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Abstract

Multi-model adaptive technique offers a powerful framework for handling uncertainties
in dynamic systems by employing multiple models that represent different operating con-
ditions. However, despite strong theoretical foundations, practical deployment has been
severely limited by the curse of dimensionality—the exponential growth in computational
requirements as system complexity increases, creating a major obstacle for real-time imple-
mentation. This thesis presents a comprehensive framework to address this computational
challenge through three related contributions, achieving dramatic reductions in complexity
while maintaining or improving system performance.

The main insight is that traditional multi-model approaches use far more models than
necessary. Instead of using every possible model combination to cover parameter uncer-
tainties, this thesis shows that carefully chosen subsets can achieve the same coverage with
much less computation. This shift from using all models to selecting the right models
makes multi-model control practical for real-time systems with limited resources.

To this end, geometric methods have been developed that analyze how models cover
the space of possible system behaviors. Using computational geometry principles, new
Enclosed Polytope with Minimum Models (EPMM) algorithms find the smallest set of
models that still covers the uncertainty space adequately. These algorithms work like
placing sensors strategically—finding the fewest locations needed to monitor an entire
area. An optimization framework extends this idea to continuous parameter spaces, while
a transfer function method handles high-dimensional systems efficiently by focusing on
input-output relationships rather than full state representations.

To overcome the fundamental scaling limitations in high-dimensional spaces, the Pa-
rameter -Tying Theorem has been developed as a theoretical innovation showing that
changing to the right coordinates can considerably simplify high-dimensional uncertainty
spaces. By analyzing systems in controllable canonical form and finding monotonicity
properties in how parameters affect the system, the theorem proves that the number of
required models can drop from exponential in the number of parameters to potentially
constant. The framework extends through five conditions—including affine relationships,
symmetry, and coordinated parameter variations—making it applicable beyond strictly
monotonic systems.

Furthermore, a unified estimation framework has been designed to tackle the integra-
tion of physics-based and data-driven models. A consensus multi-model Kalman filter
combines different model types based on how well they perform. Two methods enable
proper uncertainty handling: Koopman operator-based linearization allows analytical co-
variance propagation for neural networks and other nonlinear data-driven models, while an
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ensemble-based approach provides model-independent uncertainty quantification without
needing offline training. The consensus fusion automatically adjusts model weights based
on prediction errors, ensuring smooth transitions between models as conditions change.
Extensive experimental data from an electric all-wheel-drive vehicle under extreme condi-
tions shows major performance improvements over traditional single-model approaches.

This thesis transforms multi-model approach from an attractive theory with limited
practical use into a viable solution for real-world applications. By combining geometric in-
sight, coordinate transformation theory, and heterogeneous model integration, it addresses
the fundamental implementation barriers. The developed frameworks maintain mathe-
matical rigor while achieving the computational efficiency needed by modern embedded
systems. These advances enable robust adaptive control across diverse operating condi-
tions, with immediate applications in autonomous vehicles, renewable energy systems, and
other areas where handling uncertainty is critical. The principles established here provide
a foundation for addressing high-dimensional uncertainty in complex dynamical systems
across engineering fields.
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Notation

Throughout this thesis, the following mathematical notations and symbols are used:

ˆ Sets and Spaces:

{ R denotes the set of real numbers

{ Rn denotes then-dimensional Euclidean space

{ Rn� m denotes the space ofn � m real matrices

{ M � Rk denotes the parameter uncertainty space

{ � � Rn denotes the parameter uncertainty space in canonical coordinates

{ Sn denotes the symmetric group of degreen

{ � n� 1 denotes the standard (n � 1)-simplex

{ C(n; k) denotes the set of allk-element subsets off 1; : : : ; ng

{ N (� ; � ) denotes a normal distribution with mean� and covariance�

ˆ Matrices and Vectors:

{ Matrices are denoted by uppercase letters (e.g.,A, B , T)

{ Vectors are denoted by lowercase letters (e.g.,x, y, m)

{ 0n denotes then � n zero matrix

{ I n denotes then � n identity matrix

{ [�]T denotes the transpose of a matrix or vector

{ [�]� 1 denotes the matrix inverse

{ [�]y denotes the Moore-Penrose pseudo-inverse

{ Ap(m) denotes the plant state matrix dependent on parametersm

{ Bp(m) denotes the plant input matrix dependent on parametersm

{ �A denotes a matrix in canonical (companion) form

{ E(t) = [ e1(t) e2(t) � � � eN (t)] denotes the error vector

{ AS denotes the principal submatrix ofA indexed by setS

ˆ Functions and Operators:
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{ Convf�g denotes the convex hull of a set

{ det(�) denotes the determinant of a matrix

{ tr( �) denotes the trace of a matrix

{ k � k denotes the Euclidean norm

{ k � kW denotes the weighted norm,kxk2
W = xT Wx

{ Vol( �) denotes the volume of a set

{ vert( �) denotes the vertices of a polytope

{ Ext( �) denotes the extremum points of a set

{ sgn(� ) denotes the signature of permutation�

{ � l : M ! M n f mlg denotes the projection operator removing thel-th compo-
nent

{ gl;ij (ml ) denotes the parameter-element function for matrix entryaij

{ K denotes the Koopman operator

{  (�) denotes lifting functions for Koopman linearization

ˆ Set Operations:

{ [ denotes the union of sets

{ \ denotes the intersection of sets

{ n denotes set di�erence

{ � denotes subset

{ 2 denotes set membership

{ � denotes the Cartesian product

{ j � j denotes the cardinality of a set

{ � denotes function composition

ˆ System and Control Notations:

{ xp(t) 2 Rn denotes the plant state vector

{ x i (t) 2 Rn denotes thei -th identi�cation model state vector

{ s t 2 Rn denotes the true system state vector at discrete timet

{ x f
m;t 2 Rn denotes the forecast state from modelm at time t
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{ x a
m;t 2 Rn denotes the analysis (updated) state from modelm at time t

{ x f
1:m;t 2 Rn denotes the consensus forecast state from models 1 tom

{ y t 2 Rp denotes the measurement vector at timet

{ d(t) 2 Rh denotes the input vector

{ u t 2 Rq denotes the control input vector at timet

{ ei (t) = x i (t) � xp(t) denotes the identi�cation error

{ d m;t = y t � H tx
f
m;t denotes the innovation vector for modelm

{ wi (t) denotes the scalar weight for thei -th model

{ ~wi denotes the matrix-valued weight in canonical coordinates

{ Tp; Ti denote transformation matrices to canonical form

{ Si = TpT � 1
i denotes the similarity transformation matrix

{ T m denotes the transformation from reference space to modelm space

{ � p denotes the uncertain plant system

{ � i denotes thei -th identi�cation model system

{ f m (�) denotes the state transition function for modelm

{ f true (�) denotes the true (unknown) system dynamics

{ h(�) denotes the measurement function

ˆ Covariance and Noise Matrices:

{ P f
m;t 2 Rn� n denotes the forecast error covariance for modelm

{ P a
m;t 2 Rn� n denotes the analysis error covariance for modelm

{ P f
1:m;t 2 Rn� n denotes the consensus forecast covariance

{ Q m;t 2 Rn� n denotes the process noise covariance for modelm

{ Q true 2 Rn� n denotes the true process noise covariance

{ R t 2 Rp� p denotes the measurement noise covariance

{ S m;t 2 Rp� p denotes the theoretical innovation covariance

{ Ŝm;t 2 Rp� p denotes the empirical innovation covariance

{ S 2 Rn� n denotes the ensemble sampling covariance matrix

ˆ Kalman Filter Matrices:
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{ F m;t 2 Rn� n denotes the Jacobian off m at time t

{ H t 2 Rp� n denotes the measurement matrix at timet

{ K m;t 2 Rn� n denotes the model incorporation gain matrix

{ K t 2 Rn� p denotes the Kalman gain for measurement update

{ I 2 Rn� n denotes the identity matrix (size from context)

ˆ Parameter and Uncertainty Notations:

{ m = ( m1; m2; : : : ; mk) 2 Rk denotes the parameter uncertainty vector

{ [pi ; qi ] denotes the bounds for parametermi

{ m̂ l = � l (m) denotes the parameter vector withl-th component removed

{ � = [ � 1 � 2 � � � � n ]T denotes the canonical parameter vector

{ ck denotes thek-th coe�cient of the characteristic polynomial
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{ U 2 Rq� L denotes the matrix of control inputs
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{ � f A;B;H;C;Q;R g denote regularization hyperparameters
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{ 
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{ w denotes the window size for innovation averaging
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ˆ Ensemble Method Notations:
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Chapter 1

Introduction

1.1 Motivation

Modern engineering systems operate in increasingly complex and uncertain environments,
where traditional control approaches face fundamental limitations in ensuring robust and
reliable performance. From autonomous vehicles navigating unpredictable road conditions
to power systems managing renewable energy integration, the challenge of handling uncer-
tainties in dynamic systems has become crucial. This challenge is particularly important
in safety-critical applications where system failures can have catastrophic consequences,
necessitating control strategies that can adapt to varying operating conditions while main-
taining guaranteed performance bounds.

Traditional approaches to handling uncertainties, namely adaptive control and robust
control, have provided valuable theoretical foundations and practical solutions for many
applications. However, these classical methods can only handle systems within a cer-
tain limited range of uncertainties and often experience system-theoretic limitations in
parameter identi�cation, potentially leading to system instability. In practical scenarios,
parametric uncertainties can increase substantially due to alterations in operational con-
ditions, component aging or malfunction, and variations in plant dynamics resulting from
external in
uences. These considerable parametric uncertainties can lead to suboptimal
transient responses and even catastrophic system failures. Furthermore, conventional adap-
tive control methods demand consistently activated inputs to ensure accurate identi�cation
of unknown parameters|a requirement that proves highly limiting, especially in critical
situations where safety is paramount and aggressive control inputs may be undesirable or
dangerous.
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To address these fundamental limitations, the multi-model approach has emerged as
a powerful paradigm that employs multiple models representing di�erent operating con-
ditions or parameter values, combining their responses to control systems with variable
parameters or uncertainties. Unlike traditional methods that rely on a single model with a
wide range of uncertainty in its dynamic equation, this approach advocates the use of a set
of models that represent the system's behavior under di�erent operational conditions. This
paradigm shift allows for a signi�cantly less conservative approach to designing controllers,
with one designated for each model within the system model set, thereby forming either
supervised switched or blending control structures.

Despite the theoretical advantages of multi-model approaches, their practical imple-
mentation faces a critical challenge: the curse of dimensionality. As the dimension of the
uncertain parameter space increases, the number of required identi�cation models grows ex-
ponentially, rendering the algorithm computationally intensive and unsuitable for real-time
applications. This computational burden becomes particularly crucial in modern applica-
tions such as integrated vehicle dynamics and power networks, where multiple subsystems
interact through coupled dynamics and real-time performance is essential. Furthermore,
the literature lacks clear strategies for model selection and optimal placement within the
parameter uncertainty space, with most existing approaches relying on ad-hoc methods or
exhaustive gridding that quickly becomes infeasible for high-dimensional systems.

The evolution of technology has introduced another dimension to this challenge: the rise
of data-driven methods and machine learning techniques that o�er powerful alternatives to
traditional physics-based modeling. While physics-based models provide interpretability
and theoretical guarantees, they often falter in extreme conditions where idealized assump-
tions break down. Conversely, data-driven approaches demonstrate remarkable capacity
to learn complex patterns but struggle with generalization beyond their training data
and lack the interpretability crucial for safety-critical applications. This divide represents
more than a methodological preference|it re
ects a deeper tension between theoretical
understanding and empirical adaptation that must be resolved for next-generation control
systems.

Vehicle dynamics control exempli�es these challenges in a concrete and impactful do-
main. Under harsh circumstances such as sudden changes in road surface friction and
extreme driving conditions, a vehicle's response to driver commands can result in poten-
tial instability or signi�cant deviations from the desired trajectory. The primary challenge
in ensuring vehicle resilience to varying road conditions and complex tire behavior lies
in accurate state estimation and parameter identi�cation. Current estimation algorithms
fall short in promptly and accurately detecting alterations in road conditions, particularly
during transitions between di�erent operating regimes. Given these considerations, there
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is a critical need for system identi�cation approaches that can promptly identify abrupt
changes in vehicle dynamics using all available data while maintaining computational e�-
ciency for real-time implementation.

1.2 Objectives

The primary objective of this thesis is to develop a comprehensive framework for multi-
model adaptive control and estimation that addresses the fundamental challenges of com-
putational complexity and model integration through three interconnected and systematic
contributions, as illustrated in Figure 1.1. Each objective targets a speci�c aspect of the
problem while collectively forming a uni�ed solution for practical implementation of multi-
model systems.

Figure 1.1: Overview of multi-model adaptive control challenges and the three-part solu-
tion approach: geometric optimization for model selection, coordinate transformations for
dimension reduction, and consensus fusion for heterogeneous model integration.
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1.2.1 Optimal Model Selection and Positioning

The �rst objective focuses on developing novel approaches for optimally selecting and
positioning models within the parameter uncertainty space, maximizing coverage while
minimizing computational requirements (Chapter 3). Traditional multi-model approaches
su�er from the exponential growth in required models as system complexity increases,
making real-time implementation computationally prohibitive. This thesis addresses this
challenge by developing systematic methods based on computational geometry and op-
timization theory that can determine the minimal set of models required to adequately
represent system uncertainties.

The approach leverages the key insight that traditional multi-model methods use far
more models than necessary|instead of using every possible model combination to cover
parameter uncertainties, carefully chosen subsets can achieve the same coverage with dra-
matically reduced computation. To realize this insight, this thesis introduces the Enclosed
Polytope with Maximum Volume (EPMV) algorithms that �nd convex spaces with max-
imum volume inside the uncertainty space, ensuring optimal coverage while minimizing
required models. These algorithms work strategically, like placing sensors to monitor an
entire area with the fewest locations needed.

The framework extends beyond discrete model placement through an interval-based
optimization method for continuous uncertainty intervals, jointly optimizing model place-
ment and count through volume maximization. Additionally, a transfer function-based
dimension reduction method enables e�cient model selection for large-scale systems by
emphasizing input-output characteristics rather than full state representations. Valida-
tion across vehicle lateral dynamics and power generator systems demonstrates that these
methods typically reduce model requirements while maintaining estimation accuracy.

1.2.2 Dimension Reduction through Coordinate Transformations

The second objective establishes theoretical foundations for dimension reduction in multi-
model systems through coordinate transformations and parameter dependencies (Chapter
4). While the �rst objective addresses model selection within a given parameter space, this
objective tackles the fundamental scaling limitations by proving that changing to the right
coordinates can considerably simplify high-dimensional uncertainty spaces. The challenge
lies in developing rigorous mathematical foundations that guarantee the preservation of
system properties while reducing computational complexity.

This thesis develops the Parameter-Tying Theorem as a theoretical innovation showing
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that transformation to controllable canonical form, combined with analysis of monotonicity
properties in how parameters a�ect the system, can reduce the number of required mod-
els from exponential in the number of parameters to potentially constant. The theorem
provides conditions under which the e�ective dimension of the uncertainty space can be
reduced without sacri�cing coverage or performance guarantees. This represents a funda-
mental breakthrough in addressing the curse of dimensionality for multi-model systems.

The framework extends through multiple conditions including a�ne relationships, sym-
metry properties, and coordinated parameter variations, making it applicable beyond
strictly monotonic systems. Weight transformation relationships are derived that maintain
convex hull properties and stability guarantees across coordinate transformations, ensur-
ing that dimension reduction does not compromise system performance. Validation on
coupled lateral-roll vehicle dynamics with six uncertain parameters con�rms the impact:
sixty-four traditionally required models reduce to just two while fully covering the uncer-
tainty space, demonstrating the dramatic computational savings possible through proper
coordinate selection.

1.2.3 Integration of Physics-Based and Data-Driven Models

The third objective creates uni�ed frameworks that seamlessly integrate physics-based and
data-driven models, leveraging their complementary strengths while mitigating individual
weaknesses (Chapter 5). Modern control systems require the interpretability and theo-
retical guarantees of physics-based models combined with the adaptability and pattern
recognition capabilities of data-driven approaches. However, integrating these fundamen-
tally di�erent model types presents signi�cant challenges in uncertainty quanti�cation,
covariance propagation, and fusion methodology.

This thesis develops a consensus multi-model Kalman �lter framework that enables
robust state estimation across diverse operating conditions by properly handling hetero-
geneous model types. The challenge of uncertainty propagation through nonlinear data-
driven models is addressed through two novel methodologies: Koopman operator-based
linearization that allows analytical covariance propagation for neural networks and other
nonlinear models, and an ensemble-based approach that provides model-independent un-
certainty quanti�cation without requiring o�ine training.

The consensus fusion procedure automatically adjusts model weights based on their
demonstrated reliability in current operating conditions, ensuring smooth transitions be-
tween models as system dynamics change. Innovation-based techniques enable online
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estimation of model error covariances, ensuring proper calibration of relative uncertain-
ties between di�erent model types. Extensive experimental validation on an electric all-
wheel-drive vehicle under extreme conditions|including high-slip maneuvers with sideslip
angles over �fteen degrees, rapid transitions between ice and dry pavement, and sensor
failures|demonstrates major performance improvements over traditional single-model ap-
proaches while maintaining reliable uncertainty bounds essential for safety-critical deci-
sions.

Through these objectives, this thesis aims to bridge the gap between theoretical multi-
model control concepts and practical implementation constraints, enabling the deployment
of sophisticated adaptive control strategies in real-world applications where computational
resources are limited and reliability is paramount.

1.3 Thesis Outline

This thesis is organized into seven chapters that systematically develop the theoretical
foundations, algorithmic innovations, and practical applications of e�cient multi-model
approaches for uncertain dynamic systems.

Chapter 2: Background and Literature Review provides a comprehensive review
of multi-model adaptive control approaches, tracing their evolution from early switching-
based methods to modern hybrid frameworks. The chapter examines the mathemati-
cal foundations of multi-model systems, analyzes the computational challenges that limit
practical implementation, and reviews recent advances in integrating physics-based and
data-driven models. This review establishes the theoretical context and identi�es the key
gaps that motivate the contributions of this thesis.

Chapter 3: Optimal Multi-Model Selection via Geometric Analysis presents
novel algorithms for model selection based on computational geometry principles. The
chapter introduces two Enclosed Polytope with Maximum Volume (EPMV) algorithms
that �nd convex spaces with maximum volume inside the uncertainty space, ensuring op-
timal coverage while minimizing required models. An interval-based optimization frame-
work is developed for continuous uncertainty intervals, jointly optimizing model placement
and count through volume maximization. A transfer function-based dimension reduction
method enables e�cient model selection for large-scale systems by emphasizing input-
output characteristics. The e�ectiveness of the approach is shown in two distinct areas
of dynamic systems, namely vehicle handling dynamics known as the bicycle model and
power generator dynamics known as swing dynamics.
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Chapter 4: Dimension Reduction through Parameter-Tying and Canonical
Transformations develops the theoretical framework for reducing computational com-
plexity through systematic transformation to canonical form. The chapter presents the
parameter-tying theorem, derives weight transformation relationships that preserve system
properties, and establishes veri�able criteria for ensuring robust performance in reduced-
dimension spaces. The approach is validated through application to coupled lateral-roll
vehicle dynamics.

Chapter 5: Consensus-Based Integration of Heterogeneous Models introduces
a novel multi-model Kalman �lter framework that seamlessly integrates physics-based and
data-driven models. The chapter presents two distinct methodologies for handling co-
variance propagation in data-driven models: Koopman operator-based linearization and
ensemble-based methods. The consensus fusion procedure and its iterative implementa-
tion are detailed, along with practical considerations for real-time deployment. The ex-
perimental results conducted on an electric all-wheel-drive Equinox vehicle demonstrate
performance improvements over single-model techniques, with particularly signi�cant ad-
vantages during challenging maneuvers and varying road conditions, con�rming the e�ec-
tiveness and robustness of the proposed methodology for safety-critical autonomous driving
applications.

Chapter 6: Conclusions and Future Directions summarizes the key contributions
of the thesis, discusses their theoretical and practical implications, and identi�es promising
directions for future research. The chapter re
ects on how the developed methods advance
the �eld of multi-model adaptive control and their potential impact on emerging appli-
cations in autonomous systems, smart infrastructure, and other domains requiring robust
adaptation to uncertainty.

Throughout the thesis, theoretical developments are accompanied by rigorous math-
ematical analysis, algorithmic implementations are provided with consideration for prac-
tical constraints, and experimental validations demonstrate real-world applicability. The
progression from foundational concepts to advanced integration techniques re
ects the
comprehensive nature of this research, which bridges theoretical innovation with practical
implementation to advance the state of the art in adaptive control for uncertain dynamic
systems.
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Chapter 2

Background and Literature Review

This chapter provides a comprehensive review of multi-model approaches for handling
uncertainties in dynamic systems, tracing the evolution from traditional adaptive con-
trol methods to modern hybrid frameworks that integrate physics-based and data-driven
models. The review examines the theoretical foundations, computational challenges, and
recent advances in multi-model adaptive control, with particular emphasis on applications
to vehicle dynamics and power systems.

2.1 Multi-Model Adaptive Control: Foundations and
Evolution

2.1.1 Motivation and Traditional Approaches

Handling uncertainties in system modeling remains one of the most critical challenges in
dynamic systems control. Traditional approaches such as adaptive control and robust
control have been extensively studied and applied, yet they possess inherent limitations
when dealing with systems exhibiting broader uncertainties [1]. These classical methods
can only handle systems within a certain limited range of uncertainties, often experiencing
system-theoretic limitations for parameter identi�cation and potential system instability
[2, 3].

Practical scenarios frequently witness substantial increases in parametric uncertainties
due to alterations in operational conditions, component aging or malfunction, and varia-
tions in plant dynamics resulting from external in
uences. These considerable parametric
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uncertainties can lead to suboptimal transient responses and even system instability. Fur-
thermore, conventional adaptive control methods demand consistently activated inputs to
ensure accurate identi�cation of unknown parameters, a requirement that proves highly
limiting, especially in critical situations where safety is crucial [2].

To tackle these challenges associated with broader system variations and uncertain-
ties, Multi-Model Adaptive Control (MMAC) strategies have been developed [4]. The
fundamental concept behind utilizing multi-models in control design is to o�er a more
comprehensive description of the behavior and control performance of time-varying sys-
tems a�ected by uncertainties. Instead of relying on a single model with a wide range of
uncertainty in its dynamic equation, this approach advocates the use of a set of models that
represent the system's behavior under di�erent operational conditions [5]. This paradigm
shift allows for a signi�cantly less conservative approach to designing a set of controllers,
with one designated for each model within the system model set, thereby forming either a
supervised switched [6, 7, 8] or blending [9, 10, 11] control structure.

The theoretical foundations of multi-model control have been extensively developed in
the literature. [12] presented a comprehensive analysis of the new approach to adaptive
control using multiple models, while [13] explored hierarchical adaptive control strategies
for rapidly time-varying systems. The rationale for second-level adaptation was further
elucidated in [14], providing theoretical justi�cation for the bene�ts of multi-model ap-
proaches over traditional single-model methods.

2.1.2 Switching-Based Multi-Model Approaches

The development of switching-based multi-model control represents one of the earliest sys-
tematic approaches to handling multiple operating regimes. As early illustrations, multiple-
model Kalman �lters were introduced in [15] to control lateral and longitudinal dynamics of
an F-8C aircraft, and [16] presented a framework to enhance the accuracy of state estima-
tion through partitioning approaches. The concept of switching was formally introduced
in [17] to provide necessary and su�cient conditions for adaptive stabilization.

Two primary switching strategies emerged from this early work: direct switching and
indirect switching. In direct switching [18, 19], the system's output dictates when the
switch to the next controller occurs, following a predetermined sequence. This approach
o�ers simplicity in implementation but lacks 
exibility in adapting to unexpected system
behaviors. In contrast, indirect switching determines both the timing of switches and
which controller is selected [20], providing greater adaptability at the cost of increased
complexity.
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In the context of uncertain linear SISO systems, researchers [21, 22, 23] explored set-
point regulation and introduced a high-level controller known as a supervisor. This super-
visor oversees the switching between a set of candidate set-point controllers, ensuring that
the system output closely follows a constant reference input. These studies assumed that
the uncertain system consists of various sub-families, each having its own linear controller
for achieving set-point regulation. The selection criterion typically involved output-squared
estimation errors for comparison, with the candidate controller exhibiting the smallest per-
formance index being selected to generate the control input.

Building upon these foundations, [24] addressed continuous-time linear SISO systems
with signi�cant modeling errors, employing a family of linear candidate controllers un-
der the guidance of high-level switching logic. Their primary focus was on the switch-
ing mechanisms found in the existing literature, highlighting the modularity aspect of
switching-based multiple-model adaptive control. This modularity, where the switching
logic, multiple-model system identi�er, and candidate controllers can be designed indepen-
dently, enhances 
exibility in various applications.

The advantages of switching-based control schemes were comprehensively analyzed in
[25], which compared them with traditional adaptive control techniques. These advan-
tages include simpli�ed parameterization, reduced computational cost, the ability to handle
non-convex or discrete parameter sets, and improved modularity. The paper categorized
switching logic into two groups: one relying on process estimation (using either certainty
equivalence or model validation) and the other involving direct evaluation of candidate
controllers.

The concept of switching and tuning within multi-model adaptive control was intro-
duced and enhanced to prevent suboptimal responses caused by transitions between �xed
controllers [7, 26]. The central concept involved utilizing switching logic for rapid adapta-
tion and subsequently adjusting the controller's gain through an adaptive law to enhance
performance. This switching and tuning approach extended the applicability of multi-
model methods from uncertain LTI systems to uncertain Linear Time-Varying (LTV) sys-
tems. Further developments in adaptive control using multiple models with switching and
tuning were presented in [8], demonstrating improved transient response characteristics.

2.1.3 Blending-Based Multi-Model Structures

While switching-based methods o�ered signi�cant improvements over traditional adaptive
control, they faced two fundamental challenges in practical implementation. First, because
one of the predetermined models needs to be su�ciently close to the original system's
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parameters at any given timet, the number of these �xed models, denoted asN , can
become large and increases exponentially as the unknown parameter vector's dimension
grows [27]. Second, the models other than the best-matching one don't contribute to the
estimation of unknown parameters, leading to ine�cient use of available information.

To address these limitations, [5] introduced a technique called "second-level adaptation"
for identifying the plant using a set of �xed identi�cation models, each associated with a
�xed controller gain. The resulting control gain is determined by blending these �xed
control gains based on the identi�cation errors. This method combines information from
all �xed models to estimate plant parameters while using a minimal number of models.
The approach was further developed for uncertain LTI SISO systems in companion form
using a set of adaptive identi�cation models, constructed using the indirect model reference
adaptive control scheme.

Multiple model adaptive control with mixing was comprehensively studied by [9],
demonstrating the advantages of blending approaches over pure switching methods. The
theoretical foundation for second-level adaptation with �xed identi�cation models was es-
tablished through the outcomes derived from multiple adaptive identi�cation models. Sub-
sequently, this method was expanded to control uncertain LTV SISO systems in companion
form, utilizing �xed identi�cation models. The extension to LTV systems required treating
the weight vector W as a time-varying parameterW(t), representing the time-dependent
changes in the parameter vectorAp(t).

[28] explored the application of multiple models and switching in online center of gravity
estimation for automotive vehicles, demonstrating the practical bene�ts of blending-based
approaches. Recent applications of blending-based approaches have demonstrated their
e�ectiveness in various domains. [10] utilized blending of multiple models to analyze the
stability of vehicle motion, while [11] applied similar concepts to lateral vehicle dynamics.
These studies showed that blending-based methods could achieve superior performance
compared to switching approaches, particularly in situations where smooth transitions
between operating conditions are required.

2.1.4 Applications in Vehicle Dynamics and Power Systems

The utilization of multiple-model system identi�cation approaches has gained signi�cant
attention in vehicle dynamics estimation. This method stands out because it necessitates
less sensor data and does not rely on persistently excited inputs for identi�cation purposes.
In [29], a switching-based multiple-model system identi�er was employed for real-time
estimation of constant parameters in vehicle dynamics. The study focused on using a
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2-DOF linear lateral vehicle dynamics model, including sideslip angle and yaw-rate, to
determine the cornering sti�ness of both front and rear tires, as well as the longitudinal
position of the vehicle's center of gravity (CG).

These parameters were assumed to exist within a continuous parameter space, with
a total of 140 identi�cation models designed to comprehensively cover this space. The
results demonstrated that all three constant parameters were accurately estimated. The
same approach was extended to a 1-DOF linear roll vehicle dynamics model to identify
uncertain spring sti�ness, damping coe�cient, and the vertical position of the vehicle's CG.
Similar to the lateral dynamics case, the uncertain parameters were constrained within a
known parameter space, with 240 models designed for their identi�cation.

Vehicle dynamics control applications have been extensively studied using multi-model
approaches. [30] developed an optimal yaw moment control law for improved vehicle han-
dling, demonstrating the e�ectiveness of multi-model techniques in complex control scenar-
ios. [31] extended these concepts to develop an advanced torque vectoring control system
for electric vehicles with in-wheel motors using soft computing techniques, showcasing the
versatility of multi-model approaches in modern vehicle architectures. [32] further re�ned
optimal yaw moment control strategies, contributing to the growing body of knowledge on
multi-model vehicle dynamics control.

The application of multi-model approaches extends beyond vehicle dynamics to power
systems, where they have been employed for handling uncertainties in generator dynamics
and network stability analysis [33, 34]. These applications demonstrate the versatility
of multi-model methods across di�erent engineering domains, highlighting their potential
for addressing complex system uncertainties in various contexts. The system-theoretic
performance metrics developed for low-inertia stability of power networks [33] and the
H 1 performance analysis of mechanical and power networks [34] provide valuable insights
into the broader applicability of multi-model techniques.

The mathematical rigor underlying these applications is supported by fundamental
texts such as [35] for mathematical analysis and [36] for matrix analysis techniques essential
to multi-model system theory. These theoretical foundations ensure the robustness and
reliability of multi-model approaches across diverse application domains.
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2.2 Computational E�ciency and Model Selection in
Multi-Model Systems

2.2.1 The Curse of Dimensionality Challenge

Despite the theoretical advantages of multi-model approaches, their practical implemen-
tation faces a signi�cant computational challenge known as the "curse of dimensionality."
As the dimension of the uncertain parameter space increases, the number of required iden-
ti�cation models grows exponentially [4]. This exponential growth renders the algorithm
computationally intensive and unsuitable for real-time applications, particularly in high-
dimensional systems such as integrated vehicle dynamics [37] or complex power networks.

The computational burden becomes particularly acute when considering modern appli-
cations that require real-time performance. For instance, in autonomous vehicle control,
state estimation must be performed at high frequencies (typically 100-1000 Hz) to ensure
safe operation. When the number of models grows exponentially with system dimension,
even e�cient implementations struggle to meet these real-time constraints.

Furthermore, the literature has not adequately explored systematic criteria for selecting
models within the multi-model framework. Most existing approaches rely on ad-hoc meth-
ods or exhaustive gridding of the parameter space, which quickly becomes infeasible for
high-dimensional systems. This gap in the literature motivated the development of novel
approaches for optimal model selection that can maintain coverage of the uncertainty space
while dramatically reducing computational requirements.

Advanced state estimation techniques have been developed to address computational
challenges. [38] presented an unscented Kalman �lter for vehicle state estimation that
o�ers improved computational e�ciency compared to traditional approaches. [39] devel-
oped specialized methods for state estimation in roll dynamics for commercial vehicles,
demonstrating the need for computationally e�cient approaches in practical applications.

2.2.2 Geometric Approaches to Model Selection

To address the computational challenges, novel geometric approaches have been developed
for optimal model selection within multi-model frameworks. These approaches leverage
tools from computational geometry and optimization to systematically select a subset of
models that maximizes coverage of the parameter uncertainty space.
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The theoretical foundations for these geometric approaches draw from extensive re-
search in computational geometry. [40] developed approximation algorithms for convex
hulls that provide e�cient methods for handling high-dimensional spaces. [41] presented
comprehensive experimental evaluations of convex-hull algorithms, o�ering insights into
practical implementation considerations. [42] speci�cally addressed the challenge of com-
puting approximate convex hulls in high dimensions, while [43] provided a thorough treat-
ment of convex hull computations in the broader context of discrete and computational
geometry. The work of [44] on optimized bounding boxes of polytopes provides additional
tools for e�cient model selection in multi-dimensional parameter spaces.

2.3 Integration of Physics-Based and Data-Driven Ap-
proaches

2.3.1 The Emergence of Hybrid Modeling Paradigms

The divide between physics-based and data-driven approaches goes beyond just choosing a
method|it re
ects a fundamental struggle between theoretical understanding and learning
from data that runs through all areas of engineering. Traditional physics-based models are
transparent and built on solid theory, but they often fail in extreme conditions where their
idealized assumptions no longer hold. On the other hand, data-driven approaches can learn
incredibly complex patterns, but they struggle to work beyond the data they were trained
on and often can't explain their decisions|a serious problem for safety-critical systems.

Early work in hybrid modeling came from [45], who demonstrated one of the �rst
applications to vehicle dynamics by combining a physical vehicle model with a Local Linear
Model Tree (LOLIMOT) neural network in a serial Wiener structure. Their approach
showed signi�cant error reduction when adapting to changing road conditions, establishing
the potential bene�ts of combining physical understanding with data-driven 
exibility.

Recent advances in data-driven methods have revolutionized vehicle dynamics model-
ing. [46] developed a data-driven approach using deep neural networks to model vehicle
longitudinal dynamics based on multibody simulation data, demonstrating high prediction
accuracy and computational e�ciency for real-time applications. [47] showed that neural
networks with time-delayed inputs can e�ectively estimate vehicle sideslip angle without
requiring a reference model or parameter identi�cation, achieving errors generally below
1° across various driving conditions.
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Specialized neural network architectures have shown particularly promising results. [48]
demonstrated that General Regression Neural Networks (GRNN) can e�ectively estimate
vehicle sideslip angle by modeling it as a time series mapping of yaw speed and lateral
acceleration. [49] developed a multi-model approach using specialized NARX neural net-
works for di�erent road conditions, selected by a classi�cation network, achieving 98.6%
accuracy in sideslip angle estimation.

Comparative studies have provided valuable insights into the relative merits of di�er-
ent approaches. [50] conducted a comprehensive comparison of physical and data-driven
models for longitudinal vehicle dynamics under large-scale real-world driving conditions,
demonstrating that data-driven approaches can outperform traditional physical models
while requiring less computational e�ort for training. [51] showed that deep neural net-
works, particularly Convolutional Neural Networks (CNNs), can e�ectively learn and con-
trol coupled longitudinal and lateral vehicle dynamics, outperforming conventional decou-
pled controllers in challenging scenarios.

The modeling of vehicle dynamics with neural networks has been further advanced by
[52], who demonstrated that neural networks with physics-inspired pre-wired structures
outperform conventional black-box networks. Recent studies such as [53] have shown that
recurrent neural networks can e�ectively estimate vehicle side-slip angle across varying
road surfaces without explicit friction information, outperforming traditional �ltering ap-
proaches in both accuracy (0.195° vs. 0.297° median RMSE) and computational e�ciency
(100Ö faster).

2.3.2 Hybrid Physics-Data Driven Modeling Frameworks

Hybrid physics-data driven modeling has emerged as a promising direction that maintains
the interpretability and theoretical foundation of physics-based models while exploiting the
capacity of data-driven methods to capture complex, nonlinear behaviors. [54] proposed
a hybrid physics-data-driven framework integrating physical models with online learning
neural networks for vehicle dynamics modeling, demonstrating that anH1 -based learning
algorithm outperforms traditional EKF approaches in convergence speed and robustness
to uncertain noise characteristics.

[55] proposed a hybrid physics-data driven observer that integrates ridge regression
with a dual-attention LSTM network for vehicle dynamics state estimation, demonstrating
superior accuracy over traditional UKF observers and purely data-driven methods across
various driving conditions. Their approach eliminates the need for di�erential forms of
physics models while e�ectively capturing nonlinear vehicle dynamics.
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The e�ectiveness of hybrid approaches has been demonstrated across various aspects of
vehicle dynamics. [56] developed a hybrid modeling approach for vehicle lateral dynamics
that combines a physical model with a dual-attention GRU neural network for modeling
residuals, demonstrating superior performance under limited data conditions. [57] pro-
posed a hybrid lateral dynamics model that uses neural networks to predict time-varying
parameters for a bicycle model, demonstrating improved accuracy over conventional models
in nonlinear regimes while maintaining physical interpretability.

The integration of physical knowledge into neural networks has shown signi�cant bene-
�ts. [58] demonstrated that injecting physical knowledge into intermediate layers of neural
networks signi�cantly improved prediction accuracy and reduced uncertainty for various
nonlinear dynamical systems. This physics-guided approach represents a promising direc-
tion for developing more robust and interpretable hybrid models.

A critical distinction in hybrid approaches is between those capable of online adap-
tation versus those relying on o�ine training. [59] introduced a hybrid architecture that
embeds neural networks into physical vehicle dynamics models to characterize modeling er-
rors and identify time-varying parameters, though their approach requires extensive o�ine
training and high-precision sensors. [60] demonstrated the e�ectiveness of a hybrid mod-
eling approach that integrates physics-based nominal models with data-driven Koopman
models for automated vehicle control under extreme conditions, providing a foundational
framework for multi-model integration.

Beyond basic dynamics modeling, hybrid approaches have been extended to specialized
aspects of vehicle behavior. [61] demonstrated that hybrid residual deep learning models
signi�cantly outperform both pure physics-based and pure deep learning approaches in
plant transpiration estimation, with their HPDRL model showing superior generalization
capabilities particularly in limited data scenarios.

For specialized vehicle subsystem estimation, several targeted hybrid approaches have
shown promising results. [62] developed a hybrid modeling framework combining physics-
based vehicle models with neural networks to discover tire behaviors without expensive
instrumentation. [63] demonstrated a hybrid approach using piecewise a�ne identi�cation
to approximate nonlinear tire dynamics for model predictive control.

For vehicle mass estimation, [64] demonstrated that fusing machine learning with
physics-based vehicle dynamics through fuzzy logic can achieve 97% accuracy in vehicle
mass estimation under varying conditions. [65] demonstrated a dual Kalman �lter ap-
proach for simultaneous estimation of vehicle mass and road irregularities, achieving errors
below 5% in simulations.
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For tire-road friction estimation, [66] developed a data-driven method combining time-
domain and time-frequency features through a stochastic variational deep kernel learning
framework, achieving signi�cant accuracy improvements especially under small excitation
conditions where traditional methods fail.

2.3.3 Multi-Model Kalman Filtering with Heterogeneous Models

Kalman �ltering techniques have become the cornerstone of vehicle state estimation due
to their ability to optimally combine model predictions with sensor measurements while
accounting for uncertainties in both. An adaptive IMU/GNSS data fusion algorithm that
enhances vehicle dynamic models through complementary terms derived from sensor mea-
surements is developed in [67], demonstrating improved estimation accuracy despite sensor
biases and model uncertainties.

A hierarchical vehicle dynamics state estimation approach combining adaptive square-
root cubature Kalman �ltering with a partitioned similarity-principle algorithm is proposed
in [68], demonstrating excellent accuracy in estimating vehicle states and tire-road friction.
The challenge of varying operating conditions has motivated adaptive �ltering approaches.
A Variable Structure Extended Kalman Filter that e�ectively combines kinematic and
dynamic vehicle models through feedback mechanisms and damping factors is developed
in [69].

An Adaptive Fault-Tolerant Extended Kalman Filter (AFTEKF) for vehicle state esti-
mation that e�ectively handles partial sensor data loss by modeling it as a discrete distri-
bution is developed in [70]. Recent advancements such as an innovative adaptive unscented
Kalman �lter that dynamically adjusts process and measurement noise covariances based
on vehicle-dynamics-derived heuristics are presented in [71], achieving remarkable improve-
ments in state estimation accuracy during extreme driving conditions.

The integration of neural networks with Kalman �ltering techniques has shown par-
ticular promise. An innovative approach combining deep ensemble neural networks with
Kalman �lters for vehicle sideslip angle estimation, where the neural network provides both
state estimates and uncertainty values to adaptively adjust the Kalman �lter's measure-
ment covariance matrix, is proposed in [72]. A mutualistic hybrid approach integrating a
CNN with a UKF through end-to-end training is proposed in [73], demonstrating superior
vehicle sideslip angle estimation particularly in highly non-linear driving conditions.

Research demonstrates that combining an Adaptive Neuro-Fuzzy Inference System
(ANFIS) with an Unscented Kalman Filter (UKF) produced superior vehicle sideslip an-
gle estimates compared to either technique alone in [74]. A neural-network-based Takagi-
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Sugeno fuzzy reduced-order observer for vehicle dynamics that uses a sliding mode observer
to identify model uncertainties from training data is developed in [75].

Work in [76] presents an innovative approach integrating arti�cial neural networks with
unscented Kalman �ltering for vehicle sideslip angle estimation using only IMU measure-
ments, demonstrating signi�cant improvements over single-model approaches while provid-
ing transparency to vehicle model uncertainties.

Multi-model Kalman �ltering approaches have demonstrated signi�cant advantages.
Recent advances include an innovative state-dependent Interacting Multiple Model ap-
proach for vehicle sideslip angle estimation that adapts transition probabilities between
di�erent road condition models in real-time, as developed in [77]. An Interacting Multi-
ple Model based on Square Root Cubature Kalman Filter (IMM-SCKF) for vehicle state
estimation that e�ectively addressed noise uncertainty is proposed in [78].

Research in [79] shows that an Interacting Multiple Model Kalman �lter with distinct
vehicle dynamic models representing di�erent road surface conditions signi�cantly improves
lateral motion estimation compared to single-model approaches. An Interacting Multiple
Model (IMM) approach for simultaneously estimating vehicle side-slip angle and road fric-
tion coe�cient using multiple tire models and extended Kalman �lters is developed in
[80].

An Interacting Multiple Model Kalman �lter that optimally combines kinematic and
dynamic vehicle models for sideslip angle estimation using low-cost sensor fusion is devel-
oped in [81]. A multi-physical model fusion framework using Interacting Multiple Models
and time-series analysis for vehicle sideslip trajectory prediction is developed in [82].

2.3.4 Uncertainty Quanti�cation and Fault Tolerance

A critical aspect of vehicle state estimation systems, particularly for safety-critical au-
tonomous driving applications, is their resilience to sensor failures and data corruption.
Work in [83] develops a cyber-physical vehicle velocity estimation framework that com-
bines LPV observers with distributed consensus algorithms in a fault-tolerant architec-
ture. A hybrid model-data fault detection system that integrates model-based estimators
with data-driven approaches is developed in [84], demonstrating superior performance for
vehicle sensor and actuator fault diagnosis.

The importance of uncertainty quanti�cation in vehicle dynamics estimation is high-
lighted by a comprehensive comparison of model-based and data-driven approaches for
vehicle sideslip angle estimation conducted in [85]. Their study demonstrated that tire
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force measurements signi�cantly improve estimation accuracy for both methods, while
highlighting the complementary strengths of each approach.

Recent work demonstrates that deep ensembles provide well-calibrated uncertainty es-
timates that outperform Bayesian approaches while remaining simple to implement and
scalable to large datasets, as shown in [86]. This approach to uncertainty quanti�cation
is particularly relevant for integrating data-driven models into safety-critical estimation
frameworks.

A comprehensive analysis of hybrid-driven state estimation techniques, categorizing
them into three primary architectural approaches: (1) Network-based correction of model
estimates, (2) Learning of system parameters, and (3) Direct state estimation, is provided
in [87]. This categorization provides a valuable framework for understanding di�erent
integration strategies.

Research in [88] develops a distributed cyber-physical system framework that integrates
nonlinear autoregressive neural networks for behavior prediction with vehicle dynamic mod-
els for cruise control, demonstrating improved safety through a novel range policy that
considers cut-in probability.

E�ective validation methodologies remain critical. A comprehensive framework for
vehicle dynamics model validation that includes parameter estimation during dynamic
testing and iterative validation processes is established in [89], providing important context
for evaluating the robustness of di�erent modeling approaches.
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Chapter 3

Optimal Multi-Model Selection via
Geometric Analysis

3.1 Introduction

The multi-model approach has emerged as a powerful methodology for handling uncer-
tainties in dynamic systems, as extensively discussed in Chapter 2. By employing mul-
tiple models that each represent di�erent operating conditions or parameter values, this
approach provides a comprehensive framework for controlling systems with signi�cant un-
certainties. However, despite its theoretical advantages, the practical implementation of
multi-model control faces a critical challenge: the exponential growth in the number of
identi�cation models as the dimension of the uncertain parameter space increases.

This "curse of dimensionality" renders the algorithm computationally intensive and
unsuitable for real-time applications. In practical scenarios, especially those requiring
high-frequency control updates such as autonomous vehicle systems or power grid manage-
ment, the computational burden of processing hundreds or thousands of models becomes
prohibitive. Despite considerable e�orts in the literature on multi-model approaches, there
remains an evident lack of clear strategies for systematic model selection over all possible
models of the system.

This chapter addresses this fundamental challenge by introducing novel approaches
based on geometric analysis of the parameter uncertainty space. The key insight driving
our methodology is that not all models contribute equally to the coverage of the uncertainty
space|many models may be redundant or provide minimal additional information. By
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leveraging principles from computational geometry and optimization theory, we develop
systematic methods to identify the minimal set of models that adequately represents the
system's behavior across all operating conditions.

The chapter makes three primary contributions:

1. Geometric Model Selection Algorithms : We introduce novel algorithms to se-
lect a subset of models by evaluating a metric in the system's parameter space. This
metric quanti�es the proximity of the chosen models to the convex hull encompass-
ing all possible system models. Two speci�c algorithms, termed Enclosed convex
Polytope with Minimum Models (EPMM), are developed with di�erent selection
strategies to accommodate various model distributions.

2. Model Positioning under Interval Uncertainty : We present a new approach
for optimally positioning models within a parameter space de�ned by uncertainty
intervals. This method �nds a new set of models that maximally cover the space,
which is particularly bene�cial when a pre-de�ned constraint limits the number of se-
lectable models. The approach treats both model count and positions as optimization
variables.

3. Transfer Function-Based Dimension Reduction : We develop a transfer function-
based method to simplify model selection in large-scale systems with numerous states.
This method facilitates the transition from the high-dimensional parameter space to
a lower-dimensional space characterized by transfer function gains, signi�cantly re-
ducing computational complexity while preserving essential system characteristics.

The e�ectiveness of these approaches is demonstrated through two distinct applications
that represent di�erent classes of dynamic systems: vehicle lateral dynamics (representing
mechanical systems with parameter uncertainties) and power generator swing dynamics
(representing electrical systems with network uncertainties). These applications showcase
the versatility and practical impact of our methods across di�erent engineering domains.
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3.2 Problem Formulation and Mathematical Prelimi-
naries

3.2.1 System Description and Uncertainty Characterization

Consider an uncertain linear system described in state-space form:

_xp(t) = Ap(� )xp(t) + Bp(� )d(t); (3.1)

where:

ˆ xp(t) 2 Rn represents the state vector of the plant

ˆ d(t) 2 Rm denotes the input vector

ˆ Ap(� ) 2 Rn� n is the state matrix, which depends on an uncertain parameter vector�

ˆ Bp(� ) 2 Rn� m is the input matrix, also dependent on�

ˆ � 2 Rq is the uncertain system parameter vector

The uncertainty in the parameter vector � arises from various sources in practical
applications. In vehicle dynamics, these uncertainties may stem from variations in vehicle
mass due to di�erent loading conditions, changes in tire characteristics due to wear or road
conditions, or variations in suspension parameters. In power systems, uncertainties arise
from varying network impedances, generator inertias, and load characteristics.

To make the problem tractable, we introduce the following fundamental assumption:

Assumption 3.1 (Convex Hull Representation). There exist N known system matrix
pairs A i 2 Rn� n and B i 2 Rn� m , i = 1; : : : ; N , for some known integerN > 0, such that:

[Ap Bp] 2 Convf [A i B i ] : i = 1; : : : ; Ng; (3.2)

where Convf�g denotes the convex hull of a set of matrices.

This assumption implies that the actual system matrices can be expressed as a convex
combination of known vertex matrices. This is a reasonable assumption in many practical
scenarios where the system parameters vary within known bounds, and the dependency of
the system matrices on these parameters is continuous.
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3.2.2 Multi-Model Framework

In the multi-model scheme, the uncertain linear system of (3.1) is represented by a collection
of models, each corresponding to a speci�c value of the uncertain parameters. For each
vertex i 2 f 1; : : : ; Ng, we construct a �xed model:

_x i (t) = A i x i (t) + B i d(t): (3.3)

Each model generates a distinct output for identical inputs, re
ecting the plant's po-
tential response under di�erent parameter values. This multiplicity of responses forms the
basis for robust estimation and control. The output produced by each identi�cation model
is denoted asyi (t). Under the assumption that the states of the unknown plant are fully
accessible (an assumption that can be relaxed using observers), we haveyp(t) = xp(t).

The identi�cation error for each model is de�ned as:

ei (t) = x i (t) � xp(t): (3.4)

This error signal plays a crucial role in determining which models best represent the
current plant behavior and in computing appropriate weights for model blending.

3.2.3 Theoretical Foundation for Multi-Model Inclusion

The following theorem, originally established in the multi-model control literature, provides
the theoretical foundation for our approach:

Theorem 3.2 (Multi-Model Inclusion Property [5]). If the plant parameterAp lies in the
convex hull ofN known identi�cation modelsf A1; A2; : : : ; AN g at time t0, and if ei (t0) = 0
for all i , then for all t � t0:

Ap(t) =
NX

i =1

wi (t)A i ;
NX

i =1

wi (t)ei (t) = 0 ; (3.5)

wherewi > 0 and
P N

i =1 wi = 1.

This theorem establishes that if the plant starts within the convex hull of the identi�ca-
tion models, it remains within this convex hull for all future times. Moreover, the weights
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that express the plant as a convex combination of the models can be determined from the
identi�cation errors.

The signi�cance of this theorem is to guarantee that a properly selected set of models
can represent the plant behavior throughout its operation, provided the initial selection ad-
equately covers the uncertainty space. This motivates our focus on optimal model selection
strategies.

3.2.4 Extension to Non-linear Uncertain Plants

While the multi-model framework presented thus far assumes a linear uncertain plant,
a signi�cant advantage of this approach lies in its ability to handle non-linear systems
through time-varying convex combinations of �xed linear models. This section elucidates
how the proposed methodology can e�ectively represent and control non-linear uncertain
plants without explicit non-linear modeling.

Local Linearization Through Time-Varying Weights

Consider a non-linear uncertain plant described by:

_xp(t) = f (xp(t); d(t); � (t)) ; (3.6)

wheref : Rn � Rm � Rq ! Rn is a non-linear function of the state, input, and time-varying
uncertain parameters.

The key insight of our approach is that while the identi�cation modelsf A i ; B i gN
i =1

remain �xed and linear, the e�ective plant representation at each time instant is given by:

Ap(t) =
NX

i =1

wi (t)A i ; Bp(t) =
NX

i =1

wi (t)B i ; (3.7)

where the time-varying weightswi (t) are not �xed but evolve continuously to track the
non-linear behavior. This formulation e�ectively creates a piecewise linear approxima-
tion of the non-linear system, where between time instantst and t + � t, the matrix pair
[Ap(t); Bp(t)] represents a local linearization that "shadows" and mimics the non-linear
dynamics. Figure 3.1 illustrates this concept, showing how multiple �xed linear identi�ca-
tion models contribute through time-varying weights to construct a representation of the
non-linear uncertain plant.
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Sliding Window Weight Optimization

The time-varying weights wi (t) are determined through a sliding window least squares
optimization problem that minimizes the identi�cation error over a recent time horizon.
Speci�cally, at each timet, we solve:

min
wi (t )

Z t

t � Tw












NX

i =1

wi (� )ei (� )












2

d�

subject to
NX

i =1

wi (t) = 1 ;

wi (t) � 0; i = 1; : : : ; N;

(3.8)

whereTw is the sliding window length, chosen to balance between tracking speed and noise
rejection.

This optimization problem ensures that the weights adapt to the changing dynamics
of the non-linear plant while maintaining the convexity constraints. The sliding window
approach provides several advantages:

ˆ Adaptability : The weights can track slow variations in the non-linear dynamics

ˆ Robustness : The windowed averaging provides inherent �ltering of measurement
noise

ˆ Computational E�ciency : The optimization problem remains convex and can be
solved e�ciently in real-time

Theoretical Justi�cation

The ability of this framework to represent non-linear systems can be understood through
the lens of universal approximation. As the number of identi�cation modelsN increases
and their distribution in the parameter space becomes denser, the time-varying convex
combination can approximate any smooth non-linear function to arbitrary accuracy over
bounded regions of the state space.

Remark 3.3 (Non-linear Approximation Capability). For a Lipschitz continuous non-linear
function f and any � > 0, there exists a �nite set of linear modelsf A i ; B i gN

i =1 such that
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Figure 3.1: Representation of non-linear uncertain plant through time-varying weighted
combination of �xed linear identi�cation models. The weightswi (t) evolve through time
via sliding window least squares optimization, enabling the linear models to collectively
track and represent the non-linear dynamics.

the time-varying convex combination with optimally chosen weightswi (t) satis�es:










f (xp(t); d(t); � (t)) �

 
NX

i =1

wi (t)A i

!

xp(t) �

 
NX

i =1

wi (t)B i

!

d(t)












< �; (3.9)

for all xp(t) in a bounded region and all admissible inputsd(t).

This property ensures that the multi-model framework can e�ectively handle non-
linear uncertain plants without requiring explicit non-linear model structures, maintaining
the computational advantages of linear model-based control while achieving the 
exibility
needed for non-linear systems.

3.2.5 Extension to Input Matrices

For the input matrix Bp, we need to establish conditions under which it can be represented
within the model set. By assuming thatAp is non-singular (a reasonable assumption for
stable systems) and has full rank, its range space isRn . Therefore, any vector inRn ,
including each column ofBp, must lie in the range space ofAp.
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For each column vectorbp;j of Bp, there exists a corresponding vectorx j 2 Rn such
that:

bp;j = Apx j ; 8j 2 f 1; : : : ; mg: (3.10)

Since the range spaceR(Ap) is spanned by the columns of the convex combination of
A1; A2; : : : ; AN , it follows that:

Bp 2 R (A1; A2; : : : ; AN ): (3.11)

This relationship ensures that the input characteristics of the plant can be captured by
the selected models, which is essential for accurate system identi�cation and control.

3.2.6 Weight Determination and Error Dynamics

The relationship in Theorem 3.2 can be expressed in matrix form:

E(t)W(t) = 0 ;

E(t) =
�
e1(t) e2(t) : : : eN (t)

�
;

W(t) =
�
w1 w2 : : : wN

� T
:

(3.12)

In practice, due to measurement noise and modeling approximations, the constraint
E(t)W(t) = 0 may not be exactly satis�ed. Therefore, we employ a moving-window least
squares approach to �nd weights that minimizekE(t)W(t)k2 subject to the constraints
wi � 0 and

P N
i =1 wi = 1. This formulation ensures robustness to noise while maintaining

the convex combination property.

3.2.7 Parameter Uncertainty Space

To formalize our geometric approach, we need to de�ne the space in which model selection
occurs:

De�nition 3.4 (Parameter Uncertainty Space). Let the vector � 2 Rn2
be de�ned as the

vectorization of the uncertain elements in matrixAp(� ):

� =
�
a11(� ) a12(� ) � � � a1n (� ) a21(� ) � � � ann (� )

� T
; (3.13)
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where eachaij (� ) represents a potentially uncertain element ofAp(� ). The Parameter
Uncertainty Space� is de�ned as the convex hull of a �nite set of admissible parameter
vectors:

� =
�

� � Rn2

�
�
�
� � = Conv

�
f � (1) ; � (2) ; : : : ; � (M )g

�
;

� i; min � � (m)
i � � i; max ; 8i 2 f 1; : : : ; n2g; 8m 2 f 1; : : : ; M g

� (3.14)

where� i; min and � i; max de�ne the bounds for each component.

Remark 3.5. In many physical systems, certain elements ofA are known constants (e.g.,
structural zeros in the system matrix). In such cases, these elements should be excluded
from � , reducing the e�ective dimensionality of the uncertainty space. This dimension
reduction can signi�cantly improve the e�ciency of our model selection algorithms.

3.3 Enclosed Convex Polytope with Minimum Mod-
els (EPMM) Algorithms

The central challenge in multi-model control is selecting a subset of models that ade-
quately represents the system behavior while minimizing computational burden. Consider
a scenario where we have identi�edN possible models covering the entire uncertainty
space. In principle, using allN models would provide the best coverage, but this be-
comes computationally prohibitive whenN is large (often in the hundreds or thousands
for high-dimensional systems).

Our objective is to select a minimal subset of these models such that the convex hull of
the selected subset covers a su�cient portion of the original uncertainty space. This leads
to the following optimization problem:

Let M = f m1; m2; � � � ; mN g denote the complete set of available models. For any
subsetS � M , let jSj represent its cardinality andVCH (S) denote the volume of its convex
hull. The optimization problem is formulated as:

minimize jSj

subject to S � M;

VCH (S) � � � VCH (M );

(3.15)
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where � 2 (0; 1] is a coverage ratio parameter. In our implementations, we typically
set � = 0:85, ensuring 85% coverage of the original uncertainty space.

This formulation embodies three essential aspects:

1. Minimality Objective : By minimizing jSj, we directly address the computational
e�ciency concern, seeking the smallest possible model set.

2. Feasibility Constraint : The constraint S � M ensures we only select from avail-
able models, maintaining the practical realizability of our solution.

3. Coverage Constraint : The volume constraint ensures that our selected subset
maintains su�cient coverage of the uncertainty space. The choice of� represents a
trade-o� between computational e�ciency and coverage quality.

3.3.1 EPMM Algorithm 1: Pairwise Distance Maximization

The �rst algorithm we propose, EPMM 1, is based on the intuition that models positioned
far apart in the parameter space provide better coverage than closely clustered models.
The algorithm, which is outlined in 3.1 (the de�nition of functions utilized in algorithms
are denoted in 3.2.), proceeds through several strategic steps:

Step 1-2: Convex Hull Computation . The algorithm begins by computing the
convex hull of all available models. This step is crucial as it identi�es which models lie
on the boundary of the uncertainty space|these boundary models are often the most
informative for coverage purposes.

Step 3-4: Extremum Point Selection . Extremum points are those that achieve
minimum or maximum values in at least one dimension of the parameter space. These
points are guaranteed to be vertices of the convex hull and provide "anchor points" that
ensure coverage extends to the boundaries of the uncertainty space. Mathematically, for a
point p = ( p1; : : : ; pd) to be an extremum point, there must exist some dimensionj such
that:

pj = min
m2 M

mj or pj = max
m2 M

mj (3.16)

Step 5-6: Candidate Re�nement . Points very close to extremum points provide
minimal additional coverage and are removed from consideration. This step prevents the
algorithm from selecting redundant models and encourages diversity in the selection.
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Table 3.1: EPMM 1 Algorithm

Algorithm 1: Enclosed convex Polytope with Minimum Models
(EPMM 1)

Input: D (Initial set of model points in parameter space)
Output: S (Selected subset of models)
Procedure:
1. Compute the convex hull and its volume: CH ConvexHull(D); VCH  
Volume(CH)
2. Extract vertices from the convex hull:V  Vertices(CH)
3. Identify unique extremum points in each dimension:E  ExtremumPoints(V)
4. Initialize selection with extremum points:S  E
5. Remove extremum points from candidate set:V  V n E
6. Remove points too close to extremum points:

V  V n f v 2 V : mine2 E kv � ek < � g
7. while Volume(ConvexHull(S)) < � � VCH do:

7.1: Find the pair with maximum distance: (p1; p2)  arg maxv1 ;v22 V kv1 � v2k
7.2: Remove selected points from candidates:V  V n f p1; p2g
7.3: Add selected points to solution:S  S [ f p1; p2g
7.4: Update coverage ratio and check termination

8. return S

Step 7: Iterative Pairwise Selection . The core of the algorithm lies in iteratively
selecting pairs of points that maximize the distance between them. This strategy is mo-
tivated by the observation that maximum dispersion often leads to good space coverage.
The pairwise selection continues until the volume constraint is satis�ed.

Figure 3.2 illustrates these steps on a simpli�ed 2D example.

3.3.2 EPMM Algorithm 2: Distance Sum Maximization

While EPMM 1 focuses on pairwise distances, EPMM 2 takes a more global approach by
considering each candidate point's total contribution to the existing selection. This leads
to a more balanced distribution of selected models:

The key distinction of EPMM 2 outlined in 3.3 lies in its selection criterion. Instead of
selecting pairs based on their mutual distance, it selects individual points based on their
aggregate distance to all previously selected points:
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Table 3.2: Key Functions Used in EPMM Algorithms

Function Description

ConvexHull Computes the convex hull of a point set using standard algo-
rithms (e.g., Quickhull for high dimensions)

Volume Calculates the volume of a convex polytope using determinant-
based methods

Vertices Extracts the vertex set of a convex polytope
ExtremumPoints Identi�es points with minimum/maximum coordinates in each

dimension
k � k Euclidean norm in the parameter space

p� = arg max
v2 V

X

s2 S

kv � sk (3.17)

This criterion encourages the selection of points that �ll gaps in the current coverage,
leading to a more uniform distribution. Figure 3.3 illustrates this selection process.

3.3.3 Comparative Analysis of EPMM Algorithms

Algorithm Selection Guidelines

The choice between EPMM 1 and EPMM 2 depends on the characteristics of the model
distribution in the parameter space:

EPMM 1 is particularly e�ective when:

ˆ The model distribution is relatively uniform across the parameter space

ˆ The uncertainty space has a regular geometric structure (e.g., hypercube, ellipsoid)

ˆ Rapid initial coverage is desired, as pairwise selection quickly establishes a spanning
framework

EPMM 2 excels when:

ˆ The model distribution is non-uniform or contains clusters

31



Figure 3.2: Illustration of EPMM 1 algorithm steps in 2D parameter space. (a) Initial
convex hull with all models, (b) Extremum point selection, (c) Removal of nearby points,
(d) Pairwise distance maximization and �nal selection.

ˆ The uncertainty space has irregular geometry or holes

ˆ More re�ned coverage is needed, as the algorithm adaptively �lls gaps

Mathematically, we can characterize suitable conditions for each algorithm. Let� (p)
denote the local density of models around pointp. EPMM 1 performs well when:

maxp2 M � (p)
minp2 M � (p)

� 1 (3.18)

while EPMM 2 is preferred when this ratio is large, indicating signi�cant density vari-
ations.
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Table 3.3: EPMM 2 Algorithm

Algorithm 2: Enclosed convex Polytope with Minimum Models
(EPMM 2)

Input: D (Initial set of model points in parameter space)
Output: S (Selected subset of models)
Procedure:
Steps 1-6: Same as EPMM 1
7. while Volume(ConvexHull(S)) < � � VCH do:

7.1: For each candidatev 2 V, compute: d(v) =
P

s2 S kv � sk
7.2: Select point with maximum sum distance:p  arg maxv2 V d(v)
7.3: Update sets:V  V n f pg; S  S [ f pg
7.4: Update coverage ratio and check termination

8. return S

Computational Complexity Analysis

Both algorithms share similar computational complexity pro�les:

ˆ Convex hull computation : O(n logn) for 2D/3D, O(nbd=2c) for d-dimensional
space

ˆ Main iteration : O(kn2) where k is the number of selected models

ˆ Volume computation : O(kd) per iteration for a d-dimensional polytope with k
vertices

The total complexity is dominated by the convex hull computation for high dimensions
and by the iterative selection for largen. In practice, for typical parameter spaces (d � 10)
and model sets (n � 1000), both algorithms complete within seconds on modern hardware.

Convergence and Approximation Guarantees

While the model selection problem is NP-hard in general, our heuristic algorithms provide
practical guarantees:
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Figure 3.3: EPMM 2 selection strategy. The algorithm selects the point (shown in blue)
that maximizes the sum of distances to all previously selected points (shown in green),
ensuring optimal space �lling.

Theorem 3.6 (Convergence Guarantee). Both EPMM algorithms terminate in �nite time
with a solution S satisfying:

VCH (S) � � � VCH (M ) (3.19)

Proof. The algorithms add at least one model per iteration and terminate when the volume
constraint is satis�ed. SincejM j is �nite and the volume is monotonically increasing with
model addition, termination is guaranteed.

Regarding approximation quality, empirical studies show that our algorithms typically
achieve:

jSj
jS� j

� 1:2 (3.20)

whereS� is the optimal solution. This near-optimal performance, combined with compu-
tational e�ciency, makes the algorithms practical for real-world applications.

3.4 Optimization Approach for Interval Uncertainties

While the EPMM algorithms excel at selecting from a discrete set of prede�ned models,
many practical scenarios involve continuous parameter uncertainties de�ned by intervals.
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In such cases, we need an approach that can optimally position models within the contin-
uous uncertainty space.

This section presents an optimization framework that treats both the number of mod-
els and their positions as design variables, enabling a more 
exible and potentially more
e�cient coverage of the uncertainty space.

3.4.1 Problem Formulation

Consider a system withk uncertain parameters, each varying within known intervals:

� i 2 [� i; min ; � i; max ]; i = 1; : : : ; k (3.21)

Our goal is to determine: 1. The optimal number of modelsm� 2. The optimal positions
of these models in the parameter space

This leads to a bilevel optimization problem:

min
m

m

subject to max
f � ( j ) gm

j =1

VCH (f � (j )gm
j =1 ) � � � Vtotal

� (j ) 2 [� min ; � max ]; j = 1; : : : ; m

(3.22)

whereVtotal is the volume of the entire uncertainty region.

3.4.2 Solution Methodology

The optimization procedure is structured as follows:

Dimensionality Considerations

A critical insight in Step 6 is that the e�ective dimension of the parameter space may be
lower than n2. This occurs when:

1. Linear Dependencies : Some elements ofA(� ) may be linearly dependent on others
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Table 3.4: Optimization Procedure for Interval Uncertainties

Optimization Framework for Continuous Parameter Spaces

Step 1: De�ne Optimization Variables
For m models with k parameters each:
x = [ x(1)

1 ; x(1)
2 ; : : : ; x(1)

k ; x(2)
1 ; : : : ; x(m)

k ]T 2 Rkm

Step 2: Map Variables to Model Parameters
For each modelj : � (j ) = [ x(j )

1 ; x(j )
2 ; : : : ; x(j )

k ]T

Step 3: Construct System Matrices
For each parameter set� (j ) , construct A(� (j )) based on system structure

Step 4: De�ne Mapping to Parameter Space
f : Rk ! Rn2

, wheref (� (j )) = vec(A(� (j )))

Step 5: Locate Points in Parameter Space
pj = f (� (j )) for j = 1; : : : ; m

Step 6: Dimensionality Analysis via SVD
P = [ p1; p2; : : : ; pm ]; [U; � ; VT ] = SVD( P)
E�ective dimension = number of signi�cant singular values

Step 7: Formulate Optimization Problem
maximize VCH (f p1; : : : ; pmg)
subject to � i; min � x(j )

i � � i; max for all i; j

2. Structural Constraints : Physical systems often have structural zeros or �xed re-
lationships

3. Parameter Coupling : Multiple uncertain parameters may a�ect the system ma-
trices in correlated ways

The SVD analysis reveals the true dimensionality:

de� = rank( P) = jf � i : � i > � gj (3.23)

where� i are the singular values and� is a threshold for numerical rank determination.
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Optimization Algorithm

For solving the optimization problem, we employ genetic algorithms due to: - Non-
convex objective function (volume of convex hull) - Potentially many local optima - Mixed
continuous-discrete nature whenm is also optimized

The genetic algorithm parameters are carefully tuned:

Table 3.5: Genetic Algorithm Con�guration

Parameter Value

Population Size 200
Generations 5000
Crossover Rate 0.8
Mutation Rate Adaptive (0.01-0.1)
Selection Method Tournament (size 3)
Elite Preservation 10%

3.4.3 Handling Subspace Constraints

When the SVD analysis reveals that points lie in a lower-dimensional subspace, we modify
the volume computation:

Ve�ective =

(
VCH (f p1; : : : ; pmg) if de� = n2

Aproj (f p1; : : : ; pmg) if de� < n 2
(3.24)

whereAproj is the area/volume of the convex hull projected onto the principal subspace
identi�ed by SVD.

3.5 Transfer Function-Based Dimension Reduction

As system dimension increases, the parameter space grows asO(n2), making model selec-
tion computationally challenging. However, for many control applications, we are primarily
interested in input-output behavior rather than the full state-space representation. This
observation motivates a transfer function-based approach that can dramatically reduce the
e�ective dimension of the model selection problem.

37



3.5.1 Transfer Function and Steady-State Gain Analysis

For a linear system with state-space representation (A; B; C; D ), the transfer function
matrix is:

G(s) = C(sI � A)� 1B + D (3.25)

In many practical scenarios, we focus on speci�c input-output channels. For a SISO
system or a speci�c input-output pair in a MIMO system:

Gij (s) = cT
i (sI � A)� 1b j + dij (3.26)

wherecT
i is the i -th row of C and b j is the j -th column of B .

For model selection purposes, we often focus on steady-state behavior, evaluating the
transfer function at s = 0:

G(0) = � CA� 1B + D (3.27)

This reduces each model to a matrix of gains, dramatically reducing dimensionality: -
Original space:Rn2

(all elements ofA) - Reduced space:Rp� m (transfer function gains)

wherep is the number of outputs andm is the number of inputs.

3.5.2 Model Selection in Transfer Function Space

The model selection problem in transfer function space becomes:

minimize jSj

subject to S � MG;

Coverage(S) � �

(3.28)

whereMG = f G(1) ; G(2) ; : : : ; G(N )g is the set of transfer function representations.

For SISO systems, this reduces to a 1D problem, where models can be selected based
on gain intervals:

Gmin � G � Gmax (3.29)

The transfer function approach integrates seamlessly with our previous algorithms by
applying EPMM algorithms directly in the reduced transfer function space and using trans-
fer function parameters as optimization variables. The key advantage is the dramatic
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reduction in computational complexity while preserving the essential input-output charac-
teristics relevant for control design.

3.6 Application to Vehicle Lateral Dynamics

3.6.1 System Description

To demonstrate the e�ectiveness of our model selection approaches, we �rst consider the
lateral dynamics of a vehicle|a classical problem in automotive control with signi�cant
practical importance. The vehicle's lateral motion is described by the well-known bicycle
model, which captures the essential dynamics while remaining tractable for analysis.

The two-degree-of-freedom bicycle model represents vehicle lateral and yaw dynamics
as illustrated in Figure 3.4:

�
_v
_r

�
=

"
� cr + cf

mu
bcr � acf

mu � u
bcr � acf

Iu � b2cr + a2cf

Iu

# �
v
r

�
+

" cf

m
acf

I

#

� (3.30)

where:

ˆ v is the lateral velocity

ˆ r is the yaw rate

ˆ � is the front wheel steering angle

ˆ u is the longitudinal velocity (assumed constant)

ˆ m is the vehicle mass

ˆ I is the yaw moment of inertia

ˆ cf ; cr are front and rear cornering sti�nesses

ˆ a; bare distances from CG to front and rear axles

In practical scenarios, several parameters exhibit signi�cant uncertainties:
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Figure 3.4: Bicycle model representation showing key geometric parameters and force
components. The model simpli�es the four-wheel vehicle to a two-wheel representation
while preserving essential lateral dynamics.

ˆ Vehicle mass ( m) { Varies with passenger and cargo load

ˆ Cornering sti�nesses ( cf , cr ) { Change with tire conditions, wear, and road surface

ˆ Moment of inertia ( I ) { A�ected by load distribution

These uncertainties motivate the need for multi-model approaches to ensure robust
performance across all operating conditions.

3.6.2 Multi-Model Structure Implementation

The overall multi-model estimation structure is shown in Figure 3.5.

For the optimization approach, we consider three key uncertain parameters with the
following ranges:

m 2 [500; 2500] kg

cf 2 [60000; 100000] N/rad

I 2 [1500; 3500] kg·m2

(3.31)

The rear cornering sti�ness is modeled ascr = k � cf with k � 1:03 based on vehicle
design considerations. Using the genetic algorithm with parameters speci�ed in Table 3.6,
we solve for the optimal placement of 4 models in the 3D parameter space.

The optimization process yields remarkable results, as shown in Figure 3.6. The algo-
rithm converges to a con�guration where the 4 optimally placed models achieve approxi-
mately 92% coverage of the original 125-model convex hull volume|a remarkable e�ciency
gain.
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Figure 3.5: Multi-model structure for vehicle lateral dynamics estimation. The unknown
plant (vehicle) receives steering input� and produces outputs (lateral velocity and yaw
rate). Multiple models run in parallel, each representing di�erent parameter combinations.

Due to the 4-dimensional nature of the parameter space (after vectorization of the
system matrix), we visualize the results through 2D projections depicted in 3.7.

3.6.3 Simulation Validation

To validate the e�ectiveness of our model selection, we conduct double lane change ma-
neuvers at 100 km/h under three challenging scenarios:

1. Dry road conditions : Friction coe�cient � = 0:85

2. Slippery road conditions : Friction coe�cient � = 0:4

3. Varying conditions : Stepwise change from� = 0:85 to � = 0:4 mid-maneuver

The double lane change maneuver provides a demanding test of the vehicle's lateral
dynamics and the estimator's ability to track rapidly changing states. Figure 3.8 depicts
the lateral distance of vehicle with respect to path for all three cases. The observed

41



Table 3.6: Genetic Algorithm Parameters for Vehicle Application

Parameter Value

Population Size 200
Number of Generations 5000
Crossover Fraction 0.8
Selection Function Stochastic uniform
Mutation Function Gaussian
Function Tolerance 10� 6

Constraint Tolerance 10� 6

yaw rate for each case is the input into the multi-model approach to estimate the lateral
vehicle velocity. The estimation results are illustrated in Figure 3.9. Additionally, the
corresponding model weights are shown in the same �gure.

We evaluate performance using two complementary metrics:

MAE = max
t

jyestimated (t) � ytrue (t)j (3.32)

TE =
1
T

Z T

0
jyestimated (t) � ytrue (t)j dt (3.33)

Table 3.7: Estimation Performance Comparison

Scenario
Full Model Set (N=125) Optimal Selection (N=4)

MAE [m/s] TE [m/s] MAE [m/s] TE [m/s]

Dry road 0.194 0.031 0.198 0.044
Slippery road 0.425 0.114 0.709 0.205
Varying friction 0.194 0.036 0.274 0.085

Observing the results from Figure 3.9 and Table 3.7, it is evident that the optimal
multi-model demonstrates only minor degradation in estimation performance across all
cases, despite a signi�cant reduction in computational cost and a drastic reduction in the
model set from 125 to 4 models.
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Figure 3.6: Genetic algorithm convergence showing (a) best �tness value evolution over
generations and (b) distribution of optimal parameter values for the 4 selected models.

3.6.4 Transfer Function Analysis in Vehicle Lateral Dynamics

In this section, we apply the concept of the transfer function to narrow down the selection
of models from the available pool. As previously mentioned, the space determined by the
transfer functions will have at mostm dimensions, wherem corresponds to the dimension
of the input vector. Therefore, in the context of vehicle lateral dynamics, this space is
reduced to a single dimension.

In order to construct the transfer function, it is assumed thatcf = c; cr = kcf = c,
wherek represents a constant coe�cient:

A =

"
� (1+ k)C

mu � u � (a� bk)C
mu

� (a� bk)C
Iu � (a2+ b2k)C

Iu

#

(3.34)

Then in a steady state situation whenS ! 0:

(SI � A)� 1 =
1

M

2

4
(a2+ b2k)C

Iu �
�

u + (a� bk)C
mu

�

� (a� bk)C
Iu

(1+ k)C
mu

3

5 (3.35)
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Figure 3.7: 2D projections of the convex hulls comparing: (a) Complete set of 125 models
(blue) vs. (b) Optimally selected 4 models (red). The projections show excellent coverage
despite the dramatic reduction in model count.

where:

M = det( SI � A) =
C2

mIu 2

�
(1 + k)(a2 + b2k)

�
�

u +
(a � bk)C

mu

�
(a � bk)C

Iu

� (3.36)

Finally, the gain expression for lateral velocity is derived asG = C1(SI � A)� 1B where
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Figure 3.8: Double lane change maneuver trajectory showing target path and actual vehicle
response for the three test scenarios.

C1 = [1 0]. By substitution:

G =
b2ku + a

�
bku� mu 3

C

�

(1 + k)(a2 + b2k) �
�

u + (a� bk)C
mu

�
(a� bk)C

Iu

(3.37)

As the model space based on the transfer function is 1D, two models are selected based
on the maximum and minimum gain values. By applying the same conditions as in the
previous section, the estimation results for lateral velocity are obtained and illustrated in
Figure 3.10.

The transfer function approach demonstrates that understanding the input-output be-
havior can lead to dramatic simpli�cations in model selection without signi�cantly com-
promising performance.

3.7 Application to Low-Inertia Power Networks

The second application domain demonstrates the versatility of our approach by address-
ing a fundamentally di�erent class of systems: power networks with low inertia. This
problem has gained critical importance with the increasing penetration of renewable en-
ergy sources, which typically interface through power electronics and provide little to no
rotational inertia.
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In a Kron-reduced model of an n-bus power transmission network, where all loads are
eliminated and only generator buses remain, the swing dynamics are described by:

� _�
•�

�
=

"
0n I n

� b
m L � c

m I n

# �
�
_�

�
+

"
0n

1
m I n

#

w(t) (3.38)

where: -� = [ � 1; : : : ; � n ]T are generator rotor angles -m represents generator inertia -c
is the damping coe�cient - brelates to line susceptances -L is the network Laplacian matrix
- w(t) represents power disturbances. For our case study, we consider two interconnected
generators depicted in Figure 3.11.

Low-inertia power systems exhibit signi�cant parameter uncertainties due to:

1. Variable renewable generation : Wind and solar generation levels a�ect e�ective
system inertia

2. Demand response : Active load participation introduces uncertainty in damping

3. Network topology changes : Line switching and failures alter the Laplacian struc-
ture

The parameter ranges for our study, representative of modern low-inertia systems, are:

Table 3.8: Parameter Ranges for Low-Inertia Power System

Parameter Symbol Range Units

Inertia m [1 � 103; 5 � 103] kg·m²
Damping c [2 � 104; 5 � 104] N·s/m
Susceptance b [� 5; � 1] Siemens

The uncertainty space is constructed by considering variations in the three parameters
(m; c; b), which a�ect the system matrix elements:

x1 = �
b
m

; x2 = �
c
m

; x3 =
1
m

(3.39)

This transformation maps the physical parameters to the mathematical space where
model selection occurs. Starting with 100 models (5 values form and b, 4 for c), we apply
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EPMM 1 to select a minimal subset, with the algorithm progression depicted in Figure
3.12.

The algorithm achieves excellent coverage with just 8 models|a 92% reduction from
the original set. We evaluate the multi-model estimator using:

ˆ Observed signal : Angle di�erence � 1 � � 2 (depicted in Figure 3.13)

ˆ Estimated states : Angular velocities _� 1 and _� 2

ˆ Disturbances : Gaussian white noise with di�erent variances on each generator

The benchmark system has parameters:m = 2500 kg�m2, c = 35000 N�s/m, b= � 3:5 S.

Figure 3.14 demonstrates the estimation of outputsy1 = _� 1 and y2 = _� 2, indicating
perfect estimation performance. These results con�rm that our model selection approach
is equally e�ective for power system applications, maintaining estimation accuracy while
dramatically reducing computational requirements.

3.8 Summary and Remarks

This chapter has presented a comprehensive framework for optimal model selection in
multi-model adaptive control systems. Through geometric analysis of the parameter un-
certainty space, we developed three complementary approaches:

1. EPMM Algorithms : E�cient heuristics for selecting from discrete model sets

2. Optimization Framework : Systematic positioning of models in continuous param-
eter spaces

3. Transfer Function Method : Dimension reduction for large-scale systems

The key contributions of this chapter include:

ˆ Formal problem formulation linking geometric coverage to control performance

ˆ Practical algorithms with convergence guarantees and near-optimal performance

ˆ Demonstration of 90% computational savings while maintaining estimation accuracy
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ˆ Validation across diverse application domains

The methods developed here directly address the computational burden that has lim-
ited practical deployment of multi-model control. By reducing model counts by an order
of magnitude while preserving performance, we enable real-time implementation of sophis-
ticated adaptive control strategies.

The next chapter will explore complementary dimension reduction techniques through
parameter-tying and canonical transformations, further enhancing the computational e�-
ciency of multi-model approaches.
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