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Abstract

This thesis presents two independent investigations into quantum field theory in curved
spacetime. The first concerns relativistic quantum information, with a focus on entangle-
ment harvesting and detector-based probes of quantum fields in curved spacetimes. The
second addresses semiclassical aspects of black hole thermodynamics in AdS braneworld
settings, incorporating the backreaction of quantum fields to all orders of perturbation
theory, and extending previous studies of quantum black holes to include both charge and
spin.

In Part I, we study the entanglement of quantum fields in curved spacetime, using
localized particle detectors interacting with a scalar field. We analyze scenarios involving
both flat and curved backgrounds, including gravitational shock waves, the BTZ black hole,
and general dimensional anti—-de Sitter and de Sitter spacetimes. For the case of initially
entangled detectors, we find that interactions with the field can lead to either degradation
or amplification of entanglement, depending on the initial state and spacetime geometry.
We further derive exact expressions for density matrix elements, at the lowest perturbative
order, in the form of infinite analytical series, for detectors on static worldlines in various
spacetimes. The transition rate of an in-falling detector in the BTZ black hole spacetime
is also derived as an infinite series. These analytic results allow for exact evaluation of
quantities, namely the entanglement measures of concurrence and negativity, which are
typically computed numerically. In addition, we provide a new example of the ability of
detectors to distinguish topologically distinct spacetimes which are locally identical outside
of horizons, focusing on the RP? and Swedish geons built from the BTZ spacetime. Our
results show that localized measurements are sensitive not only to curvature but also to
topological features of the underlying geometry.

Part II is concerned with the construction and thermodynamic analysis of quantum-
corrected black holes in a doubly holographic braneworld model. We obtain a charged and
rotating solution localized on an AdS3 brane embedded in an AdS; bulk, incorporating the
full backreaction from conformal fields to all orders of perturbation theory. We compute
the thermodynamic properties of these black holes, and examine their behavior in extended
thermodynamic phase space where the cosmological constant is a variable. We find that the
inclusion of charge or spin removes re-entrant phase transitions present in the neutral-static
case, and that the critical exponents of these objects match those predicted by classical
mean-field theory. The re-entrant phase transitions of the neutral-static quantum black
hole has critical exponents which differ from the mean-field values.
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Chapter 1

Introduction

Quantum field theory in curved spacetime (QFTCS) provides a setting in which both gravi-
tational and quantum effects can be studied without quantizing the gravitational field itself.
This regime is semiclassical—the spacetime geometry is fixed and only the matter fields
are quantized. Despite its conceptual simplicity, QFTCS has revealed fundamental phe-
nomena such as Hawking radiation, the Unruh effect, and cosmological particle creation
and continues to serve as an essential theoretical laboratory for exploring the subtle inter-
play between quantum phenomena and gravitational fields [195, , |. Moreover, it
is the foundation of relativistic quantum information (RQI), an interdisciplinary field that
extends traditional quantum information theory to relativistic settings, based on localized
probes known as Unruh-DeWitt (UDW) detectors interacting with quantum fields, which
are used to investigate the structure of spacetime and the nature of field correlations.

This thesis is divided into two largely independent parts. The first is composed of
various problems in the context of RQI: the extraction, degradation, and operational char-
acterization of the quantum entanglement of selected vacuum states in a variety of curved
spacetimes using UDW detectors. We investigate how spacetime curvature, causal struc-
ture, and global topology influence entanglement dynamics between two detectors, and
focus on the use of the transition rate of a single detector as a means of identifying space-
times that are locally identical but differ in terms of global topological identifications. The
second part details the construction and thermodynamic analysis of charged and rotating
quantum black holes in a doubly holographic AdS braneworld model, alongside tests of the
validity of the semiclassical approximation. The two programs differ in both method and
motivation, but are united by a common theme: quantum fields propagating on curved
spacetimes. Thus, both address the broader conceptual question of how spacetime geome-
try imprints itself on observable quantities.



The rest of this thesis has the following structure. Part I consists of the following
chapters

o Chapter 2: Quantum Field Theory in Curved Spacetimes and Particle Detectors
We provide a brief introduction to the principles of both QFTCS and RQI, with
special attention paid to the fundamental conceptual shift in moving from flat to
curved spacetimes as the arena for quantum field theory, namely the loss of a natural
or preferred vacuum state and Fock space and the resultant ambiguity in the notion
of a particle. This motivates the operational framework of RQI. A similarly brief
overview is given of entanglement measures in quantum information and computa-
tion, as well as the magic resource. The chapter concludes by reviewing the concept
of entanglement harvesting as a probe of the entanglement structure of the field, and
lays out the general steps of calculation for its quantification.

o Chapter 3: Entanglement Dynamics in Minkowski and Shock wave Spacetimes
We consider the case of two initially entangled UDW detectors in flat spacetime
and examine how the entanglement evolves after interacting with a quantum scalar
field. We find that these initially entangled detectors can gain more entanglement, as
measured by the concurrence, so long as they are weakly correlated in the initial state.
Initial states with strongly entangled UDW detectors only experience entanglement
degradation. This analysis is then applied to a gravitational shock wave spacetime,
and it is shown that the presence of a shock wave can enhance the initial entanglement
of weakly entangled detectors. We find that the enhancement of entanglement in the
shock wave spacetime can occur for greater detector separations than in Minkowski
spacetime.

o Chapter 4: Probing Hidden Topology With Quantum Detectors

We study the impact of global topology on the response of a single detector. By
comparing the behavior of individual detectors in locally identical but globally dis-
tinct geometries, such as the RP? geon and the Swedish geon—both constructed as
quotient spaces of the BTZ geometry—we demonstrate that detector transition rates
encode global topological identifications hidden behind the black hole horizon. These
results indicate that localized measurements may be capable of detecting global ge-
ometric structure, an inherently nonlocal effect.

o Chapter 5: Analytic Methods for Harvesting Entanglement in AdS, dS, BTZ, and
Minkowski spacetimes
We derive analytic expressions for the reduced density matrix elements of two detec-
tors, at leading order in the field-detector coupling, in various curved backgrounds,



namely the AdS;, 1, dS411, and BTZ black hole spacetimes. These results allow for
exact analytic evaluations of entanglement measures that previously required numer-
ical methods. The fields considered are massless conformally coupled scalar fields,
and the worldlines of the detectors are static. These analytical results are used to
calculate entanglement harvesting and found to agree with prior, numerical, calcula-
tions.

The chapters that compose Part II may be read independently of Part I, listed above.
Unlike Part I, where chapters 3 to 5 can be read in any order and function independently
of one another, each chapter in Part II builds on the other, so that a full understanding
requires the part to be read in its entirety.

o Chapter 6:Braneworld Holography and Quantum Black Holes

We present a rapid-fire survey of AdS/CFT correspondence and its extension, the
doubly-holographic braneworld formulation. Black hole solutions in the bulk localized
on the brane are singled out, as are their duals of codimension-one. The latter
are exact solutions to a semiclassical effective theory on the brane with a higher
derivative gravitational action, and are interpreted as including the backreaction of
conformal matter fields on the spacetime, to all orders of perturbation theory, and
are therefore referred to as “quantum black holes.” We consider charged and rotating
quantum black holes, generalizing previous investigations which dealt with charged
and rotating solutions separately.

e Chapter 7: Charged and Rotating Quantum Black Holes
Working directly from the AdS C-metric solution restricted to the brane, we carefully
construct solutions describing black holes that carry both angular momentum and
electric charge. The physical parameters of the system are then gleaned from the
metric. From this, the thermodynamic properties of the system are calculated from
the bulk, brane, and boundary perspectives.

o Chapter 8: Phase Transitions and Criticality
The phase structure of the thermodynamic space of the system is investigated from
the bulk, brane, and boundary perspectives, using numerical methods that rely on
the equality of free-energy between two coexisting phases, as well as on the Maxwell
equal-area construction. We find that the neutral-static quantum black hole can
undergo re-entrant phase transitions, associated with critical exponents that differ
from those predicted by mean-field theory. An important result arising from an al-
gebraic analysis of the functions for the thermodynamic parameters of the system



is that introducing charge or rotation in any quantity drastically modifies the ther-
modynamics observed in the neutral-static solutions. In particular, we find that the
re-entrant phase transitions are entirely removed. Interestingly, our analysis reveals
that these charged or spinning solutions exhibit critical behavior in accordance with
classical mean-field theory. The presence of unorthodox critical exponents is the first
instance of non-mean-field theory critical exponents in a theory of Einstein gravity.

Chapter 9: Validity of the Semiclassical Approxzimation

We use a definition of a mass-gap energy scale (M,g,;,) from a near-extremal expansion
of the black hole entropy to quantify the domain of validity of the semiclassical ap-
proximation, identifying conditions under which quantum gravitational fluctuations
become significant. An analysis of this mass gap and the corresponding types of
extremal quantum black holes is then carried out. Finally, we present a connection
between the above analysis and the weak cosmic censorship conjecture.

Chapter 10: Quantum Inequalities

We explore geometric inequalities fundamental to black hole physics, extending and
generalizing the quantum Penrose and reverse isoperimetric inequalities to explicitly
account for charge and angular momentum. A numerical sweep indicates that this
inequality is obeyed for the charged and rotating quantum black hole.

Chapter 11: The Gyromagnetic Ratio of the Charged and Rotating Quantum Black
Hole

We introduce and motivate a formula for a renormalized gyromagnetic ratio g. We
demonstrate that significant quantum backreaction pushes the value away from the
classical Kerr-Newman benchmark of g = 2, underscoring the role of quantum cor-
rections in black hole geometries.

The organizing aim of this thesis is to make specific aspects of spacetime geometry

accessible to calculable diagnostics. Part I does this operationally: detector observables
built from the Wightman function (transition rates and entanglement measures) are used to
isolate how curvature, causal structure, and global identifications affect weak-coupling mea-
surements. Part IT does this semiclassically: in a concrete doubly holographic braneworld
constructed from the AdS C-metric, quantum backreaction of conformal matter is encoded
in a higher-derivative effective theory on the brane, whose black-hole thermodynamics
and phase structure can be computed. The two programs use different frameworks, but
in both cases geometry enters as explicit input and its consequences are derived within
clearly stated assumptions. The resulting statements are diagnostic about how curvature,
topology, and backreaction control the computed quantities.
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Chapter 2

Quantum Field Theory in Curved
Spacetime and Particle Detectors

Quantum field theory in curved spacetime (QFTCS) is a natural extension of ordinary
(flat-spacetime) quantum field theory, which is relevant when gravitational effects on the
system under consideration are weak but not entirely negligible. Here, gravitational effects
being weak is taken to mean that the quantum nature of the gravitational field can safely
be neglected. We consider quantum fields propagating on a fixed Lorentzian manifold
(M, g,,), without attempting to quantize the spacetime geometry itself. As stated in the
previous chapter, while this is an approximation, it has proved to be remarkably fruitful,
and provided the theoretical basis for the discovery of fundamental phenomena from Hawk-
ing radiation, to cosmological particle creation. More recently, it has provided a foundation
for relativistic quantum information (RQI). A successful theory of quantum gravity may
be expected to reproduce the results of QFTCS in a suitable limit. In this thesis, we will
consider the quantum field in question to be a real scalar field. The presentation of the
fundamentals of QFTCS follows [50] while the presentation of the fundamentals of RQI
follows [399].

2.1 Quantum field theory in curved spacetime

The most immediate difference between flat and curved spacetimes is the absence of global
Poincaré symmetry. In Minkowski spacetime, time translation symmetry means that there
exists a globally defined timelike Killing vector field, through which we can define positive



frequency modes universally. The unique decomposition of field modes into positive and
negative frequency components leads to the notion of a canonical vacuum, via annihilation
operators. In curved spacetime, this symmetry is typically absent—there is no preferred
global timelike Killing vector, so the mode decomposition of the field by globally defined
inertial observers is no longer possible. Without a global notion of positive frequency,
quantities like particle number become ambiguous. Indeed, in curved backgrounds, the
concept of a “particle” is often ill-defined. A state considered to be the vacuum by one
observer may be filled with particles in the frame of another. We expand on these points
in the subsection below.

2.1.1 The ambiguity of the notion of a particle in curved space-
time

The notion of a particle in ordinary relativistic quantum field theory is fundamentally
tied to the symmetries of (n-dimensional) Minkowski spacetime (R'™~' 7,,), given by
the Poincaré group ISO(1,n — 1). This group is composed of Lorentz transformations
(rotations and boosts) and spacetime translations, and reflects the invariance of physical
laws under those symmetries. Particles are then defined as those states that transform
as irreducible unitary representations of the Poincaré group [388]. Famously, there are
no finite-dimensional unitary representations of the Poincaré group. Unitary irreducible

representations of the Poincaré group, classified by Wigner, are infinite-dimensional and
described by fields [145].

We therefore consider the set of states describing a particle to be tied to fields transform-
ing under specific representations of the Lorentz group—scalar, vector, spinor, or tensor
fields. For example, spin-0 particles are represented by scalar fields, spin-1/2 particles
by spinor fields, and spin-1 particles by vector fields. The mass and spin of a particle
are directly determined by how the states describing them, which are constructed by the
action of the creation operators of their associated quantum field on the vacuum state,
transform under action by the Poincaré group. Given that the rigorous notion of a particle
is fundamentally tied to the Poincaré group, one might expect that making the transition
to curved spacetime, where the Poincaré group is not a symmetry group, will muddy the
waters and introduce ambiguities, and this is in fact the case.

Consider the action of a real scalar field propagating on an n-dimensional curved space-
time manifold with metric g, [50],

§= [arcle) = 5 [ a5 [0 o) — m® + CRE@)SEF], (@1)
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where ¢ is the determinant of the metric g,,,, R(z) is the Ricci scalar and ¢ is a dimensionless
coupling constant between the scalar and gravitational fields. The associated equation of
motion satisfied by the field is

O+ m? + (R(2)]|p(z) =0, (2.2)

where O¢(z) = VAV ,0(x) = (—g)"Y20,[(—g9) V29" 0,¢(x)]. We assume that the space-
time in question is globally hyperbolic, meaning that it can be foliated by Cauchy spacelike
hypersurfaces. This allows us to define the scalar product between two fields

(61,62) = =i [ AV =g561(2) D u03(), (23)

where ¥ is a spacelike hypersurface with volume element do and a future-directed unit
vector orthogonal to it n#, and do* = n*do. It may be shown using Gauss’ theorem [194],
that the value of (¢1, ¢2) is independent of the choice of the Cauchy surface ¥. The Fock
quantization of our real Klein-Gordon field relies on decomposing the space of solutions to
the equation of motion into a positive Klein-Gordon norm subspace and a negative Klein-
Gordon norm subspace, where the norm is defined above. In Minkowski spacetime, we
choose the positive norm subspace to be the positive frequency subspace with respect to
Minkowski time translations. This results in the standard Minkowski Fock vacuum being
the ground state of the theory, which is physically interpreted as the state without any
particles, as measured by all inertial observers [50, 15].

In our curved spacetime, the field operator qAb(x) can still be quantized using a mode
expansion. Let {ug(z)} be a complete, orthonormal set of complex solutions to (2.2).
Following [50] and [399] we “place the theory in a box,” so to speak. That is, we will
confine the solutions to an (n — 1)-torus with length scale L, though the expansion below
can easily be generalized to the continuum case by replacing the discrete sum with an
iptegral and the Kronecker delta with a Dirac delta. We can expand the field operator
o(x) as

A

Or) = 3 [anun(x) + aui ()] (2.4)

k

The set of solutions being orthonormal means
(wiuj) = 055, (uf,ui) = —dij,  (ug,uj) = 0. (2.5)

The field is quantized by promoting a, and &L to operators that obey the canonical com-
mutation relations,

a;, a}] = 0ij. (2.6)
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Following this, we can construct a vacuum state and Fock space using the ladder operators
defined above, just as in Minkowski space. However, unlike the case in Minkowski space-
time, the choice of mode expansion is generally not privileged or in any sense canonical.
The Minkowski metric

ds* = dt* — (Z dx§> (2.7)

is defined by its invariance with respect to action by the Poincaré symmetry group. The
time translation element of the symmetry group is generated by the Killing vector d/0t.
There exists a natural set of mode solutions, which are eigenfunctions of this Killing vec-
tor with eigenvalue —iw, where w > 0 [50]. The vacuum state |0) associated with this
set of modes, i.e., the state annihilated by the annihilation operators coupled to these
eigenfunctions in a mode expansion of the field operator

ar |0y =0, (2.8)
is invariant under the Poincaré group.
In a generic curved spacetime we will not have the luxury of Killing vectors with which
to define privileged positive frequency modes. Consider a different set of orthonormal
modes {v;} that we can expand ¢(z) in,

o(x) =3 [bjv;(w) + blvj ()] (2.9)

J

Upon quantization, the annihilation operator Bj associated with the new set of modes
defines a different vacuum |0)

b; [0) =0 (2.10)
and therefore gives us a different Fock space. Importantly, the two Fock spaces we have
selected are generally not unitarily equivalent. Since both sets of solutions provide a
complete orthonormal basis, the solution of any given set can be rewritten in terms of a
linear combination of the other. We use the notation such that the new basis {v;} may be
expanded as

Uj = Z(Oéjiui + ﬁﬂuf) (211)

7

The components of the matrices, known as Bogoliubov coefficients, can be read off by using
(2.5). They are

Q5 = (Ui,uj), Bij = _<Ui7u;)- (2.12)
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We can also write {uy} in terms of {v;},

= Y (a0, — B, (2.13)

J

The transformation between the differing ladder operators is obtained similarly, by equating
the two different mode expansions (2.4), (2.9) and using (2.5) again,

&i = Z(Oéjibj + ﬁ;zb;),

. (2.14)

by = (aa; — Bal).

j

We can see that the presence of non-zero [3;; means that the new positive frequency modes
are made of a mixture of old positive frequency and negative frequency modes. As a result,
the two Fock spaces built out of the respective sets of modes are inequivalent. This means
that the vacuum state |0) is not destroyed by a;,

a:[0) = > 305 10) - (2.15)
J

Using (2.14), we can see that the expectation value of the number operator N, = &I&i,

associated with the measurement of the number of particles in the u;-mode, for the vacuum
state |0) is

(O1N:[0) = 3 155 (2.16)

The notion of a particle and of a vacuum state is inextricably tied to the set of mode
functions used to decompose the field. This set of mode functions is in turn tied to
the coordinate system adapted to the worldline of an observer. Particles are therefore
fundamentally an observer-dependent concept. The ambiguity discussed above is therefore
not merely technical, but reflects a fundamental conceptual shift in our understanding
of particles. Because particle number operators are constructed directly from the chosen
mode decomposition, observers associated with different mode sets will, in general, measure
different numbers of particles even in what is ostensibly the same quantum state. This
ambiguity referring to the worldlines of observers holds even in flat space. As we have
stated repeatedly throughout this section, Minkowski spacetime contains a global family
of inertial observers, owing to the Poincaré symmetry group of the metric, and all these
observers will share a common notion of particle number for the same given state, due to



global time translation symmetry. However, a non-inertial worldline, such as that of an
observer undergoing constant acceleration in the same Minkowski inertial vacuum perceives
a thermal bath of particles. This is an example of what is known as the Unruh effect [50].
Indeed, what distinguishes Minkowski spacetime from generic curved spacetime is not some
unique vacuum (which does not exist, since there can be multiple mode decompositions
even in Minkowski space), but the presence of a global timelike Killing vector and a global
family of inertial observers invariant under the Poincaré symmetry group. In an arbitrary
spacetime where global symmetry and a preferred mode decomposition are absent, freely
falling observers will not agree on a vacuum state (i.e., the same state which they would
all observe to be free of particles) [397].

This motivates the operational approach to the definition of particles summed up in
the maxim that “a particle is what a particle detector measures.” We therefore turn to a
specific local measurement scheme, known as the Unruh-DeWitt (UDW) particle detector
model. This approach will be foundational for the study of RQI presented throughout
the remainder of Part I of this thesis. However, to fully characterize the response of any
local measurement scheme, we require a precise mathematical tool that captures the field
correlations across spacetime. This tool is the two-point correlation function, known as
the Wightman function, which encapsulates the vacuum structure and the subtle observer-
dependent features of quantum fields in curved backgrounds. Before delving into the
specifics of detector models and their implications for relativistic quantum information, we
first outline the properties, structure, and significance of Wightman functions.

2.1.2 The Wightman function
The Wightman function for a particular vacuum state |0), is given by

W (z,a') = (0¢(x)d(z")|0). (2.17)
It satisfies the same equation of motion as the field operator
O, +m? + (R(z)]W (z,2") =0, (2.18)

and is a distribution on smooth functions. The principal value prescription is followed
when evaluating the action of this distribution on specific functions in the context of
detector-based physics, which is discussed in the proceeding section. The Wightman func-
tion satisfies

Wiz, 2"y = W(a, x). (2.19)
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For a free field, the commutator can be written in terms of the Wightman function as
[6(x), $(a')] = W (z,2') = W (2, ). (2.20)

Taken with (2.19), (2.20) means that it is the imaginary part of the Wightman function
that encodes the causal structure of the field theory. Indeed, (2.20) is the Pauli-Jordan
function, which vanishes for spacelike separated points, ensuring microcausality. In other
words, when Im [W(z, 2')] = 0, the field cannot propagate influence between the two points
x and 2.

The distributional nature of the Wightman function is made apparent by the presence
of a small positive constant e, which regulates the singularities. The location of this
regulator must be chosen with care to ensure that the spectral condition (that only positive
frequency modes are propagated forward in time) is obeyed. The Wightman function
sidesteps the ambiguity in the notion of a particle in curved spacetime by providing a
direct characterization of field correlations for a given vacuum state.

2.2 Relativistic quantum information

RQI refers to the study of quantum information-theoretic phenomena in the context of
quantum field theory on curved backgrounds. It accounts for observer dependence, causal
structure, and accommodates the absence of a preferred vacuum state. This framework
allows one to ask operationally meaningful questions, such as how localized detectors per-
ceive entanglement, how acceleration or curvature affects quantum correlations, and how
information is encoded and transferred in a relativistic setting. Building on the formalism
developed in the previous sections, we now turn to a brief introduction to the theoreti-
cal and operational tools of RQI, beginning with detector models that couple locally to
quantum fields. Especially important to the remainder of this thesis are the notions of
entanglement harvesting and magic generation.

2.2.1 Unruh-DeWitt detectors

The fundamentally ambiguous nature of a particles motivates us to adopt an operational
definition. This requires the specification of the detector model used to quantify the pres-
ence of particles in QFTCS. The UDW [428 | detector model is arguably the simplest
model of a particle detector. It consists of a two-level localized atom (a qubit) linearly
coupled to the real scalar field. The detector’s energy eigenbasis consists of two states

11



we label |g) (the ground state), and |e) (the excited state). The two states are separated
by an energy gap ). The Hilbert space associated with the UDW detector is identical to
that of an ordinary qubit in quantum information and computation, H ~ C2. We define
the ground state |g) as having an energy of 0, which means that the free evolution of the
detector is governed by the Hamiltonian

Hp =Qle) (e]. (2.21)

The detector is coupled to the real scalar field in a simplified analogy of quantum electro-
dynamics, namely, the light-dipole moment interaction [399]. Indeed, the UDW detector-
scalar field interaction Hamiltonian presented below is known to capture the essence of
light-matter interactions when no angular momentum is exchanged [318, 9, ]. Let A
characterize the strength of the coupling between the detector and the field, which we take
to be in the perturbative regime, and let the worldline of the detector, parameterized by
its proper time, be denoted by xp(7). Furthermore, in order to prevent divergences, we
introduce a smooth switching function yp(7) which adiabatically (i.e., smoothly) turns on
and off and determines the window of interaction between the detector and field. Then
the interaction Hamiltonian (in the interaction picture) is given by [399]

H(m) = Axp()[67(7) + 67 (7)] ® d(xpl]), (2.22)
where 61 (7), and 6~ (1) are defined to be the ladder operators,
67 (1) = le) (g, 67 (1) = e |g) {e]. (2.23)

Since we work in the interaction picture, the evolution of the field-detector joint system
from the asymptotic past (1 — —o0), to the asymptotic future (7 — oc0), when the state
of the detector is measured, is given by the Dyson time-evolution operator

U:=T [—i /_o:o dT[A{](T):|

S (—i)? oo - ) ) (2.24)
=1+ (—2)/ drH; (1) + o / dT/ dr'TH (1) H; (7)) + O(\?),
where 7T is the time ordering operator defined by
R R I:[ I:I / /
TH(r) () = { D) = (2.25)
Hi(ThHi(r) 7<T7.
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2.2.2 Single detectors, excitation probabilities and transition Rates

If we prepare the field-detector system in the initial state |¥;) = |g) ®|0) in the asymptotic
past (T — —o0), we may perturbatively calculate its evolution in time to the moment of
measurement in the asymptotic future (7 — oo) using the Dyson operator (2.24),

W) =U | T;)

oo . 00 00 . . 2.26
_ W) —i/_oo drH (1) |W,) — ;/_Oo dT/_OO AT HL (1) H (7)) [0 + O(N). (2.26)

But the final state of the detector alone is measured by taking the evolved joint-state
density matrix p; and tracing out the field degrees of freedom. The evolved density matrix
is given by
pr =1V (¥
! |AAf>A< s (2.27)
=Up;U",

where p; = |U;) (V| = |g) (9| ®10) (0]. In what follows, it is helpful to introduce shorthand
notation for the perturbative terms in the Dyson series [170]

U=1+0Y+ 03 + 003, (2.28)
where

A

oW =~ z‘/oo drH,(7), (2.29)

and

A 1 yo 00 A A
0@ =~ [“ar [ ar T ()

—_ ; /_O:O dr /_O; ar' [0(r — ) Hy () Hy(7') + 6 — 1) Hi(7) Ay (7)) (2.30)

=— /_o:o dr /_O:O dr'0(r — 7)H; (1) H (7).

The last line of the above equation was achieved by relabeling the variables in the second
term. Tracing out the field degrees of freedom gives the reduced density matrix of the
UDW detector

pp =tre (py)
=tr, (Up:01) (2.31)
=lg) (gl + 4+ + ON),
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where ﬁg) is the correction to the detector’s reduced density matrix proportional to A\¥.

Grouping the terms together, we see that, up to the quadratic order in A, these corrections
are

(1 2 A~ AT
Py =tro [0 p) + trg[p, 00,

A(2) 7(2) 5 A 772t (1) 5 77T (2'32)
P2 e, [0 pi] + tro[p:0 N + trg[0O5,TON)

Recall that tracing out the field degrees of freedom for a generic operator p amounts to
summing over the expectation values of that operator in a complete basis of the field’s
Hilbert space

trg(7) = X (] ). (2.33)
Using the definition of the interaction Hamiltonian (2.22), and the trace (2.33), as well
as the fact that the vacuum expectation value of the field is zero, (0] ¢(x) |0), it may be
shown that p™) = 0. Indeed, all odd-order corrections vanish p®**1) = 0. The three terms

that make up pg) can be calculated straightforwardly. First,

A

U(z)ﬁi = —\? /OO dr /OO dr'o(r — T’)X(T)X(T/)e—m(‘r—ff)

X A (2.34)
x 1g) {9l ® ¢(xp[r])o(xp[r']) [0) (0]
Now take the trace
trgl0®5) = =22 [~ dr [~ dr'o(r — ) (rn(r)e
o e R . ) (2.35)
x 1) (9] >_ (nl o(zp|r])o(zp|7]) |0) (O[n) -

Evaluating the trace sum gives

try[UPp;] = —\? /jo dr /jo dr'0(r — ") x (1) x(r)e =) (2:36)

x W(zp[t],zp[™']) |9) (9],

where W (zp[r],zp[r]) = (0| dlzp(7)]dlxp ()] |0) is the Wightman function pulled back
onto the worldline of the detector. We can similarly calculate try[p;U 1],

tr [T DT = —\? /O:o dr /Z Ar'o(r" — 7)x(7)x(7)e )
x W(zp[r],zp[7]) |9) (9|

(2.37)
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The sum of the two terms we have calculated so far is
tr[U 5] + trg[p: U] = —>\2/ dT/ dr'x (7)x(7)e =)
x W(wp[r],zp[r']) |9) {9l

To calculate the remaining term, we start with the operator that is being traced over

(2.38)

U(l)ﬁz‘(j(m = )\2[ dT[ dT'X(T)X(T/)e_m(T_T')

A A (2.39)
x [e) (el @ o(p[r]) 0) (O (plr])-

Then the trace is
trd’[f](l)ﬁiﬁ(lﬁ] =\ /Oo dr /OO dTIX(T)X(T’)efiQ(Tff')
x le) (e 3 (n] (zp[r']) |0) (0] d(ap[r]) |n).

n

(2.40)

It may be shown that the final term in the product that makes up the integrand is the
Wightman function,

>~ {(nl é(ap[r']) [0) (0] (zp[r]) In) = 3~ (0] S(xp[r]) n) (n| $(xp[r']) |0)

n n

= (0] d(xp[r])d(xplr]) |0) (2.41)
=W (zplr], zp[r]),

SO
,[0OpT O =22 [~ ar [~ arx(mx (e W aplrapl ) o) (o] (2.42)
This means, that up to quadratic order in A, the final reduced density matrix is given by
pp = (1= P)|g) (g + Ple) {e| + O(XY), (2.43)
where P is the excitation probability of the detector, given by
Py =X ["dr [ ar (o () W (el anlr). (2.44)
We may write the reduced density matrix in an explicit form as

. (1-=Pp O 4
pD< . PD>+O(A ) (2.45)
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in the basis {]g) , |e)}. Recall that the Wightman function is a distribution on smooth func-
tions. When evaluating the excitation probability, like any other density matrix element
in what follows, the principal value prescription must be followed.

We may define a time-dependent quantity for the single detector as well, in the form
of the transition rate. The probability of the detector being excited when measured at its
proper time 7 is given by

Po(r) =2 [ at [ dtx(x(@)e W (], wpft). (2.46)

Then, the transition rate of the detector is defined to be the derivative of this probability
with respect to the detector’s proper time

. d
Pp(7) = EPD(T). (2.47)
Schlicht [380] reformulates (2.46) in terms of the variables u = t and s =t —t' for t > t/

and u =t and s =t/ — ¢ for t < t'. After this change of variables, the time dependent
excitation probability may be written as

Po(r) =X [ du [ dsx(u)x(u—s)[e W (aplul. zpfu - s)

| (2.48)
+ "W (zplu — s, xD[u])}

The sum in the brackets is that of complex conjugates, which means we may rewrite (2.48)
as

Pp(t) = 2\ /_TOO du /OOO dsx(u)x(u — s)Re {e‘iQSW(xD[u], zplu — s])] (2.49)

The transition rate (2.47) may then be written in terms of a single integral
Pp(1) = 2)\? /OOO dsx(7)x(7 — s)Re {e_msW(xD (7], xp[T — s])} (2.50)
Although the switching function y(7) is generally smooth, when evaluating transition rates

(as in chapter 4), it is convenient to consider the limit where it approaches a sharp char-
acteristic function (the sharp switching limit), which is non-zero only over an interval

1 te Tl
x(t) = {0 L [ro. 7], (2.51)
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Physically, the sharp switching limit corresponds to the coupling being abruptly “switched
off” at proper time 7, and the state of the detector being measured. Louko and Satz [291]
evaluated the transition rate (2.50) in this limit, and found that the result was nontrivial.
The Wightman function, being a distribution, is represented by an 7€ regularized function.
Crucially, the ¢ — 07 limit does not commute with the sharp switching limit. The €
limit must be evaluated first, while the sharp switching limit comes second. The sharp
switching limit itself is implemented by evaluating the integral with a switching function
that approaches the characteristic function in some limit. The result is

Pp(1) = N\ (i +2 OAT ds Re[e‘msW(a:D[T],xD[T - s])}) . (2.52)

Note the presence of the additive constant %.

2.2.3 Multiple detectors and entanglement harvesting

A central insight of algebraic quantum field theory, made by Summers and Werner [110),

], is that the vacuum state of a free is an entangled state, and that the correlations of
vacuum fluctuations at different spacetime points violate Bell-like inequalities, even when
those points are spacelike separated. Operationally speaking, RQI provides a framework
for measuring the entanglement structure of fields in arbitrary spacetimes, by probing the
correlations of these vacuum fluctuations with multiple UDW detectors. In the simplest
version of this setup, two UDW detectors on two distinct worldlines are each locally coupled
to the field by the interaction Hamiltonian (2.22). The detectors and field are generally
taken to be initially separable (i.e., not entangled) and in some suitable vacuum state
respectively. At some suitably late time when the interaction is over (as dictated by the
switching functions), the final reduced density matrix of the two UDW detectors may
show that the two detectors have become entangled. This may be the case even when the
worldlines of the two detectors are causally disconnected (i.e., they were never in causal
contact throughout their entire histories).

This phenomenon is known as entanglement harvesting [399]. The entanglement be-
tween the detectors emerges through their local coupling to the field, and (provided the
detectors were causally disconnected throughout their entire history) is a direct reflection
of the entanglement of the field’s vacuum state between the spacetime regions along the
respective wordlines of the detectors. If the detectors were in causal contact during their
history, then the entanglement measured in the final reduced state may be due to an
interaction between the two detectors through the field [125].
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The entanglement may be quantified using measures taken from ordinary quantum
information theory. These measures in turn, depend on the elements of the final reduced
density matrix representing the joint state of the two UDW detectors after the field degrees
of freedom have been traced out. This density matrix may be calculated by means of a
(conceptually) simple extension of the case of a single detector. Labeling each detector,
we begin with the initial state of the detectors-field system

W:) = [94) ® |gB) ®0). (2.53)

Since there are two detectors that are each locally coupled to the field, the evolved state
is given by

Uy) =U W), (2.54)

where the Dyson time evolution operator is
U =T exp [—z‘ / dtz'fff(t)} : (2.55)

and the interaction Hamiltonian is now given by

=3 }?ﬁ[}(m(t», (2.56)
De{A,B

where Hp(7p(t)) is given by (2.22). We are evolving the state forward in some appropriate
coordinate time ¢, associated with the timelike Killing vector field with respect to which
the positive frequency modes (and therefore the vacuum state of the field |0)) are defined.
The time ordering is being done with respect to this time coordinate. The reduced density
matrix of the detectors may be calculated along the same lines as for the single detector,
with contributions being grouped perturbatively. Before proceeding with the calculation,
it is helpful to perform a quick analysis that yields the form of the reduced density matrix.
The Dyson time evolution operator may be expanded perturbatively as

U=50m, (2.57)

where

o _ (—i')” [ [T anT i) A (). (2.58)

n
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The reduced density matrix we have after tracing out the field degrees of freedom may
then be written as

pap = trg(|Ty) (Ug]) = th T, (W, T, (2.59)

The term U™ |W;) applies the field operator QAB onto the vacuum n times. The partial trace
of U™ |W,) (U;| U™ over the field will then involve an integral over the (n 4 m)-point
Wightman function. Since odd n-point correlations functions vanish, this means that the
only terms that contribute after the partial trace are those where m and n have the same
parity [10%]. Furthermore, for odd n, the state U™ |®,) has one detector excited while
the other remains in its ground state, while for even n, both detectors are either excited
or in the ground state. In conjunction these two observations mean that, to all orders in
perturbation theory, pap takes the form

pap =trs(|Vy) (Vyl)
pir 0 0 pu
0 p22 p2s 0 (2.60)
0 p33 psz 0|’
pla 0 0 pas

where the matrix is expressed in the basis {|g4) ®|g5) , |g94) ®|es) , |lea) ®|gB) ,|ea) ®|en) }
Upon calculation to the lowest contributing order, we find

pap =trs([Wr) (Vy])

1-Py—PFPg 0 0 X
_ 0 P C 0 4 (2.61)
0 o p,ool|T O(\).
X 0 0 0

The excitation probabilities of each individual detector are independent, and given by
(2.44), while

O = N2 /_ : drs /_ O:O drxa(ra)ys(7s)e A=W (¢4 ra] 2plrs]),  (2.62)
and
Xim =N [ dry [ dmpxa(ma)xs(rp)e Ot aem)
X [0(t(ra) = t(r5))W (al7a], 25[75]) (2.63)
+0(t(r5) — t(ra))W (w5[78), 2alTa])]
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We have written the integrals such that they are over the detectors’ proper times, and not
with respect to the coordinate time used to define the vacuum. Higher order terms would
involve integrals over n-point correlation functions. Note that the density matrix element
pas is non-zero at higher perturbative order. It is given by [399]

pas = | X|* +|C]> + PaPs + O(\%). (2.64)

2.2.4 Entanglement in Quantum Field Theory: Traditional Ap-
proaches and Their Limitations

In quantum field theory (QFT), entanglement between degrees of freedom in different
spacetime regions is most commonly quantified using entanglement entropy. Given a
quantum field in a global pure state, typically the vacuum, and a spatial subregion A
on a Cauchy surface, one formally defines a reduced density matrix p, by tracing out the
field degrees of freedom in the complement A. The entanglement entropy is then given
by the von Neumann entropy S4 = —tr(palogpa). However, this construction relies on
several assumptions that are problematic in a continuum QFT. First, the total Hilbert
space does not rigorously decompose into a tensor product Ha ® Hj; due to the field’s
infinite number of degrees of freedom and the presence of correlations at arbitrarily short
distances across the boundary dA. As a result, the entanglement entropy is divergent,
with a leading divergence proportional to the area of the boundary and dependent on an
arbitrary ultraviolet cutoff [106]. While practical calculations are possible in flat or highly
symmetric spacetimes, the methods involved in such successful calculations quickly become
intractable in generic backgrounds.

More formal approaches based on algebraic QFT define entanglement by working with
the algebra of observables directly, and treating states as positive linear functionals over
operator algebras. Entanglement is quantified through structures like modular operators
and relative entropy between local algebras [117]. These constructions avoid ultraviolet
divergences and do not rely on a Hilbert space factorization, but they are abstract, compu-
tationally inaccessible, and often require knowledge of the so-called modular Hamiltonian,
which is only known in very special cases (e.g., Rindler wedges). Furthermore, these defini-
tions are generally non-operational, and do not correspond to physical observables that can
be extracted from localized measurements. In curved spacetime, these difficulties are exac-
erbated by the lack of a preferred vacuum state or global time slicing, making traditional
entropy-based notions of entanglement ambiguous and practically unusable.
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2.2.5 Entanglement measures

The key advantage of the RQI approach lies in its formulation in terms of qubits (or more
generally, discrete-level systems), which enables a direct extraction of entanglement using
standard qubit measures, without recourse to abstract regulator-sensitive constructions like
the field-theoretic entropy or modular operators. Two such measures used in this thesis
are negativity and concurrence. Before introducing these measures, we include a short
discussion on entanglement below.

The state of the two detectors, which is an element of the joint Hilbert space, a tensor
product of the individual detector Hilbert spaces, Hap = Ha ® Hp, is said to be entangled
if it cannot be written as a tensor product of individual states |¢)) , € Ha and |¢) 5 € Hp.
In general, after tracing out the field degrees of freedom, the reduced state of the two
detectors pap will be a mixed state, which must be expressed in the language of density
matrices. The state pap € S(Ha ® Hp) (where S(H) is the space of states on a Hilbert
space H) is factorized if it is a tensor product pap = pa ® pp. Then pap is said to be
separable (i.e., not entangled) if it may be written as a convex combination of factorized
states [399]. This means that pap is not entangled if it is possible to write it as

pan =3 pibla @ By, (2.65)
where p; > 0 and > ;p; = 1. An entanglement measure F(pap) of a given state pap €
S(Us ® Hp) is defined to be a map

E:SHa®Hp) — R, (2.66)

with the properties that E(pap) = 0 if pap is separable, and that E(pap) does not increase
on average under local operations on H 4 and H g, or classical communication between the
observers associated with those respective Hilbert spaces [71].

The partial transpose of pap with respect to H 4 is defined as

Pt = [Ta @ Ip(pas), (2.67)
where t4 : S(Ha) — S(Ha) is the transposition map. The negativity of pap [131] is then
defined to be

I'a
-1
N(pag) = ||PA32H - Z | Al (2.68)
Ai<0
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Here || - || is the trace norm (defined such that || Al = tr(v/ A*A), and A; are the eigenvalues
of p'y4 (the sum being over those which are negative). This is an effective measure of
entanglement, because of the Peres-Horodecki criterion, which states that p4p is entangled
if it does not remain positive under partial transpositions with respect to either H 4 or

Hp[399]. This is a necessary and sufficient condition for entanglement provided that H 4 ~
C? and Hp € {C?,C3} [215, 357]. For our density matrix, of the form (2.60), p'% is given
by
pii 0 0 pog
0 a0
AT 4 P22 P14
= , 2.69
Pis 0 pua p3s O ( )
P23 0 0 P44
which has the eigenvalues
A _ P2t piz \/(Pz2 /?33)2 + |pu?
2 2
Py+ P Py — Pg\?
PPy (PP o),
2 2
A _ P22+ P33 n \/<P22 - P33)2 + |pral?
2 2
Py+ P Py — P\?
P (B e o (2.10)
_ 2
As _Pu ‘g Paa \/(Pn . ,044) + | pas?

=|X|? 4+ PsPg + O(\%),

_ 2
A :Pn;/m +\/<Pl1 - 044) + | pas?

=1— P, — Pz +0O\).

Of these eigenvalues, only A; can be negative, which means that the negativity of pap is
given by

2
Wions) =m0 (P2 P2) o e P 211

2 2

The Peres-Horodecki criterion for entanglement for our specific system maps on to the
statement that we must have |X|?> > PsPp. While the negativity is straightforward to
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compute, and an entanglement monotone, since it does not increase under local operations
and classical communication, it does not have an operational interpretation [399]. This
motivates us to use the concurrence, which is related to the entanglement of formation.

If we consider a global pure state represented by the state vector |¢)) € Ha ® Hp, then
the entanglement entropy of subsystem A is defined to be the von Neumann entropy of the
reduced density matrix pa = trg(|v) (¥]),

SA = —tr ,5,4 10g2 ﬁA- (2.72)

Since the global state is pure, the entanglement entropy is a good measure of entanglement
between the subsystems A, and B. Note that (again, for the bipartite pure state), Sy = Sp.
For global mixed states however, the entanglement entropy is no longer a suitable entangle-
ment measure, since it may be nonzero for separable states [71]. A suitable generalization
to mixed states is the entanglement of formation. This is defined as the minimum (over all
possible decompositions) of the weighted sum of the entanglement entropies of those pure
states that may be combined to form a given mixed state pap [13]. We may write this as

E¢(pap) := min ZpiE(wi)a (2.73)

where the minimization is over all possible pure state decompositions of pap, and E(1);) is
the von Neumann entropy of either of the two subsystems A, and B of the global pure state
[1;) (1;] in the decomposition (i.e., the entanglement entropy of each of the pure states in
the sum). The operational interpretation of the entanglement of formation is that it is the
number of Bell states required to prepare the state pap via local operations and classical

communication [13]. For two qubits, the solution to the minimization (2.73) is given by
[145]
. 1+/1—C(pan)?
Ey(pas) = h ( . | (274)
where h(x) := —xlogy(z) — (1 — ) logy(1 — z), and C(pap) is the concurrence,
C(pap) := max[0, w; — wy — w3 — w4, (2.75)

where w; are the square roots of the ordered eigenvalues (w; > we > ws > wy) of the
matrix

ﬁAB [(&y ® 6y)ﬁ*(6y ® 6y)] ) (2-76)
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where G, is the Pauli y-matrix. The entanglement of formation is a monotonically increas-
ing function of the concurrence, and ranges from 0 to 1 as the concurrence itself goes from
0 to 1. This means that the concurrence is a genuine entanglement measure [115]. For our

density matrix (2.60), the (unordered) square roots of the eigenvalues of (2.76) are given
by

W1 =+/pP11Pa4a + |p14]
=\/|X[2 + |C]2 + PaPp + | X| + O\,
We =+/p2aps3 + | pas|
=y/PoPg + |C| + O(\Y),
aPp 4101+ O (2.77)

W3 =+/pP11P44 — ’pm\
=\/|IX[2 + [C? + PaPp — |X]| + O(\Y),
Wy =/ P22P33 — |P23|

=\/P4Pg — |C| + O\,

Recall that, owing to the Peres-Horodecki criterion for entanglement, for p45 to be entan-
gled we must have | X| > /P4 Pp. This means that the largest eigenvalue in (2.77) is w;.
Using (2.75), the concurrence of our specific reduced density matrix is given by

C(pap) = 2max|0, | X| — \/PaPg] + O(\Y). (2.78)

In the special case where the two detectors have equal excitation probabilities P4 = Pg =
P, the concurrence of pp is given by twice its negativity

C(pap) =2N(par)

=2max|0, | X| — P] + O(\*). (2.79)

The form (2.78) makes it clear that the detectors are entangled if the coherence term |X|
dominates the local noise terms /P4 Pp [195].

2.2.6 Generating magic
The main obstacle to practical quantum computers is the presence of random noise in the

real world. Fault-tolerant schemes of quantum computation work around this presence
by encoding logical qubits into highly entangled states of multiple physical qubits, and

24



then using quantum error correction algorithms, which work without directly measuring or
disturbing the encoded information. The fault tolerance here means that each computa-
tional step (including the error correction) is performed in such a way as to prevent errors
from cascading. Given an error rate for the physical computation, the logical encodings
may be applied to create arbitrarily small effective error rates for the logically encoded
computation. Fault tolerant quantum computation relies heavily on transversal unitary
gates, defined to be those gates that can be encoded in a bitwise fashion so that error
probabilities do not grow out of control of the error-correcting code [337, 130].

Many fault-tolerant schemes rely on the stabilizer formalism. The stabilizer codes priv-
ilege certain states, operators, and measurements that have fault tolerant implementations
[130]. The stabilizer formalism for qubits is defined more precisely as follows. Consider the
Pauli group G,, on n-qubits, defined to be the group consisting of all n-fold tensor products
of Pauli matrices, together with multiplicative factors of 1, +i [337]. A stabilizer S, is a
subgroup of G, associated with a vector space Vg, that is the set of n-qubit states that are
fixed (i.e., unchanged) by every element of S. In order for Vg to be non-trivial (i.e., contain
more than just |¢)) = 0), S must not contain the operator —Z. A non-stabilizer /magic
state is defined to be a state that lies outside the convex hull of the stabilizer states, i.e.,
a state that cannot be constructed as a probabilistic mixture of stabilizer states [130].

The Clifford group is defined as the group of unitary operators that map the Pauli
group to itself under conjugation [(61]. The set of operations in the stabilizer formalism
are: the preparation of a qubit in the ground state |g), the application of unitary operators
from the Clifford group, and the measurement of an eigenvalue of a Pauli operator on a
single qubit. These operations are not sufficient for universal quantum computation (the
ability of a quantum computational model to approximate any unitary transformation on
a state to arbitrary accuracy using a finite set of gates and operations). The fault tolerant
operations of the stabilizer formalism not only fail to be universal, but may be efficiently
simulated by a classical probabilistic computer, according to the Gottesman-Knill theorem
[337, ]. Therefore, in order to achieve universal quantum computation and quantum
advantage, the stabilizer operations must be supplemented with some other fault-tolerant
resource.

The magic state model of quantum computation overcomes this through the use of
an ancillary system in some non-stabilizer state. Non-stabilizer/magic resource states are
consumed using stabilizer operations, in order to implement non-stabilizer unitary gates.
This promotes ordinary staibilizer computation to a universal quantum computation [130].
These raw resource states are necessarily created by a process outside of the stabilizer
formalism, which makes them subject to physical error rates, and are therefore usually
highly mixed, and not useful for the implementation of non-stabilizer gates. This problem
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is solved by distilling a large number of such raw, mixed resource states via stabilizer
operations into a small number of pure resource states, in a process called ‘magic state
distillation’ [130]. Magic may be referred to as the resource that describes the ability of
a quantum system to perform tasks that cannot be efficiently simulated classically [333].
A generalization of the magic state model to higher-level qudit systems (e.g., three-level
qutrits instead of two-level qubits) is possible, via the use of generalized Pauli (Heisenberg-
Weyl) matrices [130]. This generalization is covered briefly below.

We may define the generalized Pauli operators for prime dimension as follows. Let d
be some prime number. Then, the shift and clock operators are defined as

X|j)=li+1 modd),
27?2') (2.80)

Z |J> =w’ |j>7 W = exp (d

These generate the Heisenberg-Weyl matrices, in prime dimensions

~ ialaQZalX(lQ a1,03) € g X Ly, d =2,
T(a17a2) = _Wa2 5o Sy ( ) (2.81)
ALY (al,ag)EdeZd, d>2,
where Z, are the integers modulo d [130]. A composite system with the tensor product
Hilbert space H, ® Hp ® - - - ® H,, the Heisenberg-Weyl operators are defined as
T(al,a2)®(b1,b2)®'"69(u1,u2) :T(GLU«Q) & T(bhbz) Q- T(uhuz)' (282)

The Clifford group for dimension d is the set of all Clifford operators Cy, which are defined as
the unitary operators that, up to a phase, map the Heisenberg-Weyl operators to themselves
under conjugation. Then the pure stabilizer states of dimension d are defined to be those
states that can be constructed out of the ground state |0p) by the action of a Clifford
operator,

{S;} ={U0p) : U € Ca}, (2.83)

while the full set of stabilizer states is the convex hull of these pure stabilizer states (i.e., the
set of mixed states that can be constructed out of the pure stabilizer states). Stabilizer op-
erations are defined as any combination of computational basis preparation, computational
basis measurement, and action by Clifford operators [130].

To quantify magic, we must first review discrete Wigner functions. These are de-
fined as the discrete analogues to the usual infinite-dimensional Wigner functions, which
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are themselves quasi-probability distributions used to represent quantum states in phase
space. In any representation, some quantum states and measurements will be mapped
to distributions with negative values, hence the Wigner functions being quasi-probability
distributions [130, 338]. The discrete Wigner representation, which is defined for quantum
systems with an odd-dimensional Hilbert space has the property that stabilizer operations
can be represented non-negatively, which means that it may be interpreted as a classical
probability model for the stabilizer sub-theory. Magic states will then be associated with
negativity of the discrete Wigner function.

The discrete Wigner representation of a state described by the density matrix p €
L(C?") is a quasi-probability distribution over (Zq X Z4)", which may be seen as a d" x d"
grid. The quantum state p is mapped on to the discrete Wigner function W,(u), defined
to be

%tr(ﬁuﬁ), (284)

Wp(u) =—

where {flu} are the phase space point operators, which are in turn defined in terms of the
Heisenberg-Weyl operators as

A 1 N
AO :% Zu:Tuv

Ay =T Ao,

(2.85)

In this thesis, we will quantify the magic resource with mana, which is defined to be

M(p) :=1In lz Wﬁ(u)] : (2.86)

where u = (u,u’) € Z} x Z label the points of the discrete phase space [130, .

It is possible to generate magic from a quantum field, just as it is possible to harvest
entanglement, in the context of RQI [338]. Consider a single three-level UDW detector,
(the lowest dimensional quantum system that admits a discrete Wigner function) with first
and second energy gaps €2y and €2y respectively, whose free evolution is governed by the
Hamiltonian

ﬁD = dlag(O, Ql, Ql + Qg) (287)

in the computational basis of energy levels {|0p) ,|1p),|2p)}, coupled to a real scalar field
via an interaction Hamiltonian which is a simple modification of (2.22),

A

Hi(7) = Mp(m)ilr) ® d(aplr)), (2.88)
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where {1 is the monopole moment operator of the qutrit, given by

~ o 1 QT Qo

() = NG (I1p) (0p| ™7 + [2p) (1p] ") + h.c.. (2.89)
Taking the initial state of the detector-field system to be |¥;) = |0p) ® |0), where |0) is
some suitably chosen vacuum state, the final reduced state of the detector is given by [338]

p 0 B
pp=10 g¢q 0 , (2.90)
B 0 1-p—gq

where p is the probability that the detector is found in its ground state, ¢ is the probability
that it is found in its first excited state, and  is the coherence between the ground state

and the second excited state. The mana of this reduced state is given by the elements ¢
and 3 of (2.90),

M(pp) =In [1—(]
+5(la — Rel] - V3Im[g]| + |q + 2Reg] 2.01)
+ g — Re[8] + v3Im[3]]) .

Assuming, as was the case in entanglement harvesting, that the coupling A is sufficiently
small for perturbation theory, the element ¢ may be written as [335]

q=p (1|pp|1)p

o o | (2.99)
=X [ a6 Wl al) + O,
and [ as
B =p (2|pp [0p)
)\2 o) 00
= dT/ dr’xp(7)xp (7"
1) T (2.93)

X [6(7 — e TR (2 p[r], 2p[r])
+0(7 — 1) OTHETW (2 p [ 2 [T])} +O\Y).

Having provided the necessary background and definitions, we proceed to the results of
Part I.
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Chapter 3

Entanglement Dynamics in
Minkowski and Shock Wave
Spacetimes

While the harvesting of entanglement from the field vacuum has received considerable
attention, much less is known about how pre-existing entanglement between detectors
evolves under field interaction. This is a physically distinct question from that of standard
harvesting: here, the detectors are already entangled prior to their interaction with the
field, and we ask whether the field amplifies or degrades that entanglement. It is clear that
when detectors begin to entangle in a maximally entanglement state, the entanglement
can only degrade. However, it is not immediately obvious whether the field interaction
will suppress or enhance the quantum correlations between the detectors when the initial
entanglement is weak. This chapter explores this question in detail. We analyze the
evolution of entanglement between two initially entangled UDW detectors coupled to a
massless scalar field, working within the framework of perturbation theory. Our treatment
accounts for both pointlike and spatially extended detectors.

3.1 Initially entangled detectors

We consider two UDW detectors labelled A and B, linearly coupled to a real massless
quantum scalar field. Let 7; (j € {A, B}) be the proper time of detector j and ¢ be a
common time, with an associated timelike Killing vector used to define the vacuum. The
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interaction Hamiltonian is given by

Hy(t) = CZ;“FJA(TA@)) + ‘E—E‘ﬁB (r8(t)) (3.1)
where H,(7;) is
Hy(r5) = Mix; (7)) (1)) @ /dgﬂ?Fj(iL‘ — ;)6 (;(7;)) - (3.2)

We have modified (2.22) through the inclusion of Fj(x — x;), a smearing function which
specifies the spatial profile and the position of the center of mass x; of detector j. To recover
the usual pointlike case, we can take the limit of F} to be the Dirac delta distribution.

We assume that the field is in the vacuum state |0), and that the detectors A and B
start out entangled so that the joint system has the initial state

) = (alga) ® g5) + Be ea) @ |es) ) @ 0), (3.3)

where a, 3 € [0,1], with the constraint that o? + % = 1, and 6 € [0,2n) is the relative
phase. For example, a = 0, 1 correspond to separable states while o = 1/ V2 gives a Bell
state. We will refer to a = 1 as the entanglement harvesting scenario. Note that we could
also consider initial states of the form

) = (alga) @ les) + Be™ gp) @ lea) ) @10), (3.4)

by applying a bit-flip gate 74 ® 6, and setting (g — —Qp; the resultant behavior in
this case is qualitatively similar to what we present below, as was the case for an earlier
non-perturbative analysis of harvesting of mutual information [16].

As usual, we obtain the reduced state of the detectors psp after the interaction by
tracing out the field degree of freedom. Writing p; :== |¥;) (¥;|, we obtain

pap = Try(UpUT)
= Try(p1) + Tro (U150 + Trg (U po) + Trg (:UP1) + O (). (3.5)

In the basis {|ga) ® |gB) , |94) ® |es) ,|ea) ®|gB) , |ea) ® |ep)}, the density matrix pap can
be obtained as follows [317].

pap =tre(|Wr) (Vyl)

pu 0 0 pu
0 pa p3 O 4
= * + O(A )
0 pos psz O (A%

Pra 0 0 puy
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where the elements are given by

p1 = o+ 2a2Re[JAA )+ JB ] +2aV1 — aQRe[ew(Jﬁ;;) + Jg[))] (3.7a)
pra =Vl —a2e (1 + I + IS+ I3 + U5 + 25T+ 5T (3.7b)
+ (-5 +I507) (3.7¢)

pas = (1 — I + 2av/1 = a?Re[e 150 + o215, (3.7d)
pas = av1— azewfﬁg{) +(1—«a )[](;A )+ &2[( 4Vl a2e’iofg}j) (3.7¢)
pss = 2150 + 2av/1 — a?Rele (7)) + (1 — a2) 155 (3.76)
pas = (1 —a?) +2(1 — ARe[JS ) + J557] + 2avT — a2Rele (I + T557)] (3.72)

where

10 = [ dny [ drnoG () m) e W (a5(), () (3.8)

tl(TJ
J](Zq) ==\ )\k/ dTJ/ dri x5 (15) xe (1) /P TJ+qQ’“T’“)W<x1(TJ) yk(Tk)) (3.9)

and we have used the fact that IfBi) = Iy, (FF)

elements ]I(L‘iBi) and J,EZHF) only appear in the densﬂ;y matrix (3.6) in the case of initially

entangled detectors. The quantity

€ C in p9y and ps3, respectively. The

Wiag, ) = [ &z [ @y Fi@ - ) Fly - y)W (@,p), (3.10)
is simply the smeared Wightman function. In what follows, we will consider the case where
the energy gaps and couplings of the detectors are equal (24 = Qp = Q,and Ay = A\g = \).

We use the concurrence, Cap = C(pap) = 2max|[0, |p14| — /p22pss] to quantify the
entanglement between the detectors. One can easily verify that the initial entanglement
n (3.3) is

CAB,O :2a\/ 1-— a2

Although evaluating the concurrence (2.78) may seem straightforward, inspection of (3.7c),
(3.7d), and (3.7f) indicates that care must be taken in its perturbative calculation. This is
because both py and ps3 are of order A? (and so their geometric mean \/P22p33 is of order
A\?), whereas a perturbative expansion of py4

pPla = P14 + )\2,014 + )\4ﬂ14 +O(\%), (3.11)
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yields

(2)x
lp1al? = |p12 2 + 2X%Re[p{} pi7" ]
+ X (|pfF 2 + 2Re[p? pi1"]) + O(N%). (3.12)
For initially separable states, (i.e., the standard harvesting protocol) pﬁ) = 0, and so

lp1a]? = M[pZ |2+ O()9), indicating that there are values of , close to 0 and 1, for which
A? terms must make a significant contribution to |py4|. In order to keep the perturbative
expansion of |py4| consistent, we will separately consider cases where the detectors are
nearly separable and the case where the detectors are sufficiently entangled.

Another issue has to do with the structure of p14. Starting from (3.7¢), we may rewrite
the density matrix element as

P\ = av1—aZe ™, (3.13)
Nl = X avT = a2e " (Ya + Vi) + 0" Xip(=Q) + (1 - a®)Xap(Q)|

where
Y = J5 T g (3.14a)
NX () =05 + IS0 (3.14b)
N2X (=) = JUED 4 JPe (3.14c)
The imaginary part of Y} is divergent in the pointlike limit [317]. Although this divergence

is regularized by the smearing functions, we shall demonstrate that it does not appear
in the concurrence under the approximations we consider, when working with pointlike
detectors.

3.1.1 Approximating the concurrence

We consider three scenarios: (i) initial weak entanglement with a &~ 0, (ii) initial weak
entanglement with o ~ 1, and (iii) initially sufficient entanglement.

Initial weak entanglement: o ~ 0

Let us assume that aw < 1 and perform a series expansion of Eq. (3.12) in terms of \"a™:

Ip1a|* = a?(1 — ) +2)\%aRe[X 45 (Q)e”]

initial neutral
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+ M| Xap(Q) 2 +2X2a’Re[Y, + V3]
harvesting degradation

+ O(\"a™) (n+m >4). (3.15)

Note that pﬁ) and the divergent element Im[Y%] do not exist in lower-order terms.

Initial weak entanglement: a ~ 1

In the same manner, one can obtain a similar expression for a ~ 1. For simplicity, let us

use # = V1 — a2 and expand Eq. (3.12) around g = 0:

|pral* = (1 — B7) + 2X* BRe[ X3 (—Q)e”]

initial neutral
+ M X 45(=Q) 24202 5%Re[Yy + Y3
harvesting degradation
+ O\ ™). (n+m > 4) (3.16)

As before, the elements p{j and Im[Y;] are absent. Note that 8 = 0 reduces to the
entanglement harvesting scenario: |p14| = A\2| X 45(—)|.

In both cases @ ~ 0 and 1, the approximated |pi4|* consists of four parts. The initial
entanglement contribution in (3.15) is a?(1 — o?) (and B%(1 — $?) in (3.16)). The third
term containing X 45(Q2) is the part contributing to entanglement harvesting. The last
term, Re[Y4 + Y], depends only on each individual detector and not on their correlations.
This term corresponds to an outcome of local operations and can never enhance entan-
glement. Indeed, one can show that A\*Re[Y;] = —(I](j_ P j(;r_)) /2 < 0 and so degrades
entanglement. The second term, which we denote as the neutral contribution, can be
positive or negative. By choosing the relative phase 6 appropriately, we can ensure that
Rele® X 4p] > 0, which enhances entanglement.

If the harvesting part does not exceed both the initial and degradation contributions to
|p14], then entanglement degradation is inevitable, regardless of the value of |/py2ps3 since
this term always contributes to entanglement degradation as it is positive and is subtracted
from |p14|. The converse case does not entail inevitable enhancement of entanglement:
even if the harvesting contribution is greater than initial and degradation contributions in
|p14|, entanglement enhancement will not necessarily take place, because this depends on

v/ P22033-
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Initial sufficient entanglement
In this approximation we assume |p{% |2 > O(M) and write Eq. (3.12) explicitly as [07]

P2 =a?(1—a?), (3.17a)
Re[pf} "] —avT=a?|av/T = a?Re[Ys + Y|

+ (aQRe[XZB(—Q)ew] . oz2)Re[XAB(Q)ew]) , (3.17h)
PP = |02 X55(-Q) + (1 — ) Xap(@)] + (1 - a?)|Va + V5[
+ 20Vl —a? (a2Re[X;B(—Q)(YA +Yg) e
+ (1= a®)Re[Xap(Q)(Ya + Ys)*e %9]> . (3.17¢)
Omitting the O(A\*) terms, we obtain
[pual” =~ |p13]” + 2\ Re[pf pi3"] (3.18)

which is also independent of pﬁ) and Im[Y%]. Obviously this approximation does not work
for « = 0 and a = 1 since it cannot recover the entanglement harvesting results in those
limits. As in the previous approximations, (3.18) consists of three components: the initial
entanglement, the harvesting contribution, and the degradation contribution. However, in
this case, the harvesting contribution does not contain | X 45(2)|? or |X%5(—)%. Note
that for @ < 1 the leading term in (3.17¢) yields the harvesting contribution in (3.15) (and
likewise for 5 < 1 the harvesting contribution in (3.16) is recovered). Henceforth, we shall
use these approximations (which are applicable even to pointlike detectors) in evaluating
the concurrence in the scenarios we consider.

3.2 Smeared detectors in Minkowski spacetime

We now compute the elements in the density matrix (3.6) in (34 1)-dimensional Minkowski
spacetime. We assume that the detectors are identical (have the same shape and internal
structure) and are both at rest in a single frame of reference. We choose the switching
function x;(7;), and smearing function Fj(x — x;), to be Gaussian functions:

X;(7;) =e~ (0T (3.19)
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]_ —(x—x.; 2 0.2

where T and o are their temporal and spatial widths, respectively.

The imaginary part of A\*Y; = J,ﬁ;” + J,ng)* in py4 for pointlike detectors is known to
be divergent. We will show that this term can be regularized by introducing finite-sized
UDW detectors as suggested in [317]. In particular, we consider initially entangled smeared
detectors at rest in (3 4 1)-dimensional Minkowski spacetime. Assuming a massless scalar
field, the mode decomposition of qg(x(t)) is known to be

t z) / A Lokl —|—aT ilk|t—ik- w>7 (3.21)
\/(27) 32|k
and so the Wightman function becomes
W (@;(tr), y(t)) = / ) (3.22)
T (2m)%2[k|
Let us first consider \?Y, = J Jfﬂf)* for detector A in py4. We find

o] t1 .
Tl I =2 [ an /,oo dts Xa(t)xa(t2)e” 24"
< [ d' Fa@ — @) [ dy Faly — @a)RelW (2a(h), ya(t2))]
&Pk~ -
—— Fu(k)F4(—k
S AR Fa(—F)

e’} t1 .
X / dt, / dts xa(t1)xa(t2)e @A) cos[[k|(t — to)],  (3.23)

= —2\%

where we have performed the Fourier transform:

ek (3.24)

/\/?

Note that we must have Fj(—k) = Ej(k) if Fj(x) € R. With a Gaussian switching function
centered at t = t4 0, the double integral over time in (3.23) is

/oo d, /t1 dt, 6_(t1—tA’O)Z/T26—(t2—tA’0)2/T2e—iQA(tl—tz) COSHk‘(tl _ t2)]
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T\2m [ 2 o2 s
= 7T/ du e /2" e~ 0 cos (| u) (3.25)
0
2
- ﬂe—T"’(lkHQ)"’ﬂ 14 e2HT? (1 4 ierﬁw B ierﬁw |
4 NG NG
and (3.23) is therefore (after substituting in the smearing function (3.20) and its Fourier
transform (3.24)),

(3.26)

JO + (0

NaT? Pk - > >
o 7F2 k —T=(|k|+2)%/2

x l1 + 2IkITE (1 + ierﬁT(|ki|/_2_Q)> - ierﬁT(|ki|/_;—Q)1

TQ
2/1 4 02/T? + T ¥ 20+ T2) /on T Qert
2(1402/7?)

)\124 e—T292 /2

8n(1+ 02/T?)3/2
N4T? oo 2.2
_ 4 / d[k| |K|e kP2
8m Jo
om0 g TR =) s TUH )]
V2 V2
where we have used d*k = |k|? sin 6d|k|dfdy with |k| € [0,00),6 € [0, 7], and ¢ € [0, 27).

The regularized real and imaginary parts of J,g;ﬂ + J,S:)* are plotted as functions of the
energy gap in Fig.(3.1).

Similar calculations yield the remaining terms in f14, poo, and ps3. In particular, the
expressions for [ ,ﬁk ™ in pay and pas in (3.28¢) and for J (and its counterparts) in (3.28b)

that contribute to \2X%,(—Q) = J{G* + JHJr in p14 can be found in Ref. [362]. The
quantities JE;)*, and JEB_ in p14, and [ J(k, i) in pyy and ps3 are then given by
—) . Aa T _,
J( _ A87TBL o ita0tt5,0) o~ T70/2 (3.28a)

At +iT?|k|

» Oodk; o2 +T2) /2 iAK] o g o
/0 k| T

)‘i e—T292 /2

8r(1+ 02/T2)3/?

2 TQ
x lz,/ 1+ 02/T? — 27T Qe VP04 T rfe ( ) 1 . (3.28¢)

2(1+ 02/T?)

> sin(|k|L) , (3.28b)

I(—+) _
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Figure 3.1: Real and imaginary parts of J,ﬁ;“ + J,Ezf)* with /T =1 and A = 1/10. The
real part converges quickly to 0 with large |Q2T'| while the imaginary part is nonzero for a
wide range of Q7.

[(++) Z)\A)\BTeiQ(tA,OJFtB,O)eT292/2\/—
N 8nly/1+ o2 /T?

where L = |xp — x 4| and At :=tp o —tao are the spatial and temporal separation of the
detectors’ Gaussian peaks, and

" erfe(il_) — e’rierfc(—iFJr)} (3.28d)

Py LEA (3.29)

T./2(1 + 02/T?)

This physical setup is illustrated in Fig. 3.2 (a). Note that that J,5 (b may be obtained
from Jé};) by 2 — —{ and then conjugating the result. In the same manner, one finds

that [gA*) = IEEL)*. The real part of (3.27a) is always non-positive, which means that
Re[Y4 +Y5| in |p14] acts as noise that inhibits the detectors from gaining entanglement. In
fact, one can verify from (3.27a) that Re[Yy] ~ —TQ when TQ2 > 1 for 0 > 0. This suggests
that the longer the interaction, the greater the leakage of entanglement, and therefore
entanglement extraction becomes more difficult as the effective duration of interaction
increases.

Thanks to the smearing function, all the elements in the density matrix are finite and
well-defined. One may then perform the approximations in Sec. 3.1.1 and take the limit
o — 0 if one wants to work with pointlike detectors. We will work with initially entangled
pointlike detectors in the following sections. The qualitative behavior for smeared detectors
is not so different from the pointlike ones. Note that if we had first taken the limit of ¢ — 0
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max{0. Cap — Capo}

2.0x1078
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1.0x107°

lBo | oA 7 ~T

50x1077

Figure 3.2: (a) Finite-sized detectors in Minkowski spacetime. The center of mass of
detector B is located at (50, p); each detector has the respective spatial and temporal
Gaussian widths o and T'. The diagonal orange-shaded strip represents the null trajectories
from detector A; detector A can directly signal to B by exchanging field quanta once the
support of detector B crosses this region. (b) A plot of the positive part of the difference
Cap —Capp between the concurrence before and after the interaction, with g = 1071\ =
1/10,QT = 5,0/T = 0, and 6 = 0. The green dots represent Cap — Capo < 0, which
means the initial entanglement is degraded, and the dashed lines indicate the null trajectory
corresponding to the one in (a).

and then performed the perturbative approximations employed in Sec. 3.1.1 the density
matrix would be ill-defined due to the presence of divergent matrix elements. Realistically,
all UDW detectors will have some finite spatial extension. In what follows, we can consider
o to be smaller than all other relevant length scales in the system, justifying the procedure
described above.
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3.3 The fate of entanglement between inertial detec-
tors

In this section, we consider pointlike (¢ — 0) detectors in (3 + 1)-dimensional Minkowski
spacetime and see how the initial entanglement changes after the interaction. As shown in
Fig. 3.2 (a), we work in a setup where the center of mass of detector A is located at the
origin and the peak of Gaussian switching is at ¢ = 0. Detector B is fixed at the spatial
coordinate xp, and experiences peak switching at tp . Since the detectors are in (3 + 1)-
dimensional Minkowski spacetime, and interacting with a massless field, the detectors may
only communicate with each other when they are lightlike separated. This is depicted as
an orange strip in the figure; detector A can send quanta to detector B once the support
of detector B has overlap with this region. It is natural to ask whether initially entangled
detectors can gain more entanglement after interacting with their local fields. The answer
is yes, though we find that the condition is very limited: only initially weakly entangled
detectors can gain entanglement.

Consider weakly entangled detectors with 5~ 0 (i.e., @ = 1). Using (3.16) to calculate
the concurrence C4p after the interaction we may plot the difference between the initial and
final concurrences of the detectors for = 1071 A = 1/10, QT =5, ¢/T =0, and § = 0.
This is illustrated in Fig. 3.2 (b). We plot max[0, C4gCap ] so that we can see the region
of entanglement enhancement, and highlight values of the final concurrence that are less
than the initial value C4po with green dots. We first note that communication between
the detectors greatly assists in the extraction of entanglement, since one can see from
Fig. 3.2 (b) that two detectors gain entanglement when they are in causal contact (within
the dashed lines). This phenomenon can be explained from the entanglement harvesting
viewpoint: communication increases the value of the harvesting term |X 45(—)| of |p14] in
(3.16), in the entanglement harvesting scenario (8 = 0) [121]. Nevertheless, as described in
the previous section, the degradation term Re[Y4 + Yp] will suppress this communication
assistance if the duration of interaction is too long.

One can also ask whether detectors that are not communicating can gain entanglement
from the field. The answer is also yes. To see this, we plot concurrence for pointlike
detectors when they are effectively' causally disconnected (L/T =7, At/T = 0) in Fig. 3.3.
Figure 3.3 (a) shows the values of Q7" and log,, 8 that enhance entanglement without

1Since we are using Gaussian switching, the interaction is not compactly supported in the spacetime. In
other words, the detectors are always communicating. However, due to a Gaussian function’s exponential
suppression, it can be thought of as an effectively compactly supported interaction in 7 € [-3.5T +
7;,0,3.5T + 7, 0], where 7 is a proper time and 7 ¢ is the center of Gaussian of detector j [124].
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communication. The parameters are set to be A = 1/10, L/T =7, At/T =0, /T = 0,
and 6 = 0. We emphasize that the detectors experience entanglement degradation when
the parameters (Q7, log,, 5) are chosen such that they are represented in the region colored
by green dots in Fig. 3.3 (a). We find that a pair of causally disconnected detectors can
enhance their initial entanglement as long as they are weakly entangled at the beginning.
In addition, one must choose Q27" from a suitable range: if the initial entanglement is, for
example, log,; 8 = —30 with the given parameters, then the energy gap must be QT €
[6.8,11] to gain more correlation. This range of energy gaps conducive to entanglement
enhancement increases as  — 0. Specifically, the upper bound on €2 for entanglement
harvesting gets pushed to infinity in the limit 7 — 0. We also note that there is a
maximum value of § for a fixed L/T', beyond which entanglement cannot be extracted for
any QT

The blue curve in Fig. 3.3 (b) represents a slice at Q7" = 7 in (a), and each factor
Cap and Cypp in max[0, Cap — Capp] is shown in Fig. 3.3 (c) as blue and green curves,
respectively. It is interesting to note from Fig. 3.3 (c¢) that for sufficiently large (3, en-
tanglement is completely extinguished after the interaction. There is also a dependence
on the relative initial phase 6; for § = 7 (the orange curve in 3.3 (b) and 3.3 (c)), the
positive difference Cap — Capo persists for larger values of 3, allowing for a wider range
of entanglement extraction. This dependence on the relative phase 6 arises from the term
Re[X35(—Q)e ] in (3.16) and elements in pygps3.

For the case of initially sufficiently entangled detectors, no entanglement extraction
can occur—only degradation takes place. One of the reasons comes from the fact that the
degradation part Re[Y4 + Yp| is no longer suppressed in (3.16) as 8 grows. Extracting

entanglement with o & 0 is also difficult since I ,5;*) in /paap33 dominates with large €.

One notable difference from pure entanglement harvesting (5 = 0) is the dependence on
the energy gap. In the harvesting scenario, detectors with Gaussian switching? can extract
entanglement even when they are far apart (L/7 > 1) if  is large enough [362]. That
is, once the detector separation L is fixed, there exists a minimum energy gap 2, such
that the detectors can harvest entanglement for all €2 > €,;,. In our case however, this
is no longer true. Figure 3.4 shows max[0, Cap — Cap,] as a function of L/T and QT for
pointlike detectors with At = 0, 8 = 1071%, and § = 0. That is, we are exploring the region
of entanglement extraction in the (L/T, QT) plane when the centers of Gaussian switching
in Fig. 3.2 (a) are on the same time slice. We see that there exist minimum and maximum
values of 2 for some L that allow detectors to extract entanglement; once €2 gets large
enough, only degradation takes place. This is due to a competition between the harvesting

2This is not the case for sudden/sharp switching functions [362].
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Figure 3.3: (a) The positive part of C4p — Cap, as a function of QT and log;, 5 when
A=1/10,L/T =7,At/T =0,0/T =0, and 6 = 0. The green dots represent degradation.
The detectors can gain entanglement when [ is small enough. The range of QT that
enables the detectors to gain entanglement enlarges as § — 0. (b) max[0, Cap — Capo] as
a function of log,, 5 for A = 1/10, L/T = 7,At/T = 0,0/T = 0, and QT = 7. The blue
curve shows a slice in (a) at Q7 = 7, whereas the orange dashed curve represents the case
when 6 = 7. (¢) Each component Cap and C4p0 in (b) with the same parameters.
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Figure 3.4: The positive part of difference Cap —Cap o as a function of L/T and Q7. Here,
At/T = 0,8 = 107'° and § = 0. Entanglement degradation occurs in the region with
green dots.

part and the degradation part of |pi4]. When Q is sufficiently large, the latter quantity
is larger than the former, ensuring entanglement degradation. This leads to a maximal
value of €) for which entanglement harvesting is possible. There is also a minimum value
of €2 below which harvesting is not possible due to “detector noise”—the positive |/p22ps3
term will be larger than the |p14| term since excitation probabilities increase as the energy
gap decreases. The maximum energy gap .« allowing harvesting is pushed to infinity as
B — 0, recovering the usual harvesting scenario [362].

3.4 Entanglement in the presence of a shockwave

We now extend our results in Minkowski spacetime to a nontrivial spacetime. We consider
in particular a gravitational shockwave spacetime, since it has been shown that a weak grav-
itational field can enhance entanglement harvesting from the vacuum [98]. Furthermore,
for the type of gravitational shockwave that we consider in this chapter, the Wightman
function for a massless scalar field has a nontrivial, but closed form expression [170].
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This latter study considered initially separable detectors in their ground states; we
extend this to consider initially entangled detectors with the aim of understanding if the
shockwave mitigates or enhances entanglement degradation. We find that a shockwave
admits greater entanglement harvesting relative to the flat space setting, and extends the
region in Fig. 3.3 (a) dramatically.

3.4.1 Shockwave spacetime

As in [176] we shall be working with the Dray and 't Hooft generalization [128] of the
Aichelburg-Sexl shockwave spacetime [7]. Consider a planar shockwave propagating in the
z direction in D-dimensional Minkowski spacetime. The metric describing such a spacetime
in the so-called Brinkmann coordinates [64] is

ds® = —dudv + f(%)5(u — uo)du® + §;;da’da’ (3.30)

where u = t — z and v = t + z are null coordinates, and Z or z’, i € {1,...,D — 2} are
the transverse coordinates (i.e., the remaining spatial coordinates). The wavefront of the
shockwave is located at u = ug. We consider an idealized scenario in which the spacetime
is exactly Minkowski on either side of wuy.

The term f(Z) is the shockwave profile, which is directly related to the energy density
o(%) through the Einstein field equations:

Af(Z) = —161Gno(T), (3.31)

where A = §70;0; is the flat Laplacian in the transverse direction. We use a quadratic

profile given by
D—2

f@)=-F-A-Z=-) a2")? (3.32)

i=1
where A is a symmetric constant matrix, whose eigenvalues are a;. Such a profile represents
an ultrarelativistic domain wall in the transverse plane [295], as one can see from (3.31)
that the energy density is constant everywhere: o(Z) = Tr[A]/87G.

Using the notation = = (u,v,7) and y = (U, V,)?) the exact form of the Wightman
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function is [170]

—g)P—2 —1)R=2 U — uy — 1€ — ug + 1€ —1/2
Wa,y) = ;%ﬂ 2 11 (1 +a,00! Au)(_Uie : )>
X ((Av —ie)(Au — ie) — AZ? (3.33)

)

080U - — o i)
+ . 1Au—ie—I—aiAQ(u—ug—ie)(U—uO+Z’€)> )

7

where Av=v—-V, Au=u—-U, 0, = 0(u—uy), and A = 0, — 0y with the Heaviside step
function 6(u). T'(x) is the gamma function and by choosing D = 4 it gives I'(1) = 1. The
Wightman function reduces to the standard Minkowski space form if f(Z) = 0 (in which
case there is no shockwave at all) or Af = 0 (so the events u and U are localized at the
same side of the shockwave).

3.4.2 Results

We restrict to D = 4 and consider two inertial UDW detectors

2A(Ta) = (H(Ta), 2(74),y(74), 2(74)) = (74,0,0, 24) ,

vp(t8) = (t(1B), 2(78),y(78), 2(78)) = (78,0,0, 25) . (3.34)

We further assume that a, = a, = a(> 0) and up = 0 as in Fig. 3.6 and 7 = X = 0. The
Wightman function then reduces to

1 1 1
4 (u—ie)(U + i€) (Av —ie)(Au — i€)
Au — i€

Wi(z,y) =— (3.35)

2
1+ a8

It is worth noting that in this setup, the proper spatial distance between the two detectors,
L = |z4 — zp|, is the same as in Minkowski space, and that the two detectors are placed
in the longitudinal direction of the shockwave.

In Fig. 3.5 (a), we plot the initial (Cap) and final (Cap) concurrences in the shockwave
spacetime with a7 = 1. In all figures, detector B is fixed at the position zg/T = 7 which
is located on the u < ug part of shockwave spacetime (see Fig. 3.6) and the energy gap is
QT = 2. Note that in Minkowski space, the non-communicating detectors cannot extract
entanglement with Q7" = 2, as shown in Figs. 3.3 (a) and 3.4.
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Figure 3.5: (a-i) Initial and final concurrences when Q7T = 2,8 = 1075, A\ = 1/10, and § = 0.
The location of detector B is fixed at zp/T = 7. detector A encounters the shockwave
near z4/T = 0. (a-ii) The concurrences when QT = 2,2z, /T = —0.5 and zp/T = 7 with
varying initial amount of entanglement. Two curves will cross and degradation takes place
after log,, 5 > —3. (b) Final concurrence C4p for initially maximally entangled detectors
(Capp = 1) with QT = 2 and # = 0. The green dotted curve corresponds to detectors
in Minkowski spacetime. In this case, the shockwave can either reduce or amplify the
degradation effect.
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ZA ZB >

Figure 3.6: Diagram for two pointlike inertial detectors in a shockwave spacetime. Detec-
tors A and B are static at z = z4 and zp, respectively, and the shockwave travels along
u = 0 (the green wiggling line). The red and blue bars indicate the effective interaction
duration of the detectors.

Figure 3.5 (a-i) depicts the concurrences as functions of detector A’s static position
24/T when 8 =107°. As shown in Fig. 3.6, detector A encounters the shockwave around
24/T = 0. For z4/T < —1 the plot indicates that full entanglement degradation from the
initial value of Cap o occurs, due to the fact that the geometry is Minkowski except along
the shockwave trajectory. In other words, the behavior in z4 /7T < —1 follows from the
results in Minkowski spacetime given in Figs. 3.3 and 3.4. This is also true for z4 /T 2 0.5.
The growth of Cap in z4/T > 3 comes from the communication effect in |Xap(—Q)|
between the two detectors, which corresponds to the bottom left corner in Fig. 3.2 (b).
The effect of the shockwave can be seen in the region z4/7 € [—1,0.5]; not only is the
degradation effect reduced, but we find Cap > Capo—the initial entanglement is enhanced.
Somewhat surprisingly, the shockwave allows causally disconnected detectors to gain more
entanglement even when it is impossible to do this in Minkowski spacetime.

Figure 3.5 (a-ii) shows the § dependence of the concurrences when z4/7 = —0.5 (i.e.,
L/T = 7.5), where maximal entanglement enhancement occurs, with QT = 2, A\ = 1/10,
and 0 = 0. We find that entanglement enhancement by the shockwave is possible so long
as 3 < 1073. Recall that for any /3, only degradation occurs for these parameters in
Minkowski spacetime. Furthermore, even when Q7' = 7 as in Figs. 3.3 (b) and 3.3 (c), the
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initial amount of entanglement needs to be 8 < 1077 in order to extract entanglement. In
this sense, a shockwave drastically assists extraction of entanglement.

However, the shockwave does not always enhance entanglement. In Fig. 3.5 (b), we
plot the final concurrence when the detectors are initially maximally entangled, Capo = 1.
In both Minkowski (dotted curve) and shockwave (solid) spacetimes, degradation takes
place as expected. Notice that the shockwave could either reduce or assist degradation.
This is due to the fact that the concurrence is now determined by (3.18); the degradation
part Re[Y4 + Y3] is no longer suppressed by small 3% and the harvesting part | X 45(—Q)]
is negligible.

3.5 Conclusion

We considered two initially entangled UDW detectors interacting with a quantum scalar
field and examined how their initial entanglement behaves after the interaction. The entan-
glement harvesting protocol allows initially uncorrelated detectors to extract entanglement
from the field in its vacuum state without signaling, whereas entanglement degradation
is the process in which initial entanglement decreases due to the detectors becoming en-
tangled with the field. We have investigated which phenomenon is dominant when the
detectors are neither uncorrelated nor maximally entangled.

Such an analysis is known to be difficult when a perturbative method is employed
since there is a UV-divergent element in the density matrix for the pointlike detectors
(and hence in entanglement measures). One can circumvent this issue by introducing a
smearing function and performing an approximation to an entanglement measure such as
concurrence and negativity. We have dealt with this by introducing an approximation
for weakly entangled detectors, supplementing the method used for initially sufficiently
entangled detectors [95]. Under any of these approximations, the divergent element is
absent in the entanglement measure.

With these approximations, we examined the fate of entanglement in detectors at rest
in (3 4+ 1)-dimensional Minkowski spacetime. We found that initially weakly entangled
detectors can gain entanglement even when they are causally disconnected. This can
be understood by looking at the distinct contributions to the concurrence: one part is
from the initial entanglement, another yields entanglement harvesting, and a third causes
entanglement degradation. The detectors extract entanglement if the entanglement har-
vesting contribution to the concurrence exceeds the other two. Otherwise, entanglement
degradation takes place and the initial amount of entanglement will be reduced after the
interaction.
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The fact that only weakly entangled detectors can gain entanglement is consistent with
previous results (Ref. [161]) demonstrating that, non-perturbatively, quantum mutual in-
formation (i.e., total correlations including classical ones) between entangled detectors can
be enhanced only when their initial entanglement is weak.® It is important to note, however,
that the detectors can gain mutual information even when they are causally disconnected.
Our results provide an interesting contrast insofar as we employ a perturbative analysis
with a Gaussian switching function and near-pointlike detectors.

We have also analyzed the energy gap () dependence for entanglement extraction. In
the entanglement harvesting scenario [362], detectors with Gaussian switching can extract
entanglement so long as their energy gap is above the minimum value: € > Q.;,. This
feature allows one to harvest entanglement with detectors arbitrarily far away from each
other once a sufficiently large energy gap is chosen. This is not the case for entangled
detectors. Instead there is a range € [Qpin, Qmax] Within which the detectors can extract
entanglement. This range tends to zero as the distance between the detectors increases.
This suggests that entanglement extraction is not allowed for detectors arbitrarily far
away from each other. Nevertheless, the maximum value €., will increase as the initial
state approaches a separable state, recovering the results of the standard entanglement
harvesting protocol.

We found that the presence of a gravitational shockwave, in which the metric is identical
to that of Minkowski spacetime except along a single null trajectory, significantly modifies
these effects. Detectors far from the shockwave exhibit the same behavior as in Minkowski
spacetime. However as they come closer to the shockwave their behavior markedly changes.
The shockwave enhances entanglement as compared to Minkowski spacetime. The range
Q € [Qmin, Qmax| of energy gap that enables entanglement extraction becomes wider, which
in turn allows the detectors to gain entanglement for smaller values of €.

Although the shockwave enhances entanglement, its extraction is still limited to weakly
entangled detectors. If the initial state of the detectors is sufficiently entangled, the shock-
wave weakens the effect of degradation rather than enhancing extraction of correlations.
Nevertheless, our results show that spacetime geometry can enhance initial entanglement
harvesting, indicating that the quantum vacuum is indeed a resource (at least in principle)
for carrying out quantum information tasks. We close by commenting on a recent similar
investigation of the negativity [10] of two initially entangled detectors in Minkowski space-
time with constant switching. Using an approximation corresponding to our sufficiently
entangled case, the detectors were found to only experience entanglement degradation,

3The nonperturbative method employed in [164] uses a delta-switching function, which cannot harvest
entanglement at all if each detector switches only once [393, 392].
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consistent with our results for sufficiently entangled detectors with an infinitely long inter-
action.
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Chapter 4

Probing Hidden Topology with UDW
Detectors

We consider the transition rate of a static Unruh-DeWitt detector in two (2+1)-dimensional
black hole spacetimes that are isometric to the static Banados-Teitelboim-Zanelli (BTZ)
black hole outside the horizon but have no asymptotically locally anti-de Sitter exterior
behind the horizon. The spacetimes are the RP? geon, with spatial topology RP? \
{point at infinity}, and the Swedish geon of Aminneborg et al, with spatial topology
T2 \ {point at infinity}. For a conformal scalar field, prepared in the Hartle-Hawking-
type state that is induced from the global vacuum on the anti-de Sitter covering space,
we show numerically that the detector’s transition rate distinguishes the two spacetimes,
particularly at late exterior times, and we trace this phenomenon to the differences in the
isometries that are broken by the quotient construction from the universal covering space.
Our results provide an example in which information about the interior topology of a black
hole is accessible to a quantum observer outside the black hole.

4.1 Introduction

Black holes are amongst the most fascinating objects in nature, in large part because they
cloak certain regions of space and time from all distant observers. While black holes created
in a gravitational collapse are not time symmetric, their eternal counterparts contain both
a future horizon and past horizon, and continuing the spacetime analytically past these
horizons reveals new structure, a prime example of which is the second asymptotically
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flat region in the Kruskal(-Szekeres-Fronsdal) [258, , 160] extension of positive mass
Schwarzschild spacetime. The structure past the horizon has a pivotal role in recognis-
ing Hawking temperature as the distinguished temperature for quantum fields in thermal
equilibrium with the black hole [190, |, and it provides the cornerstone to the view of
black hole entropy as a fundamentally quantum-gravitational concept [171].

What lies beyond the black hole horizon is, by definition, inaccessible to classical ob-
servers outside the horizon. However, in an eternal black hole spacetime, with both a future
horizon and a past horizon, states of quantum fields that are regular on the extended space-
time are constrained by the spacetime structure behind the horizons. For such states, it is
therefore possible for a local quantum observer to distinguish what lies behind the horizon
by probing the state of a quantum field outside the horizon [288, , , 70, , ].
In this chapter we address this phenomenon for a class of black hole spacetimes known as
topological geons [104], in which there is no second asymptotic region behind the horizon

[285, 287, 250].

The geon black hole spacetimes that we consider are (2 4 1)-dimensional eternal black
holes, which are solutions to Einstein’s equations with a negative cosmological constant,
and have an exterior region that is isometric to that of the spinless non-extremal Banados-
Teitelboim-Zanelli (BTZ) black hole [36, 34].We consider two families, both obtained as a
quotient of an open set in (2+ 1)-dimensional anti-de Sitter spacetime (AdS3) by a discrete
group of isometries. One family is the RP? geon [290], which is a Z; quotient of the BTZ
black hole and has spatial topology RP? \ {point at infinity}. The other is the “Swedish
geon” of Aminneborg et al [24], which has spatial topology T2 \ {point at infinity}. In
both of these spacetimes, the exterior Killing vector that generates exterior BTZ time
translations does not extend to a Killing vector on the full spacetime. The state that a
quantum field inherits from the global vacuum on AdSj; is hence not static in the exterior
region [290, |, in contrast to the Hartle-Hawking-type state inherited by the BTZ space-
time [273, 77], and this nonstaticity bears an imprint of the spacetime structure behind
the horizon. We shall analyse how a local quantum observer outside the horizon can access
this imprint.

We consider a massless conformal scalar field and model a local quantum observer by
a UDW detector, working to linear order in the field-detector coupling. We compute the
detector’s transition rate on a trajectory that is static in the exterior geometry: the time
dependence in this transition rate is then precisely due to the geon-like spacetime structure
behind the horizon. For both the RP? geon and the Swedish geon, our numerical results
show that the transition rate in the asymptotic past reduces to that on the BTZ hole.
Assuming the detector to be switched on in the asymptotic past, the late time behaviour,
however, differs for the two spacetimes. The late time transition rate in the Swedish geon
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asymptotes to that in the BTZ hole. The late time transition rate in the RP? geon, by con-
trast, asymptotes to a different constant for a gapless detector, and it displays persisting
oscillations for a detector with a nonvanishing gap; the latter property is consistent with
what was previously found for the RP? geon [397], and with what happens for uniformly ac-
celerated detectors in flat spacetimes with a similar structure behind the Rindler horizon
[270, ]. This difference between the late time transition rates is a dramatic demon-
stration of how the detector in the exterior can distinguish different spacetime topologies
behind the horizon.

As a side product, we give explicit formulas for the isometries by which the Swedish
geon is quotiented from AdS3, in a representation in which the exterior region takes a
standard form, and we display a fundamental domain for the spacelike hypersurface of
time symmetry. This representation of the isometries can be employed to investigate other
properties of the quantum state that the Swedish geon inherits from the global vacuum on
AdSs3, such as the stress-energy tensor.

This chapter is organized as follows. Section 4.2 gives a brief review of an UDW detector
coupled to a scalar field, writing down the transition rate of a detector that is switched
on and off sharply. Section 4.3 presents the static BTZ black hole, the RP? geon and
the Swedish geon as quotients of subsets of AdSs, deferring technicalities to appendix A.
Section 4.4 gives the image sum constructions for the static detector’s transition rate on
these spacetimes, for a conformal scalar field in the state induced from the global vacuum
on AdSs. Numerical results for the detector’s transition rate are presented in Section 4.5.
Section 4.6 gives the conclusions and a brief discussion.

4.2 Physical Setup

Before the interaction is turned on, we prepare the detector in the state |0p) and the field
¢ in the state that we denote here by |0) and specify individually in the applications in
the later sections. Working in first-order perturbation theory, the probability of finding
the detector in the state |1p) after the interaction has ceased, regardless the final state of
the field, is [212, 294]

P(Q) = NF(Q), (4.1)
where the response function F(2) is given by

F(Q) = /O:O dr /O:O dr'x(7)x(7) e_iQ(T_T,)W(T, 7). (4.2)
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We take y to be the characteristic function of an interval of time, as the response func-
tion remains well defined in this limit in 2 + 1 spacetime dimensions despite the discon-
tinuities at the switch-on and switch-off moments. We further consider not the response
function itself, but its derivative with respect to the switch-off moment, denoted by F,
which has an interpretation as (a multiple of) the detector’s transition rate, operationally
measurable using ensembles of detectors [208, , |. For a detector switched on at
time 79 and off at time 7, the transition rate is given by [211]

. 1 AT )
F(Q) = i 2 ds Re [6_ZQSW(T, T — s)}, (4.3)
0
where A7 = 7 — 79. If the detector is switched on in the asymptotic past, 9 — —o0, the
transition rate (4.3) becomes

F(Q) = i +2 /OOO ds Re {e‘iQSW(T, T — s)} (4.4)

Note that while W (7, 7') has a distributional singularity at 7 = 7/, the integrals in
(4.3) and (4.4) do not have distributional contributions from s = 0. This is because the
singularity in W (7, 7’) is that of

—q \—iP< 1 )_’_1115(7__7_/)’ (4.5)

Am(T — 7/ —i€) >0y dm \T—1'

where P stands for the Cauchy principal value: the term § in (4.3) and (4.4) has come

from the Dirac delta in (4.5), and the integrals in (4.3) and (4.4) are nonsingular at s = 0
on taking the real part.

4.3 Quotients of AdS;

In this section we describe three black hole spacetimes that are quotients of an open subset
in Ang

4.3.1 AdS;

Recall that AdS3; may be defined as the hyperboloid

X34+ X5 —TE -T2 = —1* (4.6)
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in R?2 with the metric
ds® = dX; +dX3 — dT} — dTy, (4.7)

where £ is a positive constant of dimension length. This spacetime is a solution to Einstein’s
equations with the cosmological constant A = —¢2 [77].

It is useful to introduce two local coordinate systems on open subsets of AdS3 as follows.
First, in the subset By, defined as 77 > |X;|, we introduce the coordinates (U, V, ¢) by

1-UV
T, =/ (1 - UV) Cosh(\/Mgzﬁ),
1_
X1:£< Uv)sinh(\/Mgb),
T_g(v-‘r-U) :
T \1+ov)”
VU
X2_€<1+UV)’

where —1 < UV < 1, —00 < ¢ < 00, and M is a positive parameter. The metric takes the
form
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1-UVY)>
ds? = —————dUdV + 2 dg?. 4.
S=arovp '+“(1+UV> ¢ (4.9)

Second, in the subset of By where U < 0 and V > 0, we introduce the coordinates
(t,r, ®), where

L_l—UV
Th_l—i‘UV’

mt_ll(_v>
e 2"\ U

where r, = (/M so that r, < r < oo and —oo < ¢ < co. In terms of the embedding

(4.10)
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space coordinates, this means

X, = 0= sinh<”¢>,
Th 14

2
Xo =/ % - 1cosh<r};t>,
T} l
(4.11)

T = A cosh(rhgé),
Th 14
Ty =14 LZ — 1sinh r—ht
2T re 2

2 7'2_7’121 2 7°2_7’i21 - 2 2 742

and the metric reads

l2

We refer to (4.12) as the AdS-Rindler metric [399].

4.3.2 BTZ black hole

The spinless BTZ spacetime is obtained from By with the metric (4.9) by the identification
(U, V,¢) ~ (U, V,¢ + 2m). This spacetime is an eternal black-and-white-hole spacetime,
with a bifurcate Killing horizon at |U| = |V, and (U, V, ¢) are Kruskal-type coordinates
[36, 34, 77]. The mass of the black hole is M. We may write the spacetime as the quotient
space

Mgrz = B1/Z, (4.13)
where Z ~ {I'™ : n € Z} with
T: (UV,¢)— (U, V,é+2m). (4.14)

The quadrant where U < 0 and V' > 0, covered by the coordinates (t,r,¢) with the
identification (t,r, ¢) ~ (t,7r,¢ + 2m), is an exterior region. The metric is given by (4.12),
and the horizon is at r — ry,.
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4.3.3 RP? geon

The RP? geon [290] is the quotient of the BTZ spacetime by the isometry group {e, J} ~ Z,
where e is the identity and

J (U, V,¢)— (V.U ¢+ ). (4.15)
We may write
Mgp2 = Mprz/Zs. (4.16)

This spacetime is an eternal black and white hole spacetime with just a single exterior
region, in which the metric is as in (4.12). While the exterior is static, with the timelike
Killing vector 0y, this Killing vector does not extend to all of the geon spacetime, and
the geometry behind the horizons hence makes the ¢ = 0 hypersurface a distinguished
hypersurface of time symmetry [290, , 399].

4.3.4 Swedish geon

The Swedish geon [21] is a single-exterior black-and-white hole quotient of an open region
in AdS3, with the exterior metric given by the BTZ exterior (4.12), but with behind-the-
horizon identifications that give the spacetime the spatial topology of a punctured torus,
the puncture being at the AdS infinity, 7 — oo in (4.12). We review the construction of
this spacetime in the three appendices, showing that the spacetime is a quotient of a subset
of AdS; by the free group generated by the O(2,2) matrices A and B given by

1 0 0 0
cosh(6z) + 2 cosh(4z) + cosh(2z) \/cosh(2z) cosh(4z) .
0 2 — sinh(4z)
4 sinh*(2) sinh®(2)
A= cosh(2z) ) ’
0 -5 — coth®(2) 0
sinh*(2)
0 — cosh(5z) + 3 cosh(3z) + 4 cosh(z) —4[cosh(22)]3/2 coth(z) — cosh(42)

2sinh(z)
(4.17a)
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1 0 0 0

0 cosh(4z) 4 cosh(2z) [cosh(22)]%/2 cosh(3z) 4 cosh(z)
2sinh?(2) sinh?(2) sinh(z)
0 —m — coth?(2) —24/cosh(2z) coth(z)
h h
0 & i?ﬁ;;os (2) 2,/cosh(2z) coth(z) 2cosh(2z2) +1
acting by matrix multiplication on the column vectors

15
T
vl (4.18)
Xy

where z = iﬂ'\/ﬁ . (We have dropped in (4.17) the undertildes by which these matrices
are denoted in (A.14) in A.1.) The exterior region is again covered by the coordinates
(t,r,¢) (4.11), so that M is the black hole mass. The isometry (¢t,7,¢) — (t,r, ¢ + 27) is
generated by the matrix BAB 1AL

4.4 Transition rate comparisons

In this section we present the image sum expressions for the detector’s transition rate on
the BTZ black hole, the RP? geon and the Swedish geon, in the state induced from the
AdS; global vacuum.

4.4.1 Preamble: choice of the state

An example close to the spacetimes considered in the present chapter is the Schwarzschild
black hole spacetime. In the exterior region, Schwarzschild time translations single out
the state known as the Boulware state [55], which is close to the Minkowski vacuum at
asymptotically flat infinity, but is singular on approaching the black and white hole hori-
zons. On the Kruskal extension of Schwarzschild, translations along the horizon generator
affine parameters single out the state known as the Hartle-Hawking or Hartle-Hawking-
Israel state [190, 230], which physically describes a Hawking-radiating black hole in thermal
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equilibrium with a heat bath at infinity, and is the unique regular state that is invariant
under all the continuous isometries [218]. A third state of interest is the Unruh state [128],
defined on the union of an exterior region, the black hole region, and the black hole hori-
zon joining the two: this state is defined in terms of positive frequency with respect to
Minkowski time translations at the past infinity and with respect to the future horizon
generator on the future horizon, and it physically describes a Hawking-radiating black hole
with no infalling radiation from the past infinity, but it is singular on the past horizon.

On the spinless BTZ black hole spacetime, a new feature compared with Schwarzschild
is that the asymptotically AdS infinity requires a boundary condition to make the theory
unitary [33]. Physically, the effect of asymptotically AdS infinity on wave propagation
is similar to that of a boundary at a finite distance, and the boundary condition means
specifying the phase shift for waves that are reflected back from infinity. The boundary
condition therefore does not allow the field to be decomposed into “incoming” and “out-
going” parts near infinity, and this prevents the construction of a time-asymmetric state
similar to the Unruh state on Schwarzschild. A Boulware-type state in the BTZ black hole
exterior can be readily defined, using the boundary condition at infinity and the notion of
positive frequency with respect to the exterior Killing time translations, but this state is
singular on the future and past horizons, like the Boulware state on exterior Schwarzschild.

The state we consider on the spinless BTZ black hole spacetime is the state induced from
the AdS3 global vacuum by the Z quotient described in Section 4.3.2 [109]. We may refer
to this state as a Hartle-Hawking type state: it is regular over all of the BTZ spacetime, it
is invariant under the continuous isometries of the spacetime, and it physically describes
a Hawking-radiating black hole in thermal equilibrium with a heat bath at asymptotic
infinity. We emphasize that this state knows not just about the geometry in a single
exterior region: it knows about the full global structure that the spacetime has behind the
black and white hole horizons. Detectors interacting with this state have been considered
in [211, 365].

On the RP? geon and the Swedish geon, we follow the example of the BTZ spacetime
and consider the state induced from the AdSs3 global vacuum by the quotients described in
Sections 4.3.3 and 4.3.4. In each case, the state is regular on all of the spacetime, including
the horizons, and the state knows about the full global spacetime structure, including that
behind the horizons. What is new is that the restriction of the state to the exterior region
is not invariant under the exterior Killing time translations, because the quotienting group
contains elements that do not commute with these translations. Detectors interacting with
this state on the RP? geon have been considered in [307, , |. We shall consider a
detector interacting with this state on the Swedish geon, and compare with detectors on
the BTZ spacetime and on the RP? geon.
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4.4.2 Image sum in the state induced from the AdS; global vac-
uum

On each of the three quotients of an open region in AdSs3, we now consider the state induced
from the AdS;3 global vacuum, as described above.

We denote by G the discrete group by which the quotient is taken. The Wightman
function on the quotient spacetime is then given by the method-of-images sum

Waasyja(z, @) =Y Waas, (, g2'), (4.19)

geG
where Wgs, is the Wightman function on AdSs.

The global vacuum Wightman function for a massless conformally-coupled scalar field
in AdS; takes the form [77, 399]

n_ 1L 1 _ ¢
Wadss (z,2") = 47?\/55(\/0(35@’) \/U(x,x’)—|—2)7 (4.20)

where o(z,2') is 1/(2¢?) times the square of the geodesic distance between the spacetime
points o and 2’ in the embedding space R?*?2,

o(0,0) = 5 [ = X2 = (T - TP+ (G - XpP - (G-T9?], (@2
and the parameter ¢ € {—1,0,1} specifies the boundary condition at the asymptotically
AdS infinity. ¢ = 1 and { = —1 are respectively the Dirichlet and Neumann boundary
conditions, each of which determines a quantum theory with unitary evolution. ¢ = 0 is
the transparent boundary condition, with no reflection from the infinity, and a less clear
physical interpretation [33].

In all three spacetimes, we consider a UDW detector on the static exterior worldline
that is given in the BTZ exterior coordinates (4.12) by

(t,7, @) = (ﬁﬂ R, 0), (4.22)

where R > ry, is the detector’s radial coordinate and 7 is the detector’s proper time. Taking
the detector to be switched on in the asymptotic past, the detector’s transition rate may
then be obtained by inserting the trajectory (4.22) in (4.4) with (4.19) and (4.20).

We consider the three spacetimes in turn.
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4.4.3 BTZ

On the BTZ spacetime, we have

WBTZ(xv 'T/) = Z WAdS3 (xu an/)’ (423>

n=—oo

where I' is given in (4.14). In the exterior, in the coordinates (4.11), the action of I' reads

L: (t,r,¢)— (t,r,¢+2m). (4.24)
It follows that [211]
Frrz(Q) :e*ZBQ/Z i /OO dy cos(ylB9/2) ( L — ¢ ) , (4.25)
2m I Jo \/Kn + cosh?y \/Qn + cosh?y

where

R? . 19 Th
K, = [ sinh <n7T£>,

2

Th
Qn = Ky + B2 (4.26)
R2 _ 42
B = opy "
Tn

Note that the transition rate has no dependence on the switch-off moment 7. This is
because the isometry I' (4.14) commutes with translations along the trajectory (4.22).

4.4.4 RP? geon
On the RP? geon, we have

Wep2 (2, 2") = Wgrz(x, ') + Warz(z, J2'), (4.27)
where J is given in (4.15). It follows that

Fip2(Q) = Ferz(Q) + AFpp2(Q, 7), (4.28)
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where the additional contribution due to the geon identification may be written as [397]

AFpp2(Q,7) = 217r > /Ooodycos(yﬁﬁQ/Z)

(4.29)
X = ! - —= ¢
\/Kn+cosh2( —2—2) \/Qn—i—coshz( —%)
where

_ 2 1

K, = R2RQ sinh? Kn + 2)%?] ,

o 2 (4.30)

n - n R2 _ T}QL-

Note that the transition rate now depends on the switch-off moment 7. If the detector is
switched off in the distant past, 7 — —oo, the geon correction term AFgpe (4.29) is small,
and the response is nearly identical to that in BTZ spacetime. However, Aj:RP2 becomes
significant near 7 = 0, and it stays significant as 7 — oo. This is because the isometry J
(4.15) does not commute with translations along the trajectory (4.22): among all constant
t surfaces in the geon’s exterior, the surface t = 0 is the only one that extends to a smooth
geodesically complete surface in the geon spacetime [290].

4.4.5 Swedish geon

Since the matrices A and B (4.17) are a pair of free generators for the fundamental group
of the Swedish geon, the Swedish geon Wightman function takes the form (4.19), where
each ¢ is a unique string in A and B and their inverses, such that A and A~! may not
appear next to each other and B and B~! may not appear next to each other, but subject
to no other conditions. For g with exactly N > 1 generators in the string, there are 4-3"V~!
terms in the sum, in addition to the pure AdS; term Wags, (2, 2'); for g with up to K > 1
generators in the string, there are

ﬁ 43Nt =2(3% — 1) (4.31)

terms in addition to the pure AdS; term. The detector’s transition rate is now obtained
from (4.4) with (4.22), (4.19) and (4.20).
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In numerical evaluation, we group the terms in the sum by the number of generators
in the string, and we truncate the sum at a finite number K of generators, monitoring the
accuracy of the truncation by increasing K. As terms with a large number of generators are
suppressed by successive factors that are negative exponentials in v/ M, accurate evaluation
requires fewer terms for larger values of M.

4.5 Results

Fig. 4.1 shows numerical results for the detector’s transition rate as a function of the
switch-off moment on AdSs, the BTZ black hole, the RP? geon, and the Swedish geon.
The detector is switched on in the asymptotic past and the detector’s gap is set to zero.
We have set M = 7, so that 7, = +/7¢, and the detector is placed at R = %rh. The three
panels show the boundary condition at infinity being respectively Neumann, Dirichlet, and
transparent.

On AdS;3 and on the BTZ hole, the transition rate is independent of the switch-off
moment, by the time translation symmetry of the global vacuum on AdS, and by the
corresponding time translation symmetry inherited by the Hartle-Hawking state on the
BTZ black hole. This independence is clear in all three panels in Fig. 4.1. With the
parameters chosen, the transition rates on AdS3; and the BTZ hole are so close that they
are indistinguishable by the naked eye. On the RP? geon, the transition rate in the
asymptotic past agrees with that for the BTZ black hole, but in the asymptotic future it
differs: this phenomenon was previously noticed in [397], and traced to the fact that the
Hartle-Hawking-type state on the RP? geon exterior is not invariant under the exterior
Killing time translations, and to the way in which the late time additional contributions
arise from the detector having operated in the distant past. Related observations in flat
spacetimes with similar isometries were made in [270, 268].

Now, for the Swedish geon, Fig. 4.1 shows that the transition rate agrees with that
for the BTZ black hole both in the asymptotic past and in the asymptotic future, but
it displays a distinct bump at intermediate times. The behaviour seen in the asymptotic
past is as expected, stemming from the lack of exterior time translation symmetry of the
Hartle-Hawking type state induced from the global vacuum. The behaviour seen in the
asymptotic future is numerical evidence that the Swedish geon correlations between the
asymptotic future and asymptotic past are significantly more involved than those on the
RP? geon. An analytic explanation of this phenomenon and the underlying correlations
would require a deeper geometric study of the discrete group action by which the Swedish
geon is quotiented from AdSs.
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Figure 4.1: The transition rate of a gapless detector, switched on in the asymptotic past,
as a function of the switch-off moment, for dglSs, the BTZ black hole, the RP? geon, and
the Swedish geon. The parameters are r,/{ = /7 and R*/r} = 2. Panels (a), (b) and
(c) are for the Neumann (¢ = —1), Dirichlet (¢ = 1), and transparent (¢ = 0) boundary
condition, respectively. The transition rates on AdS3 and the BTZ black hole so close that

they are indistinguishable by the naked eye.
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Figure 4.2: As in Fig. 4.1(a) but with £8Q = 5, giving the excitation rate of a detector
with a nonzero gap. The transition rates on AdSs; and the BTZ black hole are again so
close that they are indistinguishable by the naked eye.

For a detector with a nonzero gap, a plot for /32 = 5 and the Neumann boundary
condition is shown in Fig. 4.2. The graph shows that the transition rate on the RP? geon
and the Swedish geon display more oscillations as a function of the switch-off moment. For
the RP? geon these oscillations continue to asymptotically late times, as noted in [397], but
on the Swedish geon we see the late time transition rate again asymptotically approaches
the stationary BTZ value.

Fig. 4.3 is as in Figures 4.1(a) and 4.2 but with a smaller black hole. The qualitative
features are similar, but the bumps in the Swedish geon transition rate are now notice-
ably larger. The AdSj transition rate and the BTZ black hole transition rate are now
distinguishable by eye in Fig. 4.3.

Regarding numerical accuracy, the more massive Swedish geon plots include contribu-
tions from image terms with up to K = 5 generators in the strings that define the group
elements. We checked that the results did not change visibly on taking K = 6. We also
made additional spot checks at late times with K = 8, involving a total of 13,120 image
terms. While we found this to be sufficient for the more massive black hole mass M =7
used in the plots, numerical accuracy for smaller values of M would require more image
terms. The less massive (M = 3) Swedish geon plots include contributions from image
terms with up to K = 8 generators, for sufficient accuracy.
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4.6 Conclusions and discussion

We have considered the transition rate of a static UDW detector in two (2+ 1)-dimensional
black hole spacetimes that are isometric to the static BTZ black hole outside the horizon
but have the spatial topology of a topological geon, with no second exterior region behind
the black-and-white-hole horizons. The detector was coupled linearly to a conformal scalar
field, prepared in the Hartle-Hawking-type state that is induced from the global vacuum
on AdSs, with Dirichlet, Neumann or transparent boundary conditions at the infinity. The
detector was treated in first-order perturbation theory and assumed switched on in the
asymptotic past.

The spacetimes were the RP? geon [290] and the Swedish geon of Aminneborg et al [24],
each obtained as a quotient of an open subset in AdS3 under a discrete isometry group.
For both of these topological geon spacetimes, we found that the detector’s response differs
from that for the BTZ black hole, and the responses for the two spacetimes differ from each
other. In particular, the detector’s late time transition rate in the RP? geon differs from
that in the BTZ black hole, as previously found in [397], and the geometric reasons for this
were identified in a related context in [270), |; by contrast, our numerical results show
that the late time response in the Swedish geon approaches that on the BTZ black hole.
An analytic explanation of this late time phenomenon would require a deeper geometric
study of the discrete group action by which the Swedish geon is quotiented from AdSs.

Our numerical results also show that, for the Swedish geon, at intermediate times the
transition rate is much larger than for the RP? geon with the same mass. This is perhaps
not unexpected, as the image sum for the field’s Wightman function on the RP? geon
consists of a strict subset of the terms in the image sum on the Swedish geon, but a more
quantitative explanation would again require a deeper study of the discrete group action
by which the Swedish geon is constructed from AdS;.

The salient lesson from our results is that specific information about the interior topol-
ogy of a black hole is accessible to an observer outside the black hole by allowing them to
probe a quantum state that has been prepared with knowledge of the global topology of
the spacetime.

A limitation of our results is the restriction to static observers. The response rate
of infalling detectors for the spinless [365] and spinning [141] BTZ black holes has been
recently investigated, as well as for the RP? geon [105]. These results suggest that the
Swedish geon case will exhibit more detailed differences as compared to its RP? geon
counterpart. This remains an interesting subject for future work.
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Chapter 5

Analytic Methods for Harvesting
Entanglement in AdS, dS, BTZ, and
Minkowski spacetimes

In this chapter, we present analytic results for entanglement harvesting from conformally
coupled massless scalar fields by UDW detectors on static worldlines in three key geome-
tries: anti-de Sitter (AdSs41), de Sitter (dS4:1), and BTZ black hole spacetimes. We
obtain formulas for reduced density matrices valid for arbitrary detector gap, separation,
and spatial dimension d > 2. These results demonstrate the advantages of analytic control
in RQI: they expose how curvature and topology shape entanglement harvesting, provide
benchmarks for numerical calculations, and reveal systematic trends across spacetime di-
mensions. In practical terms, they also allow for investigations to proceed in a very small
fraction of the time it would have taken to carry out numerically.

Since the detectors are on static worldlines, their proper times are proportional to the
coordinate time, with the constant of proportionality n being dependent on their respective
spatial positions. Following [203], we consider the detectors to have Gaussian switching
functions, with the same proper switching width, and the same proper energy gap

(T4 + nAto/2)2>

202
(78 — nBto/2)?
202 '

When t, > 0, detector A reaches peak interaction with the field before detector B, in
coordinate time, with the reverse being true when ¢ty < 0. In what follows, it is helpful

xB(TB) =exp (—
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to introduce the notational shorthand p = (d — 1)/2, where d is the number of spatial
dimensions in AdSy.1 and dSg1.

5.1 Solutions for AdS,.

5.1.1 Wightman function

The Wightman function for a conformally coupled real scalar field in AdSy.,, with the
AdS length scale ¢, in the global AdS vacuum state takes the form [203, 231]

A

W (x, ) ngj’l [o(z,2)] " = Clo(x,2) + 2] 7], (5.2)

where o(x,2’) is the geodesic distance squared between two points in the embedding space
R?4 and ¢ € {—1,0,1} specifies Neumann (( = —1), transparent (¢ = 0), or Dirichlet
(¢ = 1), boundary conditions satisfied by the field at spatial infinity. The factor A, is
given by

T(d - 1)

Ag :2(d—1)/2(47r)d/2r(%)' (5.3)
The geodesic distance squared takes the form
/ 1 2 2 2
oz, z') :272[—&/; — ATF + Y AX7), (5.4)

=1

where (77,75, X;) are the coordinates of the embedding space (see 4.3 for further de-
tails). Global AdSy.; coordinates are obtained via the coordinate transformation 7 =
lcoshpcosT, Ty = Lcosh psinT, and X; = £sinh p 7n;, where 7n; are the unit vectors pa-
rameterizing a hypersphere. Substituting this in to the geodesic distance squared gives
us

o(z,2") = — 1+ cos(T — 7) cosh p cosh p' — cos f sinh psinh p/, (5.5)

where cos@ = A - n’ so that 6 is the angular distance between the two detectors on the
hypersphere. Now let ¢ = /7 and r = ¢sinh p, to get

2 12 t—t/ /
J(x,x’)——1+\/1+22\/1+;2cos< ; >—T€ZCOSQ. (5.6)

68




The geodesic squared distance between two detectors A and B on static worldlines is given
by

a(xA,xB):—1+\/1 \/ —l——c tA tB)—RAfBCOSH
¢ ¢ (5.7)
YAYB ta— tB RARB
e P\ 0

=—1+ cos

where we have introduced vp = /¢2 + R%,. Parameterizing the worldlines by the proper
times of the detectors 74 and 7, where tp = 7p¢/vp, we have

YAYB (TA TB) RsRp
COS —

e ) e

o(zalra],zpt8]) =—1+ cos 0, (5.8)

where vp = /(2 + R%. Substituting this into the Wightman function, we get

W(xalral, z5T8]) =A4

-p
[—62 + Y4B COS <;j — ?) — RARpcos 0]
B
(5.9)

-p
—( [62 + Y4B COS (A — TB) — RARp cos 9] ] )
YA B

The pullback of the Wightman function onto a single detector’s static worldline is given
by taking the limit of R4y = Rgp = R and 6 = 0. This gives

[ (;) - 1] T¢ [ (T; ) +M] ] NGt

where p = (£2 — R?*)/~%. Similarly introducing notational shorthand for the Wightman
function pulled back to two static worldlines gives

o (32 32) o]
cos| ——— | —ay
YA VB

W (xlr], o[r']) =Aay' ™

Ag
(vavB)P

Wiz alral, 2pl7s]) =

(5.11)

where ay = W The regulator is introduced by inserting —ze into the argument

of the cosine functions.
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5.1.2 Excitation probability
The excitation probability is given by
P =)? /dT A’ x(7)x (7 e X TOW (7, 7). (5.12)

Unless otherwise specified, all integrals are over the real line, and double integrals are
represented with one integral sign and two measures. We will use a Gaussian switching
function x(7) = e /%", Let s = 7 — 7/, and u = 7 4+ 7/. We may then carry out the
integral over u, leaving a single integral over s,

A2 2 2 2 .
P== / du ds e~ +5)/10° =i (o) (5.13)
:ﬁaA2/ds 6_52/4026_iQSW(5)

A

52 A2 / ds e~ /40" =il {[cos(s —i€) — 1]7? — ([cos(s — i€) + ,u]fp] .
~

We may use the identity cos(s) = 1 — 2sin? (g) to get

. —2p
P = \/moAgy*0\? / ds e~ /40" o =ifys [2” [2 sin (; — ze)}

(5.14)
— ([cos(s — i€) + ,u]_p}
The integral may be split into two parts, P = Py — (P, where
1—d 2.2/4-2 _: S P
Py =/7m0277 424 AN /ds ems Y Ao ity {z sin (2 — ze)} , (5.15)
and
Py =/mo Ay 4N / ds e /4% =105 [eog(s — de) + ] . (5.16)

Let’s focus on P, first. The integrand may be rewritten as
d—1 2.d 2 2,2 /452 iQ 1S 1S —2r
Py =277 /moy " A\ /ds eS0T gmihys [exp (2 + e) — exp (—2 — e)}
=2 Vo AN / ds e~ /0% —2i0s (eisJre - e‘is_e) o (5.17)

:2% \/7_TO"}/27dAd)\2/dS 675272/02672i973672p(is+6) {1 . 672(is+e)} 72p.
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Remember that for |z| <1

e —1
u_x>m:§:C*”1 )ﬂ, (5.18)
which means

Py :2% \/%O.,YQ—dAd)\Z /dS 6—82’)/2/0'2€—2i9786—2p(i8+6) i (n + 2p - 1) e—2n(is+e) (519)

n=0 n
o0 d—2\ _o2@e+diran—1)2
:2%7TJ271_dAd)\2 Z (n + . )e e , (5.20)
n=0

where we let ¢ — 07 after performing the integration, and substituted in p = (d — 1)/2.
Substituting in the form of Ay, and writing the binomial coefficients in terms of the Gamma
function, we get

_d —d oo
PO :27dA2d,ﬂ-1 20-2,}/1 d Z F(d +n — 1>e_0-2(9+d+g:_1)2.
r(g+1) = T+l

(5.21)

We now move on to P,. The Gegenbauer polynomials are defined by a generating function
in the following way

1
(1 — 2zt + t2)

:i@mﬂ (5.22)

Let’s examine the kernel. Note that if we let t = e~/ then cos(s —ic) = . Further
manipulation shows

e =)
=(20)P(t* + 2ut + 1)

:(2t>pnzzocg<_:u)tn (523)
=2 Y- Co-pr

—9P i C«g(_u)e—i(n-ﬁ-p)(s—ie).
n=0
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Substitute this in to (5.16) get
P =/ma Agy*IN22P Z Cr(— /ds 57407 o= iSdys gilntp) (s—ie) (5.24)
Evaluating the integral and then letting ¢ — 01 gives us

d—1\ & n—
P = — 5oy 17T (2) S Cp(—p)e T Y (5.25)
n=0

DN | —

With this, we can write down the total excitation probability of a static detector in AdSy4
as

2-d\2dqrl- 20271 —d X [F(d +n — 1) Q d+2n 1)2
P= TR D(d—1)CP(—p) | e (O TET) | (5.26)
r(4+1) nz:% T(n+1)
where = Z2;2R2.

5.1.3 Correlation term: X

The pullback of the Wightman function onto the two static worldlines (5.116) parameter-
ized by their global time coordinates is given by,

Aa [cos (tA — s 7 ) Q
— — €| —
(yayB)P 4 i

cfe (5 ]

The correlation term in the reduced density matrix is given by

-p

W(ta,tp)

(5.27)

X = _)‘2/dTAdTBXA<TA)XB(TB)e_iQ(TA"‘TB)
X [0(ta(ra) — t5(75))W (ta(74), t5(75)) (5.28)
+0(t(tB) — t(rA))W(tB(TB),tA(TA))]

72



Let’s change the variables of integration to be the global times. For the static worldlines,
the proper time differs from the global time by a simple scaling relationship, 7p = tpyp/¢,

where vp =/ R%, + (2.

v /\ "YA/YB /thdtBXA (’yAtA> 5 (’YBtB> e~ Uvatatypts)/¢

l l (5.29)
X [Q(tA — tB)W(tA,tB) + Q(tB — tA)W(tB, tA)] .
The Wightman function is a function of the difference in global time coordinates,
¥ RS VA’YB /thdt i (’YAM) N (’VBU%) o—iata+yptn)/E
b ¢ )P\ (5.30)
[9(t,4 — tB)W(tA — tB) + 9(753 — tA)W(tB — ZfA)] .
Let’s change the variables of integration to tg and s =t,4 — tp.
NyavB Ya(s +tg) VBlB ;
X — — /ds dt ( ) e~ Uvast(vatys)tn)/t
2 B XA / XB 7 (5.31)
X [0(s)W(s) + 0(—s)W(—s)].
Carrying out the integral over ¢ then gives
X =a / ds e~ 935 [9( YV (s) + O(—s)W (—s)], (5.32)
where
=Y 2moyaYB
= 2 AB
OJYA+ %
< oxp (_7%%24%29 — 10t (ya — 78) (ya +78) > + o' 0" (ya + 1B) 2)
20202 (Vi +75) (5.33)
_ 7R
a9 —
20 (7 +73)
_ 7478 (0*Q (4 — Y8) + itevayB)
az =
o2 (Vi + %)
We can split this up
X :Xl + XQ, (534)
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where

X, :al/ ds e_a252+ia38W(S)
0
0 .
X5 :al/ ds e~ TSI (—g).

Let’s take a look at our Wightman function as a function of s. It is

W(s) =Aa(vavs)™? { [cos (Z - ie) —ay T ¢ {cos (Z - ie) + oz_]_p] : (5.37)

We can exploit the even nature of the cosine function, and write X; and X, down explicitly
as

(5.35)

(5.36)

A o0 :
X = h2d / ds g0z Fiass Hcos (8 — ie) — Qg
(vavB)P Jo

o T —p

) o] cfer(i-i)ra]]

_ CllAd 0 —ags2tiass { (5 . ) B -p B [ (S ‘ ) :|—p
~ (yayB)? /—oo dse [ cos{y Tie)—ayg ¢ eos ( +ie) +a-| |

(5.38)
We can absorb the prefactor into the definition of a;, and transform s to —s in X,. Ex-
ploiting the symmetry properties of the cosine function gives us

o 7(128271'(138 f o _ P o f g P
X, :a1/0 dse Hcos <£ ze) oy ¢ {cos (€ ze) + Oz} ] . (5.39)

We can rescale s and add the two contributions together to get X, which is (after absorbing
changes into the definitions of the constants)

X =a; /Ooo ds e~ cos(ass) [[cos (s —i€) —ay] ™ —(lcos (s —ie) + oz_]_p}

(5.40)
Note that since we’ve rescaled s by 1/¢, it is now dimensionless. Remember that
2+ 0
= RaRp cos ’ (5.41)
YAYB
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which means both are bounded —1 < a4 < 1. The constants a; have the definitions:

2m) P~ 207478T (D) (YavB) 7

VYA

2.2 .2 .
( 0202 (74 + 75) 2 4 to;,}zs + ztoQ(WB—W?)(7A+vB)2)
xexp | —

ay = —

2(vi +73) (5.42)

0 — YAVE

20% (Y4 +73)
7478 (0% (va — vB) + ito7a7B)
as = 20 (02 1 2
ol (V4 +7B)

Just as before, we can split X into a transparent contribution, and a boundary contribution,
X = X — (X}, where

Xo =aq / ds e~ cos(ags) [cos (s — i€) — o] 7P,
0 . (5.43)

Xy =CL1/ ds e72*" cos(ags) [cos (s —i€) + a_] .
0

Since the forms of both integrals are identical, we can focus on X,. Using the Gegenbauer
expansion of the kernel, we may write this as

XO :2pa1 Z Cg(a+)<]n, (544)
n=0

where

Jn :/ ds e~ 74— o5y 5)
0
1

raz+n+p 545
1 [T T el [€<3L2+>2 <1—ierﬁ (xa3+n+p>>]' (5.45)
4\ a ze{-1,1} 2\/a_2

It is worth noting that in the limit of n — oo, this falls off as ~ 1/n. The Gegenbauer
polynomial grows like O(n?~!) as n — oo. For p = 1/2, the naive sum converges, and
for p = 1, the sum oscillates and avoids harmonic divergence. However, for p > 1, (5.44)
diverges. This divergence can be dealt with via a subtraction and re-summation technique.

We may find the coefficients of an asymptotic expansion of J,, in inverse powers of n+p
as follows. Let f(s) = e~*%” cos(azs). Integrating by parts gives us

—i(nl+p) [f(S) emilntp)s || z(n:-p) /OOO 1'(s) e 1 ntp)s g, (5.46)

e ] =

0
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Because f(s) decays rapidly at infinity, the boundary term at s = oo vanishes. At s =0
we obtain f(0)/(i(n + p)). Repeating the integration by parts on the remaining integral
yields

e(nﬂ?)6 = f(O) f’(o) 1 L s e*i(nﬂi)s S
o i(n+p) * (i(n +p)) " (i(n +p))2/0 f(s) ds. (5.47)

Iterating this procedure M times gives the general expansion

(n—i—p)EJn _ f (
6 21

i p) T (it p)

/ fOMHD () eminHP)s g (5.48)
The large—n behaviour of J, is therefore given by

(e 7 N Fm(0)
entp)e g go—(i(nw))m*“ (5.49)

which is valid as an asymptotic expansion as n — co. The function f(s) is even, so all odd
derivatives vanish at the origin. We therefore have

0 f(2j) (0)

tp)eg ~S L 5.50
S o Gt (5:50)
We may split the asymptotic expansion as follows,
Pl 29 (0 00 29 (0
(n+p)e f ( ) f ( )
L Gt ) T 2 Giln b p)e

It is the first part of (5.51) which is responsible for the divergence of the naive series for
p > 1. We may write (5.44) as

o) fp] (2j)
Xo =2Pa; > CP(ay) (Jn - ;) ((JC(O)) (5.52)

= i(n+p))¥+t

|—p-\ 00
4 (23 —) —(n+p)e

where we have let the regulator go to zero in the first term (which is finite), and in-
terchanged the order of summation in the second term, which is naively divergent when
e — 07. To fix this, we must us analytic continuation. Let’s give the inner sum a label:

s CPay)
Sty —eWT/2 N _In\TH) —(ntp)e. 5.53
e ;::o (n+p)2+i° (559)
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The Mellin transform allows us to write,

1 1 00
— dt tv e (ntp)t, 5.54
w7 =T ¢ (5:54)

This means the terms we are interested in may be written as

e WT/2 —(n+p)e 5.5
nZO n + ) (5.55)
67Z]7T/2 0o 0o )
_ : Cg(a+)e—(n+p)e / dt t]—le—(n—l—p)t
I'(j) nzb
—ngr/Q
/ dt e—p (t+e) t] 1 Z Cp —n(t-i-e)'
n=0

The interchange of integration and summation is justified since we have not yet analytically
continued to j < 2p, or set the regulator to zero. Using (5.22), we can rewrite S; as

—z]w/2
S: / dt e P91 [1 =90, () 4 20HI] 77 (5.56)

J

We may now set the regulator to zero without any trouble, and analytically continue the
integral to 7 < 2p. The transparent contribution is therefore given by

00 [p] f(2j)( ) [p] e
Xo =2"a, Z Chlovy) (Jn - ]Z% W) +2%a Z f & (0)52j41, (5.57)

n=0 7=0
where
—i(2j+1)7/2 .
Syt = (7 / dt et (1 - 20,07 + ) (5.58)
We may rewrite this as
e~ i(2j4+1)mw/2
Sojt1 W2 p/ dt t¥ (cosht — o) 7P, (5.59)
Using the Mellin transform again, we may write (5.59) as
€ H2H)m/2 2 1 ela —ucosht
ng+1 WQ p/ dt ¢ ]/ du uP~ Te . (560)

7



Let’s focus on the integral over t. Note that the modified Bessel function of the second
kind may be defined as

K,(u) = / dt e cosh(vt). (5.61)
0
Differentiating both sides with respect to v repeatedly gives
an o) ) L
ﬁKu(u) :/0 dt t¥ e bt cosh(vt). (5.62)

We recover the integral we're interested in by evaluating this at v = 0,

/OO dt ¥ emucosht — ( a2j.Ky(u)> (5.63)
0 ov? -
This means
e—i(2j+1)7r/2 o% 00
$ﬁ“:@mmm2w<wwﬂ mww%wﬂnguﬂ 6

It is possible to evaluate the remaining integral in closed form, but this is less than ideal,
since the remaining expression may only be evaluated at v = 0 via a careful limit. Instead,
it is helpful to Taylor expand the exponential, and evaluate a series of integrals that do
not require limits to evaluate at v = 0. We are left with

,L'efifrj 00 2m72am .
= (25)
where g,,(v) is given by
1 1
%ﬁsz(%m+p—VOF(Jm+p+V0. (5.66)

We may insert (5.65) into (5.57) to get our final expression for the transparent contribution
to the correlation term X,. To get the boundary contribution X,, we may use the same
formula, and merely substitute —a_ for a,.

5.1.4 Correlation term: C

The C-term of the reduced density matrix (pa3) is given by

C = )\2/ dTA[ drxa(T4)xB(T8)e M ATBIW (2.4[74], x[TB]), (5.67)

—00
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Its calculation proceeds along the same lines as that of Pp and X. Unlike our calculation of
X, we may rely on a universal Gegenbauer-based formula, since the relevant single-variable
integral is over the real line. Using (5.116), converting the integral to be over global time
coordinates, changing the variables of integration to be over ¢z and s, and then integrating
over tp gives us

1 , _
CO :§CL1 /dS 6—0,282—1(138 [COS (S - ZE) - Oé+] p,

1

' (5.68)
Ch =5 /ds €25 135 [eog (5 — d€) + a7

Expanding the distributional kernel in the Gegenbauer-Fourier basis, integrating, and tak-
ing the limit ¢ — 0" (while absorbing extra factors into the definition of a;) gives us

(ntp—a3z)?

C=a i (CP () — P (—a )] " (5.69)

5.1.5 Comparison

It is worthwhile to test the above formulas against pre-existing investigations into entan-
glement harvesting in AdS. A specific point of comparison is entanglement harvesting in
AdS; by Henderson et al. [203]. The analytical series we derived replicated the numerical
plots in that paper. Moreover, they allowed the plots to be generated remarkably quickly:
in a matter of a few seconds. We present two such examples below in Fig. 5.1 It should
be noted that the curve corresponding to Minkowski spacetime was also generated via an
analytical series, as will be shown at the end of this chapter.

5.2 Solutions for dS,;

5.2.1 Wightman function

The Wightman function of a massless scalar field in dS;4; in the Euclidean, or Bunch-
Davies vacuum state is given by [274, 15]

d d d+1
Wiz, 2') =Aga' 4y Fy (2 vt ;—; 1—c(z, x’)) : (5.70)
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Figure 5.1: The concurrence of the final reduced density matrix of two static detectors with
a given fixed proper distance between them, that reach peak interaction simultaneously
in the field’s frame (i.e., in the global time coordinate the global AdS vacuum is defined
with), plotted as a function of their energy gap. All possible AdS boundary conditions
are displayed. The AdS length scale ¢ is chosen to be equal to the switching width o, and
one detector is placed at the origin. Panel (a) shows the plots generated by the analytical
formulas for the density matrix elements. Panel (b) is from the corresponding numerical
plot in [203].

80



-10 -5 0 5 10
Time Delay t/0
— Qo =2 - Qo =-2

.....................

0.04 /\ f \ .'ﬂ'ﬁ
| l'. [ | [\
u.n:;i lll |' '||| I|' '|I

0.01 r \\J \ \
) — J

-10 =5 0 il 10

Time delay tg/o

— Qo=2 --- g =-2

(b)

Figure 5.2: The final concurrence of the two detectors as a function of the the relative
time delay in their switching functions t,, where the AdS length scale is £/o = 1, a proper
distance of 50/2 and where we impose Neumann boundary conditions (( = 1) and an
energy gap of Qo = 2 and 20 = —2. Panel (a) shows the plots generated by the analytical
formulas. Panel (b) is from the corresponding numerical plot in [203]. Note the difference
in the number of points, and that the analytical result took a few seconds to generate.
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where

_(47T)—(d+1)/2 d d
AW_I%@QF<2—OF<+O, (5.71)

y:¢f_fad+m, (5.72)

« is the expansion rate parameter, and £ is the coupling constant for the scalar field to
the Ricci scalar We’ll work with conformal coupling, where £ = . In that case, things
reduce to v = 2, so we have

SH

-1 d—1d+1 d+1
W (z,2') =(4r)~@+D/20 <> Y O ( 5 ;_ : ; ;1 — c(x,x’)) (5.73)

SH
[\

=(4m)~(@+D/2D <_1) ot le(x, 2 1-D/2 (5.74)

[\

Here, c(z,2') is,

|Az|? 4+ 7% + 12 — 2r1’ cos Ag — (An)?
4/’

c(z,2") = : (5.75)

in flat slicing coordinates. Rewriting this in static coordinates, we have

1 ’ oy
c(a:,:v'):2—7wos®—\/l—\/l—cosh<t t). (5.76)

We can write this as

1 4
c(z,2') = ltf — 71’ cos©® — Va2 — r2va? — 12 cosh (t ! ﬂ (5.77)
200 «
7 t—t
=502 l/{ cosh( o )] ) (5.78)

2__ ! . . .
where we’ve defined v = va? — r2, and k = %. So our Wightman function is

W@Jﬂ:2p%plhﬁ)W@ﬂﬁ—%@(h%t%alp, (5.79)

«
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where again, p = %, and we have inserted the regularization constant e. To get the

pullback onto a single static worldline, we let © = 0 and take the limit of r =" = R. We
get

Wt 1) =(—1)~PT(p)(4r) P14 ~2 [Smh (t; v zeﬂ - (5.80)

«

where v = v/a? — R?, and we used a hyperbolic trigonometric identity to simplify things.
For the pullback onto two static detector worldlines,

—p—2 —p—1 _ 2fA - zSB . P
Wt ts) =270 () 7T (p) |1 — cosh (422 —ie)| (5.81)

2_
where vp = vVa? — R?, and k = “—Lallpces®

YAYB

5.2.2 Excitation probability

Going through the same steps as in 5.1.2, we find that the excitation probability of a static
detector is given by

P = (=1)"P\/mo X’ (p)(4r) P~ 1y~ 2Pt /ds e =i g o 2P (; — ie) . (5.82)

This does not admit an easy solution via exploiting the binomial expansion, since the
resulting series does not converge, and the binomial expansions are not globally valid,
requiring one to split the integral at s = 0, and deal with the pole contribution at that
point separately.

In what follows we will make use of the following recursion relation

2 2
csch?P ) (8 i x) = d%csch? (S i x) — P sch <S T a:) : (5.83)
2 p(2p+1) 2 2p+1 2

We may generalize (5.82) to P(p;z), solve for the base cases of p = 1/2 and p = 1
(corresponding to dS3 and dS, respectively), and then use (5.83) to bootstrap up to larger
values of p in steps of one. Upon reaching the desired value of p, one may set x = 0
(this does not involve taking a complicated limit) and recover the series for the excitation
probability. In this sense, we have reduced the problem from finding Pp for any de Sitter
spacetime with spatial dimension d > 2 to simply solving the specific cases of d = 2 and
d=3.
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For p = 1/2 we may use the expansion

o] -1
esch (8 ; v ie) = Y (-1)" (iﬂn 42 J; L ie) . (5.84)

n=—0oo

Likewise for p =1,

o -2
csch? (S ; - z’e) = > (mn 42 ; - ie) : (5.85)

n=—0oo

Note that (5.82) is really just the Fourier transform (in 7£2) of the product of a Gaussian
and a power of the hyperbolic cosecant function. Exploiting the series expansions above,
and the convolution theorem, we may calculate the Fourier transform of each term in the
series and convolve it with the Fourier transformed Gaussian to get valid series expansions
for P(z) for p=1/2 and p = 1.

After carrying this out, one is left with

P(3) - X 7 (59).

n=—oo

Pir)= Y Fu(liz),

n=—oo

(5.86)

where

}- —— ; —1\" a3 — 2a2fn _ 1 —(fn(az—azfn))
Fu (2,x> = —2miay(—1) (erf( NG ) + sgn (n 2)) e (5.87)

where f,, = 2mn — ix, and

of

_°3 1
Fu(150) = = Sauy/mme s (Vaertg, (ert(g.) +5gn (5 -n) ) +1)  (539)
where g, = (a2(4mn + 2ix) — a3)/(2/a2). The symbols «, are defined to be
ar =(=1)"V/moNT (p)(4m) 7y~

2

f‘)/
a2 =15 (5.89)
az =€).

The terms in series for larger values of p can be built by applying the recursion relation
(5.83) to the individual terms in the series, and then setting x = 0 to recover the specific
series for an excitation probability.
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5.2.3 Correlation term: X

The correlation term may be reduced to the form
X =5 / ds €725 cos(B3s)[k — cosh(s — i€)] P (5.90)
0

where

B — — (2m) P 207478T (D) (Yavs)
| =

( 0202 (74 + 75) 2 + t3vAVE 4 itoQ(vB—vA)(VAMBV)
xexp | —

a?o0? a

2(vA +73)

(5.91)
g, — VAvh
20% (V4 +73)
Y478 (a0®Q (ya — v8) + iteyayB)
B ao? (Vi + )

B

Despite its similarities to the correlation term for AdS, (5.90) cannot be solved in the same
manner. Instead, one must work with the base cases of p = 1/2 and p = 1 and bootstrap
up to larger values via repeated differentiation with respect to s, which must be treated
like a Feynman parameter. The general form is

X(p;y) = b / ds e~ cos(fys)[y — cosh(s — i€)] ” (5.92)
0
The relevant bootstrap is

(-1 do

e (p—m)tdy”™

X (m;y) ly=x (5.93)

where m = 1 when p is an integer (d is odd) and m = 1/2 when p is a half-integer (d is
even).

It should be noted that X (p;y) satisfies the heat equation when f is treated like time
and (3 is treated like position
0X(pyy) _ *X(p;y)

T (5.94)
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This suggests that we may solve the base cases for the “initial condition” Sy = 0 and then
evolve the solution forward in 3 using the heat kernel. The initial condition is given by

I(p;y) = 51/ ds cos(f3s)[y — cosh(s —ie)] P (5.95)
0
Let y = cosh #. Also expand the hyperbolic cosine to first order in e,
I(p;y) = By / ds cos(Bs3s)(cosh @ — cosh s + iesinh s) 77, (5.96)
0

Since we're integrating over the positive half line, sinh s does not change sign and we can
absorb it into our infinitesimal e,

I(p;y) = P /OOO ds cos(f3s)(cosh @ — cosh s + ie)P. (5.97)

The integrand is now even in s, so we can regard it as half of the Fourier transform of the
kernel,

1
I(p;y) = 5[)’1 / ds e’ﬁ3s(cosh0 — cosh s + i€)P. (5.98)

The base case of p = 1 is easier, so we shall deal with it first. Using the inverse Laplace
transform we find that

[cosh § — cosh(s — i€)] ™! = —2 csch(6) i

n=—oo

0 — 2imn
(2mn 4 i0)% + (s —i€)?

(5.99)

Each term in the series may be half-line cosine transformed to give its contribution to the
“initial value”, and then convolved with the heat kernel. The end result is

X(Ly) = i Gn (L), (5.100)

n=—oo

where

1
Gn(L;y) =§m61csch(9)@hn<ﬁ2hn—/ag)

20B5hy, — B3 283hn B3 + 2820
X (elrf<2\/E >+e erf(z\/E )

s () (4 ).
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For the base case of p = 1/2, we may perform the variable transformation

z = tanh (;) e (0,1). (5.102)
Under this transformation,
1 2 2 2d
cosh s = 11_;, sinh s = 1_722, ds = 1_7:;2 (5.103)
The base of the distributional kernel becomes
1 2
y — cosh(s — ie) =y + ie + 1 i $2 (5.104)
-

where we exploit the fact that sinh(s) is always positive over the domain of integration,
and absorb the factor into €. The test function the distribution acts on becomes

H(x) =exp [—Bg (2 artanh a:) 2} cos {63 (2 artanh x)} . (5.105)
So the correlation term is
1 1 H
X (y) =25, [ do (z) (5.106)
2 0 \/:z:4—|—(x2—1)2y—1

We have absorbed the infinitesimal regulator into y. Its purpose is to define the analytic
structure of the integral. The function H(z) is even and analytic on |z| < 1. We may
therefore perform a Taylor expansion about x = 0.

H(z) =Y by, 2" (5.107)
n=0

where by, is the series coefficient (a polynomial in 5, and 3). We may insert (5.107) in
(5.106) and integrate term-by-term:

1 [e's)
n=0

where

1
/dx
0 \/x4+(a:2—1)2y—1

1 ™ 1 -~ /1 1 k+1
= r ) LE (= Sl
21—k (”+2>2 1(2”’”2’7“r ’/1—1)

(5.109)

Once more, the analytical series shown here allow one to calculate density matrix
elements in a fraction of the time it would take to perform the same investigation using
numerical integration.
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5.3 Solutions for the BTZ black hole

5.3.1 Wightman function

In Schwarzschild-like coordinates, t € (—o0,00), € (0,00), and ¢ € (0,27), the static
BTZ black hole has the metric [201],

2 2
ds? = — (T > de + ( : 2) dr? + r2dg?, (5.110)

2 2 _
14 r?—ry

where r, = ¢v/M, with M being the black hole mass, and ¢ being related to the cosmological
constant by A = —1/¢2. The Wightman function for the conformally coupled real scalar
field in the BTZ black hole spacetime, corresponding to the field being in the Hawking-
Hartle vacuum state, is given by [201]

1 0 1 ¢
Warz(z, z') 47r\/_€n—zoo<@ m) (5.111)

with o, in the image sum given by

/ r2 _— 7,2 rl2 _ 7n2
on(x, ) :7;—7; cosh <T;¢n> —1- \/( 2 2 cosh <€2 At)

2
h Ty

5.112
\/(r2 —r2)(r? — rr’ cosh ( hgbn) ( )
= 5 — cosh ( 5 At)
"i W — ) m ¢
where ¢, = A¢ — 2mn, with Ap = ¢ — ¢, and At =t —t'. The term o, + 2 is
72 — ) (12 —r}) | rr’ cosh (¢, ) + 17
on(z,2') + 2 :\/( h)z( v ( ‘ ) " _ cosh (%At) (5.113)
h V2 =) =) ¢

If we pull both functions back onto a single static worldline z[t] = (¢, R, ®), we may write
them as,

(5.114)




where x = (\/R2 —r?)/ry, and plH = [R? cosh (2mryn/l) £r?] /(R* —r?). For the pur-
poses of calculating the excitation probability, we will use this pullback of the Wightman
function

Wil alt]) = =75 Y [ 17— osh (Tt )]

- - —1/2
iy, — cosh (62 At — ze)} :

where we have inserted the regularizing constant. For the case of two static detectors, the
relevant Wightman pullback is

(5.115)
—¢

W (wftal, 2[ts]) = W nj’ll {Fv,(y ~ cosh <€2 Atap — zeﬂ o (5.116)

—1/2
—¢ [/-{,Ej) — cosh (62 Atap — 26>:| ], (5.117)

where
RaRp cosh {%(Agb — 27m)} +r2
VR =Ry —13)

Note that the form of each image term in (5.115) and (5.116) are identical to the corre-
sponding Wightman pullbacks in dSs, for which we have analytical series. This means that
the excitation probability and correlation term for static detectors in the BTZ black hole
spacetime may be calculated as image sums of the excitation probabilities and correlation
terms respectively, of static detectors in dSs.

(£ —

(5.118)

The coordinate and proper time are related by 7 = nt, where in the BTZ black hole

spacetime, n = vp/l, where yp = /R% —r3. To recover the expressions relevant to

entanglement harvesting, we may use (5.108), though with the definitions of ; adjusted
to

2.2 2 .
By = A2 U ’YA’YB o2 ('YA + 73) 24 tO;éAQZB + N‘/OQ(’YB*’Y/é)('YAJr’yB)2
1 — _
Caym AT vB 2(v3+3)

5, = Cyavg (5.119)
20%17 (VA +7B)
g, =147 (7*Q (ya — ) + itoyavs)
o?ry (YA +7B)
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The n = 0 image term for the excitation probability corresponding to ¢ = 0 is found by
using (5.89) (setting x = 0), with new definitions for the symbols ay,

o\?
] =———
! 4+/ 27
£272
- 5.120
@2 4r3o? ( )
Qe
a3 =———
Th

Fundamentally, the manner of calculation is unchanged from dSs;. In fact, the analytical
formulas replicate the results found in [201], where the distributional integrals in question
were numerically evaluated.

5.4 Solutions for Minkowski Spacetime

5.4.1 Wightman function

A mode decomposition of a massless scalar field in flat spacetime gives the Wightman
function[398]

dik| 1 , " '
W / :/ —i(|k|(t—t' —ie)—k-(x—x")) 1921

Letting the spatial displacement r = x — x’ align with the polar axis, and writing the
integral in spherical coordinates, gives us an angular integral, which may be evaluated as

[ ™o — 2my 2 (K ]) 2y (K] (5.122)
Substituting this in, and carrying out the remaining integral over |k| leaves us with
L'(p) e
W(z, ) :47Tp+1[\r|2 — (At —ie)?] P (5.123)

Pulled back to a single static worldline

I'(p) o
AN 1pT _ 2p
W (t,t") e (At —ie)™ P, (5.124)
and pulled back for two static UDW detectors with a spatial separation of L,
I'(p) o
W(ta,tpg) = ypes) [L? — (Atyp —i€)*]7P. (5.125)
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5.4.2 Excitation Probability

The excitation probability is given by

I ) 00 .
p oyl AT / ds e /47710 (g _je) =2, (5.126)

Ap+1©

When s > 0, we may represent the distributional kernel as
1 o0 A
(5 —ie)™F :F(QP)/O du u?~temuls—id), (5.127)

We can insert this into (5.126), and analytically continue to s being either positive or
negative,

F(p) . © o0 242 1 (e
12 ipT s% /404 —iQds. 2p—1 u(s—ie
P =)\ We d \/7_TO' /_OO dS/O due / Uu P e ( ) (5128)

Carrying out the integral over s, leaves us with

P :)\2 e—iwpw—po.ZF(p> 670292 /OO du u2p*1€a2u2+iu(2029+e) (5 129)
21 (2p) 0 ' '

We may carry out the integral as though 2 < 0 and then analytically continue the result
to the physical 0% > 0. After carrying out the integral over u, and letting € — 07, we are
left with

N2 s o T (p) B (5 - pi 33 —0® Q)

P = (5.130)
r (p + %)
3
N2 PR PO 1Fh (1 — p; 5; —0292) ,

where 1 F} is the Kummer confluent hypergeometric function. As a test, we may consider
3+1 dimensional flat space, for which the excitation probability is known [398], and confirm

that it matches. Setting p = 1 gives us
P s (670292 Vo) erfe( Q)) (5.131)

= — —\/mo o :
47 ’

which indeed matches the result in [393].

An alternative path to the excitation probability is to take the limit of the sum (5.26)
(under transparent boundary conditions) in the limit of the AdS length scale £ — oo. This
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is the same as taking the limit v — oo in (5.26)[150]. Labeling P explicitly as a function
of v,

_ _d d o
B 2 dAZdﬂ-l 20-2,}/1 d F(d—}—n— 1)6_02(Q+d+g:—1)2

P(v) = 5.132

&) r(g+1) = T+l o152
Define z,, = %, so then Ax, = % Multiply and divide the sum by 7, to get
2_d)\2d 1—% 2.2—d oo I(d " -1 9 _ 2

P(y) = m oy g M a — ) o (er ) (5.133)

r(¢+1) o= Tz +1)

We recognize this as a Riemann sum, that in the limit of large v, approaches an integral.
The integral it approaches can be seen to be

S L4920 = 1) orforttan) n, [ as Lho+d=1) —(ariten’ (5190
T(yn + 1) 0 Plyz+1)

n=0

In the limit of large v, the ratio % behaves like
I(yz+d—1) o =2 d—2

x 5.135
C(yz+1) ( )
This comes from the fact that for large arguments I'(z + A)/T'(z + B) ~ 2475, The factor
of v?=2 cancels out the constant factor 424 in front of our sum. It’s clear that the term
d—1

%= in the exponential becomes zero in the limit of large 7. Replacing the Riemann sum
™

with the exact integral then shows us

9-d)\2 1-2 2 .o
lim P(y) = d—7r2a/ dx x4 2" ()" (5.136)
! F(g+1) o

This integral can be evaluated exactly, so we get, for P (the excitation probability in
Minkowski spacetime)

d—1 d 3
P=2"73"35)\200 0 (T2 | e (£, 2, 5202 | (5.137)
2 272
where U is the Tricomi confluent hypergeometric function. In terms of p, this is
13
P = )27 1o 2T (p)e 7 YU (p + 505 U2Q2> (5.138)
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5.4.3 Correlation term: X

For simplicity, we will consider the case where the offset in the switching functions ¢y is
zero. Going through the usual steps, we find that the correlation term X is given by

X == S il (p)e / ds e~ (12 — (5 — ie)?] P, (5.139)
0

Using the Mellin transform representation of the distributional kernel again, and carrying

out the integral over u first, just as when evaluating the excitation probability, gives us

X = a2 (—27%1) <_1

™

P o2 —020? 1 L?
) I (ppt -1 ). (5.140)
2" 40?2
The Minkowski terms for the concurrence were used in Fig. 5.1, and found to match a
previous result in [203].

5.5 Concluding remarks

The methods and formulas of this chapter facilitate a remarkable speed-up in calculations
for entanglement harvesting. Beyond their intrinsic technical value, these results open
the door to future investigations into geon spacetimes, and other quotient spacetimes of
AdS and dS. They also allow for easy calculation of entanglement harvesting in higher
dimensions. It should be noted that these formulas allow for the calculation of the density
matrix elements necessary to quantify magie-harvestingthe generation of magic by a single
qutrit. Indeed, this has been shown in [156] for AdS4y; which presented formulas for the
calculation of (2.92) and (2.93). It is worth noting however that § essentially corresponds
to X in the spatial coincident limit, which makes it unsuited for calculation via numerical
integration. (the results diverge). The analytical series method allows one to identify the
divergent part, and perform a renormalization to get a finite result.
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Chapter 6

Braneworld Holography and
Quantum Black Holes

The aim of this chapter is to provide a self-contained review of the theoretical framework
in which the remainder of Part II is set: the construction and analysis of charged, rotating
quantum black hole asymptotically AdS spacetimes. Here the term “quantum” refers not
to a speculative Planck-scale model, but to semiclassical solutions of the gravitational field
equations that include the backreaction of the stress tensor due to conformal fields, to all
orders of perturbation theory. In the braneworld holography program, this stress tensor is
that of a large-V, strongly coupled conformal field theory (CFT), for which the AdS/CFT
correspondence provides a calculable and universal description. This union of semiclassical
gravity with holography gives us a controlled setting to explore black holes whose geometry
and thermodynamic properties are shaped by quantum effects.

In AdS spacetimes, the thermodynamics of black holes is encoded in the dual CFT
as the thermodynamics of a thermal state. The Hawking—Page transition is reinterpreted
as a confinement /deconfinement phase transition, and the bulk quantities 7', S, 2, and ®
acquire precise field-theoretic counterparts. In braneworld holography, a lower-dimensional
brane is embedded in a higher-dimensional AdS bulk, and the effective field equations on
the brane contain, in addition to the Einstein tensor, the expectation value of the dual
CFT stress tensor. When the brane hosts a black hole, this expectation value encodes the
quantum backreaction of the strongly coupled matter sector. The result is a spacetime that
is a genuine solution of semiclassical gravity on the brane, with quantum effects already
built in via the holographic dictionary.

This framework is particularly powerful for black hole thermodynamics. The brane
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black hole inherits the rich phase structure of AdS black holes—Van der Waals—like critical
points, re-entrant phase transitions, triple points—and it does so in a setting where the
thermodynamic variables are understood through holography. Furthermore, when one
promotes the cosmological constant to a thermodynamic pressure and the ADM mass to
an enthalpy, the first law of black hole mechanics extends to include a V dP term, and
the entire black hole chemistry program becomes available. This extended thermodynamic
framework provides a natural language in which to discuss the charged, rotating quantum
black holes that will be our primary focus, and it links the semiclassical bulk description
to chemical potentials and conjugate variables in the dual CFT.

The present chapter is therefore expository in nature. Its role is to assemble, in one
place, the holographic, semiclassical, and thermodynamic ingredients needed for the con-
struction and analysis of charged, rotating quantum black holes. We begin with the es-
sential elements of AAS/CFT and the holographic stress tensor, proceed to the effective
field equations for gravity on a brane in AdS, and review the known results on static,
charged, and rotating brane-localized black holes. We then outline the working definition
of a quantum black hole in this context, and conclude with a review of extended black
hole thermodynamics in AdS. The discussion is deliberately compact but technically com-
plete for the purposes of subsequent chapters. The exposition of holography largely follows
Panella [350] and Hubeny [224], while the background on quantum black holes follows
[351], and the background on black hole chemistry follows Mann [3006].

It must be stressed that the term “quantum black hole” does not refer to a black hole
whose description relies on a quantum theory of gravity, but rather to a black hole solution
that is modified by taking into account the backreaction of conformal quantum fields onto
the spacetime. From this vantage point, a more accurate term for these objects might be
“quantum backreaction-corrected black holes.” In what follows, we use the term quantum
black hole to remain consistent with existing literature on the subject such as [147].

6.1 Holographic preliminaries

6.1.1 the AdS/CFT correspondence

The AdS/CFT correspondence posits a non-perturbative equivalence between a gravita-
tional theory on an asymptotically anti—de Sitter spacetime of dimension d+1 (M) and a
conformal field theory (CFT) living on its d-dimensional conformal boundary, (OM) [301].
In its canonical form, the duality relates type IIB string theory on AdSs x S° to N'=4
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supersymmetric Yang-Mills theory with gauge group SU(N) in four dimensions [224]. In
this section, we briefly summarize the key features of the duality without any reference to
string theory, following [224, 217].

The duality between the gravitational theory in the bulk and the conformal field theory
on the boundary exists at the level of their partition functions. Consider a bulk field ®
over M, with fixed boundary value on OM, ¢). The standard AdS/CFT dictionary, as
summarized by Gubser, Klebanov, Polyakov and Witten, states that

<@_ faM O¢(0) >

o = Zesmsl90) )l (6.1)

where the term on the right-hand side of the equation is the gravitational partition func-
tion of the bulk field ® subject to the fixed boundary condition ¢, and the term on
the left-hand side is the generating functional of the dual CF'T, where O is field theory
operator dual to the bulk field [350, |. The correspondence provides a precise, calcula-
ble bridge between strongly coupled field theories, on the conformal boundary, which is a
non-dynamical background, and a weakly coupled theory of classical gravity. This simpli-
fication arises because the holographic field theories of interest are typically non-abelian
gauge theories with gauge group SU(N). In such theories the microscopic gauge coupling
is gym, but in the large-N limit the relevant effective parameter is the & Hooft coupling

A= goy V. (6.2)

In this large- NV limit, where A is fixed, it is natural to classify Feynman diagrams according
to their topology, with planar diagrams dominating the expansion. The strong coupling
limit A > 1 corresponds, via the holographic dictionary, to an AdS bulk with curvature
radius much larger than the string length, so that the dual description is well-approximated
by classical supergravity. In this regime, O(1/N) corrections to the dual gauge field theory
are mapped to O(G) quantum gravity corrections in the bulk. Thus, the correspondence
becomes computationally powerful when both N and A\ are taken large: the boundary
theory is strongly coupled, but the dual bulk dynamics reduce to weakly coupled gravity

[350].

The number of effective degrees of freedom in the boundary CFT is captured by its
central charge. In two dimensions the central charge ¢ appears as the coefficient of the
Virasoro algebra’s central extension and fixes the normalization of the stress tensor two-
point function. In higher dimensions there are analogous anomaly coefficients (such as the
a and ¢ charges in four-dimensional CFTs), but in all cases the central charge plays the role
of measuring the density of degrees of freedom. For all known holographic theories, ¢ scales
with NV as ¢ ~ N® where « is some positive real number. This means that the large-c limit
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coincides with the classical limit in the bulk. In this limit, the right-hand side of (6.1) may
be approximated as a sum over the classical saddles {®;}, which are the solutions to the
bulk classical gravity equations of motion that respect the prescribed boundary conditions

(2

c—00

When all sources ¢0) but the boundary value of the bulk metric are taken to zero, the
large-c limit corresponds to getting rid of all the bulk fields, except the metric. In this
limit, the bulk is described by a purely gravitational theory.

6.1.2 Holographic Renormalization

The tree level gravitational partition function (6.3) suffers from infrared (IR) divergences,
which corresponds to ultraviolet (UV) divergences in the correlation functions of the CFT.
The holographic renormalization procedure removes these divergences by introducing an
IR cutoff surface in the bulk, which corresponds to a UV cutoff for the CFT on the
brane [350]. A brief sketch of the process is given below. The action governing a bulk
asymptotically AdSy,, spacetime M with length scale L;,; and cosmological constant
Agp1 = —d(d —1)/L3,, is given by

1 ) 1
I, :7/ 4y —6 (R —2A / Ao /LK. 6.4
bulk 167TGd+1 M . g ( d+1) + 87TGd+1 oM . ( )

where G441 is the bulk Newton’s constant, g,, is the metric on M. The second term is
the Gibbons-Hawking-York (GHY) term, and K is the trace of the extrinsic curvature of
the boundary submanifold M, which has the induced metric h;;. This bulk gravitational
theory is dual (in the large- N /planar diagram and large-c limit) to a CFT on the conformal
boundary oM.

The near—boundary geometry of any asymptotically AdS space is universal, and in
Fefferman—Graham coordinates the metric admits an expansion [140]

dp* 1 o
ds® = oy da’da® = L3, (422 + ;gij(:c, p) dxzdaﬂ) , (6.5)

where the conformal boundary is located at p = 0, and g;;(z, p) may be expanded as
gij(z, p) = gg-)) (x) + pgg) () + -+ pd/QgZ-(jC-l) (). The higher order terms may be written

in terms of gg-)) and its derivatives, after perturbatively solving the bulk Einstein field
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equations. The bulk action (6.4) suffers from an IR divergence at p = 0 when the metric
is on-shell. This divergence is then removed by introducing an IR cutoff surface near the
boundary, at p = € where ¢ < 1. The regularized action is then defined by restricting the
integral in the bulk coordinate p to be over p > e,

1 R
reg d+1 PN d
I prd z\/—9 (R—ZAd+1)+2/p:6dx\/—hK (6.6)

ulk — 167TGd+]_

We may then use the perturbative expansion for g;;(z, p) to split the regulated action into
a part that stays finite I, and a part which diverges Ig;, in the limit where ¢ — 0

It = Tan + Laiv- (6.7)

Note that the finite component will typically include higher-curvature terms. The renor-
malized action is then defined by the minimal subtraction scheme, where a counterterm
action is added to cancel out g,

ren __ 13 reg
T = ll_ﬂ% (i + Let) - (6.8)
The standard AdS/CFT dictionary then shows that varying the renormalized action (6.8)

with respect to the boundary metric h;; yields the expectation value of the stress-tensor of
the holographic CF'T,

, 2 oL 2 §Werr|h]
TSFT) = lim | — bl ) 2 T 0N .
T 13%( §(x, p) 097 (x, €) Vh o 0h (6.9)

where Wepr|h| is the quantum effective action of the CFT.

6.1.3 Braneworld Holography

Braneworld holography implements the holographic renormalization group by replacing
the IR cutoff surface with an end-of-the-world (ETW) brane B at finite radial position.
The physical spacetime is the region bounded by B, and there are no more IR divergences
to be removed. This brane is taken to have the action

I = —7'/ d%z/—h, (6.10)
B

where 7 is the tension of the brane. To complete the geometry, one glues a second copy of
AdS,. 1 along the cutoff surface. Doing so induces a jump in the extrinsic curvature of the
brane determined by the Israel junction condition

AKij — hij AK = 87TGd+1Sij = —871'Gd+17' hij . (611)
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where AK;; = K;;- — K;; is the difference between the extrinsic curvatures across the two
sides of the brane, and S;; is the brane stress tensor. In the simplest (purely tensional)
set-up, the brane position is fixed by 7. A boundary CFT, (BCFT,) is defined on the
AdS;, 1 boundary dM, which is coupled to a defect CFT4_q, (DCFTy_1), which is itself

defined where B intersects OM.

An induced theory on the brane is built by adding (6.4) to (6.10), and then integrating
out the bulk up to the ETW brane B, on both sides. The induced theory consists of a
higher-derivative theory of gravity, and a large-c CF'T with a UV cutoff, set by the brane’s
position, which is minimally coupled to the brane metric. The total action of the induced
theory is given by

I = IBgrav[B] + ]CFT[B]7 (612)
where the gravitational theory on the brane is governed by the action (cf. [73, 91])

IBgrav = 2]div + IT

1
= A%/ —h
167er/r5 o

2

_ i (g AR
B2t G —o) (Rif' w-n) "

(6.13)

where the factor of two is present since the bulk theory is integrated out on both sides of
the brane, GG, is the effective Newton’s constant on the brane,
d—2

Gg=—20G 6.14
d 2Ld+1 d+1, ( )

and Ay is the effective cosmological constant on the brane

PR - (6.15)

which is itself related to the effective curvature scale on the brane Ly,

22 - Lf (1 - 4”(2‘111?“7) . (6.16)
d d+1

Higher curvature terms in (6.13) are coupled to higher powers of L3,;. These higher-

derivative terms generally make brane gravitational theory massive, since a massive gravi-

ton bound state will localize on the brane. For a brane near the boundary, this mass is

negligible [350, |. A subset of the bulk graviton fluctuations localized on the brane
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are light, with their mass being controlled by the brane tension, while the remaining bulk
graviton modes appear as a tower of Kaluza-Klein modes with masses set by the effective
AdS, brane length scale 1/L4 [367, 368, 350].

The CFT part of the action Icpr is equal to the finite piece of the regulated bulk action
after integrating out the bulk, since

I =210 + I = (2100 — 2Law) + (I + 21w - (6.17)

2Iﬁn:ICFT IBgrav

To leading order in the cutoff €, Iopr may be identified with the quantum effective action
of the CFT,

Icpr = Wepr + O(e). (6.18)

Usually, one works in the limit of € being negligible, which is to say that the brane is close
to the original AdS,,; boundary, and the matter field on the brane has a good approxi-
mate description as a large-c holographic CFT. As Panella says, this may heuristically be
described by a portion of the the conformal boundary 0 M being pushed into the bulk, so
that the dual CFTy; now resides on the brane. Owing to duality, since the ETW brane is
an IR cutoff, the CFT on the brane is one with a UV cutoff [350].

6.1.4 Double Holography

The construction so far has assumed a negative cosmological constant on the brane—a
Karch-Randall brane. In contrast, a Randall-Sundrum brane may have a non-negative
cosmological constant. The Karch-Randall braneworld may be described in three equiv-
alent ways, termed the bulk, brane, and boundary perspectives [350]. From the bulk
perspective, the theory we deal with is that of classical gravity in AdSy.1, coupled to an
ETW brane (that is itself asymptotically AdS,) with tension 7. From the brane perspective
(which is intermediate between the bulk and boundary), the theory is one of dynamical
gravity coupled to a CFTy with a UV cutoff. This cutoftf CF'T on the brane communicates
with a boundary CFT,; (BCFT,) [116, , | on the conformal boundary of the bulk
space via transparent boundary conditions. Finally, from the boundary perspective, the
object of interest is the BCFT,;. This perspective is viable when the gravitational theory
on the ETW brane gravitational theory is itself dual to a defect CFT;_; (DCFT,_4) [155],
as described previously. The brane gravitational theory is replaced by a conformal defect
by integrating out the bulk and brane. Therefore, the boundary perspective is that of a
CFT living on the fixed conformal boundary (as opposed to the dynamical ETW brane),
which is coupled to the conformal defect.
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6.2 Quantum black holes

The effective induced theory on the brane, governed by (6.12) may be interpreted from the
bulk and brane perspectives. From the bulk perspective, the theory describes a (d + 1)-
dimensional system obeying Einstein gravity coupled to an ETW brane obeying boundary
conditions. From the brane perspective, the theory describes a d-dimensional higher cur-
vature gravitational theory coupled to a large-c, UV cutoff CF'T which backreacts to the
brane metric h;;. The higher derivative terms in (6.13) represent quantum corrections
induced by this backreaction. The term corrections is appropriate, since the theory on the
brane is treated as an effective theory, and one assumes that Ly > Lg,1, which means the
higher derivative terms are suppressed [350]. Since, according to double holography, these
perspectives are equivalent, we may solve the (complicated) semi-classical field equations
on the brane which incorporate backreaction, by solving the (comparatively simple) clas-
sical gravitational field equations of the (d + 1)-dimensional bulk theory (i.e., the theory
of the bulk coupled to an ETW brane).

Duff and Liu observed that, in the Randall-Sundrum model, the massive Kaluza-Klein
modes lead to a ~ 1/r® correction to the four-dimensional Newtonian gravitational po-
tential which coincide with the one-loop quantum correction of the graviton propagator
[130]. Taking this in conjunction with the double-holography perspective on the problem
of backreaction in semiclassical gravity influenced Emparan, Fabbri and Kaloper to make
the following conjecture, which lies at the heart of the quantum black hole research pro-
gram: classical AdS,; black holes which are localized on a brane are dual to d-dimensional
quantum corrected black holes in an asymptotically AdSy spacetime, including all orders of
backreaction [133, 350]. It must be stressed again that quantum black holes are solutions
to the semi-classical gravitational theory on the brane, and that ‘quantum’ here refers to
the quantum corrections due to backreaction of quantum fields, and does not mean that
the black holes are solutions to a fully quantum theory of gravity.

It is helpful to elaborate on the central conjecture with a more detailed description.
In the context of braneworld holography, the ETW brane removes a portion of the bulk,
and a second copy is glued to complete the geometry. This brane intersects a bulk black
hole. This intersection induces the formation of an horizon on the brane. It is this brane
black hole that is a quantum black hole, which may be described by studying the classical
bulk black hole, via the double holographic duality [350]. The conjecture was corrob-
orated by the discovery of exact AdS, braneworld black holes, discovered by Emparan,
Horowitz, and Myers [135, |. The projection of this black hole onto the brane which
intersects it, is interpreted as a three-dimensional quantum black hole. It is worth noting
that the neutral-static (i.e., no electric charge and no angular momentum) quantum black
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holes have quantum backreaction corrections that are in keeping with a non-holographic
(and necessarily perturbative) analysis. However, the rotating quantum black holes, and
charged quantum black holes obtained via holography do not agree with non-holographic
perturbation theory (i.e., the corresponding models of the black holes that treat back-
reaction perturbatively, and do not rely on double holography) [350]. For example, the
perturbative backreaction effects on the rotating BTZ black hole caused by a conformally
coupled scalar field is far more complicated than the corresponding (exact) quantum black
hole solution with a holographic CFT [350].

6.2.1 The AdS C-metric

We shall focus on three-dimensional quantum black holes: the case of a holographic AdSy
bulk with a three-dimensional ETW brane. We assume the brane satisfies Israel junc-
tion conditions. As the previous section indicated, the black holes may be interpreted as
quantum black holes which solve a semiclassical gravitational theory with non-perturbative
backreaction due to a large-c CF'T5 with a UV cutoff. Braneworld quantum black holes are
constructed from the bulk geometry of the AdS; C-metric coupled to an ETW brane. It
is illustrative to consider the example of the neutral-static quantum BTZ black hole, and
some aspects of its construction from this bulk solution.

The bulk gravitational theory is taken to be Einstein—-Maxwell theory. The most general
solution to Einstein—-Maxwell theory in the presence of a cosmological constant is given by
the Plebidnski-Demianski type-D metric [360]. The AdS,; C-metric is a specific type of
this solution which, depending on the parameter values, may be interpreted as one or two
accelerating black holes in an AdS; background [350]. Recall that a black hole localized
on a brane requires a bulk geometry whose horizon intersects the ETW brane at finite
radius. The AdS C-metric is singled out within the Plebianski-Demianski family because,
as we will see further in this section, the acceleration of the AdS black holes is sourced by a
cosmic string, so there is a tunable acceleration parameter that balances the AdS pull and
allows a horizon to be suspended so as to cut the brane. Furthermore, it admits a surface
that automatically solves the Israel junction condition, with the brane tension fixed by the
acceleration scale. The parameter values of the C-metric also map cleanly to brane data.
Other classes of solutions (or global AdS—Schwarzschild without acceleration) either fail to
admit such an umbilic embedding at fixed tension or instead produce extended horizons
along the brane (black strings) rather than localized holes [135, , , ].

The neutral and static (i.e, non-rotating) C-metric takes the following form in Boyer-
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Lindquist-like coordinates [134],

2 dr? da?
R S 2 2 2
ds® = (7o) H(r)dt* + HY +r (G(J:) + G(x) do N (6.19)
where
2
H(r)-%%—m—ié, G(r) =1— ra® — pa®. (6.20)
3

In these coordinates, the position of the conformal boundary is not at » — oo, but depends
on the value of the angular variable x. The coordinate r has the range r € (—00, rpary) U
(0, 00), where 1,4,y = —¢/x is the location of the conformal boundary, and ¢ is an azimuthal
coordinate [350].

The parameters p > 0, k, £ > 0, and £3 > 0 in (6.19) are real numbers that characterize
the solution. Here x € {—1,0,1} denotes the curvature parameter of the 2-dimensional
angular sections of the metric (k = —1 recovers classical BTZ geometry on the brane), u
is related to the mass of the black hole in the bulk geometry, /3 is related to the curvature
scale of the brane (which is asymptotically AdS3), and ¢ is the inverse acceleration of the
bulk black hole (when the C-metric describes an accelerating black hole). It is related to
the AdS, length scale by

1 1\ V2

The determining factor for whether (6.19) is a black hole solution is the root structure of
the metric functions (6.20)[350]. The roots of H(r) are Killing horizons generated by 0/0t
(the time-translation Killing vector). Positive roots correspond to physical black holes. To
get rid of the non-compact Rindler horizon associated with the acceleration of the black
hole, one works with the case where ¢ < L,. In this case, H(r) has a single positive root
ry, which is the black hole horizon. A consequence of working in this regime is that the
metric describes a black hole with small acceleration, suspended from the center of AdS,
by a cosmic string which is attached to the horizon [350]. This acceleration makes the
horizon conical.

The real roots of G(x) are associated with the axes of symmetry of the Killing vector
¢ = 0/0,, the norm of which vanishes when G(x) = 0. For the bulk black hole to have a
finite horizon, G(x) must have at least one positive root. The smallest of the positive roots
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x1 is then selected, and one must then work in the range 0 < x < x;. The mass parameter
 is written in terms of x; by solving the equation G(x1) = 0,

1 — ka?
M= 3
Ty

(6.22)

The requirements that x; > 0 and g > 0 mean that z; € (0, 1] when k = 1, and 27 € (0, 00)
when x € {—1,0}. Since G(z1) = 0, the space pinches off at this point as an axis. To
ensure the absence of conical singularities, we must periodically identify the azimuthal
coordinate ¢ ~ ¢ + 2w A, where

2 2I1

A = = .
|G/ (z1)] 3 — ka?

(6.23)

It is now possible to construct the corresponding braneworld three-dimensional quantum
black hole. In (6.19), the surface x = 0 is always totally umbilic, i.e. it satisfies K,y o< hgp
where K, is the extrinsic curvature. Such a surface automatically solves the Israel junction
conditions arising from a purely tensional brane. It is then a simple matter to relate the
brane tension to the parameters of the solution. We have [229, 263]

[Kab - Khab] = 87TG4Tab s (624)

where

= —Thab (625)

is the brane stress tensor and [F'(z)] measures the discontinuity

[F] = 11_133 (F|Z+6 - F|z—e)

of F' at z [263]. Then, using the fact that
1
Ka = _Zhab (6.26)
we find the tension of the brane is given by
1
= , 6.27
T Gt (6.27)

The brane tension is therefore directly proportional to the acceleration of the bulk black
hole, and vanishes in the limit of /{ — oo. Conversely, the high tension limit of £ — 0
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corresponds to the brane being pushed near the boundary. The metric of the brane is
found by setting z = 0 in (6.19),

2 / 2 V4 -1
ds?_ =~ <22 +k— “) dt* + (TQ - ”) dr® + r*dg” . (6.28)
= 3

5 r

When xk = —1, this describes a static black hole. Specifically, this represents the static-
neutral quantum BTZ black hole [350].

Applying the braneworld holographic procedure described in 6.1.3 to the three dimen-
sional Karch-Randall brane gives the induced action

167TG3 / dav=h[R—20+ L2 (3R~ R3) + ] +Iopr.  (6.29)
The limit where L3 ~ (3 corresponds to the gravitons on the brane being effectively mass-
less, since the brane is very close to the boundary. This is the limit we will work in.
The length scale L is given by (6.16) with d = 3. Substituting in (6.27) for the brane
tension, and (6.21) for L4, and then recalling that the limit of the brane being near the
boundary corresponds to ¢ — 0, and performing a Taylor expansion in ¢/¢3 gives us the

approximation
1 1 (> s
i 1 —11. .
s=al o)) (6.30)

The induced action (6.29) then becomes

2
= Srv/— S A rP(BR2 R +...
_ 167TG3/Bd v/ h[R+€§ +0 (3R - RY) + ]+ICFT. (6.31)

The crucial point is that the higher curvature corrections to the Einstein-Hilbert action are
associated with higher powers of ¢, which has become an effective UV cutoff scale [350].
The three-dimensional CF'T on the brane has its central charge c¢3 normalized to
L

o (6.32)

C3 =

Substituting (6.21) for L4, and defining a new symbol v = /{3, we can write this as

14

. 6.33
Gg\/ 1 —|— V2 ( )

C3 —
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Performing a Taylor expansion in v gives
1
2C3G3 = L4 =/|1— §V2 + O(V4) . (634)

The scale of the matter part of the action is given by |Icpr| ~ ¢3 while the scale of the
gravitational part is |Iggray| ~ L3/Gs [350]. Taking the ratio of these two scales gives us
a parameter that determines the contribution of the CFT to the geometry of the brane,
Gscs/Ls. When ¢ < (3, (so v < 1) this ratio is very small, and the backreaction effects
are considered to be in the perturbative regime. Conversely, when v > 1, the backreaction
effects are large. We therefore refer to v as our dimensionless backreaction parameter.

It should be noted that, despite what the form of (6.34) might suggest, our braneworld
holographic requirement for a large-c CF'T is not violated when we consider v < 1. Re-
call that the large-c requirement corresponds to semiclassical gravity in the bulk being a
good approximation. Indeed, the central charge is normalized according to (6.33), where
the right hand side is equal to L2/ Lﬁé‘)Q, since Lgf) = /Gy is the Planck length in four-

dimensional spacetime. The Planck length in three-dimensions is given by LY = Gs. So
long as Ly ~ ¢ > (I3, semiclassical gravity will remain a good approximation. In other
words, we work in the regime where the UV cutoff scale ¢ is much greater than the Planck
length, which is consistent with taking c3 to be large[350]. Note that (6.34) implies that
for a fixed c3 gravity becomes weak as ¢ — 0.

Further details on quantum black holes are relegated to the next chapter, in which we
construct the charged and rotating quantum BTZ black hole.

6.3 Black hole thermodynamics

The development of black hole thermodynamics represents one of the most remarkable
discoveries in theoretical physics. It remains a cornerstone of modern quantum gravity
research, since the entropy of thermodynamic systems must count underlying microstates in
statistical mechanics, and uncovering this microstate origin of black hole entropy promises
to illuminate the nature of a consistent quantum theory of gravity.

6.3.1 Classical Black Holes and the Laws of Mechanics

Black holes were originally understood as purely geometric objects: regions of spacetime
bounded by event horizons, from which nothing can escape. The discovery that black
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holes possess temperature and entropy solved the apparent violation of the second law of
thermodynamics implicit in the assumption that black holes have a temperature of absolute
zero. In the early 1970s, Bardeen, Carter, and Hawking formulated the four laws of black
hole mechanics, which closely mirror the familiar laws of thermodynamics [39, 300]:

e The zeroth law: the surface gravity x of a stationary black hole is constant over its
event horizon.

e The first law: A change in the mass of a black hole dM is given by

AM = " dA + QudJ + OudQ + - -- (6.35)
G

where M is the ADM mass, A the horizon area, J the angular momentum, Qg the
angular velocity of the black hole horizon, ) the charge, and ®y the electrostatic
potential at the horizon.

e The second law: Hawking’s area theorem states that the horizon area A never
decreases in classical general relativity.

e The third law: it is impossible to reduce the surface gravity  to zero by any finite
sequence of physical processes.

This parallel with the laws of thermodynamics motivated the identification of area with
entropy, and surface gravity with temperature.

6.3.2 Hawking radiation

The decisive breakthrough came in 1974 when Hawking demonstrated (using QFTCS) that
black holes radiate as black bodies with a temperature [192]

_ hk
N 27TC]€B.

Ty (6.36)
This result conferred a physical interpretation upon the earlier analogy: the surface gravity
is a temperature, and the horizon area corresponds to entropy. Bekenstein had already
argued, on information-theoretic grounds, that black holes must possess an entropy propor-
tional to horizon area [11]. Hawking’s discovery fixed the proportionality constant, giving
the celebrated Bekenstein—-Hawking entropy:

3
ZZChA' (6.37)

SBH =
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6.4 Black hole chemistry

In the standard formulation of black hole thermodynamics, the the ADM mass M of the
black hole is identified with the internal energy of the spacetime, the surface gravity s
is identified with the temperature 7" = /27, and the horizon area A is identified with
the entropy S = A/4G. In asymptotically AdS spacetimes however, it has proven fruitful
to enlarge this dictionary by promoting the cosmological constant A to a thermodynamic
variable, related to a pressure. This extension, known as black hole chemistry, provides
a consistent and powerful framework for analyzing black hole phase structure in direct
analogy with laboratory thermodynamics [260, , 306].

6.4.1 Pressure—Volume Thermodynamics

The central step is to interpret the cosmological constant as a pressure,

A
P=—— .
el (6.38)

which is positive for the AdS case since A < 0. The conjugate quantity is the thermody-
namic volume V', defined through the extended first law as

AM =T dS+QdJ +0dQ+VdP+--- (6.39)

where 2 and J are the horizon angular velocity and angular momentum, and ¢ and @ are
the electrostatic potential and charge, with ellipses denoting possible additional conserved
charges. The appearance of the V' dp term implies that the ADM mass M is most naturally
interpreted as the enthalpy of the spacetime rather than its internal energy:

M=H=U-+PV. (6.40)

This reinterpretation is consistent with scaling arguments and the Smarr relation, to which
we now turn.

6.4.2 Smarr Relation

In d spacetime dimensions, dimensional analysis yields the generalized Smarr formula
(d—=3)M = (d—2)TS+ (d—2)QJ —2PV 4+ (d —3)PQ + - - -, (6.41)

which has been explicitly verified for a wide class of AdS black holes. The appearance of
the —2PV term is characteristic of the extended thermodynamic framework and ensures
consistency with the first law.
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6.4.3 Phase Structure and Critical Phenomena

Treating AdS black holes as genuine thermodynamic systems with (P, V,T) variables re-
veals a striking phase structure. For example, the charged Reissner—Nordstrom—AdS black
hole exhibits a small /large black hole transition that is directly analogous to the liquid—gas
transition in a van der Waals fluid.

The Gibbs free energy develops the characteristic swallowtail structure, and the asso-
ciated equation of state
T 1 2
P=— + © (6.42)

v 2mv? ot

where v is the specific volume, defined as 6V//N where V' is the thermodynamic volume
and N == A/L% is the “number of states”, counting the degrees of freedom associated
with the black hole horizon, possesses critical points with mean-field critical exponents

[306, 260],
a=0, g=1 v =1, §=3. (6.43)

Furthermore, the Hawking—Page transition between thermal AdS and a large, stable
Schwarzschild-AdS black hole is shown to be the analogue of a solid/liquid transition. This
is because, in the P-T plane its coexistence line does not terminate at a critical point but
persists for all pressures (equivalently, all A < 0). This framing complements the con-
finement /deconfinement interpretation on the CFT side [260]. These features demonstrate
that black hole chemistry provides not only a conceptual extension of black hole thermo-
dynamics but also a precise laboratory for studying analogues of condensed matter phase
transitions in a gravitational setting.

6.4.4 Holographic Interpretation

From the holographic perspective, the cosmological constant is related to the number of
degrees of freedom in the dual CFT. Varying A corresponds to varying the central charge,
or equivalently the rank N of the gauge group in large-N holography [245]. Thus, the
pressure—volume sector of black hole chemistry encodes information about the microscopic
structure of the dual field theory in a manner complementary to entropy and temperature.
In braneworld holography, this viewpoint is especially natural: the brane black hole inherits
the full extended thermodynamic structure of its bulk progenitor, but in a setting where
the dual degrees of freedom are manifestly those of a cutoff CFT.
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Black hole chemistry therefore provides a unifying framework in which to analyze the
thermodynamics of semiclassical braneworld black holes. Its language of enthalpy, pressure,
and volume will be essential in subsequent chapters, where we study charged and rotating
quantum black holes and their associated phase behavior.

In the rest of Part II, we turn to the construction of charged and rotating quantum
black holes, and perform an analysis of its thermodynamics and phase structure in the
language of black hole chemistry.
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Chapter 7

Charged and Rotating Quantum
Black Holes

In this chapter, we present a construction of the charged-rotating quantum black hole, as
well as a calculation of its thermodynamic quantities as expressed in terms of dimensionless
parameters characterizing its size, charge, spin, and the backreaction of the fields.

7.1 Solution and braneworld embedding

We begin with the four-dimensional Einstein-Maxwell action with the following conven-
tions,

[bulk

167 G4/ d%*/_(R* ) 1 / d*ey/=gFF, (7.1)

where R is the Ricci scalar of the bulk spacetime with metric g,, the cosmological constant
A, is related with the AdS length /3 via 3/¢2, and the curvature of the electromagnetic
field F is coupled with the Einstein term via a dimensionless coupling constant g4, which
is related with a length scale £, via (2 = 167G4/g;. Here we are interested in the charged
and rotating C-metric [117, , |, which is a solution of the above Einstein-Maxwell
action with the metric

4

Y(z,7)
H(r)

o (ZeDgy 69 (49 S0,
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ds® = L [— A(r) (dt + aa:2dd))2 -




where

(l2 €2q2 7“2 élu
H(T):7+H+ 3 +@—7, (73)
a’z 2, 4 3 2
G(x)zET—qx—/m: —Kr* 41, (7.4)
3
a’x?
YX(z,r) =1+ e (7.5)
Q=1+ % . (7.6)
The gauge field takes the form
2 Lqr alqrx?
Agdat = = (-1 - ) 7.7
= ( ax?+r2’ 7 a2x2+r2> (7.7)
The metric (7.2) and gauge field (7.7) satisfy the Einstein equation
% % 1 1 3
Ray+ 2 F Fop+ 2 FFoaga = =3 % + 7 | 9ab = —759a 7.8
b+2 b+8 d9ab <€2+£§>9b Ligb (7.8)
and the Maxwell equation
V-F=0. (7.9)

Recall that, in the above solution, p encodes the mass of the black hole, ¢ is the inverse
of the acceleration for the C-metric, ¢3 is related with (but not equal to) the cosmological
constant, and x parametrizes the topology of the black hole horizon. Further note that ¢
is the charge parameter, a the angular momentum parameter.

The parameter ranges are determined by ensuring that the metric signature remains
invariant in the domain of communication. The inner and outer horizons r- are determined
by H(rs) = 0, and the conformal boundary . is determined by € = 0. The condition we
have stated corresponds to H(r) not changing signs between r, < r < r.. On the other
hand, to ensure proper metric signature we must have G(x) > 0. While the metric is fairly
complicated, this constraint on G(z) leads to nothing conceptually new when compared
with the neutral-rotating or static charged metrics considered in previous works. That is,
we take the range of = to be

0<z<u, (7.10)

where z; is the smallest positive root of G(x). We shall also consider the mass parameter
1t to be positive and take it to be a ‘derived’ parameter. That is, solving for p by setting
G(z1) = 0 we obtain

2 22\ A 2
(q a /83)3:61 Kjxl + 1 Z 0 . (711)

Ty

p=—
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On the other hand, since G(x1) = 0, the space pinches off at this point as an axis.
Hence, to ensure the absence of conical singularities, we must periodically identify the
azimuthal coordinate ¢ € [0, 27 A] where

2 2

A= = :
|G'(z1)| | =262y — Bpat — 4(¢* — a®/63) 7]

(7.12)

Having made these global considerations, it is possible to apply the braneworld ‘algo-
rithm’ to construct the corresponding three-dimensional quantum black hole. To do this,
we first must couple the Einstein-Maxwell action to a brane, which we take to be purely
tensional with tension 7. The total action therefore have three pieces,

I = [bulk[M] + [GHY[aM] + Ibrane[B] ) (713>

which are respectively, the Einstein-Maxwell bulk term given in (7.1), the Gibbons-Hawking-
York (GHY) boundary term (which is necessary for the variational problem to be well

defined),

1
Temy — / BrvV—hK 14
GHY 871Gy Jom X s (7 )

where K is the extrinsic curvature scalar and h is the determinant of the induced metric
on the brane B, and the brane term,

[brane = _T/ dgz\/ _h7 (715)
B

where 7 is the tension of the brane. The variation of the bulk and boundary parts of
this action yield the Einstein-Maxwell equations plus the junction conditions at the brane
interface. Recall that in the case of the C-metric written in the chart (7.2), the surface
x = 0 is always totally umbilic, and therefore solves the junction conditions arising from a
purely tensional brane. The brane tension is still given by (6.27).

The induced metric on the brane is

1 a . \?2
ds? = —H(r)de? dr? 2<d —dt) 1
s (r) +H(r) re+r 10) . , (7.16)
where H(r) is given by
7“2 ’ug q2€2 CL2
Hir)=g+r="T+ "5+ 5. (7.17)
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In order for the azimuthal coordinate to have the range [0, 27], and take on the canonical
asymptotic form of a rotating AdS black hole, we define [350]
lsa al\
a:ia, rszﬁga— 2 — Ky, (7.18)

x? T

and employ the coordinate transformations

L= A(F—alsd), = Gf;ﬁy, 6= A —at/ty), (7.19)
yielding
ds> = — (2 4 QQiAQ _ A <‘f§ i a?m) - m:“) a2
_ _ —1
+M<K+Z+W—?> dr?

(7.20)
292 B
n <7"2 _ &2A2£§ <qrf _ fﬂ)) d¢2

r

) ¢ ¢*l(ra, + 1)
_ ar LA (g 1+ — —
az (A (q w1 + ) < + rey r*ry(ir + p)

) dtde
for the metric on the brane, where r = r(7) from (7.19).

Examining the t¢-component of the metric (specifically, taking note of the term that is
independent of radius 7), allows us to make the following identification for the black hole
mass,

2 L, da?
8GsM = —kA2 [14a% -~ | (7.21)
KXy
where G3 = G4/2( is the renormalized Newton’s constant [1417], which can be related to

the effective three-dimensional Newton’s constant (G5 on the brane as

1 14
Note that the effect of electric charge on the mass is hidden in A as there is functionally
no difference between the mass (7.21) of our charged rotating black hole, and the mass
of the neutral-rotating black hole. The mass M of the black hole here is related to the
conical deficit angle [135, 130], as confirmed in [203] via the Euclidean formulation. The
result should be the same if one uses the Ashtekar-Das conformal mass [32, ] or the
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holographic stress tensor [369], as studied in [29, 20] for the four-dimensional accelerating
black holes when suitably adapted to account for the presence of the brane, though it
would be interesting to confirm this.

The angular momentum is then found from the #¢ element in the limit of 7 — oo,

493J = C_ll'lggAQ(quCl + /JJ) . (723)

Unlike the expression for the mass, the angular momentum explicitly depends on the charge
parameter q. We can then rewrite the metric in terms of the mass and angular momentum

as
= 2 2 -
a2 = — (L _ggar— a2 (£ _ O ) a4 (@ 4 @een? (£ - LTh)) ag
0’5 roor? roor?

’f’

1 @ l(xyr + 1) _ -
—8GsJ (1 T 1(q - u)) dtde (7.24)
- (22 8Gs M + 2 ( IV (@ )%A‘*%QML)) .

The above three-dimensional metric is a solution of the semiclassical Einstein equations
on the brane. More specifically, it solves the following effective action:

I = Iepr[B) + g [B], (7.25)

where Icpr[B] stands for the action of the holographic CFT3 on the brane and Ipgay [B]
is the gravitational action

0 3 )
IBgrav :8 G4/ d3SL’\/ [ < €>+R+£421 (8R2—RabR b>+"'] +IEM>

(7.26)
where gy represents the induced electromagnetic action on the brane, which was first
given in [118] and reads

0402
Ty = / Fov/h| - 210 F? = 2 ROE, Y
MG, l T 288R Rb

3 . _ _ 5 ..
+ogF (VoVF — VuV°F) + vaFabchg> + 0(122)] o (7.27)

24

where F = dA with A the induced gauge potential on the brane

115



From the brane effective action we can directly read off the three-dimensional coupling
constants in terms of their four-dimensional counterparts. For the three-dimensional New-
ton constant we already did this earlier in (7.22). It is useful to define a three-dimensional
gauge coupling constant gs to describe the non-linear electromagnetic field on the brane
through
> _ 201
93 = 5L,
Writing the brane action in terms of the intrinsically three-dimensional quantities G3, L
and g3 we have

(7.28)

_ 1 3,../ 3 2(3 2 ab)
IBgrav —167TG3/ d’z h [Lg +R+€ 8R RabR

b [aov=R| - L 2 (L pE S pp s (92
4¢3 592 \ 288 g b 24

+ 93815“ (ViVFe — VaV°Ey,) ) +- ] .

7.2 Thermodynamic quantities

Note that the presence or absence of electric charge does not change the functional form
of (7.16), only the function H(r). This is in contrast to the black hole’s spin, since the
rotation parameter a explicitly enters the metric, outside of H(r). Because of this, many
of the parameters derived from the metric, including the angular velocity and temperature
of the black hole’s outer horizon, have the same functional form as in the neutral-rotating
quantum BTZ black hole, and their calculation can be carried over from the analysis
performed in [134] with no change.

The original form for the induced metric on the brane (7.16) manifestly had the Killing
vectors 0y and 0,. Under the coordinate transformation (7.19), these Killing vectors are
written as

o_ 1 (o ad
ot A(l—a2) \ot (300)

(7.29)
0 1 0 ey, 0
Z - - L iat.=
9o Al —a) \ap = Cot)’
as shown in [134, ]. The outer horizon of the black hole corresponds to those points

with the coordinate r = r, where ry is the largest positive root of H(r). It is the Killing
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horizon of the Killing vector

0 a O
k=—+4+—5—. 7.30
ot 72 0¢ (7.30)
Given (7.29), we can see that the canonically normalized Killing vector k, which generates
the outer horizon, takes the form

Al-a) 0 )

k= — = 55+QH0¢’ (7.31)
T+
where g, the angular velocity of the outer horizon, is
2.2
Oy = Ti:‘a% (1 + r;?) . (7.32)
The temperature of the outer horizon, relative to k is
o A(1 - a) H'(ry) _ A (27{1F — 202 (a® + ¢*0?) + ,umﬁg) (7.3
14+ @81 4r drr 03 (a3 +13) ' '
"+

To calculate the entropy of the quantum charged rotating black hole, we compute the
entropy of the bulk horizon using the bulk metric (7.2). The Bekenstein-Hawking entropy
is given by

_ Area(ry)
Seen —T&l
1 2rmA a1 r2 (2 a’x?
- ["4 / do— 1 ! .
2G4/0 ¢ x(€+7’+l’)2< + T2+> (7.34)

o Ax(r] + aad)

_G74 C+riz
This can be interpreted as a generalized entropy that incorporates the backreaction of
quantum fields on the black hole spacetime, to all orders of perturbation theory.

The electric charge of the black hole on the brane is identified with the charge of the
bulk, which is given by

(7.35)

To calculate the conjugate electric potential, we first see that, on the brane (located at
x = 0), the gauge field (7.7) becomes
20gA —  2alzlgA -

dt + ——=—=do, (7.36)

A d+H —
Audz® = l,r(r) C,r(T)
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where r(7), is given by the coordinate transformation (7.19). The electric potential con-
jugate to the electric charge on the brane is given by the difference in the inner product
between this one-form and the Killing vector

0 a o
e = —— 7.37
evaluated at » — oo and r = r. This gives
—r—o 20qA
o=A,c T =1-a)= (7.38)
r=ry liry

We now possess several of the physical parameters of the charged rotating quantum black
hole.

7.2.1 Brane expressions

We can write the expressions found in the preceding subsection as functions of dimension-
less variables as

A ¢ ) a
9 y:g—) X =d4Ty, a =
T+ 3

(7.39)

zZ = ,
—RI

where y and « are the new parameters for electric charge and spin respectively. By
combining the above definitions with H(r;) = 0 and G(z1) = 0, we obtain the expressions
for 27, r3 and pax; as

2 v2? (*(vz+1)—1)+1
P k22 (222 — (2 + Dvz — 1)

s Kl (0?22 — (@® 4+ 1) vz —1)

= 7.40
+ v () Pvz+1)—1)+1 (7.40)
Lh (Z2+ 1) (a?(z2=1)—1) = x222 (22 (®* (P + 1) + 1) — 1))
prn = v23 (P(vz+1)—1)+1 '
It is convenient to define [117]
k= —sgn(?’2t + P —vd 1), (7.41)

where sgn is the sign function. Since r3 > 0, the rotation parameter « is bounded from

above as -
< -T2 (7.42)

2(z—v)’
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which is the same restriction found for the neutral-rotating black hole in [134]. Given the
definition in (7.39), we can see that the case of kK = +1 corresponds to imaginary values
of a. These states correspond to naked closed timelike curves, and are not black hole
solutions [134]. The central charge of the CFTj3 is given by

. Li . I/£3

_ L s 7.43
G4 2G3 V2 +1 ( )

C3
as expressed in terms of the AdS; radius £3. The dependence of the central charge on the
backreaction parameter ¢ suggests that it may be regarded as a thermodynamic variable of
the system. We employ the extended thermodynamic phase space treatment of black hole
chemistry described in the preceding chapter [261] in which the pressure P; of the system
on the brane is identified with the cosmological constant A3 as

Ag 1/2 —f- ]_
P, = — = . 7.44
’ 8rGs  ArGsli(Vi2+1+1) (7.44)
With (7.40) at hand, we can find the mass (7.21), entropy (7.34), angular momentum
(7.23), and charge (7.35) of the quantum charged rotating black hole on the brane in terms
of our dimensionless variables respectively as

M = 22;3(—(12 + 22 (X2 + 22 (1/2)(2 —a? <(1/2 + 1) X* + 3)) (7.45)

+2v2 (207 +x* +1) +3) + 1) -
x[ 2+ 1w (P(vz+1) = 1) + 1) (a2 + 22 <4a4z(1/ —2z)
+a? (z (4V +vx*(vz+1) — z) + 4) +vz+ 1))} :

Sgen = — Gl {\/ v2 4 1245 (a2 <22 (I/XQZ — 1) + 1) + 1)} (7.46)
3
X [(a2 + 22 (—XQ + z (—2V (2042 +x2 + 1)
+x%z ((a2 — 1) V2 + a2> + 3a2z) — 3) - 1)}_1 ,
J :(;3 [04263 (a2 — a2t + (@2 + 1) v*2P vz + 1)+ 22 + 1) (7.47)

x\/(y2 +1)(zv+a2(v—2)+1) (w23 (x?(vz+1)—1)+ 1)]
{—oﬂ + 2 (X2 + 2 (V2X2 —a? ((V2 + 1) xX*+ 3))
+2v2 (207 +x* +1) +3) + 1] -
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Q=—[4Vmx>Vi2 +1 (2 (v+a*(v —2)) +1)] (7.48)
X [ 5Gags (0® + 2% (= + 2 (—2v (20 + x> + 1)
%z ((0* = 1) 17 +0?) +30%) = 3) —1)] .
Given these quantities, we can obtain the temperature T', angular velocity Qy, electric

potential ®, three-dimensional thermodynamic volume V3 and three-dimensional chemical
potential 3 as

oM
"= (05 o
= [(z (I/X22’2 <22 (a2 (1/2 + 1) + 1/2) +2vz + 1)

—V(a2<z4+3>+22+3)+4a2z>—2)

x (02 + 22 (0?2 (—2v + vxP(vz +1) + 2) — vz — 1)) ]

X [27&263(%2 +1) (0 (22 (w2 —1) +1) +1)
x (o + 2 (=X +2( = 2v(20> + 2 + 1)
£ (02 1)+ 0?) 4 30%) —3) 1)

*= (50). o
— [Vamns (a2t (1) v2 - )

(242 02 (2t ez 4 1) 4 2) vz - 1))

9 [Q@W £1) (02 (2 (w2 — 1) +1) +1)
x (0 +22(=x*+2( —2v (202 + X2 +1)

+x%2 ((a? = 1)v2 + a?) 4 3a%2) — 3) — 1)] R ,

120



oM
sm:<> (751)
aJ Sgen7P3703>Q

a(z+1) \/(z (v+a?(v—2)+1) (v (%2(vz+1)—1)+1)
23(vz+1) (a2 (22 (vx?z2—1)+ 1)+ 1)

oM
4= (or)
8P3 Sgengc37Q7J

_ Am2205 (o (2* = 1) — 1)2 2 2 2( 2.2 -3
_(a2+(x2—|—3)22(a2z2—1)—1)2 N [4y(a +(X +3)Z (a o _1)_1>

(e (02 (2= 0) 2 (22 1) 1)

x (a* — a? + 2a* (X —|—3)z —a224(<
o(

2 (2at a2 (v 43) - 2) )| +

a2+2)x + o? +8)

).
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<8M
M3 = o

acS)sg P3,Q,J

[(@((z+g 2) (@2 (az - D(az+1) (0 (2 +1) - 1)
(- (e (1) - ) )((— = (¢ +8) 2 (0% - 1)) +1)
x(a22(< 1)2 —1—1)+z)+4z (2a2+x2+1>(1—a2<22—1))>
(1 ( )) (4a + 4a? — 4(2a6+a4) 210
(340° + 280" + 8a?) 2* — 2 (19a® + 350" + 120° + 2) 2°

(22a + 44a* + 3807 +4) 2t — (5& + 9a* + 502 +3)
— 422" (o? (* +1) ) (o® (5—42%) + o (2" = 92 +2) + 3)
—4a*x* 2% (az — 1) (az + 1) ( 22+ (z + 2 —|—2> ))
x (=t = (¢ +3) *(a%? 1)) +1)) -4z (1-a(* - 1))
X (z —|—1> )(X Z(az —1)(az +1 ( <22+1) )

(o*
(@) - (e (0 +3)Z(WZ—1))+1)1
it oo (2 -1 1) @ (e )2 @ - 1) <) w00,

(7.52)

+
+
_|_

keeping the three-dimensional Newton’s constant G3 fixed. We have written V3 and s
only to the first order in the backreaction parameter v, owing to their size; the complete
expressions are given in Appendix B. These thermodynamic expressions (when using the
complete forms of V3 and p3) satisfy the first law of black hole thermodynamics

dM = TdSgen + ©dQ + QpdJ + V3dPs + pgdes (7.53)
on the brane and the corresponding Smarr relation
0= TSgen — 2P3‘/3 + HU3Cs + QHJ . (754)

The mass M and charge () are absent from the Smarr relation since G3M and () are
dimensionless. Here we have taken the central charge as a variable, as was done in the
standard holographic black hole chemistry [245]; see [302] for other solutions.
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7.2.2 Bulk expressions

From the bulk perspective, there is a black hole sliced by an ETW brane with tension
(6.27), which is a thermodynamic variable. The charged rotating quantum black hole on
the brane is associated with the classical solution of the bulk gravitational theory coupled
to the brane, and contains all orders of backreaction from the CFT3 on the brane. Just
as in the brane perspective, we work in the extended thermodynamic phase space, which
means that

Ay 3P+ 1)

P, = — — 7.55
4 SrGy  SwGul? (7.55)

where the four-dimensional bulk pressure P, is a variable. Tuning the brane tension 7 is
done by altering the position of the brane in the bulk (with the rest following from the
Israel junction conditions). The thermodynamic variable conjugate to 7 will be referred to
as the thermodynamic area of the brane, and will be denoted as A..

Given our previous expressions (7.21), (7.34), (7.35), and (7.23), the charged rotating
quantum black hole’s mass M, entropy 5, electric charge @), and spin J can be written as

M e [ (uz3 <X2(yz +1)— 1) + 1) (a2 + 22 (4a4z(u —2) (7.56)
+a? (z (41/ +uvxi(vz+1) — z) + 4) +vz+ 1))]

. [(_auz?(xuzz (3 = a? (7 +1) 2 +3))

—1—21/2(2042—1-)(24-1)-1-3)—1—1)1_27

Sgen = — ngf lz (oz2 (z2 (l/x22 - 1) + 1) + 1) ] (7.57)

X ly(a2+22(—X2+z(—2y(2@2+x2+1)

+x%z (o = 1) v* +0?) +3a%2) - 3) — 1)]1,
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AT
g4 Gy

[Xzz (z (V + (v — z)) + 1)] (7.58)
X la2+22(—x2—|—z(—2u<2a2+x2+1)

+x%z ((a2 — 1) 2+ 042) + 30422) — 3) — 11 h ,

202

J="
Gy

laz (a2 — a2t + (a2 + 1) v2P vz 4+ 1)+ 22 + 1) (7.59)

X \/(V2 +1)(zv+a?(v—2)+1) (vz3 (xX2(vz+1)—1) + 1)]
X [y\/u2+1<—a2+z2<xz+22 (V2X2—a2 ((V2—|—1) X2+3>)
+2yz(2a2+x2+1)+3)+1)1_ :

where (G4 is the four-dimensional Newton constant.

The above expressions allow us to write down the bulk temperature 7', electric poten-
tial ®, angular velocity 0y, thermodynamic volume Vj, and thermodynamic area A, as,
respectively

= — l (z (VX222 (z2 (a2 (V2 + 1) + 1/2) +2uz + 1)

—1/((12 <z4+3>—|—22+3)+4a22)—2>

X (a2 + 22 (azz (—21/ +uvxi(vz +1) + z) — vz — 1))]
X l27rz€(l/z +1) (a2 <22 (VXQZ — 1) + 1) + 1)
x (@422 (= x*+2(—2v (202 + X7 +1)

+x°z (o = 1) v+ a?) + 3a%2) = 3) — 1)]_1,
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M
o = <a> (7.61)
aQ Sgen,Pa,7,J

P AT

g

X (a2 + 2 (azz (—2V +uvx*(vz+1) + z) —vz— 1))1

X [(Vz +1) (a2 (z2 (VX2Z - 1) + 1) + 1)
X (a2+z2(—x2+z(—2y(2a2+x2—l—1)
+ x%2 ((a2 — 1) v+ 042) + 30422) — 3) — 1)] ,

oM
e (2
(2 +1) (e (v + (v —2) +1) (02 (v +1) — 1) + 1)

B Uvz+1)(a? (22 (vx?z—1)+1)+1)

) (7.62)
Sgen,Pa,7,Q
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oM
i G, .
= [87rz€3 (a2V2X425(VZ +1) (VZ ((a2 + 1) vz + 2) + 1)

+(0?(2=1) = 1) (v (0®+2* (* (322 — 2) - 3))
+2(a? (2 =1) =1) + 2% (o (* = 3) —2) )

+ ofvys? (z( — ((a2 + 1) V324) +v (—a2 (1 — 2,22)2 +42% + 1)

+2(a?(1-22%) +2) + 02" (1-a? (22 - 4))> + 1))]

X [31/2(1/2 -+ 1)(042 + 22( -+ z( —2u (2042 +x%+ 1)

+x%2 ((0? = 1) 12 + 0?) + 3a2) — 3) — 1)21 B
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(7.64)

oM
I il
i (67

)Sgen,P4,Q,J
= [27€2< o’V + P28 <<y2 + 2) 2+ 1) (2042 — V2X2>
+ v’ (2044 (—31/2 — (V4 + 12— 2) — 2)
— o?v? (2 (1/2 + 2) X4 — (V2 — 1) X2 + 3) + V4X2>
#2520t (A (- 2) 402 (3 - 2) +1)
_a2y2(1/2(x4+x2—4)+2x—|— 2> 2)( —|—1>>
+vz° (2044 ((I/2 — 1) x? —|—3> + o <6V — 4y? —1—8) + 1 <X2 +3))
+ a2t (2042 (1/2 (X2 — 1) + 2) — N T + 4)
+ vzt (—2044 (1/2 + 2) +a? (—2 (u2 + 1) 2+ — 6) +v% - 4)

22 (—2a2 (a2 +1% + 2) +1% - 2) + 202 (a2 + 1) I/Z)]

X lu2< —a® + 22()(2 + 22 (V2X2 —a? ((1/2 + 1) X2+ 3))
—1

+ 2uz (2a2+x2+ 1) +3) +1>2] )

where just as in the brane perspective, we keep Newton’s constant fixed. The above
expressions satisfy the first law

dM = TdSge, + ®dQ + QpdJ + VidPy + A dr, (7.65)
and the Smarr relation
M =2TS -2V, Py 4+ 2QxJ + ®Q — A, 7. (7.66)

The latter can be derived from the former by applying Euler’s theorem for homogeneous
functions [217, 156, 189].

7.2.3 Boundary expressions

The double holography prescription states that the DCFTy (which, recall, results from the
intersection of the ETW brane in the bulk with the boundary) coupled to the BCFTsj,
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provides another description of the thermodynamics of the quantum charged rotating
black hole on the brane. The degrees of freedom of the DCF'Ty are related to the three-
dimensional Newtonian constant G3 and the three-dimensional cosmological constant L
via the holographic correspondence formula [69]

3Ly 3¢
2G5 9Gy/202 — 202 F 1+ 2

The holographic dictionary tells us that the energy E, entropy S, electric charge Q, and
volume V5 of the DCFTy are given by

(7.67)

Cy =

E=M= 2(1;3 ( —a® 422 (X2 + 22 (1/2)(2 —a? ((1/2 + 1) X° + 3)) (7.68)

+2vz (207 + +1)+3)+1)
xl T (v (e + 1) = 1) +1) (o + 22 (4a'2(v - 2)
+a? (2 <4I/+VX2(1/,2+1)—2)+4)+uz+1))],
S = Sgen = — [szé (0® (2% (vx?z = 1) +1) + 1)] (7.69)
X [ng/(a2+z2<—x2+z(—2y (202 +x*+1)
+x°z ((o® = 1) ¥* +a%) +3a%2) - 3) — 1)1 B ,
Q=QLy= — [zmmm (z(v+a*w—2)+ 1)] (7.70)
x lgg\/ﬁ\/ﬂ —ViIZF1+41

X <a2+22(—xz+z(—2y(2a2+xz+1)

+x%z ((0* = 1) +0”) +3a%z) = 3) - 1)1 : )
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J = [azﬁ (a2 — a2t + (a2 + 1) vx?2P vz + 1)+ 22 + 1) (7.71)

X \/(y2 +1)(zv+a?(v—2)+1) (vz3 (x2(vz+1)—1) + 1)1
X [GE,U( —a?+ 22 (X2 + 22 (1/2x2 —a? ((1/2 + 1) 2+ 3))

+2vz (207 + X7+ 1) +3) + 1)2]_1,
27l
Gs\/202 — 2T+ 142

The form of E for the DCFT5 was chosen to match the brane expression for the mass, and
the charge Q is rescaled by L3. The temperature T, electric potential ®, angular velocity
Qp, two-dimensional thermodynamic pressure P, and two-dimensional chemical potential
[lo are

T (aE

Vo =27Ls = (7.72)
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where we have written P, to linear order in the backreaction parameter v owing to its
size; the full expression is written in Appendix B. In the above expressions, the parameter
¢ is kept fixed. This does not mean that the brane tension is kept constant, since in the
boundary perspective, we let the three-dimensional Newton constant G3 be a variable. This
seems to be the only choice we have in order to obtain cohomogeneity thermodynamics.
This means that the central charge on the brane c3 is variable.

The above expressions satisfy the first law of black hole thermodynamics on the DCFTy

as
dE = TdS — PydVs + pipdey + ©dQ + Qyd.T . (7.78)

Note the presence of a work term P,dV5 as opposed to VodP,. This indicates that F plays
the role of the thermodynamic internal energy, in contrast to M in the other perspectives,
which played the role of enthalpy in the extended thermodynamic phase space, where
pressure is a variable. The integral internal energy formula for the DCFT, reads

1

where Vj; is absent since V5 /G35 is dimensionless.
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Chapter 8

Phase Transitions and Criticality

With the expressions for all the thermodynamic variables in the brane, bulk, and boundary
perspectives respectively, at hand, we may investigate the phase transitions and critical
points of the quantum black hole. Since our expressions are general, we may obtain func-
tions for the charged-static, neutral-rotating, and neutral-static quantum black holes by
setting a = 0, y = 0, and a = x = 0, respectively. Our investigation of the phase structure
of these black hole systems is carried out through the use of phase diagrams. In particular,
we locate the second order critical points in phase space and calculate their associated
critical exponents. Owing to the complicated nature of the functions we derived in the
previous section, it is impossible to obtain closed-form equations of state, which means
that the investigation must be carried out numerically.

8.1 Brane perspective

We focus on the so-called canonical ensemble, in which the temperature T, pressure Pj,
central charge cs, electric charge (), and angular momentum J are all fixed. Looking at
the first law of black hole thermodynamics on the brane (7.53), and noting again that in
the extended thermodynamic phase space, the black hole mass corresponds to enthalpy,
and not the internal energy, this means that the relevant thermodynamic potential for the
ensemble is the Gibbs free energy G = M — T'Sgen. The path the system traces out in the
phase space can be parameterized by the variable z. Given values for Ps, c3, @), J, and
z, we are left with a system of four equations for four variables, v, x, a, f3. Adjusting
the value of z, but keeping the same values for P;, c3, ), and J, we can see how the
other thermodynamic variables of the system, including the temperature and Gibbs free

132



energy, evolve as we move from one system to another within the ensemble. We start with
the simplest possible system, the neutral-static quantum BTZ black hole (so @ = 0, and
J = 0). This is the only black hole that can transition to thermal AdS. The ensemble is
one in which electric charge is fixed. This prevents any black hole carrying electric charge
from making the transition. For the sake of consistency between different cases, we will
not compare the neutral-static quantum BTZ black hole to quantum thermal AdS, (i.e.,
AdS; spacetime including backreaction from the CFTj on the brane), as was done in [157].
This will not affect our analysis of phase behavior or our calculation of critical exponents.

Keeping the central charge c3 fixed at an arbitrary value, we may observe the behavior
of the curves the system is constrained to be on in the G — T plane, as we move from
an ensemble with one value for the thermodynamic pressure P; to another. The cusps
on the curve correspond to where % = 0, and g—f = 0. With the exception of the curve
corresponding to the system being kept at the critical pressure P., each curve will have two
cusps, and one point at which it self-intersects. As the critical pressure is approached (i.e.,
we move to copies of the system within the ensemble with fixed pressures that are closer and
closer to P.), these cusps will approach each other on the plane, until at the critical pressure,
they merge and disappear, leaving a smooth curve with no self-intersections. Crucially, as
the thermodynamic pressure of the neutral-static black hole on the brane exceeds P., the
cusps will immediately reappear and the curve will self-intersect once more. On either side
of the critical pressure, the self-intersection of the curve presents as an inverted swallowtail.
This corresponds to the re-entrant phase transitions observed in [157]. The coexistence
curve between two phases of the black hole will extend past the critical point in the Py —T
plane, and not simply terminate, as it does in the case for ordinary phase behavior. We
stress that this phenomenon is unique to the neutral-static quantum BTZ black hole. The
addition of any electric charge or spin into the system removes the critical point associated

with this re-entrant phase transition. This is shown in section 8.4.

The second order critical points of the system in the canonical ensemble are those where

) e~ 55
of - (22 —0. (8.1)
(85 P3,c3,Q,J 05° P3,c3,Q,J

Keeping c3 fixed at some value, and setting the first two partial derivatives to zero gives us
three equations to solve for the three parameters (z., v, ¢3.) (in the neutral-static limit, we
know that xy = a = 0). After numerically finding these parameters, we can calculate the
critical values for the various thermodynamic variables. With this at hand, we will be able

to define an order parameter and reduced temperature { = % =7 — 1. We select the

reduced chemical potential “3;% as our order parameter, where the subscript ¢ indicates
,c
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Figure 8.1: Free energy-temperature curves for neutral-static systems in the canonical
ensemble with different pressures. The central charge for each curve is kept at ¢z = 10.
The cusps on each curve are highlighted in red. From left to right are curves at P < Pg,
P=PFP. and P > P..

the value of the thermodynamic variable at criticality. In order to calculate the values of
the critical exponents &, 3, and « (where & the critical exponent is not to be confused with
the rotation parameter «/), the critical point must be approached in phase space along the
coexistence curve. The critical exponent ¢ is found by approaching the critical point along
the critical isotherm (so constrained to ¢ = 0 in phase space). Having chosen an order
parameter, we can define the functions used to extract the critical exponents. Since we are
working in the fixed (P, c3) ensemble, the heat capacity (based on which & is calculated)
is

oS »
Cryps =T <8T>P oc [t]7, (8:2)
3,143

where we have chosen to keep the order parameter constant when evaluating the heat
capacity. The critical exponent [ is calculated based on the power-law behavior of the
order parameter with respect to ¢ near the critical point,

s — sl o< [t°. (8.3)

The analogue for isothermal compressibility that we use (the susceptibility) is

Y = 1 (W”) o [t|7 . (8.4)

€37C3.c

Finally, 0 governs how the source function is related to the order parameter near

the critical point, along the critical isotherm T’ = T. (we also constrain the approach to be
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along the critical isobar Py = Pj ),
|c5 — es.e o< s — prsel - (8.5)

The coexistence curve corresponds to where the Gibbs free energy surface intersects
itself in natural variables space, with coordinates (S, Ps, c3). As stated previously, owing
to the fact that our thermodynamic variables are expressed as complicated, non-invertible
functions of independent parameters, we do not have the luxury of turning to an explicit
equation of state to find the coexistence curve and critical exponents. With this in mind,
we must resort to using numerical methods, just as we did when locating the critical point
to begin with. We have used two such methods with consistent results.

The first method uses the fact that along a coexistence curve, the two phases of the
system will have equal temperature, pressure, and free-energy, but different thermodynamic
volumes. The self-intersection of free energy-temperature curves will disappear at the
critical point. Since we selected the chemical potential p3 to form the order parameter,
we will keep the central charge constant for each of these curves (fixing it to be its critical
value) so that the source function % is kept at a value of zero. The pressure is varied.
Since we want to focus on the coexistence curve very close to the critical point, in order
to calculate the order of various divergences, the pressures we use will be very close to the
critical pressure. The point of self-intersection is tracked, and the two separate sets of values
of the parameters (z, v, (3) that map on to the point of self-intersection are recorded. Then
one list of values for the variables (corresponding to a single coexistence curve in (z, v, {3)
space) is used to calculate the heat capacity, order parameter, and susceptibility. Note that
due to the phenomenon of re-entrant phase transitions for the quantum BTZ black hole,
the coexistence curves do not actually terminate at the critical point, but extend beyond
them. In practice when calculating the critical exponents «, [, and v, we will work on the
side of the coexistence curve where the reduced temperature ¢t = % is negative.

The second method is simply to implement Maxwell’s equal area construction numer-
ically. We take the system and solve for the P — V' curves numerically, for temperatures
close to the critical temperature (such that ¢ — 07), again holding the central charge at
its critical value. Along the P — V isothermal curves, the places where the curve does not
monotonically decrease (i.e., where 2—5 > () must be corrected, and the metastable states
removed, with an isobar that is positioned according to Maxwell’s equal area construction.
The ends of this isobar will be positioned at the two thermodynamic volumes of the two
respective coexistent phases. As the temperature of the isotherms approaches the critical
temperature, the isobar’s position varies. Keeping track of the position of the isobar, and
the values of the two coexistent volumes allows one to form a coexistence curve.
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Figure 8.2: An isobar that corrects the presence of metastable states in the isotherm. The
area above and below the isobar are equal. The smaller volume is marked in red while the
larger volume is marked in blue. These are points on the coexistence curve. For the sake of
visibility, this is far away from the critical point, and the curve corresponds to = —1/10.
When calculating the critical exponents, we take these points to be very close.

As stated previously, both numerical methods agree. We found values of the critical
exponents for the second order critical point of the neutral-static quantum BTZ black hole
in the canonical ensemble (up to some negligible numerical error) as

a=0, B=1, y=2, 6=3 (8.6)

that curiously are the same values that occur for a particular type of black hole in 3rd order
Lovelock gravity [124]. These unorthodox values differ from those predicted by mean-field
theory, but satisfy both the Rushbrooke inequality

a+28+v2>2, (8.7)

and the Widom relation

Y= B(-1). (8.8)

Moving on to the charged-static quantum BTZ black hole, we find that the presence of
any electric charge introduces an upper bound on the temperature. This is in contrast to
the neutral-static black hole, where the temperature of the black hole grows unbounded as a
function of z past a second turning point [157]. The introduction of charge into the system
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gives rise to another turning point in the curve, past which the temperature decreases. The
requirement that temperature be greater than or equal to zero means electric charge also
introduces an upper bound on z. There is a critical point associated with a large value
of electric charge for the quantum black hole. This point is found by solving (8.1) and
P3 = Py, c3 = c3p for z, v, x, and ¢5. As opposed to the neutral-static case, this critical
point is not associated with a re-entrant phase transition, i.e., when the critical electric
charge is exceeded, the cusps and self-intersection in the free energy-temperature curve do
not reappear. The critical exponents for this second-order critical point were calculated
numerically using the same methods as in the neutral-static case. They are

1
a=0, f=5, y=1, 6=3 (8.9)

Notably, these agree with the critical exponents found in [259] for the classical charged
AdS, black hole, which has the same critical exponents as the van der Waals gas.
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Figure 8.3: (Left) Free energy-temperature curves for the charged-static quantum black
hole, with central charge c3 = 10 and pressure G3P; = 1.81 x 107%, for three different
charges: (blue) v/G3Q = 0, (purple) vVG3Q = 15, (orange) v/G3Q = 3. The last of
these has an electric charge that exceeds the critical electric charge value ()., and the cusp
does not reappear, signifying a non-re-entrant phase transition. (Right) The same curves
separated by vertical offsets for the sake of visibility. Note how the neutral curve extends
to T — oo, but the charged curves have a maximum possible temperature. Note also
how increasing the electric charge of the system pulls the new turning point/cusp towards
another, until (at criticality) they merge and disappear.

The case of the neutral-rotating black hole has a subtlety, in that its critical point
(associated with a large spin) has an imaginary value for the rotation parameter . This

remains a formal solution, but corresponds to a closed timelike curve formed from the
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rotation of a naked singularity, not a black hole [131]. Attempting to restrict the search for
critical points to real values of a leads to the location of an artificial critical point with a
value of a. that exceeds the upper bound (7.42), which in turn means that the associated
critical value of the angular momentum is imaginary. Treating the original critical point
(with imaginary «) as a formal solution, we find that it is associated with a phase transition
that is not re-entrant, just as the critical point for the charged-static quantum black hole.
The critical exponents for this are the orthodox ones (8.9), and the corresponding free-
energy curves have an identical form to those of the charged-static black hole, shown in
Fig. 8.3.

We restrict our treatment of the charged rotating quantum black hole to the boundary
perspective for the sake of brevity, though an analysis from the brane and bulk perspectives
was carried out and confirmed to give the same results.

8.2 Bulk perspective

The calculation of the critical exponents of the thermodynamic system from the bulk
perspective proceeds in the same way as in the brane perspective, with minimal changes.
We work in the canonical ensemble, with fixed temperature T, fixed charge @), fixed angular
momentum .J, fixed pressure Py, and fixed brane tension 7. Calculations proceed using
the bulk perspective formulas. Using V, as the order parameter, we can define the relevant
heat capacity and susceptibility in the same manner as previously,

08 .
:T e @ 1
1[0V, .
= (=2 . 11
X=-y <8P4>TTO<W (8.11)

The neutral-static system’s critical exponents, calculated from the bulk perspective, match
those of the brane perspective (8.6). This is insensitive to the choice of order parameter,
as long as the susceptibility and heat capacity are defined consistently. The charged-static
and neutral-rotating critical exponents are also consistent with the values found in the
previous section (8.9). We again stress that the introduction of charge and spin into the
system does not merely perturb the position of the re-entrant critical point in phase space
or variable space; rather, it eliminates the point altogether. Instead, new critical points
are found in the regime of large charge or large angular momentum.
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8.3 Boundary perspective

From the boundary perspective we work in the microcanonical ensemble, where S, V3, ¢,
Q and J are fixed. The critical point is found using Maxwell’s equal area construction in
the T'— S plane, where the presence of metastable states with negative heat capacity are
replaced by an isotherm. The two coexisting phases of the DCFTy are distinguished by
different values of the entropy S. The coexistence curve is found numerically by adjust-
ing the thermodynamic volume of the system and keeping track of the movement of the
isotherm (based on the equal area requirement) and where it intersects the curve. The crit-
ical exponent values for the neutral-static, charged-static, and neutral-rotating quantum
black holes are the same as in the brane and bulk perspectives.

The charged rotating black hole poses the same subtlety as the neutral-rotating black
hole, in that the critical points in parameter space have imaginary values of o, which means
that the critical state is not a black hole. Treating it as a formal solution, the corresponding
critical exponents are found to be the same as in the charged-static, and neutral-rotating
cases (8.9).

8.4 Elimination of re-entrant phase transitions

The elimination of re-entrant phase transitions with the introduction of electric charge or
spin in the thermodynamic system may be shown analytically as follows. We begin with
electric charge, and for simplicity, focus on the charged-static quantum BTZ black hole.
The following analysis is performed in the brane perspective, but is expected to hold true
in the boundary and bulk perspectives as well. The partial derivatives (g—g)\ P50 and

(g%) |, cs.0 are expressed as functions of z,v, ¢35, and x. The condition for criticality is
that these functions vanish, and the critical points in parameter space are precisely those
points where this occurs. If electric charge did not destroy the critical point associated
with re-entrant phase transitions, then we would expect a very small charge to merely
perturb its position. Instead, any non-zero electric charge (corresponding to any non-zero

value of y) removes the point entirely.

The partial derivatives may be written as rational expressions of polynomials. We can
extract the numerators of these rational expressions, which are multivariate polynomials.
Any root of the original system of equations will obviously be a root of the system of
polynomial equations. Due to the structure of the equations, ¢3 is not one of the variables in
these polynomials. The original critical point in the neutral-static case had the coordinates
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Z., and v,. Treating y as a new parameter in the equations, it may be demonstrated that
these roots take on complex values when y # 0.

We may calculate the resultant of our two polynomials with respect to v. This leaves
us with a very high-degree polynomial in z and x. The resultant will only vanish when
the two polynomials share a common root. We can factor the resultant into numerous
polynomials. One of those factors has a root with z = z., when we set x = 0. This is
the factor that we shall focus on. We will make the assumption that z-coordinate of our
original root varies smoothly with y. To that end, we can Taylor expand the relevant factor
of the resultant to third-order in z, about z = z.. This leaves us with a cubic equation
in z, whose roots can be obtained analytically. This gives us three roots, but only two of
them smoothly converge to z = z. as we take the limit x — 0. Any non-zero value of y
introduces an imaginary part to the roots. This can be visualized in the complex plane. At
X = 0, the root sits on the real axis. As x takes on a very small value (it may be seen from
the definition of x that it must be real), the root splits into two, and each point moves
off the real-axis and takes on an imaginary part. Since z is physically restricted to take
on real values, as may be seen from its definition (7.39), this means the critical point has
been destroyed, as far as physics is concerned. This analytic approximation can be tested
against a numerical solution to the original two equations, and the agreement is found to
be excellent for small values of y. We conclude that electric charge gets rid of re-entrant
phase transitions.

The introduction of angular momentum to the system also gets rid of the re-entrant
critical point, but in a different manner than charge. It should be noted that the angular
momentum function vanishes when we substitute in the values of the neutral-static critical
coordinates, no matter what the value of the rotation parameter « is. This means that for
an ensemble with non-zero angular momentum, the original critical point cannot be a valid
solution. For the sake of simplicity, we will focus on the neutral-rotating case. We proceed
as before, calculating the first two partial derivatives of T" with respect to .S as functions of
z, v, a, and f3, and extract the numerator polynomials. Unlike in the charged case, where
non-zero values of y pulled the original root off the real-axis, a non-zero value of a does not
add an imaginary part to the original root. This may be confirmed numerically. So at first
glance, it would appear that the introduction of angular momentum does not destroy our
interesting critical point. The resultant method does give us one insight however: it has a
factor of (z —1). This means that z, = 1 will remain a root of the two polynomials for any
value of a. Substituting this into our two polynomials and solving for v, confirms that the
v coordinate of the critical point remains invariant here too, at v, = 1, for any value of a.
The original critical point remains a root insofar as the partial derivatives vanish there. It
is only disqualified when we demand that the angular momentum be non-zero.
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We proceed as follows. The relevant functions and variables, along with the conditions
that we place on them, are

oT
— =0, (8.12)
85 Ps.c3,J
0*T
= =0, (8.13)
852 Ps.c3,J

JER, JA0,T>0,2>0,vr>0,/03>0. (8.14)

These conditions are obviously all physically motivated. We take these functions and
expand everything to first order in o about a = 0. Due to the structure of the functions,
this means that only the series for J will be a function of . By analyzing the resulting
system of equations, it may be seen that it is impossible for all of these conditions to
be satisfied. This shows that for any small but non-zero angular momentum, there are
no critical points. This should not be taken to imply that rotating black holes have no
critical points. Once we increase the allowed angular momentum to be outside of the
perturbative range of small «, then the linear expansion in « is no longer valid, and the
above conclusion no longer holds true. The fact that the above system of equations and
conditions are inconsistent in the limit of small o however, demonstrates that angular
momentum removes the original re-entrant critical point of the neutral-static system.
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Chapter 9

Validity of the Semiclassical
Approximation

Braneworld methods allow for a convenient solution of the semiclassical problem incorpo-
rating backreaction of quantum matter to all orders. However, just like in any semiclassical
approach, the results are expected to remain valid only when it is legitimate to treat the
metric classically, that is, when quantum fluctuations of the geometry remain small.

It has been recently understood that extremal black holes are highly quantum ob-
jects [227]. In the case of extremal black holes in Einstein gravity, the low temperature
dynamics is described by a Jackiw-Teitelboim theory that governs the fluctuations of the
throat. In the absence of supersymmetry, these quantum fluctuations drive the extremal
entropy from its semiclassical value down to zero.

The rotating quantum BTZ black hole and its charged generalization presented here
admit extremal limits, akin to their higher-dimensional counterparts [320]. Here we will
not study the quantum fluctuations of the geometry, but we will characterize when one
can expect the semiclassical description to break down. On general grounds, the black hole
entropy near extremality admits an expansion

472

S =5+
Mgap

T (9.1)

Here Sj is extremal entropy in the semiclassical approximation, which is just given by
the area of the four-dimensional bulk horizon. The energy scale Mg,, determines when
quantum fluctuations of the geometry become important. We can expect the semiclassical
approximation to breakdown when 7" < | My, |.
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Here we will study the behaviour of Mg,, for the charged and rotating quantum BTZ
black hole, taking account of different cases in turn. We will define the Mg, as a simple

derivative of the entropy,
S -
() ] , 9.2)
or Wi T=0

where here the subscript W; indicates the various thermodynamic potentials that are held
fixed in the differentiation — here we will be mostly interested in the case where the
conserved charges (@, J) are held fixed, along with theory specific parameters such as /3
and G3.

Mgy = Ar?

9.1 Static charged quantum black holes

Let us first consider the charged static quantum black hole with a« = 0 = J = 0. The
behaviour of Mg, for this case was studied in [99], and we use this as an opportunity to
benchmark our results.

In terms of the thermodynamic parameters, the temperature of the charged quantum

black hole vanishes when
9 vz +3vz +2

Xext = VZg(VZ—f— 1)2 . (93)
At fixed charge (), we then obtain for Mg,, the following
Mo 4G5 (V22 + 60°22 + 8vz + 3) (0.4)

S V2 +1(2vz +1)

Here it is to be understood that the quantities are evaluated for an extremal black hole
with a specified charge. This agrees with previous results [99]

9.2 Neutral rotating quantum black holes

Let us now consider the neutral rotating quantum black hole, i.e. with y = 0 = @ =
0. Notably, there are now two possible branches of zero temperature black holes. The
condition T" = 0 is satisfied when

9 2(vz+1) 9 —v2® —3vz — 2

== 7 = . 9.5
M= A g o z2(3v+ vzt —4z2) (9:5)
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The first of these two possibilities preserves the classical rotating BTZ extremality condi-
tion, or three-dimensional “Kerr bound”. Specifically, we have
/]
Mg

=1 for o®=a?. (9.6)

As was explained already in [134], for this branch of extremal black holes the quantum
matter stress tensor vanishes and the CFT does not backreact on the geometry. These
zero temperature black holes have a?> = 1, and it is because of this relationship that the
temperature vanishes. The function H(r) of the four-dimensional metric does not have a
double root in this case. However, restricting to the brane perspective, the near horizon
geometry of this extremal solution does indeed exhibit the usual features.

On the other hand, the second branch of extremal solutions satisfies

— 22)?
L, v

M 5 +0@W?) for o =af. (9.7)

This branch saturates the three-dimensional Kerr bound in the limit of vanishing back-
reaction. For small but nonzero backreaction, these extremal solutions exceed the three-
dimensional Kerr bound.

To allow for a better understanding of how these different zero temperature limits arise
we plot the temperature as a function of the parameter « for fixed values of z and v
in Fig. 9.1. Given these parameters, we determined the range of o consistent with the
physicality constraints of the metric. The behaviour of temperature and the set of physical
solutions depends on the choice of (v,z) parameters. We illustrate in Fig. 9.1 the two
characteristic behaviours with blue and green curves.

Let us consider first the blue curve. Increasing o from zero, the temperature begins
to decrease and crosses zero when a = aj. This corresponds to @®> = 1 and all larger
values of a are unphysical, corresponding to a> > 1. Turning next to the green curve, the
temperature once again decreases as « is increased. This time, the temperature vanishes
first when a = «q. Larger values of a are consistent with the most natural physical
criteria, i.e. demanding px; > 0, v, > 0, @®> < 1, but possess negative temperature and
are therefore discarded. Now, when « is further increased we reach a = ag, indicated by
the red circle on the green curve. This is a completely isolated but otherwise physically
acceptable solution. We cannot increase a any further beyond this point as doing so would
result in @> > 1. On the other hand, the solution cannot have its value of a sensibly
decreased as doing so would result in a negative temperature configuration.
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Figure 9.1: Left: A plot of the temperature as a function of « for the neutral rotating
quantum black hole. Here the red dots indicate the extremal solutions with a = a5 while
the green squares are the extremal solutions with o = aq;. The blue curve corresponds
to (z,v) = (1,1/2) while the green curve corresponds to (z,v) = (1.5,0.125). The dashed
portions of the curves have a* > 1 and are therefore unphysical. Right: The (z,v, )
parameter space color-coded according to the type of extremal solutons. For those param-
eters in the green region (leftmost side of the plot) the oy extremal solution is reached
first. For those parameters in the blue region (rightmost side of the plot) the a; extremal
solution is reached first, while the gy solution is unphysical with a® > 1.

Summarizing, for the neutral rotating black hole, there are two different choices of «
that yield zero temperature quantum black holes, a; and aj;. Which of these extremal
solutions exist depends on the combination of parameters. Generally, when a; < ag
then only a; is physical. When aj; < ag then both extremal solutions are technically
physical, but the one corresponding to «; is highly exotic. It is completely isolated in
parameter space, as the value of o cannot be made larger or smaller without violating
physicality conditions. This exotic behaviour is consistent with the fact that, from the
four-dimensional bulk perspective, the aj extremal solutions do not correspond to a double
root of the H(r) metric function. Moreover, in all cases, the a; solutions have completely
vanishing backreaction, with vanishing quantum stress tensor. The most conservative
perspective is that, while the ag; extremal solutions are perfectly fine when physical, the
ap must be regarded with care.
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Let us now analyse when we expect the semiclassical approximation to break down in
the vicinity of these black holes. Holding the angular momentum fixed, we can compute
M,,, for each of the two types of extremal solution. We find

4 34222 — 3uz — 2)°
My, =tp et ohind 99
G VI2+1(vz+1) (2% — 4wz — 222+ 1)
M Gy (v2° +22° = 3vz — 2) (=3v +v2' +6v2° + 82) (9.9)
s f2 2+ 1(z—1)z(z+1)(vz+ 1) .

In the limit of small backreaction, both M, and M]]  limit to the expected value for the
classical rotating BTZ black hole,

16G 2v (23 + 2)
1 _ 3 2
Mgap - g% [1 + (22 o 1)2 + O(V )‘| ) (910)
16G v(z25 421 — 1322+ 3)
MU= . 11
&ap 3 [ 8z — 823 +00) (9-11)

We see that the corrections to the classical result differ.

Although it is not obvious from inspection, when implementing all physicality condi-
tions Mglip can be shown to be strictly positive. This is in line with all the well-known
higher-dimensional black holes. On the other hand, Mglap is mot always positive — see
Fig. 9.2. This bizarre feature further solidifies the exotic nature of these solutions. We
shall comment in more detail on this feature and its relation to weak cosmic censorship

below.

We consider the dependence of M,, on the angular momentum in Fig. 9.3. The left
plot shows the result for Mglap. As mentioned above, this extremal solution does not have

a strictly positive My,,. For a given value of the backreaction parameter v, Méap initially

increases as the angular momentum increases. This continues until, at a finite value of J,
]\/[glap diverges to infinity. For J just larger than this critical value, Méap — —00. As the
angular momentum is further increased, M!  increases but remains negative, terminating

gap
at My, = 0 for the maximum value of J.

The behaviour of Mglip is shown in the right panel of the same figure. The behaviour
in this case is more reasonable, with Mglip exhibiting a monotonic behaviour, decreasing as
the angular momentum increases toward its maximum value. Note that in this case, the
physical parameter space terminates at z = 1/v?, which is indicated by the solid black line
in the figure. For fixed v, the blue curves originate along this line and then tend toward

zero as J is increased.
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Figure 9.2: We show the (v, z) parameter space for the neutral rotating quantum black
hole characterizing the regions where M},  is negative (red) and positive (blue). The black
cross-hatched portion of the parameter space shows where a; < ary.
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Figure 9.3: Left: M, as a function of the angular momentum for difference choices
of backreaction parameter v. Right: Mgl as a function of the angular momentum for
difference choices of backreaction parameter v. In each case, the darker the shade of blue,
the larger the value of v for that curve. The thin red lines in each plot show the value of
M;;gz = 16G3//2 for the classical rotating BTZ black hole. On the right plot, the black
line is z = v~ /% which marks the boundary of the physical parameter space. In both cases,

M., — 0 when the angular momentum takes its largest value for a given v.

148



9.3 Charged and rotating quantum black holes

We now extend the preceding results to the case with non-zero charge. The conditions for
T = 0 generalize from (9.5) to

W2 22(vz +1)
s (2wt u(ve+1)+2)+17 (9.12)
a2 = (+vx2)?) +3) +2 '
B (=3 +vA (2 +1)x2— 1) +42)°
and the respective mass gaps for these extremal cases become
4 =2
Mgy, = Gf 2 , (9.13)
G V2+1(2241)" (v +1) (22 (v +uvxi(vz+1)4+2)—2)+ 1)
Ml 4G5 E@v+rv @ +1)x%t — 2 (v2 (22 +6) +8)) (9.14)

P VI 1z(ve + 1) (22 (vx22 +2) — 2) (22 (vx22(vz +1) = 2) —2)

where Z = 2% (=2v + v(x + vx2)* + 2(vz + 2)) — 3vz — 2. Just as for the neutral rotating
quantum black holes, Mé;p is strictly positive under physical conditions, while Mglap is not
always positive. Fig. 9.2 can be shown to evolve under non-zero y, with the effect that in
the limit of large positive x, the region in (v, z) parameter space where M}  is negative

gap
shrinks — see Fig. 9.4.

Note that the extremal solution parameters o and o are equal when

ved —1 —vz2% — 224 + 2023 + 3z + 2
Xi= =, O X;= ; > (9.15)
vz3(vz + 1) ve3(vz + 1)
The corresponding values that the extremal rotation parameter takes are
1 2 1)2
ol = Vet or aj=— AR . (9.16)

22 —vz’ (202 +1) 24 —4vz -3

The pair (x1,0q1) can be dismissed, since their substitution yields divergent z3 and r%.
However, the second pair (2, as) is physically acceptable, since it admits solutions that
satisfy all physical conditions. The (coincident) mass gap that results from this value of y
is

Mo (X2, @) = Mg, (X2, 2) = 0. (9.17)
This is an extremal value of the mass gap itself, as under physical conditionsis impossible
for Mglip to be negative. The mass gap vanishing at extremality only occurs in this coinci-
dent limit for the charged and rotating black hole. This implies that quantum fluctuations
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of the geometry become arbitrarily important even at infinitesimally small temperatures,
which may signal a deeper, nontrivial quantum gravitational regime, distinct from conven-
tional semiclassical black hole thermodynamics. Specifically, the coincident limit marks a
boundary in parameter space at which the usual semiclassical picture fails entirely, sug-
gesting that these particular extremal charged rotating quantum black holes could serve
as a window into a novel quantum gravitational phase.

9.4 Connection with weak cosmic censorship

Weak cosmic censorship (WCC) — the idea that there are no “naked” singularities — is a
cornerstone of our modern perspective on gravitational collapse and black holes. However,
there is to date no proof that weak cosmic censorship is true. Instead, over the last half
century, WCC has been subjected to a battery of consistency tests. Largely, these tests
have shown that WCC is robust, and in those cases where counterexamples have been found
in the classical theory, one is forced into a regime where quantum gravitational corrections
ultimately cannot be ignored [132].

A popular class of tests of WCC are the gedankenexperiments where one attempts to
overcharge or overspin an (near) extremal black hole by throwing in a test particle carrying
charge or angular momentum [135]. It was once believed that these thought experiments
could succeed in creating a naked singularity [223]. However, in recent years it has been
understood that this is an artifact of failing to account for higher-order perturbations
induced by the test particle [102].

Taking this idea further, a series of recent studies have identified a connection between
the robustness of WCC in gedankenexperiments and the positivity of a single parameter
— called “W?” in their notation [150, 299]. As defined in, e.g., eq. (9) of [150],

W = lim (85> , (9.18)

where (); denote conserved charges which are held fixed during the physical process. These
investigations find that gedankenexperiments cannot succeed if W > 0, while if W < 0
then it may be the case that a black hole can be overcharged/overspun. Obviously, the
parameter W is, up to unimportant factors, the same as M,,;, as we defined it in (9.2). We
will make several comments about this, though a full analysis of these ideas would take us
well outside the scope of the present article.
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Figure 9.4: We extend Fig. 9.2 to show how the regions in (v, z) parameter space where
MgIap is negative evolves as x increases. From the top left across and down, we have
shown the regions for y =0,1/4,1/2,3/4,1,5/4. Just as before, the red-shaded portion of
the parameter space corresponds to Mglap < 0 and the black cross-hatched portion of the
parameter space shows where a; < «q;. Note that increasing y increases the portion of
parameter space where there exist solutions satisfying physicality conditions, and shrinks
the portion where M.  is negative. The apparent dashed curve is a thin section of meshed

gap
area.
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First let us note the following. In [158], the authors studied gedankenexperiments for
the neutral rotating quantum black hole. Their work focused entirely on the physically
sensible aqp extremal solutions. The results presented there are consistent with the neutral,
rotating quantum BTZ respecting WCC. It is not immediately obvious that the results
of [450, | apply directly to quantum black holes, and it would be interesting to analyze
this carefully. That is, to assess whether W > 0 remains a sufficient condition for robustness
of WCC against perturbations due to classical test particles. Our finding that Mé;p is
strictly positive for the neutral rotating quantum black hole is fully consistent with the
explicit results obtained in [158]. We also observed that Mg, is strictly positive for the
charged static quantum black hole, suggesting that WCC will be robust to overcharging

experiments.

On the other hand, we observed that for the rotating solutions it is possible for ]\/[glap to
be negative. As we have explained at several instances, these black holes are highly exotic.
The extremality condition is met due to @®> = 1 and the four-dimensional bulk solution
does not have a double root for the metric function H(r) in this case. The stress tensor
of the quantum matter vanishes for these extremal solutions, and the brane geometry is
identical to the extremal classical rotating BTZ black hole. Nonetheless, supposing that a
connection such as that outlined in [150, ] remains valid, then this suggests that these
black holes are candidates for overspinning/overcharging. However, what is less clear is
whether such a gedankenexperiment would potentially result in the creation of a naked

singularity or if this would signal the onset of a dynamical instability instead.

A closely related point is the following. Since it is now known that quantum fluctuations
of the geometry are non-negligible for 7' < Mg,y it is not sensible to treat black holes
very close to extremality as having a well-defined semiclassical geometry. This calls for a
reconsideration of the classical gedankenexperiments to see whether they continue to hold
up in this regime. Supposing that the exotic quantum black holes continue to admit a
Schwarzian description at low temperatures, then the fact that Mglap < 0 is suggestive of a
dynamical instability. This is because in the one-dimensional effective description provided
by the Schwarzian, M,,, plays the role of a coupling — see, for example, eq. (5.2) of [227] or
eq. (3.13) of [138]. Thus changing the sign of M,,, suggests the Schwarzian mode becomes

a ghost.

We can speculate a bit further on how such a potential instability could manifest. Let
us recall the structure of the semiclassical theory living on the brane. This consists of
an infinite tower of higher-curvature terms coupled to a CFT. As explained in [1, 72], in
the absence of the CFT, the spectrum of the gravitational theory on the brane consists of
an infinite tower of massive ghost modes. Combining this action with the CFT cures the
otherwise pathological behaviour of the purely gravitational theory. However, as mentioned
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above, the exotic extremal solutions have a?> = 1 and there is therefore no coupling with the
CFT. These black holes are therefore solutions of the corresponding purely gravitational
theory on the brane. It thus seems at least plausible that perturbations of these exotic
extremal solutons that do not excite the CF'T could succumb to ghost instabilities. It would
be interesting, though rather complicated, to understand the stability of these solutions
from both a bulk and brane perspective. Since the four-dimensional configuration is a
solution of the Einstein (Maxwell) equations, there could be an interesting and intricate
connection between the two perspectives.
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Chapter 10

Quantum Inequalities

10.1 Quantum Penrose inequality

The classical black holes of general relativity obey a number of geometric inequalities that
place bounds on their physical properties. Perhaps the most famous of these is the Penrose
inequality, which is a conjectured bound on the mass of an asymptotically flat spacetime
in terms of the area of black hole horizons it contains [350],

A
M > 4 —. 10.1
Gy ADM 2\ 76— (10.1)

Besides providing a lower bound on the mass, the Penrose inequality is important for the
role it plays in the weak cosmic censorship hypothesis. Specifically, assuming weak cosmic
censorship and assuming gravitational collapse produces a Kerr black hole, then (10.1)
must follow. Therefore, establishing a counterexample to the Penrose inequality would
suggest that at least one of these two assumptions must be wrong. In turn, a proof of
the Penrose inequality is generally expected to greatly inform our understanding of weak
cosmic censorship.

A more subtle question concerns what happens when quantum effects become impor-
tant. Since many expect that quantum gravity will cure the singularity problem entirely,
it is perhaps reasonable to expect that weak quantum effects should not make the classical
singularity problem worse. A sharp question is whether there exists a version of weak cos-
mic censorship that holds in semiclassical gravity. While this is at present not clear, there
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have been attempts to construct generalizations of the Penrose inequality valid in semi-
classical gravity, called quantum Penrose inequalities. The hope is that these inequalities,
if true, will contribute to our understanding of quantum cosmic censorship [133, , 154].

The first such construction was carried out in [56, 57], where it was also shown that the
classical Penrose inequality is badly violated by quantum effects. Instead, it was argued,
a valid inequality can be obtained in D > 4 by replacing the area term in the Penrose
inequality by the corresponding generalized entropy,

A = 4Gp Sgen . (10.2)

There is evidence that the resulting inequalities are indeed satisfied, but this is limited to
the perturbative regime due to the general complexities of semiclassical gravity.

Braneworld holography offers a promising avenue for testing such inequalities beyond
the perturbative regime. Indeed, already in the context where the bulk is classical, strong
holographic arguments have been obtained in favor of the validity of the Penrose inequality,
e.g., [112, , ]. Considering semiclassical gravity, a quantum Penrose inequality was
recently proposed in three-dimensions [153],

1 /2G3Seen >
wﬂM—MQ22<%g), (10.3)
05 s
where M., is the Casimir contribution to the mass. In [153], it was demonstrated that (10.3)

holds for all known quantum black holes constructed via braneworld holography, even non-
perturbatively in the backreaction. This does not prove that a quantum Penrose inequality
exists in three-dimensions, but it does provide strong evidence in favour of it.

To further stress-test this proposal, here we examine its validity for the charged and
rotating quantum black hole. This turns out to be a more complicated endeavor than any
of the quantum black holes considered in [153]. In that case, the solutions and parameter
constraints were sufficiently simple that Mathematica could be used to prove the validity
of (10.3) exactly. Here, we find this to be impossible, and we resort to a combination of
numerical techniques.

The first technique makes use of Mathematica’s “NMINIMIZE” routine. We specify par-
ticular values of the charge and rotation parameters (x, «) and then require Mathematica
to find a minimum of the functional

2
8Gs (M — Myg) — L <2g35ge“) : (10.4)

0 T
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subject to constraints that ensure the physical viability of the solution. Specifically, we
require the positivity of 3,3, uzy, as given in eq. (7.40), along with the positivity of the
temperature, z, and v. We repeat the minimization procedure for a large set of (y,«)
parameters. We find in all cases that the minimum of the functional is positive, indicating
no violation of the conjectured quantum Penrose inequality.

The second method makes use of Mathematica’s “FINDINSTANCE” routine. We specify
two parameters of the solution, e.g., (o, x) and then use FINDINSTANCE to generate a large
set of the remaining parameters such that all the constraints just described are satisfied.
We then test the validity of (10.3) on the numerically constructed data. We repeat the
same procedure for different choices of the manually specified parameter values. In no
cases do we find violations of (10.3).

In summary: our numerical investigations are consistent with the validity of (10.3) for
charged and rotating quantum black holes.

10.2 Penrose inequality with angular momentum

The Penrose inequality is one member of a hierarchy of conjectured inequalities that bound
the mass in terms of the horizon area and additional conserved charges [309]. For example,
in four-dimensional Einstein-Maxwell theory, the following generalized Penrose inequality
is expected to hold [110],

A @ w(¢*+4T?)
2 /
(We refer the reader to [110] for a discussion of the conventions in this formula). The

inequality is saturated by the Kerr-Newman solution. The constraint on the area arises
because it is only when A > 47/q* + 4J? that the functional on the right-hand-side of the
inequality is monotonically increasing as a function of A. When the charge and rotation
vanish, the inequality reduces to the familiar Penrose inequality but otherwise is a stricter
constraint.

It is natural to wonder whether there exist quantum inequalities that incorporate addi-
tional conserved charges. The charged and rotating quantum black hole provides us with
a means to check the viability of such statements. To obtain one such inequality, we will
follow the same chain of reasoning that led to the inequality (10.5).

We shall pursue an inequality that incorporates the angular momentum. The first
step is to obtain an identity that holds for the classical rotating BTZ geometry. It is
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straightforward to verify that

A2 6Am2GRJ?

8GsM =
Gs 47203 LE

for classical rotating BTZ. (10.6)

The function on the right-hand-side is an increasing function of A provided that

A Z 471'\/ ggggj. (107)

This suggests the following “naive” quantum Penrose inequality with angular momentum

2 2
8GsM > lz <2g38gen) + 2mJ when  Sgen > m/&—J (naive) . (10.8)
5 T Seen g3

The above naive inequality does not hold for quantum black holes. The reason for this
is simple: saturation of the inequality by the classical solution is too strong a requirement
in three dimensions. In four and higher dimensions, the case A = 0 corresponds to the
vacuum. But this is not so in three dimensions, as there is a mass gap: there exist naked
conical singularities whenever [83]

—\/1 4 (8G3J)* <8GsM < 0. (10.9)

These naked singularities become cloaked by event horizons when quantum matter backre-
acts on the geometry. This generates horizons of non-vanishing area in regions of parameter
space where they would be classically forbidden. The naive inequality fails to account for
this fact, and this is the reason why it fails to hold. To remedy this, the mass appearing
in the inequality must be shifted so that the zero point now coincides with the boundary
of the parameter space containing naked conical singularities. The same reasoning applies
to the nonrotating case, as explained in [153]. The result is then,

1+ (8G3J)? 1 /2G3S.0n\2  (27T\° (5]
LY/ A S Il gen) h o > T —= . (10.1
8Gs ( + %G, = ( = + S when  Sgen > 7 Gl (10.10)

When J — 0, this inequality recovers the quantum Penrose inequality (10.3) first presented
in [153]. With the mass shifted as above, the inequality is no longer saturated in the
classical limit, but it is still satisfied.

If the above proposal is to be considered viable, then it must hold for all quantum black
holes. We have numerically investigated the validity of the inequality for the neutral and
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charged rotating quantum black holes using the same techniques described in the previous
section. We have found no counterexamples within the scanned parameter space.

In fact we have found that a slightly stronger inequality holds for the charged and
rotating quantum black hole

1 2ggsgen>2 A (3]
M—M.,.)> — (£32en h > 22 10.11
8Gs ( ) > @( Cm) 4 (G) when S zm ST (10.11)
where ]
My, = —— . 10.12
835 ( )

To assess whether this stronger inequality holds in general will require a study of the
k = 41 quantum black holes. This would be a good target for future work.

10.3 Quantum reverse isoperimetric inequality

Within the context of extended phase space thermodynamics, it was conjectured that
asymptotically AdS black holes obey the reverse of the familiar isoperimetric inequality
for surfaces in Euclidean space [109],

_1

R = <<D_1)Vth> o (QD—2>DI2 >1. (10.13)

Qp_s A -

Physically, this conjecture captures the idea that, at fixed thermodynamic volume, the
entropy is maximized for the Schwarzschild-AdS black hole.

Over the last decade, this inequality has been subjected to a variety of tests and has
largely held up. In four and higher dimensions, there exists no robust counterexample of
the conjecture for asymptotically AdS black holes in Einstein gravity.! In three-dimensions,
the classical charged BTZ metric is a potential counterexample [233]. However, as already
explained in [155], this case is ambiguous and depends on how the length scale associated
with the charge is defined.

!The ‘super entropic’ black holes first studied in [207] were initially thought to be a counterexample
to the inequality. However, it was later realized that these black holes have degenerate thermodynamics,
calling into question their status as a counterexample to the inequality [206, 28]. Moreover, beside this
point, those solutions are actually asymptotically locally AdS.
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In [153], a quantum generalization of the reverse isoperimetric inequality was proposed
and tested against all known three-dimensional quantum black holes. The quantum reverse
isoperimetric conjecture states,

_ B e
Ro = <(D1)Vth> <QD_2> > 1 for thermally stable BHs. (10.14)
QD—Q 4gDSgen

In understanding the ingredients in this formula, it is important to recall how the thermo-
dynamic volume is defined. The thermodynamic volume has a zero point ambiguity that is
directly tied to the zero point ambiguity of the mass. In higher dimensions, the “interest-
ing” thermodynamic volume is the one that is obtained when the mass is defined according
to the Ashtekar-Magnon-Das (AMD) prescription, which assigns zero mass to the global
AdS vacuum [109]. This is equivalent to assigning zero thermodynamic volume to the
vacuum. The conventions used in three-dimensions do not adhere to this prescription, and
we must subtract a Casimir contribution from the volume,

aMcaS
Vin =V — Viee, Ve = . 10.15
. ( e ) | (10.15)

For the quantum black holes considered here, we have

22
Mens = —8;3 = Vi = —””253 . (10.16)

We have tested the quantum reverise isoperimetric inequality for the charged and ro-
tating quantum black holes. We have done this numerically, using the same constraints
as for the Penrose inequality. That is, we demand positive temperature, and select our
data such that z > 0, v > 0 along with positivity of the quantities in eq. (7.40). We also
demand that a? < 1, since this is implicitly assumed in the derivation of the coordinate
chart and subsequent thermodynamic expressions.

In [153] it was found that there exist some black holes that violate (10.14) but are ther-
mally unstable (adhering to Johnson’s revised version of the classical reverse isoperimetric
conjecture [232]). Here we find that such examples actually have a® > 1, and are therefore
pathological. In summary, we find strong numerical evidence that the quantum reverse
isoperimetric inequality holds robustly for these solutions. When a?> < 1 and the other
physicality constraints hold, we find not a single violation of the inequality.
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Chapter 11

The Gyromagnetic Ratio of the
Charged and Rotating Quantum
Black Hole

11.1 The renormalized gyromagnetic ratio

It is possible to make a preliminary investigation into the gyromagnetic ratio of the quan-
tum black hole. In the appropriate coordinates (t,7, q@) where the metric is manifestly
asymptotically AdSsz, the expression for the magnetic dipole moment may be extracted
from the asymptotic expansion of the angular component of the gauge field on the brane
as

_ ,um _
A(EN?, r— 0. (11.1)

Using the gauge field around the black hole (7.36), we find that

2a/1 — a2qll3A?
fiy = IV T TR (11.2)
Cs
We define the gyromagnetic ratio g,, of the quantum black hole via
J
i = 94Q (11.3)

IS (M — Meps)
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where M, J,Q are given in (7.21), (7.23), and (7.35), respectively. This formula takes
into account the fact that the definition for the electric charge of the black hole used in
this thesis differs from that of the standard literature by a factor of 47w /g4. The standard
formula p,, = g,QJ/2M is appropriate when the mass of the black hole is defined such
that the vacuum has zero energy. This is not the case here, where the vacuum has an
energy contribution of M.,s = —1/8Gs which must be substracted to ensure the ratio is
positive.

We have verified that the above definition of the gyromagnetic ratio passes a non-trivial
consistency check. Specifically, when one carefully takes the £ — oo limit of the charged and
rotating C-metric, the result is the Kerr-Newman(-AdS) black hole — see Appendix B.2.
In this limit, our expression for the gyromagnetic ratio reproduces well-established results
in the literature, e.g. limiting to g,, = 2 for the Kerr-Newman solution [136].

Evaluating the above ratio for the thermodynamic quantities we have computed earlier,

we obtain
29,1 — a? (A% + 22 (1 — A%k (@* + 1)))
Azt (i + ¢*a1) '

This in turn can be written in terms of the dimensionless variables z, v, x, and «, as well
as the gauge constant on the brane g3. In the limit of large backreaction, this expression
diverges as /v. Holding fixed the ‘bare’ parameters u,a,q and examining each term in
the expression shows that while () and p,, are well behaved and finite in the limit of large
backreaction, the mass and spin diverge like M ~ v, and J ~ /v.

gm = (11.4)

Of course, the ‘bare’ quantities are not physical, and so we should instead examine the
behaviour of the gyromagnetic ratio as a function of the physical mass, charge and angu-
lar momentum as the backreaction varies. Unfortunately, the necessary analysis cannot
be carried out analytically, and therefore we study this problem numerically. By fixing
physically measurable quantities such as the mass difference M — M., electric charge @),
and angular momentum J, we let the underlying geometric parameters z, x, and a vary
with the backreaction parameter v. Due to the algebraic complexity of the parameter de-
pendencies, the necessary inverse relationships, e.g. z(v, @, J, M), etc., must be obtained
numerically. The resulting numerically computed gyromagnetic ratio as a function of the
backreaction parameter is presented in Fig. 11.1. A significant result of this analysis is that
the structure of the g, curve proves robust against variations of fixed physical parameters.
Importantly, for large values of backreaction parameter v, the renormalized gyromagnetic
ratio exhibits a clear universal behavior, asymptotic to 2w. A good approximation to the
curve is 2m/v/ (V2 + 1)V4.
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Figure 11.1: The renormalized gyromagnetic ratio of the quantum black hole on the brane
as a function of the backreaction parameter v for the displayed values of the Casimir
subtracted mass AM, charge ) and spin J. The structure of this curve is insensitive to
the fixed physical values that an observer would measure, of the black hole on the brane.
The gauge coupling g3 has been set to unity.
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11.2 Discussion

We studied aspects of the thermodynamic properties of the charged rotating quantum
black holes in the braneworld. The charged rotating quantum black hole can be obtained
by incorporating an ETW brane in the charged rotating AdS C-metric. The quantum
black hole then serves as an exact solution to the semi-classical gravitational field equation
on the ETW brane, which includes the quantum backreaction from the quantum matter
on the brane at all orders.

First, we calculated the thermodynamic quantities, such as the mass, and generalized
entropy for the black holes. The mass of the black hole is determined by the conical deficit
of the three-dimensional geometry. The generalized entropy of the black hole incorpo-
rates all-order of backreaction from the holographic CF'T on the brane. Working with the
methods of black hole chemistry, where the cosmological constant is treated as a thermo-
dynamic variable, we found both the thermodynamic first law and its integral form (Smarr
formula) for the quantum black hole, from three perspectives: the brane, the bulk, and the
boundary. From the brane perspective, where there is a quantum black hole coupled to
quantum matter, the central charge of the holographic quantum field was considered as a
thermodynamic variable; from the bulk perspective, where there is a tensional brane, the
tension of the brane was taken to be variable; from the boundary perspective, we studied
the thermodynamics of the two-dimensional DCFT.

A numerical analysis of thermodynamic phase diagrams allowed us to identify second-
order critical points and calculate their associated critical exponents. The neutral-static
quantum BTZ black hole’s re-entrant phase transitions were found to be characterized by
unorthodox critical exponents @ =0, § =1, v =2 and § = 3, which, however, still satisfy
classical thermodynamic scaling relations-the Rushbrooke inequality and the Widom rela-
tion. Notably, to the best of our knowledge, this is the first and only example of a black
hole in General Relativity with critical exponents outside of the mean field theory class.
While similar non-standard critical exponents have indeed been observed elsewhere, these
examples always require modifications of Einstein’s theory [124, , , ]. However,
it must be emphasized that here the corresponding black holes do not dominate the ther-
modynamic ensemble, as they have positive free energy. We found that the introduction
of any electric charge or spin into the system changes the thermodynamics of the black
hole system such that to eliminate the re-entrant phase transitions, and introduce non-
re-entrant phase transitions which have conventional critical behavior, with the van der
Waals type orthodox critical exponents of mean-field theory & = 0, 5 = 1/2, v = 1 and
0 = 3. This was confirmed across all three perspectives with consistent results.

The braneworld approach offers a mechanism by which one can solve the equations of
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semiclassical gravity via holography. However, the semiclassical approximation will remain
valid only insofar as the quantum fluctuations of the metric remain under control. This is
particularly relevant in our case because we have seen it is possible to construct extremal
quantum black holes. Generally speaking, a key development of the last decade has been
the understanding that the semiclassical approximation cannot be fully trusted for low
temperature horizons. To study the limitations of the semiclassical approximation, we
used the mass gap Mg, near extremality which defines a temperature scale above which
the semiclassical approximation can be relied on.

Concerning extremal solutions, we showed that in the presence of rotation there are
two branches of extremal horizons while in the presence of charge alone there is a single
extremal branch. Of the two branches of extremal solutions for (charged)-rotating black
holes, one behaves analogous to familiar higher-dimensional extremal rotating solutions,
while the other is highly exotic. In particular, while we demonstrated that (upon impos-
ing physicality conditions) Mg, is always positive for the ‘sensible’ extremal solutions, it
can become negative for the exotic ones. Since M,,, plays the role of a coupling in the
Schwarzian action that governs the fluctuations of quantum zero modes of extremal black
hole throats, this suggests likely semiclassical instabilities of the exotic extremal solutions.
We also speculated about the connection between this observation and recent results in
weak cosmic censorship ‘Gedankenexperiments’. In that context, it has been shown via
completely unrelated methods, that the positivity of M,,, is a sufficient condition to en-
sure that classical black holes cannot be overspun or overcharged. Hence, there may be a
connection between the outcome of classical weak cosmic censorship gedankenexperiments
and the quantum stability of extremal horizons.

In the same vein, we also used the charged-rotating quantum black hole as a testbed for
recent proposals of quantum inequalities that generalize certain geometric inequalities in
classical general relativity. A three-dimensional quantum Penrose inequality was proposed
in [153] and tested against charged and rotating quantum black holes, finding agreement.
Here, for the charged-rotating quantum black hole, the complexity of the expressions in-
volved precluded the ability to directly confirm that the inequality is always satisfied, but a
wide-spread sampling of the parameter space found no violations. More significantly, here
we proposed and tested a generalized quantum Penrose inequality that bounds the mass
in terms of both the generalized entropy and the angular momentum. While such general-
ized Penrose inequalities have long been studied classically, we believe our proposal is the
first of its kind for semiclassical gravity (certainly the first to be tested nonperturbatively).
In classical general relativity, the Penrose inequality plays an important role in the weak
cosmic censorship conjecture. The hope is that their quantum generalizations can serve as
a guiding light for quantum weak cosmic censorship [154]. Beyond the Penrose inequality
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and its generalized version, we also examined the quantum reverse isoperimetric inequal-
ity, proposed in [153], with the inclusion of charge and spin. Numerical tests confirm the
validity of the inequality for all physically admissible quantum black holes. Violations of
this inequality were found in [153], but noted to be thermally unstable. We find that these
violations actually occur within the unphysical region of the parameter space and, hence,
the quantum reverse isoperimetric inequality is true in all known examples.

Finally, we investigated the gyromagnetic ratio g,, of the charged and rotating quan-
tum black hole, defined by obtaining the magnetic dipole moment from the asymptotic
behavior of the gauge field on the brane, and studied its behaviour as a function of the
backreaction parameter. To ensure physicality of the result, we fixed the Casimir sub-
tracted mass, electric charge, and spin leaving only the backreaction parameter to vary.
Under these constraints, g, is finite as v — oo, with the limiting value of 27. This is
a robust feature, in that adjusting the Casimir subtracted mass, charge, and spin of the
black hole does not change the limiting behaviour of the curve, which is approximated well

by 2my/v/(V? + 1)~ Y4,

165



Chapter 12

Conclusion

This thesis examined how spacetime geometry imprints itself on observables of quantum
fields. Part I approached the question operationally, using UDW detectors as localized
probes of field correlations; Part II approached it holographically, constructing and ana-
lyzing charged and rotating quantum black holes in a doubly holographic AdS braneworld.
The two parts differ in method and motivation, but both treat quantum fields on curved
backgrounds and translate geometric features into measurable quantities.

Part I (Relativistic Quantum Information)

Chapter 3 studied two initially entangled UDW detectors in Minkowski spacetime and
in a gravitational shockwave background. The analysis found that weakly entangled initial
states can gain entanglement after interacting with the field, while strongly entangled
initial states exhibit only degradation. In the shock wave spacetime the enhancement of
weak initial entanglement persists at larger detector separations than in flat spacetime.

Chapter 4 turned to a single-detector observable. By comparing detector transition
rates in locally identical but globally distinct geometries—specifically, RP? and Swedish
geons constructed as quotients of BTZ—it was shown that the response encodes global
identifications hidden behind the horizon. Thus, localized measurements can register global
topology.

Chapter 5 provided analytic expressions, at leading order in the detector—field coupling,
for the reduced density matrix of two static detectors coupled to a massless conformally
coupled scalar in AdSyy1, dS411, and BTZ spacetimes. These formulas enable exact eval-
uations of standard entanglement measures and agree with prior numerical calculations of
entanglement harvesting in these settings.
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Part II (Braneworld Quantum Black Holes)

Chapter 6 reviewed AdS/CFT and set up the doubly holographic braneworld in which
black holes localized on the brane admit codimension-one duals. On the brane side these
are exact solutions of a semiclassical effective theory with higher-derivative terms encoding
the backreaction of conformal matter. These are quantum black holes.

Building on the AdS C-metric restricted to the brane, Chapter 7 constructed solutions
carrying both electric charge and angular momentum, identified the physical parameters
directly from the metric, and used a consistent set of dimensionless variables to present
thermodynamics from bulk, brane, and boundary perspectives.

Chapter 8 mapped the phase structure using free-energy matching and the Maxwell
equal-area construction. The neutral-static quantum black hole exhibits re-entrant phase
transitions with critical exponents that were found to differ from mean-field values. Intro-
ducing charge or rotation removes the re-entrant behavior and yields criticality consistent
with mean-field theory. This constitutes the first appearance of non-mean-field critical
exponents within a theory of Einstein gravity, to our knowledge.

Chapter 9 quantified the regime of validity of the semiclassical description by extracting
a mass-gap scale from a near-extremal expansion of the entropy, analyzed the associated
extremal limits, and related these considerations to the weak cosmic censorship conjecture.

Chapter 10 extended geometric (quantum Penrose-type and reverse isoperimetric) in-
equalities to include charge and angular momentum, and a numerical sweep found them
to be satisfied by the charged and rotating quantum black holes considered here.

Chapter 11 introduced a renormalized gyromagnetic ratio g and showed that at large
backreaction this tends to 2.

Scope and limitations

The detector calculations in Part I are leading order in the coupling, with static world-
lines and a massless, conformally coupled scalar. The topology probe relies on specific
BTZ quotients. The analytic harvesting formulas address those same field and trajec-
tory assumptions. In Part II, conclusions are drawn within a specific doubly holographic
braneworld built from the AdS C-metric; phase diagrams were inferred from standard
free-energy and equal-area methods, and inequality checks were numerical.
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Outlook

Several directions follow naturally:

o Extend harvesting beyond static detectors and conformal coupling, and test whether
the qualitative enhancement seen for shock waves persists for other backgrounds or
switching profiles.

o Generalize the single-detector topology probe to other quotient geometries and to
arrays of detectors to map global identifications more systematically.

e On the braneworld side, explore families of solutions beyond the C-metric construc-
tion to test the robustness of the non-mean-field critical exponents found for the
neutral-static case and to delineate precisely how charge or spin restore mean-field
behavior in the sense of removing the critical points associated with the non-mean
field critical exponents from thermodynamic phase space.

o Combine the mass-gap criterion with dynamical diagnostics (e.g., quasinormal spec-
tra) to cross-check the semiclassical validity regime identified from entropy.

e Study near-saturation regimes of the extended inequalities and track the renormal-
ized gyromagnetic ratio along controlled parameter sweeps to clarify how quantum
backreaction modifies classical relations.

At a high level, the two halves of the thesis realize the same program from different
angles: translate properties of spacetime into quantities that are calculable and physically
meaningful. In Part I the map is explicit—detector response functionals of the Wightman
two-point function transcribe local curvature and global identifications into measurable
rates and correlation measures. In Part I the doubly holographic setup packages quantum
backreaction into a semiclassical effective theory on the brane, whose black hole thermo-
dynamics and phase structure are computable. In both cases, geometry is not described
abstractly, but through its imprint on operational or thermodynamic data.

Two general lessons follow. First, global structure leaves local signatures, in the sense of
affecting the transition rate of detectors locally coupled to the field, because the field state
stores nonlocal information. This sensitivity to the topology of BTZ quotients illustrates
that global identifications can be diagnosed by local observers. Second, the character of
thermodynamic criticality depends sensitively on how quantum backreaction reshapes the
effective dynamics. In the neutral-static branch of the quantum black hole family studied
here, higher-derivative terms from conformal matter result in re-entrant phase transitions
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with non-mean-field critical exponents, and introducing charge or rotation restores mean
field behavior.

A broader set of questions emerges from these results. On the detector side, the natural
next step is to ask whether entanglement harvesting can serve as a diagnostic of global
structure: do the correlations registered by two detectors distinguish between spacetimes
that are locally identical but globally distinct, in the same way that single-detector re-
sponses can? Here, the analytical results presented in Chapter 5 may facilitate an in-
vestigation that would otherwise be hampered by numerical difficulties associated with
accurately evaluating the action of the Wightman distribution on smooth test functions,
particularly given the method of images.

On the quantum black hole side, the appearance of non-mean-field exponents in the
neutral-static branch raises the sharper question of mechanism: which specific higher-
derivative terms in the semiclassical brane effective action, induced by conformal matter
backreaction, are responsible for the departure from mean-field criticality, and why are
these effects eliminated when charge or rotation is introduced?

Taken together, the results of this thesis show that geometric input—curvature, topol-
ogy, and boundary conditions on the one hand; charge, rotation, and backreaction on the
other—leaves structured, calculable traces in detector observables and black hole chemistry
respectively. The tools developed here make some of those traces explicit and provide a
clear path for sharpening them further.
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Appendix A

Explicit construction of the Swedish
geon

A.1 Swedish geon generators

In this appendix we construct a convenient pair of free generators of the isometry group
by which the Swedish geon is quotiented from AdS3;. We first consider the spacelike hy-
persurface on which the geometry is locally that of the Poincaré disk, and we then extend
the generators to the spacetime.

A.1.1 Fundamental domain on the Poincaré disk

Recall that the Poincaré metric on the open unit disk |z| < 1 of C is
4|dz|?

(1=

The metric has constant negative curvature, with Ricci scalar —2. The metric is invariant

under the fractional linear SU(1, 1) action

ds® = (A1)

az+ B
= - = A2
2z U(z2) G2t a (A.2)
where U € SU(1,1) is written as
_(a B
U= <5 a)’ (A.3)



where a and 3 are complex numbers with |a|?—|3]*> = 1. The only degeneracy in this action
is that U and —U give the same fractional linear transformation. The isometry group of
the Poincaré disc is hence PSU(1,1), and elements in PSU(1,1) may be represented as in
(A.3) when understood modulo overall sign.

To establish notation, we define three one-parameter families of SU(1, 1) matrices by

R(6) = (eig/g 6_99/2>, (A.da)
~ (cosh(¢/2) sinh(¢/2)
Du(¥) := <sinh(w/2) cosh(zb/?)) ’ (A.4D)

cosh(¢)/2)  isinh(¢/2)
Dy (¢) == (—i sinh(v/2) cosh(z/J/Q)) ‘

The action of R(f) on the disk is a rotation about the origin, and € is the rotation angle,
measured positive counterclockwise. The action of Dy (1) is a boost with fixed points
at z = +1, such that positive values of the rapidity ¢ move points to the right, towards
z = 1. The action of Dy (%) is a boost with fixed points at z = =44, such that positive
values of the rapidity ¢» move points upwards, towards z = ¢. The subscripts H and V'
stand respectively for “horizontal” and “vertical.”

With this notation, let a > 2arcsinh(1), and let

(A.dc)

A= Dyl(a), (A.5a)
B := Dy(a). (A.5b)

A and B act on the disk as illustrated in Figure A.1 (a), mapping the four symmetrically-
chosen geodesic circle segments to each other as shown. The condition a > 2arcsinh(1)
is the condition for the circle segments not to intersect, neither on the open disk nor on
its boundary. From the figure it is hence clear that the group generated by A and B acts
on the disk freely and properly discontinuously, and the domain between the four circle
segments in the figure serves as a fundamental domain for the group action. This is the
construction given in [24].

The symmetric fundamental domain shown in Figure A.1 (a) intersects the boundary
of the disk in four segments, but it is clear from the identifications that these four segments
connect to form a circle, and the quotient space hence has a single trumpet-like infinity.
A fundamental domain adapted to the infinity is displayed in Figure A.1 (b), where the
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iBABTA™!

(a) (b)

Figure A.1: Two fundamental domains on the Poincaré disk. (a) In panel (a), the fun-
damental domain is between the four symmetrically-arranged geodesic circle segments,
and the identifications of the segments use the generators A and B (A.5) as shown. The
fundamental domain reaches the boundary of the disk in four segments, and the identi-
fications join these segments into a circle. (b) In panel (b), the fundamental domain is
between the seven geodesic circle segments, and the identifications of the segments use the
generators A and B (A.6) as shown. The fundamental domain is adapted to the infinity,
where it reaches the boundary of the disk in a single segment, and the identification by
BAB™'A™Y = —Dy(¢y), with 1, given by (A.10), joins this segment into a circle. The
horizon is on the axis of Dy (1)y,) as shown.
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identifications of the boundary segments are as shown, and the SU(1,1) matrices A and
B are given by

A = R(q)Dr(—xa)Dv(—a)Du(xa)R(—q) (A.6a)
B = Du(—x5)Dv(a)Du(xs), (A.6b)
with
q= arctan(@) , (A.7a)
g2
XA = arctanh(m> : (A.7h)
XB = arctanh(é) , (A.7c)
where
S :=sinh(a/2), C :=cosh(a/2). (A.8)
The map between the two infinity-reaching boundary segments is by
BAB'A™' = —Dy(¢n), (A.9)
where
vy, = 4arcosh<32> . (A.10)

The transformations leading from Figure A.1 (a) with (A.5) to Figure A.1 (b) with
(A.6) are given in A.2. In A.2 it is shown that the quotient surface is a punctured torus,
and A/{£1} and B/{%1} are a pair of free generators of the fundamental group of this
surface.

A.1.2 Generators in the spacetime

Recall that we realise AdS;3 as the hyperboloid (4.6) in R*? with the metric (4.7). We
write the action of the O(2,2) isometry group on AdSj3 in terms of the embedding space
coordinates as

15 15
T, T
|~ U X | (A.11)
Xy Xy

210



where U denotes O(2,2) elements in the defining matrix representation.

In terms of this realization, we embed the Poincaré disc of Figure A.1(b) in AdS; by

=0, (A.12a)
T 1+ |z
71 = }222 : (A.12Db)
X2 +2X1 2z
; =1 pred (A.12¢)

as the spacelike hypersurface T, = 0 with 77 > 0. The induced metric on this hypersurface
is /2 times (A.1). The isometries of the Poincaré disk by the SU(1,1) matrices (A.4) are
induced from the AdS;3 isometries by the respective O(2,2) matrices

1 0
01
@(6)_ 00 COSQ —sm@ (A-13a)
0 0 sinf cosf
1 0 0 0
|0 cosh® sinhey 0
Da(¥) =10 sinhy coshe 0] (A.13D)
0 0 0 1
1 0 0 0
0 cosh 0 sinh

)

sinhv) 0 cosh

It can then be verified that the Poincaré disc isometries by A and B (A.6) are induced
from the respective AdSs3 isometries by

1 0 5 ’
cosh(2z) cosh(4z
0 COSh(6Z)+QC‘?Sh§4z)+COSh(2z) ( )2 (42) sinh(4z)
4 sinh*(2) sinh”(2)
A= cosh(2z) 2 ’
0 S — coth®(2) 0
sinh”(2)
h h 4 cosh
o _cosh(52) +3cosh(3z) + 4 cosh(z) —4[cosh(22)]3/2 coth(z) — cosh(4z)

2sinh(z)
(A.14a)

211



1 0 0 0

cosh(4z) 4 cosh(2z) [cosh(22)]%/2 cosh(3z) 4 cosh(z)
2sinh®(z) sinh?(z) sinh(2)
== 0 —w — coth?(2) —24/cosh(2z) coth(z)  (A14D)
0 Cosh(?;?i&;)osh(z) 2,/cosh(2z) coth(z) 2cosh(2z2) +1

where z = $¢,. The Poincaré disc isometry by BAB'A™' (A.9) is induced from the
AdS; isometry by Dy (¢y,). It follows that the quotient of the Poincaré disc evolves into

a single-exterior spinless BTZ black whole with 27v M = 1}, where M is the mass, and
the exterior is covered by the BTZ coordinates (t,r,¢) in (4.11) and (4.12), with the
identification (¢,7,¢) ~ (t,r,¢ + 2r). In terms of M, (A.14) then has z = 7V M.

A.2 Fundamental domain deformation

In this appendix we describe the deformation between the two fundamental domains shown
in Figure A.1.

We start from the Poincaré disc of Figure A.1(a), with A and B given by (A.5). We
map the disc to the upper half-plane by the fractional linear transformation

(1-i(C+9)z+i—(C+S)

(1+i(C+8))z+i+(C+S) (A.15)

w=1V X

where S and C' are given by (A.8), and V := ,/%. Writing w = u + v, where u € R and
v > 0, the metric (A.1) is mapped to the upper half-plane hyperbolic metric

,  du® + dv?
=—

ds (A.16)

The fractional linear transformations by A and B are mapped respectively to fractional
linear transformations by the SL(2, R) matrices

- (—C(S—1) -SV
A( g2y C(S+1)>’ (A-17a)
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- ¢ SV
b (400 ). i

The fixed points z = 1 of A are mapped to the fixed points of A, which are respectively
at w = —V(C —1)S™" and w = —V(C + 1)S~', and the fixed points z = +i of B are
mapped to the fixed points of B, which are respectively at w = £V. The fundamental
domain in Figure A.1(a) is mapped to the fundamental domain D; in Figure A.2, with
the identifications described in the caption. Figures A.2—-A.4 then show how D; can be
replaced by the new fundamental domain D3 in Figure A.4(b), as described in the captions.
In particular, it follows that there is a horizon, generated by the boost

254 —1 2C052%/5% —1
205%/5% —1 254 —1 ’

which has fixed points w = £1 and the boost parameter ¢, (A.10).

BABTA = — ( (A.15)

Finally, we map D3 in the upper half-plane back to the Poincaré disk by the fractional
linear transformation
1w+ 1
2= ——7, A.19
—iw + 1 ( )
which maps w = 0toz =1, w =4 to 2z =0 and w = oo to z = —1. This gives the
fundamental domain in Figure A.1(b). A and B are boosts with rapidity a, with fixed
points respectively at

eiq_S2 Fiv/S2 -1

A: N (A.20a)
_ /S92
p. LEWS oL (A.20D)

S

where ¢ is given by (A.7a). From this it follows that A and B have the expressions given in
(A.6)—(A.8), using the fact that Dy (1)) maps the fixed points +i of Dy (1)) to respectively
tanh ¢ 4/ cosh .

A.3 Topology

In this appendix we show that the quotient surface of the Poincaré disc is a punctured
torus, and its fundamental group is the free group generated by A/{£1} and B/{%1},
were A and B are given in (A.6).
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(a) (b)

Figure A.2: (a) The upper half-plane fundamental domain D; to which the fundamental
domain in Figure A.1(a) is mapped by the fractional linear transformation (A.15). A maps
the left single-arrowed semicircle to the right one, and B maps the quadruple-arrowed
semicircle to the positive imaginary axis. (b) D; together with its image under A, shown
shaded.
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(a) (b)

Figure A.3: (a) As in Figure A.2 (b), but showing also a geodesic arc (in red) that cuts D
in two symmetric halves, and the image of this arc in the shaded image of Dy. (b) A new
fundamental domain Dy, combining half of D; and half of the shaded image of D;. The
upper triple-arrowed boundary is mapped to the lower triple-arrowed boundary by A. The
left single-arrowed boundary is mapped to the right single-arrowed boundary by ABA.

We start by representing the punctured torus as shown in Figure A.5(a), as a punctured
rectangle with the opposing sides pairwise identified as shown. We then perform a sequence
of cut-and paste deformations as shown in Figures A.5(b)-A.7(a). The fundamental domain
in Figure A.7(a) is topologically identical to that in Figure A.1(b), and the identifications
by A and B in Figure A.1(b) correspond to the pair of identifications across the boundaries
of the fundamental domain in Figure A.5(a). A perspective picture of the fundamental
domain of Figure A.4(b) glued across the identifications is shown in Figure A.7(b).

As the fundamental group of the punctured torus is the free group generated by the
two identifications shown in Figure A.5(a) [191, Section 1.2][111], it follows that A/{£1}
and B/{£1} provide a pair of free generators for the action of the fundamental group on
the Poincaré disc.
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(a) (b)

Figure A.4: (a) D, together with its image under B, shown shaded. Also shown is a
geodesic arc (in green) that cuts Dy in two symmetric halves, and the image of this arc in
the shaded image of Dy. (b) A new fundamental domain D3, combining half of Dy and
half of the shaded image of D,. The left quadruple-arrowed boundary is mapped to the
right quadruple-arrowed boundary by B. The left single-arrowed boundary is mapped to
the right single-arrowed boundary by BAB='A!, whose fixed points are w = £+1. The
dashed curve is the geodesic circle joining w = 41 and forming the horizon.
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(a)

triple-arrowed boundary segments are identified.

(b)

Figure A.5: (a) Fundamental domain of a punctured torus, realised as a rectangle with
a hole in the middle. The arrows show the pairwise identifications of the sides. All the
four corner points, labelled ¢, are identified. (b) A pair of identified points labelled p on
the boundary are chosen. The double-arrowed boundary segments are identified, and the

/] /]
/] /] /]
r r
P P
N\ \N ° o AN\N
q ° o
7 p p q q 7. 7
r r

surface is continuously deformed around the new cut.
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Figure A.6: (a) A cut is introduced from one of the points p to the puncture. (b) The



(a) (b)

Figure A.7: (a) The straight boundary segments of Figure A.6 (b) are deformed to curved
boundary segments that match those in the upper half-plane fundamental domain in Fig-
ure A4 (b). (b) A perspective picture in which the fundamental domain of panel (a)
has been embedded in R? and glued across the identified boundaries. The top side of the
surface in panel (a) has become the inner side in panel (b).
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Appendix B

Explicit Expressions for the Charged
Rotating Quantum Black Hole

B.1 Explicit expressions

B.1.1 Brane volume and chemical potential

The thermodynamic volume on the brane, V3 is given by

2ml3 & n
VE% = O%/B Z:ONV,TLZ ) (Bl)

where
Nv,o =a’v? (B 2)
Nyy=—2a%(a®+1)v (B.3)
Ny =20 (a2 + 1%+ 2) — 242 (B.4)
Ny =v (22" (V¥ +2) +a® (2(* +1)x* = > +6) — v + 4) (B.5)
Ny, =a? (2042 (V2 (1 — XQ) — 2) + 2+ TR — 4) (B.6)
Nys =v (2@4 (—V2X2 +x* — 3) + a? (—6y2 + 4x* — 8) — 2 <X2 + 3)) (B.7)
Nug=—v" (2 +1) +20* (! (* = 2) + 2 (3x* - 2) +1) (B.8)
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+ a?1? (1/2 <X4 +x? — 4) + 2 <x2 + 1)2)

Nyr=v (2044 (3y2 + (V4 + v — 2) X° + 2) (B.9)
+a’v? (2 (V2 + 2) N (1/2 — 1) 2+ 3) — 1/4)(2)
Nyg = — a*1? ((1/2 + 2) 2+ 1) (2a2 — V2X2> (B.10)
and
Oy =a’ + 22 <X2 + 22 <u2X2 —a? ((u2 + 1) X2+ 3)) (B.11)
+2vz (207 + 32 +1) +3) +1
Let f(x) = +/1+ 22. The chemical potential on the brane 3 is
s = eglou Z%Nu,nz”, (B.12)
where
Npo =202 (@) F () (F(0) + 1) (B.13)
N1 =a?f(@)? f(0)? (o2 (=2f(v) + 2 = 2) + 2 (2f(v) +3) = 2(f(») + 1)), (B.14)
Nuz ==20f()* (a®(2f(v) +3) + 3a* (f(v) + 2) + *(f(v) + 4) + f(v) +2) ,  (B.15)
Nus =f@)*(a® (4% 4 6) f(v) =12 +6) + o' (V2 (*(6f(v) +5) + 4f(v) - 9) (B.16)
+2(x*+5) (f() + 1)) + a2 (1 (442 = 2) f(v) + x> — 15)
—2(X*=3) (f(") + 1)) =2 (4f (W) +9) +2(f () + 1)),
N, 4 :Vf(y)2(2a6 <2f(y) (1/2 -2+ 2) + <I/2 - 2) X2+ 7) (B.17)
+at (Qf(y) (5 VE—1) P+ + 8) + 12 (7)(2 — 9) —10x% + 28)
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Nus =) (= (o (v? (x*(16£ () +21) — 12)
+2 (0 +4) (fv) +1) + 2v°%))
+ ot (4V4X2f(1/) + v? ( 2X*(10f(v) + 13) +4f(v) + 29)
+2(2 = 7) (fv) + 1)) + * (27 (2f (v) + 1)

+2(9°(f(v) + 1) = 8f(v) — 11) )
+a' (12 (6" — 4x* — 26) f(v) +4x" — 22x° — 13)

+ 4x? (X2 + 3) (f(v)+1)=32f(v) — 38) + az(u2(2 (X4 Y 13) fw)

—((E+17) ) —22) —2 (X" = 5x* +6) (f() + 1))
V2 (3P (6F(v) +3) +8f(r) +9) +2 (3> — 1) (f(v) + 1)),

Ny —f( ) (®(v* (206 (v) + 1) = 8(f(v) + 1) +x*)
v (=2 (f (v )+1)+x (16f(v) +25) — 12)
—2(x* - 4) () + 1)
+ a4(y4 (2 ™+ x? 8) fw) +6x" — 7% — 16)
+ 2 <X2(34f(y) +48) + 12f(v) + 1) +2 (2)(2 + 7) (f(v) + 1))
+a? (nut (X (6 (v) — 3) — 4% (2f(v) +1) = 10(f(v) + 1))
+ 2 (=6x*(f(v) + 1) + X*(28F (v) + 25) + 16f () + 19)
—6 (X = 1) (F) +1)) = v* ((6x* +2) F(v) +3x* +2)
+ 603 (f(v) + 1),
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ws =V ()2 (a8 (V2 (4F(v) — 3x* +8) (B.21)
+12 (0 (=2%(Tf (v) +9) + 12f (v) + 35) + 4(5f(v) + 4))
—2x* (2 +3) (f(v) + 1) + 16 (v) + 18)

)
+a' (v (2% f (v) = 1) + 2f (v) + 11)
+12 (2 (=T (F(v) +1) + 11f(v) + 18) + 38f(v) + 37)
+2(2(x2—7)x+7)(f(1/) 1))
+a? (v (33 = 2) (2f (v) — 1)
+12 (2 (=4 + 87+ 7) f(v) — 9" +9x° + 16)
—2(X'+ 7 =2) (f) + 1) =2 (2 (VP - 1) fv) + 02 - 2) ),
Nyg=— a2f(u)2<a4 (1/4 ((6)(4 +20x° — 8) f(v)+9 (X2 + 2) Y- 8) (B.22)

+ 12 (=100} (f(v) + 1) + X2(40f (v) +4T) + 8f(v) + 5)
+2 (X2 - 3) (f(v)+1)+ 31/6)(4) - 042( — 2% (f(v) — 2)
— vt (2(X0 = 6x" = 11 +4) f(v) +x° — 11" = 27x* + 8)
v (40X F () — 2 (X* +3) X' (F(v) +1) + 14f (v) + 3Tx* +17)
—6(x —1) (f(1) + 1)) + 15 (1 = 2f () + v (X (8f (v) + 11)
—2(f(v) + 1) +3x%) + 622 (F(v) + D F(x)?),
N, 10 IQQVf(I/)2(Oé4<V4X2 (X2(8f(y) +7)—12(f(v) + 1)) (B.23)
+02 (o (C(4f (v) + 17) +4f (v) = 1) = 12(f(v) + 1))
—2(x" =9 +2) (f(v) + 1))
+ 042(y4x2 (6 (X4 —x* - 1) f(v) +3x* = 5x° — 5)
+ 2 (6X°(f(v) + 1) + X*(8f(v) + 13) = 6f(v) + 2x" — 7)
+2(2¢" +5x* = 1) (f(v) + 1))
+ vy (—6X2f( )2+ 2f(v) —3(3V —|—2>X + +2)>
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Ny :an(y)2<a4 (1/6X4 (4f(u) —x* + 5) (B.24)
+ 0 (2 (=X X+ 8) F(v) = 3"+ 10x* + 14)
+02 (=2°(f () + 1) + X*(8f(v) + T) + 4f () + 5)
—2(0 = 1) (f() + 1)) + 2?2 (VN (X (61 (v) +3)
—4(f(W) + 1)) + 7 (6x(F(v) + 1) + 4(F () + 1) + 3x%)
+6X*(f(v) + 1)) —vi? (2f(u)3 + 3% + 2) ) :
Nyig=— 0441/)(2f(1/)2<y2( (V2 + 2) b (<a2 — 1) Vi 4+ oz2)
+x? (a2 (2u2 + 5) S 2) + 5042)
+2f(v) <V2X2 + 1) (on <2V2 + 1) +x* (o —v)(a+ V)f(l/)2) + 2a2f(X)2) :

(B.25)
and
2 2 2 2 2.2.4
O, =(f() + 1wz +1) (o (2* (v — 1) + 1) +1) (o® + >X*2*f(v)*  (B.26)
— 2 (—3a2z2 +4c’vz + (x +vx2)? + vz + 3) — ) :
B.1.2 Boundary pressure
The boundary pressure P, is given by
1 12
Pp=—— SN Np,2", B.27
N TN DR (B.27)
where
Npo =’V f(a)* f(v)* (Tf(v) = 4> = T) | (B.28)

Npy == a*vf(a)f(v)*(a 2( 9—5f(z/ —8f(v )+y4+8> (B.29)
+202 (V(2f (v) - +1) —8f(v) +8),
Npa =f()*(v*(a? (a* (2 - )+3a (v*+9) +170% + 41) (B.30)
( (4 (" =2)v* + 20" — 150” = 29) = 5) f(v) + 1 +9)
=8f(a)°(f() = 1),
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Nps =vf(v)*(a® (2502 +32) + o (v* (224 +51) + 8 (x* +9)) (B.31)
+a” (1 (11x* +36) + 8 (x> +8)) + 3 (* +8) )
— Vf(y)3(a6 (12u4 + 4107 + 32) + ot (V2 (12y2 (X2 + 2) + 26 + 87)
+8(x*+9) )+ (1 (42 (3 +4) + 15x> +68) + 8 (x* + 8))
+3 (52 +38) ),
Np. f( )'( =208 (v (P = 12) + 2 (8 = 7) + 12) (B.32)
o (v (26x2 +36) + 12 (37 — 8x*) — 48) + a?(Tv* (332 + 2)
V2 (8x* +60) — 24) + 202 (v + 8) ) — F(v)*(20°(60° + " (16 — 5x?)
v (1—8x%) — 12) + o' (4% (3x + 4) + v* (22x” + 56)
v? (13 — 8x2) — 48) + o (v° (8x* +4) + v* (25 + 46)
+87 (X2 +6) —24) + 27 (502 +8) ),
Nps =vf(v)*(a® (160" + 68> + (40° + 160" + 110> — 16) x* + 64) (B.33)
+at (280 =2 (7 (v* +2) V2 +16) X* + 1200 + 128)
o? (16u4 + 7317 — (41/6 + 180% + 2902 + 24) X° + 72)
— f(v)(a® (361 + (4" +190° — 16) x* + 64)
+at (6502 — 2 (30" + 617 + 16) x* + 128)
o (3702 — (100" + 1702 + 24) x* + 72)
A F () + 27 (T—237) ) + 80! + 1407)
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Npg =f(v ( (v* (51x* = 56) + 12 (64x* — 46) + 24) (B.34)
o (V' (23x" + 76x* — 110) + * (16x* (x* + 6) — 107) + 24)
+a%? (12 (4x" + 65x° — 89) + 8 (x' + 7x* = 5) ) + 30 (4x* — 7))

v)? (0 (280° (3 = 1) + " (83x% — 80) + v? (64x” — 34) + 24)
+ o ( O (3x" +10x* — 14) + 1" (31x* (x* +4) — 166)
+22 (16x* (x* +6) — 95) + 24)
+a%u? (8" (5 = 6) + 17 (8" +93x* — 109) +8 (x* + 7x* - 5))
+3vt (42 (* - 1) +4x2—7)),
- uf(y) (a(40° (9x* — 4) + " (—5x" + 86> — 12) (B.35)
v? (=8 +13x* + 68) — 40x> + 64) + o' (4° (5% (x* + 3) — 8)
v (61" + 1327 — 24) + 17 (32x" + 36x” + 101) — 48x” + 72)
+ 0?02 (24 f(v)? + (520" + 742 +19) x* — 5 (40 + 3% — 7))
+ fw)(a® (V' (X" = T0x* +28) + 1 (8" — 33x* — 36) + 8 (5x* — 8))
o (V' (45x" + 100X = 56) + v* (32" + 60X + 65) — 48x” + 72)
— a2 (V? (12x" + 70x® — 35) + 24x" + 19X + 35)
+04 (7 —122) ) + vt (123 () — 42 = 7)),
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Nps :a2f(1/)4(a4 (V2< (8 — 32 (1/2 + 4)) x* + 6802
+ (280" — 6302 — 104) x* + 46) — 8)
+ a2 (280X (X* +2) + 7 (41x" — 1327 + 116) + 8 (" — 143 + 4))
+t (12 (V2 +2) X" + (2207 = 39) X* + 35) )
— f(u)3(a6 (1/2 (36V4 + 9207 + (20u6 — 1150% — 104) 2
— (40 + 11" + 87 — 8) X" +42) — 8) + a'v?(4 (16" + 3307 + 8)
+ (400 + 470" 450 4+ 8) X! + 2 (1800 — 17" — 9407 — 56) x°)
+ ot (24X f(v)? + 1002 (20 = 1) X* + 2) — 39%* + 35)

+ 45 (f(v) = 1) f ()
(B.36)

Npy = — a®vf(v)* (o' (v2(160" + 1207 — 3 (24" + 5207 + 19)
+ (—408 + 1301 + 4307 4+ 32) X' — 43) + 24 (x* — 1) )
+a?? (4 (v 302 +2) x° — 2 (500" + 867 + 21) x* + 4 (4" + 302 — 7)
+ (—40° + 330" + 5107 + 8) 1)
+ fw)(a*( = 280" + 317 + (30 — 270% — 32) 12!
+3 (400" + 2307 — 8) x* + 24) — o (8x"f(v)? — 6 (2617 + T) X
+28(u — 1)+ (VAT +8) ) — v (4 (P +2) x - 33+ T) )

(8)( f(v)? — (8V +11)X + 42 —1—7))
(B.37)
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Np1o = — a1 (I/)Q(a4< X (4 (8x* = 7) f(v) — 53x* + 48) (B.38)
vt (0 (X 57f —64) — 4f(v) — 25) — 20f(v) + 36)
v? (X2 (X3(3f(v) +5) + 101f(v) — 129) — 40f(v) + 44)
—8(2x -7 +1) (f(r) = 1))
+ a?v? (2u4x2 (6X4(f(1/) —2) +2x*(4f(v) — 5) — 10f(v) + 17)
+ 22 (2 (18x° + 8" = 5x* — 4) f(v) — 48x° — 11x* + 14)
+ (24" — 9x" 4 34x% — 14) (f(v) — 1))
+ v (VT = 4f ) = TF(v) +7) ),
Npu = — o'V f(v)*(a?(4” + (307 + 2) (4" — 30° — 16) x* (B.39)
+ (320" + 661 +19) x* + 7)
+ f(u)( —a? (19 (v* = 2) = 32) x* + (580 +19) x> + 7)
+ 2 f(v) (a - (a2 + 24) f(u)) + 12y ((2y2 + 9) N 14))
+A2 (<3 (22 +3) P+ 87+ 12 (v + 32+ 2) x4+ 14) ),
Npaz =a® (=) 2 f )P (F0) (=X (F(v) = DF(0) + (2207 +15) X+ 7) (B.40)
— 4 -3 (4V4 +100% + 5) — 7) — 405\ f(v)® (—2f(u) + 2+ 2) ,

and

Or =(f(0) = IS 0) + 1) (f0) = 20 ()?) (v= + 1) (B.41)
X <a2 (z2 (yx2z — 1) + 1) + 1) (a2 + a2 f(v)?

2
— 2 (—3&222 +40’vz + (x +vxz)? + 2wz + 3) — 1) .

B.2 Tensionless limit: Kerr-Newman-AdS

In the tensionless limit ¢ — oo the acceleration of the C-metric vanishes and the metric
limits to the corresponding member of the Kerr-Newman-AdS family of solutions. In the
static case, this limit is straightforward and was discussed in [134]. The limit is more subtle
in the rotating case and it is the purpose of this appendix to discuss the relevant details.
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We have used this limit to make contact between our calculations of the gyromagnetic ratio
and the well-established result g = 2 for four-dimensional Kerr-Newman-AdS black holes.

We begin with the C-metric and reproduce the metric and its functions here for conve-
nience:

1 H(r) 2 X(x,r)
ds* = — |- dt 2d * 2 dr?
5= 3 [ (1) ( + ax ¢) + H(r) r o
+7? E(z, T)dxz + Glz) (dgb - adt>2 |
G(z) Y(x,r) r2 ’
where
02 22 12l a2t
H(T):ﬁ—i-/ﬁ—l—?%—g—?, (r) = 2 — ¢at — pa® — k2?41,
a’x? xr
Ba,r) =1+, Q=1+, (B.43)
and the gauge field takes the form
2 lqr alqra?
Adet = —|—F"—,0,0, ——— | . B.44
= ( a2e? +1r27 77 a?a? + r2> (B.44)

It is only in the case Kk = 41 the Kerr-Newman-AdS metric will be recovered, and
henceforth we make this restriction. We rescale the parameters of the solution in the
following way

2m Q a
= —, = — = — B.45
a 03 ¢ (z? ¢ x? ( )
and transform some of the coordinates,
t:aslf—&gzg, r:L, qﬁ:@. (B.46)
T =

We can then take the limit £ — oo and obtain a finite metric and gauge field. When taking
the limit, we keep the four-dimensional parameters ¢4, G4 and g4 fixed. To express the final
result in Boyer-Lindquist form, we define x = 1 cosf in terms of which the metric and
gauge field read

&

ds? =
iy >

~ asin?20 .7 % D

—

Aysin2 [adf— f?taﬂd&r |

(B.47)

—
—
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207 [~ asin?6 .~
A=— df — d B.48
0.5 [ = 4 ’ ( )
where
72 a?
&:4ﬁ+@5<r+@>—2mf+Q% Ag=1—zcos”0, T=7"+a"cos™,
4 4
(B.49)
and
~2 n2
Sl w14 (B.50)
% &1

The above parameter rescalings also allow one to recover the Kerr-Newman-AdS ther-
modynamics from the quantum black hole thermodynamics discussed in this manuscript.
The only subtlety is that one must subtract the Casimir energy contribution from the mass,

m

MKNAdS = ZILI{OIOM - Mcas - =9 <B51)

In terms of this Casimir subtracted mass, we find (upon using the above parameter rescal-
ings)
lim — =a, (B.52)

which, as required, matches the ratio of angular momentum to mass of the Kerr-Newman-

AdS black hole.

Let us further note the following. If instead of starting from the metric (7.2) we start
from the metric written in the ‘barred’ coordinates of (7.19) then the following differences
must be accounted for. The transformation of the (¢, ¢) coordinates of (7.19) result in the
Kerr-Newman-AdS metric in a frame which does not rotate at infinity. That is, taking the
limit in the barred (¢, ¢)-coordinates yields a metric that is equivalent to (B.47) up to the
following coordinate transformation,

i=T, ¢=0—_T. (B.53)

S|

To understand the implications of the new radial coordinate introduced in (7.19), we must
recall that the Kerr-Newman-AdS metric written in the Boyer-Lindquist coordinates (B.47)
is not manifestly asymptotically AdS as the metric components do not have the required
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fall off properties [205]. Instead, to bring the metric into a manifestly asymptotically AdS
form requires performing the following transformations to the Boyer-Lindquist coordinates
as appearing in (B.47):

i=T, ngff)—Z%T, Rcos® = fcosh, (B.54)
9
ER? = 2 + a2sin?6 — %Qf? cos? 0, (B.55)

4

where (T, R, é, <i>) are the coordinates in the manifestly asymptotically AdS chart. Given
this, one recognizes that 7 from (7.19) limits to R when restricting to the location of the
brane, 6 = /2.
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