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Abstract

The ability to control light at the single photon level is essential for fully harnessing
the power of quantum information theory, and precision measurements. In this thesis, we
study two phenomena which can help us to create, and shape light at the smallest scale. In
the first part of the thesis, we explore deterministic single photon subtraction based upon
single photon Raman interaction of a single three-level A-type quantum emitter in a bi-
modal cavity or coupled with a chiral waveguide. We study the effect of photon subtraction
from different types of optical inputs - continuous-wave or pulsed coherent states and Fock
states, and dependence of the fidelity of subtraction upon key system parameters. We also
discuss the suitability and prospects of using different emitter-waveguide systems reported
in literature to successfully extract a single photon from an optical input. We find that
a quantum dot coupled with a photonic crystal waveguide with high group index could
subtract photons with fidelity close to unity. Moreover, we explore how such a SPRINT-
based single photon subtraction process can be used to create non-Gaussian states with
negative values of Wigner distribution, and negative conditional entropies. Such states can
be used as quantum resources in various fields of quantum information theory. Finally, as
an interesting example, we also discuss how this mechanism can also be used to create
non-classical Fock states of arbitrary photon number.

In the second part of this thesis, we study how to shape the emission from a single solid-
state quantum emitter, in particular an NV center in diamond, using two dimensional
patterns with sub-wavelength features. We propose a pattern etched on the surface of a
diamond sample that enhances the NV’s emission in a particular direction, and maximizes
coupling with a waveguide substantially far away from the diamond-air interface. Our pro-
posed structure was designed using the adjoint optimization technique, which significantly
reduces the amount of computational resources compared to brute-force methods to design
an optical element with desired properties. Our structure exhibits a higher directionality
of emission compared to other nanophotonic structures reported in the literature — solid
immersion lenses, nanopillars, and bull’s eye structures. Finally, we also discuss in details
the steps pertaining to setting up a confocal microscope in our laboratory for imaging NV
centers, and characterizing our proposed device.
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Chapter 1

Introduction

In the end of the nineteenth century, it seemed that physicists were pretty con dent that
most of physics had been already gured out. After all, classical mechanics, Maxwell's
equations, and thermodynamics seemed to explain most of the natural phenomena. How-
ever, at the turn of the century, in 1900, Max Planck laid the foundation stone for a
quantum theory of electromagnetic waves with his work on black-body radiation [1]. It
might seem that his work to quantize the emission/absorption of electromagnetic energy
into discrete quantities was an act of desperation to match the experimentally observed
black-body radiation spectrum. But within half a decade, in 1905, Einstein in his land-
mark work on photoelectric e ect proposed the concept of a photon { the fundamental
unit of electromagnetic radiation [2]. However, in 1927, it was Paul Dirac who nally put
the pieces of Maxwell and Einstein's theory together by treating light as a collection of
harmonic oscillators, and started the eld of quantum electrodynamics [3]. That led to the
understanding of phenomena like the spontaneous emission, the Lamb shift, and Casimir
forces. Finally, in 1963, Roy Glauber in his seminal paper laid the groundwork for the
current understanding of light by studying photon statistics, and showing the di erence
between a coherent laser and other sources of light [4].

Once we had quite an advanced understanding of light, and how it interacts with matter,
we started exploring how to use the various degree of freedoms of a photon as quanta of
information. But to fully realize the promise quantum optics holds in quantum information
theory, we need to have proper control over the light at single photon level. In this thesis,
we explore two ways we can engineer the behavior of light at the single photon level. First,
we explore how to deterministically subtract a single photon from an arbitrary beam of
light. Second, we shall investigate how we can shape photon emission from an NV center
using custom made nanophotonic structures.



1.1 Deterministic single photon subtraction

In the rst half of the thesis, we shall study deterministic single photon subtraction from

an arbitrary state of light using single photon Raman interaction with a single three-level
-type quantum emitter. Single photon subtraction has been used to study fundamental
principles of quantum mechanics, and has been shown to be an useful tool to create non-
classical resource states for use in quantum information theory [5{7]. However, most of the
photon subtraction based on heralding techniques rely upon a beamsplitter type operation,
which lead to very low rates of successful subtraction. Moreover, they are non-deterministic
in nature, rely upon the heralded detection of a single subtracted photon, and the delity
depends upon the intensity of the incident beam. Thus, deterministic photon subtraction
which can provide improved success rates, and can subtract a single photon irrespective of
the strength of the input beam is a topic of great interest.

In Chapter 2, we begin by providing a brief background to the problem of single photon
subtraction, and cavity quantum electrodynamics. Next, we investigate how to perform
deterministic single photon subtraction in a bi-modal cavity. We also study the temporal
dynamics of the single photon Raman interaction, and study three di erent situations.
First, we look at the system's response with a continuous-wave (CW) coherent input.
Then, we investigate what would happen if the cavity mode is initialized with a pulsed
coherent state or a Fock state. In Chapter 3, rst, we start by providing a brief background
to waveguide quantum electrodynamics. Later, we propose and investigate the feasibility
of deterministic single photon subtraction using a three-level emitter coupled to a chiral
waveguide instead of a bi-modal cavity. Moreover, we explore how the mechanism works
for three dierent types of input { a continuous-wave (CW) coherent state, a coherent
Gaussian pulse, and a Fock state input. We study the important system parameters that
need to be considered for experimental design, and predict how recently reported emitter-
waveguide systems might perform. Later, in Chapter 4, we ask the question if this kind
of deterministic single photon subtraction mechanism can be employed to generate entan-
glement, and non-classical states. We show that SPRINT-based single photon subtraction
can be used to create non-Gaussian quantum states with negative Wigner functions, and
negative conditional entropies. Such states can be used as quantum resources in quantum
computing, quantum information theory, and quantum cryptography. Finally, as an in-
teresting example, we show how this mechanism can also be used to create Fock states of
arbitrary photon number. We conclude with a brief discussion about the future directions
of the ongoing project.



1.2 Inverse design of nanophotonic structures for di-
rectional emission from NV centers

NV centers have been one of the most prospective solid state emitters for quantum technolo-
gies, with applications to quantum sensing in particular. It provides multiple advantages
over other quantum emitters, one of the most important one being easy initialization and
long coherence times for room temperature operations [3{10]. E ciently coupling emission
from the emitter to a waveguide in the far- eld is a challenging problem. In this thesis,
we have tried to address that problem with tailor-made nanophotonic structures designed
with the help of optimization algorithms.

In the second half of the thesis, we will study how we can use nanophotonic structures
to control the emission properties of an NV center in a diamond substrate for e cient cou-
pling with a waveguide. Such nanophotonic structures can be modeled as an antenna, and
the NV center can be treated as a classical dipole. In Chapter 5, we provide a background
on the classical and quantum theory of dipole radiation to understand why we can study
such problems under the umbrella of classical antenna theory. In Chapter 6, we introduce
the working principles of adjoint optimization based solutions to inverse design problems in
electromagnetic theory. We discuss the adjoint optimization algorithm in su cient detail,
and show how it helps in reducing the amount of computational resources. Moreover, we
also introduce the two ways in which we can perform adjoint optimization, namely geom-
etry and topology optimization. We also brie y discuss how we can design nanophotonic
devices by employing the level set method to impose fabrication dependent optimization
constraints. Finally, in Chapter 7, we propose our device designed with the help of adjoint
optimization. The proposed device helps in directional emission of radiation from NV cen-
ters, and enhances free space coupling of the emitter with a nano ber, without the presence
of separate optical arrangements for the purpose of e cient coupling. For comparison, we
also study the performance of other nanophotonic structures proposed in the literature
to enhance the emission properties of solid state emitters. Then, we discuss the confocal
microscopy setup we built in our laboratory to image the NV centers in diamonds. We
conclude with a brief discussion about the future directions of the project, which mainly
consists of fabricating and characterizing our proposed device.

The computer programs used for numerical simulations has been provided in the Ap-
pendix section of this thesis.
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Chapter 2

Deterministic single photon
subtraction with a three-level emitter
In a bi-modal cavity

2.1 Motivation

Subtraction of a single photon from a light pulse has been an interesting problem in the re-
cent times, as it can be used to probe the fundamental nature of quantum mechanics [5, 11].
It can be an e ective tool in generating non-classical exotic states of light. Non-classical
states are an essential resource for quantum computation and communication [6, 12, 13],
and lie at the heart of harnessing quantum supremacy. Single photon subtraction has
been experimentally used for enhancing entanglement via entanglement distillation, and
for creation of hybrid entangled states [6, 14{16]. Moreover, it can be used to investi-
gate the quantum commutation rules, which form the very basis of quantum optics [5].
Heralded single photon subtraction using a low re ectance beamsplitter as shown in Fig.
2.1a has been used to generate various non-Gaussian states of light like Fock states [17],

and Schredinger's cat states with a negative Wigner function [6, 18{22]. In this simplistic
approach, the detection of a single photon by the photo-detector in the mode with the
subtracted photons projects the output to state [23, 24]
1 X
“out = N an/\az,
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Figure 2.1: (a) The mechanism of heralded single photon subtraction with a beamsplitter.
The detection of a single photon by the photo-detector in the re ected mode heralds a
single photon subtraction in the transmitting mode. (b) The Hinton diagram of the anni-
hilation operator. (c) The Hinton diagram of the determini?ic subtraction operator. The
coe cients of jn  lihnj in the annihilation operator scale as n, whereas it is independent
of n for the deterministic subtraction operator.

whered), is the annihilation operator of moden (in a more generalized scenario it could also
be a linear combination of the annihilation operators of the di erent modes with individual
weights [23]), Mis the input state, and N is the total number of modes. For a single mode
input, the output is simply @”&’. However, this kind of non-deterministic/ probabilistic
single photon subtraction has a disadvantage because of its low success rates. The low
success probability can be attributed to the probabilities associated with the subtraction

of greater than one photon. Even for a weak optical input, there are non-zero probabilities



that greater than one photon will be subtracted. Also, in this type of heralded single
photon subtraction mechanism, the probability obsu%cessful subtraction is dependent upon
the intensity of the input optical signal, asa*= |~ njn 1lihnj. Thus, more photons
will be subtracted if the input light eld has more photons. Also, this type of photon
subtraction is highly incoherent leading to a mixed state of purity of 2N [23]. Apart from
using low-re ectance beamsplitters, single photon subtraction has also been demonstrated
by heralding measurement of the output of a non-linear optical process [23, 25]. In Ref.
[23], the input beam was incident on a ® BiBO crystal along with a strong gate beam

to create an up-converted photon by sum frequency generation as shown in Fig. 2.2a. The
detection of the up-converted photon heralds photon subtraction from the input. Even
though it can provide superior mode selectivity over using a simple beamsplitter, it is still
a non-deterministic process.

However, unlike the probabilistic photon subtraction mechanism disglissed above, an
ideal deterministic photon subtraction operator should be5 = j0ih0j + ,jnlihnj,
where the probability of subtraction is independent of the input number state. The Hinton
diagrams of the operators are shown in Figs. 2.1b, and 2.1c. The size and the colour
of the matrix elements are proportional to the value. Unlike, the annihilation operator,
the deterministic subtraction operator has identical coe cients for thejn  1i hnj matrix
elements, and is independent af.

In 2011, Honeret al. in their seminal work proposed deterministic single photon sub-
traction using Rydberg blockade phenomenon as shown in Fig. 2.2c [26]. A strong laser of
Rabi frequency . couples the excited Rydberg state with a very high principal quantum
number jei; to an intermediary state jpi; such that detuning . c. Thejgi, $j pi,
atomic transition is driven by a probe eld of frequency ,. When an atom absorbs a pho-
ton and ends up in the excited Rydberg state, the rest of the atoms within the Rydberg
blockade radiusrg experience a shift in their electronic levels due to strong interaction
with the excited atom. Thus, the subtracted photon resides as a coherent superposition
of a single excitation in atoms within the Rydberg blockade radius. The ensemble has the
following two brli:ght states: the ground statejGi = jg;;0;:::;gvi and the excited state

jJEi= 1= N iJoi; i e ovi for N atoms in the blockade radius. The collective

Rabi frequency for thejGi $ ] Ei transition is = P W;—C". The ensemble superatom
also hasN 1 dark states given byjD;i. Inhomogenous dephasing couples the excited state
to the dark states. As a result, the single photon excitation inhabits within theN levels

of the superatom. Once a single photon has been extracted from the probe, the ensemble
becomes transparent for subsequent photons. Using a Rydberg atom ensemble has certain
advantages. It results in greatﬁr  coupling, which translates to a higher co-operativity, since

the coupling strength scales as N. Moreover, the delity of a successful subtraction using
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Figure 2.2: (a) Single photon subtraction via sum-frequency generation using &
non-linear crystal [23]. The input signal interacts with a strong gate beam in the
non-linear material. The detection of a single up-converted photon heralds a single
photon subtraction in the input. (b) Single photon subtraction based upon single
photon Raman interaction using a three-level quantum emitter coupled to opposite
directions in a waveguide via a micro-resonator of high quality factor [27]. At the
end of the subtraction process, the emitter has switched frojfi ! j 2i, and becomes
transparent to the incident eld. (c) Single photon subtraction using an ensemble
of Rydberg atoms as proposed by [26]. The single subtracted photon resides as a
coherent superposition of a single excitation in atoms within the Rydberg blockade
radiusrg. 3



the Rydberg atoms scales all=(N + 1). Later, in 2016, Tresp et al. implemented single
photon subtraction using a Rydberg ensemble 8fRb atoms [28].

Later in 2015, Rosenblunet al. experimentally extracted a single photon from an opti-
cal pulse using a single laser cooléfRb atom, with a three-level energy scheme, coupled
with a micro-resonator with a high quality factor as shown in Fig. 2.2b [27]. Exploiting
the single photon Raman interaction or SPRINT mechanism [29{31], they successfully sub-
tracted a single photon from the red mode travelling to the right, and transferred it to the
blue mode going to the left with pretty high e ciency. Unlike using a beamsplitter or a
non-linear crystal, Rydberg blockade and SPRINT are self-terminating processes, i.e., the
medium becomes transparent to the input signal after a photon has been subtracted. So,
it is not possible to subtract more than a single photon. In subsequent sections, we shall
discuss how such a SPRINT based photon subtraction works in detail.

Though it is possible to subtract single photons using cold atomic systems, the main
obstacle in these technologies lie in the cumbersome nature of the physical system, and
di culties associated with loading and e cient coupling between these laser cooled atoms
with the mode of the waveguide. On the contrary, solid-state emitters o er the promise of
an on-chip platform, and can be a viable candidate for miniaturized quantum technologies
[32]. Some of the solid state emitter platforms that can be considered for such applica-
tions are nitrogen-vacancy (NV) [33], or silicon-vacancy (SiV) centers in diamonds [34],
defect centers in silicon carbide (SIiC) [35], zinc oxide (ZnO) [36], rare-earth ion impuri-
ties in yttrium aluminium garnet (YAG) [37], and yttrium orthosilicate (YOS) crystals

[32, 37]. Other potential lower dimension solid state emitters and platforms are defects
in 2D hexagonal boron nitrides (hBN) [38], 1D carbon nanotubes (CNT) [39], and OD
guantum dots (QD) [32, 40]. In particular, QDs coupled with photonic crystal waveguides

(PCWs) are a very promising platform since a very small mode volume, and low group
velocity is achievable with PCWs, which lead to high coupling e ciencies.

In this chapter, we investigate deterministic single photon subtraction using SPRINT
in a three-level quantum emitter coupled to a bi-modal cavity. Similar to Ref. [27, 41],
our proposal relies on the SPRINT mechanism [29{31]. We discuss the temporal dynamics
of the SPRINT mechanism inside the cavity for di erent types of optical input. First, we
look at the case of single photon subtraction from a continuous-wave (CW) coherent input
by driving the system using a coherent CW source. Second, we shall study what happens
if a coherent state with a speci ed mean photon number is injected into the cavity, and the
system is left to evolve. Third, we shall also study the dynamics of the photon subtraction
process with an input Fock state. Finally, we investigate the second order auto-correlation
function of the photon-subtracted mode to look for signatures of non-classical light.

I will like to thank Dr. Jinjin Du, and Prof. Michal Bajcsy for helpful discussions
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regarding the work reported in this chapter. All the Python programs used for simulations
in this chapter are available in Appendix C.

2.2 A quantum emitter in a cavity

2.2.1 A gquantum emitter coupled with a single cavity mode

The proposed system for deterministic single photon subtraction consists of a single three-
level -type quantum emitter coupled with a bi-modal cavity. But before diving into that,

rst we look at the interaction of a two-level system coupled with a cavity mode as shown
in Fig. 2.3. Solving the Maxwell's wave equations under the boundary conditions set by
the geometry of the cavity gives rise to a discrete spectrum of eld solutions called modes
characterized by its wavevectok. Each mode is associated with a certain spacio-temporal
distribution of electric and magnetic elds in the cavity, much like the standing waves in a
string held at both ends. Mathematically, the mode of the electromagnetic eld is a vector
eld fi(r;t), which is a normalized solution of the Maxwell's equations and satis es the
following relationships [42]:

1@
r? e f(r;t)=0; (2.1a)
r f(r;t)=0; (2.1b)
1 . ,
— T (r;0)j2d®r = 1: (2.1c)
Voo

HereV is a fairly large volume where the system is con ned, and the elds are normalized

that all solutions of the Maxwell's equations can be expressed as a linear superposition in
that basis. The positiy,e frequency component of the complex electric eld could be ex-
pressed a€E® (r;t) = «, Bfk, (r;t). The eld has a discrete spectrum owing to con ning

it in a nite volume V. Also, the modes satisfy the orthogonality condition

% fi. (L Of (A = 5 (2.2)
\%

For simplicity, let us consider that the two-level atom interact with only one cavity
mode. We can make this assumption if the atom is on resonance or close to resonance with
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Figure 2.3: A two-level emitter interacting with the eld inside a cavity with a single
mode. The frequency of the cavity mode is, whereas the transition frequency i$ oq. The
frequency detuning is given by =1 g,

the fundamental cavity mode frequency. The ground statggi and the excited statejei
have a transition frequency! ¢4, Wwhereas! is the resonance frequency of the cavity mode
under consideration (see Fig. 2.3). The detuning of the cavity mode from the atomic
transition is given by = ! g,

The total Hamiltonian of the system, H, is the sum of the atomic HamiltonianH 4,
the Hamiltonian of the cavity eld mode Hg, and the interaction Hamiltonian Hag . It is
given byH = Hp + He + Hap Where

Ha = ~! ¢ Y, (2.3a)
Hr = ~la’Ya (2.3b)
Hare = ~g( @+ Ya): (2.3c)

In these equations, = jgihej is the atomic lowering operatora is the annihilation operator
of the cavity mode, andg is the coupling constant giving the strength of interaction between
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the cavity modes and the emitter given by

r
!
g= € dge >~ (2.4)

Here, & is the unit polarization vector of the cavity mode at the position of the two-level
emitter, dge = hgj d jei is a dipole matrix element of the emitter with dipole operatod, and

Vn is the mode volume. This is the well-known Jaynes-Cummings Hamiltonian for an atom
interacting with a single cavity mode near resonance under rotating wave approximation.
It also assumes the dipole approximation can be used, i.e., the atom is considered to be
much smaller than the wavelength.

The total quantum state of the system is expressed §sa; ri, Where 4 is the atomic
state and ¢ is the cavity eld state. To solve this system, we can use the ansatz wave-
function

b
JOi= (Cgn(t)jgini + cen(t)je;ni); (2.5)

n=0

wherejg(e); ni means that the atom is in statejgi (jei), and there aren photons in the
cavity. Plugging the ansatz in the Schredinger's equation

d. A .
aj Mi= -Hj (®)i; (2.6)

gives us the coupled di erential equations

. . P—
Qg;n+1 (t) = '(n + 1) lc g:n+l (t) g n+ 1Ce;n(t); (2.78.)
. P— .
Cen(t)= i N+1cgnir(t) (1 egt N!)Cen(t): (2.7b)
For initial conditions de ned by cy.n+1(0) = 1, i.e., the atom is in the ground state and
there aren + 1 photons in the cavity, at resonance (i.e. = 0), we get the following
solution
p_
Cgn+1(t) =cos g n+1t ; (2.8a)
T
Cen(t)= isin g n+1t : (2.8b)
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The population in the two states oscillate as

h i
Ponen (1) = Gy (0= 5 1+cos 2 N1t ; (2.92)

L h " i
Pen(t) = jCen(t)j®= 5 1 cos 2g° n+1t (2.9b)

Thus, the syst%m oscillates between the statgg;n+ 1i and je; ni with a Rabi oscillation
frequency of 3 n+ 1.

2.2.2 Introducing dissipation

Now, we can introduce dissipation in the system. We consider the spontaneous emission
rate , and the cavity decay rate . Then, for the density matrix , we can write down
the Liouville-von Neumann equation of motion as

d(t) _
dt

where the Lindblad superoperator acting on the density matrix takes care of the dissipation,
and is explicitly de ned as

i:[Hi M1+ L1 )+ Llal (b); (2.10)

1
L[o] (t)= o ()0 > (t)o'o+ 0o (t) ; (2.112)
for operator o coupling the system with the envir(?anental bath rBodes. Now, one can
introduce the following two collapse operatore€; = ,and C, = = a. That allows us
to write the master equation as

. X h i
% = LM @]+ % 2Cc (CY  (HCYC  ClCc (1) (2.12)
k

This can be re-arranged in the following fashion:

. h I X
dd_(tt): YHe 0 M2 +7 co ey (2.13)

k
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where the e ective non-Hermitian Hamiltonian is given by

i~ X
[
He =H - GG« (2.14)
k
It must be noted that the e ective Hamiltonian is non-Hermitian, and has imaginary
eigenvalues. One can use this Hamiltonian to solve quantum trajectories satisfying the

non-unitary Schredinger's equation [43]

d. i
gl Oi= ZHej (i (2.15)

We will be solving the open quantum system master equations numerically in Python
using QuTIP [44, 45]. One can use the vanilla Lindblad master equation solvang¢solve

in QUTIP for simple simulations. For anN -dimensional Hilbert space, the master equation
evolves density matrix of siz&l N, with N2 terms. This can be computationally expensive
for large values ofN. However, the stochastic quantum Monte Carlo solvemgesolveg can
be useful for simulations in such situations, i.e., wheN is large. The following digression
gives a brief look into the inner mechanisms of the quantum Monte Carlo method.

Quantum Monte Carlo simulations

In the Monte Carlo algorithm, we use the non-Hermitian Hamiltonian in Eq. 2.14 to evolve
the wavefunction which is anN -dimensional vector instead of alN N matrix. This helps

in reducing the computational complexity of solving the transient response of the quantum
system. For a su ciently small time interval t, the wavefunction at timet+ t can be
calculated from the wavefunction at timet using the relationship

iHe t

i At DizeMe o 1 HOE (2.16)

The new wavefunction is not normalized because of the action of the non-Hermitian Hamil-
tonian. Thus, we get
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hqt+ t)j t+ vi=1 ti:h (MjHe HYj ()i

X
=1 t  h @®jCCj (b)i
X k
=1 P«
k
=1 p: (2.17)

The time should be discretized such thatp 1. Thus, 1 pis the probability amplitude
of the state {t+ t) attime t+ t. This means, the probability of a quantum jump
happening in the time range {(+ t]isp.

Now, we pick a random number uniformly distributed within the range [0; 1]. If the
random number is greater thanp, i.e., forr > p , no quantum jump takes place, and we
set the new normalized wavefunction at timé¢ + t as

P+ 0 _ Lt i (2.18)

No jump 1 Y

Most of the timer > p, asp 1. However, whenp > r, a quantum jump takes place.
The quantum state collapses to the wavefunction

. : Ckj (B)i Cj (B)i
it D) - q ki (O :ka_()
wmeCh (DiCUC] (i P T

(2.19)

with probability pc=p, wherepx = th (t)jC/Cj (t)i. Using the new normalized state
at t + t, we calculate the state att + 2 t using the same procedure. We continue
this process until the end of the simulation time. This stochastic process of simulation is
repeated multiple times, each giving a slightly di erent “trajectory' of the quantum state
in the Hilbert space. Finally, the state of the quantum system at any time is the result
of the average of all the simulated quantum trajectories.

Thus, the average density matrix at timet + t is given by [46]

i At+ t)ihq+ t)j X p.Cej ()i Ceh (1)]
p)J‘er( ) g( )J+ID P Cej (D)i Ceh ()],

t+ t)=(1 :
(tr D=l I'p 'ITp « P PE U pEt

(2.20)
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Figure 2.4: Transient response and transmission of a two-level emitter coupled with a
cavity in the (a, c) strong coupling regime with = = g=10, and (b, d) weak coupling
regime with = = 10g. In both the scenarios, the coupling strengthig=2 10 GHz.

Doing some algebra, we arrive at the following relationship:

(t+ = (1 iTt[H; O+ tL[]1@®+ tLla (), (2.21)

which gives the master equation

d (1) _
dt
This shows, that for a large number of trajectories, the Monte Carlo simulation is equivalent

to solving the master equation. Moreover, it is computationally favourable for simulating
guantum systems with a large Hilbert space. Thus, we shall be using QuTiP's master

L@+ L@+ LE (2:22)
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equation solver or the Monte Carlo solver while simulating the systems in this chapter
based upon computational power required.

We numerically solve the dynamics of the interaction between the two-level emitter
and the single cavity mode in QuTiP for two di erent cavity regimes as shown in Fig. 2.4.
First, we consider the strong coupling regime with the coupling strength = 2 10 GHz,

and the dissipation rates are = = g=10. In this case, we can see the damped Rabi
oscillations, before the excitation is lost to the radiative bath modes. Next, we also look
at the system dynamics for = =10g in the weak coupling regime. Here, the atom and

the mode is very feebly coupled and the Rabi oscillations are no longer visible. The cavity
mode simply decays exponentially.

Next, we drive the cavity with a weak coherent drive given by the HamiltoniaH;, =
¢ ae "dt+ pyg'dat where 4=0:01g. The drive must be weak, so that we can truncate

the Hilbert space at only one excitation or the rst manifold. Forg >> = 2 in the
strong coupling regime (see Fig. 2.4c), we observe that the transmission spectrum splits
by 29, because of the creation of dressed states. Using a stronger drive would create
additional peaks corresponding to dressed states in the higher manifolds. However, in the
weak coupling regime, no splitting is observed, and the transmission peaks at resonance.
However, the transmission peak with the weakly coupled atom is slightly wider compared
to the completely empty cavity due to the inclusion of a new channel in the system, through
the spontaneous emission rate of the emitter.

2.3 Photon subtraction in a bi-modal cavity

The proposed system for deterministic single photon subtraction consists of a single three-
level -type quantum emitter, initialized in the ground state jl1i, which is coupled to a
bi-modal cavity as shown in Fig. 2.5. In the ideal case, the red mode with the annihilation
operatorr has right-hand circularly polarized (RHCP) photons, while the blue mode with
the annihilation operator | has left-hand circularly polarized (LHCP) photons. Each of the
two transitions of the emitter is coupled to one of the cavity modes. Speci cally, the emitter
is coupled to the bi-modal cavity such thatjli!j 3i transition requires an RHCP photon
andjzi!'j 3i transition requires an LHCP photon. The basic principle behind the SPRINT
mechanism can be described as follows. When photons in the red cavity interact with the
-type emitter, the emitter gets excited to j3i. When the incoming light has a greater
pulsewidth compared to the decay time of3i, there cannot be subsequent emission from
the j3i!'j 1i transition, because of the destructive interference of subsequent re-emission
with the incoming eld [27]. Thus, the emitter can only de-excite via thej3i ! j 2i
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Figure 2.5: The schematic of a three-level quantum emitter coupled with a bi-modal cavity.

transition, thereby emitting a single photon into the bluel mode. Once in statg2i, the
emitter stops interacting with the redr mode.

We can use three di erent approaches to study the atom-light interaction in the cavity.
First, we can use a classical drive to get photons into the cavity mode. This is a quasi-
semi-classical approach, in the sense that we do not track the state of the classical driving
eld. We follow only the states in the cavity mode, and the state of the three-level emitter.
This is similar to the semi-classical model of light-matter interactions that describe Rabi
oscillations, where we only follow the state of the quantum emitter, and not the classical
eld. This approach leads to a coherent state of the eld in the cavity in the steady-state
limit. Experimentally, this corresponds to shining a laser beam onto the cavity.

Secondly, we can initialize the cavity to a particular state of the eld, and then let it
evolve. In this chapter, we shall see the dynamics of the system when the cavity is initialized
with a coherent state, and a Fock state. This is similar to introducing a coherent or Fock
state pulse into the cavity.

Third, one can use a feeder cavity or a waveguide to introduce the optical signal into
the bi-modal cavity as in Ref. [41]. This approach allows us to track the state of the input
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eld, and control the interaction properties of the external input eld and the system. We
will brie y discuss how we can model the feeder cavity system. However, we shall only be
exploring the rst two cases in details in this thesis.

2.4 Continuous-wave coherent drive input

First, we will consider subtracting a single photon from an incoming continuous-wave (CW)
coherent state. Let us consider we have a three-level -type quantum emitter, initialized in
its ground statejli, in a bi-modal cavity as shown in Fig. 2.5. A CW coherent laser beam
is sent as an input to the red mode with the mode operatar. This mode interacts with the
j1i $j 3i atomic transition, and their coupling strength is given byg;. The Hamiltonian
of the system is given by

H = Ho+ Hit + Hin (2.23)
such that
Ho=~= 1, r+ L \PI+ 1, 55+(11 1) 22 (2.24a)
Hint=== qu(r a2+ 1Y 13)+ G(l 32+ 1Y 23); (2.24b)
Hin=~= qg(re "'+ r¥e" aby; (2.24c)

In these equations) , (!)) is the frequency of thejli$j 3i (j2i $] 3i) atomic transition,
01 (@2) is the coupling strength of thejli$j 3i (j2i $j 3i) transition with the r (1) mode,
I 4 is the frequency of the input coherent drivs, and 4 is the drive strength. The CW
coherent laser drive strength is given by 4 = P=14, whereP is the power of the
input laser beam.

To eliminate the time harmonic components in the coherent drive eld, we go to a
frame rotating with the frequency! 4 using the unitary transformation given by

U=exp itlgq rr+Pl+ 3 (2.25)
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The Hamiltonian in the rotating frame is given by

. @V
Hiot = UYHU + I@U: (2.26)

In the rotating frame, the Hermitian Hamiltonian gets modi ed to

Ho=~= (I r I d)ryr +(| | ' d)lyl +(| 1 I d) 33+(! 1 I 2) 22; (2278)
Hine == tu(r a1+ r” 13)+ g(l a2+ 1Y 23); (2.27b)
Hin=—=4(r + r’): (2.27¢)

The non-Hermitian e ective Hamiltonian of the system can be expressed as

Hett = Ho+ Hine + Hin %.X C/Cx; (2.28)
k
where,
Ci=rou = p_rr; Co=lout = p_|I; (2.293a)
Cs = P coh 33, Cg4= p_l 137 Cs= p_2 23! (2.29b)

In these equations,Cy's are the dierent collapse operators corresponding to di erent
quantum jumps, ; ( ) is the transmission loss of the red (blue) cavity corresponding to
the moder (1), 1 ( ») is the spontaneous emission rate from thgi ! j 1i (j3i!] 2i)
transition, and .o, is the pure coherence decay/ dephasing rate beyond the coherence
decay rate resulting from spontaneous emission, such that the total coherence decay rate is
givenby , = 5+ 2+ o For simplicity, here we shall consider the co-operativity to be
high. We ignore the collapse operator€, and Cs corresponding to radiative spontaneous
emission leading to population decay. Moreover, we also consider that the cavity is driven
resonantly, i.e.,!, = !4. First, we shall start with the simplest cases, and run a few

diagnostics to check that the simulation model is working properly.
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Figure 2.6: The time evolution of mean photon number in the cavity for Hilbert space of
dimensionN =4, 8. For N = 8, the mean photon number in the cavity saturates at unity
as expected. However, foN = 4, the saturation point is truncated to  0:8.

I. Drive an empty cavity resonantly

If there is no atom in the cavity, and the cavity is driven resonantlyHy = Hi,; = 0. The
equation of motion for the expectation value of any operatoD is given by

dhOi d

Using that, we can write down the equation of motion for the mode as

dhri . F
T i g Em. (2.312)
The steady state solution of the di erential equation gives

=h(!l )i= 2 a. (2.32)

r

Thus, in steady state the average photon number in the cavity is= h¥ri = j j2=4 3= 2.

For our simulations, we setl 4y = !, =2 200 THz, , =2 0:25 GHz,P =52
pW. That gives n = 1. The non-Hermitian master equation is solved in Python using
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QuTiP, and the solution matches our expectations, as seen in Fig. 2.6. However, one has
to be cautious about the size of the Hilbert space while solving the system of equations on
QuTiP. The cavity mode has an in nitely large Hilbert space, unlike the two-level emitter.
We can keep on populating higher number states with a stronger drive. However, for our
simulations we need to truncate the Hilbert space to a low dimension to speed up our
computation. But truncating the Hilbert space too aggressively produces incorrect results,
since we start ignoring the higher order state occupations. For this simulation, a Hilbert
space with dimensionN 7 gives the correct answer. However, using = 5 truncates
nto 09. Fig. 2.6 shows the dependence of the time evolution of the mean number
of photons in the cavity with size of Hilbert space (foN = 4, 8). The proper choice of

N depends strongly on the driving strength, as that determines the probability of higher
order excitation states, and hence the level at which the Hilbert space could be truncated.

[l. Drive an empty cavity resonantly with N=2

Now, for educational purposes, we set the size of the Hilbert spaceNo= 2. That makes
the situation similar to externally driving a two-level system (TLS). Thus simulating the
same system withN = 2 gives the dynamics of a driven dipole oscillator. We simulate the
systemfor , =0;2 25 MHz corresponding to an undamped, and a moderately damped
condition. The power is set to 125 nW, which corresponds to a strong drive in this
scenario. We observe the system oscillating at it's "Rabi frequency', just like an externally
driven TLS oscillator. Fig. 2.7 shows the mean cavity photon number for, =0, 2 25
MHz.

[1l. Complete model

Now, nally we add a 3 level -type atomic system in the cavity so that the two modes,
r and |, can talk with each other via the emitter. The system is characterized by the
parameters:! 4=1,=1,=2 200 THz,!' >, =1, !, 1, =2 05GHz,g1 = @ =
2 10GHz, = | = woh=2 0:25 GHz, ;= ,=0, P =52 pW. This corresponds
to a steady state mean photon number of unity in the mode of the cavity. The coupling
strength of 2 10 GHz was chosen according to reported values in the literature for
quantum dots coupled with photonic crystal cavities [41, 47, 48]. Typically, the coupling
strengths for such systems lie in the range 1 40 GHz [41]. The coupling strength is
directly related to the spatial con nement of the eld in the cavity, and thus the mode
volume. Here we considered;; > <<g1;®%; r; 1, as in the case of a nano-cavity and set
1= 2 0 for simplicity.
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Figure 2.7: Plots of average photon number in mode, i.e.,ir¥ri for , =(@)0,(b)2 25
MHz. FFT of the oscillations in average photon number with , =(c) 0, (d) 2 25 MHz.
The frequency of oscillation is twice the drive strength 4, reminiscent of the fact that the
Rabi frequency is twice the coupling strength.

Fig. 2.8 shows the transient dynamics of the system, and the steady state in the
mode of the cavity. As expected, the atom which was initialized ifli, eventually ends up
in j2i, whereby the atom becomes transparent to the incoming laser. The state in the
mode of the cavity saturates to a coherent state with average photon number unity. Also,
a single photon has been successfully extracted from the incoming drive eld, and released
into the left mode, as veri ed from the fact that the time integral of H) ,lo.i Saturates to
unity. Accordingly, we can also de ne the probability of a single photon subtraction at
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(@)

Figure 2.8: (a) The transient dynamics of the atomic levels, the cavity modes, and the
input-output modes of the cavity with a coherent laser drive. The units ofr? ro.i and
hY . loui are in GHz. (b) The photon statistics of ther mode in the cavity in steady state
condition. (c) The Wigner function of ther mode in the cavity in steady state condition.
(For a more formal introduction to Wigner functions please refer to Chap. 4.)
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time t as

t
P= hYlouidt: (2.33)
0
This is the probability of observing a single LHCP photon at the output of the blue cavity
in time t. However, the number of photons actually subtracted from the incoming led
could be more. That is because photons can also escape the red cavity because of non-zero
r, even before SPRINT takes place.

2.5 Pre-specied initial state

2.5.1 Coherent state input

In this section, we consider the situation where a coherent state with a speci ed average
input photon number (n = 1 in our case) is in ther mode of the cavity. Then, we shall
evolve the state of the system to study the dynamics of the atom, and the relevant modes.
First, we write down the e ective non-Hermitian Hamiltonian as

X
He = Ho+ Hiy lE CYCy; (2.34)
k

whereHg, Hi,, and Cy's are the same as in Eq. 2.24. However, this time we do not have
the classical input drive. We set the initial condition toj (0)i = j; 0;1i, which refers to
the presence of a coherent state in the r mode, vacuum in thel mode, and the emitter

in the ground statejli. We use the Hamiltonian to evolve this initial condition in Python
using QuTiP's master equation solver.

Once again, we start with the simple case of a cavity with no atoms in it. We simulate
itfor , =2  0:25 GHz, and get the transient dynamics as seen in Fig. 2.9. As expected,
the mean number photons in ther mode exponentially decays with time, and the entire
photon is collected at the output as the time integral ofr},roi Saturates to unity.

Next, we put an atom in the cavity so that the two modes start interacting via the
atomic transitions. The system is characterized by the same set of parameters as earlier:
lg="1,=1,=2 200 THz, !, =1, 1, 1/ =2 O5GHz,gy =g =9g=2 10
GHz, = = n=2 0:25 GHz, ; = , =0. The transient dynamics of the system
with these system parameters is shown in Fig. 2.10a. We observe that the probability of
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Figure 2.9: The transient dynamics of the cavity (with no atom) when the cavity mode
is initialized with a coherent state of average photon number one.

photon subtraction (given by the time integral ofh}lo.i) from the r mode is quite low,
and about 0:3, which is similar to h i, or the probability of the atom ending up in
state j2i in the steady state in magnitude.

From the transient response of the system Fig. 2.10a, we notice that there are some
fast oscillations in the system. We perform FFT ofi} l.«i to analyse the oscillation
freqlﬂ)e_ncies. From thnge_suIts shown in Fig. 2.11, we see that the oscillation frequencies are
n 2g=2 , andn 3g=2 corresponding to two-photon, and three-photon processes
respectively wheren 2 f 1;2g. We can also observe, higher-order manifolds, but their
contributions are small. Also, the oscillations in the and | modes are out of phase with
each other.

However, ideally we do not want such many-photon Rabi oscillations in themode.
We want the single photon emitted in thel mode to be ejected from the cavity quickly, so
that it does not get re-absorbed by the atom. Ideally, that should also increase the speed
of single photon subtraction. We can achieve that by having a lossy cavity for tHemode.
Thus, we set , =2 0:25 GHz, and | =2 25 GHz; and simulate the system. The
other parameters of the system have been kept unchanged. The transient dynamics of the
system with higher | is shown in Fig. 2.10b. This shows that increasing, dampens the
oscillations, speeds up the process of photon subtraction, and more importantly increases
the probability of a single photon being subtracted from the mode to 0:6. However,
the probability still does not go up to one. This is primarily due to the large vacuum
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(b)

Figure 2.10: The transient dynamics of the atomic levels, the cavity modes, and the input-

output modes of the cavity when ther mode is initialized with a coherent state withn = 1,

for(@ ;= =2 0:25 GHz,and (b) =2 0:25 GHz,and | =2 25 GHz. The

units of hrY ,rowi and HY 1oy i are in GHz.
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Figure 2.11: The FFT ofH? ,l,i showing two-photon and three-photon Rabi-oscillations
in the system.

component present in weak coherent pulses { for example the probability of zero photons
present in a coherent pulse with average photon number of 1, 2, and 3 is approximately
0:37, 013, and 005, respectively.

2.5.2 Fock state input

In this subsection, we consider that the mode in the cavity is initialized with a Fock
state (the two photon Fock statej2i for our simulations), instead of a coherent state. The
transient dynamics of the system is shown in Fig, 2.12. Once again, we nd that having
a higher | increases the chance of a proper single photon subtraction from thenode.
Also, the process of subtraction is much faster, and as a result energy lost through decay
channels is also less when 100= |, =2 25 GHz. For a leaky modd, we see that we
can achieve a perfect single photon subtraction with the Fock state even with low levels of
excitation. We simulated our system with the same system parameters for a single photon
Fock statejli input, and still got a perfect single photon subtraction from ther mode, as
shown in Fig. 2.13.

Parameter considerations

Now, we try to consider the role of di erent cavity parameters, like the coupling strength
and the cavity decay in determining the probability of successful single photon subtraction
from moder. As expected, we nd that the probability of successful subtraction is max-
imum for g, = @, for any given value of cavity decay rate. Fig. 2.14a shows the contour
plot of the probability of single photon subtraction from a single photon Fock stateli
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(b)

Figure 2.12: The transient dynamics of the atomic levels, the cavity modes, and the input-
output modes of the cavity when ther mode is initialized with the Fock statej2i, for (a)

P = =2 0:25 GHz, and (b) , =2 0:25 GHz, and | =2 25 GHz. The units
of hr?  rowi and HY lowi are in GHz.
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Figure 2.13: The transient dynamics of the atomic levels, the cavity modes, and the input-
output modes of the cavity when ther mode is initialized with the Fock statejli, for

P =2 0:25 GHz, and | = 2 25 GHz. The units ofhr)rowi and HYlowi are in
GHz.

as a function of the coupling strengthgy; and g, for , = | =2 0:25 GHz. As we
can see, the probability is highest aroundy,  @. However, it is much less that one.
We noticed this previously when we chose the cavity decay rates to be equal. Choosing

r =2 025GHzand | =2 25 GHz solves this issue, and we can have perfect single
photon subtraction alongg; @ as shown in Fig. 2.14b. We also notice that the coupling
strengths do not need to be strictly equal, and one can get unit probability of subtraction
even with a small mismatch in the coupling strengths.

Thus, we nd that it is important to note the range of permissible cavity decay rates
that still allow us to have perfect single photon subtraction. For that we x our coupling
rateat gy = o= g=2 10 GHz, and sweep over the two cavity decay rates and |
as shown in Fig. 2.14c. As we can see from the gure, should be lower than a threshold
value. If the cavity for r mode is too leaky, the photon might be lost from the cavity
even before it interacts with the emitter. On the contrary, there are stricter bounds on
the values of | we can choose. If, is too low, the subtracted photon in thel mode can
get re-absorbed. Thus ideally,; g. But, | cannot be too high, and has a turn-around
point around |, 10Qy. However, till now we ignored the population decay rates and used
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(©) (d)

Figure 2.14: The single photon subtraction probability from a single photon Fock state

j1li as a function of the coupling strengthgy; (in GHz) and g, (in GHz) for (a) = | =

2 0:25 GHz, and for (b) 100, = | =2 25 GHz. For (a,b) ¢onh =2 0:25 GHz,
1= 2=0was used. (c,d) The dependence of single photon subtraction probability from

a single photon Fock statgli on cavity decay rates ; and | forg, =g =9g=2 10

GHz with (€) ¢on=2 0:25GHz, 1= ,=0,and(d) cn= 1= 2=2 0:25 GHz.
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1= 5 0. However, if we consider the atomic linewidth into our calculations, we end
up having stronger bounds on the permissible values of the cavity decay rates as seen in
Fig. 2.14d. Here we picked the atomic spontaneous decay rates to he= , =2 0:25
GHz, which is a reasonable value for quantum dot systems. We notice that having non-zero
gammg, and  restricts the values of |, and ideally 10g to achieve close to unit
probability of deterministic single photon subtraction.

2.6 Using a cascaded feeder/ source cavity

Another way we can introduce photons into the system is by using a feeder/ source cavity
or a waveguide to send the input pulse. In particularly, we will brie y see how it can be
done with a cavity using a system as shown in Fig. 2.15. A single-sided feeder cavity can
be used to create a properly designed pulse. That pulse can be sent over to the bi-modal
cavity using some kind of waveguide system. Preferably, it should be a chiral waveguide
allowing uni-directional ow of photons from the feeder to the bi-modal cavity. That stops
photons from the red mode in the target cavity ow back into the feeder cavity.

The single photon subtraction from the pulse takes place in the target cavity that
houses the three-level emitter as we discussed in the previous sections. This model, has
certain advantages over using CW coherent laser beam or initializing the cavity mode with
a coherent or a Fock state. It helps us track the input state unlike our previous models.

In this model, the Hamiltonian of the system gets modi ed to

H = Ho+ Hin + Hg; (2.35)

whereHy and Hj; are the same as beforeHs is the source Hamiltonian given byH =
~l srirs, wherers is the annihilation operator, and! s is the resonant frequency of the
feeder cavity mode. The source cavity mode collapse operatey gets modi ed to

p Y

Ci=Tlouw= " sfs+ I (2.36)

where g is the decay rate of the source cavity, while the other collapse operators remain
unchanged. The interaction of the cavity modes, and the emitter is governed by the non-
Hermitian e ective Hamiltonian

X
He = Ho+ Hyy + He IE ClCy: (2.37)
k
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Figure 2.15: Schematic of using a cascaded feeder cavity to create a well-de ned input
pulse, from which a single photon is deterministically subtracted in the target cavity.

The target cavity is initialized asj i = j0;0; 1i, i.e., both the modes have vacuum, and the
emitter is in state j1i. Next, we can initialize thers mode of the source cavity accordingly,
and observe the dynamics of the system as it evolves according to the non-Hermitian
Hamiltonian using QuTiP's Monte Carlo master equation solver. But in this thesis we will
not be explicitly solving this model.

However, we must note that the cavity parameters required for single photon subtrac-
tion to happen in this model can be expected to di er from the cavity parameters needed
for the case when the cavity is initialized with a coherent or a Fock state. The reason be-
ing, for e cient photon subtraction, it is important to get the input pulse into the target
cavity. The decay rate of the red cavity mode , cannot be too low, since that would make
it di cult to inject the input pulse into the cavity. That would put a lower limit in the
range of permissible ,'s. However, , cannot be too high, since that would result in the
photons leaking from the red cavity easily, and that would in turn decrease the probability
of subtraction. Moreover, the choice of , will also hinge upon the choice of 5, since the
impedances of the two cavities must be matched to e ciently get the pulse from the source
to the target cavity.
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(a) (b)

Figure 2.16: The second order auto-correlation function for both modesand | for: (a)
CW coherent laser input (inset shows that the value o§® for moder goes below one,
thereby showing sub-Poissonian photon statistics), and (b) when thremode in the cavity
is initialized with coherent state with average photon number one, and Fock state with two
photons with , =2 0:25 GHz, and | =2 25 GHz.

2.7 Second order auto-correlation function

In this section, we shall look at the second order auto-correlation functia® ( ) of the pho-
ton subtracted elds to look for non-classical signatures generated as a result of SPRINT.
The second order auto-correlation function for a mode with annihilation operator a,
can be mathematically de ned as:

()= Enihint (2.38)

First, we shall consider the case, where a CW coherent beam of laser is sent into mode
r, as discussed in Sec. 2.4. Initially, both the modes are in the vacuum state. A classical
Gaussian CW coherent laser is sent into the mode. The second order auto-correlation
function of the coherent state is 1. However, we obsergé®) < 1 in the photon subtracted
mode, as shown in the inset of Fig. 2.16a. This indicates that the process of photon
subtraction leads to introduction of non-classicality/ sub-Poissonian photon statistics into
the otherwise classicat mode.
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Next, we revisit the case from Sec. 2.5, where we initialized with a coherent state in the
r mode. Once again, we observe a second order auto-correlation less than unity, as shown
in Fig. 2.16b, even though it is a coherent state. That is followed by a super-bunching
event wherebyg® > 1. With time g® decays to zero, as all the photons eventually leak
out of the cavity.

For a Fock state with n photons,g® =1 1=n. So, for the two Fock state inputj2i as
discussed in Sec. 2.5.2, the second order auto-correlation starts & @tt = 0. Then, it
decays gradually until all the photons have leaked out of the cavity, and eventually becomes
Zero.
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Chapter 3

Deterministic single photon
subtraction with a three-level emitter
coupled to a chiral waveguide

3.1 Motivation

In this chapter, we propose and investigate the feasibility of deterministic single photon
subtraction using a single three-level quantum emitter coupled to a chiral waveguide instead
of a bi-modal optical cavity [41]. Using a waveguide instead of a cavity o ers several
advantages { such as the removal of the need to spatially couple, and temporally match the
input light into a cavity, as well as relaxed requirement on spatial positioning of the emitter.
Additionally, there would be no need to worry about controlling a cavity-emitter detuning,
and cascading of multiple photon subtraction stages should be signi cantly simpli ed.

In Sec. 3.2, we start by introducing the theoretical formulations for a single two-level
quantum emitter coupled to a one-dimensional (1D) single mode waveguide. Next, we
discuss how to use a single quantum emitter coupled with a waveguide for single photon
subtraction. In Sec. 3.3.1, we introduce the theoretical formulations for a perfectly chiral
waveguide. We use the input-output formalism proposed by Gardinet al. in Ref. [49] to
get the relevant input-output relations, and the coupled di erential equations of motion for
the relevant operators. In Sec. 3.3.2, we describe how realistic waveguides with chirality
less than unity can be studied under the same framework. Furthermore, in Section 3.4
we numerically simulate the probability of a single photon subtraction for di erent optical
inputs { continuous-wave coherent state, coherent Gaussian pulse, and Fock states. Finally,
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we discuss a variety of recently reported three-level emitter and waveguide systems in terms
of their potential to subtract a single photon from an optical pulse, and nd that photonic
crystal waveguides have the potential to become a platform in which the probability of
successful single photon subtraction can approach unity.

The work reported in this chapter is a continuation of the work done by previous
graduate student Golam Bappi [50]. | will like to thank Dr. Jinjin Du, and Prof. Michal
Bajcsy for helpful discussions regarding the work reported in this chapter. The Python
programs used for simulations in this chapter are available in Appendix C.

3.2 A guantum emitter coupled with a waveguide

At the inception, we will consider a two-level quantum emitter coupled with a 1D waveg-
uide. The extension of the problem to a three-level quantum coupled to a 1D waveguide
with two chiral modes is pretty straightforward.

First, for simplicity let us consider the Hamiltonian for a 1D optical cavity of length
L, parallel to the direction of propagation of light. For a planewave propagating in such a
cavity, the modes are separated by k =2 =L under periodic boundary conditions. The
total energy of the modes in the cavity is sum of the energies of the individual modes, and
IS given by

H=~= | &Y Ay (3.1)

where & (&) is the annihilation (creation) operator of theymode;with wavevectok in
this discrete picture, and obey the commutation relationship&y; &/ = «xo. In the limit

L!1 , we jump from the discrete mode picture to continuous mode formalism in an
in nitely long waveguide by using the conversion relationship

X 1

1
' - .
! " dk:

K 1

The new continuous mode operatop~is related to the discrete mode operator by the
relationship

&y ! P kay: (3.2)
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Figure 3.1: A simpli ed model of a two-level emitter coupled with a 1D waveguide when
a single photon is sent into the waveguide from the left.

h [
Also, the continuous mode operators follow the commutation relationshipey; &/, =

(k k9. The discrete Kronecker delta is connected to the Dirac delta function by the
transformation

wo!  k (k K9 (3.3)
Thus, the Hamiltonian for the guided mode can be expressed in the continuum limit as

1

H=~=  dk! &&: (3.4)
1

The limit of the integration can be justi ed as we will be only considering near resonant
interactions between the emitter and the waveguide, and we can ignore far detuned inter-
actions, Henceforth, we will be working in the continuum limit, and will be dropping the
tilde on the operators for notational convenience.

Now, we return to the case of the two-level emitter coupled with a 1D waveguide. The
Hamiltonian for such a simpli ed system, as shown in Fig. 3.1, is given by the sum of the
Hamiltonian corresponding to the waveguidéd, 4, the atomic Hamiltonian H,, and the
interaction Hamiltonian Hiy; , such that, H = Hyg + Ha + Hiy, where

ng:~ = ! kaiak; Ha=—="! eg ees (3.5a)



X
Hn=== V() a.+a (3.50)
k

Here,! o4 is the frequency of thggi $j ei transition, (4 is the lowering (raising) operator
for the emitter, a, (&) is the annihilation (creation) operator for incoming photons in the
wavevector mode basis, and the projection operator,e = jeihg. V (k) is the coupling
constant between the waveguide mode and the emitter, and is given by

r

_ e
VIR =d 5 (3.6)

whered is the atomic dipole matrix element, andV,, = R 2L is the e ective mode vol-
ume for a waveguide of radiuRR. In the continuous mode limit we can reformulate this
Hamiltonian as:

r
1 1
1 1

We can study the response of this system in multiple ways. We shall brie y explore the
situation when a single photon is incident from the left using two separate formalisms
{ rst, the real space approach, and second, the input-output formalism and scattering
matrix based approach.

Method I: Real space approach

Assuming that the dispersion relationship of the waveguide can be linearized around the
transition frequency! ¢, i.€., ! ¢ = Vgjkj; the coupling constant is frequency independent,
l.e., V(k) = V; and there are two independent left and right-propagating modes, the
continuous k-space Hamiltonian can be expressed in the position space as [51]

. oot @ @
H===leg ee Vg dX T0) G100 PG
1

+ dxV (x) r’'(x) +r(x) + +PXx) +1(x)+ ; (3.8)
1
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whereV = P LV, vy is the group velocity of guided mode, ant(x) (r(x)) is the destruction
operator for left (right) travelling photons at x in the waveguide. A derivation of this
Hamiltonian is provided in Appendix A

The eigenstate of the Hamiltonian in Eq. 3.7 for a photon incident from the left with
group velocity vq and wavevectork is

1
jo«i= dx ur(X)r'(x) + uL(x)’(x) jo;gi + & jo; e ; (3.9)
1
whereeg is the probability that the emitter is excited, ug(x) and u,_ (x) are mode functions
of photons travelling in the left and right directions respectively. If only one photon is sent
from the left, the mode functions take the following form

g« forx< 0

. 3.10a
te*  forx> 0 ( )

Ur(X) =

u (x) = re ® forx< 0; (3.10b)

wheret and r are the transmission and re ection coe cients, and the emitter is located
at x = 0. Furthermore, we can check the value of the mode functions at the input and
output of the waveguide. In the limits ofx ! 1 (atinput) and x!'1 (at output) we
get the relationships:

Im ugr(x)=t; Iim ur(x)=121;Ilim u . (x)=0; lim u.(x)=r: (3.11)
x11 x!1 x11 x!1

We solve the eigenvalue equatiokl j i = Exj i for the transmission and re ection
coe cients t and r respectively, under the assumption of a slowly varying eld, to arrive
at the following solution:

t=ePcosb; r=iePsinb; = %eib sinb; (3.12)

where the phase shiftis given bp=tan ! (V2=v; ), where detuning between the incident
eld and the atomic transitionis ¢ = ! ¢ Ex=~. For sanity check, we can verify that
jrj®+jtj2 = 1 is satis ed. We de ne J = V2=y,. Itis an important parameter of the system
with units of frequency. The re ectivity is a Lorentzian with a width proportional to J.
The transmittance has been plotted in Fig. 3.2 for di erent values of. We observe that
on resonance the photon is completely re ected, and higher emitter-waveguide coupling
results in a wider spectral window for re ection.
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Figure 3.2: The single photon transmittancetj? for di erent values of J=! ¢q. The light is
completely re ected at resonance.

Method II: Input-output formalism and scattering matrix approach

We can also study the system using input-output formalism. Since this method is more
involved, rst, we shall consider the simple Hamiltonian of a two-level emitter coupled with
a waveguide supporting wave-propagation in only one direction as follows (this time we
express the Hamiltonian in frequency mode basis):

\%
H=~=lge e+ aaldl + P +a +  a db (3.13)
9

It is important to note that this Hamiltonian is_normalized by group velocity, and the
annihilation operator a, is de ned asa, (x) = ak:p Vg for the mode labeled by frequency
in the frequency mode basis. The input and the output mode operators can be de ned as

[49]
an (t) = dla, (to)e " @ to; (3.14a)

aou (1) = p== dla, (t)e """ (3.14b)

T P
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where ty is a time long before, andt; is a time long after the interaction between the
emitter and the input signal. They follow the commutation relationship &y (t) ; o (t9] =

(t t9. By solving the Heisenberg equations of motion we arrive at the following input-
output relationship [49, 52]

r
fon()= an(®) i 2 (1) (3.15)

for spontaneous emission rate into guided modg = 2= =2 V 2=y,. For now, we shall
consider that the emitter only couples with the waveguide modes, and ignore its coupling to
any dissipative baths. The input-output formalism is very useful for few photon transport
problems, since the dynamics of the emitter with the modes gives us about the eld's
properties at the input and the output of the coupled systems. In later sections we shall
see in more details how to reach the input-output relationship as shown in Eq. 3.15.

The input-output formalism can be directly associated with the well known scattering
matrix approach. The scattering mayix is mathematically de ned in terms of the time

evolution operator Ui, (to;t1) = T exp i tzl dtH (t) in the interaction picture as [53]

S= lim Un (tito) (3.16)
i1
= lim Up (t1;0)  lim Ui (O; to) (3.17)
t111 to!l
= v, (3.18)

where  are the M ller wave operators. T is known as the Dyson chronological operator,
and it properly orders the time discretized evolution operators as its name suggests. The
M ller wave operators are givenby . =lim,; Uy (O; to), and =lim i U (O; ty).

If ji;i.i andjoy; 0,1 are the two particle input and output states corresponding to photons
of frequencyi, and o, respectively8n 2 f 1; 2g, the scattering matrix elements are given
by

Sosi02ii15i = 013 02JSjiy; 00 (3.19)

This formalism easily allows us to scale up ta-body scattering problems. The scattering
eigenstatesii;i, are the states that the input will evolve to att; ! 1, and the state at
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to! 1 from which we arrived at the current input in the interaction picture. They are
related to the current input through the M ller wave operators as

igi, = tOI!irln Uint (0;t0) jig; izl = 4 jig;ial; (3.20a)
i1;0, = t'j!rln Uine (05 1) jig; ol = Jia; ol (3.20b)
This implies that the scattering matrix element can be expressed as

hoy; 0] Sji; izl = hog; 0y Y cJig;ial = h)l;ozjil;i;i:

The scattering matrix elements can be expressed in terms of the input-output operators as

hoy; 0, jia;i51 = MOjaou (01)@ou (02) &, (i1)ay, (i2)j0i; (3.21)

h [
whereain oun(in) = +( )&, % s @nuw(in); &) ouy(0) = (in o), and they create
the input-output scattering eigenstatesal, (i,)jOi = jiti and a’,(0,)j0i = jo,i. A simple
Fourier relationship relates the operatorsin (our)(t) and ai, (our) (K) in time and k-space as

1 :
ain(out)(t) = p? ain(out)(k)e et dk: (3-22)
Ref. [53, 54] provide a more detailed discussion of the scattering matrix approach in waveg-

uide quantum electrodynamics (QED). Here we have only introduced concepts necessary
to understand the next steps of our calculation.

Using the aforementioned formulation of scattering matrices, we get the S matrix for a
single input photon to be

hoyjSjisi = MOjaou (01)ay, (i1)j0i = P FOjagu (t)ji7 i €°+'dt: (3.23)

On solving the Heisenberg equations of motion for,e and  with the given Hamiltonian,
and using the de nition of the input-output operators, we get

TES L E Lm0 &0 O 2 W05 @24
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r_
d ) 2 ) .1 o J . .
o i2 = eln 0 leg - =P g ecdn | !eg |?g : (3.24b)

Now, using the input-output relationship of the waveguide mode from Eg. 3.15 we get:

r _

Wjaoujipi =Mjainjizi i —h0j jiTi
'3
=Hja &), (i0)j0i i —hoj jiji
r _
i 1t
:pe% i groj jiti (3.25)

We solve Eqg. 3.24b, and use Eq. 3.25 to arrive at the following relationships:

1 P 2=
j jiti = p=—e i1t S 3.26a
/I \97 (1 e+ = ( )
. P 1 ii 1t (l]_ I eg) |:
= p— : 2
From there we get the S matrix to be
hoyjSjii = p= Hjagu(t)ji7ie€* dt = — — (i1 o) (3.27)
2 (in e+ i=
Thus, the transmission coe cient is
A (H sy = (3.28)

for input frequencyi, = Ex=~. Since there is only one mode, the transmittandgj? is one.
Similarly, the excitation amplitude is given by

pZT

C (B> legti=

o (3.29)
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Now that we have studied the one-way propagation model, it can be extrapolated to
the two-way propagation situation by introducing left and right propagating modes. We
can de ne the Hamiltonian as

H=~=lge ce* rirp Y1 1dl + p\g: s+ L)+ rf + 1y d!; (3.30)
g

wherer, (l,) is the annihilation operator of the photons traveling right (left). In a similar
fashion, we can establish the input-output relationships for the two chiral modes, and
calculate the S matrix for a single photon input using the method in Ref. [52]. Upon doing
that, we get

. e 1 ) )
H)Jrout(ol)r% (l 1)JO| = é (tl-way + 1) (01 |1) =t (01 |1): (331)
Thus, the transmission coe cient is

(= (3.32)

which is same as the one derived using the real-space Hamiltonian approach in method I.
The transfer matrix relating the input and output of the waveguide coupled to the two-level
emitter is given by

2 3 2 J 32 3
L. 1 — R+
S Y o3
L i 1+|— R
k

whereL (R ) are the eld amplitudes with positive and negativek-vectors on the left
(right) of the two-level system.

Introducing dissipation
Until now, we have only considered that the emitter can radiate into the guided mode

mode only. However, we can take system dissipation into account by considering coupling
of the system with a reservoir/ bath mode with mode operatorb and ' as shown in Fig.
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Figure 3.3: Figure showing coupling of the two-level emitter to the waveguide modes and
the bath mode. The rates of emission onto the guided modes and the bath ageand g
respectively.

3.3. First, for simplicity we consider the case of uni-directional propagation. Including the
new bath mode modi es the Hamiltonian in Eq. 3.13 to

r
He~=lge et a@ald + Bhid + -2 .a+ a d+
r

2"’“ b+ B d (3.34)

where 4 is the decay rate into the bath mode. Using this Hamiltonian modi es Eq.
3.24b to

d I o P . . .
T = |2p g eedin T |2p rad eeln | !eg |Eg |%d : (3.35)

On solving the scattering matrix for a radiative spontaneous emission ratg,q, we nd
that the transmission and re ection coe cients can be readily derived by using the simple
transformation ! g ! !¢y 2= [55]. In general, forn loss channels with di erent rates
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Figure 3.4: The single photon transmittance (solid line) and re ectance (dash-dotted line)

for di erent values of 4= (otai, Where a = g+ rad, and detuning = Ex=~ !¢
o . P :
of dissipation, we can use the transformatioh ey ! ' i, 5. We can extend this

to case of the waveguide with the counter-propagating modes. Doing so, we nd that the
transmission coe cient is

P Ul Rl S (3.36)
(Bx=~ leg* i 5+ 5=

The e ect of the radiative loss is shown in Fig. 3.4. The re ectance at resonance
( k= Ex= !¢y =0) decreases as photons couple more with the radiative modes with
increasing a4. Moreover, the maximum re ectance is calculated to b&max = ( ¢g= total )2

at resonance, as re ected in Fig. 3.4.

3.3 Photon subtraction in a waveguide

Having introduced the basics of waveguide QED, in this section we are in a position to
discuss deterministic single photon using a three-level quantum emitter coupled with a
waveguide.
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3.3.1 Perfectly chiral waveguide

The proposed system for deterministic single photon subtraction consists of a single three-
level -type quantum emitter, initialized in the ground state jl1i, which is coupled to a
1D chiral waveguide. In the chiral waveguide, the light is con ned at a wavelength or
sub-wavelength scale. That results in signi cant interaction between the light's spin and
orbital angular momentum. Under this kind of tight con nement, the polarization of
light is no longer transverse to the direction of propagation. There is also a non-zero
longitudinal component of polarization along the direction of propagation. The electric
eld at position r follows the time-reversal symmetry relationshipg (r) = E,(r) for
wave-vectorsk and k. That implies, for a mode with transverse circular polarized light,
the counter-propagating mode has circular polarization of opposite polarity [56]. Thus, the
two modes can now co-exist in the chiral waveguide because of broken symmetry along the
longitudinal direction of propagation.

In the ideal case with a perfectly chiral waveguide, the right-hand circularly polarized
(RHCP) photons can only propagate from left to right, while the left-hand circularly
polarized (LHCP) photons can only propagate from right to left. Each of the two transitions
of the emitter is coupled with equal co-operativity that is much greater than unity to one of
the chiral modes. Speci cally, the emitter is coupled to the waveguide such thgtli!'j 3i
transition requires an RHCP photon andj2i ! j 3i transition requires an LHCP photon.
The basic principle behind the SPRINT mechanism in the waveguide is similar to the case
of the bi-modal cavity, and can be described as follows. When photons traveling in the
waveguide from left to right interact with the -type emitter, the emitter gets excited to
j3i. When the incoming light has a greater pulsewidth compared to the decay time of
j3i, there cannot be subsequent emission from thj&i ! j 1i transition, because of the
destructive interference of subsequent re-emission with the incoming eld [27]. Thus, the
emitter can only de-excite via thej3i ! j 2i transition, thereby emitting a single photon
that travels to the left. Once in statej2i, the emitter stops interacting with the left to
right propagating light.

The Hamiltonian for such a system is given by the sum of the Hamiltonian correspond-
ing to the waveguideH,q, the atomic Hamiltonian H,, and the interaction Hamiltonian
Hint , such that, H = Hyg + Ha + Hin, where,

ng:~: r!VI‘! I?/II 'dl, (337a)

Ha=~=11 33+ (!1 !'2) 22 (3.37b)



Figure 3.5: The schematic of a three-level -type quantum emitter coupled with a perfectly
chiral 1D waveguide.

1 1
Hinn=—= V1 g+ ry 13 d +V, s+ 1Y 23 db: (3.37¢)
1 1

Here, ! ; is the frequency ofjli $ j 3i transition, !, is the frequency ofj2i $ | 3i tran-
sition, and 5, = jaihl are the atomic transition operators from statejb to state jai,
8fa;lg 2f1;2;3g. r, andry are the bosonic creation and annihilation operators associ-
ated with the mode traveling to right, I, and |} are the bosonic creation and annihilation
operators associated with the mode traveling to left. The bosonic mode operators follow
the commutation relationship I, (t);lV (19 = r, (t);ry 9 = (t t9. We consider
that the modes are monochromatic circularly polarized plane waves. Our Hamiltonian is
normalized by group velocity, and the annihilation operator, is de ned asa, ) = a=" Vg,

8a 2 f I, rg, wherek is the wavevector andvy is the group velocity of the waveguide mode.
The cou;aling constantsV; ang V, with the relevant waveguide modes can be expressed

asVi = =2 andV, = P=2 [52, 57], with ), representing the spontaneous
emission rate from thej3i!'j ii transition into the right-(left-) propagating modes of the

waveguide [58]:
i

: n
i)y _— 9m 0 0

= — 3.38
"0 2Amode,(|)(‘|°) ( )
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Here, ((,i) is the spontaneous emission rate of th&i!j ii transition in free space and g)

is resonant scattering cross sectiomg, , is the group index of the right- (left-) propagating
mode, andAn, ,, () is the e ective area of the right-(left-) propagating mode for the emitter
located at position+. The e ective area of a modéa, Amqge (), for the emitter located at

position + is de ned as [58]

(FYJE(r9j*cr®.
a (NIEMj*

Amode, (1) = (3.39)

wherea is the lattice constant of the waveguideE (¥) and () are the electric eld and the
dielectric constant at position+, and the integration runs over the space occupied by a unit
cell of the waveguide. In our model we considered monochromatic circularly polarized plane
waves propagating in the waveguide. The exact spatial eld pro le in the waveguide can be
determined by solving the wave-guiding equations under boundary conditions determined
by the particular geometry of the waveguide. But in this chapter, we will mainly focus on
the photon statistics at the input and output ports of the waveguide, and will not consider
the propagation of the modes inside the waveguide into account.

Since the coupling constant¥/; and V, only describe the interaction of the emitter with
the waveguide modes, we also de ne the coupling e ciency of ea¢Bi ! j ii transition of

the emitter to the two waveguide modes to account for the other decay channels as [59, 60]
My O
M = — : (3.40)
() (1) (i) (i)’ '
rot I + rad t o
where ) is the rate of decay into non-guided radiation modes, is intrinsic non-

radiation decay rate, and P = @ =

moment.

0 in a perfectly chiral waveguide considered at the

In this scenario, the single emitter co-operativity for thgi3i $ j ii transition is given
by [58, 59]

cl = =93 (3.41)
1 M4 0

where S) is the rate of spontaneous emission into the guided mode. Thus, for a perfectly

chiral waveguide, 9(,1) = ®and éz) = ,(2). For SPRINT in the coupled emitter-waveguide

system, both the modes should be symmetric and have similar co-operativity. Thus, for
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simplicity we will drop the superscripts, and consider ® = @ = Also, the co-
operativity can be simpli ed as

C= Netf 5 (342)

— 0
1 Amode

where g is the dipole cross-sectional are& o4 is the mode area, andhe;; = €=\ is the
e ective refractive index. Thus, we can also express the coupling e ciency as

0
= ; 3.43
0+ Amode (Vg=0 ( )

We obtain the Heisenberg equations of motion for the mode operatars and I, as

r = [ [r! ,H] = ilr I |V]_ 13, (3443)

Lg- = | [|| ,H] = ill | |V2 23. (344b)

The input and output mode operators can be de ned as

Fin () = 912: dir | (tg)e " ¢ to; (3.45a)

i (1) = p12: dil | (to) €' ¢ ) (3.45h)
_ ot it (t ty).

Fout (t) = p? dir, (ty) e 1. (3.45¢)
_ ot i (t ).

o ()= po= o) (t) e € 1, (3.45d)

wherety is a time long before, and, is a time long after the interaction between the emitter
and the pulse. These are essentially the Fourier counterparts of the frequency domain
operators, and follow the commutation relationshipslif, (t) ;lout (191 = [fin (1) row (19] =
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(t t9. Following the derivation for the input-output formalism in Ref
arrive at the following relationships:

. [49], one can

r

1
p? diry =1

| §V1 13
r
= Toyt + | §V1 13; (3.46a)
r_
p—l daily =1, i =V
2— = lin r 2 2 23
= |out + i EVZ 23. (346b)
From this, we can derive the input output relationship of the modes as [49]
P
rout = Fin 1 2V 13 (3.47a)
P —
lowt = lin 1 2V 23

(3.47b)
Now, we can also write down the Master equation for the density operatorby plugging
in the Lindbladians as

iH; 1+2 1L ( 13) +2 2L ( 23)
= i[H; 1+2 1 13

31+t2 2 23
(1+ 2)( 33 +

32
33); (3.48)

= aa¥ 1 aa , wheref;g
is the anti-commutator operation. From Eq. 3.48, we arrive at the set of Optical Bloch

where the Lindblad superoperator are given by (a)
Equations (OBESs) corresponding to the various transitions:

-
a1=1 2V ol Bl +2 VZ+ 1 a3 (3.49a)
P— y 2 _
2=1 2Vy  alpy aly, +2 VyS+ 5 33 (3.49Db)
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Figure 3.6: Figure illustrating the principle behind the input-output formalism for a chiral
waveguide coupled with a three-level atom. Figure adapted from Ref. [61].

P— P—
33= | 2V a3l w0 2Va gl Bl 2 VE+VE 4+ 1+ 5 g
(3.49¢)
P— P— y o
12=1 2V 1 32lin | Vo 13|in | (' 1 ! 2) 12; (349d)
13 =1 Vi( a3 12) Fin | V2 12lin Vie+ V7 + 1+ o+ il 13 (3.49¢)
23=1 2V2( 33 22) lin 1 Vi1 2lin Vie+ Vo + 1+ o+ il 30 (3.49()

The OBEs for ,;, 31, and 3, can be calculated easily by taking the complex conjugates
of OBEs for 1, 13, and ,3 respectively. Here it must be noted that the system is
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composed of the emitter and the waveguide, and thus, the spontaneous emission rates, 2
- O @ - @ @)y .

(= gt n)and 2, (= 4+ nr) inthe OBEs are the spontaneous emission rates
into the radiative and non-radiative modes that are not coupled with the waveguide. This
set of coupled di erential equations dictate the entire dynamics of the photon subtraction

process.

Fig. 3.6 illustrates the core principle behind the input-output formalism for a chiral
waveguide coupled with a three-level atom. The initial condition of the mode operators
and the atom (which is treated as a bath here) at = to= 1 is the input of the system.
The dynamics of the system is governed by the quantum Langevin equations, which take
into account the contributions from di erent system parameters. Theoutput of the system
is given by the the state of the system operators @t = t; = 1 . The quantities to and
t; have been de ned in Eq. 3.45. The output of the system gives access to the emission
spectrum, and experimentally observed quantities like transmitance, re ectance, state of
the emitter, etc.

3.3.2 Imperfectly chiral waveguide

The previous formulation is true only in the ideal limit. The schematic of a three-level
system coupled with an imperfectly chiral waveguide is shown in Fig. 3.7. This e ectively
modi es our Hamiltonian to H = Hyg + Ha + Hiy, where

1

ng:“‘ = r!ylr! 1+ r!yzn 2 |!yl|! 1 |!y2|! 2 'dl, (350a)
1
Ha=~="11 33+ (1 !'2) 22 (3.50b)
1 1
Hint = = Vir M1t rfy 1z do+ Vo lio 32+ 1Y, 23 d
1 P
+ Vi g st 1Yy 13 dl + Vg Mo g2+ 1)y 23 di: (3.50¢)
1 1

ahe coupling cor&lstants are de ned in a way that is similar to the ideal case, i.eV g =
r(l):2 , V1|_ = |(l):2 , etc.

To include the anticipated non-idealities associated with an imperfectly directional
waveguide into our model, we de ne the quantitative chirality of a waveguide as

2 2
VlR — V2L

= = : (3.51)
ViR + Vit Vg + Vi
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Figure 3.7: The schematic of a three-level -type quantum emitter coupled with an im-
perfectly chiral waveguide.

If we de ne Vi2 = V& + V3, and V.2 = Vi + V3, the coupling sHength of thejli $ ] 3i
transition with the right propagating mode is then giﬁen byVir = = V4, and the coupling
strengH1_with the left pﬁo&gating mode isVy. = 1 V;. Similarly, we can de ne
Voo = Vo,andVog = 1V, forthe j2i $ 3i transition.

The modi ed Hamiltonian gives us the modi ed Heisenberg equations of motion fay
and |, ,

= ilr,  1(Vir 13+ Vor 23); (3.52a)

L=l i (Voo 23+ Voo 13); (3.52b)
and the modi ed input-output relations,

P
i 2 (Vi 13+ Vor 23); (3.53a)

lout = lin

P —
i 2 (Vo 23+ Vi 13): (3.53b)

lout = lin

Similarly, the OBEs will be replaced by a new set of coupled di erential equations and
solving that would give us the transition rates and occupation probabilities of the emitter.
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3.3.3 Probability of single photon subtraction
I. Perfectly chiral waveguide

We de ne a successful deterministic subtraction as an event where a single photon is
subtracted from the input optical pulse, and sent to the left-propagating output, while the
emitter ends in statej2i and stops interacting with the right-propagating input eld . The
probability of such event in time can be expressed as the integral of the expectation value
of the number operator for that mode over time . Thus, the probability of a successful
deterministic subtraction for a perfectly chiral waveguide is given by

-
I

ngt Iou[i dt
0

2V 2h gidt: (3.54)
0

Once in statej2i, the emitter no longer interacts with the incoming eld. Detecting a
single photon in the left-propagating mode, or detecting the atom if2i can act as exper-
imental heralding signals to con rm the subtraction of a single photon. Since we assumed
high co-operativity of the guided modes to ensure success of SPRINT, we can expect the
subtracted photon to go into a guided mode, rather than into some radiation mode with
high probability. In the limits of ideal chirality and for large co-operativity, calculating

the expression given in Eq. 3.54 is essentially similar to calculating the probability of the
atom ending up in statej2i, mathematically expressed byn ,( )i.

Here, it must also be noted that in the low co-operativity regime, the emission of a single
photon into the radiation mode also counts as an event of photon subtraction from the input
mode. In that scenario, one cannot detect the subtracted photon in the left-propagating
mode to ensure that subtraction has indeed taken place. If the emitter makgd ! | 2i
transition while radiating to the bath, detecting the emitter in state j2i might be a stronger
heralding/ post-selective measurement to experimentally ensure photon subtraction has
happened. However, unfortunately, for low co-operativity, the emitter might also undergo
the j3i ! j 1 transition, and emit a photon into the radiation mode. That re-initializes
the emitter to j1i, and it can undergo another SPRINT interaction, thereby subtracting
more than one photon before nally ending up in2i. However, for weak input signals, the
chances of that happening is low.
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[l. Imperfectly chiral waveguide

Following the previous de nition of the probability of single photon subtraction in a chiral
waveguide, we can de ne the probability of subtraction in an imperfectly chiral waveguide
as

- @y@;
P= Heut 1ot dt
0

2V 2h sidt
0

2 V,?h gidt; (3.55)
0

Wherelffu)t = i, ip 2V, 23 This corresponds to the probability of collecting a single
photon in the left output while the emitter relaxes to statej2i, thereby signalling a suc-
cessful single photon subtraction, and can also be expressed ash ,,( )i in the high
co-operativity regime.

It is important to note that even if the emitter ends up inj2i, but the emitted photon
couples to the right-travelling mode since 6 1, the emitter will become transparent to
the incoming eld. However, it cannot be considered to be a successful event of photon
subtraction. Thus, experimentally one can ensure that a successful subtraction has taken
place only if the atom is detected in2i, and there is a single photon detected in the left-
propagating mode. Eqg. 3.55 essentially gives the probability of such an event occurring.

However, the mean number of photons from the input mode might slightly di er froni,
since a photon lost to the radiative mode also constitutes an event of successful subtraction.
The emitter might radiate to the bath while making eitherj3i!'j 1i orj3i!j 2i transition.

If it makes the j3i ! j 1i transition, the number of photons subtracted from the input
eld can be greater than one as discussed earlier. But unfortunately, it is di cult to
experimentally verify that a successful event of subtraction has happened in that case. We
can safely ignore such rogue events if we can satisfy the criteria of high co-operativity.

[1l. Alternative benchmark for photon subtraction

Another alternative benchmark for photon subtraction that could be used is the di erence
in the total number of photons going into the waveguide, and the total number of photons
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detected at the output on the waveguide on the right. Mathematically, it can be expressed
as

0
In the limits of perfect coupling and chirality and high co-operativity, it is essentially the
same as the de nition of probability given in Eq. 3.54, and saturates at unity. However,
as discussed earlier, for low co-operativity there can be situations where more than one
photon is subtracted from the incoming eld.

3.4 Numerical simulations and results

In the previous section we have seen how we can derive the OBEs using the input-output
relationships. For a given type of input optical signaj i,i, we calculate the expectation
valuesh goi = h i) _an ini for all @'s and bs from Eq. 3.48. This gives us a set of
di erential equations for each kind of optical input which is solved using Python under
the constraint that h 1;(0)i = 1, i.e., the emitter is in state j1i initially. Solving them
gives us the expectation values of the atomic operators, from which we can calculate the
probability of a successful single photon subtraction using Eqg. 3.55.

3.4.1 Dierent optical inputs
For our simulations, we consider three di erent kinds of input optical signals to the waveg-
uide. First, we consider a continuous-wave coherent input state. Then we consider the

case of a coherent Gaussian input pulse, and pulsed Fock state inputs for calculating the
photon subtraction probabilities.

For continuous-wave coherent inpuf i in the ri;, mode, such that

Finj 1= p?exp( it)ji; (3.57)

we can directly calculate the expectation values di_;;i, h 33i and h_;3i in the rotating
frame from Eqgs. 3.49a, 3.49c and 3.49e respectively.

had =iVi(hai h i )+2 V2+ 1 hai; (3.58a)
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Figure 3.8: (a) The probability of a successful single photon subtraction and, (b) instanta-
neous transmission as a function of time for a continuous-wave coherent source of light as
input for the case of a perfectly chiral waveguide with ideal coupling e ciency (= =1),

and assuming ! = @ which meansV; = V,. The chances of single photon subtraction
at an earlier time increases with an increase jn j2, which is the rate of the average number

of photons arriving into the system in MHz.

hasi= iVi(hai h 5i ) 2 V2+V2 + 1+ 5 hai; (3.58b)

h_lgi = |V1 (h 33i h 11i) V12+ V22 + 1+ o+ I(I 1 ! ) h 13i: (358C)

Next, using the identity for the Laplace transform of a derivativel. [h_s3i] = sL [h s3i]
h 33(0)i, we get three simultaneous equations fdr ;;(S)i, h 33(s)i, and h 13(s)i. On solv-
ing the set of equations under the constraint that the emitter is initialised in stat¢li, i.e.,
h 11(s)i =1, we get

V7 s+ (VZ+VH+ 1+ o0
AVE jA(s+ VZ2+ )fs+ (VE+VH+ 1+ o0
+s[s+2f (VE+ VA + 1+ ogfs+ (VZ2+VH+ 1+ 5)2+(11 1)%g
(3.59)

Thus, for a waveguide with chirality , the probability of observing a photon in the left-
propagating mode coming from thg3i! | 2i transition is

h s3(s)i =
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1
P = 2V i h gidt
0

L [hssi] _ \Zi

= (3.60)

=2V.2lims
)

T1+@2 = V) 142 =4

In the limit of strong coupling (1), such that 2 ,, and \; P »= , we always

get unity probability of the event of successful single photon subtraction for arbitrary
strength of the input eld, and a perfectly chiral waveguide ( = 1). As can be seen from
Fig. 3.8, the time at which unit probability is reached, and the emitter becomes transparent
to the incoming eld decreases as we increase the average photon number arriving into the
system per unit time, since the emitter can be more easily excited if the input has larger
number of photons. Also, the transmission doesn't quite drop o to zero for higher rate
of photon input, since the rate of atomic decay can only absorb one photon. Also, the
emission fromj3i ! j 1i transition cannot destructively interfere with the high rate of
incident photons. For the simulations we usedg = 2 5:2227 MHz corresponding to D2
transition in Cesium (Cs) atoms.

However, for practical purposes, the performance of the photon subtraction scheme is
more intriguing when the input into the system is a pulsed state of light. When a Gaussian
pulsed coherent state de ned by [62]

p__
(t) = ginzexp 22=2 (3.61)
and satisfying the propertyri, (t)j i = (t)j i, is sentinto the system, the controllable pa-

rameters are the pulsewidth , and the average photon numbeimi. Using the methodology
shown previously, one can calculate the equations for,,i, and solve them numerically.
After solving them numerically we observe, for a constant average photon number, the
probability of a single photon subtraction increases with increase in pulsewidth, until it
saturates to a constant value, as shown in Fig. 3.9a.

It is important to notice that the probability of a successful single photon subtraction is
less than unity for small values of average input photon number, even in the ideal limit of
chirality and coupling e ciency being set to one. This is similar to the results we observed
in Chapter 2, where we found that the probability of single photon subtraction is less than
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Figure 3.9: The probability of the event of a successful single photon subtraction as a
function of the pulsewidth for (a) pulsed coherent input i, = 0:5;1;2;3) and (b) Fock
state input (nj, = 1) with perfect chirality and coupling e ciency. For both of them, an
increase in the probabilityP is observed with an increase in the pulsewidth.
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(a) (b)

Figure 3.10: The right-propagating input (dot-dashed) and the output (solid) pulse shape
for (a) pulsed coherent input i, = 1;3;5) and (b) Fock state input (nj, = 1;3;5) of
pulsewidth = 100= 4. For this simulation perfect chirality and coupling e ciency was
considered.

one when the cavity was initialized in a coherent state. The average number of photons
subtracted increases with an increase inj,, and ny, converges ton;, 1 fornj, 4 (in
our simulation with = 100= ), as shown in Fig. 3.11a. This is similar to the results
recently reported from our group for numerical simulation of photon subtraction with a
charged QD coupled to a bi-modal cavity [41]. Fig. 3.10a shows the number of photons in
the right-propagating input pulse, and the right-propagating output of the waveguide. The
di erence in the area of the curves gives the expectation value of the number of subtracted
photons.

Next, we consider the case of a pulsed Fock state input. TiNe photon Fock state with
N independent single photon wave packets de ned by their Gaussian amplitude pro le
(t) is de ned as [62]

N
ry.
iNi = —p”’I\TjOi : (3.62)
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Figure 3.11: The variation in the number of subtracted photons for di erent input photon
numbers for (a) pulsed coherent input, and (b) Fock state input with perfect chirality and
coupling e ciency. For both the simulations =100= g, and = =1.
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Wherer%; is the photon wave-packet creation operator given by

i, ()= dt Ory @)= d )y (3.63)

where j (t)j’dt = j (!)j?d! = 1. We can again write down the expectation values
of the rate of change of the time derivative of the density matrix elements to numerically
calculate the probability of a successful single photon subtraction.

Once again, just like in the case of a pulsed coherent state input, we observe that the
probability of photon subtraction increases with an increase in pulsewidth, as shown in
Fig. 3.9b. However, unlike the case of coherent pulses, for Fock state input the probability
of single photon subtraction reaches unity even for values of input photon number as
low as one, in the ideal limit of perfect chirality, and coupling e ciency. Once again,
this corroborates our simulations in Chap. 2, where we observed a photon subtraction
probability of unity even with photon numbers as low as one, for a Fock state input. The
variation in the number of subtracted photons with input photon number is shown in
Fig. 3.11b, and displays a similar trend to what was recently predicted for the bi-modal
cavity platform from our group [41]. Fig. 3.10b shows the number of photons in the right-
propagating input pulse, and the right-propagating output of the waveguide. We can see,
that for a single photon Fock state input, the entire photon has been re ected back, and
the expectation value of the number of right-propagating photons at the output is zero.

It thus appears that, in the ideal limit, chiral waveguides are essentially equivalent to
bi-modal cavities in SPRINT-based photon subtraction. The primary di erence is that is
that there is no frequency selectivity provided by the presence of a cavity mode, and the
desired photon emission by thg3i!j 2i transition relies only on a proper combination of
selection rules, and the chirality of the waveguide. As a result, realizing photon subtraction
with a chiral waveguide, and an emitter with a more complicated level structure, such as
found in alkali atoms, will require a proper selection of the states forming the -system.

3.4.2 Experimental feasibility

() Parameterization

In Section 3.3.1 we assumed our systems to be perfectly chiral, namelyg 1. We also
assumed that the coupling e ciency between the atomic transition modes and the waveg-

uide modes are unity, i.e., = 1. Now, the dependence of the probability of single photon
subtraction on the coupling constant of the transitions, the chirality of the waveguide and
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(a) (b)

(c) (d)

Figure 3.12: Contour plots showing the dependence of (a) the coupling strength and
the chirality (with =1), and (b) the coupling strength V and the coupling e ciency

(with = 1) on the probability of photon subtraction. From the plots we observe that the
probability of a successful single photon subtraction is not a strong function of the coupling
strength, but instead is a function of the chirality , and the coupling e ciency of the
system, as long as the coupling strength is not too small. (c) The variation of probability
of single photon subtraction from a continuous-wave coherent input as a function of ratio
of coupling strengths. (d) Average number of photons subtracted from a coherent pulse of
width = 100= ( as a function of the mean photon number of the input pulse, and the
ratio of coupling strengths. Once again = =1 was considered.
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the coupling e ciency are considered. Fig. 3.12a and 3.12b shows that the probability is
not explicitly dependent upon the coupling strength (as long as it is not too small), but is a
function of the chirality of the waveguide and the coupling e ciency. Thus, given the chi-
rality of a waveguide, and the coupling e ciency of the emitter's transitions to the modes
of the waveguide, we should be able to predict the performance of the emitter-waveguide
system as a potential candidate for single photon subtraction.

The success of SPRINT relies upon the symmetry of the emitter system. The parame-
ters related to the two emitter transitions corresponding to the two modes must be ideally
equal. Thus, we check the probability of a successful single photon subtraction from a
continuous-wave coherent input withj j2 = 1 by varying the ratio of coupling constants.
For simplicity, = =1 was considered for the simulation and the coupling strengthr;
was xed (while V, was varied). Fig. 3.12c shows that ideally the coupling strengths should
be as similar as possible, with a maximum permissible di erence of an order of magnitude.

We also plot the number of photons subtracted as a function of the average photon
number of a pulsed coherent input, and the ratio of the two coupling strengths, as shown
in Fig. 3.12d. Once again, the probability of single photon subtraction is symmetric around
the peak atV; = V,, and also increases with increasing;,. Thus, once can compensate
for a little mismatch in symmetry of the coupling strengths by increasing the intensity of
the input, as long as the asymmetry isn't too high.

(I1) Di erent emitter-waveguide systems

Finally, we plot the probability of a single photon subtraction as a function of the waveg-
uide's chirality and coupling e ciency for a continuous-wave coherent optical input in
Fig. 3.13 to predict the upper limit of single photon subtraction probabilities for some
of the recently reported experimental emitter-waveguide platforms, with the e ects of the
waveguide mode area and group index shown in the inset.

A laser-cooled Cesium atom coupled with a chiral nano ber (NF) [63, 64] is one of the
most extensively studied emitter-waveguide systems. Though the nano ber shows a fairly
high chirality ( = 0:92) [56], the coupling e ciency is not very high. For example, it
can reach 0:2 0:28 depending on the speci ¢ selected transition in th®,{line of Cs
atom (it goes up to a maximum of 0:28 for theM¢ = 5 sublevel) in the hypothetical
scenario when the atom is located directly on the surface of the nano ber with a radius
of a = 200nm [63, 65]. Practically though, it is not possible to put the atom directly on
the surface of the nano ber, and the coupling e ciency decays exponentially as a function
of distance from the nanowire. Fig. 3.13 shows the predicted probability of single photon
subtraction for the Cesium atom on the surface of the nano berréa = 1), and in a
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Figure 3.13: Contour plot showing the photon subtraction probabilities for (i) cold Cs
atoms on the surface of a nano berrEa = 1) (cyan dot), and (ii) 215nm away from the
surface of a nano ber (=a = 2) of radius a = 215nm (yellow dot), (iii, iv) cold Cs atoms

and APCW for guided modes with group indexng between 2 and 10 (hatched region), (v)
charged QDs and PCW (black dot), and (vi) for a Rb-microresonator system (black bar)
as reported in Ref. [27] for a continuous-wave coherent input. Inset shows the dependence
of coupling e ciency on  oNg=Amode-

more realistic case, if the atom is trapped 215nm away from the surface=4d = 2) of a
nano ber with 0:06 0:08 [66]. We see that an atom coupled to a nano ber is not
an ideal system to be used for deterministic photon subtraction. This is not particularly
surprising as the coupling e ciency is less than &, implying a co-operativity of C < 1. For
SPRINT to be successful in photon subtraction, the emitter should interact predominantly
with the guided mode, compared to other parasitic radiation and non-radiation modes,
i.e., the co-operativity should be greater than unity. At the same time, this platform
0 ers some interesting advantages. Compared to probabilistic single photon subtraction
implemented with a beamsplitter and photon detector, this system may provide a more
robust heralding mechanism that does not have to rely on a single-shot measurement of a
photon, since a successful subtraction can be con rmed by measuring the nal state of the
atom. Additionally, although the tapered nano ber cannot compete in terms of coupling
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e ciency with photonic crystal waveguides that we will discuss shortly, the positioning
requirement is signi cantly relaxed in this platform as the nano ber chirality is independent
of the location of the atom along the ber [60].

The use of photonic crystal waveguides (PCWSs) instead of a plain nano ber opens the
possibilities to increase both the chirality and the coupling e ciency, e.g., through group
velocity engineering. In particular, the e ects of group velocity on the emitter's coupling
e ciency to the mode of the waveguide can be illustrated well in the regime when the non-
radiative decay can be neglected. In this regime, the co-operativity of the emitter with
respect to a speci c waveguide mode, can be written & = ode= rad mode= 0. The
relationship aq o O ers a good approximation for waveguides based on 1D photonic
crystals, while 2D and 3D photonic crystal waveguides can result ingg < .

For example, Gobanet al. achieved 0:26 for Cesium atoms coupled to alligator
photonic crystal waveguide (APCW) [58]. The reported device operated in a region of
group indexng 2 to improve the interaction between the optical signal and the emitter.
Further improvement can be achieved by fabricating the waveguide so that the wavelength
of the atomic transition is closer to the waveguide's bandgap, although one would also
need to tweak the design to make the structure chiral. For example, withy 10 one can
expect a co-operativity of 3:2, and a coupling e ciency of 0:75. Using a PCW with
even higher group index would allow for high coupling e ciencies even when the atom is
trapped further away from the waveguide resulting in a larger e ectiveA noge (Fig. 3.13,
inset). This would, in turn, reduce the experimental challenges that arise in trapping cold
atoms at sub-wavelength distances from surfaces, and for example, open the possibility to
trap the atoms using an optical tweezer re ected from the surface of the waveguide [67].
While achieving large group index in PCWs can be challenging as disorder from fabrication
imperfections can create localized, cavity-like modes, observationsmf 58 have been
reported [59].

At the same time, solid state emitters can achieve an extremely large coupling e -
ciency, such as the coupling e ciency of  0:98 reported by Arcariet al. for a charged
quantum dot (QD) coupled with a PCW with high ng. Unlike laser-cooled atoms, solid
state emitters can be relatively easily embedded in a PCW, which leads to a signi cant re-
duction in the e ective Anoqe €ven before group index engineering is considered. The high
coupling e ciencies reported for the QD-PCW system, combined with superior directional
properties available with a PCW [70, 71], can result in probability of deterministic single
photon subtraction reaching almost unity. However, the potential drawbacks of solid-state
emitters compared to laser-cooled atoms include the need to apply high magnetic eld to
form a -system for some emitters, such as QDs, and challenges to realization of cascaded
photon subtraction as nding multiple emitters with identical j1i!'j 3i transition energy
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Table 3.1: Values of coupling e ciency, chirality, mode area, and group velocities for
various emitter-waveguide systems reported in the literature.

Emitter | Waveguide | I [ Amoe || Vg
Cs NF (a =200nm) - 0:2 (r=a 1) [63, 65] - -
Cs NF (a=200nm) - 0:06 (r=a 2) [63, 65] - -
Cs NF (a=215nm) - 0:06 (r=a 2) [66] | 1.8 m? [66] c
Cs NF (a=250nm) 0:92 [56] - - -
Cs APCW - 0:26 [53] 0:2 m?[58] | c=2[59]
QD PCW - 0:98 [59] 0.4 m? [59] || c=58 [59]
QD PCW 0:90 0:98 [68] 0:90 1 [68] - =10 [68]
QD PCW - 0:85 [69] - -
QD PCW - 0:90 [70] 1:1 m2 [70] || ¢=70 [70]

can be di cult.

Finally, we present Table 3.1 which provides an overview of experimental emitter-
waveguide systems reported recently in the literature, including the parameters relevant
to their potential use for photon subtraction.
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Chapter 4

Non-classical state generation using
deterministic single photon
subtraction

4.1 Motivation

In this chapter, we investigate how deterministic single photon subtraction can be used to
generate non-classical states, like Fock states. First, we give a brief introduction to the
Wigner function and Gaussian state formalisms, and why non-Gaussian states are impor-
tant in quantum information theory. Then, we study how the SPRINT-based single photon
subtraction process can be used to create non-Gaussian quantum states with negative con-
ditional entropies. Next, we shall see how this process can be used to create arbitrary Fock
states, and nally conclude with future outlook.

4.2 Wigner function formalism

The quantum state can be expressed in an in nite dimensional Hilbert space with the
help of observables with continuous eigenspectra, somewhat analogous to the phase space
representation of classical mechanics. The quadrature operators for a bosonic mode in
the phase space can be represented as linear combination of creation, and annihilation
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operators, as shown

1 .
q:p—é at+a ; p:pl—2 a a: (4.1)
They are often expressed in a vectorial representation s = (ou;p1;:: ;v ;pn)’ for N

bosonic modes wher@ denotes the transposition operation of the row vector of length
2N . Unlike canonical variables in classical mechanics, these quadrature operators do not
commute. The commutation relationship is given byd; g = i, or, more generally X;; X;] =

I j where j isthe elementofa ® 2N symplectic matrix:

M 0

1
Lo 10°
k=1

(4.2)

L
The 2N 2N symplectic matrix is an N-time direct sum ( ) of the simplest 2 2
symplectic matrix ! . Also, from CCR (canonical commutation relations) algebra, for two
operatorsA, and B [72]:

A B %jh[A; Bij % (4.3)

This directly leads to the widely know uncertainty relationship q p 1=2. The quadra-
ture operators are observables with continuous eigenspectra, and obey the following eigen-
value equations:

ajai = qjai ; pjpi = pjpi; (4.4)
The eigenvectorgqi, andjpi form an orthogonal basis, and are related by Fourier transform:
1 1

jpi = 912: Mg dg; jai = 912: e P jpi dp: (4.5)

1 1

For any given density matrix , the Wigner characteristic function is given by the expec-
tation value of the Weyl displacement operatoD () as:

[JO=Tr[ DQO]=Tr exp iX T : (4.6)
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where the vector belongs to the 2N dimensional phase space. The Weyl displacement
operatorD () results in a displacement in the symplectic phase space. It acts on the mode
operators as:

DY() XD ()= X + : (4.7)

The quasi-probabilistic Wigner function is given by the Fourier transform of the Wigner
characteristic function:

1

WL I(X) = 2N

N exp iXT [10) : (4.8)

For a single mode density matrix , the Wigner function can also be expressed in terms of
the phase space co-ordinateg(p as

1

1 : X. . X,
W(qg;p = 5 ™y Sl i+ ildxr (4.9)

1

In terms of the eld operator, the Wigner function takes the following form:

1 1 h |
2

W( )= e Tr ed’ @ d?; (4.10)

1
h [
where Tr e@’ 2 =Tr[ D ( )]is the Wigner characteristic function is terms of the eld
operator, and = (qg+ ip)= 2 whereqand p are the eld quadratures and not operators.
The Wigner function is directly related to the histograms of the quadrature measurements
by a homodyne measurement setup. The probability distribution of quadrature after
applying a phase shift of to the state is given by the Radon transform

1
Pr(qg; )= W(gcos psin;gsin + pcos )dp: (4.112)

1
Fig. 4.1 shows how the quasi-probabilistic Wigner function is related to the probability
distribution of the quadrature measurements in a homodyne detection experiment. This
probability distribution is a form of marginal of the Wigner function as it is the integral
projection of the Wigner distribution onto the plane perpendicular to the phase-space, and
positioned at an angle with respect to the g quadrature. The angle is controlled by the
phase of the local oscillator in the homodyne measurement setup.
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Figure 4.1: The integral projection of the Wigner function onto the plane oriented at
an angle to the q quadrature gives Pr{); ), which is the probability distribution of
quadrature measurements from a homodyne measurement setup. The gure has been
adapted from Ref. [73].

The Wigner function of a density matrix can be expressed in terms of moments of vari-
ous orders. The rst moment is de ned by the expectation valueX = hXi = Tr( X ).
The second moment is the covariance matrix, whose elements are given by; =
%hf Xi; Xjgi, where the curly bracketf;g is the anti-commutator operation. More
importantly, the uncertainty theorem can be expressed in terms of the covariance matrix
as +i =2 0][74], which highlights the fundamental statistical importance of the second
moment in particular.

Gaussian states

Gaussian states are a special class of quantum states that have a Gaussian Wigner function.
These states can be completely characterized by their rst two moments, as the higher order
moments go to zero. The Wigner function of a Gaussian state with covariance matrixis
given by [75]:

xp (X nX)T X X)

e
W(X) = NVW()

(4.12)
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Similarly, the class of quantum operations (channels) that transform any arbitrary
Gaussian state to another Gaussian state is a Gaussian operation. Any Gaussian unitary
operation can be characterized by the map:

(S;d): X ! SX+d; (4.13)

whereSisa 2N 2N real matrix and d 2 R?N. It is an a ne map consisting of a linear
transformation X ! SX, where S is symplectic, or in other wordsS ST = ; and a
phase space displacemeit ! X + d. The Gaussian unitary operation can be completely
characterized by its action on the rst two moments [76]:

X1 SX+d; V! SvS: (4.14)

4.2.1 Why do we care about non-Gaussian quantum states?
Extended Gottesman-Knill theorem in phase space

First, let us de ne the Pauli group, and the Cli ord group. Any element of the Pauli group
can bedened byP, = f 1, ig f I;X;Y;Zg ", wherel is the identity matrix, and X,
Y, Z are the Pauli X, Y and Z matrices respectively. An element of the Cli ord group
isdened by C, = U:UP,UY= P, . In other words, the Cli ord group normalizes the
Pauli group. Examples of some popularly used Cli ord gates are the Hadamard gate, the
CNOT gate, and the phase gate.

The Gottesman-Knill (GK) theorem proves that all Cli ord group operations can be
e ciently simulated in polynomial time on a probabilistic classical computer, and we need
a non-Cli ord operation for universal quantum computing [77]. An example of such a
non-Cli ord gate is the T ( =8) gate. The GK theorem can be extended to the continuous
variable phase space. The Gaussian operations in continuous variable regime are analo-
gous to the Cli ord operations in the discrete variable formulation. These operations are
quadratic functions of quadratures, and it has been shown that they are not su cient for
universal computing. We need non-Gaussian (non-Cli ord) operations which are at least
cubic functions of quadratures, for example something like expf™p"] wherem+ n 3.

Non-Gaussianity and negative Wigner functions can be studied under the resource
theoretic framework, and it has been shown that such features can be usedgasntum
resourcesthat contribute towards computational speed-up. They can also be used for
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other applications like entanglement distillatiort [79], and non-deterministic noiseless linear
ampli cation [80{82]. Heralded single photon subtraction has been used as a non-Cli ord
operation for creating non-Gaussian states with negative Wigner functions [23], and thus
it can be used as a tool to harness thigsource But the low success rate of such heralded
processes proves to be a serious bottleneck for such applications. Thus, a more deterministic
photon subtraction can play a key role in improving the performance of such protocols.

4.3 Entanglement entropy

The von Neumann entropy of a quantum state given by the density matrix is a measure
of the minimum amount of quantum resources required to encode the state [33]. Formally
it is de ned as [84]:

S()= Tr( log, ) (4.15)

If ; are the eigenvaluelg of the density matrix, then the von Neumann entropy can be
expressed asS( ) = i p0g; i. We can clearly see from the de nition that the
entropy is non-negative since ; ; =1, and thus ; 1. The entropy is zero for a pure
state when only one of the eigenvalues is 1, and the rest are 0. The maximum possible
value of the entropy is log d for a completely mixed state in ad-dimensional Hilbert space.

The Shannon conditional entropy is de ned for any two random variableX and Y
asH(XjY) = H(X;Y)  H(Y), where H(X;Y) is the joint Shannon entropy. It gives
the entropy of X, given that we know Y. For a bipartite quantum system AB, we can
similarly de ne the conditional entropy asS(AjB) = S(A;B) S(B). For classical systems,
the joint Shannon entropy is always greater than or equal to the entropy of any of the
subsystems, i.e. H(X;Y) H(X);H(Y). This always makes the conditional Shannon
entropy non-negative, i.e.,H(XjY) 0. However, that is not true for von Neumann
entropies. If the subsystems are entangled, the joint entropy can be smaller than the
entropy of the individual subsystems. A simple example for that is any of the Bell states.
The Bell states are pure states, and thus have joint von Neumann entropy of zero. This
makes the von Neumann conditional entropy5(AjB) negative. It has been proved that
non-negative conditional entropies, and satisfying Bell's inequalities are equivalent as a
necessary condition for separability [S5]. Also, the negative conditional entropy is su cient
to show non-separability of any quantum state. We will use this fact later in the chapter
to show the creation of entanglement by deterministic single photon subtraction.

LIn fact, there exists a no-go theorem that proves that Gaussian operations cannot achieve entanglement
distillation from Gaussian input states [78].
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4.4 Creating non-classical states from Gaussian states

Once again, in this section we shall revisit the problem with a three level emitter in a
bi-modal cavity for di erent optical inputs and initialization conditions as discussed in

Chapter 2. We solve the relevant master equations using Python's QuTIiP package to get
the transient response of the system. That gives us the density matrix of the composite

system (t) = (1) (1) (t) at any time t. The quantum state of the composite
system is simply a tensor product ( ) of the quantum states of ther mode ., the
| mode | and the emitter . We trace out the density matrices of the individual

components, i.e., ther mode, thel mode and the emitter to get the density matrices of
the sub-systems (t), wherek 2 fr;l; g. From the density matrix we directly calculate
the Wigner function of the modes and the emitter as

1

WEOI@D= 5 €h S @i+ 3idg (4.16)

1

where the tuple @; p is the co-ordinate of the phase space. One can switch between the
We investigate the Wigner function of the modes and the emitter to investigate if we can
create quantum states with negative Wigner functions and non-Gaussian statistics using
SPRINT-based deterministic single photon subtraction.

4.4.1 Continuous-wave coherent drive input

Once again, we start our investigation with the case where tiremode is being resonantly
driven by a CW coherent source as discussed in Sec. 2.4. Initially, both the modes (mode
r and model) are vacuum states, and the atom is in its ground state. Then, the mode

r is driven with a CW coherent laser of powelP = 52 pW. All the system parameters

are the same from our previous discussion in Sec. 243 =1, =1, =2 200 THz,
lo=1,,1, /=2 O5GHz, g1 = =2 10GHz, = = wonh=2 0:25 GHz,
1= 2-—= 0.

In steady state condition, ther mode ends up in a coherent state with an average photon
number of one, thel mode ends up in the vacuum state as all the photons eventually leak
out of the cavity from that mode as observed in Fig. 4.2a. But more interestingly, the
emitter is left in a highly non-Gaussian state with a negative Wigner function. We search
for the instant we can observe the single photon in themode. In other words, we look for
the time t, when ((t) is closest to a single photon Fock statgli. But since the interaction
time, i.e., the time for gdthzutlouti to saturate to one is pretty long (see Fig. 2.8), it is
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(b)
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Figure 4.2: (a) The Wigner functions of ther mode, thel mode, and the quantum emitter

in steady state when a CW coherent laser is used to drive themode. Ther mode is

a coherent state with mean photon number one, and the emitter is highly non-Gaussian.
The single photon leaks out from modé, leaving it in a vacuum state. (b) The Wigner
functions for the system driven by a CW coherent laser when the instantaneous single
photon delity of mode | is the highest ( 0:35). (c) The Wigner functions when the
instantaneous delity of the single photon in modd is the highest ( 0:72), for the case
where mode is initialized with a coherent state of mean photon number one. The quantum
emitter is in a highly non-Gaussian state, and has negative Wigner function.
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di cult to nd the single photon state at any particular point in time. Looping over the
entire interaction time, we nd that the single photon Fock state created in thd mode has
a maximum instantaneous delity? of only 0.35 at around 2.5 ns as shown in Fig. 4.2b.

To properly show the induced quantum correlations in the system, we also plot the
conditional entropy S( j «) for ¢ corresponding to density matrices of thea mode, |
mode, and the three-level emitter. Here is the joint density matrix of the complete
system. In Fig. 4.3a we can clearly see the conditional entropi€&§ j ) and S( ] )
have negative values, which is a signature for entanglement between thmode and the
emitter. Eventually, because of non-zero,, the photon leaks out from thel mode. Thus
one of the entangled sub-systems is lost, and thereby the conditional entropy saturates at

zero with time. However, for | = 0 (all other system parameters are the same), both
S(j)and S( ] ) saturate to at 1 as shown in Fig. 4.3b. Also, we observe that
SCjiy)= S(i ) ThisimpliesS(; ) )=0,ie. isa pure state, and thel mode

and emitter form an entangled Bell state.

4.4.2 Coherent state input

Next, we initialize our model with a coherent state with an average photon number of
one inr mode as discussed in Sec. 2.5. As observed earlier, the interaction time is much
shorter when we initialised ther mode with a coherent state compared to driving the
mode with a CW coherent drive input. In this case, we can clearly observe non-Gaussian
characteristics in thel mode, as shown in Fig. 4.2c. In this simulation,, = | =2 0:25
GHz was considered, and all the other system parameters were kept unchanged. The single
photon Fock state in thel mode has a maximum instantaneous delity of 0.72 at 31 ps.
The emitter can also be seen to exist is a highly non-Gaussian state with a negative Wigner
function.

The coherent state is a classical Gaussian state of light with a positive Gaussian Wigner
function. In this section, we observed that even though we began with highly classical Gaus-
sian states as inputs to the systems, we ended up creating non-Gaussi@source states
with negative Wigner functions, and negative conditional entropies using SPRINT-based
deterministic single photon subtraction. This type of entangled systems with quantum
properties, and on-demand creation of non-classical single photon states can have applica-
tions in the elds of quantum communication, quantum networks, and quantum metrology.

2The delity of two density matrices ; and ;isgivenbyF( 1; 2)=Tr P 1 2I 1, and is a measure
of similarity of ; and . Thus, the single photon delity of the quantum state | is F( |;jlihlj).
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Figure 4.3: The time evolution of the entropy of thea mode, thel mode, and the three-level
guantum emitter, along with their respective conditional entropies for a CW coherent laser
drive when (@) = = =2 0:25 GHz,and (b) , = =2 0:25 GHz, |, =0.
The conditional entropiesS( j |) and S( j ) are negative, thereby showing the presence
of entanglement in the system.
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Figure 4.4: (a) The Wigner functions of thel mode, ther mode and the emitter att = O.
The r mode is initialized with the two photon Fock statej2i. (b) During the photon
subtraction process, the maximum delity of the single photon Fock state in mode is
0.93 att = 29 ps. At the same time, the delity of the single photon state in moder is
0.91. We can also see that the Wigner function of the emitter is highly non-Gaussian, and
negative. For the simulations , = | =2 0:25 GHz was used. All other parameters
are the same as used in Sec. 2.5.2.

4.5 Arithmetic with Fock states

In this section, once again we will be brie y visiting the situation from Sec. 2.5.2, where
the r mode of the bi-modal cavity is initialized with the two photon Fock statej2i, as
shown in Fig. 4.4a. We then let the system evolve, and search for the timestamp when we
can notice a single photon Fock statgli in the | mode with highest instantaneous delity.
The instantaneous delity of the state in model reaches a maximum of 0.93 at = 29 ps

as shown in Fig. 4.4b. At the same time, we observe that there is a single photon Fock
state of delity 0.91 in mode r. One can also look at this operation as adding a single Fock
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state photon to mode |, while subtracting a single Fock state photon from mode r.

Thus, such a SPRINT-based module can act as a deterministic \photon subtractor”
for the r mode, and a deterministic \photon adder” for thel mode in the Fock basis. By
cascading multiple three level emitters, or by switching the output modes once again into
the input modes of the bi-modal cavity along with proper re-initialization of the emitter, it
might be possible to create any higher order Fock state from smaller Fock states, and vice
versa. However, having photons in thé mode can make the process not self-terminating
unlike the SPRINT interaction we studied thus far, and might require ne-tuning of the
system parameters along with some heralding/control processes to have an e cient single
photon adder. It might be an interesting to explore the feasibility of such a stimulated
Raman process for creating arbitrary Fock states on-demand in the next step of this project.

4.6 Future direction

In the rst part of this thesis, we have seen that the SPRINT-based deterministic single
photon subtraction can be used to subtract a single Fock state photon from any arbitrary
source of light. However, it turns out that this operations is fundamentally di erent from
'sjmply the operation of the ideal deterministic photon subtraction operato = j0i h0j +

,Jn lihnj. Even though the SPRINT-based process behaves similar to tBeoperator
for a Fock state input, it has a very di erent e ect on an input coherent state as shown
in Fig. 4.5. Initially, from the Wigner distribution it might seem that the coherent state
is getting squeezed. However, it is easily veri ed that it is not a squeezed state once the
marginal Wigner distributions are plotted (see Fig. 4.5b), where the marginals of the
Wigner function are de ned by:

We(a:p = W(q;pdp= hg jai =Pr(q;0); (4.17a)

We(@;p = W(a;pdg=tpi jpi =Pr g;5 : (4.17b)

From Fig. 4.5 and 4.5b, we observe that the operator results in increased variance
of g, but does not decrease the variance pfbelow the quantum limit. Going forward, it
might be useful to develop a better understanding of what results in the di erence between
the SPRINT-based subtraction process, and the ideal subtraction operator by performing
process tomography of SPRINT.
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Figure 4.5: (a) The Wigner function of a coherent state with a mean photon number of 1
photon, before and after being operated on by the ideal deterministic subtraction operator
8. It stretches the Wigner function towards the vacuum. It makes the Wigner function
look like an elongated squeezed state. (b) However, it can be easily veri ed that it is not a
squeezed state once the marginal Wigner distributions are plotted. The operator results in
increased variance oX, but does not decrease the variance pfbelow the quantum limit.
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We have also shown that we can create non-Gaussian qguantum states using the SPRINT-
based photon subtraction mechanism. However, in our simulations we have not noticed
any Wigner negativity in the mode from which the photon was subtracted. It might be
useful to see if non-classical states can be observed in that mode by carefully optimizing
over the simulation parameters like coupling strength of the emitter, strength of the cavity,
and others.

Another avenue of future work would be to study if this kind of SPRINT-based pho-
ton subtraction/addition mechanism can be used for applications in quantum information
processing like entanglement distillation. Heralded photon subtraction has been used for
entanglement distillation from Gaussian states [6, 86]. It will be interesting to investigate
if the SPRINT-based photon subtraction can be used for similar purposes.
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Part I

Inverse design of nanophotonic
structures for directional emission
from NV centers
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Chapter 5

Antenna formalism for guantum
emitters

5.1 Motivation

In this chapter, we perform anab initio study of the classical and quantum formulations
of radiating dipoles. We try to understand why we can treat an emitter as a classical
dipole in certain optics problems, and formulate the interaction between an emitter and a
scattering nanoparticle using classical antenna theory. We shall also look at some of the
important parameters of the emitter-nanoparticle system using de nitions from antenna
theory to develop an intuition of the problem. The goal is to give a background for Chapter
7, where we shall explore how we can control the emission pattern of a Nitrogen Vacancy
(NV) center using sub-wavelength photonic structures, which essentially behave as optical
antennas.

5.2 Classical formulation

5.2.1 Radiation reaction formalism
In the classical picture, we can model a dipole source of radiation as a harmonic oscillator.

The oscillating charge experiences a back-action or radiation reaction because of its own
emission. The motion of the undriven harmonic is described by the second order di erential
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equation

me(t) + ! amr(t) = F,(t); (5.1)

wherem is the mass,! ¢ is the natural frequency of the oscillator! 3m is the linear spring
constant, and F, is the radiation reaction force on the oscillating dipole. The radiation
reaction force is given by the Abraham-Lorentz formula

q2

Fl'(t): 6 OC3

F(t); (5.2)

whereq is the charge of the oscillating dipole, is the permittivity of free space, andc is

the speed of light. Considering a time harmonic solution to the equation of motion given
by r(t) = roexp( il ot), we gett = ! 3r. Substituting this in the expression for the force
F.(t), we nd that the force introduces damping in the system. Apart from attenuating the
dipole oscillation strength, the damping also shifts the resonance frequency. If we assume
a small damping ¢ !, then for a dipole with harmonic time dependence(t) = p(t)p
radiating in free space, the equation of motion is given by

B(t) + op(t)+ ! p(t) = 0; (5.3)

where the damping constant ( is the spontaneous emission rate in free space, and is given
by

1 2018
°7 4 ,3mc3

(5.4)

Now, if a scattering object object is present in the eld of the dipole, Eq. 5.3 gets
transformed to

2
B0+ op() + 1 3P0 = P Es(0) (55)
where E4(t) is the scattered electric eld at the location of the dipole because of the

presence of the scattering object. Under the assumption that we can express the time
dependence of the dipole, and the re ected electric eld ap(t) = poexp( i t), and
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Es(t) = Espexp( i t) respectively, the complex frequency =! =2 can be expressed

as [87]

% in(p Ew) : (56)

1
pom! o o

3 o o0
= ! 1 Re E — | =

If we assume 2 j P Eso=(pom)j, 3, i.e., for small perturbations and small damping,
I 0. Considering only the physically viable solution with + sign,

the real part of is
at resonance we get:

g O Im(p Ee)=1+ ui|m(p Eeo) (5.7)
0 pom! o o s jpoj?!3 0 '

5.2.2 Green's function formalism
From classical electromagnetic theory, the current density arising from a dipole moment

located atrg is given by
(5.8)

jr;)=p(t) (r ro):

Assuming harmonic time dependence of the current density and the dipole moment, we

have
(5.9

jr)=itp (r ro):
From Poynting's theorem, the power radiated by a current source with harmonic time
dependence is given by

Re (j E)dV:!EIm(p E(ro)) (5.10)
\%

NI =

PO=

For an arbitrarily oriented dipole p placed atrg, the induced electric eld at point r
can be determined by the dyadic Green's function of the medium as (see Fig. 5.1)

E(r)=12 0! G (r;ro;!) p(ro): (5.11)

87



$
Figure 5.1: The dyadic Green's functiorG(r;ro) gives the electric eld E at point r due
to an arbitrarily oriented dipole p located atrg.

In Cartesian coordinate Green's dyadic is a 3 3 matrix given by

2 3
| Gxx ny Gz

"G =4G, Gy, Gy°; (5.12)
ze C':‘yz Gzz

where the rst column species the electric eld of a unit dipole oriented along one of
the x-axis, the second column speci es the electric eld of a unit dipole oriented along
one of the y-axis, and the third column speci es the electric eld of a unit dipole oriented
along one of the z-axis. The elements of the matrix are the scalar Green's functions. In a
homogenous environment, the electric eld satis es the wave equation

rr E(r) K2E(r)=il ¢ j(r): (5.13)
Upon substituting j(r)= it p (r rg), we get
rr | G (r;ro) kIQG (r;ro) :! I (r ro); (5.14)

!
where | is the unit dyad. Upon solving the Green's dyadic under Lorentz gauge, it can
be expressed in terms of the scalar Green's functi@(r;ro) as [38]

! _ ! 1 _ ! 1r exp( ikjr roj).
k2 4 jr roj

(5.15)

88



Here,G(r;ro) = exp( ikjr roj)=4 jr roj represents a spherical wave propagating from
the origin for positive sign, and a spherical wave focusing at the origin for the negative
sign in a homogenous environment.

After the small digression on dyadic Green's function, we substitute for the value of
the electric eld from Eqg. 5.11 in Eqg. 5.10, and we arrive at

o_ ! %ipj? h | |
P-= 22 , Im p G (ro;ro;!) p : (5.16)

|
In free space, the real part of the Green's functiorG o((r; ro;! ) diverges asr aﬁ)proaches
ro. However, the imaginary part still exists, and Im G (rq;ro;!) = (!=6¢) | [38].
Therefore, we get the expression for the power radiated in free space as

ipi?t*
Po= -———: 5.17
0% 15 o3 (5.17)
Considering that the electric eld at rq is composed of both direct, and scattered electric
eld components, i.e.,E(rg) = Eo(ro) + Es(ro), we get [38]

h | i

PPt P 18 0 C e Edro) =1+ 6?'”‘ p G (roroi!) p; (5.18)

Po Po jpjz 13

where P = Py + PPis the total power radiated in the presence of a scattering medium.
From Eqgs. 5.7 and 5.18, we get the relationship [S8]

P

=) - (5.19)
Hence, from Eq. 5.7 and Eq. 5.18, we notice that the modi ed decay rate in the presence
of a scattering medium depends just upon the re ected electric eld at pointg, i.e., at
the position of the dipole itself. The problem is highly simpli ed, as the new decay rate
can be calculated by calculating the eld at a single point, without the need for modal
analysis. Rather one can use real space wave propagation methods used in antenna theory
to calculate the modi ed decay rate.
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5.3 Quantum formulation

For a two level quantum emitter with ground statejgi, and excited statejei separated by
transition frequency! , coupled weakly with a scattering object, Fermi's golden rule gives
the decay rate as [38]

Lo
= Sﬁ_—ojhgucueu2 o(ro;!); (5.20)

where ,(ro;!) is the partial local density of states (PLDOS), and is given by

PLDOS: ,(ro;!) =3 p (fi,f,) P = ?Im P G(ro;ro;!) p ; (5.21)
Ki

where (, f,.) denotes an outer product, andy; are the normal modes of the electric eld.
The normal modes are solutions of the wave equation

rr fi(r;! k) gfk(r;! k)=0; (5.22)

and satisfy the orthogonality condition
fie, (05U )i (13 1 )P =5 (5.23)
\%

h [
P + i
The electric eld operator is given byE = K E(k) a (t) + Ef< )ai(t) , Where d, (&) is
the annihilation (creation) operator, and the complex electric eld can be expressed in
terms of the normal modes as

r— r—

~I ~I
E = 2'—(')‘fk; E{ )= i (5.24)
The PLDOS at a point in space is a measure of the the number of electromagnetic
modes available at that point, and directly governs the rate of radiation as shown by
Fermi's golden rule. For an isotropic and homogeneous medium, if the transition has no
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preferred xed dipole axisp, we can calculate the total LDOS by averaging over all possible
orientations as

2l h ! o i
LDOS: (ro;!)= hp(ro;!)i = ?Im P Tr G(roro;t) p (5.25)

The volume integral of the LDOS gives the density of states (DOS), such that

DOS: (1)= 1 (ro;!)dr: (5.26)
. \Y \Y
L | - S
Using Im”™ G (ro;ro;!) =(!=6c) | in free space, we get the relationship:
h n o i
Im p Tr G(rorg;!) p =3 (I=6c)=1=2c (5.27)

In free space, this gives

o=(!'=c? (I=2c)=12=2¢% o= 13hgjpjej?=3 o~ (5.28)

This means that the lifetime of the emitter, which is inverse of the decay rate given by

Fermi's golden rule is determined by the Green's function of the surrounding medium of
the emitter. The modi cation of the spontaneous emission rate and the emission linewidth

of the emitter due to the presence of the surrounding embedding material is known as
Purcell e ect. The ratio of the spontaneous emission rate of the emitter in the embedding

material to its emission rate in vacuum, i.e., = ¢ is the Purcell factor.

5.4 Bridging the classical and quantum formulations

The classical dipole radiation powePin Eq. 5.16 can be expressed in terms of the PLDOS
as
P™= EJPJ p(ro;!): (5.29)

Comparing this to the spontaneous emission rate for the two-level quantum emitter, we
nd that [89]

PO_jpi?
jhgipjeijz 4
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This is an important relationship, and we can intuitively verify it from the fact that the
classical dipole moment is twice the dipole moment of the optical transition because of the
contribution of both hgjpjei and hgjpjgi [90]. Also, the atomic transition rate from the
excited state to the ground state, which is equal to the spontaneous emission rate can be
expressed a® =(~!).

Spontaneous decay of an emitter is a quantum e ect, and one needs quantum electro-
dynamics to properly investigate it. But the simple relationship in Eq. 5.30 implies that
we can treat the source of radiation as a classical dipole current source in suitable contexts
in the weak interaction picture, as the Green's function formalism bridges the gap between
the classical and quantum pictures through the LDOS. The classical and quantum descrip-
tions give similar results as long as the radiation reaction is much greater than vacuum
energy, and plays the predominant role in controlling the LDOS. Both classical and quan-
tum electromagnetic theories agree upon the modes available to the emitter, even though
the physics behind the decay is di erent. This is essentially because we can decompose the
Green's function into a set of normal modes (see Eq. 5.21), which remain the same in both
guantum and classical formalism [38]. Invoking the relationship in Eq. 5.30 thus allows us
to treat the quantum emitter as a classical dipole in our simulations and calculations.

From the ongoing discussion, we also noticed that the decay rate of the classical dipole
depends only upon the value of eld at the position of the dipole. This makes antenna
theory an useful tool to study the radiation properties of an emitter in the presence of a
scattering object, where the scattering object can be modeled as an antenna. The physical
properties of the scattering object, like geometry is captured by the dyadic Green's function,
which in turn controls the LDOS, and the decay rate of the emitter.

5.5 Antenna formalism

Once we have established the fact that we can study e ects on the spontaneous emission
of an emitter in the vicinity of a scattering object in the form of antenna theory, we try to
recast the phenomenon of Purcell e ect into antenna theory jargon. The scattering object,
which might be a nanoparticle, acts as an antenna for the quantum emitter. Due to the
emitter, a dipole is induced in the nanoantenna. This induced dipole in turn radiates,
thereby increasing the LDOS at the site of the emitter. This results in an enhanced decay
rate of the emitter in the presence of the nanoparticle.

For a radiating dipole p(ro;t) with harmonic time dependence, the average radiated
power is given by Eq. 5.10. We compare this with the power dissipated by a loZd in
a circuit, given by P = Re(Z,)jl j>=2, wherel is the current owing through the load. If

92



we consider the dipole is radiating along the axis, the currentl (in A m), voltage V (in
V. m 1), and speci c impedanceZ (in m 2) maps to the dipole moment, the Green's
function and the electric eld as [91]

I'$ ilp,(ro); V$ Eiro); Z$ @' 0G z(roros!): (5.31)

From Eq. 5.10, we can express the antenna resistance is terms of LDOS as [89]

Re(2) = p(ro;!): (5.32)

12

Thus, a higher antenna resistance refers to higher LDOS, and subsequently a higher decay
rate. Following suit, we can de ne the Purcell factor of any arbitrary nanoantenna for a
low-loss emitter as [90]

F = Re(Zin) - Im(Gzz(rO;rO;! )) .
Re(ZO;in) Im(GO;zz(rO;rO;! ))’

whereZ;,, and Zy,, are the input impedances of the emitter in the presence, and absence
of the nanoantenna.

(5.33)

5.5.1 Circuit model

In Ref. [91], Gre et et al. have presented a circuit model for explaining the interac-

tion between the quantum emitter and the nanoantenna. They have shown, that we can

successfully represent a quantum emitter, and nanoantenna as a collection of lumped cir-

cuit elements. A two level quantum emitter with a Lorentzian polarizability of the form
()= o=('3 '2 i! )has an internal impedance given by

2
Zin = = +i—2 (5.34)

0 00
Thus, the quantum emitter can be modeled as a series connection of a resistor with resis-
tance Ry, = = ¢ o, an inductor with inductance L;, = ! 5: o o! 2, and a capacitor with
capacitanceCy, = ¢ o=!2. Similarly they have shown, that the microcavity nanoantenna
can be modeled as a parallel RLC circuit, wherR = Q!= Ve ! 2, L = 1=,V ! 2, and
C = Ve, WhereQ is the quality factor, !, is the resonance frequency, andly is the
e ective mode volume of the nanoantenna. The equivalent circuit of the emitter and the
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Figure 5.2: Equivalent circuit diagram for (a) a quantum emitter, (b) a nanoantenna, and
(c) Purcell enhancement of emission from an emitter in the presence of a nanoantenna.
Vext represents the background eld in the case of absorption. For the case of spontaneous
emission,Vey = 0.

nanoantenna is shown in Fig. 5.2. In the absence of a nanoantenna, the radiative e ciency
of the emitter is de ned by .9 = Ro=(Rin, + Ro), where Ry is the vacuum resistance, and
isgiven byRo=! o Im[Go(ro;ro;!)]="!2=6 oc. Similarly, the radiative yield of the
nanoantenna is de ned by ,, = Ry =R, + Ry ), whereR, and R, are the radiative and
non-radiative resistances. The Purcell factor (the enhancement in the spontaneous emission
of the emitter in the presence of nanoantenna) of the nanoantennakg, = (Rp + R)=R,.
From this, it is easy to see that the Purcell enhancement of the emitter in the presence
of the nanoantenna is given by the ratio of the speci c resistances if the emitter and the
nanoantenna are on resonance. Thus,

RO+ R na
= = 5.35
Ro+ R+ Rjy ( )
By assumingR R, the Purcell factor can be expressed as [91, 97]
1 + Fna na
F=_ —"—: 5.36
1+ Fna rad ( )
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5.5.2 Antenna parameters
I. Antenna radiation e ciency

The antenna radiation e ciency is de ned as the ratio of the power radiated to the total
dissipated power as

I:)rad
4= ————— 5.37
s I:)rad + I:)Ioss ( )
Pioss IS the power lost because of thermal e ects and other loss channels. The intrinsic
guantum yield of emitter is de ned by the ratio of power radiated to the total power
dissipated by the quantum emitter in the absence of nanoantenna

I:)O'rad
. rad 5.38
l I:)O;rad + I:)O;int ( )

wherePg.int and Po.int represent the radiated power and intrinsic losses (arising from inter-
nal transitions) of the emitter in absence of the nanoantenna. Thus, taking the intrinsic
loss into account, the e ective antenna radiation e ciency can be reformulated as [39]

— Prad =Po:rad .
Prad=Porad + Ploss=Porad + (1 i) = .

(5.39)

rad

For ; 1, we can see that the overall e ciency of radiation is enhanced due to the presence
of the nanoantenna, which helps in increasing the LDOS for more e cient emission.

ii. Antenna directivity and antenna gain

The directive gain or directivity of an antenna is given by the ratio of radiation intensity
in a particular direction to the radiation intensity averaged over all directions. It can be
expressed as

D(: )= FiadU(; ) (5.40)
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Figure 5.3: The radiation patternU( ; ) of an antenna, showing the main (front) lobe,
the back lobe, and multiple side lobes. The dotted circle represents the radiation pattern
of an isotropic antenna. The front to back ratio is given by the ratio of the forward, and
the backward radiated powers.

whereU( ; ) is the radiation intensity along a particular direction de ned by the zenith/
polar angle and azimuthal angle , such that,

U(; )d= U(; )sindd = Paq; (5.41)
=0 =0

where d is an in nitesimal element of the solid angle. The maximum directivity is
the directivity in the direction of the maximum radiation intensity, given by Dpax =
4 U nax=Pag. Fig. 5.3 shows the radiation pattern of an antenna.

The antenna gain is de ned as the ratio of radiation intensity in a direction to the
radiation intensity that would be obtained if the power accepted by the antenna were
radiated isotropically. Thus, it is given by

4
G_

- U(: )= ,.qD: 5.42
I:)rad + I:)Ioss ( ) rad ( )
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Another important measure of directional emission by an antenna that we shall be
using in Chapter 7 is the front to back ratio (FBR). This is a ratio of the power in any
speci ed direction of interest (forward direction), and the power radiated in the opposite
direction (backward direction), i.e., 180 away from the angle of interest. Thus, it can be
expressed as

FBR (in dB) = Djforward,dB Djbackward,dB : (5-43)

Thus, we can increase the gain by including a nanoresonator antenna in the vicinity of
an emitter to increase the radiation e ciency. We can also design nanoantennas (e.g.
metasurfaces and di erent kinds of grating patterns) which allows us to have some degree
of control over the directivity, and thus engineer the radiation pattern of an emitter. In
Chapter 7 we shall investigate how we can design sub-wavelength photonic structures to
control the radiation properties of an NV center.
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Chapter 6

Adjoint optimization and inverse
design

6.1 Motivation

In this chapter, we shall delve into the theoretical background necessary for understanding
the inverse design approach based on adjoint optimization used in Chapter 7 for designing
custom-made nanophotonic structures with desired properties.

6.2 Adjoint method for electromagnetic theory

The entire realm of electromagnetic (EM) theory is governed by the set of four Maxwell's
equations. The interaction of EM elds with a scattering medium can be easily derived by
solving the Maxwell's equations. However, often we come across the non-trivial scenario
whereby we need to design a scattering medium, that gives a certain response to an incident
eld. In such a situation, one cannot guarantee that a physical solution for the problem
exists. Even if the solution exists, one cannot guarantee that there would be a unique
solution. What makes the process of design by speci cation even harder is that there exists
too many degrees of freedom while designing even a nanoscale device. Thus, designing the
device using a brute force approach by exhausting the rich parameter space as shown in
Fig. 6.1 is not feasible. The adjoint optimization approach o ers substantial speed-up
compared to the brute force approach, and in this section we shall explore how it works.
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The optimization problem of nding the best structure with the desired response to
the incident eld can be setup mathematically as:

Maximize F(E;H; ;! )
through spatial variation of
Under constraints: r = -
r H=0;
r E = @'
@t
@
rrf- H=J+ — 6.1
o (6.2)
Here, the permittivity (r), and the permeability (r) are the parameters that encompass
the properties of the device that we can control, ané& (E;H; ; ;! ) is the gure of merit

(or cost function) that we want to maximize (or minimize - as dictated by the problem at
hand). Thus, in simple words, we are interested in nding the vales of, and for our
nano-structure, under the framework of Maxwell's equations. To make our life simpler, if
we choose non-magnetic materials,= (, we only need to optimize for the permittivity .
One can also have harmonic time dependence of the elds, viE(t) = Ee " to further
simplify the problem. The resultant optimization problem can be solved using gradient
based techniques. We start by discretization of the device into small pixels, with each
pixel being represented by its permittivity ;. But the device can consist of millions or
billions of pixels. Thus, calculating the derivative of the cost function with respect to all
the design parameters (i.e. nding the change in the gure of merit due to change in all
the individual values of ;) is computationally expensive. But as we shall see, the adjoint
method simpli es the problem substantially.

Now, to illustrate the principle of the adjoint optimization, we consider the following
simple example. An electric eldEj, is incident on the device characterized by its permit-
tivity (r). The operation of the device can be visualized as a transformatidn( ) on the
input eld. As a result of the interaction with the device, the electric eld at some speci c
point rq is E(rg) (for simplicity, and without loss of generality, we can consider that the
eld is scalar everywhere). Now, suppose we want to maximize the absolute value of the
eld at the point ro. Thus, we can choose the gure of merit to bé& = jE(ro)j%. For
simplicity, we consider material invariance in the out-of-plane direction, and the eld is
linearly polarized in the out-of-plane direction as well. This reduces the structure to a 2D
lattice and we can consider that the elds are scalar. This is just for ease of understanding
and notational convenience, and one can easily use the vectorial representations instead.
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