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Abstract

Autonomous systems operating in real-world environments often face uncertainty due
to incomplete or noisy information about their surroundings. Effective planning under such
conditions requires models that can represent uncertainty and support informed decision-
making. This thesis addresses planning under uncertainty in environments characterized
by spatially correlated stochastic processes. We model the agent’s belief over these envi-
ronments using Gaussian Processes (GPs), enabling Bayesian inference from sparse obser-
vations by capturing spatial correlations.

We study two problems. The first is informative path planning (IPP) in continuous
space, where an agent collects measurements along a trajectory to reduce uncertainty
about an unknown spatial field, subject to budget and obstacle constraints. We propose a
hierarchical framework that integrates global graph-based planning with local continuous
trajectory optimization to improve scalability and performance.

The second problem is stochastic path planning in random fields (SPPRF), where
an agent seeks to minimize expected traversal cost in an environment with uncertainty
induced by a stochastic process. The agent maintains a GP-based belief over the cost field
and adapts its plan through belief updates as new data becomes available.

Our solutions to these problems combine methods and tools from stochastic processes,
path planning, and trajectory optimization. In summary, the contributions of this thesis ex-
tend the planning capabilities of autonomous agents in environments governed by spatially
correlated uncertainty, encompassing both informative exploration and uncertainty-aware
planning.
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Chapter 1

Introduction

1.1 Motivation

Consider the following two scenarios.

In the first scenario, illustrated in Figure 1.1, a ship is equipped with sensors to collect
measurements of water pollution dispersion, represented by the concentration of contam-
inants across a region of interest [19, 5]. Ideally, the ship would follow a path that visits
all the areas of interest to gather accurate measurements, resulting in the best possible
estimate of the concentration field. However, such a path would be too long and consume
excessive fuel. Instead, the ship must carefully plan a shorter path that collects informative
data along the way, while staying within a strict travel budget. This trade-off between ac-
curate estimation and limited resources defines the core challenge of the Informative Path
Planning (IPP) problem.

In the second scenario, the ship is navigating through the Arctic, where ice floes cover
most of the water surface, leaving no open-water routes that can be followed without
interacting with ice [15, 87]. As a result, collisions with ice are unavoidable, and the ship
must traverse ice-covered waters in a way that minimizes the overall collision cost. This
cost increases with ice thickness or concentration, as thicker and denser ice poses a higher
risk of hull damage and requires more fuel to break through [17]. A key challenge is that the
full spatial distribution of ice is unknown. Due to sensing limitations and environmental
variability, captains do not have access to complete information about ice conditions [12].

However, both ice thickness and concentration are known to exhibit spatial correlations
[22, 39]. This scenario defines the Stochastic Path Planning in Random Fields (SPPRF)
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Figure 1.1: An autonomous ship (black) navigating around islands in Central Ontario,
near Georgian Bay, toward a target location (green dot). The ship aims to collect informa-
tive measurements about the spatial dispersion of water pollution. Blue-outlined regions
indicate areas of interest for monitoring contaminant concentration. Source: [27]

problem, in which the goal is to compute a policy that minimizes the expected cost of
traversal in a spatially correlated environment with uncertainty, commonly referred to as
a random field, while continuously updating decisions based on new observations gathered
during navigation.

Although IPP and SPPRF have different goals, they are fundamentally connected
through their reliance on spatially correlated stochastic processes. In IPP, the agent plans
a path from a start to a goal while collecting measurements that reduce uncertainty about
an unknown target phenomenon (e.g., temperature, salinity, or pollutant concentration),
subject to a travel budget. In SPPRF, the agent navigates an environment where traversal
costs are governed by an unknown random field (e.g., ice thickness, concentration, or wind
speed), and must plan actions that minimize expected cost under uncertainty.

While IPP seeks to gather information for accurate estimation, SPPRF uses gathered
information to make better decisions. In this sense, the two problems are dual. One uses
planning to reduce uncertainty, the other uses reduced uncertainty to improve planning.
Both problems are unified by a common modelling framework, where the underlying spatial
process is treated as a Gaussian Process (GP) [33] that enables Bayesian inference and
uncertainty quantification from sparse observations.



1.2 Thesis Contributions

This thesis addresses two closely related problems in planning under uncertainty, namely
IPP in continuous space and SPPRF on graphs. The main contributions are summarized
as follows.

1. Hierarchical Informative Planning Framework: We develop a hierarchical
framework that combines global IPP on sparse graphs with local refinement through
continuous optimization. The local planner formulates trajectory optimization as a
Nonlinear Programming (NLP) using spline representations, allowing us to compute
trajectories that respect obstacles and budget constraints. Compared to black-box
optimizers, this formulation offers significantly improved computational efficiency
while maintaining high-quality solutions. To further enhance planning performance,
we introduce a heuristic budget allocation strategy that prioritizes the refinement of
segments expected to yield the most informative measurements.

2. Stochastic Motion Planning with Online Belief Updates: We address SP-
PRF in environments with spatially correlated stochastic cost fields, where costs are
uncertain and partially revealed through observations along the path. We model the
cost field using GP and map it to a probability distribution over graph edge costs,
then dynamically update this distribution as new measurements are collected. This
enables an adaptive replanning strategy that continuously updates the agent’s belief
and adjusts plans accordingly.

3. Simulation Studies and Real-World Validation: We evaluate our hierarchical
planner across simulated environments of varying obstacle complexity, showing the
benefits of combining graph guidance with local refinement over purely continuous
IPP. For SPPRF, we also provide simulations to compare the proposed strategy
against other baseline methods. Finally, we validate both approaches on real-world
geospatial data from Canadian coastal and Arctic regions, using satellite-derived
fields and maps to simulate realistic monitoring conditions. Results show that our
hierarchical planner outperforms all IPP baselines while maintaining competitive
efficiency, and that our adaptive strategy achieves performance gains over baselines
in SPPRF.



1.3 Thesis Outline

The remainder of this thesis is structured as follows.

Chapter 2 presents a review of related work in informative path planning and stochastic
path planning. We discuss key approaches to IPP, and connections to sensor placement
and orienteering problems. Additionally, we discuss popular methods for stochastic path
planning and highlight their limitations.

Chapter 3 reviews the key mathematical tools used throughout this work, including
Gaussian processes, estimation theory, Bézier and B-spline curves, and graph terminology.

Chapter 4 formulates the IPP problem in continuous space and introduces a hierarchical
framework that combines graph-based planning with local spline-based optimization. The
approach is evaluated through simulations across both generic environments and realistic
scenarios constructed from Canadian geographic and environmental data.

Chapter 5 formulates the SPPRF problem under spatially correlated uncertainty. A
GP-based framework is used to model the unknown cost field and map it to a probability
distribution over edge costs on a graph. We compare online and offline planning strate-
gies through simulations conducted in both abstract environments and realistic scenarios
constructed from Arctic data.

Chapter 6 concludes the thesis with final remarks and a discussion of possible future
directions.



Chapter 2

Literature Review

In this chapter, we review related work from the literature on the two primary problems
of interest: informative path planning and stochastic path planning.

2.1 Informative Path Planning

IPP lies at the intersection of sensing, planning, and optimization. It builds on early
ideas from sensor placement, which focuses on maximizing information gain by choosing
informative measurements under resource constraints, and from the orienteering problem,
which addresses reward-maximizing routing within a travel budget. These foundations gave
rise to PP as a unified framework for actively collecting information through motion. Over
time, IPP has expanded to include a variety of approaches, including discrete graph-based
methods and continuous-space planners based on sampling or trajectory optimization.
While our work does not aim to cover the full spectrum of IPP, we draw connections to
several of these threads. In the following subsections, we review relevant literature in sensor
placement, orienteering, graph-based planning, and continuous-space planning.

Sensor Placement

The sensor placement problem is a classical problem in sensing and estimation, where the
objective is to select a subset of sensor locations in a given environment to monitor an un-
derlying spatial or spatio-temporal phenomenon. Typically, this involves maximizing some
information-theoretic objective while satisfying constraints related to available resources



[12], heterogeneous deployment cost [18, 11], or spatial and temporal feasibility. A key
result in sensor placement [12] utilizes the sub-modularity of mutual information to show
that a greedy algorithm achieves a constant-factor approximation guarantee, making it
an efficient and provably near-optimal solution for maximizing information under budget
constraints. However, in [18], the authors demonstrate that estimation error, which we
are interested in, is not a submodular function. As a result, the standard approximation
guarantees associated with greedy algorithms do not necessarily apply.

While classical sensor placement focuses on choosing fixed sensor locations before de-
ployment, more general formulations also consider scheduling and control. [20] proposes
a mixed-integer optimization approach for sensor scheduling in linear dynamical systems,
minimizing Kalman filter error covariance under polyhedral constraints. Their framework
unifies placement, scheduling, and sensing-control co-design.

Orienteering

The orienteering problem [21] is a classical combinatorial optimization problem that arises
in scenarios where a mobile agent must collect rewards by visiting a subset of locations,
subject to a limited travel budget. It generalizes the travelling salesman problem by as-
sociating rewards with locations and relaxing the requirement to visit all nodes, and is
therefore also NP-hard. Solving the orienteering problem involves a fundamental trade-off
between path cost and reward acquisition, which makes it highly relevant to IPP, where
a similar trade-off arises between travel cost and information gain. The Correlated Orien-
teering Problem [$4, 85] extends the classical orienteering problem by incorporating spatial
correlations in the reward function, making it well-suited for informative path planning.
The environment is modelled as a time-invariant, spatially correlated Gaussian random
field, and the problem is formulated as a mixed-integer Quadratic program that maximizes
a quadratic utility function subject to a travel budget constraint.

Graph-based IPP

Several methods have been proposed to address the IPP problem on graphs. [9] used a
branch and bound approach and exploited the monotonicity of variance reduction (the
property that adding more measurements never increases the posterior variance) to derive
an upper bound when exploring branches of the search tree. Their approach maintains the
best solution found so far (i.e., the highest value of the objective) and prunes any branch
whose upper bound is worse than this best value. This approach is solving for a globally



optimal solution, but is limited to small graphs. Other approaches have reformulated the
optimization problem to jointly optimize both the measurement locations and the corre-
sponding linear estimators using mixed-integer quadratic programs. This strategy was first
introduced in the context of sensor scheduling and selection for Kalman filtering in [20],
and later extended to informative path planning in [19], both within the linear estimation
framework. More recently, [21] generalized this approach to GP by minimizing the trace
of the expected squared estimation error covariance. However, this method remains re-
stricted to small graphs and a limited number of target locations due to computational
complexity. In [01], an approximate sequential approach based on dynamic programming
was proposed. This method iteratively constructs a path by updating the GP posterior
based on previously collected measurements. A convex relaxation of the informative path
planning problem was also derived to serve as a lower bound, and the resulting optimality
gap of the sequential approach was shown to be small. This approach is significantly more
scalable than global optimization methods and can handle larger graphs efficiently, making
it suitable for practical applications.

Continuous-space IPP

While graph-based methods can yield globally optimal solutions on the chosen graph, the
quality of the solution heavily depends on the discretization and choice of vertices and
edges. In sparse graphs, key regions may be missed, and in dense graphs, computational
cost becomes prohibitive.

Sampling-based methods extend motion planning to continuous spaces while preserving
scalability. Rapidly-exploring Information Gathering (RIG) [33], based on RRT* [3(],
supports submodular and time-varying objectives, and uses branch-and-bound pruning
to ensure asymptotic optimality. However, RIG selects measurement locations without
considering the trajectory during sampling.

Trajectory-parameterized methods address this by jointly optimizing the trajectory and
information acquisition. [51] proposed a method using spline parameterization, similar to
ours, but employed Bayesian Optimization to optimize the trajectory. They evaluated the
accumulated value of information acquisition over a trajectory via line integrals, while we
use finite measurement locations along the trajectory. Their formulation did not constrain
the trajectory length, which is essential in IPP. [32] improved efficiency and performance
by using the Covariance Matrix Adaptation Evolution Strategy (CMA-ES) [28], and intro-
duced an adaptive replanning scheme. We compare our planner with this method because
it shares similarities with our approach in terms of trajectory parameterization, finite mea-
surement locations, and the inclusion of arc length constraints. We compare only against
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their non-adaptive variant, which performs full offline trajectory optimization consistent
with our setting. Furthermore, [(1] expanded this framework by using informed initializa-
tion in the optimization process to achieve faster convergence. Additionally, [51] integrated
obstacle considerations into continuous-space planning by treating collision penalties as
part of the cost function. In contrast, our approach imposes obstacle avoidance as a hard
constraint, rendering solutions that intersect obstacles infeasible.

Beyond estimation- and information-theoretic approaches, ergodic exploration offers a
related but distinct perspective on continuous-space IPP. In this framework, trajectories
are designed so that their time-averaged spatial statistics align with a prescribed density
representing the spatial distribution of information [53, 56, 57]. Unlike IPP, which directly
minimizes posterior uncertainty or maximizes information gain of a latent field, ergodic
exploration assumes the density of information is known and seeks coverage with respect
to this density. In this work, we focus on IPP by modelling correlated fields and defining
informativeness through uncertainty reduction rather than time-averaged coverage.

2.2 Stochastic Path Planning

Classical path planning has been widely studied across robotics, artificial intelligence, and
operations research. These methods operate under the assumption that the environment
is represented as a graph with edge costs that are fixed and known in advance. In this
deterministic setting, several well-established algorithms exist. Dijkstra’s algorithm [17]
guarantees the shortest path in graphs with nonnegative edge weights, while A* [29] im-
proves efficiency by using heuristics to guide the search without sacrificing optimality. To
handle environments that are initially unknown, algorithms like D* [71] and D* Lite [10]
support incremental replanning by efficiently updating the path as new information be-
comes available. However, they do not model edge costs or availability as random variables,
nor do they maintain a belief over unobserved parts of the environment. As a result, they
cannot reason about correlations, uncertainty, or the expected outcomes of future actions.
This limitation has motivated the development of stochastic path planning models, which
explicitly incorporate uncertainty and allow the agent to plan under partial information.

Path planning under uncertainty is a long-standing problem in the literature. Perhaps
two of the early foundations of this problem are the Canadian Traveller Problem (CTP)
introduced in [62] and the Stochastic Shortest Path with Recourse (SSPPR) proposed in
[63]. The CTP involves planning in a graph where a subset of the edges might be blocked or
open, but the agent does not know the state of the edge until reaching the endpoint. This
problem is PSPACE-complete, and in cases where the blockage probabilities are given



in advance, it is P-hard. A limitation of this setting is that arc states are modelled as
independent random variables, which prevents the agent from taking advantage of the
history of observations it made about some of the arcs.

To address this limitation, an alternative version of the CTP was considered in [50],
where the agent was initially provided with a set of random variables in the form of sub-
graphs from the original graph representing the environment. Additionally, the agent
knows the probability associated with each subgraph. This approach enables the agent
to infer the state of the unvisited edges using previous observations. In [77], the authors
explored the same problem but did not assume that the agent has access to the set of sub-
graphs and their likelihood before deployment. Instead, the agent learns this information
through executing repeated tours in the environment.

The SSPPR is a similar problem, where the agent plans in a graph with arc costs that
are discrete random variables. These random variables could be independent or dependent.
In the former case, the agent is initially given the discrete probability distribution of each
edge cost, and in the latter case, the agent is given a set of finite realizations of the joint
edge costs along with their probability distribution. Similar to the CTP, the agent can
know the actual edge cost when reaching the endpoint of the edge.

The common shortcoming in all of the previously mentioned work is the assumption
that a finite set of outcomes can represent the environment. While this may be applicable
in certain practical scenarios, such as the factory model discussed in [50], it is often limited.
This is because real-world environments are more complex, and the possibilities cannot be
easily enumerated.

To address this issue, some work considered the edge costs to be modelled as continuous
random variables. In [26], the authors assumed that the joint distribution of the arc costs
follows a Gaussian distribution, which they stated could be estimated from real-world data.
This approach could be useful in applications such as routing in stochastic networks, where
the problem is inherently discrete. However, when dealing with complex environments
exhibiting physical phenomena with spatial correlations, it may be more appropriate to
represent the environment as a stochastic process.

One relevant study to this work is [16], where the authors used GP for aircraft navigation
under uncertain wind conditions. However, it was not clear from their formulation how
to transform continuous GP into stochastic arc costs on a graph. The planning method
used was greedy in the sense that it didn’t reason about future beliefs of the GP. [68]
determined the reachable regions by converting GP to a graph with random arc costs, but
the planning approach was only done once, in a greedy manner.



Chapter 3

Background

This chapter provides a concise review of the core mathematical concepts that underpin
the methods developed in this thesis. The aim is to offer a self-contained reference for
key ideas such as Gaussian Process Regression (GPR), optimal estimation, spline-based
trajectory representations, and graph-theoretic terminology. These tools are used in the
main chapters, Chapter 4 on Informative Path Planning and Chapter 5 on Stochastic Path
Planning in Random Fields. Readers already familiar with these concepts are advised to
skip or skim this chapter and refer back to it as needed.

3.1 Gaussian Process Regression

In this work, we use GPR to model unknown physical phenomena with spatial correlations.
GPR provides a Bayesian nonparametric framework for modelling unknown spatial fields
with both predictive mean and uncertainty estimates. This probabilistic structure is central
to the two planning problems addressed in this thesis. In IPP (Chapter 4), GPs enable
the selection of the most informative trajectories by allowing closed-form computation of
the mean squared estimation error. In SPPRF (Chapter 5), GPs model traversal costs as
random variables defined over space, yielding a belief over the cost that is updated with
new observations. Importantly, their closure under linear operations allows the analytical
computation of line integrals, which is critical for evaluating the probability distribution of
random costs over paths. These features make GPs particularly well-suited for reasoning
and decision-making under uncertainty. For a detailed review of GPR and GP, we refer
the reader to [83, 35].
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Definition 1 (Stochastic Process, [37]). Let (Q, F,P) be a probability space and X C R? be
an index set. A stochastic process is a collection of real-valued random variables { f(x)}zex,
where each f(z): Q — R is a random variable defined on (Q, F,P).

Definition 2 (Positive Definite Kernel, [35]). A function k : X x X — R is called a
positive definite kernel if it satisfies the following two conditions:

1. Symmetry: k(z,y) = k(y,x) for all z,y € X.

2. Positive Semi-Definiteness: For any finite set of points {x1,...,z,} C X and
any real numbers cy,...,c, € R,

i i CiCjk?(fL’i, Ij) Z 0

i=1 j=1

Definition 3 (Gaussian Process, [30]). A stochastic process f : X — R is called a GP
with mean function m and covariance kernel k, written f ~ GP(m, k), if for every finite
collection {x1,...,x,} C X, the vector fx = [f(x1),..., f(zn)]" is multivariate Gaussian:

fX ~ N(m)o KXX);

where myx = [m(zy),...,m(z,)]" and (Kxx)i; = k(x;,x;). That is, m(z) = E[f(x)] is the
pointwise mean function, and k(x,z") = E[(f(z) — m(x))(f(z") — m(z"))] is the covariance
function.

Theorem 1 (Posterior Distribution in GP Regression, [35]). Let f ~ GP(m, k) and sup-
pose we observe D = {(x;,y;) }iy with

T

Define X = [w1,...,2,], Y = [y1,...,un)", mx = [m(z1),...,m(z,)]", and the covariance

blocks of the Gram matriz are
KXX = (k’(gj'l, l’j))

Then, for any test input x,

i K.x = [k(:B?:El) T k(il?, xn)]a Kx, = KJX
f@) Y ~ N (m.(x), k.(z,2)),
with posterior mean and varitance

m.(z) = m(z) + Kox (Kxx +021) (Y —my),

3.2
ko(z,7) = k(z,7) — Kox (Kxx +021) ™" Kx,. (3:2)
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For completeness, we include a short proof of this standard result.

Proof. From the definition of a Gaussian process, the joint distribution of the observed
outputs Y and the latent value f(x) is Gaussian:

o) = (o) 5™ el

By the conditioning formula for multivariate Gaussians, the conditional distribution f(z) |
Y is Gaussian with mean and variance as in (3.2). The more general cross-covariance

ko(z,2)) = k(z,2") — Kox(Kxx +02) ' Kxp

follows similarly by conditioning the joint Gaussian of (Y, f(z), f(2')). ]

3.2 Estimation Error and Optimal Estimators

The primary objective in informative path planning is to select measurement locations
that reduce uncertainty about an unknown quantity. Several information-theoretic criteria
have been proposed to quantify measurement value, including mutual information, entropy
reduction, and worst-case variance. In this work, we focus on minimizing the expected
squared estimation error, which, under Gaussian assumptions, is equivalent to minimizing
the trace of the posterior covariance matrix. The following results summarize key ideas
from estimation theory that support this objective. For a more comprehensive treatment,
we refer the reader to [38, 2].

Let X and Y be jointly Gaussian random vectors, where X : 2 — R" and Y : Q — R™.
That is, X and Y are random variables taking values in R" and R™, respectively, with
known means and covariances:

E[X] =px, E[Y]=py,

3.3
COV[X] == EX)(, COV[Y] = Zyy, COV[‘X'7 Y] == EXy. ( )

The Minimum Mean Squared Error (MMSE) estimator of X given Y is the conditional
expectation:

A

X =E[X|Y], (3.4)

which minimizes the expected squared error:

E [||X - X||2} . (3.5)
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The conditional covariance of X given Y is defined as

&wxuq:EkX—XxX—Xf\y

=Yxx — ZXYE;/%/ZYX>

which represents the covariance of the estimation error.

Theorem 2 (MMSE is Equivalent to the Trace of Conditional Covariance). Let X and
Y be jointly Gaussian random vectors taking values in R™ and R™, respectively. Then
the minimum mean squared error of estimating X given Y is equal to the trace of the
conditional covariance:

EMX—mﬂ:ﬂ@wwum. (3.7)

Proof. Let £ =X — X denote the estimation error. Then
E[|E||?] = E[ETE] = Tr(E[EE"]) = Tr(Cov[X | Y]).
O

Remark 1. The conditional covariance Cov[X | Y] is deterministic and depends only
on the prior variance and covariance. As a result, the expected estimation error can be
evaluated offline, without the need to collect actual measurements.

Remark 2. In the Gaussian setting, the MMSE estimator coincides with the Best Linear
Unbiased Estimator (BLUE), which takes the affine form

Xiin = pix + Zxy Sy (Y — piy).

Thus, the optimal estimator under squared loss is affine in Y .

3.3 Spline Curves

Parametric curves are widely used to represent smooth trajectories in continuous space.
We primarily use Bézier and B-spline curves, which provide differentiable representations
and support constraint enforcement. While Bézier curves are intuitive and compact, B-
splines offer greater flexibility and are better suited for cluttered environments due to their
local control.
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3.3.1 Bézier Curves

A degree-d Bézier curve with control points { P, ..., P;} is defined as:

d
y(t) = Bit)R, te0,1], (3.8)
i=0
where the Bernstein basis polynomials are

Bl(t) = (d) (1 — ) (3.9)

1

The curve satisfies v(0) = Py, (1) = P,.

3.3.2 B-spline Curves

B-splines generalize Bézier curves by combining piecewise polynomial segments using com-
pactly supported basis functions. A degree-d B-spline curve with control points { Py, ..., P,}
and knot vector {to,...,t,} is defined as:

(1) = Nial) P, (3.10)

with basis functions N, 4(¢) given recursively by the Cox—de Boor formula:

1 ftz<t<t1 s
Neo(®) _{ if t; <t <t

0 otherwise, (3.11)
Nialt) = ———Nia-1(t) + —=——Niy1 41 (1).
liva — ti Livar1 — Liv1

We use clamped B-splines with uniform interior knots. This guarantees endpoint inter-
polation, i.e., v(0) = Py, v(1) = P,, and consistent parameterization.

3.3.3 Usage and Shared Properties

Bézier and B-spline curves are both used in our IPP framework (Chapter 4). Bézier
curves are well-suited for less cluttered environments or shorter trajectories, as each control
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point influences the entire curve. In contrast, B-splines offer local control, where each
control point affects only a portion of the curve. This makes them preferable in cluttered
environments, where local adjustments are often needed to avoid obstacles.

In terms of smoothness, the two curve types differ. A single Bézier curve is a polynomial
and therefore infinitely differentiable (C'*°) with respect to its parameter. In contrast, a
degree-d B-spline is only piecewise polynomial and typically achieves C%~! continuity at
interior knots, with reduced continuity when knots are repeated.

Despite these differences, both Bézier and B-spline curves share important geometric
properties. Each point on the curve is a convex combination of the control points, formed
using non-negative basis functions that sum to one (Equations 3.8-3.11). This guarantees
that the curve lies entirely within the convex hull of its control points.

3.4 Graph Terminology

Many planning problems can be naturally modelled using graphs, which compactly repre-
sent connectivity between discrete configurations or locations. In motion planning, feasible
transitions are typically captured using a weighted graph, which may be directed or undi-
rected. Formally, a graph is defined as a pair G = (V, E), where V is the set of vertices
and £ C V x V is the set of edges. A cost function [ : £ — R5( assigns a nonnegative
weight to each edge. An edge (u,v) € F represents a transition from vertex u to v, with an
associated cost [(u,v) that may reflect distance, time, energy, or other traversal penalties.
Throughout this thesis, we use the term path' to denote a sequence of connected vertices
from a start to a goal, possibly revisiting vertices. This allows flexibility in re-planning.
With slight abuse of notation, the cost of a path P = (vy,...,vg) is then defined as

I(P) = Zl(vi,viﬂ).

For any vertex v € V', we define the set of outgoing edges as

6" (v) ={(v,u) € E}, and the set of incoming edges as §~ (v) = {(u,v) € E}.

In standard graph theory, a walk allows repeated vertices, while a path is a walk with no repetitions.
We adopt the term “path” more generally to denote any sequence of connected vertices, possibly with
repetitions, for clarity and consistency.
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Chapter 4

Hierarchical Informative Path
Planning

4.1 Introduction

The Informative Path Planning (IPP) problem is a core challenge in robotics and au-
tonomous systems. It involves planning a path for a mobile agent that collects measure-
ments while operating under resource constraints, such as limited travel distance or energy.
As the agent moves through the environment, it uses onboard sensors to observe an un-
known spatial function representing a physical phenomenon (e.g., temperature or pollutant
concentration). The goal is to select a path that enables the most accurate estimation of
this function, typically by minimizing a metric such as the mean squared estimation error.

For instance, in Arctic exploration, a ship may be tasked with estimating sea-ice cover,
but limited fuel prevents it from surveying the entire region. The challenge is to find
a feasible path that provides the most useful measurements within the available budget.
Although much research has focused on IPP for ocean monitoring [73, 15, 32, 9, &], the
problem arises in many other domains, including;:

e Air quality and atmospheric pollution monitoring [79, 13, 51],
e Wildfire tracking and boundary estimation [1, 72, 10, 4],
e Terrain mapping using unmanned aerial vehicles (UAVs) [64, 65, 76, 67],

e Soil property estimation using unmanned ground vehicles (UGVs) [69, 81],
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e Autonomous exploration by planetary rovers in space missions [70].

The IPP problem generalizes the Orienteering Problem [21] and is therefore NP-hard.
Most prior work formulates it in discrete graph settings, using either approximate meth-
ods [61] or globally optimal solvers that scale only to small graphs [9, 19, 21]. These
methods typically assume that measurements are acquired only at vertices, which does
not reflect the continuous sensing capabilities of robotic platforms. While increasing graph
density can approximate continuous measurements, it leads to scalability issues as resolu-
tion grows. To overcome this, some studies have investigated continuous-space trajectory

optimization using splines [32, 64, 51], but often assume the absence of obstacles in the
environment. This assumption does not hold in applications like water navigation, where
trajectories must avoid land [I 1], shallow regions [30], or drifting ice floes [58, 15, 87]. We

empirically show that while continuous optimization often outperforms graph solvers in
obstacle-free settings, it can converge to poor local optima in obstacle-cluttered environ-
ments. To address this, we propose a hierarchical planning framework that combines the
global guidance of graph-based planning with the local refinement capabilities of continu-
ous trajectory optimization. This integration helps steer non-convex solvers toward more
promising regions of the solution space.

A key challenge in IPP is that the informativeness of a new measurement depends on
what has already been measured. This is due to spatial correlations in the underlying
Gaussian Process (GP). For example, taking a measurement at one location also reduces
uncertainty in nearby areas, so taking another nearby measurement may not add much new
information. This leads to diminishing returns. Some objectives, like mutual information,
show this behaviour and are submodular under certain conditions. In such cases, greedy

algorithms can provide near-optimal solutions with performance guarantees [12]. In our
work, we use a different objective, which is minimizing the mean squared estimation error,
or the trace of the posterior covariance. This function is not submodular [34, 86], but it

often shows diminishing returns in practice with GP models.

4.2 Contributions

In this chapter, we present a continuous-space formulation of the IPP problem using spline-
based trajectory representations, which we cast as an Nonlinear Programming (NLP) solv-
able by interior-point methods. This approach yields locally optimal trajectories that
satisfy obstacle and budget constraints while offering improved computational efficiency
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compared to black-box optimizers. To address the limitations of purely continuous meth-
ods in cluttered environments, we introduce a hierarchical framework that combines global
path planning on sparse graphs with local trajectory refinement. A pruning strategy is em-
ployed to eliminate irrelevant obstacles outside each segment’s refinement region, enhancing
efficiency. To further improve performance, we propose an ellipse-based heuristic that es-
timates the informativeness of each segment and guides the allocation of the trajectory
improvement budget. Finally, we demonstrate the effectiveness of our approach through
simulations across environments of varying complexity and validate its applicability using

real-world Arctic datasets.

4.3 Problem Formulation

Table 4.1: Frequently used notation

Symbol Description

M C R¢ Environment domain

Miree Collision-free space

f~GP(0,k) Unknown spatial field modeled as a GP
k(x,z') Squared exponential kernel

T ={m,...,7Tm} Set of test points

Y x Posterior covariance over test points
M Weight matrix for test points

Ju () Objective for an arbitrary trajectory
G=(V,E) Planning graph

P Selected path on the graph

X Binary edge selection vector

J) (X)) Objective for graph-based plan

L, Budget assigned to edge e

Pe =[P¢,...,P] Control points of spline for edge e

I (P€) Objective over control points

Ve (1) Parametric spline segment for edge e

Let M C R? be a compact convex domain representing the environment, and let
Mps C M denote the region occupied by static obstacles. Define the collision-free space as
Miree := M\ Mgps. An autonomous robot navigates through My, to gather information
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about an unknown scalar function f : M — R, modeled as a GP:
f~GP(0,k),

with zero mean and a positive semidefinite kernel £ : M x M — R. In this work, we use
the squared exponential (SE) kernel:

1
n 2 1112
k(x,z') = o exp <—2—€2||x—:r|| ) ) (4.1)
where o2 is the signal variance, ¢ is the length-scale parameter, and z,2’ € M are two
input locations.

Remark 3. The zero-mean prior is a standard assumption, since any nonzero mean can
be subtracted from the data and added back after inference. Moreover, under the Gaussian
assumption, the mean does not influence the covariance structure. This follows from Re-
mark 1, which shows that the conditional covariance depends only on the prior covariance.
Since our objective later relies on covariance properties, the zero-mean prior simplifies the
formulation without loss of generality.

Let T'={m,...,7m} C M be a finite set of preselected test locations at which we wish
to minimize the posterior uncertainty about f. The robot collects noisy measurements
along its trajectory 7 : [0,1] — Mgee, subject to length constraints. Observations are
sampled at a finite set of points along 7, denoted by X = {z1,...,z,} C Im(v), where
each measurement is given by:

yi = f(z)) + e, e ~N(0,02) (4.2)

We assume the noise terms ¢; are independent and identically distributed (i.i.d.) Gaus-
sian random variables with zero mean and variance o2. Following Theorem 1, the GP

posterior covariance matrix over T' conditioned on X is given as:
Srix = Krr — Krx (Kxx + 021) " Kxr, (4.3)

where K7, Krx, Kxx are standard kernel Gram matrices evaluated at test and observa-
tion points. Let M € R™*™ be a fixed positive semidefinite weighting matrix encoding
the relative importance of test points. Our goal is to minimize the weighted estimation
error over the test set, and from Theorem 2 we know this is the weighted trace of posterior
covariance.

Ju(y) == Te(MEpx), (4.4)

The informative path planning problem in continuous space is then formally stated as:
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Figure 4.1: An instance of informative path planning in Mge.. The robot moves from
start s (green circle) to goal g (orange circle) along two trajectories y: a higher-budget
(purple) and a shorter-budget (dark green) trajectory, each collecting n = 8 measurements
(dots). Test points T (blue crosses) are locations of interest, and obstacles (light red) must
be avoided. The longer path is able to take measurements closer to test points, while the
shorter path is limited by its budget.

Problem 1 (IPP in Continuous Space). Given a start point s € My, goal point g €
M e, trajectory length budget B > 0, weight matriz M = 0, and test set T'C M, find a
trajectory 7 : [0, 1] = M. that is a solution to:

min  Jy(7y)
Y

(4.5)

subject to ~(0) = s, ) =9,

v(1
Length(vy) < B

Figure 4.1 illustrates the problem presented in this section.

4.4 Hierarchical Optimization Approach Outline

To solve Problem 1 efficiently in complex environments, we adopt a hierarchical optimiza-
tion strategy that decomposes the planning task into three optimization stages: discrete
graph-based planning, local budget allocation, and continuous trajectory improvement,
as demonstrated in Figure 4.2. In the first stage, we identify a sequence of vertices on
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Figure 4.2: Hierarchical IPP Strategy

a pre-defined graph that minimizes the GP-based objective. This high-level path guides
subsequent stages of the optimization process.

Using the global optimization method proposed in [21], we obtain a graph path that
serves as a guiding initialization. In the second stage, we allocate the total trajectory
budget across the path segments. This step is critical, as different segments offer varying
potential for local information gain. To perform the allocation, we define a reachable
region based on the selected vertices from the graph stage. The reachable region, together
with the kernel hyperparameters, determines an informative region where test points are
likely to be influenced by measurements along the segment. The allocation is determined
by maximizing the number of test points covered within the union of these informative
regions.

Finally, given the allocated budgets, we refine each path segment using a NLP formu-
lation based on splines. This continuous trajectory optimization stage adjusts the path
locally to improve the measurements. To ensure efficiency, optimization is restricted to the
reachable region defined for each segment.

4.5 Graph-Based Planning Stage

We adopt a similar setup to [21]. Let G = (V, E) be a directed graph, where V' C M
is a finite set of collision-free vertices, and £ C V x V is a set of directed edges, each
representing a collision-free line segment between two vertices. Fach edge e = (u,v) € E
is assigned a traversal cost

Length(e) := |jv — u||. (4.6)
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Given start and goal vertices s,g € V, we define a path P := (vg,v1,...,0) as a
sequence of connected vertices from s to g, where vy = s, vy, = g, and each edge (v;_1,v;) €
E. We introduce binary decision variables X = { X, }.cg, where X, = 1 if edge e is included
in the selected path, and X, = 0 otherwise. The edge set corresponding to P is given by

Ep = {(vi,l,vi) ek | 1 < 1 < /{I} (47)

The vertices in P represent measurement locations for the GP model. Using the pos-
terior covariance matrix from Equation 4.3, the GP posterior covariance over test points
T, conditioned on measurements at P, is denoted Xrp. We define the objective for the
graph problem as:

(X)) := Te(MSqp). (4.8)
We then formulate the following optimization problem:
i JInr(X 4.9
Xer{%,lln}\E\ M( ) ( )
subject to Z Length(e) X, < B, (4.10)
eck
1 if v=s,

doox- ) X={-1ifv=g VeV (4.11)

e€5t(v) e€6~ (v) 0 otherwise,

Constraint (4.10) enforces that the total path length does not exceed the available
budget B, and constraint (4.11) ensures a valid s—¢g path via flow conservation. Since the
original objective is non-convex in the binary decision variables X', we adopt a convex
reformulation based on a linear estimator for posterior predictions [21]. This yields a
mixed-integer convex program that provides a globally optimal high-level path on the
graph. However, it is clear that using the graph formulation, measurements are taken only
at vertex locations. In practice, robots collect data continuously along their path. To
bridge this gap, we refine each selected edge using a smooth spline and solve a continuous
optimization problem over the resulting trajectories. A key challenge is how to allocate
the total budget B across these segments prior to local improvement.

4.6 Budget Allocation Stage

In this section, we introduce a heuristic method for distributing the total refinement budget
across the segments obtained from the graph-based plan. Given a global budget B and a
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path P from the high-level planner, our goal is to assign local budgets to each segment
in that path in a way that prioritizes those estimated to contribute more to uncertainty
reduction. Since measurements are collected along refined trajectories, we aim to identify
which segments can potentially influence more test points. To guide this allocation, we
estimate the set of test points that lie within the informative region of each segment under
varying local budgets, and then solve an optimization problem that selects the budget
allocation maximizing overall coverage of test points in these informative regions.

4.6.1 Informative Region Bounding

To identify which test points may be influenced by a trajectory segment, we derive geomet-
ric bounds on the region reachable by any curve of bounded length between two endpoints.
These results form the foundation of our budget allocation strategy and allow us to con-
servatively approximate the informative region associated with each edge. By leveraging
arc length inequalities, elliptical containment, and kernel decay properties, we identify a
subset of test points that are informative under a given budget for refinement. We begin
by showing that the arc length of a curve always upper bounds the sum of distances from
any point on the curve to its endpoints.

Lemma 1 (Arc Length Bounds via Triangle Inequality). Let v : [0,1] — R? be a piecewise
continuously differentiable curve. We define the arc length from a to b as

b
Length(a — b) = / 1y ()] dt.

In particular, Length(y) := Length(0 — 1).
Then:

1. |[v(1) =v(0)[| < Length(~)
2. For any t € [0, 1], we have

[7(t) =y (O)[| + [|[7(1) =~ (@)|| < Length(v)

Proof. 1. By the Fundamental Theorem of Calculus:



Taking the norm and applying the triangle inequality for integrals:
1
(1) =10 < [ I ®)dt = Length(y).
0
2. For any t € [0, 1], we apply the same argument:

() =~ (0)]| < /O 17 (s)I ds = Length(0 — ),

(1) =) < /t 17'(s)Il ds = Length(t — 1).

Summing both:
() =y (O)[] + [I7(1) = (B[] < Length(y).
O

To formalize the region reachable by length-constrained curves, we define the elliptical
region characterized by two points and a length bound (i.e., foci points and major axis
length).

Definition 4 (Elliptical Region). Given two points u,v € R? and a length bound L > 0,
define the elliptical region

E(u,v,L) :={z e R| ||z —u| + |z —v|| < L}.

This 1s the set of all points whose sum of distances to u and v is no greater than L. In two
dimensions, this corresponds to an ellipse with foci u and v and major axis length L.

The following result implies that any length-constrained trajectory between two points
lies entirely within a corresponding ellipse.

Lemma 2 (Elliptical Containment of Length-Bounded Trajectories). Let u,v € R?, and
let v :[0,1] = R? be a curve such that v(0) = u, ¥(1) = v, and Length(vy) < L. Then for
all t € [0, 1], we have:

~(t) € E(u,v, L).

Proof. From Lemma 1, for any ¢ € [0, 1],

7 (#) = ull + [lv(t) = vl| < Length(y) < L.
Hence, v(t) € £(u,v, L) for all t € [0, 1]. O

24



u v u )
] [

|
L

| AV

A

| A
A

—

Figure 4.3: Left: Any trajectory starting at point v and ending at v with total length at
most L is fully contained within the ellipse £ (u,v, L), defined by foci u, v and major axis
length L. Right: The converse does not hold: a trajectory that remains entirely within the
ellipse can still exceed length L if it contains loops or detours.

Remark 4. The converse does not hold: remaining within E(u,v,L) does not guaran-
tee that a trajectory has length at most L. As illustrated by the right-hand trajectory in
Figure 4.3, a curve may lie entirely inside the ellipse yet still exceed the length bound by
following a trajectory that contains loops.

To describe the region in which the squared exponential kernel has a non-negligible
influence along a trajectory, we make use of the Minkowski sum between sets.

Definition 5 (Minkowski Sum). Given two subsets A, B C R?, the Minkowski sum of A
and B 1s defined as
Ao B:={a+b|lac A, be B}.

We now use this operation to express a bound on the region where measurements have
a non-negligible impact on test points.

202
be the squared exponential kernel. Fix a tolerance e € (0,0?), and define the kernel influence

radius:
0—2
Tkernel *= l4/2 10g (_) :
€

Let vy be a curve satisfying Length(y) < L, and let E(u,v, L) be the ellipse with fociu = ~(0),
v = (1), and magjor axis length L. Then, for any point x ¢ E(u,v, L) & B(0, Tkerner), we
have:

Lemma 3 (Kernel Influence Radius via Minkowski Sum). Let k(x,z') = 02 exp (—M>

k(x,~(t)) <e forallte|0,1].
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Figure 4.4: The Minkowski sum of the ellipse £(u,v, L) and a ball of radius rgeme. The
resulting region represents all points within distance rieme from some point on the ellipse.

Proof. From Lemma 2, we know 7(t) € E(u,v,L) for all t € [0,1]. If 2 ¢ E(u,v,L) &
B(O, Tkeme]), then:
|z =yl > reema  VE.

) = oy (L2208 oy ().

Then:

202 202

By definition of 7iemel, we have:

2
Tkernel - €
ow () = 5
SO: c
k(x,~(t)) < o i

]

Remark 5 (Negligible Effect of Distant Test Points). Lemma 3 implies that any test
point T € T lying outside the region E(u,v, L) & B(0, rteme) has negligible influence on
the GP posterior, since its kernel value with respect to all trajectory points is less than
€. We therefore want to maximize the number of test points lying inside the union of all
informative regions of all segments while allocating the budget.

4.6.2 Max Coverage Problem for Local Budget Allocation

We now leverage the elliptical containment and kernel decay results to formulate a continu-
ous optimization problem that allocates refinement lengths to each segment of the planned
path. Recall that for an edge e = (u,v) € Ep, the informative region expands with the
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allocated length L., as it determines the major axis of the ellipse £(u, v, L.). By Lemma 2
and the kernel decay bound, the set of test points significantly influenced by edge e is con-
tained in the Minkowski sum & (u, v, L.) ® B(0, rkerner). To avoid computing this Minkowski
sum explicitly, we instead use a conservative over-approximation:

Re = {z e R | |z —ull + & — v|| < Le + 2rkema} »

which enlarges the original ellipse by simply increasing its major axis by the kernel ra-
dius. Any test point 7; € T satisfying this inequality is guaranteed to lie within the true
Minkowski sum. To enable smooth optimization, we introduce a differentiable approxima-
tion of whether a test point 7; € 7" is covered by R.. Let

dej = ll7y — ul + II7; = o]l (4.12)

1
(L) = , 413
sej(Le) 1+ exp (a(dej — Le — 27kernel)) (413)

where o > 0 controls the sharpness of the sigmoid. The score s.;(L.) € (0,1) serves as a
soft indicator for whether 7; is covered by edge e. We then define the total coverage score
for each test point as

zi=1— ] (1= se(Le)), (4.14)

eeE'p

which approximates whether 7; is covered by at least one informative region.

The budget allocation problem is then formulated as:

m
maximize E M;;z;
—

{Le}
subject to L. > |[u —v||, Ve € Ep, (4.15)
Z L.<B
€€E7J

The output of this optimization problem is a set of budget lengths {L.} for each seg-
ment, which subsequently serve as constraints in the trajectory refinement stage. These
budget lengths also correspond to the major axes of the ellipses £(u, v, L.), as established
by our earlier geometric results. This connection is not a result of coincidence, as increasing
the budget for a segment enlarges its associated reachable region, thereby expanding the
informative region and enabling influence over more test points. Consequently, the opti-
mization problem we posed as a coverage maximization problem is, in essence, a method
for distributing the total budget across the path segments.
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4.7 'Trajectory Optimization Stage

Given the ordered sequence of edges Ep corresponding to the graph path P, and their
associated local refinement budgets {L.}ccp,, we refine each edge e = (u,v) € Ep into a
smooth parametric segment . : [0, 1] = M. Each segment is optimized independently,
with the goal of reducing the GP posterior uncertainty over the test set ', while respecting
the assigned budget L. and avoiding obstacles. We represent each segment as a degree-d
spline curve defined by 7 + 1 control points P® = [PS, ..., P°] € R+ The segment is
expressed as:

Ye(t) = Z U, (t)Ps, te|0,1], (4.16)

where W;(t) are fixed basis functions determined by the spline type. For example, Bézier
curves use Bernstein polynomials, while B-splines use piecewise polynomial basis functions
defined by a knot vector. To remain general, we refer to the basis abstractly as ¥;(¢). To
ensure C° continuity, we clamp the spline endpoints

Py =u, P’=nw. (4.17)

Only the interior control points {Pf, ..., P¢ ,} are treated as decision variables. We then
evaluate the objective by sampling each segment at N uniformly spaced parameter values
{t1,...,ty} C [0, 1], yielding the set of measurement locations:
e . N

Xtraj = {’Ye(ti>}i:1 . (418)
Since the trajectory v.(t) is expressed as a linear combination of the control points {Pf}
using fixed basis functions {W;(t)}, each sampled location 7.(t;) € X{,,; is a function of the
control points. As a result, from Equation 4.3 the GP posterior covariance of T conditioned
on sampled trajectory measurements X . denoted as Y Xt is also a function of the
control points. The objective is then defined as

JM(Pe) = Tr(MET|Xt€raj)’ (419)

In order to enforce feasibility, we impose two constraints. Firstly, the trajectory arc
length must satisfy:
Length(~.) < Le. (4.20)

Secondly, the trajectory must remain collision-free. Ideally, we require

d(7e(t)) >0 forall t €[0,1], (4.21)
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where ¢ : M — R is a signed distance function satisfying ¢(x) > 0 if and only if £ € Mec.
This formulation is valid for convex obstacles, for which such a function can be computed
efficiently. In practice, we enforce this condition at a finite set of observation points as:

QS(’Ye(tj)) Z Oa Vj € {1 obs} (4'22)

We thus formulate the trajectory optimization for each segment e = (u,v) as the
following NLP: -
Hlljin Iy (P°)

subject to Length(v.) < L (4.23)
Qﬁ(,ye( )) Z 0 .] S {]- Nobs}a

Remark 6 (Obstacle Pruning for Efficiency). To reduce computational overhead, we ex-
clude obstacles that do not intersect the elliptical region E(u,v, L.) associated with a seg-
ment e = (u,v). By Lemma 2, the refined trajectory is guaranteed to lie entirely within
this region. As a result, such obstacles should not affect the optimization problem and can
be safely ignored, reducing constraint evaluations and improving solver efficiency.

Smoothness and Solver Compatibility. Second-order solvers such as [POPT [30)]
require the objective and constraints in (4.23) to be at least twice continuously differen-
tiable with respect to the optimization variables. This condition is satisfied under our
formulation. Bézier curves are constructed as convex combinations of control points using
Bernstein polynomial basis functions, which define a single polynomial over the full interval
[0,1]. As a result, Bézier curves are infinitely differentiable (C'*°) in both the parameter
and the control points. B-spline curves, in contrast, are composed of multiple Bézier seg-
ments joined at knots. While they are also convex combinations of control points, their
basis functions are only piecewise polynomial, and the resulting curve is typically C41
continuous, depending on the degree d and the knot spacing. For example, cubic B-splines
are C?, which is sufficient for second-order optimization.

The GP posterior is smooth in the measurement locations due to the differentiability
of the kernel and matrix operations. The arc length and obstacle avoidance constraints
are continuous and piecewise differentiable, and may be smoothed if needed to improve
optimization stability. Overall, the entire formulation is sufficiently smooth for practical
use with IPOPT.

Remark 7. Although many continuous-space IPP methods rely on derivative-free solvers
such as Covariance Matriz Adaptation Evolution Strategy (CMA-ES), our approach sup-
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ports efficient gradient-based optimization through symbolic spline representations and closed-
form GP expressions.

Figure 4.5 illustrates two optimized Bézier trajectories in free space, generated using
the solution to the trajectory optimization problem (4.23). Each trajectory collects 20
measurements from a cost field sampled from a GP. The red trajectory is constrained by
a smaller budget, limiting its reach and resulting in fewer measurements near test points.
The yellow trajectory, with a larger budget, is able to loop and position measurements
more effectively near test points. Figure 4.6 shows the corresponding posterior mean and
variance maps obtained via the GP update equations (3.2). It also includes posterior maps
generated from ideal measurements taken directly at the test points. The mean maps reflect
predicted values of the underlying field, while the variance maps quantify uncertainty. As
expected, variance decreases significantly near the locations where measurements were
taken.
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Figure 4.5: Example of two optimized Bézier curves in free space, both with 20 measure-
ment points. The yellow trajectory is given a higher budget B than the red, allowing it to
loop and better cover informative test points (blue). The underlying cost field is sampled
from a known GP.

Figure 4.7 shows examples of optimized B-spline trajectories in an obstacle-cluttered
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environment. B-splines are used in this setting instead of Bézier curves due to their local
control property, as discussed in Section 3.3. In the left panel, the trajectory successfully
navigates around obstacles while taking measurements close to test points. However, be-
cause the underlying problem is an (NLP), the solution may get trapped in local minima.
This is illustrated in the right panel, where a slight change in the start location results in a
suboptimal trajectory that fails to explore informative regions and instead wastes budget
in less useful areas. This motivates the need to use our hierarchical framework instead of
solely relying on continuous optimization methods.

4.8 Simulation Results

To evaluate our proposed method, we present results across a range of scenarios, including
simulations in custom-built environments, experiments using real-world datasets, and sim-
ulations on real-world geographic maps. We specifically compare our approach against the
continuous-space method introduced in [32], which uses CMA-ES as a black-box optimizer.
Since CMA-ES does not support hard constraints, their original formulation incorporates
budget constraints as penalty terms in the objective function. Obstacles were not consid-
ered in their work, so we extended the approach to include obstacle avoidance for a fair
comparison. We use the Python package provided in [59] to implement CMA-ES planner
in our experiments. To further assess performance, we compare against the graph-based
planner proposed in [21], which formulates the problem as a Mixed Integer Convex Pro-
gram (MICP) and is implemented using Gurobi 11.0 [27]. This same method is used as
the graph-based stage planner in our hierarchical framework, as described in Section 4.5.
For solving the budget allocation problem (Section 4.6.2) and the continuous trajectory
optimization problem (Section 4.7), we use CasADi [3] together with the IPOPT solver.
All experiments were run on a computer with an Intel Core i7-10700K CPU and 32GB
RAM.

Although originally proposed to maximize mutual information under a soft budget
constraint, the approach of [32] is objective-agnostic and uses black-box optimization. This
flexibility allows us to adopt their structure and replace the objective with our variance-
based criterion, while also incorporating obstacle and boundary penalties using the same
penalty-based formulation. Specifically, we minimize

J(P) = p(B — Length(7)) - p(¢ens(7)) - Tr (MZqyx) , (4.24)

where Length(+y) denotes the length of the spline trajectory 7 defined by control points P,
and ¢ops(7y) is a penalty for obstacle violations, respectively. The smooth penalty function
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Figure 4.6: Posterior mean and variance maps for three measurement scenarios: a short-
budget Bézier trajectory, a long-budget Bézier trajectory, and an ideal case with mea-
surements taken directly at the test points. In all scenarios, variance decreases near mea-
surement locations. The long-budget trajectory achieves lower overall uncertainty due to
more effective measurement placement, while the ideal case represents the best achievable
measurements.
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B-spline trajectory through obstacles
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Figure 4.7: Two B-spline trajectory optimization outcomes in an obstacle-rich environment
with 12 control points. Both trajectories are subject to the same constraints, but the
non-convex nature of the problem leads to different local solutions sensitive to problem
parameters.

p: R — Ry is defined as:

1, z>0

o(z) = {eXp G%) y #<0 (4.25)

where A > 0 is a user-defined smoothness parameter that controls the softness of the
constraint. This formulation follows the constraint-handling approach of [32], enabling
soft enforcement of budget and feasibility constraints within the CMA-ES framework.

4.8.1 Comparisons in obstacle-free environments

We begin with comparisons in the obstacle-free setting.

Setup 1. In the first experiment, we evaluate only the trajectory optimization stage
proposed in Section 4.7, implemented using CasADi with IPOPT, against the offline version
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of the continuous planner from [32], which uses CMA-ES. Both methods are tested using
Bézier curves and degree-3 B-splines with a uniform knot vector. The environment is a
10 x 10 square, with kernel hyper-parameters set to length-scale ¢ = 1, signal variance
0% = 1, and noise variance o2 = 0.1. We use m = 100 randomized test points with equal
weighting, i.e., M = I, which is adopted in all experiments. Each trajectory produces
n = 20 measurements. Start and goal points are fixed at the lower-left and upper-right
corners of the domain, i.e., at the origin and [10, 10}, respectively. Both solvers are given a
maximum of 2000 iterations, and the travel budget is set to B = 40. To evaluate scalability,
we vary the number of control points from 4 (the minimum required to define a degree-
3 B-spline) up to 16. For each configuration, we repeat the experiment 10 times using
both solvers. This repetition is necessary due to the stochastic nature of CMA-ES, which
produces different solutions for the same instance.

Results. As expected, increasing the number of control points generally improves the
objective value for both methods, since more control points allow for better control over
the trajectory shape. Overall, performance between the two approaches is comparable,
with slight alternation in which method yields the better result. The key advantage of
our approach is that it is deterministic, producing consistent results across runs, while
the baseline exhibits higher variance, as reflected in the confidence intervals shown in
Figure 4.8(left). In terms of runtime, our method is significantly faster and scales better
with the number of control points, avoiding the steep runtime growth seen with CMA-ES
(Figure 4.8(right)). This efficiency stems from our use of gradient-based optimization,
which exploits the smoothness of both the objective and the constraints, in contrast to
black-box methods like CMA-ES that rely on repeated sampling across a population of
candidate solutions
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Figure 4.8: Comparison of continuous-space IPP using CasADi with IPOPT (ours) and
CMA-ES [32].

Setup 2. In the second experiment, we compare the trajectory optimization stage against
a state-of-the-art graph planner [21], which formulates the problem as a mixed-integer con-
vex program. We use an environment of size 10 x 10, and randomize the kernel parameters:
the length-scale ¢ is sampled between 0.8 and 1.5, the signal variance o2 between 0.1 and
2.0, and the noise variance o2 between 0.05 and 0.1. The start and goal points are also
randomized. For the graph planner, we consider two 4-connected grids with different dis-
cretizations. The coarse grid has a vertex spacing of 2, resulting in 6 x 6 = 36 vertices,
while the fine grid uses spacing 1, yielding 11 x 11 = 121 vertices. Since the mixed-integer
formulation operates on directed graphs, each undirected edge must be represented twice.
The number of directed edges is given by:

2x[(n—1)-n+n-(n—1)] =4n(n —1),

where n = L/§ + 1 is the number of vertices per side in a grid of size L x L with spacing 9.
This results in 120 and 440 directed edges for the coarse and fine grids, respectively. Due
to the increased combinatorial complexity in the fine setting, we limit the number of test
points to m = 25, as this was the most complex configuration we could handle within a
reasonable computational time.

For the trajectory optimization, we use B-spline curves and, similar to the graph plan-
ner, evaluate two versions: one with a low number of control points (6) and one with a
higher number (12). The graph-based planner collects measurements only at the vertices
it visits. After each run, we count the number of visited vertices and allow the trajectory
to take the same number of measurements to ensure a fair comparison. This is important,
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as the number of measurements significantly affects uncertainty reduction. Both planners
are given a fixed travel budget of B = 30, and we run 25 different randomized runs.

Results. Our casadi-ipopt-based trajectory optimization outperforms the graph-based
MICP planner in both estimation accuracy and computation time. In the fine-resolution
setting, the 12-point spline achieves a lower median posterior trace (6.4) than the fine graph
planner (9.3), and performs more than twice as well as the coarse graph planner (16.1).
Even with just 6 control points, our method still outperforms the coarse graph in both
objective and speed. In terms of runtime, the difference is even more apparent. The fine
graph planner takes over 56 seconds per run, while our optimizer with 12 control points
solves the problem in under 17 seconds. In the coarse case, our method is over four times
faster, solving in about 1 second compared to nearly 6 seconds for the graph. These results,
summarized in Figure 4.9, show that using smooth splines and gradient-based solvers not
only improves performance but also makes the method more scalable and efficient than
discrete graph-based approaches.
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Figure 4.9: Comparison between graph-based MICP and casadi-ipopt (ours) in terms of
posterior uncertainty and runtime.

4.8.2 Comparisons in obstacle-cluttered environments
In the previous experiments, we compared solvers in obstacle-free environments. We now

consider a more challenging, obstacle-cluttered scenario where pure trajectory optimiza-
tion becomes less reliable due to the sensitivity of NLPs solvers to the geometry of the
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environment. As demonstrated earlier, such solvers can easily become trapped in poor lo-
cal minima. In this section, we evaluate our proposed hierarchical framework against two
baselines: a graph-based MICP planner and a continuous-space solver using CMA-ES. We
also include our CasADi-based solver with cubic B-splines as a standalone trajectory op-
timization baseline. The experimental setup follows the environment shown in Figure 4.7.

Setup 3. We use the same setup in Figure 4.7. The domain is bounded within [—0.5, 3] x
[—0.5, 3] and contains twelve obstacles, comprising convex polygons and circles. A fixed
graph with 11 vertices and 22 directed edges is used for both the hierarchical and graph-
based planners. In each run, start and goal locations are randomly sampled from the graph
vertices, ensuring a minimum separation of 1.0. We use a squared exponential kernel with
length-scale ¢ = 0.35, signal variance 02 = 10, and measurement noise o> = 0.1. The
planning budget is fixed at B = 14. We use a total of m = 35 test points, randomly
generated. For fair comparison, all planners are constrained to use the same number of
measurements per run. This number is determined dynamically based on the high-level
plan produced by the hierarchical planner, which allocates a fixed number of measurements
per segment. For the graph-based planner, we allow measurements to be placed along edges,
even though optimization occurs only over vertices. Once the graph planner selects a path,
measurements are uniformly distributed along the corresponding edges. This ensures a
fair comparison, as the number of measurements directly affects posterior uncertainty, as
discussed earlier.

Results. The proposed hierarchical planner outperforms all other methods in terms of
both objective value and runtime. As shown in Figure 4.10, the hierarchical planner
achieves the lowest mean objective (17.8), compared to 25.1 for CMA-ES, 25.8 for casadi-
ipopt, and 27.4 for the graph MICP planner. It also has a smaller interquartile range,
indicating more consistent performance.

The graph-based planner achieves the fastest runtime (mean of 0.27s), which is expected
because it solves a combinatorial problem on a sparse graph. The hierarchical planner,
while slower than the graph baseline, is significantly faster than both continuous-space
solvers, CMA-ES (204.2s) and IPOPT (92.0s), with an average runtime of only 10.2s.
Despite including a graph search stage, the hierarchical planner runs faster than standalone
trajectory optimizers because it decomposes the problem into smaller subproblems and
restricts trajectory optimization to elliptical regions. This reduces the number of obstacle
constraints and speeds up convergence.

37



Runtime (seconds)

Hierarchical Graph  CMAES  CasADIIPOPT Hierarchical Graph  CMAES CasADI IPOPT

(a) Objective values across solvers. (b) Runtime.

Figure 4.10: Performance comparison in obstacle-cluttered environments.

4.8.3 Real World Data

Setup 4. We evaluate our method on real-world sea-ice cover data in the Arctic, focusing
on the Canadian Arctic Archipelago. The data is obtained from the ERAb post-processed
daily statistics on single levels dataset, provided by the Copernicus Climate Change Service
through the Climate Data Store [141]. The dataset offers daily estimates of sea-ice cover,
defined as the fraction of each grid cell covered by sea ice, based on satellite observations in
April 2025. To obtain land and water boundaries, we use low-resolution vector geometry
from the Cartopy library [55], which sources data from Natural Earth. Since both the ERA5
and land geometry data are in geographic coordinates (latitude-longitude), we reproject
them onto a locally appropriate planar coordinate system (e.g., polar stereographic) to
support accurate spatial modelling and path planning. Because our framework is limited
to convex obstacles, we preprocess the landmasses using CGAL’s Partition_2 package[31]
to perform minimum convex decomposition. This converts non-convex polygons into 93
convex polygons, making them compatible with our constraint formulation. The planning
scenario models an autonomous surface vessel navigating from a given start to a goal
location to collect informative measurements of sea-ice cover along its trajectory. While
sea-ice cover is already observable via satellite, other variables (e.g., ozone, salinity, ice
thickness) often require on-site sensing for more accurate data. This scenario, therefore,
still provides a realistic setting to demonstrate the applicability of our method. We use
GPyTorch [23] to learn kernel hyperparameters by maximizing the marginal likelihood,
with a squared exponential kernel.

In this scenario, the user provides an importance field I as shown in the top-left panel of
Figure 4.11, which assigns higher values to regions of interest. This field is normalized into

38



a probability density, from which m = 30 test points are sampled, constrained to lie in free
space. Due to the large number of partitioned obstacles and the cluttered environment,
pure trajectory optimization methods failed. CasADi-IPOPT terminated before finding
a feasible solution, and CMA-ES returned a trajectory that collided with obstacles, with
both being given 1000 iterations.

In contrast, our hierarchical optimization framework successfully generated feasible
paths from start to goal while satisfying the budget and obstacle constraints and gathering
informative measurements along the way. To evaluate estimation quality, we compare
three strategies: (1) directly observing the test points, (2) using our planner with a low
budget, and (3) using our planner with a higher budget. We assess performance using two
metrics: RMSE at the test points, and an importance-weighted RMSE that incorporates
the user-defined importance field.

Importance-weighted RMSE. To evaluate approximation quality, we compute the
root mean squared error weighted by a normalized importance distribution I (x), where
I(z) = I(x)/>°;1(x;). Letting u(z) denote the posterior mean and f(z) the ground
truth, the metric is approximated over a grid {x;}7_, as:

Weighted RMSE ~ Z I(x)) () — fla;)> (4.26)

Results. Table 4.2 summarizes the estimation results under the different strategies. Di-
rect test point observations yield the lowest RMSE at the test points, as expected, since
the targets are observed directly (up to measurement noise). However, this approach is
infeasible under the specified budget. Among the two planning strategies, increasing the
budget significantly improves both RMSE and importance-weighted RMSE. Notably, the
high-budget trajectory achieves a lower importance-weighted RMSE than direct test point
observations, suggesting that it places measurements more effectively in regions that mat-
ter most to the user. Figure 4.11 demonstrates the real-data, and the trajectories produced
by the hierarchical planner. Figure 4.12, shows the weighted mean squared error at each
point.
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Figure 4.11: Hierarchical IPP in the Canadian Arctic Archipelago. (a) The importance field
I indicates regions of interest for reducing uncertainty. (b) Real ice cover data obtained
from satellite observations [14]. (¢)—(d) Planned paths using the hierarchical planner under
low and high budget constraints, respectively, overlaid on the GP posterior mean. Obstacle
boundaries are shown in black.
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Table 4.2: Estimation performance under different observation strategies.

Method RMSE at test Importance- Trace of pos-
points weighted RMSE terior covari-
ance
Direct test point observations 0.081 0.411 3.124
Hierarchical planner (low budget) 0.314 0.521 4.474
Hierarchical planner (high budget) 0.156 0.381 2.237
Weighted MSE Grid Map Weighted MSE Grid Map

0.000324
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Figure 4.12: Posterior mean squared error maps under two different path budgets. A higher
budget allows for more informative measurements, reducing estimation error. The error
scale is small (on the order of 107*) due to the limited range of the measured quantity, as
ice cover values lie between 0 and 1.

4.8.4 Evaluation in a Smaller Environment

While the Canadian Arctic Archipelago offers a compelling real-world testbed, its large
geographical scale and harsh ice conditions make it impractical for most surface vessels,
which would require icebreaker capabilities and long-range endurance to traverse such
regions. To complement our main experiments, we therefore consider a smaller region with
a lower number of obstacles.
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Setup 5 The environment is based on OpenStreetMap[00] coastline data for a region
that includes islands in Central Ontario near Georgian Bay. The landmasses are enclosed
using their convex hulls to simplify the environment and allow all planners to compute
feasible trajectories. Unlike the Arctic case, no convex decomposition was required. Since
real data at appropriate resolution is unavailable for this region, we generate synthetic
environmental data using a GP with a squared exponential kernel. The resulting field
represents the dispersion of water pollution, specifically the concentration of nitrates in
mg/L. We also define a user importance field using a sum of unnormalized Gaussians to
emphasize regions of interest.

All planners were given the same path length budget, and performance is reported using
three metrics: RMSE at test points, importance-weighted RMSE, and the trace of the GP
posterior covariance.

Results. Table 4.3 summarizes the results. The hierarchical planner again achieves the
best estimation accuracy, both in standard and importance-weighted RMSE, while also
being significantly faster than the other two methods. Figure 4.13 demonstrates the tra-
jectories produced by each method.

Table 4.3: Estimation performance in the synthetic water pollution scenario.

Method RMSE at test Importance- Trace of poste- Time (s)
points weighted RMSE rior covariance
Hierarchical planner 2.13 4.51 13.68 18.64
CasADi-IPOPT 4.92 5.86 44.15 174.96
CMA-ES 4.79 5.71 37.12 282.33
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Figure 4.13: IPP over a synthetic nitrate concentration field generated near islands in
Central Ontario, close to Georgian Bay. (a) The true concentration field and test points are
used for evaluating informativeness. (b)—(d) Trajectories generated by different planners:
hierarchical planning, CMA-ES, and CasADi-IPOPT, respectively, shown over the GP
posterior mean. Obstacles are shown in black.
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4.9 Summary

This chapter addresses the IPP problem in continuous space, where an agent must collect
informative measurements of an unknown spatial field under resource constraints. We
propose a hierarchical framework that combines graph-based planning with continuous
spline trajectory optimization, enabling the agent to navigate complex environments with
obstacles. A novel ellipse-based heuristic allocates trajectory budget across segments to
prioritize informative regions. Simulations on both synthetic and real-world Arctic data
demonstrate that our method consistently outperforms existing planners in estimation
accuracy and runtime.
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Chapter 5

Stochastic Path Planning in Random
Fields

5.1 Introduction

In many robotics and autonomous systems applications, the environment is a priori un-
known. In such settings, classical deterministic planning methods fall short because they
fail to account for uncertainty in environmental variables. A common alternative is to
model edge costs on a planning graph as random variables, as in the Canadian Traveller
Problem (CTP) [62, 50, 77] and the Stochastic Shortest Path with Recourse (SSPPR) [63].
However, these approaches typically assume a discrete set of possible outcomes, which
becomes impractical when the uncertainty arises from a continuous spatial process.

In this work, we consider the Stochastic Path Planning in Random Fields (SPPRF)
problem, where uncertainty is induced by an underlying spatial field that directly influences
traversal cost. Since such a field is continuous and its realizations cannot be enumerated, it
is modelled as a stochastic process indexed by spatial coordinates. A motivating example
is ship navigation through ice-covered waters, where captains of ice-breaking vessels must
make routing decisions without full knowledge of the ice concentration or thickness. Even
though these ships are capable of breaking ice, collisions with dense or thick ice remain
hazardous and fuel-intensive, so navigators prefer routes through regions with lower values
to minimize risk and energy use. Path planning in environments affected by random fields
is ubiquitous across different domains. Beyond Arctic ship navigation, other motivating
examples include:
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e Flight planning in uncertain wind fields — Wind patterns affect fuel efficiency and
flight time and exhibit strong spatial and temporal correlations.

e Autonomous underwater vehicle (AUV) navigation in ocean currents — Currents im-
pact energy consumption and are correlated in both space and time.

e Agricultural robots in uncertain soil conditions — Soil moisture and density affect
traversal effort and vary across the field.

In this work, we use a Gaussian Process (GP) to represent and update the agent’s
belief over the underlying cost field based on real-time observations. As a nonparametric
prior over continuous functions, a GP is particularly well-suited for modelling spatially
correlated environmental variables. Unlike classical approaches that assign uncertainty
directly to edge costs, we model the entire cost field as a stochastic process, reflecting the
fact that the agent observes the field itself rather than the traversal costs on the edges. A
key challenge in this formulation is deriving edge cost distributions from the GP posterior,
enabling integration with existing graph-based stochastic planning methods. Specifically,
given a sparse set of observations, how can we compute the induced distribution over edge
costs to support informed path planning? This chapter focuses on planning paths through
environments with uncertain, spatially varying traversal costs. The objective is to navigate
from a start to a goal while minimizing the expected total cost.

5.2 Contributions

In this chapter, we address the SPPRF problem, where traversal costs are governed by a
stochastic process modelled as a GP over continuous space. We introduce a framework for
transforming the GP cost distribution in continuous space into a probability distribution
over edge costs, forming what we call a belief graph. Leveraging this representation,
we propose an adaptive planning approach that uses Dijkstra’s algorithm to compute
the minimal expected-cost path given the current observations. As new observations are
collected during traversal, the GP posterior and belief graphs are updated, allowing the
planner to adaptively change the path in response to incoming information.

5.3 Problem Formulation

We consider an autonomous agent operating in an environment M C R?. The environment
is discretized into an undirected graph G' = (V, E), where V' C M is a finite set of vertices
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and £ C V x V is a set of edges. Each edge e = (u,v) € E is geometrically associated
with a continuous curve C, C M. Traversal cost is determined by an unknown spatial field
f: M — R, representing quantities such as ice thickness, wind resistance, or ocean current
strength. This field is modelled as a realization of a stochastic process. While the agent
does not directly observe f, it may obtain noisy pointwise measurements during traversal.

Assumption 1 (Static Stochastic Cost Field). The cost field f is unknown but time-
wnvariant.

Assumption 2 (Noisy Local Observations). The agent can collect a noisy measurement
of the cost field f at its current location x € M.

To evaluate the accumulated cost along a continuous path in a spatial domain, we use
the concept of a line integral, which generalizes the idea of summing a scalar field along a
curve. We recall its formal definition:

Definition 6 (Line Integral, [75]). Let C C R be a smooth curve parametrized by x :
[a,b] = C, and let f : RY — R be a scalar field. The line integral of f along C is defined

/f ds—/f ) 1%(8)]]dt,

where ds = ||X(t)|| dt denotes the differential arc length.

This integral enables the evaluation of accumulated values of a scalar field f along
paths in arbitrary subsets of R?. We define the cost of traversing a curve C C M as the

line integral of the cost field:
= /f(x) ds (5.1)
c

where ds denotes arc length, and the integral is a line integral in Definition 6. For a path
P ={ej,ey,..., e} from start node s € V' to goal node g € V, the total cost is:

k

=> Te (f Z (5.2)

i=1 Cez

Since f is random, Tp(f) is a random variable. The planning objective is to find a path
that minimizes the expected total cost, and the problem is formally stated as:
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Problem 2 (Stochastic Path Planning in Random Fields). Given a stochastic process prior
over the cost field f, a spatial graph G = (V, E), and start and goal nodes s,g € V', find a
path P C E from s to g that minimizes:

Pepsﬂg

where Ps_,, denotes the set of all feasible paths from s to g, and the expectation is taken
over the distribution of f.

Remark 8. Although the objective is expressed over static paths, solving the problem typi-
cally requires the agent to update its belief about the field as new observations are collected.
This motivates the use of adaptive planning policies, which we introduce in the methodology
section.

5.4 Modelling

We model the unknown cost field f : M — R, where M C RY, as a realization of a GP
with prior mean function mg(:) and kernel k(-,-), i.e. f ~ GP(myg, k). The agent collects

noisy observations over time. At time ¢, it has obtained a dataset D<; = (X<, Y<),
where Xo; = [x1,...,%x]" € R™? is the set of queried locations with x; € M, and
Yo =[y1,...,u]" € R are the corresponding noisy observations:

yi = f(xi) +e&, €&~N(0,0?) iid. (5.4)

Given this data, the posterior over f is a Gaussian process:
[ 1Dy ~ GP(mu(-), k(- -)),
with posterior mean and covariance functions:
my(x) = mo(x) + K (x, X<) [K (X<p, Xp) + 021 (Yr — mo(X <)), 5.5
ku(x, X)) = k(x, %) — K(x,X<;) [K(X<y, X)) + 021 K(X<p, %), '

where K (x,X<;) € R is the vector of kernel evaluations between x € M and each point
n th‘

Remark 9. Under Assumptions 1 and 2, the true cost function f is a fized, time-invariant
realization of a stochastic process, while observations are noisy and collected incrementally.
As a result, the posterior mean my(-) and covariance k(-,-) evolve with new data, reflecting
the agent’s improved belief. However, the underlying environment remains static, and any
changes in predicted traversal cost stem from information gain, not environmental change.
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5.4.1 Stochastic Cost of an Arbitrary Curve

Let C € M be a curve parameterized by a continuously differentiable injective function
x : [a,b] — C. We recall that the cost of traversing C is given by Equation 5.1:

e = [ s (5.6)
c
where ds = ||¢(7)]|dT is the differential arc length. Since f ~ GP(my(-), ki(+,-)), and each

f(x) is a random variable, the total cost T¢ is itself a random variable.

Remark 10. Since the cost field f is modeled as a stochastic process, the cost quantities
Te(f) and Tp(f) are random variables. For conciseness, we omit the explicit dependence on
f and write Tz and Tp throughout the chapter. This notation reflects their interpretation
as random variables induced by the underlying cost field.

Lemma 4. At time t € Nx, the traversal cost T¢ is a Gaussian random variable:
TC ~ N(MCH’ gg\t)v

where ficyy is the expected cost (mean) and O'g‘t 1s the variance of the cost. They are given
by:

uwz/W@M&
C

oo ://kt(x, x')dsds'.
cJc

Proof. We recall that Tp = [, f(x) ds, and that f ~ GP(my, k). Since GPs are closed un-
der linear operations [10], such as integration, ¢ is a Gaussian random variable. Therefore,
to characterize its distribution, it suffices to compute its mean and variance.

(5.7)

1) Mean. We begin with the expected value:

E[T,] =E Uc F(x) ds} .

Since the integral is a linear operator and the GP mean function m(x) = E[f(x)] is
integrable over the curve C, we apply linearity of expectation under the integral sign:

Bire] = | ElF)ds = [ mix)ds
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2) Variance. To compute the variance, we use the fact that:
ogy = Var[Te] = E [(Te — E[T¢])?] -

Substituting the definition of T¢, we get:

([0 = mxas) ] .
Expanding the square:

=5 | [ [0 = mGo) = () asas|

Var[T¢] = E

We then apply Fubini’s theorem to exchange the order of expectation and integration:

= [ 1760 =m0 (00 = (o) s
cJe
By definition of the GP posterior covariance function, we have:

E[(f(x) = me(x))(f(x)" = mu(x)')] = ke (x,X).

Var[Ty] = / / Fo(x, %) ds ds.
cJC

This completes the proof. O

Thus:

Corollary 1. For any two curves C,C" C M, the covariance of their traversal costs is:
Covy(Te, Ter) = // ki (x,x")dsds’.
C /

Proof. Follows directly by applying the same reasoning as in the variance derivation, with
the expectation taken over the product of deviations across two curves. O

5.5 Methodology

We now describe how the GP-modelled cost field supports planning in uncertain environ-
ments. Our approach builds on the mathematical foundation established in Lemma 4,
which shows that the traversal cost along any curve C C M is a Gaussian random variable
whose mean and variance are given by line integrals over the GP posterior.
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Figure 5.1: An agent navigates an unknown environment while collecting measurements
from the ground-truth field. These observations are used to update its GP belief, repre-
sented by the posterior mean and variance maps. The belief is then transformed into a
probability distribution over edge costs (belief graph) for planning.

5.5.1 Belief Graph with GP Edge Costs

To plan on a discretized spatial graph G = (V, ), we associate each edge e = (u,v) € E
with a continuous curve C, C M. Using the results of Lemma 4, we define the belief graph

at time ¢ as:
Gt = (V7E7:utGJO-tG)7

where the edge cost is represented by a Gaussian random variable:

TCe ~ N(Mf(e)7af(ev 6))7

with
ul(e) = / my(x)ds, (expected cost via Lemma 4) (5.8)
Ce
o%(e,€) :/ / ki(x,x")dsds’, (covariance via Corollary 1). (5.9)
c.Je,

€
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These expressions allow us to compute the mean and covariance of any path cost Tp,
where P = {ey,..., e}, using:

k
ul = uf(e), (5.10)
i=1

ol =3 ) of(eie). (5.11)

i=1 j=1

In this work, we use only the mean u, since it is additive over edges, which allows us to
use algorithms like Dijkstra’s for efficient planning. Including variance in the objective is
much more challenging because variance is not additive, as each edge can be correlated with
others. Therefore, computing the total requires considering all edge pairs. This quickly
becomes expensive as the path gets longer. Nonetheless, variance is useful for quantifying
risk in planning.

5.5.2 Adaptive Replanning Policy

Definition 7 (Policy). A policy 7 is a decision-making rule that, at each time step t,

selects the next edge to traverse based on the current vertex and the history of observations
Dat = (X<t, Yau).

This policy constructs a path from start s to goal g adaptively, incorporating infor-
mation gathered online. It relies on a GP, which is iteratively updated as the agent
collects new observations while traversing the environment. These observations form set
D<; = (X<, Y<;), which is used to condition the GP posterior at time ¢, as described in
Equation (5.5).

At each time step ¢, the agent constructs a belief graph G; = (V, E, u¥, o), where each
edge e € E is assigned an expected cost u&(e) computed by integrating the GP posterior
mean over the edge curve C, (Equation (5.8)). Given this graph, the agent uses Dijkstra’s
algorithm to compute the minimum-expected-cost path from its current vertex v; to the
goal vertex g. It then executes the first edge of that path, collects new observations along
the traversed edge, and updates its dataset accordingly.

This feedback loop enables the agent to replan its path in response to newly gathered
information, improving its estimate of the underlying cost field and making increasingly
informed decisions. The Adaptive replanning policy is summarized in Algorithm 1.
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Algorithm 1 Adaptive Replanning Policy =

1: Input: Graph G = (V| E), start vertex s € V, goal vertex g € V
2: Initialize dataset D<g = (X<o, Y<o) with initial observations

3: Set time t < 0, and current vertex v; < s

4: while v; # g do

5: Update GP posterior f | D<; ~ GP(my, kt) > Eq. (5.5)
6: for all edges e € E do

7 Compute expected cost u&(e) < Jo, mi(x) ds > Eq. (5.8)
8: end for

9: Use Dijkstra’s algorithm with edge weights 1 (e) to compute:

P* <~ arg min Z,uf(e)

PEPU%Q
eeP

10: Let e = (v, vi41) € P* be the first edge

11: Traverse C., and collect noisy observations {(x;, y;)}i_;
12: Update dataset: D<yi1 < D U {(x;,9:)

13: t+—t+1

14: end while

Computational Complexity. Let n = |V]| and m = |F| denote the number of vertices
and edges in the graph, respectively. At each time step t, the agent (i) updates the GP
posterior using all previously collected observations, (ii) computes the expected cost u(e)
for each edge using Equation (5.8), and (iii) solves a shortest path problem using Dijkstra’s
algorithm.

Assuming the agent collects a constant number of measurements per edge traversal,
the dataset grows linearly with time, and the GP update requires O(t*) operations due
to matrix inversion. Computing expected edge costs via numerical integration over d
discretization points per edge takes O(m - d), while the most efficient implementation of
Dijkstra’s algorithm adds O(m + nlogn) per step. The dominant per-step cost is thus
O(t3) from the GP update.

5.6 Simulation Results

To evaluate our approach and demonstrate its applicability, we conduct simulations on both
synthetic cost fields and real Arctic datasets provided by the National Research Council of
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Canada (NRC). We compare our adaptive replanning strategy against several baselines:

e Certainty Equivalence Planner: This baseline is similar to the adaptive planner
but does not incorporate feedback. Given a prior GP and possibly some initial
measurements, it computes the posterior distribution and uses it to evaluate the
expected cost of each edge using Equation (5.8). A path from start to goal is then
planned once, without updating the belief with future measurements. In essence, this
represents an offline version of the adaptive policy. Comparing against this baseline
highlights the benefit of incorporating real-time feedback during planning.

e Shortest Path Planner: A common baseline in path planning, this strategy ignores
the stochastic cost field entirely and selects the shortest path based on Euclidean
distance. It does not account for uncertainty or spatial variability in traversal cost.
This comparison emphasizes how ignoring environmental uncertainty can lead to
suboptimal routing decisions.

¢ Random Planner: In this baseline, edge costs are randomly sampled from a uniform
distribution and used to compute a path via Dijkstra’s algorithm. Although unrelated
to the actual cost field, it generates valid, non-looping paths with reasonable lengths.
This helps assess whether our method outperforms uninformed or naive strategies
that disregard any cost structure.

¢ Optimal Planner: This oracle planner has access to the true underlying cost field
and selects the minimum-cost path accordingly. While such knowledge does not exist
in our setting, where the cost is inherently unknown, it serves as a lower bound on
achievable performance. At best, other strategies can only match this planner.

5.6.1 Uncertain Terrain Navigation

We begin our evaluation with a simulation scenario in which a robot must navigate an
unknown, spatially varying terrain. The traversal cost is defined by a latent cost map,
representing environmental difficulty. This cost is not directly observable by the robot,
but may correlate with physical properties such as terrain elevation or surface friction,
where higher values correspond to greater energy expenditure. An example of the cost
landscape is shown in Figure 5.2, where the 3D surface (left) and corresponding heatmap
(right) depict the underlying cost variability that the robot must learn and plan around.
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Setup 1. The environment is discretized into an 8-connected grid, with each cell spaced
at a resolution of 0.5 units. This graph structure is used for all planners. The robot’s
initial belief over the cost map is modelled using a GP prior with zero mean and a squared
exponential kernel. To initialize the GP posterior, we consider two experimental setups:
one with only 2 initial observations and another with 150. These observations are indepen-
dently and identically distributed, corrupted by zero-mean Gaussian noise with variance
0.05. Both the certainty equivalence and adaptive planners are initialized with the same
observations. In each experiment, the start and goal locations, as well as the initial obser-
vation locations, are randomly sampled, subject to a minimum separation threshold. Each
planner returns a path, and we evaluate its actual cost and length using the true (ground-
truth) cost map. We evaluate performance across 50 randomized runs for each condition,
using the same true cost map but varying the start, goal, and initial observation locations.
This allows us to assess the robustness of each planner under different configurations while
isolating the effect of prior information.

Results. In the low-information setting with only 2 initial observations, the adaptive
planner achieves a significantly lower mean cost (379.7) compared to the certainty equiva-
lence baseline (461.0), highlighting the value of online replanning when prior knowledge is
limited. The adaptive planner also outperforms uninformed strategies such as shortest
(417.5) and random (402.5). Its performance remains above the optimal planner (234.5)
due to the limited prior data available at initialization, which makes early decisions more
exploratory and less informed. The adaptive planner also produces longer paths on average
(16.7 versus 12.6), as it actively explores the environment and revises its plan in response
to new measurements, leading to recourse decisions and consequently longer paths.

In the high-information setting with 150 initial observations, both the adaptive and
certainty equivalence planners converge to near-optimal performance, with mean costs
of 231.6 and 231.9, respectively, closely matching the optimal cost of 230.9. While the
advantage of adaptivity is diminished in this case, both planners still leverage the GP model
to capture the spatial correlations in the environment, which allows them to make informed
decisions. This consistency with the true cost structure explains their strong performance.
Path lengths are also more uniform across uncertainty-aware planners (approximately 13.4),
whereas the shortest planner remains the most direct (11.4) but incurs a much higher
cost (409.3) due to ignoring environmental variability. Figure 5.5 shows paths produced
by each planner, and Figure 5.6 shows the final belief of the robot about the cost after
traversing the adaptive planner’s path.
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Figure 5.2: Visualization of a spatially varying traversal cost field used to evaluate stochas-
tic planning algorithms. The cost map represents an unknown terrain with varying dif-
ficulty. The agent does not observe the field directly, but instead receives noisy local
measurements and updates its belief using a Gaussian Process model.
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ing only two initial observations. in the same setting.

Figure 5.3: Comparison of different planning strategies in the low-information scenario
with only two initial observations.
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Figure 5.4: Comparison of different planners in the high-information scenario with 150
initial observations.

5.6.2 Real Data Setup

Setup 2 To evaluate planning under real-world uncertainty, we use data provided by
the National Research Council Canada (NRC)[13, 11] representing ice concentration along
the southern Labrador coast as depicted in Figure 5.7. This region exhibits significant
spatial variability in ice concentration, making it well-suited for testing planners that rely
on uncertain environmental information. We model traversal cost as a function of this
concentration: areas with high ice concentration incur higher costs, reflecting their risk
and reduced navigability for autonomous ships. The cost field is modelled using a GP with
a squared exponential kernel, and learning hyperparameters using [23].

We focus on comparing three planners: the optimal deterministic planner, a shortest-
path baseline, and an adaptive planner that replans based on updated beliefs. For the
adaptive planner, we consider two scenarios with 10 and 50 initial GP observations, ran-
domly sampled from a uniform distribution.

Results. As expected, the optimal planner, which has full access to the true cost map,
achieves the lowest traversal cost of 1.21. The shortest-path planner, which ignores envi-
ronmental cost and minimizes Euclidean distance, incurs a significantly higher cost of 5.03
due to navigating through high-concentration ice regions. The adaptive planner with 10
initial measurements incurs a cost of 3.49, as it initially explores two high-concentration
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Figure 5.5: Comparison of different planning strategies for navigating an uncertain cost
field.
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Figure 5.6: Final GP posterior mean (left) and variance (right) of the cost field, conditioned
on measurements collected by the adaptive planner.

regions before forming a more accurate belief and rerouting. With 50 initial observations,
the adaptive planner achieves a much lower cost of 1.73, reflecting the benefit of improved
prior knowledge.

5.7 Summary

This chapter explores path planning in environments where traversal costs are unknown and
spatially correlated, such as ship navigation in ice or robots traversing uncertain terrain.
To model this, we use a GP to represent the cost field over space. As the agent moves,
it gathers observations and updates its GP belief, enabling adaptive replanning through a
belief graph framework. Simulations on both synthetic and real-world data demonstrate
that this approach improves performance, particularly when prior knowledge is limited.
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optimal path (deterministic) shortest path

(a) Deterministic planner with full knowl- (b) Shortest path planner ignoring cost un-
edge of the cost field (oracle baseline). certainty.
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(c¢) Adaptive planner with only 2 initial ob- (d) Adaptive planner with 50 initial obser-
servations. vations.

Figure 5.7: Planning over real ice concentration data from the National Research Council
Canada (NRC)[13, 1], along the southern Labrador coast. The figure compares different
path planning strategies under varying levels of prior information, highlighting the impact
of uncertainty on navigation decisions.
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Chapter 6

Conclusion

In this work, we addressed two key challenges in autonomous systems operating under un-
certainty. The first is the problem of Informative Path Planning (IPP) in continuous space,
where an agent must navigate complex environments under resource constraints to collect
informative measurements and reduce uncertainty about an underlying phenomenon. The
second is the SPPRF problem, where traversal costs are governed by an unknown stochastic
process, and the objective is to find a path that minimizes expected cost.

6.1 Summary

In Chapter 4, we presented the continuous-space IPP problem and proposed a hierarchical
planning framework composed of three stages. The first stage uses a graph-based IPP solver
to identify an informative path. The second stage allocates the budget to each segment
using geometric and information-based heuristics. In the final stage, each segment is refined
via spline-based trajectory optimization. We demonstrated the effectiveness and efficiency
of this approach through simulations on both synthetic and real-world datasets.

In Chapter 5, we addressed the SPPRF problem. We introduced a method for trans-
forming the GP belief, formed from sequential observations, into a belief graph, a graph
representation where edge costs are modelled as a joint Gaussian distribution. This struc-
ture enabled the design of an adaptive replanning policy that updates as new observations
are collected. We evaluated the performance of this approach against several baselines
in different simulated environments and real-world data, highlighting its ability to reduce
traversal cost under uncertainty.
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6.2 Future Work

While this work tackles two important challenges in path planning, several promising
research directions remain open. Here, we highlight four extensions: adaptive IPP, IPP
via graphs of convex sets [72], non-myopic planning in stochastic environments, and IPP
under stochastic budget constraints.

Adaptive IPP. In our experiments, we either assumed that the GP hyperparameters
were known or learned them from offline data. However, in real-world deployments, such
data may be limited or unavailable, and the environment may differ from training con-
ditions. This motivates adaptive IPP methods that update the GP online as new mea-
surements are collected [21], allowing the planner to refine both its model and trajectory.
Adaptivity is also critical when estimating task-specific features, such as level sets [71],
where sensing must focus on specific regions of interest.

IPP via graphs of convex sets. Our high-level planner relies on a pre-defined, dis-
cretized graph. A promising alternative is to represent the environment as a graph of
convex sets [52], where each node corresponds to a convex region of free space. This
enables joint optimization over the discrete path and the continuous trajectory, without
requiring a fixed graph structure.

Non-myopic policies for stochastic planning. Our current stochastic planner uses
a myopic policy based on the current GP belief. While efficient, it does not account for
how future observations may improve decision-making. Non-myopic policies, in contrast,
reason about long-term information gain but are computationally intensive due to belief
propagation. An interesting direction is to use deep learning to approximate future belief
dynamics and enable tractable look-ahead planning.

IPP under stochastic budget constraints. Most [PP formulations assume a deter-
ministic travel budget. In practice, traversal costs are often uncertain and must be inferred
from data, as in the setting considered in our SPPRF framework. This motivates a unified
approach where both the measured field and budget are stochastic. While one prior work
considered this setting [00], it did not explore this aspect in depth. Developing methods to
jointly address these uncertainties would improve robustness in real-world applications.
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