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Abstract

This thesis has two related goals: the rst involves the concept okeHB-similarity
of images. Image self-similarity is important because it forms the bhasfor many
imaging techniques such as non-local means denoising and fractahga coding.
Research so far has been focused largely on self-similarity in the pigemain.
That is, examining how well di erent regions in an image mimic each otherAlso,
most works so far concerning self-similarity have utilized only the measquared
error (MSE).

In this thesis, self-similarity is examined in terms of the pixel and walet rep-
resentations of images. In each of these domains, two ways of swng similarity
are considered: the MSE and a relatively new measurement of imagkelity called
the Structural Similarity (SSIM) Index. We show that the MSE and SSIM Index
give very di erent answers to the question of how self-similar imagesally are.

The second goal of this thesis involves non-local image processirigrst, a
generalization of the well known non-local means denoising algorithsnproposed
and examined. The groundwork for this generalization is set by thdaementioned
results on image self-similarity with respect to the MSE. This new metd is then
extended to the wavelet representation of images. Experimentedsults are given
to illustrate the applications of these new ideas.
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Chapter 1

Mathematical Preliminaries

1.1 Introduction

This chapter contains the background material necessary to uastand the meth-
ods of this thesis. This discussion is hot meant to be extensive andu#s are given
without proof. Image functions are described, some measurerngeaf image delity
are given, several spaces are de ned, and a short primer on omel &vo-dimensional
wavelet methods is provided.

1.2 Images as Functions

A digital image is essentially a matrixl whose entries are known as greyscale or
colour values. Givenairm ngridl  Z2 anm n digital image may be viewed
as a functionuonl. Leti 2 | and consider the pair (; u(i)) which is called a pixel.
The second component(i) is the image value ati. If u(i) 2 R then u is called a
greyscale image. In this case, is simply a two-dimensional matrix. In the case of
colour imagesu(i) 2 R® (one component for each of red, green and blue) aihdis
a three-dimensional matrix.

The u(i) are also restricted further to what is called agreyscale range For
example, the greyscale range could be 0255, in which casas would represent an
8-bit image (there are 2 possible values for eachi(i)). In the case of normalized
images the greyscale range is;[0.

In the rest of this thesis only greyscale images are considered bhetconcepts
introduced can certainly be extended to include other types of imag.

1.3 Comparison of Images

To compare results and measure error, it is necessary to be ablegtaantify error
in some way. There are several ways by which this will be accomplishiedhis the-
sis, and for reference they are all included here. The rst of thess thel? distance.



De nition 1.1. Letx = fxy;Xo; ;Xnygandy = fyi;y,;  ;yngbe two real sets
of data. The L? distance betweerx andy is

N

X 2'
Xk Y)
k=1

A variation on the L? distance is the root mean squared error (RMSE) which is
obtained by a rescaling of theL? distance.

De nition 1.2. The root mean squared error betweer andy is

I 1
2

1 X ,
RMSE(x;y) = N Xk Y&)
k=1
Qccasionally the RMSE will be reported as the mean squared error 8#) where
MSE = RMSE.

The last form of measurement that will be used di ers greatly fromhe L? distance
and is called the Structural Similarity (SSIM) Index. As an entire chpter is devoted
to the development and usefulness of the SSIM Index as a measueat of image
delity, only a de nition will be given here.

De nition 1.3. The SSIM value ofx relative to y is

2xy + C, 2sysy+ C; sy + C3

SV = e vev G w2+ s;+ Cy Sy + Cs’
where
1 X
X = — Xk
N k=1
1 X
Sy = 7 % X y); and
k=1
1 X
SN g e 0
k=1

The parametersC,; C, and C; are small positive constants.

1.4 Metric spaces

A metric space is a seXX with a metric d which gives a notion of distance between
two elements ofX .



De nition 1.4. A metric d on a setX is a real-valued functiond(x;y) de ned for
all x;y 2 X such that the following conditions are satis ed:

1. Positivity: d(x;y) O andd(x;x)=0 forall x;y 2 X.

2. Strict positivity: d(x;y) =0 implies x = vy.

3. Symmetry: d(x;y) = d(y; x).

4. Triangle inequality: d(x;y) d(x;z)+ d(z;y) for all x;y;z2 X.
The pair (X;d) is called a metric space.

Convergence of sequences in metric spaces is very important in fbemulation of
the proper setting for wavelet theory. This concept is now de nedigorously.

De nition 1.5.  An in nite sequence f x,g in a metric space K;d) is said to be
a Cauchy sequence if given> 0, there is anN > 0 so thatd(x,;Xy) < for all
nm>N .

De nition 1.6.  An in nite sequence fx,g in a metric space K;d) converges to
x 2 X if forany > O, there is anN > 0 such thatd(x,;x) < foralln>N .

De nition 1.7. A metric space ;d) is said to be complete if every Cauchy
sequence converges to an elementxn

1.5 Normed linear spaces

A norm k k on a vector spaceX gives a notion of size for each element &f.

De nition 1.8. Let X be a real or complex vector space. A real-valued function
k k dened on X is a norm onX if

1. Positivity: kxk O forallx 2 X.

2. Strict positivity: kxk = 0 if and only if x = 0.

3. Triangle inequality: kx + yk k xk+ kyk for all x;y 2 X.

4. Homogeneity:k x k = j jkxk for any scalar and allx 2 X.

The quantity kxk is the length ofx and the pair (X; k k) is called a normed linear
space.

A norm k k on a vector spaceX induces a metric byd(x;y) = kx yk for all
X;y 2 X . This is easily veri ed by checking the four conditions in the de nition
a metric.



De nition 1.9. Let (X; k k) be a normed linear space and led be the metric
induced by the normk k. If the metric space K;d) is complete, then ¥; k k) is
called a complete normed linear space, also known as a Banach space.

A pertinent example of a complete normed linear space in the contest this thesis

is (RN;k k,) where |

X 2
kxkz = jXj?
k=1

is the Euclidean orL? norm. The L2 distance is generated by thé.? norm.

1.6 Inner product spaces

Inner product spaces are important in the formulation of waveletiteory. They are
also intimately related to normed linear spaces and metric spaces.

De nition 1.10. Let X be a complex vector space. An inner produdt; i on X
satiseshx;yi2 C for all x;y 2 X and

hx+vy;,zi = hx;zi + hy;z forall x;y;z2 X:
hx;yi = hyiforallx;y2 X; 2C:
h;yi = hy;xi forall x;y 2 X: The bar denotes complex conjugation.
hx; xi 0 andhx;xi =0 if and only if x =0:

The pair (X; h; i) is called an inner product space.

Given %nmr product space X; h; i), the inner product induces a norm by
kxk = = Ix;xi. As mentioned, the norm induces a metric. TBerefore, an inner
product h; i on a vector spaceX induces a metric byd(x;y) = hx y;x vyi.
The next de nition then follows naturally.

De nition 1.11. Let (X; h; i) be an inner product space and letl be the metric
induced by h; i. If the metric space ¥;d) is complete then ; h; i) is called a
complete inner product space, also known as a Hilbert space.

An important part of the construction of a Hilbert space ; h; i) is the ability to
construct a basis forX . This forms the groundwork for Generalized Fourier Series
of which the traditional sine and cosine basis seen in Fourier analysisaispecial
case. To this end, a de nition and a theorem are now given.

De nition 1.12.  An orthonormal sequencd e,g in a Hilbert spaceH is maximal
(complete) if hx; e,i = 0 for all n implies that x = 0.

Theorem 1.1 (Generalized Fourier Series)Let fe,g be an orthonormal sequence
in a Hilbert spaceHPwhich has a countable dense subset.f H,g is complete then
foranyx2 H, x= I hejie,.

Proof. See Section 3.5 of [13]. O



1.7 Special spaces

Two spaces are now introduced that will be particularly useful in thelevelopment
of wavelet-based methods. These are the’ and "P spaces.

De nition 1.13. Let X RNandp2 [11). De ne the spacelLP(X) by
Z
LP(X)= f:X! Rj if ()jPdx < 1
X
R
If p =2 then the pair (L?(X);h; i), where if;gi = « F(x)g(x)dx, is a Hilbert
space.

De nition 1.14. Let X RN andletfx,gbe asequence oX. Forl p 1 |,

the space ( )
b3
P(X)= fxagj  jxajP<1
n=1
is the set of allp-summable sequences oX.
P
Once again, ifp = 2 then the pair ("3(X);h; i), where hx;yi = XnYn, IS @
n=1

Hilbert space.

1.8 Wavelets

1.8.1 Wavelets in one dimension

A common setting for image processing lies in the wavelet represdiga of an
image. To this end, a brief background on wavelets will now be providen order
to establish the notation and theory that will be used later on.

Much of the background for the current theory of wavelets wasstablished by
Haar in 1909 when he showed that one can generate a complete ontbrmal basis
for L2(R) from the following function known as the Haar wavelet:

8

< 1 0 t< 05
()= 1 05 t< 1;

"0 otherwise

In particular, by considering translations and dilations of (t) of the form
k() =2"72 2t k), jk2Z

Haar showed thatf  (t) j j;k 2 Zgis a complete orthonormal basis foc ?(R). The
work done by Haar is in fact a special case of what is now known as altinasolution
analysis (MRA) of L?(R). We give a de nition [8]:



De nition 1.15. Let fV,g»z be a sequence of closed subspaced &R). Then
fV, gis called a multiresolution analysis with scaling function 2 L 2(R) and mother
wavelet 2 L2(R) if:

[ —

. The subspaces are neste Vj.1;] 2 Z.
Density: [}V, = L%(R) (the bar denotes closure of the set).

Separation:\ ;V; = f0g.

WD

There is a sequence of orthogonal complemem$ ? V, such thatV,,; =
W, V.

5. The set of functionsf j (t) =212 (2t k) j k 2 Zg forms an orthonormal
basis forV;.

6. The set of zero-mean function§ j (t) = 22 (2t k) j k 2 Zg forms an
orthonormal basis forWw; .

When writing V.1 = W, V, it is said that V,.; is the direct sum of the
vector spacesV, and V,. That is, if z 2 V,+1 then z may be written uniquely as
z = x+ y wherex andy are the projections ofz in W,, and V,, respectively.

Of particular importance are functionsf (x) 2 L 2(R) that admit expansions of
the form _

X X1

f(X) = o o0o(X) + Coo o0o(X) + Cik jk (X);

j=1 k=0
wherely, = Hf; oo and gx = Hf; ji. If the scaling function and the mother
wavelet have compact support ornR, it follows that f (x) has compact support
as well. The coe cient hy, is called an approximation coe cient and thec; are
known as wavelet or detail coe cients. These coe cients can be aanged in the
form of an in nite binary tree as in Table 1.8.1. Note that in the last row Bj
denotes the binary tree of in nite length whose root iy .

bno
Coo
Cio Ci1
C20 Co1 C22 Co3
Bso | Bs: | B3z | Bas | Bas | Bas | Bas | Bar

Table 1.8.1: Arrangement of wavelet coe cients in an in nite binary tree



1.8.2 Wavelets in two dimensions

To work with images, a two-dimensional extension of the above thgois vital.
The rst task is to construct an orthonormal basis forL ?(R?). The obvious choice
is to take f « m j ;K;I;m 2 Zg. The problem with this choice is that the
multiresolution structure from one dimension is not preserved sindmsis functions
at di erent resolutions are mixed. There is in fact a very elegant wayo construct
an MRA for L2(R?) using an MRA for L 2(R) that preserves the useful features seen
in one dimension.

Let fV,0n2z With scaling function and mother wavelet be an MRA for
L2(R). To construct a wavelet basis forL?(R), consider the sequence of closed
subspaces$ V| gz of L?(R?) de ned by

Vio=Va Vuh=sparfF(xy) = f(x)g(y)ifig 2 Vhg;

called tensor product spaces [8]. The bar denotes the closure oé thet. Several
properties can be deduced now. First, the subspaces are nested

Vj Vj+1; j 2 Z:
Next,
[V, = L%R?:

Finally,
\jVj = ng

Since the set of functions
f(t)=272 2t k)jk 229
forms an orthonormal basis fo,, the set of functions
fwsy)=2" @x k) @y Djkl22zg

forms an orthonormal basis fol/ ;. For eachV ,, de ne W to be the orthogonal
complement ofV, in V,:1. Then

Viaa = Viir  Van

(Won Va) (Wn Vi)

(Mo Va) [Wh Vi) (Va Wh) (Wn Wy)]

= V, W, (1.8.1)

Write WY = (W, V,);Wl=(V, W,);andWd=(W, W,). Then W , consists
of three pieces and each of these piec#8 (; W '; and W ¢) have orthonormal bases
given by

fohosy)= X ik 22Zg;
f rr:ij Xy)= n(X) nj(Y)]ji;j 2Zg; and
foaosy)= ¥ nOiij2Zg

7



respectively. Thus,fV ,gn2z With scaling function = 90 2 L 2(R?) and mother
wavelet = (g0 2 L ?(R?) forms an MRA for L2(R?). Having completed construc-
tion of an MRA, consider again functionsf (x;y) 2 L ?(R?) admitting expansions
of the form
X X 1x 1
f(X;y) = oo 000(X; Y)+ qhkl jhkl XY+ G ja (Xy)+ qjkl jdkl (xy) :
j=0 k=0 1=0
(1.8.2)
In one dimension, the coe cients were arranged in the form of an imite binary
tree. In two dimensions, the coe cients are arranged in quadtree These quadtrees
may be represented by a pyramid of blocks as Fig. 1.8.1 illustrates.rsmmeJ > 0
each of the blocks,D/; DY, and D%;0 | J, contain 2 detail coe cients
Clli s Gia » and i}, respectively. The collections of blocks

[ [ [

p"=  D); D= DJ; D‘= D]

j=0 j=0 j=0
comprise the horizontal, vertical, and diagonal quadtrees of thee cient tree.

Ay 1| DY,

v d
Dj 1 D3 1

Figure 1.8.1: Pyramid of blocks of wavelet quadtree coe cients.

There exists a computationally practical way [15] to determine thexpansion
coe cients in (1.8.2) with what is known as ananalysis algorithm. Brie y, begin
with an \image" which is a matrix of coe cients denoted Ay. These can be ob-
tained from a discrete sampling of a continuous signal (this is esseiy what a
digital image is). FromAy, compute the blocksAy 1;Dfy ;Dy, ;,andD¥ ;ina
process known as decomposition. These last three blocks areetioandAy ; is de-
composed into the block#\y »; DL ,; DY, ,, andDg ,. This process is continued
iteratively until the single entry blocks Ay; D§); DY, and D¢ (the top of the pyramid
of quadtrees) are reached. The image can be constructed in meefashion with
what is known as asynthesisalgorithm.



Chapter 2

Self-similarity of images with
respect to the L2 norm

2.1 Introduction

In the context of imaging, the term \self-similar" brings to mind an image whose
pixel values or structures in di erent parts of the image mimic eachtber in some
way. However, before embarking on an investigation of image sethgarity, a
natural question to ask is \Why study image self-similarity?" In a nushell, it
warrants study because it forms an integral part of many imagingethniques. It
is particularly important in fractal image coding and non-local meanslenoising,
two techniques which will be investigated later in this thesis. The suess of these
techniques hinges upon being able to nd (possibly modi ed) subbloskof an image
whoseL ? distance is small (or subblocks that are similar with respect th?). This
is in fact just one of many possible de nitions of image self-similarity.

At a very simplistic level, image self-similarity can be interpreted in term
of translations of image subblocks. That is, given a gridl, an image function
u= fu(i)ji21g, and twom n pixel blocksR; and R; in I, the two image
subblocksu(R;) and u(R;) are similar (\close") if ku(R;) u(R;)k is small for
some normk k. When the L? norm is used, this de nition forms the basis for
the traditional non-local means denoising algorithm [7] which will be @ored in
Chapter 4.

This strictly translational de nition is often too restrictive, partic ularly in the
context of imaging. For example, when looking at a unevenly lit wall in aoom, one
could consider the di erently lit parts as being similar up to a shift in briditness
or a greyscale shift. Therefore, the above de nition for image sedimilarity could
be modi ed to say that two image subblocks are similar iku(R;) u(Rj) kis
small for some constant depending onu(R;) and u(Rj).

This relaxation can be taken one step further by allowing for a ne geyscale
transformations of image subblocks. In this case, two image subti#s are said to
be similar if ku(Ri) u (R;) k is small for some constants and depending
on u(R;) and u(R;). When combined with a decimation in pixel space, this forms



the basis for fractal image coding [3,4,14]. Informally, this is writte as u(R;)

u (D;)+ whereD; is larger thanR;. This idea will be explored in detail later.
These three de nitions will be important in forming models of image self

similarity in the pixel domain. Later, modied versions of these modelsvill be

applied in the wavelet domain.

2.2 Image self-similarity in the pixel domain

Let I be a grid and letu represent a greyscale image on In order to mathe-
matically de ne the concept of self-similarity of an image, consider #hfollowing
model that was introduced in [2]. There are several components s comprise
the model:

1. Range blocks: A seR of non-overlappingn n pixel blocksR;i;1 i Ng,
that forms a partition of |.

2. Domain blocks: A setD of m m pixel blocksD;;1 i Np such that
[iD; = 1. The D; are not necessarily disjoint.

3. A ne geometric transformations Wi(jk) :Dj 'R ;1 k 8. There are eight
possible mappings (four rotations and four inversions about the rdee) since
both blocks are square. Ifm > n, the Wi(jk) are contractive mappings and
incorporate a pixel decimation operation.

4. Ane maps :Rg! Rgyofthe form (t)= t + , whereRy denotes an

appropriate greyscale range, usually j@] or 0 255.

The goal is to examine how well a portion afi can be approximated by another
portion of u. Based on the above this can be written as
u(Ri)  uw;*(R)) = ju@)+ 4; 1 i Ng; 1 j Np; (22.1)

omitting the k superscripts for notational convenience. For each non-overfapg
range blocku(R;), the distribution of errors j; betweenu(R;) and u(D;) associ-
ated with (2.2.1) is of primary interest. These errors take the form

j =min ku(R;) u(Dj)  ky; (2.2.2)

where the (; ) pairs are chosen from an appropriate parameter space to ensur
that : Ry ! Ry Four cases involving optimization over and as well as
decimations in pixel space will be considered. The four cases are:

1. Purely translational: The domain and range block®; and R; have the same

size. Thewi(jk) are translations. Set =1and =0.

2. Translational and greyscale shift: The domain and range blockave the same
size. Thewi(jk) are translations. Set =1 and optimize over .

10



3. Ane, same-scale: The domain and range blocks have the sameesizThe
wi(jk) are translations. Optimize over and

4. A ne, two-scale: The domain blocks are larger than the range bliks. The
a ne transformations Wi(jk) incorporate a decimation in pixel space. Optimize
over and

The problem of solving for the optimal coe cients and is a simple least
squares problem which takes the following form: Given two real-valdelata sets

fug; ;Ung and fvg; ; VN @, minimize the sum of the squared errors,
X\I 2
R(; )= (W vk )= (2.2.3)
k=1

In the context of images, the data sets are the pixel intensities ofvo di erent
image subblocks. It is easy to show that the optimal parametersrfoases 2 and 3
are

1. Case 2: =u vV
2. Case 3: 255“—5 and =u V.
Here,
1 X
u = -— Ui,
N k=1
1 X
Sw = —— (u u)(vi v); and
N 1
k=1
1 X
2 2.
S N1 (ue W=
k=1

In what follows, images with normalized greyscale ranges are usedhal is,
u(i) 2 [0;1] for alli 2 1. Also, non-overlapping 8 8 range blocks are used for
computational e ciency. The distance reported between two imags subblocks of
the same size is the root mean squared error (RMSE).

221 Cases 1, 2, and 3

For these cases, the standard 8-bit 512 512 Lena and Mandrill images are used.
Results are illustrated with histograms that describe the error disibution between

distinct domain and range blocks pairs. A histogram with a peak close tzero

indicates a good degree of self-similarity, and the more closely camtcated a his-

togram is to zero, the higher the degree of self-similarity. Since ngoparameters
are optimized over as the case numbers increase, the errors witissg

Case 3 Case 2 Case 1.
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Figure 2.2.1: Case 1-3 pixel-based error distributions for normalizeégna (left)
and Mandrill (right). From top to bottom are case 1, case 2 and case 3.

Note that case 4 involves a decimation in pixel space, and therefate results are
not directly comparable to cases 1, 2 and 3. Its usefulness is morétgapplication
to fractal image coding and will be explored in the next section.

The top row of Fig. 2.2.1 corresponds to case 1 witbena's results on the
left and Mandrill's results on the right. Note that both images exhibit peaking
in their error distributions at approximately 0.15. The next two rowsshow that
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the error distributions for Lena become extremely concentrated about zero when
a ne transformations are allowed. Even in the case where only is allowed to vary
great improvements are observed. On the other hand, while thdandrill error
distributions move closer to zero in cases 2 and 3, the improvementnist nearly
as pronounced as with.ena. The conclusion from these error distributions is that
both images are fairly self-similar translationally.

With a little ingenuity, it turns out that Lena's remarkable improvement can
be explained in terms of block variances. To see this, modify case 2 Hlig by
setting =0 and optimize over . By optimizing R(0; ) over , itis not di cult
to show that the optimal value is = u(R;) (the bar denotes the mean). Thus this
modi ed case 2 is simply approximating an image subblock with its mean. plot
of the RMSE histogram is then a plot of the block standard deviationsFig. 2.2.2
gives the standard deviation histogram distributions foLena and Mandrill. These
show that the majority of Lena's subblocks have standard deviations close to zero
while Mandrill's standard deviations are much more di use. In other wordd,ena’'s
blocks are generally \ atter" than those of Mandrill.

150 T T T T T T T T T 150

"
]
S

100

No. of Blocks
No. of Blocks

@
3
@
3

bl dow . . . ali . . . .
0.05 0.1 015 0.2 0.25 03 0.35 04 0.45 05 0 0.05 0.1 0.15 0.2 0.25 03 035 04 0.45 05
Standard deviation (s) Standard deviation (s)

Figure 2.2.2: Histogram distributions of image subblock standard deMions for
Lena (left) and Mandrill (right).

The best approximation of an image subblock by a constant (obtaidédoy setting
= 0 and optimizing over in (2.2.2)) will generally produce poorer results than
when is non-zero. Symbolically,
0 5% (u(Ri):

Therefore, sincelLena's blocks are generally quite at, this should have the e ect
of pushing its case 2 error distribution closer to zero which implies thés case 3
error distribution should be closer to zero as well. On the other handhe same
conclusion cannot be drawn foMandrill since its standard deviation histogram is
so dispersed.

A simple test of this theory about block variances involves examiningoiw
well an image can be approximated by another distinct image. In pacular, we
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Figure 2.2.3: Pixel-based error distributions obtained by approximatg Lena with
Goldhill (left) and Mandrill with Barbara (right). The top row is case 1 and the
bottom row is case 3.

tested how wellLena was approximated byGoldhill and how well Mandrill was
approximated by Barbara. The pictures shown in Fig. 2.2.3 show the results for
cases 1 and 3lLena on the left, Mandrill on the right). Note the striking similarity
to the case 1 and 3 histograms seen before in Fig. 2.2.1. This showst the source
of image domain blocks is not as important as how well an image range ¢kacan
be approximated. Since a block's variance is the main contributing fee to how
well the block may be approximated, this shows that the degree oélssimilarity
of an image is a direct consequence of the variance of its subblocks.

2.2.2 Case 4

This section considers the case whene > n , i.e., where the range blocks are smaller
than the domain blocks. In particular, given an image functioru representing a
512 512 image, we examine how well all 4096 non-overlapping@image subblocks
u(R;) are approximated by all 1024 non-overlapping 1616 image subblocksi(D; ).
For the pixel decimation operation, 2 2 subblocks olu(D;) are averaged. Fig. 2.2.4
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shows the error distribution histograms foi,ena and Mandrill. These indicate that
an image subblock is generally well-approximated by a number of largarbblocks,
especially in theLena case. Also note that the case 4 histograms strongly mimic
the case 3 histograms.

No. of Blocks
No. of Blocks
=
o
T

-
T

0.5

-

L L L L L L L L L L
02 0.25 03 0.35 0.4 0.45 05 0 0.05 0.1 0.15 02 0.25 03 035 04 0.45 05
RMSE RMSE

Figure 2.2.4: Case 4 pixel-based error distributions for normalizéena (left) and
Mandrill (right).

The previous discussion of self-similarity is not limited td.ena and Mandrill.
Indeed, as the plots in Fig. 2.2.5 show, many other images also exhibgj@od degree
of self-similarity under optimization over and . Of course, this is still a small
sample of images. Extensive experimentation [2] has shown that sgthilarity is a
common feature of natural images, the degree of which variesrfrdetter to worse
than what is shown in the results presented here.

2.2.3 Application of case 4 to fractal coding

Let u be an image function. The idea behind fractal image coding is to appimate
an image subblocku(R;) with a geometrically-contracted, a ne greyscale-modi ed
copy of a larger image subblock(D;) [3]. Finding the best domain block for each
range block by de ning the pairs (;j (i)) and the optimal greyscale parameter pairs
( i; i) comprises the fractal code ofi. This then de nes a fractal operatorT by
modifying Eqn. (2.2.1). For such a pairingi¢j (i)), rewrite Eqn. (2.2.1) as

u(x) (Tu(x)= uw, () + 5 x2Ri; 1 i Ng;:

(2.2.5)

The following theorem will be useful.

Theorem 2.1 (Banach's xed point theorem). Let (X;d) be a complete metric
space and leflT : X ! X be an operator and suppose there exifls c¢ < 1 such
that d(T(x); T(y)) cd(x;y) for all x;y 2 X. Then T has a unique xed point in
X. That is, there exists a uniquex 2 X such thatT(x )= x .
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Figure 2.2.5: Case 4 pixel-based error distributions for six other rmoalized test

images.

Such aT is called contractive (with contractive factorc). Under certain condi-
tions on the mapsw;; (i), the operatorT de ned in (2.2.5) is a contractive operator
in L2(X) [11] and by Banach's theorem has a unique xed pointi . This xed
point u is an approximation to u. In application, it is desirable to makeu as

close tou as possible. How good this approximation can be depends on a variety

of things including, most signi cantly, how self-similar an image is with rgards to
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the mapping in Eqgn. (2.2.5). One result that gives an upper bound oré distance
betweenu and u is a corollary to Banach's theorem.

Corollary 2.1. Let (X;d) be a complete metric space and 18t : X ! X be a
contractive mapping onX with xed point x 2 X and contractive factorc. Then
forall x 2 X

kx x k ikx T xk:
1 c

To exploit this property, for each range blocku(R;) the domain pool is searched
for the domain blocku(D;j y) that minimizesku(Ri) Tu(Dj))kz. The image block
u(R;) is then replaced with a modi ed copy ofu(Dj ).

To give an example, the fractal operatofl associated withLena was computed.
Fig. 2.2.6 shows the resulting images after three and six iterations of starting
from a blank black image. Also included is a histogram showing the steadtate
distribution of errors for the domain and range block pairs which dae the fractal
transform for Lena. Since it is concentrated so closely around zero, this histogram
shows that most of the range blocks ofena are well approximated by domain
blocks at a larger scale.

No. of Blocks

100

50

0
(] 005 01 015

Figure 2.2.6: Left, centre: Fixed point approximation toLena after 3 and 6 iter-
ations of the fractal transform. Right: Distribution of errors fa the best domain
and range block pairings.

2 025 03
RMSE

Also of interest are histogram distributions for and . On pp. 77-78 of [1],
the and distributions for Lena and Mandrill were examined. For both of
the images, the distributions had a large symmetric peak about zero and the
distributions had their largest peaks around 0.5. As we showed earliéena and
Mandrill are quite di erent images in terms of their block variances and ?-based
error distributions. It is quite interesting then that their and statistics are so
similar.

2.3 Image self-similarity in the wavelet domain

Consider an image of size¥2 2K (K 0) and the standard tensor-product
(real) wavelet basis expansion of this image as discussed in Sec. 1.8l wavelet

17



coe cients can be arranged in a pyramid of blocks at each decomptisn level. At
level k of this decomposition, 0 k K, the coe cients can further be partitioned
into horizontal, vertical, and diagonal detail coe cients which will be denoted by
AR; Ay, and A{ respectively. Given a wavelet coe cienta; ; 2 fh;v;dg, let A

denote the unique quadtree rooted ad; .

The concept of self-similarity is extended to the wavelet domain by amining
how well quadtrees in the wavelet expansion of an image are approagi@d by
other quadtrees, both at the same and di erent scales. Some pneinary work on
this subject has already been done in [17]. These approximations wik lof the
form A A ki;ojo;o k® k. This is similar to what was done in the pixel
domain except for the omission of the constant. The reasoning behind this is
that these wavelet quadtree expansions are theoretically of in retlength and we
wish to preserve the 2-summable nature of the expansion coe cients. There are
three cases:

1. Purely translational: Wavelet quadtrees are compared at the se scale. Set
k=k%nd =1.

3. Ane, one-scale: Quadtrees at the same scale are comparedpt{nize over

4. Ane, two-scale: Let k°< k. Quadtrees at higher scales are approximated
using quadtrees at lower scales. This is equivalent to a pixel decimatio
operation. Optimize over .

The cases are numbered so that they may be considered as corpags to the
cases explored in the pixel domain. To nd the optimal , simply minimize R(; )
in Egn. (2.2.3) for the case = 0. This yields
X X
= W Vi (2.3.1)
k=1 k=1

Here, u and v are N-vectors containing wavelet detail coe cients fromA,; and
Ao respectively.

For the numerical experiments, we sek = 6 (there are three decompositions
total) and for case 4,k° = 3. For computational purposes, only quadtrees with
the same orientation are compared (so = 9. The Haar wavelet is used and the
RMSE between quadtrees is reported.

2.3.1 Cases 1l and 3

Fig. 2.3.1 contains plots of the error distributions for cases 1 and 8rfLena (left)

and Mandrill (right). Note that Lena's error distributions both have their peaks
fairly close to zero. This indicates that in the wavelet domainLena exhibits a
good degree of similarity. By allowing for optimization over , the peak of the
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error distribution is pushed quite dramatically towards zero and thénistogram is
much less di use.

In contrast to Lena's results, the error distributions forMandrill are much more
di use, similar to what was seen in the pixel domain. The peak gets phed closer
to zero when is allowed to vary but the results are not nearly as good as what is
achieved withLena
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Figure 2.3.1. Cases 1 and 3 wavelet-based error distributions fcgna (left) and
Mandrill (right). Top row: Case 1. Bottom row: Case 3.

To give an idea of what values the parameter takes on, we refer the reader to
the histogram distributions of shown in Fig 2.3.2 forLena and Mandrill. Note
how similar the two histograms are and that they both have a large symetrical
peak about zero.

In the pixel domain, the degree of self-similarity of an image was fodirto
be a direct consequence of how approximable its subblocks were. oAtdserved
was that the lower the variance of a subblock, the easier it was to pyqximate.
A natural question at this point is whether a similar result holds for tle wavelet
representation of an image. To this end, lett and v be two N -vectors and let be
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Figure 2.3.2: Histogram distributions of in case 3 forLena (left) and Mandrill
(right).

given by (2.3.1). A simple calculation shows that

u

ku vk uz; (2.3.2)
k=1

which is the square root of the energy ai. If u and v are two wavelet coe cient
quadtrees, what this says is that the lower the energy af, the lower the error in
approximating u will be. That is, u is more approximable.

This analysis suggests examining the histogram distributions of thgare roots
of the energies of the quadtrees to explain Lena's great improvemhen case 3.
Fig. 2.3.3 contains these histograms for the quadtrees in the waveaiepresentations
of Lena and Mandrill. These show thatLena's quadtrees generally have energy
close to zero butMandrill's energies are much more dispersed. By the above, this
has the e ect of pushingLena's case 3 distributions closer to zero.

Lena Mandrill
T T 160 T T

40
120

100

No. of Trees
No. of Trees

0.25 0.15 0.2 0.25 0.35 0.4 0.45 0.5

Energy” 5 Energy” 5

Figure 2.3.3: Histogram distributions ofIO energy for wavelet quadtrees irena
(left) and Mandrill (right).
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Figure 2.3.4: Cases 1 and 3 wavelet-based error distributions obtaghby approxi-
mating Lena with Goldhill (left) and Mandrill with Barbara (right). The top row
is case 1 and the bottom row is case 3.

Mimicking the work done in the pixel domain, we attempted to approxirate
quadtrees inLena and Mandrill with quadtrees fromGoldhill and Mandrill respec-
tively. Fig. 2.3.4 shows the case 1 and 3 results of these experimeotsLena (left)
and Mandrill (right). Like in the pixel domain, there is a remarkable resemblance
to the case 1 and 3 results seen in Fig. 2.3.1.

This shows that the source of the quadtrees in an approximation isohas
important as how well a quadtree can be approximated. Therefqréhe analysis
done in the pixel domain has a direct analogue in the wavelet domain:lfsemilarity
of an image in the wavelet domain is a direct result of how well the quades in
the image's wavelet representation can be approximated. As we leashown, the
lower a quadtree's energy, the easier it is to approximate the quade.

At this time it should be noted that these results do not contradict vinat was
found in the pixel domain. In fact, they could almost be expected. His is because
the lower the variance of an image, the lower the energy of its wavebpadtrees
should be.

21



2.3.2 Case 4

Ignoring the new scale, the case 4 results are almost identical tosea3 for both
of the images. Referring to Fig. 2.3.5,.ena still has a huge peak right near zero
while Mandrill is still fairly di use. More importantly, the plots show that higher-
scale wavelet quadtrees can be well approximated by scaled lowess (coarser)
guadtrees. This result is signi cant in that it forms the basis for thefractal wavelet
transform, an extension of the well-known pixel-based fractal ansform to the
wavelet domain [9,12,16].
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Figure 2.3.5: Case 4 wavelet-based error distributions faena (left) and Mandrill
(right).

Finally, these results on self-similarity in the wavelet domain are not liméd to
Lena and Mandrill. Case 1 and 4 error distribution histograms were computed for
the six other test images used in the pixel-based cases. For theecdshistograms,
see Fig. 2.3.6. The case 1 histograms were similar to the case 4 histogr although
more di use and are omitted. Note that all of the images have their gaks quite
close to zero indicating a high degree of self-similarity in the wavelet main.

Also of signi cance is the degree to which (ignoring the scale) thesea dis-
tributions mimic those of the pixel-based case (see Fig. 2.2.5 to comga If any
contrast can be drawn between the two sets of images, it is that ihe¢ wavelet case,
the error distributions seem to be concentrated more closely aldatero. The fact
that these error distributions are concentrated so close to zetends support to a
wavelet-based version of the non-local means denoising algorithfhis idea will
be explored in a later chapter.

2.4 Summary

In this chapter, a pixel-based model for a ne self-similarity of image was intro-
duced and extended to the wavelet representation of images. lagishown that im-
ages tend to exhibit a high degree of self-similarity with respect to &1L 2 distance in
both the pixel and wavelet domains. In the pixel domain, this amoued to showing
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Figure 2.3.6: Case 4 wavelet-based error distributions for six otheormalized test
images.

that image subblocks are generally well-approximated by other (moeld) image
subblocks (both at the same scale and larger). In the latter conte demonstrating
self-similarity involved showing that quadtrees in the wavelet represtation of an
image are generally well-approximated by other (modi ed) quadtres both at the
same and di erent scales. Demonstrating that self-similarity carre over to the
wavelet representation of images is an original result and it suppsrthe extension
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of the non-local means denoising algorithm to the wavelet domain ftre purpose
of denoising wavelet quadtrees.

It was also found that self-similarity of an image is a consequence ainwell its
blocks (in the pixel domain) or quadtrees (in the wavelet domain) cabhe approx-
imated. We showed that the lower the variance of an image subblodke easier
it was to approximate. For a quadtree, the lower its energy, the egr it was to
approximate. This analysis in the wavelet domain is a new result.
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Chapter 3

Image Self-Similarity and the
Structural Similarity Index

3.1 Introduction

The root mean squared error (RMSE) has been and continues to bee of the
most dominantly used signal quality metrics. Indeed, the last chapt focused
exclusively on the RMSE and using it to measure image similarity. Howayelespite
its widespread usage, the RMSE fails to act as a measure of imageliye making

it highly inappropriate to use in the context of imaging. To see this, awsider the set
of pictures taken from [19] in Fig. 3.1.1. They are modi ed versions @in original
\Einstein" image (top left) created by various distortions: a contast stretch, mean
luminance shift, distortion, JPEG compression, and blurring. Along w#h these
images are their MSE and SSIM values (relative to the original). The 88 values
will be explained shortly. Perceptually, many of the images are veryi drent from

each other and the original image but yield quite similar MSE values. Orhé
other hand, some of the images hardly seem modi ed at all from theiginal image
yet they exhibit very large MSE values. Clearly another form of measement
more suited to imaging is needed. This chapter takes a step awayrfréthe MSE to
consider another measure of image similarity called the Structurair&ilarity Index.

3.2 The Structural Similarity Index
3.2.1 The standard SSIM Index

Introduced in [18], the Structural Similarity Index (hereafter knavn as the SSIM
Index) is an e ort to avoid potential drawbacks exhibited by more taditional forms
of image similarity measurement such as the MSE. As its name impliesetli$SIM
Index focuses on structural features of images such as blurgse noisiness, and
blockiness. The motivation for formulating the SSIM Index in this wayis that the
human visual system is highly adapted to picking out structural infamation from
images. From the standpoint of wanting an image similarity measure tmimic the
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(b) MSE=306, SSIM=0.928  (c) MSE=309, SSIM=0.987

(e) MSE=309, SSIM=0.580  (f) MSE=308, SSIM=0.641

(g) MSE=871, SSIM=0.404  (h) MSE=873, SSIM=0.399 (i) MSE=590, SSIM=0.549

Figure 3.1.1: Comparison of MSE and SSIM values for an \Einstein" imagand
modi ed versions of it. (a) Original image. (b) Mean contrast streth. (c) Lu-
minance shift. (d) Impulsive noise contamination. (e) JPEG comprs®on. (f)
Blurring. (g) Spatial shift to the right. (h) Spatial shift to the left . (i) Counter-
clockwise rotation.
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human visual system, incorporating this idea into it is a very naturabne.

Another important aspect of an image quality measure is that it shdd in-
corporate Weber's law of perception. This states that visual seftigity to a
change 1 in a greyscale intensity valuel is well-approximated by |_| for
O<lg<Il<I ;< 1. The implication of this result is that it suggests working
with ratios of intensities, means, etc., when creating an image qualitpeasure.

Given two positive N -dimensional signalsx and y, the SSIM Index looks at
their di erences between luminance (brightness), contrasts, dnstructures. For
luminance, average values of a signal are used. For contrast, sigwariances are
examined. Similarity of local patch structures is used to comparersctures. An
overall similarity measurement is created by combining the measurents of these
three quantities in some way, for example, by multiplying them toge#r. This is, of
course, just one way of arriving at a similarity measurement. It reains to be seen
whether more accurate results could be obtained by combining theeasurements
in a di erent way. With the above in mind, the SSIM function is de ned as

2xy + C; 2s:sy+ Cy; sy + C3

S(x;y) = X2+ y2+ C; 2+ S2+ Cy 5,8 + Cg (3.2.1)
where
1 X
X = = Xk
N s
1 X
Sv T N 1 (X« x)(y« y); and
k=1
1 X
s2 = N1 (X X)Z:
k=1

The rst, second, and third components ofS(x;y) model (respectively) luminance,
contrast, and structural features. The parameter<;; C,; and C; are small con-
stants (relative to the maximum size of the intensities) used to praste numerical
stability and model the deviation from Weber's law as the intensities ggoach zero.

The SSIM Index has two very useful properties. First, itis symmeat: S(x;y) =
S(y;x). Second, itis bounded: 1 S(x;y) 1, with S(x;y) = 1 if and only if
X = Yy. In practice, the SSIM value of an image (relative to another imageg often
computed by moving a sliding window pixel-by-pixel across the images get local
SSIM estimates, and then these estimates are combined by avenag

To see how the SSIM Index mimics the human visual system, the resads once
again referred to the Einstein pictures. The SSIM values are more tiane with our
perceptual de nition of similarity than the MSE values.

3.2.2 The SSIM Index in terms of real-valued wavelets

All of the work in this thesis done so far has been done in both the pix@nd wavelet
domains and structural similarity will be no exception. Therefore, iis necessary
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to extend the SSIM Index to work with wavelet detail coe cient quadtrees.

Let x;y 2 RM, whereM = 2K for someK 0. Now consider the projections
of x and y onto a set of N orthonormal zero-mean (real) wavelet basis functions
f «xj1 k Ngwhich correspond to a quadtree withN nodes in the wavelet
decompositions ok andy. For example, if the quadtree is rooted at the very top
of the coe cient pyramid, N = 2K 1. This set of basis functionsioes notitself
constitute a basis but rather is a subset of a basis f®". The best L?-based
approximations ofx andy in terms of this basis are written as

X
Px = a k;, and
k=1
X
Py = Ck ks
k=1

where ay :_hx; ki, & = hy; i andh; i denotes the dot product. It now remains
to de ne PX; Spxpy, and s, in terms of these expansion coe cients. First,

X
Px= a =0
k=1

since the wavelet basis functions are zero-mean. Next,

1 X _ _
Sexpy T N1 (Pxx Px)(Py« Py)

k=1
= N 1 ! 1rPx;Pyi

1 X

N 1
k=1

A G-

The last step follows because the basis functions are orthonormdb get s2,, let
y = X in the formula for spypy to arrive at

P x N 1

k=1

2.

Now consider the SSIM function de ned with zero stability constarg. That is,

4xy Sxy

S(x;y) = RV SBZ,:

(3.2.2)

Let us now make the above substitutions in the SSIM function, remabering that
sincePx = Py = 0 the rst component of (3.2.2) is one. Adding in the stability
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constants, the SSIM function can be expressed in terms of thegpection coe cients
of x andy as
, X

N1 axc+ C

Swr(X;y) = X\Ikzl : (3.2.3)

W Erdlec
k=1

Formula (3.2.3) will be used to explore self-similarity of wavelet coe ciet quadtrees.

3.3 Self-similarity of images with respect to the
SSIM Index

3.3.1 Pixel-based structural self-similarity

This section explores a modi ed version of the pixel-based model of age self-
similarity from Sec. 2.2 obtained by replacing thé.? distance with the SSIM func-
tion S(x;y). The reader is therefore referred to Sec. 2.2 for the technicdétails.
The main point of interest here is the distribution of errors j between distinct
subblocks of an imageu(R;) and u(D;) in terms of the SSIM function. A ne
transformations of theu(D; ) are considered and these take the form(t) = t +

If x andy denote twoN -dimensional signals, the parameters and are chosen to
maximize S(x; y + ). A detailed derivation for these coe cients may be found
in Appendix B.4 and it turns out that the optimal values are

s
= sgn(sxy)gx and =x vy

There are four cases involving optimization over and as well as decimations:

1. Purely translational: The domain and range block®; and R; have the same
size. Thewi(j") are translations. Set =1 and =0.

2. Translational and greyscale shift: The domain and range blockave the same
size. Thewi(jk) are translations. Set =1 and optimize over .

3. Ane, same-scale: The domain and range blocks have the sameesizThe
wi(jk) are translations. Optimize over and

4. A ne, two-scale: The domain blocks are larger than the range bliks. The
a ne transformations Wi(jk) incorporate a decimation in pixel space. Optimize
over and

The following experiments were performed with stability constant€; = C, =
Cs = 30 and used unmodi ed 8-bit images. For each domain and range bloc
pairing, the error reported is

i =1 S(u(Rj); u(by)+ ):
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Figure 3.3.1: Case 1-3 pixel-based error distributions of Sfor Lena (left) and
Mandrill (right). From top to bottom are case 1, case 2 and case 3.

Before discussing the experimental results, it should be emphasizhat the SSIM

Index is a measure obtructural similarity. Therefore, for an image to be highly
self-similar with respect to the SSIM Index, it should be periodic or #re should
be a repetition of structures in the image. For a general image, thimay be an
unreasonable expectation. Finally note thatsince 0 1 S 2, the more closely
concentrated the error distribution histogram for an image is abdwero, the more
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(structurally) self-similar the image is.

Fig. 3.3.1 shows thatLena and Mandrill do not exhibit a high degree of struc-
tural self-similarity. Allowing for optimization over and pushes the distributions
of 1 S closer to zero, more so fotena. On the other hand, the Mandrill his-
tograms remain largely concentrated around one in all three casds the case of
Lena, as more parameters are allowed to vary, peaks develop close tmZand so
S is close to one) but a large portion of the errors are still clusteredbaut S = 0.
That being said, the C; were not toyed with extensively so perhaps better results
could be obtained while still employing reasonable values for the stabjlitonstants.

12000 T T T T T T T T T 12000

10000 [

8000 -

6000

No. of Blocks
No. of Blocks

4000 [

2000

0 L L L L L 0

L L L L
0 0.2 0.4 0.6 0.8 1 12 14 16 18 2 0 0.2 0.4 0.6 0.8 1 12 14 16 18 2
1-SSIM 1-SSIM

Figure 3.3.2: Case 4 pixel-based distributions of 3-for Lena (left) and Mandrill
(right).

For completeness, the case 4 histograms foena and Mandrill are included in
Fig. 3.3.2. Note that these histograms are nearly identical to the sa 3 histograms.
This was also the case for the other six test images so their histograare omitted.

Fig. 3.3.3 shows the case 1 error histograms for six other test imag¥Ve refrain
from commenting on them at this point. These histograms will be conaped to
wavelet-based structural similarity histograms in the next sectian

The case 3 histograms (Fig 3.3.4) were computed for six other testages to see
if the trends seen so far are consistent and indeed they are. Teesror histograms
exhibit peaking in a variety of areas, both close to and away from zer With the
exceptions ofBarbara and Goldhill, the largest peaks seem to be situated near zero
but many of the values fall too far away from zero for these imagé&sbe considered
self-similar with respect to the SSIM Index.

3.3.2 Structural vs. L2-based self-similarity of image sub-
blocks

The last section showed that images don't exhibit a high degree of satural self-
similarity. As it turns out, this can be explained in terms of the functim 1 S that
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Figure 3.3.3: Case 1 pixel-based distributions of 1S for six other test images.

was plotted in the preceding histograms. Let;y 2 RN be two signals and consider
1 S(x;y + )where and are the coe cients that maximize S(x; y + ).
For cases 2 and 3, these coe cients were given by

1. Case2: =1land =x Y.

2. Case 3: = sgn(sxy)z—; and =x .
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Figure 3.3.4: Case 3 pixel-based distributions of 1S for six other test images.

Letu= xandv= y + and for simplicity, consider the SSIM function with zero
stability constants. By the choices for and , u= v. Since the means are equal,

25w _ S2+s2 25, . 1 ku vk3

= = : 3.3.1
S+% %+ N iges 00D

1 S(u;v)=1

Originally derived in [6], this result shows that 1 S(u;V) is an inv?d'se variance-
weighted squared_? distance. In fact, even more is true. From [5], 1 S(x;y)
is a metric when the means of the two signals are matched like above.
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Recall that when examining self-similarity of images in terms of thie? distance
there was a strong bias towards image subblocks of low variance ahdt it was
easier to approximate low-variance subblocks. From (3.3.1), we dbat it is exactly
this variance property that keeps the distributions of 1 S away from zero in cases
2 and 3. This then gives another interpretation for the self-similant of images.
That is, perhaps images are not as self-similar as we once thought.

3.3.3 Wavelet-based structural self-similarity

Now self-similarity in the wavelet domain with respect to the SSIM Inde will be
investigated using the wavelet-based version of the SSIM function

, Xy
N1 ac + C

Swr(XY) = quzl :
oy [+ d+cC

k=1

Consider then the standard tensor-product (real) wavelet basexpansion of a 2
2¢ image for which the detail coe cients can be arranged into a pyramiaf blocks
at each decomposition level. At levek of this decomposition, 0 k K, the
coe cients can further be partitioned into horizontal, vertical, and diagonal detalil
coe cients which will be denoted by All; AY, and A? respectively. Given a wavelet
coecient a;; 2fh;v;dg, let A,; denote the unique quadtree rooted aa; .
The concept of self-similarity is extended to the wavelet domain by amining
how well quadtrees in a wavelet decomposition of an image are approated by
other quadtrees, both at the same and di erent scales. These @mpximations will
be of the form A A kgiojo;o k® k. Since wavelet quadtrees are being
compared, thea, and ¢, will be the wavelet coe cients of these quadtrees. Three
cases will be explored:

1. Wavelet quadtrees at the same scale are compared. Set 1.

3. Ane, one-scale: Quadtrees at the same scale are comparedpt{nize over

4. Ane, two-scale: Let k°< k. Quadtrees at higher scales are approximated
using quadtrees at lower scales. This is equivalent to a pixel decimatio
operation. Optimize over .

The cases above are numbered so that they may roughly be constdeas counter-
parts to the cases considered in the pixel domain. To nd the optima , maximize
Sw:r(X; ¥ ) with respect to . As is shown in Appendix B.5, this gives
|
X X 2’ X
=sgn  aG & G :

k=1 k=1 k=1
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In the calculations that follow, wavelet quadtrees of unmodi ed 8-t images
with same orientation are compared (that is, = 9. The errors reported are

Kij  _ : :
klfj)iojo_ 1 S(A; A kago):

For the numerical experiments, we sét = 6 (there are three decompositions total)
and for case 4k°= 3. The Haar wavelet is used. Like before, the stability constant
C is xed at 30.

25 T T T T T T T T T 25

|
[
T
|
o
T

No. of Trees
No. of Trees

i
i

0.5 - 1 0.5
0 0

0 0.2 0.4 0.6 0.8 1 1.2 1.4 16 1.8 2 .

1-sSIM 1-sSIM

[S)

X X
25 T T T T T T T T T 25

[
o
T
[
o

No. of Trees
No. of Trees

H
-

0.5 b 0.5

0 L L L L 0
o 02 04 0.6 08 1 12 14 16 18 2 o 02 04 0.6 08
1-ssiM

Figure 3.3.5: Cases 1 and 3 wavelet-based distributions of B for Lena (left) and
Mandrill (right). The top row is case 1 and the bottom row is case 3.

First, Fig. 3.3.5 shows the histogram distributions of 1 S (cases 1 and 3)
for Lena and Mandrill. These histograms show signi cant peaking away from
zero which indicates thatLena and Mandrill do not exhibit a high degree of self-
similarity in the wavelet domain. Even though allowing does yield an improve-
ment, it is not enough to change this conclusion. Next, compare withig. 3.3.1
which contains some of the pixel-based distributions of 1S for Lena and Mandrill .
The two sets of histograms have generally the same shape, but fhirel-based ones
seem to be more concentrated about zero. This indicates that glteees in the
wavelet representation of an image generally exhibit a lower degrekestructural
self-similarity than the original image subblocks.
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Once again, plots of the histogram distributions for case 3 are interesting
to look at. These histograms forLena and Mandrill are included in Fig. 3.3.6.
The Lena histogram exhibits a huge peak around zero and thdandrill histogram
appears to be a more di use version dfena's.

x10° Lena x10° Mandrill
T T T 10 T T

Count
Count
o

-1 0.8 0.6 0.4 02 0 02 04 06 08 1 K 08 06 04 0.2 0 04 06 0.8 1
a a

Figure 3.3.6: Histogram distributions of the parameter in case 3 forLena (left)
and Mandrill (right).

For case 4, as Fig. 3.3.7 shows, approximating quadtrees with scatpdtrees
higher up in the wavelet coe cient tree does not yield signi cant impravements
for Lena and Mandrill. The histograms for the other six test images are omitted
here but they indicated the same thing. In general, the case 4 digtutions tend
to mimic the case 3 results, and there is still a large amount of peakiagvay from
zero.
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Figure 3.3.7: Case 4 wavelet-based distributions of 5 for Lena (left) and Mandrill
(right).

Fig. 3.3.8 shows the case 1 histograms of 1S for the six other test images.
Note the similarity to the histograms found in Fig. 3.3.3. As withLena and Man-
drill, the wavelet-based histograms tend to be more concentratecband zero than
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their pixel-based counterparts. That being said, there is still a vgrsigni cant con-
centration of errors aboutS = 0 in the wavelet-based case. This further evidences
the fact that structural self-similarity of images is not a feature gnerally present
in the wavelet domain either.
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Figure 3.3.8: Case 1 wavelet-based distributions of 1S for six other test images.

Finally, the case 3 error distributions for the other test images arshown in
Fig. 3.3.9. They show that all of the distributions of 1 S get pushed towards zero
when is allowed to vary. Still though, for several of the images (most nably
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San Franciscq Boat and Barbara), there are large peaks around one, indicating a
generally low degree of structural similarity between distinct quadées.
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Figure 3.3.9: Case 3 wavelet-based distributions of 1S for six other test images.

3.3.4 Structural vs. L2-based self-similarity of wavelet quadtrees

In the pixel domain, the poor degree of structural similarity exhibied by all of
the test images was explained by showing that if two signaksy 2 RN have equal
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means then 1 S(x;y) is an inverse variance-weighted squareld® distance. Now
consider

X X )
1  a&+C 1 (A& @)
1 Swr(xy)=1 X\lkzl = )@":1 : (3.3.2
i BrEIrC i Erdlec
k=1 k=1

This shows that 1 Sw.r(X;Yy) is an inverse energy-weighted. ? distance. In the
last chapter, when examining self-similarity of wavelet quadtrees whtrespect to
the L? distance, it was shown that a strong bias existed towards quad#&s having
low energy. From (3.3.2) then, if a quadtree has low energy, 1S should be pushed
away from zero. To summarize, the lower the energy of the quades from an
image, the less structurally self-similar the image will be in the waveletodhain.

3.4 Summary

In this chapter the Structural Similarity Index was introduced andexamined in
detail. Previously an unexplored topic, it was shown that images areohgenerally
self-similar with respect to the structural similarity index in both the pixel and
wavelet domains. In the pixel domain, this was explained by showingahl S(x;y)
is an inverse variance-weighted squaread distance whenx = y. The implication of
this is that the lower the variance of subblocks in an image (and theéme the more
self-similar it is with respect to theL? distance), the less self-similar the image will
be with respect to the SSIM Index. Given that the SSIM Index seesrto be much
more accurate than theL? error when it comes to measuring image quality, this
0 ers new insight into the concept of image self-similarity. That is, pgaps images
are not as self-similar as the results obtained using lead us to believe.

To explore structural similarity of wavelet detail coe cient quadtrees, we de-
rived a new form of the SSIM function in terms of real-valued waveldiasis func-
tions and denoted it by Sy.r(X;y). To explain the lack of structural similarity in
the wavelet domain, it was shown that 1 Sy.r(X;y) is an inverse energy-weighted
squaredL? distance. As a result, the lower the energy of the wavelet quadés in
an image (and the more self-similar it is with respect to th& ? distance), the less
self-similar it will be with respect to the SSIM Index. The work done inlte wavelet
domain is completely original.

39



Chapter 4

Non-local image processing

4.1 Introduction

Let u be an image function. Non-local image processing modi es part ofglimage,
u(x), with other parts of the image, u(y;), where the pointsy; are not necessarily
close tox. This is in contrast to many local methods of image processing which
are based on the values of neighbouring pixels wfsuch as local averaging. This
chapter focuses on a non-local procedure called non-local medaroising.

4.2 Non-local means denoising in the pixel do-
main

4.2.1 The non-local means denoising alorithm

Non-local (NL) means denoising [7] is an attempt to restore a noisygital image
by using information from di erent parts of the image. This is done bycomputing
an estimate for a denoised pixel as a weighted sum of the other pixglghe noisy
image. Consider an image de ned on a gridl which will be denoted byu =
fu(i) ji 2 1g. Next, letn=fn(i) ji 2 1g be a noisy image created by adding
independent and identically distributed (i.i.d.) samples of zero-mean & to u.
The value of a pixel in the noiseless image is computed as

X
diy= w(j)nQ):

j21

The weights satisfy 0 w(i;j) 1 and P j21 W(i;j ) = 1. They are determined by
the similarity between windows (image subblocks) about pixeisand j which will
be denoted byN; and N; respectively. The reason for approaching the denoising
process with averaging is that because the noise is zero-mean, wlage numbers
of samples are averaged over, the noise will average out to zero.

To compare windows, thelL? distance is used. Roughly, the reason thi?
distance works so well is that it preserves the order of similarity beeen pixels [10].
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Therefore, the most similar pixels to a pixep in n are expected to be the most
similar pixels to p in u. The weights are given by the formula

. | KN; Njk§ _
w(i;j) = Z—iexp —
where
X kN;  Njk3
Zi: exp T

j21
The parameterh controls the decay of the weights. From the formula fow(i;j ) it
is clear that the smallerkN;  N;k3 is the larger the weightw(i;j ), and that the
smaller h is, less pixels contribute signi cantly to the weighted sum.

NL means denoising exploits the fact that images tend to exhibit a higthegree
of self-similarity with respect to the L? distance, a topic explored extensively in
Chapter 2. The goal of the rst part of this chapter is to generalie the usual NL
means algorithm by allowing for a ne transformations of image subblcks. Once
again, these transformations take the form(t) = t + . The value of a pixel in
a noiseless image will be estimated as

X
di)=" w(@j)(n @)+ )

21

P
The weights satisfy 0 w(i;j) 1and ,, w(i;j)=1. However, they are now
calculated as

| kKNi N ks
w(ij)= 5 exp = ,
where
X . _ 2

h2
j21

The parameters and are chosen to minimize
i = kN| N i kzi

Three cases of the transformation(t) = t + and their e ects on NL means
denoising will be explored:

1. Purely translational: Set =1 and = 0. This is the traditional form of
the NL means denoising algorithm.

2. Translational and greyscale shift: Set = 1 and optimize over .
3. Ane, same-scale: Optimize over both and

In the experiments that follow, noisy versions of the test images veecreated by
adding N (0; 0:01) white noise to the original. HereN (; ?2) denotes the normal
probability distribution with mean  and variance 2. Fig. 4.2.1 shows four of these
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noisy test images and Table 4.2.1 shows the RMSE and SSIM values (tie&ato
their respective originals) for these noisy images and four others.

Lena | Mandrill | Goldhill Boat

RMSE | 0.0990 | 0.0996 0.0986 | 0.0985
SSIM | 0.2587 | 0.5381 0.3209 | 0.3117
Barbara | Peppers | San Fran. | Zelda
RMSE | 0.0990 | 0.0968 0.0999 | 0.0978
SSIM | 0.3773 | 0.2618 0.2563 | 0.1968

Table 4.2.1: RMSE and SSIM values relative to their originals for eight sy test
images.

(a) Lena (b) Peppers

(c) Zelda (d) San Francisco

Figure 4.2.1: Four noisy test images created by adding (0; 0:01) white noise to
the originals.

The generalized NL means denoising algorithm proposed above will benc
sidered in two di erent ways: the rst is the traditional pixel-based way already
described. The second is a block-based method useful primarily ftsr lower com-
putational cost. The second method is inspired by the idea that siaca denoised
pixel value can be estimated with a weighted sum of the other pixels itné noisy
image, the same method should work for image subblocks. In otheonds, letting
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n(B;) denote a block of pixels centred at pixel in the noisy imagen, the denoised
image subblock will be estimated by

X
d(Bi)=  w(Bi;Bj)(n (B))+ ):
j21

The weights are calculated in an analogous manner.

4.2.2 Experimental results

In the experimentation process, several noisy test images wer@gessed using the
proposed generalized NL means denoising algorithm under the thieeses discussed
above. For these experiments, normalized 8-bit greyscale imagesevused and the
parameterh = 0:5.

For the pixel-based algorithm, 7 7 similarity neighbourhoods centred at each
of the pixels were used. Fig. 4.2.2 shows the pictoral results foena, Peppers
and Zeldaand Table 4.2.2 gives the RMSE and SSIM values for eight denoised test
images including the three just mentioned. First notice that for bdt Peppersand
Zelda the RMSE and SSIM values decrease and increase respectively as ¢hse
number is increased. FoiLena, however, only when moving from case 1 to case 2
Is a decrease in RMSE and increase in SSIM observed. This seems ta brend as
the calculations for the other ve test images show. The RMSE andSSM values
in case 3 seem to be worse than for case 2.

Pixel-based results
Case Lena | Mandrill | Goldhill Boat
1 RMSE | 0.0404 | 0.0745 0.0464 | 0.0476
SSIM | 0.4558 | 0.6275 0.5020 | 0.4427
5 RMSE | 0.0370 | 0.0716 0.0424 | 0.0444
SSIM | 0.4985 | 0.6548 0.5463 | 0.4675
3 RMSE | 0.0352 | 0.0717 0.0422 | 0.0433
SSIM | 0.4925 | 0.5205 0.4876 | 0.4307
Barbara | Peppers | San Fran. | Zelda
1 RMSE | 0.0495 | 0.0447 0.0466 | 0.0342
SSIM | 0.5703 | 0.4617 0.3489 | 0.5040
5 RMSE | 0.0458 | 0.0416 0.0449 | 0.0300
SSIM | 0.6050 | 0.5054 0.3527 | 0.5688
3 RMSE | 0.0477 | 0.0397 0.0443 | 0.0280
SSIM | 0.5593 | 0.5162 0.3245 | 0.6077

Table 4.2.2: RMSE and SSIM values relative to their respective origindisr eight
images produced by pixel-based NL means denoising.

Interestingly, allowing for optimization over only (case 2) seems to preserve
more details in the image compared to the strictly translational mode For example,
look at the band on the hat inLena when moving from case 1 to case 2. In case
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Figure 4.2.2: Denoisedlena, Peppers and Zeldaimages created using a pixel-based
NL means denoising algorithm. The rst row is case 1, the second issea2, and
the third is case 3.

1, the band is more washed out and of uniform texture while in casesa?d 3,
more lines and folds are visible. However, along with this heightenedtaié comes
blurring. The blurring is even worse in case 3. This blurring causes aadease in
the SSIM values from case 2 to case 3 for most of the test imagedsoAnotable
is the presence of some sort of spurious texture across the immgecases 2 and 3
which is not present in the original image.

One may question whether the choice df is optimal for the denoising process.
Additional tests were performed to see if any better results coulek achieved by al-
lowing h to vary between 0.35 and 1, and the results were similar or inferior tehat
was found above. Therefore, judging by the image quality (both peeptual and
mathematical), when implementing the generalized NL means denoisialgjorithm,
there is a bene t to considering greyscale shifts, but it is generallyetrimental to
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consider a ne transformations.

Let us now make the transition to a block-based version of the geabzed
NL means denoising algorithm. Here an attempt is made to estimate & 8
denoised image subblock by writing it as a weighted sum of all non-olagping
8 8 subblocks in the noisy image. The non-overlapping condition is chastor
numerical e ciency.

Block-based results
Case Lena | Mandrill | Goldhill Boat
1 RMSE | 0.0509 | 0.0785 0.0554 | 0.0581
SSIM 0.3945 | 0.6017 0.4553 | 0.3917
5 RMSE | 0.0441 | 0.0692 0.0481 | 0.0508
SSIM 0.363 0.6135 0.4545 | 0.4024
3 RMSE | 0.0460 | 0.0704 0.0515 | 0.0518
SSIM 0.4048 | 0.5582 0.3959 | 0.3946
Barbara | Peppers | San Fran. | Zelda
1 RMSE | 0.0634 | 0.0537 0.0548 | 0.0416
SSIM 0.4784 | 0.3894 0.3165 | 0.393
5 RMSE | 0.0553 | 0.0465 0.0479 | 0.0367
SSIM 0.5053 | 0.5317 0.3350 | 0.4777
3 RMSE | 0.0573 | 0.0477 0.0490 | 0.0383
SSIM 0.4808 | 0.4166 0.3427 | 0.4509

Table 4.2.3: RMSE and SSIM values relative to their respective origindisr eight
images produced by block-based NL means denoising.

Fig. 4.2.3 and Table 4.2.3 show the results of the block-based expenmsefor
Lena, Peppers and San Francisco The rst column is case 1, the second column is
case 2, and the third column is case 3an Franciscois included here because for
the block-based algorithm, it was the only image that achieved its beSSIM value
in case 3. However, as in the pixel-based case, we see that case 2nsrglly the
best according to the RMSE and SSIM values relative to the original iage. That
being said, case 1 su ers from less blockiness than cases 2 and 30,Alglging by
the presence of more lines on the band of the hat lrena and the quality of the
windows on the buildings inSan Franciscq case 1 seems to preserve details the
best.

The blockiness seen here could be improved by considering smaller kdoat
a larger computational cost. In an e ort to improve the case 3 rests, h was
allowed to vary between 0.35 and 1. Unfortunately, no signi cant imvements
were observed.

To summarize, for all but one test image Goldhill), an increase in the SSIM
values was observed when moving from case 1 to case 2. Only onceamancrease in
SSIM observed when moving from case 2 to case 3. Therefore, $hene conclusion
as in the pixel-based case is reached: allowing for a ne transformans is generally
detrimental to the denoising process.
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Figure 4.2.3: Denoised.ena, Peppers and San Franciscoimages created using a
block-based NL means denoising method. The rst row is case 1, thecond is case
2, and the third is case 3.

To briey compare the block-based and pixel-based methods, look @ables
4.2.2 and 4.2.3. From these we see that the results of the block-lthseethod are
inferior to the pixel-based results except foMandrill, cases 2 and 3, anéeppers
case 2. Given the results for the rest of the image®jandrill and Peppersseem
to be a deviation from the norm. Indeed, this conclusion is not entike surprising.
Replacing entire blocks does not utilize pixel similarity windows as well abe
pixel-based method and so second-rate results are generally etpe.
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4.3 Non-local means denoising in the wavelet do-
main

Consider a wavelet expansion of an image of resolutioff 2 2¢; K 0. It has
already been shown that wavelet quadtrees can generally be welpapximated by
(scaled) copies of other wavelet quadtrees at the same or higherele. With this
in mind, it is natural to consider an extension of the non-local meansgenoising
algorithm to the wavelet domain.

Consider the standard tensor-product (real) wavelet basis expsion of a noisy
image for which the wavelet coe cients can be arranged into a pyram of blocks
at each decomposition level. At levek of this decomposition, 0 k K, the
coe cients can be further partitioned into horizontal, vertical, and diagonal detall
coe cients (denoted by Afl; AY, and A¢ respectively). Given a wavelet coe cient
ng ;2 fh;v;dg, fromanoisy image, lelN,; denote the unique quadtree rooted at
ny; - An estimate for a denoised quadtree is found by computing a weiglat sum of
all of the other quadtrees in the wavelet expansion of the noisy imagFuthermore,
transformations of quadtrees of the form (t) = t are allowed. LettingD,; denote
the estimate for the denoised quadtree, this gives

X 0 0
Dkij = W(Nkij ;quoJ- o) N K} 05 (4.3.2)
0 K k
0 %0 2% 1

The weights are calculated as
|

0 1 KN N yagokd
W(Nkij , Nkoioj 0) = Z_| exp ! h2 i )
where X . 2!
kN, . N o060k
Z = exp l h? ik
0 KO k
0 %0 2% 1

The parameter is chosen to minimize
0 k|i(joiojo= kaij N k(;)ojokg:

Of course, to compare quadtrees at di erent levels, the tree rteal at the higher
level in the quadtree structure has to be truncated to ensure # the quadtrees
being compared are of the same size.

For the following experiments, two special cases of the transfoation (t) = t
are considered. Numbering them so that the cases corresponthewhat to the work
done previously, they are:

1. Purely translational: Wavelet quadtrees at the same scale arengpared. Set
= 1. Since entire quadtrees are being replaced, this is analogous todk-
based NL means denoising.
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3. Ane, same-scale: Wavelet quadtrees at the same scale are quaned. Opti-
mize over .

Optimization over is not allowed since at least theoretically, these quadtrees are
of in nite length and should be *2-summable.

To perform the wavelet-based denoising, estimates were calcutht®r detail
coe cient quadtrees rooted at levelk = 6 (there are three decompositions total).
For computational ease, only quadtrees rooted at the same lewld with the same
orientation were compared. That is,k = k®and = ©in Egn. (4.3.1). The
Daubechies-6 wavelet is used. While a variety of values forwere tested, the
following pictures display the results foth = 0:3. Di erent values for h led to many
di erent RMSE and SSIM values but 0.3 seemed to be the value that gerally led
to high SSIM values for both cases.

Fig. 4.3.1 shows the pictorial results of these calculations ftuena, Peppers
Zelda and San Francisco Table 4.3.1 shows the numerical results for all eight test
images. Visually there is very little variation between the two cases espt that
case 1 is sharper and more detailed. The case 1 images look most sinidathe
case 2 images from the block and pixel-based denoising. Examining thble of
RMSE and SSIM values, there is no pattern to which case is better smthe values
change so much from image to image. Whem was allowed to vary, substantial
change in the RMSE and SSIM values was observed. For some valueb,a@ase 1
was better while for others case 3 was best. Since the results sdenbe largely
image-dependent, we are not able to say at this time which approaishtruly better
when performing wavelet-based NL means denoising. With that beirsgid, both
cases do o er an improvement over the original noisy image in both B& and
RMSE.

Case Lena | Mandrill | Goldhill Boat
1 RMSE | 0.0402 | 0.0621 0.0432 | 0.0451

SSIM 0.4651 | 0.6569 0.5320 | 0.4463

RMSE | 0.0405 | 0.0694 0.0455 | 0.0470

3 SSIM | 0.4713 | 0.5502 0.4695 | 0.4262
Barbara | Peppers | San Fran. | Zelda

1 RMSE | 0.0477 | 0.0405 0.0454 | 0.0332
SSIM | 0.5612 | 0.4774 0.3388 | 0.4309

3 RMSE | 0.0502 | 0.0414 0.0459 | 0.0317

SSIM | 0.5467 | 0.4831 0.3492 | 0.5882

Table 4.3.1: RMSE and SSIM values relative to their respective origindisr eight
images produced by wavelet-based NL means denoising.

We also include the histogram distribution associated with case 3 fokena
and Mandrill in Fig. 4.3.2. These histograms are virtually identical and highly
symmetric about zero.

One question that should be asked is \How (or should) the approxinian
coe cients be denoised?" One possibility is to save the approximatioooe cients
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Figure 4.3.1: Denoised images created using the wavelet-based de@ng method.
Rows 1 and 2: Cases 1 and 3 fdeena and Peppers Rows 3 and 4: Cases 1 and 3
for San Franciscoand Zelda

at the highest decomposition level. Since these coe cients can be plizyed in block
format, NL means denoising algorithm could be performed on this tadimensional
coe cient matrix. This idea was explored during the experimentationprocess and
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Figure 4.3.2: Histogram distributions of the parameter in case 3 of the wavelet-
based NL means denoising algorithm for noidyena (left) and Mandrill (right).

the results were virtually identical whether the approximation coe cients were
modi ed or not. This indicates that most of the noise in the wavelet egansion is
contained within the detail coe cients.

4.4 Summary

In this chapter a generalization of the well known non-local meansedoising al-
gorithm involving a ne transformation of image subblocks was propsed and im-
plemented in two ways: a pixel-based and a block-based method. Tim®del was
then adapted to the wavelet representation of images for the puwse of denoising
wavelet quadtrees.

To compare the pixel and block-based methods, it su ces to say #t the while
the block-based method o ers a great computational advantagdepending on what
size of blocks are used of course), it can't keep up with the pixel-ls@smethod in
terms of image quality due to the blockiness the denoised image tal@s Com-
paring the results from the wavelet-based method to the block- dnpixel-based
results, the quality of the images for the wavelet-based methodrcacompete. In
the wavelet-based images there is also a lot of blurring and ringing aral edges
which makes it an unattractive choice.

Of large signi cance is whether any advantage is found by allowing fa ne
transformations of the form (t) = t + in NL means denoising. For the pixel
and block-based methods, there is no advantage to consideringioyzation over

because of the obvious degradation in image quality (most noticeablylurring
and spurious texturing). On the other hand, allowing for greyscalshifts improves
the image quality according to the SSIM Index and seems to presermore details.
The computational cost is not much more here than in the strictly tanslational
case so this could be an attractive choice for NL means denoising.

In the wavelet-based cases, such a wide range of results are oleskthat we
are unable to say de nitively at this time whether letting vary is good or bad for
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denoising process. That being said, because of the extra blurringddoss of detail
that results when varies, allowing it to change is probably a poor choice.
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Chapter 5

Optimizing the SSIM function on
an L2 ball

5.1 Introduction and the problem

Consider the following set of Einstein pictures, some of which wereesented in
Chapter 3.

(a) MSE=0, SSIM=1 (b) MSE=309, SSIM=0.987  (c) MSE=309, SSIM=0.576

(d) MSE=313, SSIM=0.730  (e) MSE=309, SSIM=0.580  (f) MSE=308, SSIM=0.641

Figure 5.1.1: Comparison of modi ed versions of an \Einstein" image vith are

approximately constrained to theL? ball of radius 310 centred on the original. (a)
Original image. (b) Luminance shift. (c) Additive Gaussian noise. (d)mpulsive

noise contamination. (e) JPEG compression. (f) Blurring.
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The modi ed images all have MSE values quite close to 310 but they avery
di erent perceptually. These perceptual di erences are furtheillustrated by the
wide range of SSIM values. Given a reference imalgg it would be interesting to
be able to mathematically describe images that are a prescrib&d distance away
from | as being the \best" or \worst" approximation to |y according to SSIM. In
fact, this is a speci c case of the following more general problem [21(d the best
and worst approximations to a reference image (according to somgage similarity
measure) while being constrained away from the reference imageatevel set of
some other distance function.

In [21], they propose using a gradient ascent/descent to approxate these crit-
ical points. The problem with this is that there is no guarantee of rezing an
absolute maximum or minimum. In this chapter, we take a more matheatical
approach and seek an analytic solution to the following problem:

Given a pointa = (a;; ;ay) 2 RV, let Sp(a) denote thelL? ball of radius D
centered ata. That is,

Sp(a)= fx2 RN jkx ak,= Dg:
Find and classify the critical points of the SSIM function,

4xas,, .
(2 + a?)(sf + <2)

S(x;a) = (5.1.1)

on Sp(a).

5.2 The solution

The method of Lagrange multipliers will be used to tackle this problemut rst a
few de nitions are necessary:

1 X
X - W Xk,
k=1
1 X
8)2( = N 1 (Xk X)Z;
k=1
1 X
Sxa = N 1 (X X)(a &) (5.2.1)

Now consider the Lagrangian function
L(x) = S(x;a)+ g (x);
where

gx)= (X« a)® D3



and denotes a Lagrange multiplier. Impose the conditions that

@L
="=0: 1 N:
@ P
and aL
==0: 5.2.2
@ ( )

The nal condition species that g(x) = 0 or x 2 Sp(a). Computing partial
derivatives, it is found that

@S _ 4a

2 2 2 2
N
N lX(X2 + a%)(sf + si)(ap  a) N 1X3xa(X2 +a%)(Xp  X)
Then the constraints@%L =0 become
4a Saa(s2 + s2)(a?  x?)+ x(x*+ a%)(si + s5)(ay @)
N(x2+ a?)2(sZ + s2)2 v =2 N 1 x o

2N
N 1xsxa(x2 +a%)(x, X) +2 (X, @)=0; 1 p N: (5.2.4)

Summing up both sides of (5.2.4) for1 p N, the following equality is obtained:
4a
(2 + @S] + )2

This is clearly satis ed if x = a. To fully solve the problem, it will also be necessary
to consider the cas 6 a.

Sa(s2 + s2)(a®> x?)+2N (x a)=0: (5.2.5)

Case 1: x=a

In this case, the equations in (5.2.4) become, after some simpli cati@and manip-
ulation,

1

N Dy G E X Hs S S A
+ (Xp a)=0; 1 p N: (5.2.6)
It is easy to show that
2+ 82 25, = ND—21: (5.2.7)
Substituting this into (5.2.6) yields the set of equations
1 D?

Xp &+ (Xp 3)=0; 1 p N
(5.2.8)

(N 1)(s2 + s2)2 (s2+ s2)(ay Xp)+ N1
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Rewrite these equations as follows:

1 B D2
N DE+rs) @ W7 { e e

a); 1 p N:

(5.2.9)
If x,=aforanyp2f1;2; ;Ng, then there are two possibilities:

1. Xp, = ap, implying that a, = a. Note that the equationsx, = a, cannot be
true forallp2f1;2 ; N g since this would imply that x = a, violating the
condition that x 2 Sp (a).

2. The Lagrange multiplier satis es the equation,

(N 1)(s2+ s2)’

(5.2.10)

at the extremum.

Case 2: If Egn. (5.2.10) holds, then, from Eqgn. (5.2.9)x, = aforalll p N.
But this implies that

X X
(x a)’=  (a a?’=(N Dsi (5.2.11)
k=1 k=1

which is not necessarily equal t®2. In fact, s2 and D can be chosen independently.
Hencex does not necessarily lie 08p (a), violating the constraint.

Case 1: Rearrange the equations in (5.2.8) for those values pfuch thata, 6 X,
and call this set ofp-valuesP;:

(N I)(sf+sd)? 1 _ X a,

D? (N 1)+ s)) Xp 8’

p2Py:  (5.2.12)

For each pair @; D), the LHS of (5.2.12) is a constant at each extremum, indepen-
dent of p. Denote this constant as

= (a;D):Xp ap; p2P;y: (5.2.13)

It is now useful to examine the consequences of (5.2.13), notingath
Xp a= (X, a&); 1 p N; (5.2.14)

since forp ZP 1, both sides of the equation are zero. First,
(xx a2 = 2D% (5.2.15)
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Clearly then, sincex = a,
1
2 — 2n 2.
ST N1 D<: (5.2.16)
Now assume 6 0. This is reasonable, since not all of th&, are equal toa. Then

we can write L L
— 2n2 2 4 2
2Sva N1 D N 1D S;: (5.2.17)

Also assume that 6 1. If =1 then from (5.2.14),a, = a and sos3 = 0. By
substituting Eqns. (5.2.17) and (5.2.16) into (5.1.1), itis immediate thaS(x;a) = 0
and the problem is trivial. So, under the assumption 6 1, from the de nition of
Sxa and Eqn. (5.2.7), it can be shown that

Sxa = s2: (5.2.18)

Returning to the structural similarity function and employing the results obtained
so far, includingx = a, it is found that:

(7]
N

S(x;a) = —
@)= g

N 1

N‘
-

Now combine Egs. (5.2.17) and (5.2.18) to get
2 D2 , D? 2

2 = + s 2.1
12 N 1 N 1 %a (5.2.19)
Multiplying both sides by 1 and rearrangement produces the following cubic
equation in the unknown :
D2 D2 D? : D? 5
+ + =0: 5.2.20
N 1 N 1 N 1 e N 1 s (5.2.20)
One root of this cubic equation is = 1. Dividing by + 1, the other two roots
are found to be r
_, (N D
D2 '
It remains to nd the values of S(x; a) that correspond to each value of . Substi-
tuting = 1 into Eqgn. (5.2.14) and rearranging yields the point
1
Xx= —(a al);
S(@ al)
which does not generally lie on the ball (herd,, denotes theN -vector (1,1, ;1)).
Thus, = 1 isrejected.
1. =1+ ('“Dilz)sg. In this case, the structural similarity is given by
S2 + Spp—
Sixa)= -
S+ SaPRr Tt N
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2. =1 (N_D% In this case, the structural similarity is given by
2 D
SaP2—
A\ — a a"N 1
SZ(Xi a) - 2 D D2
Sz Safy 1+ 2(N 1)

To compare the values o5, and S,, it is convenient to express them as follows:

a ¢
Sjp= ———;
Y273 ¢c+bDb
where
a=s’ b= 7D2 - ¢c=s 977[) ;
ar 2(N 1)| a N 1'

Sincea; b; ¢ >0, it follows from simple algebra thatS; > S,.

Since the values of corresponding to the extrema have been identi ed, the points
x 2 RN at which each of the extrema occur can be computed from Eqn. (513).
For the value corresponding to each case, solve fqy:

xp=i1(ap a; 1 p N: (5.2.21)

Summing over allp and dividing by N vyields

1

X =
1

a= a,

con rming that the condition x = a is satised. Then, substituting for and
rewriting Eqgn. (5.2.21) gives

D
Xp= & S—Pﬁ(ap a): (5.2.22)

In vector format, Eqn. (5.2.22) may be written as

D 0.
X=a —Pp——a1a,
sa N 1

wherea’= a al denotes the zero-mean component af In fact, a closer inspection
shows that
x=a Da®

where &% is the unit vector in the direction of the zero-mean componera®. Thus,
X2 SD (a)
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Case 2: x6 a

Returning to Egn. (5.2.5), ifx 6 a, then the factor x a may be divided out to

obtain the result
2aS,a(X + @)

TNGE+ @2+ S2)
Substituting this result into Egn. (5.2.4) and rearranging yields the guation

x(x?+ a°)

Co ) (E+ D+t =

N
Hap A+ D) ¢+ @) alx+a) =00 (5223
As in Case 1, rearrange the equations in (5.2.23) for those valuespo$uch that
a, 6 aand call this set ofp-valuesP,. After this rearrangement, an analysis similar
to that of Case 1 shows that the following ratio is constant at eactx#emum:
Xp X

= (a;D):ap a; p2P,:

The consequences of this relation will again be examined, noting that
Xp X= (8 a; 1 p N; (5.2.24)

since forp ZP,, both sides of the equation are zero. First, squaring both sidescan
summing over 1 p N yields

2= ?%s: (5.2.25)

X

Further, directly from the de nition of sy, it is found that,
Sxa = S 2 (5.2.26)

It now remains to determine acceptable values for. To this end, return to Eqn.
(5.2.3) which gives the components of the gradient vectar S. At a stationary
point X, it is necessary thatr S(x) be a constant multiple of the outward normal
vector i to the sphereSp at x, given by

1 1
ﬁ=5(xl a;;Xa @ XN aN):B(X a): (5.2.27)

This is the essence of Egn. (5.2.4), which is a result of the Lagrangiaptimization
method.

To solve for the acceptable values, substitute Eqns. (5.2.24), (5.2.25) and (5.2.26)
into Egn. (5.2.3):

@S 4a
@  NOZ+ a2+ 22 a1+ 3@ x?)
N 1x(x2 +a)(1  Ha a) : (5.2.28)

58



In general, the only way that the gradient vectori”S can be a multiple of the
normal vector it is when the nal term in the above equation vanishes, i.e., when
= 1. Then

@S_ 4a

@}5_ N (x2 + a2)2(s2 + s2)2 52(1"’ Na® x*); 1 p N: (5229

Now both of the possible values for are considered separately.

1. Case 1: =1. Inthis case, Eqn. (5.2.24) can be written as
Xp =X & (5.2.30)

Furthermore, sincex must lie on the sphereSp(a) squaring both sides of
(5.2.30) and summing over 1 p N Yyields

X
(Xp a)?=D?=N(x a)*
p=1

This implies that

X=a pDﬁ: (5.2.31)

Substituting this result into Egn. (5.2.30) gives

— D .
Xp - ap pﬁ.
This implies that
D
X = a pﬁ(l;l; :1)=a DI;

where? is the unit vector in the direction1 = (1;1; ;1). In other words,
the vectorx a is perpendicular to the planex = a.

From Eqn. (5.2.31), there are two more subcases:

(a) Case 1(a): The mean ofx is given by
X=a+ pD—
N
Evaluating S(x; a) at this point gives

2a a+;@>DW

Sia(x;a) = —!
2a a+ f- + -
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(b) Case 1(b): The mean ofx is given by
D

X=a —
PN

Once again, evaluatingS(x; a) at this point gives:

2a a &
Si(x; @) = "
2a a 5 t 3
2. Case 2. = 1. Inthis case, Egn. (5.2.24) becomes

Xp X=a ap
Rewrite the above equation as
Xp @=(x a+2(a ay):
Now square both sides and sum over the index 1p N:

X
D? = (Xp  &p)?
p=1
X X
= N(x a%+4 (a8 a)?+2(x a (a
p=1 p=1

N(x a)?+4(N 1)s2:

a
A slight rearrangement yields

1P
X=a pﬁ D2 4(N 1)s2

This result is feasible providedd and N are chosen so that
= D2 4N 1s2 O

a

ap)

(5.2.32)

(5.2.33)

If this is true then by substituting (5.2.33) into (5.2.32) it is found that the

two critical points are given by

2al a+E 1 and

X1 =
X, = 2al a 1
with corresponding values o5(x; a) given by
q_—
2a a+
Si1a = G— ; and
2a a+ § t g
q_—_
2a a =
N
S = &= ;
2a a v tw



The quantities Si5; S1p; S 1a; and S 1, are of the same form that was encountered
in the equal means case. The same analysis shows that

Sip > Slbands 1a > S 1 if a>0;
S < Slbands 1a < S 1 if a<O:

5.3 Conclusion and some results

Let us summarize our ndings below, introducing appropriate notabn to di eren-
tiate between the two cases. The following critical points and cosponding values
of S(x; a) were identi ed:

1. Case 1: x= a

S2 + Spp2—

s® = - —— 1 — at x=a+ D&
Sat SaPy—=t w9
2 g2
s@ = - N1 a x=a D&
Sa SaW-l_z(N 1)
2. Case 2: x6 a
aa+fs~DW
s = . — at x=a+ D%
a a+ i + 57
a a pDW
s@ = - — at x=a D1:
a a F’W +N
q_
- aat g p_—
S g— at x=2al a+ 1
aa+ § *x
q_
a a —
N p—
s®W = g— at x=2al a 1
a a i

The last two critical points exist provided = D? 4(N 1)s2 0.

These formulas have been veri ed numerically. It would be desirable be able
to derive a condition that guarantees whether the global extreméor S(x; a) occur
on or o the plane x = a. Indeed, numerical results show that global maxima
and minima may be obtained both on and o the plane. Unfortunatelyactually
classifying and comparing these critical points seems quite compliedtif it is indeed
possible. However, it has been shown th&® >s@ Itis also true that

S > 5@ gnd S® > s@
S® <« s@ gnd s® < s@
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The above results will now be illustrated with a couple of examples usihgna
and Peppers Instead of using the entire image, a local approach is taken. Let
R; denote an image subblock. For eacR;, we seek the best approximation tdr;
according to SSIM while being constrained on an? ball about R;. In the following
calculations, 8 8 non-overlapping image subblocks are used and the radius of the
L2 ball is D = 300. Fig. 5.3.1 shows the results of these experiments.

(a) Best: SSIM = -0.0972 (b) Original: SSIM =1 (c) Worst: SSIM = -0.1586

(d) Best: SSIM = -0.0435 (e) Original: SSIM =1 (f) Worst: SSIM = -0.0701

Figure 5.3.1: Best and worst approximations thena and Pepperswhile constrained
on anL? ball of radius 300.

The calculations that produced these images showed that the begiproxima-
tions on the L? ball almost always occurs o the planex = a, while the worst
approximations are usually obtained on it. In fact, of all the eight tet images
used, Pepperswas the only image where a best approximation occurred on the
plane x = a. However, even forPeppers this was the case only the case a hand-
ful of times. Visually, the best approximations on thel.? ball often appear to be
a greyscale shift of the original image (these correspond to thelBISvalue S(l)).
The blocky appearance of the images is a result of maximum and minimuralues
being obtained for values ok not corresponding toS® or S, The reason for this
blocky appearance then is thas™ and S® result from a uniform greyscale shift
of the image subblocks, and all the other SSIM values do not.
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Appendix A

Test images

Several 8-bit greyscale images are used repeatedly in experimehteughout this
thesis and they are included here for reference.

(a) Lena (b) Mandrill

(c) San Francisco (d) Boat

Figure A.0.1: Test images.
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(e) Peppers (f) Barbara

(9) Goldhill (h) Zelda

Figure A.0.1: Test images.
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Appendix B

More on the SSIM function

B.1 Notation

Let x;y 2 RN. Throughout this appendix the SSIM function with zero stability
constants will be used:
2xy 2Syy

S(y) = S¥)S(xy) = S5 y2 2+ 35;

(B.1.1)

where
1 X
X = = Xk
N k=1
1 X
Sy = N 1 Xk  X)y« y); and
k=1
1 X
53 = N 1 (Xk X)2
k=1

B.2 The SSIM Index in terms of complex wavelets

An extension of the SSIM Index to complex-valued wavelets is given [i20]. There
is, however, very little mathematical justi cation given for the formula. This section
shows that much like in the case of real-valued wavelets considereatlier in the
chapter on the SSIM Index, their formula can be justi ed by consiéring projections
of vectors onto complex-valued wavelet basis functions.

Before this can be done, a few modi ed de nitions are required. Lety 2 RV
whereM = 2K for someK 0. The mean of the signaly, is still de ned the same
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way. However, the de nitions fors,, and s2 are modi ed:

1 W
Sy = ﬁk:l(xk X)(yx y); and
1 X .
s2 = N1 X Xj2:
k=1

Here,z denotes complex conjugation angkj denotes the modulus. Note thas,,
is no longer symmetric and as result, the SSIM Index is no longer syratric with
respect to its arguments.

Now consider the projections ok and y onto a set of orthonormal zero-mean
(complex) wavelet basis functiond ¢ j 1 k N g which corresponds to a
quadtree with N nodes in the wavelet decompositions of and y. For example, if
the quadtree is rooted at the very top of the pyramid of coe ciens, N = 2K 1.
This set of functionsdoes notitself constitute a basis but is a subset of a basis
for CM. The bestL2-based approximations ofk andy in terms of this basis are
written as

X
Px = a k and
k=1
X
Py = Ck ks
k=1

wherea, = hx; i and ¢ = hy; «i. It now remains to de ne PX; Spypy, and s3,
in terms of these expansion coe cients. First,

_ X
Px= a =0
k=1

since the wavelet basis functions are zero-mean. Next,

X . .
Spxpy = = (Pxx Px)(Pyx PYy)
k=1
1 .
= ﬁkPx,Pyl
1 X
N1,

The last step follows because the basis functions are orthonormadb get s2,, let
y = X in the formula for sp,p, to get

S|23x = ﬁ Jakl :



Let us now make these substitutions in the SSIM function remembag that
sincePx = Py =0, Si(x;y) =1 and so S(x;y) = Sy(x;y). Adding in the stability
constants, the SSIM function can be expressed in terms of theppection coe cients
of x andy as

X
1 &g+ C
Sw.c(X;y) = - k=1 : (B.2.1)
w1 lad®+jad’l+ C

k=1
There are two glaring issues withSy.c(x;y). First, because there is no partial
ordering onCN | SSIM values cannot be directly compared. Furthermor&y.c(X;y)
Is not symmetric with respect to its arguments.

Before giving the complex wavelet SSIM (CW-SSIM) formula from [20}we
emphasize that it is subject to agreatly di erent interpretation than Sy.c(X;y).
For this formula, leta = fax j1 k Ngandc=fg j1 k Ngdenote
two sets of coe cients extracted from the same spatial location ithe same level of
the wavelet coe cient quadtree structure of two vectorsx andy, respectively. The
second CW-SSIM function is

-w .
2 agj+C
Sw.c(X;y) = X k=1 : (B.2.2)

llaxj? + jaj? + C
k=1

The formula Sy.c(x;y) can be seen to be obtained fromdsw.c(x;y) by taking
the modulus of the sum in the numerator. Also, it can be thought ofsaa kind
of special case obw.c(X;y) where the basis functions used only correspond to one
level of the wavelet coe cient pyramid. Computationally, it is implemerted by
moving a sliding window across the matrices of detail coe cients at € level in
the wavelet decomposition pyramid structure to get local estimase These local
estimates are pooled by averaging to get an SSIM value for the estimage.

To briey examine Sy.c(X;y), it is symmetric with respect to x and y and
satises 1 Sy.c(X;y) 1. An advantage toSw.c(x;y) is that it is immune to
local phase shifts in the image. It is, however, missing the factor$ ﬁl—l present
iIn Sw.c(X;y). It remains to be seen whether taking the modulus of the numerait
is the best way to compare SSIM values.

B.3 An extension to vector-valued signals

Applying the same type of argument as above, one could consider mpadi erent
bases onCN or RN and come up with many di erent expressions for the SSIM
function. However, a truly interesting and unique way of looking athle SSIM
function arises when vector-valued signals R\ are considered. This includes, for
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example, the RGB colour system where each sample is a triplet. In thsgction
some preliminary ideas on this subject are provided along with issudsat were
encountered.

Let x andy be two N -vectors where each of th&l samplings aren-dimensional
real vectors. Before the extension to SSIM is considered, it is @®gain necessary to

rede ne the notions of the mean, variance and covariance of thgsals in question.
Let

X =(Xy;X2; 1 XN)
where
Xk = (Xkpi Xkos  1Xke)s 1 kN
The mean ofx is de ned as
1 X
X = — X
N k=1
1 XX
= — Xk, :
NN k=1 1=1

Instead of a single value for the sample covariance between two silgix andy,
there will now be ann-by-n matrix C= (¢;) called the covariance matrix between
x and y whose entries are given by

1 X

G = ﬁ (Xi;< X_i)(yjk W)’ 1 I’J n: (B.3.l)
k=1

Letting y = x in (B.3.1) gives the de nition for the covariance matrix of the
signal x. Again, this will be ann n matrix S? = (5)2(;ij ) whose entries are given
by

2

Skij = ﬁ

(X, X)X, X)), 1 i) n (B.3.2)

Note that S? is symmetric with respect to the main diagonal.
Before an attempt to make sense of the SSIM function de ned inties of these
new quantities C and S? can be made, several issues need to be resolved:

What is the interpretation of <"
X T Oy

How is matrix division interpreted in the SSIM function?

The SSIM function needs to be made consistent with the matrix/veor di-
mensions.

At the time of this writing, this is an open problem which will need to be adressed
at a later date.
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B.4 Maximizing structural similarity between two
real-valued signals

In this section the parameters and that maximize S(u; v + ) are derived. To
start, it is easily seen that when one makes the substitutions= uandy = v +
in (B.1.1) that

: 2u( v+ )
Si(u; v + ) r(v )P and

) B 2S w .
S(u;v + ) = 755+ 257

As is well known, to nd the optimal parameters and , set

@ v+ )_ @%uv+ ) _o
@ @
Note that the above expression fog,(u; v + ) does not depend on so the second
condition in (B.4.1) will only involve S;. First compute

@gu; v + ) _2uu® ( v+ )3,
@ CouzH( v+ )R

Clearly €2 =0 only whenu=( v+ )or

(B.4.1)

=u V.

If =u+ vthenS;= 1. This case then corresponds to an absolute minimum.
The absolute maximum is achieved when = u v and in this case,S; = 1.

Now compute

@gu; v + ) _ 2Syy

@  mr mps =0 (8.4.2)

2
Su

If €2 =0 then clearly *= < which implies that

Su.

s,

From (B.4.2), it is easy to see that = 3 corresponds to a maximum o8, when

Sy > 0 and a minimum ofS, When suv < 0. Further, since S; is maximized for
=u v regardless of the value of , it follows that = 3 corresponds to a

maximum of S whens,, > 0 and a minimum ofS when s, < 0. Therefore, the
parameters and that maximize S(u; v + ) are

s
:sgn(suv)gu and =u v
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B.5 Maximizing structural similarity for real-valued
wavelet expansions

This section shows the derivation for the coe cient that maximizes Sy.r(u; v ).
Let x;y 2 RN be two signals. The real-valued wavelet-based structural similarity

function is given by
X
2 &

Swr(X;Y) = )@“17; (B.5.1)
[ag + &l
k=1
As it is not important in what follows, we omit any discussion of this forrala here
and direct the reader to Sec. 3.2.2 for details. Make the substitutis x = u and

y = Vv in the formula for Sy.r(X;y). The expansion coe cients of v are simply
the coe cients of v scaled by . Thus we have that

X
2 A G

Swr(U; V) = = :
[a2 + ( ¢ k)?]

k=1
Now compute 2R ).
" #" #
X X , ,
1S n( V) 2 a a
RWU; V) k=1,, k=1 .
g = X #> : (B.5.2)
k=1
. dSw- . . P N_ a2 . . .
Setting =~ (u; v ) = 0 and solving for yields 2 = Al which implies that
k=1 “k
X X
= a G :
k=1 k=1
P
Upon examining (B.5.2), it is clear thenghat if | ,‘a.c > 0 then . corre-
N 1

sponds to a maximum ofSy.g and that if |, _,"ac < 0 then . corresponds to
a minimum. Summarizing the above, the parameter that maximizes Sy.r(U; v )
IS given by I
X X 2’ X
=sgn  aG & G :

k=1 k=1 k=1
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