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Abstract

Multi-model adaptive technique offers a powerful framework for handling uncertainties
in dynamic systems by employing multiple models that represent different operating con-
ditions. However, despite strong theoretical foundations, practical deployment has been
severely limited by the curse of dimensionality—the exponential growth in computational
requirements as system complexity increases, creating a major obstacle for real-time imple-
mentation. This thesis presents a comprehensive framework to address this computational
challenge through three related contributions, achieving dramatic reductions in complexity
while maintaining or improving system performance.

The main insight is that traditional multi-model approaches use far more models than
necessary. Instead of using every possible model combination to cover parameter uncer-
tainties, this thesis shows that carefully chosen subsets can achieve the same coverage with
much less computation. This shift from using all models to selecting the right models
makes multi-model control practical for real-time systems with limited resources.

To this end, geometric methods have been developed that analyze how models cover
the space of possible system behaviors. Using computational geometry principles, new
Enclosed Polytope with Minimum Models (EPMM) algorithms find the smallest set of
models that still covers the uncertainty space adequately. These algorithms work like
placing sensors strategically—finding the fewest locations needed to monitor an entire
area. An optimization framework extends this idea to continuous parameter spaces, while
a transfer function method handles high-dimensional systems efficiently by focusing on
input-output relationships rather than full state representations.

To overcome the fundamental scaling limitations in high-dimensional spaces, the Pa-
rameter -Tying Theorem has been developed as a theoretical innovation showing that
changing to the right coordinates can considerably simplify high-dimensional uncertainty
spaces. By analyzing systems in controllable canonical form and finding monotonicity
properties in how parameters affect the system, the theorem proves that the number of
required models can drop from exponential in the number of parameters to potentially
constant. The framework extends through five conditions—including affine relationships,
symmetry, and coordinated parameter variations—making it applicable beyond strictly
monotonic systems.

Furthermore, a unified estimation framework has been designed to tackle the integra-
tion of physics-based and data-driven models. A consensus multi-model Kalman filter
combines different model types based on how well they perform. Two methods enable
proper uncertainty handling: Koopman operator-based linearization allows analytical co-
variance propagation for neural networks and other nonlinear data-driven models, while an
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ensemble-based approach provides model-independent uncertainty quantification without
needing offline training. The consensus fusion automatically adjusts model weights based
on prediction errors, ensuring smooth transitions between models as conditions change.
Extensive experimental data from an electric all-wheel-drive vehicle under extreme condi-
tions shows major performance improvements over traditional single-model approaches.

This thesis transforms multi-model approach from an attractive theory with limited
practical use into a viable solution for real-world applications. By combining geometric in-
sight, coordinate transformation theory, and heterogeneous model integration, it addresses
the fundamental implementation barriers. The developed frameworks maintain mathe-
matical rigor while achieving the computational efficiency needed by modern embedded
systems. These advances enable robust adaptive control across diverse operating condi-
tions, with immediate applications in autonomous vehicles, renewable energy systems, and
other areas where handling uncertainty is critical. The principles established here provide
a foundation for addressing high-dimensional uncertainty in complex dynamical systems
across engineering fields.
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Notation

Throughout this thesis, the following mathematical notations and symbols are used:

• Sets and Spaces:

– R denotes the set of real numbers

– Rn denotes the n-dimensional Euclidean space

– Rn×m denotes the space of n×m real matrices

– M ⊂ Rk denotes the parameter uncertainty space

– Θ ⊂ Rn denotes the parameter uncertainty space in canonical coordinates

– Sn denotes the symmetric group of degree n

– ∆n−1 denotes the standard (n− 1)-simplex

– C(n, k) denotes the set of all k-element subsets of {1, . . . , n}
– N (µ,Σ) denotes a normal distribution with mean µ and covariance Σ

• Matrices and Vectors:

– Matrices are denoted by uppercase letters (e.g., A, B, T )

– Vectors are denoted by lowercase letters (e.g., x, y, m)

– 0n denotes the n× n zero matrix

– In denotes the n× n identity matrix

– [·]T denotes the transpose of a matrix or vector

– [·]−1 denotes the matrix inverse

– [·]† denotes the Moore-Penrose pseudo-inverse

– Ap(m) denotes the plant state matrix dependent on parameters m

– Bp(m) denotes the plant input matrix dependent on parameters m

– Ā denotes a matrix in canonical (companion) form

– E(t) = [e1(t) e2(t) · · · eN(t)] denotes the error vector

– AS denotes the principal submatrix of A indexed by set S

• Functions and Operators:
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– Conv{·} denotes the convex hull of a set

– det(·) denotes the determinant of a matrix

– tr(·) denotes the trace of a matrix

– ∥ · ∥ denotes the Euclidean norm

– ∥ · ∥W denotes the weighted norm, ∥x∥2W = xTWx

– Vol(·) denotes the volume of a set

– vert(·) denotes the vertices of a polytope

– Ext(·) denotes the extremum points of a set

– sgn(σ) denotes the signature of permutation σ

– Πl : M → M \ {ml} denotes the projection operator removing the l-th compo-
nent

– gl,ij(ml) denotes the parameter-element function for matrix entry aij

– K denotes the Koopman operator

– ψ(·) denotes lifting functions for Koopman linearization

• Set Operations:

– ∪ denotes the union of sets

– ∩ denotes the intersection of sets

– \ denotes set difference
– ⊆ denotes subset

– ∈ denotes set membership

– × denotes the Cartesian product

– | · | denotes the cardinality of a set

– ◦ denotes function composition

• System and Control Notations:

– xp(t) ∈ Rn denotes the plant state vector

– xi(t) ∈ Rn denotes the i-th identification model state vector

– st ∈ Rn denotes the true system state vector at discrete time t

– xf
m,t ∈ Rn denotes the forecast state from model m at time t
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– xa
m,t ∈ Rn denotes the analysis (updated) state from model m at time t

– xf
1:m,t ∈ Rn denotes the consensus forecast state from models 1 to m

– yt ∈ Rp denotes the measurement vector at time t

– d(t) ∈ Rh denotes the input vector

– ut ∈ Rq denotes the control input vector at time t

– ei(t) = xi(t)− xp(t) denotes the identification error

– dm,t = yt −Htx
f
m,t denotes the innovation vector for model m

– wi(t) denotes the scalar weight for the i-th model

– w̃i denotes the matrix-valued weight in canonical coordinates

– Tp, Ti denote transformation matrices to canonical form

– Si = TpT
−1
i denotes the similarity transformation matrix

– Tm denotes the transformation from reference space to model m space

– Σp denotes the uncertain plant system

– Σi denotes the i-th identification model system

– fm(·) denotes the state transition function for model m

– ftrue(·) denotes the true (unknown) system dynamics

– h(·) denotes the measurement function

• Covariance and Noise Matrices:

– Pf
m,t ∈ Rn×n denotes the forecast error covariance for model m

– Pa
m,t ∈ Rn×n denotes the analysis error covariance for model m

– Pf
1:m,t ∈ Rn×n denotes the consensus forecast covariance

– Qm,t ∈ Rn×n denotes the process noise covariance for model m

– Qtrue ∈ Rn×n denotes the true process noise covariance

– Rt ∈ Rp×p denotes the measurement noise covariance

– Sm,t ∈ Rp×p denotes the theoretical innovation covariance

– Ŝm,t ∈ Rp×p denotes the empirical innovation covariance

– S ∈ Rn×n denotes the ensemble sampling covariance matrix

• Kalman Filter Matrices:
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– Fm,t ∈ Rn×n denotes the Jacobian of fm at time t

– Ht ∈ Rp×n denotes the measurement matrix at time t

– Km,t ∈ Rn×n denotes the model incorporation gain matrix

– Kt ∈ Rn×p denotes the Kalman gain for measurement update

– I ∈ Rn×n denotes the identity matrix (size from context)

• Parameter and Uncertainty Notations:

– m = (m1,m2, . . . ,mk) ∈ Rk denotes the parameter uncertainty vector

– [pi, qi] denotes the bounds for parameter mi

– m̂l = Πl(m) denotes the parameter vector with l-th component removed

– θ = [α1 α2 · · · αn]
T denotes the canonical parameter vector

– ck denotes the k-th coefficient of the characteristic polynomial

– lbij, ubij denote lower and upper bounds for matrix element aij

• Koopman Operator Notations:

– zt ∈ Rd denotes the lifted state in Koopman space, where d > n
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– CK ∈ Rn×d denotes the output matrix for Koopman states
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– wt ∈ Rd denotes the process noise in Koopman space

– QK ∈ Rd×d denotes the process noise covariance in Koopman space

– RK ∈ Rn×n denotes the reconstruction error covariance

– Pz
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– Xd ∈ Rd×L denotes the matrix of successor lifted states
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– X̃d ∈ Rd×L denotes the matrix of predecessor lifted states

– U ∈ Rq×L denotes the matrix of control inputs

– Y ∈ Rn×L denotes the matrix of original states

– V1, V2 denote the data fitting and regularization terms in optimization

– λ{A,B,H,C,Q,R} denote regularization hyperparameters

– α denotes the blending parameter for stability enhancement

– γ denotes the adaptation rate for covariance updates

– w denotes the window size for innovation averaging

– αm,t denotes the adaptive scaling factor for model m

• Ensemble Method Notations:

– Nm denotes the ensemble size for model m

– ηi ∈ Rn denotes the perturbation vector for ensemble member i

– (xf
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– xf
m,t+1 ∈ Rn denotes the ensemble mean for model m
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– ϵ denotes the eigenvalue threshold for covariance conditioning

• Vehicle Dynamics Notations:
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– ϕ denotes the roll angle
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– kϕ denotes the roll stiffness

– cϕ denotes the roll damping coefficient

– ϕr denotes the road bank angle

– θr denotes the road grade angle

– Fyf , Fyr denote front and rear lateral tire forces

– FY denotes the total lateral force
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– ≜ denotes ”is defined as”

– ≈ denotes ”approximately equal to”

– O(·) denotes the big-O notation for order of magnitude

– ⊗ denotes the Kronecker product
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Chapter 1

Introduction

1.1 Motivation

Modern engineering systems operate in increasingly complex and uncertain environments,
where traditional control approaches face fundamental limitations in ensuring robust and
reliable performance. From autonomous vehicles navigating unpredictable road conditions
to power systems managing renewable energy integration, the challenge of handling uncer-
tainties in dynamic systems has become crucial. This challenge is particularly important
in safety-critical applications where system failures can have catastrophic consequences,
necessitating control strategies that can adapt to varying operating conditions while main-
taining guaranteed performance bounds.

Traditional approaches to handling uncertainties, namely adaptive control and robust
control, have provided valuable theoretical foundations and practical solutions for many
applications. However, these classical methods can only handle systems within a cer-
tain limited range of uncertainties and often experience system-theoretic limitations in
parameter identification, potentially leading to system instability. In practical scenarios,
parametric uncertainties can increase substantially due to alterations in operational con-
ditions, component aging or malfunction, and variations in plant dynamics resulting from
external influences. These considerable parametric uncertainties can lead to suboptimal
transient responses and even catastrophic system failures. Furthermore, conventional adap-
tive control methods demand consistently activated inputs to ensure accurate identification
of unknown parameters—a requirement that proves highly limiting, especially in critical
situations where safety is paramount and aggressive control inputs may be undesirable or
dangerous.
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To address these fundamental limitations, the multi-model approach has emerged as
a powerful paradigm that employs multiple models representing different operating con-
ditions or parameter values, combining their responses to control systems with variable
parameters or uncertainties. Unlike traditional methods that rely on a single model with a
wide range of uncertainty in its dynamic equation, this approach advocates the use of a set
of models that represent the system’s behavior under different operational conditions. This
paradigm shift allows for a significantly less conservative approach to designing controllers,
with one designated for each model within the system model set, thereby forming either
supervised switched or blending control structures.

Despite the theoretical advantages of multi-model approaches, their practical imple-
mentation faces a critical challenge: the curse of dimensionality. As the dimension of the
uncertain parameter space increases, the number of required identification models grows ex-
ponentially, rendering the algorithm computationally intensive and unsuitable for real-time
applications. This computational burden becomes particularly crucial in modern applica-
tions such as integrated vehicle dynamics and power networks, where multiple subsystems
interact through coupled dynamics and real-time performance is essential. Furthermore,
the literature lacks clear strategies for model selection and optimal placement within the
parameter uncertainty space, with most existing approaches relying on ad-hoc methods or
exhaustive gridding that quickly becomes infeasible for high-dimensional systems.

The evolution of technology has introduced another dimension to this challenge: the rise
of data-driven methods and machine learning techniques that offer powerful alternatives to
traditional physics-based modeling. While physics-based models provide interpretability
and theoretical guarantees, they often falter in extreme conditions where idealized assump-
tions break down. Conversely, data-driven approaches demonstrate remarkable capacity
to learn complex patterns but struggle with generalization beyond their training data
and lack the interpretability crucial for safety-critical applications. This divide represents
more than a methodological preference—it reflects a deeper tension between theoretical
understanding and empirical adaptation that must be resolved for next-generation control
systems.

Vehicle dynamics control exemplifies these challenges in a concrete and impactful do-
main. Under harsh circumstances such as sudden changes in road surface friction and
extreme driving conditions, a vehicle’s response to driver commands can result in poten-
tial instability or significant deviations from the desired trajectory. The primary challenge
in ensuring vehicle resilience to varying road conditions and complex tire behavior lies
in accurate state estimation and parameter identification. Current estimation algorithms
fall short in promptly and accurately detecting alterations in road conditions, particularly
during transitions between different operating regimes. Given these considerations, there
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is a critical need for system identification approaches that can promptly identify abrupt
changes in vehicle dynamics using all available data while maintaining computational effi-
ciency for real-time implementation.

1.2 Objectives

The primary objective of this thesis is to develop a comprehensive framework for multi-
model adaptive control and estimation that addresses the fundamental challenges of com-
putational complexity and model integration through three interconnected and systematic
contributions, as illustrated in Figure 1.1. Each objective targets a specific aspect of the
problem while collectively forming a unified solution for practical implementation of multi-
model systems.

Figure 1.1: Overview of multi-model adaptive control challenges and the three-part solu-
tion approach: geometric optimization for model selection, coordinate transformations for
dimension reduction, and consensus fusion for heterogeneous model integration.
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1.2.1 Optimal Model Selection and Positioning

The first objective focuses on developing novel approaches for optimally selecting and
positioning models within the parameter uncertainty space, maximizing coverage while
minimizing computational requirements (Chapter 3). Traditional multi-model approaches
suffer from the exponential growth in required models as system complexity increases,
making real-time implementation computationally prohibitive. This thesis addresses this
challenge by developing systematic methods based on computational geometry and op-
timization theory that can determine the minimal set of models required to adequately
represent system uncertainties.

The approach leverages the key insight that traditional multi-model methods use far
more models than necessary—instead of using every possible model combination to cover
parameter uncertainties, carefully chosen subsets can achieve the same coverage with dra-
matically reduced computation. To realize this insight, this thesis introduces the Enclosed
Polytope with Maximum Volume (EPMV) algorithms that find convex spaces with max-
imum volume inside the uncertainty space, ensuring optimal coverage while minimizing
required models. These algorithms work strategically, like placing sensors to monitor an
entire area with the fewest locations needed.

The framework extends beyond discrete model placement through an interval-based
optimization method for continuous uncertainty intervals, jointly optimizing model place-
ment and count through volume maximization. Additionally, a transfer function-based
dimension reduction method enables efficient model selection for large-scale systems by
emphasizing input-output characteristics rather than full state representations. Valida-
tion across vehicle lateral dynamics and power generator systems demonstrates that these
methods typically reduce model requirements while maintaining estimation accuracy.

1.2.2 Dimension Reduction through Coordinate Transformations

The second objective establishes theoretical foundations for dimension reduction in multi-
model systems through coordinate transformations and parameter dependencies (Chapter
4). While the first objective addresses model selection within a given parameter space, this
objective tackles the fundamental scaling limitations by proving that changing to the right
coordinates can considerably simplify high-dimensional uncertainty spaces. The challenge
lies in developing rigorous mathematical foundations that guarantee the preservation of
system properties while reducing computational complexity.

This thesis develops the Parameter-Tying Theorem as a theoretical innovation showing
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that transformation to controllable canonical form, combined with analysis of monotonicity
properties in how parameters affect the system, can reduce the number of required mod-
els from exponential in the number of parameters to potentially constant. The theorem
provides conditions under which the effective dimension of the uncertainty space can be
reduced without sacrificing coverage or performance guarantees. This represents a funda-
mental breakthrough in addressing the curse of dimensionality for multi-model systems.

The framework extends through multiple conditions including affine relationships, sym-
metry properties, and coordinated parameter variations, making it applicable beyond
strictly monotonic systems. Weight transformation relationships are derived that maintain
convex hull properties and stability guarantees across coordinate transformations, ensur-
ing that dimension reduction does not compromise system performance. Validation on
coupled lateral-roll vehicle dynamics with six uncertain parameters confirms the impact:
sixty-four traditionally required models reduce to just two while fully covering the uncer-
tainty space, demonstrating the dramatic computational savings possible through proper
coordinate selection.

1.2.3 Integration of Physics-Based and Data-Driven Models

The third objective creates unified frameworks that seamlessly integrate physics-based and
data-driven models, leveraging their complementary strengths while mitigating individual
weaknesses (Chapter 5). Modern control systems require the interpretability and theo-
retical guarantees of physics-based models combined with the adaptability and pattern
recognition capabilities of data-driven approaches. However, integrating these fundamen-
tally different model types presents significant challenges in uncertainty quantification,
covariance propagation, and fusion methodology.

This thesis develops a consensus multi-model Kalman filter framework that enables
robust state estimation across diverse operating conditions by properly handling hetero-
geneous model types. The challenge of uncertainty propagation through nonlinear data-
driven models is addressed through two novel methodologies: Koopman operator-based
linearization that allows analytical covariance propagation for neural networks and other
nonlinear models, and an ensemble-based approach that provides model-independent un-
certainty quantification without requiring offline training.

The consensus fusion procedure automatically adjusts model weights based on their
demonstrated reliability in current operating conditions, ensuring smooth transitions be-
tween models as system dynamics change. Innovation-based techniques enable online
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estimation of model error covariances, ensuring proper calibration of relative uncertain-
ties between different model types. Extensive experimental validation on an electric all-
wheel-drive vehicle under extreme conditions—including high-slip maneuvers with sideslip
angles over fifteen degrees, rapid transitions between ice and dry pavement, and sensor
failures—demonstrates major performance improvements over traditional single-model ap-
proaches while maintaining reliable uncertainty bounds essential for safety-critical deci-
sions.

Through these objectives, this thesis aims to bridge the gap between theoretical multi-
model control concepts and practical implementation constraints, enabling the deployment
of sophisticated adaptive control strategies in real-world applications where computational
resources are limited and reliability is paramount.

1.3 Thesis Outline

This thesis is organized into seven chapters that systematically develop the theoretical
foundations, algorithmic innovations, and practical applications of efficient multi-model
approaches for uncertain dynamic systems.

Chapter 2: Background and Literature Review provides a comprehensive review
of multi-model adaptive control approaches, tracing their evolution from early switching-
based methods to modern hybrid frameworks. The chapter examines the mathemati-
cal foundations of multi-model systems, analyzes the computational challenges that limit
practical implementation, and reviews recent advances in integrating physics-based and
data-driven models. This review establishes the theoretical context and identifies the key
gaps that motivate the contributions of this thesis.

Chapter 3: Optimal Multi-Model Selection via Geometric Analysis presents
novel algorithms for model selection based on computational geometry principles. The
chapter introduces two Enclosed Polytope with Maximum Volume (EPMV) algorithms
that find convex spaces with maximum volume inside the uncertainty space, ensuring op-
timal coverage while minimizing required models. An interval-based optimization frame-
work is developed for continuous uncertainty intervals, jointly optimizing model placement
and count through volume maximization. A transfer function-based dimension reduction
method enables efficient model selection for large-scale systems by emphasizing input-
output characteristics. The effectiveness of the approach is shown in two distinct areas
of dynamic systems, namely vehicle handling dynamics known as the bicycle model and
power generator dynamics known as swing dynamics.
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Chapter 4: Dimension Reduction through Parameter-Tying and Canonical
Transformations develops the theoretical framework for reducing computational com-
plexity through systematic transformation to canonical form. The chapter presents the
parameter-tying theorem, derives weight transformation relationships that preserve system
properties, and establishes verifiable criteria for ensuring robust performance in reduced-
dimension spaces. The approach is validated through application to coupled lateral-roll
vehicle dynamics.

Chapter 5: Consensus-Based Integration of Heterogeneous Models introduces
a novel multi-model Kalman filter framework that seamlessly integrates physics-based and
data-driven models. The chapter presents two distinct methodologies for handling co-
variance propagation in data-driven models: Koopman operator-based linearization and
ensemble-based methods. The consensus fusion procedure and its iterative implementa-
tion are detailed, along with practical considerations for real-time deployment. The ex-
perimental results conducted on an electric all-wheel-drive Equinox vehicle demonstrate
performance improvements over single-model techniques, with particularly significant ad-
vantages during challenging maneuvers and varying road conditions, confirming the effec-
tiveness and robustness of the proposed methodology for safety-critical autonomous driving
applications.

Chapter 6: Conclusions and Future Directions summarizes the key contributions
of the thesis, discusses their theoretical and practical implications, and identifies promising
directions for future research. The chapter reflects on how the developed methods advance
the field of multi-model adaptive control and their potential impact on emerging appli-
cations in autonomous systems, smart infrastructure, and other domains requiring robust
adaptation to uncertainty.

Throughout the thesis, theoretical developments are accompanied by rigorous math-
ematical analysis, algorithmic implementations are provided with consideration for prac-
tical constraints, and experimental validations demonstrate real-world applicability. The
progression from foundational concepts to advanced integration techniques reflects the
comprehensive nature of this research, which bridges theoretical innovation with practical
implementation to advance the state of the art in adaptive control for uncertain dynamic
systems.
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Chapter 2

Background and Literature Review

This chapter provides a comprehensive review of multi-model approaches for handling
uncertainties in dynamic systems, tracing the evolution from traditional adaptive con-
trol methods to modern hybrid frameworks that integrate physics-based and data-driven
models. The review examines the theoretical foundations, computational challenges, and
recent advances in multi-model adaptive control, with particular emphasis on applications
to vehicle dynamics and power systems.

2.1 Multi-Model Adaptive Control: Foundations and

Evolution

2.1.1 Motivation and Traditional Approaches

Handling uncertainties in system modeling remains one of the most critical challenges in
dynamic systems control. Traditional approaches such as adaptive control and robust
control have been extensively studied and applied, yet they possess inherent limitations
when dealing with systems exhibiting broader uncertainties [1]. These classical methods
can only handle systems within a certain limited range of uncertainties, often experiencing
system-theoretic limitations for parameter identification and potential system instability
[2, 3].

Practical scenarios frequently witness substantial increases in parametric uncertainties
due to alterations in operational conditions, component aging or malfunction, and varia-
tions in plant dynamics resulting from external influences. These considerable parametric
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uncertainties can lead to suboptimal transient responses and even system instability. Fur-
thermore, conventional adaptive control methods demand consistently activated inputs to
ensure accurate identification of unknown parameters, a requirement that proves highly
limiting, especially in critical situations where safety is crucial [2].

To tackle these challenges associated with broader system variations and uncertain-
ties, Multi-Model Adaptive Control (MMAC) strategies have been developed [4]. The
fundamental concept behind utilizing multi-models in control design is to offer a more
comprehensive description of the behavior and control performance of time-varying sys-
tems affected by uncertainties. Instead of relying on a single model with a wide range of
uncertainty in its dynamic equation, this approach advocates the use of a set of models that
represent the system’s behavior under different operational conditions [5]. This paradigm
shift allows for a significantly less conservative approach to designing a set of controllers,
with one designated for each model within the system model set, thereby forming either a
supervised switched [6, 7, 8] or blending [9, 10, 11] control structure.

The theoretical foundations of multi-model control have been extensively developed in
the literature. [12] presented a comprehensive analysis of the new approach to adaptive
control using multiple models, while [13] explored hierarchical adaptive control strategies
for rapidly time-varying systems. The rationale for second-level adaptation was further
elucidated in [14], providing theoretical justification for the benefits of multi-model ap-
proaches over traditional single-model methods.

2.1.2 Switching-Based Multi-Model Approaches

The development of switching-based multi-model control represents one of the earliest sys-
tematic approaches to handling multiple operating regimes. As early illustrations, multiple-
model Kalman filters were introduced in [15] to control lateral and longitudinal dynamics of
an F-8C aircraft, and [16] presented a framework to enhance the accuracy of state estima-
tion through partitioning approaches. The concept of switching was formally introduced
in [17] to provide necessary and sufficient conditions for adaptive stabilization.

Two primary switching strategies emerged from this early work: direct switching and
indirect switching. In direct switching [18, 19], the system’s output dictates when the
switch to the next controller occurs, following a predetermined sequence. This approach
offers simplicity in implementation but lacks flexibility in adapting to unexpected system
behaviors. In contrast, indirect switching determines both the timing of switches and
which controller is selected [20], providing greater adaptability at the cost of increased
complexity.
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In the context of uncertain linear SISO systems, researchers [21, 22, 23] explored set-
point regulation and introduced a high-level controller known as a supervisor. This super-
visor oversees the switching between a set of candidate set-point controllers, ensuring that
the system output closely follows a constant reference input. These studies assumed that
the uncertain system consists of various sub-families, each having its own linear controller
for achieving set-point regulation. The selection criterion typically involved output-squared
estimation errors for comparison, with the candidate controller exhibiting the smallest per-
formance index being selected to generate the control input.

Building upon these foundations, [24] addressed continuous-time linear SISO systems
with significant modeling errors, employing a family of linear candidate controllers un-
der the guidance of high-level switching logic. Their primary focus was on the switch-
ing mechanisms found in the existing literature, highlighting the modularity aspect of
switching-based multiple-model adaptive control. This modularity, where the switching
logic, multiple-model system identifier, and candidate controllers can be designed indepen-
dently, enhances flexibility in various applications.

The advantages of switching-based control schemes were comprehensively analyzed in
[25], which compared them with traditional adaptive control techniques. These advan-
tages include simplified parameterization, reduced computational cost, the ability to handle
non-convex or discrete parameter sets, and improved modularity. The paper categorized
switching logic into two groups: one relying on process estimation (using either certainty
equivalence or model validation) and the other involving direct evaluation of candidate
controllers.

The concept of switching and tuning within multi-model adaptive control was intro-
duced and enhanced to prevent suboptimal responses caused by transitions between fixed
controllers [7, 26]. The central concept involved utilizing switching logic for rapid adapta-
tion and subsequently adjusting the controller’s gain through an adaptive law to enhance
performance. This switching and tuning approach extended the applicability of multi-
model methods from uncertain LTI systems to uncertain Linear Time-Varying (LTV) sys-
tems. Further developments in adaptive control using multiple models with switching and
tuning were presented in [8], demonstrating improved transient response characteristics.

2.1.3 Blending-Based Multi-Model Structures

While switching-based methods offered significant improvements over traditional adaptive
control, they faced two fundamental challenges in practical implementation. First, because
one of the predetermined models needs to be sufficiently close to the original system’s
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parameters at any given time t, the number of these fixed models, denoted as N , can
become large and increases exponentially as the unknown parameter vector’s dimension
grows [27]. Second, the models other than the best-matching one don’t contribute to the
estimation of unknown parameters, leading to inefficient use of available information.

To address these limitations, [5] introduced a technique called ”second-level adaptation”
for identifying the plant using a set of fixed identification models, each associated with a
fixed controller gain. The resulting control gain is determined by blending these fixed
control gains based on the identification errors. This method combines information from
all fixed models to estimate plant parameters while using a minimal number of models.
The approach was further developed for uncertain LTI SISO systems in companion form
using a set of adaptive identification models, constructed using the indirect model reference
adaptive control scheme.

Multiple model adaptive control with mixing was comprehensively studied by [9],
demonstrating the advantages of blending approaches over pure switching methods. The
theoretical foundation for second-level adaptation with fixed identification models was es-
tablished through the outcomes derived from multiple adaptive identification models. Sub-
sequently, this method was expanded to control uncertain LTV SISO systems in companion
form, utilizing fixed identification models. The extension to LTV systems required treating
the weight vector W as a time-varying parameter W (t), representing the time-dependent
changes in the parameter vector Ap(t).

[28] explored the application of multiple models and switching in online center of gravity
estimation for automotive vehicles, demonstrating the practical benefits of blending-based
approaches. Recent applications of blending-based approaches have demonstrated their
effectiveness in various domains. [10] utilized blending of multiple models to analyze the
stability of vehicle motion, while [11] applied similar concepts to lateral vehicle dynamics.
These studies showed that blending-based methods could achieve superior performance
compared to switching approaches, particularly in situations where smooth transitions
between operating conditions are required.

2.1.4 Applications in Vehicle Dynamics and Power Systems

The utilization of multiple-model system identification approaches has gained significant
attention in vehicle dynamics estimation. This method stands out because it necessitates
less sensor data and does not rely on persistently excited inputs for identification purposes.
In [29], a switching-based multiple-model system identifier was employed for real-time
estimation of constant parameters in vehicle dynamics. The study focused on using a

11



2-DOF linear lateral vehicle dynamics model, including sideslip angle and yaw-rate, to
determine the cornering stiffness of both front and rear tires, as well as the longitudinal
position of the vehicle’s center of gravity (CG).

These parameters were assumed to exist within a continuous parameter space, with
a total of 140 identification models designed to comprehensively cover this space. The
results demonstrated that all three constant parameters were accurately estimated. The
same approach was extended to a 1-DOF linear roll vehicle dynamics model to identify
uncertain spring stiffness, damping coefficient, and the vertical position of the vehicle’s CG.
Similar to the lateral dynamics case, the uncertain parameters were constrained within a
known parameter space, with 240 models designed for their identification.

Vehicle dynamics control applications have been extensively studied using multi-model
approaches. [30] developed an optimal yaw moment control law for improved vehicle han-
dling, demonstrating the effectiveness of multi-model techniques in complex control scenar-
ios. [31] extended these concepts to develop an advanced torque vectoring control system
for electric vehicles with in-wheel motors using soft computing techniques, showcasing the
versatility of multi-model approaches in modern vehicle architectures. [32] further refined
optimal yaw moment control strategies, contributing to the growing body of knowledge on
multi-model vehicle dynamics control.

The application of multi-model approaches extends beyond vehicle dynamics to power
systems, where they have been employed for handling uncertainties in generator dynamics
and network stability analysis [33, 34]. These applications demonstrate the versatility
of multi-model methods across different engineering domains, highlighting their potential
for addressing complex system uncertainties in various contexts. The system-theoretic
performance metrics developed for low-inertia stability of power networks [33] and the
H∞ performance analysis of mechanical and power networks [34] provide valuable insights
into the broader applicability of multi-model techniques.

The mathematical rigor underlying these applications is supported by fundamental
texts such as [35] for mathematical analysis and [36] for matrix analysis techniques essential
to multi-model system theory. These theoretical foundations ensure the robustness and
reliability of multi-model approaches across diverse application domains.

12



2.2 Computational Efficiency and Model Selection in

Multi-Model Systems

2.2.1 The Curse of Dimensionality Challenge

Despite the theoretical advantages of multi-model approaches, their practical implemen-
tation faces a significant computational challenge known as the ”curse of dimensionality.”
As the dimension of the uncertain parameter space increases, the number of required iden-
tification models grows exponentially [4]. This exponential growth renders the algorithm
computationally intensive and unsuitable for real-time applications, particularly in high-
dimensional systems such as integrated vehicle dynamics [37] or complex power networks.

The computational burden becomes particularly acute when considering modern appli-
cations that require real-time performance. For instance, in autonomous vehicle control,
state estimation must be performed at high frequencies (typically 100-1000 Hz) to ensure
safe operation. When the number of models grows exponentially with system dimension,
even efficient implementations struggle to meet these real-time constraints.

Furthermore, the literature has not adequately explored systematic criteria for selecting
models within the multi-model framework. Most existing approaches rely on ad-hoc meth-
ods or exhaustive gridding of the parameter space, which quickly becomes infeasible for
high-dimensional systems. This gap in the literature motivated the development of novel
approaches for optimal model selection that can maintain coverage of the uncertainty space
while dramatically reducing computational requirements.

Advanced state estimation techniques have been developed to address computational
challenges. [38] presented an unscented Kalman filter for vehicle state estimation that
offers improved computational efficiency compared to traditional approaches. [39] devel-
oped specialized methods for state estimation in roll dynamics for commercial vehicles,
demonstrating the need for computationally efficient approaches in practical applications.

2.2.2 Geometric Approaches to Model Selection

To address the computational challenges, novel geometric approaches have been developed
for optimal model selection within multi-model frameworks. These approaches leverage
tools from computational geometry and optimization to systematically select a subset of
models that maximizes coverage of the parameter uncertainty space.
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The theoretical foundations for these geometric approaches draw from extensive re-
search in computational geometry. [40] developed approximation algorithms for convex
hulls that provide efficient methods for handling high-dimensional spaces. [41] presented
comprehensive experimental evaluations of convex-hull algorithms, offering insights into
practical implementation considerations. [42] specifically addressed the challenge of com-
puting approximate convex hulls in high dimensions, while [43] provided a thorough treat-
ment of convex hull computations in the broader context of discrete and computational
geometry. The work of [44] on optimized bounding boxes of polytopes provides additional
tools for efficient model selection in multi-dimensional parameter spaces.

2.3 Integration of Physics-Based and Data-Driven Ap-

proaches

2.3.1 The Emergence of Hybrid Modeling Paradigms

The divide between physics-based and data-driven approaches goes beyond just choosing a
method—it reflects a fundamental struggle between theoretical understanding and learning
from data that runs through all areas of engineering. Traditional physics-based models are
transparent and built on solid theory, but they often fail in extreme conditions where their
idealized assumptions no longer hold. On the other hand, data-driven approaches can learn
incredibly complex patterns, but they struggle to work beyond the data they were trained
on and often can’t explain their decisions—a serious problem for safety-critical systems.

Early work in hybrid modeling came from [45], who demonstrated one of the first
applications to vehicle dynamics by combining a physical vehicle model with a Local Linear
Model Tree (LOLIMOT) neural network in a serial Wiener structure. Their approach
showed significant error reduction when adapting to changing road conditions, establishing
the potential benefits of combining physical understanding with data-driven flexibility.

Recent advances in data-driven methods have revolutionized vehicle dynamics model-
ing. [46] developed a data-driven approach using deep neural networks to model vehicle
longitudinal dynamics based on multibody simulation data, demonstrating high prediction
accuracy and computational efficiency for real-time applications. [47] showed that neural
networks with time-delayed inputs can effectively estimate vehicle sideslip angle without
requiring a reference model or parameter identification, achieving errors generally below
1° across various driving conditions.
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Specialized neural network architectures have shown particularly promising results. [48]
demonstrated that General Regression Neural Networks (GRNN) can effectively estimate
vehicle sideslip angle by modeling it as a time series mapping of yaw speed and lateral
acceleration. [49] developed a multi-model approach using specialized NARX neural net-
works for different road conditions, selected by a classification network, achieving 98.6%
accuracy in sideslip angle estimation.

Comparative studies have provided valuable insights into the relative merits of differ-
ent approaches. [50] conducted a comprehensive comparison of physical and data-driven
models for longitudinal vehicle dynamics under large-scale real-world driving conditions,
demonstrating that data-driven approaches can outperform traditional physical models
while requiring less computational effort for training. [51] showed that deep neural net-
works, particularly Convolutional Neural Networks (CNNs), can effectively learn and con-
trol coupled longitudinal and lateral vehicle dynamics, outperforming conventional decou-
pled controllers in challenging scenarios.

The modeling of vehicle dynamics with neural networks has been further advanced by
[52], who demonstrated that neural networks with physics-inspired pre-wired structures
outperform conventional black-box networks. Recent studies such as [53] have shown that
recurrent neural networks can effectively estimate vehicle side-slip angle across varying
road surfaces without explicit friction information, outperforming traditional filtering ap-
proaches in both accuracy (0.195° vs. 0.297° median RMSE) and computational efficiency
(100× faster).

2.3.2 Hybrid Physics-Data Driven Modeling Frameworks

Hybrid physics-data driven modeling has emerged as a promising direction that maintains
the interpretability and theoretical foundation of physics-based models while exploiting the
capacity of data-driven methods to capture complex, nonlinear behaviors. [54] proposed
a hybrid physics-data-driven framework integrating physical models with online learning
neural networks for vehicle dynamics modeling, demonstrating that an H∞-based learning
algorithm outperforms traditional EKF approaches in convergence speed and robustness
to uncertain noise characteristics.

[55] proposed a hybrid physics-data driven observer that integrates ridge regression
with a dual-attention LSTM network for vehicle dynamics state estimation, demonstrating
superior accuracy over traditional UKF observers and purely data-driven methods across
various driving conditions. Their approach eliminates the need for differential forms of
physics models while effectively capturing nonlinear vehicle dynamics.
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The effectiveness of hybrid approaches has been demonstrated across various aspects of
vehicle dynamics. [56] developed a hybrid modeling approach for vehicle lateral dynamics
that combines a physical model with a dual-attention GRU neural network for modeling
residuals, demonstrating superior performance under limited data conditions. [57] pro-
posed a hybrid lateral dynamics model that uses neural networks to predict time-varying
parameters for a bicycle model, demonstrating improved accuracy over conventional models
in nonlinear regimes while maintaining physical interpretability.

The integration of physical knowledge into neural networks has shown significant bene-
fits. [58] demonstrated that injecting physical knowledge into intermediate layers of neural
networks significantly improved prediction accuracy and reduced uncertainty for various
nonlinear dynamical systems. This physics-guided approach represents a promising direc-
tion for developing more robust and interpretable hybrid models.

A critical distinction in hybrid approaches is between those capable of online adap-
tation versus those relying on offline training. [59] introduced a hybrid architecture that
embeds neural networks into physical vehicle dynamics models to characterize modeling er-
rors and identify time-varying parameters, though their approach requires extensive offline
training and high-precision sensors. [60] demonstrated the effectiveness of a hybrid mod-
eling approach that integrates physics-based nominal models with data-driven Koopman
models for automated vehicle control under extreme conditions, providing a foundational
framework for multi-model integration.

Beyond basic dynamics modeling, hybrid approaches have been extended to specialized
aspects of vehicle behavior. [61] demonstrated that hybrid residual deep learning models
significantly outperform both pure physics-based and pure deep learning approaches in
plant transpiration estimation, with their HPDRL model showing superior generalization
capabilities particularly in limited data scenarios.

For specialized vehicle subsystem estimation, several targeted hybrid approaches have
shown promising results. [62] developed a hybrid modeling framework combining physics-
based vehicle models with neural networks to discover tire behaviors without expensive
instrumentation. [63] demonstrated a hybrid approach using piecewise affine identification
to approximate nonlinear tire dynamics for model predictive control.

For vehicle mass estimation, [64] demonstrated that fusing machine learning with
physics-based vehicle dynamics through fuzzy logic can achieve 97% accuracy in vehicle
mass estimation under varying conditions. [65] demonstrated a dual Kalman filter ap-
proach for simultaneous estimation of vehicle mass and road irregularities, achieving errors
below 5% in simulations.
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For tire-road friction estimation, [66] developed a data-driven method combining time-
domain and time-frequency features through a stochastic variational deep kernel learning
framework, achieving significant accuracy improvements especially under small excitation
conditions where traditional methods fail.

2.3.3 Multi-Model Kalman Filtering with Heterogeneous Models

Kalman filtering techniques have become the cornerstone of vehicle state estimation due
to their ability to optimally combine model predictions with sensor measurements while
accounting for uncertainties in both. An adaptive IMU/GNSS data fusion algorithm that
enhances vehicle dynamic models through complementary terms derived from sensor mea-
surements is developed in [67], demonstrating improved estimation accuracy despite sensor
biases and model uncertainties.

A hierarchical vehicle dynamics state estimation approach combining adaptive square-
root cubature Kalman filtering with a partitioned similarity-principle algorithm is proposed
in [68], demonstrating excellent accuracy in estimating vehicle states and tire-road friction.
The challenge of varying operating conditions has motivated adaptive filtering approaches.
A Variable Structure Extended Kalman Filter that effectively combines kinematic and
dynamic vehicle models through feedback mechanisms and damping factors is developed
in [69].

An Adaptive Fault-Tolerant Extended Kalman Filter (AFTEKF) for vehicle state esti-
mation that effectively handles partial sensor data loss by modeling it as a discrete distri-
bution is developed in [70]. Recent advancements such as an innovative adaptive unscented
Kalman filter that dynamically adjusts process and measurement noise covariances based
on vehicle-dynamics-derived heuristics are presented in [71], achieving remarkable improve-
ments in state estimation accuracy during extreme driving conditions.

The integration of neural networks with Kalman filtering techniques has shown par-
ticular promise. An innovative approach combining deep ensemble neural networks with
Kalman filters for vehicle sideslip angle estimation, where the neural network provides both
state estimates and uncertainty values to adaptively adjust the Kalman filter’s measure-
ment covariance matrix, is proposed in [72]. A mutualistic hybrid approach integrating a
CNN with a UKF through end-to-end training is proposed in [73], demonstrating superior
vehicle sideslip angle estimation particularly in highly non-linear driving conditions.

Research demonstrates that combining an Adaptive Neuro-Fuzzy Inference System
(ANFIS) with an Unscented Kalman Filter (UKF) produced superior vehicle sideslip an-
gle estimates compared to either technique alone in [74]. A neural-network-based Takagi-
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Sugeno fuzzy reduced-order observer for vehicle dynamics that uses a sliding mode observer
to identify model uncertainties from training data is developed in [75].

Work in [76] presents an innovative approach integrating artificial neural networks with
unscented Kalman filtering for vehicle sideslip angle estimation using only IMU measure-
ments, demonstrating significant improvements over single-model approaches while provid-
ing transparency to vehicle model uncertainties.

Multi-model Kalman filtering approaches have demonstrated significant advantages.
Recent advances include an innovative state-dependent Interacting Multiple Model ap-
proach for vehicle sideslip angle estimation that adapts transition probabilities between
different road condition models in real-time, as developed in [77]. An Interacting Multi-
ple Model based on Square Root Cubature Kalman Filter (IMM-SCKF) for vehicle state
estimation that effectively addressed noise uncertainty is proposed in [78].

Research in [79] shows that an Interacting Multiple Model Kalman filter with distinct
vehicle dynamic models representing different road surface conditions significantly improves
lateral motion estimation compared to single-model approaches. An Interacting Multiple
Model (IMM) approach for simultaneously estimating vehicle side-slip angle and road fric-
tion coefficient using multiple tire models and extended Kalman filters is developed in
[80].

An Interacting Multiple Model Kalman filter that optimally combines kinematic and
dynamic vehicle models for sideslip angle estimation using low-cost sensor fusion is devel-
oped in [81]. A multi-physical model fusion framework using Interacting Multiple Models
and time-series analysis for vehicle sideslip trajectory prediction is developed in [82].

2.3.4 Uncertainty Quantification and Fault Tolerance

A critical aspect of vehicle state estimation systems, particularly for safety-critical au-
tonomous driving applications, is their resilience to sensor failures and data corruption.
Work in [83] develops a cyber-physical vehicle velocity estimation framework that com-
bines LPV observers with distributed consensus algorithms in a fault-tolerant architec-
ture. A hybrid model-data fault detection system that integrates model-based estimators
with data-driven approaches is developed in [84], demonstrating superior performance for
vehicle sensor and actuator fault diagnosis.

The importance of uncertainty quantification in vehicle dynamics estimation is high-
lighted by a comprehensive comparison of model-based and data-driven approaches for
vehicle sideslip angle estimation conducted in [85]. Their study demonstrated that tire
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force measurements significantly improve estimation accuracy for both methods, while
highlighting the complementary strengths of each approach.

Recent work demonstrates that deep ensembles provide well-calibrated uncertainty es-
timates that outperform Bayesian approaches while remaining simple to implement and
scalable to large datasets, as shown in [86]. This approach to uncertainty quantification
is particularly relevant for integrating data-driven models into safety-critical estimation
frameworks.

A comprehensive analysis of hybrid-driven state estimation techniques, categorizing
them into three primary architectural approaches: (1) Network-based correction of model
estimates, (2) Learning of system parameters, and (3) Direct state estimation, is provided
in [87]. This categorization provides a valuable framework for understanding different
integration strategies.

Research in [88] develops a distributed cyber-physical system framework that integrates
nonlinear autoregressive neural networks for behavior prediction with vehicle dynamic mod-
els for cruise control, demonstrating improved safety through a novel range policy that
considers cut-in probability.

Effective validation methodologies remain critical. A comprehensive framework for
vehicle dynamics model validation that includes parameter estimation during dynamic
testing and iterative validation processes is established in [89], providing important context
for evaluating the robustness of different modeling approaches.
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Chapter 3

Optimal Multi-Model Selection via
Geometric Analysis

3.1 Introduction

The multi-model approach has emerged as a powerful methodology for handling uncer-
tainties in dynamic systems, as extensively discussed in Chapter 2. By employing mul-
tiple models that each represent different operating conditions or parameter values, this
approach provides a comprehensive framework for controlling systems with significant un-
certainties. However, despite its theoretical advantages, the practical implementation of
multi-model control faces a critical challenge: the exponential growth in the number of
identification models as the dimension of the uncertain parameter space increases.

This ”curse of dimensionality” renders the algorithm computationally intensive and
unsuitable for real-time applications. In practical scenarios, especially those requiring
high-frequency control updates such as autonomous vehicle systems or power grid manage-
ment, the computational burden of processing hundreds or thousands of models becomes
prohibitive. Despite considerable efforts in the literature on multi-model approaches, there
remains an evident lack of clear strategies for systematic model selection over all possible
models of the system.

This chapter addresses this fundamental challenge by introducing novel approaches
based on geometric analysis of the parameter uncertainty space. The key insight driving
our methodology is that not all models contribute equally to the coverage of the uncertainty
space—many models may be redundant or provide minimal additional information. By
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leveraging principles from computational geometry and optimization theory, we develop
systematic methods to identify the minimal set of models that adequately represents the
system’s behavior across all operating conditions.

The chapter makes three primary contributions:

1. Geometric Model Selection Algorithms: We introduce novel algorithms to se-
lect a subset of models by evaluating a metric in the system’s parameter space. This
metric quantifies the proximity of the chosen models to the convex hull encompass-
ing all possible system models. Two specific algorithms, termed Enclosed convex
Polytope with Minimum Models (EPMM), are developed with different selection
strategies to accommodate various model distributions.

2. Model Positioning under Interval Uncertainty: We present a new approach
for optimally positioning models within a parameter space defined by uncertainty
intervals. This method finds a new set of models that maximally cover the space,
which is particularly beneficial when a pre-defined constraint limits the number of se-
lectable models. The approach treats both model count and positions as optimization
variables.

3. Transfer Function-Based Dimension Reduction: We develop a transfer function-
based method to simplify model selection in large-scale systems with numerous states.
This method facilitates the transition from the high-dimensional parameter space to
a lower-dimensional space characterized by transfer function gains, significantly re-
ducing computational complexity while preserving essential system characteristics.

The effectiveness of these approaches is demonstrated through two distinct applications
that represent different classes of dynamic systems: vehicle lateral dynamics (representing
mechanical systems with parameter uncertainties) and power generator swing dynamics
(representing electrical systems with network uncertainties). These applications showcase
the versatility and practical impact of our methods across different engineering domains.

21



3.2 Problem Formulation and Mathematical Prelimi-

naries

3.2.1 System Description and Uncertainty Characterization

Consider an uncertain linear system described in state-space form:

ẋp(t) = Ap(θ)xp(t) +Bp(θ)d(t), (3.1)

where:

• xp(t) ∈ Rn represents the state vector of the plant

• d(t) ∈ Rm denotes the input vector

• Ap(θ) ∈ Rn×n is the state matrix, which depends on an uncertain parameter vector θ

• Bp(θ) ∈ Rn×m is the input matrix, also dependent on θ

• θ ∈ Rq is the uncertain system parameter vector

The uncertainty in the parameter vector θ arises from various sources in practical
applications. In vehicle dynamics, these uncertainties may stem from variations in vehicle
mass due to different loading conditions, changes in tire characteristics due to wear or road
conditions, or variations in suspension parameters. In power systems, uncertainties arise
from varying network impedances, generator inertias, and load characteristics.

To make the problem tractable, we introduce the following fundamental assumption:

Assumption 3.1 (Convex Hull Representation). There exist N known system matrix
pairs Ai ∈ Rn×n and Bi ∈ Rn×m, i = 1, . . . , N , for some known integer N > 0, such that:

[Ap Bp] ∈ Conv {[Ai Bi] : i = 1, . . . , N} , (3.2)

where Conv{·} denotes the convex hull of a set of matrices.

This assumption implies that the actual system matrices can be expressed as a convex
combination of known vertex matrices. This is a reasonable assumption in many practical
scenarios where the system parameters vary within known bounds, and the dependency of
the system matrices on these parameters is continuous.
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3.2.2 Multi-Model Framework

In the multi-model scheme, the uncertain linear system of (3.1) is represented by a collection
of models, each corresponding to a specific value of the uncertain parameters. For each
vertex i ∈ {1, . . . , N}, we construct a fixed model:

ẋi(t) = Aixi(t) +Bid(t). (3.3)

Each model generates a distinct output for identical inputs, reflecting the plant’s po-
tential response under different parameter values. This multiplicity of responses forms the
basis for robust estimation and control. The output produced by each identification model
is denoted as yi(t). Under the assumption that the states of the unknown plant are fully
accessible (an assumption that can be relaxed using observers), we have yp(t) = xp(t).

The identification error for each model is defined as:

ei(t) = xi(t)− xp(t). (3.4)

This error signal plays a crucial role in determining which models best represent the
current plant behavior and in computing appropriate weights for model blending.

3.2.3 Theoretical Foundation for Multi-Model Inclusion

The following theorem, originally established in the multi-model control literature, provides
the theoretical foundation for our approach:

Theorem 3.2 (Multi-Model Inclusion Property [5]). If the plant parameter Ap lies in the
convex hull of N known identification models {A1, A2, . . . , AN} at time t0, and if ei(t0) = 0
for all i, then for all t ≥ t0:

Ap(t) =
N∑
i=1

wi(t)Ai,

N∑
i=1

wi(t)ei(t) = 0, (3.5)

where wi > 0 and
∑N

i=1wi = 1.

This theorem establishes that if the plant starts within the convex hull of the identifica-
tion models, it remains within this convex hull for all future times. Moreover, the weights
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that express the plant as a convex combination of the models can be determined from the
identification errors.

The significance of this theorem is to guarantee that a properly selected set of models
can represent the plant behavior throughout its operation, provided the initial selection ad-
equately covers the uncertainty space. This motivates our focus on optimal model selection
strategies.

3.2.4 Extension to Non-linear Uncertain Plants

While the multi-model framework presented thus far assumes a linear uncertain plant,
a significant advantage of this approach lies in its ability to handle non-linear systems
through time-varying convex combinations of fixed linear models. This section elucidates
how the proposed methodology can effectively represent and control non-linear uncertain
plants without explicit non-linear modeling.

Local Linearization Through Time-Varying Weights

Consider a non-linear uncertain plant described by:

ẋp(t) = f(xp(t), d(t), θ(t)), (3.6)

where f : Rn×Rm×Rq → Rn is a non-linear function of the state, input, and time-varying
uncertain parameters.

The key insight of our approach is that while the identification models {Ai, Bi}Ni=1

remain fixed and linear, the effective plant representation at each time instant is given by:

Ap(t) =
N∑
i=1

wi(t)Ai, Bp(t) =
N∑
i=1

wi(t)Bi, (3.7)

where the time-varying weights wi(t) are not fixed but evolve continuously to track the
non-linear behavior. This formulation effectively creates a piecewise linear approxima-
tion of the non-linear system, where between time instants t and t + ∆t, the matrix pair
[Ap(t), Bp(t)] represents a local linearization that ”shadows” and mimics the non-linear
dynamics. Figure 3.1 illustrates this concept, showing how multiple fixed linear identifica-
tion models contribute through time-varying weights to construct a representation of the
non-linear uncertain plant.
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Sliding Window Weight Optimization

The time-varying weights wi(t) are determined through a sliding window least squares
optimization problem that minimizes the identification error over a recent time horizon.
Specifically, at each time t, we solve:

min
wi(t)

∫ t

t−Tw

∥∥∥∥∥
N∑
i=1

wi(τ)ei(τ)

∥∥∥∥∥
2

dτ

subject to
N∑
i=1

wi(t) = 1,

wi(t) ≥ 0, i = 1, . . . , N,

(3.8)

where Tw is the sliding window length, chosen to balance between tracking speed and noise
rejection.

This optimization problem ensures that the weights adapt to the changing dynamics
of the non-linear plant while maintaining the convexity constraints. The sliding window
approach provides several advantages:

• Adaptability: The weights can track slow variations in the non-linear dynamics

• Robustness: The windowed averaging provides inherent filtering of measurement
noise

• Computational Efficiency: The optimization problem remains convex and can be
solved efficiently in real-time

Theoretical Justification

The ability of this framework to represent non-linear systems can be understood through
the lens of universal approximation. As the number of identification models N increases
and their distribution in the parameter space becomes denser, the time-varying convex
combination can approximate any smooth non-linear function to arbitrary accuracy over
bounded regions of the state space.

Remark 3.3 (Non-linear Approximation Capability). For a Lipschitz continuous non-linear
function f and any ϵ > 0, there exists a finite set of linear models {Ai, Bi}Ni=1 such that
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Figure 3.1: Representation of non-linear uncertain plant through time-varying weighted
combination of fixed linear identification models. The weights wi(t) evolve through time
via sliding window least squares optimization, enabling the linear models to collectively
track and represent the non-linear dynamics.

the time-varying convex combination with optimally chosen weights wi(t) satisfies:∥∥∥∥∥f(xp(t), d(t), θ(t))−
(

N∑
i=1

wi(t)Ai

)
xp(t)−

(
N∑
i=1

wi(t)Bi

)
d(t)

∥∥∥∥∥ < ϵ, (3.9)

for all xp(t) in a bounded region and all admissible inputs d(t).

This property ensures that the multi-model framework can effectively handle non-
linear uncertain plants without requiring explicit non-linear model structures, maintaining
the computational advantages of linear model-based control while achieving the flexibility
needed for non-linear systems.

3.2.5 Extension to Input Matrices

For the input matrix Bp, we need to establish conditions under which it can be represented
within the model set. By assuming that Ap is non-singular (a reasonable assumption for
stable systems) and has full rank, its range space is Rn. Therefore, any vector in Rn,
including each column of Bp, must lie in the range space of Ap.
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For each column vector bp,j of Bp, there exists a corresponding vector xj ∈ Rn such
that:

bp,j = Apxj, ∀j ∈ {1, . . . ,m}. (3.10)

Since the range space R(Ap) is spanned by the columns of the convex combination of
A1, A2, . . . , AN , it follows that:

Bp ∈ R(A1, A2, . . . , AN). (3.11)

This relationship ensures that the input characteristics of the plant can be captured by
the selected models, which is essential for accurate system identification and control.

3.2.6 Weight Determination and Error Dynamics

The relationship in Theorem 3.2 can be expressed in matrix form:

E(t)W (t) = 0,

E(t) =
[
e1(t) e2(t) . . . eN(t)

]
,

W (t) =
[
w1 w2 . . . wN

]T
.

(3.12)

In practice, due to measurement noise and modeling approximations, the constraint
E(t)W (t) = 0 may not be exactly satisfied. Therefore, we employ a moving-window least
squares approach to find weights that minimize ∥E(t)W (t)∥2 subject to the constraints
wi ≥ 0 and

∑N
i=1wi = 1. This formulation ensures robustness to noise while maintaining

the convex combination property.

3.2.7 Parameter Uncertainty Space

To formalize our geometric approach, we need to define the space in which model selection
occurs:

Definition 3.4 (Parameter Uncertainty Space). Let the vector ϕ ∈ Rn2
be defined as the

vectorization of the uncertain elements in matrix Ap(θ):

ϕ =
[
a11(θ) a12(θ) · · · a1n(θ) a21(θ) · · · ann(θ)

]T
, (3.13)
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where each aij(θ) represents a potentially uncertain element of Ap(θ). The Parameter
Uncertainty Space Θ is defined as the convex hull of a finite set of admissible parameter
vectors:

Θ =

{
Θ ⊆ Rn2

∣∣∣∣ Θ = Conv
(
{ϕ(1), ϕ(2), . . . , ϕ(M)}

)
,

ϕi,min ≤ ϕ
(m)
i ≤ ϕi,max,∀i ∈ {1, . . . , n2}, ∀m ∈ {1, . . . ,M}

} (3.14)

where ϕi,min and ϕi,max define the bounds for each component.

Remark 3.5. In many physical systems, certain elements of A are known constants (e.g.,
structural zeros in the system matrix). In such cases, these elements should be excluded
from ϕ, reducing the effective dimensionality of the uncertainty space. This dimension
reduction can significantly improve the efficiency of our model selection algorithms.

3.3 Enclosed Convex Polytope with Minimum Mod-

els (EPMM) Algorithms

The central challenge in multi-model control is selecting a subset of models that ade-
quately represents the system behavior while minimizing computational burden. Consider
a scenario where we have identified N possible models covering the entire uncertainty
space. In principle, using all N models would provide the best coverage, but this be-
comes computationally prohibitive when N is large (often in the hundreds or thousands
for high-dimensional systems).

Our objective is to select a minimal subset of these models such that the convex hull of
the selected subset covers a sufficient portion of the original uncertainty space. This leads
to the following optimization problem:

Let M = {m1,m2, · · · ,mN} denote the complete set of available models. For any
subset S ⊆M , let |S| represent its cardinality and VCH(S) denote the volume of its convex
hull. The optimization problem is formulated as:

minimize |S|
subject to S ⊆M,

VCH(S) ≥ α · VCH(M),

(3.15)
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where α ∈ (0, 1] is a coverage ratio parameter. In our implementations, we typically
set α = 0.85, ensuring 85% coverage of the original uncertainty space.

This formulation embodies three essential aspects:

1. Minimality Objective: By minimizing |S|, we directly address the computational
efficiency concern, seeking the smallest possible model set.

2. Feasibility Constraint: The constraint S ⊆ M ensures we only select from avail-
able models, maintaining the practical realizability of our solution.

3. Coverage Constraint: The volume constraint ensures that our selected subset
maintains sufficient coverage of the uncertainty space. The choice of α represents a
trade-off between computational efficiency and coverage quality.

3.3.1 EPMM Algorithm 1: Pairwise Distance Maximization

The first algorithm we propose, EPMM 1, is based on the intuition that models positioned
far apart in the parameter space provide better coverage than closely clustered models.
The algorithm, which is outlined in 3.1 (the definition of functions utilized in algorithms
are denoted in 3.2.), proceeds through several strategic steps:

Step 1-2: Convex Hull Computation. The algorithm begins by computing the
convex hull of all available models. This step is crucial as it identifies which models lie
on the boundary of the uncertainty space—these boundary models are often the most
informative for coverage purposes.

Step 3-4: Extremum Point Selection. Extremum points are those that achieve
minimum or maximum values in at least one dimension of the parameter space. These
points are guaranteed to be vertices of the convex hull and provide ”anchor points” that
ensure coverage extends to the boundaries of the uncertainty space. Mathematically, for a
point p = (p1, . . . , pd) to be an extremum point, there must exist some dimension j such
that:

pj = min
m∈M

mj or pj = max
m∈M

mj (3.16)

Step 5-6: Candidate Refinement. Points very close to extremum points provide
minimal additional coverage and are removed from consideration. This step prevents the
algorithm from selecting redundant models and encourages diversity in the selection.
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Table 3.1: EPMM 1 Algorithm

Algorithm 1: Enclosed convex Polytope with Minimum Models
(EPMM 1)

Input: D (Initial set of model points in parameter space)
Output: S (Selected subset of models)
Procedure:
1. Compute the convex hull and its volume: CH ← ConvexHull(D); VCH ←
Volume(CH)
2. Extract vertices from the convex hull: V ← Vertices(CH)
3. Identify unique extremum points in each dimension: E ← ExtremumPoints(V )
4. Initialize selection with extremum points: S ← E
5. Remove extremum points from candidate set: V ← V \ E
6. Remove points too close to extremum points:
V ← V \ {v ∈ V : mine∈E ∥v − e∥ < ϵ}

7. while Volume(ConvexHull(S)) < α · VCH do:
7.1: Find the pair with maximum distance: (p1, p2)← argmaxv1,v2∈V ∥v1 − v2∥
7.2: Remove selected points from candidates: V ← V \ {p1, p2}
7.3: Add selected points to solution: S ← S ∪ {p1, p2}
7.4: Update coverage ratio and check termination

8. return S

Step 7: Iterative Pairwise Selection. The core of the algorithm lies in iteratively
selecting pairs of points that maximize the distance between them. This strategy is mo-
tivated by the observation that maximum dispersion often leads to good space coverage.
The pairwise selection continues until the volume constraint is satisfied.

Figure 3.2 illustrates these steps on a simplified 2D example.

3.3.2 EPMM Algorithm 2: Distance Sum Maximization

While EPMM 1 focuses on pairwise distances, EPMM 2 takes a more global approach by
considering each candidate point’s total contribution to the existing selection. This leads
to a more balanced distribution of selected models:

The key distinction of EPMM 2 outlined in 3.3 lies in its selection criterion. Instead of
selecting pairs based on their mutual distance, it selects individual points based on their
aggregate distance to all previously selected points:
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Table 3.2: Key Functions Used in EPMM Algorithms

Function Description

ConvexHull Computes the convex hull of a point set using standard algo-
rithms (e.g., Quickhull for high dimensions)

Volume Calculates the volume of a convex polytope using determinant-
based methods

Vertices Extracts the vertex set of a convex polytope
ExtremumPoints Identifies points with minimum/maximum coordinates in each

dimension
∥ · ∥ Euclidean norm in the parameter space

p∗ = argmax
v∈V

∑
s∈S

∥v − s∥ (3.17)

This criterion encourages the selection of points that fill gaps in the current coverage,
leading to a more uniform distribution. Figure 3.3 illustrates this selection process.

3.3.3 Comparative Analysis of EPMM Algorithms

Algorithm Selection Guidelines

The choice between EPMM 1 and EPMM 2 depends on the characteristics of the model
distribution in the parameter space:

EPMM 1 is particularly effective when:

• The model distribution is relatively uniform across the parameter space

• The uncertainty space has a regular geometric structure (e.g., hypercube, ellipsoid)

• Rapid initial coverage is desired, as pairwise selection quickly establishes a spanning
framework

EPMM 2 excels when:

• The model distribution is non-uniform or contains clusters
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Figure 3.2: Illustration of EPMM 1 algorithm steps in 2D parameter space. (a) Initial
convex hull with all models, (b) Extremum point selection, (c) Removal of nearby points,
(d) Pairwise distance maximization and final selection.

• The uncertainty space has irregular geometry or holes

• More refined coverage is needed, as the algorithm adaptively fills gaps

Mathematically, we can characterize suitable conditions for each algorithm. Let ρ(p)
denote the local density of models around point p. EPMM 1 performs well when:

maxp∈M ρ(p)

minp∈M ρ(p)
≈ 1 (3.18)

while EPMM 2 is preferred when this ratio is large, indicating significant density vari-
ations.
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Table 3.3: EPMM 2 Algorithm

Algorithm 2: Enclosed convex Polytope with Minimum Models
(EPMM 2)

Input: D (Initial set of model points in parameter space)
Output: S (Selected subset of models)
Procedure:
Steps 1-6: Same as EPMM 1
7. while Volume(ConvexHull(S)) < α · VCH do:
7.1: For each candidate v ∈ V , compute: d(v) =

∑
s∈S ∥v − s∥

7.2: Select point with maximum sum distance: p← argmaxv∈V d(v)
7.3: Update sets: V ← V \ {p}; S ← S ∪ {p}
7.4: Update coverage ratio and check termination

8. return S

Computational Complexity Analysis

Both algorithms share similar computational complexity profiles:

• Convex hull computation: O(n log n) for 2D/3D, O(n⌊d/2⌋) for d-dimensional
space

• Main iteration: O(kn2) where k is the number of selected models

• Volume computation: O(kd) per iteration for a d-dimensional polytope with k
vertices

The total complexity is dominated by the convex hull computation for high dimensions
and by the iterative selection for large n. In practice, for typical parameter spaces (d ≤ 10)
and model sets (n ≤ 1000), both algorithms complete within seconds on modern hardware.

Convergence and Approximation Guarantees

While the model selection problem is NP-hard in general, our heuristic algorithms provide
practical guarantees:
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Figure 3.3: EPMM 2 selection strategy. The algorithm selects the point (shown in blue)
that maximizes the sum of distances to all previously selected points (shown in green),
ensuring optimal space filling.

Theorem 3.6 (Convergence Guarantee). Both EPMM algorithms terminate in finite time
with a solution S satisfying:

VCH(S) ≥ α · VCH(M) (3.19)

Proof. The algorithms add at least one model per iteration and terminate when the volume
constraint is satisfied. Since |M | is finite and the volume is monotonically increasing with
model addition, termination is guaranteed.

Regarding approximation quality, empirical studies show that our algorithms typically
achieve:

|S|
|S∗|
≤ 1.2 (3.20)

where S∗ is the optimal solution. This near-optimal performance, combined with compu-
tational efficiency, makes the algorithms practical for real-world applications.

3.4 Optimization Approach for Interval Uncertainties

While the EPMM algorithms excel at selecting from a discrete set of predefined models,
many practical scenarios involve continuous parameter uncertainties defined by intervals.
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In such cases, we need an approach that can optimally position models within the contin-
uous uncertainty space.

This section presents an optimization framework that treats both the number of mod-
els and their positions as design variables, enabling a more flexible and potentially more
efficient coverage of the uncertainty space.

3.4.1 Problem Formulation

Consider a system with k uncertain parameters, each varying within known intervals:

θi ∈ [θi,min, θi,max], i = 1, . . . , k (3.21)

Our goal is to determine: 1. The optimal number of modelsm∗ 2. The optimal positions
of these models in the parameter space

This leads to a bilevel optimization problem:

min
m

m

subject to max
{θ(j)}mj=1

VCH({θ(j)}mj=1) ≥ α · Vtotal

θ(j) ∈ [θmin, θmax], j = 1, . . . ,m

(3.22)

where Vtotal is the volume of the entire uncertainty region.

3.4.2 Solution Methodology

The optimization procedure is structured as follows:

Dimensionality Considerations

A critical insight in Step 6 is that the effective dimension of the parameter space may be
lower than n2. This occurs when:

1. Linear Dependencies: Some elements of A(θ) may be linearly dependent on others
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Table 3.4: Optimization Procedure for Interval Uncertainties

Optimization Framework for Continuous Parameter Spaces

Step 1: Define Optimization Variables
For m models with k parameters each:

x = [x
(1)
1 , x

(1)
2 , . . . , x

(1)
k , x

(2)
1 , . . . , x

(m)
k ]T ∈ Rkm

Step 2: Map Variables to Model Parameters

For each model j: θ(j) = [x
(j)
1 , x

(j)
2 , . . . , x

(j)
k ]T

Step 3: Construct System Matrices
For each parameter set θ(j), construct A(θ(j)) based on system structure

Step 4: Define Mapping to Parameter Space

f : Rk → Rn2
, where f(θ(j)) = vec(A(θ(j)))

Step 5: Locate Points in Parameter Space
pj = f(θ(j)) for j = 1, . . . ,m

Step 6: Dimensionality Analysis via SVD
P = [p1, p2, . . . , pm]; [U,Σ, V

T ] = SVD(P )
Effective dimension = number of significant singular values

Step 7: Formulate Optimization Problem
maximize VCH({p1, . . . , pm})
subject to θi,min ≤ x

(j)
i ≤ θi,max for all i, j

2. Structural Constraints: Physical systems often have structural zeros or fixed re-
lationships

3. Parameter Coupling: Multiple uncertain parameters may affect the system ma-
trices in correlated ways

The SVD analysis reveals the true dimensionality:

deff = rank(P ) = |{σi : σi > ϵ}| (3.23)

where σi are the singular values and ϵ is a threshold for numerical rank determination.

36



Optimization Algorithm

For solving the optimization problem, we employ genetic algorithms due to: - Non-
convex objective function (volume of convex hull) - Potentially many local optima - Mixed
continuous-discrete nature when m is also optimized

The genetic algorithm parameters are carefully tuned:

Table 3.5: Genetic Algorithm Configuration

Parameter Value

Population Size 200
Generations 5000
Crossover Rate 0.8
Mutation Rate Adaptive (0.01-0.1)
Selection Method Tournament (size 3)
Elite Preservation 10%

3.4.3 Handling Subspace Constraints

When the SVD analysis reveals that points lie in a lower-dimensional subspace, we modify
the volume computation:

Veffective =

{
VCH({p1, . . . , pm}) if deff = n2

Aproj({p1, . . . , pm}) if deff < n2
(3.24)

where Aproj is the area/volume of the convex hull projected onto the principal subspace
identified by SVD.

3.5 Transfer Function-Based Dimension Reduction

As system dimension increases, the parameter space grows as O(n2), making model selec-
tion computationally challenging. However, for many control applications, we are primarily
interested in input-output behavior rather than the full state-space representation. This
observation motivates a transfer function-based approach that can dramatically reduce the
effective dimension of the model selection problem.
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3.5.1 Transfer Function and Steady-State Gain Analysis

For a linear system with state-space representation (A,B,C,D), the transfer function
matrix is:

G(s) = C(sI − A)−1B +D (3.25)

In many practical scenarios, we focus on specific input-output channels. For a SISO
system or a specific input-output pair in a MIMO system:

Gij(s) = cTi (sI − A)−1bj + dij (3.26)

where cTi is the i-th row of C and bj is the j-th column of B.

For model selection purposes, we often focus on steady-state behavior, evaluating the
transfer function at s = 0:

G(0) = −CA−1B +D (3.27)

This reduces each model to a matrix of gains, dramatically reducing dimensionality: -
Original space: Rn2

(all elements of A) - Reduced space: Rp×m (transfer function gains)

where p is the number of outputs and m is the number of inputs.

3.5.2 Model Selection in Transfer Function Space

The model selection problem in transfer function space becomes:

minimize |S|
subject to S ⊆MG,

Coverage(S) ≥ α

(3.28)

where MG = {G(1), G(2), . . . , G(N)} is the set of transfer function representations.

For SISO systems, this reduces to a 1D problem, where models can be selected based
on gain intervals:

Gmin ≤ G ≤ Gmax (3.29)

The transfer function approach integrates seamlessly with our previous algorithms by
applying EPMM algorithms directly in the reduced transfer function space and using trans-
fer function parameters as optimization variables. The key advantage is the dramatic
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reduction in computational complexity while preserving the essential input-output charac-
teristics relevant for control design.

3.6 Application to Vehicle Lateral Dynamics

3.6.1 System Description

To demonstrate the effectiveness of our model selection approaches, we first consider the
lateral dynamics of a vehicle—a classical problem in automotive control with significant
practical importance. The vehicle’s lateral motion is described by the well-known bicycle
model, which captures the essential dynamics while remaining tractable for analysis.

The two-degree-of-freedom bicycle model represents vehicle lateral and yaw dynamics
as illustrated in Figure 3.4:

[
v̇
ṙ

]
=

[
− cr+cf

mu

bcr−acf
mu

− u
bcr−acf

Iu
− b2cr+a2cf

Iu

][
v
r

]
+

[ cf
m

acf
I

]
δ (3.30)

where:

• v is the lateral velocity

• r is the yaw rate

• δ is the front wheel steering angle

• u is the longitudinal velocity (assumed constant)

• m is the vehicle mass

• I is the yaw moment of inertia

• cf , cr are front and rear cornering stiffnesses

• a, b are distances from CG to front and rear axles

In practical scenarios, several parameters exhibit significant uncertainties:
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Figure 3.4: Bicycle model representation showing key geometric parameters and force
components. The model simplifies the four-wheel vehicle to a two-wheel representation
while preserving essential lateral dynamics.

• Vehicle mass (m) – Varies with passenger and cargo load

• Cornering stiffnesses (cf , cr) – Change with tire conditions, wear, and road surface

• Moment of inertia (I) – Affected by load distribution

These uncertainties motivate the need for multi-model approaches to ensure robust
performance across all operating conditions.

3.6.2 Multi-Model Structure Implementation

The overall multi-model estimation structure is shown in Figure 3.5.

For the optimization approach, we consider three key uncertain parameters with the
following ranges:

m ∈ [500, 2500] kg

cf ∈ [60000, 100000] N/rad

I ∈ [1500, 3500] kg·m2

(3.31)

The rear cornering stiffness is modeled as cr = k · cf with k ≈ 1.03 based on vehicle
design considerations. Using the genetic algorithm with parameters specified in Table 3.6,
we solve for the optimal placement of 4 models in the 3D parameter space.

The optimization process yields remarkable results, as shown in Figure 3.6. The algo-
rithm converges to a configuration where the 4 optimally placed models achieve approxi-
mately 92% coverage of the original 125-model convex hull volume—a remarkable efficiency
gain.
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Figure 3.5: Multi-model structure for vehicle lateral dynamics estimation. The unknown
plant (vehicle) receives steering input δ and produces outputs (lateral velocity and yaw
rate). Multiple models run in parallel, each representing different parameter combinations.

Due to the 4-dimensional nature of the parameter space (after vectorization of the
system matrix), we visualize the results through 2D projections depicted in 3.7.

3.6.3 Simulation Validation

To validate the effectiveness of our model selection, we conduct double lane change ma-
neuvers at 100 km/h under three challenging scenarios:

1. Dry road conditions: Friction coefficient µ = 0.85

2. Slippery road conditions: Friction coefficient µ = 0.4

3. Varying conditions: Stepwise change from µ = 0.85 to µ = 0.4 mid-maneuver

The double lane change maneuver provides a demanding test of the vehicle’s lateral
dynamics and the estimator’s ability to track rapidly changing states. Figure 3.8 depicts
the lateral distance of vehicle with respect to path for all three cases. The observed
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Table 3.6: Genetic Algorithm Parameters for Vehicle Application

Parameter Value

Population Size 200
Number of Generations 5000
Crossover Fraction 0.8
Selection Function Stochastic uniform
Mutation Function Gaussian
Function Tolerance 10−6

Constraint Tolerance 10−6

yaw rate for each case is the input into the multi-model approach to estimate the lateral
vehicle velocity. The estimation results are illustrated in Figure 3.9. Additionally, the
corresponding model weights are shown in the same figure.

We evaluate performance using two complementary metrics:

MAE = max
t
|yestimated(t)− ytrue(t)| (3.32)

TE =
1

T

∫ T

0

|yestimated(t)− ytrue(t)| dt (3.33)

Table 3.7: Estimation Performance Comparison

Scenario
Full Model Set (N=125) Optimal Selection (N=4)

MAE [m/s] TE [m/s] MAE [m/s] TE [m/s]

Dry road 0.194 0.031 0.198 0.044
Slippery road 0.425 0.114 0.709 0.205
Varying friction 0.194 0.036 0.274 0.085

Observing the results from Figure 3.9 and Table 3.7, it is evident that the optimal
multi-model demonstrates only minor degradation in estimation performance across all
cases, despite a significant reduction in computational cost and a drastic reduction in the
model set from 125 to 4 models.
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Figure 3.6: Genetic algorithm convergence showing (a) best fitness value evolution over
generations and (b) distribution of optimal parameter values for the 4 selected models.

3.6.4 Transfer Function Analysis in Vehicle Lateral Dynamics

In this section, we apply the concept of the transfer function to narrow down the selection
of models from the available pool. As previously mentioned, the space determined by the
transfer functions will have at most m dimensions, where m corresponds to the dimension
of the input vector. Therefore, in the context of vehicle lateral dynamics, this space is
reduced to a single dimension.

In order to construct the transfer function, it is assumed that cf = c; cr = kcf = c,
where k represents a constant coefficient:

A =

[
− (1+k)C

mu
−u− (a−bk)C

mu

− (a−bk)C
Iu

− (a2+b2k)C
Iu

]
(3.34)

Then in a steady state situation when S → 0:

(SI − A)−1 =
1

M

 (a2+b2k)C
Iu

−
(
u+ (a−bk)C

mu

)
− (a−bk)C

Iu
(1+k)C

mu

 (3.35)
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Figure 3.7: 2D projections of the convex hulls comparing: (a) Complete set of 125 models
(blue) vs. (b) Optimally selected 4 models (red). The projections show excellent coverage
despite the dramatic reduction in model count.

where:

M = det(SI − A) = C2

mIu2
[
(1 + k)(a2 + b2k)

−
(
u+

(a− bk)C
mu

)
(a− bk)C

Iu

] (3.36)

Finally, the gain expression for lateral velocity is derived as G = C1(SI−A)−1B where
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Figure 3.8: Double lane change maneuver trajectory showing target path and actual vehicle
response for the three test scenarios.

C1 = [1 0]. By substitution:

G =
b2ku+ a

(
bku− mu3

C

)
(1 + k)(a2 + b2k)−

(
u+ (a−bk)C

mu

)
(a−bk)C

Iu

(3.37)

As the model space based on the transfer function is 1D, two models are selected based
on the maximum and minimum gain values. By applying the same conditions as in the
previous section, the estimation results for lateral velocity are obtained and illustrated in
Figure 3.10.

The transfer function approach demonstrates that understanding the input-output be-
havior can lead to dramatic simplifications in model selection without significantly com-
promising performance.

3.7 Application to Low-Inertia Power Networks

The second application domain demonstrates the versatility of our approach by address-
ing a fundamentally different class of systems: power networks with low inertia. This
problem has gained critical importance with the increasing penetration of renewable en-
ergy sources, which typically interface through power electronics and provide little to no
rotational inertia.
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In a Kron-reduced model of an n-bus power transmission network, where all loads are
eliminated and only generator buses remain, the swing dynamics are described by:

[
θ̇

θ̈

]
=

[
0n In

− b
m
L − c

m
In

][
θ

θ̇

]
+

[
0n
1
m
In

]
w(t) (3.38)

where: - θ = [θ1, . . . , θn]
T are generator rotor angles - m represents generator inertia - c

is the damping coefficient - b relates to line susceptances - L is the network Laplacian matrix
- w(t) represents power disturbances. For our case study, we consider two interconnected
generators depicted in Figure 3.11.

Low-inertia power systems exhibit significant parameter uncertainties due to:

1. Variable renewable generation: Wind and solar generation levels affect effective
system inertia

2. Demand response: Active load participation introduces uncertainty in damping

3. Network topology changes: Line switching and failures alter the Laplacian struc-
ture

The parameter ranges for our study, representative of modern low-inertia systems, are:

Table 3.8: Parameter Ranges for Low-Inertia Power System

Parameter Symbol Range Units

Inertia m [1× 103, 5× 103] kg·m²
Damping c [2× 104, 5× 104] N·s/m
Susceptance b [−5,−1] Siemens

The uncertainty space is constructed by considering variations in the three parameters
(m, c, b), which affect the system matrix elements:

x1 = −
b

m
, x2 = −

c

m
, x3 =

1

m
(3.39)

This transformation maps the physical parameters to the mathematical space where
model selection occurs. Starting with 100 models (5 values for m and b, 4 for c), we apply
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EPMM 1 to select a minimal subset, with the algorithm progression depicted in Figure
3.12.

The algorithm achieves excellent coverage with just 8 models—a 92% reduction from
the original set. We evaluate the multi-model estimator using:

• Observed signal: Angle difference θ1 − θ2 (depicted in Figure 3.13)

• Estimated states: Angular velocities θ̇1 and θ̇2

• Disturbances: Gaussian white noise with different variances on each generator

The benchmark system has parameters: m = 2500 kg·m2, c = 35000 N·s/m, b = −3.5 S.

Figure 3.14 demonstrates the estimation of outputs y1 = θ̇1 and y2 = θ̇2, indicating
perfect estimation performance. These results confirm that our model selection approach
is equally effective for power system applications, maintaining estimation accuracy while
dramatically reducing computational requirements.

3.8 Summary and Remarks

This chapter has presented a comprehensive framework for optimal model selection in
multi-model adaptive control systems. Through geometric analysis of the parameter un-
certainty space, we developed three complementary approaches:

1. EPMM Algorithms: Efficient heuristics for selecting from discrete model sets

2. Optimization Framework: Systematic positioning of models in continuous param-
eter spaces

3. Transfer Function Method: Dimension reduction for large-scale systems

The key contributions of this chapter include:

• Formal problem formulation linking geometric coverage to control performance

• Practical algorithms with convergence guarantees and near-optimal performance

• Demonstration of 90% computational savings while maintaining estimation accuracy
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• Validation across diverse application domains

The methods developed here directly address the computational burden that has lim-
ited practical deployment of multi-model control. By reducing model counts by an order
of magnitude while preserving performance, we enable real-time implementation of sophis-
ticated adaptive control strategies.

The next chapter will explore complementary dimension reduction techniques through
parameter-tying and canonical transformations, further enhancing the computational effi-
ciency of multi-model approaches.
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(a) Dry road (µ = 0.85) (b) Slippery road (µ = 0.4)

(c) Stepwise friction change

Figure 3.9: Lateral velocity estimation results showing: (top) true vs. estimated velocity,
(bottom) model weights evolution. The 4-model system successfully tracks the true velocity
across all conditions.
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(a) Dry road (µ = 0.85) (b) Slippery road (µ = 0.4)

(c) Stepwise friction change

Figure 3.10: Transfer function-based estimation results using only 2 models. The approach
maintains good tracking performance while achieving maximum computational efficiency.
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Figure 3.11: Two-generator system configuration. The generators are connected through a
transmission line with susceptance b, representing the simplest non-trivial power network.

Figure 3.12: EPMM 1 algorithm progression for power system model selection. (a) Initial
100 models and their convex hull, (b) After iteration 1: extremum points selected, (c) After
iteration 2: 8 models selected achieving 89% volume coverage.
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Figure 3.13: Observed angle difference signal showing the system response to stochastic
power disturbances.

Figure 3.14: Angular velocity estimation for both generators using the reduced 8-model set.
The estimator accurately tracks the true velocities despite using only 8% of the original
models.
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Chapter 4

Dimension Reduction through
Parameter-Tying and Canonical
Transformations

4.1 Introduction

The previous chapter addressed the computational challenges of multi-model adaptive con-
trol through geometric analysis and optimal model selection algorithms. While those meth-
ods significantly reduce the number of required models, they operate within the original
parameter space of the system. This chapter presents a complementary approach that
achieves further computational savings through systematic transformation to canonical
coordinates and exploitation of inherent parameter dependencies.

The fundamental insight driving this work is that many physical systems exhibit spe-
cial structural properties when transformed to canonical form. These properties—including
monotonicity relationships and coordinated parameter variations—can be leveraged to dra-
matically reduce the effective dimension of the uncertainty space. By carefully analyzing
system characteristics in canonical coordinates, we can achieve significant computational
savings while preserving the essential features needed for robust multi-model adaptive con-
trol. The key contributions include:

1. Parameter-Tying Theorem: Establishment of conditions under which the un-
certainty space dimension can be reduced through transformation to controllable
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canonical form, exploiting monotonicity properties and coordinated parameter rela-
tionships.

2. Weight Transformation Relationships: Derivation of explicit relationships that
preserve convex hull properties and stability guarantees across coordinate transforma-
tions, ensuring that dimension reduction does not compromise system performance.

3. Verifiable Inclusion Criteria: Development of rigorous criteria for ensuring plant
inclusion within the convex hull of identification models in canonical coordinates,
providing theoretical guarantees for the reduced-dimension representation.

4. Coordinated Parameter Characterization: Identification and characterization
of parameter dependencies that enable further reduction in required identification
models while maintaining coverage of the uncertainty space.

4.2 Mathematical Framework and Problem Formula-

tion

This section establishes the mathematical foundation for our dimension reduction approach
through canonical transformations. We begin with the general system description, then
formalize the parameter uncertainty characterization, and finally introduce the canonical
form transformation that enables our main theoretical results.

4.2.1 System Description

Consider an uncertain linear system in state space form:

ẋp(t) = Ap(m)xp(t) +Bp(m)d(t), (4.1)

where:

• xp(t) ∈ Rn is the state vector

• d(t) ∈ Rh is the input vector

• Ap(m) ∈ Rn×n is the state matrix

• Bp(m) ∈ Rn×h is the input matrix
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• m ∈ Rk is the uncertain system parameter vector

The fundamental principle of multi-model adaptive control, as established in Chapter 2
and originally developed in [5], states that if the plant parameter Ap lies in the convex hull
of N known identification models {A1, A2, . . . , AN} for t ≥ t0, given that ei(t0) = 0 for
i ∈ {1, . . . , N}, where ei(t) = xi(t)− xp(t) is the identification error, then:

Ap(t) =
N∑
i=1

wi(t)Ai,

N∑
i=1

wi(t)ei(t) = 0, (4.2)

where wi > 0 and
∑N

i=1wi = 1.

This convex combination property is fundamental to multi-model adaptive control, as
it ensures that any system within the uncertainty bounds can be represented as a weighted
combination of the identification models. The challenge lies in determining the minimal
set of identification models required to span the entire uncertainty space.

4.2.2 Parameter Uncertainty Characterization

To formalize our approach, we need precise definitions of the parameter uncertainty space
and how it affects the system matrices.

Definition 4.1 (Parameter Uncertainty Vector). A parameter uncertainty vector is defined
as m = (m1,m2, . . . ,mk) ∈ Rk where each component mi is bounded such that:

mi ∈ [pi, qi] for all i ∈ {1, . . . , k}, (4.3)

with pi, qi ∈ R and pi < qi. The set of all possible parameter uncertainty vectors forms a
bounded subset M ⊂ Rk given by:

M = [p1, q1]× [p2, q2]× · · · × [pk, qk], (4.4)

where ’×’ denotes the Cartesian product. For the uncertain linear system, the state matrix
Ap(m) = [aij(m)]n×n is an n × n matrix where each entry aij : M → R is a continuous
function mapping from the parameter space M to the real numbers.

This definition establishes that our parameter uncertainty space is a hyperrectangle
(or hypercube if all intervals have equal length) in Rk. The continuity assumption on the
matrix elements is mild and satisfied by most physical systems where parameters appear
as coefficients, ratios, or through smooth nonlinear relationships.
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4.2.3 Canonical Form Transformation

The key insight of our approach is that transforming the system to canonical form can reveal
hidden structure that enables dimension reduction. We now formalize this transformation.

Definition 4.2 (Controllable Canonical Form). For the uncertain system Σp(t) charac-
terized by (Ap, Bp), there exists a non-singular transformation matrix Tp(t) ∈ Rn×n that
transforms the system into its controllable canonical form (also known as controller com-
panion form):

Āp(t) = Tp(t)ApT
−1
p (t) ∈ Rn×n,

B̄p(t) = Tp(t)Bp ∈ Rn×h,
(4.5)

where Āp(t) is in companion form with structure:

Āp(t) =


0 0 · · · 0 −αp,1(t)
1 0 · · · 0 −αp,2(t)
0 1 · · · 0 −αp,3(t)
...

...
. . .

...
...

0 0 · · · 1 −αp,n(t)

 (4.6)

and each column of B̄p(t) is [0 0 · · · 1]T ∈ Rn.

The companion form is particularly useful because:

1. The last row contains the characteristic polynomial coefficients

2. Only n parameters fully characterize the system dynamics

3. The transformation preserves controllability properties

4. Many physical systems naturally exhibit simple relationships between original pa-
rameters and canonical coefficients

Similarly, for each vertex system Σi, i ∈ {1, . . . , N}, described by the pair (Ai, Bi),
there exists a non-singular transformation matrix Ti ∈ Rn×n such that:

Āi = TiAiT
−1
i ∈ Rn×n,

B̄i = TiBi ∈ Rn×h,
(4.7)

where Āi has the same companion form structure with its last row containing [−αi,1 −
αi,2 · · · − αi,n].
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4.2.4 Parameter Uncertainty Space in Canonical Coordinates

Having established the transformation to canonical form, we now characterize the uncer-
tainty space in these new coordinates.

Definition 4.3 (Parameter Uncertainty Space). Let the vector θ ∈ Rn be defined as:

θ =
[
α1 α2 · · · αn

]T
, (4.8)

which contains all elements of the last row of the matrix Ā. Let Conv(·) denote the convex
hull operator, which for a finite set of points S returns the smallest convex set containing
S:

Conv(S) =

{
k∑

i=1

λixi

∣∣∣∣∣ {xi}ki=1 ⊆ S, λi ≥ 0,
k∑

i=1

λi = 1

}
. (4.9)

We define the Parameter Uncertainty Space Θ as the convex hull of a finite set of
admissible points {θ(1), θ(2), . . . , θ(C)} such that:

Θ =

{
Θ ⊆ Rn

∣∣∣∣ Θ ≜ Conv
(
{θ(1), θ(2), . . . , θ(C)}

)
,

θi,min ≤ θ
(c)
i ≤ θi,max, ∀i ∈ {1, . . . , n},∀c ∈ {1, . . . , C}

} (4.10)

where θi,min and θi,max are the lower and upper bounds for the i-th component of θ,
respectively.

The transformation from the original parameter space M ⊂ Rk to the canonical pa-
rameter space Θ ⊂ Rn is generally nonlinear. However, as we will show in the next section,
under certain monotonicity conditions, this transformation preserves key properties that
enable dramatic model reduction.

4.3 The Parameter-Tying Theorem

This section presents the main theoretical contribution of this chapter: a novel theorem
within the multi-model adaptive systems framework that provides systematic criteria for
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selecting identification models through canonical form analysis. The theorem establishes
conditions under which the number of required models can be dramatically reduced from
exponential to potentially constant in the number of uncertain parameters.

4.3.1 Statement of the Theorem

Before stating the theorem, we introduce a key concept that underlies our approach:

Definition 4.4 (Projection Operator). For the parameter uncertainty vector m ∈ M ⊂
Rk, we define the projection operator Πl :M →M \{ml} that removes the l-th component,
yielding m̂l = Πl(m). The inverse operation Π−1

l reconstructs the full parameter vector
from m̂l and a value for ml.

Theorem 4.5 (Parameter-Tying Theorem). Let Σp be the uncertain linear system defined
in (4.1) with parameter uncertainty vector m ∈ M ⊂ Rk. Define Πl : M → M \ {ml} as
the projection operator removing the l-th component, and let m̂l = Πl(m). Suppose that
for each l ∈ {1, 2, . . . , k} and any fixed m̂l, the continuous function gl,ij : [pl, ql]→ R given
by

gl,ij(ml) = aij(m̂l,ml) (4.11)

is monotonic ∀i, j ∈ {1, . . . , n}, where aij are the entries of Ap(m).

Then, the set of identification models required to span the entire uncertain parameter
space in controllable canonical form can be constructed by selecting only the boundary values
pl and ql under the weight transformation w̃i = wiSi, where the matrix Si = TpT

−1
i .

The significance of this theorem lies in its ability to reduce the required number of
identification models from 2k (all vertices of the parameter hypercube) to potentially much
smaller sets by exploiting monotonicity properties in canonical coordinates. In the best
case, when all functions are monotonic, only two models are needed regardless of the
dimension k.

4.3.2 Proof of the Parameter-Tying Theorem

The proof proceeds by establishing three key properties that together demonstrate the
theorem’s validity. Each part addresses a fundamental aspect of the transformation and
model reduction process.
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Part 1: Monotonicity Analysis

We begin by establishing that under the given monotonicity conditions, the extremal val-
ues of system matrix elements must occur at parameter space vertices. This property is
crucial because it allows us to ignore interior points of the parameter space when selecting
identification models.

Lemma 4.6 (Single Parameter Extremality). For any fixed m̂l ∈ M \ {ml} and any
i, j ∈ {1, . . . , n}, the continuous function gl,ij(ml) = aij(m̂l,ml) achieves its extremal
values at the boundary points {pl, ql}.

Proof. Since gl,ij is continuous and monotonic on the closed interval [pl, ql], by the proper-
ties of monotonic functions on closed intervals [35], it must be either strictly increasing or
strictly decreasing.

For a strictly increasing function:

min
ml∈[pl,ql]

gl,ij(ml) = gl,ij(pl) (4.12)

max
ml∈[pl,ql]

gl,ij(ml) = gl,ij(ql) (4.13)

For a strictly decreasing function:

min
ml∈[pl,ql]

gl,ij(ml) = gl,ij(ql) (4.14)

max
ml∈[pl,ql]

gl,ij(ml) = gl,ij(pl) (4.15)

In both cases, the extremal values occur at the boundary points of the interval.

Lemma 4.7 (Extension to Multiple Parameters). For any subset of indices L ⊆ {1, . . . , k}
and fixed values of parameters not in L, the extremal values of aij occur when all parameters
ml with l ∈ L take their boundary values.

Proof. We proceed by induction on |L|, the cardinality of the index set.

Base case: |L| = 1. This is established by Lemma 4.6.

Inductive hypothesis: Assume the statement holds for all sets of size n ≥ 1.

Inductive step: Consider a set L of size n+ 1. Choose any element l ∈ L and define
L′ = L \ {l}. By the inductive hypothesis, for the set L′ of size n, the extremal values of
aij occur when all parameters in L′ take boundary values.
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Let Ml = [pl, ql] and Ms = [ps, qs] for s ∈ L′. We can write:

min
ml∈Ml

ms∈Ms,s∈L′

aij(m) = min
ml∈Ml

(
min

ms∈Ms,s∈L′
aij(m)

)
(4.16)

By the inductive hypothesis, the inner minimization is achieved when all ms for s ∈ L′

take boundary values:

min
ml∈Ml

(
min

ms∈Ms,s∈L′
aij(m)

)
= min

ml∈Ml

(
min

ms∈{ps,qs},s∈L′
aij(m)

)
(4.17)

For any fixed choice of boundary values for parameters in L′, the function of ml is
monotonic by the theorem’s hypothesis. Therefore, by Lemma 4.6:

min
ml∈Ml

(
min

ms∈{ps,qs},s∈L′
aij(m)

)
= min

ml∈{pl,ql}

(
min

ms∈{ps,qs},s∈L′
aij(m)

)
(4.18)

This shows that the minimum is achieved when all parameters in L take boundary
values. An analogous argument holds for the maximum.

Theorem 4.8 (Global Extremality). For all i, j ∈ {1, . . . , n}:

min{aij(m) |m ∈M} = min{aij(m) |m ∈ vert(M)}, (4.19)

max{aij(m) |m ∈M} = max{aij(m) |m ∈ vert(M)}, (4.20)

where vert(M) denotes the set of vertices of M .

Proof. Apply Lemma 4.7 with L = {1, . . . , k}. Since M = [p1, q1] × · · · × [pk, qk] is a
hyperrectangle, its vertices are precisely the points where each parameter takes either its
minimum or maximum value. Therefore, vert(M) = {p1, q1} × · · · × {pk, qk}, and the
extremal values of all matrix elements occur at these vertices.

This completes the first part of the proof, establishing that we need only consider vertex
models when the monotonicity conditions are satisfied.

Part 2: Characteristic Polynomial Analysis

Having established that extremal values occur at vertices, we now analyze how this property
translates to the canonical form representation. The key insight is that the characteris-
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tic polynomial coefficients, which define the system in canonical form, inherit bounded
behavior from the matrix elements.

For a matrix A ∈ Rn×n with elements aij bounded by:

aij ∈ [lbij, ubij], ∀i, j ∈ {1, . . . , n}, (4.21)

the characteristic polynomial is:

pA(s) = det(sIn − A) = sn +
n−1∑
k=0

cks
k, (4.22)

where each coefficient ck is a function of the matrix elements.

Analysis of Leading Coefficient The coefficient of sn is always 1, independent of the
matrix elements. This can be seen from the expansion of the determinant, where the
only term contributing to sn is the product of diagonal elements from sIn − A, yielding∏n

i=1 s = sn.

Analysis of (n− 1)-degree Coefficient The coefficient cn−1 has a particularly simple
form that relates directly to the matrix trace.

Proposition 4.9. The coefficient cn−1 equals the negative trace of matrix A:

cn−1 = −tr(A) = −
n∑

i=1

aii (4.23)

Proof. In the expansion of det(sIn − A), terms contributing to sn−1 come from selecting
s from (n − 1) diagonal positions and −aii from one position. The sum of all such terms
yields:

cn−1s
n−1 =

n∑
i=1

(−aii)
∏
j ̸=i

s = −

(
n∑

i=1

aii

)
sn−1 (4.24)

Therefore, cn−1 = −tr(A).

Corollary 4.10. Given the element-wise bounds on A, the coefficient cn−1 is bounded as:

−
n∑

i=1

ubii ≤ cn−1 ≤ −
n∑

i=1

lbii (4.25)
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Proof. Since lbii ≤ aii ≤ ubii for each i:

lbii ≤ aii ≤ ubii (4.26)

−ubii ≤ −aii ≤ −lbii (4.27)
n∑

i=1

(−ubii) ≤
n∑

i=1

(−aii) ≤
n∑

i=1

(−lbii) (4.28)

−
n∑

i=1

ubii ≤ cn−1 ≤ −
n∑

i=1

lbii (4.29)

Analysis of Constant Term The constant term c0 is related to the determinant of A
and requires more careful analysis.

Proposition 4.11. The constant term is given by:

c0 = (−1)n det(A) (4.30)

To bound c0, we use the Leibniz formula for determinants:

Definition 4.12 (Leibniz Determinant Formula). For an n×nmatrix A and a permutation
σ ∈ Sn, define:

Pσ(A) =
n∏

i=1

ai,σ(i) (4.31)

where Sn is the symmetric group of degree n. The determinant of A is given by:

det(A) =
∑
σ∈Sn

sgn(σ)Pσ(A) (4.32)

where sgn(σ) ∈ {−1,+1} is the signature of permutation σ.

Theorem 4.13 (Bounds on Constant Term). For an n×n matrix A with entries bounded
by lbij ≤ aij ≤ ubij, the constant term c0 of its characteristic polynomial is bounded as
follows:
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For n even:

lbc0 =
∑

σ:sgn(σ)=1

n∏
i=1

lbi,σ(i) +
∑

σ:sgn(σ)=−1

(−1)
n∏

i=1

ubi,σ(i)

ubc0 =
∑

σ:sgn(σ)=1

n∏
i=1

ubi,σ(i) +
∑

σ:sgn(σ)=−1

(−1)
n∏

i=1

lbi,σ(i)

(4.33)

For n odd, the bounds are:

lbc0 = −

 ∑
σ:sgn(σ)=1

n∏
i=1

ubi,σ(i) +
∑

σ:sgn(σ)=−1

(−1)
n∏

i=1

lbi,σ(i)


ubc0 = −

 ∑
σ:sgn(σ)=1

n∏
i=1

lbi,σ(i) +
∑

σ:sgn(σ)=−1

(−1)
n∏

i=1

ubi,σ(i)

 (4.34)

Proof. From c0 = (−1)n det(A) and the Leibniz formula:

c0 = (−1)n
∑
σ∈Sn

sgn(σ)
n∏

i=1

ai,σ(i) (4.35)

For each permutation σ, we need to bound the term sgn(σ)
∏n

i=1 ai,σ(i).

Case 1: sgn(σ) = +1. Since lbi,σ(i) ≤ ai,σ(i) ≤ ubi,σ(i) for all i:

n∏
i=1

lbi,σ(i) ≤
n∏

i=1

ai,σ(i) ≤
n∏

i=1

ubi,σ(i) (4.36)

Case 2: sgn(σ) = −1. Multiplying by −1 reverses inequalities:

−
n∏

i=1

ubi,σ(i) ≤ −
n∏

i=1

ai,σ(i) ≤ −
n∏

i=1

lbi,σ(i) (4.37)

Summing over all permutations and accounting for the factor (−1)n yields the stated
bounds.
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Analysis of Intermediate Coefficients For 1 ≤ k ≤ n − 2, the coefficients ck are
related to sums of principal minors.

Definition 4.14 (Principal Submatrix). For S ⊆ {1, . . . , n}, the principal submatrix AS

is formed by selecting rows and columns of A indexed by S.

Proposition 4.15. For 1 ≤ k ≤ n− 2, coefficient ck is given by:

ck = (−1)n−k
∑

S∈C(n,n−k)

det(AS) (4.38)

where C(n, n− k) denotes the set of all (n− k)-element subsets of {1, . . . , n}.

The bounds for each coefficient ck are obtained by:

lbck = (−1)n−k
∑

S∈C(n,n−k)

min(det(AS))

ubck = (−1)n−k
∑

S∈C(n,n−k)

max(det(AS))
(4.39)

where the min/max of each determinant is computed using the same bounding proce-
dure as for c0.

This analysis establishes that all characteristic polynomial coefficients are bounded
functions of the matrix element bounds, which by Part 1 are achieved at the vertices of
the parameter space.

Part 3: Weight Transformation Analysis

The final component of the proof establishes how convex combinations transform under
the change to canonical coordinates. This is crucial for ensuring that the multi-model
framework remains valid after transformation.

Setup The multi-model representation in the original coordinates assumes:

Ap =
N∑
i=1

wiAi, Bp =
N∑
i=1

wiBi (4.40)
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with scalar weights satisfying:

N∑
i=1

wi = 1, wi ≥ 0, ∀i ∈ {1, . . . , N} (4.41)

For transformation to canonical form, each system has its own transformation matrix:

Ap = T−1
p ĀpTp, Bp = T−1

p B̄p (4.42)

Ai = T−1
i ĀiTi, Bi = T−1

i B̄i (4.43)

Derivation of Weight Transformation

Proposition 4.16 (Weight Transformation Formula). The canonical form matrices satisfy:

Āp =
N∑
i=1

wi

(
SiĀiS

−1
i

)
, B̄p =

N∑
i=1

wiSiB̄i (4.44)

where Si = TpT
−1
i is the similarity transformation between coordinate systems.

Proof. Starting with the convex combination in original coordinates:

T−1
p ĀpTp =

N∑
i=1

wiT
−1
i ĀiTi (4.45)

Left-multiply by Tp and right-multiply by T−1
p :

Āp = Tp

(
N∑
i=1

wiT
−1
i ĀiTi

)
T−1
p (4.46)

Using the distributive property:

Āp =
N∑
i=1

wi

(
TpT

−1
i ĀiTiT

−1
p

)
(4.47)
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Defining Si = TpT
−1
i and noting that TiT

−1
p = (TpT

−1
i )−1 = S−1

i :

Āp =
N∑
i=1

wi

(
SiĀiS

−1
i

)
(4.48)

The derivation for B̄p follows similarly.

Matrix-Valued Weights Define the matrix-valued weights:

w̃i = wiSi ∈ Rn×n (4.49)

Then the canonical form relationships become:

Āp =
N∑
i=1

w̃iĀiS
−1
i , B̄p =

N∑
i=1

w̃iB̄i (4.50)

Proposition 4.17 (Sum-to-Identity Property). The matrix-valued weights satisfy:

N∑
i=1

w̃i = In (4.51)

Proof. In canonical form, all B̄i have the same structure: B̄i = [0 0 · · · 1]T . From the
convex combination:

B̄p =
N∑
i=1

w̃iB̄i (4.52)

Since B̄p = B̄i for all systems:

[0 0 · · · 1]T =

(
N∑
i=1

w̃i

)
[0 0 · · · 1]T (4.53)

This equality holds if and only if
∑N

i=1 w̃i = In.

Explicit Form of Transformation
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Theorem 4.18 (Transformation Matrix Formula). The transformation matrices are given
by:

Tp =

(
N∑
i=1

wiT
−1
i

)−1

(4.54)

Si =

(
N∑
j=1

wjT
−1
j

)−1

T−1
i (4.55)

Proof. From the sum-to-identity property:

In =
N∑
i=1

wiSi =
N∑
i=1

wiTpT
−1
i = Tp

(
N∑
i=1

wiT
−1
i

)
(4.56)

Therefore:

T−1
p =

N∑
i=1

wiT
−1
i (4.57)

Taking the inverse yields equation (4.54), and substituting back gives equation (4.55).

Completion of the Proof

We now combine the three parts to complete the proof of the Parameter-Tying Theorem:

1. From Part 1 (Monotonicity Analysis): Under the specified monotonicity con-
ditions, the extremal values of all matrix elements aij(m) occur at the vertices of the
parameter space M . This means that to capture the full range of system behaviors, we
need only consider models corresponding to parameter vectors where each ml takes either
value pl or ql.

2. From Part 2 (Characteristic Polynomial Analysis): The coefficients of the
characteristic polynomial in companion form are bounded by functions of the matrix ele-
ments’ extremal values. Since these extremal values occur at vertices (from Part 1), the
entire reachable set of characteristic polynomial coefficients—and hence the canonical form
matrices—can be represented by considering only vertex models.

3. From Part 3 (Weight Transformation Analysis): The transformation w̃i =
wiSi with Si = TpT

−1
i preserves the convex combination structure. Any system matrix
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within the parameter uncertainty space can be expressed as a weighted combination of
the vertex system matrices in companion form, with the weights computed through the
established transformation relationships.

These results establish both the minimality and completeness of our vertex model set.
Regarding minimality, removing any single vertex model would create a gap in the param-
eter space that cannot be represented by convex combinations of the remaining models.
For completeness, the entire uncertainty space is covered since any intermediate parameter
values produce matrix elements (and hence characteristic polynomial coefficients) that lie
within the convex hull of the vertex values.

Therefore, under the monotonicity conditions of the theorem, the identification model
set consisting of only boundary value selections is both necessary and sufficient to represent
all possible systems within the parameter uncertainty bounds. □

4.4 Extensions and Generalizations

The Parameter-Tying Theorem was established under monotonicity conditions, which,
while satisfied by many physical systems, may be restrictive in some applications. This
section explores more general conditions that still enable dimension reduction, expanding
the applicability of our framework.

4.4.1 Coordinated Parameter-Element Functions

The key insight for generalization is that monotonicity is sufficient but not necessary for
model reduction. What we actually need is for different matrix elements to achieve their
extrema at the same parameter values, even if these values are not at the boundaries.

Definition 4.19 (Coordinated Parameter-Element Functions). For the uncertain system
matrix Ap(m), consider two parameter-element functions gl,ij, gl,pq : [pl, ql] → R for fixed
indices i, j, p, q and parameter index l, defined as:

gl,ij(ml) = aij(Π
−1
l (m̂l,ml))

gl,pq(ml) = apq(Π
−1
l (m̂l,ml))

(4.58)

where Πl and m̂l are as defined in the Parameter-Tying Theorem. These functions are said
to be coordinated if they achieve their global extrema at the same parameter values.
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The concept of coordination allows us to handle systems where matrix elements may
have complex relationships but still exhibit structured behavior that enables model reduc-
tion.

4.4.2 Conditions for Coordinated Extrema

We now present five independent conditions under which parameter-element functions
exhibit coordinated extrema. Each condition represents a different type of structural re-
lationship commonly found in physical systems. Given two continuously differentiable
parameter-element functions gl,ij and gl,pq defined on [pl, ql], their global extrema occur at
the same parameter values m∗

l if they satisfy any of the following independent conditions:

Condition 1: Affine Relationship

The simplest form of coordination occurs when matrix elements are related by an affine
transformation. There exist constants α ̸= 0 and β such that:

gl,pq(ml) = αgl,ij(ml) + β (4.59)

Analysis: When α > 0, both functions are either increasing or decreasing together,
so they achieve maxima and minima at the same points. When α < 0, the functions have
opposite monotonicity, so the maximum of one corresponds to the minimum of the other.

Physical Example: In mechanical systems, this often occurs when two parameters
represent forces or moments that act in proportion, such as front and rear suspension
stiffnesses that maintain a fixed ratio for stability.

Condition 2: Functional Relationship

A more general relationship allows for nonlinear but monotonic transformations between
matrix elements. There exists a strictly monotonic and continuously differentiable function
h : R→ R such that:

gl,pq(ml) = h(gl,ij(ml)) (4.60)

with h′(x) ̸= 0 for all x in the range of gl,ij.
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Analysis: The strict monotonicity of h ensures that extrema are preserved. If m∗
l

yields an extremum of gl,ij, then by the chain rule:

d

dml

gl,pq(m
∗
l ) = h′(gl,ij(m

∗
l )) ·

d

dml

gl,ij(m
∗
l ) = 0 (4.61)

since h′ is never zero and d
dml

gl,ij(m
∗
l ) = 0 at an extremum.

Physical Example: This occurs in systems with nonlinear material properties, where
stress-strain relationships or magnetic field dependencies create monotonic but nonlinear
couplings.

Condition 3: Symmetry

Systems with geometric or physical symmetry often exhibit coordinated behavior through
symmetric functions. Both functions are symmetric about the same point m0

l ∈ [pl, ql]:

gl,ij(m
0
l + δ) = gl,ij(m

0
l − δ)

gl,pq(m
0
l + δ) = gl,pq(m

0
l − δ)

(4.62)

for all δ such that both m0
l + δ and m0

l − δ lie in [pl, ql].

Analysis: For symmetric functions on a closed interval, extrema occur either at the
symmetry point m0

l or at the boundaries. Since both functions share the same symmetry
point, they achieve extrema at the same locations.

Physical Example: This appears in systems with balanced configurations, such as
symmetric aircraft control surfaces or balanced electrical circuits where deviations from a
nominal operating point create symmetric effects.

Condition 4: Shared Critical Points

When functions share critical points with consistent behavior, their extrema align. The
functions share all critical points with consistent extremum type:

g′l,ij(m
∗
l ) = 0 ⇐⇒ g′l,pq(m

∗
l ) = 0

sign(g′′l,ij(m
∗
l )) = sign(g′′l,pq(m

∗
l ))

(4.63)

for all critical points m∗
l in the open interval (pl, ql).
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Analysis: This condition ensures that both functions have the same critical points and
that these points represent the same type of extremum (both maxima or both minima) for
both functions.

Physical Example: This occurs in resonant systems where multiple modes share
resonance frequencies, or in optimization problems where multiple objectives share optimal
points.

Condition 5: Periodic Structure

Systems with periodic behavior can exhibit coordination through phase relationships. Both
functions are periodic with period T > 0 and constant phase difference ϕ:

gl,ij(ml + T ) = gl,ij(ml)

gl,pq(ml) = gl,ij(ml + ϕ)
(4.64)

for all ml where both sides are defined.

Analysis: The fixed phase relationship ensures that extrema of one function correspond
to extrema of the other, shifted by the phase difference ϕ.

Physical Example: This appears in rotating machinery, alternating current circuits,
or any system with cyclic behavior where different components operate with fixed phase
relationships.

4.4.3 Independence and Completeness

Theorem 4.20 (Independence of Conditions). The five conditions for coordinated extrema
are independent in the sense that no condition can be derived from any combination of the
others.

Proof Sketch. We demonstrate independence by providing counterexamples:

1. Affine ̸⇒ Others: The affine relationship gl,pq = 2gl,ij+1 is not functionally related
by any nonlinear h, need not be symmetric, may have different critical points than required
by Condition 4, and is generally not periodic.

2. Functional ̸⇒ Others: The relationship gl,pq = (gl,ij)
3 (where gl,ij > 0) is strictly

monotonic but not affine, need not be symmetric, and is not periodic.
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3. Symmetry ̸⇒ Others: Functions can be symmetric about the same point without
being monotonically related (consider gl,ij(ml) = (ml − m0

l )
2 and gl,pq(ml) = sin(π(ml −

m0
l )/L) for appropriate L).

4. Critical Points ̸⇒ Others: Functions can share critical points without having any
simple functional relationship (consider specially constructed piecewise polynomials).

5. Periodic ̸⇒ Others: Periodic functions with phase shifts are generally not related
by affine or simple functional transformations and need not be symmetric about any point.

Remark 4.21 (Model Selection under Extended Conditions). Unlike the original Parameter-
Tying Theorem where extrema occur at parameter boundaries, under these extended con-
ditions, extrema may occur at interior points.

These extensions significantly expand the class of systems for which dimension reduc-
tion is possible, making the Parameter-Tying framework applicable to a broader range of
practical problems while maintaining theoretical rigor.

4.5 Criterion for Verifying Plant Inclusion

The weight transformation framework developed in previous sections relies on a crucial
assumption: the uncertain plant must lie within the convex hull of the identification models.
While our systematic model selection approach typically ensures this condition, dynamic
systems may temporarily violate uncertainty bounds due to unmodeled dynamics, external
disturbances, or parameter drift. This section develops a practical criterion for verifying
plant inclusion that can be implemented in real-time.

4.5.1 The Plant Inclusion Theorem

The following theorem provides a criterion for checking whether the plant lies within the
convex hull of identification models.

Theorem 4.22 (Plant Inclusion Criterion). Let E(t) = [e1(t) e2(t) . . . eN(t)] be the error
vector at time t, where ei(t) = xi(t)− xp(t) represents the identification error between the
i-th model and the plant. The plant matrices Ap(m) and Bp(m) lie within the convex hull
formed by the set {[Ai Bi] : i = 1, . . . , N} if and only if there exist at least two elements of
E(t) with opposite signs.
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This theorem is remarkable for its simplicity: rather than computing complex geometric
relationships or solving optimization problems, we need only check the signs of identifica-
tion errors. The bidirectional nature of the theorem (if and only if) makes it both necessary
and sufficient for verifying convex hull inclusion.

4.5.2 Proof of the Plant Inclusion Theorem

The proof consists of two parts: the forward direction (opposite signs imply inclusion) and
the backward direction (inclusion implies opposite signs).

Forward Direction: Opposite Signs Imply Inclusion

Proof (Forward Direction). Given a vector E(t) with components of different signs, we
must show that the plant lies within the convex hull of the identification models.

Since E(t) has components with opposite signs, we can partition the index set {1, . . . , N}
into:

I+ = {i : ei(t) > 0} ≠ ∅ (4.65)

I− = {i : ei(t) < 0} ≠ ∅ (4.66)

I0 = {i : ei(t) = 0} (4.67)

Define the standard (N − 1)-simplex:

∆N−1 =

{
w ∈ RN : wi ≥ 0,

N∑
i=1

wi = 1

}
(4.68)

Consider the continuous linear functional f : ∆N−1 → R defined by:

f(w) = E(t)Tw =
N∑
i=1

ei(t)wi (4.69)

We will show that there exists w∗ ∈ ∆N−1 with w∗
i > 0 for all i such that f(w∗) = 0.

Consider the vertices of the simplex:

v(k) = (0, . . . , 0, 1, 0, . . . , 0) (1 in position k) (4.70)
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For any i ∈ I+ and j ∈ I−:

f(v(i)) = ei(t) > 0 (4.71)

f(v(j)) = ej(t) < 0 (4.72)

Since f is continuous and ∆N−1 is connected, by the Intermediate Value Theorem, there
exists w∗ ∈ ∆N−1 such that f(w∗) = 0.

To show that all components of w∗ are positive, suppose w∗
k = 0 for some k. Then:

0 = f(w∗) =
∑
i ̸=k

ei(t)w
∗
i (4.73)

This would require either all remaining ei(t) to be zero or to have both positive and
negative values that cancel. However, we can choose our path from v(i) to v(j) to pass
through the interior of ∆N−1, ensuring w

∗
i > 0 for all i.

Given such a weight vector w∗, from
∑N

i=1w
∗
i ei(t) = 0 and ei(t) = xi(t)− xp(t):

N∑
i=1

w∗
i (xi(t)− xp(t)) = 0 (4.74)

Using
∑N

i=1w
∗
i = 1:

xp(t) =
N∑
i=1

w∗
i xi(t) (4.75)

Differentiating both sides:

ẋp(t) =
N∑
i=1

(ẇ∗
i (t)xi(t) + w∗

i (t)ẋi(t)) (4.76)

Substituting the system dynamics ẋp = Apxp +Bpd and ẋi = Aixi +Bid:

Apxp +Bpd =
N∑
i=1

(ẇ∗
i xi + w∗

iAixi + w∗
iBid) (4.77)
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Collecting terms involving the input d(t):

Bp =
N∑
i=1

w∗
iBi (4.78)

For the remaining terms, substituting equation (4.75):

Ap

N∑
j=1

w∗
jxj =

N∑
i=1

(ẇ∗
i + w∗

iAi)xi (4.79)

Rearranging:
N∑
i=1

(w∗
iAp − w∗

iAi − ẇ∗
i )xi = 0 (4.80)

Since the identification models have distinct dynamics, their state trajectories {xi(t)}Ni=1

are linearly independent for generic inputs and initial conditions. Therefore:

w∗
iAp − w∗

iAi − ẇ∗
i = 0 ∀i (4.81)

Summing over all i and using
∑N

i=1w
∗
i = 1 (which implies

∑N
i=1 ẇ

∗
i = 0):

Ap =
N∑
i=1

w∗
iAi (4.82)

Equations (4.78) and (4.82) establish that [Ap Bp] lies in the convex hull of {[Ai Bi]}Ni=1.

Backward Direction: Inclusion Implies Opposite Signs

Proof (Backward Direction). Given that the plant matrices lie within the convex hull:

Ap =
N∑
i=1

wiAi, Bp =
N∑
i=1

wiBi (4.83)
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with wi > 0 and
∑N

i=1wi = 1, we must show that E(t) has components with opposite
signs.

From the convex combination property:

Apxp +Bpd =
N∑
i=1

wi(Aixp +Bid) (4.84)

Since all identification models share the initial condition xi(t0) = xp(t0), at time t = t0:

ẋp(t0) =
N∑
i=1

wiẋi(t0) (4.85)

For a small time interval [t0, t0 + ϵ], by Taylor expansion:

xp(t) = xp(t0) + ẋp(t0)(t− t0) +O((t− t0)2) (4.86)

xi(t) = xi(t0) + ẋi(t0)(t− t0) +O((t− t0)2) (4.87)

Therefore:

xp(t)− xp(t0) =
N∑
i=1

wi[xi(t)− xi(t0)] +O((t− t0)2) (4.88)

Using the common initial condition:

xp(t) =
N∑
i=1

wixi(t) +O((t− t0)2) (4.89)

For sufficiently small ϵ, the O((t− t0)2) terms become negligible, giving:

xp(t) ≈
N∑
i=1

wixi(t) (4.90)

This can be rewritten as:

N∑
i=1

wi[xp(t)− xi(t)] = 0 (4.91)
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In terms of the error vector:
N∑
i=1

wiei(t) = 0 (4.92)

Now we prove by contradiction that E(t) must have components with opposite signs.
Suppose all components of E(t) have the same sign (say, all non-negative):

ei(t) ≥ 0 ∀i ∈ {1, . . . , N} (4.93)

Since wi > 0 for all i, each term wiei(t) ≥ 0. For equation (4.92) to hold:

N∑
i=1

wiei(t) = 0 with wiei(t) ≥ 0 ∀i (4.94)

This implies wiei(t) = 0 for all i. Since wi > 0, we must have ei(t) = 0 for all i, meaning
all models perfectly match the plant. While theoretically possible, this is a degenerate case.
For any non-trivial system with distinct model dynamics and non-zero errors, there must
exist indices i, j such that ei(t) and ej(t) have opposite signs.

4.6 Application to Vehicle Dynamics

This section demonstrates the practical application of the Parameter-Tying Theorem to a
challenging problem in vehicle dynamics: state estimation for coupled lateral-roll motion
under uncertain road conditions. This application showcases how the theoretical framework
developed in previous sections can achieve dramatic computational savings in a safety-
critical real-world system.

4.6.1 Motivation and Challenges

Modern vehicle stability control systems require accurate estimates of critical states such
as sideslip angle and roll angle. However, several factors make this estimation problem
particularly challenging:
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Parameter Uncertainties

Vehicle parameters vary significantly during operation:

• Tire cornering stiffnesses (Cαf , Cαr): Vary with tire pressure, temperature, wear,
and road surface conditions

• Suspension characteristics (kϕ, cϕ): Change with loading conditions, component
aging, and temperature

• Mass properties: Affected by passenger and cargo loading

Unmeasurable Inputs

Critical environmental parameters are difficult or expensive to measure directly:

• Road bank angle (ϕr): Lateral inclination of the road surface

• Road grade angle (θr): Longitudinal slope of the road

These angles significantly affect vehicle dynamics but would require expensive GPS/INS
systems or road database lookups for direct measurement.

Computational Constraints

Vehicle control systems operate under strict real-time constraints:

• Update rates of 100-200 Hz required for stability control

• Limited computational resources in production Electronic Control Units (ECUs)

• Need for guaranteed worst-case execution times

Traditional approaches would require a large number of models to cover all parameter
combinations. For instance, with 6 uncertain parameters each taking values at bounds, a
conventional vertex-based approach would require 26 = 64 models. Running 64 parallel
models at 200 Hz is computationally prohibitive for automotive ECUs. The Parameter-
Tying Theorem enables dramatic reduction of this requirement.
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4.6.2 Vehicle Dynamic Model

Model Assumptions

The vehicle dynamics model is developed under the following assumptions to balance ac-
curacy with tractability:

1. Suspension Modeling: Represented as a torsional spring-damper system connect-
ing sprung and unsprung masses

2. Roll Center: Assumed fixed relative to the vehicle body (reasonable for small roll
angles)

3. Tire Behavior: Linear tire model valid for small slip angles (typically < 5)

4. Operating Point: Linearization around straight-line driving with zero lateral ac-
celeration

5. Longitudinal Dynamics: Constant forward velocity over the estimation horizon

6. Small Angle Approximations:

• Steering: sin δ ≈ δ, cos δ ≈ 1

• Road bank: sinϕr ≈ ϕr, cosϕr ≈ 1

Coordinate System and Variables

The vehicle motion is described using an SAE-standard coordinate system:

• Origin at vehicle center of gravity (CG)

• x-axis pointing forward

• y-axis pointing to the driver’s right

• z-axis pointing downward

Key variables:

• β: Sideslip angle (angle between velocity vector and longitudinal axis)

79



• r: Yaw rate (rotation about z-axis)

• ϕ: Roll angle (rotation about x-axis)

• ϕ̇: Roll rate

• δ: Front wheel steering angle

• u: Longitudinal velocity (assumed constant)

• v = uβ: Lateral velocity

Dynamic Equations

The coupled lateral-roll dynamics are derived from force and moment balance equations:

Lateral Dynamics (Sideslip) From Newton’s second law in the lateral direction and
considering the coupling with roll motion:

m(v̇ + ur) = FY +msg sin(ϕr + ϕ) cos θr

−mshsϕ̈ cos(ϕr + ϕ) (4.95)

where FY is the total lateral tire force. After linearization and substitution of v = uβ:

β̇ =
mshs
mu

(
msghs cosϕr cos θr −

kϕϕ

Ic
− cϕϕ̇

Ic

)
− r

+
1

mu

(
1 +

m2
sh

2
s

mIc

)
FY −

g

u
sinϕr cos θr (4.96)

Yaw Dynamics From moment balance about the z-axis:

Iz ṙ = lfFyf cos δ − lrFyr + lfFxf sin δ +MDB (4.97)

where MDB represents differential braking moment (if applied).
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Roll Dynamics From moment balance about the roll axis:

Ixϕ̈ = msghs sin(ϕr + ϕ) cos θr +mshs(v̇ + ur) cos(ϕr + ϕ)− kϕϕ− cϕϕ̇ (4.98)

After linearization and simplification:

ϕ̈ =
msghs cosϕr cos θr − kϕϕ− cϕϕ̇

Ic
+
mshs
mIc

FY (4.99)

where the composite roll inertia is:

Ic = Ix,s −
m2

sh
2
s

m
(4.100)

Tire Force Model The lateral tire forces are modeled using a linear approximation:

Fyi = Cαiαi (4.101)

where the slip angles are:

αf = β +
lfr

u
− δ (4.102)

αr = β − lrr

u
(4.103)

The total lateral force is:

FY = Fyf cos δ + Fxf sin δ + Fyr ≈ Cαfαf + Cαrαr (4.104)

4.6.3 State-Space Representation

The nonlinear dynamics are linearized around the operating point to obtain the state-space
form suitable for the multi-model framework.
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State and Input Vectors

x =
[
β r ϕ ϕ̇

]T ∈ R4 (4.105)

d = δ ∈ R (4.106)

System Matrices

The linearized system has the form:

ẋ(t) = A(m)x(t) +B(m)d(t) (4.107)

where the system matrices have structure:

A =


A11 A12 A13 A14

A21 A22 0 0
0 0 0 1
A41 A42 A43 A44

 , B =


B1

B2

0
B4

 (4.108)

The non-zero elements are functions of the uncertain parameters:

First Row (Sideslip Dynamics)

A11 =

(
1 +

m2
sh

2
s

mIc

)
Cαf + Cαr

mu
(4.109)

A12 =

(
1 +

m2
sh

2
s

mIc

)
lfCαf − lrCαr

mu2
− 1 (4.110)

A13 =
mshs(msghs cosϕr cos θr − kϕ)

muIc
(4.111)

A14 = −
mshscϕ
muIc

(4.112)
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Second Row (Yaw Dynamics)

A21 =
lfCαf − lrCαr

Iz
(4.113)

A22 =
l2fCαf + l2rCαr

Izu
(4.114)

Fourth Row (Roll Acceleration)

A41 =
mshs(Cαf + Cαr)

mIc
(4.115)

A42 =
mshs(lfCαf − lrCαr)

muIc
(4.116)

A43 =
msghs cosϕr cos θr − kϕ

Ic
(4.117)

A44 = −
cϕ
Ic

(4.118)

Input Matrix

B1 = −
(
1 +

m2
sh

2
s

mIc

)
Cαf

mu
(4.119)

B2 = −
lfCαf

Iz
(4.120)

B4 = −
mshsCαf

mIc
(4.121)

4.6.4 Application of Parameter-Tying Theorem

Parameter Uncertainty Specification

The system accommodates uncertainties in six parameters as shown in Table 4.1.

The physical parameter variations of ±30% represent realistic bounds accounting for:

• Manufacturing tolerances

• Temperature effects (-40°C to +85°C automotive range)
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Table 4.1: Parameter Variations from Nominal Values

Parameter Lower Bound Nominal Value Upper Bound

Cαf (N/rad) 56,280 80,400 104,520
Cαr (N/rad) 57,890 82,700 107,510
kϕ (N·m/rad) 25,200 36,000 46,800
cϕ (N·m·s/rad) 2,100 3,000 3,900
ϕr (deg) 0 - 4
θr (deg) 0 - 8

• Component aging over vehicle lifetime

• Loading variations (empty to fully loaded vehicle)

The road geometry bounds represent typical highway conditions.

Monotonicity Analysis

To apply Theorem 4.5, we verify the monotonicity conditions for each parameter. We
illustrate with detailed analysis of element A13:

A13 =
mshs(msghs cosϕr cos θr − kϕ)

muIc
(4.122)

For this element:

1. With respect to kϕ:
∂A13

∂kϕ
= −mshs

muIc
< 0 (4.123)

Monotonically decreasing (linear relationship).

2. With respect to θr:

∂A13

∂θr
= −m

2
sgh

2
s cosϕr sin θr
muIc

< 0 (4.124)

Monotonically decreasing for θr ∈ [0, 8].
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3. With respect to ϕr:

∂A13

∂ϕr

= −m
2
sgh

2
s sinϕr cos θr
muIc

< 0 (4.125)

Monotonically decreasing for ϕr ∈ [0, 4].

Similar analysis for all matrix elements confirms that the monotonicity conditions of
Theorem 4.5 are satisfied. Key observations:

• Elements involving tire stiffnesses are linear in Cαf and Cαr

• Elements involving suspension parameters are linear in kϕ and cϕ

• Road angles appear through trigonometric functions that are monotonic over the
specified ranges

Model Reduction Result

The model reduction results demonstrate a significant computational advantage when ap-
plying the Parameter-Tying Theorem. While a traditional vertex-based approach would
require 26 = 64 models to adequately cover the uncertainty space, the Parameter-Tying
Theorem reduces this requirement to only 2 models, representing a remarkable 97% reduc-
tion in computational complexity while maintaining full coverage of the uncertainty space
in canonical coordinates. The two required models correspond to the extreme bounds of the
parameter space, where Model 1 represents the configuration with all parameters at their
lower bounds, characterized by minimum tire and suspension stiffness operating on level
road conditions, resulting in the slowest dynamic response. Conversely, Model 2 captures
the opposite extreme with all parameters at their upper bounds, representing maximum
tire and suspension stiffness combined with maximum road angles, which produces the
fastest dynamic response in the system.

Implementation Architecture

Figure 4.1 illustrates the multi-model estimation architecture.

Key implementation aspects:

• Inputs: Steering angle δ (measured)
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Figure 4.1: Multi-model structure for vehicle state estimation. The plant (vehicle simulated
in CarSim) receives steering input δ and produces measurable yaw rate r. Two identifi-
cation models run in parallel, with their outputs combined through adaptive weights to
estimate unmeasured states (sideslip angle, roll angle, roll rate). The dramatic reduction
from 64 to 2 models is achieved through application of the Parameter-Tying Theorem.

• Measured Output: Yaw rate r (from gyroscope)

• Estimated States: Sideslip angle β, roll angle ϕ, roll rate ϕ̇

• Adaptive Law: Updates weights based on yaw rate prediction errors

4.7 Simulation Results

This section presents comprehensive simulation results validating the Parameter-Tying
Theorem’s application to vehicle state estimation. The results demonstrate that the dra-
matic model reduction from 64 to 2 models maintains estimation accuracy while enabling
real-time implementation.
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4.7.1 Simulation Setup

Simulation Environment

The effectiveness of the proposed approach is validated using high-fidelity vehicle simu-
lations in CarSim Ver 2022.0, an industry-standard vehicle dynamics simulation package.
CarSim provides:

• Validated nonlinear tire models (Pacejka Magic Formula)

• Full suspension kinematics and compliance

• Realistic road profiles with varying bank and grade

• Sensor noise and measurement delays

Test Vehicle

The test vehicle is a D-Class sedan with parameters given in Table 4.2.

Table 4.2: Vehicle Parameters

Symbol Value Description

m 1530 kg Total vehicle mass
ms 1377 kg Sprung mass
Iz 2315.3 kg·m2 Yaw moment of inertia
Ix,s 606.1 kg·m2 Sprung mass roll inertia
L 2.78 m Wheelbase
lf 1.11 m CG to front axle distance
lr 1.67 m CG to rear axle distance
hs 0.54 m CG height above roll center
tf , tr 1.55 m Front and rear track width
Cαf 80,400 N/rad Nominal front cornering stiffness
Cαr 82,700 N/rad Nominal rear cornering stiffness
kϕ 36,000 N·m/rad Nominal roll stiffness
cϕ 3,000 N·m·s/rad Nominal roll damping
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(a) (b)

Figure 4.2: Simulated vehicle behavior in CarSim at constant speeds of: (a) 50 km/h and
(b) 100 km/h.

Test Scenarios

Two challenging scenarios, depicted in Figures 4.2a and 4.2b, are evaluated on a mountain
road with realistic variations in road geometry:

Table 4.3: Test Scenario Specifications

Parameter Scenario 1 Scenario 2

Target speed 50 km/h 100 km/h
Road type Mountain road Mountain road
Bank angle range 0° to 4° 0° to 4°
Grade angle range 0° to 8° 0° to 8°
Maneuver type Continuous curves Continuous curves
Duration 25 s 15 s
Max lateral acceleration 0.3g 0.5g

These scenarios test the estimator’s ability to handle:

• Varying road conditions without direct measurement

• Nonlinear tire behavior at different slip angles

• Strong coupling between lateral and roll dynamics

• Different levels of dynamic excitation
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4.7.2 Estimation Performance

The multi-model adaptive estimator uses only the measured yaw rate to estimate three
unmeasured states: sideslip angle (β), roll angle (ϕ), and roll rate (ϕ̇).

Results at 50 km/h

Figure 4.3 shows the estimation results for the moderate speed scenario.

Figure 4.3: Estimation results at 50 km/h on mountain road. The multi-model adaptive
law demonstrates effective state estimation using only yaw rate measurements.

Key observations at moderate speed:

• Roll angle estimation: Demonstrates excellent accuracy throughout the maneuver
with close agreement to actual values
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• Roll rate estimation: Shows high accuracy with effective tracking of the dynamic
behavior

• Sideslip angle estimation: Exhibits generally satisfactory performance with some
deviations during certain occasions

• Adaptation behavior: The multi-model structure maintains stable operation through-
out the scenario

The excellent performance in roll dynamics estimation validates the effectiveness of
the multi-model adaptive approach. The sideslip angle estimation, while showing some
deviation from actual values, remains within acceptable bounds for the given operating
conditions. This deviation can be attributed primarily to the system linearization assump-
tions rather than limitations in the multi-model adaptive law itself, as the other estimated
states maintain high accuracy under the same conditions.

Results at 100 km/h

Figure 4.4 presents results for the high-speed scenario where vehicle dynamics become more
challenging to estimate.

At high speed, the estimator demonstrates:

• Roll angle estimation: Continues to show excellent accuracy despite the more
challenging operating conditions

• Roll rate estimation: Maintains good tracking performance with consistent accu-
racy

• Sideslip angle estimation: Shows increased deviation compared to the moderate
speed case, consistent with the limitations of the linearization assumptions

• Overall stability: The multi-model adaptive structure remains stable and func-
tional throughout the high-speed maneuvers

The results indicate that while roll dynamics are accurately estimated across both speed
scenarios, the sideslip angle estimation shows greater sensitivity to the system linearization
assumptions, particularly at higher speeds. This observation aligns with the expected be-
havior since linearization assumptions become more limiting as vehicle dynamics approach
nonlinear operating regions. The consistent excellent performance in roll angle and roll rate
estimation across both scenarios demonstrates the robustness of the multi-model adaptive
law for these critical safety-related states.
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Figure 4.4: Estimation results at 100 km/h on mountain road. The estimator maintains
effective performance despite increased dynamic complexity at higher speeds.

4.8 Summary and Remarks

This chapter presented a novel approach to reducing computational complexity in multi-
model adaptive control through systematic transformation to canonical coordinates and
exploitation of parameter structure. The central contribution is the Parameter-Tying The-
orem, which establishes conditions under which the number of required identification mod-
els can be dramatically reduced while maintaining complete coverage of the uncertainty
space.

The key insight driving this work is that many physical systems exhibit special struc-
tural properties when transformed to controllable canonical form. By analyzing the mono-
tonicity of parameter-element functions, we showed that the extremal values of system
matrices occur at parameter space vertices, enabling the use of only boundary value mod-
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els rather than all possible parameter combinations. This reduction—from exponential
to potentially constant in the number of uncertain parameters—represents a fundamental
advance in making multi-model adaptive control computationally tractable.

The theoretical framework developed in this chapter includes several important results.
First, we established explicit weight transformation relationships that preserve convex hull
properties across coordinate transformations, ensuring that the multi-model framework
remains valid in canonical coordinates. Second, we extended the approach beyond strict
monotonicity conditions by identifying five additional structural properties—affine rela-
tionships, functional relationships, symmetry, shared critical points, and periodic struc-
ture—that enable coordinated extrema and thus permit dimension reduction. Third, we
developed a practical criterion for verifying plant inclusion that requires only checking the
signs of identification errors, providing a computationally efficient method for real-time
validation.

The application to vehicle state estimation demonstrated the dramatic practical im-
pact of these theoretical results. For a system with six uncertain parameters—including
tire cornering stiffnesses, suspension characteristics, and unmeasured road geometry—the
traditional vertex-based approach would require 64 identification models. Through appli-
cation of the Parameter-Tying Theorem, this requirement was reduced to only 2 models,
achieving a 97% reduction in computational complexity. The simulation results validated
that this dramatic reduction maintains estimation accuracy for critical states including
sideslip angle, roll angle, and roll rate across challenging driving scenarios.

The computational savings achieved through this approach are particularly significant
for embedded control systems with limited processing capabilities. By reducing the number
of parallel models from exponential to near-constant, the method enables implementation
of robust adaptive control on hardware platforms that would otherwise be insufficient.
This bridges a critical gap between theoretical adaptive control methods and practical
implementation constraints. In conclusion, this chapter has demonstrated that significant
computational savings in multi-model adaptive control can be achieved without sacrificing
theoretical guarantees or practical performance. By recognizing and exploiting the inherent
structure of uncertain systems in canonical coordinates, we can make adaptive control
methods viable for a much broader range of applications than previously possible.

The next chapter will explore another frontier in multi-model control: the integra-
tion of physics-based and data-driven models through consensus-based frameworks, fur-
ther advancing the computational efficiency and adaptability of multi-model systems for
the challenges of modern engineering.
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Chapter 5

Consensus-Based Integration of
Heterogeneous Models

5.1 Introduction

The increasing complexity of modern engineering systems demands sophisticated estima-
tion techniques that can leverage multiple sources of information while maintaining robust-
ness across diverse operating conditions. Vehicle state estimation presents a particularly
challenging application domain where both physical interpretability and the ability to
capture complex nonlinear behaviors are essential. This challenge becomes especially sig-
nificant during critical scenarios such as emergency maneuvers or operation on low-friction
surfaces, where traditional single-model approaches often fail to provide reliable estimates.

The fundamental limitation stems from the complementary nature of available modeling
paradigms. Physics-based models offer interpretability and theoretical guarantees but often
fail in extreme conditions where their underlying assumptions break down. For instance,
tire models based on linear approximations become increasingly inaccurate at high slip
angles, precisely when accurate estimation is most critical. Conversely, data-driven models
excel at capturing complex patterns from observed data but lack transparency and physical
consistency. They may provide accurate predictions within their training distribution but
can fail catastrophically when encountering novel scenarios.

This chapter presents a novel consensus multi-model Kalman filter framework that
integrates heterogeneous model types—both physics-based and data-driven—to leverage
their complementary strengths while minimizing individual weaknesses. The framework
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addresses a fundamental challenge in multi-model estimation: how to meaningfully com-
bine predictions from models with fundamentally different representations and uncertainty
characteristics. We introduce two distinct methodologies for handling covariance propa-
gation in data-driven models: a Koopman operator-based linearization approach enabling
analytical covariance propagation, and an ensemble-based method providing unified uncer-
tainty quantification across model types without requiring pretraining.

Our approach implements an iterative consensus fusion procedure that dynamically
weighs different models based on their demonstrated reliability in current operating con-
ditions. This enables the framework to adapt seamlessly to changing environments, au-
tomatically leveraging the most appropriate models for each situation. The experimental
results conducted on an electric all-wheel-drive Equinox vehicle demonstrate performance
improvements over single-model techniques, with particularly significant advantages during
challenging maneuvers and varying road conditions.

5.2 Multi-Model Ensemble Kalman Filter Framework

5.2.1 Problem Formulation

In many real-world applications, multiple prediction models of different types—both data-
driven and physics-based dynamic models—may be available for state estimation of a
complex system. These models often have complementary strengths and weaknesses, and
combining them intelligently can yield more accurate and robust predictions than using
any single model alone. The challenge lies in developing a principled framework that can
effectively integrate heterogeneous models while respecting their unique characteristics and
properly quantifying the resulting uncertainty.

Consider a nonlinear dynamical system with state vector st ∈ Rn at discrete time t.
The true system dynamics and measurement model are given by:

st+1 = ftrue(st,ut) +wt (5.1)

yt = h(st) + vt (5.2)

where ut ∈ Rq is the control input, yt ∈ Rp is the measurement vector, wt ∼ N (0,Qtrue)
is the process noise, and vt ∼ N (0,Rt) is the measurement noise. The functions ftrue
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and h represent the true (but unknown) system dynamics and measurement relationships,
respectively.

In practice, the true dynamics ftrue are unknown or too complex to model exactly. In-
stead, we have access toM different models (indexed bym = 1, 2, . . . ,M) that approximate
the system behavior:

xm,t+1 = fm(xm,t,ut) +wm,t (5.3)

where xm,t denotes the state estimate from model m, and wm,t ∼ N (0,Qm,t) represents
the model-specific process noise. Each model fm may be of a different type—some may be
physics-based models derived from first principles, while others may be data-driven models
such as neural networks, Gaussian processes, or other machine learning approaches.

5.2.2 Multi-Model Ensemble Framework

The multi-model ensemble Kalman filter framework proceeds through the following stages
at each time step:

1. Model-specific Prediction: Each model m produces its state prediction xf
m,t and

associated error covariance Pf
m,t. The superscript f denotes ”forecast” (or predic-

tion), while later we will use a to denote ”analysis” (or updated) quantities.

2. Consensus Formation: The individual predictions are combined to form a con-
sensus state estimate xf

1:M,t and covariance Pf
1:M,t before observation data is incor-

porated. The notation 1 : M indicates that this consensus incorporates information
from all M models.

3. Measurement Update: The consensus prediction is updated using the observation
data to produce the final state estimate xa

t with covariance Pa
t .

4. Feedback to Models: The updated estimate is propagated back to individual mod-
els for the next prediction cycle, ensuring that all models benefit from the collective
information.

For a data-driven model like a neural network, the state prediction is directly given
by the model output. The primary challenge in this framework lies in obtaining reliable
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error covariance estimates for data-driven models, which typically do not provide them di-
rectly. Traditional physics-based models naturally provide covariance propagation through
linearization:

xf
m,t+1 = fm(x

a
m,t,ut) (5.4)

Pf
m,t+1 = Fm,tP

a
m,tF

T
m,t +Qm,t (5.5)

where Fm,t =
∂fm
∂x

∣∣∣∣
xa
m,t

is the Jacobian matrix evaluated at the current estimate. This

linearization provides a first-order approximation of how uncertainty propagates through
the nonlinear dynamics.

However, for data-driven models such as neural networks, obtaining meaningful Jaco-
bians or covariance estimates is non-trivial. Neural networks, for instance, are typically
trained to minimize prediction error without explicit consideration of uncertainty quan-
tification. Even when Jacobians can be computed through automatic differentiation, they
may not provide reliable uncertainty estimates due to the complex, highly nonlinear na-
ture of deep networks. This challenge motivates our two novel methodologies for enabling
consistent covariance propagation across heterogeneous model types.

5.3 Method 1: Koopman Linearization for Data-Driven

Models

5.3.1 Theoretical Foundation

Our first methodology leverages Koopman operator theory to linearize data-driven mod-
els, enabling consistent covariance propagation within the Kalman filter framework. The
key insight is to lift the original nonlinear system into a higher-dimensional Reproducing
Kernel Hilbert Space (RKHS), where the system dynamics become bilinear and prone to
analytical treatment. This approach provides a principled way to extract linear structure
from nonlinear dynamics, enabling the application of well-established linear estimation
techniques.

Definition 5.1 (Koopman Operator). For a discrete-time dynamical system xt+1 = f(xt),
the Koopman operator K is an infinite-dimensional linear operator that acts on observable
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functions g : Rn → R such that:

Kg = g ◦ f (5.6)

where ◦ denotes function composition.

The power of the Koopman operator lies in its ability to represent nonlinear dynamics
as linear operations on observables. While the state evolution may be nonlinear, the
evolution of observables (functions of the state) follows linear dynamics under the Koopman
operator. For practical implementation, we work with finite-dimensional approximations
of the Koopman operator, which requires careful selection of observable functions that
capture the essential dynamics of the system.

5.3.2 Lifting to Higher-Dimensional Space

For a control-affine nonlinear system, we define a set of lifting functions ψ : Rn → Rd that
map the original state space to a higher-dimensional feature space where d > n. These
lifting functions serve as observables of the system, and their selection significantly impacts
the quality of the linearization. The lifted state is denoted as:

zt = ψ(xt) (5.7)

Following the approach presented in [90], we express the lifted dynamics as a bilinear
system:

zt+1 = AKzt +BKut +HK(ut ⊗ zt) +wt (5.8)

where:

• AK ∈ Rd×d is the autonomous dynamics matrix that governs the evolution of the
lifted state in the absence of control inputs

• BK ∈ Rd×q is the control input matrix that captures the direct effect of control inputs
on the lifted state
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• HK ∈ Rd×dq captures the bilinear interaction between states and controls, represent-
ing how the control effectiveness depends on the current state

• wt ∼ N (0,QK) is the process noise in the lifted space

• ⊗ denotes the Kronecker product, which creates all pairwise products between control
and state elements

The bilinear form is particularly suitable for control-affine systems, where the control
input enters the dynamics linearly but its effect may depend on the current state. This
representation captures a wide class of nonlinear systems while maintaining tractability for
analysis and estimation.

The original state can be recovered through a linear mapping:

xt = CKzt + ϵt (5.9)

whereCK ∈ Rn×d is the output matrix and ϵt ∼ N (0,RK) represents the reconstruction
error. In an ideal lifting where the first n components of zt correspond to the original state,
CK would have the form [In 0], but in practice, the optimal CK is learned from data.

5.3.3 Learning the Koopman Representation

Given a dataset of L state-control-successor triplets {(xi,ui,xi+1)}Li=1 from the data-driven
model, we learn the system matrices by solving the following optimization problem. The
dataset should be generated by running the data-driven model on a diverse set of initial
conditions and control sequences to ensure comprehensive coverage of the state-control
space.

The optimization objective consists of two components: a data fitting term that ensures
accurate prediction and a regularization term that promotes well-conditioned matrices:

min
AK ,BK ,HK ,CK ,QK ,RK

V1 + V2 (5.10)

The data fitting term V1 incorporates both the prediction accuracy in the lifted space
and the reconstruction accuracy in the original space:
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V1 =
1

2
∥Xd −AKX̃d −BKU−HK(U⊙ X̃d)∥2Q−1

K

+
1

2
∥Y −CKXd∥2R−1

K

− 1

2
L ln |Q−1

K | −
1

2
L ln |R−1

K |

(5.11)

The regularization term V2 prevents overfitting and ensures numerical stability:

V2 =
1

2
LλA∥AK∥2Q−1

K
+

1

2
LλB∥BK∥2Q−1

K

+
1

2
LλH∥HK∥2Q−1

K
+

1

2
LλC∥CK∥2R−1

K

+
1

2
LλQtr(Q

−1
K ) +

1

2
LλRtr(R

−1
K )

(5.12)

In these expressions:

• Xd = [z2, z3, . . . , zL+1] ∈ Rd×L contains successor lifted states

• X̃d = [z1, z2, . . . , zL] ∈ Rd×L contains predecessor lifted states

• U = [u1,u2, . . . ,uL] ∈ Rq×L contains control inputs

• Y = [x1,x2, . . . ,xL+1] ∈ Rn×L contains original states

• ⊙ represents the Khatri-Rao product (column-wise Kronecker product)

• λ{A,B,H,C,Q,R} are regularization hyperparameters that control the trade-off between
fitting accuracy and matrix conditioning

The optimization problem is convex in the system matrices for fixed noise covariances
and can be solved efficiently using standard optimization techniques. The noise covariances
QK and RK can be estimated iteratively using an expectation-maximization approach.

5.3.4 Covariance Propagation via Linearization

During online operation, the bilinear system provides a crucial advantage: given the con-
trol input ut at time t, the bilinear system (5.8) can be algebraically manipulated into
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a linear time-varying (LTV) system. This transformation is exact—no approximation is
involved—which makes it particularly powerful for uncertainty propagation:

zt+1 = AK,tzt + vt +wt (5.13)

where the time-varying system matrix and deterministic input are:

AK,t = AK +HK(ut ⊗ Id) (5.14)

vt = BKut (5.15)

The matrix AK,t captures how the current control input modifies the autonomous dy-
namics. This LTV representation enables standard Kalman filter covariance propagation
in the lifted space:

Pz
t+1 = AK,tP

z
tA

T
K,t +QK (5.16)

The covariance in the original state space is obtained through the output mapping:

Pf
m,t+1 = CKP

z
t+1C

T
K +RK (5.17)

This two-step process—first propagating uncertainty in the lifted space, then projecting
back to the original space—provides a principled way to quantify uncertainty for any
nonlinear system that can be effectively lifted to a bilinear representation.

5.3.5 Choice of Lifting Functions

The selection of appropriate lifting functions ψ is crucial for the effectiveness of the Koop-
man linearization. The lifting functions should be chosen to capture the essential nonlin-
earities of the system while keeping the dimension manageable. Common choices include:

1. Polynomial Features: For a state x = [x1, x2, . . . , xn]
T , polynomial lifting functions

up to degree p include all monomials:

ψpoly(x) = [1, x1, x2, . . . , x
2
1, x1x2, . . . , x

p
1, . . .]

T (5.18)
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Polynomial features are particularly effective for systems with polynomial nonlinear-
ities and provide good interpretability. However, the dimension grows rapidly with
the polynomial degree and state dimension.

2. Random Fourier Features (RFF): Inspired by kernel methods, RFF approximate
shift-invariant kernels through random projections:

ψRFF(x) =

√
2

d
[cos(ωT

1 x+ b1), . . . , cos(ω
T
d/2x+ bd/2)]

T (5.19)

where ωi ∼ N (0, σ2I) and bi ∼ Uniform(0, 2π). The bandwidth parameter σ controls
the smoothness of the approximation and should be tuned based on the characteristic
length scales of the dynamics.

3. Radial Basis Functions (RBF): Centered at strategically chosen points ci in the
state space:

ψRBF(x) = [exp(−γ∥x− c1∥2), . . . , exp(−γ∥x− cd∥2)]T (5.20)

The centers ci can be chosen through clustering of the training data or placed on a
regular grid. The width parameter γ determines the locality of each basis function.

In practice, a combination of different lifting functions often works best, such as in-
cluding both the original states and nonlinear transformations to capture different aspects
of the dynamics.

5.4 Method 2: Ensemble-Based Covariance Propaga-

tion

5.4.1 Theoretical Foundation

Our second methodology treats data-driven models similarly to dynamic models from a
statistical perspective, inspired by ensemble Kalman filter techniques. This method does
not require pretraining a separate linearization model and is particularly suitable when
online adaptability is desired. The fundamental insight is that uncertainty propagation
through any complex function—whether a physics-based model or a neural network—can
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be approximated by propagating an ensemble of samples and computing empirical statis-
tics.

The ensemble approach offers several theoretical advantages. First, it naturally cap-
tures non-Gaussian uncertainty propagation, which is particularly important for highly
nonlinear systems where Gaussian approximations may be inadequate. Second, it provides
a consistent framework for handling any type of model without requiring model-specific
modifications. Third, the computational cost scales linearly with ensemble size rather than
cubically with state dimension for covariance operations.

5.4.2 Ensemble Generation

For each model m at time t, we generate an ensemble of Nm perturbed states around the
current analysis estimate. The perturbations are designed to reflect the current uncertainty
in the state estimate:

(xa
m,t)i = xa

m,t + ηi, i = 1, . . . , Nm (5.21)

where the perturbations ηi are sampled from a normal distribution:

ηi ∼ N (0,S) (5.22)

The choice of sampling covariance matrix S is crucial for accurate uncertainty repre-
sentation. Several strategies can be employed:

• Historical model errors: S = βPa
m,t where β ∈ (0, 1] is a scaling factor. This

approach directly uses the current uncertainty estimate, with β < 1 providing some
regularization to prevent overconfidence.

• Fixed initial value adapted over time: Start with a conservative estimate based
on expected system variability and adapt based on observed performance.

• Innovation-based estimates: Use the discrepancy between predicted and observed
measurements to inform the sampling distribution.
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The ensemble generation process ensures that the empirical covariance of the ensem-
ble matches the desired sampling covariance, which is critical for consistent uncertainty
propagation.

5.4.3 Ensemble Propagation

Each ensemble member is propagated through the model to generate a forecast ensemble:

(xf
m,t+1)i = fm((x

a
m,t)i,ut), i = 1, . . . , Nm (5.23)

This step is inherently parallel, making it well-suited for modern computational ar-
chitectures. For data-driven models, fm represents the neural network or other machine
learning model. For physics-based models, it represents the dynamic equations. The key
advantage is that both types of models are treated identically—they are simply functions
that map current states and controls to future states.

The ensemble propagation naturally captures several important effects:

• Nonlinear uncertainty transformation: The shape of the uncertainty region can
change through the nonlinear dynamics

• Multi-modal distributions: If the dynamics create multiple possible outcomes,
these appear as clusters in the ensemble

• State-dependent uncertainty: The spread of the ensemble automatically adapts
to regions of high or low predictability

5.4.4 Statistical Estimation

The forecast state and covariance are estimated from the ensemble statistics using standard
sample estimators:
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Figure 5.1: Schematic of Method 2: Ensemble-Based Covariance Propagation.

xf
m,t+1 = xf

m,t+1 =
1

Nm

Nm∑
i=1

(xf
m,t+1)i (5.24)

Pf
m,t+1 =

1

Nm − 1

Nm∑
i=1

[
(xf

m,t+1)i − xf
m,t+1

] [
(xf

m,t+1)i − xf
m,t+1

]T
(5.25)

The factor (Nm − 1) in the covariance estimation provides an unbiased estimate. For
small ensemble sizes, this correction is important to avoid underestimating uncertainty.

Figure 5.1 illustrates the ensemble-based approach, showing how perturbations in the
initial state lead to a distribution of predicted states that captures both the mean prediction
and its uncertainty.
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5.4.5 Advanced Ensemble Techniques

Adaptive Sampling Covariance

To improve the accuracy of uncertainty estimates over time, we implement an adaptive
scheme for updating the sampling covariance based on innovation statistics. The innovation
sequence provides direct feedback on whether the uncertainty estimates are well-calibrated:

dm,t = yt −Htx
f
m,t (5.26)

St+1 = (1− γ)St + γ
[
dm,td

T
m,t −HtP

f
m,tH

T
t −Rt

]
(5.27)

where γ ∈ (0, 1) is an adaptation rate that controls the balance between stability and
responsiveness. The term in brackets represents the discrepancy between observed and
expected innovation covariance—if positive, the model is underconfident, and if negative,
it is overconfident.

Ensemble Size Selection

The choice of ensemble size Nm involves a fundamental trade-off between computational
cost and accuracy. Theoretical results from ensemble Kalman filter literature suggest that
the required ensemble size depends on several factors:

• System dimension: Higher-dimensional systems generally require larger ensembles
to adequately sample the uncertainty space

• Nonlinearity: Strongly nonlinear dynamics may create complex uncertainty struc-
tures requiring more samples

• Noise characteristics: Systems with non-Gaussian noise benefit from larger en-
sembles

Empirical guidelines based on extensive testing suggest:

• For well-conditioned problems with moderate nonlinearity: Nm = 2n to 3n where n
is the state dimension
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• For ill-conditioned or highly nonlinear problems: Nm = 5n to 10n

• Adaptive schemes can adjust Nm based on metrics such as the effective sample size
or the rank of the ensemble covariance

5.5 Consensus Multi-Model Fusion

Once predictions and their associated covariances from all models are obtained (using ei-
ther Method 1 or Method 2), we proceed with the consensus fusion step. This procedure
combines predictions from different models based on their relative uncertainties before in-
corporating observation data. The consensus approach ensures that models with higher
confidence (lower uncertainty) have greater influence on the final estimate, while still main-
taining contributions from all models to ensure robustness.

5.5.1 Iterative Fusion Procedure

We adopt an iterative approach to fuse model predictions, which offers computational ad-
vantages and allows for sequential incorporation of models. This approach is particularly
beneficial when models have different computational requirements or when some models
may occasionally be unavailable. The procedure begins by treating the first model’s pre-
diction as the initial consensus:

xf
1:1,t = xf

1,t (5.28)

Pf
1:1,t = Pf

1,t (5.29)

For each subsequent model m = 2, . . . ,M , we compute the incorporation gain that
determines how much the new model’s information should influence the current consensus:

Km,t = Pf
1:m−1,tT

T
m

(
TmP

f
1:m−1,tT

T
m +Pf

m,t

)−1

(5.30)

This gain matrix has an intuitive interpretation: it is large when the current consensus
has high uncertainty (large Pf

1:m−1,t) and the new model has low uncertainty (small Pf
m,t),
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meaning we should trust the new model more. Conversely, if the consensus already has
low uncertainty, the gain is small, preserving the existing estimate.

The consensus state and covariance are then updated using a structure analogous to
the Kalman filter measurement update:

xf
1:m,t = xf

1:m−1,t +Km,t

(
xf
m,t −Tmx

f
1:m−1,t

)
(5.31)

Pf
1:m,t = (I−Km,tTm)P

f
1:m−1,t (5.32)

The term (xf
m,t − Tmx

f
1:m−1,t) represents the ”innovation” from model m—the new

information it provides beyond what the current consensus predicts. The transformation
operator Tm ensures proper alignment when models use different state representations.

5.5.2 Observation Update

After incorporating all models, the consensus prediction represents the best available esti-
mate given the model predictions. This consensus is then updated using the observation
data through the standard Kalman filter measurement update:

Kt = Pf
1:M,tH

T
t

(
HtP

f
1:M,tH

T
t +Rt

)−1

(5.33)

xa
t = xf

1:M,t +Kt

(
yt −Htx

f
1:M,t

)
(5.34)

Pa
t = (I−KtHt)P

f
1:M,t (5.35)

where yt is the measurement vector, Ht is the measurement matrix that relates states to
measurements, andRt is the measurement noise covariance. The Kalman gainKt optimally
balances the model predictions with the measurement information based on their relative
uncertainties.

5.5.3 Implementation and Method Comparison

Our framework offers two complementary approaches to covariance propagation for data-
driven models, each with distinct advantages. Method 1 employs Koopman operator the-
ory to find linearized representations of nonlinear data-driven models, enabling analytical
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covariance propagation. While requiring offline training, this approach is particularly ef-
fective when the system has known structural properties to guide the lifting process. Con-
versely, Method 2 offers a more straightforward approach by treating all models within
a unified ensemble framework. It avoids pretraining requirements and adapts naturally
as new data becomes available, though it may demand larger ensemble sizes for reliable
covariance estimates, increasing computational demands.

When implementing either approach, several critical considerations emerge. The model
set should capture diverse aspects of system dynamics without redundancy, while computa-
tional resources must be carefully balanced—selecting appropriate lifted space dimensions
for Method 1 or ensemble sizes for Method 2. The framework’s effectiveness depends
on proper state space transformations when models use different representations, and for
Method 2, initialization of sampling covariance based on prior knowledge or historical er-
rors is essential. Additionally, adaptive weighting of models based on their demonstrated
prediction accuracy enables dynamic adjustment to different operating regimes.

A fundamental component across both methods is proper model error estimation. We
employ innovation statistics to estimate model error covariances:

dm,t = yt −Htx
f
m,t (5.36)

E[dm,td
T
m,t] = HtP

f
m,tH

T
t +Rt (5.37)

This innovation-based approach enables propagation of error statistics back to the
model space, ensuring appropriate calibration of relative uncertainties between different
model types—a critical factor for the effective fusion of heterogeneous models.

5.5.4 Algorithmic Summary

Algorithm 1 presents a comprehensive implementation of our proposed Multi-Model En-
semble Kalman Filter framework with heterogeneous model integration. This algorithm
encapsulates the entire workflow described in the previous sections, including both covari-
ance propagation methods, the iterative consensus fusion procedure, and the observation
update step. The algorithm demonstrates how our approach seamlessly integrates data-
driven and physics-based models within a unified estimation framework while accounting
for their unique characteristics in uncertainty propagation. By following this algorith-
mic implementation, practitioners can effectively combine the complementary strengths
of diverse modeling paradigms for enhanced state estimation performance across varying
operating conditions.
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Figure 5.2: Electric all-wheel-drive Equinox test vehicle used for experimental validation.
The vehicle features independent wheel motors, comprehensive sensor suite, and robotic
steering system enabling repeatable test maneuvers under extreme conditions.

5.6 Experimental Validation

5.6.1 Experimental Setup

The proposed consensus multi-model Kalman filter framework was evaluated using an
electric all-wheel-drive Chevrolet Equinox vehicle, as shown in Figure 5.2. This testbed
provided an ideal platform for validating our approach under diverse operating conditions,
particularly those challenging scenarios where traditional single-model approaches fail.

The test vehicle represents a modern electric vehicle platform with advanced actuation
and sensing capabilities. Table 5.1 presents the key specifications that influence the vehicle
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Table 5.1: Specifications of the electric all-wheel-drive test vehicle

Parameter Value
Vehicle mass (M) 2271 kg
Vehicle moment of inertia (Iz) 4600 kg ·m2

Distance from front axle to CG (a) 1.42 m
Distance from rear axle to CG (b) 1.43 m
Tire effective radius (Rw) 0.347 m
Tire cornering stiffness (Cα) 83700 N/rad
Wheel moment of inertia (Iw) 1.7 kg ·m2

Steering ratio (SR) 18:1

dynamics and estimation challenges.

The test vehicle is equipped with a robotic steering system. The vehicle’s powertrain
system has an electric motor for each wheel, providing independent control over each
wheel’s torque. The sensing suite includes a 6-axis IMU sensor that measures yaw rate
and longitudinal and lateral accelerations. A 6-axis GPS sensor (RT2500) provides the
vehicle’s longitudinal and lateral velocities. The vehicle is also equipped with a steering
wheel sensor, wheel speed sensors, and wheel torque sensors.

During each maneuver, data from the Inertial Measurement Unit (IMU), Global-Positioning-
System (GPS), and wheel sensors were collected. The signal measurements were sampled
at a frequency of 200 Hz for all maneuvers. To rigorously evaluate the algorithm’s per-
formance in challenging conditions, extensive testing was conducted in extreme winter
environments with temperatures as low as -28°C on ice and snow surfaces, in addition to
standard tests on dry and wet surfaces. The test protocol included a diverse range of de-
manding maneuvers: vehicle launches on varying friction surfaces, sustained acceleration
runs, pulsed torque inputs, high sideslip scenarios, low-speed turning tests in both direc-
tions, and high-speed sine-steer maneuvers at 70 km/h. Model Predictive Control (MPC)
was implemented with the estimation algorithms in the control loop, with various traction
control settings tested to intentionally induce instability and push the vehicle beyond its
linear handling regime. This comprehensive experimental design created scenarios where
traditional single-model approaches would typically struggle, providing an ideal testbed
for evaluating the robustness of the consensus multi-model framework under real-world
challenging conditions.
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5.6.2 State Estimation Results

In this section, we present and analyze the performance of our two methodologies using
experimental data collected from the test vehicle. The test dataset consists of 19 distinct
maneuvers, with 18 maneuvers used for training the neural networks and one unseen ma-
neuver reserved for validation and performance evaluation. Figure 5.3 depicts the ground
truth data from this unseen test maneuver, which provides the benchmark for assessing
estimation accuracy.

For the first methodology, the Koopman Linearization for Data-Driven Models, we
implemented two neural networks(referred to as Net 1 and Net 2) and divided the time
series data into equal-sized batches for training. The neural network architecture employs
a dual feedforward configuration with a three-layer structure. Each network’s input layer
contains 8 neurons, capturing critical vehicle states including lateral and longitudinal ve-
locities, steering angle, yaw rate, and wheel speeds. Two hidden layers with 25 and 15
neurons respectively provide sufficient capacity to model nonlinear vehicle dynamics with-
out overfitting. The output layer consists of 6 neurons that predict state variables for the
subsequent time step.

Both networks were trained using the Levenberg backpropagation algorithm, which of-
fers superior convergence properties for medium-sized networks compared to traditional
gradient descent methods. The networks were trained independently on distinct datasets
with normalized inputs and outputs, enhancing generalization capabilities while maintain-
ing numerical stability. A critical aspect of our approach is that unmeasurable states like
lateral velocity are only used during network training with observed data. During testing
with unseen data, these states are treated as completely unobservable, which addresses the
primary challenge of state estimation in vehicle dynamics applications.

The implementation further leverages Koopman operator theory to provide a princi-
pled framework for covariance propagation within the Multi-Model Kalman Filter. We
employed Random Fourier Features (RFF) as lifting functions to transform the state and
control inputs into an expanded observable space, where bilinear dynamics are converted
to linear time-varying (LTV) systems through strategic tensor products. To enhance sta-
bility, we implemented a blending technique between the Koopman-predicted lifted state
and direct state embedding with parameter α = 0.8, effectively mitigating potential diver-
gence issues. The covariance matrices underwent careful conditioning procedures to en-
sure numerical stability and positive-definiteness throughout the estimation process. The
performance results of this method are presented in Figure 5.4, which demonstrates ex-
cellent estimation accuracy. This hybrid methodology—utilizing neural networks for state
prediction while leveraging Koopman operators for covariance propagation—represents a
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Figure 5.3: Ground truth data from the unseen test maneuver on icy road. This dataset
serves as the benchmark for evaluating estimation performance.
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sophisticated fusion of data-driven prediction with theoretically grounded uncertainty prop-
agation, particularly advantageous for estimating unmeasurable states like lateral velocity
in complex vehicle dynamics applications.

Turning to our second methodology, the Ensemble-Based Covariance Propagation, we
applied this approach to the same dataset to ensure statistical validity and consistent eval-
uation across methods. We maintained the first neural network trained in the previous
approach and replaced the second network with a bicycle model representing the physical
dynamics of the vehicle. The results and performance of this method are illustrated in
Figure 5.5. Notably, during occasions with higher slip angles and nonlinear tire behavior,
the bicycle model demonstrated limitations in capturing the complex vehicle dynamics. In
these scenarios, our framework automatically assigned greater weight to the neural network,
which demonstrated superior estimation performance. This automatic weighting adjust-
ment highlights the adaptive nature of our consensus fusion approach, which dynamically
balances the contributions of heterogeneous models based on their demonstrated reliability
in current operating conditions.

Considering the results of both methodologies, it is evident that both approaches are
validated and demonstrate excellent performance in vehicle state estimation. The consen-
sus multi-model framework successfully integrates the complementary strengths of physics-
based and data-driven models, providing robust estimation across diverse operating con-
ditions. This is particularly valuable for critical vehicle states that cannot be directly
measured but are essential for advanced vehicle control systems.

5.7 Summary and Remarks

This chapter presented a novel consensus multi-model Kalman filter framework that ad-
dresses the fundamental challenge of integrating heterogeneous model types—both physics-
based and data-driven—for robust state estimation in complex dynamical systems. The
framework leverages the complementary strengths of different modeling paradigms while
mitigating their individual weaknesses through a principled consensus fusion approach.

Two distinct methodologies were developed to enable consistent covariance propagation
for data-driven models within the Kalman filter framework. Method 1 employs Koopman
operator theory to lift nonlinear data-driven models into a higher-dimensional space where
bilinear dynamics can be converted to linear time-varying systems. This approach pro-
vides analytical covariance propagation through learned system matrices AK , BK , and
HK , enabling seamless integration with traditional physics-based models. The method
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Figure 5.4: Performance of Method 1: Koopman Linearization for Data-Driven Models.
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Figure 5.5: Performance of Method 2: Ensemble-Based Covariance Propagation.
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requires offline training but offers computationally efficient online operation through the
linearization process.

Method 2 adopts an ensemble-based approach that treats all models uniformly within
a statistical framework. By propagating ensembles of perturbed states through each model
and computing empirical statistics, this method naturally captures non-Gaussian uncer-
tainty propagation without requiring model-specific modifications. The approach offers
greater flexibility and adaptability, particularly valuable when online adaptation is desired
or when pretraining is impractical.

The consensus fusion procedure implements an iterative incorporation scheme that dy-
namically weighs model contributions based on their demonstrated reliability. Through
the incorporation gain matrix Km,t, models with lower uncertainty receive greater influ-
ence in the consensus estimate, while the framework maintains robustness by preserving
contributions from all models. This adaptive weighting mechanism enables the system to
automatically leverage the most appropriate models for current operating conditions.

Experimental validation on an electric all-wheel-drive Equinox vehicle demonstrated the
effectiveness of both methodologies under challenging conditions including extreme winter
environments, high sideslip scenarios, and nonlinear tire behavior. The results revealed that
the framework successfully adapts to varying operating regimes—automatically increasing
reliance on data-driven models during extreme maneuvers where physics-based assumptions
break down, while leveraging the interpretability of physics-based models during nominal
conditions.

The proposed framework represents a significant advancement in multi-model estima-
tion by providing a unified approach to handling heterogeneous model types. The ability
to meaningfully combine predictions from models with fundamentally different representa-
tions and uncertainty characteristics opens new possibilities for robust estimation in safety-
critical applications. Furthermore, the framework’s modular design allows for straightfor-
ward extension to incorporate additional models or alternative uncertainty quantification
methods, making it a versatile tool for addressing the increasing complexity of modern
engineering systems.
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Algorithm 1 Multi-Model Ensemble Kalman Filter with Heterogeneous Model Integration

Initialization
1: Initialize analysis state xa

m,0 and covariance Pa
m,0 for each model m = 1, 2, . . . ,M

2: for each time step t = 0, 1, 2, . . . do
1. Model-specific forecasting

3: for each model m = 1, 2, . . . ,M do
4: if Method 1 is used then
5: if model m is data-driven then
6: Predict state: xf

m,t+1 = fm(xa
m,t)

7: Derive Koopman linearization AK,t

8: Update covariance: Pf
m,t+1 = AK,tP

a
m,tA

T
K,t +Qm,t

9: else ▷ Physics-based model with Method 1

10: Predict state: xf
m,t+1 = fm(xa

m,t)
11: Compute Jacobian Fm,t

12: Update covariance: Pf
m,t+1 = Fm,tP

a
m,tF

T
m,t +Qm,t

13: end if
14: else ▷ Method 2 is used (Ensemble-based approach)

15: Generate ensemble: {(xa
m,t)i}

Nm
i=1 where (xa

m,t)i = xa
m,t + ηi

16: Propagate each ensemble member: (xf
m,t+1)i = fm((xa

m,t)i) for i = 1, 2, . . . , Nm

17: Compute ensemble mean: xf
m,t+1 = 1

Nm

∑Nm

i=1(x
f
m,t+1)i

18: Compute ensemble covariance:

Pf
m,t+1 = 1

Nm−1

∑Nm

i=1((x
f
m,t+1)i − xf

m,t+1)((x
f
m,t+1)i − xf

m,t+1)
T

19: end if
20: end for

2. Consensus fusion of model predictions

21: Initialize consensus with first model: xf
1:1,t+1 = xf

1,t+1, P
f
1:1,t+1 = Pf

1,t+1

22: for each additional model m = 2, 3, . . . ,M do
23: Compute incorporation gain:

Km,t+1 = Pf
1:m−1,t+1T

T
m(TmPf

1:m−1,t+1T
T
m +Pf

m,t+1)
−1

24: Update consensus state:

xf
1:m,t+1 = xf

1:m−1,t+1 +Km,t+1(x
f
m,t+1 −Tmxf

1:m−1,t+1)
25: Update consensus covariance:

Pf
1:m,t+1 = (I−Km,t+1Tm)Pf

1:m−1,t+1

26: end for
3. Measurement update

27: Obtain measurement yt+1
28: Compute Kalman gain:

Kt+1 = Pf
1:M,t+1H

T
t+1(Ht+1P

f
1:M,t+1H

T
t+1 +Rt+1)

−1

29: Update state with measurement:

xa
t+1 = xf

1:M,t+1 +Kt+1(yt+1 −Ht+1x
f
1:M,t+1)

30: Update covariance:

Pa
t+1 = (I−Kt+1Ht+1)P

f
1:M,t+1

4. Feedback to individual models
31: for each model m = 1, 2, . . . ,M do
32: Map consensus state to model space: xa

m,t+1 = Tmxa
t+1

33: Map consensus covariance to model space: Pa
m,t+1 = TmPa

t+1T
T
m

34: end for
35: end for
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Chapter 6

Conclusions and Future Directions

6.1 Conclusions

This thesis has revealed that the computational costs of multi-model adaptive control stems
not from fundamental limitations but from conventional implementation choices that hide
elegant solutions. Through investigation across three interconnected research areas, it
has been demonstrated that intelligent reformulation can transform these systems from
computationally prohibitive to practically deployable.

The research began with a critical observation: traditional multi-model approaches ex-
haustively enumerate all possible parameter combinations, creating massive redundancy
where most models contribute negligibly to uncertainty coverage. This practice, rooted in
conservative design philosophy, wastes computational resources on models that provide no
meaningful benefit. By recognizing that effective uncertainty representation depends on
strategic model placement rather than exhaustive enumeration, order-of-magnitude reduc-
tions in computational requirements are achieved while maintaining robust performance.
This finding challenges decades of accepted practice and demonstrates the feasibility of
real-time implementation for previously intractable control schemes.

A deeper investigation into the nature of multi-model complexity led to another dis-
covery. The exponential growth in model requirements with increasing system dimen-
sion—long considered an inevitable curse—results from working in coordinates that hide
the underlying structure. When transformed to appropriate canonical forms, high-dimensional
uncertainty spaces often collapse dramatically, revealing that apparent complexity was
merely an artifact of poor representation. This insight extends beyond computational effi-
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ciency to suggest that many control problems considered inherently complex may possess
hidden simplicities that can be found through proper mathematical formulation.

The integration of physics-based and data-driven models presented a different chal-
lenge, coming from their fundamentally different uncertainty characterizations and failure
modes. Traditional approaches treat these as separate paradigms requiring distinct frame-
works, missing opportunities for synergy. By developing principled methods for consistent
uncertainty quantification across heterogeneous model types, each paradigm is enabled to
compensate for the other’s weaknesses. Physics-based models provide interpretability and
graceful degradation, while data-driven models capture complex behaviors beyond first-
principles understanding. Their fusion creates robustness exceeding either approach alone,
particularly in extreme conditions where individual models fail catastrophically.

These advances come together to reshape the understanding of multi-model adaptive
control. Where conventional wisdom accepts computational burden as the price of robust-
ness, this work demonstrates an alternative: achieving robustness through intelligent com-
plexity reduction rather than brute-force computation. The resulting framework maintains
theoretical guarantees while enabling practical implementation on resource-constrained em-
bedded systems.

The implications apply to many domains previously limited by computational con-
straints. Autonomous vehicles navigating unpredictable environments can now employ
sophisticated multi-model estimation without overwhelming onboard processors. Power
systems integrating renewable sources can adapt to rapid fluctuations using comprehensive
uncertainty models. Robotic systems can maintain performance across diverse operating
conditions without pre-programming every scenario. These applications transition from
theoretical possibilities to practical realities.

Beyond specific technical contributions, this research offers a broader perspective on
tackling computational barriers in control theory. Many accepted limitations may be arti-
facts of traditional formulations rather than fundamental constraints. By questioning basic
assumptions about how complex systems must be structured, opportunities for dramatic
simplification without sacrificing performance are uncovered. This approach—viewing
computational complexity as a design variable rather than a fixed constraint—suggests
that similar breakthroughs may be possible in other areas where theory has outpaced
implementation.

The synthesis achieved here demonstrates that combining geometric insight, coordi-
nate transformation, and heterogeneous integration creates capabilities beyond any single
approach. Each element addresses specific limitations while contributing to a unified frame-
work that transforms multi-model control from elegant theory to deployable technology.
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In an era demanding increasingly sophisticated autonomous systems, such transformation
becomes essential.

Ultimately, this thesis establishes that longstanding computational barriers need not
limit the deployment of theoretically superior control methods. Through creative reformu-
lation and synthesis of complementary approaches, robust adaptive control can be achieved
within practical constraints. As autonomous systems become increasingly prevalent and
operate in ever more challenging environments, the ability to implement sophisticated
multi-model control efficiently becomes not just advantageous but essential. This work pro-
vides both the theoretical foundations and practical tools to meet that challenge, marking a
definitive transition in multi-model adaptive control from academic curiosity to engineering
reality.

6.2 Future Work

The theoretical and practical advances presented in this thesis open numerous avenues for
future research that promise to further expand the capabilities and applications of multi-
model adaptive control systems. These research directions span theoretical extensions,
algorithmic enhancements, and practical implementation considerations.

i. Extension to Nonlinear Systems

The extension to nonlinear systems represents perhaps the most significant theo-
retical challenge and opportunity. While the current frameworks primarily address
linear parameter-varying systems, future work should explore systematic approaches
for identifying canonical representations of nonlinear systems that exhibit analo-
gous dimension reduction properties to those discovered for linear systems. This
could involve developing nonlinear coordinate transformations that preserve the es-
sential uncertainty structure while simplifying the model space topology. Research
into differential geometric approaches for characterizing nonlinear system manifolds
could reveal natural coordinates where multi-model complexity is minimized. Addi-
tionally, investigating the extension of Koopman operator theory to identify finite-
dimensional embeddings of nonlinear dynamics within the multi-model framework
presents a promising theoretical direction.

ii. Advanced Machine Learning Integration
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The integration of modern machine learning techniques with multi-model control
frameworks offers particularly rich opportunities for advancement. Deep learning ar-
chitectures could be developed to automatically discover coordinate transformations
that minimize the required number of models, potentially using physics-informed neu-
ral networks with specialized loss functions that encode coverage requirements while
respecting system dynamics. The Koopman linearization approach could be enhanced
through reinforcement learning algorithms that adapt lifting functions online based
on observed system behavior, dynamically balancing approximation accuracy with
computational cost. Neural architecture search could automate the design of data-
driven models within the ensemble, optimizing network architectures specifically for
complementarity with physics-based models rather than standalone accuracy. Fur-
thermore, investigating meta-learning approaches that enable rapid adaptation of the
multi-model framework to new domains or operating conditions could significantly
enhance practical deployment capabilities.

iii. Bayesian Model Confidence Quantification

Incorporating Bayesian techniques to quantify confidence in individual models and
adaptively weigh their influence offers a principled framework for uncertainty man-
agement within the multi-model ensemble. Future work should develop hierarchical
Bayesian models that capture both parametric uncertainty within individual models
and structural uncertainty across the model set. This could involve implementing
variational inference techniques to efficiently compute posterior distributions over
model parameters and mixing weights, enabling real-time adaptation of the ensem-
ble composition. Research into Bayesian neural networks within the data-driven
component could provide principled uncertainty quantification that accounts for
both aleatoric and epistemic uncertainty. The development of Bayesian optimiza-
tion approaches for online model structure adaptation could enable the framework to
autonomously refine its architecture based on observed performance. Furthermore,
investigating the use of Gaussian processes as surrogate models for expensive physics-
based simulations could enable efficient uncertainty propagation while maintaining
interpretability.

iv. Multi-Agent and Networked Systems

Extending the multi-model framework to multi-agent and networked control systems
presents significant theoretical and practical challenges. Future research should ex-
plore distributed multi-model architectures where individual agents maintain local
model ensembles while sharing information to improve collective performance. This
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could involve developing consensus algorithms for model agreement across the net-
work while respecting communication constraints and privacy requirements. Re-
search into game-theoretic approaches for multi-agent multi-model control could
address scenarios where agents have conflicting objectives or incomplete informa-
tion sharing. The investigation of network-aware model selection strategies that
account for communication delays and packet losses could enhance robustness in net-
worked implementations. Additionally, exploring hierarchical multi-model architec-
tures where high-level coordinators manage lower-level multi-model controllers could
enable scalable control of large-scale systems.
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