming was recently addressed by Liu et al.'?” with
the introduction of an optimized phase field model that greatly improves upon the accuracy

of the O-K model, while still retaining its computational efficiency. Nevertheless, it is no

substitute for the full field theory, if accuracy is of concern.

VIII. FIELD THEORETIC SIMULATIONS

Although Z cannot be solved exactly for the field theoretic Hamiltonian, H[W_, W], it
is nevertheless possible to simulate it. The simulations are typically performed in a cubic
simulation box of volume V' = L? with periodic boundaries (see Fig. 3). In order to represent
the fields on a computer, a discrete grid is imposed over the simulation box with m points
in each direction separated by a uniform spacing of A (i.e., L = mA).

As implied by Eq. (11), the integration of W, (r) needs to be performed over the imag-
inary axis, and therefore standard simulation methods are not applicable. Fredrickson and
coworkers®>7>77 have dealt with this by performing complex Langevin simulations (CL-
FTS), where both fields are permitted to sample the entire complex plane. In particular,

the fields evolve according to the Langevin dynamics

ow_ DH

N W 2
or ~ Mol T (29)
oW, . DH

. ’
B DI, + g, (30)

where the functional derivatives are given by Egs. (18) and (20) and the independent

functions 74 (r, 7) provide real-valued Gaussian noise satisfying

<77:t<r77—)> =0 ) (31)
(Na(r, T)Ne (v, 7)) = 20LkpTo(xr —1')o(7 — 7). (32)
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The parameters A control the rate at which the fields evolve, which is only relevant when
studying actual dynamics. Here, the Langevin equations are just used to generate a sequence
of equilibrated configurations (i.e., 7 = kA7 for £ = 1,2,3,...), and so we set AL = 1/kgTpg
for convenience. The sequence can be generated with the simple Euler time-stepping itera-

tion

W_(r;74+ A1) =W_(r;7) —
[ (r;7) +2W_(r;7) /xo] AT + N (0,0) , (33)

Wo(r; 7+ A7) = Wo(r;7) +
(4 (v;7) — 1] AT +iN(0,0) | (34)

where N(0,0) provides random numbers from a normal distribution with a mean of zero

and a variance of
o 2AT

a Adpgy

Diichs et al.'?® discuss a number of improvements to the Euler algorithm that allow for

(35)

g

larger step sizes, Ar.

The issue of complex fields can be avoided by making a partial saddle-point approxima-
tion, whereby W, (r) is replaced by its saddle point, w. (r), which turns out to be real. This
reduces the partition function to

7 x / exp (——H[Z/;’TU’*]) DW_ . (36)
where w, (r) satisfies the self-consistent condition in Eq. (28), which amounts to enforcing
incompressibility in the mean field approximation. The rationale for this is that the fluc-
tuations in W_(r) are considerably more important than those in W, (r), and thus the ap-
proximation still captures the majority of the fluctuation correction to SCF'T. Comparisons
with CL-FTS have indeed shown the partial saddle-point approximation to be accurate.’™>®
Although there is only one fluctuating field to integrate over, the self-consistent condition
for w (r) has to be solved every time W_(r) changes. Nevertheless, one is generally dealing
with small changes in W_(r), and thus the cost of updating w, (r) is small. The advantage
of real-valued fields is that standard simulation techniques are applicable. The first imple-
mentation used ordinary Langevin simulations (L-FTS),? where W_(r) evolves according to

Eq. (33), but the more popular choice has been Monte Carlo simulations (MC-FTS),57:60-67
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where small random changes in W_(r) are accepted or reject based on the standard Metropo-
lis algorithm. Just recently, however, a direct head-to-head comparison showed L-FTS to be
far faster.%® It is prudent to remember though that the efficiency of MC is highly dependent
on the choice of trial moves, and so it is still conceivable that MC could become competitive

with the use of more sophisticated moves.?"

IX. ULTRAVIOLET DIVERGENCE

One would naturally expect FTS to become increasingly accurate as the grid spacing, A,
approaches zero, but this limit is in fact ill-defined due to an ultraviolet (UV) divergence.
It results from trying to enforce incompressibility on 1D threads that interact by zero-range
contact forces.” The divergence would likewise occur if one increased the resolution in
particle-based simulations of the standard GCM.!3° The underlying problem is that reducing
A decreases the relative number of intermolecular contacts,’® which in turn reduces the level

of segregation. The issue was first recognized by de la Cruz et al.,%

where they showed that
the divergence could be compensated for by renormalizing the bare interaction parameter,
Xp- This is done by expressing all results in terms of the effective interaction parameter,

X = (1 - i—il!\) Xb (37)
where o = 1.221375 for cubic grids,®%® [ = 1/pga® is the packing length, and A = 7/A is
a wavevector cutoff. Grywacz et al.'?2 have since provided more rigorous evidence that the
theory is indeed renormalizable.

Although the simple linear renormalization in Eq. (37) works well in FTS for large N,%
it fails for realistic values of N.%? Beardsley and Matsen® recently resolved the problem by
instead defining y using the Morse calibration developed for particle-based simulations.”™ In
this approach, the FTS are performed for a fixed relative grid spacing, A/a, and relative
segment density, poa®, where N defines the number of numerical integration steps along the
polymer contour such that a corresponds to the typical distance the chain ‘diffuses’ in each
step. The calibration is then performed by fitting the peak of the structure function, S(k*),
from the FTS to that of ROL, assuming the nonlinear relationship

2
Y = ZooXb + C1Xp : (38)
1+ coxp
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poN/S(k")

FIG. 5. Inverse peak height of the structure function, S~!(k*), from L-FTS performed with A = a
and po = 8/a®, plotted in terms of the effective y parameter and the invariant polymerization
index, N = 64N. Solid curves denote ROL predictions and the dashed line is the RPA predic-
tion. The inset compares the nonlinear relationship between x and x3, Eq. (38), with the linear

approximation, x & ZooXp, Eq. (37).

where ¢; and ¢y are the fitting parameters. The parameter z., is set to the relative number
of intermolecular contacts in an athermal melt (i.e., x, = 0), which ensures that mean field

theory is recovered at large N. Provided that a < A, one can show that
6c

which implies that the Morse calibration reduces to the renormalization in Eq. (37) at large
N.

The calibration has been demonstrated for L-FTS with A = a and py = 8/a3, which
gave coefficients of z,, = 0.7084, ¢; = 1.246, and ¢, = 1.367.%® Figure 5 illustrates the
quality of the fit for S(k*), and the inset shows the resulting relationship between the bare
x» and the effective y. As a consequence of the partial saddle-point approximation, the
L-FTS predictions of S(k*) (symbols) is unable capture the deviation of ROL (solid curves)
from the RPA (dashed curve) at low segregations. This could potentially be remedied by
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10? 10° 10*

FIG. 6. ODTs from L-FTS plotted in terms of the effective x and invariant polymerization index,
N. The dashed curve denotes the Fredrickson-Helfand prediction in Eq. (1),°° and solid curve

shows the universal prediction from Eq. (7).1

performing CL-FTS, but nevertheless the inaccuracy is not terribly large for N > 103. Using
this calibration, the ODTs for diblocks of lengths N = 16, 28, and 64 are plotted in Fig. 6
in terms of y and N. As required, they compare well with the universal curve, Eq. (7), but
there is, nevertheless, a slight deviation that emerges for the shorter polymers. This could
be due to the inaccuracy of the partial saddle-point approximation, but it could also be
due to a breakdown in universality, which will ultimately occur if the number of integration

steps, IV, becomes too small.

An alternative strategy is to remove the UV divergence by modifying the standard GCM
so as to avoid either zero-range interactions, 1D polymers, or strict incompressibility.” This
is, in fact, what Delaney and Fredrickson®® did by introducing compressibility and smearing
the interactions.?*% However, this alters the model, and thus the results no long pertain to
the standard GCM. As with any other model, it needs to be mapped back onto the standard
GCM. One issue, however, is the range of the interactions. If the range is too large compared
to the relevant coarse-grained length scales (e.g., the width of the internal interfaces), then
the simulations will not conform to the universal behavior that we are generally interested

n.
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X. GENERALIZATION OF SCFT AND FTS

One of the main strengths of the field theoretic approach is its incredible diversity. In
particular, it is capable of handling complicated polymeric architectures with a minimal
increase in computational effort relative to that of the simple diblock,%13! which is certainly
not the case for traditional particle-based simulations. Furthermore, it can be adapted to a

67,132,133 which is hugely advantageous when dealing with blends. For the

variety of ensembles,
case of AB-type systems, the only required modification is to the Hamiltonian, Hgo[W_, W, ],
for non-interacting polymers in the fields W_(r) and W, (r). The expression in Eq. (15) for
n non-interacting diblocks in a canonical ensemble is simply replaced with the corresponding
expression for the system of interest in the ensemble of interest. Of course, this also involves
changes to Eqgs. (24) and (25) for the composition, ¢_(r), and total concentration, ¢ (r),
respectively, but that is also straightforward. The extension to three or more chemically-
distinct components (e.g., ABC-type systems) is somewhat more involved.!?® In particular,
it introduces additional fields, which may be real- or imaginary-valued depending on the

interaction parameters. This is no problem for CL-FTS, but it remains to be seen if L-F'TS

works as well when the saddle-point approximation is applied to multiple fields.

Universality will ultimately break down at low molecular weights, and at that point
additional features omitted by the standard GCM will start to become relevant. Although
quantitative predictions are no longer possible, the field theoretic approach can still be
modified in order to study the qualitative effects. For instance, it is straightforward to
include compressibility or a finite range to the interactions.!'”® One can also swap the
Gaussian chains for other polymeric models, such as worm-like chains with a fixed contour
length and an adjustable flexibility.'3* 136 This particular model is well suited for situations
where the stiffness, finite extensibility, and/or bond orientation of the polymers becomes
important.'*" 13 The worm-like chain also possesses the nice property that it reduces to a
Gaussian chain in the limit of infinite flexibility.’*® The only problem, though, is that the
corresponding partial partition functions, ¢(r,u, s) and ¢'(r, u, s), satisfy a more complicated
diffusion equation involving the chain position, r, and orientation, u. This complication
hinders its application in SCFT,**:142 and prevents any reasonable hope for FTS. A simpler
alternative is the freely-jointed chain, consisting of N point-like beads connected by bonds

172,143,144

of arbitrary potentia Although there is no bending energy, the bonds can still
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accommodate a finite extensibility. In the case of this model, however, the numerics of

SCF'T and FTS remain virtually the same as for the continuous Gaussian chain.

XI. NUMERICAL METHODS

The importance of numerical methods cannot be overstated. Although SCFT was in-
troduced to the block polymer field in 1975,'7 it took two decades for it to gain traction.
Naturally, the increase in computational power was important, but equally so was the de-
velopment of computational techniques. The two main challenges were solving the diffusion
equation and locating the saddle points.

In regards to the diffusion equation, the two leading methods are the spectral algorithm,
which expands spatially-dependent quantities in terms of M symmetrized basis functions,?%
and the pseudospectral algorithm, which expands in terms of M plane waves.?! The compu-
tational cost of the spectral and pseudospectral methods scale as M? and M In M, respec-
tively, which implies that the former is best at weaker segregations while the later is best at
stronger segregations.

The saddle points are determined by iterative methods, of which the three leading ones

38,145,146 and a semi-implicit-Siedel

are the Broyden algorithm,®® Anderson mixing (AM),
(SIS) scheme.'*™ The Broyden algorithm typically converges in just a few iterations, but the
first iteration requires the costly evaluation of a Jacobian. The latter two are Jacobian-free
methods, but they take on the order of 100 iterations to achieve satisfactory accuracy. In
general, they are best when M > 100. Based on the few documented illustrations of AM?38:145
and SIS, 1147 the AM iterations seem to perform somewhat better. Furthermore, they take
about half the time to execute, because they only require one rather than two evaluations of
q(r,s) and ¢'(r,s). AM can also optimize the unit cell dimensions in parallel with solving
the field equations,'® although this is likely possible with SIS too.

The only reliable way to determine the best algorithm is to perform direct head-to-head
comparisons. AM and SIS have yet to be compared, but the spectral and pseudospectral
methods have.?® Naturally, the comparison should be performed under typical conditions
using optimized code. In the case of the spectral method, a considerable amount of the

cost is associated with the diagonalization of M x M matrices, but there are still signifi-

cant efficiencies to be had regarding how, for example, matrix multiplications are handled.
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The computational cost of the pseudospectral method is 90% dominated by fast Fourier

45

transforms,'*® and thus the implementation is relatively insensitive to the other details.

Nevertheless, there are simple variations that can greatly improve the efficiency, in particu-
lar, the inclusion of Richardson extrapolation.!®

For the SCFT phase diagrams in Fig. 1 as well as similar ones involving more complicated
architectures,'*3 the spectral method has proven best. It generally requires M < 100 for the
classical phases, which can be solved in a fraction of a second on a single CPU. Although
M approaches 1000 for complex phases, the computational time still remains less than 10
minutes. Not until the segregation reaches y/N =~ 50 does the pseudospectral algorithm
start to overtake the spectral algorithm. Naturally, these speeds can all be improved with
parallel computing, such as calculating ¢(r,t) and ¢'(r,t) simultaneously. Opportunities
for further reductions in time are also possible with GPUs.'4%1%0 Nevertheless, as it stands,
the computational time of either method is relatively modest and so other considerations
become relevant. The spectral method benefits from the fact that the numerical inaccuracy
is easier to manage, because the only source is the truncation of basis functions. On the
other hand, the pseudospectral algorithm is simpler to implement, due to the fact that it
avoids the use of symmetrized basis functions. Perhaps a more significant consideration is
the fact that the pseudospectral algorithm for SCFT is easily converted to FTS.687

The composition fluctuations in FTS break the symmetry of the ordered phases, and so
the pseudospectral algorithm becomes the natural choice. Although Richardson extrapola-
tion can greatly increase the computational efficiency by reducing the required number of
integration steps along the polymer contour, this improvement requires sufficiently smooth
fields. Thus, it will not necessarily benefit FTS. Audus et al.®® have indeed concluded that
the pseudospectral method is marginally better without Richardson extrapolation, although
Beardsley!5? found a marginal benefit of including Richardson extrapolation; the difference
may have something to do with the fact one comparison was for CL-FTS while the other
was for L-FTS. Nevertheless, there is an alternative to demanding convergence with respect
to integration along the chain contour.

In FTS, one can regard the algorithm used to solve the diffusion equation as part of the
model.% For instance, the basic pseudospectral algorithm corresponds to a polymer chain
with N point-like beads connected by harmonic springs of natural length a.'4314 Likewise,

the pseudospectral algorithm with Richardson extrapolation can be regarded as another
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FIG. 7. Free energy difference between the lamellar and disordered phases as a function of the
bare x; parameter obtained with thermodynamic integration using L-FTS. The resulting ODTs

are plotted in Fig. 6.

model, albeit with a less obvious interpretation. In either case, the FTS is performed with

a fixed resolution, A/a, and segment density, poa®

. To compensate for the finite step size
along the chain contour, the x; of the F'TS is mapped onto the x of the standard GCM using
the Morse calibration. Beardsley and Matsen® initially demonstrated that this approach
works well with Richardson extrapolation, but Beardsley!®? has since found that it also
works similarly well with the basic algorithm. Although the latter requires a larger N to
maintain universality, this is facilitated by the computational savings of removing Richardson
extrapolation. In light of this fact, we recommend the basic algorithm for the asthetic reason
that it equates to a standard bead-spring model.

As always, the free energy cannot be obtained directly from simulations, but it is possible
to evaluate derivatives of the free energy that can be integrated to obtain changes in free
energy, provided the integration does not cross a phase transition.!>* It was with thermo-
dynamic integration that Lennon et al.?® calculated their ODTs for diblock polymer melts.
They did this by creating a composite Hamiltonian that bridged between an Einstein crystal
of independent harmonic oscillators, for which the free energy is known, and the polymeric
system. Once the free energy of the polymeric system was obtained for the disordered and

ordered phases, they evaluated the change in free energy with respect to y. Figure 7 shows

an analogous calculation for symmetric diblocks using L-FTS.%® This particular implementa-
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tion uses continuous integration, whereby the ensemble average of the free energy derivatives
and the integration are evaluated simultaneously.!®®!%* The resulting ODTs are the same
ones plotted in Fig. 6.

Thermodynamic integration is a versatile method with considerable scope for future de-
velopments. For example, instead of using the Einstein crystal as a reference for calibrating
the absolute free energy, it might be possible to integrate from the known free energy of the
SCFT solution using N as the integrating variable. There is also a Gibbs-Duhem scheme
for tracing out first-order phase boundaries.'®® Thermodynamic integration may also allow
for on-the-fly optimization of unit cell dimensions, which still remains an outstanding issue

for triply periodic phases.5¢:62

XII. DISCUSSION AND FUTURE OUTLOOK

The standard Gaussian chain model (GCM), underpinning SCFT and FTS, plays the role
of a ‘meter stick’ with which all systems, experimental and computational, are measured.
As we have stressed, the ability to accurately map other systems onto the standard GCM
relies on universality. One needs to remember, though, that universality only applies when
the assumptions of the standard GCM are satisfied. For instance, the persistence length
of the polymer needs to be short relative to the length of any block, and the interactions
must be short range relative to all the coarse-grained length scales (e.g., the width of the
internal interfaces). Universality will ultimately break down if N becomes too small. The
point at which this happens will differ for different models; in particular, it will happen
sooner for stiffer molecules.'® Once it does break down, the bahavior will start to depend
on additional quantities, such as the stiffness and the end-groups of the polymers.'®7 159
Furthermore, it will no longer be possible to characterize the molecular interactions by a
single y parameter.'%? Nevertheless, the breakdown will not occur abruptly, and so the GCM
may still remain semi-quantitative.

It is worth noting that the field theoretic approach does not prevent chain crossings.
While this constraint is important in polymer dynamics, it does not generally impact equi-
librium behavior. The one exception, however, is when the polymeric architecture involves

161-164

a closed loop, such as for cyclic or ring diblock polymers. In this case, the constraint

limits the number of accessible configurations. If the system starts off with unknotted and
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unconcatenated polymers, the constraint will ensure that they remain so. In simple ho-

mopolymer melts, this results in compact polymer configurations (i.e., R, oc N/3) 165

an
effect which the field theoretic approach is incapable of capturing.

The SCFT of the standard GCM has matured to the point where the calculation of phase
diagrams, such as those in Fig. 1, require no more than a day of CPU time on a desktop
computer. Nevertheless, further computational efficiencies will always be welcome. They
could greatly benefit the development of strategies for discovering new candidate phases?® %
or tackling the inverse problem.?%?” With sufficiently fast and stable algorithms, it may
become possible to automate the procedure for calculating phase diagrams, perhaps with
the aid of machine learning.

While algorithms for the Gaussian chain are remarkably fast, this is certainly not the case
for the worm-like chain.’®* 136 Jiang and Chen'4? managed to calculate diblock phase dia-
grams at modest degrees of segregation, but the numerical accuracy was visibly compromised
by the high computational costs. There have been some significant advances recently,!96:167
but further developments would be particularly valuable. They would, among other things,
enhance our ability to investigate the effects of finite flexibility, finite extensibility, and/or

bond orientation, 3" 139

all of which become relevant for lower molecular-weight systems.

In contrast to SCFT, FTS are relatively new and very much in the development stage.
The challenge is to achieve quantitative results for experimentally relevant conditions. This
not only requires algorithms that can cope with realistic invariant polymerizations, N, but
also a way of dealing with the UV divergence. This has just recently been accomplished
by combining the partial saddle-point approximation, Langevin simulations, and the Morse
calibration.® Now that the major obstacles have been overcome, FTS are likely to gain
widespread use. The fact that the algorithm is so similar to that of SCFT will certainly
help.

Past studies®”®® have found the partial saddle-point approximation to be accurate, but it
will become less so as N is reduced. The clearest evidence for this is the inability to capture
the departure of S(k*) from the RPA prediction at small xV, as seen in Fig. 5. Although
the inaccuracy still appears to be relatively minor for N > 103, it should, nevertheless, be
examined more thoroughly at some point. Of course, it would be preferable to perform FTS
with fully-fluctuating fields, and there are, in fact, some systems for which it is essential

to treat incompressibility rigorously, such as block polymer nanocomposites.?*133169 Some

28



AlP

Publishing

172,173 Whereby

researchers! 77! have pointed out unphysical behavior in SCFT calculations,
polymers penetrate the interior of nanoparticles. This would also be a problem in L-FTS.

Although CL-FTS offer a way of strictly enforcing incompressibility, they suffer from an
instability which becomes increasingly serious as N is reduced.®*% While ordinary Langevin
simulations always produce stable trajectories that gravitate towards equilibrium, this is not
necessarily the case for complex Langevin simulations. If the trajectories are stable, they
will tend towards equilibrium, ™1™ but stability is not guaranteed.™ Koski and Riggleman>*
managed to tame the instability by introducing compressibility into their nanocomposite
simulations, but too much compressibility could defeat the purpose of using fully-fluctuating
fields.

Delaney and Fredrickson®® go further and smear all the interactions in their calculations
of the diblock phase diagram. However, their fluctuation correction at N ~ 10* destroys
the Fddd phase while still remaining insufficient to produce direct G-to-disorder transitions.
Although their results still require a proper calibration of the xy parameter, this will not
fix the topology of the phase diagram. The inconsistency with experiment is likely due to
excessive smearing of the interactions, resulting in a breakdown of universality. It might
be useful to investigate the instability in CL-FTS in order to find a milder modification to
remove the UV divergence. One should also remain openminded about alternative ways of
performing the statistical mechanics, even if they are somewhat more computational.®

176,177 are exploring an entirely different ap-

On this front, Fredrickson and coworkers
proach, the ‘coherent states’ formulation of polymer field theory originally proposed by
Edwards and Freed.!'™ In the current ‘auxiliary field’ formalism, the partial partition func-
tions, ¢(r,t) and ¢'(r,t), are calculated by solving the diffusion equation, and as such are
explicitly dependent on the fields, W_(r) and W, (r). In the coherent states framework,
q(r,t) and ¢f(r,t) are independent dynamical variables of the corresponding Hamiltonian,
Hes[W_, W, q,q']. The statistical mechanics of Hcg can again be solved using the saddle-
point approximation, leading to the same SCFT solution, or it can be performed with FTS.
At the moment, the FTS are not particularly efficient,'”™ but the SCFT appears to be
competitive.!”” It is still early days, and we will have to wait to see what develops.

Without question, the field theoretic approach is here to stay. SCF'T is a highly, if not the

most, successful theory in the field of soft condensed matter. Its success in predicting the

relative stability of the complex phases (e.g., G, D, PL, and Fddd) as well as the different
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spherical phases (e.g., S, S¢p, 0, and A15) is an impressive testament to its performance,
and there are numerous other systems for which it has performed similarly. However, SCF'T
still fails to treat disordered-type morphologies accurately, which is the prime motivation for

developing FTS. This is particularly important in some systems, such as ternary diblock-

57,60,67 131

homopolymer blends and miktoarm starblock melts,”" where fluctuations are known

to have profound qualitative effects on the phase behavior.

Now that FTS is able to handle experimentally relevant conditions, they are likely to
gain widespread use. Naturally, many researchers will want to concentrate on applications
of F'TS, but it is also important to continue with development and testing. As history has
demonstrated, there are great benefits to be had from improving the numerical algorithms.
In doing so, new innovations will have to be given the opportunity to develop, but also the
ineffective algorithms will need to be weeded out. This should be done carefully based on
detailed head-to-head comparisons rather than speculative arguments. Given the current
state-of-the-art and the opportunities for further improvements, the field theoretic approach

is likely to dominate the field of block polymers for the foreseeable future.
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