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Abstract

Functional data analysis has gained increasing prominence in modern statistics, largely due
to advancements in data collection technologies. It provides a nonparametric framework for
analyzing discrete observations obtained from realizations of a continuous random function,
often defined over time or space. In this thesis, we focus on three distinct problems, each

reflecting a different aspect of functional data analysis.

In Chapter 2, we address the problem of comparing mean functions between two groups
of sparse functional data within the framework of a reproducing kernel Hilbert space. The
proposed method is well-suited for sparsely and irregularly sampled functional data. Tra-
ditional approaches often assume homogeneous covariance structures across groups, an
assumption that is difficult to justify in practice. To circumvent this limitation, we first
develop a novel linear approximation for the mean estimator, which naturally leads to its
desirable pointwise limiting distributions. Furthermore, we establish the weak convergence
of the mean estimator, enabling the construction of a test statistic for the mean differ-
ences. The finite-sample performance of our method is demonstrated through extensive

simulations and two real-world applications.

In Chapter 3, we study the problem of determining the number of eigenpairs to re-
tain in functional principal component analysis—a problem commonly referred to as order
determination. When a covariance function admits a finite representation, the challenge
becomes estimating the rank of the corresponding covariance operator. While this problem
is straightforward when the full trajectories of functional data are available, in practice,
functional data are typically collected discretely and are subject to measurement error con-
tamination. Such contamination introduces a ridge in the empirical covariance function,
obscuring the true rank. We develop a novel procedure to identify the true rank of the
covariance operator by leveraging the information of eigenvalues and eigenfunctions. By
incorporating smoothing techniques to accommodate the nonparametric nature of func-
tional data, the method is applicable to functional data collected at random, subject-
specific points. Extensive simulation studies demonstrate the excellent performance of
our approach across a wide range of settings, outperforming commonly used information-

criterion-based methods and maintaining effectiveness even in high-noise scenarios. We

vi



further illustrate our method with two real-world data examples.

In Chapter 4, we investigate the integration of multi-source functional data to extract
a subspace that captures the variation shared across sources. In practice, data collection
procedures often follow source-specific protocols. Directly averaging sample covariance
operators across sources implicitly assumes homogeneity, which may lead to biased recovery
of both shared and source-specific variation structures. To address this issue, we propose a
projection-based data integration method that explicitly separates the shared and source-
specific subspaces. The method first estimates source-specific projection operators via
smoothing to accommodate the nonparametric nature of functional data. The shared
subspace is then isolated by examining the eigenvalues of the averaged projection operator
across all sources. If a source-specific subspace is of interest, we re-project the associated
source-specific covariance estimator onto the subspace orthogonal to the estimated shared
subspace, and estimate the source-specific subspace from the resulting projection. We
further establish the asymptotic properties of both the shared and source-specific subspace
estimators. Extensive simulation studies demonstrate the effectiveness of the proposed
method across a wide range of settings. Finally, we illustrate its practical utility with an

example of air pollutants data.
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Chapter 1

Introduction

Functional data analysis (FDA) has gained prominence in modern data analysis. The ob-
ject under analysis is a continuous random function, often defined over time or space. The
inherently infinite-dimensional nature of functional data distinguishes it from classical mul-
tivariate data defined in a finite-dimensional Euclidean space. A typical functional dataset
consists of a set of realizations of a Hilbertian random element or real-valued random pro-
cess. Comprehensive treatments of the subject are available in monographs by Ramsay
and Silverman (2005) and Kokoszka and Reimherr (2017). This dissertation addresses
several topics in FDA, including inference for mean differences, dimension reduction and

data integration.

1.1 Functional Data Analysis

Let X be a random element of a separable Hilbert space H, defined on a probability space
(92, F,B), where H is equipped with an inner product (-,-),, and the induced norm ||-||%.
Suppose X is integrable, that is, E| X/ < co. Then the mean element EX € H of X is
defined by



for any f € H. In addition, if E||X]|3, < oo, a condition commonly referred to as square-

integrability, then we can define the covariance operator of X as
G=EX-EX)® (X -EX).

Here, f ® g(h) = (f,h)y, g for any f,g,h € H (Horvath and Kokoszka, 2012; Hsing and
Eubank, 2015).

Given an i.i.d. sample X, Xs,...X,, of X, a canonical estimate of EX is the sample
mean EX = n~! >, X;, and a canonical estimate of the covariance operator is the sample
covariance G = n~! S (X — IE)\() ® (X;— IE)\() The Hilbert-space central limit theorem
ensures EX is a root-n consistent estimator of EX (Billingsley, 1968), and Dauxois et al.
(1982) further established that G is root-n consistent for G under the Hilbert-Schmidt

norm when E[| X ||}, < co.

Beyond viewing X as an abstract random element in #, in FDA, one typically assumes
X ={X(t) | t € T} is a square-integrable stochastic process defined over a compact set
T . Thus, it is natural to consider £2(7), defined as

Ez(T)E{f:T—HR‘ /IfQ(t)dt<oo}.

The space L£2(T) is a separable Hilbert space when endowed with the inner product
(f,9)5 = [,er f(t)g(t) dt, where the induced norm || f]|; = V{f, )y Define u(t) = EX(2)
and G(t,s) = E{X(t) — p(t)}{X(s) — pu(s)} for any t,s € T. If X is mean-square con-
tinuous, then both u(t) and G(t,s) are continuous. Furthermore, assuming X is jointly
measurable, it follows that X is also a random element in £2(7) (Hsing and Eubank, 2015).
Under this setting, 1 € H is referred to as the mean function, coinciding with the mean
element EX of X. Likewise, the integral operator induced by G(t,s) coincides with the
covariance operator of X; the kernel G(t,s) is therefore termed the covariance function.

More precisely,
GO = [ Geafe s (L)

for any f € H. Hence, the previous results for the Hilbert-space-valued random sample



apply directly to stochastic processes X and their sample paths X, ..., X,,. For example,
the sample mean function () = n=t>." | X;(-) is root-n consistent for u(-). In addi-
tion to the covariance operator, the covariance function can be estimated by @(t, s) =
n~t Y AX(t) — a(t)H{Xi(s) — i(s)}. Throughout this dissertation, we assume X is
a square-integrable stochastic process defined on 7 = [0, 1] with continuous mean and

covariance functions, and that X is jointly measurable.

The above asymptotic results require the entire trajectory of each X is fully observed. In
practice, however, functional data are often partially observed, meaning that only discrete
measurements—possibly contaminated by random errors—are available for each sample

path. When each X; has N; observed points, the following model is commonly adopted:
Yii=Xi(T;;) +€ij, fori=1,2,...,nand j =1,2,...,N,. (1.2)

Here, Y;; denotes the jth observation of X; taken at T;;, and ¢;; represents the associated
random error. This model is widely used in modelling longitudinal observations under the
framework of functional data; see Yao et al. (2005b), Li and Hsing (2010), Zhang and Wang
(2016), Zhou et al. (2024) and references therein.

To estimate the mean and covariance functions of X, the choice of estimation method
and the corresponding optimal convergence rate depend on the distributions of the Tj;’s,
and on the magnitude of N relative to n, where N = n='Y_" N;. There are generally
two settings for how the observation times are distributed. One is referred to as common
design, in which the observations are sampled at the same locations across all curves. The
other is referred to as random design, where T;; are independently sampled from 7. Cai
and Yuan (2011) illustrated the phase transition phenomenon in estimating mean function
as N changes relative to n for both designs. Zhang and Wang (2016) further categorized
functional data under random design into three types: “sparse”, “dense”, and “ultra-
dense”. Specifically, for sparse functional data—where each subject is observed at only a
few irregular time points—the estimators of the mean and covariance functions generally
cannot achieve the root-n rate of convergence. A typical example of sparse functional
data arises in longitudinal studies, where only a limited number of irregularly spaced

observations per subject are available. In contrast, for dense and ultra-dense functional



data, where the number of observations per subject increases much faster relative to the
sample size, the estimators of the mean and covariance functions can attain the root-n rate.
Moreover, in the ultra-dense regime, the bias induced by smoothing becomes asymptotically

negligible.

For dense or ultra-dense functional data, a two-step procedure is commonly employed
in estimation. Individual trajectories are first reconstructed through a pre-smoothing step,
which applies nonparametric smoothing methods such as smoothing splines (Rice and Sil-
verman, 1991), local polynomial regression (Zhang and Chen, 2007), and B-splines (Cardot,
2000). Subsequent analyses, such as mean estimation, are then performed using the esti-

mated sample paths.

For sparse functional data, however, the pre-smoothing approach becomes inappropriate
because of the limited number of observations per subject, which leads to insufficient
information for accurate trajectory reconstruction. In such sparse settings, Yao et al.
(2005b) suggested aggregating data across all subjects to estimate the mean and covariance
functions using local linear regression. This approach has been proven to ensure consistency
and uniform convergence rates for estimating both the mean and covariance functions.
Cai and Yuan (2011) established the minimax rate for the mean function estimate via
smoothing splines under both common and random designs. Furthermore, Zhang and
Wang (2016) established convergence rates and pointwise limiting distributions for the
mean and covariance estimators using local linear regression, considering various weighting

schemes.

1.2 Functional Principal Component Analysis

Besides from estimating mean and covariance functions, dimension reduction plays a pivotal
role in FDA. It transforms infinite-dimensional random functions into finite-dimensional
random vectors and thereby facilitates subsequent analyses. Moreover, dimension reduc-
tion is commonly adopted as a way to regularize the covariance operator, which is required
in functional linear regression (Hall and Horowitz, 2007; Zhou et al., 2023) and functional

generalized linear models (Dou et al., 2012). Among these techniques, functional principal



component analysis (FPCA) is one of the most widely used. Analogous to principal com-
ponent analysis for multivariate data, FPCA aims to extract a parsimonious subspace that
captures the dominant modes of variation around the mean function in a data-adaptive

manner.

Let H = L%(T) denote the space of square-integrable functions on 7, equipped with
inner product (f,g), = [, o f(t)g(t) dt. Suppose X is a continuous and square-integrable
stochastic process defined on 7. For a fixed m, FPCA seeks an m-dimensional subspace
Ho C H such that the projection of X =X-— 1 onto Hy provides the optimal mean-
squared approximation to X. More precisely, FPCA identifies m orthonormal functions
€1,€9,...,6, € H that minimize the expected mean-squared distance between X and its

m-dimensional projection, which is formalized as follows:

P = argmin E[| X — PX|]2. (1.3)

PcPy,
Here, P,, = {P € B(H) | P? = P,rank(P) = m, P is self-adjoint}, and B(H) denotes the
set of bounded linear operators on H. An operator A is self-adjoint if (Af, g), = (f, Ag),
for any f,g € H. The rank of A is the dimension of its image space. The definition of
self-adjoint and rank can be treated as the generalization of symmetric and rank for a

matrix. In addition, any P € P, can be written as P =Y " ¢, ®e,.

For two operators A, B € B(#), define the Hilbert-Schmidt inner product as (A, B) ;o =
>, (A(e,),B(ey))y, where {e, : ¥ = 1,2,...} is any orthonormal basis of . This def-
inition does not depend on the choice of basis and induces the Hilbert—Schmidt norm
|Allfs = (A, A)yg. With this notation, the optimization problem in (1.3) can be equiva-
lently written as

P = argmin E| X — PX|2 — E|| X|2 = arg max (G, P) s, (1.4)

P EP7YL P EP"L

where G is the covariance operator given in equation (1.1). As the covariance function is



continuous and positive semi-definite, Mercer’s theorem implies that
G(s,t) =Y Mou(s)du(t), ts€T, (1.5)
v=1

where (\,, ¢,) is the vth eigenvalue-eigenfunction pair of G satisfying G¢, = A\, ¢,, and
{¢,},>1 forms an orthonormal basis of H. Moreover, G is bounded, compact, and self-
adjoint. The compactness of G implies lim, ,,, A, = 0. Throughout this dissertation, we
further assume A; > Ay > ... > 0 for brevity. Combining equations (1.4) and (1.5), it

follows immediately that e; = ¢; for i =1,...,m.

In addition, the Karhunen—Loéve expansion yields that
X(t) = u(t) + ) &0u(D), (1.6)
v=1

where §, = (X — p, ¢,), are uncorrelated, mean-zero random variables with variance \,.
These &,’s are the functional principal component scores, often simply termed scores. The
eigenfunctions of G are also referred to as functional principal components (FPCs). In

addition, X can be approximated using the leading m eigenfunctions of G:
X"(0) = plt) + PX = (1) + &, (1) (1.7
v=1

with P = S ¢ @ ¢,. Once an estimate G of the covariance function is obtained, the
eigenpairs can be computed by performing eigen-decomposition of the discretization of G ;

see, for example, Chapter 8 of Ramsay and Silverman (2005).

Although the basis functions in equation (1.6) can be replaced by alternative function
bases such as B-splines, this particular expansion is optimal in capturing the maximal
variance of X in the £? sense, as implied by equation (1.3). This optimality has prompted
extensive research into the properties of estimated eigenpairs. For instance, Hall and
Hosseini-Nasab (2006) presented the asymptotic expansions of estimated eigenpairs for fully

observed functional data. For any fixed m that is independent of the sample size, Hall and



Horowitz (2007) developed the optimal £? convergence rate of estimated eigenfunctions ¢EV
for sparse functional data. Further, when m is allowed to diverge with respect to n, Zhou
et al. (2023) established error bounds for ngﬁ,, that yield consistency and the convergence

rate of the estimated slope function in a functional linear regression model.

1.3 Outline of the Thesis

This dissertation concentrates on examining functional data from three perspectives. First,
it addresses inference for mean differences between two groups of sparse functional data.
Second, it investigates the selection of the number of FPCs, that is, determining m in
equation (1.7). Lastly, it develops a procedure for extracting shared and source-specific
subspaces across multiple functional data sources. To streamline the presentation of this
dissertation, the literature review relevant to each research topic will be included in its

respective chapter.

In Chapter 2, we develop a testing procedure for comparing mean functions between
two groups of sparse functional data within the reproducing-kernel Hilbert-space (RKHS).
Conventional approaches, which are built upon FPCA, usually assume a homogeneous
covariance structure across groups. This assumption implies that both groups share the
same eigenbasis, allowing the sample paths to be projected onto common directions; see
equation (1.6). Nonetheless, justifying this assumption in real-world scenarios can be chal-
lenging. To eliminate the need for a homogeneous covariance structure, we consider a pth
order Sobolev space with higher regularity condition than £2. With a suitably defined
inner product, the space becomes an RKHS, and we are able to develop the functional
Bahadur representation (FBR) for a mean estimator obtained by smoothing splines. This
representation is essentially a first-order approximation for the mean estimator, directly
resulting in a pointwise limiting distribution. Moreover, we establish weak convergence of
the mean estimator, which enables the construction of a test statistic for the mean differ-
ence. We further develop a multiplier bootstrap procedure with theoretical justification
to calibrate the inference for the mean difference. Finally, the finite-sample performance

of the proposed test is demonstrated through extensive simulations and two real-world



applications.

In Chapter 3, our objective is to determine the number of eigenpairs to retain, a prob-
lem known as order determination. The number of retained components m controls the
bias-variance trade-off in approximating X. Higher-order FPCs often exhibit significant
variability, making their interpretation difficult. This leads to the pragmatic assumption
of treating higher-order terms as noise, effectively assuming that the covariance operator
has finite rank. Under this scenario, correctly identifying the true rank can improve the
performance of the subsequent analysis, such as functional linear regression or functional
classification. In essence, the finite rank assumption transforms the order determination
problem into estimating the rank of the covariance operator. When functional data are
discretely observed and contaminated by measurement errors, the contamination creates a
confounding issue: the true rank of the covariance operator is obscured by the presence of
noise, which effectively adds a ridge to the covariance function. To address this challenge,
we propose a novel rank-estimation procedure that jointly utilizes information from both
the estimated eigenvalues and eigenfunctions. By incorporating the nonparametric nature
of functional data through smoothing techniques, the method is applicable to functional
data collected at random, subject-specific points. The numerical studies showcase excel-
lent performance of our method under various simulation settings. The method is further

illustrated by two real-world examples.

In Chapter 4, we investigate the extraction of shared and source-specific subspaces when
multiple functional data sources are available. The heterogeneity across sources—often
arising from site-specific data collection protocols—poses substantial challenges for anal-
yses. A naive approach that averages the site-wise sample covariance functions and per-
forms eigen-decomposition on the resulting average implicitly assumes homogeneity across
sources. However, dominant variation patterns unique to specific sources can severely bias
the identification of the shared variation structure. To mitigate this issue, we propose
to focus exclusively on the eigenfunctions for subspace recovery. Specifically, during data
integration, we discard the eigenvalues and average the projection operators generated by
estimated eigenfunctions from each source. The eigenvalues of the resulting averaged pro-
jection operator quantify the frequency with which each eigenfunction recurs across sources,

effectively down-weighting those associated with dominant but unshared subspaces. If the



source-specific subspace is of interest, we then re-project the estimated covariance operator
of that source onto the orthogonal complement of the shared subspace. In addition, we
provide theoretical justification for both the shared and source-specific estimators. The
convergence rate of the estimator of the shared projection operator highlights the gain
in estimation efficiency achieved by effectively leveraging information from multiple data
sources. FExtensive numerical studies confirm accurate recovery of the shared space and
substantial efficiency gains achieved through data integration. The method is further il-

lustrated using a real-world multi-site dataset.

Chapter 5 summarizes the insights and methodologies presented in Chapters 2 - 4,
outlines potential avenues for future research, and provides concluding remarks on the

theoretical and practical implications of this dissertation.



Chapter 2

Two-sample Inference for Sparse
Functional Data

2.1 Introduction

This chapter focuses on statistical inference for two-sample mean functions. Well-established
methods are available in the context of dense functional data. Under the assumption that
the number of observations grows faster than the number of subjects, the approximation
error incurred by the pre-processing becomes negligible in subsequent analysis (Zhang and
Chen, 2007). This is the primary reason why various statistical inference approaches exist
for two-sample mean functions in the context of dense functional data. For example, the
methods proposed by Zhang et al. (2010) and Zhang and Liang (2014), which were initially
intended for fully observed data, suggest that utilizing pre-smoothed individual trajectories

in test statistics is asymptotically equivalent to using fully observed data.

However, conducting inference for two-sample mean functions in the context of sparse
functional data remains relatively unexplored. In cases with only a few irregularly spaced
observations per subject, recovering trajectories from such sparse data can result in signif-
icant estimation errors, which cannot be overlooked in subsequent analysis. Consequently,

developing a statistically sound procedure for mean function inference becomes more chal-
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lenging. Existing methods, to our knowledge, either consider a polynomial-type null hy-
pothesis (Staicu et al., 2014) or assume a homogeneous covariance structure for the two
groups (Pomann et al., 2016; Wang, 2021).

Testing if a mean function is a polynomial can be overly restrictive when prior knowl-
edge about the mean function is lacking. Additionally, determining the polynomial order
can be challenging. On the other hand, the homogeneous covariance assumption allows
us to project individual trajectories onto basis functions derived from pooled data. These
basis functions are eigenfunctions of the common covariance function, known as functional
principal components in the FDA literature. Without assuming a common covariance
structure, trajectories from different groups are projected onto different directions, making
comparisons of mean functions based on projections misleading. However, verifying this
assumption can be quite challenging in itself. For example, Pigoli et al. (2014) proposed
an infinite-dimensional version of the Procrustes size-and-shape distance for covariance
operators. However, the theoretical properties of this test statistic are not yet fully estab-
lished. As a result, the calculation of p-values using this statistic depends on re-sampling

techniques, such as permutations.

In this chapter, we propose a novel procedure for testing the mean difference based on
sparse functional data within the RKHS framework. The proposed method does not entail
a homogeneous covariance for the two groups of functional data. We begin by aggregating
data within each group, enabling us to borrow information from data across all subjects
to obtain a group-wise mean function estimator via smoothing splines. We then develop a
functional Bahadur representation for this estimator, which is crucial for establishing the
asymptotic properties of the mean estimator. This representation was first developed by
Shang and Cheng (2013), and we adopt the same term throughout the chapter. Specifically,
it allows us to represent the estimation error as a summation of i.i.d. random elements
plus higher-order terms that are negligible in the asymptotic analysis. With the aid of
this representation, we establish pointwise asymptotic distributions and weak convergence
for the mean estimator within each group. Under the independence assumption of these
two groups, we subsequently develop pointwise and global tests for the mean difference
between the two groups. To evaluate finite-sample performance of our proposed method,

we conduct extensive simulation studies to investigate its performance in estimating the
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mean function and testing the mean difference between the two groups.

The remainder of this chapter is organized as follows. In Section 2.2, we outline the
construction of a mean function estimator via smoothing splines for sparse functional
data. In Section 2.3, we develop asymptotic results for the mean estimator, and design a
bootstrap-based algorithm to implement the testing procedure with statistical guarantees.
Detailed proofs are relegated to the Appendix. We showcase finite-sample performance
of the proposed method under various settings in Section 2.4. Finally, we consider two
real applications of the proposed method in Section 2.5: diffusion tensor imaging data and

Beijing air quality data.

2.2 Model and Estimation

In Section 2.2.1, we introduce our model, formalize the hypothesis of detecting mean
differences in two groups of functional data, and review existing methods. Subsequently, in
Section 2.2.2, we propose a smoothing-spline-based estimator for the mean function within
each group under the RKHS framework, leading to the immediate availability of a mean

difference estimator.

2.2.1 Problem Setup

In this chapter, we consider a two-sample problem involving data generated from the

variant of model (1.2) as follows:

Yoij = Xgi(Tyij) + iy Tyij € T =[0,1], (2.1)

where g =1,2,1=1,2,...,ngand j =1,2,..., Ny. Here g is the group index.

(i) Let Yj;; denote the jth noisy observation of the ith random function X;;

(ii) Let T,;’s denote ii.d. observation times with a common group-wise probability

density defined over T
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2 .

(iii) Let e4i;’s denote i.i.d. random errors with mean zero and variance o; _;

(iv) Let N,’s denote numbers of observations, assumed to be i.i.d. within group g.

We further assume that every e4; is independent of the random process X, and the obser-
vation time T};;; Ng;’s are independent of all other random objects in the model. Notice
that N,’s characterize sparseness of the observations in group g. This model structure
has been widely adopted in the FDA literature, including Yao et al. (2005b), Li and Hsing
(2010), Zhang and Wang (2016), Wang (2021) and references therein.

For g = 1,2, we assume E{X,(t)} = u4(t) for all ¢ € 7. In this chapter, we focus on
two types of hypothesis testing problems. The first is commonly referred to as pointwise

testing, where the null hypothesis is defined for every specific time point t* € T
Ho:pu(t") = pa(t*), VS Hy:pa(t?) # po(t”). (2.2)

The second type is global testing, which formulates the testing problem for the entire
domain T

Ho:pa(t) = pe(t), Ve €T VS Hy:pa(t) # pe(t), for some t € T. (2.3)

The hypothesis testing problem described in (2.2) is focused on testing mean differences at
specific time points. However, the global test may not align with the pointwise test even
for all t € T, at the same significance level. Furthermore, in contrast to (2.2), the testing
problem in (2.3) is more complex due to the infinite-dimensional nature of the parameter

of interest.

Addressing this problem with a finite number of observations entails dimension reduc-
tion techniques. Functional principal components analysis (FPCA) plays a pivotal role in
this regard, which is introduced in Chapter 1.2. Recall that, in classical FPCA, the covari-
ance function Cov(X,;(t), X,i(s)) £ ¢,(t, s) can be orthogonally expanded using a sequence
of non-increasing and non-negative eigenvalues 0, and their corresponding eigenfunctions

Ggi: Cg(t,8) = D1 Ogkdgi(t)Pgr(s). Additionally, the Karhunen-Loéve expansion given in
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equation (1.6) for each group is as follows:

Xgi(t) = p1g(t) + Y Eqinbor(t), (2.4)

k=1

where g = [{Xgi(t) — pg(t) }dgr(t) dt is the kth fPC score satisfying:

(i) Eggik = 0;

(ii) Cov(&gikysEgiks) = OgkOkyk,, which equals Oy, if k1 = ko, and 0 otherwise.

Here k,ki,ke > 1, g=1,2,and i =1,...,n,.

Assuming ¢ (t,s) = c(t, s), the eigenfunctions for both groups are identical. Under
the null hypothesis in (2.3), the difference between the groups of random functions arises
from the randomness of FPC scores as described in (2.4). In practice, we usually consider a
truncated version of (2.4), by retaining only the first p eigenfunctions estimated from Yj;;’s
within each group. Interested readers can refer to Ramsay and Silverman (2005) and Yao
et al. (2005b) for further details. Here p can be determined via cross-validation or criteria
such as the Bayesian information (Yao et al., 2005b). Such a truncation converts the
infinite-dimensional inference problem to a finite-dimensional one. Following this strategy,
Wang (2021) constructed a X]% test statistic by assuming joint normality of scores and
random errors. To compare the distributions of these groups of functional data, Pomann
et al. (2016) proposed the Anderson—Darling test for comparing the distribution of the two
groups of FPC scores. It should be noted that the homogeneous covariance assumption
is vital for FPCA-based methods to perform dimension reduction, although verifying it in

real-world scenarios can be challenging.

2.2.2 Estimation of Mean Functions

In the FDA literature, it is common to assume that discrete observations are taken from

sample paths that are realizations of a random process, typically with certain smoothness
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properties (Wang et al., 2016). In this chapter, we assume that almost surely the sample

path of X, for g = 1,2 resides in an mth order Sobolev space, which is defined as

H:=H"(T)={f:T—=R|f,fO, f@ . ™Y are absolutely
continuous and ™ € £3(T)},

where f(*) denotes the vth order derivative of f and

£2(T)={f:T—>R) /ng(t)dt<oo},

denotes the collection of square integrable functions on 7. This assumption also appears
in Cai and Yuan (2011). Furthermore, as demonstrated in the same reference, the mean

function s, belongs to H, as indicated by the following inequality:
/{Mém)<t)}2 dt <E [/ {Xém)(t)}Q dt} .
T T

Choosing an appropriate mean function estimator hinges on the subject sampling fre-
quency within the same group. For fully observed data Xg,..., X, , the sample mean
is a natural choice. However, in practice, observations are often collected discretely over
fixed or random grids. Estimating the mean function for dense functional data commonly
involves a two-step method. Firstly, a pre-smoothing procedure is employed to reconstruct
individual trajectories denoted as X ¢i Via non-parametric techniques like smoothing splines
(Rice and Silverman, 1991), local polynomial regression (Zhang and Chen, 2007), and B-
splines (Cardot, 2000). The subsequent analysis then utilizes Xgi in place of X in the

sample mean estimator.

The pre-smoothing approach becomes inappropriate with limited observations per sub-
ject due to insufficient information for accurate trajectory recovery. In sparse settings, Yao
et al. (2005b) suggested aggregating data across all subjects to estimate the mean function
through local linear regression. They established consistency and uniform convergence
rates for both mean and covariance estimators. Furthermore, Zhang and Wang (2016)

provided convergence rates and pointwise limiting distributions for the mean estimator us-
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ing local linear regression under various weighting schemes. Additionally, they presented a
systematic framework for differentiating dense functional data from sparse functional data,
which is based on the ratio of the average number of observations per subject to the total

number of subjects.

Inspired by the aggregation idea proposed in Yao et al. (2005b), we introduce a novel
mean function estimator within the RKHS framework. Specifically, we compute the
smoothing splines estimate for p, in each group g by minimizing a loss function ¢(f, \,)

defined as follows:

fi, = argmin £(f, \,)

feH
;= arg min ! i%{Yt-—f(Tl-)}z—i—ﬁJ(f f) (2.5)
= %E’H ZMg  — gij 9ij 9 ) ) .
where M, = >, N, denotes the total number of observations across n, subjects in

group g, J(f,f) = fT{f(m) (t)}* dt is the roughness penalty, and )\, > 0 denotes the
smoothing parameter controlling the trade-off between fidelity to the data and roughness
of the estimated mean function. It is important to point out that we assign the same
weight to each observation in (2.5), while Cai and Yuan (2011) assigned the same weight
to each subject. They showed that their proposed mean estimator attained the minimax

convergence rate, but did not develop any inferential tools for the mean function.

When H is equipped with the following (squared) norm

I1£11% = m;) { /T F) dt}2 + /T {fmw)}” at, (2.6)

H becomes an RKHS (Gu, 2013, Chapter 2.3). By the well-known representer theorem for
an RKHS (Wahba, 1990), the mean function estimator, i.e., the solution to the optimization
problem (2.5), has a finite-dimensional representation. This result is summarized in the
following proposition. Let H denote the null space of J, that is, Ho = {f € H | J(f, f) =
0}, and H; the orthogonal complement of Hy in H. Suppose the basis functions of H,
are {¢1, P2, ..., 0} and R(s,t) denotes the reproducing kernel of H; associated with the
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norm defined in (2.6).
Proposition 2.1. The solution to the minimization problem (2.5) can be expressed as
m n Ngi
fix, () = Z dgrdr(t) + Z Z CqijR(tgij, 1), (2.7)
k=1 i=1 j=1

Jor some coefficients dg1,dga, ..., dg, and cgi1,Cq12, - - ., CgnyN,, -

A suitable choice for ¢, and R(-,-)is ¢p = t* 1 k=1,2,...,m and

1 1
—— B (t)Bn(s) — ——=Bon (|t — s]),
e B0V Bu() = s Bt = )
respectively. Here B; stands for the /th Bernoulli polynomials. For further details, please
refer to Chapter 2.3 of Gu (2013).

R(s,t) =

The choice of A, has a great impact on the performance of mean function estimation
and inference for the mean function difference. A commonly used data-driven method for
choosing A is through generalized cross-validation (GCV). Since it can be shown that cg;;
and dgy, linearly depend on y, in (2.7), we express fty, = S(A\y)y,, where

/

fy, = (fir, (tg11), fin, (Lg12), - - -, fin, (tgngNng)> ,

and
Yg = (yglla Yg125 - - - 7ygngNg) .
Here S()\,) is the smoothing matrix. To determine \,, we minimize the GCV score defined

as L )
n I, — Yol
[t {1 = S(A)}*
where ||-||2 denotes the vector Euclidean norm. The choice of ), is crucial for this procedure,
and more details can be found in Craven and Wahba (1978) and Chapter 3.2 of Gu (2013).

GCV(),) = (2.8)
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2.3 Theoretical Properties

Before presenting the main results, we establish necessary notations and assumptions in
Section 2.3.1 that define the data-generating process for sparse functional data and ensure
estimation consistency. Section 2.3.2 introduces a new inner product that makes H an
RKHS with desirable properties. With the aid of these properties, we establish the func-
tional Bahadur representation (FBR) in Section 2.3.3. This representation leads to the
pointwise limiting distributions (Section 2.3.4) and weak convergence (Section 2.3.5) for
the mean estimator of each group; they are then extended to the estimated mean difference.

Subscripts are omitted when assumptions and properties apply equally to both groups.

2.3.1 General Assumptions

Assumption 2.1. Fori=1,2,....,n,j =1,2,...,N;, (Y};,T;;) generated by model (2.1),
are copies of (Y, T) with a bounded joint density function f(y,t). The marginal density

function of T, denoted as 7(t), is bounded away from both infinity and zero.

Assumption 2.2. E(¢) = 0 and Var(e) = 02 < co. Furthermore, €;5,7 = 1,...,N;,i =

1,...,n are i.i.d. copies of € and are independent of T;;.

Assumption 2.3. The number of observations for the ith subject, N;,i = 1,...,n, are
i.i.d. copies of a positive integer-valued random variable N satisfying E(N) = uy < o0
and Var(N) = 0% < oco. Furthermore, P(N > 1) > 0. Additionally, fori=1,...,n, N; is
independent of T;; and ¢;;.

Assumption 2.4. The sample path of the stochastic process X in model (2.1) has an
mth-order derivative, which is denoted by X ™, almost surely. Moreover, X™ € Lo(T),
e, B[ {X5™ (1)}2dt] < 0.

These assumptions are common in the FDA literature. For example, Assumptions
2.1-2.3 were adopted by Yao et al. (2005b) for FPCA in the context of sparse functional
data. Assumption 2.1 ensures that observation Y;;’s are randomly and evenly spread on

the domain 7T for each subject, facilitating reasonable estimators of the mean function
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when observations are aggregated. Assumption 2 ensures that the second moment of the
error term is finite. The assumption of independent errors within the same subject can be
relaxed. For instance, one could assume €(t) is a square-integrable and weakly stationary
process. In such a case, an additional term accounting for the within-subject variability
would appear in the variance expressions provided in Theorems 2.2 and 2.4. Assumption
2.3 characterizes the sparseness of the observations. To see this, let M = " | N;. Then

we have

E(M)=E (ZN’) =npn =0(n) as puy < oo.

Further, we can show that M = O,(n) by the weak law of large numbers. This indi-
cates that the total number of observations per group scales with the sample size, meaning
the number of observations per subject does not increase with respect to the sample size.
Assumption 2.4 is introduced for theoretical convenience, which ensures continuity and
boundedness of sample paths and the covariance function in the compact domain. This
assumption with m = 2 was considered in Zhu et al. (2014) and Kong et al. (2016). Let
Y; = (Yi,Yao, ..., Yin,) and T; = (Ty1, Tia, - .., Tin,) . Assumptions 2.2 and 2.3 indicate
{(Y;, T;, N;)}}_, are i.i.d in model (2.1). The independence of subjects allows for the appli-

cation of the central limit theorem, to establish asymptotic results for the mean estimator.

2.3.2 Reproducing Kernel Hilbert Space

To test hypotheses in (2.2) and (2.3), we develop the FBR for a first-order approximation to
the mean estimator. The FBR entails a properly defined RKHS, where the mean estimator
resides. Following Shang and Cheng (2013), for m > 1/2, we consider H = H™(T) as an
RKHS, endowed with the inner product:

(f,9) =E{f(T)g(T)} + AJ(f. 9)- (2.9)

Henceforth, ||f|| represents the norm induced by (2.9) for any f € H, and K stands for

the corresponding reproducing kernel of H. Consequently, K, serving as a function from
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T x T to R, satisfies the following:
(Ky, f) = f(t) forany fe Hand t € T,

where Ky(-) = K(t,-) € H. Moreover, we introduce a positive self-adjoint operator W) :
H — H satisfying

(Wxf,9) = AJ(f,g) for any f,g € H.

Define V(f,g) as E{f(T")g(T)}; thus, the inner product (f, g) defined in (2.9) becomes the
sum of V(f,g) and (Wyf,g). It is evident that if 7" is uniformly distributed over [0, 1],
then V(f, f) simplifies to the squared Ly norm.

Suppose {a,}>2, and {b,}°°, are two positive sequences. Denote a, < b, if

0 < lim a, /b, <lim,_sa, /b, < co.

———V—0

Denote the sup-norm of g € H and the Ly norm of f € Lo(T) as

1/2
19llsap = suplg(t)] and |z = { [ rw dt} ,
teT teT

respectively. Finally, let >~ = 3">°  for convenience.

Assumption 2.5. There exists a sequence of eigenfunctions h, € H such that sup,ey, [|hy||sup <

oo and a non-decreasing sequence of eigenvalues vy, < v*™ that satisfy
V(huy hy) = 0w and  J(hy, hy) = YuOuw, u,v € N,
Particularly, every g € H admits a Fourier expansion g =Y, V (g, hy)h,.

Assumption 2.5 is pivotal in establishing the asymptotic results, as it establishes the
connection between the two bilinear forms V' and J. Such assumptions are widely adopted
in the FDA literature to develop consistency and the minimax convergence rate of estima-
tors; see Shang and Cheng (2013) and Sun et al. (2018) for example. This assumption leads
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to an analytic expression for any function in 4, and plays an important role in determining
upper bounds for several key functions. The following two lemmas follow immediately from
Assumption 2.5 and are crucial for subsequent theoretical developments; for example, see
Remark 2.2.

Lemma 2.1. Under Assumption 2.5, for any g € H, we have

ho(t)
Tmhv(')v

l91? = SV (g h) (1 + M), Kil) =3

v

and Wih,(+) = Mo/ (1 + M) ho(4).
Lemma 2.2. Under Assumption 2.5, |[Wif|[*? < NJ(f, f) and | K¢||> < C4h™L, for any

fe€H andt € T, where Ck is a universal constant that is not associated with t.

We present the following lemma that confirms the existence of the eigen-system within
H as outlined in Assumption 2.5. A similar result can be found in Shang and Cheng (2013).

Lemma 2.3. Suppose Assumption 2.1 holds, and the density function of T, =(t), has
up to (2m — 1)th order continuous derivatives on T. Then the eigenvalues 7, and the
corresponding eigenfunctions h,, solved from the following ordinary differential equation

systems,

(=1)™h™ () = % (o),
RI(0)=h (1) =0, j=m,m+1,...,2m —1

Y

satisfy Assumption 2.5 if we normalize h, such that V (h,, h,) = 1.

Finally, we derive the first and second-order Fréchet derivatives of ¢(f, A) in (2.5) with
respect to f as detailed below:

DISNAG = S S (Y = F(T)} (K, Ag) + (Whf. Ag)

= (Su(f) + Wif,Ag)
= <SM,>\(f>7 Ag),
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and

D*0(f, \)AgAh = ZZ (Kr,,, Ag) (Kr,, AR) + (WyAg, Ah)

11]1

= (DSua(f)Ag, Ah),

where
n N;

Sua(f) = ——- [V, — F(Ty) i, + Waf 2 Su(f) + W t,
M
i=1 j=1

(2.10)

n N;

1
DSua(f)A MZ Ag(Ty;)Kr, + WaAg.
1

=1 j=

2.3.3 Functional Bahadur Representation

In this section, we present the FBR for /iy, the solution to (2.5). For ease of notation, let
h = AY/?™ where ) is the smoothing parameter in (2.5). We define the set

G={geH |gllsw <1 J(g,9) < CPhA'},

where Ck is specified in Lemma 2.2. For the formulation of the FBR, we introduce an

empirical process Zy;(g) for any g € Gand t € T,
ZM g t \/— ZZ ¢n K l]7 (t) - E{@Dn(yva T; g)KT(t)H .
=1 j5=1

Here ,,(T'; g) is a real-valued function defined on 7 x G, which may depend on n, the total
number of subjects in the sample. Provided certain smoothness conditions are met for 1,

we can establish the following concentration inequality.

Lemma 2.4. Suppose that ¥, satisfies the following Lipschitz continuous condition:

V(T3 f) = Ua(T39)] < Ct B f = gllsup
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for any f,g € G, where Ck is specified in Lemma 2.2. Then we have

R \eg hmm/m|lg| gy O 4 /2

lim Pr (sup 12 (9l < (510g10gM)1/2> = 1.

Based on Lemma 2.4, we can proceed to establish the consistency of ji) as described

below.

Lemma 2.5. Suppose Assumption 2.1 - 2.5 hold. Further, we assume
h=o0(1) and {nh3~/Cm™1=12(loglogn)*/? = o(1).

Then ||fix — pl| = O,(d,,), where d,, = k™ + (nh)~Y2. In particular, ji, achieves the optimal

convergence rate if h =< n~Y/@mtD),

We are now ready to introduce the crucial technical instrument FBR for fiy.

Theorem 2.1 (functional Bahadur representation). Suppose all conditions in Lemma 2.5
are satisfied. Then we have

i3 — 1+ Saa (i) || = Oplan),
where a,, = n~Y/2p=O6m=D/AmIpm L (np)=12 (loglog n)/2.

Recall that Sy (f) is defined in (2.10) for any f € H as
1 n N;
Sualf) = =37 22D ¥y = f(T)} K, + Wif.
i=1 j=1

The first term can be treated as the average of i.i.d. random variables indexed by subjects.
The second term is the bias induced by the penalty term. Theorem 2.1 provides a first-order

approximation to the difference between the mean estimator and the population mean.
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2.3.4 Pointwise Asymptotic Distribution

In this subsection we develop pointwise asymptotic distributions for ji, based on the FBR
established in Theorem 2.1. Subsequently, the pointwise asymptotic distribution for fiy, —
fix, can be readily obtained due to the independence between the two groups. We introduce

the following notation for convenience:

o = / /t el (b r(O)x(s)dds,

g /tETc(t,t)hu(t)hv(t)w(t)dt, 2.11)

hou(t)hy(s) 2 :
) _ i E o wuv uv <
Sill:s) = N (14 d) (1 + M) (V= DB" + B 00w} i < m,

where {h, | u € N} are the basis functions of H defined in Assumption 2.5. The following
assumption ensures that the tail probability of the random objects in model (2.1) decays

at an exponential rate.

Assumption 2.6. There exist some positive constants C., C'x and Cy such that
(1) E{exp(Cx || X]|)} < 00, (i) E{exp(C:le|)} < oo, (iii) E{exp(CyN)} < o0

for X, e, and N in model (2.1). Furthermore, there ezists a constant C' > 0 such that for
any t € T, (iv) B{X () — u(t)}'] < CEH{X(t) — p()}))*

Proposition 3.2 in Shang and Cheng (2015) demonstrates that part (i) of Assumption
2.6 is satisfied if X is a Gaussian process with a square-integrable mean function, for
any Cx € (0,1/4). Part (ii) is met if € is normally distributed, which was adopted in
Yao et al. (2005b). If N follows a Poisson distribution, part (iii) is fullfilled. The fourth
moment condition (iv) is commonly seen in literature; see Theorem 8.3.5 in Hsing and
Eubank (2015) for example. In particular, C' can be taken as 3 in part (iv) when X(¢) is

a Gaussian process. Additionally, € has a finite fourth moment due to (ii).

Under Assumption 2.6, we can readily derive the pointwise asymptotic distribution of

fin using Theorem 2.1. We define the biased mean function as p, = (id — Wy)p, where id
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is the identity operator in H that maps any function within H to itself. The bias term
comes from the penalization of the function’s smoothness in (2.5). Indeed, the mean of the
asymptotic distribution in the following theorem is py, and the process of bias removal is
elaborated in Remark 2.2.

Theorem 2.2. Assume all conditions in Lemma 2.5 and Assumption 2.6 are satisfied. We

also assume,
. . n A 2

Additionally, if a, = o(n~"/?), where a,, is specified in Theorem 2.1, and

og?(myexp { ~ 2024 — o1

then we have

nh)Y2 {fin(t) — (2
Ot
Remark 2.1. To better appreciate the variance term as outlined in (2.12), we consider a
specific case where N; = mgq almost surely, where mq is a fized integer no less than one. A

direct computation leads to the following result:

huu(t)ho (t) (mo —1 1 2 ) |

2 : O
e ]_ h ]U/U IU'U 5U’U
7 ngIolo ; (1 + 7u)<1 + )‘P)/v) mo et mo 2+ mg

Notice that, the term {ho2 " h2(t)/(1+ My,)?*} /mo reflects the variability resulting from
the application of smoothing splines within the RKHS framework, a phenomenon frequently
noted in the literature. This can be seen in Theorem 3.5 of Shang and Cheng (2013) and
Theorem 3.3 of Hao et al. (2021), for instance. The remaining terms account for the

variability introduced by the stochastic nature of X and T

If the bias term, Wy (p), is negligible in comparison to the variance term, we have the

following result for fi(t).
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Corollary 2.1. Suppose the conditions in Theorem 2.2 hold and

lim (nh)Y2(Wyp)(t) = —b, = 0.

n—oo

Then we have
() () = D} a4 g )

J¢

where o? is defined in (2.12).

Remark 2.2. [t should be noted that even when lim,, o (nh)Y2(Wyu)(t) exists, the bias
term —b; may not necessarily be zero. In the context of nonparametric regression us-
ing smoothing splines, Shang and Cheng (2013) investigated appropriate conditions under
which the bias term becomes negligible. The key idea is to ensure that b;/o, = o(1), i.e.,
the squared bias is dominated by the variance term. A sufficient condition to achieve this
is

Z V2(u, hy)y2 < oo and nh*™ = o(1).
Given this condition, it can be shown that:

Was(t)] = |Wa STV (g1, (1)
<> |viwn)
’ 1/2 ) 1/2

< Asupl| oy {Z V(s hmﬁ} {Z m}

1/2
< O(kp), where k, = e {Z VQ(V“7 hv)'ﬁ)} :

Ao
———h,(t
‘HA% ( ))

Denote Ny as the smallest integer satisfying the condition

2 n
?% > h;E{%Si(t,t)}.
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Then for n > Ny, it follows that:

b < 3nhW32u(t)
o2 — ALY E{nSi(t,t)/M?}

< Conh*™ Z V21, hy)y2 = o(1).

We now establish the asymptotic distribution for the estimator of the mean difference,
under the assumption that the two groups are independent. The sample sizes (and cor-
responding penalty parameters) for the two groups are denoted as n; (A1) and ny (Ag),
— )\;/ (2m)

respectively. Let hg for ¢ = 1,2. The following theorem is a direct result of

applying Theorem 2.2 and Corollary 2.1.

Theorem 2.3. Suppose the conditions in Corollary 2.1 are satisfied. Additionally, we
assume

lim (nghg)l/Z(WAgNg)(t) =0,

Tg—00

and .
niiinooth]E{MQS i(t, )} o2 VtET, g=1,2.
=1

In this context, S,;(t, s) is the group-specific variant of S;(t, s) as outlined in (2.11). Here,
the general terms c(t, s), w(t), and N; are replaced by their respective group-specific equiv-

alents cy(t,s), m,(t) and Ny for g =1,2. Furthermore, if
Agn = 0(77/9_1/2) and 10g2(ng> exp {—(nghg)l/Q/log(ng)} = 0<h_¢2;)7

where ay,, s the group-specific counterpart of a, as defined in Theorem 2.1, we have for
anyt € T,

o} U%t e d
(“+ ) (i (0) — a0} — () — N S NO.1),  (213)

n1h1 n2h2
where a . denotes the pointwise variance for group g as outlined previously.

Remark 2.3. Suppose all notation is the same as in Theorem 2.3, and all associated
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conditions are satisfied. The pointwise hypothesis testing outlined in (2.2) is conducted as

follows. Let
2 2

o 05, 172
iawz( e ’) (i (1) — (1))

nyhy nohy

For every fized time point t* € T, under Hy, we reject the null hypothesis at level o if

P{Zut")] > a2} <

where ¢i_q/2 denotes the (1 — a/2) x 100% quantile of a standard normal distribution.
Under H,,

2 2

R o P 71/2
‘%@z( e “) () — fiat) — L (1) — gt}

nihy nohg

+'<Cﬁ¢ + Uit)_UQ{uﬂfﬁ-—M2@ﬂ}'

nihy naho

Note that, nghy — 00 as n — oo by the condition {nh3~Y/@™11(loglogn) = o(1). There-
fore, ‘fpt(t) — 00 if n — oo under H,.
2.3.5 Weak Convergence

This subsection is dedicated to establishing weak convergence of fiy—p as a random function
in H, extending it to two groups for a global test for the mean difference. Without loss of

generality, we assume that 7;; follows a uniform distribution on [0, 1].

We define a covariance operator C : H — H as follows:

Cf) =E{(X —p f)y (X —n)},

where (f,g), = [ f(t)g(t)dt for any f,g € L*(T). Clearly, we have

// c(t, s)hy(t)hy(s)dtds = I}, (2.14)
t,s€T
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where I} is defined in (2.11) as 7" is uniformly distributed on [0, 1]. The proof of weak

convergence relies on the decay rate of the integral (2.14) as the indices u,v — o0.

In the FDA literature, it is common to assume that the covariance operator is a trace-
class operator; see Hall and Horowitz (2007) and Zhou et al. (2023) for examples. If
hy(t) coincides with eigenfunctions of the covariance operator C for v > 1, the associated

eigenvalue, which is defined as

B = (C(h), hu)y — / /t et )b fo)h(s)eds,

T

is usually assumed to have a polynomial decay rate, i.e., 8, < cv™" with some universal

constant ¢ and 7 > 1. This decay rate of #, ensures that C is a trace-class operator.
Therefore, under this assumption, C is also guaranteed to be a Hilbert-Schmidt operator.
Moreover, the Hilbert-Schmidt norm of C does not depend on the choice of orthonormal
basis functions. Besides that, Assumption 2.5 implies {5, }°, forms a basis in £*(7) when
T follows a uniform distribution on [0,1]. Given these considerations, we introduce the

following assumption.

Assumption 2.7. The Hilbert-Schmidt norm of the covariance operator is finite, i.e.,
ICIIAs = Yo, IIC(h) |3 < co. Further,

J[ b miomots <o
t,s€T

/ c(t, t)hy () hy(t)dt < u™™*07 % for some T > 1.
teT

To establish the weak convergence for sy — 1, we denote C'(7) as the collection of all

continuous functions on 7, which is equipped with the distance metric
p(f;g) = sup|f(t) — g(t)]
teT

for any f,g € C(T).

Theorem 2.4. Under Assumption 2.7, and considering all the conditions outlined in The-
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orem 2.2, along with the sufficient condition in Remark 2.2, and also
. = n
nh_)rgoh;E {W&(t, s)} = Cy(t, s), (2.15)

we have
Su(t) = (nh)*{in(t) = p()yer ~ {Z (D) hier
in C(T), where Z denotes a Gaussian process with zero mean and covariance function Cy
as described in (2.15).
The subsequent theorem is an extension of Theorem 2.4 and employs the same notation

as those used in Theorem 2.3.

Theorem 2.5. Suppose all conditions outlined in Theorem 2.J are satisfied and

. n1h1
lim =r

n1,n2—>00 Tig hg

for some positive real number r. Additionally, we assume

. i n
nilinoo hy Z]E {Vgsg,i(t, s)} =Cy,(t,s), g=1,2. (2.16)
’ =1 g
Then,
(n1h1)(n2hs)

1/2
Su(t) = { } [ = fin)(8) = (s = 112) O heer ~ {Zal®)heer

n hl + n2h2
in C(T), where Zy is a Gaussian process with zero mean and covariance function

1
Cor+1

r

C
d r+1

CZ1 + CZQ)

where Cz, and Cz, are defined in (2.16).

Remark 2.4. For global testing of p1(t)—ps(t) as outlined in (2.3), we employ the Cramér-
von Mises criterion (Anderson, 1962). Indeed, Theorem 2.5 and the continuous mapping
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theorem allow us to establish the following:

n1h1 TLth
n1h1+n2hg teT

A /tET {Z4(t)} dt

/ {Z /2 G (t }2 dt

- ZTIVXU = Xwa

where (n,,¢,)’s stand for eigenvalue-eigenfunction pairs of the covariance function of Z,.

{(fin, — fixo) () — (1 — p2) ()} it

Additionally, x*(1)’s are i.i.d. x* distributed random variables, each with one degree of
freedom. The series comprising these weighted chi-squared random variables can be ap-
proximated either through truncation or using a Welch—Satterthwaite type x> approximation
(Kokoszka et al., 2017).

Remark 2.5. We can construct the global testing outlined in (2.3). Suppose all conditions
in Theorem 2.5 are satisfied. Let

_ (n1h1 n2h2
glo nihy + nohe Jier

f { :u)q MA2)( )} dt.

We reject the null hypothesis at level o when ‘Eglo > Q42 a0, where g,z o is the (1—a) x 100%
quantile of a X2 defined in Remark 2.J. Under H,, we have

_ (naha)(nghs)
glo TLlhl + Tlghg

nlhl n2h2

%2 / [ i) = a0 = (1) = a0t

dt.
nlhl + n2h2 teT {'ul )}

The above calculation implies that, under H,, ‘/3\310 — 00 when n — 00.
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2.3.6 Bootstrap Calibration

Ideally, the asymptotic results established in Sections 2.3.4 and 2.3.5 can be directly em-
ployed to construct pointwise confidence intervals and test the global null. Nonetheless,
implementing these results in practice entails solving ODEs as indicated in Lemma 2.3 and
estimating nuisance parameters, such as the covariance function of X. On the one hand,
our numerical studies show that the convergence rates of the limits in equation (2.12) and
equation (2.15) are slow. On the other hand, the computational time increases exponen-
tially as two-dimensional smoothing is required to estimate the covariance function. To
circumvent these technical challenges and enhance computational efficiency, we develop a
multiplier bootstrap procedure for performing the inference task. Algorithm 1 presents the
details to implement the bootstrap method to construct pointwise confidence intervals for
p1(t) — pa(t) and conduct hypothesis testing for (2.3).

Because two groups of data are independent of each other, we only need to establish the
validity of the multiplier bootstrap procedure for each group. The following two theorems
establish statistical guarantees for the bootstrap procedure, where the group index g is

omitted, and iy, is the bootstrap mean estimator defined in Algorithm 1.

Theorem 2.6. Under the conditions of Theorem 2.2, we have for anyt € T,

(nh)/? {ias(t) — fix(t)} — N(

O

0,1).
Theorem 2.7. Under the conditions of Theorem 2.4, we have

Snp(t) = (nh) 2 {firp(t) — fir(t) yer ~ {Z(t) }ieT

2.4 Simulation Studies
Throughout this section, we consider H = H*(T) and J(f, f) = fT{f" (t)}* dt. We show-

case the finite sample performance of the proposed method, henceforth referred to as SS.

Details regarding the simulation settings are provided in Section 2.4.1. We then elucidate
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Algorithm 1 Proposed multiplier bootstrap procedure

1.

3.a

3.b

4.b

Generate i.i.d. bootstrap weights Ugb independent of the data {T;;,Y,:;}, where
1<i<ng1<b< B, and g=1,2. Here, Ugb = 1+ 2712 with probability 2/3 and
Uf, = 1+ 2'2 with probability 1/3.

. The bth bootstrap estimator for group ¢ is computed as follows:

A A
fir, = arg min ZZ Yoy = F(Ty) Y+ ZI( ).

lel

for b=1,2,..., B. This optimization problem can be solved by applying a weighted
variant of Proposition 2.1; see Chapter 3.2.4 in Gu (2013).

For each 1 < b < B, let
Ab(t) = /l)q,b(t) - ﬂ/\Q,b(t) - {/2)\1 (t) - /lAQ (t>}7 teT.
Denote 4, as the standard error of {A,(¢) | b=1,2,...,B}.

For each b, we construct a variance-adjusted test statistic (Wang et al., 2025)

9 / [ﬂxl,b(t) — g p(t) = {fin, (1) — fn, (1) } 2dt.
T oa,

Ky =

The (1 — ) x 100% confidence interval of 1 (t) — ps(t) at every specific t € T is as
follows:

{0, (8) — o (D)} £ q1-a/204,, (2.17)
where ¢;_q /2 denotes the (1—a/2) x 100% quantile of a standard normal distribution.

At a significance level of a, we reject the null hypothesis in (2.3) if & > ¢1_,, where

~ ~ 2
o / (-},
T Th

and q;_, is the (1 — ) x 100% quantile of {#,}2_;.
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the estimation performance of our method in Section 2.4.2. Finally, the performance of our
proposed method in both pointwise and global testing is thoroughly evaluated in Sections
2.4.3 and 2.4.4, respectively.

2.4.1 Simulation Settings

Data are simulated from model (2.1) for each group, where e, ~ N (0,07 ,). Specifically,
0. = 0.09 and 05, = 0.04. For i = 1,...,n,, we generate the random function X;(t)

utilizing the Karhunen—Loéve expansion:
Xgi(t) = pg(t) + ngik@pgk(t)a i=1,...,ng
k=1

In this context, £,;x’s, which are FPC scores, follow N (0, 6,). Additionally, ¢,k represents
the eigenfunction of the covariance function of X, corresponding specifically to the kth

eigenvalue denoted as 0.

To examine the impact of the homogeneous covariance assumption on mean difference
detection, we keep the eigensystem for group 1 constant across all simulation settings,
while various configurations are explored for the eigensystem of group 2. In particular, for
group 1, the eigenvalues are set as #;; = 1, 615 = 0.25, 613 = 0.09, 614 = 0.05, and 61, =0
for £ > 5. Additionally, the eigenfunctions for group 1, ¢1x(%), are set to be sin(knt) for
every t € T and for each k& > 1. Regarding the eigensystem of group 2, we consider the

following three settings.

1. In setting c.1, group 2’s eigensystem is identical to that of group 1, meaning vor = V11
and o (t) = p1x(t) for every k and all t € T.

2. In setting c.2, group 2 has different eigenvalues from group 1, but retains the same
eigenfunctions. The eigenvalues are set as 631 = 0.81,69 = 0.36,60535 = 0.09, 054 =
0.01, and 09, = 0 for k& > 5.

3. In setting c.3, the eigensystem of group 2 is completely distinct from that of group
1. Specifically, the eigenvalues are f5; = 0.64, o = 0.36, o3 = 0.16, 654 = 0.04, 055 =
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0.01, and 9, = 0 for k > 6. The eigenfunctions are set as o, = cos(kmnt) for every
k>1landallteT.

In terms of the mean functions for these two groups, we consider the following design:

pi(t) = (2t — 0.3)> +0.5¢, and

14 R (2.18)
pa(t) — pi(t) = dn, {et — (2t —-1)° — 1} ,

where §, ranging in the set {0,0.5, 1}, represents the size of the mean difference between

the two groups.

To assess the performance of the proposed estimator and testing procedure, we con-
sider different combinations of subject counts in the two groups: specifically, n; = 200,
and ny varies among {100,200,400}. The number of observations per subject in both
groups is determined by random sampling from a discrete uniform distribution over the set
{2,3, ..., Nmax}, where Nya € {6,10,14,18}. The larger Np.x results in, on average, a
greater number of observations per subject. Comparing these settings allows us to evaluate

the performance of our method under varying levels of data sparsity.

The observation times for each group are sampled randomly from a uniform distribu-
tion over the interval [0,1]. For each of the aforementioned settings, we perform 1000
Monte Carlo simulations. For both the pointwise testing and the global testing outlined

in Algorithm 1, we choose to use 300 bootstrap samples, denoted as B = 300.

2.4.2 Estimation Performance

In evaluating the estimation efficacy of SS, we compare it against PACE (Yao et al., 2005b),
a widely adopted method for estimating the mean function in the context of sparsely ob-
served functional data. The performance of both methods is assessed using the Integrated
Mean Squared Error (IMSE), defined as follows:

[r {110 (6) — pat)} — (i () — i (0) )Pl
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Table 2.1: Mean and standard error (in parenthesis) of IMSEs across 1000 Monte Carlo
runs with 6 = 0.5.

Setting N ™ 200, ny = 100 ny = 200, 1, = 200 ny = 200, 1, = 400
SS PACE SS PACE SS PACE

;10 0020(0.019) 0.021(0.018) 0.013(0.010) 0.014(0.010) 0.011(0.008) 0.011(0.008)
18 0.018(0.016) 0.018(0.015) 0.012(0.010) 0.012(0.010) 0.009(0.008) 0.009(0.008)

o 10 0.019(0.015) 0.020(0.015) 0.014(0.010) 0.014(0.010) 0.010(0.008) 0.010(0.007)
18 0.017(0.015) 0.017(0.015) 0.011(0.009) 0.011(0.008) 0.009(0.008) 0.009(0.008)

g 10 0020(0.012)0.022(0.012) 0.014(0.009) 0.015(0.009) 0.011(0.007) 0.011(0.007)
18 0.019(0.012) 0.019(0.011) 0.012(0.008) 0.012(0.007) 0.009(0.007) 0.009(0.006)

We also compare our method to PACE in terms of out-of-sample performance, with detailed
results provided in Appendix 2.B.1. It turns out that these two methods have similar out-

of-sample performance.

Table 2.1 presents the average values and standard errors of the IMSEs for both meth-
ods, calculated over 1000 simulation runs under various settings. It is evident that the
proposed method attains estimation accuracy comparable to that of PACE. As anticipated,
the accuracy of both methods improves with an increase in n,. These numerical findings
underscore the effectiveness of aggregating observations from all subjects in estimating the

mean function.

2.4.3 Pointwise Inference Performance

To evaluate the performance of the pointwise confidence intervals outlined in Algorithm 1,
we compute their actual coverage probabilities at values of ¢, € {0,0.02,...,1}. For these
pointwise confidence intervals, the nominal coverage probability is set as 1 — a = 0.95.
Figure 2.1 illustrates the actual coverage probabilities of these intervals under different

simulation settings.
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Figure 2.1: In every panel, the red dotted-dash line represents the nominal coverage prob-
ability. The actual pointwise coverage probabilities for Ny.. = 10 and Ny., = 18 are
represented by black solid and blue long-dashed lines, respectively. The number of sub-
jects in group 2, denoted by ng, with values of 100, 200, and 400, arranged from the top
to the bottom.
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Our observations reveal that the actual coverage probabilities of our proposed method
closely align with the nominal level, regardless of the groups having a common covariance
structure or not. The only deviation from this pattern occurs near the boundary, where
the performance drops. This is likely due to a boundary effect, which implies that the

scarcity of observations near the boundary leads to less reliable estimates.

2.4.4 Global Inference Performance

In this subsection, we evaluate the performance of the global testing procedure introduced
in Remark 2.4, where the implementation follows Algorithm 1. Our approach is compared
with the FPCA-type test statistic (hereinafter referred to as SH), as proposed in Wang
(2021), which has shown superior performance against several alternatives. Specifically,
SH assumes the covariance functions of these two groups share common eigenfunctions.
It estimates these eigenfunctions by aggregating data from both groups. Each individual
curve is then projected onto the space spanned by these estimated eigenfunctions. Assum-
ing that the projected scores within each group follow a multivariate normal distribution,
Wang (2021) developed a test statistic that asymptotically follows a x? distribution, with
the degrees of freedom equal to p, the dimensionality of the projection space. On the
suggestion of a referee, we also compare to the functional additive mixed models proposed
by Scheipl et al. (2015) (hereinafter referred to as pffr) to estimate the mean function only
explained by the group indicator.

Figures 2.2 - 2.4 display the rejection rates at a 5% significance level for these two
methods across different simulation designs with sampling frequency Ny.x = 10, and Table
2.2 presents more details that may not be able to obtained directly from these figures.
Generally, the power of all methods improves with a larger number of observations and /or a
greater magnitude of mean difference between the two groups. This increase in observations
can be attributed to either a higher sampling frequency or a greater number of subjects
in the second group. The Type-I error of the proposed testing procedure aligns closely
with the pre-determined significance level under various settings. In contrast, both SH
and pffr tend to produce inflated type I errors. Moreover, our method tends to be more

conservative in rejecting the null hypothesis when there is no mean difference (§ = 0) or
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Figure 2.2: Rejection rates across 1000 Monte Carlo runs at a 5% significance level with

Npax = 10 with n; = 100 under setting c.1.
pffr
100 200 400

Figure 2.3: Rejection rates across 1000 Monte Carlo runs at a 5% significance level with

Npax = 10 with n; = 100 under setting c.2.
pffr
100 200 400
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Figure 2.4: Rejection rates across 1000 Monte Carlo runs at a 5% significance level with
Nax = 10 with n; = 100 under setting c.3.
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Table 2.2: Rejection rates across 1000 Monte Carlo runs at a 5% significance level with
Nipax = 10

SH pffr

rejection rate
1.00

0.50

0.00

100 200 400 100 200 400
N2

ny = 200, ny = 100 ny = 200, ny = 200 ny = 200, ny = 400

Setting Test
0=00=05 =1 0=00=05 =1 0=00=05 =1

SS 0.056 0.358 0.955 0.062 0.414 0.979 0.046 0.417 0.976
c.l SH 0.213 0.506 0.954 0.232 0.538 0.970 0.252  0.560 0.963
pffr ~ 0.453 0.696 0.963 0.446 0.737 0.976 0.437 0.743 0.966
SS 0.066 0.416 0.964 0.053 0.411 0.983 0.042 0.420 0.966
c.2 SH 0.180 0.506 0.954 0.193 0.536 0.974 0.192 0.559 0.973
pffr ~ 0.453 0.727 0.974 0.421 0.748 0.986 0.466 0.758 0.975
SS 0.071 0.297 0.876 0.070 0.274 0.836 0.055 0.227 0.781

c3 SH 0.202 0.458 0.947 0.157 0.457 0.950 0.138 0.451 0.951
pffr ~ 0.387 0.801 0.997 0.459 0.805 0.990 0.494 0.759 0.985
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the mean difference is relatively small (6 = 0.5), especially when the covariance structures
of the two groups are distinct. Additional simulation results for other values of Ny, are

available in Appendix 2.B.II.

2.5 Real Data Examples

2.5.1 Diffusion Tensor Imaging for Fractional Anisotropy Tract
Profiles

The first dataset we focus on originates from a neuroimaging study on individuals with
multiple sclerosis (MS). MS is recognized as an immune-mediated inflammatory ailment,
manifesting alterations in white-matter tracts. Diffusion tensor imaging (DTT), a type of

magnetic resonance imaging, is employed to examine these white-matter tracts.

DTT facilitates the generation of detailed images of white-matter anatomy within the
brain by assessing the overall directionality of water diffusion. A commonly employed
measure is fractional anisotropy (FA), which characterizes the degree of directional diffusion
of water. This study is centered on the analysis of FA profiles parameterized by distance
along the tract, the corpus callosum (CC) in particular, to investigate brain structural

differences between MS patients and healthy controls.

This dataset consists of 42 control subjects and 100 cases and is publicly available via
the refund package (Goldsmith et al., 2023). Our analysis focuses on data from the baseline
visit of the patients. For each individual, FA readings are recorded at 93 distinct locations
along the CC. These readings are then interpreted as regularly spaced observations from a
latent smooth function specific to each subject, with the presence of random noise in the

measurements.

Figure 2.5 displays trajectories of FA profiles for both the healthy and control groups.
While FA observations are typically collected using a regular grid sampling approach,
there are instances of missing data in some subjects, as illustrated by the curve marked

with a blue dashed line in Figure 2.5. More detailed information regarding the design,
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Fractional Anisotropy Tract Profiles for the Corpus Callosum

------ control
--- case

0.7

FA tract profiles
0.5

0.4

0.0 0.2 0.4 0.6 0.8 1.0

locations

Figure 2.5: The FA profiles along the CC tract for all participants are shown. The graph
features a highlighted control subject represented by a red dot-dashed line and a case
subject denoted by a blue dashed line.
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methodologies, and rationale behind the medication used in this study is available in Ozturk
et al. (2010).

Difference in FA Profiles from the CC between controls and cases

.~ A
Heontrol Hcase

95% ClI

0.15
|

0.10
|

ﬁcontml - ﬁcase
0.05
|

0.00
|

0.0 0.2 0.4 0.6 0.8 1.0

locations

Figure 2.6: The mean difference between cases and controls (black solid line), along with
95% pointwise confidence intervals (blue dot-dashed lines) over the tract of CC.

To showcase the performance of the proposed method, we deliberately ‘sparsify’ the
data, which originally consists of regularly spaced and densely collected observations. For
each subject, the number of observations is randomly chosen to be between 2 and 18, with
each number being equally likely. The estimated difference in mean functions between the
control and case groups, along with 95% pointwise confidence intervals, is shown in Figure
2.6. This illustration uncovers a complex pattern that is not readily apparent from just
observing Figure 2.5. It identifies specific locations along the CC where there are notable
differences in white-matter between healthy individuals and MS patients. Furthermore,
the null hypothesis of identical mean FA profiles across the two groups is rejected at a 5%
significance level. This result corroborates existing research, which indicates considerable

neuronal loss in the CC of MS patients at the advanced stages, as referenced in (Ozturk
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et al., 2010; Pomann et al., 2016). Given that this analysis exclusively utilizes baseline

data, it suggests that our method could be effective for early diagnosis of MS.

2.5.2 Beijing Air Pollutants Data

PM2.5 readings across workdays at Huairou, weekly aggregated

—— workdays in summer
workdays in winter

200
|

150
|

PM 2.5 readings
100
|

%
I
%
ﬁ
N
;
/,7

hour

Figure 2.7: PM2.5 readings (weekly aggregate data) from 10 randomly selected weeks from
summer (solid lines) and winter (dashed lines) in Huairou, Beijing.

Due to rapid industrialization and urbanization, numerous cities in China are expe-
riencing severe air pollution, with PMs 5 being a major pollutant. PMs 5 refers to fine

particulate matter (PM) with an aerodynamic diameter of less than 2.5 pm. These fine
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particles can penetrate the circulatory system directly, leading to the development of car-
diovascular and respiratory diseases, and even lung cancers, as reported in studies like
(Pope IIT et al., 2002; Hoek et al., 2013; Lelieveld et al., 2015).

Our investigation focuses on hourly air pollution data from Huairou, located near the
northern part of Beijing, collected over a five-year period from March 2013 to February
2017. This data is accessible through the UCI repository (https://doi.org/10.24432/
C5RK5G). The high levels of PMs 5 observed in this area can be attributed to factors like
industrial emissions, human activities, and winter heating, as discussed in Liang et al.
(2015) and Zhang et al. (2023). To analyze air pollution patterns in Huairou, we start by
consolidating the daily data into weekly averages, reducing data dependency. Our analysis
is focused on workday data, from Monday to Friday, specifically during the summer months
(June, July, and August) and winter months (December, January, February). From this
weekly dataset, we calculate average hourly readings. As a result, for each week within

these summer or winter periods, the PMs 5 data comprise 24 hourly averages.

Lastly, we ‘sparsify’ the dataset by randomly selecting between 2 and 10 observations
per week, with each number being equally likely. Figure 2.7 illustrates these sparsified
PM, ;5 readings for workdays, showcasing data from ten randomly selected weeks in both
the summer and winter seasons. Notably, the PMsy 5 levels during certain hours in the

winter months appear to be exceptionally high.

Figure 2.8 displays the estimated mean difference in PMs 5 levels between summer and
winter, along with 95% pointwise confidence intervals. Notably, this difference is more
pronounced during nighttime, which could be due to the prevalent use of coal for heating
in the winter. As the day progresses, the PMs 5 disparity gradually lessens, suggesting
that daytime human activities become a more significant source of PM, 5 emissions. As
expected, a global test confirms a significant difference in the average PMs 5 levels between

summer and winter, aligning with the findings in Liang et al. (2015).
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PM2.5 difference between summer and winter in workdays
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Figure 2.8: Estimated mean differences (black solid line) and 95% confidence intervals
(blue dashed lines) of hourly readings of PMy 5 between winter and summer in Huairou.
The vertical brown dash line indicates 14:00 at the local time.
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2.A Theoretical Justification

Here is how this section is organized.

(i) Section 2.A.I contains the proofs for the lemmas in Section 2.3.

(ii) The proof of Theorem 2.1, which establishes the functional Bahadur representation
(FBR), is found in Section 2.A.II.

(iii) Section 2.A.III presents the proof of Theorem 2.2, discussing the asymptotic pointwise
normality based on FBR.

(vi) The proof of Theorem 2.4, addressing the weak convergence results for the mean

estimator, is detailed in Section 2.A.IV.
(v) Section 2.A.V contains the justification of the validity of the bootstrap procedure.

(vi) Section 2.A.VT includes various lemmas that provide technical support for the proofs.

Throughout this appendix, we represent insignificant constants using ¢y, co,c3,.... On
the other hand, we denote important constants related to a specific variable by subscripting
them with a letter, such as C, for constants associated with x. For example, C'x represents
a constant related to the maximum norm of the kernel function K in a RKHS, where the

inner product is defined in (2.9).
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2.A.1 Proofs for the Lemmas in Section 2.3

Proof of Lemma 2.1. According to Assumption 2.5, for any g € H,

lgll* = {g.9)
= <Z V(g, hu>hu,ZV<g, hv>hv>
—ZZVQ, h) (P, o)
= Z Z Vg, h 7o) (Bus + Mudiuw)

—Z\V g, b)) P (14 M)

Additionally, Assumption 2.5 suggests K; = Y V (K, hy)h, as K; € H. Thus,
ho(t) = (K, hy)
<ZV Ky, hu)ha, by >
= V(K hy) (b, ho)
= ‘;(Kt, ho) (14 Ap).

Therefore,

hy(t
V(Kta hv) = hv(t)/(l + /\’YU) and Kt = Z 1 _|_</\,).Y hv'

Regarding Wjh,, Assumption 2.5 ensures that

(Wiho, ha) = A (ho, ha) = MoOou.
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On the other hand, Wyh, = >, V(W\h,, hi)hy. Therefore,

(Wihy, hu) <ZV Wihe, bie) hug, >
= >V (Wahu, hi) (B, o)
k

=V (Wxhy, hy) (1 + AMy).

In summary,

) N Mo,
Wih, = ; V(Waho, hu)ho = ; T T T

]

Leveraging the results provided in the previous lemma, we can determine the upper
bounds for various critical functions outlined in Lemma 2.2. This step is crucial in simpli-

fying our forthcoming development of the FBR.

Proof of Lemma 2.2. According to Assumption 2.5, for any f € H, we have f = > V(f, hy)hy

Therefore, in conjunction with Lemma 2.1,

Ay
14+ Ay,

v

Waf =Y V(fh)Wahy = > V(f,hy)
Subsequently,

W fII? = (Waf, Waf)

Ao
<va’ 1+A hu,Zth 1+ My h>
)\2

u
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Furthermore,

(Wit f) = <Zth 11&“ hu,Zth >

Since A and ~,’s are all positive, we then arrive at this conclusion,

IWASI* < (Waf f) = AJ(f. f), for any f € H.

2m

Finally, as per Assumption 2.5, v, =< v*™, implying the existence of constants ¢y and

V, such that v, > cov®™ for all v > V;. Furthermore, we can identify constants c;, ¢, and
V5 such that cp > )\V22m > ¢y. Let’s define V' = max(Vj, ;). Therefore, we can establish
the following upper bound for the the norm of K;:

et = (5 0005 20
_N k)
B Z 14+ Ay,

> 1
h’ su o N o

< (smihin) 5
(spinton) (32
< (supln ||sup> (V + Z Acoi,am)
(st
(st

Suth’ ||Sup ( ng 1)

sup||hy|lsup | sV < Ch™t
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Proof of Lemma 2.3. This is a direct consequence of Proposition 2.2 as stated in Shang
and Cheng (2013). O

Proof of Lemma 2.4. This proof is directly derived from the proof of Lemma 3.2 presented
in Shang and Cheng (2013). O

The upcoming proof is a vital step in deriving the FBR, which is a first-order approx-
imation for the smoothing-spline mean estimator from (2.5). Let’s introduce some key

notations. Recall that DO(f, A\)Ag = (Sua(f), Ag) where

n N;
1

Sualh) = =37 22 DAY = F(Ty)}Kr, + WA f € H
=1 j=1
= Su(f) +Waf.
Furthermore, we define

E{Sua(£)()} £ Sx(f)(t) and E{Sa(f)()} = S(f)(t) for all t € T

For ease of notation, let’s define the following integrals:
L = / c(t, s)m(t)m(s) dt ds,
t,s€T
Iy = / c(t, t)m(t)m(t) dt ds,
teT
Gy(s,1) = / (, ) K (1, ) K (0, ) () (o) du do, (2.19)
(u,0)ET?
Ga(s,t) = / c(u,u) K (u, t)K (u, s)m(u) du,
(s,t) /K u, t) K (u, s)m(u) du.

It’s evident that |I;s| and |I;¢| have upper bounds, as 7(t) and ¢(¢, s) have upper bounds
by Assumptions 2.1 and 2.4, respectively.
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Proof of Lemma 2.5. The proof consists of the following two parts.

1. The first part aims to find fy s.t. Sy(f)) = 0 where

S(N)(E) = E{Saa(f)(8)} for all £ € T

It should be noted that Sy A(f), as per the Riesz representation theorem, is the
unique representer determined by the first Fréchet derivative of the loss function
0(f,\) in (2.5). Here S\(f\) represents the expectation of this representer. This
implies that f, can serve as an estimator when “n — c0”. The discrepancy between
fr and the true mean function pu reflects the bias introduced by the penalty term in
the model outlined in (2.1).

2. The second part aims to bound the distance between f, and the finite-sample mean
estimator fiy. This distance illustrates the impact of having only a finite number of

data points.
Both parts utilize the following Banach contraction mapping theorem (CMT):
Suppose a mapping T : X — X satisfies

IT(x) = Tl < kllz =yl for some k € [0, 1),

where X C H is a closed set. Then, there is a unique xqy s.t. T(xg) = xo.

For more details on the CMT, readers are directed to (Rudin, 1986, Chapter 9, The

Contraction Principle).

Part 1: The existence of f,.

Denote By £ By(ry) :={g € H | ||g]| < 1}, where

r1= /AT, 1) + 11 = 0"/ T () + 1}

and T1(0) = § — Sx(p + 6) for any 6 € H. By the triangle inequality, we have

IT0(0)]] = 116 = Sx(p + 0| < (16 = Sx(e + 8) + ()| + [[Sx ()l

o2



Note that ||[Sx(u)|| = ||S(p) + Wipl|, where

S(p) = —E[{Y — u(T)} Kr]
= —E (E[{y - u(D)}Kr | T))
=0.

Due to Lemma 2.2, we have

IS = [Wapll < VA (py 1) <71 (2.20)

Additionally, DS(1)0 = & and D*S\(u + ss5'6) = 0 as DSy(f) = id for any f € H by
Lemma 2.7. Thus,

16 — Sx(pe +6) + Sa ()] = Hé—(DS,\(M)CF—F/T/T3D2S,\(u+ss’5)55dsds’)

= 0. (2.21)

Combining (2.20) and (2.21), we can establish that 71(B;) C B; for every 6 € B;.

To conclude that T} is a contraction, we consider the following:

T1(61) — Th(02) = 01 — 02 — Sa(p + 61) + Sx(p + 92)
=01 — 0+ E[{Y — (u+6)(T)} Kr| = Wa(p + 61)
—E[{Y — (u+0) (1)} Kr] + Wi(p + 62)
=01 — 0+ E[{(d2 — 01)(T)} K7| + Wi(02 — d7).

Therefore, for any g € H,

(T1(61) — T1(02), 9)

(61 = 02, 9) + E[{(62 — 0:1)(T)} (K1, 9)] + (Wx(d2 — 01), 9)
(01 — 02, 9) + (02 — 01, 9)

0.

23



The calculations above indicate that
T1(61) — T1(d2) = 0 for any 41,95 € By.

Thus, T; is a contraction defined on Bj.

Concluding Part 1, we apply the CMT, leading to the assertion that there exits a J,
such that 77(dy) = dx. This implies Sy(u + d5) = 0. Defining f\ = p + 65, we can then
conclude that

I — fall <710 =O(h™).

Part 2:

We will define a bounded linear operator T5 such that
T5(6) = 6 — Sua(fr +0) for any § € H.
It is apparent that
IT2(0)N < 1Saa (S + 110 = Saralfa +8) + Saa (S,

with f\ derived from Part 1.

To establish an appropriate radius of By 2 B(ry) so that Tj is a contraction on By, we
will consider E{||Saa(f2)|?}- Recalling E{SyA(f)} = Sx(f), we define

Oi; = {Yi; — \(Tyj)} K1,; and Dy = Oy — E(Oy).

It has been shown in Part 1 that S\(fy) = 0. Thus, E{||Saa(f2)||*} reflects the (expected)
square of the radius of the ball centred at zero. Since E{SyA(f)(t)} = Sx(f)(¢), it is

natural to consider how Sy A(fx) behaviour around Sy(f)(¢). The above observations
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motivates us to consider the following:

E{ISaa ()17}
= E{||Sua(fr) = Sa(A)IIP}
= E{|ISx(fr) — S(AA)|I?} where S(f) is calculated in (2.44)

-2 || X fou-zenl]

=1 j=1

~E [_ Wl }
<E {M”V"l Wi’}
<E{5IW? } (222)
where W; = Zjvzl O;; for i = 1,2,...,n. The expectation of this norm is calculated as
follows:
IE( | 2) = S E{(Ou, On)}
j=1 k,l
= > E[{Yi — AT HYu = AT} (K, K, |
k,l
< supl| K3 * SB[ (Vi — AT HYu — AT, (223)
€ k.l
where the expectation in the final step can be reformulated as follows
E[{Y1ie — fa(Twe) HYu — fa(Tu)}]
= E[{Yir — pu(Tur) + p(Tix) = A(Tu) HYu — (Tu) + p(Tu) — fr(Tw)}]
= E[{Yir — p(Tu) H{Yu — p(Tu) } + EJ Y1k — p(Tue) Hi(Tw) — fA(Tw)}]
+ EJYy — w(Tu) Hu(Twn) — fa(Tie) 3]
+ E{p(Tix) — fa(Ti) Hu(Tu) — fr(Tu)}]- (2.24)
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Observe that both terms involving cross products are zero. For instance,

E{Ywe — p(Tie) Hu(Tu) — fa(Tu)}]

B(B[{Yix — #(Tw) Ha(Tu) — (T} | 7))
E({n(T) = f(Tu)YE{Yi — u(Twe) | T})
0

(2.25)

Additionally,

E[{1(Twe) — Sx(Tue) Hu(Tw) — fa(Tu)}] = EXH{u(T) — (1)}

because Ty, and Ti; are i.i.d. for all observations, regardless of whether they are from the
same or different subjects. Furthermore, based on the conclusions from Part 1, we can
establish the following results:

E*{u(T) — fA(T)} <E{u(T) = f1(T)}]
=V~ fa = 1)
<|lu— f,\“2
=7y (2.26)

The remaining term to consider is E[{Y1y — pu(T1) }H{ Y1 — u(T1)}]. Note that,

E[{Yir — p(Tue) H{Yu — p(Tw) }]
— E (B[ {Yir = (T HYu = p(Ti)} | Toes T )
= E{c(T1x, Tui) + 0r0?}

/ / c(t, s)m(t)m(s)dtds + o2
t,s€T

=1+ 026
< o0, (2.27)
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where ¢(t, s) is the covariance function of X (¢), and dy, = 1 if k = [ and 0 otherwise.

Combining the results from equations (2.22) - (2.27), we have

N1
(2
j=1

2
) < fuglthH? [NEE2{M(T) — A(T)} + Nio?
S
+ NE {e(T, T)} + (N? — N)E {¢(Th, Ty)} ]
Additionally, we have

n
B {3E (W)
n
S E {Su7P||Kt||2W {NIQT%N —|— NlO'g + Nl-[t,t + (NIQ - Nl)]t7s}}
te

< nC%h~!

3 {(o% + 1 )P + puno? + pnde + (0% + 13 — iv) Les )
= O((nh)™"),

where the final step is based on the established bounds for I;; and I; ;. Consequently, this
leads to the following:

E{[ISua(£)1*} = O((nh) ™),
which implies [|Saa(f2)[I7 = Op((nh)™1).

This result enables us to choose a radius for B,
By(ry) = {f € H | ||f|| <72}, where ry = 2Cg,(nh) /2.
Therefore, we ascertain that, with a probability approaching one,

1Saa(f] < Cpy(nh) =12,

The next step is to handle || — Sya(fr +9) + Sua(fo)||. As in Part 1, using Taylor
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expansion results in

16 = Saa(fa +0) + Sual(f)l SN0 — DSua(fr)d]l+

H// sD*Sya(fr + 85'0)56 ds ds’
s,s’eT

The latter term becomes zero as D?Syx(f) = 0 for any f € H. Observing that DS)\(fy) =

id, we can then rewrite this as
16 — DSu(fr)d] = HDSA(fA)CS - DSM,A(fA)éH

_ H% ™S [8(T) K, — ES(T)K(T)) H (2.28)

i=1 j=1
Let ¢, (T, 0) = CcthY/25(T) where 6(T) = Cth/?||6||"'6(T) for any 6 € B,. Note that,

1611sup = Ci B2 1611716l
< OR8]~ Crch 218 < 1,

where the final line employs Lemma 2.6. Additionally,
J(8,6) < ATHIOIP = ATIORPRIS|I 67 < MO
Thus, §(T) € G. Furthermore,
[n(T,61) = (T, 63)] < C'hV2|[01 = 8o |sup,

which satisfies the Lipschitz condition in Lemma 2.4. Therefore, for any 6 € By and

sufficiently large n, we have the following result:

n N; 1/2
I3 ey 6y K, ~ B (T KD < {M1/2h—2<:; T (%) } (5loglog M)2.

i=1 j=1
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Note that ¥, (T, 8) = C2||6]|"*hd(T). Therefore,

2m—1 M 1/2
(2.28) < V5¢,C%(Mh) ™ {h— i MY 4 (—) }(loglog M)V2||5)|
n

< op(D)]0]]-

Therefore, To(Bs) C By with a probability that approaches one as sample size increases

infinitely. To conclude Part 2, it’s necessary to verify that T; is a contraction. Note that,

Sua(fr+01) — Sua(fr + 02)

1 1
= SMA(f)\) + DSM,)\(fA)(Sl -+ / / 8D2SM,)\(f>\ + 88’51)(5151 ds ds’
0 0

1 1
— {SM)\(f)\) + DSM7A(f)\)52 =+ / / SDst’,\Q(f,\ + 55/52)(52(52 ds dS/}
0 0

= DSun(fr) (61 — 62).

For any 01,02 € By. If §; and s are identical, then ||T5(01) —T%(d2)|| equals zero. Otherwise,
when ||d; — o > 0,

[T2(61) — Ta(d2)[| = (|01 — 02 — {SnaA(fx + 61) — Sara(fan + 02) |
< |[(61 = 02) = DSara(fr) (61 — 62) |
= [[DSx(f2) (61 — d2) — DSpa(fr)(01 — da)]|-

The same arguments used for equation (2.28) apply here. Let u = §; — Jy and @ =
C ' hY2||u||~*u(T), while keeping (T, f) unchanged. It is straightforward to verify that
u € G. Therefore,

[ = DSara(fo)ul]

. M\ 12
< V5eyC% (Mh) ™ {h24ml]\/[1/2 + (?) } (log log M)Y?||ul|

= op(1)Jull.
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This suggests that, in probability, 75 is indeed a contraction mapping on Bs.

Consequently, by applying the fixed point theorem, it follows that there exists a s\ €
By such that T5(dprn) = dpra. This means that Sya(fn + 0an) = 0. Additionally,
Sara(fix) = 0. Therefore, we conclude that fy+ a5 = fix, which implies || f — || < 7o =
O((nh)™1).

To summarize, Part 1 establishes that || fx —p|| = O(R™), and Part 2 demonstrates that
I/ — it = O,((nh)~1), where p is the true mean function. Combining these two results

with the triangle inequality leads to
172 = ull = Op(h™ + (nh)~'72).
In particular, the optimal convergence rate is achieved when h = O(nl/ @m+1)) or equiva-

lently, when \ = O(n?™/Cm+1), O

2.A.I1 Proof of Theorem 2.1

We can now establish a key theorem for this chapter, the functional Bahadur representation.

This theorem provides a first-order approximation of the mean estimator.

Proof of Theorem 2.1. Let’s represent the true mean function as p, and denote i) as the

estimator derived from equation (2.5). Additionally, define us = fiy — u. First, notice that

Sua(fin) = Sa(fin) = {Sma(p) — Sx(p)}
= Sur(fn) — S(in) — {Su(p) — S()}-

Given that Sy (fta) = 0, the left-hand-side of (2.29) becomes

(2.29)

LHS of (2.29) = —S\(p) — DSx(p)ps — // sD*Sy(p + 58" pis) psps ds ds’
s,8'€T

— {SM)\(,U) - S/\(,U)}
= —{DS\()ps + Sua(p)}
= —{us + Sur(p)},
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where D2S,(f) = 0 as DS\(f) = id for any f € H.

The calculation above suggests that to complete the proof, it is sufficient to establish
an upper bound for the norm of the right-hand-side of (2.29). Note that,

RHS of (2.29) = —— Zi [{Yis — i (T) YK, — Vs — (L)} K, |
= (BRY = (1)} Kr] = ERY — w(T)} Kr))
- 37 0 T, ~ Bk (2.30)

Therefore, we can utilize the same reasoning as in Lemma 2.5. Specifically, define

fis(T) = CI_(lhl/QHﬂJH_l 5(T) and (T, f) = 1h1/2f( ).

It’s straightforward to verify that s € G, and (T, f) satisfies the Lipschitz condition
outlined in Lemma 2.4. Thus, with a probability approaching one,

IS0 [0 i), — QT i

=1 j=1

o M 1/2
{M1/2h2 : (—) }(5loglogM)1/2.

n

It’s worth noting that
U(T, fis) = Ci’Dllns | ™ s (T),

which implies

2m—1 M 1/2
(2.30) < V5e,0%(Mh) ™! {Mlﬂh_ am (7) } (log log M)Y?|| us]).

We know that ||ps|| < co{h™ 4 (nh)~'/2} with a probability approaching one, as indicated
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by Lemma 2.5. Therefore,
(2.20) = Oy(dl).

n

where
Bm B)—1/2 . M 1/2
O ( 71/2h (6m—1) /4m{hm (nh) 1/2}(10g10gn>1/2>
= Op(an).
This concludes the proof for the theorem. n

2.A.II1 Proof of Theorem 2.2

As discussed in the main text, FBR offers a first-order approximation for the smoothing-

spline estimators. Given that fiy = o+ Sy (p) + 0,(1) where
Sux(f) = __ZZ{Y’J Tij) Y Kr,, + Wi/,
=1 j=1

we can apply Lindeberg’s Central Limit Theorem (CLT) to deduce the limiting distribution
at any t € T. Let’s now present the detailed proof.

Proof of Theorem 2.2. Let’s consider rs(t) = f(t) — po(t) + Sar(p)(t), where py(t) =
(id — Wy)u(t) and
1 n N;
Su(u)(t) = =57 > {5 — w(Tyy)} K, (¢) for any t € T

=1 j=1

We can re-write rs as follows:

rs = fix — by + Sur(p) = (fix — 1) + Sara(p)-
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According to Theorem 2.1 and the assumptions in Theorem 2.2, we know that ||rs|| =
Op(as) = 0,(n~"/?). Regarding Sy (1), define D;;(p) £ {Yi; — u(Ti;)} Kr,,. Then,

E[[Sm(w)l]

ol s
—E {# 2220 (Dulw). Djz(u)>}

7 O BUDu(n), D)) | N ;)

Z'7j7k7l

gywm——ZEmc (T HY; <>®

1,7,k,l

n

1

_ 2 2

= iggHKtH E _W - {NZ(Nz — 1)],575 + Ni(]t,t + Us)}]
N(N — 1) nN

< K, |I’E n—[ s I 2

< i‘ellTJH Al { 2 t, M ( t,t+<75)}

< Ci(nh)™! {(M?\r + UJ2V>]t,s + pn (Lo + 03)}

= O((nh)™").

Observe that the final step takes advantage of the bounded nature of I; 3 and I;;. Thus,
Sy(p) = O,((nh)~Y?), and a,, = 0,(Sx(1)). Additionally, it can be readily verified that

[(nh)2rs(t)] = (nh)"2[(Ky, 7s)]
< (nh)"? | Kil||rs

Op((nh)l/Qh_l/zan)
= 0,(1).
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Therefore,

a2 o i
()2 in (1) — 1)} = PE S S Y — ()} (6) + () ()

i=1 j5=1

nh)1/2 LA

T 2o 2 Ay = ul(Ty) YK, (1) + 0,(1).

i=1 j=1

The limiting distribution of the first term on the RHS of the above equation can be estab-
lished by the Lindeberg’s CLT. Specifically, let

Sa(t) = (nh)'/? [ ZZ% T;j)}Kr,, (t)

i=1 j=1
1/2N

Z{Yw T;;)} K, (t)

A

2
Rl

It is important to note that E {éz(t)} = 0 and the ©;(t)’s are independent. Moreover,

the point-wise variance is shown as follows:

I
&=
/N
S
| =
=
I
=
3
C
ﬁ
5
CZ
=
~—
<<
B
|
£
——
§
C/

k=1
nh &
=K W KT” {C ij) k: + 5Jk0 }
k=1
nh
—E {W {(N? = N)Gi(t, 1) + NiGa(t, 1) + 02N, Gs(t, t)}] — hE { TS, t)} 7

where the final line is based on the assumption stated in Theorem 2.2 and Lemma 2.8.

64



Thus,
Var {Z éi(t)} =hY E{nS;(t,t)/M*} = o} + o(1).

i=1 i=1

The application of Lindeberg’s conditions to the triangular array {éz(t)}?:1 results

JL? En: E [(:)?(t)ﬂ{@i(t)be}]

=1

5> [E{ero}] " {raai1 > o)

< Ui?i[ﬁ {<éi, Kt>4H " [B(6:(1)] > e)}1/2 | (2.31)

Note that, according to Lemma 2.9 and Lemma 2.2, we can establish that

IN

~ 4 -
B{(8.) | <B(IBI1K: 1) = Cknn
Regarding the probability, it is indicated in Lemma 2.10 that

ca(nh)'/?
log(n)

c1(nh)'/?
log(n)

P {sup|éi| > e} < ¢ log®(n) exp {—

} + 2P {N; > c3log(n)}
teT

< ¢y log?(n) exp {— } + 2E {exp(Cn N;)} n=e36n

Putting all the aforementioned results together and choosing c3 > Cg,l + 1, we can
establish that

1 ca(nh)' ) | 2B fexp(CxNp)} ]
31) < *— ’ —
(2.31) <n (COCKnh) [cl log*(n) exp log(n) + 5O
log?(n) co(nh)'/2\ | 2E {exp(Cy i)} |2
< 2 —
< @l [cl h? eXp log(n) nesCn p?2
= O<1)7
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given that c;Cy > 1 and log?(n) exp {—(nh)'/?/log(n)} = o(h*). Thus, for any t € T,

(nh)"2 {u(t) — u(t)} % N(0,02),

by the Lindeberg’s CLT and the symmetry of the standard normal distribution. O]

2.A.IV Proof of Theorem 2.4

Proof. The proof consists of three parts.

1. The first part demonstrates the kernel of the limiting process.
2. The second part establishes the asymptotic tightness of the S, (¢).

3. The third part verifies the weak convergence of the finite-dimensional marginals of

S,.
Part 1:
Note that,
Su(t) = (nh)/2 {u(t) — p(t) + Sara(p) () — Wa(p) () — Sur(p) (1)}
= (nh)" 2 {f(t) — u(t) + Sua(p) (&)} — (nh) Wy (1) (t)
— (nh)"*Sh () ()
S La(t) + L (t) + I (t). (2.32)

According to Theorem 2.1,

sup|T1,, ()] = (nh)'" (K, o — i+ Saa ()

teT
< (nh)Y2K | — 11— Saa ()]
= 0,(1).

66



As outlined in Remark 2.2, if the sufficient condition specified therein is met,

sup|lz, ()] = O((nh)"?k,) = o(1).

As for the I3,(t), recall that

1 n N;
Su()(t) = =37 > S Yy = u(Tip)} K, ().
=1 j5=1

First, let’s rewrite the leading term I3, in (2.32),

L n(t) = Z Z{Yu i)}z, (1) £ ) 0i(t),

i=1 i=1

where ©;(t) = (nh)"/20,(t)/M and ©;(t) = 7% {Yiy — p(Tyj) } i, (8).

Furthermore, we have

Z

E{6; | Ni} = > E[{Yi — u(Ti;)} K1, (t)]

<.
Il
-

I
M=

E|Kr,, (0B (¥ — w(Ty) | Ty}

I
o .
ﬂ‘

A similar argument can be used to compute the expectation of I5,(t), yielding

U, (1)} = () B | S (Vi - 0lT)) K )

=1 j=1

e 3 i, (08 - W) 1751))

=1 j5=1
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and

N; Ny

s 2 DS 0 = ) (Vi (T} i, () ()
=1 k=l =l i=1
~=( > K, (0 (EL(Ys — (i)} = n(Ti)} T, T) )

i
>

= 0.
Therefore, the covariance between I3 ,,(t) and I3, (s) is as follows:
E{Lsn(t) 3 (s)}
( [ZZ{Y;J Tij)} K, ( ] [ZZ{YM 1(Tia)} K, (s )D
=1

n
lel k=1

=FE nh Z Z {Y;] {Yk’l (Tk’l)} KTij (t)KTu(S):|

’Lljll

PSS K 00, (SE[ (3 — (T} D T} | 7,73

=1 j,l=1

iV ,n > E| Kr,, (1)K, (5) {e(Ty, Ta) + 0307} | ND

i
(37
:E[nfgzn:ZKTw () K1, (s) {c(Ty, Ty) + dj02 }}
(
(

nh jw - NG+ NG 1)+ )] )

where G;(t,s),7 = 1,2,3, are defined in (2.19). The final two lines are derived using the

assumption stated in Theorem 2.4 and Lemma 2.8.
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Part 2:

The objective of this part is to establish the equicontinuity of (nh)Y2{j(t) — u(t)}.
Given that the supremum of both Iy ,(t) and I5,(t) are o(1), and the equicontinuity can
be readily demonstrated for them, we focus our attention on the leading term, I3,. In

other words, we aim to show, for any e > 0,

d—0n—o0 d(s,t)gé

lim lim IP’{ sup |[I5,(t) — I3 n(s)] > e} = 0. (2.33)

To achieve this, we will apply Lemma A.1 from Kley et al. (2016). To do so, we introduce
a metric function d : 7 x T — R defined as d(s,t) = |t — s| for any s,t € T, and a Orlicz
function ¥(z) = z2. The Orlicz norm for any real-valued random variable U is defined as

follows,
[Ulle = inf{c > 0 [ E{¥(|U]/c)} < 1}}.

Notice that the square of the Orlicz norm of U corresponds to the second moment
of U. Therefor, we can express |3, (t) — Isn(s)||3 = E[{I5,(t) — Is,(s)}°]. Given that
E{©;(t)} =0foralliand ¢t € T, and from Part 1, E{O0,(¢)0;(s)} = E{6;(#)} E{©,(s)} =
0 for all i # j and any (t,s) € T x 7. Furthermore,

|

~E[ L Y360 - 01,0 - 0,051

E {|I5n(t) — Isu(s)*}

=E_;4—’”;]§;@i<t> —e,(s)

[ nh «— _2 9
= 5| i 010 ~20.(001(5) + 6300
_E ]"\‘4—@ ; [62(t) — 20,(1)0,(s) +6%(s)}| (2.34)

Let us examine each term separately. To begin, E{©?(t) | N;} can be further simplified as

69



follows:
E{O7(t) | N.}

([0 ][ sz )

_E[Z K (1), (04el(T, Ti) + 0705 | V]

j,k=1

Secondly,
E{©:(t)0:(s) | Ni}
—E<[Z{Y;y Ty)} K, (t ][Z{sz Ti) } K, ( )} ‘ Ni)

= E{Z KT” {(COV(T”, Ti) + ozéjk} ‘ N}

k=1

= (N} — N;)Gi(t,s) + NiGa(t, s) + N;o2Gs(t, s). (2.36)

Therefore, by combining (2.34) through (2.36), Lemma 2.8, and the condition M > n, we

derive the following result:
E{|L5(t) — Is.n(s)[*}
<h (:uN2 - MN)A% <t7 3) + MNA% (t, S) + MNO-EAQa(t? 8)

< A{Cq,(un2 — pn) + Cgyun} B7[E — 5| + pnoZCg,lt — s|°
é ClhT|t — S| + 02|t — S|2.

In the equation above, py2 represents the second moment of V.

It’s worth noting that d(s,t) = |t — s| is a well-defined metric. Additionally, we define
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n = h/2. Thus, for sufficient large n, when d(s,t) > 7, we can establish the following
inequality:
(17|t — 5] + ot — s]?) |t — |7
=ch7|t—s| e
<2ch" M4 ey
< 2¢1 + .

Therefore, there exists a universal constant C’\% = 2¢1 + ¢o such that
[ £3,0(t) = I n(s)|lw < Cult = s| = Cud(s, 1),

where Cy depends on d(s,t) and ¥(z) when d(s,t) > 7 for sufficient large n.

To handle the case where d(s,t) < 7/2, we rely on the Bernstein inequality. Therefore,

we need an almost sure upper bound for |6;(t) — ©;(s)|.
According to Lemma 2.9, we can establish the following:

~ ~ log“n
sup [B(1) — B(9)] < 2suplB,(1)] < 20551
t,s€T teT

Furthermore, when d(s,t) < 17,

E{|6:(t) — 6:(s)[*}
—E {nﬂh&)l(t) - @i(5)|2}

h
< E [(um — un)Aq, (t, 5) + pnAg, (t,5) + 02 unAg, (t, 5)

bt — s| + co|t — s|?
n

C3 h2

n

IN
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Let D(¢, d) represent the associated e-packing number in the metric space (7, d) where
d is the previously defined metric. Notice that D(¢,d) < €', and according to Lemma
A.1in Kley et al. (2016), there exists a set 7 containing at most D(7, d) points such that,
for any n > 7 and d,e > 0, as n — o0,

(2.33) < ¢4 {/L DY2(¢, d)d¢ + (6 + 27)D(n, d)}

+P< sup |I5,(t) — I3 n(s)| > e/2
d(s,t)<7
steT

< es(n+6°n~?) + D(7,d) sup  P{|I3,(t) — Ln(s)] > e/4}
d(s,t)<7,(s,t)eT?

< es(n+6°n7?)
B e?/32

S E{161(t) — Bu(s)[2 } + crellog? n)/ (n1/2h)
e?/32 }

csn? + cre(log? n)/(n1/2h)

+ 0677’1 exp

< cs(n+6°n77) + el exp {—

< o(1).
The final line is obtained by setting n = 6%/* and § — 0.
Regarding the remaining I; ,, and I, in (2.32), we obtain the following:

lim im P sup |[1,(t) + Lon(t) — L1 n(s) — Ian(s)| > e
6—0n—o00 d(S,t)Sd

<lim lim P¢ sup [[1,(t) — I1,(8)| > e/2+ sup |lon(t) — Lan(s)| > e/2
6—=0n—o0 d(s,£)<5 d(s,£)<5

=0,

where the final step is due to sup,|I1,(t)| = 0,(1) and sup,|l2,(t)] = o(1) in Part 1.
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This establishes the equicontinuity of the random process

(nh) 2 {lt) — (1)}

The asymptotic tightness is supported by Theorem 1.5.4 and Theorem 1.5.7 in van der
Vaart and Wellner (1996).

Part 3:

To establish the weak convergence of the finite-dimensional marginal distribution of
Sn(t), we will employ the Cramér-Wold device. This involves demonstrating that for any
g €N, (by,ba,...,b,), and any ty,1s,...,t, € T, the following holds:

i DS (ty) > i b Z () (2.37)

Adopting the same notation as in Part 1, for any ¢t € T, we find that:
q q
D biSa(t) = b {ia(t) + Lon(t) + Isn(t)}
k=1 k=1

- i b {l1n(t) + Lna(t)} + i bi L3, (1)

Once more, we focus on the leading term I3,,, as the first two terms have been shown to
be negligible in Part 1. Note that:

Z bils . (t) = Z by, Z éz(tk)
=3 hOilty)

i=1 k=1
n
A
- E ui,qa
i=1

where z/{i,q = Z:l bk@z(tk)
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Clearly, E(U; ) = 0 as E{O;(t)} = 0 for all i and ¢ € T. Thus,

_E {Zq: bkéi(tk)} {i bzéi(tl)}]

—Zzbkbl { (l)}

k=1 l=1
q q

= Z Z bkblCZ(tk;, tl) + 0(1)7
k=1 I=1

where the last line follows the same calculation as in Part 1.

When

q

q
Z Z bibiCz (t, 1) = 0,

k=1 I=1
it implies that > {_, byZ(t;) has a degenerate distribution with a point mass at 0 and

(2.37) immediately follows. However, if

q q
Z Z bibiCz (t, 1) # 0,
k=1 I=1

we shall examine the limiting distribution of Y7 | U ,.

Firstly, U; , are independent with respect to the index i for all ¢ € N. The variance of

U; 4 1s finite. Thus, the proof is concluded if we can verify the Lindeberg’s condition.

Notice that Cy, = > 1_,|bx| > 0. For any e > 0,

ZE[“fqﬂ{ui,qbe}]
< Z (B Y {P(ths | > €)}'2, (2.38)

where the final line is derived using the Cauchy-Schwarz inequality. It’s important to note
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that:

a.s. 9 e(nh)1/2
= cleg’(n) e { -

where the upper bound is obtained from Lemma 2.10. As for the other term, let’s first
rewrite U; 4:

q
Uiq = Z bkéi(tk)
k=1
q
k=1

q
< Ol Ko 1D lbxl
k=1
< Cxh™%Cy 164
Therefore, according to Lemma 2.9,

EU},) = E(CLh™2CL ||64]|*) < ACKCy (nh) ™2 (2.40)

Combining (2.38) through (2.40), and employing the same calculations used for (2.31)
in the proof of Theorem 2.2, we obtain:

nh_{EO Z E [ui%q]l{lui,qbe}} = o(1).
i=1
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Finally, by applying the Lindeberg’s CLT, we will have (2.37) established. O

2.A.V Proofs of Theorems in Section 2.3.6

This subsection illustrates the validity of the bootstrap procedure discussed. Even though
two separated theorems are stated in Section 2.3.6, we will only provide the proofs for
the Theorem 2.7. As been pointed out in Figure 1 from Biicher and Kojadinovic (2019),
Theorem 2.6 can be understood as a special case of Theorem 2.7, and the proofs for these

two theorems are very similar if not identical.

Proof. To begin, we introduce the following notation. Let S, ; denote the bth bootstrap
process obtained from Algorithm 1 for b =1,2,..., B, where B denotes the bootstrap size.
Let BL; {C][0, 1]} denote the collection of all uniformly Lipschitz functionals. i.e.,

BL, {C[0, 1]} := {b :C[0, 1] — [~1,1] |
‘h(gl) - b(QZ)’ < Hgl - g2Hsup for any gi,gs € C[O, 1]}

Y

It is sufficient to show that the

sup  |Ep {b(Sp.1)} —E{b(Sn)}, (2.41)

heBL,{C[0,1]}

where Ep denotes the conditional expectation given data D = {T};,Y;; | i =1,2,...,n,j =
1,2,..., N;}. For more details, please see Chapter 23 (or more specifically, Theorem 23.7)
in van der Vaart (1998). Lemma 3.1 in Biicher and Kojadinovic (2019) implies equation

(2.41) is equivalent to prove, for any positive integer B > 2, as n — oo,
(Sn7 Sn,h Sn,Qu o 7Sn,B) ~> (Z7 Z17 Z27 sy ZB)7 (242>

where 71, Z,,...,Zp are i.i.d. copies of Z in Theorem 2.4. We have shown S, ~ Z in
Theorem 2.4. Because Z and Z;’s are Gaussian processes, we only need to show S, ; ~ Z;
for any b =1,2,..., B. The main idea of this proof is similar to the proof of Theorem 2.4.

That is, we will show the finite dimensional convergence and asymptotic tightness of S,, ;.

76



For bth bootstrap sample, we have

fiy = arg min ﬁZZUi,b{Yzj - f(Tij)}2 + %J(ﬂ s

Jer i=1 j=1

and
n N;

S&)\ — __ZZUzb{Y;] )}KT +W)\f

=1 j=1
Because EU; ;, = 1 and these bootstrap weights are independent of the random components

in model (2.1). These facts imply we can obtain an variant of Lemma 2.7, i.e. DS%(f) = id

for any f € H and obtain the same results in Theorem 2.5 and 2.1.

Besides that, direct calculations yield that

nh)"? {jip(t) — u(t)}
= (nh)"? {fiy — p+ S () ()}
— (nh)"2 {fi = p+ Sara(p) (1)}

nh)"? LS (i) (t) = Shya(

Snp(t) =

+ m(t)}
= Hip(t) + Ha(t) + H (1),
where
h)1/2
Hyp = M Z Z iw — D{Yy — (Tij)}KTij'
=1 j5=1
Lemma 2.1 implies ||fi—p+Sya(p)| = Op(a,) and we have further assumed a,, = 0,(n~1/2).

This assumption is one of the crucial conditions for Theorem 2.2 and 2.4. Because

sup| Hy(t)| = sup (nh)"*[(Kq, it — i+ Sara(w)|
teT teT

< (nh)"2I K|l — e — Sara(w)]]
= 0,(1).

The same result holds for Hy,(t) as || — p + ShyA(1)|| = Op(an). Therefore, we need
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to consider the leading term H%, and the validity of equation (2.42) relies on the finite

dimensional convergence of H = (Hs1, Hsz, ..., Hs )" and asymptotic tightness of Hjp,.

To begin, for arbitrary R € N, and ¢;,cs,...,cg € RB, we want to show that, for

sufficient large n,
R R
D CH(t) = > el Z(t,), (2.43)
r=1 r=1

where Z = (Z1,Z,,...,Zp)". Note that,

n B R N Y
=333 e~ ) Y~ )} Ky ) = Dkt

where

L[i — Z Z CrbT(ULb - 1) {}/;J - M(EJ)} KTij (tT)

Here, ©;(t,) is defined in equation (2.45), which includes all random elements in model
(2.1). Notice that EU;, = 1 and E{(U;;, — 1)*} = 1. Moreover, U;,’s are independent of
all random elements in model (2.1), we can easily conclude E{; = 0. As for the second

moment of 4;, we have

Eﬂz Z Z CTbCr/b/E { ib 1)(Ui,b’ - 1)éi(tr)éi(tr/)}

b’ ro!

= Z Z CrpCrrplE {(Ui,b - 1)2} E {éi(tr)éi(tﬂ)}

b=1 rnr’

~ i > e {8ilt)Si(t) |

b=1 r;r’
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Therefore,
Var( i&) = iEﬂf
i=1 i=1
n B
= Z Z Z CrpCrrplE {él(tr)él@;“)}

i=1 b=1 r;r’

= Cy(tr, t;) + Op(l)a

where the last line comes from calculating the covariance kernel in Theorem 2.4 as Y " | E4lZ =
E{I5,(t)I5,(s)}. The finite dimensional distributions can be proved by using Lindeberg’s
condition. Note that, |U;;, — 1| < v/2 almost surely. Therefore, for arbitrary fixed B € N,
the Lindeberg condition naturally holds as [$;] < 2B|>>% nOi(t,)].

As for the asymptotic tightness of Hs,(t), note that, the asymptotic tightness proved
for I3,(t) in Theorem 2.4 relies on equation (2.33). Because |U;;, — 1| < v/2, we have
Hsy(t) < V/2I3,(t), i.e. the ratio between Hy,(t) and v/213,(t) is bounded above by
a constant almost surely. This fact implies the asymptotic tightness of Hsj for all b =
1,2,....B.

Note that,
7 > (Y — Ty Er, = Isp.

The asymptotic tightness is proved in Theorem 2.4. By Theorem 1.5.4 in van der Vaart and
Wellner (1996), Lemma 3.1 in Biicher and Kojadinovic (2019), and Theorem 2.4, equation
(2.43) is valid for any positive integer B > 2, as n — oo. This conclude the proof.

]

2.A.VI Technical Lemmas

This subsection contains several technical lemmas that are used throughout all the proofs
of the main theorems. An immediate result, following from Lemma 2.1 and 2.2, establishes

a connection between the supremum norm and the norm induced by the inner product
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defined in (2.9). It’s important to note that

FOF = (K, /)° < KPP
and || K;||* < C%h~! as shown in Lemma 2.2. Thus, we have the following lemma:

Lemma 2.6. For any f € H, there exists a constant Cx such that
f()] < Cxh™| )]

for any t € T, where Cx, as defined in Lemma 2.2, does not depend on the choice of f or
t. In other words, ||f|lsup < Cxch™Y2||f]|.

The next lemma is a direct result of computing the Frechét derivatives of £(f, ).

Lemma 2.7. DS,(f) = id where id is the identity operator on H for any f € H.

Proof. Recall that DO(f,\)Ag = (Sua(f), Ag) where

Saa(f =——ZZ{YW Ti)}Kr, +Waf € H.

=1 j=1

Let’s define E{SyA(f)} = Sx(f) and E{Sy/(f)} £ S(f). It can be shown that

E(Su(/) {—% >, — ST} K, }
—-E 1 n Z{ }KT i :1,2,n}]
E {}/11 - )} Tn]
= 5(/f). (2.44)

Notice that Sy(f) = S(f)+ W, f. Therefore, we have DS\(f) = DS(f)+W,. Additionally,
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the second order Fréchet derivative w.r.t f is

D*(f,\)AgAh = — ZZ@(T”,AQ 1., AR) + (Wi Ag, Ah)

=1 j=1
= DSua(f)AgAh
= const w.r.t. f.

Therefore,
1 n N;

DSyux(f)g = i Z Z 9(Tij) Kr; + Whg.

i=1 j=1

Similar to the previous calculation, it can be shown that

DS\(f)g =E[g(T) Kr] + Wg.

Therefore, for any f, g, h € H, we can obtain:

(DSX(f)g,h) = E[(Kr,g) (Kp, h)] + (Wag, h)
= E[g(T)n(T)] + AJ (g, h)
= <g> h> .

This concludes that DS)(f) = id for any f € H. ]

Lemma 2.8. Suppose that Assumption 2.1, Assumption 2.4 and Assumption 2.5 hold,

then the following functions defined in (2.19) can be expressed as

hi(t)h;(s) ij
Gi(s,1) = Z (1T+ M) (1 + A%)I
B hi(t)h;(s) i
Ga(s, 1) = ; (T4+ M) (1+ Ayy) 2
hi(t)hi(s)
Gs(s,t) = Zl: (14 \y;)?



Here, {h,}ven, of H are basis functions defined in Assumption 2.5. In particular, if m > 1
for H = H™ and Assumption 2.7 holds, then

Agl (tv S) = |g1(t>t> + g1<87 S) - 2g1(t7 S)| < CglhT71|t - 8‘7

Ag2(t, S) = |g2(t>t> + g2<87 S) - 2g2(t7 S)| < Cg2hT71|t - 8‘7
Agy(t,s) = |Gs(t, 1) + Gs(s,s) — 2Gs(t, 5)| < Cg,h™ [t — s*.

Proof. Note that Lemma 2.1 implies that K (t,-) = >, h;(t)hi(-)/(1 + Ay;). Let’s start by
considering Gs(s, t) first.

Gals. ) = /M {Z 1’1(?7 hi(u)} {; 1’1’% hj(u)} m(u)du

hi(t)h;(s)
—Z 1+)\%)( _i_)\%)/ hi(w)h;(u)m(u)du
_ i()h;(s)
“j 1+m>< Ly (et
i(s)

_Z 1_|_/\/%2

Hence,
Ags(t> S) = ‘g3(t> t) + g3($7 5) - 293<t7 5)’
_ o {hlt) = ()}
RSt

{n)(2))?
(1 + )\’}/k)z

< Cgah_llt - 3|2a

(t — 5)? for some x between t and s

where the second-to-last line uses the Mean Value Theorem, and the last line relies on the
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boundedness of the first derivative of h;, for all ¢, as h; € H = H™. Furthermore,

Gi(s,t) = /(H’U)GT2 c(u,v) {Z 1}1(;)’” hl(u)} {Zj: fi—t;hj(u)} 7(u)du

- (th() clu,v)n;\uw)n;(v)mlu)mv)auav
= 00 457 fuers IO

)
)
B (Ohy(s)
‘Z<1+m><1+w[

Note that
1G1(t, 1) + Gi(s,8) — 2Gi(t, s)| < |Gi(t,t) — Gi(t, s)| + [Gi(s, s) — Gi(s, 1)l

Moreover,

|ha(t hy(t)} 1|
618, 1) s)l < Z 1 —{—)\% (1 + ;)

Z h(l)( )Il]| | |
1+A% T+ 7

f(u,v)e’TQ c(u, v)h;(u)h;j(v)dudv
ol (14 A7) (1 +A;)

Z?-]

_ 1/2 . 1/2
; J
<ot p ) St

< Cg, |t — s|p™ 1.

|t = s

Thus, we have Ag, (t,s) < Cg,|t — s|h"~!. The same argument applies to Ag, (¢, s).

The following technical lemma aims to establish the properties of

_ nh)/2
6,0 = "6 ),
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where 0;(t) = Zﬁl{}ﬁj—u(ﬂj)}[@ij (t) fori=1,2,...,n,and p is the true mean function.
These results facilitate the derivation of point-wise normality and weak convergence.

Lemma 2.9. Suppose Assumptions 2.1 - 2.6 hold, then, fori=1,2,... n,

() ig}g\@i(t)! SN

and (ii) E (Héiu‘*) < cyn” 2,
Proof. Let ¢; > C-1, then

3 Prlen 2 e log(n)) < 32 HOPEI)

= E{exp(C.le|)} Y n

< 00,

where the final line arises from Assumptions 2.6. Consequently, we have || < (¢;logn)
almost surely. For the random function X and the number of observations per subject N,
similar arguments apply, leading to || X|| < (c2logn) and |N| < (c3logn) almost surely,
where ¢, > Cy! and ¢35 > Oyl

Note that

~ nh)1/2
supl®:(t)] = "l
teT teT

As a result, we can obtain the following:

> (¥ - ulTi) b, ()]

sup|©;(t)| = sup
teT teT

= ESIT))E{Y;]- — Xi(Tij) + Xi(Tyy) — u(T3y) } K, (t)}‘

< sup gij K, (t)| + sup
tGT;| 1Kz, (1) teTj;

[Xi(Ty) = plTy)br, (0] (2.46)
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The first term on the RHS of (2.46) can be computed as follows:

sup > _[ei; Ky, (1) < (D leij)sup| K (1))
teT 5 = teT

N;
< Cxh™P|| K| > leys| by Lemma 2.6

< 0y {er log(n)} {es log(n)} b~
< cgh ™ log?(n). (2.47)

The second term on the RHS of (2.46) can be analyzed using a similar argument. Notice
that

1 Xi(Tyy) — (T)| = (Xi — p, Kz, ) < || Xi — pll| K| < caCrh™/? log(n).

Additionally,

SUPZHX Z] )}KT ()|

teT

© (L) — ) s, 0

N;
< Cch K| S {XT,) = (T,)} by Lemma 2.6

J=1

< Cih (Z <X s KTij>>

< 02 1NiHXi — Hll[ K]

ING

e,C3 3 log(n) N;
csh ™32 log?(n). (2.48)

IS}
@

I/\'
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Because (2.48) dominates (2.47) when h = o(1), for sufficient large n, we can obtain

a.s. loan

Immediately, it can be shown that

5oy s (nh)!2log*(n)  log*(n)
PPN 'S o = g

As for the second part of the lemma, consider that:

nh S &
= {Yi; — (Ty)} {Yir — u(Ti) } (K1, Ky )
Jj=1 k=1
1 &
< S T} i ()
k=1
1
= Z {eij + 65} {ein + 0ir}
k=1

where 0;; = X;(T};) — pu(Ti;). We can see that:
(i) E(6;;) = 0, (i1) E(5;;) = Ly, (iii) E(6;50) = Lbs,j # k,

where I, I;; are defined as in (2.19) for all j,k =1,2,..., N;. Thus,

E (H'C:)ill‘*) —E (<él-, (132->2)

N.

1 1

< EE[ E (€ij — 0ij) (i — Oir) {€iu — Oin} {Eiv — 0in}
gk u,v=1

1
= EE {Nﬁ??l + (.]VZ2 - Ni)&'?léﬂ(sig + Nia‘?léfl + Nzéfl . (249)
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Note that there always exists an e such that ! < exp(C.e¢). Thus,

E(e,) :/6§€€4h5(€)d6—|—/ e*h.(e)de

£>e€
< e* 4+ E {exp(C.|e|)}
= O(1) by Assumption 2.6,

where h, is the density function of ¢.

Furthermore,

E[{Xi(Ty;) — u(Tiy)}'] < CE{X(Ty) — n(Ty)})?
< czgt
= 0(1),

where the last line uses the the marginal density function for 7', and I;, is bounded from
above by Assumption 2.1 and Assumption 2.4. Therefore, combining the above two results,

and Assumption 2.1 through 2.4, we can conclude that
(2.49) = O(1/n?).
m

The final technical lemma calculates the decay rate for the supremum of 0, A general
statement without restrictions on h is given below. This lemma is applied when one needs
to verify the Lindeberg’s condition.

Lemma 2.10. Suppose Assumptions 2.1 - 2.6 hold, then for anye >0 andi=1,2,...,n,

we have

e(nh)1/?

P {sup]éi] > e} ag colog?(n) exp {_Clm

} + 2P {N; > colog(n)},
teT

where ¢y > Cy' + 1 for Cy in Assumption 2.6.
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Proof. This proof is a repetitive one that involves the repeated use of the Borel-Cantelli

Lemma and the Markov inequality.

Notice that we first decompose O into two parts, which is the same as in (2.46). Before
delving into the detailed calculations, we first establish that for any random variable T’
whose marginal distribution is bounded between 0 and infinity, as stated in Assumption
2.1, the kernel function Kr(¢) is bounded on the order of O(h™'). Hence,

Supl K (1)] = | Killsup < Cuch™ 2| < CRR™,
S

where the final step uses Lemma 2.6. Let X; = Xi(T;j), we have

P(sup|©;(t)| > e)
teT

=P _sup Z {vi; — }KT (t )’ (neii\){/g}

_tET

Sp_igﬁjzl{nj_Xij'i_Xij_ (T )}KT()‘ (nh)1/2:|

[ u en
<P K ()] > =2 2.50
< Plonpl3 - eomn, 0] > 75 (220

E;@Z{XU )} K, (1)| = ﬁ} (2.51)

Note that both the error term ¢ and X decay at an exponential rate, almost surely, ac-

cording to Assumption 2.6.

Specifically, for some ¢; > C-! and ¢, > Cy',

] < ¢, log(n) and || X|| < ¢, log(n).

The detailed computations are outlined in Lemma 2.9. For conciseness, this part specif-
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ically elaborates on the detailed analysis of (2.50)

}

nl/2
(2.50) < {SUP|KT <Z|€u> 2 W}
<P {02h Z|5w| Z 2h1/2}

h)1/2

<P {Z| il > 202 | N; < cilog(n) p P{N; < c1log(n)}
e(nh)'/?

+P {Z| 4] > 207 | N; > ¢ log( )}P{Ni > ¢ log(n)}

} +P{N; > c;log(n)}

h 1/2
e(nh) | N; < ¢ log(n)
(2.52)

Z‘ l]‘ > 20[2(

P1+ P2,
where ¢; > C" + 1 with Cy being the constant defined in Assumption 2.6. We will first

lI>

delve into the analysis of p;

e(nh)1/2
e(nh) | N; < ¢ log(n )}

{Z| Z]| > 202

j=1
N;
(nh)1/2
<3P {leol = g | < rlogn
[c1log(n)] (nh)1/2
eC.(nh)'/? }

k=1
< 2¢11og?(n)E {exp(Celei;|)} exp {_ 2C%.c1 log(n)
K

The final line uses Assumption 2.6 and the Markov inequality. In this context, [-] represents
the smallest integer that is great than or equal to ¢; log(n). Thus, we establish the following
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result:

e(nh)'/?
log(n)

The same argument is applicable to (2.51). The only difference lies in the calculation

(2.52) a'gs' ¢y log?(n) exp {—03 } +P{N; > cilog(n)}.

process.
Pr{|X.(T}; — ul(Ty)| > e(nh)"?/2C%e1 log(n) | Ni < e log(n)} .

Note that | X;(T;;) — u(Tyj)| < |X = pllswp < 272X — p. Thus,

eC.n/?h }

51 20, 1og? e § =0 S
(2.51) < 2¢; log?(n)E {exp<06|‘€”|)}exp{ 2C% ¢ log(n)

enl/2h

log(n)

It’s important to note that nh > nh? given that h = o(1). Therefore, in the asymptotic

< ¢4 log?(n) exp {—05 } +P{N; > c;log(n)}.

sense, we obtain the following results:

~ a.s. 1/2
P(sup|©;(t)| > e) < crlog?(n)exp —CgM + 2P {N; > ¢;log(n)} .
teT log(n)

2.B Additional Simulation Results

2.B.I Out-of-sample Performance

In this section, the out-of-sample performance (OOSP) of the proposed method, compared
with PACE from Yao et al. (2005b), is presented in Table 2.3. Note that the OOSP is well-
defined only if the data from the two groups are collected over a common grid. Otherwise,
Y1ij — Yo may not be comparable, as responses could be collected at different observation
times, or one subject may have more observations than another. Consequently, we present
the OOSP results only for the second group. Specifically, let D denote the entire dataset,
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from which 10% is randomly selected as the test set. Define

n'  N;
008P =3 % {¥} — (T},

i=1 j=1

where /i is derived from the training set, and {(Y};,T};)} is taken from the test set. The

results are summarized in Table 2.3.

Table 2.3: Prediction errors and standard error (in parenthesis) of OOSPs across 1000
Monte Carlo runs for group 2 with u(t) = (2t — 0.3)3 + 0.5¢.

ny = 200, ny = 100 ny = 200, ny = 200 ny = 200, ny = 400
SS PACE SS PACE SS PACE

Setting Npax

6 0.770(0.084) 0.771(0.085) 0.741(0.039) 0.741(0.039) 0.743(0.020) 0.743(0.020
10 0.753(0.082) 0.753(0.082) 0.748(0.041) 0.748(0.041) 0.736(0.019) 0.736(0.019
14 0.748(0.068) 0.748(0.068) 0.736(0.034) 0.736(0.034) 0.737(0.017) 0.737(0.017
18 0.743(0.073) 0.743(0.073) 0.739(0.034) 0.739(0.034) 0.736(0.016) 0.736(0.016

c.1

6 0.694(0.064) 0.695(0.065) 0.676(0.033) 0.676(0.033) 0.681(0.015) 0.681(0.015

5 10 0.707(0.063) 0.707(0.063) 0.667(0.027) 0.666(0.027) 0.680(0.014) 0.680(0.014
c.

18 0.685(0.052) 0.685(0.053) 0.681(0.024) 0.681(0.024) 0.686(0.013) 0.686(0.013

6 0.657(0.052) 0.660(0.053) 0.644(0.024) 0.645(0.024) 0.648(0.013) 0.649(0.013
10 0.651(0.046) 0.652(0.046) 0.657(0.023) 0.657(0.023) 0.645(0.011
14 0.659(0.043) 0.660(0.044) 0.652(0.023) 0.653(0.023) 0.650(0.011
18 0.660(0.040) 0.661(0.041

0.646(0.011
0.650(0.011
0.647(0.010) 0.647(0.010

c.3

0.650(0.021

(0.084) ) 0.741(0.039) ) 0.743(0.020) )
(0.082) 0.753(0.082) 0.748(0.041) 0.748(0.041) 0.736(0.019) 0.736(0.019)
(0.068) 0.748(0.068) 0.736(0.034) 0.736(0.034) 0.737(0.017) 0.737(0.017)
(0.073) 0.743(0.073) 0.739(0.034) 0.739(0.034) 0.736(0.016) 0.736(0.016)
(0.064) 0.695(0.065) 0.676(0.033) 0.676(0.033) 0.681(0.015) 0.681(0.015)
(0.063) 0.707(0.063) 0.667(0.027) 0.666(0.027) 0.680(0.014) 0.680(0.014)
14 0.678(0.055) 0.679(0.055) 0.679(0.026) 0.679(0.026) 0.677(0.014) 0.677(0.014)
(0.052) 0.685(0.053) 0.681(0.024) 0.681(0.024) 0.686(0.013) 0.686(0.013)
(0.052) 0.660(0.053) 0.644(0.024) 0.645(0.024) 0.648(0.013) 0.649(0.013)
(0.046) 0.652(0.046) 0.657(0.023) 0.657(0.023) 0.645(0.011) 0.646(0.011)
(0.043) 0.660(0.044) 0.652(0.023) 0.653(0.023) 0.650(0.011) 0.650(0.011)
(0.040) 0.661(0.041) 0.650(0.021) 0.650(0.021) 0.647(0.010) 0.647(0.010)
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2.B.I1 Additional Global Testing Results

In this section, we provide additional global testing results of the proposed method and the
competing methods for Ny., € {6,14,18}. These results are shown in Figures 2.9-2.17.

Corresponding numerical tables are presented in Tables 2.4 - 2.6.

Table 2.4: Rejection rates across 1000 Monte Carlo runs at a 5% significance level with
Nmax =0

ny = 200, ny = 100 ny = 200, ny = 200 ny = 200, ny = 400

Setting Test
0=00=050=1 0=00=050=1 0=00=050=1

SS 0.079 0.314 0.924 0.064 0.371 0.944 0.047 0.350 0.941
c.l SH 0.230 0.438 0.889 0.244 0.521 0.921 0.278 0.510 0.915
pffr ~ 0.340 0.590 0.927 0.306 0.623 0.949 0.325 0.596 0.943
SS 0.072 0.360 0.930 0.043 0.367 0.950 0.053 0.371 0.945
c.2 SH 0.218 0.452 0.906 0.236 0.513 0.943 0.257 0.547 0.944
pffr ~ 0.313 0.614 0.940 0.309 0.606 0.964 0.343 0.625 0.953
SS 0.078 0.302 0.852 0.056 0.237 0.797 0.047 0.229 0.729
c.3 SH 0.229 0.441 0.907 0.149 0.419 0.905 0.140 0.430 0.890
pffr ~ 0.300 0.690 0.967 0.318 0.685 0.975 0.354 0.700 0.955
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Figure 2.9: Rejection rates across 1000 Monte Carlo runs at a 5% significance level with

Niax = 6 with n; = 100 under setting c.1.
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Figure 2.10: Rejection rates across 1000 Monte Carlo runs at a 5% significance level with
Nnax = 6 with n; = 100 under setting c.2.
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Figure 2.11: Rejection rates across 1000 Monte Carlo runs at a 5% significance level with
Npax = 6 with n; = 100 under setting c.3.
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Table 2.5: Rejection rates across 1000 Monte Carlo runs at a 5% significance level with
Nmax =14

ny = 200, ny = 100 ny = 200, ny = 200 ny = 200, 1, = 400

Setting Test
0=006=050=1 0=006=050=1 0=006=050=1

SS 0.057 0.405 0.974 0.053 0.453 0.989 0.047 0.446 0.991
c.l SH 0.206 0.527 0.955 0.232 0.577 0.974 0.251 0.563 0.972
pffr  0.533 0.778 0.984 0.534 0.814 0.988 0.524 0.791 0.988
SS 0.062 0.428 0.985 0.053 0.472 0.992 0.034 0.433 0.991
c.2 SH 0.187 0.520 0.975 0.187 0.595 0.980 0.191 0.592 0.982
pffr ~ 0.533 0.789 0.989 0.580 0.812 0.989 0.558 0.819 0.992
SS 0.049 0.278 0.878 0.052 0.253 0.854 0.036 0.224 0.807
c.3 SH 0.209 0.531 0.968 0.125 0.530 0.970 0.133 0.510 0.964
pffr ~ 0.515 0.858 0.999 0.538 0.875 0.999 0.586 0.841 0.990
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Figure 2.12: Rejection rates across 1000 Monte Carlo runs at a 5% significance level with

Nnax = 14 with ny = 100 under setting c.1.
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Figure 2.13: Rejection rates across 1000 Monte Carlo runs at a 5% significance level with
Nnax = 14 with ny = 100 under setting c.2.
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Figure 2.14: Rejection rates across 1000 Monte Carlo runs at a 5% significance level with
Nnax = 14 with ny = 100 under setting c.3.
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Table 2.6: Rejection rates across 1000 Monte Carlo runs at a 5% significance level with
Nmax =18

ny = 200, ny = 100 ny = 200, ny = 200 ny = 200, 1, = 400

Setting Test
0=006=050=1 0=006=050=1 0=006=050=1

SS 0.048 0.425 0.989 0.051 0.472 0.998 0.047 0.438 0.991
c.l SH 0.184 0.566 0.975 0.216 0.586 0.974 0.214 0.608 0.973
pfir ~ 0.572 0.837 0.992 0.603 0.853 0.996 0.624 0.851 0.993
SS 0.057 0.454 0.993 0.044 0.504 0.994 0.037 0.494 0.994
c.2 SH 0.170 0.533 0.974 0.192 0.617 0.979 0.175 0.599 0.985
pffr ~ 0.605 0.831 0.992 0.607 0.869 0.990 0.638 0.872 0.991
SS 0.044 0.300 0.899 0.048 0.221 0.863 0.041 0.249 0.802
c.3 SH 0.210 0.558 0.982 0.128 0.518 0.987 0.130 0.559 0.977
pffr ~ 0.600 0.920 1.000 0.642 0.901 0.999 0.637 0.884 0.993
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Figure 2.15: Rejection rates across 1000 Monte Carlo runs at a 5% significance level with

Nnax = 18 with ny = 100 under setting c.1.
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Figure 2.16: Rejection rates across 1000 Monte Carlo runs at a 5% significance level with
Npax = 18 with ny = 100 under setting c.2.
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Figure 2.17: Rejection rates across 1000 Monte Carlo runs at a 5% significance level with
Npax = 18 with n; = 100 under setting c.3.
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Chapter 3

Order Determination for Functional
Data

3.1 Introduction

Analogous to principal component analysis (PCA), a subtlety in functional principal com-
ponent analysis (FPCA) is the selection of the number of functional principal components
(FPCs) to retain, known as order determination, which is crucial for effective dimension
reduction and approximation of functional data. The choice of the truncation level d in
equation (1.6) directly influences the quality of the functional data representation, impact-
ing subsequent analyses such as regression, classification, and clustering. An inadequate
selection of d can lead to either overfitting or underfitting, thereby affecting the inter-

pretability and predictive performance of the models built upon the reduced data.

When determining the order in FPCA, the goal is to identify the optimal number
of FPCs that capture the essential features of the functional data. The existence of an
“optimal” truncation level implicitly assumes that X can be represented by the leading d
eigenfunctions of G defined in (1.1), treating higher-order terms as noise. This is equivalent
to assuming that the underlying covariance operator has finite rank d, and this assumption
has been adopted in Li et al. (2013) and Charkaborty and Panaretos (2022). This effec-
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tively transforms the order determination problem to estimating the rank of the covariance
operator. When functional data are fully observed without any measurement error, the
rank can be estimated in a straightforward manner. This follows from the fact that the
estimated covariance operator is a linear combination of observed trajectories, which them-
selves can be expressed as linear combinations of eigenfunctions associated with non-zero
eigenvalues via the Karhunen-Loeéve expansion, see equation (1.6). However, in practice,
functional data are often observed discretely and contaminated by measurement errors.
The errors add a ridge to the emprical covariance function, complicating the estimation of

the rank of the true covariance operator.

Estimating the rank of the covariance operator from contaminated functional data can
be approached through heuristic methods such as scree plots and the fraction of variance
explained (FVE), which normally require a subjective pre-specified threshold. A more
deliberate approach is to separate the effect of measurement errors from the true covariance
function. Hall and Vial (2006) proposed a “low-noise” model, assuming that the noise
variance diminishes as the sample size increases. However, this method still requires a
subjective threshold as a stopping criterion. Charkaborty and Panaretos (2022) proposed
an alternative approach by approximating the infinite-dimensional functional space with a
finite-dimensional matrix space. They argued that the corruption of the diagonal entries
of the covariance matrix by measurement errors does not affect the rank estimation. Thus,
they disregarded the diagonal entries of the sample covariance matrix and subsequently
filled them via matrix completion based on a modified Frobenius distance, yielding a matrix

with the same rank as the discretized covariance function.

Another approach to removing the impact of measurement errors entails smoothing
techniques that leverage the continuity of the covariance function. Once a smoothed co-
variance function is obtained, the problem can be framed as a model selection problem,
allowing the use of information criterion (IC)-based methods, such as the Akaike informa-
tion criterion (AIC) (Yao et al., 2005b) or the Bayesian information criterion (BIC) (Zhou
et al., 2022). However, a direct application of classical IC-based techniques to functional
data tends to favour selecting an excessive number of FPCs, or equivalently, overestimating
the rank. This issue may arise from the nonparametric nature of the data, where each FPC

comprises both a variance parameter and a nonparametric function (Li et al., 2013). To
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address this, Li et al. (2013) introduced modified penalty terms in place of those used in
AIC and BIC. The penalty term for the adjusted BIC method depends on eigenvalues ap-
proaching zero, which pose a challenge, since small eigenvalue estimates can be unreliable
in practice. The modified penalty term for AIC is derived under a Gaussian assumption
for densely observed functional data. Furthermore, AIC-based methods require that the
true model is within the set of candidate models, disregarding potential estimation bias
(Hurvich et al., 1998; Li et al., 2013). This assumption, however, is fundamentally flawed
when nonparametric smoothing is applied to estimate the mean and covariance functions,
as bias is inherently introduced by those smoothing methods when the harmonic mean of
the number of observations is not sufficient large compare to the sample size (Zhang and
Wang, 2016).

When estimating the rank of the covariance operator of functional data, many existing
methods often rely solely on estimated eigenvalues (Hall and Vial 2006, the modified BIC
in Li et al. 2013, and Charkaborty and Panaretos 2022), without incorporating information
from estimated eigenfunctions. In this chapter, inspired by the work of Luo and Li (2016)
on determining the number of principal components for multivariate data, we propose a
novel procedure for estimating the rank of the covariance operator by integrating informa-
tion from both estimated eigenvalues and eigenfunctions. To the best of our knowledge, no
existing FDA method integrates information from both estimated eigenvalues and eigen-
functions for rank estimation. Furthermore, unlike AIC-type methods (e.g., Yao et al.
2005b and the modified AIC in Li et al. 2013), our method does not require a distribution
assumption to estimate the FPC scores. The key observation is that the variability of the
estimated eigenfunctions increases sharply when their index exceeds the true rank d, while

the corresponding estimated eigenvalues exhibit a steep drop.

Unlike the multivariate setting studied by Luo and Li (2016), we need to account for
the intrinsic infinite-dimensional nature of functional data and sparse observations that are
contaminated by measurement errors. In particular, we estimate the mean and covariance
functions by applying a local linear smoother to aggregated observations. Instead of using
the entire dataset to estimate eigenfunctions, we partition the subjects into two disjoint
subsets and estimate their eigenfunctions separately to assess the variability of these eigen-

function estimates. Combining this variability assessment with eigenvalues estimated from
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the complete dataset, we develop the Functional Ladle Estimator (FLE) to determine the
rank of the covariance operator. The numerical studies showcase excellent performance of
our method under various simulation settings, whereas IC-based methods are sensitive to
the choice of simulation settings. When applying our method as well as I[C-based methods

to two real-world applications, FLE also displays great advantages in estimating the order.

The remainder of this chapter is organized as follows. Section 3.2 introduces the data
generation process and provides an overview of the FPCA estimation procedures. Section
3.3 provides a detailed description of FLE. In Section 3.4 we conduct extensive simulation
studies to compare the performance of our method with that of some alternative methods
in various settings, and in Section 3.5 we apply FLE and some alternatives to two real-world

datasets: bike-sharing and air pollution data.

3.2 Functional Principal Component Analysis

3.2.1 Data Structure and Model Assumptions

Let X (t) be a continuous and square-integrable stochastic process defined on a compact
interval 7 = [0, 1], with continuous mean function u(t) and covariance function G(s,t) =
E{X(s) — u(s)}{X(t) — u(t)}. The covariance function defines an operator from L*(T)
to LA(T): (Gf)(s) = fol G(s,t)f(t)dt for any f € L?(T). Furthermore, the covariance

function can be represented as
G(s,t) =Y Aou(s)du(t), t,s€T, (3.1)
v=1

where (A, ¢,) is the vth eigenvalue-eigenfunction pair of G satisfying G¢, = A\, ¢, and
these ¢,’s form an orthonormal basis of £2(7). Without loss of generality, we assume that
A > >..>0.

As noted in Section 3.1, we assume that the covariance operator has finite rank d,

implying A\, = 0 for all v > d in (3.1). We say the dimensionality of X is d under this
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assumption. Consequently, the Karhunen-Loeéve expansion of X (¢) reduces to

d
X(t)=pn(t)+> &bult), teT, (3.2)

where §, = [ {X(t) — u(t)}o(t)dt, v = 1,2,...,d are uncorrelated zero-mean random
variables with variance \,. Given n i.i.d. sample paths of X, we assume that the responses
Y;; are observed at discrete time points 7;; from X, subject to additive measurement errors
as in model (1.2):

}/ij:Xi(Ej)+€ija i:1,2,...,n,j:1,2,...,Ni. (33)

Here, N;’s can be random or fixed, and T;;’s are subject-specific (potentially random)
observation times in 7. Measurement errors ¢;; are independent random variables with
mean zero and variance o2. Moreover, N, T, ¢ and X are independent. For convenience,
we define R(T};,Ty) = Cov(Yi;, Ya) = G(Ty;,Ty) + 0255, where d;; = 1if j = [, and 0

otherwise.

3.2.2 Estimation of the Model Components

The proposed method is based on the estimation of the eigenpair (\,,¢,), which are
normally obtained by performing the spectral decomposition on the discretization of the
smoothed covariance function (Rice and Silverman, 1991). The selection of an appropriate
method to estimate the mean function u(-) and the covariance function G(-,-) depends on
the sampling rate and sampling scheme of X; see Cai and Yuan (2011) and Zhang and
Wang (2016) for a more detailed discussion. Here we estimate p(-) and G(-,-) by pooling
observations across subjects, following the approach of Yao et al. (2005b). In particular,

we employ a local linear smoother to estimate p(-), where fi(t) = ao is given by

n N;
. : - Ty —t
(ao,al):argmanZKl ( J ) {Y;‘j—ao—al(ﬂj—t)}Q,

h
40,01 y—1 j=1 H
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where K(-) is a symmetric kernel function, and h, denotes the bandwidth for the estima-
tion of u(-). We adopt a similar method to estimate G(-,-). Specifically, by = G(s,t) is

determined by using a local linear surface smoothing technique as follows:

n

e . 2
(bo,bl,b2):argminz Z {Ri(Tz’jﬁﬂl)_bO_b1<,Tz’j_t)_b2(T;l_s)} X

bosbub2 21 <<,
T —t Ty—s
K|—=Y— K
( he ) ( he > ’

where R;(Ty;, Tyy) = {Yi; — i(Ty;)} {Yi — i(Ty)}, with he being the bandwidth for estimat-

ing G(-,-). Data-driven methods are often used to determine bandwidths for estimating

mean and covariance functions. For example, Yao et al. (2005b) considered leave-one-
curve-out cross-validation. Li et al. (2013) utilized generalized cross-validation (GCV),

where the optimal bandwidth is selected to minimize the GCV error.

The eigenpairs {\,, ¢, (-)}2_; can be estimated by performing an eigen-decomposition
on the discretized estimated covariance function; see Chapter 8 of Ramsay and Silverman
(2005) for more details. Let L < n be a prespecified number that is larger than d, de-
noting the maximum index in the search range for d. In practice, L can be chosen as the
total number of non-negative eigenvalues of the discretized G or determined by setting a
sufficiently large threshold for the FVE, such as 99.99% (Zhu et al., 2014), i.e.,

v
L:min{y : h > .9999}.

§>1 5‘]‘
3.3 Functional Ladle Estimator

To effectively leverage the variability pattern of the estimated eigenfunctions, we develop
the following procedure to estimate the rank of the covariance operator G. As a preliminary

step, we employ a sample-splitting strategy, randomly partitioning the entire dataset into
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two disjoint subsets, D; and Dy. Without loss of generality, we denote

Dy ={(Yy, Ty) | i <n/2; j < Ny i, j € N4},
Dy ={(Y;;,T3j) | n/2<i<mn; j<N;i,j€N}.

For g = 1,2, let @g and {j\g,y,cﬁg,y(-)}le denote the estimated covariance function and
the corresponding eigenpairs derived from subset D, using the techniques introduced in
Section 3.2.2. The sampling splitting strategy enables us to quantify the variability in
eigenfunction estimates, as detailed below. This strategy is also adopted in Zhou et al.
(2023).

Under mild conditions, for v < d, the estimated eigenfunctions ég,y converge in prob-
ability to ¢, in both the £2(7) and the £(T) norms as the sample size increases for
g = 1,2 (Zhou et al. 2024) The consistent estimation of ¢, implies that <¢31,V, (527V> ~ 1,
where (f, g) fo t)dt for any f,g € L*(T). However, for v > d, ngSgJ, is no longer
a consistent estlmator for ¢, as A, = 0. It should be noted that ¢, is not well defined
at the population level since A\, = 0 for v > d. However, at the sample level, we may
still obtain ngS,, from the eigendecomposition of G even for v > d. These estimates arise
from the measurement errors in model (3.3), as well as the estimation errors introduced by
local linear smoothing. Although G consistently estimates G under mild conditions (Zhou
et al., 2024), the re-normalization step in the spectral decomposition on G amplifies the
variability of ggl,’s with index v > d. Therefore, (g%ly,,, §£2,V> could be much smaller than 1
for v > d with high probability. Figure 3.1 displays the box plots of <¢A51,m (;3271) across 1000
simulation runs for different values of v, where the true rank of G is set to 2. More details
on the data generation process for Figure 3.1 are available in 3.A.I. Figure 3.1 justifies our

assertion about the phase transition of <ng51,1,, <;327l,> from close to 1 to much smaller than 1.

This observation motivates us to introduce a Gram matrix U, for ¢ < L, which is
defined as

Ui = (wij)exe, wij = <¢21,i, $2,j>a for 4, < /.

Then we define fy(¢) =1 — |det(U,)| for 1 < ¢ < L to quantify the variability of the space

spanned by the first ¢ estimated eigenfunctions.
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Figure 3.1: The boxplot for cosf := <<;A517V,g£27,,) for v = 1,2,...,5, over 1000 simulation
runs, where the true rank is 2.

Intuitively, U, converges to the identity matrix in probability when ¢ < d. In contrast,

when ¢ > d, let us partition the matrix U, into 4 submatrices as follows:

M, | E;

U=
E2 MQ

, (3.4)

where M is a d x d matrix and My is an (¢ — d) x (¢ — d) matrix. By Corollary 5.1.5 in
Hsing and Eubank (2015) and Theorem 4.2 in Zhang and Wang (2016), u;; ~ 0 with high
probability when ¢ > d,j < d or i < d,j > d, leading to det(U;) ~ det(Ms). Meanwhile,
the diagonal entries of My are much smaller than 1, which implies a much smaller |det(Uy)|.

To find fy(€), we evaluate ¢,,(t) at a fixed grid t = (t1,ts,...,t,)", where the grid

points are equally spaced with size 6, i.e., d =t;.; —t; fort=1,2,...,m — 1. Let
By = {001(t). dya(t)..... byu(t)}

for ¢ = 1,2. Provided that ¢ is sufficiently small, each entry of 5§1T gﬁu is a Riemann
sum of the corresponding entry in Uy, and thus, 1 — |det(5]§&§g,g)| .= fu(0) serves as an

approximation of fy(¢), quantifying the discrepancy between the columns space of El,ﬁ
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and Eu. When ¢ < d, the eigenfunctions ¢, are consistently estimated by QASW’S for all
v < (¢ and g = 1,2, leading to a minor discrepancy. However, for ¢ > d, the estimates of
¢, become increasingly dominated by noise for v > d, leading to a significant increase in
discrepancy between ﬁl,ﬁ and .§27g. To stabilize numerical performance, we re-normalize
f U as )

fu(f)

— — , fort¢=1,2,... L. (3.5)
1+Zg:1fU(€)

f0)

Regarding eigenvalues, it is anticipated that 5\,,, estimated from the full dataset, will
exhibit a steep decline at v = d 4 1, transitioning from relatively large values observed at
v < d. Similar to defining f(¢), we normalize the eigenvalues and define a function

(0) A for 0=1,2,...,L (3.6)
g = = < ore=1,2,...,L. .
ZZ:l Ar

Combining the trends of f(¢) and g(¢), we construct a function characterized by a ‘V’
shape, incorporating information from both the estimated eigenvalues and eigenfunctions.

Specifically, the functional ladle estimator (FLE) is defined as
h(l) = f(l)+g(¢), forl=1,2,... L,

with the components f(¢) and g(¢) specified in (3.5) and (3.6), respectively. In particular,
h(£) is expected to attain its minimum value around ¢ = d. This intuition behind using
h(£) to estimate the rank is demonstrated in Figure 3.2. From the leftmost panel of Figure
3.2, which only accounts for the estimated eigenvalues, we may estimate the rank of G
as two or three. However, incorporating the variability of the estimated eigenfunctions,
as shown in the middle panel of Figure 3.2, suggests that the most plausible estimate is

d = 2. Algorithm 2 provides the details for implementing our method to estimate the rank

of functional data.
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g(f) . f(£) | h(?)

Figure 3.2: The leftmost plot presents g(¢), which illustrates the proportion of variation
explained by each ,. The middle panel shows f(¢), capturing the (normalized) variability
between B\l’g and EQ,Z- The rightmost panel displays h(¢), which integrates information
from both estimated eigenvalues and estimated eigenfunctions. In each panel, a vertical
dotted line marks the true rank.

Algorithm 2 Proposed order determination procedure

1. Randomly split the data set D into two subsets D; and Ds.

2. Obtain /i, @g, {Agw: bgw }e_| based on the methods discussed in Section 3.2 for each
subset Dy, g = 1,2, where L is a pre-specified number greater than d.

3. Approximate fy(¢) by 1 — \det(éﬁ&ﬁuﬂ and obtain f(¢) by equation (3.5) for all
¢<L.

4. Obtain A, from D for all v < L, and compute g(¢) based on equation (3.6).

5. Obtain the estimate of the rank by d = argmin h(f) = argmin {f(£) + g(£)}.
<L <L
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3.4 Simulation Studies

In this section, we perform simulation studies to investigate the finite sample performance of
the proposed method. We generate data {(Y;;,73;) | i =1,2,...,n,7 =1,2,..., N;} based
on the Karhunen-Loe¢ve expansion in (3.2) and model (3.3), where the true mean function
is given by u(t) =t + 10exp{—(t — 1/2)?} for t € T. To showcase the performance under
various sampling frequencies, we consider the number of observations per subject N; =
m € {11,26,51}, where m = 11 and 51 are referred to as sparse and dense functional data,
respectively. The intermediate case, m = 26, represents a transitional state between sparse
and dense, hereby referred to as neither. Observation times T;; are uniformly generated
over T, referred to as irregular. In addition, for the dense case alone, we also examine a

scenario where the data are collected at regularly spaced time points, referred to as regular.

Throughout this section, eigenfunctions are given by
D1(t) =1, ¢op(t) = V2sin(2knt), dopi1(t) = V2cos(2knt) k € N.

Regarding the true dimension d, eigenvalues \,,v € N, and the number of curves n, we

consider the following scenarios.

e In the simple setting, we consider n € {100,200}, and A\, = (4 — v)? for v = 1,2, 3,
and A\, = 0 for v > 4. Hence, d = 3.

e In the complex setting, we consider n € {200,300}, and A\, = (7 — v)? for v =
1,2,...,6,and A\, =0 for all v > 7. Thus, d = 6.

Additionally, we consider two designs for FPC scores: Gaussian, where scores &, ~
N(0,A,), and non-Gaussian, where scores &, are generated from the centered exponen-
tial distribution with variance A, for all v < d, introducing skewness into the functional
data. The variance of measurement error, o2, is set to {0.1,0.5,1,4}. Notably, the largest
value of 02 exceeds the smallest nonzero eigenvalue in each scenario mentioned above, while

the smallest o2 mimics the low-noise regime described in Hall and Vial (2006).

For irregularly sampled data, we estimate model components using the methods de-

scribed in Section 3.2.2. If observations are observed at a regularly dense grid, i.e.,
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T;; = t; for all j = 1,2,...,m, we estimate the mean function using the sample mean
f(t;) =n~t 37" Y. For the covariance function, we first estimate the raw covariance func-
tion by R(t;,tx) = n~' 350 {Viy — a(t;) H{Yir — fi(te)}. Thus, G(t;, ) = R(t;, t) — 621,

where 62

2 can be estimated by a difference-based estimator (Rice, 1984), and I,, denotes

the m x m identity matrix.

The bandwidths used for mean and covariance estimation follows from the procedure
described in Section 3.2.2, except in the scenario where m = 51 observations are irregularly
spaced. In this particular scenario, we set hg = n~'/° /6 (approximately 0.06 when n = 200
and 0.05 when n = 300) to reduce the computational cost, as the hg’s selected by GCV
range between 0.04 and 0.07.

Each simulation setting is repeated 500 times, and we report the percentage of times the
true rank is identified. We compare our proposed method (FLE) with several commonly
used approaches for selecting the rank of functional data, particularly focusing on IC-
based methods. We include pseudo-AIC from Yao et al. (2005b) (denoted as AICy,,) and
pseudo-BIC implemented in R package fdapace (denoted as BICpacg). Besides that, we
consider the modified AIC and BIC proposed by Li et al. (2013), denoted by AICy; and
BICy;, respectively. Simulation results for Gaussian processes with d = 3 are summarized
in Tables 3.1 and 3.2. Additional simulation results, including those for non-Gaussian

processes and d = 6, are provided in Appendix 3.A.II.

The simulation results demonstrate that FLE is highly competitive across all simula-
tion settings. In particular, when data are regularly and densely observed from a Gaussian
process, FLE consistently identifies the true rank. Even in sparse settings with m = 11,
this method remains robust, achieving an accuracy of at least 86% across all scenarios.
Moreover, the performance improves as m or n increases, which implies that our method
performs better when more aggregated observations are available. However, the perfor-
mance of the proposed method can deteriorate when both the sample size and the number
of observation per subject is small, for example, see Table 3.5. In this scenario, the infor-
mation available for each subsample to estimate the eigenfunction is limited, thereby the

resulting eigenfunction estimators are not reliable anymore.

In contrast, IC-based methods exhibit high instability. For example, the accuracy of
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Table 3.1: Comparison of order determination for Gaussian random processes under irreg-
ular design with d = 3 and m = 11,26: entries in Columns 4-11 are the percentage of
accurate order determination across 500 iterations.

Number of n 100 200
Methods
measurements o2 01 05 1 4 01 05 1 4

FLE 0.89 0.89 0.90 0.86 092 0.92 0.91 0.90

AlICy; 0.80 0.90 0.98 0.83 0.75 094 0.99 0.97

m =11 BICy; 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

AlCya0 0.11 0.07 0.07 0.10 0.01 0.01 0.00 0.01

BICpack 0.31 0.23 0.24 0.32 0.10 0.04 0.03 0.06

FLE 0.96 097 095 0.96 096 0.98 0.97 0.96

AICy; 0.27 0.72 091 1.00 0.36 0.93 0.97 1.00

m = 26 BICy; 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

AlCya0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

BICpacE 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

AICy; ranges from 20% to 100% depending on the value of o2 for dense functional data.
This instability is evident in every setting that we have examined. Moreover, the per-
formance of IC-based methods that are developed based on likelihood functions is highly
sensitive to the values of n,m and 2. Our numerical analysis reveals that these meth-
ods perform well only for specific parameter combinations. Furthermore, although BICy;
does not depend on the likelihood function, it requires accurate estimation of eigenvalues,
particularly for those with indices close to the true rank d. Consequently, its performance
deteriorates under the setting of irregular and sparse observations or a high noise vari-
ance o2, since accurate estimation of eigenvalues with indices close to d becomes quite

challenging.
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Table 3.2: Comparison of order determination for Gaussian random processes with d = 3
and m = 5H1: entries in Columns 4-11 are the percentage of accurate order determination
across 500 iterations.

Number of n 100 200
Methods
measurements o2 01 05 1 4 0.1 0.5 1 4

FLE 0.97 096 098 098 0.97 098 0.99 0.98

AICy; 0.19 0.74 093 1.00 0.25 092 0.99 1.00

m = 51, irregular  BICy; 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

AlCyap 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

BICpacE 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

FLE 1.00 1.00 1.00 1.000 1.00 1.00 1.00 1.00

AIC; 0.36 0.01 0.00 0.00 0.75 0.21 0.05 0.00

m = 51, regular BICy; 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

AlCyq0 0.04 0.00 0.00 0.00 0.06 0.00 0.00 0.00

BICpack 0.04 0.00 0.00 0.00 0.06 0.00 0.00 0.00

3.5 Real Data Examples

In this section, we apply our proposed method to two real-world examples. In reality, we
can never know the true order of functional data, thus we cannot evaluate the accuracy of
our method in estimating the dimension of functional data directly. Instead, we illustrate
its effectiveness indirectly. In the literature on functional linear regression and functional
data classification, FPC-based methods have received extensive attention; see Yao et al.
(2005a), Hall and Horowitz (2007), Delaigle and Hall (2012), Dai et al. (2017) and references
therein. More specifically, FPC scores obtained from FPCA are used as covariates in these
regression and classification methods. Selecting the number of FPC scores is a critical
problem when applying these methods. We demonstrate the effectiveness of our method
by showcasing its performance in FPC-based methods for functional linear regression and

functional data classification.
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3.5.1 Capital Bike-share Data

We analyse a dataset from the Capital Bike-share System (CBS) in Washington, D.C.,
to investigate the relationship between the hourly rental profile and the total rental time
(TRT) in hours on the same day. This relationship serves as a potential commercial
indicator for assessing whether bicycle demand exceeds supply in a given region. The CBS
dataset records the date and time of each rental, offering valuable insights into public

transportation usage and environmental factors.

For this study, we consider rental transactions for the year 2017, restricting our analysis
to users with memberships. Given that rental patterns differ significantly between weekdays
and weekends, we focus solely on weekends, including holidays, resulting in a total of 116
days of data. Additionally, for each day, we remove records where rental durations exceed

five hours, as these extremely long rental times are likely due to users forgetting to return
bikes.

Our objective is to formally assess how the hourly rental profile, denoted as X (-), affect
the TRT, denoted as Y, for each day. Figure 3.3 displays the hourly rental profiles across
all 116 days. Figure 3.5 presents the histogram of rental durations, which is available
in 3.A.II1. We consider a scalar-on-function regression model to quantify the relationship
between X and Y, which is defined as follows:

Y :a+/5(t)Xi(t)dt+ei, ie{1,2,...,249}, (3.7)

where the coefficient function 5(+) quantifies the impact of hourly rental numbers on TRT.

We employ the FPC-based method developed by Hall and Horowitz (2007) to fit model
(3.7). To compare the performance of the proposed method with other IC-based methods,
we randomly split the dataset into 90% training data and 10% test data. Since X is
observed on a common grid, we estimate the mean function and covariance function using
sample averages and the empirical covariance matrix on the training data. Let d denote
the number of FPCs selected by a selection algorithm. Applying FPCA to X, model (3.7)
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Figure 3.3: The number of rentals over 24 hours for all days in the training set.

reduces to a linear regression model:

d
Y= 6o+ Bl + €,
v=1

where 5y = a+ [, B(t)u(t)dt and 6, = [, 5( t)dt for v > 1. After obtaining the estimate
of B = (B, b1, P2, e ,ﬁd) by ordinary least squares, the estimate of 5 in model (3.7) is
given by f3 (t) = 25:1 Bngy(t), where ¢, denote the estimated eigenfunctions of X.

Using the estimated slope function B(t), we predict TRT for days in the test set,
and compute the prediction error, defined as Y, ,(y; — 4;)*/|Z|, where T is the index
set for test days and |Z| denotes the total number of test days. Table 3.3 summarizes
the estimated rank and the corresponding prediction errors for the proposed method and

IC-based methods across 500 independent splits.

The results demonstrate the superiority of our method in determining the order of

functional data, as indicated by lower prediction errors. The estimated slope function based
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Table 3.3: The estimated rank of the bike sharing data with averaged prediction errors
under 500 runs. The estimated rank is the mode of estimated ranks.

method FLE AICYaO BICPACE AICm BICm

d 4 22 22 22 21
prediction error 7584.569 7822.712 7822.712 7822.712 7903.395

on the first four eigenfunctions, the first three estimated eigenfunctions, and additional

estimated eigenfunctions, are displayed in Figures 3.6 - 3.8 in 3.A.III.

3.5.2 Beijing Air Pollutants Data

Air pollution has become a major environmental concern in many cities across China
due to rapid industrialization and urbanization. Fine particulate matter (PM) with an
aerodynamic diameter less than 2.5 um, often referred to as PMsyj, is one of the main
pollutants in Beijing (Zhang et al., 2023). Exposure to PMsy 5 has been associated with
cardiovascular and respiratory diseases and even lung cancer (Pope III et al., 2002; Hoek
et al., 2013; Lelieveld et al., 2015).

As noted in Liang et al. (2015) and Zhang et al. (2023), PMy 5 levels are highly in-
fluenced by meteorological conditions, particularly wind and humidity conditions. In this
example, we focus on the effect of dew point temperature (DEW), which serves as a proxy
for both relative humidity and air temperature (Alduchov and Eskridge, 1996). Moreover,
DEW has been recognized as an important predictor for the levels of PMs 5. For example,
the first branching rule of a tree model proposed in Zhang et al. (2017) is decided by DEW,
and its selection frequency is 100% in the selection frequency chart of Liang et al. (2015).

To demonstrate the effectiveness of the proposed method, we use DEW to predict
the daily PMy 5 level, denoted as Y, whose label is based on the daily average readings
of PMsy 5. Specifically, daily average readings are divided into four categories: Y = 0 if
PMys < 35pugm™3, Y = 1if 35ugm™3 < PMys < 7THhpugm=3, YV = 2 if 7THugm=3 <
PMys < 150 ugm=3, Y = 3, if 150 ugm ™3 < PMy5. This partition adapts the current
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national ambient air quality standard in China, which is also adopted in Zhang et al.
(2017).

To predict Y with DEW, we consider the following generalized scalar-on-function re-

gression:
Pr(Y =k | X

Pr(Y =3| X

log ; = oy + /ﬁk(t)X(t)dt +e fork=0,1,2,
t

where X (t) denotes the hourly DEW readings. Such models with a general link function
were studied in Miiller and Stadtmiiller (2005). We analyse hourly air pollution data col-
lected from Huairou, an urban district in the northern part of Beijing, spanning March
2013 to February 2017. To improve prediction accuracy, we stratify the data based on
human activity patterns and seasonal effects. First, we separate workdays from weekends
and holidays, ensuring that each subset exhibits homogeneous human activity patterns.
Given the strong seasonal variability of air pollution levels in Beijing (Zhang et al., 2017),
we partition 12 months into four seasons. In this study, we consider winter months (De-
cember—February of the following year) as winter heating is one of the most important
factors directly impacting PM, 5 levels (Zhang et al., 2023). This partitioning strategy is
widely used in air pollution studies (Liang et al., 2015). Finally, to evaluate the prediction
accuracy, we randomly select 10% of the data as a test set while using the remaining 90%

for training.

In the training set, we estimate the mean function and covariance function of X using
the same procedures as in the Capital Bike-share study since DEW is recorded on a common
grid. The dimension d is determined by the proposed method and other IC-based methods.
Using the estimated slope function and the FPC scores, we predict Y in the test set and
evaluate classification accuracy on the test set to compare the effectiveness of different
methods in estimating d. Table 3.4 summarizes the estimated rank and the classification

accuracy for winter workdays over 500 independent runs.

The results indicate that our method achieves the highest classification accuracy, demon-
strating its superior predictive performance in classifying functional data, and thus its great
capability to estimate the order of functional data. Furthermore, our analysis suggests that
DEW is a strong predictor of PMs 5 pollution levels, consistent with prior studies (Zhang
et al., 2017).
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Table 3.4: The estimated rank of the Beijing air pollutants data and the classification
accuracy for different methods in winter workdays under 500 runs. The estimated rank is
the mode of estimated ranks.

method FLE AICYaO BICPACE AICLi BICLi

d 4 11 11 4 13
accuracy 0.542  0.522 0.523 0.542  0.509
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3.A Additional Details and Numerical Results

3.A.1 Estimated Eigenfunctions

In this section, we provide the data generation process and include an additional figure

illustrating the variability of the estimated eigenfunctions.

We generate the data D = (Y;;, T;;) based on the model (3.3) and the Karhunen-Loeve
expansion in equation (3.2), where u(t) = t+10exp{—(t—5)*} for ¢t € [0,10] and o2 = 0.01.

The eigenfunctions are given by
d1(t) = 5 Y2 cos(mt/5), ¢a(t) = =5 Y2sin(wt/5),

and \; = 25,9 = 4 and A\, = 0 for v > 3. Thus, the dimension of X is 2. Figure 3.4
illustrates the variability of estimated eigenfunctions based on one simulation run. From
the figure, we can see that the first two estimated eigenfunctions from each subset appear

similar in shape, whereas the third estimated eigenfunction deviates notably.

3.A.I1 Additional Simulation Results

This section provides extra simulation studies results, focusing on scenarios where d = 6
or the underlying processes are non-Gaussian. Tables 3.5 and 3.6 show the results when
d = 6 and the underlying processes are Gaussian. Table 3.7 - Table 3.10 illustrate the
results for non-Gaussian processes, where d = 3 for first two tables and d = 6 for the last

two tables.
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Figure 3.4: The left panel displays the first three estimated eigenfunctions derived from
Dy, while the right panel presents those from D,. Here the solid line represents ¢;, the
dash line is ¢, and the long dash line is ¢3, for both panels.

Table 3.5: Comparison of order determination for Gaussian random processes under irreg-
ular design with d = 6 and m = 11,26: entries in Columns 4-11 are the percentage of
accurate order determination across 500 iterations.

Number of n 200 300
Methods
measurements o2 0.1 0.5 1 4 0.1 0.5 1 4

FLE 0.112 0.120 0.124 0.096 0.158 0.148 0.164 0.152

AICy; 0.126 0.102 0.084 0.016 0.256 0.192 0.176 0.050

m =11 BICy; 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

AlCvy,, 0.198 0.218 0.218 0.230 0.064 0.104 0.094 0.158

BICpacE 0.550 0.496 0.522 0.468 0.328 0.320 0.274 0.320

FLE 0.200 0.204 0.170 0.162 0.220 0.242 0.208 0.172

AICy; 0.258 0.370 0.468 0.734 0.206 0.348 0.466 0.780

m = 26 BICy; 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

AlCv,0 0.000 0.008 0.006 0.002 0.000 0.000 0.000 0.000

BICpacEk 0.012 0.026 0.014 0.016 0.014 0.020 0.012 0.000
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Table 3.6: Comparison of order determination for Gaussian random processes with d = 6
and m = 51: entries in Columns 4-11 are the percentage of accurate order determination

across 500 iterations.

Number of n 200 300
Methods
measurements o2 0.1 0.5 1 4 0.1 0.5 1 4

FLE 0.632 0.622 0.626 0.590 0.744 0.762 0.742 0.734

AICy; 0.572 0.670 0.828 0.956 0.390 0.676 0.798 0.982

m = 51, irregular BICy; 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

AlCy,, 0.002 0.002 0.000 0.000 0.000 0.000 0.000 0.000

BICpacEk 0.152 0.106 0.062 0.028 0.032 0.010 0.010 0.000

FLE 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

AICy; 1.000 0.960 0.624 0.082 1.000 1.000 0.986 0.462

m = 51, regular  BICy; 0.000 0.216 0.344 0.366 0.000 0.410 0.590 0.680

AlCvs0 0.606 0.074 0.004 0.000 0.566 0.100 0.012 0.000

BICpacr 0.608 0.080 0.004 0.000 0.568 0.100 0.012 0.000

Table 3.7: Comparison of order determination for non-Gaussian random processes under
irregular design with d = 3 and m = 11, 26: entries in Columns 4-11 are the percentage of
accurate order determination across 500 iterations.

Number of n 100 200
Methods
measurements o2 0.1 0.5 0.1 0.5 1

FLE 0.848 0.814 0.818 0.770 0.888 0.890 0.912 0.8%82

AICy; 0.822 0.868 0.872 0.596 0.772 0.888 0.952 0.81%

m =11 BICy; 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

AlCv,, 0.346 0.362 0.296 0.372 0.132 0.120 0.112 0.118

BICpack 0.548 0.504 0.488 0.594 0.290 0.260 0.260 0.336

FLE 0.946 0.934 0.950 0.940 0.972 0.956 0.964 0.946

AICy;, 0.278 0.604 0.756 0.976 0.218 0.642 0.832 0.984

m = 26 BICy; 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

AlCv,, 0.014 0.014 0.010 0.022 0.000 0.002 0.000 0.006

BICpacrk 0.056 0.042 0.034 0.038 0.008 0.006 0.002 0.012
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Table 3.8: Comparison of order determination for non-Gaussian random processes with d =
3 and m = 51: entries in Columns 4-11 are the percentage of accurate order determination

across 500 iterations.

Number of n 100 200
Methods
measurements o2 0.1 0.5 1 4 0.1 0.5 1 4

FLE 0.978 0.974 0964 0.962 0.984 0978 0.972 0.978

AICy; 0.094 0.448 0.684 0.972 0.086 0.528 0.774 0.994

m = 51, irregular BICy; 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

AlCy,, 0.002 0.002 0.000 0.000 0.000 0.000 0.000 0.000

BICpacEk 0.002 0.002 0.000 0.000 0.000 0.000 0.000 0.000

FLE 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

AICy; 0.338 0.010 0.000 0.000 0.750 0.206 0.058 0.000

m = 51, regular  BICy; 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

AlCvs0 0.040 0.000 0.000 0.000 0.078 0.000 0.000 0.000

BICpacr 0.042 0.000 0.000 0.000 0.080 0.000 0.000 0.000

Table 3.9: Comparison of order determination for non-Gaussian random processes under
irregular design with d = 6 and m = 11, 26: entries in Columns 4-11 are the percentage of
accurate order determination across 500 iterations.

Number of n 200 300
Methods
measurements o2 0.1 0.5 1 4 0.1 0.5 1 4

FLE 0.066 0.058 0.036 0.050 0.096 0.082 0.058 0.096

AICy; 0.046 0.022 0.024 0.010 0.060 0.036 0.040 0.010

m =11 BICy; 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

AlCys0 0.550 0.568 0.552 0.550 0.458 0.498 0.502 0.470

BICpack 0.428 0.382 0.384 0.418 0.610 0.528 0.580 0.592

FLE 0.174 0.162 0.142 0.152 0.220 0.214 0.192 0.196

AICy;, 0.570 0.570 0.596 0.520 0.642 0.652 0.654 0.666

m = 26 BICy; 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

AlCv,, 0.046 0.044 0.048 0.026 0.004 0.006 0.000 0.006

BICpacrk 0.284 0.230 0.244 0.222 0.122 0.102 0.072 0.064
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Table 3.10: Comparison of order determination for Gaussian random processes with d = 6
and m = 51: entries in Columns 4-11 are the percentage of accurate order determination

across 500 iterations.

Number of n 200 300
Methods
measurements 03 0.1 0.5 1 4 0.1 0.5 1 4

FLE 0.426 0.398 0.440 0.406 0.532 0.474 0.514 0.516

AICq; 0.396 0.542 0.668 0.850 0.252 0.478 0.614 0.870

m = 51, irregular BICy; 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

AlCv,o 0.006 0.000 0.000 0.000 0.000 0.000 0.000 0.000

BICpacr 0.100 0.052 0.064 0.034 0.014 0.004 0.006 0.000

FLE 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

AICy; 1.000 0.952 0.600 0.070 1.000 1.000 0.978 0.522

m = 51, regular  BICy; 0.000 0.214 0.324 0.378 0.000 0.400 0.570 0.706

AlCvs0 0.500 0.088 0.004 0.000 0.540 0.094 0.016 0.000

BICpacr 0.504 0.094 0.004 0.000 0.544 0.094 0.016 0.000
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3.A.II1 Additional Real Data Analyses

This section provides additional figures to demonstrate the dataset and the performance
of the proposed method. Figure 3.5 illustrates the histogram of the total rental time for
all days in the training set. Based on the estimated order for the capital bike data, we plot
the estimated slope function 5‘ when d = 4 in Figure 3.6. Furthermore, Figure 3.7 shows
the first three estimated eigenfunctions, while Figure 3.8 illustrates the 5th and the 6th

estimated eigenfunctions.
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Figure 3.5: The histogram of total rental time (in hours)
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Figure 3.6: The estimated slope function, B (t), for the bike-sharing dataset, using the first
four estimated eigenfunctions.
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Figure 3.7: The plot shows the top three estimated eigenfunctions for the bike-sharing

data, where the first eigenfunction is presented in solid line, the second eigenfunction is in
dash line, and the third eigenfunction is the dotted line.
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Figure 3.8: The 5th estimated eigenfunction (solid line) and the estimated 6th eigenfunc-
tion (dash line) for the bike-sharing data.
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Chapter 4

Learning Shared and Source-specific
Subspaces across Multiple Data

Sources for Functional Data

4.1 Introduction

The theoretical foundations of FPCA have been extensively developed over the past two
decades (Yao et al., 2005b; Hall and Hosseini-Nasab, 2006; Zhou et al., 2024). FPCA is
also commonly adopted as a regularization tool when inverting the covariance operator
is required. For example, the inverse of the covariance operator is unbounded without
regularization in functional linear regression (Hall and Horowitz, 2007; Zhou et al., 2023)
and functional generalized linear models (Dou et al., 2012). While FPCA methods are
well established both in theory and applications, comparatively less attention has been
devoted to settings involving multiple functional data sources, where one seeks to aggregate
information and uncover shared structure. Yet, such scenarios are increasingly common in
modern applications, where data collected at different sites often present heterogeneity. For
instance, in the air pollutants study discussed in Section 4.5, measurements are obtained

from five cities with distinct geographical locations and climate conditions.
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When functional data are collected from multiple sources, heterogeneity across sources
poses additional challenges for analysis. A naive extension of single-source FPCA is to
compute source-specific sample covariance operators and then perform FPCA on their av-
erage. However, this averaging procedure implicitly assumes homogeneity across sources,
and dominant patterns present only in particular sources may introduce severe bias in
identifying the true shared structure. To illustrate, we construct a toy example in Exam-
ple 4.1 with two sources. The covariance operator of the second source is generated by
applying a simple rotation to the basis functions of the first source, while retaining the
same eigenvalues. Even though the two sources have identical sample sizes and eigenvalues,
the eigenfunction estimated from the averaged covariance operator deviates substantially
from the truth, as shown in Figure 4.1.

Figure 4.1: Data are generated from model (4.4) and Example 4.1. The solid line repre-
sents the true shared eigenfunction across two sites. The dashed line shows the estimated
shared eigenfunction obtained using the proposed method in Section 4.2.3. The dotted line
corresponds to the eigenfunction estimated from the averaged covariance operator.

Beyond naive averaging, much of the existing literature on multi-source functional data
has focused on mean estimation under the framework of transfer learning. For example,
Cai et al. (2024) studied phase transition phenomena in mean function estimation based
on discretely sampled functional data and established the corresponding minimax rates.
Another line of work concerns common FPCA (CFPCA) and partially common FPCA
(PCFPCA). CFPCA assumes that the leading eigenfunctions for all sources are the same,
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with differences arising only in the eigenvalues (Benko et al., 2009; Boente et al., 2010),
whereas PCFPCA allows some eigenfunctions to be shared and others to remain source-
specific (Jiao et al., 2024). For instance, Jiao et al. (2024) considered a forest-structured
hierarchy of communities, where sources in each layer were partitioned into communities
such that the data sources within the same community partially shared a subset of basis

functions.

However, existing CFPCA and PCFPCA methods are designed for fully or densely
observed functional data, which may be too restrictive in many real-world applications.
Moreover, although the parameter of interest is often a low-dimensional shared subspace,
most existing approaches rely on linear combinations of covariance functions estimated from
each source. Such strategies remain prone to bias when the eigenvalues associated with
source-specific directions dominate those of the shared subspace across sources, regardless
of how the averaging weights are chosen. A more natural perspective is to focus directly
on the subspace itself: if the shared subspace is the primary object of interest, one can
safely discard the eigenvalues during the data integration process and retain only the
eigenfunctions. This perspective motivates the projection-based approach we develop in

this chapter.

To our knowledge, no existing methods directly pursue this subspace-focused strategy
in the functional data literature to extract the shared subspace. The idea is inspired by
Li et al. (2024), which aims to enhance the estimation efficiency of the shared structure
under the framework of transfer learning for multivariate data. They identified the shared
space by solving an optimization problem on the Grassmann manifold, where the manifold

is often defined for finite-dimensional Euclidean space.

We generalize the method to functional data, where the underlying space is infinite-
dimensional. Specifically, we first estimate the sample covariance function for each source
using a local linear smoother, thereby accommodating the nonparametric nature of func-
tional data. Aggregating observations within each source allows us to borrow strength
across subjects, enabling estimation even for sparse functional data. Discretizing the
smoothed covariance estimates yields estimated eigenpairs and corresponding sample pro-
jection operators for each source. We then construct a weighted average projection esti-

mator, ﬁw, from the source-wise sample projection operators. By utilizing the spectral
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properties of ﬁw, we identify the shared subspace, which is then used to estimate the
source-specific subspace by re-projecting the estimated covariance operator of the specific

source onto the orthogonal complement of the shared subspace.

Furthermore, we establish theoretical convergence guarantees for both the shared and
source-specific estimators. The convergence rate of the estimator of the shared projec-
tion operator highlights the gain in estimation efficiency achieved by effectively leveraging
information from multiple data sources. These theoretical insights align with the numer-
ical results from simulation studies under various settings, where the proposed method

consistently outperforms single-source estimators.

The remainder of this chapter is organized as follows. In Section 4.2.1, we introduce
the data generation mechanism and standard FPCA for one source. Then, we rigorously
define the shared structure for functional data in Section 4.2.2. The proposed method is
detailed in Section 4.2.3. We develop asymptotic results for the proposed estimator in
Section 4.3. Detailed proofs are relegated to the online supplement. We showcase the
finite-sample performance of the proposed method under various simulation settings in

Section 4.4. Finally, we apply the proposed method to a real world example in Section 4.5.

4.2 Estimation via Data Integration

4.2.1 Standard FPCA

Before presenting the proposed method for multiple data sources, we begin by reviewing the
standard FPCA for a single source and introducing the notation. Let X () be a continuous
and square-integrable stochastic process defined on a compact interval 7 = [0, 1] with
E[X(t)] = 0for ¢t € T. Denote H = L*(T), the Hilbert space of square-integrable functions
on T, equipped with inner product (f,g), = [,.+ f(t)g(t) dt. Moreover, || f[|5 = (f, f)-
As presented in Section 1.2, FPCA seeks to find a projection operator P of rank m that
minimizes the expected mean-squared distance between X and its projection, which is

formalized as follows:

P = argmin E||X — PX|];. (4.1)
PePr,
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Here, P,, = {P € B(H) | P? = P,rank(P) = m, P is self-adjoint}, and B(H) denotes
the set of bounded linear operators on H. In addition, any P € P,, can be written as
P=>" e, ®e, where f ® g(-) = (f,-) g is a rank-one operator on H for f,g € H.

An equivalent problem to the optimization problem in (4.1) is

P = argmin E|| X — PX|2 — E|| X |2 = arg max (G, P) s, (4.2)
PePy, PEP,
where G is the covariance operator induced by the covariance function of X. Specifically,
for any f € H,

(GF)(t) = / _Gls0(s)ds

with G(s,t) = E[X(s)X(t)] for s,t € T. Since G is continuous, symmetric, and positive

semi-definite. By Mercer’s theorem,
G(s,t) = Z Nou(s)py(t), t,seT, (4.3)
v=1

where (\,, ¢,) is the vth eigenvalue-eigenfunction pair of G satisfying G¢, = A\, ¢,, and
{¢,},>1 forms an orthonormal basis of H. It is easy to see that e; = ¢; for i = 1,...,m
by combining equations (4.2) and (4.3) Therefore, the Karhunen—Loéve expansion given in

equation (1.6) implies that we can use the leading m eigenfunctions of G to approximate
X.

As aforementioned in Section 1.1, functional data are often recorded at discrete points
with noise. Suppose that there are n i.i.d. sample paths of X, with NV; observations for

subject 4, observed at times 7j; with additive measurement error:
Y;j:Xi(T’ij)_ngj? i:1727"'7n7j:1727~--7Ni7

where we assume there are n i.i.d. sample paths of X, with N; observations for subject
1, observed at times T;; with additive measurement error. Here N, are i.i.d. copies of a
random variable N; T;; are subject-specific observation times in 7 and ¢;; are independent

with mean zero and variance o2. Moreover, N, T, ¢, and X are assumed to be independent.
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We first estimate the covariance function G(t,s) by pooling observations across sub-
jects, following the idea in Yao et al. (2005b), where a local linear smoother is employed.
Next, we estimate the eigenvalue—eigenfunction pairs (\,,¢,),v = 1,2,...,m, from the
discretization of the smoothed covariance function; see Rice and Silverman (1991) and
Ramsay and Silverman (2005) for more details. The choice of m can be determined by
the fraction of variance explained (FVE), information-criterion-based methods (Yao et al.,
2005b; Li et al., 2013), or methods integrating information from both eigenvalues and
eigenfunctions (Zhang et al., 2025a).

4.2.2 Multi-source Model

Suppose that there are K sources, and let K = {1,2,..., K} denote the index set. For
any k € K, we assume that the observations ngﬂ collected at Ti[f] are generated from the
following;:

iy

Analogous to the single-source model, we assume Ni[k] are i.i.d. copies of N¥ and Tz-[f]’s
(]
]
and variance (Ji-k])Q. Moreover, N¥ T ¢kl and X* are independent.

are observation times in 7 for source k. Measurement errors ;. are i.i.d with mean zero

The Karhunen-Log¢ve expansion of X¥(¢) for k=1,... K, is

XW) =>"Mel@), teT, (4.5)

v=1

where ¢ = [ X () i (t)dt are uncorrelated mean-zero random variables with variance

A Tt is common to assume that the underlying process X ¥

is well-approximated by the
leading m;, eigenfunctions (Yao et al., 2005b). Moreover, the number of eigenfunctions that
can be consistently estimated depends on the sample size and the number of observations
per subject (Zhou et al., 2024). Throughout this chapter, we focus on the leading my
functional principal components for source k. More precisely, we assume rank(Py) = my
for k£ € K. This assumption is standard in the CFPCA/PCFPCA literature, where my, is

typically fixed and independent of ny; see, for example, Benko et al. (2009) and Jiao et al.
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(2024). To better characterize the inherent infinite-dimensional nature of functional data,
we instead allow my to diverge as n; grows. Finally, let Hgd denote the subspace spanned

by the leading m;, eigenfunctions of source k.

As shown in (4.3), the covariance structure is determined by its eigenfunctions, which
capture variability patterns, and the corresponding eigenvalues, which quantify their mag-
nitudes. Ideally, if the sample sizes and the number of observations per subject for different
sources are roughly the same, the number of selected eigenfunctions is about the same.
Furthermore, if ¢[Vk] = ¢, for all k € K and v € N, the shared subspace can be obtained
from the leading eigenfunctions of the averaged sample covariance operators. In practice,
however, these assumptions are often too restrictive. Real-world multi-source datasets may
exhibit heterogeneity in covariance structures or imbalanced sample sizes, which introduces

additional challenges for data integration in the following ways:

e The number of eigenfunctions that can be consistently estimated depends on the
sample size and the average of the number of observations per subject. Consequently,

my may vary across sources when ny or the average Nl-[k] differ substantially.

e For some source k, the space spanned by its leading m, eigenfunctions can be de-
composed into a shared subspace and a source-specific subspace. If the latter is not

properly isolated, it may introduce bias into the recovery of the shared subspace.

e In some sources, the eigenfunctions associated with the shared subspace may cor-
respond to relatively small eigenvalues, whereas source-specific eigenfunctions may
be associated with larger eigenvalues. This imbalance can substantially degrade the

performance of naive averaging approaches.

To integrate information across sources and address these challenges, we assume that
there is a shared subspace H, with dim(#;) = ms, spanned by the same eigenfunctions
across all sources, where mg diverges as the sample sizes increase. Thus, the shared struc-
ture can be formalized as follows: Let Z[* contain the indices of the eigenfunctions that
span H, for source k € K. Then by (4.5), we rewrite X ¥ (¢) as

XMy =" Moty + Y Hglr), teT.

V€Z£k] V¢I£k]
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It is important to note that while the shared eigenfunctions are identical across sources,
their associated indices within each source may differ; that is, 7H is not necessarily equal
to ny’} for k £ k'. However, the space spanned by these functions is invariant across k € K.
Specifically, for each k € IC,

v=1

M 2 {f = on | 01,0n,. 0, € R} =H,,

where 7 : {1,2,...,ms} — Is[k] is a bijective function. This shared structure is similar to

that defined in Jiao et al. (2024). Accordingly, define the projection operators

Pl=3% olleell, P=" > diedl (4.6)
VGILIC] V¢I£k], v<my
where Ps[k] projects onto the shared subspace and Ppw onto the source-specific subspace.

The following toy example illustrates the shared structure.

Example 4.1. Consider the Fourier basis functions:

V2sin(vrt) if v > 2 and v is even,

pu(t) =1, ¢ (t) = {ﬂcos{(y — 1)t} if v > 2 and v is odd.

Consider two sources with covariance operators G* = > )\[Vk]qb[yk] ® ¢l[,k] for k=12
2

For source 1, set )\,[,1] =v~* and ¢L1} = ¢, forv € N.. For source 2, we assume >\[22] = )\g],
)\:[32] = /\[21}, and M2 = 2\ for all other v € N.. Define the eigenfunctions as

o =270t ds), 0y =, ) =ds O =0,

and, for v > 5,
G2 = 2712 (g4 + Poy—3).

If mqy = my = 3, then the shared dimension is ms = 2. In this case, m(v) = v for v < mg,
while mo(1) = 3 and m(2) = 2.
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Remark 4.1. In this construction, the eigenfunction associated with the largest eigenvalue
always corresponds to the source-specific variation, whereas the shared subspace lies in the
tail and is associated with relatively small eigenvalues. Consequently, weighting sample
covariance operators and extracting leading eigenfunctions to identify the shared subspace

may still perform poorly regardless of the choice of weights.

4.2.3 Multi-source FPCA

To identify the shared structure across multiple sources and generalize the standard FPCA,
we consider focusing exclusively on the eigenfunctions while discarding the eigenvalues
during the integration step. If source-specific variation is of further interest, analysis can

be refined within the source of interest based on the estimated shared structure.

Motivated by the above idea and Example 4.1, we propose the following projection-
based estimator:
P, = n; ! Z ny, P¥, (4.7)
kek
where n, = Y, nx and PH = s M @ o Here @M is the vth eigenfunction
estimated from the smoothed covariance function of the kth source. Note that, consistency

of QNS,[,k] implies the consistency of Pk,

The target of interest is the leading m, eigenfunctions of 13w, or equivalently, the sub-
space they span. Let 133 denote the projection operator onto this estimated shared sub-
space. Then, it follows from (4.2) that

~ 1 ~
P, = argmax — an <P[k], P>

n HS
PePp, Mt =%

1 ~
= arg min — anHPW — P|}s,

PePp t kek

where P,,. denotes the collection of rank-mg projection operators in 4. Therefore, the pro-
jection operator of the shared structure minimizes the weighted average of Hilbert—Schmidt

distances between P¥ and P across all sources.
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Note that at the population level,

1
kek S

which implies that the eigenvalues corresponding to the shared subspace are always equal
to one. While the largest eigenvalue of ), . nka[k] /ny is strictly smaller than one. Since
Pl is consistent, 13w is also consistent. Consequently, the rank of the shared subspace can

be identified from the scree plot of I?’w; see Figure 4.2 for illustration. Further discussions

0.75"

eigenvalues
o
a
o

0.25°

0.00" “ s

1 3 5 7 9

Figure 4.2: Scree plot of 13w based on Example 4.1 with m; = my = 3. Data are generated
from two sources, each with 200 subjects and 25 observations per subject.

of the eigengap between the shared subspace and ), - nkP,W /n; are provided in Remark
4.2 and Example 4.2. Let (é,,, &,,) denote the vth eigen-pair of P,. Therefore, we have

ﬁs = Zlqyzu & 7721/- (49)

If source-specific variation for source k is of interest and my > mg, the corresponding
projector Pzgk], which is defined in (4.6), can be estimated using only the kth source data

after obtaining P,. The space associated with P, can be viewed as an average of the
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shared subspace across K sources. Consequently, the basis functions generating 133 are
not necessarily orthogonal to those generating the source-specific variation. To preserve
orthogonality, we need to define a projection operator 13d that projects functions onto
ﬁﬁ,’“l = ﬁgﬂ © '}QS, where ﬁgk] and ﬁs are two subspaces associated with P and 138,
respectively. Define T = Pl (id — IA’S)IB[’“], where id is the identity operator that maps
any functions in H to itself. Denote by 13d the projection operator generated by the
eigenfunctions of T associated with the eigenvalue one. Note that ’IA’[’“]( f) = f for any
fe ﬁge], which implies 13d( f) = f. The construction of P, implicitly forces any function
not in ﬁ[[)k] N ’;Qj to be zero as we set these eigenvalues to be 0. Thus, 13d( f) =0 for any
feHo 7—756]. To ensure the eigenfunctions in the source-specific subspace are identifiable,
we then project C:'[’“], the estimated covariance function for the kth source, onto ﬁy]. The

source-specific subspace 13;’“] is then represented by the leading my; — m, eigenfunctions of
[k k] Ak plE
G}[)] — PCE el ]PCE I

The refined estimator of projection operator for the kth source is given by Pl = ﬁ;k] +135.

The entire procedure is summarized in Algorithm 3.

4.3 Statistical Theory

This section is devoted to the theoretical justification of the proposed method. The shared
structure is formalized in Section 4.2.2. In what follows, let || A|lop = sup seq [[ A2/ f ]2
denote the operator norm of A. For a compact operator, the operator norm equals its
largest eigenvalue. For any continuous function f defined on [0, 1], || f||ec = sup,e(o 1 [f(£)]-
Let a,, < b, denote a,, < Cb, for all n € N* with some positive constant C', and 2 is defined
similarly. Lastly, a, < b, if a, < b, and b, < a,. We need the following assumptions to
develop theoretical properties for the proposed estimator.

Assumption 4.1. The shared space Hs is spanned by the same basis functions across all

sources. Furthermore, we assume m, < MiNgex M.
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Algorithm 3 Multi-source FPCA

1.

4.1

4.2

For each source k, estimate the covariance function é[k](t, s) and eigenpairs
{()\l{,k], ,[,k}) | v = 1,2,...,my} using the method detailed in Section 4.2.1. More-
over, compute P =Y Mo gl

. Construct the weighted average projection operator 13w as in equation (4.7), and

perform eigendecomposition of its discretized version to obtain eigenpairs (6,, @/A)V)

. Identify the rank mg of H, based on the eigenvalues of 13w. The projection operator

of the shared subspace is determined by using equation (4.9).

(optional) If source-specific variation for source k is of interest and my, > ms, obtain
Pﬁ by acquiring the eigenspace of P (id — P,) P associated with the eigenvalue

]

equals one. Then, we re-project G onto the space associated with IA’d[k to obtain

Gl _ plignpli

Extract the leading my — my eigenfunctions of é,[f} to estimate the source-specific
subspace and its associated projection operator Ppw
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Assumption 4.2. For the source-specific subspaces, we assume

1
- P
IS mr

ke

Sl_dv

op
where d > 0 is a constant that is independent of sample sizes.

Remark 4.2. Note that the largest eigenvalue of P, defined in (4.8) satisfies \(P,) = 1.
Assumption 4.2 essentially provides a lower bound on the discrepancy between the largest
two eigenvalues of P,. The magnitude of 1 —d characterizes the degree of similarity among
the source-specific subspaces across sources. A smaller d indicates greater challenges in
estimating the shared space. In particular, if d = 0, then an eigenfunction is shared by all

sources, and by Assumption 4.1, this eigenfunction must belong to Hs.

Example 4.2. Let us revisit Example 4.1 and further assume ny = ny. It is easy to see that
H2—1 S P ‘ = 1/2, and d = 1/2. If instead, we let ¢ = 2-1/2(¢y+¢4) and 6 = o5
op

while keeping my = mo =3, then [|27' Y, x Pp[k]||op =1/2+2Y2/4, and d = 1/2 —21/%/4.

Thus, d is smaller in second case as (;5[12} 1s partially aligned with (;5[1” = ¢1, indicating an

overlap between two source-specific subspaces. In contrast, if gb[f} 15 completely aligned with

[11], then mg = 3 and this eigenfunction belongs to the shared space.

Assumptions 4.3 - 4.8 should be understood as they hold for any k& € KC. For brevity,
we omit the superscript [k] or k. These assumptions ensure that the covariance function

and eigenpairs are well estimated for each source.
Assumption 4.3. There exists a positive constant cy such that EEE < co(N,)2.

Assumption 4.4. The second order partial derivatives of G(s,t), 0G(s,t)/0tds, OG(s,t)/0s?,
and OG(s,t)/0t?, are all bounded on T x T .

Assumption 4.5. The eigenvalues of G follow a polynomial decay rate. That is, there

exists a positive constant a > 1 such that, for any v € N,

v Z )\I/ Z >\1/+1 Z V_(Q—H)
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Assumption 4.6. Suppose ||¢,||cc = O(1) for v € N, and there exists a positive constant
c
165100 S v 2165 Vlloe for £=1,2,

~J

where fO denotes the (th derivative of f.
Assumption 4.7. E(||X|**) and E(|e]**) are bounded for some o > 3.

Assumption 4.8. The observation times T;; are independent of X and e. Moreover, T;;’s

are 1id with a density function bounded away from zero and infinity on T .

Assumptions 4.3 and 4.4 are widely adopted in the functional data literature when
smoothing methods are employed; see Yao et al. (2005b) and Cai and Yuan (2011) for
example. Assumption 4.5 considers polynomial decay rates for eigenvalues, where the
resulting lower bounds of eigengaps facilitate a theoretical framework for the estimated
functional principal components (Hall and Horowitz, 2007; Zhou et al., 2023). Assumption
4.6 was considered in Zhou et al. (2024) to control the smoothness of eigenfunctions and
their derivatives. In particular, it is easy to see that ||gb,(,2)||Oo < v¢, which implies that
higher order derivatives can grow up to a polynomial rate with respect to the index v
of the eigenfunction. The moments condition in Assumption 4.7 ensures the uniform
convergences of the estimated covariance function, which can be found, for example, in Li
and Hsing (2010) and Zhang and Wang (2016).

We first present the convergence rate of 135 in terms of the operator norm. Note that
the projection operator is the aggregation of the projection operator for each source. Thus,

Theorems 4.1 and 4.2 are based on the FPCA theory for a single source.

Theorem 4.1. Suppose Assumptions /.1 and 4.2 hold. For each source k, suppose As-

sumptions 4.3 - 4.8 hold with respective constants, and denote

Nk —-1/2
N = {n Z(N}”r?} .

=1
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For any k € K, we further assume m;™*?/ny = o(1), NQ[H = my, and for v < my,

2ar+2
my

- = o(1), hj(v) max{m;™ 2% mi™ log(ny)} = o(1),
nu(N)2h2 (v)

where
hi(v) = (nkNQ[k})—1/5V(ak—2ck—2)/5(1 4 Vak/NQ[k})l/g).

Under these assumptions, we have

| Py — PSHOP = Op(“m)

Here,

o When NQM 2 my*, we further assume ¢, + 2 < 4ay, for all k € KC. Then,

2/5
/2+3
(Zkelc mi)l/z n (Zke’c i )

Ky, = )

t 1/2 2/5
ny Ty

If N2[k] e nllﬁ/4mzk+ck/2_2 for all k € IC, then

K, = (Zkelc m%)lm'

t 1/2

o When Ngk] = my, for all k € IC, we further assume maxyex 2(ar+1)/(ar+cp/2+1) >
1. Then,

Rny

(Zkelc miak+2> 1/2 <Z m2ak+ck/2+1> 2/5
+ )

ke Tl

”t1/2 nf/5

Remark 4.3. The additional conditions on ay and ci arise from aggregating estimated
eigenfunctions within the shared space, which are very mild. For example, standard bases
used in FDA, including Fourier, Legendre, and wavelet, satisfy Assumption 4.6 with ¢, = 2.
The polynomial decay rate for eigenvalues in Assumption 4.5 normally assumes ap > 1.

Consequently, both ¢, + 2 < ay, and maxger 2(ar + 1)/(ar + cx/2 + 1) > 1 hold.
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Remark 4.4. To illustrate the efficiency gain from data integration, consider the following
example. For simplicity, we focus on the dense case, where k,, = (Zkelc mi)l/2 n,}/Q.
Suppose there ezists a source ko such that ng, < ny and ng/ng, = o(1) for all k # k.
When my, < m for all k, we have k,, < mz/n%Z. In contrast, if only source k is available
for some k # ko, the convergence rate for estimating the projection operator of the shared
subspace is Op[(msm)/n,lf}; see Proposition 4.1 in the supplementary material. This rate is
based on the oracle setting where the true indices of the shared eigenfunctions are known for
source k. The ratio between the two convergence rates is (mny,)'/?/(mgny,). For example,
if ms < m, the ratio is o(1). This demonstrates the improvement in estimation efficiency
achieved through data integration. This theoretical result aligns with the numerical findings
reported in Table 4.1 in Section 4.4.

Theorem 4.2. Under Assumptions for Theorem 4.1, if my > myg, then the estimator of

the kth source-specific subspace satisfies

| =P =060

op

Here,

o When NI > mgk,

C _ (mk N ms)Q N { (mk - ms)ck/2+3 (mk _ ms>ak}2/5

If we further assume Nz[k] > n,lg/4mzk+c’“/272, then

(my, —m,)?

Cn =
t ni/g
ikl
o When Ny~ =< my,
(s = )5 H | (g — ) (ot
oy = 1/2 2/5
N N
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Remark 4.5. Let the source-specific subspace for source kg be denoted by Hgko] = H([)ko]@Hs.
When my, > mg, it is not surprising that the convergence rate in Theorem 4.2 is of
the same order as that of a single-source estimator, unless dim(?—[t[ikol) < dim(Hs). In
particular, we focus on the dense case discussed in Remark 4.4, and suppose my =< m
for all k € IC. In the oracle setting where the true indices of the eigenfunctions spanning
Hgﬂd are known, the convergence rate for estimating the projection operator of the source-
specific subspace is Opl(m — ms)m/n,lf] based on Proposition 4.1 in the supplementary
material, while Theorem 4.2 gives C, = (m — ms)Q/n,lgéQ. Thus, the ratio between the two
convergence rates is 1/(1 + r), where r = dim(Hs)/dim('Hgfo]). This result implies that
if dim(?—[gcd) = dim(Hs), the efficiency gain is asymptotically constant; however, when
dim(?—l([f()]) < dim(Hy), the gain becomes substantial.

For example, in the extreme case where dim(?—[gg‘)]) =1 and ms X m — 00 as ny — 0o
for all k € IC, the estimated subspace 7:[\([50] must be orthogonal to the estimated shared
subspace, and accurate estimation of Hs markedly improves the recovery of ’Hgm]. Con-
versely, if dim(Hs) = 1 but dim(?—[gcd) — 00 as ng — 00, improvements in estimating H
have negligible effect on the estimation of H([ikO]. In summary, although the information
for estimating the source-specific subspace resides solely within source kg, the orthogonality

(ko]
0

constraint between Hs and Hy"' © Hs can help enhance estimation efficiency.

4.4 Simulation

In this section, we perform simulation studies to investigate the finite sample performance
of the proposed method, denoted as Multi-FPCA. We consider three sources in total. To
showcase the superior performance of the proposed method, we consider three different
sample size settings: 1.) ny; = 50 and ny = ng = 200; 2.) ny = 100,ny = n3 = 200; 3.)
ny = 100, ny = ng = 400. In addition, we consider the number of observations per subject
N; = N € {10,25,50}, where N = 10 and 50 are referred to as sparse and dense functional
data, respectively. The intermediate case, N = 25, represents a transition state between

sparse and dense, hereby referred to as neither.

We generate data based on model (4.4) and the Karhunen-Loeve expansion in (4.5).

142



Observation times Ti[f] are uniformly generated in [0, 1]. For brevity, we assume the true
mean function is zero. In terms of the covariance structure, we first denote the ordinary

Fourier basis as follows:

V2sin(vrt) if v > 2 and v is even,

H(t) =1, o (t) = {\/Ecos{(l/ — D)7t} if v > 2 and v is odd.

The eigen-systems for the three sources are specified as follows:

Source 1: Set /\[11] = 24, )\[21] =12, /\[31] =6, and A\, = 0 for v > 4. The eigenfunctions are

,[,1 = ¢, for v € N,. The variance of the measurement error, o2, is 0.49.

Source 2: Set )\[12] = 12,)\[22] = 10,)@ = 8, )\f} =4, and \, = 0 for v > 5. As for
the eigenfunctions, qzﬁ[f} = ¢s, [22] = (sinf)py + (cosB)ops, :[),2] = o, E] =
(sin 0) g + (cos @) ¢y with @ = w/4. The variance of the measurement error, o2,
is 0.16.

Source 3: Set )\[13] = 20, )\[23] = 10, A@f”] =5, and A\, = 0 for v > 4. The eigenfunctions are
B — (sinw)gy + (cosw)s, o2 = ¢a, 5! = ¢ with w = 7/3. The variance of

the error, 02, is 0.16.

The above settings imply m, = 2.

To illustrate the benefit of integrating information, we compare Multi-FPCA with an
estimator using only source 1 data. For the latter, we first estimate P with the method
in Section 4.2.1. We then compute P and Ispm by providing the true indices of the shared
eigenfunctions in the first source. In particular, Pl = N[;} ® gg[;] + QNSQ} ® ggg]. It is worth
noting that the true indices are provided in computing ﬁs[l] and Igpm, while the indices
of the shared eigenfunctions are always estimated from the data for Multi-FPCA. The
estimation procedure for the Multi-FPCA is detailed in Section 4.2.3 and summarized in

Algorithm 3. 500 independent simulation trials were run for each setting mentioned above.

To assess the performance of these methods, we consider the following metric:

1 M
Sy LB
=1
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where M = 500 and ||| denotes either the operator norm or Hilbert—Schmidt norm. Here
131‘ denotes the generic estimate of the target (sub)space of interest, i.e., the entire space,
the shared subspace or the source-specific subspace, based on Multi-FPCA or using the

source 1 data only from the ith simulation run, and P is the corresponding true (sub)space.

We report both the averaged norm differences and the associated standard error. The
results of estimating the shared subspace and the source-specific subspace for source 1 are
displayed in Table 4.1 and Table 4.2, respectively. Table 4.3 summarizes the results for

estimating the entire space for source 1.

Table 4.1: Mean and standard error (in parenthesis) comparison of the norm differences
for the shared subspace across 500 Monte Carlo runs between Multi-FPCA and using the
source 1 data only.

(0, 712, 13) N Multi-FPCA Source 1 only

[ llop I llas - llop I lls
10 0.188(0.06) 0.294(0.09) 0.306(0.10) 0.475(0.15)
(50,200,200) 25 0.117(0.03) 0.188(0.04) 0.251(0.09) 0.388(0.13)
50 0.089(0.02) 0.144(0.03) 0.247(0.11) 0.377(0.14)
10 0.160(0.04) 0.254(0.06) 0.238(0.07) 0.368(0.11)
(100,200,200) 25 0.101(0.02) 0.166(0.04) 0.196(0.07) 0.306(0.10)
50 0.077(0.01) 0.126(0.02) 0.181(0.07) 0.279(0.09)
10 0.142(0.05) 0.224(0.06) 0.237(0.07) 0.368(0.10)
(100, 400,400) 25 0.088(0.02) 0.142(0.03) 0.189(0.06) 0.296(0.09)
50 0.067(0.02) 0.108(0.02) 0.176(0.06) 0.272(0.08)

Generally, the estimation accuracy improves for both methods as sample sizes or the
number of observations per subject increases in terms of the norm differences. Tables 4.1
- 4.3 evidently illustrate the superior performance of Multi-FPCA. From Table 4.1, we
find Multi-FPCA always outperforms the method using only single source data even if the
true indices of the shared eigenfunctions are provided for the latter case. This confirms
that Multi-FPCA effectively recovers the shared structure by leveraging information from

additional sources, which also helps to reduce the estimation uncertainty. The improved
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Table 4.2: Mean and standard error (in parenthesis) comparison of the norm differences for
the source-specific subspace across 500 Monte Carlo runs between Multi-FPCA and using
the source 1 data only.

(1, 712, 13) N Multi-FPCA Source 1 only
- llop I llss - llop I llss
10 0.122(0.07) 0.167(0.08) 0.208(0.11) 0.287(0.15)
(50,200,200) 25 0.091(0.03) 0.126(0.04) 0.201(0.10) 0.279(0.15)
50 0.085(0.05) 0.117(0.05) 0.216(0.12) 0.299(0.16)
10 0.103(0.07) 0.142(0.08) 0.152(0.09) 0.209(0.11)
(100,200,200) 25 0.078(0.02) 0.109(0.03) 0.153(0.07) 0.212(0.1)
50 0.067(0.02) 0.093(0.02) 0.153(0.08) 0.212(0.11)
10 0.094(0.08) 0.128(0.08) 0.158(0.10) 0.216(0.11)
(100, 400,400) 25 0.073(0.02) 0.102(0.03) 0.150(0.07) 0.207(0.10)
50 0.065(0.02) 0.090(0.02) 0.148(0.07) 0.205(0.09)

Table 4.3: Mean and standard error (in parenthesis) comparison of the norm differences for
the entire space across 500 Monte Carlo runs between Multi-FPCA and using the source
1 data only.

Multi-FPCA

(11, 12, 1) N Source 1 only
1,762,103

Illop RIS Illop RIS

10 0.191(0.08) 0.307(0.10) 0.261(0.11) 0.403(0.14)
(50,200,200) 25 0.126(0.03) 0.213(0.05) 0.182(0.05) 0.296(0.08)
50 0.103(0.05) 0.176(0.05) 0.152(0.06) 0.257(0.07)
10 0.159(0.07) 0.256(0.08) 0.207(0.09) 0.320(0.11)
(100,200,200) 25 0.105(0.02) 0.179(0.04) 0.145(0.04) 0.237(0.06)
50 0.084(0.01) 0.144(0.02) 0.115(0.03) 0.196(0.04)
10 0.149(0.08) 0.239(0.09) 0.207(0.09) 0.320(0.11)
(100,400,400) 25 0.097(0.02) 0.162(0.03) 0.139(0.04) 0.229(0.06)
50 0.078(0.02) 0.132(0.02) 0.116(0.03) 0.196(0.04)
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shared-space estimation further enhances the recovery of the source-specific subspace as
shown in Table 4.2. These two improved estimators, P, and 13#], together lead to a better

estimate for the entire subspace, as shown in Table 4.3.

4.5 Real Data Illustration

Air pollution has become one of the major environmental concerns in China due to its rapid
industrial expansion and urbanization over the past four decades (Guan et al., 2016). Fine
particulate matter (PM) with an aerodynamic diameter less than 2.5 um, often referred to
as PMy 5, is one of the main pollutants in multiple cities in China (Huang et al., 2014).
Cardiovascular and respiratory diseases, and even lung cancer, are associated with long-
term exposure to PMy 5 (Pope I1I et al., 2002; Hoek et al., 2013; Lelieveld et al., 2015).

In this study, our objective is to identify the shared variation pattern of the daily PMs 5
levels of five Chinese major cities: Beijing, Chengdu, Guangzhou, Shanghai, and Shenyang.
These cities are located in economically developed regions, collectively contributing over
10% of China’s Gross Domestic Product and approximately 6% of its total population. The
data were collected by U.S. diplomatic posts located in the five cities. The U.S. Embassy
in Beijing started releasing hourly PM, 5 readings in April 2008, followed by the consulates
in Guangzhou, Shanghai, Chengdu, and Shenyang in November and December 2011, June
2012, and April 2013, respectively.

To begin, we stratify the data by human activity patterns and seasonal effects. Holidays
and weekends are excluded to ensure that the selected days reflect homogeneous human
activity patterns. Given the substantial influence of meteorological conditions on daily
PMs 5 levels, we analyze the data separately for winter months (November to February of
the following year) and summer months (May to August). This partitioning accounts for
the winter heating regulated by local governments in northern cities such as Beijing and
Shenyang, where heating typically begins in November, following the approach of Liang
et al. (2015). Finally, daily measurements are aggregated into weekly averages to mitigate

temporal dependence.

The numbers of selected FPCs are 4, 4, 6, 4, 5 for Beijing, Chengdu, Guangzhou,
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Shanghai, and Shenyang, respectively, in winter, and 5, 6, 4, 5, 5 in summer. Figure 4.3
displays the eigenvalues obtained from the weighted average of the projection operator for
the winter and summer months. In general, the alignment of variability patterns across
five cities is stronger in summer than in winter, suggesting human activities patterns are

much more similar in summer.

0.75"
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Figure 4.3: The left panel shows the estimated eigenvalues of ﬁwinter for five cities in the
winter months, and the right panel demonstrates the estimated eigenvalues of Pyyymer in
the summer months. Both projected operators are calculated based on equation (4.7).

The top two eigenvalues are close to one for both seasons, implying two dominant shared
components. The associated eigenfunctions are shown in Figure 4.4. In both seasons, zﬁg
increases after the morning rush hour, peaks at approximately 4:30 PM, and declines
slightly thereafter, suggesting that it captures afternoon traffic emissions. The shape of 1[)1
differs between winter and summer, likely reflecting meteorological effects. Overall, these
findings indicate the existence of a shared structure in the variation pattern of daily PMs, 5

levels across the five cities, despite their substantial geographical and climatic diversity.
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Figure 4.4: The left panel displays the leading two estimated eigenfunctions of ﬁwimer,
and the right panql presents those of Psymmer- In both panels, the sglid and dashed lines
represent ¢y and s, respectively, obtained from the corresponding P;.

148



4.A Proof of the Theorems in Section 4.3

This section presents the proof for the two main theorems in Section 4.3.

4.A.1 Proof of Theorem 4.1

Proof. Note that
= Z (bwk(u) & (bwk(nu)
v=1

for all k € K, while these ¢, () spanned the same subspace H, based on Assumption 4.1.

Therefore,

keIC kelc

=P, +— anp[kl
kelC

where dim(P;) = m,. Note that, each QEL’f] is a consistent estimator of gbl[,k] based on Lemma
4.1 under the conditions of the theorem. We can treat ﬁw is a perturbed version of P,,. Let
us denote 6;(A, A) = |A — Allop/n;(A), where n,;(A) = min;;|A;(A) — \;(A)|/2. Here,
Ai(A) denote the ith eigenvalue of A. According to the proof of Corollary 5.1.5 in Hsing
and Eubank (2015), the estimated projection operator cannot deviated from the true value

a lot in terms of the operator norm. That is,

~ 5,(P,, P,
[P — Pyllop < (P, Pu) (4.10)
1 —01(Py, Py)
where ~
Ly Pw - Pw o
0n(Py, P,) = w. (4.11)

M (Pu)
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It is easy to see that min;s |\ (P,) — Ai(P,)| > d from Assumption 4.2. From Lemma
4.2, we know that

1P, Pwnops—anZIW o),

kE/C v=1

The proof is concluded based on Lemma 4.1, depending on whether Nz[k] 2 mgk or
N = my. Note that, if 6,(P,, P,) = 0,(1), then |P, — P,||op < 261(P,, P,) = &
Thus, Let us first consider the order of ||13w — Pyllop-

Tt

Case 1: N¥ > rik for all k € KC.

From Lemma 4.1, we know

2 (4ap+2cp+2)/5
~ 2 v 1% .
||¢,[/k] - Cb,[/k]HQ St a0 P
m (e NEI
for v < my. Thus,
”Pw - PwHOp
1/2
1 Mk V2 V(4ak+20k+2)/5 ‘
N N e
ke wv=1 L'k (nN3 )

IN

| —
]

S
|M§\
—
SRS
[\V)

p(2ak+er+1)/5
+ = 1.p.
ny (n N[k])2/5

N
ke v=1
1 1/2 m 2ak+ck+1 ‘
< 2T Z Z o i.p. (4.12)
kex kEIC v=1

If we further have N¥ > n,lg/4mzk+c’“/272 for all k € K, the first term of equation (4.12)
dominates the second term, and

(Siexmd)”

1/2
1y

(4.12) < (4.13)
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It is easy to see that m} < m;™*? =

= o(ny) by Assumption 4.5 as a; > 1. Thus, equation
(4.13) = 0,(1). If we only have Nz[ } 2 i for all k € KC, then the second term in equation

(4.12) is bounded as follows:

Tk (2ak+cp+1)/5

1
_an;( NI/

Uz

kek
ak+ck/2+3 2/5
Sn—tz 3/5{ NP }
kek
5_2 35,01/ 5+0/5
t kek
< —

3/5 2/5
{znk} {zmzkmg}
kel kel

2/5
1 cn/2+3
.

Ty kek

Note that, ¢x/2 + 3 < 2ax + 2 by the assumptions of the theorem. Therefore, equation
(4.14) = 0,(1).

Combining equations (4.12) - (4.14), we have
ck/2+3
(Do) | {Zrexi ™"}

||Pw_P||0pr§/ 1/2 + 2/5 :Op(l)'
Ty Ny

2/5

Case 2: NQW =7y for all k € K.
Under this scenario, Lemma 4.1 implies

p2ak+2 V(8ak+20k+2)/5

1657 — ¢l113 <

+ .
~S o\ 2 _ \8/5
me (W) (54
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Thus,

HPw - PwHOP

( 1/2
m V?ak—i—Q V(Sak+20k+2)/5

+
_ 2 _ 8/5
vl I (Nz[k]> /3 (N2[k]>

;

7.p.

| —
N
M

1 my I/ak+1 l/(4ak+ck+1)/5
"2 n,%/ZNé“ 2/ (5) 7
\
1 1/2mk (4ak+ck+6)/5
B SRS L S (4.15
K] 4/5
M ex N ! kek ni/‘% <N2 )

The firth term of equation (4.15) can be simplified as

X
gl
™
3
§
*

where the last line due to m;***/n; = o(1). The second term of equation (4.15) can be

simplified as

1 m](:lak +ci+6)/5

_an

Mhex 2P (NQUC]Y/S
1 a C

1 nz/sml(:; KHek+2)/5
nyg

)

kel

_ rtc 2/5
<n, 2/5 (Z mi Kt k/2+1) = 0,(1)
kek
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where the last line holds if (2a;, + ¢x/2 + 1)/2(ax, + 1) < 1. Therefore,

51(Py, P,) S 2| Py — Pllop

4.A.I1 Proof of Theorem 4.2

Proof. Recall 13;’“} = S ke DM @ 9 where ¥ is the vth leading eigenfunction of

v=1
G;[)k] = P,GWP,;. Let denote II[)H ={vreN, |v¢ ¥y < my} be the index set of
the eigenfunctions belong to the kth source-specific variation, and let ®, = M & ¢[Vk] for
v E I,[)k}. Clearly, |I,[)k}| = my — ms. Moreover, let UM = ¢F @ ¥ First, consider

G’][[,k] = P,G" P, where P, is the population level counterpart of Isd. Since 13d is driven
from T , we consider T' = P (id — P,) Pl = P — P,. Clearly, the eigenvalues of T are
either O or 1 as Hs C Hék}. Moreover, T is a consistent estimator of T, which implies é’][f] is
a consistent estimator of G,[,k]. Let us denote the set of eigenfunctions 1), of Gl[,k], and we can
define UM = 9 @ ¢, Clearly the projection space associated with Pp[k] =y ke gl

equals to the projection space associated with P¥ — Ps[k]7 that is

PH(H) = (P¥ — PH)(3).

Therefore, we have w,[,k} = ¢, (v) for some permutation function m, : {1,2,...,my —

ms} — ZI[,k].

The above arguments implies

1B = Plop = |1} = Bop.
In addition, Lemma 4.2 implies that
mp—ms mg—ms

1P — PH oy < > W — Wl < 3 [0 — M.
v=1 v=1
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Note that, Gj[f] is a finite truncation version of GI*/. It can be viewed as taking the
first my, eigenpairs of G, then setting some eigenvalues to be zero if the associated
eigenfunctions is in the shared space. Therefore, Gz[,k} satisfied Assumptions 4.3 - 4.7 as
long as the kth source satisfied these assumptions. Lastly, the consistency of éz[gk] implies
that the eigenpairs of Gj[ok] should be consistently estimated by the eigenpairs of (A;Lk], where

the convergence rates depend on the eigenstructure of GL’“].
The proof is concluded by applying the same argument in proving Theorem 4.1.
Case 1: N¥ > mgk.
|B} — B

mg—ms

< D =9l
v=1

My —Ms v I/(2ak+ck+1)/5
< b
> (n,ﬁ” (i N2

v=1

_ (mk _ ms)Q (mk _ ms)ck/2+3 Mg — Mg\ % 2/5
= 1/2 + n ( m ) = G-
nk k k

If we further have NI > nl/4m@Fes/272 then

. (my — m8)2
Cnp = 13
T,

Case 2: NZW = My

y2ak+2 V(Bak+20k+2)/5

+ .
— N2 —\8/5
w (M) i (W)

15T — w3 <
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Thus,

125 = oy

mp—ms P+l V(4ak+ck+1)/5
<> St
< 72 N1 NTE

= e ()
(my, —m)* 2 (my, —m,) Ut/
1/2 77 [¥] — 1\ /5
ny "N, n2/? < NQ[’“])

(mk - 7715)(%—’—1 (mk - ms)(4ak+6k+2)/5 C

% e
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4.B Proposition 4.1 and its Proof

Proposition 4.1. Suppose Priw =, 7 W ®¢[Vk], and 151[14 = ezl MM & ng,, , where
T s a known index set for source k. Let |I¥)| denote the number of elements in TI*.

Then, under the conditions of Theorem .1,

Hﬁzlﬂ — P ”0p = Op(Tnk)a

where

o When NQ[ ) > 2 myr,

If N > )l A atenl2=2 g

= %5

o When NQW = my, then,

ag [4(ak—1)+ck+1]/5
R T my
Hm_‘I ’{ 1/2+ 2/5 }
n n

k k

Proof. The results are the direct calculation based on Lemmas 4.1 and 4.2. For example,
we consider the case when NP > np/*m# /272 Then,

||PIU“] - PI[’“]“OP < Z “qu[/k] - QBI[/k]HQ < Z 12 = |I[k 1/2

veTlk vertkl T T,

The calculation for other cases are the same. O
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4.C Technical Lemmas

The entire section is about FPCA results for single source. For brevity, we omit the

superscript [k] or k.

We present the following Lemma 4.1 concerning the estimation error of FPCs using

single data source, which is a re-statement of Corollary 1 of Zhou et al. (2024). Let
n ~1/2
NQ = {rfl Z(Nz)_Q} .
i=1

Lemma 4.1. Assume Assumptions 4.3 - 4.8 hold. For all v < m € N, where m?*2 /n =

o(1). Suppose conditions
(m?*2) [ {nNZh*(v)} = o(1), and h*(v) max{m?* > m**log(n)} = o(1)

are satisfied. Let
h(V) — (nN2)71/5y(a72c72)/5(1 + VG/N2)1/5,

then we have

o If Ny > 1%,
V(4a+2(:+2)/5 )

2
5 —_ 2 = V— —_——
||¢V ¢V||2 Op (n + (TLNQ)4/5

If we further have Ny > n'/*po+e/2=2 then
~ V2
||¢V - §Z5V||§ = Op (g) .

o If Ny = o(v?),

L2042 (8a+2¢42)/5 )

N
R

The following lemma connects the convergence rate of the projection operator in terms

of the operator norm with the convergence rate of FPCs. Note that the estimated projection
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is constructed based on estimated eigenfunction. That is, we have the index set Z and the
associated gg,,, v € 1 first, then P is based on &l,, vel.

Lemma 4.2. Suppose P =" oM@l and PW = D M@ Then |P—P|,, <
ZT:lquV - ¢V||2'

Proof. Let ®, = ¢, ® ¢, and P, = ¢, ® ¢,. The triangle inequality implies,

1P = Pllop <Y [1®, — @0 l0p
v=1
1/2

m 2
— Z[1 _ {1 - %H&L’“} ~ W”;} ] ,
v=1

where the last line comes from the part(3) of Lemma 5.1.7 in Hsing and Eubank (2015).
Therefore,

[z
- 1. 241/2
- {1-5la - al) ]

~ . ) 1. - A 1/2
1-— {1 - ||¢V - ¢I/H2 + ZLHQSV o ¢VH2}:|

NE

N
Il
—

NE

N
I
—_

_— 1, ~ 1/2
16, = éully = 7160 = &ull5)

I
NE

N
Il
—

NE

[

1

1%

[]

The final technical lemma establishes the convergence rate for G in terms of the operator

norm.

Lemma 4.3. Under Assumptions 4.3, 4.4, 4.7, 4.8, we have
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_ _ ~1/6
e When Ny/(n/logn)'* — 0 and h < [{n(NQ)Q} /log n] ,

~ logn 13
HG_GHop5 {n(NQ)Q} a.s.

o When Ny/ {n/logn}"* = Cy for some positive constant Cy and h =< (n/logn)*4,

n

B 1/2
Ha_mwg(“m) ws.

e When Ny/(n/logn)/* — oo, h* = o(n/logn), and Nyh — oo

B 1/2
HG—QMS{M”} w.s.

n

Proof. Tt is easy to see that, for any f € L*(T), [,.-|f(t)|dt < | f]l2 by Jensen’s inequality.
Thus, for any f € £L2(T),

IG -Gl
~ 2
e /SET {G(t’ s) = G(t, 8)} F(s)ds 2

"l /teT MGT {é(t> s) = G(t, S)} f(S)ds} gt

[67’ {/SE’T f(S)dS}2 dtH

< sup |é(t,s) — G(t, 3)|2 sup

t,s€T fll2=1
< sup |G(t,s) — G(t, )"
t,s€T
The rest of the proof follows from part(b) of Theorem 3 in Zhou et al. (2024). O

159



Chapter 5

Concluding Remarks and Future
Work

In this dissertation, we have studied several important problems in functional data analysis:
(1) testing mean differences between two groups of functional data when heterogeneity in
the covariance structure is present; (2) determining the number of functional principal
components (FPCs) to retain in functional principal component analysis (FPCA); and (3)
extracting shared and source-specific subspaces from multiple functional data sources. In
this chapter, we summarize the main contributions of this dissertation and discuss several

potential directions for future research.

In Chapter 2, we introduce a statistical framework designed to identify mean differences
between two groups of functional data, particularly in situations where each subject has
only a limited number of irregularly spaced observations. Unlike typical FPCA-based
approaches, our method does not require the assumption of a common covariance structure
across two groups. Specifically, under the Reproducing kernel Hilbert space framework, we
build a functional Bahadur representation for the mean function estimator. This estimator
is constructed by applying smoothing splines to the aggregated data within each group.
The functional Bahadur representation facilitates the development of pointwise limiting
distributions and the weak convergence of the mean function estimator for each group.

Subsequently, we present a testing procedure for the mean difference, as the functional
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data from these two groups are independent.

It is worth emphasizing that the theoretical results obtained in this chapter are derived
in a distribution-wise manner. Specifically, the Type I error is controlled for sufficiently
large sample sizes under a fixed probability distribution. However, these asymptotic re-
sults generally fail to guarantee that the Type I error is well controlled across a family of
distributions, even when the sample size is large; see Romano (2004) and Waudby-Smith
et al. (2024) for more details. Currently, many distribution-free methods focus on testing
conditional independence (Lundborg et al., 2022; Shah and Peters, 2020). In the context
of FDA, the development of uniform inference procedures remains underexplored. It is still
unclear what proper assumptions should be imposed to restrict the family of distributions
to enable uniform inference for functional data. Most current work in FDA on statistical
inference focuses on asymptotic properties for a fixed probability distribution, as seen in
Wang (2021) and Pomann et al. (2016).

In Chapter 3, we developed the functional ladle estimator (FLE) to determine the
number of FPCs to retain in FPCA. When the covariance operator has finite rank, eigen-
function estimates exhibit substantial variability once the index exceeds the true rank,
whereas the associated eigenvalue estimates tend to be close to zero. Leveraging this ob-
servation, we constructed the FLE, which demonstrated superior performance in selecting
the optimal number of FPCs across a range of simulation settings. Classical approaches,
such as AIC-based methods, assume that the true model lies within the set of candidate
models. However, when smoothing techniques are employed, bias is inevitable if the aver-
age number of observations per subject is not sufficiently large relative to the sample size.
Our method, however, relies on the variability of the estimated eigenfunctions, making it
more flexible and broadly applicable. Numerical studies demonstrate strong performance
across diverse settings, while information-criteria-based methods often show sensitivity to

specific simulation settings.

Despite these promising results, several theoretical aspects remain to be explored. In
particular, analyzing contaminated discrete observations from infinite-dimensional pro-
cesses presents significant challenges. The smoothing step introduces additional tuning
parameters, such as bandwidths, which complicate the theoretical analysis. The asymp-

totic behaviour of the estimated eigenfunctions in the null space of the covariance operator
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remains unknown. In future work, we aim to investigate these theoretical properties in

greater depth to further enhance the rigour and applicability of our approach.

In Chapter 4, we introduced a novel procedure to integrate multiple functional data
sources and extract the shared and source-specific subspaces for these data sources. Specif-
ically, we focus exclusively on subspaces by retaining the sample eigenfunction estimates
while discarding the estimated eigenvalues. The shared space is isolated by examining
the scree plot of the proposed projection estimator. With the help of this estimator, we
can unveil the variation pattern across sources even if the eigenvalues of the eigenfunc-
tions spanned this subspace are relatively small within individual sources. Furthermore,
the source-specific subspace is obtained by reprojecting the sample covariance operator
onto the orthogonal complement of the shared space. Simulation studies and real data
applications demonstrate the effectiveness of the proposed method in capturing the shared

features among multiple functional datasets.

One potential direction for future research is to consider that the similarity between
different data sources may not be absolute. For example, HPSM — Psp]HHs < n for some
small constant 1 > 0, where P and PP denote the projection operators onto the shared
subspaces of the first and second functional data sources, respectively. In this scenario, the
eigenvalues of P,, are no longer equal to one, and we need to further develop methods to

isolate the shared subspace and the source-specific subspaces.

162



References

Alduchov, O. A. and Eskridge, R. E. (1996). Improved Magnus form approximation of
saturation vapor pressure. Journal of Applied Meteorology and Climatology, 35(4):601—
609.

Anderson, T. W. (1962). On the distribution of the two-sample Cramer-von Mises criterion.
The Annals of Mathematical Statistics, 33(3):1148-1159.

Benko, M., Hardle, W., and Kneip, A. (2009). Common functional principal components.
The Annals of Statistics, 37(1):1 —34.

Billingsley, P. (1968). Convergence of Probability Measures. John Wiley & Sons, Inc.,
Chichester, 1st edition.

Boente, G., Rodriguez, D., and Sued, M. (2010). Inference under functional proportional
and common principal component models. Journal of Multivariate Analysis, 101(2):464—
475.

Biicher, A. and Kojadinovic, I. (2019). A note on conditional versus joint unconditional
weak convergence in bootstrap consistency results. Journal of Theoretical Probability,
32(3):1145-1165.

Cai, T. T., Kim, D., and Pu, H. (2024). Transfer learning for functional mean estimation:
Phase transition and adaptive algorithms. The Annals of Statistics, 52(2):654-678.

Cai, T. T. and Yuan, M. (2011). Optimal estimation of the mean function based on dis-
cretely sampled functional data: Phase transition. The Annals of Statistics, 39(5):2330—
2355.

163



Cardot, H. (2000). Nonparametric estimation of smoothed principal components analysis

of sampled noisy functions. Journal of Nonparametric Statistics, 12(4):503-538.

Charkaborty, A. and Panaretos, V. M. (2022). Testing for the rank of a covariance operator.
The Annals of Statistics, 50(6):3510-3537.

Coffey, N., Harrison, A., Donoghue, O., and Hayes, K. (2011). Common functional principal
components analysis: A new approach to analyzing human movement data. Human
Movement Science, 30(6):1144-1166.

Craven, P. and Wahba, G. (1978). Smoothing noisy data with spline functions. Numerische
Mathematik, 31(4):377-403.

Dai, X., Miiller, H.-G., and Yao, F. (2017). Optimal Bayes classifiers for functional data
and density ratios. Biometrika, 104(3):545-560.

Dauxois, J., Pousse, A., and Romain, Y. (1982). Asymptotic theory for the principal com-
ponent analysis of a vector random function: Some applications to statistical inference.
Journal of Multivariate Analysis, 12(1):136-154.

Delaigle, A. and Hall, P. (2012). Achieving near perfect classification for functional data.
Journal of the Royal Statistical Society Series B: Statistical Methodology, T4(2):267-286.

Dou, W. W., Pollard, D., and Zhou, H. H. (2012). Estimation in functional regression for
general exponential families. The Annals of Statistics, 40(5):2421-2451.

Goldsmith, J., Scheipl, F., Huang, L., Wrobel, J., Di, C., Gellar, J., Harezlak, J., McLean,
M. W., Swihart, B., Xiao, L., Crainiceanu, C., and Reiss, P. T. (2023). refund: Regression
with Functional Data. R package version 0.1-32.

Gu, C. (2013). Smoothing Spline ANOVA Models. Springer, New York, 2nd edition.

Guan, W.-J., Zheng, X.-Y., Chung, K. F., and Zhong, N.-S. (2016). Impact of air pollution
on the burden of chronic respiratory diseases in China: time for urgent action. The
Lancet, 388(10054):1939-1951.

164



Hall, P. and Horowitz, J. L. (2007). Methodology and convergence rates for functional
linear regression. The Annals of Statistics, 35(1):70-91.

Hall, P. and Hosseini-Nasab, M. (2006). On properties of functional principal compo-
nents analysis. Journal of the Royal Statistical Society Series B: Statistical Methodology,
68(1):109-126.

Hall, P. and Vial, C. (2006). Assessing the finite dimensionality of functional data. Journal
of the Royal Statistical Society Series B: Statistical Methodology, 68(4):689-705.

Hao, M., Liu, K.-Y., Xu, W., and Zhao, X. (2021). Semiparametric inference for the
functional Cox model. Journal of the American Statistical Association, 116(535):1319—
1329.

Hoek, G., Krishnan, R. M., Beelen, R., Peters, A., Ostro, B., Brunekreef, B., and Kaufman,
J. D. (2013). Long-term air pollution exposure and cardio-respiratory mortality: A
review. Environmental Health, 12(1):43.

Horvath, L. and Kokoszka, P. (2012). Inference for Functional Data with Applications.
Springer, New York.

Hsing, T. and Eubank, R. (2015). Theoretical Foundations of Functional Data Analysis,
with an Introduction to Linear Operators. John Wiley & Sons, Ltd, Chichester.

Huang, R.-J., Zhang, Y., Bozzetti, C., Ho, K.-F., Cao, J.-J., Han, Y., Daellenbach, K. R.,
Slowik, J. G., Platt, S. M., Canonaco, F., Zotter, P., Wolf, R.., Pieber, S. M., Bruns, E. A.,
Crippa, M., Ciarelli, G., Piazzalunga, A., Schwikowski, M., Abbaszade, G., Schnelle-
Kreis, J., Zimmermann, R., An, Z., Szidat, S., Baltensperger, U., Haddad, 1. E., and
Prévot, A. S. H. (2014). High secondary aerosol contribution to particulate pollution
during haze events in China. Nature, 514(7521):218-222.

Hurvich, C. M., Simonoff, J. S., and Tsai, C.-L. (1998). Smoothing parameter selection
in nonparametric regression using an improved Akaike information criterion. Journal of
the Royal Statistical Society Series B: Statistical Methodology, 60(2):271-293.

165



Jiao, S., Frostig, R., and Ombao, H. (2024). Filtrated common functional principal
component analysis of multigroup functional data. The Annals of Applied Statistics,
18(2):1160-1177.

Kley, T., Volgushev, S., Dette, H., and Hallin, M. (2016). Quantile spectral processes:
Asymptotic analysis and inference. Bernoulli, 22(3):1770-1807.

Kokoszka, P. and Reimherr, M. (2017). Introduction to Functional Data Analysis. Chapman
and Hall/CRC, New York.

Kokoszka, P., Rice, G., and Shang, H. L. (2017). Inference for the autocovariance of
a functional time series under conditional heteroscedasticity. Journal of Multivariate
Analysis, 162:32-50.

Kong, D., Xue, K., Yao, F., and Zhang, H. H. (2016). Partially functional linear regression
in high dimensions. Biometrika, 103(1):147-159.

Lelieveld, J., Evans, J., Fnais, M., Giannadaki, D., and Pozzer, A. (2015). The contribu-
tion of outdoor air pollution sources to premature mortality on a global scale. Nature,
525:367-T1.

Li, Y. and Hsing, T. (2010). Uniform convergence rates for nonparametric regression and

principal component analysis in functional/longitudinal data. The Annals of Statistics,
38(6):3321-3351.

Li, Y., Wang, N., and Carroll, R. J. (2013). Selecting the number of principal components
in functional data. Journal of the American Statistical Association, 108(504):1284-1294.

Li, Z., Qin, K., He, Y., Zhou, W., and Zhang, X. (2024). Knowledge transfer across
multiple principal component analysis studies. DOI: 10.48550/arXiv.2403.07431.

Liang, X., Zou, T., Guo, B., Li, S., Zhang, H., Zhang, S., Huang, H., and Chen, S. X.
(2015). Assessing Beijing’s PM, 5 pollution: severity, weather impact, APEC and winter
heating. Proceedings of the Royal Society A: Mathematical, Physical and Engineering
Sciences, 471(2182):20150257.

166



Lundborg, A. R., Shah, R. D.; and Peters, J. (2022). Conditional independence testing
in Hilbert spaces with applications to functional data analysis. Journal of the Royal
Statistical Society Series B: Statistical Methodology, 84(5):1821-1850.

Luo, W. and Li, B. (2016). Combining eigenvalues and variation of eigenvectors for order
determination. Biometrika, 103(4):875-887.

Miller, H.-G. and Stadtmiiller, U. (2005). Generalized functional linear models. The
Annals of Statistics, 33(2):774-805.

Ozturk, A., Smith, S., Gordon-Lipkin, E., Harrison, D., Shiee, N., Pham, D., Caffo, B.,
Calabresi, P., and Reich, D. (2010). MRI of the corpus callosum in multiple sclerosis:
association with disability. Multiple Sclerosis Journal, 16(2):166-177.

Pigoli, D., Aston, J. A. D., Dryden, I. L., and Secchi, P. (2014). Distances and inference
for covariance operators. Biometrika, 101(2):409-422.

Pomann, G.-M., Staicu, A.-M., and Ghosh, S. (2016). A two-sample distribution-free
test for functional data with application to a diffusion tensor imaging study of multiple
sclerosis. Journal of the Royal Statistical Society Series C: Applied Statistics, 65(3):395—
414.

Pope III, C. A., Burnett, R. T., Thun, M. J., Calle, E. E., Krewski, D., Ito, K., and
Thurston, G. D. (2002). Lung cancer, cardiopulmonary mortality, and long-term expo-
sure to fine particulate air pollution. JAMA, 287(9):1132-1141.

Ramsay, J. O. and Silverman, B. W. (2005). Functional Data Analysis. Springer, New
York, 2nd edition.

Rice, J. (1984). Bandwidth choice for nonparametric regression. The Annals of Statistics,
12(4):1215-1230.

Rice, J. A. and Silverman, B. W. (1991). Estimating the mean and covariance structure
nonparametrically when the data are curves. Journal of the Royal Statistical Society
Series B: Statistical Methodology, 53(1):233-243.

167



Romano, J. P. (2004). On non-parametric testing, the uniform behaviour of the t-test, and
related problems. Scandinavian Journal of Statistics, 31(4):567-584.

Rudin, W. (1986). Principles of Mathematical Analysis. McGraw - Hill, New York, 3rd

edition.

Scheipl, F., Staicu, A.-M., and Greven, S. (2015). Functional additive mixed models.
Journal of Computational and Graphical Statistics, 24(2):477-501.

Shah, R. D. and Peters, J. (2020). The hardness of conditional independence testing and
the generalised covariance measure. The Annals of Statistics, 48(3):1514-1538.

Shang, Z. and Cheng, G. (2013). Local and global asymptotic inference in smoothing spline
models. The Annals of Statistics, 41(5):2608-2638.

Shang, Z. and Cheng, G. (2015). Nonparametric inference in generalized functional linear
models. The Annals of Statistics, 43(4):1742-1773.

Staicu, A.-M., Li, Y., Crainiceanu, C. M., and Ruppert, D. (2014). Likelihood ratio
tests for dependent data with applications to longitudinal and functional data analysis.
Scandinavian Journal of Statistics, 41(4):932-949.

Sun, X., Du, P., Wang, X., and Ma, P. (2018). Optimal penalized function-on-function
regression under a reproducing kernel Hilbert space framework. Journal of the American
Statistical Association, 113(524):1601-1611.

van der Vaart, A. W. (1998). Asymptotic Statistics. Cambridge University Press, Cam-
bridge.

van der Vaart, A. W. and Wellner, J. A. (1996). Weak Convergence and Empirical Pro-
cesses: With Applications to Statistics. Springer, New York.

Wahba, G. (1990). Spline Models for Observational Data. Society for Industrial and
Applied Mathematics, Philadelphia.

Wang, J.-L., Chiou, J.-M., and Miiller, H.-G. (2016). Functional data analysis. Annual
Review of Statistics and Its Application, 3(1):257-295.

168



Wang, Q. (2021). Two-sample inference for sparse functional data. FElectronic Journal of
Statistics, 15(1):1395-1423.

Wang, Y., Wang, G., Klinedinst, B., Willette, A., and Wang, L. (2025). Statistical inference

for mean functions of complex 3D objects. Statistica Sinica.

Waudby-Smith, 1., Kennedy, E. H., and Ramdas, A. (2024). Distribution-uniform anytime-
valid sequential inference. DOI: https://arxiv.org/abs/2311.03343.

Yao, F., Miiller, H.-G., and Wang, J.-L. (2005a). Functional linear regression analysis for
longitudinal data. The Annals of Statistics, 33(6):2873-2903.

Yao, F., Miiller, H.-G., and Wang, J.-L. (2005b). Functional data analysis for sparse
longitudinal data. Journal of the American Statistical Association, 100(470):577-590.

Zhang, C., Sang, P., and Qin, Y. (2025a). Order determination for functional data. DOI:
10.48550/arXiv.2503.03000.

Zhang, C., Sang, P., and Qin, Y. (2025b). Two-sample inference for sparse functional data.
FElectronic Journal of Statistics, 19(1):792-864.

Zhang, J.-T. and Chen, J. (2007). Statistical inferences for functional data. The Annals
of Statistics, 35(3):1052-1079.

Zhang, J.-T. and Liang, X. (2014). One-way ANOVA for functional data via globalizing
the pointwise F-test. Scandinavian Journal of Statistics, 41(1):51-71.

Zhang, J.-T., Liang, X., and Xiao, S. (2010). On the two-sample Behrens-Fisher problem
for functional data. Journal of Statistical Theory and Practice, 4(4):571-587.

Zhang, S., Guo, B., Dong, A., He, J., Xu, Z., and Chen, S. X. (2017). Cautionary tales on
air-quality improvement in Beijing. Proceedings of the Royal Society A: Mathematical,
Physical and Engineering Sciences, 473(2205):20170457.

Zhang, X. and Wang, J.-L. (2016). From sparse to dense functional data and beyond. The
Annals of Statistics, 44(5):2281-2321.

169


https://arxiv.org/abs/2311.03343

Zhang, Y., Chen, S. X., and Bao, L. (2023). Air pollution estimation under air stagnation—
A case study of Beijing. Environmetrics, 34(6):e2819.

Zhou, H., Wei, D.,; and Yao, F. (2024). Theory of functional principal component
analysis for noisy and discretely observed data. DOI: 10.48550/arXiv.2209.08768,
accepted by the Annals of Statistics.

Zhou, H., Yao, F., and Zhang, H. (2023). Functional linear regression for discretely observed
data: from ideal to reality. Biometrika, 110(2):381-393.

Zhou, Y., Bhattacharjee, S., Carroll, C., Chen, Y., Dai, X., Fan, J., Gajardo, A., Hadji-
pantelis, P. Z., Han, K., Ji, H., Zhu, C., Miiller, H.-G., and Wang, J.-L. (2022). fdapace:

Functional Data Analysis and Empirical Dynamics. R package version 0.5.9.

Zhu, H., Yao, F., and Zhang, H. H. (2014). Structured functional additive regression in
reproducing kernel Hilbert spaces. Journal of the Royal Statistical Society Series B:
Statistical Methodology, 76(3):581-603.

170



	Examining Committee
	Author's Declaration
	Statement of Contributions
	Abstract
	Acknowledgements
	Dedication
	List of Figures
	List of Tables
	Introduction
	Functional Data Analysis
	Functional Principal Component Analysis
	Outline of the Thesis

	Two-sample Inference for Sparse Functional Data
	Introduction
	Model and Estimation
	Problem Setup
	Estimation of Mean Functions

	Theoretical Properties
	General Assumptions
	Reproducing Kernel Hilbert Space
	Functional Bahadur Representation
	Pointwise Asymptotic Distribution
	Weak Convergence
	Bootstrap Calibration

	Simulation Studies
	Simulation Settings
	Estimation Performance
	Pointwise Inference Performance
	Global Inference Performance

	Real Data Examples
	Diffusion Tensor Imaging for Fractional Anisotropy Tract Profiles
	Beijing Air Pollutants Data

	Theoretical Justification
	Proofs for the Lemmas in Section 2.3
	Proof of Theorem 2.1
	Proof of Theorem 2.2
	Proof of Theorem 2.4
	Proofs of Theorems in Section 2.3.6
	Technical Lemmas

	Additional Simulation Results
	Out-of-sample Performance
	Additional Global Testing Results


	Order Determination for Functional Data
	Introduction
	Functional Principal Component Analysis
	Data Structure and Model Assumptions
	Estimation of the Model Components

	Functional Ladle Estimator
	Simulation Studies
	Real Data Examples
	Capital Bike-share Data
	Beijing Air Pollutants Data

	Additional Details and Numerical Results
	Estimated Eigenfunctions
	Additional Simulation Results
	Additional Real Data Analyses


	Learning Shared and Source-specific Subspaces across Multiple Data Sources for Functional Data
	Introduction
	Estimation via Data Integration
	Standard FPCA
	Multi-source Model
	Multi-source FPCA

	Statistical Theory
	Simulation
	Real Data Illustration
	Proof of the Theorems in Section 4.3
	Proof of Theorem 4.1
	Proof of Theorem 4.2

	Proposition 4.1 and its Proof
	Technical Lemmas

	Concluding Remarks and Future Work
	References

