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Abstract

The ever-growing demand for increased network capacity and higher data rates has in-
stigated, in recent years, a shift towards harnessing millimeter-wave (MMW) and sub-
Terahertz (sub-THz) frequency bands, offering abundant and untapped spectrum resources.
Nevertheless, transmitting wideband signals at these frequencies faces formidable chal-
lenges due to significant propagation path loss and the limitations of semiconductor de-
vices. This doctoral thesis adopts a comprehensive approach to tackle these challenges by
integrating advanced modeling and analysis methodologies with the development of inno-
vative system-level architectures and leveraging advanced signal processing techniques and
algorithms.

To mitigate the significant path loss challenge inherent to MMW/sub-THz wireless
links, beamforming arrays are commonly employed, where a high count of closely spaced
antenna elements are used to achieve high effective radiated power. These arrays are
deliberately operated within their optimal operational range to maximize radiated power
while concurrently promoting environmentally sustainable communication links. Yet, the
deployment of closely spaced antenna elements brings forth new challenges e.g., antenna
mutual coupling, which precipitates a degradation in array linearity. This thesis introduces
a seminal closed-form analysis elucidating the nuanced interplay between array nonlinearity
and array beam steering. Building upon this theoretical foundation, a novel optimization
algorithm is formulated to meticulously design tapering coefficients aimed at minimizing
variation in the array nonlinearity, due to antenna mutual coupling, across a wide range
of array beam steering angles. Comprehensive numerical and experimental validation are
provided, substantiating the capacity of the proposed scheme to enhance the linearizability
of beamforming arrays when beam steering.

The thesis further addresses the challenge of implementing the transmitter observa-
tion receiver (TOR) in beamforming arrays needed for array calibration and linearization
training. Traditionally, the TOR feedback mechanisms in single-antenna systems have been
reliant on couplers situated at the output of power amplifiers (PAs). However, the integra-
tion of such couplers within MMW/sub-THz beamforming transmitters presents formidable
technical hurdles. This thesis propounds a pioneering paradigm shift, advocating for the
utilization of near-field (NF) probes intricately embedded within the array architecture
itself. Different algorithms are presented in this thesis that enable harnessing the informa-
tion received from these NF probes, enabling accurate estimation and compensation of the
array’s linear and nonlinear impairments. The proposed TOR and enabling algorithms,
facilitate in-situ calibration and/or digital-predistortion training, thereby engendering a
marked enhancement in system performance. Furthermore, the thesis proposed an active
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array calibration scheme that leverages the signals received from the NF probes to enable
simultaneous calibration of the array without resorting to element-wise sequential calibra-
tion or a far-field receiver. Extensive experimental validation on two beamforming arrays
operating at 28 GHz and 39 GHz are presented showcasing the capacity of the proposed
schemes.

The generation of wideband vector-modulated signals in the MMW/sub-THz bands
poses a formidable technical challenge, especially at frequencies where PA based transmit-
ters have limited performance. This thesis endeavors to surmount this obstacle through
the exploration of frequency multipliers (FXs), which are characterized by the capacity to
generate signals that can surpass the transistor unity-power-gain frequency ( 𝑓𝑚𝑎𝑥). The
thesis presents linearization algorithms that can mitigate the inherent nonlinearity associ-
ated with FXs thereby enabling the generation of wideband vector-modulated signals with
significantly increased bandwidths compared to existing methods. Furthermore, the thesis
delves into the scalability of these linearization algorithms for FX-based array systems,
thereby underscored by their inherent resilience to antenna mutual coupling vis-a-vis PA-
based arrays. These algorithms and findings are validated in simulation and experimentally
on different single channel FXs and FX-based arrays with different multiplication orders
and operation frequencies.

In tandem with these innovations, this thesis introduces a pioneering novel measurement
system tailored for comprehensive testing of components and systems operating at sub-THz
frequencies. Leveraging frequency extenders traditionally reserved for continuous-wave
(CW) characterization, the proposed measurement system enables components and systems
under both CW and modulated signal excitation conditions. The enabling algorithms used
by the proposed measurement system are also developed and presented. Specifically, an
iterative learning control linearization algorithm and a receiver signal stitching algorithm
that enable the linearization and capture of wideband signals using narrowband receivers,
are presented. The efficacy of the proposed measurement system and associated algorithms
are rigorously substantiated through experimental validation.

In summary, this thesis represents a seminal contribution toward mitigating hardware
limitations endemic to MMW/sub-THz radio frequency systems. By espousing a holistic
approach that seamlessly integrates advanced modeling and analysis techniques, novel
system-level architectures, and state-of-the-art signal processing techniques, this work lays
the groundwork for the development of future-proof, high-capacity, and high-data-rate
radio systems poised to thrive within these transformative frequency bands.
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Chapter 1

Introduction

1.1 Motivation

The rapid evolution of wireless radio technology has been a defining feature of recent
decades, marked by the successive deployment of new mobile communication systems, each
generation offering transformative capabilities. Initially, 1G/2G networks provided basic
tetherless speech services, setting the stage for a revolutionary shift. Within two decades,
the advent of 3G/4G technologies ushered in an era of broadband internet access, bringing
wireless data rates of up to 100 Megabits per second (Mbps) to the palm of our hands.
This remarkable leap in performance was primarily enabled by the adoption of spectrally
efficient signals and the implementation of pioneering techniques such as multiplier-input-
multiple-output (MIMO) transceivers, significantly enhancing system capacity.

The relentless demand for higher data rates driven by data-intensive applications shows
no signs of abating. While upcoming releases of 5G standards promise data rates of up to
20 Gigabits per second (Gbps), projections indicate a future landscape where peak data
rates could reach into the Terabits per second (Tbps) realm by the 2030s. Illustrating
this exponential growth, global mobile data traffic surged to an impressive 97 exabytes per
month in 2022. Projections suggest a staggering increase to 403 exabytes per month by
2029, representing a remarkable 315% rise from 2022 [1]. When factoring in fixed wireless
access (FWA), this projection escalates to an anticipated 563 exabytes per month by the
end of 2029, as depicted in Fig. 1.1. These figures underscore the urgent imperative for
network infrastructure to evolve in tandem with this escalating demand.

With the insatiable demand for data pushing current wireless networks to their limit,
millimeter-wave (MMW)/sub-Terahertz (sub-THz) frequencies (30-300 GHz) emerge as
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Figure 1.1: Global mobile network data traffic [1].

the future cornerstone for ultra-high data rates. Accessing this vast spectrum will unlock
the transmission of multi-GHz bandwidth signals and unleash the potential for spatial
multiplexing techniques through the use of advanced beamforming architectures, promising
significant capacity gains. While sub-6 GHz frequencies will retain their significance for
ubiquitous coverage, MMW spectra below 50 GHz will target Gbps wireless access for
fixed and semi-fixed applications and frequencies above 50 GHz in the sub-THz bands are
poised to revolutionize fixed links with Tbps data rates. However, while MMW and sub-
THz frequency bands hold immense promise, they also introduce unique challenges that
must be addressed to fully realize their potential.

The primary challenge in MMW and sub-THz frequency bands lies in their propagation
characteristics. Unlike lower frequencies (sub-6 GHz) that offer good signal penetration
and range, MMW and sub-THz signals suffer from increased free-space path loss, resulting
in a rapid weakening of the radiated signal as it travels through space and consequently lim-
iting coverage range. Beamforming techniques present a solution to this path loss challenge
by utilizing large antenna arrays with hundreds or even thousands of elements to focus the
signal toward specific users. However, extending the coverage range of these beamformers
requires careful consideration of the radio hardware design. One viable strategy involves
operating the radio hardware within these arrays in their efficient yet nonlinear region to
maximize radiated power and enhance the deployment economics of beamforming systems.
While this approach holds the potential to boost signal strength and reduce wasted power
dissipation, thereby improving heat management and potentially reducing the carbon foot-
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print, it also introduces complexities. The nonlinear operation introduces distortions and
unwanted signal components, ultimately leading to system performance degradation.

To address this challenge, recent research has delved into the utilization of digital-
predistortion (DPD) to improve the efficiency-linearity trade-off of MMW/sub-THz radio
hardware and hence the coverage of beamforming arrays operating at these frequencies.
While DPD techniques for sub-6 GHz systems are well-studied and typically rely on cou-
plers at the power amplifier (PA)-antenna interface to serve a transmitter observation
receiver (TOR), extending their applicability to beamforming arrays presents significant
challenges. For instance, the high level of integration required in MMW/sub-THz beam-
forming arrays, prohibits the use of couplers at the PA-antenna to serve as TORs for DPD
function training. Furthermore, the close proximity of antennas in beamforming arrays
leads to a phenomenon known as antenna mutual coupling. This occurs when the radi-
ated signals from one antenna couples to its neighboring antennas. In sub-6 GHz systems,
isolators are typically used at the PA-antenna interface to mitigate antenna mutual cou-
pling. However, due to feasibility constraints, isolators are not suitable for MMW/sub-THz
applications. The combined effect of circuit nonlinearities and antenna mutual coupling
creates unique system nonlinearities that differ fundamentally from those experienced in
sub-6 GHz systems. To address these challenges, researchers have explored DPD tech-
niques tailored for MMW/sub-THz beamforming arrays. However, these efforts have often
either employed unrealistic PA models, overlooked issues associated with implementing
the DPD TOR, or proposed computationally complex solutions validated on low antenna
count systems.

While DPD techniques can potentially compensate for the nonlinearity exhibited by
MMW/sub-THz antenna systems and improve their linearity-efficiency tradeoff, beam-
forming antenna systems also require the deployment of calibration techniques to com-
pensate for the linear errors exhibited between their different RF chains and ensure their
proper functioning (e.g., minimize user spatial interference and maximizing link capacity).
Different array calibration techniques have been discussed in the literature. These can be
classified into two categories; i) element-wise array calibration and ii) active array calibra-
tion. Using element-wise calibration, the array’s RF chains are calibrated sequentially one
antenna at a time with the remaining elements disabled. Such an approach however does
not calibrate for antenna mutual coupling, current loading, and thermal grading effects
experienced by large-count antenna systems. Conversely, using active array calibration,
the array’s RF chains are calibrated simultaneously. While active array calibration can ac-
count for current loading and thermal effects, the existing solutions in the literature yield
a sub-optimal calibration solution when the number of RF inputs to the array is less than
the number of antennas. Moreover, most of the calibration techniques rely on a receiver
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located in the far-field (FF) to acquire the feedback signal and hence are not suitable for
in-field testing. The development of in-field array calibration techniques tailored for large-
count antenna systems that can combine the benefits of passive and active calibration is
extremely desirable and is an active area of research with interest from both academia and
industry.

Another challenge MMW/sub-THz wireless radio systems arises when operating at car-
rier frequencies approaching the transistor’s unity-power-gain frequency ( 𝑓𝑚𝑎𝑥). At these
frequencies, signal generation and achievable amplification using conventional PA-based
beamforming arrays become limited. This is exacerbated by the low performance of semi-
conductor devices and passive structure yielding low power efficiency and low output power
at the transmitters. Hence, the viable deployment of commercial high-frequency radio hard-
ware operating close to the transistor’s 𝑓𝑚𝑎𝑥 necessitates the rethinking of the conventional
transceiver architectures. To that end, frequency multiplier (FX) -based architectures have
been recently identified as a promising solution as they allow for a frequency of operation
that approaches the transistor’s 𝑓𝑚𝑎𝑥 and reduce the design complexity of the circuitry
that precede them as the latter are operated at a lower frequency. These architectures,
however, are inherently nonlinear and hence require the use of spectrally non-efficient con-
stant envelope signals or the deployment of linearization techniques. Nevertheless, existing
linearization techniques discussed in the literature have only been demonstrated on nar-
rowband signals. To accommodate the high data rates envisioned for these high-frequency
systems, developing effective linearization techniques capable of mitigating nonlinearities
in FX-based transmitters driven with wideband modulated signals is crucial.

1.2 Thesis Objectives

Building upon the identified challenges, this thesis aims to contribute to the advancement
of high-performance MMW/sub-THz radio systems through the following objectives:

1. Modeling Nonlinear Effects in MMW/sub-THz Beamforming Arrays [Publications
I, II]: Develop a comprehensive modeling framework that captures the impact of antenna
mutual coupling and other nonidealities on the nonlinear behavior of RF beamforming
arrays.

2. Mitigating the Impact of Mutual Coupling on MMW/sub-THz Beamforming Ar-
rays Nonlinear Behavior During Beam Steering [Publications I]: Design a novel signal
processing algorithm specifically tailored for MMW/sub-THz beamforming arrays to miti-
gate the detrimental effects of antenna mutual coupling on system nonlinearities and thus
enhance the DPD linearization performance across a wide range of steering angles.
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3. Overcoming TOR Feedback Challenges in MMW/sub-THz Beamforming Arrays
[Publications III, IV]: Develop a novel near-field(NF) -based TOR and associated en-
abling algorithms for array calibration and DPD training that overcomes limitations associ-
ated with traditional FF feedback acquisition methods, enabling practical implementation
in real-world scenarios.

4. Developing Linearization Algorithms for FXs driven with Wideband Modulated
Signals [Publications V, VI]: Design computationally efficient DPD techniques capable
of linearizing high-order FXs driven by wideband modulated signals and minimizing the
bandwidth complexity requirements of both the transmitter and the TOR in these systems.

5. Characterization of High-Frequency Components/Systems [Publications VII]:
Design a measurement system and associated signal processing algorithms specifically tai-
lored for characterizing high-frequency components and systems driven by wideband mod-
ulated signals using vector network analyzer (VNA) frequency extenders traditionally only
used of continuous-wave (CW) measurements.

1.3 Thesis Contributions and Organization

The articles within this thesis are organized as follows:

Chapter 3 presents the contributions from [Publications I, II]. It starts with a theo-
retical analysis and modeling approach to investigate the intricate interplay among array
nonlinearity, antenna mutual coupling, and steering angles [Publications I, II]. This
analysis yields a closed-form equation encapsulating these relationships [Publications I].
Subsequently, an optimization algorithm is developed to synthesize tapering coefficients
to mitigate the array’s nonlinear behavior dependency on beam-steering, particularly in
the presence of antenna mutual coupling [Publications I]. These findings are validated
through simulations and experiments conducted on a 64-element PA-based RF beamform-
ing array. Additionally, a circuit-inspired analysis explores the impact of antenna mutual
coupling on FXs nonlinearity [Publications II]. This investigation reveals that FX-based
arrays exhibit greater resilience to antenna mutual coupling compared to PA-based ar-
rays, with validation provided through simulation and experimental results obtained from
a four-element FX-based beamforming array.

Chapter 4 delves into the contributions outlined in [Publications III, IV]. It intro-
duces the concept of using NF-based TORs for array calibration and linearization. First,
the chapter introduces a NF-based DPD formulation under the assumption of flat fre-
quency coupling between the antenna elements and NF probes [Publications III]. This
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includes the development of a NF to FF transformation, NF channel identification, and
DPD function training. Experimental validations illustrate the efficacy of the proposed
NF-based DPD in linearizing a 16-element 28 GHz RF beamforming array. Subsequently,
the chapter introduces active array calibration and linearization algorithms tailored to ad-
dress phase-dependent beamforming errors and nonlinearity in beamforming arrays using
NF-based TORs, particularly in the presence of frequency-selective coupling between the
NF probes and the radiating antenna elements [Publications IV]. Experimental valida-
tions of these algorithms are conducted on a 16-element RF beamforming array operating
at 39 GHz.

Chapter 5 focuses on the contributions from [Publications V, VI, VII]. It begins with
a DPD formulation aimed at linearizing FXs under limited transmitter and TOR band-
widths [Publications V]. Experimental validations demonstrate improved linearization
performance under these constraints. Subsequently, a novel DPD formulation is introduced
to mitigate deviations of multipliers from an ideal power function, showcasing resilience
to calibration inaccuracies in the transmitter chain and suitability for linearizing high
multiplication order FXs [Publications VI]. Experimental results exhibit significant im-
provements in linearization performance compared to state-of-the-art techniques, validated
across various multiplication orders ranging from 2 to 8 and output frequencies ranging from
14 GHz to 62 GHz. Finally, a measurement system for high-frequency component/system
characterization is presented, leveraging VNAs frequency extenders for modulated signal
testing [Publications VI]. An iterative learning control (ILC) and a receiver stitching
algorithms are proposed that are leveraged to linearize FXs within these frequency ex-
tenders, with experimental validation conducted using an OML VNA frequency extender
operating at 58 GHz and on a custom-designed frequency doubler operating at 120 GHz.
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Chapter 2

Background and Literature Review

In this chapter, a comprehensive exploration of the foundational concepts and contem-
porary research surrounding beamforming arrays in wireless radio systems is presented.
Beamforming arrays stand as pivotal technologies for bolstering signal transmission and
reception efficiency, particularly within the challenging MMW/sub-THz frequency bands,
where heightened free-space propagation path loss poses significant obstacles. To culti-
vate a profound understanding of beamforming arrays and their practical ramifications, we
delve into the fundamental principles underpinning various transmitter and beamforming
architectures tailored for high-frequency signal generation and transmission, encompassing
both PA and FX based beamformers. Our inquiry extends to scrutinizing the formidable
challenges engendered by nonlinear behavior within these systems, along with the multi-
faceted strategies deployed to mitigate such challenges, including the application of DPD
techniques. Furthermore, we undertake an in-depth examination of antenna mutual cou-
pling, an omnipresent phenomenon within array configurations that exerts a substantial
impact on system performance. Through an exhaustive review of pertinent literature, our
objective is to lay a robust groundwork for our research endeavors while identifying pivotal
areas for further investigation. This chapter serves as an essential gateway to unraveling
the intricacies and subtleties inherent in beamforming arrays, thereby priming the stage
for the subsequent exploration of our contributions and insights within this domain.

2.1 Single Channel Transmitter Architectures

In this section, we delve into different transmitter architectures discussed in the literature
tailored for MMW and sub-THz signal generation and transmission.
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Figure 2.1: (a) Last stage PA-based transmitter, (b) harmonic mixer-based transmitter
architecture, (b) FX-based transmitter architecture.

2.1.1 Overview

The intricate task of transmitter design necessitates the seamless integration of multiple
components working harmoniously to meet application-specific requirements, encompass-
ing linearity, output power, signal integrity, and various key performance indicators (KPI).
Broadly speaking, a transmitter can be conceptualized through three primary building
blocks: the data converter, the frequency converter block, and the signal amplification
block. As operational frequencies increase and demands for wider signal bandwidths grow,
the design of these building blocks becomes progressively challenging, often demanding
innovation at both the component and system levels. Additionally, at high frequencies,
critical system considerations come to the forefront. Factors such as transmitter chain
noise figure, local oscillator (LO) phase noise, and modulation schemes, with their inter-
dependencies, require careful attention. To address these complexities, diverse transmit-
ter architectures have emerged in the literature, each offering distinct advantages, facing
unique challenges, and addressing different applications. Fig. 2.1 illustrates three exem-
plary transmitter architectures reported in the literature.

In this thesis, particular emphasis is placed on the last-stage PA-based and FX-based
transmitter architectures depicted in Fig.2.1 (a) and 2.1 (c) respectively. Nevertheless,
before proceeding, it is imperative to briefly discuss the harmonic mixer-based transmitter
architecture shown in Fig.2.1 (b). This architecture employs a heterodyne or homodyne
fundamental mixer-based upconverter to translate the baseband signal to an intermediate
frequency (IF). Subsequently, the output of the fundamental mixer undergoes processing
through filters and signal amplification blocks before being fed to a harmonic mixer to
yield modulated signals at the desired high frequency. This approach allows the frequency
ceiling of the generated modulated signals to closely approach the transistor’s 𝑓𝑚𝑎𝑥. This
configuration has been implemented in seminal works such as [8] and [9], showcasing the
generation of digitally modulated signals with carrier frequencies extending up to 300 GHz
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and achieving a data rate of 105 Gbps. While this technique holds promise, literature
recognizes intrinsic challenges in its design. Notable issues include severely limited output
power and a pronounced presence of unwanted spurious frequencies near the desired fre-
quency due to the harmonic mixing process. Addressing such challenges would necessitate
high-order analog filters to suppress these spurious products which would yield high losses.
Moreover, the architecture’s susceptibility to the mixer’s nonlinearity presents an addi-
tional hurdle, requiring careful compensation to avoid degraded signal quality that may
fall short of meeting regulatory requirements. We next provide an overview of PA-based
and FX-based transmitter architectures.

2.1.2 Power Amplifier Based Transmitter Architecture

Last-stage PA-based transmitters (see Fig.2.1(a)) have gained widespread adoption for
generating radio frequency (RF) signals with exceptional signal integrity. This architecture
typically incorporates a heterodyne or homodyne fundamental mixer-based upconverter to
generate the RF signal. The signal is then amplified using a cascade of driver amplifiers and
PAs before being radiated by the antenna. In this configuration, components following the
mixer, including filters, driver amplifiers, and PAs, operate at RF frequencies. To minimize
the design complexity associated with implementing a high-frequency LO source, FXs are
commonly integrated into this architecture. FXs help generate a high-frequency LO from
a low-noise, low-frequency high-performance LO source, which is then employed to drive
the mixer LO port.

While last-stage PA-based signal sources/transitters are highly effective in generating
RF signals tailored to meet the system’s KPIs in terms of output power and efficiency,
their operational frequency is constrained by the transistor 𝑓𝑚𝑎𝑥 [10,11]. Consequently, at
MMW and sub-THz frequencies, unless sophisticated and expensive transistor technologies
are adopted, the use of this architecture becomes less suitable. For example, attempts have
been made to implement last-stage PA-based architectures at frequencies above 100 GHz.
However, the reported performance in terms of power, efficiency, linearity, and bandwidth
were limited. This restricted most reported results to modest signal modulation schemes
with constant or minimally varying envelope profiles [10–20]. Furthermore, the signal qual-
ity produced is limited by the LO source phase noise, the FX’s multiplication order, and
the linearity characteristics of the PA, which is typically operated nonlinearly to maximize
output power and enhance system efficiency. These limitations have prompted the devel-
opment of alternative transmitter architectures in the literature, particularly for systems
that need to operate at frequencies above 100 GHz.
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Figure 2.2: Block diagram of a single-transistor PA.

Basic Principle

Unlike driver amplifiers, which prioritize gain and linearity, PAs are typically the final stage
in a transmitter and are designed for efficiency. Fig. 2.2 shows a simplified block diagram
of a single-transistor PA. To determine optimal biasing voltages, various system KPIs such
as gain, efficiency, and linearity need to be considered.

PAs can be biased in different classes of operation, which are determined based on
the conduction angle, representing the portion of the RF signal cycle during which the
transistor conducts current. Class A and Class B (push-pull) PAs are considered linear
classes of operation, i.e., the fundamental output power is linearly proportional to the PA
input power. In Class A, the transistor is biased to be ”ON” throughout the entire input
signal cycle, resulting in a theoretical peak efficiency of 50% and a 360◦ conduction angle.
Conversely, Class B PAs bias the transistor to conduct for only half the input signal cycle
(ideally 180◦ conduction angle), achieving a theoretical peak efficiency of approximately
78%. A smaller conduction angle generally leads to higher PA efficiency but comes at the
cost of lower gain and increased nonlinearity due to signal clipping when the transistor
is not conducting. Class AB and class C are nonlinear classes of operation and have
conduction angles between 360◦ and 180◦ for class AB PAs and lower than 180◦ for class
C PAs. Note, class AB PAs are linear is back-off while class C PAs are nonlinear across
the entire range of input powers.

Once the gain-efficiency trade-off is determined, and the biasing is selected, the input
matching network (IMN) and output matching network (OMN) for the transistor can be
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designed. The OMN is designed to show a load impedance at the transistor drain theo-
retically chosen based on the load line to maximize the power transferred to the load. In
practice, a process called load-pull is used to sweep the load impedance seen by the transis-
tor in simulation to find the optimal load for maximum efficiency and output power while
accounting for transistor parasitics. On the other hand, the IMN is typically designed for a
conjugate match to maximize power transfer from the driver stage to the PA. A significant
drawback of Class A, B, AB, and C operating modes is that their efficiency typically drops
at lower input power levels. This is particularly problematic for communication signals
with a high peak-to-average power ratio (PAPR). If the PA is operated such that the input
signal’s peak aligns with the PA’s peak efficiency, the average efficiency of the PA (which
is experienced by the average power of the signal) will be significantly lower.

At its core PAs transform direct current (DC) power into RF power. The efficacy of
this power conversion mechanism can be quantified using the drain efficiency (DE) metric,
defined as,

𝜂𝐷 =
𝑃𝑜𝑢𝑡

𝑃𝐷𝐶
, (2.1)

where 𝑃𝑜𝑢𝑡 is the output power at the fundamental frequency and 𝑃𝐷𝐶 is the DC power.
In order to quantify the efficiency of a PA at amplifying an input RF signal with power
𝑃𝑖𝑛, the power added efficiency (PAE) is commonly used and is defined as follows,

𝜂𝑃𝐴𝐸 =
(𝑃𝑜𝑢𝑡 − 𝑃𝑖𝑛)

𝑃𝐷𝐶

= 𝜂𝐷 (1 −
1

𝐺
),

where 𝐺 is the PA power gain.

Distortion in RF Power Amplifiers

An ideal linear amplifier is assumed to have an input power independent gain, 𝐺, defined
as,

𝐺 =
𝑃𝑜𝑢𝑡

𝑃𝑖𝑛
, (2.2)

While this equation holds true for small signal operation (i.e., within the linear region),
it’s not achievable for PAs when the input power is varied over a wide range. When the
PA is operated outside the linear region (nonlinearly), its gain becomes a function of the
input power. Furthermore, when the input power is increased beyond a certain point,
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Figure 2.3: Gain distortion (Left) and AM-PM (Right) of a non-ideal PA exhibiting non-
linear behavior.

the PA output power no longer increases proportionally, and this is commonly referred to
as the saturation region. For most PA designs, the nonlinear behavior can be mitigated
by operating the PA in the back-off region where the gain is more power-independent.
However, this approach comes at the expense of degraded DE/PAE and reduced output
power. System designers must carefully consider this trade-off when selecting the operating
point and back-levels the PA is to be operated based on the application needs. While
back-off is a common technique, DPD is another approach to manage nonlinearities and is
discussed in a subsequent section.

The PA nonlinearities significantly impact signal fidelity. These nonlinearities can be
classified into static (memoryless) and dynamic (memory-based) categories. Static nonlin-
earities, caused by factors like transistor characteristics and clipping, are independent of
the input signal’s history. They can be modeled with simple polynomials, as follows,

𝑦(𝑡) = 𝛼0 + 𝛼1𝑥(𝑡) + 𝛼2𝑥2(𝑡) + 𝛼3𝑥3(𝑡) + ..., (2.3)

where 𝑥(𝑡) and 𝑦(𝑡) are the PA input and output signals respectively and 𝛼𝑘 are the poly-
nomial coefficents. Dynamic nonlinearities, on the other hand, depend on the past values
of the input signal. These can be further divided into short-term and long-term memory
effects. Short-term memory effects, influenced by the immediate past values of the signal,
arise from factors such as the PA IMN and OMN non-flat frequency responses and the
transistor’s parasitics. Long-term memory effects, impacted by a longer time constant of
the signal past values, can be caused by the transistor trapping effects [21]. Modeling
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Figure 2.4: PSD (Left) and constellation (Right) of a non-ideal PA exhibiting nonlinear
behavior.

dynamic nonlinearities requires more complex approaches like augmented Weiner or Ham-
merstein models that account for memory [22, 23]. Both static and dynamic distortions
contribute to spectral regrowth, intermodulation distortion, and adjacent channel inter-
ference, all of which degrade PA performance. Understanding the type of nonlinearity
present (static vs. dynamic, short-term vs. long-term) is crucial for selecting appropriate
mitigation techniques.

Gain or amplitude-to-amplitude (AM-AM) and amplitude-to-phase (AM-PM) distor-
tion plots are visual tools used to quantify the PA’s nonlinear behavior. In the gain
distortion plot, the PA’s power gain is plotted versus the input power. For PAs that ex-
hibit nonlinear behavior, the gain distortion curve shows a gain drop as the input power
increases. Similarly, in the AM-PM plot, the phase response of the power gain is plotted
versus input power. The AM-PM plot illustrates the power-dependent phase distortion
created by the PA. An example of the gain and phase distortion curves of a nonlinear PA
driven by modulated signals is shown in Fig. 2.3. The scattering behavior shown in the
gain and AM-PM plots in Fig. 2.3 (Red) showcase the memory in the system which may
be due to linear or nonlinear behavior in the PA. If the PA is memoryless, the gain and
AM-PM plots in Fig. 2.3 would not experience this scattering behavior and would yield
the curves shown black. Additionally, these nonlinearities lead to out-of-band spectral
regrowth, expanding the occupied spectrum and potentially interfering with neighboring
channels as shown in power spectral density (PSD) plot in Fig. 2.4 (Left). The nonlinearity
also degrades the error vector magnitude (EVM), a metric for signal constellation quality
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in communication systems (see Fig. 2.4 (Right)). Minimizing these detrimental effects
through proper PA design, bias optimization, and pre-distortion techniques is essential for
achieving high-fidelity signal amplification and maximizing the outputted power.

2.1.3 Frequency Multiplier Based Transmitter Architecture

An alternative architecture to PA-based transmitters, which exhibit limited performance
at operating frequencies approaching the transistor 𝑓𝑚𝑎𝑥, are FX-based transmitters, as
depicted in Fig.2.1(c) where FXs are inserted as last stage before the antenna. These
have recently garnered attention for signal generation and transmission tailored for high
frequencies. FX-based transmitters not only enable operation at frequencies surpassing
the transistor’s 𝑓𝑚𝑎𝑥 but also relaxes the design constraints on components preceding the
FX, which now operate at IF with enhanced performance. In radar applications, for in-
stance, FX-based transmitters are commonly adopted to up-convert frequency-modulated
continuous-wave (FMCW) signals to the desired radar operational frequency. While this
architecture holds considerable advantages, its predominant application has been confined
to scenarios where generated signals exhibit constant envelope characteristics, coupled with
low spectral efficiency. This limitation stems from the intrinsic nonlinearity of FXs result-
ing in varying power gains depending on the instantaneous signal envelope input power.
Consequently, when applying this approach to generate signals with varying envelopes, such
as orthogonal frequency division multiplexing (OFDM) signals, the produced signal suffers
from significant nonlinear distortions that cannot be corrected using linear equalizers at
the receiver.

To overcome this challenge, pioneering research in [24] and [25] introduced the con-
cept of outphasing FX-based transmitters. In this approach, the non-constant envelope
modulated input signal is divided into two constant envelope signals, subsequently fed to
two multipliers, with their outputs combined to reconstruct the desired modulated signal.
While this method successfully facilitates the generation of OFDM signals using FX-based
transmitters, the inherent bandwidth expansion introduced by outphasing brings forth in-
tricate challenges. These complexities complicate the design of the constituent components
of the transmitter and heighten sensitivity to imbalances among different branches, ren-
dering this approach challenging for the generation of wideband, high-quality modulated
signals, and thus limiting its adoption to communication systems in the literature. We now
proceed to discuss the basic principle behind FXs design and will then investigate their
nonlinear characteristics.
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Figure 2.5: Block diagram of a transistor-based frequency doubler.

Basic Principle

FXs at their core are nonlinear devices that enable frequency translation of an input CW
signal to a higher frequency proportional to 𝐷× the input signal frequency and where
𝐷 is the multiplier multiplication order. Contrary to mixers, that also allow frequency
translation operation by multiplying an input signal centered at 𝑓𝐼𝐹 with a CW LO signal
with frequency 𝑓𝐿𝑂 , resulting in an output frequency at 𝑓𝐼𝐹 + 𝑓𝐿𝑂 , FXs on the other hand
performer a power operation on the input signal resulting in an output frequency centered
𝐷 × 𝑓𝐼𝐹 and does not require an LO signal. FXs can be classified into two categories: pas-
sive and active. Passive FXs are typically implemented using diodes [26] [27]. They can
achieve good fundamental suppression and wide RF bandwidth but suffer from high con-
version loss. On the other hand, active FXs, in addition to frequency translation, they can
be designed to have a power gain, higher output power, and improved efficiency. Various
circuit topologies have been proposed in the literature for the realization of active frequency
doublers and triplers, with higher frequency multiplication orders achieved through cas-
cading multiple stages of these components. For instance, [28, 29] proposed Gilbert-cell
mixer-based topologies that achieved high conversion and good fundamental suppression
at the expense of increased power consumption. This approach relies on feeding the input
signal to the mixer’s input and LO ports resulting in the doubling operation. Other studies,
such as [30–40], focused on exploiting the nonlinearity in the transistor transconductance
to design frequency doublers with improved power efficiency. For instance, if the transistor
is biased in a nonlinear class of operation such as class C, it is possible to leverage the
harmonic signals generated to achieve the frequency translation operation.
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Fig. 2.5 shows a high-level diagram of a transistor-based doubler. In order to maximize
the second harmonic transistor transconductance at the doubler output, the transistor can
biased in deep Class C mode with a conduction angle of 126◦ [41]. While class C PAs are
commonly not used for communication systems due to their nonlinearity and limited input
power range, for FXs this nonlinearity is harnessed to achieve the frequency translation
operation. Furthermore, as we will see later, linearizing FXs would require the use of a 𝐷th
root function which interns limits the modulated signal PAPR to a lower value, typically
for OFDM signals the PAPR is around 8-12 dB after taking the square root, for instance,
this is reduced to 3-6 dB which further motive the use of class C FXs for such applications
given the lower requirement on the input signal power range. The output matching network
in Fig. 2.5 is chosen ideally to provide the optimal impedance for power transfer at the
second harmonic derived from the load line and provides a short at the other frequencies.
Furthermore, the input matching network is typically designed for the conjugate match at
the fundamental and provides a short at the second harmonic for doublers.

Distortion in Frequency Multipliers

An ideal FX is designed to provide the power function and can be expressed as follows,

𝑦(𝑡) = 𝐺𝐹𝑀𝑥
𝐷 (𝑡), (2.4)

where 𝐺𝐹𝑀 is the FX conversion gain. The RF signal 𝑥(𝑡) can also be expressed as a
function of its complex baseband 𝑥(𝑡) as follows,

𝑥(𝑡) = 1

2

(
𝑥(𝑡)𝑒𝑖𝜔𝐼𝐹 𝑡 + 𝑥∗(𝑡)𝑒−𝑖𝜔𝐼𝐹 𝑡

)
, (2.5)

where 𝜔𝐼𝐹 is the signal’s angular frequency. Substituting (2.5) in (2.4) and assuming
the FX is designed to show a short impedance at the fundamental and harmonic output
frequencies other than the desired harmonic at 𝐷 × 𝑓𝐼𝐹 , we have the following,

𝑦(𝑡) = 𝐺𝐹𝑀

1

2

(
𝑥𝐷 (𝑡)𝑒𝑖𝐷𝜔𝐼𝐹 𝑡 + 𝑥∗𝐷 (𝑡)𝑒−𝑖𝐷𝜔𝐼𝐹 𝑡

)
. (2.6)

From (2.6) we clearly see that if the desired out signal is to be

𝑑 (𝑡) = 1

2

(
𝑑 (𝑡)𝑒𝑖𝐷𝜔𝐼𝐹 𝑡 + 𝑑∗(𝑡)𝑒−𝑖𝐷𝜔𝐼𝐹 𝑡

)
, (2.7)

This can be achieved by setting 𝑥(𝑡) =
𝐷

√︃
𝑑 (𝑡). In practice, ideal FX behavior is hard to

design for and more importantly even if possible would not be maintained at higher input
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Figure 2.6: Gain (Left) and phase (Right) distortion of a non-ideal FX exhibiting nonlinear
behavior.

powers where the transistor exhibits intrinsic nonlinearity other than those imposed by the
conduction angle.

In a manner akin to PAs, FXs also manifest both static and dynamic nonlinear behav-
ior. However, the characterization of gain and phase distortions differs slightly for FXs.
Rather than evaluating the ratio between output and input signal magnitudes and phases
to determine gain and phase distortion with respect to varying input power, for FXs, we
consider the ratio between the output signal and the ideal output signal, the latter being
what an ideal multiplier with a gain of one would produce [42]. Fig. 2.6 depicts the gain
(Left) and phase (Right) distortion of a frequency doubler driven with modulated signals.
Notably, these plots demonstrate an expansion behavior, a hallmark trait often observed
in FXs, underscoring their pronounced nonlinear behavior.

Similar to the case with PAs, the nonlinear distortions exhibited by FXs result in
out-of-band regrowth. Fig. 2.7 (Left) illustrates the spectrum at a doubler’s input and
output when driven with modulated signals: a) input signal, b) expected output from an
ideal doubler, and c) output of a non-ideal doubler. Applying a 𝐷th root function to the
baseband signal (desired to be transmitted) can linearize an ideal FX. However, residual
distortion persists due to internal nonlinearities within the FX. Fig. 2.7 (Right) portrays
the spectrum at a doubler’s input and output when a 𝐷th root function is applied to
the baseband signal before driving the doubler: a) input signal to the doubler with the
𝐷th root function applied, b) expected output from an ideal doubler, and c) output of a

17



-0.6 -0.4 -0.2 0 0.2 0.4 0.6

Frequency (GHz)

-100

-90

-80

-70

-60

-50

-40

-30

-20

P
S

D
 (

dB
m

/H
z)

(a)
(b)
(c)

-0.6 -0.4 -0.2 0 0.2 0.4 0.6

Frequency (GHz)

-100

-90

-80

-70

-60

-50

-40

-30

-20

P
S

D
 (

dB
m

/H
z)

(a)
(b)
(c)

Figure 2.7: PSD of the signals at the FX input and output, without (Left) and witht
(Right) 𝐷th root function applied: a) at the FX input, b) expected output from an ideal
doubler and c) practical output for non-ideal doublers.

non-ideal doubler. From Fig. 2.7 (Right), it’s evident that a practical doubler exhibiting
nonlinear behavior demonstrates out-of-band regrowth at its output even when a 𝐷th root
function is applied. This regrowth can lead to interference with users on adjacent channels
and signal distortion and would deteriorate the EVM. Consequently, the implementation
of effective DPD schemes to mitigate these nonlinearities is imperative for the feasible
deployment of FX-based transmitters.

It’s worth noting that applying the 𝐷th root function to the signal in Figure 2.7 (Left)
(a) transforms it into the signal depicted in Figure2.7 (Right) (a), which has a lower PAPR
but broadened bandwidth. While a lower PAPR is a desirable signal characteristic, the
bandwidth expansion attributed to the 𝐷th root function may impose additional con-
straints on data converters during signal synthesis. More details regarding this point are
discussed in subsequent chapters.

2.2 Beamforming Architectures

MMW and sub-THz frequencies will play a crucial role in future-generation wireless com-
munication systems and will be instrumental in addressing the current challenge of band-
width shortage in sub-6 GHz frequency bands. The migration to higher frequencies, how-
ever, brings forth challenges associated with severe propagation path loss, penetration loss,
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Figure 2.8: Block diagram of different mm-wave MIMO beamforming architectures: (a)
digital beamforming; (b) analog beamforming; (c) hybrid beamforming.

and rain fading as compared to signals in sub-6 GHz frequencies. This is exacerbated by
the limited PA/FX output power at MMW/sub-THz frequencies. These challenges have
motivated the shift from the single antenna to multiple antenna systems which allows for
spatial multiplexing (spatial diversity) and directional beamforming.

2.2.1 Digital Beamforming

Different beamforming architectures for MMW/sub-THz antenna systems have been dis-
cussed in the literature. These are shown in Fig. 2.8. At sub-6 GHz frequencies, digital
beamforming arrays shown in Fig. 2.8 (a) is the preferred architecture where each antenna
in the array has its own RF chain and data converters. During downlink operation, the
base-station precodes the user’s signals to counteract channel fading and ensure that each
terminal receives its intended signal with adequate signal-to-noise-ratio (SNR). Digital
beamforming allows for the most flexibility as it can serve multiple users simultaneously
under line-of-sight (LoS) or non-line-of-sight (NLoS) channel conditions. Moreover, when
combined with OFDM signals, it is able to translate the frequency selective channel into
small flat-fading sub-channels to simplify precoding and help achieve high channel capacity
and high data throughput. The channel matrix used to generate the precoder is estimated
for both the uplink and downlink channels. These channels are equivalent in time-division
duplex (TDD) operation [43], assuming proper reciprocity calibration [44], and are esti-
mated using the pilot signals transmitted by the terminals during the uplink phase [45].
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2.2.2 Analog Beamforming

Contrary to sub-6 GHz bands, at higher carrier frequencies, there are several hardware and
engineering constraints that make it challenging to implement digital beamforming with
high antenna count [46, 47]. For instance, given the required high level of integration of
MMW/sub-THz antenna systems, implementing dedicated front-end hardware (i.e., PA,
low noise amplifier, filters, mixers, etc.) per antenna element becomes very complex [48];
this dedicated front-end hardware have to be packed behind each antenna element and
within a constrained antenna spacing to avoid grating lobes. Moreover, power consumption
is also an important limiting factor; a digital conversion stage per antenna leads to a large
demand on digital signal processing, which increases the system’s power consumption.
These challenges have led to several MMW/sub-THz specific beamforming architectures
to emerge where signal processing is accomplished in a mixture of analog and digital
domains or where different design tradeoffs are made with respect to number of antennas
or resolution of data converters.

An example of MMW/sub-THz specific beamforming architecture and one of the sim-
plest to implement is analog beamforming shown in Fig. 2.8 (b). Analog beamforming uses
a network of digitally controlled phase shifters and attenuators to perform the beamforming
functionality. This enables a reduction in the number of data converters per array (only
one needed) and allows for improved power consumption, simplified printed-circuit-board
(PCB) routing, and an overall reduction in system complexity compared to digital beam-
forming. This thesis will concentrate on a specific type of analog beamforming known as
RF beamforming where the precoding is performed at RF (depicted in Fig. 2.8 (b)). While
RF beamforming is the prevalent implementation of analog beamforming in the literature,
it’s worth noting that other variations of analog beamforming exist, such as IF [49] and
LO [50] beamforming, though they are less commonly employed. In analog beamforming,
the beamforming weights (phase and magnitude) are adaptively adjusted using digital sig-
nal processing to steer the beam and meet a given objective (e.g., maximize received signal
power, etc.). Analog beamforming and specifically RF beamforming is a cost-effective ar-
chitecture for MMW/sub-THz LoS channel conditions that can achieve, in such a case,
similar single-user performance as fully digital arrays [51].

RF beamforming arrays are most commonly implemented using patch antennas ar-
ranged in a uniformly spaced rectangular grid as shown in Fig. 2.9 (a) [52–55]. Assuming a
single user and LoS propagation environment, the beamforming coefficients that maximize
the array gain are as follows,

𝑤ℓ (𝜃, 𝜙) = 𝑒−𝑖
2𝜋
𝜆
sin(𝜃)

(
𝑑𝑥
ℓ
cos(𝜙)+𝑑𝑦

ℓ
sin(𝜙)

)
(2.8)
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where 𝜃 ∈ [−90◦, 90◦] and 𝜙 ∈ [0◦, 180◦], are the user’s location specified by the elevation
and azimuth angles, respectively, 𝑖 =

√
−1, (𝑑𝑥

ℓ
, 𝑑

𝑦

ℓ
) is the location of the ℓ’th antenna in

the x-y plane, and 𝜆 is the wavelength. Assuming omnidirectional antenna elements, the
array’s FF radiation pattern for given beamforming coefficients, 𝑤ℓ, is then given by,

𝐴𝐹 (𝜃, 𝜙) =
𝐿∑︁
ℓ=1

𝑤ℓ𝑒
𝑖 2𝜋
𝜆
sin(𝜃)

(
𝑑𝑥
ℓ
cos(𝜙)+𝑑𝑦

ℓ
sin(𝜙)

)
, (2.9)

where 𝐿 is the total number of antennas in the array and 𝐴𝐹 is the array factor.

2.2.3 Hybrid Beamforming

In order to allow for multi-user scenarios and without resorting to a complex digital beam-
forming architecture, hybrid beamforming shown in Fig. 2.8 (c) has been proposed in the
literature as a promising solution for MMW/sub-THz antenna systems. Two hybrid struc-
tures can be identified in the literature; namely a fully connected [51,56–58], and a partially
connected suture [59–62]. In a fully connected hybrid beamforming array, all the antennas
can connect to each RF chain in the array (as illustrated in Fig. 2.8 (c)). Conversely, in a
partially hybrid beamforming array, the array is divided into subarrays, where each subar-
ray connects to its own individual transceiver, and the antennas in each of the subarrays
are connected to a single phase shifter-attenuator pair. In addition to enabling multi-user
deployments through the use of spatial multiplexing (multiple simultaneous beams), an ad-
vantage of the hybrid approach is that the digital precoder/combiner can correct for lack of
precision in the analog precoder, for example, to cancel residual multi-beam interference.

2.3 Antenna Mutual Coupling

2.3.1 Antenna Spacing

When deciding the antenna spacing to used in the beamforming array, the desired steering
range and the concept of grating lobes need to be considered. Grating lobes are copies
of the main beam (same magnitude) that appear when the array is steered outside of a
given steering range and are due to spatial aliasing effects. From the receiver’s perspective,
grating lobes can cause plane waves incident to the array from visible angles other than
the desired direction to be coherently added, hence causing interference with the desired
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(a) (b) (c)

Figure 2.9: Example of antenna array grids: (a) uniformly spaced rectangular antenna
grid; (b) triangular antenna grid; (c) multi-ring antenna grid.

received signal that can significantly deteriorate the system performance in terms of achiev-
able data rates. For uniformly spaced rectangular grid arrays, grating lobes can be avoided
by spacing the antenna elements 𝜆𝑚/2 apart where 𝜆𝑚 is the wavelength corresponding to
the highest frequency the array is to be operated at. In practice, the 𝜆𝑚/2 requirement can
be relaxed and the maximum antenna spacing that avoids grating lobes can be selected
based on the maximum desired steering angle range (i.e., 𝜃 ∈ [−𝜃𝑚𝑎𝑥 , 𝜃𝑚𝑎𝑥]) and is given
by the following equation,

𝑑𝑚𝑎𝑥 =
𝜆𝑚

1 + sin 𝜃𝑚𝑎𝑥
. (2.10)

Note, (2.10) is only valid for uniformly spaced rectangular grid arrays.

The choice of antenna spacing also affects the antenna mutual coupling levels (i.e.,
the isolation between the antenna elements). Higher antenna mutual coupling levels can
impact the performance of the active components connected to the antennas in the array
(i.e., the PAs/FXs). In order to minimize the problem of antenna mutual coupling while
avoiding grating lobes, it is possible to resort to other antenna grids that allow for larger
antenna spacing. For instance, a triangular antenna grid shown in Fig. 2.9 (b) allows for a
maximum antenna spacing of 0.577𝜆𝑚 for 𝜃 ∈ [−90◦, 90◦] while a multi-ring antenna grid
shown in Fig. 2.9 (c) does not suffer from grating lobes. The antenna grids in Fig. 2.9 (b)-
(c), however, impose non-negligible challenges on the PCB routing as most ICs are designed
to work in a rectangular grid. Moreover, different antenna grids have different radiation
pattern characteristics (i.e., beam-width, side-lobe levels, etc.) which need to be considered
for optimal system performance.
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2.3.2 Antenna Active Reflection Coefficient

In order to quantify the extent of antenna mutual coupling in an array, the active reflection
coefficient is commonly used and is defined for the 𝑛’th antenna element in the array as
follows,

Γ
(𝑛)
𝐴

( 𝑓 ) =
𝐿∑︁
𝑚=1

𝑆𝑛𝑚 ( 𝑓 )
𝑎𝑚 ( 𝑓 )
𝑎𝑛 ( 𝑓 )

, (2.11)

where 𝑎𝑛 ( 𝑓 ) is the incident wave at the 𝑛’th antenna element, 𝑆𝑛𝑚 ( 𝑓 ) are the array’s
antenna scattering-parameters (S-Parameters), and 𝑓 is the frequency of the incident waves
at the antenna ports. In the absence of antenna mutual coupling (i.e., 𝑆𝑛𝑚 ( 𝑓 ) = 0, ∀ 𝑛 ≠ 𝑚),
(2.11) simplifies to Γ(𝑛)

𝐴
( 𝑓 ) = 𝑆𝑛𝑛 ( 𝑓 ). In practice due to antenna mutual coupling, the active

reflection coefficient at the 𝑛’th antenna element in (2.11) will depend on the incident waves
to adjacent antenna elements in the array (i.e., 𝑎𝑚, ∀ 𝑛 ≠ 𝑚). The presence of antenna
mutual coupling causes the active reflection coefficient (and consequently the nonlinear
behavior of PAs/FXs in the array) to exhibit dependency on the analog/digital pre-coding.
For instance, consider the case of an PA-based RF beamforming array with antenna mutual
coupling shown in Fig. 2.10 and assume, for simplicity, that the PA outputs reflection

coefficients, Γ(𝑛)
𝑜𝑢𝑡 ( 𝑓 ), are zero (i.e., the PA outputs are matched). Then the incident wave

to the 𝑛’th PA can be expressed as a function of the analog pre-coding coefficients, 𝑤𝑛, as
follows,

𝑎𝑛 ( 𝑓 ) = 𝐺𝑤𝑛 ( 𝑓 ), (2.12)
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where 𝐺 is the PA gain (all PAs in the array are assumed to have the same gain 𝐺 for
convenience). Substituting (2.12) in (2.11), we then have,

Γ
(𝑛)
𝐴

( 𝑓 ) =
𝐿∑︁
𝑚=1

𝑆𝑛𝑚 ( 𝑓 )
𝑤𝑚 ( 𝑓 )
𝑤𝑛 ( 𝑓 )

. (2.13)

Finally, using the analog pre-coding in (2.8), (2.13) can be rewritten as follows,

Γ
(𝑛)
𝐴

(𝜃, 𝜙, 𝑓 ) =
𝐿∑︁
𝑚=1

𝑆𝑛𝑚 ( 𝑓 )𝑒−𝑖
2𝜋
𝜆
sin(𝜃)

[
(𝑑𝑥𝑚−𝑑𝑥𝑛 )cos(𝜙)+𝑑 (𝑚𝑦−𝑑

𝑦
𝑛 )sin(𝜙)

]
. (2.14)

Note, it is clear from (2.14) that the active reflection coefficient in the case of RF beam-
forming is steering angle dependent. This variation in the active reflection coefficient causes
significant challenges for the active devices that have to be designed to withstand large
variations in voltage standing wave ratio (VSWR). The steering angle range and frequency
of operation of an antenna array can be defined in terms of the active reflection coefficient
(e.g., a −6 dB active reflection coefficient threshold is commonly referenced in the literature
for defining the steering range of beamforming arrays).

2.4 Nonlinear Behavioral Modeling

Accurate modeling of the nonlinear behavior of PAs and FXs is crucial for mitigating
the impact of their nonlinearities on signal fidelity. Behavioral modeling offers a powerful
approach for this task, as it allows for the creation of mathematical relationships between
the input and output signals of these devices without requiring detailed knowledge of
their internal circuitry. This significantly simplifies and expedites the model development
process, compared to approaches that rely on in-depth circuit analysis. Furthermore,
behavioral models play a vital role in designing DPD techniques, which rely on accurate
modeling to achieve effective linearization. To this end, this section presents behavioral
models for FMs and PAs that can capture both static nonlinearities and dynamic effects,
furthermore, an overview of DPD as used in sub-6 GHz systems is provided.

2.4.1 Forward modeling

A memoryless (static) nonlinear behavior produces distortions that do not depend on the
input signal past values and, hence, can be modeled in discrete-time passband using a
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simple polynomial model as follows,

𝑦[𝑛] = 𝛼0 + 𝛼1𝑥 [𝑛] + 𝛼2𝑥2 [𝑛] + 𝛼3𝑥3 [𝑛] + ..., (2.15)

where 𝑥 [𝑛] and 𝑦[𝑛] are the PA/FX input and output discrete-time signals, respectively,
and 𝛼 𝑗 are the model coefficients. Conversely, dynamic nonlinear behavior (nonlinear mem-
ory) generates distortions that depend on the input signal past values. PA/FX exhibiting
nonlinear memory can be modeled using a Volterra series [7, 63] that can be described in
discrete-time passband as follows,

𝑦[𝑛] =
𝑁∑︁
𝑝=0

∑︁
m∈B 𝑝

𝜂
𝑝
m

𝑝∏
𝑖=1

𝑥 [𝑛 − 𝑚𝑖], (2.16)

where 𝑁 is the nonlinearity order, 𝑀 is the memory depth, 𝜂
𝑝

m,ℓ are the passband Volterra

forward model coefficients and B = {0, 1, 2, . . . , 𝑀}. The expression in (2.16) contains har-
monic components centered around integer multiples of the input signal carrier frequency
𝜔𝑅𝐹 . Assuming that frequency components other than at 𝐷 × 𝜔𝑅𝐹 are filtered out by the
PA/FX output matching network where 𝐷 = 1 is the PA case, 𝐷 > 1 denotes the FX
multiplication order, and 𝜔𝑅𝐹 the input signal RF angular frequency. Consequently, in
(2.16) we are only interested in the terms appearing at 𝐷 × 𝜔𝑅𝐹 . To that end, we first
express 𝑥 [𝑛] as a function of its discrete-time complex baseband (CBBE) signal, 𝑥 [𝑛] as
follows,

𝑥 [𝑛] =2ℜ
{
𝑥 [𝑛]𝑒𝑖𝜔𝑅𝐹𝑛

}
= 𝑥 [𝑛]𝑒𝑖𝜔𝑅𝐹𝑛 + 𝑥∗ [𝑛]𝑒−𝑖𝜔𝑅𝐹𝑛. (2.17)

Substituting (2.17) in (2.16) and only keeping the terms appearing around the carrier
frequency 𝜔𝑅𝐹 , we get the following CBBE Volterra series of the PA,

𝑦[𝑛] =
𝑁∑︁
𝑝=0

∑︁
m∈B 𝑝

∑︁
m̄∈B 𝑝+1

𝜂
𝑝

m,m̄

𝑝∏
𝑖=1

𝑥∗ [𝑛 −m𝑖]
𝑝+𝐷∏
𝑗=1

𝑥 [𝑛 − m̄ 𝑗 ], (2.18)

where 𝑥 [𝑛] and 𝑦[𝑛] are the CBBE of the PA/FX input and output signals, respectively,
2𝑁 + 𝐷 is the PA/FX nonlinearity order, and 𝜂

𝑝

m,m̄ are the PA/FX model CBBE Volterra
series coefficients. In the absence of memory effects, i.e. 𝑀 = 0, the PA/FX CBBE model
in (2.18) simplifies to,

𝑦[𝑛] =
𝑁∑︁
𝑝=0

𝜂𝑝𝑥
𝐷 [𝑛]

��𝑥 [𝑛]��2𝑝, (2.19)
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Figure 2.11: Block diagram of a SISO antenna Transmitter augmented with a DPD module:
(a) PA-based transmitter; (b) FX-based transmitter.

which corresponds to the CBBE model of the discrete-time passband polynomial model
in (2.3). Note, due to the complexity and large number of bases used in the CBBE
Volterra model in (2.18), various attempts have been made to reduce its number of bases by
pruning some of its parameters. Some of the popular pruned Volterra models for PAs are
the complexity-reduced Volterra (CRV) model presented in [64], the generalized memory
polynomial (GMP) proposed in [65], and the dynamic deviation reduction (DDR) in [66].

2.4.2 Digital Predistortion

Fig. 2.11 shows a single-input-single-output (SISO) transmitter incorporating a SISO-DPD
module for linearization. Fig. 2.11 (a) shows a PA-based transmitter and Fig. 2.11 (b)
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illustrates an FX-based transmitter. A coupler is used at the PA/FX output to serve as a
TOR when training the DPD function coefficients. Additionally, Fig. 2.11 (a) employs a
circulator at the PA output to isolate the PA from potential antenna-received interferences.

The fundamental principle behind DPD is to use a nonlinear function that pre-distorts
the desired signal to be transmitter so that the tandem cascade of the DPD module and
the nonlinear system approximates an ideal linear behavior. It’s important to note that
for FXs, the predominant approach in the literature treats the cascaded system of the 𝐷th
root function and the FX nonlinearity as the entity to be linearized, which is different from
the PA case where no 𝐷th root function is needed. The DPD in FX case is then used to
mitigate the deviation of the latter cascade system from an ideal frequency translation plus
gain function. Generally speaking the DPD CBBE output can be expressed as follows,

𝑧̃[𝑛] =
𝐾∑︁
𝑏=1

𝛾𝑏𝜓𝑏
(
d̃(𝑛)

)
, (2.20)

where 𝑑 [𝑛] is the desired transmitted signal, d̃(𝑛) = (𝑑 [𝑛], ..., 𝑑 [𝑛 − 𝑀]), 𝑀 is the DPD
function memory depth, 𝐾 is the total number of bases 𝜓𝑏, and 𝛾𝑏 is the 𝑏’th DPD basis
coefficient. In the FX case the DPD output is further processed through a 𝐷th root function
such that, the CBBE at the digital-to-analog-converter (DAC) input, 𝑢[𝑛] is expressed as
follows,

𝑢[𝑛] =𝐷
√︁
𝑧̃[𝑛] . (2.21)

Note: to avoid introducing a discontinuity in the phase of 𝑢[𝑛], the 𝐷th roots of the
complex-valued signal 𝑧̃[𝑛] i.e.,

𝐷
√︁
𝑧̃[𝑛] = | 𝑧̃[𝑛] | 1𝐷 exp( 𝑗𝜙( 𝑧̃[𝑛])

𝐷
), (2.22)

is computed using the unwrapped phase, 𝜙( 𝑧̃[𝑛]), which is required to ensure that the
wrapped phase remains bounded in the interval of [−𝜋, 𝜋) rather than [− 𝜋

𝐷
, 𝜋
𝐷
] [67] .

The DPD nonlinear bases in (2.20) can be obtained from the CBBE Volterra series
in (2.18) for PAs or the CBBE Volterra series with factional power bases appended [7]
for FXs. Alternatively, to lower the computation complexity associated with estimating
a large number of coefficients, a pruned version of these models can also be adopted. In
order to identify the DPD function coefficients, two approaches are commonly adopted,
namely indirect and direct learning [68]. The indirect learning approach assumes that the
PA (or the 𝐷th root function FX cascade) pre-inverse and post-inverse are identical such
that,

𝑓 −1
𝑃𝐴/𝐹𝐴

(
ỹ(𝑛)

)
= 𝑧̃[𝑛] ⇒ 𝑧̃[𝑛] = 𝑓 −1

𝑃𝐴/𝐹𝑀
(
d̃(𝑛)

)
, (2.23)
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where 𝑓 −1
𝑃𝐴/𝐹𝑀 is the PA (or the 𝐷th root function FX cascade) post inverse function and

ỹ(𝑛) = (𝑦[𝑛], ..., 𝑦[𝑛−𝑀]). Using indirect learning, the DPD coefficients at 𝑘th+1 iteration,
𝜸𝑘+1, can be estimated iteratively using the post inverse’s least square solution as follows,

𝜸𝑘+1 =
(
Ψ𝐻

(
ỹ𝑘 (𝑛)

)
Ψ
(
ỹ𝑘 (𝑛)

) )−1
Ψ𝐻

(
ỹ𝑘 (𝑛)

)
z̃𝑘 (𝑛). (2.24)

where z̃1(𝑛) = d̃(𝑛), ỹ𝑘 (𝑛) is the PA/FX output at the 𝑘th iteration, Ψ is a 𝑁 × 𝐿 matrix
with entry in the ℓ𝑡ℎ row and 𝑏𝑡ℎ column given by[

Ψ
(
ỹ𝑘 (𝑛)

) ]
ℓ,𝑏

= 𝜓𝑏 (ỹ𝑘 (𝑛 + ℓ − 1)), (2.25)

and d̃(𝑛) = (𝑑 [𝑛], ..., 𝑑 [𝑛 − 𝑀]).
Alternatively, direct learning can also be used to determine the DPD function coef-

ficients iteratively. Using direct learning the PA (or the 𝐷th root function FX cascade)
nonlinearity is assumed to take the form of an additive error model such that the CBBE
PA (or the 𝐷th root function FX cascade) output, 𝑦[𝑛] is expressed as follows,

𝑦[𝑛] = 𝐺𝑧̃[𝑛] + 𝑒[𝑛] (2.26)

where 𝐺 is the PA/FX linear gain, and 𝑒[𝑛] is a complex-valued additive error term that
approximates the higher-order nonlinearities in the system. Using Newton’s method, the
DPD function coefficients can then be identified iteratively using the following update
equation,

𝜸𝑘+1 = 𝜸𝑘 − 𝜇Δ𝜸𝑘 (2.27)

where 0 < 𝜇 < 1 is the update step size, and Δ𝜸𝑘 is the update direction of the predistorter
model coefficients given by,

Δ𝜸𝑘 =
(
Ψ𝐻

(
d̃(𝑛)

)
Ψ
(
d̃(𝑛)

) )−1
Ψ𝐻

(
d̃(𝑛)

)
(ỹ𝑘 (𝑛) − d̃(𝑛)), (2.28)

and 𝜸1 is a vector with all elements set to zero except for the entry with index 𝑏 corre-
sponding to, [

Ψ
(
d̃(𝑛)

) ]
ℓ,𝑏

= d̃(𝑛 + ℓ − 1). (2.29)

2.5 Important Metrics

Various metrics, as defined by industry standards and prevalent in the literature, are
employed for evaluating the performance of transmitters and assessing the effectiveness of
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DPD techniques. In this section, we delve into the definitions of these metrics as outlined
by industry standards, focusing specifically on the adjacent channel power ratio (ACPR),
out-of-band unwanted emissions (OBUE), and EVM metrics in both single antenna and
beamforming arrays.

As defined by the international telecommunication union (ITU), unwanted emissions
consist of out-of-band emissions and spurious emissions. Out-of-band emissions, in ITU
terminology, are unwanted emissions occurring immediately outside the user-allocated fre-
quency channel, resulting from the modulation process and nonlinearity in the transmitter,
but excluding spurious emissions. On the other hand, spurious emissions are caused by
unwanted transmitter effects such as harmonic emission, parasitic emission, intermodula-
tion products, and frequency conversion products, but exclude out-of-band emissions. The
out-of-band emissions requirement for transmitters is specified both in terms of ACPR and
OBUE. EVM is used to assess the impact of the impairments in the transmitter chain on
the signal quality. Both linear and nonlinear impairments in the transmitter RF chains
can impact the EVM.

2.5.1 Adjacent-Channel-Power-Ratio

In the context of single antenna systems, ACPR is defined as the ratio of the filtered mean
power centered on the assigned user’s channel frequency to the filtered mean power centered
on an adjacent channel frequency. The filter used for these calculations is specified to be
a rectangular window and has a bandwidth equal to the user’s allocated signal bandwidth
(BW). Furthermore, the filtered mean power centered on an adjacent channel frequency
is calculated for a specified frequency offset equal to 𝑛 × 𝐵𝑊 , where 𝑛 is an integer. In
frequency range 1 (FR1) bands 𝑛 = 1, 2 while for frequency range 2 (FR2) bands 𝑛 = 1.
For beamforming arrays, the spectral mask is defined in terms of the total radiated power
(TRP) -ACPR as follows,

TRP-ACPR [dB] = 10 log10
TRPout-of-band

TRPin-band
, (2.30)

where TRPin-band denotes the TRP within the assigned frequency channel, and TRPout-of-band

is out-of-band nonlinear TRP in the frequency-channels adjacent to the frequency channel
allocated by the service provider. The TRP is defined as follows,

TRP [mW] = 𝜋

2𝑁𝐴𝑁𝐸

𝑁𝐴−1∑︁
𝑛=0

𝑁𝐸−1∑︁
𝑚=0

EIRP(𝜃𝑛, 𝜙𝑚) sin 𝜃𝑛, (2.31)
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where 𝑁𝐴 and 𝑁𝐸 are the total numbers of elevation (𝜃) and azimuth (𝜙) observation angles
respectively, and EIRP is the effective isotropic radiated power, in the two orthogonal
polarizations. Furthermore, in this thesis, in addition to ACPR and TRP-ACPR we define
user equipment (UE) -ACPR which refers to the ACPR as measured at the user’s location
and used to assess the nonlinearity radiated by beamforming arrays in the UE direction.

For beamforming arrays operating at sub-6 GHz, the TRP-ACPR requirement (i.e.,
spectral mask requirement) set by the standard is 45 dB [69]. On the other hand, at
MMW/sub-THz frequencies and specifically in the n257, and n258 frequency bands (i.e.,
from 24.25 GHz to 33.4 GHz) the TRP-ACPR requirement is more relaxed and is specified
as 28 dB while at higher frequencies in the n259, and n260 (i.e., from 37 GHz to 52.6 GHz)
the TRP-ACPR requirement is 24 dB [69]. Beyond 52.6 GHz, the spectral mask is not
specified by the 3GPP standard release 16 [69].

2.5.2 Out-of-Band Unwanted Emissions

Unlike ACPR, which examines unwanted out-of-band distortions in adjacent channel fre-
quencies, the OBUE requirement, specified in dBm/MHz, mandates that unwanted emis-
sions remain below a specified value across the entire frequency band and extend beyond
it up to an offset Δ 𝑓𝑂𝐵𝑈𝐸 . In the specific case of FR2 frequencies, Δ 𝑓𝑂𝐵𝑈𝐸 is specified to
be equal to 1.5 GHz [69, p.123].

2.5.3 Error Vector Magnitude

In this subsection, we limit our definition of EVM to OFDM signals. In OFDM signals,
the EVM per OFDM symbol is defined as,

EVM [%] =
∑𝐾D
𝑘=0

��𝑦FFT(𝑣𝑘 )𝑊 (𝑣𝑘 ) − 𝑑FFT(𝑣𝑘 )
��2∑𝐾D

𝑘=0

��𝑑FFT(𝑣𝑘 )��2 × 100, (2.32)

where, 𝑦FFT and 𝑑FFT are the discrete-time Fourier transform of UE’s received signal and
ideal signal, respectively. Furthermore, 𝐾D is the total number of data sub-carriers, 𝑣𝑘 is
the index of the discrete Fourier transform tone corresponding to the 𝑘th data sub-carrier,
and 𝑊 (.) is the transfer function of the linear equalization filter which is obtained from
𝐾P OFDM pilot sub-carriers. The standard defines EVM to be the equalized EVM and is
measured overall allocated resource blocks and within a minimum length of 10 subframes
(i.e., 10 ms measurement periods). The EVM requirement set by the standard is 17.5% for
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quadrature phase shift keying (QPSK) modulation, 12.5% for 16- quadrature amplitude
modulation (QAM), 8% for 64-QAM and 3.5% for 256-QAM [69].

2.6 Linearization of Power Amplifier-Based Beamform-

ing Transmitters: State-Of-The-Art

Owing to its success in compensating for the nonlinearity exhibited by sub-6 GHz PAs,
DPD has recently been employed to improve the linearity-efficiency tradeoff of MMW/sub-
THz radio systems. In this section, we present a comprehensive review of major works on
DPD for beamforming arrays.

2.6.1 RF Beamforming Transmitters

DPD techniques aimed at linearizing RF beamforming arrays have garnered significant
attention in recent literature. These studies delve into the feasibility of employing DPD
to linearize arrays of PAs, tackle the implementation complexities related to the feedback
mechanism necessary for DPD training, and explore methods to maintain linearization
performance under varying operation conditions such as beam steering and input power.

SISO-DPD

Seminal research works such as in [4, 70–76], have extensively explored the feasibility of
employing DPD techniques to linearize arrays of PAs within RF beamforming architectures.
In [70,71], the authors proposed employing a SISO-DPD function trained to minimize the
ℓ2 norm of errors measured at the PAs’ outputs, thereby mitigating the average nonlinear
behavior exhibited by these PAs. Conversely, authors in [72–76] advocated for a SISO-
DPD trained to minimize the error between the coherent sum of PA outputs and the
intended transmitted signal. While the approach in [70] may achieve better TRP-ACPR,
the SISO-DPD proposed in [72–76] ensures a linearized behavior at the UE and strive for
improved UE-ACPR. Nevertheless, as demonstrated through simulations in [75, 76] and
subsequently validated in measurements in [77], linearizing the coherent sum of the PAs’
outputs, although not guaranteed, often leads to a reduction in out-of-band emissions in
the sidelobe directions of the array, which translate in improved TRP-ACPR performance.
The degree of sidelobe linearization hinges upon the similarity between the nonlinearities
exhibited by the PAs in the array.
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Figure 2.12: Block diagram of an RF beamforming array augmented with a SISO DPD
module and couplers at the PA outputs for DPD training.

Ensuring linearization across both the main beam and sidelobes is paramount for meet-
ing the TRP-ACPR requirement and ensuring linearized behavior at the UE. In the pres-
ence of significant discrepancies between the PAs’ nonlinearity, the two-stage SISO-DPD
proposed by [78] holds promise for improved TRP-ACPR and UE-ACPR. This approach
involves using tuning boxes, implemented in the analog domain, to compensate for differ-
ences in PA behaviors, followed by the adoption of a SISO-DPD function to linearize the
coherent sum of the residual nonlinearity in the array. Validation of the scheme proposed
in [78] was conducted on a 4-element tapered slot linear array driven with up to 40 MHz
LTE signals centered at 27 GHz, demonstrating linearization of both the main beam and
sidelobes, thereby achieving excellent TRP and UE-ACPR.

Transmitter Observation Receivers

To facilitate the acquisition of feedback signals necessary for training the SISO-DPD func-
tion, several studies including [70, 75, 76] have proposed the integration of dedicated RF
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signal sampling components, typically directional couplers, between each PA and antenna
element in the array. These components serve as TORs, as illustrated in Fig. 2.12. The
acquisition of the coupled signals is then carried out using either i) a single time-shared
TOR across all paths [70,75], or ii) an analog anti-beamforming circuitry that enables the
capture of the PA outputs coherent sum [76]. An alternative approach, proposed by [4,79],
suggests sampling the signal transmitted by a single representative PA in the array while
assuming similar nonlinearity across all other PAs, effectively reducing the number of re-
quired feedback paths. The investigations conducted in [4,70,75,76,79] have demonstrated
good linearization results in both simulation and measurement when applied to sub-6 GHz
systems. Nevertheless, implementing couplers at the PA outputs in MMW phased arrays
can pose challenges due to demanding system integration requirements and limitations
imposed by the PCB fabrication process.

To limit the number of TORs required to train the DPD function in RF beamform-
ing arrays and avoid the use of couplers at the PA outputs, researchers have explored
the concept of FF TORs, as discussed in previous literature [72–74, 77, 80–82]. Using this
approach, during SISO-DPD training, the array’s main beam is directed towards the FF
probe, which samples the coherent sum of the PA outputs needed to train the DPD func-
tion. Alternatively, to alleviate the need to direct the beam towards the FF feedback probe
during DPD training, which would disrupt the communication link, researchers proposed
an alternative approach in [83], further explored in subsequent works such as [84,85], where
the feedback mechanism uses a FF probing antenna positioned in a fixed location, distinct
from the direction of the main beam and where the DPD training does not necessitate
steering the beam towards the FF probe. In this scheme, a system of equations derived
from the signals acquired from the FF probe when the main beam is steered is utilized to
estimate the individual PA outputs in the array. Subsequently, the estimated PA outputs
are leveraged to infer the FF-received signal at the intended UE for DPD function training.
Furthermore, to relax, the requirement on the FF TOR dynamic range, [84] introduced an
algorithm that synthesizes constant magnitude tapering profiles, ensuring that sidelobes
in the FF feedback probe direction maintain adequate SNR when acquiring necessary data
for SISO-DPD function training.

The seminal research in [83–85], while promising, comes with its own set of drawbacks.
For instance, routing the sampled signals from the FF probe to the base-station would in-
evitably increase system deployment costs. Moreover, relying on a FF feedback mechanism
may introduce sensitivity in SISO-DPD training to variations in channel conditions, such
as shadowing effects, potentially altering DPD linearization performance. As an alternative
to coupler-based and FF-based DPD training methods, [86] proposed the use of antenna
elements in the array to serve as TORs. During SISO-DPD training, the feedback signal

33



at each feedback antenna is captured in different time slots, with the transmitting array’s
beamforming coefficients adjusted in each slot to ensure a coherent phase combining of
the PA outputs at the selected feedback antenna. The acquired feedback signals are then
digitally summed to generate an estimate of the FF signal, which is subsequently used to
train the DPD function. However, this approach necessitates an array system where the
selection of feedback antennas ensures that the sums of the magnitudes of the coupling
factors between a radiating element and the feedback antenna are equal for all radiating
elements. While the method was successfully validated on a sub-6 GHz linear array with
four radiating elements and two feedback probes, the feasibility of extending this approach
to larger arrays while maintaining the requirement on the coupling magnitudes remains
uncertain. To alleviate the requirement on the coupling magnitude between the array
elements and the TOR antennas in [86], the authors in [87] proposed to perform DPD
training using a single transmit-receive antenna pair, with the remaining transmitting ele-
ments turned off and where an antenna element is the array is repurposed as a TOR. This
approach assumes that all the PAs in the array exhibit similar nonlinearity, enabling the
DPD function trained on one PA to extend its linearization to the remaining PAs in the
array. While this condition is met by the array to be linearized in [87], a typical off-the-
shelf MMW array will not satisfy this condition. Furthermore, using antenna elements in
the array to serve as TORs for DPD training such as in [86] and [87], has the disadvantage
of disturbing the uniformity in distributions of the antenna elements which affects the ar-
ray’s radiation pattern. Alternatively, [88] proposed a DPD training method employing NF
probes positioned along the array’s perimeter. This technique entails synthesizing an NF
target signal, which corresponds to a distortion-free FF signal directed toward the intended
user. During DPD training, the NF probes’ output signals are iteratively adjusted until
they converge to the pre-synthesized NF target signal. While this approach showcases the
feasibility of NF-based DPD training methods, it still relies on synthesizing the desired NF
target signal, which initially necessitates a FF probing antenna. While promising for DPD
training, its practical deployment requires the development of a real-time methodology to
derive the NF target signal solely based on information available at the transmitter side,
an area of focus for this thesis.

Linearization Performance under Varying Operation Conditions

While the research in [4, 70, 72–76, 80, 83, 86, 87, 89] has effectively showcased the capacity
of DPD to linearize RF beamforming arrays, maintaining their linearization performance
proves challenging under varying array operation conditions. Specifically, the finite isola-
tion between array antenna elements in typical beamforming arrays induces distinct nonlin-
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ear behaviors in the PAs as the beam is steered (as discussed in sub-section 2.3.2) [90–92].
Consequently, when the beam deviates from the angle at which the SISO-DPD function
was trained, the linearization performance of these arrays is significantly compromised, re-
sulting in degraded TRP/UE-ACPR, and EVM. To address the above-mentioned challenge
and improve DPD linearization performance over a wide steering range, [81] proposed us-
ing a neural network DPD model trained using data from multiple beam directions. While
this approach reduced the variation in DPD performance versus steering angle, it provides
sub-optimal DPD linearization in any direction. To maintain an optimal linearization per-
formance when the beam is steered, [77, 92–95] suggested the use of multiple sets of DPD
coefficients. In [77, 93], steering angles with comparable nonlinearity are grouped either
based on measured UE-ACPR [77] or using a normalized mean square error (NMSE) based
clustering algorithm [93]. Subsequently, a common DPD set of DPD coefficients is used
for each grouping/cluster, effectively enabling linearization of the array over-wide steer-
ing range with excellent UE-ACPR and EVM. In an attempt to reduce the number of
SISO-DPD coefficient sets to be identified, the authors in [92,94] proposed using different
interpolation schemes. Specifically, these works proposed to extract the SISO-DPD model
coefficients for different reference steering angles. A linear interpolation model relating the
antenna active reflection coefficient to the optimal DPD coefficients is then generated. Sub-
sequently, when the array is steered, the antenna active reflection coefficient is measured
using couplers at the PA outputs and the DPD model coefficients are deduced.

Alternatively, in [95, 96], building upon the foundation laid out in [97], a DPD scheme
was introduced to dynamically adjust its coefficients according to the array’s operational
conditions such as steering angle and input power in [95] and steering angle and input sig-
nal PAPR in [96]. Recognizing the computational complexity associated with identifying a
large set of coefficients for each operational condition and for each of the PAs in the array,
and acknowledging that the array’s nonlinearity across these conditions is correlated, the
authors proposed a method to reduce complexity. Their approach involves transforming
the regression matrix into a lower-dimensional form using a feature transformation matrix,
selected via QR-singular value decomposition (SVD). In [95], this transformation is per-
formed on the regression matrix used to describe the individual nonlinear behavior of the
PAs in the array, while in [96], it operates on the regression matrix used to describe the
aggregate nonlinearity of the array in the UE direction. This transformation allows for the
identification of a reduced set of coefficients that theoretically capture the variations in the
array’s nonlinearity across different operational conditions. Furthermore, to further reduce
the number of coefficients to be identified, the authors in [95, 96] proposed interpolation
schemes that can interpolate between the identified coefficients using the proposed feature
transformation and identify the required DPD coefficients for different operation condi-
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Figure 2.13: Block diagram of a single dual-polarized antenna system augmented with the
DPD scheme in [2].

tions other than the ones identified during training. In [98] the authors proposed a DPD
scheme that uses a memory polynomial (MP) -aided deep neural network (DNN) structure,
where the neural network (NN) is used as a nonlinear mapper between the different array
operation conditions and is used to generate the polynomial coefficients. Effectively, the
DNN is acting as an interpolation function. The work in [98] was shown to yield excellent
linearization across a wide range of steering angles and array input powers.

In addition to linearizing array behavior across different steering angles, several studies
have investigated maintaining linearization behavior across various operational conditions
such as bandwidth. For example, to sustain linearization performance across different
bandwidth excitations without the need for full re-optimization of coefficients, [82] proposed
a transfer learning-based approach. In this method, a NN-based DPD is pre-trained using
a narrow-band signal, and during operation, only specific layers are retrained to adapt to
changing signal bandwidth. These retrained layers are referred to as fine-tuning layers.
The effectiveness of the DPD was validated through over-the-air (OTA) measurements on
a 16-element array at 28 GHz, excited with signals ranging from 20 MHz to 100 MHz in
bandwidth. Experimental results demonstrated a significant reduction in training time
while ensuring good linearization performance. Despite the success of works such as [77,
82,92–96,98] in linearizing RF beamforming arrays over a wide steering range, they suffer
from increased DPD training complexity and/or require substantial amounts of pre-training
data. In this thesis, we aim to improve the linearization performance of SISO-DPD across
various steering angles while reducing the necessity for identifying multiple sets of DPD
coefficients or the need for substantial amounts of pre-training data.
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Dual-Polarized RF Beamforming Transmitters

Dual-polarized MMW RF beamforming arrays have attracted significant research interest
in recent years [99–101]. These arrays aim to exploit polarization diversity to transmit two
independent data streams over the same carrier frequency, thereby enhancing spectrum
utilization. DPD techniques have been recently applied to linearize dual-polarized arrays.
For instance, in [2], the authors proposed the utilization of a SISO-DPD scheme (per
polarization) preceded by a cross-polarization interference (XPI) compensation block to
jointly mitigate both the nonlinearity of the PA and the XPI, which was experimentally
validated on a single antenna system. While the results reported in [2] are promising, the
proposed scheme is computationally complex as it requires iteratively estimating the XPI
compensation block parameters during DPD function training. Moreover, in [2], the XPI
is assumed to be frequency-independent, and the convergence of the proposed algorithm is
not guaranteed.

More recently, in [102], the authors proposed using a dual-input-single-output (DISO)
-DPD scheme (per polarization) to linearize a dual-polarized RF beamforming array in
the presence of XPI, where, similarly to [2], the interference is solely attributed to the
transmitter antennas. The inputs to the DISO-DPD functions are the signals intended to
be radiated to the UE. However, training the DPD function to compensate for both the
array’s nonlinearity and the antennas’ XPI is not desirable in practice. The XPI introduced
by the antennas in the array is part of the channel (experienced during both up-link and
down-link transmission) and should be accounted for by the precoder block. Compensating
for the transmitter antennas’ XPI using DPD would break channel reciprocity in TDD
systems. Moreover, in both [2] and [102], the authors used a FF probe to capture the
feedback signal needed to train the DPD functions. However, using FF-based TORs in
dual-polarized arrays presents new challenges. For instance, relying on an FF-TOR would
inevitably introduce XPI in the feedback channel. This may be due to the FF probe
used, the OTA channel between the array and the FF probe, or mechanical misalignment
between the transmitter antennas and the FF probe.

It’s worth noting that the current literature lacks analysis of the impact of load mod-
ulation on dual-polarized arrays’ nonlinearity when the array is steered and only focuses
on single-user scenarios where both polarizations are steered toward the same direction.
While the specific focus of this thesis does not encompass dual-polarized arrays, certain
aspects of the research presented here can potentially be extended to such arrays. However,
the exploration of this topic remains open for future investigation.
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Figure 2.14: Block diagram of a partially-connected hybrid array augmented with a SISO
DPD module per sub-array.

2.6.2 Hybrid Beamforming Transmitters

DPD techniques for linearizing hybrid beamforming arrays can be categorized into two
groups: those tailored for partially-connected hybrid arrays and those targeting fully-
connected hybrid arrays. For partially-connected hybrid arrays, researchers have proposed
various approaches such as those outlined in [75,76,79,86,103,104]. These methods typically
employ a SISO-DPD function per sub-array, as illustrated in Fig. 2.14. Accordingly, these
sub-arrays are treated independently, and the SISO-DPD function within each sub-array
is optimized to minimize the error between the desired transmitted signal and the coherent
sum of the sub-array’s PA outputs. In the presence of antenna mutual coupling between
the sub-arrays’ antennas, the work in [105] proposed to use DISO-DPD functions to lin-
earize partially-connected hybrid arrays, as depicted in Fig. 2.15. Accordingly, one input
to the DISO-DPD module represents the desired signal to be transmitted by the sub-array,
while the second input provides an estimate of the impinging signal due to inter-sub-array
antenna mutual coupling. It’s noteworthy that in [105], the feedback signal used to train
the DISO-DPD functions is obtained using a single FF feedback probe capturing the super-
position of the coherent sum of the PA outputs in each sub-array. The effectiveness of this
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Figure 2.15: Block diagram of a partially-connected hybrid array augmented with a DISO-
DPD module per sub-array.

scheme was demonstrated on a partially-connected hybrid beamforming array, which in-
cludes a three-path transmitter, with each path comprising two PA-antenna chains. These
chains operate at 1.93 GHz and are driven with 20 MHz single-carrier signals.

On the other hand, for fully-connected hybrid beamforming arrays, where each RF to
the array is connected to all of the array’s antennas through a network of phase shifters and
gain control circuitry, the DPD schemes in [75,76,79,86,103–105] are no longer applicable.
This is due to the PAs in the array being driven with a linear combination of the array’s
input signals, which causes the nonlinear behavior at each of these PAs outputs to depend
on all the array input signals. To linearize these arrays, the authors in [73, 106, 107]
suggested using a multiple-input-single-output (MISO) -DPD function per RF input in the
array. The DPD functions in these schemes are trained to minimize the errors radiated
in the main beams’ directions. The feedback signals needed to train the MISO-DPD
functions are acquired using either couplers at the PAs outputs and an anti-beamformer
that estimates the radiated signals in the beams’ directions or using FF receivers located
in the UE directions. These schemes have shown good linearization results in simulation
[73,106,107] and in measurements on a 4-element linear hybrid array with two RF inputs
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operating at 3.5 GHz [107]. Note, in [73,106,107], there is an underlying assumption that
the number of beams generated by the analog precoder is equal to the number of RF inputs
to the array and that the radiated signal in each beam is only proportional to one of the
array’s inputs. In practice, the number of radiated beams can differ from the number of
RF inputs to the array. Moreover, in the special case where the number of beams is equal
to the number of RF inputs to the array, relying on maximum ratio combining (MRT)
analog precoder (as done in [73, 106, 107]) will induce interferences between the signals
in the different beams and hence would break the aforementioned assumption (i.e., the
radiated signal in each beam is only proportional to one of the array’s inputs). To address
this challenge, the authors in [108] proposed to use a feedback compensation block that
maps the received signals in the directions of the beams to signals that are proportional
to the array’s RF inputs as shown in Fig. 2.16. The outputs of the feedback compensation
block are then used to train MISO-DPD functions. The work in [108] was validated in
simulation. Nevertheless, relying on couplers at the PA outputs or FF probes to capture
the feedback signals needed to train the DPD functions, significantly increases the DPD
complexity. Moreover, while the works in [73, 106–108] have shown promising results,
the impact of beam steering on the DPD performance and analysis of the effects of load
modulation experienced in large count fully-connected hybrid arrays are currently lacking
in the literature and are areas of potential future investigation.

Although this thesis does not specifically address hybrid beamforming arrays, certain
elements of the research presented herein may be applicable to partially connected hybrid
arrays. However, the exploration of linearization techniques for both partially and fully
connected hybrid beamforming arrays is an avenue for future investigation that warrants
further exploration.

2.6.3 Digital Beamforming Transmitters

SISO-DPD

Numerous studies have explored DPD techniques for linearizing digital beamforming arrays
operating below 6 GHz. In the absence of antenna mutual coupling, employing a SISO
DPD per PA-antenna proves effective for linearizing digital beamforming arrays [109]. In
such contexts, the DPD functions are trained independently, with feedback signals captured
using couplers at the PA outputs. To mitigate the complexity associated with implementing
a feedback path per antenna in a MIMO array, the authors in [110] proposed to train the
SISO-DPDs to share a single set of coefficients, which are extracted by sampling a subset
of PAs in the array. The scheme presented in [110] demonstrated exceptional linearization
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Figure 2.16: Block diagram of a fully-connected hybrid array augmented with a MIMO
DPD module.

results in measurements, achieving effective linearization of an array of PAs using a single
set of coefficients and trained using the outputs of a sub-set of PAs. Nevertheless, practical
MIMO arrays suffer from non-negligible antenna mutual coupling, causing the PAs in
the array to experience time-varying incident waves at their outputs. This phenomenon
introduces non-negligible nonlinearities and hinders the capacity of SISO DPDs to linearize
MIMO arrays.

MIMO-DPD

To mitigate the impact of mutual coupling on array non-linear behavior, MISO-DPD ar-
chitectures have been proposed by researchers [111, 112]. In [111], a MIMO-DPD was
devised using multi-input Volterra-based functions, while in [112], a MIMO-DPD based on
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real-valued time-delay NN was adopted. These approaches were validated on arrays with
two and three antennas, respectively. In [111], the MIMO-DPD compensated for array
nonlinearity amidst mutual coupling at PA inputs, while in [112], it addressed PA nonlin-
earity, mutual coupling, and I/Q imbalance. While the work in [111,112] demonstrated the
applicability of MIMO-DPD to linearize the impairments in MIMO arrays, implementing
these methods in large array systems can be complex due to their quadratic complexity
scaling with the number of antennas and the large number of DPD bases.

Pruning strategies offer a solution to mitigate MIMO-DPD complexity. For example,
Pere et al. [113] proposed employing data selection and dimensionality reduction tech-
niques to streamline MIMO-DPD complexity, reduce training time, and simplify DPD
coefficient identification. Their method selects training data based on their correlation
factor to the previous dataset used for training. Furthermore, they proposed two tech-
niques to reduce MIMO-DPD basis matrix dimensionality. The first employs orthogonal
least squares for model order reduction, transforming DPD bases into orthogonal bases
using the Gram–Schmidt method. This transformation enables tracking the contribution
of the MIMO-DPD bases to modeling accuracy, which is leveraged to reduce the size of
the basis matrix while minimizing the impact on performance. The second approach uses
principal component analysis to transform an original set of potentially correlated basis
functions into a new, uncorrelated, and lower-dimensional orthogonal basis, known as prin-
cipal components. This transformation is achieved by multiplying the basis matrix by a
transformation matrix. In [114], a pruning technique for NNs was proposed, where specific
coefficients and bias terms in the NN structure are zeroed based on their impact on lin-
earization performance, determined offline. Furthermore, to enable fast identification and
updates of NN-based MIMO-DPD when power to the PAs varies, the authors proposed
retraining only a predefined subset of NN coefficients/bias terms. The work in [114] was
successfully validated on hardware platforms.

DISO-DPD

Alternatively to MIMO-DPD, in [115] the authors proposed the use of DISO-DPD functions
per PA-antenna pair to linearize digital beamforming arrays in the presence of antenna mu-
tual coupling as shown in Fig. 2.17. The implementation complexity of the DPD scheme
proposed in [115] has the advantage of scaling approximately linearly with the number of
antennas [116]. In [115], the ℓ’th DISO-DPD module associated with the ℓ’th PA-antenna
pair in the array is designed to have as inputs, the desired signal to be transmitted by
the ℓ’th antenna and the incident wave at the ℓ’th PA output. In [115], the incident wave
at the PA outputs can either be sampled using reverse couplers at the PA outputs or can
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Figure 2.17: Block diagram of a digital beamforming array augmented with a DISO DPD
module per antenna.

be estimated using a mutual coupling and mismatch model (CTMM). The work in [115]
was validated on a digital beamforming array with four antenna elements and driven with
5 MHz signals centered at 2.12 GHz where the precoder is bypassed and the PAs are driven
with equal power uncorrelated signals. While the DPDs in [111–115] proved effective in
linearizing MIMO arrays, their performance is typically affected when conventional pre-
coding schemes are applied (namely, MRT, zero-forcing (ZF), and minimum mean square
error (MMSE) precoders). This is because these precoding techniques typically result in
significant disparities in the average power levels across the RF chains in the array that are
a function of the channel. The combined effect of precoding and antenna mutual coupling
results in channel-dependent array nonlinearity where the DPD functions would need to
be retrained when the precoding matrix is updated.

To address this challenge, the authors in [117] proposed to use of precoders, referred to
as equal power (EP) -MRT, EP-ZF or EP-MMSE, that are optimized to minimize the dis-
parity in radiated power between the antenna elements. Using these classes of precoders,
the author then shows in simulation and in measurements, on a 4-element array operating
at 3.5 GHz, driven with 100 MHz OFDM signals, that a single set of DISO-DPD coeffi-
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cients trained using the approach in [115] can maintain excellent linearization performance
across 200 different channel realization. While effective, “EP-precoders” do not possess
a closed-form solution and are complex to synthesize in real-time which hinders their ap-
plicability in fast-changing channel conditions. In an attempt to reduce the complexity
associated with synthesizing the “EP-precoders”, the authors in [118, 119] proposed a ZF
precoder that can be iteratively computed with relatively low complexity, compared to the
optimum EP-precoder in [120], and that sub-optimally approaches the EP-ZF precoder
in terms of reducing the power disparity between the antenna elements. Furthermore,
to ensure better linearization performance across different channel realization, in addition
to the sub-optimal EP-precoder, the authors [119] proposed a load and power-indexed
DISO-DPD scheme to linearize the array. Once these coefficients are estimated (i.e., for
predefined load and power indexes), depending on the channel, one of these identified sets
of DPD coefficients is applied. To linearize MIMO arrays in the presence of antenna cross-
coupling without resorting to the complex DISO-MIMO DPD, Yao et al. [121] proposed
a combination of SISO-DPD trained to minimize distortions as received by the user (i.e.,
linearizing the coherent combining error) and a successive refining filtering applied to the
precoding matrix to mitigate the impact of antenna mutual coupling on the user-received
signal. While effective in simulation and showing improved performance compared to a
conventional SISO-DPD as used in Hang et al. [109], this approach of linearizing distortions
as experienced by users results in residual nonlinearity at the PAs outputs and leads to de-
teriorated TRP-ACPR performance compared to the previously discussed DPD schemes.
Furthermore, the approach necessitates retraining of the precoder refining function and
DPD coefficients when the channel is updated.

UE-MIMO-DPD

In an attempt to reduce the number of DPD functions needed to linearize digital beamform-
ing arrays, the authors in [122, 123] suggested implementing the DPD modules before the
precoding block. In doing so, the number of DPD functions needed to linearize the array
becomes proportional to the number of spatially multiplexed streams or users, rather than
being dependent on the number of antennas. The DPD in [122] uses a NN while in [123]
the authors implemented the DPD in the frequency domain. Both approaches in [122,123]
adopt a MIMO-DPD structure. The DPD in [122] was validated in simulation while the
one in [123] was validated both in simulation on a 100-element digital beamforming system
and in measurements on a 64-element RF beamforming array operating at 28 GHz. De-
spite the promising results reported in [122,123] in linearizing MIMO arrays and ensuring
distortion-free signals at the users, positioning the DPD before the precoding block may
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lead to failure in ensuring linear behavior for each of the PAs in the array. This aspect
is particularly crucial in stringent applications such as in the Sub-6 GHz range, where
adopting this approach may cause the DPD to fail to meet the TRP-ACPR emission mask
requirement. Furthermore, the authors in [123] demonstrated that in multi-beam scenarios,
higher-order nonlinearity can cause what can be visualized as inter-beam spatial mixing
or beam intermodulation products, resulting in distortions adding coherently in various
directions, including those towards the users. Similar phenomena are also discussed in
Hemmi et al. [124]. Positioning the DPD before the precoder would leave the inter-beam
products un-linearized, potentially causing interference. To address this issue, Brihuega et
al. [123] proposed linearizing the MIMO array in the direction where coherent combining
of the nonlinearity is achieved.

Precoding and DPD

Alternatively, in scenarios where the TRP-ACPR is relaxed, some work has investigated
using precoding to cancel nonlinear distortion in specific locations in space to avoid inter-
ference without the need to deploy DPD. For instance, Kolomvakis et al. [125] proposed
a null-forming precoder that nulls the distortions at user-specific locations in space while
maximizing the power in the user direction. The synthesized precoder in [125] has a con-
stant magnitude constraint that ensures that both linear and nonlinear portions of the
signals are affected by the precoder similarly, guaranteeing linear and nonlinear nulling
of the interference in space. Additionally, Rottenberg et al. [126, 127] proposed a fam-
ily of precoders with a closed-form solution that cancels third-order nonlinear distortion
in the user directions without characterizing or compensating for the PA’s nonlinearity.
While the scheme in [127] was successfully demonstrated in simulation, the synthesized
precoders have the disadvantage of reducing the received power at the user compared to
the MRT precoder. Nevertheless, the authors showed that for a large number of antennas,
the gain drop tends to zero as the number of antenna elements increases. Alternatively,
in an endeavor to synthesize a precoder maximizing the sum rate at the user direction in
the presence of PA distortion, Sina et al. [128] proposed a method. Given the non-convex
nature of the formulated optimization problems, they proposed solving the optimization
problem using an iterative projected gradient ascent algorithm where the gradient of the
sum rate is computed numerically. Through simulations, assuming identical PA nonlin-
earity, the proposed precoder outperformed conventional linear precoders. While the work
in [125,127,128] have shown promise, they assume that the PA’s nonlinearity in the array is
identical, limiting the achievable nonlinearity spatial cancellation in practice. Furthermore,
both schemes in [125,127,128], are limited to single-user LoS scenarios.
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2.7 Calibration Techniques for Beamforming Arrays:

State-Of-The-Art

Most works on DPD discussed in Section 2.6 assume that the array is calibrated a priori.
Many calibration techniques for beamforming arrays have been discussed in the literature.
For digital beamforming arrays, calibration schemes are used to compensate for the different
time delays, phase offsets, and magnitude discrepancies in the array’s RF chains. For
hybrid and RF beamforming arrays, where an analog precoder is used, calibration is used
to compensate for beamforming errors attributed to the phase shifters and gain control
circuitry in the array as well as any other errors attributed to, among others, process
variation, unequal routing, impedance variations, or positional offsets in assembly. Existing
calibration methods in the literature for beamforming arrays can be classified into two
categories; i) element-wise array calibration [129–136] and ii) active array calibration [137–
140].

2.7.1 Element-Wise Array Calibration

Using element-wise calibration, the array’s RF chains are calibrated sequentially one an-
tenna at a time with the remaining elements typically disabled. The NF scanning probe
method in [129], also known as “park and probe”, is one of the most widely used element-
wise calibrations in the industry. Using this approach, a robotic manipulator places an
NF probe at the boresight of the antenna element to be tested and measures its relative
phase and magnitude errors with respect to a reference element. The NF scanning probe
method is typically performed in a controlled environment such as an anechoic chamber.
In [130] the authors proposed a rotating element electric field vector (REV) method for
element-wise array calibration that only relies on a power detector receiver to calibrate the
array. Using this scheme, the phase and magnitude errors corresponding to the individ-
ual elements in the array can be sequentially estimated by sweeping the antenna element
phase settings (one antenna at a time) and measuring the ratio between the maximum and
minimum FF received powers as well as the phase setting that maximizes the FF received
power. In [131] the authors proposed a REV-based calibration method that only requires
three-phase measurements per element. While [129–131] are effective in calibrating beam-
forming arrays with a high level of accuracy, the reliance on a FF probe and an anechoic
chamber limits their applicability to in-situ calibration (i.e., factory calibration). For in-
field calibration, the authors in [133,134] suggested the use of an element-wise calibration
method where the calibration feedback signal is captured using an NF probe mounted on
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a calibration tower in the vicinity of the array [133], or an array of NF probes embedded in
the transmitting array [134]. Alternatively, the authors in [132] suggest the use of a mutual
coupling method to calibrate digital beamforming arrays. Using the method in [132], the
inherent mutual coupling among the array elements is used where one antenna element is
operated in transmitter mode while another is used in receiver mode. The measurements
between all pairs of elements in the array are then used to characterize the relative errors
between the antenna elements and calibrate the array. In [135,136] the authors embedded a
transmission line in the antenna array that weakly couples with all the radiating elements.
The output of the transmission line is then used to sequentially calibrate an RF beamform-
ing array in [135] and a digital beamforming array in [136]. While the works in [132–136]
enable in-field calibration, they are inherently slow as they rely on element-wise calibration.
Moreover, they do not account for errors due to current loading and heating effects.

2.7.2 Active Array Calibration

To mitigate the challenges associated with element-wise calibration, active array calibration
has been proposed in the literature where the array’s RF chains are calibrated simultane-
ously. In [137–140] an active array calibration method that uses orthogonal coding and a
series of measurements at the FF is proposed. In [139, 140], the array was calibrated to
have similar third-order inter-modulation product levels between the different RF branches
in the array. Despite the promising results achieved using the methods in [137–140], the
reliance on a FF probe hinders its applicability to in-field testing. Moreover, such an
approach is not suitable to calibrate for phase-dependent errors.

The development of calibration schemes that merge the benefits of element-wise and
FF-based active calibration methods more suitable for in-field deployment is an active area
of research and is addressed in parts of this thesis.

2.8 Linearization of Frequency Multipliers: State-Of-

The-Art

In this section a review of the state-of-the-art DPD schemes for linearizing FXs and FX-
based transmitters are presented.

FXs play a pivotal role in radar systems, especially in scenarios requiring high-frequency
resolution sources [141]. The digitally controlled oscillator in these systems is typically
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Figure 2.18: Block diagram of the first attempted DPD scheme for linearizing FX-based
transmitters [3].

designed to operate at lower frequencies, ensuring superior frequency resolution. FXs then
become integral components, up-converting the generated FMCW signal from these sources
to the desired radar operational frequency. The incorporation of FXs as up-converters in
radar systems is made feasible by the constant envelope characteristic inherent in FMCW
signals, providing resilience to FX nonlinearity. However, in the context of generating
distortion-free, spectrum-efficient modulated signals for communication systems using FX-
based transmitters, the application of linearization techniques becomes imperative. This is
essential to counteract the inherent FX nonlinearity and ensure compliance with stringent
regulatory requirements.

2.8.1 Seminal Works

The pursuit of linearizing FXs finds its roots in a seminal work from 2003 by Park et al. [3].
This groundbreaking study introduced an innovative approach, modeling the nonlinearity
of FXs as a composite effect of both AM-AM and AM-PM nonlinearity. Additionally,
the authors incorporated a phase-to-phase (PM-PM) nonlinearity factor to account for the
power function intrinsic to FXs, resulting in a phase multiplication of the input signal by
the multiplication order of the FX. The proposed DPD model in this early work was non-
adaptive, utilizing indirect learning. It relied on two memory-less polynomial functions to
model the AM-AM and AM-PM characteristics, with their coefficients identified through
least square estimation. A block diagram representation of the DPD proposed in [3] is
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Figure 2.19: Block diagram of the DPD scheme incorporating phase unwrapping [4].

shown in Fig. 2.18. To enhance linearization performance, the authors in [142] later sug-
gested the use of an adaptive Look-Up Table (LUT) and polynomial-based linearization
schemes. These advancements built upon the initial DPD architecture proposed by Park
et al. [3] and allowed for improved linearization performance.

2.8.2 Phase Unwrapping and Two-Stage DPD Training

The exploration conducted in [3, 142–145] highlighted the capability of FXs in generating
modulated signals. However, the reported linearization outcomes faced constraints, par-
ticularly notable when extending the signal modulation bandwidth. This limitation stems
from two primary factors. Firstly, these methodologies operated under the assumption
of a memoryless model. Secondly, compensation for PM-PM nonlinearities, achieved by
dividing the input signal phase by the multiplier multiplication order, introduced disconti-
nuities in the phase of the predistorted signal. This, coupled with the inherent band-limited
nature of the transmitter, led to a degradation of linearization performance. Addressing
these challenges, [4] proposed an innovative DPD structure for FX linearization illustrated
in Fig. 2.19. This structure comprises a cascade of two memory-polynomial functions,
designed to model the FX’s high nonlinearity, followed by a 𝐷th root function. A piv-
otal contribution of the work lies in the authors’ analysis of the impact of the phase
discontinuity introduced by the 𝐷th root function on FX linearizability in band-limited
transmitters. Additionally, a phase unwrapping 𝐷th root-based method was introduced to
mitigate this challenge, resulting in significantly improved linearization performance. The
proposed DPD in [4] underwent experimental validation on a frequency-quadrupler setup,
enabling the generation of up to 256-QAM, 5 MHz bandwidth single carrier modulated
signals with excellent linearization performance. To determine the coefficients of the DPD
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functions, [4] introduced a sequential least square estimation approach. In this method,
each memory polynomial function in the proposed cascaded structure is identified one at a
time and iteratively. It is noteworthy that the use of phase unwrapping, pioneered by [4],
became widely adopted in subsequent works in the literature, marking a crucial milestone
in the field of DPD for FXs. Nevertheless, one of the major challenges in [4] lies in the
complexity associated with the two-stage estimation process of the DPD coefficients and
with the implementation complexity associated with implementing the 𝐷th root function
in practical hardware.

In an endeavor to simplify the signal processing complexities associated with FX-based
transmitters, Nopchinda et al. proposed a novel linearization scheme in their work [146],
drawing inspiration from the phase-unwrapping technique introduced in [4]. This innova-
tive approach involves selectively altering only the phase of the input signal to the multiplier
while keeping the magnitude unaltered, a technique termed as a phase-retarder by the au-
thors. Remarkably, using this technique the author in [147] demonstrated in later work
that, under the specific condition of memoryless FX nonlinearity, the use of the proposed
phase-retarder ensures that the transmitted M-PSK OFDM signal constellation remains
unaffected by the FX’s static nonlinearity, facilitating successful demodulation of OFDM
symbols. Experimental validation of these findings was conducted on a 20 GHz frequency
doubler, operating with an 8-PSK OFDM signal, yielding successful demodulation with a
low bit-error rate. To further enhance signal demodulation accuracy, a nonlinear equalizer
at the receiver can be employed [146, 147], effectively mitigating the impact of residual
nonlinearities introduced by the FX on signal integrity. While these results offer prac-
tical solutions to alleviate the digital signal processing burden associated with FX-based
transmitters, it is crucial to recognize that for higher constellation OFDM signal modula-
tion schemes, the implementation of DPD at the transmitter remains the preferred choice.
This ensures superiorEVM performance and avoids imposing constraints on the modula-
tion scheme. Additionally, it is important to note that the FX memoryless assumption,
while valid for certain scenarios, may not hold for wide modulation bandwidth signals,
thereby limiting the applicability of this approach.

In an effort to enhance the DPD linearization performance in FX-based transmitters
operating with wideband modulated signals, Chung et al. proposed a novel modeling ap-
proach in their work [5]. The authors envisioned the FX as the cascade of three nonlinear
blocks: a non-frequency-translating nonlinear block, an ideal power function, and a sec-
ond non-frequency-translating nonlinear block, shown in Fig. 2.20. To establish the DPD
bases, the authors initiated their modeling from a passband Volterra series, subsequently
simplifying it to complex baseband to effectively capture FX nonlinearities around the
carrier frequency. Moreover, in [5], the authors theoretically investigated the impact of the
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Figure 2.20: Block diagram of the DPD scheme using a cascade of three modules [5].

FX power function on quantization noise, revealing a degradation proportional to the FX
multiplication factor. Similar to the approach in [4], the DPD scheme in [5] employed a
two-stage DPD coefficients identification procedure, but with the distinction that the DPD
Volterra functions were interspersed with a 𝐷th root function as shown in Fig. 2.20. Ex-
perimental validation of the DPD scheme in [5] was conducted on FXs with multiplication
orders up to four. Notably, it marked the first time OFDM signals with bandwidths up
to 400 MHz were applied, and the system operated at frequencies reaching 63 GHz. The
reported results in [5] demonstrated excellent linearization performance, with measured
KPIs comparable to those achieved by DPDs applied to PA-based systems, especially for
modulation bandwidths below 200 MHz. Despite these promising outcomes, three notable
issues were identified. Firstly, the linearization performance appeared to deteriorate with
an increase in modulation bandwidth, indicating a potential challenge with the suggested
three-block modeling approach. Secondly, linearization performance seemed to decline with
an increase in FX multiplication order. Finally, the use of a two-stage identification method
introduces significant computational complexity and does not guarantee convergence to an
optimal solution.

As the modulated signal bandwidth is widened, the application of DPD to FX-based
transmitter linearization encounters practical limitations that require careful considera-
tion. Notably, issues related to data-converter bandwidths and sampling speeds emerge as
constraining factors when striving to increase signal modulation bandwidths. For instance,
to facilitate the training of the DPD function, the feedback observation receiver required
for sampling the FX nonlinear output typically operates at around five times the signal
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bandwidth. A recent endeavor to mitigate these challenges and reduce the DPD feedback
receiver bandwidth in FX-based transmitters was presented in [148]. The DPD structure
utilized in [148] adopts the three-block model proposed in [5]. This innovative method
incorporates spectral extrapolation and a band-divided-based DPD modeling approach to
enable the training of the DPD function within the limitations of a bandwidth-limited feed-
back receiver. Specifically, to train the DPD function following the 𝐷th root function, the
bandwidth-limited FX output received signal undergoes forward modeling. This process
estimates the out-of-band spectral content, contributing to the training of the DPD func-
tion. Similarly, for the DPD function preceding the 𝐷th root function, a forward modeling
approach, coupled with band-divided-based training, is employed. This involves using the
bandwidth-limited FX output received signal to train two memory polynomial functions.
These functions aid in estimating the inband and out-of-band spectral content of the re-
ceived signal, facilitating the reconstruction of the full-band FX output signal and training
of the associated DPD functions. The effectiveness of the proposed methodology in [148]
was successfully demonstrated in the linearization of a frequency doubler. The system was
driven by a 16-QAM modulated signal with a modulation bandwidth of 24 MHz, utilizing
an observation bandwidth of 78 MHz—equivalent to 3.25 times the signal bandwidth. This
approach showcases a promising solution to overcome the challenges associated with DPD
implementation in FX-based transmitters operating with wide signal bandwidths. While
the work in [148] primarily focused on reducing the TOR bandwidth, it did not tackle the
challenge associated with the high-speed DACs required by FX-based transmitters. In fact,
unlike non- FX-based transmitters that typically necessitate a transmitter with about five
times the signal bandwidth, FM-based transmitters require approximately twice or more
that bandwidth due to spectral regrowth attributed to the 𝐷th root function. This trans-
lates into high DAC power overhead and stringent bandwidth requirements for the RF
front-end. This challenge associated with the high-speed DAC requirement in FX-based
transmitters will be addressed in subsequent chapters of this thesis.

2.8.3 Additive Error Model and Single-Stage DPD Training

The challenges observed in the linearization performance for ultra-wideband modulated
signals, as reported in [5], prompted a reevaluation of existing approaches by the authors
in [6]. Previous methodologies in the literature predominantly adapted techniques devel-
oped for linearizing nonlinear PAs and applied them to FXs. In contrast, the authors
in [6] introduced an innovative additive model to characterize FX nonlinearity. Notably,
this approach made no assumptions about the FX nonlinearity or the structure of the
DPD system. Instead, the DPD solution was directly derived from the proposed additive
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Figure 2.21: Block diagram of the DPD scheme using fractional power bases in [6].

model and hence specifically tailored to the characteristics of FXs. To establish the DPD
model bases, a passband Volterra series was employed by the authors to model FX nonlin-
earity. Subsequently, this model was simplified to complex baseband and integrated into
the derived DPD solution. Two key findings emerged from this study. First, the addi-
tive model suggested that a straightforward DPD structure, comprising a Volterra-based
function followed by a 𝐷th root function, is sufficient for FX linearization. Second, it
was shown that the DPD Volterra-based function must include fractional power bases to
comprehensively model FX nonlinearity, in addition to both odd and even order bases. A
block diagram representation of the DPD scheme proposed in [6] is shown in Fig. 2.21.
These counter-intuitive findings, deviating from PA-based solutions, were experimentally
validated and compared against the results in [5]. The experimental results showcased
substantial improvements in linearization performance compared to [5], utilizing a reduced
number of DPD coefficients. Additionally, the proposed approach demonstrated increased
resilience to changes in modulation bandwidth and multiplication orders, while not relying
on computationally complex sub-optimal two-step DPD coefficients identification schemes.
While the results reported in [6] are promising, the reported linearization performance
is diminished when the multiplication order and linearization bandwidth are increased.
Notably, this scheme is sensitive to linear errors, such as non-flat frequency response, in
the transmitter’s RF chains preceding the FXs. Furthermore, the use of fractional bases
significantly increases DPD implementation complexity in hardware. These challenges will
be addressed in subsequent chapters of this thesis.
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Chapter 3

Linearization of RF Beamforming
Arrays in the Presence of Antenna
Mutual Coupling

In beamforming arrays, the close spatial arrangement of antennas causes the radiated sig-
nals from the antennas in the array to couple to their adjacent antennas through a mecha-
nism known as antenna mutual coupling. The confluence of circuit nonlinearity, resulting
from the active circuitry within the array being driven efficiently yet nonlinearly, and the
antenna mutual coupling between the antenna elements collectively induces nonlinear be-
havior that exhibits variability contingent on the beamforming steering angle. This chapter
presents the contributions of Publication I and Publication II. Firstly, we investigate
the impact of antenna mutual coupling on the nonlinear behavior of active circuitry in
PA-based (Publication I) and FX-based (Publication II) beamformers. Our analysis
yields a closed-form equation capturing the interplay between array nonlinear behavior
and antenna mutual coupling during beam steering. Notably, we identify the substantial
influence of tapering, a radiation pattern shaping technique, on antenna mutual coupling
and array nonlinear behavior. Building on these insights, we introduce an optimization
algorithm to synthesize tapering coefficients, mitigating the array’s nonlinear dependency
on beam-steering in the presence of mutual coupling Publication I. Additionally, for FX-
based beamformers, we demonstrate through circuit-inspired analyses that transmitter
nonlinearity displays resilience to antenna mutual coupling during beam-steering Publi-
cation II. Simulation and experimental validation illustrate the efficacy of the proposed
tapering algorithm in reducing variation in PA-based RF beamforming arrays during beam
steering (Publication I). Furthermore, simulation and experimental evidence confirm the
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Figure 3.1: Block diagram of RF beamforming transmitter with 𝐿 FXs driving 𝐿-element
antenna array. The dotted arrows depict, for illustration, the coupling to channel 1 from
all other channels.

resilience of FX-based beamformer nonlinearity to antenna mutual coupling effects during
beam steering (Publication II).

3.1 Nonlinear Distortion Modeling of RF Beamform-

ing Arrays

In this section, the nonlinear model of the nonlinear RF beamforming array depicted in
Fig. 3.1 is formulated. The derivation is general and can be applied to PA-based RF
beamforming arrays (i.e., with 𝐷 = 1) or FX-based RF beamforming arrays (i.e., 𝐷 > 1).

3.1.1 Angle-Independent DISO Forward Model Formulation

Let 𝑎1 [𝑛] be the sampled CBBE of the RF continuous time array input signal 𝑎1(𝑡), and
let 𝑎ℓ1 [𝑛] and 𝑎

ℓ
2 [𝑛] be the sampled CBBE of the incident wave signals at the ℓ’th PA/FX

input, 𝑎ℓ1(𝑡), and output, 𝑎ℓ2(𝑡), ports respectively. Note here that 𝑎ℓ1 [𝑛] possesses an
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angular frequency of 𝜔𝑐 rad/s while 𝑏
ℓ
2 [𝑛] and 𝑎

ℓ
2 [𝑛] appear at 𝐷𝜔𝑐 rad/s. To derive the

CBBE model for 𝑏ℓ2 [𝑛] in terms of 𝑎ℓ1 [𝑛] and 𝑎
ℓ
2 [𝑛], the passband dual-input Volterra series

is used as a starting point and several signal conversions and simplifications are applied.
The general form of the passband dual-input Volterra series used in this analysis is given
below,

𝑏ℓ2 [𝑛] =
𝑁∑︁

𝑝1=0

𝑁−𝑝1∑︁
𝑝2=0

∑︁
n∈B 𝑝1

1

n̂∈B 𝑝2
2

𝜂
𝑝1,𝑝2,ℓ

n,n̂

𝑝1∏
𝑖=1

𝑎ℓ1 [𝑛 − 𝑛𝑖]
𝑝2∏
𝑗=1

𝑎ℓ2 [𝑛 − 𝑛 𝑗 ], (3.1)

where the set B1 = {0, 1, 2, . . . , 𝑀1}, the set B2 = {0, 1, 2, . . . , 𝑀2}, 𝑀1 and 𝑀2 are the
maximum memory depth of 𝑎1 and 𝑎2 respectively, and 𝜂

𝑝1,𝑝2,ℓ

n,n̂
are the passband forward

model coefficients. Now, applying passband to baseband conversion and only keeping the
terms appearing at output frequency 𝐷𝜔𝑐, we get the following CBBE dual-input Volterra
series for PAs/FXs,

𝑏ℓ2 [𝑛] =
𝑁∑︁
𝑝=0

∑︁
(𝑘,𝑘 ′,𝑠,𝑠′)∈A(𝑝)
m∈B𝑘1 , m̂∈B𝑘′1
m̄∈B𝑠2,m̆∈B𝑠′2

𝛾
𝑘,𝑘 ′,𝑠,𝑠′,ℓ
m,m̂,m̄,m̆

𝑘∏
𝑖=1

𝑎ℓ1 [𝑛 − 𝑚𝑖] (3.2)

×
𝑘 ′∏
𝑗=1

𝑎∗ℓ1 [𝑛 − 𝑚̂ 𝑗 ]
𝑠∏
𝑞=1

𝑎ℓ2 [𝑛 − 𝑚̄𝑞]
𝑠′∏
𝑟=1

𝑎∗ℓ2 [𝑛 − 𝑚̆𝑟],

where

A(𝑝) =
{
(𝑘, 𝑘′, 𝑠, 𝑠′)

��(𝑘, 𝑘′, 𝑠, 𝑠′) ∈ Z4,
𝑘 ≥ 0, 𝑘′ ≥ 0, 𝑠 ≥ 0, 𝑠′ ≥ 0,

𝑘 + 𝑘′ + 𝑠 + 𝑠′ = 𝑝,

𝑘 − 𝑘′ + 𝐷𝑠 − 𝐷𝑠′ = 𝐷
}
, (3.3)

is the set of tuples (𝑘, 𝑘′, 𝑠, 𝑠′) that result in a nonlinearity order of 𝑝 and 𝛾𝑘,𝑘
′,𝑠,𝑠′,ℓ

m,m̂,m̄,m̆
are the

CBBE forward model coefficients. Note, in (3.2) when D is odd (e.g., PA, tripler), the set
𝐴(𝑝) = ∅ for 𝑝 even. Consequently, for 𝐷 odd, only bases with odd nonlinearity order 𝑝
appear at the desired output frequency 𝐷𝜔𝑐.
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The beamformer in Fig. 3.1 is modeled using the beamforming weights, 𝑤ℓ ∈ C for
ℓ = 1, ..., 𝐿, such that the CBBE input of the ℓ’th PA/FX is

𝑎ℓ1 [𝑛] = 𝑤ℓ𝑎1 [𝑛], (3.4)

where ℓ ∈ {1, 2, ..., 𝐿} and 𝐿 is the number of elements in the array. Substituting (3.4) in
(3.2), we get

𝑏ℓ2 [𝑛] =
𝑁∑︁
𝑝=0

∑︁
(𝑘,𝑘 ′,𝑠,𝑠′)∈A(𝑝)
m∈B𝑘1 , m̂∈B𝑘′1
m̄∈B𝑠2,m̆∈B𝑠′2

𝛾
𝑘,𝑘 ′,𝑠,𝑠′,ℓ
m,m̂,m̄,m̆

𝑤𝐷ℓ |𝑤ℓ |
𝑝′−𝐷

𝑘∏
𝑖=1

𝑎1 [𝑛 − 𝑚𝑖]

×
𝑘 ′∏
𝑗=1

𝑎∗1 [𝑛 − 𝑚̂ 𝑗 ]
𝑠∏
𝑞=1

𝑎ℓ2 [𝑛 − 𝑚̄𝑞]
𝑠′∏
𝑟=1

𝑎∗ℓ2 [𝑛 − 𝑚̆𝑟], (3.5)

where 𝑝′ = 𝑘 + 𝑘′ + 𝐷 (𝑠 + 𝑠′) and

𝑎ℓ2 [𝑛] =
𝑎ℓ2 [𝑛]
𝑤𝐷
ℓ

. (3.6)

Equation (3.5) describes the ℓ’th PA/FX output, 𝑏ℓ2 [𝑛], as a function of the array input,
𝑎1 [𝑛], and the incident wave at the ℓ’th PA/FX output.

For MMW/sub-THz RF beamforming arrays, the channel can be characterized as a
single LoS path. The channel coefficient, ℎℓ, between the ℓ’th antenna and the user, is
approximated by a phase shift that is a function of the user location specified by the ele-
vation and azimuth angles 𝜃 and 𝜙 respectively. Consequently, the LoS channel coefficient
can be expressed as follows,

ℎℓ (𝜃, 𝜙) = 𝑒−𝑖
2𝜋
𝜆
sin(𝜃)

(
𝑑𝑥
ℓ
cos(𝜙)+𝑑𝑦

ℓ
sin(𝜙)

)
(3.7)

= 𝑒−𝑖𝜁ℓ (𝜃,𝜙) , (3.8)

where 𝑖 =
√
−1, (𝑑𝑥

ℓ
, 𝑑

𝑦

ℓ
) is the location of the ℓ’th antenna in the x-y plane, 𝜆 is the

wavelength, and

𝜁ℓ (𝜃, 𝜙) =
2𝜋

𝜆
sin(𝜃)

(
𝑑𝑥ℓcos(𝜙) + 𝑑

𝑦

ℓ
sin(𝜙)

)
(3.9)
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is the beamforming phase. Using (3.8), the PA/FX beamforming weights for the direction
(𝜃, 𝜙) can then be expressed as,

𝑤𝐷ℓ (𝜃, 𝜙) = 𝜈
𝐷
ℓ ℎ

∗
ℓ (𝜃, 𝜙), (3.10)

where (.)∗ denotes the complex-conjugate, and 𝜈ℓ are steering-angle independent complex
tapering coefficients. Using the LoS assumption in (3.10), (3.5) can be rewritten as,

𝑏ℓ2 [𝑛] =
𝑁∑︁
𝑝=0

∑︁
(𝑘,𝑘 ′,𝑠,𝑠′)∈A(𝑝)
m∈B𝑘1 , m̂∈B𝑘′1
m̄∈B𝑠2,m̆∈B𝑠′2

𝛾
𝑘,𝑘 ′,𝑠,𝑠′,ℓ
m,m̂,m̄,m̆

ℎ∗ℓ (𝜃, 𝜙)𝜈
𝐷
ℓ |𝜈ℓ |

𝑝′−𝐷

×
𝑘∏
𝑖=1

𝑎1 [𝑛 − 𝑚𝑖]
𝑘 ′∏
𝑗=1

𝑎∗1 [𝑛 − 𝑚̂ 𝑗 ]

×
𝑠∏
𝑞=1

𝑎ℓ2 [𝑛 − 𝑚̄𝑞]
𝑠′∏
𝑟=1

𝑎∗ℓ2 [𝑛 − 𝑚̆𝑟] . (3.11)

The CBBE FF received signal at the observation angle (𝜃, 𝜙) with beam steering direction
(𝜃, 𝜙), denoted as 𝑟 [𝑛], can then be written as,

𝑟 [𝑛] =
𝐿∑︁
ℓ=1

ℎℓ (𝜃, 𝜙) 𝑏ℓ2 [𝑛] . (3.12)

Substituting (3.11) in (3.12), we have

𝑟 [𝑛] =
𝐿∑︁
ℓ=0

𝑁∑︁
𝑝=0

∑︁
(𝑘,𝑘 ′,𝑠,𝑠′)∈A(𝑝)
m∈B𝑘1 , m̂∈B𝑘′1
m̄∈B𝑠2,m̆∈B𝑠′2

𝛼
𝑘,𝑘 ′,𝑠,𝑠′,ℓ
m,m̂,m̄,m̆

𝑘∏
𝑖=1

𝑎1 [𝑛 − 𝑚𝑖]

×
𝑘 ′∏
𝑗=1

𝑎∗1 [𝑛 − 𝑚̂ 𝑗 ]
𝑠∏
𝑞=1

𝑎ℓ2 [𝑛 − 𝑚̄𝑞]
𝑠′∏
𝑟=1

𝑎∗ℓ2 [𝑛 − 𝑚̆𝑟], (3.13)

where 𝛼𝑘,𝑘
′,𝑠,𝑠′,ℓ

m,m̂,m̄,m̆
= 𝛾

𝑘,𝑘 ′,𝑠,𝑠′,ℓ
m,m̂,m̄,m̆

𝜈𝐷
ℓ
|𝜈ℓ |𝑝

′−𝐷 and 𝑝′ = 𝑘 + 𝑘′ +𝐷 (𝑠 + 𝑠′). The result in (3.13) shows

a dependency of the array nonlinearity on the incident waves at the PA/FX outputs, 𝑎ℓ2 [𝑛].
Moreover, it indicates that the received signal at the FF can be represented as a sum of the

58



antenna PA nonlinearities weighted by the tapering profile coefficients 𝜈ℓ. Subsequently, if
knowledge of the incident waves 𝑎2 [𝑛] at the PAs/FXs outputs are available, then using
(3.6) a DISO DPD can be formulated from (3.13) that accounts for the angle-dependent
load mismatch.

3.1.2 Angle-Dependent SISO Forward Model Formulation

The following analysis shows that for RF beamforming TXs, (3.13) can be reduced to an
angle-dependent SISO model. Moreover, we will derive the dependency of RF beamforming
array nonlinearity on the tapering coefficients, the antenna active reflection coefficients, and
the PAs/FXs outputs reflection coefficients. To that end, the expression in (3.13) is first
written as the sum of linear terms and an additive error 𝜖ℓ (ãℓ1 [𝑛], ã

ℓ
2 [𝑛]), as,

𝑏ℓ2 [𝑛] = 𝐺ℓ (𝑎ℓ1 [𝑛])
𝐷 + 𝛽ℓ𝑎ℓ2 [𝑛] + 𝜖

ℓ (ãℓ1 [𝑛], ã
ℓ
2 [𝑛]), (3.14)

where ℓ = 1, 2, . . . , 𝐿, 𝛽ℓ is the ℓ’th PA/FX output reflection coefficient, and 𝐺ℓ is the gain
of the ℓ’th branch. Note, the additive error model in (3.14) shares similarities with those
used for PAs in [77] (when 𝐷 = 1) and for FXs in [7] (when 𝐷 > 1). However, in (3.14)
the proposed model incorporates the term 𝛽ℓ𝑎

ℓ
2 [𝑛] to explicitly capture the reflected wave

at the ℓ’th PA/FX output port caused by the incident wave 𝑎ℓ2 [𝑛]. Using the antenna

S-Parameters, the CBBE incident wave at the ℓ’th PA/FX output port, 𝑎ℓ2 [𝑛], can be
expressed as follows,

𝑎ℓ2 [𝑛] =
𝐿∑︁
𝑗=1

𝑏
𝑗

2 [𝑛]𝑆ℓ 𝑗 , (3.15)

where 𝑆ℓ 𝑗 is the ℓ’th row and 𝑗 ’th column entry of the antenna array S-Parameter matrix
S. Note, to simplify the analysis and without loss of generality, the antenna S-Parameters
are assumed to be constant versus frequency. Substituting (3.14) in (3.15), one gets,

𝑎ℓ2 [𝑛] =
𝐿∑︁
𝑗=1

(
𝐺 𝑗 (𝑎 𝑗1 [𝑛])

𝐷 + 𝛽 𝑗𝑎 𝑗2 [𝑛] + 𝜖
𝑗 (ã 𝑗1 [𝑛], ã

𝑗

2 [𝑛])
)
𝑆ℓ 𝑗 . (3.16)

In order to simplify the recursion in (3.16), it is assumed that the PA/FX nonlinearity
deviates weakly from an ideal PA/FX such that,���𝐺 𝑗 (𝑎 𝑗1 [𝑛])

𝐷 + 𝛽 𝑗𝑎 𝑗2 [𝑛]
��� ≫ ���𝜖 𝑗 (ã 𝑗1 [𝑛], ã 𝑗2 [𝑛])��� . (3.17)

59



Consequently, in (3.14) and (3.16) the rightmost terms, 𝜖 𝑗 , can be neglected. Keeping the
remaining terms, we get

𝑏ℓ2 [𝑛] = 𝐺ℓ (𝑎ℓ1 [𝑛])
𝐷 + 𝛽ℓ𝑎ℓ2 [𝑛], (3.18)

and

𝑎ℓ2 [𝑛] =
𝐿∑︁
𝑗=1

𝑆ℓ 𝑗
(
𝐺 𝑗 (𝑎 𝑗1 [𝑛])

𝐷 + 𝛽 𝑗𝑎 𝑗2 [𝑛]
)
. (3.19)

Using the RF beamforming in (3.4) and the precoding in (3.10), (3.18) and (3.19) can be
rewritten as a function of the array CBBE input signal, 𝑎1 [𝑛], as,

𝑏ℓ2 [𝑛] = 𝐺ℓ (𝑎1 [𝑛])𝐷𝜈𝐷ℓ 𝑒
𝑖𝜁ℓ (𝜃,𝜙) + 𝛽ℓ𝑎ℓ2 [𝑛], (3.20)

and

𝑎ℓ2 [𝑛] =
𝐿∑︁
𝑗=1

𝑆ℓ 𝑗
(
𝐺 𝑗 (𝑎1 [𝑛])𝐷𝜈𝐷𝑗 𝑒𝑖𝜁 𝑗 (𝜃,𝜙) + 𝛽 𝑗𝑎

𝑗

2 [𝑛]
)
. (3.21)

In order to solve the recursion in (3.21), (3.20) and (3.21) are first expressed in matrix
form. Let Z and 𝛃, be 𝐿× 𝐿 diagonal matrices with 𝑗 ’th column and 𝑗 ’th row entries given
by 𝐺 𝑗𝑒

𝑖𝜁 𝑗 (𝜃,𝜙) and 𝛽 𝑗 respectively. Consequently, (3.18) and (3.21) can be expressed as,

b̃2 = Z𝛎(𝑎1 [𝑛])𝐷 + 𝛃ã2, (3.22)

and

ã2 = SZ𝛎(𝑎1 [𝑛])𝐷 + S𝛃ã2, (3.23)

respectively, where b̃2 =
[
𝑏12 [𝑛], ..., 𝑏

𝐿
2 [𝑛]

]𝑇
, ã2 =

[
𝑎12 [𝑛], ..., 𝑎

𝐿
2 [𝑛]

]𝑇
and 𝛎 = [𝜈𝐷1 , ..., 𝜈

𝐷
𝐿
]𝑇 .

Solving for ã2 in (3.23), the expression of the incident waves at the PA/FX outputs can
be expressed as a function of the array input, 𝑎1 [𝑛], and the tapering coefficients, 𝛎, as
follows,

ã2 = (I − S𝛃)−1SZ𝛎(𝑎1 [𝑛])𝐷 . (3.24)

The ℓ’th entry of ã2 is then given by

𝑎ℓ2 [𝑛] =
[
(I − S𝛃)−1S

]
ℓ
Z𝛎(𝑎1 [𝑛])𝐷 , (3.25)
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where
[
(I−S𝛃)−1S

]
ℓ
is the ℓ’th row of the matrix (I−S𝛃)−1S. In order to derive the expres-

sion of array antenna active reflection coefficients as a function of the tapering coefficients,
(3.24) is first substituted in (3.22). Rearranging the terms, we get,

b̃2 =
(
Z𝛎 + 𝛃(I − S𝛃)−1SZ𝛎

)
(𝑎1 [𝑛])𝐷 . (3.26)

The ℓ’th entry of b̃2 is then given by

𝑏ℓ2 [𝑛] =
[
Z𝛎 + 𝛃(I − S𝛃)−1SZ𝛎

]
ℓ
(𝑎1 [𝑛])𝐷 (3.27)

= 𝐺ℓ (𝑎1 [𝑛])𝐷𝜈𝐷ℓ 𝑒
𝑖𝜁ℓ (𝜃,𝜙) + 𝛽ℓ

[
(I − S𝛃)−1S

]
ℓ
Z𝛎(𝑎1 [𝑛])𝐷 , (3.28)

where
[
Z𝛎 + 𝛃(I− S𝛃)−1SZ𝛎

]
ℓ
is the entry in the ℓ’th row of the column vector Z𝛎 + 𝛃(I−

S𝛃)−1SZ𝛎. The active reflection coefficient seen by the ℓ’th antenna element can then be
expressed as follows,

Γℓ =
𝑎ℓ2 [𝑛]
𝑏ℓ2 [𝑛]

. (3.29)

Substituting (3.25) and (3.28) in (3.29), we then have,

Γℓ (𝜃, 𝜙, 𝛎) =
[
(I − S𝛃)−1S

]
ℓ
Z𝛎

𝐺ℓ𝜈
𝐷
ℓ
𝑒𝑖𝜁ℓ (𝜃,𝜙) + 𝛽ℓ

[
(I − S𝛃)−1S

]
ℓ
Z𝛎
, (3.30)

where the dependence of Γℓ on 𝜃, 𝜙 and 𝛎 was made explicit. From (3.30), it is clear
that the array antenna active reflection coefficients depend on the tapering coefficients,
𝛎, the beamforming coefficients in Z, the PA/FX output reflection coefficients in 𝛃, and
the array S-Parameters in S. It is to note that in the special case where 𝛽ℓ = 0 (i.e., the
PA/FX output reflection coefficients are zero), the expression of Γℓ in (3.30), simplifies to
the following,

Γℓ (𝜃, 𝜙, 𝛎) =
1

𝐺ℓ𝜈
𝐷
ℓ

𝐿∑︁
𝑗=1

𝑆ℓ 𝑗𝐺 𝑗𝜈
𝐷
𝑗 𝑒

𝑖
(
𝜁 𝑗 (𝜃,𝜙)−𝜁ℓ (𝜃,𝜙)

)
(3.31)

which clearly shows the dependency of the array antenna active reflection coefficients on
the tapering coefficients 𝜈ℓ and on the steering angle.

Returning to (3.29), the incident wave at the ℓ’th PA/FX output can be expressed as
follows,

𝑎ℓ2 [𝑛] = Γℓ𝑏
ℓ
2 [𝑛] . (3.32)
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Substituting (3.20) in (3.32) and solving for 𝑎ℓ2 [𝑛] we get,

𝑎ℓ2 [𝑛] = Γℓ𝐺ℓ (𝑎1 [𝑛])𝐷𝜈𝐷ℓ 𝑒
𝑖𝜁ℓ (𝜃,𝜙) + Γℓ𝛽ℓ𝑎

ℓ
2 [𝑛] (3.33)

=
Γℓ𝐺ℓ (𝑎1 [𝑛])𝐷𝜈𝐷ℓ 𝑒

𝑖𝜁ℓ (𝜃,𝜙)

1 − Γℓ𝛽ℓ
. (3.34)

Using (3.34), (3.6) can then be expressed as follows,

𝑎ℓ2 [𝑛] =
𝐺ℓΓℓ

1 − Γℓ𝛽ℓ
(𝑎1 [𝑛])𝐷 . (3.35)

Finally, substituting (3.35) in (3.13), we get

𝑟 [𝑛] =
𝐿∑︁
ℓ=1

𝑁∑︁
𝑝=1

∑︁
(𝑘,𝑘 ′,𝑠,𝑠′)∈A(𝑝)
m∈B𝑘1 , m̂∈B𝑘′1
m̄∈B𝑠2,m̆∈B𝑠′2

𝛼
𝑘,𝑘 ′,𝑠,𝑠′,ℓ
m,m̂,m̄,m̆

𝑘∏
𝑖=1

𝑎1 [𝑛 − 𝑚𝑖]

×
𝑘 ′∏
𝑗=1

𝑎∗1 [𝑛 − 𝑚̂ 𝑗 ]
𝑠∏
𝑞=1

𝐺ℓΓℓ

1 − Γℓ𝛽ℓ
(𝑎1 [𝑛 − 𝑚̄𝑞])𝐷

×
𝑠′∏
𝑟=1

𝐺∗
ℓ
Γ∗
ℓ

1 − Γ∗
ℓ
𝛽∗
ℓ

(𝑎∗1 [𝑛 − 𝑚̄𝑟])
𝐷 . (3.36)

From (3.36), it is clear that the array behavior at the FF is nonlinearly dependent on the
antenna active reflection coefficients Γℓ, ℓ = 1, ..., 𝐿. Moreover, the impact of Γℓ on the
array’s nonlinear behavior is magnified by the PA/FX output reflection coefficients. This
dependency on Γℓ also causes the array to exhibit angle-dependent nonlinear behavior and
hinders the capacity of a single SISO-DPD set of coefficients to linearize the array over a
wide range of steering angles. Alternatively, (3.36) can also be rewritten as follows,

𝑟 [𝑛] =
𝑁∑︁
𝑝=1

∑︁
(𝑘,𝑘 ′,𝑠,𝑠′)∈A(𝑝)
m∈B𝑘1 , m̂∈B𝑘′1
m̄∈B𝑠2,m̆∈B𝑠′2

𝛼
𝑘,𝑘 ′,𝑠,𝑠′

m,m̂,m̄,m̆

𝑘∏
𝑖=1

𝑎1 [𝑛 − 𝑚𝑖]

×
𝑘 ′∏
𝑗=1

𝑎∗1 [𝑛 − 𝑚̂ 𝑗 ]
𝑠∏
𝑞=1

(𝑎1 [𝑛 − 𝑚̄𝑞])𝐷

×
𝑠′∏
𝑟=1

(𝑎∗1 [𝑛 − 𝑚̄𝑟])
𝐷 , (3.37)
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where

𝛼
𝑘,𝑘 ′,𝑠,𝑠′

m,m̂,m̄,m̆
=

𝐿∑︁
ℓ=1

𝛼
𝑘,𝑘 ′,𝑠,𝑠′,ℓ
m,m̂,m̄,m̆

𝑘 ′∏
𝑗=1

𝑎∗1 [𝑛 − 𝑚̂ 𝑗 ]
𝑠∏
𝑞=1

𝐺ℓΓℓ

1 − Γℓ𝛽ℓ

𝑠′∏
𝑟=1

𝐺∗
ℓ
Γ∗
ℓ

1 − Γ∗
ℓ
𝛽∗
ℓ

. (3.38)

Note, in (3.37) the Γℓ terms have been absorbed into the model coefficients 𝛼𝑘,𝑘
′,𝑠,𝑠′

m,m̂,m̄,m̆
. These

coefficients are now angle-dependent, emphasizing that the nonlinear error in the received
signal 𝑟 [𝑛] depends on the steering angle

3.2 Tapering Profile Synthesis Algorithm

In this section, an algorithm to synthesize tapering profiles that minimize the variation of
Γℓ (𝜃, 𝜙, 𝛎) across a range of steering angles is presented. The proposed algorithm is subse-
quently validated numerically and experimentally on a 64-element PA-based beamforming
array operating at 28 GHz.

3.2.1 Problem Formulation

In this subsection, the proposed tapering algorithm that synthesizes tapering profiles that
minimize the variation of Γℓ (𝜃, 𝜙, 𝛎) across a range of steering angles is formulated. These
optimal tapering coefficients are those that reduce the variation of Γℓ (𝜃, 𝜙, 𝛎) when the
array is steered, i.e., are the solution to the following optimization problem,

𝛎opt = argmin
𝛎∈C𝐿

∑︁
𝜃∈𝚯
𝜙∈𝚽

𝐿∑︁
ℓ=1

����𝑑Γℓ𝑑𝜃 ����𝑞 + ����𝑑Γℓ𝑑𝜙 ����𝑞 (3.39a)

subject to

����� 𝐿∑︁
ℓ=1

𝜈ℓ

����� ≥ 𝐴𝐹 (3.39b)

|𝑣ℓ | ≤ 1, ℓ = 1, ..., 𝐿 (3.39c)

where 𝐴𝐹 ≤ 𝐿 is the targeted array factor, 𝚯 ⊂ [−𝜋/2, 𝜋/2] and 𝚽 ⊂ [0, 𝜋] are the sets of
azimuth and elevation angles the array is to be optimized over, and 𝑞 ≥ 1 is a real number
that determines how significantly large variations in an active reflection coefficient versus
steering angle should be penalized. The constraint in (3.39b) ensures that the array gain
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meets a minimum specified gain target value of 𝐴𝐹. Moreover, the constraint in (3.39c)
ensures that the resulting tapering coefficient magnitudes in (3.39a) do not exceed 1.

Note, the optimization problem in (3.39a) – (3.39c) is difficult to solve since the objec-
tive function in (3.39a) is non-convex and the constraint in (3.39b) is non-convex as well.
We first show how the constraint in (3.39b) can be transformed into a convex constraint.
Note that due to (3.30), we can apply a common phase shift 𝑒𝑖𝛼 to each 𝜈ℓ, and the Γℓ
remain unchanged, i.e.

Γℓ (𝜃, 𝜙, 𝛎) = Γℓ (𝜃, 𝜙, 𝑒𝑖𝛼𝛎)

Therefore, in (3.39a) – (3.39c) there is an optimal solution 𝛎̃ such that the sum
∑𝐿
ℓ=1 𝜈ℓ is

a non-negative real-number. Furthermore, this solution has its sum lie in the real interval
[𝐴𝐹, 𝐿]. Hence, without loss, we may replace the constraint (3.39b) with

��𝐿 −∑𝐿
ℓ=1 𝜈ℓ

�� ≤
𝐿 − 𝐴𝐹 as this latter contains the real interval [𝐴𝐹, 𝐿].

To address the non-convexity of the objective function in (3.39a), we propose using
an iterative approach. Specifically, the dependency in the denominator of Γℓ (𝜃, 𝜙, 𝛎) in
(3.30) on the tapering coefficients 𝛎 is removed by replacing these tapering coefficients in
the (𝑘 + 1)’th optimization iteration with the resulting tapering coefficients from the 𝑘’th
optimization iteration. To that end, we define,

Γ̄ℓ (𝛎, 𝛎) :=
[
(I − S𝛃)−1S

]
ℓ
Z𝛎

𝐺ℓ𝜈
𝐷
ℓ
𝑒𝑖𝜁ℓ (𝜃,𝜙) + 𝛽ℓ

[
(I − S𝛃)−1S

]
ℓ
Z𝛎
, (3.40)

where 𝛎 = [𝜈𝐷1 , ..., 𝜈
𝐷
𝐿
]𝑇 . The optimization problem in (3.39a) – (3.39c) can then be solved

iteratively as follows,

𝛎𝑘+1 = argmin
𝛎∈C𝐿

∑︁
𝜃∈𝚯
𝜙∈𝚽

𝐿∑︁
ℓ=1

����𝑑Γ̄ℓ (𝛎, 𝛎𝑘 )𝑑𝜃

����𝑞 + ����𝑑Γ̄ℓ (𝛎, 𝛎𝑘 )𝑑𝜙

����𝑞 (3.41a)

subject to

�����𝐿 −
𝐿∑︁
ℓ=1

𝜈ℓ

����� ≤ 𝐿 − 𝐴𝐹, (3.41b)

|𝑣ℓ | ≤ 1, ℓ = 1, ..., 𝐿 (3.41c)

where 𝛎𝑘+1 = [(𝜈𝑘+11 )𝐷 , ..., (𝜈𝑘+1
𝐿

)𝐷], and 𝛎1 = [1, ..., 1] (i.e., 𝜈1
ℓ
= 1 for ℓ = 1, ..., 𝐿). Since

in step 𝑘, 𝛎𝑘 in (3.41a) is fixed, the objective is convex with respect to 𝛎. Note, the
derivatives of Γℓ and Γ̄ℓ with respect of 𝜃 and 𝜙 in (3.39a) and (3.41a) respectively can be
computed numerically. Please note that the proposed method to synthesize the tapering
profile does not explicitly consider the beam shape. Nevertheless, the formulation could
be extended to incorporate additional beam shape-related constraints.
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Figure 3.2: Array antenna element active reflection coefficients versus steering angle for
𝜃 ∈ [−50◦, 50◦]: a) with uniform tapering; b) with synthesized tapering obtained from
the proposed optimization with 𝑞 = 1 and 𝐴𝐹 = 57 (i.e., overall array gain reduction of 1
dB); The inset highlights the variation in the antenna active reflection coefficients of three
selected antenna elements when the array is steered.

3.2.2 Numerical Analysis

In this subsection, the performance of the proposed algorithm is validated in simulation
and experimentally using an 8 × 8 RF beamforming array designed to operate at 28 GHz
and characterized with a maximum antenna mutual coupling of −14 dB. The impact of
the tapering profile obtained using the proposed optimization algorithm on the extent
of variation in the antenna active reflection coefficients is evaluated in simulation using
the antenna array scattering-parameters (S-Parameters). Experimental results are then
presented to assess the implication of applying the synthesized tapering obtained from the
proposed algorithm on the performance of DPD over a wide steering range. Note, the
synthesis of the tapering profile is an offline process; hence the proposed solution does not
increase the DPD complexity.

In this subsection, we evaluate in simulation the impact of the tapering profile on the
variation of antenna active reflection coefficients versus steering angle. Fig. 3.2 shows the
array antenna active reflection coefficients versus steering angle (−50◦ ≤ 𝜃 ≤ −50◦ and
𝜙 set to 0◦) when either the uniform (Fig. 3.2 (a)) or synthesized (Fig. 3.2 (b)) tapering
profiles are applied. The synthesized tapering profile coefficients used in Fig. 3.2 (b) are
shown Fig. 3.3 and are synthesized using the proposed optimization algorithm in (3.41a) –
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(a) (b)

Figure 3.3: Synthesized tapering coefficients magnitude in dB (a) and phase in degrees (b)
obtained from the proposed optimization with 𝑞 = 1 and 𝐴𝐹 = 57 (i.e., overall array gain
reduction of 1 dB).

(3.41c) with 𝑞 = 1, 𝐴𝐹 = 57 (i.e., overall array gain reduction of 1 dB) and are optimized
for −50◦ ≤ 𝜃 ≤ −50◦ with a step of 1◦ and 𝜙 set to 0◦. The optimization problem in
(3.41a) was solved using CVX (a disciplined convex solver for MATLAB) and a total of
three iterations were used to generate the synthesized tapering profile used in this work.
Note, the synthesized tapering obtained from the proposed optimization is fixed versus
the steering angle. From Fig. 3.2, it is clear that the synthesized tapering profile reduced
the variation of the antenna active reflection coefficients (both in magnitude and phase)
compared to the uniform tapering profile case. For instance, the VSWR at the input
of antenna element (3,3) varied by 0.9 (between 1.6 and 2.5) and 0.3 (between 1.4-1.7)
when the tapering is set to uniform or synthesized profiles, respectively. Fig. 3.4 shows
the normalized radiation pattern of the array when uniform or the synthesized tapering is
applied. From Fig. 3.4, applying the synthesized tapering profile did not affect the array
beam width but did affect the array’s sidelobe levels and nulls.

In order to further analyze the impact of the synthesized tapering profile obtained
from the proposed algorithm, we define a 𝑞-norm based variation metric, VMℓ (𝛎), that
quantifies the variation of the active reflection coefficient at the ℓ’th antenna element for
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Figure 3.4: Simulated normalized array radiation pattern using uniform tapering profile
and the synthesized profile obtained from the proposed optimization with 𝑞 = 1 and 𝐴𝐹 =

57 (i.e., overall array gain reduction of 1 dB).

given tapering coefficients, 𝛎, when the array is steered, as follows,

VMℓ (𝛎) =
©­­­«

1

|𝚯| |𝚽|
∑︁
𝜃∈𝚯
𝜙∈𝚽

����𝑑Γℓ (𝜃, 𝜙, 𝛎)𝑑𝜃

����𝑞 + ����𝑑Γℓ (𝜃, 𝜙, 𝛎)𝑑𝜙

����𝑞ª®®®¬
1/𝑞

. (3.42)

Note, if the applied tapering profile eliminates the variation in the antenna active reflection
coefficients versus steering angle, then (3.42) reduces to VMℓ (𝛎) = 0 (i.e., constant active
reflection coefficient versus steering angle). The extent of reduction in Γℓ variation versus
steering angle when a synthesized tapering profile is applied, compared to the uniform
profile case, can then be defined using the variation metric ratio (VMR) as follows,

VMRℓ =
VMℓ (𝛎opt)
VMℓ (1𝑳)

. (3.43)

Fig. 3.5 shows the VMR of all the elements of the simulated antenna array when the
synthesized tapering profile obtained from the proposed algorithm is applied. From Fig. 3.5,
compared to the uniform profile case, the synthesized tapering profile reduced the variation
in the antenna active reflection coefficients versus steering angle by 6 dB or more for 25%
of the antenna elements and had a median improvement of 3.9 dB. Moreover, only four
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Figure 3.5: Variation Metric Ratio (VMR) of the antenna elements representing the re-
duction (in dB scale) in the antenna active reflection coefficient variation versus steering
angle when the synthesized tapering profile obtained from the proposed optimization with
𝑞 = 1 and 𝐺 = 57 (i.e., overall array gain reduction of 1 dB) is applied.

antenna elements experienced an improvement below 1.4 dB. The results in Fig. 3.5 further
confirm the ability of synthesized tapering profiles generated using the proposed algorithm
to reduce the extent of variation in the antenna active reflection coefficients versus steering
angle. Please note that the above simulation results assumed an infinite resolution for
the phase and magnitude controls. Nevertheless, it was found that if the phase control is
quantized to at least 4 bits and the magnitude control step size is at most 0.5 dB, then
the impact of phase and magnitude control resolution is negligible.

3.2.3 Experimental Validation

In this subsection, the capacity of SISO-DPD to linearized PA-based RF beamforming ar-
rays, the impact of antenna mutual coupling on the SISO-DPD linearization versus steering
angle and the effectiveness of applying synthesized tapering obtained from the proposed
algorithm to reduce the extent of the variation of the active reflection coefficients and im-
prove the performance of SISO-DPD over a wide steering range is validated experimentally
using the experimental setup shown in Fig. 3.6. The vector-modulated test signal used in
the experiment was generated using a 12-bit, 12 GS/s arbitrary waveform generator (AWG)
(M8121A from Keysight Technologies), with output centered at an IF of 1.75 GHz. An
IQ-mixer (ADMV-1013) was used to up-convert the IF signal to a center frequency of 28
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Figure 3.6: Functional block diagram (Left) and picture (Right) of the measurement setup.

Figure 3.7: Measured spectrum results captured at the FF when the array is steered at
broadside: (a) before DPD with uniform tapering applied; (b) before DPD with synthe-
sized tapering applied; (c) after DPD with uniform tapering applied; (d) after DPD with
synthesized tapering applied.

GHz. The signal was then amplified using a driver amplifier (HMC-1131) and fed to the
antenna-under-test (AUT). The array uses 16 beamforming integrated circuits (BFICs;
Anokiwave AWMF-0162 [149]). The BFICs allow for 4-bits (step size of 0.5 dB) gain con-
trol and 6-bits phase resolution. The AUT was mounted on a servo motor that is rotated
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Figure 3.8: Measured gain distortion (Left) and AM-PM (Right) at the FF when the array
is steered at broadside: (a) before DPD with uniform tapering applied; (b) before DPD
with synthesized tapering applied; (c) after DPD with uniform tapering applied; (d) after
DPD with synthesized tapering applied.

to align the beam with the receiver when electrically steering the array. A horn antenna
was used to capture the FF signal and validate the DPD linearization performance. The
output of the horn antenna was down-converted to an IF frequency of 2 GHz and captured
using a 10-bit, 20 GS/s, 8 GHz analog bandwidth oscilloscope (MSOS804A from Keysight
Technologies). LO sources (MXG-N5183B from Keysight Technologies) were used to drive
the up-conversion and down-conversion mixers used in the setup.

The measurements were performed using 200 MHz OFDM signals conforming to 3GPP
5G NR downlink specifications, with sub-carriers modulated using 256-QAM, a sub-carrier
spacing of 120 kHz, 𝐾D = 1584 total data sub-carriers, a fast Fourier transform size of
𝐾FFT = 2048, and characterized by a PAPR (after crest factor reduction using clipping and
filtering) of 9 dB. For the DPD function, the model in [7] is adopted where the nonlinearity
order, nonlinear memory depth, linear memory depth, multiplication order, and memory
step were set to 9, 3, 3, 1, and 1 respectively. Moreover, the number of nonlinear memory
cross-terms was limited to 3 resulting in a total of 35 coefficients. Indirect learning was
used to train the DPD coefficients. The number of iterations used was fixed to 10, and
1.5 × 104 samples were used per iteration.

In order to ensure acceptable signal accuracy at the array’s input, the setup was cali-
brated using a wideband multi-tone signal with 1 MHz tone spacing. Moreover, the array
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Figure 3.9: Measured radiated power in H-plane with the array steered at broadside: (a)
in-band power with uniform tapering applied; (b) in-band power with synthesized tapering
applied; (c) out-of-band power before DPD with uniform tapering applied; (d) out-of-band
power before DPD with synthesized tapering applied; (e) out-of-band power after DPD
with uniform tapering applied; (f) out-of-band power after DPD with synthesized tapering
applied.

was calibrated for phase and magnitude errors using the FF horn antenna following the
procedure described in [134]. The synthesized tapering profile used in the measurements
was obtained from (3.41a) – (3.41c) with 𝑞 = 1 and 𝐴𝐹 = 57 (i.e., overall array gain reduc-
tion of 1 dB). The input power to the array was increased when synthesized tapering was
applied to maintain the EIRP and accordingly the received power at the user the same as
when the uniform tapering profile was applied.

Fig. 3.7 shows the PSD of the received signal in the FF where the EIRP is set to 50.7
dBm and when the array is steered at broadside: (a) with uniform tapering profile prior to
DPD, (b) with synthesized tapering profile applied prior to DPD, (c) after DPD trained
with uniform taper applied, and (d) after DPD with synthesized tapering applied. Fig. 3.8
depicts the measured gain distortion (Left) and AM-PM (Right) corresponding to the
signals in Fig. 3.7 (a)-(d). Note, the DPD function coefficients in Fig. 3.7 (c) and (d) are
trained with the array steered at broadside (i.e., 𝜃 = 𝜙 = 0), the FF receiver positioned in
the array’s main beam direction and the array experiencing about 1.7-1.8 dB compression
as shown in Fig. 3.8 (a) and (b). From Fig. 3.7, it is clear that applying tapering does
not significantly deteriorate the DPD performance at broadside. When uniform tapering
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Figure 3.10: Measured UE-ACPR (Left) and EVM (Right )versus steering angle: (a) before
DPD with uniform tapering applied; (b) before DPD with synthesized tapering applied;
(c) after DPD with uniform tapering applied; (d) after DPD with synthesized tapering
applied.

is applied, the UE-ACPR and EVM improved from −34.4/−34.0 dBc and −24.9 dB before
DPD to −49.5/−49.5 dBc and −40 dB after DPD. In the case of synthesized tapering,
the UE-ACPR and EVM improved from −33.8/−33.5 dBc and −24.4 dB before DPD to
−48.8/−48.8 dBc and −40.3 dB after DPD. Note, the slight degradation of the UE-ACPR
and EVM before and after DPD when synthesized tapering is applied as compared to the
uniform tapering case, is due to the fact that array input power in the synthesized tapering
case was adjusted to compensate for the reduction in array gain. This causes the PAs in
the array that have a tapering coefficient of 1 to be driven at a higher compression point.

Fig. 3.9 shows the measured radiated power in the H-plane with the array steered
at broadside: (a) in-band power with uniform tapering applied, (b) in-band power with
synthesized tapering applied, (c) out-of-band power before DPD with uniform tapering
applied, (d) out-of-band power before DPD with synthesized tapering applied, (e) out-
of-band power after DPD with uniform tapering applied, and (f) out-of-band power after
DPD with synthesized tapering applied. In this experiment, the FF horn remains fixed,
and the measurements are conducted by mechanically rotating the array between 𝜃 = −52◦
and 𝜃 = 52◦ with the beam electrically steered at broadside. It is evident from Fig. 3.9
(e) and (f) that the linearization performance after DPD was maintained in both the
main beam and in the sidelobe directions when uniform (c) or synthesized (f) tapering is
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applied. Moreover, the TRP-ACPR improved from −34.3 dBc (when uniform tapering is
applied) and −33.5 dBc (when synthesized tapering applied) before DPD to −46.2 dBc and
−45.05 dBc for the uniform and synthesized tapering respectively after DPD.

In order to assess the generality of the DPD solution versus steering angle, a DPD
function with the same coefficients used in Fig. 3.7 (c) and (d) are applied while the array
is mechanically steered between 𝜃 = −50◦ and 𝜃 = 50◦. Electrical beam steering is applied
to maintain alignment of the FF receiver with the direction of maximum radiation of the
beam. The UE-ACPR and EVM are shown versus the steering angle in Fig. 3.10 (Left)
and Fig. 3.10 (Right) respectively. From these plots, it is evident that the linearization
performance of DPD in the uniform tapering profile case deteriorates when the array is
steered even a few degrees away from the angle the DPD was trained at. For instance,
when the array is steered to 𝜃 = −10◦, the UE-ACPR and EVM deteriorate from −49.5 dBc
and −40 dB (at broadside) to −44 dBc and −36.4 dB, respectively. The application of the
synthesized tapering profile obtained from the proposed algorithm significantly improves
the DPD linearization performance versus the steering angle. The variation of the UE-
ACPR and EVM after DPD is now less than ≤ 0.5 dB and ≤ 0.3 dB respectively, compared
to 6 dB and 4 dB respectively when uniform tapering is applied. These results confirm the
impact of tapering on the array’s antenna active reflection coefficients and the capacity of
synthesized tapering to enhance the SISO-DPD performance over a wide steering range.

3.3 Effect of Antenna Mutual Coupling on FM Non-

linearity

In this section, we investigate the impact of load modulation on the nonlinearity of FXs.
While this investigation assumes an active FX, its outcomes can be easily extended to
passive ones. Furthermore, this investigation assumes that the frequency multiplication
in the active FX is dominated by the strong nonlinearity associated with the clipping of
the drain current created by pinching off the channel [150–153]. Accordingly, the desired
output signal of the FX is located at one of the harmonics of the input signal with the
exact harmonic depending on the chosen multiplication factor. Furthermore, the undesired
harmonics are assumed to be terminated with a short circuit [153].
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Figure 3.11: (a) Simplified circuit schematic of an FET-based FX; (b) Circuit-inspired
conceptual block diagram of an FX.

3.3.1 Problem Formulation

Fig. 3.11(a) shows a generic circuit of an active FX which includes a simplified field-
effect transistor (FET) model with a feedback capacitance, 𝐶 𝑓 . The drain current, 𝑖𝑑𝑠 (𝑡),
is modeled using a static nonlinear function that depends on the gate-to-source voltage,
𝑣𝑔𝑠 (𝑡). This function mimics the conduction-angle dependent nonlinearity which domi-
nates the behavior of the FX. The input matching network (IMN) and output matching
network (OMN) shown in Fig. 3.11(a) are designed to produce source and load impedances,
𝑍𝑆 (𝜔) and 𝑍𝐿 (𝜔) at 𝜔𝑐 and 𝐷𝜔𝑐 respectively, to maximize the trade-off between efficiency,
output power and frequency-conversion gain assuming preset generator and termination
impedances, 𝑍𝐺 and 𝑍𝐴, respectively. The matching networks are also expected to present
short-circuits at frequencies outside their passbands; i.e., outside a passband centered at
𝜔𝑐 (resp. 𝐷𝜔𝑐) voltages at the transistor gate (resp. drain) are assumed to be zero.

The circuit in Fig. 3.11(a) is further simplified by expressing the voltages at different
nodes in discrete-time with its circuit-inspired conceptual model shown in Fig. 3.11(b). In
Fig. 3.11(b), the static nonlinear block is used to model the conduction-angle dependent
nonlinearity of the FET output current, 𝑖𝑑𝑠 [𝑛]. This output current is then fed to a transfer
function, 𝐻𝐿 (𝜔), that mimics the frequency selective load impedance, 𝑍𝐿 (𝜔). Note, 𝐻𝐿 (𝜔)
is only non-zero around 𝐷𝜔𝑐. Two bandpass filterss (BPFs) centered at 𝜔𝑐 and 𝐷𝜔𝑐 are
used to account for the IMN and OMN transfer functions and are denoted by 𝐻𝑖𝑛 (𝜔) and
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𝐻𝑜𝑢𝑡 (𝜔), respectively. Finally, a linear feedback filter, 𝐻 𝑓 (𝜔), is used to account for the
transfer function of the feedback capacitance 𝐶 𝑓 . The conceptual model in Fig. 3.11(b) is
used hereafter to analyse the effect of the variation of the termination impedance, 𝑍𝐴, and
consequently the load impedance, 𝑍𝐿, on the FX nonlinearity.

From Fig. 3.11(b), the discrete-time passband output of the static nonlinear block,
𝑖𝑑𝑠 [𝑛], can be expressed as follows,

𝑖𝑑𝑠 [𝑛] =
𝑃∑︁
𝑝=1

𝑔𝑚𝑝𝑣
𝑝
𝑔𝑠 [𝑛], (3.44)

where 𝑣𝑔𝑠 [𝑛] is the discrete-time passband input to the static nonlinear block, 𝐷 is the
FX multiplication factor, 𝑃 ≥ 𝐷 is the nonlinearity order and 𝑔𝑚𝑝 are the coefficients of
the static nonlinear block. The output current 𝑖𝑑𝑠 [𝑛] is then fed to 𝐻𝐿 (𝜔) to yield the
band-limited output voltage, 𝑣𝑜 [𝑛], around 𝐷𝜔𝑐, and is expressed a follows,

𝑣𝑜 [𝑛] = (ℎ𝐿 ∗ 𝑖𝑑𝑠) [𝑛], (3.45)

where ℎ𝐿 [𝑛] is the impulse response of 𝐻𝐿 (𝜔). Substituting (3.44) in (3.45), we get

𝑣𝑜 [𝑛] =
𝑃∑︁
𝑝=1

|h𝐿 |∑︁
𝑚=0

𝑔𝑚𝑝ℎ𝐿 [𝑚]𝑣
𝑝
𝑔𝑠 [𝑛 − 𝑚], (3.46)

where |h𝐿 | + 1 is the length of the impulse response ℎ𝐿 [𝑛].
Based on Fig. 3.11(b), the discrete-time passband output of the feedback filter, 𝑣 𝑓 [𝑛],

can be written as,

𝑣 𝑓 [𝑛] = (ℎ 𝑓 ∗ 𝑣𝑜) [𝑛], (3.47)

where ℎ 𝑓 [𝑛] is the impulse response of the feedback filter, 𝐻 𝑓 (𝜔).
The discrete-time passband input to the static nonlinear block, 𝑣𝑔𝑠 [𝑛], can be expressed

as follows,

𝑣𝑔𝑠 [𝑛] = 𝑣𝑖 [𝑛] + 𝑣 𝑓 [𝑛], (3.48)

where,

𝑣𝑖 [𝑛] = (ℎ𝑖𝑛 ∗ 𝑣𝑖𝑛) [𝑛], (3.49)

75



ℎ𝑖𝑛 [𝑛] is the impulse response of 𝐻𝑖𝑛 (𝜔) and 𝑣𝑖𝑛 [𝑛] is the FX discrete-time passband input
signal. Note, the output of the feedback filter, 𝑣 𝑓 [𝑛], at frequencies other than 𝜔𝑐 is
assumed to be zero, due to the short circuit impedance presented by the input matching
network. This is achieved by ensuring that the source impedance, 𝑍𝑆 (𝜔), is designed to
show short a circuit impedance at frequencies other than 𝜔𝑐. Consequently, for 𝐷 > 1,
(3.48) can be simplified as follows,

𝑣𝑔𝑠 [𝑛] = (ℎ𝑖𝑛 ∗ 𝑣𝑖𝑛) [𝑛], (3.50)

where the feedback voltage, 𝑣 𝑓 [𝑛], is eliminated as it does not include terms around 𝜔𝑐.
This simplification is only valid for FXs, i.e. 𝐷 > 1, where the IMN and OMN are de-
signed at different frequencies. For the PA case, as shown in [154], the feedback signal
contributes to the nonlinearity at the PA output and hence cannot be ignored. Conse-
quently, the output voltage, 𝑣𝑜 [𝑛], of an FX is independent on the feedback signal 𝑣 𝑓 [𝑛].
More importantly, given that the feedback voltage, 𝑣 𝑓 [𝑛], has no content at 𝜔𝑐 and the
content at 𝐷𝜔𝑐 is zeroed due to the short-circuit shown by the FX source impedance at
the FX input, for 𝐷 > 1, 𝑣 𝑓 [𝑛] does not affect the conduction angle of the transistor and
hence does not affect the FX nonlinearity. Consequently, any variation of 𝑍𝐿 (𝜔) due to,
for example, limited isolation among the antenna elements of the array only affects the
FX linear response, as shown in (3.46). Furthermore, this variation does not affect the
FX nonlinear behavior given that the contribution of the load-dependent feedback signal,
𝑣 𝑓 [𝑛], to the input of the FX, is forced to zero by design when 𝐷 > 1.

Finally, substituting the expression of (3.50) in (3.46) and expressing the results in
complex baseband equivalent (i.e. only keeping the terms at 𝐷𝜔𝑐) results in the steering
angle independent SISO Volterra model of the FX in (3.37) (see [7] for the full derivation).

Note, given that, synthesizing the matching networks in Fig. 3.11 while strictly meet-
ing the above-mentioned short circuit source impedance at the harmonics of 𝜔𝑐 can be
challenging, the nonlinear behavior of a practical FX may exhibit dependency to load
impedance variation but to a much lesser extent than in the case of a PA. This is also
validated in the simulation and measurement results shown in the following.

3.3.2 Numerical Analysis

In this subsection, we evaluate the effect of load modulation on the nonlinear behavior of
both FXs and PAs in simulation. In the subsequent subsection, the ability of the proposed
DPD to linearize an array of FXs will be validated experimentally.
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Figure 3.12: Simulated results of: (a) Load impedances extracted from the 8×8 array when
steered from −50◦ to 50◦; (b) Gain and AM-PM plots of a 39 GHz class AB PA terminated
with the load impedances given in (a); (c) Gain and AM-PM plots of a 60 GHz doubler in
stacked push-push configuration terminated with the load impedances given in (a).

The FX used in the simulation is a 60 GHz frequency doubler in stacked push-push
configuration [155] and the PA is a 39 GHz class AB amplifier. Both the PA and the doubler
are designed using 45-nm CMOS SOI technology. The designs are simulated in advanced
design system (ADS) software under different load impedances to mimic the effect of load
modulation in RF beamforming arrays. The impedances used in the simulations are those
corresponding to an antenna element in an 8× 8 electromagnetic (EM) simulated array. A
total of 10 impedances were used in the simulation that were extracted at different steering
angles and are characterized by a VSWR ranging from 1.07 to 2.64. These impedances are
shown on a Smith chart in Fig. 3.12(a).

Fig. 3.12(b) and (c) show the simulated gain and the phase distortion versus input
power under different impedance mismatches for a PA and a doubler respectively. In order
to qualitatively compare the effect of the load mismatches on the PA and doubler nonlin-
earity, the curves of Fig. 3.12(b) and (c) were fitted using a memoryless polynomial with
nonlinearity order set to 10 (i.e. 5 coefficients with only odd terms for the PA and only
even terms for the doubler). The resulting model coefficients for different loads are shown
in Fig. 3.13(a) and (b) for the PA case and doubler case, respectively. It is clear from
Fig. 3.13(a) and (b) that the variation in complex-valued model coefficients is more signifi-
cant for the PA case than for the doubler. To further illustrate this point, the coefficient of
variation(CV) metric is introduced and defined as the ratio of the standard deviation, 𝜎,
to the mean, 𝜇. Based on Fig. 3.13(c), the CV of the doubler model coefficients is an order
of magnitude lower than the PA case which indicates that the effect of the load modulation
on the doubler nonlinearity is less significant than the PA case.
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Figure 3.13: Simulated results of: (a) The forward model coefficients of a 39 GHz class
AB PA plotted in the complex plane when terminated with the load impedances given in
Fig. 3.12 (a); (b) The forward model coefficients of a 60 GHz doubler in stacked push-push
configuration plotted in the complex plane when terminated with the load impedances
given in Fig. 3.12 (a); (c) The CV of the PA and doubler forward model coefficients in (a)
and (b) versus coefficient index.

Next, using the simulated AM-AM and AM-PM plots in Fig. 3.12(b) and (c), ten LUT
based forward models for the PA and ten LUT based forward models for the doubler
are constructed. Each of the constructed LUT models corresponds to a different load
termination in Fig. 3.12(a). In order to assess the effect of load modulation on the PA
and doubler nonlinearity, two DPD models (one for the PA and one for the doubler) are
then trained for the case when the PA and doubler are terminated with a load of VSWR
equal to 1.07. The obtained two sets of DPD coefficients are then applied to the previously
constructed LUT-based forward models of the PA and doubler respectively. The PA UE-
ACPR and EVM before DPD were 33.8/33.5 dBc and 4.90%, respectively. The doubler
UE-ACPR and EVM before DPD (with 𝐷th root applied) were 16.7/16.6 dBc and 40.3%,
respectively. Table. 3.1 shows the UE-ACPR and EVM results after DPD for the PA and
doubler cases when terminated with different loads in Fig. 3.12(a). For a VSWR of 1.07,
the UE-ACPR and EVM results after DPD are 58.5/58.2 dBc and 0.62%, respectively for
the PA case and 56.4/56.2 dBc and 0.22%, respectively for the doubler case. When the
VSWR of the load is varied from 1.07 to 2.64, it is interesting to note that the linearization
performance for the PA case deteriorates. For instance, the UE-ACPR for a VSWR of
2.64 is 34.4 / 34.0 dBc. For the doubler case, however, the linearization performance is
maintained when the VSWR is varied from 1.07 to 2.64. The effect of varying the loads on
the DPD performance can also be seen in Fig. 3.14 where the UE-ACPR (left) and EVM
(right) are reported versus the different loads of Fig. 3.12(a), i.e, loads different from the
one used while training the DPD. From Fig. 3.14 it is clear that the FX nonlinear behavior
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Table 3.1: Simulated EVM and UE-ACPR of DPD linearized PA/doubler terminated with
variable load. DPD is trained when the PA/doubler are terminated with a load that results
in a VSWR of 1.07.

VSWR |Γ|
(dB)

PA FX

EVM
(%)

UE-ACPR
L/U
(dBc)

EVM
(%)

UE-ACPR
L/U
(dBc)

1.07 -29.6 0.62 58.5 / 58.2 0.22 56.4 / 56.2

1.24 -19.3 0.91 48.8 / 48.5 0.22 56.5 / 56.3

1.30 -17.7 1.82 42.6 / 42.3 0.23 56.4 / 56.2

1.38 -15.9 1.15 47.4 / 47.2 0.22 56.5 / 56.3

1.51 -13.9 1.90 43.0 / 42.9 0.22 56.5 / 56.3

1.58 -12.9 2.40 40.6 / 40.5 0.23 55.4 / 56.2

1.71 -11.6 2.44 40.5 / 40.4 0.22 56.4 / 56.2

1.81 -10.8 3.45 36.3 / 36.1 0.21 56.5 / 56.3

2.10 -9.0 3.26 36.6 / 36.1 0.22 56.4 / 56.3

2.64 -6.9 3.67 34.4 / 34.0 0.21 56.6 / 56.4

is not affected by the change in VSWR while the PA is significantly.

3.3.3 Experimental Validation

In this subsection, the ability of the proposed SISO-DPD in (3.37) to linearize an FX-based
RF beamforming transmitter was experimentally validated using the measurement setup
in Fig. 3.15. A picture of the measurement setup is shown in Fig. 3.16. In Fig. 3.15 four
signal generators are uploaded with the same input signal except for a phase difference
that is used to steer the beam towards the intended direction (𝜃, 𝜙). The signals from
each generator are centered at 1.75 GHz and are generated using 12 bit, 12 GS/s AWGs
(M8190A from Keysight Technologies). Four baluns are used to convert the differential
M8190A outputs to single-ended outputs and four lowpass filter (LPF) are used to remove
unwanted Nyquist bands. The LPF outputs are then fed to a custom-built IF boards that
contain an attenuator and a bias-T, to remove the LO leakage. The IF signals are then
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Figure 3.14: Simulated EVM and UE-ACPR of DPD linearized PA/doubler terminated
with variable load. DPD is trained when the PA/doubler are terminated with a load that
results in a VSWR of 1.07.

upconverted to 14 GHz using four IQ mixers (MLIQ-0416, from Marki Microwave). The
IQ mixers’ LO ports are driven by a 9 kHz to 40 GHz LO signal source (MXG-N5183B,
from Keysight Technologies). Custom-built image rejection BPF centered at 14 GHz are
then used with their outputs connected to four driver amplifiers (MAAM-011109 from
MACOM). Four frequency doublers (HMC-578 from Analog Devices) form the device-
under-test (DUT). Four directional couplers (from Krytar) are used to capture the signals
at frequency doublers output.

The outputs from the couplers (i.e., the through ports) are fed to a 2 × 2 custom-
built linear patch antenna array (with 𝜆/2 antenna spacing) centered at 28 GHz. The
antenna array is mounted on a servo motor that is rotated to align the beam with the
receiver antenna when electrically steering the array. The FF signal is captured by a
custom-built receiver horn antenna. A directional coupler (from Krytar) is placed at the
horn antenna output with its coupled port connected to a spectrum analyzer (N9040B
from Keysight Technologies). A 10 MHz to 70 GHz LO source (HMC-T22270 from Hittite
Microwave) is used with a downconversion mixer (MM1-1140H from Marki Microwave)
to downconvert the RF signal at the coupler through port output to an IF of 3 GHz.
The downconverted signal is then digitized using one channel of a 4-channel, 20 GS/s, 10-
bit, 8 GHz analog bandwidth oscilloscope (MSOS804A from Keysight Technologies). The
second channel of the oscilloscope captures the downconverted version of the multiport RF
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Figure 3.15: Functional block diagram of the measurement setup.
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Figure 3.16: Picture of the measurement setup.

switch (87104D from Keysight Technologies) output; the switch’s inputs are coupled to the
doublers’ outputs.

81



Figure 3.17: Measured output spectra of FX-based 2 × 2 RF beamforming transmitter
driven with 400 MHz wide modulated signal, when DPD is trained using FF probing
antenna, with either square-root only (

√︁
(.)) or cascade of square-root and proposed DPD

(
√︁
(.) + DPD) as predistorter.

Finally, each transmitter channel in the measurement setup was calibrated following
the procedure given in [63]. A relative phase and time offset calibration between the four
transmitter channels was also performed. It is worth mentioning that the phase difference
between the transmitter channels was measured at the output of the FXs. Therefore, when
applying the phase calibration, it was necessary to divide the measured phase by the FXs’
multiplication factor, 𝐷.

The test signals used were 100 MHz and 400 MHz wide OFDM signals with a sub-
carrier spacing of 120 kHz and a peak-to-average power ratio of 11 dB. The 100 MHz wide
signal was complex sampled at 1 GS/s with its sub-carriers modulated using 64-QAM.
The 400 MHz wide signal was complex sampled at 3 GS/s with its sub-carriers modulated
using 256-QAM.

For the boresight direction tests, two different TORs were used to train the DPD
function. The training methods differed only in terms of the TOR employed. Each is
presented and validated in this section.
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Figure 3.18: Simulated S-parameters of the 2 × 2 patch antenna array.

DPD Training Methods

For the boresight direction tests, two different TORs were used to train the DPD function.
The training methods differed only in terms of the TOR employed. Each is presented and
validated in this section.

The first method used is comprised of a FF probing antenna. In practice, this type of
TOR is ideal when considering an FX-based RF beamforming scenario. While such TOR
may not be feasible to implement, it is presented in this work as a reference against which
the other type of TOR will be benchmarked.

The second TOR option provides a compromise between performance and complexity.
This TOR is designed to capture the output of only one of the multipliers which is then
used to train the DPD function (the DPD being applied to the common input of the entire
array). This method is sensitive to individual FX nonlinear behavior differences that may
be due to process variations or to antenna coupling. The array linearization performance
also depends on which FX’s output is captured. Nevertheless, this method is simple and
has the potential to achieve acceptable linearization.

Fig. 3.17 shows the measured power spectral density versus frequency, at the output
of each channel (i.e., FX) and in the FF (denoted by FF), when the 400 MHz signal is
used with a FF probing antenna as TOR. The figure contains two sets of spectra: 1) when

only a square-root function is used as predistorter (denoted as
√︁
(.) in the legend), and 2)
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Table 3.2: EVM and UE-ACPR With and Without DPD When DPD is Trained Using a
Far-Field Probing Antenna

Signal Bandwidth: 100 MHz Signal Bandwidth: 400 MHz

EVM
(%)

UE-ACPR
L/U
(dBc)

UE-TRP-ACPR
L/U
(dBc)

EVM
(%)

UE-ACPR
L/U
(dBc)

UE-TRP-ACPR
L/U
(dBc)

O
n
ly

√︁ (.)

Ch1 22.9 21.7 / 21.7 - 27.0 22.1 / 21.7 -

Ch2 16.5 23.9 / 24.1 - 23.4 21.8 / 21.2 -

Ch3 27.3 19.7 / 19.6 - 24.2 20.3 / 20.0 -

Ch4 29.5 18.9 / 18.9 - 22.8 21.1 / 21.2 -

FF 22.9 20.5 / 20.5 21.0 / 21.0 24.4 21.7 / 23.2 22.0 / 22.0

√︁ (.)
+D

P
D

Ch1 3.2 41.4 / 39.2 - 4.1 41.9 / 41.2 -

Ch2 3.9 36.6 / 36.0 - 4.7 40.3 / 38.4 -

Ch3 1.6 44.5 / 44.5 - 3.8 39.1 / 38.5 -

Ch4 4.2 36.0 / 35.9 - 4.8 36.7 / 37.9 -

FF 0.9 51.2 / 51.6 41.0 / 41.0 3.2 43.1 / 43.9 41.0 / 41.0

when a cascade of a square-root function and the proposed DPD is used as the predistorter
(denoted

√︁
(.) + DPD in the legend). Table 3.2 summarizes the linearization results for

the 100 MHz and 400 MHz wide test signals.

Both Table 3.2 and Fig. 3.17 show that the application of a square-root is insufficient to
properly linearize the DUT, yielding an EVM of 23%, and 25% and an UE-ACPR of only
20/20 dBc and 22/23 dBc for the 100 MHz and 400 MHz signals, respectively. In order
to remove the residual nonlinearity, the test signals were pre-processed with a cascade
of the square-root and proposed DPD function. As a result, excellent linearization was
achieved with only 44 coefficients, improving the EVM to 1% and 3% and the UE-ACPR
to 51/52 dBc and 43/44 dBc for the 100 MHz and 400 MHz signals, respectively.

Table 3.2 shows that for the FF received signal, the TRP-ACPR improves from 21/21 dBc
and 22/22 dBc (when only a square-root function is applied) to 41/41 dBc when the cascade
of the square-root and DPD function is applied. Moreover, Table 3.2 and Fig. 3.17 also
highlight an interesting observation: linearizing the FF received signal does not linearize
the output of the individual channels to the same extent.

Note, similar DPD linearization results were also observed at the FF horn antenna,
when the SISO-DPD function is trained using the FX output signals captured using direc-
tional couplers and summed digitally to mimic the FF combining as opposite to using a
FF horn antenna as a TOR.
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Figure 3.19: Measured output spectra of FX-based 2 × 2 RF beamforming transmitter
driven with 400 MHz wide modulated signal, when DPD is trained using output of single-
FX-channel, with either square-root only (

√︁
(.)) or cascade of square-root and proposed

DPD (
√︁
(.) + DPD) as predistorter.

The results obtained when DPD is trained using the output of one of the FXs in the
beamforming transmitter array are reported in Table 3.3 and Fig. 3.19. The FX output
used to train the SISO-DPD function was captured from FX number 3 (referred to as Ch-3
in Table 3.3 and Fig. 3.19). The results in Table 3.3 and Fig. 3.19 are reported under two
predistorter conditions: a square-root only function, and a cascade of a square-root function
with the proposed DPD. When using the square-root only function as the predistorter, the
measured UE-ACPR and EVM for Ch-3 were 20/20 dBc and 27% for the 100 MHz signal
and 20/20 dBc and 24% for the 400 MHz signals. At the FF horn antenna, the UE-ACPR
and EVM were found to be 20/20 dBc and 23% for the 100 MHz signal and 22/23 dBc
and 25% for the 400 MHz signal. Applying only a square-root function as the predistorter
results in limited linearization performance and significant residual nonlinearity.

When the cascade of a square-root function and the proposed DPD scheme (with 44
coefficients) was used as the predistorter the results showed significant improvements. For
the 100 MHz and 400 MHz test signals, the UE-ACPR of Ch-3 improved by 31 dBc and
∼21 dBc, and the EVM improved to 1% and 4%, respectively. Note that the reported
UE-ACPR and EVM results are best for Ch-3 as the output of the latter was used for
DPD training. However, the actual received FF signal showed an UE-ACPR improvement
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Table 3.3: EVM and UE-ACPR With and Without DPD When DPD is Trained Using the
Output of a Single FX in the beamforming transmitter array

Signal Bandwidth: 100 MHz Signal Bandwidth: 400 MHz

EVM
(%)

UE-ACPR
L/U
(dBc)

TRP-ACPR
L/U
(dBc)

EVM
(%)

UE-ACPR
L/U
(dBc)

TRP-ACPR
L/U
(dBc)

O
n
ly

√︁ (.)
Ch1 22.6 21.8 / 21.8 - 26.1 22.1 / 21.8 -

Ch2 16.3 24.1 / 24.2 - 22.9 22.2 / 21.6 -

Ch3 27.0 19.8 / 19.7 - 24.2 20.3 / 20.0 -

Ch4 29.2 19.0 / 19.0 - 23.3 21.1 / 21.2 -

FF 23.9 20.3 / 20.3 21.0 / 21.0 25.7 21.6 / 23.0 22.0 / 22.0

√︁ (.)
+D

P
D

Ch1 4.1 38.4 / 36.8 - 4.3 40.1 / 40.1 -

Ch2 4.7 34.8 / 34.5 - 4.8 38.5 / 36.3 -

Ch3 0.8 50.5 / 50.4 - 3.6 41.0 / 40.2 -

Ch4 3.0 38.7 / 39.4 - 4.8 35.9 / 37.0 -

FF 3.0 38.6 / 39.3 39.0 / 39.0 4.8 35.9 / 37.0 38.0 / 38.0

of 19 dBc and 14 dBc, and the EVM improved to 3% and 5% for the 100 MHz and
400 MHz test signals, respectively. The use of the Ch-3 signal rather than the actual
received FF signal allowed Ch-3 to achieve better linearization performance than the FF
signal. The TRP-ACPR also showed 18 dBc and 16 dBc improvement when the cascaded
predistorter was applied to the 100 MHz and 400 MHz test signals respectively. Compared
to the FF TOR, training the DPD function using a single-FX can be an attractive solution
as it significantly reduces the DPD TOR complexity while still maintaining acceptable
linearization capacity.

Linearization Performance Versus Steering Angle

In the previous subsection we have experimentally shown that a SISO-DPD function can
linearize FX-based RF beamforming TXs and that a reduced complexity TOR using the
output of a single-FX can be used to linearize the FX-based array at the expense of
slight deterioration in the TRP-UE-ACPR and the achievable EVM in the main beam
direction. In order to assess the sensitivity of the proposed SISO-DPD to load modulation
when applied to FX-based beamforming transmitter and validate the proposed theory,
in this test, the same SISO-DPD function obtained at boresight, (𝜃 = 0◦, 𝜙 = 0◦), with
the reference FF TOR was applied while the array was electrically steered between 𝜃 =

±40◦. For each electrically steered direction, the array was physically rotated such that
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Figure 3.20: Measured UE-ACPR and EVM versus steering angle (𝜃) for FX-based 2×2 RF
beamforming transmitter driven with 100 MHz wide modulated signal and DPD function
trained at 𝜃 = 0◦.

the receiving horn antenna was aligned with the maximum radiation direction of the array.
Figs. 3.20 and 3.21 illustrate the UE-ACPR and EVM versus steering angle, 𝜃, when driven
with both the 100 MHz and 400 MHz wide signals with the DPD function trained at 𝜃 = 0◦.
The figures show almost negligible load modulation effects for both signal widths when the
beam was steered from −40◦ to +40◦. When the proposed DPD approach is applied, the
UE-ACPR variation is within 2 dBc while the EVM variation lies within 1%. This confirms
the initial hypothesis that an FX-based array is less sensitive to load modulation effects
and a single SISO-DPD model is sufficient to linearize the array over a wide range of beam
steering angles.

In-band and Out-of-band Radiated Power Versus Steering Angle

In order to investigate the effect of the FF TOR DPD training on the out-of-band emissions,
the in-band and out-of-band radiated powers were plotted in Fig. 3.22, when the array is
driven by a 400-MHz OFDM test signal. The results with the square-root only predistorter
function as well as for the cascade of the square-root function with the proposed SISO-DPD
are displayed. These radiation patterns were obtained by physically rotating the motor-
mounted array while the beam was fixed to boresight. The plot shows that out-of-band

87



Figure 3.21: Measured UE-ACPR and EVM versus steering angle (𝜃) for FX-based 2×2 RF
beamforming transmitter driven with 400 MHz wide modulated signal and DPD function
trained at 𝜃 = 0◦.

emissions are reduced in directions other than that of the (𝜃 = 0◦, 𝜙 = 0◦) direction where
the DPD function was trained. The reduction in the DPD linearization capacity in the
side lobes is in line with TRP-ACPR results reported in Table 3.2, as linearizing the FX
beamforming array in the FF does not linearize the individual FXs in the array to the
same extent due to process variation between the FXs.
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Figure 3.22: Measured in-band and out-of-band radiated powers versus steering angle
under 400 MHz wide modulated input signal.
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Chapter 4

Near-Field-Based Transmitter
Observation Receiver for
Beamforming Arrays Calibration and
Linearization

To calibrate beamforming arrays or train the linearization function, it is essential to sample
the radiated signals by the antennas in these arrays. In sub-6 GHz single antenna systems,
this is conventionally achieved through the incorporation of couplers at the PA outputs.
However, for large beamforming antenna arrays operating at MMW/sub-THz frequencies,
the integration of couplers at the PA antenna interface has been demonstrated to be ex-
tremely challenging and costly. Consequently, most existing works in the literature have
relied on a receiver located in the FF. While this approach proves effective in laboratory
environments, the in-field deployment of external equipment such as a FF probe is often
not feasible.

To address this critical challenge, this chapter introduces a NF-based TOR designed
for integration within beamforming arrays. This TOR serves as feedback for in-field array
calibration and linearization, offering a practical solution for real-world deployment. The
associated signal processing algorithms, as proposed in Publication III and Publication
IV, are also presented and discussed in detail.
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4.1 Array Linearization Using Near-Field Based Trans-

mitter Observation Receiver and Assuming Flat

Coupling

In this section, the method to train the DPD function using an NF-based TOR (NF-
TOR) that only relies on information/signals available at the transmitter side proposed
in Publication III is presented. It starts by identifying the NF channel coefficients
between the NF probes and the transmitting elements and then identifying the forward
non-linear models that relate the NF probes output signals to the antenna array input
for every captured steering angle. Subsequently, the coefficients of the identified forward
non-linear models are used to deduce the individual PA forward models in the array. The
SISO-DPD function is then trained using the identified PA models. The method was
formulated to exploit multiple NF probes to reduce the number of required steering angles
(measurements) and improve numerical stability. Extensive experiments were carried out
to confirm the validity of the proposed method through the linearization of a 16-element
RF beamforming array with four embedded NF probes.

4.1.1 Problem Formulation

In this subsection, the nonlinear model of the RF beamforming architecture depicted in
Fig. 4.1 is formulated. For notational convenience, we express the model in the equivalent
CBBE domain. Let 𝑥 [𝑛] be the sampled CBBE of the RF continuous-time array input
signal 𝑥(𝑡). The beamformer is modeled using the beamforming weights, 𝑤𝑖 ∈ C for 𝑖 =
1, ..., 𝐾, such that the CBBE input of the 𝑖𝑡ℎ PA is

𝑢𝑖 [𝑛] = 𝑤𝑖𝑥 [𝑛], (4.1)

where 𝑖 ∈ {1, 2, ..., 𝐾} and 𝐾 is the number of elements in the array.

Each of the 𝐾 PAs is modeled using a baseband-equivalent nonlinear behavioral func-
tion, 𝑓 (ṽ(𝑛); 𝝁(𝑖)), where

𝑓 (ṽ(𝑛); 𝝁(𝑖)) =
𝐿∑︁
ℓ=1

𝜇
(𝑖)
ℓ
𝜓ℓ (ṽ(𝑛)), (4.2)

and ṽ(𝑛) denotes the block of 𝑀 samples,

ṽ(𝑛) = (𝑣 [𝑛], 𝑣 [𝑛 − 1], ..., 𝑣 [𝑛 − 𝑀 + 1]), (4.3)
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Figure 4.1: Block diagram of RF beamforming array using FF-TOR DPD training. The
effective signal radiated towards the UE, 𝑟 (𝑡), is the superposition of the individual antenna
outputs, 𝑦𝑖 (𝑡), 𝑖 = 1, . . . , 𝐾.

𝑀 is the memory depth, 𝝁(𝑖) ∈ C𝐿×1 are the model coefficients of the 𝑖𝑡ℎ PA, 𝜓ℓ (ṽ(𝑛)) is
the ℓ𝑡ℎ basis, and 𝐿 is the total number of basis. We note that while the behavioral model
basis used in this article is built on the CRV model of [156], other nonlinear models such
as the generalized memory polynomial [157] can be adopted in a straightforward manner.
From (4.1) and (4.2), the CBBE output of the 𝑖𝑡ℎ PA, 𝑦𝑖 [𝑛], can be written as

𝑦𝑖 [𝑛] =
𝐿∑︁
ℓ=1

𝜇
(𝑖)
ℓ
𝜓ℓ

(
ũ𝑖 (𝑛)

)
. (4.4)

Furthermore, if the nonlinearity order of the ℓ𝑡ℎ basis function, 𝜓ℓ (.), is 2𝑝ℓ + 1 then from
(4.1)

𝜓ℓ
(
ũ𝑖 (𝑛)

)
= 𝑤𝑖 |𝑤𝑖 |2𝑝ℓ𝜓ℓ

(
x̃(𝑛)

)
. (4.5)

Therefore, substituting (4.5) in (4.4) we get,

𝑦𝑖 [𝑛] =
𝐿∑︁
ℓ=1

𝜇
(𝑖)
ℓ
𝑤𝑖 |𝑤𝑖 |2𝑝ℓ𝜓ℓ

(
x̃(𝑛)

)
. (4.6)

For MMW beamforming arrays, the channel is often characterized as a single LoS path.
In such a case, the channel coefficient, ℎ𝑖, between the 𝑖𝑡ℎ antenna and the user, can be
approximated by a phase shift that is a function of the user location specified by the
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elevation and azimuth angles as 𝜃 and 𝜙 respectively. Consequently, the normalized LoS
channel coefficient can be expressed as follows,

ℎ𝑖 (𝜃, 𝜙) = 𝑒− 𝑗
2𝜋
𝜆
sin(𝜃)

(
𝑑𝑥
𝑖
cos(𝜙)+𝑑𝑦

𝑖
sin(𝜙)

)
(4.7)

= 𝑒− 𝑗 𝜁𝑖 (𝜃,𝜙) , (4.8)

where (𝑑𝑥
𝑖
, 𝑑

𝑦

𝑖
) is the location of the 𝑖𝑡ℎ antenna in the x-y plane, 𝜆 is the wavelength, and

𝜁𝑖 (𝜃, 𝜙) = 2𝜋
𝜆
sin(𝜃)

(
𝑑𝑥
𝑖
cos(𝜙) + 𝑑𝑦

𝑖
sin(𝜙)

)
is the beamforming phase. Note, (4.8) is general

and can be applied to any configuration of one or two-dimensional arrays. Using (4.8), the
beamforming weights for the direction (𝜃, 𝜙) can be expressed as,

𝑤𝑖 (𝜃, 𝜙) = 𝜈𝑖ℎ★𝑖 (𝜃, 𝜙), (4.9)

where (.)★ denotes the complex-conjugate, and 𝜈𝑖 is a steering-angle independent complex
tapering coefficient. Substituting (4.9) in (4.6), the output of the 𝑖𝑡ℎ PA can be rewritten
as

𝑦𝑖 (𝜃, 𝜙) [𝑛] =
𝐿∑︁
ℓ=1

𝜇
(𝑖)
ℓ
𝜈𝑖ℎ

★
𝑖 (𝜃, 𝜙) |𝜈𝑖 |2𝑝ℓ𝜓ℓ

(
x̃(𝑛)

)
(4.10)

= ℎ★𝑖 (𝜃, 𝜙)
𝐿∑︁
ℓ=1

𝛼
(𝑖)
ℓ
𝜓ℓ

(
x̃(𝑛)

)
, (4.11)

where 𝛼(𝑖)
ℓ

= 𝜇
(𝑖)
ℓ
𝜈𝑖 |𝜈𝑖 |2𝑝ℓ . Consequently, the FF received signal at the observation angle

(𝜃, 𝜙), with beam-steering direction (𝜃, 𝜙), can be written as,

𝑟 [𝑛] =
𝐾∑︁
𝑖=1

ℎ𝑖 (𝜃, 𝜙)𝑦𝑖 (𝜃, 𝜙) (4.12)

=

𝐾∑︁
𝑖=1

𝐿∑︁
ℓ=1

𝛼
(𝑖)
ℓ
𝜓ℓ

(
x̃(𝑛)

)
. (4.13)

Linearizing the array in the FF at the intended user is therefore equivalent to finding the
predistorter signal, 𝑥 [𝑛] = 𝑥𝑃𝐷 [𝑛], that minimizes the cost function,

𝐽 =

𝑛0+𝑁−1∑︁
𝑛=𝑛0

����𝑑 [𝑛] − 𝑟 [𝑛]����2 (4.14)

=

𝑛0+𝑁−1∑︁
𝑛=𝑛0

����𝑑 [𝑛] − 𝐾∑︁
𝑖=1

𝐿∑︁
ℓ=1

𝛼
(𝑖)
ℓ
𝜓ℓ

(
x̃𝑃𝐷 (𝑛)

) ����2, (4.15)

where 𝑑 [𝑛] is the desired output signal.
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Figure 4.2: Block diagram of RF beamforming array using proposed NF-TOR DPD train-
ing. The signal captured by the 𝑚𝑡ℎ NF probe, 𝑟NF

𝑚 (𝑡), is the superposition of the individual
antenna outputs, 𝑦𝑖 (𝑡), scaled by the NF channel coefficient, 𝛽𝑚,𝑖, for 𝑖 = 1...𝐾.

Proposed Far-Field Signal Estimation Using Near-Field Signals

In the following, a method to train the DPD function in RF beamforming arrays using
signals acquired from an NF-TOR is presented. The formulation assumes that the array
is calibrated a priori.

Using (4.11) the NF feedback signal, 𝑟NF
𝑚 (𝜃, 𝜙) [𝑛], at the 𝑚𝑡ℎ NF receiver when the

beam is steered in direction (𝜃, 𝜙) can be formulated as follows,

𝑟NF
𝑚 (𝜃, 𝜙) [𝑛] =

𝐾∑︁
𝑖=1

𝛽𝑚,𝑖𝑦𝑖 (𝜃, 𝜙) [𝑛] (4.16)

=

𝐾∑︁
𝑖=1

𝛽𝑚,𝑖ℎ
★
𝑖 (𝜃, 𝜙)

𝐿∑︁
ℓ=1

𝛼
(𝑖)
ℓ
𝜓ℓ

(
x̃(𝑛)

)
, (4.17)

where 𝛽𝑚,𝑖 ∈ C is the NF channel coefficient between the 𝑖𝑡ℎ radiating element and the 𝑚𝑡ℎ

NF probing antenna and 𝑚 = 1, ..., 𝑀′ where 𝑀′ is the total number of NF probes. Note, in
(4.16) the coupled signal from each antenna, 𝑦𝑖 (𝜃, 𝜙) [𝑛], is subject to a different magnitude
and phase before combining at the NF probe, i.e., |𝛽𝑚,𝑖 | ≠ |𝛽𝑚, 𝑗 | for 𝑖 ≠ 𝑗 . This is different
from FF signal combining which is the result of the summation of the radiated signals
by the transmitting antennas with equal magnitude combining and only phase differences.
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Applying the LoS assumption in (4.8), we get

𝑟NF
𝑚 (𝜃, 𝜙) [𝑛] =

𝐾∑︁
𝑖=1

𝛽𝑚,𝑖𝑒
− 𝑗 𝜁𝑖 (𝜃,𝜙)

𝐿∑︁
ℓ=1

𝛼
(𝑖)
ℓ
𝜓ℓ

(
x̃(𝑛)

)
(4.18)

=

𝐿∑︁
ℓ=1

𝛾
(𝑚)
ℓ

(𝜃, 𝜙)𝜓ℓ
(
x̃(𝑛)

)
, (4.19)

where

𝛾
(𝑚)
ℓ

(𝜃, 𝜙) =
𝐾∑︁
𝑖=1

𝛽𝑚,𝑖𝑒
− 𝑗 𝜁𝑖 (𝜃,𝜙)𝛼(𝑖)

ℓ
(4.20)

is the coefficient of the ℓ𝑡ℎ basis of the model describing the output of the 𝑚𝑡ℎ NF probe,
𝑟NF
𝑚 (𝜃, 𝜙) [𝑛]. Given a block of 𝑁 samples of the NF received signal at the 𝑚𝑡ℎ NF probe
when the beam is steered towards the direction (𝜃𝜏, 𝜙𝜏), a vector rNF

𝑚 (𝜃𝜏, 𝜙𝜏) can be con-
structed as follows,

rNF
𝑚 (𝜃𝜏, 𝜙𝜏) =


𝑟NF
𝑚 (𝜃𝜏, 𝜙𝜏) [𝑛𝜏]

𝑟NF
𝑚 (𝜃𝜏, 𝜙𝜏) [𝑛𝜏 + 1]

...

𝑟NF
𝑚 (𝜃𝜏, 𝜙𝜏) [𝑛𝜏 + 𝑁 − 1]


, (4.21)

where 𝑛𝜏 is the time index of the sample when the beam is steered in direction (𝜃𝜏, 𝜙𝜏).
Then (4.19) can be expressed in matrix form as follows,

rNF
𝑚 (𝜃𝜏, 𝜙𝜏) = Ψ(𝜏)𝜸(𝑚) (𝜃𝜏, 𝜙𝜏), (4.22)

where,

𝜸(𝑚) (𝜃𝜏, 𝜙𝜏) =



𝛾
(𝑚)
1 (𝜃𝜏, 𝜙𝜏)
𝛾
(𝑚)
2 (𝜃𝜏, 𝜙𝜏)

...

𝛾
(𝑚)
𝐿

(𝜃𝜏, 𝜙𝜏)


(4.23)

and Ψ(𝜏) is a 𝑁 × 𝐿 matrix with entries in the 𝑖𝑡ℎ row and 𝑘 𝑡ℎ column given by[
Ψ(𝜏)]

𝑖,𝑘
= 𝜓𝑘 (x̃[𝑛𝜏 + 𝑖 − 1]). (4.24)
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In (4.22), rNF
𝑚 (𝜃𝜏, 𝜙𝜏) and Ψ(𝜏) are known, consequently the estimate, 𝜸̂(𝑚) (𝜃𝜏, 𝜙𝜏) of

𝜸(𝑚) (𝜃𝜏, 𝜙𝜏) can be calculated by means of the least squares fitting as follows,

𝜸̂(𝑚) (𝜃𝜏, 𝜙𝜏) =
( (
Ψ(𝜏) )𝐻Ψ(𝜏)

)−1 (
Ψ(𝜏) )𝐻rNF

𝑚 (𝜃𝜏, 𝜙𝜏), (4.25)

where (.)𝐻 denotes the Hermitian-transpose. From (4.16) and (4.18) it is clear that the
NF received signal at the 𝑚𝑡ℎ NF probing antenna combines the PA outputs scaled by the
NF channel 𝛽𝑚,𝑖. We can also establish from (4.19) that the NF feedback signal can be
modeled using the same nonlinear basis functions, 𝜓ℓ

(
x̃(𝑛)

)
, as the FF signal and with

steering angle dependent model coefficients, 𝛾 (𝑚)
ℓ

(𝜃, 𝜙), that contain information about the

𝐾 PA coefficients, 𝛼(𝑖)
ℓ

for 𝑖 = 1, ..., 𝐾. Given prior knowledge of the channel coefficients
𝛽𝑚,𝑖, the beamforming phase 𝜁𝑖, and the tapering coefficients 𝜈𝑖 for 𝑖 = 1, ..., 𝐾, it is possible
to estimate the coefficients of the forward model of each PA in the array and generate the
nonlinear function that describes the FF signal as a function of the array input signal in
the UE direction (i.e., the coherent sum of PA outputs) needed for DPD training. This
can be achieved using multiple measurements at different beamforming directions (𝜃𝜏, 𝜙𝜏)
and is explained in the following.

Lets assume that the transmitter steers to 𝑇 different steering angles, (𝜃𝜏, 𝜙𝜏) for 𝜏 =

1, ..., 𝑇 . Using (4.25), it is possible to generate the following 𝑀′𝑇 × 𝐿 matrix of estimated
NF feedback signal model coefficients,

𝚪̂ =



𝛾
(1)
1 (𝜃1, 𝜙1) 𝛾

(1)
2 (𝜃1, 𝜙1) . . . 𝛾

(1)
𝐿

(𝜃1, 𝜙1)
...

...
. . .

...

𝛾
(1)
1 (𝜃𝑇 , 𝜙𝑇 ) 𝛾

(1)
2 (𝜃𝑇 , 𝜙𝑇 ) . . . 𝛾

(1)
𝐿

(𝜃𝑇 , 𝜙𝑇 )
𝛾
(2)
1 (𝜃1, 𝜙1) 𝛾

(2)
2 (𝜃1, 𝜙1) . . . 𝛾

(2)
𝐿

(𝜃1, 𝜙1)
...

...
. . .

...

𝛾
(𝑀 ′)
1 (𝜃𝑇 , 𝜙𝑇 ) 𝛾

(𝑀 ′)
2 (𝜃𝑇 , 𝜙𝑇 ) . . . 𝛾

(𝑀 ′)
𝐿

(𝜃𝑇 , 𝜙𝑇 )


(4.26)

Consequently, (4.20) can be written in matrix for 𝜏 = 1, ..., 𝑇 and 𝑚 = 1, ..., 𝑀′ as,

𝚪̂ = BA, (4.27)
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where A is the 𝐾 × 𝐿 matrix

A =



𝛼
(1)
1 𝛼

(1)
2 . . . 𝛼

(1)
𝐿

𝛼
(2)
1 𝛼

(2)
2 . . . 𝛼

(2)
𝐿

...
...

. . .
...

𝛼
(𝐾)
1 𝛼

(𝐾)
2 . . . 𝛼

(𝐾)
𝐿


, (4.28)

and B is the 𝑀′𝑇 × 𝐾 matrix

B =



𝛽1,1𝑒
− 𝑗 𝜁1 (𝜃1,𝜙1) . . . 𝛽1,𝐾𝑒

− 𝑗 𝜁𝐾 (𝜃1,𝜙1)

...
. . .

...

𝛽1,1𝑒
− 𝑗 𝜁1 (𝜃𝑇 ,𝜙𝑇 ) . . . 𝛽1,𝐾𝑒

− 𝑗 𝜁𝐾 (𝜃𝑇 ,𝜙𝑇 )

𝛽2,1𝑒
− 𝑗 𝜁1 (𝜃1,𝜙1) . . . 𝛽2,𝐾𝑒

− 𝑗 𝜁𝐾 (𝜃1,𝜙1)

...
. . .

...

𝛽𝑀 ′,1𝑒
− 𝑗 𝜁1 (𝜃𝑇 ,𝜙𝑇 ) . . . 𝛽𝑀 ′,𝐾𝑒

− 𝑗 𝜁𝐾 (𝜃𝑇 ,𝜙𝑇 )


. (4.29)

The PAs model coefficients can then be estimated using least squares fit as follows,

Â =
(
B𝐻B

)−1
B𝐻Γ̂, (4.30)

where Â =
[
𝜶̂(1) , ..., 𝜶̂(𝐾)]𝑇 is the estimate of A, and 𝜶̂(𝑖) =

(
𝛼̂
(𝑖)
1 , ..., 𝛼̂

(𝑖)
𝐿

)𝑇
are the estimate

of the 𝑖𝑡ℎ PA model coefficients 𝜶(𝑖) =
(
𝛼
(𝑖)
1 , ..., 𝛼

(𝑖)
𝐿

)𝑇
. It is worth noting that for (4.27)

to have a unique solution, 𝑀′𝑇 must be at least equal to 𝐾. In other words, if 𝑀′ = 1
(i.e., only one NF probe is used) then at least 𝑇 = 𝐾 measurements at 𝑇 different steering
angles need to be conducted to determine the model coefficients of all the PAs in the array.
Substituting (4.30) in (4.13), the FF signal estimate in the intended UE direction, 𝑟 [𝑛],
can be expressed as

𝑟 [𝑛] =
𝐾∑︁
𝑖=1

𝐿∑︁
ℓ=1

𝛼̂
(𝑖)
ℓ
𝜓ℓ

(
x̃(𝑛)

)
. (4.31)

Hence, together (4.25), (4.30), and (4.31) are first used to calculate the coefficients of the
forward model of each PA in the array and then, from these forward models, construct
the nonlinear function that describes the FF signal, in the intended user direction, as
a function of the array input signal. Note, when a time-shared TOR is adopted in the
implementation of the proposed method (as shown in Fig. 4.2), the above formulation does
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not require the input signal samples, 𝑥 [𝑛], to be maintained unchanged while sampling
the NF probes output signal. Moreover, the proposed formulation does not require the
input signal samples, 𝑥 [𝑛], to be maintained unchanged while sampling the NF signals
at different steering angles. Note, in the special case where a single feedback probe (i.e.,
𝑀′ = 1) located in the FF is used for DPD training, the channel coefficients in (4.29) can
then be assumed to have constant magnitudes and only vary in phase (this assumption is
not valid when the TOR is located in the NF). In such a case, the derivation above would
yield similar outcomes to [83].

Proposed Near-Field Channel Identification

In order to identify the PA model coefficients using NF feedback signals, (4.30) requires
prior knowledge of the NF channel coefficients, 𝛽𝑚,𝑖. The NF channel coefficients can
theoretically be calculated using the S-Parameters of the PAs and antennas. This, however,
would require a full EM simulation of the array (or measurements), which may not be
always possible or available. In this sub-section, we devise an approach to estimate the NF
channel coefficients without the need for S-Parameters. Assuming that the array is linear
(i.e., either operated in backoff or linearized a priori), the signal at the 𝑚𝑡ℎ NF probe’s
output, can be expressed as,

𝑟NF′
𝑚 (𝜃, 𝜙) [𝑛] =

𝐾∑︁
𝑖=1

𝛽𝑚,𝑖𝜈𝑖𝑒
− 𝑗 𝜁𝑖 (𝜃,𝜙)𝑥 [𝑛], (4.32)

where 𝑟NF′
𝑚 (𝜃, 𝜙) [𝑛] is the NF received signal at the 𝑚𝑡ℎ NF probing antenna when the

array output is linear and steered to direction (𝜃, 𝜙). Alternatively, (4.32), can be written
in matrix form as follows,

rRF′
𝑚 (𝜃𝜏, 𝜙𝜏) = H(𝜃𝜏, 𝜙𝜏)𝜷(𝑚) , (4.33)

where 𝜷(𝑚) =
(
𝛽𝑚,1, ..., 𝛽𝑚,𝐾

)𝑇
is the NF channel coefficients vector,

rRF′
𝑚 (𝜃𝜏, 𝜙𝜏) =


𝑟NF′
𝑚 (𝜃𝜏, 𝜙𝜏) [𝑛𝜏]

𝑟NF′
𝑚 (𝜃𝜏, 𝜙𝜏) [𝑛𝜏 + 1]

...

𝑟NF′
𝑚 (𝜃𝜏, 𝜙𝜏) [𝑛𝜏 + 𝑁′ − 1]


, (4.34)
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𝑛𝜏 is the time index of the first sample when the beam is steered in direction (𝜃𝜏, 𝜙𝜏),
𝑁′ ≥ 1 is the length of the received block of samples and H(𝜃𝜏, 𝜙𝜏) is a 𝑁′×𝐾 matrix with
entries in the 𝑖𝑡ℎ row and 𝑘 𝑡ℎ column given by[

H(𝜃𝜏, 𝜙𝜏)
]
𝑖,𝑘

= 𝑥 [𝑛𝜏 + 𝑖 − 1]𝜈𝑘𝑒− 𝑗 𝜁𝑘 (𝜃𝜏 ,𝜙𝜏) . (4.35)

Now, assume that the transmitter is steered to 𝑇 ≥ 𝐾 different steering angles, (𝜃𝜏, 𝜙𝜏) for
𝜏 = 1, ..., 𝑇 . Consequently, (4.33) can be rewritten for 𝜏 = 1, ..., 𝑇 as,

rRF′
𝑚 = H𝜷(𝑚) , (4.36)

where

rNF′
𝑚 =


rNF′
𝑚 (𝜃1, 𝜙1)
rNF′
𝑚 (𝜃2, 𝜙2)

...

rNF′
𝑚 (𝜃𝐾 , 𝜙𝐾)


, (4.37)

and H is a 𝑁′𝑇 × 𝐾 matrix given by,

H =


H(𝜃1, 𝜙1)
H(𝜃2, 𝜙2)

...

H(𝜃𝐾 , 𝜙𝐾)


. (4.38)

In other words, H is obtained by stacking the matrices H(𝜃1, 𝜙1), ...,H(𝜃𝐾 , 𝜙𝐾).
The NF channel coefficients, 𝜷(𝑚), of the 𝑚𝑡ℎ NF probe can hence be estimated using

least squares fitting as,

𝜷̂
(𝑚)

=
(
H𝐻H

)−1
H𝐻rRF′

𝑚 , (4.39)

where 𝜷̂
(𝑚)

=
(
𝛽𝑚,1, ..., 𝛽𝑚,𝐾

)𝑇
, is the estimate of the 𝑚𝑡ℎ NF probe channel coefficients

vector. Note, the NF channel coefficients do not vary over time and hence only need to be
calculated once.
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Figure 4.3: Flowchart of the proposed NF-TOR DPD training approach.

Proposed Digital Predistortion Training Procedure

In the following, the proposed DPD training procedure used in this work is presented.
The proposed DPD training approach consists of minimizing the error between the DPD
input signal, 𝑑 [𝑛], and the FF signal estimate in the intended UE direction, 𝑟 [𝑛]. Various
behavioral models can be used to describe the DPD function. In this work, the CRV model
outlined in [156] is used. The sampled complex envelope, 𝑥𝑃𝐷 [𝑛], of the pre-distorted signal
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is expressed as,

𝑥𝑃𝐷 [𝑛] =
𝑁𝑁𝐿∑︁
𝑖=0
even

𝜅𝑖𝑑 [𝑛]
��𝑑 [𝑛]��𝑖 + 𝑀𝐿∑︁

𝑚=1

¤𝜅𝑚𝑑 [𝑛 − S×𝑚]

+
𝑁𝑁𝐿∑︁
𝑖=1
odd

𝑀𝑁𝐿∑︁
𝑚=1

𝑁𝑁𝐿∑︁
𝑘=2
even

¤𝜂𝑖,𝑚,𝑘𝑑 [𝑛]
��𝑑 [𝑛]��𝑖−1��𝑑 [𝑛 − S×𝑚]

��𝑘
+
𝑁𝑁𝐿∑︁
𝑖=2
even

𝑀𝑁𝐿∑︁
𝑚=1

𝑁𝑁𝐿∑︁
𝑘=1
odd

¥𝜂𝑖,𝑚,𝑘
��𝑑 [𝑛]��𝑖𝑑 [𝑛 − S×𝑚]

��𝑑 [𝑛 − S×𝑚]
��𝑘−1, (4.40)

where 𝑁𝑁𝐿 denotes the nonlinearity order, 𝑀𝐿 denotes the linear memory depth, 𝑀𝑁𝐿

denotes the nonlinear memory depth, S is a memory step pruning parameter, and the
model coefficients are denoted by {𝜅𝑖, ¤𝜅𝑚, ¤𝜂𝑖,𝑚,𝑘 , ¥𝜂𝑖,𝑚,𝑘 }. The nonlinear memory of the higher
order terms is pruned following the procedure in [5], such that the nonlinear memory basis
functions are limited to those satisfying the condition 𝑖+𝑚+ 𝑘 ≤ 𝑁𝑁𝐿. Alternatively, (4.40)
can be rewritten as follows,

𝑥𝑃𝐷 [𝑛] =
𝐿′∑︁
ℓ=1

𝜂ℓ𝜓ℓ (d̃[𝑛]), (4.41)

where 𝐿′ is the total number of DPD bases and 𝜂ℓ is the ℓ
𝑡ℎ DPD coefficient.

Using the direct learning algorithm introduced in [158,159], the optimal values of 𝜼 are
iteratively calculated and the coefficients are obtained using the following update equation,

𝜼𝑘+1 = 𝜼𝑘 − 𝜆
( (
Ψ(𝑘) )𝐻Ψ(𝑘)

)−1 (
Ψ(𝑘) )𝐻 (r̂(𝑛𝑘 ) − d̃(𝑛𝑘 )

)
, (4.42)

where 𝜼𝑘 are the 𝑘 𝑡ℎ iteration DPD coefficients, r̂(𝑛𝑘 ) is computed using (32), 𝑛𝑘 is the
time index of the first sample at the 𝑘 𝑡ℎ iteration, and 𝜆 ∈ (0, 1] is the step size.

Fig. 4.3 shows a flow diagram summarising the proposed NF-TOR based DPD train-
ing method, where 𝑒𝑇 denotes the threshold error value. The proposed NF-TOR training
approach requires, first, estimating the NF channel coefficients using NF measurements.
Note, the NF channel coefficients depend on the PA and antenna S-Parameters and hence
do not require repeated estimation whenever the DPD is retrained. Second, using the
signals acquired from the NF-TOR at different steering angles, the forward model coeffi-
cients of the PAs are estimated and used to train the DPD function. The DPD training is
repeated until the array is linearized and the root-mean-square error,

����̂r(𝑛𝑘 ) − d̃(𝑛𝑘 )
����
2
, is

less than 𝑒𝑇 .
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Figure 4.4: Picture of measurement setup with 16-element RF beamforming array (inset).

4.1.2 Experimental Validation

In this subsection, we provide extensive RF measurements obtained using a custom-built
16-element RF beamforming array operating at 29 GHz as the AUT. The AUT is driven
with 5G NR wideband OFDM signals and the performance when the proposed NF-TOR
trained DPD approach is applied is presented and discussed.

Measurement Setup

In order to demonstrate the effectiveness of the proposed DPD method to linearize RF
beamforming arrays, an experimental setup, shown in Fig. 4.4, was developed. The vector-
modulated test signals used in the experiment were generated using a 12-bit, 12 Gsps AWG
(M8121A from Keysight Technologies), with output centered at an IF of 1.75 GHz. An IQ
mixer (MMIQ 1037H from Marki Microwave) was used to up-convert the IF signal to a
center frequency of 29 GHz. The signal was then amplified using a driver amplifier (MAAM-
011109 from MACOM) and fed to the AUT. A horn antenna (i.e., FF reference antenna)
was used to capture the FF signal and validate the DPD linearization performance. The
outputs of the NF probes and the FF reference antenna were down-converted to an IF
frequency of 1.75 GHz, and captured using a 10-bit, 20 Gsps, 8 GHz analog bandwidth
oscilloscope (MSOS804A from Keysight Technologies). A LO source (MXG-N5183B from
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Figure 4.5: EM simulated S-Parameters of the 4x4 antenna under test.

Keysight Technologies) was used to drive the up-conversion and down-conversion mixers
used in the setup.

The 4×4-element AUT, designed to operate in the 26-30 GHz frequency band, has four
NF probes embedded within the array [134], four beamforming ICs (Anokiwave AWMF-
0162 [149]) and utilizes anti-phase probe feeding to the antennas. Fig. 4.5 shows the
S-Parameters of the 4x4 antenna array obtained using EM simulations. As per Fig. 4.5,
the return loss and cross-antenna element isolation were better than 13 dB and 18 dB,
respectively, across the designed band of operation. The NF probes embedded in the AUT
(see magnified inset of Fig. 4.4) were designed to maximize the coupling to the four antenna
elements surrounding them. Fig. 4.6 (resp. Fig. 4.7) shows the EM simulated magnitude
(resp. phase) of the couplings between the 16 antennas and one of the NF probes. The
four radiating antennas nearest to the NF probe of interest are circled as group A in both
figures. As shown in Fig. 4.6, for the elements in group A, the magnitudes of the coupling
coefficients are almost flat versus frequency. With respect to the phases shown in Fig. 4.7,
these vary linearly with frequency and have average variation in group delay across the
band equal to 32 ps. Together, the flat magnitude and linear phase versus frequency of
the coupling coefficients confirm the validity of the assumption of a flat NF channel and
the rationale for why it can be modeled with a single complex channel coefficient, 𝛽𝑖, 𝑗 .

All measurements were performed using 400 MHz OFDM signals conforming to 3GPP
5G NR downlink specifications, with sub-carriers modulated using 256-QAM, sub-carrier
spacing of 120 kHz, 𝐾D = 3168 total data sub-carriers, fast Fourier transform size of
𝐾FFT = 4096, and characterized by a PAPR (after crest factor reduction using clipping
and filtering) of 9.5 dB. For the DPD function, the nonlinearity order, nonlinear memory
depth, linear memory depth, and memory step pruning parameter were set to 9, 3, 3, and
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A

Figure 4.6: EM simulated magnitude of the coupling between the 16 radiating antenna
elements and one NF probe versus frequency. The four radiating antennas nearest to the
NF probe of interest are circled as group A.

4 respectively, resulting in a total of 37 coefficients. The number of iterations used to train
the DPD function was fixed to 10, and 1.5 × 104 samples were used per iteration.

In order to ensure acceptable signal accuracy at the array’s input, the setup was cali-
brated using a wideband multi-tone signal with 1 MHz tone spacing. Moreover, the array
was calibrated for phase and magnitude imbalance using the FF reference antenna following
the procedure described in [134].

The TRP-ACPR measurements reported in this work are computed using the signal
received by a FF reference antenna while the array under test is set to radiate in the
boresight and mechanically steered to vary the observation angles. Due to limitation in
the experimental setup, the azimuth observation angle, 𝜙, was kept to 0◦ while sweeping
the elevation observation angle, 𝜃, from −48◦ to 48◦ with a step size of 2◦.

Measurement Results and Analysis

Prior to linearizing the array using the proposed NF-TOR trained DPD, the NF channel
coefficients, 𝛽𝑚,𝑖, were identified for all four NF probes. To that end, the array was first
operated in backoff, to ensure linear PA outputs. The NF channel coefficients were then
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A

Figure 4.7: EM simulated phase of the coupling between the 16 radiating antenna elements
and one NF probe versus frequency. The four radiating antennas nearest to the NF probe
of interest are circled as group A.

identified using the NF received signals at the NF probes captured at 16 randomly gener-
ated steering angles. The channel coefficients were then estimated using the least squares
fit of (4.39).

Fig. 4.8 shows the measured UE-ACPR and EVM of the received signal in the FF for
different EIRP values: (a) prior to DPD, (b) after DPD training using FF-TOR, and (c)
after DPD training using proposed NF-TOR. Note, the results corresponding to the FF-
TOR based DPD are obtained using a DPD trained with a reference FF receiver located
at array boresight along the main beam maximum radiation direction. Four randomly
generated steering angles were used to collect the required NF signals needed to train the
proposed DPD presented in Fig. 4.8 (c). The DPD functions were retrained for each backoff
value and corresponding EIRP. In total, 12 backoff values were used with a step of 1 dB.
From Fig. 4.8, it is evident that the NF-TOR trained DPD was able to linearize the array
and achieve similar results to those obtained using an FF-TOR trained DPD. For both
approaches, the EIRP improved by 5 dB (from 28.3 to 33.3 dBm) while maintaining an
EVM less than 3.5%.

Fig. 4.9 shows the PSD of the received signal in the FF for an EIRP of 32.5 dBm:
(a) prior to DPD, (b) after DPD trained using FF-TOR; and (c) after DPD trained using
proposed NF-TOR. From Fig. 4.9 it is clear that the NF-TOR trained DPD achieves similar
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Figure 4.8: Measured UE-ACPR (left axis) and EVM (right axis) at the FF reference
antenna versus EIRP values: (a) before DPD; (b) after DPD trained using FF-TOR; (c)
after DPD trained using proposed NF-TOR.

Figure 4.9: Spectrum results captured at the FF reference antenna: (a) before DPD; (b)
after DPD trained using FF-TOR; (c) after DPD trained using proposed NF-TOR.

results to the FF-TOR trained DPD. The UE-ACPR and EVM improved from −29.66 dB
and 8.29% before DPD to −41.03 dB and 2.12% in (b), and −40.49 dB and 2.40% in (c)
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Table 4.1: Comparison of Recent Digital Predistortion Schemes at Millimeter-Wave

# Elements DUT
Fc (GHz)/
BW (MHz)

w/o DPD
EVM (%)

w/ DPD
EVM (%)

w/o DPD
UE-ACPR (dB)

w/ DPD
UE-ACPR (dB)

w/o DPD
TRP-ACPR (dB)

w/ DPD
TRP-ACPR (dB)

This Work
(c)

4 × 4
AWMF-
0162

28 / 400 8.29 2.40 −29.88/−29.40 −42.12/−37.87 −29.75/−29.47 −41.01/−37.57

This Work
(b)

4 × 4
AWMF-
0162

28 / 400 8.29 2.12 −29.88/−29.40 −42.33/−39.18 −29.75/−29.47 −41.11/−38.76

[160] 4 × 4
AWMF-
0158

28 / 10 6.21 3.96 −37 −43 - -

[80] 8 × 8
AWMF-
0129

28 / 400 11.7 5.9 - - −25.5 −35.9

[161] 8 × 8
AWMF-
0129

28 / 200 11.2 5.5 - - −25 −36

[83] 1 × 4 - 27 / 20 4.7 0.87 −37.1/−36.5 −51.7/−50.2 - -

Figure 4.10: Spectrum results after applying DPD trained using proposed NF-TOR: (a)
measured at NF probe 1; (b) estimated FF received signal; (c) measured FF received signal.

respectively. The TRP-ACPR also improved from −29.61 dB before DPD to −40.09 dB in
(b), and −39.62 dB in (c).

Fig. 4.10 shows the PSD, after applying DPD trained using the proposed NF-TOR, of
(a) the signal acquired at the first NF probe when the array is steered to broadside, (b)
the FF signal estimate in the intended UE direction, and (c) the signal acquired at the FF
reference antenna. Fig. 4.10 further support the results reported in [88], that training the
DPD using the NF received signal, without applying the proposed data processing, will
not result in a linear output at the FF reference antenna.
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Figure 4.11: Measured radiation pattern versus steering angle at FF reference antenna
positioned at boresight: (a) in-band power; (b) out-of-band power before DPD; (c) out-of-
band power after DPD trained using FF-TOR; (d) out-of-band power after DPD trained
using proposed NF-TOR.

Fig. 4.11 shows the measured radiation pattern of the (a) in-band power, (b) out-
of-band power before DPD, (c) out-of-band power after DPD trained using FF-TOR,
and (d) out-of-band power after DPD trained using proposed NF-TOR. The radiation
pattern is obtained by mechanically steering the array between 𝜃 = −48◦ and 𝜃 = 48◦ while
maintaining the beam at the array broadside. It is evident from Fig. 4.11 that the DPD in
both (c) and (d) helped reduce the out-of-band emissions in the main beam and side lobes
to the same extent.

The same SISO-DPD functions shown in Fig. 4.9 (b) and (c), and in Fig. 4.11 (c) and
(d), are applied while the array is mechanically steered between 𝜃 = −48◦ and 𝜃 = 48◦.
Electrical beam steering is applied to maintain alignment of the FF reference antenna with
the direction of maximum radiation of the beam. The UE-ACPR and EVM are shown
versus the steering angle in Fig. 4.12. From these plots, it is evident that the NF-TOR
trained DPD in (c) achieves similar results to the FF-TOR trained DPD shown in (b). The
variation in UE-ACPR and EVM versus steering angle is a result of the load modulation
exhibited by the array due to the finite isolation between the antenna elements.

Table 4.1 compares the linearization performance of the proposed NF-TOR based DPD
training approach to other works reported in the literature that use different DPD TOR
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Figure 4.12: Measured UE-ACPR (left axis) and EVM (right axis) versus steering angle
with beam electrically steered to maximize received power at FF reference antenna posi-
tioned at broadside: (a) before DPD; (b) after DPD trained using FF-TOR; (c) after DPD
trained using proposed NF-TOR.

implementations, operating at a similar carrier frequency. The work in [80, 160] and [161]
used a FF probing antenna in the main beam direction, while [83] used a FF probe located
at a fixed location. The proposed work, on the other hand, uses NF-based TORs. Both [83]
and the proposed NF-TOR based DPD training method require multiple measurements to
train the DPD function.

4.2 Active Array Calibration and Linearization Using

Near-Field Based Transmitter Observation Re-

ceiver and Assuming Frequency Selective Cou-

pling

In the previous section, two assumptions were made. First is that the array is calibrated
apriori and second is that the coupling between the NF probes and the antenna elements
is flat versus frequency and has constant group delay. In this section, an NF-based array
calibration and linearization that does not assume a flat coupling between the NF probes
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Figure 4.13: Block diagram of RF beamforming array with embedded NF probes for array
calibration and DPD training.

and the beamformer antenna elements proposed in Publication IV are presented. Fur-
thermore, the proposed active calibration is formulated to allow for phase-dependent error
calibration as well as array linearization without resorting to element-wise calibration or
FF probing. The performance of the proposed calibration and DPD training method is
validated experimentally on a custom-built RF beamforming array with 16 antenna ele-
ments and four embedded NF probes. Note, for simplicity, in the following, the formulation
assumes that the array is driven with a periodic input signal.

4.2.1 Problem Formulation

Fig. 4.13 shows a block diagram of an RF beamforming array with embedded NF probes.
The subscript ℓ ∈ {1, ..., 𝐿} is used to refer to the ℓ’th RF chain in the array where 𝐿 is the
total number of antenna elements, while the subscript 𝑚 ∈ {1, ..., 𝑀} is used to refer to the
𝑚’th NF probe where 𝑀 is the total number of NF probes. For simplicity, the derivation
is conducted directly in the frequency domain. Let 𝜙ℓ be the beamforming phase of the
ℓ’th RF chain, and let 𝑋 (𝜔) be the array input signal where 𝜔 is the angular frequency.
Assuming that the PAs are operated in their linear region (backoff), the ℓ’th PA output is
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then given by,

𝑌ℓ (𝜔) = 𝐺𝑋 (𝜔)𝐸ℓ (𝜔, 𝜙ℓ)𝑒 𝑗𝜙ℓ , (4.43)

where 𝐺 is the designed PA gain and 𝐸ℓ (𝜔, 𝜙ℓ) is a beamforming-phase (𝜙ℓ) and frequency
(𝜔) dependent complex multiplicative error corresponding to the ℓ’th RF chain in the
array. Note, the error, 𝐸ℓ (𝜔, 𝜙ℓ), is assumed to be periodic in the phase 𝜙ℓ such that,

𝐸ℓ (𝜔, 𝜙ℓ) ≈ 𝐸ℓ (𝜔, 𝜙ℓ + 𝜋). (4.44)

This assumption has been validated on several commercially available beamforming ICs
that employ active or passive phase shifters.

The received signal by the 𝑚’th NF probe, 𝑍𝑚 (𝜔), is then given by,

𝑍𝑚 (𝜔) =
𝐿∑︁
ℓ=1

𝛽𝑚,ℓ (𝜔)𝐺𝑋 (𝜔)𝐸ℓ (𝜔, 𝜙ℓ)𝑒 𝑗𝜙ℓ , (4.45)

where 𝛽𝑚,ℓ (𝜔) is the coupling coefficient between the ℓ’th antenna element and the 𝑚’th
NF probe. Rewriting (4.45) in matrix form we have,

𝑍𝑚 (𝜔) = 𝐺𝑋 (𝜔)𝚽B𝑚 (𝜔)E(𝜔, 𝝓), (4.46)

where 𝚽 is the 𝐿-length row vector 𝚽 = [𝑒 𝑗𝜙1 , . . . , 𝑒 𝑗𝜙𝐿 ], B𝑚 (𝜔) is an 𝐿×𝐿 diagonal matrix
with ℓ’th column and ℓ’th row entry equal to 𝛽𝑚,ℓ (𝜔), and E(𝜔, 𝝓) = [𝐸1(𝜔, 𝜙1), ..., 𝐸𝐿 (𝜔, 𝜙𝐿)]𝑇
is the error column vector.

Assuming prior knowledge of the NF coupling coefficients 𝛽𝑚,𝑖 (𝜔) (obtained, e.g., from
EM simulation of the array or following the procedure described in [134]), and using a series
of 𝐿/𝑀 measurements with custom phase settings applied to each chain in each measure-
ment, the phase-dependent errors 𝐸ℓ (𝜔, 𝜙ℓ) for ℓ = 1, . . . 1 can be estimated. Note, these
custom-selected phases need to be chosen such that the phase-dependent error, 𝐸ℓ (𝜔, 𝜙ℓ)
for the ℓ’th chain, remains constant across the different measurements. To that end, the
phase settings used during calibration are selected as either 𝜙 or 𝜙+𝜋 since by (4.44) these
have the same error 𝐸 (𝜔, 𝜙). The choice between these two settings varies between the
𝐿/𝑀 measurements and is determined by the Walsh-Hadamard matrix, H𝑛, where,

H𝑛 =

[
H 𝑛

2
H 𝑛

2

H 𝑛
2

−H 𝑛
2

]
, (4.47)
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H1 = 1 and 𝑛 is a power of 2. Specifically, assuming 𝐿 and 𝑀 < 𝐿 are powers of 2, then
so is 𝐿/𝑀 and let H be the 𝐿/𝑀 × 𝐿 matrix H = [H𝐿/𝑀 H𝐿/𝑀 · · · H𝐿/𝑀] obtained
by concatenating the Walsh-Hadamard matrix H𝐿/𝑀 𝑀 times. Then, the phase setting
applied to the ℓ’th RF chain during the 𝑖’th measurement is determined by the entry in the
𝑖’th row and ℓ’th column of H. If the entry is a 1, then the phase setting is 𝑒 𝑗𝜙, otherwise,
the entry is −1, and the phase setting is 𝑒 𝑗 (𝜙+𝜋) = −𝑒 𝑗𝜙. Hence, the applied phase to the
ℓ’th antenna elements at the 𝑖’th measurement is given by the entry in the 𝑖’th row and ℓ’th
column of 𝑒 𝑗𝜙H. Consequently, if the signals received from the 𝑀 NF probes are denoted
as Z𝑚 (𝜔) = [𝑍𝑚,1(𝜔), ..., 𝑍𝑚,𝐿/𝑀 (𝜔)]𝑇 where 𝑍𝑚,𝑖 (𝜔) is the NF received signal at the 𝑚’th
NF probe during the 𝑖’th measurement, then

Z1(𝜔)
...

Z𝑀 (𝜔)

 = 𝐺𝑋 (𝜔)𝑒
𝑗𝜙


HB1(𝜔)

...

HB𝑀 (𝜔)



𝐸1(𝜔, 𝜙)

...

𝐸𝐿 (𝜔, 𝜙)

 . (4.48)

Finally, the error terms, 𝐸ℓ (𝜔, 𝜙), in (4.48) can be estimated using least-squares fit. These
are then used to calibrate the array or potentially detect faulty antenna elements. With
the array now calibrated and operated in its nonlinear region, the ℓ’th PA output can now
be modeled as,

𝑌ℓ (𝜔) = 𝐺𝑉ℓ (𝜔)𝑒 𝑗𝜙ℓ , (4.49)

where 𝑉ℓ (𝜔) = 𝑋 (𝜔) + 𝑁ℓ (𝜔), and 𝑁ℓ (𝜔) is the ℓ’th PA nonlinear additive error. Conse-
quently, the received signal at the 𝑚’th NF probe can be expressed as

𝑍𝑚 (𝜔) = 𝐺𝚽B𝑚 (𝜔)V(𝜔), (4.50)

where V(𝜔) = [𝑉1(𝜔), ..., 𝑉𝐿 (𝜔)]𝑇 . If now a series of 𝐿/𝑀 measurements (with phase
settings derived from the matrix H) is used with 𝜙 = 0, then the received signals may be
expressed as 

Z1(𝜔)
...

Z𝑀 (𝜔)

 = 𝐺

HB1(𝜔)

...

HB𝑀 (𝜔)

 V(𝜔). (4.51)

The PA nonlinear outputs, V(𝜔), in (4.51) can then be estimated using least-squares fit.
These are then summed and used to train the DPD function.
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Figure 4.14: OTA test setup for experimental validation.

4.2.2 Experimental Validation

In this subsection, the performance of the proposed calibration and DPD training method
is validated experimentally. Fig. 4.14 shows a picture of the measurement setup. The
vector-modulated test signal used in the experiment was generated using a 12-bit, 12 Gsps
AWG (M8190A from Keysight Technologies), with output centered at an IF of 2 GHz.
An IQ-mixer (ADMV-1013) was used to up-convert the IF signal to a center frequency of
37.5 GHz. The signal was then amplified using a driver amplifier followed by a directional
coupler and fed to the array under test (AUT). The AUT was mounted on a servo motor.
A horn antenna was used to capture the FF signal. The RF output of the coupler (i.e.,
coupled port), the horn antenna, and the NF probes were sampled directly by a VNA. A
LO source (MXG-N5183B from Keysight Technologies) was used to drive the up-conversion
board used in the setup. Note, the array calibration was performed with the AUT input
connected to the VNA.

The AUT used in the experiment is a 16-element array with four embedded NF probes.

113



(a) (b) (c)

Figure 4.15: Measured RMS magnitude (Left) and phase (right) errors versus phase shifter
settings (8-bits): (a) before calibration, (b) after proposed calibration using NF probes,
and (c) after element-wise calibration using a FF probe.

The array was fabricated using a 13-layer printed circuit board with the NF probes located
on layer 2 [162] and uses four beamforming ICs (MMW9003KC from NXP) assembled on
layer 13. The inset in Fig. 4.14 shows a picture of the AUT with the location of the
NF-probes highlighted in red. The modulated measurements were performed using a 400
MHz OFDM signal conforming to 3GPP 5G NR downlink specifications, with sub-carriers
modulated using 256-QAM, sub-carrier spacing of 120 kHz, and characterized by a PAPR
of 9 dB. For the DPD function, the nonlinearity order, nonlinear memory depth, linear
memory depth, and memory step pruning parameters were set to 9, 2, 2, and 1 respectively,
resulting in a total of 35 coefficients.

Fig. 4.15 shows the measured root-mean-square (RMS) error in magnitude (Left) and
phase (Right) when the phase states are varied between 0◦ and 360◦ in steps of 1.4◦:
(a) before calibration, (b) after the proposed calibration using NF probes, and (c) after
element-wise calibration using a FF probe. Note, the RMS errors in Fig. 4.15 are measured
element-wise using an FF probe. Using the proposed array calibration method, the RMS
error in magnitude and phase reduced by up to 1.3 dB and 10.3◦, respectively, compared
to before calibration. Using element-wise calibration in Fig. 4.15 (c), the magnitude and
phase RMS errors are further decreased by at best 0.4 dB and 2.4◦, respectively. Fig. 4.16
shows the measured array radiation pattern at the FF when the array is excited by a
400 MHz modulated signal and the beam is electrically steered from −90◦ to 90◦: (a)
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Magnitude (dB)

Figure 4.16: Measured radiation pattern with the array driven with a 400 MHz OFDM
signal and the beam electrically steered from −90◦ to 90◦: (a) before calibration, (b) after
proposed calibration using NF probes, and (c) after element-wise calibration using a FF
probe.

before calibration, (b) after proposed calibration using NF probes, and (c) after element-
wise FF calibration. Using the proposed method in Fig. 4.16 (b), the imbalance in the
radiation pattern sidelobes was reduced by up to 2 dB. These results are comparable to
those obtained using element-wise calibration in Fig. 4.16 (c).

Fig. 4.17 and Fig. 4.18 show the UE-ACPR and EVM results at the FF probe versus the
EIRP: (a) prior to DPD, (b) after DPD trained at the FF in the main beam direction, and
(c) after NF-based DPD. In Fig. 4.17 the coupling between the NF probes and the antenna
elements is assumed to be flat versus frequency and uses the NF-based DPD presented in
the previous section. In Fig. 4.18 the NF-based DPD uses the formulation in this section
with no assumption of the coupling frequency response. From Fig. 4.17 and Fig. 4.18,
it is evident that the proposed DPD trained using the NF probes in Fig. 4.18 (c) using
the formulation presented in this section achieves better linearization performance that
when the coupling to NF probes are used to be flat versus frequency. Furthermore, from
Fig. 4.18 it is clear that the proposed DPD trained using the NF probes achieves similar
results to the DPD trained at the FF (b). For instance, when the EIRP is set to 34 dBm,
the UE-ACPR and EVM improved from 27 dB and 8.3% before DPD, to 34.2 dB and
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Figure 4.17: Measured UE-ACPR and EVM at the FF probe versus EIRP when the array
is fed with a 400 MHz OFDM signal: (a) prior to DPD, (b) after DPD trained at the FF
in the main beam direction, and (c) after DPD rained using NF assuming flat coupling.

3.1% in Fig. 4.18 (b), and 33.6 dB and 3% in Fig. 4.18 (c), respectively. Note, using DPD
trained with the NF probes as feedback, the EIRP increased by 2.3 dB from 32.11 dBm
to 33.4 dBm while meeting the 3GPP EVM and UE-ACPR standard of 3.5% and 26 dB
requirements.
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Figure 4.18: Measured UE-ACPR and EVM at the FF probe versus EIRP when the array
is fed with a 400 MHz OFDM signal: (a) prior to DPD, (b) after DPD trained at the FF
in the main beam direction, and (c) after proposed DPD trained using NF probes.
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Chapter 5

Linearization of Frequency Multiplier
Based Transmitters Driven with
Wideband Vector Modulated Signals

This chapter discusses the contributions from [Publications V, VI, VII]. It begins with a
DPD formulation aimed at linearizing FXs under limited transmitter and TOR bandwidths
[Publications V]. Experimental validations demonstrate improved linearization perfor-
mance under these constraints. Subsequently, a novel DPD formulation is introduced to
mitigate deviations of multipliers from an ideal power function, showcasing resilience to
calibration inaccuracies in the transmitter chain leading up to the FX and suitability for
linearizing high-order multiplication FXs [Publications VI]. Experimental results exhibit
significant improvements in linearization performance compared to state-of-the-art tech-
niques, validated across various multiplication orders and output frequencies ranging from
14 GHz to 62 GHz. Finally, a measurement system for high-frequency component/system
characterization is presented, leveraging VNAs frequency extenders for modulated signal
testing [Publications VI]. An ILC algorithm is proposed to linearize FXs within these fre-
quency extenders, with experimental validation conducted using an OML VNA frequency
extender operating at 58 GHz and a D-band custom-build frequency doubler operating at
120 GHz.
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5.1 Linearization of Frequency Multipliers under Con-

strained Transmitter and Observation Receiver

Bandwidths

In this section, we propose a novel DPD scheme for linearizing FX-based transmitters
driven by vector-modulated signals, while working within the constraints of limited trans-
mitter and TOR bandwidths. The proposed formulation reduces the DAC and analog-to-
digital-converter (ADC) sampling speeds required by conventional DPD schemes, main-
taining excellent linearization performance. Specifically, the approach begins by formulat-
ing an additive error model for an FX driven by a 𝐷th root function under bandwidth
constraints. This model is then leveraged to derive the proposed DPD model expression
and the underlying DPD training algorithm while reducing the required TOR bandwidth.
Furthermore, this work delves into the selection of TOR bandwidth requirement and its
interdependence with the 𝐷th root function bandwidth constraint. Detailed theoretical
analysis and extensive simulation experimental validations are presented.

5.1.1 Problem Formulation

PD

DL Adaptive
Algorithm

DAC

ADC

Digital Baseband Processing RF Front-end

DPD Module

Figure 5.1: Block diagram of proposed direct learning DPD with constrained transmitter
and observation bandwidths.

In this subsection, the expression of the proposed DPD scheme needed to linearize
an FX with constrained transmitter and observation receiver bandwidths, as shown in
Fig. 5.1, is derived. Let h̃TX = ( ℎ̃𝑇𝑋 [0], ..., ℎ̃𝑇𝑋 [𝑃]) be the length 𝑃 + 1 impulse response of
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Figure 5.2: Illustration of the resulting error due to constraining the 𝐷th root function
bandwidth on the output of an ideal doubler.

the transmitter bandwidth limiting filter. The cascade of the 𝐷th root function, ℎ̃𝑇𝑋 [𝑛],
and the non-ideal FX represents the nonlinear system to be linearized by the predistorter
block DPD. In the following, the expression of the DPD function needed to linearize the
aforementioned cascade will be developed.

Let 𝑢[𝑛] be the output of the predistortion (PD) function, 𝑥 [𝑛] be the output of the
𝐷th root function, 𝑥𝑐 [𝑛] be the output of the transmitter bandwidth limiting filter, ℎ̃𝑇𝑋 [𝑛],
and 𝑦[𝑛] be the output of the multiplier. The bandwidth constrained input signal to the
multiplier, 𝑥𝑐 [𝑛], can hence be expressed as follows,

𝑥𝑐 [𝑛] =
𝑃∑︁
𝑚=0

𝑥 [𝑛 − 𝑚] ℎ̃𝑇𝑋 [𝑚], (5.1)

where 𝑥 [𝑛] = 𝐷
√︁
𝑢[𝑛] . Alternatively, using a block of 𝑁 + 1 samples, (5.1) can be expressed

in matrix form as,

𝑥𝑐 [𝑛] = H̃0
TXx̃(𝑛) (5.2)

= H̃0
TX

𝐷
√︁
ũ(𝑛), (5.3)

where x̃(𝑛) = (𝑥 [𝑛], ..., 𝑥 [𝑛 − 𝑁])𝑇 , H̃𝑖
TX

is a row vector defined as,

H̃𝑖
TX =

{
(0𝑖, h̃TX, 0𝑁−𝑃−𝑖) 0 ≤ 𝑖 ≤ 𝑁 − 𝑃
(0𝑖, h̃TX(0 : 𝑁 − 𝑖)) 𝑁 − 𝑃 < 𝑖 ≤ 𝑁

(5.4)

𝐷
√︁
ũ(𝑛) = (𝐷

√︁
𝑢[𝑛], ...,𝐷

√︁
𝑢[𝑛 − 𝑁])𝑇 , and 0𝑖 is a 1 × 𝑖 zero vector.
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Using the additive error model adopted in [7], the FX output 𝑦[𝑛] can be expressed as
follows,

𝑦[𝑛] = 𝑥𝐷𝑐 [𝑛] + 𝑒(x̃c(𝑛)), (5.5)

where the nonlinear error term, 𝑒(x̃c(𝑛)), takes the form of the FX forward model expressed
in [7, eqn. (7)], and given by,

𝑒(x̃c(𝑛)) = (5.6)

𝑁𝐿∑︁
𝑝=0

∑︁
(𝑝1,𝑝2)∈P(𝑝)
m∈B 𝑝1 ,m̂∈B 𝑝2

𝛾
𝑝1,𝑝2,ℓ

m,m̂

𝑝1∏
𝑖=1

𝑥𝑐 [𝑛 − 𝑚𝑖]
𝑝2∏
𝑗=1

𝑥∗𝑐 [𝑛 − 𝑚̂ 𝑗 ], (5.7)

where

P(𝑝) =
{
(𝑝1, 𝑝2) ∈ Z2

��𝑝1 ≥ 0, 𝑝2 ≥ 0,

𝑝1 + 𝑝2 = 𝑝, 𝑝1 − 𝑝2 = 𝐷
}
, (5.8)

is the set of tuples (𝑝1, 𝑝2) that results in a nonlinearity order of 𝑝, the set B = {0, 1, 2, . . . , 𝑀},
𝑀 is the maximum memory depth, 𝑁𝐿 is the maximum nonlinearity order and 𝛾

𝑝1,𝑝2,ℓ

m,m̂
are

the model coefficients.

Substituting (5.3) in (5.5) and assuming 𝑢[𝑛] = 0 for ℓ < 𝑛 − 𝑁, the FX output 𝑦[𝑛]
can be expressed as a function of the PD output, 𝑢[𝑛], as,

𝑦[𝑛] =
(
H̃0

TX
𝐷
√︁
ũ(𝑛)

)𝐷 + 𝑒
(
H̃TX

𝐷
√︁
ũ(𝑛)

)
, (5.9)

where,

H̃TX =


H̃0

TX

H̃1
TX
...

H̃𝑁
TX


, (5.10)

is an upper triangular matrix with nonzero diagonal elements. Alternatively, (5.9) can be
rewritten as follows,

𝑦[𝑛] = 𝑢[𝑛] + 𝑒
(
H̃TX

𝐷
√︁
ũ(𝑛)

)
+ 𝑒′

(
H̃TX

𝐷
√︁
ũ(𝑛)

)
, (5.11)
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where,

𝑒′
(
H̃TX

𝐷
√︁
ũ(𝑛)

)
=
(
H̃0

TX
𝐷
√︁
ũ(𝑛)

)𝐷 − 𝑢[𝑛], (5.12)

is the error due to the constrained bandwidth 𝐷th root function. Note, the error 𝑒′
(
H̃TX

𝐷
√︁
ũ(𝑛)

)
cannot be corrected for by the DPD function and is mainly dominant in the out-of-band
away from the signal bandwidth as shown in Fig. 5.2. Let the sampled complex envelop of
the FX output signal after receiver bandwidth limiting be, 𝑦𝑐 [𝑛], where

𝑦𝑐 [𝑛] =
𝑃′∑︁
𝑚=0

𝑦[𝑛 − 𝑚] ℎ̃𝑅𝑋 [𝑚], (5.13)

and h̃RX = ( ℎ̃𝑅𝑋 [0], ..., ℎ̃𝑅𝑋 [𝑃′]) is the impulse response of the receiver filter at the FX
output with length equal 𝑃′ + 1. The bandwidth of ℎ̃𝑅𝑋 [𝑛], denoted as BWRX, is used to
reduce the required sampling speed for the receiver ADC and is assumed to filter out the
out-of-band distortions that result from limiting the 𝐷th root function bandwidth. Dis-
cussions on the choice of BWRX that satisfy the aforementioned assumption are presented
in the simulation section. Alternatively, (5.13) can be expressed in matrix form as follows,

𝑦𝑐 [𝑛] = H̃0
RXỹ(𝑛), (5.14)

where ỹ(𝑛) = (𝑦[𝑛], ..., 𝑦[𝑛 − 𝑁])𝑇 , and

H̃𝑖
RX =

{
(0𝑖, h̃RX, 0𝑁−𝑃′−𝑖) 0 ≤ 𝑖 ≤ 𝑁 − 𝑃′

(0𝑖, h̃RX(0 : 𝑁 − 𝑖)) 𝑁 − 𝑃′ < 𝑖 ≤ 𝑁
(5.15)

Substituting (5.11) in (5.14), we have,

𝑦𝑐 [𝑛] = H̃0
RX

(
ũ(𝑛) + ẽ

(
H̃TX

𝐷
√︁
ũ(𝑛)

)
+ ẽ′

(
H̃TX

𝐷
√︁
ũ(𝑛)

) )
, (5.16)

where,

ẽ
(
H̃TX

𝐷
√︁
ũ(𝑛)

)
=


𝑒
(
H̃TX

𝐷
√︁
ũ(𝑛)

)
𝑒
(
H̃TX

𝐷
√︁
ũ(𝑛 − 1)

)
...

𝑒
(
H̃TX

𝐷
√︁
ũ(𝑛 − 𝑁)

)

, (5.17)
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and,

ẽ′
(
H̃TX

𝐷
√︁
ũ(𝑛)

)
=


𝑒′
(
H̃TX

𝐷
√︁
ũ(𝑛)

)
𝑒′
(
H̃TX

𝐷
√︁
ũ(𝑛 − 1)

)
...

𝑒′
(
H̃TX

𝐷
√︁
ũ(𝑛 − 𝑁)

)

. (5.18)

Assuming that the out-of-band error due to limiting the 𝐷th root function bandwidth is
filtered by the receive filter, ℎ̃𝑅𝑋 [𝑛], and is negligible within the passband of ℎ̃𝑅𝑋 [𝑛], i.e,

H̃0
RXẽ

′ (H̃TX
𝐷
√︁
ũ(𝑛)

)
≈ 0, (5.19)

the following approximation can be made,

𝑦𝑐 [𝑛] ≈ 𝑢𝑐 [𝑛] + H̃0
RXẽ

(
H̃TX

𝐷
√︁
ũ(𝑛)

)
. (5.20)

where,

𝑢𝑐 [𝑛] = H̃0
RXũ(𝑛). (5.21)

Then, if the DPD compensates for theFX nonlinearity, 𝑦𝑐 [𝑛] in (5.20) will be equal to
the desired input signal, 𝑑 [𝑛], convolved with the impulse response of the receiver filter,
ℎ̃𝑅𝑋 [𝑛], i.e.,

𝑦𝑐 [𝑛] = H̃0
RXd̃(𝑛). (5.22)

Consequently, from (5.20), the constrained bandwidth predistorted signal, 𝑢𝑐 [𝑛], can be
expressed as a function of the desired and error signals as follows,

𝑢𝑐 [𝑛] = H̃0
RXd̃(𝑛) − H̃0

RXẽ
(
H̃TX

𝐷
√︁
ũ(𝑛)

)
. (5.23)

Alternatively, (5.23) can be expressed in vector form as follows,

ũc(𝑛) = H̃RXd̃(𝑛) − H̃RXẽ
(
H̃TX

𝐷
√︁
ũ(𝑛)

)
. (5.24)

where,

H̃RX =


H̃0

RX

H̃1
RX
...

H̃𝑁
RX


. (5.25)
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is an upper triangular matrix with nonzero diagonal elements and thus invertible, i.e.,
H̃RXH̃

−1
RX

= I. Using (5.21) and the fact that H̃RX is invertible we have,

ũ(𝑛) = H̃−1
RXũc(𝑛) (5.26)

= d̃(𝑛) − ẽ
(
H̃TX

𝐷
√︁
ũ(𝑛)

)
. (5.27)

Substituting (5.27) in (5.23), we get,

𝑢𝑐 [𝑛]=H̃0
RXd̃(𝑛)−H̃

0
RXẽ

(
H̃TX

𝐷

√︃
d̃(𝑛)−ẽ

(
H̃TX

𝐷
√︁
ũ(𝑛)

) )
. (5.28)

Assuming that the contribution of the “error of the error” in (5.28) is negligible, the
following approximation can be made,

ẽ
(
H̃TX

𝐷

√︃
d̃(𝑛) − ẽ

(
H̃TX

𝐷
√︁
ũ(𝑛)

) )
≈ ẽ

(
H̃TX

𝐷

√︃
d̃(𝑛)

)
. (5.29)

Hence, (5.28) can be rewritten such that

𝑢𝑐 [𝑛] = H̃0
RXd̃(𝑛) − H̃0

RXẽ
(
H̃TX

𝐷

√︃
d̃(𝑛)

)
. (5.30)

Let A denote the set of all forward model basis functions in (5.7) and 𝜓1, 𝜓2, . . . , 𝜓 |A|

enumerate the basis functions in A. Then the error term, 𝑒
(
H̃TX

𝐷

√︃
d̃(𝑛)

)
, in (5.30) can be

rewritten compactly as,

𝑒(z̃(𝑛)) =
|A|∑︁
ℓ=1

𝑤ℓ𝜓ℓ (z̃(𝑛)) , (5.31)

where 𝑤ℓ is the model coefficient corresponding to the ℓth model basis, 𝜓ℓ, z̃(𝑛) = ( 𝑧̃[𝑛], 𝑧̃[𝑛−
1], ..., 𝑧̃[𝑛 − 𝑁])𝑇 , and 𝑧̃[𝑛] = H̃0

TX
𝐷

√︃
d̃(𝑛). Alternatively, (5.31) can be expressed in matrix

form as,
ẽ(z̃(𝑛)) = Ψ̃𝑛w (5.32)

where, w = (𝑤0, ..., 𝑤𝐿)𝑇 , Ψ̃𝑛 is the basis matrix with 𝑖th column and 𝑗th row entry given
by 𝜓𝑖 (z̃(𝑛 − 𝑗)), and,

ẽ(z̃(𝑛)) =


𝑒(z̃(𝑛))

𝑒(z̃(𝑛 − 1))
...

𝑒(z̃(𝑛 − 𝑁))


. (5.33)
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Substituting (5.32) in (5.30), we have,

𝑢𝑐 [𝑛] = H̃0
RXd̃(𝑛) − H̃0

RXΨ̃𝑛w. (5.34)

Finally, using (5.12) and the approximation in (5.19), i.e.,

H̃0
RXd̃(𝑛) ≈ H̃0

RX

(
H̃TX

𝐷

√︃
d̃(𝑛)

)𝐷
, (5.35)

then (5.34) can be rewritten more compactly as,

𝑢𝑐 [𝑛] = H̃0
RXΨ̃𝑛a, (5.36)

where a = (1 − 𝑤0, ...,−𝑎𝐿) are the predistorter coefficients and without loss of generality,
it is assumed that 𝜓1 (z̃(𝑛)) = (z̃(𝑛))𝐷 .

The objective of DPD is to minimize the error between the DPD input signal 𝑑 [𝑛]
and the multiplier output 𝑦[𝑛]. For this, the error between the DPD input signal 𝑑 [𝑛]
convoluted with ℎ̃𝑅𝑋 [𝑛] and the multiplier constrained output 𝑦𝑐 [𝑛] is minimized:

𝐽 (a) =
𝐿∑︁

𝑛=𝑀+1

(
𝑦𝑐 [𝑛] − H̃0

RXd̃(𝑛)
) (
𝑦𝑐 [𝑛] − H̃0

RXd̃(𝑛)
)𝐻
, (5.37)

where 𝐿 is the length of the training data, and a is the vector of DPD coefficients that
are to be optimized to minimize the cost function 𝐽. Using (5.36), and the direct learning
algorithm, the optimal choice of a is iteratively calculated and the coefficients are obtained
by the update equation,

â𝑘+1 = â𝑘 − 𝜇
(
H̃RXΨ̃𝑛𝑘

)† (
ỹc(𝑛𝑘 ) − H̃RXd̃(𝑛𝑘 )

)
, (5.38)

where â𝑘 are the estimated DPD coefficients at the 𝑘 𝑡ℎ iteration, 𝜇 > 0 is the update step
size, and (.)† is the pseudo inverse operator such that,(

H̃RXΨ̃𝑛𝑘

)†
=

((
H̃RXΨ̃𝑛𝑘 )𝐻

(
H̃RXΨ̃𝑛𝑘 )

)−1(
H̃RXΨ̃𝑛𝑘

)𝐻
. (5.39)

The updated PD output signal, 𝑢[𝑛𝑘+1], at time index 𝑛 and in the 𝑘 + 1 iteration is then
given as follows,

𝑢[𝑛𝑘+1] = Ψ̃𝑛𝑘+1a𝑘+1. (5.40)

Hence, together (5.36), (5.39), and (5.40) comprise the iterative training process that
identifies the predistortion coefficients. It is interesting to note that in the special case
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Figure 5.3: Simulated ideal doubler output spectrum with different constrained square-root
function bandwidth input signals: (a) with ideal square-root function; (b)-(i) with square-
root function bandwidth constrained from BWTX = 9 × BW down to BWTX = 2 × BW
with a step of 1 × BW. The inset in the figure denotes the bandwidth of the transmitter
limiting filter.

of 𝐷 = 1 (i.e., PA case), the above formulation simplifies to the result in [163]. The
effectiveness of the proposed DPD to linearize FXs with different transmitter 𝐷th root
function and observation receiver bandwidths are presented next.

In the proposed DPD scheme, the theoretical formulation indicates that the bandwidth
limiting filter used to restrict the bandwidth of the 𝐷th root function output signal must
be considered when generating the DPD bases and identifying the DPD coefficients. This
filter, along with the PD function, is critical in emulating the nonlinearity resulting from
constraining the bandwidth of the 𝐷th root function output signal. Indeed, the absence
of this filter within the DPD module depicted in Fig. 5.1 would hinder the generation
of essential nonlinear bases necessary for the linearization of the FX in the presence of
constrained bandwidth 𝐷th root function.

5.1.2 Numerical Analysis

In this subsection, the effect of constraining the bandwidth of the 𝐷th root function on
the output spectrum of an idea FX is discussed. The linearization performance of the
presented DPD on an EM-simulated frequency doubler is also discussed in this section. In
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Figure 5.4: Simulated ideal doubler spectrum plots: (a) ideal square-root function; (b)
square-root function constrained to a bandwidth of 5 × BW; (c) doubler output when the
input is (a); (d) doubler output when the input is (b) and with receiver filter applied with
bandwidth 4 × BW.

the next subsection, the ability of the proposed DPD to linearize FXs will be validated
experimentally using two distinct frequency doublers.

Effect of Constraining the Bandwidth of the 𝐷th Root Function on Ideal Fre-
quency Multipliers

Denote the bandwidth of the transmitter filter, ℎ̃𝑇𝑋 [𝑛], used for constraining the 𝐷th root
function, as BWTX, while the ideal signal bandwidth (i.e., the bandwidth of the signal
inputted to the 𝐷th root function) is represented as BW. Fig. 5.3 illustrates the simulated
output spectra of an ideal doubler; (a) with ideal square-root function input signal and
(b)-(i) with constrained bandwidth square-root function where the bandwidth is swept
from 9 × BW down to 2 × BW, with a step on 1 × BW. From Fig. 5.3 it is clear that
constraining the 𝐷th root function bandwidth results in spectrum regrowth in the signal
adjacent bands. Furthermore, the maximum magnitude of the generated distortions is
inversely proportional to the constrained 𝐷th root function bandwidth, BWTX. These
distortions are the result of the time-domain power function characteristic of FXs, which
manifest as a convolution in the frequency domain and is illustrated in Fig. 5.2.

Fig. 5.4 further explores the effects of limiting the square-root function’s bandwidth on
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Figure 5.5: Simulated NMSE at an ideal multiplier output with 𝐷th root function band-
width constrained to BWTX = 5×BW versus different multiplier multiplication orders: (a)
before and (b) after receiver filter applied with BWRX = 4 × BW.

the output spectrum of an ideal frequency doubler: (a) shows the spectrum of the ideal
square-root function, (b) depicts the spectrum of the square-root function constrained to
5×BW, and (c) shows the output spectrum of an ideal multiplier when driven by the 5×BW
constrained square-root function. As evident from Fig. 5.4 the most substantial distortions
resulting from constraining the square-root function bandwidth appear at ±BWTX

2 . In order

to filter out the out-of-band error, 𝑒′
(
H̃TX

𝐷
√︁
ũ(𝑛)

)
, relax the constraints on the receiver ADC

sampling rate, and satisfy the assumption in (5.19), a filter with bandwidth BWRX is used.
The value of BWRX used in this manuscript was selected to be,

BWRX = BWTX − BW. (5.41)

Subsequently, Fig. 5.4 (d) illustrates the output spectra of an ideal doubler when driven
with square-root function constrained to a bandwidth of 5 × BW shown in (b) and after
applying the receive filter with bandwidth, BWRX = 4 × BW. This filtering operation
significantly reduces the out-of-band error due to the constrained square-root root function
bandwidth. Comparing the filtered spectrum with the unfiltered case, the residual error,
quantified in terms of normalized NMSE, is greatly reduced from −40.4 dB to −69.1 dB.
This result provides robust support for the assumption made in (5.20), affirming that
distortions originating from transmitter bandwidth constraints predominantly manifest
in the out-of-band spectrum, specifically around ±BWTX

2 , with negligible impact on the
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Figure 5.6: Output spectra of a simulated frequency-doubler driven with 200 MHz OFDM
signal: (a) before DPD with ideal square-root function applied; (b)-(j) After proposed
DPD with BWTX and BWRX varied from BWTX = 10 × BW and BWRX = 9 × BW down
to BWTX = 2 × BW and BWRX = 1 × BW, respectively with a step of 1 × BW. The inset
in the figure denotes the bandwidth of the transmitter limiting filter.

in-band portion of the signal. It’s noteworthy that these conclusions also apply to FXs
when 𝐷 > 2. Fig. 5.5 shows, for different multiplication orders, the NMSE between the
ideal signal and the output of the FX (a) before and (b) after applying receiver filtering
(BWRX = 4 × BW). For this, the 𝐷th root output signal bandwidth is limited to BWTX =

5 × BW. From Fig .5.5, it is evident that the application of the filter significantly reduces
the NMSE, highlighting that the distortions attributed to limiting the bandwidth at the
output of the 𝐷th root function are predominantly in the out-of-band spectrum. This
validates the assumption made in (5.20) across different 𝐷.

Linearization Results of the Proposed DPD on an EM Simulated 60 GHz-
Output Frequency Doubler

The FX used in this subsection is a 60 GHz-output frequency doubler in a stacked push-
push configuration. The doubler is designed using 45-nm CMOS SOI technology. The
design is simulated in ADS software. The simulated AM-AM and AM-PM are used to
generate a LUT based forward model for the doubler which is then used to train the
DPD function. The test signal used in the simulation is a 200 MHz OFDM signal with
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subcarriers modulated using 256-QAM and a PAPR of 9 dB.

Fig. 5.6 shows the simulatedPSD at the doubler output: (a) before DPD with ideal
square-root function applied, (b)-(j) after the proposed DPD with constrained square-
root function and observation receiver bandwidths swept from BWTX = 10 × BW and
BWRX = 9×BW in (b), down to BWTX = 2×BW and BWRX = 1×BW in (j), respectively,
with a step of 1 × BW. Using the proposed DPD, the EVM improved from 20.7% before
DPD in (a) to 0.4% in (b)-(i), and to 0.6% in (j). Similarly, the ACPR after DPD improved
from 21.3/21.5 dBc in (a), to better than 60 dBc in (b)-(g), 58.2/58.2 dBc in (h), 36.9/37.4
dBc in (i), and 25.8/25.9 dBc in (j). The DPD coefficients used in the simulation were
obtained using the direct learning algorithm in (5.39) and a total of 30 coefficients were
used. Note, the deterioration in the ACPR results reported in (i) and (j), are attributed
to the out-of-band error, 𝑒′[𝑛], caused by the constrained bandwidth square-root function,
leading to peak distortion at ±3

2BW in (i) and ±BW in (j). However, it’s worth emphasizing
that this error does not significantly impact the in-band signal quality, as evidenced by the
EVM after DPD remaining at 0.4% in (i) and slightly increasing to 0.6% in (j).

5.1.3 Experimental Validation

In this subsection the effectiveness of the proposed DPD method to linearize FXs with
constrained TX and RX bandwidths is experimentally validated.

Measurement Setup

To that end, the experimental setup, shown in Fig. 5.17, was developed. Two different
frequency doublers (𝐷 = 2) were used in these experiments; i) a frequency doubler with
output centered at 25 GHz from SpaceK Labs (A2510-2x-20) and ii) a frequency doubler
with output centered at 28 GHz from Analog Devices (HMC-578). The vector-modulated
test signals used in the experiment were generated using a 12-bit, 12 GS/s AWG (M8121A
from Keysight Technologies), with output centered at an IF of 1.75 GHz. A custom up-
converter constituted of a variable attenuator (HMC-624), a driver amplifier (HMC-788A),
a hybrid-90◦ (IPP-4120) and an IQ-mixer (MMIQ 1037H from Marki Microwave) is used
to up-convert the IF signal to a center frequency of 12.5 GHz for the first frequency dou-
bler and 14 GHz for the second frequency doubler case. The signal was then amplified
using a driver amplifier (MAAM-011109 from MACOM). Afterward, a LPF (FLP-1250
from Marki Microwave) for the first frequency doubler and a custom filter for the second
frequency doubler are used to reject the residual image and LO leakage before being fed
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Table 5.1: Linearization results for the frequency doubler (SpaceK) with output frequency
centered around 25 GHz

(a) (b) (c) (d) (e) (f) (g) (h) (i) (j)

2
0
0
M

H
z TX BW 10× 10× 9× 8× 7× 6× 5× 4× 3× 2×

RX BW 10× 9× 8× 7× 6× 5× 4× 3× 2× 1×
EVM (%) 13.6 1.6 1.2 1 1 1 1 1 1 1.1

ACPR (dBc) 24./24.5 51.1/51.2 51.4/51.3 52.6/52.2 52.5/52.7 52.6/52.6 52.6/52.6 51.9/52.0 36.4/37.1 26.0/26.1

4
0
0
M

H
z TX BW 8× 8× 7× 6× 5× 4× 3× 2× - -

RX BW 8× 7× 6× 5× 4× 3× 2× 1× - -
EVM (%) 15.9 1.5 1.4 1.38 1.38 1.37 1.38 1.46 - -

ACPR (dBc) 23.7/23.3 45.8/46.7 46.7/47.3 46.5/47.2 46.5/47.1 46.5/46.8 36.1/37.2 25.6/26.2 - -

to the doubler under test. The output of the frequency doubler is then fed to a direc-
tional coupler, followed by a receiver (N9040B from Keysight) connected to its coupled
port. The through signal from the directional coupler is then down-converted to an IF
frequency of 3.025 GHz using a heterodyne-mixer (MM-11140H) and captured using a
10-bit, 20 Gsps, 8 GHz analog bandwidth oscilloscope (MSOS804A from Keysight Tech-
nologies). LO sources (MXG-N5183B from Keysight Technologies) are used to drive the
up-conversion and down-conversion mixers used in the setup.

The measurements are performed using 200 MHz, 400 MHz, and 800 MHz modulation
bandwidth OFDM signals conforming to 3GPP 5G NR downlink specifications, with sub-
carriers modulated using 256-QAM, sub-carrier spacing of 120 kHz, total data sub-carriers
𝐾D of 1584, 3168, and 6336, and fast Fourier transform sizes 𝐾FFT of 2048, 4096, and 8192,
for the 200 MHz, 400 MHz, and 800 MHz signals respectively. The used test signals are
characterized by a PAPR (after crest factor reduction using clipping and filtering) of 9 dB.
The 200 MHz, 400 MHz, and 800 MHz test signals are complex sampled at 2 Gsps, 4 Gsps,
and 4 Gsps, respectively. For the DPD function, the nonlinearity order, nonlinear memory
depth, linear memory depth, memory step, and pruning parameter were set to 20, 5, 5, 8,
and 2 respectively, resulting in a total of 30 coefficients. The number of iterations used to
train the DPD function was fixed to 10, and 1.5 × 104 samples were used per iteration for
DPD training.

Linearization Results of the 25 GHz Frequency Doubler

Fig. 5.7 shows the PSD at the SpaceK doubler output when driven with a 200 MHz signal:
(a) before DPD with square-root function applied BWTX = 10×BW, and BWRX = 10×BW,
(b)-(j) after the proposed DPD with constrained square-root function and observation
receiver bandwidths swept from BWTX = 10 × BW and BWRX = 9 × BW in (b), down to
BWTX = 2 × BW and BWRX = 1 × BW in (j), respectively, with a step of 1 × BW. Using
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Figure 5.7: Measured output spectra of frequency-doubler (SpaceK) driven with 200 MHz
OFDM signal: (a) before DPD with square-root function applied, BWTX = 10 × BW,
and BWRX = 10 × BW; (b)-(j) After proposed DPD with BWTX and BWRX varied from
10 × BW and 9 × BW down to 2 × BW and 1 × BW, respectively with a step of 1 × BW.
The inset in the figure denotes the bandwidth of the transmitter limiting filter.

the proposed DPD scheme, the EVM improved from 13.6% before DPD in (a) to 1% in
(d)-(i), and to 1.1% in (j). Similarly, the ACPR after DPD improved from 24.4/24.5 dBc
in (a), to better than 50 dBc in (b)-(h), 36.4/37.1 dBc in (i), and 26.0/26.3 dBc in (j).

Similar linearization results were reported for the 400 MHz case. Fig. 5.8 shows the PSD
at the SpaceK doubler output when driven with a 256-QAM 400 MHz OFDM signal: (a)
before DPD with square-root function applied, BWTX = 8×BW, and BWRX = 8×BW; (b)-
(h) after the proposed DPD with constrained square-root function and receiver bandwidths
swept from BWTX = 8 × BW and BWRX=7 × BW in (b), down to BWTX = 2 × BW and
BWRX = 1×BW in (h), respectively, with a step of one. Fig. 5.9 shows the AM-AM (Left)
and AM-PM (Right) distortion characteristics, respectively, at the SpaceK doubler output
corresponding to the measurements presented in Fig. 5.8 (a) and (h). The measurement
results for the SpaceK doubler are summarized in Table 5.1.

Using the proposed DPD scheme, the EVM improved from 15.9% before DPD in (a)
to below 1.4% in (c)-(g), and to 1.46% in (h). Similarly, the ACPR after DPD exhibited
substantial enhancement, decreasing from 23.7/23.3 dBc in (a), to as low as 46.7/47.3 in
(c). It is worth noting that minor deterioration in EVM and ACPR results were reported in
(b), compared to (d)-(h), for both the 200 MHz and 400 MHz test signal cases, respectively.

132



23.5 24 24.5 25 25.5 26 26.5

Frequency (GHz)

-80

-70

-60

-50

-40

-30

P
S

D
 (

dB
m

/H
z)

(a)
(b)
(c)
(d)

(e)
(f)
(g)
(h)

8 BW

7 BW

2 BW

3 BW

4 BW
5 BW

6 BW

Figure 5.8: Measured output spectra of frequency-doubler (SpaceK) driven with 400 MHz
OFDM signal: (a) before DPD with square-root function applied, BWTX = 8 × BW, and
BWRX = 8×BW; (b)-(h) After proposed DPD with BWTX and BWRX varied from 8×BW
and 7 × BW down to 2 × BW and 1 × BW, respectively with a step of 1 × BW. The inset
in the figure denotes the bandwidth of the transmitter limiting filter.

These are attributed to transmitter calibration errors. Specifically, in the 200 MHz test
case, when using a BWTX = 10×BW and BWRX = 9×BW in (b), transmitter calibration at
the doubler input would necessitate ensuring error-free signal over a wider bandwidth, i.e.,
BWTX = 10×BW, compared to when the transmitter bandwidth is constrained to BWTX <

10 × BW. Achieving such wideband calibration is challenging in practice. Consequently,
in addition to reducing the transmitter and observation receiver data converters sampling
rates, constraining the 𝐷th root function bandwidth has the added benefit of relaxing
the transmitter calibration requirements where the calibration bandwidth needs to match
BWTX. Moreover, the deterioration in the ACPR results reported when BWTX and BWRX

were set to less than 3×BW and 2×BW, respectively, is attributed to the out-of-band error,
𝑒′[𝑛], due to the constrained bandwidth square-root function, leading to peak distortion
at ±3

2BW and ±BW, respectively. While this error cannot be rectified by the DPD, its
impact on in-band signal quality remains negligible. This is exemplified in the EVM after
DPD being maintained at 1% in (i) and 1.38% in (g) for the 200 MHz and 400 MHz test
signals respective when BWTX = 3 × BW and BWRX = 2 × BW. Additionally, there is a
marginal increase in EVM to 1.1% in (i) and 1.46% in (h) for the 200 MHz and 400 MHz
signals respective, when BWTX = 2 × BW and BWRX = 1 × BW. Despite this marginal
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Table 5.2: Linearization results for the frequency doubler (HMC578) with output frequency
centered around 28 GHz

(a) (b) (c) (d) (e) (f) (g) (h) (i) (j)

2
0
0
M

H
z TX BW 10× 10× 9× 8× 7× 6× 5× 4× 3× 2×

RX BW 10× 9× 8× 7× 6× 5× 4× 3× 2× 1×
EVM (%) 21.1 2.3 1.6 1 1 1 1 1 1 1.1

ACPR (dBc) 20.5/21.0 49.8/49.3 50.8/50.0 52.2/51.4 52.4/51.6 51.8/51.7 51.9/51.5 51.4/51.0 36.2/36.4 26.2/25.7

4
0
0
M

H
z TX BW 8× 8× 7× 6× 5× 4× 3× 2× - -

RX BW 8× 7× 6× 5× 4× 3× 2× 1× - -
EVM (%) 17.9 1.8 1.4 1.4 1.4 1.4 1.4 1.4 - -

ACPR (dBc) 21.7/22.0 47.3/47.2 47.9/47.7 47.9/47.9 48.0/47.6 47.8/47.7 36.6/36.7 25.9/25.9 - -

8
0
0
M

H
z TX BW 3.75× 3.75× 3.5× 3× 2.5× 2.25× 2× - - -

RX BW 3.75× 2.75× 2.5× 2× 1.5× 1.25× 1× - - -
EVM (%) 21 1.4 1.4 1.6 1.4 1.4 1.5 - - -

ACPR (dBc) 22.0/22.1 44.1/40.2 43.4/39.8 36.9/35.8 30.3/29.8 28.4/27.8 26.6/26.0 - - -
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Figure 5.9: Measured gain distortion (Left) and phase distortion (Right) of the frequency-
doubler (SpaceK) driven with 400 MHz OFDM signal: (a) before linearization with square-
root applied, BWTX = 8×BW, and BWRX = 8×BW; (h) After proposed DPD with BWTX

and BWRX set to 2 × BW and 1 × BW, respectively.

increase in EVM, the proposed DPD was able to mitigate the FX’s nonlinear distortion
as illustrated by the flat AM-AM and AM-PM curves in Fig. 5.9 (h). Furthermore, it is
interesting to note that for BWTX >= 3×BW and BWRX >= 2×BW the achieved ACPR
and EVM remained compliant with the 3GPP requirements for FR2 frequencies operating
in the n257 band for 256 QAM OFDM signals which specify a maximum EVM of 3.5%
and a maximum ACPR of 28 dBc for 256 QAM OFDM signals [69, p. 144-147]. Moreover,
for BWTX >= 2 × BW and BWRX >= 1 × BW the achieved ACPR and EVM remained
compliant with the 3GPP requirements for FR2 frequencies operating in the n260 band
for 256 QAM OFDM signals which specify a maximum EVM of 3.5% and a maximum
ACPR of 26 dBc for 256 QAM OFDM signals [69, p. 144-147]. These results align with
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Figure 5.10: Measured output spectra of frequency-doubler (HMC-578) driven with
400 MHz OFDM signal: (a) before DPD with square-root function applied, BWTX =

8×BW, and BWRX = 8×BW; (b)-(h) After proposed DPD with BWTX and BWRX varied
from 8×BW and 7×BW down to 2×BW and 1×BW, respectively with a step of 1×BW.
The inset in the figure denotes the bandwidth of the transmitter limiting filter.

the simulation results presented in Section. 5.1.2.

Linearization Results of the 28 GHz Frequency Doubler

To verify the generality of the proposed DPD scheme for linearizing frequency doublers with
contained transmitter and observation receiver bandwidths, a second doubler (HMC578
from Analog Devices) driven in higher compression, i.e., worse starting ACPR and EVM,
was used as DUT. The measurement results for the HMC578 doubler are summarized in
Table 5.2.

Similar to the first frequency doubler case, excellent linearization results were achieved
using the proposed DPD across different transmitter and observation receiver bandwidth
configurations. Fig. 5.10 shows the PSD at the HMC578 doubler output when driven with
a 400 MHz signal: (a) before DPD with square-root function applied BWTX = 8×BW, and
BWRX = 8 × BW, (b)-(h) after the proposed DPD with constrained square-root function
and observation receiver bandwidths ranging from BWTX = 8×BW and BWRX = 7×BW
in (b), down to BWTX = 2×BW and BWRX = 1×BW in (h), respectively, with a step size
of 1 × BW. Using the proposed DPD scheme, the EVM improved significantly, reducing
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Figure 5.11: Measured output spectra of frequency-doubler (HMC-578) driven with
800 MHz OFDM signal: (a) before DPD with square-root function applied, BWTX =

3.75×BW, and BWRX = 3.75×BW; (b)-(g) After proposed DPD with BWTX and BWRX

varied from 3.75 × BW and 2.75 × BW down to 2 × BW and 1 × BW, respectively. The
inset in the figure denotes the bandwidth of the transmitter limiting filter.

from 17.9% before DPD in (a) to 1.8% in (b) and 1.4% in (c)-(h). Likewise, the ACPR after
DPD improved from 21.0/22.0 dBc in (a), to better than 47 dBc in (b)-(f) and as reaching
as low as 47.9/47.9 dBc in (d). The measurement results clearly show the effectiveness
of the proposed DPD in linearizing FXs with constrained transmitters and observation
receiver bandwidths.

In addition to the capacity of the proposed DPD to reduce the transmitter and obser-
vation receive required bandwidths for linearizing FXs, it also enables the generation of
wider bandwidth signals without compromising the linearizability of the device under test.
Fig. 5.11 shows the PSD at the HMC578 doubler output when driven with a 800 MHz sig-
nal: (a) before DPD with square-root function applied BWTX = 3.75 ×BW, and BWRX =

3.75 × BW, (b)-(g) after the proposed DPD with constrained square-root function and
observation receiver bandwidths swept from BWTX = 3.75 ×BW and BWRX = 2.75 ×BW
in (b), down to BWTX = 2×BW and BWRX = 1×BW in (g), respectively. Fig. 5.12 shows
the AM-AM (Left) and AM-PM (Right) at the HMC578 doubler output corresponding to
the measurements presented in Fig. 5.11 (a) and (g). Furthermore, the constellation plot
corresponding to the results in Fig. 5.11 (a) and (g) is shown in Fig. 5.13. Using the pro-
posed DPD scheme, the EVM significantly improved from 21% before DPD in (a) to 1.4%
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Table 5.3: Summary of state-of-the-art DPD schemes for FXs

[146] [142] [164] [67] [5] [7] [165] [148] This work

RF (GHz) 78.6 2.46 99.6 3.56 25 25 28 24 48.6 25 28

Signal bandwidth 1 GHz 1.2 MHz 162.5 MHz 10 MHz 20 MHz 400 MHz 400 MHz 20 MHz 24 MHz 400 MHz 800 MHz

Modulation scheme 8-PSK
QPSK,

CDMA
4-QAM 256-QAM

256-QAM,

OFDM

256-QAM,

OFDM

64-QAM,

OFDM
16-QAM

256-QAM,

OFDM

Data rate (Mbps) 3000 0.0144 625 69.1 138.2 2844 2844 120 96 2844 5689

Multiplication factor 6 3 6 4 2 2 4 4 2

Bandwidth constrained

DPD formulation
No No No No No No No Yes (@ RX) Yes (@ TX and RX)

Transmitter bandwidth (BW) 6× – – 5× 5× 10× 10× 7.5× 10× 10-2×
Receiver bandwidth (BW) 6× – – 10× 5× 5× 10× 7.2× 3.75× 10-1×
Number of coefficients – – – 79 – 56 39 44 858 92 30

EVM after DPD (%) 8.5 7.3 – 1.6 2.4 3.6 1.3 1.8 3.1 1.94 1.4-1.5
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Figure 5.12: Measured gain distortion (Left) and phase distortion (Right) frequency-
doubler (HMC-578) driven 800 MHz OFDM signal: (a) before linearization with square-
root applied, BWTX = 3.75×BW, and BWRX = 3.75×BW; (g) After proposed DPD with
BWTX and BWRX set to 2 × BW and 1 × BW, respectively.

in (b), (c), (e), (f), and to 1.5% in (g). Similarly, the ACPR after DPD improved from
22.7/22.1 dBc in (a), to as good as 44.0/40.2 dBc in (b). Furthermore, when the transmitter
and observation receiver bandwidths are limited to BWTX = 2×BW and BWRX = 1×BW,
respectively, the proposed DPD is still effective in mitigating the FX’s nonlinearity. This
is highlighted by the flat AM-AM and AM-PM plots in Fig. 5.12 (g) and the negligible
distortion in the constellation plot in Fig. 5.13 (Blue). Note, when employing transmitter
and observation receiver bandwidths as low as BWTX = 2.25×BW and BWRX = 1.25×BW,
respectively, the achieved ACPR and EVM remained compliant with the 3GPP require-
ments for FR2 frequencies operating in the n257 band for 256 QAM OFDM signals which
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Figure 5.13: Measured constellation at the frequency-doubler (HMC-578) output driven
with 800 MHz OFDM signal: (Red) before DPD with square-root function applied,
BWTX = 3.75 × BW, and BWRX = 3.75 × BW; (Blue) After proposed DPD with BWTX

and BWRX set to 2 × BW and 1 × BW, respectively.

specify a maximum EVM of 3.5% and a maximum ACPR of 28 dBc for 256 QAM OFDM
signals [69, p. 144-147]. Moreover, for BWTX = 2×BW and BWRX = 1×BW the achieved
ACPR and EVM remained compliant with the 3GPP requirements for FR2 frequencies
operating in the n260 band for 256 QAM OFDM signals which specify a maximum EVM
of 3.5% and a maximum ACPR of 26 dBc for 256 QAM OFDM signals [69, p. 144-147].

The measurement results presented in Sections 5.1.3 and 5.1.3, summarized in Tables 5.1
and 5.2, demonstrate the effectiveness of the proposed DPD in linearizing frequency dou-
blers with constrained transmitter and observation receiver bandwidths. Furthermore,
Table 5.3 provides a summary of state-of-the-art DPDs for FXs. From Table 5.3, the
proposed scheme yielded excellent linearization capacity while using the lowest ratio of
transmitter and receiver bandwidths to modulation bandwidth. Furthermore, this work
reports the largest linearization bandwidth and data rate in the literature at 5.7 Gbps.
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5.2 Linearization of Frequency Multipliers based on

Nonlinear Deviations in Frequency Multipliers from

the Ideal Power Function

To overcome the limitations of current DPD methods in linearizing FXs [3–5, 7, 142, 148,
164–168], which demonstrate reduced effectiveness with wider bandwidth signals and higher
FX multiplication orders, this section introduces a novel DPD method to linearizing high-
order FXs driven by wideband vector-modulated signals. Unlike existing DPD methods
discussed in the literature [3, 4, 7, 142, 164–168], which primarily focus on mitigating the
deviation of the cascade comprised of the 𝐷th root function and the FX from an ideal
gain block (as shown in Fig. 5.14 (a)), this work rethinks the DPD problem formulation
and presents an alternative DPD method tailored to mitigate the deviation of the FX’s
response from an ideal power function.

Central to the proposed method, this section introduces a novel DPD cost function
that triggered a shift in the placement of the DPD module within the overall signal gener-
ation/transmission chain (as depicted in Fig. 5.14 (b)) along with a novel DPD coefficient
update equation. The strategic repositioning in the DPD module reduces the susceptibility
of linearization performance to hardware non-idealities, which commonly compromise the
effectiveness of DPD methods aimed at linearizing the cascade of the 𝐷th root function
and FX response. Moreover, this section derives the DPD bases required by the proposed
method to linearize FXs, revealing a notable departure from the reliance on fractional
power bases utilized in previous state-of-the-art methodologies. This aspect contributes
significantly to reducing the hardware implementation complexity of the proposed DPD
method compared to existing methods. Detailed theoretical analysis and extensive simu-
lation experimental validations are presented.

5.2.1 Problem Formulation

In this subsection, the proposed DPD scheme for linearizing FX-based transmitters, as
shown in Fig. 5.15, is formulated. Let 𝑧̃(𝑡) and 𝑦(𝑡) be the continuous-time CBBE input
and output signals, respectively, to the FX with multiplication order 𝐷. Let 𝑧̃[𝑛] = 𝑧̃(𝑛/𝐹𝑠)
and 𝑦[𝑛] = 𝑦(𝑛/𝐹𝑠) be the discrete-time CBBE signals of 𝑧̃(𝑡) and 𝑦(𝑡), respectively, where
𝐹𝑠 is the sampling rate. Using the additive error model adopted in [7], the FX output 𝑦[𝑛]
can be expressed as follows,

𝑦[𝑛] = ( 𝑧̃ [𝑛])𝐷 + 𝑒 (z̃(𝑛)) , (5.42)
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Figure 5.14: Functional block diagrams illustrating: (a) DPD method of [7]; (b) proposed
DPD method.

where the nonlinear error term, 𝑒(z̃(𝑛)), takes the form of the FX forward model expressed
in [7, eqn. (7)], and given by,

𝑒(z̃(𝑛)) = (5.43)

𝑁𝐿∑︁
𝑝=0

∑︁
(𝑝1,𝑝2)∈P(𝑝)
m∈B 𝑝1 ,m̂∈B 𝑝2

𝛾
𝑝1,𝑝2,ℓ

m,m̂

𝑝1∏
𝑖=1

𝑧̃[𝑛 − 𝑚𝑖]
𝑝2∏
𝑗=1

𝑧̃∗ [𝑛 − 𝑚̂ 𝑗 ], (5.44)

where

P(𝑝) =
{
(𝑝1, 𝑝2) ∈ Z2

��𝑝1 ≥ 0, 𝑝2 ≥ 0,

𝑝1 + 𝑝2 = 𝑝, 𝑝1 − 𝑝2 = 𝐷
}
, (5.45)

is the set of tuples (𝑝1, 𝑝2) that results in a nonlinearity order of 𝑝, the set B = {0, . . . , 𝑀},
𝑀 is the maximum memory depth, 𝑁𝐿 is the maximum nonlinearity order and 𝛾

𝑝1,𝑝2,ℓ

m,m̂
are

the model coefficients.

The predistorter (DPD) function is responsible for correcting the deviation of the FX
from the ideal power operation. Accordingly, the DPD model coefficients can be obtained
by minimizing the following quadratic cost function,

𝐽 (a) =
𝐿∑︁
𝑛=1

(
𝑦[𝑛] − (𝑥 [𝑛])𝐷

) (
𝑦[𝑛] − (𝑥 [𝑛])𝐷

)∗
, (5.46)

where 𝐿 is the length of the training data, and a is the vector of DPD coefficients that
are to be optimized to minimize the cost function 𝐽. The optimal DPD coefficients can be
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Figure 5.15: Detailed system block diagram of an FX-based transmitter equipped with the
proposed DPD scheme.

iteratively computed using the Quasi-Newton method for a real-valued cost function with
complex-valued arguments using the following update equation,

â𝑘+1 = â𝑘 − 𝜇
[(

𝜕2𝐽

𝜕a∗𝜕a𝑇

)−1 (
𝜕𝐽

𝜕a

)]
(5.47)

where a𝑘 denote the DPD coefficient vector at the 𝑘’th iteration, and 𝜇 ∈ (0, 1] is the
learning step size.

To solve the update equation in (5.47) a weakly nonlinear system is assumed, i.e., the
multiplier weakly deviates from an ideal multiplier. Consequently, the DPD signal, 𝑧̃[𝑛],
can be obtained as a small perturbation of 𝑥 [𝑛], i.e.,

𝑧̃[𝑛] = 𝑥 [𝑛] + 𝛽[𝑛] . (5.48)

where 𝛽 is a high-order nonlinearity term assumed to be much smaller than 𝑥 [𝑛], i.e.,

E
[
|𝑥 [𝑛] |2

]
≫ E

[
|𝛽 [𝑛] |2

]
. (5.49)

Substituting, (5.48) in (5.42), we have

𝑦[𝑛] = (𝑥 [𝑛] + 𝛽[𝑛])𝐷 + 𝑒 (z̃(𝑛)) . (5.50)
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Using the binomial expansion (5.50) can be rewritten as follows,

𝑦[𝑛] =
𝐷∑︁
𝑘=0

(
𝐷

𝑘

)
(𝑥 [𝑛])𝐷−𝑘 (𝛽[𝑛])𝑘 + 𝑒 (z̃(𝑛)) . (5.51)

Using the approximation in (5.49), (5.51) can be approximated as follows,

𝑦[𝑛] ≈ (𝑥 [𝑛])𝐷 + 𝐷𝛽[𝑛] (𝑥 [𝑛])𝐷−1 + 𝑒 (z̃(𝑛)) , (5.52)

where higher powers of 𝛽[𝑛] are neglected. Subsequently substituting the expression of
𝛽[𝑛] from (5.48), i.e., 𝛽[𝑛] = 𝑧̃[𝑛] − 𝑥 [𝑛], into (5.52), we get,

𝑦[𝑛] ≈ (𝑥 [𝑛])𝐷 + 𝐷 ( 𝑧̃[𝑛] − 𝑥 [𝑛]) (𝑥 [𝑛])𝐷−1 + 𝑒 (z̃(𝑛)) , (5.53)

Finally, rearranging the terms in (5.53), we have,

𝑦[𝑛] ≈ 𝐷𝑧̃[𝑛] (𝑥 [𝑛])𝐷−1 − (𝐷 − 1) (𝑥 [𝑛])𝐷 + 𝑒 (z̃(𝑛)) . (5.54)

Moreover, the DPD signal in (5.48) is expressed as a function of nonlinear bases, 𝜓𝑞 (·), as
follows,

𝑧̃[𝑛] =
𝑄∑︁
𝑞=1

𝑎𝑞𝜓𝑞 (x̃(𝑛)) , (5.55)

where 𝑄 is the total number of DPD bases and the basis functions,
{
𝜓𝑞 (·)

}
, are yet to

be determined. Using (5.54) and (5.55) the update equation in (5.47) can be solved.
Specifically, assuming (𝜕𝑒(z̃(𝑛))/(𝜕𝑎 𝑗 ) = 0, we get,

𝜕𝐽

𝜕𝑎 𝑗
≈

𝐿∑︁
𝑛=1

(
𝑦[𝑛] − (𝑥 [𝑛])𝐷

)∗
𝐷 (𝑥 [𝑛])𝐷−1 𝜓 𝑗 (x̃(𝑛)) , (5.56)

and,

𝜕2𝐽

𝜕𝑎∗
𝑖
𝜕𝑎 𝑗

≈
𝐿∑︁

𝑛=𝑀+1
𝐷2 (𝑥∗ [𝑛])𝐷−1 𝜓∗

𝑖 (x̃(𝑛))

× (𝑥 [𝑛])𝐷−1 𝜓 𝑗 (x̃(𝑛)) . (5.57)

Finally, substituting (5.56) and (5.57) in (5.47), we have,

â𝑘+1 = â𝑘 − 𝜇
(
Φ̃ (x̃(𝑛𝑘 ))

)† (
ỹ(𝑛𝑘 ) − (x̃(𝑛𝑘 ))𝐷

)
, (5.58)
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where, (
Φ̃ (x̃(𝑛𝑘 ))

)†
=

(
Φ̃𝐻 (x̃(𝑛𝑘 )) Φ̃ (x̃(𝑛𝑘 ))

)−1
Φ̃𝐻(x̃(𝑛𝑘 )) , (5.59)

Φ̃ (x̃(𝑛𝑘 )) is the basis matrix with 𝑖th row and 𝑗th column entry,
[
Φ̃ (x̃(𝑛𝑘 ))

]
𝑖, 𝑗
, given by,[

Φ̃ (x̃ (𝑛𝑘 ))
]
𝑖, 𝑗

= (𝑥 [𝑛𝑘 − 𝑖])𝐷−1 × 𝜓 𝑗 (x̃ [𝑛𝑘 − 𝑖]) . (5.60)

Hence, together (5.55), (5.58), and (5.60) comprise the iterative training process that
identifies the DPD coefficients.

We next derive the bases used for the DPD. When the DPD converges, the multiplier
output, 𝑦[𝑛], is equal to (𝑥 [𝑛])𝐷 . Consequently, (5.54) can be rewritten as follows,

(𝑥 [𝑛])𝐷 = 𝐷𝑧̃[𝑛] (𝑥 [𝑛])𝐷−1 − (𝐷 − 1) (𝑥 [𝑛])𝐷 + 𝑒 (z̃(𝑛)) . (5.61)

Rearranging the terms in (5.61) and solving for 𝑧̃[𝑛], we have,

𝑧̃[𝑛] = 𝑥 [𝑛] − 𝑒 (z̃(𝑛))
𝐷 (𝑥 [𝑛])𝐷−1

(5.62)

= 𝑥 [𝑛] −
𝑒

(
x̃(𝑛) − 1

𝐷
ẽ (z̃(𝑛)) ⊘ (x̃(𝑛))𝐷−1

)
𝐷 (𝑥 [𝑛])𝐷−1

, (5.63)

where ⊘ is the Hadamard division (element by element). Assuming that the contribution
of the “error of the error” in (5.63) is negligible, the following approximation can be made,

𝑒

(
x̃(𝑛) − 1

𝐷
ẽ (z̃(𝑛)) ⊘ (x̃(𝑛))𝐷−1

)
≈ 𝑒 (x̃(𝑛)). (5.64)

Consequently, (5.63) can be rewritten, such that,

𝑧̃[𝑛] = 𝑥 [𝑛] − 𝑒 (x̃(𝑛))
𝐷 (𝑥 [𝑛])𝐷−1

. (5.65)

The DPD bases can then be obtained by substituting (5.65) in (5.44) resulting in,

𝑧̃[𝑛] = (5.66)

𝑁 ′
𝐿∑︁

𝑝=0

∑︁
(𝑝1,𝑝2)∈P(𝑝)
m∈B 𝑝1 ,m̂∈B 𝑝2

𝑎
𝑝1,𝑝2,ℓ

m,m̂

𝐷 (𝑥 [𝑛])𝐷−1
𝑝1∏
𝑖=1

𝑥 [𝑛 − 𝑚𝑖]
𝑝2∏
𝑗=1

𝑥∗ [𝑛 − 𝑚̂ 𝑗 ], (5.67)
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where 𝑁′
𝐿
is the model’s maximum nonlinearity order.

In summary, this subsection has presented the proposed DPD method aimed at miti-
gating nonlinear distortions in non-ideal FXs. The method leverages a newly formulated
cost function, shown in (5.37), that is minimized using the Quasi-Newton method. This
process yields the update equation for the PD function coefficients, as detailed in (5.58).
Additionally, the section derived the optimal PD function model bases employed within
the proposed DPD method as shown in (5.67). Notably, these bases do not incorporate
fractional power bases, significantly reducing their hardware implementation complexity
compared to the state-of-the-art method in [7].

The block diagram depicted in Fig. 5.15 illustrates the proposed DPD method in an
FX-based transmitter. A key outcome of the derivations in this work is the repositioning of
the DPD module within the signal generation/transmission chain. As shown in Fig. 5.15,
the proposed DPD method places the DPD module after the 𝐷th root function. This
repositioning stems from the proposed cost function formulation, where the DPD module
compensates for the deviation of the FX’s response from an ideal power function. By
relocating the DPD module directly before the FX in the digital domain signal genera-
tion path, the proposed DPD method mitigates the susceptibility of the FX linearization
performance to hardware non-idealities.

To illustrate this, consider a scenario where the multiplier is modeled as a Wiener
model, comprising linear memory terms cascaded with an ideal FX. If the method in [7]
is employed, the 𝐷th root function, as perceived by the ideal FX, is distorted by the lin-
ear memory preceding the ideal FX. Since the PD signal in [7] operates from within the
𝐷th root function, compensating for this linear memory acting on the 𝐷th root function
becomes challenging, potentially leading to a breakdown of the weakly nonlinear assump-
tion. In contrast, the proposed method directly links the DPD module output to the FX
input, facilitating easier compensation for this linear memory, which is often unavoidable
in practical transmitters that exhibit residual linear distortion even after calibration.

Another critical distinction of the proposed DPD method from previous literature lies
in the proposed derivations not assuming the 𝑝th order post and pre-inversion equivalency.
Consequently, implementing the proposed method through indirect learning is not feasible
in its current form. Nonetheless, the reduced complexity and enhanced linearization perfor-
mance of the proposed method, as demonstrated subsequently, position it as an attractive
solution for linearizing FXs and facilitating the generation of wideband, high-integrity
vector-modulated signals.
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Figure 5.16: Simulated output spectra of the 60 GHz frequency-doubler driven with 400
MHz OFDM signal: (a) before DPD with square-root function applied; (b) after DPD
in [7]; (c) after proposed DPD.

5.2.2 Numerical Analysis

In this subsection, simulations are carried out on a 60 GHz-output frequency doubler
in a stacked push-push configuration. The doubler is designed using 45-nm CMOS SOI
technology. The design is simulated in ADS software. The simulated AM-AM and AM-PM
are used to generate a LUT based forward model for the doubler. Additionally, a finite
impulse response filler emulating a non-ideal transmitter frequency response is incorporated
into the simulation, positioned before the doubler forward model. The test signal used in
the simulation is a 400 MHz OFDM signal with subcarriers modulated using 256-QAM.

Fig. 5.16 shows the simulated output spectra of the frequency-doubler when driven with
the 400 MHz OFDM signal: (a) before DPD with square-root function applied; (b) after
DPD in [7]; (c) after proposed DPD. Using DPD, the EVM improved from 25.7% before
DPD in (a) to 0.4% in (b), and to 0.3% in (c). Similarly, the ACPR after DPD improved
from 20.1/20.5 dBc in (a), to 55.7/55.6 dBc in (b), and 60.7/60.4 dBc in (c). The DPD
coefficients used in the simulation result reported in (c) were obtained using the learning
algorithm in (5.58). Furthermore, both the DPD in (b) and the proposed DPD scheme
in (c) used a total of 30 coefficients. For the DPD in (b), the nonlinearity order, linear
memory, and nonlinear memory were set to 15, 10, and 1, respectively, incorporating even
and odd power bases as well as fraction power bases. In contrast, for the proposed DPD
in (c), these parameters were set to 10, 10, and 1, respectively, and included even and odd
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Figure 5.17: Test and measurement setup to validate the proposed DPD scheme for a
frequency doubler-based vector signal generation system

power bases. From Fig. 5.16, the proposed DPD scheme outperformed the state-of-the-art
DPD in [7] by 5 dB in ACPR, all while eliminating the need for fraction power bases, thus
significantly reducing DPD implementation complexity.

5.2.3 Experimental Validation

In this subsection the effectiveness of the proposed DPD method to linearize the deviation
of FXs from ideal power functions is experimentally validated.

Measurement Setup

In order to demonstrate the effectiveness of the proposed DPD scheme, an experimental
setup as shown in Fig. 5.17 was developed. Different DUT with different multiplication
orders were used in these experiments: i) a frequency doubler with output centered at
14 GHz from Analog devices (HMC-573), ii) a frequency doubler with output centered
at 25 GHz from SpaceK Labs (A2510-2x-20), iii) a custom built frequency doubler with
output centered at 62 GHz, iv) a frequency quadrupled consisting of the DUT in (i) and
doubler from ADI (HMC-578), and v) an octupler with output centered at 58 GHz from
QUINSTAR Technology composed of a cascade of frequency-doubler (QMM-16-06-10-02)
and frequency-quadrupler (QMM-63-25-14-04).

The measurements are performed using 200 MHz, 400 MHz, and 800 MHz modulation
bandwidth OFDM signals conforming to 3GPP 5G NR downlink specifications, with sub-
carriers modulated using 256-QAM, sub-carrier spacing of 120 kHz, total data sub-carriers
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Figure 5.18: Picture of the measurement setup conducted on an octupler with output
frequency centered around 58 GHz.

𝐾D of 1584, 3168, and 6336, and fast Fourier transform sizes 𝐾FFT of 2048, 4096, and
8192, for the 200 MHz, 400 MHz, and 800 MHz signals respectively. The used test signals
are characterized by a PAPR (after crest factor reduction using clipping and filtering) of
9 dB. The 200 MHz, 400 MHz, and 800 MHz test signals are complex sampled at 2 Gsps,
4 Gsps, and 4 Gsps, respectively. The DPD model parameters were meticulously tuned
for each measurement and for the various reported DPD schemes to guarantee optimal
performance. Additionally, to maintain a fair and consistent comparison across the different
DPD schemes, the total number of coefficients used by the proposed scheme was set to
equal or less than the total number of coefficients used by the state-of-the-art scheme in [7].
Furthermore, the number of iterations employed for training the DPD functions was set at
10, with each iteration utilizing 1.5 × 104 samples for DPD coefficient training.

Linearization Results of the 14 GHz Frequency Doubler

we first discuss the measurement results conducted on the 14 GHz output frequency dou-
bler from ADI (HMC-573). The vector-modulated test signals used in the experiment
were generated using a 12-bit, 12 GSps AWG (M8121A from Keysight Technologies), with
output centered at an IF of 2 GHz. A low pass filter from mini circuits was used at the
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Figure 5.19: Measured output spectra of the 14 GHz frequency-doubler driven with
400 MHz OFDM signal: (a) before DPD with square-root function applied; (b) after
DPD in [7]; (c) after proposed DPD.

output of the AWG with a cutoff frequency of 7.2 GHz to filter the AWG’s higher Nyquist
signals. The IF signal was subsequently up-converted using a cascade of a hybrid-90◦ (IPP-
4120) and an IQ-mixer (MLIQ-0416L from Marki Microwave) to a second IF of 7 GHz.
A bandpass filter was used at the output of the mixer to filter the residual image signal
and the LO leakage before being amplified using a driver amplifier (MAAM-011109 from
MACOM) and fed to the DUT through a direction coupler. The output of the frequency
doubler was down-converted to an IF frequency of 3.025 GHz using a heterodyne-mixer
(MM-11140H), and captured using a 10-bit, 20 GS/s, 8 GHz analog bandwidth oscilloscope
(MSOS804A from Keysight Technologies). The coupler’s coupled port was captured using
a VNA (5245B from Keysight Technologies) equipped with a spectrum vector stitching
option and was used to celebrate the transmitter up to the DUT’s input. The LO sources
(MXG-N5183B from Keysight Technologies) are used to drive the up-conversion and down-
conversion mixers used in the setup. The DPD model parameters for the DPD method
in [7] were tuned and selected to a total of 43 coefficients. The proposed DPD parameters
were set to a total of 30 coefficients.

Fig. 5.19 shows the PSD at the HMC-573 doubler output when driven with a 256-QAM
400 MHz OFDM signal: (a) before DPD with square-root function applied; (b) after DPD
in [7]; (c) after proposed DPD. Using the proposed DPD, the EVM and ACPR improved
from 10% and 27.8/27.3 dBc before DPD in (a), to 1% and 50.6/50.3 dBc in (c). In
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Figure 5.20: Measured output spectra of 25 GHz frequency-doubler driven with 800 MHz
OFDM signal: (a) before DPD with square-root function applied; (b) after DPD in [7]; (c)
after proposed DPD.

comparison, the state-of-the-art DPD scheme in [7] yielded an EVM of 1.1% and ACPR of
49.5/48.8 dBc. The proposed DPD scheme exhibited enhanced linearization performance,
achieving approximately 1 − 2 dB improvement in ACPR while avoiding the need for
fractional power bases and using fewer DPD basis terms. Subsequently, we investigate the
performance of the proposed scheme on two distinct doublers when subjected to signals
with bandwidths of up to 800 MHz.

Linearization Results of the 25 GHz Frequency Doubler

we now discuss the measurement results conducted on the 25 GHz output frequency doubler
from SpaceK. In order to generate the IF signal to the DUT input, the AWG IF output
was up-converted from 2 GHz to an IF of 12.5 GHz using a hybrid-90◦ (IPP-4120) and an
IQ-mixer (MMIQ-1037H from Marki Microwave). A low-pass filter with cutoff frequency
of 12.5 GHz was used to filter out the image signal and the LO leakage at the output of
the mixer before being amplified using a driver amplifier (MAAM-011109 from MACOM)
and fed the DUT through a directional coupler. The output of the directional coupler at
the DUT input and the DUT output were connected to a switch with its output connected
to a down-converter and captured using the heterodyne-mixer and scope presented in
Section 5.2.3. The DPD parameters for the DPD method in [7] were tuned and selected
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Figure 5.21: Measured output spectra of the 62 GHz frequency-doubler driven with
400 MHz OFDM signal: (a) before DPD with square-root function applied; (b) after
DPD in [7]; (c) after proposed DPD.

to a total of 54 coefficients. The proposed method DPD parameters were set to a total of
40 coefficients.

Fig. 5.20 shows the PSD at the SpaceK doubler output when driven with a 256-QAM
800 MHz OFDM signal: (a) before DPD with square-root function applied; (b) after
DPD in [7]; (c) after proposed DPD. Using the proposed DPD, the EVM and ACPR
improved from 14.1% and 25.0/23.7 dBc before DPD in (a), to 1.4% and 46.3/46.2 dBc in
(c). In comparison, the state-of-the-art DPD scheme in [7] yielded an EVM of 1.9% and
ACPR of 43.9/43.7 dBc. Notably, in this particular test case, the proposed DPD scheme
demonstrated an approximately 3 dB improvement in linearization, specifically in terms of
ACPR, compared to the state-of-the-art DPD scheme in [7].

Linearization Results of the 62 GHz Frequency Doubler

In the following, we discuss the measurement results conducted on the custom design
62 GHz output frequency doubler. The DUT is a custom-designed push-push deep class C
doubler operating at an output frequency of 62 GHz. The doubler is designed with 45-nm
CMOS SOI transistor technology. In order to generate the IF signal to the DUT input,
the AWG IF output was up-converted from 2 GHz to an IF of 31 GHz using a cascade of
a hybrid-90◦ (IPP-4120) and an up-converter board (ADMV-1013 from ADI). A bandpass
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Figure 5.22: Measured output spectra of the 62 GHz frequency-doubler driven with
800 MHz OFDM signal: (a) before DPD with square-root function applied; (b) after
proposed DPD.

filter was used to filter out the image signal and the LO leakage at the output of the up-
converter before being amplified using a driver amplifier (HMC-1131 from ADI). The driver
output was connected to an isolated and subsequently fed to the DUT through a directional
coupler. The DUT was mounted on a probe station and 67 GHz ground-signal-ground
RF probes were used to access the DUT’s input and output ports. The directional cou-
pler coupled port was down-converter and captured using the heterodyne-mixer and scope
in Section 5.2.3. The DUT output was connected to a wave-guide heterodyne balanced
mixer (SFB-15-N1-M from Sage Millimeter) and digitized using a high-speed (MSOS804A
from Keysight Technologies). A high-frequency LO source (HMC-T2270 from Hittite Mi-
crowave) was used to drive the mixer’s LO port needed to down-convert the DUT’ output
signal.

Fig. 5.21 shows the PSD at the custom-designed doubler output when driven with a
256-QAM 400 MHz OFDM signal: (a) before DPD with square-root function applied; (b)
after DPD in [7]; (c) after proposed DPD. Using the proposed DPD, the EVM and ACPR
improved from 22.8% and 18.4/19.6 dBc before DPD in (a), to 1.8% and 41.7/39.6 dBc in
(c). In comparison, the state-of-the-art DPD scheme in [7] yielded an EVM of 2.3% and
ACPR of 38.1/38.1 dBc. Similarly to the results presented for the 25 GHz doubler shown
in Fig. 5.20, using the proposed scheme the linearization performance was around 3 dB
better interns of ACPR.

151



-1 -0.5 0 0.5 1

Re( )

-1

-0.5

0

0.5

1

Im
(

)

Figure 5.23: Measured constellation of the 62 GHz frequency-doubler driven with 800 MHz
OFDM signal: (a) before DPD with square-root function applied; (b) after proposed DPD.

Fig. 5.22 shows the PSD at the custom-designed doubler output when driven with a 256-
QAM 800 MHz OFDM signal: (a) before DPD with square-root function applied; (b) after
proposed DPD. With the proposed DPD, the EVM and ACPR improved from 24.1% and
18.6/18.0 dBc before DPD in (a), to 2% and 37.0/38.2 dBc in (b). The constellation results
before and after employing the proposed DPD scheme are depicted in Fig.5.23, highlighting
the cleaner constellation and superior signal quality achieved with the proposed DPD
scheme. It is noteworthy that when the DPD method from [7] was applied in this scenario
using such wide excitation bandwidth, the DPD failed to converge. This is attributed to the
source’s inability to synthesize an ideal 𝐷th root function at the DUT input, influenced by
residual source linear distortion and the inherent band-limitation of the transmitter chain’s
components.

Linearization Results of the 28 GHz Frequency Quadrupler

we next discuss the measurement results conducted on the 28 GHz output frequency
quadrupled constituted of the cascade of two doublers from ADI (HMC-573 and HMC-
578). The AWG IF signal output was up-converted using a cascade of a hybrid-90◦ (IPP-
4120) and an IQ-mixer (MLIQ-0416L from Marki Microwave) to a second IF of 7 GHz. A
bandpass filter was used at the output of the mixer to filter the residual image signal and
the LO leakage before being amplified using a driver amplifier (MAAM-011109 from MA-
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Figure 5.24: Measured output spectra of the 28 GHz frequency-quadrupler driven with
400 MHz OFDM signal: (a) before DPD with square-root function applied; (b) after DPD
in [7]; (c) after proposed DPD.

COM) and fed to the DUT through a direction coupler. The directional coupler coupled
port and the DUT output were captured using the receiver setup discussed in section 5.2.3.
The DPD parameters for the DPD method in [7] were tuned and selected to a total of 42
coefficients. The proposed method DPD parameters were set to a total of 30 coefficients.

Fig. 5.24 shows the PSD at the 28 GHz quadrupler when driven with a 256-QAM
400 MHz OFDM signal: (a) before DPD with fourth-root function applied; (b) after DPD
in [7]; (c) after proposed DPD. Using the proposed DPD, the EVM and ACPR improved
from 8.8% and 27.6/27.9 dBc before DPD in (a), to 1.2% and 49.8/49.1 dBc in (c). In
comparison, the state-of-the-art DPD scheme in [7] yielded an EVM of 1.3% and ACPR
of 47.9/46.7 dBc. Fig. 5.24 shows that the proposed DPD method achieves approximately
2 dB better ACPR performance compared to the method in [7], while requiring 20% fewer
DPD coefficients.

Linearization Results of the 58 GHz Frequency Octupler

In the following, the measurement results conducted on the 58 GHz output frequency
octupler are presented. In order to generate the IF signal centered at 7.25 GHz to the
DUT input, the signal generation portion of the setup presented in Section 5.2.3 was used.
To capture the octupler output, the waveguide-based receiver used in Section 5.2.3 was
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Figure 5.25: Measured output spectra of the 58 GHz frequency-octupler driven with
200 MHz OFDM signal: (a) before DPD with eighth-root function applied; (b) after DPD
in [7]; (c) after proposed DPD.
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Figure 5.26: Measured gain distortion (Left) and phase distortion (Right) of the 58 GHz
frequency-octupler driven with 256-QAM 200 MHz OFDM signal: a) before linearization
with eighth-root applied; (b) after DPD in [7]; (c) after proposed DPD.

used. The DPD parameters for the DPD method in [7] were tuned and selected to a
total of 64 coefficients. The proposed method DPD parameters were set to a total of 47
coefficients.
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Fig. 5.25 shows the PSD at the 58 GHz octupler output when driven with a 256-
QAM 200 MHz OFDM signal: (a) before DPD with eighth-root function applied; (b)
after DPD in [7]; (c) after proposed DPD. Using the proposed DPD, the EVM and ACPR
improved from 23.4% and 19.7/19.3 dBc before DPD in (a), to 0.8% and 48.0/47.8 dBc
in (c). In comparison, the state-of-the-art DPD scheme in [7] yielded an EVM of 3.1%
and ACPR of 41.0/40.8 dBc. Notably, in this particular test case, the proposed DPD
scheme demonstrated an approximately 8 dB improvement in linearization, in terms of
ACPR, compared to the state-of-the-art DPD scheme in [7]. Fig.5.26 presents the gain
(left) and phase (right) distortion plots corresponding to the measurements in Fig.5.25.
From Fig.5.26, it is evident that the state-of-the-art DPD in [7] exhibits non-negligible
residual nonlinearity compared to the proposed scheme, as highlighted by the dispersive
gain and phase distortion plots. These results highlight that previous state-of-the-art DPD
linearization performance may be affected when the multiplication order is increased. In
contrast, the proposed DPD scheme was able to maintain excellent linearization results.
Unfortunately, wider bandwidth measurements for the frequency octupler case were not
possible due to a lack of filters capable of removing unwanted leakage signals from the IF
stage mixers.

5.3 Device Characterization Under Wideband Modu-

lated Signals using Vector Network Analyzer Fre-

quency Extenders

The rapid evolution of wireless communication systems has spurred a growing demand for
higher data rates and superior signal quality. Critical to this evolution are measurement
instruments capable of precisely characterizing RF components under CW and wideband
modulated signal excitation conditions. At MMW frequencies, this precise characterization
is enabled through the use of VNA frequency extenders to enable CW characterization and
through the use of wideband up and down-converters for the modulated signal testing. In
this section, a measurement system that leverages VNA frequency extenders for compo-
nent/system testing under both CW and modulated signal excitation is presented along
with the enabling signal processing algorithms and experimental validation on an OML
VNA frequency extender operating at 58 GHz and on a custom-built doubler operating
120 GHz. The proposed measurement system builds on the promising results achieved in
linearizing FXs highlighted in the previous sections. Particularly, this section proposes a
novel linearizer based on ILC that can mitigate the nonlinear distortions exhibited by FXs
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Figure 5.27: System block diagram of the proposed measurement system for component
level characterization under CW and modulated signal excitation.

in the VNA frequency extenders, hence enabling wideband signal generation. Furthermore,
the proposed system uses a frequency stitching-based receiver to enable the application of
VNA frequency extenders to receive wideband modulated signals. Of note, the proposed
ILC linearizer introduced in this section operates on a fundamentally different principle
compared to DPD. Unlike DPD, ILC may not always yield a closed-form analytical solution
and relies on the assumption that the generated signal is periodic. However, ILC offers
a distinct advantage: it can potentially achieve optimal linearization of the DUT without
limitations imposed by model accuracy. As a result, ILC is often used in PA-based systems
as a benchmark for the ideal linearization that DPD solutions aim to achieve.
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the proposed ILC linearizer in this section is fundamentally different from DPD. ILC
may not result in an analytical solution and relies on the periodicity assumption of the
generated signal. Nevertheless ILC has the advantage over DPD to yield an optimal lin-
earization of the DUT without being hindered by modeling accuracy and is commonly used
at the benchmark linearization to be targeted by the DPD solution.

5.3.1 Problem Formulation

In this subsection, the proposed unified measurement system, shown in Fig. 5.27, designed
to facilitate the comprehensive characterization of DUTs under both CW and modulated
signal excitations is formulated. The system leverages VNA frequency extenders to en-
able RF-modulated signal generation and analysis. To realize this capability, a novel ILC
linearization scheme, specifically designed for FXs, is formulated and applied to linearize
the FXs within VNA frequency extenders thus enabling the mixer-less generation of wide-
band modulated signals at RF frequencies with exceptional signal integrity. To enable
this linearization, the TOR in the VNA frequency extenders is used to serve as feedback.
Nevertheless, these TORs are typically narrowband given that they are designed for CW
operation. To mitigate this limitation, a receiver stitching method that leverage the period
nature of test signals to enable the capture of wideband signals using narrowband receivers
is presented.

Wideband Signal Analysis Algorithm Using Narrow-band Receivers

To enable the capture of the wideband periodic signal 𝑥 [𝑛], the signal 𝑥 [𝑛] is partitioned
into 𝑃 sections, each section having a length of 𝑆+1 and containing 𝐿 frequency component
overlap. These partitions are then captured sequentially or in parallel using low-speed
high-resolution receivers. The 𝑝th partition of 𝑥 [𝑛], denoted as 𝑥𝑝 [𝑛], can be expressed as
follows,

𝑥𝑝 [𝑛] =
∑︁
𝑘∈A𝑝

𝑋 [𝑘]𝑒 𝑗2𝜋𝑛𝑘/𝑁 , (5.68)

where the set A𝑝 = {𝑝× (𝑆−𝐿), ..., 𝑝× (𝑆−𝐿) +𝑆}. In order to avoid the image challenge in
frequency-stitching-based receivers arising from the down-converting stage, in the following,
the proposed digital image rejection approach is presented. Let the 𝑥(𝑡), be the wideband
periodic RF continuous-time signal to be captured such that,

𝑥(𝑡) = ℜ
{
𝑥(𝑡)𝑒 𝑗𝜔𝑅𝐹 𝑡

}
, (5.69)
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Figure 5.28: Proposed system block diagram.
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where 𝜔𝑅𝐹 is the RF angular frequency. Substituting (5.68) in (5.69) we then have,

𝑥(𝑡) = ℜ
{
𝑁−1∑︁
𝑘=0

𝑋 [𝑘]𝑒 𝑗𝜔0𝑘𝑡𝑒 𝑗𝜔𝑅𝐹 𝑡

}
. (5.70)
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When digitizing the 𝑝’th partition of the signal 𝑥(𝑡), i.e.,

𝑥𝑝 (𝑡) = ℜ

∑︁
𝑘∈A𝑝

𝑋 [𝑘]𝑒 𝑗𝜔0𝑘𝑡𝑒 𝑗𝜔𝑅𝐹 𝑡
 , (5.71)

using a heterodyne receiver, the RF signal 𝑥(𝑡) is down-converted to an IF frequency where
the LO angular frequency, 𝜔′

𝑝, is selected to be,

𝜔′
𝑝 = 𝜔𝑝 − 𝜔𝑅𝐹 + Δ𝜔𝑝, (5.72)

where 𝜔𝑝 = 2𝜋 × 𝑝 × (𝑆 − 𝐿) × Fs/𝑁 is the angular frequency of the partition 𝑥𝑝 (𝑡) first
signal tone of interest and Δ𝜔𝑝 is an arbitrary offset. Accordingly, we have

𝑥𝑝 (𝑡) = ℜ
{
𝑁−1∑︁
𝑘=0

𝑋 [𝑘]𝑒 𝑗𝜔0𝑘𝑡𝑒− 𝑗2𝜋(A𝑝 (1)+Δ𝜔𝑝)𝑡
}
, (5.73)

For simplicity, the receiver bandwidths are assumed to have a bandwidth equal to the
signal’s partition bandwidth, consequently, the bandwidth-limited version of the above
can be expressed as follows,

𝑥𝑝 (𝑡) =
∑︁
𝑘∈A𝑝

𝑋 [𝑘]𝑒 𝑗𝜔0𝑘𝑡𝑒−𝑖2𝜋(A𝑝 (1)+Δ𝜔𝑝)𝑡+ (5.74)∑︁
𝑘∈A′

𝑝

𝑋∗ [𝑘]𝑒− 𝑗𝜔0𝑘𝑡𝑒 𝑗2𝜋(A𝑝 (1)+Δ𝜔𝑝)𝑡 . (5.75)

where A′
𝑝 = {𝑝 × (𝑆 − 𝐿) − 𝑆, ..., 𝑝 × (𝑆 − 𝐿)}. The above can be further simplified to,

𝑥𝑝 (𝑡) =
∑︁
𝑘∈A𝑝

𝑋 [𝑘]𝑒 𝑗𝜔0𝑘𝑡𝑒− 𝑗2𝜋(A𝑝 (1)+Δ𝜔𝑝)𝑡+ (5.76)

𝑋∗ [2A𝑝 (0) − 𝑘]𝑒 𝑗𝜔0𝑘𝑡𝑒− 𝑗2𝜋(A𝑝 (1)−Δ𝜔𝑝)𝑡 . (5.77)

Note, when Δ𝜔𝑝 = 0, the above simplifies to

𝑥𝑝 (𝑡) =
∑︁
𝑘∈A𝑝

(
𝑋 [𝑘] + 𝑋∗ [2A𝑝 (0) − 𝑘]

)
𝑒 𝑗𝜔0𝑘𝑡𝑒− 𝑗2𝜋A𝑝 (1)𝑡 , (5.78)

where the image terms are folded on top of the desired tones. In order to avoid this from
happening, a clever choice of Δ𝜔𝑝 needs to be considered. In this work we select

Δ𝜔𝑝 =
𝜔0

𝑄
, (5.79)
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where 𝑄 is an arbitrary integer and 𝑄 > 2. Consequently, (5.73) can be rewritten as
follows,

𝑥𝑝 (𝑡) =
∑︁
𝑘∈A𝑝

𝑋 [𝑘]𝑒 𝑗𝜔0𝑘𝑡𝑒
− 𝑗2𝜋(A𝑝 (1)+

𝜔0
𝑄

)𝑡+ (5.80)

𝑋∗ [2A𝑝 (0) − 𝑘]𝑒 𝑗𝜔0𝑘𝑡𝑒
− 𝑗2𝜋(A𝑝 (1)−

𝜔0
𝑄

)𝑡
, (5.81)

where the first desired tone appears at 𝜔0
𝑄

and the desired tone spacing are 𝜔0. Lets assume
that the receiver capture 𝑄 periods of the signal 𝑥𝑝 (𝑡), i.e., 𝑄×𝑁 samples, then the CBBE
signal 𝑥𝑝 [𝑛] can be expressed as follows,

𝑥𝑝 [𝑛] = 𝑥𝑝 [𝑛]𝑒 𝑗2𝜋/𝑁 (A𝑝 (1)+ 1
𝑄
)𝑛 (5.82)

= ℜ
{
𝑄×𝑁−1∑︁
𝑘 ′=0

𝑋𝑝 [𝑘′]𝑒 𝑗2𝜋𝑛𝑘
′/(𝑄×𝑁)

}
, (5.83)

where

𝑋𝑝 [𝑘′] =


𝑋 [(𝑘′ − 1)/𝑄] 𝑘′ ∈ A𝑝 ×𝑄 + 1

𝑋∗ [2A𝑝 (0) − (𝑘′ + 1)/𝑄] 𝑘′ ∈ A𝑝 ×𝑄 − 1

0 Otherwise

(5.84)

Finally, the anti-aliasing can be achieved by zeroing their terms for which 𝑘 ∉ A𝑝×𝑄+1 and
then translating the signal to a length of 𝑁, (33) simplifies to (5.68) and the aforementioned
steps can be used to stitch the signal.

Iterative Learning Control Algorithm

In the following, the proposed ILC algorithm used to linearize the FXs within VNA fre-
quency extenders in the proposed measurement system in Fig. 5.27, is formulated. Let
𝑑 [𝑛], 𝑧̃[𝑛], and 𝑦[𝑛] be the desired FX output, the FX input and the measured FX out-
put, respectively.

We begin by applying the additive error model, as established in [7], where the FX
output 𝑦[𝑛] is expressed as,

𝑦[𝑛] = 𝐺 ( 𝑧̃ [𝑛])𝐷 + 𝑒 (z̃(𝑛)) . (5.85)

160



ILC × 𝑫⋅𝑫

𝑦 𝑛𝑧 𝑛

𝟏/𝑮

𝑒 𝑛

ILC × 𝑫⋅𝑫
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𝟏/𝑮
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Figure 5.30: Block diagram illustrating; (Left) the PA-based ILC algorithm extended to
FXs; (Right) the proposed FX-based ILC algorithm.

Here, 𝐺 denotes the FX’s conversion gain, 𝐷 is multiplication factor, 𝑒(z̃(𝑛)) represents
the FX’s nonlinearity, z̃(𝑛) = ( 𝑧̃[𝑛], ..., 𝑧̃[𝑛 − 𝑀])𝑇 , and 𝑀 is the system’s memory depth.

PA-based ILC formulation:: To linearize the FX output, an extension of the ILC solu-
tion commonly applied to PAs, as shown in Fig. 5.30 (Left), can be employed. Accordingly,
if the linearizer effectively compensates for the FX nonlinearity, 𝑦[𝑛] in (5.85) simplifies
to the desired input signal 𝑑 [𝑛] scaled by the FX conversion gain. Assuming the existence
of such a solution, 𝑧̃[𝑛] in (5.85) can be expressed as a function of the desired and error
signals as follows,

𝑧̃[𝑛] =𝐷

√︂
𝑑 [𝑛] − 𝑒(z̃(𝑛))

𝐺
. (5.86)

Considering a weakly nonlinear scenario, (5.86) can be solved iteratively to yield a sequence
of predistorted signals, 𝑧̃𝑘 [𝑛] for 𝑘 = 1, 2, ..., as follows,

𝑧̃𝑘+1 [𝑛] =
𝐷

√︂
𝑑 [𝑛] − 𝑒(z̃𝑘 (𝑛))

𝐺
, (5.87)

where the initial condition is set as 𝑧̃1 [𝑛] =
𝐷

√︃
𝑑 [𝑛]. If 𝑦𝑘 [𝑛] is taken to be 𝐺 ( 𝑧̃𝑘 [𝑛])𝐷 +

𝑒𝑘 (z̃𝑘 (𝑛)), (5.87) simplifies to,

𝑧̃𝑘+1 [𝑛] =
𝐷

√︄
( 𝑧̃𝑘 [𝑛])𝐷 − 𝜇 𝑦𝑘 [𝑛] − 𝐺𝑑 [𝑛]

𝐺
, (5.88)

where 𝜇 ∈ (0, 1] is a learning parameter introduced to help with convergence. Therefore,
(5.88) encapsulates the iterative training process of the PA-based ILC linearizer.
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Proposed FX-based ILC: formulation: As an alternative to the PA-based ILC solution
discussed above, in this work, we propose a novel ILC algorithm, as shown in Fig. 5.30
(Right), that is tailored to linearize the FXs within VNA frequency extenders. To that
end, let us first assume that the optimal linearization signal can be expressed using an
additive model such that,

𝑧̃[𝑛] =𝐷

√︃
𝑑 [𝑛] + 𝑒′[𝑛] . (5.89)

where 𝑒′[𝑛] is a high-order nonlinearity term assumed to be much smaller than
𝐷

√︃
𝑑 [𝑛].

Substituting, (5.89) in (5.85), we have

𝑦[𝑛] = 𝐺
(
𝐷

√︃
𝑑 [𝑛] + 𝑒′[𝑛]

)𝐷
+ 𝑒 (z̃(𝑛)) . (5.90)

Using binomial approximation, (5.90) can be simplified to,

𝑦[𝑛] ≈ 𝐺𝐷𝑧̃[𝑛]
(
𝐷

√︃
𝑑 [𝑛]

)𝐷−1
− 𝐺 (𝐷 − 1) 𝑑 [𝑛] + 𝑒 (z̃(𝑛)) . (5.91)

Furthermore, if 𝑧̃[𝑛] is taken to be the optimal linearizer solution, 𝑦[𝑛] in (5.91) simplifies
to the desired input signal 𝑑 [𝑛] scaled by the FX conversion gain. Consequently, 𝑧̃[𝑛] in
(5.91), can be expressed as follows,

𝑧̃[𝑛] =𝐷

√︃
𝑑 [𝑛] − 𝑒 (z̃(𝑛))

𝐺𝐷

(
𝐷

√︃
𝑑 [𝑛]

)𝐷−1 . (5.92)

Considering a weakly nonlinear scenario, the recursive function (5.92) can be solved itera-
tively as follows,

𝑧̃𝑘+1 [𝑛] =
𝐷

√︃
𝑑 [𝑛] − 𝑒 (z̃𝑘 (𝑛))

𝐺𝐷

(
𝐷

√︃
𝑑 [𝑛]

)𝐷−1 . (5.93)

where the initial condition is set as 𝑧̃1 [𝑛] = 𝐷

√︃
𝑑 [𝑛]. If 𝑦𝑘 [𝑛] is taken to be the FX output

at the 𝑘th iteration, from (5.91), (5.93) can be rewritten as follows,

𝑧̃𝑘+1 [𝑛] = 𝑧̃𝑘 [𝑛] − 𝜇
𝑦𝑘 [𝑛] − 𝐺𝑑 [𝑛]

𝐺𝐷

(
𝐷

√︃
𝑑 [𝑛]

)𝐷−1 , (5.94)
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Figure 5.31: Measurement setup using the OML VNA extenders.

where 𝜇 ∈ (0, 1] is a learning parameter introduced to help with convergence. Therefore,
(5.94) encapsulates the iterative training process of the proposed FX-based ILC linearizer.
Note, for PAs (𝐷 = 1), both (5.88) and (5.94) simplify to the same solution. This demon-
strates continuity in the solution between the proposed ILC algorithm and those previously
established in the literature for PAs.

5.3.2 Experimental Validation

In this subsection, experimental validation of the proposed measurement system and en-
abling algorithms are presented using an OML VNA frequency extender operating at
58 GHz and a D-band custom-built frequency doubler operating at 120 GHz.

Measurement Setup OML

To validate the proposed measurement system, and demonstrate the effectiveness of the
proposed ILC and receiver stitching algorithms to linearize the FX within VNA frequency
extenders, an experimental setup, shown in Fig. 5.31, was developed. A picture of the
measurement setup is shown in Fig. 5.32. The FX to be linearized is a quadrupler (𝐷=4)
within an OML V-band VNA frequency extender. The modulated test signals used in
the experiment were generated using two 14-bit, 2 GHz bandwidth, 2.4 Gsps RF-AWGs
(M5300A from Keysight) with their outputs frequency-stitched to generate up to 4 GHz
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Figure 5.32: Picture of the measurement setup using the OML VNA extenders.

of modulated bandwidth centered around an IF of 14.4 GHz. A driver amplifier was then
used to amplify the RF-AWG IF signal output before being fed to the OML IF input
port through a directional coupler. The coupler-coupled port was used for transmitter
calibration. The output of the OML’s frequency quadrupled centered at 57.6 GHz was
then sampled and down-converted using the OML’s built-in directional coupler and down-
converter mixer and was then captured using a 12-bits, 2 GHz bandwidth and 4.8 Gsps
digitizer (M5200A from Keysight). To accommodate for the OML’s feedback path limited
modulation bandwidth of 300 MHz, a frequency stitching receiver-based approach was
adopted where the OML’s mixer LO signal was swept, and the wideband spectrum at
the FX output was captured sequentially, and reconstructed digitally using the proposed
receiver stitching algorithm discussed in the previous section. The OML’s waveguide output
was connected to a power meter for power calibration.

Measurement Results OML

Fig. 5.33 shows the PSD (Left) and constellation (Right) at the OML’s frequency quadru-
pler output when driven with a 256-QAM 400 MHz OFDM signal. Using the ILC algo-
rithms, the EVM and ACPR improved from 44.8% and 17.1/17.0 dBc, before linearization
and with 𝐷th-root applied in (a), to 1.6% and 49.2/49.3 dBc in (b) using the PA-based ILC,

164



56.8 57 57.2 57.4 57.6 57.8 58 58.2 58.4

Frequency (GHz)

-90

-80

-70

-60

-50

-40

-30

P
S

D
 (

dB
m

/H
z)

(a)
(b)
(c)

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

Figure 5.33: Measured PSD (Left) and constellation (Right) at OML’s frequency quadru-
pled output when driven with 256-QAM 400 MHz OFDM signal: a) before linearization
with 𝐷th-root applied; b) with PA-based ILC applied; c) with proposed FX-based applied.
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Figure 5.34: Measured gain distortion (Left) and phase distortion (Right) at OML’s fre-
quency quadrupled output when driven with 256-QAM 400 MHz OFDM signal: a) before
linearization with 𝐷th-root applied; b) with PA-based ILC applied; c) with proposed FX-
based applied.

and to 1.45% and 50.7/51.0 dBc in (c) using the proposed FX-based ILC. It is interesting
to note that both ILC algorithms were able to achieve excellent linearization performance
at the quadrupler output as illustrated by the flat gain (Left) and phase (Right) distortion
plots shown in Fig. 5.34 (b) and (c).
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Figure 5.35: Measured PSD (Left) and constellation (Right) at OML’s frequency quadru-
pled output when driven with 256-QAM 800 MHz OFDM signal: a) before linearization
with 𝐷th-root applied; b) with PA-based ILC applied; c) with proposed FX-based applied.

Fig. 5.35 shows the PSD (Left) and constellation (Right) at the OML’s frequency
quadrupler output when driven with a 256-QAM 800 MHz OFDM signal. Using the ILC
algorithms, the EVM and ACPR improved from 49.4% and 17.9/15.7 dBc, before lin-
earization and with 𝐷th-root applied in (a), to 13.9% and 36.2/34.8 dBc in (b) using the
PA-based ILC, and to 1.17% and 51.6/48.7 dBc in (c) using the proposed FX-based ILC.
Note, the reported deterioration in linearization results by the PA-based ILC, compared
to the proposed FX-based ILC, is attributed to linear memory at the OML’s frequency
quadrupler input, leading to strong nonlinear memory at the FX output. This phenomenon
is evident in the gain (Left) and phase distortion (Right) plots before linearization and with
𝐷th-root applied, as shown in Fig. 5.36 (a), exhibiting pronounced dispersion. This strong
nonlinear memory adversely impacted the accuracy of the weakly nonlinear assumption
made in Section 5.3.1, causing the PA-based ILC algorithm to exhibit non-convergence, as
evidenced by the PSD in Fig. 5.35 (b) and the gain (Left) and phase (Right) distortion
plots in Fig. 5.36 (b). In contrast, the proposed FX-based ILC algorithm in Section 5.3.1
remained unaffected, demonstrating successful convergence and excellent linearization re-
sults, as indicated by the flat gain (Left) and phase (Right) distortion plots in Fig. 5.36 (c).

Measurement Setup D-Band

In the following, additional experiments conducted at D-band on a custom-built doubler
are presented to further validate the capacity of the proposed FX-based ILC algorithm
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Figure 5.36: Measured gain distortion (Left) and phase distortion (Right) at OML’s fre-
quency quadrupled output when driven with 256-QAM 800 MHz OFDM signal: a) before
linearization with 𝐷th-root applied; b) with PA-based ILC applied; c) with proposed FX-
based applied.

to linearize FXs. The block diagram and picture of the D-band measurement setup are
shown in Fig. 5.37 and Fig. 5.38 respectively. An AWG (Keysight M8190A) was utilized
to generate an OFDM signal centered at 2 GHz. This signal was up-converted to a center
frequency of 14 GHz using an IQ mixer, amplified by a driver amplifier, and fed to a
heterodyne mixer to further up-convert the signal to 60 GHz before being fed to the
DUT through a series of a driver amplifier, an isolator, and a directional coupler. The
DUT was mounted on a probe station, and GSG RF probes were employed to access
the DUT’s input and output ports. The DUT output was connected to a waveguide
variable attenuator, and the RF signal was down-converted using a WR-6 down-converter
from Eravant. The DUT’s output signals was then sampled using a 10-bit, 20 Gsps, 8
GHz analog bandwidth oscilloscope (Keysight MSOS804A). LO sources (Keysight MXG-
N5183B and Hittite Microwave HMC-T2270) were employed to drive the up-conversion
and down-conversion mixers in the setup.

Measurement Results D-Band

Fig. 5.39 illustrates the PSD (Left) and constellation (Right) at the output of the D-band
doubler when driven by a 256-QAM 800 MHz OFDM signal. Leveraging the proposed FX-
based ILC algorithm, substantial enhancements were observed in both EVM and ACPR,
improving from 14.8% and 22.5/23.1 dBc, respectively, prior to linearization and with 𝐷th-
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Figure 5.37: Measurement setup for the D-Band doubler.
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Figure 5.38: Picture of the measurement setup for the D-Band doubler.

root applied (a), to 0.8% and 49.8/50.7 dBc in (b), showcasing the efficacy of the FX-based
ILC algorithm.

Similarly, Fig. 5.40 displays the PSD (Left) and constellation (Right) at the output of
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Figure 5.39: Measured PSD (Left) and constellation (Right) at the D-band frequency
doubler output when driven with 256-QAM 800 MHz OFDM signal: a) before linearization
with 𝐷th-root applied; b) with PA-based ILC applied; c) with proposed FX-based applied.

Figure 5.40: Measured PSD (Left) and constellation (Right) at the D-band frequency dou-
bler output when driven with 256-QAM 1200 MHz OFDM signal: a) before linearization
with 𝐷th-root applied; b) with PA-based ILC applied; c) with proposed FX-based applied.

the D-band doubler when stimulated with a 256-QAM 1200 MHz OFDM signal. Employ-
ing the same FX-based ILC algorithm, notable improvements were achieved, with EVM
and ACPR enhancing from 15.6% and 24.0/24.1 dBc, pre-linearization and with 𝐷th-root
applied (a), to 1.5% and 47.1/37.5dBc in (b). The imbalance observed in Fig.5.40 (Left) is
attributed to LO leakage in the transmitter, resulting in distortions close to the signal cen-
ter frequency, a phenomenon that can be mitigated through the implementation of filters
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at the doubler input to eliminate the LO leakage.

These results underscore the capability of the proposed approach to generate wideband
modulated signals with exceptional signal quality, as evidenced by the minimal distortion
depicted in the constellation plots in Fig.5.39 (Right) and Fig.5.40 (Right) for the 800 MHz
and 1200 MHz test signals, respectively. It is noteworthy that the reported outcomes uti-
lizing 1200 MHz represent the first instance in the literature achieving linearization over
such a wide bandwidth, achieving a remarkable data rate of 10.7 Gbps. These measure-
ment results further advocate for the utilization of FXs and, specifically, VNA frequency
extenders for component and system testing at higher frequencies.
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Chapter 6

Thesis Summary and Future Work

6.1 Thesis Summary

This thesis has been dedicated to enhancing the performance of wireless communication
systems operating in the MMW and sub-THz frequency bands through a combination of
system-level innovations and advanced signal processing techniques. The key findings and
contributions of this thesis are summarized as follows:

In Publications I, a comprehensive theoretical analysis was conducted to investigate
the intricate dependencies among array nonlinearity, antenna mutual coupling, and steer-
ing angles. This analysis led to the derivation of a closed-form equation capturing these
relationships. Notably, the study highlighted the significant impact of tapering on antenna
mutual coupling and array nonlinear behavior. Building upon this, an optimization al-
gorithm was developed to synthesize tapering coefficients aimed at mitigating the array’s
nonlinear behavior dependency on beam-steering, particularly in the presence of antenna
mutual coupling. Experimental validation on a 64-element RF beamforming array oper-
ating at 28 GHz confirmed the effectiveness of this approach. By applying these tapering
coefficients, the array’s nonlinear behavior ceased to vary with steering angles, enabling
linearization of RF beamforming arrays at any specific steering angle without the need for
adaptive retraining of the linearization function during beam-steering.

In Publications II, the impact of antenna mutual coupling on the nonlinear behavior
of FX-based beamforming transmitters was investigated. Through a circuit-inspired anal-
ysis, it was revealed that FX-based beamforming transmitters exhibit resilience to antenna
mutual coupling. These findings were validated through simulations and experiments con-
ducted on a developed multiplier-based array prototype. This research underscores the
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attractiveness of FX-based architectures for high-frequency ultra-wideband vector-signal
generation and their scalability to array systems.

In Publications III, a TOR utilizing NF probes for integration within beamforming
arrays was proposed. The associated signal processing algorithms that enable the use of
NF captured signals using the TOR for DPD training were presented. The formation
assumed a flat coupling between the NF probes and the array radiating antenna elements.
Experimental validation on a 16-element RF beamforming array, including four NF probes,
demonstrated that the proposed NF-based DPD achieved similar linearization performance
to FF-based DPD techniques while only using information available at the transmitter.

In Publications IV, the NF-based DPD algorithm was extended to account for the
frequency-selective coupling between the NF probes and the radiating antenna elements
in the array. Additionally, an active calibration algorithm combining the advantages of
element-wise and FF-based active calibration schemes was introduced. Experimental vali-
dation on a 16-element RF beamforming array showcased improved calibration performance
compared to state-of-the-art techniques and enhanced linearization performance compared
to the NF-based DPD algorithm developed in Publications III.

In Publications V, a DPD scheme for linearizing FXs driven with wideband modu-
lated signals under constrained transmitter TOR feedback bandwidths was proposed. The
impact of limiting the bandwidth of the 𝐷th root function on DPD linearization perfor-
mance was investigated. Furthermore, the DPD training was derived to account for the
constrained transmitter and TOR bandwidths. Experimental validation demonstrated ex-
cellent linearization performance, outperforming previous state-of-the-art techniques and
enabling the generation of 800 MHz OFDM signals using FXs.

In Publications VI, a reformulation of the approach to linearizing FXs was developed.
Instead of training the DPD function to linearize the cascade of the 𝐷th root function and
FX nonlinearity, the proposed DPD linearizes the deviation of FXs from an ideal power
function. Experimental results showed significant improvements in linearization perfor-
mance compared to state-of-the-art DPDs, with better resilience to residual calibration
errors in the transmitter and reduced complexity as the formulation does not require fac-
tional power bases. These experiments were conducted on different FXs with multiplication
orders ranging from two to eight and operating at out frequencies ranging from 14 GHz to
58 GHz.

In Publications VII, a novel measurement system for accurate and calibrated mea-
surements at MMW and sub-THz frequencies was proposed. This system enables both CW
and modulated signal measurements with a single setup, streamlining testing and charac-
terization processes. The development of this measurement system required the creation
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of two distinct algorithms, facilitating ultra-wideband signal acquisition using narrowband
receivers, and linearization of VNA frequency extenders. This innovative approach to
modulated signal measurements holds significant potential to advance high-frequency com-
ponent/system testing and characterization in RF front-end development. Experimental
validations were conducted on a VNA frequency extender driven with up to 800 MHz with
256-QAM OFDM modulation at 58 GHz and a custom-built frequency doubler operating
at 120 GHz, driven with up to 1200 MHz 256-QAM OFDM signals. These experiments
showcased the effectiveness of the proposed ILC-based linearizer and frequency stitching
receivers in enabling the generation of distortion-free wideband vector-modulated signals
and validated the effectiveness of using VNA frequency extenders for modulated signal
testing at higher frequencies.

6.2 Future Work

This thesis has presented significant contributions toward enhancing the performance of
MMW/sub-THz wireless communication systems. However, the field of high-frequency
communication is constantly evolving, and there are exciting avenues for future research
that build upon the work presented here.

6.2.1 Extending the Framework to Advanced Array Architec-
tures

• Dual-Polarization and Multi-Beam Arrays: The current work focused on single-
polarization arrays. Future investigations can extend the proposed modeling and
optimization techniques to dual-polarization and multi-beam array configurations.
These arrays offer improved flexibility and capacity but introduce additional com-
plexities. Research is needed to understand the impact of mutual coupling on the
nonlinear behavior of these arrays and develop optimization algorithms for mitigating
these effects.

• NF-based DPD for Advanced Array Architectures: This thesis demonstrated
the effectiveness of NF-based TORs for DPD training in single-beam arrays. Future
work can explore the extension of this concept to dual-polarization and multi-beam
arrays. Investigating the challenges and potential benefits of NF-based DPD in these
more complex architectures is a promising area of research.
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6.2.2 DPD for Frequency Multipliers

• Multi-Band DPD for FXs: The proposed formulated DPD schemes for FXs fo-
cused on single-band operation. Future research can explore the development of
multi-band DPD algorithms specifically tailored for FXs. This would be particularly
beneficial for applications requiring operation across multiple frequency bands within
the MMW/sub-THz regime.

6.2.3 Additional Areas of Exploration

• Hardware Implementation and System Integration: While the work presented
in this thesis focused on simulations and proof-of-concept experiments, future efforts
can explore the hardware implementation of the proposed designs and algorithms.
This would involve integrating the developed circuits and functionalities into com-
plete communication transceiver systems, allowing for real-world validation and per-
formance characterization.

• Machine Learning for Hardware Optimization: Machine learning techniques
have shown promise in various areas of communication system design. Future re-
search can investigate the application of machine learning algorithms to optimize
hardware components or system parameters within the context of MMW/sub-THz
communication systems.

By pursuing these areas of future work, researchers can build upon the foundation es-
tablished in this thesis and further advance the development of high-performance, reliable,
and efficient wireless communication systems operating in the MMW/sub-THz spectrum.
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