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Abstract

This thesis revolves around two major themes. The first is the use of weight enumerators
to study two different problems in quantum coding theory: magic state distillation and
quantum channel capacity. The second is the study of the interaction between quantum
circuits and number theory and the application of these techniques to the problems of
circuit synthesis and stabilizer ranks. The following results are established:

• Applications of Weight Enumerators: We study the applications of weight enumer-
ators to magic state distillation and establish that many properties of T-state dis-
tillation protocols are directly determined by the code’s simple weight enumerator.
By enforcing the physical consistency of the distillation process, we derive a new set
of constraints on weight enumerators, yielding new upper bounds on the minimum
distance of certain classical and quantum codes. Secondly, we use the coset weight
enumerator formalism of DiVincenzo, Shor and Smolin to study noise thresholds of
Pauli channels for stabilizer codes, in the context of quantum capacity. We report
several new concatenated stabilizer codes of small length that show significant non-
additivity. We also give a new closed form expression of coset weight enumerators of
concatenated phase and bit flip repetition codes.

• Number Theory and Quantum Circuits: We use number-theoretic tools, in particular
the Barnes-Wall lattice, to study the problem of stabilizer rank. In this context, we
give the first quantitative lower bound on stabilizer fidelity in terms of stabilizer
rank. We introduce a new magic measure called the Barnes-Wall norm, and use it
to give a lower bound on approximate stabilizer rank. Lastly, we use the machinery
of Bruhat-Tits buildings to give a proof of the arithmetic nature of the single-qutrit
Clifford+R gate set.
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Chapter 1

Introduction

The main theme of this thesis is to study concrete problems in quantum information using
algebra and number theory. This thesis is divided into two parts; the first part uses
polynomials called weight enumerators to study various aspects of quantum coding theory,
channel capacity, and magic state distillation. The second part studies the problems of
circuit synthesis and stabilizer ranks using number-theoretic techniques.

1.1 Weight Enumerators

A weight enumerator A(x, y) is a polynomial that encodes information about the weight
distribution of the code. Specifically for an [n, k, d] code C, the coefficient of xn−wyw is
equal to the number of codewords with weight w, denoted Aw:

A(x, y) =
n∑

w=0

Awx
n−wyw.

This means that the exponent of x and y keeps track of the number of 0s and 1s occurring
in the codewords. These polynomials have found various uses in classical coding theory
[124, 103], specifically to argue about non-existence of codes with certain parameters or
prove upper bounds on the distance of codes. This is achieved by placing a series of
constraints which when violated imply the non-existence of codes with certain parameters.
The first set of constraints naturally arises because in A(x, y), for any weight w, the
number of codewords Aw has to be a positive integer. This constrains the coefficients of
the polynomial to be positive and integral. For the dual code C⊥, one can similarly define
a weight enumerator B(x, y), which specifies the weight distribution of the codewords in
C⊥. A(x, y) and B(x, y) are related to each other via the MacWilliams identity [94] given
below:

B(x, y) =
1

|C|A(x+ y, x− y). (1.1)
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Remarkably, this means that the weight distribution B(x, y) of the dual code C⊥ is entirely
specified by the weight distribution A(x, y) of the code C. This further constrains the form
of a valid weight enumerator.

For certain families of codes which are naturally defined by restricting the form of the
weight distribution, for example self-dual codes with even weights or self-orthogonal codes
(these are particularly relevant to quantum computing), stronger constraints coming from
the theory of polynomial invariants can be placed on the weight enumerator [103]. In
particular, for self-dual codes (C = C⊥), Equation 1.1 tells us that

A(x, y) =
1

|C|A(x+ y, x− y).

For self-orthogonal codes (C ⊆ C⊥), we have that for all weights w,

Bw − Aw ≥ 0

As discussed earlier, these are the types of constraints that one can use to place upper
bounds on the distance of classical codes [140, 139, 124, 92, 96] and show non-existence of
codes with certain parameters [84, 68]. Studying weight enumerators in classical coding
theory has also led to many interesting connections between coding theory, lattices and
invariant theory, see [103, 94, 45].

For stabilizer codes, one can define a direct analogue of these polynomials called quantum
weight enumerators [136, 57]. These polynomials too satisfy a version of the MacWilliam’s
identity and can be used to show upper bounds on the distance of quantum codes and
argue about non-existence of certain codes [118, 122, 28]. The MacWilliams identity for
an [[n, k, d]] stabilizer code is:

B(x, y) =
1

2n−k
A(x+ 3y, x− y).

Here A(x, y) and B(x, y) are the weight distributions of the stabilizers S and the normalizer
N(S) (logical Pauli operations) of the code respectively. One can also import constraints
from invariant theory by observing that stabilizer codes correspond to self-orthogonal clas-
sical codes over GF (4).

These weight enumerators were also used to answer questions about code performance
in the context of both magic state distillation [125, 32, 114] and quantum capacity [43].
Of particular interest to us is a variant of the weight enumerator called signed weight
enumerators which was used to characterize the performance of a special class of codes to
distill the |T ⟩ magic state [25].

In fact, we build on exactly this connection and ask the following questions: Can one cap-
ture the performance of magic state distillation [27] using just simple weight enumerators
(unsigned weight enumerators)? If this is possible, one could use constraints on these sim-
ple weight enumerators described above to prove stronger theorems about the performance
of quantum codes for distilling the |T ⟩ magic state.

Another related but important question that we study is: Can one find other non-trivial
constraints of quantum weight enumerators that were previously not known? Do these
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constraints also feedback to classical codes, especially given that stabilizer codes can be
constructed from classical self-orthogonal codes over GF (4)? Can we use these non-trivial
new constraints to prove tighter upper bounds on the distances of both classical and quan-
tum codes? Surprisingly, in the setting of magic state distillation we are able to relate all
these questions to each other! This forms the basis of Chapter 2 in this thesis.

In the case of quantum capacity, weight enumerators were used to study the threshold
problem for Pauli channels using stabilizer codes [43]. The threshold is the maximum error
rate below which reliable quantum communication, that is, non-zero quantum capacity is
still possible. In the classical setting, the highest noise threshold for a channel is achieved
by a random code, as shown by Shannon in [135]. However, the situation with quantum
channels is markedly different [138, 12, 43], and it was shown that encoding the input
with a repetition code can perform better than using a random stabilizer code, in terms of
the threshold. This shows that constructive encodings perform better than their random
counterparts, as far as the question of quantum capacity is concerned. This phenomenon
is called non-additivity of quantum channel capacity. From the coding theory perspective,
this naturally motivates the following question: what properties of a code lend themselves
to non-additivity? We study this question in the setting of stabilizer codes using the coset
weight enumerator framework in Chapter 3.

1.2 Number Theory and Quantum Circuits

Part II of this thesis is centered around the interaction of number theory and quantum
circuits. A prominent example of such an interaction is the exact synthesis result by
Kliuchnikov, Maslov and Mosca (KMM) [78]. They showed that the group generated by
the single-qubit Clifford+T gate set is equal to the group of unitary matrices with entries
in a specific ring (up to global phase). Specifically, they established the following result:

Clifford+T = U2(Z[ 1√
2
, i])

where the ring Z[ 1√
2
, i] = { 1√

2k

(
(a+ b

√
2) + i(c+ d

√
2)
)

| a, b, c, d ∈ Z}. This result
completely characterized the set of single-qubit unitaries that can be realized exactly using
the Clifford+T group. The proof was constructive and resulted in an exact synthesis
algorithm that is optimal in both the H and T count. This algorithm takes as input
a single qubit unitary matrix U ∈ U2(Z[ 1√

2
, i]) and outputs a Clifford+T circuit that

implements it. One might feel that this is an elegant mathematical result with little
practical utility. However this is not true, Ross and Selinger [130] used this result to give
an optimal algorithm (in T -count) to approximate any single qubit z-rotations. These and
related results [77, 55, 81, 75] initiated a new approach for quantum compilation.

From the number theoretic point of view [108], the KMM result can be re-interpreted as
giving generators for the group U2(Z[ 1√

2
, i]). Such groups are called arithmetic groups

[116, 19] and in general, finding explicit generators for these groups is a hard problem.
So, it is rather remarkable that the Clifford+T gate set which naturally arises in quan-
tum computing generates the arithmetic group U2(Z[ 1√

2
, i]). In a series of papers these
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techniques were expanded to other single qubit gate sets and the problem of approximate
synthesis using the arithmetic of quaternion algebras [75, 81]. These results also had close
connections to the construction of optimal expanders (called Ramanujan graphs) studied
in [90].

A similar question has been studied for qutrits and it was shown that the Clifford+R and
Clifford+D gate sets generate arithmetic groups [71, 17]. In particular, in [46] the ex-
plicit structure of the Bruhat-Tits building for the Clifford+D gate set was given. Using
this structure, they proposed an algorithm for the approximate synthesis problem. These
techniques are rather general, and in an attempt to better understand their explicit appli-
cation to synthesis, we studied the question of constructing the Bruhat-Tits building for
the Clifford+R gate set. This is the main focus of Chapter 5 of this thesis. An attempt
has been made in this chapter to explain the results from the ground-up, rather than use
very general theorems or sophisticated machinery to establish the results.

A more recent interesting number-theoretic characterization is that of stabilizer states as
the minimal vectors of the Barnes-Wall lattice [80]. Similar to the Clifford+T characteri-
zation, in this paper the authors show that a single-qubit unitary matrix U ∈ U2(Q(i)) is a
Clifford unitary if and only if it has entries in Z[i] when expressed in a basis specified by the
Barnes-Wall lattice. We were interested in the implications of such a characterization to
the stabilizer rank problem. The stabilizer rank χ(|ψ⟩) of a magic state |ψ⟩ is the smallest
number k such that

|ψ⟩⊗n =
k∑
i=1

αi |ϕi⟩

where |ϕi⟩ are n-qubit stabilizer states. The overall goal of this program is to show an
exponential lower bound (in terms of n) on χ(|ψ⟩). To this end, other related quantities
such as stabilizer extent and fidelity have been defined [26, 22, 23]. The goal of Chapter
4 is to study the problem of stabilizer rank and related quantities via the lens of the
Barnes-Wall lattice.

1.3 Contributions of the Thesis

1.3.1 Part I: Codes and Capacity

The main contributions of Chapter 2 are:

• Section 2.3 establishes that for |T ⟩-state distillation protocols based on linear self-
orthogonal GF (4) codes, the distillation threshold and noise-suppression exponent
are directly determined by the code’s simple weight enumerator (Corollary 2.3.1).

• This formalism is also then used in Section 2.3.3 to perform an exhaustive search of
distillation protocols based on linear GF (4) codes with n < 20, finding no protocols
with thresholds exceeding the 5-qubit code.
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• Section 2.4 derives a new set of stronger constraints on classical and quantum weight
enumerators by enforcing the physical consistency of the distillation process – specif-
ically, that the probability of successfully projecting onto the target state must be
non-negative. This yields new upper bounds on the minimum distance of certain
classical and quantum codes.

• This investigation also reveals a surprising inversion of a standard paradigm. His-
torically, the interaction between classical and quantum error correction has been
largely unidirectional. But in this chapter, we reverse this logic. We find that phys-
ical constraints arising from quantum mechanical consistency of distillation via M3-
codes impose new bounds on classical linear self-dual and self-orthogonal codes over
GF (4), independent of all previously known constraints. Enforcing these new con-
straints resolves a long-standing open problem in classical coding theory by proving
the non-existence of extremal Hermitian self-dual codes over GF (4) with parameters
[12m, 6m, 4m+ 2] (Theorem 2.5.1).

• Finally in Section 2.6, analytic upper bounds are given on the noise-suppression
exponents of such distillation routines as a function of n.

The main contributions of Chapter 3 are:

• Stabilizer and normalizer coset weight enumerators of stabilizer codes are used to nu-
merically compute lower bounds for the error thresholds of Pauli channels for several
small concatenated stabilizer codes. Theorem 3.3.2 gives a closed form expression of
coset weight enumerators of concatenated phase and bit flip repetition codes. Several
new concatenated stabilizer codes of small length that show significant non-additivity
are reported. In particular, see Tables 3.1, 3.7, 3.2, 3.3, 3.4, 3.5, 3.8 and a discussion
accompanying them in Section 3.4.

• Section 3.5 optimizes for Pauli channels which lead to maximal non-additivity at the
hashing point for several small stabilizer codes and their concatenations.

1.3.2 Part II: Number Theory and Quantum Circuits

• Theorem 4.3.2 in Section 4.3 gives a linear (up to log factors) lower bound on the
exact and approximate stabilizer rank using techniques from the theory of lattices.
These techniques also give the first quantitative lower bound (Corollary 4.3.5) on
stabilizer fidelity for states in terms of stabilizer rank.

• Section 4.4 defines a Barnes-Wall norm on quantum states and shows that it can be
re-interpreted as a magic monotone. Theorem 4.4.9 shows that if the approximate
Barnes-Wall norm of a state is high, then the approximate stabilizer rank is also high

• Chapter 5 gives an alternate proof (Theorem 5.2.2) of the arithmeticity of the Clifford+R
gate set using Bruhat-Tits theory, and attempts to explain this machinery using ex-
plicit calculations.
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Chapter 2

Bounds on Classical and Quantum
Codes from Magic State Distillation

2.1 Introduction

Magic state distillation [25, 82] is a protocol for fault-tolerant quantum computing that
utilizes quantum error-correcting codes in a manner with no obvious classical analogue.
While there have been many advances in our understanding in the decades since the original
paper by Bravyi and Kitaev [25] (see, e.g., [126, 127, 6, 31, 30, 24, 66, 61, 111, 113,
105, 148, 54, 147]), the theoretical foundations of magic state distillation remain poorly
understood. Determining the best-attainable noise threshold for magic state distillation
is of deep theoretical significance. As argued in [25], if any state outside the stabilizer
octahedron is distillable, then non-stabilizerness is sufficient for universality.

Bravyi and Kitaev [25] defined two single-qubit magic states; following their notation,
we denote these as |H⟩ and |T ⟩. Most work on magic distillation focuses on |H⟩-type
magic states, as these can be distilled with very low overhead – however, as explained in
[25], to address the theoretical question of the best-attainable threshold of magic state
distillation, one must focus on |T ⟩ state-distillation. To date, the best-known threshold for
distillation of |T ⟩ states is achieved by the 5-qubit code originally proposed in [25], which
is significantly lower than the theoretical upper bound. Moreover, while much is known
about families of codes that distill the |H⟩ state, e.g., tri-orthogonal codes, comparatively
little is known about the structure of codes that distill the |T ⟩ state. We therefore focus
on characterizing codes for distillation of |T ⟩ states in this chapter.

While a generic stabilizer code corresponds to an additive self-orthogonal code over GF (4),
[25] showed that stabilizer codes that correspond to linear self-orthogonal codes over GF (4)
are naturally suited to distillation of |T ⟩ states. This is because |T ⟩ states are eigenstates
of an order-3 Clifford unitary, known as M3 [125], and stabilizer codes that possess a
transversal M3 gate correspond to linear codes over GF (4). Such stabilizer codes are also
known asM3-codes [125], and we review their properties in detail in Section 2.2.1 Building

1The family of M3-codes is quite large, and is of interest beyond magic state distillation – in particular,

7



on the formalism of signed weight-enumerators developed by Rall [125], we establish a
rigorous framework connecting the performance of an M3-code for magic state distillation
to the code’s simple weight enumerator. This mapping allows us to import powerful tools
from the theory of polynomial invariants (e.g., [95, 118, 124]) to characterize magic state
distillation routines, previously used to constrain the distances of classical and quantum
codes.

Furthermore, this investigation reveals a surprising inversion of a standard paradigm. His-
torically, the interaction between classical and quantum error correction has been largely
unidirectional. Classical codes are routinely employed as a resource to construct quantum
error-correcting codes, often via the Calderbank-Shor-Steane (CSS) construction [29, 145],
and more generally via the correspondence between stabilizer codes and additive codes over
GF (4) [28]. In this work, we reverse this logic. We find that physical constraints arising
from quantum mechanical consistency of distillation via M3-codes impose new bounds on
classical linear self-dual and self-orthogonal codes over GF (4), independent of all previously
known constraints.

These new “quantum constraints” resolve a long-standing mystery in classical coding the-
ory, concerning the classification of extremal self-dual codes. Extremal self-dual codes are
amongst the most symmetric objects in mathematics and play an important role in lattices
and sphere packings, the classification of finite groups, combinatorics, and modular forms
(see, for example, [45, 44] for more details in this direction). Of particular interest to us
are Hermitian self-dual codes over GF (4), commonly known as Type 4H self-dual codes,
which are bounded by the Mallows-Sloane bound [96] relating the minimum distance d to
the length n via d ≤ 2⌊n/6⌋+ 2. Codes achieving this bound are termed extremal. While
extremal type IV codes have been constructed for many values of n, the existence of the
family of extremal Type IV codes with parameters [12m, 6m, 4m+2]GF (4) has remained an
open question [92, 84, 68, 69, 124]. While classical linear programming bounds allow, and
strongly suggest, the existence of such extremal codes; computer-assisted searches failed to
find codes with parameters [12, 6, 6]GF (4) or [24, 12, 10]GF (4). Our mapping explains these
absences and moreover proves the non-existence of any code in the extremal family with
parameters [12m, 6m, 4m+ 2]GF (4). We achieve this by showing that any such code would
correspond to an [[n, 0]] M3-code, i.e. a 12m-qubit stabilizer state, with negative projec-
tion probabilities when applied to 12m copies of the magic |T ⟩-state. Consequently, the
physical requirement of quantum consistency proves the non-existence of this entire family
of classical self-dual codes.

Beyond resolving this open problem, we utilize our framework to explore the landscape of
physically realizable distillation protocols. We perform an exhaustive search of all [[n, 1]],
M3-stabilizer codes with n ≤ 20, finding no protocols with thresholds exceeding that
of the 5-qubit code. We also use our formalism to analytically constrain magic state
distillation protocols based on M3-codes. While error-correcting codes are conventionally
characterized by distance, magic state distillation routines should instead be characterized
by a “noise-suppression exponent” that is not equal to the distance. For example, the

any stabilizer code with a complete set of transversal Clifford gates (e.g., the 7-qubit Steane code) is an
M3-code.
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5-qubit code distills |T ⟩ states with quadratic noise suppression although it is a distance
3 code, demonstrating that distance is not the relevant metric for |T ⟩-state distillation.
Linear programming and invariant theory have previously been used to bound the distance
of quantum error-correcting codes [118, 122]; however, no constraints on noise-suppression
of magic state distillation routines have previously appeared in the literature. We derive
upper bounds on the noise-suppression exponents for distillation via M3-codes. We are
also able to place stronger upper bounds on the distances of [[n, 1]] M3-codes, using our
quantum consistency conditions.

2.2 Magic state distillation and signed weight enu-

merators

2.2.1 Review of magic state distillation

Here we provide a very brief review of magic state distillation, primarily for the purpose
of establishing notation and conventions. The reader is encouraged to consult [25, 27] for
more details.

In the magic state model, we assume access to a quantum computer restricted to fault-
tolerant stabilizer operations. Specifically, the device can:

• Prepare qubits in the computational basis states |0⟩ and |1⟩.

• Apply unitary gates from the Clifford group.

• Perform measurements of Pauli observables.

These operations are possible to implement fault-tolerantly using, e.g., the surface code
or Ising anyons. However, these operations can also be efficiently classically simulated,
via the Gottesman-Knill theorem [1]. To achieve universality, Bravyi and Kitaev proposed
that we supplement fault-tolerant stabilizer operations with the ability to prepare ancillae
in certain non-stabilizer states known as magic states. We focus on the magic state |T ⟩,
given by,

|T ⟩ ⟨T | = 1

2

(
I +

1√
3
(X + Y + Z)

)
. (2.1)

Note that these |T ⟩ states should not be confused with the state T |+⟩, also used in the
magic state literature. The latter is different and in fact Clifford equivalent to what [25]
call the |H⟩ magic state.

Bravyi and Kitaev showed that, using O(1) pure |T ⟩ states, one can implement a non-
Clifford gate via state injection, thereby achieving universality.

However, our quantum computer cannot produce |T ⟩ states fault-tolerantly; any magic
states produced will be noisy. Crucially, Bravyi and Kitaev showed that it is possible to
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Figure 2.1: The stabilizer octahedron and the |T ⟩ state.

distill one |T ⟩ state of arbitrarily high-fidelity from many low-fidelity |T ⟩ states, provided
that the fidelity of the input states exceeds a critical threshold, via a process only involving
Clifford unitaries and Pauli measurements, known as magic state distillation.

Classical-simulability and magic state distillation are closely related. Define the stabi-
lizer octahedron to be the set of convex mixtures of single-qubit stabilizer states, shown
in Figure 2.1. Mixed states within the stabilizer octahedron cannot be used to achieve
universal quantum computation, as Clifford operations and stabilizer measurements on
such states are classically simulable via the Gottesman-Knill theorem [1]. If a quantum
computer is able to produce noisy magic states that lie outside the stabilizer octahedron,
it cannot be efficiently simulated via the Gottesman-Knill theorem. To demonstrate that
non-stabilizerness is not only necessary but also sufficient for universal quantum comput-
ing, one would have to show that, given a sufficiently large supply of noisy magic states
outside the stabilizer octahedron, they can be distilled to an arbitrarily high-fidelity magic
state.

2.2.2 Magic state distillation and M3-codes

It was shown by Campbell and Browne [32] that any magic state distillation protocol can
be presented as a stabilizer reduction, i.e., projection of n noisy magic states onto the
codespace of an [[n, k]] stabilizer code, followed by decoding. By demanding the stabilizer
code used for distillation possesses certain symmetry, we can simplify the search for, and
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analysis of, magic state distillation protocols considerably.

The |T ⟩ state is an eigenvector of an order-3 element of the Clifford group,

M3 =
e

iπ
4√
2

(
1 1
i −i

)
, (2.2)

which acts on Pauli operators as follows,

M †
3XM3 = Y, M †

3YM3 = Z, M †
3ZM3 = X. (2.3)

As depicted in Figure 2.1, the |T ⟩ state lies directly above a face of the stabilizer octahe-
dron. On the Bloch sphere, acting with M3 corresponds to a 2π

3
-rotation around the axis

connecting the maximally mixed state to |T ⟩, depicted as a red line in Figure 2.1.

We define an M3-code as an [[n, k]] stabilizer code, whose projector, ΠS, commutes with
M⊗n

3 :
[M⊗n

3 ,ΠS] = 0. (2.4)

Because they respect the Clifford symmetry of the |T ⟩ state, M3-codes are natural candi-
dates for magic state distillation2. For distillation, we focus on [[n, 1]] M3-codes. For such
codes, the logical operators can always be chosen such that the M⊗n

3 implements a logical

M3 or M
†
3 gate. The standard 5-qubit code [25] is the simplest example of such a code.

Given an arbitrary single-qubit mixed state,

ρ(aX , aY , aZ) =
1

2
(I + aXX + aY Y + aZZ) , (2.5)

we can produce a state ρT via the twirling operation

ρ→ ρT =
1

3
ρ+

1

3
M3ρM

†
3 +

1

3
M2

3ρ(M
†
3)

2. (2.6)

Consider any noisy magic state ρ(aX , aY , aZ). First, apply Clifford unitaries to ensure that
aX ≥ 0, aY ≥ 0 and aZ ≥ 0, then twirl the magic state. After twirling, the noisy magic
state will take the form

ρT (r) =
1

2

(
I +

r√
3
(X + Y + Z)

)
. (2.7)

The twirled magic state depends on a single parameter r, which represents the radial
distance from the center of the Bloch sphere (along the red line in Figure 2.1). In terms
of the input coefficients, r is given by,

r =
1√
3
(aX + aY + aZ). (2.8)

2We should remark that, while all known protocols for distilling the |T ⟩ state are based on M3-codes,
there is no proof that these are the most general protocols for |T ⟩ state distillation.
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Figure 2.2: The distillation performance, ϵout = fMSD(ϵin), of the 5-qubit code is plotted
in red. The intersection of this curve with the line ϵout = ϵin, shown as a blue dashed line,
determines the threshold of the 5-qubit code, which is ≈ 0.17.

ρtwirled is outside the stabilizer octahedron if and only if the untwirled noisy magic state
ρ(aX , aY , aZ) is outside the stabilizer octahedron. It is also convenient to introduce the
error-rate ϵ, which is related to r via r = 1− 2ϵ.

For distillation via an [[n, 1]] M3-stabilizer code (with logical operators chosen so that

M⊗n
3 acts as M3 or M

†
3), the output of the distillation routine is also of the form given in

Equation 2.7. The relation between input and output of a magic state distillation routine
can then be captured by a single function ϵout = fMSD(ϵin). For the 5-qubit code, this
function was computed by Bravyi and Kitaev [25] to be,

ϵout =
ϵ2in (5− 15ϵin + 15ϵ2in − 4ϵ3in)

1− 5ϵin + 15ϵ2in − 20ϵ3in + 10ϵ4in
. (2.9)

Equation 2.9 is plotted in Figure 2.2. The threshold of a magic state distillation routine
is a fixed point ϵ∗ of fMSD such that ϵout < ϵin for all ϵin < ϵ∗. For the five qubit code, we
obtain the threshold,

ϵ(5−qubit)
∗ =

1

14

(
7−

√
21
)
≈ 0.17. (2.10)

To date, this is the best known threshold of any qubit magic state distillation routine.

The theoretical upper-bound on the threshold set by the classical simulability is ϵmax =
1
2

(
1− 1√

3

)
≈ 0.21 which is where the face of the stabilizer octahedron intersects the red

line in Figure 2.1. It can be shown that no [[n, 1]] distillation protocol can achieve this
bound [33]. A stabilizer quantum computer with access to a supply of noisy |T ⟩-states
with ϵ ∈ (0.17, ϵmax) is not classically simulable. However, at present, it is not known
how to use such a quantum computer to achieve universal quantum computation. If a
distillation protocol could be found with a threshold better than 0.17, it would reduce
the size of this non-simulable-and-possibly non-universal region of state space. And, if a

12



family of protocols can be found whose threshold approaches ϵmax, it would demonstrate
that non-stabilizerness is sufficient for quantum computation.

Let us conclude with some terminology that we will use in the following sections. We refer
to the probability of successfully projecting n twirled noisy magic states onto a stabilizer
code as the success probability η(ϵ). We refer to the function ϵout = fMSD(ϵin) as the
distillation performance of a stabilizer code. For small ϵin, we expect fMSD ∼ Aϵνin for
some ν – we refer to ν as the noise suppression exponent of the distillation protocol.
ν is usually not equal to the distance of the stabilizer code – for example, although the
5-qubit code is a distance 3 quantum error-correcting code, we see from Equation 2.9 that
ϵout ∼ 5ϵ2in, i.e., it has ν = 2.

2.2.3 Signed weight enumerators

In this subsection, we review the work of Rall [125], who introduced signed weight enu-
merators to characterize the performance of qubit magic state distillation routines.

Stabilizer projectors and signed weight enumerators

Here, we will arrive at the definition of signed weight enumerators by computing the prob-
ability for successfully projecting n copies of a single-qubit mixed state onto the codespace
of a stabilizer code. We use the following notation. Let I be the identity operator, and X,
Y and Z be the Pauli matrices. Let Pn be the set of all n-fold tensor products of I, ±X,
±Y , ±Z and let P+

n denote the set of all n-fold tensor products of I, +X, +Y , +Z. We
refer to P+

n as the set of positive Pauli operators. Any element P̃ ∈ Pn can be written in
the form P̃ = λP with λ = ±1 and P ∈ P+

n .

An [[n, k]] stabilizer code is defined as the joint eigenspace of a collection of n−k indepen-
dent, commuting n-qubit Pauli operators. These operators generate an abelian subgroup
S of Pn. Each Pauli operator has two eigenvalues +1 and −1; therefore, to completely
specify the eigenspace, one must also specify the eigenvalue for each Pauli operator P ∈ S,
which we denote as λ(P ) = ±1. The projector onto the codespace can be written as

ΠS =
1

2n−k

∑
λ(P )P∈S

λ(P )P, (2.11)

where, to avoid ambiguity, we will always specify each P̃ ∈ S as P̃ = λ(P )P , i.e., the
product of a sign, λ(P ) = ±1, and a positive Pauli operator, P ∈ P+.

We write a general single-qubit density matrix as,

ρ(⃗a) =
1

2
(aI + aXX + aY Y + aZZ) =

1

2

∑
Q∈{I,X,Y,Z}

aQQ, (2.12)

where a⃗ = (aI , aX , aY , aZ) and aI = 1 if the state is normalized. Let us compute the
probability

η = tr [ΠSρ(⃗a)
⊗n], (2.13)
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of successfully projecting the n-fold tensor product of ρ(⃗a) onto the stabilizer code S. Let
Q be a single-qubit Pauli operator, and let wtQ(P ) denote the total number of Q’s in a
multi-qubit Pauli operator P , so, e.g., wtZ(XZZXI) = 2. We can write,

ρ(⃗a)⊗n =
1

2n

∑
P∈P+

n

a
wtI(P )
I a

wtX(P )
X a

wtY (P )
Y a

wtZ(P )
Z P. (2.14)

Now,

tr (PΠS) =

{
2kλ(P ) λ(P )P ∈ S
0 λ(P )P /∈ S. (2.15)

Hence,

η = tr (ΠSρ(⃗a)
⊗n) =

1

2n−k

∑
λ(P )P∈S

a
wtI(P )
I a

wtX(P )
X a

wtY (P )
Y a

wtZ(P )
Z λ(P ). (2.16)

This expresses the probability of successful projection onto the stabilizer code, η, in terms
of the signed complete weight enumerator of the stabilizer code S, defined as,

WI(aI , aX , aY , aZ) =
∑

λ(P )P∈S

a
wtI(P )
I a

wtX(P )
X a

wtY (P )
Y a

wtZ(P )
Z λ(P ). (2.17)

Note that the η must be non-negative for physical density matrices because it is a proba-
bility.

Let QL be any n-qubit Pauli operator which is a representative of a logical operator L in
N(S)/S. Then, we also have,

tr (ΠSρ(⃗a)
⊗nQL) =

1

2n−k

∑
λ(P )P∈QLS

a
wtI(P )
I a

wtX(P )
X a

wtY (P )
Y a

wtZ(P )
Z λ(P ),

≡ 1

2n−k
WL(aI , aX , aY , aZ),

(2.18)

where QLS denotes the set of all Pauli operators representative of the logical operator L
in the stabilizer code.

In this chapter, we will primarily be interested in the states of the form ρT (r)
⊗n, where ρT

is given in Equation 2.7. For such states, the above expressions reduce to,

η = tr (ΠSρT (r)
⊗n) =

1

2n−k

∑
λ(P )P∈S

(
r√
3

)wt(P )

λ(P ), (2.19)

and

tr (QLΠSρT (r)
⊗n) =

1

2n−k

∑
λ(P )P∈QLS

(
r√
3

)wt(P )

λ(P ), (2.20)
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where wt(P ) denotes the Hamming weight of the Pauli operator P . Using the notation of
Rall [125], we therefore define the signed simple weight enumerators of a stabilizer
code,

WI(r̄) =
∑

λ(P )P∈S

r̄wt(P )λ(P ), (2.21)

WL(r̄) =
∑

λ(P )P∈QLS

r̄wt(P )λ(P ), (2.22)

where r̄ ≡ r/
√
3.

Magic state distillation and signed weight enumerators

With the above results in place, it is easy to see that signed weight enumerators charac-
terize magic state distillation. For simplicity, we restrict attention to n-to-1 magic state
distillation protocols that takes n twirled noisy |T ⟩ states as input. The twirled n-qubit

state, ρ
(n)
in = ρT (rin)

⊗n is purified by projecting it onto the codespace of an [[n, 1]] stabi-
lizer code S, and then decoding to obtain the normalized single-qubit density matrix, ρout,
which we write as,

ρout =
1

2

(
aoutI I + aoutX X + aoutY Y + aoutZ Z

)
=

1

2

∑
L∈{I,X,Y,Z}

aoutL L. (2.23)

After normalizing by the probability of successful projection, each aoutL is given by

aoutL =
WL(r̄in)

WI(r̄in)
. (2.24)

For distillation by an [[n, 1]]M3-code, we further haveWX = WY = WZ ≡ WL. The output
magic state has aoutX = aoutY = aoutZ ≡ rout√

3
, and can be written in the form ρT (rout). The

performance of the magic state distillation protocol is therefore encoded in the function,

r̄out ≡ rout/
√
3 = WL(r̄)/WI(r̄). (2.25)

It is convenient to instead work with the error rate ϵ; using r̄(ϵ) = 1−2ϵ√
3
, we find,

ϵout =
WI(r̄(ϵin))−

√
3WL(r̄(ϵin))

2WI(r̄(ϵin))
. (2.26)

2.2.4 The structure of M3-codes

Before we proceed further, we need to review some technical properties of M3-codes that
we will use. These results are based on [92, 28, 25, 125].

The connection between stabilizer codes and classical coding theory is established through
the mapping of Pauli operators to vectors over the finite field GF (4) = {0, 1, ω, ω2}, where
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ω2 = ω+1. Following [28], we map the single-qubit Pauli group (modulo phases) to GF (4)
via the isomorphism:

I → 0, X → 1, Z → ω, Y → ω2. (2.27)

An n-qubit Pauli operator P maps to a vector v ∈ GF (4)n. Under this mapping, the
commutation relation between two Pauli operators corresponds to the Hermitian inner
product of their vectors.

For a general stabilizer code, the stabilizer group maps to an additive code over GF (4) that
is self-orthogonal with respect to this inner product. However, the additional symmetry
of M3-codes—specifically, that [M⊗n

3 ,S] = 0—restricts the structure further. Since conju-
gation by M3 corresponds to multiplication by ω in GF (4) (cycling X → Y → Z → X
corresponds to 1 → ω2 → ω → 1), the code must be closed under scalar multiplication by
ω. Consequently, M3-codes correspond to linear subspaces of GF (4)n, rather than merely
additive ones. This implies that the number of stabilizers n − k must be even for any
[[n, k]] M3-code. In particular, [[n, 0]] M3-codes only exist for even n, and correspond to
linear classical self-dual codes over GF (4); and [[n, 1]] M3-codes only exist for odd n, and
correspond to maximal self-orthogonal codes over GF (4).

An example of an [[n, 0]] M3-code is the six qubit perfect tensor [109], whose stabilizers,

{+ZXXZII,+XY Y XII,+IXY Y XI,+IZXXZI,+IIXY Y X,+IIZXXZ}, (2.28)

correspond to a classical linear self-dual [6, 3, 4]GF (4) code known as the hexacode [92].
Examples of [[n, 1]] M3-codes include the 5-qubit code and the 7-qubit Steane code.

For a classical code C of length n, corresponding to the stabilizers S of the quantum code,
we define the simple weight enumerator [93] as the homogeneous polynomial:

A(x, y) =
∑
c∈C

xn−wt(c)ywt(c) =
n∑
j=0

Ajx
n−jyj, (2.29)

where Aj is the number of codewords of Hamming weight j. Similarly, let B(x, y) denote
the weight enumerator of the dual code C⊥, which corresponds to N(S). These are related
by the MacWilliams identity [93]:

B(x, y) =
1

2n−k
A(x+ 3y, x− y), (2.30)

This polynomial characterizes the distribution of weights in the classical code. We also
define

C(x, y) =
∑

c∈C⊥/C

xn−wt(c)ywt(c) = B(x, y)− A(x, y), (2.31)

which is the weight enumerator for logical operators of the stabilizer code, N(S)/S.
For a stabilizer code S with the simplest choice of signs λ(P ) = +1 for all P ∈ S, the signed
weight enumerator WI(r̄) is equal to the unsigned weight enumerator A(1, r). However,
more generally, and particularly in the context of magic state distillation, we encounter
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stabilizer codes S that contain some Pauli operators with λ(P ) = −1. For such codes,
unsigned classical weight enumerators differ from the signed weight enumerators defined
in Section 2.2.3.

Crucially, for M3-codes, the signs of the stabilizer generators are not free parameters; they
are fixed by the weights of the Pauli operators by the following theorem, proven by Rall
[125], which we refer to as Rall’s rule.

Theorem 2.2.1 (Rall’s rule). Let S be an M3-code. Then, for any P ∈ S,

1. wt P is even.

2. If wt P ≡ 0 (mod 4), λ(P ) = +1.

3. If wt P ≡ 2 (mod 4), λ(P ) = −1.

Proof. For any P̃ ∈ Pn define P̃ ′ = M †
3

⊗n
P̃M⊗n

3 and P̃ ′′ = M †
3

⊗n
P̃ ′M⊗n

3 . Consider any
P̃ ∈ S. Write P̃ = λ(P )P for P ∈ P+

n . P̃ ′ = λ(P )P ′ and P̃ ′′ = λ(P )P ′′ must also be
in S since S is an M3-code. Using XY = iZ, Y Z = iX and ZX = iY , it follows that
PP ′ = iwt(P )P ′′, and P ′P = (−i)wt(P )P ′′.

1. Demanding [P̃ , P̃ ′] = 0 implies wt(P ) is even.

2. Using P̃ ′′ = λ(P )P ′′ and P̃ ′′ = P̃ P̃ ′ = λ(P )2iwt(P )P ′′ = iwt(P )P ′′, we see that λ(P ) =
iwt(P ).

Note also that the total number of stabilizers of any non-zero weight must be divisible by
3. Another useful property of M3-codes we will use is the following lemma.

Lemma 2.2.2. Every [[n, 1]] M3-code possesses a logical operator of weight n.

Proof. Let A(x, y) =
∑
Ajx

n−jyj be the simple weight enumerator of the classical code
corresponding to the stabilizer group S. By Rall’s rule, all stabilizers have even weight, so
Aj = 0 for all odd j.

The weight enumerator of the dual code, B(x, y) =
∑
Bjx

n−jyj, determines the weights of
operators in the normalizer N(S). Using the MacWilliams identity (Eq. 2.30), the number
of weight-n operators in the dual is given by the coefficient of yn:

Bn = B(0, 1) =
1

2n−1
A(3,−1). (2.32)

Expanding the polynomial A(3,−1):

Bn =
1

2n−1

n∑
j=0

Aj3
n−j(−1)j. (2.33)

Since Aj = 0 for all odd j, the term (−1)j is always equal to +1 for all non-zero Aj.
Furthermore, since A0 = 1 and Aj ≥ 0, the sum is strictly positive. Thus, Bn > 0.

Since n must be odd for any [[n, 1]] M3-code, this weight-n operator cannot be a stabilizer
(as stabilizers must have even weight). Therefore, it must be a logical operator.
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2.3 Magic state distillation and unsigned weight enu-

merators

Signed weight enumerators are relatively mysterious compared to their unsigned counter-
parts which have been extensively studied both in classical and quantum coding theory, see
[103, 124, 136, 122, 121, 120]. In this section, we will show that for the family ofM3-codes,
the signed weight enumerator is entirely determined by the unsigned simple weight enu-
merator. This allows us to characterize the distillation performance of these codes using
standard results from classical coding theory.

2.3.1 Signed enumerators from unsigned enumerators

Rall’s rule (Theorem 2.2.1) implies that for any M3-code, the phase of a stabilizer is
determined by λ(P ) = iwt(P ). This allows us to map the simple weight enumerator A(x, y)
of the classical code C directly to the signed weight enumerator of the quantum code S.

Corollary 2.3.1. Let S be an M3-code and A(x, y) be the simple weight enumerator of the
corresponding classical GF (4) code. The signed weight enumerator of the M3-code is:

WI(r̄) = A(1, ir̄). (2.34)

This follows immediately by substituting y → ir̄ into the polynomial A(1, y), effectively
applying the factor (i)wt(P ) to terms of weight wt(P ). In other words, the probability of
successfully projecting n noisy magic states onto the codespace of anM3-code is determined
by its simple weight enumerator.

We next wish to relate WL(r̄) to the unsigned classical weight enumerator C(x, y). This
requires us to determine the sign of each Pauli operator P ∈ N(S)/S. In order to do this,
we must classify [[n, 1]] M3-codes into two types, based on the following lemma.

Lemma 2.3.2. Any magic state distillation routine based on an [[n, 1]] M3-code is equiv-

alent to one in which M⊗n
3 acts as M3 or M

†
3 on the encoded qubit.

Proof. Note that twoM3-codes are equivalent for magic state distillation if they differ only
by localM3 unitaries, as the twirled input state ρ⊗nT is invariant under such transformations.
Since every [[n, 1]] M3-code contains a logical operator of weight n (Lemma 2.2.2), we can
always apply local M3 corrections to map this operator to X⊗n. Consequently, without
loss of generality, we assume the logical operators are ±X⊗n, ±Y ⊗n, and ±Z⊗n. M⊗n

3

cyclically permutes these logical operators, and therefore acts as either logical M3 or M
†
3.

We can achieve either possibility via the following choices of logical operators,

1. For M⊗n
3 =M3, choose

X = λ+X
⊗n, Y = λ+Y

⊗n, Z = λ+Z
⊗n, with λ+ = (−1)(n−1)/2. (2.35)
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2. For M⊗n
3 =M

†
3, choose,

X = λ−Y
⊗n, Y = λ−X

⊗n, Z = λ−Z
⊗n, with λ− = (−1)(n+1)/2. (2.36)

If M⊗n
3 acts as M3, we say the code is a type 1 M3-code, and if M⊗n

3 acts as M
†
3, we say

the code is a type 5 M3-code. The reason for this terminology is as follows. Suppose we
demand that our magic state distillation routine produce a pure |T ⟩ state as output, when
given n pure |T ⟩ states as input, with non-zero success probability. Then, using the fact
that M3 |T ⟩ = eπi/3 |T ⟩, we have

M⊗n
3 (ΠS |T ⟩⊗n) = enπi/3(ΠS |T ⟩⊗n) = enπi/3 |T̄ ⟩ . (2.37)

Therefore, we see that we must restrict attention to [[n, 1]] M3-codes of length n ≡ ±1
(mod 6), in order to ensure that |T ⟩ = ΠS |T ⟩⊗n. Furthermore, if n ≡ 1 (mod 6), we
should choose our logical operators such that M⊗n

3 = M3, and, if n ≡ 5 (mod 6), we

should choose our logical operators such that M⊗n
3 =M

†
3.

Let us now relate WL(r̄) to the unsigned classical weight enumerator C(x, y). Suppose a
logical operator L of weight n has sign λ(L) = ±1. Using Rall’s rule, the sign of each P in
N(S)/S as follows,

λ(P ) =

{
λ(L) wt(P ) = n (mod 4)

−λ(L) wt(P ) = n+ 2 (mod 4)
(2.38)

Therefore, for the choices of logical operators in Equations 2.35 and 2.36, we have,

3WL(r̄) = i−nλ±C(1, ir̄) =

{
−iC(1, ir̄) M⊗n

3 =M3

+iC(1, ir̄) M⊗n
3 =M

†
3.

(2.39)

Let us define λ̂± which distinguishes between type 1 and type 5 codes,

λ̂± =

{
−1 M⊗n

3 =M3

+1 M⊗n
3 =M

†
3.

(2.40)

Thus, Equation 2.25 characterizing the performance of a magic state distillation routine
reduces to,

rout√
3
=
i

3
λ̂±
B(1, ir̄in)− A(1, ir̄in)

A(1, ir̄in)
. (2.41)

Or, in terms of the error-rate, ϵ,

ϵout =
M (±)(ϵin)

2N(ϵin)
(2.42)

where,

M (±)(ϵ) = A (1, ir̄(ϵ))− iλ̂±
B(1, ir̄(ϵ))− A(1, ir̄(ϵ))√

3
(2.43)

and,
N(ϵ) = A(ir̄(ϵ)). (2.44)
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2.3.2 The 5-qubit code and other examples

Let us now present an example that illustrates the difference between signed weight enu-
merators and simple weight enumerators:

Example 2.3.3. Consider the stabilizers S1 and S2,

S1 = {XX, ZZ, −Y Y, II} (2.45)

S2 = {−XX, −ZZ, −Y Y, II} (2.46)

which are [[2, 0]] stabilizer codes that describe entangled stabilizer states. The signed weight
enumerators for the codes are:

W S1
I (r̄) = 1 + (2− 1)r̄2 = 1 + r̄2, (2.47)

and,
W S2
I (r̄) = 1− 3r̄2. (2.48)

The simple weight enumerator for both the codes is:

A(x, y) = x2 + 3y3. (2.49)

The stabilizer code S1 does not obey Rall’s rule, and is therefore not an M3-code, while
S2 is an M3-code, and therefore does obey Rall’s rule. Explicitly, S1 describes the state
|S1⟩ = 1√

2
(|00⟩+ |11⟩) and S2 describes the state |S2⟩ = 1√

2
(|01⟩ − |10⟩). One can verify

that M3 ⊗M3 |S2⟩ = |S2⟩, while M3 ⊗M3 |S1⟩ = − 1√
2
(|01⟩+ |10⟩).

Next let us consider the five qubit code [25] and show how the noise suppression can be
related to the signed and simple weight enumerators:

Example 2.3.4. The five qubit code is generated by the Pauli operators:

+XZZXI, +IXZZX, +XIXZZ, +ZXIXZ. (2.50)

For this code, A(1, y) = 1 + 15y4, and B(1, y) = 1 + 30y3 + 15y4 + 18y5. As this is an
M3-code, one obtains,

WI(r̄) = A(1, ir̄) = 1 + 15r̄4. (2.51)

Using the choice of logical operators in Equation 2.36, we obtain,

3WL(r̄) = iλ̂−C(1, ir̄) = i
(
30(ir̄)3 + 18(ir̄)5

)
,

= 30r̄3 − 18r̄5.
(2.52)

This gives the relation,

ϵout(ϵ) =
15r̄4 −

√
3 (10r̄3 − 6r̄5) + 1

30r̄4 + 2

=
ϵ2 (5− 15ϵ+ 15ϵ2 − 4ϵ3)

1− 5ϵ+ 15ϵ2 − 20ϵ3 + 10ϵ4
,

(2.53)

which agrees with Equation 2.9.
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Figure 2.3: ϵout = fMSD(ϵ) computed for all [[n, 1]] M3-codes with n = 17 (above) and n =
19 (below) with nonzero success probability. Solid colored lines denote fMSD(ϵ) computed
for various M3-codes, and the dashed black line is ϵout = ϵin. While many [[17, 1]] codes
distill the |T ⟩ state with quadratic noise suppression, no code has threshold exceeding that
of the 5-qubit code, 0.172673.
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2.3.3 An exhaustive search over all [[n, 1]] M3-codes for n < 20

Given the above results, it is straightforward to carry out a computational search for
magic state distillation routines of a given length that outperform the 5-qubit code. Here
we present a search for all codes with size n < 20. Other authors have mentioned carrying
out smaller searches [25, 126] but to the best of our knowledge, these were not claimed to
be exhaustive, and [125] only searched over M3-codes of length n ≤ 7.

As mentioned above, the stabilizers of any [[n, 1]] M3-code form a maximal self-orthogonal
linear code over GF (4) of odd length n. Any such code can be obtained by shortening a self-
dual linear code over GF (4) at one coordinate. All linear self-dual codes over GF (4) with
n ≤ 20 have been classified in a series of papers over the past few decades [92, 36, 62, 63],
and are conveniently available at [64]. Using MAGMA [20], we computed all inequivalent
ways of shortening these codes to obtain all inequivalent [[n, 1]]M3-codes of length n < 20.
For each such code, we computed the weight enumerator and then the threshold using
Equation 2.42. The computation took less than a few minutes on an ordinary desktop
computer.

Results for n = 17 and n = 19 using codes classified only somewhat recently (in 2010 and
2011) by Harada et. al. [62, 63] are shown in Figure 2.3. We found that no codes have a
threshold which exceeds that of the 5-qubit code.

While we hope to extend this computational search to codes of larger length in the near
future, in the next section, we will attempt to use Equation 2.42 to place more general
constraints on magic state distillation routines.

2.4 Quantum constraints on weight enumerators

Any linear self-orthogonal code over GF (4) defines an M3 stabilizer code. In particular, a
self-dual code over GF (4) defines an [[n, 0]] M3-state; and a maximal self orthogonal code,
defines an [[n, 1]] M3-code. It is a celebrated result of classical coding theory that the
weight enumerators of such codes are not arbitrary, and must satisfy certain non-trivial
constraints, which arise from (1) demanding invariance under MacWilliams transform, and
(2) demanding non-negativity of the coefficients of the weight enumerator. We refer to such
constraints as “classical constraints”, and we review them in detail in the next subsection.

We will then derive a new family of “quantum constraints” on these weight enumerators,
which arise from demanding consistency with their physical interpretation as potential
magic state distillation routines. These constraints are independent of classical constraints,
and severely constrain the space of consistent weight enumerators.
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2.4.1 Review of classical constraints on weight enumerators

Self-dual codes

The weight enumerator of a linear self-dual code over GF (4), A(x, y) must be invariant
under the MacWilliams transform, A(x, y) = A(x+3y

2
, x−y

2
). Additionally, n must be even,

so A(x, y) = A(−x,−y), and all codewords must have even weight, so A(x, y) = A(x,−y).
The theory of polynomial invariants [139, 92, 103] dictates that the most general polynomial
A(x, y) invariant under these operations is given by the following Theorem.

Theorem 2.4.1. The weight enumerator of an [[n, 0]] M3-state must be an element of the
ring C[f, g], generated by the primary invariants:

f = x2 + 3y2, (2.54)

g = y2(x2 − y2)2. (2.55)

Explicitly,

A(x, y) =

⌊n
6
⌋∑

j=0

cjf(x, y)
n
2
−3jg(x, y)j, (2.56)

This reduces the dimensionality of the space of weight enumerators for a code of length
n from n/2 + 1 to ⌊n/6⌋ + 1. For example, for n = 12, the space of all possible weight
enumerators is a 3-dimensional space spanned by c0, c1 and c2. Of course, we can always
set c0 = 1 by demanding A0 = 1.

However, invariant theory only guarantees that the polynomial has the correct symmetries.
To represent a valid code, the coefficients Aw (which count the number of codewords of
weight w) must be non-negative integers. One can extract Aw by expanding Equation 2.56
in powers of y:

Aw =
1

w!

 dw

dyw

⌊n/6⌋∑
j=0

cjf
n/2−3jgj


y=0

≥ 0. (2.57)

We refer to these constraints as classical constraints, and the region of parameter space
{cj} satisfying these constraints and the classical feasible region.

Similar expressions can be derived for various families of self-dual and self-orthogonal codes;
one then attempts to find candidate weight enumerators for codes with maximum distance
that satisfy these classical constraints using linear programming techniques [96, 92, 37,
118, 123].

Maximal self-orthogonal codes

It is also possible to constrain the weight enumerators of maximal self-orthogonal codes
using invariant theory, as demonstrated by Mallows and Sloane [98, 97]. For [[n, 1]] M3-
codes, which correspond to maximal self-orthogonalGF (4) codes, the expression for A(x, y)
in terms of invariants is derived in Chapter 10 of the monograph by Nebe, Rains and Sloane
[103], and is slightly more complicated.
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Theorem 2.4.2. (Theorem 10.5.1 of Nebe, Rains and Sloane [103]) The simple weight
enumerator of any [[n, 1]] M3-code must be of the form:

AMSO(x, y) = x

⌊(n−1)/6⌋∑
j=0

c′jf(x, y)
n−1
2

−3jg(x, y)j︸ ︷︷ ︸
S1

+xy2(x2−y2)
⌊(n−5)/6⌋∑

j=0

d′jf(x, y)
n−5
2

−3jg(x, y)j︸ ︷︷ ︸
S2

,

(2.58)
where the c′j and d

′
j are arbitrary coefficients.

Note that, via the MacWilliams identity, this theorem also determines the weight enumer-
ator of N(S), B(x, y) to be,

B(x, y) =
1

2n−1
A(x+ 3y, x− y) = (x+ 3y)S1 + 2−1y(x− y)(x+ 3y)(x2 − y2)S2. (2.59)

The weight-enumerator for logical operators C(x, y) = B(x, y)− A(x, y), is therefore,

(2.60)C(x, y) = B(x, y)− A(x, y)

= 3yS1 + 2−1y(x2 − y2)(x2 − 3y2)S2.

For maximal self-orthogonal codes, invariant theory provides weaker constraints than for
self-dual codes – the space of consistent weight enumerators has dimensionality ⌊(n−1)/6⌋+
⌊(n − 5)/6⌋ + 2 ∼ n/3. However, there are more classical non-negativity constraints, as
the coefficients Aw and Cw of both A(x, y) and C(x, y) must be non-negative.

Before we continue, let us pause to remark that, using elementary considerations, we can
fix some of the unknown coefficients c′j and d

′
j in S1 and S2. Note that, for any code, A0 = 1

(because the identity operator is always in the stabilizer of the code), which implies c′0 = 1.
We demand C1 = 0, because any [[n, 1]] M3-code with a weight 1 logical operator must
be the tensor product of the identity operator with a [[n − 1, 0]] stabilizer state, and is
therefore trivial. This implies d′0 = −6. We also demand that A2 ̸= 0 because any M3

code with a weight-2 stabilizer must be equivalent to a code that contains the stabilizers
−X⊗X⊗I⊗n−2, −Y ⊗Y ⊗I⊗n−2, and −Z⊗Z⊗I⊗n−2; and is therefore a tensor product of
the two-qubit M3-state with another [[n− 2, 1]] M3-code, so is trivial. Demanding A2 = 0
gives c′1 =

3
2
(5− n).

2.4.2 Quantum constraints

While any point in the classical feasible region represents a mathematically plausible list
of codeword weights, from the perspective of classical combinatorics, not all such lists
correspond to physically realizable quantum stabilizer codes. Because any code can be
used to define a magic state distillation protocol, it must satisfy additional quantum
consistency conditions.
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1. Non-negative success probability: The probability of successfully projecting n
copies of a twirled noisy magic state ρT (ϵ)

⊗n onto the code space of any M3-code
must be non-negative for all physical error rates ϵ. This success probability is given
by,

η(ϵ) =WI(r̄(ϵ)) = A(1, ir̄(ϵ)) ≥ 0, ∀ϵ ∈ [0, 1]. (2.61)

This is a powerful constraint because it applies when the formal variable y = ir̄ in
the weight enumerator is imaginary. A polynomial A(1, y) with positive coefficients
can become negative when evaluated at imaginary y.

2. Threshold bound: As discussed in Section 2.2, for distillation via an [[n, 1]] M3-
code, if the input noisy magic states lie within the stabilizer octahedron (ϵin > ϵmax ≈
0.21), then ϵout > ϵmax.

3 A valid quantum code must exhibit thresholds ϵ∗ ≤ ϵmax.

We find that these quantum constraints are independent of classical constraints and dras-
tically reduce the region of feasible codes. We will illustrate this by explicitly working out
all classical and quantum constraints for two instructive examples:

1. the space of [[12, 0]] M3-states (which correspond to self-dual [12, 6]GF(4) codes); and,

2. the space of [[11, 1]]M3-codes (which correspond to maximal self-orthogonal [11, 5]GF(4)

codes.)

In Appendix A.1, we perform similar computations to constrain [[n, 0]] and [[n, 1]]M3-codes
for other small values of n.

2.4.3 Constraining [[12, 0]] M3-states

For the case of n = 12, we find from Equation 2.56, that invariant theory implies that a
general weight enumerator depends on three coefficients, c0, c1 and c2. Using A0 = 1 to fix
c0, we find,

A(x, y) = x12 + x10y2(18 + c1) + x8y4(135 + 7c1 + c2) + x6y6(540 + 10c1 − 4c2)

+ x4y8(1215− 18c1 + 6c2) + x2y10(1458− 27c1 − 4c2) + y12(729 + 27c1 + c2).

From this expression, we read off the classical constraints, Aw ≥ 0, for w = 2, . . . , 12:

18 + c1 ≥ 0,

135 + 7c1 + c2 ≥ 0,

540 + 10c1 − 4c2 ≥ 0,

1215− 18c1 + 6c2 ≥ 0,

1458− 27c1 − 4c2 ≥ 0,

729 + 27c1 + c2 ≥ 0.

3This constraint follows directly from the Gottesman-Knill theorem – mixtures of stabilizer states
must be mapped to mixtures of stabilizer states under Clifford unitaries and stabilizer measurements.
Its validity does not rely on the natural, but unproven, assumption that non-stabilizer states cannot be
simulated efficiently.
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Figure 2.4: Linear programming bounds for classical self-dual linear [12, 6]GF (4) codes. The
set of allowed weight enumerators is parameterized by two real numbers, c1 and c2. The
region of the c1-c2 plane allowed by classical linear programming constraints is shown in
blue. The region allowed by the quantum constraints A(1, i1−2ϵ√

3
) ≥ 0 for all 0 ≤ ϵ ≤ 1 is

shown in orange. Black points denote all self-dual [12, 6]GF (4) linear codes. The red point
denotes the putative extremal [12, 6, 6]GF (4) weight enumerator which does not correspond
to an actual self-dual linear code. This code, though allowed by classical constraints, is
ruled out by quantum constraints.

The convex polytope allowed by these classical constraints in c1− c2 plane is shown in blue
in Figure 2.4.

We now consider the quantum constraint that the success probability be non-negative,
which implies

A

(
1,

i√
3
(1− 2ϵ)

)
≥ 0, (2.62)

for all ϵ ∈ [0, 1]. This infinite collection of linear constraints can be translated into rel-
atively simple conditions on cj, as follows. f(1, i√

3
(1 − 2ϵ)) = 4ϵ(ϵ − 1) → 0 as ϵ → 0.

Therefore, demanding the success probability be non-negative for pure magic states, we
have a constraint only on c⌊n/6⌋:

(−1)⌊n/6⌋c⌊n/6⌋ ≥ 0. (2.63)
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For non-zero ϵ, define ϕ(ϵ) = −g/f 3; and observe that ϕ ∈ [0,∞] for ϵ ∈ [0, 1]. The
constraint Equation 2.62 then becomes

1 +

⌊n/6⌋∑
j=1

ϕj(−1)jcj ≥ 0, ∀ϕ ∈ [0,∞). (2.64)

For n = 12, we have 1− c1ϕ+ c2ϕ
2 ≥ 0, which reduces to

c2 ≥
{
0 c1 < 0

c21/4 c1 ≥ 0.
(2.65)

We plot the quantum constraint in orange in Figure 2.4. A computer search [92] classified
all actual [12, 6]GF (4) codes. These codes are available on [64], and have 9 distinct weight
enumerators, which are also shown in Figure 2.4. Figure 2.4 shows that the quantum
constraints are independent of classical constraints, and substantially reduce the region
of feasible weight-enumerators. The number of consistent integral weight enumerators
that satisfy the classical constraints is 2919; of these, only 570 also satisfy the quantum
constraints.

Interestingly, this result resolves a long-standing (albeit slightly obscure) mystery in clas-
sical coding theory. The weight enumerator with maximum possible distance consistent
with Theorem 2.4.1 is unique, and can be computed to be [92],

A(1, y) = 1 + 396y6 + 1485y8 + 1980y10 + 234y12. (2.66)

This weight enumerator for a putative [12, 6, 6]GF (4) code has positive integral coefficients
divisible by 3. Moreover, as shown in Figure 2.4, it lies at an extremal vertex of the
classical linear programming constraints Ai ≥ 0. Several authors therefore conjectured
that a self-dual code [12, 6, 6]GF (4) must exist [134, 53] – although no explicit construction
of such a code was known. Computer searches reported by MacWilliams, Odlyzko, Sloane
and Ward [92] later revealed that, in fact, no [12, 6, 6]GF (4) code exists. For many decades,
the non-existence of this code was simply an inexplicable combinatorial fact, demonstrable
only via a tedious brute-force search. We now see from Figure 2.4, that this code is ruled
out by the quantum constraints. In particular, the projection probability for pure magic
states arising from Equation 2.66 is negative:

A(1,
i√
3
) = 1− 396

33
+

1485

34
− 1980

35
+

234

36
= −(256/81) < 0, (2.67)

providing a one-line proof of the nonexistence of the extremal [12, 6, 6]GF (4) code. In Section
2.5, we generalize this result to rule out all extremal self-dual linear GF (4) codes with
lengths divisible by 12.

2.4.4 Constraining [[11, 1]] M3-codes

From Equation 2.58, weight enumerators for [[11, 1]] M3-codes depend on four coefficients
c′0,c

′
1, d

′
0 and d′1. We reduce this to two coefficients, by demanding that A0 = 1 and
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C1 = 0. (Any M3-code with C1 ̸= 0 is necessarily trivial.) To impose the classical linear
programming constraints, it suffices to focus on B(x, y), as it contains contributions from
stabilizers (which are of even weight) and logical operators (which are of odd weight). We
find from Equation 2.59,

B(x, y) =x11 + x9y2 (c′1 + 9) +
1

2
x8y3 (6c′1 + d′1 + 60) + x7y4 (4c′1 + d′1 + 42)

+ 3x6y5 (4c′1 − d′1 + 96) + x5y6 (−2c′1 − 3d′1 + 162) + x4y7 (−6c′1 + 6d′1 + 972)

+ 3x3y8 (−4c′1 + d′1 + 135) + x2y9 (−36c′1 − 5d′1 + 1296) + y10 (9c′1 − d′1 + 405)

+
3

2
y11 (18c′1 + d′1 + 324) .

As before, we plot the classical constraints arising from demanding Bw ≥ 0 in blue in
Figure 2.5, along with all [[11, 1]] M3-codes (obtained from shortening the self-dual codes
in Munemasa’s database [64]).

Let us now turn to the quantum constraints. We impose the constraint of non-negative
success probability as before; the region allowed by this constraint is shown in green in
Figure 2.5. To impose the threshold constraint, we compute fMSD(ϵ) using Equation 2.42,
and then demand that fMSD(ϵin) ≥ ϵmax for all ϵin ∈ [ϵmax, 1 − ϵmax] for both choices of

logical operators M⊗n
3 = M3 or M⊗n

3 = M
†
3. We carry this out numerically, for a large

number of randomly chosen values of ϵin ∈ [ϵmax, 1 − ϵmax]. The region satisfying the
distillation threshold constraint is shown in orange in Figure 2.5.

From Figure 2.5 we see that the two quantum constraints are independent of each other
and the classical constraints. They serve to tightly constrain the space of allowed weight
enumerators to a remarkably small region.

As in the case of 12-qubitM3-codes, the quantum constraints also serve to rule out a puta-
tive high-distance code whose weight enumerator is consistent with all classical constraints.
We can define a unique weight enumerator corresponding to an [[11, 1, 5]] M3-code, which
lies at the corner of the blue region in Figure 2.5, corresponding to (c′1, d

′
1) = (−9,−6).

This has a weight enumerator with all positive coefficients,

B(1, y) = 1 + 198y5 + 198y6 + 990y7 + 495y8 + 1650y9 + 330y10 + 234y11, (2.68)

so one might have expected that it corresponds to a valid [[11, 1, 5]] M3-code. However, it
is ruled out by the quantum constraints, which imply that the maximum distance for an
[[11, 1]] M3-code is 4. We generalize this observation to place stronger upper bounds on
the distance of M3-codes of arbitrary length in Section 2.5.1.

While our new quantum constraints are quite powerful, they still leave a slight mystery.
The region allowed by classical and quantum constraints is almost as small as it can be,
i.e., it is almost equal to the convex hull of the set of all weight enumerators of actual
[[11, 1]] M3-codes. The difficulty is that the top left corner of the blue region in Figure 2.5,
(c′1, d

′
1) = (−9, 60), lies within the quantum constraints and corresponds to a consistent

weight enumerator for an M3-code,

B(1, y) = 1 + 33y3 + 66y4 + 1386y7 + 693y8 + 1320y9 + 264y10 + 333y11. (2.69)
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Figure 2.5: Linear programming constraints for n = 11 magic state distillation routines,
restricted to the plane defined by C1 = 0. Regions are labeled as in Figure A.4. Black
points denote all [[11, 1]] M3-codes. The red point denotes the only putative [[11, 1, 5]]
M3-code allowed by classical constraints — we see it is ruled out by the new quantum
constraints.

29



However, from the classification in Munemasa’s database [64], no [[11, 1]] M3-code exists
that has this weight enumerator. Computing the threshold of this weight enumerator using
Equation 2.42, we find it would have had a threshold of 0.190827, slightly exceeding that
of the 5-qubit code. It would be interesting to understand “why” this code does not exist.

2.5 Quantum bounds for classical self-dual codes

As discussed in the previous section, Theorem 2.4.1 states that the weight enumerator of
any linear self-dual GF (4) code must take the form [92, 103],

A(x, y) =

⌊n
6
⌋∑

j=0

cjf(x, y)
n
2
−3jg(x, y)j, (2.70)

and is known as a Gleason’s theorem [52, 91]. Classical linear self-dual GF (4) codes are
one of the four celebrated types of classical self-dual codes for which a Gleason’s theorem
applies [124]. This theorem immediately places an upper bound on the distance of a self-
dual code, commonly known as the Mallows-Sloane bound [96]. The generalized Mallows-
Sloane bound on the distance d of a Hermitian self-dual code over GF (4) of length n was
established by MacWilliams et al. [92], as we now review.

After demanding A0 = 1, the weight enumerator for a self-dual code depends on ⌊n/6⌋
parameters: c1, c2, . . . cm. If we demand A2j = 0 for j = 1, . . . r, we have exactly ⌊n/6⌋
linear equations in ⌊n/6⌋ unknowns, which determine the {ci} uniquely. The explicit
solution is obtained by MacWilliams et. al. [92] to be,

cj =
n

2j

j−1∑
r=0

(−3)r+1

(
n/2− 3j + r

r

)(
3j − r − 2

j − r − 1

)
. (2.71)

The weight enumerator A(x, y) defined by Equation 2.71 is said to be an extremal weight
enumerator, and is unique for any n. One can check that A2⌊n/6⌋+2 ̸= 0 for these extremal
enumerators, so the distance of any self-dual code is bounded from above by

d ≤ 2
⌊n
6

⌋
+ 2. (2.72)

For lengths n = 12m, this bound permits a distance of d = 4m+ 2.

Using Equation 2.71, consistent extremal weight enumerators with positive integral Aw
divisible by 3 exist for all even n ≤ 96. A central question in coding theory is determin-
ing whether or not self-dual codes over GF (4) realizing these extremal weight enumera-
tors exist. Such codes, if they exist are known as extremal self-dual codes (of type 4H).
MacWilliams et al. classified type 4H extremal codes of small length; extremal codes were
found for all even n ≤ 18 except n = 12 [92]. In subsequent decades, Huffman, Lam and
Pless [84, 68, 69] attempted to classify larger lengths, and established the nonexistence of
an extremal [24, 12, 10]GF (4) code. The existence of extremal self-dual codes of lengths 12m
for m > 2 is an open question.
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We saw in the previous section that the new quantum constraint of non-negative success
probability, provides a one-line proof of the non-existence of the [12, 6, 6] extremal code.
We extend this observation into the following theorem, which applies to all codes with
length divisible by 12.

Theorem 2.5.1. No extremal type 4H self-dual code of length 12m exists.

Proof. To obtain the extremal weight enumerator of length n = 12m (where m ≥ 0), one
determines the 2m − 1 unknowns in Equation 2.70, {c2, c3, . . . , c2m}, from the 2m − 1
equations, A2 = A4 = . . . = A4m = 0. The resulting weight enumerator corresponds to
a putative code with parameters [12m, 6m, 4m + 2]GF (4), with cj given by Equation 2.71.
Specializing to n = 12m, one can easily compute that,

c2m = −
m−1∑
t=0

32+2t (4t+ 1)(6m− 2t− 3)!

(4m− 1)! (2m− 2t− 1)!
,

which is manifestly negative. For a code of length 12m, using Equation 2.70, we find
A(1, i√

3
) = (−16/27)2mc2m. Because c2m is strictly negative and (−16/27)2m is strictly

positive, A(1, i√
3
) must be negative. However, as established in Section 2.4.2, A(1, i√

3
)

represents the probability of successfully projecting n pure magic states onto the stabilizer
state corresponding to the putative code; and therefore must be non-negative. Thus, by
contradiction, no extremal self-dual code with length divisible by 12 can exist.

This theorem not only explains the non-existence of extremal type 4H self-dual codes of
length 12 and 24, it also rules out extremal codes of lengths 36, 48, 60, 72, 84 and 96 for
which candidate weight enumerators were known – but the existence of which was, to the
best of our knowledge, previously an open question (see [92]). For other values of n ̸= 12m,
we find A(1, i√

3
) is non-negative, and so we cannot rule out their existence.

2.5.1 Bounds on distance for [[n, 1]] M3-codes

As a corollary of Theorem 2.5.1, our quantum constraints place a stronger upper bound
on the distance of [[n, 1, d]] M3-codes for n ≡ 11 (mod 12) than those previously known
in the literature [118]. In particular, Rains [118] obtained upper bounds for the distance d
of a general [[n, 1, d]] stabilizer code using linear programming. These bounds continue to
hold without modification for M3-codes, and are summarized in the following theorem.

Theorem 2.5.2 (Rains, [118]). Demanding only non-negativity of Ai, Bi and Ci implies
that the distance of an [[n, 1, d]] M3-code satisfies d < dmax, with

dmax ≤
{
2m+ 1 n = 6m+ 1, n = 6m+ 3

2m+ 3 n = 6m+ 5.
(2.73)

Using Theorem 2.5.1, we can strengthen this result to the following theorem.
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Theorem 2.5.3. The quantum distance of a non-degenerate [[n, 1, d]] M3-code satisfies:

d < 2

⌊
n+ 1

6

⌋
+ 1. (2.74)

Proof. To translate Theorem 2.5.1 to a bound on the quantum distance of an [[n, 1]] M3-
code, we use the fact that any [[n, 1]] stabilizer code S can be uniquely extended to [[n+1, 0]]
stabilizer state Sext. Explicitly, the stabilizers of Sext are constructed from the stabilizers
and logical operators of S as follows:

• For each stabilizer P of S, construct a stabilizer Pext of Sext of the form P ⊗ I. Note
that wt Pext = wt P .

• For each representative of the logical operator L, PL ∈ N (S), construct a stabilizer
P ′
ext of Sext of the form PL ⊗ L. Note that wt P ′

ext = wt PL + 1.

Since logical operators in an [[n, 1]] M3-code have odd weight, d + 1 is even. Thus, if the
quantum distance of a non-degenerate [[n, 1]] M3-code is d, the distance of the extended
[[n + 1, 0, dext]] state is at least d + 1. Note that dext is the distance of the corresponding
classical self-dual linear [n+ 1, n+1

2
]GF (4) code,

The existence of a non-degenerate [[12m− 1, 1]] M3-code with distance d = 4m+ 1 would
imply a self-dual code of length 12m with distance 4m + 2. Theorem 2.5.1 rules out such
self-dual codes. Therefore, no non-degenerate [[12m−1, 1, 4m+1]]M3-code with quantum
distance 4m+ 1 can exist.

Our proof of this bound applies only to non-degenerate M3-codes. A degenerate [[n, 1, d]]
code of distance d contains a stabilizer of weight w < d; the distance of the extended code
would be also be w < d+1, and therefore need not violate Theorem 2.5.1. However, when
we attempted to solve the linear programming problem in the same manner as we did
for n = 11 in Section 2.4.4, using a computer algebra system for finite values of n up to
215, allowing for the possibility of degeneracy, we found that Theorem 2.5.3 remains true.
We therefore conjecture that Theorem 2.5.3 applies to all degenerate and non-degenerate
M3-codes.

We compare Theorem 2.5.3 to the earlier bound of Rains [118] in Figure 2.6. We emphasize
that theorem 2.5.3 is a consequence of the new quantum constraints – we checked that
[[12m − 1, 1, 4m + 2]] M3-codes are not ruled out by purely classical constraints. We find
it is possible to obtain even stronger distance bounds for larger values of n, by solving
the linear programming problem in a computer algebra system. These are presented in
Appendix A.1.3.

We remark that we can apply a similar argument to bound the classical distance dC of
maximal self-orthogonal codes over GF (4) of length 12m− 1, i.e., the minimum weight of
a stabilizers of the [[n, 1]] M3-code.
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Figure 2.6: We plot our quantum bounds on the distance of an [[n, 1, d]] M3-code from
Theorem 2.5.3 (in solid blue) and the classical bounds from Rains [118] (in dashed orange)
for codes of size less than 20. We also plot distances of all [[n, 1, d]] M3-codes, which have
been classified for n ≤ 19 as black points, showing that the quantum bounds are saturated.

Theorem 2.5.4. Let C be a maximal self-orthogonal linear code over GF (4) of length
n = 12m− 1 < 215. The minimum Hamming distance d of C satisfies

d ≤ 4m, (2.75)

which is strictly less than the classical bound of 4m+ 2.

Again this was proven using linear programming, as done explicitly in Section 2.4.4 for
n = 11, using a computer algebra system for n ≤ 215. We conjecture that it holds for
arbitrary n.

2.6 Constraining distillation routines

In this section, we use invariant theory and linear programming to constrain the perfor-
mance of a magic state distillation routine based on an M3-code. As a consequence of
Section 2.4.2, we cannot use linear programming to directly constrain the threshold. We
can, however, constrain the noise suppression exponent ν of a distillation routine, which
characterizes the noise suppression of a distillation routine for small ϵ via,

fMSD(ϵ) = Θ(ϵν), (2.76)

and plays a role for distillation analogous to the role played by the distance d for con-
ventional quantum error-correction. Here we show that it is possible to constrain the
noise-suppression exponent using invariant theory and linear programming, using tech-
niques similar to those used to constrain the code distances [95, 118, 96, 37].
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2.6.1 Results from invariant theory

We now translate the invariant expressions for weight enumerators of an [[n, 1]]M3-code to
expressions for the distillation performance of the corresponding distillation routine. Recall
that the weight enumerator for stabilizers S, is given by A(x, y) = xS1 + xy2(x2 − y2)S2,
and the weight enumerator for logical operators N(S)/S is given by C(x, y) = 3yS1 +
2−1y(x2 − y2)(x2 − 3y2)S2, where,

S1 =

⌊(n−1)/6⌋∑
j=0

c′jf
n−1
2

−3jgj, (2.77)

S2 =

⌊(n−5)/6⌋∑
j=0

d′jf
n−5
2

−3jgj. (2.78)

and f and g, expressed in terms of ϵ, are

f(1, ir̄(ϵ)) = 4(1− ϵ)ϵ, g(1, ir̄(ϵ)) = −16

27
(1− 2ϵ)2

(
ϵ2 − ϵ+ 1

)2
. (2.79)

We have,

fMSD =
M (±)(ϵ)

2N(ϵ)
, (2.80)

where N(ϵ) in the denominator of Equation 2.80, becomes

(2.81)N(ϵ) = S1 −
4

9
(1− 2ϵ)2((ϵ− 1)ϵ+ 1)S2.

The form of the numerator M (±) depends on whether we have chosen to define our logical

operators so that M⊗n
3 = M3 or M⊗n

3 = M
†
3. For M⊗n

3 = M
†
3 the numerator of Equation

2.80 becomes,

(2.82)M (−)(ϵ) = (2− 2ϵ)S1 −
8

9
ϵ2(2ϵ− 1)(ϵ2 − ϵ+ 1)S2.

For M⊗n
3 =M3, the numerator of Equation 2.80 becomes

(2.83)M (+)(ϵ) = 2ϵS1 +
8

9
(ϵ− 1)2(2ϵ− 1)

(
ϵ2 − ϵ+ 1

)
S2.

As mentioned in Section 2.2.4, if we demand that the success probability for distillation
be non-zero for pure input magic states, we should restrict attention to codes of length
n ≡ ±1 (mod 6), and choose logical operators so that

M⊗n
3 =

{
M3 n ≡ 1 (mod 6)

M
†
3 n ≡ 5 (mod 6).

(2.84)

We will assume that this choice has been made in what follows, and refer to these as class-1
and class-5 codes respectively. Our first result is the following theorem.
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Theorem 2.6.1. The noise suppression exponent of any magic state distillation routine
based on an [[n, 1]] M3-code, with logical operators chosen as per Equation 2.84, and non-
zero success probability for pure input magic states, must satisfy

ν ≡
{
1 (mod 3) n ≡ 1 (mod 6)

2 (mod 3) n ≡ 5 (mod 6).
(2.85)

In particular, any such code with n ≡ 5 mod 6 will distill |T ⟩-states with quadratic noise
suppression.

Proof. It is convenient to define,

ϕ(ϵ) = − f 3

108g
=

(1− ϵ)3ϵ3

(1− 2ϵ)2 (ϵ2 − ϵ+ 1)2
. (2.86)

We can rewrite S1 and S2 as sums over ϕ as follows,

S̃1 =

⌊(n−1)/6⌋∑
j=0

cm−jϕ
j, S̃2 =

⌊(n−5)/6⌋∑
j=0

dm−jϕ
j, (2.87)

with4

cj =

(
−16

27

)j
c′j4

n−1
2

−3j, (2.88)

dj =

(
−16

27

)j
d′j4

n−5
2

−3j. (2.89)

Let us first consider codes with n = 6m+5. In terms of the new variables, M (−) takes the
form,

M (−) = g(ϵ)m(2− 2ϵ)(1− ϵ)2ϵ2
(
S̃1 +

4

9
H(ϵ)S̃2

)
, (2.90)

where

H(ϵ) =
(2ϵ− 1) (ϵ2 − ϵ+ 1)

(ϵ− 1)3
. (2.91)

For ϵ ∈ [0, 1/2], we can write H(ϵ) as a function of ϕ,

H(ϵ(ϕ)) =

(√
4ϕ+ 1− 1

)
2ϕ

. (2.92)

Let us expand H(ϵ) as a power series in ϕ, around ϕ = 0. We find

H(ϵ(ϕ)) =
∞∑
j=0

Hjϕ
j, Hj =

(−4)j
(
1
2

)
j

(2)j
, (2.93)

4We trust that the reader will not confuse cj defined here, for [[n, 1]] M3-codes with the coefficients cj
used in the section on [[n, 0]] M3-states.

35



where
(
1
2

)
m−1

denotes the Pochhammer symbol: an = a(a + 1) . . . (a + n − 1) = Γ(a+n)
Γ(a)

.
The first few powers are given by,

H(ϵ(ϕ)) ≈ 1− ϕ+ 2ϕ2 − 5ϕ3 + 14ϕ4 − 42ϕ5 +O(ϕ6). (2.94)

We now expand fMSD(ϵ) =
M(−)(ϵ)
2N(ϵ)

as a power series in ϵ, and demand that fMSD = O(ϵν).

Because N(ϵ) → 1 by hypothesis, this implies,

S̃1 +
4

9
H(ϵ(ϕ))S̃2 = O(ϕ

ν−2
3 ). (2.95)

Crucially, only non-negative integer powers of ϕ appear on the LHS of Equation 2.95. This
means that ν−2

3
is a positive integer which proves our result.

For n ≡ 1 (mod 6), we have,

M (+)(ϵ) = 2ϵg(ϵ)mH(ϵ)−1

(
H(ϵ)S̃1 −

4

9
S̃2

)
. (2.96)

We now demand that fMSD(ϵ) = O(ϵν), which implies that,

H(ϵ(ϕ))S̃1 + S̃2 = O(ϕ
ν−1
3 ). (2.97)

Again, ν−1
3

must be a non-negative integer because H(ϵ(ϕ)) can be expanded as a power
series in ϕ containing only non-negative integer powers of ϕ. This proves the theorem for
class 1 codes.

Note that, in the above analysis, we demand the denominator of Equation 2.80 is non-zero
when ϵ→ 0,

lim
ϵ→0

N(ϵ) ̸= 0. (2.98)

If this condition is not satisfied the code would be useless for magic state distillation. For
class 5 codes that meet this condition, we generically expect quadratic noise suppression.
However, if there are extra cancellations on the LHS of Equation 2.95, we can get higher
order noise suppression such as ν = 5, 8, 11, or higher. From Figure 2.3, we see that all
[[17, 1]] M3-codes give rise to quadratic noise suppression, and no such cancellation takes
place. For class 1 codes with N(0) > 0, we generically expect a linear relation between
input and output error-rates; but, with cancellations on the LHS of Equation 2.97, we
could obtain larger noise suppression exponents such as ν = 4, 7, 10 etc.

Note that, by concatenating the 5-qubit code with itself z-times, we obtain a [[5z, 1]] M3-
code, with ν = 2z. One can check that, when z is even, 5z ≡ 1 (mod 6) and 2z ≡ 1
(mod 3), and when z is odd, 5z ≡ 5 (mod 6) and 2z ≡ 2 (mod 3) in accordance with
Theorem 2.6.1. For this family of codes ν

n
→ 0 as z → ∞. Aside from the concatenated

codes, such as these, no distillation protocols for |T ⟩ states with ν ≥ 2 are known.
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Extremal weight enumerators for distillation

We can extend the analysis used to prove Theorem 2.6.1 to prove the following bound on ν
as a function of n, using ideas similar to those used to define extremal weight enumerators
by Mallows and Sloane [96]. We are interested in the noise-suppression exponent rather
than the distance. In analogy to [96], we define an extremal weight enumerator for distil-
lation, to be one with the largest possible noise suppression exponent νmax consistent with
invariant theory. We then show that, for any such enumerator, one of the Aw is negative,
which implies ν ≤ νmax for any realizable code.

Theorem 2.6.2. For any distillation routine based on an M3-code,

ν ≤ n− 3. (2.99)

Proof. We first ignore both the classical and quantum constraints, and simply solve for cj
and dj so that the LHS of Equations 2.97 and 2.95 correspond to a value of ν that is as
large as possible.

For class-5 codes, there are 2m + 1 unknown coefficients: cj, for j = 1, . . . ,m and dk, for
k = 0, . . .m. By using these 2m+ 1 unknowns to cancel the first 2m+ 1 powers of ϕ that
appear in the LHS of Equation 2.95 – we obtain νmax−2

3
= 2m+1 for an extremal distillation

routine for class 5 codes. Similar analysis can also be carried out for class 1 codes, for which
we find νmax−1

3
= 2m. The weight enumerators determined by this procedure are unique,

and we refer to them as “extremal enumerators for distillation”.

These results imply that νmax = n, which, in contrast with the case of extremal self-dual
codes, is a trivial upper bound. However, we can show that no codes with ν = νmax exist.

The extremal weight enumerators for distillation for n < 20 that arise from this procedure
are given in Table 2.1. As can be seen from the table, we find that many coefficients of A
are negative. In general, one can show that A2 is always negative:

A2 =

{
−30− 81m− 54m2 for n = 6m+ 5,

−9m− 54m2 for n = 6m+ 1.
(2.100)

Therefore codes realizing extremal weight enumerators for distillation do not exist5, and
(using Theorem 2.6.1) we have the result that ν ≤ n− 3.

In the next subsection, we use linear programming to place stronger bounds on ν.

2.6.2 Linear programming bounds for the noise suppression ex-
ponent

In this section, we seek to strengthen Theorem 2.6.2 to determine the largest value of ν
attainable by weight enumerators consistent with all classical and quantum constraints

5Interestingly, however, the Aw are all integers divisible by 3 for w > 0.
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n A(1, y)

5 1− 30y2 + 45y4

7 1− 63y2 + 315y4 − 189y6

11 1− 165y2 + 2970y4 − 12474y6 + 13365y8 − 2673y10

13 1− 234y2 + 6435y4 − 46332y6 + 104247y8 − 69498y10 + 9477y12

17 1 − 408y2 + 21420y4 − 334152y6 + 1969110y8 − 4725864y10 +
4511052y12 − 1487160y14 + 111537y16

19 1 − 513y2 + 34884y4 − 732564y6 + 6122142y8 − 22447854y10 +
36732852y12 − 25430436y14 + 6357609y16 − 373977y18

Table 2.1: Extremal weight enumerators for distillation for n < 20.

on the coefficients ci and di. This is essentially a linear programming problem, although
the quantum constraints are not quite linear. To arrive at our main result, Theorem 2.6.3
below, we essentially solve this linear programming problem using a computer algebra
system.6 Explicit examples illustrating exactly how this is done are given in Section 2.4.4
and Appendix A.1.

Theorem 2.6.3. For all n ≤ 215, the noise suppression exponent ν of a magic state
distillation routine based on a non-trivial M3-code is bounded from above as follows.

For codes of length n = 6m+ 1,
ν ≤ 3m− 5. (2.101)

For codes of length n = 6m+ 5,

ν ≤
{
2 for n = 5, 11

3m− 4 for n ≥ 17.
(2.102)

Although we have only proven Theorem 2.6.3 via computer-algebra for n ≤ 215, we con-
jecture that it is almost certainly true for all n – in principle, techniques such as those used
by Rains [118] could be used to provide an analytical proof, although the combinatorial
expressions involved may be rather tedious.

Our computer search shows that the bounds of Theorem 2.6.3 are saturated for n ≤ 17.
However, the bounds are not saturated for n = 19; we found no code with noise suppression
coefficient greater than 1, while Theorem 2.6.3 allows ν = 4. For 19 ≤ n ≤ 35, we are able
to find integral weight enumerators saturating the bounds of Theorem 2.6.3 that satisfy
all quantum and classical constraints. Some of these are presented in Appendix A.2.

6We used the package Mathematica 12, and should emphasize that we did not rely on floating point
arithmetic. Quantum constraints are difficult to implement for larger n – we only attempted to demand
consistency with quantum constraints for n < 50; for larger values of n, we only demanded that A(1, i√

3
) ≥

0.
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Chapter 3

Weight Enumerator, Non-Additivity
and Pauli Thresholds

3.1 Introduction

In 1948, Shannon in his landmark paper [135] derived a formula for the capacity of an
arbitrary noisy communication channel in terms of the mutual information of the input and
output, maximized over the input distribution. To do this, he showed that this optimized
expression is an upper bound on the capacity, and that this rate is achievable using a
random code. Furthermore, this optimized expression, when evaluated on two channels
used in parallel, has a joint maximum that is simply the sum of the individual maxima;
correspondingly, the optimization problem is said to exhibit a property called additivity.
Shannon’s work establishes that the capacity of the binary symmetric channel is 1 − h
where h is the binary entropy of the probability of error.

The quantum analogue of the capacity problem turns out vastly more intricate. The
complexity is fully manifest already on the qubit depolarizing channel which generalizes
the binary symmetric channel. In [12], a random stabilizer code1 [56] is found to achieve
the rate 1 − h′ where h′ is the entropy of the Pauli errors. Furthermore, this rate also
matches the upper bound given by the quantum Hamming bound [56] for correcting the
typical errors using non-degenerate codes. One might thus expect this result to provide the
proper quantum generalization of the capacity of the depolarizing channel. So it was a big
surprise when Shor and Smolin in [138] showed that one could outperform random codes
by first applying a small degenerate code to the noisy channel, before concatenating with
a random stabilizer code. Furthermore, they showed that this method achieves a positive
rate when h′ is slightly above 1. Consequently, the quantum capacity cannot always be
attained by random codes.

1Reference [12] establishes the equivalence between entanglement purification and quantum error cor-
rection. We adopt the latter framework throughout this chapter. The random hashing method for en-
tanglement purification in [12] is translated to a randomized quantum error correcting code subsequently
commonly called a random stabilizer code [56].
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The novel coding technique in [138] was further developed in [43] while a series of works
[132, 133, 88, 34, 9, 8] provided crucial understanding of the quantum capacity of an
arbitrary noisy quantum channel, culminating in a quantum channel capacity theorem
[88, 137, 42] with an expression for the capacity of a quantum channel based on the coherent
information of the output of the channel maximized over all input states. However, unlike
the classical setting, the maximized coherent information is not additive, and we need
to maximize the coherent information jointly over many uses (n) of the channel, and
divide by n to obtain the capacity expression. This process is called regularization, and
it prevents a closed form expression for the capacity to be obtained for most quantum
channels. Furthermore, there is no known general algorithm to determine if the quantum
capacity of a given channel is zero or positive, and we do not even have an upper bound
on the value of n for the regularization [38].

Using the capacity formula, the previous results [138, 43] can be interpreted as code ex-
amples that exhibit non-additivity of coherent information. Furthermore, a variety of such
non-additivity results have been shown since [141, 144, 142, 49, 143, 21, 38, 70, 86, 10, 11,
85, 14]. However, they are more a menagerie of quantum non-additivity effects, providing
hints but not a theory on what quantum error correcting codes are capacity achieving. Even
more surprisingly, in spite of these results, we still do not know the maximum error rates
at which many natural quantum channels (such as the depolarizing channel) have positive
capacity. This problem is sometimes referred to as the “threshold problem” in channel
capacity. Given the capacity formula and its continuity on the error rates, finding better
lower bounds on threshold boils down to finding codes which show large non-additivity. In
this chapter, we study non-additivity and the threshold problem for Pauli channels (see
next section for definition) using the framework of coset weight enumerators [43].

3.1.1 Previous Work

This problem was previously studied in multiple works. In this section, we review these
results and summarize what is known about the problem.

Throughout, the probability vector (pI , pX , pY , pZ) is associated with the mixed Pauli chan-
nel N (ρ) = pIρ+ pXXρX + pY Y ρY + pZZρZ where X, Y, Z are the qubit Pauli operators.
The entropy of this probability vector is also called the entropy of the channel.

In 1996, Bennett, DiVincenzo, Smolin and Wootters [12] showed that using a random
stabilizer code (equivalent to random hashing of EPR pairs), one could achieve the rate 1
minus the channel entropy, thus the capacity is positive until the channel entropy is 1. For
the (1− 3p, p, p, p) depolarizing channel, this gives non-zero capacity up to p = 0.063096.
Concurrently, Shor and Smolin [138] showed that encoding with the 5-qubit phase-flip
repetition code (and concatenated with random stabilizer code) leads to positive rate up
to p = 0.063466. In 1998, this was further improved by DiVincenzo, Shor and Smolin
[43], where a 5× 5 concatenated bit- and phase-flip repetition code gives positive rate up
to p = 0.06352. (A k × l concatenated bit- and phase-flip repetition code first encodes
the logical qubit into an l-qubit phase-flip repetition code, and then encoding each of the
l qubits into a k-qubit bit-flip repetition code, before transmitting each of the lk qubits
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via the noisy channel.) The code in [43] first encodes the logical qubits with the random
stabilizer code, and then encodes each qubit in the random code by the k × l repetition
code. To avoid cumbersome writing, we omit mentioning the concatenation with random
stabilizer code most of the time, but this step is always needed to achieve the rate. In 2007,
relying on the idea of degeneracy of repetition codes, Smith and Smolin [141] furthered the
analysis and their proposed 5× 16 concatenated phase- and bit-flip repetition code gave a
positive rate up to the improved p = 0.063626. The authors also initiated the study of the
threshold problem for other related Pauli channels such as the independent X-Z channel
with error probabilities ((1− p)2, p(1− p), p2, p(1− p)) and the 2-Pauli channel with error
probabilities (1− 2p, p, 0, p).

In 2008, Fern and Whaley [49] improved the lower bound on the error threshold for all
three aforementioned Pauli channels. Their Monte Carlo numerical method applies to many
levels of concatenation of small codes of very large blocklengths. In particular, they find
that adding several self-concatenations of the distance-3 5-qubit code between the random
stabilizer code and the concatenated bit- and phase-flip repetition code gives positive rates
up to p = 0.063766 for the depolarizing channel, p = 0.11398 for 2-Pauli channel and
p = 0.11277 for independent X-Z channel. One should note that these codes encode a
single qubit into ∼ 510 qubits. If one restricts attention to concatenated repetition codes,
their best codes include the 5 × 51 repetition code for the depolarizing channel (positive
rate up to p = 0.0637338), the 5× 74 repetition code for the 2-Pauli channel (positive rate
up to p = 0.1139425), and the 5 × 77 repetition code for the independent X-Z channel
(positive rate up to p = 0.1127458).

Very recently, in [14] permutation invariant codes were used to study the threshold prob-
lems. These codes improve the lower bounds for the thresholds for 2-Pauli and independent
X-Z channels, and the optimal blocklengths are n = 24 and n = 18 respectively. These are
not stabilizer codes, and the symmetry of the codes enabled the analysis of the medium
blocklengths. These codes do not improve the lower bound for the threshold for the de-
polarizing channel. In spite of all the results mentioned, and some more recent work
[47, 11, 10], the question of what quantum codes can best extend the lower bound for the
threshold is not well understood.

3.1.2 Our Results

We study the thresholds and non-additivity for long concatenated repetition codes and a
number of small stabilizer codes and their concatenations. We also optimize for Pauli chan-
nels that lead to maximal coherent information. While the rest of this chapter describes
our results in detail and includes a discussion about them, we summarize the results here
to aid reading:

• We perform a search over several small stabilizer (See Tables 3.1, 3.7) and concate-
nated stabilizer codes (See Tables 3.2, 3.3, 3.4, 3.5, 3.8) and find several new codes
that perform better than random stabilizer codes both for depolarizing and indepen-
dent X-Z channel. The codes that we study are concatenations of repetition codes,

41



[[4, 2, 2]] code, 5-qubit code, 7-qubit code, the [[8, 2, 2]] toric code, the 9-qubit code
for biased error proposed in [35] and the holographic codes proposed in [47]. The
list of all stabilizer codes that we used is given in Appendix B together with their
generators and logical operators.

• We find that concatenating the 5-repetition code with the biased 9-qubit code leads
to better thresholds2 than just a single layer of 5 repetition code for both depolarizing
and independent X-Z channel (see Tables 3.2, 3.8).

• We find that concatenating repetition codes with holographic codes generally leads to
improved thresholds for both depolarizing and independent X-Z channel (See Tables
3.3, 3.8). Note that the 5-qubit code is also an example of a holographic code [109] and
concatenating repetition codes with multiple layers of it achieved the best threshold
for depolarizing channel [49].

• We estimate the threshold for concatenations of long repetition codes of lengths up
to 15 × 7000 for all three Pauli channels (See Figures 3.6, 3.8 and 3.10). This is a
significantly larger search space than previously explored. We find that increasing
the length of the first repetition code generally leads to worse thresholds. Increasing
the length of the second repetition code shows an improvement in threshold up to a
certain length and then gets worse, this pattern was previously seen for small length
repetition codes. However, long concatenated repetition codes are the only examples
we could find which do better than hashing for the 2-Pauli channel.

• The main result that enables such a search is to use the coset weight enumerator
framework, first proposed in this context in [43]. We also give a closed form expression
for the coset weight enumerators of concatenated repetition codes in Section 3.3.

• To further understand the structure of concatenations that improve the threshold,
we study different combinations of concatenated codes. In particular, we find that 3
layers of repetition codes do worse than a single layer of repetition code (as reported
in Table 3.4). So continuing to concatenate repetition codes should not lead to
improved thresholds. In the particular case of concatenating the repetition codes
with the 5-qubit code, we find that putting the 5-qubit code in the middle layer gives
better threshold than putting it at the end. Finally, we find that for n ≤ 7, when
concatenating repetition codes with permutation codes, the best permutation codes
are repetition codes themselves for the depolarizing channel.

• For a number of concatenated stabilizer codes, we fix the code and vary the underly-
ing Pauli channel and find the channel that leads to maximal coherent information at
the corresponding hashing point (when the rate is zero for random stabilizer code).
Note that the coherent information is also the quantitative amount of non-additivity
demonstrated. (See Tables 3.10 and 3.11). We find that even after the optimization,

2For a fixed channel, each code provides a positive rate when concatenated with a random stabilizer
code up to some noise parameter. The noise level when the rate just turns zero will be called the threshold
for the code. This is a lower bound for the threshold noise level for the channel.
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some codes do not show non-additivity. Most codes show highest coherent infor-
mation for highly biased Pauli channels and a few of them show highest coherent
information for channels with roughly equal probabilities of two errors. These results
are also of independent interest from the perspective of quantum error correction in
the presence of biased noise.

• If we have two codes C1 and C2 such that C1 has better threshold than C2, the or-
dering of performance need not be preserved when each of C1 and C2 is concatenated
with a third code C3. In particular, it is possible that

threshold(C1) > threshold(C2) but ∃ C3 such that threshold(C1 × C3) < threshold(C2 × C3)

For example, when C1 is 7-repetition, C2 is 3-repetition, and C3 is 7-repetition, we
indeed see such reversal of performance.

This mysterious phenomenon vastly complicates our study, because this means we
cannot optimize for codes layer by layer.

Note: All of the code, interactive plots for Figures 3.6, 3.8 and 3.10 and a spreadsheet with
all the data is available on GitHub [3]. The list of all stabilizer codes that we used is given
in Appendix B together with their generators and logical operators. The tables presented
throughout the chapter are sorted in descending order of thresholds. Many decimal places
are reported since the threshold values of different codes differ on/after the 4th decimal
place. The number of decimal places reported is according to the tolerance of the numerical
root finder used.

3.2 Preliminaries

3.2.1 Setup and Construction

In this section, we review the setup of [43] for computing a lower bound for the error
threshold of the depolarizing channel (See Fig 3.1). Bennett, DiVincenzo, Smolin, and
Wootters in [12] gave the first lower bound on error threshold using a random stabilizer code
on n qubits (with n−k random stabilizer generators), where n is the number of uses of the
depolarizing channel. In particular, they showed that with high probability over the choice
of a random stabilizer code, every syndrome measurement reduces the entropy of the system
by 1 bit. Since there are roughly 2nH(1−3p,p,p,p) typical Pauli errors for the depolarizing
channel, one can identify and correct the Pauli error with ≈ nH(1 − 3p, p, p, p) syndrome
measurements. Here, H is the entropy function. Therefore, the rate 1 − H(1 − 3p, p, p, p)
is achievable, and the error threshold p∗ is the value of p for which H(1 − 3p, p, p, p) = 1,
this is approximately p∗ = 0.063096.

However, it was shown in [138, 43] that it is possible to achieve a positive rate at higher
error rates. They do this by further encoding each of the n qubits of the random stabilizer
code using a 5-qubit repetition code and then passing the resulting 5n encoded qubits
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Figure 3.1: The depiction of the channel capacity setup [43]. The input is first encoded
using a random stabilizer code, and each output qubit is further encoded by a code C.
The final encoded qubits pass through the channel Nl = N⊗l. The decoder then performs
syndrome measurements of C followed by those of the random stabilizer code.

through the depolarizing channel, to get a positive rate up to p = 0.063466. After this, the
circuit measures the syndrome for each of the 5-qubit repetition codes to get back n qubits.
After this n − k measurements for the stabilizer generators of the random stabilizer code
are performed to identify the error, which is then reverted. See Figure 3.1 for the circuit.
Finally, [138, 43] gave an expression for the rate in terms of the von Neumann entropy of
the system RB.

Q =
1

l
(1− SRB) (3.1)

where l is the length of the code used for encoding the state, which is 5 in this case.

Notation. We use the following notational convention to refer to concatenated codes
(see Figure 3.2 for the circuit):

1. We use Code A×Code B to refer to the following order of concatenation: first encode
the state using Code B, then encode the output qubits using Code A. The resulting
qubits are then passed through the channel. After the action of the channel, first
the syndrome measurement for Code A is performed, then for Code B and finally
random hashing is done on the remaining qubits.

2. In words, we use the notation “Code A concatenated with Code B” to refer to the
order of concatenation stated above.

3. We use the notation “first” layer to refer to Code A and “second” layer to refer to
Code B in the order of concatenation stated above.
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Figure 3.2: Order of code concatenation

3.2.2 Review of Weight Enumerators

In this section, we will describe how to use the coset weight enumerator framework to com-
pute the entropy of an encoded state after transmission through the depolarizing channel
[43], which in turn enables us to compute the error threshold. Weight enumerators poly-
nomials have been used on many occasions before, both in quantum error correction and
quantum information theory, see [28, 122, 121, 119, 43, 57, 72]. We start by recalling
the definition of the weight enumerator for a stabilizer code. Note that in the following
discussion, we only consider the Pauli group without phases.

Definition 3.2.1 (Weight Enumerator [57]). A weight enumerator for an [[n, k, d]] quan-
tum stabilizer code with the set S of stabilizers is a homogeneous polynomial W (x, y) of
degree n which is defined as follows:

W (x, y) =
∑
M∈S

xn−wt(M)ywt(M) (3.2)

Here wt(M) is the number of non-identity Pauli operators in M . In particular, the coeffi-
cient of xn−kyk is the number of stabilizers of weight k.

Note that if we evaluate W (x, y) at x = 1 − 3p, y = p we get the probability that the
(1 − 3p, p, p, p) depolarizing channel applied an error M ∈ S [136]. We can also define
similar homogeneous polynomials that capture the weight distribution of arbitrary subset
T ⊆ E of Pauli errors on n qubits as follows:

PT (x, y) =
∑
M∈T

xn−wt(M)ywt(M) (3.3)

We can use such polynomials to compute the different probabilities used to calculate the
entropy for Equation 3.1. In particular, for any two Pauli errorM1 andM2 their syndrome
is the same iffM †

1M2 ∈ N(S). This means that every syndrome s corresponds to a distinct
coset in E/N(S). For a particular coset representativeM ∈ E we denote the corresponding
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Figure 3.3: Normalizer coset partitioned by stabilizer cosets

normalizer coset [M ]N(S). Then the probability that we see the corresponding syndrome
sM is equal to P[M ]N(S)

(1− 3p, p).

Further, for any two errors M1,M2, the output state is the same iff M †
1M2 ∈ S. Thus

the output state can be characterized using distinct cosets in E/S. For a particular coset
representative M ∈ E, we denote the corresponding stabilizer coset [M ]S. Note that
[M ]N(S) = [M ]S ⊔ [MZ]S ⊔ [MX]S ⊔ [MY ]S, where the four stabilizer cosets partition the
normalizer coset, and X,Y , Z denote logical X, Y, Z operators (see Figure 3.3). Moreover,
for any errors M1,M2 from distinct partitions, the resulting states are orthogonal, since
⟨Φ|I ⊗ (M †

1M2)|Φ⟩ = 0. Therefore, we can compute the von Neumann entropy of the
state resulting from a syndrome sM by computing the Shannon entropy of the conditional
probabilities that the depolarizing channel applies an error from the distinct partitions of
[M ]N(S). The probability that the depolarizing channel applies an error from a particular
partition [M ]S is P[M ]S(1− 3p, p).

For a particular normalizer coset T ∈ E/N(S), suppose we pick a coset representativeMT .
Then we denote the stabilizer cosets [MT ]S, [MTZ]S, [MTX]S, [MTY ]S by TI , TZ , TX , TY
respectively. Then, we can compute the entropy SRB from Equation 3.1, using weight
enumerators by the following expression:∑
T∈E/N(S)

PT (1− 3p, p)H

(
PTI (1− 3p, p)

PT (1− 3p, p)
,
PTX (1− 3p, p)

PT (1− 3p, p)
,
PTY (1− 3p, p)

PT (1− 3p, p)
,
PTZ (1− 3p, p)

PT (1− 3p, p)

)
(3.4)

In order to study the threshold probability for a channel with independent X and Z noise,
which applies X and Z error independently with probability p each, we need to distinguish
between the X, Y, Z components of an error since they occur with different probabilities.
A useful tool to do that is the complete weight enumerator, a well-known tool in coding
theory [94].

Definition 3.2.2 (Complete Weight Enumerator). A complete weight enumerator for a
subset T ⊆ E of Pauli errors on n qubits is a homogeneous polynomial W (i, x, y, z) of
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degree n which is defined as follows:

W (i, x, y, z) =
∑
M∈T

iwtI(M)xwtX(M)ywtY (M)zwtZ(M) (3.5)

Here wtO(M) is the number of occurrences of the Pauli operator O in M . In particular,
the coefficient of iaxbyczd is the number of errors in T which have I in a qubits, X in b
qubits, Y in c qubits and Z in d qubits.

3.3 Weight Enumerators for Repetition Code

In this section, we describe a closed form expression for coset weight enumerators of rep-
etition codes and concatenated repetition codes. We first describe the enumerators for
repetition codes of length n. These expressions were also computed in [43], however they
take a different approach by considering the number of non-zero bits in the syndrome mea-
sured and then computing the probabilities of corresponding cosets. Our approach has
the benefit of generalizing easily to concatenated repetition codes, and the expressions we
compute will later also follow as a special case of the concatenated repetition codes. We
consider [[n, 1]] repetition codes with Z-type stabilizers.

The set of stabilizers for the [[n, 1]] repetition code is generated by the set {Z⊗2⊗I⊗n−2, I⊗
Z⊗2 ⊗ I⊗n−3, . . . , I⊗k ⊗ Z⊗2 ⊗ In−2−k, . . . , I⊗n−2 ⊗ Z⊗2}, and therefore is equal to the set
of all Pauli strings which satisfy wt(Z) = 0 mod 2 and wt(X) = wt(Y ) = 0. We choose
the representatives Z ⊗ I⊗n−1, X⊗n, Y ⊗X⊗n−1 for the logical Z,X, Y operations, denoted
Z,X, Y respectively. We will also use the following functions to compactly represent our
weight enumerators:

f en(x, y) =
(x+ y)n + (x− y)n

2

f on(x, y) =
(x+ y)n − (x− y)n

2

gk,n(x, y) =
1

2
(x+ y)n−k(2y)k

Here f en(x, y), f
o
n(x, y) are weight enumerators for the set of all even and odd weight binary

strings, respectively. The polynomial gk,n(x, y) is a weight enumerator for quaternary
strings (say symbols a, b, c, d) where a has weight 0 and the other three have weight 1.
The term (x+ y)n−k is a weight enumerator for the set of all strings of a, b on some n− k
indices. The term 1

2
(2y)k is a weight enumerator for the set of all c, d strings which satisfy

wt(c) = 0 mod 2 (or, wt(c) = 1 mod 2) on some k indices. We can now compute the
weight enumerators for the cosets in E/S. In the following analysis, we will talk about
wtX(M),wtZ(M) for a Pauli string M ∈ E, where wtX(M) is the number of X and Y
in M and wtZ(M) is the number of Z and Y in M , respectively. We point out here that
this notation is different from the one used in Section 3.2.2, which will not be used here.
Note that for any Pauli string M ∈ E, it is equivalent up to stabilizers to a string M ′
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with wtZ(M
′) = wtZ(M) mod 2, and wtX(M

′) = wtX(M), where the Z-weight is on the
first qubit, so now we will only consider coset representatives M of this form. Given a
representative string M such that wtX(M) = k and wtZ(M) = b (where b ∈ {0, 1}), the
weight enumerator for the coset [M ]S will be of the following form:

• Case 1: (b = 0, k = 0) This is the case when M = I⊗n and we want to compute
the weight enumerator of the stabilizer, which consists of all {I, Z} strings of even
Z-weight. This results in the expression

P[I⊗n]S(x, y) = f en(x, y).

• Case 2: (b = 1, k = 0) This is the case whenM = Z⊗I⊗n−1 and we want to compute
the weight enumerator of [M ]S, which consists of all {I, Z} strings of odd Z-weight.
This results in the expression

P[Z⊗I⊗n−1]S(x, y) = f on(x, y).

• Case 3 (See Fig 3.4): (b = 0, k ̸= 0) We want to multiplyM with all {I, Z} strings of
even weight. There are two possibilities, either the stabilizers have odd Z-weight in
both regions A and B or have even Z-weight in both regions. In region A, the weight
is always k since multiplication of Z converts X to Y . This results in the expression

P[M ]S(x, y) = f en−k(x, y)2
k−1yk + f on−k(x, y)2

k−1yk

=
1

2
(2y)k(f en−k(x, y) + f on−k(x, y))

=
1

2
(x+ y)n−k(2y)k

= gk,n(x, y).

• Case 4 (See Fig 3.4): (b = 1, k ̸= 0) We want to multiply M with all {I, Z} strings
of even weight. Equivalently, we can consider the string M ′ which is the same string
as M but without the Z and multiply it with all {I, Z} strings of odd weight. There
are two possibilities, either we have odd Z-weight in region A and even Z-weight in
region B, or we have even Z-weight in region A and odd Z-weight in region B. In
region A, the weight is always k since multiplication of Z converts X to Y . This
results in the expression

P[M ]S(x, y) = f en−k(x, y)2
k−1yk + f on−k(x, y)2

k−1yk

=
1

2
(2y)k(f en−k(x, y) + f on−k(x, y))

=
1

2
(x+ y)n−k(2y)k

= gk,n(x, y).
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Figure 3.4: Pictorial representation of Cases 3 and 4

Note that each case above occurs with frequency
(
n
k

)
, for the choices of the k possible

locations of X in M . In order to compute weight enumerators for the normalizer cosets
E/N(S), we can add the relevant weight enumerators from the stabilizer cosets. In partic-
ular, [M ]N(S) = [M ]S ⊔ [MZ]S ⊔ [MX]S ⊔ [MY ]S. If M satisfies wtZ(M) = b,wtX(M) = k,
then using our choice of representatives for Z,X, Y , we can always pick a representative
MO for the coset [MO]S where O ∈ {X, Y, Z} which satisfies the following:

wtZ(MZ) = 1− b wtX(MZ) = k

wtZ(MX) = b wtX(MX) = n− k

wtZ(MY ) = 1− b wtX(MY ) = n− k

Therefore, the weight enumerator for [M ]N(S) can be obtained by adding the weight enu-
merators for the above cosets:

P[M ]N(S)
(x, y) = 2(gk,n(x, y) + gn−k,n(x, y))

where we use the fact that f en(x, y)+f
o
n(x, y) = 2g0,n(x, y) for the case when k = 0. We only

consider the cases where b = 0, since then wtZ(MZ) = 1 and MZ does not have a separate
coset. Therefore, this case occurs with frequency

(
n
k

)
, for the choices of the k possible

locations of X in M . Moreover, we now only consider k ≤ ⌊n
2
⌋ since wtX(MX) = n − k

so MX does not have a separate coset. Further, if n is even, we only count half of the(
n
k

)
choices when k = n/2, because for every such M there will be a corresponding MX

with wtX(MX) = n/2 which does not have a separate coset. The discussion above can
be summarized into the following theorem about the closed form expression for the coset
weight enumerators:

Theorem 3.3.1. Consider an [[n, 1]] repetition code with Z-type stabilizers. Let M =
X⊗k⊗I⊗(n−k) be a Pauli error on n qubits. The stabilizer and normalizer coset enumerators
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for M are:

P[M ]S(x, y) =

{
f en(x, y) if M = I⊗n

gk,n(x, y) otherwise

P[MZ]S
(x, y) =

{
f on(x, y) if M = I⊗n

gk,n(x, y) otherwise

P[MX]S
(x, y) = gn−k,n(x, y)

P[MY ]S
(x, y) = gn−k,n(x, y)

P[M ]N(S)
(x, y) = 2(gk,n(x, y) + gn−k,n(x, y))

where [M ]S denotes the stabilizer coset of M and [M ]N(S) denotes the normalizer coset of
M .

3.3.1 Weight Enumerators for Concatenated Repetition Code

In this section, we describe the weight enumerators for the stabilizer cosets of the con-
catenated repetition code. We will first encode the state using an [[m, 1]] repetition
code with Z-type stabilizer generators SZ and then encode each of the output qubits
using an [[n, 1]] repetition code with X-type stabilizer generators SX to get the con-
catenated [[mn, 1]] code C. We will think of the mn qubits as m blocks of n qubits
each (and the ith block is called Mi), see Figure 3.5. We pick the representatives Zm =
Z ⊗ I⊗m−1, Xm = X⊗m, Y m = Y ⊗ X⊗m−1 for the logical operations of the [[m, 1]] repe-
tition code and Zn = Z⊗n, Xn = X ⊗ I⊗n−1, Y n = Y ⊗ Z⊗n−1 for the logical operations
of the [[n, 1]] repetition code. Given a set T and a Pauli string P we use the notation
T ⊗ P for the set T ′ := {M ⊗ P |M ∈ T}. Given two sets S1, S2 ⊆ E, we define the set
S1 · S2 := {s1 · s2|si ∈ Si} ⊆ E. The resulting set of stabilizers S and representatives of
logical operations for C is then:

S1 = ⟨SX ⊗ I
⊗m−1

n , In ⊗ SX ⊗ I
⊗m−2

n , . . . , I
⊗m−1

n ⊗ SX⟩
S2 = ⟨Z⊗2

n ⊗ I
⊗m−2

n , In ⊗ Z
⊗2

n ⊗ I
⊗m−3

n , . . . , I
⊗m−2

n ⊗ Z
⊗2

n ⟩
S = S1 · S2

Z = Zn ⊗ I
⊗m−1

n

X = (X ⊗ I⊗n−1)⊗m

Y = (Y ⊗ Z⊗n−1)⊗ (X ⊗ I⊗n−1)⊗m−1

Note here that S1 consists of all strings which have some (potentially different) element
of SX acting in each block of qubits, and S2 consists of strings with Z

⊗n acting on an even
number of blocks of qubits and I⊗n acting on the remaining blocks of qubits. We obtain
the set of stabilizers by multiplying each pair of strings picked from S1, S2. We will use
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Figure 3.5: Partitioning of encoded qubits for concatenated repetition codes.

the following functions to compactly represent our weight enumerators:

F e
n(x⃗, y⃗) =

1

2

[
n∏
i=1

(xi + yi) +
n∏
i=1

(xi − yi)

]

F o
n(x⃗, y⃗) =

1

2

[
n∏
i=1

(xi + yi)−
n∏
i=1

(xi − yi)

]

hbk,n(x, y) =


f en(x, y) if k = 0, b = 0

f on(x, y) if k = 0, b = 1

gk,n(x, y) otherwise

Here F e
n(x⃗, y⃗), F

o
n(x⃗, y⃗) take vector-valued variables x⃗, y⃗ as input each of length n. The

polynomial F e
n(x⃗, y⃗) (F

o
n(x⃗, y⃗)) consists of all possible choices of xi or yi for each i, where

an even (odd) number of variables are chosen from y⃗. The polynomial hbk,n(x, y) computes
the weight distribution for the different cases from the case of non-concatenated repetition
codes. We can now compute the weight enumerators for the cosets in E/S. In the following
analysis, we will talk about wtX⃗(M),wtZ⃗(M) for a Pauli stringM ∈ E, where we will divide
M into m blocks of length n, denote the ith block by Mi, and count the Pauli weights for
each block separately. Then wtX⃗(M),wtZ⃗(M) are vectors of length m, where the ith entry
of wtX⃗(M) (wtZ⃗(M)) is the number of X and Y (Z and Y ) in the ith block ofM . Note that
for any M ∈ E, it is equivalent up to stabilizers to a string M ′ with wtZ⃗(M

′) = wtZ⃗(M)
and wtX⃗(M

′) = wtX⃗(M) mod 2 by multiplying with the stabilizer elements of S1, and the
X weight in each block of M is on the first qubit of the block. Now we will only consider
M of this form, which has wtX⃗(M) = b⃗,wtZ⃗(M) = k⃗ where b⃗ ∈ {0, 1}m, k⃗ ∈ [n]m. Then
we can compute the weight enumerators of [M ]S, [MZ]S, [MX]S, [MY ]S as follows:

• For [M ]S: We want to compute a weight enumerator for the set of all strings generated
by multiplying M with pairs of strings from S1, S2. We will first focus on the weight
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distribution in the first block (M1). Suppose we pick a string from S2 that has I⊗n

in the first block. Then we want to compute the weight distribution of the strings
obtained by multiplying M1 with all the stabilizer strings in SX , since S2 consists of
strings with an element of SX in each block. In particular, we want to compute the
weight distribution of strings obtained by multiplying M1 with all {I,X} strings of
even weight. Depending on the value of b1 and k1, this will be the same as one of the
cases we considered from non-concatenated repetition codes. Thus this expression
will be hb1k1,n(x, y). If we picked a string from S2 that has Z⊗n in the first block then
we can equivalently consider a stringM ′

1 which has wtZ(M
′
1) = n−k1, wtX(M ′

1) = b1
and then compute the weight distribution of strings obtained by multiplying M ′

1

with all {I,X} strings of even weight. Thus this expression will be hb1n−k1,n(x, y).
Now to compute the full weight distribution, we want to consider all the blocks of
M . In particular, on multiplying by elements in S2, there will be an even number
of blocks which have Z⊗n multiplied with them. These blocks will have the weight
distribution hbin−ki,n(x, y) and the rest will have the weight distribution hbiki,n(x, y).

So we will consider a vector valued function h⃗b⃗
k⃗,n⃗

(x, y) of length m where the ith

coordinate is hbiki,n(x, y). Then the overall weight distribution is

P[M ]S(x, y) = F e
m(⃗h

b⃗
k⃗,n⃗

(x, y), h⃗b⃗
n⃗−k⃗,n⃗(x, y)).

• For [MZ]S: Note that Z = Zn ⊗ I
⊗m−1

n . To compute the weight distribution of
[MZ]S, we want to multiply MZ with pairs of strings from S1, S2. Note that every
string in S2 on being multiplied with Z becomes a string which has Z⊗n in an odd
number of blocks and I⊗n in an even number of blocks. So we can do a computation
similar to [M ]S but with an odd number of blocks having Z⊗n multiplied with them.
These blocks will have the weight distribution hbin−ki,n(x, y) and the rest will have the

weight distribution hbiki,n(x, y). Then the overall weight distribution is

P[MZ]S
(x, y) = F o

m(⃗h
b⃗
k⃗,n⃗

(x, y), h⃗b⃗
n⃗−k⃗,n⃗(x, y)).

• For [MX]S: Note that X = (X ⊗ I⊗n−1)⊗m. To compute the weight distribution
of [MX]S, we want to multiply MX with pairs of strings from S1, S2. Since mul-
tiplication with X changes the parity of every entry in wtX⃗(M), we can choose a
representative M ′ of [MX]S which has wtX⃗(M

′) = (wtX⃗(M))c (where v⃗c denotes
entry-wise complement) and wtZ⃗(M

′) = wtZ⃗(M). Then we can do a computation
similar to [M ]S where we want to multiply M ′ with pairs of string from S1, S2. Then
the overall weight distribution is

P[MX]S
(x, y) = F e

m(⃗h
b⃗c

k⃗,n⃗
(x, y), h⃗b⃗

c

n⃗−k⃗,n⃗(x, y)).

• For [MY ]S: Note that Y = (Y ⊗ Z⊗n−1)⊗ (X ⊗ I⊗n−1)⊗m−1 = (Zn ⊗ I
⊗m−1

n )((X ⊗
I⊗n−1)⊗m). To compute the weight distribution of [MY ]S, we can now pick a repre-
sentative M ′ of [MY ]S which has wtX⃗(M

′) = (wtX⃗(M))c and wtZ⃗(M
′) = wtZ⃗(MZ).
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In addition, multiplying (Zn ⊗ I
⊗m−1

n ) with strings in S2 converts each string to one
having odd number of blocks having Z⊗n. These blocks will have the weight distri-
bution hbin−ki,n(x, y) and the rest will have the weight distribution hbiki,n(x, y). Then
the overall weight distribution is

P[MY ]S
(x, y) = F o

m(⃗h
b⃗c

k⃗,n⃗
(x, y), h⃗b⃗

c

n⃗−k⃗,n⃗(x, y)).

To compute the weight enumerators for the normalizer cosets E/N(S), we can add the rel-
evant weight enumerators from the stabilizer cosets. In particular, to compute P ([M ]N(S)):

P[M ]N(S)
(x, y) = P[M ]S(x, y) + P[MZ]S

(x, y) + P[MX]S
(x, y) + P[MY ]S

(x, y)

=

(
m∏
i=1

(hbiki,n(x, y) + hbin−ki,n(x, y))

)
+

(
m∏
i=1

(h1−biki,n
(x, y) + h1−bin−ki,n(x, y))

)

where we have used the fact that F e
n(x⃗, y⃗)+F

o
n(x⃗, y⃗) =

∏n
i=1(xi+yi). The discussion above

can be summarized in the following theorem about the closed form expression for the coset
weight enumerators:

Theorem 3.3.2. Consider an n ×m concatenated bit and phase-flip repetition code. Let
M ∈ E be a Pauli error on mn qubits. The stabilizer and normalizer coset weight enumer-
ators for M are:

P[M ]S(x, y) = F e
m(⃗h

b⃗
k⃗,n⃗

(x, y), h⃗b⃗
n⃗−k⃗,n⃗(x, y))

P[MZ]S
(x, y) = F o

m(⃗h
b⃗
k⃗,n⃗

(x, y), h⃗b⃗
n⃗−k⃗,n⃗(x, y))

P[MX]S
(x, y) = F e

m(⃗h
b⃗c

k⃗,n⃗
(x, y), h⃗b⃗

c

n⃗−k⃗,n⃗(x, y))

P[MY ]S
(x, y) = F o

m(⃗h
b⃗c

k⃗,n⃗
(x, y), h⃗b⃗

c

n⃗−k⃗,n⃗(x, y))

P[M ]N(S)
(x, y) =

(
m∏
i=1

(hbiki,n(x, y) + hbin−ki,n(x, y))

)
+

(
m∏
i=1

(h1−biki,n
(x, y) + h1−bin−ki,n(x, y))

)

where [M ]S denotes the stabilizer coset of M , [M ]N(S) denotes the normalizer coset of M

and b⃗, k⃗ are as defined in the discussion above.

3.3.2 Description of threshold estimation algorithm

Overview: Recall that the entropy SRB can be computed from the coset weight enumer-
ators as∑
T∈E/N(S)

PT (1− 3p, p)H

(
PTI (1− 3p, p)

PT (1− 3p, p)
,
PTX (1− 3p, p)

PT (1− 3p, p)
,
PTY (1− 3p, p)

PT (1− 3p, p)
,
PTZ (1− 3p, p)

PT (1− 3p, p)

)
.
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This expression can rewritten as the difference between the entropies attributed to the
stabilizer coset and the normalizer coset.∑

T∈E/S

−PT (1− 3p, p) lnPT (1− 3p, p)

︸ ︷︷ ︸
entropy of stabilizer coset

−
∑

T∈E/N(S)

−PT (1− 3p, p) lnPT (1− 3p, p)

︸ ︷︷ ︸
entropy of normalizer coset

In this section, we describe an algorithm that estimates each half of this expression for
concatenated repetition codes by using the weight enumerators from the previous section.
This enables us to efficiently analyze SRB as a function of p and find the error threshold
p∗ when SRB = 1.

Stabilizer coset entropy: Using the concatenated weight enumerator expressions from
Section 3.3.1, the probability of observing the stabilizer coset [M ]S is given by

P[M ]S =
1

2

[
m∏
i=1

(hbiki,n + hbin−ki,n) +
m∏
i=1

(hbiki,n − hbin−ki,n)

]
,

so the entropy attributed to the stabilizer coset can be calculated as∑
[M ]S∈E/S

−P[M ]S(1− 3p, p) lnP[M ]S(1− 3p, p) = E[− lnP[M ]S(1− 3p, p)]

= ln 2 + nE[− ln(hbk,n + hbn−k,n)] + E

[
− ln

(
1 +

m∏
i=1

(
hbiki,n − hbin−ki,n

hbiki,n + hbin−ki,n

))]
,

where the choices of pairs (ki, bi)i∈[n] are mutually independent. The term E[− ln(hbk,n +

hbn−k,n)] is independent of m and can be computed in O(n) time. For each pair (k, b) ∈
[n]× {0, 1}, we define the coefficient

qbk,n =
hbk,n − hbn−k,n
hbk,n + hbn−k,n

∈ (−1, 1).

The last term is re-expressed in a form efficiently computed by the algorithm

E

[
− ln

(
1 +

m∏
i=1

qi

)]
, each qi ∼ Q,

where Q is the single-channel distribution of qbk,n. The algorithm then convolves the distri-
bution of (sign(q), ln|q|) ∈ Z/2× R derived from q ∼ Q with itself n times, and evaluates
the expectation of − ln(1± ex) on the resulting distribution, where the choice of ± is given
by the overall sign of

∏
qi and x is the sum of ln|qi|. This yields the entropy attributed to

the stabilizer coset.
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Normalizer coset entropy: From Section 3.3.1, the probability of observing the nor-
malizer coset [M ]N(S) is given by

P[M ]N(S)
=

m∏
i=1

(hbiki,n + hbin−ki,n) +
m∏
i=1

(h1−biki,n
+ h1−bin−ki,n).

Thus, the entropy attributed to the normalizer coset can be calculated as∑
[M ]N(S)∈E/N(S)

−P[M ]N(S)
(1− 3p, p) lnP[M ]N(S)

(1− 3p, p) = E[− lnP[M ]N(S)
(1− 3p, p)]

= nE[− ln(hbk,n + hbn−k,n)] + E

[
− ln

(
1 +

m∏
i=1

(
h1−bk,n + h1−bn−k,n

hbk,n + hbn−k,n

))]
,

where the choices of pairs (ki, bi)i∈[n] are mutually independent. The first term can be
reused. For each pair (k, b) ∈ [n]× {0, 1}, we define the coefficient

rbk,n =
h1−bk,n + h1−bn−k,n

hbk,n + hbn−k,n
∈ R+.

The relevant term is re-expressed in a form efficiently computed by the algorithm

E

[
− ln

(
1 +

m∏
i=1

ri

)]
, each ri ∼ R,

where R is the single-channel distribution of rbk,n. The algorithm then convolves the dis-
tribution lnR with itself n times, and evaluates the expectation of − ln(1 + ex) on the
resulting distribution. This yields the entropy attributed to the normalizer coset.

To perform convolutions over R, we bin the distributions Q and R by rounding them to
α · Z for a scale factor α ∈ R+, and perform a fast Fourier transform on the discretized
data. We repeat this bin-and-convolve process at O(n) different scales, and recombine
the post-convolution data. The binning procedure and choice of scales is discussed in the
GitHub repository [3].3

Note that the algorithm becomes unstable for very long lengths in the second layer, and
we only report stable values for different lengths.

3.4 Search over Stabilizer Codes

3.4.1 Depolarizing Channel

In this section, we study the problem for computing the threshold for the depolarizing
channel. For completeness, we also report some values that have been reported in prior
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Code Threshold
5 rep 0.06345202
7 rep 0.06341083
3 rep 0.06337664
Shor code (9-qubit) 0.06335987
4 rep 0.06329834
Hashing 0.06309656
5 qubit 0.06298730
Biased 13-qubit 0.06283925
[[11, 1, 5]] 0.06283811

Code Threshold
13-qubit cyclic code 0.06277288
Tailored [[7, 1, 3]] H 0.06276470
[[6, 1, 3]] H 0.06275094
Biased 9-qubit 0.06275087
[[4, 2, 2]] 0.06261572
7 qubit (Steane) 0.06259214
CD Steane H 0.06259214
Toric code [[8, 2, 2]] 0.06247322
SCF H 0.06236285

Table 3.1: Error Thresholds for various stabilizer codes (depolarizing channel). The codes
with an H refer to holographic codes, discussed in [47]. SCF is Surface Code Fragment
[65]. CD Steane is Clifford deformed Steane code. The [[6,1,3]] and tailored [[7,1,3]] codes
were proposed in [48, 128] respectively.

works (in particular, [49]). We start by considering a single layer of various stabilizer codes.
The thresholds for these codes are reported in Table 3.1. The only codes which give a better
threshold than hashing are repetition codes or the Shor code (which is a concatenation of 2
repetition codes). In particular, note that even codes which have non-trivial distance (e.g.
5-qubit code) also do worse than random hashing. This is in contrast with the situation
in quantum error correction wherein codes such as the 5-qubit code, the Steane code and
the toric code perform well in different scenarios. For example, the 5-qubit code has the
best threshold for magic state distillation for T -states [125, 72].

Note that repetition codes are classical codes (stabilizers of a single type X or Z) so intu-
itively one would expect that they only work well for channels with a single type of error.
A possible explanation for the good performance of repetition codes has been suggested in
[138, 141], who posit that repetition codes are degenerate for Z errors, and they can correct
X errors, thus helping reduce the overall entropy of the state. However, on the other hand,
codes such as the biased 9 and 13 qubit code that perform well for biased channels [35]
(but are not completely classical) have a significantly worse threshold.

We then study the error thresholds for repetition codes concatenated with several small
stabilizer codes. The thresholds are reported in Table 3.2. One question we consider is
whether any small concatenations can outperform the 5-repetition code (best for single-
layer). We start by concatenating repetition codes with the biased 9-qubit code, to see if
it improves the threshold. The biased 9-qubit code designed in [35] is used to correct one
generic error and one extra Z error. We perform such a concatenation motivated by the
observation that the output channels of repetition codes with Z stabilizers are significantly
biased towards Z errors, and hence concatenation with the biased 9-qubit should help im-
prove the threshold. We find this is indeed the case for the 5-repetition and 7-repetition
code, but not for the 3-repetition code. One reason for not seeing the improvement at 3-rep
could be that 5-rep and 7-rep codes result in more biased effective channels. Note also that
even though the 7-rep case shows an improvement after concatenation, the threshold is

3See the folder “Threshold Estimation”
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Code Threshold
5 rep Z × 5 rep X 0.06352047
5 rep Z × Biased 9-qubit 0.06351455
5 rep × 5 qubit 0.06350293
7 rep Z × Biased 9-qubit (E) 0.06348061
7 rep × 5 qubit 0.06345748
5 rep 0.06345202
7 rep 0.06341083
5 rep X × Biased 9-qubit 0.06340951
3 rep 0.06337664
3 rep × 7 qubit 0.06336876
3 rep × Toric code [[8,2,2]] 0.06335777
3 rep × Biased 13-qubit (E) 0.06334324
3 rep Z × Biased 9-qubit 0.06334062

Code Threshold
4 rep × [[4,2,2]] 0.06333945
3 rep × 5 qubit 0.06333924
3 rep X × 13-qubit code (E) 0.06332969
4 rep × Toric code [[8,2,2]] 0.06332810
3 rep × [[4,2,2]] 0.06332006
4 rep × 5 qubit 0.06330111
5 rep × [[4,2,2]] 0.06329169
3 rep X × Biased 9-qubit 0.06329150
5 rep × Toric code [[8,2,2]] 0.06324287
5 rep × 7 qubit 0.06310170
Hashing 0.06309656
7 rep × 7 qubit 0.06279167

Table 3.2: Error Threshold for repetition codes concatenated with small stabilizer codes
(depolarizing channel). Concatenating 5-repetition with biased 9-qubit improves the
threshold. Entries with an (E) refer to Monte-Carlo based estimates.

worse than that of the 5-rep case concatenated with biased 9-qubit. Note that concatena-
tions of this type have not been previously studied.

Concatenation of repetition codes with the 5-qubit code improves the threshold in all cases
except 3-repetition code. This pattern is not seen for the 7-qubit code, which always makes
the threshold worse in such a concatenation. Concatenation with the [[8,2,2]] toric code
and [[4,2,2]] code improves the threshold for 4-repetition code, but not for odd length
repetition codes. However, the improvement is not enough to make it do better than 5-
repetition. When concatenating repetition codes with the toric code, increasing the length
of the repetition code makes the threshold worse.

The next set of numerical experiments we carried out were to study the thresholds of
repetition codes concatenated with holographic codes. The thresholds are reported in
Table 3.3. This experiment was inspired by recent results in [47], where the authors show
that holographic codes perform better than hashing for biased noise channels. We find
that on concatenating repetition codes with holographic codes, several of these codes do
better than repetition codes alone. For small code concatenations, these and the biased
9-qubit code are the first examples of stabilizer codes that are not repetition codes which
improve the threshold when used in the second layer.

For 5-repetition, concatenation with tailored [[7,1,3]] code, [[6,1,3]] code and the CD Steane
code, all improve the threshold. All these codes also show improvement in the threshold
for 7-repetition code. The best threshold is obtained by concatenating 5-repetition with
the tailored [[7,1,3]] code. For 4-repetition code, concatenating it with the [[6,1,3]] code
and the SCF code improves the threshold, and the best threshold is given by the [[6,1,3]]
code. Concatenating a non-repetition code such as 5-qubit, 7-qubit or [[4,2,2]] code with a
holographic code always results in a threshold worse than hashing. We note that none of
these concatenations have been previously studied.

We then study the thresholds for a number of codes which are conceptually interesting
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Concatenated Codes Value
5 rep × Tailored [[7,1,3]] H 0.06351361
5 rep × 5 qubit 0.06350293
5 rep X × [[6,1,3]] H 0.06348512
5 rep × CD Steane H 0.06347779
7 rep × Tailored [[7,1,3]] H 0.06347148
7 rep × 5 qubit 0.06345748
5 rep 0.06345202
7 rep X × [[6,1,3]] H 0.06344692
7 rep × CD Steane H 0.06343681
7 rep 0.06341083
3 rep 0.06337664
3 rep × SCF H 0.06334961
4 rep × [[6,1,3]] H 0.06334802
4 rep × SCF H 0.06333589
Shor code × [[6,1,3]] H 0.06333181
3 rep × Tailored [[7,1,3]] H 0.06333161

Concatenated Codes Value
3 rep X × [[6,1,3]] H 0.06331437
4 rep × CD Steane H 0.06331188
5 rep Z × [[6,1,3]] H 0.06330793
4 rep × Tailored [[7,1,3]] H 0.06330435
3 rep Z × [[6,1,3]] H 0.06329927
3 rep × CD Steane H 0.06329370
5 rep × SCF H 0.06325328
7 rep Z × [[6,1,3]] H 0.06312474
Hashing 0.06309656
7 rep × SCF H 0.06305013
5-qubit 0.06298730
5-qubit × [[6,1,3]] H 0.06298013
5-qubit × SCF H 0.06296798
7-qubit × SCF H 0.06266241
7-qubit × [[6,1,3]] H 0.06266195
[[4, 2, 2]] × [[6,1,3]] H 0.06255564

Table 3.3: Error Thresholds for stabilizer codes concatenated with holographic codes (de-
polarizing channel). Multiple concatenations lead to improved thresholds.

Code Threshold
5 rep X × 5 qubit × 5 rep Z 0.063552 (E)
5 rep × 7 perm 0.06354354568
5 rep X × 5 rep Z × 5 qubit 0.063535 (E)
5 rep × 5 perm 0.06352047429
5 rep X × 5 qubit × 5 qubit 0.063519 (E)
5 rep Z × Biased 9-qubit 0.06351455
5 rep × 3 perm 0.06349265
3 rep × 7 perm 0.06347859
5 rep 0.06345202
3 rep × 5 perm 0.06341736
5 rep X × Biased 9-qubit 0.06340951
3 rep Z × Biased 9-qubit 0.06334062
3 rep X × Biased 9-qubit 0.06329150
5 rep X × 5 rep Z × 5 rep X 0.063278 (E)
3 rep X × 3 rep Z × 3 rep X 0.06327013
Hashing 0.06309656

Table 3.4: A collection of some conceptually interesting codes (depolarizing channel). En-
tries with an (E) refer to Monte-Carlo based estimates. Perm refers to permutation-
invariant code, and we find that the best permutation-invariant codes are repetition codes
for our examples.
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and have not been explored before. The thresholds are reported in Table 3.4. In these
experiments, we first study the threshold for 3 layers of repetition codes, for length 3
and 5 repetition codes. One reason to study these concatenations is that two layers of
repetition codes lead to better thresholds than a single layer, so it is natural to wonder
whether further concatenations improve the threshold. In both cases, the threshold is worse
than that obtained using a single layer of repetition code. Another reason for studying
these 3 layers of repetition code is that the output channel after two layers of repetition
code is highly biased towards one error, in which case concatenating with another layer
of repetition code should help correct that error, thus reducing entropy of the overall
state. However, the result is in contrast with previous results (Tables 3.2 and 3.3) where
concatenation with codes for biased channels improves the threshold. One reason for this
could be that repetition codes in the third layer only have stabilizers of one type, while
the other codes have both X and Z stabilizers.

We next study the thresholds for the following combination of codes: 2 layers of repetition
codes and one layer of 5-qubit code. A combination of these codes was used in [49] to
achieve the best thresholds (though for much longer lengths). We arrange these codes in
different configurations to study which configuration yields the best threshold: 5 rep X ×
5 qubit × 5 rep Z and 5 rep X × 5 rep Z × 5 qubit. We see that the first configuration
has the better threshold and both configurations do better than two layers of 5-repetition
codes. We note that previous works have not studied any concatenations with 5-qubit code
in the middle layer. Furthermore, we see that concatenating the 5-repetition code with two
layers of 5-qubit code gives a better threshold than concatenating with a single layer of 5-
qubit code, which in turn gives a better threshold than just the 5-repetition code. Finally,
motivated by the recent results of [14] we concatenate repetition codes with permutation
invariant codes, and optimize over the choice of permutation invariant codes for small
lengths. Similar to the results of [14] for the depolarizing channel, we find that even after
concatenating with the repetition code in first layer, the best permutation invariant code
remains the repetition code.

We conclude the discussion in this section by studying the performance of concatenated
repetition codes. For small sized repetition codes, we compute the threshold exactly, some
of these data points were also reported in [49]. The exact computations are summarized
in the Table 3.6. Furthermore, using the results in Section 3.3 we were able to compute
an estimate of the threshold for concatenations of long repetition codes (up to 15 × 7000).
To the best of our knowledge, these search spaces have not been explored before. The
thresholds are plotted in Figure 3.6. We see that on increasing the length of the first
repetition codes, the threshold consistently gets worse (except when going from 3 rep to
5 rep), and the highest threshold in all the lengths we tried was given by the 5 × 51
repetition code. On fixing the length of the first repetition code and varying the length of
the second repetition code, the threshold improves up to a certain length and then starts
to get worse again. These results give several new examples of concatenated repetition
codes which perform better than hashing. They further strengthen the evidence towards
the belief that using longer repetition codes should not lead to better thresholds.

All the threshold improvements in previous works have the first code as a 5-repetition
code. One reason to do this is that for a single layer the 5-repetition code gives the best

59



Code Thresholds
Shor (3 rep X × 3 rep Z) × 5 rep Z 0.06360871
Shor (3 rep X × 3 rep Z) × 4 rep Z 0.06358111
Shor (3 rep X × 3 rep Z) × 3 rep Z 0.06352919
Hashing 0.06309656
5-qubit × 5 rep 0.06302575
5-qubit × 4 rep 0.06302519
5-qubit × 3 rep 0.06302258
Biased 9-qubit × 3 rep Z 0.06280947
Biased 9-qubit × 3 rep X 0.06272655
[[4,2,2]] × 4 rep 0.06270942
[[4,2,2]] × 3 rep 0.06264641
7-qubit × 3 rep 0.06260170
7-qubit × 4 rep 0.06257099
7-qubit × 5 rep 0.06253707

Table 3.5: Error Thresholds for stabilizer × repetition codes (depolarizing channel). Note
that in these examples when the first code is not the repetition code, then concatenation
does not help do better than hashing.

Outer \ Inner 3 rep 4 rep 5 rep 7 rep
3 rep 0.06335987 0.06338621 0.06341736 0.06347859
4 rep 0.06328107 0.06327018 0.06325722 0.06322646
5 rep 0.06349265 0.06350743 0.06352047 0.06354354
7 rep 0.06344003 0.06345122 0.06346101 0.06347757
No encoding 0.06337664 0.06329834 0.06345202 0.06341083

Table 3.6: Concatenated repetition code thresholds (exact, depolarizing channel).

threshold. This motivates a natural question: is it possible to find a pair of codes A,B to
concatenate, such that the threshold for Code A × Code B is better than that of 5-rep ×
Code B, even though Code A by itself has a worse threshold than 5-rep. We see that it
is indeed possible to find such codes. For example, with a single layer, 7-repetition has a
better threshold than 3-repetition, but 3 × 7-rep has a better threshold than 7 × 7-rep,
see Table 3.6. For longer lengths, 5-rep has a better threshold than 7-rep, but 7 × 95-rep
has a better threshold than 5 × 95-rep, see Figure 3.6.

3.4.2 The Independent X-Z Channel

In this section, we study the threshold problem for the Independent X-Z channel with
parameters ((1−p)2, p(1−p), p2, p(1−p)). This channel is also called BB-84 channel. One
general observation to make right at the start is that the behavior of the code threshold
for this channel is similar to that of depolarizing channel. This is somewhat surprising
because given that the probability of the Y error in this channel is very small so one would
expect it to be qualitatively similar to the 2 Pauli channel. However, as we will see later
in Section 3.4.3, this is not true. To start studying the threshold numerically we begin
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Figure 3.6: Performance estimates of long concatenated repetition codes for depolarizing
channel. Note that the horizontal axis is the length of second layer of repetition code.
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Figure 3.7: Zooming into threshold estimates for 3x, 5x, 7x concatenated repetition codes
for depolarizing channel. Note that the horizontal axis is the length of second layer of
repetition code.
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Code Threshold
7 rep 0.1121074
5 rep 0.1121042
3 rep 0.1116520
Shor code (9-qubit) 0.1116273
4 rep 0.1116162
Hashing 0.1100278
Biased 13-qubit 0.1095450
[[11, 1, 5]] 0.1095144
Biased 9-qubit 0.1094880

Code Threshold
5 qubit 0.1094667
7 qubit 0.1094285
CD Steane 0.1094285
[[6,1,3]] H 0.1093756
Tailored [[7, 1, 3]] H 0.1093749
[[4, 2, 2]] 0.1092750
13-qubit cyclic code 0.1091768
[[8, 2, 2]] 0.1086302
SCF H 0.1079750

Table 3.7: Error thresholds for various stabilizer codes (independent X-Z channel). The
only non-concatenated codes which do better than random hashing are repetition codes.

by computing the threshold for this channel when a single layer stabilizer code is used to
encode the state. The thresholds are reported in Table 3.7. Once again, the only codes
which perform better than hashing are the repetition codes.

We next studied the thresholds for repetition codes concatenated with small stabilizer
codes (including the holographic codes and biased codes discussed in the previous section).
The thresholds are reported in Table 3.8. Note that again concatenating repetition codes
with holographic codes and the biased 9-qubit code improves the threshold. The best
performance for a single layer is for 7-repetition and 5-repetition codes, and the best
holographic codes to concatenate are the tailored [[7,1,3]], 5-qubit, [[6,1,3]] and CD Steane
codes. Concatenating 5-rep with biased 9-qubit code also shows a significant improvement
in threshold. Note that these values have not been previously reported.

We estimate the thresholds for concatenated repetition codes of long lengths for the inde-
pendent X-Z channel. All of them do better than hashing, and many of them do better
than 7-repetition code. While none of them do better than the threshold in [49], the peaks
of 5-repetition and 7-repetition concatenations come very close to it. These peak values
p = 0.1127458, p = 0.1127420 respectively, were also reported in [49], but we would like to
note that our work is the first one to compute the thresholds for very long repetition codes
for the independent X-Z channel and hence give many new examples of non-additivity.
The general trend for these repetition codes is similar to that of the depolarizing channel,
that is, the threshold becomes worse as the length increases.

3.4.3 The 2-Pauli Channel

We estimate the thresholds for several concatenated repetition codes of long lengths and
find that many of them outperform hashing. However, none of them do better than the
best threshold in [49]. Note that the peak value obtained here for 5 repetition × 74
repetition was also reported (exactly) in [49], but our work is the first to estimate the
thresholds for the other long repetition codes. Furthermore, from the results in the previous
sections, one might form the impression that non-additivity is primarily a small block-
length phenomenon. However, we see that this is not true for the 2-Pauli channel.
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Code Threshold
7 rep X × Tailored [[7,1,3]] H 0.1121999
5 rep Z × Biased 9-qubit 0.1121992
5 rep X × Tailored [[7,1,3]] H 0.1121957
5 rep Z × Tailored [[7,1,3]] H 0.1121911
7 rep × 5 qubit 0.1121760
5 rep × 5 qubit 0.1121740
7 rep X × [[6,1,3]] H 0.1121609
5 rep X × [[6,1,3]] H 0.1121474
7 rep × CD Steane H 0.1121454
5 rep × CD Steane H 0.1121390
7 rep 0.1121074
5 rep 0.1121042
4 rep × SCF H 0.1118931
3 rep × 7 qubit 0.1118663
4 rep × [[4, 2, 2]] 0.1118332
4 rep Z × [[6,1,3]] H 0.1118244
5 rep Z × [[6,1,3]] H 0.1118166
5 rep × [[4, 2, 2]] 0.1118009
3 rep × SCF H 0.1117956

Code Threshold
5 rep × SCF H 0.1117609
4 rep × 7 qubit 0.1116669
3 rep 0.1116520
4 rep X × [[6,1,3]] H 0.1116252
3 rep × [[4, 2, 2]] 0.1116243
4 rep × CD Steane H 0.1115988
4 rep × 5 qubit 0.1115748
4 rep X × Tailored [[7,1,3]] H 0.1115639
3 rep Z × [[6,1,3]] H 0.1115619
3 rep × 5 qubit 0.1115302
3 rep Z × Tailored [[7,1,3]] H 0.1115224
3 rep X × Tailored [[7,1,3]] H 0.1115197
3 rep Z × Biased 9-qubit 0.1115169
3 rep × CD Steane H 0.1114983
7 rep Z × [[6,1,3]] H 0.1114794
3 rep X × [[6,1,3]] H 0.1114572
5 rep × 7 qubit 0.1114316
7 rep × SCF H 0.1113603
Hashing 0.1100278

Table 3.8: Repetition codes concatenated with stabilizer codes (independent X-Z channel).
Improved thresholds when concatenating with holographic codes and biased 9-qubit code.
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Figure 3.8: Thresholds estimates for long concatenated repetition codes for independent
X-Z channel. Note that the horizontal axis is the length of second layer of repetition code.
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Figure 3.9: Zooming into threshold estimates for 3x, 5x, 7x concatenated repetition codes
for independent X-Z channel. Note that the horizontal axis is the length of second layer of
repetition code.

Outer \ Inner 3 rep 4 rep 5 rep 7 rep
3 rep 0.1116273 0.1116758 0.1117431 0.1118723
4 rep 0.1115494 0.1115223 0.1114951 0.1114356
5 rep 0.1121585 0.1121812 0.1122021 0.1121911
7 rep 0.1121487 0.1121656 0.1121808 0.1122074
No encoding 0.1116520 0.1116162 0.1121042 0.1121074

Table 3.9: Concatenated repetition code thresholds (exact, independent X-Z channel).
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Figure 3.10: Thresholds estimates for long concatenated repetition codes for 2-Pauli chan-
nel. Note that the horizontal axis is the length of second layer of repetition code.
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Figure 3.11: Zooming into threshold estimates for 3x, 5x, 7x concatenated repetition codes
for 2-Pauli channel. Note that the horizontal axis is the length of second layer of repetition
code.
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Code X coefficient Y coefficient Z coefficient Non-additivity

4 rep 0.06609142 0.91039291 0.02351567 0.012959633

3 rep 0.08519012 0.0277214 0.88708848 0.01274328527

5 rep 0.05116499 0.0208338 0.92800121 0.01259428267

7 rep 0.0374894 0.01589898 0.94661162 0.0114603097

5 qubit 0.02058418 0.0205851 0.95883071 0.008869175026

Tailored [[7, 1, 3]] H 0.01496641 0.01825069 0.96678289 0.008533622316

Shor code (9-qubit) 0.01488571 0.96882848 0.01628581 0.008297933843

Biased 9-qubit 0.01216847 0.01216844 0.9756631 0.007489070428

13-qubit cyclic code 0.98030287 0.00961704 0.01008009 0.00672953481

Biased 13-qubit 0.00862734 0.00862735 0.98274531 0.00637290432

[[6, 1, 3]] H 0.95454889 0.01609587 0.02935524 0.005887070178

CD Steane H 0.02960147 0.01339475 0.95700378 0.002980713554

[[11, 1, 5]] 0.01404342 0.01172789 0.97422869 0.00123245788

7 qubit 0.47099554 0.4707756 0.05822885 -0.00086150789

SCF H 0.41043731 0.52427592 0.06528677 -0.0021075336

Toric code [[8, 2, 2]] 0.07057851 0.49868546 0.43073603 -0.00233821885

[[4,2,2]] 0.47089171 0.05821602 0.47089227 -0.00307897972

Table 3.10: The optimized channel has parameters (1 − p, cXp, cY p, cZp), with total error
p. The entry in the non-additivity column tells us the capacity achieved at phash.

In particular, we do not find any other small stabilizer code (or concatenations) that does
better than hashing for the 2-Pauli channel. We report these results only to record the fact
that these codes are useless from the perspective of non-additivity of this channel. Even
though all the codes we tried are worse than hashing, the only times we see an improvement
by concatenating codes is when we concatenate with either another repetition code or
holographic codes. For a detailed table with the threshold values for small stabilizer codes,
see the Github repository [3].4

3.5 Channel Optimizations

In this section, we flip the problem: instead of trying to find codes which give better
threshold for a specific channel, we fix the code and vary the channel parameters with the
objective of maximizing the coherent information at the hashing point of the corresponding
channel. The results of this optimization for single-layer codes is summarized in Table
3.10 and for concatenated codes in Table 3.11. In particular, let (cX , cY , cZ) refer to the
X, Y, Z coefficients respectively in the Tables 3.10, 3.11. Then the optimized channel has
parameters (1 − p, cXp, cY p, cZp), with total error p.5 The entry in the non-additivity
column tells us the capacity achieved at phash when using a specific code before random
hashing. Note that we use these values to highlight general trends.

We arrange the codes in the tables so that we first put codes which show maximal coherent

4See file Code Thresholds.pdf
5We optimize for coefficients in the range (0.0001, 1).
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Concatenated Code X coefficient Y coefficient Z coefficient Non-additivity

3 rep X × 5 rep Z 0.00840665 0.980756 0.01083735 0.00688476977

5 rep X × 3 rep Z 0.01454433 0.9761731 0.00928257 0.00673676503

3 rep X × 5 qubit 0.01256495 0.00740623 0.98002881 0.00638679074

3 rep Z × 7 rep X 0.00827083 0.98581108 0.00591809 0.00586846919

3 rep Z × Shor 9 qubit 0.01215838 0.94775012 0.04009151 0.0051414728

5 rep X × 5 rep Z 0.00584507 0.98816151 0.00599342 0.0050847667

5 rep Z × 5 qubit 0.00519623 0.9855565 0.00924727 0.0049542287

3 rep X × Biased 9-qubit 0.00550621 0.0044036 0.99009019 0.00440877222

3 rep X × 7 qubit 0.13300218 0.83074256 0.03625527 0.002980809573

3 rep Z × Biased 9-qubit 0.02340259 0.89070293 0.08589448 0.002962751111

5 rep Z × 7 rep X 0.02967107 0.77531338 0.19501555 0.002175342298

Table 3.11: Channel optimization for selected concatenated codes. Here the columns have
the same meaning as in the previous table.

information for channels which are very highly biased towards a single type of error. The
codes in the bottom of the table show maximal coherent information for channels which
have roughly equal probability of two types of errors, and some small probability of the
third type of error. Note that these are the codes which do not show non-additivity even
after channel optimization (7-qubit Steane, [[4,2,2]], Toric code [[8,2,2]] and SCF). These
codes are also at the bottom of the threshold table for both depolarizing channel and
independent X-Z channel, and they do significantly worse than hashing. We also see the
coherent information for longer codes in Table 3.10 is significantly worse than that for the
shorter repetition codes. As seen in 3.11, concatenating other codes after the first layer of
repetition codes makes the coherent information worse, possibly due to the longer length.
Results in these tables might inform which codes to pick in a biased noise regime, and may
be relevant for both error correction and capacity.

3.6 Some Lessons

To conclude, we highlight some counterintuitive observations from our results that illus-
trates the obstacles to finding codes with improved thresholds.

• Degeneracy over distance. Every code with non-trivial distance (e.g., the 5-
qubit and the 7-qubit code), used as a single layer, has a threshold worse than using
random stabilizer codes alone. This holds true even after concatenating them with a
repetition code in the second layer. This observation is totally at odds with the fact
that the distance is roughly twice the number of correctable errors, and challenges
our intuition that noisy channel coding is a specific application of error correction.
Entropy reduction seems to dominate the threshold problem, not quite correcting
errors, until we reach a higher level of the concatenated code.

• Tailor-made codes help. The threshold is improved by concatenating repetition
codes with codes tailored to correct Pauli channels with very biased errors. So,
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tailoring the codes in the second layer to target the typical effective channels of the
first layer might be a good strategy.

• Too many layers? More might not be merrier! Given the success of the con-
catenated bit- and phase-flip repetition codes of short block-lengths in the threshold
problem, one might be tempted to believe that alternating many layers of the two
types of repetition codes is a good strategy, but we find the opposite. Three or more
layers of repetition codes gives a threshold worse than a single layer! Three layers
also performs worse than swapping the mid-layer with the 5-qubit code.

• Long repetition codes crash and burn. As you increase the length of the con-
catenated repetition codes, the threshold becomes worse overall. On increasing the
length of the second repetition code after fixing the first one, the threshold improves
up to a certain length and then starts to get worse again. Intuitively, the error cor-
recting ability of one type of error is enhanced at the expense of spreading the other
error more, but there is no operational understanding of these optimal block-lengths.

• Diversity might be key! Another appealing idea is to take the 5×51 bit- and phase-
flip repetition code and concatenate a third repetition code to catch a potentially
really really long optimal block-length for the threshold. But we see good thresholds
using only up to two layers of short repetition code and some other codes, and these
are more efficient in practice and more tractable to analyse.

• Permutation invariant versus stabilizer codes. The permutation invariant
codes in [14] improves the thresholds for the 2-Pauli and independent X-Z channel
very similarly, but not that of the depolarizing channel. Meanwhile, the concate-
nated stabilizer codes we study improves the thresholds for the depolarizing channel
and independent X-Z channel very similarly, and the threshold of 2-Pauli channel
responds to the codes very differently. In summary, for 2-Pauli channel, permutation
invariant codes do well but stabilizer codes don’t. For independent X-Z channel, both
stabilizer codes and permutation invariant codes do well. For depolarizing channel,
stabilizer codes do well.

• Best small permutation invariant codes = repetition codes. On concatenat-
ing repetition codes with permutation invariant codes for the depolarizing channel, we
find that for small block-lengths, the best permutation invariant codes are repetition
codes.

• Non-additivity is everywhere! We find that non-additivity is a rather general
phenomenon, in the sense that for most stabilizer codes, there is a Pauli channel
where the code exhibits non-additivity.
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Part II

Arithmetic of Quantum Circuits
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Chapter 4

Stabilizer Ranks

4.1 Introduction

In this chapter we study the problem of classical simulation of quantum circuits using
a number theoretic lens. Understanding the boundary between classical and quantum
computation is a problem of vital importance in the field of quantum information. One
way to approach this problem is via the lens of classical simulation of quantum circuits.
In this arena, we attempt to quantify the cost of different families of quantum circuits by
giving explicit classical algorithms to simulate them and then study how the efficiency of
these algorithms scales with the number of input qubits. One of the most important results
in this approach was given in [1], where it was shown that arbitrary quantum circuits
consisting of stabilizer states, Clifford gates and Pauli measurements can be classically
simulated efficiently. While stabilizer circuits are not universal, they can be promoted to
perform universal quantum computation by supplementing them with special non-stabilizer
states called magic states [25].

In [26], Bravyi, Smith and Smolin described a new algorithm to simulate these universal
quantum circuits. They decomposed the magic states as linear combinations of a small
number of stabilizer states, and then simulated the stabilizer circuits on these combinations
instead. The minimum number of stabilizer states needed to represent a given magic state
|ψ⟩ as a linear combination, is referred to as the stabilizer rank of |ψ⟩, denoted as χ(|ψ⟩).
Rather than restricting ourselves to an exact decomposition in terms of stabilizer states, we
can also try to approximate the given magic states with a linear combination of stabilizer
states. The rank in this case is called the δ-approximate stabilizer rank, denoted as χδ(|ψ⟩).
For such simulation algorithms, the stabilizer rank (or approximate stabilizer rank) is the
most important metric of efficiency. In particular we want to study how the stabilizer rank
of |ψ⟩⊗n scales with n.

The problem of finding optimal bounds on χ(|ψ⟩) and χδ(|ψ⟩) for n copies of a magic state
is called the stabilizer rank problem. The magic state we will be most interested in, is n
copies of the following:

|H⟩ = cos
π

8
|0⟩+ sin

π

8
|1⟩
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For χ(|H⟩⊗n), the first lower bound and upper bounds of Ω(
√
n) and O(2n/2) respectively

were given by Bravyi, Smith and Smolin in [26]. In a series of papers [22, 23, 110, 100, 89,
117], these lower and upper bounds for both exact and approximate stabilizer rank were
further studied. In spite of these results, there still remains a big gap between the best
lower bound (quadratic) and upper bound (exponential).

In order to get a better understanding of stabilizer ranks, various other related measures
of stabilizer complexities (e.g., stabilizer fidelity, stabilizer extent and stabilizer alignment)
were introduced in [22] with an emphasis on relating these to each other as well as to
stabilizer ranks [99, 22, 67]. In particular, we know that |H⟩⊗n has exponentially large
stabilizer extent, and exponentially small stabilizer fidelity. Though the study of these
related stabilizer complexities have shed some light on the properties of stabilizer ranks
[67, 99, 22], their properties and exact relationship with stabilizer ranks remains opaque.

In the hope of at least partially remedying this situation, we study the problem of bounding
stabilizer ranks and other notions of stabilizer complexities using the Barnes-Wall lattice.
This approach is inspired by the close connection between the Barnes-Wall lattice, the
Clifford group and stabilizer states, as discussed in [80, 104]. Furthermore, in [80], it was
shown that a matrix with entries in Q(i) is a Clifford unitary if and only if it has entries
in Z[i] after a basis change that is closely related to the Barnes-Wall lattice. A further
reason to believe that such a characterization might be helpful in studying non-Clifford
cost is that in the single-qubit case, an analogous number-theoretic characterization led to
significant efficiency gains (in terms of T -count), see [78, 130, 55, 79].

In the following sections, we show that such a viewpoint is indeed useful. We use properties
of lattices to show the first quantitative lower bound on stabilizer fidelity for states with
stabilizer rank at most k, and recover a linear lower bound on the stabilizer rank. We then
connect the norm on the Barnes-Wall lattice to magic monotones, and show that this norm
gives a lower bound on approximate stabilizer rank. Finally, we give a fidelity amplification
procedure for approximate stabilizer decompositions, which can be interpreted as obtaining
a lattice approximation to |H⟩⊗n.

4.2 Preliminaries

4.2.1 Stabilizer Ranks

In this section, we will recall some basic definitions from the theory of stabilizer ranks (see
[22, 89, 26] for more details).

Definition 4.2.1 (Clifford group). The n-qubit Clifford group Cn is generated by the fol-
lowing gates:

S =

(
1 0
0 i

)
H =

1√
2

(
1 1
1 −1

)
CX =

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 .

Definition 4.2.2. The set of n-qubit stabilizer states is Sn = {C |0n⟩ : C ∈ Cn}.
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Definition 4.2.3 (Exact Stabilizer Rank [22]). Given a pure state |ψ⟩, the exact stabilizer
rank χ(|ψ⟩) is the smallest integer k for which |ψ⟩ has the following decomposition:

|ψ⟩ =
k∑
i=1

αi |si⟩

where |si⟩ are stabilizer states and αi ∈ C.

Definition 4.2.4 (Approximate Stabilizer Rank [22]). Given a pure state |ψ⟩, the δ-
approximate stabilizer rank χδ(|ψ⟩) is the smallest integer k such that there is pure state
|σ⟩ with χ(|σ⟩) = k and ∥|ψ⟩ − |σ⟩∥2 ≤ δ.

Definition 4.2.5 (Stabilizer Fidelity [22]). Given a pure state |ψ⟩ on n qubits, the stabilizer
fidelity F (|ψ⟩) is defined as follows:

F (|ψ⟩) = max
|ϕ⟩∈Sn

|⟨ϕ|ψ⟩|2

where Sn is the set of n-qubit stabilizer states.

Definition 4.2.6 (Stabilizer Extent [22]). Given a pure state |ψ⟩, the stabilizer extent
ξ(|ψ⟩) as the minimum value of ||c||21 when minimized over all decompositions of |ψ⟩ as
linear combinations of stabilizer states |ϕi⟩,

|ψ⟩ =
∑
i

ci |ϕi⟩ .

Later in the chapter, we will also require the following magic state:

|H⟩ = cos
(π
8

)
|0⟩+ sin

(π
8

)
|1⟩ .

This is an eigenvector of the H gate with eigenvalue 1. Recall the following result:

Fact 4.2.7 (Stabilizer Fidelity of |H⟩⊗n [22]). Using multiplicativity of stabilizer fidelity
for the |H⟩ state,

F (|H⟩⊗n) = cos2n
(π
8

)
Note that the above result was proven for |T ⟩ states in [22], and we get the above claim

using the fact that |T ⟩ ∝ |0⟩+ e
iπ
4 |1⟩ is equivalent to |H⟩ up to Clifford operations.

4.2.2 Arithmetic for Z[i]

Recall that Q(i) and Z[i] are defined as follows:

Q(i) := {a+ bi | a, b ∈ Q}
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Z[i] := {a+ bi | a, b ∈ Z}

Q(i) is a field and Z[i] is a ring which is norm-euclidean with the norm |a+bi|2= a2+b2. This
essentially means that one can define a variation of Euclid’s algorithm for computing the
greatest common divisor in this ring. To see this, we briefly review some basic properties of
Z[i] (see [146] for more details). These are straight forward generalizations of elementary
properties of Z.

Definition 4.2.8. For α, β ∈ Z[i], β is said to divide α iff there is some c ∈ Z[i] such that
cβ = α. We denote this as β |α.

In particular, any k ∈ Z divides α = a+ bi iff k|a and k|b in Z. Euclid’s division algorithm
in Z[i] is: for every α, β ∈ Z[i] with β ̸= 0, we have α = qβ + r for some q, r ∈ Z[i], where
|r|< |β|. Note that r = 0 ⇐⇒ β|α.
Also, since |α|2∈ Z for all α ∈ Z[i], it follows directly from the multiplicativity of |·| that
±1,±i are the only elements with multiplicative inverses, also called units.

Definition 4.2.9 (Greatest Common Divisor). The gcd(a, b) for a, b ∈ Z[i] is the largest
(in absolute value) common divisor in Z[i] of both a, b.

Note that we can only specify the gcd upto multiplication by units.

Definition 4.2.10. α ∈ Z[i] is prime if for no two β, γ ∈ Z[i], α = βγ, unless one of them
is a unit.

Note that 2 is no longer prime in Z[i] since 2 = (1 + i)(1− i).

Fact 4.2.11. For any prime p ∈ Z[i], if p|ab for a, b ∈ Z[i], either p|a or p|b.

Fact 4.2.12 (Unique Factorization). Every element can be uniquely written as a product
of prime elements upto multiplication by a unit.

Fact 4.2.13 (Bezout’s lemma). gcd(a, b) is the smallest element of the form pa+qb, where
p, q ∈ Z[i].

gcd(a, b) = min
p,q∈Z[i]

(pa+ qb)

where the minimum is with respect to the norm in Z[i].

4.2.3 Background on Barnes-Wall Lattices

We will only study Barnes-Wall lattices over Q(i) so we specialize the definitions of [80] to
this case. One can also find the original definition of the Barnes-Wall lattice in [7].

Definition 4.2.14 (Lattice). A subset L of an R-vector space V is said to be a Z lattice
if each element of L can be written as a Z linear combination of some finite subset of V .
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A simple example is the lattice Zn inside Rn. This can be generalised to the notion of a
Z[i]-lattice.

Definition 4.2.15. A subset L of a C-vector space V is said to be a Z[i] lattice if each
element of L can be written as a Z[i] linear combination of some finite subset of V . This
finite subset of V is called the set of generators of L.

Note, that for any lattice L, a sub-lattice L′ ⊆ L is generated by choosing some elements
of L as generators.

Define |+̃⟩ = 1
1+i

(|0⟩+ |1⟩) = e−
iπ
4 |+⟩. For each x ∈ {0, 1}n, define |x̃⟩ =⊗n

i=1 |x̃i⟩, where
|x̃i⟩ = |0⟩ if xi = 0, and |+̃⟩ otherwise. Then we can define the Barnes-Wall lattice as
follows:

Definition 4.2.16 (Barnes-Wall Lattice [80, 102, 101]). The n qubit Barnes-Wall lattice,
denoted as BWn, is generated by Z[i]-linear combinations of all |x̃⟩ for x ∈ {0, 1}n:

BWn =

 ∑
x∈{0,1}n

ax |x̃⟩ : ax ∈ Z[i]


Note that we have defined the lattice such that the stabilizer states have norm exactly 1.

Definition 4.2.17 (Dual of Barnes-Wall Lattice [80]). Given the n-qubit Barnes-Wall
lattice BWn, its dual lattice BW

∗
n is defined as:

BW ∗
n = {a ∈ Q[i]n : a†v ∈ Z[i] ∀ v ∈ BWn}

Using the above definition, we can get that BW ∗
n = (1+ i)nBWn. It was shown in [104, 80]

that the Barnes-Wall lattice is mapped to itself under the group generated by following
operators:

S =

(
1 0
0 i

)
e−i

π
4H =

1

1 + i

(
1 1
1 −1

)
CX =

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


Up-to multiplication by phases, this is equivalent to the Clifford group. Therefore, all
stabilizer states lie on BWn up-to phase. Moreover, for any vector v ∈ BWn, we have
∥v∥ ≥ 1, with ∥v∥ = 1 iff v is a stabilizer state up to phase [80].

We now recall the well-known Minkowski’s theorem about lattices:

Theorem 4.2.18 (Minkowski’s Theorem for lattices [106]). Let L be a Z lattice in Rn with

n linearly independent generators. Then there is x ∈ L \ {0} with ∥x∥2 ≤
√
n |det(L)| 1n .

Here, detL stands for the volume of fundamental parallelepiped of the lattice. It equals
the square root of the determinant of the gram matrix G of the generators, which is defined
as Gij = v†i vj for the set of generators {vj}. Note that our setting is that of Z[i] lattice
and the way we will apply this theorem by viewing this as a Z-lattice over R2n.
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4.3 Linear Lower Bound on Stabilizer Rank

In this section, we give a linear (up to log factors) lower bound on the exact and approxi-
mate stabilizer rank using techniques from the theory of lattices. Though, the best known
lower bound on stabilizer rank is a quadratic lower bound [100], using these techniques
enables us to show the first quantitative lower bound on stabilizer fidelity for states with
stabilizer rank at most k. Earlier, [99] showed that there exists a non-zero lower bound
δk > 0 on stabilizer fidelity for states with stabilizer rank k, see Theorem 1.3 of [99].

We start by giving an upper bound on the stabilizer extent, in terms of the stabilizer rank
by applying Minkowski’s theorem to Z[i] lattices, in Theorem 4.3.2. Then we show that for
any state |ϕ⟩ with small stabilizer fidelity, the stabilizer extent of its exact or approximate
decomposition is large, in Lemma 4.3.3 and Theorem 4.3.4. This gives us a quantitative
lower bound on stabilizer fidelity if stabilizer rank is small, in Corollary 4.3.5. Moreover,
we get a linear lower bound (up-to a log factor) on the stabilizer rank of |H⟩⊗n, in Corollary
4.3.6. This lower bound also holds for approximate stabilizer decompositions |ψ⟩ of |H⟩⊗n,
even when |ψ⟩ has exponentially small inner product with |H⟩⊗n. Finally, our results can
be used to show an improved lower bound on the stabilizer rank of pseudo-random states,
in Corollary 4.3.7. Previously, [99] showed an Ω(1) lower bound on the stabilizer rank of
pseudo-random states.

Let’s start by first recalling the following property of Gram matrices of stabilizer states:

Claim 4.3.1. det(G) ≤ e · λ2k. Here G is the gram matrix of 2k stabilizer states and λ2k
is the smallest eigenvalue.

Proof. If λ1, λ2 . . . λ2k are the eigenvalues of G in non increasing order, then, we have that
(by the arithmetic-geometric mean inequality and that

∑2k
j=1 λj = 2k)

det(G) =
2k∏
j=1

λj = λ2k ·
2k−1∏
j=1

λj (det(G)=product of eigenvalues.)

≤ λ2k ·
(

1

2k − 1

2k−1∑
j=1

λj

)2k−1

(By AM-GM inequality)

≤ λ2k

(
1 +

1

2k − 1

)2k−1

(
2k∑
j=1

λj = 2k)

≤ e · λ2k
Where the last inequality follows from the fact that lim

x→∞

(
1 + 1

x

)x
= e.

Using the above claim and Minkowski theorem for lattices we relate the stabilizer extent
and stabilizer rank.

Theorem 4.3.2. Let |ϕ⟩ be a pure state such that |ϕ⟩ =∑k
j=1 cj |sj⟩, where |sj⟩’s are all

linearly independent stabilizer states, cj ∈ C with ∥c∥1 = α for some α > 0. Then we have

that α ≤ √
e · (2k) 2k+1

2 .
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Proof. Consider the Z[i] lattice generated by |sj⟩’s. This forms a sub-lattice of the n qubit
Barnes-Wall lattice. This lattice is the same as the Z-lattice generated by {|sj⟩} and
{i |sj⟩}.
We also know that the Z-lattice generated by {|sj⟩} and {i |sj⟩} has minimal vectors of size
1. Let G be the Gram matrix for these 2k vectors (here, we consider the space Cd these
vectors lie in as R2d, and this change does not alter length’s of vectors). By Minkowski’s
Theorem (Theorem 4.2.18), we have that det(G) ≥ (2k)−2k.

The next step is to show an upper bound on the determinant of G, which tells us that if
α is very large, then det(G) is small. Combined with the previous lower bound, this gives
us the desired upper bound on α. More formally, in the given decomposition for |ϕ⟩, we
rewrite each cj as fj + igj, using which we write |ϕ⟩ as an R-linear combination of {|sj⟩}
and {i |sj⟩}. From the given condition on c, we have that ∥f∥1 + ∥g∥1 = α. Applying the

power mean inequality, we have that ∥f∥22 + ∥g∥22 ≥ α2

2k
. We can now write:

(
|s1⟩ . . . |sk⟩ i |s1⟩ . . . i |sk⟩
...

...
...

...
...

...

)


f1
f2
...
fk
g1
g2
...
gk


= |ϕ⟩ (4.1)

Here, the left multiplicand, which we can define as M , is the matrix with the vectors |sj⟩
and i |sj⟩ for each j = 1 to k as column vectors written in a basis for the R2d vector space
they lie in. Call the right multiplicand, which is vector of coefficients fj and gj for each j,
as |v⟩. With the above notation, the Equation 4.1 can be rewritten as M |v⟩ = |ψ⟩. With
this, we have that:

⟨v|M †M |v⟩ = ⟨v|G |v⟩ = 1

as ⟨ϕ|ϕ⟩ = 1. Let |ṽ⟩ = 1√
⟨v|v⟩

|v⟩, i.e, a unit vector proportional to |v⟩. Plugging it into

the above expression, we get that ⟨ṽ|G |ṽ⟩ = ⟨v|v⟩−1 =
(
∥f∥22 + ∥g∥22

)−1 ≤ 2k
α2 . Let the

smallest eigenvalue of G be λ2k. Then, we know that λ2k ≤ 2k
α2 .Now, we use this to upper

bound the determinant.

Using the above and Claim 4.3.1, we get the following upper bound on α:

(2k)−2k ≤ 2ek

α2
=⇒ α ≤ √

e · (2k) 2k+1
2

We now use Theorem 4.3.2 to show a lower bound on exact stabilizer rank.
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Lemma 4.3.3. Let |ϕ⟩ be a pure state of stabilizer rank k and β = 1√
F

where F is the

stabilizer fidelity. Then we have that β ≤ √
e(2k)

2k+1
2 . In particular, if β = 2Ω(n), then

k = Ω
(

n
logn

)
.

Proof. Let |ϕ⟩ have an exact stabilizer decomposition with k linearly independent stabilizer
states |s1⟩ . . . |sk⟩, so |ϕ⟩ =∑k

j=1 cj |sj⟩. Then,

|⟨ϕ|sj⟩ |2 ≤ F (4.2)

by the bound on stabilizer fidelity. Then we get that

1 = ⟨ϕ|ϕ⟩ = |
k∑
j=1

cj ⟨ϕ|sj⟩ |≤ ∥c∥1 ·
√
F

=⇒ ∥c∥1 ≥
1√
F

= β

By Theorem 4.3.2, we get that β ≤ √
e ·(2k) 2k+1

2 . Now, if β = 2Ω(n), then (2k+1) log(2k) =

Ω(n) =⇒ k = Ω
(

n
logn

)
We now generalize Lemma 4.3.3 to show a lower bound on approximate stabilizer rank of
|ϕ⟩. To do this, we consider another magic state |ψ⟩ with exact stabilizer rank k, which is
very close to |ϕ⟩, and show a lower bound on k.

Theorem 4.3.4. Let |ϕ⟩ be a pure state with stabilizer fidelity F . Suppose there is a state

|ψ⟩ with stabilizer rank k such that |⟨ϕ|ψ⟩|√
F

= β. Then we have that β ≤ √
e(2k)

2k+1
2 . In

particular, if β = 2Ω(n), then k = Ω
(

n
logn

)
.

Proof. Let |ψ⟩ have an exact stabilizer decomposition with k linearly independent stabilizer
states |s1⟩ . . . |sk⟩. Let V be the space spanned by these states, and let P be the orthogonal

projector onto this space. Without loss of generality we can assume |ψ⟩ = P |ϕ⟩
∥P |ϕ⟩∥2

, as it is

the vector with the largest inner product (in magnitude) with |ϕ⟩ in V . With this, we have
that ∥P |ϕ⟩∥2 = |⟨ψ|ϕ⟩ |. Now, we know that Tr [|ϕ⟩⟨ϕ||sj⟩⟨sj|] = |⟨ϕ|sj⟩ |2≤ F for each j.
Therefore,

|⟨ψ|sj⟩ |2 = Tr [|ψ⟩⟨ψ||sj⟩⟨sj|] (4.3)

= Tr [(P |ϕ⟩⟨ϕ|P )|sj⟩⟨sj|]
1

∥P |ϕ⟩∥22
(4.4)

= Tr [|ϕ⟩⟨ϕ|(P |sj⟩⟨sj|P )]
1

|⟨ψ|ϕ⟩ |2 (4.5)

= Tr [|ϕ⟩⟨ϕ||sj⟩⟨sj|)]
1

|⟨ψ|ϕ⟩ |2 (4.6)

≤ F

|⟨ψ|ϕ⟩ |2 (4.7)
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Now, consider the decomposition of |ψ⟩ in the |sj⟩ basis as |ψ⟩ =
∑k

j=1 cj |sj⟩. Multiplying
by ⟨ψ| on the left, we get:

1 = ⟨ψ|ψ⟩ = |
k∑
j=1

cj ⟨ψ|sj⟩ |≤ ∥c∥1 ·
√

F

|⟨ψ|ϕ⟩ |2

=⇒ ∥c∥1 ≥
|⟨ϕ|ψ⟩ |√

F
= β

By Theorem 4.3.2, we get that ∥c∥1 ≤ √
e · (2k) 2k+1

2 . Now, if β = 2Ω(n), then (2k +

1) log(2k) = Ω(n) =⇒ k = Ω
(

n
logn

)
.

Corollary 4.3.5 (Lower Bound on Stabilizer Fidelity). For every k > 0, and state |ϕ⟩
such that χ(|ϕ⟩) ≤ k, we have that F (|ϕ⟩) ≥ 1

e(2k)2k+1 .

Proof. Follows from Theorem 4.3.2 and Lemma 4.3.3.

Corollary 4.3.6 (Lower Bound on Stabilizer Rank). Let c be any constant greater than
cos2(π/8). For any n-qubit state |ψ⟩ such that F (|ψ⟩ , |H⟩⊗n) ≥ cn, we have that χ(|ψ⟩) =
Ω
(

n
logn

)
.

Proof. Follows from Theorem 4.3.2 and Theorem 4.3.4.

Corollary 4.3.7. Given poly(n) many copies of an n-qubit state |ψ⟩, the following two
cases can be distinguished with high probability using a poly(n)-sized quantum circuit,
promised that one of them is true:

1. χ(|ψ⟩) = O
(

logn
log logn

)
2. |ψ⟩ is a Haar random state.

Proof. [59] showed that states with stabilizer fidelity 1/k can be distinguished from Haar
random states in poly(k) time when given poly(k) copies of the state, see Theorem 1.1 of
[59]. The claim then follows from Corollary 4.3.5 by taking F (|ϕ⟩) = 1/poly(n).

4.4 Magic Monotones and Barnes-Wall Lattices

In this section, we define a Barnes-Wall norm on quantum states and show that it can be
re-interpreted as a magic monotone. Intuitively, the Barnes-Wall norm of a state is the
length of the smallest vector on the Barnes-Wall lattice which is proportional to the state,
see Definition 4.4.1. We characterize the set of states which have a finite Barnes-Wall norm
in Lemma 4.4.3. We then consider vectors on the Barnes-Wall lattice such that the lattice
does not contain any smaller vectors proportional to them, and characterize the set of these
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proportionally minimal vectors in Lemma 4.4.5. We use this characterization to show that
the Barnes-Wall norm satisfies a number of properties expected from a magic monotone,
in Theorem 4.4.6. We then show in Theorem 4.4.9 that if the approximate Barnes-Wall
norm of a state is high, then the approximate stabilizer rank is also high. We start by
defining the Barnes-Wall norm.

Definition 4.4.1 (Barnes-Wall norm). For any (possibly un-normalized) vector |ϕ⟩, define

N (|ϕ⟩) = min
c∈C∗

{∥c |ϕ⟩∥22 : c |ϕ⟩ ∈ BWn}

This quantity is ∞ if there is no such vector on BWn.

Here C∗ is the set of non-zero complex numbers. We also define an approximate version of
the Barnes-Wall norm, denoted Nδ.

Definition 4.4.2 (δ-approximate Barnes-Wall norm). For a normalized vector |ϕ⟩, define:

Nδ(|ϕ⟩) = min
c∈C∗

{∥c |ϕ⟩∥22 : c(|ϕ⟩+ |ψ⟩) ∈ BWn, ∥|ψ⟩∥2 ≤ δ}

We can extend the norm to all unnormalized vectors |ϕ⟩ by defining Nδ(|ϕ⟩) = Nδ

(
|ϕ⟩

∥|ϕ⟩∥2

)
.

4.4.1 Properties of N and Nδ

Lemma 4.4.3. N (|ϕ⟩) < ∞ if and only if the ratios of the components along any two
stabilizer states lies in Q(i).

Proof. (⇒) We assume without loss of generality that |ϕ⟩ is proportionally minimal, since
this does not alter the ratios. Since (1 + i)n |s⟩ lies on the dual Barnes-Wall lattice BW ∗

n

for any stabilizer state |s⟩, we have that (1− i)n ⟨s|ϕ⟩ ∈ Z[i]. This proves our claim.

(⇐) We assume without loss of generality that ⟨0n|ϕ⟩ = 1. Then, in the computational
basis on n qubits, all components are in Q(i). Multiply the vector by a suitable number
k in Z[i] such that all components are now in Z[i]. Since all vectors in the computational
basis on n qubits lie in BWn, the vector k |ϕ⟩ also lies in BWn, and thus N (ϕ) <∞.

Definition 4.4.4. A vector |ϕ⟩ is proportionally minimal in BWn if |ϕ⟩ ∈ BWn and for
all c ∈ C such that 0 < |c|< 1, c |ϕ⟩ /∈ BWn.

We now characterize the proportionally minimal vectors on the Barnes-Wall lattice.

Lemma 4.4.5. A vector |ϕ⟩ ∈ BWn is proportionally minimal if and only if

gcd
x∈{0,1}n

{(1− i)n ⟨x̃|ϕ⟩} = 1
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Proof. (⇒) We know that (1 + i)n |x̃⟩ generate the dual lattice BW ∗
n for BWn, so (1 −

i)n ⟨x̃|ϕ⟩ ∈ Z[i] ∀ x ∈ {0, 1}n because |ϕ⟩ ∈ BWn. If their gcd is bigger than 1, then we
can divide by the gcd to get a smaller vector in BWn.

(⇐) Suppose that the gcd is 1, and yet some other vector c |ϕ⟩ is proportionally minimal.
Since |ϕ⟩ ∈ BWn, we have that c ∈ Q(i). We can find co-prime elements p, q ∈ Z[i] such
that p

q
= c. We will then use Bezout’s lemma to show that gcdx∈{0,1}n{(1− i)n ⟨x̃|ϕ⟩} ̸= 1,

which is a contradiction. Since c |ϕ⟩ , |ϕ⟩ ∈ BWn, we have

ac |ϕ⟩+ b |ϕ⟩ ∈ BWn ∀ a, b ∈ Z[i]

=⇒ ap+ bq

q
|ϕ⟩ ∈ BWn ∀ a, b ∈ Z[i]

=⇒ gcd(p, q)

q
|ϕ⟩ = 1

q
|ϕ⟩ ∈ BWn (Using Bezout’s lemma)

However, this implies that each (1 − i)n ⟨x̃|ϕ⟩ is divisible by q, which contradicts the
assumption that the gcd is 1.

Theorem 4.4.6. The following properties hold for N and Nδ:

(i) N and Nδ is invariant under the action of the Clifford group (see also [80]).

(ii) N (|ϕ⟩) ≥ 1, with equality only for stabilizer states.

(iii) When N (|ϕ⟩),N (|ψ⟩) < ∞, we have N (|ϕ⟩ ⊗ |ψ⟩) = N (|ϕ⟩)N (|ψ⟩). In particular,
N (|ϕ⟩⊗n) = N (|ϕ⟩)n

(iv) For all non-stabilizer states |ϕ⟩, N (|ϕ⟩⊗n) = 2Ω(n).

(v) N is non-increasing under uniform probability 1-qubit Pauli measurements (post-
selecting on any outcome). If it indeed does decrease, it has to divide the original
value.

(vi) If the measurement does not have uniform probability, then we have the weaker con-
straint that N (|ϕ⟩) ≥ E[N (|ψ⟩)], where |ψ⟩ is the random post-measurement state.

(vii) N (|ϕ⟩) is either ∞ or of the form c
(1+i)n

for some c ∈ Z[i].

Proof. The proof of (i) and (ii) follows from previous results.

(i) Follows from the invariance of BWn under the action of the Clifford group, see [104, 80].

(ii) Follows from the invariance of BWn under the action of the Clifford group (see [80])
and the fact that stabilizer states are minimal vectors on the Barnes-Wall lattice.
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(iii) Let |ϕ⟩ be an n-qubit state and |ψ⟩ be an m-qubit state. We assume without loss
of generality that |ϕ⟩ and |ψ⟩ are proportionally minimal. Clearly, we have that
N (|ϕ⟩ ⊗ |ψ⟩) ≤ N (|ϕ⟩) · N (|ψ⟩), as |ϕ⟩ ⊗ |ψ⟩ ∈ BWm+n, since the lattice is closed
under tensor products. It remains to show that this vector is proportionally minimal.
We do this by using Lemma 4.4.5. We know that

gcd
x1∈{0,1}n

{(1− i)n ⟨x̃1|ϕ⟩} = 1

gcd
x2∈{0,1}m

{(1− i)m ⟨x̃2|ψ⟩} = 1

We want to prove that gcd
x1,x2

{(1− i)n ⟨x̃1|ϕ⟩ (1− i)m ⟨x̃2|ψ⟩} = 1. Suppose this is not

the case. Then there is a prime p ∈ Z[i] such that

p | (1− i)n ⟨x̃1|ϕ⟩ (1− i)m ⟨x̃2|ψ⟩ ∀ x1 ∈ {0, 1}n, x2 ∈ {0, 1}m.

Choose y2 ∈ {0, 1}m such that p ∤ (1− i)m ⟨ỹ2|ψ⟩. We know that for all x1 ∈ {0, 1}n,

p | (1− i)n ⟨x̃1|ϕ⟩ (1− i)m ⟨ỹ2|ψ⟩
=⇒ p | (1− i)n ⟨x̃1|ϕ⟩

This contradicts the assumption that gcdx1∈{0,1}n{(1− i)n ⟨x̃1|ϕ⟩} = 1.

(iv) Follows from (ii) and (iii).

(v) For any state |ϕ⟩, let |ϕ′⟩ be its proportionally minimal vector. Now, we can write
|ϕ′⟩ as

|ϕ′⟩ = |0⟩ |v⟩+ |1⟩ |w⟩
1 + i

. (4.8)

for some vectors |v⟩ , |w⟩. Clearly, |v⟩ and |w⟩ will have coefficients in Q(i). We now
prove that these are indeed in BWn−1. It suffices to prove that ⟨α|v⟩ , ⟨α|w⟩ ∈ Z[i]
for all elements |α⟩ from the dual lattice for BWn−1. For each such |α⟩, notice that
(1 + i) |0⟩ |α⟩ and (1 + i) |1⟩ |α⟩ both lie in the dual of BWn. Taking their inner
products with |ϕ′⟩, we get that −i ⟨α|v⟩ and −i ⟨α|w⟩ are in Z[i]. This proves that
|v⟩ , |w⟩ ∈ BWn−1.

Now, if |ϕ⟩, on computational basis measurement on the first qubit, had equal prob-
ability for both the outcomes, then we have that ∥|v⟩∥22 = ∥|w⟩∥22 = ∥|ϕ′⟩∥22. From
Equation 4.8, we get that |v⟩ and |w⟩ are proportional to the corresponding post
measurement states. So N (|v⟩) = |c|2∥|v⟩∥22 for some c ∈ Q[i], and hence

N (|v⟩) | N (|ϕ⟩) = ∥|ϕ′⟩∥22 = ∥|v⟩∥22
N (|w⟩) | N (|ϕ⟩) = ∥|ϕ′⟩∥22 = ∥|w⟩∥22

This also holds for all other Pauli basis measurements, since they can be implemented
by using Clifford operations.
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(vi) Note that even when the probabilities are not equal, we still have

N (|v⟩) +N (|w⟩) ≤ ∥|v⟩∥22 + ∥|w⟩∥22 = 2N (|ϕ⟩)

(vii) Recall that BW ∗
n = (1 + i)nBWn. This implies that for all v ∈ BWn, we have

(1 + i)nv ∈ BW ∗
n , and we get (1− i)n ⟨v|v⟩ ∈ Z[i].

Note that a similar property to Theorem 4.4.6 (v) holds for the dyadic monotone [13].

4.4.2 Connection Between Nδ and Stabilizer Ranks

In this section, we show that for any state |ϕ⟩, if the approximate Barnes-Wall norm is
large, then its approximate stabilizer rank is also high. We start by recalling the following
lemma about Z−lattices:

Lemma 4.4.7. Let L be a Z-lattice generated by k unit vectors |v1⟩ , |v2⟩ . . . |vk⟩ in Rd. Let
V be the R span of these vectors. Then,

∀ |ϕ⟩ ∈ V ∃ |ψ⟩ ∈ L s.t |||ϕ⟩ − |ψ⟩ ||2≤
√
k

Proof. Suppose |ϕ⟩ has the form

|ϕ⟩ =
k∑
i=1

ci |vi⟩ =
k∑
i=1

(⌊ci⌋ |vi⟩+ {ci} |vi⟩).

Here the {} braces represent the fractional part of ci, and ⌊ci⌋ refers to the greatest integer
function. Now, define k pairs of random variables as follows: for each i ∈ [k], (Ai, Xi) is
defined as

(Ai, Xi) =

{
(⌊ci⌋, {ci}), wp 1− {ci}
(⌊ci + 1⌋, {ci} − 1) wp {ci}

Then, we have that Ai ∈ Z , |Xi|≤ 1 and Ai +Xi = ci. Also, E[Xi] = 0 for all i ∈ [k]. We
now split |ϕ⟩ as follows:

|ϕ⟩ =
k∑
i=1

ci |vi⟩

=
k∑
i=1

Ai |vi⟩+
k∑
i=1

Xi |vi⟩

= |ψ⟩+ |w⟩

Here, |ψ⟩ , |w⟩ are random vector depending on (Ai, Xi). It suffices to show that for some
choice of {(Ai, Xi)}ki=1, we have that ∥|w⟩∥22 ≤ k.

E

∥∥∥∥∥
k∑
i=1

Xi |vi⟩
∥∥∥∥∥
2

2

 = E

[
k∑
i=1

X2
i ⟨vi |vi⟩

]
+ E

[∑
i̸=j

XiXj⟨vi |vj⟩
]

≤
k∑
i=1

⟨vi |vi⟩ = k
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Here the second inequality follows because E[Xi] = 0, Xi, Xj are sampled independently,
and |Xi|≤ 1. Since the expectation is at most k, there is a choice of {(Ai, Xi)}ki=1 for which
∥|w⟩∥22 ≤ k.

On applying Lemma 4.4.7 to Z[i], we can get the following corollary.

Corollary 4.4.8. Let L be a Z[i]-lattice generated by k unit vectors |v1⟩ , |v2⟩ . . . |vk⟩ in
Cd. Let V be the C span of these vectors. Then,

∀ |ϕ⟩ ∈ V ∃ |ψ⟩ ∈ L s.t |||ϕ⟩ − |ψ⟩ ||2≤
√
2k

Proof. Consider L as a Z lattice with generators |v1⟩ , i |v1⟩ , . . . , |vk⟩ , i |vk⟩. Since all of
these are of unit length, the previous result applies.

We now give the explicit relation between Nδ and the approximate stabilizer rank:

Theorem 4.4.9. Suppose χδ(|ϕ⟩) ≤ k. Then, we have that

Nδ+δ0(|ϕ⟩) ≤
2k

δ20

Proof. It suffices to prove the result for δ = 0. Let |ϕ⟩ =
∑k

i=1 ci |si⟩, where |si⟩ are
stabilizer states lying on BWn. Consider some c > 0 whose value we will fix later. By
Corollary 4.4.8, we know that there is a vector |ψ⟩ on the Z[i] lattice generated by {|si⟩}ki=1,
such that ∥c |ϕ⟩ − |ψ⟩∥2 ≤

√
2k. Since the lattice generated by {|si⟩}ki=1 is a sub-lattice of

BWn, we have that |ψ⟩ ∈ BWn . Now,

∥c |ϕ⟩ − |ψ⟩∥22 ≤ 2k

=⇒
∥∥∥∥|ϕ⟩ − 1

c
|ψ⟩
∥∥∥∥2
2

≤ 2k

c2

=⇒ N√
2k
c

(|ϕ⟩) ≤ c2

Here the last inequality follows by considering the state |γ⟩ = |ϕ⟩ − 1
c
|ψ⟩, so |ϕ⟩ − |γ⟩ =

1
c
|ψ⟩. Then c(|ϕ⟩ − |γ⟩) ∈ BWn, and ∥c |ϕ⟩∥22 ≤ c2. On fixing c =

√
2k/δ0, we get that

Nδ0(|ϕ⟩) ≤ 2k
δ20
.

4.4.3 Relating N and CS-count for exact state preparation

Consider the magic state |CS⟩ = 1
2
(|00⟩+ |01⟩+ |10⟩+ i |11⟩). Using this state, we can

apply the CS gate with the protocol given in Figure 4.1 [13]. There, the label “Clifford”
refers to a Clifford circuit chosen based on the measurement outcome of the measured
qubits. It is easy to see that for the measurement outcome |00⟩, we can choose the Clifford
circuit to be the identity gate. Note that in this protocol, the measurements have uniform
probability. Also, it is easy to verify that N (|CS⟩) = 2 .
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|ψ⟩ CS =

|ψ⟩

|CS⟩

Clifford

Figure 4.1: CS-gate injection using the magic state |CS⟩. A similar protocol is given in
[13].

Theorem 4.4.10. Let |ϕ⟩ be an n-qubit state which can be prepared exactly with m CS
gates and Clifford operations without any intermediate measurements. Then:

N (|ϕ⟩) |2m

If it does need intermediate measurements, then we have the weaker result of

N (|ϕ⟩) ≤ 2m

Proof. If preparing |ϕ⟩ does not require intermediate measurements, we can also create |ϕ⟩
with |CS⟩⊗m ⊗ |0⟩n using Clifford gates and the magic state injection protocol in Figure
4.1, postselecting on all the measurement outcomes being 0. By Theorem 4.4.6 (v), the
result follows. If intermediate measurements are needed, which are possibly non-uniform,
then the weaker result follows from Theorem 4.4.6 (vi).

4.5 Fidelity Amplification

In this section, we prove a fidelity amplification for approximating the |H⟩⊗n magic state
using a low stabilizer rank state, in Theorem 4.5.3. This implies that for any choices δ1, δ2
of approximation errors, where both δ1, δ2 are constants, the approximate stabilizer ranks
are polynomially related. Define |H⊥⟩ = sin

(
π
8

)
|0⟩ − cos

(
π
8

)
|1⟩. Then, we know that |H⟩

and |H⊥⟩ form an orthonormal basis for C2, and that H |H⟩ = |H⟩, and H |H⊥⟩ = − |H⊥⟩.
First, we define a different notion of error that is easier to work with when states are not
normalized.

Definition 4.5.1. Define relative error of |ϕ′⟩ for state |ϕ⟩ as
Tr [(I − |ϕ⟩⟨ϕ|) |ϕ′⟩⟨ϕ′|]

Tr [|ϕ⟩⟨ϕ| |ϕ′⟩⟨ϕ′|] (4.9)

The relative error can be related to fidelity when ∥|ϕ′⟩∥2 = 1, and the quantity turns out

to be 1−F (|ϕ⟩,|ϕ′⟩)
F (|ϕ⟩,|ϕ′⟩) . Using this notion of relative error, we now show that relative error for

approximating |H⟩⊗n can be halved while at most doubling the stabilizer rank.
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Lemma 4.5.2. Given a rank k decomposition of |H⟩⊗n with relative error ϵ, there is a
rank 2k decomposition with relative error ϵ

2
.

Proof. For simplicity, we rewrite the form for relative error of any vector |ψ⟩ with |H⟩⊗n:
Tr [(I − (|H⟩⟨H|)⊗n) |ψ⟩⟨ψ|]

Tr [(|H⟩⟨H|)⊗n |ψ⟩⟨ψ|] (4.10)

Suppose we have a vector |ψ⟩ with relative error ϵ with respect to |H⟩⊗n with exact
stabilizer rank k. Since relative error is invariant under scaling, without loss of generality
|ψ⟩ can be taken to be of the following form:

|ψ⟩ = |H⟩⊗n + |ϕ⟩
with ⟨ϕ |H⊗n⟩ = 0. Note that plugging |ψ⟩ in Equation 4.10 gives Tr [|ϕ⟩⟨ϕ|] = ϵ. Now,
let x ∼ {0, 1}n be sampled uniformly at random, and let Cx denote the operator ⊗n

i=1H
xi ,

where we use the convention that H0 = I. Then for any C ∼ {Cx}, we have

C |ψ⟩ = |H⟩⊗n + C |ϕ⟩ ,
and ⟨H⊗n|C |ϕ⟩ = 0. Thus,

|ψ′⟩ = I + C

2
|ψ⟩ = |H⟩⊗n + I + C

2
|ϕ⟩ ,

with I+C
2

|ϕ⟩ orthogonal to |H⟩⊗n. Note that χ(|ψ′⟩) ≤ 2χ(|ψ⟩) ≤ 2k. Also, note that
Tr [|ψ′⟩⟨ψ′| (|H⟩⟨H|)⊗n] = Tr [|ψ⟩⟨ψ| (|H⟩⟨H|)⊗n]. Thus, the denominator of Equation 4.10
is the same for both |ψ⟩ and |ψ′⟩. Moreover, for the numerator, we get that

Tr [(I − (|H⟩⟨H|)⊗n) |ψ′⟩⟨ψ′|] = ⟨ϕ|
(
I + C

2

)2

|ϕ⟩ = 1

2
⟨ϕ |ϕ⟩+ 1

2
⟨ϕ|C |ϕ⟩ = ϵ

2
+

1

2
⟨ϕ|C |ϕ⟩

Now we show that in expectation over the randomness of C, EC [⟨ϕ|C |ϕ⟩] = 0. Since |ϕ⟩
is orthogonal to |H⟩⊗n, we can write |ϕ⟩ as

|ϕ⟩ =
∑
y ̸=0n

αy (⊗n
i=1 |Hyi⟩)

where αy ∈ C and |Hyi⟩ = |H⟩ if yi = 0 and |H⊥⟩ if yi = 1. Note that for any x, y ∈ {0, 1}n,
Cx (⊗n

i=1 |Hyi⟩) = (−1)x.y (⊗n
i=1 |Hyi⟩).

EC [⟨ϕ|C |ϕ⟩] = 1

2n

∑
x∈{0,1}n

⟨ϕ|
(∑
y ̸=0n

αy(−1)x.y (⊗n
i=1 |Hyi⟩)

)

=
1

2n

∑
x∈{0,1}n

∑
y ̸=0

|αy|2(−1)x.y

=
1

2n

∑
y ̸=0

|αy|2
∑

x∈{0,1}n
(−1)x.y

= 0

This implies that there exists a choice of C for which ⟨ϕ|C |ϕ⟩ ≤ 0. For this choice of C,
the corresponding |ψ′⟩ is a rank 2k decomposition with relative error at most ϵ/2.
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Repeating this logα times, we get the following theorem.

Theorem 4.5.3. Given a stabilizer decomposition of |H⟩⊗n with relative error ϵ and rank
k, there exists another stabilizer decomposition with rank O(αk) and relative error ϵ

α
.

The original motive to find such a result was to assume existence of low rank decompositions
with polynomially small error, given one for constant error. However, this also gives us a
way to compose low rank approximate stabilizer decompositions together.

Corollary 4.5.4. Given a δ relative error rank k stabilizer decomposition for |H⟩⊗m, there
is a rank O((k(1 + δ))n) constant relative error stabilizer decomposition for |H⟩⊗mn.

Proof. Suppose |ϕ⟩ has relative error δ with |H⟩⊗m and has stabilizer rank k. Then, |ϕ⟩⊗n
has stabilizer rank kn, and the relative error with respect to |H⟩⊗mn is (1 + δ)n − 1. This
is because, in Equation 4.9, for normalized states, the numerator and denominator sum to
1, and the denominator is multiplicative with tensor products of the states. Then, we get
the result by applying Theorem 4.5.3 with α = (1 + δ)n − 1

Note that if we apply the above result to |0⟩⊗n, we recover the O(20.23n) rank approximate
stabilizer decomposition of |H⟩⊗n from [23]. In fact, our technique can be thought of as a
generalization of their construction.

4.5.1 Relation to Lattice Approximations

In this section, we discuss BWn lattice approximation of quantum states, where we say
that a lattice vector v on BWn approximates |ϕ⟩ if for some c ∈ C∗, ∥cv − |ϕ⟩∥2 is small.
In particular, we will show that the best approximate decomposition of |H⟩⊗n in terms of
stabilizer states with stabilizer rank O(20.23n) can be a vector on the Barnes-Wall lattice,
and its Barnes-Wall norm saturates the bound from Theorem 4.4.9. On a high-level, we do
this using a fidelity amplification process similar to Lemma 4.5.2 and Corollary 4.5.4, but
instead of considering operators C ∼ {Cx}, we will only sample from operators Cx such
that |x|= 0 mod 2.

We know that whenever C has even number of Hs, C also maps BWn to itself since it
is a Clifford operator. Therefore, in such instances, if |ψ⟩ lies on BWn, then so does
(I +C) |ψ⟩. Therefore, if |ψ⟩ was a good lattice-approximation to |H⟩⊗n, then (I +C) |ψ⟩
is another lattice approximation to |H⟩⊗n. We will now analyze how close this new lattice
approximation is when C ∼ {Cx} conditioned on |x|= 0 mod 2. Once again, we write

|ψ⟩ = |H⟩⊗n + |ϕ⟩

Since |ϕ⟩ is orthogonal to |H⟩⊗n, we can write |ϕ⟩ as

|ϕ⟩ =
∑
y ̸=0n

αy (⊗n
i=1 |Hyi⟩)
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where αy ∈ C and |Hyi⟩ = |H⟩ if yi = 0 and |H⊥⟩ if yi = 1. Note that for any x, y ∈ {0, 1}n,
Cx (⊗n

i=1 |Hyi⟩) = (−1)x.y (⊗n
i=1 |Hyi⟩).

Ex:|x|=0 mod 2[⟨ϕ|Cx |ϕ⟩] =
1

2n−1

∑
x:|x|=0 mod 2

⟨ϕ|
(∑
y ̸=0n

αy(−1)x.y (⊗n
i=1 |Hyi⟩)

)

=
1

2n−1

∑
y ̸=0

|αy|2
∑

x:|x|=0 mod 2

(−1)x.y

= |α1n|2

Therefore, if we define

|ψ′⟩ = I + C

2
|ψ⟩ = |H⟩⊗n + I + C

2
|ϕ⟩ ,

then in expectation over our new choice of C, the relative error of |ψ′⟩ is ϵ+|α1n |2
2

, so it is not

exactly halved. But if we consider the state |ψ′′⟩ = Π|ψ⟩
||Π|ψ⟩|| , where Π = span{|H⟩⊗n , |H⊥⟩⊗n},

then the relative error is halved with respect to that of |ψ′′⟩ using a similar calculation

as above, and noting the fact that (I+Cx)
2

|ψ′′⟩ = |ψ′′⟩ when |x|= 0 mod 2. Therefore,

if |ψ′′⟩ is a good approximation to |H⟩⊗n, then we can use this procedure to do fidelity
amplification as before.

We will now use this fidelity amplification process to get a Barnes-Wall lattice approxima-
tion for |H⟩⊗n. We start with the state |0⟩, which is a Barnes-Wall lattice approximation

to |H⟩. Then the component of |0⟩⊗n along |H⊥⟩⊗n is exponentially smaller compared to
that along |H⟩⊗n. Thus, the O(20.23n)-rank approximate decomposition for |H⟩⊗n obtained
from Corollary 4.5.4 or from [23] can be specialized as a BWn vector approximation for
|H⟩⊗n. Moreover, it can be checked that on average, its Barnes-Wall norm N scales lin-
early with the stabilizer rank. This shows that the best known approximations for |H⟩⊗n
are effectively lattice approximations which asymptotically match the bound in Theorem
4.4.9.

Lemma 4.5.5. Restricting the O(20.23n)-rank approximate decomposition for |H⟩⊗n ob-
tained by applying the fidelity amplification procedure 0.23n times to only lattice approx-
imations (using the modification above) leads to lattice vector approximations for |H⟩⊗n
with average Barnes-Wall norm N = O(20.23n).

Proof (Sketch). We split up the problem in to the problem of finding the square of lengths
of components along the orthonormal basis formed by tensor products of |H⟩ and |H⊥⟩.
Suppose |ψ⟩ is the random vector on BWn obtained after applying 0.23n iterations of
the fidelity amplification procedure. Now, |ψ⟩ decomposes as sums of tensor products
of |0⟩ and |+⟩, with O(20.23n) terms. From this, we can see that the component along
|H⟩⊗n is O(20.23n ·cosn(π

8
)) = O(20.115n), and therefore the length-squared of the projection

along |H⟩⊗n is O(20.23n). The length-squared of the component along |H⊥⟩⊗n is negligible
compared to the above.
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For the component orthogonal to the space spanned by |H⟩⊗n and |H⊥⟩⊗n, we consider
for y ∈ {0, 1}n (y ̸= 0n, 1n) the basis ⊗n

i=1 |Hyi⟩ where |Hyi⟩ = |H⟩ if yi = 0 and |H⊥⟩ if
yi = 1. For each such basis element, the length square of the component of I+Cx

2
for x

such that |x| is even, is quadrupled with probability 1/2 (when x.y = 0) and it goes to 0
with probability 1/2 (when x.y = 1). So on average, the length squared for the orthogonal
component is doubled, at each step of the fidelity amplification protocol. Hence overall, the
length squared component along the space orthogonal to |H⟩⊗n and |H⊥⟩⊗n is on average
O(20.23n) times the initial value, which is at most 1. Therefore, the length squared of the
lattice vector |ψ⟩ on average is O(20.23n).
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Chapter 5

Synthesis for Clifford+R

5.1 Overview

In this chapter, we will be studying the problem of circuit synthesis. In this problem you
are given a target unitary U and a universal gate set G, and the goal is to find a circuit to
realize the target unitary up-to some ϵ precision using words over G. More formally, the
synthesis problem can be stated as follows: given a target unitary matrix U ∈ PU(d) and
a universal gate set G = {g1, · · · , gn} ⊆ PU(d), output a circuit consisting of words over
G that realizes U . A good synthesis algorithm is one in which, given a target error ε > 0
and U ∈ PU(d), the algorithm outputs a circuit γ = gi1gi2 · · · gir for some r that is at most
a polynomial in log

(
1
ε

)
. A general way to solve this problem efficiently in principle is to

use the Solovay-Kitaev algorithm [40], where the circuit size grows as O
(
logc

(
1
ε

))
for a

constant c ≈ 1.44. But this algorithm has some drawbacks, for example, it does not keep
track of the number of non-Clifford gates used (such as T gates), an important parameter
in some fault tolerant architectures and in the context of classical simulation of quantum
circuits. The constants involved and memory costs in implementing such an algorithm in
practice are sometimes quite large [40]. Lastly, this algorithm does not match the known
information theoretic lower bound of log

(
1
ε

)
number of gates.

With the motivation of remedying this situation, Kluichnikov, Maslov and Mosca in [78]
proposed an exact synthesis algorithm for the single qubit Clifford+T gate set. This
algorithm was optimal in T -count. This paper focused on the exact synthesis problem
which asks the following question:

Problem of Exact Synthesis: Given gate set G, which unitary matrices can be
realized exactly as circuits comprising of words over G?

KMM [78] answered this question for single qubit Clifford+T operators by proving that:

Clifford+T = U2(Z[ 1√
2
, i])
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Following this work, the authors of [129, 130, 75, 76] showed that using the exact synthesis
characterization of Clifford+T , one can solve the general synthesis problem for an arbitrary
2× 2 unitary matrix U by a certain “rounding” procedure.

In number theory, the exact synthesis characterization would usually be stated as “the
Clifford+T gate set generates an S-arithmetic group”. Such arithmetic groups are a well
studied classical object (see [19, 116]). The exact synthesis characterizations of Clifford+T
can then be re-interpreted as answering the following question: what are the generators

of the group U2

(
Z[ 1√

2
, i]
)
? Finding explicit generators for such groups is a hard problem.

This makes the theorem Clifford+T = U2(Z[ 1√
2
, i]) even more surprising!

One of the main tools to understand the properties of these groups (and hence, exact
synthesis) is to study their action on certain combinatorial structures (simplicial complexes)
known as Bruhat-Tits buildings. This interplay of number theory and gate synthesis has
been explored for various arithmetic gate sets [79, 46, 108, 15, 75].

With this background, we ask the following question in this chapter: do there exist other
gate sets which have an arithmetic description? We will focus on the exact synthesis prob-
lem for single qutrits (d = 3). Previously, algebraic characterizations similar to the qubit
case have been shown for certain qutrit gate sets, see [71, 46, 73, 51, 112]. In particular,
[46] studies both the exact and approximate synthesis problem for the Clifford+D gate set
using Bruhat-Tits buildings.

Motivated by these results, and with the goal of furthering the connections between Bruhat-
Tits theory and circuit synthesis, we study the problem of exact synthesis over the qutrit
Clifford+R gate set. This gate set was first studied in [6], where a protocol to implement
it in a fault tolerant manner via magic state distillation was proposed. Following this, the
Clifford+R gate set has been studied in different contexts (see [39, 75, 18, 16, 50]). Some
progress was made on the problem of synthesis using this gate set soon after its proposal
in [17] and more recently, in [71, 60].

In this chapter, we give the structure of the Bruhat-Tits building associated with the
Clifford+R gate set. The arithmeticity of this gate set was first proven in [71]. Here we
give an entirely different proof of this fact by constructing the Bruhat-Tits building for
U3 (Z[χ−1]) and show that this building is in fact a tree. One advantage of this point-of-
view is that the circuit synthesis algorithm can be visualized in terms of a path traversal
on such a tree.

5.2 Preliminaries

For our setting, the field of interest is F = Q(ω) := {a+bω | a, b ∈ Q} where ω = e
2πi
3 is the

primitive third root of unity and the minimal polynomial that it satisfies is x2+x+1 = 0.
The degree of this field extension over Q is [F : Q] = 2. This follows from the fact that
degree of the minimal polynomial is 2 and hence you need 2 elements of Q to express any
element of Q(ω).
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The set OF = Z[ω] := {a + bω | a, b ∈ Z} is the ring of integers of F . Notice in Z[ω],
the number 3 stops being a prime and it can be factorized as 3 = −(1 − ω)2ω2. Such
factorizations in Z[ω] are unique upto units (elements invertible inside Z[ω]), this is also
true for Z where the units are ±1. Note that −ω2 is a unit in Z[ω], since ω2 ·ω = 1. Hence,

3OF = χ2OF , where χ = 1− ω. (5.1)

The right notion of “primes” that permits unique factorization in such rings is recovered
using prime ideals.1 χ generates a principal prime ideal2 inOF and we will denote π = χOF .
Moreover, π is a maximal ideal3 in OF , so the quotient OF/χOF is a field, which is
isomorphic to F3. To see this notice that the quotient identifies elements a, b ∈ OF if their
difference is a multiple of χ = 1 − ω. Intuitively, we can think of this as setting ω = 1
(where we think of ω as a formal variable). This motivates the map f : OF → F3 such
that f(α+ βω) = (α+ β) mod 3. Then we have that ker(f) = (1− ω)OF , so by the first
isomorphism theorem, OF/χOF

∼= F3. In this context, F3 is also called a residue field.

5.2.1 The Clifford+R gate set

Definition 5.2.1. The Clifford+R gate set for qutrits is a group generated by the following
matrices:

H =
i√
3

(
1 1 1
1 ω ω2

1 ω2 ω

)
S =

(
1 0 0
0 ω 0
0 0 1

)
R =

(
1 0 0
0 1 0
0 0 −1

)

In [71], the following theorem was proved:

Theorem 5.2.2 (Theorem 5.5 in [71]). The group generated by the Clifford+R gate set is

⟨H,S,R⟩ = U3

(
Z
[
1

3
, ω

])
.

Here the group on the right is the set of unitaries with entries in Z
[
1

3
, ω

]
. The set Z

[
1

3
, ω

]
consists of elements of the form a

3k
where a ∈ Z[ω] and k ≥ 0. Notice that 1

3
= −ωχ−2 and

χ−1 = 1−ω2

3
and this gives the ring equality Z

[
1

3
, ω

]
= Z[χ−1].

5.2.2 p-adic numbers

In this section, we review the basic theory of p-adic numbers (details in [107, 131, 58, 83]).
Intuitively, p-adic numbers arise by studying Z and Q using the metric induced by a

1An ideal I of a ring R is a prime ideal if for all a, b ∈ R such that ab ∈ I, we have that a ∈ I or b ∈ I.
2An ideal I of a ring R is called a principal ideal if it is generated by a single element a ∈ R. That is,

I = {a · r | r ∈ R}.
3An ideal I of a ring R is a maximal ideal if for every ideal I ′ of R such that I ⊆ I ′, we have that either

I = I ′ or I ′ = R. In this case, R/I is a field.
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different norm (called the p-adic norm). For the fixed prime p, we define the p-adic valuation
map vp : Z \ {0} → N such that

vp(x) = max{n ∈ N : pn | x}

So vp(x) is the largest power n of p such that pn divides x. We can extend this map to
vp : Q× → Z as follows:

vp(x) = vp(a)− vp(b),where x = a/b for some a, b ∈ Z.

We can use the p-adic valuation to define the p-adic norm as follows:

|·|p: Q → R≥0, x 7→ |x|p=
{
p−vp(x) if x ̸= 0

0 if x = 0
. (5.2)

We obtain the p-adic rationalsQp and p-adic integers Zp by completingQ and Z respectively
with respect to the metric induced by the norm | |p. Another characterization of Zp is:

Zp = {x ∈ Qp : |x|p≤ 1}

From this characterization, we can see that for any x ∈ Zp, we must have that vp(x) ≥ 0,
which gives us the following:

Lemma 5.2.3. Any x ∈ Zp can be written as x =
∑∞

i=0 aip
i, where ai ∈ {0, 1, . . . , p− 1}.

Similarly, for all x ∈ Qp, there exists k ∈ N such that pkx ∈ Zp, which means that we can
write x =

∑∞
i=−k aip

i.

5.2.3 Local fields

Recall that in our setting F = Q(ω), we want to complete this field with respect to the
p-adic norm. As discussed earlier, in our setting prime numbers are replaced by prime
ideals. So instead of fixing a prime number p we will fix the prime ideal π = χOF and
complete F with respect to the metric induced by the π-adic norm4 to obtain Fπ.

| |π: F → R≥0, x 7→ |x|π=
{
3−

vπ(x)
2 if x ̸= 0

0 if x = 0
. (5.3)

Here we define vπ(x) for x ∈ OF \ {0} as vπ(x) = max{n ∈ Z | χ−nx ∈ OF}, and for
x ∈ F \ {0} as

vπ(x) = vπ(a)− vπ(b),where x = a/b for some a, b ∈ OF . (5.4)

4It is also possible to define the absolute value as |x|π= e−vπ(x). The choice presented here is used to

ensure that |3|π= |3|3=
1

3
as desired, where | |p is the usual p-adic norm on Q.
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Remark 5.2.4. Recall 3OF = χ2OF , and hence 3-adic completion of Q and π-adic com-
pletion of F are closely related. Intuitively, this is also the reason for the appearance of

3−
vπ(x)

2 in Equation 5.3.

Remark 5.2.5. The vπ defined here is called the π-adic valuation in number theory. In
some quantum circuit synthesis literature [71, 78], this quantity is known as the smallest
denominator exponent.

In analogy to how we defined p-adic integers, we define Oπ ⊆ Fπ to be the local completion
of OF with respect to the prime ideal π = χOF . It can be identified as

Oπ = {x ∈ Fπ | |x|π≤ 1}. (5.5)

This can be used to obtain a similar expansion as Lemma 5.2.3 for elements of Oπ and Fπ.

Lemma 5.2.6. Any element x ∈ Oπ can be written as x = x0 + x1χ + x2χ
2 . . . , where

{xi}i≥0 ∈ {0, 1, 2}. Furthermore, every element of Fπ can be written as χix for some
i ∈ Z≤0 and x ∈ Oπ.

Fact 5.2.7.

• Fπ = Q3[χ] = Q3[ω] =

{ ∑
n≥−m

xnχ
n : m ≥ 0, xn ∈ F3

}

• Oπ = Z3[χ] = Z3[ω] =

{∑
n≥0

xnχ
n : xn ∈ F3

}
where Q3,Z3 are 3-adic rationals and integers respectively.

In the ring Oπ, the set of elements that can be inverted (within the ring) are called units,
and these elements u have vπ(u) = 0 and equivalently |u|π= 1. We distinguish another
element in Oπ called the uniformizer, denoted as ϖ, which has vπ(ϖ) = 1. For Oπ,
ϖ = χ = 1 − ω is the uniformizer. Notice that in Oπ, every non-zero element x can be
written as x = χnu for some n ∈ N and unit u. This means that every non-zero ideal
of Oπ can be written as χnOπ for the uniformizer χ. Rings which have this property are
called discrete valuation rings (DVR) of which Oπ is an example. Furthermore, since for
any element x ∈ Fπ there is a n ∈ N such that χnx ∈ Oπ, we have that x = χku for some
k ∈ Z and unit u. This also implies that xOπ = χkOπ for k ∈ Z.
Conjugation denoted by (·) maps ω 7→ ω−1 and defines an automorphism of the rings
F,OF , Fπ,Oπ and has the fixed subrings Q,Z,Q3,Z3 respectively. The conjugation map
(·) commutes with all the natural inclusions among these rings, wherever applicable. On
Oπ/πOπ ≃ F3, (·) is the trivial automorphism since ω ∈ π (indeed, (·) preserves πOπ ⊆
Oπ). The residue field of Q3 is also F3, the same as the residue field of Fπ.

Wherever the conjugation (·) is defined for a ring R, one can define on Rn the Hermitian
form as follows:

⟨x, y⟩ =
n∑
i=1

xiyi. (5.6)
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5.2.4 Lattices over local valuation rings

Definition 5.2.8. Λ is an Oπ-lattice in F 3
π if there exist v1, v2, v3 ∈ F 3

π such that

Λ = {av1 + bv2 + cv3 : a, b, c ∈ Oπ}

The rank of a lattice is the number of linearly independent basis vectors used to generate
the lattice. So in our case, the rank of Λ is 3. One can arrange v1, v2, v3 in a matrix
g ∈ M3(Fπ) such that Λ = gO3

π. This g is not unique, we can have Λ = g′O3
π where

g′ = gM for some basis change matrix M ∈ GL3(Oπ).

Next, we define the determinant of a lattice Λ, denoted det(Λ), which intuitively measures
the volume of a fundamental parallelepiped in the lattice.

Definition 5.2.9. Given an Oπ lattice Λ = gO3
π for g ∈ M3(Fπ), we define det(Λ) =

det(g)Oπ. Here det(g) ∈ Fπ is the determinant of the matrix g.

Note that det(Λ) is a fractional ideal of Oπ, which means that there exists k ∈ N such
that χk det(Λ) is an ideal of Oπ. Furthermore, det(Λ) is independent of the choice of basis
g, since for any basis g′ = gM , we have that det(g′) = det(g)u, where u is a unit, so
det(g′)Oπ = det(g)Oπ.

Remark 5.2.10. For an Oπ-lattice Λ, we know that det(Λ) = πk for some k ∈ Z.

This follows from the fact that Oπ is a DVR, so every non-zero ideal is of the form πn =
χnOπ for n ∈ N. Since g consists of vectors in Fπ, so det(g) ∈ Fπ (and not necessarily Oπ),
which means that det(Λ) can be of the form πk for both negative and positive exponents
k.

Definition 5.2.11 (Equivalence of Oπ-lattices). Two Oπ-lattices Λ1,Λ2 are considered
π-equivalent if

Λ1 = πkΛ2 for some k ∈ Z. (5.7)

5.2.5 Dual lattice

Definition 5.2.12. For any Oπ-lattice Λ ⊆ F 3
π , one defines the dual lattice to be

Λ♯ = {x ∈ F 3
π | ⟨x, y⟩ ∈ Oπ for each y ∈ Λ}. (5.8)

The dual lattice Λ♯ is also an Oπ-lattice and upon further dualization gives (Λ♯)
♯
= Λ .

One then readily checks that if A ∈ M3(Fπ) is a matrix whose columns are a basis of Λ,
then the matrix (A∗)−1 ∈ M3(Fπ) contains in its columns a basis of Λ♯, where ∗ denotes
conjugate-transpose.

Proposition 5.2.13. Dualization satisfies the following properties:
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• For Oπ-lattices Λ1,Λ2 ⊆ F 3
π , we have that Λ1 ⊆ Λ2 ⇒ Λ♯2 ⊆ Λ♯1.

• If Λ1 and Λ2 are π-equivalent, then so are Λ♯1 and Λ♯2.

Definition 5.2.14. A lattice is called self-dual if Λ♯ = Λ. We say that it is self-dual up to
π-equivalence if Λ♯ = πiΛ for some i ∈ Z.

Remark 5.2.15. The lattice Λ = A · O3
π is self-dual if A ∈ U3(Fπ). The converse is not

always true.

For example, both Oπ,O3
π are self-dual lattices. We now prove the following lemma about

dual lattices.

Lemma 5.2.16. Suppose Λ is a lattice over Oπ of rank 3 such that Λ is π-equivalent to
Λ♯, that is Λ♯ = πiΛ for some i ∈ Z. Then, i ∈ 2Z and πi/2Λ is a self-dual lattice.

Proof. Using the fact that A♯ = (A∗)−1, we get det(Λ♯) =
(
det(Λ)

)−1

. Also, we have that

det(πiΛ) = π3i det(Λ). Hence, we have that det(Λ) · det(Λ) = π−3i. But we know that if
det(Λ) = πk for some k, then det(Λ) is also πk as (·) leaves π invariant. Therefore, i must

be even. The second statement follows because (πi/2Λ)
♯
= π−i/2πiΛ.

Remark 5.2.17. The rank 3 in Lemma 5.2.16 can be replaced by any other odd number,
but fails for even dimensions.

Lastly, we recall the following theorem about Cartan decompositions for Fπ, which we will
use later in the chapter.

Theorem 5.2.18 (Theorem 3.3 of [115]). Let g ∈ GL3(Fπ) be a matrix over Fπ whose
uniformizer is ϖ. Then, one can find k, k′ ∈ GL3(Oπ) and some diagonal matrix a ∈
GL3(Fπ) = diag(ϖλ1 , ϖλ2 , ϖλ3) such that g = kak′. Furthermore, the choice of a is unique
if we add the condition that λ1 ≥ λ2 ≥ λ3.

5.3 Buildings over unitary groups

5.3.1 Lattice chains

We will consider the lattice chain model of Bruhat-Tits buildings given by Abramenko-Nebe
[2].

Definition 5.3.1. Suppose R is a discrete valuation ring with a uniformizer ϖ and whose
field of fractions is K. Consider the vector space Kn over K. A lattice chain of dimension
n over R is defined as a nested sequence of lattices with proper inclusions

· · · ⊊ Λ−2 ⊊ Λ−1 ⊊ Λ0 ⊊ Λ1 ⊊ Λ2 ⊊ · · · (5.9)

where each {Λi}i∈Z is an R-lattice inside Kn with the condition that the chain is preserved
under the action Λ 7→ ϖΛ. Such lattice chains are called “admissible” lattice chains.
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In this chapter, we will only consider lattice chains relevant for qutrit synthesis. In our
setting, ϖ = π, K = Fπ, R = Oπ and n = 3. A lattice chain . . . ⊂ Λ−2 ⊂ Λ−1 ⊂ Λ0 ⊂
Λ1 ⊂ Λ2 ⊂ . . . will consist of Oπ lattices over F 3

π . The infinite chains in Definition 5.3.1
are actually just finitely many ϖ-equivalence classes, as shown below.

Lemma 5.3.2. Suppose {Λi} is a lattice chain of dimension n over a discrete valuation ring
R. Then, up to multiplication by powers of ϖ, the chain contains at most n inequivalent
lattices.

Proof. Let’s consider Λ0. We know by Definition 5.3.1 that ϖΛ0 is also in the chain. We
want to count the maximum number of lattices ϖΛ0 ⊊ Λ1 ⊊ Λ2 ⊊ · · · ⊊ Λ0 that can
be between ϖΛ0 and Λ0. We show that is n − 1 by the following argument. Consider
k = R/ϖR, where k is a field because ϖR is a maximal ideal of R (since R is a DVR and
every ideal is of the form ϖkR for k ≥ 0). Then Λ0/ϖΛ0 ≃ kn, since Λ0 = g0R

n. Then we
have that Λ1/ϖΛ0,Λ2/ϖΛ0, . . . form a flag (strictly nested sequence of subspaces) of kn.
Hence, there can be at most n− 1 intermediate lattices.

Note that in our case n = 3, so we will be interested in lattice chains of the form πΛ2 ⊊
Λ0 ⊊ Λ1 ⊊ Λ2.

Definition 5.3.3. We define the rank of a lattice chain {Λi} to be the number of ϖ-
equivalence classes inside a lattice chain.

We say that admissible lattice chain {Li} contains {L′
i} if the latter chain appears as a

subsequence in the former chain. If {Li} has rank n, the {L′
i} has rank at most n.

5.3.2 Self-dual lattice chains

Observe that when we have a nested chain of lattices we can dualize each lattice in the
chain and obtain

· · ·Λ−2 ⊂ Λ−1 ⊂ Λ0 ⊂ Λ1 ⊂ Λ2 · · · 7 −→ · · ·Λ♯−2 ⊃ Λ♯−1 ⊃ Λ♯0 ⊃ Λ♯1 ⊃ Λ♯2 · · · (5.10)

The right hand side is called the dual lattice chain. Our interest is in self-dual lattice
chains.

Definition 5.3.4. A lattice chain over Oπ is called a self-dual lattice chain if it is the
same chain when we dualize each lattice in the chain.

Lemma 5.3.5. For a self-dual lattice chain {Λi}i∈Z, at least one of the following is true.

1. Λj = Λ♯j for some j ∈ Z, or

2. Λj = Λ♯j+1 for some j ∈ Z.
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Proof. A lattice chain is equal to its dual if and only if there exists a bijection d : Z → Z
such that Λi = Λ♯d(i) that respects the condition d(i − 1) = d(i) + 1. This map enforces
that the lattices in the dual chain are the same as in the original chain, but in a reversed
order.

1. Let 2j ∈ Z satisfy d(2j) = 0. d(j) = d(2j − j) = j implies that Λj = Λ♯j.

2. Let 2j + 1 ∈ Z satisfy d(2j + 1) = 0. d(j) = d(2j + 1− (j + 1)) = j + 1 implies that
Λj = Λ♯j+1.

5.3.3 Simplicial complex of lattice chains

Now we are ready to define the building on which our finitely generated gate set will act.

Definition 5.3.6. We define B to be the set of all self-dual lattice chains of rank 3 over
Oπ. This is the building associated to the unitary group.

Description of 0-simplices and 1-simplices

As a set, B is just a collection of chains. But it actually has the structure of a simplicial
complex. The 0-simplices of B are the minimal lattice chains. The 1-simplices are lattice
chains that strictly contain only 0-simplices. The 2-simplices are lattice chains that only
contain 1-simplices and 0-simplices, and so on.

Remark 5.3.7. The set of all lattice chains (not necessarily self-dual) form a 2-building for
the group PGL3. In the PGL3-building, lattice chains of rank k form the (k − 1)-simplices
for k = 1, 2, 3. The building associated to U3 is a sub-building of this building. We will not
discuss the building of PGL3 for simplicity of exposition.

We shall prove the following properties about B (c.f. Appendix C.1).

Proposition 5.3.8. For the building B described above, we have the following classification
of simplices.

1. All the 0-simplices of B are one of the following two types.

• Lattice chains of the form {πiΛ}i∈Z for some self-dual lattice Λ ⊆ F 3
π arranged

as
. . . ⊆ π2Λ ⊆ πΛ ⊆ Λ ⊆ π−1Λ ⊆ . . . (5.11)

• Lattice chains of the form {πiΛ, πiΛ♯}i∈Z such that Λ♯ ⊊ Λ and

. . . ⊆ πΛ ⊆ Λ♯ ⊆ Λ ⊆ π−1Λ♯ ⊆ . . . (5.12)

2. All the 1-simplices of B are of the form {πiΛ1, π
iΛ0, π

iΛ♯1}i∈Z for some lattices Λ0,Λ1 ⊆
F 3
π such that Λ0 is self dual and Λ

♯

1 ⊊ Λ1 arranged as

. . . ⊆ πΛ0 ⊆ πΛ1 ⊆ Λ♯1 ⊆ Λ0 ⊆ Λ1 ⊆ π−1Λ♯1 ⊆ . . . (5.13)
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3. There are no 2-simplices in B.

We will henceforth think of 0-simplices as vertices and 1-simplices as edges. Therefore, B
has the structure of a graph. We will call 0-simplices of the form {πiΛ}i∈Z for a self-dual
lattice Λ as “pure” vertices. We will call the 0-simplices that are not “pure” as “alternating”
vertices. We will denote pure and alternating vertices using PB, AB respectively. Then the
vertex set of B decomposes as PB ⊔ AB, so the pure and alternating vertices partition the
set of vertices. We use eB to denote the distinguished 0-cell given by {πiO3

π}i∈Z, which we
will often call the “origin”.

Remark 5.3.9. PB and AB split B into a bipartite graph.

This means that B has no odd cycles. We can in-fact show that B has no cycles (c.f.
Appendix C.2)

Proposition 5.3.10. The 0-simplices and 1-simplices of B form a forest. That is, B has
no loops.

Some subspaces in finite field vector spaces

To study the properties of the building B, we are interested in establishing some general
facts about quadratic forms on vector spaces over F3. This will be used in subsequent
sections to argue about number of neighbors of pure and alternating vertices. First, we
consider the case of F3

3. Consider F3
3 with the standard inner product ⟨ , ⟩ : F3

3 × F3
3 → F3

given by:
⟨x(1), x(2)⟩ = x

(1)
1 x

(2)
1 + x

(1)
2 x

(2)
2 + x

(1)
3 x

(2)
3 (5.14)

where x(i) = (x
(i)
1 , x

(i)
2 , x

(i)
3 ) ∈ F3

3 for i = 1, 2.

For any bilinear form ⟨ , ⟩ : F3
3 × F3

3 → F3, one defines the dual space of a vector space
V ⊆ F3

3 with respect to ⟨ , ⟩ to be

V ⊥ = {v ∈ F3
3 | ⟨v, w⟩ = 0 for all w ∈ V }. (5.15)

Lemma 5.3.11. Let A ∈ M3(F3) be a symmetric invertible matrix. Consider the bilinear
form ⟨ , ⟩A given by

⟨x, y⟩A = ⟨Ax, y⟩. (5.16)

Then there are exactly 4 one-dimensional subspaces V ⊆ F3
3 such that V ⊆ V ⊥, where V ⊥

is the dual of V with respect to ⟨ , ⟩A.

Proof. We will consider the quadratic form q(x) = ⟨Ax, x⟩. We know by [87] that in a
finite field of odd characteristic, every non-degenerate quadratic form can be diagonalized.
Hence, there exists some B ∈ GL3(F3) such that for x = (x1, x2, x3) ∈ F3

3,

q(Bx) = ⟨ABx,Bx⟩ = ax21 + bx22 + cx23 (5.17)
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for some a, b, c ∈ {±1}. To find the one-dimensional vector spaces V ⊆ V ⊥, we want to
count the number of x ∈ F3

3 \ {0} such that ⟨Ax, x⟩ = 0, or equivalently number of x such
that q(Bx) = 0. We can assume without loss of generality that

q(Bx) = x21 + x22 + x23 or q(Bx) = x21 + x22 − x23. (5.18)

The exact diagonalized form of q(Bx) depends on whether det(A) is a quadratic residue
in F3 (in particular, we get the first form if det(A) = 1 and the second otherwise). In both
the cases, we have exactly 8 solutions to q(Bx) = 0 and they give rise to 4 one-dimensional
subspaces V ⊆ F3

3 such that V ⊆ V ⊥.

We also need to consider the situation of anti-symmetric linear forms.

Lemma 5.3.12. Consider F3
3 and an anti-symmetric matrix A ∈ M3(F3) for some (a, b) ∈

F2
3 \ {(0, 0)}:

A =
(

a b
−a
−b

)
.

Consider the bilinear form ⟨ , ⟩A given by

⟨x, y⟩A = ⟨Ax, y⟩.

Then, the vector v = (0, b,−a)T ∈ F3
3 is the unique vector (up to scaling) such that

⟨v, w⟩A = 0 for all w ∈ F3
3. Furthermore, there are exactly four subspaces V ⊆ F3

3 of
dimension 2 such that v ∈ V and V ⊥ ⊆ V , where V ⊥ is the dual of V with respect to
⟨x, y⟩A.

Proof. Proof is in Appendix C.3.

5.3.4 Understanding the tree using finite fields

Pure vertices

For any Oπ-lattice Λ ⊆ F 3
π , we know that Λ/πΛ is a finite vector space over Oπ/πOπ ≃ F3

of dimension 3. Let us consider a pure 0-simplex {πiΛ}i∈Z for Λ ⊆ F 3
π , where Λ is a

self-dual lattice. Define the following “⟨ , ⟩ modulo π” map:

⟨ , ⟩+ πOπ :
Λ

πΛ
× Λ

πΛ
→ Oπ

πOπ

⟨[x], [y]⟩+ πOπ = [⟨x, y⟩]
(5.19)

Here ⟨ , ⟩ refers to the Hermitian form defined on F 3
π and [ · ] denotes the equivalence

class generated by the quotient. The map ⟨ , ⟩ + πOπ is well-defined since self-duality of
Λ implies that ⟨x, y⟩ ∈ Oπ and ⟨x, πy⟩ ∈ πOπ for all x, y ∈ Λ. This map is a bilinear form
on F3

3 × F3
3 because x+ πOπ = x+ πOπ, so [x] = [x]. This implies that ⟨[x], [cy]⟩+ πOπ =

[⟨x, cy⟩] = [c⟨x, y⟩] = [c⟨x, y⟩] = c⟨[x], [y]⟩+ πOπ.
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Pure vertex
Λ/πΛ ∼= F3

3

Alternating vertex
V1 ⊂ V ⊥

1

Alternating vertex
V2 ⊂ V ⊥

2

Alternating vertex
V3 ⊂ V ⊥

3

Alternating vertex
V4 ⊂ V ⊥

4

Figure 5.1: A pure vertex connected to four alternating vertices via the four isotropic lines
V ⊂ V ⊥ in F3

3.
5

Lemma 5.3.13. Consider Λ ⊆ F 3
π to be a self-dual lattice. Then the bilinear form ⟨ , ⟩+

πOπ given in Equation 5.19 defined on the finite F3-vector space Λ/πΛ is non-degenerate
and symmetric.

Proof. The symmetry follows because x + πOπ = x + πOπ for any x ∈ Oπ. This implies
that ⟨[x], [y]⟩ + πOπ = [⟨x, y⟩] = [⟨y, x⟩] = [⟨y, x⟩] = ⟨[y], [x]⟩ + πOπ. To show that it is
non-degenerate, we want that for any v ∈ Λ, if ⟨v, w⟩ ∈ πOπ for all w ∈ Λ then v ∈ πΛ.
If ⟨v, w⟩ ∈ πOπ then ⟨χ−1v, w⟩ ∈ Oπ for all w ∈ Λ, which means that χ−1v ∈ Λ♯ = Λ, so
v ∈ πΛ.

This makes us conclude the following fact about the geometry of the Bruhat-Tits tree B.

Proposition 5.3.14. Each pure vertex x ∈ PB is connected to 4 alternating vertices in
AB.

Proof. Let x = {πiΛ}i∈Z such that Λ ⊆ F 3
π is a self-dual lattice. The goal is to find all

possible lattices Λ1 ⊆ F 3
π such that

. . . ⊂ πΛ ⊂ πΛ1 ⊂ Λ♯1 ⊂ Λ ⊂ Λ1 ⊂ π−1Λ1 ⊂ π−1Λ ⊂ . . . (5.20)

Fix a vector space isomorphism Λ
πΛ

≃ F3
3. Then, we know that the bilinear form ⟨ , ⟩+πOπ

defines a quadratic form on F3
3. This form is non-degenerate and symmetric so we can invoke

Lemma 5.3.11. One can check that each chain πΛ ⊂ πΛ1 ⊂ Λ♯1 ⊂ Λ corresponds bijectively
to a chain of subspaces {0} ⊂ V ⊂ V ⊥ ⊂ F3

3 where V has F3-dimension equal to 1 and V ⊥

is the dual of V with respect to ⟨ , ⟩+ πOπ. This is because if we set V = πΛ1/πΛ, then
for any x ∈ Λ♯1 and y ∈ Λ1, we have that ⟨[x], [πy]⟩+πOπ = [⟨x, πy⟩] = [π⟨x, y⟩] = [0] since
⟨x, y⟩ ∈ Oπ. So Λ♯1/πΛ = V ⊥. The number of such V is exactly 4 as shown in Lemma
5.3.11.

5This figure was drawn by Mark
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Alternating vertices

We will now start with an alternating 0-simplex v = {πiΛ, πiΛ♯}i∈Z such that

· · · ⊂ πΛ ⊂ Λ♯ ⊂ Λ ⊂ π−1Λ♯ ⊂ · · · (5.21)

The goal is now to find how many self-dual lattices Λ1 ⊆ F 3
π exist such that

· · · ⊂ πΛ1 ⊂ πΛ ⊂ Λ♯ ⊂ Λ1 ⊂ Λ ⊂ π−1Λ♯ ⊂ π−1Λ1 ⊂ · · · (5.22)

The image of Λ♯ in the F3-vector space Λ/πΛ must be a 1-dimensional vector space. This is
true because if Λ = gO3

π then we have that [Λ : πΛ] = 27, where [Λ : πΛ] is the number of
elements in Λ/πΛ ≃ F3

3. We also have that [Λ : πΛ] = [Λ : Λ♯][Λ♯ : πΛ]. Since [Λ : Λ♯] | 27
must be divisible by |det(g)|−2

π , so it has to be 9 (otherwise if it is 1, then Λ♯ = Λ). This
implies that [Λ♯ : πΛ] = 3, which means Λ♯/πΛ is 1-dimensional.

The relevant bilinear form on this F3-space is

⟨ , ⟩+Oπ :
Λ

πΛ
× Λ

πΛ
→ π−1Oπ

Oπ

≃ F3

⟨[x], [y]⟩+Oπ = [⟨x, y⟩]
(5.23)

Here ⟨ , ⟩ is the Hermitian form defined on F 3
π and [ · ] denotes equivalence class. This map

is well-defined because ⟨Λ,Λ⟩ ⊆ π−1⟨Λ,Λ♯⟩ ⊆ π−1Oπ (since Λ ⊆ π−1Λ♯) and ⟨πΛ,Λ⟩ ⊆
Oπ (since πΛ ⊆ Λ♯). To have an Oπ-valued form on Λ/πΛ, one can consider the form
χ⟨ , ⟩+ πOπ instead. The next two lemmas are about this bilinear form.

Lemma 5.3.15. Let x, y ∈ Fπ be such that xx+ yy ∈ Oπ. Then x, y ∈ Oπ.

Proof. Note that vπ(xx) = 2vπ(x). If vπ(x) < vπ(y) then we have that 0 ≤ vπ(xx+ yy) =
2vπ(x). Otherwise if vπ(x) = vπ(y), then let’s assume that x = χna, y = χnb for some n < 0
such that a, b ∈ O×

π . Then, we have a, b ∈ ±1 + πO×
π implying that aa + bb ∈ 2 + πOπ.

Therefore, we must have that xx + yy ∈ χ−nχ−n(2 + πOπ) forcing n to be non-negative.
This is a contradiction, so x, y ∈ Oπ.

Lemma 5.3.16. Consider the form ⟨ , ⟩ + Oπ defined in Equation 5.23. Then, after
identification of Λ/πΛ ≃ F3

3, the map χ⟨ , ⟩+ πOπ is anti-symmetric and is equivalent to
the bilinear map F3

3 × F3
3 → F3 considered in Lemma 5.3.12.

Proof. The proof can be found in Appendix C.4.

Using the bilinear form χ⟨ , ⟩+ πOπ, we have the following proposition about neighbours
of alternating vertices:

Proposition 5.3.17. Each alternating vertex v ∈ AB is connected to 4 pure vertices in
PB.
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Proof. Let L = {πiΛ, πiΛ♯}i∈Z where Λ ⊆ F 3
π is a lattice satisfying Equation 5.21. We know

from Lemma 5.3.16 that the bilinear form χ⟨ , ⟩+πOπ on Λ/πΛ ≃ F3
3 must be isomorphic

to the one in Lemma 5.3.12, up to some linear transformations on F3
3. By Lemma 5.3.12,

the subspace F3 · v for the vector v = (0, b,−a)T ∈ F3
3 must correspond to the image of Λ♯

in Λ/πΛ (since v is the only vector with the property that ⟨v, w⟩A = 0 ∀ w ∈ Λ/πΛ). The
4 self-dual subspaces V in Lemma 5.3.12 therefore lift to 4 self-dual lattices Λ1 satisfying
Equation 5.22.

The tree is connected

We will now show that the tree B is a connected tree. First, observe the easy lemma.

Lemma 5.3.18. Let Λ = v1Oπ + v2Oπ + v3Oπ ⊆ F 3
π be a lattice. Then, Λ is self-dual if

and only if the Gram matrix [⟨vi, vj⟩]1≤i,j≤3 ∈ GL3(Oπ).

Proof. (⇒) Let A ∈ GL3(Fπ) be the matrix with columns v1, v2, v3. We know by the
discussion in Section 5.2.5 that the matrix (A∗)−1 contains a basis of Λ♯. By self-duality
of Λ, we get that for some γ ∈ GL3(Oπ), one has (A∗)−1 = Aγ. This implies that
A∗A = γ−1 ∈ GL3(Oπ). Note that A∗A is exactly the Gram matrix.

(⇐) Suppose the Gram matrix A∗A ∈ GL3(Oπ). Then there exists γ ∈ GL3(Oπ) such
that A∗A = γ. This implies that (A∗)−1 = Aγ−1, where γ−1 ∈ GL3(Oπ). This means that
(A∗)−1 contains a basis for Λ, but we know that it contains the basis for Λ♯. Therefore
Λ = Λ♯.

We will show the following key proposition towards connectedness.

Proposition 5.3.19. Let g, h ∈ GL3(Fπ) be such that Λg = gO3
π and Λh = hO3

π are
self-dual lattices. Furthermore, we assume that

. . . ⊆ πnΛg ⊆ Λh ⊆ π−nΛg ⊆ π−2nΛh ⊆ . . . , (5.24)

where n ∈ Z≥0 is the least such n that makes the above equation hold. Then, there exists a
sequence of self-dual lattices Λ1,Λ2, . . . ,Λn−1 ⊆ F 3

π such that

. . . ⊆ πΛ1 ⊆Λg ⊆ π−1Λ1 ⊆ π−2Λg ⊆ . . .

. . . ⊆ πΛ2 ⊆Λ1 ⊆ π−1Λ2 ⊆ π−2Λ1 ⊆ . . .

...

. . . ⊆ πΛn−1 ⊆Λh ⊆ π−1Λn−1 ⊆ π−2Λh ⊆ . . .

(5.25)

Proof. The proof can be found in Appendix C.5.

Corollary 5.3.20. The tree B is connected.
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(a) Vertices up to distance 3 from the center of
B. Note that the pure vertices are denoted by
red and the alternating ones by blue.

eB

e

e1

v

(b) The section Sv of the tree, as well
as the dotted path from eB to v.

Figure 5.2: Traversing the tree

Proof. We first show that any two pure vertices g, h ∈ PB are connected. Let their corre-
sponding self-dual lattices be Λg, Λh. Then we can find a minimal n ∈ N such that Equation
5.24 is true. This is because there is a matrix γ ∈ GL3(Fπ) such that h = gγ, and we
can multiply γ by πn for some n ∈ N to get a matrix in M3(Oπ) such that πnhO3

π ⊆ gO3
π.

In Lemma 5.4.4, we will show that if n = 1, we can connect such pure vertices by an
alternating pair. If n > 1, we can use Proposition 5.3.19 to get a chain of self-dual lattices
Λg,Λ1, . . . ,Λn−1,Λh such that for each consecutive pair the minimal n = 1.

To connect alternating vertices g, h ∈ AB, we use Proposition 5.3.17 to connect them to
pure vertex neighbors x, y respectively and then use the connectedness of pure vertices.
To connect a pure and an alternating vertex g ∈ PB, h ∈ AB, we can pick a pure vertex
neighbour of h and use connectedness of pure vertices to connect it to g.

We have plotted in Figure 5.2(a) the appearance of the tree with the structure described
above.

5.4 Clifford+R action on the Bruhat-Tits building

Observe that U3(Fπ) has a natural action on B. In particular, given lattices Λi = giO3
π for

i ∈ {0, 1, 2} such that they form the admissible self-dual lattice chain πΛ2 ⊆ Λ0 ⊆ Λ1 ⊆ Λ2,
U ∈ U3(Fπ) acts on it as follows:

(πΛ2 ⊆ Λ0 ⊆ Λ1 ⊆ Λ2) 7→ (πUg2O3
π ⊆ Ug0O3

π ⊆ Ug1O3
π ⊆ Ug2O3

π)

This action is well-defined because if πΛ2 ⊆ Λ0 ⊆ Λ1 ⊆ Λ2 is a self-dual lattice-chain, then
so is πUg2O3

π ⊆ Ug0O3
π ⊆ Ug1O3

π ⊆ Ug2O3
π because (U∗)−1 = U . The stabilizer of the

origin eB is U3(Oπ).
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5.4.1 Distances in the building

The following lemma describes the set of relevant matrices that we need to focus on to get
all vertices PB ⊆ B. Define A ⊆ GL3(Fπ) as

A = {α ∈ GL3(Fπ) | α∗α ∈ GL3(Oπ)}. (5.26)

Lemma 5.4.1. For each v ∈ PB one has v = αeB for some α ∈ A.

Proof. Let v = {πiΛ}i∈Z for some self-dual lattice Λ = gO3
π where g ∈ GL3(Fπ). The

self-duality of Λ implies that (g∗)−1O3
π = gO3

π. Therefore g
∗gO3

π = O3
π, so g ∈ A.

Here’s something important to know about elements of A ⊆ GL3(Fπ).

Lemma 5.4.2. Let g ∈ A. The Cartan decomposition of g is g = kak′ for k, k′ ∈ GL3(Oπ)
and diagonal a ∈ GL3(Fπ). Then, a = diag(χn, 1, χ−n) for some n ∈ Z≥0.

Proof. Since g ∈ A, so g∗g = γ for some γ ∈ GL3(Oπ). Therefore, g∗ = γg−1 =
γ(k′)−1a−1k−1. By the uniqueness part of Theorem 5.2.18, we know that one must take
a = diag(χn, 1, χ−n).

Consider the group GL3(Fπ) and define for g ∈ GL3(Fπ)

l(g) = −2min
i,j

{vπ(gij)}. (5.27)

Lemma 5.4.3. Recall A from Equation 5.26.

1. Given any g ∈ GL3(Fπ) and k, k
′ ∈ GL3(Oπ), we have l(kgk′) = l(g).

2. One has l(g1g2) ≤ l(g1) + l(g2) for any g1, g2 ∈ GL3(Fπ).

3. For g ∈ A, l(g) ≥ 0 and l(g−1) = l(g).

4. For g, h ∈ A, one has l(g−1h) ≥ 0.

5. The map d̃(g, h) 7→ 1
2
[l(g−1h) + l(h−1g)] defines a metric on A/GL3(Oπ).

Proof. 1. Observe that for any a1, a2, a3 ∈ Oπ and b1, b2, b3 ∈ Fπ, one has

min
i=1,2,3

vπ(bi) ≤ vπ(a1b1 + a2b2 + a3b3). (5.28)

This proves that l(kgk′) ≥ l(g) for each k, k′ ∈ U3(Oπ). Replacing g with kgk′ and
k, k′ with their respective inverses gives us the equality.
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2. It is known by Cartan decomposition that any g ∈ GL3(Fπ) can be written as

g = kak′, (5.29)

where k, k′ ∈ GL3(Oπ) and a ∈ GL3(Fπ) is a diagonal matrix with entries that
are powers of π. Writing g1 = k1a1k

′
1 and g2 = k2a2k

′
2 in their respective Cartan

decompositions for k1, k2, k
′
1, k

′
2 ∈ GL3(Oπ) and diagonal a1, a2 ∈ GL3(Fπ) gives us

that it is sufficient to show

l(a1k
′
1k2a2) ≤ l(a1) + l(a2). (5.30)

Note that l(a2) = l(k′1k2a2). So the inequality follows from the claim that for any
g ∈ GL3(Fπ) and any diagonal a ∈ GL3(Fπ), one has

l(ag) ≤ l(a) + l(g). (5.31)

This is easy to verify from Equation 5.27.

3. Observe that if g = {gij}1≤i,j≤3 ∈ U3(Fπ), then we have for each j1, j2 ∈ {1, 2, 3} that

3∑
i=1

gij1gij2 ∈ Oπ (5.32)

Setting j1 = j2 = j, we have that

min
i=1,2,3

{2vπ(gij)} ≥ vπ

( 3∑
i=1

gijgij

)
≥ 0.

The statement l(g) = l(g−1) is a simple consequence of Lemma 5.4.2.

4. We get that l(h) ≤ l(g)+ l(g−1h) and l(g) = l(g−1) ≤ l(g−1h)+ l(h−1). In particular,
l(g−1h) ≥ max{l(g)− l(h), l(h)− l(g)} ≥ 0.

5. One knows that d̃ ≥ 0, is symmetric and satisfies the triangle inequality. The only
thing to see is what happens if d̃(g, h) = 0 for some g, h ∈ A. In this case, we
know that l(g−1h) = 0 = l(h−1g). If the Cartan decomposition of g−1h has the
diagonal a = diag(χn1 , χn2 , χn3) with n1 ≥ n2 ≥ n3, then l(g

−1h), l(h−1g) force that
0 ≥ n1 ≥ n2 ≥ n3 ≥ 0. This means that g ∈ hGL3(Oπ) and we are done.

One can use the map l from Equation 5.27 to understand the action of U3(Fπ) on B.

Lemma 5.4.4. Let A be as in Equation 5.26 and let g, h ∈ A. Let Λg = gO3
π and

Λh = hO3
π be distinct self-dual lattices in F 3

π . Then d̃(g, h) = 2 if and only if Λg ⊆ π−1Λh
and Λh ⊆ π−1Λg.
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Proof. We know that d̃(g, h) = 2 is possible if either l(g−1h) = 2, l(h−1g) = 2 or l(g−1h) =
4, l(h−1g) = 0. Let us show that the latter cannot happen. If l(h−1g) = 0 then we must
have l(g) = l(h) since 0 = l(h−1g) ≥ max{l(g)− l(h), l(h)− l(g)} ≥ 0. Suppose 2n = l(g).
This means that for some k1, k2, k

′
1, k

′
2 ∈ GL3(Oπ) and d = diag(χn, 1, χ−n), by Lemma

5.4.2 we get
g = k1dk

′
1, h = k2dk

′
2. (5.33)

Denote x = k−1
1 k2 ∈ GL3(Oπ). Then, because of Lemma 5.4.3 we get that l(g−1h) =

l(d−1xd) = 4 and l(h−1g) = l(d−1x−1d) = l ((d−1xd)−1) = 0. The last equality means

d−1x−1d ∈
(
d−1GL3(Oπ)d

)
∩GL3(Oπ).

The right side is a congruence subgroup in GL3(Oπ) and therefore is preserved under
taking inverses. This implies that d−1xd ∈ GL3(Oπ) and therefore l(d−1xd) = 0 ̸= 4.
Therefore, we conclude that l(g−1h) = l(h−1g) = 2. Let g−1h = kdk′ be the Cartan
decomposition with k, k′ ∈ GL3(Oπ) and the diagonal d = diag(χn1 , χn2 , χn3). Because
l(g−1h) = l(h−1g) = 2, we know that 1 = n1 ≥ n2 ≥ n3 = −1. This means that χd and
χd−1 has all its entries in Oπ. This lets us conclude that g−1hO3

π = kdO3
π ⊃ kπO3

π = πO3
π

and therefore Λg ⊆ π−1Λh. Similarly, using d−1 we conclude that Λh ⊆ π−1Λg. To
show that Λh ⊆ π−1Λg and Λg ⊆ π−1Λh imply that d̃(g, h) = 2, one can show that
l(g−1h), l(h−1g) = 2. This follows in the same way as the above paragraph.

Proposition 5.4.5. Consider B as a graph and let d(x, y) denote the edge-distance between
two points x, y ∈ B. Let g, h ∈ A. Then d̃(g, h) = d(geB, heB).

Proof. We know from Lemma 5.4.1 that AeB = PB. To show that d̃(g, h) = d(gv0, hv0), it
is sufficient to show that for any g, h ∈ A

d̃(g, h) = 2 if and only if d(geB, heB) = 2.

We first show why this claim proves the result. For g, h ∈ A such that d(gv0, hv0) < ∞,
we obtain from the claim that d̃(g, h) is at most

2min{n | (g0, . . . , gn) ∈ An+1, g0 = g, gn = h, d(giv0, gi+1v0) = 2 for i = 0, . . . , n− 1}

hence we get d̃(g, h) ≤ d(gv0, hv0). On the other hand, if d(gv0, hv0) = 2n then one
shows from constructing a chain of 1-simplices that Λg = gO3

π and Λh = hO3
π satisfy

πnΛh ⊆ Λg ⊆ π−nΛh. This implies that g−1hO3
π ⊆ π−nO3

π and therefore l(g−1h) ≤ 2n.
Similarly we conclude the same for l(h−1g) and therefore obtain d′(g, h) ≤ n.

From the above discussion, it is immediately clear that d(gv0, hv0) = 2 implies that
d̃(g, h) = 2. For the converse, we observe from Lemma 5.4.4 that if d̃(g, h) = 2 then
πΛh ⊂ Λg ⊂ π−1Λh. We need to show that there are two 1-simplices connecting {πiΛh}i∈Z
and {πiΛg}i∈Z. For this, we must show that there exists a lattice Λ ⊆ F 3

π such that

πΛg ⊆ Λ♯ ⊆ Λg ⊆ Λ ⊆ π−1Λg and πΛh ⊆ Λ♯ ⊆ Λh ⊆ Λ ⊆ π−1Λh.

We observe that Λ = Λg + Λh or (Λh ∩ Λg)
♯ works. One checks that

πΛh, πΛg ⊆ Λh ∩ Λg ⊆ (Λg + Λh)
♯ ⊆ Λh,Λg ⊆ Λg + Λh ⊆ (Λg ∩ Λh)

♯ ⊆ π−1Λh, π
−1Λg
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5.4.2 Proof of main theorem

Denote Γ = U3(Z[χ−1]). Recall that F = Q(ω) and OF = Z[ω]. We now describe the
overall idea. Let H ⊆ Γ be the finitely generated group of Clifford+R. We want to
consider the orbit H · eB and show that it is the same as the orbit Γ · eB. We will do this
by starting with some v = geB for some g ∈ Γ. Using induction on l(g), we will show that
v = heB for some h ∈ H. Once this is done, we have

g−1h ∈ Γ ∩ U3(Oπ) = U3(OF ). (5.34)

The last equation follows from observing that geB = heB, so g−1h ∈ Stab(eB,Γ), and
Z[χ−1]∩Oπ = Z[ω]. We show in the following lemma that all unitaries U3(OF ) (monomials)
are in Clifford+R. So we can get a Clifford+R matrix M such that hM = g.

Proposition 5.4.6. The set U3(OF ) are the monomial matrices. They form a subset
U3(OF ) ⊆ H are therefore are in the Clifford+R set.

Proof. First observe that if m,n ∈ Z then

m2 + n2 −mn ≤ 1 =⇒ (m,n) ∈ {(0, 0), (±1, 0), (0,±1), (±1,±1)}. (5.35)

Hence, if α = m+ ωn satisfies αα ≤ 1, we know that α ∈ {0,±1,±ω,±ω2}. Now consider
A ∈ U3(OF ), and let the entries in one of the rows be a1, a2, a3 ∈ OF . Since A is unitary,
a1, a2, a3 satisfy a1a1 + a2a2 + a3a3 = 1. Since each aiai ∈ Z≥0, exactly one of the three
terms on the left must be 1. Hence, each row has exactly one non-zero element and it must
be one of {±1,±ω,±ω2}. Similarly, we can show this for columns as well. It can be shown
that using H,R, S matrices, one can generate all monomial matrices.

Theorem 5.2.2 (Theorem 5.5 in [71]). The group generated by the Clifford+R gate set is

⟨H,S,R⟩ = U3

(
Z
[
1

3
, ω

])
.

Proof. We will start by considering a vertex v in the orbit Γ · eB, that is v = geB for some
g ∈ Γ. Then using an induction on l(g), we will show that v is also in the orbit H · eB. We
start by considering v = geB for g ∈ Γ · eB.

• Base Case: (l(g) = 0) In this case, using Proposition 5.4.5 we have that d(v, eB) =
l(g) = 0. Therefore, v = eB ∈ H · eB.

• Induction Hypothesis: For some k ≥ 0, if l(g) ≤ k, then v ∈ H · eB.

• Induction Step: (l(g) = k + 2) We will argue that one can find an element h ∈ H
such that d(heB, v) = d(eB, v)− 2. See Figure 5.2(b) for a schematic. Then we have
that d(eB, h

−1v) = d(eB, v) − 2 = k. Using the induction hypothesis, h−1v ∈ H · eB.
Since h ∈ H, this implies that v ∈ H · eB. So now we show the existence of such an
h ∈ H. Let S0 ⊆ PB be the set

S0 = {w ∈ PB | d(eB, w) = 2}. (5.36)
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We observe that #S0 = 4 × 3 = 12. Write e1 = HeB. We have d(e1, eB) = 2 and
e1 ∈ S0. It is sufficient to show that U3(OF )e1 = S0. Indeed, at least one e ∈ S0 lies
on the shortest path connecting eB to v and if we show e ∈ U3(OF )e1, we are done.
We also have that Stab(eB,Γ) = U3(OF ) =⇒ Stab(e1,Γ) = HU3(OF )H

−1. So the
group

G = {g ∈ Stab(eB,Γ) | ge1 = e1} = H U3(OF )H
−1 ∩ U3(OF ). (5.37)

By calculating these finite groups explicitly, we know that #G = 108, whereas
#U3(OF ) = 3!×63 = 1296. By the orbit-stabilizer theorem, we get that #U3(OF )e1 =
12. Therefore, U3(OF )e1 = S0.
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Chapter 6

Conclusion and Open Problems

A major recurring theme of this thesis is to study concrete problems in quantum infor-
mation (e.g magic state distillation, gate synthesis) using algebra and number theory. For
example, in Chapter 2 we were able to translate questions about magic state distillation
into studying certain properties of weight enumerator polynomials. Furthermore, we found
that the genuinely “quantum” aspects of the problem helped isolate new constraints on
these polynomials. In particular, using physical consistency conditions coming from the
distillation protocol, we obtain non-negativity constraints for the weight enumerator when
it is evaluated at a certain point, and this was then used to feedback into classical coding
theory, to show that no code with parameters [12m, 6m, 4m + 2]GF (4) exists. In Chapter
3 we were again able to use these weight enumerator polynomials to numerically study
the threshold problem in quantum capacity. This approach was closely inspired by earlier
results [43]. We were able to give closed form expressions for all the coset weight enumera-
tors of concatenated repetition codes. Using such expressions, we were able to explore the
thresholds for a much larger space of codes. We also used weight enumerators to study
the threshold for other small stabilizer and concatenated stabilizer codes, which help us
uncover many families of codes (e.g., codes for biased channels) which show non-additivity.

In part II of the thesis, we used number theory to study the problems of stabilizer ranks
and circuit synthesis. For the stabilizer rank problem, we built on the recently established
connection between Barnes Wall lattices and stabilizer states [80]. In particular, we were
able to define a new measure of magic called the Barnes Wall norm and show that it is
related to the approximate stabilizer rank. We were also able to give a linear lower bound
on stabilizer rank using properties of the Barnes wall lattice, and give the first quantitative
lower bound on stabilizer fidelity in terms of stabilizer rank. More broadly, we were able
to translate and reformulate many questions about stabilizer ranks into questions about
the Barnes Wall lattice, in the hope that these might open up new techniques to prove
better lower bounds. Lastly in Chapter 5, we give an alternative proof of the arithmetic
nature of the Clifford+R gate set using Bruhat-Tits theory. One of the goals of this chapter
was to re-formulate the synthesis problem in-terms of Bruhat-Tits buildings and to give a
concrete characterization of the building and its properties. One can also view this chapter
as giving an alternative proof of the fact that the group U3

(
Z[1

3
, ω]
)
is generated by the

Clifford+R. Below we give a list of open problems from each of the chapters of thesis.
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6.1 Open Problems from Part I

6.1.1 Magic State Distillation

• We have identified two new quantum consistency constraints, it is unknown whether
additional quantum constraints exist. Furthermore, is there a purely classical com-
binatorial interpretation of A(1, i√

3
) that explains why it cannot be negative?

• Mallows and Sloane [97] showed that complete weight enumerators can provide
stronger constraints on the existence of certain self-dual codes than simple weight
enumerators; extending our analysis to complete weight enumerators may yield even
tighter bounds on quantum codes. It would also be of great interest to extend these
quantum constraints to place new bounds on self-dual binary codes.

• From a quantum information perspective, we restricted our attention in this thesis
to distillation routines for the |T ⟩ magic state of Bravyi and Kitaev [25], which are at
present the most mysterious and poorly understood. It would be valuable to apply
these methods to study distillation routines for |H⟩-type magic states. Furthermore,
extending this framework beyond qubits to qudits of odd dimension would also be
interesting.

6.1.2 Quantum Capacity

• Large repetition codes were run in order to understand the extent to which their de-
generacy improves the threshold. As the lengths of the repetition codes increases, the
threshold becomes worse. This gives rise to the following question: While degeneracy
is necessary to show non-additivity [138], it is unclear how to quantify the amount
of degeneracy as a function of the length of the code. In the context of capacity, we
care about degeneracy of a particular code with respect to typical errors and this is
conceptually different from how we define degeneracy for error correcting codes in
the context of adversarial low weight errors.

• Codes such as the 5-qubit code, 7-qubit code and Toric code were picked for their
error correction properties such as the distance, since higher distance should allow
the code to correct more errors. However, these codes perform worse than random
stabilizer codes, whereas the repetition codes with distance 1 outperform random
stabilizer codes. To see how distance is conceptually different from capacity, we note
that the distance bounds of [121, 118] show that no stabilizer code can correct errors
of weight more than ⌊n+1

6
⌋, which corresponds to an error rate of roughly 16.6%.

However, using a random code one can achieve capacity up to error rates of roughly
18.9%. This difference occurs because the codes are designed to correct even errors
of weight 1, but these errors are highly unlikely to occur in the capacity setup, so
we can ignore them. Given this knowledge about degeneracy and error correction, a
good test could be to study the performance of LDPC codes, which have low-weight
stabilizers (and hence good for degeneracy), as well as high distance.
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• Given the significant threshold improvements found by using permutation invariant
codes [5], it would be worthwhile to investigate ways to extend the coset stabilizer
weight enumerator framework to cover the case of permutation invariant codes/non-
stabilizer codes. Such an extension might help better understand which coding the-
oretic properties of permutation invariant codes underpins their good performance.

6.2 Open Problems from Part II

6.2.1 Stabilizer Ranks

• While studying the stabilizer rank problem using the Barnes Wall lattice helps recover
a linear lower bound on the stabilizer rank, the most pressing question on the matter
of stabilizer ranks still remains. Can one use these techniques to show an exponential
lower bound on the stabilizer rank of n copies of a magic state?

• Another natural question is to generalize the techniques discussed in this chapter to
Z[ω8] in the hope that one can find bounds on the T -count. In particular, this thesis
studied Z[i] and established an upper bound on the Barnes Wall norm of states in
terms of the number of controlled phase gates (CS-count) needed to prepare them.
Extending the techniques to Z[ω8] should allow one to find analogous results in terms
of T -count.

• A simpler problem along similar lines would be to give a lower bound on the number
of CCZ gates required to prepare a state |ψ⟩. The corresponding |CCZ⟩ magic
state in this case would have entries in Z[1

2
, i] and hence similar techniques to the

|CS⟩-state might apply here.

6.2.2 Gate Synthesis

• Can one use the building structure studied in Chapter 5 to give an efficient approxi-
mate synthesis algorithm for the Clifford+R gate set? In particular, can one design
approximate synthesis algorithm with low R-count?

• For qudits of dimension p > 3, are there other examples of gate sets which generate
arithmetic groups?

• Does there exist an analogous building for the multi-qutrit Clifford+R gate set? If
this is possible, can one leverage the building structure to design better approximate
synthesis algorithms for multi-qubits? If not, why is that the case?
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Appendix A

Magic State Distillation Appendix

A.1 Linear programming bounds for small n

In this appendix we explicitly construct the space of weight enumerators of [[n, 0]] M3-
codes and [[n, 1]] M3-codes consistent with invariant theory and the classical and quantum
linear programming bounds, for small values of n. The examples in this appendix serve
two purposes: they illustrate how the quantum constraints drastically reduce the space of
consistent weight enumerators, and they illustrate how Theorem 2.6.3 was obtained.

A.1.1 [[n, 0]] M3-states

We will always fix c0 by demanding A1 = 1. Then for n < 6, there is no non-trivial weight
enumerator.

Bounds for 6 ≤ n ≤ 10

For n = 6, 8, and 10, the weight enumerator depends on a single undetermined coefficient
c1. The classical bounds, Ai ≥ 0 translate to:

n = 6 : −9 ≤ c1 ≤
27

2
, (A.1)

n = 8 : −12 ≤ c1 ≤
108

5
, (A.2)

n = 10 : −15 ≤ c1 ≤
135

4
. (A.3)

The quantum bound reduces to simply c1 ≤ 0. These are plotted, along with points
representing weight enumerators of all codes that exist (from Munemasa’s database [64]),
in Figure A.1. We see that, when the quantum bound is included, both sides of the linear
programming bounds are saturated.
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Figure A.1: Weight enumerators for self-dual linear [n, n/2]GF (4)codes with n = 6, 8 and
10 are parameterized by a single real number c1. The range of c1 allowed by classical
constraints, Ai ≥ 0, is shown as a blue dashed line, and the range allowed by quantum
constraints is shown as an orange solid line. Weight enumerators of all self-dual codes that
exist are shown as black points.

Bounds for 12 ≤ n ≤ 16

For n = 12, 14 and 16 a general weight enumerator is determined by two coefficients c1 and
c2. The classical bounds for n = 14 and 16 are derived in the same manner as for n = 12
in the main text. The quantum bound remains 1− c1ϕ+ c2ϕ

2 ≥ 0 (for ϕ ∈ [0,∞)), which
again reduces to

c2 ≥
{
0 c1 < 0

c21/4 c1 ≥ 0,
(A.4)

as for n = 12. Linear programming bounds for n = 14 and n = 16 are shown in Figure
A.2.

A.1.2 [[n, 1]] M3-codes

Here we illustrate the role played by the new quantum constraints in constraining the space
of consistent weight enumerators for small values of n.

Illustration for n = 5

Let us constrain the space of allowed [[5, 1]] M3-codes. We will use the notation of the
proof of Theorem 2.6.1. After demanding A0 = 1, a general weight enumerator depends
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Figure A.2: Classical (blue) and quantum (orange) linear programming bounds for classical
self-dual linear [14, 7]GF (4) (left) and [16, 8]GF (4) (right) codes. All self-dual codes of these
lengths which exist are shown as black points.

on only one undetermined coefficient d0:

A(x, y) = x5 + (6 + d0)x
3y2 + (9− d0)xy

4. (A.5)

Equation (2.95), which determines the noise-suppression-exponent ν, becomes,

S̃1 +H(ϵ(ϕ))S̃2 = 16 +
4

9
(1− ϕ+ . . .)d0 = O(ϕ

ν−2
3 ). (A.6)

We choose d0 so that the order ϕ0 term vanishes:

d0 = −36, (A.7)

to obtain a noise suppression exponent,

ν − 2

3
= 1 =⇒ ν = 5. (A.8)

This condition defines the extremal weight enumerator for distillation. Substituting into
the expression for A(x, y) we find,

A(x, y) = x5 − 30x3y2 + 45xy4. (A.9)

The coefficient of x3y2 is negative. Therefore, the extremal weight enumerator for distilla-
tion cannot be realized, and we have the bound that ν ≤ 2.

We now leave d0 a free parameter, and determine its allowed range of d0 via classical and
quantum constraints. We write B(x, y) as a function of d0 and find,

B(x, y) = x5+

(
3 +

d0
2

)
x4y+(6 + d0) x

3y2+(18− 2d0) x
2y3+(9− d0) xy

4+

(
27 +

3

2
d0

)
y5.

(A.10)
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Figure A.3: Linear programming bounds for n = 5 weight enumerators. The dashed blue
line corresponds to the classical linear programming constraints (Equation A.11) and the
yellow line corresponds to the bound from the quantum success probability constraint
(Equation A.13). The black points are weight enumerators for the two inequivalent [[5, 1]]
M3-codes, which saturate the quantum constraints.

We find that the conditions {Bw ≥ 0} for all w reduce to

−6 ≤ d0 ≤ 9. (A.11)

This is the solution to the classical constraints on weight enumerators.

We now demand that the success probability, 2−n+1WI(r̄) = 2−n+1A(1, ir) = 2−nN(ϵ), be
non-negative for −1

3
≤ r̄2 ≤ 1

3
. We find,

A(1, ir) = 1− (6 + d0)r̄
2 + (9− d0)r̄

4. (A.12)

At r̄ = 1
3
, this evaluates to −4d0

9
, which implies d0 ≤ 0. Combining the quantum and

classical constraints we therefore have,

−6 ≤ d0 ≤ 0. (A.13)

It turns out both sides of this inequality are saturated by 5-qubit M3-codes. The weight
enumerator of the 5-qubit code is obtained by taking d0 = −6. There is one other 5-qubit
M3-code, whose weight enumerator is obtained by setting d0 = 0. (This other code has
zero probability of successfully projection on pure |T ⟩ states, so it is useless for magic state
distillation.) Figure A.3 shows the region allowed by classical constraints, the quantum
constraints, and the two actual weight enumerators of [[5, 1]] M3-codes.

Illustration for n = 7

The weight enumerator for a [[7, 1]] M3-code depends on two undetermined coefficients, c′1
and d′0, and is

A(1, y) = 1 + y2 (c′1 + d′0 + 9) + y4 (−2c′1 + 2d′0 + 27) + y6 (c′1 − 3d′0 + 27) . (A.14)
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The classical linear programming constraints, Bw ≥ 0 reduce to,

d′0 ≥ −6,

c′1 + d′0 ≥ −9,

6c′1 − d′0 ≥ −54,

c′1 − d′0 ≤
27

2
,

4c′1 + 3d′0 ≤ 54,

c′1 − 3d′0 ≥ −27.

The convex polytope defined by these inequalities is shown as the blue hexagon in Figure
A.4.

Let us now look at the additional quantum constraints that arise from viewing the code as
a potential magic state distillation routine. The constraint that N(0) ≥ 0 translates into
c′1 ≤ 0. This is a special case of the infinite family of constraints that N(ϵ) ≥ 0 ∀ϵ ∈ [0, 1],
which reduce to a non-linear constraint on c′1 and d′0, shown in green in Figure A.4. The
distillation threshold constraint depends on the choice of logical operators, and holds for
both choices. The region allowed by both these constraints is shown as the orange region
in Figure A.4, which is non-convex.

We see from Figure A.4 that both quantum constraints are independent of each other, as
well as the classical constraints. Moreover, the four [[7, 1]] M3-codes that exist lie on the
extremal points of the intersection of the quantum and classical constraints.

Let us illustrate how the bound on noise suppression exponent from Theorem 2.6.3 arises
for this case. The line corresponding to enumerators with noise suppression exponent
ν ≥ 4 corresponds to the equation c′1 = −3d′0, which is shown in gray in Figure A.4. It
only intersects the allowed region at the point one (d′0, c

′
1) = (0, 0), which has zero success

probability at ϵ = 0 and is therefore useless for magic state distillation. In particular, it
intersects the line of non-trivial codes, specified by C1 = 0 =⇒ d′0 = −6, far outside the
blue region, hence demonstrating that ν ≤ 1 purely from linear programming.

It is also possible to solve the integer linear programming problem exactly for this case.
One can check that, for c′1 ≡ 0 (mod 3) and d′0 ≡ 0 (mod 6), solutions to the linear pro-
gramming problem become solutions to integer programming, where we have the additional
constraint that Bi are integers such that Bi ≡ 0 (mod 3). Without quantum constraints,
there are 18 integer solutions. This is reduced to 6 integer solutions when the two quantum
constraints are included.1

Illustration for n = 13

The case of n = 11 was covered in the main text. We now turn to n = 13. A general
weight enumerator for n = 13 depends on four coefficients, but we can eliminate d′0 and c

′
1

1The two putative weight enumerators that do not correspond to codes are defined by (d′0, c
′
1) = (0,−3)

and (0,−6); they would both correspond to trivial distillation routines which would have ϵout = ϵ.
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Figure A.4: Weight enumerators for [[7, 1]] M3-codes are characterized by two real param-
eters d′0 and c

′
1. The blue region is defined by the classical constraints Bi ≥ 0. The orange

region is defined by the quantum constraint that the threshold lie outside the stabilizer
octahedron, ϵ∗ ≤ ϵmax, and the green region is defined by the quantum constraint that the
success probability be non-negative, N(ϵ) ≥ 0, for all ϵ < ϵmax. Black points denote all
[[7, 1]] M3-codes, which lie at the boundary of the intersection of all three regions. The
line corresponding to enumerators with noise suppression exponent ν ≥ 4 is shown in gray
– it only intersects one enumerator which has zero success probability.
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Figure A.5: Linear programming bounds for n = 13, in the plane defined by C1 = A2 = 0.
Regions are labeled as in Figure A.4. The gray line denotes those enumerators for which
ν ≥ 4, and never intersects the allowed region.

by demanding C1 = 0 and A2 = 0. A plot of all [[13, 1]] codes meeting these constraints is
shown in Figure A.5. The proof of Theorem 2.6.3 for this value of n follows from observing
that the line determined by demanding ν ≥ 4 never intersects the allowed region.

Illustration for n = 17

A general weight enumerator for n = 17 depends on 5 coefficients. We can eliminate
d′0 = −6 and c′1 = −18 by demanding C1 = 0 and A2 = 0. We can eliminate one more
variable by demanding either ν ≥ 5 or C3 = 0.

We find that, when restricting to the ν ≥ 5 region, no weight enumerator satisfies the
threshold constraint for all ϵin ∈ [ϵmax, 1/2], so ν = 5 is ruled out. Plots of the allowed
regions for enumerators with all [[17, 1, d]] M3-codes with d > 3 are shown in Figure A.6.

A.1.3 More linear programming bounds

We solved the linear programming problem for [[n, 1]] M3-codes as in the previous sub-
section for larger values of n on a computer algebra system. We find that one can obtain
stronger bounds on the distance of [[n, 1]] M3-codes than given in Theorem 2.5.3. These
are:

Theorem A.1.1. The distance of an [[n, 1, d]] M3-code satisfies d < dmax, with

dmax ≤
{
2m− 1 n = 6m+ 1 ∈ [121, 229], n = 6m+ 3 ∈ [135, 243]

2m+ 1 n = 6m+ 5 ∈ [101, 209].
(A.15)
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Figure A.6: Linear programming bounds for n = 17, in the plane defined by C1 = A2 = 0
and d ≥ 5. Regions are labeled as in Figure A.4, and actual codes are shown as black
points.

for 101 ≤ n ≤ 209.

For larger n we have the following conjecture which is consistent with computational evi-
dence,

Conjecture A.1.2. The distance of an [[n, 1, d]] M3-code satisfies d < dmax, with

dmax ≤
{
2m− 3 n = 6m+ 1 ≥ 235, n = 6m+ 3 ≥ 249

2m− 1 n = 6m+ 5 ≥ 215.
(A.16)

A.2 Integer programming

In this appendix, we attempt to generate weight enumerators for putative codes with high
thresholds and noise suppression exponents with integer coefficients that meet all classical
and quantum consistency conditions. Recall that, if an M3 code contains a stabilizer P ,
it also contains P ′ = M⊗n

3 P (M †
3)

⊗n and P ′′ = M⊗n
3 P (M †

3)
⊗n. Because wt(P ) = wt(P ′) =

wt(P ′′), the number of stabilizers of non-zero weight must be divisible by three.

Solving for integral weight enumerators is essentially an intractable problem. However,
we found an effective strategy that works in practice. We first choose to treat the Bw as
independent variables rather than cj and dj. We choose to demand a noise suppression
exponent ν = 2m + 1 − L. This leaves us with L undetermined variables: {B1, . . . , BL}.
We demand that these are integers divisible by three, and try to find a solution to quantum
and classical constraints by brute force. The other Bw for w > L are determined in terms
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of {B1, . . . , BL}. Usually, when we find a solution, all the other Bw for w > L also turn
out to be integers divisible by three.

We list some putative weight enumerators for n ≤ 35, that pass all our consistency con-
straints, as well as the non-triviality constraint B1 = 0 and B2 = 0, with large noise sup-
pression exponent. Of course, most solutions to integer linear programming constraints,
including our new quantum constraints, do not correspond to codes. However, we tried to
construct examples with large distance and low degeneracy, that may be somewhat more
likely to exist than generic weight enumerators.

For n = 19, we find several weight enumerators with ν = 4, such as,

A(1, y) = 1 + 36y6 + 1194y8 + 9108y10 + 53736y12 + 103404y14 + 80877y16 + 13788y18,
(A.17)

which would give rise to a code with ϵout ≈ 395ϵ4 + O(ϵ5). However, none of the weight
enumerators saturating Theorem 2.6.3 correspond to actual codes.

For n ≥ 23, we can find many putative weight enumerators with ν ≥ 5 with integer
coefficients satisfying all our constraints. A complete classification of M3-codes of size
n ≥ 23 does not exist in the literature, so we do not yet know if codes possessing these
weight enumerators exist.

We first list some class 5 enumerators, with ν ≥ 5:

• A weight enumerator for a putative [[23, 1, 7]] code with ϵout ≈ 587ϵ5 + O(ϵ6), and
threshold ϵ∗ = 0.175343:

A(1, y) =1 + 90y6 + 1314y8 + 348y10 + 107280y12

+ 434880y14 + 1282869y16 + 1543428y18 + 738072y20 + 86022y22.
(A.18)

This weight enumerator saturates both the bound on ν in Theorem 2.6.3 and the
bound on distance in Theorem 2.5.3, so it would be particularly interesting to know
whether or not a corresponding code exists.

• A weight enumerator for a putative [[29, 1, 7]] code with ϵout ≈ 52999ϵ8

2
+ O(ϵ9), and

threshold ϵ∗ = 0.211288:

A(1, y) = 1 + 810y6 + 8985y8 + 13134y10 + 19728y12 + 362820y14

+ 6283203y16 + 24574140y18 + 64556616y20 + 91398066y22

+ 63125091y24 + 16705494y26 + 1387368y28.

(A.19)

• A weight enumerator for a putative [[35, 1, 7]] code with ϵout ≈ 1116496ϵ11 + O(ϵ12),
and threshold ϵ∗ = 0.21123:

A(1, y) = 1 + 2988y6 + 45834y8 + 296382y10 + 939012y12 + 390696y14

+ 478032y16 + 36246354y18 + 352884120y20 + 1382651340y22

+ 3406283646y24 + 5132651490y26 + 4553571492y28 + 1995562656y30

+ 279328743y32 + 38536398y34.
(A.20)
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• A weight enumerator for a putative [[35, 1, 11]] code with ϵout ≈ 11781ϵ5

23
+ O(ϵ6), and

threshold ϵ∗ = 0.16331:

A(1, y) = 1 + 42840y12 + 6715170y16 + 46236960y18 + 339481296y20

+ 1334551680y22 + 3443179320y24 + 5213799360y26

+ 4481873880y28 + 1943770752y30 + 353253285y32

+ 16964640y34.

(A.21)

Some potential class 1 weight-enumerators with ν ≥ 7 are:

• A weight enumerator for a putative [[25, 1, 3]] code with ϵout ≈ 23591ϵ7

5
+ O(ϵ8), and

threshold ϵ∗ = 0.209325:

A(1, y) = 1 + 39y4 + 1155y6 + 8679y8 + 8796y10 + 112482y12

+ 487338y14 + 2805963y16 + 5398860y18 + 5548959y20

+ 2268459y22 + 136485y24.

(A.22)

• A weight enumerator for a putative [[25, 1, 5]] code with ϵout ≈ 21181ϵ7 +O(ϵ8), and
threshold ϵ∗ = 0.18769:

A(1, y) = 1 + 21y4 + 759y6 + 5109y8 + 8556y10 + 61854y12

+ 578946y14 + 2755767y16 + 5546652y18 + 5370165y20

+ 2263167y22 + 186219y24.

(A.23)

• A weight enumerator for a putative [[31, 1, 3]] code with ϵout ≈ 1144115ϵ10 + O(ϵ11),
and threshold ϵ∗ = 0.210862:

A(1, y) = 1 + 522y4 + 15045y6 + 163953y8 + 889332y10 + 2605962y12

+ 3622425y14 + 3506211y16 + 24209232y18 + 130869318y20

+ 302765415y22 + 355566699y24 + 209428092y26 + 39798054y28

+ 301563y30.

(A.24)

• A weight enumerator for a putative [[31, 1, 9]] code with ϵout ≈ 18569ϵ7 +O(ϵ8), and
threshold ϵ∗ = 0.174321:

A(1, y) = 1 + 369y6 + 2898y8 + 4521y10 + 57951y12 + 466488y14

+ 6245181y16 + 36350466y18 + 139591494y20 + 293155569y22

+ 343995552y24 + 204720453y26 + 45717291y28 + 3433590y30.

(A.25)

• A weight enumerator for a putative [[31, 1, 9]] code with ϵout ≈ 245939ϵ7

59
+ O(ϵ8), and

threshold ϵ∗ = 0.209924:

A(1, y) = 1 + 573y4 + 4548y6 + 10872y8 + 57435y10 + 1568526y12

+ 2104353y14 + 14274369y16 + 4369902y18 + 141384465y20

+ 311881446y22 + 382394646y24 + 166952583y26 + 30493908y28

+ 18244197y30.

(A.26)
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Appendix B

Stabilizers and Logical Operators

Code Stabilizer Generators Logical Operators

3 Rep (X) XXI, XIX XII, ZZZ

3 Rep (Z) ZZI, ZIZ XXX, ZII

4 Rep (Z) ZZII, ZIZI, ZIIZ XXXX, ZIII

5 Rep (Z) ZZIII, ZIZII, ZIIZI, ZIIIZ XXXXX, ZIIII

7 Rep (X) XXIIIII, XIXIIII, XIIXIII, XIIIXII,
XIIIIXI, XIIIIIX

XIIIIII, ZZZZZZZ

5-Qubit XZZXI, IXZZX, XIXZZ, ZXIXZ XXXXX, ZZZZZ

7-Qubit
(Steane)

IIIXXXX, IXXIIXX, XIXIXIX, IIIZZZZ,
IZZIIZZ, ZIZIZIZ

XXXXXXX, ZZZZZZZ

Tailored
[[7,1,3]] H

XZIZXII, IXZIZXI, IIXZIZX, XIIXZIZ,
ZXIIXZI, IZXIIXZ, ZIZXIIX

XXXXXXX, ZZZZZZZ

[[6,1,3]] H ZIZIII, XZYYXI, XXXXZI, IZZXIX, XYXYIZ XZXZII, XYYXII

CD Steane H XZZIIIX, XIZXZII, XIIIZZX, ZXXIIIZ,
ZIXZXII, ZIIIXXZ

XZZXZZX, ZXXZXXZ

SCF H XXIXI, IIXXX, ZIZZI, IZIZZ XIXII, IIZIZ

Shor ZZIIIIIII, ZIZIIIIII, IIIZZIIII,
IIIZIZIII, IIIIIIZZI, IIIIIIZIZ,
XXXXXXIII, XXXIIIXXX

XXXXXXXXX, ZZZZZZZZZ

11-Qubit ZZZZZZIIIII, XXXXXXIIIII, IIIZXYYYYXZ,
IIIXYZZZZYX, ZYXIIIZYXII, XZYIIIXZYII,
IIIZYXXYZII, IIIXZYZXYII, ZXYIIIZZZXY,
YZXIIIYYYZX

IIIIIIXXXXX,
IIIIIIZZZZZ

13-Qubit XIZZIXIIIIIII, IXIZZIXIIIIII,
IIXIZZIXIIIII, IIIXIZZIXIIII,
IIIIXIZZIXIII, IIIIIXIZZIXII,
IIIIIIXIZZIXI, IIIIIIIXIZZIX,
XIIIIIIIXIZZI, IXIIIIIIIXIZZ,
ZIXIIIIIIIXIZ, ZZIXIIIIIIIXI

XXXXXXXXXXXXX,
ZZZZZZZZZZZZZ
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Code Stabilizer Generators Logical Operators

Biased 9-Qubit ZZIZIZIXY, XZZIZZIIX, IXZIIZZZY,
IZXZZIZIY, ZIZXZIIZY, ZZIIXIZZX,
ZIZZIXZIX, IIIZZZXZX

IIIIXXIIX, ZZZZZZZZZ

Biased 13-
Qubit

XZIZZZIZIIIZX, IXZIZZZZZIIIY,
ZZXZIIIZZZIIY, IIZXIZIZIZZZY,
ZIZZXIZZIIZIX, IZIZZXZIIZZIY,
IIZZZIXIZZIZX, ZIIIZZIXZZZIX,
ZZZIZIIIXIZZY, IZIIIIZZZXZZX,
ZIIZIZZIZIXZY, ZZZIIZZIIZIXX

XIIXXXIXIIXIX,
ZZXXIXIXIIXII

[[4,2,2]] XXXX, ZZZZ XXII, IXXI, IZZI, ZZII

Toric [[8,2,2]] XXIIXIXI, IIXXXIXI, XXIIIXIX, ZIZIZZII,
IZIZZZII, ZIZIIIZZ

XIXIIIII, IIIIXXII,
ZZIIIIII, IIIIZIZI

Table B.1: Stabilizer Operators and Logical Operators
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Appendix C

Proofs for Buildings

C.1 Proof of Proposition 5.3.8

Definition C.1.1. Given a self-dual lattice chain {Λi}i∈Z, we define the anchor of the lattice

chain as the unique half-integer i ∈ 1

2
Z defined as the following.

1. If Λj = Λ♯j for some j ∈ Z, we denote the anchor to be i = j.

2. If Λj = Λ♯j+1 for some j ∈ Z, we denote the anchor to be i = j + 1/2.

We assume the labeling of a lattice chain {Λi}i∈Z is such that the anchor point is at i = 0 or
i = 1

2 for each case respectively.

Proposition 5.3.8. For the building B described above, we have the following classification of
simplices.

1. All the 0-simplices of B are one of the following two types.

• Lattice chains of the form {πiΛ}i∈Z for some self-dual lattice Λ ⊆ F 3
π arranged as

. . . ⊆ π2Λ ⊆ πΛ ⊆ Λ ⊆ π−1Λ ⊆ . . . (5.11)

• Lattice chains of the form {πiΛ, πiΛ♯}i∈Z such that Λ♯ ⊊ Λ and

. . . ⊆ πΛ ⊆ Λ♯ ⊆ Λ ⊆ π−1Λ♯ ⊆ . . . (5.12)

2. All the 1-simplices of B are of the form {πiΛ1, π
iΛ0, π

iΛ♯1}i∈Z for some lattices Λ0,Λ1 ⊆ F 3
π

such that Λ0 is self dual and Λ
♯

1 ⊊ Λ1 arranged as

. . . ⊆ πΛ0 ⊆ πΛ1 ⊆ Λ♯1 ⊆ Λ0 ⊆ Λ1 ⊆ π−1Λ♯1 ⊆ . . . (5.13)

3. There are no 2-simplices in B.

135



{πiΛ0} {πiΛ1, πiΛ1
♯} {πiΛ2}

{πiΛ1, πiΛ0, πiΛ1
♯} {πiΛ1, πiΛ2, πiΛ

♯
1}

Figure C.1: An alternating vertex connected to two pure vertices

Proof. We will systematically investigate lattice chains of rank 1, 2, 3 to get all possible self-dual
lattice chains.

(a) Let {Λi} be a rank-1 lattice chain in B. Hence Λ0 must be π-equivalent to every lattice in the
chain. In particular, Λ1 = π−kΛ0 for some k ∈ Z≥1. To maintain rank 1, the only possibility

is k = 1. By assumption the anchor point of the chain is either at 0 or
1

2
. If the anchor point

was at index 1
2 , it would imply that Λ♯0 = Λ1 which would be an instance of odd-self duality,

contradicting Lemma 5.2.16. The only remaining option would be for the anchor point to be
at index 0, which implies self-duality for Λ0. Clearly {πiΛ0}i∈Z cannot contain any subchains
and will be a 0-simplex in B. Setting Λ = Λ0 gives the chain equation.

(b) Let {Λi} be a rank-2 lattice chain in B.

• First, let us assume that the anchor point is at index 0. Hence, we get that the chain
{πiΛ0} ⊆ {Λi} forms a self-dual subchain inside {Λi}. But since {Λi} is a rank 2 lattice
chain, there exists another π-equivalence class of lattices. Λ1 could not be π-equivalent
to Λ0, as this would cause the whole chain to be π-equivalent to Λ0, contradicting the
chain being rank 2. Additionally, Λ1 could not be π-equivalent to a self dual lattice
as there can only be one self-dual lattice in the chain, because there can be at most
one anchor point in the chain. Combined with the fact that Λ−1 = Λ♯1 by the anchor
being at index 0, we get that our lattice chain contain 3 distinct lattices up to π-scaling:
Λ−1,Λ0,Λ1, this contradicts the rank being 2.

• Suppose now that {Λi} has its anchor at 1
2 . This directly implies that Λ♯0 = Λ1. Hence,

Λ0 and Λ1 cannot be π-equivalent (Lemma 5.2.16), so all other lattices in the chain must
be scalings of those two. Since there will be no self-dual lattice in the chain, the lattice
chain {Λi}i∈Z cannot contain any rank 1 0-simplex lattice chains. Alternating between
scalings of Λ0 and Λ1 is forced due to the lattice chain being fixed by π scalings, which
leads us to the second type of 0-simplex in the statement.

(c) Let {Λi} be a rank-3 lattice chain in B. Because duality is an involution, at least one of
the three π-equivalence classes of lattices in {Λi} contains a self-dual lattice. Let Λ0 be this
self-dual lattice (and so anchor is at 0). There can be no other π-equivalence class containing
a self-dual lattice other than {πiΛ0}i∈Z because of the construction of the anchor point. In

particular Λ♯1 must be Λ−1. Hence, we must necessarily have that this lattice chain is of the
type given in the statement and is a 1-simplex since it contains the two types of 0-simplices
demonstrated above.

(d) There are no rank 4 or above lattices chains since we are working with lattices in F 3
π . Hence,

all self-dual lattice chains are classified and no 2-simplices could be found.
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. . .

{A0, S0, A
♯
0}

{A0, S1, A
♯
0}{An−1, Sn, A

♯
n−1}

{An, S0, A
♯
n}

Figure C.2: What a loop would look like in B

C.2 Proof of Proposition 5.3.10

Proposition 5.3.10. The 0-simplices and 1-simplices of B form a forest. That is, B has no
loops.

Proof. Suppose that B contains a loop (see Figure C.2). Since each edge connects a vertex in PB
to a vertex in AB, we may arbitrarily choose a vertex {πiS0}i∈Z ∈ PB as the start and end of the
loop. This loop, as for any other path, can be described as a sequence of edges.

. . . ⊂ πA0 ⊂ πS0 ⊂ A0 ⊂ S0 ⊂ A
♯

0 ⊂ π−1S0 ⊂ π−1A
♯

0 ⊂ . . .

. . . ⊂ πA0 ⊂ πS1 ⊂ A0 ⊂ S1 ⊂ A
♯

0 ⊂ π−1S1 ⊂ π−1A
♯

0 ⊂ . . .

. . . ⊂ πA1 ⊂ πS1 ⊂ A1 ⊂ S1 ⊂ A
♯

1 ⊂ π−1S1 ⊂ π−1A
♯

1 ⊂ . . .

. . . ⊂ πA1 ⊂ πS2 ⊂ A1 ⊂ S2 ⊂ A
♯

1 ⊂ π−1S2 ⊂ π−1A
♯

1 ⊂ . . .

...

. . . ⊂ πAn ⊂ πSn ⊂ An ⊂ Sn ⊂ A
♯

n ⊂ π−1Sn ⊂ π−1A
♯

n ⊂ . . .

. . . ⊂ πAn ⊂ πS0 ⊂ An ⊂ S0 ⊂ A
♯

n ⊂ π−1S0 ⊂ π−1A
♯

n ⊂ . . .

By starting at A0 and forming a chain of subsets on the left diagonal, then starting at A♯0 and
forming a chain of subsets on the right diagonal you arrive at the following relations:

πnAn ⊂ A0

A
♯

0 ⊂ π−nA
♯

n

This relationship implies that you can form the following self-dual lattice chain

. . . ⊂ (πnAn) ⊂ A0 ⊂ S0 ⊂ A
♯

0 ⊂ (πnAn)
♯ ⊂ . . .

The above chain is a 2-simplex, contradicting Proposition 5.3.8.
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C.3 Proof of Lemma 5.3.12

Lemma 5.3.12. Consider F3
3 and an anti-symmetric matrix A ∈ M3(F3) for some (a, b) ∈

F2
3 \ {(0, 0)}:

A =
(

a b
−a
−b

)
.

Consider the bilinear form ⟨ , ⟩A given by

⟨x, y⟩A = ⟨Ax, y⟩.

Then, the vector v = (0, b,−a)T ∈ F3
3 is the unique vector (up to scaling) such that ⟨v, w⟩A = 0

for all w ∈ F3
3. Furthermore, there are exactly four subspaces V ⊆ F3

3 of dimension 2 such that
v ∈ V and V ⊥ ⊆ V , where V ⊥ is the dual of V with respect to ⟨x, y⟩A.

Proof. We know that for x = (x1, x2, x3) and y = (y1, y2, y3), one has

⟨x, y⟩A = a(x1y2 − x2y1) + b(x1y3 − x3y1). (C.1)

Then, it is clear that the only way one can have ⟨x, y⟩A = 0 for all y ∈ F3
3 is when x1 = 0 and

ax2 + bx3 = 0. This shows that v = (0, b,−a) is the vector as required.

Then assuming a ̸= 0, one can identify (x1, x2, x3) + F3 · v ↔ (x1, x2) and get an isomorphism of
F3-spaces F3

3/F3 · v ≃ F2
3. Because of the property of v, the map ⟨ , ⟩A quotients on F3

3/F3 · v to
the map

((x1, x2), (y1, y2)) 7→ a(x1y2 − x2y1). (C.2)

One can check that w = (1, 0), (0, 1), (1,−1), (1, 1) are the self-dual lines. Hence V = F3v + F3w
are the required subspaces. The case of a = 0 is identical.

C.4 Proof of Lemma 5.3.16

Lemma 5.3.16. Consider the form ⟨ , ⟩+Oπ defined in Equation 5.23. Then, after identification
of Λ/πΛ ≃ F3

3, the map χ⟨ , ⟩ + πOπ is anti-symmetric and is equivalent to the bilinear map
F3
3 × F3

3 → F3 considered in Lemma 5.3.12.

Proof. To show anti-symmetric, one sees that the unit χ/χ = (3 − χ)/χ = −1 + χ ∈ O×
π .

Therefore, one gets that χ/χ = −1 (mod πOπ). So one sees that for x, y ∈ Λ we get

χ⟨x, y⟩+ πOπ = χ⟨y, x⟩+ πOπ. (C.3)

= (χ/χ) ·
(
χ⟨y, x⟩+ πOπ

)
. (C.4)

Then, using that for a ∈ Oπ one has a = a (mod πOπ), we get the required anti-symmetric
property.

Now suppose that Λ = gO3
π for some g ∈ GL3(Fπ). Without loss of generality, we can replace

g by gk for k ∈ GL3(Oπ). Hence, one can write g in Hermite normal form (up to scaling and
rescaling by some power of χ) and assume that g is a lower-triangular matrix.
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Using the isomorphism x 7→ g−1x, one can get the isomorphism

Λ

πΛ
=

gO3
π

πgO3
π

→ O3
π

πO3
π

. (C.5)

Keeping track of the bilinear product, one knows that the relevant form on O3
π/πO3

π ≃ F3 is

(x, y) 7→ χ⟨gx, gy⟩+ πOπ ∈ F3. (C.6)

Let

g =

g11
g21 g22
g31 g32 g33

 . (C.7)

Then we get that the matrix

g∗g =

g11g11 + g21g21 + g31g31 g21g22 + g31g32 g31g33
g22g21 + g32g31 g22g22 + g32g32 g32g33

g33g31 g33g32 g33g33

 (C.8)

must satisfy ⟨χg∗gx, y⟩ ∈ Oπ for all x, y ∈ O3
π. Therefore, all the entries must be in Oπ. In

particular, the diagonal entries are fixed by ( ) and lie in Z3. Therefore the valuation vπ( )
evaluated at the diagonal elements of χg∗g must be at least 1. Hence all the diagonals are in πOπ

and therefore reduce to 0 ∈ F3. This implies that g33 ∈ Oπ.

Furthermore, the entry g22g22 + g32g32 ∈ Oπ. Then using Lemma 5.3.15, we get that g22, g33 ∈
Oπ. In particular, we get that the bottom-right half of χg∗g = 0 (mod πOπ). Depending on
g21, g31 ∈ Fπ, the only non-zero entries in χg∗g can be a = χ(g21g22 + g31g32) and b = χ(g31)g33.
Observe that both a, b cannot be zero, otherwise one gets that Λ♯ = Λ.

C.5 Proof of Proposition 5.3.19

Proposition 5.3.19. Let g, h ∈ GL3(Fπ) be such that Λg = gO3
π and Λh = hO3

π are self-dual
lattices. Furthermore, we assume that

. . . ⊆ πnΛg ⊆ Λh ⊆ π−nΛg ⊆ π−2nΛh ⊆ . . . , (5.24)

where n ∈ Z≥0 is the least such n that makes the above equation hold. Then, there exists a
sequence of self-dual lattices Λ1,Λ2, . . . ,Λn−1 ⊆ F 3

π such that

. . . ⊆ πΛ1 ⊆Λg ⊆ π−1Λ1 ⊆ π−2Λg ⊆ . . .

. . . ⊆ πΛ2 ⊆Λ1 ⊆ π−1Λ2 ⊆ π−2Λ1 ⊆ . . .

...

. . . ⊆ πΛn−1 ⊆Λh ⊆ π−1Λn−1 ⊆ π−2Λh ⊆ . . .

(5.25)

Proof. We claim that we can find a basis of v1, v2, v3 ∈ F 3
π such that Λg = v1Oπ + v2Oπ + v3Oπ

and Λh = χn1v1Oπ + χn2v2Oπ + χn3v3Oπ for some n1 ≥ n2 ≥ n3 ∈ Z.
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Here is how one can get this claim. Observe that g−1h ∈ GL3(Fπ) admits a Cartan decomposition.
Hence for some diagonal a = diag(χn1 , χn2 , χn3) and k1, k2 ∈ GL3(Oπ), one has g

−1h = k1ak2 =⇒
(gk1)

−1h = ak2. Note that gO3
π = (gk1)O3

π because k1 ∈ GL3(Oπ). We observe that the columns
v1, v2, v3 of gk1 ∈ GL3(Fπ) are the required basis. Indeed, Λh = gk1(gk1)

−1hO3
π = (gk1)ak2O3

π =
(gk1)aO3

π which is exactly what we need.

Denote g1 = gk1. Because of self-duality of Λg,Λh, we also know that (g∗1)
−1 = g1l1 and

(h−1)∗ = hl2 for some l1, l2 ∈ GL3(Oπ). This implies that ((g−1
1 h)∗)−1 = l1((k1ak2)

∗)−1l2.
By the uniqueness of the Cartan decomposition, we must therefore have n1 = −n3 and n2 = 0.
Because πnΛh ⊆ Λg ⊆ π−nΛh, we have n ≥ n1 ≥ n2 ≥ n3 ≥ −n. By the minimality of n, we
must have (n1, n2, n3) = (n, 0,−n).

Consider the Gram matrix Ag = [⟨vi, vj⟩]1≤i,j≤3 of Λg. Because Λg is self-dual, we must have
that Ag ∈ GL3(Oπ) by Lemma 5.3.18. The Gram matrix Ah of Λh must then be(χχ)n⟨v1, v1⟩ χn⟨v1, v2⟩ ⟨v1, v3⟩

χn⟨v2, v1⟩ ⟨v2, v2⟩ χ−n⟨v2, v3⟩
⟨v3, v1⟩ χ−n⟨v3, v2⟩ (χχ)−n⟨v3, v3⟩

 ∈ GL3(Oπ). (C.9)

This means that ⟨v2, v3⟩ and ⟨v3, v3⟩ must be in πnOπ. To ensure that detAg ∈ O×
π , we must have

⟨v1, v3⟩, ⟨v2, v2⟩ ∈ O×
π . One can see this via projection of Ag under the map GL3(Oπ) → GL3(F3).

It is clear that the lattices Li = χiv1Oπ + v2Oπ + χ−iv3Oπ for i = 1, . . . , n− 1 satisfy Equation
5.25. The only thing left to verify is that they are self-dual. For this, by Lemma 5.3.18, it is
sufficient to argue that the Gram matrices of Li satisfy(χχ)i⟨v1, v1⟩ χi⟨v1, v2⟩ ⟨v1, v3⟩

χi⟨v2, v1⟩ ⟨v2, v2⟩ χ−i⟨v2, v3⟩
⟨v3, v1⟩ χ−i⟨v3, v2⟩ (χχ)−i⟨v3, v3⟩

 ∈ GL3(Oπ). (C.10)

This can be shown by observing that the determinant of this Gram matrix (for all i = 1, . . . , n−1)
is equal to the determinant of Ag, which we know to be in O×

π by self-duality of Λg.
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