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Abstract

Existing groundwater modeling methods é@termining the degree of groundesatvell
connectivity to surfacevater either provide weak guidance (i.e., analytical methods), only
examine the hydilogicalimpacts of pumping (i.e., mapping method developed by Leake et al.
(2010)), or are too computationally expensive (i.e., solute transport modeling mefGeds)&
Haitjema, 2005)As such, a modeling technique is required thatacanratelyedimate the
amount of watea particular well sowes from surfacevaterat low computational costblere,
we present some novel applicationfsa software tool called FlowSource (BlackdaRoley,

2013) in assessing wealhd surfacevaterconnectivity.FlowSourcas a MODFLOWbased
(Harbaugh et al., 2000) software arah completely describe the flow connectivity between
specified parts of the aquifer systanthout the use of particle trking or advective transport
simulation.

First, an algorithm was developed to reduce numerical dispersion in FlowSource
calculations that result from the assumption of fully mixed groundwater modelra®ilany
given set of flows along the faces of agbdimensional rectilinear finiteifference groundwater
model cel] thealgorithmcanevaluate the volumetric flow from each inflow face to each outflow
faceby either applying mass balance inside the cell or analytically recreating the internal
streamtul geometry using the semnalytical particle tracking method developed by Pollock
(1988) The calculabns d the algorithm are exacthe algorithmmay be applied on a cedly-
cell basis to establigihhe volumetric flow connections inside the cell before performingltve
connectivity calculations in FlowSourdés potential to reduce numerical dispersion in
FlowSource calculations demonstrated with laypothetical example.

Seconda novel FlowSourcéased modeling toelas developetbr assessing well and
surfacewater connectivityThetool deploysFlowSource within the framework of tmeapping
methoddeveloped by eake et al.Z010)(the LRD metholl The differences in the results of the
novel tool and the LRD methatedemonstratedNumerous applications of the modeling tool
are demonstrated using a synthetic model, which include the abitapitity: (1) screen for
wells that are surfae@ater dominatednd are at risk of contamination from Rpoint sources
(2) infer the volume of water removed by pumpagaT surfacevaterand,(3) generate
diagnostionapsthat illustrate how the location aniche of pumping affectga) volumetric
connectivity with surfacevater,(b) the connectivity of exigtg wells to surfacevaterand (c)
hyporheic flows.

Most importantly, the use of FlowSource enables these assessments to be performed
without performingany solute transport modelingence, the modeling tool developed hieas
the potential t@id water managers toexpensivelyassess thesksposedo public health
and/or the local environmeat existing and planned pumping operatisoghat they can
effectively prioritizemonitoringand modelingefforts.
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Chapter 1

Introduction

1.1 Overview

Groundwater wells whicberivesome or all otheirwater directly fromsurfacewater
sourcear e referred to as fnjuencaiosdfacawates U@MEBIr t he
GWUDI) wells. GUDI wells are particularly susceptible to contamination from pathogens and
pollutants typically present isurfacewater(Medema et al., ZIB). In addition, pumpindgrom
wells hydraulicallyconnected to streamiskes,and wetlands maydaersely affect local
ecosystemand downstream water supplidgdepleting water levelg hus, it is important to be
able todeterminghe degree of connectivignd interactiobetween groundwater wells and
adjacensurfacewaterfeatures in order to ptect both water quality and quant{interet al.,
1998)

The identificaton and management of GUDI wetlssumed new importanpaticularly in
Canada following the Walkerton tragedy in 2000, when seven people diecBanddll ill after
a drinking water well became contaminated from adjacent farm runoff in Walkerton, Ontario
(Frind et al.,2002) Soon after, the Ontario governmentgeithe Safe Drinking Water Act in
2002 to ensure GUDI wells receive adequate treatment before discharging to public water
systemsThis was followed byhe Clean Water Act in 200® protect existing and future
sources of drinking water. As a part of tbkean Water Actall existingand plannedirinking
water supplywells deened to be GUDI are required to be regulated and moni{@edernment

of Ontario 20020ntario Ministry of Environmen2008) Similar laws were also passed in other



provincesn Canadand elsewhere internationally (Government of Alberta 2003; Government of
Saskatchewan 200 SEPA 1992

A problem in Canada, and elsewheregheslarge numbeof groundwater supply wells that
are in close proximity tsurfacewaterfeaturesand which may need to be regulated as GUDI
Also, with increasing demand for water, it is inevitable that the development of new groundwater
resources wilrequiredrilling wells adjacent to somsurfacewaterfeaturesThus, water
managers mustieally be able tescreen for wellshatare likely todevelop connection®
surfacewaterbefore commencing argostlyfield testingandmonitoring programs.

Groundwater modelling can be a potentially useful component of the screening process.
This involves using a groundwater model to delineate the capture zone of a well or a well field.
A capture zone of a well is the physical area of the subsurface ancesiudia which it obtains
its water fromover a given time periodCapture zone delineation methods may range from
simply drawing a circle of fixedadius around the well to sophisticated groundwater flow and
solute transport modelingericandHaitjema, 2005)Standard capture zone delineation
approaches are oftcomplicated by the presencesoffacewaterfeatures and it is typically
difficult to assess the degree of connections between wellsuafattewaterusing the simpler
methods.

Someprovincial GJDI assessment schenmmsgygest conducting groundwater mioakg
investigations as part of tlsereening process. However, others recommend monitoring and
testing programs begin immediately after carrying out a reqrelening process that involves
assessingvalable well construction, well water qualignd aquiér data(Alberta Environment
2006; B.C. Ministry of Health 201%30vt. of Newfoundland and Labrador 2013; Nova Scotia

Environment 2002; Saskatchewan Environment 2004k isin partbecause at present,



available modeling techniques are either too sirtipl{se., fixedradius approach or analytical
methods)nd cannot provide any additional insigab®ove tlosegenerated bthe rapid
screening processor too computationallynvolved (i.e., particle tracking and solute transport
methods) ando not offe any significanteductions in the cosif assessmeriCeric and
Haitjema, 2005)Thus, what islesirablds ascientifically rigorous yet inexpensiveodeling
techniqueo determine the degree of connectivity of wells andacewaterfeatures.

Here,a novelmodeling toolis presentethat has the potenti#d fill this need Thetool
derives from anapping method developed by Leake e{2010)which can map the
hydrologicalimpacts of pumping osurfacewater, referred to here as the LRD methadd
FlowSource(Black andFoley, 2013) whichis a MODFLOWbasedHarbaughet al., 2000
softwaretool that cancompletely describe the flow connectivity between specified parts of the
aquifer systemThe LRD method is here extended to map the degree of hydraulic connectivity
between wells andurfacewatersource areas (i.e., rikg lakes, andacharge areas) ugin
FlowSourceThe utility of the tool is provided by FlowSourddowSource takes in the cddly-
cell flows obtained frona MODFLOW finite-difference groundwater flow modahd represents
them as a directed acyclic graph (DAGhe use of DAGs is considerenique and it enables
FlowSource texplicitly calculate therolume of water from each groundwaimodel cell that
reaches usedefined@estination cell(€without the use of any particle tracking or solvthg
solute transport equatioAs such, Floource has verfastrun times.n addition, FowSource
can grop a large number of cells into destinata®ils and process them simultaneously without
notable increases in setup or runés andhe destinatiorcells need not necessarily be a point of
abstraction or even be adjacent to one anofBlrck andFoley, 2013) This makes FlowSource

particularly suitabledr analyzing the connectivity of groundwater wellstwfacewater



featuresHowever, an important limitation of FlowSournsethat its calculations are sensitive to
the model grid sizand orientationFlowSourcamplicitly assumeshat allflows in each
groundwater model cedirefully mixed and thiscancausenumerical dispersiom its

calculations vlaen using coarse grids.

The first of part othis thesigdescribeshe development of aowel method in order to
address th numerical dispsion issues in FlowSource. The methiedermines the volumetric
flow connections withira three dimensional rectilinear finithfferencegroundwater modedell
using either mass balance or by analytical recreation of the internal streamtube gaathetry
thereby offers a suitable alternative to invoking the fully mixed assumgt@dividing
streamtubes inside the cell are recreated analytically using extensibesegiationfom
Po | | osenkahaytical particle trackingnethod Pollock,1988).

Thesecond part of the thesis discussegitiel modeling toohnd some of its applications
for analyzing well connectivity to surface featuegs presented.hetool enables the estimation
of thevolume (or percentagef well water that is sourced fromréace features such aarface
waterbodiesor agricultural land¢as opposed to aquifer storag@)hout requiring any particle
tracking or solute transport modelirngonsequentlythis connectivitymetric can be generated
for a large number of wells and/or a large area in a relatively short time frame and offers
simultaneous insights into the vulnerability of the well and its dipdiicalimpacton surface
water Theresultscan be outputted to ansple table for existing well fields showing the well
location or identifier and the volume (or percentage) of water it draws frorspeeified
features of interestor to generateeontour mapfor a new planned well, showing the spatial
distribution of he volumetric contribution froraserspecifiedfeatures of interestto the well.

The simplemechanics and outmibf the toolmaybe easily communicated to noechnical



stakeholdersThus it has the potentidab serve as a useful screening and planmoegwith
whichwater managers can effectively focus data collection effdntsduced costs of

assessment.

1.2 Problem Statement

FlowSourceBlack and Foley, 2013) is a capture delineation softwetcan delineate
groundwater flow pathways volumetricallytivout the use of particle tracking or advective
transport simulation. However, its calculations are sensitive to the model grid size because it
implicitly assumes that all flows are fully mixed inside each model cell., éhsslution is
warranted that caaccurately determine how flows are distributed in a tdnensional
rectilinear finitedifference cell for any set of flows along the cell fages, the volumetric flow
connections between all the cell facéd)e solution must also be computatibpaiexpensive
S0 as not to significantly compromise the performance of FlowSource.

On a separate note, water managers need a modairthabwill enable them to rapidly
screen for wells which pose risks to public health and/or the local environnthat sleey can
effectively prioritize modeling and monitoring efforts. Hence, the tool must be ahtetoately
determine the degree of connectivitfywellsto surfacewaterfeatures at low computatiah

costs.

1.3 Thesis Objective

The objective of thishesis is twofoldThe first is todevelopand testa method that can
reduce numerical dispersionin FlowSource(Black and Foley, 2013}kalculations. For any
given set of flows along the faces of a thiimensional rectilinear finitelifference groundwate

model cel] themethodevaluates the volumetric flow from each inflow face to each outflow face



by either applying mass balance inside the cell or by analyticadheating the internal
streamtube geometry using themtanalytical particle trackinghethoddeveloped by Pollock
(1988) Its potential to reduce numerical dispersion in FlowSource calculationigewill
demonstrated with simple hypothetical example

The second objective of this thesis islevelopand testa novel FlowSourcebased
modelingtool that can explicitly determine the volume of water in a well that is sourced
from surface-water features without the use of particle tracking or solute transport
modeling. This noveltool uses FlowSourceithin the framework of théRD method (Leake et
al., 2010) The differencedn the results othe noveltool and theLRD methodwill be
demonstrad With the use osome simpleynthetic modelshe thesis will also attempt to
demonstratéhe ability of the too(1) to screen fopotentiallyvulnerableand/or ecologically
harmfulwells from an existingvell field and,(2) to generatenapsfrom which therisks to

public health an@dverse impacts docal ecologycan be inferred for new pumping operations

1.4 Scope of Research

The method to compute volumetric flow connections inside a groundwater model cell is
restricted taectilinear grids. In additio, it assumes quasteadystate flow (i.e., in the instant in
which the flows are computed, they are stesidye) and that there is no internal removal or
addition of water inside the cell for whithe volumetric connections are compuige., there
are no weak sinks @ources present inside the cell). The incorporation of the method into
FlowSource (Black and Foley, 2013) is also beyond the scope of this research.

The modeling tool is exclusively MODFLOWased (Harbaugh et al., 2000) and tihus
inheiits all the assumptions embedded in the conceptualization of MODFLOW. Also, currently

the tool can only handle features of interest that are contained entirely within one model layer.



Finally, the application of the modeling tool to a real world modeleaodmparison of its
performance to solute transport modeling approaches and/or tracer studies were also considered

outside the scope of this research.

1.5 Thesis Outline

The thesis outline is as follows:

Chapter 1 provides the motivation behind degelopment of the adelingtool and the
methodto determine the volumetric flow connections inside a tdigeensional rectilinear
finite-differencegroundwater modedell. It discusseshte need for a quality screening tool for
estimatingthe connectivityof wells and adjacersturfacewaterfeatures Thesuitability of
FlowSourceBlack and Foley, 2013 assess well arslirfacewaterconnectivityis also briefly
discussednd the source dfis numericaldispersion issues introduced Finally, the objetives
and the scope of this research are defined.

Chapter 2 presengsgeneral overview afell andsurfacewaterinteractionsand
grourdwater and solute transport modelitigalso providedackground information on the
different approaches availabledssess well ansurfacewaterconnectivity wherethe LRD
method(Leake et al., 2010} introducedAfterwards,the calculation methodsed in
FlowSource iglescribed in length arsbme of its applications arnlde source ofiumerical
dispersionn its catulationsare also discussed.

Chapter3providean ex pl anat i on (RBoflockPlle8B)and & detdied me t h o d
description of the development of thlgorithmto reduce numerical dispersion in FlowSource
This is followed by a description dbw FlowSourcecan be used to determine the volume of
well water derived fronsurfacewatersources antiow it can be deployed within the framework

of the LRD method tgenerate mapfr assessing well arslirfacewaterconnectivity



Chapter 4oresents resulidemonstrating the performancetbéalgorithm andsome
applications of thenodeling tool. Firstthe results of a few single cell test cases are presented
demonstrate the performance of the algorithm in evaluating volumetric flow connetiloimsa
singlemodel cell Next, a hypothetical example is presented to showthevalgorithm may
reduce numerical dispersion in FlowSource calculatidedor the modeling tool, a synthetic
model is used to demonstrate its applicationséoeeimg an existingwvell field based on
volumetricconnectivity tosurfacewaterfeatures angon-point sources of pollution (i.e.,
agricultural lands)The same synthetic rdel is then used to generate maps with the modeling
tool thatshowthe impacts of pumping locati@nd durationon the volumetricconnectivity with
surfacewaterfeaturesand how seasonality may affect this connectiviigplications of the
modeling toolin assessing thienpacts of pumping locatioand duratioron surfacewater
connectivity ofexisting wells andhyporheic flows aralso demonstrated.

Chapter summarized the main conclusions and recommendations of this research.



Chapter 2

Background

2.1 Interaction of groundwater withdrawal wells andsurface-water
bodies

Groundwater andurfacewaterare commonly hydraulically connectékhus, the
development and management of groundwater resources should consider how it can affect and
be affected bgurfacewater(Winter et al., 1998Sophocleous, 2002From a water quantitgnd
ecologyperspecire, it is important to consider the hpttsgicalimpact of well withdrawals on
adjacensurfacewaterfeatues; whilefrom a water quality perspective, it is important to
consider the contamination threat posed to wells from adjaoefisicewaterfeatures
2.1.1Well Withdrawal Impacts on Surface-water

Aquifers are considered to be in a state of dynamic equilibrium uaderalconditions.
This is shown irFigure2.1 (a), where the total recharge to the aquifer is equal to the total
di scharge to the stream. Note, in this case
also imply a river, pondake or wetland Now, if a new wellwith a constant withdrawal rate of
0 is drilled at some distance from the stream, it disrupts the predevelopment equilfrium.
cone of depression will be formed around the wetlafter removing water from storagee
well will begin to intercept some of the water that would otherwise have been discharged to the
streamAs a consequenca local groundwater divide will be induced in between the stream and
the well, which is a line separating opposite directiongrofindwater flowand baseflow to the
stream will be reduced his is illustrated irFigure2.1 (b). The system will then begin to

approach a new dynamic equilibrivmmere recharge to the aquifer will be equal to the sum of



the well withdrawal and the reduced discharge to the stream. If the withdrawal rate is then
increased t@ , anew equilibrium is achieveas shown irFigure2.1 (c). In this equilibrium,
the boundary of the cone of depression reaches the stredireagrdundwater divide
disappears. The higher withdrawal rate hasstb&lanced by inducing recharge, or extract
water,directly from the stream. Thus, the stream shéigure2.1 is converted from a gaining

stream to a losing streafwinter et al., 1998Sophocleous, 2002)

(b)

“La

Unconfined aquifer

Confining bed

(©)

Figure 2.1. Interaction of a groundwater well and a stream pre-development conditions where recharge to aquifer is
equal to discharge to streanfa); a well with a constant withdrawal rate |If is drilled at some distance from the stream
and induces a new equilibrium where pumpage is balanced by areal recharge and reduced discharge to the stréam

the withdrawal rate is increased tOlIf which inducesrecharge directly from the stream(c) (modified from Winter et al.,
1998)
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Note inFigure2.1, that if the pumping rate is increased further and the areal recharge
remainsunchangegdthen the added withdrawlaas to come from depleting the storage and the
stream until the pumpage it6es limited by the amount of water available for capture.
2.1.2Groundwater Under Direct Influence of Surface-water (GUDI)

The fundamental factethat control whether a well is @ or nonrGUDI are hydraulic
connection, the presence of an aquitard that gesva physical barrier to pathogen movement,
and finally the travetime between aurfacewatersource or area agfurfacewaterrechargeand
a connecteavell. In the most extreme casejrfacewaterrunoff will make its way directly to a
connectedvell without having passed through the subsurface. In most cases, the water may
simply have a short travel time from tharfacewatersource to the well (i.e., wells in shallow
unconfined aquifers or wells in bedrock with highly connected fracture networksoseda
surfacewatel). As a resultthetravel timeis too shorfor all the pathogens to die off and/or
undergo filtratiorby subsurface processasdthe wateretainssurfacewatercharacteristics
(Medema et al.2003; Govt. of Newfoundland and Labrad2013.

Most provinces in Canada have developed specific protocols and guidelines for the
identification of GUDI wellsAlberta, Saskatchewann@ Nova Scotia all have a thretp
GUDI assessment schemiéhe first step in all three schemes involves rapidly screening for
obvious norGUDI wells based on the well setting (i.e., wells in confined aquifers), proximity to
surfacewater(i.e., greater than 60 metres from the neaedacewaterbody), well
construction (i.e., capped and deep watertight casings), and water quality (i.e., no confirmed
records of bacterial contamination) (Alberta Environment 2006; Nova Scotia Environment 2002;

Saskatchewan Environment 2004). The schemes then require hydrogdologistigations
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(i.e., computer modeling, monitoring, and field testing) to be carried out in the next step for wells
which fail the initial screening criteria.

The GUDI assessment schemedntariois relatively more stringent in that it does not
include an initial screening step. Adfinking water supplwe | | s ar e G@dOliftleeg g e d 0
meetthe conditions summarized Table2.1, and they areonsidered GUDI nless a

hydrogeological study proves otherwise (Ontario Ministry of Environment 2001).

Table 2.1. Conditionsfor GUDI well determinatonunder Ont ari o6s Terms of Reference
Examine Groundwater Sources Potentially Under Direct Irfluence ofSurface-water (2001)

Condition Summary
I Wells regularly contain Total Coliforms and/or periodically contair
E. coli; or
ii. Wells located within approximately 50 days horizontal saturated
travel time fromsurfacewateror within 100 meters (for overburden
wells) or 500 meters (for bedrock wells)safrfacewater(whichever
is greater) and meet one or more of the following Gate

ii. a) Wells may bedrawing water from an unconfined aquifer;

ii. b) Wells may be drawingvater from formations within approximately
15 meters of surface;

ii. €) Wells are part of an enhanced recharge/infiltration prpject

ii. d) When pumped, adjacestirfacewaterlevels change rapidly or
hydraulic gradients next surfacewaterincreases significantly in a
downward direction; and/or,

ii. e) Chemical water quality parameters (i.e., temperature, conductivit
pH, turbidity) in the well are more consistent with neasbsface
waterthan local groundwater and/or fluctuate significantly and
rapidly in response to climatological smrfacewaterconditions.

Note, for most of the conditions rable2.1, monitoring or field testing is required to
determine if they are meAlso, the travel time for conditiomin Table2.1 requires some level
of modeling supportRunning GUDI assessmemiodeling,monitoring and field testing
programs for all drinking water wells is likelyfeasible and as suetater managers could
benefit from the use of quality screening tools that would enable them to effectively focus their

data collection efforts.
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2.2 Groundwater and Solute TransportModeling

Groundwater modeling can provide useful insight into when and where a particular well

may become connected tesarfacewaterfeature before costly monitoring programs are

initiated. For planning purposes, it becomes a necessary tool for simulatingchridieons to

aid in the selection of future well sites.

2.2.10verview
The premisef groundwatemodelingis therepreserdtion ofthe real systerwith a

governing equatiobased orthe principles of physics that govern groundwater flgie

governing equanforgr oundwat er f | ow iasdcbnaesvatidn obrmssDar cy 6 s
Darcyods | aw descr i be ssatturdtesborbus mediunoand faronle | ui d t

dimensional flow in homogenous isotropic porous iaéus is given by,

(0]0)
i o = (Eq. 2.1)

where 1 is the Darcy lfux or specific discharge [L/T]) is the hydraulic enductivity of the

medium [L/T];and— is the hydraulic gradient, or the change in hydraulic head per unit change

in length, along the direction of flow [L/L].

Combining the conti nui tanarbitnpatyaantrolovolumaofd Dar cy
porous medigieldsthe governing equation féhreedimensionatransientflow of constant
density groundwaten a heterogeneowmisotropicaquifer(Konikow et al, 1996)

— 0 — Y— (Eqg. 2.2)
where w are the Cartesian coordinates [0], is a seconebrder tensor fothe hydraulic

conductivity valueglongthe x, y, and zoordinate axes respectively, which are assumed to be

parallel to the major axes bfdraulic conductivityfL/T]; “Y is the specific storage of the porous
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media [1/L];0is time [T]; andw is the volumetric flux per unit volume of aquifer for any source
or sink terms [1/T]For conditions or assumptions where the media is homogendusairopic

(0 0 0 ), the flow is steadystate( " O ) andthere are no source or sink terms

(w ), thenEq. 2.2becomes the threi mensi onal Lapl aceds equatic
To simulate an aquifer system, this governing equation must be $ofvbe entire
aquifer domain after beinfgd with boundary conditions specifying heads or flows along the
boundaries of the model domain, aimdthe case of a transient problem, initial conditions
specifying heads within the model domain at the stattetimulation. The model then solves
the governing equation to yield thesttibution of head in space, afat transient problems, in
time (Anderson et al., 2015).
The concept of solute transport modeling is effectively the $amsead of groundwate
it entails simulating the transport of solutes through the subsuFaceurposes of simulating
surfacewaterand well connections, a nagpactive solutean beused which requiresolving the

standard advectiedispersion solute transport equationegi by(Konikow, 2011)

I ') ro 1. 06 b r-o (Eq.2.3)
To To To T o

where - is the effective porosity of the porous mediun;is a second order tensor indicating
the coefficient of hydrodynamic dispersiorf[L]; 6 is the solute concentration [MiL. U is the
average linear groundwater velocity in fRairection given by dividing the Darcy flux in the
corresponding direction by the effective porosityanddais the solute concentration in the
source or sink fluid.

Again, baindary conditions argpecifiedand therthe modekolvesEqg. 2.3to yield the

spatial and temporal distribution thfe solute concentration through the model domain.
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2.2.2MODFLOW

MODFLOW isa threedimensionafinite-differencegroundwatemodeldeveloped by the
U.S. Geological Survey (USGSAt present, it is the most widely used groundwater model in
industry and research settings. It viiast released in 1984dnd since then the USGS has gone on
to release four moreersions The first threeModular ThreeDimensional FiniteDifference
GroundWater Flow ModelMcDonaldandHarbaugh, 1984 MODFLOW-88 (McDonaldand
Harbaugh, 1988)and MODFLOW96 (HarbaughandMcDonald, 1996)weresolely
groundwater flow simulation codes. MODFLQOY000(Harbaughet al, 2000)was then
developed to incorporate transport and paranesgmation capabilities. The latest version,
MODFLOW-2005 made improvements on the management of internal(Hatdaugh, 2005)

Thegroundwater simulation code ihe MODFLOW sotware packages, known as the
GroundWater Flow (GWF) Process in MODFLOX005, numerically solvesq.2.2 The
method involves first spatially discretizing the model domain irgadaof blocks, or finite
difference cellsvith nodes at the centre of the celis shown ifFigure2.2. This is known as
block-centered finitedifference cells. Thea discrete version &q. 2.2is written for each cell in
the grid. The lefhand side of this equation accounts for flows from all adjacent cells and flows
from features or processes external to the aquifer such as rivers, drains, areal recharge,
evapotanspiration or wells, and the righand side of the equation is discretized in time using a
backwarddifference approach. The system of equations are then solved simultaneously using the
heads specified for initial conditions to obtain the heads attheantres, or nodes, for the first
time step. The same is done for the next time step, using the heads obtained for the first time step
as the initial heads this time. This is repeated until heads for all the specified time steps are

obtained(Harbaugh, 2005)

15



— == AQUIFER BOUNDARY
L] ACTIVE CELL
INACTIVE CELL

Ay DIMENSION OF CELL ALONG THE ROW DIRECTION —
Subscript () indicates the number of the column

Ac;  DIMENSION OF CELL ALONG THE COLUMN DIRECTION —
Subscript () indicates the number of the row

Avy,  DIMENSION OF CELL ALONG THE VERTICAL DIRECTION—
Subscript (K) indicates the number of the layer

Figure 2.2. Model discretization in MODFLOW -2005(modified from Harbaugh, 20035.
2.2.3Particle Tracking

Particle tracking is a techniggenerally used in the framework of a numerical
groundwater flow model. Using the computed head distribarehflowsfrom the groundwater
flow model, the movement @hagirary masd e s s A @ tatkeddhroagh the model
domain(Zheng, 1994 The assumption is thatparticle represents a parcel of water and it
moves as a discrete volume along a flow pAtiderson et al.2015). Particles are tracked by
computing a particleds velocit yhatadlocityby@ cur r en
finite time step b obtain its location at the end of that time step. Repeating this process over a
number of time steps traces the path of the particle through the flovovietdhetotal elapsed
time. Thus, the position of a particle can be obtained as a furétione (Pollock, 1988)If the
flow is assumed to bvo-dimensionablnd steadystatewith no areal rechge, the particle path
lines become streamliné&nderson et a).2015) For blockcentered finitedifference models,
the head distribution is discrete. As such, the velocity field inside each cell has to be interpolated
to enable the calculation of aparti e 6 s Vvewdrygairit ib the flaw fieldPollock, 1988)

Particles can be tracked forwardb@ckward in time. In the first case, the particles are

typically placed along the water table, recharge areas, and/or inflow boundaries to visualize the
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flow of groundwater from these features of interest. In the latter case, the parectgpically
placed in discharge locations such as streams or pumping wells and used to determine the source
area or capture zone of these features. Particle tracking schemes are also widely used as a
component of solute transport modeldhere they computerizelvection oradvective transpart
Advection refers to transport due to the bulk motion of the fluidnaost solute transport
problems in the field tend to be advection domingkazhikow et al., 1996)For solute transport
modeling particlescan be tracked forwasiah-time from a contamination souraeeea to estimate
the propagation of the plume thgluthe model domain or backwardtime from an area of
contamination to estimate the potential source akeadefson et al.2015).

Despite its numerous applications in groundwater modeling, paracleryg is also
subject to many errors and thus results obtained from particle tracking schemes need to be
interpreted accordinglyhe cause of errors may be the build of the groundwater flow model or
the particle tracking scheme itsdfor example, theumber and placement of particles,
particularly around areas of converging flow such as pumping wells or gaining streams, affect
the delineation of the resulting capture zogfasderson et al.2015) The presence dgiwealo
sinks or sourcemside a modelal or modellayers with varying vertical cell dimensions may
yield erroneous path line and travel time calculati@gieng, 1994)Not e, ainiRstr ongo s
inducegheflows along allthe cellfaceiso be directed i nward, howeve
strong enough and so one or more of the cell face flows may still be directed ouAsods.
particle tracking calculations may not be realistic if the rhegatial discretization is too coarse
around sinks or source or too coarse to capture important changes inibyatraductivityin
heterogeneous aquifesstimations of effective porosity values also affect particle tracking

calculations since they aused to compute cell face velocitigsmflerson et al.2015).These
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errors may all impact trackiAgased determination of capture zones @thectivity of wells
and surfacevater

There arewo additionaimportantpoints to noteegarding particléracking travel time
and path line computations. Firdtje to dispersion and the presence of aquifer heterogeneity,
solute arrival times calculated using particle tracking do not represent the time of first arrival but
merely when a particular particleaches a point of interest in the model donfamderson et
al., 2015) Secondpath lines of maskess particles do nabntainany information regarding the
volume of water linked to the streamline, i.e., a particle may correspond to a streamtube of

negigible flowthrough

2.3 Determining Connectivity of Groundwater Wells and Surface-
Water Bodies

2.3.1Capture Zone Delineation

The standard method for determining the source of well water through groundwater
modeling is capture zone delineatidime capture zone af well refers to the area the
subsurface and surfa®m which it sources its water at a given point in tifitee boundary of
a capture zone represents a line@dial travel time to the well, an isochron¢Bakkerand
Strack, 1996)So if asurfacewaterfeature is contained in part or whole inside the capture zone
of a well, it provides an estimate thie travel time of groundwater flow between tdoenected
parts of thesufacewaterfeature and the well. Notehe extents of a capture zone for a well
depend a both the aquifer hydrogeologynd the existing hydrological conditiorius the
shape ad size of the capture zone mahange in response to changes in aquifer recharge,

interactions with an adjacent stream and/or pumping operd&utk andKupfersberger, 2002)
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Hantush (1965), Hunt (1999), Anderson (2000), Bakker and Anderson (2003), Hantush ,
(2005), Rushton (2007), Intaraprasong and Zhan (2@32)tAghbolaghiet al. 013) and
numerous others have developed analytical swistfor examining well andurfacewater
connectionsThese aalytical methods typically require invoking several simplifying
assumptions such as, steatgte flow, twedimensional flow, single aquifer system,
homogeneity, isotropy, aquifer of infinitatents, fully penetrating wells, and/or a constant
pumping rateamongst otherélodd, 1980Grubb, 1993BakkerandStrack, 1996)While
capture zones delineated analytically provide acute insights into how hydrogeological and
pumping parameteisanaffect well andsurfacewaterconnections, they may be inaccurate in
estimating the true connections under field conditions as a result of the simplifying assumptions.
For example, the assumption of steatigte or uniform flow may prove adequate in the cése
single well but less so for well fields when the flow field is ambient due to well interference.
Similarly, assumptions of twdimensional flow may be valid in the shoetm when aquifer
recharge is negligible, but not in the letggm or in close winity of the well(Cericand
Haitjema, 2005Grubb, 1993RockandKupfersberger, 2002} astly, assumptions of
homogeneity and isotropy aoéennot representative of readjaifers.

Most real world problemwarrant the use of numericaethods fodetermining well and
surfacewaterconnectios through capture zone delineatidihe most common approach at
present is t@stablish the steaetate flow field using a groundwatiéow model and then use
backwardin-time advective particle trackinp delineate the capture zorme this approach,
time-dependent capture zones can be established by tracking particles over different time
intervals and ultimate capture zones can babdished by tracking the particles until they exit to

the ground surfac@-rind et al., 2002)If these capture zones intersect witbuafacewater
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boundary, then the travel time of groundwater flow betweesuhHacewaterboundary and the
well can [ inferred One important limitation of using advective particle trackingaddition to
thoseinherent with particle tracking schemessthatindividual particles do not delineate capture
zones with continuous boundaries and to do so would require an unfeasibly large number of
particles(Frind et al. 2002) More importantly, the use of massss particles only showhich
points are hydraulally connected but cannot provide anjormation about the potential
concentration ofurfacewatercontaminants that may be seen at d (el., it is difficult to
ascertain the degree of connection betweerswallisurfacewaterfeature$.

In this regard, solute transport modeling approaches may be employed to establish the
degree of groundwater and surfagater connection@/Ninter et al., 1998Keefe, 2004 Stauffer
andStone, 2005)Solute transport modeling requires fissiving the goundwater flow
equationshown inEqg. 2.2 to establish the head distribution and the resulting velocity field
distribution Then, the standard advectidispersion solute transport equatishown inEq. 2.3
may be solvedwith boundary conditions wheeeconservativeracer is released fromsurface
waterboundary.This simulates th#ansport othetracer through the model domaind the
concentration of the tracer in the well indicates the strength of the conneittiche surface
water boundary w#vas released froniNot only is solute transport modelingpre
computationally expensive, balso accuratelgolving the solute transport equatiasing
numerical methods generallymore difficult than the groundwater flow equatimning to the
difficulties in characterizing which transport mechanignes, advection or dispersioaje

dominant in a system spatially and temporélgnikow et al., 1996)
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2.3.2Capture-Fraction Mapping (the LRD Method)
Leake et al(2010)developed a method to spatially map the bialyicalimpacs of
pumpingon surfacewaterfeaturesreferred to here as the LRD methdtie premise of the
method was articulated in the classic paper by Theis (194 | | wat er di schar gect
bal anced by a | osTsh e fii weaast sar @afsdoom eitiheh thersterage in
the aquifer itself or O6captured. O6Captured is
to or out f | owlLedke e ah2040p Thiz opay bef recing the badéow to a
streamandbr inducing recharge from the stream as showkigare2.1. Capture can also come
from reduced evapotranspiration due to a loweoiigne water table and/or increased infiltration
in areas where it was previously precluded due to high water talelaise et al.2010) Thus,

the withdrawal rate at the well, can be expressed as,
O O 8 0O 6 (Eq. 2.4)

where Ois the rate of depletion of the aquifer istge, or the depletion rat®, O represents
the sum of the capture rates from all possible sources, or the total captube rate,
UsingEq. 2.4 the depletion rate and capture rate can then be expressed as the following
dimensionless fractions,

QQN & OO "@Eo 0F0E (Ea.29)

GO ORI OO WEE (Ea.26)
The method entails first runnireggroundwater flow modaimulationwithout any

pumping ancestablishinghe capture from features with specifieelad (Dirichlet) or head

dependent (Cauchy) boundary conditions. These may incheti@rge from stream to the

aquifer, discharge from aquifer to the stream, areal rechargigoanspirationetc., and
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representhe baseline capturdlext, a wellis added in a single model cell and the simulation is
re-run. The capture for the well cahen becalculated athe difference between all the capture
components from thiease caseun and the run with the well. Once tt&pture is calculated, it is
converted to the dimensionless captireetion as shown ikq. 2.6 This is repeated (i.e., a well
with thesame pumping parametessadded in another model cell and the capture for a well in
that location is calculated) uhthe desired resolution is reached. Then, a contour map can be
generated where each point indicates the fraction of pumping rate that would be supplied from
capture if a well pumping at the specified rate were to be placed(tieaiee et al., 2010)

Figure2.3 shows acontourmap indicating the fraction of pumping that is suppfiedn

capturefor aselected river segment afteyears in MichiganU.S.

— Stream
— Stréam segment

of interest
I 0.0-0.1
0.1-0.2
g;g:gi Fraction of
04-05 Pumping rate
05-06 Ccaptured at

06-0.7 5years
0.7-08
0.8-09
08-1.0

i Michigan

Allen Creek

|

0 1 2 Kilometers
I

Figure 2.3. An example capturefraction map; the mapshowsthe fraction of pumping supplied from capture after 5 years
for a selected river segment in Michigan, U.S. (modified fronheake et al., 200).

Using this methogdvaluable insights can be gained into the sustainability of pumping

operations. Howevenotethatsincethe definition of capture includes any changes in flows to
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and out of the aquifer as a result of pumpihdpes noexclusively showtheimpact on the
stream whichis a factor of onlyfwo componentsf capture: (1yeducedbasdlow to the stream
from the aquifer and2) increased recharge from the stream to the aqutfercases wheitbese
two components do not dominate titeer withdrawal induced changes, then simply removing
the other components from the calculation of capture will yiedccpture only from the stream
(i.e., streamspecific capture)and for cases where the strelaw components are the most
dominantthe other components need not be removed as the sépesoific capturdraction
map and théotalbcapturefraction mapwould effectively be the same. Notkis possible ér a
well to hydrologicallyimpact asurfacewaterfeature but not be GU[Yl.e., a well within the
high capture areas shownkigure2.3 may not necessarily be GUD&nd hence thinapping
approach is inadequate for examining the hydraulic adiores between wells arsiirfacewater
features as needed here.
2.3.3Flow-Based Capture Delineation

Flow-based capture delineatiomethods havéhe potential to combine the functions of
capture zone delineation methpdéich show the contamination threat pdgo wellsandLRD
method (Leake et al., 201@yhich showdydrologicalimpacs of pumping. Flowbased capture
delineationrmethodscandelineatecapture zones volumetrically without the use of particle
tracking or solute transpamtodeling The basioutput of theemethod is the estimation of the
volume of water that each model cell contributes $pexcifiedsink or source. For a well, this is
effectivelythe volume of water that it has sourced from each model cell. When these calls are
stream ells, a direct estimate of the volume of well water that is originating from the stegam

be obtainedThis simultaneouslyerves as an indicator ) the contamination thregbsed to
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the well fromsurfacewatersourcesand since the amount of wat#rat is being removed from
the streams known (2) the hydologicalimpact of pumping on the stream.

At presentthere are two flowbased capture delineatitools to the knowledge of the
author MODALL (Potter et a].2008)and FlowSourcéBlack andFoley, 2013)MODALL uses
cell-by-cell flows obtained from steaestate MODFLOWHarbaugh et al., 200@)mulations to
compute the flow balance in eactogndwater model cell and determine the fraction of flow,
t er med -forcaapttiuaed or CF, in each cell that oric
given sink(s)The celtby-cell CF calculations are then used to generate CF isopleths that
delineak capture areas based on their fractional contribution to the withdrawal rate at the well
(Poter et al, 2008) FlowSource can provide the same outputs as MODALL, but employs a
topology storagenethod is much faster, and has additionapabilities. It is described in more

detail in Sectior2.4.

2.4 FlowSource

FlowSourceBlack andFoley, 2013)s aMODFLOW-basedHarbaugh et al., 2000)
software toothat carvolumetricallydelineatesteadystate andjuasisteadystatecapture zones
MODALL (Potter et al.2008)however, can only be used to delineate stesdie capture zones.
FlowSourcegakes MODFLOWdrawdown, discretization and cdly-cell files as inputs and then
useddirected acycligraphs DAGS) to representhe groundwater flow path information. This
enablesitte st i mate the volume of water that ul ti ma
each groundwater model cell . The O6destination
cells need not be adjacent to one another. From determining the volwoatribution of each
model cell to the destination cell(s), FlowSource is able to calaulatege of differentetrics

Thesenclude, thevolume of water passing through originating in a cell that is ultimately
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captured in the destination cells@&@lJledé v o I-tuhmmreough &6 -Endmévoksmect i ve
fractional equivalents of botlh,a | | e d -f& formede tainetirh 6 bugh oi amls pect i ve
statistical summaries and probabilistic outputs of the volumetric captureltlat® ODALL
outputs are agjvalent to the fractiosthrough output in FlowSource.
2.4.1FlowSource Method

To illustrate the method of calculation in FlowSource, considenypethetical cetby-

cell flows from agroundwater model shown Kigure2.4.

AN |;|
® OV
5] 5] 5]
Ol U v
5] 5]
® L ol

Figure 2.4. Cell-by-cell flows from ahypothetical groundwater flow model, the arrows represent the volume of flow
across each cell face; cellAisadin and t he 06 d(emadified fromtFoley and BlazK, 2063)

In Figure2.4, each cell is identified with a letter (A through I) and the arrows represent the
volume of flow across each cell face (i.e., there are 5 units of water flowing from cell B to cell A
acrosshe cell face shared by the two cells). Note, Cell A is a sink and defined as the destination
cell in this case.

Figure2.5 now showghe same flow distribution as @&ekcted graph. In a directed graph
structure, each cell is represented as a node and the flows across the cell fapessarged as

edges. Note that Wwas necessary to create dummy nodes for cells B and C to represent flows to
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and from outside the medgrid and also for cells F, H and | to conserve mass balance in those

cells(FoleyandBlack, 2013)

© O
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e O O
5 5 5
o)——O—"(0),

2 :lO
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Figure 2.5. Directed graph representation of celby-cell flows from the example inFigure 2.4 (modified from Foleyand
Black, 2013)

Using a directed graph allows the groundwater flow path information to be represented in
terms of the actual topology of the flow field. Thus, the cells can be sorted in the order of
downstream flow as shown kigure2.6, instead of the row and column orag#own inFigure

2.4 (FoleyandBlack, 2013)

5

RS
®®©®® @ @

Figure 2.6. Nodes from directed graph sorted topographically in order of downstream flowRigure from Foley and Black,
2013)

It is now possible to lookt each cell and calculate its volumetric contribution to the

destination cell (cell Aby simply usingarithmetic operationgzlowSource startwith the most
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downstream cell and sequentially move upstrdéonexample, €ll A is the most downstream
cell and has 10 units of water flowing in. Since it is the destination cell, all the water entering
cell A is extracted. Thus, cell A hawvolumethroughof 10 units andhfraction through of
100%.As none of the water that is extracted in cell A originated in cell A, it has a vehome
and fractiorfrom of Oand 0% respectivel\Next, ell D has 5 units of water flowing in and 5
units d waterflowing out tocell to A, where all of its extracted. Thus, cell Bas avolume
through of 5 units andfaaction through of 100%Again, since none of the water that is
extracted in cell A originated in cell D, it too has &woe-from and fradgobn-from of 0 and 0%
respectivelySimilar calculations can be made for all the remaining cells, sequentially going

upstreamFigure2.7 shows a schematic of the callated metrics.

(») (©) (») (©)
10 5 6.25 100% 50% 62.5%

) (0 ® ) (0 (®
5 75 6 100% 75% 75%

© [0 © & |©
0 1.5 0.75 0% 75% 75%

(a) Volume-through (b) Fraction-through

(&) (©) (&) (©)
0 0 0 0% 0% 0%

Ol G 0 © [®
0 0 15 0% 0% 75%

OO © & O
0 1.5 0.75 0% 75% 75%

(¢) Volume-from (d) Fraction-from

Figure 2.7. Calculated FlowSource metrics forthe cell-by-cell flows from the example inFigure 2.4 (modified from Foley
and Black, 2013)
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All themetrics inFigure2.7 were determineth a single traversal of the topologically
sorted nodes. This is because there were no cycles along the nodes. To denttoagtraidéem
associateavith cycles, consider again the same mdmglwith the horizontal eddsetween

nodes B and Creversed as shown kigure2.8.

© O

Q- =00
5

5 5

Figure 2.8. Directed graph with horizontal edge between nodes B and C reversed (modified frofoley and Black, 2013)

The new cell flow topology associated with the directed grajiigare2.8 is shown in

Figure2.9. Note the presence of a cycle between cell B and cell C.

Figure 2.9. New topological sorting of nodes in order of downstream flowHigure from Foley and Black, 2013)

Now it is not possible to complete the calculations because cell B would require cell C to

be processed first, while cell C would require cell B to be processTiimstsolution to the
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groundwater flow equation would not actually permit this scenari@ sing physically

impossible. Tie only time cyclical paths are introduced are due to numeicatk in the
groundwater mass balandéese flows are typically very small in converged MODFLOW
simulations To avoid this, the FlowSource method first chefdeshe presence of cycles in the
graph before doing the calculations. If a cycle is found, then the edge with the lowest volume in
the cycle is removed from the graph. This is repeated until the graph is €Eptéig and Black,
2013)

In summary, Flo@ource first converts the MODFLOY¢Il-by-cell flowsinto a directed
graph. It then proceeds to check for cycles in the graph and eliminates them if they exist. The
nodes are then sorted topologically according to the flow field and finally the FlowSource
metrics are calculated for each cell, starting with the most downstream shehfirwith the
most upstreant-or transient models, the volumetric metrics are calculated at eachtémas
time-instant steadgtate cases. FlowSource can then outputehdog-cell minimum,
maximum, and mean values from the entire simulation. Additionally, it can compute
probabilities within range and always/sometimes/never values for each cell by looking at the
number of times a cell becomes hydraulically connectedetdéitination cell(gFoley and
Black, 2013)

For a transient modelith an estimated 4,000,000 active nodes E5@l000 destination
cells, or locations of interedhe program run time on a computer with a basic procéssor
approximately\80 seconds foeach stress periqéoleyandBlack, 2013)
2.4.2Current and Future Applications

FlowSource has been widely ds@ the U.K. by industry, consultants, and regulators for a

variety of purposes such as well head protection, pump and treat optimization and transient
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capture zone analys{Black and Foley, 2013For exampleFigure2.10 shows the ability of

FlowSource talemonstrate how well capture zones change in response to competing abstraction

pressures.

100 100 100 Flow-From(%)
/\ o v e ¢ January,/fl971r

N % 20 90

January,/1985(;

Figure 2.10. Impact of competing abstraction pressures on well capture zongBlowSource flow-from metric shown for
three different well fields from January 1971 to December 2004modified from Black and Foley, 2013)

In Figure2.10, the initial capture zone die blue well fields shown tanclude tre
southern water course. Howeyetith the development of additional abstractions to the south,
thecapture zone of the blue well fietpladuallydrifts northward until it eventually includes the
previously unaffected northern watercoufSeley and Black, 2013)

The abilities to determine the volume of water passing through or originating in each

model cell that is ultimately captured by a well for both stestdie andransient (which are
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treated as quasiteadystate)modelsand proces multiple sourcer sink cells simultaneously
makes FlowSourcparticularly useful for assessimgell andsurfacewaterconnections
2.4.3Sources of Errors

As a result of using ceby-cell flows from a finitedifference model like MODFLOW,
FlowSource calculains are sensitive to grid size. This is because thégalkll flows are
represented as orthogonal flows at the cell faces. This implicitly assumes that the flows in the
cell are fully mixed, whereby all inflows to a cell are assumed to be evenlydisttito the
output facesThough this does not manifest any major problems with fine grids, coarse grids
may show significant numerical dispersion. This is because the fully mixed assumption fails to
account for the streamtubes that develop inside the @¢lus, periphery cells that do not have
any advective flow lines flowing into the destination cell may sélinrliuded in the
calculationsAs such a solution is warranted that can accurately determine the connections

between the cell faces withowtibhg too computationally expensive.
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Chapter 3

Methodology

3.1 Reducing Numerical Dispersion in FlowSource

To address the numerical dispersion issues in FlowS¢Blaek andFoley, 2013)a
method was developed to evalutitevolumetric flow connectiongithin a threedimensional
rectilinearfinite-difference cell byeither applying mass balance or by analyticedlgreating the
streamtube geometry within the c@lhis method has been embedded in an algorithm that can be
incorporated into FlowSource. The algorittakes flows at the dacesasinputs,which are
obtained from running a groundwater flow model sasiMODFLOW(Harbaugh et al., 2000)
andoutputsthe volumetric flove from each inflow face to each outflow face.

Themethodish as ed o n P-analfticacpkriicle traskingimethod (Pollock, 1988).
Thus, the underlying assumpt i.®heseindlude:(B@| | oc k 6 s
flow field is steadystate (2) orthogonal cell face flowand(2) the principal conponents of the
groundwater velocity vector vary linearly within the cell with respect to their own coordinate
direction (i.e., linear interpolation ofélgroundwater velocity vectoi}.should also be notad
assuming orthogonal cell face flowapllodk 6 s  madsbimpdicitly assumes that the cell face
flow velocity is evenly distributed over the entire area of the cell fElve. methodleveloped for
thesis also has some assumptions of its own. These include gdjition or removal of water
insidethe celland (2) thatthe principal components of theelocity gradientsvithin the cellare
nonzera

Thealgorithmhas been developed in MATLAB and will be translated

VisualBasic.NETfor incorporation into FlowSource.
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32Pol |l ockbés Met hod

Pollock (1988)developed a senr@nalytical particle tracking method for bleckntered
finite-difference groundwaterdiv models. The method generates particle path lines using
consevation of mass inside the cell and will here be extended to generatelittiegsional
streamtube surfaces for the purposes of this thesis.

Figure3.1 shows the how the finitdifference cells are orientated and how the cell face
flows are defined for the method.
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Figure 3.1. Orientation of finite -difference cell and definition of cell face flowsKigure from Pollock, 1988.

The six cell faes are defined as, w, w, W, a,andd . Cell facew lies alonghy ®,

and cell facan lies alongw  w . Analogous definitions hold for the remaining four cell faces.
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Pol |l ockds met h esthte fow Seld anel that Hyerirscipaé cardppnents of
the groundwater velocity vector vary linearly within the cell with respect to their own coordinate
direction. Thus, in each of the three principal directions, the velocity gradients,, ando

are constant and can be exgsed as:

5 ) 0 (Eq. 3.1)
Yo

5 v v (Eq. 3.2)
Yw

5 ) ) (Eq. 3.3)
Ya

whered ,0 ,0 ,0 ,0 ,and0 are the cell face velocities ai¥dy Yoy andYd are the

dimensions of the cell along each of the coordinate axes.

It follows then, that the principal velocity components within a cell are given by:

b 5 o 6 0 (Eq. 3.4)
0 B O O O (Eq. 3.5)
(Eq. 3.6)

where U , 0 , andb represent the velocity functions in each of the coordinate directions inside

the cell.
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The velocity component functions of the particle are then expressed as:

o

- , (Eq.3.7)
Qo °VY

Q)

il 5 0 (Eq. 3.8)
Qo °VY

Q)

ol . (Eq. 3.9)
— 0

Qo v

where QO 7Qo, Q) TQ0 ,and Q) TQ 0 represent the velocity component functions of the
particle in each of the coordinate directions and0 , andv represent the rate of change of
the particles position in each of the coordinate directions.

Eq. 3.7to Eg. 3.9can then be directly integrated and combined &ijh3.4to Eq. 3.6to
yield analytical expressions for the particle path line segments within each cell. These

expressions are shown below:

OO o aﬂ b o AgeYo O (Eq.310
6o O 63 b o AGBYS 0 (Eq. 311)
&6 & aﬂ b o AgeYo (Eq. 312)

where0 0 ,0 0 ,andvb 0O are the principal components of the particle velocity in the
currenttime ste@ ;® 0 ,w 0 ,anda O indicate the location of the particle within the
threedimensional cell at some future timtes, o ; andYois the elapsed time betweénando .
Eg. 3.10to Eqg. 3.12can then be used to directly evaluate the exit location of the particle
whohx |, using¥d Yo, whereYo is the time it takes the particle to exit the cell. Nahe

particle can exit through any of the outflow faces. The cell face a particle actually exits through
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will correspond to the direction of its shortest travel time (i.e., if the particle exits through cell
facew or w, then its shortest travel tiniein the ydirection). The time required for a particle to

reach a given cell face can be calculated as:

o 21l Eaais
0] 0]

o Ll s
(0] (0]

o L1 10 Easis
0] v O

where Y0 , Y0 , andY0 represent the time required for a particle to exit the cell in each of the
coordinate directions.

Thus, if cell facan is the actual exit face, théf® will be equal ta¥d , given by,

vo L1 (Eq. 316
(0] U (0]

Note, in Eq. 3.16& was assumed that tlyecomponent of the velocity gradient, , is non
zero. However, if it turns out that is zero, then Eq. 3.16ill be indeterminant. In this special

case, the exit time in a particular directissimply calculatedas the distance travelled by the
particle in that direction divided by the velocity component in that direction. Thus, if the velocity

gradient was zero in thedirection,Eq. 3.16would be replaced by,

y G 6o
o o—— (Eq. 317
U

where, 0 0 is the ycoordinate of the starting location of the particle.

Figure3.2 shows a schematic frothe original paper biollock(1988)of a particlep,

being tracked through a tadimensional cell. The particle is released from cell facand exits

through cell facev .
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Figure 3.2 A particle being tracked through a two-dimensional cell from p, yp) at time tp to its exit (xe, Ye) at time te
(Figure from Pollock, 1988)

3.3 Computing Flow Connectionsin a Two-Dimensional Rectilinear
Cell (2D-Algorithm)

For a twedimensionalectilinear finitedifferencecell, the streamtube geometry need not
befully recreated to determine volumetric flows from the inflow faces to theooutéices.
Assuming there are no internal sources or singisle the celthat add or remove watand a
steadystate flow field, then conservation of mass in the cell requireshdaotal inflows equal
the total outflows. Using this simple mass balance apprdaetiplumetric flow connections
a two-dimensional celtan be evaluatesblely in terms of the cell face flows. This obviates the
need fomumerical or analyticgbaricle tracking, greatly reducing computation time. In addition,
because all calculations are exclusively in terms of the cell face flows, the effectivenéss of th

method is nosensitive tdhemodel gridsize.
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Figure3.3 illustrateshow the cell face flows may be defined for a tdimensional
rectilinear finitedifference model cell. Cell faces andw lie perpendicular to theyaxis atw
w andw w regectively, while cell faces) andw lie perpendicular to thexaxis atwy ~ ®

andw @ respectively.

Q.

ﬁ (%2, ¥l

Oy Q.

Figure 3.3. Orientation of a two-dimensionalfinite -difference cell and definition of cell face flows

Thus all volumetric flow connectionsan be expressed &s;, wherei is index of the cell
face from which the flow originates and the index of the cell face at which the flow exits (i.e.
the flow from cell face® to cell face® would be expressed as ; ). The four corners of the
cell can also be now defined using this indexing routine, whereby dgrrefers to the corner
between cell faceand cell facg.

In a twadimensional rectilineacell with orthogonal flows at each cell face, each cell face
can either be (1) an inflow boundary, (2) an outflow boundary, or (3)flowdooundary. Thus,
there are 8or 81 possible permutations of flow boundaries tlaat @arise Careful observation
revealsthat the 81 cases can effectively be reduced to three general sets of cases: (1) trivial
cases, (2) two inflowswo outflows and (3) all other cases. The discussions following will
explain the development of the setegjuations used to calculatelumetric flow connectionor
each of the three general cases.

38



3.3.1Trivial Cases

Cases where none of the cell faces are hydraulically connected are defined as trivial, since
for these casesplumetric flow connectioneeed not be calculated. Trivial casesunid all
cases where all cell face flows are directed
are directed out wa ratwhenthere are no floavs ifiseld thexel.g 0 sour c

Examplesof some trivial cases ashown inFigure3.4.

Q,, Q,, Q,;
! 1 |
Q,, @mo,, o, ¢m =), Q= dmmq,
1 |
Q1 Q,,

() (b) (© @)

Figure 3.4. Schematics of some trivial cases: strong sir{), strong source(b), strong snk with a no-flow boundary at cell
face y1(c), all no-flow boundaries (d).

Note, the assumption of no internal removal or addition of water inside the cell is not
affected by encountering strong sinks or sources inside the celist@sause even though all
the water that enters a cell is removed inside the cell in the presence of a strong siakK, thiace
cell faces are inflow faceso calculations need to be made for the amount of flow transferred
from each inflow face to ehmutflow face. Similarly, even though water is added when there is
strong source inside thelt since none of the cell faces are hydraulically connected no
calculations need to be made.
3.3.2Two Inflows-Two Outflows

Two inflows-two outflows is a flow bounds combination comprising of six different

permutations. It turns out that four of the six permutations are just rotations of one flow regime,
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while the remaining two permutations are rotations of another flow regime. Thus, the flow
boundary combination d#vo inflows-two outflows can yield two general types of flow regimes,
Type 1 and Type Zlype 1has two rotations an@lype 2has four This is illustrated irFigure

3.5. For theType 2 cases, shown kgure3.5 (e) to(f), the inflow cornefi.e.,corner shared by

two inflow edges) wsforward tracked and the outflow cornee., cornershared by two

outflow edges) wabackwardt r ac k ed us i n g (Pélock, 1988 krécieateieet h o d

dividing streamtubes insid=ach celfor visualization

O‘Vz Qyz
e |
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Q,q ¢um ) Q,, Q== =Q,
<+ -
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o o
O-vl Q'vl
(@) (b)

O.yz O‘VZ O.vg O.yZ
ot /] | |
Q-xl#‘_ v .\ :‘sz o-xl Q):Z Qxlh y - sz Qxlh > ® - QxZ
l 0:;\‘ ] g A 1 1
le le le Qvl

©) (d) (e) ]

Figure 3.5. Schematics of the two general flow regime types of two inflovao outflows: (a) and (b) show the two
rotations of Type 1, Case 1A and Case 1Bwhile (c), (d), (e) and () are the four rotations of Type 2, Cases 2A, 2B, 2C and
2D. The streamtubes are annotated fo€ase 1A, in(a), andCase 2Ain (c).

The issuewith the fully mixed assumption can be visualizebughthe schematics shown
in Figure3.5. For example, note iRigure3.5 (a) that there is no flow from cell face to cell
facew . However if the cell is assumed to be fully mixed, then the flows fromdadtifacesw

andw are being assumed to be evedistributed to cell face® andw .
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Type 1 flow regimes have a stagnation point inside the cell since the two outflows are in
opposite directions and the two inflows are in opposite directionsvdlbmetric flow
connectiondor these cases can beeained using the location of the stagnation point. This is

illustrated inFigure3.6 with Case 1Afrom Figure3.5.
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Qxl @ :> QxZ
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Q,
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(%0, v4)

Axg,
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Figure 3.6. Schematic ofCaselA.

In Figure3.6, Y& is the distance of the stagnation point from poinfto along thecs

axis andYwis the total length of the cell along theaxis.As such,yy— is the fraction of

. . Yy . . = .
routed to cell facev, while p s the fraction oD routed to cell faceb . The same can

be said about the fractions@f routed to cell face» and® , respectively.
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Thus, using the segments delineated by the stagnation point in the cellyvallinetric
flow connectiongan be expressed as follows:

Yo . (Eq. 3.18)

Yo o . (Eq. 3.19)

C
>5¢
©
€
an

Yoo .
. (Eq. 3.20)
Yo ¥ 3

(o]
5¢

ot )700 ot Eqg. 3.21
0 f P gy O s (Eq. 3.20)

Note, only the flowdrom the inflow faces to theutflow facesneed to be considered. This
is because there is no flawbetween the same flow boundaries (i.e., there is no flow between
two inflow faces or two outflow faces).

As the location of the stagnation point is nnbkn apriori,Yo has to be represented in

terms of the cell face flows. A plot of thelocity profile along thexaxis forCase 1Afrom

Figure3.6 is shownin Figure3.7.
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A

P AR~ —

Vxl—

Figure 3.7. Plot of velocity profile along x-axis for Case 1A
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The velocitieshy andu can be expressed as:

N v (Eq. 3.22)
Yw

N v , (Eq. 3.23)
Yw

Since the flow in thexdirection is negative a ® and positive ato @, plotting
thevelocity in thedirection as a function of distance along éhaxis yields a straight line with
a positive gradient, starting abfy , intersecting théraxis at w o it and stopping at

wh ,whered isnegativeadd is positive. Thus, by virtue of similar trianglesd using

Eq. 3.22andEq. 3.23 gxspcan be expressed as,

o) m—j— PN O} (Eq. 3.24)
L v__ R T V]
Yw Yw
or,
30 WG, (Eq. 325)
where, "Q; #@Sﬁs
Substitutingeq. 3.25n Eg. 3.18Eq. 3.19Eq. 3.20 andEq. 3.21yields:
0 5 O D s (Eq. 3.26)
0 & PO D s (Eq. 327)
0 f "D s (Eq. 3.28)
0 P D s (Eq. 3.29)
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Now consideiCase 1Brom Figure3.5 as shown irFigure3.8.
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Figure 3.8. Schematic ofCase 1B

In this caseY is the distance of the stagnation point from poinfto  along thew

axis andYwis the tothlength of the cell along thé-axis. Thus, all theolumetric flow

connectiondor this case can be expressed as:

T yd) il
U p Yo D S (Eq. 3.30)
ol ya) ol
U P35 @ ¢ (Eq. 3.31)
- Yoo .
U oL ¢ (Eq. 3.32)
ot SI(b ot
U P35 @ 8 (Eq. 3.39)

Plotting thevelocity profile along the yaxis for2D-Type 1 case (bfyom Figure3.8 allows
an expression foY® to be obtained in the same manner a®/for . This is illustrated irFigure

3.9.
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Figure 3.9. Plot of velocity profile alongy-axis for Case 1B

Thus, using similar triangles Figure3.9 and expressions of the cell face velocities in

terms of the cell face flow¥® can be expressed as:

3W wuug)—s (Eq.3.39)
v SV
or,
3W W "Qy (Eq. 3.35)
where, "Q; 2 ; .
Substitutingeq. 3.35n Eqg. 3.30Eqg. 3.31 Eq. 3.32 Eq. 3.33yields:
0 h & D s (Eq. 3.36)
0 P % D s (Eq. 3.37)
0 "D s (Eq. 339)
0 P & D s (Eq. 3.39)
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Note that for both cases, all thelumetric flow connections) , are expressed as the
product of a stagnation point coefficient (i'€;, ,p "Q; ,’Q; ,orp "Q; )andthe
magnitude of the inflow componeng) |. The stagnation point coefficient is related to the
outflow component) , in two ways: the direction of the floandthe cell faceat which the flow
occurs So, when the outflows are in thedirection the product includes thisdirection
stagnation point coefficient&¥, , andp "Q, ) and when the outflows are in thedirection,
the product includes the-direction stagnation point coefficient€X , andp "Q; ). The cell
face of the outflow componenfdetermines which of the stagnation point coefficients is used
for the given coordinate direction (i.&Q, orp Q). Since the stagnation point locations are
defined with respect tan o , 'Q always delineatethe fraction of flow routed to the outflow
face located alongo hd , whilep "Q always delineates fraction of flow routed to the
outflow face alongow o . Thus, the general equation to determinevtsiametric flow
connectiongor Type 1 case (the stagnation point cases), can be expressed as,

0 inds (Eq. 3.40)
where,i nis the stagnation point coefficiei€, ,p "Q, ,"Q; or,p "Q; ), whichis
determinedy the orientatiorfcoordinate axes that it is perpendicular to) and location along the
axis of outflow facelQ

Evaluatingvolumetric flow connectionfor the four cases assignedTigpe 2as shown in
Figure3.5is a bit more challenging, because for each (@ase 2A, 2B, 2C, or 2Dit is
possible to have three different flow regimes depending on the magnafuithescell face flows,
whereby a particle trackedoim an inflow corner can exit through one of the two outflow faces
or through the outflow corner. Thus, theare 12 cases in total fdype 2. The thee potential
flow regimes forCase 2Aare illustrated irFigure3.10. Again, the inflow corners and outflow
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cornersweré r ac ked usi ngtoBetinedtedhe Hividing stneainthbesifor

visualization.
QVZ sz Qyz
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Figure 3.10. Schematics of the three potential flow regimes for Casé\2 flow regime I, particle tracked from inflow
corner exits through one outflow face(a); flow regime 11, particle tracked from inflow corner exits through the other
outflow face (b); and flow regime lll, particle tracked from inflow corner exits through the outflow corner (c).

Figure3.10 shows that foCase 2A depending on theell faceflow magnitudes, a particle
tracked from cornet ity can exit through either cell face (flow regime 1) cell facew (flow
regime Il) or through cornes o (flow regime 111). The mass balance equation forthliee
cases irFigure3.10 can be written as,

Y s Ps Os D s (Eq. 3.41)

In the event that thegpticle exits through cell faae (i.e., flow regime [) the following

two statements must be true to ensure conservation of mass:

(1) The magnitude ob  must be greater than thatlof ,i.e.,.s s D s

(2) The magnitude ob  must be less than thatof ,ie.,& s 0
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Thus,ifd) s 9 sfor Case 2, the relevanvolumetric flow connectionare as

follows:
0r O s Prs s D s (Eq.342)
0 n D s (Eq.343)
0 n D s (Eq. 3.44)
0 5 T (Eq. 3.45)

Note, only one of the conditions need to be considereddi.es 9 9, since if
statement (1) is true, statement (2) must also be true.

Similarly, in the event that the particle exits through cell facg.e., flow regime Il), the

following two statements must be true to ensure conservation of mass:

(3) The magnitude ob must bdessthan that oy ,ie.,. s O s

(4) The magnitude ob  must begreatetthan that o ,i.e.,.9 s 0

Thus, ifd) s D sfor Case 2A, the relevamblumetric flow connectionare as

follows:
0 Tl (Eq. 3.46)
0 r D s (Eq.347)
0 fr D s (Eq. 349
0f s Drs s D s (Eq.349)

Finally, in the event that the particle exits through cocné (i.e.,flow regime IlI), the

following two statements must be true to ensure conservation of mass:

(5) The magnitude od must beequaltothat of0 ,i.e.,& s O s
(6) The magnitude ob  must beequal tothat of0 ,i.e.,© s 0
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Thus,ifdd s @ sfor Case 2Athe relevanvolumetric flow connectionare as

follows:
0 5 T (Eq. 350
0 r D s (Eq. 351)
0 r 9 s (Eq. 352
0 5 T (Eq. 3.53)

Performingthis exercise separately for each case is not desirable since it would not be
computationally efficient. Thus, it is necessary to develop a common set of equatiansutldat
apply to all theType 2cases

To do this, lreef eurse nfcier sitn fdled w an.eis fehisowae f er e n
thecell face with the lower index, whereet indices for the cell face floviscrease in clockwise
directionas follows:0 p, 0 ¢, 0 o, ando 1. Also, the indices are consiger
to be cyclic (i.e., 1 is lower than 2, 2 is lower than 3, 3 is lower than 4 and 4 is lower than 1).

For Case 2A0 and0 are the inflows. This makes the reference inflow since it has

the lower index. Thus, theolumetric flow connectionsan be expressed in terms of the

reference inflow as follows:

) 0 (Eq. 3.54)
0 0 (Eq. 3.55)
0 0 (Eq. 3.56)
0 0 (Eq. 3.57)
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It turns out thathe general sets of equations that apply to all the Type 2 cases can be
derived bysubstitutingeq. 3.54 Eq. 3.55 Eq. 3.56 andEq. 3.57into Eq. 3.41 The substitution
yieldsthe general mass balanaguation for allType 2cases

s & s O s D s (Eq. 358)

It follows that the first condition for flow regimiewhichwasg) s  sfor Case 2A

can be expressed,a8 s 9 s The general equations for the relevapiumetric flow

connection®f this flow regime can then be expressed as:

0 & s O s (Eq. 359
0 D s (Eq. 360)

0 5 D s (Eq. 361)

0 f Tt (Eq. 3.62)

Similarly, the second condition for tfiew regime llbecomes®) s < s The general

equations for the corresponding relevaoiumetric flow connectionsan be expressed as:

0 Tt (Eq. 3.63)

0 Ds (Eq. 364)

0 5 D s (Eq. 365

0 7 o s D s (Eq. 366)

Finally, the last condition for flow regimé becomes®) s © s The general

equations for the corresponding relevaoiumetric flow connectionsan be expressed as:

O . I (Eg. 3.67)
5 3 s (Eq. 3.69)
5 g s (Eq. 3.69)
o - (Eq.3.70)
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Thus, to determine theolumetric flow connection®r theType 2casesone needs only to
define the reference inflow, then check for the three conditions for each of the possible flow
regimes and apply the appropriate set of equations.
3.3.3All Other Cases

It turns out that for all the remaining cases, whenever the number of inflows are greater
than the number of outflows, there is only one outflow; whenever the number of outflows are
greater than the number inflows, there is only one inflow; and |agtignever the number of
inflows and outflows are equal, thereisly oneinflow andoneoutflow (i.e., the only remaining
cases with equal number of inflows and outflows are cases where thasnfow, one
outflow, andtwo noflows). Thus, all these cases can be grouped into the following categories:
(2) singleinflow (2) singleoutflow, and(3) singleinflow-singleoutflow. Three examples from
each of the categories are showirigure3.11. In Figure3.11, the dividing streamtubes were
recreated for visualization by forward trackitig inflow corner®f the single outflow case,
shown inFigure3.11 (a), andbackward trackinghe outflow cornepf the single inflow case,

shown inFigure3.11 (b).

sz O~y2
\\1 sz,yz
<:| sz Qx1<::| S~ _ <:I sz Qa,n <:| sz
sz,xl
(@) (b) ()

Figure 3.11. Three examples of remaining case$our non-zero flows with single outflow (a), three nonzero flows with
singleinflow (b), and two nonzero flows with singleinflow and single outflow (c).
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Note inFigure3.11 (a), that all faces are inflow faces except one. This may imply the
presence of a fAweako sink inside the cell,
not strong enough to induce inward f éverw al
recall that the method assumes theneo internal removal of waté@rside the cell antlence all

the water that enters the cellfigure3.11 (a) is assumetb exit through the single outflow face.

As such, the methoeffectivelyassumes that there are no weak sinks or sources inside the cells.

Now, for any nortrivial case (i.e., at least two cell faces are hydraulically connected), the
magnitude of inflonat a given cell facehas to be equal to the sum of its components routed to

all n connected outflow faces. This can be expressed as,

s

(et}
5¢

(Eq. 3.71)

where 9 sis the volumetric inflow at cell facénd0 f, is the component af flowing to cell
faceQ
Similarly, themagnitude obutflow at a given cell facghas to be equal to the sum of its

components sourced from alconnected inflow facedhis can be expressed as,

~
¥

D3

C
5¢

(Eq. 3.72)

where 9 sis the volumetric outflow at cell fad@nd0 5 is the component af flowing in
from cell faceQ
Now, considethe three inflowssingleoutflow case shown iRigure3.11(a). Since there is

only one outflowEq. 3.71can be expressed as,

Os 0j (Eq.3.73)

where Qs the index of the outflow face.
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Thatis, themagnitude of inflonat any given cell fac® s is simply the amount
flowing in from that inflow face to theingleoutflow face,0 j. Thus, forall remainingcases
where the number of inflows are greater than the number of outfi@ygor all nontrivial
cases witha single outflow) thevolumetric flow connectionsan be expressed as,

0r Ds (Eq.3.74)
This canalso be visually validated from Figure3.11(a). Since there is only one outflow,

the streamtubes emanating from the each of the inflow faces must end up on the single outflow
face.

Similarly, forthe single inflow case shown gure3.11(b) Eq. 3.72becomes,

~

s 05 (Eq.3.79
where (s the index of the inflow face.

That is, themagitude ofoutflow at any given cell facis simply the amount flowingp
that outflow face from theingleinflow face.Thus,for all remaining cases where the number of
outflows are greater than the number of inflows. (for all nontrivial caseswith a single
inflow), thevolumetric flow connectionsan be expressed as,

0 Ds (Eq.3.76)

The only cases that remain are $iegleinflow-singleoutflow-two no flow cases. For all
these casethesingleinflow must be equal tthe singleoutflow to preserve mass balange.,
$s D 9. Thus, thevolumetric flow connectionfor these cases can be calculated with either
Eq. 3.74or Eq. 3.76 Thealgorithmsimply treats these cases same as the cases where the number

of inflows are greater than number of outflows (i.e., ugigg3.74.
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3.3.4Summary of 2D-Algorithm

The general equations described in the preceding sechorise embedded in a simple
algorithm todetermine all the flows between each of the faces of a gingldimensional
rectilinear finitedifference cel(the 2D-algorithm) The results of the 2@lgorithm can
outputted in the form of a matrix, called th@wv connectiormatrix (FCM). For a twe
dimensional rectilinear cell tfeCM can be expressed as,

8

2
CA
=y
=2
=y

0
v

"06 0 (Eq. 3.77)

- E—C
¢
(o)
0«
C1 C1 Cn
5¢

8

S5« 3¢
C CH
¢
C?
0«

h h 8 U

Note, that the elements along the diagonal oFHG& matrix represent flows from a cell
face to itself (i.e.D f ), and as such they are blankiso note thavolumetric flow
connection®n either side of the diagonal in tREM matrix representhe same flow$ut in
opposite directiong-or exampleif for a particular ase there ia flow connectiorfrom cell face
o (the inflow face) to cell facé (the outflow face), thed | is positive. Thereford) f is
simply 0 § . This canbe generally expressed as,

"06 '@ "06 UHQ (Eq. 3.78)

Thefirst step of th&D-algorithm is to fill theFCM matrix with zeros. Ten the cell face
flows for the given cell are obtained fronetbeltby-cell flows outputted by a finitdifference
flow model like MODFLOW.The cell face flows are used to determine which case to be applied
to the cel |l -{nflowsdawop ud f i b ws a [Figfilgpwvs tvGautfiowd Type o
200r dalclasetstbg . Once the case haautfldveen est abl
connectiorthe appropriate equation is applieceimluatehe flow for that connection (i.e., the
flow through each dividing streamtube is computed). After the flows for all the connections are

evaluatedthe remaining elements of tR€M matrix arepopulatedn usingEqg. 3.78
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A flow chart outlining the algorithmol computing the distributionf flow in two-

dimensional rectilinear cei$ presented ifrigure3.12.

Initialize FCM matrix (1.e., store matrix with all
Zeros)

‘ Obtain cell face flows from groundwater flow model

v

‘ Establish case ‘

Do nothing

Two Inflows-
Two Outflows:
Type 1?7

Evaluate spj,
where spj € (fx,sprl - fx,syrfy,sp- 1- fy,sp)

[@xs | Qy1
and f op = : =
Fesp \Qxlwl%\‘fy‘” [Qyal+1Qy21

v

Two Inflows-
Two Outflows:
Type 27

Yes
Qi ;= sp;lQil ‘
‘ Establish reference inflow. @, ‘ No. of inflows >
No. of outflows?
Establish flow ‘ ‘ No ‘
regime ‘
No. of inflows <
No. of outflows
Q] > |Qr431? 1€r1 < 1QrssP? Q7] = 1Qr43l? v
Qi =10l
Q2= |Qrl —1Qr43l Qrri2=0 Qrr42=0
QT,T+3 = [@r4sl Qr,1'+3 =1Qr| Qr,r+3 =@,
Qri1,r+2 = |Qr+al Qri1,r42 = [@ri2l Qi1 r+2 = |Qrial
Qri1,r43 =0 Qri1,r+3 = [@Qrial — [@rs2l Qri1r+3=0
> Populate FCM matrix <

Figure 3.12. Flow chart of algorithm for computing volumetric flow connectionsin a two-dimensional rectilinear finite-
difference celt the blue boxes indicate the equations used fdetermining flow connections the red boxes indicate
terminal points in the flow chart.
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3.4 Computing Flow Connectionsin a Three-Dimensional
Rectilinear Cell

A threedimensional rectilinear finitelifference has six cell faces, as illustrated for
Pol | oc k 6Pollockd9388) mEigure3.1. Each cell face can either be (1) an inflow face,
(2) an outflow or, (3) a nflow face. This yields Bor 729 potential cell face flow boundary
permutations. Again, careful observation rdgddhat the 729 cases can be reduced to five
general types of cases: (1) trivases, (2) stagnation point cases, (3) single inflodbr single
outflow cases, (4) casesmpatible with 2Balgorithm and (5) all other cases. For the special
cases, nundred (1) to (4), thgolumetric flow connectionsan be evaluated directly by simply
applying massalance inside the cedimilar to the 2Balgorithm However, in order to evaluate
thevolumetric flow connection®r all theother cases, it is necessanyrécreate the streamtube
geometry inside t he .Ttheughhe spacialcases Reql di-bow kel s
face boundaries, strong sink/source inside the cell, stagnation point inside the cell, single
inflow/single outflow) represent only small fraction of the type of flow boundaries typically

encountered by eell in a groundwater modeéhe significant reduction in computation time for

met h

these cases as a result of using the mass balance approach warranted differentiating them from

the cass that requirstreamtube geometry recreation inside the cell.
3.4.1Trivial Cases
The trivial cases in thredgimensions are analogous to the #hmensional cases. These

include all the cases where there is a strong sink or source inside the cell orrbdtevis

inside the cellFigure3.13illustrates the thredimensional analogs of the trivial cases illustrated

in Figure3.4. Again, since none of the cell faces are hydraulically connectedlathetric flow

connectionsre zero for these cases.
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Figure 3.13. Schematics of trivial cases for threedimensional cell: strong sink(a), strong source(b), strong sink with a no
flow boundary at cell facey: (c), all no-flow boundaries (d); inflows are shown with blue arrows and outflows are shown
with red arrows.
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(X2, Y2, Z2)
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3.4.2Singlelnflow and/or Single Outflow

The equations developed to handlesalgleinflow and/orsingleoutflow cases for the 2D

algorithmare also applicable for the thrdemensional cell. This is because the same principle

Qq

Q,

(%2, V2, Z2)

: 1
(%2, Y2, 21) |

Q,

(e)

(%1, Y1, 24)

@)

holds. That is, given nimternal rem@al or addition of wateinside the cell and a steadtate

flow field, all inflows must be equal to the sum of their components routed to all connected

(%2, Y2, Z4)

outflow faces and all outflows must be equal to the sum of their components sourced from all

connectednflow faces. Thus, like the 2Blgorithm for any nortrivial case, whenever thereas
singleoutflow ora singleinflow andsingleoutflow, volumetric flow connectionare calculated

usingEq. 3.74and whenever there &ssingleinflow, volumetric flowconnectionsre calculated

usingEq. 3.76 The equations are shown again below:

For single outflowsand single outflowsingle inflow

For single inflows,

CA

(]
=y

.

S

©.
an
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Figure3.14illustrates a example of @ingle outflow caselhe streamtube geometry has
been recreated in the figui@ visualization purposes only. This was done by releasing particles
along all the inflow edges.¢.,edges shared by two inflow faces) and then forward tracking
t hem usi ng P onliltheyett the cellAlkthelpartitles exit through thengle
outflow face and the path lines of the particles delineatsttham surfacesf the dividing

streamtubes inside the cell.

Qz2
| (X2, Y2, 2.)
| |
1
: 7,
|
1
Qy—— : 1 Q,
)2 N
z y QV/”I/_ ______________
i ‘
x \ Y
(xy, y1, 22) Q,
(a) (b)

Figure 3.14. Example of a single outflow case for a thredimensional rectilinear finite-difference cell of unit dimensions
a cell with inflows of equal magnitude along five cell faces and a single outflaalong cell face« (a); and recreation of
dividing streamtubes by releasing particles along inflow edges and forward trackgthem usi ng Pol ltibthek 6 s met ho
exit through the single outflow face(b).

FromFigure3.14, the use oEq. 3.74for handling these cases can be validated visually.
Figure3.14, since there is only one outflow face, the streamtubes emanatingddnofthe
inflow faces mustend up on the single outflow face. Thus, éneount of flow between any
giveninflow face to thesingleoutflow face is simply the amount flowing in from that inflow
face(ie.,0r D 9.

Now consider the single inflow case showrrigure3.15, where the flows for the cell
shown inFigure3.14 are simply revesed For this case, the dividing streamtubes were recreated
inside the celagain for visualization. This time though since there are no inflow edges, it was

doneby backward tracking particles along all the outflow edges édges shared by two
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outflowfaces ) usi ng P ountltbey &xitlwroughthd smglednflow facelNote, we
obtain the same streamtube geometry inside the cell, except that the flows through the

streamtubes amplyin the opposite direction.

QlZ
$ (%22 Y2, 2:)
C
Q,, «— i — Q.
)y Sl
z v QY},"’
/" | ,
X (x1, y1, 21) C:ﬂ
(a) (b)

Figure 3.15. Example of a single inflow case for a thregimensional rectilinear finite-diff erence cell of unit dimensionsa
cell with outflows of equal magnitude along five cell faces and a singtg#low along cell face« (@); and recreation of
dividing streamtubes by releasing particles alongutflow edges anackward trackingthe m usi ng Poltllock6s met
they exit through the singleinflow face (b).

Again with Figure3.15, we can visually validate the usekd. 3.76/ the amounbf flow
between the singlaflow faceand anygiven outflow face is simply the amount flowing out of
that outflow facei.e.,0 5 D 9.
3.4.3Stagnation Point Cases
Stagnation points can only arise inside the cell for cases when there are three or more non
zero cell face flows. Some of these cases are illustratéigume3.16. Note fromFigure3.16,
that hestagnation point cases with three rmmro flows must have either only one inflow or
only one outflow. Thus,thegyet handl ed by the O6single inflow
need not be dealt with here. As such, the stagnation point cases for thairtieasional cell

include only those with four or more naero cell face flows.
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Figure 3.16. Examplesof stagnation point cases for ghree-dimensional rectilinear finite-difference celt six non-zero
flows (a); five non-zeroflows (b); four non-zero flows(c); and three non-zero flows (d).

To illustrate how these cases are handled, consider the casgxwitinzero cell face
flows shown inFigure3.17 (a). In thiscase) ,0 ,0 ,and0 are all inflows andd and
0 are both outflowsAs the flows along each coordinate direction are in opposite directions,
there will be a plane of zeneelocity along each of the coordinate directions, as showigire
3.17(a). Now, letYo , Yo , andYa be the distance fron fo i  to the location of the
stagnation point along thie, >, andd- axes respectively, as shownFigure3.17 (b). Yo
Y& ,andYd can be determined directly from the cell face flows as described for the 2D
algorithm. Expressions fofo andYw were already developed for the 2lyorithm and the
same expressions hold for the thckmensional cell.

ForYa , if the velocity profile is plotted along thedirection by virtue of similar
triangles, it can be expressed as:
P
S

3 Wiz (Eq.3.79)
D

$~
D s
or,

3 a'Q (Eq. 3.80)

where, Q _—=
s ss s
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Figure 3.17. Three-dimensional stagnation point case with six nozero flows flows in opposite directions induce planes of
zero-velocity inside the cell along each of the coordinate directiorfg); a stagnation point exists at the intesection of the
zero-velocity planes at Yoy Y« y LY vy (D).

Now consided . Figure3.17 (a) shows that theerovelocity planealong thecdirection
delineates the dividing boundary between the two streamtubes flowing out of cell fabee of
the streamtubes flow into cell fage and the other flows into cell face. By Eqg. 3.71 which
was developeth Section3.3.3and shown again belguhe magnitude of flow at any inflow face

is given by the sum of all the its components routed to each connected outflow face

~

s 0 (Eq. 3.71)
Thus,the magnitude od  can be expressed as,
O s O rs O s D rs (Eq.381)
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Since the cell face flow velocities are evenly distributed over the entire area of the cell
face,Eq. 3.81can be rewritten as,

s Dr DDy (Eq. 382
where,b s the flow velocity at cell faceéd; 0  is the area delineated on cell faseby the
streamtulke routing flow from cell faced to cell facew ; andd , is the area delineated on cell
facew by the streamtube routing flow from cell &a® to cell facew .

Now, the flow velocity at cell faced, 0 , is equal to the volumetric flow through cell
facew, 0 , divided by the area of cell face, 6 . Using this definition ob , Eq. 3.82
becomes,

0 . 0 # .
- = = Eqg. 3.83
5 5 5 5 D S (Eg )

L.
@
i<
an

o
¢

(@}
¢

D s

Thus, thevolumetric flow connectiond and0 { can be expressed as:

5¢

A b h it S/d) y@ it S/d) it » it

U & 59 ¢ Voo Vs gL s (O VIS (Eq. 3.84)
A b h il yd) yd) y@ it yd) it » it
(VI 5 S oo Vs P gy ¥ e 0P G D S (Eq.389

Carrying out the same exercise for the remainwigmetric flow connectiongields:

0 7 QD s (Eq. 386)
0 & PG D s (Eq. 3.87)
0 F XD s (Eq. 389)
0 5 P D s (Eq. 3.89)
0 F XD s (Eq. 3.90)
0§ P D s (Eq. 3.92)

62



Note, we would arrive at the same expressions for allaghemetric flow connectionkad
we used the general equati&y. 3.40 developedo handle stagnation point cases for the 2D
algorithm (i.e., using ; { N 9. Thus,Eq. 3.40is also applichle for a threalimensional
cell. However, an additional stagnation point coeéfitterm has to be defined in tie
direction.
3.4.4Cases compatible with 2BAlgorithm

Careful observation revealed that tridumetric flow connection®r cases where there
are four norzero cell face flows and all the flows lie on the same plane (i.lpthig are only
in any two coordinate directionarwy a>@, or w-@) can be determined by directly applying the
2D-algorithmdescribed irSection3.3.4 Some of these cases are illustrateHigure3.18.

To determine thgolumetric flow connections threedimensions, the flows are first
projected onto a twdimensional plane, such that they can be assignédt@ ,0 , andd
as per the definition of the cell face flows in the-2Qorithm. After this step, the 2Blgottihm
can be appéd as iswherebythe reference inflow is determined first and thenviblemetric
flow connectionsare calculated using the correct set of equations EqQn8.5%0 Eq. 3.70

depending on which of the three conditions exist.

QZZ QZZ
(XZI yzr Zz) d (XZ’ yz: Zz) g (XZ' y21 Zz)
. Q, Q)
Qxl T ; T QxZ l Qxl = " QxZ
by L B Qo
% (Xll yll Zl) | (Xll Y1, 21) l (Xll y1l Z1)
QZl Qzl
(a) (®) ©

Figure 3.18. Examples of threedimensional cases that areampatible with the 2D-algorithm: two no-flow boundaries
along the «-axis (a), two no-flow boundaries along thee-axis (b), and two no-flow boundaries along the»-axis (c).
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Note, theroutinéd or 6 al | ot hat goasesdon getshedadDl ed
inflow and/orsingleout f |l owd rou-ttli mensoontahecehleewhile
ofthe2Dal ogi rhtm gets handl e by thrédedimedsonhahcglin at i on
Thus, those routines from the Zgorithm need not be applied for the thodmensional cell.
3.4.5All Other Cases(Streamtube Recreation Cases)

All cases with three or less na@ero flows and four neaero flows with planar flow (i.e
the two neflow boundaries are oriented in the same direction) get handled by the routines
described in the preceding ssbctions. Hence, the cases that remain all have four or more non
zero cell face flowsFor all these cases thelumetric flow conectionshave to be determined
by recreating the stregube geometry inside the cell using particle tracking, which can be done
numerically or analytically. In most groundwater flow models these cases (especially those with
six nonzero flows) will be the werwhelming majority and as such are the most important to
optimize. Thus, an analytical approach was preferred since it represents a significant
computational advantage over numerical particle tracking and also avoids any issues related to
insufficient nunber of particles.

To illustrate how these cases are handled, consider the case watinfloes and three

outflowsshown inFigure3.19 (a). Again, to recreate the streamtube geometry inside the cell, we

b

t

need to forward track a set of particles al on

shown inFigure3.19 (b).
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Figure 3.19. An example of a case for which the internal streamtube geometry has to be recreated to determine
volumetric flow connections(a); 50 particles forward tracked u s i n g niethddfroomedcidisflow edgeone along
the «-axis at » and the other along the«-axis at » (b).

Of course, in the limit that an infinite number of particles are tracked we approach full
recreation of the stream surfaces. The resulting curves delineated on the outflow faces by the exit
locations of the released particles represent the boundaries dif/iting streamtubes inside the
cell. Figure3.20 shows one of the outflow faces from the eblbwnin Figure3.19, assuming an

infinite number of particles are tracked

3 Azz.u

08t

0.7+

06}

"ol Ay
04+

0.3F B -

02t _—

Figure 3.20. Cell face« (eo-»face at« ) from the cell in Figure 3.19; =,  ,=,  , and=, , are the areas delineated
on this outflow face by the streamtubes emanating from cell faces, e , and » respectively.
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The flow velocity athis cell facep , is given by the total flow out of the cell fade,,
divided by the product of the total area of the cell faceand the cell porosity,,

5

0 =
€0

(Eq.3.92
where the subscriptQrefers to the index of the outflow face.
Now, letd j be the area on outflow fad@ounded by the particles released from inflow
face'Cas shown irEq. 3.93 Thus, the volumetric flow from inflow fac8o outflow face’@an
be expressed as,
Op UVEDR (Eq. 3.93)

Substitutingeq. 3.92in equatiorEq. 3.93for v;, gives,

(Eq. 3.94)

Eq. 3.94is the general equation to calculate the volumetric flow from an arbitrary
inflow face to an arbitrary outflow face. Both® and0 are known apriori becausiee firstis
an input to the flow model and the latter is an outputiohing the flowmodel Thus, the only
unknown inEg. 3.94is0 .

To evaluate , or the flow connection areakgy can be sorted into two groups:
throughflow areas and nehroughflow aread-or throughflow areas, the outflow boundary
occurs along the santeordinate axis as the inflow, while for nthroughflow areas the outflow
and inflow boundaries occur along different coordinate ageshown irFigure3.21. It turns out
thatwhereverthere is no throughflow along an outflow face for a given connedtigithe flow
connection area j, isalways the eeaunder the curve(gjelineated by the exit locations of the

particles from inflow facé&andwhen theres throughflow, the flow connection area ,
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is always the difference between the total area of outflow@ite andthe sum of all the flow

connection areas associated with no throughfl@ws . The latter can bexpressed as,
0 0 0 (Eq. 3.95)
0.9+ . . ﬂ AzZ,yi
0.8} ~_ (no throughflow)
0.7+ ) i
°l Axlyl ]

nos |:> (throug}-lflow) ‘
03} -
02t T - B ]
01k : ﬁ (no throughflow) |

ol s L " N
0 02 04 06 08 1
X

Figure 3.21. Throughflow and non-throughflow areas on cell faca (e-»face at« ) from the cell in Figure 3.19.
=, and=, p have no throughflow and thus are calculated as the arsainder the curves (the shaded areas)=,  has
throughflow and is calculated as the difference between the total area of this outflow face and the sum=f; and

=K .
In Figure3.21, sinced  andd  have no throughflowtheyare calculateds the areas
under the curve® § has throughflow and thus can be calculated as
0 0 0 § 0 (Eqg. 3.96)
To determine the nethroughflow connection areas, we first develop expressions for the
curves directly by manipulating the equations used for particle tigackin n - Po | | dtc k 6 s
turns out that a direct byroduct of Pdl o ¢ k 6 s is tha allledpek tracked to adjacent faces

are curved and all edges tracked to a-adjacent face are straight lines parallel to the edge. The

result of this phenomenon is that the curves are either linear or simple polynomials and hence

amalytically integrable. Note, an adjacent face to an edge is defined as cell face that shares a one

corner with that edge.
To illustrate how the expressions are developed, conagien the case frofigure3.19.

Figure3.22 (a) shows a recreation of the dividing streamtubes inside the cell through particle
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tracking.Figure3.22 (b) showsoutflow facew again, wherettere are two curveSincecell
facew is adjacento the trackednflow edges shown ifrigure3.22 (a), we will call the curves
Op anddg¢ .Op isthe curve delineating aréa ; and represents the boundary of the
streamtube emanating from inflow fageandd¢ s the curve delineating aréa ; and

represents the boundary of the streamtube emanating from inflow face

Cell Face y,
e , ; ; ;
09r¢ @ Azz,vl
08F
C2,4
0.7+
06}
N 0.5 E@ Agp ‘
N
0.4+
03¢
0.2} Clag;
y 0.1} @ Azl,vx
0 - A A L A
0 02 04 086 08 1
X
X
(@ (®)
Figure 3.22. Developing analytically integrable expression foadjacent curves particles forward tracked usi ng Pol | ockd

method from inflow edges for a three inflowthree outflow case(a); and boundaries of dividing stream surfaces (curves)
on an adjacent facgb).

To develop an expression fop andd¢ , we must first determinie directiors of

the ordinate axes by which they will be defined. The ordinate direction for the curves is always
taken to be the direction of the inflow that generated the curve. For exaigoiee3.22 (b),

O0p is generated by the streamtube emanating from cellifaseghich has inflow direction in

the positived-direction, thus the ordinate direction fogp  is also in thepositive zdirection.
However,0¢ in Figure3.22 (b), is generated by the streamtube emanating from celbface
which has inflow direction in the negatigedirection and consequently the ordinate direction for

0¢ isin the negate a-direction. It was found that choosing the ordinate directions in this
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manner allows for the simple rule of determining the flow connection areas described earlier,
whereby, the flow connection area for Atioughflow areas is always the area urttlercurve
bounding it and for throughflow areas, it is always the difference between the total area of the
outflow face and the sum of the ntwroughflow areas.

Now we can proceed to develop an expressiobfor . Since thecurve lies on thexa
plane and iterdinateis alongthe g-axis (by the rule described aboy#)e abscisshas to be the
waxis. Thus, we need to develop an expression for @pve wheredis a function of(i.e.,
aw).

From Pol | owekrow thantha-doardihate of a point on curndp  is given

& a 6ﬂo o AgeYo 0 (9.397

where 0 0 is velocitycomponent of the particle along télirectionat its starting locatign

& is thed-coordinate of the particle at its exit location; i s t he par twhichh edés e>

corresponds to the directi.on of the particlebd
The starting locations of the particles delinegiinrvedp  are along thexaxis atw

@ andd & . Thus, the initial velocity component of the particles inttirection 0 0 , is

simply0 . Thus, the expression far can bere-written as,

G Q 6£ 0 AgdYo U (Eq. 3.99)
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Now, since all the particles for curé@  exit through cell face , we know that/o is

Yo . Thus Y0 can be expressed as,

o .. p. .0 Yo
Yo Yo — | — (Eqg. 3.99
(0] u O

where 0 is the constant velocity gradient in ttwdirection,00 o is the component of the
particle velocity along théxdirection atits exit location; anddb 0 is velocity componentfo
the particle along thexdirection at its starting location.

Again, since the exit face of the particles is known to be celldacdie velocity
component in theddirectionat the exit timed Yo , is simplyd . Thus,Yo can bere-
written as,

o, p, . U
Yo — 1 15 y
(0} ) (0]

(Eg. 3.100

The starting locations of the particles are constant istla@dd-directiors but variable in
the wxdirection. Thus, the initial velocity componenttbé particle inhe wxdirection, 0 ,is
also variable and given by,

0 O 0 0 0 (Eqg. 3.101)
where w is thew-coordinate of the particle starting locations.

Substitutingeq. 3.100andEg. 3.101in Eq. 3.98yields,

I 1< - - V (Eq. 3.102)
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Eq. 3.10an now be rearrangedyld an expression for thiecoordinate oftie particle

exit location,d , as a function of thex>coordinate of the particle starting locatiom, as follows,

l‘) R
. , U 0 0
w w "O'—
To simplify, & can be rewritten as,
o ﬁ
a W N - (Eq. 3.109
W 0
where,d a4 —;® —;® ® —;® —;andop, —

Repeating the same exercise for dheoordinate of a point on cunégp , w, yields the

following expression for it as a functien,

® O O O (Eq. 3.105

where,d © —:;0 —;andwp —

Now bothd andw, are expressed explicitly as functionsmfHowever, we wantt to
be expressed explicitly as a functioncef To do this, we start by expressitigas a function of

w in Eq. 3.105This yields,

W W 0 —
) i) — (Eq. 3.106)
W
Substitutingeq. 3.106n Eq. 3.104gives,
o wox W W
a W W —— .3
. = (Eq. 3.107)

where,0 —
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Thus,Eq. 3.107describes curvép  whered is explicitly a function ofw .

If the process is repeated fo¢ |, it yields,

w

(Eq. 3.109
where,®d a4 —;® —;® ®@ —:;0 —andw —

Note, the only difference between the equations descridpng and0g s in the
constanty, where forthédp ,® — andforéc¢ ,0 —.

Now consider outflow facey, shown inFigure3.23(Eq. 3.23. There are also two curves
on this outflow face, and since cell fabeis an opposite faceve will call the curve®p  and
0¢ . Like beforeop s the curve representing the boundary of the strdzsdmanating
from inflow faced . It follows, that the ordinate for cundg  would be thex-axis and the

abscissa woulble thedraxis. Thus, this time we need to develop an expression for 6prve

whered is a function ofo(i.e.,d w).

. Cell Face x,
0.9} @
0.8+ Anx
0.7f
C2,,,
0.6}
NOSH Agxe
= 0.4}
03 Clopp
0.2} Ao
0.1+ ﬁ
ol : : !
0 02 04 06 08 1
y
X
(@) (b)
Figure 3.23 Developing analytically integrableexpression for opposite curve: paticles forwardtracke d usi ng Pol | oc ki

method from inflow edges for a three inflowthree outflow case(a); and boundaries of dividing stream surfaces (curves)
on oppositeface (b).
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Again, fr om Pwelkdow that thescoardiatenod adppint on cunéo
a , is given by,

& @ 6£bA®&>70 b (Eq. 3109

Note,U O isU inEqg.3.10%ecause the starting locations of the particles delineating
curvebp are along theraxisatw @ andz &.
Forép , all the particles exit through cell fage. Thus, we know that the shorté&i is
Yo and consequently the velocity component ind¥direction atits exit time is,0 Yo , is
0 . In addition, since the starting locations of flaticles are constant in tlaedirection, the
initial velocity canponent of all the particles ihecxdirection,0 o , is simplyd . Thus,Y0

can be expressed as,

v Yo Pyl
(0] (0] — — Eqg. 3.11
5 ) (Eq 0

..U .
1 o V] (Eq.3.11))

SinceEq. 3.111is completely definedve can stop her&q. 3.111can now be rearranged
to yield an expression far as a function of the>coordinate of a pointon curé® , 4, as

follows,
V) V) V]
a W a — _— — (Eq.3.112
) ' 0 0 V]
If the process is repeated fop |, it yields,

. .0 0 U
a o a4 — @ — — (Eq.3113
‘ 0 6 U
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Note that the curves on the adjacent fage, andd¢ , are simple polynomials and the
curves on the opposite faggy andd¢ |, arelinear functions with zergradients It turns
out that this rule holds for all cases. That is, whenever an edge is tracked to an adjacent cell face,
it delineates a curve that is a simple polynomial and whenever an edge is tracked-to a non
adjacent cell face (i.e., an opposite face), it delineattsaiglt line parallel to the edge

Thus, the general expression for a curve on an adjacent@o® s,

o~ o e 0 f

Owee W : (Eq. 3.114)
W

where® O —, 00 ——, 0 (@ —,® " —and @p, —;while

the general expression for a curve on an oppositefaceg s,

0 o 6 v Yo
"Odxe 0 — - (Eqg. 3.115
0 O O

In the expressions abov&dxeeis the ordinate valuéQ for a given location along the
abscissagegi.e., if the ordinate for the curve is theaxis and the abscissa is traxis, then
"Odeewould indicate th@-value at a givenrcoordinate ot ). "Oindicates coordinate value
at the start of the axis in the ordinate direction (i.e., ibtidénate for the curve is theaxis,"O
would bea ¢ ). Similarly,0 indicates tle cell flowvelocity component at the start of the
axis in the ordinate direction (i.e., if the ordinate for the curve ig-trds,0 would beb )
ando indicates the velocity gradient component in the ordinate direction (i.e., if the orfdinate

the curve is thé-axis,0 would bed ). 0 0 indicates the velocity component of the particle

in the ordinate direction at its starting location (i.e., if the ordinate for the curvedgsattis,

0O O wouldbed 0 ).
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Analogous definitions hold for the terms associated with the abscissa direction. Tisat is,
indicates coordinate value at the start of the axis in the abscissa directidndicates the flow
velocity component at the start of the axis in the aissailirectiond indicates the velocity

gradient component in the abscissa direction, 0 indicates the velocity component of the
particle in the abscissa direction at its starting locationpandYo indicates the velocity

componenbf the particle in abscissa direction at its exit location.
Now that the expressions for the curves have been obtained, the next step is to define the
limits of each curve. The limits of the curdee ; anddee f, are the coordinates alonggitiee
axis of the exit locations of the particles boundi@g .
To illustrate how the limits of a curve are determined, consider again @prve shown
in Figure3.22. Eq. 3.105allows for thecxcoordinate of a point on cundp , @, to be
determined for a givea-coordinate of the particle starting location, In generic terms, this can

be expressed as,
(Eq. 3.116)

where,® 2 —: 00 —: O | —:®

and; ; —.
In the expressions abowegg U ,0 0 ,andd retain the same definitions as before.

i indicates the location of the particle along the release edge (i.e., if the edge is between
andw w, theni is thewrcoordinate of the particle starting location, whereas if the edge is
betweermy ® andw ®, theni is thewcoordinate of the particle starting location).

0 Yo indicates the particle velocity component in the exit direction at its exit location (i.e., if

the particle exits through cell face, thend Yo , would bed Y0 , whereas if it exits
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through cell face, 0 Y0 would bed Y0 ). Similarly, 6 indicates the velocity gradient

component in thearticleexit direction (i.e., if the particle exits through cell fasceor w , then
0 would bed ) andv f indicates thesell flow velocity component at the start of the axis in the
exit direction (i.e., if the particle exits through cell fageor w , thent ; would beb , whereas
if it exits through cell facev or @, L ; would beb ). Lastly,i indicates the coordinate value
at the start of the axis along the release edge (i.e., if the edge is bétweenandw
theni would byw , whereas if the edge ietweerno @ andw ), theni would bew).
Note, the direction of the changing variable of the release edge (i.e-diteetion) and the exit
direction of the particle will always be the same for adjacent curves.

Now, let us repeat the process for cubyge shown inFigure3.23. Since opposite curves
arelinear functions with zergradientswe were able to derive an explicit expressiorifaas a
function ofw without needing to first derive an expressiondoas a function ofo. If we were

to do this now, then applying all the necessary substitutions, it would yield,

l‘) R
W W W w0 = (Eq.3117)
0 0
In generic tams, this can be expressed as,
(oed @ i O « (Eq.3.118

Ry

. and; ; —
h

where,® e — W

Again, in the expressions abodag 0 ,06 0 YO ,andd all retain their previous
definitions.0. 0 indicates the particle velocity component in the exit direction at its starting
location (i.e., if the particle exits through cell fadeor w , thend 0 , would beb 0 ,

whereas if it exits through cell face or w, thenb 6 , would bed 0 ).
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Thus, provided that the release locations of the bounding particles are lmpv@n] 16
andEq. 3.118an be used to determine the limits of any curves on an adjacenhfhoposite
face respectivelyCareful observation revealed that there are three conditions that can arise with
regards to the release locations of the bounding part{deisoth bounding particles are corners,
(2) one bounding particle is a cornand (3) no bounding particles are cornef® illustrate
consider the case shawn Figure3.24.

sz

(%) 2, 2,)

/Q'Vz

.sz N 064

1

1

1

1

1

|

1

1
at n
1 4/ ea
1 0.4+ 4 Condition 1:
/ -------- By 02 both bounding
1 S particles are corners

Condition 2:
one bounding
particle is a corner

(@ (b) ©

Figure 3.24. Determining limits of flow connection area curvess per conditions 1 and 2: chematic of cell face flow
configuration (a); =,  Iis the flow connection arealelineated on celface « by the streamtube emanating from cell face
e and=, j, isthe flow connection arealelineated on celface e by the streamtube emanating from cell face (b); =,

=, and= are the areas under curvesr , f, and g respectively, curve g is bounded by the exit locations of the
corners of the inflow edge along -axis at » and as such, both its limits are easily determined ém the locations of the

corners; curves F and g both have one bounding particle that is a corar and the corresponding limit can be directly
obtained from the location of the corner, however to obtain the other limit (that is not a corndradditional steps are
required (c).

The streamtube geometry has been recreated by forward tracking pamicigbdrinflow
edges for visualization iRigure3.24 (b).0  is the flow connection aredelineated on
cellfacew by the streamtube emanating from cell facando  is the flow connection area
delineated on ceface® by the streamtube emanating from cell faceNoted  is
delineated by an adjacent curge,(i.e., byexit locations of inflonedge along thexaxis atd
p) and an opposite curve, (i.e., byexit locations of inflow edge along tldeaxis atwy p),

while6 § by a single adjacent curva, (i.e., by exit locations of inflow edge along thxis
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atad p).Thus,0 j isthe sum of the areas under curbesind6 (i.e., the sum ob and
0 )andd  issimplythe area undér (i.e., itis equal t@ ).

For 6 , note inFigure3.24 (c) thatboth the bounding particles are the corners of the
tracked edgéi.e., condition 1)Since the locations of all the corners are known apriori,
whenever this condition exists, theenehnt coordinates of the corners can be inputted into either
of Eq. 3.116or Eq. 3.1180 yield the appropriate limits of the curfeord , note in
Figure3.24 (c) thatone of the corners of the tracked edgeli®anding particlef the curve
(i.e., condition 2)ut the other corner is ndtet us define the firdbounding particlas the
doundingc or ner 6, ras dt hhbowding@artree r 6 . Now, the | imit
theboundingcorner can be determined directly as described by the procedtine éondition
whenboth bounding particles are cornéirs., condition L The proceduré determine the limit
associated with the ndsoundingcorner depends on whether the limit is on an opposite or an
adjacent curve. Since opposite curves are parallel to the tracked edge, the limits of the curve are
parallel to the corners. Thus, if the Aboundingcorner is at start of the axis, then theoagsted
limit will also be at the start of the axis, whereas if the-noandingcorner is at the end of the
axis, so will bethe limit. It turns out that adjacent curves which have only one bounding patrticle
as a cornealways extend to the edges of thaflow faceas shown by in Figure3.24 (c). The
boundingcorner always defines one limit, which is at one edge of the outflogvand thus the
limit associatedvith the nonboundingcorner has to be at the other edge.

Lastly, to illustrate the third conditigrtonsider again the case showrkigure3.25. Like
before, the seamtube geometry has been recrefdedisualizationFigure3.25 (b) and the flow
connection area delineated on cell facédy the streamtube emanating from datlew , 0  ,

is shown Figure3.25(c) shows thab ; is delineated by two opposite curyasne of which
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have any bounding particles that are corndode that both curves extend to the edges of the

outflow face.

Q;
J (x2, Y2, 22) 1g
. C
! 08 2
/Qyz . N — Condition 3:
/] N 064 [T~ no bounding
i 0.4 / \(' " particles are corners
Qu— ! — Qa Ny oy
/ ol ;
_________________ 0g
r4 Q ‘,"' e §
Yy yl . e .
£ l 05 © .
X 0.5
(xy, y1, 21) 1 y oY%
x X
Q,;
(€)) (b) (9

Figure 3.25. Determining limits of flow connectionarea curves as per condition 3schematic of cell face flow
configuration (a); =, » is the flow connection areadelineated on celface e by the streamtube emanating from cell face
e (b); none of the bounding particles of curvess and f are bounded by corners; vhen this condition exists, the curve
always extends to the edges of the outflow face and thus the limits are determinedfasedges of the outflow face that the

curve lies on(c).

It turns out that whenever the third condition exists, the curve always extetidsedges
of the outflow face. Thus for these curvit® release locations of the bounding particles need
not beknown and the limits are simply assigned to be at start and end@dakes (i.e., if thelee
axis is thewaxis then the limits willbe ab @ and®w ®).

Now it is possible to expre§sy. 3.114(i.e., adjacent curvdunction) andEq. 3.115i.e.,
oppositecurvefunction) as definite integrals with limité&ee ; anddee ; andanalytically

evaluate those integrals to yield expressions for the flow connection areas.

79



Thus, the flow connection areas under a curve on an adjacent facey

curve on an opposite faces, __can be evaluated as,

JL AL
e Lewn F Lem o W
=m: f f@qn L@ JIE; i — (Eq. 3.119
°3 =< i 4 = L L
T — o < =R =R (Eq. 3.120
s L

where, £ ; and L., are the limits calculated usingEq. 3.116and Eq. 3.118depending
on the limit conditions that exist (i.e. both bounding particles are corners, one bounding
particle is a corner, or no bounding particles are cornersand whether the curve is an on
an adjacent or an opposite face.

An imporiant point to add is that in developing the general expressions for the areas under
curves on adjacent and opposite faces, we made the implicit assumptiorzeiromelocity
gradients. However, that may not always be the case. So, if-aeeaity gradent does exist in
any of the principal directions, it must be converted into azevo velocity gradient to permit
the use oEq. 3.11%ndEq. 3.120as is. Thus, before any areas are evaluétexnecessary to
first checkfor zeravelocity gradientslf a zeravelocity gradient is found to exist in a particular
direction,alow magnitude flows routed through that direction to convérinto a negligible
nonzero velocity gradienEq. 3.11%ndEq. 3.120can then be used as is to determine the flow
connection area3.hemagnitude oflow correction should not be so large so as to induce errors
in the flow calculations but at the same time it must be large enough (i.e., not approaching the
limit of zero) topermit the use of the equations.
3.4.6Summary of Algorithm

The routines for determiningplumetric flow connections a threedimensional cell can

be embedded in an algorithm similar to the&Borithm. The first few steps are exactly the
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samé first theFCM matrix is initialized and then the cell face flows have to be obtained from a
flow model.Nextthe algorithm checks for each of the special conditions in the following order:
(2) trivial case, (2) single inflow and/or single outflow, (3) stagnationtposide cell, and (4)
compatiblewith 2D-algorithm and applies the appropriate mass balance based routines if any of
those conditions exist. If a case does not get flagged by ahg sepecial conditions, the

volumetric flow connectionBave to be detarined by analytically recreating the internal
streamtube geometry. Finally, once tledumetric flow connectionthrough all the hydraulically
connected faces have been determined, the remaining element&GMhratrix arepopulated

A flowchart of thegeneral algorithm is presentedrigure 3.26.
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Initialize FCM matrix (i.e., store matrix with all
Zeros)

Obtain cell face flows from groundwater flow model

!

Establish case

Do nothing

Single inflow
and/or single
outflow?

No. of inflows =
No. of outflows?

Stagnation
point inside
cell?

No. of inflows <
No. of outflows

! |

Evaluate sp;

Compatible with
2D-algorithm?

Qi = il ‘ ‘ Q=19 ‘ Quj = splQil
‘ Yes ‘ ‘ No ‘
Project flows to two- \

dimensional plane **Evaluate flow

connections by

. ‘ analytically recreating
Populate FCM matrix P Execute internal streamtube
h 2D-algorithm geometry

T

Figure 3.26. Flow chart of algorithm for computing volumetric flow connectionsin a three-dimensional rectilinear finite-
difference cell the blue boxes indicate the equations usedrfdetermining flow connections the red boxes indicate
terminal points in the flow chart.

Since determiningolumetric flow connection®r all nonspecial cases (i.e., streamtube
recreation cases) in a thrdenensional cell is quite involved, a flowchart of the algorithm

pertaining exclusively to that routine is presenteBigure3.27.
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**Evaluating flow connections by analytically recreating internal streamtube geometry

Any zero-velocity
gradients inside the
cell?

Apply low magnitude flow correction
and re-evaluate cell face flow
velocities and velocity gradients

| Determine which faces are
hydraulically connected

{

Select a flow connection
area, A; j, and determine
how many curves bound it

A 4

Establish limits of curve by
checking which limit

Select a curve conditions exist and

A applying appropriate

routine

y

Ts it an
opposite
curve?

Yes
Evaluate area Evaluate area
under curve under curve
using opposite using adjacent
curve equation curve equation
Are there
more curves
that delineate
this area?
Yes

Sum all the areas
under each curve
to yield 4; ;

|

Determine volumetric
flow through this
connection using

Equation 3.96

Are there
more flow
connection
arcas?

End of
Algorithm

Figure 3.27. Flowchart of algorithm for determining volumetric flow connectionsby analytically recreating internal
streamtube geometry
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The algorithmdescribed irFigure3.26 would be implemented in FlowSource (Black and
Foley, 2013) on a ceby-cell basisas a preceding step to its volumetric flow calculati@os
for each cellthe flow configuration (i.e., #acell face flows) would bfrst read from the cell
by-cell flows outputted by the flow modieNext the corresponding flow connections inside the
cell would be established using the algorithm. The connections would then be fed into
FlowSource for its valmetric flow calculations. Sincaumerical dispersion in FlowSource is
primarily an issue when using coarse grids, the algorithm should perhaps be incorporated as an
Aon/ of fd switch. Th itsretaindtucomputational efficencyrbglongy Sour c e
the optionto revert back to the fully mixed assumption when using finer grids and only use the
algorithm when its calculations show signs of significant numerical dispeiside, the actual
incorporation of the algorithm into FlowSource is beytme scope of this thesis.
3.4.7Sources of Errors

Since the al gor i tsemanalgicabparscie ttacking mefhoilisl o c k 6 s
subject to the same sources of errors present
in generalSome of theewere highlighted in Sectio?.2.3 Though addressing sources of errors
inherent in particle tracking methods is beyond the scope of this thesispartant onéo note
particularly with regards to this algorithm is thetentialpresence of a weak well inside a cell
(i.e., a wellnot strong enough to induce all cell face flows inwar@®nerally, the problem with
particle tracking methods that ue simple Inear velocity interpolation schertfike in
Pol | oc k Gsghatthey faitmcdpture théactthat the velocities should increase as it gets
closer to the well (Zheng, 1994). For strong wells this is not a problem, since for those cases
there are n@olumetric flow connectionto be calculated (i.e., it is a trivial case). However, fo

weak wells the problem is more than just inaccuratgyesentinghe velocity field inside the
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cell. The algorithm breaks down because it assumes that thergntenmal removal of water
inside the cell. The same holds for when there is a weak source inside the cell (i.e., a source not
strong enough to induce all cell face flows outwards), since the assumption is that there is no
internal addition of water eithein these cases, it is suggested thagtherithm not be used and
thefully mixed assumption is regvoked.

The only source of errantroduced by the algorithm itself is its requirement of nozero
velocity gradients inside the cell. For cases whieeee are zerwelocity gradients inside the
cell, the magnitude of the flow correction can affect the accuracy of the calculatenson
zero velocity gradient assumption is used for the cases that require the recreation of their internal
streamtube gopmetry. These includbe majority of cases with five or more naero cell face
flows and all cases with four narero flows that have neplanar flow. For these cases, it is
possible to have zeneelocity gradients either in all three directions or ittycone direabon. The
latter isdue totheassumption of no internabddition or removal of water. Some of these cases
are illustrated irFigure3.28. The error in e calculations can be obtained from the flow
connectiommatrix (FCM). TheFCM matrix is a sixby-six square matrix containing all the
volumetric flow connection€Each element in tHeECM matrix represents the flow from cell face
Qo cell faceCand thesum of each rowepresents the cell face flows as computed from the
volumetric flow connectionsebtained from the algorithm. Hence, the total percentage error in

the calculation of the algorithm for a single run can be obtained by,

0r Op
0 €& obuXhi i € = Dpnm (Eq. 3.121)

C-
=

where,0 is the flow through cell fac& 0 f is the assigned flow through cell fa€eand

0 ; is the flow through cell fac&as calculated from tHeECM matrix.
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Figure 3.28. Examples of @ses with zerevelocity gradients inside cell:six non-zero flow case with zerevelocity gradients
in all three directions (ke |ke , [F. [k ,and |k, [F, ) (@); six non-zero flow case with zerevelocity gradient in « -
direction (s |Fe . e |k ,and |F, [F, ) (b); five non-zero flow case with zerevelocity gradient in «-direction
(ke |, | .and |, |k, ) (c); andfour non-zero flow case with zerevelocity gradient in e-direction ( |k,
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A graph illustrating the sensitivity of flow calculations to the magnitude of flow correction
is shown n Figure3.29 for thethree zerevelocity gradient case frofigure3.28 (a) and one
zerovelocity gradient case fromigure3.28 (b). The graph shows that there is a range for the
magnitude of flow correction within which the algorithm caadurce accurate results fibre
three zerevelocity gradient cas@.e., between 0.1% and 0.01%). Obviously, if the flow
correction magnitude is too large (i.e., 10%) then it induces significant errors in the flow
calculations (i.e., 40%}yyhereas if it idoo small (i.e.Jess than 0.0%) then it also produces
erroneous result3.he latter is due to the fact that as the magnitude of the flow correction
approaches zero the rounding esiorMATLAB becomemore significant (i.e., it is actually a
problem withnot being able to store fractional numbers exactly using a finite number of digits as

opposed to a problem with the method itséfipwever,as illustrated in the grapfor the cases
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with a zerevelocity gradient in only one direction, as the magnitudée flow correction
approaches zero, so does the error in the calculattamas found that using a flow correction

magnitudeof 0.00%% yields stable results for all the zarelocity gradient cases.
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Figure 3.29. Graph illustrating the sensitivity in the accuracy of flow calculations tahe magnitude of flow correctionfor
the cases shown ifrigure 3.28 (a) and (b). The e-axis is the log of the percentage the assigned flows were changed by to
induce a nonzero velocity gradient. The graph shows thattte algorithm can produce erroneous results if the magnitude
of flow correction is too large or too smalffor cases vhen there are zerevelocity gradients in all three coordinate
directions.

3.5 Determining connectivity of wells andsurface-water features
A tool was developed which can be usedétermine the volume of water a
groundwater withdrawal well #t is sourcedrom model cells that make upsarfacewater
feature (or any other feature of interest on the land suréatehaphow the location of a well
affects the volume of water captured frtmesecells The maps can be used to demonstrate how
pumping paramets (i.e., pumping rates and pumpinge)nchanges iareal rechargeand/or
additionof newwelle an af fect a wel | Otlsecellsthht makeupthec capt u
feature of interesfThe tool ishasedn FlowSoure (Black and Foley, 2013)nd the rapping
utility of the tool empbysa principle similar to that adhe LRD methodLeake et al.2010)

which was presented in Secti@ar8.2 The tool was developed in MATLAB.
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3.5.1 Determining Volumetric Contribution from Features of Interest

The first utility of the tool isessentially a simplapplication of FlowSourct issues of
groundwater surfacater interactionsFlowSource can determitiee volume of water that
passed through or originated in a model cell that is ultimately captured atdetised
6dest i nAMMATLAB coropateriprogram was developed that takes the location of wells
and feature(s) of interest as inputs and ostphe volumetric contribution of the feature(s) of
interest to the wedlusing FlowSource

In the input file of the computer program, the model cells that contain the well(s)
(6dest i namrdthemodel celis that mgke up the feature(s) of interéss our aed cel |
specified. Though multiple features of interest can be specified, all the features have to be
contained entirely within the same layer (i.e., they cannot span multiple layers). Since the
intention is to determine the volume of wateurced fronsurfacewaterfeatures, which
typically lie in the top model layer, this is not a requirementwmatld significantlycompromise
the utility of the toolAlso note, that when multiple destination cells are specified in FlowSource,
ittreatshem all as one collective O6destinationé (i
ultimately extracted at all the destination cells). However, for the purposes of this thesis, the goal
is to examine the volume of water each well sources from aspseified feature(s) interest. As
such,uniqgueFlowSource runs are required for each well.

Thus, thecomputer program reads the locations of the veglit$ feature(s) of intereBbm
the input file Next, it writes the location of the first well to the FlowSource input file as the sole
destination cell and runs FlowSource for the desired metrics (i.e., wlumegh, fraction
through, volumdrom, and fractiorfrom). Then, for each feature of ingst, it computes the sum

of the metrics from all the model cells that make up that feature of inteoestach metric his
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represents the totabntribution from the feature of interest to the specified Wélése steps are
repeated until thdesiredmetrics have been obtained for each individual well.
3.5.2Incorporation of Mapping Capabilities

The computer program described in Sec8dnl1wasaugmentedurtherto incorporate
mapping capabilitiesThe steps involved in generating the maps are quite simple. As ifRDe L
method first a MODFLOW (Harbaugkt al., 200D model is run without any added withdrawals
to establish thépred e v e | o, prinaselinedeadistribution. Nextthe MODFLOW modeils
re-run, the only differencebeing that withdrawal well is added in one model cell dinel
baselinehead distributions usedas the initiahead distribution for theun with the well Then
the relevant MODFLOWbutput files (i.e., the celby-cell budget or CBB file, the head
distribution or HDS file, and theiscretizatioror DIS file) from this runareused as inpstfor
FlowSourceFlowSourcds runto establish the desired FlowSource metrics for the simualatio
with the added well. Then, like in Secti8rb.], the metrics from all the model cells that make
up the specified feature of interest are summed to get thedoi@ibution from that feature of
interest to thaevell and his value isassignedo the cellcontaining thavell. This process is
repeated for as many model cells until the desired resolution is red¢hesga contour map
maybe generated for each fesgof interest, where each point, or model cell, represents the
volume of water a well with the usepecified parameters would source from that feature of
interestat the specified timi the well were located at that point or model ceigure3.30
illustrates the steps involved in generating the maps.

Two other capabilities were added to examine the impgmiimpingon existing wells and
the flows at the interface of surfaggater and groundwateirg.,the hyporheic zone (Boulton et

al., 1998) The two addeditilities are essentially making use of the versatility of FlowSource. In
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the first case, the base MODFLOW model is run as before and buhemeutput files from the

base simulation are used to run FlowSource where an existing well in the model is specified as
the destination cell. The total contribution from the feature(s) of interest to that existing well is
then catulated and stored. Ng»a newwell is added in one model cell and the MODFLOW

model is rerun using the head distribution from the base simulation as the initial head
distribution. Then, FlowSource is run and the total contribution from the feature(s) of interest to
the existing well is calculated again. The difference between the base contribution and the
contribution from the simulation with the added well is computed and assigned to the location of
the added well. This shows the change in the volume of water sourced fréeatthve(s) of

interest in the existing well as a result of the additiothefnew well Again, this is done for as

many cells until desired resolution is reached, which then allows a contour map to be generated
showing the spatial distribution of the iagt on the volumetric composition of existing wells as

a result of adding a new well with the usgecified parameters.
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Figure 3.30. Steps to generate a contour map: @0 row x 30 col x 1 layeMODFLOW base model with astream on the
west end is run (a)ithe MODFLOW model is re-run for 30 days using the final head distribution from the base run as the
initial head distribution and with a pump added in cell (1, 1, 3) (b)FlowSource fractionfrom values are then calculated
for the model with the well; the destination cell is set as the location of the added well highlighted in red and the fractio
from values are summed for the stream, whicls the feature of interest (c);steps in (b) and (c) are repeateavith well
locations considered in every second row and second column and then a contour map is generated showing the
6volumetric captured6 from the stream at 30

Note for this routine, the destination cell in FlowSmualways remains the same.(iit is
the location of the existing well being examined), while in the previous routine the destination

cell is moving with location of the added wells. This same concept applied for the second added
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mapping capability. This time, instead of specifyargexisting well as a destination cell, a
group of destination cells are specified and the change in the desired FlowSource metrics from
the feature(s) of interest to those destination cell is computed in each run (i.e., a well is added to
a model cell anMODFLOW is rerun and the change in FlowSource metrics is computed after
running FlowSource and this is repeated until the desired resolution is reached). Again, a contour
map can be generated but this timaepictsthe spatial distribution of the impaaf flow
between features of interest as a result of adding a new well with thepesdied parameters.

While the mechanicef the computer programre quite simpland easily explained as a
series of stepshe developmenif the progranto include he mapping capabilitiegquired
considerable efforfThis ismainly becauseo generate the maps, tREODFLOW input files
haveto be rewritten, some for every run and some only once, and it was attempted to keep the
re-writing procedure reasonabdyeneric. Thus, the computer program can handle several
relevant changes made to the base MODFLOW model. For example, the areal recharge and
evapotranspiration of the base model can be modified as desired (i.e., added, removed, or
changedpnd t is possibé to add wells withime-varying pumping rates (i.e., specifgultiple
stress periodsAquifer parameters (i.e., storage, porosity, and hydraulic conductivity zones) can
also be changed if desired. Furthermore, the base MODFLOW modet steadystateor
transient modelNote, the FlowSource input file also has to bevrgten for every run, however
it was not nearly as involved as developing the program to be ablevitegehe MODFLOW

input files.
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Chapter 4

Results and Discussion

4.1 Application of Algorithm to Compute Volumetric Flow
Connectionsin a Three-Dimensional Rectilinear Cell

The gplication of each ofrte different routines in the algorithm is shownduorgle cell
test cases. At the time of writing this thesis, the algorithm hageatbeen incorprated into
FlowSource(Black and Foley, 2013) arab suchthe potential reduction in numerical dispersion
from incorporation of the algorithm is shown for a hypothetical case.
4.1.1Single Cell Test Cases

The algorithm haa separateoutine to handle each tfe four types ohonttrivial cases,
whichinclude6 si ngl e i nf | ow ,astagnatiorpoirtinrsg lde, d intef lcewd 6
6compat i bdgerithmdi,t BH otPdd casefor general casesNote the trivial cases are
not mentioned because for those sasdumetric flow connectionseed not be calculated. The
first three routines are fdhe special cases and tr@gply apply mass balance inside the cell.
As a resultthose routines are quickiéran the oneequiredfor the generalkcases, which
analytically recreates thaternal streamtube geometiMoreover since thevolumetric flow
connectiongor special caseare calculated usingiass balangehose routines yield exact
results assuming o€ourse that there is no internal removal or addition of watexct results
can also be obtained for nearly thié general caseshe only problem arises withenerakcases
with zerovelocity gradients inside the cgdince a low magnitude flow corréan has to be
applied for themEven thenpearexactanswers can be obtained provided the magnitude of the

flow correction is chosen appropriately.
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Note, all results were generated with an unoptimized codeMicrosoft® Windows 7
computerwithanIntel Cor e E i 7 2 .Ako, Adizternal steeargubesgeometry
has been recreated by numerical particle tracking for eacliaragsualization.

Table4.1 shows the results for a single inflow case, a stagnation point case, and a 2D
algorithm compatible case. The calculations for these cases are exact and they typidakhg take
than 0.01secands to completelhe table shows the maximum time taken from a 1000 runs to
provide a conservative estimate. However, the average run time from a 1000 runs for each of the

special cases was less than 0.001 seconds.

Table4.2 shows the results for three general cases (streamtube recreation cases), which are
all handled by the same routine. These cases represent the vast majority of cells typically
encountered in groundwater flow model. Since for the cases shown, there are noetecty
gradients inside the cells, the calculations are exact. The maximum time taken to complete from
a 1000 runs for these cases is typically less than 0.15 seconds. Again, tusseraative
estimate. The average time take taken to complete from a 1000 runs for each of the cases shown
was 0.0030, 0.0026, and 0.0025 respectively, which is on the same order of magnitude with the
mass balance cases.

Table4.3 shows the results for two zevelocity gradient casesne where the velocity
gradient is zero in all three directions d@hd other wheré is zero in only one directiomhe
total percatage errors were calculated uskg 3.121 A flow correction of 0.09% was used
for both cases, which yielded total percentagersrof 0.05and 0.02espectively Note
however for the second example it is possible to obtairear exact answer by ngia much

smaller flow correction since there is a zgadocity gradient in only one directiom any case,
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the percentage errors obtained from using themeeended flow correction of 0.08%9are
minute. The run times for the zevelocity gradient caseme comparable to thetherstreamtube
recreation cases.

Depending on the size of the model and the length of the simulation (i.e., number of stress
periods and number of time steps in each stress period), a single MODFLOW run is on the order
of hundredtrof a second or more. Hence, the time take to obtain these results can be said to be

approximately on the order of or less than a single MODFLOW run.
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Table 4.1. Results for threespecialcasegcell dimensions are 1 unit x 1 unit x 1 unit and cell face flows are i 3/T];
maximum time to completerepresentsmaximum from 1000runs).

. FCM Matrix Maximum
Recreation of Internal . - . .
. o first shaded column indicates inflow time to
Visualization of Cell Face Flows Streamtube Geometry ( S
(for visualization) face and top shaded row indicates complete
outflow face) (seconds)
1. Single inflow and/or single outflow
7z =
(2,2, 22) ' a W () W () a
‘ a X | 00| 00| 00| 00 |14
1 . | 00| X | 00| 00 ] 00 |16
— " Q2= % | 00 00| X | 00| 0010 0.007
Q=16 —f= Qrz =—18 ® | 00| 00| 0.0 X 00 | 1.8
) ® | 00] 00] 00| 00 X |12
f oy T g, =12 @ | -14[-16] 10| 18| -12 | X
P ¥ .
T/'—.x ‘ ‘Y
(X1, 1, 21) Q, = 1.4
2. Stagnation point
Q=14
I x ) a ) (@) ) (%) a
| e 2 @ | X | 00] 00 ] 00| 00 |00
P— | 00| X | -10] 00 ] 00 |00
- 2 @ | 00| 10 X 20 | 1.0 | 20 0.008
Q=2 - Q=2 o] o00]o0]|-20] X 0.0 |00
Q=217 & | 00]00] -10] 00 X |00
. @ | 00] 00| -20] 00] 00 X
Té.x o |
(X1, 91, %) l
Qs = —1%
3. Compatible with 2Ealgorithm
Q=14
1
I (x2,¥2, 22) 0.8 ] G @ ) w (o) G
' N 08 a X | 00 ] 00 [10] 00 ] 10
o © | 0.0 X 00 [ 00| 00 | 30
P 1 oo, -1 o w | 00 | 00 X 00| 00 | 00 0.010
Qa1 = 2 ‘ ® | 10| 00 ] 00 | X | 00 | 00
2 ) 9 7 ® | 00| 00| 00]00] X |00
TZ:’ t o 1 4@ | -10| 30| 00 [00] 00 | X
. )
| 0.5
(1, y1, 7) Qzl =2 y 00 .
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Table 4.2. Results for threegeneral casegcell dimensions are 1 unit x 1 unit x 1 unit and cell face flows are in fLT];
maximum time to complete represents maximum from 1000 runs)

R i fInt | FCM Matrix Maximum
. o ecreation of Interna (first shaded column indicates time to
Visualization of Cell Face Flows Streamtube Geometry .
. o inflow face and top shaded row complete
(for visualization) S
indicates outflow face) (seconds)
1. Three inflows three outflows, with : a ) @
inflows in all three coordinate direction g X 0.0000 1.3393
® | 0.0000 X 0.6607
& | -1.3393 | -0.6607 X
Qz2 =15 o | -1.5244 | 0.0000 0.0000
1 G272, 22) % | 0.000 | 0.0000 | 0.0000
_ 4 | -0.1363 | 0.0000 0.0000
Vel I~ Qyz =2 C
0.144
Qx1 =15 Q2 =2 &) (6} (’1
i a | 15244 | 0.0000 0.1363
I, OV il o | 0.0000 | 0.0000 0.8393
2, I ¢ | 0.0000 | 0.0000 | 0.0000
CRAE ) ® X -0.4756 | 0.0000
Oy = 3 o | 0.4756 X 0.5244
a4 | 0.0000 | 0.0000 X
2. Three inflowd three outflows, with a ) @
inflow in two coordinatedirections a X 0.7557 1.4047
o | -0.7557 X 0.0000
0= 1 h @ | -14047 | 0.0000 X
| (272, 22) 08 ((({[K//M’ ¢ | -0.8396 | 0.0000 0.0000
N 06 ® | 0.0000 | 0.7925 | 0.3270
2y = 22 0a] @ | 0.0000 | 02519 | 04682
Q1 =1.8+1— — 1+ Q=2 0.2 _ _ i 0127
L 0 w w [of
z |7 1 a | 0.8396 | 0.0000 0.0000
Qj’x Ut ® 1 » U ¢ | 0.0000 | -0.7925 | -0.2519
Gy, 21) | RN\ 05 & | 0.0000 [ -0.3270 | -0.4682
01 =3 ) @ X -0.8805 | -0.2799
o | 08805 X 0.0000
a4 | 02799 | 0.0000 X
a @ [
3. Four inflowsi two outflows a X 09373 0.6627
o | -0.9373 X 0.0000
0, = 14 o | -0.6627 | 0.0000 X
2 (Xor o) 2) ® | 0.0000 | 0.2426 | 1.7574
I ~ ¢ | 0.0000 | 2.0000 | 0.0000
pean Oy =3 4 | 0.0000 | 0.8201 | 0.5799
0.134
Qu=4+—T— Q=2 W (%) a
; ol & | 0.0000 | 0.0000 0.0000
TLEJ O 27 o | -0.2426 | -2.0000 | -0.8201
x ; ] ® | -1.7574 | 0.0000 | -0.5799
Corem) e ® X 0.0000 | 0.0000
& | 0.0000 X 0.0000
a4 | 0.0000 | 0.0000 X
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Table 4.3. Results for two zerevelocity gradient casegcell dimensions are 1 unit x 1 unit x 1 unit and cell face flows are in
[L¥/T]; maximum time to complete represents maximum from 1000 runstotal percentage errors were calculatedising

(Eq. 3.121).
. FCM Matrix Maximum
Recreation of Internal , I :
' - (first shaded column indicates time to
Visualization of Cell Face Flows Streamtube Geometry .
. o inflow face and top shaded row complete
(for visualization) o
indicates outflow face) (second$

Magnitude of

1. Velocity gradients zero in all three Flow Correction = @0%%

coordinate directions - . - 0.143
, a @ @
a X 0.0000 | 1.0000
0p — 2 G | 0.0000 X 1.0004
I GRS 6 | 09999 | 000 | oaoo | 1ol eor
! @ | 0.000 | 0.000 | -0.0001 n-
27 Q= 2 & | 0.0000 | -1.0002 | 0.0000 calczjla;mns
: %
Qy1 =2  Qx2 =2 ® ® a
2 . a | 09999 | 0.0000 | 0.0000
k.y O o2 ® | 0.0000 | 0.0000 | 1.00002
x : ) ¢ | 0.0000 | 0.0001 | 0.0000
Comen) ) X -1.0003 | 0.0000 0.05
= ¢ | 1.0003 X 0.9998
& | 0.0000 | -0.9998 X
Magnitude of Maximum
Flow Correction = 0.09% time to
2. Velocity gradients zero in one complete
coordinate direction a ) & (second}
a X 05677 | 08647 |
0., =2 B ® | -0.5677 X 0.0000
2 ¢ | -0.8647 | 0.0000 X 0.142
(x2.72, 72) N ® | -0.5677 | 0.0000 | 0.0000
0 6 | 00000 | 08648 | 02707 | —————
va Oy2 = & | 00000 | 05677 | o.se47 | lotalerror
| n
Q=2 T T %2 =2 5 o P calculations
; S N @ | 05676 | 0.000 | 0.0000 %
w Q27 © | 0.0000 | -0.8648 | -0.5677
D ¢ | 0.0000 | -0.2707 | -0.8647
e _ ) X -0.8647 | -0.5676
z1 : 0.02
6 | 0.8647 X 0.0000
a | 05676 | 0.0000 X

The results presented in the preceding tables demonstrate that the algorithm developed here
to compute th@olumetric flow connections a threedimensional rectilinear cell is accurate
and computationally inexpensive. Thus, it is a suitable solution to address the numerical

dispersion issues inherent in FlowSouircen itsassumption of fully mixed cells.
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4.1.2Reduction of Numerical Dispersionin FlowSource

At the time of writing this thesis, the algorithm was still in the process of being
incorporated into EElwSource Hence, the actual reduction in numerical dispersion in
FlowSource calculations as a result of implementing the algoriimmat be demonstrated.
Instead, the reduction in numerical dispersion that would be achieved for a hypothetical case is
presented here.

Thecell-by-cell flows forthe hypothetical case is shownFigure4.1. The grid is three

rows by three columns and haplanar flow fieldwith a SoutheasNorthwest gradieng.e.,

equal cell face flows along the whole model domaie).| | G i s tihreatcihoons ecne |6ldée
T
g '_ :g -
::g g ::g =
S S 1
A g g ::g )
N 2] B 2]

Figure 4.1. Cell-by-cell flows from a planar flow field with a SENW downward gradient.

Running this hypothetical case through the existing FlowSource would yield the directed

acyclic grapkshown inFigure4.2.
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Figure 4.2. Directed acyclic graph for the cellby-cell flows shown inFigure 4.1.
The corresponding FlowSource output for the fracttmough metric is shown iRigure

4.3.
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Figure 4.3. FlowSourcecell-by-cell fraction-through valuesfor a three row-three column grid with planar flow under
fully -mixed assumption

The flow field topology obtained from FlowSource as showRigure4.2 show that all
the cells are connected to the destination cell, €ell G) and the correspding FlowSource
output inFigure4.3 showthat all the cells have some flow passing through it that eventually
reaches cell G. However, if wevokethe assumption of fully mixed cells and recreate the
dividing streamtubes inside each deyl forward tracking all the inflow cornersusiRgo | | oc k 6 s

method it would yield a more accurate image of flwsv field topology as shown iRigure4.4.
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Figure 4.4. Internal streamtubes recreated by forward tracking inflow corners inside eachdel using Pol |l ockos
areas that are not hydraulically connected to the destination cell (cell G) are shaded grey.

Note inFigure4.4 that cells A and | do not convey any flow to ttedl Gand & such
should not be included in the calculations at@fl.the other hand, the FlowSource output
underestimates the amount of flow convetf@dughcells E, C, B, and Frigure4.4 shows that
in actuality 100% of the floyassing throughells E and C reach cell G, while 50% of the flows
throughcells B and F reach cell G.

Now let us recreate the directed acyclic graph for the flow field topology shokigune
4.4. Since we are not assuming the cells to be fully mixed, then each flow should be represented

as the sum of all itlun-mixeddcomponents, given by

"Q0 (Eq. 4.1)

(ey)]
¢

where,0 j is the flow from cellQo cell'QE is the total number of inflows) , into cell'QandQ
is the fraction of thatflows into cell'Grom cell Q

Also, if a flow enters a celdfrom outside the model domain and it is on the &dest
axis, then we will define it a$, i . Similarly, if an out of domain flow enters the cell and it

is on the NortkSouth axis, then we will define it &, .
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Figure4.5 showsthe directed acyclic gragdbr the planar flow field again but this timeeth

flows have been represented in the farm.

QF,E
QI,H

QF,I QB,E

Qc Qp.a Qup Ven
Qb

Qcr Cep Quc

© ©® ® O 0w @ 0 0

Figure 4.5. Directed acyclic graph with flows represented as intecell flows.

Now each of thenter-cell flows canbe expressed as the sum of their components using
Eq. 4.1 The expressions are presentedable4.4 starting from the destination cell and

sequentiallygoing upstream.

Table 4.4. Inter-cell flowsfrom hypothetical caseexpressed agonstituent flows

Inter -Cell Flow Constituent Flows
0§ mbp pOg ¢
0 & mOy pOs G
0§ pbr mhj ¢
0 ; mbp pOR G
0 & pOfg mO i g
0 f pOyr md i ¢
0 § pOy mO i g
0 & mor pO § ¢
0§ pOr md {7 ¢
0 & mop pO § ¢
0 & nd 5 pO
0 & pO 5 mO

Using the expressions Table4.4, it is now possible to conduct the FlowSource

calculations. Cell G is the destination cell, thus it is assigned to have 100% flow through. Cell H
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has 4 unitslowing in, out of which 2 unitflow into Cell G. ThusCell H has a fractiothrough

of 50%. Similarly, Cell D has 4 units flowing in and 2 units flowt mucell G So, it too has a
fractionthrough of 50%. Cell E has 4 units flowing in, 2 units flowmgto cell H and 2 units
flowing out to cell D Note fromTable4.4, thatall of the 2 unitghatcell H conveys to cell G
comesfrom cell E (i.e.pz 0 5 ). Similarly, all of the 2 units thatell D conveys to cell G comes
from cell E (i.,e.pz O ). Thus, cell E has a fractiethrough of 100%. Sequentially traversing
upstream through all the cells in this manner by using the expressions outliredadn.4,

yields the celby-cell fractionthrough values shown figure4.6. Notethatthese values can be

visually validated from the dividing streamtubes showRigure4.4.
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Figure 4.6. FlowSource celby-cell fraction-through values for a threerow three-column grid with planar flow after
revoking fully -mixed assumption

Thus, if the algorithnthat has beedeveloped for this thesis to computdumetric flow
connectionsn rectilinear finitedifference cells is incorporated into FlowSource, it can
effectively reduce the numerical dispersion in FlowSource calculations as demonstrated with the
hypothetical case. It should also be noted thatlderithm is not necessarily restricted for use in
FlowSourcelt can also be used ff ODALL (Potter et al. 2008)MODALL is volumetric
capure delineation tool thatses cetby-cdl flows from MODFLOW modelsand applies the

fully mixed assumptioms well Consequently, its calculations also show numerical dispersion
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when using coarse grigsicLaneandCecan, 2009)incorporation of the algorithm into
MODALL would actually be an easier task because MODALL uses a simpler calculation
scheme than FlowSource (i.e.does not use directed acyclic graphs). However, a more
elaborate discussion on the topic is outside the scope of this themiy. case, the algorithm can
be used with any volumetric capture delineation tool that usebycetll flows from a finite
difference flow model witlectilinear grids to reduce numerical dispersion in calculations

resultingfrom theassunption of fully mixed cells.

4.2 Comparison with the LRD Method

Thetool developed for this thesis to map well connectivitgudacewaterfeatures is
based on theRD method (Leake et al., 2010)he mechanicsf thetool areessentially the
same as 1 LRD methodexcept instead of evaluating the difference in the flows to and out of
the aquifer between a bas®del and the same model witlsiagleadded withdrawal, it applies
FlowSource (Black and Foley, 2013) for the model with the added withdrawal. Thus, it is
necessary to compare the results produced by the two methods to demonstrate that the tool
developed here provides different infoitina. Two syntheticsteadystatecases are used to
compare theutput of themodeling tooland the LRD methodsince both methods are
MODFLOW (Harbaugtet al, 20M®) based, the models were developed in MODFL-@00Q
Also, for the comparison it is necesstoyee x ami ne t he ttheltertu@c apt ur e 6.
capture is defined as any pumping induced changes in flows to or out of the @dopater et al.,
2010) In the discussions following, this will beferedt o LRDB-c a p tinuarderdo
distinguishit from the values olhined from FlowSource, whichill bereferedto as
O0v ol u-me p t \Wherrdferring to the fractional equivalents of seéwo metrics, the terms

OLRdapturefract i ond anaptubeh obcocmeondécwi | | be applied.
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4.2.1Single Steam Case
The first tesis a homogenous unconfined aquifer with a single linear stréaenmodel
has one layer,Brows, and 10 columns, witgqual horizontal and vertical grid spacing. There is

uniform areal recharge across the top layer of the m@teldetails of thenodelare outlined in

Table4.5.
Table 4.5. Model details for single stream ase
Parameter Value
Simulation Type Steadystate
Model Dimensions 31 rows x10 columns x 1 layer
Cell Dimensions 100 mx 100 m
Elevation of top layer (single layer 100 m
Uniform areal recharge 5e04m/d
Hydraulic Conductivity Kx =Ky =3 m/d; k=0.3 m/d
Storage Ss 2e-04[-]
Specific Yield,Sy 0.2[-]
Porosity,q 03[-]
BoundaryConditions Initial heads set as 00m in all cells for

steadystate simulation; all stream cells set
with constanthead of 10 m

Figure4.7 (a) shows the head didbution from running a steaeltate simulation without
any wells. Note, that the stream is a gaining stréagure4.7 (b) showsthe corresponding
LRD-capturefraction contourmapafter one year of pumpirgf a constant rate of@0 n¥/d.
The contour map wagenerated using tHeRD method described in Secti@3.2 Pumping
locations were considered in every row and every column, requiring 300 MODFLOW runs.
Note, all the runs with the added wells were transient simulations, since otherwise there would
be no change in storage and LRBpture fraction would be 1 across the model domain (i.e., all

the pumped water would be supplied by LRe&pture).
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Figure 4.7. Steadystate head distribution without any pumping wells for single stream casevelocity vectors shown in red
(a) and corresponding LRD capturefraction contour map after one year of constant pumping a6000 n¥/d (b).

Figure4.7 (b) shows, agxpeced that LRD-capture is highest closest to the stream and
gradually decreases as the well locatimoves awayrom the stream. Also, since the stream is
linear, so are the capture contowigure4.8 illustrates the head distributions from three specific
well runs along column 5: (1) well immediately adjacent to the stream (i.e., row 2), (2) well
midway along the model donma(i.e., row 15), (3) well at the edge opposite the strgam row
31). Notethat inall three cases pumping reverses the hydrologic condition of the stream from
being a groundwater discharge feature, as showigure4.7 (a), to a groundwater recharge
feature. Thus, pumpingnywhere along the model domaina constant rate {000 ni/d for

one year will induce the stream to become a losing stream.
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Figure 4.8. Head distributions of single stream case after one ye&or pumping at 5000 n¥/d immediately adjacent to the
stream (@), midway along the model domain (b), and fthest away from the stream (c);wells are indicated by the shaded
red square in each figureln all three cases the steadsgtate hydrologic condition of the stream is reversed from being a
groundwater discharge feature to a groundwaterrecharge feature.

Note, for this case there is no ga@transpiration, and the areal recharge is kept constant for
all the runs. Thus, the only compents of LRDBcegpture are the reduction in bélsev to the
stream (outflow from aquifer) andcreasedtreamleakage (inflow to aquif¢rTo understand
how the ndividual capture components influence the overall tddpture, we can examine them
along a single column since the LRiapture fraction profile only changes verticafygure4.9
illustratesa graph othe LRD-capture, increased stredeakage, and reduced baseflow fractions
along column 5 of the model. Note, that when pumping is furthest from the stream, it only
induces a reduced baBew. The reduction in basttow increases gradually as the location of
pumping approaches closer to the stream andafterrow 17, it begins to induce stream
leakage After that point the reduction in basébow plateaus and further increases in capture is

entirely generated by ineases in induced stream leakage.
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Figure 4.9. Graph of LRD-capture, increased stream leakage, and reduced baseflow fractions along column 5 of the single
stream casemodel.

For the purposes of this thesige are concerned about the amount of well water that is
sourced fronsurfacewater. Thus, we are specifically concerned about the stieakage
component of LREcapture Figure4.10 shows a comparison of the increased strésakage
fraction contour map and the volumetdapture contour map generated usingniogleling tool
developed for this thesis. Note that tlebumetric-capture fractiorcontourmap and the induced

stream leakageontourmap appear to ke same.
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Figure 4.10. Contour maps ofincreased stream leakage component of LRDapture fraction (a), and volumetric-capture
fraction (b) for single stream casecolumn 5 is delineated with black dashed lines in both maps.

Comparing théwo metricsalong a vertical crossection of the domaii.e., column 5ps
shown in the graph iRigure4.11reveals that for this casine two aren fact identical.
Therefore, for this simple single stream casentbdeling tooldoes not seem to offer any

information that cannot be obtainedrn implementing the LRBnethod.
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Figure 4.11. Graph of increased stream leakage component of LRDapture fraction and volumetric-capture fraction
along column 5 of the single stream case model

4.2.2Two StreamCase

Now, considea similar case bwhere there are twiinearstreams at either end of the

model domain. The details of the model are outlinetkible4.6.

Table 4.6. Model details for two stream @ase

Parameter Value

Simulation Type Steadystate

Model Dimensions 32 rows x 10 columns x 1 layer
Cell Dimensions 100 m x 100 m

Elevation of top layer (single layer 200 m

Uniform areal recharge 5e04 m/d

Hydraulic Conductivity Kx=Ky=3 m/d; k=0.3 m/d
StorageSs 2e04 [-]

Specific Yield,S, 0.2 []

Porosity,d 0.3[]

BoundaryConditions Initial heads set as 200 m in all cells for

steadystate simulation; stream cells along
row 1 set with constant head of 200 m and
along row 32 set with constant head of 150

110



Figure4.12 shows the head distribution from running a stesidye simulation without any
wells. Note that for this casthe streamalong row 1 stream Ajs a losing streanwhile the

streamalong row32, stream Bijs a gaining stream.
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Figure 4.12. Steadystate head distribution without any pumping wells for two stream case; velocity vectors shown in red

The contour maps were generated for a wéh & constant pumping rate 20,000 ni/d
for one yearAs for the single stream cagagure 4.13 illustrates the head distributions from
three specific well runs ahg column 5(1) well immediately adjacent &iream A(i.e., row 2),
(2) well approximatelymidway along the model domain (i.e., ro#)1(3) well immediately
adjacent to stream @.e., row 31) Figure 4.13 shows that the hydrologic condition of the losing
stream remains unchanged for pumping anywhere along the model domaintbegéoning

stream, it reverses once the pumping well is sufficiently close.
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Figure 4.13. Head distributions of two stream case after one year for pumping a20,000 n¥/d at row 2 (a), row 15 (b),
and row 31 (c);wells are indicated by the shaded red square in each figurEor all three cases the steadgtate hydrologic
condition of the losing stream remains unchanged but for the gaining stream, it is reverses once the pumping well is
sufficiently close.

Figure4.14 shows a comparison of the contour maps of kddpture fractionincreased
stream leakage and reduced baseflow compowéhf’D-capture fractionand the volumetric
capture fraction for the two streanksgure4.14 shows thathevolumetriccapture fraction and
theincreasedtream leakage fraon contour maps for the two stream case are not the same,

which is unlike the single stream case.
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Figure 4.14. Contour maps ofLRD -capture fraction (a), reduced baseflow fraction (b),ncreased stream leakagéraction
(c), and volumetric-capture fraction (d) for two stream case

Again, for a closer assessment, we can comglatike metrics along a vertical cress

section of the model domain (i.e., column 5) as shown in the grdpgure4.15.

LRD-Capture Fraction

Reduced Baseflow Fraction
Increased Stream Leakage Fraction
O Volumetric-Capture Fraction

Capture-Fraction

5 10 15 20 25 30
Row

Figure 4.15. Graph of increased stream leakage component of LRBapture fraction and volumetric-capture fraction
along column 5 of the two stream case model
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Figure4.15 shows that while the volumetrzapture fraction and increased stream leakage
fraction follow similar trajectories for the two stream case, FlowSource estimates a much greater
capture from the strealo get a better understanding of the reasoning behind the difference in
the estimates of capture from the stredetween the two methods, we can examine the streams
one at a timefFigure4.16 showsa comparison othe increasedtreameakage fraction and
volumetriccapture fraction fostream A (i.e., théosing strearpandFigure4.17 shows the

corresponding comparison graph along the saanical crosssection.

Column Column

(a) (b)

Figure 4.16. Contour maps of increased stream leakage compent of LRD-capture fraction (a) and volumetric-capture
fraction (b) for stream A (the losing strean).
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Figure 4.17. Graph of increased stream leakage component of LRPapture fraction and volumetric-capture fraction
along column 5 forstream A (the losing strean).

Note again, that FlowSource estimates a much greater capture from the losing stream than
that estimatedy the steam leakage component of LRiapture Now we follow the same
procedure fostream Bi.e.,the gaining stream Figure4.18 shows the comparison of the
contaur mapsobtained from the two methodsdFigure4.19 shows the corresponding
comparison graph. It turns out that for the gaining stream, like with the single sasenthe
volumetriccapture fraction values computed by FlowSource exactly matchdieasedtream

leakage fraction valuesomputed using the LRD method.
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Figure 4.18. Contour maps of increased stream kkage component of LRDBcapture fraction (a) and volumetric-capture
fraction (b) for stream B ¢he gaining stream).
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Figure 4.19. Graph of increased stream leakage component of LRPapture fraction and volumetric-capture fraction
along column 5 forstream B (the gaining strean).

Recall, that the stream leakage contour map generated using the LRD method shows the

fraction of pumping that is supplied from increases in stream leakage as a result of pumping,
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while the contour map generated usingrtiadeling tool(i.e., using FlowSourceshows the

fraction of pumping that is sourced from the stream (i.e., the fractional volume of water that
originated in the stream cells and was extracted at the pumping~celthe cases shown with

the gaining streams, there is no stream leakage before any pumping begins and it is only induced
after the wells are introduced. Thtisetotal volume of water sourced from the streemthe

induced stream leakagdowever, forthe losing stream, stream leakage is occurring even before
pumping begins and the introduction of pumping increases that leakage. The LRD method only
shows the amount that the stream leakage increased by as a result of the pumping, while the
volumetric capure maps produced by theodeling toolshows the total stream leakage that is
occurring at the time of pumping. This is why the combined capturetfrertwostreans and

the capture from the losing streavas estimated to be greater by FlowSource thahdyRD

method So, even if pumping induces no hydrological changes in the stream, there can still be
water flowing from the stream to the well and it is in quantifying these flows that the two
methods differ.

The LRD method was developed to assess theologlcal impacts of pumping on
surfacewaterand it adequately serves that functiblowever, from the perspective of estimating
well vulnerability, it is necessary to be able to determinabis®luteamount of well water that
is sourced fronsurfacewater (as opposed to the relative amouantyl his is what~lowSource
can provide The FlowSource outpaiso implicitly providesaninsight into the hydrological
impacts of pumping osurfacewater, since we know the total volume of water thatesng

removed from thesurfacewaterfeature.
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4.3 Applications for Screening Existing Wells

A synthetic case is presented to demonstrate the applications of the tool developed here in
determining the degree of connectivity of an existing well field to adiatefacewaterand
agricultural lands. As noted before, this is essentially a novel application of FlowSource (Black
and Foley, 2013). While FlowSource has been used to delineate volumetric capture areas for
various purposes (i.e., well head protectiod pamp and treat optimization), it has not been
used specifically to determine the volumetric connections of groundwater websidiace
waterfeatures (Black and Foley, 2013).
4.3.1Assessing Connectivity tdGurface-Water

A steadystate MODFLOWZ2000 (Harbagh et al., 2000) mode¥as used for the
demonstrationThe model has two layers, 50 rows, and 50 columns, with an equal horizontal and
vertical grid spacing of 100 metres (m). The top layer is unconfined and 15 m deep, while the
bottom layer is confined @35 m deep. The confining layer is not simulated with a separate
model layer. There is uniform areal recharge across the top layer of the model. Both aquifers
have the same parameters and are homogenous. There is a NorBmabtvest planar gradient
along both layers and a stream in the top layer that flows from the Northeast corner to the

Southwest corner of the model. The details of the model are summarikaiolédl.7.
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Table 4.7. Model details of synthetic well field case

Parameter Value

Simulation Type Steadystate

Model Dimensions 2 layers x 50 rows x 50 columns

Cell Dimensions 100 m x 100 m

Elevation ofbottom layer 07 35 m (confined)

Elevation of top layer 357 50 m (unconfined)

Layer gradient NE-SW gradient of 0.001 for both layers (i.e., NE

corner is the highest elevation, SW corner is the lov
elevation, and the NW and SE corners are the sam
elevation, but lower than the NE corner and higher
than the SE corner)

Uniform Areal Recharge 1e-03m/d

Hydraulic Conductivity Kx =Ky =30 m/d; k=3 m/d

Storage Ss 1e05 []

Specific Yield,Sy 0.01 F]

Porosity,d 0.015f]

Boundary Conditions Initial heads set as 50 m in all cells for steathte

simulation; all stream cells set as constant head ce
where the head is the top of the cell

The existing well field consists of seven wells, all pumping from the confined layer. The

details of the wells are outlined Trable4.8.

Table 4.8. Well locations and pumping rates of synthetic well field case

Well Identifier Well Location Constant Pumping Rate

(layer, row, column) (m3/d)
Well A (2, 48, 12) 4,000
Well B (2, 32, 42) 6,000
Well C (2,39, 17) 8,000
Well D (2, 3, 47) 8,000
Well E (2, 40, 29) 10,000
Well F (2,9,17) 12,000
Well G (2, 13, 33) 14,000

The head distributions obtained for the model from rupaisteacstate simulation in
MODFLOW-2000 is shown irfrigure4.20.
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Figure 4.20. MODFLOW -2000 moct! of synthetic well field casesteady-state head distributions shown for layer 1 (a),
layer 2 (b) and the crosssection along row 1 (c)head contours are shown with dark black lines, stream cells are shaded
blue (shown in layer 1 and the crossectional view), wells are shaded red (shown in layer 2), and velocity vectors are

shown with red arrows.

Now,wecamsi mply assign all the st mntatool,and!l | s as
run FlowSourceor each welto estimate the volume of pumpage supplied by the stream. Since

we are interested in computing the volume of water each well derives fromethie sthe

(@}

vV ol-furneemdé an-ir 6mdbametonhcs were used from FI ow¢

(@}

vVoltuhmeougho amdoafgmdctmeomi cs). The rTableul t s f

4.9.
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Table 4.9. FlowSource results for synthetic well field case

Constant Volumetric Capture Fraction of pumpage
Well Identifier Pumping Rate from the stream derived from the stream

(m3/d) (m/d) (%)
Well A 4,000 764 19
Well B 6,000 3851 64
Well C 8,000 5142 64
Well D 8,000 3745 47
Well E 10,000 8090 81
Well F 12,000 8958 75
Well G 14,000 10939 78

Figure4.21 shows a map that waseatedusing the estimates froiirable4.9 to visually
portray the degree of coactivity of each well with the stream. Note, since this is a stetady
model, there is no change in storage and all the pumped water is provided by capture from the
stream and/or areal recharge. The map contairshaids illustrating the breakdown thie
volumetric fractions each well sources from the stream and areal recharge and the pies are scaled

based on the amount sourced from the stream.
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Figure 4.21. Map illustrating the connectivity of wells and the steam forthe synthetic well field model;the locationsof the

wells are shown with the red circles and their volumetric capturdractions from the stream and areal recharge are shown

with scaled pies (i.e., larger pies indicatergater capture from the stream); pumping rates are shown next to the pieshe
stream and the steadystate head distribution for layer 2 have also been overlaid the map.

FromFigure4.21, we see that only the wells located furthest from the streams A/eid
Well D, are nosurfacewaterdominated (i.e., have well water compositions that are less than
50%surfacewatel). The remaining wells, especially Wé&)] Well G, and WellF, mayall be
deemed as vulnerable since they arswatfacewaterdominated.

Now, if contaminations restricted t@ specific reach of the stream or if a specific reach
supports sensitive aquatic habitat, it may be more desirable to see how much watetleach we
derives/removes from that reach. The ability to determine volumetric capture from multiple
features of interest can be made oftor these purposeBigure 4.22 shows a map with
estimates of the volumetric fractions capturedehgh well from: (1) the tributargt thewest end
of the model, the Western tributary, (2) the tributary aetist end of the modedhe Eastern

tributary, and (3jhe main stream.
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Figure 4.22. Map illustrating connectivity of wells to specified features of interest: the main str@m, the Eastern tributary,
and the Western tributary .

FromFigure 4.22, we may infer whicleature of interestach well is at most risk of being
contaminated by. For example, the Eastern tributary poses the greatest contamination threat to
Well G and WellD, while the main stream is the sole contamination threat for &/afid Well
F. Well C derives some water from the Western tributary, but it too is at a greater risk of
contamination from the main stream. Now, to illustrate the pumping impagtse4.23 shows
grapls of thedaily rates of water removal from thepecifiedfeaures of interest by each welhd

the cumulative daily removal rates from each feature of irtteres
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Figure 4.23. Daily rate of water removal by each well fromfeatures of interest (a) and the cumulative daily rates of water
removal from each feature of interest (b).

Unsurprisingly the highest rates of water removalkéathe Eastern tributary and the main
stream, which aradjacent to the three wells with the highest pumping rates (i.e. G\al|
14,000 ni/d near the downstream reach of the Eastern tributary, f¥e&fl2,000 n¥/d near the
downstream reaches of the main stream, and Bv&L0,000 n¥/d near the upstream reaches of
the main stream).

Now, the vulnerability of the wells (i.e., which wells are likely tosefacewater

dominated) and their pumping jpacts (i.e., where the highest rates of removal wilfdethis
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simple case need noécessarily be inferreidom the figures presented here, since they are
apparent simply from the pumping rat#she wellsandtheir proximities to the stream.
However,what is noteworthys thatthe toolprovides quantitative estimatesf the total volume
of well water derived from usepecified features of interesithout having conducted any
particle tracking or solute transport simulatidhis represents a novebmtributionfor
determining the degree of well asdrfacewaterconnectivity and consequently for the
management of groundwater resouréasnerating the estimates of the volumetric capiates
cost seven FlowSource rums)e for each well anthe averge of which was on the order of ten
times the MODFLOW_2000 run for the model. Thene taken to establish the volumetric
capture from features of interestnegligible as it simply entails reading the FlowSource output
files and summing the metrics fhe cells comprising the features of interédtus, provided a
model existsthe tool can provide estimates of the volumetric capture iratesuserspecified
featuresof interest. The accuracy of the estimates will depend on how well characterized the
model is and obviously the number of active model cells and featuresresintall affect the
time required to obtain the estimat&sansient models can also be used volumetric capture
rates may be obtained for specifictime periods t he O maxi mumdéd option in
selectedo obtain the maximum volumetric capture rates for the entire simulétawever the
results should be interpreted with cautiamcsi FlowSource treats transient modelgw@esi
steadystate
4.3.2Assessing Connectivity tdNon-Point Source Pollution

For thediscussionn Section4.3.1, thefeatures of interésvere restricted to the stream.
However,that need not be the case. The ability to specify any cell as a feature of interest,

provided that the feature lies entirelthin one layer, affords another useful applicatiahe
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determination of the fraction of recharfi@wving through potentially threatening agricultucal
industriallands that reaches the welince in this case it is necessary to evaluate the frattio
volume passing through the cells of interest that is ultimately captured at the well, we use the
Ofratchn wamgh & met r Todllusirate, |ét Us@sgBne that there are two
hypotheticalparcels of agricultural landshown not to employ bésnanagement practice&gri

A and Agri B Note,best management practices retetite use of accepted equipmdatilities
andor farming methods that may reduce and/or prohibit the discharge of harmful contaminants
generated at the farm tioe environnent.Figure4.24 shows a map with estimates of the
volumetric fractions captured by each well from the two farkgsi A is locatedwestof the
headwaters of the main stream, shaded broviAigare4.24, and Agri B is locatedast of the

headwaters of the Eastern tributary, shaded greEigure4.24.
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Figure 4.24. Map illustrating the fraction of recharge obtained by each well from adjacent farms

Figure4.24 shows that recharge flowing through Agri A is captured only by Wgellhile

recharge flowing through Agri B is captured only by W2IIThe other wells do not draw any
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recharge that has flowed through either of the agricultural I&etsall from earlier that Weh
and WellD were the only wells that were netrfacewaterdominated. So, while the stream may
not pose as great a threat to these wells, they may be deamerhble on account of the threat

posed from Agri A and Agri B respectively.

4.4 Applications for Planning New Well Sites

The second type of applications of the tool lighaeplanningof new well sites. For these
applications, FlowSourade deployed in ta framework of the LRBnethodto generate contour
mapsof the spatial distribution of volumetric capttfraction of a new pumping well from user
specified features of interest. The same synthetic stetatly MODFLOW2000 model shown in
Figure4.20is used to demonstrate the various applicati®he.detds of the model sep are
outlined inTable4.7 andTable4.8.
4.4.1Volumetric Capture-Fraction Contour Maps

Thevolumetric capturdraction contour maps for the streavere generated for a well
with a constant pumping rate 2000 n¥/d for 180days A single stress period was specified
with six time stepsPumping locations were considered in every second row and every second
column,requiring 625 MODFLOWand FlowSource runseach Agai n, -ftrthema@ f metcrt ii
of FlowSource was used for the mapgure4.25 shows theontour maps for pumping in layer
1 and layer 2 of the modafter180days The 50% captur&action contours are indicated with
dark black linesAlso note, thathe wellis supplied by capture from the stream, areal recharge

andtransientstorage.
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Figure 4.25. Contour maps of fractional volumetric capture from the whole stream after 180 days of pumpingt 2,000
m?d along layer 1 (a) and layer (2).

To generate the contour map of the whole stream along layer, shéiguie4.25 (a),
took 177 seconds, wherdvé MODFLOW runs accounted for @6of the time, the FlowSource
runs accounted fat3% of the time and the map generation took the remaining 1%. The total
time wason the order of 1,500 times a single MODFLOW run. The cost of generating a single
map isa factor of thanodel size, number of stress periods and time samplhe desired
resolution of the map

Again, if we are concerned about capture from specifichesof the stream, reach
specific maps may be generated as viretjure4.26 shows a map dhreestreanreacheghat
were defined akeatures of interest: the mambutary, he Westerntributary, andthe Eastern
tributary. Figure4.27, Figure4.28, andFigure4.29 show the corresponding contour maps
respectively The setup of the runs were the saas@f one used for generating the maps for the

whole stream.
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Figure 4.26. Specified reaches of interest along the streafor contour maps: the main tributary (cells shadeddark blue),
the Western tributary (cells shaded yellow), and the Eastern tributary (cells shaded pink)

=
A

o
'--IQ"\

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 1000 1500 2000 2500 3000 3500 4000 4500 5000

X[m] X{[m]
(a) (b)

Figure 4.27. Contour maps of fractional volumetric capture from the main tributary after 180 days of pumpingat 2,000
m?d alonglayer 1 (a), and layer (2).
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Figure 4.28. Contour maps of fractional volumetric capture from the Western tributary after 180 days of pumpingat
2,000 n¥/d along layer 1 (a) and layer (2).
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Figure 4.29. Contour maps of fractional volumetric capture from the Eastern tributary after 180 days ofpumping at
2,000 n¥/d along layer 1 (a), and layer (2).

Thus, for each specified reach an area can be delineated thithmodel domain for the
placement of a new well such that it obtains the least amount of water from that reach.
So, where the maps generated using the dofRdhod show how the location of pumping

and time since pumping began affect capture, these mapst®ow those same factors affect the
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degree ofvell connectivity with surfacevater. Importantly, it is not necessary to understand the
concept of capture to interpret these mdpe information they convey is simglehow the
location of the well andie since pumping began, affects the fraction of water that it will derive
from surfacewater. This is something that may be communicatechtan-technicalaudience
with relative easelhe otherimportant takeaway from these maps is that they prolete
delineation ofarea within whichanew well can be drilled such that it will not berfacewater
dominated €.g, less than 50% of the well water will be derived freumfacewatel).
4.4.2Impact of Seasonality

The contour maps may be used to demonstinatémpact of seasonality on the
connectivity of wells tsurfacewater. To illustrate, consider the contour maps of volumetric
cagure from the strearfor pumping at 11,000 #fd along layer 2 for 180 daymder three
different magnitudes of uniform are&charge: 203 m/d, 1e03 m/d, and 5®&4 m/dfor
pumping as shown irFigure4.30.
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Figure 4.30. Contour maps offractional volumetri ¢ capture from whole stream after 180 days gfumping at 11,000 ni/d
along layer 2 under uniform areal recharge o2e-03 m/d (a), 1e-03 m/d (b), and 5e04 m/d (c).

As expected, thmaps show thahe volumetric capturmcreases as arg@charge
decreags, sincavith lower recharge, higherfraction ofthe withdrawn wateneeds to be

supplied by the strearfhese maps can provide insight into the sensitivity of capture areas to
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changes in areal rechargéote for this system, when tlaeeal recharge rate is reduced by half
from 1e03 m/d to 5604 m/d, as shown iRigure4.30 (b) and (c), the entire domain of the model
becomesurfacewaterdominatedIf the capture areas for a system change very drastically in
response to changes in areal recharge, then water managers should ensure that the recharge is
adequately characterized in the model.
4.4.3Impact on Existing Wells

The tool can also generate contawaps showing how the location of a new pumping well
may affect thesurfacewaterconnectivity of an existing well. The masirfacewaterdominated
well, Well E, and the leasturfacewaterdominated, WellA, as established froi@ection4.3.1,

were chosen for the demonstratidine wells are illustrated again on the map showFigare
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Figure 4.31. Locations of WellA and Well E; wells are indicated with red circles and the pumping rates of all the wells
are shown adjacent to the wejlthe steadystate head distribution of layer 2 and the stream has also been overlaid the
map.
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Figure4.32 showscontour maps athe how thevolumetric capturdractionfrom the
streamwould change in WelE and WellA from the addition of a new wgbumping at a

constant rate af1,000 n¥/d for 180 daysanywhere along layer 2.

Figure 4.32. Change involumetric-capture fraction in Well A (a), and Well E (b) for pumping at 11,000 n¥/d along layer 2
for 180 days

In Figure4.32, the grey regions indicate the areas where the addition of the well would
induceminimal changes in the volumetric composition of the water in the Walhd WellE,
theblue legions indicate the areas where the addition of the new well would increase
connectivity with the streamndthe brown regions indicate arghat would imducedecrease
connectivity Recall from Sectiod.3.], that WellA was the leasturfacewaterdominated, with
a volumetriecapture fraction of 19%-igure4.32 (a) shows that there is a region in the north
end of the model domain where the addition of the new well would incur up to a 40% increase in
the connectivity with the stam in WellA and thereby convert it intosarfacewaterdominated

well. Conversely, WelE would be relatively unaffected by the addition of the new well.
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