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Abstract

Quantum annealing is a method with the potential to solve hard optimization problems
faster than any classical method. In the near term, quantum annealing is particularly
appealing due to its low control requirement, relative to gate-based quantum computation.
However, despite the fact that large-scale quantum annealers containing more than 5000
qubits have been made commercially available, identifying a quantum advantage for prac-
tical problems has remained an elusive target. Amongst other issues, poor coherence is
considered the main prohibitive factor for these annealers to take on the quest for quantum
advantage.

In this thesis, we make progress in realizing a highly coherent quantum annealer, based
on superconducting capacitively-shunted flux qubits (CSFQ). First, we are met with the
challenge of crosstalk calibration when implementing individual control of the qubits and
couplers in the annealer, which is important for exploring novel annealing protocols. Two
different methods, relying on the symmetries of the superconducting circuits, are proposed
and successfully implemented to tackle this challenge. Second, we experimentally demon-
strate long-range correlation in a chain of couplers, which enables effective coupling of
qubits over large distances. The coupler chain could be expanded to a coupler network to
support high qubit connectivity, a highly desirable feature when embedding practical-scale
optimization problems into the annealer hardware. Finally, we evaluate the noise prop-
erties of the CSFQ. Coherence time measurements reveal that the dominant noise in the
system is intrinsic flux noise in the two control loops of the qubit. Landau-Zener transition,
a toy model for quantum annealing, is investigated in a CSFQ, revealing a crossover from
the weak to strong coupling to the environment. This crossover regime was not studied
before in either theory or experiment, and we present a phenomenological spin bath model
to elucidate this regime.
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Chapter 1

Introduction

Quantum mechanics is one of the two paradigm shifts in physics that occurred in the last
century, next to relativity. It began as a very much theoretical study to explain black-body
radiation, and later helped us to understand a wide range of phenomena in the microscopic
world. In the hundred years after its inception, quantum mechanics not only contributed
to a large range of advancements in modern physics, but also served as the foundation for
the development of semiconductor technologies, paving the way for the information age.

The 21st century holds promise for the second quantum revolution [1]. In the �rst quan-
tum revolution, novel technologies are developed by understanding and exploiting states of
matter existing in nature. In the second quantum revolution, we are growing our capability
in manipulating and engineering more and more novel and complex quantum states. The
landmark of such developments is celebrated in the 2012 Nobel Prize when Serge Haroche
and David J. Wineland were recognized for developing experimental methods to manipulate
and measure individual quantum systems [2]. Such capabilities promise to revolutionize
several technological frontiers, in cryptography and secure communication [3], sensing and
metrology [4], as well as computation [5], which is what this thesis focuses on.

It is widely believed that quantum computers will be able to solve certain problems
more e�ciently than classical computers. To a large extent, this is motivated by the insight,
�rst due to Feynman, that classical simulation of quantum systems requires exponential
run time and memory [6]. Later on, the power of quantum computers becomes widely
appreciated when a few quantum algorithms were discovered that outperform the best
classical algorithms [7, 8, 9, 10, 11](see Ref. [12] for a review), the most famous one being
Shor's factoring algorithm [13, 9].

There are two main approaches to quantum computation: the gate-model quantum
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computation and adiabatic quantum computation1. In gate-model quantum computation
(GMQC), �rst formalized by Deutsch in 1989 [15], computation is carried out by a se-
quence of discrete quantum gates, much like classical digital computation. In adiabatic
quantum computation (AQC) [16], computation is performed by slowly varying the system
Hamiltonian from an initial Hamiltonian, with an easily prepared ground state, to a �nal
Hamiltonian, the ground state of which corresponds to the solution of a computational
problem. In general, it has been shown that AQC and GMQC can e�ciently simulate each
other with polynomial resource and time, although a huge overhead is required to simulate
GMQC circuits using AQC [17].

The idea of mapping the ground state of a target Hamiltonian to a particular com-
putational problem �rst arises around the 1990s in the context of solving optimization
problems [18, 19, 20]. In analogy to simulated annealing [21], such optimization method
that employs a quantum system is what is now known as quantum annealing (QA). In
this sense, QA is closely related to AQC, with the distinction being that AQC is usually
referring to the more general approach to quantum computation, and QA is more closely
related to optimization.

There is a growing e�ort in the past twenty years to build a quantum computer. Among
the various hardware platforms [22, 23, 24, 25, 26], superconducting circuits stand out due
to its relative ease of control with commercial microwave electronics, and its fabrication
technique built upon conventional nano- and micro-technologies [27, 22]. In the case of
GMQC, since the �rst demonstration of coherent control of a superconducting qubit to
more twenty years ago [28], tremendous progress has been made to engineer superconduct-
ing circuits that can be controlled and read out with high �delity. A notable achievement
in this �eld is the demonstration of a quantum speedup in sampling random quantum gate
sequences [29].

Superconducting circuits, in particular superconducting 
ux circuits, are also one of the
leading platforms for implementing QA [30]. The 
ux circuits are essentially superconduct-
ing metal loops, with the two relevant states being persistent currents 
owing in clockwise
and anti-clockwise directions. The persistent current is e�ectively a large magnetic dipole
moment, making 
ux circuits behave much like spins in an external magnetic �eld. Thus,
superconducting 
ux circuits are a natural realization of QA, with the target Hamiltonian
encoded in the longitudinal �elds of each 
ux circuit and coupling strengths among them.
Such circuits have been built by the company DWave, which has commercialized quan-
tum annealers containing as many as 5000 qubits [31]. These large-scale annealers also
attracted a growing community of researchers, from both academia and industry, that try

1There are others such as measurement-based quantum computation [14]
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to understand the power of these engineered quantum machines [30, 32, 33]. However, to
this date, it is still an open question regarding whether the DWave quantum annealer can
realize quantum advantage in solving commercially relevant problems.

One of the fundamental challenges in building a quantum computer is the balance
between decoherence and control. Decoherence is a phenomenon through which a quantum
system loses its quantumness as it interacts with the environment around it, which has
degrees of freedom we cannot control and keep track of. The time scale over which this
happens, the (de)coherence time, is set by how strongly the quantum system interacts with
the environment. On the other hand, controlling and reading out the state of the quantum
system necessarily requires it to have strong enough interactions among itself and with
the control signals. This general tradeo� is relevant in both GMQC and QA. In GMQC,
stronger interaction allows faster gates, and hence more gates can be performed within the
coherence time of the device. For QA, stronger interaction increases the overall energy
scale, reducing the relative control error when solving a particular target Hamiltonian.

This thesis explores superconducting 
ux circuits for coherent quantum annealing. The
large persistent current of the 
ux circuits enables large tunable coupling which is desirable
for QA. However, this large magnetic dipole moment and strong interaction pose challenges
in precise control of the circuits and make them couple to noise strongly. Indeed, addressing
the challenges in controlling strongly interacting 
ux circuits and understanding the e�ects
of strong noise are the two main themes of this thesis.

1.1 Thesis outline

This thesis is organized as follows. In Chapter 2, we review the necessary background
for this thesis. We begin with an introduction to superconducting circuits in Section 2.1,
followed by an introduction to open quantum systems, focusing on di�erent master equa-
tions used in the thesis. The last section of this chapter introduces quantum annealing and
presents a review of the challenges and possible directions in this �eld.

Chapter 3 presents two systematic methods we developed to calibrate crosstalk in the

ux biasing of superconducting circuits. Their general principles are �rst introduced,
followed by a discussion of the experimental results. The �rst of the calibration methods
are used to enable the demonstration of long-range coupling between two qubits, mediated
by a chain of seven couplers, which is the subject of Chapter 4.

Chapters 5 and 6 study decoherence in a single 
ux qubit. In Chapter 5 we characterize
the coherence times of the qubit at various operating points, and the dominant noise
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channel. In Chapter 6 we looked at speci�cally the e�ect of noise on quantum tunneling, by
studying the Landau-Zener transition measurements. The experimental result is compared
with numerical open system simulations. Although the master equations failed to capture
the full range of data, we present a phenomenological open system model based on a spin
bath that captures the underlying physics.

We conclude this thesis in Chapter 7, where we highlight the signi�cance of our work
and discuss future directions.
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Chapter 2

Background

2.1 Superconducting circuits

Superconductors, despite being macroscopic in nature, feature quantum mechanical prop-
erties just like atoms. This is because charge carriers in superconductors are Cooper pairs
of electrons, condensed into a single macroscopic state described by a wavefunction [34, 35]..
This condensate supports current 
ow without dissipation, hence electrical circuits made of
superconductors in principle do not su�er from decoherence. The physics of superconduct-
ing circuits is enriched by the Josephson e�ect, which describes charge tunneling between
two superconductors interrupted by a thin barrier. By combining linear circuit elements
such as capacitors and inductors with the non-linear Josephson tunnel junction, complex
superconducting circuits can be designed and fabricated, which allows the storage, manip-
ulation, and readout of quantum states, forming the basis of quantum computing [27, 22].

In this section, we review the principles of general superconducting circuits, and then
discuss the speci�c components that make up the annealing processor. We begin this
section by introducing in Sec. 2.1.1 the basic building blocks of superconducting circuits,
the harmonic oscillator, and the Josephson junction. In Sec. 2.1.2 we discuss the method
to derive the Hamiltonian of a general complex superconducting circuit. Section 2.1.3 and
2.1.4 introduce the main type of superconducting qubit used in this thesis, the 
ux qubit,
as well as the method to realize tunable coupling between 
ux qubits. This is followed by
Sec. 2.1.5 which discusses the method used to read out the 
ux qubit.

5



Figure 2.1: A harmonic oscillator circuit made of capacitanceC and inductanceL. The

ux and charge at node 1 are denoted as �; Q respectively (see text for explanation).

2.1.1 Elements of superconducting circuits

The harmonic oscillator circuit. Physicists sometimes say that almost anything can
be modeled as a harmonic oscillator. Indeed the simplest superconducting quantum circuit
is a harmonic oscillator circuit, consisting of an inductanceL and a capacitanceC, as shown
in Fig. 2.1. Its dynamics can be described in terms of the 
ux at node 1

�( t) =
Z t

�1
V(t0)dt0; (2.1)

where V(t) is the node voltage. Applying Kirchho�'s law to the circuit then gives the
equation of motion (EOM) for �,

•� C +
�
L

= 0; (2.2)

where the dot indicates the time derivative. This resembles the EOM of a mass attached
to the end of a spring, where � is the displacement, andC and L play the role of mass and
inverse spring constant. The above equation of motion corresponds to the Euler-Lagrange
equations of motion for the Lagrangian

L LC =
_� 2C
2

�
� 2

2L
: (2.3)

Performing the Legendre transformation leads to the Hamiltonian

HLC =
Q2

2C
+

� 2

2L
; (2.4)

6



Figure 2.2: (a) The circuit symbol corresponding to an ideal Josephson junction is a cross.
(b) The Josephson junction is usually made up of two pieces of superconductors, linked
by a thin insulating barrier. Its properties are described in terms of the phase di�erence
between the superconducting wavefunctions on either side of the barrier, denoted as
 .

where Q is the conjugate momentumQ = @L LC =@_�, which for the harmonic oscillator
circuit is the charge stored in node 1.

To quantize the above Hamiltonian, one raises the variablesQ; � to operators Q̂; �̂ and
identi�es the canonical commutation relation

[�̂ ; Q̂] = i~; (2.5)

where~ is the reduced Planck's constant.

The Josephson Junction. The harmonic oscillator itself cannot be used as a qubit
because it is made of linear circuit elements and has degenerate level spacing. To obtain
non-degeneracy (or anharmonicity), a non-linear circuit element is required. The Josephson
junction is such a non-dissipative, non-linear circuit element, �rst predicted by B. D.
Josephson [36]. It is usually made up of two pieces of superconducting material, interrupted
by a thin layer of insulator, as shown in Fig. 2.2. The current through and voltage across
an ideal Josephson junction are given by the Josephson relations

I j = I c sin
 and (2.6)

Vj = � 0 _
; (2.7)

where I c is the critical current of the junction, 
 is the phase di�erence between the
wavefunctions of the two superconductors, and� 0 = ~=(2e) is the reduced 
ux quantum.
The Josephson junction is often seen as a non-linear inductance, with Josephson inductance
L j (
 ) given by

1
L j

=
1
� 0

dI
d


=
I c cos


� 0
: (2.8)
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It is also useful to introduce the Josephson energy
Z

I j Vj dt =
Z

I c sin
� 0d
 = � E j cos
; (2.9)

whereE j = I c� 0 is the characteristic Josephson energy.

Before proceeding, it needs to be pointed out that there is a close relationship between
the magnetic 
ux and the superconducting phase. Comparing Eq. 2.7 to Faraday's law
across a linear inductor shows that the junction phase di�erence
 acts analogously a 
ux
across the junction, with a proportionality constant� 0. This can be more rigorously proven
by introducing the gauge-invariant superconducting phase1. Therefore, we introduce the
dimensionless 
ux variable, ^' = �̂ =� 0, which can be seen as a generalized 
ux across either
a linear or non-linear inductor. Combined with the fact that the superconducting currents
are carried by Cooper pairs, the commutation relation in Eq. 2.5 is reintroduced using
dimensionless quantities

[ ^'; n̂] = i; (2.10)

wheren̂ = Q̂=(2e) is the Cooper pair number, withe being the electron charge.

2.1.2 Circuit quantization

One of the �rst steps in modeling a superconducting circuit for quantum computation is
to �nd the system Hamiltonian. The procedure to derive the Hamiltonian of a circuit is
commonly known as circuit quantization. Various methods exist to achieve this, such as
the method of nodes [38, 39, 40], the black-box quantization method[41] and the energy
participation ratio method [42]. In this section, we review the method of nodes to quantize
a generic circuit, consisting of inductors, capacitors, and junctions. This is the primary
method used in this thesis, and it is valid given that the circuit elements are much smaller
than the relevant wavelength, so they can be treated as lumped elements.

The starting point of circuit quantization through the method of nodes is to recognize
that a circuit can be described by a graphG(N ; E), where the edges are the circuit el-
ements such as capacitors, inductors, and Josephson junctions. Each node is associated
with a generalized 
ux coordinate, de�ned similarly to Eq. 2.1, by the time integral of the
node voltage relative to the ground node. The coordinates can be collected as a vector
~' N with dimension NN , where NN is the number of active nodes in the circuit (nodes

1See for example chpt.3.5 of Ref. [37]
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except ground). Naively the potential or kinetic energy can be found by writing the en-
ergies stored in the inductors(junctions) or capacitors in terms of the di�erence of the
superconducting phases of the two nodes connected by the element, or its time deriva-
tive. However superconducting circuits obey the fundamental relation that the total 
ux
threading an enclosed loop, including external 
ux bias has to be quantized [43, 44]. To
account for this condition algorithmically, we use the concept of spanning trees and closure
branches. The spanning treeS for a graph is made of a set of edges such that there is a
unique path joining every node to every other node through edges inS. The remaining
edges make the closure branchesC = E � S . The choice of spanning tree is not unique,
as this choice corresponds to gauge choice in electromagnetism, and does not a�ect the
underlying physics. Following [40], the convention we adopt here is that an inductive-like
element (inductors or Josephson junctions) is always preferred to capacitors when choosing
the spanning tree element between any two nodes, and a capacitor is chosen only when
there is no inductive-like element between two nodes. This way, for each of the remaining
inductive-like elements, which is not in the tree, there is an associated fundamental loop
in the circuit. We collect these inductive-like elements not in the tree into a setL 2 C.
The external 
ux can then be conveniently assigned to each inductive-like element inL .
This allows us to write the phase di�erence across an edgeek;l;m , connecting nodek; l as

' k;l;m =

(
' k � ' l � 2�f k;l;m ; if ek;l;m 2 L

' k � ' l ; otherwise
; (2.11)

wherem denotes for them'th edge between nodesk; l . The external 
ux bias for a loop,
normalized by the 
ux quantum � 0 = 2�� 0, is assigned to the corresponding edge asf k;l;m .
The next step is to write down the kinetic and potential energy in the Lagrangian. The
kinetic energy TL is given by the sum of capacitive energies in the circuit, which can be
succinctly given by

TL =
� 2

0

2
_~' T

N C _~' N ; (2.12)

whereC is the so-called Maxwell node capacitance matrix, with dimensionNN � NN . Its
o�-diagonal elements are given by the negative of the capacitance connecting two nodes,
and each diagonal element is given by the sum of capacitances connecting to a node,
including capacitances to ground.

The potential energy is a sum of the inductive energy and Josephson energy in the
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circuit. They are respectively

Uind =
X

ek;l;m

� 2
0

' 2
k;l;m

2L k;l;m
(2.13)

Ujos = �
X

ek;l;m

E j;k;l;m cos' k;l;m ; (2.14)

where E j;k;l;m ; L k;l;m are the Josephson energy and inductance of the edgek; l; m. The
sums are understood to run over all the inductances and Josephson junctions in the circuit,
respectively.

Having found the Lagrangian, we next perform the Legendre transform and de�ne the
conjugate momentum of thei 'th node coordinate as

pN;i =
@L
@_' i

: (2.15)

The kinetic energy in the Hamiltonian is given by

TH = ~pN
_~' N � TL (2.16)

=
1

2� 2
0
~pT

N C � 1
N ~pN : (2.17)

Combining the kinetic and potential energy together, we have the circuit Hamiltonian

H = TH + Uind + Ujos; (2.18)

from which the properties of the circuit, such as transition frequencies and operator matrix
elements can be extracted. In practice, choosing the appropriate basis to numerically
represent the above Hamiltonian is challenging. Since this is fairly technical, we defer this
discussion to Appendix. A, which also includes an example superconducting circuit to be
quantized.

2.1.3 The 
ux qubit

Qubits are the fundamental building block for quantum computing. Various types of qubits
can be realized with superconducting circuits [27, 22]. The 
ux qubit in particular is a
class of superconducting circuits with states characterized by persistent current 
owing in
a superconducting loop, interrupted by Josephson junctions. As we will see in this and
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Figure 2.3: Circuit schematic of the (a) �xed-gap (three-junction) and (b) tunable-gap
(four-junction) persistent current qubits.

the next subsection, coupled 
ux qubits emulate coupled spins under external magnetic
�elds, which makes it a natural platform to build a programmable quantum annealer. Our
qubit design derives from the persistent current qubit [45, 46]. As shown in Fig. 2.3(a),
it consists of a superconducting loop interrupted by three Josephson junctions, with two
of them being identical in principle and the third one is smaller and often called the�
junction. The 
ux quantization condition in the qubit loop leads to


 1 + 
 2 + 
 3 = � 2�f z; (2.19)

where f z = � z=� 0 is the reduced 
ux bias in the qubit loop, 
 1;2 are the phase di�erence
across the two larger junctions and
 3 is the phase di�erence across the smaller� junction.
Using the 
ux quantization condition to eliminate 
 3, the potential energy of the circuit is
given as

Ufq = �
X

i =1 ;2

EJi cos
 1;2 � EJ� cos (
 1 + 
 2 + 2�f z) (2.20)

= � 2EJ cos' m cos' p � �E J cos (2�f z + 2' p) (2.21)

where in the second line we have introducedEJ = EJ 1 = EJ 2 assuming symmetry and
EJ� = �E J and ' p(m) = ( ' 1 � ' 2)=2. The potential landscape for di�erent values of the

ux bias near f z = 0:5 is shown in Fig. 2.4. The new coordinates' p(m) are analogous
to in(out of) phase oscillation normal modes of two coupled harmonic oscillators. Near
the 
ux bias symmetry point and assuming low enough energy, the' m coordinate can be
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Figure 2.4: Contour plots of the potential energyUfq of the three junction 
ux qubit with
� = 0:8, at di�erent 
ux bias points, as a function of the phase di�erence across the two
larger junctions, 
 1 and 
 2. From left to right they correspond to f z = 0:5; 0:49; 0:51.

seen as almost �xed at' m = 0. The potential energy along' p is e�ectively a double-well
potential, as illustrated in Fig. 2.5(a), with each well corresponding to persistent current

owing clock-wise and counter-clockwise in the qubit loops.

The capacitances in the circuit lead to the kinetic energy. It can be written in terms of
conjugate variables to the' � coordinates, following the method presented in Appendix A.
This kinetic energy induces tunneling between the two wells. Assuming low enough energy
so that only the lowest state of each well can be occupied, the 
ux qubit Hamiltonian can
be well-approximated using the two-level system Hamiltonian

H TLS
fq =

� �
2

� z �
�
2

� x ; (2.22)

� = 2I p� 0(f z � 0:5) (2.23)

where � � is the Pauli matrix in the persistent current basis,I p is the persistent current.
The tunneling amplitude is given by �, which is also known as the qubit gap, as it is the
minimum qubit frequency obtained when the 
ux bias is at the symmetry point,f z = 0:5
(see Fig. 2.5(b)). The tunneling amplitude � can be estimated analytically using the WKB
(Wentzel-Kramers-Brillouin) approximation [47, 45]. More generally, the parametersI p

and � can be obtained by numerically. A simple method is to diagonalize the circuit
Hamiltonian while sweepingf z. The resultant transition frequency between the two lowest
states can be �tted to the analytical two-level transition frequency expression,

! TLS
01 =

q
� 2 + 2I p� 0(f � 0:5): (2.24)
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Figure 2.5: (a) Potential energy of the three junction 
ux qubit versus' p, assuming
' m = 0 for di�erent 
ux bias conditions. (b) Schematic of the energies of the ground and
�rst excited state of the 
ux qubit as a function of 
ux bias f z. The yellow dashed lines
and blue dot-dashed lines indicate energies of the persistent current statesjL i and jRi
respectively.

The �tting results give the persistent current I p and the minimum qubit gap �.

The qubit gap can be made tunable by replacing the� junction with a DC-SQUID, as
illustrated in Fig. 2.3(b). For a symmetric DC-SQUID, each with Josephson energy�E J ,
the potential energy of the tunable 
ux qubit is

Utfq = �
X

i =1 ;2

EJ cos
 i � �E J cos (
 1 + 
 2 + 2�f z0) � �E J cos (
 1 + 
 2 + 2� (f z0 + f x ))

(2.25)

= � 2EJ cos' p cos' m � 2�E J cos(�f x ) cos(2�f z + 2' m ); (2.26)

In the second line, we introducedf z = f z0+ f x=2. Comparing with Eq. 2.21, we seef z = 0:5
is the symmetry point for the four-junction 
ux qubit, and 2 � cos(�f x ) plays the role of
� . With f x closer to zero, or equivalently with increasing� , the tunneling barrier of the
double-well potential increases, which suppresses the tunneling amplitude �. The 
ux
tunability of both � and � in the two-level system Hamiltonian resembles that of an ideal
spin under externally applied transverse and longitudinal �elds.

Since the �rst introduction of the persistent current qubit, di�erent variants of it have
been attempted to improve it. Recently, Fei Yan et al [48] demonstrated signi�cantly
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improved qubit coherence times and reproducibility, achieved by shunting large capacitors
across the� junction. This type of 
ux qubit is named the capacitively-shunted 
ux qubit
(CSFQ), and our qubit design similarly adopts the capacitive shunt.

Another type of 
ux qubit that is often considered in the context of quantum annealing
is the rf-SQUID qubit [49, 50], which is essentially a superconducting loop interrupted by
a Josephson junction. The quadratic potential of the geometric inductance of the loop,
added to the cosine potential of the junction leads to a double-well potential analogous to
the persistent current qubit. The double-well potential only occurs when� = I cL=� 0 > 1.
Therefore, one disadvantage of the rf-SQUID qubit as compared to the persistent current
qubit, is that a signi�cant critical current I c and/or inductance is required for the two-
state approximation to be valid, whereas in the persistent current qubit, this large e�ective
inductance is achieved through the Josephson inductances of the two large junctions. This
means that the rf-SQUID qubit will likely be more sensitive to noise, due to largerI p, or
experiences more noise due to the larger size of the superconducting loop. A more recent
variant of the rf-SQUID qubit is the 
uxonium, where the large inductance is replaced
by a super-inductance, typically realized by a long chain of Josephson junctions [51]. The

uxonium has one of the highest coherence times reported for a superconducting qubit [52].
Exploring the possibility of a 
uxonium-based quantum annealer would be an interesting
future work.

The 
ux basis de�nition. As discussed above, the two-level Hamiltonian parameters
can be obtained by �tting the transition frequency between the lowest two levels in the 
ux
qubit circuit model. However, this procedure does not provide any information about the
basis in which the two-level system is de�ned. This basis de�nition becomes particularly
important when considering interacting 
ux qubits. This section outlines an unambiguous
method to reduce the 
ux circuit to its two-state description.

We �rst note that for any two-level system, its Hamiltonian can always be written as

H =
X

� = f x;y;z;I g

h� � � : (2.27)

Then the computational basis is chosen such that the persistent current operator is diagonal
in this basis. Formally we �rst look for a 2� 2 unitary transformation V1 such that,

V1

�
hgj@f z H circ jgi hgj@f z H circ jei
hej@f z H circ jgi hej@f z H circ jei

�
V y

1 =
�

hL0j@f z H circ jL0i 0
0 hR0j@f z H circ jR0i

�
; (2.28)
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where jgi ; jei are the ground and �rst excited state vectors found by diagonalizing the
circuit Hamiltonian H circ . The two states jL0i ; jR0i are distinguished by imposing the
condition hL0j@f z H circ jL0i < 0 and hR0j@f z H circ jR0i � 0. Then we introduce two additional
constraints following conventions for 
ux qubits:

ˆ � y is always zero;

ˆ � x is always positive.

They are realized by de�ning a unitary

V2 =
�

1 0
0 exp (i� )

�
; (2.29)

where � = arg [hR0jH circ jL0i ]. Combining things, the computational (persistent current)
basis statesjL i and jRi are given by

�
jL i
jRi

�
= V2V1

�
jgi
jei

�
: (2.30)

We note that jL i ; jRi ; jgi ; jei are state vectors in the Hilbert space of the 
ux qubit circuit.

2.1.4 The rf-SQUID coupler

Realizing tunable coupling between qubits is necessary for both gate-based quantum com-
puting and programmable quantum annealing. For superconducting 
ux qubits, coupling
is usually achieved by forming mutual inductances between the qubits'z-loops, due to
the 
ux generated by each qubit's persistent current. Tunable mutual inductance can be
e�ectively realized by inserting an intermediate coupler between the qubits, which has

ux-tunable susceptibility [53, 54]. A schematic of two three-junction 
ux qubits coupled
by an rf-SQUID coupler is depicted in Fig. 2.6. In this subsection, we review the working
principle of the rf-SQUID coupler, which is used in this thesis.

The susceptibility picture. The rf-SQUID coupler has potential energy

Uco(' J ) = � I co
c � 0 cos(' J ) +

� 2
0

2L co
(' J � 2�f cz)

2 ; (2.31)
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Figure 2.6: Two 
ux qubits coupled by an rf-SQUID coupler.

whereI co
c and L co are the junction critical current and geometric inductance of the SQUID,

and f cz is the reduced 
ux bias applied to the SQUID. When the rf-SQUID has non-linearity
parameter � = I co

c L co=� 0 < 1, its potential energy is monostable, with the position of the
potential minimum dependent on the external 
ux bias. As the external bias deviates from
the symmetry point, a �nite circulating current arises in the coupler loop. Therefore, by
inductively coupling the rf-SQUID to two qubits, the rf-SQUID mediates the 
ux signal of
one qubit to another.

Given that the coupler is designed to have a large excitation frequency, it can be
assumed, in the spirit of Born-Oppenheimer approximation, that the coupler remains in the
ground state throughout any qubit operation. This allows writing the e�ective interaction
between qubits mediated by the coupler as

H int = �M q1cM q2cI p1I p2� z1� z2; (2.32)

where� is the susceptibility of the rf-SQUID coupler. Further assuming that the qubit 
ux
signal is small and the coupler responds linearly to the qubit 
ux signal, the susceptibility
is given by

� =
1

� 0

@Ig
@fcz

; (2.33)

with I g being the ground state current 
owing through the coupler loop. In Fig. 2.7, we
show the ground state current, as well as the susceptibility for typical parameters of the
rf-SQUID coupler.

The susceptibility of the rf-SQUID coupler, and hence the qubit coupling strength can
be tuned by adjusting the external 
ux bias f cz in the coupler. Away from the coupler
symmetry point, f cz = 0:5, it has a non-zero ground state current and thus induces a �nite

ux bias to the adjacent qubit. This interdependence of the coupling strength and the qubit

ux bias is undesirable as it makes calibrating the system more di�cult. To overcome this
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Figure 2.7: The ground state currentI g (a) and the susceptibility of the rf-SQUID coupler
as a function of the external 
ux biasf cz. The parameters used for this coupler isL co =
750 pH; ; Cco = 8:4 fF

problem, the single-junction can be replaced by a DC-SQUID [55]. The DC-SQUID allows
the coupler to be always operated at the symmetry point and achieves tunable susceptibility
by tuning the e�ective critical current of the SQUID. This design minimizes the e�ective
crosstalk from the coupler to the qubit and simpli�es calibration [55].

Schrie�er-Wol� transformation for e�ective interaction. When designing couplers
that mediate strong coupling between 
ux qubits, it is often the case that the suscepti-
bility description, relying on the linear response of the coupler breaks down. In Ref. [56],
the authors developed analytical corrections accounting for the non-linearity of the cou-
pler susceptibility when the mediated coupling becomes strong. In our work, to compute
the coupling strength, we follow a numerical approach based on the Shrie�er-Wol� trans-
formation (SWT), developed in Refs [57, 58]. As compared to the analytical corrections
developed in Ref. [56], although computationally more expensive, the SWT-based approach
is a more general method for �nding low-energy e�ective Hamiltonian of the subsystem of
interest, and hence more easily accounts for e�ects such as the renormalization of qubit
energy due to coupling and non-ZZ type interactions. Here we outline the procedure to
�nd the low-energy e�ective Hamiltonian of two qubits coupled by a coupler, using the
SWT.

First, we consider the total system Hamiltonian without and with the interaction terms,
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in the basis of the circuits. They are given by

H0 =
X

�

H � ; (2.34)

H full = H0 + H int : (2.35)

In the expressions above� is an index denoting the subcircuit (either qubit circuit or
coupler circuit), and the overline indicates we consider the loading e�ect inH0

2. Then we
de�ne the qubit space projection operators, for the non-interacting and interacting circuits
respectively,

P0 =
2N � 1X

i =0

jE 0
i ihE 0

i j (2.36)

P =
2N � 1X

i =0

jE i ihE i j; (2.37)

where the eigenstatesjE 0
i i and jE i i are found by diagonalizingH0 and H full respectively.

These are the lowest 2N states, which are the qubit-like excitations in a circuit containing
N qubit circuit. Then the SWT matrix is de�ned as

USW =
p

(2P0 � I )(2P � I ); (2.38)

and the e�ective Hamiltonian is

He� = P0USWH full U
y
SWP0: (2.39)

Finally, the e�ective Hamiltonian can be decomposed into multi-qubit Pauli operators,
with coe�cients,

h~� =
1

2N
Tr( He� � S~� ); (2.40)

whereS~� = � 1
� 1


 � 2
� 2


� � �
 Pc. The operator� i
� i

is a Pauli operator of thei 'th qubit circuit,
expressed in the circuit Hamiltonian basis, andPc is a projection operator which projects
all coupler circuits into the ground state of the non-interacting, but loaded couplers.

2Loading refers to the change of the e�ective inductance(capacitance) of a subcircuit when it is induc-
tively(capacitively) coupled to another subcircuit. See also Appendix A for details of the loading e�ect
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Figure 2.8: Schematic of the readout circuit. The 
ux-sensitive resonator (grey) is coupled
to a 
ux qubit (purple) on the one end and an open transmission line (black) on the other

2.1.5 Readout of the 
ux qubit

Reading out the qubit state is a necessary process for any form of quantum computation
and various ways exist to read out the 
ux qubit. Early methods rely on measuring the
magnetic signal generated by the two distinct persistent current states by detecting the
switching current of a DC-SQUID [59]. However, such a readout scheme leads to a large
number of quasi-particles as the DC-SQUID switches to the voltage state and thus becomes
unfavorable as the need for qubit coherence increases. Later schemes usually embed the
DC-(or rf-)SQUID as part of a resonant circuit, and rely on the magnetic-�eld-dependent
non-linear SQUID inductance [60, 61, 62]. The resonant circuit can be formed by either
shunting the SQUID with a large capacitance or terminating a waveguide resonator with
the SQUID. As realizing large on-chip capacitance can be challenging, we adopt the latter
method of combining SQUID and waveguide resonator as the readout method used in
this thesis. We note that the energy eigenstate of the 
ux qubit can also be read out by
coupling to linear resonators in a standard circuit-QED architecture [63, 64]. However,
such a method usually becomes ine�ective near � = 0, due to the vanishingly small
state overlap between two computational states, making them unsuitable for annealing
applications. Though it needs to be pointed out that readout with linear resonators is still
viable by using a more complex readout protocol, involving higher energy states of the
qubit circuit [65].

Next, we present the basic principles of the 
ux-sensitive resonator readout. This is
followed by a method to quantize a waveguide resonator terminated by a SQUID (see
Fig. 2.8). As we will see, this quantization procedure facilitates a quantum mechanical
treatment of the interaction between the qubit and the tunable resonator.
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Qubit state dependent resonance. The SQUID can be �rst approximated as an ideal
linear inductance L sq. For a classical rf-SQUID [66] with bias currentI b, its e�ective
inductance is given by

L sq = � 0
@'J
@Ib

; (2.41)

The phase across the junction' J can be found by minimizing the classical SQUID potential

Usq(' J ) = � I sq
c � 0 cos(' J ) +

� 2
0

2Lg
(' J � 2�f r )

2 � I b'; (2.42)

whereI sq
c and Lg are the junction critical current and geometric inductance of the SQUID,

and f r is the reduced 
ux bias applied to the SQUID.

The next step is to �nd the resonance frequency for the resonator, which is set by the
boundary condition

I (z = � l) = 0 ; V(z = 0) = i!L sqI (z = 0) : (2.43)

Combined with the telegrapher's equations for the waveguide [67], the�= 4 resonance can
be found by solving the equation

exp
�

2i! r l
c

�
=

i! r L sq � Z0

i! r L sq + Z0
; (2.44)

where l; c; Z0 are the waveguide length, phase velocity, and characteristic impedance re-
spectively. By inductively coupling the SQUID to the qubit, the SQUID has a di�erent
e�ective 
ux bias depending on the qubit's persistent current state and has di�erent e�ec-
tive inductance. Hence the resonator has di�erent resonance frequencies for di�erent qubit
states. They can be distinguished by measuring the transmission of a probe tone through
the open transmission line coupled to the resonator.

Tunable resonator quantization. A Hamiltonian description of the waveguide and
SQUID inductor system can be obtained by �rst writing the energies stored in the resonator
system in terms of forward and backward propagating voltages, and then identifying a
transformation that turns the voltages into conjugate variables. First, at the SQUID
(inductor) end, the ratio between backward and forward propagating voltage is given by

V �

V +
= � =

i! r L sq � Z0

i! r L sq + Z0
: (2.45)
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Then the time-dependent voltages and currents on the transmission line at pointz is

V(z; t) = V + f exp [i! r (t � z=v)]

+� exp [ i! r (t + z=c)]g + c.c.; (2.46)

I (z; t) = i
V +

Z0
f exp [i! r (t � z=c)]

� � exp [ i! r (t + z=v)]g + c.c.; (2.47)

where c.c. stands for complex conjugate, added to ensure the voltage and current on the
line is real. The total energy stored in the transmission and the inductor is

H r =
Z 0

� d

�
c0

2
V(z; t)2 +

1
2l0

I (z; t)2

�
dz +

L sqI (0; t)2

2
; ; (2.48)

wherec0 = 1=(cZ0); l0 = Z0=care the characteristic capacitance and inductance of the line.
For the �= 4 resonator, The total energy can be succinctly written in quadratic form

H r =
�

fV + fV +
�
�

0

@
0 1

2

�
l

cZ0
+ L sq

Z 2
0 + L 2

sq ! 2
r

�

1
2

�
l

cZ0
+ L sq

Z 2
0 + L 2

sq ! 2
r

�
0

1

A

 
fV +

fV +
�

!

; (2.49)

where we have introduced the dynamical variablefV + = V + exp(i! r t). We then aim to
�nd the variable transformation q = � fV + + � � fV +

�
and p = i! r � fV + � i! r � � fV +

�
, such that

H r =
�
q p

�
�

1
2 ! 2

r 0
0 1

2

� �
q
p

�
: (2.50)

Applying the transformation to Eq. 2.49 we have

H r =
�
q p

�
0

@
1

4�� �

�
l

cZ0
+ L sq

Z 2
0 + L 2

sq ! 2
r

�
0

0 1
4�� � ! 2

r

�
l

cZ0
+ L sq

Z 2
0 + L 2

sq ! 2
r

�

1

A
�

q
p

�
: (2.51)

Comparing Eqn.2.50 and Eqn.2.51 allows us to obtain the magnitude of� . The phase of
� will be determined later.

Next, to establish that p and q are indeed conjugate variables, it needs to be checked
that they obey Hamilton's equations of motion,

dp
dt

= � ! 2
r � fV + � ! 2

r � � fV +
�

= � ! 2
r q = �

@Hr

@q
; (2.52)

dq
dt

= i! r � fV + � i! r � � fV +
�

= p =
@Hr

@p
: (2.53)
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Thus p; q can be promoted to operators. By introducing the harmonic ladder operators,

p = i

r
~! r

2

�
ay � a

�
; (2.54)

q =

r
~

2! r

�
ay + a

�
; (2.55)

the harmonic oscillator Hamiltonian is recoveredH r = ~! r (aya + 1=2). Hereafter we omit
the hat on operators, assuming it is clear from the context.

This quantization procedure gives an expression for the bias current 
owing through the
SQUID inductance in terms of the creation and annihilation operators, through Eq. 2.47
and the variable transformation. We also use our freedom in choosing the phase of� to
ensure that � � = �= �. This gives

I b = I b0i (ay + a); (2.56)

with I b0 =

p
c~! r Z0q

cLsqZ0 + l
�
L2

sq! 2
r + Z 2

0

� : (2.57)

Since in our design, the qubit is coupled inductively to the geometric inductance of the
rf-SQUID, we need to further relate the SQUID bias current to the current 
owing through
the SQUID geometric inductance. Assuming smallI b, which is justi�ed when the energy
in the resonator is low, we have

I g(f r ; I b) = [ ' J (I b; f r ) � 2�f r ]
� 0

Lg
(2.58)

= I g0(f r ) + r1(f r )I b + r2(f r )I 2
b + O(I 3

b ); (2.59)

where in the second line we performed a Taylor expansion ofI g around I b = 0. The
coe�cients of the Taylor expansion can be found numerically by minimizing the SQUID
potential Eq. 2.42 at a range ofI b. The term I g0 corresponds to screening current in the
SQUID and e�ectively shifts the qubit bias. The coe�cients r1, and r2 are SQUID bias
dependent and give rise to linear and non-linear interactions between the resonator and
the qubit. Finally, the interaction Hamiltonian between the resonator and the qubit is

Hqr = M qr
@Hq

@fz

�
ir 1I b0(ay � a) � r2I 2

b0(ay � a)2
�

; (2.60)

whereM qr is the mutual inductance between the qubit and the SQUID geometric induc-
tance, and@Hq=@fz is the qubit operator participating in the interaction.
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2.2 Open quantum systems

One of the fundamental challenges of building a quantum computer is that the external
environment that the system is coupled to can destroy the quantum state of the latter.
The �eld of open quantum systems is concerned with studying such systems that couple
to an environment, but still preserves some quantum mechanical properties [68, 69]. Due
to the requirement of large coupling strength between qubits to encode problem Hamil-
tonians, annealing-compatible 
ux qubits couple more strongly to the environment than
state-of-the-art superconducting qubits used in GMQC. Thus, 
ux qubits provide unique
opportunities to develop our understanding of noise in superconducting devices and test
open quantum system theories, and in return, these improved understandings could be
used to mitigate the adverse e�ect of noise on the computational power of annealers.

In this section, we review the theories used in this thesis to study the open system
behaviors observed in annealing-compatible qubits. In particular, we focus on the master
equation approach, which gives a time-local equation for the reduced density operator
of the system. In the �rst subsection, we review the derivation of the Lindblad-form
master equation for a time-independent system Hamiltonian, assuming weak system-bath
coupling. This allows us to relate the qubit coherence times to the coupling and noise
properties of the bath. In the second subsection, we look at how to obtain a similar master
equation for a time-dependent Hamiltonian, which is particularly useful when considering
annealing. In the third subsection, we look at a di�erent master equation that is applicable
in the strong coupling limit. This equation is particularly useful for describing quantum
tunneling subjected to strong noise, a situation that is closely related to annealing. We
note that there are other approaches for modeling open quantum systems, such as the
Nakajima-Zwanzig equations [70, 71], in
uence functionals [72], hierarchical equations of
motion [73]. These methods are more general, but usually not as numerically e�cient as
master equations. For a more complete review of theories on open systems, the readers are
referred to Ref. [74, 68, 69].

2.2.1 Red�eld and Lindblad master equations

We start by considering a general system-bath Hamiltonian

H = HS + HB + H I ; (2.61)
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where HS and HB are the system and bath Hamiltonian respectively. The interaction
Hamiltonian can be given in the form

H I = g
X

�

A � 
 B � ; (2.62)

where A � and B � are system and bath operators respectively, with unit norm, andg is
some constant characterizing the coupling strength. The evolution of the total density
operator (system + bath) follows the Von Neumann equation

_� (t) = �
i
~

[H (t); � (t)]: (2.63)

In the interaction picture, we have

_e� (t) = �
i
~

[ eH I (t); e� (t)]; (2.64)

where the tilde denotes operators in the interaction picture. The solution to Eq. 2.64 is

e� (t) =
� i
~

Z t

0
ds[ eH I (s); e� (s)] + e� (0): (2.65)

Substituting the solution back into Eq. 2.64 and tracing out the bath, we obtain an integral-
di�erential equation for the reduced density operator of the system,

_f� S(t) = �
1
~2

Z t

0
dsTr B

nh
fH I (t); [ fH I (s); e� (s)]

io
�

i
~

Z t

0
dsTr B

n
[fH I (s); e� (0)]

o
: (2.66)

Assuming factorizable initial condition, � (0) = � S(0) 
 � B (0), the integrand in the second
term in Eq. 2.66 becomes

g
X

�

[A � (s); f� S(0)]Tr B f B � (s); � B (0)g; (2.67)

noting the interaction picture and Schrodinger picture operator coincide att = 0. The
trace in the above expression can always be brought to zero since any non-zero component
can be absorbed intoHS. Therefore, the second term in Eq. 2.66 is ignored hereafter.

We next make the Born-Markov approximations. The Born approximation assumes
that the bath state is negligibly a�ected by the system and the system-bath state remains
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factorizable. This is reasonable if for example the bath has a large number of degrees of
freedom and remains in thermal equilibrium. Using this approximation, we can write

e� (s) = f� S(s) 
 � B : (2.68)

The time dependence on the bath state is dropped hereafter. The Markov approximation
is to assume that the evolution at timet does not depend on the system state at anys < t ,
in other words, information about the system's past is lost in the bath and never comes
back to the system. This amounts to replacingf� S(s) with f� S(t), allowing us to obtain

_f� S(t) = �
1
~2

Z t

0
dsTr B

nh
fH I (t); [ fH I (s); f� S(t) 
 � B ]

io
: (2.69)

Next, we substitute in the form of interaction Hamiltonian, as given in Eq. 2.62, which
allows us to obtain

_f� S(t) = �
g2

~2

X

�

[A � (t); � � (t)f� S(t)] + h :c:; (2.70)

where h.c. stands for Hermitian conjugate. The operator �� (t) is given by

� � (t) =
X

�

Z t

0
dsC�� (t; s)A � (s)ds; (2.71)

with the bath correlation function de�ned as

C�� (t; s) = hB � (t)B � (s)i = Tr [ B � (t)B � (s)� B ] : (2.72)

In deriving Eq. 2.70 we used the property of the correlation time

C�� (t; t � s) = C�� (s;0) = C �
�� (0; s); (2.73)

arising from the assumption that the bath is stationary [75].

Equation 2.70 is known as the Red�eld equation [76]. It is still not fully Markovian
because the evolution at timet has implicit initial condition dependence. To remove this
dependence, the lower limit of the integral in �� (t) can be extended to minus in�nity,
justi�ed if the bath correlation function decays fast enough. Replacings with t � s, we
have

� � (t) =
X

�

Z 1

0
dsC�� (s;0)A � (t � s)ds: (2.74)
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Evaluating Eq. 2.74 requires knowledge of the bath correlation function, which is usually
not directly accessible by experiments. This inconvenience can be avoided by going into
the frequency domain. First, the interaction picture system operator, assuming a time-
independent system HamiltonianHS(t) = HS, can be decomposed with matrix elements,

A �;ij (t) = hi jA � (t)jj i

= exp ( i! ij t)hi jA � jj i

= exp ( i! ij t)A �;ij ; (2.75)

where ji i is the i 'th system eigenstates,! ij = ! i � ! j is the angular transition frequency
between statesi and j . Second, the noise correlation can be given by its one-sided Fourier
transform, the spectral density matrix

� �� (! ) =
Z 1

0
dsexp (i!s )C�� (s); (2.76)

which can always be decomposed with

� �� (! ) =
1
2


 �� (! ) + iS�� (! ); (2.77)


 �� (! ) =
Z 1

�1
dsei!s C�� (s); (2.78)

S�� (! ) =
Z 1

�1

d! 0

2�

 �� (! 0)P

�
1

! � ! 0

�
; (2.79)

whereP denotes principal value. Furthermore, for a bath in thermal equilibrium at tem-
perature TB , 
 �� (! ) satis�es


 �� (� ! ) = exp
�

� ~!
kB TB

�

 �� (! ); (2.80)

where kB is the Boltzmann constant. As we will see later,
 �� is directly related to the
decoherence rate in the system, which can be directly measured experimentally, andS��

gives rise to Lamb shift to the system Hamiltonian3.

Now collecting the result of � � (t) in Eq. 2.74,A � (t) in Eq. 2.75, and using the de�nition
of the spectral density matrix in Eq. 2.76, we can expand Eq. 2.70 and get a Markovian

3The notations here follows the textbook [68]. Note that often one usesS(! ) as the noise spectral
density, which is denoted by 
 (! ) here.
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equation for the evolution of the interaction picture system density operator

_f� S(t) = �
g2

~2

X

�;�;i;j;k;l

� �� (! ji )A �;kl A �;ij ei (! kl + ! ij )t [(jkihj j)� il f� S(t) � j i ihj jf� S(t)jkihl j] + h :c::

(2.81)

Furthermore, if the system Hamiltonian is non-degenerate, we can apply the secular ap-
proximation, which discards terms with! kl + ! ij 6= 0, because they are fast rotating and
average to zero. This is equivalent to inserting (� kl � ij + � kj � il (1 � � ik )) to Eq. 2.81. We get

_f� S(t) = �
g2

~2
f

X

�;�;i;k

� �� (0) [L �ii L �kk ~� S(t) + L �ii f� S(t)L �kk ]

X

�;�;i 6= k

� �� (! ki ) [L �ki L �ik f� S(t) + L �ik f� S(t)L �ik ] g + h :c:; (2.82)

where we introduced

L �;ij = A �;ij ji ihj j: (2.83)

Using the decomposition of ��� introduced in Eq. 2.77, we can rewrite Eq. 2.82 into the
more familiar form

_f� S(t) = �
i
~

[HLS; f� S(t)]

+
g2

~2

X

��

X

i 6= k


 �� (! ki )
�
L �;ik e� SL y

�;ik �
1
2

n
L y

�;ik L �;ik ; e� S

o�

+
g2

~2

X

��

X

ik


 �� (0)
�
L �;ii e� SL y

�;kk �
1
2

n
L y

�;ii L �;kk ; e� S

o�
; (2.84)

wheref�g denotes the anti-commutator and the Lamb shift is given by

HLS =
g2

~

X

��

X

ik

L y
�;ik L �;ik S�� (! ik ) ; (2.85)

which is diagonal in the system eigenbasis. Rotating back into the Schrodinger picture, we
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have

_� S(t) = �
i
~

[HS + HLS; � S(t)]

+
g2

~2

X

��

X

i 6= k


 �� (! ki )
�
L �;ik � S(t)L y

�;ik �
1
2

n
L y

�;ik L �;ik ; � S(t)
o �

+
g2

~2

X

��

X

ik


 �� (0)
�
L �;ii � S(t)L y

�;kk �
1
2

n
L y

�;ii L �;kk ; � S(t)
o �

(2.86)

Here the �rst term describes the unitary evolution of the system density operator under
the system Hamiltonian and the Lamb shiftHLS. The second term describes transitions
between populations in di�erent energy eigenstates, and the third term describes the loss
of phase coherence between eigenstates. The Equation 2.86 is in the Lindblad form. A
particular property of the Lindblad master equation is that it is completely positive and
trace preserving [5]. This ensures that� S(t) is a valid density operator at all times.

Lindblad equation for the qubit. Next, to make connections to the qubit experiments,
we apply Eq. 2.86 to a qubit. The qubit Hamiltonian under consideration is

Hq = �
�
2

� z �
�
2

� x ; (2.87)

with � and � being the longitudinal and transverse �elds respectively. we consider lon-
gitudinal qubit-bath interaction, that is the interaction operator is proportional to qubit
� z. This is because the Z basis usually corresponds to a macroscopic degree of freedom,
for example, the persistent current basis in 
ux qubit, and is hence more easily a�ected by
noise. Therefore we write

H int = g� z 
 Bz: (2.88)

Introducing the angle between persistent current basis and energy basis

� = arctan
�
�

; (2.89)
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The Lindblad master equation becomes

_� q(t) = �
i
~

[Hq + HqLS; � q(t)]

+
g2 sin2 �

~2

X

k=+ ;�


 zz (� ! q)
�
� k � q(t)�

y
k �

1
2

n
� y

k � k ; � q(t)
o �

+
g2 cos2 �

2~2

 zz(0)

�
� z� S(t)� y

z �
1
2

�
� y

z� z; � S(t)
	

�
;

(2.90)

where� +( � ) = je(g)ihg(e)j is the qubit raising (lowering) operator in the energy basis and
! q is the qubit angular transition frequency. The noise at the qubit frequency causes qubit
energy relaxation, with an exponential time scale denoted asT1, where

1
T1

=
g2 sin2 �

~2
[
 zz(! q) + 
 zz(� ! q)] : (2.91)

The zero frequency component causes pure dephasing, with an exponential time scale
denoted asT� , given by

1
T�

=
g2 cos2 �

~2

 zz(0): (2.92)

It can be seen that as a function of the longitudinal �eld� , relaxation is suppressed by a
Lorentzian factor as� increases. The opposite is true for dephasing, which is �rst-order
protected from dephasing at� = 0 and approaches the maximum value ofg2=~2
 zz(0) as
� � �.

2.2.2 The adiabatic master equation

Next, we discuss an extension of the derivation of the master equation to the case of a
time-dependent system Hamiltonian, closely following [77]. For this, we need to revisit
the de�nition for � � (t) given in Eq. 2.74. For the time-dependent system Hamiltonian,
evaluating Eq. 2.74 becomes computationally ine�cient. This can be seen by considering
the de�nition of the interaction picture system coupling operator

A � (t) = Uy
S(t; 0)A � US(t; 0); (2.93)

where

US(t; 0) = T exp
� Z t

0
�

iH S(� )
~

d�
�

(2.94)
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is the system propagator, withT denoting time ordering. Therefore, evaluating the Eq. 2.74
requires evaluating the time-ordered system unitary. To avoid this, we need to work in the
adiabatic limit. The adiabatic approximation is to make the following replacement

US(t � s;0) = Uy
S(t; t � s)US(t; 0)

�! exp
�

i
HS(t)s

~

�
Uad

S (t; 0): (2.95)

In the above, US(t; t � s) is replaced by the propagator generated by the Hamiltonian at
time t, which is valid if the correlation time of the bath is shorter than the time taken for
the system Hamiltonian to change signi�cantly. The propagatorUS(t; 0) is replaced by the
corresponding propagator in the adiabatic limit, which can be written as

Uad
S (0; t) =

X

i

ei� (t ) ji ihi j (2.96)

� i (t) =
Z t

0
d� ! i (� )d�: (2.97)

Hereji i ; ! i are the i 'th instantaneous eigenstate and eigenvalue of the system Hamiltonian
HS(t). We next substitute the approximated propagator Eq. 2.95 into Eq. 2.74, which
gives

� � (t) =
X

�

Z 1

0
dsC�� (s)

X

ij

e� i! i (t )sei� i ji ihi jA � jj ihj je� i� j ei! j (t )s (2.98)

=
X

�;i;j

e� i� ji � �� (! ji )A �;ij ji ihj j: (2.99)

Putting this back into Eq. 2.70 and transforming back into the Schrodinger picture, we
have

_� S(t) = �
i
~

[Hs(t); � S(t)] �
g2

~2

X

�;�;ij

� �;ij (! ji (t))[A � ; L0
�;ij (t)� S(t)] + h :c:; (2.100)

where

L0
�;ij = e� i� ji A �;ij US(t; 0)ji ihj jUy

S(t; 0): (2.101)

Eq. 2.100 is referred to as the one-sided adiabatic master equation (AME), which has been
implemented numerically in an open source package [78]. This is the main equation that
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will be used later in the thesis. Its main drawback is that it is not in Lindblad form and
does not preserve the trace of the system density matrix. This could lead to negative
probabilities when the evolution time is long.

To obtain a Lindblad form master equation for time-dependent Hamiltonian, we further
apply the adiabatic approximation onA � (t) and employ the secular approximation. The
�nal form is exactly the same as Eq. 2.86, with the understanding that the relevant fre-
quencies and states at each time step are the instantaneous system transition frequencies
and eigenstates.

The adiabatic frame. The AME is most conveniently solved in the adiabatic frame,
which diagonalizes the instantaneous system Hamiltonian since this is the basis in which
decoherence occurs. Therefore, we also write the system Hamiltonian in this frame.

H ad
S (t) = Uy(t)HS(t)U(t) + i~ _Uy(t)U(t) (2.102)

=
X

i

~! i (t)ji ihi j +
X

ij

Wij (t)ji ihj j; (2.103)

where U(t) is the unitary which diagonalizes the instantaneous Hamiltonian,W is often
known as the non-adiabatic transition operator, arising from the time-dependence of the
system Hamiltonian and hence the unitaryU(t). The states ji i ; jj i are the instantaneous
energy eigenstates of the system.

2.2.3 The polaron transformed master equation

Polaron is a concept used in condensed matter that describes quasi-particles formed due
to interaction between electrons and phonons. The polaron transformed master equation
(PTRE) exploits this concept to study the dynamics of spins coupled to baths of harmonic
oscillators, i.e. the spin-boson problem [79]. In this section, the PTRE is introduced. To
simplify the presentation, the discussion is restricted to the single qubit case, which is
most relevant to the thesis. We note that in the single qubit case, the PTRE gives results
similar to that of taking the non-interacting blip approximation [80, 81]. For a more general
treatment applied to a multi-qubit annealer, the readers are referred to Ref. [82, 83, 78].
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We start by considering the total Hamiltonian of a qubit coupled to a harmonic bath,

H = Hq + HB + HqB (2.104)

Hq = �
�
2

� x �
�
2

� z; (2.105)

HB =
X

k

~! kby
kbk ; (2.106)

HqB =
� z

2

X

k

gk(by
k + bk): (2.107)

The bath of harmonic oscillators is in addition characterized by the bath spectral density

J (! ) =
1
~2

X

k

�g 2
k � (! � ! k); (2.108)

usually taken in the continuous limit. The polaron transform displaces each oscillator
conditioned on the qubit state and diagonalizes the total Hamiltonian except the qubit� x

term. The unitary is

UPF = exp ( �
i
2

� z
) ; (2.109)


 = � i
X

k

gk

! k
(by

k � bk): (2.110)

The transformed Hamiltonian is

H PF = UPF y
HU PF = �

�
2

� PF
z �

�
2

(� PF
+ � + + � PF

� � � ) + HB ; (2.111)

� � = exp ( � i 
) : (2.112)

After this transformation, the system-bath coupling is of the order �. When � is small
enough, we can again apply the Born-Markov and secular approximations. This results in
a master equation that is similar to Eq. 2.86, with a few di�erences which we discuss here.
First, besides the Lamb shift term, the unitary part of the evolution gets an additional term
due to the �nite expectation value of the bath coupling operator� � . This is commonly
known as the renormalized tunneling amplitude

H renorm = �
� �
2

� PF
x ; (2.113)

where� = h� � i . The factor � is always smaller than 1 so that the polaron-dressing always
reduces the tunneling rate. Second, the interaction operator in the polaron frame does not
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cause pure dephasing as it is completely o�-diagonal. The resultant master equation is
therefore

_� S(t) = �
i
~

[�
�
2

� z �
� �
2

� x + HLS; � S(t)] (2.114)

+
� 2

4~2

 + � (! 10)

�
� � � S(t)� + �

1
2

f � + � � ; � S(t)g
�

(2.115)

+
� 2

4~2

 � + (! 01)

�
� + � S(t)� � �

1
2

f � � � + ; � S(t)g
�

(2.116)

where we have dropped the superscript PF on the qubit operators for simplicity. Next,
we need to �nd the noise spectrum
 � (� )(! ) in the polaron frame, which will be used to
calculate the transition rate and the Lamb shift term using Eq. 2.79, 2.85. Using standard
results for harmonic oscillator bath4, the following expressions can be found for the operator
expectation values in the polaron frame,

h� � i = exp
�

�
Z 1

0

J (! )
2� ~2! 2

coth(� ~!= 2)d!
�

; (2.117)

h� � (t)� � (0)i = e� Q(t ) ; (2.118)

Q(t) =
Z 1

0
d!

J ((! )
� ~2! 2

f i sin(!t ) + coth( � ~!= 2) [(1 � cos(!t ))]g ; (2.119)

where � � (t) is the interaction picture polaron frame bath operator,� = 1=(kB TB ) is the
inverse bath temperature. The last expression can be compared with the correlation func-
tion in the lab frame, given by the Fourier transform of the noise power spectral density

 (! ),

C(t2; t1) =
1

2�

Z 1

�1

 (! )e� i! (t2 � t1 )d! (2.120)

=
X

k;l

gkgl

Dh
by

k(t2) + bk(t2)
i h

by
l (t1) + bl (t1)

iE
(2.121)

=
Z 1

0

J (! )
�

d!
�
cos(! (t2 � t1)) coth(

� ~!
2

) � i sin(! (t2 � t1))
�

(2.122)

where in the second line we use the de�nition of the lab frame bath correlation function,
with b(y)(t) being the interaction picture harmonic oscillator operators, and in the third
line we use the de�nition ofJ (! ), together with the expectation values evaluated assuming

4See for example Eq. 4.3.11 of Ref. [84].
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the bosons are in thermal equilibrium. Comparing Eq. 2.119 and Eq. 2.122, we can �nd
that

Q(t) = �
1
~2

Z t

0
dt2

Z 0

�1
dt1C(t2; t1) (2.123)

= �
1

2� ~2

Z t

0
dt2

Z 0

�1
dt1

Z 1

�1

 (! )e� i! (t2 � t1 )d! (2.124)

= �
1

2�

Z 1

�1

e� i!t � 1
~2! 2


 (! )d!: (2.125)

Therefore, the correlation function, and hence the noise spectrum in the polaron frame is
indeed related to the lab frame noise spectrum
 (! ).

The master equation can be further simpli�ed if the noise is strong. First, strong noise
leads to a small� so that the renormalized tunneling can be ignored. Second, coherence
between the two-qubit computational states is expected to decay fast so that the qubit
density operator commutes with its Hamiltonian. As a result, we only need to consider the
dynamics between the populations in the two-qubit computational states. This is described
by

PL = � � LR PL + � RL PR ; (2.126)

PL + PR = 1: (2.127)

Here the left and right states are states in the polaron frame, but from the qubit observable
point of view, they are essentially the same as the bare qubit's left and right state, as the
polaron transformation commutes with the qubit computational basis. The left to right
(right to left) transition rate � LR (RL ) is given by

� LR (� ) =
� 2

4~2

Z 1

�1
dtei�t h� � (t)� + (0)i (2.128)

=
� 2

4~2

Z 1

�1
dtei�t exp

� Z
d!


 (! )
2�

e� i!t � 1
~2! 2

�
; (2.129)

� RL (� ) = � LR (� � ): (2.130)

We note that this transition rate can also be obtained by directly applying Fermi's Golden
rule to the coupled qubit and bath, assuming strong noise [85].

The noise environment of 
ux qubits generally consists of a strong low-frequency 1=f
noise and a weaker high-frequency noise, typically with an ohmic spectrum. Following
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Ref. [83], we decompose the noise power spectrum into low and high-frequency components


 (! ) = 
 LF (! ) + 
 HF (! ): (2.131)

For the low-frequency components, a second-order Taylor expansion in Eq. 2.129 is justi�ed,
which leads to transition rates with a Gaussian lineshape,

� LR ;LF (� ) =

r
�
8

� 2

~W
exp

(
� (� � � p)2

2W 2

)

: (2.132)

The width and peak position are given by integrals of
 LF ,

W 2 =
Z 1

�1

d!
2�


 LF (! ) (2.133)

� p = P
Z 1

�1

d!
2�


 LF (! )
~!

: (2.134)

These two quantities, in the context of 
ux qubits, are commonly known as the macro-
scopic resonant tunneling (MRT) width and the reorganization energy [85]. The MRT
width (reorganization energy) is dependent on the (anti-)symmetric component of the noise
spectrum
 � = [ 
 (! ) � 
 (� ! )]=2. If the low-frequency noise is in thermal equilibrium, the

uctuation-dissipation theorem relates the symmetric and anti-symmetric component via

 � (! ) = 
 + (! ) tanh( � ~!= 2). Given the relevant frequencies satisfy~! < k B T, this relates
the MRT width and reorganization energy via� p = W 2=(2kB TB ).

The high-frequency component of the noise modi�es the transition rate to

� LR (� ) =
� 2

4~2

Z
d� ei( � � � p )�= ~� W 2 � 2=2~2

exp
� Z

d!
2�


 HF (! )
~2! 2

�
e� i!� � 1

�
�

; (2.135)

which is just the low-frequency contribution multiplied by an exponential factor determined
by the high-frequency component. Using the convolution theorem, Eq. 2.135 can be written
as

� LR (� ) =
� 2

4~2

Z
d!
2�

GL (
�
~

� ! )GH (! ); (2.136)

GL (! ) =

r
2� ~2

W 2
exp

"

�
(! � � p=~)2

2W 2=~2

#

; (2.137)

GH (! ) =
Z 1

�1
d� ei!� exp

� Z
d

2�


 HF (
)
~2
 2

�
e� i
 � � 1

�
�

: (2.138)
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In particular the high frequency part GH (! ), under the assumption
 HF (! )=(~2! ) � 1,
can be approximated by [83]

GH (! ) =

 HF (! )=~2

! 2 + [ 
 HF (0)=~2]2
: (2.139)
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2.3 Quantum annealing

Quantum annealing was �rst envisioned as a heuristic optimization tool, as the quantum
analog to simulated thermal annealing [19, 20, 86]. In thermal annealing, one starts a
system in a high-temperature state, and by gradually reducing the temperature, hopes
to �nd the energy minimum of a complex cost landscape. In quantum annealing, ther-
mal 
uctuation is replaced by quantum 
uctuations. As shown in Fig. 2.9(a), quantum
annealing is often expected to outperform thermal annealing, due to the ability to quan-
tum mechanically tunnel out of local minima. A few years after the theory proposal,
experimental implementation of quantum annealing on magnetic materials revealed that
quantum annealing leads to faster convergence towards low energy states than thermal
annealing [87].

The development of quantum annealing is also closely related to the development of
adiabatic quantum computation (AQC) [16]. In contrast to standard gate-based quantum
computation, where evolution is decomposed into a set of unitaries acting on qubits, AQC
encodes the computational process in a continuously changing system Hamiltonian. Such
forms of computation were �rst developed in the context of solving optimization prob-
lems [88]. Later on, it has been shown that AQC has the same quadratic speed up on the
oracular Grover search [10], just as gate-based quantum computing, and that in general,
AQC is polynomially equivalent to gate-based quantum computing [17].

Prompted by both experiments in quantum annealing and algorithmic development,
we see a growing interest in developing a programmable quantum system that implements
quantum annealing. The primary objective is to �nd a potential quantum advantage in
solving hard, industry-relevant optimization problems, using a programmable quantum
annealer.

The general prescription for quantum annealing is to implement a time-dependent
Hamiltonian of the form

H (s) = A(s)Hd + B(s)Hp; (2.140)

wheres = t=Tf is the annealing time divided by the total timeTf . The annealing schedules
A(s) and B(s) go from A(0) � B (0) initially, to A(1) = 0 in the end. In �gure 2.9(b), the
annealing schedule as implemented in one of the D-Wave devices is shown. The Hamil-
tonian Hp is the target Hamiltonian we are interested in, which usually encodes an op-
timization problem, with its ground state being the solution. It usually only consists of
commuting terms, so its eigenstates are classical states that can be easily read out. The
Hamiltonian Hd does not commute withHp and implements the quantum 
uctuation. In

37



Figure 2.9: (a) An illustration of cost landscape (continuous black curve) for some op-
timization problem. The grey dashed line and red solid line indicate paths for quantum
tunneling and thermal escape from a local minimum to the global minimum. (b) The
annealing schedules as in the D-Wave Advantage system 4.1 [31]. (c)An illustration of the
annealing energy spectra, with the minimum gap between the ground and the �rst excited
state, indicated as � min .

the standard setting,Hd and Hp are respectively given by

Hd = �
X

i

hi
x � i

x and (2.141)

Hp =
X

i

hi � i
z +

X

j>i

J ij � i
z� j

z: (2.142)

Therefore, at s = 0, assuming A(s)hx � kB T, the system is prepared in the ground
state of Hd, which is an equal superposition of all computational states. If the system
is annealed slowly enough, it eventually reaches the ground state ofHp, by virtue of the
adiabatic theorem. The form of the annealing Hamiltonian consisting of Eq. 2.141, 2.142
is known as the transverse �eld Ising model (TFIM). Although it looks restrictive,Hp

can in fact encode NP-hard optimization problems via the quadratic unconstrained binary
optimization (QUBO) formalism, and no e�cient classical algorithms are known for this
class of problems.

To give an example of how to map an optimization problem, we can consider the
number partitioning problem. The optimization problem is that given a set ofN real
numbersf n1; n2; : : : ; nN g 2 S, to partition it into two sets S1; S2, such that the di�erence
between the sums of the individual sets is minimized. To solve this problem on a quantum
annealer, each number is associated with a binary variablesi , taking the value of either 0
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or 1, indicating whetherni it belongs toS1 or S2. Then the optimization problem amounts
to minimizing the function

f (f si g) =

"
X

i

2(si � 0:5)ni

#2

: (2.143)

Minimization of f (f si g) is an example of a QUBO problem, meaning the target expres-
sion to be minimized contains at most quadratic terms of the binary variables and the
minimization task has no additional constraint. The QUBO problem can be mapped to
the Ising Hamiltonian by identifying 2(si � 0:5) with the qubit Pauli operator � i

z. For the
number partitioning problem, the corresponding Ising coe�cients are

hi = 0; J ij = ni nj : (2.144)

The adiabatic theorem gives a lower bound on how fast quantum annealing could solve
a problem. For the evolution to remain adiabatic, the adiabatic theorem requires that the
total evolution time to satisfy

1
Tf

max
s2 [0;1]

jh"0(s) j@sH (s)j " i (s)ij

j"0(s) � " i (s)j2
� 1 8i 6= 0; (2.145)

where j" i i ; " i are the i 'th eigenstate and energy. The adiabatic criterion is sometimes
loosely referred to as the inverse gap squared criterion for the evolution time. As shown in
Fig 2.9(c), the gap refers to the minimum energy di�erence between the ground and the
�rst excited states � min = min s ["1(s) � "0(s)]. This criterion is useful when analyzing the
complexity of problems, but has little practical value since in general it is hard in itself to
know where � min occurs and how large it is.

One of the main advantages of quantum annealing is its low requirement for con-
trol. Compared to gate model devices which require highly tuned pulses per qubit to
carry out the desired unitaries, standard quantum annealing only requires global control
of the transverse �eld. This prompts the rapid development in hardware implementation
of quantum annealing, using superconducting qubits [89], Rydberg atoms [90] and trapped
ions [91]. Superconducting 
ux qubit is a natural platform for quantum annealing, as
the large persistent current allows strong programmable Ising interaction, and annealing
can be performed by a single time-dependent signal that controls theX -
ux of all qubits
together. Relying on the rf-SQUID 
ux qubit, the D-Wave company has commercialized
a few generations of quantum annealers, with the most recent generation containing more
than 5000 qubits [92]. These D-Wave devices have been extensively studied, both in terms
of their fundamental capabilities [30, 32], and also potential applications in a wide range
of real-world problems [93].
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2.3.1 Challenges in quantum annealing

To put the research of this thesis into context, we review in this section the challenges and
possible research directions in the �eld of quantum annealing. They are categorized into
�ve di�erent topics: maintaining adiabaticity, classical simulability, decoherence, analog
error, and connectivity. The �rst two points concern more the algorithmic side and the last
three points are concerned primarily with the hardware implementation, though it needs to
be noted that di�erent points are interrelated. These are synthesized based on the author's
research exposure, as well as a few recent reviews on quantum annealing [16, 30, 32, 33].

Maintaining adiabaticity and avoiding small gaps. The minimum gap during an-
nealing, and hence the run time required for quantum annealing, is closely related to phase
transitions [94]. It is generally believed that �rst-order phase transitions lead to exponen-
tially small minimum gap with system size [95], while second-order phase transitions lead
to polynomially small gap [96], although counterexamples exist [97, 98, 99]. One of the
main research directions in quantum annealing is to �nd annealing protocols alternative
to the conventional TFIM forward annealing paradigm, that can circumvent �rst order
phase transitions. One strategy that is often explored is inhomogeneous driving, where
the annealing schedule is made di�erent for di�erent qubits [100, 101, 102, 103]. Another
strategy is the addition of catalyst Hamiltonian, which is a time-dependent term that is
zero at the beginning and end of a Hamiltonian, but �nite in between [104, 105, 106].
These methods have been found to be e�ective at avoiding �rst order phase transitions
in speci�c instances where symmetries of the problem can be exploited. In general, their
usefulness in improving the solution quality of QA remains elusive.

A more recent development around novel annealing protocols is reverse annealing, which
comes in di�erent variants [107, 108]. In adiabatic reverse annealing, the time-dependent
Hamiltonian becomes,

H (s) = (1 � s) [1 � � (s)] H init + (1 � s)� (s)H0 + sHp; (2.146)

where � (s = 0) = 0 and � (s = 1) = 1. The initial Hamiltonian H init is usually a simple
diagonal Hamiltonian that sets the desired initial state of the qubits. The idea is that by
exploiting knowledge of the structure of the solution, we can initialize the annealer into
a state close to the �nal solution, and the reverse annealing procedure allows an e�cient
local search around the initial solution [107]. Another variant of reverse annealing is called
iterative reverse anneal, where the initial and �nal diagonal Hamiltonian are the same, and
the initial state is the �nal state of the previous round of reverse anneal. Such protocols
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have been implemented in D-Wave devices and enabled e�cient simulation of topological
phases of matter [109, 110].

A related approach to avoid the slow evolution time due to small gaps is called counter-
diabatic drives [111]. Consider the Schrodinger equation in the adiabatic frame

i~@t j adi =
�
U(t)H (t)Uy(t) � i~U(t)

@Uy(t)
@t

�
j adi ; (2.147)

whereU is the unitary that diagonalizes the instantaneous HamiltonianH (s). In Eq. 2.147,
the �rst term on the right-hand side is diagonal and the second term is o�-diagonal and
causes non-adiabatic transitions. The idea of counter diabatic driving is then to modify
the original Hamiltonian to HCD = H (s) + A(t), with

A(t) = i~
@Uy(t)

@t
U(t): (2.148)

Then the dynamics generated byHCD becomes equivalent to the dynamics generated by
the adiabatic evolution ofH (t), no matter how fast H (t) changes. The problem with this
method is that A(t) is in general a highly non-local operator and it is not experimen-
tally feasible beyond a small number of qubits. Therefore, recent literature focuses on
approximate implementations of counter diabatic drives with variational parameters [112].
Although it is shown to be e�ective in improving ground state �delity for small-scale prob-
lems, the e�ectiveness of such approximate counter-diabatic driving in large-scale problems
remains to be tested.

Classical simulability. A common challenge that standard quantum annealing faces is
that very often equilibrium properties of the TFIM can be e�ciently simulated using path
integral Quantum Monte Carlo (PI-QMC)technique [113, 114]. This is due to the TFIM
being in a class of Hamiltonian called stoquastic Hamiltonian. A Hamiltonian is stoquastic
in a particular basis if there is no positive o�-diagonal terms [115]. Although speci�c
instances of stoquastic Hamiltonians can be constructed where PI-QMC fails to equilibrate
e�ciently [116], it is often believed that computation involving only the ground state of
stoquastic Hamiltonian has limited power [32]. This belief to some extent is evidenced by
the fact all known construction of equivalence between adiabatic quantum computing and
gate-model quantum computing requires non-stoquastic interactions [17, 117].

One way to enhance quantum annealing is thus to introduce non-stoquastic interac-
tions. Experimentally, non-stoquastic interaction, of the form� y � y, has been demonstrated
by coupling 
ux qubits together both capacitively and inductively [118] (see Fig. 2.10(a,
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Figure 2.10: Two ways to realize non-stoquastic interaction between 
ux qubits. (a) Two rf-
SQUID 
ux qubits coupled by a coupler and a capacitor simultaneously. (b) The measured
coupling strength between the two qubits is shown in panel (a), as a function of the
tunable mutual inductanceM 12 mediated by the coupler. Panels (a) and (b) are reproduced
from [118]. (c) The Josephson phase slip qubit circuit, reproduced from Ref. [119].
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b)). However, such implementations are limited in that the non-stoquastic interaction
is only strong when the qubit transverse �eld is large. To obtain arbitrary tunability of
the non-stoquastic interaction, a new qubit, named the Josephson-phase-slip qubit was
proposed [119] (see Fig. 2.10(c)). However experimental realization of this qubit has been
challenging, as it requires charge bias tunability, which opens the qubit to large charge 
uc-
tuations. On the theory side, further understanding of how non-stoquasticity can improve
annealing is also needed. Although it has been shown that adding non-stoquastic catalyst
avoids �rst-order phase transition in some cases [120, 106], recent results show that generi-
cally having the same interactions, but with the opposite sign and hence being stoquastic,
tend to have larger minimum gap compared to their non-stoquastic counterpart [121].

The other approach to enhance the computational power of current annealers is to go
beyond adiabatic evolution [32]. This is motivated by the fact that Monte Carlo techniques
are restricted to equilibrium properties, and allowing excited state evolution leads to sto-
quastic Hamiltonians becoming universal [122]. Moreover, studies of QAOA, a quantum-
annealing-inspired optimization algorithm that runs on gate-based machines, show that by
combining two diabatic transitions, the ground state can be reached faster than a pure
ground state evolution [123]. This has yet to be realized on a quantum annealer, likely due
to the limited bandwidth and poor coherence of the annealers available.

Decoherence. Any physical realization of quantum annealing su�ers from noise and de-
coherence. Early studies of the open system e�ect of quantum annealers mainly rely on
the Red�eld equation, which is applicable in the weak coupling limit [124, 125, 126, 127].
In this limit, quantum annealing is protected from dephasing if the system remains close
to the ground state, because decoherence only occurs in the instantaneous energy eigen-
basis in the weak-coupling limit. On the other hand, in the long time limit, the system
tends towards the Gibbs state at some temperatureTB due to coupling to the environ-
ment, which in some cases leads to an improvement to the ground state probabilities [126].
This so-called thermally-assisted quantum annealing regime was also tested by inserting
intentional pauses during the anneal, which again could lead to increased ground state
probabilities [128, 129]. These examples show how di�erently QA and GMQC are a�ected
by decoherence. While in GMQC decoherence almost always causes errors in the compu-
tation, QA could sometimes bene�t from decoherence. However, so far none of the studies
indicate that thermal relaxation could lead to any scaling advantage.

Later on, it becomes recognized that in the later stage of the anneal, especially around
the minimum gap, the weak-coupling approximation breaks down [130, 82, 83, 131]. In
this limit, the energy eigenstate of the system is no longer meaningful, due to polaronic
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dressing by the environment. However, despite the expectation that polaronic dressing
suppresses tunneling, it has been experimentally demonstrated that multi-qubit tunneling
is possible, and leads to an advantage over either simulated thermal annealing or classical
simulation that involves only product states [82, 130].

Recently, it has been demonstrated in D-Wave devices that coherent annealing is pos-
sible, if the annealing time is brought down to about� 10 ns [132, 133], comparable to
the decoherence times of the constituent qubits. This allows the demonstration of a scal-
ing advantage of QA in solving 3D spin glass problems over simulated quantum annealing
and thermal annealing. Further reducing noise and extending the coherent regime of an-
nealing to longer times are necessary for quantum annealers to be competitive in solving
industry-relevant optimization problems.

Beyond improving qubit coherence, large-scale annealing applications will likely require
some error correction schemes to mitigate noise. Unlike gate-model devices, which could
rely on intermediate measurement and classical processing to correct errors during arbitrar-
ily long computation, quantum annealing typically relies on Hamiltonian error suppression
schemes [134], which use energy penalty to suppress thermal transitions out of the ground
state. Such error schemes usually require novel interactions beyond the TFIM, such as two
body XX interactions or four body interactions [134, 135].

Analog error. Quantum annealing is a type of analog computation, as it encodes the
problem to be solved into a set of controls that can be continuously varied. This means that
quantum annealing inevitably su�ers from analog errors, such that the problem represented
by the hardware is di�erent from the problem that one wants to solve. It has been shown
that for a constant error magnitude, the annealing success probability decreases as fast as
exponentially with system size, for hard optimization problems [136]. The typical solution
to this problem is to use classical repetition code, which essentially increases the energy
scale of the problem relative to the errors by ferromagnetically coupling copies of physical
qubits to a penalty qubit [137, 138]. Recently, it has also been shown that by linking anti-
ferromagnetically physical qubits that encode multiple copies of the problem Hamiltonian,
the parameter precision can be e�ectively improved by several orders of magnitude [139].

Besides the intrinsic resolution of the controls that limits the accuracy, one important
source of analog error is environment polarization [140]. The idea is that persistent current
in the qubit biases the environment spins, which in turn acts as an external bias to the
qubit. Due to this environment polarization, when the same anneal sequence is repeated
over a short interval, the result of the new run will be biased toward the previous result.
Further mitigating this e�ect requires better understanding the response of the environment
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to external biases at a wide range of timescales, and the nature of 
ux noise in general.

Connectivity. When mapping real-world problems to the annealing hardware, an em-
bedding procedure is usually needed to allow the physical hardware, with limited connec-
tivity to represent the real problem, which has more complicated connectivity. This is
typically done through a procedure called minor embedding [141, 142], where strong fer-
romagnetic interactions are imposed among neighboring physical qubits, so that they are
likely to stay in the same spin states and behave as a single logical spin. In general, to
representN logical qubits with all-to-all connectivity, 
( N 2) physical qubits are required
and the physical connectivity graph has to be non-planar [142]. There are two main issues
with minor embedding. First, the chain of physical qubits that encodes the logical qubit
could break in large-scale applications, due to the �nite interaction energy available [143].
Often one has to discard results with broken chains or perform a majority vote to deter-
mine the state of the logical qubit. Either of these lowers the probability of obtaining the
optimum result. The second issue is that minor embedding changes the energy landscape
of the logical problem. It has been pointed out that quantum annealing is advantageous
when compared to simulated thermal annealing if the cost landscape involves thin and
tall barriers, since in this case tunneling is more e�cient than thermal escape [130]. How-
ever, in the embedded problem, the barriers widen by the number of physical qubits used
to encode the logical qubit, which makes tunneling much harder and simulated thermal
annealing more advantageous.

One way to improve qubit connectivity, while keeping the physical size of the qubits
small, proposed in Ref. [144, 146] is the paramagnetic coupler tree concepts. As shown
in Fig. 2.11(b), the qubits are coupled to a network of couplers along the circumference,
and the couplers essentially act as paramagnets that propagate qubit magnetization and
hence mediate coupling between qubits. A prototype device exploring this idea, involving
two qubits coupled by a chain of couplers is presented in Chapter. 4 of this thesis. An
alternative approach to improve connectivity is the so-called LHZ scheme [145], named
after the authors (see Fig. 2.11). The idea is to embed theN (N � 1)=2 interaction terms
into the local �elds of the same number of qubits. The redundant physical states, which
do not have a corresponding logical state, can be suppressed by 4-body interaction terms.
This embedding scheme does not allow local �elds on the logical qubits, but is likely to
have the same computational power, since many NP-complete problems, such as number
partitioning, can be mapped with zero local �eld terms. Experimentally the main challenge
is to engineer 4-body interaction, for which there have been proposals and preliminary
experiments based on Kerr non-linear oscillators [147] and 
ux qubits [148, 149].

Finally, I would like to conclude the above discussions with a list of directions, with
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Figure 2.11: Illustrations of di�erent schemes to improve annealer connectivity. (a) Minor
embedding. The three sub-panels show a progression of constructingK n graph from K n� 1

graph using minor embedding, whereK n stands for all-to-all connected graph withn
vertices. This construction keeps the length of the edges bounded, hence amenable to
physical implementation. Reproduced from Ref. [142]. (b) Coupler tree. The qubits
(yellow solid circles) are coupled via a network of couplers (black dots). Reproduced from
Ref. [144] (c) The LHZ scheme. In this scheme, each physical qubit (circles) state represents
the parity of two coupled logical qubit, and the physical four-bodyZZZZ interaction (dots)
constrains the physical system into the logical subspace. The readout is only needed on a
subset of physical qubits to decode the logical states. Reproduced from Ref. [145].
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a focus on experimental ones on how to improve quantum annealing as an optimization
algorithm:

1. Improving qubit coherence and understanding of noise. These are necessary in ex-
tending the coherent regime of QA to longer times and will very likely improve the
multi-qubit tunneling rate.

2. Improve control capabilities. These are relevant for implementing the various anneal-
ing protocols proposed to avoid exponentially small gaps.

3. Developing novel interactions. These are relevant both as a tool towards reaching
universality and classical intractability, as well as realizing error suppression.

4. Improving qubit connectivity. These are relevant for reducing the embedding over-
head of solving real-world problems.

Relative to this list, this thesis makes progress on points 1, 2, and 4. In particular,
Chapter 3 deals with 
ux crosstalk, which paves the way towards annealing with arbitrary
schedules. Chapter 4 demonstrates an architecture for long-range interaction between 
ux
qubits, which when extended to a network could enable high connectivity. Chapters 5
and 6 provide detailed characterization and modeling of noise on a single 
ux qubit and
o�ers insights into the e�ect of noise on an annealer.
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Chapter 3

Crosstalk calibration

Flux control is an important engineering resource for superconducting-qubit-based quan-
tum computers. In gate-model quantum computing implementations, 
ux tunability is
used to realize high-�delity gates [150, 151, 152, 153, 154, 155, 156, 157], tunable cou-
plers [53, 54, 158, 159, 160, 161, 162], avoiding frequency crowding [29] and two-level-system
defects [163], For quantum annealers, 
ux-based control is essential [164] and independent
dynamic 
ux control has been identi�ed as an important resource for quantum enhance-
ment [165, 166, 102, 167, 168, 108, 169].

Flux crosstalk in superconducting circuits arises due to the physical proximity between
circuit elements and control lines, as well as reasons associated with the electromagnetic
environment hosting the circuits, such as ground loops. For most large-scale supercon-
ducting circuits today, which are based on transmons, solving the calibration problem is
often helped by the fact that transmons interact via the charge degree of freedom and the
interaction strength is weak [170, 171, 172, 173]. Commercial quantum annealers rely on
local magnetic memory elements to feed static 
ux to qubits and couplers, with crosstalk
reduced using suitable integrated superconducting circuit design. Dynamic crosstalk is
reduced because a single, global bias control acts all qubits to execute the annealing pro-
cess. [164, 174].

The annealers developed in this thesis have individual controls for each qubit and cou-
pler loop, allowing the exploration of novel annealing protocols. In this setting, calibration
is challenging because of the strong 
ux interaction between circuit elements, which makes
it hard to directly measure the coupling between bias lines and 
ux loops. In an alternative
quantum annealer implementation using 
uxmon qubits [65], the authors outlined a proce-
dure for measuring crosstalk between two coupled 
uxmons, based on �tting to analytical
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circuit models. However, it is unclear whether the method could be easily extended to
other systems, where it is hard to obtain an accurate analytical model.

In this chapter, we propose and implement two di�erent methods to address this chal-
lenge. Both methods are circuit-model-independent and rely only on the symmetries of
superconducting circuits. Hence, both of them can be readily applied to superconducting
circuits used outside the context of this thesis, such as those used for GMQC.

In the �rst method, we rely on an iterative process to gradually improve calibration
accuracy and minimize systematic errors due to inductive coupling between loops. This
method is automated and implemented on two quantum annealing devices, containing 9 and
27 superconducting control loops respectively. We also introduce a method to characterize
the error through a di�erent set of measurements, which we executed on the smaller device.
The error was measured to be lower than 0:17% for all crosstalk coe�cients.

In the second method, crosstalk calibration ofN 
ux channels is treated asN inde-
pendent optimization problems, with the objective functions being the periodicity of a
measured signal depending on the compensation parameters. The periodicity analysis is
automated, allowing a closed-loop optimization to be performed. This method is imple-
mented on a small-scale quantum annealing circuit with three loops, achieving comparable
accuracy with the �rst method. We also show that the objective function usually has a
nearly convex landscape, allowing e�cient optimization.

The rest of this chapter is organized as follows. In Sec. 3.1, we begin with a formal
description of the problem of 
ux crosstalk and the symmetries involved, which applies
to both methods and arbitrary superconducting circuits with individual 
ux control. In
Sec. 3.2 we give a brief account of the simple translation based method for crosstalk cal-
ibration, and why it is not suitable for strongly coupled circuits, such as the annealers.
In Sec. 3.3 and 3.4 we introduce the device and the general methodology for the iterative
method. The device is introduced �rst because the calibration method used in each itera-
tion has some particularities to the device, though the general idea of exploiting symmetry
and iteration is applicable to devices beyond those measured here. In Sec. 3.5 we discuss the
experimental results of implementing the iterative method. Next in Sec. 3.6 we introduce
the second method, later referred to as the periodicity optimization method. In Sec. 3.7 we
discuss the experimental results for the periodicity optimization method. This is followed
by conclusions for this chapter in Sec. 3.8. Additional details about circuit modeling and
further experimental results for the two methods are given in Sec. 3.9 and 3.10.
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3.1 The crosstalk problem and the symmetries

The properties of superconducting circuits depend on the external 
ux biases of the su-
perconducting loops. For a superconducting circuit withN 
ux bias loops, the external

uxes are usually controlled byN bias lines, which are mutually coupled to the 
ux loops.
We denote the external 
ux bias in loopi , reduced by the 
ux quantum � 0, as f i , and the
corresponding bias line current asI i . The 
uxes f f i g in all loops and currentsf I i g on all
bias lines can be written as vectorsf and I respectively, and they are in general related by
a linear transformation

f = MI + f0; (3.1)

whereM is the N � N mutual matrix describing the coupling between bias lines and 
ux
loops, and f0 is the vector of 
ux o�sets arising from spurious sources. Often, and in
particular in the context of our experiment, bias currents are controlled by voltage sources.
For a more direct representation of the experiment, we will refer to the relation between

uxes and voltages, written as

f = CV + f0; (3.2)

whereV is the vector of voltages with each element controlling the corresponding element
in I , and C = MR � 1 with R a diagonal matrix consisting of the resistances between the
voltage sources and the bias lines. From here onward we will work with voltage controls
and the crosstalk matrixC.

Measurements on the superconducting qubits can be considered as a function mapping
the 
ux biases to the signalRl , wherel denotes a particular readout channel. Note that the
number of readout channels is not restricted to the number of physical signal processing
units; rather each channel corresponds to reading out the signal of an experiment, with a
particular set of experimental parameters. The experiment could consist of one quadrature
of a transmission measurement at a particular frequency or more complex experiments
involving microwave excitations of the system.

Fundamentally there are two symmetries that one could exploit for calibration. First
superconducting circuits respond periodically to external bias 
uxes, with the period of
one 
ux quantum [175, 176]. Second, the device possesses mirror symmetry with respect
to the plane of the chip, meaning the response of the superconducting circuits should not
change upon changing the sign of all external 
ux biases. We denote the readout data
as R, which is a vector with the dimension of the number of readout channels. Then the

50



periodicity and mirror symmetry condition can be formally stated as

R(f f kg) = R(f f k + mkg) = R(f� f kg); 8k = 1; 2; : : : ; N (3.3)

wheremk is an integer.

3.2 Simple translation-based approach to 
ux crosstalk
calibration

Most previously developed approaches to 
ux crosstalk calibration assume that one can
identify a particular readout channell that depends on the external 
ux in a single loopi ,
Rl (f f kg) � Rl (f i ). This allows estimating the coupling coe�cient from bias linej to loop i ,
Cij , by measuring the translation ofRl as a function ofVj . For this reason, we denote such
calibration methods as the translation-based approach. When a simple model forRl (f i )
exists, the method becomes particularly e�ective as one only requires measurements at a
few voltage bias values to extract the coupling parameters, and the model can be �tted to
the data to obtain the coupling Cij . This is the case for many calibration methods used
in tunable transmons, with the readout channel being the frequency of the transmon or
its readout resonator [170, 172], or the Ramsey phase shift [171, 172, 173]. However, this
method would only work if the circuit elements interact weakly, and each superconducting
loop can be su�ciently decoupled from the other loops. We also note that the work
presented in Ref. [177] uses an optimization-based crosstalk calibration approach, however,
this too relies on simplifying the full superconducting circuit to an e�ective description in
terms of weakly coupled harmonic oscillators.

3.3 The iterative method: device

We experimentally demonstrate the iterative method on two devices consisting of tunable

ux qubits, tunable couplers, and 
ux detectors. These devices are designed to explore
high-coherence quantum annealing, based on coupled capacitively-shunted 
ux qubits (CS-
FQs) [161, 178]. A circuit schematic of the �rst device (device A) is shown in Fig. 3.1(a).
It contains two CSFQs and a coupler. Each qubit is formed of a main loop and a secondary
loop, namedz-loop and x-loop respectively, in line with their functionality to control the
corresponding Pauli terms in the persistent current basis. The coupler has a similar con-
�guration, with a main inductive loop and a secondary split Josephson junction loop. In
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analogy to the qubit, these loops are namedz-loop and x-loop respectively as well. The
z-loop of the coupler is inductively coupled to the qubits'z-loop, thus acting as a tunable
coupler [55, 161]. A set of bias lines is used, with each line designed to couple primarily to
a corresponding loop.

Flux readout devices are coupled to each of the qubits and the coupler. Readout of the
persistent current of the qubits is required for standard annealing experiments [62, 179].
The additional 
ux readout of the coupler was added here to aid with the calibration
of the operation point of the coupler. Each readout device is formed of a tunable rf-
SQUID terminating a coplanar waveguide resonator (see Fig. 3.1(a)), with the rf-SQUID
loop coupled to the correspondingz-loop of each qubit or the coupler. The resonators
are coupled to a common transmission line. They can be probed by sending a microwave
signal at probe frequency! p through the transmission line and measuring the complex
transmission coe�cient S21. In the semi-classical picture, the persistent current in the
qubit or coupler z-loop generates 
uxes threading the resonator rf-SQUID, which changes
its e�ective inductance, leading to a change in the resonator's resonance frequency. For a
weak enough probing signal, the magnitude of the transmissionjS21j has a minimum when
! p coincides with the resonator's resonance frequency.

Device B consists of two CSFQs coupled by a chain of seven tunable rf-SQUID couplers.
Each coupler has itsz-loop coupled to its neighboring couplers or qubits. The seven cou-
plers act as a coupler chain that mediates 
ux signals between the end qubits. Fig. 3.1(b)
shows a cartoon representation of this device. It has the potential to realize long-range
coupling without trading it o� with coherence(see Chapter 4).

The devices are fabricated at MIT Lincoln Laboratory, based on the fabrication process
outlined in Ref. [180], combining a high coherence chip hosting qubits, an interposer chip,
and a multi-layer chip for control and readout wiring. In the work presented here, the
devices were realized using only the qubit and interposer chips (see Fig. 3.1 (c,d)), as a
preliminary step towards high-density annealing circuits including the full three-tier process
described in Refs. [180, 181].

Each device is placed in a sample holder anchored to the mixing chamber plate of a dilu-
tion refrigerator. All on-chip 
ux bias lines are connected to arbitrary waveform generators
(AWGs) operating at room temperature through twisted-pair wiring. The connections are
appropriately attenuated at room temperature to generate a 
ux range of a few 
ux quanta
(see Appendix B for a complete wiring diagram).
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Figure 3.1: (a) Circuit schematic of device A. The qubit circuits (left and right, purple)
are tunable CSFQs. The coupler circuit (middle, orange) is a tunable rf-SQUID. Each
qubit and coupler has two control loops and is coupled to a tunable resonator (top, gray).
All resonators are coupled to a joint feedline (top, red). Fluxes in each loop are controlled
via the on-chip bias lines (triangles, blue). The design also includes microwave control by
capacitively coupling microwave lines (circle, green) to the qubit, allowing for spectroscopy
measurement of the device (not used in this work). (b) Diagram representation of devices
A and B. Device A contains two qubits (left and right units, purple), the coupler (insider
cell, orange), and a tunable resonator for each cell (top, gray). Device B contains two
qubits and seven couplers. Device B has the same qubit and coupler circuit schematic and
control capabilities as device A, shown in panel (a). (c, d) Microscope image of the qubit
and interposer chips of device B. The qubit chip (c) hosts the qubit and readout circuitry
and the interposer chip (d) hosts the 
ux bias lines. The square features (yellow boxes)
correspond to indium bumps used to connect the two chips.
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3.4 The iterative method: methodology

In general terms, the iterative method works as follows. In the �rst iteration, it is assumed
that when one bias voltage is changed, it only changes the external 
ux of the loop being
addressed, while changes in external 
uxes in other loops do not cause any appreciable
change in the measured quantity. Using the estimates from the �rst iteration, subsequent
iterations can improve the accuracy of these estimates.

Devices A and B have a design commonality, in that, qubits and couplers are similar
circuits, each coupled to a 
ux tunable resonator. It is useful to group each qubit or coupler
with its resonator into a unit cell. This makes it so that each cell has three superconducting
loops; z, x on the qubit or coupler, andr on the resonator rf-SQUID. We useCp�;q� to
represent the 
ux to voltage ratio between the bias line� in cell q and the loop� in cell p,
where�; � 2 f z; x; rg and p; q2 [1; m]. Herem is the total number of unit cells, given by
m = 3(9) for device A(B). The 
ux o�set in loop � in cell p is denoted byf 0;p� . Similarly,
f p� (Vp� ) represents the 
ux (voltage) on loop (bias line)� in cell p. This double index
notation facilitates the analysis of this circuit, where each readout resonator is nominally
coupled to each qubit or coupler. However, the methods discussed below apply to more
general circuits. Note that we continue to sometimes use the single index notation (Vi , f i ,
and Ci;j ) below. The di�erence between the single and the double index notations should
be clear from the context.

Distinguishing between estimated values and the corresponding variables is very im-
portant in particular in the discussion of the iterative procedure below. We use a prime
to denote the estimated value for a speci�c quantity. For example,C0

p�;q� refers to the
estimated value forCp�;q� . With the estimated coupling matrix and the estimated 
ux
o�sets, we can de�ne an estimated 
ux vectorf 0 as

f 0 = C0V + f 0
0: (3.4)

In the subsections below, we �rst introduce the procedure for one iteration and then
discuss how further iterations are carried out.

3.4.1 CISCIQ

We devise a procedure to obtain estimates of the coupling matrix named CISCIQ (an
acronym for \crosstalk into SQUIDs, crosstalk into qubit"). In general terms, it consists of
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�rst measuring the coupling elements between bias lines and the SQUID detectors, which is
subsequently used to keep the resonator SQUID at nearly �xed operation points, as needed
in order to maintain a consistent level of sensitivity to changes in the states of qubits and
couplers induced by external biases. This procedure has four stages, discussed below.

Stage 1. In the �rst stage, the resonator direct bias elementCpr;pr is measured for each
unit p. Ignoring the resonator interaction with other quantum elements (qubits, couplers,
or other resonators), the resonator frequency is periodic with respect to its own bias line
control voltage. By measuring the resonator spectrum as a function of its own bias voltage,
we can extract its periodicity, denoted byPpr , and the voltage coordinate corresponding to
zero 
ux in the resonator SQUID, denoted byV �

pr . Based on these quantities, we estimate

C0
pr;pr =

1
Ppr

; and f 0
0;pr = �

V �
pr

Ppr
: (3.5)

Stage 2. In the second stage, the crosstalk coe�cientsCpr;q� for all p; q; � are measured.
A similar measurement as in Stage 1 is carried out. All voltages exceptVq� and Vpr are
set to zero. The readout response is measured as a function ofVpr for a set of di�erent
values ofVq� . The added 
ux in the probed resonator due to crosstalk fromVq� shifts the
resonator frequency as a function ofVpr . For �Vpr amount of shift per �Vq� , the crosstalk
element is given by

C0
pr;q� = � C0

pr;pr
�Vpr

�Vq�
: (3.6)

Stage 3. After Stage 2, we have control of the 
uxes in the resonator SQUIDs from all
the bias lines. In Stage 3, the 3� 3 sub-matrix formed of the elementsCp�;p� and the

ux o�sets f 0;pz; f 0;px for each unit p are measured. In the remainder of this stage,Vq� for
all q 6= p and all � are set to zero. To simplify notation, the subscript denoting the cell
index is dropped since we are only concerned with intra-unit crosstalk. With this simpli�ed
notation we write

0

@
f z

f x

f r

1

A =

0

@
Cz;z Cz;x Cz;r

Cx;z Cx;x Cx;r

Cr;z Cr;x Cr;r

1

A

0

@
Vz

Vx

Vr

1

A +

0

@
f 0;z

f 0;x

f 0;r

1

A : (3.7)
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This stage consists of two measurements. Inmeasurement (a), we measure the 
uxes
in the qubit or coupler, f z and f x by measuring the coupled resonator's transmission at a
�xed frequency, while sweepingx and z bias voltages,Vx ; Vz. During the measurement, the
resonator 
ux bias needs to be �xed, leading to a constraint on the resonator bias voltage,

f 0
r =

X

�

C0
r;� V� + f 0

0;r = 0; (3.8)

where f 0
r is the approximate resonator 
ux from external sources, given by the estimates

from Stages 1 and 2. Note that the errors in the estimates of Stages 1 and 2 lead to
uncompensated crosstalk into the resonator, which can a�ect the measured transmission,
in addition to the changes in transmission due to the changes inf z and f x . To avoid this
complication, we choose to �xf 0

r to zero, which makes the resonator �rst order insensitive to
the residual uncompensated crosstalk, allowing us to associate the change in transmission
solely with changes inf z and f x . While setting the resonator 
ux bias away from zero
can increase the overall interaction strength between the resonator and qubit or coupler,
potentially leading to more sensitive measurement, we empirically �nd the bene�ts of
avoiding complication due to uncompensated crosstalk outweighs the cost of slightly weaker
sensitivity.

SinceVr is constrained to satisfy the requirements onf 0
r , the 3-dimensional voltage and


ux space are reduced to an e�ective 2-dimensional relation, such that
�

f z

f x

�
=

�
Ce�

z;z Ce�
z;x

Ce�
x;z Ce�

x;x

� �
Vz

Vx

�
+

�
f e�

0;z

f e�
0;x

�
: (3.9)

Speci�cally, the e�ective matrix and o�sets are related to the actual matrix elements and
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o�sets via

Ce�
z;z = Cz;z �

C0
r;z Cz;r

C0
r;r

; (3.10)

Ce�
z;x = Cz;x �

C0
r;x Cz;r

C0
r;r

; (3.11)

Ce�
x;z = Cx;z �

C0
r;z Cx;r

C0
r;r

; (3.12)

Ce�
x;x = Cx;x �

C0
r;x Cx;r

C0
r;r

; (3.13)

f e�
0;z = f 0;z +

Cz;r

C0
r;r

(f 0
r � f 0

0;r ) and (3.14)

f e�
0;x = f 0;x +

Cx;r

C0
r;r

(f 0
r � f 0

0;r ): (3.15)

Measurement (a) can be shown to have point re
ection symmetry about every half-
integer 
ux point due to both symmetries about the chip plane and periodicity in external

uxes (see Sec. 3.9.1). These points form a lattice and allow us to �nd the a�ne transfor-
mation de�ned by the e�ective matrix Ce� and the e�ective 
ux o�sets f e�

0;z; f e�
0;x . However,

as implied by Eqs. (3.10)-(3.15), knowing the e�ective matrix and o�sets is insu�cient to
determine the complete set of coupling coe�cients for this unit. Hence another measure-
ment is needed.

Stage 3measurement (b)repeats measurement (a), but setting f 0
r = � 1. Since the

resonator 
ux is changed by 1 �0, due to the 
ux periodicity, the resonator response
remains the same, up to some translation in theVx ; Vz coordinates. Such translations
could be understood in terms of the change in e�ective 
ux o�sets of thez(x) loop, f e�

0;z(x)

due to crosstalk from the resonator bias line. From Eqs. (3.14) and (3.15), we can write
the change in e�ective 
ux o�set �f e�

0;z(x) due to change in resonator 
ux�f 0
r as,

�f e�
0;z(x) =

Cz(x);r

C0
r;r

�f 0
r : (3.16)

Measurement of the o�set shift �f e�
0;z(x) is used to determineCz(x);r =C0

r;r , which in combi-
nation with Eqs. (3.10)-(3.15) enables identifying all the coupling elements and 
ux o�sets
in a unit cell.

To extract the o�set shifts �f e�
0;z and �f e�

0;x , an e�ective procedure is to rely on the shifts of
the measured two-dimensional datasets quanti�ed along theVz and Vx coordinates. These
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shifts are denoted by�Vz and �Vx respectively and are related to the e�ective o�set shifts
via

�
�f e�

0;z

�f e�
0;x

�
=

�
(Ce�

z;z)0 (Ce�
z;x )0

(Ce�
x;z )0 (Ce�

x;x )0

� �
� �Vz

� �Vx

�
: (3.17)

Combining Eqs. (3.16) and (3.17) gives

�
C0

z;r

C0
x;r

�
= C0

r;r

�
(Ce�

z;z)0 (Ce�
z;x )0

(Ce�
x;z )0 (Ce�

x;x )0

�  
� �V z

�f 0
r

� �V x
�f 0

r

!

: (3.18)

Then by inverting Eqs. (3.10)-(3.15), the actual 2-dimensional qubit or coupler coupling
and o�sets can be written in terms of the e�ective matrix elements and o�sets,

�
C0

z;z C0
z;x

C0
x;z C0

x;x

�
=

0

@
(Ce�

z;z)0 (Ce�
z;x )0 C0

z;r

C0
r;r

(Ce�
x;z )0 (Ce�

x;x )0 C0
x;r

C0
r;r

1

A

0

@
1 0
0 1

C0
r;z C0

r;x

1

A ; (3.19)

f 0
0;z = ( f e�

0;z)0+
C0

z;r

C0
r;r

f 0
0;r , and (3.20)

f 0
0;x = ( f e�

0;x )0+
C0

x;r

C0
r;r

f 0
0;r : (3.21)

To summarize Stage 3,measurement (a)allows us to estimate the e�ective 2� 2 matrix
Ce� and the e�ective 
ux o�sets f e�

0;z; f e�
0;x , and measurement (b)extracts the shifts of the

resonator response as a function ofVz; Vx . Together with the results from Stages 1 and 2,
they complete the 
ux o�sets and 3� 3 block diagonal matrix in each unit cell.

Stage 4. In the last stage, all the remaining crosstalk elements are measured. This is
done by performing a measurement similar to Stage 3measurement (b)for each cellp, but
this time stepping an out-of-cell bias voltageVq� . To �x the resonator 
ux bias during the
measurement, the resonator bias voltage for cellp, Vpr is constrained so that

f 0
pr =

X

� 2f z;x;r g

C0
pr;p� Vp� + C0

pr;q� Vq� + f 0
0;pr = 0: (3.22)
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Changes inVq� induce shifts of the measured response in theVpz; Vpx plane. To �nd the
relation between the crosstalk elements and the shifts, we consider the change in thez and
x 
uxes in cell p, �f pz and �f px due to changes in the bias voltages�Vpz; �Vpx and �Vq� .
They are given by

�
�f pz

�f px

�
=

�
Ce�

pz;pz Ce�
pz;px Ce�

pz;q�

Ce�
px;pz Ce�

px;px Ce�
px;q�

�
0

@
�Vpz

�Vpx

�Vq�

1

A ; (3.23)

where we introducedCe�
pz;q� and Ce�

px;q� , given by

Ce�
pz;q� = Cpz;q� � C0

pz;pr

C0
pr;q�

C0
pr;pr

; and (3.24)

Ce�
px;q� = Cpx;q� � C0

px;pr

C0
pr;q�

C0
pr;pr

: (3.25)

A change�Vq� in the out-of-cell bias voltageq� induces shifts�Vpz; �Vpx in the resonator
response. The e�ective crosstalk elements can be found by setting�f pz = �f px = 0 in
Eq. (3.23), yielding

 �
Ce�

pz;q�

� 0

�
Ce�

px;q�

� 0

!

=
�

(Ce�
pz;pz)

0 (Ce�
pz;px)0

(Ce�
px;pz )0 (Ce�

px;px )0

�  
� �V pz

�V q�

� �V px

�V q�

!

: (3.26)

Finally, combining Eqs. (3.25) and (3.26) gives

�
C0

pz;q�

C0
px;q�

�
=

�
(Ce�

pz;pz)
0 (Ce�

pz;px)0

(Ce�
px;pz )0 (Ce�

px;px )0

�  
� �V pz

�V q�

� �V px

�V q�

!

+

0

@
C0

pz;pr
C0

pr;q�

C0
pr;pr

C0
px;pr

C0
pr;q�

C0
pr;pr

1

A : (3.27)

3.4.2 Limitations of CISCIQ

The CISCIQ procedure relies on assuming that when a circuit element (a qubit, coupler,
or SQUID) is measured, its properties as a function of an externally applied 
ux are
negligibly a�ected by the interaction with other circuit elements. For example, in Stage
1, it is assumed that the tunable resonator frequency is periodic in its own bias voltage.
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However, due to crosstalk from the resonator bias line to the coupler loop, the coupler
properties change over the range of the resonator bias swept, which in turn changes the
resonator due to their inductive interaction. In Stage 2, while the couplerz bias is swept,
its resonator SQUID 
ux changes not only because of the �nite crosstalk from thez bias
line to the SQUID loop but also because of the state of the coupler changing.

To illustrate the expected role of circuit interactions, we use a simple model to calculate
the e�ect of the resonator-coupler interaction on the resonator response. The interaction
is modeled via the inductive loading of the rf-SQUID inductance by the coupler e�ective
quantum inductance. We consider a single coupler-resonator cell, and assume only coupling
between ther and z bias lines and the resonator and coupler loops. By numerically �nding
the coupler circuit's e�ective inductance and solving the classical rf-SQUID equation, the
resonator spectrum in terms of the resonator and couplerz bias can be calculated (see
Sec. 3.9.2 for additional details). Figure 3.2 shows the resonator spectrum as a function
of its bias voltageVr , for two di�erent values of coupler z bias voltageVz. The dominant
feature is the resonator frequency change due to a change in its own bias. However, due
to crosstalk, the coupler 
ux bias also changes as a function ofVr , which changes its
inductive loading e�ect on the resonator and hence the resonator frequency. Therefore the
translational symmetry in Vr that is used for calibration in Stages 1 and 2 is broken. We
note here that the inductive loading model does not capture the full interaction between the
resonator and coupler, rather it serves as an example to highlight the increased complexity
of calibration due to strong interactions between circuit elements.

The above analysis can be extended to other stages of CISCIQ, where the coupler's ef-
fective inductance loads the qubit and the coupler ground state current acts as an e�ective
bias seen by the qubit. Based on the single qubit and coupler persistent current and their
mutual inductances, such an e�ect could produce an error of tens of m�0 (see Sec. 3.9.3).
While it is possible to develop models to capture the interaction for small systems, develop-
ing an accurate model for a large system is a daunting task. Apart from the qubit-coupler,
qubit-resonator, or coupler-resonator interactions, since the di�erent resonators are cou-
pled to a single transmission line for readout, resonance collisions also distort the readout
signal. Larger devices are particularly prone to this problem. Therefore, CISCIQ alone
does not provide a good enough measurement of the coupling matrix and 
ux o�sets.

3.4.3 CISCIQi

To reduce the errors in calibration coe�cients found with CISCIQ, which are due to the
systematic e�ects discussed in the previous subsection, we propose an iterative approach,
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Figure 3.2: The simulated readout resonator spectrum as a function of its bias volt-
age, using the inductive loading model to describe the interaction between the resonator
and the coupler (see text). The solid (blue) and orange (dashed) lines correspond to
the coupler coupled to the resonator being biased at two di�erentVz values, of 0 and
1 Volt respectively. The coupling coe�cients and 
ux o�sets used for this model are
Cz;z = Cr;r = 1 � 0=V; Cr;z = Cz;r = 0:1 � 0=V; f0;r = 0; f 0;z = 0:4, which are realistic in our
devices. Translational symmetry is broken due to the coupler resonator interaction.
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abbreviated as CISCIQi. With this procedure, the measured coupling coe�cients and 
ux
o�sets from CISCIQ are taken as an initial estimate. Further iterations of CISCIQ are car-
ried out to gradually improve the initial estimates. In each iteration, one controls directly
not the voltages but a set of new coordinates - which are the 
uxes applied to the loops,
calculated based on the estimated coupling coe�cients and o�sets. More speci�cally, the
�rst iteration can be considered as giving the estimates ofC and f0 as C (1)0 and f (1)0

0 re-
spectively. In the absence of interactions between individual qubits, coupler, and resonator
circuits, these estimates are accurate, limited only by experimental noise. However, this is
not the case for the reasons explained in the previous section. Nevertheless, the quantities

f (1) = C (1)0V + f (1)0
0 ; (3.28)

whereC (1)0 and f (1)0
0 are the estimates of the coupling matrix and 
ux o�sets obtained from

iteration 1, are a good approximation for 
uxes in the loops. Then the 
ux relation in
Eq. (3.2) can be recast into the form

f = C (2) f (1) + f (2)
0 (3.29)

where we introduced

C (2) = C
�
C (1)0

� � 1
(3.30)

and

f (2)
0 = � C

�
C (1)0

� � 1
f (1)0
0 + f0: (3.31)

The task in iteration 2 is to estimate C (2) and f (2)
0 by sweeping the components of

f (1) and measuring the circuit response. Because the basis vectors in the estimated 
ux
coordinatef (1) , as compared to those in the voltage coordinatesV, are closer to the corre-
sponding basis vectors in the real 
ux coordinatesf , the assumptions made in CISCIQ on
periodicity with respect to controls are better justi�ed. For example, when repeating Stage
1 during iteration 2, the resonator frequency as a function off (1)

pr has smaller departures
from periodicity than f (1)

pr as a function ofVpr in iteration 1. In Stage 2, one measures
the crosstalk from a source bias to a target resonator by stepping the source biases with
integers of 
ux quanta according to the estimated coupling coe�cients. By doing this the
resonator spectrum better obeys translational symmetry over di�erent source bias settings,
because the e�ect of the interactions with the rest of the circuit is reduced when changes
in applied 
uxes are close to the circuit periodicity. In Stage 3, the data is expected to
have better point re
ection symmetry in the f (1)

pz ; f (1)
px plane as compared toVpz; Vpx . In
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Stage 4, similarly to Stage 2, we choose integer 
ux quanta steps in the crosstalk source
bias to null out modulations within a period. In all stages, resonance collisions become
less likely in the second iteration, as the resonators' bias points are better controlled, due
to the reduced changes in 
ux coupled from other elements.

At the n-th iteration, this procedure yields the estimates for the coupling matrixC (n)0

and the o�set vector f (n)0
0 . Combining the coupling matrix and o�sets measured at each

iteration, the estimates aftern iterations for the coupling matrix and the 
ux o�set are

C0 = C (n)0C (n� 1)0: : : C (1)0 (3.32)

and

f 0
0 = C (n)0

�
C (n� 1)0

�
: : :

�
C (2)0f (1)0

0 + f (2)0
0

�
+ : : :

�
+ f (n� 1)0

0

�
+ f (n)0

0 : (3.33)

3.4.4 Fast o�sets calibration

The coupling matrix is expected to remain constant in the course of an experiment while
the device is kept cold inside a dilution refrigerator. However, the 
ux o�sets change over
time due to 
ux noise and trapped 
ux. Therefore a time-e�cient method is desired to
recalibrate 
ux o�sets. Here we introduce such a procedure, which relies on the knowledge
of the estimate of the coupling matrix, assumed to remain constant. The method makes
use of similar measurements as in Stages 1 and 3 of CISCIQ. To measure the o�set of
the resonator, the corresponding approximate 
ux coordinatef 0

pr is swept around 0, and
at each 
ux setting the resonator transmission is measured over a frequency range around
resonance. The signal is expected to be mirror re
ection symmetric about a value, denoted
by f 0�

pr , which corresponds to the 
ux in the resonator being equal to zero. Based on this,
the new estimated 
ux o�set is related to the old estimated 
ux o�set f 0

0;pr by

f 0
0;pr �! f 0

0;pr � f 0�
pr : (3.34)

Similarly, to �nd the new o�set of the qubit or coupler, the estimated 
ux coordinates
f 0

pz; f 0
px are swept while probing resonator transmission close to the peak frequency of the

resonator for unit p. The signal is point re
ection symmetric about some point (f 0�
pz; f 0�

px).
The new estimated 
ux o�set and the old ones are related analogously to the resonator
o�set in Eq. (3.34). If this set of measurements reveals that the o�set drifts are large, the
procedure can be iterated to eliminate the apparent o�set shifts due to circuit interactions.
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3.4.5 The error of the calibration procedure

There are several sources of errors for the CISCIQi calibration procedure. Firstly, all the
data collected has noise contributions from the microwave ampli�ers, and 
ux drifts occur
while taking the data. Secondly, the �tting algorithms applied to identify translational and
point re
ection symmetries have estimate errors arising from the �nite range and sampling
for the collected data. Last and most signi�cantly, systematic errors arise from circuit inter-
actions, which are only partially mitigated even after the application of multiple iterations
in the calibration procedure. To characterize the errors in the crosstalk matrix and 
ux
o�sets considering all the sources of errors is therefore a complex task. Conventional error
propagation analysis is not suitable for our method because the output of the analysis, i.e.
the periodicities and translations extracted, depends linearly on the coupling coe�cients,
as well as nonlinearly on the interactions between circuit elements. As an example, Stage
3(b) measurement of CISCIQ relies on couplings measured in Stage 1 and 2. The errors in
the resonator bias from Stage 1 and 2 would result in resonator frequencies being di�erent
for f 0

r = 0; � 1 when doing Stage 3 measurements. This causes transmissions at di�erent
resonator 
ux biases not being simply translated versions of each other. The errors in the
extracted translations and crosstalk in Stage 3 thus have a substantially nonlinear depen-
dence on the errors from Stage 1 and 2. Given the above consideration, we propose an
error characterization method that is motivated by the purpose of crosstalk calibration,
which is to gain independent control of each 
ux bias.

The error characterization relies on a set of measurements performed to determine to
what extent the 
uxes can be controlled independently. Ideally, when a change �f 0

j in the
estimated 
ux f 0

j is applied to loop j , the 
ux in other loops should remain una�ected.
Any change in 
ux can be conveniently measured using the abbreviated o�set measurement
procedure discussed in Sec. 3.4.4. Fori; j 2 [1; N ]; i 6= j , the quantity

� i;j =
� f 0

0;i

� f 0
j

(3.35)

is a measure of the remaining control crosstalk. To measure this quantity in a way that
is robust against systematic errors from circuit interactions, one can set �f 0

j to be integer

ux quanta. This leads to a reduced e�ect of circuit interaction, due to their periodic
dependence on applied 
uxes.
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3.5 The iterative method: experiments

3.5.1 Implementation of the CISCIQ method

In this section we discuss the experimental implementation of the �rst iteration in the
CISCIQi iterative procedure. We discuss this iteration in detail, given that the analysis
tools carry over to subsequent iterations. We present measurements for calibration of
device A as examples. Measurements on device B are carried out similarly.

Stage 1

In Stage 1, for each resonator, the transmission is measured versus the probe frequency
and resonator bias voltage. The voltage bias sweep is chosen to cover a few 
ux quanta,
in order to allow determination of the periodicity. We note that in the �rst iteration we
choose bias voltage ranges that are relatively large, to allow determining the period in
the presence of relatively strong, uncompensated spurious 
ux generated by other circuit
elements.

Figure 3.3(a) shows a color plot of the transmission magnitude versus bias voltage and
probe frequency. At resonance, the magnitude of transmission has a dip relative to the
background. To extract the periodicity and o�set, one could extract the resonance frequen-
cies as a function of bias voltage and �t it to the resonator model or a simpler periodic
function. However, this method becomes di�cult to automate due to the presence of other
features in the transmission arising from other readout resonators and spurious package
resonances. In addition, �tting the transmission requires small frequency steps and an an-
alytical transmission model can be hard to obtain when the tunable resonator is driven at
high power. Hence, an image-processing-based method is used instead. The transmission
data can be considered as an image with the �rst dimension being the bias voltageVcr ,
the second dimension being the probe frequency! p, and the third dimension being the
magnitude of the transmissionjS21j. Before extracting the period of the data, edge detec-
tion techniques are applied to enhance the resonance features (see Sec. 3.10.1). To extract
the period of the resonator bias, recurrence plot analysis is used [182]. Recurrence plots
are a method to visualize symmetries in time series data and are adapted here to identify
periodicities within an image and translations between two di�erent images. Given two
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imagesA(i 1; i2) and B(j 1; j 2), the recurrence plot is a new datasetR(i 1; j 1) de�ned as

R(i 1; j 1) =

8
<

:

1; if
r P

i 2 ;j 2

(A i 1 ;i 2 � B j 1 ;j 2 )2� i 2 ;j 2 � �

0; otherwise
; (3.36)

where � i 2 ;j 2 is the Kronecker delta and� is a threshold chosen to maximize the contrast
in the recurrence plot (see Sec. 3.10.1). The arguments inA, B , and R are integer-valued
indices. We apply the recurrence plot to the case where both theA and B images are the
acquired dataset. The y-intercept of 45-deg lines in the plot corresponds to the amount of
translation needed on one of the images to overlap with the other. We use line detection
via the Hough transform to extract the translations from the recurrence plot. An example
resonator transmission image and its corresponding recurrence plot are shown in Fig. 3.3(a)
and (b).

To extract the 
ux o�set, the re
ection symmetry of the data is analyzed. The mea-
sured transmission magnitudejS21j can be considered as an imageA(i 1; i2) of dimensions
(m1; m2). The correlation coe�cients between imageA and its re
ection about all bias
indices are calculated. The re
ected imageB(i 1; i2; j ) about a particular bias index j is
given by

B(i 1; i2; j ) = A(2j � i 1; i2): (3.37)

The correlation coe�cient � (j ) is given by

� (j ) =

P

i 1 ;i 2

[A(i 1; i2) � �A(j )][B (i 1; i2; j ) � �B (j )]

r P

i 1 ;i 2

[A(i 1; i2) � �A(j )]2
P

i 1 ;i 2

[B (i 1; i2; j ) � �B (j )]2
; (3.38)

where the summations range overi 1 2 [Max(1; 2j � m1); Min( m1; 2j � 1)] and i 2 2 [1; m2],
and �A(j ); �B (j ) are the average values ofA; B over the same range. The ranges serve to
pick out the overlap region between the original and re
ected images. The correlation
coe�cient used here is adapted from the Pearson correlation coe�cient applied to samples.
It is normalized to lie between [� 1; 1], so images with di�erent overlap sizes can be fairly
compared. The peaks in� (j ) correspond to points of re
ection symmetry in the image,
identi�ed with half and whole integer 
ux quanta in the resonator loop. Figure 3.3(c) shows
the result of this calculation. Finally, the integer 
ux quanta points can be distinguished
from the half-integer 
ux quanta points by checking whether there is a dip in transmission
within the frequency range swept, at that bias point.
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Figure 3.3: (a) Transmission magnitudejS21j versus bias voltageVcr and probe frequency
! p for the unit cell c of device A. (b) Recurrence plot of the image in (a) with detected
line (red). The horizontal and vertical axes correspond to pixel indices in the bias voltage
dimension in (a). (c) Re
ection symmetry correlation coe�cient � (j ) versus bias voltages
Vcr . Each local maximum is locally �tted to a Lorentzian line shape (orange, green, red,
purple, and blue curves) to obtain sub-pixel accuracy in the o�set. (d) Shifts of resonator
response�Vcr versus crosstalk source bias voltagesVq2z. The dots are data points and the
line is the �t result.
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Stage 2

In Stage 2, for each resonator, the transmission is measured versus the resonator direct bias
and probe frequency, at a few voltages of each indirect bias line, with all other bias voltages
set to zero. Recurrence plots are used to extract the translations in the two-dimensional
data for each value of the applied indirect bias voltage. The translation versus indirect
voltage is �t by a line, whose slope represents the amount of crosstalk. Figure 3.3(d) shows
an example of such a �t. While the translations versus crosstalk source voltage follow a
linear dependence to a good approximation, small systematic errors are observed due to
interactions of the resonator with the rest of the circuit.

Stage 3

In Stage 3(a), for each unit cell, the resonator transmission is probed at a �xed probe
frequency, with the resonator external 
ux held constant while sweeping its directly coupled
qubit or coupler x and z biases. Typically, the probe frequency is below the peak frequency
by about half of its linewidth to maximize contrast. The bias ranges are typically swept
over two to four periods in both directions and the step size is of the order of 1 % of
the observed periodicity. The resonator 
ux is kept at zero during the sweep. At this
bias point, the resonator is 
ux-insensitive to �rst order. This choice of the resonator
bias minimizes the frequency change of the resonator due to residual crosstalk when the
z and x biases are swept, thus preventing deterioration of the measurement signal. This
measurement generates an image that has point re
ection symmetry about integer and
half-integer 
ux points (see Sec. 3.9.1). The measured transmission magnitudejS21j can
be considered as an imageA(i 1; i2) of dimensions (m1; m2). To extract the point re
ection
symmetry centers, the correlation coe�cient between the image and the image inverted
about some point (j 1; j 2) is calculated. The inverted imageB(i 1; i2; j 1; j 2) is given by

B(i 1; i2; j 1; j 2) = A(2j 1 � i 1; 2j 2 � i 2): (3.39)

The correlation coe�cient � (j 1; j 2) is given by

� (j 1; j 2) =

P

i 1 ;i 2

[A(i 1; i2) � �A(j 1; j 2)][B (i 1; i2; j 1; j 2) � �B (j 1; j 2)]

r P

i 1 ;i 2

[A(i 1; i2) � �A(j 1; j 2)]2
P

i 1 ;i 2

[B (i 1; i2; j 1; j 2) � �B (j 1; j 2)]2
; (3.40)
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Figure 3.4: (a) Resonator transmission magnitudejS21j versusz; x bias voltages for unit cell
q1. The detected inversion symmetry centers are shown by the black dots. (b) Correlation
coe�cient � (j 1; j 2) for the image in (a). Each local maximum in the image corresponds
to one KAZE feature (highlighted circles). We note that for a range up to about half
the expected periodicity from the edge of the transmission measurement, the correlation
coe�cients are not calculated and plotted as white. This is because the correlation becomes
an unreliable measure of symmetry near the edge.

where the summations range overi 1(2) 2 [Max(1; 2j 1(2) � m1(2) ); Min( m1(2) ; 2j 1(2) � 1)], and
�A(j 1; j 2), �B (j 1; j 2) are the average values ofA, B over the same range. Local maxima in
the image� (i 1; i2) correspond to points with maximum point re
ection symmetry. Instead
of simple peak detection, KAZE feature recognition [183] is applied to the image� , which
detects blobs in the image. Then, by �ltering out features that are not close to any local
maximum, the coordinates of the remaining features can then be identi�ed with point
re
ection symmetry centers. It is empirically found that the KAZE feature detection
outperforms simple local maximum detection, in cases where resonator collision causes the
measured transmission to deviate from the expected symmetry. The feature detection also
allows sub-pixel precision, which removes the need to take time-consuming, high-density
measurements. Fig. 3.4(a) shows the point re
ection symmetry centers plotted on the
measured data, ordered by their distances to the origin and Fig. 3.4(b) shows the point
re
ection correlation coe�cients calculated, with the KAZE features overlaid.

The inversion symmetry centers are coordinates inz and x bias voltages corresponding
to half-integer 
ux quantum in z and x loops. The next task is to identify an a�ne trans-
formation that converts these inversion symmetry centers to coordinates in external 
uxes.
In principle, any three inversion symmetry centers that are not co-linear are su�cient to
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Figure 3.5: (a) Coupler resonator transmission measurement versusVcz; Vcx, at f 0
cr = � 1

(top) and f 0
cr = 1 (bottom). (b) Shifts of the coupler 2d scan inz direction, �Vcz versus

resonator biasf 0
cr . (c) Shifts of the coupler 2d scan inz direction versus crosstalk source

Vq1z. In both (b) and (c) the dots are data points and the line is the �t result.

de�ne such a transformation. However, due to various noise sources, it is likely that di�er-
ent choices of inversion centers will lead to slightly di�erent transformations. To make use
of the full lattice of inversion symmetry centers, the a�ne transformation parameters can
be treated as �tting parameters. The optimal transformation is found by minimizing the
distance between transformed lattice coordinates and the ideal lattice coordinates [178].

In Stage 3(b), for each unit, the resonator transmission is probed at a �xed frequency,
while sweeping the unitx and z bias voltages and maintainingf 0

r = � 1. Fig. 3.5(a)
shows the measured data for the coupler unit. Translations between images in both thez
and x directions are simultaneously extracted usingscikit-image image registration routine
[184, 185]. The translations versus resonator bias values are �tted to a line and the slope
can be related to the crosstalk value as discussed in Sec.3.4.1 Stage 3.

Stage 4

In Stage 4, measurements similar to those in Stage 3(b) are performed. For each unit,
the resonator transmission is probed while �xing the resonator 
ux bias and sweeping
the unit's x, z biases, and stepping another crosstalk source bias voltage. The ranges
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for crosstalk source voltage are chosen to cover more than one 
ux quantum 
ux bias in
the corresponding loop, to ensure the translations measured are not biased due to the
modulation of circuit interaction within a period. An example of translations extracted
versus crosstalk source bias voltages and the corresponding �ts are shown in Fig. 3.5(c).
The slope of the line �t is then related to the crosstalk coupling via Eq. (3.27).

3.5.2 Calibration results for devices A and B

CISCIQi

After the application of CISCIQ as discussed above, further iterations are performed by
sweeping the approximate 
ux coordinates, where 
uxes are calculated according to the
estimates of the coupling matrix and 
ux o�set obtained in the previous iteration. Three
complete iterations are completed for both devices A and B. The estimated values of
coupling coe�cients at the end of each iteration are calculated using Eq. (3.32).

To illustrate how the coupling elements change with iteration, we show in Fig. 3.6 a
subset of the coupling matrix elements for iterations 1-3 for devices A and B. Note that the
coupling elements shown correspond to units at the center of devices A and B, which are
most a�ected by systematic crosstalk errors due to interactions with other circuit elements.
We observe that all the coupling elements change, with typically a smaller change between
iterations 2 and 3 than between iterations 1 and 2. To further illustrate the e�ectiveness of
the iterations, in Fig. 3.7(a) we show the statistical box plots of coupling coe�cients and

ux o�sets in M (n)0; f (n)0 for n = 2; 3. It is clear from the plot that the coupling matrices
in iterations 2 and 3 are approaching identity, and the 
ux o�sets are approaching zero.

For device A, it is worth noting that the corrections in o�-diagonal matrix elements
in iteration 2 are about 10 m� 0=� 0, and the correction in 
ux o�sets are about 10 m� 0.
Assuming 60 pH mutual inductance between circuit elements, which is the typical value, the
required persistent current to generate 10 m�0 
ux is 0 :34� A. This number is comparable
to the maximum ground state current in the couplerz-loop, which is 0:45� A. As the
persistent current gets modulated by 
ux bias, corrections on the order of 10 m�0=� 0

in iteration 2 are consistent with the level of interactions between circuit elements (see
Sec. 3.9.3 for a more detailed comparison). In iteration 3, the matrix element corrections
are below 2 m�0=� 0 and the 
ux o�sets corrections are below 2 m�0. Since the 
ux drifts
measured (see Sec. 3.5.3) are also about 2 m�0, this suggests that further iterations would
be limited by random 
ux jumps and not improve the calibration measurement much
further.
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Figure 3.6: A selection of the coupling coe�cients for each iteration for devices A (top)
and B (bottom). From left to right they correspond to iteration 1, 2 and 3. For each
image, the column and row labels correspond to source and target loops, respectively.
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Figure 3.7: For device A (left), and B (right) respectively, the statistical box plots of
the diagonal (top), o�-diagonal (middle) coupling coe�cients in C (n)0, and the 
ux o�sets
(bottom) in f (n)0

0 , for iteration 2 and 3. The orange bar is the median, the black box
corresponds to the lower and upper quartiles, the segments contain the 5 to 95 percentile
of the data and the dots are outliers. For device B, the coupling coe�cients and o�sets
corresponding to thec2 unit are excluded in the plots due to device failure (see text).
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When compared to device A, device B has three times as many control loops. In addi-
tion, device B has overall stronger circuit interactions, because the couplers are designed
to have about three times as large a persistent current and 
ux sensitivity compared to
the qubit (see Sec. 3.9.3). This is compounded by the fact that more resonators are on
the same feedline in device B, leading to increased errors in resonator readout. Besides,
device B also su�ered from a partial device failure: the resonator SQUID in cellc2 could
not be tuned. This cell, including the resonator and the coupler, remained uncalibrated
during the CISCIQi procedure (additional techniques were used to calibrate this unit for
other experiments, which we do not discuss in this work).

Therefore, it is expected that iteration 1 of CISCIQ for device B gives less accurate
estimates of the actual coupling coe�cients and 
ux o�sets. This is made apparent by
simply examining the measured data. As shown in Fig. 3.8(a, b), the Stage 1 measurement
for the resonator in unit c5 and Stage 3(a) measurement for unitc1 are far from the
expected periodic behavior. Fig. 3.8 (c) and (d) show the same scan taken during iteration
2. The periodic behavior is restored.

3.5.3 Flux o�set drift

As noted earlier, the 
ux o�sets drift even when the device is kept cold. It is important
to understand the magnitude and timescale over which the 
ux drifts occur. To perform
annealing experiments on the device, the 
ux o�sets need to be stable over a duration that
is much longer than any annealing experiment itself.

To check the 
ux o�set stability for device B, after the initial CISCIQi calibration,
the 
ux o�sets are recalibrated twice using the method described in Sec. 3.4.4. Figure 3.9
shows the change in 
ux o�sets relative to the initial calibration. After two days, the root
mean square (RMS) change in 
ux o�sets for di�erent loops is 1:3 m� 0. After 17 days,
one of the resonator SQUID 
uxes changed by 20:0 m� 0. The others have an RMS change
of 2:0 m� 0. Similar shifts were observed in device A. This suggests that the device can
remain well-calibrated for a few days. Over a longer period of time, the 
ux drifts can be
large. Such 
uctuations could have various sources, which should be investigated in future
work.

3.5.4 Characterization of the errors of the calibration protocol

The error measurement discussed in Sec. 3.4.5 is applied to device A. The measured errors
are displayed in Fig. 3.10. The RMS of the errors is 0:5 m� 0=� 0 and the maximum error
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Figure 3.8: (a, b) Resonator transmission measurement versus probe frequency and res-
onator bias voltage for unit c5 in iteration 1(a) and 2 (b). (c, d) Resonator transmission
measurement sweepingz; x biases for unitc1 in iterations 1(c) and 2(d). Clearly, the iter-
ation 2 measurement has much better symmetry as compared to iteration 1.
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Figure 3.9: The changes in 
ux o�sets for thez (blue, circle), x (orange, square) andr
(green, triangle) loops for each unit. Panel (a) is the change in 
ux o�set after 2 days
and panel (b) is after 17 days. The errors are obtained in two steps. First, the errors
of o�sets extracted are computed by �rst resampling the transmission measurement data
with typical measurement noise. The errors in o�set changes are obtained by adding
in quadrature the o�set errors at di�erent times. Only the coupler unit 
ux o�sets are
recalibrated in experiments (exceptc2 which had a non-functioning resonator).
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magnitude is below 1:7 m� 0=� 0. This means that when the estimated 
uxf 0
i is changed

by 1 � 0 for some loopi , while keeping others constant, the actual external 
uxf j di�ers
from the approximate coordinatef 0

j by at most 1:7 m� 0. In comparison, if no crosstalk
compensation is applied, the control error can be lower bounded by the ratio of the �nal
measured crosstalk coe�cientsC0

i;j to the direct coupling coe�cients C0
j;j , which has an

RMS value of 75 m�0=� 0. If only one iteration is performed, the errors can be lower
bounded by the values of the o�-diagonal elements in iteration 2 matrixC(2)0, which has
an RMS value of 2:3 m� 0=� 0 and maximum magnitude of 11 m�0=� 0.

The calibration accuracy achieved here is comparable to recent work in Ref. [186],
where a systematic study of crosstalk calibration was done on a system of superconducting
transmon qubits. It is worth mentioning that similar accuracy was achieved in Ref. [186]
using more complex control, involving microwave pulses applied to the qubits. In contrast,
the method we proposed here only uses resonator transmission measurements.

It is also instructive to compare the calibration error with the quasi-static noise due to
low-frequency 
ux noise intrinsic to the system. Based on 
ux noise measured in similar
devices [161] and the qubit loop size in our device, the estimated 
ux noise power spectral
density on the qubit z-loop is Sf z (! ) = A2

f z
=(!= 2� )� , with A f z = 14:4� � 0=

p
Hz and

� = 0:91. The noise magnitude is obtained by integrating the power spectral density over
a frequency range determined by the experimentally relevant time scales, which is taken
to be != 2� 2 [1 Hz; 1 GHz]. This gives the 
uctuation due to 
ux noise, which is about
281� � 0. In comparison, as the maximum variation of 
ux in any single loop is 1=2 � 0, the
RMS error due to calibration inaccuracy is 0:5 � 1=2 = 0:25 m� 0, which is comparable to
the intrinsic 
ux noise.

3.5.5 Calibration time

In this subsection we discuss the time taken to complete the calibration protocol. For
device A, the �rst iteration takes about 22 hours while each further iteration takes about
8 hours. O�sets calibration takes about an hour. For device B, the �rst iteration takes
about 80 hours while further iteration takes about 50 hours each. O�sets calibration takes
about 2 hours.

We note that the data acquisition time, which takes about two orders of magnitude
more than the data analysis time, is highly speci�c to the current setup. Firstly, improving
the signal-to-noise ratio could reduce the signal integration time required. This could be
done by optimizing the readout frequency and power. Secondly, there is overhead in the
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Figure 3.10: The measured crosstalk error coe�cients �i;j for each pair of sources (column)
and targets (row).
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Table 3.1: Comparison of simulated and measured (in brackets) values of mutual induc-
tances between bias lines and loops.

z bias line x bias line r bias line
Qubit Loop z0 1 � 1:6(� 1:9) pH � 0:65(� 1:3) pH � 0:21(� 0:2) pH
Qubit Loop x 0:0098(� 0:065) pH 1:4(2:5) pH 0:0003(� 0:0068) pH

Resonator Loop 0:25(0:31) pH � 0:021(� 0:028) pH � 1:4(� 1:7) pH

software controlling the AWGs. Optimizing the software stack can lead to signi�cant mea-
surement speedup, especially when the number of AWG channels becomes large. Beyond
this, improving the measurement protocol by incorporating multiplexed readout could also
reduce the measurement time.

3.5.6 Comparison with targeted mutual inductances

The calibration measurement also provides valuable feedback to circuit design. One impor-
tant aspect of the design process is to be able to predict the mutual inductances between
bias lines and control loops. The measured coupling coe�cients can be converted into
mutual inductances using the measured resistances along the bias lines in the fridge. This
is compared to the mutual inductances extracted by simulating the device with an elec-
tromagnetic solver. As the computational resources required for such a simulation scale
poorly with the size of the chip, we chose to simulate a single 
ux cell consisting of a single
CSFQ coupled to a resonator SQUID, and their corresponding bias lines in the full two-tier
environment (see Sec. 3.9.4).

Table 3.1 shows a comparison of the simulated mutual inductances and the measured
mutuals on qubit 1 of device A. There is reasonable agreement between the simulated
and measured values. Discrepancies could arise due to more complex return current paths
through the ground plane, which are not accounted for when simulating only a restricted
area of the chip. Given that all the bias lines are connected to the ground plane in the
interposer chip, which is facing the qubit, it is not unexpected that the return current
e�ect becomes important. This could be partially mitigated if the connection between bias
line and ground is made further away from the control loops. However, this is ultimately
limited by the density of control lines and loops in the circuit. In future designs using the
three-tier architecture, there will be more 
exibility in designing the ground current return
path. We expect such an architecture to give better agreement between designs and actual
devices.
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3.6 Periodicity optimization: methodology

In this section, we introduce the periodicity optimization approach to crosstalk calibration.
We will �rst discuss the framework used to treat the calibration task as an optimization
problem. Then we will discuss the measurement and analysis required to quantify period-
icity.

3.6.1 Crosstalk calibration as an optimization problem

The task of crosstalk calibration is to obtain estimates of the coupling matrixC and
independent control of the external 
ux biases. This is equivalent to �ndingN independent
control coordinates, such that the circuit responds periodically to changes in each of them.
To do this, we break the calibration task intoN independent optimization problems, as
described below.

We start by introducing initial estimates of the crosstalk and 
ux o�sets, given by
C init and f init

0 . Introducing them makes it convenient to discuss the optimization with or
without prior knowledge on the same footing. When no prior knowledge is available, the
initial estimates are identity and zeros for the crosstalk matrix and 
ux o�sets respectively.
The initial estimates allow us to de�ne the initial control coordinatesf init ,

f init = C init V + f init
0 : (3.41)

The initial control coordinates f init are related to the actual 
uxes f via the residual
crosstalk and 
ux o�sets,

f = C resf init + f res
0 ; (3.42)

whereC res = C(C init )� 1; f res
0 = f0 � C resf init

0 .

To calibrate the i th control coordinate, we de�ne a trial control 
ux variable f 0,

f 0 = ( I � O0)C init V + f init
0 ; (3.43)

where the compensation matrixO0 has elementsO0
jk with

O0
jk =

(
0; if k 6= i or j = k;


 jk ; otherwise:
(3.44)

1Due to the speci�c convention used,z-loop does not refer to a physical loop in the device, therefore
z0-loop is used instead (see Appendix D).

80



There are N � 1 non-zero elements in the matrixO0, denoted asf 
 ji g. These are the
compensation parameters to be optimized when calibrating thei th control coordinate.
The objective of the optimization problem is to maximize the periodicity of the measured
signal when varying thei th coordinate of the trial 
ux, f 0

i . This can be done by performing
measurements varyingf 0

i , and quantifying the periodicity using the metric discussed in
Sec. 3.6.2. A schematic for one iteration of the optimization step is shown in Fig. 3.11(a).

The maximum periodicity of the signal is achieved when compensation parameters
satisfy speci�c relations relative to the residual crosstalkC res. To see this, consider
the relation between the trial control 
uxes and the actual 
uxes, which follows from
Eq. (3.41, 3.42, 3.43),

f = C res(I + O0)f 0+ f 0
0; (3.45)

wheref 0
0 = f0 � C res(I + O0)f init

0 . It can be seen that when the following condition is satis�ed


 ji =
[(C res)� 1]ji
[(C res)� 1]ii

; 8j 6= i; (3.46)

one has

f i =
f 0

i

[(C res)� 1]ii
+

X

j 6= i

Cres
ij f 0

j + f 0
0;i (3.47)

f l6= i =
X

j 6= i

Cres
lj f 0

j + f 0
0;l ; (3.48)

where f i ; f 0
i ; f 0

0;i and Cres
ij are elements off ; f 0; f 0

0 and C res respectively. The relations be-
tween the actual 
uxesf and trial control 
uxes f 0 given by Eqs. (3.47, 3.48) indicate that
when the i th control 
ux f 0

i is being varied, only thei th actual 
ux f i changes. In other
words, the residual crosstalk from thei th control coordinate to other coordinatesl 6= i is
completely canceled out by setting the compensation parametersf 
 ji g satisfying Eq. 3.46.
Since the circuit response is periodic to each 
uxf i with period 1, the circuit also responds
periodically with respect to f 0

i , with period [(C res)� 1]ii . Hence, optimizing the periodicity
for the i th coordinate gives the optimized compensation parameters approximately satis-
fying Eq. 3.46, and they are denoted as 
0ji . After completing the optimization for all N
control coordinates, we obtainN (N � 1) optimized compensation parameters, and another
N parameters corresponding to the periods of theN control coordinates. Using Eq. 3.46,
estimates for residual crosstalk matrix can be obtained, which we denote asC res0.
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Figure 3.11: (a)Schematic representation of the optimization step. For each loopi , the
optimization parameters are elements of a trial compensation matrixO0, which de�nes the
trial 
ux coordinates f 0. Then the measurement is done by sweepingf 0

i and the periodic-
ity of the measurement signal is determined. If the periodicity is high, the compensation
parameters give good estimates of the ratio between the crosstalk matrix elements, oth-
erwise, the compensation parameters are updated and the optimization is repeated until
the periodicity is high. (b) Schematic of the subcircuit of the device measured, with the
tunable 
ux qubit on the left (purple), the quantum 
ux parametron (QFP) in the middle
(yellow), and the tunable resonator on the right (grey). In addition, the qubit and the
QFP are each coupled to a �xed-frequency resonator (grey). All resonators are coupled to
a joint feedline (red). External 
ux biases in the loops are controlled via the on-chip bias
lines (blue).
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3.6.2 Quantifying periodicity

The objective function for the optimization is the periodicity of the readout data with
respect to f 0

i . To measure the periodicity, the readout data is collected sweeping a large
enough range off 0

i to cover a few periods, while keepingf f 0
j 6= i g �xed. The readout data

is denoted asRl (f 0
i;s ), where s = 1; 2; : : : ; m goes over the values off 0

i taken during the
sweep andm is the total number of f 0

i steps. Readout data from di�erent channels is �rst
normalized, by applying the operation

Rl (f 0
i;s ) �!

Rl (f 0
i;s ) � Rl

q P
s

�
Rl (f 0

i;s ) � Rl
� 2

; (3.49)

whereRl is the average of the readout data from channell over all values off 0
i taken. The

periodicity can be quanti�ed by �rst computing the correlation of the signal and its own
with a translation of t steps along thef 0

i coordinates. De�ning the translated signal as

Rl;t (f 0
i;s ) = Rl (f 0

i;s + t ); (3.50)

the correlation is

� i (t� ) =

P
l;s2S

�
Rl (f 0

i;s ) � Rl
� �

Rl;t (f 0
i;s ) � Rl;t

�

q P
l;s2S

�
Rl (f 0

i;s ) � Rl
� 2 P

l;s2S

�
Rl;t (f 0

i;s ) � Rl;t
� 2

and (3.51)

S = f 1; 2; : : : ; m � tg; (3.52)

where � is the step size of thef 0
i sweep andt is an integer for the translation considered.

The Rl ; Rl;t refer to averages of the readout data overS for a particular readout channel
l . From the de�nition of correlation, we have the range of� 2 [� 1; 1], with 1 for perfect
correlation, � 1 for perfect anti-correlation, and 0 for no correlation.

The correlation for a periodic signal is largest when the translation is an integer multiple
of the period. However, since the period of the signal is in general not commensurate with
the step size� , we �t the following function around the maximum of � i

� i (� � ) = � max
i + b� abs(� i � � max

i ); (3.53)

where � can take non-integer values and� max
i corresponds to the period of the signal.

The �t parameter � max
i could be identi�ed with the periodicity of the measurement signal.

However, to be more precise, we choose to do another measurement where the sweep range
is shifted from the original measurement by� max

i � , giving Rl (f 0
i + � max

i � ). The correlation
between this signal and the original one is then computed and denoted asP, which is the
objective function used in the optimization.
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Figure 3.12: Transmission versus probing frequency! p and trial 
ux coordinate f 0
QFPZ ,

through the �xed-frequency (a,d) and tunable (b,e) resonator, at the �rst (top) and last
(bottom) step in the optimization. The plots on panels (c, f) show the corresponding
correlation versus translation, with the inset showing the absolute value linear �t around
the maxima.

3.7 Periodicity optimization: experiments

We implement the optimization procedure outlined above on subcircuits of a small proto-
type coherent quantum annealer. This device is di�erent from the �rst two devices used
in the demonstration of the iterative method in this chapter, and is named device C. The
device consists of two coupled tunable capacitively-shunted 
ux qubits [48], fabricated us-
ing a three-stack process in Lincoln Laboratory [187]. Each qubit is coupled to a quantum

ux parametron (QFP), which is in turn coupled to a 
ux-tunable resonator for readout.
The QFP acts as an ampli�er for the 
ux signal of the qubit, hence ensuring high-�delity
readout in the qubit 
ux basis, which is critical for quantum annealing applications [62].
In addition, each qubit and QFP is inductively coupled to a �xed-frequency resonator to
assist crosstalk calibration. A schematic of one qubit unit cell consisting of the qubit, the
QFP, and the tunable resonator is shown in Fig. 3.11(b). The full two-qubit system, includ-
ing its readout circuits, has been calibrated using the iterative translation-based method.
The result is presented in Sec. 3.10.4 and the crosstalk matrix obtained via this method is
denoted as the reference crosstalk matrix,C ref.
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3.7.1 Optimization of a subcircuit with three 
ux biases

For a proof-of-principle demonstration of the periodicity optimization approach, we start
with a subcircuit consisting of just the QFP and the tunable resonator. The subcircuit has
strong coupling due to the large persistent current of the QFP and the resonator, which
makes it very time-consuming to calibrate using the translation-based method. The three

ux biases in the subcircuit are denoted as QFPZ; QFPX and TR. The optimization starts
with the initial crosstalk C init = C ref. This allows setting the qubits and couplers outside
the subcircuit in a 
ux bias such that they are decoupled from the measured subcircuit.
Using the reference crosstalk also allows systematic investigation of the performance of the
optimization relative to particular initial conditions and bounds on the trial compensation
parameters. We have also demonstrated the optimization starting withC init given by a
single iteration of the translation-based method, which is discussed in Sec. 3.10.5.

For the readout channel, we choose to measure transmission through the resonators.
Both the �xed-frequency and tunable resonators are measured, each at six di�erent readout
frequencies. The readout frequencies are chosen to be around the bare resonator frequencies
and the step size is around their resonance linewidth. The 
ux bias sweep range is chosen to
cover about two periods and the step size is about 20 m�0. The other 
ux biases not being
swept are set to values that avoid the 
ux-insensitive bias points of the QFP and tunable
resonator. This is needed to avoid the tunable resonator and the QFP coincidentally being
in 
ux-insensitive spots, which would make the measurement signal insensitive to crosstalk.
Such settings can be achieved without accurate initial estimates of the crosstalk or 
ux
o�sets.

As examples for the measurement and analysis at a single step in the optimization, we
show the transmission measurement results at the start and the end of the optimization for
the QFPZ control periodicity in Fig. 3.12(a,b,d,e). It is clear that the measurement signal
is more periodic after the optimization. This is also re
ected in the maximum correlations
with respect to translations of the signal, which are shown in Fig. 3.12(c,f).

We use primarily an optimization algorithm based on Bayesian optimization [188],
which is a global optimizer suited for black-box optimization with objective functions
which are expensive to evaluate. The algorithm uses a Gaussian process to approximate
the objective function, which is called the prior. At each step, the optimizer samples the
distribution at a new point in the parameter space, which is probabilistically chosen accord-
ing to the prior to improve upon the existing samples while minimizing the uncertainties
of the prior [189]. The Gaussian process is then updated according to the Bayesian infer-
ence rule, and is used as the prior for the next iteration. The compensation parameters

 ji 's are bounded to within [� 0:2; 0:2], and the optimization is initialized with evaluations
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at 20 random points in the parameter space. The bounds correspond to typical levels
of crosstalk in large-scale devices [190]. We defer to Sec. 3.7.2 for a discussion of how
the bounds and initial conditions could a�ect the optimization. In Fig. 3.13(a), the trial
compensation parameters and the periodicity is plotted versus the optimization step. It
can be seen that the optimum parameters have been found after about 40 iterations. In
Fig. 3.13(b), the landscape of the objective function, predicted by the �nal Gaussian pro-
cess model is shown, together with markers for the parameter values sampled during the
optimization. The minimum is at around (
 QFPZ QFPX ; 
 TR QFPX ) = (0 ; 0), which is the
expected optimum compensation parameter givenC init = C ref � C and henceC res � I . In
Fig. 3.13(c), we show the di�erence between elements ofC res0with the identity matrix. The
magnitudes of the elements are all below 3� 10� 3, which is about the error of the iterative
method [190]. This shows that the crosstalk matrix obtained by the optimization method
is comparable to the crosstalk matrix obtained by the iterative calibration method. We
also note that the di�erences are much smaller than the 
ux sweep step size, which shows
that the method does not require high-resolution scans to be accurate. As a result of this,
the optimization-based measurements required less data as compared to one iteration of
the translation-based method.

Using the same optimizer setting but starting the optimization with estimated crosstalk
from one iteration of the translation-based method, the estimated crosstalk obtained con-
verged with a similar level of accuracy, as compared to starting the optimization with the
reference crosstalk matrix, obtained from multiple iterations of translation-based method.
The result is presented in Sec. 3.10.5.

3.7.2 Optimization landscape

After demonstrating that the optimizations converge with high accuracy to the expected
compensation parameters, we examine the structure of the optimization problem. First,
we looked at how periodicity changes as the compensation parameters deviate from the
optimized values. We de�ne the distance from the optimized compensation parameters as

k
 i k =
X

j 6= i

(
 ji � 
 0
ji )2 (3.54)

and plot the periodicities measured during the optimization versusk
 i k in Fig. 3.14. It
can be seen that for all of the loops measured, whenk
 i k . 0:001, the periodicity function
plateaus at about 0:99, This suggests given the current set of readout channels, the opti-
mized compensation parameters would allow us to control each bias coordinate to 1 m�0
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Figure 3.13: (a) Trial compensation parameters (left axis), 
QFPZ QFPX (dashed line),

 QFPZ QFPX (solid line) and periodicity P (red dots, right axis) versus optimization step.
(b) A Gaussian process model of periodicity versus the compensation parameters. The
cross markers correspond to parameters sampled by the optimizer and the gray scale of
the markers indicates the sequence at which they are sampled, with darker color markers
being sampled later. (c) Di�erence between the estimated residual crosstalk matrixC res0

and the identity matrix.
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Figure 3.14: 1 minus the periodicityP versus the distance from the trial compensation
parameters to the optimized compensation parameters for the three loops, QFPZ (left),
QFPX (center), TR (right)

accuracy over one 
ux quantum range. The sharp peak for the QFPX loop is likely due
to hysteresis of the QFP, which can be avoided by choosing a di�erent set of independent

ux control coordinates (see Sec. 3.10.7). Whenk
 i k & 0:1, the periodicity P � 0. This
means that the sampled trial compensation parameters are only informative when they
satisfy k
 i k . 0:1. Hence, the optimization method is likely only e�cient when initial
crosstalk is known to within 10% accuracy, relative to the diagonal coupling elements.
Various sources of estimation could provide such accuracies, such as one single iteration
of the translation-based calibration method, measurement on di�erent copies of the same
device, or potentially careful electromagnetic simulation of the device.

We further characterize the landscape of the periodicity function by directly measuring
it. This is done by �rst updating the initial crosstalk matrix with the optimized parameters,
according to

C init �! C res;0C init ; (3.55)

and then doing measurement in the updatedf init coordinates. For each loop, the periodicity
is measured sweeping one trial compensation parameter, while keeping the other at zero.
These measured periodicities are plotted in Fig. 3.15(a). It can be seen that the periodicity
is mostly a smooth function of the compensation parameters with a single maximum. There
are two features outstanding. First, the periodicity relative to the QFPX loop has a rugged
landscape. This is likely due to the QFP becoming hysteric and not responding to 
ux
bias variations fast enough compared to the experiment time. The hysteresis is caused by
the discontinuous change in the ground state wavefunction of the QFP at the 
ux bias

88



symmetry points. This can be systematically avoided by choosing a di�erent set of linearly
independent 
ux bias coordinates, along which the ground state wavefunction changes
smoothly (see Sec. 3.10.7 for more detailed discussion). Second, the periodicity maxima
for the compensations to TR loop are slightly deviated from zero. The reason for this
still requires further investigation. One possibility could be that the periodicity function,
under the measurement setting used, is sensitive to drifts in 
ux o�sets, which could
occur between the optimization measurement and the landscape measurement. The o�sets
therefore need to be kept track of in future implementations of the optimization, otherwise
the accuracy of the crosstalk calibration based on periodicity optimization could be limited.
The periodicity along the TR 
ux bias is also measured sweeping a two-dimensional grid of
values for the trial compensations 
QFPZ ;TR ; 
 QFPX ;TR , over the range of [� 0:1; 0:1]. The
result is plotted in Fig. 3.15(b). It con�rms that the periodicity is a smooth function over
the entire range, and has a single maximum at around (0, 0). Such characteristics of the
objective function mean the optimization problem is likely convex in general. This opens
the possibilities of using optimization algorithms that approximate and make use of the
local gradients [191, 192, 193]. We successfully implement one such optimization method,
called simultaneous perturbation stochastic approximation (SPSA) [191] and the result is
discussed in Sec. 3.10.6.

3.7.3 Optimization of a subcircuit with �ve 
ux biases

To understand the feasibility of the periodicity optimization on larger devices, we imple-
ment the procedure incorporating the qubit that is directly coupled to the QFP. The qubit
loops are denoted as QZ and QX. In Fig. 3.16(a) we show the four compensation parame-
ters and the periodicities with respect to the QFPZ loop versus the optimization steps. It
is noted that an increased number of initial evaluations, 50, is required for the optimiza-
tion algorithm to approach the reference compensation parameters. The optimizations for
other loops in the system did not approach the reference compensation parameters with
the same optimizer hyperparameters. One possible explanation for the relative success of
the QFPZ loop periodicity optimization, compared to the other loops, is that the QFPZ
loop is special, both because of its large persistent current and it being directly coupled
to most other loops in the subcircuit (except QX). The e�ectiveness of the optimization
in larger circuits can potentially be improved by exploring di�erent readout channels and
optimization algorithms, which we didn't pursue in this proof-of-principle work.
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Figure 3.15: (a) Measured (blue dots) periodicity versus deviation of the compensation
parameters from the optimized value for each of the six o�-diagonal parameters in the
3 � 3 matrix, with a quadratic �t (red curve) on top. (b) Measured periodicity along the
f 0

TR bias versus deviation of the compensation parameters 
QFPZ ;TR ; 
 QFPX ;TR from their
optimized values.
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Figure 3.16: Optimization including the qubit loops. (a) Trial compensation parameters
(left axis) from QZ, QX, QFX, and TR to the QFPZ loop and periodicity P (right axis)
versus optimization steps. (b) 1 minus the periodicityP versus the distance from the trial
compensation parameters to the optimized compensation parameters for the QFPZ loop.
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3.8 Conclusion and discussion

In summary, we proposed and implemented two methods to calibrate 
ux crosstalk, which
only relies on the symmetry properties of superconducting circuits, without needing a
full model of the device. For the iterative method, the e�cacy is clearly validated by
the convergence of the crosstalk and o�sets measured in each iteration, as well as the
independent error measurement. The iterations address the errors due to strong inductive
coupling within the circuit. Comparing the calibration results between devices A and B, it
is clear that device B, which has more couplers, requires more iterations to achieve the same
level of convergence. Indeed, when performing the iterative procedure on device C, which
contains elements with a stronger persistent current, the QFP, 7-8 iterations are required
(see Sec. 3.4.1). This highlights the importance of iteration when calibrating devices with
strong inter-element interaction.

For the periodicity optimization method, we successfully demonstrate it on a coupled
QFP-tunable-resonator system, with an accuracy that is comparable to the iterative cal-
ibration method. Although the current implementation of the periodicity optimization is
limited when used to calibrate devices with a larger number of loops, it can already be
utilized as a subroutine for calibrating parts of a larger system. Such a hybrid calibra-
tion strategy is particularly useful for strongly interacting systems such as the quantum
annealing circuits investigated here, where the iterative method alone would require more
data to converge. The landscape measurement shows that the problem is nearly convex
within some bounds on the optimization parameters. This points to exploring other op-
timization algorithms, such as momentum-based optimizations [192, 193] to speed up the
convergence, which is crucial for extending the optimization-based calibration to larger
devices. Another attractive future direction could be adaptive measurements, where dif-
ferent experiment parameters can be used to give di�erent optimization landscapes. For
example, an optimization landscape with a broad maximum could a�ord large tolerance
to the initial guess of the crosstalk matrix, while an optimization landscape with a narrow
maximum could lead to higher accuracy for the optimized results.

When considering applying the calibration methods in this chapter to future large-
scale quantum processors, there are a few things to be noted. First, from the design and
fabrication perspective, future devices are likely to incorporate multi-tier architectures such
as the ones in Ref. [181]. Such architecture allows current signals to be routed away from
the circuit loops before they are grounded. With this advance we expect the crosstalk
to be more spatially localized so that the number of crosstalk elements to be measured
should only scale asN , instead of N 2. This, however, would not eliminate the need
for iteration or optimization-based calibration, which addresses the issue of strong inter-
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element interaction. Secondly, from a measurement perspective, we expect further technical
developments to speed up the data acquisition, as discussed in Sec. 3.5.5. In addition to
improving the design and measurement setup, an important future direction is to look
at the frequency dependence of the crosstalk, which could arise due to the frequency
dependence of the transmission through the signal delivery chain from room temperature
to the target loops. As a complete characterization of this frequency-dependent crosstalk
might not be feasible, an optimization-based method designed for a speci�c annealing
protocol might be needed.

The crosstalk calibration methods developed in this chapter were applied to devices
developed speci�cally for quantum annealing applications. Compared to commercial quan-
tum annealers [164, 174, 92], we explore an implementation with independent local high-
bandwidth control of qubits and couplers, enabling advanced annealing protocols, and
simpli�ed circuits without built-in compensation for variation in fabrication parameters,
leading to increased coherence. While creating new opportunities for quantum anneal-
ing, this design approach leads to the increased complexity of 
ux crosstalk calibration, a
challenge that can be tackled with the methods we developed here.

3.9 Additional details on device modelling

3.9.1 Symmetries in external 
uxes in CSFQs and couplers

In Stage 3(a) of CISCIQ, we use the fact that the CSFQs and the couplers exhibit point
re
ection symmetries with respect to half-integer 
ux quanta points in both thex and z0

loops (see Appendix D for the 
ux bias conventions). This property is derived from two
underlying symmetries in the circuit. First, a single 
ux cell has mirror symmetry about the
chip plane, so that the resonator frequency should have! r (f z0; f x ; f r ) = ! r (� f z0; � f x ; � f r ).
Second, superconducting loops have properties periodic in �0, so that ! r (f z0; f x ; f r ) =
! r (f z0 + 1; f x + 1; f r + 1). Combining these two relations we �nd that ! r (f z0 + Nz=2; f x +
Nx=2; f r + Nr =2) = ! r (� f z0 + Nz=2; � f x + Nx=2; � f r + Nr =2), whereN(z0;x;r ) are integers.

In Stage 3 we assumed that each 
ux cell is isolated from the rest, and the resonator
calibration is exact, so that f r = 0. The 
uxes f z0 and f x are completely speci�ed by the
a�ne transformation (see Sec. 3.4.1).
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The analysis for Stage 3(a) data relies on the fact that the data has point re
ection sym-
metry in the Vz; Vx coordinates. Hence, we need to show that point re
ection symmetries
are preserved under a�ne transformation. To show this, consider two sets of pointsA and
B, related by an a�ne transformation F , such that F (B) = A. It is also known that A has
point re
ection symmetry so that R(A) = A. HereR is the point re
ection operation with
the property R = R � 1. To show that B also possesses some point re
ection symmetry, we
need to a) �nd some operationR 0 which satis�es the symmetry conditionR 0(B ) = B and
b) show that R 0 is indeed a point re
ection operation. To �nd R 0 we write

F (B) = A = R(A) = R � F (B); (3.58)

F � 1 � R � F (B) = B: (3.59)

HenceR 0 � F � 1 � R � F satis�es the symmetry condition. To show thatR 0 is indeed a
point re
ection operation, we just need to show that it is isometric and involutive. It is
involutive because we can write

F � 1 � R � F � F � 1 � R � F = I ; (3.60)

where I is the identify operation and we usedR � R = I . It can be shown that R 0 is
also isometric because it is composed ofF � 1, R and F , which are individually isometric.
Therefore point re
ection symmetry holds both in the 
ux coordinatesf 0

z; f x as well as the
voltage coordinatesVz; Vx .

3.9.2 Coupler-resonator inductive loading model

This section describes in detail the inductive loading model between a single coupler and
its coupled tunable resonator used in Sec. 3.4.1. We start by de�ning the e�ective quantum
inductance of the coupler,Le�

C , based on [161],

1
Le�

C

=
1

� 0

@hI C i
@fcz

; (3.61)
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whereLe�
C is the coupler e�ective inductance,hI C i is the ground state current in the coupler

z-loop andf cz is the z-
ux bias for the coupler. The quantity Le�
C is obtained using the full

circuit model of the coupler (see Sec. 4.5.1) and a quantum circuit simulation package [40].

The tunable resonator can be modeled as a waveguide terminated to ground through
the e�ective inductance of the rf-SQUID. For a classical rf-SQUID with junction critical
current I c and geometric inductanceLg, its e�ective inductance is given by

1
Le�

SQUID

=
1

Lg
+

2�I c cos'
� 0

; (3.62)

where ' is the phase across the junction. The phase' can be found by minimizing the
SQUID classical potential

U(' ) = �
I c� 0

2�
cos(' ) +

� 2
0

2Lg

� '
2�

� f r

� 2
: (3.63)

Then the resonance frequency! r for the �= 4 waveguide together with the rf-SQUID is
found by numerically solving the equation

exp
�

2i! r l
c

�
=

i! r Le�
SQUID � Z0

i! r Le�
SQUID + Z0

; (3.64)

where l; c; Z0 are the waveguide length, phase velocity, and characteristic impedance re-
spectively.

With inductive loading, the geometric inductance of the SQUID changes via

Lg �! Lg �
M 2

coupler;SQUID

Le�
C

; (3.65)

whereM coupler;SQUID is the mutual inductance between couplerz and rf-SQUID loops. As
the coupler bias changes, its e�ective inductance also changes, which then changes the
SQUID e�ective inductance and resonator frequency.

3.9.3 Circuit parameters

To give more concrete numbers on the strength of circuit interaction, Tab.3.2 tabulates the
range of persistent currents for the qubits, couplers resonator SQUIDs as well as their geo-
metric mutual inductances in Devices A and B. For comparison, we also present the design
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Table 3.2: Persistent current and mutual inductances between di�erent circuit elements
Circuit parameter Value

I p(qubit) within � 0:14� A
hI C i (coupler) within � 0:45� A
I p(SQUID) within � 1:2� A
I p(QFP) within � 2:0� A

M qubit ;SQUID 29.5(m� 0=� A)
M coupler;SQUID 28.7(m� 0=� A)
M qubit ;coupler 30.2(m� 0=� A)

M coupler;coupler 31.0(m� 0=� A)
MQFP ;SQUID 32.5(m� 0=� A)
MQFP ;qubit 32.5(m� 0=� A)

numbers for the QFP based on Ref. [62]. We note the QFP in device C has slightly di�erent
target persistent current and mutual inductance to the qubit, but we do not disclose them
here. For the qubit and couplers, the persistent currents are found by numerically solving
the quantum circuit Hamiltonian. For the resonator, the current is calculated by solving
the classical rf-SQUID equation. A complete list of the circuit parameters is presented in
the next chapter, Sec. 4.5.1.

The maximum possible induced 
ux from one circuit element to another is 36 m�0.
This is consistent with the fact that about 10 m� 0 of error is measured on device B when
only one iteration of CISCIQ is applied.

3.9.4 Simulation of mutual inductances using Sonnet

To simulate the mutual inductances, the design drawings are �rst imported into Sonnet,
a microwave modeling software for 3D planar circuits. The model includes both the in-
terposer and qubit layer, as well as all the bump bonds and air bridges. Gaps in the
superconducting loop left for Josephson junctions are connected in the simulation. Ports
are assigned to each superconducting loop and bias line. The inductances are extracted by
computing the impedance matrix at 1 GHz. It is also found that there is little dependence
on frequency.
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3.10 Additional experimental results

3.10.1 Recurrence analysis and line detection

This section discusses the various image processing applied during the analysis of Stage 1 of
CISCIQ. In this stage, resonator transmission is measured as a function of probe frequency
and resonator bias. As the background transmission is di�erent at di�erent frequencies, a
background �lter is applied, which is speci�ed by,

S0
21(! p; Vr ) =

S21(! p; Vr )
M (S21(! p))

; (3.66)

where S0
21 stand for the �ltered results and M stand for taking the complex median over

the Vr dimension.

Furthermore, to enhance the resonance dip feature relative to the background, a median
�lter is applied to the image along the frequency axis. The raw measurement data and the
data after applying the background and median �lters are shown in Fig. 3.17(a) and (b).

To obtain the recurrence plot, the �rst step is to compute the pair-wise distance between
the columns of the image. This calculation results in Fig. 3.17(c). Then the pair-wise dis-
tance image goes through Sobel horizontal and vertical �lters sequentially to enhance the
features that correspond to translational symmetry. This results in Fig. 3.17(d). Finally,
the �ltered image is thresholded using Otsu thresholding [194] to give the recurrence plot,
which is Fig. 3.3(d) in the main text. To identify lines and thus translations, the Hough
transform is applied. This then completes our custom implementation of translational sym-
metry detection. Compared to readily available image registration functions, the custom
algorithm allows specifying ranges within which to look for translations, hence avoiding
�nding translations that are multiple periods away.

3.10.2 Iterative calibration results on Devices A and B

Figure 3.18 presents coupling matricesM (n)0and 
ux o�sets f (n)0
0 measured at each iteration

of CISCIQ for both devices A and B. As can be seen from the iteration 2 and 3 results,
for both devices, the convergence is indicated by the decreased intensity of the colors on
the o�-diagonal elements and 
ux o�sets, as well as the diagonal elements approaching 1.
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Figure 3.17: Top row shows the resonator S21 measurement before (left) and after (right)
the image processing routines. The bottom left plot shows the corresponding column pair-
wise distance for the top right image. The recurrence plot (bottom right) for the top right
image is obtained by thresholding the column pair-wise distances image.
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Figure 3.18: Left (right) three panels show for device A (B) the coupling matrices and 
ux
o�sets measured for iteration 1 (top), 2 (middle) and 3 (bottom)
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Figure 3.19: Measurement-noise-induced error in the coupling matrix for device B. The
induced errors on the measured crosstalk to resonators are much smaller than on the qubits.

3.10.3 Error due to measurement noise

Since the analysis of CISCIQ data relies heavily on identifying symmetries in the measured
S21 images, one could ask whether the 
uctuations inS21 due to measurement noise cause
signi�cant errors. For this reason, we characterized the error of the coupling coe�cients
solely due to measurement noise. This is done by resampling the measurement data with
added Gaussian noise on measuredjS21j. The noise parameters are chosen to re
ect typical
values at the choice of measurement parameters, such as the number of repetitions and
readout integration time. We apply re-sampling on the data taken during the last iteration
of device B. After applying the analysis procedure on 100 sets of resampled data, the
standard deviation of the resultant coupling matrix is plotted in Fig. 3.19. The largest
element is 0:2m� 0=� 0, about 10 times lower than the total error measured in the main
text. This shows that the error of calibration is not limited by the measurement noise.
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3.10.4 Iterative calibration results for device C

The iterative calibration method is applied to device C, the two-qubit circuit used to
demonstrate the periodicity maximization method. In Fig. 3.20 we show how the measured
crosstalk and 
ux o�sets converge towards identity and zeros. In Fig. 3.21 we show the �nal
crosstalk matrix from the iterative procedure for the qubit, QFP, and tunable resonator,
on which the periodicity optimization approach is implemented.

3.10.5 Optimization initialized with single iteration of translation-
based calibration

In this section, we describe the results obtained by performing the periodicity optimization,
starting from the estimated crosstalk of one iteration of the translation-based approach.
In Fig. 3.22(a) we show the estimated crosstalk matrix obtained by a single iteration. This
can be compared with the reference matrix elements plotted in Fig. 3.21. It can be seen
that after a single iteration, the estimated crosstalk still deviates from the reference values,
by as large as� 10%.

In Fig. 3.22(b), we plot the deviation between the reference crosstalk matrix and the
estimated crosstalk matrix after the optimization. Most of the deviation is about or less
than 3 � 10� 3. This is comparable to the accuracy of the results discussed in the main
text, which starts the optimization directly from C ref. The only exception is the QFPZ
diagonal element, which corresponds to its period. This is probably due to the hysteresis
of the QFP, which can be resolved by repeating the QFPZ periodicity measurement at a
di�erent QFPX biasing point.

3.10.6 Optimization with SPSA

In this section, we discuss the optimization results using an alternative optimizer called
the Simultaneous Perturbation Stochastic Approximation (SPSA) [191]. This algorithm
approximates the gradient of the objective function by measuring the �nite di�erence due
to a perturbation vector along a random direction in the parameter space, and performs
gradient descent. We start the SPSA optimization withC ref and the initial point is chosen
uniformly randomly in the range [� 0:1; 0:1]. In Fig. 3.23(a) a typical optimization process
is shown, plotting the compensation parameters to QFPX and the periodicity versus the
optimization step. The optimization converges after about 60 iterations and oscillates
afterward. The optimized compensation parameters are used to compute the estimated
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Figure 3.20: For device C, statistical box plots of the diagonal (top), o�-diagonal (middle)
coupling coe�cients in C (n)0, and the 
ux o�sets (bottom) in f (n)0

0 versus the iteration
number. The orange bar is the median, the black box corresponds to the lower and upper
quartiles, the segments contain the 5th to 95th percentiles of the data and the dots are
outliers.
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Figure 3.21: Final crosstalk matrixC ref obtained from the iterative procedure for the qubit,
QFP, and tunable resonator subcircuit in device C, on which the periodicity optimization
is applied.
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Figure 3.22: Top: C init as given by the �rst iteration of the translation-based calibration
method. Bottom: The deviation between the optimized crosstalk matrixC0 and the ref-
erence crosstalk matrixC ref, de�ned as C ref(C0)� 1 � I . The optimized crosstalk matrix
C0 = C res0C init is obtained by starting the optimization with the matrix given in the top
panel.
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C res0 and its di�erence from the identity matrix is shown in Fig. 3.23(b). The di�erence is
about twice as large as compared to the results obtained using Bayesian optimization. We
expect the results to improve by using better hyper-parameters for the optimization, such
as the magnitude of the perturbation, which would likely remove the parameter oscillations
near the end of the optimization.

3.10.7 Evidence for hysteresis of QFP and how to resolve it

It is found that the optimization landscape for the periodicity of the QFPX loop is often
not well-behaved. As mentioned in Sec. 3.7, this is attributed to the hysteresis of the QFP.
In this section, we brie
y discuss the evidence of the hysteresis in the data and the solution
to this problem based on the double-well potential of the QFP.

We �rst note that during the demonstration of the optimization-based calibration, we
follow the convention in which all 
ux biases are de�ned based on external 
uxes in a
fundamental loop. This is in contrast to most applications in annealing, where theZ loop
bias takes a compensated bias convention, such that theZ symmetry bias, corresponding
to a symmetric double-well potential, is independent ofX bias. The bene�t of working
with the fundamental loop bias is that the periodicity with respect to the bias is 1, as
opposed to 2 in the compensatedZ bias (see Appendix D).

In Fig. 3.24(a) we show the transmission versus the probing frequency and the QFPX
bias at two di�erent values of the compensation parameter 
QFPZ QFPX = � 0:001, during
the landscape measurement discussed in Sec. 3.7.2. It can be seen that when 
QFPZ QFPX =
0:001, there are three periodically separated resonance traces while when 
QFPZ QFPX =
� 0:001, the resonance trace at aroundf 0

QFPX � � 1 is missing. This suggests that QFP is
not responding to the 
ux bias variations within the experiment time.

Due to the fundamental 
ux bias convention, when the X 
ux is being swept, both the
tunneling and the biasing between the two persistent current states are changing. Due to
the large persistent current of the QFP (� 1� A), there is a region in 
ux bias where the
tunneling is small and the QFP could not tunnel to the persistent current state with lower
energy. To solve this problem, we could work with the compensatedZ bias convention (see
Appendix D). In this convention, when sweepingf X , one can avoid switching the sign of the
bias between the two persistent current states, and hence avoiding the need for tunneling
to occur for the QFP to respond to changes in 
ux biases. The periodicity alongX bias
increases to 2 in this convention.
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Figure 3.23: Top: Trial compensation parameters (left axis), 
QFPZ QFPX , 
 TR QFPX and
periodicity P (right axis) versus SPSA optimization step. Bottom: Di�erence between
the estimated residual crosstalk matrixC res0, obtained using SPSA optimization, and the
identity matrix.
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Figure 3.24: Transmission versus the probing frequency and the QFPX bias, at two di�erent
values of the compensation parameter 
QFPZ QFPX = � 0:001 (left) and 0:001 (right).
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Chapter 4

Demonstration of long-range
correlations via susceptibility
measurements in a one-dimensional
superconducting Josephson spin
chain

Long-range, high-degree connectivity between qubits is a highly-desired feature for quan-
tum annealers. However, the simple approach of extending the size of the qubit or the
coupler which mediates the interaction faces challenging drawbacks. On the one hand,
extending the qubit size increases the noise experienced by the qubit, which negatively
a�ects coherence. On the other hand, extending the size of the coupler leads to a reduc-
tion in its energy scale, which could a�ect the qubit dynamics. In this chapter, we explore
the properties of a spin chain, made of a chain of rf-SQUID couplers, designed to act as a
connectivity medium between two superconducting qubits. The susceptibility of the chain
is probed and shown to support long-range, cross-chain correlations. In addition, interac-
tions between the two end qubits, mediated by the coupler chain, are demonstrated. This
work has direct applicability in near-term quantum annealing processors as a means of
generating long-range, coherent coupling between qubits.

108



4.1 Introduction

Superconducting quantum information platforms have reached a level of maturity where
tens of individual qubits, comprising a computational device, can provide proof of principle
demonstrations of quantum simulations, quantum algorithms, and basic error correction
functionality [22]. As these devices, and the tasks they seek to address, scale in size and
complexity, so does the need for realizing qubit networks with increased dimensionality and
expanded connectivity. These two desired features of future quantum processors prompt
the development of long-range, qubit coherence preserving interactions [195, 196]. Quan-
tum spin chains have been proposed as an e�ective medium for qubit interactions with
these desired properties [197, 198, 199, 200, 201, 202]. In this chapter, we explore the pos-
sibility of long-range interactions supported by quantum spin chains for superconducting
qubits [146, 144]. This architecture has direct application in recently proposed quantum
annealing platforms based on superconducting capacitively shunted 
ux qubits [161, 178],
rf-SQUIDs [203], 
uxmon qubits [65], and 
uxonium qubits [204].

Quantum annealing is emerging as a promising paradigm for near-term quantum com-
puting [205, 206, 30, 16]. An initial Hamiltonian, whose ground state is straightforward to
prepare, is transformed continuously to the problem Hamiltonian. The prepared state of
the problem Hamiltonian is located in the vicinity of the true ground state and represents
a useful solution to the optimization problem. In the limit of weak coupling to the envi-
ronment, adiabatic quantum computing has been shown to be immune to dephasing in the
energy basis, making it a particularly attractive candidate for near-term, noisy quantum
computing platforms [207]. Commercial quantum annealers, based on superconducting
Josephson 
ux qubits [89, 208, 209], have recently become available to the larger com-
munity and are beginning to make their mark as a valuable research tool, see e.g., Refs.
[210, 211, 212].

There are strong motivations for improving upon the performance of quantum anneal-
ing processors [213], in particular with respect to how their constituent qubits interact with
one another. Increasing both the graph dimensionality of qubit networks [195, 214], and
improving connectivity [215], the degree to which the qubits are coupled to one another,
would greatly reduce physical hardware overhead by increasing the types and sizes of opti-
mization problems that can be natively embedded. Existing quantum annealing processors
based on superconducting qubits possess either nearest neighbor [216] or a combination
of inter- and intra- unit cell interactions [217] between qubits. Commercial annealers,
possessing this combination of inter- and intra- unit cell interactions, currently rely on
minor embedding [141, 142], a procedure of extending logical qubits over multiple physical
qubits to implement problems that require higher dimensionality or connectivity than the

109



processor's hardware natively allows.

As each connection made to a qubit introduces additional noise and decoherence chan-
nels, expanding qubit connectivity in quantum annealing processors must be balanced
against the need to maintain the qubits' coherence properties. Developing quantum an-
nealing processors that support improved qubit coherence times would allow greater func-
tionality in computation. Higher precision 
ux control, a�orded by improved coherence, is
required by many computational problems of interest [218, 108, 219]. In general, just how
much of a computational advantage greater qubit coherence provides in quantum anneal-
ing processes is itself an open scienti�c question [130, 220]. Furthermore, more coherent
quantum annealers will enable diabatic annealing protocols that require a greater degree
of qubit coherence throughout the annealing process [221, 222, 32].

These two, often competing, improvements - creating qubit networks with higher di-
mensionality and expanded connectivity and maintaining qubit coherence - call for further
development of long-range qubit interactions. One proposed scheme that accomplishes this
dual need is utilizing spin chains as the qubit interaction medium [197, 199, 200]. Gapped
spin chains, in the context of semiconducting quantum dots [198, 201, 202], have been
proposed to support long-range, Ruderman-Kittel-Kasuya-Yoshida (RKKY) type qubit
interactions [223]. Recent progress in this direction includes a demonstration of adiabatic
quantum state transfer along a linear array of four electron spin qubits [224]. In addition to
the possibility of supporting coherent coupling between two distant qubits, the spin chain
architecture lends itself to higher connectivity schemes. Multiple qubits can be simultane-
ously interacting with a single 1-D chain [198]. Additionally, paramagnetic trees, formed
by spin chains forking into multiple paths, o�er another possible scheme for higher qubit
connectivity [146, 144].

This work presented in this chapter demonstrates the viability of this coupling scheme
in the context of superconducting Josephson qubit hardware. In the following, we discuss
long-range coupling mediated by quantum spin chains in a hardware-independent fashion.
This is a more natural language to describe long-range coupling as a consequence of the
system's underlying quantum phase transition [225, 226, 227]1. Following this discussion,
we demonstrate a realization of the quantum spin model with superconducting circuits.
To accomplish this, we design a system of two qubits, coupled together through a chain
of seven spin units. The spin chain, shown in Fig. 4.1, is realized by a one-dimensional
array of seven tunable rf-SQUIDs [228, 229, 54, 230, 231, 161] inductively coupled to their
nearest neighbor through the SQUIDs' main loops. Each end coupler is inductively coupled

1More precisely, these parameters are where the quantum phase transition happens for an in�nite
system.
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to a tunable, capacitively shunted, superconducting 
ux qubit [45, 232, 233, 48]. Finally,
to illustrate the viability of mediating long-range, coherent qubit interactions with our
device, we characterize the non-local susceptibility of the coupler chain, demonstrate long-
range qubit-qubit interactions, and identify the parameter region where both long-range
correlations exist and the detrimental e�ects of low-frequency 
ux noise are negligible.

The Hamiltonian for the quantum spin chain is the one-dimensional Ising model. In-
corporating the two end qubits, it can be written as

H = Hq + Hc + H int ; (4.1)

with

Hq =
2X

i =1

(
� qi

2
� z

qi
+

� qi

2
� x

qi
); (4.2)

Hc =
7X

i =1

(
� ci

2
� z

ci
+

� ci

2
� x

ci
) +

6X

i =1

Jci ci+1 � z
ci

� z
ci+1

; (4.3)

and
H int = Jq1c1 � z

q1
� z

c1
+ Jq2c7 � z

c7
� z

q2
: (4.4)

In the previous equations, �qi =2 (� ci =2) and � qi =2 (� ci =2) are the transverse and longitudi-
nal components of the qubits' (couplers') spin whileJci ci+1 and Jqi cj represent the coupling
strength between adjacent coupler units and between qubits and their nearest coupler
unit. For the remainder of this chapter, we will assume the coupler units are operated
homogeneously, that is� ci = � c, � ci = � c and Jci ci+1 = Jcc.

Virtual excitations of the coupler chain can be integrated over to derive an expression for
the coupler-chain-mediated e�ective qubit-qubit interaction strength,J e�

q1q2
. By considering

the qubit-adjacent coupler unit interaction, Jqi cj , to be a weak perturbation to the coupler
Hamiltonian, the interaction energy can be calculated to second order as the shift of the
ground state energy of the coupler Hamiltonian. As the operating temperature of the device
will be much less than the coupler chain excitation energy, it is reasonable to assume that
the coupler chain remains in its ground state and the cross-chain interactions are supported
by virtual excitations [199, 202]. This is reminiscent of the RKKY interaction whose
long-range interaction between magnetic impurities is mediated by virtual excitations of
conduction electrons above the Fermi surface [223].

By taking these above-stated approximations into account it is possible to derive an
expression for the chain-mediated e�ective coupling strength between the end qubits (see
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Figure 4.1: Coupler Chain Device. (a)A schematic showing the full device and circuit
geometry: two end qubits, shown in magenta, and seven coupler units, shown in orange,
each equipped with individual readout resonators. Also indicated are the 
ux control lines
for the qubits, couplers, and readout resonators as well as the microwave control lines for
the qubits and the microwave feed-through line for state readout. (b, c) Optical images
of the device chip and an expanded view of one end of the coupler chain. The end qubit,
capacitively coupled qubit microwave control line, the two adjacent coupler units, and
respective readout structures are shown expanded in Panel (c). The readout rf-SQUIDs,
connecting to both the qubit and coupler units, terminate at the end of their meandering
resonators. The 
ux control lines are located on the opposing interposer tier.
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