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Abstract

Quantum annealing is a method with the potential to solve hard optimization problems
faster than any classical method. In the near term, quantum annealing is particularly
appealing due to its low control requirement, relative to gate-based quantum computation.
However, despite the fact that large-scale quantum annealers containing more than 5000
qubits have been made commercially available, identifying a quantum advantage for prac-
tical problems has remained an elusive target. Amongst other issues, poor coherence is
considered the main prohibitive factor for these annealers to take on the quest for quantum
advantage.

In this thesis, we make progress in realizing a highly coherent quantum annealer, based
on superconducting capacitively-shunted flux qubits (CSFQ). First, we are met with the
challenge of crosstalk calibration when implementing individual control of the qubits and
couplers in the annealer, which is important for exploring novel annealing protocols. Two
different methods, relying on the symmetries of the superconducting circuits, are proposed
and successfully implemented to tackle this challenge. Second, we experimentally demon-
strate long-range correlation in a chain of couplers, which enables effective coupling of
qubits over large distances. The coupler chain could be expanded to a coupler network to
support high qubit connectivity, a highly desirable feature when embedding practical-scale
optimization problems into the annealer hardware. Finally, we evaluate the noise prop-
erties of the CSFQ. Coherence time measurements reveal that the dominant noise in the
system is intrinsic flux noise in the two control loops of the qubit. Landau-Zener transition,
a toy model for quantum annealing, is investigated in a CSFQ, revealing a crossover from
the weak to strong coupling to the environment. This crossover regime was not studied
before in either theory or experiment, and we present a phenomenological spin bath model
to elucidate this regime.

vii



Acknowledgements

This thesis is the result of close to five years of exciting and challenging Ph.D. work, which
would not have been possible without the support of many people, who I would like to
acknowledge here.

Firstly I would like to thank my supervisor Adrian Lupascu for giving me the chance to
pursue a Ph.D. at the Superconducting Quantum Devices (SQD) lab at IQC. He taught me
everything I knew about superconducting circuits and how to conduct rigorous research. I
am grateful to him for all the encouragement when research is not going well and all the
challenging questions which pushed me to think harder about my work.

Secondly, I would like to thank Prof. Achim Kempf, Prof. James Martin, and Prof.
Matteo Mariantoni for serving on my Ph.D. committee. The committee meetings allowed
me to see my research from a broader perspective and constantly motivate me. I would like
to express my gratitude to Prof. Yasunobu Nakamaru for agreeing to serve as the external
examiner for my thesis. It is a great honor to have one of the pioneers in the field on my
defense committee.

I am also grateful to colleagues who kindly provided feedback on the thesis draft, Lucas,
Chi, and Rui.

All the work presented in this thesis is carried out as part of the Quantum Enhanced
Optimization (QEO) program, supported by Intelligence Advanced Research Projects Ac-
tivity (IARPA) . T am fortunate to have worked with many amazing scientists in the
program. First I would like to thank members of the SQD QEO team. Antonio and Denis,
although we only worked together for less than 2 years, I want to let you know that all
the work you have documented continues to be a great source of reference. It just feels
surreal that whenever I have a question about a design, I can almost certainly find some
simulation you have done that answers my question. I would also like to thank Antonio
for the peer-coding sessions during the crosstalk calibration project. I learned a lot from
you. Daniel and Robbyn, I am grateful to have worked closely with you on all the ex-
periments. Without your hard work in Lincoln lab, all the achievements presented in this
thesis wouldn’t be possible. I am also thankful to previous members of the SQD QEO
team, Ali, Yongchao, Rui, Salil, and Mehmet for all the stimulating discussions.

QEO has a large consortium of collaborators and I benefited a lot from their work and
the frequent interactions. I would like to thank especially James, Steve, and Jeff. Your

LQEO later becomes the quantum annealing feasibility study, QAFS, supported by Defense Advanced
Research Projects Agency (DARPA)

Viil



dedication to doing great science despite a tight program timeline is a constant source of
inspiration for me. Thank you for setting up a rigorous experimental code repository and
allowing us to build upon it. I learned a great deal from you all in the code reviews. I am
also grateful to have interacted with the many brilliant theorists in the program, Jamie,
David, and Daniel Lidar. I especially thank Jamie for answering numerous questions I
had about circuit quantization. David, I am always impressed by the way you introduce
new theoretical perspectives into the experiments and the way you bring up NBA updates
after an intense meeting. These two things must be related. I am fortunate to have
worked with students and post-docs from Prof. Daniel Lidar’s group, Huo Chen, Jenia,
and Mostafa. Thank you for sharing your in-depth understanding of open quantum systems
and superconducting circuit modeling. I would like to thank everyone who has presented
during the weekly QEO telecon, these talks have always been very inspiring. Finally, I
would like to thank Prof. Daniel Lidar and Dr. Ken Zick for their empowering leadership
during the QEO program.

The experimental progress made in this thesis and QEO wouldn’t be possible without
the people working behind the scenes to fabricate the devices and operate the fridge. For
this, I would like to thank all the staff scientists in the MIT Lincoln Laboratory who were
involved in the QEO program.

Outside QEO, I am fortunate to have worked with Noah, Lucas, Elena, Shaun, and
Adam on the ultrastrong coupling and entanglement harvesting project. This work is not
presented in this thesis. I am looking forward to seeing the results coming through. I am
also grateful to Michal, Jae, Chi, and Chris for being such nice officemates. I would also
like to thank Shlok for helping with the weekly IQC student seminar.

Outside work, I would like to thank the Chinese friends I met at 1QC. Zhangdong,
Nicky, thank you for sharing all the evening meals and allowing me to show off table tennis
skills on the kitchen table. Jiahao, Shuoyuan, Junan, Junjie, I am glad we can share the
camping trips, definitely one of the highlights of my life in Canada outside work. Chris,
Cheng, Cindy, Guang, and Yingchi, glad to have enjoyed a few homecooked dinners and
boardgame evenings together in the last year I am here, I hope we can stay in touch after
I leave Canada.

Life outside IQC is made joyful by the companies of many people. I would like to
thank in particular Ce Yang, who came to Waterloo together with me from Oxford. I
am still amazed by how disciplined you are with work and that you finished your Ph.D.
in less than three years! I would also like to thank Ce and Minglei for sharing dinners
during quarantine. Working at home doesn’t feel all that dreary because of your company.
Special thanks go to my landlord, Xiaohui. Thank you for providing a hassle-free living

X



environment for the last four years, and showing me how to properly work in the kitchen
like a diligent housewife /househusband.

Table tennis is an important part of my life outside work. I can’t imagine a better table
tennis club than MyTableTennis at Waterloo. Thank you Linda and James for offering
such a friendly environment to play. It’s sad to know that you are moving (and that I can’t
play for the next two months). I would also like to thank my table tennis buddies, Mung
Mung and David Huo for all the training sessions we had together.

Finally, T would like to thank my family. T am forever indebted to my parents and
grandparents, you have cultivated the physicist in me and supported me to be where I am
now. The last three years have gone by too fast, and I can’t wait to spend more time with
you. I am grateful to be accompanied by Yijing, my fiancee. Thanks to you, the joy along
the journey has doubled and the hardships have become more bearable. For every day
in these five years, I am more and more certain that I want to spend the rest of my life
together with you.



Dedication

This is dedicated to my grandparents.

WA T EEEE, S, MBS, Shae

X1



Table of Contents

Examining Committee Ii

Author's Declaration iii

Statement of Contributions v
Abstract vii
Acknowledgements viii
Dedication Xi
List of Figures Xviii
List of Tables XXIi
1 Introduction 1

1.1 Thesisoutline . . . . . . . . . . . e

2 Background 5
2.1 Superconducting CirCUItS . . . . . . . . . . . o vt
2.1.1 Elements of superconducting circuits . . . . . . ... ... ... ..
2.1.2 Circuit quantization . . . . . . . ... . ..

Xii



213 The uxqubit. .. ... ... ... ... 10

214 Therf-SQUID coupler . . . .. ... .. .. . . ... ... 15
215 Readoutofthe uxqubit .. ..................... 19
2.2 Openquantum SysStems . . . . . . . .. e e e 23
2.2.1 Redeld and Lindblad master equations . . . .. ... ... . ... 23
2.2.2 The adiabatic master equation . . . . . .. .. ... ... ... ... 29
2.2.3 The polaron transformed master equation . . .. ... .. ... .. 31
2.3 Quantumannealing . . . .. .. . . . ... 37
2.3.1 Challenges in quantum annealing . . . ... ... ... ....... 40
Crosstalk calibration 48
3.1 The crosstalk problem and the symmetries . . . . ... ... ........ 50
3.2 Simple translation-based approach to ux crosstalk calibration . . . . . . . 51
3.3 The iterative method: device. . . . . . . . . ... L o 51
3.4 The iterative method: methodology . . . . .. ... .. ... .. ...... 54
341 CISCIQ . o v ot 54
3.4.2 Limitationsof CISCIQ . . . .. . .. .. . . .. . .. ... .... 59
343 CISCIQi . . . . . . e e 60
3.44 Fastosetscalibration . .. .. .................... 63
3.4.5 The error of the calibration procedure . . . .. .. ... ...... 64
3.5 The iterative method: experiments . . . ... .. ... ... ........ 65
3.5.1 Implementation of the CISCIQ method . . . . . .. .. ... .... 65
3.5.2 Calibration results for devices AandB . . . . . .. .. ... .... 71
3.53 Fluxosetdrift . . .. .. ... . .. .. .. 74
3.5.4 Characterization of the errors of the calibration protocol . . . . .. 74
3.5.5 Calibrationtime ... .. ... ... ... . ... 77
3.5.6 Comparison with targeted mutual inductances . . . . .. .. .. .. 79
3.6 Periodicity optimization: methodology . . . . . ... ... ... ... ... 80

Xiii



3.6.1 Crosstalk calibration as an optimization problem . . ... ... .. 80

3.6.2 Quantifying periodicity . . . . . . .. ... 83
3.7 Periodicity optimization: experiments . . . . . . . ... ... ... 84
3.7.1 Optimization of a subcircuit with three ux biases. . . . .. .. .. 85
3.7.2 Optimization landscape . . .. .. ... .. ... .. .. .. ..., 86
3.7.3 Optimization of a subcircuit with ve ux biases. . . .. ... ... 89
3.8 Conclusion and discussion . . . . . . ... 92
3.9 Additional details on device modelling . . . ... ... ... ........ 93
3.9.1 Symmetries in external uxes in CSFQs and couplers . . . ... .. 93
3.9.2 Coupler-resonator inductive loading model . . . .. ... ... ... 94
3.9.3 Circuit parameters . . . . . . . . . . 95
3.9.4 Simulation of mutual inductances using Sonnet . . . . ... .. .. 96
3.10 Additional experimental results . . . . .. .. .. ... ... .. .. ..., 97
3.10.1 Recurrence analysis and line detection . . . ... ... ....... 97
3.10.2 lterative calibration results on DevicesAandB . . ... ... ... 97
3.10.3 Error due to measurementnoise . . . . . . . ... .. 100
3.10.4 lterative calibration results for deviceC . . . ... ... ... ... 101
3.10.5 Optimization initialized with single iteration of translation-based cal-
ibration . . . ... 101
3.10.6 Optimization with SPSA . . . . . . . . . . . ... .. ... ..., 101
3.10.7 Evidence for hysteresis of QFP and how to resolve it . . .. .. .. 105

Demonstration of long-range correlations via susceptibility measurements

in a one-dimensional superconducting Josephson spin chain 108

4.1 Introduction . . . . . . . .. e e 109

4.2 Results. . . . . . . e 117
4.2.1 Device detailsand control . . . . .. ... ... oL 117
4.2.2 Determination of the cross-chain susceptibility . . . ... ... ... 118

Xiv



4.2.3 Analysis of the impact of noise on cross-chain correlations . . . . . 122

4.3 DISCUSSION . . . . . o e e e e e e 123

4.4 Experimental Methods . . . . . . . .. ... 125

4.5 Additional details on device modeling and characterization . . . . .. . .. 126
451 Circuitmodel . . . . .. ... . e 126
4.5.2 Simulation framework . . .. ... ... L oo 126
4.5.3 Device calibration and parameter extraction . . . ... ... .. .. 130
454 Spinchainmodel . ... ... .. ... ... ... ... .. ... 134
455 Spin model simulations . . . . . ... ... . oL 135

5 Decoherence of a tunable capacitively shunted ux qubit 138

5.1 Introduction . . . . . . . . . e 138

5.2 The CSFQ device . . . . . . . . . i e e e e e 141

5.3 Device characterization . . . . . . . .. ... . e 142

5.4 Characterization of decoherence and discussion of results . . . . . . .. .. 146
5.4.1 Relaxation time measurements. . . . . . . . . .. ... .. ... .. 147
5.4.2 Dephasing time measurements . . . . . . .. .. ... 149

5.5 Noise in annealing parameters . . . . . . . . .. ... e 152

5.6 Conclusion . . . . . . . . e 153

5.7 Additional details on decoherence modeling. . . . . ... .. ... ..... 155
5.7.1 Noise spectrum and decoherence . . . . . ... .. ... ....... 155
572 Relaxation . . . . . . . . ... 155
5.7.3 Fluctuations in relaxation time due to quasi-particles . . . .. . .. 157
574 Puredephasing ... .. ... ... .. .. ... 158

6 Dissipative Landau-Zener tunneling: crossover from weak to strong en-
vironment coupling 165
6.1 Introduction . . . . . . . . . ... e e 166

XV



6.2 Results . . . . . . ., 167

6.2.1 Short-timelimit. . . .. ... .. .. ... .. .. . .. . 169
6.2.2 Long-timelimit . . .. .. ... ... . ... ... 170
6.2.3 Masterequations . . . . . . . . . . ... 171
6.2.4 Spin bath model for the crossover regime . . . . ... ... ... .. 174
6.3 DISCUSSION . . . . . . e e 176
6.4 Methods . . . . . . . . e 179
6.4.1 Qubitcontrolandreadout . . . . ... ... ... ... ....... 179
6.4.2 Master equation simulation . . . .. ... ... ... ... ... 179
6.5 Additional details on the experiment . . . . .. ... ... ... ...... 181
6.5.1 Crosstalk calibration . . . . ... ... ... .. ... ... ..., 181
6.5.2 Circuitmodel . . . . . . .. ... 182
6.5.3 Fast ux line coupling characterization . . . ... ... ....... 182
6.5.4 Fast ux line pulse distortion characterization . . . .. .. ... .. 186
6.5.5 State preparation and readout calibration . . ... ... ... ... 187
6.6 Additional details on noise parameters and master equation simulation . . 189
6.6.1 Eectof X-noisecoupling .. ... .................. 191
6.6.2 Adiabatic master equation (AME) . . . . . . .. ... ... L. 193
6.6.3 Polaron-transformed master equation (PTRE) . . . . . ... .. .. 193
6.6.4 Symmetric versus asymmetric LZ Sweep . . . ... ... ... ... 194
6.7 Additional details on the spin bath model . . . ... ... ......... 195
6.7.1 Singlespin. . . .. .. .. . ... 196
6.7.2 Multiplespins . . . . . . ... 199
7 Conclusion 203
References 205
APPENDICES 238

XVi



Details of circuit quantization 239

A.1 E cient numerical representation . . . . . .. ... ... ... 239
A.2 Combining subcircuits . . . . . . ... o 243
Measurement setup and wiring for Chapters 3 and 4 245
Measurement setup and wiring for Chapters 5 and 6 248
Qubit, coupler and QFP loop geometry 250
D.1 Bias periodicities during calibration . . . . . . .. ... ... ........ 252
D.2 Flux noise correlations . . . . .. ... .. ... .. .. ... .. ... 252

Xvii



List

2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9
2.10
2.11

3.1
3.2

3.3
3.4
3.5
3.6
3.7
3.8

of Figures

An LC harmonic oscillator circuit. . . . . . . .. ... o oL 6

The Josephson Junction . . . . .. .. ... ... .. .. .. ... ..., 7
Circuit schematic of the persistent current qubit . . . . . . ... ... ... 11
Potential energy of the three-junction persistent current qubit . . . . . . . 12
Two-level approximation of the persistent current qubit . . . . . ... ... 13
Two ux qubits coupled by an rf-SQUID coupler. . . .. ... ... .. .. 16
Susceptibility of the rf-SQUID coupler . . . . . ... .. ... ... .... 17
Schematic of the readout circuit . . . . . ... ... ... ... ....... 19
lllustrations of quantum annealing. . . . . . .. ... .. ... ....... 38

Circuit schematics for realizing non-stoquastic interaction between ux qubits 42

lllustrations of di erent schemes to improve annealer connectivity . . . . . 46

Schematic and images of the devices used to demonstrate iterative calibration 53

Simulated resonator resonance frequencies including inductive loading from
the coupler . . . . . . . e 61

Measurement and symmetry analysis of crosstalks to the resonator SQUID 67
Measurement and symmetry analysis for intra-unit qubit and coupler crosstalks 69

Measurement and symmetry analysis for inter-unit qubit and coupler crosstalks 70

Iterations for a selection of crosstalk matrix elements . . . . ... ... .. 72
Convergence of the crosstalk matrix elements after iteration . ... .. .. 73
Improvement in symmetry after iteration . . . . . . ... ... ... ..., 75

XViii



3.9

3.10
3.11
3.12
3.13
3.14
3.15
3.16
3.17
3.18
3.19
3.20
3.21
3.22

3.23
3.24

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9
4.10

Flux osets drifts . . . . . . . . . . . . . . 76

Measured crosstalk error coecients. . . . . . .. ... 78
Schematic of the optimization-based crosstalk calibration and the device . 82
Measurement and periodicity analysis before and after the optimization . . 84

Results of the optimization-based crosstalk calibration on a 3-loop subcircuit 87
Loss of the optimization versus trial parameters . . . . . . .. ... .. .. 88
Measured cost landscape of the optimization . . . .. ... ... ...... 90
Results of the optimization-based crosstalk calibration on a 5-loop subcircuit 91

Recurrence analysis for image translation . . . . . .. ... ... ...... 98
Iterative calibration results for devicesAandB . . . ... ... ... ... 99
Measurement-noise-induced error . . . . . . ... ... 100
Convergence of the crosstalk matrix elements for deviceC . . .. ... .. 102
Iterative calibration results fordeviceC. . . . . ... ... ... .. .... 103
Comparison of crosstalk matrices obtained from the iterative and optimiza-

tion methods. . . . . . . . ... 104
Results of periodicity optimization using SPSA . . . .. .. .. ... ... 106
Experiment signature of the hysteresis ofthe QFP . . . . . . .. ... ... 107
Schematic and images of the coupler chain device . . ... ... ... ... 112
Properties of asinglecoupler. . . . . . . . . .. .. .. ... ... .. ... 115
The ux propagation experiment . . . . . ... ... .. ... ....... 119
Cross chain susceptibility . . . . . . . ... o 121
Coupler chain noiseeect . .. ... .. ... ... .. .. .. .. .. ... 124
Flux propagation methods . . . . .. .. ... ... ... ... ....... 127
Full circuit schematic of the qubit and the coupler . . . . . ... ... ... 128
Single qubit annealing experiments . . . . . . ... ... L. 131
Flux transient measurements . . . . . . . . . . . . . . . . 132
Coupler chain qubit 2 parameter extraction . . ... ... ... ... ... 133

XiX



4.11 Coupler chain junction asymmetries . . . . . . . . . . ... ... ... ... 134

4.12 Spin model simulation of the couplerchain . . . . . ... ... ....... 136
4.13 Simulated qubit and coupler persistentcurrent . . . . . .. ... ... ... 137
5.1 Thetunable CSFQ device . . . . . . . . . . . . . ... ... 143
5.2 Qubit X loop junction asymmetry measurement . . . . . .. .. ... ... 145
5.3 Qubit persistent current and tunneling amplitude . . . . ... ... .. .. 146
5.4 Measured and modeled;, .. ... .. ... . . . ... . ... . 148
55 Measured and modeled . . .. ... ... .. ... ... ... 151
5.6 1=f noise amplitude of annealing parameters due to ux noise . ... ... 154
5.7 Quansi-particle tunneling probability t to repeated T; measurements . . . 158
58 AWG Noise PSD . . . . . . . o e 162
5.9 Dephasing due to junction critical current noise . . . . ... .. ... ... 164
6.1 The tunable CSFQ and illustration of dissipative LZ . . . ... ... ... 168
6.2 LZ measurements for short sweeptime . ... ... ... .. ........ 170

6.3 Measured and AME/PTRE simulated LZ data versus » and sweep time . 172
6.4 Simulation results of the spin bathmodel . . . . .. ... ... ....... 177
6.5 Crosstalk, spectroscopy and two-level approximation of the tunable CSFQ 184

6.6 Tunable resonator resonance frequencies and mutual coupling measurements 185

6.7 Fast ux line coupling measurement . . . . . .. ... ... ... ...... 186
6.8 Fast ux line pulse distortion measurement . . . . . ... .. ... ..... 187
6.9 Energy spectra of the tunable CSFQ versus, . . . . . .. ... ... ... 188
6.10 Matrix elements forthex andz uxbiases . . . . .. ... ... ... ... 192
6.11 Additional PTRE simulationresults . . . . . . ... ... ... ....... 194
6.12 Asymmetric versus asymmetricLZsweep . . . . . . . .. ... 195
6.13 Single spin bath simulationresults. . . . . .. .. ... ... ........ 197
6.14 Examples of population evolution in the single spin bath model . . . . .. 198

XX



6.15 Spin bath simulation results with nominal £#f noise amplitude . . . . . . . 202

Al

B.1

Cl1l

D.1

Circuit quantizationexample . . . . . . . . . . . . ... . .. .. o 242
Measurement Setup for crosstalk calibration and coupler chain experiments 246
Measurement setup for decoherence and LZ measurements. . . . . .. ... 249

Schematic of the tunable ux qubit in the planar and symmetrized X loop
JEOMELIY . . . o o o e e e e e e e e e 251

XXi



List of Tables

3.1 Comparison of simulated and measured (in brackets) values of mutual in-
ductances between bias linesand loops. . . . . . ... ... ... ...... 79

3.2 Persistent current and mutual inductances between di erent circuit elements 96

4.1 Designed and simulated values for the circuit model parameters of the qubit

and the coupler . . . . . . .. L 129

6.1 Best t circuit parameter values for the qubit and resonator circuits.. . . . 183

6.2 Comparison of noise parameters used for simulation in this work and other
work using ux qubits for quantum annealing. . . . . ... ... .. .... 191

XXii



XXiii



Chapter 1

Introduction

Quantum mechanics is one of the two paradigm shifts in physics that occurred in the last
century, next to relativity. It began as a very much theoretical study to explain black-body
radiation, and later helped us to understand a wide range of phenomena in the microscopic
world. In the hundred years after its inception, quantum mechanics not only contributed
to a large range of advancements in modern physics, but also served as the foundation for
the development of semiconductor technologies, paving the way for the information age.

The 21st century holds promise for the second quantum revolution [1]. In the rst quan-
tum revolution, novel technologies are developed by understanding and exploiting states of
matter existing in nature. In the second quantum revolution, we are growing our capability
in manipulating and engineering more and more novel and complex quantum states. The
landmark of such developments is celebrated in the 2012 Nobel Prize when Serge Haroche
and David J. Wineland were recognized for developing experimental methods to manipulate
and measure individual quantum systems [2]. Such capabilities promise to revolutionize
several technological frontiers, in cryptography and secure communication [3], sensing and
metrology [4], as well as computation [5], which is what this thesis focuses on.

It is widely believed that quantum computers will be able to solve certain problems
more e ciently than classical computers. To a large extent, this is motivated by the insight,
rst due to Feynman, that classical simulation of quantum systems requires exponential
run time and memory [6]. Later on, the power of quantum computers becomes widely
appreciated when a few quantum algorithms were discovered that outperform the best
classical algorithms [7, 8, 9, 10, 11](see Ref. [12] for a review), the most famous one being
Shor's factoring algorithm [13, 9].

There are two main approaches to quantum computation: the gate-model quantum
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computation and adiabatic quantum computatiort. In gate-model quantum computation
(GMQC), rst formalized by Deutsch in 1989 [15], computation is carried out by a se-
quence of discrete quantum gates, much like classical digital computation. In adiabatic
guantum computation (AQC) [16], computation is performed by slowly varying the system
Hamiltonian from an initial Hamiltonian, with an easily prepared ground state, to a nal
Hamiltonian, the ground state of which corresponds to the solution of a computational
problem. In general, it has been shown that AQC and GMQC can e ciently simulate each
other with polynomial resource and time, although a huge overhead is required to simulate
GMQC circuits using AQC [17].

The idea of mapping the ground state of a target Hamiltonian to a particular com-
putational problem rst arises around the 1990s in the context of solving optimization
problems [18, 19, 20]. In analogy to simulated annealing [21], such optimization method
that employs a quantum system is what is now known as quantum annealing (QA). In
this sense, QA is closely related to AQC, with the distinction being that AQC is usually
referring to the more general approach to quantum computation, and QA is more closely
related to optimization.

There is a growing e ort in the past twenty years to build a quantum computer. Among
the various hardware platforms [22, 23, 24, 25, 26], superconducting circuits stand out due
to its relative ease of control with commercial microwave electronics, and its fabrication
technique built upon conventional nano- and micro-technologies [27, 22]. In the case of
GMQC, since the rst demonstration of coherent control of a superconducting qubit to
more twenty years ago [28], tremendous progress has been made to engineer superconduct-
ing circuits that can be controlled and read out with high delity. A notable achievement
in this eld is the demonstration of a quantum speedup in sampling random quantum gate
sequences [29].

Superconducting circuits, in particular superconducting ux circuits, are also one of the
leading platforms for implementing QA [30]. The ux circuits are essentially superconduct-
ing metal loops, with the two relevant states being persistent currents owing in clockwise
and anti-clockwise directions. The persistent current is e ectively a large magnetic dipole
moment, making ux circuits behave much like spins in an external magnetic eld. Thus,
superconducting ux circuits are a natural realization of QA, with the target Hamiltonian
encoded in the longitudinal elds of each ux circuit and coupling strengths among them.
Such circuits have been built by the company DWave, which has commercialized quan-
tum annealers containing as many as 5000 qubits [31]. These large-scale annealers also
attracted a growing community of researchers, from both academia and industry, that try

IThere are others such as measurement-based quantum computation [14]



to understand the power of these engineered quantum machines [30, 32, 33]. However, to
this date, it is still an open question regarding whether the DWave quantum annealer can
realize quantum advantage in solving commercially relevant problems.

One of the fundamental challenges in building a quantum computer is the balance
between decoherence and control. Decoherence is a phenomenon through which a quantum
system loses its quantumness as it interacts with the environment around it, which has
degrees of freedom we cannot control and keep track of. The time scale over which this
happens, the (de)coherence time, is set by how strongly the quantum system interacts with
the environment. On the other hand, controlling and reading out the state of the quantum
system necessarily requires it to have strong enough interactions among itself and with
the control signals. This general tradeo is relevant in both GMQC and QA. In GMQC,
stronger interaction allows faster gates, and hence more gates can be performed within the
coherence time of the device. For QA, stronger interaction increases the overall energy
scale, reducing the relative control error when solving a particular target Hamiltonian.

This thesis explores superconducting ux circuits for coherent quantum annealing. The
large persistent current of the ux circuits enables large tunable coupling which is desirable
for QA. However, this large magnetic dipole moment and strong interaction pose challenges
in precise control of the circuits and make them couple to noise strongly. Indeed, addressing
the challenges in controlling strongly interacting ux circuits and understanding the e ects
of strong noise are the two main themes of this thesis.

1.1 Thesis outline

This thesis is organized as follows. In Chapter 2, we review the necessary background
for this thesis. We begin with an introduction to superconducting circuits in Section 2.1,
followed by an introduction to open quantum systems, focusing on di erent master equa-
tions used in the thesis. The last section of this chapter introduces quantum annealing and
presents a review of the challenges and possible directions in this eld.

Chapter 3 presents two systematic methods we developed to calibrate crosstalk in the
ux biasing of superconducting circuits. Their general principles are rst introduced,
followed by a discussion of the experimental results. The rst of the calibration methods
are used to enable the demonstration of long-range coupling between two qubits, mediated
by a chain of seven couplers, which is the subject of Chapter 4.

Chapters 5 and 6 study decoherence in a single ux qubit. In Chapter 5 we characterize
the coherence times of the qubit at various operating points, and the dominant noise
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channel. In Chapter 6 we looked at speci cally the e ect of noise on quantum tunneling, by
studying the Landau-Zener transition measurements. The experimental result is compared
with numerical open system simulations. Although the master equations failed to capture
the full range of data, we present a phenomenological open system model based on a spin
bath that captures the underlying physics.

We conclude this thesis in Chapter 7, where we highlight the signi cance of our work
and discuss future directions.



Chapter 2

Background

2.1 Superconducting circuits

Superconductors, despite being macroscopic in nature, feature quantum mechanical prop-
erties just like atoms. This is because charge carriers in superconductors are Cooper pairs
of electrons, condensed into a single macroscopic state described by a wavefunction [34, 35]..
This condensate supports current ow without dissipation, hence electrical circuits made of
superconductors in principle do not su er from decoherence. The physics of superconduct-
ing circuits is enriched by the Josephson e ect, which describes charge tunneling between
two superconductors interrupted by a thin barrier. By combining linear circuit elements
such as capacitors and inductors with the non-linear Josephson tunnel junction, complex
superconducting circuits can be designed and fabricated, which allows the storage, manip-
ulation, and readout of quantum states, forming the basis of quantum computing [27, 22].

In this section, we review the principles of general superconducting circuits, and then
discuss the specic components that make up the annealing processor. We begin this
section by introducing in Sec. 2.1.1 the basic building blocks of superconducting circuits,
the harmonic oscillator, and the Josephson junction. In Sec. 2.1.2 we discuss the method
to derive the Hamiltonian of a general complex superconducting circuit. Section 2.1.3 and
2.1.4 introduce the main type of superconducting qubit used in this thesis, the ux qubit,
as well as the method to realize tunable coupling between ux qubits. This is followed by
Sec. 2.1.5 which discusses the method used to read out the ux qubit.



Figure 2.1: A harmonic oscillator circuit made of capacitanc€ and inductancelL. The
ux and charge at node 1 are denoted as; Q respectively (see text for explanation).

2.1.1 Elements of superconducting circuits

The harmonic oscillator circuit. Physicists sometimes say that almost anything can
be modeled as a harmonic oscillator. Indeed the simplest superconducting quantum circuit
is a harmonic oscillator circuit, consisting of an inductancke and a capacitanceC, as shown
in Fig. 2.1. Its dynamics can be described in terms of the ux at node 1
Z t
(t)= V (t9dt® (2.1)
1
where V(t) is the node voltage. Applying Kirchho 's law to the circuit then gives the
equation of motion (EOM) for

"C+ - =0; (2.2)

where the dot indicates the time derivative. This resembles the EOM of a mass attached
to the end of a spring, where is the displacement, andC and L play the role of mass and
inverse spring constant. The above equation of motion corresponds to the Euler-Lagrange
equations of motion for the Lagrangian

_2C 2
Lic= — = 2.3
c= 5 o (23)
Performing the Legendre transformation leads to the Hamiltonian
Q2 2
= —+ — .
Qe =5c* o (24)



Figure 2.2: (a) The circuit symbol corresponding to an ideal Josephson junction is a cross.
(b) The Josephson junction is usually made up of two pieces of superconductors, linked
by a thin insulating barrier. Its properties are described in terms of the phase di erence
between the superconducting wavefunctions on either side of the barrier, denoted as

where Q is the conjugate momentumQ = @ .c=@-which for the harmonic oscillator
circuit is the charge stored in node 1.

To quantize the above Hamiltonian, one raises the variabl€3; to operators Q; “and
identi es the canonical commutation relation

[ Q1= i~ (2.5)

where~ is the reduced Planck's constant.

The Josephson Junction. The harmonic oscillator itself cannot be used as a qubit
because it is made of linear circuit elements and has degenerate level spacing. To obtain
non-degeneracy (or anharmonicity), a non-linear circuit element is required. The Josephson
junction is such a non-dissipative, non-linear circuit element, rst predicted by B. D.
Josephson [36]. Itis usually made up of two pieces of superconducting material, interrupted
by a thin layer of insulator, as shown in Fig. 2.2. The current through and voltage across
an ideal Josephson junction are given by the Josephson relations

lj = lcsin and (2.6)
v = (2.7)

0.
where | is the critical current of the junction, is the phase dierence between the
wavefunctions of the two superconductors, and, = ~=(2€) is the reduced ux quantum.
The Josephson junction is often seen as a non-linear inductance, with Josephson inductance
L;( ) given by

1 1d _ lccos

2.8
L~ od - (2.8)




It is also useful to introduce the Josephson energy
z z

|jdet= |CSin ()d

E; cos; (2.9)

whereE; = | ¢ is the characteristic Josephson energy.

Before proceeding, it needs to be pointed out that there is a close relationship between
the magnetic ux and the superconducting phase. Comparing Eqg. 2.7 to Faraday's law
across a linear inductor shows that the junction phase di erence acts analogously a ux
across the junction, with a proportionality constant . This can be more rigorously proven
by introducing the gauge-invariant superconducting phase Therefore, we introduce the
dimensionless ux variable, ~= "= ,, which can be seen as a generalized ux across either
a linear or non-linear inductor. Combined with the fact that the superconducting currents
are carried by Cooper pairs, the commutation relation in Eq. 2.5 is reintroduced using
dimensionless quantities

[* Al =7 (2.10)

wherert= Q=(2e) is the Cooper pair number, withe being the electron charge.

2.1.2 Circuit quantization

One of the rst steps in modeling a superconducting circuit for quantum computation is
to nd the system Hamiltonian. The procedure to derive the Hamiltonian of a circuit is
commonly known as circuit quantization. Various methods exist to achieve this, such as
the method of nodes [38, 39, 40], the black-box quantization method[41] and the energy
participation ratio method [42]. In this section, we review the method of nodes to quantize
a generic circuit, consisting of inductors, capacitors, and junctions. This is the primary
method used in this thesis, and it is valid given that the circuit elements are much smaller
than the relevant wavelength, so they can be treated as lumped elements.

The starting point of circuit quantization through the method of nodes is to recognize
that a circuit can be described by a graphG(N ; E), where the edges are the circuit el-
ements such as capacitors, inductors, and Josephson junctions. Each node is associated
with a generalized ux coordinate, de ned similarly to Eq. 2.1, by the time integral of the
node voltage relative to the ground node. The coordinates can be collected as a vector
~n Wwith dimension Ny, where Ny is the number of active nodes in the circuit (nodes

1See for example chpt.3.5 of Ref. [37]



except ground). Naively the potential or kinetic energy can be found by writing the en-
ergies stored in the inductors(junctions) or capacitors in terms of the di erence of the
superconducting phases of the two nodes connected by the element, or its time deriva-
tive. However superconducting circuits obey the fundamental relation that the total ux
threading an enclosed loop, including external ux bias has to be quantized [43, 44]. To
account for this condition algorithmically, we use the concept of spanning trees and closure
branches. The spanning tre& for a graph is made of a set of edges such that there is a
unique path joining every node to every other node through edges $ The remaining
edges make the closure branch€= E S . The choice of spanning tree is not unique,
as this choice corresponds to gauge choice in electromagnetism, and does not a ect the
underlying physics. Following [40], the convention we adopt here is that an inductive-like
element (inductors or Josephson junctions) is always preferred to capacitors when choosing
the spanning tree element between any two nodes, and a capacitor is chosen only when
there is no inductive-like element between two nodes. This way, for each of the remaining
inductive-like elements, which is not in the tree, there is an associated fundamental loop
in the circuit. We collect these inductive-like elements not in the tree into a sdt 2 C.

The external ux can then be conveniently assigned to each inductive-like element in
This allows us to write the phase di erence across an edgg.m , connecting nodek; | as

' ' 2f wim: ifeqm 2L
i = k |. Kims | Q<,|,m‘ : 2.11)
K | otherwise

wherem denotes for them'th edge between nodek;|. The external ux bias for a loop,
normalized by the ux quantum =2 o, is assigned to the corresponding edge &§.m .
The next step is to write down the kinetic and potential energy in the Lagrangian. The
kinetic energy T_ is given by the sum of capacitive energies in the circuit, which can be
succinctly given by

TL = 25 Chx; (2.12)

Nlow

where C is the so-called Maxwell node capacitance matrix, with dimensiody Ny . Its

o -diagonal elements are given by the negative of the capacitance connecting two nodes,
and each diagonal element is given by the sum of capacitances connecting to a node,
including capacitances to ground.

The potential energy is a sum of the inductive energy and Josephson energy in the



circuit. They are respectively

X,
Uina = 5 ZL"'“ (2.13)
et k;l:m
X
€;l;m

where Eji.m ; Lm are the Josephson energy and inductance of the edgd; m. The
sums are understood to run over all the inductances and Josephson junctions in the circuit,
respectively.

Having found the Lagrangian, we next perform the Legendre transform and de ne the
conjugate momentum of thei'th node coordinate as

@

j= = 2.15
Pn;i @_i_ ( )
The kinetic energy in the Hamiltonian is given by
Th=m'w To (2.16)
1
= Fﬂ-l\—l CNlﬂ\j: (217)
0

Combining the kinetic and potential energy together, we have the circuit Hamiltonian
H =Ty + Upg + Ujos; (2'18)

from which the properties of the circuit, such as transition frequencies and operator matrix

elements can be extracted. In practice, choosing the appropriate basis to numerically
represent the above Hamiltonian is challenging. Since this is fairly technical, we defer this
discussion to Appendix. A, which also includes an example superconducting circuit to be
guantized.

2.1.3 The ux qubit

Qubits are the fundamental building block for quantum computing. Various types of qubits
can be realized with superconducting circuits [27, 22]. The ux qubit in particular is a
class of superconducting circuits with states characterized by persistent current owing in
a superconducting loop, interrupted by Josephson junctions. As we will see in this and
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Figure 2.3: Circuit schematic of the (a) xed-gap (three-junction) and (b) tunable-gap
(four-junction) persistent current qubits.

the next subsection, coupled ux qubits emulate coupled spins under external magnetic
elds, which makes it a natural platform to build a programmable quantum annealer. Our
qubit design derives from the persistent current qubit [45, 46]. As shown in Fig. 2.3(a),
it consists of a superconducting loop interrupted by three Josephson junctions, with two
of them being identical in principle and the third one is smaller and often called the
junction. The ux quantization condition in the qubit loop leads to

1+ 2+ 3= 2f (2.19)

wheref, = ,=  is the reduced ux bias in the qubit loop, ., are the phase di erence
across the two larger junctions and 5 is the phase di erence across the smaller junction.
Using the ux quantization condition to eliminate 3, the potential energy of the circuit is
given as

X
U = Ejicos 1o Ej; cos(1+ ,+2fF,) (2.20)
i=1;2
= 2E;cos ncos , E jcos(2f ,+2' ) (2.21)

where in the second line we have introducel; = E;; = E;, assuming symmetry and
E; = Ey;and' ymy =('1 ' 2)=2. The potential landscape for di erent values of the
ux bias near f, = 0:5 is shown in Fig. 2.4. The new coordinates,) are analogous
to in(out of) phase oscillation normal modes of two coupled harmonic oscillators. Near
the ux bias symmetry point and assuming low enough energy, the,, coordinate can be
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Figure 2.4: Contour plots of the potential energyy, of the three junction ux qubit with
= 0:8, at di erent ux bias points, as a function of the phase di erence across the two
larger junctions, ; and ,. From left to right they correspond tof, = 0:5;0:49; 0:51.

seen as almost xed at ,, = 0. The potential energy along' , is e ectively a double-well
potential, as illustrated in Fig. 2.5(a), with each well corresponding to persistent current
owing clock-wise and counter-clockwise in the qubit loops.

The capacitances in the circuit lead to the kinetic energy. It can be written in terms of
conjugate variables to the  coordinates, following the method presented in Appendix A.
This kinetic energy induces tunneling between the two wells. Assuming low enough energy
so that only the lowest state of each well can be occupied, the ux qubit Hamiltonian can
be well-approximated using the two-level system Hamiltonian

HfLLS = 7 z 5 X1 (2.22)

=21, off, O5) (2.23)

where is the Pauli matrix in the persistent current basis,|, is the persistent current.
The tunneling amplitude is given by , which is also known as the qubit gap, as it is the
minimum qubit frequency obtained when the ux bias is at the symmetry pointf, = 0:5
(see Fig. 2.5(b)). The tunneling amplitude can be estimated analytically using the WKB
(Wentzel-Kramers-Brillouin) approximation [47, 45]. More generally, the parameterk,
and can be obtained by numerically. A simple method is to diagonalize the circuit
Hamiltonian while sweepind ;. The resultant transition frequency between the two lowest
states can be tted to the analytical two-level transition frequency expression,

q
| o = 2421, off 0OB5): (2.24)

12



Figure 2.5: (a) Potential energy of the three junction ux qubit versus' ,, assuming
"' m =0 for di erent ux bias conditions. (b) Schematic of the energies of the ground and
rst excited state of the ux qubit as a function of ux bias f,. The yellow dashed lines
and blue dot-dashed lines indicate energies of the persistent current stajes and jRi
respectively.

The tting results give the persistent current |, and the minimum qubit gap .

The qubit gap can be made tunable by replacing the junction with a DC-SQUID, as
illustrated in Fig. 2.3(b). For a symmetric DC-SQUID, each with Josephson energ¥ ;,
the potential energy of the tunable ux qubit is

X
Uig = E; cos ; Ejcos(1+ ,+2f ) Ejcos(1+ ,+2 (fp+fy))
i=1;2
(2.25)
= 2E;cos pcos , 2E ;cos(f x)cos(2f ,+2' ); (2.26)

In the second line, we introduced, = f,o+ f,=2. Comparing with Eq. 2.21, we sek, = 0:5
is the symmetry point for the four-junction ux qubit, and 2 cos(f «) plays the role of
. With f, closer to zero, or equivalently with increasing , the tunneling barrier of the
double-well potential increases, which suppresses the tunneling amplitude . The ux
tunability of both and in the two-level system Hamiltonian resembles that of an ideal

spin under externally applied transverse and longitudinal elds.

Since the rst introduction of the persistent current qubit, di erent variants of it have
been attempted to improve it. Recently, Fei Yan et al [48] demonstrated signi cantly
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improved qubit coherence times and reproducibility, achieved by shunting large capacitors
across the junction. This type of ux qubit is named the capacitively-shunted ux qubit
(CSFQ), and our qubit design similarly adopts the capacitive shunt.

Another type of ux qubit that is often considered in the context of quantum annealing
is the rf-SQUID qubit [49, 50], which is essentially a superconducting loop interrupted by
a Josephson junction. The quadratic potential of the geometric inductance of the loop,
added to the cosine potential of the junction leads to a double-well potential analogous to
the persistent current qubit. The double-well potential only occurs when = [ L= (> 1.
Therefore, one disadvantage of the rf-SQUID qubit as compared to the persistent current
qubit, is that a signi cant critical current |, and/or inductance is required for the two-
state approximation to be valid, whereas in the persistent current qubit, this large e ective
inductance is achieved through the Josephson inductances of the two large junctions. This
means that the rf-SQUID qubit will likely be more sensitive to noise, due to largdr,, or
experiences more noise due to the larger size of the superconducting loop. A more recent
variant of the rf-SQUID qubit is the uxonium, where the large inductance is replaced
by a super-inductance, typically realized by a long chain of Josephson junctions [51]. The
uxonium has one of the highest coherence times reported for a superconducting qubit [52].
Exploring the possibility of a uxonium-based quantum annealer would be an interesting
future work.

The ux basis de nition. As discussed above, the two-level Hamiltonian parameters
can be obtained by tting the transition frequency between the lowest two levels in the ux

qubit circuit model. However, this procedure does not provide any information about the
basis in which the two-level system is de ned. This basis de nition becomes particularly
important when considering interacting ux qubits. This section outlines an unambiguous
method to reduce the ux circuit to its two-state description.

We rst note that for any two-level system, its Hamiltonian can always be written as
X
H= h (2.27)
=fxyizil g

Then the computational basis is chosen such that the persistent current operator is diagonal
in this basis. Formally we rst look for a 2 2 unitary transformation V; such that,

rgj@ZHcich'gi hgj@zHcierei Vy— H_(]@ZHcich'Lq 0
.=

Vl rﬂ'@zHciergi hej@ZHcierei 0 }-R(]@ZHcich'Rq ;

(2.28)
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where jgi;jei are the ground and rst excited state vectors found by diagonalizing the
circuit Hamiltonian HE™, The two statesjL%;jRY are distinguished by imposing the
condition LY@ H°"jLY < 0 and R§@,H®"jRY 0. Then we introduce two additional

constraints following conventions for ux qubits:

y IS always zero;

« IS always positive.

They are realized by de ning a unitary

1 0

V2= 0 exp( )

: (2.29)

where = arg[PRIHC"jLY4]. Combining things, the computational (persistent current)
basis stategLi and jRi are given by

jLi

_ g .
Ri = Vv : (2.30)

jel

We note that jLi;jRi;jgi;jel are state vectors in the Hilbert space of the ux qubit circuit.

2.1.4 The rf-SQUID coupler

Realizing tunable coupling between qubits is necessary for both gate-based quantum com-
puting and programmable quantum annealing. For superconducting ux qubits, coupling

is usually achieved by forming mutual inductances between the qubitg-loops, due to
the ux generated by each qubit's persistent current. Tunable mutual inductance can be

e ectively realized by inserting an intermediate coupler between the qubits, which has
ux-tunable susceptibility [53, 54]. A schematic of two three-junction ux qubits coupled

by an rf-SQUID coupler is depicted in Fig. 2.6. In this subsection, we review the working
principle of the rf-SQUID coupler, which is used in this thesis.

The susceptibility picture. The rf-SQUID coupler has potential energy
2
Ueo(' 5) = 1% ocos( ) + ZLZO (s 2f )% (2.31)
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Figure 2.6: Two ux qubits coupled by an rf-SQUID coupler.

wherel £° and L are the junction critical current and geometric inductance of the SQUID,
andf, is the reduced ux bias applied to the SQUID. When the rf-SQUID has non-linearity
parameter = |°L%= (< 1, its potential energy is monostable, with the position of the
potential minimum dependent on the external ux bias. As the external bias deviates from
the symmetry point, a nite circulating current arises in the coupler loop. Therefore, by
inductively coupling the rf-SQUID to two qubits, the rf-SQUID mediates the ux signal of
one qubit to another.

Given that the coupler is designed to have a large excitation frequency, it can be
assumed, in the spirit of Born-Oppenheimer approximation, that the coupler remains in the
ground state throughout any qubit operation. This allows writing the e ective interaction
between qubits mediated by the coupler as

Hix = M qchqZCIpllpZ z1 z2: (2.32)

where is the susceptibility of the rf-SQUID coupler. Further assuming that the qubit ux
signal is small and the coupler responds linearly to the qubit ux signal, the susceptibility
IS given by

1 @,

O@EZ,

with 14 being the ground state current owing through the coupler loop. In Fig. 2.7, we
show the ground state current, as well as the susceptibility for typical parameters of the
rf-SQUID coupler.

The susceptibility of the rf-SQUID coupler, and hence the qubit coupling strength can
be tuned by adjusting the external ux biasf., in the coupler. Away from the coupler
symmetry point, f,, = 0:5, it has a non-zero ground state current and thus induces a nite
ux bias to the adjacent qubit. This interdependence of the coupling strength and the qubit
ux bias is undesirable as it makes calibrating the system more di cult. To overcome this

(2.33)
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Figure 2.7: The ground state current 4 (a) and the susceptibility of the rf-SQUID coupler
as a function of the external ux biasf.,. The parameters used for this coupler i =
750 pH;C®=8:4 fF

problem, the single-junction can be replaced by a DC-SQUID [55]. The DC-SQUID allows
the coupler to be always operated at the symmetry point and achieves tunable susceptibility
by tuning the e ective critical current of the SQUID. This design minimizes the e ective
crosstalk from the coupler to the qubit and simpli es calibration [55].

Schrie er-Wol transformation for e ective interaction. When designing couplers
that mediate strong coupling between ux qubits, it is often the case that the suscepti-
bility description, relying on the linear response of the coupler breaks down. In Ref. [56],
the authors developed analytical corrections accounting for the non-linearity of the cou-
pler susceptibility when the mediated coupling becomes strong. In our work, to compute
the coupling strength, we follow a numerical approach based on the Shrie er-Wol trans-
formation (SWT), developed in Refs [57, 58]. As compared to the analytical corrections
developed in Ref. [56], although computationally more expensive, the SWT-based approach
is a more general method for nding low-energy e ective Hamiltonian of the subsystem of
interest, and hence more easily accounts for e ects such as the renormalization of qubit
energy due to coupling and non-ZZ type interactions. Here we outline the procedure to
nd the low-energy e ective Hamiltonian of two qubits coupled by a coupler, using the
SWT.

First, we consider the total system Hamiltonian without and with the interaction terms,
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in the basis of the circuits. They are given by

X

Hiun = Ho + Hint: (2.35)

In the expressions above is an index denoting the subcircuit (either qubit circuit or
coupler circuit), and the overline indicates we consider the loading e ect iHy?. Then we
de ne the qubit space projection operators, for the non-interacting and interacting circuits
respectively,

Po = JEJhEY (2.36)

P= JEJihE;j; (2.37)
i=0
where the eigenstate$E’i and jE;i are found by diagonalizingH, and Hy, respectively.

These are the lowest 2 states, which are the qubit-like excitations in a circuit containing
N qubit circuit. Then the SWT matrix is de ned as

P
Usw= 2Py DE2P I); (2.38)
and the e ective Hamiltonian is
He = PoUswH i Uy Po: (2.39)

Finally, the e ective Hamiltonian can be decomposed into multi-qubit Pauli operators,
with coe cients,

1
h.= 5 Tr(He S.); (2.40)

whereS. = 1 2 P.. The operator ‘i is a Pauli operator of thei'th qubit circuit,

1 2

expressed in the circuit Hamiltonian basis, and. is a projection operator which projects
all coupler circuits into the ground state of the non-interacting, but loaded couplers.

2Loading refers to the change of the e ective inductance(capacitance) of a subcircuit when it is induc-
tively(capacitively) coupled to another subcircuit. See also Appendix A for details of the loading e ect
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Figure 2.8: Schematic of the readout circuit. The ux-sensitive resonator (grey) is coupled
to a ux qubit (purple) on the one end and an open transmission line (black) on the other

2.1.5 Readout of the ux qubit

Reading out the qubit state is a necessary process for any form of quantum computation
and various ways exist to read out the ux qubit. Early methods rely on measuring the
magnetic signal generated by the two distinct persistent current states by detecting the
switching current of a DC-SQUID [59]. However, such a readout scheme leads to a large
number of quasi-particles as the DC-SQUID switches to the voltage state and thus becomes
unfavorable as the need for qubit coherence increases. Later schemes usually embed the
DC-(or rf-)SQUID as part of a resonant circuit, and rely on the magnetic- eld-dependent
non-linear SQUID inductance [60, 61, 62]. The resonant circuit can be formed by either
shunting the SQUID with a large capacitance or terminating a waveguide resonator with
the SQUID. As realizing large on-chip capacitance can be challenging, we adopt the latter
method of combining SQUID and waveguide resonator as the readout method used in
this thesis. We note that the energy eigenstate of the ux qubit can also be read out by
coupling to linear resonators in a standard circuit-QED architecture [63, 64]. However,
such a method usually becomes ine ective near = 0, due to the vanishingly small
state overlap between two computational states, making them unsuitable for annealing
applications. Though it needs to be pointed out that readout with linear resonators is still
viable by using a more complex readout protocol, involving higher energy states of the
qubit circuit [65].

Next, we present the basic principles of the ux-sensitive resonator readout. This is
followed by a method to quantize a waveguide resonator terminated by a SQUID (see
Fig. 2.8). As we will see, this quantization procedure facilitates a quantum mechanical
treatment of the interaction between the qubit and the tunable resonator.
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Qubit state dependent resonance. The SQUID can be rst approximated as an ideal
linear inductance Lsq. For a classical rf-SQUID [66] with bias currently, its e ective
inductance is given by

@'
L= o—; 241
sq 0 @IL ( )
The phase across the junctioh ; can be found by minimizing the classical SQUID potential
2
Usa' )= 180 0c0s( o)+ 5 (0 2f )7 1y (2.42)
9

wherel 9 and L 4 are the junction critical current and geometric inductance of the SQUID,
and f, is the reduced ux bias applied to the SQUID.

The next step is to nd the resonance frequency for the resonator, which is set by the
boundary condition

l(z= 1)=0;V(z=0)= ilL sl (z=0): (2.43)

Combined with the telegrapher's equations for the waveguide [67], the 4 resonance can
be found by solving the equation

c il Leq+ Zo'

exp (2.44)
wherel; c; Zy are the waveguide length, phase velocity, and characteristic impedance re-
spectively. By inductively coupling the SQUID to the qubit, the SQUID has a di erent

e ective ux bias depending on the qubit's persistent current state and has di erent e ec-
tive inductance. Hence the resonator has di erent resonance frequencies for di erent qubit
states. They can be distinguished by measuring the transmission of a probe tone through
the open transmission line coupled to the resonator.

Tunable resonator quantization. A Hamiltonian description of the waveguide and

SQUID inductor system can be obtained by rst writing the energies stored in the resonator

system in terms of forward and backward propagating voltages, and then identifying a

transformation that turns the voltages into conjugate variables. First, at the SQUID

(inductor) end, the ratio between backward and forward propagating voltage is given by
A i! (\Lsqg Zo

== -0 2.4
v+ il Leg+ Zo (2:45)
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Then the time-dependent voltages and currents on the transmission line at pointis
V(z;t)= V" fexp[l! ((t z=V)]

+ exp[i!,(t+ z=Q]g+c.c; (2.46)
[(z;t) = i\; fexpl! ;(t z=09]
0
exp[i! ((t+ z=v)]g+c.c; (2.47)

where c.c. stands for complex conjugate, added to ensure the voltage and current on the
line is real. The total energy stored in the transmission and the inductor is

YA 0 1
— .4\ 2 4\ 2 Sql( ’t)z

H, = % + . L 0
" V(z;1) IOI(z,t) dz -

d
wherecy = 1=(cZy); o = Zp=care the characteristic capacitance and inductance of the line.

For the =4 resonator, The total energy can be succinctly written in quadratic form
0 1 [

0 11y _thq .
H, = \p+ £+ @ 2 cZo Zg+Lg!2 A \f/ . (2.49)

1L, Ly g
2 oz T ZZvLEi? 0

(2.48)

where we have introduced the dynamical variablf+ = v+ exp(! (t). We then aim to

nd the variable transformation q = v+ P andp=il, VAR r W+ , such that
12 0 q
= 2°r .
H, qp 2, % o - (2.50)
Applying the transformation to Eg. 2.49 we have
0 1

T @t 0 q
Hi=qp@ o LR L LA T (2.51)

0 T &ty

Comparing Egn.2.50 and Eqn.2.51 allows us to obtain the magnitude of The phase of
will be determined later.

Next, to establish that p and g are indeed conjugate variables, it needs to be checked
that they obey Hamilton's equations of motion,

d H

A AR SR T %q; (2.52)
dg _ . . . _._ @H

a—|!r v+ i, ¥+ =p= o (2.53)
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Thus p; gcan be promoted to operators. By introducing the harmonic ladder operators,

p=i — & a; (2.54)
2
—
= — a+a; 2.55
a= (2.55)
the harmonic oscillator Hamiltonian is recoveredd, = ~! ((a¥a+ 1=2). Hereafter we omit

the hat on operators, assuming it is clear from the context.

This quantization procedure gives an expression for the bias current owing through the
SQUID inductance in terms of the creation and annihilation operators, through Eq. 2.47
and the variable transformation. We also use our freedom in choosing the phase db
ensure that = = . This gives

lp = i (@ + a); (2.56)

o~ 7+
with 140 = g 2o : (2.57)

CLsqZo+ | L2} 2+ Z§

Since in our design, the qubit is coupled inductively to the geometric inductance of the
rf-SQUID, we need to further relate the SQUID bias current to the current owing through
the SQUID geometric inductance. Assuming small,, which is justi ed when the energy
in the resonator is low, we have

lo(Frilp) =" s (Ipf,)  2f r]L—° (2.58)
g
= lgo(fe) + ra(f e+ ra(f)I2+ O(12); (2.59)

where in the second line we performed a Taylor expansion kf around I, = 0. The
coe cients of the Taylor expansion can be found numerically by minimizing the SQUID
potential Eq. 2.42 at a range ofl,. The term I 4 corresponds to screening current in the
SQUID and e ectively shifts the qubit bias. The coe cients rq, and r, are SQUID bias
dependent and give rise to linear and non-linear interactions between the resonator and
the qubit. Finally, the interaction Hamiltonian between the resonator and the qubit is

@
where My, is the mutual inductance between the qubit and the SQUID geometric induc-
tance, and @H=@f{ is the qubit operator participating in the interaction.

irilp(@ a) rli@ a? ; (2.60)
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2.2 Open quantum systems

One of the fundamental challenges of building a quantum computer is that the external
environment that the system is coupled to can destroy the quantum state of the latter.
The eld of open quantum systems is concerned with studying such systems that couple
to an environment, but still preserves some quantum mechanical properties [68, 69]. Due
to the requirement of large coupling strength between qubits to encode problem Hamil-
tonians, annealing-compatible ux qubits couple more strongly to the environment than
state-of-the-art superconducting qubits used in GMQC. Thus, ux qubits provide unique
opportunities to develop our understanding of noise in superconducting devices and test
open quantum system theories, and in return, these improved understandings could be
used to mitigate the adverse e ect of noise on the computational power of annealers.

In this section, we review the theories used in this thesis to study the open system
behaviors observed in annealing-compatible qubits. In particular, we focus on the master
equation approach, which gives a time-local equation for the reduced density operator
of the system. In the rst subsection, we review the derivation of the Lindblad-form
master equation for a time-independent system Hamiltonian, assuming weak system-bath
coupling. This allows us to relate the qubit coherence times to the coupling and noise
properties of the bath. In the second subsection, we look at how to obtain a similar master
equation for a time-dependent Hamiltonian, which is particularly useful when considering
annealing. In the third subsection, we look at a di erent master equation that is applicable
in the strong coupling limit. This equation is particularly useful for describing quantum
tunneling subjected to strong noise, a situation that is closely related to annealing. We
note that there are other approaches for modeling open quantum systems, such as the
Nakajima-Zwanzig equations [70, 71], in uence functionals [7Z2], hierarchical equations of
motion [73]. These methods are more general, but usually not as numerically e cient as
master equations. For a more complete review of theories on open systems, the readers are
referred to Ref. [74, 68, 69].

2.2.1 Redeld and Lindblad master equations

We start by considering a general system-bath Hamiltonian

H= Hs+ HB+H|; (261)
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where Hs and Hg are the system and bath Hamiltonian respectively. The interaction
Hamiltonian can be given in the form

H=g A B; (2.62)

where A and B are system and bath operators respectively, with unit norm, and is
some constant characterizing the coupling strength. The evolution of the total density
operator (system + bath) follows the Von Neumann equation

W= M o (2.63)

In the interaction picture, we have

[
ety = —[8 (1) e(t)]; (2.64)
where the tilde denotes operators in the interaction picture. The solution to Eq. 2.64 is
[ 4
et)= —  ds[i¥(s); e(s)] + &0): (2.65)
0

Substituting the solution back into Eq. 2.64 and tracing out the bath, we obtain an integral-
di erential equation for the reduced density operator of the system,

14t nh io 24 n 0
fs()= = dsTrg  F(1);[F(s);e(s)]  — dsTrg [H(s);€0)] : (2.66)
0 0
Assuming factorizable initial condition, (0) = s(0) g (0), the integrand in the second
term in Eq. 2.66 becomes

X
g [A(s):fsOITre fB (s); e(0)g; (2.67)

noting the interaction picture and Schrodinger picture operator coincide at = 0. The
trace in the above expression can always be brought to zero since any non-zero component
can be absorbed intdHs. Therefore, the second term in Eq. 2.66 is ignored hereafter.

We next make the Born-Markov approximations. The Born approximation assumes
that the bath state is negligibly a ected by the system and the system-bath state remains
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factorizable. This is reasonable if for example the bath has a large number of degrees of
freedom and remains in thermal equilibrium. Using this approximation, we can write

g(s) = fs(s) s (2.68)

The time dependence on the bath state is dropped hereafter. The Markov approximation
is to assume that the evolution at timet does not depend on the system state at arg/<'t,
in other words, information about the system's past is lost in the bath and never comes
back to the system. This amounts to replacing s(s) with fs(t), allowing us to obtain
14t nh io
fsh= 5 dsTre  H(O;FI(s)ifs(t) 6] (2.69)
0

Next, we substitute in the form of interaction Hamiltonian, as given in Eq. 2.62, which
allows us to obtain

2 X
fsh= = [A@®; Ofs@®]+h:c; (2.70)

| (o]

where h.c. stands for Hermitian conjugate. The operator (t) is given by

X 4
(t) = dsC (t:s)A (s)ds: (2.71)
0

with the bath correlation function de ned as
C (ts)=hB (t)B (s)i =Tr[B (t1)B (s) s]: (2.72)
In deriving Eq. 2.70 we used the property of the correlation time
C (tt s)=C (s;0)=C (0;9); (2.73)

arising from the assumption that the bath is stationary [75].

Equation 2.70 is known as the Red eld equation [76]. It is still not fully Markovian
because the evolution at timg has implicit initial condition dependence. To remove this
dependence, the lower limit of the integral in (t) can be extended to minus in nity,
justi ed if the bath correlation function decays fast enough. Replacing with t s, we
have

X Z1
(t)= dsC (s;0)A (t s)ds: (2.74)
0
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Evaluating Eq. 2.74 requires knowledge of the bath correlation function, which is usually
not directly accessible by experiments. This inconvenience can be avoided by going into
the frequency domain. First, the interaction picture system operator, assuming a time-
independent system HamiltoniarHs(t) = Hs, can be decomposed with matrix elements,

Ay ()= hjA (D))
exp (il DA jji
=exp (i! i A Qi (2.75)

wherejii is the i'th system eigenstates! ; = !'; !; is the angular transition frequency
between states and . Second, the noise correlation can be given by its one-sided Fourier
transform, the spectral density matrix
Z 1
()= dsexp(!s )C (s); (2.76)

0

which can always be decomposed with

(1)= 1 (1)+isS (1); (2.77)
2,
(1) = dsé's C (s); (2.78)
2% dr © 1
S (1)= 2— (9P — (2.79)
l . .

where P denotes principal value. Furthermore, for a bath in thermal equilibrium at tem-
perature Tg, (') satis es

(1)=exp ﬁ ("); (2.80)

where kg is the Boltzmann constant. As we will see later, is directly related to the
decoherence rate in the system, which can be directly measured experimentally, &d
gives rise to Lamb shift to the system Hamiltoniaf.

Now collecting the result of (t) in Eq. 2.74,A (t) in Eq. 2.75, and using the de nition
of the spectral density matrix in Eg. 2.76, we can expand Eq. 2.70 and get a Markovian

3The notations here follows the textbook [68]. Note that often one usesS(! ) as the noise spectral
density, which is denoted by (! ) here.
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equation for the evolution of the interaction picture system density operator
2 X

L

fs(t) = (iAW Ay dCartidtikingj) afs(t) j iihjjfs(®jkihlj] +h:c:
gkl

(2.81)

Furthermore, if the system Hamiltonian is non-degenerate, we can apply the secular ap-
proximation, which discards terms with! , + ! ; 6 0, because they are fast rotating and
average to zero. This is equivalent to inserting  j + « (1 «)) to Eq. 2.81. We get

X
g2
= f

HHH

fs(t) = OLiLlw s+ Lifs(t)lw]

X
(' ki)[l— ki L ik fs(t) + L fg(t)L ik ] g+ h .C:; (282)
i 6k
where we introduced

L i = A;ij jllh]] (283)

Using the decomposition of  introduced in Eqg. 2.77, we can rewrite Eq. 2.82 into the
more familiar form

[
fs(t)= —[Hisifs(t)]
gz X X y 1n y (6]
+ = . (ki) Lk &Ll > Lok Lk s & ’ (2.84)
gz X X 1 n (6]
+ = (0) L i %kak § L)?ii L kk » &
ik
wheref g denotes the anti-commutator and the Lamb shift is given by
@ X X
Hs = - Ly;ik L ik S (' ik); (285)
ik

which is diagonal in the system eigenbasis. Rotating back into the Schrodinger picture, we
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have

i
s(= —[Hs+ His; s(t)]
gz X X 1n (0]
+ = (") L s(t)L% > LY L s(t) (2.86)
i6k
gZX X y 1n y (0]
+ = 0) Lii s(t)Ll’ > L% Lo s(t)

ik

Here the rst term describes the unitary evolution of the system density operator under
the system Hamiltonian and the Lamb shiftH s. The second term describes transitions
between populations in di erent energy eigenstates, and the third term describes the loss
of phase coherence between eigenstates. The Equation 2.86 is in the Lindblad form. A
particular property of the Lindblad master equation is that it is completely positive and
trace preserving [5]. This ensures thatg(t) is a valid density operator at all times.

Lindblad equation for the qubit. Next, to make connections to the qubit experiments,
we apply Eqg. 2.86 to a qubit. The qubit Hamiltonian under consideration is

He= 52 5 % (2.87)

with  and being the longitudinal and transverse elds respectively. we consider lon-
gitudinal qubit-bath interaction, that is the interaction operator is proportional to qubit
.. This is because the Z basis usually corresponds to a macroscopic degree of freedom,

for example, the persistent current basis in ux qubit, and is hence more easily a ected by
noise. Therefore we write

Hint =0 : Bz: (288)

Introducing the angle between persistent current basis and energy basis

= arctan —; (2.89)
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The Lindblad master equation becomes

J=  S[He+ Hos ot
2 cind X 1n 0
+ 9 ilzn 2z2( 1)k q(t) ¥ > vk qt) (2.90)
k=+ ;
2
+ g cos 22(0) 2 s(t) %/ 1- %/ 2 s(t)

2~2 2

where . ) = je(g)ihg(e)j is the qubit raising (lowering) operator in the energy basis and
I 4 is the qubit angular transition frequency. The noise at the qubit frequency causes qubit
energy relaxation, with an exponential time scale denoted &g, where

1 2 sin?

== T [L09+ w1 (2.91)

1

The zero frequency component causes pure dephasing, with an exponential time scale
denoted asT , given by

1  g*cog
T 2
It can be seen that as a function of the longitudinal eld , relaxation is suppressed by a

Lorentzian factor as increases. The opposite is true for dephasing, which is rst-order
protected from dephasing at = 0 and approaches the maximum value of*>=~? ,,(0) as

22(0): (2.92)

2.2.2 The adiabatic master equation

Next, we discuss an extension of the derivation of the master equation to the case of a
time-dependent system Hamiltonian, closely following [77]. For this, we need to revisit
the de nition for (t) given in Eq. 2.74. For the time-dependent system Hamiltonian,
evaluating Eq. 2.74 becomes computationally ine cient. This can be seen by considering
the de nition of the interaction picture system coupling operator

A (t)= UL(t; 0)A Us(t; 0); (2.93)
where 7
" iHs()
. —

Us(t;0) = T exp d (2.94)
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is the system propagator, withT denoting time ordering. Therefore, evaluating the Eq. 2.74
requires evaluating the time-ordered system unitary. To avoid this, we need to work in the
adiabatic limit. The adiabatic approximation is to make the following replacement

Us(t s;0)= UI(t;t  s)Us(t; 0)
Hs(t)s

I exp i uad(t; 0): (2.95)

In the above,Us(t;t  s) is replaced by the propagator generated by the Hamiltonian at
time t, which is valid if the correlation time of the bath is shorter than the time taken for

the system Hamiltonian to change signi cantly. The propagatotJs(t; 0) is replaced by the

corresponding propagator in the adiabatic limit, which can be written as

X
vddo;ty= € Wjiihij (2.96)
z,
i(t) = d!;()d: (2.97)
0
Herejii;!; are thei'th instantaneous eigenstate and eigenvalue of the system Hamiltonian

Hs(t). We next substitute the approximated propagator Eq. 2.95 into Eqg. 2.74, which
gives
X Z, X . . Co
(t) = dsC (s) e "iOs¢ ijiihijA jjihjje ' 1" i1s (2.98)
0 i
X ‘
= el (LAy jiihjj: (2.99)
|
Putting this back into Eq. 2.70 and transforming back into the Schrodinger picture, we
have

N

: X
s(t) = I;[Hs(t); s = i (i (O)NA LY (1) s +hic; (2.100)
i

| «Q

where

L9 =e "7 Ay Us(t; O)jiihj jUL(t; O): (2.101)

Eq. 2.100 is referred to as the one-sided adiabatic master equation (AME), which has been
implemented numerically in an open source package [78]. This is the main equation that
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will be used later in the thesis. Its main drawback is that it is not in Lindblad form and
does not preserve the trace of the system density matrix. This could lead to negative
probabilities when the evolution time is long.

To obtain a Lindblad form master equation for time-dependent Hamiltonian, we further
apply the adiabatic approximation onA (t) and employ the secular approximation. The
nal form is exactly the same as Eq. 2.86, with the understanding that the relevant fre-
quencies and states at each time step are the instantaneous system transition frequencies
and eigenstates.

The adiabatic frame. The AME is most conveniently solved in the adiabatic frame,
which diagonalizes the instantaneous system Hamiltonian since this is the basis in which
decoherence occurs. Therefore, we also write the system Hamiltonian in this frame.

Had(t) = )L(Jy(t)Hs(t)U(t) + x' ~Y(t)U(t) (2.102)
=~ jiihij+ Wy (Djiihjj; (2.103)
i ij

where U(t) is the unitary which diagonalizes the instantaneous HamiltonianyV is often
known as the non-adiabatic transition operator, arising from the time-dependence of the
system Hamiltonian and hence the unitaryU(t). The statesjii;jji are the instantaneous
energy eigenstates of the system.

2.2.3 The polaron transformed master equation

Polaron is a concept used in condensed matter that describes quasi-particles formed due
to interaction between electrons and phonons. The polaron transformed master equation
(PTRE) exploits this concept to study the dynamics of spins coupled to baths of harmonic
oscillators, i.e. the spin-boson problem [79]. In this section, the PTRE is introduced. To
simplify the presentation, the discussion is restricted to the single qubit case, which is
most relevant to the thesis. We note that in the single qubit case, the PTRE gives results
similar to that of taking the non-interacting blip approximation [0, 81]. For a more general
treatment applied to a multi-qubit annealer, the readers are referred to Ref. [82, 83, 78].
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We start by considering the total Hamiltonian of a qubit coupled to a harmonic bath,

H = Hq+ Hg + Hgg (2.104)
Hq = XE x 5 z (2.105)
He =  ~l«Rbg (2.106)

‘X
Hes = - ok (bl + b): (2.107)

k

The bath of harmonic oscillators is in addition characterized by the bath spectral density
1 X
IM)=5 gi (W (2.108)
k

usually taken in the continuous limit. The polaron transform displaces each oscillator
conditioned on the qubit state and diagonalizes the total Hamiltonian except the qubity
term. The unitary is

UPF = exp( 'é ) (2.109)
X
= i EH b (2.110)
Kk kK
The transformed Hamiltonian is
HPF = UPFYHUPF = 5 PF 5 PF .+ PP )4 Hg; (2.111)
=exp( i) : (2.112)

After this transformation, the system-bath coupling is of the order . When is small
enough, we can again apply the Born-Markov and secular approximations. This results in
a master equation that is similar to Eq. 2.86, with a few di erences which we discuss here.
First, besides the Lamb shift term, the unitary part of the evolution gets an additional term
due to the nite expectation value of the bath coupling operator . This is commonly
known as the renormalized tunneling amplitude

Hrenorm = 7 EF; (2113)

where = h i. The factor is always smaller than 1 so that the polaron-dressing always
reduces the tunneling rate. Second, the interaction operator in the polaron frame does not
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cause pure dephasing as it is completely o -diagonal. The resultant master equation is
therefore

ORI ) (2114)
2
fame () s® . ST st (2115)
2
t iz (o) + s(t) %f +; s(t)g (2.116)

where we have dropped the superscript PF on the qubit operators for simplicity. Next,
we need to nd the noise spectrum ( (! ) in the polaron frame, which will be used to
calculate the transition rate and the Lamb shift term using Eq. 2.79, 2.85. Using standard
results for harmonic oscillator bath, the following expressions can be found for the operator
expectation values in the polaron frame,

Z130)
h i=exp 5 ~'2| > coth( ~1=2)d! (2.117)
O H
h (t) éO)i = e QO:; (2.118)
1
Q(t) = d! %fi sin('t ) +coth( ~'=2)[(1 cos(t))]g; (2.119)
0 .

where (t) is the interaction picture polaron frame bath operator, = 1=(kgTg) is the
inverse bath temperature. The last expression can be compared with the correlation func-
tion in the lab frame, given by the Fourier transform of the noise power spectral density

()

1 Z1
C(tyty) = > (1)e "tz tq (2.120)
X * Dh ih iE
= &G bi(t2) + be(tza)  bB(ty) + hty) (2.121)
i;ll Jo ~
= £d! cos( (t, tl))coth(T') isin(l (t t1)) (2.122)

0

where in the second line we use the de nition of the lab frame bath correlation function,
with BY)(t) being the interaction picture harmonic oscillator operators, and in the third
line we use the de nition ofJ(! ), together with the expectation values evaluated assuming

4See for example Eq. 4.3.11 of Ref. [34].
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the bosons are in thermal equilibrium. Comparing Eq. 2.119 and Eq. 2.122, we can nd
that

1 Z t Z 0
0 1
1 Zy Zy Z, _
= 5 dt dt, (1)e " (tz g (2.124)
2 ~Z 0 1 1
1 1 e it 1

Therefore, the correlation function, and hence the noise spectrum in the polaron frame is
indeed related to the lab frame noise spectrum(! ).

The master equation can be further simpli ed if the noise is strong. First, strong noise
leads to a small so that the renormalized tunneling can be ignored. Second, coherence
between the two-qubit computational states is expected to decay fast so that the qubit
density operator commutes with its Hamiltonian. As a result, we only need to consider the
dynamics between the populations in the two-qubit computational states. This is described
by

PL= rRPL*+ RrLPr; (2.126)
P+ Pr=1: (2.127)

Here the left and right states are states in the polaron frame, but from the qubit observable
point of view, they are essentially the same as the bare qubit's left and right state, as the
polaron transformation commutes with the qubit computational basis. The left to right
(right to left) transition rate g (rL) iS given by

221 _
LR( ) = p dtelt h (t) + (O)| (2128)
1
= —ZZ Cdetexp o e 1 (2.129)
= 4~2 . p ! 2 ~2! > y .
re()= w( ) (2.130)

We note that this transition rate can also be obtained by directly applying Fermi's Golden
rule to the coupled qubit and bath, assuming strong noise [35].

The noise environment of ux qubits generally consists of a strong low-frequencyfl
noise and a weaker high-frequency noise, typically with an ohmic spectrum. Following
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Ref. [83], we decompose the noise power spectrum into low and high-frequency components
)= )+ we(): (2.131)

For the low-frequency components, a second-order Taylor expansion in Eq. 2.129 is justi ed,
which leads to transition rates with a Gaussian lineshape,

r— , ,)
( )
Rir() = gy O sz ; (2.132)

The width and peak position are given by integrals of .,

21 d!
W2 = 2 e(h) (2.133)
Z 1
_ d' e (1),
b= P 2o (2.134)

These two quantities, in the context of ux qubits, are commonly known as the macro-
scopic resonant tunneling (MRT) width and the reorganization energy [85]. The MRT
width (reorganization energy) is dependent on the (anti-)symmetric component of the noise

spectrum =[ (!) ( 1)]=2. If the low-frequency noise is in thermal equilibrium, the
uctuation-dissipation theorem relates the symmetric and anti-symmetric component via
()= +()tanh( ~!=2). Given the relevant frequencies satisfy! < k g T, this relates

the MRT width and reorganization energy via , = W2=(2kg Tg).
The high-frequency component of the noise modi es the transition rate to

Z 4
2 e dowe(l)
w()= ;% d dl p) =7 WE =" exp > E; et 1

(2.135)

which is just the low-frequency contribution multiplied by an exponential factor determined
by the high-frequency component. Using the convolution theorem, Eq. 2.135 can be written

as
Z

27 di
w()= 43 Z—GL(: DG (1); (2.136)
' ~2 ) (! :~)2#
G-(1)= iz &P 2vv—2p:~2 . (2.137)
Z, ya
GH()= d & exp 2—_”;—(2 e 1 : (2.138)

1
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In particular the high frequency part GH (! ), under the assumption n=(! )=(~?!) 1,
can be approximated by [33]

we()=2%
12+ e (0)=2F

GH(1) = (2.139)
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2.3 Quantum annealing

Quantum annealing was rst envisioned as a heuristic optimization tool, as the quantum
analog to simulated thermal annealing [19, 20, 86]. In thermal annealing, one starts a
system in a high-temperature state, and by gradually reducing the temperature, hopes
to nd the energy minimum of a complex cost landscape. In quantum annealing, ther-
mal uctuation is replaced by quantum uctuations. As shown in Fig. 2.9(a), quantum
annealing is often expected to outperform thermal annealing, due to the ability to quan-
tum mechanically tunnel out of local minima. A few years after the theory proposal,
experimental implementation of quantum annealing on magnetic materials revealed that
guantum annealing leads to faster convergence towards low energy states than thermal
annealing [87].

The development of quantum annealing is also closely related to the development of
adiabatic quantum computation (AQC) [16]. In contrast to standard gate-based quantum
computation, where evolution is decomposed into a set of unitaries acting on qubits, AQC
encodes the computational process in a continuously changing system Hamiltonian. Such
forms of computation were rst developed in the context of solving optimization prob-
lems [88]. Later on, it has been shown that AQC has the same quadratic speed up on the
oracular Grover search [10], just as gate-based quantum computing, and that in general,
AQC is polynomially equivalent to gate-based quantum computing [17].

Prompted by both experiments in quantum annealing and algorithmic development,
we see a growing interest in developing a programmable quantum system that implements
guantum annealing. The primary objective is to nd a potential guantum advantage in
solving hard, industry-relevant optimization problems, using a programmable quantum
annealer.

The general prescription for quantum annealing is to implement a time-dependent
Hamiltonian of the form

H(s) = A(s)Hq + B(s)Hy; (2.140)

wheres = t=T; is the annealing time divided by the total timeT; . The annealing schedules
A(s) and B(s) go fromA(0)  B(O) initially, to A(1) =0 in the end. In gure 2.9(b), the
annealing schedule as implemented in one of the D-Wave devices is shown. The Hamil-
tonian H, is the target Hamiltonian we are interested in, which usually encodes an op-
timization problem, with its ground state being the solution. It usually only consists of
commuting terms, So its eigenstates are classical states that can be easily read out. The
Hamiltonian Hy does not commute withH, and implements the quantum uctuation. In
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Figure 2.9: (a) An illustration of cost landscape (continuous black curve) for some op-
timization problem. The grey dashed line and red solid line indicate paths for quantum

tunneling and thermal escape from a local minimum to the global minimum. (b) The

annealing schedules as in the D-Wave Advantage system 4.1 [31]. (c)An illustration of the
annealing energy spectra, with the minimum gap between the ground and the rst excited
state, indicated as min .

the standard setting,Hq and H, are respectively given by

Hg = h, | and (2.141)
X 'oooX
Hp = h' )+ Jv oL (2.142)
i j>i

Therefore, ats = 0, assuming A(s)hy kg T, the system is prepared in the ground
state of Hq, which is an equal superposition of all computational states. If the system
is annealed slowly enough, it eventually reaches the ground state tbf, by virtue of the
adiabatic theorem. The form of the annealing Hamiltonian consisting of Eq. 2.141, 2.142
is known as the transverse eld Ising model (TFIM). Although it looks restrictive, H,
can in fact encode NP-hard optimization problems via the quadratic unconstrained binary
optimization (QUBO) formalism, and no e cient classical algorithms are known for this
class of problems.

To give an example of how to map an optimization problem, we can consider the
number partitioning problem. The optimization problem is that given a set ofN real

between the sums of the individual sets is minimized. To solve this problem on a quantum
annealer, each number is associated with a binary variabdg taking the value of either O
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or 1, indicating whethern; it belongs to S; or S,. Then the optimization problem amounts
to minimizing the function

n x #2
f(fsig) = 2(si O05)n; (2.143)
i

Minimization of f (fs;g) is an example of a QUBO problem, meaning the target expres-
sion to be minimized contains at most quadratic terms of the binary variables and the
minimization task has no additional constraint. The QUBO problem can be mapped to
the Ising Hamiltonian by identifying 2(s;  0:5) with the qubit Pauli operator .. For the
number partitioning problem, the corresponding Ising coe cients are

h'=0; JV = nin;: (2.144)
The adiabatic theorem gives a lower bound on how fast quantum annealing could solve

a problem. For the evolution to remain adiabatic, the adiabatic theorem requires that the
total evolution time to satisfy

1 jo(s) j@H (s)] "i(9)ij

— max 1 8i60; 2.145
Tr 201 j'o(s) (9 (2149
where j"ii;"; are the i'th eigenstate and energy. The adiabatic criterion is sometimes

loosely referred to as the inverse gap squared criterion for the evolution time. As shown in
Fig 2.9(c), the gap refers to the minimum energy di erence between the ground and the
rst excited states min = ming['1(s) "o(s)]. This criterion is useful when analyzing the
complexity of problems, but has little practical value since in general it is hard in itself to
know where ., occurs and how large it is.

One of the main advantages of quantum annealing is its low requirement for con-
trol. Compared to gate model devices which require highly tuned pulses per qubit to
carry out the desired unitaries, standard quantum annealing only requires global control
of the transverse eld. This prompts the rapid development in hardware implementation
of quantum annealing, using superconducting qubits [389], Rydberg atoms [20] and trapped
ions [91]. Superconducting ux qubit is a natural platform for quantum annealing, as
the large persistent current allows strong programmable Ising interaction, and annealing
can be performed by a single time-dependent signal that controls thé- ux of all qubits
together. Relying on the rf-SQUID ux qubit, the D-Wave company has commercialized
a few generations of quantum annealers, with the most recent generation containing more
than 5000 qubits [92]. These D-Wave devices have been extensively studied, both in terms
of their fundamental capabilities [30, 32], and also potential applications in a wide range
of real-world problems [93].
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2.3.1 Challenges in quantum annealing

To put the research of this thesis into context, we review in this section the challenges and
possible research directions in the eld of quantum annealing. They are categorized into
ve di erent topics: maintaining adiabaticity, classical simulability, decoherence, analog
error, and connectivity. The rst two points concern more the algorithmic side and the last
three points are concerned primarily with the hardware implementation, though it needs to
be noted that di erent points are interrelated. These are synthesized based on the author's
research exposure, as well as a few recent reviews on quantum annealing [16, 30, 32, 33].

Maintaining adiabaticity and avoiding small gaps. The minimum gap during an-
nealing, and hence the run time required for quantum annealing, is closely related to phase
transitions [94]. It is generally believed that rst-order phase transitions lead to exponen-
tially small minimum gap with system size [95], while second-order phase transitions lead
to polynomially small gap [96], although counterexamples exist [97, 98, 99]. One of the
main research directions in quantum annealing is to nd annealing protocols alternative
to the conventional TFIM forward annealing paradigm, that can circumvent rst order
phase transitions. One strategy that is often explored is inhomogeneous driving, where

the annealing schedule is made di erent for di erent qubits [100, , , ]. Another
strategy is the addition of catalyst Hamiltonian, which is a time-dependent term that is
zero at the beginning and end of a Hamiltonian, but nite in between [104, : ]

These methods have been found to be e ective at avoiding rst order phase transitions
in speci ¢ instances where symmetries of the problem can be exploited. In general, their
usefulness in improving the solution quality of QA remains elusive.

A more recent development around novel annealing protocols is reverse annealing, which
comes in di erent variants [107, ]. In adiabatic reverse annealing, the time-dependent
Hamiltonian becomes,

H(s)=@ 9)[1 (S Hie +(1 s) (S)Ho+ sHp; (2.146)

where (s=0)=0and (s=1)=1. The initial Hamiltonian Hj,; is usually a simple

diagonal Hamiltonian that sets the desired initial state of the qubits. The idea is that by

exploiting knowledge of the structure of the solution, we can initialize the annealer into
a state close to the nal solution, and the reverse annealing procedure allows an e cient
local search around the initial solution [107]. Another variant of reverse annealing is called
iterative reverse anneal, where the initial and nal diagonal Hamiltonian are the same, and
the initial state is the nal state of the previous round of reverse anneal. Such protocols
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have been implemented in D-Wave devices and enabled e cient simulation of topological
phases of matter [109, ]

A related approach to avoid the slow evolution time due to small gaps is called counter-
diabatic drives [111]. Consider the Schrodinger equation in the adiabatic frame

@Y(Y) . .
at j %G (2.147)

whereU is the unitary that diagonalizes the instantaneous Hamiltoniam (s). In Eq. 2.147,
the rst term on the right-hand side is diagonal and the second term is o -diagonal and
causes non-adiabatic transitions. The idea of counter diabatic driving is then to modify
the original Hamiltonian to Hep = H(S) + A(t), with

_@u)
@t

Then the dynamics generated byHcp becomes equivalent to the dynamics generated by
the adiabatic evolution ofH (t), no matter how fastH (t) changes. The problem with this
method is that A(t) is in general a highly non-local operator and it is not experimen-
tally feasible beyond a small number of qubits. Therefore, recent literature focuses on
approximate implementations of counter diabatic drives with variational parameters [112].
Although it is shown to be e ective in improving ground state delity for small-scale prob-
lems, the e ectiveness of such approximate counter-diabatic driving in large-scale problems
remains to be tested.

i~@ i = U@H@UY() i~U()

A(t) = | u(t): (2.148)

Classical simulability. A common challenge that standard quantum annealing faces is
that very often equilibrium properties of the TFIM can be e ciently simulated using path
integral Quantum Monte Carlo (PI-QMC)technique [113, ]. This is due to the TFIM
being in a class of Hamiltonian called stoquastic Hamiltonian. A Hamiltonian is stoquastic
in a particular basis if there is no positive o -diagonal terms [115]. Although specic
instances of stoquastic Hamiltonians can be constructed where PI-QMC fails to equilibrate
e ciently [116], it is often believed that computation involving only the ground state of
stoquastic Hamiltonian has limited power [32]. This belief to some extent is evidenced by
the fact all known construction of equivalence between adiabatic quantum computing and
gate-model quantum computing requires non-stoquastic interactions [17, ]

One way to enhance quantum annealing is thus to introduce non-stoquastic interac-
tions. Experimentally, non-stoquastic interaction, of the form , ,, has been demonstrated
by coupling ux qubits together both capacitively and inductively [118] (see Fig. 2.10(a,
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Figure 2.10: Two ways to realize non-stoquastic interaction between ux qubits. (a) Two rf-

SQUID ux qubits coupled by a coupler and a capacitor simultaneously. (b) The measured
coupling strength between the two qubits is shown in panel (a), as a function of the
tunable mutual inductanceM 1, mediated by the coupler. Panels (a) and (b) are reproduced
from [118]. (c) The Josephson phase slip qubit circuit, reproduced from Ref. [119].
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b)). However, such implementations are limited in that the non-stoquastic interaction

is only strong when the qubit transverse eld is large. To obtain arbitrary tunability of
the non-stoquastic interaction, a new qubit, named the Josephson-phase-slip qubit was
proposed [119] (see Fig. 2.10(c)). However experimental realization of this qubit has been
challenging, as it requires charge bias tunability, which opens the qubit to large charge uc-
tuations. On the theory side, further understanding of how non-stoquasticity can improve
annealing is also needed. Although it has been shown that adding non-stoquastic catalyst
avoids rst-order phase transition in some cases [120, ], recent results show that generi-
cally having the same interactions, but with the opposite sign and hence being stoquastic,
tend to have larger minimum gap compared to their non-stoquastic counterpart [121].

The other approach to enhance the computational power of current annealers is to go
beyond adiabatic evolution [32]. This is motivated by the fact that Monte Carlo techniques
are restricted to equilibrium properties, and allowing excited state evolution leads to sto-
quastic Hamiltonians becoming universal [122]. Moreover, studies of QAOA, a quantum-
annealing-inspired optimization algorithm that runs on gate-based machines, show that by
combining two diabatic transitions, the ground state can be reached faster than a pure
ground state evolution [123]. This has yet to be realized on a quantum annealer, likely due
to the limited bandwidth and poor coherence of the annealers available.

Decoherence. Any physical realization of quantum annealing su ers from noise and de-
coherence. Early studies of the open system e ect of quantum annealers mainly rely on
the Red eld equation, which is applicable in the weak coupling limit [124, : , ]

In this limit, quantum annealing is protected from dephasing if the system remains close
to the ground state, because decoherence only occurs in the instantaneous energy eigen-
basis in the weak-coupling limit. On the other hand, in the long time limit, the system
tends towards the Gibbs state at some temperaturég due to coupling to the environ-
ment, which in some cases leads to an improvement to the ground state probabilities [126].
This so-called thermally-assisted quantum annealing regime was also tested by inserting
intentional pauses during the anneal, which again could lead to increased ground state
probabilities [128, ]. These examples show how di erently QA and GMQC are a ected
by decoherence. While in GMQC decoherence almost always causes errors in the compu-
tation, QA could sometimes bene t from decoherence. However, so far none of the studies
indicate that thermal relaxation could lead to any scaling advantage.

Later on, it becomes recognized that in the later stage of the anneal, especially around
the minimum gap, the weak-coupling approximation breaks down [130, 82, 83, ]. In
this limit, the energy eigenstate of the system is no longer meaningful, due to polaronic
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dressing by the environment. However, despite the expectation that polaronic dressing
suppresses tunneling, it has been experimentally demonstrated that multi-qubit tunneling
is possible, and leads to an advantage over either simulated thermal annealing or classical
simulation that involves only product states [52, ].

Recently, it has been demonstrated in D-Wave devices that coherent annealing is pos-
sible, if the annealing time is brought down to about 10 ns [132, ], comparable to
the decoherence times of the constituent qubits. This allows the demonstration of a scal-
ing advantage of QA in solving 3D spin glass problems over simulated quantum annealing
and thermal annealing. Further reducing noise and extending the coherent regime of an-
nealing to longer times are necessary for quantum annealers to be competitive in solving
industry-relevant optimization problems.

Beyond improving qubit coherence, large-scale annealing applications will likely require
some error correction schemes to mitigate noise. Unlike gate-model devices, which could
rely on intermediate measurement and classical processing to correct errors during arbitrar-
ily long computation, quantum annealing typically relies on Hamiltonian error suppression
schemes [134], which use energy penalty to suppress thermal transitions out of the ground
state. Such error schemes usually require novel interactions beyond the TFIM, such as two
body XX interactions or four body interactions [134, ]

Analog error.  Quantum annealing is a type of analog computation, as it encodes the
problem to be solved into a set of controls that can be continuously varied. This means that
guantum annealing inevitably su ers from analog errors, such that the problem represented
by the hardware is di erent from the problem that one wants to solve. It has been shown
that for a constant error magnitude, the annealing success probability decreases as fast as
exponentially with system size, for hard optimization problems [136]. The typical solution
to this problem is to use classical repetition code, which essentially increases the energy
scale of the problem relative to the errors by ferromagnetically coupling copies of physical
qubits to a penalty qubit [137, ]. Recently, it has also been shown that by linking anti-
ferromagnetically physical qubits that encode multiple copies of the problem Hamiltonian,
the parameter precision can be e ectively improved by several orders of magnitude [139].

Besides the intrinsic resolution of the controls that limits the accuracy, one important
source of analog error is environment polarization [140]. The idea is that persistent current
in the qubit biases the environment spins, which in turn acts as an external bias to the
qubit. Due to this environment polarization, when the same anneal sequence is repeated
over a short interval, the result of the new run will be biased toward the previous result.
Further mitigating this e ect requires better understanding the response of the environment

44



to external biases at a wide range of timescales, and the nature of ux noise in general.

Connectivity. When mapping real-world problems to the annealing hardware, an em-
bedding procedure is usually needed to allow the physical hardware, with limited connec-
tivity to represent the real problem, which has more complicated connectivity. This is
typically done through a procedure called minor embedding [141, ], where strong fer-
romagnetic interactions are imposed among neighboring physical qubits, so that they are
likely to stay in the same spin states and behave as a single logical spin. In general, to
representN logical qubits with all-to-all connectivity, ( N?2) physical qubits are required
and the physical connectivity graph has to be non-planar [142]. There are two main issues
with minor embedding. First, the chain of physical qubits that encodes the logical qubit
could break in large-scale applications, due to the nite interaction energy available [143].
Often one has to discard results with broken chains or perform a majority vote to deter-
mine the state of the logical qubit. Either of these lowers the probability of obtaining the
optimum result. The second issue is that minor embedding changes the energy landscape
of the logical problem. It has been pointed out that quantum annealing is advantageous
when compared to simulated thermal annealing if the cost landscape involves thin and
tall barriers, since in this case tunneling is more e cient than thermal escape [130]. How-
ever, in the embedded problem, the barriers widen by the number of physical qubits used
to encode the logical qubit, which makes tunneling much harder and simulated thermal
annealing more advantageous.

One way to improve qubit connectivity, while keeping the physical size of the qubits
small, proposed in Ref. [144, ] is the paramagnetic coupler tree concepts. As shown
in Fig. 2.11(b), the qubits are coupled to a network of couplers along the circumference,
and the couplers essentially act as paramagnets that propagate qubit magnetization and
hence mediate coupling between qubits. A prototype device exploring this idea, involving
two qubits coupled by a chain of couplers is presented in Chapter. 4 of this thesis. An
alternative approach to improve connectivity is the so-called LHZ scheme [145], nhamed
after the authors (see Fig. 2.11). The idea is to embed thé(N  1)=2 interaction terms
into the local elds of the same number of qubits. The redundant physical states, which
do not have a corresponding logical state, can be suppressed by 4-body interaction terms.
This embedding scheme does not allow local elds on the logical qubits, but is likely to
have the same computational power, since many NP-complete problems, such as number
partitioning, can be mapped with zero local eld terms. Experimentally the main challenge
is to engineer 4-body interaction, for which there have been proposals and preliminary
experiments based on Kerr non-linear oscillators [147] and ux qubits [148, ].

Finally, 1 would like to conclude the above discussions with a list of directions, with
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Figure 2.11: lllustrations of di erent schemes to improve annealer connectivity. (a) Minor
embedding. The three sub-panels show a progression of constructibg graph fromK,
graph using minor embedding, wher&,, stands for all-to-all connected graph withn
vertices. This construction keeps the length of the edges bounded, hence amenable to
physical implementation. Reproduced from Ref. [142]. (b) Coupler tree. The qubits
(yellow solid circles) are coupled via a network of couplers (black dots). Reproduced from
Ref. [144] (c) The LHZ scheme. In this scheme, each physical qubit (circles) state represents
the parity of two coupled logical qubit, and the physical four-body ZZZ interaction (dots)
constrains the physical system into the logical subspace. The readout is only needed on a
subset of physical qubits to decode the logical states. Reproduced from Ref. [145].
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a focus on experimental ones on how to improve quantum annealing as an optimization
algorithm:

1. Improving qubit coherence and understanding of noise. These are necessary in ex-

tending the coherent regime of QA to longer times and will very likely improve the
multi-qubit tunneling rate.

2. Improve control capabilities. These are relevant for implementing the various anneal-
ing protocols proposed to avoid exponentially small gaps.

3. Developing novel interactions. These are relevant both as a tool towards reaching
universality and classical intractability, as well as realizing error suppression.

4. Improving qubit connectivity. These are relevant for reducing the embedding over-
head of solving real-world problems.

Relative to this list, this thesis makes progress on points 1, 2, and 4. In particular,
Chapter 3 deals with ux crosstalk, which paves the way towards annealing with arbitrary
schedules. Chapter 4 demonstrates an architecture for long-range interaction between ux
qubits, which when extended to a network could enable high connectivity. Chapters 5
and 6 provide detailed characterization and modeling of noise on a single ux qubit and
o ers insights into the e ect of noise on an annealer.
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Chapter 3

Crosstalk calibration

Flux control is an important engineering resource for superconducting-qubit-based quan-
tum computers. In gate-model quantum computing implementations, ux tunability is
used to realize high- delity gates [150, , ], tunable cou-
plers [53, 54, , , , 1, av0|d|ng frequency crowdlng[ ] and two-level-system
defects [163], For guantum annealers, ux-based control is essential [164] and independent
dynamic ux control has been identi ed as an important resource for quantum enhance-
ment [165, , , , , : ]

Flux crosstalk in superconducting circuits arises due to the physical proximity between
circuit elements and control lines, as well as reasons associated with the electromagnetic
environment hosting the circuits, such as ground loops. For most large-scale supercon-
ducting circuits today, which are based on transmons, solving the calibration problem is
often helped by the fact that transmons interact via the charge degree of freedom and the
interaction strength is weak [170, , , ]. Commercial quantum annealers rely on
local magnetic memory elements to feed static ux to qubits and couplers, with crosstalk
reduced using suitable integrated superconducting circuit design. Dynamic crosstalk is
reduced because a single, global bias control acts all qubits to execute the annealing pro-
cess. [164, ]

The annealers developed in this thesis have individual controls for each qubit and cou-
pler loop, allowing the exploration of novel annealing protocols. In this setting, calibration
is challenging because of the strong ux interaction between circuit elements, which makes
it hard to directly measure the coupling between bias lines and ux loops. In an alternative
quantum annealer implementation using uxmon qubits [65], the authors outlined a proce-
dure for measuring crosstalk between two coupled uxmons, based on tting to analytical
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circuit models. However, it is unclear whether the method could be easily extended to
other systems, where it is hard to obtain an accurate analytical model.

In this chapter, we propose and implement two di erent methods to address this chal-
lenge. Both methods are circuit-model-independent and rely only on the symmetries of
superconducting circuits. Hence, both of them can be readily applied to superconducting
circuits used outside the context of this thesis, such as those used for GMQC.

In the rst method, we rely on an iterative process to gradually improve calibration
accuracy and minimize systematic errors due to inductive coupling between loops. This
method is automated and implemented on two quantum annealing devices, containing 9 and
27 superconducting control loops respectively. We also introduce a method to characterize
the error through a di erent set of measurements, which we executed on the smaller device.
The error was measured to be lower than:07% for all crosstalk coe cients.

In the second method, crosstalk calibration oN ux channels is treated asN inde-
pendent optimization problems, with the objective functions being the periodicity of a
measured signal depending on the compensation parameters. The periodicity analysis is
automated, allowing a closed-loop optimization to be performed. This method is imple-
mented on a small-scale quantum annealing circuit with three loops, achieving comparable
accuracy with the rst method. We also show that the objective function usually has a
nearly convex landscape, allowing e cient optimization.

The rest of this chapter is organized as follows. In Sec. 3.1, we begin with a formal
description of the problem of ux crosstalk and the symmetries involved, which applies
to both methods and arbitrary superconducting circuits with individual ux control. In
Sec. 3.2 we give a brief account of the simple translation based method for crosstalk cal-
ibration, and why it is not suitable for strongly coupled circuits, such as the annealers.
In Sec. 3.3 and 3.4 we introduce the device and the general methodology for the iterative
method. The device is introduced rst because the calibration method used in each itera-
tion has some particularities to the device, though the general idea of exploiting symmetry
and iteration is applicable to devices beyond those measured here. In Sec. 3.5 we discuss the
experimental results of implementing the iterative method. Next in Sec. 3.6 we introduce
the second method, later referred to as the periodicity optimization method. In Sec. 3.7 we
discuss the experimental results for the periodicity optimization method. This is followed
by conclusions for this chapter in Sec. 3.8. Additional details about circuit modeling and
further experimental results for the two methods are given in Sec. 3.9 and 3.10.
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3.1 The crosstalk problem and the symmetries

The properties of superconducting circuits depend on the external ux biases of the su-
perconducting loops. For a superconducting circuit witiN ux bias loops, the external
uxes are usually controlled byN bias lines, which are mutually coupled to the ux loops.
We denote the external ux bias in loopi, reduced by the ux quantum , asf;, and the
corresponding bias line current as;. The uxes ff;gin all loops and currentsfl;g on all
bias lines can be written as vector§ and | respectively, and they are in general related by
a linear transformation

f=Ml +fo (3.1)

whereM isthe N N mutual matrix describing the coupling between bias lines and ux
loops, andfy is the vector of ux o sets arising from spurious sources. Often, and in
particular in the context of our experiment, bias currents are controlled by voltage sources.
For a more direct representation of the experiment, we will refer to the relation between
uxes and voltages, written as

f=CV + fg (3.2)

whereV is the vector of voltages with each element controlling the corresponding element
inl, and C = MR ! with R a diagonal matrix consisting of the resistances between the
voltage sources and the bias lines. From here onward we will work with voltage controls
and the crosstalk matrixC.

Measurements on the superconducting qubits can be considered as a function mapping
the ux biases to the signalR,, wherel denotes a particular readout channel. Note that the
number of readout channels is not restricted to the number of physical signal processing
units; rather each channel corresponds to reading out the signal of an experiment, with a
particular set of experimental parameters. The experiment could consist of one quadrature
of a transmission measurement at a particular frequency or more complex experiments
involving microwave excitations of the system.

Fundamentally there are two symmetries that one could exploit for calibration. First
superconducting circuits respond periodically to external bias uxes, with the period of
one ux quantum [175, ]. Second, the device possesses mirror symmetry with respect
to the plane of the chip, meaning the response of the superconducting circuits should not
change upon changing the sign of all external ux biases. We denote the readout data
asR, which is a vector with the dimension of the number of readout channels. Then the
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periodicity and mirror symmetry condition can be formally stated as
R(ffyg) = R(ffx+ myg) = R(f fg);8k=1;2:::;N (3.3)

wheremy is an integer.

3.2 Simple translation-based approach to ux crosstalk
calibration

Most previously developed approaches to ux crosstalk calibration assume that one can
identify a particular readout channell that depends on the external ux in a single loog,
Ri(ffxg) R(fi). This allows estimating the coupling coe cient from bias linej to loopi,

Cj , by measuring the translation ofR, as a function ofV;. For this reason, we denote such
calibration methods as the translation-based approach. When a simple model ®j(f;)
exists, the method becomes particularly e ective as one only requires measurements at a
few voltage bias values to extract the coupling parameters, and the model can be tted to
the data to obtain the coupling C; . This is the case for many calibration methods used
in tunable transmons, with the readout channel being the frequency of the transmon or
its readout resonator [170, ], or the Ramsey phase shift [171, , ]. However, this
method would only work if the circuit elements interact weakly, and each superconducting
loop can be su ciently decoupled from the other loops. We also note that the work
presented in Ref. [177] uses an optimization-based crosstalk calibration approach, however,
this too relies on simplifying the full superconducting circuit to an e ective description in
terms of weakly coupled harmonic oscillators.

3.3 The iterative method: device

We experimentally demonstrate the iterative method on two devices consisting of tunable
ux qubits, tunable couplers, and ux detectors. These devices are designed to explore
high-coherence quantum annealing, based on coupled capacitively-shunted ux qubits (CS-
FQs) [161, ]. A circuit schematic of the rst device (device A) is shown in Fig. 3.1(a).
It contains two CSFQs and a coupler. Each qubit is formed of a main loop and a secondary
loop, namedz-loop and x-loop respectively, in line with their functionality to control the
corresponding Pauli terms in the persistent current basis. The coupler has a similar con-
guration, with a main inductive loop and a secondary split Josephson junction loop. In
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analogy to the qubit, these loops are named-loop and x-loop respectively as well. The
z-loop of the coupler is inductively coupled to the qubitsz-loop, thus acting as a tunable
coupler [55, ]. A set of bias lines is used, with each line designed to couple primarily to
a corresponding loop.

Flux readout devices are coupled to each of the qubits and the coupler. Readout of the
persistent current of the qubits is required for standard annealing experiments [62, I
The additional ux readout of the coupler was added here to aid with the calibration
of the operation point of the coupler. Each readout device is formed of a tunable rf-
SQUID terminating a coplanar waveguide resonator (see Fig. 3.1(a)), with the rf-SQUID
loop coupled to the corresponding-loop of each qubit or the coupler. The resonators
are coupled to a common transmission line. They can be probed by sending a microwave
signal at probe frequency! , through the transmission line and measuring the complex
transmission coe cient S;;. In the semi-classical picture, the persistent current in the
qubit or coupler z-loop generates uxes threading the resonator rf-SQUID, which changes
its e ective inductance, leading to a change in the resonator's resonance frequency. For a
weak enough probing signal, the magnitude of the transmissig@8,,j has a minimum when
I, coincides with the resonator's resonance frequency.

Device B consists of two CSFQs coupled by a chain of seven tunable rf-SQUID couplers.
Each coupler has itsz-loop coupled to its neighboring couplers or qubits. The seven cou-
plers act as a coupler chain that mediates ux signals between the end qubits. Fig. 3.1(b)
shows a cartoon representation of this device. It has the potential to realize long-range
coupling without trading it o with coherence(see Chapter 4).

The devices are fabricated at MIT Lincoln Laboratory, based on the fabrication process
outlined in Ref. [180], combining a high coherence chip hosting qubits, an interposer chip,
and a multi-layer chip for control and readout wiring. In the work presented here, the
devices were realized using only the qubit and interposer chips (see Fig. 3.1 (c,d)), as a
preliminary step towards high-density annealing circuits including the full three-tier process
described in Refs. [180, ].

Each device is placed in a sample holder anchored to the mixing chamber plate of a dilu-
tion refrigerator. All on-chip ux bias lines are connected to arbitrary waveform generators
(AWGS) operating at room temperature through twisted-pair wiring. The connections are
appropriately attenuated at room temperature to generate a ux range of a few ux quanta
(see Appendix B for a complete wiring diagram).

52



Figure 3.1: (a) Circuit schematic of device A. The qubit circuits (left and right, purple)
are tunable CSFQs. The coupler circuit (middle, orange) is a tunable rf-SQUID. Each
qubit and coupler has two control loops and is coupled to a tunable resonator (top, gray).
All resonators are coupled to a joint feedline (top, red). Fluxes in each loop are controlled
via the on-chip bias lines (triangles, blue). The design also includes microwave control by
capacitively coupling microwave lines (circle, green) to the qubit, allowing for spectroscopy
measurement of the device (not used in this work). (b) Diagram representation of devices
A and B. Device A contains two qubits (left and right units, purple), the coupler (insider
cell, orange), and a tunable resonator for each cell (top, gray). Device B contains two
qubits and seven couplers. Device B has the same qubit and coupler circuit schematic and
control capabilities as device A, shown in panel (a). (c, d) Microscope image of the qubit
and interposer chips of device B. The qubit chip (c) hosts the qubit and readout circuitry
and the interposer chip (d) hosts the ux bias lines. The square features (yellow boxes)
correspond to indium bumps used to connect the two chips.
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3.4 The iterative method: methodology

In general terms, the iterative method works as follows. In the rst iteration, it is assumed
that when one bias voltage is changed, it only changes the external ux of the loop being
addressed, while changes in external uxes in other loops do not cause any appreciable
change in the measured quantity. Using the estimates from the rst iteration, subsequent
iterations can improve the accuracy of these estimates.

Devices A and B have a design commonality, in that, qubits and couplers are similar
circuits, each coupled to a ux tunable resonator. It is useful to group each qubit or coupler
with its resonator into a unit cell. This makes it so that each cell has three superconducting
loops; z, x on the qubit or coupler, andr on the resonator rf-SQUID. We useC,., to
represent the ux to voltage ratio between the bias line in cell g and the loop in cell p,
where ; 2fz;x;rgandp;q2 [1, m]. Herem is the total number of unit cells, given by
m = 3(9) for device A(B). The ux osetinloop in cell pis denoted byfq, . Similarly,
fp (Vp ) represents the ux (voltage) on loop (bias line) in cell p. This double index
notation facilitates the analysis of this circuit, where each readout resonator is nominally
coupled to each qubit or coupler. However, the methods discussed below apply to more
general circuits. Note that we continue to sometimes use the single index notatiow (f;,
and C;; ) below. The di erence between the single and the double index notations should
be clear from the context.

Distinguishing between estimated values and the corresponding variables is very im-
portant in particular in the discussion of the iterative procedure below. We use a prime
to denote the estimated value for a speci c quantity. For exampleclg’;q refers to the
estimated value forC,., . With the estimated coupling matrix and the estimated ux
0 sets, we can de ne an estimated ux vectorf®as

0= CW + - (3.4)

In the subsections below, we rst introduce the procedure for one iteration and then
discuss how further iterations are carried out.

3.4.1 CISCIQ

We devise a procedure to obtain estimates of the coupling matrix named CISCIQ (an
acronym for \crosstalk into SQUIDs, crosstalk into qubit”). In general terms, it consists of
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rst measuring the coupling elements between bias lines and the SQUID detectors, which is
subsequently used to keep the resonator SQUID at nearly xed operation points, as needed
in order to maintain a consistent level of sensitivity to changes in the states of qubits and
couplers induced by external biases. This procedure has four stages, discussed below.

Stage 1. Inthe rst stage, the resonator direct bias elemenCy.,, is measured for each
unit p. Ignoring the resonator interaction with other quantum elements (qubits, couplers,
or other resonators), the resonator frequency is periodic with respect to its own bias line
control voltage. By measuring the resonator spectrum as a function of its own bias voltage,
we can extract its periodicity, denoted byP,,, and the voltage coordinate corresponding to
zero ux in the resonator SQUID, denoted byV,,. Based on these quantities, we estimate

1 Y/
0 — . 0 _ pr.
Cpr;pr - P_pr, and fO;pr - P_pr (35)

Stage 2. In the second stage, the crosstalk coe cient€,. for all p;q; are measured.
A similar measurement as in Stage 1 is carried out. All voltages excey{ and V,, are

set to zero. The readout response is measured as a functionVgf for a set of di erent

values ofV, . The added ux in the probed resonator due to crosstalk frony, shifts the

resonator frequency as a function o¥,,. For V, amount of shift per V, , the crosstalk
element is given by

\
C|L(J)r;q = Cgr;pr V—pr: (3.6)
q

Stage 3. After Stage 2, we have control of the uxes in the resonator SQUIDs from all
the bias lines. In Stage 3, the 3 3 sub-matrix formed of the element, ., and the
ux o sets fop,; fopx for each unitp are measured. In the remainder of this stag&/, for
all g6 pand all are setto zero. To simplify notation, the subscript denoting the cell
index is dropped since we are only concerned with intra-unit crosstalk. With this simpli ed
notation we write

0O 1 0 10 1 O 1
f z Cz;z c:z;x c:z;r Vz f 0;z

@,A=@C,, C. C,AQ@VA+ @y A: (3.7)
f r Cr;z Cr;x Cr;r Vr f o;r
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This stage consists of two measurements. measurement (a) we measure the uxes
in the qubit or coupler, f, and fy by measuring the coupled resonator's transmission at a
xed frequency, while sweeping and z bias voltages\V; V,. During the measurement, the
resonator ux bias needs to be xed, leading to a constraint on the resonator bias voltage,

X
fP=  Cc?V +fg =0; (3.8)

r

wheref 0 is the approximate resonator ux from external sources, given by the estimates
from Stages 1 and 2. Note that the errors in the estimates of Stages 1 and 2 lead to
uncompensated crosstalk into the resonator, which can a ect the measured transmission,
in addition to the changes in transmission due to the changes fn and f. To avoid this
complication, we choose to xf °to zero, which makes the resonator rst order insensitive to
the residual uncompensated crosstalk, allowing us to associate the change in transmission
solely with changes inf, and f,. While setting the resonator ux bias away from zero
can increase the overall interaction strength between the resonator and qubit or coupler,
potentially leading to more sensitive measurement, we empirically nd the bene ts of
avoiding complication due to uncompensated crosstalk outweighs the cost of slightly weaker
sensitivity.

SinceV, is constrained to satisfy the requirements oh?, the 3-dimensional voltage and
ux space are reduced to an e ective 2-dimensional relation, such that

fZ - Cgz;z Cze;x VZ + f(?;z

f, - CS, ochL Ve T fg, (3-9)

Speci cally, the e ective matrix and o sets are related to the actual matrix elements and
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0 sets via

C2 C,.
Crz = Czz réo =, (3.10)
rr
cl.C
Cix = Cax réo =, (3.11)
rr
C?, Cy.
Ci,=Cu —o (3.12)
rnr
c’.C
CE = Cux CO L (3.13)
nr
C,.
for = foz + Cio'r(fr0 for) and (3.14)
nr
e — Cur s0 0.
fox = fox * C—o(fr for): (3.15)
rr

Measurement (a) can be shown to have point re ection symmetry about every half-
integer ux point due to both symmetries about the chip plane and periodicity in external
uxes (see Sec. 3.9.1). These points form a lattice and allow us to nd the a ne transfor-
mation de ned by the e ective matrix C® and the e ective ux o sets fg,;fg,. However,
as implied by Egs. (3.10)-(3.15), knowing the e ective matrix and o sets is insu cient to
determine the complete set of coupling coe cients for this unit. Hence another measure-
ment is needed.

Stage 3measurement (b)repeats measurement (a) but setting f°= 1. Since the
resonator ux is changed by 1 ,, due to the ux periodicity, the resonator response
remains the same, up to some translation in th&/4;V, coordinates. Such translations
could be understood in terms of the change in e ective ux o sets of the(x) loop, fg,
due to crosstalk from the resonator bias line. From Egs. (3.14) and (3.15), we can write
the change in e ective ux oset f ¢, ,, due to change in resonator uxf P as,

e — CZ(X)§f

0.

Measurement of the o set shift f gz(x) is used to determineCZ(x);r:Cr?r , Which in combi-
nation with Egs. (3.10)-(3.15) enables identifying all the coupling elements and ux o sets
in a unit cell.

To extract the o set shifts f §, and f g, , an e ective procedure is to rely on the shifts of
the measured two-dimensional datasets quanti ed along thé, and V, coordinates. These
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shifts are denoted byV, and V, respectively and are related to the e ective o set shifts
via

(C2.)° (CZ)° Vz

fg;z = ZX
fee — (C&)° (C&)° Vi (3.17)
Combining Egs. (3.16) and (3.17) gives
I
o oo (G (CR)° 7
co = Cu (ce)o (ce)P vy (3.18)

Then by inverting Egs. (3.10)-(3.15), the actual 2-dimensional qubit or coupler coupling
and o sets can be written in terms of the e ective matrix elements and o sets,

0 co 10 1 0 1
0 0 Ce,)0 (C&,)°0 =
gé;z g%);x _ @( z,z)O ( z,x)0 ggr A@o 1 A; (3.19)
Xz XX (Ciz)” (CR) cs, Cp, C
C2,
£O, = (f&,)°+ co for , and (3.20)
rr
0 e \0 Cgif 0
fO, = (£&,)0+ ot for: (3.21)
rr

To summarize Stage 3measurement (a)allows us to estimate the e ective 2 2 matrix
C® and the e ective ux osets fg,;fg,, and measurement (b)extracts the shifts of the
resonator response as a function &f; V. Together with the results from Stages 1 and 2,
they complete the ux o sets and 3 3 block diagonal matrix in each unit cell.

Stage 4. In the last stage, all the remaining crosstalk elements are measured. This is
done by performing a measurement similar to StagerBeasurement (b)for each cellp, but
this time stepping an out-of-cell bias voltage/, . To X the resonator ux bias during the
measurement, the resonator bias voltage for ced) V,, is constrained so that

0 X 0
£O = C

op Vo + Cog Vg + fo, =0: (3.22)

pr.q O;pr
2f z;x;r g

58



Changes inV; induce shifts of the measured response in thg,; V,x plane. To nd the
relation between the crosstalk elements and the shifts, we consider the change inztend
x uxes in cell p, f, and f , due to changes in the bias voltages/,,; Vpx and Vq .
They are given by

1
\
fe = Come G G @A (3.23)
fPX CPX;DZ CPXZPX pXxq V
q
where we introducedCg,., and C5,., , given by
e 0 C8r§q
Cozq = Cpza  Cpozpr co_ and (3.24)
pr;pr
CO
rq .
Coca = Coxa Coxpr mp— (3.25)

A change V, in the out-of-cell bias voltageq induces shifts V,,; Vpy in the resonator
response. The e ective crosstalk elements can be found by settifg,, = fx = 0 in
Eq. (3.23), yielding

! !

0 Vpz
ce . (Ce_ )O (Ce_ )0 VP
Pz;q = pz;pz pz;px 9 3.26
Cog °  (Co)® (Coup)® i (3:26)
Finally, combining Egs. (3.25) and (3.26) gives
|
Vo
ng;q — (ng;pz)o (ng;px)o ¥_s
C;())x;q (ng;pz)o S-ng;px)o V_ZX
CO Cgr:q
+ @ PP ggnpr A - (3.27)
CO ) prg
pXipr Cgr:pr

3.4.2 Limitations of CISCIQ

The CISCIQ procedure relies on assuming that when a circuit element (a qubit, coupler,
or SQUID) is measured, its properties as a function of an externally applied ux are
negligibly a ected by the interaction with other circuit elements. For example, in Stage

1, it is assumed that the tunable resonator frequency is periodic in its own bias voltage.

59



However, due to crosstalk from the resonator bias line to the coupler loop, the coupler
properties change over the range of the resonator bias swept, which in turn changes the
resonator due to their inductive interaction. In Stage 2, while the couplez bias is swept,

its resonator SQUID ux changes not only because of the nite crosstalk from the bias
line to the SQUID loop but also because of the state of the coupler changing.

To illustrate the expected role of circuit interactions, we use a simple model to calculate
the e ect of the resonator-coupler interaction on the resonator response. The interaction
is modeled via the inductive loading of the rf-SQUID inductance by the coupler e ective
guantum inductance. We consider a single coupler-resonator cell, and assume only coupling
between ther and z bias lines and the resonator and coupler loops. By numerically nding
the coupler circuit's e ective inductance and solving the classical rf-SQUID equation, the
resonator spectrum in terms of the resonator and coupler bias can be calculated (see
Sec. 3.9.2 for additional details). Figure 3.2 shows the resonator spectrum as a function
of its bias voltageV,, for two di erent values of couplerz bias voltageV,. The dominant
feature is the resonator frequency change due to a change in its own bias. However, due
to crosstalk, the coupler ux bias also changes as a function &, which changes its
inductive loading e ect on the resonator and hence the resonator frequency. Therefore the
translational symmetry in V, that is used for calibration in Stages 1 and 2 is broken. We
note here that the inductive loading model does not capture the full interaction between the
resonator and coupler, rather it serves as an example to highlight the increased complexity
of calibration due to strong interactions between circuit elements.

The above analysis can be extended to other stages of CISCIQ, where the coupler's ef-
fective inductance loads the qubit and the coupler ground state current acts as an e ective
bias seen by the qubit. Based on the single qubit and coupler persistent current and their
mutual inductances, such an e ect could produce an error of tens of rg (see Sec. 3.9.3).
While it is possible to develop models to capture the interaction for small systems, develop-
ing an accurate model for a large system is a daunting task. Apart from the qubit-coupler,
qubit-resonator, or coupler-resonator interactions, since the di erent resonators are cou-
pled to a single transmission line for readout, resonance collisions also distort the readout
signal. Larger devices are particularly prone to this problem. Therefore, CISCIQ alone
does not provide a good enough measurement of the coupling matrix and ux o sets.

3.4.3 CISCIQI

To reduce the errors in calibration coe cients found with CISCIQ, which are due to the
systematic e ects discussed in the previous subsection, we propose an iterative approach,
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Figure 3.2: The simulated readout resonator spectrum as a function of its bias volt-
age, using the inductive loading model to describe the interaction between the resonator
and the coupler (see text). The solid (blue) and orange (dashed) lines correspond to
the coupler coupled to the resonator being biased at two di erenV, values, of 0 and

1 Volt respectively. The coupling coe cients and ux o sets used for this model are
C,;=C =1 o=V;G,=0C, =0:1 o=V, for =0;fo, =0:4, which are realistic in our
devices. Translational symmetry is broken due to the coupler resonator interaction.
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abbreviated as CISCIQi. With this procedure, the measured coupling coe cients and ux

o sets from CISCIQ are taken as an initial estimate. Further iterations of CISCIQ are car-
ried out to gradually improve the initial estimates. In each iteration, one controls directly
not the voltages but a set of new coordinates - which are the uxes applied to the loops,
calculated based on the estimated coupling coe cients and o sets. More speci cally, the
rst iteration can be considered as giving the estimates of and fo as C®° and f((,l)0 re-
spectively. In the absence of interactions between individual qubits, coupler, and resonator
circuits, these estimates are accurate, limited only by experimental noise. However, this is
not the case for the reasons explained in the previous section. Nevertheless, the quantities

fO = cDy 4+ DO (3.28)

whereC®%and fél)oare the estimates of the coupling matrix and ux o sets obtained from
iteration 1, are a good approximation for uxes in the loops. Then the ux relation in
Eq. (3.2) can be recast into the form

f=COf® 4 ¢ (3.29)
where we introduced
c@=c cwo * (3.30)
and
(= c c®o M0+ gy (3.31)

The task in iteration 2 is to estimate C@ and f) by sweeping the components of
f and measuring the circuit response. Because the basis vectors in the estimated ux
coordinatef ™, as compared to those in the voltage coordinatés, are closer to the corre-
sponding basis vectors in the real ux coordinate$, the assumptions made in CISCIQ on
periodicity with respect to controls are better justi ed. For example, when repeating Stage
1 during iteration 2, the resonator frequency as a function o‘fé%) has smaller departures
from periodicity than f,SP as a function ofV, in iteration 1. In Stage 2, one measures
the crosstalk from a source bias to a target resonator by stepping the source biases with
integers of ux quanta according to the estimated coupling coe cients. By doing this the
resonator spectrum better obeys translational symmetry over di erent source bias settings,
because the e ect of the interactions with the rest of the circuit is reduced when changes
in applied uxes are close to the circuit periodicity. In Stage 3, the data is expected to
have better point re ection symmetry in the f$;f5 plane as compared tdV,,; Viy. In
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Stage 4, similarly to Stage 2, we choose integer ux quanta steps in the crosstalk source
bias to null out modulations within a period. In all stages, resonance collisions become
less likely in the second iteration, as the resonators' bias points are better controlled, due
to the reduced changes in ux coupled from other elements.

At the n-th iteration, this procedure yields the estimates for the coupling matrixC (M°
and the o set vector fé”)o. Combining the coupling matrix and o sets measured at each
iteration, the estimates aftern iterations for the coupling matrix and the ux o set are

Co= c o:::co (3.32)
and

f0=CcMO cm DO .o cOFMOL £@O 4o f0 DO 4§00 (3.33)

3.4.4 Fast o sets calibration

The coupling matrix is expected to remain constant in the course of an experiment while
the device is kept cold inside a dilution refrigerator. However, the ux o sets change over
time due to ux noise and trapped ux. Therefore a time-e cient method is desired to
recalibrate ux o sets. Here we introduce such a procedure, which relies on the knowledge
of the estimate of the coupling matrix, assumed to remain constant. The method makes
use of similar measurements as in Stages 1 and 3 of CISCIQ. To measure the o set of
the resonator, the corresponding approximate ux coordinatefagr is swept around 0, and

at each ux setting the resonator transmission is measured over a frequency range around
resonance. The signal is expected to be mirror re ection symmetric about a value, denoted
by f 9, which corresponds to the ux in the resonator being equal to zero. Based on this,

pr?

the new estimated ux o set is related to the old estimated ux o set fg,, by

food  fopr  for (3.34)

Similarly, to nd the new o set of the qubit or coupler, the estimated ux coordinates
fgz;fgx are swept while probing resonator transmission close to the peak frequency of the
resonator for unit p. The signal is point re ection symmetric about some point f(gz;fgx :
The new estimated ux o set and the old ones are related analogously to the resonator
o set in EQ. (3.34). If this set of measurements reveals that the o set drifts are large, the

procedure can be iterated to eliminate the apparent o set shifts due to circuit interactions.
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3.4.5 The error of the calibration procedure

There are several sources of errors for the CISCIQi calibration procedure. Firstly, all the
data collected has noise contributions from the microwave ampli ers, and ux drifts occur
while taking the data. Secondly, the tting algorithms applied to identify translational and
point re ection symmetries have estimate errors arising from the nite range and sampling
for the collected data. Last and most signi cantly, systematic errors arise from circuit inter-
actions, which are only partially mitigated even after the application of multiple iterations

in the calibration procedure. To characterize the errors in the crosstalk matrix and ux

o0 sets considering all the sources of errors is therefore a complex task. Conventional error
propagation analysis is not suitable for our method because the output of the analysis, i.e.
the periodicities and translations extracted, depends linearly on the coupling coe cients,
as well as nonlinearly on the interactions between circuit elements. As an example, Stage
3(b) measurement of CISCIQ relies on couplings measured in Stage 1 and 2. The errors in
the resonator bias from Stage 1 and 2 would result in resonator frequencies being di erent
for f9=0; 1 when doing Stage 3 measurements. This causes transmissions at di erent
resonator ux biases not being simply translated versions of each other. The errors in the
extracted translations and crosstalk in Stage 3 thus have a substantially nonlinear depen-
dence on the errors from Stage 1 and 2. Given the above consideration, we propose an
error characterization method that is motivated by the purpose of crosstalk calibration,
which is to gain independent control of each ux bias.

The error characterization relies on a set of measurements performed to determine to
what extent the uxes can be controlled independently. Ideally, when a changef in the
estimated ux fj° is applied to loopj, the ux in other loops should remain una ected.
Any change in ux can be conveniently measured using the abbreviated o set measurement
procedure discussed in Sec. 3.4.4. Foj 2 [1;N];i 6 j, the quantity

i - (3.35)

is a measure of the remaining control crosstalk. To measure this quantity in a way that
Is robust against systematic errors from circuit interactions, one can setf J-O to be integer
ux quanta. This leads to a reduced e ect of circuit interaction, due to their periodic
dependence on applied uxes.
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3.5 The iterative method: experiments

3.5.1 Implementation of the CISCIQ method

In this section we discuss the experimental implementation of the rst iteration in the
CISCIQi iterative procedure. We discuss this iteration in detail, given that the analysis
tools carry over to subsequent iterations. We present measurements for calibration of
device A as examples. Measurements on device B are carried out similarly.

Stage 1

In Stage 1, for each resonator, the transmission is measured versus the probe frequency
and resonator bias voltage. The voltage bias sweep is chosen to cover a few ux quanta,
in order to allow determination of the periodicity. We note that in the rst iteration we
choose bias voltage ranges that are relatively large, to allow determining the period in
the presence of relatively strong, uncompensated spurious ux generated by other circuit
elements.

Figure 3.3(a) shows a color plot of the transmission magnitude versus bias voltage and
probe frequency. At resonance, the magnitude of transmission has a dip relative to the
background. To extract the periodicity and o set, one could extract the resonance frequen-
cies as a function of bias voltage and t it to the resonator model or a simpler periodic
function. However, this method becomes di cult to automate due to the presence of other
features in the transmission arising from other readout resonators and spurious package
resonances. In addition, tting the transmission requires small frequency steps and an an-
alytical transmission model can be hard to obtain when the tunable resonator is driven at
high power. Hence, an image-processing-based method is used instead. The transmission
data can be considered as an image with the rst dimension being the bias voltayg,
the second dimension being the probe frequenty, and the third dimension being the
magnitude of the transmissionS,;j. Before extracting the period of the data, edge detec-
tion techniques are applied to enhance the resonance features (see Sec. 3.10.1). To extract
the period of the resonator bias, recurrence plot analysis is used [182]. Recurrence plots
are a method to visualize symmetries in time series data and are adapted here to identify
periodicities within an image and translations between two di erent images. Given two
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imagesA(iy;iz) and B(j1;]2), the recurrence plot is a new dataseR(i1;j1) de ned as
8 rp
o <1 if o (Ail;iz le;jz)z i2;j2
R(i1;j1) = | i2i2 ; (3.36)
" 0; otherwise

where i, is the Kronecker delta and is a threshold chosen to maximize the contrast
in the recurrence plot (see Sec. 3.10.1). The argumentsAn B, and R are integer-valued
indices. We apply the recurrence plot to the case where both ti#e and B images are the
acquired dataset. The y-intercept of 45-deg lines in the plot corresponds to the amount of
translation needed on one of the images to overlap with the other. We use line detection
via the Hough transform to extract the translations from the recurrence plot. An example
resonator transmission image and its corresponding recurrence plot are shown in Fig. 3.3(a)
and (b).

To extract the ux o set, the re ection symmetry of the data is analyzed. The mea-
sured transmission magnitudgS,;j can be considered as an imag&(i;i,) of dimensions
(mq;my). The correlation coe cients between imageA and its re ection about all bias
indices are calculated. The re ected imag®(iq;i,;j) about a particular bias indexj is
given by

B(i;iz)) = A iasip): (3.37)
The correlation coe cient (j) is given by
P
T AGsi)  AGIBG5izi)  BG)]
=rpe——— (3.38)
[Ali;iz)  AGI? [B(isiz)) B()IP

i1;i2 i1;i2

where the summations range ovayr 2 [Max(1;2] mj);Min(my;2] 1)]andi, 2 [1; my],
and A(j);B(j) are the average values of; B over the same range. The ranges serve to
pick out the overlap region between the original and re ected images. The correlation
coe cient used here is adapted from the Pearson correlation coe cient applied to samples.
It is normalized to lie between [ 1; 1], so images with di erent overlap sizes can be fairly
compared. The peaks in (j) correspond to points of re ection symmetry in the image,
identi ed with half and whole integer ux quanta in the resonator loop. Figure 3.3(c) shows
the result of this calculation. Finally, the integer ux quanta points can be distinguished
from the half-integer ux quanta points by checking whether there is a dip in transmission
within the frequency range swept, at that bias point.
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Figure 3.3: (a) Transmission magnitudgS,,j versus bias voltage/,, and probe frequency
I, for the unit cell ¢ of device A. (b) Recurrence plot of the image in (a) with detected
line (red). The horizontal and vertical axes correspond to pixel indices in the bias voltage
dimension in (a). (c) Re ection symmetry correlation coe cient (j) versus bias voltages
V.. Each local maximum is locally tted to a Lorentzian line shape (orange, green, red,
purple, and blue curves) to obtain sub-pixel accuracy in the o set. (d) Shifts of resonator
responseV, versus crosstalk source bias voltagé4,,. The dots are data points and the
line is the t result.
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Stage 2

In Stage 2, for each resonator, the transmission is measured versus the resonator direct bias
and probe frequency, at a few voltages of each indirect bias line, with all other bias voltages
set to zero. Recurrence plots are used to extract the translations in the two-dimensional
data for each value of the applied indirect bias voltage. The translation versus indirect
voltage is t by a line, whose slope represents the amount of crosstalk. Figure 3.3(d) shows
an example of such a t. While the translations versus crosstalk source voltage follow a
linear dependence to a good approximation, small systematic errors are observed due to
interactions of the resonator with the rest of the circuit.

Stage 3

In Stage 3(a), for each unit cell, the resonator transmission is probed at a xed probe
frequency, with the resonator external ux held constant while sweeping its directly coupled
qubit or couplerx and z biases. Typically, the probe frequency is below the peak frequency
by about half of its linewidth to maximize contrast. The bias ranges are typically swept
over two to four periods in both directions and the step size is of the order of 1% of
the observed periodicity. The resonator ux is kept at zero during the sweep. At this
bias point, the resonator is ux-insensitive to rst order. This choice of the resonator
bias minimizes the frequency change of the resonator due to residual crosstalk when the
z and x biases are swept, thus preventing deterioration of the measurement signal. This
measurement generates an image that has point re ection symmetry about integer and
half-integer ux points (see Sec. 3.9.1). The measured transmission magnitug,j can
be considered as an imagg(iy;i,) of dimensions (ny; m,). To extract the point re ection
symmetry centers, the correlation coe cient between the image and the image inverted
about some point {;],) is calculated. The inverted imageB (i1;i2;j1;]2) IS given by

B(is;izj1sj2)= AQ@j1 11,22 i2): (3.39)
The correlation coe cient (j1;]2) is given by
P [Ali;i2)  AGuilB(isiz)ni2) B2
(iD= Fpleee . (340)
[Alii2)  AGi]? Blisizsini2) B2l

i13i2 i15i2
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Figure 3.4: (a) Resonator transmission magnitudis,,j versusz; x bias voltages for unit cell
gl. The detected inversion symmetry centers are shown by the black dots. (b) Correlation
coe cient (j1;j») for the image in (a). Each local maximum in the image corresponds
to one KAZE feature (highlighted circles). We note that for a range up to about half
the expected periodicity from the edge of the transmission measurement, the correlation
coe cients are not calculated and plotted as white. This is because the correlation becomes
an unreliable measure of symmetry near the edge.

where the summations range ovék ) 2 [Max(1;2j12 Myp));Min(myz); 21 1)), and
A(j1;2), B(j1;]2) are the average values of, B over the same range. Local maxima in
the image (iy;i,) correspond to points with maximum point re ection symmetry. Instead

of simple peak detection, KAZE feature recognition [183] is applied to the image which
detects blobs in the image. Then, by ltering out features that are not close to any local
maximum, the coordinates of the remaining features can then be identi ed with point
re ection symmetry centers. It is empirically found that the KAZE feature detection
outperforms simple local maximum detection, in cases where resonator collision causes the
measured transmission to deviate from the expected symmetry. The feature detection also
allows sub-pixel precision, which removes the need to take time-consuming, high-density
measurements. Fig. 3.4(a) shows the point re ection symmetry centers plotted on the
measured data, ordered by their distances to the origin and Fig. 3.4(b) shows the point
re ection correlation coe cients calculated, with the KAZE features overlaid.

The inversion symmetry centers are coordinates imand x bias voltages corresponding
to half-integer ux quantum in z and x loops. The next task is to identify an a ne trans-
formation that converts these inversion symmetry centers to coordinates in external uxes.
In principle, any three inversion symmetry centers that are not co-linear are su cient to
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Figure 3.5: (a) Coupler resonator transmission measurement versus; Ve, at f2 = 1
(top) and f2 =1 (bottom). (b) Shifts of the coupler 2d scan inz direction, V., versus
resonator biasf 2. (c) Shifts of the coupler 2d scan irz direction versus crosstalk source
Vqz- In both (b) and (c) the dots are data points and the line is the t result.

de ne such a transformation. However, due to various noise sources, it is likely that di er-
ent choices of inversion centers will lead to slightly di erent transformations. To make use
of the full lattice of inversion symmetry centers, the a ne transformation parameters can
be treated as tting parameters. The optimal transformation is found by minimizing the
distance between transformed lattice coordinates and the ideal lattice coordinates [178].

In Stage 3(b), for each unit, the resonator transmission is probed at a xed frequency,
while sweeping the unitx and z bias voltages and maintainingf > = 1. Fig. 3.5(a)
shows the measured data for the coupler unit. Translations between images in both the
and x directions are simultaneously extracted usingcikit-image image registration routine
[184, ]. The translations versus resonator bias values are tted to a line and the slope
can be related to the crosstalk value as discussed in Sec.3.4.1 Stage 3.

Stage 4
In Stage 4, measurements similar to those in Stage 3(b) are performed. For each unit,

the resonator transmission is probed while xing the resonator ux bias and sweeping
the unit's x, z biases, and stepping another crosstalk source bias voltage. The ranges
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for crosstalk source voltage are chosen to cover more than one ux quantum ux bias in
the corresponding loop, to ensure the translations measured are not biased due to the
modulation of circuit interaction within a period. An example of translations extracted
versus crosstalk source bias voltages and the corresponding ts are shown in Fig. 3.5(c).
The slope of the line t is then related to the crosstalk coupling via Eq. (3.27).

3.5.2 Calibration results for devices A and B
CISCIQi

After the application of CISCIQ as discussed above, further iterations are performed by
sweeping the approximate ux coordinates, where uxes are calculated according to the
estimates of the coupling matrix and ux o set obtained in the previous iteration. Three
complete iterations are completed for both devices A and B. The estimated values of
coupling coe cients at the end of each iteration are calculated using Eq. (3.32).

To illustrate how the coupling elements change with iteration, we show in Fig. 3.6 a
subset of the coupling matrix elements for iterations 1-3 for devices A and B. Note that the
coupling elements shown correspond to units at the center of devices A and B, which are
most a ected by systematic crosstalk errors due to interactions with other circuit elements.
We observe that all the coupling elements change, with typically a smaller change between
iterations 2 and 3 than between iterations 1 and 2. To further illustrate the e ectiveness of
the iterations, in Fig. 3.7(a) we show the statistical box plots of coupling coe cients and
ux o sets in M™% fM%for n = 2;3. It is clear from the plot that the coupling matrices
in iterations 2 and 3 are approaching identity, and the ux o sets are approaching zero.

For device A, it is worth noting that the corrections in o -diagonal matrix elements
in iteration 2 are about 10m o= o, and the correction in ux o sets are about 10m .
Assuming 60 pH mutual inductance between circuit elements, which is the typical value, the
required persistent current to generate 10m, ux is 0:34 A. This number is comparable
to the maximum ground state current in the couplerz-loop, which is 045 A. As the
persistent current gets modulated by ux bias, corrections on the order of 10m= |
in iteration 2 are consistent with the level of interactions between circuit elements (see
Sec. 3.9.3 for a more detailed comparison). In iteration 3, the matrix element corrections
are below 2m (= o and the ux o sets corrections are below 2m . Since the ux drifts
measured (see Sec. 3.5.3) are also about 2¢nthis suggests that further iterations would
be limited by random ux jumps and not improve the calibration measurement much
further.
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Figure 3.6: A selection of the coupling coe cients for each iteration for devices A (top)
and B (bottom). From left to right they correspond to iteration 1, 2 and 3. For each
image, the column and row labels correspond to source and target loops, respectively.
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Figure 3.7: For device A (left), and B (right) respectively, the statistical box plots of
the diagonal (top), o -diagonal (middle) coupling coe cients in C(9 and the ux o sets
(bottom) in fc(,”)o, for iteration 2 and 3. The orange bar is the median, the black box
corresponds to the lower and upper quartiles, the segments contain the 5 to 95 percentile
of the data and the dots are outliers. For device B, the coupling coe cients and o sets
corresponding to thec2 unit are excluded in the plots due to device failure (see text).
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When compared to device A, device B has three times as many control loops. In addi-
tion, device B has overall stronger circuit interactions, because the couplers are designed
to have about three times as large a persistent current and ux sensitivity compared to
the qubit (see Sec. 3.9.3). This is compounded by the fact that more resonators are on
the same feedline in device B, leading to increased errors in resonator readout. Besides,
device B also su ered from a partial device failure: the resonator SQUID in cedP could
not be tuned. This cell, including the resonator and the coupler, remained uncalibrated
during the CISCIQi procedure (additional techniques were used to calibrate this unit for
other experiments, which we do not discuss in this work).

Therefore, it is expected that iteration 1 of CISCIQ for device B gives less accurate
estimates of the actual coupling coe cients and ux o sets. This is made apparent by
simply examining the measured data. As shown in Fig. 3.8(a, b), the Stage 1 measurement
for the resonator in unit ¢5 and Stage 3(a) measurement for unitl are far from the
expected periodic behavior. Fig. 3.8 (¢) and (d) show the same scan taken during iteration
2. The periodic behavior is restored.

3.5.3 Flux o set drift

As noted earlier, the ux o sets drift even when the device is kept cold. It is important
to understand the magnitude and timescale over which the ux drifts occur. To perform
annealing experiments on the device, the ux o sets need to be stable over a duration that
is much longer than any annealing experiment itself.

To check the ux o set stability for device B, after the initial CISCIQi calibration,
the ux o sets are recalibrated twice using the method described in Sec. 3.4.4. Figure 3.9
shows the change in ux o sets relative to the initial calibration. After two days, the root
mean square (RMS) change in ux o sets for dierent loops is Bm . After 17 days,
one of the resonator SQUID uxes changed by 20m . The others have an RMS change
of 20m (. Similar shifts were observed in device A. This suggests that the device can
remain well-calibrated for a few days. Over a longer period of time, the ux drifts can be
large. Such uctuations could have various sources, which should be investigated in future
work.

3.5.4 Characterization of the errors of the calibration protocol

The error measurement discussed in Sec. 3.4.5 is applied to device A. The measured errors
are displayed in Fig. 3.10. The RMS of the errors iss®m o= ¢ and the maximum error
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Figure 3.8: (a, b) Resonator transmission measurement versus probe frequency and res-
onator bias voltage for unitc5 in iteration 1(a) and 2 (b). (c, d) Resonator transmission
measurement sweeping; X biases for unitcl in iterations 1(c) and 2(d). Clearly, the iter-
ation 2 measurement has much better symmetry as compared to iteration 1.
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Figure 3.9: The changes in ux o sets for thez (blue, circle), x (orange, square) and
(green, triangle) loops for each unit. Panel (a) is the change in ux o set after 2 days
and panel (b) is after 17 days. The errors are obtained in two steps. First, the errors
of o sets extracted are computed by rst resampling the transmission measurement data
with typical measurement noise. The errors in 0 set changes are obtained by adding
in quadrature the o set errors at di erent times. Only the coupler unit ux o sets are
recalibrated in experiments (except2 which had a non-functioning resonator).
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magnitude is below I7m o= o. This means that when the estimated uxf?is changed
by 1 , for some loopi, while keeping others constant, the actual external ux; diers
from the approximate coordinatefjO by at most .7m . In comparison, if no crosstalk
compensation is applied, the control error can be lower bounded by the ratio of the nal
measured crosstalk coe cientsCi?j to the direct coupling coe cients Cj?j , Which has an
RMS value of 75m o= 4. If only one iteration is performed, the errors can be lower
bounded by the values of the o -diagonal elements in iteration 2 matrixC®? which has
an RMS value of 23m 4= ( and maximum magnitude of 11 m = ,.

The calibration accuracy achieved here is comparable to recent work in Ref. [186],
where a systematic study of crosstalk calibration was done on a system of superconducting
transmon qubits. It is worth mentioning that similar accuracy was achieved in Ref. [186]
using more complex control, involving microwave pulses applied to the qubits. In contrast,
the method we proposed here only uses resonator transmission measurements.

It is also instructive to compare the calibration error with the quasi-static noise due to
low-frequency ux noise intrinsic to the system. Based on ux noise measured in similar
devices [161] and the qubit loop size in our device, the estimated ux noise poyver spectral
density on the qubit z-loop is &,(!) = A?Z:(!:Z ) . with A;, = 14:4 = Hz and

= 0:91. The noise magnitude is obtained by integrating the power spectral density over
a frequency range determined by the experimentally relevant time scales, which is taken
to be!=2 2 [1 Hz 1 GHz]. This gives the uctuation due to ux noise, which is about
281 . In comparison, as the maximum variation of ux in any single loop is%2 ,, the
RMS error due to calibration inaccuracy is & 1=2 =0:25m o, which is comparable to
the intrinsic ux noise.

3.5.5 Calibration time

In this subsection we discuss the time taken to complete the calibration protocol. For
device A, the rst iteration takes about 22 hours while each further iteration takes about
8 hours. O sets calibration takes about an hour. For device B, the rst iteration takes
about 80 hours while further iteration takes about 50 hours each. O sets calibration takes
about 2 hours.

We note that the data acquisition time, which takes about two orders of magnitude
more than the data analysis time, is highly speci c to the current setup. Firstly, improving
the signal-to-noise ratio could reduce the signal integration time required. This could be
done by optimizing the readout frequency and power. Secondly, there is overhead in the
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Figure 3.10: The measured crosstalk error coe cients;; for each pair of sources (column)
and targets (row).
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Table 3.1: Comparison of simulated and measured (in brackets) values of mutual induc-
tances between bias lines and loops.

Z bias line X bias line r bias line
Qubit Loop z°1 1.6( 1.9) pH 0:65( 1:3) pH 0:21( 0:2) pH
Qubit Loop x | 0:0098( 0:065) pH 1:4(2:5) pH 0:0003( 0:0068) pH
Resonator Loop| 0:25(0:31) pH 0:021( 0:028) pH 1:4( 1.7) pH

software controlling the AWGs. Optimizing the software stack can lead to signi cant mea-
surement speedup, especially when the number of AWG channels becomes large. Beyond
this, improving the measurement protocol by incorporating multiplexed readout could also
reduce the measurement time.

3.5.6 Comparison with targeted mutual inductances

The calibration measurement also provides valuable feedback to circuit design. One impor-
tant aspect of the design process is to be able to predict the mutual inductances between
bias lines and control loops. The measured coupling coe cients can be converted into
mutual inductances using the measured resistances along the bias lines in the fridge. This
is compared to the mutual inductances extracted by simulating the device with an elec-
tromagnetic solver. As the computational resources required for such a simulation scale
poorly with the size of the chip, we chose to simulate a single ux cell consisting of a single
CSFQ coupled to a resonator SQUID, and their corresponding bias lines in the full two-tier
environment (see Sec. 3.9.4).

Table 3.1 shows a comparison of the simulated mutual inductances and the measured
mutuals on qubit 1 of device A. There is reasonable agreement between the simulated
and measured values. Discrepancies could arise due to more complex return current paths
through the ground plane, which are not accounted for when simulating only a restricted
area of the chip. Given that all the bias lines are connected to the ground plane in the
interposer chip, which is facing the qubit, it is not unexpected that the return current
e ect becomes important. This could be partially mitigated if the connection between bias
line and ground is made further away from the control loops. However, this is ultimately
limited by the density of control lines and loops in the circuit. In future designs using the
three-tier architecture, there will be more exibility in designing the ground current return
path. We expect such an architecture to give better agreement between designs and actual
devices.
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3.6 Periodicity optimization: methodology

In this section, we introduce the periodicity optimization approach to crosstalk calibration.
We will rst discuss the framework used to treat the calibration task as an optimization
problem. Then we will discuss the measurement and analysis required to quantify period-

iCity.

3.6.1 Crosstalk calibration as an optimization problem

The task of crosstalk calibration is to obtain estimates of the coupling matribxC and
independent control of the external ux biases. This is equivalent to nding\ independent
control coordinates, such that the circuit responds periodically to changes in each of them.
To do this, we break the calibration task intoN independent optimization problems, as
described below.

We start by introducing initial estimates of the crosstalk and ux o sets, given by
C"t and f{™ . Introducing them makes it convenient to discuss the optimization with or
without prior knowledge on the same footing. When no prior knowledge is available, the
initial estimates are identity and zeros for the crosstalk matrix and ux o sets respectively.
The initial estimates allow us to de ne the initial control coordinatesf™,

fiﬂit — Cinitv + f(i)nit: (341)

The initial control coordinates f"t are related to the actual uxesf via the residual
crosstalk and ux o sets,

f = Cresfim + £ (3.42)
whereC™s = C(CMt) 1,fles=f, Cresfin,
To calibrate the ith control coordinate, we de ne a trial control ux variable f°,
fo= (1 09C™v + f"; (3.43)
where the compensation matrix0° has elementOf, with

0; ifk6iorj=Kk;
ojO = N _ (3.44)
ik, otherwise

1Due to the speci ¢ convention used,z-loop does not refer to a physical loop in the device, therefore
z%loop is used instead (see Appendix D).
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There areN 1 non-zero elements in the matrixO% denoted asf ii9. These are the
compensation parameters to be optimized when calibrating thigh control coordinate.
The objective of the optimization problem is to maximize the periodicity of the measured
signal when varying theith coordinate of the trial ux, f° This can be done by performing
measurements varying % and quantifying the periodicity using the metric discussed in
Sec. 3.6.2. A schematic for one iteration of the optimization step is shown in Fig. 3.11(a).

The maximum periodicity of the signal is achieved when compensation parameters
satisfy specic relations relative to the residual crosstalkC'™s. To see this, consider
the relation between the trial control uxes and the actual uxes, which follows from
Eq. (3.41, 3.42, 3.43),

f=Crs(l + 09+ £, (3.45)

wherefd= f, C™S(1+ Q9f . It can be seen that when the following condition is satis ed

_ee) i
ji - [(Cres) l]ii l 8] 6 I) (346)
one has
— fiO X resg 0 0
fi = [(C™s) 1]; + Ci fJ’ + fo (3.47)
X j6i
flei = Cﬁesfjo"' f&; (3.48)

i6i

wheref;;f%fg, and C{** are elements of ;% fJ and C' respectively. The relations be-
tween the actual uxesf and trial control uxes f°given by Egs. (3.47, 3.48) indicate that
when theith control ux f2is being varied, only theith actual ux f; changes. In other
words, the residual crosstalk from theth control coordinate to other coordinated 6 i is
completely canceled out by setting the compensation parametdrs;; g satisfying Eq. 3.46.
Since the circuit response is periodic to each uk; with period 1, the circuit also responds
periodically with respect tof °, with period [(C™S) 1];. Hence, optimizing the periodicity
for the ith coordinate gives the optimized compensation parameters approximately satis-
fying Eq. 3.46, and they are denoted asﬁ. After completing the optimization for all N
control coordinates, we obtairN (N 1) optimized compensation parameters, and another
N parameters corresponding to the periods of thd control coordinates. Using Eq. 3.46,
estimates for residual crosstalk matrix can be obtained, which we denote @&
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Figure 3.11: (a)Schematic representation of the optimization step. For each loopthe
optimization parameters are elements of a trial compensation matri®° which de nes the
trial ux coordinates f° Then the measurement is done by sweepirig and the periodic-

ity of the measurement signal is determined. If the periodicity is high, the compensation
parameters give good estimates of the ratio between the crosstalk matrix elements, oth-
erwise, the compensation parameters are updated and the optimization is repeated until
the periodicity is high. (b) Schematic of the subcircuit of the device measured, with the
tunable ux qubit on the left (purple), the quantum ux parametron (QFP) in the middle
(yellow), and the tunable resonator on the right (grey). In addition, the qubit and the
QFP are each coupled to a xed-frequency resonator (grey). All resonators are coupled to
a joint feedline (red). External ux biases in the loops are controlled via the on-chip bias
lines (blue).
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3.6.2 Quantifying periodicity

The objective function for the optimization is the periodicity of the readout data with
respect tof > To measure the periodicity, the readout data is collected sweeping a large
enough range of °to cover a few periods, while keepingfjosig xed. The readout data
is denoted asR(f?2), wheres = 1;2;:::;m goes over the values of taken during the
sweep andm is the total number of f ° steps. Readout data from di erent channels is rst
normalized, by applying the operation
o _
Ri(fz) 4 pR'(f”S) R'_ - (3.49)
s R|(fi?s) R

whereR, is the average of the readout data from channélover all values off °taken. The
periodicity can be quanti ed by rst computing the correlation of the signal and its own
with a translation of t steps along thef ° coordinates. De ning the translated signal as

Ri(f%) = Ri(fF.); (3.50)
the correlation is b
I;s2S Ri(f i(;)s) ﬁ.l_‘ Ryt (f i(;)s) R_It
is2s Ru(f i?s) R > is2s R (f i?s) Rt ’
S=112:::;m tg; (3.52)

and (3.51)

i(t)zqP

where is the step size of thef ° sweep andt is an integer for the translation considered.
The R; R, refer to averages of the readout data ove® for a particular readout channel

|. From the de nition of correlation, we have the range of 2 [ 1;1], with 1 for perfect

correlation, 1 for perfect anti-correlation, and O for no correlation.

The correlation for a periodic signal is largest when the translation is an integer multiple
of the period. However, since the period of the signal is in general not commensurate with
the step size , we t the following function around the maximum of ;

()= ™+ abs(; ™), (3.53)

where can take non-integer values and™® corresponds to the period of the signal.
The t parameter ™ could be identi ed with the periodicity of the measurement signal.
However, to be more precise, we choose to do another measurement where the sweep range
is shifted from the original measurement by ™ | giving R,(f °+ M ). The correlation

between this signal and the original one is then computed and denoted Rswhich is the
objective function used in the optimization.
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Figure 3.12: Transmission versus probing frequendy, and trial ux coordinate fSsz,
through the xed-frequency (a,d) and tunable (b,e) resonator, at the rst (top) and last
(bottom) step in the optimization. The plots on panels (c, f) show the corresponding
correlation versus translation, with the inset showing the absolute value linear t around
the maxima.

3.7 Periodicity optimization: experiments

We implement the optimization procedure outlined above on subcircuits of a small proto-
type coherent quantum annealer. This device is di erent from the rst two devices used
in the demonstration of the iterative method in this chapter, and is nhamed device C. The
device consists of two coupled tunable capacitively-shunted ux qubits [48], fabricated us-
ing a three-stack process in Lincoln Laboratory [187]. Each qubit is coupled to a quantum
ux parametron (QFP), which is in turn coupled to a ux-tunable resonator for readout.
The QFP acts as an ampli er for the ux signal of the qubit, hence ensuring high- delity
readout in the qubit ux basis, which is critical for quantum annealing applications [62].
In addition, each qubit and QFP is inductively coupled to a xed-frequency resonator to
assist crosstalk calibration. A schematic of one qubit unit cell consisting of the qubit, the
QFP, and the tunable resonator is shown in Fig. 3.11(b). The full two-qubit system, includ-
ing its readout circuits, has been calibrated using the iterative translation-based method.
The result is presented in Sec. 3.10.4 and the crosstalk matrix obtained via this method is
denoted as the reference crosstalk matrix; .
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3.7.1 Optimization of a subcircuit with three ux biases

For a proof-of-principle demonstration of the periodicity optimization approach, we start
with a subcircuit consisting of just the QFP and the tunable resonator. The subcircuit has
strong coupling due to the large persistent current of the QFP and the resonator, which
makes it very time-consuming to calibrate using the translation-based method. The three
ux biases in the subcircuit are denoted as QFPZQFPX and TR. The optimization starts
with the initial crosstalk C™"t = C', This allows setting the qubits and couplers outside
the subcircuit in a ux bias such that they are decoupled from the measured subcircuit.
Using the reference crosstalk also allows systematic investigation of the performance of the
optimization relative to particular initial conditions and bounds on the trial compensation
parameters. We have also demonstrated the optimization starting witic™™ given by a
single iteration of the translation-based method, which is discussed in Sec. 3.10.5.

For the readout channel, we choose to measure transmission through the resonators.
Both the xed-frequency and tunable resonators are measured, each at six di erent readout
frequencies. The readout frequencies are chosen to be around the bare resonator frequencies
and the step size is around their resonance linewidth. The ux bias sweep range is chosen to
cover about two periods and the step size is about 20 rg. The other ux biases not being
swept are set to values that avoid the ux-insensitive bias points of the QFP and tunable
resonator. This is needed to avoid the tunable resonator and the QFP coincidentally being
in ux-insensitive spots, which would make the measurement signal insensitive to crosstalk.
Such settings can be achieved without accurate initial estimates of the crosstalk or ux
0 sets.

As examples for the measurement and analysis at a single step in the optimization, we
show the transmission measurement results at the start and the end of the optimization for
the QFPZ control periodicity in Fig. 3.12(a,b,d,e). It is clear that the measurement signal
is more periodic after the optimization. This is also re ected in the maximum correlations
with respect to translations of the signal, which are shown in Fig. 3.12(c,f).

We use primarily an optimization algorithm based on Bayesian optimization [188],
which is a global optimizer suited for black-box optimization with objective functions
which are expensive to evaluate. The algorithm uses a Gaussian process to approximate
the objective function, which is called the prior. At each step, the optimizer samples the
distribution at a new point in the parameter space, which is probabilistically chosen accord-
ing to the prior to improve upon the existing samples while minimizing the uncertainties
of the prior [189]. The Gaussian process is then updated according to the Bayesian infer-
ence rule, and is used as the prior for the next iteration. The compensation parameters

;i 's are bounded to within [ 0:2;0:2], and the optimization is initialized with evaluations
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at 20 random points in the parameter space. The bounds correspond to typical levels
of crosstalk in large-scale devices [190]. We defer to Sec. 3.7.2 for a discussion of how
the bounds and initial conditions could a ect the optimization. In Fig. 3.13(a), the trial
compensation parameters and the periodicity is plotted versus the optimization step. It
can be seen that the optimum parameters have been found after about 40 iterations. In
Fig. 3.13(b), the landscape of the objective function, predicted by the nal Gaussian pro-
cess model is shown, together with markers for the parameter values sampled during the
optimization. The minimum is at around ( orpz orpx ; TR orpx ) = (0;0), which is the
expected optimum compensation parameter give@™ = C'™  C and henceC™s 1. In

Fig. 3.13(c), we show the di erence between elements ©f*with the identity matrix. The
magnitudes of the elements are all below 310 3, which is about the error of the iterative
method [190]. This shows that the crosstalk matrix obtained by the optimization method

is comparable to the crosstalk matrix obtained by the iterative calibration method. We
also note that the di erences are much smaller than the ux sweep step size, which shows
that the method does not require high-resolution scans to be accurate. As a result of this,
the optimization-based measurements required less data as compared to one iteration of
the translation-based method.

Using the same optimizer setting but starting the optimization with estimated crosstalk
from one iteration of the translation-based method, the estimated crosstalk obtained con-
verged with a similar level of accuracy, as compared to starting the optimization with the
reference crosstalk matrix, obtained from multiple iterations of translation-based method.
The result is presented in Sec. 3.10.5.

3.7.2 Optimization landscape

After demonstrating that the optimizations converge with high accuracy to the expected
compensation parameters, we examine the structure of the optimization problem. First,
we looked at how periodicity changes as the compensation parameters deviate from the
optimized values. We de ne the distance from the optimized compensation parameters as

X
k ik: ( ji 9y2 (354)

ji
j6i

and plot the periodicities measured during the optimization versuk ik in Fig. 3.14. It
can be seen that for all of the loops measured, wh&nik . 0:001, the periodicity function
plateaus at about 099, This suggests given the current set of readout channels, the opti-
mized compensation parameters would allow us to control each bias coordinate to 1g4n
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Figure 3.13: (a) Trial compensation parameters (left axis), qrez grpx (dashed line),
orpz orpx  (solid line) and periodicity P (red dots, right axis) versus optimization step.

(b) A Gaussian process model of periodicity versus the compensation parameters. The

cross markers correspond to parameters sampled by the optimizer and the gray scale of

the markers indicates the sequence at which they are sampled, with darker color markers

being sampled later. (c) Di erence between the estimated residual crosstalk matr{x"®>

and the identity matrix.
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Figure 3.14: 1 minus the periodicityP versus the distance from the trial compensation
parameters to the optimized compensation parameters for the three loops, QFPZ (left),
QFPX (center), TR (right)

accuracy over one ux quantum range. The sharp peak for the QFPX loop is likely due
to hysteresis of the QFP, which can be avoided by choosing a di erent set of independent
ux control coordinates (see Sec. 3.10.7). Whek ;k & 0:1, the periodicity P 0. This
means that the sampled trial compensation parameters are only informative when they
satisfy k jk . 0:1. Hence, the optimization method is likely only e cient when initial
crosstalk is known to within 10% accuracy, relative to the diagonal coupling elements.
Various sources of estimation could provide such accuracies, such as one single iteration
of the translation-based calibration method, measurement on di erent copies of the same
device, or potentially careful electromagnetic simulation of the device.

We further characterize the landscape of the periodicity function by directly measuring
it. Thisis done by rst updating the initial crosstalk matrix with the optimized parameters,
according to

C init! C res;OC init : (355)

and then doing measurement in the updateti™ coordinates. For each loop, the periodicity

IS measured sweeping one trial compensation parameter, while keeping the other at zero.
These measured periodicities are plotted in Fig. 3.15(a). It can be seen that the periodicity
is mostly a smooth function of the compensation parameters with a single maximum. There
are two features outstanding. First, the periodicity relative to the QFPX loop has a rugged
landscape. This is likely due to the QFP becoming hysteric and not responding to ux
bias variations fast enough compared to the experiment time. The hysteresis is caused by
the discontinuous change in the ground state wavefunction of the QFP at the ux bias
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symmetry points. This can be systematically avoided by choosing a di erent set of linearly
independent ux bias coordinates, along which the ground state wavefunction changes
smoothly (see Sec. 3.10.7 for more detailed discussion). Second, the periodicity maxima
for the compensations to TR loop are slightly deviated from zero. The reason for this
still requires further investigation. One possibility could be that the periodicity function,
under the measurement setting used, is sensitive to drifts in ux o sets, which could
occur between the optimization measurement and the landscape measurement. The o sets
therefore need to be kept track of in future implementations of the optimization, otherwise
the accuracy of the crosstalk calibration based on periodicity optimization could be limited.
The periodicity along the TR ux bias is also measured sweeping a two-dimensional grid of
values for the trial compensations orpz:Tr; oFpx :TrR, OVer the range of [ 0:1;0:1]. The
result is plotted in Fig. 3.15(b). It con rms that the periodicity is a smooth function over

the entire range, and has a single maximum at around (0, 0). Such characteristics of the
objective function mean the optimization problem is likely convex in general. This opens
the possibilities of using optimization algorithms that approximate and make use of the
local gradients [191, : ]. We successfully implement one such optimization method,
called simultaneous perturbation stochastic approximation (SPSA) [191] and the result is
discussed in Sec. 3.10.6.

3.7.3 Optimization of a subcircuit with ve ux biases

To understand the feasibility of the periodicity optimization on larger devices, we imple-
ment the procedure incorporating the qubit that is directly coupled to the QFP. The qubit
loops are denoted as QZ and QX. In Fig. 3.16(a) we show the four compensation parame-
ters and the periodicities with respect to the QFPZ loop versus the optimization steps. It
is noted that an increased number of initial evaluations, 50, is required for the optimiza-
tion algorithm to approach the reference compensation parameters. The optimizations for
other loops in the system did not approach the reference compensation parameters with
the same optimizer hyperparameters. One possible explanation for the relative success of
the QFPZ loop periodicity optimization, compared to the other loops, is that the QFPZ
loop is special, both because of its large persistent current and it being directly coupled
to most other loops in the subcircuit (except QX). The e ectiveness of the optimization

in larger circuits can potentially be improved by exploring di erent readout channels and
optimization algorithms, which we didn't pursue in this proof-of-principle work.
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Figure 3.15: (a) Measured (blue dots) periodicity versus deviation of the compensation
parameters from the optimized value for each of the six o -diagonal parameters in the
3 3 matrix, with a quadratic t (red curve) on top. (b) Measured periodicity along the
f 2 bias versus deviation of the compensation parametersyrpz:Tr; orpx:TrR from their

optimized values.
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Figure 3.16: Optimization including the qubit loops. (a) Trial compensation parameters
(left axis) from QZ, QX, QFX, and TR to the QFPZ loop and periodicity P (right axis)
versus optimization steps. (b) 1 minus the periodicity? versus the distance from the trial
compensation parameters to the optimized compensation parameters for the QFPZ loop.
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3.8 Conclusion and discussion

In summary, we proposed and implemented two methods to calibrate ux crosstalk, which
only relies on the symmetry properties of superconducting circuits, without needing a
full model of the device. For the iterative method, the e cacy is clearly validated by
the convergence of the crosstalk and o sets measured in each iteration, as well as the
independent error measurement. The iterations address the errors due to strong inductive
coupling within the circuit. Comparing the calibration results between devices A and B, it

is clear that device B, which has more couplers, requires more iterations to achieve the same
level of convergence. Indeed, when performing the iterative procedure on device C, which
contains elements with a stronger persistent current, the QFP, 7-8 iterations are required
(see Sec. 3.4.1). This highlights the importance of iteration when calibrating devices with
strong inter-element interaction.

For the periodicity optimization method, we successfully demonstrate it on a coupled
QFP-tunable-resonator system, with an accuracy that is comparable to the iterative cal-
ibration method. Although the current implementation of the periodicity optimization is
limited when used to calibrate devices with a larger number of loops, it can already be
utilized as a subroutine for calibrating parts of a larger system. Such a hybrid calibra-
tion strategy is particularly useful for strongly interacting systems such as the quantum
annealing circuits investigated here, where the iterative method alone would require more
data to converge. The landscape measurement shows that the problem is nearly convex
within some bounds on the optimization parameters. This points to exploring other op-
timization algorithms, such as momentum-based optimizations [192, ] to speed up the
convergence, which is crucial for extending the optimization-based calibration to larger
devices. Another attractive future direction could be adaptive measurements, where dif-
ferent experiment parameters can be used to give di erent optimization landscapes. For
example, an optimization landscape with a broad maximum could a ord large tolerance
to the initial guess of the crosstalk matrix, while an optimization landscape with a narrow
maximum could lead to higher accuracy for the optimized results.

When considering applying the calibration methods in this chapter to future large-
scale quantum processors, there are a few things to be noted. First, from the design and
fabrication perspective, future devices are likely to incorporate multi-tier architectures such
as the ones in Ref. [181]. Such architecture allows current signals to be routed away from
the circuit loops before they are grounded. With this advance we expect the crosstalk
to be more spatially localized so that the number of crosstalk elements to be measured
should only scale asN, instead of N2. This, however, would not eliminate the need
for iteration or optimization-based calibration, which addresses the issue of strong inter-
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element interaction. Secondly, from a measurement perspective, we expect further technical
developments to speed up the data acquisition, as discussed in Sec. 3.5.5. In addition to
improving the design and measurement setup, an important future direction is to look
at the frequency dependence of the crosstalk, which could arise due to the frequency
dependence of the transmission through the signal delivery chain from room temperature
to the target loops. As a complete characterization of this frequency-dependent crosstalk
might not be feasible, an optimization-based method designed for a speci c annealing
protocol might be needed.

The crosstalk calibration methods developed in this chapter were applied to devices
developed speci cally for guantum annealing applications. Compared to commercial quan-
tum annealers [164, , 92], we explore an implementation with independent local high-
bandwidth control of qubits and couplers, enabling advanced annealing protocols, and
simpli ed circuits without built-in compensation for variation in fabrication parameters,
leading to increased coherence. While creating new opportunities for quantum anneal-
ing, this design approach leads to the increased complexity of ux crosstalk calibration, a
challenge that can be tackled with the methods we developed here.

3.9 Additional details on device modelling

3.9.1 Symmetries in external uxes in CSFQs and couplers

In Stage 3(a) of CISCIQ, we use the fact that the CSFQs and the couplers exhibit point
re ection symmetries with respect to half-integer ux quanta points in both thex and z°
loops (see Appendix D for the ux bias conventions). This property is derived from two
underlying symmetries in the circuit. First, a single ux cell has mirror symmetry about the
chip plane, so that the resonator frequency should have (f ,o; f«;f,) = 1 ( fo; fx; fr).
Second, superconducting loops have properties periodic iy, so that !, (fo;fy;f;) =
hy(fpo+1;fy+1;f, +1). Combining these two relations we nd that! ,(f,0+ N,=2;f, +
Nx=2f, + N, =2) =1, ( fo+ N,=2, fy+ Ny=2; f,+ N,=2), whereN o) are integers.

In Stage 3 we assumed that each ux cell is isolated from the rest, and the resonator
calibration is exact, so thatf, = 0. The uxes f, andf, are completely speci ed by the
a ne transformation (see Sec. 3.4.1).
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The analysis for Stage 3(a) data relies on the fact that the data has point re ection sym-
metry in the V,;V, coordinates. Hence, we need to show that point re ection symmetries
are preserved under a ne transformation. To show this, consider two sets of poin#s and
B, related by an a ne transformation F, such thatF (B) = A. Itis also known that A has
point re ection symmetry so that R(A) = A. HereR is the point re ection operation with
the property R = R 1. To show that B also possesses some point re ection symmetry, we
need to a) nd some operationR ° which satis es the symmetry conditionRY{B) = B and
b) show that R%is indeed a point re ection operation. To nd R°we write

F(B)= A=R(A)=R F (B); (3.58)
F!RF (B)= B: (3.59)
HenceR® F ! R F satis es the symmetry condition. To show thatR?is indeed a

point re ection operation, we just need to show that it is isometric and involutive. It is
involutive because we can write

F!'RFF 'RF =1; (3.60)

where | is the identify operation and we usedR R = |. It can be shown thatR?is
also isometric because it is composed Bf 1, R and F, which are individually isometric.
Therefore point re ection symmetry holds both in the ux coordinatesf ?; f, as well as the
voltage coordinatesv,; V.

3.9.2 Coupler-resonator inductive loading model

This section describes in detail the inductive loading model between a single coupler and
its coupled tunable resonator used in Sec. 3.4.1. We start by de ning the e ective quantum
inductance of the couplerLg , based on [161],

(3.61)



whereL ¢ is the coupler e ective inductancehl €i is the ground state current in the coupler
z-loop andf ¢, is the z- ux bias for the coupler. The quantity L& is obtained using the full
circuit model of the coupler (see Sec. 4.5.1) and a quantum circuit simulation package [40].

The tunable resonator can be modeled as a waveguide terminated to ground through
the e ective inductance of the rf-SQUID. For a classical rf-SQUID with junction critical
current | . and geometric inductance. g, its e ective inductance is given by

1 1 21 .cos
== 2 2008 (3.62)
LSQUID Lg 0

where' is the phase across the junction. The phase can be found by minimizing the
SQUID classical potential

2 ' 2
0 .
— — f X 3.63
a3 (3.63)

Ut )= Ccost)+

Then the resonance frequency, for the =4 waveguide together with the rf-SQUID is
found by numerically solving the equation

oil I il LS z
exp T = _foSup S0, (3.64)

wherel; c; Zy are the waveguide length, phase velocity, and characteristic impedance re-
spectively.

With inductive loading, the geometric inductance of the SQUID changes via
M& ler;SQUID
Ly Ly —“”"Leé’ ; (3.65)

where M coupler:squip IS the mutual inductance between coupler and rf-SQUID loops. As
the coupler bias changes, its e ective inductance also changes, which then changes the
SQUID e ective inductance and resonator frequency.

3.9.3 Circuit parameters
To give more concrete numbers on the strength of circuit interaction, Tab.3.2 tabulates the

range of persistent currents for the qubits, couplers resonator SQUIDs as well as their geo-
metric mutual inductances in Devices A and B. For comparison, we also present the design
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Table 3.2: Persistent current and mutual inductances between di erent circuit elements

Circuit parameter Value

I p(qubit) within  0:14 A
h Ci(coupler) | within 0:45 A
| ,(SQUID) within -~ 1:2 A

| o(QFP) within 2.0 A
M qubit ;sQUID 29.5(m o= A)
I\/Icoupler;SQUID 28.7(m o= A)
M qubit ;coupler 30.2(m o= A)
M coupler;coupler 31.0(m o= A)
M orp;squip 32.5(m o= A)
MQFP;qubit 32-5(m 0= A)

numbers for the QFP based on Ref. [62]. We note the QFP in device C has slightly di erent
target persistent current and mutual inductance to the qubit, but we do not disclose them
here. For the qubit and couplers, the persistent currents are found by numerically solving
the quantum circuit Hamiltonian. For the resonator, the current is calculated by solving

the classical rf-SQUID equation. A complete list of the circuit parameters is presented in
the next chapter, Sec. 4.5.1.

The maximum possible induced ux from one circuit element to another is 36 m.
This is consistent with the fact that about 10 m o of error is measured on device B when
only one iteration of CISCIQ is applied.

3.9.4 Simulation of mutual inductances using Sonnet

To simulate the mutual inductances, the design drawings are rst imported into Sonnet,

a microwave modeling software for 3D planar circuits. The model includes both the in-
terposer and qubit layer, as well as all the bump bonds and air bridges. Gaps in the
superconducting loop left for Josephson junctions are connected in the simulation. Ports
are assigned to each superconducting loop and bias line. The inductances are extracted by
computing the impedance matrix at 1 GHz. It is also found that there is little dependence
on frequency.
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3.10 Additional experimental results

3.10.1 Recurrence analysis and line detection

This section discusses the various image processing applied during the analysis of Stage 1 of
CISCIQ. In this stage, resonator transmission is measured as a function of probe frequency
and resonator bias. As the background transmission is di erent at di erent frequencies, a
background lIter is applied, which is speci ed by,

S 1(" iV,
Sl o Vi) = —Mz(émp(! p)));

where S9, stand for the Itered results and M stand for taking the complex median over
the V, dimension.

(3.66)

Furthermore, to enhance the resonance dip feature relative to the background, a median
Iter is applied to the image along the frequency axis. The raw measurement data and the
data after applying the background and median lIters are shown in Fig. 3.17(a) and (b).

To obtain the recurrence plot, the rst step is to compute the pair-wise distance between
the columns of the image. This calculation results in Fig. 3.17(c). Then the pair-wise dis-
tance image goes through Sobel horizontal and vertical lters sequentially to enhance the
features that correspond to translational symmetry. This results in Fig. 3.17(d). Finally,
the Itered image is thresholded using Otsu thresholding [194] to give the recurrence plot,
which is Fig. 3.3(d) in the main text. To identify lines and thus translations, the Hough
transform is applied. This then completes our custom implementation of translational sym-
metry detection. Compared to readily available image registration functions, the custom
algorithm allows specifying ranges within which to look for translations, hence avoiding
nding translations that are multiple periods away.

3.10.2 Iterative calibration results on Devices A and B

Figure 3.18 presents coupling matriced (M%and ux o sets fé”)omeasured at each iteration
of CISCIQ for both devices A and B. As can be seen from the iteration 2 and 3 results,
for both devices, the convergence is indicated by the decreased intensity of the colors on
the o -diagonal elements and ux o sets, as well as the diagonal elements approaching 1.
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Figure 3.17: Top row shows the resonator S21 measurement before (left) and after (right)
the image processing routines. The bottom left plot shows the corresponding column pair-
wise distance for the top right image. The recurrence plot (bottom right) for the top right
image is obtained by thresholding the column pair-wise distances image.
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Figure 3.18: Left (right) three panels show for device A (B) the coupling matrices and ux
0 sets measured for iteration 1 (top), 2 (middle) and 3 (bottom)
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Figure 3.19: Measurement-noise-induced error in the coupling matrix for device B. The
induced errors on the measured crosstalk to resonators are much smaller than on the qubits.

3.10.3 Error due to measurement noise

Since the analysis of CISCIQ data relies heavily on identifying symmetries in the measured
S,1 images, one could ask whether the uctuations i1%,; due to measurement noise cause
signi cant errors. For this reason, we characterized the error of the coupling coe cients
solely due to measurement noise. This is done by resampling the measurement data with
added Gaussian noise on measurggh;j. The noise parameters are chosen to re ect typical
values at the choice of measurement parameters, such as the number of repetitions and
readout integration time. We apply re-sampling on the data taken during the last iteration

of device B. After applying the analysis procedure on 100 sets of resampled data, the
standard deviation of the resultant coupling matrix is plotted in Fig. 3.19. The largest
element is 02m o= o, about 10 times lower than the total error measured in the main
text. This shows that the error of calibration is not limited by the measurement noise.
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3.10.4 Iterative calibration results for device C

The iterative calibration method is applied to device C, the two-qubit circuit used to
demonstrate the periodicity maximization method. In Fig. 3.20 we show how the measured
crosstalk and ux o sets converge towards identity and zeros. In Fig. 3.21 we show the nal
crosstalk matrix from the iterative procedure for the qubit, QFP, and tunable resonator,
on which the periodicity optimization approach is implemented.

3.10.5 Optimization initialized with single iteration of translation-
based calibration

In this section, we describe the results obtained by performing the periodicity optimization,
starting from the estimated crosstalk of one iteration of the translation-based approach.
In Fig. 3.22(a) we show the estimated crosstalk matrix obtained by a single iteration. This
can be compared with the reference matrix elements plotted in Fig. 3.21. It can be seen
that after a single iteration, the estimated crosstalk still deviates from the reference values,
by as large as 10%.

In Fig. 3.22(b), we plot the deviation between the reference crosstalk matrix and the
estimated crosstalk matrix after the optimization. Most of the deviation is about or less
than 3 10 3. This is comparable to the accuracy of the results discussed in the main
text, which starts the optimization directly from C'™f. The only exception is the QFPZ
diagonal element, which corresponds to its period. This is probably due to the hysteresis
of the QFP, which can be resolved by repeating the QFPZ periodicity measurement at a
di erent QFPX biasing point.

3.10.6 Optimization with SPSA

In this section, we discuss the optimization results using an alternative optimizer called
the Simultaneous Perturbation Stochastic Approximation (SPSA) [191]. This algorithm
approximates the gradient of the objective function by measuring the nite di erence due
to a perturbation vector along a random direction in the parameter space, and performs
gradient descent. We start the SPSA optimization withC™" and the initial point is chosen
uniformly randomly in the range [ 0:1;0:1]. In Fig. 3.23(a) a typical optimization process

is shown, plotting the compensation parameters to QFPX and the periodicity versus the
optimization step. The optimization converges after about 60 iterations and oscillates
afterward. The optimized compensation parameters are used to compute the estimated
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Figure 3.20: For device C, statistical box plots of the diagonal (top), o -diagonal (middle)
coupling coe cients in C(M° and the ux o sets (bottom) in fé”)o versus the iteration
number. The orange bar is the median, the black box corresponds to the lower and upper
quartiles, the segments contain the 5th to 95th percentiles of the data and the dots are

outliers.
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Figure 3.21: Final crosstalk matrixC'®f obtained from the iterative procedure for the qubit,
QFP, and tunable resonator subcircuit in device C, on which the periodicity optimization
is applied.
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Figure 3.22: Top: C™"* as given by the rst iteration of the translation-based calibration
method. Bottom: The deviation between the optimized crosstalk matrixC° and the ref-
erence crosstalk matrixC™', de ned as C™'(C% * |. The optimized crosstalk matrix
CO0= cresicint js obtained by starting the optimization with the matrix given in the top

panel.
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Crand its di erence from the identity matrix is shown in Fig. 3.23(b). The di erence is
about twice as large as compared to the results obtained using Bayesian optimization. We
expect the results to improve by using better hyper-parameters for the optimization, such
as the magnitude of the perturbation, which would likely remove the parameter oscillations
near the end of the optimization.

3.10.7 Evidence for hysteresis of QFP and how to resolve it

It is found that the optimization landscape for the periodicity of the QFPX loop is often
not well-behaved. As mentioned in Sec. 3.7, this is attributed to the hysteresis of the QFP.
In this section, we brie y discuss the evidence of the hysteresis in the data and the solution
to this problem based on the double-well potential of the QFP.

We rst note that during the demonstration of the optimization-based calibration, we
follow the convention in which all ux biases are de ned based on external uxes in a
fundamental loop. This is in contrast to most applications in annealing, where thg loop
bias takes a compensated bias convention, such that t@e symmetry bias, corresponding
to a symmetric double-well potential, is independent oK bias. The benet of working
with the fundamental loop bias is that the periodicity with respect to the bias is 1, as
opposed to 2 in the compensated bias (see Appendix D).

In Fig. 3.24(a) we show the transmission versus the probing frequency and the QFPX
bias at two di erent values of the compensation parameter grpz orpx =  0:001, during
the landscape measurement discussed in Sec. 3.7.2. It can be seen that whghz orpx =
0:001, there are three periodically separated resonance traces while wWhejgpz orpx =

0:001, the resonance trace at arountigpy 1 is missing. This suggests that QFP is
not responding to the ux bias variations within the experiment time.

Due to the fundamental ux bias convention, when the X ux is being swept, both the
tunneling and the biasing between the two persistent current states are changing. Due to
the large persistent current of the QFP ( 1 A), there is a region in ux bias where the
tunneling is small and the QFP could not tunnel to the persistent current state with lower
energy. To solve this problem, we could work with the compensat&dbias convention (see
Appendix D). In this convention, when sweepingx, one can avoid switching the sign of the
bias between the two persistent current states, and hence avoiding the need for tunneling
to occur for the QFP to respond to changes in ux biases. The periodicity along bias
increases to 2 in this convention.
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Figure 3.23: Top: Trial compensation parameters (left axis), orpz orpx » TR oFpx and
periodicity P (right axis) versus SPSA optimization step. Bottom: Dierence between
the estimated residual crosstalk matrixC' obtained using SPSA optimization, and the
identity matrix.
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Figure 3.24: Transmission versus the probing frequency and the QFPX bias, at two di erent
values of the compensation parametergepz gepx =  0:001 (left) and Q001 (right).
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Chapter 4

Demonstration of long-range
correlations via susceptibility
measurements in a one-dimensional
superconducting Josephson spin
chain

Long-range, high-degree connectivity between qubits is a highly-desired feature for quan-
tum annealers. However, the simple approach of extending the size of the qubit or the
coupler which mediates the interaction faces challenging drawbacks. On the one hand,
extending the qubit size increases the noise experienced by the qubit, which negatively
a ects coherence. On the other hand, extending the size of the coupler leads to a reduc-
tion in its energy scale, which could a ect the qubit dynamics. In this chapter, we explore
the properties of a spin chain, made of a chain of rf-SQUID couplers, designed to act as a
connectivity medium between two superconducting qubits. The susceptibility of the chain
is probed and shown to support long-range, cross-chain correlations. In addition, interac-
tions between the two end qubits, mediated by the coupler chain, are demonstrated. This
work has direct applicability in near-term quantum annealing processors as a means of
generating long-range, coherent coupling between qubits.
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4.1 Introduction

Superconducting quantum information platforms have reached a level of maturity where
tens of individual qubits, comprising a computational device, can provide proof of principle
demonstrations of quantum simulations, quantum algorithms, and basic error correction
functionality [22]. As these devices, and the tasks they seek to address, scale in size and
complexity, so does the need for realizing qubit networks with increased dimensionality and
expanded connectivity. These two desired features of future quantum processors prompt
the development of long-range, qubit coherence preserving interactions [195, ]. Quan-
tum spin chains have been proposed as an e ective medium for qubit interactions with
these desired properties [197, : , , , ]. In this chapter, we explore the pos-
sibility of long-range interactions supported by quantum spin chains for superconducting
qubits [146, ]. This architecture has direct application in recently proposed quantum
annealing platforms based on superconducting capacitively shunted ux qubits [161, 1,
rf-SQUIDs [203], uxmon qubits [65], and uxonium qubits [204].

Quantum annealing is emerging as a promising paradigm for near-term quantum com-
puting [205, , 30, 16]. An initial Hamiltonian, whose ground state is straightforward to
prepare, is transformed continuously to the problem Hamiltonian. The prepared state of
the problem Hamiltonian is located in the vicinity of the true ground state and represents
a useful solution to the optimization problem. In the limit of weak coupling to the envi-
ronment, adiabatic quantum computing has been shown to be immune to dephasing in the
energy basis, making it a particularly attractive candidate for near-term, noisy quantum
computing platforms [207]. Commercial quantum annealers, based on superconducting
Josephson ux qubits [89, , ], have recently become available to the larger com-
munity and are beginning to make their mark as a valuable research tool, see e.g., Refs.

[210, 211, 212].

There are strong motivations for improving upon the performance of quantum anneal-
ing processors [213], in particular with respect to how their constituent qubits interact with
one another. Increasing both the graph dimensionality of qubit networks [195, ], and
improving connectivity [215], the degree to which the qubits are coupled to one another,
would greatly reduce physical hardware overhead by increasing the types and sizes of opti-
mization problems that can be natively embedded. Existing quantum annealing processors
based on superconducting qubits possess either nearest neighbor [216] or a combination
of inter- and intra- unit cell interactions [217] between qubits. Commercial annealers,
possessing this combination of inter- and intra- unit cell interactions, currently rely on
minor embedding [141, ], a procedure of extending logical qubits over multiple physical
qubits to implement problems that require higher dimensionality or connectivity than the
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processor's hardware natively allows.

As each connection made to a qubit introduces additional noise and decoherence chan-
nels, expanding qubit connectivity in quantum annealing processors must be balanced
against the need to maintain the qubits' coherence properties. Developing quantum an-
nealing processors that support improved qubit coherence times would allow greater func-
tionality in computation. Higher precision ux control, a orded by improved coherence, is
required by many computational problems of interest [218, , ]. In general, just how
much of a computational advantage greater qubit coherence provides in quantum anneal-
ing processes is itself an open scienti ¢ question [130, ]. Furthermore, more coherent
guantum annealers will enable diabatic annealing protocols that require a greater degree
of qubit coherence throughout the annealing process [221, , 32].

These two, often competing, improvements - creating qubit networks with higher di-
mensionality and expanded connectivity and maintaining qubit coherence - call for further
development of long-range qubit interactions. One proposed scheme that accomplishes this
dual need is utilizing spin chains as the qubit interaction medium [197, , ]. Gapped
spin chains, in the context of semiconducting quantum dots [198, , ], have been
proposed to support long-range, Ruderman-Kittel-Kasuya-Yoshida (RKKY) type qubit
interactions [223]. Recent progress in this direction includes a demonstration of adiabatic
quantum state transfer along a linear array of four electron spin qubits [224]. In addition to
the possibility of supporting coherent coupling between two distant qubits, the spin chain
architecture lends itself to higher connectivity schemes. Multiple qubits can be simultane-
ously interacting with a single 1-D chain [198]. Additionally, paramagnetic trees, formed
by spin chains forking into multiple paths, o er another possible scheme for higher qubit
connectivity [146, ].

This work presented in this chapter demonstrates the viability of this coupling scheme
in the context of superconducting Josephson qubit hardware. In the following, we discuss
long-range coupling mediated by quantum spin chains in a hardware-independent fashion.
This is a more natural language to describe long-range coupling as a consequence of the
system's underlying quantum phase transition [225, , 22%] Following this discussion,
we demonstrate a realization of the quantum spin model with superconducting circuits.
To accomplish this, we design a system of two qubits, coupled together through a chain
of seven spin units. The spin chain, shown in Fig. 4.1, is realized by a one-dimensional
array of seven tunable rf-SQUIDs [228, , 54, , , ] inductively coupled to their
nearest neighbor through the SQUIDs' main loops. Each end coupler is inductively coupled

IMore precisely, these parameters are where the quantum phase transition happens for an in nite
system.
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to a tunable, capacitively shunted, superconducting ux qubit [45, , , 48]. Finally,
to illustrate the viability of mediating long-range, coherent qubit interactions with our
device, we characterize the non-local susceptibility of the coupler chain, demonstrate long-
range qubit-qubit interactions, and identify the parameter region where both long-range
correlations exist and the detrimental e ects of low-frequency ux noise are negligible.

The Hamiltonian for the quantum spin chain is the one-dimensional Ising model. In-
corporating the two end qubits, it can be written as

H = Hq+ He+ Hig; (4.1)
with
X g z 9 x
q 2 o 2 G (42)
7
H. = X - Z 4+ _& ) + X Je o o (4'3)
3 2 I 2 Ci . iCi+1  Ci Cj+1
i=1 i=1
and
Hint = Jq101 él él + JQZC7 57 CZ12: (4'4)

In the previous equations, =2 ( =2) and =2 ( ;=2) are the transverse and longitudi-
nal components of the qubits’ (couplers’) spin whild,,, and Jq represent the coupling
strength between adjacent coupler units and between qubits and their nearest coupler
unit. For the remainder of this chapter, we will assume the coupler units are operated
homogeneously, thatis = ¢, ¢ = ¢andJq = Jec.

Virtual excitations of the coupler chain can be integrated over to derive an expression for
the coupler-chain-mediated e ective qubit-qubit interaction strength J¢ .. By considering
the qubit-adjacent coupler unit interaction, Jq,, to be a weak perturbation to the coupler
Hamiltonian, the interaction energy can be calculated to second order as the shift of the
ground state energy of the coupler Hamiltonian. As the operating temperature of the device
will be much less than the coupler chain excitation energy, it is reasonable to assume that
the coupler chain remains in its ground state and the cross-chain interactions are supported
by virtual excitations [199, ]. This is reminiscent of the RKKY interaction whose
long-range interaction between magnetic impurities is mediated by virtual excitations of
conduction electrons above the Fermi surface [223].

Ci+1

By taking these above-stated approximations into account it is possible to derive an
expression for the chain-mediated e ective coupling strength between the end qubits (see
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Figure 4.1: Coupler Chain Device. (a)A schematic showing the full device and circuit
geometry: two end qubits, shown in magenta, and seven coupler units, shown in orange,
each equipped with individual readout resonators. Also indicated are the ux control lines
for the qubits, couplers, and readout resonators as well as the microwave control lines for
the qubits and the microwave feed-through line for state readout. (b, c) Optical images
of the device chip and an expanded view of one end of the coupler chain. The end qubit,
capacitively coupled qubit microwave control line, the two adjacent coupler units, and
respective readout structures are shown expanded in Panel (c). The readout rf-SQUIDs,
connecting to both the qubit and coupler units, terminate at the end of their meandering
resonators. The ux control lines are located on the opposing interposer tier.
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