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Abstract

Reach-avoid tasks are among the most common challenges in autonomous aerial
vehicle (UAV) applications. Despite the significant progress made in the research of
aerial vehicle control during recent decades, the task of efficiently generating feasible
trajectories amidst complex surroundings while ensuring formal safety guarantees
during trajectory tracking remains an ongoing challenge. In response to this chal-
lenge, we propose a comprehensive control framework specifically for quadrotor UAV's
reach-avoid tasks with robust formal safety guarantees. Our approach integrates ge-
ometric control theory with advanced trajectory generation techniques, enabling the
consideration of tracking errors during the trajectory planning phase.

Our framework leverages the well-established geometric tracking controller, an-
alyzing its stability to demonstrate the local exponential stability of tracking error
dynamics with any positive control gains. Additionally, we derive precise and tight
uniform bounds for tracking errors, ensuring guaranteed safety of the system’s behav-
ior under certain conditions. In the trajectory generation phase, our approach incor-
porates these bounds into the planning process, employing sophisticated sampling-
based planning algorithms and safe hyper-rectangular set computations to define
robust safe tubes within the environment. These safe tubes serve as corridors within
which trajectories can be constructed, with piecewise continuous Bezier curves em-
ployed to ensure smooth and continuous motion. Furthermore, to enhance the per-
formance and adaptability of our framework, we formulate an optimization problem
aimed at determining optimal control gains, thereby enabling the quadrotor UAV to
navigate with optimal safety guarantees.

To demonstrate the validation of the proposed framework, we conduct compre-
hensive numerical simulations as well as real experiments, demonstrating its ability
to successfully plan and execute reach-avoid maneuvers while maintaining a high
degree of safety and precision. Through these simulations, we illustrate the practi-
cal effectiveness and versatility of our framework in addressing real-world challenges
encountered in UAV navigation and trajectory planning.
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Chapter 1

Introduction

1.1 Motivation

Over the years, many traditional controllers like Proportional-Integral-Derivative
(PID) [20] and Linear Quadratic Regulator (LQR) [10] have been widely applied to
quadrotor systems. Despite their acceptable performance in many scenarios, these
conventional control strategies exhibit notable limitations. Speci cally, they neither
have a systematic way of tuning parameters nor have formal safety guarantees. As a
result, it will take considerable e ort to tune for optimal parameters. The controller
may exhibit unpredictable or unstable behavior under certain operating conditions
as well. Furthermore, most control algorithms use the linearized model [1], which not
only ignores the geometric structure of quadrotor rotation but also cause singularities
[28]. In this case, the controller does not have the optimal performance, and will
fail in certain scenarios. On the other hand, while it is true that path planning
can be decoupled from quadrotor dynamics due to the system's di erential atness
property, the needs for practical constraints are not yet full lled. Factors such as
bounded control inputs and the physical dimensions of the quadrotor must still be
accounted for to ensure the feasibility and safety of planned trajectories.

When facing these challenges, the geometric controller in [18] with Lyapunov sta-
bility guarantee presents a promising solution for ensuring the safety and robustness
of quadrotor control systems. By exploiting the geometric structure of the system,
geometric controllers o er the potential to achieve stable and agile performance [S].
Moreover, Lyapunov stability analysis provides a rigorous framework for tuning the
control gains. Another advantage of such controllers with safety guarantee is their



ability to construct invariant sets within the state space, e ectively identifying safe
regions of operation for the quadrotor. These invariant sets serve as \safe tunnels”,
guiding the quadrotor along trajectories that guarantee stability and avoid danger-
ous regions of the state space. Hence, such geometric controllers o er a principled
approach to ensuring the reliability of quadrotor systems in diverse operational en-
vironments.

1.2 Background

Unmanned aerial vehicles (UAVS) were invented and developed in the 1900s, when
aircraft needed to be operated without a crew for complex and dangerous military
tasks, such as dropping bombs. In the following centuries, UAV technology under-
went substantial evolution, driven by advancements in electronic systems. They soon
became available for civilian and commercial aviation activities. Among all UAV clas-
si cations, the quadrotor design stands out for its simpli ed manufacturability. Over
the past decades, with the increasing use of quadrotors, extensive research and devel-
opment have been conducted to enable the performance of complex tasks robustly.
Due to their low cost and agility, quadrotors are becoming relevant in various elds
of application (e.g., rescue, re ghting, surveillance), which necessitates the ability
to handle complex tasks (e.g., navigating to a goal region while avoiding obstacles
or remaining within a speci c zone for a designated period).

Quadrotors, designed with a cross-shaped structure featuring four pairs of rotors
and propellers as control inputs, have been a widely researched topic in control theory.
The simple structure and design of the quadrotor is a double-edged sword. It has
gained both popularity and novelty, but, as a tradeo, it is challenging to control
due to underactuation. The quadrotor model has six degrees of freedom (DOFs):
three in attitude and three in translation, but only four control inputs. The thrust
(force) of a quadrotor is constrained to the z-axis within the body frame, resulting
in a coupling between translation and attitude control. Fortunately, the quadrotor
system was proven to be di erentially at in [21], which simpli es the control design
process by enabling the direct calculation of control inputs necessary to achieve
desired trajectories or maneuvers, thus facilitating more e cient and e ective control
strategies.

Another property of the quadrotor model is that it can be considered a rigid body
due to the way the rotors are attached to the arms. Since the quadrotor attitude
system is fully actuated, the attitude control of a rigid body, which has already been



developed in [2], can be directly applied. Being a rigid body means that we can
consider its attitude as elements within the Special Orthogonal Group((3), so it

is natural to adopt concepts from di erential geometry to develop a control law for
attitude. The authors of [18] were the rst to use di erential geometry to develop
a singularity-free controller with Lyapunov stability guarantees. Later, [29, 19, 4,

, 16] expanded upon this groundwork by extending the system to a more complex
con guration where the quadrotor is connected to a mass payload. Notably, they
demonstrated that the extended system retains the property of di erential atness
while also developing a controller with Lyapunov stability guarantees. Such research
illustrates quadrotor applications in scenarios involving the transportation of mobile
cargo.

Before the research work in [21, 6], quadrotor dynamics had to be considered
when performing path planning. However, the di erential atness property of the
quadrotor system illustrates the possibility of separating planning and tracking. Path
planning itself includes trajectory generation and trajectory optimization. Typically,
trajectory generation is performed by rst generating waypoints and then applying
a smoothing algorithm. Common and mature waypoint generation methods include
Dijkstra's algorithm [5], A* [9], and rapidly-exploring random trees (RRT*) [11].
Once a sequence of waypoints that satis es some given speci cation, such as ego
reach-avoid, is generated, the path can be smoothed using curves like Clothoid curves,
polynomials, and Bezier curves. Constraints such as velocity and acceleration bounds
can be considered during the smoothing step. Finally, since trajectory generation
provides various possible smooth paths, optimization can be applied to choose the
best trajectory according to a speci ¢ objective function. For instance, methods to
achieve minimum jerk and minimum snap are discussed in [14] and [21]. Graph-
Search-Based Algorithms (GSBASs) for achieving minimum path length are discussed

in [3].

However, while di erential atness simpli es path planning by abstracting away
the quadrotor dynamics, it does not ensure safe tracking performance. Motivated by
this, we integrate this trajectory generation method with Lyapunov stability analysis
as described in [18]. This combination results in an algorithm that provides safety
guarantees for reach-avoid speci cations. Speci cally, we derive an upper bound on
the position error from a Lyapunov function and use this upper bound to de ne the
radius of a safe tube along the generated trajectory, ensuring that the quadrotor
remains within this tube during tracking.



1.3 Problem Statement

Given an operating domain, a target set, and an unsafe set, assume the quadrotor
dynamics are known. Design a synthesis procedure that generates a smooth trajec-
tory and a tracking controller. The trajectory should start outside the unsafe set,
remain outside the unsafe set, and eventually reach the target set. The tracking con-
troller should constrain the tracking errors to be within certain bounds, ensuring the
quadrotor operates in a "safe tunnel" while successfully executing the reach-avoid
task.

1.3.1 Main Contributions

First, we correctly formulate the dierential atness of the quadrotor system by
addressing the confusion between the body coordinate and the world coordinate.
This is accomplished by combining the proofs from [21] and [6], as detailed in Section
2.5 and Section 4.2. Next, we properly formulate the Lyapunov stability analysis
of the geometric tracking controller by correcting a cubic term in the Lyapunov
function. Speci cally, we derive a position error bound based on the stability analysis
in Subsection 4.2.4. Optimal control gains are selected to minimize the position error
bound, as described in Section 4.4. This optimal error bound is then integrated into
the trajectory generation procedure to create a framework that ensures the safety of
the quadrotor during reach-avoid tasks.

1.4 Overview

The structure of this thesis is summarized as follows. In Chapter 2, we rst derive
the ordinary di erential equations (ODES) that describe quadrotor dynamics from
the structure of the quadrotor and the laws of physics. We then de ne the errors for
position, velocity, attitude, and angular velocity, enabling the formulation of a PD
feedback controller based on these errors. The quadrotor dynamics are then trans-
formed into error dynamics for Lyapunov analysis. Finally, a geometric controller is
de ned based on these errors.

Chapter 3 introduces a trajectory generation method based on RRT and Bezier
curves. A waypoint trajectory is rst generated using RRT, a sampling-based method.



The discrete trajectory is then smoothed using piecewise Bezier curves. Under cer-
tain constraints at waypoints, this method will generate a clas€* trajectory, which
ful lls the requirements of quadrotor tracking tasks.

Chapter 4 provides the full proof of Lyapunov stability for the quadrotor error
dynamics under the geometric controller. The proof is divided into attitude stability
and translation stability. The Lyapunov function, treated as a quadratic function of
the errors, is used to derive the error bounds. These error bounds are then utilized
for formally guaranteed safe planning. Finally, an autotuning algorithm is proposed
based on the Lyapunov function, allowing the control gains in the controller to be
automatically selected to ensure the largest safe funnel.

Finally, Chapter 5 provides documentation-like instructions on how to conduct
Webots simulations and real experiments using the Optitrack motion capture (mo-
cap) system. The components of the mocap system and ROS are introduced to
ensure the accuracy of the experimental performance. Various methods of conduct-
ing experiments are then described for future reference.

In Appendix A, various methods for parameterizing the&sQ(3) group is introduced
as tools for designing the controller and deriving error bounds. Several properties of
SQ(3) and the corresponding proofs are also given for reference.



Chapter 2

Quadrotor Modelling and Control

In this chapter, we introduce the quadrotor system and the geometric controller.
First, we start by describing the system with ODEs. Then, the errors for position,
velocity, attitude, and angular velocity are de ned. The attitude error is de ned
on the special orthogonal grousQ(3), and hence is not an intuitive de nition. A
PID-style geometric controller is then designed based on the errors. With such a
controller, the quadrotor dynamics is transformed into an error dynamics which is
easier to analyze. Finally, an important property of the quadrotor system called
di erential atness is introduced and proven. It will later be used to decouple the
planning and tracking.

2.1 Coordinate System

There are two commonly used de nitions for the coordinate systems of quadrotors.
In both de nitions, the z-axis points upwards. In one, thex-axis and y-axis align
with two of the arms, while in the other, two axes are angled 4@way from the arms,

as illustrated in Figure 2.1. The four forces generated by the rotors are denoted as
fq1;f5;f3;f4. Alinear transformation exists between these four forces and the control
inputs f; «; y; 2, wheref represents the total thrust aligned with thez-axis in the
body frame, and ; y; , represent torques that induce rotation about the center
of mass of the quadrotor. The linear transformation of coordinate system 1 (left of



Figure 2.1: Two di erent body coordinate system.
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We adopt coordinate system 1 as the body frame in the rst four chapters as well as
in MATLAB simulations. However, coordinate system 2 will be used in Chapter 5
due to the protocol of the mocap system. We represent the body framefds; b;; b;g,
with three orthogonal unit vectors attached to the quadrotor body. The world frame
is denoted asf e;; &; 39, consisting of three constant orthogonal unit vectors that
maintain consistent position and direction at all times. Both frames in terms of

coordinate system 2 are depicted in Figure 2.2.

Figure 2.2: The world framef e;; e,; e3g and the body framef by; b; bzg.

2.2 Dynamics

In this section, we introduce a set of equations that govern the motion of the quadro-
tor. A detailed derivation is then provided for a better understanding of the equa-
tions. The quadrotor dynamics can be described by a set of ODEs as follows:

p=v; (2.5)
v= ge+ m fRes; (2.6)
R= RN (2.7)
= Jh @y+J31; (2.8)



wheree; = [0;0;1] 2 R3, and the hat map”~: R®! SO(3) is de ned by

3 2 3
X1 0 X3 X3
4)(25 =4 X3 0 X15 :
X3 Xo X1 0

m is the mass,q is the gravitational constant, J is the moment of inertia, p =
(Xy;2) 2R3, v=(V;WiVz) 2 R3S, R=(by;by;bs) 2fR3 3jRTR = I; det(R) = 19,

L =('!yit2) 2 R, =( i yi 2) 2 R% In the de nition of R, by;b;b; are
axes in the body coordinate, as shown in Figure 2.2R is also referred to as the
\rotation matrix" in Subsection A.1.1. Since we use the rotation matrixR to denote
the attitude of the quadrotor, our state space is 18-dimensional. Some materials
describe the quadrotor system as a 12-dimensional system, siicean be converted
to Euler angles (; ; ) (introduced in Subsection A.1.2) using the formula (A.2).
The 12-dimensional state istk; py; Pz; 5 5 5 BoBRiPs!«!yi!2]2 RP RP R® RS
We use the 18-dimensional state space to avoid singularities due to gimbal lock.

For a better understanding of the quadrotor dynamics, we explain the translation
dynamics as follows. Eqg. (2.5) represents a simple rst-order derivative. Eqg. (2.6)
highlights the presence of underactuation. The quadrotor is in uenced not only
by gravity but also by the control force f. However, the quadrotor's structural
constraints limit the direction of f to be aligned with the z-axis in the body frame
(i.e., b3 = Re3). Thus, the force generated by the quadrotor can be expressed as
fRe3. Consequently, the quadrotor system has four control inputsy ) 2 R R®,
but six degrees of freedom (DOFs). This discrepancy between the number of control
inputs and the number of DOFs makes the quadrotor system underactuated.

Attitude dynamics, on the other hand, are governed by (2.7) and (2.8). Eq. (2.7)
is derived from the chain rule and a physics principle known as the \tangential veloc-
ity formula.” From the de nition of the rotation matrix, R, which is an orthogonal
matrix, we have

RRT = I3 3 (2.9)
Taking the derivative with respect to time, we obtain
RRT + RR' = 03 3 (2.10)
Let S= RRT. Then we have
S+S"T=0; 3 (2.11)

Thus, S is skew-symmetric. From the tangential velocity formula, the relationship



between the speed of a point in the world framp" and the same point in the body
frame p° is
pP=1 pY=1 Rp’=MRp" (2.12)

An alternative expression fop" can be derived. Assume the point in the body frame
is xed. Then it also holds that

p" = Rp°= SRp” (2.13)

By comparing (2.12) and (2.13), we ndS = *. Hence,R. = MR . The angular
velocity ! can be transformed to the body frame by Lemma A.2.5 as follows:

r=(R!'P)" = RMRT: (2.14)
Substituting (2.14) into (2.12), we get
p" = R1Pp": (2.15)

Therefore,R.= R"?, which proves that (2.7) is correct.

Eqg. (2.8) describes how the torque a ects the rotation of the quadrotor. The
torque generated by the quadrotor's rotation is given by the cross product of the

angular velocity and the angular momentum, i.e.,i, = ! (J!). According to
Newton's second law for rotation, we haveg in = JL. Assuming o = , we
obtain

@)= Ju (2.16)

Left-multiplying both sides by J 1, we derive (2.8).

2.3 Error De nitions

In this section, we introduce the error de nitions for position, velocity, attitude, and
angular velocity, along with explanations for these de nitions. These errors will later
be used as feedback for the stabilizing controller.

10



De ne the errors as follows:

&=PpP Pa (2.17)

&=V Vg (2.18)
1

e = E(RER RTRq)-; (2.19)

e =! R'Ry g (2.20)

where ,;e,;er; & are the errors of the position, velocity, attitude, and attitude
velocity, respectively. thevee énap( )- is the igvers% map of thehat map*, i.e.

0 X3 Xo ~ X1
()-:S0R3)! R3isdenedby4 x; O X192 = 4x,9.
Xo X1 0 X3

The least intuitive de nition is the attitude error er. To grasp this de nition,
we view the rotation matricesR and Ry as mappings between di erent frames. The
rotation matrix R maps from the body frame to the world frame, whileRy maps
from the desired body frame to the world frame. SincRq satis es R} = R,!, we
have R]R = R, 'R, which represents a mapping from the body frame to the desired
body frame using the world frame as an intermediary. If we consider the initial frame
as the body frame instead of the world frame, theR] R represents a rotation matrix
relative to the body frame. We denote this aR,e = RgR, which is a frame relative
to the body frame.

To understand the appearance of the vee map in the de nition ofz, we rst
explore the axis-angle representation of SO(3). According to (A.3), we have

Rref (3;2) Ryer (2;3) =2a;sin
Ryef (1, 3) Ryef (3, 1) =2a sin ; (221)
Rref (2; 1) I:aref (1; 2) = 28.3 sin :

Therefore, if @; ) is the axis-angle representation oR} R, we have

2 3
a

er = 4a,9 sin : (2.22)
as

Taking the norm on both sides of (2.22), it is evident thatkerk = jsin j. Thus,
the de nition of ex measures the angle in the axis-angle representation. Note that
kerk 1.

11



2.4 Geometric Control

Geometric control treats attitude error on a smooth manifold, rather than merely
using the di erence in Euler angles. This approach exempli es the successful appli-
cation of di erential geometry to control problems. In this section, we introduce the
geometric tracking controller proposed in [18]. We also present the error system that
results from incorporating this controller into the system described by (2.5){(2.8).

2.4.1 Geometric Controller

A geometric controller is de ned as:

(
f = Fa Re;s;

(2.23)
keer ki +!1 J1 IR TRy ¢+ JRTRy! g;

wherekp; ky; kr; ki 2 R are the control gainsFq =  kpe, ky& + mges+ mpy, 9y is
the desired acceleration which is obtained from planning. Apparentlyf;( ) 2 R R®
is a PD type controller sincekye, and krer are proportional error andk,e, and
ki e are errors of rst derivatives. F4 is the desired force, but the real force is the
projection of F4 on zg due to the quadrotor structure. Furthermore,vq, Rq, ! 4, and

I 4 are generated as follows:

Assumepq 2 C*. In other words, pEf') is continuous. Then

Vg = Pd; (2.24)
Ra = [bra; pa; baal; (2.25)
o= (RIR) (226)
g = (RyRa + RyR)-; (2.27)

12



where

0 o1
d; 2
1 prost EkeFas
bl'd = % Fa:1Fd;2 :
' kFgk kFgk+ Fg;3
I:d;l
0 Fa;1Fd;2
1 dek+E%;3
= — d; 1 .
b2 = E K E’)Fd:fs* KFok+ Fas
I:d;2
_ Fq
%97 Kok

2.4.2 Error Dynamics

(2.28)

With the proposed controller (2.23) and the error de nitions (2.17){(2.20), we trans-

form the quadrotor dynamical system (2.5){(2.8) into th

Proposition 2.4.1. The error system is governed by

e following error system.

& = &; (2.29)
1
& = H(kpep+ keey  1); (2.30)
er = C(R;Rd)e ; (2.31)
e =J ' keer k@) (2.32)
where L
C(R;Rq) = é(tr[R' Ra]l  RIRq); (2.33)
t = KFgk((b3g b3)bs  Iz): (2.34)
Proof. Obviously, e, = &,. Then, the derivative of e, is given by
me, = mp  mMpq
= mges+ fRes mpy

mge; mpg+ Fq+ (fRegs

13
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where, using the de nition of F4 in (2.23),

mge; mpg+ Fqg= kpey ke

and

fRes Fg=(Fq Res) Fg(kFgkbsy )bz k Fgkbsg

KFgk (bsg b3)ls  bzg) = ¢:

To derive the derivative ofeg, we have

d 1

dt'2
1 d d

= Z(=(RIR) =(R'Ry))-

(R4IR  RIRq)-)

¢ (2.35)
= 5(RyR& & RIRq)-
= %(R'dRé! +& RIRy)-:

Using Lemma A.2.4 of the hat map, we obtain

= %(n[ RIRq]I RTRye: (2.36)

For the derivative of angular velocity error, we have

d
e =1 a(Rl Ra! q)

! e€RRg'y RIRglg:

(2.37)

Substitute (2.8) and (2.23) intoe_, we get

e =J ' keer k@) (2.38)
The con guration error function of SQ(3) is de ne in [18] as:

(=305 RYORW): (2.39)
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For the time derivative of , we have

Lo_da1
(—R,Rd)—a(ét” Rq )

1 (2.40)
= St RIR&
By Lemma A.2.3, we have
1 A
CR;Ry) = ée!T(RgR RTRy)
- o en (2.41)
=@ R
O

2.5 Dierential Flathess

Di erential atness was rst studied as a property of nonlinear systems in [7], extend-
ing the concept of controllability from linear to nonlinear systems. In a di erentially
at system, the states and control inputs can be expressed as explicit functions of at
outputs and a nite number of their derivatives. This property ensures the existence
of a unique open-loop controlis for any at system, provided that the at outputs
are designed as clas€ functions, wherek is nite. Thus, the goal is to design
a controller that eventually converges tous. The authors of [21] rst proved the
di erential atness of the quadrotor system, but their proof contained minor errors
due to the use of an ambiguous coordinate system. Later, [6] corrected the proof
with carefully de ned vectors in world and body coordinates. In this section, we
prove the di erential atness of the quadrotor using the corrected approach.

Consider an autonomous system described by the nonlinear di erential equation:
X=f(X;U); X2R";, U2R™ (2.42)

The system is di erentially at [30] if there exist functions , , and an invertible

15



function such that

I
X
<
&
2
z

X =( ; i @ (2.43)
U= 1(; ;i @)
where is called the at output. The invertible function ensures the unigueness
of the control inputs given the at outputs and their derivatives.

The at outputs for the quadrotor system are chosen as = [py; py; p,; ], where
Px; Py; P, represent the positions along the&-, y-, and z-axes, and is the yaw angle.
In the remainder of this section, we seek explicit functions that describe the states

[Px; Pys Pz Ry P By Bz s ys !zl

and the control inputs
[ « yi 2]
using and its derivatives as inputs.
2.5.1 Translation
Because the rstthree at outputs are simply chosen as the position iR-axis, y-axis,
and z-axis, the rst and second derivatives of the rst three at outputs correspond

to velocity and acceleration respectively. In other words,

Bxi By Bz = _1:3:

2.44
Bx: By: Bz = ¢ 13 (2.44)

2.5.2 Attitude

The rotation matrix R = [Xg;Yg;Zg] can be used to denote the attitude of quadrotor,
wherexg;yg;zg are vectors that denote the directions ok-axis, y-axis, and z-axis

16



of the body frame. Thenxg;yg;zg can be expressed as follows:

X = Yc Zc .

° kyc zck’
_ Zc X8 . (2.45)

ye kZC XB k’

Zg = Xg YB:

where
Xc = COS 4;Sin 4,0 T;
Yc = Sin 4;co0s 40 T : (2.46)
Zc = '1;‘2;‘3+9T;

wherexc andyc are collinear to the projection ofxg andyg into the xy  yw plane.
The rotation matrix R can be converted to Euler angles;(; ) using (A.1).

2.5.3 Control Input - Thrust f

The expression foif is derived here because it will be used later in the expressions
for angular velocity. By (2.6), the thrust can be expressed as

f=m(p+ga) zz: (2.47)
The rst derivative and second derivative are

f=m(pP® z +p Rfey); (2.48)
P =m@pE? zg+2p® Rres;+p? (RMe;+ Riey)): (2.49)

2.5.4 Angular Velocity
For angular velocity denoted as
Pew = I'xXg + lyys + ! ;25;

we have the following proposition.

17



Proposition 2.5.1. We have

m
Ly = f—p(3) YB;
m
= _n®
=P e (2.50)
;2 c'Xg + meCTZB(XBTP(S))_
2 kye zgk '
Proof. By di erentiating (2.6), we get
) = 1
p™ = —(fzg + fzp)
T (2.51)
= H(fZB + fR e 3):
Substituting (2.48) into (2.51), we have
m
h =Rles= =(p7 (P 28)z8); (2.52)

where h, is the projection offﬂp@) onto the xg  yg plane. Then we have the
components! , and !y expressed as

'y = h YB
= D@ @ z5)z)
f 8)28) ¥e (2.53)

m

®3) )
f P*™ VB,

Yy h! XB
M® @@ z5)z8) x
f p p B /4B B (254)

m
f_p(3) Xg:

18



As for ! ,, we multiply both sides of (2.7) byys " and obtain

TR-: TRy:
YB YB 0 1
0 t, 1y
Yo' X8 Y8 Z8 =Ys' Xs Vs 2z @1, 0 LA
ly ! 0
0 o 1 { (2.55)
b, 1y
ye'xs Ye'Ys Ye'zz = 0 1 0@, 0 LA
Ly 1y 0
l, =Yg 'Xg:
Sincexg is perpendicular toyc and zg, we have
XB
= —; 2.
XB k)(-Bk’ ( 56)
wherexg = Yo Zg. The derivative is then
g X5 Xp
Xg = : 2.57
Sincexg is collinear toxg, it is perpendicular toyg. Then we have
| . = T %8 N
'z yB k)(-Bk. (2'58)
The derivative of xg is
X3 =Yc Z8+Yc Zg; (2.59)
where
Yc = Rwc(es &)
= Xc Ye Zc ( €1) (2.60)

X c;
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and

zz = Rles
=R !, !, 0" (2.61)
=1lyxg !xys;
and so the derivative ofkg is
3= Xc Zzt!yyc Xs !xYc Vs (2.62)

Plug this back into (2.58), we get

1
——( ¥p'(Xc zg)+! yYBT(yC Xg))
k*lBk (2.63)

:m(XcT(YB zs) lyyc'(ys  Xg))

1
= m(x c'Xxg + !yyc'zg):

Substitute ! y from (2.54) and we have an explicit expressioh, as in (2.50).

0
2.5.5 Angular Acceleration
Next, we derive equations for the angular accelerations.
Proposition 2.5.2. The angular accelerations can be expressed as follows:
m _
Ly = f—YBTp(4) Zf—! xtlyls
m _
ly = f—xBTp<4> 20Ty + Ll (2.64)
| =14 Ye ' zg (xg " p¥ 2%_! yt fm! ! z2)
-_Z - f .
e kyc ZB k
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Proof. We start by obtaining the snap. Taking the derivative of (2.51), we have
@ = 1 2
p —E(f‘zB+2fRne3+er\ e3+ fR e 3) (2.65)

Multiplying both sides of (2.65) with xg T on the left, we have

xg ' p¥ = %(f Ly +2fL, + f1 1) (2.66)
Multiplying both sides of (2.65) with yg " on the left, we have

yg  p¥W = %( fl,e 2fL,+fl 1) (2.67)
Di erentiating (2.58) and using (2.57), we have

XL X
“ kxgk (2.68)
= Xc'Xg+ X[Xg+ X' Xg:

T T T
'ywe' zs 'yYeze 'yYe Zs t+ ! kyc zgk+!

To further simplify (2.68), we use the following derivations:

From (2.60) we have
lyYezg = L yXc'zg: (2.69)

By (2.61) andyc"zg =0, we get
lyye'zs = !x!yYc Ys: (2.70)
By (2.56) and (2.62), we have

X’T
! Zki::i =1 ,Xg ' X
=1xg"( Xc Zs+!yYe X8 !'xYc  YB)
=1, xg"(xc z8) !xXg'(Yc Yg))
L (xc'(Xe Zs)+ !yYc' (Xs  Ys))

Lo( xclys + 'y zg):

(2.71)
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Similarly to (2.60), we derive

Xc = Rwc(es €)
= Xc Yec Zc (e2) (2.72)

With (2.72) and the fact that yc"xg =0, we get
Xc'Xg = 2yc'xg =0: (2.73)

Finally, similarly to (2.61), we have

xg = R'e,
=R O !, I,' (2.74)
=l,yg !yzg;
which can be simpli ed to
Xc'xg = Loxc'ys L yXc'zs: (2.75)

Substituting (2.69){(2.75) into (2.68) and we obtain

I WWe'zs + 1,k Zek= X cTxg +2 L ,xc" 2L X'z
vYc Zg T 1 zKYc B c XB z cT YB y cT B (2.76)
Pxbyye'vB 'x!zye zs:

Then the angular accelerations can be obtained by solving the following combination
of linear equations consisting of (2.66), (2.67), and (2.76):

2 f

f
l,—=xg'p® =fL, —I,0,;
_ym B p m y m X+ Z1
f 2 f
I_XE = yBTp(4) Ef-!- X a' y! s (277)
Ly( Yc'zs)+ 1. kyc zsk=%c'xg+2 L Xc'yg 2L yxc'zs
!x!yyCTyB !x!ZYCTZB:

Solving this, we have (2.64).
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2.5.6 Control Input - Torque
From the dynamics (2.8), we have
=JL+1 Jl (2.78)

where! = 1, 1, 1, T and L= 1, ty 1, T can be found in Subsection 2.5.4
and Subsection 2.5.5.
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Chapter 3

Trajectory Generation with RRT
and Bezier Curve

In this chapter, we develop a trajectory generation approach for quadrotor reach-
avoid speci cations. We employ the Rapidly-exploring Random Trees (RRT) algo-
rithm for generating waypoints, followed by using Bezier curves to transform the
generated waypoint trajectory into a smoothCk function. While the concept of
di erential atness grants exibility by allowing us to bypass quadrotor dynamics
during planning, the resultant state space remains four-dimensional instead of three.
Consequently, we set 4(t) = (t) = 0 throughout the trajectory, avoiding the need
for planning the attitude trajectory. Given that the attitude trajectory holds lesser
signi cance in reach-avoid tasks, we can con dently disregard(t) and concentrate
on planning a three-dimensional trajectory. In other words, we forgo planning the
rotation around the z-axis in the body coordinate to plan in three-dimensional space
(px; py; P,) instead of four-dimensional spacept; py; p.; ).

3.1 Waypoints Generation with RRT

3.1.1 Problem Formulation
Let Xo; Xg; Xy  R® R® SOR) R?®be an operating domain, a target set, and

an unsafe set, respectively. De neXs = X nX, to be the safe set. Construct a
continuous 3D path consisting of a set of vertice¥ and a set of edgef, where
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vertices are waypoints and edges are the segments between two waypoints. The path
should satisfy the following requirements:

" The path starts from any point xij,r 2 Xs and ends at any pointxg 2 Xg.

" The parent of each vertex is contained in a safe hyper-rectangular neighbor of
the parent vertex.

" Every edge inE lies entirely in Xo.

3.1.2 The Modi ed RRT Algorithm

Rapidly-exploring Random Trees (RRT) [15] is a widely-used algorithm in the eld of
motion planning. It e ciently explores the state space to generate feasible paths for
robotic systems by iteratively sampling random con gurations and connecting them

to the existing tree structure. RRT is particularly suited for high-dimensional and
complex environments due to its ability to rapidly expand the search space towards
unexplored regions, ultimately leading to the discovery of feasible paths from the
start to the goal state. We introduce a modi ed version of RRT for safety-guaranteed
planning. The key modi cation involves computing a safe hyper-rectangular region
around each vertex, which serves as the new sampling space for selecting the next
vertex.

De ne
Xo= Xo Psafe B% ; (3.1)
X = Jx0:xOK+ peare BL 1 i 2 [1:Ny]; (3.2)
pe
Xy = X’LE'); (33)
i=1
Xi = Xt Psafe B% ; (3.4)

where B denotes the 3-dimensional closed unit ball w.r.tk k, . psae is the safe
margin guaranteed by the controller. It will be computed in Chapter 4.X;, can be
treated as an in ated version of the unsafe seX,. The hyper-rectanglela; bKdenotes
the setfx 2 R":a x bg. For such hyper-rectangle, we de ne

centerda; ) = (a+ b=2; (3.5)
radiusJa;l = (b a)=2; (3.6)
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wherea and b are assumed to be nite.

Po = Po;
P 2P+ J ri;riK i 2 [0;Ng 1]
pi+J ri;riK XonXy; i 2[0;Ns 1]
Pne + I Ings InK2 X

(3.7)

The waypoints and the associated safe radii can be estimated by integrating sampling-
based approaches [12] with safe and e cient hyper-rectangular set-based computa-
tions [27]. Let Ngampe b€ the maximum number of vertices an@sampie 2 (0; 1) be a
parameter, and let the function sample be a sampling function such that samp8)(
randomly generates a point from the se6. The random tree is then computed
according to Algorithm 1.

De ne
Xi; Xi 2 [a;h];

ClosestPoint(x; Ja; P = _ 3.8
( ( &) G + risgnx; ¢); otherwise (3.8)

where sgn() is the signum function,r = radius(Ja; K and c = center(Ja; K. Then
the algorithm is as follows:

Algorithm 1 The modi ed RRT algorithm
11 1, X; po, V f Xig, E ;

2: while i Nsampe do

3: if i CsampIeNsampIe then

4 Xs  sample(XsnXy)

5: else

6: Xs  sample(Xy)

7: end if

8: d 1

9:  for xj inV do

10: d® x5 ClosestPointfs; R(X;; Xo; Xu; )
11: if d°<d then '
12: d dO’ Xinear Xj
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13: end if

14: end for

15: i i+l

16:  X; ClosestPointis; R (Xi,... ; Xo; Xu; ))
17: V V[f X0 E E[f (Xj.:X)0

18: if x; 2 X} then break

19: end if

20: end while

21 return T =(V;E)

In Algorithm 1,
\

R(Y;:Xoi X )= H(Y;Xo)  \ilys(ys X )
H(v;Ja;l = v+ J ry;ryK
ry =radius(Ja; K j centera;q vj;
S(x;Ja;lk )=fz2 R*:kz xk kx  ClosestPoint; Ja; Kk, ; 2 [0;1)g:

3.2 Piecewise Bezier Curves

Once the waypoints are generated, the desired trajectory is smoothed by piecewise
Bezier curves. A Bezier curve is a linear combination of Bernstein polynomial func-
tions. It is parameterized by some number over [Q 1] as follows:

X
p( )= af'(); (3.9)
i=0

where the Bernstein polynomial function is de ned as

()= N o@ v (3.10)

2 [0; 1], N is the order of the polynomial, andc, are control points that determine
the shape of the polynomial. If we treat every waypoint generated by RRT as an
anchor point of two Bezier curves, then we can ug¢ 1 Bezier curves to conned
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waypoints and get one piecewise trajectory. Under some constraints on every anchor
point, the smoothed trajectory is of clasCk.

We assumepy to be a piecewise Bezier curve wittNg segments, where each
segment hasN, control points. Let ;, i 2 [1;Ng] be the duration of egch segment,
ie. i =1t t i, theinitial time be to =0, and the total time be T = 5. Then
Pa: [0;T]! RS2 has the form:

8p Np o JfNpet t
p i=0 Cllh (42); t 2 [to; ta];
% 1 G () 12 [t o],

Pa(t) = P (3.11)

iNz% (ﬁ!th(tt%); t2 [t 4]

P .
15 G () €2 [t 1t
The control points q' I 2 [1;Ng]; j 2 [O;Np], are required to satisfy the following
set of constraints:
the initial value of (pqg, Py, P4, pff’)) = ( po, Vo, 03, O3);

safety of the generated trajectory in the sense thay(t) 2 pi 1+J ri 1;r; 1K t2
[ti ;6] 12 [1;Ng];
continuity of pq, pg, e, PS, and p” at the junction points;

satisfying the boundjge; + 94(t)j  amax; 8t 2 [0;T], amax 2 R® is a constant
vector;

the value ofpy at nal time isin py, +J rn; K

the value ofpy at nal time is 0 3.

In Algorithm 2, we present a heuristic approach to determine the desired trajectopy
by means of iterative linear programming. The heuristic approach relies on initially

guessing the timeT and incrementally increasing it until the constraints become
feasible.
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Algorithm 2 Computing the desired trajectory.

1:
2:

Deneli=kp p 1k i2 [N, L= Nl g=" 021N

Let To be a positive parameter specifying an initial guess for the full time horizon
and ;> 1 be a design parameter.

Dene ;=qTp; i 2[1;Ns].

With the values of ;; i 2 [1;Ng]; de ned in step 3, solve a linear program
involving the control points ¢, while considering the constraints.

If the linear program in step 4 is feasible, the resulting control points in addition
to the time durations ; can then be used to synthesize the desired trajectory
according to equation (3.11).

. If the linear program in step 4 is infeasible, rede nd, asTo = 1 To; and repeat

steps 3 and 4.
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Chapter 4

Lyapunov-based Safety
Guaranteed Synthesis

In this chapter, we rst present several de nitions of equilibrium point stability
within the context of Lyapunov theory. Subsequently, we analyze the quadrotor er-
ror system to establish exponential stability criteria. Using the Lyapunov function,
we derive an upper bound on the position error to ensure safety-guaranteed track-
ing performance. However, recognizing the conservative nature of this analysis, we
provide an alternative approach that uses Bernoulli's inequality to achieve a more
precise error bound while exploring asymptotic stability.

4.1 Lyapunov Stability Theorem

Consider the nonlinear system described by an ODE as follows:
x = f(x); (4.1)

wheref : X I R" is a locally Lipschitz function on an open seK R". Suppose
X contains an equilibrium pointx of (4.1). It is convenient to assume thaix =0
without loss of generality. Furthermore, if (4.1) describes an error system, it is
natural to analyze if the solutionx(t; xo) for somex(0) = Xo 2 X would eventually
go to the equilibrium point x = 0.

De nition 4.1.1. (Five Types of Stability of Equilibrium Point) The equilibrium
point x =0 of (4.1) is
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1. stable, if for any > 0, there exists > 0 such that

kxok )k x(t;xo)k ;8 O (4.2)

2. asymptotically stable , if it is stable and there exists > 0 such that

kxok ) tI!ilm X(t; Xo) = 0; (4.3)

3. globally asymptotically stable , if it is stable and

lim x(t;x0) =0; 8% 2 R"; (4.4)

4. exponentially stable , if there existm; ; > 0, such that

kx(t;xo)k mkxoke '; 8kxok ; 8t O0; (4.5)

5. globally exponentially stable , if there existm; > 0, such that
kx(t;xo)k mkxoke '; 8xo2 R";8t O (4.6)

De nition 4.1.2.  (Lyapunov Stability Theorem) Let X R" be an open set. Sup-
pose the originx = 0 is an equilibrium point of (4.1) and is contained inX.
Let V: X ! R be continuously di erentiable and positive de nite on X. De ne
\L= g—\)f f as the derivative ofV along solutions of (4.1). The following statements
hold:

1. if \Lis negative semide nite, thenx =0 is stable;
2. if \Lis negative de nite, thenx =0 is asymptotically stable;

3. if Lis negative de nite andV ! 0O asjxj!1 with X = R",thenx =0is
globally asymptotically stable;

4. if there exist positive constantsc;, C;, and ¢z such that
akxk? V. ckxk?

and
L czkxk?

for all x 2 X, then x =0 is exponentially stable;
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5. if X = R" and there exist positive constants;, C,, and ¢z such that
akxk? V. cokxk®

and
L cgkxk?;

then x =0 is globally exponentially stable.

4.2 Lyapunov Stability Analysis

In this section, we show the Lyapunov stability analysis of the error system (2.29){
(2.32). The original analysis is in [18], but the use of Lie derivative is incorrect in
their analysis and hence we introduce the corrected version here.

Theorem 4.2.1. Consider the controller (2.23). Given anyC* trajectory that sat-
IS es
kmge; + mpgk  B; 4.7)
if, the initial conditions of (de ned by (2.39)) and ke k satisfy:
( RO)Ra(0) L

ke (0)k? mmz(J)kR(l ( R(0); R4(0)));

for some constant, we can nd positive constants (Kp, Ky, Kr, ki, C1; C2) such that

(kp  kp)ky k)

i < minfp Kom;

—0; (4.8)
S ko kp+ i
2kR kRk!J

C, < minf = max(3); — ) g, (4.9)

2 ( R + K! )

max (‘]) 4 min (‘])

ngkz

in(W)) > —— 4.10
mn( 1) 4 min (W3) ( )
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where

9 ——
- ) (4.11)
1 )%k, Bk + Skt k) |
W, = m 2\'m m p ; 4.12
! (ke + Bk + kop) T Dk o #32
ap 0 CZK?J) 2 Czk!(J) |

W,= m ;W3 = max min ; 4.13
TOB 0T gy ok G 9

then the error system (2.29){(2.32) is exponentially stable. Moreover, the position
error is bounded as follows:

s
V() |
kepkmax m, (414)
where
V(0) = %kpkep(O)k2 + %mke\,(O)k2 + c16,(0) &,(0) @15
+ 58(0) Je (0)+ ke ( ROO):Rs(0)+ Gien(0) & (O); |
M, = % kgl n‘]‘l (4.16)

The rest of this section is the full proof of Theorem 4.2.1. The stability of attitude
and angular velocity is presented rst, as it is easier to prove due to the attitude
control system being fully actuated. Position and velocity stability is harder to
prove since it is coupled with attitude dynamics. This is addressed by bounding the
attitude error. Finally, the stability of the complete dynamics is proved by combining
the two.

4.2.1 Altitude and Angular Velocity Stability

For altitude and angular velocity stability, we consider the following Lyapunov can-
didate:

1
V2= 28 Je + kr ( RiRq) + C6r &
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Then, V, is bounded by

ZIMaz, Vo Z3Muzy; (4.17)
2kg_ C

wherez; =[keckike ' Ma= 1 3 G anama= g 20 B
max

The derivative \% is

L(t)=e (t) ( krer kie (1) + krer(t) & (1)
+ C(R(t); Ra(t)) e (1) e (1)
+ cer(t) J M krer(t) ke (1)
er(t) (Gkrd Ner(t) (ki e (t) e(t) e(t) (kI He (1)

k K
TR Ker(OK: (K Co) ke (K2 + 2 s ken(Dkke (DK
max(‘]) | mm(‘J)
Csz C2k1 )
ZT max(J) 2min (J) 7
P2y ke e 7
= 7z Wz

As long as the matricedM 3, M4, and W3 are positive de nite, we haveV, to be
positive de nite and \% to be negative de nite. By Theorem 4.1.2, the attitude and
angular velocity system is exponentially stable.

Note that we analyze the norms of errors instead of the errors themselves to
simplify the process. However, we will adopt a di erent stability analysis as an
improvement over the current analysis, involving the errors themselves.

4.2.2 Position and Velocity Stability

For position and velocity stability, we consider the following Lyapunov candidate:

V= :—ZLkpkepk2+ %mke\,k2+ C16 6 (4.18)

Apparently, V; can be bounded as

ziMiz; Vi z] Myzy; (4.19)
wherez; = [keok; kek]', M1 = 3 & m andM; = 3 6 m
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The derivative is\4 = kye, e+ me, e + ¢1g, & + ¢ €. Sincel, is a
function of g¢,, we use the following two remarks to bouna,_in order to bound \4.

Lemma 4.2.2. mg, = mge mpg+ Fq+ ¢, where ; = fRes Fy.
Proof. The derivative of e, is given by

me, = mp  mpy
= mge;+ fRez mpy
= mge mpg+ Fq+(fResz Fy);

where, using the de nition of F4 in (2.23),

mges mpg+ Fa= K Ky

and
fRe3 Fd = (Fd ReS)ReS Fd
= (kFgkbsg be)bs k Fgkbzg
= kFak ((b3a b5)ls  bga) =
whereFq, bs.q are de ned in Section 2.4. H

Lemma 4.2.2 indicates the necessity of boundings in order to constrain e,.
Consequently, we present the following lemma to bound; in terms of 2-norm.

Lemma 4.2.3. Assumek mge;+mpgk B. Thenk k (kokek+ kykek+ B)
for some 2 (0;1].
Proof. For f = Fy Res, we have

f

———Ryés:

Fd:

Then,

f = fRe3 Fq

f
m((eg RiRes)Re;  Rges):
d
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Let A = kpep, ky&, . Notice that kAk kpokepk + kyke,k + B, where

k mge;+ mpsk B. Dene
f= ( kg k& mge+ mpg) Re; = (kAkRges) Res:

Then,
f _ (kAdeeg) Res A AL
eRIRe; "2~  &RIRe; KAk - 2
Therefore,
f f
kmk = kadegk = kAK:
Then,

f
efRIRe;
k Akk(ejRjRes)Re; Rgesk

(kokepk + kyke,k + B)k(ejRjRes)Re;  Ryesk
(kpkepk + kykeyk + B)kegk
(kpkepk + kykeyk + B) ;

k 1k Kk kk(e] Rl Res)Re;  Rgesk

where 2 (0;1] is the bound ofkegk, as shown in Section 2.3.

]

Then, by using Lemma 4.2.2 and Lemma 4.2.8; can be bounded as follows:

1
Vo= Ko &+ me, —( ke ke 1)
1
tas etag _( ke ke 1)
Kk + K )kek?+( 1)%kpkepk2
C C
+(Elkv+ mlkv+ k o)kepkke,k

+ %B kepkkerk + B ke kkegk

1 )2k Lok, + Sk k)

ke, kke, k m 2m VT m P

kehdak] o v o'l vk T Tk
aB 0 kegk

+lkekkekl oo o
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4.2.3 Complete Dynamics Stability

Consider,V = V; + V, for a Lyapunov candidate function of complete dynamics.

Then, let z; = [jjeyj;jjejil™, z2 = [jjexii;jie jiI", and

1 k C 1 k C
M - = ] 1 ;M - = R 2 :
1= 5 CC m 272 C2  min(J)
1 k, c 1 2Kp C
Ma2.= — p 1 ’M == 2 :
3 2 ¢ m 4 2 & G max(J)
We o @ )oK Lok Sky+ k)
1 %(fn—lkv + S ky+ kp) (1 |)kV 1
C—lB 0 Csz C?kg
W = m ’W - max (J) 2 min (J)
OB 0T i sk o
M; 02> Mz 02 _ min (W1)
LetMe =0, M, M= 0, M, W T Tk
z= “ _ Then
Zy
Zi]M1z1 + Moz, V  2{Mazy + 2) My2y;
Z'™Mpz Vo Z"Magz;
\L ZJT Wz, + ZIWzZz Z'2I' Wiz,
k ZI kkW]_Zlk+ kZI kszzzk k Z-Zr kkW3sz
min (W1)kz1K? + kz;kkW,kkzk min (W3)kzok?
in (W1) LW,k kz1k
kZ k, kZ k min ( 1 2 2 1
lzsbikzakl THvk o (W) Kzok
Furthermore,
in (W
v zZ'Wz min (W)kzk? Mv:
min (M 12)

TkWok
min (W3) '

(4.21)

(4.22)

(4.23)

(4.24)

We seek the conditions foiM; M,; M3; M4 to be positive-de nite in order to get

exponential stability. It is required that:
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det(My) = S(kpm ) > 0,

det(Mz) = 2(ka mn(3) ) > O

g (4.25)
det(M3) = —(k m c)>0;
det(M.) = 1( e @) Do
which gives
p k m;
s (4.26)
C < 22k— max (J): .

min (Wl) %szk

also need to be positive-
LW,k min (W3) P

The matrix Wy, W3, and W =

de nite. Then,

detWn) = (1 )2k)(1 ks ) 1((1+ )2y + K )7 > 0
k 5 kk 1

2 21,2 .
@ )2+l YOIEHG 2 S L K> 0
_, Ckr C2k! 2 :
det(Ws) = ( max(J))(k! C2) (m) >0
det(W) = min (W1) min (Ws) %kW2k2> 0;
(4.27)
which gives
o< le kol k).
kp  Kp+3m
ke ki (4.28)
CZ < max (J)

k
Qe Rl s (J))
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4.2.4 Error Bound for  kepk
By assuringM., is positive-de nite, we have

ZiM1z1 + 23 Mz, 2{M1z4
min (Ml)kzlk2
min (Ml)kepkz:

Since\/(t) is negative-de nite for allt 0, then we knowV(t) V(0)8t
(4.21) gives usz{ M1z + ZZMyz, V' V(0). Hence,

min (M 1)kepk? Y
V()

ke,k _
ep min (Ml)

where
V(0) = %kpkep(O)kz + %mkev(mkz + ¢16,(0) &/(0)
+ %a_ (0) Je (0) + kr ( R(0); R4(0)) + c26r(0) & (0);

1
Ml_é Cy m

Then we have the following bound for position error:
S

kep Kmax = Vo)

min (M 1) :

4.3 Asymptotic Stability Analysis

The following is the improved stability analysis, proposed in [26].

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

Theorem 4.3.1. Consider the error system (2.29){(2.32). Let R be an interval

with 0 as the left endpoint, and lett 2 1. Assume

Jges + pd(t)J Amax

39

(4.34)



forall t 2 1 and some speci edimay 2 R3. Let 2 ]0;1[and 2 ]0; 2[ be speci ed

parameters and assume the following conditions hold:

(0) ;
0360 k@ )

De ne
1 kyl; ol
0_ = p!'3 113
Ml 2 Cls mlg ’
Cikp | Ciky |
WO: 3 om '3
! %'3 (kv C1)l3
Mglz 1— kR|3 C2|3 , Mgzz 1_ 22k—'l|3 C2|3
' 2 CZI3 J ' 2 C2|3 J
0 CokrJ 1 %J vt
WeT ekt ko)l
wherec; and ¢, are constants, satisfying
. P—  4mkyk
0<cy;< min  km, ——2¥ -
' P k2 + 4mk,
4 min(J)kRk!

P
O<cp<min = Ke mn(3)iizg 4 (J)kn
1 min

Moreover, de ne

Z(t) = 2\/"8 ; Z3(t) = ZRE:; ct21;

and
V) = 2% ()M 222(1);

V) = Sl (038 (0 + ke ( 0+ () & ()
AOERAGERAGIRTAE
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(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)
(4.45)



Then, MW MJ,; M2,; WY are positive de nite. Furthermore, for allt 2 I,

25(MM2,29() VAL 25 (0M2,z3(0); (4.46)
Vit vAo)e ?t; (4.47)
VQt) L (VI0); VX0);t); (4.48)

where, forx;y;t 2 R,

L(x;y;t) = La(x;y;t)+ Lao(y;t); (4.49)
p_
Li(x;y;t) = eTypx+ ye TOE (4.50)
oo Po t
Lo(y;t)= e+ 22 Yo 2t o sgs: (4.51)
0
and , o, 1,and »,, are given by
1 1 1
=5 min (M2, 2WM2, 2); (4.52)
o=min mn(M2 ZWMO 2);2 (4.53)
' 2
C 1 1 1
L= [Ell3;l3]Mf 2 [kolaikyIsIM2 2 13,05 5]MQ,; 2 o (4.54)
' 2
C 1 1
» = M Kamaxk [El|3;|3]|v|f 2 13,05 M2, 2 > (4.55)
Proof. See [26]. O]

A direct consequence of the results above is as follows:

Corollary 1. Consider the error system(2.29) (2.32). Assume (4.34), (4.35), and
(4.36) hold. Let the functionsV,, V,, and V be de ned as in(4.43) (4.45), where
conditions (4.41) and (4.42) hold. De ne, for x;y 2 R,,

Lu(X;y) = max L(xy;t) = L(Xy;tm(XY)); (4.56)
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wheret,, is given by

2 v
%max 701 In — X+2y+ “»w ;0 ; 26 ;y> 0
2(2 0)
tm(Xy) = 5 max 2( zpyo zgf’ym;o ; o= ;ys>o0 (457
" 0; otherwise

Then, p___
V(t) L u(Vi(0);V2(0));t 2 I

The uniform bound derived above can be used to estimate the deviation of the
position and velocity from their desired values as follows:

Corollary 2. Consider the error system(2.29¥ (2.32). Assume (4.34), (4.35), and
(4.36) hold. Let the functionsVy, V,, and V be de ned as in(4.43X (4.45), where
conditions (4.41) and (4.42) hold. De ne, for x;y 2 R,

Lp(Xy) = [I3;0s 3]M°1% Lu(Xy); (4.58)
Lv(x;y) = [0s 3;I3]M°1% Lu(X;Y); (4.59)
Liay) = kel kelsMG P Ly(y); (4.60)

then, forallt2 1,!

kep(t)k L p(V1(0); V2(0));
ke,(Dk L (V1(0); V»(0));
Kko€o(t) + kvey(t)k L ¢ (V1(0); V2(0)):

Corollary 3. Let 2]0;1[, 21]0;2[, andV; 2 ]0;1 [ be given and/, is computed
by S I

Kr —
) (1 ) ) (4.61)

Assume there exists a nite timeT > 0 and a four-times continuously di erentiable

ng kr +2C

1As L, given in equation (4.49), is monotonically increasing with respect to its rst two argu-
ments, then it follows, using the de nition of L, given by equation (4.56), that L, is monotonically
increasing with respect to its two arguments. Therefore,L, Ly, and L, given by (4.58), (4.59),
and (4.60), respectively, are also monotonically increasing with respect to their arguments.
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Pe: [0; T]! RS satisfying (4.34), and mpga(t) L ¢(V1;V2) mg+ "t 2 [0;T]; for
some" > 0. Then, for any initial condition (p(0);v(0); R(0);! (0)) satisfying

0) :
OIe O k@ ) (4.62
Vi(0) Vi

Then, for all t 2 [0; T],
kep()k L p(V1; Va);
ke,(t)k L (V1;Va);
kkpep(t) + kvey(Dk L ¢ (V1 V),

whereL,; Ly, and L are given by(4.58), (4.59), and (4.60), respectively.

4.4  Autotuning Algorithm

In this section, we formulate gain tuning into a bound-constrained optimization
problem and adopt simulated annealing method to nd the optimal solution. This
approach systematically searches for the most e ective control gains for any quadro-
tors assume the mass and inertia matrix are known.

4.4.1 Problem Formulation

Eq.(4.58) establishes a theoretical bound on position erres. Then, since
V1(0) Vi; V2(0) Va;

we have
keo()k L p(Vi;Va); t21:

While our theoretical result implies local exponential stability of the closed-loop
guadrotor dynamics for any choice of positive control gains, that choice should ensure
that the theoretical uniform bounds, which depend implicitly on the control gains,
are not too conservative. In particular, we want the gains choice to result in small
values for the uniform boundds. ,(V1;V;), whereV, is computed according to (4.61).
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Let 1; 2 ]0;1] be parameters that determine the values af and c,, used in the
de nitions of the functions V; and V; in (4.43) and (4.44), respectively, through the
relations
. P —  4dmkpk
g = imin = km; kngfpm\;q, :
4 min (‘])kRk!
k'2 +4 min (J)kR

R —
C= min Kr min (3);

The above relations ensure that conditions (4.41) and (4.42) hold. Lktk 2 R, nf0Og

be user-de ned positive lower and upper bounds on the control gains, respectively,
and wy, wy, and ws be positive weights to be assigned to the unifrom bounds during
the optimization process. The control gains, and the parameters, and , are
then determined by solving the following nonlinear optimization problem, where the
uniform bounds L ,(Vy; V>) are functions of the gains through the relations (4.56),
(4.58), and (4.47) and the argument¥/; and V, are dropped:

kp;k\/:{l];llg; 12 LP(VLVZ)'

0< 15 o< 1L

4.4.2 Simulated Annealing

For the optimization problem (4.63), usually the domain for searching the control
gains, i.e. k;K], is small. Notice that (4.63) is bound-constrained; it is natural to
adopt simulated annealing as our global optimization method because it has a high
probability of nding an optimal solution in a short period of time when the domain

is small. However, other optimization methods like multi-start are also suitable for
solving such problems.

Simulated annealing [13] is a stochastic global search optimization algorithm pro-
posed by Kirkpatrick, Gelatt, and Vecchi in 1983. Although it is not guaranteed to
nd the global minimum, it increases the likelihood of nding a near-optimal solution.
The basic idea of simulated annealing is to mimic the process of annealing in met-
allurgy, where a material is heated and then gradually cooled to reach a low-energy
crystalline state. Similarly, in simulated annealing, the algorithm starts with a high
\temperature" for random exploration of solutions and gradually cools, becoming
more selective. It iteratively explores neighboring solutions, probabilistically accept-
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ing or rejecting them based on quality and temperature. This process continues until
either a maximum number of iterations is reached or no signi cant improvement in
the objective function is observed over several iterations.

Our objective function, i.e.,Lp(V1;V,), is a highly nonlinear function with many
local minima. Since the only constraints are bound constraints, and the search
domain is not very large, simulated annealing can nd the global minimum in a
short time with high probability. The proposed algorithm is as follows:

Algorithm 3  Simulated annealing for gain tuning

1 Kinit — (Kpiit > Kvinit 3 Krinit 3 Kt init s 2init 3 2init)
2: Initialize current solution Keyrrent Kinit
4: while i Npax or L> do

S Knew = Neighbor(kcurrent)

6: L current = Lp(Keurrent )

7 L new = Lp(knew)

8: L= Lnew Kcurrent

90 if L<Oore YT random(0 1) then
10: Keurrent Knew

11 end if

12: k k+1
13: end while
14 return kcurrent
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Chapter 5

Experiments

In this chapter, we present the results from MATLAB and Webots simulations,
followed by detailed instructions for real experiments with the Optitrack mocap
system and the micro-quadrotor Crazy ie.

5.1 MATLAB Simulations

Numerical quadrotor simulations using MATLAB!, incorporating the proposed con-
trol synthesis approach, are conducted to demonstrate its performance and e ective-
ness. For the purpose of consistency, all calculations and computations are done on a
computer with an i7-12700 CPU. To ensure the simulations are reproducible, we con-
gure the MATLAB control random number generator (rng) to its \default" setting.

This ensures consistent results each time the simulations are executed. The hyper-
rectangular plots presented in this section were obtained using the MATLAB com-
mand plotcube [23]. The parameters of the quadrotor match those of the Crazy ie
2.1 and are as follows:

J =diag([2:31;2:31;4:125]) 10 ° kg m? m =0:033 kg

1The code for all MATLAB simulations described in Section 5.1 is available on GitHub:
https://github.com/BerenChang/quadrotor-safe-synthesis
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5.1.1 Reach-Avoid Task Setup

We consider a reach-avoid control scenario, where the operating domain is de ned
as a cube with edges measuring ve meters each. The initial nominal position of the
quadrotorispy = [0:5; 0:5; 1], and the target set is given byX t = J4; 4;4]";[5;5;5]'K
The unsafe set is given as a union of ten hyper-rectangles. The operating domain,
the target, and the unsafe sets are depicted in Figure 5.1. We et = [1;1; 1],
fmax = 2mMg = 0:6468 N, andana = [0:1;0:1;9:9]". The control synthesis process
starts by setting =0 :005, =0:4,andV; =10 “.

Figure 5.1: The environment with ten obstacles as red boxes, one target set as blue
box, and the starting point as blue asterisk. The top right corner shows the top view
of the environment.

5.1.2 Gain Tuning Through Optimization

To solve the optimization problem (4.63), we set the gain bounds to ike= 0:001; k =
0:05. The problem is solved with Simulated Annealing. The MATLAB built-in
function simulannealbnd is adopted. With the initial guess

kp = 0:05 k, =0:05 kg =0:05 ki =0:05 ;=0:5 ,=0:5
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the optimized control gains and coe cients are obtained as
k, = 0:05 k, =0:03 kg =0:005 k, =0:00%,

1=0:5468 ,=0:6124

The average computing time for obtaining the gains via optimization, over one hun-
dred runs, is 0.8934 seconds_. 'Ilwe resulting value ¥ = 7:9976 10 ° and the
resulting uniform bound isL(V4; V) = 0:2589 m.

5.1.3 Safe Tube and Trajectory Synthesis

Next, we construct a safe tube composed of connected hyper-rectangles, through
which the desired trajectory is synthesized, where an RRT is synthesized accord-
ing Algorithm 1 and a shortest path algorithm is conducted over the RRT. The
parameters in Algorithm 1 are chosen to be

The resulting safe tube consists of fteen hyper-rectangles depicted in Figure 5.2,
where the associated computational time is 0.06 seconds.

Next, we construct the desired trajectory given as piecewise Bezier curve with
fteen segments, where each segment is parameterized by fteen control points. We
implement Algorithm 2 for the trajectory synthesis, where we use the following pa-
rameters:

+=1:1, To=100:

The produced trajectory, with time duration T = 146:1 seconds, is depicted in Figure
5.3. Note that the synthesized trajectory lies within the safe tube. The computation
of trajectory based on Algorithm 2 required 0.27 seconds of CPU time.

5.1.4 |Initial Points Generation

Safety of the closed-loop quadrotor system is guaranteed if the initial conditions
satisfy (4.62). To visualize the set given in (4.62), initial points are generated as
follows. First, we randomly generated initial points p(0); v(0); R(0);! (0)) as fol-
lows. Each point is computed via means of sampling through the relatioqg0) =
sample(0:2J 15; 15K, v(0) = sample(0:05) 15; 13K, R(0) = elsample(0:05) 15i15K)"
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Figure 5.2: The safe hyper-rectangles are shown as blue boxes.

Figure 5.3: The generated trajectory is shown as the blue curve.

' (0) = sample(0:05] 13;13K), where only the generated points satisfying (4.62)
are considered. The two hundred points are illustrated in Figure 5.4. The positions
of rst fty points are shown in Figure 5.5 with attitude represented as axis-angle
representation. The rst twenty initial points are adopted to compute trajectories
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using the Runge-Kutta method RK45in MATLAB) 2. The integrated trajectories
are depicted in Figure 5.6. All position pro les associated with the generated trajec-
tories from the chosen twenty points, represented by blue lines, originate from the
bottom right corner and terminate at the blue box located at the top left corner,
remaining within the safety tube throughout, thus validating the safety assurances
of the tracking controller.

Figure 5.4: The values of (0), & (0), and V;(0) of the generated two hundreds initial
points are shown to stay within theoretical bounds.

To better visualize the shape of the initial set satisfying (4.62), the initial position
error is sampled through the relatione,(0) = sample(0:08] 13; 13K, with the initial
velocity error e,(0) attitude error eg(0), and angular velocity errore (0) all set
to zero. One million points are sampled, with safe points marked red and unsafe
points marked blue, as illustrated in Figure 5.7. The cross-sectional gures shows
the boundary between safe region and unsafe region, as represented by the sample
points.

2The Runge-Kutta method does not guarantee the preservation of theSQ(3) structure of the
attitude R during numerical integration. However, the Runge-Kutta method provides convergence
guarantees which motivates using it for the purpose of simulations in this section.
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Figure 5.5: The position and attitude of fty initial points. The arrows represent
the directions of the z-axis with respect to the body frame (i.elx(0)).

Figure 5.6: Tracking trajectories going through obstacles. The red boxes are obsta-
cles. The blue box is the target set. The blue tube is the region with guarantees.
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Figure 5.7: The shape of initial set of position, approximated by one million points.
The red points are safe points that satisfy (4.62). On the left is the 3D plot and on
the right is the cross section at,, = 0.

5.1.5 \Validation of the Tracking Performance

To demonstrate the e ectiveness of the proposed framework and the safety guarantees
for the generated twenty trajectories, we use Figure 5.8 to show that the position error
and the velocity error stay within the theoretical boundd_p(V1;V2) andLv(V1;V2).
The simulations demonstrate that when (4.62) is ful lled, the quadrotor performs as
expected and the position errors remain perfectly within the theoretical threshold,
validating the safety guarantees of the proposed framework.

5.2 Webots Simulations

Webots® is an open-source 3D robot simulator. Simulations conducted in the Webots
environment on an Ubuntu platform enable the creation of a \digital twin" of the
Crazyie 2.1, achieved through the use of a mesh le supplied by Bitcraze. To
ensure methodological consistency and facilitate comparative analysis with MATLAB
simulations, an environment mirroring that of the MATLAB simulation setup is
employed.

Within the Webots simulations, the quadrotor is initially tasked with navigating
to and maintaining a hover at a predetermined starting point, i.e., [®; 0:5; 1]" in our

3https://cyberbotics.com
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Figure 5.8: For allt 2 [0; T], ke,k remains within the theoretical bound. Data is only
shown for the rst 13 seconds to demonstrate the details of convergence, however
the bounds are still respected for aft 2 [0; T].

task. Subsequently, tracking maneuvers are initiated upon the ful llment of speci c
initial conditions:
Vi(0) 1.0 10 %

(0) 20 1053
%e! (0"Je (0) 30 10 °:

The norm of position error is in Figure 5.10. It is very similar to the position error
from MATLAB simulations plotted in Figure 5.8. However, due to stochastic per-
turbations in Webots (from Crazy ie mesh le assembly, delay of propeller rotations,
etc.), the tracking performance still has small position errors. Nevertheless, the po-
sition error remains within the theoretical bounds, demonstrating the robustness of
the proposed framework. Figure 5.9 is a combination of fteen sequential snapshots
capturing the tracking performance of the Crazy ie quadrotor. It illustrates how the
guadrotor ies through gaps and nally reaches the target safely.
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