Algebraic Approach to Quantum
Isomorphisms

by

Mariia Sobchuk

A thesis
presented to the University of Waterloo
in fulfillment of the
thesis requirement for the degree of
Doctor of Philosophy
in
Combinatorics and Optimization

Waterloo, Ontario, Canada, 2024

(© Mariia Sobchuk 2024



Examining Committee Membership

The following served on the Examining Committee for this thesis. The decision of the
Examining Committee is by majority vote.

External Examiner: Sarah Plosker
Professor, Dept. of Mathematics and Computer Science,
Brandon University

Supervisor: Chris Godsil
Professor, Dept. of Combinatorics and Optimization,
University of Waterloo

Internal Members: David Wagner
Professor, Dept. of Combinatorics and Optimization,
University of Waterloo

Karen Yeats
Professor, Dept. of Combinatorics and Optimization,
University of Waterloo

Internal-External Member: Michael Brannan
Associate Professor, Dept. of Pure Mathematics,
University of Waterloo

11



Author’s Declaration

I hereby declare that I am the sole author of this thesis. This is a true copy of the thesis,
including any required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.

111



Abstract

In very brief, this thesis is a study of quantum isomorphisms. We have started with
two pairs of quantum isomorphic graphs and looked for generalizations of those.

We have learned that those two pairs of graphs are related by Godsil-McKay switching
and one of the graphs is an orthogonality graph of lines in a root system. These two
observations lead to research in two directions.

First, since quantum isomorphisms preserve coherent algebras, we studied a question
of when Godsil-McKay switching preserved coherent algebras. In this way, non isomorphic
graphs related by Godsil-McKay switching with isomorphic coherent algebras are candi-
dates to being quantum isomorphic and non isomorphic.

Second, while it was known that one of the graphs in a pair was an orthogonality
graphs of the lines in a root system FEjg, we showed that a graph from another pair is
also an orthogonality graph of the lines in a root system F;. We have studied orthogonality
graphs of lines in root systems Bya, Coa, Dya and showed that they have quantum symmetry.

Finally, we have touched upon structures of quantum permutations, relationships be-
tween fractional and quantum isomorphisms as well as connection to quantum indepen-
dence and chromatic numbers.
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Chapter 1

Introduction

Quantum automorphisms actually preceded quantum isomorphisms, so we start with those.
Classical automorphism groups are well-studied. Recently, quantum generalizations have
emerged.

In 2003, Bichon [9] introduced a quantum automorphism group of a graph in the lan-
guage of C*-algebras. Shortly after, in [1] Banica slightly modified Bichon’s definition, and
the updated definition has become standard in the area of quantum automorphisms. We
won’t be working with it, but for reference, we include it here.

We often use X and Y to denote graphs. For us graphs are simple, without loops and
multiple edges. E(X) denotes edges of the graph X and V(X)) stands for its vertices. We
say two vertices i, j € V(X)) are adjacent in X if {i, 5} € F(X). The notation that we use
is i ~x j. On the other hand, if {i,j} ¢ E(X), we denote it by i ~x j. From now on,
unless otherwise specified, A(X) is the adjacency matrix of a graph X. It is defined as a
binary matrix with (A(X));; = 1 if {i,j} € E(X) and zero otherwise. If the graph is clear
from context, we simply write A. For more reference on terminology see [285].

Unless otherwise specified, n denotes the number of vertices in the graph in considera-
tion and m denotes the number of edges.

Definition 1.0.1 ([4]) Let X = (V, E) be a finite graph on n vertices V.= {1,...,n}. The
quantum automorphism group G*(X) is a compact matriz quantum group (C(GT (X)), u),
where C(G1(X)) is the universal C*-algebra with generators u;;,1 < 1,7 < n and relations

(a) uij =uj; =uy;, 1<i,j<n



() Y wig = wi, 1<i<n
(¢) D uwiAje =, Aijugr, 1 <4,k <n.

Those rare cases when we will appeal to this definition would be times when we reference
earlier work. In that context we will also use term magic unitary which denotes the n x n
matrix with those generators u;;’s as entries.

For this thesis we use the following finite-dimensional definition. Before the definition,
we are going to familiarize the reader with some notation. For a ring R, and a natural
number d, we define My(R) to be the set of all d x d matrices with entries from R. And
14, or I, whenever clear from the context, denotes identity matrix.

Definition 1.0.2 The quantum automorphism group of a graph X is the set of all matrices
Q € My (x)(Mq(C)),d € N satisfying the following conditions:

® > Qiy=1i=3;Qi when 1 <1i,j <|V(X)].

= O* — ()2
° Q= i — Wij

e QIA®I,) = (A® 1;)Q.

Matrices satisfying the first two points out of three are called quantum permutations.
So another way to restate the definition is that the quantum automorphism group is the set
of all quantum permutations with finite-dimensional projections as entries that commute
with the adjacency matrix of the graph. Note that when we restrict the above definition
to d = 1, we just get a classical automorphism group of the graph.

We say that a graph has quantum symmetry if there is a quantum automorphism of
the graph that has non-commutative entries. To the best of my knowledge of existing
literature, proving that a graph has quantum symmetry involved either finding a quantum
permutation with finite-dimensional projections as entries or determining the quantum
automorphism group and showing it is different from classical automorphism group. A
lot of study of quantum automorphism groups of graphs was done first by Banica [7] and
extensively developed by Schmidt in [62], [62], [61] and [63].

At the same time, quantum automorphisms are intimately tied to quantum isomor-
phisms. However, since quantum isomorphisms do not form a group, their history is quite
different and starts with quantum homomorphisms. In 2013 David Roberson has published



his PhD thesis [79] and the results about quantum graph homomorphisms were later pub-
lished in the paper with Laura Mancinska [13]. Three years later in [2], Mancinska and
Roberson together with other authors formulated a definition of quantum isomorphisms in
the form we use it in this thesis.

Definition 1.0.3 A quantum permutation QQ € My (x)(Mq(C)) is a quantum isomorphism
between two graphs X andY on the same number of vertices if

QAx ® 15)Q" = Ay ® Iy

From now on, whenever we mention quantum isomorphism between graphs X and Y,
it always assumed that |V (X)| = [V (Y)].

Analogously, if in the definition above d = 1, then @ is just a classical isomorphism
between the graphs. The question in the area of quantum isomorphisms is to find graphs
that are quantum isomorphic and not isomorphic. This has been the initial motivation for
all of this thesis.

Originally, at our disposal, we had only graphs from [2]. While there is an infinite
family of non-isomorphic quantum isomorphic graphs, we were working with the tangible
24-vertex pair of graphs, and observed that they are related by Godsil-McKay switching
(See 2.3).

Theorem 1.0.4 (5.1.1) The 24-vertex graphs from [2] are related by Godsil-McKay switch-
mng.

Later, when Schmidt’s paper [65] with 120-vertex non-isomorphic quantum isomorphic
strongly regular graphs came out in September 2023, we verified that those two graphs are
also related by Godsil-McKay switching.

Theorem 1.0.5 (5.2.1) The 120-vertex graphs from [05] are related by Godsil-McKay
switching.

From there on, I have been on a quest to try to generalize these two examples. That
inevitably led to identifying more commonalities between these two pairs of graphs.

Godsil-McKay switching graphs are often non isomorphic. At the same time, we have
a fact from [2] that quantum isomorphic graphs are cospectral and have isomorphic co-
herent algebras. Combining all this information and driven by the goal to find more
non-isomorphic quantum isomorphic graphs, we asked this question:



Question 1 When does Godsil-McKay switching preserve coherent algebras?

In the process of answering this question, we found that conjugation by quantum iso-
morphism matrix is an isomorphism of coherent algebras.

Orbital algebras are defined in Section 6.5 and coherent algebra of the graph in 6.6).

Theorem 1.0.6 (6.10.2) Suppose Q is a quantum isomorphism between X and Y. If
Ox, Oy denote the orbital algebras of X and Y respectively, then

QOx ® Q" = (Oy ® I).

The question about the converse arises.

Question 2 Suppose, X and Y are graphs with orbital algebras Ox and Oy. Suppose, Q)
1S a quantum permutation satisfying

QOx ® Q" = (Oy ®I).

Is Q a quantum isomorphism between X and Y ?

Theorem 1.0.7 (6.11.2) Suppose Y is a graph with adjacency matriz B and coherent
algebra C(Y'). Suppose X is a graph with adjacency matriz A and coherent algebra C(X)
that has 01-basis By, ..., Bi. Suppose X is related to Y by Godsil-McKay switching with
partition (Cy,...,Cy, D) and S is like in the definition of Godsil-McKay switching with
SA = BS. Then if for each 1 < i < k we have that B; can be partitioned into a Godsil-
McKay partition (Cy, ..., Cy, D), then conjugation by S is an isomorphism between coherent
algebras C(X) and C(Y').

Corollary 1.0.8 (6.11.5) Suppose X and Y are related by Godsil-McKay switching with
the Godsil-McKay switching matriz Q, partition (C, D), and Godsil-McKay switching ma-
triz S. Suppose that conjugation by S is an isomorphism of coherent algebras. Suppose
further that at least one of X orY satisfies all of the following:

(a) each vertex in D is adjacent to % vertices for all 1 <1 < k.



(b) is connected with connected complements.

(c¢) has a homogeneous coherent algebra.

Then directed graphs corresponding to basis matrices of the coherent algebra satisfying the
third condition can be partitioned according to the Godsil-McKay partition.

A second similarity that we identified is that one of the graphs from each pair is an
orthogonality graph of lines in a root system. Now one of the Schmidt’s graphs was
originally presented in his paper [65] as an orthogonality graph of lines in the root system
Es. We have observed that one of the 24-vertex graphs also is isomorphic to an orthogonality
graph of the root system Fj. The following question begged to be answered:

Question 3 What can be said about orthogonality graphs of the lines in the other root
systems?

As it turned out, this question tied quantum isomorphisms and automorphisms to-
gether. While we were looking for quantum isomorphic, non isomorphic graphs, we have
found graphs with quantum symmetry instead.

Theorem 1.0.9 (7.7.2,7.6.10,7.7.1) The orthogonality graphs of lines in the root sys-
tems Baon, Con, Don have quantum symmetry.

Another common point between the two pairs of graphs is that one graph in each pair,
in particular, the one that is the orthogonality graph of the lines in the appropriate root
system, has quantum independence and chromatic numbers that differ from the classical
counterparts, while the other graph has equal classical and quantum parameters. Kochen-
Specker sets, are known to be intimately connected to the gap in quantum and classical
parameters of the graphs [60],[07]. First, we define them. A set S = S; Ll ...S, consisting
of sets S; of projections in My(C) that sum to I is a projective Kochen-Specker set if
we cannot select k pairwise nonorthogonal projections from it. We explored the connec-
tion between graphs being quantum isomorphic and nonisomorphic, at least one of the
graphs having different quantum and classical parameters and the entries of the quantum
isomorphism forming a projective Kochen-Specker set. Some results on this topic include:

e (4.5.2) A sufficient condition on graphs X, ¥ and a quantum isomorphism ) between
them for a(X) < ay(X).



e (4.5.4) A sufficient condition on graphs X, Y and a quantum isomorphism ) between
them for x(X) > x,(X).

Theorem 1.0.10 (4.2.1) Suppose X and X' are non isomorphic distinct graphs. Sup-
pose () is a quantum permutation with rank-one or rank-zero entries and is a quantum
1somorphism between them. Then entries of Q) form a projective Kochen-Specker set.

Last, but not least, another similarity that we have identified between the 24-vertex
and 120-vertex examples is a connection to Cayley graphs. In [2], the authors mention
that both 24-vertex graphs are Cayley, and in [67], we find the groups for those Cayley
graphs, Sy, and the connection sets, which turn out to be unions of conjugacy classes.

For one of the 120-vertex graphs, I showed that it is Cayley for S5 and identified a
connection set for it, which, however, was not a union of conjugacy classes.

Nonetheless, the following is an interesting question:
Question 4 When are two normal Cayley graphs cospectral?
We provide a sufficient condition:

Theorem 1.0.11 (3.4.2) Let X =Cay(S,, M) and Y =Cay(S,, N). Suppose M and N are
disjoint and each consist of conjugacy classes of odd permutations. Assume further that
M U N are the set of all odd permutations in S, and |M| = |N|. Then X and Y are
cospectral.



Chapter 2

Background on quantum
isomorphisms

This chapter contains definitions and known properties of quantum permutations, quantum
automorphisms and quantum isomorphisms. Throughout the thesis we use trace inner
product between matrices C, D € M, (C) :

tr(C, D) = tr C*D.

2.1 Definition of quantum isomorphisms and quan-
tum automorphism group

In this thesis we usually denote a graph by X with vertices V' = {1,...,n} and edges
E C (V,V). The letter A is usually reserved for adjacency matrices. The i entry of
adjacency matrix A(X) is one if (7,7) € E, and zero otherwise. We work with undirected
simple graphs, unless stated otherwise.

Now, quantum permutations are one of the central objects in this thesis. We define
them and explore some of their properties.

Definition 2.1.1 A quantum permutation matrix P € M, (My(C)) is an n x n matrix



with the 7j-entry a projection P;;, satisfying the following conditions.

Py =P, =P}, 1<i,j<n, (2.1.1)
> Pe=I,=> Pu 1<i<n, (2.1.2)
(=1 (=1

Next we provide a common knowledge lemma to derive orthogonality relations on the
projections in 2.1.2. More can theory be found in [76].

Lemma 2.1.2 Suppose {P,}iep are projections in Mq(C), such that Y ;. P, = I4, then
PP, = PP, =0, when | # k.

Proof.

Pk:PkPk:Pk:< Pl>Pk:Pk‘|’E PP Py,
=1 =1,
14K

from which it follows that

n

Z P.PP, = 0.
=1,
£k

Take traces of both sides and use cyclic property of trace to get:

E tl"(PkPlPk) = 0
=1,
l#k

E tr(BPk) =0
=1,
l#k

Now the trace of two positive semidefinite matrices is nonnegative. Thus, it follows that
for each 1 <1 +# k <n,



Above lemma is also true for infinite-dimensional projections. From this it easily follows
that quantum permutations are unitary matrices.

Corollary 2.1.3 If P € M, (My(C)) is a quantum permutation, then PPT = 1. 0

Recall that a classical automorphism of X can be represented as a permutation matrix
@ such that QA = AQ. The set of permutation matrices that commute with the adjacency
matrix is denoted Aut(X).

Now, we use the following definition of the quantum isomorphism:

Definition 2.1.4 Suppose X and Y are graphs with adjacency matrices A and B respec-
tively. We say X and Y are quantum isomorphic if there is an n x n quantum permutation
matrix @ € M, (My(C)) such that

(A® 13)Q = Q(B® Iy).

In this case, we call () a quantum isomorphism between X and Y. When the graphs X
and Y denote the same graph, () is a quantum automorphism.

We will often write A ® I; as just A, when d is clear from the context.

Next we introduce conditions on the entries of the quantum automorphism that are
equivalent to the condition in 2.1.4.

Lemma 2.1.5 (adapted from [27]) Let P be a quantum permutation, and X and Y be
graphs with adjacency matrices A and B respectively. Then P(B® 1) = (A® 1;)P if and

only if:
PPy, = Py Pj; =0, forall (i,k) ¢ E(Y), (j,1) € E(X),
PijPy = Pyl =0, forall (i,k) ¢ E(X), (j,1) € E(Y

~—
~—

Y

Proof. For the forward direction, since P(B® I) = (A® I)P and PPT = I, we can use
the equality of the ij entries of P(B ® I)PT and A to get the desired relations. We have:

T
E Pi,kbkmpmj = Q5.
k,m



In the left hand side only the terms with £ ~ m do not vanish, which leaves us with:

Z Pikpjm = Q45

k~m inY

Now, if (i, j) ¢ E(X), clearly a;; = 0. Take traces of both sides and use the fact that trace
of a product of positive semidefinite matrices is nonnegative to obtain:

Pikpjm/ = 07

which proves Condition 2.1.3. Condition 2.1.4 are proved similarly.

On the other hand, suppose P € M, (M;(C)) is a quantum permutation satisfying the
conditions 2.1.4 and 2.1.3. To show that this implies that P(B® I) = (A® I)P, we will
look at the ij-entry of the left and right hand sides once again:

Z Pyby; = Z b Py
l l
= byPu) Py
l k
= bPaPy
Lk

= Z bljaikPiZPk:ja

k.l

where the last equality follows from the fact that if a;; = 0, then FP;;P,; = 0 by hypothesis.
Similarly:

Z aikpkj = Z Py Z az’k:ij
k l k
= Z i, Piy Prj
Lk

= Z ;b1 Py Pr; -

1,k

Therefore, the ij-entries of P(B ® I) and (A ® I)P are the same, and P commutes with
(A®I). D

An immediate corollary follows for graph automorphisms.

10



Corollary 2.1.6 [27] Let P be a quantum permutation, and X a graph with adjacency
matriz A. Then P(A® I;) = (A® 1;)P if and only if:

PyiPi = PPy = 0, (i.k) ¢ B(X), (3.1 € B(X),
PijPy = Pyl =0, (i,k) ¢ BE(X),(j,1) € E(X)

Note that every classical automorphism is also a quantum one with dimension of the
projection d = 1.

Definition 2.1.7 Let X = (V, E) be a finite graph on n vertices V' = {1,...,n}. The
quantum automorphism group of X, denoted QAut(X), is the set of quantum permutation
matrices P = (P;;);; € M,,(M4(C)),d € N such that PA = AP.

We summarise all the properties of the matrices P = (P,;);; that qualify as quantum
automorphisms of a graph X with the adjacency matrix A.

Py =P} = PZ%., 1<, <n, (2.1.7)
Y Pi=ILi=) Py 1<i<n, (2.1.8)
j=1 i=1

P;iPi = Py.Pj; =0, (i,k) ¢ E, (j.1) € E, (2.1.9)
Piijl :Pklpij :07 (Zak) ¢E7 (]J) € E7 (2110)

The first two conditions ensure that P is a quantum permutation, while the last two
conditions are equivalent to PA = AP.

2.2 Quantum symmetries and compositions of quan-
tum automorphisms

If for all quantum permutations () commuting with the adjacency matrix of a graph
X it holds that P;;Py = PubPiy; Vi, j,k,l € V(X), then we say that the graph has
no quantum symmetry [62]. Otherwise, if there is at least one quantum automorphism
of X with non-commuting entries, we say that X has quantum symmetry. We’ll show in
the next two lemmas how to decompose quantum automorphisms with commuting entries
into different classical automorphisms.

11



First, following personal communication with Godsil, we will define an operation H,
similar to a general direct sum operation on matrices, that combines two quantum permu-
tations in the following manner. Suppose P € M, (M,(C)) and M, (M;(C)) are quantum
permutations. Say, P = (P;;);; and Q = (Q;;)ij. Then PHQ € M, (M4.:(C)) with entries

(PEHQ)i; = (P © Qi)

Note that PH Q # Q H P in general. At the same time, B is well-defined for any pair of
quantum permutations.

The lemma below says that if entries in a quantum permutation commute, it is a ”direct
sum” of classical automorphisms.

Lemma 2.2.1 (Godsil) Suppose Q € M,(My4(C)) is a quantum automorphism of a graph
X on n wvertices. If all projections Q;; pairwise commute, then there are classical automor-
phisms P, ..., Py such that P =B, Q;

Proof.  Suppose () is as in the statement. Since {Q);;} is a set of commuting Hermitian
matrices, there is an orthonormal basis {vy }¢_, in which all those projections are diagonal.
Let u be the matrix with the vy.,,,vs as columns. Let U be a block-diagonal matrix with
n matrices u on the diagonal. Then UQU ! is a quantum permutation with each entry
being a diagonal matrix, which we call block-diagonalized Q.

Now we will construct the classical quantum automorphisms from this block-diagonalized
Q. For convenience we refer to the n rows of projections as block rows, and to the nd rows
as single rows. Thus, block-rows of the block-diagonalized () are now projections that sum
to identity. Therefore, each block-row entry has eigenvalues of projections, which are ones
and the zeroes on the diagonal. Meanwhile, each single row out of nd rows has only one
1 in it, since projections in the same block-row are orthogonal. We are ready to define
Py, ..., Py. Let (P))a be 1 if there is a one 1 in the i single row of a projection P, and
zero otherwise.

Then since >, Qu» = I, there will be at most one 1 entry in the a row of P;. Similarly,
since Y, Qqu = I, there will be at most one 1 entry in the bt" column of Q;. Finally, the
product of diagonal matrices is 0 if and only if they have disjoint support. Therefore, since
QuQre = 0 if (a,k) € E(X), but (b,¢) € E(X), we have that also (P;)a(FP;)re = 0 when
(a,k) € E(X), but (b,¢) € E(X). Analogously, (P;)(P;)e = 0 when (a, k) € E(X), but
(b,0) € E(X). Hence, P, ..., P; are classical automorphisms of X.

At the same time, from construction, Q = BL | P;. O
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The next two lemmas illustrate why the quantum automorphism group might not be
equal to the classical automorphism group for any graph.

Lemma 2.2.2 (Godsil) Suppose X is an undirected graph, and P = (P;;);; and QQ =
(Qij)ij are quantum automorphisms of X, then PBQ is also a quantum automorphism of
X.

Proof. We will check conditions 2.1.7,...,2.1.10 one by one.

e To check that P H () has projections as entries, we check that
(PHQ); =F;©Qi;=P;80Q;=(P;®Q;) = (PBHQ);

In addition,
(PBQ)}, =P;0Q}=P;®Qy = (PBQ);.
e We are going to check that entries in each row of P H () sum to identity. The proof
that entries in each column sum to identity is analogous.

n n n

Z(PEHQ)U = Z(Pij D Qi) = Z(Pij @ZQZ-J-) =Iol=1

Jj=1 Jj=1 j=1 j=1
e Suppose (i, k) € E while (j,1) ¢ E, then verify

(PBQ);(PBHQ)u=(P;® Qi) (Pu®Qun) = PPy ® QiQu = 0.

Similarly,
(PHQ);(PBEQ)k =0.

Now define a composition * of quantum permutations as follows. Provided that P &€
M, (M4(C)) and Q € M, (M;(C))) are quantum permutations, it turns out that (P*Q);; €
M,,(M4(C)) with entries

(P *Q)y = Zpik ® Qrj
k

is a quantum permutation as well. Note that such composition is well-defined even when

d+#1t.
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Lemma 2.2.3 ([59]) Provided that P € M,(My(C)) and Q € M, (M;(C)) are quantum
automorphisms of X, (P * Q) is a quantum automorphism too.

Proof. We will check conditions 2.1.7,...,2.1.10 one by one.

e To check that P x () has projections as entries, we check that
(P*Q)y=Y Pr®@Qy = PioQi=> (Pa®Qy) =(PxQ)
k k

k

In addition,

(P*Q)} =Y (PuPu® QuQu) = > (P ® Quy) = (P % Q)

k. k

where the second equality is a consequence of the fact that in the i row all projec-
tions are orthogonal, and so PPy = 0 for all k # (.

e We are going to check that entries in each row of P * () sum to identity. The proof
that entries in each column sum to identity is analogous.

n

Z(P *Q)ij = Z > P ® Qi
= Z Z(Pm ® Qkj)

Eooj=1
=> (Pu])
k

=I®I1
=1

By now we have demonstrated that P x () is a quantum permutation. It remains to
prove it commutes with A(X), which we do by checking that the proper orthogonality
relations hold.

e Suppose (i,k) € E while (j,¢) ¢ E, then verify
(P*Q)ij(P* Q) = Z(Pm« ® Qrj) Z(Pkm ® Qme)

- Z(Rrpkm X er@mf)

= 0.
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The last equality follows since if r ~ m, then @,;Q,¢ = 0, and if r ~ m, then
P, Py, = 0. Similarly,

2.3 Godsil-McKay switching

In this section we introduce Godsil-McKay switching from [30], a well-known procedure to
produce cospectral but often not isomorphic graphs. By J; we denote the d x d all-ones
square matrix. If its dimension is clear from the context, we omit the subscript.

Theorem 2.3.1 [Godsil-McKay switching/[70] Let X be a graph and let
{Cy,...,Cy, D}

be a partition of the vertex set V(X)) of X. Suppose that for every vertex d € D and every
i €{1,...,k}, d has either 0, 1|C;| or |C;| neighbors in C;. Moreover, suppose that for all
i,j €{1,... .k} every vertex x € C; has the same number of neighbors in C;. Make a new
graph X' as follows. For each d € D and i € {1,...,k such that x has $|C;| neighbors in
C; delete the corresponding 1|C;| edges and join x instead to the 1|C;| other vertices in Ci.
Then X and X' are cospectral.

Proof.  Suppose the adjacency matrices of X and X’ are A and B respectively. We are
going to find an orthogonal matrix ) such that

QAQ" = B,
which will prove that A and B are similar, and thus have the same eigenvalues.

Let @ be block diagonal with square blocks of size m; := |C1],...,my := |Ck|, M1 =
|D|. Let the first k£ blocks be of the form

2
— I, — Ly, for 1 <o <k,
m;

and the last block be

Mpg41°
ME+1
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Note that we can also view A as a block matrix, such that the blocks on the diagonal are
square and are of the same size as diagonal blocks of Q: my, ..., my, My 1.

Now, the {i, j}-block of QAQ* is (with indexing referring to blocks):
QiiAi Q7
Consider cases depending on whether @Q;; and @);; are the identity block of @) or not:

(a) If 1 <14,j <k, then letting ¢ denote the column sums in A;; and r denote the row
sums of A;; and observing that cm; = rm; equals the sum of the entries of A;;.

.2 2
4 2 2
- JmlAZijJ - _szA’U - _Aiijj + Aij
m;m; m; m;
4 - i 2 2
= Cm] rm Jmimj - _CJmimj - _TJmimj + AZ]
m;m; 2 m; m;
=A

]

(b) If, without loss of generality, 1 <i < k and j = k + 1, then

2
QiiAijQ;j = (Ejmi - [mz) Aij
2
m; i J J

If vertex d € D is adjacent to |C;|/2 vertices in Cj, then the column corresponding to
the d* column of A;j, call it C4 has m;/2 ones. By 1 we denote the all-ones vector.

So,
2
—Jm,Ci—Cqa=1—Cq,
m;

which corresponds to switching operation on the d** vertex.

If vertex d of D is adjacent to |C;| vertices in Cj, then the column corresponding to
the d™ column of A;j, call it C4, has m; ones and Cq = 1. So,

2
—JmiCd—Cd:2-1—1:1:Cd,
m;
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which means that no switching occurred on the d** vertex.

Finally, if vertex d € D is adjacent to 0 vertices in C}, then the column corresponding
to d column of A;;, call it C4 is 0. So,

2
—JnCa—Ca=0—-0=0=Cy,
my;

which also corresponds to no switching on the d** vertex.

The other cases are analogous. O

We call the partition {C1, ..., Cy, D} of the graph X satisfying conditions of Theorem
2.3.1, Godsil-McKay partition. We will refer the matrix ¢ from the proof sometimes by
switching matrix.
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Chapter 3

Known non-isomorphic quantum
isomorphic graphs

Since motivation for results in this thesis is to find graphs that are quantum ismorphic
and non isomorphic, we start by providing an overview of the known examples of graphs
that are quantum isomorphic but not isomorphic. The first pair of quantum isomorphic
and nonisomorphic graphs together with an infinite family of such graphs appeared in
[2]. In this section we describe a procedure of how to construct the quantum isomorphism
matrix between the smallest pair of graphs from this infinite family and provide the matrix.
While this procedure is known, we did not see the quantum isomorphism matrix appear
explicitely anywhere before.

In September 2023 Schmidt [05] constructed a quantum isomorphism between two 120-
vertex strongly regular non isomorphic graphs. In the same month, Chan and Martin
[15] and Gromada [32] proved that all Hadamard graphs of the same order are quantum
isomorphic.

3.1 Hadamard graphs

A matrix H € M, ({£1}) is called Hadamard if HH* = nl. We associate a Hadamard
graph to a Hadamard matrix H by letting:

e The 4n vertices be {r;r}ie[n} U {T;}ie[n] U {cj}ie[n} U {ci_}ie[n].

e For each i, such that Hj; = 1, add two edges {r;",c; } and {r;,¢; }.

18



e For each i, j such that H;; = —1, add two edges {r]",¢; } and {r;,¢]

7 i g I

We start with the result of Chan and Martin [15] and Gromada [32], both published in
September 2023. The first paper uses association schemes and the second one employs
a special form of diagrammatic calculus, but both of them arrive at the conclusion that
Hadamard graphs of the same order are quantum isomorphic.

Theorem 3.1.1 ([15],[32]) All Hadamard graphs of the same order are quantum isomor-
phic.

3.2 Mancinska-Roberson and games graphs

In [2] Atserias et al use so-called linear binary constraint systems to construct quantum
isomorphic graphs. In this section we explain what linear binary constraint systems are and
why they are relevant to quantum isomorphisms. We will give an example of a linear binary
constraint system with six constraints and, following [2], we’ll construct two non-isomorphic
quantum isomorphic graphs on twenty-four vertices from it. From this example, it will
be clear how one constructs quantum isomorphic graphs in general from a linear binary
constraint system. Using the game strategy associated to this linear binary constraint
system, we will construct an explicit quantum isomorphism matrix, which we have not
seen anywhere written explicitly before.

To begin, the graphs are arising from a linear binary constraint system.A linear binary
constraint system consists of linear constraints Cf,...,C,, and variables x1,...,z,. Each
constraint is an equation of the form Zx cs, Li = by € Fy. One example of a linear binary
constraint system, and the one we will use to construct the 24-vertex graphs is

T1+To+ax3=0
r1+ 24 +2x7=0
s+ x5 +2x5=0
To+ x5+ 23 =0
T7+ 23+ 29 =0

T3+ Tg+ Tg = 1
Here there are six constraints and nine variables.

Now we describe a game associated to a linear binary constraint system as it is done in
[2]. The players are Alice and Bob, who are allowed to agree on a strategy beforehand and
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are not allowed to communicate during the game. They are trying to convince a referee
that the linear binary constraint system is satisfiable. The game is as follows:

Referee gives a constraint Cy to Alice.

Referee gives a constraint Cj to Bob.

Alice responds with a satisfying assignment f, : Sy — F5 to her constraint.

Bob responds with a satisfying assignment fj : Sy — Fy to his constraint.

Alice and Bob have to agree on the variables common to their assignments, in other
words, on variables in Sy N S.

To win such a game for Alice and Bob means to win it with probability one. The players
are allowed to agree on a strategy beforehand, but can’t communicate during the game.
They just play one round and to win, they must respond correctly with probability one.

It turns out that there is a perfect classical strategy for a linear binary constraint system
game if and only if the linear binary constraint system is satisfiable [16]. A strategy for
the linear binary constraint system game, where Alice and Bob are allowed to share an
entangled state between them and can only communicate before the game starts is called
quantum LBCS strategy. In the light of this, we say a linear binary constraint system is
quantum satisfiable if and only if there is a perfect quantum strategy for the linear binary
constraint system game.

Interestingly, there are linear binary constraint systems that do not have a classical
winning strategy, but have a quantum winning strategy. In particular, the system described
above is of this type. We will first show how to construct the 24-vertex graphs from this
linear binary constraint system. Afterwards, we will show why this linear binary constraint
system is not classically satisfiable, we will deduce a winning quantum strategy for this
linear binary constraint system and then use this strategy to come up with an explicit
quantum isomorphism matrix between the two constructed graphs.

In [2] Atserias et al use these linear binary constraint systems to construct graphs in
the following way. Let f, : Sy — Fy be a satisfying assignment to the constraint C,. For
example, in the above linear binary constraint system,

Cl = ($1+$2+$3:0), 51:{.1'1,1’2,333}

and f; could be
filz1)) =1, fi(z2) =1, fi(zs) =0.
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Clearly, the choice for f; is not unique. A function

fillm) =1, fi(z2) =0, fi(zs)=1

would also be a satisfying assignment. In particular, for C'; there are four possible satisfying
assignments that assign value one to even number of variables from S} = {z1, o, x3}. We
call these satisfying assignments fl.f2, f3, f{. Similarly, in this example, there are four
satisfying assignments to other constraints as well.

Atserias et al in [2] construct a graph with vertices being tuples (Cy, f{), such that the
first entry ranges over all possible constraints and the second entry ranges over all possible
satisfying assignments f; for an indicated constraint. Two vertices (C;, f;) and (Cj, f;) are
adjacent if they have variables in common and assignments differ on at least one variable.:

(a) SN S, £0,
(b) There is 2, € S; N Sj, fz(l’k) 7é fg(«rk>

Given a linear binary constraint system we can construct a homogenized linear binary
constraint system by requiring that all constraints sum to zero, i.e. b, = 0 for all /.

Now we will show how to construct non isomorphic graphs on 24-vertices with a quan-
tum isomorphism between them, following [2]. Let X (F') be a graph construced as above
for the familiar-to-us linear BCS:

T1+ 2o +2x3=0
1+ x4 +x7=0
T+ 25+ x5 =0
To+ x5 +2x3 =0
Tr+xs+ 19 =0

T3+ Tg+ a9 =1

and let X (F}p) be a graph for the homogenized linear BCS.

T+ 20+ 23=0
1+ x4 +2x7=0
Ty+ 25 +x6 =0
To+ x5 +2x3 =0
Tr+xs+ 19 =0

$3+$6+1’9:0
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In [2], the authors show that X (F) and X (Fj) are not isomorphic, but are quantum

isomorphic. Here we provide an illustration of these graphs from their paper.
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Figure 3.2: X (Fp), [?]

We observe that both of these graphs are related by Godsil-McKay switching in Theo-
rem 5.1.1.

3.2.1 Construction of an explicit isomorphism between 24-vertex

graphs

In this section we construct an explicit quantum isomorphism matrix between the graphs
X (F) and X (Fp). As the title suggests, we will construct the quantum isomorphism matrix
between X (F') and X (Fp). The construction of the quantum permutation relies on the
translation into the matrix notation of the proof from [2, Theorem 6.3] that originally used

the language of games.

In this section we will use the bra-ket notation. Recall that for a vector ¢ € C¢

lz) =

(x| = 2”
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In addition,
0) = [1,0)"
1) =[0,1)"

Sometimes, when we have a tensor product of vectors in the tensor product of Hilbert
spaces, |z)4 ® |y)p € Ha ® Hp, we omit the tensor product sign:

[2)a @ |y)p =t [x)aly)s

In games, by assumption Alice is able to observe results of the measurements in H 4.

We will first review the Mermin-Peres magic square game [19], [18]. Here we provide
an adapted version of the rules of the Mermin-Peres square game. Alice and Bob can agree
on the strategy beforechand, but are not allowed to communicate during the game as in [2].
Below is the schematic representation of the constraints of the previously mentioned linear
binary constraint system.

V1 — Vo— VU3

Uag— Us— Vs

Urp—Ug— Vg

Figure 3.3: [16]. In the picture single lines represent constraints that add up to to 0, and
the double-lines the constraint that adds up to 1. In total, there are nine constraints for
each row and column. For example, the first row represents constraint xy + x5 + x3 = 0,
and the rightmost column represents constraint x3 4+ x¢ + x9 = 1.

The rules of the game are:

(a) The referee gives Alice any constraint Cy from the linear binary constraint system on
page 19. She responds with a satisfying assignment of Os and 1s to the variables in
the constraint.

(b) The referee gives Bob any constraint C} from the same system. He responds with a
satisfying assignment of Os and 1s to the variables in the constraint.
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In order to win, Alice’s and Bob’s assignments have to follow the above rules and to
agree on the assignment to variables that are common to Alice’s and Bob’s constraints in
each round. It is known that such game can be won with probability one only when Alice
and Bob share an entangled quantum state. Nonetheless, they can win using a quantum
strategy, when they share an entangled state. Below, we explain how.

Now, Figure 3.4 encodes a quantum winning strategy for Alice an Bob. Below we
elaborate on the strategy in detail.

Zl —1Z2 — 27

IX—XI— XX

ZX— XZ—YY
Figure 3.4: [16]. Projections in the winning strategy of Mermin-Peres magic square game.

In the beginning, Alice and Bob share an entangled state

— L(|0AoB> +]1415)) ® %(‘OAOB> + [1alB)).

V2 V2

When Alice receives one of the six constraints that corresponds to Row 1, Row 2, Row
3, Column 1, Column 2 or Column 3 of the square in Figure 3.3, she measures three two-
qubit observables in respectively Row 1, Row 2, Row 3, Column 1, Column 2 or Column
3 of square in Figure 3.4. For example, if Alice receives the constraint x; + o + 3 = 0
corresponding to Row 1, she performs measurement of observables

[¥)

{Z@1L, L7, 7 7.}

Since the triples of observables in the rows or columns are commuting, she can measure
them simultaneously, using their shared eigenprojections as measurement operators. Thus,
Alice gets three outcomes as eigenvalues of the three observables for each constraint she
was asked. The eigenvalues are 1 or -1. In our example, when Alice receives constraint
1+ T2 + x3 = 0 and measures observables I ® Z, Z ® I and Z ® Z. She uses measurement
operators

Eoo[) - |OO><OO’,E101 — |01><01‘,E011 - |10><1O’,E110 — ‘11><11‘,
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which are the shared eigenprojections between I ® Z, Z ® I and Z ® Z. Note that indices
of each projection are the measurement outcomes of this projection being applied to the
operators I ® Z,Z @ I and Z ® Z one by one. Thus, |10) is an eigenvector of [ ® Z
with eigenvalue 1, is an eigenvector of Z ® I with eigenvalue -1 and also an eigenvector of
7 ® Z with eigenvalue -1. Hence, Alice interprets the outcome as an assignment 011 to a
constraint xy + xo + x3 = 0. By @ here we indicate entry-wise addition modulo two.

In [2], Atserias et al adapt this game to the quantum isomorphism game between
X (F) and X(Fp). Below we show how to win the quantum isomorphism game between
the 24-vertex graphs X (F') and X (Fp) using the winning strategy for Mermin-Peres magic
square game. Let hom(C;) denote the homogenized version of constraint C;. So for our
linear binary constraint system, for all constraints hom(C;) = C;, except for the constraint
r3 + x6 + v9 = 1, for which the homogenized version is x3 + x¢ + 9 = 0. This procedure
generalizes to any other quantum isomorphism game winning strategy for X (F') and X (Fp)
constructed in this way from LBCS and a homogenized LBCS.

(a) Suppose the referee gives Alice a vertex (Cj, f]@) € X(F). She uses the winning
Mermin-Peres strategy for the constraint C; and finds another satisfying assignment
of Os and 1s to the variables in the constraint, say f,gz). She responds with the vertex

(hom(Cy), £ @ V) € V(X (Fp)).

(b) Suppose the referee gives Bob a vertex (Cj, fr(k)) € X(F). He applies the winning

Mermin-Peres strategy and obtains a satisfying assignment fs(k) for Cj. He responds
with (hom(Cy), fF @ ) € V(X(Fy)).

(c) Suppose the referee gives Alice any vertex (hom(C}), fj(z)) € X(Fp). Alice uses the
winning Mermin-Peres strategy for the constraint C; and finds a satisfying assignment
of 0s and 1s to the variables in the constraint, say f,gl). She responds with the vertex

(C), £ @ 1) € V(X (F)).

(d) Suppose the referee gives Bob a vertex (hom(Cy), fi*) € X(F,). Bob applies the
winning Mermin-Peres strategy and obtains a satisfying assignment fsgk) for Cy. He

responds with (hom(Cy), ¥ @ 1) € V(X (R)).

To ensure this game is indeed a quantum isomorphism game, one has to check that if Alice
and Bob receive adjacent /different non-adjacent /same vertices of one graph, they respond
with the adjacent/different non-adjacent/same vertices. The fact that this rule is satisfied
is clear from the fact that they are using a winning Mermin-Peres strategy as a subroutine
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which gives them assignments that agree on common variables. For more details, please
check [2, Theorem 6.2], where the authors provide the proof that this game is in fact a
quantum isomorphism game.

Now we are ready to translate this quantum isomorphism game strategy into the quan-
tum isomorphism matrix ). From the fact that the game is a quantum isomorphism game,
Bob performs the same measurement as Alice. So, it is sufficient to understand which mea-
surements Alice performs for each vertex (Cj, fe(l)) given to her by the referee. For each
entry Qc,p),(cr,5y, we can think of (C, f) as a vertex of the graph X (F) provided to Alice
by the referee, and (C’, f’) being the vertex of X (Fj), with which Alice responds upon
being asked (C, f). From the structure of the quantum isomorphism game, we know that
(", f) = (hom(C), f @ g), where g is the C-satisfying assignment that Alice got after
applying her Mermin-Peres game strategy. In particular, ¢ is the outcome of the measure-
ments of the three two-qubit operators that appeared in the row or column representing
constraint C. Again, let us consider an example.

To begin, entries of the form Q¢ f) (¢, f) where C'and C” do not share variables are zero,
because Alice responds with a vertex containing the original constraint and the satisfying
assignment to this original constraint as per 3.2.1.

Suppose we would like to know which projection should be the entry

Q(:E3 +16+:p9:1,001),(x3 +xg +.’L‘9:0,110) .

We know that since constraint labelling the row (and so the column) of our quantum
isomorphism matrix ) has variables from third column of our magic square, we will have
one of the common eigenvectors of

ZRQIXXYRY
in the entry. We know that the outcome of that projection should be
110 — 001 = 110 ® 001 = 111.

We use bra-ket notation for compactness. Vectors |0) and |1) indicate standard basis vec-
tors eg tﬁmd ey respectively. Vectors |+) and |—) denote vectors \%(60 + e1) and \%(60 —e1)
respectively.

Hence, the projection is the common eigenvector with eigenvalues -1 for each of the
three operators which is
(101) — 110))({01] — (10]).
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In this manner we create a block-diagonal 24 x 24 matrix with 4 x 4 blocks @1, ..., Qs.

(21, consisting of the common eigenprojections for I ® Z, Z @ I, 7 ® Z :

(z14+22+23=0,000) (z1+z2+23=0,011) (z14+224+23=0,101) (214+22+23=0,110)

(21 +22+23=0,000 |00) (00| 110) (10| |01)(01] [11) (11|

)
(z1+32+23=0,011) [10)(10| 100) (00| |11) (11| |01)(01]
(z1+32+23=0,101) |01) (01 111) (11 100) (00| [10) (10|
(21 +@2+23=0,110) [11)(11| 101)(01] |10)(10| |00) (00|

()2, consisting of the common eigenprojections for X ® I, I ® X, X ® X.

(x4+x5+x6:0,000) (w4+m5+x6:0,011) (z4+x5+x6:0,101) (:v4+m5+x6:(),110)

(@atwstee=0000) / |+ +){++[ [+)+—| |=F)=+] [—=){=—]
otestze=001) | [+ =)+ =] [+ ++] === |=+)(=+]|
Ot T A (T TR I T
(zatws+26=0,110) \ | — —)(— — | | — 4+ (= +| |4+ =)+ —| |+ )+ + |

(23, consisting of the common eigenprojections for X ® Z, Z ® X, Y ® Y. In the case the
rank-one projection is too large, we will just write the corresponding vector:

(z7+28+29=0,000) (z7+28+29=0,011) (27+28+29=0,101) (27+28+29=0,110)
(@rtasteo=0000) / |04) +[1=)  |0—)+[1+)  |0+) —|1=)  |0—) —[1+)

(wr+as+zo=0,011) [ |0=) + [14) |0+) 4+ |1-) 0—) —|14) |0+) —|1-)
(wr+as+zo=0,101) | |0+) — [1—) |0—) — |14) |0+) + |1—) |0—) + |1+)
(wr+as+w9=0,110) \ |0—) — [14) |0+) — [1-) |0—) 4+ [14) |0+) 4+ |1-)

()4, consisting of the common eigenprojections for I ® Z, X ® I, X ® Z.

(z1+24+27=0,000) (z1+z4+27=0,011) (z14+24+27=0,101) (214+24+27=0,110)

(@1+a+27=0,000) / |+ 0)(+0 | — 0)(—0] | +1)(+1] | — 1)(—1]
(z14+x4+27=0,011) ’ — 0>< ’ | + 0><+0| ’ — 1>< ’ | + 1><+1‘
(@r+aatar=0,101) | |+ 1){+1] | = 1)(—1] |+ 0){+0] | = 0)(=0]
(z1+24+27=0,110) | — 1)(—1] | + 1) (+1] |0—){(0 — | | + 0)(+0|
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()5, consisting of the common eigenprojections for Z ® I, 1 ® X, 7 ® X.

(12+$5+xg=0,000) ($2+(£5+x8=0,011) (.’Ez+$5+(£g=0,101) (:)32+.’E5+£E8=0,110)

(w2-+a5+25=0,000) |0+)(0 + | |0—){(0 — | [1+) (1 + | |1-)(1 — |
(z24x5+28=0,011) ’0—><0 — ’ ‘O+> <0 + | ’1—><1 — ’ |1+><1 + ‘
(watas+as=0,101) | [14)(1 + | [1=)(1 —| 04){0 + | 0=){0 — |
(z2-+z5-+2s=0,110) 11-)(1—| |1-+)(1 + | |0—){(0 — | |0-+)(0 + |

(s, consisting of the common eigenprojections for Z ® Z, X ® X, Y ® Y. In the case the
rank-one projection is too large, we will just write the corresponding vector:

(x3+x6+x9:0,000) (x3+x6+x9:0,011) (.Z‘g-‘rx(;-i-xgzo,lol) (:c3+x6+x9,110)

(ws+ze+zo=1,111) / |01) —|10) |01) + |10) |00) — |11) |00) + |11)
(z3+z6+wo=1,100) [ |01) + [10) |01) — |10) |00) 4 |11) |00) — [11)
(@s+agt+we=1,010) | |00) —|11) |00) + |11) |01) — |10) |01) + |10)
(@s+we+oe=1,001) \ [00) + |11) |00) — |11) |01) + |10) |01) — [10).

Each row and column contains four orthogonal rank-one projections, so each row and
column sums to identity. Moreover, we need to check that whenever (C, f) ~x ) (D, g)
but (C, f) »x ) (D, ¢'), then we have

Qe.ne, Qg n.g) =0

and vice versa.

From the adjacency relations, we conclude that constraints C' and D share variables,
on which f and ¢ disagree and f’ and ¢’ agree. Moreover, the projections for the win-
ning strategy for the row/column representing constraint C' and row/column representing
constraint D in the Mermin-Peres magic square intersect at the common observable, as in
Figure 3.4. Thus, the projections in the row (C, f) and in the row (D, g) are eigenvectors
for that shared observable.

Qe = Quuome fa) = V101, Q(D.g)(D.g) = QuuomC,gag) = V203
where v;07 is a projection with eigenvalues {—10®f)1.-17702, } from the measure-
ment that Alice would use as part of her Mermin-Peres winning strategy for constraint C'.
In other words, vy is the eigenvector for the three simultaneously diagonalizable observables
in the row/column containing projections for the winning strategy representing constraint

!
_1esh
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C with eigenvalues for each observable being negative ones to the powers of each of the
three entries of f @ f respectively. Similarly, vy is the eigenvector for the three simulta-
neously diagonalizable observables in the row/column representing the winning projective
measurement for the homogenized constraint D with three eigenvalues being negative ones
to the powers of each three entries of g & ¢'.

However, since f, g disagree on that value of the shared variable and f’, ¢’ agree, means
that f @ f’ disagree on the shared variable with ¢ ® ¢’. Meaning, v; and v, are eigenvectors
for the shared observable but with different eigenvalues. Hence, v; and v, are orthogonal.
Finally, indeed,

Qe.nc. g n.g) = 0.

Note that whenever Alice uses a linear binary constraint system game strategy as a
subroutine to her strategy for the quantum isomorphism game for X (F') and X (Fp), the
quantum isomorphism matrix will be block-diagonal.

As another observation for this particular block-diagonal matrix, we note that each
next block is a function of the first block. Each block is a 4x4 matrix of projections in
M,(C). In particular, we can obtain each next block by conjugating the first block in the
following way. The matrices below are defined in Section 7.4 and Section 7.5.

(a) The second block as (H @ H)SW AP applied to each entry of the top left block.
(b) The third block as CNOT(H @ I)SW AP applied to each entry of the top left block.

)
)
(¢) The fourth block as (H ® I') applied to each entry of the top left block.
(d) The fifth block as (H ® I)SW AP applied to each entry of the top left block.
)

(e) The second block as CNOT(H ® H)(X ® X) applied to each entry of the top left
block.

3.3 Strongly regular quantum isomorphic graphs

In this section we explain the construction [05] of two non isomorphic strongly regular
graphs G5 and G with parameters (120,63, 30, 36) that Schmidt used. He relied on this
particular construction to find a quantum isomorphism between G and Gv.
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At first, we include the definition of G¥%, and then we will construct G* from G%%, as
is also done in [65]. One construction comes from root systems and is presented in Section
7. The vertices of GF* are lines in Es, represented by 120 vectors in R® given by

61:|:€],1§Z<j§8

and
z = (21,...,28) for z; € {1} and I_,z; = 1.

Two vertices are adjacent in G5 if the corresponding vectors are orthogonal.

Using built-in functions in Sage, we find that the independence number and clique
number are

a(GP) = w(GP) = 8.

Moreover, Schmidt shows that the vertices of G¥® can be partitioned into 15 cliques of size
8. Vectors of the form xg, S C {1,...,8} stand for x5 = > g\s€ — Djes €i-

Vl : E1:|:EQ,63:|:64,65:|:85..E7:|:63,
Vg: E1:|:Eg,£2:|:t’:4,i‘.5:|:ﬁ7.lﬁﬁ:|:ﬁg,
Vg: Eliﬁ4,ﬁgi63,65iﬁg,ﬁﬁi67,
V4: Elzl:ﬁlcj,ﬁg:l:e.ﬁ,ﬁg:l:ﬁ?,ﬁdﬂ:ﬁg,
VF,: Elzl:ﬁﬁ,ﬁgzl:ﬁ:”ﬁgiﬁg,ﬁdﬂ:ﬁ?,
Vf;: Elzlzﬁ';-‘,ﬁz:l:elg,c,g:l:ca..ﬁq:l:ﬁﬁ,
V’}‘: Eliﬁg,ﬁzif:?,c,g:l:cﬁ..ﬁqﬂzﬁﬁ,
Vs : Lr12y: T{34) L{56)}: L{7.8}» T{1,4,6,8}: T{2,36,8}» T{2458}> L{246,7}>
Vg L{1,3}: {24} T{5,7} L{6,8} T{1,4.7.8}: T{1,4,56}»T{1,2,6,7} T{1,2,58}»
Vio : Li1,4): L{23} {58} L{6, 7} T{1,3.7.8)}: T{1,356}»T{1,257} {1,268}
Vip: L5} {26} T{3,7}s L{4.8}+ T{1,6,7.8} {2,578} L{4,56, 7} T{1,2.4,7}»
Viz: L{1,6}: L{2,5} T{3,8} L{4,7}: T{1,57.8}: T{2,6,78}» T{3,5,6,7}> T{4,56,8}»
Vis© Z(17) Tlos) Tia5p T{4,6) (15,68} T{3,6.7.8}> T{2,5,6.,7}> T{4,5,7.8}>
Vig ¢ L1 gy T{2 7} {36} L{45}+ T{1,56.7}s T{4,6,7,8}»L{2,56,8} L3578}

Vis: Z0,2(56.7.8}> £(34,7.8} T{2,.4,6,8} £(3,4,5.6]> T(24,5.7}> T{2.3,6.7}» £{2,3,5,8} -
Figure 3.5: Partitioning V (G**) into 15 cliques, [65]

Since we cannot choose fifteen nonorthogonal vectors from these fifteen maximal cliques
in R®, the set of vectors that form V(GF#) is a Kochen-Specker set.

31



Now, we follow Schmidt and build G* from G5, by V(G¥) = V(GE). First, V(G*) =
V(GFs). Then we choose arbitrary vectors w; € V; for each 1 < ¢ < 15. Now for any
1 <1i,5 <15, we consider all possible pairs {s,t} of vertices with s € V; and ¢t € V.

(a) If the representatives w; and w; are orthogonal, so (w;, w;) = 0, {s,t} € E(G") if
and only if {s,t} € E(G*®) (if and only if (s,t) = 0).

(b) If the representatives w; and w; are not orthogonal, so (w;, w;) # 0, {s,t} € E(G")
if and only if {s,t} ¢ E(GP®) (if and only if (s,t) # 0).

Schmidt notes that a(G") = 15, while a(G"#) = 8, clearly indicating that these two
graphs are not isomorphic.

We can choose an arbitrary set of fifteen representatives w;, 1 <12 < 15 because of the
following theorem.

Theorem 3.3.1 [05] Let w = {wy,...,w15} and uw = {uy,...,u15} be any two sets of repre-
sentatives from the fifteen orbits. The graphs G* and G* are isomorphic for any choice of
w and u. ]

In the proof Schmidt finds a Pauli P; that maps w; to u; for each 1 <1 < 15 and applies
it to all vertices in orbit V;. Turns out, this is the isomorphism between G" and G*.

In the same paper [65], Schmidt presents the following result that, given two graphs on
the same vertex set that respect the same Godsil-McKay partition determined by the blocks
of the quantum ismorphism between them, both switched graphs will also be quantum
isomorphic.

Theorem 3.3.2 Let Gy and Gy be quantum isomorphic graphs, where there exists a quan-
tum permutation matriz u with uAg, = Ag,u of the form

Vi Voo ... .. Vo

Vi fu® 0 0 ... 0

Vol 0o u® 0 0
0o 0 u® 0 (3.3.1)
. . 0
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for some partition {V1,...,V,,} of the vertex sets (we can label both vertex sets by V as
quantum isomorphic graphs have the same number of vertices). Let {Si,...,Sk11} be a
partition of [m] and define a partition m = {C4,...,Ck, D} of the vertex set by setting
Ci = Uses,Vj and D := Ugeg, | V;. If mis a Godsil-McKay partition for Gy and G, then
we can use Godsil-McKay switching and the graphs GTIF’D and Gg’D are quantum isomorphic.

3.4 Cayley graphs and cospectrality

One feature of the 24-vertex and 120-vertex graphs is that in the first case both graphs
are Cayley for Sy, and in the second case, one is Cayley for S5. In particular, graphs that
have different classical and quantum graph parameters, which coincidentally happen to be
orthogonality graphs of the lines in root systems, are Cayley. The fact that the 24-vertex
graphs are Cayley has been explored in my Master’s thesis [67]. The link to root systems
is more closely explored in [?]. The connection sets for each 24-vertex graph are made of a
union of conjugacy classes. We call a Cayley graph normal if its connection set is a union
of conjugacy classes. Using Sage, I was able to check that one of the 120-vertex graphs,
which is the orthogonality graph of lines in Eg, is Cayley and find an unwieldy connection
set for it. For example, one connection set is

[(1,2), (24)(3,5), (1,5), (3:4), (1,2)(3,4), (1,5)(3,4), (1,4)(2,5), (1,3), (1,5)(2,3), (2,3),
(4,5), (1,2)(4,5), (1,4), (1,3)(2,5), (1,3)(2,4), (2,5), (1,4)(3,5), (3,5), (1,2)(3,5), (2,5)(3,4),
(1,5)(2,4), (1,4)(2,3), (1,3)(4,5), (2:4), (2,3)(4,5),

(1,5,2,3.4), (1,2,3,5,4), (1,4,5,3,2), (1,5,3,4,2), (1,3,5,2,4), (1,4,3,2,5), (1,2,4,3,5), (1,2,5,4,3),
(1,5,4,2,3), (1,3,2,4,5), (1,4,2,5,3), (1,3,4,5,2), (1,5,3,4), (1,4,3,5), (1,4,5,3), (1,3,5,4), (1,5,4,3),
(1,34,5), (1,4,2.3), (1,3,24), (1,2,4,3), (1,3.4,2), (1,4,3,2), (1,2,34), (1,5,2,4), (1,4,2,5),
(1,2,5.4), (1,4,5,2), (1,5,4,2), (1,2,4,5),

(1,4,3)(2,5), (1,3,4)(2,5), (1,4,5)(2,3), (1,5,4)(2,3), (1,4,2)(3,5), (1,2,4)(3,5), (1,4)(2,5,3),
(1,4)(2,3,5)].

Since the existence of a quantum isomorphism @ € M,,(M4(C)) between graphs X and
Y implies the adjacency matrices Ax and Ay are similar, it is a necessary condition for
two graphs to be cospectral in order to be quantum isomorphic [2]. Having two quantum
isomorphic normal Cayley graphs, we asked a question in general when two normal Cayley
graphs are cospectral.

Theorem 3.4.1 Suppose A, B are sets of equal size. Let X,Y be |A|/2—regular graphs
with bipartitions A, B that do not have edges in common. In other words, XUY = K4 4.
Then X and Y are cospectral.
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Proof. Define the Godsil-McKay partition on X as C being one part of the bipartition and
the set on which switching occurs, D, to be the other part of the bipartition. Say, C' := A
and D := B. First, the subgraph induced by C'is a coclique, so it is regular. Second, every
vertex in B is adjacent to half of the vertices in A by the degree requirement. Perform
Godsil-McKay switching. The graph obtained is the bipartite complement of X, which is
Y. O

Corollary 3.4.2 Let X =Cay(S,, M) and Y =Cay(S,, N). Suppose M and N are disjoint
sets of equal size, each consisting of odd permutations. Moreover, M U N is the set of all
odd permutations in S,. Then X and Y are cospectral.

Proof. We will prove that Y can be obtained from X by Godsil-McKay switching.
Partition the vertices of X into two sets: the alternating group A, of even permutations,
and a coset gA,, consisting only of odd permutations. Now we know that multiplying an
odd permutation and an odd permutation yields an even permutation, and multiplying
an even permutation and an odd one makes an odd permutation. So {4,,gA,} are the
bipartition of X.

Moreover, X is 3] A, |-regular, since |M| = $|A,| and |A,| = |gA,|.

Finally, X and Y do not have edges in common. Indeed, it is impossible that
pm = pn

for two distinct odd cycles m € M, n € N and a permutation p € S,,.

Now if we perform switching on X, we obtain a graph Y=Cay(S,, N). By Theorem
3.4.1, graphs X and Y are cospectral. ]

The question arises for which symmetric groups there is a partition into two sets of
equal size of conjugacy classes consisting of odd permutations. I have checked all symmetric
groups from S3 to Sip and only Sg and S3 do not admit such a partition. In addition, it
would be interesting to explore which of these graphs are quantum isomorphic. We leave
this open question to the reader.
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Chapter 4

Quantum graph parameters of
quantum isomorphic nonisomorphic
graphs

Questions about quantum independence and chromatic numbers have been studied re-
cently in [14], [45], [59]. In [60] and [67] the authors investigated the connection between
differences of quantum and classical graph parameters and Kochen-Specker sets. A Kochen-
Specker set is a set of k orthogonal bases in R? such that one can not select k pairwise
nonorthogonal vectors. It is not difficult to see that quantum isomorphism preserves quan-
tum independence and chromatic numbers, but not necessarily their classical counterparts.
In this section we, broadly speaking, discover different new ways in which Kochen-Specker
sets play a role in quantum isomorphisms.

4.1 Chromatic and quantum independence numbers
and relation to Kochen-Specker sets

Before working with them, we define quantum coclique and chromatic numbers. These
definitions can be found in any of the above-cited references.

Definition 4.1.1 [79] For a graph X, quantum coclique number «,(X) is the mazimum
integer t for which there exist a |V (X)| x t block matriz P with each P9 € My(C) being

a projection such that
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* D veviy) PW) =1, for alli=1,..t
o PWi) pvi) — for anyu~wv foralli,j=1,..t
[} P(U,Z)P(ud) =0 fOT any 7 7éj fOT all Z,j — 17 ,t

Note that restricting the definition to 1 x 1 projections, we obtain a classical coclique.
Consider ordering vertices in the a-coclique of a graph X as 1, ..., «, and for each u € V(X))
making the P entry one if u is the i*" vertex of the coclique and zero otherwise. Again,
P is now just a characteristic matrix of a coclique. The second condition guarantees that
classical coclique does not contain adjacent vertices. The first and last are trivially satisfied
by each coclique too. It follows that every classical coclique is a quantum coclique and so
a(X) < o,(X).

Now, let us define the quantum generalization of the chromatic number, the quantum
chromatic number.

Definition 4.1.2 [79] For a graph X, the quantum chromatic number x,(X) is the min-
imum integer s for which there exist a |V (X)| x s block matriz P such that each P €
My(C) is a projection, and its entries satisfy the following conditions:

° Ziel,...,s P = I, for all u € V(X)
o PP —( forallu ~x v andi=1,...,s

To get the intuition for this definition, let the entries of the matrix P be again one-
dimensional projections, in other words integers zero or one. Given a classical colouring,
let the entry P be one if the vertex u is coloured colour i. In this case, P becomes a
usual characteristic matrix of a classical colouring. Immediately, it follows that

Xq(X) < X(X)
for any graph X.

We include the relationship between Kochen-Specker sets and quantum graph param-
eters to motivate the question about the significance of Kochen-Specker sets in quantum
isomorphisms.

First, we define a set S = S; U ... U S consisting of sets S; of projections in M,(C)
that each sum to I; to be a projective Kochen-Specker set if we cannot select k pair-
wise nonorthogonal projections from S. It was first defined in Scarpa’s thesis [60] as a
generalisation of Kochen-Specker sets.

36



Theorem 4.1.3 [00] For all graphs G we have that ¢ = x,(G) < x(G) if and only if the
entries {P(U’a)}ueV(G),ae[C] of the |V (G)| x ¢ quantum colouring matriz P form a projective
Kochen-Specker set.

Theorem 4.1.4 [07] For all graphs G, we have that k = a,(G) > a(G) if and only if the
entries {P(”’a)}vev(@’ae[k] of the |V(G)| x k quantum coclique matriz P form a projective
Kochen-Specker set.

Finally, we include a bound on ¢, that we use in the next section to calculate the
quantum independence numbers of the quantum isomorphic and non isomorphic graphs.
It will be in terms of the Lovasz theta function, which we are going to define.

We have that J denotes the all-ones matrix. The Lovéasz theta function ¥(X) of a graph
X is the optimum value of the following semidefinite program:

J(G) := maxtr(BJ)
trB =1
B, = 0 for every edge uv € E(G)
B = 0.

Theorem 4.1.5 ([&],[18],[54]) For any graph G, we have that o, (G) < ¥(G).

4.2 Entries of quantum isomorphisms of non isomor-
phic graphs and Kochen-Specker sets

We have learned that the difference between quantum and classical independence/chromatic
numbers occurs if and only if the entries of the coclique/colouring matrix form a Kochen-
Specker set. Could we say something along these lines about entries of matrices that are
quantum isomorphisms between non isomorphic graphs? In this section we show an almost
if and only if condition.

For a graph X, we define relx(z,y) to stand for relation between vertices x and y in

bR A

X, which is one of "same”, "adjacent” ”"non-adjacent and distinct”.
Theorem 4.2.1 Let X # X' be non isomorphic graphs. Suppose Q is a quantum iso-

morphism between them with rank-one or rank-zero entries. Then entries of (Q form a
Kochen-Specker set.
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Proof. 'We will prove the contrapositive statement. Note that within each row, projections
are pairwise orthogonal. Thus, if the set of projections do not form a Kochen-Specker set,
then from each row 1 < i < n, we are able to select a representative (Q;; such that all
n representatives are pairwise nonorthogonal. Clearly, ¢/ # j' for all 1 < i # j < n
since in columns projections are orthogonal. Since () was a quantum isomorphism, for all
z,y € V(X), 2",y € V(X’), it holds that

QuyQury = 0 if relx(x,y) # relx (2, y).

Note that if we construct a new matrix of projections ', the only nonzero entries of which
are the selected entries {Q;i }1<i<n, the above orthogonality relation will still hold, albeit
(' is not a quantum permutation any more. Now we can construct classical isomorphism
P where P,y = 1 for all (i,4") indexing these nonzero entries {Qyi}1<i<n. In case that we
can select {Q;i }1<i<n, such that not all of them are the diagonal entries, P will be an
isomorphism between the graphs X, X’ since the orthogonality relations hold. ]

By definition, Kochen-Specker set is a set of bases. On the other hand, Projective
Kochen-Specker set is a set of sets { Sk }7_; of projections such that within each Sy, projec-
tions sum to identity and we cannot select n pairwise nonorthongonal projections (original
definition has appeared in [60]). We could have omitted the rank-one or rank-zero require-
ment in the previous theorem and the same prove would have worked for the following
result.

Theorem 4.2.2 Let X # X' be non isomorphic graphs. Suppose Q) is a quantum isomor-
phism between them. Then entries of Q) form a projective Kochen-Specker set.

For the reverse direction, if we have a quantum permutation whose entries form a
projective Kochen-Specker set, then we would like to find X and X’ (possibly equal) such
that @) is a quantum isomorphism between them, and there is no classical isomorphism
between them. In general it will not be true, because even the quantum isomorphism
matrix that we constructed in Section 3.2.1 is a quantum isomorphism between certain
isomorphic graphs, which we verified by running algorithm 6.6.1. So, we need an extra
condition.

Theorem 4.2.3 Let X and X' be graphs. Suppose Q) is a quantum isomorphism between
X and X', such that entries of QQ form a projective Kochen-Specker set. Assume further
that for any pair of entries Q, Q; we have

QiQji = 0 if and only if relx (i, j) # relx (k,1) ().

Then X and X' are non isomorphic.

38



Proof. For, suppose there is a classical isomorphism P between X and X', then there is
a set { P} of mutually nonorthogonal entries. Therefore, for any two nonorthogonal P
and Pj;, we have:

I‘elx(i7j) = relX/(i’,j').
By (%), for any 1 < 4,j < n, in the quantum isomorphism it holds that Q;+Q;; # 0,
contradicting the fact that we can not choose n mutually nonorthogonal projections as
entries of () form a Kochen-Specker set. ]

We say a graph is asymmetric if it has a trivial automorphism group. Recall that a
graph has quantum symmetry if it has a quantum automorphism with non-commutative
entries. From [00], for a set S of bases S C R", we call a function f : S — {0, 1} a marking
function if for each orthonormal basis b € S, we have ) _, f(v) = 1.

Theorem 4.2.4 X is an asymmetric graph with quantum symmetry if and only if the
only marking function for the entries of the magic unitary u representing the quantum
automorphism group of X 1is the identity function.

Proof. Suppose X is an asymmetric graph that has quantum symmetry. Suppose we were
able to select n nonorthogonal u;s, one from each row and column. Then we can create
a permutation matrix P with P;; = 1 if u;; was selected. P would be a valid classical
automorphism.

For the other direction. Suppose entries of u form a Kochen-Specker set. Then entries
of every classical automorphism of X obey the same orthogonality relations as those of u.
Hence, if there is a non-identity automorphism, there is a non-identity marking function. o

4.3 Quantum isomorphism preserves quantum param-
eters

Another interesting observation is that quantum isomorphism preserves quantum indepen-
dence number and quantum chromatic number, but does not necessarily preserve classical
versions of these parameters. We will first prove the former and then provide examples of
the latter below.

Theorem 4.3.1 Suppose graphs X and Y have adjacency matrices A and B respectively
and Q € M,(M4(C)) is a quantum isomorphism between them such that Q(A ® 1;)Q* =
B®14. Then ay(X) = ay(Y).
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Proof.  Suppose P is a quantum coclique matrix for X. We will show that @) x P is a
quantum coclique matrix for Y. This shows that a,(X) < «a,(Y). Exchanging roles of X
and Y and using Q*, a similar argument would demonstrate that a,(X) > a,(Y). In the
end, we get that a,(X) = a,(Y). First,

Z(Q*P)Ui:ZQuk’@Pki:Zpki:_[.
u,k k

u

Second, for u ~y v, and ¢ # j :

(Q * P)m(@ * P Z Qquvé ® sz-PZ] Z Qquvf X szPZj = 0

k~xt

where the last equality follows from P being a quantum coclique matrix for X, and the
second to last uses the orthogonality relation on the entries of Q. O

Now we demonstrate an analogous proof for the quantum chromatic numbers.

Theorem 4.3.2 Suppose graphs X and Y have adjacency matrices A and B and @) €
M, (My4(C)) is a quantum isomorphism between them such that Q(A ® I;)Q* = B ® I,.
Then xqo(X) = xq(Y).

Proof.  Suppose P is a quantum colouring matrix for X. We will show that @ * P is a
quantum colouring for Y. This shows that x,(X) > x,(Y). A similar proof can be carried
our for constructing a quantum colouring of X from a quantum colouring of Y. Therefore,
Xq(X) = xq(Y). First,

%

Z(Q*P)ui:ZQuk@)PM:ZQuk:].
i,k k

Second, for u ~x v,

(Q * P)”Ln(Q * P Z Qquvé X szPZ] Z Quk@uz ® szpz] = 0

k‘o‘/ye

where the last equality follows from () being a quantum isomorphism between X and Y,
the second to last uses the orthogonality relation on the entries of P. O
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For example, X (F) (in the pair of Manc¢inska-Roberson examples|1(] of non isomorphic
and quantum isomorphic graphs) has different classical and quantum parameters:

ay(X(F)) =6>a(X(F)) =5.
To get the exact quantum independence number of X (F'), we verified computationally that
X (F)) =6, so ay(X(F)) =6 by Theorem 4.1.5.
On the other hand, such a separation does not occur in the graph X (F) for the ho-
mogenized LBCS. It is easy to see that
a(X (Fy)) = 6.

By Theorem 4.3.1, quantum isomorphc graphs have identical quantum independence num-

bers, so:
ag(X(F)) = aqg(X(F)) = 6.

Interestingly, J(X(Fp)) = 6 as well.

We note that the situation when the graph of the homogenized LBCS has the same
quantum and classical independence numbers, but the graph of the nonhomogenized LBCS
does not, is typical for non-isomorphic quantum isomorphic graphs arising from LBCS
games. We will state and prove this as Theorem 4.5.3.

Chris Godsil has suggested to investigate classical and quantum chromatic numbers of
these graphs, and there is an interesting observation as well. For the chromatic numbers,
using Sage we find that

X(X(F)) =5,x(X(F)) =4

For the second graph, using Hoffman bound [35]

Amax(X(FO))

= N (X (E)

< Xg(X (Fo)) < X(X(Fo)) = 4,

implying that
Xq(X (Fp)) = xo(X(F)) = 4.
From Theorem 4.3.2:

5= X(X(F)) > xq(X(F)) = xq(X(Fp)) = x(X(Fp)) = 4.

To summarize,

and



4.4 Quantum graph parameters of the 120-vertex quan-
tum isomorphic graphs

Now, let us examine a, g, X, X, of the two strongly regular graphs G** and G% that
Schmidt proved to be quantum isomorphic and non isomorphic [65].

From his paper, we know that
a(GF*) =8, a(G™) = 15.
At the same time, G¥# is an orthogonality graph of 15 bases in R®. So we may construct
block-diagonal quantum coclique matrix of G¥3. The first block will consist of the column
of eight projections onto the lines in the first clique and zeroes everywhere else, the second

block will contain a column of eight projections onto the lines in the second clique and
zeroes everywhere else etc. So,

a (G) > 15 > 8 = a(G™).

Regarding chromatic numbers, with Hoffman’s lower bound for quantum chromatic number
[20] and with Sage we have that

< xq(GY) < x(G") = 8.

Therefore,
Xq(G™) = x(G*) =8
However, from G¥* using the independence number bound,

Es
X(G%) > —’Z((SE)) 15,
To summarize,
Xq(G™) =8 < 15 < x(G™)
and
a,(GP#) > 15 > 8 = a(G").

O

This observation leads to a thought of how to use graphs with x, < x or a; > « to
construct quantum isomorphic pairs of graphs. Of course, if in those pairs one of the graphs
has equal corresponding quantum and classical parameters while for the other graph these
parameters differ, then they will be not isomorphic. We also explore properties of the
quantum isomorphism matrix when one of the graphs has different quantum and classical
parameters.
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4.5 Block-diagonal quantum isomorphism matrices with
Kochen-Specker entries and ¢, x|

After studying the known examples from the previous sections, questions arise how much
of a coincidence is that that two quantum isomorphic, non isomorphic graphs always come
in such pairs that one of the graphs has the separation between the classical and quantum
parameters and the other does not, whenever the quantum isomorphism between two
graphs is block-diagonal. What are the necessary conditions for such separations to occur.
In this section we investigate this question in light of block-diagonal quantum isomorphisms
and quantum independence and chromatic numbers.

It is important to note that it is not true that when two graphs X and Y are quantum
isomorphic and non isomorphic, then, at least for one of the graphs, x(X) and x,(X) are
different.

Theorem 4.5.1 Let Hi and Hy be two non-isomorphic quantum isomorphic Hadamard
graphs. Then x(Hy) = xq(H1) = xq(H2) = x(Ha) = 2.

Proof. Since the graphs H;, H, are Hadamard, they are bipartite, and so

X(Hy) = x(H2) = 2.

We have 1 < x,(H;) < x(H;) = 2. At the same time, y,(H;) # 1, since H; has at least
one edge, and so at least one pair of entries in a column should be orthogonal. Hence,

X(Hp) = Xq(Hl) = Xq(HQ) = X(H>).

From now on, we concentrate on the cases when the quantum isomorphism matrix is
block-diagonal.

Theorem 4.5.2 Suppose X andY are graphs. Let Q) be a block-diagonal quantum isomor-
phism. Suppose, each diagonal block is d X d and contains d rank-one d x d projections as
entries. Moreover, suppose the entries of () form a projective Kochen-Specker set. Then if

the independence number of Y is the same as the number of blocks in Q, i.e. a(Y) = vl

d )
then a(X) < ay(X).
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Proof. First, observe that since blocks are d x d and contain only d distinct projections,
all columns of each block are permutations of the first column of that block.

Next, let k = % be the number of blocks and let {yi,...,yx} be the coclique in Y.
Assume that the columns of @ are labelled by V(Y') and select columns {yi, ..., yx} of @
labelled by the coclique in Y and denote the selected submatrix by Q' := Q[ys, ..., yx]. We
claim that the entries in )’ form a projective Kochen-Specker set. Now, entries of ) form
a Kochen-Specker set, but the entries in each block pairwise commute. So, if it were that
entries in @' did not form a projective Kochen-Specker set, and we were able to select k
pairwise nonorthogonal projections, we would be able to select kd pairwise nonorthogonal
projections from (), which is a contradiction. So, the entries in @’ form a projective
Kochen-Specker set. At the same time, the entries of Q)" satisfy the requirement for being
a quantum coclique for X. Combining these two facts, we conclude that o, (X) > a(X). O

Recall the construction of X and X, the non-isomorphic quantum isomorphic graphs
constructed from an LBCS and its homogenized version respectively as demonstrated on
the example of the 24-vertex graphs in Section 3.2.

Corollary 4.5.3 Let F be a linear binary constraint system where each constraint has the
same number of variables. Suppose X and Xy are nmon-isomorphic quantum isomorphic

graphs constructed from an LBCS and its homogenized version respectively. Then oy (X) >
a(X) and ay(Xo) = a(Xo).

Proof. Let d denote the number of satisfying assignments to constraints in the LBCS. X,
is a union of cliques of size d. Consequently, the quantum isomorphism matrix () between
X and X that is constructed from a strategy to an LBCS game, is block-diagonal with
d x d blocks. By Theorem 4.2.1, entries of () form a projective Kochen-Specker set.

Next, for a constraint C; let f? denote a zero assignment. In other words, for each
variable z; € S; f? : x), + 0. Vertices of the form {(C}, f)} form a maximal coclique in X,
of the size equal to the number of blocks of @ (or by [2, Theorem 6.3]), ay(Xo) = a(Xo)
and by Theorem 4.5.2, a,(X) > a(X). O

Theorem 4.5.4 Suppose X and Y are non-isomorphic quantum isomorphic graphs with
adjacency matrices X andY . Suppose Q) is a block-diagonal quantum isomorphism between
them, such that QBQ* = A, and each block is d x d and contains d distinct projections.
Moreover, suppose that the entries of Q) forTv(%/ﬁrojective Kochen-Specker set. If Y is a

union of d-cliques that can be partitioned into =5~ cocliques, then x(X) > x¢(X) = x4(Y),

also x4(Y) = xq(X) < d, and x(Y) = d < x(X).
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Proof. First, note that since Y is a union of d-cliques that can be partitioned into @

cocliques, then x(Y) = d.

In addition, since Y is a union of cliques, and @) is block-diagonal, X is a union of
cliques as well. Indeed, for an arbitrary 7, the i*" diagonal block of A is:

(QB® 1;)Q%); = Z Qi Ak Qir = Qii(J — 1) ® 13)Qii = (J — I) ® 1.
k,r

So, x(X) > d.

Next, we will first form a [V (X)| x d matrix C' by stacking d blocks of @ onto each
other. We will show that C' is a quantum colouring for X, implying that x,(X) < d. At the
same time, since entries of () form a projective Kochen-Specker set, entries of the flattened
version of () also form a projective Kochen-Specker set, so x,(X) < x(X).

Now, let us verify that C' is a quantum coloring of X. Suppose x ~x ', and i € [d] is
a column index of C'. Note that we can label the vertices of Y that label the columns of
(2 in such manner that vertices that are equivalent modulo d are in one coclique together.
Together these cocliques form a partition of V(Y'). We can view column labels of C' as
remainders from division by d.

Now, given entries C,;, Cy; of C| there are y,7' € V(Y) in the same coclique of Y, such
that

Cm'Cz’i = Qxy@x’y’ = 0.
At the same time, for each x € V(X),

so C is indeed a quantum colouring for X. The fact that x,(X) = x,(Y) follows from
Theorem 4.3.2. O

Corollary 4.5.5 Let F be a linear binary constraint system where each constraint has the
same number of variables. Suppose X and Xy are non-isomorphic quantum isomorphic
graphs constructed from an LBCS and its homogenized version respectively. Then x,(X) >

X(X).

Proof. The proof is omitted as it is very similar to the one of Corollary 4.5.3. O
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4.6 Block-diagonal quantum isomorphism matrices and
quantum cocliques

In the previous sections we have seen that quantum isomorphism matrices whose entries
from Kochen-Specker sets contain a quantum coclique matrix of one of the graphs as a
submatrix, given some conditions. Recall definition of o, appeared in Definition 4.1.1.
This section is dedicated to a reverse question. Given a graph with o, > «, can we use
the quantum coclique matrix to construct a quantum isomorphism from the given graph
to some other graph.

Between two graphs that are related by Godsil-McKay switching (see Section 2.3), we
construct a quantum isomorphism matrix using the quantum coclique matrix of one of the
graphs with o, > a, provided a number of conditions hold.

When two graphs X = (V,E(X)) and Y = (V, E(Y)) are related by Godsil-McKay
switching, we say an edge {u,v} € Ky is switched if

{u,v} € E(X),{u,v} ¢ E(Y) or {u,v} ¢ E(X),{u,v} € E(Y).

If the first condition holds, we say {u,v} is a switched edge in X, while if the second
condition does, then {u,v} is a switched edge in Y. A switched edge in X is a switched
non-edge of Y and vice versa. Edges that are present in both X and Y are called common
edges.

Also, if W C V| we denote by X[W] the subgraph of X induced by W.

Additionally, recall that X denotes the strong product of graphs. For graphs X and Y,
their strong product X XY denotes a graph with vertices V(X) x V(Y') and vertices (x, y)
and (2',y’) are adjacent if:

e r~x 2 and y =1y or
e y~yy and z =2’ or
o r ~x 2 and y ~y ¥

For example, X X K, can be visualized as replacing vertices of K, with copies of X and
placing all possible edges between ”adjacent” copies.

Finally, given a quantum coclique matrix P for o] (X) < a,(X), we denote by

h, := h,(P)

46



the integer of our choice such that we can build a quantum block-diagonal coclique P’ of X”,
with blocks of size h. x 1 for some graph X' such that a(X) = a(X’) and o (X') > a; (X).
There are at least two possibilities for the choice of X’. If the quantum coclique matrix
P is already in block-diagonal form, like for the 24-vertex graph constructed from the
non-homogenized LBCS with 6 constraints, then we can let h, be the height of the blocks
(which is 4 in this case) and X’ = X. Otherwise, we can always choose the strong product

I
X' = XK Ky x).
In other words, for this section we define

, ) X if quantum coclique matrix of X is block diagonal
XK Kag(X) otherwise.

When X = X’ then the quantum coclique matrix for X’ is the same as the one for
X and h, is the height of the blocks in the quantum coclique matrix. Otherwise, when
X # X', we describe how we construct a quantum coclique for X”.

Let
Ma,...;vexn
denote a matrix representing a cyclic permutation (1, ..., [V (X)|) € Sjv(x). Let
Pcol(z')

denote the it" column of P.

In case that X # X', we can construct a quantum coclique matrix P’ for X’ to be a
block-diagonal block a(X) x o/ (X) matrix, with blocks of size [V/(X)| x 1, with the i"*
diagonal entry being the permutation of the i** column of P:

M(iil) Pcol(i) .

In this case we set h, = V(X).

Lastly, whenever we have such a quantum coclique matrix P’ for X’ in the block-
diagonal form, we can always label vertices of X as (v;,j) whenever v; is in the block j of
P

Now, I clarify why in the following lemma there is a parameter ;. This theorem is

meant to apply in the cases when we have a quantum coclique matrix with a; columns
that satisfies requirements for being a quantum coclique, but not necessarily the maximal
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one. We may not know the value of a(X) or have a quantum coclique matrix with a,(X)
columns. This lemma below, however, applies to the case when we have a quantum coclique
with @ < a; < ay(X) columns. An illustration of how this lemma works will be given
below with the quantum isomorphism between the 24-vertex graphs X (F') and X (Fp).

Lemma 4.6.1 Suppose ay(X) > o > a(X), and P is the quantum coclique matriz for
ay(X). Let X' = (V, E(X')) and h. be as explained above. SupposeY = (V, E(Y)) satisfies:

1. Y is Godsil-McKay-switching-equivalent to X' with the cells in the Godsil-McKay

partition {C1, ..., Cy, D} consisting of the sets of vertices with the same second coor-
dinate.

2. For any 1, either all edges between C; and D were switched or none.

3. From each of the sets C1,...,Cy, D, there are representatives cq, ..., cx, d respectively,
such that ¢; ~x d if and only if the switching occurred between D and C;.

4. V(Y') can be partitioned into oy sets T, ... Ty, of size h,
5. There are h,_; automorphisms Ra, ..., Ry, of Y that
(a) Have disjoint support: for every 1 < j.k < h, and (v;,¢) € V(Y), we have
Rj((vi, £)) # Bi((vi, £))

(b) For all a, each R; maps vertices of X' with the second coordinate a to the vertices
with the second coordinate a.

(c) Any pair maps switched edges in Y to switched edges in Y and switched non-
edges of Y to switched non-edges of Y

(d) Any pair maps common edges E(X)NE(Y) to common edges of E(X)NE(Y).
(e) We can relabel Ry, ..., Ry, so that Reow,q)(v,a) = a,
(f) Actions of R; are the same on each block.

Then X' and Y are quantum isomorphic.

Proof. We are going to construct a block-diagonal quantum isomorphism matrix @) from
the quantum coclique P for X between X’ and Y.

First, note that a(X) = a(X’) by construction of X’. The quantum coclique matrix P’
of X’ has h.a;(X) = V(X') rows and a;(X) columns. In other words, a(X') < a (X’).
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As described in the definition of h., we know that P’ will be block diagonal with a;(X)
diagonal blocks of size h, x 1.

Then, the vertices of X’ are tuples {(v;,7)} with each v; being in a tuple with unique
J, the index of the block in which v; is in P’. Even though we can view V(X’) and V(Y)
as the same set, think of rows of @ as labelled by V(X’) = {(v;,j)} and columns labelled
by V(Y) = {(v;, j)}. Q will have h, x h, blocks T7, ..., Tt (x) on the diagonal, and all other
entries will be zero projections.

Finally, we can start constructing the block-diagonal quantum isomorphism @) with all
entries being projections of same dimension as entries of P’ and with h, x h, diagonal
blocks of projections. Let the first column of each block of ) be the h, x 1 diagonal entry
of P,.

Recall that our Godsil-McKay partition is {C, },U{D}. Denote representatives of blocks
from point three in the theorem statement as a := ¢, for blocks indexed by vertices in C’s
and choose d for the remaining block indexed by D.

Let ¢ be an arbitrarily chosen block index from {c,}, U {d}. Let w be an arbitrary
vertex of Y from the ¢* block. For a vertex (w,c) of Y, we know w is in the c¢'* block.
Let 1 < col(w,c¢) < h. denote in which column of the ¢* block (w,c) is in. Now, let the
it" column of the a'* block of @ be formed as follows:

P(/Rcouw o (0:0).0), if a = ¢ and w € ¥ column of the block a
0, ifa#c

/

P(a,(Rr o (0:0)), if a = ¢ and w € " column of the block a
Q(w,c)(v,a) - 0 owlwna

if a # ¢

Note that we can have col(w, a) = row(w, a) by ordering vertices of X’ and Y simultane-
ously, so

Rcol(w,a) (Ua a) = Rrow(w,a) (U> CL)
Moreover, if necessary, we can relabel R, ..., Ry, so that
Rcol(w,a)<va a) = a,

so blocks of ) are symmetric. We will use either definition, whichever one is more conve-
nient. Remembering that the second coordinate of a vertex indicates in which block of P’
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it was, (and so in which block of @) it is), and that we can view graphs Y and X’ as being
on the same vertex set, verify that

Z Qva)(wb) Z Q(va w,b)

(w,b)eV(Y) (w,b)eV(X’)
Now, by definition of @, since () is block-diagonal,
Z Q(Ua)wb Z Qva)(wa)_ Z P(/ Rool(w,a) (v,0),a) ZPR(vaa
(w,b)eV(X") weV (X weV(Y)

where the last equality follows because there are only h, columns per block. Finally, since
no R; fixes any (v,a) and there are h, — 1 of R;’s,

h.
/ _ / _
> Plriwaw = > Plwaya) =1
1=2 u€V(X) and in block a

Also, suppose for an arbitrary j,b we have that w is in the j**column of the block b,
then

Z Q(va w,b) Z va ) (w,b)

(v,a)eV(X’) veV(X

_ /
- Z P(Rcol(w,b) (Uvb)vb)

veV(X)

Z Pub)b

ueV(X)

=1

similarly to above.

Now, we have to check that whenever (v,a) ~x/ (w,b) and (k,i) =y (¢, ), then

Q (v,0), (k1)@ (w ), (£,5) = 0.

However, since () is block-diagonal, if a # i or b # j, then at least one of the following
entries is zero, so the product is zero:

Q(v,0), (k1)@ (w,p),(6,5) = 0.
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Therefore, we may assume i = a,j = b.
Case 1: (v,a) ~y (w,b), (v,a) ~x (w,b) and (k,a) =y (¢,b), so
Q(v,a),(k,a)@(w,b),(ﬁ,b) - P(/Rcol(k,a) (vva)va)P(/Rcol(E,b) (wvb)vb) - O

by conditions 5¢,d. They guarantee that pairs of automorphisms map non-switched edges
in Y to non-switched edges in Y. Since {(v,a), (w,b)} is a common edge in Y,

{Rcol(kﬂ) (U, CL), Rcol(ﬁ,b) (w7 b)}

remains a common edge in X' and Y.

Case 2: (v,a) =y (w,b), (v,a) ~x: (w,b) and (k,a) =y (£,b), so {(v,a),(w,b)} is a
switched edge in X, equivalently, a switched non-edge in Y.

Q(Uza)v(kza)Q(w9b)’(€’b) - P(/Rcol(k,a) (U7a)7a)P(/Rcol(€,b) (w7b)7b) - O

By condition 5d,
Rcol(k,a) (U, a) >y Rcol(f,b) (U}, b)a

remains a switched edge in X, so
Reol(k,a) (v, @) ~x Reoiepy(w, b).
Now, we have to check that whenever (v, a) =y (w,b) and (k,a) ~y (¢,b), then
Q(w,a),(k,a)Q(w,b),(e.6) = 0,
Case 1: (v,a) =y (w,b), (v,a) »x: (w,b) and (k,a) ~y (¢,b), then

Q(v,0),000) Qb)) = Q0), 0,00 Q) w,8) = PRy ) (10)0) E Beorgu sy (6:6),0)-

Since the switching happened between all or none edges between all blocks, including
blocks a and b, we see that in this case switching did not happen between a and b. So,

(k,a) ~x (£,D).
By condition 5d, {(k,a), (¢,b)} remains a common edge between X and Y, so

Rcol(v,a) (k7 CL) ~X Rcol(w,b) (67 b)
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However, since actions are the same on each of the sets, and R? = I, we may choose
labelling of R, ..., Ry, 1 such that each formed block is symmetric. So,

Pro,a),(k,0) Plw5),(0.6) = PReorgi.a) (0,0),0) A Reorep) (,6),6)

- P(Rrow(é,b)(wvb)vb)P(Rrow(k,a) (vva)za) = 07

since (Rrow(f,b) (w, b) ~X Rrow(k,a) (Ua a).

Case 2: (v,a) ~y (w,b), (v,a) »x: (w,b) and (k,a) ~y (¢,b), then we have

Q(v,a),(k,a)@(w,b),(f,b) = Pclav(Rrow(v,a) (kva)va) Pclbv(Rb,row(w,b) (@,b)'

Since either all or none edges were switched between each C; and D, (v,a), (k,a) are in
the same block and {(v,a), (w,b)} was switched, {(k,a),(¢,b)} was also switched. So,
representatives cq, ¢, are also adjacent n X. Clearly, ¢, # ¢, Using the fact that P’ is a
quantum coclique, we get that

/ / .
Pca’(Rrow(v,a) (kva)»a) Pcbv(Rb,row(w,b) (Ezb) - 0

O

Next we will give a condition that identifies how to find automorphisms that suit the
conditions of the preivious theorem. In the end of the section we will provide illustrations
of these theorems to the 24-vertex graphs.

Lemma 4.6.2 Let X and Y be graphs related by Godsil-McKay switching. R is an auto-
morphism of Y that maps switched edges of Y to switched edges of Y and switched nonedges
of Y to switched nonedges of Y if and only if it is a common automorphism between X
and Y. Moreover, in that case, R also maps switched edges of X to switched edges of X,
and same for nonedges of X.

Proof. First, suppose R is an automorphism of Y mapping switched edges of Y to switched
edges of Y and switched nonedges of Y to switched nonedges of Y.

Since each switched edge of Y is a switched non-edge of X, R maps switched non-edges
of X to switched non-edges of X. Similarly, R maps switched edges of X to switched edges
of X.

Now, {u,v} € E(X)NE(Y) is a common edge between X and Y. We would like to show
that R maps {u,v} to a common edge between X and Y. Towards contradiction suppose
it does not. After all, R is an automorphism of Y, so it can only map {u,v} € E(Y)
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to {Ru, Rv} € E(Y). So if {Ru, Rv} is not a common edge, it is a switched edge in Y.
By hypothesis, R maps switched edges to switched edges. Let k£ be the smallest possible
integer such that {Ru, Rv}, {R*u, R*v}, ..., { R*u, RFv} are distinct switched edges in Y.
Thus, k£ > 1. Now, for k + 1, we have either

o {RFtly, R* '} = {Riu, R'v},i < k and it is an already encountered switched edge
or

o {RFtly, R* 1y} is another distinct switched edge.

The second condition can’t happen since £ is the minimal such that
{Ru, Rv}, { R?u, R*v}, ..., { R*u, R*v}
are distinct switched edges in Y. Thus, there is an 7 such that
{R*u, R¥ v} = {R'u, R'v}.
However, R is an invertible permutation matrix, so
u = R* 1%, and v = RF! %,
Therefore,
{Ru, Rv}, {R?u, R?v}, ..., {RF"' "y, RFF =0}, {RFu, R*v}

contains a common edge {R™™ "'y, R™™ 1~} a contradiction. We have shown that, in-
deed, a common edge {u,v} € E(X)NE(Y) can be only mapped by R to another common
edge.

Similarly, we could show that the common non-edge {a,b} € E(X) N E(Y) can be
only mapped by R to another common non-edge. In other words, R is an automorphism
mapping common edges of X and Y to common edges of X and Y, common non-edges
of X and Y to common non-edges of X and Y, switched edges of X to switched edges of
X and switched non-edges of X to switched non-edges of X. More importantly for this
direction of the proof, R maps edges of X to edges of X and non-edges of X to non-edges
of X, so R is an automorphism of X.

For the other direction, suppose R is a common automorphism between X and Y. If
{u,v}, is a switched edge in Y, then u ~x v. However, with R being an automorphism of
Y, we have Ru ~y Rwv. Since R is also an automorphism of X we have R(u) ~x R(v),
so {Ru, Rv} remains a switched edge in Y. The same argument works for non-switched
edges of Y and for common edges between X and Y. ]
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Remark: The above lemma tells us that for Lemma 4.6.1 we should search for R;’s
from the set of common automorphisms of X’ and Y’, since we have a lot of conditions
on pairs of automorphisms, and in particular, they have to hold for the pairs of same
automorphisms.

Example 4.6.3 The pair of graphs X (F) and Xy(F) from [16] have that a,(Xo(F)) >
a(Xo(F)). Moreover, they satisfy the conditions required for Lemma 4.6.1, and so we can
construct the quantum isomorphism matrix from the quantum coclique of the graph with
different o and ;. We will walk through this construction step-by-step below.

First, note that z = 1. In Theorem 5.1.1 we proved that these two graphs are related
by Godsil-McKay switching. In the Section 3.2.1 we translated proofs from [10] into an
explicit quantum isomorphism between this pair of graphs. In [54], Piovesan found an
explicit construction of «,, which is just the 1st, 5th, 8th, 12th, 16th and 20th columns of
this explicit quantum isomorphism.

We note that Y can be partitioned into 6 cliques and 4 cocliques, so that each of the
cliques contains exactly one vertex from each coclique.

Moreover, there are three automorphisms of Y that map switched edges of Y to switched
edges of Y and act transitively on each clique. We can easily uncover these three auto-
morphisms by looking at the first column of each diagonal block of quantum isomorphism
matrix and the 2nd, 3d, 4th columnms. For example, looking at the first and second
columns of the first block, we notice that (1,2) entry becomes (2, 1) entry. So we declare
vertex (x7 + xg + x9 = 0,000) being mapped to (x7 + xg + 9 = 0, 110). Similarly,

($7 + x5+ 19 =0, 011) — (ZL‘7 + x5+ 19 = 0, 000),

([E7 + x5+ 19 =0, 101) — (ZL‘7 + x5+ 19 =0, 110)7

(1‘7 +xg + T9 = 0, 110) — (.737 + 23+ X9 = 0, 001)
Repeating this procedure for the remaining blocks, we get the first automorphism. Then
the second automorphism can be obtained by the similar process by comparing the first
and the third column of each block etc. One can check that these are the automorphisms

of both X (F) and X,(F), and that any of their pairs map switched/common edges of Y
to switched /common edges of Y and same for non-edges.

An open question is whether there could also be two quantum isomorphic graphs but
such that oy(X) = (X) and o, (Y) = a(Y). As an example, consider X =Y = K. It is
known that a,(K4) = a(K,) = 1, but it has quantum symmetry. The question becomes
if there could be quantum isomorphic, but non isomorphic, graphs such that both graphs
have different o and oy,.
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Chapter 5

Switching

While studying the known examples of non-isomorphic quantum isomorphic graphs, we
have discovered that the 24-vertex graphs from [2] and Schmidt’s strongly regular graphs
are related by Godsil-McKay switching (see Section 2.3). This observation has lead us
to explore when Godsil-McKay switching preserves coherent algebras of graphs as will be
explored in the later chapters. In this section we provide the partition

5.1 The 24-vertex graphs are switching related

We observe that both of the graphs from [2] are related by Godsil-McKay switching.

Theorem 5.1.1 Graph X (Fpy) can be obtained from X (F) by Godsil-McKay switching by
selecting the following partition of vertices.

(a) Xi=((Ci, fi), - (Ci, 1) if bi = 0.
(b)Y = ((Cj, f}), -, (Cj, f})) for the only constraint C; given by

IL‘3+1’6+ZL'9:]_

Proof. First, we will verify that every vertex « € Y has either 0, $|X;| or |X;| neighbors
in X;. As a first case, we will count neighbours of a vertex in Y to a vertex in a subset
of vertices X; C V(X(F)) such that constraint C; has no variables 3, xg or xg. In other
words, C; an C} have no variables in common.
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Case 1: S;NS; = 0. Then any vertex (Cj, f;) € Y has no neighbours in Xj.

Next, investigate the case where X; is such that Y and X; have variables in common.
Note that any two constrains have at most one variable in common.

Case 2: S;NS; = {xy}, where k € {3,6,9}. So the vertices of X; are ((Cy, f1), ..., (Ci, f1)).
By inspection, half of the assignments from f}, ..., f# will assign value zero to x, and the
remaining half of the satisfying assignments will asign value one to x;. Thus, any vertex

(Cj, fj) of Y will be adjacent to half of the vertices of X; in this case.

Now let us check that every x € X; has the same number of the neighbours in X}, for
each 1 < i,k < 5. For this, fix an X; and let us start with X, such that corresponding
constraints C; and C}, have no variables in common.

To verify that the defined partition is indeed a Godsil-McKay partition, we also need
to ensure that vertices in X; have the same number of neighbours in X;. Consider different
cases and suppose first that there is no vertex in common between the associated constraints

C; and C},.

Case 1: S; NS, = (. Then any vertex (C;, f/) € X;,1 < j < 4 has no neighbours in
Xk

Case 2: S; NSy = {x,}. Then, as before, half of the vertices of X} have assignments
that set x, to zero, and the leftover half assign value one to x,. So each vertex of X; is
adjacent to half of the vertices of Xj.

Case 3: X; = Xj. The graph induced by X; is regular.

To conclude the first half of our proof, the conditions of Godsil-McKay partition are
satisfied. At this point we are ready to check if by performing the switching itself, we are
going to obtain X (Fp).

For this graph, the switching will be the following procedure.

e Choose one of the three possible X; such that S; has a variable x3 or x4 or xg.

e For every vertex (C}, f;) of Y remove its existent edges to vertices in X;, and connect
it instead to the other vertices of X;.

We note that given vertices (Cj, f}), ..., (Cj, f;) of Y in V(X (F)), we can modify them
as follows
(ij f]l) = (Oj> fjl D (17 1, 1))
For each k, by negating the evaluation by ff of each variable of C; we achieve exactly the
desired effect of the Godsil-McKay switching. In other words, if (C}, f;) and (C;, f;) were
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adjacent before, it was because f; and f; agreed on variables in S;N.S;. Now, it will be that
fiand f; @ (1,1,1) will, on the constrary, disagree on variables in S; N S;, and so will not
be adjacent. Analogously, vertices (C;, f;) and (C;, f;) that were non-adjacent will become
adjacent. And so the procedure of negating the output of f; for each vertex (Cj, f;) of Y
is equivalent to performing Godsil-McKay switching on the set Y.

Again, @ denotes addition modulo two. Denoting by C} the homogenized constraint
x3 + 6 + 19 = 0, we can readily see that (C7, fjl ® (1,1,1)),..., (C}, f]4 @ (1,1,1)) are the
only vertices of X (F}) that are not a subset of vertices of V(X (F')). In other words, we
showed that X (F') and X (Fp) are indeed related by the Godsil-McKay switching. O

5.2 120-vertex strongly regular graphs are switching
related

Theorem 5.2.1 GF° and G* are related by Godsil-McKay switching.

Proof. Refer to Figure 3.5 for the partition Vi, ..., Vi5 of the vertices of GE®. Our Godsil-
McKay partition will consist of fourteen sets of size four and one set of size sixty-four. For
1 <3¢ <7 define:

C;, = {x € V;|x contains only nonnegative entries 0 and 1}

C;— = {x € Vj|x contains each of the following: 1,—1 and 0}
D=VsU..UVp3

Since each V; induces a Ky in GF°, it is clear that every Ci,,1 < i < 7,2 € {+,—}
induces a K. One can check all vertices in any C, have each the same number of neighbours
in any C,, namely one of two numbers {2,4}. Moreover, every vertex in D has either 0,
2 or 4 neighbours in each of the C,. Recall the construction of G* from GE° on page 31.
Choose vectors {e; + eg,...,€1 + €s, (1,9}, ..., T{1,8}, Zg} from each orbit as representatives
to form w without loss of generality. To justify the lack of loss of generality, use Theorem
3.3.1, originally from [65], which says that different choices of w create isomorphic graphs
G". Now, for any C;, we have that d € D,d € V}, is adjacent to half of the vertices in Cj,
if and only if (w;, wg) = 0. By construction of G* from GE® | it means that the switching
has occurred between Vj and V;, which easily generalizes to show that switching GE® on
partition {C;,,Ci }_; U D gives G. O
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Chapter 6

Coherent algebras

In this chapter we provide known classical results connecting properties of automorphism
groups of graphs and properties of commutant of an automorphism group of graphs. We
generalize these concepts to quantum automorphism groups too.

So far, we have discovered that two examples, the 24-vertex graphs from [2] and 120-
vertex strongly regular graphs [05] are related by Godsil-McKay switching. In this section
we will see the proof from [2] of the fact that quantum isomorphisms preserve coherent
algebras. As a new result, we will show explicit form of this isomorphism of coherent
algebras.

Together, these observations would lead us to thinking that potential candidates for
quantum isomorphic non-isomorphic graphs could be from the graphs that are related by
Godsil-McKay switching and have isomorphic coherent algebras. Thus, to kill two criteria
with one answer, we asked when does Godsil-McKay switching preserve coherent algebras.
To make it more concrete, we asked when is conjugation by the reflection matrix from
Godsil-McKay switching the isomorphism of coherent algebras of graphs that are related
by the Godsil-McKay switching. Towards the end of the chapter we will have progress
towards these questions.

6.1 Background on coherent configurations and co-
herent algebras

In this section we explore standard information on coherent configurations and how they
relate to coherent algebras. More can be found in, for example, in [27].
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A coherent configuration [12] is a finite set X of points and a collection of nonempty
binary relations R = {R;|i € I} on X with the following conditions:

(a) R is a partition of X x X.

(b) There is a subset H of the index set I such that {Ry,|h € H} is a partition of the
diagonal {(z,z) |z € X}

(c) For each R, its transpose {(y,x)|(z,y) € R;} is also one of the relations in R, say
Ry.

(d) For 4,5,k € I and (x,y) € Ry, the number of z € X such that (z,z) € R; and
(z,y) € R; is a constant pfj that does not depend on the choice of x,y.

One well-known example is as follows. Consider a distance-regular graph X of diameter
d. We can partition V(X)) x V(X) into relations R; = {(x,y) : dist(z,y) = i}. Below we
sketch that they form a coherent configuration.

First, if the diameter of the graph is d, any two vertices are at distance i € [0, d], so
Ry, ..., R, clearly partition X x X. In this case, the whole diagonal {(z,z) |z € X} belongs
to relation Ry, so H = {0}.

The distance between x and y is clearly the same as between y and z. Finally, from
distance-regularity it follows that the number of vertices at distance ¢ from x and at distance
j from y depends only on 7, 7 and the distance between x and y.

We can also think about coherent configurations for a set X in terms of matrices. For
this, to each relation R;, we associate an | X| x | X| adjacency matrix A;, with

(Ai)zy: {1 if (a:,y) € R,

0 otherwise

Next, we would like to restate the above coherent configuration requirements for rela-
tions R; in terms of these adjacency matrices A; as well.

In order for the relations to partition the set X x X, we need each pair (z,y) to be in a
unique relation. Hence, if we sum over all the matrices A;, we will get the all ones matrix

J

ZAi:J
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Second, we know that the relations in H partition the set {(z,x)}.ex. So,
S -

We require that for any (z,y) € R; also (y,z) € Ry, which results in

(AZ)T - Ai’

To reinterpret the final relation requirement, we look at the xy entry of the product
A;A;. As expected, it counts the number of elements z that are in relation R; with = and
in relation R; with y.

For convenience, we restate the observation in concise form.

Proposition 6.1.1 Suppose {A;} are the adjacency matrices of the relations {R;} arising
from a coherent configuration. Then the following hold:

(a) 32 Ai=J
(b) 2ienAi=1
(c) AT = Ay foralli €T
Coherent configurations are closely related to coherent algebras [71]. Generally, an
(associative) algebra over a field k is a k-vector space A equipped with an additional
binary operation x : A x A — A, such that X is associative, left and right distributive and
we have (za)(yb) = (zy)ab for all z,y € k and a,b € A. Thus, when talking about matrix

algebra over a field k, we mean a vector space of matrices over a field k£ under addition,
equipped with the standard matrix multiplication.

Naturally, a subalgebra of an algebra A is a subset B of A that is closed under addition,
multiplication, and scalar products and contains the identity [34].

Definition 6.1.2 A coherent algebra W of order n is a subalgebra of M, (C) such that

(a) I,JeW
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(b) A*e W forall Ae W
(c) For any A, B € W, their Schur product Ao B € W
(d) For any A, B € W, it holds that AB € W.

We will prove that the span of adjacency matrices of the relations of a coherent con-
figuration is a coherent algebra. For two matrices A and B with the same number of rows
and columns A o B denotes their entrywise product and is called Schur product.

Lemma 6.1.3 The adjacency matrices {A;} of the relations R; of a coherent configuration
form a basis of a coherent algebra.

Proof. Note that the adjacency matrices {A;} are Schur orthogonal and therefore orthog-
onal:
(A;, Aj) = sum (A; 0 A;F) = 0.

Therefore, these basis matrices form a basis for their linear span of the {A;}. Let their
linear span be called W. We will prove that W is a coherent algebra. As a linear span, W
is a vector space under addition. Now, check that W is closed under multiplication. This
follows since A;A; = prjAk. Now we will verify that W is coherent. As we concluded
earlier, > .., A; = J, Moreover, there is a subset H C Z, such that >, ,, A; = I. Thus,
we are left to prove the Schur-product closure. Take two arbitrary matrices A, B € W. We
can write them in terms of the basis elements:

A= Z OékAk
k
B = Z BiA;
J
Recall that relations {R;} partition the set X x X, so A;0 A; =0 for all i # j.

AoB = Zakﬁj(/lk 0Aj) = ZakﬁkAk eW.
k,j

k?j

Proposition 6.1.4 Let W be a coherent algebra. Then W has a unique unordered basis
consisting of Schur-orthogonal 01-matrices.
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Proof. W is an algebra, therefore, it has a basis. Let the basis be (1, ...,Cy. Then for
each C;, 1 < i < d, we do the following.

e Let ay,...,a; be a set (no repetitions) of unique entries of C;.

e For each 1 < j <k, define D, to be a matrix that has ones in the same locations as
C; has entries a; and zeroes everywhere else.

Now we claim that each D, is in W. We can define a matrix polynomial where multipli-
cation is Schur multiplication and J is the all-ones matrix to be

p;i(Ci) = 04 (Ci — ;).

Note that since C; € W and W is closed under Schur multiplication, p,;(C;) € W for each
1 and each j. Notice that up to a scalar,

p](Cl) = Daj,

implying that D,; € W for each entry a; of C;. Since C; was arbitrary, we can apply this
procedure to all of the basis matrices C;. Taking union of the resulting Ol-matrices, we
can select the subset of those that can’t be written as the sum of others. We call those
minimal idempotents. Clearly, any basis element C; can be written as a sum of those and
they are pairwise orthogonal. Thus, there must be d of them and they also form a basis of
W. Since J € W, and minimal idempotents are binary matrices, they should sum to J.

For uniqueness, suppose towards contradiction that there are two Schur-orthogonal
bases A = {A1,..., A4} and B = {Bj,..., B4}. Then we can express elements of one in
terms of the elements of another:

d
Ak = Z Oéij
j=1

Since Bjs are Schur-orthogonal, and Ay s are 01, the coefficients «; are either 0 or 1 them-
selves. We can write
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Again, since B’s are Schur-orthogonal, each of them can occur only once. If it happened
that an A; is a sum of more than one B’s, since A;s are themselves Schur-orthogonal,
by Pigeonhole principle, there will be another Ay, such that all B}s were already used to
express other elements of A. Hence, B consists of all elements of A. O

Now, we will see that every coherent algebra contains a coherent configuration, and
every coherent configuration generates a coherent algebra.

Lemma 6.1.5 Let W be a coherent algebra. Then the basis of 01- matrices Ay, ..., A, form
a coherent configuration.

Proof. Recall that there is a unique Schur orthogonal 01-basis for the coherent algebra,
so we can proceed to work with this basis. Suppose that each A; has |X| rows and |X|
columns for some set X. Since the matrices A; are binary, they define some relations R;
on X x X such that

1if Ay, =1

0 otherwise

Ri(xay) = {

In other words, the elements x and y of X are in relation R;, if and only if the corresponding
adjacency has entry 1 in the xy-position. We will see that these relations define a coherent
configuration. First, observe that since A;’s form a basis of a coherent algebra,

0=(A;, A;) =sum(A4; 0 A;).

Therefore, for 7 # j, we have that A; and A; have nonzero entries in different positions. It
follows that {R;} are disjoint relations. Since J € W, the A;’s have to sum to J, ensuring
that { R;} partition X x X, as needed. Secondly, since W is a coherent algebra, W contains
I. Since {A;} form a basis, there exists some set H such that

I = Z CkhAh.

heH

However, since the matrices A;, are disjoint, it must be that each coefficient «y, is non-
negative. In particular, o, = 1 for all h. Therefore, these sets H are such that {Rp,}nen
partition the diagonal {(z,z) |z € X}. Since a coherent algebra is closed under transpo-
sitions, we have that if a basis element A; € W, then AT € W as well. It remains to show
that if A; is a basis element, then AT is also a basis element. Suppose not, and express A7
as linear combination of the basis elements:

J
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However, then by the nature of Schur-orthogonality of the A’s, we have:

AzT ¢) Az = ZOéjAj e} Az = OZZ‘AZ' e} Az = OZZ‘AZ'

J

Hence, AT = A;. To sum up, if AT is not in the basis, then AT = A,.

Finally, the existence of constants p};j satisfying the equation
AxA; = ZPZin,
k

which is equivalent to Condition (d), follows straight from the fact that {A;} form a
basis. We conclude that the unique 01-basis of a coherent algebra defines the coherent
configuration. ]

6.2 Homogeneity and commutativity of coherent al-
gebras

In this section we will present some general knowledge about certain conditions on homo-
geneity and commutativity of coherent algebras.

A coherent configuration is called homogeneous if one of the relations is
{(z,z)|x € X}.

Equivalently, a coherent algebra is homogeneous if identity matrix is one of the matrices in
the O1-basis. In the coherent algebra arising from the coherent configuration above, we had
the relation Ry describing the vertices at distance 0 from each other. Hence, we see that
coherent algebra from the example was homogeneous. A commutative coherent algebra is
such that any two matrices in it commute.

Proposition 6.2.1 W is a homogeneous coherent algebra if and only if every matriz in
W has a constant diagonal.

Proof.  Suppose W is a homogeneous algebra. Let {A;} be its orthogonal 01-basis, and
suppose A; = I. Since A; 0 A; = 0 if 7 # j, all other basic matrices have zero diagonal. As
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any matrix in W is a linear combination of these basis matrices, each matrix in W also
has constant diagonal.

On the other hand, if in some coherent algebra W, each matrix has constant diagonal,
then so do the matrices in the unique orthogonal 01-basis. In particular, since diagonal
matrices that sum to identity have to be in every Schur-orthogonal 01-basis of any coherent
algebra, it must be that only the identity matrix is in this basis. ]

Proposition 6.2.2 If a coherent algebra is commutative, it is homogeneous.

Proof. If Ais a commutative coherent algebra, the elements of its basis each commute with
J. In other words, they have constant and equal row and column sums. We also know that
the matrices in the unique Schur orthogonal binary basis of coherent algebra are adjacency
matrices of a coherent configuration. Therefore, there are some elements { Ay }rex in the
basis that add up to I. If [K| > 1, the set {Ax}rex does not contain identity matrix.
Matrices A are diagonal with 0 and 1 entries. However, that would contradict that they
had to have constant and equal row and column sums, as some columns will add up to 1
and others to 0.

Proposition 6.2.3 Let G be a permutation group acting on the set X. Then X together
with the partition R of X x X into orbits of G (acting on X x X wvia g(z,y) = (9z,gy)) is
a coherent configuration.

Proof. Clearly, the orbits of GG acting on X x X partition X x X. Additionally, we can easily
find a set H such that the relations with index H partition the diagonal {(z,z) : 2 € X}.
To find H, we take the union of the disjoint orbits that are obtained starting at different
elements of X x X with the same first and second entries.

Next, suppose a relation R; is the adjacency matrix of the orbit of (x,y). In other
words, R; has entries 1 in the positions (a, b) if and only if (a,b) are in the orbit of (x,y).
Then the orbit of (y, z) will define another relation R}, which will contain all the transposed
elements of R;. Finally, suppose (z,y) € Ry. We will calculate the number of z € X such
that (z,z) € R; and (z,y) € R;. Since the orbits are disjoint, if z # y, then we get pf; = 0.
Similarly, if z # z, we must have that pfj = 0. Thus, the only possibility when pfj is
nonzero, is when z = y with ¢ = k and x = z with £ = j, which forces pfj to be 0 for all
relations Ry, except for the diagonal relation R4, in which case pfj will be 1 regardless of
the choice of the representative (z,x) € Ry. O
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6.3 Transitivity of automorphism group and homo-
geneity of coherent algebras
In this section we will prove that the matrices that commute with all automorphisms of a

graph form a coherent algebra, and that this coherent algebra is homogeneous if and only
if the action of automorphism group is transitive.

Recall that a commutant W of a set M C M,,(C) of matrices:

W:={N e M,(C): NM = MN for all M € M}

We will first prove the result about commutants of a set of permutation matrices. Of
course that would be relevant to commutants of automorphism groups of graphs.

Proposition 6.3.1 ([27]) The commutant W of a set of permutation matrices Q is a
coherent algebra.

Proof. Clearly, I € Q. Additionally, since each row and column of any () € Q contains
only one 1,

JQ=QJ=J,
so J € W. Now suppose M € W, and

MQ = QM for all Q € Q.
Then, using that Q7 = Q~', we have
OTM = MQT
(MTQ)" = (QM")"
MTQ =QM",

implying that, M7 € W as well. Next, we check that for every M;, M, € W, their product
belongs to W.

(Mo My)Q = (MaQ) My = Q(My M)

Finally, we confirm that for every M, My € W, their Schur product is in W. Suppose Qy;
is the unique entry in the j* column with a nonzero entry and @ is the unique nonzero
entry in the ¥ row. Taking a closer look at the ij-entry of the product, we observe:
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(Ml)lj = (QilMl)lj = (QMl)l] = (MlQ)Zj = (Ml)szk] = (Ml)zk

Similarly,
(Ma)ix = (MaQ)ij = (QMs)i5 = (Ma)y;.
Now, check:
(M2 o MlQ)ij = (MQ)zk(Ml)zk
(QMs 0 My)y; = Qu(Ma)ij (M) = (Ma)ij(Ma)i; = (Ma) i (M )ik
Hence W is indeed a coherent algebra. ]

Since the automorphism group of a graph is a set of permutation matrices, we have the
corollary.

Corollary 6.3.2 Let X be a graph, and let P be the automorphism group of X. Then the
commutant YW of P forms a coherent algebra.

We have the connection between transitivity and homogeneity below for automorphism
groups of graphs and their commutants.

Corollary 6.3.3 Let X be a graph, and let Q be the group of automorphisms of X. Then
the commutant W of Q is a homogeneous coherent algebra if and only if the automorphism
group acts transitively on the graph.

Proof. The fact that the commutant W of P forms a coherent algebra was proven above.
First we will observe a condition on certain entries of the matrices in the commutant of P
and then proceed to proving homogeneity.

Begin by choosing an arbitrary matrix M € W and an arbitrary P € P. Every
permutation matrix has a unique one in each row and column. An entry P;; = 1 means the
automorphism P maps vertex j to vertex ¢. In other words, in every row P; p-1(;) entry is
nonzero, and in each column, the entry Pp(;; is nonzero. We have

MP = PM,
and observe that

(MP)ij = Mip)Ppj); = Mipg)
(PM)ij = P, p-1yMp-1(),; = Mp-13)5
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So the requirement on M is that for any P € P, we have
Mi,P(j) = MP_I(i),j for all ’l,j S V(X),P eP. (631)

Now we proceed to verifying the condition for homogeneity.

For the backward direction, we assume that the automorphism group is transitive, and
we would like to show that any M € W has constant diagonal. Because the group is
transitive, for every ¢ € V(X) and j € V, there is an automorphism P, such that P(j) = i.
If P(j) =1, then

M;; = Mj; for all 4, j € V(X),

which implies M has constant diagonal by 6.3.1.

For the forward direction, we know that each M has constant diagonal. Now suppose
there is no automorphism P mapping j to ¢. In such case, the condition

M;; = Mj;

will not be enforced. Therefore, we can find a matrix M where M;; and M;; will be
different, but will still commute with all of P, contradicting the assumption. O

6.4 Commutativity of coherent algebras and generous
transitivity of automorphism groups

We have one more section on properties of commutants of automorphism groups.

We say an automorphism group of a graph X is generously transitive if for any pair of
vertices i, j € V(X), there is an automorphism of X swapping them.

Theorem 6.4.1 (Folklore) The commutant of a permutation group is a commutative
coherent algebra if the group is generously transitive.

The proof can be found in [27]. We provide a similar proof for the quantum case in Theorem

6.9.1.

Now in the upcoming sections we will show the analogues of the previous two results
for quantum automorphism groups. This is a more concrete version of ideas in [10] and

[63], due to Chris Godsil.
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6.5 Coherent algebras and their relation to quantum
automorphism groups

In this section we will now explore relationship between transitivity of the quantum au-
tomorphism group of a graph and the commutant coherent algebra of the quantum auto-
morphism group of the graph. This is an enhancement of what has been known in the
literature [10], [63].

Before we begin the following lemma, it is important to note that for a matrix M €
M, (C) to commute with a quantum permutation @ € M, (My(C)), we mean

QM ® 1) = (M ® I4)Q.

We omit the index d if it is clear from the context.

Lemma 6.5.1 Let Q denote all quantum automorphisms of a graph X. The set of matrices
C C M,(C) that commute with each matriz in Q form a coherent algebra.

Proof. Clearly I € C. Additionally, J € C, since each row and column of P € Q sums to
identity. First observe that if P € Q is a quantum permutation, PPT = I = PTP. We can
deduce that Q is closed under transposes. Indeed, suppose P € Q, so
PA®I)=(A®I)P
(A1) =P (A®I)P
(A I)PT = PT(A®I),
so PT € Q as well.

We'll show closure of C under transposes. If we have that C' € C, and P is arbitrary in

Q,
P(CeIPT =C,

and

PCo D)TPT=(P(Ce )P =(CxI)".
Hence, C is also closed under taking transposes. Additionally, if B,C € C,

(BIH)(C)P=(BeI)(PC)=P(BeI)(C®I)),

implying that BC' € C as well.
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We are left to show the closure under Schur multiplication. Suppose B® I,C® I € C,
and P € P a quantum automorphism. First note that

(BRI)o(CRI)=[(BoC)®1I)],
which means that we only need to prove that
((BoC)® 1) P); = (P|(BoC)®I)]),;
Or, equivalently,

Z birCir Prj = Z brjcrj Pik
k k
In the next step we will demonstrate that

((BoC)® )] P)ij = [<B®I>P]ij [(C®I)P]ij

To start, notice that

[(C® I) ] = Zcikpkj
[ B ® I Z bzlpl]
[(B ® ]) ] [(C ® I Z bll‘Pl]CZk?Pk] Z bilcikpljpkj'
k,l

Observe that the summands in the last term vanish when k # [, which brings us to:

(B®I)P),[(C®I)P Z bicikPrj = ((BoC)® I P)y;, (%)

as we wanted to show. In the same fashion, we can see that
[P(B® [)]ij [P(C® I)]ij = (P[(BoC)® I])ij ()
The fact that both B ® I and C' ® [ are in C guarantees the commutativity:
(B@ )P [(C® )P, =[P(B&I)]; [P(COI)];.
Therefore, since the left hand sides are equal in (%) and (xx), so are the right hand sides
((BoC)® 1) P), = (P[(BoC) & D)),

Y

implying that C is Schur-closed. Since P was arbitrary, and we have demonstrated that C
contains I, J and is closed under products and Schur-products, We are able to deduce that
C is a coherent algebra. O
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The coherent algebra defined by the commutant of the magic unitary has been referred
to in literature [10] as an orbital algebra.

We recall that commutant of a transitively-acting classical automorphism group forms
a homogeneous coherent algebra. Now we would like to see if we can characterize when
the centralizer of the quantum automorphisms of a graph is homogeneous. To study this
question, let us first familiarize ourselves with the notions of quantum orbits, orbitals and
the actions of a quantum compact group on a set.

6.6 Background on quantum orbitals, quantum or-
bital algebra definition

In [17], Laura Mancinska and David Roberson have studied the notion of orbits and orbitals
of actions of quantum automorphism groups.

To begin, the action of a classical group GG onto a set X induces an equivalence relation
on the elements of X. We say z,x; € X are equivalent, or z ~g x if there is an element
g € G such that 1 = gz. An orbit of an element = € G is G, = {gx : g € G}. Equivalently,
G, is an equivalence class of x. When extending action of G onto X x X in a natural
manner by g(z1,x2) = (921, gz2), the orbits are called orbitals. We apply Mané¢inska and
Roberson’s definition to quantum automorphism group of graphs.

In Lemma 6.5.1, we have seen that the commutant of the set of all of the quantum
automorphisms of a graph, also known as orbital algebra of a graph is a coherent algebra.

Given that the commutant of a quantum permutation is a coherent algebra, with the
help of the Weisfeiler-Leman [38] algorithm we can find the unique orthogonal binary basis
for this coherent algebra. Mancinska and Roberson in [10] arrive at the orbitals in another
way. They first construct adjacency matrices of the certain equivalence relation, and then
show that they form is a coherent configuration. These matrices turn out to be orbitals
for the orbital algebra. We will include their explicit formulas for the orbitals below, since
it will be useful to us later.

Definition 6.6.1 [/0] Suppose X is a finite set and Q) is a quantum automorphism group
action on X. Let U = (ugy)zyex be a magic unitary defining C(Q). Define the relations
~1,~g on X and X X X as follows:

.Z'leifuxy#o
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hd (l‘,.I,) ~2 (y>y/) Zf UgeyUg!y! 7é 0

These relations are generalisations of the classical ones. Whenever we have a permu-
tation group acting on a set, we can represent the action with permutation matrices. So,
whenever an xy-entry of a classical permutation is nonzero, we have that it maps standard
basis element e, to standard basis element e,. We say y is mapped to . Similarly, as in
the example of the graph, if the product of xy and x’y/-entries of a classical automorphism
are nonzero, then either both {z, 2’} and {y,y'} are edges or both are nonedges. Since y
is mapped to z and 3 to 2/, and edges must be mapped to edges, nonedges to nonedges
only.

The authors in [10] prove that both of these relations are equivalence relations, which
allows them to define quantum orbitals. Given a quantum permutation group Q acting
on a finite set X, the orbitals of Q are the equivalence classes of the relation ~5 defined
earlier.

The next theorem of [10] shows that equivalence classes of ~4 relation form the basis
of the orbital algebra.

Theorem 6.6.2 [/(] Let Q be the quantum automorphism group of a graph X. Let U =
(Uay)eyex be the magic unitary with generators of Q, and let M € My (xy«c). Then
MU = UM if and only if M is constant on the orbitals of Q. ]

From Theorem 6.5.1, where we have showed that the commutant of the set of quantum
automorphisms is a coherent algebra, we conclude that a matrix M € M, (C) commutes
with all quantum automorphisms if and only if it is constant on the 01-basis of the commu-
tant of a set of all quantum automorphisms. Theorem 6.6.2 above says that M € M,,(C)
commutes with all quantum automorphisms if and only if it is constant on the adjacency
matrices of the ~5 equivalence relation. Hence, it follows that the 01-basis for the coher-
ent algebra that is the commutant of the set of all quantum automorphisms consists of
adjacency matrices of the ~y relation.

There is another coherent algebra associated to a graph X, and it is called coherent
algebra of X and is denoted by C(X). It is the smallest coherent algebra containing A(X)
and J.

As an application, consider the fact that almost all graphs have trivial quantum auto-
morphism group. This proof also relies on the fact that almost all graphs have coherent
algebra equal to the full matrix algebra [52]. This fact also gives a different proof of a
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famous old result that almost all graphs have trivial classical automorphism group, which
was originally shown in [21]. Of course, the result for the triviality of the quantum auto-
morphism groups implies its classical counterpart.

Theorem 6.6.3 [/7] Let X be a random graph on n vertices. The probability that X has
a nontrivial quantum automorphism group goes to 0 as n goes to infinity.

Proof.  The proof relies on the fact that almost all graphs have coherent configuration
equal to the full matrix algebra [52]. The basis of the full matrix algebra is formed by the
elementary matrices {Eqp}qp with the only non-zero entry in the ab-position. Earlier we
learned that the basis of the coherent algebra of the graph is also a set of characteristic
matrices for the orbitals of the quantum automorphism group. From the above two facts,
we conclude that the quantum orbitals of almost all graphs are singletons. This implies
that the orbits of quantum automoprhism group are singletons as well. Otherwise, if x
and y are different vertices the same orbit, then (x,z) and (y,y) would be in the same
orbital, which contradicts the fact that orbitals are singletons. Since orbits are singletons,
by definition of the quantum orbit, u,, # 0 if and only if = y. Hence, the magic unitary u,
defining quantum automorphism group of the graph must be a diagonal, so it is identity. O

6.6.1 An algorithm to determine for which graphs a given quan-
tum permutation is a quantum iso-/automorphism

Based on the information we have learned so far, we suggest an easily-implementable
algorithm that, given a quantum permutation, will output all pairs of graphs for which
this quantum permutation is an isomorphism. Note that the graphs in pairs are not
guaranteed to be different. So in the case that a pair contains two same graphs, the
input permutation will be a quantum automorphism of the graph. The motivation behind
this idea is that instead of studying two graphs and trying to find a quantum isomorphism
between them, or to determine after much effort in vain, that there is none, we could look at
the problem in reverse. For example, we could start with a quantum permutation that has
non-commutative entries and then find graphs for which it will be a quantum automorphism
or find pairs of graphs between which this matrix will be a quantum isomorphism. This
task is accomplished by the algorithm we present below.

This approach is even more attractive, given that it is quite easy to construct some
kinds of quantum permutations. For example, block-diagonal ones are straightforward.
All we have to do is to make sure each block is a quantum permutation itself. This can
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be done by first starting with, say, d rank one projections summing to identity. Then
finding an n by n Latin square and associating different projections to different values of
the Latin square. So each row and column will have different projections, so the row and
column sums will be identity. However, much harder it is to find out for which graphs will
such quantum permutation be a quantum isomorphism or automorphism. This is what we
would like to explore in this section.

Suppose we are given a quantum permutation (). We would like to find graphs X and
Y between which it will be a quantum isomorphism. Since () is a square matrix with rows
indexed by the vertices of Y and columns indexed by the vertices of X, for convenience
we may assume V(X)) = V(Y). Now we describe an algorithm to get all possible graphs
for which @ is a quantum automorphism and all possible pairs of graphs for which @ is a
quantum isomorphism.

I have implemented an algorithm and tested a few of the block-diagonal quantum per-
mutations. We were limited by time and space, so we could not run the algorithm for long
enough to covered all the cases. By far, the current implementation of the algorithm has not
found a pair where two graphs are non-isomorphic and have these quantum permutations
as isomorphisms. Nonetheless, it has output numerous graphs for which these quantum
permutations were quantum isomorphisms and identified numerous graphs with quantum
symmetries. It would be an interesting direction to try more quantum permutations and
eventually use the algorithm to find quantum isomorphic non-isomorphic graphs.

Relations graph algorithm

1. Create an empty bipartite graph Hg with one bipartition consisting of unordered
pairs V(X) x V(X) and another containing unordered pairs V(Y') x V(Y. For ex-
ample, if the first bipartition has a vertex (u,v)y, the second bipartition also has a
vertex (u,v)y.

2. For any two vertices (u,v)x and (a,b)y in different bipartitions, connect (u,v)x to
(a,b)y if and only if Qu,Qw # 0. This means that (u,v)x to (a,b)y are required to
be in the same relation in graph X and graph Y.

3. To get graphs for which @) is a quantum automorphism:

(a) First connect components that contain vertices with the same labels with an
edge. For example, if (u,v)x is in block B; and (u,v)y in block Bj, then form a
new component by adding an edge (u,v)yx and (u,v)y, say. Suppose now k < p
distinct complete bipartite blocks remain.
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(b) Declare all possible 2% adjacency /non-adjacency rules for each B; and get result-
ing 2% graphs. For example, for each (u,v)x € B; such that B; has adjacency
rule, let u ~x v. If B; had a non-adjacecny rule, let each (u,v)x mean u »x v.

4. To get pairs of graphs for which @ is a quantum isomorphism (which includes auto-
morphisms):

(a) Assign one to a block if we decide to declare pairs vertices in the bipartite
graph to represent edges, and zero otherwise. In this way, declare all possible 2P
adjacency/non-adjacency rules for each B;. For example, for each (u,v)x € B;
such that B; has adjacency rule, let u ~x v. If B; had a non-adjacency rule, let
all each (u,v)x, (a,b)y € B; imply u »x v and a »y b.

A quick note about the second step. Only the partition into components of the graph
Hg matters, rather than what subgraph each component induces. For if there is a path of
length two between vertices (u,v)x and (u/,v")x, i.e (u,v)x and (v/,v")x have a common
neighbour, then all vertices along this path have to be in the same relation. In the connected
component of Hg there is a path between any two vertices, so all vertices in one component
will have to be in the same relation.

Theorem 6.6.4 The relations algorithm produces all possible pairs of graphs for which an
mput quantum permutation is a quantum isomorphism.

Proof. Towards a contradiction, suppose there are quantum isomorphic graphs X and
Y with @ as their quantum isomorphism, that are not output by this algorithm. Then it
must be that there are vertices i,j of X, and a,b of Y, such that (i,j)x and (a,b)y are
in different relations in the corresponding graphs, but are in the same component of the
Relations algorithm bipartite graph. Then it must hold that

Qiquv 7é 07

but this contradicts the fact that () is the quantum isomorphism between X and Y. There-
fore, there always will be an assignment of zeroes and ones in the relations graph that will
result into graphs X and Y.

On the other hand, suppose the algorithm finds graphs X and Y to be quantum isomor-
phic with ). The only condition graphs X and Y have to satisfy is that whenever entries
of QuyQayy # 0, it must hold that relx(x,2’) = rely(y,y’). This holds by construction of
X and Y. ]
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In the case when there are no two distinct graphs for which @) is an isomorphism and the
relations graph algorithm returns only graphs for which () is a quantum automorphism, we
see that the components of the bipartite graph constructed in the step one of the algorithm
are orbitals of (). This is precisely from the fact that the Relations Graph Algorithm
produces all possible graphs for which @ is a quantum automorphism. However, we do not
have a clear description of what the components of this bipartite graph represent for the
graphs for which @) is a quantum isomorphism. This question motivates our next section.

6.7 The coherent algebra Mg and its relevance to
quantum isomorphisms

This section is motivated by the question, given a quantum permutation ), what are the
components of the relations graph. We study the set of matrices Mg such that for every
M € My, there exists an X € M, (C) such that

QM ® 1;)Q" = (X ® Iy).

Clearly, if A and B are quantum isomorphic with @, and Q(A ® I;)Q* = B ® I, then
A € Mg. It turns out that, Mg is a coherent algebra.

Using this generalization, in the next section we will be ready to explore the analogue
of the classical result, Lemma 6.3.3, about homogeneity of orbital algebras.

So far, we have learned that n X n matrices that commute with a quantum permutation
Q € M,(My(C)) form a coherent algebra of (). Certainly, the adjacency matrices of the
graphs for which @ is a quantum automorphism lie in this coherent algebra. Thus, given a
quantum permutation, one could hope to find graphs for which @) is a quantum automor-
phism by searching for binary symmetric matrices with zero diagonal in the commutant
of . If @ had non-commutative entries, such an approach would find us graphs with
quantum symmetry.

Finding quantum isomorphic non-isomorphic graphs is a difficult task. One way to find
such graphs would be to start with a quantum permutation that has non-commutative
entries and apply the relations algorithm to it in hope to find pairs of graphs for which
this quantum permutation is a quantum isomorphism, and later check if these graphs are
isomorphic or no.

However, given a quantum permutation @), if we would like to understand if there are
any pairs of graphs at all for which @) is a quantum isomorphism, and not just an automor-
phism, we won’t be able to make use of the commutant coherent algebra, since adjacency

76



matrices of two graphs will be different, and there is no use to consider commutativity. So,
we suggest an alternative below.

Theorem 6.7.1 Let QQ be an n X n quantum permutation and let M C M, (C) denote the
set of matrices such that for every M € M, there exists an X € M, (C) such that

QM ®1;)Q" = (X ® 1).

Then M and QMQ* are isomorphic coherent algebras.

Proof.  First, we will show that M is a coherent algebra. Then QMQ* is a coherent
algebra as well since it contains matrices such that conjugation by () results in an n x n
matrix tensored with I;. From the proof we will see that conjugation by () respects
multiplication and Schur-multiplication identities as well as those two operations, so it
automatically becomes the isomorphism between those two coherent algebras.

Clearly, both the multiplicative and Schur-multiplicative identities are in M.

Now we’ll demonstrate transpose-closure. Suppose M € M. So there is an X such that
QM ® 1;)Q" = (X ® Ig).
Observe that,
QM @ 13)Q" = (QM ® 1,)Q")" = (X ® Iy)" = X* ® Iy,

implying that M* € Mg as well.
Also, if M, N € M, then there are X,Y such that

QM ® I3)Q" = (X ® 14)

and
QN ® 1)Q" = (Y ® I4).

So,
QIMN ®1,)Q" = Q(M @ [;)Q"Q(N ® 15)Q = (X ®@ Iy)(Y ® 1s) = (XY ® I4).

From this it follows that M N € M.
It remains to show that M o N € M as well.
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Note that
QUM o N)® Ig)|a = Z Qak My Ny

- Z Qak Qar MkbNrb

- Z QakMkb Z Qar rb

[Q(M ® Id)]ab QN @ Ig)]ap
=[(Q(M ® 14)) o (Q(N ® Ia))]ab

Similarly,
(Mo N) @ 14)Qlas = Z Mo Nak Qo

- Z MakNaererb

- Z Makab Z Nar@rb

[(M ® Id)Q]ab[(N ® I4)Qlas
(M ® 12)Q) o (N @ 12)Q)]ab

Therefore, from the first equality,
QUMoN)®1s) =(QM® 1)) o (QIN ® 1)) = (X ®@14)Q) o (Y ® 14)Q).

Now, expanding using the second equality in reverse,

(X ®L)Q)o (Y ®11)Q) = ((XoY)® I4)Q.

As a result,
QMoN)®I1)Q"=(XoY)® Iy,
which confirms that M o N € M. 0

If Og denotes the orbital algebra of ) and contains all n X n matrices that commute
with @), we have
Og € Mg
At the same time,

O € QMpQ*.

Certain questions for future research arise:
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e When does Og = Mg, i.e., there are no distinct graphs between which @ is a
quantum isomorphism.

e Is it true that Mg N QMqgQ* = Og?

e Are the bipartitions of the relations graph orbits of Mg and QMgQ*?

Remark 6.7.2 Suppose () is a quantum permutation and
Al) sy Ak‘; Ak-‘rl? sy Ad

form a basis for M. Then since conjugation by () is an isomorphism between coherent
algebras Mg and QM oQ*, each QA;(Q* is a binary matrix. Moreover, each Q) A;Q)* contains
as many ones as does A;, which follows from

Similarly, the traces of QA;Q* and A; the same. ]

6.8 Homogeneity of the coherent algebra that is the
commutant of a quantum permutation

In this section we expand on this idea of homogeneity of commutants of permutations to
commutants of quantum permutations.

Theorem 6.8.1 If the quantum automorphism group Q) acting on vertices of a graph X
has only one orbit, then orbital algebra of Q) is homogeneous.

Proof. The orbits of () partition the diagonal orbital of (). Since there is only one orbit,
there must be an orbital equal to identity. ]

Mancinska and Roberson explore transitivity of the quantum automorphism group
based on the entries of a magic unitary representing the quantum automorphism group
of a graph. They leave the proof to the reader, but it uses the theory of Hopf algebras,
and we do not include it here.
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Theorem 6.8.2 [/(] Let X be a graph. Let Q be a quantum automorphism group acting on
the vertex set V(X), and let u be the magic unitary representing the quantum automorphism
group. The following are equivalent:

(a) Q acts transitively on V(X).

(b) Q has only one orbit on V(X).

(c) there exists x € V(X) such that u,y # 0 for all y € V(X).
(d) ugyy #0 for all x,y € X.

Below we provide a simplified proof of the fact if a magic unitary has a row of non-zero
projections, then its orbital algebra is homogeneous.

Proposition 6.8.3 Let u be the magic unitary representing the quantum automorphism
group of X. Then if there is a quantum automorphism Q) with finite dimensional projections
as entries such that Qq # 0, then ugy, # 0.

Proof. There is a *~homomorphism from the quantum automorphism group to its finite
dimensional representation, mapping u;; to ;. Since there are a and b such that Qq, # 0,
then wuq, # 0. O

Proposition 6.8.4 If Q € M, (M;(C)) contains a row of only rank-one projections, then
Mg is homogeneous.

Proof. From Theorem 6.7.1 we learned that Mg is a coherent algebra. Let A, ..., A4 be
a unique orthogonal 01-basis for M. Since M, is a coherent algebra, its unique 01-basis
contains matrices summing to identity that each have ones on the diagonal only. Let A;
represent such diagonal (not necessarily identity) basis element. Then, choose an i with
1 < i < n such that (A4;); = 1. Finally, Ej; = e;el and first observe that

ia ifa=10
(Q(Ei ® 1)Q)ab = >, Qra(Eit)krQry = QiaQiv = {Q e

0 otherwise
k,r

Now calculate:

(B ® 14, Q(A1 ® 15)Q") = (Q"(Ey ® 10)Q, Ay ® 1)
= (diag(row;(Q)), A1 ® I). (%)
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The last equality follows from the aforementioned calculation.

Since A; is a basis element of coherent algebra M, and conjugation by () is an iso-
morphism of coherent algebras, it maps 01-basis to 01-basis, so Q(A4; ® I;)Q* is a binary
basis matrix of the coherent algebra QMoQ*. So, either

(Ey ®14,Q(A; @ I1)Q") =0

or

(B ® 1g, Q(A1 @ 15)Q") = trly = d.
We will consider those two cases separately, and will show that the first case cannot occur.

In the latter case,
d = trl; = (diag(row;(Q)), A1 ® 1),

In the latter case, we want to show that it must be that A; is the identity I,,. Since
J >0 and for any 0 X D < [, it holds that

Using the fact that sum of the entries in row;(Q) is a projection and
J
sum of the entries in diag(row;(Q)) is at most

<J’ZQ1’J'> < <J> [d> =d,

so it must be that A; selects all the nonzero projections from the i** row of Q for each i.
In other words, if (A;);; # 0, then (A;);; # 0, for every j such that Q;; # 0. In particular,
if the i row of Q consists of rank one projections, then (A;);; # 0 for all 1 < j < n, so
M is homogeneous.
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In the former case, we have
(diag(row;(Q)), A1 ® I;) = 0.

Note that the eigenvalues of the block-diagonal matrix diag(row;((Q)) are the eigenvalues
of the blocks. Since blocks are projections, diag(row;(Q)) is a positive-semidefinite matrix.
At the same time, A; ® I is positive semidefinite. Therefore, we have

diag(row;(Q))(A4; ® 1) = 0.

Since both matrices are block-diagonal, for the product to be zero, A; has to “select” only
zero projections from row;(Q). Formally speaking, if Q;; # 0, then A; = 0. However, if the
it" row of @) consists only of rank-one (i.e. nonzero) projections, then it would imply that
Ay = 0, which is a contradiction. So this case does not occur. ]

Corollary 6.8.5 If Q € M,(My(C)) contains at least one row of only rank-one projec-
tions, then commutant of () is a homogeneous coherent algebra.

Proof. Immediately follows from the previous result. The commutant of ) is a coherent
subalgebra of Q, therefore, it also must be homogeneous. O

Corollary 6.8.6 If a graph X has quantum automorphism Q € M, (My(C)), such @ has
a row of monzero projections, then representation u of its quantum automorphism group
has a row of nonzero entries.

Proof. Follows from Corollary 6.8.6 and Proposition 6.8.3. O

Below are some of my results about vertex transitivity and quantum automorphisms.

Lemma 6.8.7 Suppose X is a graph such that for fized i and j, it holds that Q;; = 0 for
every quantum automorphism Q). Let S be the orbit of 7 under the classical automorphism
group of X, and R the set of pre-images of i:

R ={r e {1...,n}| there is an automorphism P of X such that P, = 1}.

Then for every r € R, the entry QQ,; = 0 and every s € S, the entry Q;s = 0 for every
automorphism Q).
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Proof. Suppose there is a quantum automorphism Q" € My (x)(Mq(C)) of X such that
+; 7 0. Suppose that P is an automorphism with P, = 1. It is easy to see that (P ® I4)Q’
is a quantum automorphism of X as well. Thus, by assumption, (PQ’);; = 0. However,

0=(PQ)ij =) PuQiy = PuQy; #0,
k
a contradiction. The second half of the statement follows analogously. O

Corollary 6.8.8 (Follows from [2]) If X is vertex-transitive, then there isno 1 <1i,j <
n such that for every quantum automorphism @, it holds that @Q;; = 0.

Proof.  Since X is vertex-transitive, there is an automorphism that maps any vertex to
i. Hence, if there were 4,7 such that @);; = 0 for every quantum automorphism X, by
previous lemma we would have that the j* column of each quantum automorphism is 0,
a contradiction. ]

The last corollary implies that in the vertex-transitive graph wu,, # 0 forall z,y € V(X),
i.e. condition (d) holds. Which shows that every vertex-transitive graph is quantum vertex-
transitive. It was shown before in [10].

Corollary 6.8.9 If X is vertex-transitive, X is quantum vertex-transitive.

6.9 A necessary and sufficient condition for the com-
mutativity of the quantum orbital algebra

Now, we would like to search for some condition analogous to generous transitivity in the
classical case (Section 6.4).

To begin, suppose u is a magic unitary representing the quantum automorphism group
of a graph X and for all a,b € V(X), it holds that uapup, # 0. Then (a,b) is in an orbital
of commutant of u if and only if (b, a) is the same orbital. And so, just as in the classical
case, the orbital algebra will be symmetric and therefore commutative.

Theorem 6.9.1 Let v be a magic unitary defining the quantum automorphism group of
a graph X. Then if ugpup, # 0 for all a,b € V(X), the commutant of u is a commutative
coherent algebra.
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Proof.  'We have observed earlier that the commutant of u is a coherent algebra. Now, from
Theorem 6.6, we know that the basis of this algebra is formed by the adjacency matrices
of the equivalence relation 6.6.1.

First observe, that if a coherent algebra is symmetric, it is commutative. This follows
from the facts that a coherent algebra is closed under multiplication and that the product
of two symmetric matrices is symmetric if and only if they commute.

Now, we will show that usup, # 0 for all a,b € V(X) if and only if the orbital algebra
is symmetric. We see that if for every a,b € V(X)

UabUpa 7& 0.

then every orbital has nonzero ab-entry if and only if it has a nonzero ba-entry. Hence,
every orbital is symmetric. ]

6.10 Quantum isomorphism preserves spectrum and
coherent algebras

Since a quantum isomorphism () is an invertible matrix, and since for two graphs X and
Y to be quantum isomorphic, we require that

RQIARNQR*=B®I,

it is clear that quantum isomorphic graphs are cospectral. First this fact was explored in [2].
This section is, mostly devoted to showing that quantum isomorphisms preserve coherent
algebras of quantum isomorphic graphs. Originally, this fact was proven by Atserias et
al in the same [2]. However, the explicit isomorphism was not provided. Here we prove
that the first natural guess, conjugation by the quantum isomorphism matrix is indeed the
isomorphism of the coherent algebras as well.

Let Cx,Cy denote the coherent algebras of X and Y respectively. We will show that if
@ is a quantum isomorphism between the graphs X and Y, then

QICx @ Q" = (Cy ® ).

That is to say, we slightly abuse notation, and when we say conjugation by () is an iso-
morphism of coherent algebras, it is up to tensoring with identity.

We say two coherent algebras A, B are isomorphic if there exists an algebra isomorphism
h : A — B, that preserves algebra multiplication, commutes with *, preserves J and Schur
product:
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(a) h(AB) = h(A)h(B)
(b) n(J)=J
(c) h(A") = (h(A))"
(d) h(Ao B)=h(A)oh(B)
We are going to follow the proof of [16] to show that two quantum isomorphic graphs

have isomorphic coherent algebras as a corollary of the following result.

Theorem 6.10.1 [/(] Suppose X and Y are quantum isomorphic graphs with adjacency
matrices A and B. Then there exists an isomorphism ® of their quantum orbital algebras

such that ®(A) = B.

Proof. Remember that the orbitals of a graph H with the magic unitary u representing the
quantum automorphism of H are the equivalence classes of the relation on V(H) x V(H)

(hyh") ~9 (g,9") if upgupy # 0.

The quantum orbital algebra of a graph is a coherent algebra with 01-basis matrices being
the characteristic matrices of the above-mentioned equivalence classes. In other words, the
01-basis for the quantum orbital coherent algebra consists of adjacency matrices of the
quantum orbitals of the graph. When verifying conditions for the isomorphism of coherent
algebras of quantum orbital algebras of X and Y, it suffices to check those conditions just
for the basis, the characteristic matrices of the orbitals.

Let V = (vyy) be a magic unitary witnessing quantum isomorphism between X and Y.
So we know that

* ZxEV(X) Uzy = ZyEV(Y) Ugy = 1.

& Uy = Uy, = viy.

® VU =0 whenever x ~x 2/, y wy ¢ or x ox 2’y ~y Y.

The proof will proceed by first defining a bipartite graph H with bipartition: V(X)) x

V(X)and V(Y)xV(Y). The adjacency relation is given by (x,2") ~g (y,y") if vgyvyry # 0.
Then we will find a perfect matching in W, which will give a bijection between orbitals
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of X and the orbitals of Y. What will remain to show is that this bijection is in fact a
coherent algebra isomorphism.

First, we will construct a quantum automorphism of X using the quantum isomorphism
and the magic unitary defining the quantum automorphism group of Y. Later it will help
us to verify Hall’s condition for the existence of the perfect matching in the bipartite graph
H.

Let U = (uy,y) for y,y' € V(Y) be the magic unitary defining the quantum automor-
phism group of Y. We will show that the matrix w = (wy.) for z,2’ € V(X) defined
by

w=v*u*x0v"
is the magic unitary representing quantum isomorphism of X. The entries of w are

Wy = E Uzy X Uyyyy! (29 Ugty! «
vy inV(Y)

Since entries of u and v are Hermitian,
Wogr = Wiy

Now, using the orthogonality of entries of magic unitaries in the same row/column we
arrive at:

2
Wy = E VeyVzd & Uy Udd! (029 Uty Vgt d! = E Uzy & Uqyyy! & Vgty! = Wey! -
vy, d.d' €V (Y) Yy €V(Y)
Next,

E :wm’ = E : Uy & Uy @ Vgryy
x

2EV(X)yy inV(Y)

— Z ]_ ® uyy/ ® U$/y/

Yy inV(Y)

= > 1@1® vy
y' inV(Y)

=1®1®l1

= 1.

A similar argument shows that ) , wg,» = 1, concluding the proof that w is a magic
unitary.

86



To show that w commutes with A, we will show that
WapWey = 0 whenever a ~x b,a’ »~x b
and vice versa. We will just show the former statement, the proof of the latter is analogous.
Assume thus, that a ~x a’,b »x 1.
WeaepWaly = Z VayVa’d & Uy Udd! (29 Uby! Uy &/ = 0
y’y,7d7d,€V(Y)

Since, for a fixed, y, 9/, d’, d, for the summands in the sum to be nonzero we require that

(&) VayUga # 0, 80 y ~y d, and

(b) Vg V' ! 7é 0, SO Yy *y d/,
but this inevitably forces w,,uqy = 0. Therefore, wA = Aw, and w is a quantum auto-

morphism of X.

Now we will show that in the bipartite graph H, elements of the same quantum orbital
of quantum automorphism group of Y are adjacent to the elements of V(X)) x V (X)), which
belong to the same quantum orbital of quantum automorphism group of X. For this, let
(y1,91) and (ya,y5) be in the same quantum orbital of Y. In other words,

Uy yo Uyl oy # 0.

Suppose the edges in H include (y1, ;) ~ (z1,2}) and (y2,95) ~ (w9, x%). This means
that
Uiy Vagy;, 7 0 AN Vs Uy 7 0.

As we are aiming to show that (z1,2}) and (x9, z}) are in the same orbit of X, equiva-
lently, we have to demonstrate that Wiy oy Wt 2, #0.

Wy o Wal 2ty = E : VzyyVzpd @ Uyy Uddr & Vagy' Uy -

So,

/
(Uz1y1 ®1l® UwzyQ)(w:cwzwx'lx’Q)(Uwﬁyﬂ ®1l® Uﬂﬁ’zyz)
= Uiy Uy @ Waywo Wat 2ty & Vioyy Vaty,

£0
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from the previous conclusions. Thus, we have shown that in W, elements of one quantum
orbital of Y are adjacent to the elements of another quantum orbital of Y. Analogously,
it can be shown that elements of one quantum orbital of X are adjacent to the elements
in one quantum orbital of Y.

Now if we show that every element of the quantum orbital of Y has at least one
neighbour, we will have that for any S C V(Y) x V(Y), it holds that |S| < |Ng(9)|.
If we then show the Hall’s condition for the part of bipartition V(X) x V(X), we will
have a perfect matching in W, that defines a bijection between quantum orbitals of Y and
quantum orbitals of X. Hall’s condition is immediate, since

E :nylvw’yz = § Vg yVsgy = 1.

Y1,92 Z1,T2

So, if there were a vertex (y,y') € V(H) not adjacent to any (z1,xs) € V(H), every term
in the second sum would have been zero. Conversely, if there were an (z,2’) € V(H) not
adjacent to any (y1,y2) € V(H), the first sum would have been zero.

Thus, the graph H has a perfect matching. Vertices in any quantum orbit of Y are
matched to some vertices in the same quantum orbit of X. So there is a bijection f
between quantum orbits of ¥ and quantum orbits of X, obtained by perfectly matching
representatives of quantum orbits of Y to representatives of quantum orbits of X.

We must verify that this bijection is an isomorphism of coherent algebras. We will show
this, relying on the isomorphism of the corresponding coherent configurations that maps
intersection numbers in the appropriate way.

The two coherent configurations consist of orbital relations {R;} of X and {R.} of YV’
respectively. The first coherent configuration has coherent coefficients {pfj, i,j,k € T} and
the second one has {qu, i,7,k € T'.} We want to show that

Pl = qi’;(k) for all 4,5,k € T.

Suppose (x,z’) is in some quantum orbital of X, equivalently, (z, ") € Ry, for some k € Z.
Let i,7 € Z. Let
S:={reV(X):(z,r) € R;,(r,2") € R;}

By definition of pf;, |S| = pf;. As established earlier, (z,2’) will have at least one neighbour
in H, so there is at least one (y,y’) such that v,,v,,s # 0, and by the choice of f, we have

that (y,y’) is in the orbit R .

Now define a set encoding coefficients qifj(k) :

S = {Z S V<Y) : (y,z) S R/f(i)7 (Zuy/) € R}(j)}’
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so |S| = qlfj(k). We will use the following calculation to show that pfj = qifj(k).

k
PijVayVary = Vay § :1%’2/
res

= Ul‘y E /Uwz]_’l}x/y/

reS,zeV(Y)

= Ugy 5 VwzVUgry Since zy € R; so yz must be in Ry, ete
res,zes’

= ny E Uwsz’y’

reV(X),zes’
_ J&)
= Qij  VayVary

Since vgy vy 7# 0 by virtue of being in matched, hence adjacent, quantum orbitals, pfj =

k
i®.

Going back to coherent algebras, let A; and B; be characteristic matrices of the relations
R; and R] respectively. Let ® be a map

®(A;) = By,

extended linearly. Then & is an isomorphism of the quantum orbital coherent algebras.
®(Ax) = P(Ay), since

vx@wyy/ =0

when rel(z,z’) # rel(y,y’), so f maps indices of entries of edges of X to the indices of
entries of edges of Y and the same for nonedges. ]

Corollary 6.10.2 Suppose Q) is a quantum isomorphism between X and'Y with adjacency
matrices A and B. If Ox, Oy denote orbital algebras of X and Y respectively, then

QOx Q"= (0Oy ®1I)

Proof. Denote by Ay, ..., Ay the 01-basis for O(X) and by By, ..., B;, the 01-basis for O(Y).
It suffices to show that conjugation by ) maps basis matrix A;, to some B;. Because then @)
will respect Schur product between basis matrices, and thus respect Schur product between
all other matrices in the coherent algebras. The fact that multiplication is preserved, that
J ® I is mapped to itself and invertibility of () are obvious. We will see that j = f(i),
where f is a bijection from the previous proof.
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We know that each A; is a characteristic matrix of an orbital of O(X). Indeed, each
A; ® I commutes with the magic unitary Uy defining quantum automorphism group of
X, and so is constant on the orbitals of Ux. Since A; is a basis matrix, it cannot be a
characteristic matrix of more than one orbit. Similarly, Bjs are characteristic matrices of

the orbitals of O(Y).

Let A; be a characteristic matrix of the orbital in O(X). So (A;)uy = 1 if u,v are in
the it orbitals of O(X).

With f being the bijection defined in the previous proof, we learned from the previous
proof that if (a,b) in in the i'" orbital of X and QuvQya # 0, then (c,d) and (¢, d’) are
in the same orbital of Y, and this orbital is f(i)"". Now, suppose (a,b) in in the i*" orbital

of X.
I= Z Qac
= Z Qachd
c,d

= Z Qac@bd

,d:QacQpa#0

= Z Qachd

(c,d)e(f(i))th orbital of Y’

= Z QaC(Bf(i))c,dQ:lb
c,d
= (Q(Byi) ® 1)Q")a

At the same time, from the previous proof we know that if (c,d) and (¢, d’) are in the j*
orbital of Y, and Qu/.Quq # 0, and QueQya # 0, then (a,b) in in the (f~1(4))"" orbital of
X.

Thus, if « =V, f(i) =j,i = f()).

Now suppose (a, b) are not in the i** orbital of X, then

(Q(Brty ® NQ")ab = Y Que(By()c.aQi
c,d

- Z Qachd

(c,d)E(f(2))t" orbital of Y
=0,

since (a,b) in not in the i orbital of X. O
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Lemma 6.10.3 Suppose, X andY are graphs with orbital algebras Ox and Oy . Suppose,
Q is a quantum permutation satisfying

QOx ®1Q" = (Oy @ 1).

Then @ a quantum isomorphism between X and 'Y ?

Corollary 6.10.4 ([40]) Suppose X and Y are quantum isomorphic graphs with adja-
cency matrices A and B. Then there exists an isomorphism ® of their coherent algebras

such that ®(A) = B.

Proof.  From the previous theorem, there exists an isomorphism ¢ such that ®&(A) =
®(B) of their orbital algebras. Now, orbital algebra of X, which consists of matrices that
commute with the magic unitary representing Qut(X), naturally contains the adjacency
matrix A. Similarly, orbital algebra of Y contains the adjacency matrix B. ® maps coherent
algebra of X to another coherent algebra containing ®(A4) = B. Similarly, ®~! maps
coherent algebra of Y to a coherent algebra containing ®~!(B) = A. Thus, it must be that

® maps coherent algebra of A to the coherent algebra of B. ]

Corollary 6.10.5 Suppose Q) is a quantum isomorphism between the graphs X and Y. If
Cx,Cy denote coherent algebras of X and 'Y respectively, then

Qlx®1Q"=(Cy ® 1)

Proof. From the fact that Cx ® I C Ox and Cy ® I C Oy, the basis elements of Cx ® I are
either elements or unions of elements of basis elements of Ox. Hence, by Corollary 6.10.2
the result follows. O

6.11 When does Godsil-McKay switching preserve co-
herent algebras?

We have learned that when () is a quantum isomorphism between two graphs X and Y
with coherent algebras Cx and Cy, then conjugation by ) maps Cx ® I to Cy ® I. Recall
that many of the known examples of quantum isomorphic nonisomorphic graphs are related
by Godsil-McKay switching. Therefore, great candidates for quantum isomorphic graphs
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would be the ones that are related by Godsil-McKay switching and the ones with a priori
isomorphic coherent algebras. In the case of relatedness by Godsil-McKay switching we
ensure cospectrality of the graphs, and their likelihood of being non-isomorphic. At the
same time, if coherent algebras are isomorphic with a matrix S, then S® I will map Cx ® I
to Cy & 1.

In this section we explore this question. Specifically, when given two graphs with
adjacency matrices A and B, coherent algebras C4 and Cp and a switching matrix S such
that SAS = B, we would like to see when for all M, N in the coherent algebra, say, C4 the
reflection matrix S from Godsil-McKay switching satisfies:

e S(MN)S = (SMS)(SNS)

e SJS=1J

o S(MT)S = (SMS)T

e S(MoN)S=SMSoSNS.

If those conditions are satisfied, then both SC4S and SCpS are coherent algebras. We’ll
show that then SC,S = Cg. Indeed, on one hand SC4S is a coherent algebra containing

B, so
Cp C SC4S.

On the other hand, SCgS is a coherent algebra containing A, so

Ca C SCpS.
Conjugating both sides by S, we get

SCaS C Cp.
Hence,

SCaS =Cp.

Now, the first three properties of conjugation by S are satisfied for all M, N. Also, it is
sufficient to prove those four properties hold for the basis of one of, say, C4, since addition
is distributive over the Schur product.

Below we will explore when conjugation by the switching matrix S preserves coherent
algebras of the switching-related graphs. The next lemma provides a necessary condition
on preservation of Schur product.
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Lemma 6.11.1 Suppose S is the switching matrixz for Godsil-McKay partition (Cy, ..

If M, N are 01-matrices such that
S(MoN)S=S8MSoSNS,

then the following hold. Below always j € D and i,7 < k.

(a) If there is a column j and entries ij,rj with such that

Mij = 17Nij = 1, but
Mrj - 17N7"j - 07

then the 7" column of M is 1.
(b) If there is a column j and entries ij,rj such that

Mij = O,Nij = O, but
Mrj = 17Nrj = 07

then the whole 7" column of N is 0.

(c¢) If there is a column j and entries ij,rj such that

Mz’j = 1, Nij = 0, but
Mrj = OaNrj = 17

. Cy, D).

then the 7™ column of M is a difference of the all ones vector and the 7™ column of

N.
(d) If there is a column j and entries ij,rj such that

Mij = 17N’Lj = 1, and
Mrj = OaNrj =0,

then the j* column of M must be equal to the j* column of N and have m/2 ones.

The results are symmetric, if we switch M and N.
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Proof. Partition M, N according to the block-partition of S. Then we have for the ab™
block of the product:

(S(M o) N)S)ab = (SMS o) SNS)ab,
Saa(Mab o Nab)Sbb - SaaMabSbb o SaaNabSbb-

Consider ab blocks with a < k and b = k + 1. In this case, Sy, = I and from the previous
equation we obtain:

2 2 2
(_Jm - ]m) (Mab o Nab) - <_<]m - Im) Mab o <_Jm - ]m) Nab~
m m m

Now let R := M, and T := N, and consider i, j entries of both sides:

EZR TR EZR n)o EZT'—T“

m - kjL kj igtij — m - kj ij m - kj i ’

2 Z RyjTyj — Rij T3 = iQ Z Ry o ZTkj + Rij o Ty — ETZ’j ZRkj - ERU ZTkja
me me k m k m k

2
> BTy — =D Rijod T+ Ty Y Rij+ Ry y Ty = mBi T
k k k k k
1. In the first case we have if R;; = 1,T;; = 1, then the equation becomes

ZRijkj_%ZRijZTkj+ZRkj+ZTkj =m.
k k k k k

Also, when R,; = 1,T,; = 0, we have
2
Ek Rijkj —|— Ek Tkj = E Ek Rkj O Ek Tkj7

from which follows that

ZRkj =m,
k

which only can happen when the j* column of R is all one. Since our matrices are
binary, 0 < 23 Ry; < 2

— m
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. In the second case, provided R;; =0 =T;;, but R,; =1 and T;; =0 :

ZRijkj - %ZRijZTkj = 0,

k k k
ZRijkj—%ZRijZTkj+ZTkj =0,
k k k k

so » . Ty = 0.
. In the third case, provided R;; = 1,T;; =0, but R,; =0 and T,; = 1:

Rijkj — 2 Rk:j o Tkj + Tkj = O,
k m k k k

Rijkj — E Rkj o Tkj + Rkj = 0,
k m k k k

we conclude that

> R+ > Tiy =0
k k

If it happened that some 2™ entries of R and T were the same we would have been
in the second or first case. Thus, all entries of R and 7" must be different, so both
have m/2 ones in complementary positions.

. Finally, provided R;; = 1,7;; =1, but R,; =0 and 7;,,; =0 :

Rijkj — z Rkj ¢ Tkj + Rkj + Tkj =m,
k m k k k k
ZRijkj — %ZR}@] o ZTk] = 07
k k k

yielding

ZRkj+ZTkj =m.
k k

If R and T have different ;™ entries, we would be in the 1st or 2nd case, or in the
third case. Therefore, the 5 columns of R and T' are identical with m/2 ones. 0O
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Below we found the conditions to determine whether the switching matrix is an isomor-
phism of coherent algebras. The conditions are applied to the basis matrices of the coherent
algebra. Therefore, we will define Godsil-McKay partition for a binary matrix. It is the
same as definition of Godsil-McKay partition of a directed non-simple graph.

We say a matrix A can be partitioned into a Godsil-McKay partition (C1, ..., Cy, D) if
it is a square matrix and after partitioning rows and columns into (Ci, ..., Ck, D), we have
that

(a) the block A;; has constant row and column sums for 1 <1i,5 <k,

(b) Each column of A;y4qy is either all-zero, all-one or have half of the entries zero and
half of the entries one for all 7 < k.

(c) A(k+1); has rows that are either all-zero, all-one or have half of the entries zero and
half of the entries one for all 7 < k.

Theorem 6.11.2 Suppose Y is a graph with adjacency matriz B and coherent algebra
C(Y). Suppose X is a graph with adjacency matriz A and coherent algebra C(X) that has
01-basis By, ..., By. Suppose X is related to Y by Godsil-McKay switching with partition
(C1,...,Cp, D) and S is in the definition of Godsil-McKay switching with SA = BS. Then
if for each 1 < i < k we have that B; can be partitioned into Godsil-McKay partition
(C1,...,Co, D), then conjugation by S is an isomorphism of coherent algebras C(X) and
C(Y).

Proof.  Conjugation by S maps J to J, preserves multiplication and transpositions. It
remains to show that it preserves Schur multiplication. However, since every matrix in A
can be written in terms of B;, and conjugation by S is distributive over addition, it only
requires us to verify that

S(Bl o B])S = SBlS o SB]'S,
equivalently, that
0=SB;S0S5B;S.
Note, that now it is sufficient to show that SB;S is a binary matrix for each 1 < i < k.
Since then we would have i
> 8BS =8]8 =]
i=1

As binary matrices that sum to J, all SB;S would have to be pairwise Schur-orthogonal.
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Now, let 1 < a < k be arbitrary, and consider SB,S. We can view both S and B, as a
block matrix according to the vertex partition (C4, ..., Cy, D).

Now, since (C4, ..., Cy, D) is a Godsil-McKay partition for each B,, each ij-block (B,);;
with 1 < 4,5 < k has constant row an column sums. Let the row sums of B, be r; and
let ¢; denote the column sums. Also, because of this partition, each column of each block
(Ba)i(kﬂ) with 1 <4 < k is one of three types: a column of zeroes or a column of ones or a
column with % ones (and % zeroes). Therefore, depending on which part of the partition
do the rows and columns of a block come from, we may conclude what each block of SB,S
is.

Case 1: 1 <1i,5 <k.

(SBaS)ij = Baa
since B, has constant row and column sums.

Case 2: 1 <i<k.

(SBaS)i(k—i—l) = SiiBau

is binary, since Sy preserves 0,1 columns and switches zeros and ones in vectors with %
ones.

Case 3:

(SBoS) k+1)(k+1) = Ba-
Thus we have demonstrated that for an arbitrary 1 < a < k, the matrix SB,S is binary.

And since 22:1 B, = J, conjugation by S maps basis of C(X) to the basis of SCS. At the
same time, SC(X)S contains C(Y'). O

While it is well-known that two strongly regular graphs with the same parameters are
cospectral, we provide another proof of the following statement.

Corollary 6.11.3 If two strongly regqular graphs X and Y are related by Godsil-McKay
switching with matriz that satisfies SAx = Ay S, then conjugation by S is an isomorphism
of their coherent algebras.

Proof. Since A? can be written in terms of A and I, the basis of the coherent algebra of

a strongly regular graph is A, I, J — I — A. If A satisfies the conditions for Godsil-McKay
partition, so does J — I — A, and so does I. 0
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Now we prove an “almost” reverse direction of Theorem 6.11.2 for the case when the
Godsil-McKay partition only has two parts.

Theorem 6.11.4 Suppose graphs X and Y have adjacency matrices Ax and Ay. Let Cx
be a coherent algebra of X with unique Schur-orthogonal binary basis Ay, ...., As. Let Cy
be a coherent algebra of Y with unique ordered Schur-orthogonal binary basis By, ..., By.
Suppose X and Y are related by Godsil-McKay switching with partition (C, D). Let S be
the Godsil-McKay switching matriz so that

SAx = Ay S.
Suppose the following conditions hold:

(a) X and Y are connected with connected complements.

(b) The coherent algebra of at least one of X orY is homogeneous.

Then if conjugation by S is an isomorphism between C(A) and C(B), then for all
1<a,b<k,
the ab™ blocks of Als (and so B;’s too) have the same row and columns sum.

Proof.  Suppose R := A; is a basis element in the decomposition of the adjacency matrix
Ax. This means that if A,, = 0, then Ry, = 0 as well. We have for the {ab}" block, where
1<a,b<k:
[S(AX 9] R)S]ab = (SAQS)CL(, o (SRS)ab

Saa(Ax 0 R)abSbb = Saa(Ax)abSsb © SaallabShb

Saa(AX o R)absbb - (AX)ab o SaaRabSbb7
since Ay can be partitioned into a Godsil-McKay partition by hypothesis. Now let M :=
(Ax)a and N := R,,. Rewriting we get:

Qaa(M o N)be =Mo QaaNbe'

Since R is in the Schur decomposition of A, Ro A= R, and so M o N = N as well:

SaaNSbb =Mo SaaNSbb

<3Jm — Im> N (EJm — Im> =Mo (EJm — [m) N (zjm — Im)
m m m m

4 2 2 4 2 2
ZJNJ - ZJN - SNJ+N=Mo(—JNJ—=JN - =NJ+N)
m2 m m m? m m
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Now, compare ¢j entries of the left and right hand sides. When M;; = 1 we have no
conditions on M and N since the equation trivially holds. Now, when M;; = 0, then we

need
4 2 2
k k

9,p

Before we mentioned that since M;; = 0, it must be that N;; = 0 as well. Thus, for every
i,j such that M;; = 0, we obtain by rearranging terms and multiplying by %

% (Z Nq7p> => N+ Ny (%)

Since there is no vertex of degree n — 1, for every ¢, there is a column j with A;; = A;; =0,

so also
% <2Nq,p> ZZNM—FZNM. (**)
a.p k k

Since diagonal of A is 0, the above equation holds for all 1 <7 < n:

% (;};qu) = %:Nki+zk:Nik‘ (5 % %)

Subtracting () — (% * %),
ORI SR
k k

so sum of entries in the i and j™* rows is equal.

> Nej=>_ Nu,
k k

so the sum of entries in the i*® and j** columns are equal. Since X¢ is connected, there is
a path between any two vertices v and u in X¢. Say the path is

Subtracting (k) — ( * %),

{i :=wv1,j = vo},{va, 03}, ... {vp_1,v, = w.}

Then A;; = 0,4, =0,...,A,,_,, = 0. So the sum of the entries in the jth, jtheu™ columns
and rows are all equal. Thus, R has constant row and columns sums in blocks under cells

Cl, vy Ck
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Now, if R’ := A; is a basis element of C(X) that is not in the decomposition of Ax,
then R’ is in the decomposition of J — A. However, C(X) is homogeneous, and we may
assume R’ # I, so R’ is in the decomposition of J — I — A = Axe.

Now, A° can also be partition into Godsil-McKay partition (C, D) and X is connected,
so all the above arguments apply. So, for 1 < a,b < k, each {ab}"-block of R’ has constant
row and columns sums too. O

From Theorem 6.11.2 we know that if basis matrices of the coherent algebra of one of
the graphs can be partitioned according to a Godsil-McKay partition, then conjugation
by the Godsil-McKay switching matrix S will be the isomorphism of coherent algebras of
those two graphs related by switching with S as the Godsil-McKay swithcing matrix. Here
we produce an almost reverse result.

Corollary 6.11.5 Suppose X and Y are related by Godsil-McKay switching with the
Godsil-McKay partition (C, D) and Godsil-McKay switching matriz S. Suppose that con-

Jugation by S is the isomorphism of coherent algebras. Suppose further that X or'Y (or
both) satisfies:

(a) each vertex in D is adjacent to @ vertices.

(b) is connected with connected complements.

(c¢) has a homogeneous coherent algebra.

Then the basis matrices of the coherent algebra satisfying the third condition can be parti-
tioned according to a Godsil-McKay partition.

Proof.  Without loss of generality, out of the two graphs it is X that satisfies these three
conditions. Let C(X) denote the coherent algebra of X and lets its Schur-orthogonal basis
matrices be Ay, ..., A,.

The coherent algebra is homogeneous, so it contains I in the basis. First, note that
this I basis element can be partitioned into Godsil-McKay partition.

Next, by Theorem 6.11.4, blocks of other basis elements As corresponding to cell C'
have constant row and column sums.

Now, we will show that for 1 < a < k, it is is true that the (a(k + 1))% blocks of
non-multiplicative-identity basis elements As have half ones and half zeroes in columns.
We will appeal to Theorem 6.11.1.
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Because of the first condition in the hypothesis, the first two cases of Theorem 6.11.1
can never be satisfied. We can easily ensure ourselves of it. First, suppose A; is a Schur
basis element in the decomposition of Ax. Let a be arbitrary and let M := (A;),x+1) be
a block of A; and N := (Ax)q(41)- So, each column of N has equal number of zeros and
ones. A similar argument applies for any A; in the decomposition of Ax.. By Theorem
6.11.1 we are in either third or the fourth case of it, guaranteeing that for 1 < a < k, it
holds that (a(k+ 1)) blocks of other basis elements Aj}s corresponding to the cell D have
half ones and half zeroes in columns.

Analogously, for 1 < a < k, the ((k + 1)a)®* blocks of other basis elements Ajs corre-
sponding to the cell D have equal number of ones and zeroes in rows.

All of the above shows that basis matrices of coherent algebra of X can be partitioned
into Godsil-McKay partition (C, D). O
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Chapter 7

Root systems

In this chapter we present our result that orthogonality graphs of root systems B, C, D in
a vector space of dimension being a power of two have quantum symmetry. We achieve
this by generalizing the construction of quantum isomorphisms between strongly regular
graphs from [(65]. We also learn how root systems are relevant to the known twenty-four
vertex non-isomorphic quantum isomorphic graphs from [2].

7.1 Background on root systems

In this section we provide a brief introduction to root systems. More details can be found
in [36]. A subset ® of the Euclidean space E is called a root system in E if the following
axioms are satisfied:

(a) @ is finite, spans £ and does not contain 0.

(b) If @ € @, the only multiples of o in ® are .

(c) If a, B € @, then [ — 2(<f<3>> € .

(d) If a, p € @, then Qf’?

7 >€Z.

Vectors in a root system ¢ are called roots. Now, let us introduce the known root systems.
To specify the dimension of the vector space in which the vectors of the root systems lie,
we us the notion of rank of a root system.
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Suppose @ is a root system with roots {«;};. There is a notion of a dual root system
d’ to a root system @, which contains roots {c/}; defined as

o) = 2 a
‘ <Oéi,CYZ'> v

We call a root system irreducible if ® cannot be partitioned into two nonzero proper
orthogonal subsets. Turns out it is possible to classify all irreducible root systems. Below

we list them all. By E we will denote the underlying vector space for each of the root
systems.

1. For A, the underlying vector space E is the subspace of R™! in which coordinates
of vectors sum to zero. The roots are the set of integer vectors in F with Euclidean
norm /2. In other words, these are all possible vectors in R™t!' with two nonzero
coordinates from the set {1, —1}. The total number of roots is n* + n.

2. For B,, the underlying vector space £ = R". The roots are all integer vectors in E
of length 1 or V2. So A,,_1 C B,,. The total number of roots is 2n2.

3. For C,, the underlying vector space is also £ = R". The roots are all integer vectors
in £ of length v/2 together with

{2v:v € Z" |v|| =1}
So A,_; C C, as well. The total number of roots is 2n?.

4. For D,,, the underlying vector space is also £ = R"™. The roots are all integer vectors
in E of length v/2. So D,, C C,. The total number of roots is 2n(n — 1).

Below are the isolated root systems that do not form families.

1. For standard basis vectors eq, ..., eg € R®, we have

8 8
1

2. E; can be viewed as a seven-dimensional subspace of R® consisting of all permutations
of (1,—1,0,0,0,0,0,0) and all permutations of

(1/2,1/2,/1,1/2,1/2,-1/2,—-1/2,—1/2,—1/2).

Thus there are 8 x 7 + (i) = 126 vectors.
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3. Fg can be viewed a subset of FEg, characterized by fixing three coordinates to be
equal.

4. For the standard basis vectors e, ...,eq4 € R*, we have
F4 = {:I:ei}lgig U {ei + ej}lgi,jgzl U {:I:e1 + €9 + €3 + 64}.

There are eight vectors in the first subset, twenty four in the second and sixteen in
the third.

Given a root system ®, by a line in the root system, we mean a span of a root a.
So roots o and —a lie on the same line. We denote the line containing those roots as
{a, —a} € & x ®. Therefore, the number of lines in the root system is half of the number
of all vectors.

7.2 Schmidt’s example

In this section we introduce background on how root systems appeared in the study of
quantum isomorphisms.

In 2022 in [65], Schmidt proved that the orthogonality graph of the lines in the FEg
root system is quantum isomorphic to a strongly regular graph on 120 vertices, but not
isomorphic to it.

Earlier, in 2016, in [2], Atserias et al found a pair of non-isomorphic quantum isomor-
phic graphs on twenty four vertices. The quantum isomorphism game strategy relied on
Mermin-Peres magic square game strategy. Based on this quantum isomorphism game,
in the earlier section, we constructed a quantum isomorphism matrix. After studying the
Schmidt’s root systems example, we decided to check if these twenty-four vertex graphs
are isomorphic to an orthogonality graph of lines of some root system with twenty four
lines. We discovered that one of the two graphs is an orthogonality graph of lines in the F}
root system. Moreover, the construction of the quantum isomorphism matrix that Schmidt
used in [05] applies also in this case, and results in the same matrix as we have constructed
originally. These observations have inspired us to think whether we could consider orthog-
onality graphs of lines in other root systems. This lead to a generalization of Schmidt’s
method.

In this section we investigate if other root systems give us any promising information
about quantum isomorphisms or automorphisms. We will see that nonorthogonality graphs
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of Dys, Cos and Bys root systems have quantum automorphisms for any s > 2. Systems
Css and Bss are dual to each other, and vectors in Dys are a subset of vectors in Css. So
we will start with Cos.

For an arbitrary d > 2,d € N, vectors in Cy are given by

{£2erh1<rca U{Fei £ ejhicizjca

In this section we restrict attention to d being a power of two and write d = 2°. Let GP*
denote the non-orthogonality graph of lines in Dss. For this we identify vectors z and —x
into one vertex. For convenience, we fix the labelling of the vertices as {e; & €; }1<izj<x U
{2e;}1<i<a- We call this set V.

7.3 Pauli group

In this section we include some background about the Pauli group. The Pauli operators
are commonly denoted as

0 1 0 — 1 0
(o) =0a) 600
The Pauli group is the group generated by the Pauli matrices. It is easy to see that
X? =Y? =1, and so the elements can be listed as
{£I,+il, £ X, +iX,+Y, +iY, + Z, +iZ}.

Quotioning this group by {£I,+il}, we get a quotient group with representatives

Py ={1,X,2,XZ}.

This is called a dephased Pauli group. We can also take n-fold tensor products of {I, X, Z, X Z}

to get tensor products of dephased Pauli groups, which we denote P®".

(P)*":=PRPQ...QP

n times
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7.4 A short overview of stabilizers

We define an s-qubit state to be a vector v € R* with Euclidean norm one ||v|| = 1. We
follow the convention to omit the normalization factor for the ease of perception.

For example, a basis vector ey = [1,0,...,0] € R* is denoted by |00...0) with s zeroes
in ket notation and is an s-qubit state. Now, an s-qubit GHZ state is eq + €4, where
eo, eq € R? are basis vectors. In bra-ket notation, GHZ state is of the form

0..0) + [1...1) .
ti ti

There is a well-known procedure for constructing GHZ states using repeated applications
of the following two gates:

1 /1 1 1
H:E(l _1> and C’NOT:E

o O O =
S O = O
_— o O O
_ - O

CNOT is a two-qubit gate, and one can see that CNOT applies X-gate conditioned on the
fact that the first qubit is 1. An illustration of how to construct a CNOT gate is given
below. One of two qubits that CNOT acts on, the being-conditioned-on-qubit, is depicted
as a black dot.

oAy
|0) \\ r
|0)
[0) ” Wr

¢
[0)
%

Figure 7.1: Construction of a GHZ state [3]

n —=

—

Gottesman and Knill [31] showed that for certain types of quantum circuits known as
stabilizer circuits, efficient simulation on classical computers is possible. Stabilizer circuits
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are exclusively composed of stabilizer gates, which include Hadamard and CNOT gates,
followed by measurements in the computational basis. Such circuits are applied to a
computational basis state |0...0) and produce output states called stabilizer states. (This
paragraph is from [24].)

An equivalent definition is as follows. A stabilizer state is a state of an s-qubit system
that is a simultaneous eigenvector of a commutative subgroup of P?. Clearly, GHZ state is
an example of a stabilizer state.

Another well-known and important fact about stabilizer states is that the size of the
stabilizer of an s-qubit stabilizer state is 2°. Using this fact we prove the lemma below.
But first, let us consider an example.

For illustration, suppose we have the state |[00000) + [11111), and we need to construct
the state |00000) + [10000) from the GHZ state by applying CNOTs and Hadamards. We
identify which qubit is to remain unchanged and CNOT to the remaining ones. In our
case, we apply CNOT to the 2nd, 3rd, etc qubits, conditioned on the first qubit (since
this system is to remain unchanged). We straightforwardly formalize this procedure in the
lemma.

Lemma 7.4.1 Let ey :e; € R?* be two s-qubit states. The size of their stabilizers is 2°.

Proof. 'We are going to demonstrate how to construct s-qubit states e; +¢e; from a s-qubit
GHYZ state. This will prove that the sizes of stabilizers of e; & ¢; is also 2°. To obtain any
of e; £ e;, we just choose the qubit which is to remain unchanged in the GHZ state and
whose reduced system is |0) + |1). Then we apply CNOT conditioned on this qubit to all
the qubits, that are to be changed, as illustrated in the example above. ]

7.5 Action of the dephased Pauli group on the ver-
tices of an orthogonality graph

We are going to understand the orbits of lines of a root system under the action of the
dephased Pauli group. Some parts of this proof will benefit from the theory of stabilizer
states, which we include here.

Lemma 7.5.1 The group P*® of s-tensors of Paulis {M; ® - - - ® M} a,e(x,v,z1}, acts on
the set of vectors in Vos and partitions Vas into 2° orbits of size 2°.
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Proof. As in Schmidt’s [65], each generalized Pauli is a signed permutation matrix flipping
even number of signs. Applying to vectors of the form {e;}, we will get either e;, or —e;
which still span a line in the root system. Similarly, applying it to {+e; £ e;} we will get
vectors of the form +{+e, + ¢,}, spanning lines in the root system. So, P®*(Vas) C Vas.

Now we will show that one of the orbits under the action of P®¢ is the standard basis
orbit consisting of {eq, ..., e9s }. It is very easy to see by writing each e; in ket-notation. The
ket-notation for e; will contain some zeroes and ones. Therefore, we are able to get any
e; from e; by applying the appropriate tensor product of X’s and I's to e;. At the same
time, permuting entries of e.s and changing sign in some of them, never results in a vector
of the form +e; £ ¢;, so one of the orbits of the L-action is the standard basis orbit.

Now, we will categorize orbits that contain lines represented by vectors of the form
e; +e; and e; — e;. First, observe that e; + ¢; and e; — e¢; are in the same orbit. For
convenience, rewrite these vectors in bra-ket notation and apply generalized Pauli with
only one Z in the location where the binary representation of e; and e; do not agree. Such
location exists, since ¢ # j. In this way, we obtain either e; — e; or —e; + ¢;, both on the
same line.

Next, we will show that e; + ¢; and e; + e, are in different orbits if j # k. Suppose not,
and there is a P € P®*, such that

P€i+P€j:P(€i+€j):ei+€k-

From earlier in the proof, any even-signed permutation maps a standard basis vector to
a standard basis vector. Thus, Pe; = e,, Pe; = e, such that e, + e, = e; + e;. The only
mutually exclusive options are

o Pe; =¢; and Pe;j = ey,

o Pe; = ¢, and Pej; = e;.

For the first case, to fix e;, Paulis can only contain Z-matrices acting on the 0’s in
the binary representation of e;. Such Paulis, however, are not able to change e; into e,
where besides change of sign, change in binary notation is required. The flip in the binary
representation can only be achieved with Paulis containing X’s. Any such Pauli will not
fix e;.

The second case is not less trivial. Suppose Pe; = e;. However, if we also require that
Pej = e;, by self-inverse property of dephased Paulis and multiplying by P on both sides,
we see that e; = Pe;. So, P maps e; to e; and e, implying that j = k.
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S0, the second case also can’t happen. Therefore, we have confirmed that e; + e; and
e; + ey are in different orbits if j # k..

We observed that if e; — ¢; is in the orbit under the action of P®%, then e; +e¢; is also in
the same orbit. Additionally, e; —e; is in the orbit together with e; —e;, via the application
of X gate on the appropriate qubit. Thus, for j # k, to prove that e; + e; and e; + ¢4
are in different orbits, it is enough to show that e; £ es,...,e1 & eos will all be in 2° — 1
different orbits. From above, e; 4+ ¢; and e; + e; are in different orbits for j # k. Thus,
e1+ ea,...,e1 + 295 are in 2° — 1 different orbits.

Moreover, by Lemma 7.4.1, e; & eg, ..., 1 + ¢4 are stabilizer states and the size of the
stabilizer of each of e; + ey states is 2°. Now, the size of orbit of each of those is, by the
orbit-stabilizer theorem, the size of the acting group divided by the size of the stabilizer:

45
— =2
25

Thus, together with the standard basis orbit, we have identified 2° orbits, each of size
28, ]

Denote the orbits by Vi, ..., Vas, and let us choose a set {w, ..., wss } of representatives
from each orbit. Let V5s be the orbit containing standard basis vectors. Now we are ready
to define a quantum permutation which we will later show to be a quantum symmetry of
the orthogonality graphs of line in Cls.

Definition 7.5.2 We define the matriz g, ca) to be a d? x d?® matriz of d x d complex
projections. It is block-diagonal with blocks ™™, ..., u'® each block having rows and columns
indexed by vertices in the orbit V;. For a,b € V;, let My .y be a Pauli mapping a to b. It
exists, since a and b are in one orbit. Then the ab-entry (located in the diagonal block
corresponding to the i'" orbit) is

(9 _ x0T
Uy = Maspwiw; My, .

First, let us ensure the matrix above is a quantum permutation, as we shall do in the
following lemma.

Lemma 7.5.3 The matriz u € Mgp(My(C)) defined above is a quantum permutation.
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Proof. We need to show that for each 1 <1 < d, the row and columns sums are identity:

Sl = Yl — I

bev; a€V;

Since each u((fb) is a rank-one projection onto M, ,,w;, it suffices to show that for each b # ¥’

in V;, each (M, pyw;, My pyw;) = 0. The same holds for a,a’ € V;. We have proved earlier
that each orbit contains d vertices, so d linearly independent projections would form a
basis.

* *
<Ma»—>bwi> Ma»—)b’wi> = w; My, o, Moy w;
*
= w; My o Moy w;

*
= w;, Mbe/wi.

As long as My, .yw; # w;, we are done, since we know elements in each orbit are pairwise
orthogonal. Suppose towards a contradiction that My yw; = w;. Let M, yw; = U,
equivalently, My, ,,,b" = w;. Then

/ /
w; = Myyw; = My oy My, = Mo,

We get that
Mwaib = Mb’—)wib/'

Since Pauli matrices are invertible, it follows that b = ¥/, a contradiction. A similar proof
applies to show that columns sum to I;. Hence, u is a quantum permutation. O

Before we will use this quantum permutation for constructing a quantum automorphism
of the orthogonality graphs of lines in the said root system, let us first explore the properties
of these graphs.

7.6 Structural properties of the orthogonality graph

From now on, for a vector u, we denote by Stab(u), the stabilizer of u under the action of

Pes,
Lemma 7.6.1 If u and v are in the same orbit under P®*, then
Stab(u) = Stab(v).
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Proof. Same as Schmidt’s [65]. Suppose T" € Stab(u). Since u,v are in the same orbit,
there is a Pauli P, such that Pu = v. At the same time, because P? = P, u = Pv. Any
two Paulis commute or anti-commute, so Tv = TPTu = +£Pu = 4v. However, v and
—v denote the same vertex, as they span the same line. Hence, T" € Stab(v). Reverse
containment is analogous. O

Recall that Vj is the orbit under P®¢ on the lines in Ey that contains standard basis
vectors in R?".

Lemma 7.6.2 Forany 1 <i# j <d—1 and any two orbits Vi, V; of Vg under the action
of P®%, we have that each u in the it" orbit is non-orthogonal to four lines in the 7' orbit.

Proof. Let e;+e; be an arbitrary vertex with nonnegative entries in the i"" orbit. Vertices
of the j'" orbit are all of the form e, & e;. Note that e; + e; is orthogonal to e, £ e, if and
only if ¢ ¢ {a,b} and j ¢ {a,b}. In the previous proof we concluded that there are two
vertices e; e, containing e; in each orbit. Similarly, there are only two vertices e; & e,
containing e; in each orbit. Thus, in total, there are four vertices nonorthogonal to e; + ¢;
in the j* orbit. Similar argument applies for e; — ;. ]

Lemma 7.6.3 For any 1 <1 # j < d, we have that if ey + e; and ey + ¢; are in different
orbits under P®*, they are +1-eigenvectors for 22 Paulis. In other words,

| Stab(ey + e;) N Stab(e; + e;)] = 2°72.

Proof. For convenience, write vectors in bra-ket notation with s digits: zeroes and ones.
Note that simultaneous stabilizers of e; + ¢; and e; — e; will be Paulis which are tensor
products only of Z’s and I’s. This is because if a Pauli P contains X gates and fixes any
state of the form e; + e;, it must switch e; and e;, so Pe; = e;, Pe; = e1. Clearly, P will
not switch e; and e; and thus will not have the latter as a +1-eigenvector.

Also observe that such a Pauli P has e; + ¢; as an eigenvector if and only if Pe; = e;,
since Pe; = e1. So, in fact we need to calculate

| Stab(e; + e;) N Stab(e; + e;)| = | Stab(e;) N Stab(e;)|
We can represent each tensor product Py of Z’s and I’s with a binary vector py of length
s, with ones in positions of Z’s in P;. Note that Pye; = ¢; if and only if (pg,e;) = 0(mod
2).
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Since e;, e; are linearly independent vectors, they span 2° dimensional subspace of Z3.
Therefore, they are orthogonal to the subspace generated by the remaining basis vectors
generating Zj. There are s — 2 such vectors, and so the subspace contains 2572 vectors
orthogonal both to e; and e; at the same time. Translating those binary vectors into
Z, I-containing Paulis, we obtain the result. O

Corollary 7.6.4 For any 1 <1 # j <d, we have that if e; +e; and e, + e, are in different
orbits under P®*, they are +1-eigenvectors for 25=2 Paulis. In other words,

| Stab(ey + e;) N Stab(e; + e;)] = 2572

Proof. Suppose e; + e; is in the obit with e; + e; and e, + €, is in the obit with e; + e..
Note that by Lemma 7.6.1, Stab(e; +e;) = Stab(e; +e;) and Stab(e, +e,) = Stab(e; +e.),
from the previous lemma, the result follows. ]

Lemma 7.6.5 For k,s € V; and I,t € V;, if d(k,l) = d(s,t) = 1, then there exists
M € P®* such that M (k) = s and M(l) = t.

Proof. Since k, s are in one orbit, there is P such that Pv, = v, and Pv; = vy, If ' = ¢,

we are done. Otherwise, if we find a Pauli P’ such that P's = s and P't’ = t, we would
also be done with M = P'P.

First, suppose that 1 <i,j < d — 1. From Corollary 7.6.4, we have that
| Stab(s) N Stab(t')| = 252

Let Stab(s) N Stab(t') be {C4, ..., Cys—2} Now suppose 1;,T; € Stab(s). Clearly, Tj_lTi is
also in Stab(s). If T;t' = T;t, it means that either T; = T} or T; 'T; € Stab(#') N Stab(s),
say, T; = T;C.

Moreover, since s and ¢’ are in different orbits,

| Stab(s)] 2

[Stab(s) A Stab(?)] ~ 22~

Therefore, elements of Stab(s) map ' to four other neighbours of s in the orbit of #'. Since
in total s has four neighbours, at least one of the Paulis in the stabilizer of s maps t' to t
by pigeonhole principle.
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Now, suppose that one of the orbits is V; with standard basis vectors. Without loss of
generality, ¢ = d, while 1 <7 <d — 1.

Case 1:
]{3261', l:€i+€j,
s=e;, t=e¢+e;.
There is a Pauli M such that Me; = e;. Moreover, multiplying by A on both sides,
e; = Mej, so M(e; + ej) = e; + e, and we are done.
Case 2:
k::e,-, l:ei—l—ej,
s = ¢y, t:ei—ej.
There is a Pauli M such that Me; = e;. Multiplying by M on both sides, e; = Me;, so
M(e;+e;) = e;+ej, and we are done. Now, apply Pauli M’ with a Z in a coordinate that is

one in e; and zero in e; (such coordinate exists since e; # €;), to get M'M(e;+¢;) = e; — e,
or M'M(e; + €j) = —e; + e;. Moreover, M'M (e;) = *e; still.

Case 3:
k’:ei, l:ei+ej,
s=e¢;, t=e —e¢j.
Apply Pauli M’ with a Z in a coordinate that is one in e; and zero in e; (such coordinate

exists since e; # €;), to get M'M(e; +e;) = e; —e; or M'M(e; +e¢;) = —e; + e;. Moreover,
M'M (e;) = =+e; still.

Case 4:
k=e;, l=¢e *te,,
s=e;, t=ejxe;.

This case can’t happen, since e; appears only twice in the orbit V; as e; & e, for some a.
Therefore, a = j, and we are in cases 1, 2.

Case 5: For a # b :

k:ei, l:ei:l:ea,

S = €y, t:ejieb.
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For the same reason as above, i # j. There exists a Pauli M such that Me; = e;. There
also exists a Pauli N such that N(e; £e,) = (£e; £ €;,). As we have learned before, Paulis
will map vertices labelled by standard basis vectors to vertices labelled by standard basis
vectors. Therefore, there are two possibilities.

e Ne; = fej and Ne, = *e,

e Ne;, = e, and Ne, = *e;.

In the first case, we are done. There is a unique Pauli mapping e; to e;, up to stabilizer of
ej, so we can redefine M := N.

In the second case, let M’ be a Pauli such that M'e, = +e,, so M'e, = +e;, also. M’
exists, since as separate vertices, ey, e, are in the same orbit.

NM'Ne; = M'e; = £+ M'Ne, = = NM'e, = £Ne, = +e;.
Additionally,
NM'N(e; £ e,) = te; £ NM'Ne, = te; £ M'e, = te; £ ¢y,

Therefore, upon possibly multiplying M’ by a Pauli containing I's and Z we get a matrix
mapping Fe; to =e; and e; & ¢, to e; £ ey.

We have considered all possible cases, so the result follows. O

Lemma 7.6.6 Fork,s € V; and l,t € V;, such that if d(k,l) = d(s,t) =1, then

ujiugy) = (wi, wy).

Proof.  Note that M,,.; is unique up to a stabilizer of w; and M,,_,; is unique up to a
stabilizer of w;. However, by Lemma 7.6.5, we can choose My, ,; = My =: M for our

calculation.
uél) U = Muwy aw; M Mwjw; M* = Mw;w;wjw; M* =0

if and only if (w;w;) = 0.
Note, that it is well-defined, for if d(k,l) = d(s,t') = 1, then

My = My yp =: MT
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for some Tw; = w;, since My, ,; is unique up to a stabilizer of w; and clearly, Ms # t'.
However, this does not affect the orthogonality relation of the previous case, since T*1T" = I:
u,(cz)ugj) = MTwjw; T*M*MTw;jw;T*M* = MTww;w;w;T"M" = 0.

Therefore, orthogonality relations in the quantum permutation do not change depending

on which of all possible Paulis mapping s to t, M, ,;, and Paulis mapping k to [, M;.,;, we
choose. ]

Fix a vector W of representatives from orbits of action of P®* on lines in Cys. Define
a graph G(w, Cy), as a nonorthogonality graph of the lines in Cy but with edges between
orbits, whose representative w}s are orthogonal, deleted. We will show these graphs have
quantum symmetry.

Theorem 7.6.7 There is a quantum automorphism of G(w, Cys) with non-commuting en-
tries for every w and s € N.

Proof. Throughout the proof, denote the graph G(w, Css) by G for short.

Let u be the quantum permutation from earlier. By construction, it has non-commutative
entries. It is sufficient to show that u is a quantum automorphism for G(w, Css), which
amounts to showing that whenever k ~g [ and s »¢ v, and vice versa, it holds that
upsty, = 0. If k, s are in different orbits, uis = 0 and if [, v are in different orbits, u;, = 0
from the block-diagonal structure of u. So, suppose k,s € V; and [,t € V; for some
1<, 5 <25,

From Lemma 7.6.6, we exactly get that if (k,[) # 0, equivalently, k ~¢ [, and (s,t) # 0,
equivalently, s ~¢ t, then
sty = (wy, wy) # 0.

Indeed, if (w;, w;) = 0, then there are no edges between orbits V; and V; by construction
of G(w,Cys), and so the case k ~¢ [, and s ~g t can’t happen.

Moreover, from that lemma we know that wug,u; # 0 for all the neighbours of s in orbit
Vj, i.e. all four ¢y, ..., ¢4 that are nonorthogonal to s. So

UpsUp, 7 0, UpsUiry 7 0, UpsUpry 7 0, Upstiyy, 7 0.

Remember that wu,s is a rank-one projection associated to the vector My, . w;. And this
vector itself is an element of the V;th orbit. Thus ug, is also nonorthogonal to only four wy,,
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which have been displayed above, and whose column indices are all possible neighbours of
s in that orbit. Thus, if there is a v € V; such that (s,v) =0, so s =¢ v, then

ujlujl) =0

?

since v ¢ {t1,...,t4}. So, the first part of the requirement for u to be a quantum isomor-
phism is satisfied: if the first coordinates are adjacent (nonorthogonal in our case), second
coordinates are not adjacent (orthogonal in our case), the product of such entries is 0.

Now suppose we would like to check that also when the first coordinates are not adja-
cent, and second ones are, then the product of such entries is 0.

For this, let s =g ¢/, so (s,t') = 0 and k' ~g l', so (K',I') # 0. We have that uy, =
Mypywaw; MY . At the same time, Ma = b if and only if Mb = a, since by convenient
nature of Paulis, M? = I. So My = M,,. Therefore,

(@ _ @)
uab - uba :

So,

USL/UEJJ/; - U](;/)S/ul(/ng - 0,

since we are back to the first case with the first coordinates adjacent, and the second ones
not.

Finally, observe, that the entries of u are non-commutative. Choose ab arbitrary Pauli
P € P®*.

Pwiw;‘Pzij;P = ijw;fP2wiwa

WW;WHW; = WjW;W;w;

Therefore, entries Pw;w; P and Pw;w;P commute if an only if w;w; and w;w} commute.
However, for example, any representative w; € V; from the orbit containing standard basis

vectors will not commute with any representative w; from any other orbit. ]

We can go further, and show that purely non-orthogonality graph of the lines in the
Cas-root system has quantum automorphism. The quantum automorphism matrix is going
to be the same as before. However, with G*““, we deleted all possible edges between orbits
whose representative w;s were orthogonal.

Note, that orthogonality graph of the lines in the Cys-root system is a complement of
the nonorthogonality graph of the lines in Css-root system, so it will also have a quantum
automorphism.
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What we are going to do next is that we will define two graphs, X (w, Cy) and U(w, Cy)
and show that the previously defined matrix v is a quantum isomorphism between them.
Then we will prove that X (w,Cy) and U(w,Cy) are also isomorphic. This implies that
each of them has quantum symmetry.

Let X (w, Cys) denote the non-orthogonality graph of the lines in a root system Cos.

Let u = (uj)1<; j<a2 be the block-diagonal quantum permutation described earlier, with
d diagonal blocks corresponding to orbits Vi, ..., Vy in that order. Now, let w be the same
as in X (w, Cy). From orbits V1, ..., Vj select d pairwise non-orthogonal vectors. We can do
this, since each e; is present as part of some summand e; + e, in each orbit. We could just
select vectors with e; component nonzero then. Denote this matrix a = [ay, ..., ag_1, a4] with
columns being the selected representatives. Let U(w, Cy) be a non-orthogonality graph of

V(Z/{) = {{ual,I}IG\/l u..u {uadq,r}rGqu’ {uad,d}dEVd}‘

In other words, if a = [e; + eg,...,e1 + €4, €1] is the matrix whose columns are selected
d pairwise non-orthogonal vectors, and each of the columns in the matrix labels the first
column of the next block of quantum permutation u, we are just selecting all d? entries
from the first column of each block.

We will show that there is a quantum isomorphism between X (w,Cy) and U(w, Cy).
But first, we will show that X (w,Cy) is also isomorphic to U(w, Cy). Therefore, if P is
a classical isomorphism, from X (w,Cy) to U(w,Cy), and U is a quantum isomorphism
between them, then (P ® I;)U is a quantum automorphism of X (w, Cy).

Lemma 7.6.8 X (w,Cy) and U(w,Cy) are isomorphic.

Proof. Vertices of U (w, Cy) are just rank one projections associated to vertices of X (w, Cy),
just in different order. Hence, those two non-orthogonality graphs are isomorphic.

Note, however, another view of construction of U(w, Cy) from X (w,Cy).

Suppose k,s € V; and [,t € V; such that (w;,w;) # 0,(k,l) # 0 and (s,t) # 0. By
Lemma 7.6.6, ugsuy # 0 for all neighbours of s in Vj, called {¢;}, that are in V; and not
orthogonal to s. There are four t.s when 4,7 # d, and two in case when i is a standard
basis orbit).

Then uy is also not orthogonal, in other words, adjacent, to u, , ..., U, (or2) I U(w, Cy).

Now, suppose k,s € V; and [,t € V; such that (w;, w;) =0, (k,l) # 0 and (s, ;) # 0 for
each 1 < ¢ < 4. From the same Lemma 7.6.6, it follows that ugsu;, = 0 for each of four
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(two) neighbours t; € {t1,...,t4(0or2)} of s in V;. Moreover, since entries in each block of
w are just projections onto vertices in that orbit, so ugs will be orthogonal to this many
other distinct projections in the j% block, depending on whether or not i = d,

|of neighbours in V; of each s € Vi| — [{uy, : (t;,s) =0} = (2° —4) — 4 when i # d
|of neighbours in V; of each s € V;| — [{uy, : (ti;s) =0} = (2°—2) — 2 when i = d
more uy,,’s. Note that (s, v) = 0 for each k. Finally, there will be four (two) u;,,’s such

that ugsuy,, # 0 for each 4, ..., x4(or 2). They will be the neighbours of wuys in U(w, Cy).

Observe, that this is well-defined, i.e, not dependent on choice of k,[ as long as k € V,
l € V; and (k,l) # 0. Ill-definiteness could occur if there were s, z; such that wgsu,, # 0.
In that case ugs should be adjacent in U(w,Cy) to w,. And if there were k,I’ such that
UprsUp g, = 0, 80 ups should not be adjacent in U(w, Cy) to wuy,. Note, however, that since
both k is nonorthogonal to [ and &’ is nonorthogonal to [’, there is a Pauli M such that

ME=FK Ml =1.
Thus, ugs = Pag, o0 = P,y w0, = Py, ;- Similarly, UltmiPMMquiwi- Hence,

<Uks,U1t> = <MMk/sti, MMZ/»—)xiwi> = <Uk/s,um>-

Clearly, the U constructed is isomorphic to a nonorthogonality graph of the projections
in the quantum permutation. O

Later we will show that X (w,Cy) and U(w,Cy) are also isomorphic. The theorem
below, thus, is ket in proving that X (w, Cy) has quantum symmetry.

Theorem 7.6.9 The quantum permutation u defined above is a quantum isomorphism

between X (w, Cy) and U(w, Cy).

Proof.  From the previous Lemma 7.6.8, there is an isomorphism P between X (w,Cy)
and U(w, Cy) mapping orbits to orbits, such that for each orbit k, where a is the part of

the coclique array in U
Ugqyb; P(bz)

such that
(Uqyb;Uaya,) = 0 if and only if (P(b;)P(d,)) =0

In other words, the isomorphism P just extracts the column index of each g,
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Case 1:

Now, suppose with some a € V;,b € V; and (a,b) # 0 we also have ke, ul? a € Vi
and l,ugl) € V; such that (w;,w;) = 0,(k,l) # 0, so k,l € E(X(w,Cy)), but us, uca ¢
EU(w,Cy)). We aim to demonstrate that

u](j:?ufabul(;jzcd = 0
Using the fact that as long as the adjacency requirement is satisfied, the choice of repre-
sentatives k and [ from orbits V; and V; does not play a role,
( @ @) ) =

uk JUgh l Med

(@)
(uy P (b) “l P d)>
(

i)
= (u, P (b) cP (d)

= (PP(b), PP(d))
=0
if and only if (Pb, Pd) = 0.

At the same time, ugp, ueqg ¢ E(U(w,Cy)) if and only if (ugp, ueg) = 0 if and only if
(P(b), P(d)) = 0. Hence,

Case 2:

Now, suppose with some a € V;,b € V; and (a,b) # 0 we also have k,usb) eV
and l,ugl) € V; such that (w;,w;) = 0,(k,l) =0, so k,l ¢ E(X(w,Cy)), but us,uq €
EU(w,Cy)). We aim to demonstrate that

) .0 _o.

ukyuab Lited

We have that w,, ueq are not orthogonal. Using symmetry and indifference to the choice
of nonorthogonal a € V; and c € V} :

W u?) )= W
(W) uf)
— (PP(k), PP(]))
=0



If and only if (k,l) = 0, which it is from the hypothesis.

Case 3 Now, suppose with some a € V;,b € V; and (a,b) # 0 we also have k ugb eV

and [ ucd € Vj such that (w;, w;) # 0, (k,l) =0, so {k,l} € E(X(w,Cy)), but {uw, uca} ¢
EU (w, Ca)). We aim to demonstrate that

If not, then by construction of U, we would make an edge {ua, ucq}, & contradiction.
Case 4:

Now suppose with some a € V;,b € V; and (a,b) # 0 we also have k,ugb) eV

and [ ud € V; such that (w;,w;) # 0,(k,l) =0, so k,l ¢ E(X(w,Cy)), but ug,ucq €
EU(w,Cy)). We aim to demonstrate that

Using symmetry and indifference to choice of nonorthogonal vertices a € V; and c € V; :

(U ) = <u o)
(u
(PP( ) P(1))
=0
if and only if (k,l) = 0, which it is. O

Corollary 7.6.10 The orthogonality graph of Cy has quantum symmetry for d = 2°.

7.7 Other root systems

The natural question arises if there are other root systems with interesting relations to
quantum (iso)automorphisms. Here are some notes about other root systems. The A,
root system contains all integer vectors in R4"! whose coordinates sum to 0 and whose
norm is v/2. In other words, these are the vectors +e; F ej. Note that even if d +1 is a
power of two, the Pauli group will not act on such a set of vectors. This is because given
e; — e;, there will be a tensor product of Z’s and I’s which will map e; —e; — ¢; + ¢;,
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with the latter vector being not in Ay. If we restrict to only the action of Paulis containing
identities and X's, the orbits will not be of length d any more, so the block-diagonal matrix
of projections u»4¢ will not be a quantum permutation anymore. Therefore, none of the
arguments above apply.

The Dy root system contains all integer vectors in R? whose coordinates norm is v/2.
In other words, these are the vectors +e; &+ e;. Note that when d is a power of two, all
arguments from lemmas in the previous sections apply for orbits of Paulis acting on Cy,
excluding the standard basis vector. Therefore, we will have an analogous result.

Theorem 7.7.1 The orthogonality graph of Dy has quantum symmetry for d = 2°.

B, root system contains all integer vectors in R? of norm /2 or 1. System By is dual
to Cy. Which means that each roots of B, are an image of

applied to each root a of Cy. Clearly, the roots in By are different from roots in C; only up
to a factor. Adjacency in the graphs X*%¢ and X (w, Cy) depends only on the orthogonality
relations between vectors . So, X4 and X (w, Cy) are isomorphic, and we can arrange
vertices of X*B¢ in such order that the adjacency matrices of X5 and X (w, Cy) will be
the same.

Theorem 7.7.2 The graph X*B¢ has quantum symmetry for d = 2°.

Now, let us discuss root systems which only exist for a fixed dimension. The orthogo-
nality graph of lines in Eg was covered in [05] and a non-isomorphic quantum isomorphic
twin was found. The orthogonality graph of F appeared in [1(], even though there it was
constructed in a completely different way. Only after [05] was made public, we checked and
realised that Schmidt’s SRGs are a natural generalisation of the non-isomorphic quantum
isomorphic graphs found in [10], since the latter graphs are orthogonality graphs of a root
system.

The Fg, E; oot systems have roots in RS R” respectively. Tensor products of Paulis
do not act on vectors in such dimension. However, it is possible to view both Fg, F; as
subsets of Eg. Even then, with help of Sage, we observed that there will be orbits under
three-tensor-Paulis of length less than eight. Therefore, if we were to construct u as before,
it will not be a quantum permutation.
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The orthogonality graph of the lines of (G5 is a bit too simple to be interesting. It is
just 3 disjoint edges. Additionally, no tensor of Paulis would acts on vectors in G, since
the vectors in G are in R3.

So we have found three infinite families of graphs with quantum symmetry coming from
root systems Baya, Cya, Doa.
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Chapter 8

Fractional isomorphisms and
quantum isomorphisms

In this chapter we relate notions of quantum isomorphisms and fractional isomorphisms.
In [2] Atserias et al prove that there are graphs that are fractionally isomorphic, but
not quantum isomorphic. Chris Godsil observed that with partial tracing each quantum
isomorphism gives a fractional isomorphism between two graphs. We restrict our attention
to automorphisms and ask if there are graphs that have fractional automorphisms but do
not have quantum symmetry. This leads to interesting relations with compact graphs.

A doubly stochastic matrix is a square matrix with non-negative entries such that each
row and each column sums to one. There is a well established classical notion of fractional
isomorphism between two graphs, which can be summarized as follows. We say that the
graphs X and Y with adjacency matrices A(X) and A(Y") are fractionally isomorphic if
there exists a doubly stochastic matrix D such that DA(X) = A(Y)D. The notion of
quantum isomorphism is similar to fractional isomorphism in a sense that the entries of a
quantum permutation that commutes with A(X) and A(Y") are matrices with nonnegative
eigenvalues (that are also projections) and sum to identity in each row and column.

Chris Godsil noticed that it is possible to construct a fractional isomorphism from the
quantum isomorphism. The next two lemmas illustrate how to do this.

In this section we will use the notion of density matrix. A density matrix is a positive-
semidefinite matrix of trace one. For example, any rank-one projection is a density matrix.

For any two matrices @ € M, (My(C)) and M € My(C), we define F' := ((Q, M)) to
be the matrix with entries

Fij = {(Quj, M).
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Theorem 8.0.1 (Godsil) Let P be a quantum isomorphism between the graphs X and
Y with adjacency matrices A(X) and A(Y) respectively. Let M € C¥? be a positive
semidefinite matriz with tr M = 1. Then D = ((M, P,;)):; is a fractional isomorphism.

Proof. Let D;; = (M, P;;). Since the inner product of two positive semidefinite matrices
is non-negative, D;; > 0 for all ¢, =1, ...,n.

> Dy =Y (M Py)= (MY Py)=(MI)=trM.
J J j
Similarly, >, D;; = trM. Now, we need to check that DA(X) = A(Y)D. We are given

that
PAX)® 1) = (AY) ® 1) P.

The above holds if and only if the 7j-entries of both sides are equal. For convenience, let
the entries of A(X) be x;; and the entries of A(Y') be y;;. In particular,

> wPu=> Py
¢ ¢
We will now ensure that the 95 entries of DA(X) and A(Y)D are also equal. From above,
(M, " agiPu) = (M, yiPy)
¢ ¢
Zx€]<Ma -PZZ> = Zyz€<M7 P€J>
¢ ¢
Z ﬂ%'Diz = Z ?MDZJ'
¢ ¢

(DA(X))ij = (A(Y)D)y;-

Therefore, DA(X) = A(Y)D and D is indeed a fractional isomorphism. O

Let us call the above operation reducing a quantum isomorphism to a fractional iso-
morphism via measurement. If we start with a quantum isomorphism P and use inner
product with a positive semidefinite matrix M of trace one to construct the fractional
isomorphism, we denote the resulting fractional isomorphism by ((M, P)). Note that his
procedure respects two composition operations on the quantum automorphisms, as the
following two lemmas illustrate.
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Lemma 8.0.2 (Godsil) Let P,Q be quantum isomorphisms and M = 0 with trM = 1,

then
MBM

(M= PEQ) = S (M, P)) + (M, Q)

Proof. This follows from the fact that tr(M B M);;(PEBQ);; = tr(M;;P;;) + tr(M;;Q;;). O

Note: in the above lemma, since ((M, P)), (M, PQ)) are fractional isomorphisms,

<<M?M ,PHQ)) is a fractional isomorphism too.

Lemma 8.0.3 (Godsil) Let P,Q be quantum isomorphisms between graphs X and Y.
Suppose M, N are positive semidefinite matrices of trace one such that (M, P) and (N, Q)
make sense. Then ((M & N, P Q)) is a fractional isomorphism and

(M@ N, PxQ)) = (M, P)((N,Q)).

Proof. The first part of the statement follows by Lemma 8.0.1 since M ® N is a positive
semi-definite matrix of trace one and P x () is a quantum isomorphism.

To prove the equality:

(M @N,P*Q)))ij = (M N, (P*Q)ij))i

= <M®N72Pik®c2kj>
k
= ZtT(MPik ® NQx;j)
K

= ST (M, Pi) (N, Qi)
— (M, PN, Q)Y),;-

8.1 Fractional isomorphisms arising from quantum per-
mutations

Before we were aware of the result in [2] that there are graphs that are not quantum
isomorphic and are fractionally isomorphic, we were approaching the same question from

125



another angle. Since we already learned that every quantum isomorphism gives rise to a
fractional isomorphism, we were curious whether every fractional isomorphism comes from
some quantum isomorphism through the partial tracing procedure. We learned the answer
is no, which is an agreement with [2].

Lemma 8.1.1 Let F' = (a;;);; be a fractional isomorphism between graphs X andY and
Q = (Qij)ij be a quantum isomorphism between them. Let there be a subset of indices
I C{l,...,n} x{1,..n} such that 3 o, Qi = I, but 32, ;) Fij # 1, then there is no
density M such that ((M,Q)) =

Proof.
We want an M such that:

(a) (M, Qi) = a;; for all i, 7,
(b) (M, 1) =1,
(¢) M = 0.

Let I C{1,....,n} x {1,..n} be a set of indices such that

> Q=1

(3,9)el

Y Fy#l

(4,9)el
If there were a density M, such that ((M,Q)) = F, then it wold hold that

1 _'< A4’ }E: C?u j{: A4’ng 2{: }Q])

(i,5)€l (i,5)€l (i,9)el

but

a contradiction. 0

As an example, consider a quantum permutation

P I-P 0 0 0 0
I-P P 0 0 0 0
o | 0 0 Q I-Q 0 0
0 0 I-Q Q 0 0
0 0 0 0 I-Q Q

| 0 0 0 0 Q I-Q.]




Just like any n X n quantum permutation, it commutes with the adjacency matrix of
complete graph K,,. Now let F' be any 6 x 6 doubly stochastic matrix with zero diagonal.
Just like any doubly stochastic matrix, it will also commute with the adjacency matrix
of complete graph K. However, since there is a set of indices, in particular {(3,3),(5,5)}
such that W33 + Wss = I, but F33 + Fys; = 0, there is no density matrix M such that
(M, W)) = F.

Note that this lemma does not imply that there is no other quantum automorphism
W’ of Kg such that for some density matrix M, it holds that ((W’, M)) = F.

8.2 Quantum automorphisms of compact graphs

From Birkhoft’s theorem [10] we know that every doubly stochastic matrix can be written
as a convex combination of permutation matrices. A graph is compact if its every fractional
automorphism can be written as a convex combination of its automorphisms. Compact
graphs were studied first by Tinhofer [08], from where we know that, for example, trees
are compact. Wang and Li studied cubic compact graphs:

Theorem 8.2.1 [70, Theorem 2.7] Let G be a connected 3-reqular graph. If G is compact,
then G is one of Cay(Zam,{1,—1,m}), Cay(Zm, x Z,{(1,0),(0,1),(—=1,0)}) or Ky.

Automorphism groups of regular compact graphs were shown to be generously transitive
by Godsil in [26]. In this section we explore quantum automorphism groups of compact
graphs.

The next theorem is similar to above, but we drop the condition of X being com-
pact at the expense of () being an arbitrary quantum permutation, rather than quantum
automorphism of X. The proof is quite similar to the one above.

Theorem 8.2.2 Let F' be a fractional automorphism of a graph X such that F' is a convex
combination of at most n permutation matrices. Then there is a quantum permutation )
and a density matriz M such that ((M,Q)) = F.

Proof. For the rest of this proof let F' denote fractional automorphism, reserve the
letter P for projections and let R be used for permutation matrices. We can decompose a
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fractional automorphism F' € M,,«,(R) of X into permutations R; € M, (R) by Birkhoff
decomposition, since F'is a doubly-stochastic matrix:

F=Y AR, (8.2.1)
=1

where m < n. Some of those permutations may be also automorphisms. Denote them by
{R;}iez. Let the remaining permutations that are not automorphisms have indices j € J.
So |Z| + |J| = m and we can rewrite above as

F=> MR +> \R;.

€T JjeT

Provided that F' is a convex combination of at most n permutations, i.e. |I|+|J| < n, we
can find a matrix M and construct a quantum permutation ) such that ((M,Q)) = F' as
follows.

Since F'is a convex combination of at most n permutations, there are at most n non-
zero coefficients \;. Always we are able to choose m < n non-zero orthogonal symmetric
projections {P;};c; that sum to identity. For example, we can take a basis {;}icn) and
partition {1,...,n} into m subsets £; such that all £; are pairwise disjoint, U, L; = [n].
For i € L£; be defined as

P = Z Jfﬂij )
(2

so P;’s are nonzero whose ranks sum to n. This means that ZZL:1 P, =1 and P,’s are all
diagonal in the chosen basis. Let \;’s become the non-zero eigenvalues of M up to a factor
with corresponding spectral idempotents P :

m /\k
M = E P.
‘e rk(Py) "

Note that M is positive-semidefinite since all A\;’s are non-negative. Moreover, M is in-
vertible, since by choice all A\; > 0, so it is positive definite. Now define

Q=Y (RieP)=Y (R®P)+ > (R &F).

i€l jeTJ

The remaining part of the proof is dedicated to showing that () is indeed the desired
quantum automorphism. For this purpose, it suffices to verify these points:
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(a) (M, Q) =F,

(b) Zﬁ@aﬂ—]—z Qap;

(¢) Q%5 = Qup forall 1 <o, <mn,
)

(d) Qs = Qap forall 1 <o, 8 <n.

For the point (i), we are going to rely on the definition of @ to verify that ((M,Q)) =

L

(M, Q) = (M, p_(R:i@ F)))

=F
The second to last equation follows from the fact that the P; are orthogonal and are spectral
idempotents of M.

To prove the point (ii), we rely on the fact that every o row of permutations R; has
only one non-zero entry equal to one and by the choice of our projections we get:

ZQaﬁ—ZZ Jas @ P) =Y P =

i
The same reasoning applies if we are summing over « instead, since every B column of
R; also has only one non-zero entry entry one. Moving onto the point (iii):

m

aﬁ_zz zaﬁ Rk ,8®Ppk> Z(Ri)a,@@Pi:Qa,B‘

=1

The second to last equation follows from the fact that P;P, = 0 whenever i # k. Finally,
we are going to show (iv) by making use of the choice of our projections to be symmetric
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Qhy = Z((R»aﬁ ®P) = Z((RM ® P) = Qug.

Therefore, indeed () is a quantum permutation that is also a quantum automorphism of
X such that ((Q, M)) = F, as desired. 0

Corollary 8.2.3 Let F' be a fractional automorphism of a compact graph X such that
F is a convexr combination of at most n automorphisms of X. Then there is a quantum
automorphism Q of X and a density matriz M such that ((M,Q)) = F.

Proof.  Very similar proof applies. Clearly, the matrix ) constructed in the proof is
quantum permutation regardless of decomposition of F'.

The difference from the previous lemma is that in the Equation 8.2.1 we can let R; be
automorphisms of X. As a result the matrix () constructed in the proof, will also commute

We proceed remembering that R; is an automorphism of X, so R;A = AR, foralli € 7.

QAR => (R@P)ARI)

%

=Y (RA®P)
= Z(ARZ' ® Pz)
= (;1 @ 1)Q.

Note that it is not necessarily the case for a compact graph that a fractional automorphism
is a combination of at most n automorphisms. In case a compact graph has more than n
automorphisms, convex hull of those will contain a fractional automorphism that can’t be
written as a convex combination of at most n fractional automorphisms.

Note also that the constructed quantum permutation in the proofs of the two previous
results has commuting entries.
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In the above two lemmas we showed that any fractional automorphism F' = Y \R;
which can be written as a convex combination of at most n permutations arises from a
quantum permutation of the form @ = Y R; ® P, and a density matrix M = > NP,
via the ((M,Q)) operation; where P; are linearly independent commuting projections.
We could try to relax the requirement of projections and orthogonality with a hope to
generalize above construction. We could try to suppose that every fractional automorphism
F =>" A\ R; arises from a quantum permutation of the form = >  R; ® C; and a density
matrix M =) xEF) C; with some ng) that would depend on the fractional automorphism
F. However, the next result shows that if we were to use () and M of such form, the linear
independence requirement is necessary to be able to obtain all fractional automorphisms.

Therefore, the next lemma brings us to the question whether every graph has a quantum
automorphism written as QQ = >, .; R; ® C;, where all C; are linearly independent and
R; are affinely independent for every 1 < |Z| < n? —n + 2. If the answer were yes, then
we would have proved that every fractional automorphism is obtainable from a quantum
automorphism and some density matrix, since every fractional automorphism is a convex
combination of at most n? — n + 2 permutation matrices. Since now from [2], the asnwer
is no.

Lemma 8.2.4 Let Q) be a quantum automorphism of a graph X written as
i€

where R; are affinely independent permutation matrices and C; are linearly dependent ma-
trices that sum to identity. If we only consider density matrices of the form

M = Z fﬂiCZ‘,
ieT
we can find a fractional automorphism F = Zjel AiR; such that there will be no density

matriz M of the above form with the property such that ((M,Q)) =

Proof. Suppose it holds that ((M, Q)) = F, then we need

ZAiRz’ZF:“MaQ»:Z(R@ (M, C3)) ZRZ% Cj, Ci)).-

€T 1€T 1€T JET

Since R; are affinely independent permutations, and F' is a doubly stochastic matrix in the
convex hull of permutations, there is a unique way to write I’ as a convex combination of
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affinely independent permutations. Therefore, ((M,Q)) = F' if and only if the following
system has a solution :

Z(l'j<0j, Cl>) = )\z for all 3.

JjeET

This can be compactly rewritten as

(C1,Cy)  (C,Cy) ... <01’CII\>
| (G (Gl o (CaCa) |
<C|I|.7 Ch) <C|I|.7 Ca) .. (Ciry ,. Ciz))

Denote by C' the Gram matrix on the left. It is positive semi-definite and invertible if and
only if the matrices C1, ..., Cjz| are linearly independent. If they are not, then there will be
vectors A not in the range of C7, and so not all the F will be from such M and Q. O

Theorem 8.2.5 Let X be any graph. For every fractional automorphism F of X there is
a quantum permutation Q) and a density matriz M such that ((M,Q)) = F.

Proof. As a doubly stochastic matrix, F' is a convex combination of permutation matrices
Ril
F=> \R.

If |Z| < n, then we are done by Theorem 8.2.2. Therefore, assume |Z| > n, and partition
the index set into index sets of size at most n:

IT=7,UZL,U..U7Z

such that |Z;| = ... = |Zy_1| = n and |Zj| < n. In other words,
F=> NRi+> MNRi+..+> AR
i€y i€ls iEIk

Define the summands to be

Fy:=> XNRiforall j=1,..k

iEIj
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so that
F=F+..4+F,. (8.2.2)

Now, using the construction from Theorem 8.2.2, for ¢+ = 1, ...,k we can define quantum
permutations (); along with the corresponding matrices M; such that

(Qi, My)) = F;.

Note that F; are not fractional automorphisms, since ) . ez, i 7 1. However, Theorem 8.2.2
still applies as the proof was independent of the fact that fractional automorphism was a
convex combination of permutations: only the fact that it was a non-negative combination
of permutation matrices was used, so we can utilise the same construction for all M; and
Q;. For the same reason, the M; are positive semidefinite but not of trace one. However,

M is still a density matrix as its eigenvalues are the eigenvalues of each of the blocks and
> icr Ai = 1. Now, let

@Zﬂ@im @i;ﬂ(@i)u D
Q _ EE!’-EIQ- _ @i:l(@i)Ql @izl(Qi)22 T @izl(Qi>2n
@L@»nl @;@anz | )

By Lemma 2.2.2, () is a quantum automorphism, since each @); is. Additionally, define

M, 0 0 0
k 0O My 0 --- 0

=M=, .
Z:1 : : " PEEEY 0
0O 0 0 - M,

133



Below we ensure that () and M indeed give us the fractional automorphism F"

<<M7 Q>>aﬂ = <Ma Qa,3> (823)
= (M, @(Qi)a/ﬁ) (8.2.4)

= tr <M @(Q»aﬁ) (8.2.5)

= tr(Mi(Q)a) (8.2.6)
z;l

=D (Fi)ag (8.2.7)

- ;ﬁ- (8.2.8)

Above, equation 8.2.6 follows from the fact that both M and Q),s are block diagonal, and
the equality 8.2.7 is by choice of Q; and M; such that ((M;, Q;)) = F;. Finally, 8.2.8 is the
consequence of the equation 8.2.2. Hence,

(Q, M)) = F.

Theorem 8.2.6 (Godsil) If Q) is a quantum automorphism of X with commuting entries
and M 1s a density matrix, then there exist \; > 0 and automorphisms R; such that

<<Q7M>> = Zz AiR; with ZZ A= 1

Proof.  Recall that since ) has commuting entries, by Lemma 2.2.1, ) can be written
as a direct sum of classical automorphisms ) = 8} ; R, . Recall that for any matrix B,
sum(B) = ) 5 Bag. Let us define the entry-wise sum for the matrix of matrices:

s M, (C™) — M,(C)
(Mz>23 —> (SumMij)ij.
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As usual, o denotes entry-wise multiplication, so we can write:

QuoM QupoM -+ QoM
(Q, M)) =s : 5 :
inOM Qn2OM anOM
= S(MllRl H MQQRQ H..H Mnan)

= Xn: M;;R;
i=1

As trM = 1, and diagonal entries of positive-semidefinite matrix are non-negative, letting
A\; = M;; achieves the result. O

Corollary 8.2.7 (Godsil) If for every fractional automorphism of X there exists a quan-
tum automorphism @Q and a density matriz M such that ((Q, M)) = F, then at least one
of the following is true:

(a) X is compact,

(b) X has quantum symmetry .

Proof.  We will show that if X satisfies the hypothesis and does not have quantum
symmetry, then it is compact.

Since X does not have quantum symmetry, all of its quantum automorphisms have
commuting entries. By hypothesis, every fractional automorphism F' equals ((Q, M)) for
some quantum automorphism @ of X (with commuting entries) and some density M.
Thus, by Theorem 8.2.6, F' is a convex combination of automorphisms of X, and so X is
compact. O

As an example, Chris Godsil suggested Petersen graph. By [01], Petersen graph has no
quantum symmetry and by [72], it is not compact. Therefore, we may conclude that some
of its fractional automorphisms does not arise from a quantum automorphism.

8.3 Applications

In this section we prove that paths do not have quantum symmetry, as an application of
compactness and fractional automorphism results.
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Lemma 8.3.1 [07, Theorem B] Let u be the magic unitary containing generators of the
quantum automorphism group of X. For any i, k,j,l € V(X), if we have d(i, k) # d(j,1),
then ujuy = 0.

Theorem 8.3.2 Paths do not have quantum symmetry.

Proof.  Let vertices of P be labelled by Z, in order. It is a well-known fact that paths
have only one nontrivial automorphism, which reverses the order of the vertices. Paths are
trees, therefore, they are compact [68]. So, every fractional automorphism is the following
convex combination:

1 0 0 0 0 1
0 1 0 10

Al A FA=X) .
0 0 1 1 0

Therefore, when n is even, the path P, has an odd number of vertices, and every fractional
automorphism will be of the form

A 0 .00 0 (1—=A)
0 A 00 (1-XA) 0
0 10 0
0 (1=X2) 0 X 0
1=X 0 00 - :
((1-2) -0 0 00 0 A

with (%)™ diagonal entry 1, X’s on the remaining diagonal entries and (1 — A) on the
remaining off-diagonal entries. Thus, any quantum automorphism @ of an odd-length path
should have Qn Lol = I, and Q;; = 0 if it is not a diagonal or an off-diagonal entry of
Q. Therefore, the quantum automorphism of @) for odd @ is of the form

[ Qu 0 0 ... 0 0 I — Q1]
0 Q22 0O ... 0 I_Q22 0
0 0 I 0 0
0 I—Qypn 0 0 Qa2 0
I—Qu 0 0 0 0 Q1.
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We will show that all nonzero );; pairwise commute, which means they are simultaneously
diagonalizable. Let 7, j # 2% be arbitrary. Then

Qiin,fj =0
n+1

by Lemma 8.3.1, since i # "3=, and so i and j are at different distance than ¢ and —j.

Thus, all nonzero entries of ) pairwise commute, which is what we aimed to show.

Now, if entries of ) are not 0 or I, we would be able to decompose ) and one of the
classical automorphisms will have ones in the locations other than diagonal or off-diagonal,
a contradiction, Therefore, it must be that either Q); = 0 for all ¢ or @); _; = 0 for all <.

When n is even, the argument is analogous, except that then now we do not have a
“middle” vertex. ]
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Chapter 9

Quantum automorphism group of a
line graph

In [50] Schmidt and Nechita provide an algorithm predicts whether a graph has quantum
symmetry or no by constructing matrices with entries that are “almost” projections and
that “almost” commute with the adjacency matrix. In the paper authors include a list
comparing the predictions of the algorithm about existence of quantum symmetries in
certain graphs and the existent proofs in the literature. For two of the presented graphs the
algorithm predicts absence of quantum symmetry, while the proof of that fact is unknown.
By a line graph of a graph X we mean a graph L(X) with V(L(X)) = E(X) and two
vertices are adjacent if corresponding edges are incident to the same vertex. One of the
graphs is the line graph of a 6-cycle with chords between any pair of vertices at distance
two. That raised the question of whether knowing the quantum automorphism group of
a graph can lead to any information about the quantum automorphism group of its line
graph, and this is what this chapter is about.

9.1 G*, a different notion of quantum automorphism
group

In the beginning of the quantum automorphisms research, Bichon [9] has defined another
variant of quantum automorphism group of a graph X, called G*(X). While originally
defined in the language of C* algebras, since we use only with finite-dimensional quan-
tum permutations in this thesis, we restrict this definition to finite-dimensional quantum

138



permutations as well.

For a graph X, we define G*(X) to be a set of all quantum permutations @ satisfying
the following conditions:

(a) QAx = AxQ
(b) QiQj = QuQir for all i ~x j and k ~x (.

This is the finite-dimensional version of the definition from [9], but this is not the standard
definition of quantum automorphism group. Schmidt in [61] showed that G* of Petersen
graph is the same as its quantum automorphism group and then showed that Petersen
graph has no quantum symmetry. In [62], Schmidt also showed that G*(X) is the same
as quantum automorphism group of any graph of girth at least five. Examples of more
relations between the two groups can be found in [63, Section 2.5] and [03, page 24] .

When we say quantum permutation is a quantum automorphism of a graph X, we
mean a quantum permutation that is not required to satisfy Condition 9.2.2, but satisfies
all the other conditions on the list. If we require Condition 9.2.2 (below) to hold for a
quantum permutation @, we say @ € G*(X).

9.2 Quantum automorphism of a graph and its line
graph

In this section we explore the relationship between the quantum automorphism groups of
the line graph L(X) and the original graph X.

Theorem 9.2.1 Suppose X is a graph. Every quantum automorphism of X in G*(X)
gives a quantum automorphism of L(X).

Proof. 'We work with directed graphs. Any undirected graph X can be easily transformed
into a directed one by replacing every edge {i,j} of X with two arcs (i,j) and (j,1).
Therefore, we will use both pieces of notation: {i,7} denotes the edge between i and j,
and {(7,7), (j,7)} denotes the two arcs replacing it. As mentioned in the introduction, our
undirected graphs have opposite-facing arcs per each edge.
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Suppose 1 is a quantum automorphism of X and thus satisfies:

Uij = uj; = u?j (9.2.1)

UpUjp = Uji Wik for all (’L,j) S E(X), (k‘, l) € E(X) (922)
( J

Uik Ujp = Ujilsg = 0 for all (Z,]) < E(X), (k, l) QI E(X) 2.
ukiu; = wug; = 0 for all (4, j) € E(X), (k1) ¢ E(X), (9.2.5)

where the last two conditions are equivalent to commutativity with adjacency.

We are going to construct a quantum automorphism w that satisfies all of these con-
ditions but Condition 9.2.2 for Ay, thus making w a quantum automorphism of X in our
original sense. Since the vertices of L(X) are the edges of X, the rows and columns of Af
are indexed by the edges of X. We will first define w based on the information we have
from w and then prove that we obtain a quantum automorphism of L(X) indeed.

Let
Wi gy {k1} = WikWji + Uitk

Note that since u € G%,,(X), the above expression is well defined. To explain the analogy

with the classical case, consider the case when u is the classical automorphism. We would
like wy; j3 (k3 to be one if the edge {k,} is mapped onto the edge {7, j} by u. This happens
if one of the following holds: either u(k) = i and u(¢) = j or u(k) = i and u(¢) = i. The first
case happens if and only if u;,uj; = 1. The second one happens if and only if w;u;; = 1.

The rest of the proof is dedicated to showing that w satisfies the conditions of quantum
automorphism of L(X).

Claim: wg; j3 (k) = w@,j},{k:,l} - w%@j},{k»l}‘
Proof: We have

* — * ok % * 0k
Wi gy ik ly = (“ik“jl + “ilujk) = UjyUyy, + Ujp Uy = Uik + Ujp Ui

= UikUji + Uy Ujg

The last inequality follows from the fact that {j,i},{l, k} are the edges of the underlying
undirected graph X. Therefore, (4,7),(l,k) € E(X), making u; and w;, commute by
Condition9.2.2. The same argument applies to the second summand. Additionally,

2 _ _ 2 2
W A ey = WGy (kD Wligh ikty = (Winttj)® + wiptguatge + ugugpu, + (W)
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By the fact that the w;, u;; and u;, uj, are projections and by the commutativity relation
from Condition 9.2.2; the first and last term are idempotents. By the commutativity of
w;, and w;; with the fact that (¢,7) ¢ E(X), while (k,1) € E(X), the two middle terms are
0. Therefore,

2
W iy {k1y = Wit A{kl}

Claim: Z{k‘,l}GE(X) w{i,j}{kvl} - ]
Proof:

Z Wi 3k} = Z (wiktji + watje)

{k,I}eE(X) {k,I}eE(X)
= Z Uik Ug + Z Ug Uik
{kl}GE( ) {kl}GE( )
Z uzkujl + o Z U U sk
kleV klEV(X
1
=51 2 wa Z i + Z wi Y ik
keV(X) leV(X leV(X keV(X)
1
=1

Note that the third equality follows from two facts. While we will explain only how the first
term after the third equality sign was derived, analogous reasoning helps obtain the second
term. First, since {i,j} € E(X), whenever {k,l} € E(X), uju;; = 0, so automatically
only the terms w;,uj; will be non-zero with {k,l} € E(X), as expected. Secondly, when
the summation is over all k£, € V' we count each edge twice. In other words, for a fixed &
and [, both w;,uj; and wju,, will appear in Zklev(X) u;ruj. However, from commutativity
relations on the entries on u, we know that w;zu;; = w;u,. Hence, the factor of % appeared.

Claim: wA; = Arw.

Proof: We will be proving commutativity with the adjacency matrix by showing that the
relations

® We e,Weye, =0 when {e1,e3} € E(L(X)) but {es,e4} & E(L(X))
® We e,Weye, =0 when {e1,e3} € E(L(X)) but {e2,e4} € E(L(X))
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hold. Again, it suffices to demonstrate the first relation, the second one follows from the
same logic. It is more convenient to assume without loss of generality that e; = {3, j}, e =
{l,k},es = {i,r},eq = {s,t}, where i, j, k,l,r,s,t € V(X), and {s,t} N {¢,k} = 0. First,
let us prove the assertion that when r = j, then

Wi g} (k0 Wiy sty = O-
This is a simple consequence of the fact that the sum Z{M} wyijykey = I is a projection

and each wy; jyry is a projection which can happen if and only if wy; jy(x,e are pairwise
orthogonal for different edges {k, ¢}. Therefore, we may assume that r # j. Now,

WG ey Wir) {sr = (WikWje + Wielj) (UisUpy + Uitlys)

= Uk UjpUisUrt T Uik UjeUipUps + UspUjUisUpr + UgpU Uit Ups

Let us analyse each term individually. By virtue of the fact that both (i, j) and (k,¢) are
in F(X), we have that w;xu;; = ujpu,, and so

Uik WU Uy = UjpUipUisUps = 0,

since k # s implies that u;u;s = 0. In a similar way commutativity is used in showing
that the remaining terms are 0:

Ui U Wit Ups = UjeUik Ui Ups = 0

UipUjjWisUpp = UjpUipUisUpy = 0

Uip U Uit Ups = U UipUipUps = O

Hence, w has all the desirable features of being a quantum automorphism of L(X). O
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Chapter 10

Quantum asymmetric graphs

In this section we introduce some results proving certain graphs do not have quantum
symmetries.

Proposition 10.0.1 /0.3, Proposition 2.4.14] Let u be the magic unitary with entries the
generators of the quantum automorphism of a graph X with adjacency matriz A. For a
pair {a,b} € V(X), if there is k € Z such that (A¥)ea # (AF)y, then uq = 0.

Proof. AF is in the coherent algebra of X. The coherent algebra of X is the subalgebra
of the coherent algebra of X. So, if (A*)a, # (A¥)y, we have that (a,a) and (b,b) are in
different quantum orbitals of GG. Therefore, Uy, = Ugptiap = 0. 0

Figure 10.1: Frucht’s graph, [1]

We illustrate how this proposition can be applied on the example of proving that Frucht’s
graph has no quantum symmetry. Similar technique we used to show the next result, that
none of the 18 minimal asymmetric graphs have quantum symmetry.
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Theorem 10.0.2 Frucht’s graph has no quantum symmetry.

Proof.  Frucht’s graph has 12 vertices. Suppose u is the magic unitary representing its
quantum automorphism group. Note that if A is the adjacency matrix of Frucht’s graph,
AM has all pairwise different diagonal entries, except for two entries, say ALl = Ajljl So,
by Proposition 10.0.1, P,, = I for a ¢ {i,j}. Thus only nonidentity, nonzero entries
can be Py, Pj;, Py, Pj;. However, then it must be that there is a projection R such that
P =R = Pj,P; =1 — R = Pj;. If neither R nor I — R is zero, P has commutative
entries, so there is a classical automorphism of Frucht’s graph. Since this is not the case,
it must be that R = 0. So Frucht’s graph has no nontrivial quantum automorphisms. O

In [66] Schweitzers prove that there are 18 minimal by inclusion asymmetric graphs. In
other words, every asymmetric graph contains at least one of these as an induced subgraph.
We prove that none of those have quantum symmetry.

Theorem 10.0.3 None of the 18 minimal asymmetric graphs have quantum symmetry.

Proof.  Using Sage we found that diagonal entries of the tenth power of each of the 18
adjacency matrices have distinct diagonal entries. By Proposition 10.0.1, these graphs have
no nontrivial quantum symmetries.

10.1 Structure of the graph and the properties of quan-
tum automorphism matrix

In this section we relate the two notions.

In particular, we prove a necessary condition on the graph X to make sure G, (X)
contains a quantum automorphism with noncommutative entries.

Lemma 10.1.1 Let X be a graph. If G, (X) contains a quantum automorphism P such

aut

that P;; Py # PiePyj, then there are o, 5,7v,6 € {1,...,n} such that {a, 8,v,6} # {i,j,k,(}
and Pa[;P,yg 7& P,y(gpag,

Proof.

(ZR‘j/)(ZPM) =1-I=1
Iz v
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However, if P;; Py # PreP;j, as in the hypothesis, then the following two expressions are
not equal.

Z i — P ZPM’_PM)—] Pro — Pij + Pij Py (10.1.1)
ZPM — Pu)( ZPu Pyj) = I — Py — P + PuP; (10.1.2)

We conclude that Y=, Pijs — Py and ), Pur — Pre do not commute. Therefore, there is a
j" and ¢ in V(X) such that
Py Poer # Proo Py

Note that in 10.1.1 and 10.1.2 we were summing over the i’* and k' rows of P, which
allowed us to find noncommutative projections in those two rows. If we were summing
over the " row and ¢** column instead and would be able to find another pair of non
commuting projections.

P,j» Pyg # Py Pyy.

Similarly, there exist two more pairs of non-commuting projections
PPy, # Pu,P

and
‘Pi//ijZ“ 7é szl/ ‘F)i”j'

Note that we do not claim that i £ i’ #i or j#j #j ork#k £k or 0 £ 0 #0". o

Corollary 10.1.2 If X does not have two triples of vertices {i,k,k'} and {¢,5,5"} such
that

(a) {i,k} ¢ E(X) and {i,k'} ¢ E(X) and
(b) 16,5} ¢ E(X) and {¢,7"} ¢ E(X),
then every quantum automorphism in G, (X) has commuting entries.

Proof. If P e G*

ruts then the only non-commuting entries are of the form

Py Py # PPy

where {i,k} ¢ E(X) and {j,¢} ¢ E(X). From the previous lemma, we know that there
also exists a pair
‘Pij” Pk/z 7é _Pij//Pk/Z,

Therefore, it must be that {i,k'} ¢ F(X) and {; ¢} ¢ E(X). O
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Proposition 10.1.3 The cubic Halin graphs on at least seven vertices are not compact.

Proof. First, Halin graphs are planar, so they are not of the form Cay(Za,,, {1, —1,m}).
Second, graphs Cay(Z,, X Z2,{(1,0),(0,1),(—1,0)}) look like two cycles connected by a
matching. It is a Halin graph for m = 3. It is easy to see that out of all possible spanning
trees, none can be encircled by a cycle to create Cay(Z,, x Z2,{(1,0),(0,1),(=1,0)}). ©

Here is another proof of the fact that if trees have have two cherries, they have quantum
symmetry. The original proof was in [37], our proof gives the form of the general structure
of quantum automorphism.

Proposition 10.1.4 If a tree X has two cherries, it has quantum symmetry.

Proof.  Let the adjacency matrix of X be A. Let quantum automorphism be ). By
Proposition 10.0.1, @;; = 0 if ¢ is a leaf and j is not. Thus, we can order the vertices of X
such that first the leaves label rows of A and then non-leaves. Then () is block-diagonal
with the rows of the top block labelled by leaves.

Now we let the bottom block be identity. By cherry in a tree we mean two leaves
adjacent to a vertex of degree at least two. Suppose leaves {a, b} form a cherry and {3, j}
form a cherry. Then let Quq = P,Qw = P and Q;; = P' = Qj;. Let Qup = [ — P = Qp, and
Qij =1 — P' = Q;;.- We do not need to check orthogonality within the first block, since no
leaves are adjacent to each other. We only need to check that

Qabea; =0 and Qijny =0

for appropriate nonleaves x,y .

But since a and b are leaves sharing the root, there is no x for which we require
Qap@zz = 0. Similarly, no y such that we need to ensure @Q);;@,, = 0. Hence, @) is quantum
symmetry of X.

In [37] Junk et al show that almost all trees have quantum symmetry because almost
all trees have two cherries and in [69] the quantum automorphism groups of trees are
constructed.
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