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Abstract

Finding and analyzing generating functions is a classic and powerful way of studying
combinatorial structures. While generating functions are a priori purely formal objects,
there is a rich theory treating them as complex-analytic functions. This is the field of
analytic combinatorics, which exploits classical results in complex and harmonic analysis
to find asymptotics of coefficient sequences of generating functions. More recently, the field
of analytic combinatorics in several variables has been developed to study multivariate
generating functions, which are amenable to multivariate analytic results.

When dealing with multivariate asymptotics we first pick a direction vector. To find
asymptotics using analytic combinatorics, one typically uses the Cauchy integral formula to
write the underlying sequence being studied as a complex integral, then uses residue compu-
tations to reduce to a so-called Fourier-Laplace integral. When the direction vector chosen
is generic, the Fourier-Laplace integral being studied is well-behaved and asymptotics can
be computed. When the direction vector chosen is non-generic, the Fourier-Laplace inte-
gral has singular amplitude, and asymptotics are harder to compute. This thesis studies
singular Fourier-Laplace integrals and their applications to combinatorics.

Determining asymptotics for the number of lattice walks restricted to certain regions is
one of the particular successes of analytic combinatorics in several variables. In particular,
Melczer and Mishna [28] determined asymptotics for the number of walks in an orthant
whose set of steps is a subset of {±1,0}d ∖ {0} and is symmetric over every axis. Melczer
and Wilson [31] later determined asymptotics for lattice path models whose set of steps is a
subset of {±1,0}d∖{0} and is symmetric over all but one axis, except when the vector sum
of all the steps is 0. Here we determine asymptotics in the zero sum case using asymptotics
of singular Fourier-Laplace integrals. We additionally study asymptotics of lattice path
models restricted to Weyl chambers, before giving some generalizations of asymptotics of
singular Fourier-Laplace integrals.
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Chapter 1

Introduction

The term enumerative combinatorics often refers to a toolbox of techniques used to count
families of discrete structures by size (where the meaning of ‘size’ can be chosen). Examples
include counting the number of graphs with n vertices, or counting the number of bijections
between two sets. This problem can be encoded as finding the value of the nth element
of a sequence, and difficulty arises when the sequence has no obvious explicit formula. In
these cases an extremely powerful tool is the generating function, which is a series that
encodes a sequence in its coefficients.

While exact formulae for the elements of sequences of interest are not always possible
to find, often it suffices to find and classify the asymptotic behaviour of such sequences.
If we consider a generating function as a complex function, when possible, the techniques
of analytic combinatorics allow us to find the asymptotics of its coefficient sequence by
applying results from complex analysis. This often relies on knowing the singular points
of the generating function in question, and applying classical theorems from analysis.

A natural generalization of counting objects based off of one parameter is to keep track
of multiple parameters at the same time. An example is counting the number of graphs
with n vertices and k edges. Similar to the one-variable case, we can derive from this
a multivariate generating function: a series in several variables, where the coefficient of
each monomial counts the number of structures with parameters equal to the exponents
in the monomial. Note that asymptotics for multivariate sequences are not, a priori,
defined. Instead, one often picks a so-called direction vector, and finds asymptotics of a
corresponding univariate subsequence of the multivariate sequence.

Generalizing analytic combinatorics techniques to analytic combinatorics in several
variables (ACSV) is complex, chiefly because the geometry of the set of singularities of
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a multivariate complex analytic function is much more complicated. This gives rise to
a need to define a (generically finite) set of so-called critical points that contribute to
the asymptotics of our multivariate sequence in a selected direction. The locations of
the critical points depend on the direction that we choose and the local geometry of the
singular set. When critical points appear with multiplicity, the chosen direction is called
non-generic. In this case the analysis is trickier and often ad-hoc, as the asymptotics of
relevant multivariate Fourier-Laplace integrals are not always known.

1.1 Organization

This thesis introduces analytic combinatorics in one and several variables in Chapter 2.
Using this background, we enumerate a new family of lattice path models in Chapter 3.
Chapter 4 surveys ongoing future work in both lattice path enumeration and asymptotics
of general Fourier-Laplace integrals in non-generic directions. Chapter 3 is sourced from
[27]. Chapter 4 is partially taken from ongoing work of Greenwood, Kroitor, Melczer, and
Simon following up on [22].
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Chapter 2

Analytic Combinatorics

Enumeration is the mathematics of counting. There are two clarifications that must be
made.

a) What are we counting?

b) What ‘counts’ as counting?

The first question will be answered shortly by defining combinatorial classes and their
associated generating functions. The essence of counting for us is identifying the coefficients
of a power series that encodes the sequence that we want to identify. We thus move to
a more general (and perhaps less combinatorial) framework by instead considering the
question of computing the behaviour of coefficients in complex power series.

The second question may seem obvious at first glance: we are concerned with finding the
number of mathematical objects satisfying certain constraints. Issues arise however when
we try to count things that do not admit nice formulas. Consider the three sequences

• an = the number of permutations of {1, . . . , n};

• bn = the number of integer partitions of n;

• cn = the number of self-avoiding lattice walks of length n.

The first sequence has the nice closed representation an = n!. The third sequence has no
known closed form representation [38]. The second sequence lies somewhere between: there
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is no nice closed formula, but we can find a different sequence

b′n =
eπ
√
2n/3

4n
√
3

The first section of this chapter is dedicated to a brief overview of the theory of gener-
ating functions, along with the requisite complex analysis needed for our later results. The
second section gives background on analytic combinatorics in a single variable, specifically
residues and saddle-point integrals. The third and final section covers analytic combina-
torics in several variables, and gives motivation for the next chapter.

The presentation of this chapter is inspired by the notes [30] and the textbook [29].

2.1 Background Material

In this section we briefly review the theory of generating functions and asymptotic notation.
We also cover the complex analysis that will be used later.

2.1.1 Combinatorial Classes and Generating Functions

We would like to formalize the theory of enumeration.

Definition 1 (Combinatorial Class). A combinatorial class (C,ω) is a set C equipped
with a weight function ω ∶ C → N such that ∣ω−1(n)∣ < ∞ for all n ∈ N.

The weight function allows us to ask “how many elements are there of size n” while
having a well-defined notion of size (we say that the size of an element is its image under
ω) and a finite number of objects of any size.

Example 2. Consider the set of all strings of brackets ( and ) such that:

• there are the same number of opening brackets and closing brackets in each string;

• in each left-to-right prefix the number of opening brackets is greater than or equal
to the number of closing brackets.

If we equip this set with the weight function ω(s) = length(s)/2 then ω−1(n) is the set of
all such strings of length 2n. This is a valid combinatorial class, and ∣ω−1(n)∣ = 1

n+1(
2n
n
) is

the nth Catalan number. ◁

4



We use power series to store information about combinatorial classes.

Definition 3. Let R be an integral domain. We make the set

R[[z]] =
⎧⎪⎪⎨⎪⎪⎩
∑
n≥0

anz
n ∶ an ∈ R

⎫⎪⎪⎬⎪⎪⎭

the ring of formal power series (in the variable z over R) by defining addition term-wise
and multiplication by the convolution

⎛
⎝∑n≥0

anz
n
⎞
⎠
⎛
⎝∑n≥0

bnz
n
⎞
⎠
= ∑

n≥0

⎛
⎝

n

∑
k=0

akbn−k
⎞
⎠
zn.

A polynomial is an element of R[[z]] that has only finitely many non-zero coefficients,
and we write the collection of polynomials as R[z]. The field of fractions of R[[z]] is

R((z)) =
⎧⎪⎪⎨⎪⎪⎩
∑
n≥k

anz
n ∶ an ∈ Frac(R), k ∈ Z

⎫⎪⎪⎬⎪⎪⎭
,

which is called the field of formal Laurent series (in the variable z over R). Here
Frac(R) is the field of fractions of R.

In this thesis we almost always let R = C.
Example 4. In R[[z]] we have (1 − z)∑n≥0 z

n = ∑n≥0 z
n −∑n≥0 z

n+1 = 1 , so we write

∑
n≥0

zn = 1

1 − z .

This is the formal analogue of the Taylor series expansion of 1
1−z at the origin, which is

valid when ∣z∣ < 1. ◁

The generating function of a combinatorial class is a power series related to the class.

Definition 5. Let (C,ω) be a combinatorial class and cn = ∣ω−1(n)∣ be the number of
elements of weight n. We define the generating function of (C,ω) as the formal power
series

C(z) = ∑
n≥0

cnz
n ∈ C[[z]].
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The condition on the finitude of the preimage of each natural number ensures that C
is a valid formal power series.

Example 6. Let C be the class of finite strings using both 0 and 1. Equip this class with the
weight function ω(0) = 1, ω(1) = 2, and the weight of a string is the sum of the weights of
its constituent elements. Then, recursively decomposing a string based on its last symbol,
it can be shown that

C(z) = 1

1 − z − z2 ,

which is the generating function for the Fibonacci numbers. ◁

Generating functions allow us to implicitly encode sequences using mathematical ob-
jects.

Definition 7 (Classes of Functions). Let A(z) ∈ C[[z]]. We say that A(z) is

• rational if it can be expressed as the ratio of two polynomials in C[z];

• algebraic if there exists a polynomial P (z, ζ) ∈ Q[z, ζ] such that P (z,A(z)) = 0;

• D-finite if A(z) satisfies a linear differential equation with coefficients in C[z].

Combinatorial enumeration via generating functions usually boils down to the following
process.

1. From a combinatorial problem, characterize the generating function C(z) of a class
C using properties of its combinatorial structure.

2. Analyze the generating function C(z) to extract information about the underlying
counting sequence cn.

We focus on the second part of this process: extracting information about a sequence
from its generating function. In particular, in this thesis we do not often pay much attention
to where a generating function comes from (see [19] or [41] for further details), although
we do recap the so-called kernel method for lattice path enumeration in Chapter 3 below.
Analytic combinatorics is usually concerned with finding asymptotics of cn using complex
analytic methods.

Each set of functions in Definition 7 contains the last one (for example, every rational
generating function is also algebraic). It turns out that (aside from certain pathological
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situations that don’t arise in applications, see for example Skolem’s Problem [29, Open
Problem 2.1]) algebraic generating functions admit automatic (as in, algorithmic and im-
plementable) ways of determining asymptotics, while D-finite generating functions have no
such guarantee. The methods for analyzing algebraic functions are not relevant to us and
would be a long detour, but the methods for analyzing rational generating functions are
useful for us. We briefly describe how to approach these generating functions (in a single
variable), before moving on to analytic combinatorics in several variables, a framework
that makes it possible to study a new class of functions (the class of rational diagonals)
that lies between algebraic and D-finite functions.

2.1.2 Complex Analysis

Our methods for asymptotics rely on complex analysis, and we now review some basic
complex analytic definitions and results. Further details can be found in [8, 9, 39].

Definition 8 (Domain). A domain U ⊂ C is a bounded connected open subset.

Definition 9 (Analytic Functions, Radius of Convergence). A complex function A(z) is
analytic on a domain U if for each point ζ ∈ U there exists a disk B(ζ, ρ) ⊂ U of radius
ρ > 0 centered at ζ such that the series representation

A(z) = ∑
n≥0

a
(ζ)
n (z − ζ)n (2.1)

converges for all z ∈ B(ζ, ρ). That is to say, A(z) is analytic at a point if there exists a
convergent power series expansion around that point. We say that the supremum of all ρ
such that the power series representation in (2.1) holds is the radius of convergence of
the power series.

From now on, we default to studying analytic functions at the origin. Note that tech-
nically A(z) and the power series expansion of A(z) at a point are not the same thing; all
we know is that A(z) and a power series of A(z) agree near some point. This is not too
harmful for us, however, and we identify A(z) with its power series representation at the
origin (doing this formally requires introducing the theory of germs of analytic functions).

We call the series coefficients a
(0)
n the power series coefficients of A(z).

Integrals of analytic functions on curves satisfy a remarkable property: the value of the
integral does not depend on the curve, only on the endpoints of the curve.
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Lemma 10. Let γ, γ′ be two curves with the same starting and ending point. Assume that
there is a homotopy from γ to γ′ staying in a domain U . If A(z) is analytic at all points
of U then

∫
γ
A(z)dz = ∫

γ′
A(z)dz.

Lemma 10 means that we can move curves of integration around as we wish, as long
as A(z) remains analytic.

Lemma 11 (Maximum Modulus Bound). Let γ be a curve of finite length. Then

∣∫
γ
f(z)dz∣ ≤ length(γ) ⋅ sup

z∈γ
∣f(z)∣

wherever this integral exists.

Our analysis will be heavily reliant on points where a function is not analytic.

Definition 12 (Singularities). We say a function f has an isolated singularity at ζ ∈ C
if there is an R > 0 such that f is analytic in the punctured disk B(ζ,R)∖{ζ}. We further
say that ζ is a removable singularity if there exists a function g which is analytic on
B(ζ,R) such that f = g on B(ζ,R) ∖ {ζ}.

If a function has a removable singularity then it can be “filled in” by an analytic
continuation. For this reason, we may assume that we never have removable singularities.

Definition 13 (Poles). An isolated singularity ζ of A(z) is a pole if limz→ζ ∣A(z)∣ = ∞. An
isolated singularity that is neither removable nor a pole is called an essential singularity.

Note that not all singularities are isolated (the prototypical counter-example being a
branch point such as

√
z around 0) but we do not need to define more general singularities

here. We will be entirely concerned with functions that are analytic near the origin with
a finite number of non-zero poles.

Definition 14 (Laurent Series, Residues). Let A(z) have a pole at ζ. Then for some
k ∈ N>0 there is a unique convergent expansion

A(z) = ∑
n≥−k

an(z − ζ)n

for all z in some neighbourhood of ζ, except at z = ζ, where a−k ≠ 0. We say that k is
the order of the pole at ζ. This expansions is called the Laurent series expansion
of A(z) at ζ, and we call the coefficient a−1 the residue of A(z) at ζ, which is denoted
res
z=ζ
[A(z)].
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Definition 15 (Meromorphic Functions). A function A(z) on a domain U ⊂ C is said to
be meromorphic on U if there exists a (potentially empty) sequence of points z1, z2, . . .
with no limit points in U such that A(z) has poles at each zj and is analytic at every other
point of U .

Meromorphic functions are the main focus of this thesis. Functions with essential singu-
larities are ‘too badly behaved’, and analyticity is the minimum requirement for interesting
results using most classical techniques.

One of the most powerful tools in analytic combinatorics, and indeed all of complex
analysis, is the residue theorem.

Theorem 16 (Residue Theorem). Let γ be a piecewise smooth curve (counter-clockwise
oriented) in a domain U containing the origin. Let A(z) be a function that is meromorphic
in U and has no singularities on γ. Let Σ be the set of singularities of A(z)z−n−1 inside
U . Then

1

2πi ∫γ
A(z)
zn+1

dz = ∑
σ∈Σ

res
z=σ
[A(z)
zn+1

] .

Furthermore, if A(z) is analytic at the origin then

an = − ∑
σ∈Σ∖0

res
z=σ
[A(z)
zn+1

] + 1

2πi ∫γ A(z)
dz

zn+1
.

Remark 17. Note that we have freedom when defining the contour of integration γ in
Theorem 16. Furthermore, if γ contains no singularities of A(z)z−n−1 besides the origin,
then

an =
1

2πi ∫γ A(z)
dz

zn+1
. (2.2)

This will be important to us in the multivariate case.

Definition 18. Let r > 0 and a ∈ C. We define respectively circles and disks as

Sr(a) = { z ∈ C ∶ ∣z − a∣ = r } ,
Dr(a) = { z ∈ C ∶ ∣z − a∣ < r } .

If a = 0 then we simply write Sr and Dr, respectively.

9



2.2 Analytic Combinatorics in a Single Variable

Consider a generating function A(z) = ∑n≥0 anz
n ∈ C[[z]]. At the heart of analytic combi-

natorics is the fact that in many cases we can identify A(z) (a priori a strictly algebraic
object) with a convergent power series centered at the origin.1 Doing so lets us use complex
analytic techniques to find coefficients of our power series, and thus elements of our se-
quence. Note that this is not always possible, for instance the generating function ∑n≥0 n!z

n

of permutations does not converge anywhere except the origin.

When a generating function is rational, it has a finite number of polar singularities.
We can generalize our analysis to meromorphic generating functions, which have a finite
number of singularities inside any disk in the complex plane. While the theory of analytic
combinatorics for algebraic generating functions is rich, we are only interested in the theory
for meromorphic generating functions; unless otherwise stated, all generating functions are
meromorphic and convergent at the origin.

The two relevant methods for us are applications of the residue theorem and reducing
to saddle-point type integrals.

2.2.1 The Residue Method

We first demonstrate the residue method before giving more general details.

Example 19. The Fibonacci numbers fn have the generating function

F (z) = 1

1 − x − x2 .

Solving the denominator for its roots shows that F (z) has poles at

ζ1 =
√
5 − 1
2

ζ2 =
−
√
5 − 1
2

,

1Rigorously this requires the theory of germs of analytic functions; there is an injection from a subset
of C[[z]] to germs, giving a local power series that has the same coefficients as our original generating
function, but is now a function rather than an algebraic object.
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and we note that ∣ζ1∣ < ∣ζ2∣ < 2. Taking γ = S2 in the residue theorem shows that

an = −res
z=ζ1
[ 1

1 − z − z2
1

zn+1
] − res

z=ζ2
[ 1

1 − z − z2
1

zn+1
] + 1

2πi ∫∣z∣=2
1

1 − z − z2
1

zn+1
dz

= −res
z=ζ1

⎡⎢⎢⎢⎢⎣

1
(1−z/ζ2)zn+1

1 − z/ζ1

⎤⎥⎥⎥⎥⎦
− res

z=ζ2

⎡⎢⎢⎢⎢⎣

1
(1−z/ζ1)zn+1

1 − z/ζ2

⎤⎥⎥⎥⎥⎦
+ 1

2πi ∫∣z∣=2
1

1 − z − z2
1

zn+1
dz

= 1√
5
ζ−n−11 − 1√

5
ζ−n−12 + 1

2πi ∫∣z∣=2
1

1 − z − z2
1

zn+1
dz.

Note that the modulus of 1
1−z−z2 is bounded above on S2 by some constant C2, so the max

modulus bound implies

∣∫
∣z∣=2

1

1 − z − z2
1

zn+1
dz∣ ≤ 4π ⋅ sup

∣z∣=2

1

1 − z − z2
1

∣z∣n+1

≤ 4πC22
−n−1

= O(2−n).

We thus have that

an =
1√
5
ζ−n−11 − 1√

5
ζ−n−12 +O(2−n).

In fact we can expand the circle S2 out to some arbitrary Sr while keeping the corresponding
constant Cr bounded, and so can replace the O(2−n) term with O(r−n) for any r ≥ 2.
It follows from the possible asymptotic behaviour of sequences with rational generating
functions that we can write

an =
1√
5
ζ−n−11 − 1√

5
ζ−n−12 .

Note that this expression also comes from geometric series and partial fraction decomposi-
tion for rational functions, but this residue method applies to all meromorphic functions.
Furthermore, since ∣ζ1∣ < ∣ζ2∣ we have

an ∼
1√
5
ζ−n−11 .

◁

Example 19 is representative of the general approach using the residue theorem for
polar singularities, encapsulated in the following theorem.
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Theorem 20 (Melczer [29, Prop. 2.3]). Suppose that A(z) is analytic on Sr and analytic
in Dr ∖ {ζ1, . . . , ζm}, with each ζj being a non-zero pole. Then there exist computable
polynomials P1(n), . . . , Pm(n) such that

an =
m

∑
k=1

Pk(n)ζ−nk +O(r−n),

where the degree of Pk(n) is one less than the order of the pole of A(z) at ζk.

Theorem 20 hints at the Principles of Analytic Combinatorics [19, p. 227].

1. The locations of the singularities of a generating function determine the exponential
growth of its coefficients;

2. The types of singularities of a generating function determine the subexponential
behaviour of its coefficients.

2.2.2 The Saddle-Point Method

While the residue theorem often works admirably, many generating functions do not admit
the poles necessary for the residue theorem to be useful. Applying the residue theorem to
a function A(z) that has no singularities yields

an =
1

2πi ∫∣z∣=rA(z)
dz

zn+1
= O(r−n)

for any r > 0. Note that taking r →∞ does not imply that an = 0, as the implied constant
in O(r−n) may blow up as we take r → ∞. Instead, we must extract the asymptotics of
our sequence using a different approach. One method is as follows

1. Pick a well-chosen r > 0, that will depend on A(z) and n, where A(z)z−n−1 has ‘saddle
points’.

2. Show that the domain of integration ∣z∣ = r may be localized to a finite set of small
neighbourhoods while picking up only negligible error.

3. On each neighbourhood, re-parameterize to give an integral where the domain of
integration is a neighbourhood of the origin.

12



4. Apply the theory of Fourier-Laplace integral asymptotics to find the asymptotic val-
ues of these integrals.

This approach is called the saddle-point method for asymptotics.

Example 21. We use the saddle-point method to compute the asymptotics of

an =
1

2πi ∫∣z∣=r
1

(1 − z)n+1
dz

zn+1
.

Figure 2.1: The plot of the modulus of 1/(1 − z)2+1z2+1, with the saddle point at z = 1/2
visible between the two poles z = 0 and z = 1.

The value of this integral is the same for all 0 < r < 1, however a good choice is r = 1/2
(as we will now see).

Define N = { eiθ/2 ∶ θ ∈ (−π/4, π/4) } and N ′ = S1/2 ∖N . For z ∈ N ′

1

∣1 − z∣ ≤
1

∣1 − eiπ/4/2∣
< 3

2
.

The maximum modulus bound thus implies that

∣ 1
2πi ∫N ′

1

(1 − z)n+1
dz

zn+1
∣ = O (3n) ,

and so

an =
1

2πi ∫N
1

(1 − z)n+1
dz

zn+1
+O(3n).

13



Define tn = 1
2πi ∫N 1

(1−z)n+1
dz

zn+1 . Making the change of variables z = eiθ/2 gives

tn ∼
4n

2π ∫
π/4

−π/4

1

(1 − eiθ/2)
dθ

((2 − eiθ)eiθ)n

= 4n

2π ∫
π/4

−π/4

1

(1 − eiθ/2)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

A(θ)

exp [ − n ⋅ ln [(2 − eiθ)eiθ]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

ϕ(θ)

]dθ.

Taylor expanding the amplitude A and phase ϕ around 0 gives expansions

A(θ) = 2 + 2iθ − 3θ2 +⋯,
ϕ(θ) = θ2 + iθ3 +⋯.

Applying known results on the asymptotics of Fourier-Laplace integrals shows that, up
to some negligible error, we may replace A and ϕ by the leading terms in their Taylor
expansions at 0, so that

tn ∼
4n

2π ∫
π/4

−π/4
2e−nθ

2

dθ

∼ 4n

π ∫
∞

−∞
e−nθ

2

dθ

= 4n√
πn

and so

an ∼
4n√
πn.

◁

Further details on the saddle-point method, including when it applies and how to pick
a suitable domain of integration, can be found in [19].

2.3 Analytic Combinatorics in Several Variables

The theory of analytic combinatorics in several variables (ACSV) is a generalization of uni-
variate analytic combinatorics. It is quite natural to consider asymptotics of multivariate
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sequences (in a manner made precise in Section 2.3.2), and often complicated sequences
can be neatly encoded in multivariate sequences2 (examples of this are seen in Chapters 3
and 4).

Finding asymptotics of a given generating function in n variables usually boils down to

1. finding critical points, which roughly generalize the univariate notion of saddle-points,

2. taking residues some k < n times,

3. find asymptotics of a remaining saddle-point integral in n − k variables.

The value k here is calculable and depends on the local geometry of the generating
function of interest at its critical points. In chapters 3 and 4 we focus on the case where
k is strictly less than the number of smooth sheets meeting at a critical point, which is a
non-generic situation. In this case we must put in extra work to find asymptotics of the
saddle-point integral that is left after we take residues. We devote the rest of the chapter
to the background of analytic combinatorics in several variables.

2.3.1 Multivariate Expansions

Let zj ∈ C, kj ∈ R, and d ∈ N>0. For the rest of this thesis we adopt the notation

• z ∶= (z1, . . . , zd);

• dz ∶= dz1⋯dzd;

• zk = zk11 ⋯z
kd
d .

When appropriate, we also write zp̂ to mean (z1, . . . , zp−1, zp+1, . . . , zd).
We can naturally translate from univariate generating functions to multivariate gener-

ating functions.3

2An important fact is that any algebraic generating function can be written as the main diagonal of a
bivariate rational function [29, Proposition 3.8]. This implies that the class of rational diagonals contains
the class of algebraic functions.

3In a combinatorial setting multivariate series can be used to track different attributes in a combinatorial
class. This is not our focus, but an interested reader may consult [30].
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Definition 22. Let R be an integral domain. For d ≥ 2, we inductively define

R[[z]] ∶= R[[z1, . . . , zd−1]][[zd]]

as the ring of formal power series in the variables z1, . . . , zd over R, where addition is
defined term-wise and multiplication is defined by

⎛
⎝∑i∈Nd

aiz
i
⎞
⎠
⎛
⎝∑j∈Nd

bjz
j
⎞
⎠
= ∑

n∈Nd

⎛
⎝ ∑i+j=k

aibj
⎞
⎠
zk.

As before, a polynomial is an element of R[[z]] that has only finitely many non-zero
coefficients, and we write the collection of polynomials as R[z]. We also inductively define

R((z)) ∶= R((z1, . . . , zd−1))((zd))

which is called the field of iterated formal Laurent series4 in the variables z1, . . . , zd
over R. An element of R((z)) with only finitely many non-zero terms is called a Laurent
polynomial.

Many definitions in complex analysis in several variables are analogous to their coun-
terparts in univariate complex analysis, though the results are sometimes weaker and the
methods are more involved.

Definition 23 (Polydisks and Polytori). Let r ∈ Nd and z ∈ Cd. We define respectively the
polydisk centered at a as the product

Da(r) =Da1(r1) ×⋯ ×Dad(rd)

and the polytorus centered at a as the product

Sa(r) = Sa1(r1) ×⋯ × Sad(rd)

where Da(r), Sa(r) ⊂ C are respectively the open disk and the circle centered at a of radius
r. When a = 0 we omit it from our notation and write D(r) and S(r).

Once again we are interested in meromorphic functions.

4Note that the order of the variables matters: different orders result in different fields, although the
construction of Laurent polynomials does not depend on the ordering used.
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Definition 24 (Meromorphicity). We say that a function f(z) is meromorphic at a
point a ∈ Cd if it can be expressed in a neighbourhood of a as the ratio g(z)/h(z) of two
analytic functions (where h is not identically 0). A function is meromorphic on a domain
if it is meromorphic on each point of that domain.

As in univariate analytic combinatorics, asymptotics of sequences depend on the sin-
gularities of their associated generating functions. There is a notable jump in difficulty
when moving from univariate analytic combinatorics to ACSV, as the singular set is much
harder to analyze in several variables.

There is a multivariate version5 of the Cauchy integral representation (2.2). Through
this we are able to recover the coefficients of a meromorphic function via an integral.

Theorem 25. Suppose that A(z) is analytic on a domain Ω ⊂ Cd containing 0 and has
the expansion

A(z) = ∑
k∈Nd

akz
k

on Ω. Then for any polytorus S(r) ⊂ Ω and for any j ∈ Nd

[zj]A(z) ∶= aj =
1

(2πi)d ∫S(r)A(z)
dz

zj+1
. (2.3)

2.3.2 Coefficient Directions

Given a generating function, we would like to find the asymptotics of a sequence encoded
in its coefficients. In a single variable this is straightforward, as there is only one obvious
sequence defined by a univariate generating function. In several variables we must be more
concrete about what sequences we are interested in.

Definition 26 (Directions). Let A(z) = ∑k∈Nd akzk. We call r ∈ Qd
>0 a direction, and

define the r-diagonal of A(z) to be the univariate generating function

(∆rA)(t) = ∑
n≥0

anrt
n.

When nr /∈ Nd the quantity anr is undefined, and all our formulas are interpreted to hold
only if nr ∈ Nd. In the case that r = 1 we write ∆ instead of ∆1 and call the generating
function in this direction the main diagonal.

5This is not quite an exact generalization, as the domain of integration is a polytorus and not an
arbitrary boundary like in one dimension.

17



We ultimately care about asymptotics of the integral expression

[znr]A(z) = anr =
1

(2πi)d ∫S(ϵ)A(z)
dz

znr+1
, (2.4)

where ϵ = (ϵ1, . . . , ϵd) for any ϵj > 0 sufficiently small. Recall that in Example 21 our
analysis started by finding a saddle point of A(z)z−n−1. In the multivariate case, the new
notion of ‘critical point’ depends on the direction chosen, and is more delicate to define.
For the rest of this thesis, we assume that

F (z) = G(z)
H(z)

where G and H are two coprime polynomials with H(0) ≠ 0, and write

V = { z ∣H(z) = 0 }

for the singular variety6 of F (z). Note that in one variable V is a finite set of points,
while in several variables it is now a continuous ‘surface’ of singularities (as long as F is
not a polynomial).

Although V will often not be a manifold, it is possible to (algorithmically) decompose
it into a finite set of smooth strata that define a so-called Whitney stratification. Each
stratum can be defined by a finite set of polynomial equalities and non-equalities. We now
fix a Whitney stratification for V (which in our uses below will be trivial to compute).

Definition 27 (Height Functions). Let C⋆ = C∖{0}. The height function corresponding
to the direction r is the function hr ∶ Cd

⋆ → R defined by

hr(z) = −
d

∑
j=1
rj log ∣zj ∣.

Note that

−∇hr(z) = (r1/z1, . . . , rd/zd).

Definition 28. A critical point of hr on a stratum Vα is a point where the differential
of the restricted map hr∣Vα is 0. More explicitly, if the closure Vα has codimension m and

6The results discussed below can be extended to coprime analytic functions, once a suitable notion of
coprime has been defined.
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z is a point of Vα where Vα is locally defined by the vanishing of the functions H1, . . . ,Hm

then z is a critical point when the matrix

M(z) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−∇H1(z)
⋮

−∇Hm(z)
−∇hr(z)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
is rank deficient. When m = 1 and there is only one square-free factor H, this becomes
equivalent to finding the points w that satisfy the smooth critical point equations:

H(w) = 0,
rjw1Hz1(w) − r1wjHzd(w) = 0 (2 ≤ j ≤ d),

(2.5)

and such a point w is called a smooth critical point. If a point is a critical point of a
stratum Vα we say it is a critical point of V as well.

Definition 29. A critical point w is minimal if there is no other point x in V such that
∣xj ∣ < ∣wj ∣ for all 1 ≤ j ≤ d.

Definition 30 (Generic and Non-Generic Directions). Let σ be a critical point of Vα. If
σ ∈ Vα ∖ Vα for any stratum Vα then we say that σ is a non-generic critical point.
Otherwise we say that σ is a generic critical point. The direction r is called a generic
direction if all of its critical points are generic.

Let σ be a critical point on a stratum Vα whose closure is defined locally by the
simultaneous vanishing of the square-free analytic functions H1, . . . ,Hm, such that σ is
not in any stratum of lower dimension. We let Hj(0) ≥ 0. If we set

b
(σ)
j ∶= −∇Hj(σ)

then the positive normal cone of Vα at σ is

N(σ) =
⎧⎪⎪⎨⎪⎪⎩

m

∑
j=1
βjb

(σ)
j ∣ βj > 0

⎫⎪⎪⎬⎪⎪⎭
.

We call σ a contributing point if

−∇hr(σ) ∈ N(σ).
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If σ is contributing and −∇hr(σ) is in the interior of N(σ), so that

∇hr(σ) = β1∇H1(σ) + . . . + βm∇Hm(σ)

where βj > 0 for all 1 ≤ j ≤ m, then σ is generic. If σ is contributing and does not lie in
the interior of N(σ) then we can write (up to a reordering of terms)

∇hr(σ) = β1∇H1(σ) + . . . + βm−k∇Hm−k(σ) + 0 ⋅ ∇Hm−k+1(σ) + . . . + 0 ⋅ ∇Hm(σ)

for βj > 0, and σ is non-generic, lying on a k-dimensional face of N(σ).

Figure 2.2: The real part of two strata with a critical point at their intersection, which
itself is a stratum, along with the corresponding normal cone. The images correspond to a
non-generic direction and a generic one, with ∇hr(σ) in black.

Note that the critical point locations, as well as the vector ∇hr that must be in the
normal cone at each critical point, depend on the direction r.

Intuitively, near non-generic critical points we will not be able to take ‘enough’ residues
to compute asymptotics with the standard saddle-point method. Instead, we will get more
complicated saddle-point-like integrals that need to be further analyzed.

Finally, we call a critical point σ of F (z) degenerate if at σ the phase, a certain
function depending on the geometry of the singular set of F , has a singular Hessian matrix
(see Melczer [29, Proposition 5.2] for an explicit formula). Otherwise σ is called non-
degenerate. While we will only ever deal with non-degenerate critical points, this is an
important definition in analytic combinatorics; most of the results we discuss do not hold
unless the relevant critical points are non-degenerate. When critical points are non-generic
it becomes more difficult to use the methods of ACSV to find asymptotics.
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2.3.3 Asymptotics

We now have the definitions needed to apply techniques from ACSV. We demonstrate the
methods on an example.

Example 31. Consider the generating function

F (x, y) = 1

1 − x − y = ∑i,j≥0
(i + j
i
)xiyj

in the direction (1,1). The singular variety of F is a manifold defined by the vanishing of
the polynomial H(x, y) = 1 − x − y. Consulting the smooth critical point equations (2.5),
we compute that F admits the single smooth critical point (1/2,1/2) (which is minimal
and generic). Using (2.3), we can write

(2n
n
) = 1

(2πi)2 ∫ ∣x∣=1/2∣y∣=1/2−ϵ

1

1 − x − y
dxdy

xn+1yn+1
.

One can show that restricting x near the positive real axis doesn’t affect asymptotic be-
haviour, so

(2n
n
) ∼ 1

(2πi)2 ∫ x∈N
∣y∣=1/2−ϵ

1

1 − x − y
dxdy

xn+1yn+1
,

where N = { eiθ/2 ∶ θ ∈ (−π/4, π/4) }. Similarly, one can show that extending ∣y∣ past 1
2

introduces an exponentially smaller integral, so

(2n
n
) ∼ 1

(2πi)2 ∫ x∈N
∣y∣=1/2−ϵ

1

1 − x − y
dxdy

xn+1yn+1
− 1

(2πi)2 ∫ x∈N
∣y∣=1/2+ϵ

1

1 − x − y
dxdy

xn+1yn+1

= 1

2πi ∫x∈N (
1

2πi ∫∣y∣=1/2−ϵ
1

1 − x − y
dy

yn+1
− 1

2πi ∫∣y∣=1/2+ϵ
1

1 − x − y
dy

yn+1
) dx

xn+1
.

Applying the univariate residue theorem to the inner integrand with respect to the variable
y gives

(2n
n
) ∼ 1

2πi ∫x∈N
⎛
⎝
res

y=1−x
[ 1

1 − x − y
1

yn+1
]
⎞
⎠
dx

xn+1

= 1

2πi ∫x∈N
1

(1 − x)n+1
dx

xn+1
.
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It can be shown that this saddle-point integral is asymptotically equivalent to the one over
the domain ∣x∣ = 1

2 , already computed in Example 21, implying that

(2n
n
) ∼ 4n√

πn
.

◁
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Chapter 3

Symmetric Lattice Path Models

This chapter is adapted from Kroitor and Melczer [27].

Lattice path enumeration is a classical problem in enumerative combinatorics. Given a
(typically finite) set of steps S ⊂ Zd, a restricting region R ⊂ Zd, a set of starting positions
A ⊂ R, and a set of ending positions B ⊂ R, the goal is to enumerate the number of
walks taking n steps in S that start in A, end in B, and always stay in R. Lattice path
enumeration has a long history in combinatorics and probability theory (see, for instance,
the textbooks [32, 33, 26] and the survey [24]), and finds application to a wide variety of
problems in combinatorics and broader fields. There are a vast number of approaches to
the enumeration of walks in convex cones: a full accounting would comprise a survey paper,
but to illustrate the breadth of work on the subject we note (in addition to the analytic
viewpoint here) techniques involving computer algebra [4, 25, 5, 3], differential Galois
theory [13, 14], potential theory [11], boundary value problems on Riemann surfaces [36],
probabilistic methods [16, 12], and elegant power series manipulations [6, 2]. More recent
work has also studied walks in non-convex cones [37, 15, 35, 40, 7].

Much attention in the enumeration literature has focused on walks restricted to an
orthant R = Nd. Using the kernel method, described in Section 3.1 below, it is often
possible to represent generating functions enumerating walk models as diagonals of explicit
multivariate series, to which the theory of ACSV can be applied.
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3.1 The Kernel Method

For the rest of this chapter we write z ∶= 1/z (we will not refer to the complex conjugate).
Furthermore, if A(z) = ∑j∈Zd ajzj is an iterated formal Laurent series then we write

[z≥0]A(z) = ∑
j∈Nd

ajz
j.

Given a finite set of steps S ⊂ Zd, we would like to enumerate the number of lattice
walks of length n using the steps in S, starting at the origin, that are restricted to the
positive orthant Nd (at no point is the walk allowed to leave Nd). As an example we will
find the generating function for so-called Dyck prefixes.

Example 32. A Dyck prefix is a walk in Z that uses the steps {−1,+1} which is restricted
to N.

1

1

Figure 3.1: A Dyck prefix. The horizontal axis tracks the number of steps.

Define

F (x, t) = ∑
n≥0

⎛
⎝∑i≥0

fi,nx
i
⎞
⎠
tn,

where fi,n is the number of Dyck prefixes of length n ending at i. Note that

• F (0, t) is the generating function for Dyck prefixes that end at the origin,

• F (1, t) is the single-variate generating function for Dyck prefixes that does not track
ending location.
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We can encode the step +1 in the monomial x, and the step −1 in the monomial x. Then
decomposing a walk of length n as a walk of length n − 1 followed by a single step gives
the functional equation

F (x, t) = 1 + (x + x)tF (x, t) − xtF (0, t),

and rearranging the relation yields

(1 − t(x + x))F (x, t) = 1 − xtF (0, t). (3.1)

Solving 1 − t(x + x) = 0 for x gives

x = 1 ±
√
1 − 4t2
2t

,

of which only 1−
√
1−4t2
2t is a power series. Plugging this into (3.1) gives

F (0, t) = 1 −
√
1 − 4t2
2t2

,

and substituting back into (3.1) finally results in

F (x, t) = 1 − 2xt −
√
1 − 4t2

2t(t + tx2 − x) .

Thus,

F (1, t) = 1 − 2t −
√
1 − 4t2

2t(2t − 1) = 1

2t

⎛
⎜
⎝

√
1 + 2t
1 − 2t − 1

⎞
⎟
⎠

is the generating function for Dyck prefixes. From this generating function we can compute

[tn]F (1, t) ∼
√
2√
π
⋅ 2

n

n1/2

using the methods of analytic combinatorics. ◁

What if we want to generalize this approach to higher dimensions? Here we use the
kernel method, introduced separately by Knuth and Malyshev; our modern incarnation
of the method, developed by Bousquet-Mélou, is used to solve certain systems of linear
functional equations that seem to have ‘too many’ unknowns.

We demonstrate the kernel method for lattice walk models by using it on a simple
example.
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Example 33. Consider the lattice walk model using the steps

S = {(−1,0), (1,0), (0,−1), (0,1)},

starting at the origin, that remain in N2.

1

1

Figure 3.2: A lattice path using the step set S = {(±1,0), (0,±1)} that remains in N2.

We start by encoding the step set S using the Laurent polynomial

S(x, y) = x + x + y + y,

and define a multivariate generating function that keeps track of end points:

Q(x, y, t) = ∑
n≥0

⎛
⎝∑i,j≥0

qi,j,nx
iyj
⎞
⎠
tn,

where qi,j,n is the number of walks in the model of length n that end at (i, j). Note that

• Q(0, y, t) is the GF for walks ending on the x-axis, and

• Q(x,0, t) is the GF for walks ending on the y-axis,

so decomposing a walk of length n as a walk of length n− 1 followed by a single step gives

Q(x, y, t) = 1 + S(x, y)tQ(x, y, t) − ytQ(x,0, t) − xtQ(0, y, t)
Ô⇒ xy(1 − tS(x, y))Q(x, y, t) = xy − xtQ(x,0, t) − ytQ(0, y, t).

So far we have not done anything clever, and have three “unknowns” Q(x, y, t), Q(x,0, t),
and Q(0, y, t) in this equation. We would really like to isolate Q(x, y, t), but we can’t. The
key of the kernel method comes from realizing the two involutions

ψ ∶ (x, y) ↦ (x, y),
ϕ ∶ (x, y) ↦ (x, y) ,
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keep S(x, y), and thus also K(x, y) = (1 − tS(x, y)), fixed. The group generated (under
composition) by ψ and ϕ is {id,ψ, ϕ,ψ ○ ϕ}, and applying these 4 transformations to the
last equation above gives

(1) xyK(x, y)Q(x, y, t) = xy − xtQ(x,0, t) − ytQ(0, y, t),
(2) xyK(x, y)Q(x, y, t) = xy − xtQ(x,0, t) − ytQ(0, y, t),
(3) xyK(x, y)Q(x, y, t) = xy − xtQ(x,0, t) − ytQ(0, y, t),
(4) xyK(x, y)Q(x, y, t) = xy − xtQ(x,0, t) − ytQ(0, y, t).

Looking closely we notice that each unknown term on the right hand side appears exactly
twice, and taking a signed sum (1) − (2) − (3) + (4) gives

xyQ(x, y, t) − xyQ(x, y, t) − xyQ(x, y, t) + xyQ(x, y, t) = xy − xy − xy + xy
K(x, y) .

Each of the terms on the left hand side except xyQ(x, y, t) is a power series where either
x or y (or both) have strictly negative powers. Thus

xyQ(x, y, t) = [x≥0y≥0] (xy − xy − xy + xy
K(x, y) )

Ô⇒ Q(x, y, t) = [x≥0y≥0] ( (x − x)(y − y)
xy(1 − tS(x, y))) .

Through algebraic manipulations (see Melczer [29, Proposition 3.14] for a proof), this
implies the diagonal representation

Q(1,1, t) =∆( (1 + x)(1 + y)
1 − txyS(x, y)) ,

and the methods of ACSV give

[tn]Q(1,1, t) ∼ 4

π
⋅ 4

n

n
.

◁

The kernel method can be generalized to many large families of models. We now
compute asymptotics for one such family that correponds to an ACSV analysis in a non-
generic direction.
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3.2 Models with Highly and Mostly Symmetric Step

Sets

Fix a dimension d ∈ N and a step set S ⊂ {±1,0}d ∖ {0}. Walk models whose steps have
coordinates equal to 0 or ±1 are known as short step models. To rule out redundant cases,
we assume that for each 1 ≤ j ≤ d there is a step in S moving forward in the jth coordinate,
and a step in S moving backwards in the jth coordinate. We also allow our steps to have
positive weights, and define the weight of a lattice walk to be the product of the weights
of its steps. The (weighted) characteristic polynomial of S is the Laurent polynomial

S(z) = ∑
i∈S
wiz

i

whose exponents encode the entries in S, where each wi is a positive real weight. Define
the notation

zk̂ = (z1, . . . , zk−1, zk+1, . . . , zd)
for any 1 ≤ k ≤ d and ẑ = zd̂ = (z1, . . . , zd−1).
Remark 34. In the unweighted case when each weight has the value 1, the value S(1) = ∣S∣
is the cardinality of the step set and the total weight of walks of length n equals the number
of paths of length n. When each weight is a positive integer then we can imagine counting
paths where there are (potentially) multiple copies of each step.

We say S is symmetric over a coordinate axis if S is unchanged by reflection over the
axis and the weight of any step equals the weight of the step obtained by reflecting over
the axis. In this chapter we restrict to the cases where S is either symmetric over every
coordinate axis or all but one axis. We may assume without loss of generality that the axis
of non-symmetry (if it exists) is zd, so that

S(z) = zdA (ẑ) +Q (ẑ) + zdB (ẑ)

for Laurent polynomials A,B, and Q that are symmetric in their variables. For all 1 ≤ k ≤ d
let bk be the total weight

bk = ∑
i∈S
ik=1

wi

of the steps moving forward in the kth coordinate.

Theorem 35 (Highly Symmetric Asymptotics [28, Theorem 3.4]). Let S ⊂ {−1,0,1}d∖{0}
be a set of steps that is symmetric over every axis and moves forwards and backwards in
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each coordinate. Then the total weight sn of walks of length n taking steps in S, beginning
at the origin, and never leaving Nd satisfies

sn = S(1)n ⋅ n−d/2 ⋅
⎡⎢⎢⎢⎢⎣
(S(1)

π
)
d/2

1√
b1⋯bd

+O ( 1
n
)
⎤⎥⎥⎥⎥⎦
.

Theorem 35 is obtained by applying the techniques of ACSV to the diagonal expression

W (t) =∆(G(z, t)
H(z, t)) =∆(

(1 + z1)⋯(1 + zd)
1 − t(z1⋯zd)S(z)

) , (3.2)

where W (t) is the generating function enumerating walks in the model defined by S.
Expression (3.2) is derived using the kernel method in almost the exact same manner as
Example 33. We note that the singular set V of the rational function G/H consists of
the zeroes of the polynomial H(z, t) = 1 − t(z1⋯zd)S(z). Because this polynomial and its
partial derivative with respect to t never simultaneously vanish, V forms a manifold and
only the results of smooth ACSV (the simplest case, where we do not need to appeal to a
stratification) are needed.

Asymptotics in the mostly symmetric case depends on the drift B(1)−A(1) of a walk
with respect to the zd-axis, which is the weight of the steps in S with positive zd coordinate
minus the weight of the steps in S with negative zd coordinate. In the positive drift case,
the number of walks of length n satisfies a formula similar to the highly symmetric case.

Theorem 36 (Positive Drift Asymptotics [31, Theorem 2.1]). Let S be a step set that
is symmetric over all but the dth axis and takes a step forwards and backwards in each
coordinate. If S has positive drift then the total weight sn of walks of length n taking steps
in S, starting at the origin, and never leaving Nd satisfies

sn = S(1)n ⋅ n−(d−1)/2 ⋅
⎡⎢⎢⎢⎢⎢⎣
(S(1)

π
)

d−1
2 B(1) −A(1)
B(1)

√
b1⋯bd−1

+O ( 1
n
)
⎤⎥⎥⎥⎥⎥⎦
.

The asymptotic behaviour of a model with a negative drift step set is slightly messier.
Let ρ =

√
A(1)/B(1), define

Bk(zk̂) = [zk]S(z) = [z−1k ]S(z)

for each 1 ≤ k ≤ d − 1, and let

Cρ =
S(1, ρ)ρ

2πd/2A(1)(1 − 1/ρ)2 ⋅
¿
ÁÁÀ S(1, ρ)d

ρB1(1, ρ)⋯Bd−1(1, ρ) ⋅B(1)
.
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Furthermore, define the constant C−ρ by replacing ρ with −ρ in Cρ (the term under the
square-root will always be real and positive when C−ρ is referenced).

Theorem 37 (Negative Drift Asymptotics [31, Theorem 2.3]). Let S be a negative drift
step set that is symmetric over all but the dth axis and takes a step forwards and backwards
in each coordinate. If Q(ẑ) ≠ 0 (i.e., if there are steps in S having zd coordinate 0) then
the total weight sn of walks of length n taking steps in S, starting at the origin, and never
leaving Nd satisfies

sn = S(1, ρ)n ⋅ n−d/2−1 ⋅Cρ

⎛
⎝
1 +O ( 1

n
)
⎞
⎠
.

If Q(ẑ) = 0 then

sn = n−d/2−1 ⋅ [S(1, ρ)n ⋅Cρ + S(1,−ρ)n ⋅C−ρ]
⎛
⎝
1 +O ( 1

n
)
⎞
⎠
.

Theorems 36 and 37 are derived by applying the techniques of ACSV to the diagonal
expression

W (t) =∆(G(z, t)
H(z, t)) , (3.3)

where

G(z, t) = (1 + z1)⋯(1 + zd−1) (1 − tz1⋯zd (Q(ẑ) + 2zdA(ẑ)))

H(z, t) = (1 − zd) (1 − tz1⋯zdS(z)) (1 − tz1⋯zd (Q(ẑ) + zdA(ẑ)))

for S(z) = S(z1, . . . , zd−1, zd). In comparison to the diagonal expression (3.2) for highly
symmetric models, the denominator in (3.3) has multiple irreducible factors, and the sin-
gular set V of G/H is the union of three smooth surfaces. In the negative drift case the
asymptotic behaviour of the diagonal sequence is still determined by the behaviour of
G/H near smooth points of V . However in the positive drift case the desired asymptotic
behaviour is characterized by the behaviour of G/H near non-smooth points of V . This
geometric difference explains why positive and negative drift models have quantitatively
different asymptotic behaviour (combinatorially, the difference is explained by the fact that
positive drift models don’t naturally wander into the restricting boundaries as frequently).

Remark 38. The techniques of ACSV allow the asymptotic expansions in Theorems 35-37
to be computed to any desired order. The expressions for higher-order constants are very
unwieldy for general models, but can be computed automatically using a computer algebra
system for any explicit model.
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3.2.1 Our Results

Theorems 35-37 leave a gap, as they do not cover zero drift walks that are mostly symmetric
but not highly symmetric. Our main result in this chapter is to fill this gap.

Theorem 39. Let S be a step set that is symmetric over all but the dth axis and takes a
step forwards and backwards in each coordinate. If S has zero drift then the total weight sn
of walks of length n taking steps in S, starting at the origin, and never leaving Nd satisfies

sn ∼ S(1)n ⋅ n−d/2 ⋅
S(1)d/2

πd/2
√
b1⋯bd

.

The dominant asymptotic behaviour of a zero drift mostly symmetric model matches
the dominant term in the asymptotics for a highly symmetric model, however such mostly
symmetric models only approximate highly symmetric models ‘up to the dominant term’
and the subdominant terms do not match. In fact, mostly symmetric models have asymp-
totic expansions in powers of n−1/2 compared to the highly symmetric models whose ex-
pansions are series in powers of n−1 (see, for instance, Example 54 below). To the best of
our knowledge, this is the first family of naturally occurring combinatorial classes analyzed
using the methods of ACSV to not have a series in powers of n−1.

Remark 40. In any dimension d ≥ 2 there exist walk models with short step sets symmetric
over all but two axes whose generating functions are non-D-finite, and therefore cannot
be written as a rational diagonal (see [31, Theorem 3.8]). Thus, mostly symmetric models
are the largest class of short step models defined by axial symmetries that can be handled
directly by applying the techniques of ACSV to rational diagonal expressions derived from
the kernel method; see Table 3.1 for a (now complete) summary.

Remark 41. Melczer and Wilson [31] incorrectly conjectured that the zero drift mostly
symmetric models have asymptotic growth of the form O(S(1)nn−(d+1)/2).

Theorem 39 is proven in Section 3.4. First, in Section 3.3, we reframe the methods
of ACSV in this case and describe why computing the behaviour of zero drift mostly
symmetric models is harder than the other highly and mostly symmetric cases.

3.3 ACSV and Lattice Path Enumeration

We give examples of the calculation of asymptotics of highly symmetric and mostly sym-
metric models.
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Drift Exponential Rate Order Geometry Series in Covered By

zero (highly sym.) S(1) n−d/2 smooth n−1 Theorem 35
zero (mostly sym.) S(1) n−d/2 nonsmooth n−1/2 Theorem 39
positive S(1) n−(d−1)/2 nonsmooth n−1 Theorem 36
negative < S(1) n−1−d/2 smooth n−1 Theorem 37

Table 3.1: Summary of results for short step models with highly or mostly symmetric step
sets.

3.3.1 Highly Symmetric Models

The simplest case geometrically occurs for highly symmetric models. As mentioned above,
there is a diagonal expression

W (t) =∆(G(z, t)
H(z, t)) =∆(

(1 + z1)⋯(1 + zd)
1 − t(z1⋯zd)S(z)

) ,

for the generating function W (t) enumerating walks in the model defined by S, where
S(z) = ∑i∈S wizi. Because H and its partial derivative with respect to t never simultane-
ously vanish, the singular set V is always a smooth manifold.

Example 42. Consider the (unweighted) highly symmetric model with step set

S = {(0,±1), (±1,0)}

defined by the cardinal directions.

Example 33 shows that the generating function of this is the diagonal of

F (x, y, t) = G(x, y, t)
H(x, y, t) =

(1 + x)(1 + y)
1 − txyS(x, y)

where S(x, y) = x + x + y + y. The system of polynomial equations

H(x, y, t) = 0 and xHx(x, y, t) = yHy(x, y, t) = tHt(x, y, t)

defining the critical points has the two solutions (1,1,1/4) and (−1,−1,−1/4), both of
which are minimal as if ∣x∣, ∣y∣ < 1 and H(x, y, t) = 0 then ∣t∣ = 1/∣xyS(x, y)∣ > 1/4.
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The Cauchy integral formula implies that the number sn of walks on S that start at
the origin and stay in N2 satisfies

sn =
1

(2πi)2 ∫∣x∣=1∣y∣=1
(∫
∣t∣=1/4−ϵ

(1 + x)(1 + y)
1 − txyS(x, y)

dt

tn+1
) dxdy

(xy)n+1

for any ϵ > 0 sufficiently small. Analytic arguments show that we can restrict the circles
∣x∣ = ∣y∣ = 1 to sufficiently small neighbourhoods N± of (1,1) and (−1,−1), and expand the
circle ∣t∣ = 1/4−ϵ to a circle ∣t∣ = 1/4+ϵ, while introducing exponentially small errors. Because
the numerator of F vanishes at (−1,−1) it turns out that the only point determining
dominant asymptotic behaviour of sn is (1,1), and we can write

sn ∼
−1
(2πi)2 ∫N+

(∫
∣t∣=1/4+ϵ

(1 + x)(1 + y)
1 − txyS(x, y)

dt

tn+1
− ∫

∣t∣=1/4−ϵ

(1 + x)(1 + y)
1 − txyS(x, y)

dt

tn+1
) dxdy

(xy)n+1

= 1

(2πi)2 ∫N+
(1 + x)(1 + y)

xy
S(x, y)n dxdy,

where the difference of integrals in the first line is computed by taking a residue at the
pole t = 1

xyS(x,y) .

Parametrizing the neighbourhood N+ of (1,1) by x = eiθ1 and y = eiθ2 for θ1, θ2 in
a neighbourhood M of the origin, the argument concludes by applying the saddle-point
method to approximate

1

(2πi)2 ∫N+
(1 + x)(1 + y)

xy
S(x, y)n dxdy = 4n

(2π)2 ∫M(1 + e
iθ1)(1 + eiθ2)en log

S(eiθ1 ,eiθ2 )
S(1,1) dθ1dθ2

= 4n

(2π)2 ∫M(4 +O(θ1 + θ2))⋅

e−n(θ
2
1/4+θ22/4)+O(n(θ1+θ2)3)dθ1dθ2

∼ 4n

(2π)2 ∫R2
4e−n(θ

2
1/4+θ22/4)dθ1dθ2

= 4

π
⋅ 4

n

n
.

◁

Melczer and Mishna [28] combined the techniques of smooth ACSV, which show how
to make all steps in the above argument rigorous, with the uniform diagonal expression for
highly symmetric models to prove Theorem 35.
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3.3.2 Mostly Symmetric Models

Applying the kernel method while exploiting step set symmetry properties show the gen-
erating function W (t) for walks in Nd on a set of mostly symmetric short steps S has the
diagonal representation

W (t) =∆F (z, t) =∆
⎛
⎜⎜
⎝

(1 + z1)⋯(1 + zd−1) (1 − tz1⋯zd (Q(ẑ) + 2zdA(ẑ)))

(1 − zd) (1 − tz1⋯zdS(z)) (1 − tz1⋯zd (Q(ẑ) + zdA(ẑ)))

⎞
⎟⎟
⎠
,

and the three factors in the denominator give the singular set V non-smooth points. The
final denominator factor turns out to be irrelevant to the asymptotic analysis, so the points
of interest lie on the zero sets V1 and V2 of H1(z, t) = 1 − zd and H2(z, t) = 1 − tz1⋯zdS(z).
The sets V1 and V2 are each manifolds: V1 does not contain any critical points, but V2
contains the critical point

ρ =
⎛
⎜
⎝
1,

¿
ÁÁÀB(1)

A(1) ,
√
A(1)/B(1)

2
√
A(1)B(1) +Q(1)

⎞
⎟
⎠
,

along with (potentially) other critical points with the same coordinate-wise modulus and
non-minimal critical points that do not affect dominant asymptotics. In addition, the
intersection V1 ∩ V2 is a manifold containing the critical point

σ = (1,1, S(1))

and (once again) potentially other critical points with the same coordinate-wise modulus.
The points near which analytic behaviour of F determines dominant asymptotics of sn
depends on the drift of the model.

Negative Drift Models

When S has negative drift then A(1) > B(1) and the point ρ is a smooth minimal critical
point of V .
Example 43. Consider the (unweighted) mostly symmetric model with step set

S = {(−1,−1), (1,−1), (0,1)}
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whose generating function is the diagonal of

F (x, y, t) = (1 + x)(1 − 2t(x2y2 + 1))
(1 − y)(1 − t(x2y2 + y2 + x))(1 − t(x2y2 + 1)) .

The critical point ρ = (1,1/
√
2,1/2) is minimal, as are the critical points (1,−1/

√
2,1/2)

and (−1,±i/
√
2,−1/2), and this time both ρ and (1,−1/

√
2,1/2) contribute to dominant

asymptotics of sn. Because H2 is the only denominator factor vanishing at these points, the
smooth analysis used in Example 42 above still applies. Computing a residue and applying
the saddle-point method to determine the asymptotic contribution of each of these points
ultimately yields

sn ∼
16 + 12

√
2

π
⋅ (2
√
2)n

n2
+ −16 + 12

√
2

π
⋅ (−2

√
2)n

n2
=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

24
√
2

π ⋅ (2
√
2)n

n2 ∶ n even

32
π ⋅

(2
√
2)n

n2 ∶ n odd
.

◁

Positive Drift Models

When S has positive drift then A(1) < B(1) and the point ρ is no longer minimal, as its
dth coordinate is larger than 1. In fact, the only minimal critical point is the non-smooth
point σ (and potentially other points with the same coordinate-wise modulus that do not
affect dominant asymptotics) and a more general argument must be applied.

Example 44. Consider the (unweighted) mostly symmetric model with step set

S = {(−1,1), (1,1), (0,−1)}

whose generating function is the diagonal of

F (x, y, t) = (1 + x)(1 − 2txy2)
(1 − y)(1 − t(xy2 + x2 + 1))(1 − txy2) .
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The critical points defined by the vanishing ofH2(x, y, t) = 1−t(xy2+x2+1) have coordinate-
wise modulus (1,

√
2,1/4) and are not minimal as expected. Because σ = (1,1,1/3) is the

only minimal critical point, we start by writing

sn =
1

2πi ∫∣x∣=1 (
1

(2πi)2 ∫T (1−ϵ1,1/3−ϵ2)
P (x, y)

(1 − y)(1 − t(xy2 + x2 + 1))
dydt

(xyt)n+1) dx (3.4)

where we use the notation T (w) = {z ∶ ∣zj ∣ = ∣wj ∣ for all j}, the constants ϵ1 and ϵ2 are
sufficiently small, and

P (x, y, t) = (1 + x)(1 − 2txy
2)

(1 − txy2)
captures the numerator and the denominator factor that does not vanish near σ. If N(w)
denotes a subset of T (w) where each coordinate is sufficiently close to the positive real
axis then an analytic argument shows that we can restrict x to N(1) and (y, t) to N(1 −
ϵ1,1/3 − ϵ2) while introducing only a negligible error.

Our next goal is to compute residues to remove two variables, one for each vanishing
denominator factor. To that end, we note that the part of the integrand in (3.4) that
depends on n is captured by the function ϕ(x, y, t) = (xyt)−1. Since

(∇ϕ)(1,1,1/3)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

(−3,−3,−9)

= (∇H1)(1,1,1/3)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

(0,−1,0)

+ 3 (∇H2)(1,1,1/3)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

(−1,−2/3,−3)

is a linear combination with positive coefficients (thus σ is a generic critical point), re-
placing the domain N(1 − ϵ1,1/3 − ϵ2) in (3.4) with the domains N(1 + ϵ1,1/3 − ϵ2),N(1 −
ϵ1,1/3 + ϵ2), and N(1 + ϵ1,1/3 + ϵ2) that ‘cross’ the singular sets V1 and V2 results in in-
tegrals that are exponentially smaller than the one under consideration. A signed sum of
these integrals is computed by taking a ‘multivariate residue’ at the points where y = 1 and
t = 1/(xy2 + x2 + 1) = 1/(x2 + x + 1), ultimately giving that

sn ∼
1

2πi ∫N(1)
P (x,1)
x
(x + 1 + 1/x)n dx

= 1

2πi ∫N(1)
(x2 − x + 1)(1 + x)

x(x2 + 1) (x + 1 + 1/x)n dx.

Making the change of variables x = eiθ for θ in a neighbourhoodM of the origin, then
applying the saddle-point method, gives

sn ∼
1

2π ∫M
(e2iθ − eiθ + 1)(1 + eiθ)

(e2iθ + 1) en log(eiθ+1+e−iθ) dθ ∼ 1

2π ∫R e
n log(3)−nθ2/3dθ =

√
3

2
√
π
⋅ 3

n

√
n
.

◁
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In the mostly symmetric negative drift case the gradient of ϕ at σ cannot be written as a
positive linear combination of the gradients of H1 and H2 at σ, so the non-smooth minimal
critical point σ cannot be used to characterize asymptotics. Of course, for negative drift
models the smooth critical point ρ is minimal and can be used instead. The fact that
smooth minimal critical points arise precisely when non-smooth critical points cannot be
used to compute asymptotics holds more generally, and is explained by the theory of ACSV
for multiple points (see [29, Chapter 9] or [34, Chapter 10]).

Zero Drift Models

In the zero drift case A(1) = B(1), so the critical points ρ and σ collide. This makes
two denominator factors vanish at the minimal critical point determining asymptotics, but
unlike the positive drift case we can only take one residue. Computing asymptotics thus
requires a more careful analysis, conducted in Section 3.4, to prove Theorem 39.

Example 45. Consider the mostly symmetric zero drift model with step set

S = {(0,1), (0,1), (−1,−1), (1,−1)}

whose North step appears twice (i.e., has a weight of two).

The generating function for this walk model can be written as the diagonal of

F (x, y, t) = (1 + x)(1 − 2ty2(x2 + 1))
(1 − y)(1 − txy(2/y + xy + y/x))(f1 − ty2(x2 + 1)) ,

with minimal critical points ρ = σ = (1,1,1/4) along with (1,−1,−1/4) and (−1,±i,∓i).
Because H2 is the only denominator factor of H that vanishes at the final three points, the
contributions of these points to the asymptotic behaviour of sn are covered by results on
smooth ACSV from Melczer [29, Thm. 5.3]: the fact that the numerator vanishes at each
of these points further implies that these contributions are bounded in O(4nn−2), which
will turn out not to affect dominant asymptotics of sn.

Analogously to the positive drift case, we begin by writing

sn =
1

2πi ∫T (1) (
1

(2πi)2 ∫T (1−ϵ1,1/4−ϵ2)
P (x, y)

(1 − y)(1 − txy(2/y + xy + y/x))
dydt

(xyt)n+1) dx (3.5)
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where the constants ϵ1 and ϵ2 are sufficiently small, and

P (x, y, t) = (1 + x)(1 − 2ty
2(x2 + 1))

1 − ty2(x2 + 1)
captures the numerator and the denominator factor that does not vanish near σ. Again
we can replace the domains of integration T (1) and T (1 − ϵ1,1/4 − ϵ2) by subsets N(1)
and N(1 − ϵ1,1/4 − ϵ2) near the positive real axes while introducing a negligible error.
The part of the integrand in (3.5) that depends on n is still captured by the function
ϕ(x, y, t) = (xyt)−1, but now

(∇ϕ)(1,1,1/4)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
(−4,−4,−16)

= 0 (∇H1)(1,1,1/4)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

(0,−1,0)

+ 4 (∇H2)(1,1,1/4)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

(−1,−1,−4)

is a linear combination with one coefficient equal to zero (and thus σ is a non-generic
critical point lying lying on a codimension 1 face). Because of this, we can replace N(1 −
ϵ1,1/4 − ϵ2) by a domain N(1 − ϵ1,1/4 + ϵ2) ‘crossing’ the factor H2 and get something
growing exponentially smaller than sn, but (unlike the positive drift case) we can no longer
introduce the integrals whose domains of integration ‘cross’ H1. Performing the residue
computation for the pole t = 1/xyS(x, y) gives

sn ∼
1

(2πi)2 ∫N(1)∫N(1−ϵ1)
1 + x
2x2y

⋅ 2x − y
2(1 + x2)
1 − y S(x, y)ndxdy,

and the 1 − y factor in the denominator complicates the analysis. We note, however, that
the numerator factor 2x − y2(1 + x2) also vanishes at x = y = 1 and

2x − y2(1 + x2)
1 − y = 4 +O(1 − x) +O(1 − y) +O ((1 − x)

2

1 − y ) .

The difficult factor in the denominator can thus be handled by carefully taking ϵ1 → 0 at
a rate that balances the integral manipulations and approximations above with the need
to approximate the integrand by its leading series terms near (1,1), ultimately giving

sn ∼
4

(2πi)2 ∫N(1,1)
1 + x
2x2y

⋅ S(x, y)ndxdy.

Making the change of variables x = eiθ1 and y = eiθ2 and applying the saddle-point method
then implies

sn ∼
4

(2π)2 ∫R2
en log 4−n(θ21/4+θ22/2)dθ1dθ2 =

4n

n
⋅ 2
√
2

π
.

◁
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In Section 3.4 we formalize the argument sketched in Example 45 to prove Theorem 39,
giving leading asymptotics of sn. Computing higher order terms in the asymptotic ex-
pansion of sn, and dealing with the general non-generic case where less residues can be
taken than expected, requires approximating saddle-point-like integrals with amplitudes
that are singular at their saddle points. A method handling these integrals in general will
be detailed in a forthcoming paper, and we illustrate the approach in Example 54 below
to show that

sn =
4n

n

⎛
⎝
2
√
2

π
+ 1√

π
n−1/2 +O(n−1)

⎞
⎠

for the lattice path model in Example 45.

3.4 Asymptotics of Zero Drift Mostly Symmetric Mod-

els

To prove Theorem 39 we now fix a mostly symmetric zero drift step set S. The diagonal
representation (3.3), combined with the Cauchy integral formula, implies that

sn =
1

(2πi)d+1 ∫T×C in

G(z, t)
H(z, t)

dzdt

(z1⋯zd t)n+1

where

T = Tϵ = {z ∈ Cd ∶ ∣zk∣ = 1 for all 1 ≤ k ≤ d − 1 and ∣zd∣ = 1 − ϵ}

C in = C in
γ = {t ∈ C ∶ ∣t∣ = S(1)−1(1 − γ)}

for any 0 < ϵ, γ < 1, the numerator G satisfies

G(z, t) = (1 + z1)⋯(1 + zd−1) (1 − tz1⋯zd (Q(ẑ) + 2zdA(ẑ))) ,

and the denominator H can be written H =H1H2H3 for

H1(z, t) = 1 − zd
H2(z, t) = 1 − tz1⋯zdS(z)
H3(z, t) = 1 − tz1⋯zd (Q(ẑ) + zdA(ẑ)) .

We make this choice of T in order to stay in the domain of convergence of the series expan-
sion under consideration, and because – as shown in Melczer and Wilson [31, Proposition
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4.2] – the point (1, S(1)) is the unique minimal zero of H(z, t) with positive coordinates
that minimizes ∣z1⋯zdt∣−1. It will also be of importance that the zeroes of H2 with the same
coordinate wise-modulus as (1, S(1)) are given by (w, t) where t = 1/(w1⋯wdS(w,wd))
and w is contained in the set

Γ =
⎧⎪⎪⎨⎪⎪⎩
(ŵ,wd) ∶ ŵ ∈ {±1}d−1, wd ∈ {±1,±i}, ∣

1

w1⋯wdS(ŵ,wd)
∣ = 1

S(1)

⎫⎪⎪⎬⎪⎪⎭
; (3.6)

see [31, Theorem 4.3] (although we note that those authors forgot to allow the possibility
that wd = ±i in their argument). While this is the set of possible contributing points, we
will see that only the real point (1, S(1)) contributes.

3.4.1 Residue Computations

We use residue computations to simplify the integral under consideration. First, we prove
that we can restrict our integral to neighbourhoods of points in Γ and get an exponentially
small error. Given w ∈ Γ, we define the product of circle arcs contained in T

Nw = N δ,ϵ
w = {z ∈ Cd ∶ ∣zj ∣ = 1 for 1 ≤ j ≤ d − 1 with ∣zd∣ = 1 − ϵ and ∣arg(zj) − arg(wj)∣ < δ∀j}

which will shrink to w as n→∞, and let

N = ⋃
w∈Γ
Nw.

Running assumptions on ϵ and δ The asymptotic arguments below yield dominant
asymptotics of sn when ϵ = n−α and δ = n−β for positive constants α and β such that

1/2 < α < 2β, α + β > 1, and 1/3 < β < 1/2,

and we now assume these inequalities hold. For concreteness, one can take ϵ = n−7/10 and
δ = n−2/5.

Lemma 46. Under our running assumptions on ϵ and δ, if 0 < γ < 1 then

sn =
1

(2πi)d+1 ∫N×C in

G(z, t)
H(z, t)

dzdt

(z1⋯zd t)n+1
+O(S(1)nen)

where en → 0 faster than any fixed power of n.
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Proof. By our Cauchy integral representation for sn, it suffices to bound

1

(2πi)d+1 ∫(T∖N)×C in

G(z, t)
H(z, t)

dzdt

(z1⋯zd t)n+1

for suitable values of ϵ, δ, and γ. First, we note that if z ∈ T is fixed then C in is contained
in the power series domain of convergence of G(z, t)/H(z, t), so

1

2πi ∫(T∖N)×C in

G(z, t)
H(z, t)

dzdt

(z1⋯zd t)n+1
= ∫

(T∖N)
[ 1

2πi ∫C in

G(z, t)
H(z, t)

dt

tn+1
] dz

(z1⋯zd)n+1
,

where
1

2πi ∫C in

G(z, t)
H(z, t)

dt

tn+1
= [tn]F (z, t)

is the coefficient of tn when F (z, t) = G(z, t)/H(z, t) is expanded as a power series. When
each coordinate zj has unit modulus and z is bounded away from the elements of Γ then
Q(ẑ) + zdA(ẑ) and S(z) are less than S(1) (see [31, Proposition 4.2]) so that [tn]F (z, t) =
O(τn) for some 0 < τ < S(1). In particular, if δ was a fixed constant then

∣ 1

(2πi)d+1 ∫(T∖N)×C in

G(z, t)
H(z, t)

dzdt

(z1⋯zd t)n+1
∣ ≤ 1

(2π)d ∫(T∖N) ∣[t
n]F (z, t)∣ ⋅ ∣z1⋯zd−1zd∣−n−1 dz

grows exponentially slower than S(1)n as ∣zj ∣ = 1 for all 1 ≤ j ≤ d − 1 and ∣zd∣ = 1 − n−α for
z ∈ T .

In actuality δ = n−β → 0 as n → ∞ and we need to show that δ does not go to zero
too quickly. By the definition of Γ, the monomials of S(z) all have the same argument at
z =w for w ∈ Γ, so

∣Q(ẑ) + zdA(ẑ)∣ < ∣zdB(ẑ) +Q(ẑ) + zdA(ẑ)∣ = ∣S(z)∣

for z sufficiently close to the elements of Γ. Because we can reduce to any arbitrarily small
neighbourhoods of the elements of Γ while introducing only an exponentially smaller error,
we can thus assume that we are in a small enough neighbourhood such that ∣[tn]F (z, t)∣ =
O(∣S(z)∣n). We bound ∣S(z)∣n for z near 1 ∈ Γ, with the argument for the other elements
w ∈ Γ being analogous. Writing zj = eiθj for 1 ≤ j ≤ d − 1 and zd = (1 − ϵ)eiθ we have for θj
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sufficiently small that

S(z)n = exp [n logS (eiθ̂, (1 − ϵ)eiθd))]

= S(1)n ⋅ exp [n logS (eiθ) − n logS(1) +O(nϵθ1) +⋯ +O(nϵθd−1) +O(nϵ2)]

= S(1)n ⋅ exp [ − n(c1θ21 +⋯ + cdθ2d)
+O(n(θ1 +⋯ + θd)3) +O(nϵθ1) +⋯ +O(nϵθd−1) +O(nϵ2)],

where the second equality follows from the expansion of logS(eiθ̂, (1−ϵ)eiθd) derived in the
proof of Proposition 50 below, and the cj are positive constants computed in the proof of
Proposition 51 below. When ∣θj ∣ ≥ δ then, under our assumptions on ϵ = n−α and δ = n−β
and the fact that we can restrict the θj to any arbitrarily small neighbourhood of the origin,
the big-O terms in the exponential are bounded below the quadratic term so

∣[tn]F (z, t)∣ = O(∣S(z)∣n) = O(S(1)ne−Knρ)

for some K,ρ > 0. The claimed result holds as e−Knρ → 0 faster than any fixed power
of n.

Having localized near particular singularities of interest, we now introduce an asymp-
totically negligible integral that allows us to make our desired residue computation. Let

Cout = Cout
γ = {t ∈ C ∶ ∣t∣ = S(1)−1(1 + γ)}.

Lemma 47. Using the notation and running assumptions above, if γ > 0 is sufficiently
small then

1

(2πi)d+1 ∫N×Cout

G(z, t)
H(z, t)

dzdt

(z1⋯zd t)n+1
= O(τn)

for some 0 < τ < S(1).

Proof. Bounding the integrand under consideration by the supremum of its modulus, there
exists a constant K1 > 0 such that

∣∫
N×Cout

G(z, t)
H(z, t)

dzdt

(z1⋯zd t)n+1
∣ ≤K1 sup

(z,t)∈N×Cout

∣G(z, t)
H(z, t)∣ [

S(1)
(1 − ϵ)(1 + γ)]

n

. (3.7)

When ϵ and δ are sufficiently small then, by the definition of Γ, the only poles of F (z, t) =
G(z, t)/H(z, t) with z ∈ N have ∣t∣ sufficiently close to S(1)−1 or (Q(1) + A(1))−1. In
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particular, if γ is fixed sufficiently small and ϵ and δ are sufficiently smaller than γ then
there exists K2 > 0 such that

sup
(z,t)∈N×Cout

∣G(z, t)
H(z, t)∣ ≤K2 sup

∣zd∣=1−ϵ
∣ 1

1 − zd
∣ = O(nα),

since ϵ = n−α. The right-hand side of (3.7) thus has exponential growth smaller than S(1)
whenever (1− ϵ)(1+γ) > 1, which occurs for all sufficiently large n under our assumptions.

Our last result before computing residues shows that the only poles of our integrand
that affect our calculations come from the denominator factor H2 vanishing.

Lemma 48. The polynomial H3(z, t) = 1−tz1⋯zd (Q(ẑ) + zdA(ẑ)) is non-zero when ∣zj ∣ ≤ 1
for all 1 ≤ j ≤ d and ∣t∣ ≤ S(1). If δ and ϵ are sufficiently small then B(ẑ) ≠ 0 for ẑ ∈ Nw.

Proof. Note that S(z) = S(z1, . . . , zd−1, zd) = zdA (ẑ) +Q (ẑ) + zdB (ẑ) so

∣Q(ẑ) + zdA(ẑ)∣ ≤ Q(1) +A(1) < S(1)

when ∣zj ∣ ≤ 1 for all 1 ≤ j ≤ d. In particular, if ∣zj ∣ ≤ 1 for all 1 ≤ j ≤ d and H3(z, t) = 0 then

∣t∣ =
RRRRRRRRRRRR

1

z1⋯zd (Q(ẑ) + zdA(ẑ))

RRRRRRRRRRRR
> 1

S(1) .

To prove that B(ẑ) ≠ 0 for ẑ ∈ Nw we note that B(ẑ) does not vanish whenever ẑ
is a maximizer of ∣S(ẑ)∣ on the unit torus. The points of Γ get arbitrarily close to these
maximizers as ϵ → 0, so by continuity B(ẑ) does not vanish for ẑ ∈ Nw whenever δ and ϵ
are sufficiently small.

We are now ready to determine a residue integral expression for sn.

Proposition 49. With the notations and assumptions above,

sn = ∑
w∈Γ

1

(2πi)d ∫Nw

(1 + z1)⋯(1 + zd−1)
B (ẑ) (z1⋯zd)

⋅ B (ẑ) − z
2
dA (ẑ)

1 − zd
⋅ S(z)n dz +O((S(1)nen) (3.8)

where en → 0 faster than any fixed power of n.
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Proof. Lemmas 46 and 47 imply that we can write

sn =
−1
(2πi)d ∫N (

1

2πi ∫Cout

G(z, t)
H(z, t)

dt

(z1⋯zd t)n+1
− 1

2πi ∫C in

G(z, t)
H(z, t)

dt

(z1⋯zd t)n+1
)dz

+O((S(1)nen)

under our assumptions. The first statement of Lemma 48 implies that the inner difference

of integrals is given by a residue where t = 1/ (z1⋯zdS(z)), and the second statement of

Lemma 48 implies that the poles involved are all simple. Computing the residue gives

−
(1 + z1)⋯(1 + zd−1) (1 − Q(ẑ)+2zdA(ẑ)

zdB(ẑ)+Q(ẑ)+zdA(ẑ))

(z1⋯zdS(z))(1 − zd) (1 − Q(ẑ)+zdA(ẑ)
zdB(ẑ)+Q(ẑ)+zdA(ẑ))

= −
(1 + zd)⋯(1 + zd−1) (1 − z2d

A(ẑ)
B(ẑ))

(1 − zd)(z1⋯zdS(z))
.

3.4.2 Computing Dominant Asymptotics

To determine asymptotics of sn it is sufficient to determine asymptotics for the residue
integrals in (3.8). If the factor of 1 − zd could be cancelled from the numerator (which
occurs in the highly symmetric case, when A(ẑ) = B(ẑ)) then asymptotically evaluating
these integrals is a straightforward application of the saddle-point method. The presence
of this factor complicates the analysis, which is why the non-highly symmetric zero drift
case was left open in [31]. To determine asymptotics, we thus switch to polar coordinates
and carefully consider the resulting saddle-point-like integrals.

We start by reducing the contribution of the point w = 1, which turns out to be the
only point contributing to dominant asymptotics, to a standard saddle-point integral.

Proposition 50. Under our running assumptions on ϵ and δ,

1

(2πi)d ∫N1

(1 + z1)⋯(1 + zd−1)
B (ẑ) (z1⋯zd)

⋅ B (ẑ) − z
2
dA (ẑ)

1 − zd
⋅ S(z)n dz ∼ 1

πd ∫z∈M en logS(eiθ)dθ

where M= (−δ, δ)d and eiθ = (eiθ1 , . . . , eiθd).

Proof. Making the change of variables zj = eiθj for 1 ≤ j ≤ d − 1 and zd = (1 − ϵ)eiθd gives

1

(2πi)d ∫N1

(1 + z1)⋯(1 + zd−1)
B (ẑ) (z1⋯zd)

⋅B (ẑ) − z
2
dA (ẑ)

1 − zd
⋅S(z)n dz = 1

(2π)d ∫z∈MP (θ)Q(θ)enϕ(θ)dθ,
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where

P (θ) = (1 + e
iθ1)⋯(1 + eiθd−1)
B (eiθ̂)

Q(θ) =
B (eiθ̂) − (1 − ϵ)2e2iθdA (eiθ̂)

1 − (1 − ϵ)eiθd

ϕ(θ) = logS (eiθ̂, (1 − ϵ)eiθd)

and eiθ̂ = (eiθ1 , . . . , eiθd−1). The first factor is easiest to analyze as ϵ, δ → 0, with a power
series expansion of the numerator and denominator showing that

P (θ) = 2d−1

B(1) +O(ϵ + θ1 +⋯ + θd−1).

Since A(ẑ) and B(ẑ) are invariant under the transformations zj = 1/zj for 1 ≤ j ≤ d−1, the
functions A (eiθ̂) and B (eiθ̂) are even. Combined with the fact that A(1) = B(1), we see

that

Q(θ) = B(1) − (1 − ϵ)
2e2iθdA(1) +O(θ21 +⋯ + θ2d−1)
1 − (1 − ϵ)eiθd

= B(1)(1 + (1 − ϵ)eiθd) +O ( θ
2
1 +⋯ + θ2d−1

1 − (1 − ϵ)eiθd )

= 2B(1) +O(ϵ + θd + θ21ϵ−1 +⋯ + θ2d−1ϵ−1).
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Finally, we have

ϕ(θ) = log
⎛
⎜⎜
⎝
(1 − ϵ)eiθdA (eiθ̂) +Q (eiθ̂) +

B (eiθ̂)
(1 − ϵ)eiθd

⎞
⎟⎟
⎠

= log (eiθdA (eiθ̂) +Q (eiθ̂) + e−iθdB (eiθ̂))

+ ϵ
B (eiθ̂) − eiθdA (eiθ̂)

eiθdA (eiθ̂) +Q (eiθ̂) + e−iθdB (eiθ̂)
+O(ϵ2)

= log (eiθdA (eiθ̂) +Q (eiθ̂) + e−iθdB (eiθ̂))

+ ϵ
⎛
⎜⎜
⎝

B (eiθ̂) −A (eiθ̂)

A (eiθ̂) +Q (eiθ̂) +B (eiθ̂)
+O(θd)

⎞
⎟⎟
⎠
+O(ϵ2)

= logS (eiθ) +O(ϵθ1 +⋯ + ϵθd + ϵ2).

Putting everything together gives

1

(2π)d ∫z∈MP (θ)Q(θ)enϕ(θ)dθ ∼ 1

πd ∫z∈M en logS(eiθ)dθ,

since each ∣θj ∣ < δ on M and all of ϵ, δ, δ2ϵ−1, nϵδ, nϵ2 → 0 go to zero as n → ∞ under our
assumptions on ϵ and δ.

Having removed the dependence on ϵ for the integral determining dominant asymp-
totics, we now determine asymptotic behaviour using a saddle-point analysis.

Proposition 51. Under our running assumptions on ϵ and δ,

1

πd ∫z∈M en logS(eiθ)dθ ∼ S(1)nn−d/2 S(1)d/2
πd/2(b1⋯bd)1/2

,

where we recall from above that bk = ∑i∈S,ik=1wi is the total weight of the steps in S moving
forward in the kth coordinate.

46



Proof. We claim that there is an expansion

logS (eiθ) = logS(1) −
d

∑
j=1

bj
S(1)θ

2
j +O((θ1 +⋯ + θd)3). (3.9)

Assuming this claim, for n sufficiently large the domainM is a small enough neighbourhood
of the origin that we can write

∫
M
en logS(eiθ)dθ = S(1)n∫

z∈M
e−n∑

d
j=1

bj
S(1)

θ2j+O(n(θ1+⋯+θd)3)dθ

= S(1)n (∫
z∈M

e−n∑
d
j=1

bj
S(1)

θ2j dθ)(1 +O(nδ3))

∼ S(1)n∫
z∈M

e−n∑
d
j=1

bj
S(1)

θ2j dθ

= S(1)n
d

∏
j=1
∫

δ

−δ
e−n

bj
S(1)

θ2j dθj

∼ S(1)n
d

∏
j=1
∫
∞

−∞
e−n

bj
S(1)

θ2j dθj

= S(1)nn−d/2π
d/2S(1)d/2
(b1⋯bd)1/2

.

To prove the expansion (3.9) we simply need to compute derivatives and evaluate at
the origin. First, direct substitution gives logS(ei0) = logS(1) = logS(1). The fact that
all first order derivatives of logS vanish is a reflection of the fact that (1,1/S(1)) is a
critical point. Explicitly, symmetry over the first (d − 1)-coordinates implies that for each
1 ≤ k ≤ d − 1 we can write S(z) = (zk + zk)Bk(zk̂) +Q(zk̂) so that

Szk(z) = (1 − z−2k )Bk(zk̂)

vanishes at z = 1, and
Szd(z) = A(ẑ) − z−2d B(ẑ)

also vanishes at z = 1 as A(1) = B(1). The chain rule then implies that all first order
partial derivatives of (logS)(eiθ) vanish at the origin. These expressions also imply that
all mixed second order partial derivatives Szizj(1) for i ≠ j vanish, so all the mixed second

order partial derivatives of (logS)(eiθ) vanish at the origin. Finally, we see that

Szkzk(1) = 2Bk(1) = 2bk
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for each 1 ≤ k ≤ d − 1, and
Szdzd(1) = 2B(1) = 2bd,

so that the chain rule gives

( ∂
2

∂θ2k
logS(eiθ)) (0) = Szk(1)2

S(1)2 −
Szk(1)
S(1) −

Szkzk(1)
S(1) = −2 bj

S(1)

for all 1 ≤ k ≤ d. The claimed expansion (3.9) then holds as the quadratic term in the
expansion is half the sum of the second order derivatives.

Remark 52. Although Proposition 51 only concerns the point 1 ∈ Γ, there is an expansion

logS(w1e
iθ1 , . . . ,wde

iθd) = logS(w) −
d

∑
j=1

bj
S(1)θ

2
j +O((θ1 +⋯ + θd)3)

for all w ∈ Γ. Indeed, for w to lie in Γ all terms wi for i ∈ S must have the same argument,
which can be used to show the quadratic term is constant for these expansions (this matters
for computing higher-order terms in the asymptotic expansion of sn).

To prove Theorem 39 it is now sufficient to show that the only point of Γ contributing
to dominant asymptotics of sn is 1.

Proposition 53. Under our running assumptions on ϵ and δ, if w ∈ Γ and w ≠ 1 then

∫
Nw

(1 + z1)⋯(1 + zd−1)
B (ẑ) (z1⋯zd)

⋅ B (ẑ) − z
2
dA (ẑ)

1 − zd
⋅ S(z)n dz = o(S(1)nn−d/2).

Proof. For a general point w ∈ Γ the integral under consideration can be parameterized by
zj = wjeiθj for 1 ≤ j ≤ d − 1 and zd = (1 − ϵ)wdeiθd to yield

id∫
M
P (θ)Q(θ)enϕ(θ)dθ,

where

P (θ) = (1 +w1eiθ1)⋯(1 +wd−1eiθd−1)
B (ŵeiθ̂)

Q(θ) =
B (ŵeiθ̂) − (1 − ϵ)2w2

de
2iθdA (ŵeiθ̂)

1 − (1 − ϵ)wdeiθd
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for ŵeiθ̂ = (w1eiθ1 , . . . ,wd−1eiθd−1). Roughly speaking, the theory of ACSV (and saddle-
point integrals more generally) shows that higher-order vanishing of P and Q corresponds
to slower growing asymptotic behaviour.

First, if wd = 1 and wj ≠ 1 for some 1 ≤ j ≤ d − 1 then P vanishes at the origin, and
following the argument used to prove Proposition 50 shows that the contribution of w is

∫
M
P (θ)Q(θ)enϕ(θ)dθ = o(∫

z∈M
en logS(eiθ)dθ) = o(S(1)nn−d/2).

Similarly, if wd = −1 then Q(w) = O(ϵ) as the denominator of Q no longer approaches
zero as ϵ → 0, but its numerator still does, and we can again show the contribution of w
lies in o(S(1)nn−d/2). In fact, because only one factor of H vanishes at w this asymptotic
contribution can be computed using the theory of smooth ACSV (in essence each order of
vanishing reduces the possible dominating asymptotics by a factor of n−1; see Melczer [29,
Thm. 5.3] for details) to see that it lies in O(S(1)nn−(d+1)/2).

Finally, suppose wd = ±i. The definition of Γ implies that wdA(w) and wdB(w) have
the same argument for any w ∈ Γ, so when wd = ±i it must be the case that A(w) = −B(w).
This can only hold if wj = −1 for at least one 1 ≤ j ≤ d−1, so again the numerator G and only
one factor of H vanishes at w, and the asymptotic contribution of w is O(S(1)nn−(d+1)/2) =
o(S(1)nn−d/2).

3.5 Discussion

Theorem 39 completes the determination of dominant asymptotics for mostly symmetric
short step models in an orthant. However, unlike the results for highly symmetric and non-
zero drift mostly symmetric models, our arguments for the zero drift mostly symmetric case
do not allow one to directly compute higher-order terms in an asymptotic expansion for
the number of walks. Carefully tracing through the error terms that appear in the analysis
shows that we can satisfy our running assumptions on ϵ and δ and take them arbitrarily
close to n−1/2, resulting in an error term of the form O(S(1)nn−γ) for any γ < 1/2.

Interestingly, there are models whose counting sequences have asymptotic series in n−1/2

instead of series in n−1 as usually occurs from ACSV arguments. To compute higher-order
contributions, it is necessary to modify the approach of Proposition 50 to account for
higher-order terms involving ϵ. Practically, one shifts the dth coordinate off the real axis
and approximates a saddle-point-like integral whose amplitude is singular at the saddle
points, which can have an asymptotic series expansion in n−1/2. We remark that when
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the amplitude of a saddle-point integral is non-singular, it still has an asymptotic series
expansion in n−1/2; the odd-degree terms in the amplitude asymptotically do not contribute,
and so half the terms in the series expansion have vanishing coefficients (and thus it appears
that it is a series in n−1. An extension of this approach is discussed in Chapter 4; we end
our discussion here with an example.

Example 54. As described in Example 45, asymptotic behaviour for the number of walks of
length n in the quadrant model defined by the step set S = {(0,1), (0,1), (−1,−1), (1,−1)}
(whose North step appears twice) is determined, up to a negligible error, by the integral

1

(2πi)2 ∫N(1,1−ϵ1)
1 + x
2x2y

⋅ 2x − y
2(1 + x2)
1 − y S(x, y)ndxdy.

Restricting the domain of integration to a neighbourhood of the origin in a precise way
allows us to take a series expansion and, up to a negligible error, approximate this integral
by

1

(2π)2 ∫M+i(0,ϵ) (4 +
is2

t
+ O((s + t)

3)
t

) e−n(s
2/4+t2/2+O((s+t)3))dsdt,

whereM is a neighbourhood of the origin in R2. The integral of the leading term here is
the same as above. However some additional work allows us to compute the second-order
term and get

1

(2π)2 ∫M2+i(0,ϵ)
(4 + is

2

t
+ O((s + t)

3)
t

) e−n(s
2/4+t2/2+O((s+t)3))dsdt

= 1

(2π)2 ∫R2+i(0,ϵ)
(4 + is

2

t
) e−n(s

2/4+t2/2)dsdt +O (4
n

n2
)

= 4n

n

⎛
⎝
2
√
2

π
+ 1√

π
n−1/2 +O(n−1)

⎞
⎠
.

Moving to three-dimensions, similar arguments show that the number of orthant walks of
length n in the mostly symmetric zero drift model with step set

S = {(±1,0,−1), (0,±1,−1), (±1,±1,1)}
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is given (up to negligible error) by

8n

(2π)3 ∫R3+i(0,0,ϵ)
(8 − is

2

u
− it

2

u
) e−n(3/8s2+3/8t2+u2/2)dsdtdu +O ( 8n

n5/2)

= 8n

n3/2
⎛
⎝
8
√
2

3π3/2 −
8

9π
√
n
+O(n−1)

⎞
⎠
.

Finally, the number of orthant walks of length n in the mostly symmetric zero drift model
with step set

S = {(±1,0,1), (0,±1,−1)}
is approximated by

4n

(2π)3 ∫R3+i(0,0,ϵ)
(8 + 2is2

u
− 2it2

u
) e−n(s2/4+t2/4+u2/2)dsdtdu +O ( 4n

n5/2) .

In this case, the fact that the terms in 2is2

u − 2it2

u are symmetric and appear with opposite
signs means that the second-order term in the asymptotic expansion drops out, giving

4n

n3/2
⎛
⎝
4
√
2

π3/2 +O(n
−1)
⎞
⎠

as the dominant asymptotic behaviour. ◁
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Chapter 4

Ongoing Work

In this chapter we present some work in progress that extends the study of non-generic
directions.

4.1 Fourier-Laplace Integrals

In Chapters 2 and 3 we saw how computing asymptotics of multivariate sequences can
often be reduced to studying multivariate Fourier-Laplace integrals

I(n) = ∫
K
A(z) exp [−nϕ(z)]dz, (4.1)

where K is a real neighbourhood of the origin, both the amplitude A and the phase
ϕ are analytic, and ϕ has positive definite Hessian and vanishing gradient at the origin.
When the relevant critical point is not generic (as in Section 3.4) we are unable to reduce
to this case, and instead must find asymptotics of singular Fourier-Laplace integrals

∫
K+iϵ

A(z)
zk

exp [−nϕ(z)]dz. (4.2)

Note that zk does not vanish on K + iϵ as the domain is moved off of real space.

We now discuss two approaches to computing asymptotics of Fourier-Laplace integrals,
before discussing applications and extensions of the methods to singular integrals of the
form (4.2) in Sections 4.2 and 4.3.
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Fourier-Laplace Integral Asymptotics via the Morse Lemma

In the classical case when the amplitude is non-singular, there is an expansion

I(n) = ∫
K
A(z) exp [−nϕ(z)] = ∑

ℓ≥0
cℓn

(−ℓ−d)/2 (4.3)

where cℓ is computable [1, Theorem 5.2, Lemma 5.16]. One way to prove this expansion
relies heavily on the Morse lemma.

Lemma 55 (Morse Lemma). If ϕ(x) has vanishing gradient and nonsingular Hessian H
at the origin then there is a bi-holomorphic change of variables x = ψ(y) around x = y = 0
such that ϕ(ψ(y)) = S(y) = ∑d

j=1 y
2
j .

The proof of Lemma 55 is inductive, writing

ϕ(x) =
d

∑
j,k=1

xjxkϕj,k(x)

for some analytic functions ϕj,k, then making the substitution

yd =
√
ϕd,d(x)

⎡⎢⎢⎢⎢⎣
xd +∑

k>1

xkϕd,k(x)
ϕd,d(x)

⎤⎥⎥⎥⎥⎦
so that

ϕ(x1,⋯, xd) = y2d + ϕ̃(x1,⋯, xd)

for an analytic function ϕ̃ whose series terms of degree 2 do not contain xd. We call this
a Morse substitution. Defining ψ as the change of variables coming from defining a
similar yj for each j then gives

I(n) = C ∫ A(ψ−1(y)) exp [−nS(y)]dy,

where C is an explicit constant. The domain of integration is no longer a real neighbour-
hood of the origin, but it is possible to show that up to some negligible error we can shift
our domain back down to a real neighbourhood of the origin. Once the phase is a sum
of squares it is easy to find asymptotics for I(n) using Fubini’s theorem to separate the
integral into a product of d univariate integrals, whose asymptotic behaviour is known.
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Fourier-Laplace Integral Asymptotics via Differentiation

An asymptotic expansion for the singular integral (4.2) has been computed1 in the d = 1
case [1, Lemma 6.4]. Let ϵ > 0 and k ∈ N. If A(x) = ∑j≥0 ajx

j and ϕ(x) = ∑j≥2 bjx
j satisfy

some mild conditions then we have the asymptotic expansion

∫
K+iϵ

A(x)
xk

exp [−nϕ(x)]dx ∼ ∫
K+iϵ

a0
yk

exp[−nb2y2]dy ∼
a0(−i)k(nb2)(k−1)/2π

Γ(k+12 )
. (4.4)

The proof of the first equivalence is a classical argument showing the asymptotic contribu-
tions from higher-order terms of the amplitude and phase are negligible. The method of
evaluating of I(n) = ∫K+iϵ 1

yk
exp[−ny2]dy is of interest to us.

Differentiating I(n) with respect to n shows that

I ′(n) = −∫
K+iϵ

1

yk−2
exp[−ny2]dy.

Each time we differentiate I we reduce the degree of the amplitude by 2, and doing this
k times yields an amplitude with a non-negative power. The asymptotics of I(k)(n) can
thus be found by appealing to Equation (4.3), and integrating the asymptotic k times gives
dominant asymptotics for I(n).

Remark that we have to be careful depending on the parity of k. Since

∫
K+iϵ

x exp [−nx2]dx ∼ 0n−1,

we manually find the asymptotics of ∫ 1
x exp [−nx2]dx to find a “base case” when k is odd.

4.2 Walks in Weyl Chambers

This section is taken from work by Greenwood, Kroitor, Melczer, and Simon extending
work by Greenwood and Simon [22]. A paper with full details is in preparation.

1The presentation of this lemma in [1] has several typos that are corrected here.
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4.2.1 Preliminaries

In the last chapter we discussed the enumeration of lattice walks restricted to the positive
orthant Nd. There are other natural regions to consider; one such class of regions is
the collection of Weyl chambers, each of which is the intersection of several half-spaces.2

There are rich results in the enumeration of lattice walks using reflectable step sets in Weyl
chambers (step sets that remain the same under reflection in any of the defining half-planes
of the Weyl chamber), see [20, 21, 17]. In particular, Feierl [18] found asymptotics for the
number of walks restricted to the Weyl chamber of An when the step set has zero-drift (zero
vector sum), and Courtiel, Melczer, Mishna, and Raschel [10] found asymptotics of walks
using the weighted Gouyou-Beauchamps step set restricted to the Weyl chamber A2

1 = R2
+.

a

a/b

1/a

b/a

Figure 4.1: The weighted Gouyou-Beauchamps step set.

While it is unsurprising that the behaviour of the counting sequences depends on weight-
ings of the steps, it is interesting that the behaviours fall into different universality classes
where subexponential behaviour is the same as long as the weights stay in a particular
region. Notably, the asymptotic behaviour changes on the boundary of two universality
classes, where asymptotics transition between two different regimes; models that lie on the
boundary are typically called transitional models. In Courtiel et al. [10], these universality
classes are found for the Gouyou-Beauchamps step set, and the asymptotic behaviour is
described for each of them. See Figure 4.2 for a visual representation.

Greenwood and Simon [22] study two similar weighted step sets3 restricted to the

2Each semisimple Lie algebra has an associated root system – a collection of real vectors (these associated
root systems are used to classify semisimple Lie algebras). There is a classification [23] of irreducible
crystallographic root systems into four infinite families An, Bn, Cn, Dn, and five sporadic cases E6, E7,
E8, F4, and G2. Given a root system we are able to define a corresponding Weyl chamber as a finite
intersection of half-planes corresponding to the roots.

3These are the two unique step sets that are invariant under the underlying Weyl group and additionally
satisfy an integrality condition (see [22, Def. 2]).
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n−5

n−3
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n−
3
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n−
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n−
3
2

n−
1
2

n0

n−
3
2

0 1

1

a

b

Figure 4.2: The universality classes for the weighted Gouyou-Beauchamps step-set [10,
Fig 2]. The sub-exponential growth for each region is given as a function of a and b.

Weyl chamber corresponding to A2. Through a change of variables this is equivalent to
finding asymptotics for the number of walks using the (weighted) Tandem step-set or
the (weighted) Double Tandem step-set that are restricted to N2. They give a similar
classification of the asymptotics according to universality class of the weights, but do not
find asymptotics in the two transitional cases a < b = 1 and b < a = 1. In the rest of this
section we sketch a method to find asymptotics of these weighted walks, completing the
asymptotic classification; see Table 4.1.

Weights Tandem Double Tandem

a < b = 1 27
8(1−a)2

√
3√
π

3n

n5/2
27

24(1−a)2
√
3√
π

6n

n5/2

b < a = 1 27
8(1−b)2

√
3√
π

3n

n5/2
27

24(1−b)2
√
3√
π

6n

n5/2

Table 4.1: Transitional asymptotics for the Tandem and Double Tandem model.
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n−4

n−
5
2

n−
5
2

n−
3
2

n−
3
2

n−
3
2

n−
1
2

n0n−
1
2

0 1

1

a

b

Figure 4.3: The universality classes for the weighted Tandem and Double Tandem step-
sets. The sub-exponential growth is the same for the Tandem and Double Tandem models.
The n−5/2 growths are the two cases a < b = 1 and b < a = 1 for which asymptotics are
conjectured but not shown by Greenwood and Simon [22].

ab/a

1/b

b

1/a a/b

Change of

Variables

a

b/a

1/b

b

1/a
a/b

Figure 4.4: The Tandem step set, along with a shaded copy of A2. Including the dashed
arrows gives the Double Tandem step set.
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4.2.2 Comparison to Previous Work

Using the reflection principle [20], Greenwood and Simon show that the counting sequence
corresponding to restricted walks using the Tandem step-set is the main diagonal of the
generating function

(b2x − ay2)(bx2 − a2y)(xy − ab)
a2b2xy(x − 1)(y − 1)(ab − t(a2by + b2x2 + axy2)) , (4.5)

and that the counting sequence corresponding to restricted walks using the Double Tandem
step-set is the main diagonal of the generating function

(b2x − ay2)(bx2 − a2y)(xy − ab)
a2b2xy(x − 1)(y − 1)(ab − t(a2by + bx2yb2x2 + a2y2 + axy2 + ab2x)) .

In either case, one can compute that there is one minimal critical point that gives
dominant asymptotics. In the open cases where a < b = 1 or b < a = 1, this critical point
is a point where two factors in the denominator vanish. Moreover, this critical point is
non-generic (of codimension 1) in both cases, and we are only able to take a single residue,
even though the point lies on the vanishing set of two denominator factors.4 Once we take
a residue in t we are left with the task of finding asymptotics of an integral of the form

∫
K+i(ϵ,0)

A(x, y)
x

exp [−nϕ(x, y)]dxdy,

where A is analytic and K is a neighbourhood of the origin in R2. This is similar to the
situation in the analysis of the generating function for mostly symmetric set steps found
in Chapter 3 (Proposition 50), but in that case the leading term of the numerator A(x, y)
exactly cancelled with the denominator. This made it possible, after showing that non-
leading terms were negligible, to find leading asymptotics through classical results on the
asymptotics of Fourier-Laplace integrals. In this new case the leading terms of A do not
cancel with the denominator, and we must put in effort to find asymptotics of Fourier-
Laplace integrals where the integrand blows up around the critical point being studied.

A further point of difficulty is the fact that the leading series terms of A do not con-
tribute to the dominant asymptotics, due to being odd degree (and thus giving a contribu-
tion that has a coefficient of 0). To find asymptotics we must find higher-order asymptotics
that come from both the higher-order terms of A and from the higher-order contributions
of the leading term of A.

4When a = b = 1 there are now three factors vanishing in the denominator, and a non-generic point of
codimension 1 (so we are only able to take 1 residue and are left with two terms in the denominator that
vanish) but asymptotics can be found through other means.
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4.2.3 Outline of Argument

We present an outline of the methods used to find asymptotics in this particular case. Due
to the Tandem model and the Double Tandem model having nearly identical analyses, as
well as the two cases a < b = 1 and b < a = 1 being similar (or identical in the case of the
Double Tandem model), we present only a sketch of the proof for the Tandem model when
a < b = 1.

Consider the generating function

F (x, y, t) = (x − ay2)(x2 − a2y)(xy − a)
a2xy(x − 1)(y − 1)(a − t(a2y + x2 + axy2)) ,

that encodes restricted walks using this Tandem step-set, where 0 < a < 1. Solving the
critical point equations show that this function has three critical points,

p1 = (a,1,
1

3a
) ,

p2 = (aω1, ω2,
1

3a
ω1) ,

p3 = (aω2, ω1,
1

3a
ω2) ,

where ω = e2πi/3 is the third root of unity. All of these critical points are minimal and the
products of their coordinates have modulus 3.

Let wn be the number of restricted orthant walks of length n using the Tandem step
set. It follows that

wn =
1

(2πi)3 ∫ ∣x∣=a−ϵx
∣y∣=1−ϵy

∣t∣=(3a)−1−ϵt

(x − ay2)(x2 − a2y)(xy − a)
a2xy(x − 1)(y − 1)(a − t(a2y + x2 + axy2))

dxdydt

xn+1yn+1tn+1
(4.6)

for sufficiently small ϵx, ϵy, ϵt > 0. Since the integrand does not blow up when a−ϵx ≤ ∣x∣ ≤ a,
we may write

wn =
1

(2πi)3 ∫ ∣x∣=a
∣y∣=1−ϵy

∣t∣=(3a)−1−ϵt

(x − ay2)(x2 − a2y)(xy − a)
a2xy(x − 1)(y − 1)(a − t(a2y + x2 + axy2))

dxdydt

xn+1yn+1tn+1
. (4.7)

This integral can be localized to domains of integration near the three critical points.
Near the points with non-real coordinates, all three factors in the numerator vanish but
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only one factor of the denominator vanishes. The theory of smooth ACSV thus implies
that the contributions of these points is O(n−33n), so

wn =
1

(2πi)3 ∫ (x,y)∈Mδ

∣t∣=(3a)−1−ϵt

(x − ay2)(x2 − a2y)(xy − a)
a2xy(x − 1)(y − 1)(a − t(a2y + x2 + axy2))

dxdydt

xn+1yn+1tn+1
+O (n−33n)

where
Mδ = {(aeiθ1 , (1 − ϵy)eiθ2) ∶ θ1, θ2 ∈ (−δ, δ)} .

Taking a residue at

t = a

a2y + x2 + axy2
then shows that

wn = −
1

(2πi)2 ∫Mδ

(x − ay2)(x2 − a2y)(xy − a)
a3x2y2(x − 1)(y − 1) ((a

2y + x2 + axy2)
axy

)
n

dxdy +O (n−33n)

= − 1

(2πi)2 ∫Mδ

(x − ay2)(x2 − a2y)(xy − a)
a3x2y2(x − 1)(y − 1) exp

⎡⎢⎢⎢⎣
n ln((a

2y + x2 + axy2)
axy

)
⎤⎥⎥⎥⎦
dxdy +O (n−33n) .

Making a change of variables dividing x by a gives

wn = −
1

(2πi)2 ∫Nδ

A(x, y)
xy(y − 1) exp [−nϕ(x, y)]dxdy +O (n

−33n) ,

where

A(x, y) = (x − y
2)(x2 − y)(xy − 1)
xy(ax − 1) ,

ϕ(x, y) = − ln(y + x
2 + xy2
xy

) ,

and
Nδ = {(eiθ1 , (1 − ϵy)eiθ2) ∶ θ1, θ2 ∈ (−δ, δ)}.

Making another change of variables x = eiθx and y = (1 − ϵy)eiθy then yields

wn = −
1

(2π)2 ∫x,y∈(−δ,δ)
A (eiθx , (1 − ϵy)eiθy)
(1 − ϵy)eiθy − 1

exp [−nϕ (eiθx , (1 − ϵy)eiθy)]dθxdθy +O (n−33n) .
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We can perform a (modified) Morse substitution ψ, which in this situation takes the form

s =
√
3

3
θx −
√
3

6
θy −
√
3

12
iθxθy +

√
3

24
iθ2y +O((θx + θy)3),

t = −1
2
θy −

1

24
iθ2y +O((θx + θy)3).

Applying this change of variables, it remains to be shown that we are able to shift the
domain of integration back onto the real axis in a suitable way. Assuming that this is
possible yields

wn = −
3n

(2π)2
2
√
3

1 ∫ s∈(−δ,δ)
t∈(−δ,δ)+iϵ

Ã(s, t)
B(s, t) exp [−n(s

2 + t2)]dsdt +O (n−33n) ,

where

Ã(s, t) = −6i
√
3(s3 − 3st2)
(a − 1) + 3(−6s4 +

√
3(9 − 7a)s3t + 18s2t2 +

√
3(13a − 19)st3)

(a − 1)2 +⋯

B(s, t) = t(−2i − 5

3
t + 7i

36
s2 + 38i

36
t2 +⋯) ,

so that
1

B(s, t) =
i
2 − 5

12t + 7i
144s

2 − 4
48t

2 +⋯
t

,

and thus

Ã(s, t)
B(s, t) =

1

t

⎛
⎝
3
√
3s3 − 9

√
3st2

a − 1 + 9s4 +
√
3(8a − 11)s3t − 27s2t2 − 3

√
3(4a − 7)st3

i(a − 1)2 +⋯
⎞
⎠
.

The lowest order term in this expansion that does not vanish when integrated is

9

i(a − 1)2 ⋅
s4

t
,

implying that

wn =
3n

4π2

2
√
3

−i
9

(a − 1)2 ∫ s∈(−δ,δ)
t∈(−δ,δ)+iϵ

s4

t
exp [−n(s2 + t2)]dsdt +O (n−33n)

= 3n

4π2

2
√
3

−i
9

(a − 1)2 (∫s∈(−δ,δ) s
4 exp [−ns2]ds)(∫

t∈(−δ,δ)+iϵ

1

t
exp [−nt2]dt) +O (n−33n)

= 27

8(a − 1)2

√
3√
π
3nn−5/2 +O (n−33n) .
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The evaluation of ∫ s4 exp [−ns2]ds is known, as it is the fourth moment of the Gaussian
distribution, while the evaluation of ∫ t−1 exp [−nt2]dt comes from Equation (4.4) above.

By applying similar arguments we find the results in Table 4.1, which agree with the
asymptotics conjectured in Greenwood and Simon [22].

4.3 Higher-Dimensional Singular Fourier-Laplace In-

tegrals

Recall from Section 4.1 the two discussed methods of evaluating Fourier-Laplace integrals,
an application of the Morse lemma and differentiating under the integral, and let

I(n) = ∫
K+iϵ

A(z)
zk

exp [−nϕ(z)]dz.

Applying the Morse lemma to I(n) is no longer feasible, as we are not able to control the
amplitude A(ψ−1(z))(ψ−1(z))−k. We may also not able to differentiate I(n) with respect
to n to remove all negative powers. For instance, consider

I(n) = ∫
1

x
exp[−n(x2 + xy + y2)]dxdy.

Differentiating with respect to n gives

I ′(n) = −∫ (x + y +
y2

x
) exp[−n(x2 + xy + y2)]dxdy

and, as we continue to differentiate, we will always have a term of the form y2k/x in the
amplitude.

In order to find general asymptotics we combine both ideas, differentiating under the
integral until we are able to perform a single substitution step of the Morse lemma. Here
we sketch the method in the special case where ϕ(z) is a sum of squares. For the remainder
of this section we assume that H is a symmetric positive definite real matrix, and define
H(z) = zTHz. Furthermore, for any integer vector p ∈ Zd we let ∣p∣ = ∑d

j=1 pj (note that
this can be negative).

Theorem 56. Let k1,⋯, kd ∈ Z. Then

I(n) = ∫
K+iϵ

zk11 ⋯z
kd
d exp[−nH(z)]dz = cn(−∣k∣−d)/2 logν n + o(n(−∣k∣−d)/2 logν n), (4.8)

where c ∈ C is computable (possibly zero) and ν ≤ d is a computable natural number.
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Proof Sketch. We use induction on the number of dimensions d. For d = 1 this follows from

∫
K+iϵ

zk exp[−naz2]dz ∼ cn(−k−1)/2 + o(n(−k−1)/2)

for some computable constant c, which is the content of Equation (4.4).

We now move to the inductive step. If kj < 0 for all 1 ≤ j ≤ d then we differentiate with
respect to n. Each time we differentiate the amplitude becomes a sum of monomials, each
of degree 2 higher than the original amplitude. Thus, differentiating enough times implies
that kj ≥ 0 for some j.

We may assume, without loss of generality, that we eventually get k1 ≥ 0, and write

H(z) = ∑
1≤a,b≤d

habzazb.

Defining the Morse substitution

y1 =
√
h11 [z1 +

h12z2
h11

+⋯ + h1dzd
h11
] ,

we calculate that

H(z1, . . . , zd) = y21 + H̃(z2, . . . , zd),

for some real symmetric positive definite matrix H̃, and

I(n) = 1√
h11
∫ R(y1, z2, . . . , zd) exp [−n(y21 + H̃(z2,⋯, zd))]dy1dz2⋯dzd

for some Laurent polynomial R. Notably, we are able to break up the resulting integral
to take out all the terms with y1. This reduces the dimension of the integral we need to
consider by 1. By tracking when we take derivatives, we can calculate the final asymptotics
– the log factors come from integrating n−1.

It is not so straightforward to go from purely quadratic phase to a general phase ϕ(z).
Trying to use the same technique for general phase falls apart when we try to apply a
Morse transformation

ϕ(z1,⋯, zd) → y21 + ϕ̃(z1,⋯, zd).
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In the case that ϕ is purely quadratic then ϕ̃ is in fact a function of only z2,⋯, zd, and so
we may split apart the integral to reduce the number of variables. For general ϕ this does
not happen.

For our purposes this may seem quite constricting, as the phases of Fourier-Laplace
integrals showing up in ACSV are almost never purely quadratic. However the dominant
asymptotics of a (non-singular) Fourier-Laplace integral depends only on the terms of
lowest order in both the amplitude and the phase. It is reasonable to expect that, with
some extra analytic bounding arguments, one can write

I(n) = ∫
K+iϵ

zk exp [−nϕ(z)]dz

∼ ∫
K+iϵ

zk exp [−nH(z)]dz

= cn(−∣k∣−d)/2 logν n + o(n(−∣k∣−d)/2 logν n).

Once again we emphasize that the coefficient c, while computable, can be 0 (as in Sec-
tion 4.2). In this case it is necessary to compute higher-order terms to find dominant
asymptotics.

Example 57. Consider

I(n) = ∫
K+i(ϵ,ϵ)

1

x2y2
exp [−n (x2 + xy + y2)]dxdy.

Since x and y have negative powers, we differentiate twice with respect to n to get

I ′′(n) = ∫
K+i(ϵ,ϵ)

(x
2

y2
+ y

2

x2
+ 2x

y
+ 2y

x
+ 3) exp [−n (x2 + xy + y2)]dxdy.

Applying the appropriate substitution s = x + 1/2y or t = y + 1/2x, depending on the term,
we find that

I ′′(n) ∼ −1
4

π

n
√
3
− 1

4

π

n
√
3
− 2 π

n
√
3
− 2 π

n
√
3
+ 6 π

n
√
3
=
√
3

2

π

n
.

Integrating implies that

I(n) ∼
√
3

2
πn logn,

and we note that (−(2 + 2) − d)/2 = (4 − 2)/2 = 1. ◁

64



4.3.1 Computing ν

It is somewhat dissatisfying to determine the log power ν in Theorem 56 by manually
tracking where we pick up log factors. We now describe a streamlined procedure to compute
ν when k ∈ Nd.

First, we note that making the Morse substitution of H(z) with respect to the variable
zk gives H(z) = y2k + zk̂HkzTk̂ , where Hk is the matrix with entries

Hk(i, j) = hij −
hkihkj
hkk

with its kth row and kth column removed, and zk̂ = [z1 ⋯ zk−1 zk+1 ⋯ zd].

Definition 58. We say that the matrix H admits the step −ei−ej if the entry H(i, j) ≠ 0.
Any step that is admitted by H is H-admissible.

Definition 59. We say that the matrix H admits with respect to k the Morse step
+ek − ej if H(k, j) ≠ 0. The set of all Morse steps that H admits with respect to k is called
the set of H-admissible Morse steps with respect to k.

Each admissible step corresponds to a monomial that will be pulled into the amplitude
when differentiating, and each admissible Morse step with respect to k corresponds to a
term that will appear in the amplitude when making a Morse substitution with respect to
zk.

Now, fix an integer vector k ∈ Nd and a symmetric matrix H ∈Md×d. We walk according
to the following procedure.

1. Starting at k, take H-admissible steps until some coordinate is non-positive. Denote
this path P, and let u = k + P be the ending coordinate of this walk. If, during
this walking process, we land on the plane defined by ∣z∣ = d − 2 then set ℓdH(P) = 1,
otherwise we let ℓdH(P) = 0.

2. Once there is a coordinate uj of u such that uj ≤ 0, take −uj H-admissible Morse
steps with respect to j to continue the path P, noting that this ensures that we are
now on the plane V consisting of integer points that have j-th coordinate 0. Let
v = k + P be the result at the end of these −uj Morse steps.

3. Continue walking from stage 1 with dimension one lower, our symmetric matrix H
now being Hj, and constrained to the plane V . If V is one dimensional, stop the
process.
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In stage 1, each H-admissible step corresponds to some term in the phase, and taking
an H-admissible step corresponds to differentiating and choosing a term pulled out from
the phase. Each H-admissible Morse step in stage 2 corresponds to some term that appears
when we make a Morse substitution with respect to a variable with positive degree, and
taking a step corresponds to picking one such term. We take −uj ≥ 0 steps since it is the
exponent of zj, the variable that we are performing the substitution in. Finally, when
we arrive on the plane V after performing H-Morse steps, this corresponds to having an
integral that can be separated. Pulling it out yields a similar walk in one fewer dimension.

Since we are always able to reduce the dimension of the plane that we are on by 1 with
enough steps, this is guaranteed to give a walk P from k to the origin. We call such a walk
admissible with respect to H and let

ℓH(P) = ℓdH(P) + ℓd−1H (P) +⋯ + ℓ1H(P) ≤ d.

Then, in Equation (4.8),

ν =max
P

ℓH(p)

where the maximum is being taken over all walks from −k to 0 that are admissible with
respect to H. Each different admissible path corresponds to a term found in the evaluation
of I(n), and ℓH(P) corresponds to the number of times we take a derivative and have a
polynomial growth of n−1, giving an extra factor of log when we integrate back up.

We illustrate this with an example.

Example 60. Consider

I(n) = ∫
1

x2y2
exp [−n(x2 + xy + y2)]dxdy.

One can calculate that

H = [ 1 1/2
1/2 1

]

H1 =H2 = [3/4] ,

so the H-admissible steps are {(−2,0), (−1,−1), (0,−2)}, because each element of H is non-
zero, and both the H1 and the H2 admissible steps are {(−2)}. The only H-admissible
Morse step with respect to 1 is {(1,−1)} and the onlyH-admissible Morse step with respect
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to 2 is {(−1,1)}. Here −k = (2,2). The list of all admissible walks is:

P1 ∶ (2,2) → (0,2) ↪ (2),
P2 ∶ (2,2) → (2,0) ↪ (2),
P3 ∶ (2,2) → (1,1) → (−1,1) ⇢ (0,0) ↪ (0),
P4 ∶ (2,2) → (1,1) → (1,−1) ⇢ (0,0) ↪ (0),
P5 ∶ (2,2) → (1,1) → (0,0) ↪ (0).

Here → indicates a normal step, ⇢ indicates a Morse step, and ↪ indicates embedding to
a plane. The underlined tuples are those that are stepped towards by a normal step (and
not a Morse step) that satisfy ∣z∣ = d − 2. We can see that

ν =max
P

ℓH(P) = 1.

Indeed, we found in Example 57 that the actual asymptotics are
√
3
2 πn logn. ◁

4.4 Conclusion

Given a multivariate power series and a direction vector, ACSV gives a powerful framework
to find asymptotics of the corresponding sequence by showing that calculating asymptotics
is equivalent to finding asymptotics of a Fourier-Laplace type integral. The asymptotics
of such Fourier-Laplace integrals are known in many nice cases, but are not known in
full generality when the direction vector picked is non-generic. When this is the case
the amplitude of the Fourier-Laplace integral is singular, and finding asymptotics is more
ad-hoc.

Such non-generic directions arise in the enumeration of restricted lattice walks whose
step sets satisfy some symmetry conditions, particularly in ‘transitional’ cases. In thesis
we gave an overview of ACSV before finding asymptotics for the number of walks in an
orthant with a so-called ‘mostly symmetric zero-drift‘ step set. A similar problem – finding
transitional asymptotics for the number of lattice walks restricted to a Weyl chamber –
was discussed. Finally we outlined some generalizations for the asymptotics of singular
Fourier-Laplace integrals.
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