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Abstract

The principal goal of this thesis is to properly understand, characterize, and numerically
implement initial boundary value problems in numerical relativity. Throughout the history
of solving Einstein’s field equations on computers, boundaries have been mostly dealt
with in an approximate way. For example, boundaries might be placed far away from
strongly gravitating sources, where approximations like linearized gravity are valid. It has
become necessary however to place boundaries in the strong gravity regime of a dynamical
spacetime to model complicated and interesting physics, which necessitates a complete
understanding of the initial boundary value problem of Einstein’s field equations.

One motivation for this comes from a need to simulate black hole echoes. In classical
general relativity, black holes are perfectly absorbing objects, where the mass of radially
incoming wavepackets of matter or gravitational waves is absorbed by the black hole. Thus
conclusive evidence of modifications to general relativity, such as quantum gravity, could
include partial reflections of radially incoming wavepackets, called black hole echoes. To
properly understand the modifications this would bring to detectable gravitational wave
signals, we require simulations where reflecting boundary conditions are imposed close to
the horizon of a black hole. Another motivation comes from recent advances in Cauchy
characteristic matching, which combines state of the art numerical techniques to obtain
physically accurate gravitational waveforms from simulations. This can allow numerical
relativists to dramatically save on the computational cost of black hole merger simulations,
but only if boundaries can be placed in the strong gravity regime.

This thesis presents advances in simulating initial boundary value problems in numerical
relativity. Starting with spherical symmetry, a framework for reflecting a scalar field in a
fully dynamical spacetime is developed and implemented numerically using the Einstein-
Christoffel formulation. The evolution of a wave packet and its numerical convergence,
including when the location of a reflecting boundary is very close to the horizon of a black
hole, is studied. Next, this approach is generalized to spacetimes with no symmetries
and implemented numerically using the generalized harmonic formulation. The evolution
equations are cast into a summation by parts scheme, which seats the numerical method
closer to a class of provably numerically stable systems. State of the art numerical methods
are demonstrated, including an embedded boundary numerical method that allows for
arbitrarily shaped domains on a rectangular grid and even boundaries that evolve and move
across the grid. As a demonstration of these frameworks, the evolution of gravitational
wave scattering off of a boundary either inside or just outside the horizon of a black hole,
is studied. Finally, a boundary condition framework designed to control quasi-local energy
flux is proposed motivated by examples from electromagnetism.
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Chapter 1

Introduction

Preface

This chapter serves to introduce the reader to the various subjects and mathematical tools
that tend to be taken for granted in the numerical relativity community, but may not be
familiar to the layman or even the average physicist. As two of the following chapters in
this thesis include work that was directly published to an audience within the numerical
relativity community, this chapter serves to make this thesis more accessible to a broader
audience, and to make it as self-contained as possible. References to ‘we’ in this chapter
refer to the author of this thesis and the reader.

Section 1.1 discusses the motivations behind demonstrating successful and numerically
stable initial boundary value problems in numerical relativity. Section 1.2 introduces the
reader to the mathematical tools widely used in subsequent chapters. Section 1.3 introduces
the concept of hyperbolicity and discusses the importance of casting evolution equations in
a symmetric hyperbolic form. Section 1.4 introduces the modern numerical methods used
to solve systems of partial differential equations in a numerically stable fashion. Finally,
Section 1.5 discusses two symmetric hyperbolic formulations of numerical relativity, both
of which are demonstrated as a numerically stable evolution in subsequent chapters.
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1.1 Motivations

The motivation to pursue a proper way to formulate and numerically implement initial
boundary value problems in numerical relatively comes from a need to model new and
interesting physical phenomena on surfaces located in the strong gravity regime of a dy-
namical spacetime. One example of this comes from black hole echoes, which could po-
tentially be the first observational signatures of quantum phenomena or other phenomena
beyond general relativity near the horizons of black holes. Another example comes from
new numerical methods that can allow for reduced computational cost of large scale sim-
ulations of merging black holes. Finally, the simulation of generic compact objects larger
than black holes is discussed as a possible use case for initial boundary value problems
with the boundary surface modeling the surface of any compact object.

1.1.1 Black Hole Echoes

In classical general relativity, black holes have horizons that are one-way surfaces. That
is to say that the horizon is a surface that traps light rays within a closed region. Once
the horizon has been crossed from the outside, the only trajectories that can reach the
outside again are spacelike, requiring a superluminal speed. In this sense, the horizon is a
perfectly absorbing surface for particles and waves. It is natural to think that modifications
to general relativity could dictate different physics at the horizon, such as making the
horizon surface not perfectly absorbing, and thus there would be some effective reflection
of incident waves. The observable signals resulting from this potential reflection near the
horizon of a black hole are called black hole echoes.

Modifications to general relativity are important to consider, as understanding the
observable differences can lead to the discovery of new physics. It is well known in the
physics community that gravity must be modified at small scales to properly be unified
with quantum field theory. Such theories of quantum gravity are one such modification to
general relativity that could lead to the production of black hole echoes. Attempts to solve
problems in general relativity, such as the cosmological constant problem [5] or the black
hole information paradox [6], also suggest Planck scale modifications near the horizons of
black holes, potentially producing black hole echoes.

There is a large set of work dedicated to the study and modeling of black hole echoes.
Early studies took a phenomenological approach to generating a template of what the
echoing gravitational wave merger signals might look like at a detector [7, 8]. Some studies
considered linearized gravity and developed reflecting boundary conditions that can be
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applied on an approximate stage. Some studies restricted to non-spinning black holes [9,
10, 11], while some others generalized this analysis to spacetimes similar to a spinning black
hole [12, 13, 14, 15]. Boundary conditions and analysis based on more realistic quantum
gravity motivated assumptions are considered in [16]. The one thing all of these studies
have in common however is the use of some sort of approximation, be that perturbation
theory or linearized gravity.

One concrete example of black hole echoes considered in the literature are the so-
called Boltzmann echoes [16, 17, 18]. Starting from the assumption that black holes are
quantum objects that follow standard rules of quantum mechanics and thermodynamics
in the small region near their horizons, it is derived in three independent ways in [18]
that the coefficient of reflectivity of incident gravitational waves depends on the Hawking
temperature and the wave frequency. In particular, it is shown that quantum black holes
cannot be perfectly absorbing because that would imply a violation of unitarity, which
would clash with standard results in quantum mechanics. In this way, black hole echoes
seem to be a natural result of the extension of classical gravity to quantum gravity.

Considering modifications to general relativity is not the only way to generate echoes
however. Instead, objects that are not dense enough to collapse to a black hole, but
still compact enough to be near the scale of a black hole, can generate echoes as well.
There are a large class of compact objects that have been proposed, including fuzzballs
[6, 19], gravastars [20], and aether black holes [5]. All compact objects will have a specific
surface structure and underlying physics that can potentially have observable differences
in comparison to standard black holes. In the context of black hole echoes, those compact
objects that have an effective reflecting surface are those that would produce a gravitational
wave signal close to that of the proposed black hole echo models.

Black hole echoes are well motivated, and their discovery would be a smoking-gun
for some sort of modified understanding to the objects responsible for gravitational wave
events. As discussed, much work has been done to model black hole echoes, but these
analyses are missing a complete nonlinear description. Phenomenological or linearized
approximations are not adequate to understand and simulate physically accurate echoes
of gravitational waves. This is because the echo generating surface is necessarily in the
strongly gravitating region of the spacetime, where approximate methods tend to break
down. This is why a complete nonlinear understanding of what it means to reflect grav-
itational radiation and a proper implementation to simulate black hole echoes using the
complete nonlinear system of Einstein’s field equations is needed. This thesis is dedicated
to defining what this means and making it numerically feasible to implement.

3



1.1.2 Cauchy Characteristic Matching

Another problem with classical general relativity is that Einstein’s field equations are
an incredibly difficult system to solve numerically. It is not uncommon for an accurate
solution to require an immense amount of time and computing resources. To improve on
this daunting computational cost, many clever numerical methods and frameworks have
been devised and demonstrated over the years.

The earliest studies in numerical relativity were restricted to spherical symmetry as
computer technology did not yet allow for systems of higher dimension. As technology im-
proved, axial symmetry became feasible, but posed many numerical challenges. Presently,
three dimensional simulations of black hole mergers have been demonstrated many times,
and gravitational waveforms from many different types of merging objects have been cata-
loged, allowing for gravitational wave detectors to search and constrain their measurements.

In order to obtain the observable gravitational wave signal from a simulation, two
different types of evolution formalisms are typically adopted, Cauchy evolution and char-
acteristic evolution. Cauchy evolution is achieved by slicing the spacetime into spacelike
hypersurfaces and an evolution system comprising Einstein’s field equations in a particular
formulation are evolved numerically from one spatial slice to the next. In contrast, char-
acteristic evolution works by slicing the spacetime on a series of null hypersurfaces that
reach all the way to null infinity. The coordinates installed on these slices are compactified
so that future null infinity can be properly evolved and modeled as a perfectly absorbing
boundary even on a finite grid. The characteristic evolution can only be achieved where
null caustics are not present, as due to the null foliation, such crossing of the null hy-
persurfaces would create coordinate singularities, and thus characteristic evolution cannot
be used to evolve the strong gravity region. A complete procedure to extract gravita-
tional wave information at null infinity includes simulating the strong gravity region with
a Cauchy evolution scheme, using it to generate outgoing metric information on a timelike
worldtube boundary, then using a characteristic evolution to advance this information out
to null infinity. This is known in the literature as Cauchy characteristic evolution, and is
visualized in Figure 1.1.

Unfortunately, even this complicated evolution scheme is not good enough to give phys-
ically realistic gravitational waveforms. This is because Einstein’s equations are nonlinear,
and thus nonlinear effects such as wave scatter off of spacetime curvature, and even wave
self-scatter, are present. This means that outgoing gravitational waves are not purely out-
going always, as some of the wave’s energy may scatter back into the strong gravity regime
that contains the dynamical sources. Thus these sources are continually receiving feedback
from their own outgoing wavefronts. Cauchy characteristic evolution does not properly
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Figure 1.1: Diagram of a typical binary black hole simulation performed via Cauchy characteristic evo-
lution, where time runs on the vertical, the 3-space is horizontal, and null rays run along 45◦ lines. The
simulation begins on the initial spatial Cauchy slice Ni and advances to the final slice Nf . Black points
represent the two orbiting black holes within these Cauchy slices acting as the sources of outgoing gravi-
tational waves. Outgoing metric information is collected at the outer boundary worldtube B and injected
into a characteristic evolution scheme based on a null foliation of spacetime, which then advances the
outgoing metric information to future null infinity where gravitational waveforms can be extracted.

model this, as it is a one way evolution, taking the timelike worldtube data out to infinity
without any ingoing scatter affecting the sources. This is rectified by a newly demonstrated
numerical mechanism deemed Cauchy characteristic matching [21]. This method evolves
the characteristic evolution alongside the Cauchy evolution, and allows for gravitational
wave scatter in the characteristic evolution zone to carry back toward the sources, and
that scattering information is fed back into the Cauchy evolution as incoming boundary
conditions. In this way, accurate gravitational waveforms can be extracted at infinity that
are more physically realistic and just as accurate as if the Cauchy evolution domain was
simply made much larger. The computational efficiency of Cauchy characteristic match-
ing based evolution schemes is dictated largely by the Cauchy evolution, and so shrinking
the size of the Cauchy evolution domain allows for simulations with significantly reduced
computational cost.
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This is another motivation for the endeavor for a complete understanding of the initial
boundary value problem in numerical relativity. Shrinking the Cauchy evolution domain
brings the boundary worldtube closer to the strong gravity regime, where nonlinear ef-
fects increase the likelihood of numerical instability. This thesis demonstrates the ability
to evolve spacetimes in a numerically stable fashion even when boundaries are placed in
the strong gravity regime, close to the horizon of a black hole for example. In principle,
the numerical methods derived and demonstrated here can allow for the further shrinking
of Cauchy evolution domains, that when evolved in the fashion of Cauchy characteristic
matching, can give physically realistic and accurate gravitational waveforms with dramat-
ically increased computational efficiency.

1.1.3 Compact Objects

Another subject of significant interest in the relativity community is the study of compact
objects. These represent a class of astronomical objects different from black holes that
could be responsible for measurements taken by experiments that probe general relativity.

An example would be the events that are measured by gravitational wave detectors
like LIGO, that are thought to originate from the merger of black holes and neutron stars,
but large uncertainties in these measurements may allow for a consistent origin from the
merger of other types of compact objects. Another example is the measurements taken by
the Event Horizon Telescope, which produces radio wave images of objects also thought to
be black holes, but large uncertainties in these images could allow for a consistent object
that does not have a horizon like a black hole does, and could be a compact object with
an extent slightly larger than the Schwarzschild radius for example.

As mentioned earlier, there are a large class of compact objects that have been proposed,
including fuzzballs [6, 19], gravastars [20], and aether black holes [5]. The initial boundary
value problem in numerical relativity provides a way to simulate the surfaces of these
compact objects with or without assumptions about their interior region. As long as the
physics on the surface are given, such as how the boundary surface evolves with time and
the boundary conditions on that surface, then any type of compact object can be simulated
in principle. This would allow studies of the mergers of compact objects to be done in a
much simplified manner, allowing numerical relativists to increase our understanding in
the observable differences that these objects would make in detectors that probe general
relativity, which may not necessarily fit the black hole echo model.
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1.2 Prerequisites and Notation

As this thesis pertains to general relativity, some concepts in differential geometry are
required. This section introduces some necessary mathematics and notation that will be
used throughout the main material. Much of this comes directly from [22], and this is a
good general reference for mathematical tools in relativity that may not be familiar to the
reader. Topics more specific to numerical relativity and the 3 + 1 formalism come from
[23] and [24], which are good starting points for those who want more detail in these areas.
As is very common in the numerical relativity community, we use a unit system where
G = c = 1 so that most unitful quantities can be expressed relative only to a mass scale
and all light-like trajectories propagate at speed 1.

1.2.1 Index Notation

To make the large sums and the complicated dimensionality of mathematical objects easier
to deal with, Einstein summation convention and notation is used to a large degree. In
this framework, mathematical objects are expressed in terms of symbols and their indices

T, T µ, Tµ, Tµν , T
µν , Tαµν , . . . (1.1)

An index is called a covariant (or lower) index if it is written as a subscript, and a con-
travariant (or upper) index if it is written as a superscript. The index represents the set
of coordinate components needed to describe the object on a given dimension of manifold.
In this work, indices written with Greek letters stand for the set of four coordinates chosen
to describe a four dimensional spacetime manifold. This set of coordinates can hold the
usual Cartesian component names xµ = (t, x, y, z) or any other set of names for different
types of coordinate systems, such as spherical coordinates for example. The object T has
only one component, while the object T µ = (T t, T x, T y, T z) requires four components. The
number of components of an object is its rank (the number of indices needed to denote the
object) times the dimension of the manifold.

Any set of two indices of any object can be separated into a symmetric and an anti-
symmetric part

Tµν = T(µν) + T[µν] , (1.2)

where parentheses and square brackets denote the symmetrization and anti-symmetrization
operations respectively

T(µν) =
1

2
(Tµν + Tνµ) , T[µν] =

1

2
(Tµν − Tνµ) . (1.3)

7



These operators can be generalized to an arbitrary number of indices, but is beyond the
scope of this thesis. One important object, gµν , is called the metric tensor. It measures an
arbitrary infinitesimal distance ds in terms of the chosen coordinates:

ds2 = gµνdx
µdxν . (1.4)

In this expression, Einstein summation convention is used, where a multiplication of two
objects with a repeated upper and lower index label denotes a sum over all of the compo-
nents spanned by that index (i.e. AµBµ = AtBt+A

xBx+A
yBy+A

zBz). In the context of
flat empty space, the metric can take the form of the Minkowski metric, which describes
how to measure distances in flat Minkowski space

gµν = ηµν = diag(−1, 1, 1, 1) , (1.5)

which defines the metric signature chosen for the rest of this thesis. This type of metric is
called Lorentzian because of the one negative metric component for time, which forces the
failure of the metric norm to be positive definite. That is to say that the magnitude of an
arbitrary one index object is not necessarily positive. A one index object uµ is classified
based on the sign of its norm:

gµνu
µuν


< 0 timelike
= 0 null or lightlike
> 0 spacelike

. (1.6)

At a given spacetime point (or event) A, the set of all null one index objects at A form
two geometrical cones, the future directed ones form the future light cone and the past
directed ones form the past light cone. Points within these cones are causally connected
to A, as they are connected by a trajectory requiring a speed v ≤ 1.

The indices of an object can be made covariant by lowering them with the metric gµν :

Tαβ = gαµT
µ
β , (1.7)

and they can be made contravariant by raising them with the matrix inverse of the metric:
gµν ≡ (gµν)

−1:

Tαβ = gαµTµβ . (1.8)

When an object expression is written with an equality, there are two types of index labels,
those that are repeated and summed (called summed indices) and those that are not (called
free indices). The number of free indices on each side of the equality must match or else the
expression is not interpretable. We refer to the symbols in these expressions as ‘objects’
because we have yet to assume they have any particular transformation properties, which
we will do next.
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1.2.2 Tensors

On a manifold, we are always free to choose an arbitrary set of coordinates with which
to express the functions that represent the coordinate components of objects. If we have
an expression for an object in terms of one set of coordinates xµ = (t, x, y, z), we are
free to re-express it in terms of a different set of coordinates x′µ = (t′, x′, y′, z′). In order
to transform objects from one coordinate system to the next, we will need the Jacobian
matrix and its determinant:

Λµν =
∂x′µ

∂xν
, Λ = det(Λµν) . (1.9)

An index-less object that changes under a coordinate transformation as

T ′(x′µ) = T (xµ) , (1.10)

is called a scalar. It is important to emphasize that this did not need to be the case. In
fact, there are a class of scalar densities of weight w that instead transform as

T ′(x′µ) = ΛwT (xµ) , (1.11)

so although an object may be scalar-valued in the sense that it only requires one component
to describe, it may not necessarily transform as a scalar. An object with one contravariant
index is called a vector if

T ′α(x′µ) = ΛαβT
β(xµ) , (1.12)

while if an object that transforms as

T ′
α(x

′µ) = (Λ−1) β
α Tβ(x

µ) , (1.13)

it is called a covector or a dual vector, where (Λ−1) β
α is the matrix inverse of the Jacobian.

In general an object is called a type (n,m) tensor if it has n contravariant indices, m
covariant indices, and it transforms as

T ′α1...αn

β1...βm
(x′µ) = Λα1

µ1
· · ·Λαn

µn(Λ
−1)ν1β1 · · · (Λ

−1)νmβmT
µ1...µn

ν1...νm
(xµ) . (1.14)

This framework is powerful, as it allows for the concept of tensor equations. If both the
left hand side and right hand side of the equality in a equation transform as a tensor,
then that equation is valid in any coordinate system. As we consider physical laws to be
independent of coordinate choices, it is important for our physical laws to be expressed in
terms of tensor equations.
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The partial derivative can be seen to transform as a covector by applying the chain
rule:

∂

∂x′ν
= (Λ−1) µ

ν

∂

∂xµ
≡ (Λ−1) µ

ν ∂µ . (1.15)

However, the partial derivative of a vector for example does not transform as a type (1, 1)
tensor

∂

∂x′β
A′α = Λαν(Λ

−1) µ
β ∂µA

ν + (Λ−1) ν
β A

µ∂µΛ
α
ν . (1.16)

We introduce the operator ∇µ, called the covariant derivative, by demanding that when
it is applied to a type (n,m) tensor, the result is always a type (n,m + 1) tensor. When
applied to an arbitrary vector field uµ for example, we can express ∇µ in terms of the
partial derivative as

∇µu
ν = ∂µu

ν + Γνµαu
α , (1.17)

where Γαµν is an object called the connection. The connection does not transform as a
type (1, 2) tensor, which is why it is not referred to as such, but rather is “designed” to
transform in a fashion to always cancel the extra terms in the transformation law for the
partial derivative of tensors:

Γ′λ
ϵσ = Λλα(Λ

−1) µϵ (Λ−1) ν
σ Γαµν − (Λ−1) µϵ (Λ−1) ν

σ ∂µΛ
λ
ν . (1.18)

In general, the covariant derivative applies to a type (n,m) tensor by writing nm+1 terms,
corresponding to one partial derivative term and a set of connection terms, each containing
a sum with the connection and each index in turn of the type (n,m) tensor, where upper
indices get a plus sign and lower indices get a minus sign:

∇µT
α1...αn

β1...βm
= ∂µT

α1...αn

β1...βm
+ Γα1

µϵT
ϵ...αn

β1...βm
+ · · ·+ Γαn

µϵT
α1...ϵ

β1...βm

− Γϵµβ1T
α1...αn

ϵ...βm
− · · · − ΓϵµβnT

α1...αn

β1...ϵ
. (1.19)

The connection is not uniquely defined by its transformation law, so some additional as-
sumptions need to be made. We now specialize our interest to Riemannian connections,
defined relative to a psuedo-Riemannian manifold, where the connection is demanded to
be symmetric and the covariant derivative is demanded to be metric compatible:

Γα[µν] = 0 , ∇αgµν = 0 . (1.20)
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This comes directly from Einstein’s strong equivalence principle, which states that at any
point in a spacetime, a locally Minkowskian frame can always be constructed, which is
to say that curved spacetimes under these assumptions are always locally flat at a point,
which requires the two properties above. This uniquely defines the connection relative to
the metric,

Γαµν = gαβ(∂(µgν)β − 1
2
∂βgµν) , (1.21)

which under these assumptions is known as the Christoffel symbols.

Another important tool we will need is the Lie derivative. This operator measures
the change in an object along a given trajectory in the spacetime manifold. Suppose a
trajectory has tangent vector field uµ, then the Lie derivative (£u) of the tensor field
Tα1...αn

β1...βm
is

£uT
α1...αn

β1...βm
= uµ∂µT

α1...αn

β1...βm
− (∂ϵu

α1)T ϵ...αn
β1...βm

− · · · − (∂ϵu
αn)Tα1...ϵ

β1...βm

+ (∂β1u
ϵ)Tα1...αn

ϵ...βm
+ · · ·+ (∂βnu

ϵ)Tα1...αn

β1...ϵ
. (1.22)

The Lie derivative of a type (n,m) tensor field always produces another type (n,m) tensor
field as a result. Note that this coordinate expression for the Lie derivative is valid only
for tensor fields, and does not apply to non-tensor objects. An example of a Lie derivative
of a non-tensor field is that of the Christoffel symbols, whose Lie derivative is

£uΓ
α
µν = uβ∂βΓ

α
µν + 2Γαβ(µ∂ν)u

β − Γβµν∂βu
α + ∂µ∂νu

α . (1.23)

Although Γαµν is not a tensor, its Lie derivative is in fact a type (1, 2) tensor. The Lie
derivative introduces the concept of Lie transport. Any tensor whose Lie derivative vanishes
is said to be Lie transported along the curve uµ is tangent to, which is deeply connected
to the symmetries present in a spacetime. If the metric tensor is Lie transported along a
vector field ξµ,

£ξgµν = 2∇(µξν) = 0 , (1.24)

then ξµ is called a Killing vector and the spacetime is said to admit a Killing symmetry. If
a metric is independent of time for example, it contains a timelike Killing vector ξµ = ∂tx

µ.
As will be discussed in later chapters, Killing symmetries are intimately connected with
conserved quantities.

Next, we introduce the Riemann tensor, a 4 index tensor that measures the spacetime
curvature of a manifold. In terms of the Christoffel symbols, it reads

Rα
βµν = 2∂[µΓ

α
ν]β + 2Γαϵ[µΓ

ϵ
ν]β . (1.25)
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It can be shown to measure the failure of the covariant derivative to commute:

2∇[µ∇ν]uα = Rβ
αµνuβ . (1.26)

The Riemann tensor is important as it defines the curvature of a manifold. A metric is
flat if and only if its Riemann tensor vanishes. This is clearly the case for the Minkowski
metric, but strange coordinate transformations can make a flat metric look arbitrarily
complicated, and calculating its Riemann tensor is the only way to verify it is indeed a flat
metric. By contracting the Riemann tensor, we obtain the Ricci tensor:

Rµν = Rβ
αβν . (1.27)

To develop Einstein’s theory of gravity, we start by considering the stress energy tensor
Tµν , which describes the energy, momentum, and stress of matter fields on the manifold,
which satisfies an important property that it is divergenceless: ∇µTµν = 0. A consistent
theory of gravity will relate the matter fields to the curvature of spacetime, but the tensor
that describes the curvature must also be divergenceless. Einstein introduced the Einstein
tensor

Gµν = Rµν − 1
2
Rgµν = 0 , (1.28)

that satisfies ∇µGµν = 0, which is known as the contracted Bianchi identity. In fact,
by Lovelock’s theorem, Gµν is the only symmetric tensor combination of first and second
derivatives of the metric that satisfies this property on a four dimensional manifold. Ein-
stein’s field equations can then be cast as a simple relation between curvature and matter:

Gµν = 8πTµν . (1.29)

From the perspective of numerical relativity, where these field equations are solved using
finite arithmetic on a computer, it is sometimes more convenient to start from the “trace
reversed form”

Rµν = 8π(Tµν − 1
2
gµνT ) , (1.30)

where T = gµνTµν . These ten equations represent the evolution of the metric on a spacetime
manifold given the matter content within that manifold. From here, figuring out how to
write these equations in a form that can readily be numerically integrated on a computer
is still a non-trivial task.
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1.2.3 Manifold Projections

Now that we have the ability to define a spacetime metric gµν as a solution to the Einstein
field equations, we will refer to the four dimensional manifold on which this solution resides
M. There are several sub-manifolds within this spacetime that are important to introduce.

First, we consider the 3 + 1 projection. This divides the four dimensional spacetime
into one timelike direction and a series of spacelike three dimensional hypersurfaces. Given
our metric and coordinate vector xµ, we pick out a family of hypersurfaces of constant time
Nt, for any time t0. These hypersurfaces are parameterized by a function:

Φ(xµ) = t− t0 = 0 . (1.31)

The unit normal covector to these hypersurfaces is defined by the gradient of this function

nµ = (−α, 0, 0, 0) ∝ ∇µΦ , (1.32)

where α is called the lapse, which acts to ensure that nµ is a unit timelike vector

gµνnµnν = −1 , α2 = (−gtt)−1 , (1.33)

with the sign of the vector chosen such that nµ points into the future. When nµ has its
index raised, it has the form

nµ = (1,−βi)/α , (1.34)

where βi is called the shift. Together, the lapse and shift are four functions that are
tied to the four gauge (or coordinate) choice freedoms in the metric. Here and elsewhere,
lowercase Latin indices stand for the set of purely spatial coordinates on the constant time
slices yi = (x, y, z). Although it seems natural to keep the same coordinates for the spatial
directions as we had on the manifoldM, we are not required to, and yi = (x′, y′, z′) could
stand for any other set of coordinates we like. We separate gµν into temporal parts and
spatial parts as

gµν = −nµnν + γµν , (1.35)

where γµν is the metric of the three dimensional hypersurface. It still has ten components
until we dimensionally project it given our coordinate choice for this hypersurface

γij =

(
∂xµ

∂yi

)(
∂xν

∂yj

)
γµν , (1.36)
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which now only has six components. In numerical relativity, it is common to take the same
coordinates for the spatial directions as were used in the four dimensional metric so that
the projection is simply

γij = δ µi δ
ν
j γµν , (1.37)

with this choice not often explicitly stated.

Similarly, we can instead perform a spacelike projection, where a 2 + 1 dimensional
hypersurface of the original four dimensional spacetime is picked out by a different function

Ψ(xµ) = 0 . (1.38)

An example of such a hypersurface would be a time independent coordinate sphere of
radius R0, parameterized by

Ψ(xµ) = x2 + y2 + z2 −R2
0 = 0 . (1.39)

If all constant time slices of this 2 + 1 dimensional hypersurface are closed 2 dimensional
surfaces such as a sphere, then the hypersurface is called a “worldtube”. The spacelike
unit normal to the hypersurface is given by its normalized gradient:

rµ = ∇µΨ/ψ , (1.40)

with the overall sign chosen (by convention) to point out of the manifold M and the
normalization factor is given by ψ2 = gµν∇µΨ∇νΨ. The vector rµ need not be orthogonal
to nµ, as the motion of the worldtube (i.e. the time dynamics of the chosen Ψ(xµ)) may
force it to point into the past or future, as long as the vector itself remains spacelike by
assumption. In this example, the spherical surface and its history form the worldtube
which we will call B. The metric on B is related to the four metric as

hµν = gµν − rµrν . (1.41)

Another important quantity is known as the extrinsic curvature. It is a measure of
extrinsic aspects of the curvature of a hypersurface, in contrast to hµν which is a measure
on intrinsic aspects of the hypersurface. The extrinsic curvature of B is given by

κµν = h α
µ h β

ν ∇αrβ = 1
2
h α
µ h β

ν (£rgαβ) , (1.42)

or, purely in terms of derivatives of the metric and the function Ψ(xµ),

κµν =
1
2
h α
µ h β

ν

(
rλ∂λgαβ − 2rλ∂(αgβ)λ +

2
ψ
∂α∂βΨ

)
. (1.43)

14



Figure 1.2: Diagram labeling the four dimensional manifoldM and the various hypersurfaces of interest
that bound, foliate, and excise it. Here, time runs on the vertical, the 3-space is horizontal, and null rays
run along 45◦ lines. While M is a 3 + 1 spacetime, Nt is a 3 space, and B1 and B2 are 2 + 1 spacetime
worldtubes. The initial and final spatial hypersurfaces Ni and Nf boundM from the past and the future
respectively, while B2 boundsM spatially and B1 excises a region interior toM.

We can also write the extrinsic curvature of the constant time slices, which simplifies as
second derivatives of Φ vanish:

Kµν =
1
2
γ α
µ γ β

ν

(
nλ∂λgαβ − 2nλ∂(αgβ)λ

)
. (1.44)

At the boundary worldtube B, we introduce the purely spatial normal sµ ∝ γµν r
ν which

is normalized to make it a unit vector. Together with the timelike normal nµ orthogonal to
sµ, we can define two null or lightlike vectors at the intersection of B and Nt. Conventions
differ in the literature, but we will chose the following definitions here:

kµ =
1√
2
(nµ − sµ) , ℓµ =

1√
2
(nµ + sµ) . (1.45)

These are the ingoing and outgoing null vectors respectively, and they have the following
properties:

kµkµ = ℓµℓµ = 0 , kµℓµ = −1 . (1.46)
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We can re-express gµν in terms of these vectors:

gµν = −2k(µℓν) + σµν , (1.47)

where σµν is the metric for the two dimensional spatial surface of the boundary evaluated
at some time slice of the worldtube. Figure 1.2 labels all of the vectors and manifolds that
may be typically encountered in a Cauchy evolution based numerical relativity simulation.

1.2.4 Black Holes

One of the simplest exact solutions to Einstein’s vacuum field equations was first de-
scribed by Schwarzschild and is known as the Schwarzschild solution. It describes what
is now known as a black hole, and in his original orthogonal spherical-like coordinates
xµ = (t, r, θ, φ) is given in terms of the line element by

ds2 = −(1− 2M/r)dt2 + (1− 2M/r)−1dr2 + r2dθ2 + r2 sin2(θ)dφ2 . (1.48)

These coordinates turn out to be a poor choice in which to analyze the properties of
the Schwarzschild solution, so a coordinate transformation to Kerr-Schild coordinates is
useful. This metric is given in terms of the line element in Cartesian-like coordinates
xµ = (t, x, y, z) as

ds2 = −dt2 + dx2 + dy2 + dz2 +
2M

r
(dt+ dr)2 , (1.49)

where r2 = x2 + y2 + z2. This spacetime describes a physical object of mass M and
the surrounding spacetime, which is called static as it contains a vector ξµ = ∂tx

µ that
in addition to being a Killing vector is also hypersurface orthogonal (∇[µξν] = 0). If
this Killing vector had not been hypersurface orthogonal, like in a spinning black hole for
example, the spacetime is instead called stationary. The Schwarzschild spacetime has some
interesting properties at r = 2M , called the Schwarzschild radius. The surface r = 2M
is called the horizon of the black hole, and is unambiguously defined in this spacetime.
However, once the spacetime becomes dynamical, there will be several different notions of
what “horizon” means.

The surface r = 2M is where the norm of the Killing vector ξµξµ = (1−2M/r) changes
sign, turning from timelike on the outside, to spacelike on the inside. This motivates
the term Killing horizon for this surface. Unfortunately, it has no utility in a dynamical
spacetime that may not contain any Killing vectors.
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Given a two dimensional surface, we can always define the ingoing and outgoing null
vectors kµ and ℓµ on that surface. Considering a set of spherical surfaces surrounding
the black hole spacetime, we construct these vectors with sµ pointing radially out from
the black hole. The expansion of the these null vectors is defined as their divergence:
θℓ = ∇µℓµ, θk = ∇µkµ, and the sign of the expansion dictates whether the null vectors
are diverging apart (positive) or converging together (negative). For spheres within the
surface r = 2M , we have θℓ < 0 and θk < 0, meaning all null vectors are converging toward
the origin, and thus these spheres are called trapped surfaces. Once the sphere grows to
r = 2M , we find instead θℓ = 0, which defines this surface as an apparent horizon. In
principle, an apparent horizon can be found in a dynamical spacetime by looking for a
surface where the expansion of ℓµ vanishes.

A more strict definition of a horizon has to do with the null information that can
ultimately reach infinitely far away from the black hole. Imagine every point in a spacetime
emits a light ray radially away from the black hole. The surface that separates all light
rays that reach null infinity, and those that fall back into the black hole, is called the event
horizon, which is always outside of the apparent horizon. The event horizon has less utility
in a dynamical spacetime where information about the future may not yet be available, like
in numerical relativity, as the event horizon can only be known once the entire spacetime
is completely determined.

1.3 Hyperbolicity

In order to solve a system of partial differential equations (called the problem), such as
Einstein’s field equations, we have to gain an understanding as to what kinds of partial
differential systems are solvable in a stable fashion. This is where the concept of well-
posedness becomes helpful. A problem is called well-posed when [25, 26, 27]

• At least one solution to the problem exists

• The set of solutions to the problem are unique

• The set of solutions to the problem depend smoothly on the initial conditions

An essential step in proving that a given problem is well posed is writing it in a hyperbolic
form. Consider the generic system of evolution equations:

∂tUA =
[
A(U)BA

]i
∂iUB + SA(U) . (1.50)
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This system is known as a first-order quasi-linear partial differential system of equations.
Here, UA is known as the state vector, and it contains all of the evolved fields in the system
(which can be quite numerous), and capital Latin indices run over these fields. The index
i runs over the spatial coordinates chosen for the evolution. Here, SA(U) are the source

terms which depend on UA, but not its derivatives. The matrices
[
A(U)BA

]i
are known

as the characteristic matrices, which may also depend on UA, but not its derivatives. The
structure of the characteristic matrices define the concept of hyperbolicity [25, 26, 27],
where for any unit vector si:

• Weak hyperbolicity: The matrix si
[
A(U)BA

]i
has strictly real eigenvalues.

• Strong hyperbolicity: The system is weakly hyperbolic and the matrix si
[
A(U)BA

]i
is diagonalizable.

• Symmetric hyperbolicity: The system is strongly hyperbolic and there exists a
symmetric positive definite matrix SBA called the symmetrizer, that does not depend

on si, such that siSBC
[
A(U)CA

]i
is a Hermitian matrix.

The eigenvectors of si
[
A(U)BA

]i
define the characteristic modes and the eigenvalues

define the characteristic speeds1 of the system relative to the unit vector si. The character-
istic modes separate the statevector into parts that propagate in distinct directions with
distinct speeds, which is useful for applying boundary conditions.

The best systems are those that can be cast as symmetric hyperbolic, as they are
guaranteed to be well-posed if the characteristic matrices are independent of UA. This
will not be the case in general, but for many of the formulations of Einstein’s equations
considered in this work, independence of UA is a good approximation in weak gravity
regions. Symmetric hyperbolicity also comes with the concept of an energy estimate,
which allows for proofs of energy stability.

The energy density estimate of a symmetric hyperbolic system is defined via a quadratic
form based on a symmetrizer for the system [27]

ρ = UASABUB , (1.51)

1The use of the term “characteristic speeds” is potentially confusing, as it is a signed quantity. The unit
vector si defines the sign of these “speeds”, where a positive speed indicates propagation of a characteristic
mode along si and a negative speed indicates propagation of a characteristic mode in the direction opposite
si. Characteristic velocity is unfortunately not the term used in the community.
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which has corresponding flux density

φi = UASAC
[
A(U)CB

]i
UB . (1.52)

The symmetrizer is not unique in general, so there may be a family of them from which to
choose. This choice of symmetrizer is arbitrary, and in later chapters we will choose one
motivated by examples of energy conservation in stationary spacetimes. The energy density

estimate is conserved when
[
ABA

]i
is approximately independent of UA and SA(UB) can

be approximately neglected (e.g. when we consider small high-frequency perturbations):

∂t

∫
ρ dV ∼

∮
siφ

idS . (1.53)

Numerical instability tends to occur when high frequency numerical noise grows without
bound. A symmetric hyperbolic system ensures that due to the conservation of the energy
estimate, this high frequency noise cannot grow without bound in principle.

1.4 Numerical Methods

Solutions to the generic system of evolution equations Eq. (1.50) can be arbitrarily com-
plicated and only in a small class of simple cases can one hope to find an exact solution.
Instead, an approximate numerical solution is sought, where the problem is discretized in
both time and space. The list of numerical techniques one might apply to achieve this is
long, but for the scope of this thesis, only finite differencing techniques for approximations
to spatial derivatives, and Runge-Kutta techniques for discrete time advancement will be
introduced.

1.4.1 Finite Differencing

The first step in approximating the system Eq. (1.50) is defining a way to approximate
spatial derivatives using a finite representation of the functions of which the spatial deriva-
tive is needed. One of the many ways to approximate spatial derivatives is the method of
finite differencing.

Consider a function f(x) that is represented by grid points equally spaced by a distance
h within a domain x ∈ (a, b), where a < b. Using a finite number of points, we require a
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consistent approximation of the partial derivative. As is usually introduced in continuous
calculus, the definition of the derivative is written

∂xf(x) = lim
h→0

f(x+ h)− f(x)
h

. (1.54)

If the limit is neglected, this becomes a consistent approximation to the derivative using
only two sampled points of the function f(x). If we consider the series expansion of f(x+h)
in terms of h, we obtain

f(x+ h) = f(x) + ∂xf(x)h+
1

2
∂2xf(x)h

2 +O(h3) , (1.55)

which shows that this approximation to the partial derivative gives the correct answer with
the first correcting term of order h1:

−f(x) + f(x+ h)

h
= ∂xf(x) +

1

2
∂2xf(x)h+O(h2) . (1.56)

Since the error in the approximation is dominated by a term O(h1), this approximation
is called first order accurate. This approximation scheme includes one function evaluation
point at x, and one farther along at x+h, so it is called a forward differencing scheme. We
can define a backward differencing scheme by instead considering the backward expansion

f(x− h) = f(x)− ∂xf(x)h+
1

2
∂2xf(x)h

2 +O(h3) , (1.57)

and manipulating it to reveal the partial derivative as before:

−f(x− h) + f(x)

h
= ∂xf(x)−

1

2
∂2xf(x)h+O(h2) , (1.58)

which shows the same first order accuracy as the forward case. We can take Eq. (1.56) and
add it to Eq. (1.58) to obtain a more accurate approximation to the derivative:

−f(x− h) + f(x+ h)

2h
= ∂xf(x) +

1

6
∂3xf(x)h

2 +O(h4) . (1.59)

This is called a centered differencing scheme, and since the error is now dominated by terms
O(h2), it is called second order accurate. If we instead subtract Eq. (1.56) and Eq. (1.58),
we obtain an approximation for the second derivative:

f(x− h)− 2f(x) + f(x+ h)

h2
= ∂2xf(x) +

1

12
∂4xf(x)h

2 +O(h4) , (1.60)
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which is also second order accurate.

In general, by including more function evaluation points with which to approximate
the derivative, higher order accuracy schemes can be derived. As they will be used in later
chapters of this thesis, the fourth order accurate centered scheme

f(x− 2h)− 8f(x− h) + 8f(x+ h)− f(x+ 2h)

12h
= ∂xf(x) +

1

30
∂5xf(x)h

4 +O(h6) ,
(1.61)

and the sixth order accurate centered scheme

−f(x− 3h) + 9f(x− 2h)− 45f(x− h) + 45f(x+ h)− 9f(x+ 2h) + f(x+ 3h)

60h

= ∂xf(x) +
1

140
∂7xf(x)h

6 +O(h6) , (1.62)

are defined. Centered schemes are useful in the interior of the domain, where there are
enough grid points in either direction to calculate the desired accuracy of finite differenc-
ing stencil. When the derivative is required near the boundaries of the domain however, a
centered scheme will not be possible. One way to circumvent this problem is to introduce
forward differencing schemes near the left boundary (x = a) and backward differencing
schemes near the right boundary (x = b). Unfortunately, this tends to lead to numer-
ically unstable evolution of the system unless great care is taken in how the transition
between centered and forward/backward schemes is made. This is where the next concept
of summation by parts becomes helpful.

1.4.2 Summation by Parts

As first introduced and defined in [28], and reviewed in [29], summation by parts derivative
operators provide a means to prove the stability of discrete problems via the energy method.
This method proves the numerical stability of a problem by showing that there exists a
numerical energy, that depends on the entire solution domain and the entire state vector,
that is bounded and thus the system cannot be numerically unstable or else this quantity
would by definition be unbounded.

To see how summation by parts works, we will analyze the one dimensional flat wave
equation in Cartesian coordinates as an example:

(−∂2t + ∂2x)ϕ = 0 . (1.63)
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If we define auxiliary variables to hold the time derivative u = −∂tϕ and the spatial
derivative vx = ∂xϕ, then we can write a system of evolution equations that contains only
first derivatives

∂tϕ = −u ,
∂tvx + ∂xu = 0 ,

∂tu+ ∂xvx = 0 , (1.64)

Where the first equation is just a definition, the second enforces the commutativity of
temporal and spatial derivatives, and the third is the wave equation. If we consider the
spatial domain x ∈ [a, b], the wave equation has an energy conservation law due to its
propagation on a static background spacetime:

∂t

∫ b

a

1
2
(u2 + v2x) dx = uvx

∣∣b
a
. (1.65)

Distributing the time derivative into the energy and substituting the evolution equations
yields an integration by parts rule∫ b

a

u∂xvx dx+

∫ b

a

(∂xu)vx dx = uvx
∣∣b
a
. (1.66)

If this integration by parts rule was violated, then the wave equation system would not
have a conserved energy, and could then potentially be an analytically unstable system of
equations. Integration by parts is always obeyed because it is a fundamental theorem in
continuous calculus, but once we make the jump to finite calculus (i.e. finite differencing),
this is no longer guaranteed. Instead, finite differencing operators have to be specially
designed to obey a discrete analog of integration by parts, which is the basis for summation
by parts.

Consider the system now sampled on a grid. The domain is discretized with n grid
points from x = a to x = b with a constant grid spacing h = (b−a)/(n−1). The functions
ϕ, u, and vx are now represented by vectors of n points and the spatial derivatives are
approximated with an n× n finite differencing operator Dx:

∂tϕ = −u ,
∂tvx +Dxu = 0 ,

∂tu+Dxvx = 0 . (1.67)
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A summation by parts operator Dx and its corresponding n × n symmetric and positive
definite norm operator Σ satisfy the following property:

ΣDx +DT
xΣ = B , (1.68)

where B = diag(−1, 0, . . . , 0, 1) is the n× n boundary operator. Multiplying u on the left
and vx on the right, we obtain

uTΣDxvx + (Dxu)
TΣvx = uTBvx = u(b)vx(b)− u(a)vx(a) . (1.69)

This property directly mimics the continuous integration by parts. We can see that if we
apply for example u(a) = 0 and vx(b) = 0 as boundary conditions, the summation by parts
property assures that the numerical energy estimate En is conserved even on a discrete
grid:

∂tEn ≡ ∂t(
1
2
uTΣu+ 1

2
(vx)

TΣvx) = 0 . (1.70)

For a given set of arbitrary boundary conditions, if the numerical energy En can be shown
to be strictly decreasing

∂tEn ≤ 0 , (1.71)

for all time, then the problem is called energy stable. The property of energy stability
proves that the semi-discrete problem is numerically stable, that is when time derivatives
are taken to be exact. In a realistic scenario, time advancement will be discrete as well, so
the numerical stability of the problem will also depend on the time discretization scheme
chosen. How the boundary conditions are applied is also important, as numerical tests
tend to show that applying a boundary condition exactly (i.e. replacing u and/or vx with
exact values) tends to make the numerical problem stiff at the boundary and can lead to
instability. To combat this problem, another concept called simultaneous approximation
terms is introduced.

1.4.3 Simultaneous Approximation Terms

One way to apply boundary conditions in numerical systems is to use simultaneous ap-
proximation terms, which have been shown to be a successful way to keep a system energy
stable. At the boundary points, an exponential decay term is added to the evolution equa-
tions that will evolve the state vector toward the desired boundary values at a given decay
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timescale. We define ea = (1, . . . , 0) and eb = (0, . . . , 1) to select the grid points at x = a
and x = b respectively, and write the following numerical scheme:

∂tϕ = −u ,
∂tvx +Dxu = τΣ−1ea(v

BC1
x − vx) + τΣ−1eb(v

BC2
x − vx) ,

∂tu+Dxvx = τΣ−1ea(u
BC1 − u) + τΣ−1eb(u

BC2 − u) , (1.72)

where uBC(1,2) and v
BC(1,2)
x are the boundary conditions to be applied at x = a and x = b

respectively, and τ controls the exponential decay scale toward these desired boundary
values. To show energy stability, we take the time derivative of En

∂tEn =
1

2
∂t(u

TΣu+ (vx)
TΣvx) = uTΣ∂tu+ (∂tvx)

TΣvx , (1.73)

and substitute in the evolution equations and the summation by parts property

∂tEn = u(a)sx(a)vx(a) + u(a)uBC1 − u(a)2 + vx(a)v
BC1
x − vx(a)2

+ u(b)sx(b)vx(b) + u(b)uBC2 − u(b)2 + vx(b)v
BC2
x − vx(b)2 . (1.74)

Here, at the boundary points, the unit normal vector sµ to the boundary is defined to
point out of the domain, and in one dimension has only one component sx. Since this
system is propagating on a flat background spacetime, we have sx(a) = −1, sx(b) = 1, and
sx = sx. Relative to sµ, we define the characteristic modes for this system by calculating
the eigenvectors of the characteristic matrices. In this case, there are two modes only2:

U− = ℓµ∂µϕ = − 1√
2
(u+ sxvx) , U+ = kµ∂µϕ = − 1√

2
(u− sxvx) . (1.75)

These characteristic modes U± have characteristic speeds c± = ±1 respectively. The
generic way to apply boundary conditions to systems of hyperbolic equations is to provide
boundary conditions for every characteristic mode that is propagating into the domain,
i.e. ones that have a negative characteristic speed. To do this, we write the state vector in
terms of the characteristic modes:

u = − 1√
2
(U+ + U−) , vx = −

1√
2
sx(U

− − U+) . (1.76)

The boundary condition values uBC and vBC
x are obtained by making the substitution

U− → U−BC in the above definitions for each of the boundaries, since these are the only

2In Chapter 2, the characteristic modes are defined differently, with an sµ pointing in the positive radial
direction since the problem being solved is spherically symmetric.
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characteristic modes with negative characteristic speed in this case. We then consider the
following family of boundary conditions

U−BC = kU+ , (1.77)

for any scalar k, which are motivated by the control of the energy flux at each boundary.
Finally, in terms of the characteristic modes, we have

∂tEn =
[
−1

2
(U− − U+)2 − (1− kτ)U+U− − (τ − 1)(U−)2

]
|a

+
[
−1

2
(U− − U+)2 − (1− kτ)U+U− − (τ − 1)(U−)2

]
|b . (1.78)

We are interested in the values of the parameters τ and k for which the energy is strictly
decreasing for all time. Although for homogeneous boundary conditions (k = 0), the
scheme is energy stable for all τ > 1

2
, we require a scheme that is stable for a range of

boundary condition choices. Taking τ = 1 we have

∂tEn =
[
−1

2
(U+ − kU−)2 + 1

2
(k2 − 1)(U−)2

]
|a

+
[
−1

2
(U+ − kU−)2 + 1

2
(k2 − 1)(U−)2

]
|b , (1.79)

which is energy stable if −1 ≤ k ≤ 1. This directly mimics the continuous case, as the set
of boundary conditions −1 ≤ k ≤ 1 include those that are perfectly reflecting (k = ±1)
and perfectly transmitting (k = 0), which has the energy either preserved or decreasing in
all cases. There is nothing wrong with having |k| > 1 in principle, as in the continuous
problem this just means that more energy is injected into the system than is incident on
the boundary from within the domain, but the system is then not energy stable even in the
continuum as this can lead to a feedback loop of injected energy, which can grow without
bound. As long as |k| ≤ 1 the continuous problem is energy stable and as long as τ = 1,
the numerical problem is also energy stable.

Simple one dimensional problems like the one considered here have fairly simple energy
stability requirements, but more complicated equations, like those that have characteristic
speeds that are functions of space and time, will have more complicated energy stability
requirements. It is shown in [30] that τ should be set to the magnitude of the incoming
characteristic speed |c−| in such cases, making the boundary conditions more weakly ap-
plied the closer the boundary is to a null surface, like if it was placed close to the horizon
of a black hole.

1.4.4 Runge-Kutta methods

Next, we introduce a family of numerical time advancement methods. The generic system
of Eq. (1.50) can be rewritten in terms of a set of functions fA that depend only on the
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state vector UA and its first spatial derivatives:

∂tUA = fA(∂iUB, UB) . (1.80)

When the substitution ∂i → Di is made with an appropriate set of SBP operators Di and
BCs are applied using SATs, the entirety of fA can be approximated on a grid. Now,
a numerical method of time advancement needs to be introduced to advance the current
solution to the next time slice given the values of ∂tUA that can now be calculated. To
show how this is done, the notation will be adjusted with vector hats UA → U⃗ .

A popular set of methods are the explicit Runge-Kutta methods, which are a class of
time discretization methods that can be derived to various orders of accuracy. A funda-
mental example of a Runge-Kutta method is the forward Euler method. To explain how
this method would work on a computer, we will introduce the variable assignment operator
← which indicates the writing the value of the right hand side into the variable on the left
hand side (normally ‘=’ in most computer languages).

Given an initial value for the whole state vector U⃗(t = 0), we allocate two computer

memory registers to hold information about the state vector and call them U⃗1,2. We store

the initial values in U⃗1: U⃗1 ← U⃗(t = 0), and then each subsequent time step by interval

∆t involves one stage, first performing the forward Euler step and storing it in U⃗2, then
copying back into U⃗1:

U⃗2 ← U⃗1 + f⃗(U⃗1)∆t ,

U⃗1 ← U⃗2 . (1.81)

The forward Euler algorithm, although only first order accurate, is very memory efficient,
as it only ever needs two memory registers. In principle the scheme

U⃗1 ← U⃗1 + f⃗(U⃗1)∆t , (1.82)

is possible as well, but since f⃗(U⃗1) contains finite differencing operators, it depends on
many other grid points in the vicinity of whatever grid point is currently being calculated.
This runs the risk of points being overwritten before an adjacent point can be calculated
which may need the value that was just overwritten. Although clever methods to prevent
this issue exist, we will assume this is not possible, which will better allow for computer
parallelization over grid points. As a result, assignments of the form U⃗1 ← f⃗(U⃗1) will
be forbidden. Unfortunately, this means Runge-Kutta methods more accurate than the
forward Euler will require even more memory be allocated.
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Another time stepping algorithm used in this thesis is the so-called strong stability
preserving third order Runge-Kutta method (RK3) [31]. It requires three separate mem-

ory registers (U⃗1, U⃗2, U⃗3). The algorithm begins by storing the initial values as before

U⃗1 ← U⃗(t = 0), while U⃗2 and U⃗3 can be initially undefined. It works in the following three
stages:

Stage 1:

U⃗2 ← U1 + f(U⃗1)∆t ,

Stage 2:

U⃗3 ←
3

4
U1 +

1

4
U2 +

1

4
f⃗(U⃗2)∆t ,

Stage 3:

U⃗1 ←
1

3
U⃗1 +

2

3
U2 +

2

3
f⃗(U⃗3)∆t ,

with the result advanced by ∆t and stored in U⃗1 for the next integration step.

The reason the number of memory registers used in the time stepping algorithm is of
concern is that the memory cost of the evolutions in numerical relativity can be a limiting
factor. Consider a three dimensional simulation represented on a grid of 10003 points. For
the generalized harmonic formulation introduced in the next chapter, we require 50 evolved
fields in the state vector, and the RK3 algorithm requires 3 state vector memory registers.
If each evolved field is represented by a standard 8 byte floating point number, the total
allocated system memory required is 1.2 terabytes. This is an uncommonly large amount
of system memory for one computer to have3, so keeping the number of memory registers
low can make the difference between a simulation that is possible or not.

Runge-Kutta methods of higher order accuracy than those presented here exist, but
with select summation by parts operators, a high order accuracy time stepping scheme
doesn’t always make sense. If one restricts to summation by parts operators with diagonal
norms with accuracy order 2p in the interior, then the global accuracy is only order p+ 1
due to decreased accuracy near the boundary points [29]. For example, for a summation by

3At least at the time of this thesis. Of course, supercomputer clusters can have many computer nodes
with a total system memory of all computer nodes being much higher than this. Methods other than
finite differencing, such as spectral methods, can be much more memory efficient, but come with their own
drawbacks.
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parts operator based on a fourth order accurate centered scheme in the interior, the global
accuracy achieved is only third order, so for this case it doesn’t help to pick a Runge-Kutta
scheme more accurate than third order.

Lastly, a value for the time step ∆t needs to be chosen. In the context of the one
dimensional wave system Eqns. (1.72), the time step size is bounded by the so-called CFL
stability criterion:

CCFL = |c±|
∆t

∆x
≤ CCFL

max , (1.83)

where CCFL is called the Courant number. The value of the maximum allowed Courant
number CCFL

max to maintain numerical stability depends on the numerical scheme and the
system being solved, but is usually of order unity. Some of the more complicated schemes
considered in the following chapters have somewhat more strict CCFL

max bounds.

1.5 Symmetric Hyperbolic Formulations of Numeri-

cal Relativity

In order to numerically solve Einstein’s equations, one must first write down a formulation
of these equations. This is to say that Einstein’s equations as normally written are not nec-
essarily in a form that can be readily numerically integrated in a stable fashion. Even if one
casts Einstein’s equations in a form that can be integrated, it is not guaranteed that such
a system is stable over time. This is why great care is taken to demonstrate formulations
that are at least strongly hyperbolic, where well-posedness can be demonstrated. There
are many strongly hyperbolic formulations used with relative success over the years, but
the best formulations are those that are symmetric hyperbolic. There are a few proposed
formulations that are symmetric hyperbolic (see [32, 33, 34, 35, 36] for some examples).
Many of these proposed formulations require gauge fixing, making them of less general use.
That is to say that symmetric hyperbolicity is ensured in part by assuming some type of
coordinate system for all time, preventing a different coordinate choice from being made
without losing this property. There do exist some formulations that allow complete gauge
freedom however, and we will consider formulations of this type exclusively. Another useful
feature not present in every symmetric hyperbolic formulation is the existence of causal
characteristic speeds (i.e. ones that lead to propagation exclusively on or within the light-
cone). Thus as a starting point for a numerically stable system, we desire a formulation
that has the following properties:
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• Symmetric Hyperbolicity

• No gauge fixing required

• Causal characteristic speeds

In this thesis, two formulations fitting these requirements are demonstrated. The first
formulation used is the so-called Einstein-Christoffel formulation that is demonstrated in
spherical symmetry in Chapter 2. The second formulation is the so-called generalized har-
monic formulation, demonstrated without symmetry assumptions in Chapter 3. The main
difference between these two systems is how the coordinate gauge choices are enforced.
The Einstein Christoffel formulation fixes the gauge by specifying four functions of space-
time that effectively become the lapse and the shift. The generalized harmonic formulation
works instead by specifying four functions that dictate the time evolution of the lapse and
shift.

1.5.1 The Einstein-Christoffel Formulation

One such formulation that fits all of our requirements is the Einstein-Christoffel formu-
lation, proposed in [33] and refined and numerically tested in [37]. This formulation is
implemented using what we will refer to as a “zeroth order gauge” specification. That is to
say that in order to choose the gauge under which the spacetime will evolve, a user would
specify four functions of spacetime that effectively dictate the values of the lapse and shift
at every point in spacetime. One important detail however is that the densitized lapse
α̃ ≡ α/

√
γ is specified, rather than the lapse itself:

α̃ = α̃(xµ) , βi = βi(xµ) . (1.84)

The dynamical variables will represent the 3-metric γij and its derivatives, with the Christof-
fel symbols with respect to γij denoted Γ̄kij with covariant derivative ∇̄i. The functions

fkij ≡ Γ̄(ij)k + γkiγ
lmΓ̄[lj]m + γkjγ

lmΓ̄[li]m , (1.85)

are defined to hold information about the spatial derivatives of γij, which can be recovered
using the inversion relation

∂kγij = 2fkij − 4γlm(flm(iγj)k − γk(ifj)lm) . (1.86)

29



The extrinsic curvature 4

Kij ≡ −γ µ
i γ

ν
j ∇µnν = −

1

2α
(∂t −£β)γij = −

1

2α
(∂tγij − βk∂kγij − 2γk(i∂j)β

k) , (1.87)

is defined to hold information about the time derivatives. The complete state vector for
this system can then be written U⃗ = (γij, fkij, Kij), which is a total of 30 evolved fields.
Before we can write down the evolution equations, we need to recognize the existence of
the constraints in this system. The Hamiltonian constraint is

C ≡ γijγkl{2(∂kfijl − ∂ifjkl) +KikKjl −KijKkl

+ γmn[fikm(5fjln − 6fljn) + 13fiklfjmn + fijk(8fmln − 20flmn)}] + 16πρ , (1.88)

where ρ = T µνnµnν is the energy density of matter fields. The set of momentum constraints
are

Ci ≡ γkl{∂iKkl − ∂kKil + γmn[Kik(3flmn − 2fmnl)−Kkmfiln]}+ 8πSi , (1.89)

where Si ≡ γ µ
i n

νTµν is the momentum density of matter fields. The rest of the components
of the stress energy tensor are given by the spatial stress Sij ≡ γ µ

i γ
ν
j Tµν . Finally, by

defining fkij, we introduce a set of spatial derivative constraints

Ckij ≡ ∂kγij − 2fkij + 4γlm(flm(iγj)k − γk(ifj)lm) . (1.90)

Analytically, all of these constraints vanish and are preserved in the evolution, but when
spatial derivatives are approximated using finite differencing for example, they will become
violated due to numerical error. As long as all of the constraints converge to zero with
increasing resolution, the evolution is properly approximating the Einstein field equations.

We then proceed to write an evolution equation for each of the fields in the state vector.
The evolution of Kij is dictated by the Einstein field equations and the evolution of γij is
dictated by the definition Eq. (1.87). In order to evolve fkij, a commutation property is
enforced:

[ ∂t −£β , ∂k ] = 0 , (1.91)

which allows us to write an identity for the evolution of the spatial derivatives of the metric

(∂t −£β)∂kγij = −∂k(2αKij) . (1.92)

4Notice that this definition of the extrinsic curvature is different by a minus sign compared to the usual
definition Eq. (1.44). This is a common convention in numerical relativity, but is different than that given
in [22] for example. It is projected onto the 3-space with δ µ

i as the coordinates on the 3-space yi are taken
to be the same as the spatial coordinates in the 3 + 1 manifold xi.
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It is shown in [33] that we can use the inversion Eq. (1.86) and add a factor of 2γk(iCj)
to produce an evolution equation for fkij that allows the whole evolution system to be
symmetric hyperbolic. The resulting system of evolution equations is

∂tγij = 2βkfkij + 4γlm(β(ifj)lm − flm(iβj)) + 2γk(i∂j)β
k

− 2αKij , (1.93)

∂tfkij − βl∂lfkij + α∂kKij = α{γmn[4Kk(ifj)mn − 4fmn(iKj)k +Kij(2fmnk − 3fkmn)]

+ 2γmnγpq[Kmp(γk(ifj)qn − 2fqn(iγj)k)

+ γk(iKj)m(8fnpq − 6fpqn) +Kmn(4fpq(iγj)k − 5γk(ifj)pq)]

−Kij∂k ln α̃ + 2γmn(Km(iγj)k∂n ln α̃−Kmnγk(i∂j) ln α̃)}
+ 2fkl(i∂j)β

l + flij∂kβ
l + γkl∂i∂jβ

l + 16πγk(iSj) , (1.94)

∂tKij − βk∂kKij + αγkl∂lfkij = α
{
γkl(KklKij − 2KkiKlj) + γklγmn(4fkmif[ln]j

+ 4fkm[nfl]ij − fikmfjln + 8f(ij)kf[ln]m + 4fkm(ifj)ln

− 8fklifmnj + 20fkl(ifj)mn − 13fiklfjmn)− ∂i∂j ln α̃
− (∂i ln α̃)(∂j ln α̃) + 4γijγ

klγmnfkm[n∂l] ln α̃

+ γkl[(2f(ij)k − fkij)∂l ln α̃− 3(fikl∂j ln α̃ + fjkl∂i ln α̃)]

+ 4fkl(i∂j) ln α̃
}
+ 2Kk(i∂j)β

k − 8πSij + 4πγijT . (1.95)

This system is complicated, but it has all of the properties that we seek as a starting point
for a numerically stable initial boundary value problem. The principal part is written on the
left hand side, while source like terms are written on the right hand side. The only reason
the source terms in Eq. (1.94) contain the terms in stress-energy tensor is the addition of
the term proportional to the Einstein constraints, 2γk(iCj). Writing the principal part in
matrix form, and performing an eigendecomposition, results in the characteristic modes

U+
ij ≡ −

1√
2
(Kij + skfkij) ∼ kµ∂µγij , (1.96)

U−
ij ≡ −

1√
2
(Kij − skfkij) ∼ ℓµ∂µγij , (1.97)

U⊥
kij ≡ σ l

k flij ∼ σ µ
k ∂µγij , (1.98)

with corresponding characteristic speeds

c± = ±α− siβi , c⊥ ≡ −siβi . (1.99)

The characteristics U±
ij propagate along the light cone, while the characteristics U⊥

kij prop-
agate along nµ, making all of the propagating degrees of freedom in this system causal.
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Analysis of the characteristic matrices shows that this system is symmetric hyperbolic
as promised. This ensures that the system has an energy estimate:

EEC =
1

2

∫
(αKijKij + αfkijfkij − 2Kijβkfkij)dV , (1.100)

which is conserved when we consider small high frequency perturbations in the system

∂tEEC ∼
∮

(αKij − βkfkij)sl(αflij − βlKij)dS . (1.101)

Here, a symmetrizer motivated by the energy conservation obeyed by the scalar wave
equation on a stationary spacetime is chosen.

The characteristic matrices are only preserved if the gauge is chosen as directed, spec-
ifying the densitized lapse and shift for all time. This is because the source terms contain
first and second derivatives of α̃ and βi, and if these gauge variables were promoted to
evolved fields, their derivatives would move into the principal part of the system, directly
affecting the characteristic structure. The only way to prevent this would be to specify an
evolution scheme third order in derivatives for the gauge variables, and evolve this as a
first order system of equations, so that first and second derivatives of the gauge variables
become source terms. This comes as a disadvantage for highly dynamical spacetimes, as a
user may not know what functions to choose for the gauge variables to ensure the absence of
coordinate singularities during the evolution. There do exist elliptic conditions for the lapse
and shift that have been shown to prevent coordinate singularities, but these tend to be
computationally expensive conditions to implement, and the stability and well-posedness
of mixed hyperbolic-elliptic equations can be hard to prove. The advantage of this system
however is that there are only 30 evolved fields, whereas the system described in the next
section will contain 50 fields, making the Einstein-Christoffel system more efficient with
respect to computer memory.

1.5.2 The Generalized Harmonic Formulation

The generalized harmonic formulation was first proposed by [34] and was subsequently
formalized by [35, 36]. Many successful numerical relativity simulations have since been
based on this formulation (for example [38, 39, 40]). The generalized harmonic evolution
equations were first written as a symmetric hyperbolic first order system of equations and
rigorously numerically tested in [41]. This system will be referred to as a “first order gauge”
specification, which is to say that in order to choose the gauge under which the spacetime
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will evolve, a user would specify four functions of spacetime that effectively dictate first
order evolution equations for the lapse and shift at every point in spacetime. These four
functions Hµ are defined on a Lorentzian spacetime with metric gµν and coordinates xµ:

Hµ(x
α) = −gµσ∇ν∇νxσ = gαβΓµαβ ≡ Γµ , (1.102)

which can be written as evolution equations for the lapse and shift:

∂tα− βi∂iα = α2 (nµHµ −K) , (1.103)

∂tβ
i − βj∂jβi = α2γij

(
γklΓjkl −Hj − ∂j lnα

)
. (1.104)

The choice Hµ(x
α) = 0 is called the harmonic coordinate condition. Its usefulness is

apparent when we write out the scalar wave equation:

∇µ∇µϕ = ∂µ∂µϕ− gµνΓαµν∂αϕ = 0 → ∂µ∂µϕ = 0 . (1.105)

This coordinate condition removes first order derivatives of the scalar from the equation,
simplifying the corresponding evolution equations. This simplification has been instru-
mental in various proofs of the well-posedness of Einstein’s field equations [42, 43]. By
specifying and arbitrary Hµ(x

α), the harmonic simplification may be lost, but the charac-
teristic structure of the scalar field equations is preserved. This is also true of the Einstein
field equations, as the specification Hµ(x

α) transforms them into a manifestly hyperbolic
system. The gauge specification introduces the set of four gauge constraints

Cµ ≡ Γµ −Hµ , (1.106)

which in conjunction with its time derivatives ∂tCµ, can be shown to effectively replace the
Hamiltonian and momentum constraints introduced in the previous section.

To write the first order evolution equations using this formulation as originally done in
[41], we define the variables diµν ≡ ∂igµν to hold information about the spatial derivatives
of the metric, and Pµν ≡ −nα∂αgµν to hold information about the time derivatives of the

metric. The complete state vector for this system can then be written U⃗ = (gµν , diµν , Pµν),
for a total of 50 evolved fields. The evolution equation for gµν comes from the definition of
Pµν , and the evolution of Pµν comes from the Einstein field equations. Evolution for diµν
is achieved by enforcing the commutativity of temporal and spatial derivatives:

[ ∂t , ∂i ] = 0 , (1.107)

and writing
∂tdiµν = ∂k(β

idiµν − αPµν) . (1.108)
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The evolution equations are completed by distributing the spatial derivatives and substi-
tuting state vector values. The resulting system of evolution equations is

∂tgµν = βidiµν − αPµν , (1.109)

∂tdiµν − βj∂jdiµν + α∂iPµν = 1
2
αnλnρdiλρPµν + αγjknλdijλdkµν , (1.110)

∂tPµν − βi∂iPµν + αγij∂idjµν = 2αgλρ
(
γijdiλµdjρν − PλµPρν − gϵσΓµλϵΓνρσ

)
+2α∂(µHν) − 2αHλΓ

λ
µν − 1

2
αnλnρPλρPµν

−αnλPλiγijdjµν − 16παTµν + 8παgµνT . (1.111)

where Christoffel symbols are written in terms of the state vector as

Γαµν = n(µPν)α + diα(µγ
i

ν) − 1
2
(nαPµν + γ i

α diµν) , (1.112)

and the lapse and shift are set via the inverse metric components

α2 = (−gtt)−1 , βi = α2gti . (1.113)

This system also has all of the properties that we seek as a starting point for a numerically
stable initial boundary value problem. The principal part is identical to the previous
system, and the eigendecomposition results in similar characteristic modes

U+
µν ≡ −

1√
2
(Pµν + sαdαµν) = kα∂αgµν , (1.114)

U−
µν ≡ −

1√
2
(Pµν − sαdαµν) = ℓα∂αgµν , (1.115)

U⊥
αµν ≡ σ β

α dβµν = σ µ
α ∂µgµν , (1.116)

with corresponding characteristic speeds

c± = ±α− siβi , c⊥ ≡ −siβi . (1.117)

The characteristics U±
µν propagate along the light cone, while the characteristics U⊥

αµν prop-
agate along nµ, making all of the propagating degrees of freedom in this system causal.

The energy estimate for this system can be written as

EGH =
1

2

∫
mµνmϵσ

[
α(PµϵPνσ + diµϵdiνσ)− 2βiPµϵdiνσ

]
dV , (1.118)

where mµν is any positive definite metric. Here, a symmetrizer motivated by the energy
conservation obeyed by the scalar wave equation on a stationary spacetime is chosen. This
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energy estimate is conserved when we consider small high frequency perturbations in the
system:

∂tEGH ∼
∮
mµνmϵσ(αPµϵ − βjdjµϵ)si(αdiνσ − βiPνσ) dS . (1.119)

It will be demonstrated in Chapter 3 that instead of distributing the spatial derivatives
as was done in the system above, the principal part can be written in a form more akin to the
flux conservative form common in hydrodynamic systems to better adhere to summation
by parts energy estimates. The system shown here is more directly representative of that
originally given by [41] to draw a direct comparison to the principal parts of the Einstein-
Christoffel system and the generalized harmonic system.
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Chapter 2

Numerical Relativity in Spherical
Symmetry

Preface

This chapter contains the work published in [44] titled “Reflecting boundary conditions in
numerical relativity as a model for black hole echoes”. It has not been altered from its
published version other than to adjust some equations to better adhere to the formatting
of this thesis. References to ‘we’ in this chapter either refer to the list of authors in [44]
(Conner Dailey, Niayesh Afshordi, and Erik Schnetter), or to these authors and the reader.

This work represents the usual first step in numerical relativity whenever a new concept,
numerical technique, or formulation is introduced, which is to implement it first within the
simplification of spherical symmetry. This makes the problem effectively one dimensional,
which is simple to implement, computationally inexpensive, and acts as a stage to correct
common mistakes and to make headway in understanding.

In this case, it acts as a stage in which to experiment with reflecting boundary conditions
within numerical relativity.
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2.1 Introduction

The recent discovery of gravitational waves (GWs) has led to the new field of GW astron-
omy, opening novel windows into some of the deepest physical mysteries in our universe.
Chief amongst these is the true nature of black hole horizons, which appear to have both
temperature and entropy, if one applies laws of quantum mechanics to the fields in their
vicinity [45, 46]. Yet, according to Einstein’s theory of General Relativity (GR), horizons
comprise nothing but empty space. Even more problematic is when the thermal nature
of black holes (i.e. Hawking radiation) leads to their evaporation, leaving us to wonder
what happens to the information behind the horizon that cannot escape due to relativis-
tic causality. This is known as the black hole information paradox [47, 48]. Given that
GW astronomy can now probe into the vicinity of black hole horizons, it is natural to ask
whether it can give us an empirical window into resolving these theoretical mysteries. In
particular, one may wonder whether quantum effects near the horizon would lead to echoes
in observations that would have been absent in GR with classical horizons [49].

Motivated by this, there has been a recent interest in modelling black hole echoes phe-
nomenologically [50, 13, 51, 16, 52, 53, 49, 15, 54]. The idea behind black hole echoes
is that there may be some mechanism, resulting from quantum phenomena for example,
by which wave packets falling into a black hole could partially reflect off of an interface
before reaching the horizon, thus resulting in a potentially detectable effect. In the context
of GW astronomy, this has opened a novel window to study exotic near-horizon physics
phenomenologically, from current and future observations [52, 53, 49, 54]. However, inter-
preting this data requires modelling strong gravitational systems in numerical relativity,
where there does not currently seem to be a good understanding of how to properly imple-
ment a reflecting surface (but see [55] for an approximate method and [56] for an adjacent
approach to boundaries). There has also been some recent skepticism that black hole
echoes can be detected at all due to the formation of an apparent horizon before the reflec-
tion occurs [57], and having a proper way to model reflecting surfaces allows for rigorous
testing beyond order-of-magnitude estimates.

One way to implement a reflecting surface is to have an artificial boundary in the
domain of the numerical problem where the surface is to be located, and impose a set
of boundary conditions (BCs) there. This requires an understanding of the full initial
boundary value problem (IBVP) for a particular framework of numerical relativity, which
the majority of studies tend to avoid by imposing no boundaries or by having boundaries
out of causal contact with the initial conditions. This work contains some examples of
the full spherically symmetric IBVP in numerical relativity with a scalar field. Of course
there are no GWs in spherical symmetry, but see Appendix A for how this can be done
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analagously in cylindrical symmetry.

The generic way of treating the BCs in hyperbolic systems of partial differential equa-
tions is to identify the characteristic modes and speeds of the system, and for each mode
that has a characteristic speed leading it out of the domain, no BCs are applied, while
all of the modes propagating into the domain require a boundary treatment. It is then
advantageous to pick a formulation of Einstein’s equations where the characteristic modes
and speeds are simple and well-behaved. Here, the Einstein-Christoffel (EC) formulation
is used due to its simple characteristic structure, symmetric hyperbolicity, and previously
successful numerical implementation [37].

In Section 2.2, we describe the EC system and the scalar field equations adapted from
[37]. In Section 2.3, we derive BCs based on conservation laws while Section 2.4 dictates
the initial conditions we consider. Section 2.5 describes our numerical implementation
using summation by parts (SBP) operators and BCs implemented with simultaneous ap-
proximation terms (SATs). Finally, we present our results for several reflecting IBVPs
in Section 2.6, discuss near-horizon boundaries, and discuss the evolution of the apparent
horizon as a response to [57].

2.2 Theoretical Framework for the Einstein-Christoffel

system

In general, the physical metric gµν in spherical symmetry can be expressed with respect to
the spherical coordinates xα = (t, r, θ, φ), with the line element:

ds2 =− α2dt2 + γrr(dr + βrdt)2 + γθθdΩ
2 , (2.1)

where α is the lapse, βr is the shift, and γij are elements of the 3-metric. The extrinsic
curvature is defined as

Kij = −
1

2α
(∂t −£β) γij , (2.2)

where £β represents the Lie derivative with respect to the shift vector. In order to make
the evolution equations first order in space, the functions

fkij ≡ Γ(ij)k + γkiγ
lmΓ[lj]m + γkjγ

lmΓ[li]m , (2.3)

are defined. Here, Γkij are the Christoffel symbols associated with the 3-metric. The EC
framework leaves the densitized lapse α̃ ≡ α/(

√
γrrγθθ) and the shift as freely specifiable
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gauge functions. It is understood that wherever α may appear in the evolution equations,
it is set with α = α̃

√
γrrγθθ. While we present a general formalism in what follows, we

shall come back to our particular choice of gauge in Section (2.2.3).

2.2.1 The Einstein-Christoffel vacuum equations

The evolution equations in the EC system in spherical symmetry were introduced in detail
in [37], which we modify to the following form:

∂tγrr − βr∂rγrr = 2γrr∂rβ
r − 2αKrr , (2.4)

∂tγθθ − βr∂rγθθ =− 2αKθθ , (2.5)

∂tKrr − βr∂rKrr + αDrfrrr = 3
αf 2

rrr

γ2rr
− 6

αf 2
rθθ

γ2θθ
− αK2

rr

γrr
+ 2

αKrrKθθ

γθθ
− 10

αfrrrfrθθ
γrrγθθ

− αfrrr∂r ln α̃

γrr
− α (∂r ln α̃)

2 − α ∂2r ln α̃ + 2Krr∂rβ
r , (2.6)

∂tKθθ − βr∂rKθθ + αDrfrθθ = α +
αKrrKθθ

γrr
+
αfrrrfrθθ
γ2rr

− 4
αf 2

rθθ

γrrγθθ
− αfrθθ∂r ln α̃

γrr
, (2.7)

∂tfrrr − βr∂rfrrr + α∂rKrr = 12
αγrrKθθfrθθ

γ2θθ
− αKrrfrrr

γrr
− 10

αKrrfrθθ
γθθ

− 4
αKθθfrrr
γθθ

− αKrr∂r ln α̃− 4
αγrrKθθ∂r ln α̃

γθθ
+ 3frrr∂rβ

r + γrr∂
2
rβ

r ,

(2.8)

∂tfrθθ − βr∂rfrθθ + α∂rKθθ = 2
αKθθfrθθ
γθθ

− αKθθfrrr
γrr

− αKθθ∂r ln α̃ + frθθ∂rβ
r . (2.9)

There are a few differences in this form of the equations compared to those presented in
[37]. First, we write the equations explicitly in terms of the operator Di, which acts on a 3-
covector fi as Difi = (

√
γ)−1∂i(

√
γfi) (reasons for this will be given in Section 2.5.1). Also,

instead of defining transverse elements like γT = γθθ/r
2, we keep the evolution equations

in a form that does not explicitly depend on the coordinates. The principal part of this
system makes up the left hand side and source-like terms make up the right hand side,
which suggests the simple characteristic structure of this formulation of Einstein’s vacuum
equations. We should note that there is only gauge dynamics possible in the above system
until we add stress-energy terms, which we do next.
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2.2.2 Scalar Field and Source Terms

Scalar fields of mass m are subject to the Klein-Gordon equation ∇µ∇µϕ − m2ϕ = 0.
This equation can be reduced to a first order system and keep the same characteristic
structure as the EC system with the definition of two auxiliary variables: ψr ≡ ∂rϕ and
Π ≡ −(∂tϕ− βr∂rϕ)/α. The evolution equations then become

∂tϕ− βr∂rϕ = −αΠ , (2.10)

∂tψr − βr∂rψr + α∂rΠ = α

(
−frrr
γrr

+ 2
frθθ
γθθ
− ∂r ln α̃

)
Π+ ∂rβ

rψr , (2.11)

∂tΠ− βr∂rΠ+ αDrψr = α

(
Krr

γrr
+ 2

Kθθ

γθθ

)
Π+

α

γrr

(
frrr
γrr
− 6

frθθ
γθθ
− ∂r ln α̃

)
ψr +m2αϕ .

(2.12)

With the unit normal to the spatial foliation nµ, the stress-energy tensor T µν is decomposed
into the energy density ρ = nµnνT

µν , the momentum density Si = −γiµnνT µν , the trace
T = T µµ, and the spatial stress Sij = γiµγjνT

µν . In spherical symmetry the nonzero
elements for the Klein-Gordon field are explicitly

ρ =
(
Π2 + ψrψ

r +m2ϕ2
)
/2 , (2.13)

Sr = Πψr , (2.14)

T = Π2 − ψrψr − 2m2ϕ2 , (2.15)

Srr = γrr
(
Π2 + ψrψ

r −m2ϕ2
)
/2 , (2.16)

Sθθ = γθθ
(
Π2 − ψrψr −m2ϕ2

)
/2 . (2.17)

These elements modify the right hand side Eqns. (2.6-2.8) in this framework as

∂tKrr = · · ·+ 4πα(γrrT − 2Srr) , (2.18)

∂tKθθ = · · ·+ 4πα(γθθT − 2Sθθ) , (2.19)

∂tfrrr = · · ·+ 16παγrrSr , (2.20)
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and this system is subject to a set of five constraints:

C ≡ ∂rfrθθ
γrrγθθ

+
7

2

f 2
rθθ

γrrγ2θθ
− frrrfrθθ

γ2rrγθθ
− 1

2

K2
θθ

γ2θθ
− 1

2γθθ
− KrrKθθ

γrrγθθ
+ 4πρ = 0 , (2.21)

Cr ≡
∂rKθθ

γθθ
− Kθθfrθθ

γ2θθ
− Krrfrθθ

γrrγθθ
+ 4πSr = 0 , (2.22)

Crrr ≡ ∂rγrr + 8
γrrfrθθ
γθθ

− 2frrr = 0 , (2.23)

Crθθ ≡ ∂rγθθ − 2frθθ = 0 , (2.24)

Cϕ ≡ ∂rϕ− ψr = 0 . (2.25)

Eqns. (2.21) and (2.22) are the Hamiltonian and Momentum constraints respectively,
Eqns. (2.23) and (2.24) come from definition Eq. (2.3), and Eq. (2.25) was defined at
the beginning of this section.

The characteristic modes for the complete system of equations include a set of three
modes that propagate along the timelike normal to the foliation with characteristic speed
−βr :

U0
r = γrr , U0

θ = γθθ , U0
ϕ = ϕ , (2.26)

and a set of six modes that propagate along the light cone with characteristic speeds
c± ≡ −βr ± α/

√
γrr :

U±
r = Krr ±

frrr√
γrr

, (2.27)

U±
θ = Kθθ ±

frθθ√
γrr

, (2.28)

U±
ϕ = Π± ψr√

γrr
. (2.29)

2.2.3 Gauge Choices in the Bulk

In this work, we will consider one particular gauge choice, that is that α̃ and βr are time
independent:

∂tα̃ = ∂tβ
r = 0. (2.30)
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Other types of gauge choices have been discussed in [37], but it is not clear to us that many
of these choices do not change the characteristic structure of the evolution equations. If one
considers a hyperbolic time evolution of the gauge variables, in general this will directly
affect the characteristic structure, but it is not clear whether the characteristics are well-
defined if α̃ and βr are prescribed with elliptic gauge conditions. Therefore, we restrict our
analysis to our gauge choice Eq. (2.30), where it is clear that the characteristic structure
is as presented in the previous section, and leave other gauge choices for future work.

2.3 Boundary Conditions

We now restrict the problem to a spatial domain where r ∈ [a, b]. One way to gain some
intuition on BCs for the scalar wave equation is to study the case of a static background. In
such a case we have a time-like Killing vector ξν and thus a conserved current Jµ = ξνT µν .
We then define the static energy

Es =

∫ b

a

(αρ− βrSr)
√
γ dr , (2.31)

and rewrite the conservation law ∇µJ
µ = 0 in terms of the characteristics

∂tEs =
1

4

√
γrr
√
γ
[
(c−U

−
ϕ )

2 − (c+U
+
ϕ )

2
] ∣∣∣b
a
. (2.32)

The flux term on the right hand side suggests the BCs that can be applied to allow Es to
enter/leave the domain:

U+
ϕ = −ka

c−
c+
U−
ϕ at r = a , (2.33)

U−
ϕ = −kb

c+
c−
U+
ϕ at r = b , (2.34)

for some coefficients ka,b. While ka,b do not necessarily need to be constants, the values
ka,b = ±1 keep Es exactly conserved in the domain for each boundary. In this work, a
conservative BC that reverses the sign of an incoming pulse is referred to as a Dirichlet type
(ka,b = −1), while one that retains the sign is referred to as a Neumann type (ka,b = +1).
The motivation for this naming scheme comes from the fact that these BCs reduce to
the classical Dirichlet (∂tϕ = 0) and Neumann (∂rϕ = 0) BCs in Minkowski space where
c± = ±1. It is important to note that we are considering domains and gauge conditions
where c+c− < 0 throughout so that both boundaries always require BCs.
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Once the metric becomes time dependent, Jµ is no longer conserved. Instead, the
notion of what a reflection means needs to be rooted in a quantity that describes energy
in a dynamical spacetime. One way of defining this is with the Misner-Sharp mass, which
in spherical symmetry can be written as [37]

M(r) =

√
γθθ

2

(
1 +

U+
θ U

−
θ

γθθ

)
. (2.35)

To obtain the BCs on the incoming scalar modes U±
ϕ , we express the derivatives of the

Misner-Sharp mass in terms of the state vector:

∂tM = 4π
√
γθθ [frθθ(β

rρ− αSr/γrr)
+Kθθ(αρ+ αT − 2αSθθ/γθθ − βrSr)] , (2.36)

∂rM = 4π
√
γθθ(frθθρ−KθθSr) . (2.37)

These relationships can be derived by taking the appropriate derivative of Eq. (2.35) and
substituting time derivatives with the evolution equations and spatial derivatives with the
constraints. It is interesting that these relationships can be expressed solely in terms of
the state vector, which enables us to impose BCs on the scalar characteristics to control
M .

To see this, let us integrate Eq. (2.37) to define the Misner-Sharp “energy” enclosed
within our domain

EM =

∫ b

a

frθθρ−KθθSr√
γrrγθθ

√
γ dr . (2.38)

In the continuum, we clearly have EM =M(b)−M(a). We can then write a conservation
law by taking a time derivative and substituting Eq. (2.36). Written here for a massless
scalar (i.e., m = 0), we have

∂tEM =

√
γ

4
√
γθθ

[
c+U

−
θ (U

+
ϕ )

2 − c−U+
θ (U

−
ϕ )

2
] ∣∣∣∣b
a

. (2.39)

The flux term on the right hand side suggests the general BCs that can be applied to allow
EM to enter/leave the domain:

U+
ϕ = ka

√
c−U

+
θ

c+U
−
θ

U−
ϕ at r = a , (2.40)

U−
ϕ = kb

√
c+U

−
θ

c−U
+
θ

U+
ϕ at r = b , (2.41)
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where the coefficient values ka,b = ∓1 define the Dirichlet/Neumann type BCs on the scalar
characteristics that keep EM exactly conserved at each boundary. Interestingly, in the case
of ∂tγθθ = 0, these reduce to the static background BCs, Eqns. (2.33-2.34), which motivates
their connection to the classical Dirichlet/Neumann BCs.

The expansion of outgoing null geodesics is proportional to the value of U−
θ , and thus

the apparent horizon is the outermost surface where U−
θ = 0. We call the surface where

c+ = 0 the characteristic horizon. Only when c+ < 0 are BCs no longer required at r = a
as both characteristics are then leaving the domain. If c+c− < 0 and −U−

θ U
+
θ < 0, i.e. the

boundary r = a is between the apparent horizon and the characteristic horizon, the BCs
at r = a are not well-defined unless ka = 0. We will not consider any simulations where
such cases are present in this work.

The BCs on the incoming angular characteristics U±
θ are given by Eq. (2.35):

U+
θ =

2M(a)
√
γθθ − γθθ

U−
θ

at r = a , (2.42)

U−
θ =

2M(b)
√
γθθ − γθθ
U+
θ

at r = b , (2.43)

where the values of M(a) and M(b) at each time step are given by integrating their time
derivatives with the scalar BCs applied

∂tM(a) = −πτac−
√
γrrγθθU

+
θ (U

−
ϕ )

2 at r = a , (2.44)

∂tM(b) = πτbc+
√
γrrγθθU

−
θ (U

+
ϕ )

2 at r = b , (2.45)

where τa,b = (1− k2a,b). We thus see that, in the case of Dirichlet/Neumann type BCs, the
Misner-Sharp mass at both boundaries remains constant.

As long as βr > 0, the boundary r = b has three additional incoming modes U0
r , U

0
θ ,

and U0
ϕ. As suggested in [58], these can all be fixed using the constraints (2.23-2.25) by

replacing the r derivatives in their evolution equations:

∂tϕ = βr(ψr)− αΠ , (2.46)

∂tγrr = βr
(
2frrr − 8

γrrfrθθ
γθθ

)
+ 2γrr∂rβ

r − 2αKrr , (2.47)

∂tγθθ = βr(2frθθ)− 2αKθθ , (2.48)

all evaluated at r = b.
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While fixing the massesM(a) andM(b), and scalar characteristics (Eqs. 2.40-2.41), fixes
all the physical degrees of freedom at the boundaries, the incoming radial characteristics U±

r

are left arbitrary, and thus should be connected to the residual gauge freedoms. Although
we have specified the gauge dynamics in the bulk by choosing α̃ and βr, additional gauge
freedom can propagate into the domain from outside, and thus needs to be specified by
fixing the incoming radial modes.

We shall consider a few choices for the BCs of U±
r . First, one could impose ∂tU

±
r = 0

at the corresponding boundaries:

U+
r (t) = U+

r (0) at r = a , (2.49)

U−
r (t) = U−

r (0) at r = b , (2.50)

which ensures there are no incoming radial characteristics into the domain. Next, we could
impose ∂tKrr = 0:

U+
r (t) = −U−

r (t) + 2Krr(0) at r = a , (2.51)

U−
r (t) = −U+

r (t) + 2Krr(0) at r = b , (2.52)

and finally we could impose ∂tfrrr = 0:

U+
r (t) = U−

r (t)−
2frrr(0)√
γrr(t)

at r = a , (2.53)

U−
r (t) = U+

r (t) +
2frrr(0)√
γrr(t)

at r = b , (2.54)

It is not clear if different choices may be more advantageous, but we find that for long term
stability, the condition ∂tKrr = 0 at both boundaries seems to work the best.

2.4 Initial Conditions

For the initial background, we consider a Schwarzschild black hole in Kerr-Schild coordi-
nates, but with a r-dependent mass function:

α−2 = 1 +
2M(r, 0)

r
, βr =

2M(r, 0)

r
α2 , γrr = α−2 , γθθ = r2 , (2.55)

The initial values of frrr and frθθ are formed from constraint Eqs. (2.23) and (2.24). The
initial values of extrinsic curvature components are formed via Eqs. (2.4) and (2.5), with
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∂tγθθ = 0 assumed, but ∂tγrr kept arbitrary. The yet unspecified functions M(r, 0) and
∂tγrr will be used to satisfy the constraints. For the scalar field, a spherical pulse of
amplitude A, total width 2σ, and location µ is modeled as a section of a polynomial:

ϕ(r, 0) =
A

rσ8
[r − (µ− σ)]4[r − (µ+ σ)]4 , (2.56)

and is set to zero outside of (µ− σ) ≤ r ≤ (µ+ σ). The degree of this polynomial assures
that the first three derivatives are continuous. The initial condition on ψr is obtained by
taking the r derivative. For the initial condition on Π, a common choice is Π = 0, which
describes a pulse that will break into two parts traveling at speeds c+ and c−. Another
choice is to specify that the pulse is initially traveling at speed c−, such that the initial
time derivative is

∂tϕ(r, 0) = −
8Ac−
rσ8

[
(r − µ)2 − σ2

]3
(r − µ) , (2.57)

and is zero outside of (µ − σ) ≤ r ≤ (µ + σ). The initial value of Π is then completed
with the definition Π = −(∂tϕ− βrψr)/α. Given initial conditions on the scalar field, the
Hamiltonian and momentum constraints must be satisfied at the initial time. With the
two functions M(r, 0) and ∂tγrr, one can show that these constraints are satisfied if

∂rM(r, 0) = 4πr2 (αρ− βrSr) /α , (2.58)

∂tγrr = −8πrSr/α . (2.59)

These are easy conditions to satisfy, as M(r, 0) can be integrated with a standard solver
starting at r = a with initial internal mass M0 or from r = b with initial total mass Mtot.
The value of ∂tγrr can be replaced outright in the initial value of Krr.

2.5 Numerical Implementation

In this section, we will introduce our numerical implementation of the IBVPs we are con-
sidering. We use Summation-By-Parts (SBP) derivative operators in an effort to preserve
numerical stability by ensuring the energy of the system is bounded. In order to impose
boundary conditions (BCs) in a stable fashion we use simultaneous approximation terms
(SATs). Finally, we use numerical dissipation to prevent instability due to high-frequency
noise.
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2.5.1 Summation-By-Parts Derivative Operators

A popular way to maintain stability in numerical hyperbolic IBVPs is to use finite dif-
ferencing operators that satisfy SBP, which is the discrete analog of integration by parts.
Using SBP operators can be proven to be closely related to the well-posedness and the
numerical stability of many conservative problems [29, 30]. In order to introduce our co-
variant SBP scheme, we review some covariant integration properties. In a 3-dimensional
domain V with coordinates x and the 2-dimensional boundary of that domain ∂V with
coordinates ξ, the covariant Gauss’s theorem states that for a vector field F i∫

V

∇iF
i√γ d3x =

∮
∂V

niF
i
√
s d2ξ , (2.60)

where the determinants of the metric on V and ∂V are γ and s respectively and ni is the
unit normal to the boundary ∂V . If the vector field is represented by a scalar factor and
a vector factor as F i = uvi, in spherical symmetry, this property can be written as∫ b

a

u∇rv
r√γ dr +

∫ b

a

(∂ru)v
r√γ dr = uvr

√
γ
∣∣∣b
a
, (2.61)

where ∇rv
r = (

√
γ)−1∂r(

√
γ vr) is the covariant divergence. This can be thought of as the

covariant version of integration by parts in 1-dimension. Our goal will be to develop a
numerical implementation of our IBVP that obeys a discrete analog of this property in an
effort to maintain numerical stability.

For our spatial domain r ∈ [a, b] we define a grid where all functions will be sampled
with n points spaced by a distance h. An n× n finite differencing operator D paired with
a symmetric and positive definite n× n norm operator Σ are said to satisfy SBP if [29]

ΣD +DTΣ = B , (2.62)

where the boundary operator B = diag(−1, 0, . . . , 0, 1). For this property to mimic the
covariant property Eq. (2.61), we insert a matrix Γ with the values of

√
γ injected along

the diagonal:

W∇+DTW = BΓ . (2.63)

The operator ∇ ≡ Γ−1DΓ approximates the covariant 3-divergence of 3-vectors, the op-
erator D approximates the covariant scalar gradient, and W ≡ ΣΓ is the covariant norm
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operator and approximates covariant integration. Then, in one spatial dimension, for a
scalar grid function u and the one non-zero component of a 3-vector grid function vr,

uTW∇vr + (Du)TWvr = uvr
√
γ
∣∣∣b
a
, (2.64)

which directly mimics the continuous property Eq. (2.61).

In the case of the wave equation on a static background, one can write the energy
conservation law in a directly analogous way to the covariant property Eq. (2.61) (see
Appendix B), and thus when the system is discretized using the SBP operators, the system
remains strictly stable in the sense that the energy is bounded [29, 30]. It is no longer
clear how to properly do this when the spacetime becomes dynamic. The state vector in
the EC system is defined in terms of lower-index functions (fijk), which runs counter to
the covariant SBP property that is defined in terms of an upper-index function. We have
discovered one way that seems to be stable in at least all of the cases considered here, but a
more elegant discretization paradigm may exist, perhaps one where the SBP properties can
be made to mimic the dynamic conservation law Eq. (2.39), and the equations of motion
can be written in terms of covariant divergences of upper-index functions. In the numerical
scheme presented here, the evolution equations written in Section 2.2 are discretized by
replacing scalar gradients with an SBP operator (i.e. ∂r → D) and where present the
operator Dr → Γ−1DΓ.

In this work, we use the D6−3 SBP operator defined in [59] that minimizes the so-called
average boundary truncation error. This operator is 6th order accurate in the interior and
3rd order accurate near the boundaries. It was reported in [59] that this operator achieves
near 4th order global convergence with a diagonal norm operator, which in principle will
pair nicely with standard 4th order Runge-Kutta time integration.

2.5.2 Application of Boundary Conditions

The BCs are applied using SATs. This method applies BCs in a weak fashion, adding
an exponential decay term to the evolution equations at the boundary. For two arbitrary
characteristic grid functions U±(r, t) with characteristic speeds c±, the application of the
general BCs U+(a, t) = ga(t) and U

−(b, t) = gb(t) is

∂tU
+(t) = · · ·+ sa

Σ11

[
ga(t)− U+(t)

]
at r = a , (2.65)

∂tU
−(t) = · · ·+ sb

Σnn

[
gb(t)− U−(t)

]
at r = b , (2.66)
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Figure 2.1: Convergence and solution for the flat spherical wave equation. At the top, the solution
convergence order settles to about 4th order even at coarse resolutions, and deviates only when a reflection
occurs where the error is dominated by the boundary region accurate to 3rd order. At the bottom we see
the wave solution in the r–t plane, where the pulse travels in straight lines since c± = ±1.

with strengths sa and sb which dictate the exponential decay scale [29]. One can show
that for proper SBP energy conservation, in the context of the wave equation on a static
background, the strengths must be equal to the magnitude of the incoming characteristic
speeds [30]. At the left boundary we have sa → c+ and at the right boundary we have
sb → −c−. In the case of the wave equation around a static background black hole in
Kerr-Schild coordinates, we have sb = 1 and 0 < sa < 1 where sa = 0 when a = 2M0 as the
boundary is then placed exactly on the horizon, where BCs are not to be imposed anyway
since there are no longer any incoming characteristics into the domain at r = a.

2.5.3 Numerical Dissipation

To stabilize nonlinear evolution it is common to add numerical dissipation, ensuring that
high frequency noise does not destabilize the evolution. We use the A6 numerical dissipation
operator that applies to the D6−3 operator defined in [59], and it is added to the right hand
side of the evolution equations as

∂tU⃗ = · · ·+ ϵ

26
A6U⃗ . (2.67)

where ϵ > 0 is the amount of dissipation, which is usually chosen to be of order unity. The
coefficients of both operators D6−3 and A6 can be found in [59].
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Figure 2.2: Convergence and solution for the static Schwarzschild background wave equation in Kerr-
Schild coordinates. At the top, the solution convergence order settles to about 4th order as the resolution
is increased, deviating when a reflection occurs where the error is dominated by the boundary region
accurate to 3rd order. At the bottom we see the wave solution in the r–t plane, where it is apparent that
a pulse propagating in the −r direction has a constant characteristic speed while one traveling in the +r
direction appears to accelerate along curves.

2.6 Results

First, to demonstrate long term stability and energy conservation of this framework, an
IBVP with two distinct reflection boundaries, one of Dirichlet type and one of Neumann
type, will be demonstrated in several situations. Then we will investigate situations where
the boundary r = a is brought very close to the horizon of the black hole. Finally, we
discuss the movement of the apparent horizon and situations where the initial pulse can
reflect without the apparent horizon moving into the domain.

2.6.1 Enclosed Reflecting Boundary Problems

Here we consider several enclosed reflecting boundary problems. These problems involve
an initial pulse and BCs of either Dirichlet or Neumann type so that energy is conserved
in the continuum limit. We consider three situations for this type of problem, first a
Minkowski spherical wave equation, second a static background Schwarzschild black hole
in Kerr-Schild coordinates, and third the fully dynamic problem around a black hole. In
all of these examples, the initial conditions and evolutions are kept as similar as possible
to aid in a direct comparison.
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Here, we consider a spatial domain r ∈ [3, 8]M0 and a temporal domain t ∈ [0, 200]M0.
As the massM0 is not relevant in Minkowski space, we simply take r ∈ [3, 8] and t ∈ [0, 200]
in this case. We use a Dirichlet type BC for r = a (i.e. ka = −1) and a Neumann type
BC for r = b (i.e. kb = 1). For the problems with a black hole, the internal mass is set to
M0 = 1. The initial pulse follows the model Eq. (2.56) with parameters µ = 6M0, 2σ =M0,
and A = 0.05/M0. We use initial condition Eq. (2.57) so that the pulse is initially traveling
with speed c− = −1.

The time integration is done using 4th order Runge-Kutta time stepping, with time step
size ht = h/4. We also apply the numerical dissipation operator with strength ϵ = 1 in all
cases so that the energy loss is directly comparable to the fully dynamic case.

Static Minkowski Background

Figure 2.1 depicts the IBVP of the flat spherically symmetric wave equation. To demon-
strate the convergence of the solution, we define the solution convergence order:

p
(i)
ϕ (t) = log2

(
||ϕ(i−2)(t)− ϕ(i−1)(t)||
||ϕ(i−1)(t)− ϕ(i)(t)||

)
(2.68)

where the ϕ(i) are the solutions obtained with a certain grid spacing h(i) and where the ℓ2
norm is defined for a grid function f as

||f ||2 =
∫ b

a

f 2√γ dr ,

||f ||2 ≈ ||f (i)||2 =
(
f (i)
)T
Wf (i) . (2.69)

We use h(i) = h(i−1)/2 as the resolution is doubled each run. Five runs were conducted
starting at h(1) = 0.02M0. This leaves three subsets of resolutions to calculate the solution
convergence order p

(i)
ϕ , referred to as Low (i = 3), Mid (i = 4), and High (i = 5). The

D6−3 SBP operator coupled with 4th order Runge-Kutta time stepping demonstrates very
consistent 4th order convergence in this case. Since the characteristic speeds here are
c± = ±1, the pulse follows a straight line in the r–t plane and returns back to r = 6 at
precisely t = 200.

Static Schwarzschild Background

Figure 2.2 depicts the numerical solution to the IBVP with a static Schwarzschild back-
ground in Kerr-Schild coordinates. The same five resolutions are used to obtain the Low,
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Figure 2.3: Convergence and solution for the fully dynamic IBVP. Plot A) shows the solution convergence
order that starts near 4th order but changes dramatically as the solution becomes more dependent on
boundary interactions and the solution errors move out of phase with each other. Plot B) shows the
constraint convergence order slowly settles to about 4th order as the resolution is increased. Plot C) shows
the scalar field solution shown as a function of the areal radius R =

√
γθθ over coordinate time t. It is

apparent that over the course of the evolution, the inner boundary falls toward the horizon by ∼ 0.5M0

and the outer boundary by ∼ 2.7M0. The pulse also appears to disperse much more than in Fig. 2.2, due
to the variation of c± as the Misner-Sharp mass M(r) changes across the pulse width. Plot D) shows the
Misner-Sharp mass in the same R–t plane, demonstrating the coupling to gravity.

Mid, and High convergence order plots, which shows once again consistent 4th order con-
vergence as the resolution is increased. Since the characteristic speeds here are c− = −1
and c+ = (r− 2M0)/(r+2M0), pulses traveling in the −r direction follow straight lines in
the r–t plane and stay the same width, but pulses traveling in the +r direction appear to
accelerate along curves and have a characteristic speed that varies across the pulse, so the
width increases as the pulse propagates in the +r direction.
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Figure 2.4: Energy loss for various resolutions of the three enclosed boundary scenarios. Here, ∆EM =
EM (0)−EM (200) and dashed lines are ∝ h6. The static background cases converge to exact conservation
at 6th order. The dynamic case appears to diverge from this power law at the highest resolutions.

Dynamic Schwarzschild Background

Here we demonstrate a fully dynamic IBVP, where the scalar pulse is coupled to gravity.
Along with the solution convergence order, we also define the constraint convergence order

p
(k)
C = log2

(
||C(k−1)

tot ||
||C(k)

tot ||

)
, (2.70)

where the norm of the constraints is defined as

||Ctot||2 ≡
∫ b

a

(C2 + γijCiCj)
√
γ dr (2.71)

||Ctot||2 ≈ ||C(k)
tot ||2

≡
(
C(k)

)T
WC(k) +

(
C(k)
r

)T
W
(
Cr
)(k)

(2.72)

This somewhat simpler definition for the constraint convergence order is possible because
we know the exact solution (i.e. C = Cr = 0) whereas we don’t necessarily know the exact
solution for the scalar field ϕ.
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We use total reflection BCs on the scalar field Eqns. (2.40) and (2.41) with ka = −1
and kb = +1. We use angular BCs Eqns. (2.42) and (2.43) with M(a) = M0 = 1 and
M(b) =Mtot for all time, where the value ofMtot is given from the integration of Eq. (2.58)
at the initial time slice and in this case is Mtot ∼ 1.18M0. And finally, we use radial BCs
Eqns. (2.51) and (2.52).

The results are plotted in Figure 2.3. At the initial time slice, c+ = [r − 2M(r)]/[r +
2M(r)], so the outgoing characteristic speed varies across the pulse as in the static back-
ground case, but also as M(r) changes across the pulse width, so there is an additional
dispersion due to the coupling to gravity. In this particular gauge, ∂tc± = ±α̃∂tγθθ, so the
characteristic speeds change proportional to the change in the areal radius, R =

√
γθθ. We

notice that our choice of BCs causes the boundaries to move inward in R , making the
reflected pulse at the inner boundary move more slowly as time progresses.

In the continuum limit, each of the above IBVPs conserves the energy Eq. (2.39).
Figure 2.4 shows that the energy loss at t = 200M0 in these discrete problems converges
to zero at about 6th order. Since the strength of the SAT boundary at r = a depends
on the characteristic speed c+, it is applied more weakly in the Kerr-Schild and dynamic
cases, leading to significantly more energy dissipation at the boundary. This is apparent in
Figure 2.4 as the energy decreases about three orders of magnitude more in the Kerr-Schild
case than the flat spherical case at t = 200M0, although still converges to zero at 6th order.

2.6.2 Reflections close to the horizon

Black hole echoes are usually discussed in the context of quantum gravity, suggesting that
quantum phenomena may result in a reflecting surface. If this is the case, one might expect
such a surface to be a distance on the order of the Planck scale away from the horizon
(e.g.,[60, 49, 50]). To simulate this, one might be interested in applying reflecting BCs
very close to the horizon. Although this problem is well-posed in principle, in practice it
can be difficult to achieve numerically.

In the context of the static black hole background, if a pulse of width w is incident on
a reflecting surface, the reflected pulse will have width ∼ w|c−/c+|, so one should be sure
that h is at least several times smaller than this. There is also usually a significant amount
of high frequency noise that propagates at high speed off of the boundary r = a, which
may need to be controlled with numerical dissipation. When c+ is very small at r = a,
the SATs become very weak and thus lose much more energy, so in order for the discrete
problem to conserve energy to a certain tolerance, much more resolution might be required
than the naive estimate h < w|c−/c+|.
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Figure 2.5: A fully dynamic simulation of a scalar pulse incident on a reflection boundary at a = 2.01M0.
Here the Misner-Sharp mass of the pulse is Mϕ = M −M0.

Figure 2.5 depicts a fully dynamic simulation of a scalar pulse incident on a reflecting
surface at coordinate radius a = 2.01M0 with ka = +1. For a stellar mass black hole,
a = 2.01M0 is of course far from Planck scale. We mean this as a demonstration of the
difficulties one would face in simulating Planck-scale reflections. To achieve a conservation
of the Misner-Sharp energy EM to within a tolerance of ∼ 10−5M0, a grid spacing of
h ∼ 6× 10−5M0 was needed. The parameters of the initial scalar pulse are A = 0.001/M0,
2σ =M0, and µ = 3M0, which results in a total mass Mtot ∼ (1+10−4)M0 which seems to
be about the highest mass allowed (given our gauge and BCs) before the apparent horizon
moves into the domain and the boundary can no longer reflect.

2.6.3 Apparent Horizons

Finally, as a response to [57], we can study when an apparent horizon moves into the domain
of the simulation, making BC Eq. (2.40) ill-defined. In [57], Guo and Mathur argue that
for merging equal mass black holes, one should never expect echoes of GWs due to the
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formation of an apparent horizon that envelopes the waves. They make the assumption
that the waves have a wavelength on the same order of the black hole masses, but any
localized wavepacket should contain shorter, as well as longer, wavelengths. If a black hole
absorbs a sufficiently localized infalling wavepacket with a total massMϕ =Mtot−M0, then
the apparent horizon should move from R = 2M0 to R = 2Mtot as t → ∞. This suggests
that a reflecting surface should be located at R > 2Mtot to ensure that the wavepacket does
not become enveloped by a trapped surface. We demonstrate, however, that this estimate
can be relaxed for sufficiently wide pulses, and thus the frequency content of a wavepacket
plays an important role in whether a reflection can occur.

We consider a domain r ∈ [2.1, 203]M0 with the initial pulse location µ = 103M0 and
vary its width from σ = 10M0 to σ = 100M0. We consider two situations, one where the
boundary r = a has Neumann type reflective condition ka = +1, and one where it has
transmitting (or absorbing) condition ka = 0. If the mass of the initial pulse Mϕ is too
large, the apparent horizon will move into the domain from its initial position of r = 2M0

which is initially outside of the domain. We then maximize the mass of the initial pulse by
adjusting the amplitude A to just before this occurs, and plot the results of this maximum
mass for the varying initial widths. The transmitting case ka = 0 demonstrates reflection
just from the Schwarzchild potential, a feature that occurs regardless of BCs we apply.

Figure 2.6 shows that the case ka = +1 (reflective BC) allows a significantly higher
maximum mass Mϕ than the transmitting case ka = 0 (absorptive BC), which suggests
that there is a possibility for low frequency constituents of the incident scalar pulse to
reflect near the horizon in a way discernible from reflection due just to the Schwarzchild
potential. Indeed, low frequency (or wide) pulses, comparable to the Hawking frequency
1/(8πM0) are also expected to have the largest reflection (from the horizon) based on
quantum mechanical arguments [50].

It is important to note that as we have observed previously, our gauge conditions tend
to move the boundaries inward, and so the apparent horizon can move into the domain
either because it is growing in areal radius, or due to the boundary r = a shrinking in
areal radius. The orange curve in Figure 2.6 should then be thought of as a lower bound
that could be higher if the boundary was fixed in areal radius (through a different choice
of gauge/BCs).

2.7 Conclusion and Future Prospects

In this work, we developed and demonstrated a full initial boundary value problem in
numerical relativity in spherical symmetry. In particular, we derived boundary conditions
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Figure 2.6: Plot of the maximum pulse mass Mϕ of an initial pulse before the apparent horizon moves into
the domain for various widths of the initial pulse. Each case is asymptotic to Mϕ = 0.05M0 as the width
goes to zero (σ → 0), which corresponds to an infinitely sharp pulse with a = 2Mtot.

(BCs) based on conservation laws involving a quasi-local mass-energy measure, which is the
main result of this work. These BCs are general, allowing one to dictate how much mass-
energy enters or leaves the domain. We demonstrated how this framework can model black
hole echoes, which has mostly been discussed previously either within linear perturbation
theory that ignored backreaction or order of magnitude estimates.

However, we only considered a gauge condition where α̃ and βr were both time indepen-
dent. The BC framework presented in Section 2.3 can be applied in the case of a different
gauge choice, although the characteristic structure of the evolution equations may change
in a non-trivial way. To properly model a black hole echo event, one may want some way
of controlling the position of the boundary r = a relative to the apparent horizon. For
example, one might require that the reflection surface remain a constant proper distance
from the apparent horizon, so that a pulse can be reflected without the concern that the
apparent horizon would move into the domain. Similar conditions are considered in [61,
62], where gauge conditions that ensure the inner boundary of the domain stays just in-
side the apparent horizon are used, which could be adapted to our case where we want
the boundary just outside the apparent horizon. We leave a better understanding of how
to control the boundary r = a to future work, that may be prescribed by yet-unknown
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quantum gravitational processes.

This BC framework may also be applied in a full 3D simulation. We considered here
in spherical symmetry the Misner-Sharp mass as a way to measure the quasi-local mass-
energy of the spacetime, but this is not a unique choice. In 3 dimensions, one would need
to choose a quasi-local mass-energy measure (e.g. those found in [63]) and derive BCs such
that it can be conserved in the same sense as what we have done here. Future work may
include a 3D generalization of this framework.
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Chapter 3

Numerical Relativity in Three
Dimensions

Preface

This chapter contains the work published in [64], titled “Formulating the complete initial
boundary value problem in numerical relativity to model black hole echoes”. It has not
been altered from its published version other than to adjust some equations to better
adhere to the formatting of this thesis and to adjust some figures to better match the
relative sizes of fonts. References to ‘we’ in this chapter either refer to the list of authors
in [64] (Conner Dailey, Erik Schnetter, and Niayesh Afshordi), or to these authors and the
reader.

This work represents a generalization of the previous chapter on spherical symmetry,
where completely generic spacetimes without symmetries are appropriately modeled.
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3.1 Introduction

Recently we described a method for simulating black hole echoes in numerical relativity by
imposing reflecting boundary conditions (BCs) near the horizon of a black hole in spherical
symmetry [44]. In that work, we defined reflecting BCs on a scalar field based on conser-
vation laws and implemented it using modern numerical methods, including Summation
By Parts (SBP) finite differencing operators and BCs applied using Simultaneous Approx-
imation Terms (SATs), to ensure the system remains numerically stable. In an effort to
apply this approach to spacetimes with no symmetries, we consider here a generalization
to three spatial dimensions.

The motivation to characterize and demonstrate stable initial boundary value problems
(IBVPs) in numerical relativity comes from our interest in simulating black hole echoes [50,
13, 51, 16, 52, 53, 49, 15, 54]. Additionally, this is of direct interest to the numerical rela-
tivity community in the wake of the first demonstration of Cauchy characteristic matching
(CCM) [21], a technique that combines Cauchy evolution and characteristic evolution to
provide gravitational wave (GW) scattering feedback to the sources in the Cauchy domain.
In [21], it was shown that it is possible to shrink the Cauchy domain while still obtaining
accurate gravitational waveforms at null infinity by demonstrating several simulations of
black holes perturbed by GWs. Shrinking the Cauchy domain can dramatically save on the
computational cost of simulations, as most of this cost comes from the Cauchy evolution.
Simulating black hole echoes and evolving CCM necessitate a numerically stable way of
evolving dynamical spacetimes with boundaries in the strong gravity regime.

Abandoning spherical symmetry adds a considerable amount of complexity to the BCs
and the manner in which they are applied. In [44], we derived and demonstrated reflecting
BCs based on the Misner-Sharp mass, which happens to be locally conserved in spherical
symmetry. However, in general, local conservation laws do not exist in general relativity.
Instead, we have to rely on quasi-local conservation laws to define what it means to reflect
gravitational radiation and matter waves. For a review of local and quasi-local conservation
laws, see [65]. Although we plan to develop BCs based on controlling the flux of a conserved
quasi-local quantity, the focus in this work will be on the adjusted evolution equations, BC
framework, and numerical implementation that we develop to make them feasible.

In general, the boundaries of the computational domain can have an arbitrary shape
that may not always align with the coordinate directions chosen for the evolution. This is
reminiscent of the problem of excision in numerical relativity, where a dynamical black hole
interior must be excised so that a physical singularity does not enter the computational
domain. Such an excision becomes straightforward with a numerical implementation that
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allows for an arbitrarily shaped boundary. If a formulation of numerical relativity with
causal characteristic speeds is used, no BCs are needed as long as the boundary remains
within the apparent horizon of the black hole1. In the case where the boundary is outside
of the apparent horizon, BCs are needed, and their numerical implementation becomes
critical to the numerical stability of the simulation. We shall rely on modern methods to
ensure that the simulation remains numerically stable for all time. These methods include:

• SBP finite differencing operators for embedded boundaries

• SAT (or weakly implemented) BCs

• Symmetric hyperbolic formulations of numerical relativity, with an approximately
conserved energy estimate

In [44], we used the Einstein-Christoffel formulation, as it is one of the few well-tested
symmetric hyperbolic formulations of numerical relativity [37]. However, in order to cast
the evolution equations into an SBP scheme, we required a formulation more akin to the
generalized harmonic (GH) formulation [35, 36, 34, 41, 66], which we consider here instead.
Taking care that the energy estimate that comes from symmetric hyperbolicity is conserved
in the sense of SBP can ensure that the energy estimate is bounded, and thus the simulation
is, in principle, stable for all time (at least for linear short-wavelength perturbations). The
principal goal of this work is to adapt the first order system introduced in [41] into a
proper SBP-SAT scheme, which will require critical differences in the way the equations
are evolved and the BCs are applied.

In Section 3.2, we define covariant SBP methods with the wave equation as an example.
In Section 3.3 we present our altered GH first order system and describe its SBP energy
estimates. In Section 3.4, we describe how we set up initial conditions and in Section 3.5
we present our BC framework. In Section 3.6 we describe two embedded boundary SBP
methods and chose one to implement and adapt to the GH first order system. Finally, in
Section 3.7 we present our results where we consider several IBVPs involving gravitational
wave scattering with boundaries placed inside and just outside of the horizons of spinning
and non-spinning black holes.

1Although being inside the apparent horizon is sufficient, it may not be strictly necessary since the
apparent horizon world tube is still inside the event horizon.
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3.2 Covariant Summation By Parts

A popular way to maintain stability in numerical hyperbolic IBVPs is to use finite differ-
encing operators that satisfy summation by parts (SBP). Using SBP operators has been
proven to be closely related to the well-posedness and the numerical stability of many
conservative problems [29, 30]. The SBP property is usually discussed with respect to flat
space and one dimension, defining a discrete analog of traditional integration by parts.
Here, we make an effort to generalize the one dimensional covariant version of this prop-
erty we developed in [44] into a multidimensional approach that is applicable to spacetimes
without symmetries.

Consider a scalar field ϕ that satisfies the massless Klein-Gordon equation ∇µ∇µϕ = 0,
where ∇µ is the covariant derivative with respect to the metric gµν . This equation can be
reduced to a first order system with the definition of two auxiliary variables: Π ≡ −nµ∂µϕ
and ψi ≡ ∂iϕ, where n

µ is the timelike future-directed unit normal to the 3-space with
metric γij. In this work, Greek indices run over space and time, while Latin indices run
over space only. If we consider a time independent background metric, we obtain the
following system of evolution equations:

∂tϕ = βiψi − αΠ , (3.1)

∂tψi + ∂i(αΠ− βjψj) = 0 , (3.2)

∂tΠ+ ∇̄i(αψ
i − βiΠ) = 0 , (3.3)

where ∇̄if
i = (
√
γ)−1∂i(

√
γ f i) is the vector 3-divergence, γ is the determinant of γij, α is

the lapse, and βi is the shift. In this system, Eq. (3.1) is just the definition of Π, Eq. (3.2)
enforces the commutativity of temporal and spatial derivatives, and Eq. (3.3) enforces the
massless Klein-Gordon equation. The equations are written so that the left hand side
contains the principal part, while the right hand side contains only source terms.

Since a time independent metric necessarily contains a timelike Killing vector ξµ, the
background spacetime is stationary and there exists a conserved current Jµ = T µνξν , where
Tµν is the stress-energy tensor. If we define the stationary energy

Es =
1

2

∫ [
α(Π2 + ψiψ

i)− 2Πβiψi
]
dV , (3.4)

where dV is the volume element of the 3-space, we can rewrite the conservation property
∇µJ

µ = 0 to see that this energy is locally conserved:

∂tEs =

∮
(αΠ− βjψj)si(αψi − βiΠ) dS . (3.5)
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The right hand side describes the flux through a boundary surface S and si is the spacelike
unit normal to that boundary. If we define the scalar u ≡ αΠ − βjψj and the vector
vi ≡ αψi−βiΠ, we can write an “integration by parts” rule with respect to this conservation
law: ∫

u∇̄iv
i dV +

∫
(∂iu)v

i dV =

∮
usiv

i dS . (3.6)

If we instead define a vector field F i ≡ uvi, we see that this is nothing more than the
covariant divergence theorem: ∫

∇̄iF
i dV =

∮
siF

i dS . (3.7)

Now we consider functions discretely sampled on a grid. A traditional one dimensional
SBP derivative operator D, along with its norm operator Σ, satisfy

uTΣDv + (Du)TΣv = uTBv , (3.8)

where B = diag(−1, 0, . . . , 0, 1), for any two functions u and v sampled on a grid. In
dimensions greater than one, v will take the role of a vector valued function2. With a few
alterations, the covariant version of this property in 3D can be written as

uTWDivi + (Diu)
TWvi = uTSiv

i . (3.9)

Here, the operator Di ≡ Γ−1DiΓ approximates the 3-divergence, the operator Di approxi-
mates the scalar gradient, andW ≡ ΣW is the covariant norm operator that approximates
3-volume integration, where operatorW is a diagonal matrix with the values of

√
γ injected

along that diagonal. Finally, Si ≡ BSi is the boundary operator that approximates covari-
ant surface integrals, where Si are diagonal matrices with the values of si

√
σ injected along

those diagonals and σ is the determinant of the metric on the 2-surface of the boundary.
This is to be directly compared with the continuous version Eq. (3.6). This is not the only
way to think about the covariant SBP energy estimate; one might include an arbitrary
positive definite symmetrizer for example, but we find this way particularly elegant.

The SBP scheme we employ uses finite differencing operators that act on each of the
variables u and vi, as is suggested by the left hand side of Eqs. (3.2) and (3.3), which is in
contrast to expanding the definition of these variables into multiple terms using the product

2The boundary operator has this form if grid values on the boundary are included. It has a different
interpolating/extrapolating form if this is not the case (see for example [67]).
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rule of continuous calculus, as is common in numerical techniques. This is important
for maintaining SBP, as discrete operators generally do not obey the product rule [68].
The evolution equations are then reminiscent of the flux-conservative form common in
hydrodynamic systems.

The SBP formalism defined by Eq. (3.9) is completed by using an SBP operator in place
of Di. Although we will focus on finite differencing based SBP operators in this work, in
principle SBP operators based on other methods, such as spectral methods, can complete
this SBP formalism as well. The system of equations we used as an example in this section
happens to have a local conservation law on which we can base the SBP property. This is
not true in general for an arbitrary system of equations, like Einstein’s equations. Instead,
as long as the system of equations can be shown to be symmetric hyperbolic, there exists
an energy estimate with respect to the principal part of the system [27]. It is this energy
estimate that we aim our SBP method to preserve.

3.3 The Generalized Harmonic First Order System

As first introduced by [35, 36], the Einstein field equations can be cast as a symmetric
hyperbolic system by introducing a Generalized Harmonic (GH) gauge. Many successful
numerical relativity simulations have since been based on this formulation (for example
[38, 39, 40]). The GH evolution equations can also be written as a symmetric hyperbolic
first order system of equations [41]. To this end, a set of gauge functions Hµ are defined
on a Lorentzian spacetime with metric gµν and coordinates xµ:

Hµ(x
α) = −gµσ∇ν∇νxσ = gαβΓµαβ ≡ Γµ , (3.10)

where Γαµν is the connection with respect to the metric gµν . For Hµ = 0, this becomes the
harmonic coordinate condition, but for an arbitrary set of spacetime functions, any gauge
condition can be specified in principle. This set of gauge conditions can also be expressed
as evolution equations for the lapse and shift:

∂tα− βi∂iα = α2 (nµHµ −K) , (3.11)

∂tβ
i − βj∂jβi = α2γij

(
γklΓjkl −Hj − ∂j lnα

)
, (3.12)

where K = ∇µnµ is the trace of the extrinsic curvature Kµν .

It has also been demonstrated that the evolution of Hµ can be achieved alongside the
Einstein field equations [38, 39], where a wave-like evolution scheme is adopted. The
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symmetric hyperbolicity of the GH evolution equations can be destroyed with an arbitrary
evolution scheme for Hµ. By picking an evolution scheme of second order, such as a wave
operator (evolved as a first order system of equations) the symmetric hyperbolicity of the
GH evolution equations is maintained, as the principal part is not altered. For simplicity,
in this work we will focus on a function specification of Hµ(x

ν), where we effectively use
the gauge condition ∂tHµ = 0.

With the two auxiliary definitions Pµν ≡ −nα∂αgµν and diµν ≡ ∂igµν , we can write the
symmetric hyperbolic GH evolution system as

∂tgµν = βidiµν − αPµν , (3.13)

∂tdiµν + ∂i(αPµν − βjdjµν) = 0 , (3.14)

∂tPµν + ∇̄i(αd
i
µν − βiPµν) = − (∂t ln

√
γ)Pµν + 2α∂(µHν) − 2αHσΓ

σ
µν − αΓσ∂σgµν

+ 2αgϵσgλρ(∂λgϵµ∂ρgσν − ΓµϵλΓνσρ) , (3.15)

where the operator ∇̄i acts still as a vector divergence so that ∇̄if
i
µν ≡ (

√
γ)−1∂i(

√
γ f iµν ).

In this system, Eq. (3.13) is just the definition of Pµν , Eq. (3.14) enforces the commutativity
of temporal and spatial derivatives, and Eq. (3.15) enforces the vacuum Einstein field
equations.

This system of first order equations has state vector U⃗ = (gµν , diµν , Pµν). It is under-
stood that where Christoffel symbols, first-order metric derivatives, lapse, and shift appear
in the evolution equations, they stand for elements of the state vector according to their
definitions. For the Christoffel symbols we have

2Γαµν = ∂µgαν + ∂νgαµ − ∂αgµν , (3.16)

and all first order metric derivatives are defined via the state vector with

∂tgµν = βidiµν − αPµν , (3.17)

∂igµν = diµν . (3.18)

The time derivative of the 3-metric determinant is expressed as

∂t ln
√
γ =

1

2
γij∂tγij =

1

2
γij(βkdkij − αPij) , (3.19)

and the lapse and shift are set via the inverse metric components

α2 = (−gtt)−1 , βi = α2gti . (3.20)
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This system is very similar to that defined originally by [41], except we have altered the
principal part in the same sense as suggested by Section 3.2.

Since the first order GH formulation is symmetric hyperbolic, it admits an energy
estimate with respect to the principal part of the system [27, 41]:

Eg =
1

2

∫
mµνmϵσ

[
α(PµϵPνσ + diµϵdiνσ)− 2βiPµϵdiνσ

]
dV , (3.21)

wheremµν is any positive definite metric (we usemµν = nµnν + γµν). This energy is locally
conserved

∂tEg ∼
∮
mµνmϵσ(αPµϵ − βjdjµϵ)si(αdiνσ − βiPνσ) dS , (3.22)

if we ignore the source terms on the right hand side of GH evolution equations. By writing
these equations as we have, and defining uµν ≡ αPµν − βjdjµν and viµν ≡ αdiµν − βiPµν ,
we can write an “integration by parts” rule for this system, keeping only terms from the
principal part:∫

mµνmϵσ
[
uµϵ∇̄iv

i
νσ + (∂iuµϵ)v

i
νσ

]
dV ∼

∮
mµνmϵσuµϵsiv

i
νσ dS . (3.23)

Just as in Section (3.2), we endeavor to write a discrete analog of this property. We sample
the functions uµν and viµν to a grid and obtain

(uµν)
TW µναβDiviαβ + (Diuµν)

TW µναβviαβ = (uµν)
TS µναβ

i viαβ . (3.24)

The operators Di and Di act the same as in Section (3.2), but the covariant norm operator
is W µναβ ≡ ΣWµναβ where Wµναβ is a diagonal matrix with the values of

√
γmµαmνβ

injected along that diagonal. Finally, S µναβ
i = BS µναβ

i is the boundary operator for this
system, where S µναβ

i are diagonal matrices with the values of si
√
σmµαmνβ injected along

those diagonals. This allows for the direct application of SBP methods to this system of
evolution equations if the substitution ∇̄i → Di and ∂i → Di is made with an appropriate
SBP derivative operator.

The GH formulation introduces the set of gauge constraints Cα ≡ gµνΓαµν −Hα and the
first order reduction introduces the set of spatial derivative constraints Ciµν ≡ Digµν − diµν .
To ensure that these constraints do not grow during the evolution, constraint damping
terms are added to the right hand side of the evolution equations [41]:

∂tdiµν = · · ·+ γ2αCiµν , (3.25)

∂tPµν = · · · − γ2βiCiµν + γ0α(2n(µCν) − gµνnϵCϵ) , (3.26)
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which results in exponential damping of constraint violations as long as the rate parameters
γ0,2 are positive. The time derivatives of the gauge constraints (∂tCα) can be shown to
effectively replace the Einstein constraintsMν = nµG

µν [41, 66], where Gµν is the Einstein
tensor, which allows us to infer that Mµ = 0 from static behavior in Cµ. In fact, if one
can show Cµ = ∂iCµ = 0, then ∂tCµ = 2αMµ.

3.4 Initial Conditions

Given a completely arbitrary metric on the initial hypersurface gµν(t = 0) = ginitµν , we
aim to set up initial conditions for the rest of the state-vector while controlling the set of
constraints defined above. We can easily control the initial values of the constraints Ciµν
by setting

dinitiµν = Digµν − Cinitiµν , (3.27)

for an arbitrary set of functions Cinitiµν . Next, we can control the initial values of Cα by
setting 4 of the initial components of Pµν . The definition of Cα gives

Cα =

(
n(µδν)α −

1

2
gµνnα

)
Pµν +

(
γi(µδν)α −

1

2
gµνγiα

)
diµν −Hα . (3.28)

We then define two projection operators that transfer between components of symmetric
second rank tensors:

δ
(α

(µ δ
β)

ν) = A αβ
µν +B αβ

µν . (3.29)

The operator A αβ
µν acts to pick out the 4 degrees of freedom in Pµν responsible for the

values of Cα:

A αβ
µν ≡ nµnνn

αnβ − 2n(µγ
(α

ν) nβ) + nµnνγ
αβ , (3.30)

which has a complimentary operator

A α
µν ≡ n(µγ

α
ν) − nµnνnα , (3.31)

that satisfies A αβ
µν A ϵ

αβ = A ϵ
µν . Together, they complete the relation

A αβ
µν P init

αβ = A ϵ
µν

(
2γiαdiαϵ − gαβγiϵdiαβ − 2Hϵ − 2Cinitϵ

)
, (3.32)
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for an arbitrary set of functions Cinitϵ (xi). The other components of P init
µν are arbitrary, and

can be set however desired with the operator

B αβ
µν ≡ γ

(α
(µ γ

β)
ν) − nµnνγ

αβ . (3.33)

In principle, these remaining components of Pµν selected by this operator can be assigned
meaning as we will do in a similar way in the next section, but we don’t find this necessary
for this work. Our choices for the projection operators used here might not be unique.

For most practical applications, the choice to satisfy the constraints on the initial
hypersurface (i.e. Cinitα = Cinitiµν = 0) will be desired, but allowing them to be set arbitrarily
is very useful for numerical tests. Setting the values of Cinitα = 0 does not necessarily imply
that the Einstein constraints are satisfied however, as they are effectively controlled with
∂tCinitα , but with the addition of an appropriate rate of constraint damping, any initial value
of ∂tCinitα will vanish quickly.

3.5 Boundary Conditions

The generic method of applying BCs to systems of hyperbolic IBVPs is the method of
characteristics. The characteristic modes and speeds are defined based on the eigenvectors
and eigenvalues of the principal part of the system (see [23] for a review). Given a boundary
hypersurface with purely spatial unit normal sµ orthogonal to nµ pointing out of the
computational domain, the characteristic modes for this system are given by 3

U+
µν ≡ kα∂αgµν = −

1√
2
(Pµν + sidiµν) , (3.34)

U−
µν ≡ ℓα∂αgµν = −

1√
2
(Pµν − sidiµν) , (3.35)

U⊥
αµν ≡ σ β

α ∂βgµν = σ i
α diµν . (3.36)

The characteristic modes are only unique up to a constant multiplicative factor, and we find
it convenient to normalize them such that they are simply the derivatives in the direction of
the outgoing null vector ℓµ = (nµ + sµ)/

√
2, the ingoing null vector kµ = (nµ − sµ)/

√
2, and

the metric on the 2-surface of the boundary σµν = gµν + 2ℓ(µkν). The characteristics U±
µν

3Technically, with the addition of the derivative constraint damping, the definitions of U±
µν should

contain an additional term γ2gµν , but for simplicity, we considered a characteristic decomposition based
on first derivatives of the metric only, and we found that this works well. The formulas presented in this
work can be cast in terms of the proper characteristics Ũ±

µν with the relationship Ũ±
µν = U±

µν + γ2gµν/
√
2.
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travel along the light cone with coordinate speed c± = ±α− siβi. The characteristics U⊥
αµν

travel along nµ with coordinate speed c⊥ = −siβi. The method of characteristics dictates
that all of the modes with a characteristic speed negative in value (i.e. propagating into
the computational domain) require BCs.

The characteristic U−
µν at a point on the boundary is always incoming unless the bound-

ary worldtube is not timelike there (such as if it is within an apparent horizon), so we assign
to it the physical incoming degrees of freedom, and we will replace these components with
our BCs (i.e. U−

µν → U−BC
µν ). If the characteristic U⊥

αµν is incoming, we set it by demanding
the vanishing of the derivative constraints Ciµν = 0. If U−

µν is the only incoming charac-
teristic for example, the values of the state vector can be reconstructed on the boundary
as

PBC
µν = − 1√

2

(
U+
µν + U−BC

µν

)
, (3.37)

dBC
iµν = U⊥

iµν − ℓiU+
µν − kiU−BC

µν . (3.38)

We still need to understand which of the components of U−BC
µν affect which degrees of

freedom of the metric itself. Here, we follow and generalize the component projection
formalism discussed in [41].

We introduce the following decomposition of the identity operator that transfers be-
tween components of symmetric second rank tensors:

δ
(α

(µ δ
β)

ν) = C αβ
µν + P αβ

µν +G αβ
µν . (3.39)

Each of these operators has a clear interpretation as to what incoming degrees of freedom
in the metric they control, which are elaborated in the following subsections.

3.5.1 Constraint Controlling BCs

Four of the components of U−BC
µν can be used to control the values of the gauge constraints

Cα on the boundary. The operator

C αβ
µν ≡ 1

2
σµνσ

αβ − 2ℓ(µσ
(α

ν) kβ) + ℓµℓνk
αkβ , (3.40)

picks out these components. There is also a complementary operator

C α
µν ≡ ℓ(µσ

α
ν) −

1

2
σµνℓ

α − 1

2
ℓµℓνk

α , (3.41)
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that satisfies C αβ
µν C ϵ

αβ = C ϵ
µν . The form of these operators (originally written in [41]),

comes directly from the definition of the gauge constraints (Cα = gµνΓαµν −Hα). This
definition is equivalent to

C αβ
µν U−BC

αβ = C ϵ
µν

(
2ℓαU+

αϵ − ℓϵgαβU+
αβ + gαβU⊥

ϵαβ − 2gαβU⊥
αβϵ + 2Hϵ + 2CBC

ϵ

)
, (3.42)

where we have allowed for some arbitrary functions CBC
µ (xα). In this fashion, the values of

Cα on the boundary are specified by the BCs desired.

3.5.2 Gravitational Wave Controlling BCs

The operator P αβ
µν is the traceless part of the projection onto the 2 dimensional manifold

of the boundary

P αβ
µν ≡ σ

(α
(µ σ

β)
ν) −

1

2
σµνσ

αβ , (3.43)

and controls the 2 degrees of freedom that dictate physical incoming GWs [41]. We can
inject a GW model through the boundary by picking an arbitrary model hBC

µν and setting
it with

P αβ
µν U−BC

αβ = P αβ
µν hBC

αβ . (3.44)

It was shown in [69] that the object P αβ
µν si∂iU

−
αβ is related to the complex Newman-

Penrose curvature scalar Ψ0 (Ψ4) at the outer (inner) boundary. The model hBC
αβ can

then be thought of as related to a line integral over Ψ0 or Ψ4 in the direction si via the
gradient theorem. If we decompose the 2-metric into two spatial directions using a set of
orthonormal basis vectors pµ and qµ such that σµν = pµpν + qµqν , we can see (as expected)
that there are only two components of this projection, and they are related to derivatives
of σµν :

(pµpν − qµqν)P αβ
µν U−

αβ = (pµpν − qµqν)ℓα∂ασµν , (3.45)

pµqνP αβ
µν U−

αβ = pµqνℓα∂ασµν . (3.46)

The former controls the + polarization and the latter controls the × polarization with
respect to these basis vectors.

In principle these components can also be set using an arbitrary function of the outgoing
fields

hBC
αβ = hBC

αβ (U
+
µν , U

⊥
σµν) , (3.47)
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but careful analysis and numerical testing is needed to understand what a specific choice
implies about the GWs that would be injected into the computational domain in response
to the GWs incident on the boundary itself. One way to do this is to use a conservation
law to gain some insight.

Since in 3D general relativity does not have local conservation laws, we can consider
instead a class of quasi-local conservation laws [65]. These are called quasi-local because
instead of relating the change in a volume integral to the flux through a 2-surface, they
relate the change in a 2-surface integral to the flux through a 2-surface, and hence they
only depend on the geometry in the neighborhood of the 2-surface. Just as we have done in
[44], we can in principle define BCs on GWs that control the flux portion of a quasi-local
conservation law to define what it means to reflect gravitational radiation. We plan to
refine this idea in future work.

3.5.3 Gauge Controlling BCs

Finally, the operator

G αβ
µν ≡ 2ℓ(µkν)k

(αℓβ) − 2k(µσ
(α

ν) ℓβ) + kµkνℓ
αℓβ , (3.48)

controls the 4 incoming gauge degrees of freedom. It has a complementary operator

G α
µν ≡ k(µσ

α
ν) + kµkνℓ

α + ℓ(µkν)k
α , (3.49)

that satisfies G αβ
µν G ϵ

αβ = G ϵ
µν . One can relate the remaining components of U−BC

µν to the
incoming derivatives of nµ, effectively controlling the incoming derivatives of the lapse and
shift

ℓσ∂σn
β = −

(
gβν +

1

2
nβnν

)
nµU−

µν . (3.50)

Although it was shown in Eqns. (3.11-3.12) that the selection of Hµ can be thought of
as first order evolution equations for the lapse and shift, these equations are implicit as
they are not directly evolved, and are implied instead by the second order system of GH
evolution equations. This means that we are free to choose a set of first order evolution
equations for the lapse and shift only on the boundaries, which is what the operator G αβ

µν

specifies. For simplicity we can select a model GBC
αβ and apply it with

G αβ
µν U−BC

αβ = G αβ
µν GBC

αβ . (3.51)
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3.5.4 Discussion on BC choices

Together with a user specified set CBC
µ , hBC

µν , and GBC
µν , we fix all 10 incoming degrees of

freedom in the metric, each component of which has a clear interpretation.

A natural choice for the value of the constraints on the boundary is CBC
µ = 0. One

can also inject a model of constraint violating modes for numerical tests and constraint
damping verification if desired. Although hBC

µν and GBC
µν are left arbitrary, bad choices can

be made, such as choices that introduce discontinuities into the metric. The GH equations
can develop shocks when discontinuous initial data and BCs are used. The simplest choice
that avoids this possibility is hBC

µν = GBC
µν = U−init

µν , which is effectively the same BCs used
for these components by default in [41]. We will use this choice for simplicity in this work.

It is important to note that the BCs here are applied via first derivatives of the met-
ric, effectively acting as a Dirichlet BC with respect to the evolved state-vector, whereas
in [41] BCs are applied via second derivatives of the metric, effectively controlling ∂tU

−
µν

rather than U−
µν . The control of ∂tU

−
µν allows for the imposition of constraint transpar-

ent/absorbing boundaries, where constraint violating modes are allowed to leave the com-
putational domain through the boundaries. In contrast, the BCs used here enforce the
value of Cµ, which was first shown to be well-posed in [70] and tested numerically in [71],
although this BC method is not in common use today. These BCs thus act like a Dirichlet
condition on Cµ, allowing constraint violating modes to reflect off of the boundaries of the
domain. We consider this behavior acceptable as long as the constraint damping rate is
adequate. The reason for this difference is so that the BCs can be implemented using
SATs, a weak application of BCs that has been shown to be essential in ensuring SBP
properties are obeyed properly [29]. In principle, one could evolve an equation for ∂tCBC

α

alongside the GH evolution equations and still apply the BCs as we do here to impose the
same constraint transparent boundaries of [41], but we do not find this necessary. In fact,
by imposing CBC

α = ∂tCBC
α = 0, we ensure that in the vicinity of the boundary, the Einstein

constraints are satisfied, which is desirable in the strong gravity region of the spacetime
where constraint violations and numerical errors are likely to spoil the evolution.

3.6 Embedded Boundary SBP Methods

In an effort to use the same modern numerical methods that we have used in our previ-
ous work, we consider here a class of embedded boundary SBP methods. This relatively
recently introduced class of numerical methods allow for the evolution of systems on arbi-
trarily shaped domains. The general idea is to use a rectangular grid, and Cartesian-like
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coordinates, to evolve the equations in the bulk, where spatial derivatives are calculated
using an SBP based finite differencing technique whose stencils terminate wherever they
intersect a boundary of the domain.

One such method introduced in [67] allows the boundary position to be between grid
points, and the boundary values are obtained and BCs applied using interpolation or
extrapolation operators. This method is easy to implement, as nothing more than a rect-
angular grid of values is needed, with points inside a closed boundary within this bulk
grid just “turned off” as they are not evolved. The authors of [67] do outline several com-
plications of this method that require extra care, including special situations where thin
domain geometries do not allow for enough grid points to fit a finite differencing stencil.

Another method introduced in [72] instead includes grid values on the boundary itself.
For every point where a connecting grid line intersects a boundary, a grid value located there
is introduced and evolved. This method is less straightforward to implement, as the points
on a boundary do not necessarily fit in the normal rectangular structure of a grid array,
and have to be stored separately and communicate with the bulk domain properly. Adding
to the complexity, in order for the points on a boundary to be evolved, one also needs to
interpolate finite differencing stencils along directions orthogonal to the intersecting stencil
line, as there is not necessarily a stencil possible in these directions with the existing
rectangular grid values. However, this method avoids many of the complications of thin
domain geometries from the previous method.

As far as we are aware, an embedded boundary SBP finite differencing method that
has been proven for dimensions more than one does not yet exist. Both of the methods we
cite prove SBP for one dimension, then construct a multidimensional approach as if each
connecting line in the grid is its own one dimensional problem. This falls short of an SBP
proof for multidimensional problems, and [67] adds numerical dissipation to the system to
ensure stability. The authors from [72] report to solve nonlinear problems without the use
of numerical dissipation however.

In this work, we adopt the method from [67]. The operators from this method are
defined in terms of two distance parameters, αl and αr, that designate where the physical
boundary is (in units of the grid spacing) from its closest grid points on the left and
right of the stencil respectively, which is visualized in Figure 3.1. These parameters were
originally defined to range from −0.5 ≤ αl,r < 0.5, positive (negative) values indicating
that the last grid point is just inside (outside) of the boundary relative to the computational
domain. This is inconvenient however, as this parameter range allows for trapped points,
grid points that cannot be assigned a finite differencing stencil in one or more directions,
and thus the value of the derivative must be extrapolated there. This can be avoided
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Figure 3.1: Visualization of the embedded boundary method from [67] on a 2D slice, here shown with a
square outer boundary and an elliptical inner boundary (bold lines/curves), with the computational grid
points shown connected with thin lines. The light grey grid points within the ellipse exist in memory on
the bulk grid, but are not evolved. The embedded boundary method considers all of the connecting grid
lines and defines finite differencing stencils along these lines that depend on the grid spacing h as well as
the distance parameters αl and αr that dictate where the boundary of the domain lies relative to the ends
of each of the grid lines. The red region zooms in to one such line to visualize these parameters.

completely (specifically for the case of a convex closed boundary with the computational
domain surrounding it) if the parameter range is restricted to 0 ≤ αl,r < 1 instead. For
the fourth order and sixth order accurate stencils in [67], the SBP norm is not positive
definite for this parameter range, but the second order accurate operators D2−1 are, so for
simplicity we will use these operators in this work with this parameter range. This ensures
that the boundary is always outside of the computational grid array, and the values on
the boundary are always extrapolated rather than interpolated. As is required for SBP
operators with diagonal norms, there is reduced accuracy near the boundary points. The
operator D2−1 is second order accurate in the interior but only first order accurate near
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Schwarzschild black hole excised inside of the horizon
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Figure 3.2: Simulation of GW scattering on a Schwarzschild black hole of initial mass M0 = 1. The black
hole is excised inside the horizon at rb = 1.5M0. Top panels show ∂tgxx at several times on the z = 0
slice. Bottom panel shows the fractional change in the surface area of the inner boundary A(rb) as well as
the Hawking mass MH evaluated at rb and the largest sphere in the cubical domain rmax.

the boundaries.

From [67], we obtain the SBP derivative operator D2−1(αl,r), its corresponding norm
operator Σ(αl,r), and a set of first order accurate extrapolation operators el,r(αl,r). Since
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Figure 3.3: Simulation of GW scattering on a Kerr black hole of initial mass M0 = 1 and spin parameter
a = 0.5M0. The black hole is excised inside the horizon at rb = 1.5M0. Top panels show ∂tgxx at several
times on the z = 0 slice. Bottom panel shows the fractional change in the surface area of the inner
boundary A(rb) as well as the Hawking mass MH evaluated at rb and the largest sphere in the cubical
domain rmax.

the boundary does not necessarily lie on a grid point, the application of BCs needs to
be extrapolated. At a boundary intersecting a grid line on its left for example, the SAT
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Figure 3.4: Convergence of the constraint norm evaluated at t = 100M0 as the resolution is increased for
the various simulations presented. Dashed lines are ∝ h1.5 to make it apparent that since the operators
we use are second order accurate in the interior and first order at the boundaries, a global convergence
rate of about 1.5 is achieved.

application of BCs is

∂tPµν = · · · − c−Σ−1el
[
PBC
µν − el Pµν

]
, (3.52)

∂tdiµν = · · · − c−Σ−1el
[
dBC
iµν − el diµν

]
. (3.53)

This is very similar to adding an exponential decay term to the evolution equations at
the boundary (as is the general idea of SAT techniques), except that the value of the
state vector at the boundary is extrapolated, and the exponential decay term is applied
at the boundary point using an extrapolation operator as well. The decay rate is set to
the incoming coordinate speed c− as we showed is necessary in [44], and thus the BCs are
applied more weakly the closer the boundary worldtube is to a null hypersurface where
c− → 0.
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3.7 Results

Here, we demonstrate several 3D simulations to showcase our altered formulation, our new
BC framework, and the embedded boundary numerical method. We study the evolution
of GW scattering on spinning and non-spinning black holes and cases where the center of
the hole is excised just inside or just outside of the apparent horizon.

In the following set of simulations presented, we keep as many things the same as
possible to aid in direct comparison. We use initial mass M0 = 1 for the black holes and
constraint damping parameters γ0 = γ2 = 1/M0. We also add numerical dissipation to aid
in the stability of the simulation. This is done as

∂tU⃗ = · · ·+ εD4U⃗ , (3.54)

where ε is the amount of dissipation and the dissipation operator D4 that pairs with the
second order finite differencing operators we use in this work is found in [67]. We use
ε = 0.1 in all of the simulations presented here.

We track several quasi-local measures of mass and surface area (for numerical calcu-
lation details of closed surface integrals, see Appendix C). The surface area of the inner
boundary is tracked because although the boundary is fixed in coordinate space, it may
still physically grow/shrink. The black hole may also move into the computational domain
if it is given linear momentum, but we inject GWs from two opposite sides at once to
ensure this does not occur. The surface area of a coordinate sphere is defined as

A(r) =

∮
S(r)

dS(r) , (3.55)

where S(r) is a coordinate sphere of radius r and dS(r) is the surface area element on
that sphere. To measure the accretion of mass on the hole, we use the Hawking mass as a
measure of the mass contained in a coordinate sphere

MH(r) =

√
A(r)

16π

(
1 +

1

16π

∮
S(r)

ρρ′dS(r)

)
, (3.56)

where ρ and ρ′ are the expansions of ingoing and outgoing null geodesics at the sphere,
respectively. The integrand of the closed surface integral in this definition can also be
expressed as [23]

ρρ′ = (σµνKµν)
2 − (∇̄isi)

2 . (3.57)
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Figure 3.5: Simulation of GW scattering on a Kerr black hole of initial mass M0 = 1 and spin parameter
a = 0.5M0. The black hole is excised outside the horizon at rb = 2M0, since the outer horizon is initially at
r+ ≈ 1.87M0. Top panels show ∂tgxx at several times on the z = 0 slice. Bottom panel shows the fractional
change in the surface area of the inner boundary A(rb) as well as the Hawking mass MH evaluated at rb
and the largest sphere in the cubical domain rmax. With the GW BCs we apply at the inner boundary (i.e.
keeping these components constant), we see largely the same behavior from the quasi-local measures as
the simulations excised inside the horizon, suggesting that these BCs lead to the absorption/transmission
of GWs.

79



0 20 40 60 80 100

0.001

0.002

0.005

Figure 3.6: Behavior of the gauge constraint norm over time for the five resolutions (h(i)) in the Kerr
black hole case with the boundary just outside the spinning black hole (a = 0.5M0 and rb = 2M0). We
see that even though constraint violations are introduced when GWs are injected, they are damped out
and settle to a finite value, which converges to zero with increased resolution. The other two simulations
exhibit identical behavior in this respect.

We also define the gauge constraint norm as

||C||2 =
∫
mµνCµCνdV∫

dV
, (3.58)

to track the convergence and damping of the constraint violating modes.

We present five different resolutions where h(i) = 3h(i−1)/4 as the resolution is increased
by a factor of 4/3 from one to the next starting at h(1) = 0.25M0. The computational
domain consists of a cube of volume (20M0)

3 with an inner excised sphere of various radii,
and we only consider grid spacings that are the same in all three coordinate directions. We
use a third order accurate Runge-Kutta algorithm to advance the equations with a time
step ht = h/5, which reflects the worst case CFL factor estimates from [67].

3.7.1 Schwarzschild GW Scattering

Here, we consider the initial condition of a Schwarzschild black hole in Kerr-Schild coordi-
nates. This completely defines the metric ginitµν on the initial slice and the gauge functions
Hµ = Γinit

µ we use for all time. Then we use our initial condition formalism to ensure
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Cinitµ = Cinitiµν = 0. The remaining components of Pµν are set by requiring ∂tg
init
µν = 0. We

then inject GWs using the following model:

fGW(xα) = AGW [re(x
α) + 1]4[re(x

α)− 1]4 , (3.59)

defined in a region re < 1 and is zero if re ≥ 1 where

r2e(x
α) = [(x− x0 + vxt)/rx]

2 + (y/ry)
2 + (z/rz)

2 . (3.60)

This defines an ellipsoidal region with semi-axes ri that moves at x-directed velocity vx
from its initial x-position (outside the computational domain) x0. The amplitude AGW can
then be tuned to add a desired amount of mass in GWs. We use AGW = 130, which results
in an increase in Hawking mass of the hole by about 20%. The polynomial in Eq. (3.59)
ensures that the first three derivatives are continuous while allowing fGW to be exactly
zero where re ≥ 1. We inject this model in the following fashion

P αβ
µν U−BC

αβ = P αβ
µν U−init

µν (1 + fGW ) . (3.61)

In this and following simulations, we use ry = rz = 10M0, rx = 5M0, vx = ±1, and
x0 = (20 ± 5)M0 for injections from the ∓x-directions. We then evolve the spacetime
until the metric and quasi-local measures settle to approximately constant final values
at t = 100M0. Results are depicted in Figure (3.2). We track the fractional change
[δf(t) ≡ (f(t)− f(0))/f(0)] in both the Hawking mass of the inner sphere MH(rb) as well
as its value at the largest sphere in the domain MH(rmax). We also track the surface area
of the inner sphere A(rb). As should be expected, MH(rmax) increases first, followed by
MH(rb), until they settle close to the same value at late time. The surface area A(rb)
increases as well.

3.7.2 Kerr GW Scattering

In the same setup as the previous section, we use now a spinning black hole. We use a metric
expressed in so-called Spherical Kerr-Schild coordinates defined in [73], (see Appendix D).
This set of coordinates is transformed relative to traditional Kerr-Schild coordinates such
that the horizons are spherical in coordinate space (as opposed to oblate ellipsoids). This
allows us to place a spherical boundary at a constant coordinate distance from the horizon
as we did in the previous section. We use spin a = 0.5M0 and the same inner boundary
rb = 1.5M0 which is still inside the outer horizon of the hole at r+ ≈ 1.87M0. We inject
GWs in the same fashion as the Schwarzschild black hole and evolve the system until the
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metric and quasi-local measures settle to approximately constant final values at t = 100M0,
with results depicted in Figure (3.3). This simulation exhibits largely the same behavior
in quasi-local measures as the Schwarzschild case, except bothMH(rb) andMH(rmax) seem
to increase slightly more by t = 100M0.

Next we showcase the same simulation, but instead with rb = 2M0, just outside of the
outer horizon. The results are depicted in Figure (3.5). When the hole is excised inside
the horizon, MH(rb) increases by 22%, but when it is excised outside the horizon, MH(rb)
increases by 20%, suggesting that the GW BC choice at the inner boundary, hBC

µν = U−init
µν ,

is a mostly transmitting/absorbing condition, with a reflection of about 10% of the incident
waves’ mass (at least for this specific setup). The set of simulations we present are meant
to showcase the stability we are able to achieve with the formalism and numerical methods
we use when a boundary is placed in the strong gravity region of a dynamical spacetime,
which has been notoriously difficult to achieve numerically in the past.

The convergence of the constraint norm for all three simulations is depicted in Fig-
ure (3.4), where the D2−1 operator achieves less than second order convergence as is ex-
pected with SBP operators of this type. The behavior of the constraint norm over the
period of the last simulation is depicted in Figure (3.6). The constraints increase as GWs
are injected, but they soon damp out as expected, with increased resolution converging to
zero at the final time.

3.8 Future Work

The numerical methods we demonstrate in this work allow for much more complex IBVPs
that we plan to study further, including

• Non-spherically shaped and non-convex inner boundaries

• Dynamical inner boundaries

• Non-cubical outer boundaries

• Higher accuracy operators

In particular, successful evolution of a dynamical boundary would allow for a much sim-
plified binary black hole excision setup with finite differencing algorithms. This requires a
way to initialize grid points that enter the computational domain as the boundary moves
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across the grid, which is usually done with extrapolation techniques. Once binary systems
can be demonstrated, the addition of Cauchy characteristic matching would allow for the
extraction of gravitational waveforms at infinity while preserving computational efficiency.
Whether the boundary is placed inside or outside of an apparent horizon, its shape and
movement over time should be dictated by an evolution formalism that ties the bound-
ary to the black holes. We plan to study further how such an evolution can be achieved
numerically when coupled with these embedded boundary methods.

We proposed in this work to use quasi-local conservation laws to define what it means
to reflect gravitational radiation, as well as how to interpret what a given set of BCs implies
about the mass, linear momentum, and angular momentum within a closed boundary as
the system evolves over time. We plan to refine this concept into a proper mathematical
framework that one could use to derive BCs for a desired boundary behavior.

3.9 Conclusion

We have demonstrated successful black hole excision simulations both inside and outside
of an apparent horizon on a strictly rectangular grid for the first time, which is the debut
of embedded boundary finite differencing methods to the numerical relativity community.
We have also shown that we can run stable numerical relativity simulations in a rela-
tively small domain. This is important for Cauchy characteristic matching techniques,
where the Cauchy evolution domain can in principle be made small, close to the scale of
merging black holes, for example, to dramatically save on computational cost while retain-
ing numerical stability and accurate gravitational waveforms at infinity. We presented a
boundary condition framework based on controlling first derivatives of the metric in the
generalized harmonic formulation, which has allowed us to cast Einstein’s equations as an
SBP-SAT scheme. This framework can be applied to other numerical methods common in
the field, such as spectral methods, to obtain simulations that are numerically stable even
when the computational domain has boundaries in the strong gravity regime. This marks
a big leap toward our ultimate goal to evolve binary black hole simulations with boundary
surfaces drawn just outside of the apparent horizons of the holes. This will allow us to
impose quantum gravity motivated behavior on these boundary surfaces to obtain the first
gravitational waveforms of black hole echoes from numerical relativity.
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Chapter 4

Boundary Conditions Based On
Quasi-local Conservation Laws

Preface

This chapter contains a novel formalism for applying boundary conditions on the radiative
degrees of freedom in general relativity based on controlling the flux in quasi-local con-
servation laws. Section 4.1 introduces local and quasi-local conservation laws. Section 4.2
considers electromagnetic waves as an analogous system to gravitational waves in the sense
that it contains two polarization modes. Finally, Section 4.3 considers quasi-local energy
conservation as a way to define what it means to reflect gravitational waves.

This work has not been previously published, but is planned to be expanded on and
published in the future. References to ‘we’ in this chapter refer to the author of this thesis
and the reader.
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4.1 Introduction

Now that the formulation, numerical methods, and boundary framework have been im-
plemented and numerically tested in Chapters 2 and 3 with and without symmetry as-
sumptions, we can work to derive boundary conditions on gravitational waves. Although
there is no local definition of gravitational wave properties, like energy, linear momentum,
and angular momentum, there are quasi-local definitions of these concepts. Quasi-local
conservation laws are introduced and carefully studied in [65, 74], and this chapter will in-
troduce many concepts covered in these works and then derive boundary conditions based
on controlling the flux of quasi-local energy.

Locally measured and conserved quantities have local conservation laws, where a con-
servation law is called local if it relates the change in a quantity that is the result of an
integral over a 3-space, to the flux of this quantity through a 2-surface. To see an example
of this, we consider an arbitrary stress energy tensor T µν and a vector field ξµ residing
in the 3 + 1 manifoldM. Due to the properties of the covariant derivative, the following
always holds:

∇µ(T
µνξν) = (∇µT

µν)ξν + T µν∇(µξν) . (4.1)

On the right hand side, the first term vanishes because ∇µT
µν = 0 is a fundamental

property of the stress energy tensor. The second term does not vanish unless ξµ is a Killing
vector. If we consider a time independent spacetime that contains a timelike Killing vector
ξµ(t) = ∂tx

µ, then with respect to this vector field, the left hand side vanishes and we have
a locally conserved current.

∇µ(Tµνξ
ν
(t)) ≡ ∇µJµ = 0 . (4.2)

The Gauss divergence theorem states that the divergence of a vector field integrated over
the manifold M is related to a closed hypersurface integral over all of the hypersurfaces
boundingM: ∫

∇µJµ dM =

∮
mµJµ d(∂M) . (4.3)

The left hand side represents an integral over M and the right hand side represents an
integral over all of the hypersurfaces that bound M, denoted ∂M, that have outward
pointing unit normal mµ. Since Jµ is a conserved current, the left hand side vanishes,
leaving ∮

mµJµ d(∂M) = 0 . (4.4)
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We considerM bounded by initial and final spatial hypersurfaces Ni and Nf respectively,
and a timelike worldtube B, shown in Figure 4.1. The integral in Eq. (4.4) then splits into
three pieces, one for each of Ni, Nf , and B. We can identify mµ → nµ and mµ → rµ for
the two hypersurfaces Nf and B respectively, but mµ → −nµ for Ni as by convention nµ

points into the future. The hypersurface volume element is taken as negative for spacelike
hypersurfaces and positive for timelike ones. We have then

−
∫
nµJµ dNf +

∫
nµJµ dNi +

∫
rµJµ dB = 0 . (4.5)

Now we take the limit where Ni approaches Nt from below and Nf approaches Nt from
above in order to write an instantaneous conservation law. The volume element of the
worldtube is related to an instantaneous surface area element by the lapse dB = αdS. We
then use the fundamental theorem of calculus to write

∂t

∫
nµJµ dV =

∮
αrµJµ dS , (4.6)

where dV is the volume element on Nt. We can see that this is indeed a local conservation
law, as it relates the change in a 3-volume integral to the flux through a closed 2-surface.
Unfortunately, this can only be written as such when a spacetime has a Killing symmetry,
which will not be the case for physically realistic gravitational wave sources.

Instead, in order to write a conservation law without symmetry assumptions, we start
one dimension lower, within only the worldtube B. For any tensor field T µνB and vector
field ψµ within B, we have

∇̂µ(T
µν
B ψν) = (∇̂µT

µν
B )ψν + T µνB ∇̂(µψν) , (4.7)

where ∇̂µ is the covariant derivative with respect to the metric on B, hµν . The current
Jµ = T µνB ψν now lies tangent to B. Gauss’ theorem in this context is instead split into two
pieces, initial and final bounding 2-surfaces Si and Sf respectively:∫

∇̂µJµ dB =

∮
mµJµ d(∂B) = −

∮
nµSJµ dSf +

∮
nµSJµ dSi , (4.8)

where nµS is a normalized projection of nµ onto the worldtube. Integrating Eq. (4.7) over
B and applying Gauss’ divergence theorem, we obtain

−
∮
nµSJµ dSf +

∮
nµSJµ dSi =

∫ [
(∇̂µT

µν
B )ψν + T µνB ∇̂(µψν)

]
dB . (4.9)
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Figure 4.1: Diagram labeling the bounding hypersurfaces in Gauss’ divergence theorem, where time runs
on the vertical, the 3-space is horizontal, and null rays run along 45◦ lines. The bounding hypersurfaces
to the 3 + 1 manifoldM are split into an initial spacelike hypersurface Ni, a final spacelike hypersurface
Nf , and a timelike enclosing worldtube B. The vector field mµ is always orthogonal and outward pointing
to the bounding hypersurfaces, regardless of if it is timelike or spacelike.

Again taking the limit as Si approaches St from below and Sf approaches St from above,
we obtain an instantaneous quasi-local conservation law

∂t

∮
nSµT

µν
B ψν dS = −

∮
α
[
(∇̂µT

µν
B )ψν + T µνB ∇̂(µψν)

]
dS . (4.10)

This conservation law is called quasi-local, as it relates the change in a 2-surface integral
to the flux through a 2-surface, and thus only relates to dynamics in the vicinity of S. This
relation holds for any tensor field T µνB and vector field ψµ in the worldtube B. However,
we consider choosing T µνB to be the Brown-York stress tensor [75], which is defined as

T µνB = − 1

8π
(κµν − hµνκ) , (4.11)
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where κµν = h α
µ h β

ν ∇αrβ is the extrinsic curvature of B. This allows us to relate its
divergence in B to the projection of the 4 dimensional stress energy tensor via the Gauss-
Codazzi identity and the Einstein field equations:

∇̂µT
µα
B = − 1

8π
hαµrνT

µν . (4.12)

This allows us to write a family of instantaneous quasi-local conservation laws

∂t

∮
nSµT

µν
B ψν dS =

∮
α
[

1
8π
T µνrµψν − T µνB ∇̂(µψν)

]
dS , (4.13)

for any vector field ψµ tangent to B. The 2-surface flux on the right hand side depends
on two terms, one that comes purely from the matter content in the spacetime flowing
through the 2-surface, and another term that is purely geometrical and contains information
regarding the gravitational waves flowing through the surface as well as the dynamics of
the 2-surface itself.

Choosing the vector field ψµ affects the interpretation of what kind of quasi-local con-
servation law is being represented. Choosing a timelike ψµ invites an interpretation of
quasi-local energy conservation, while choosing a spacelike ψµ invites an interpretation of
quasi-local momentum conservation, be it linear or angular. We will focus on timelike
choices of ψµ later in this chapter.

4.2 Maxwell’s Electrodynamics

As an example of the boundary conditions placed on systems with polarization, we will
consider solving the Maxwell equations numerically given a class of boundary conditions.
Electromagnetic waves, just like gravitational waves, have two radiative degrees of freedom
corresponding to two polarization modes, so this system will be instructive to how boundary
conditions can be applied to such systems.

The sourceless Maxwell equations can be expressed in terms of the 4-potential Aµ with
the Faraday tensor Fµν = 2∇[µAν]:

∇µFµν = 0 . (4.14)

This system does not have the form of a set of wave equations until we enforce a generalized
Lorentz gauge

∇µAµ = H(xα) , (4.15)
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for any function of spacetime H(xµ). The equations of motion for Aµ then become a set
of sourced wave equations [76]

∇µ∇µAν = ∇νH +RµνA
µ . (4.16)

This system is directly analogous to the generalized harmonic equations in the sense that
using H(xµ) to fix the gauge freedom in the bulk has reduced the system to a set of
wave-like equations.

If we consider the electromagnetic field as a “test” field, so that it does not couple
to spacetime, and we consider its dynamics on a background vacuum spacetime, we can
neglect the Ricci tensor term. We then define the auxiliary variables Πν ≡ −nµ∂µAν and
ψiν ≡ ∂iAν , so that we can write a first order evolution system:

∂tAµ = βiψiµ − αΠµ , (4.17)

∂tψiµ + ∂i(αΠµ − βjψjµ) = 0 , (4.18)

∂tΠµ + ∇̄i(αψ
i
µ − βiΠµ) = α∂µH . (4.19)

This system is remarkably similar to the generalized harmonic first order system in the
previous chapter. Here, Eq. (4.17) is just the definition of Π, Eq. (4.18) enforces the
commutativity of temporal and spatial derivatives, and Eq. 4.19 enforces the Maxwell
equations. An analysis of the characteristic matrices yields the characteristic modes:

U+
µ ≡ kα∂αAµ = − 1√

2
(Πµ + siψiµ) , (4.20)

U−
µ ≡ ℓα∂αAµ = − 1√

2
(Πµ − siψiµ) , (4.21)

U⊥
αµ ≡ σ β

α ∂βAµ = σ i
α ψiµ . (4.22)

The characteristic modes U±
µ propagate along the lightcone with characteristic speed

c± = ±α− siβi and U⊥
µ propagates along nµ with characteristic speed c⊥ = −siβi. This

system is symmetric hyperbolic, requires no gauge fixing, and has purely causal charac-
teristic speeds, fitting all three of the requirements we set as a starting point for a stable
initial boundary value problem.

4.2.1 Non-radiative Boundary Conditions

By introducing the generalized Lorentz gauge, we introduce the gauge constraint C:

C ≡ ∇µAµ −H(xα) . (4.23)
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The Maxwell equations imply the evolution of this constraint is a wave equation

∇µ∇µC = 0 , (4.24)

which ensures that C vanishes for all time assuming initial conditions and boundary condi-
tions where C = ∂tC = 0. Expanding Eq. (4.23) in terms of the characteristic modes leads
to a boundary condition on one of the components of U−

µ :

kµU−
µ = σµνU⊥

µν − ℓµU+
µ − ΓµAµ −H − CBC , (4.25)

which allows us to control the value of the gauge constraint at the boundary, the natural
choice being CBC = ∂tCBC = 0. This fixes one component of the four incoming degrees of
freedom in U−

µ , indicating that we have three left to choose.

The Faraday tensor is split into electric (Eµ) and magnetic (Bµ) fields, by picking a
set of observers with timelike four velocity uµ to measure them with respect to, where
uµE

µ = uµB
µ = 0. In this case, we will consider observers flowing along nµ for simplicity.

The Faraday tensor is then given by

Fµν = 2n[µEν] − εµναβnαBβ , (4.26)

where εαβµν is the Levi-Civita tensor. The electric field is given by

Eµ = Fµνn
ν . (4.27)

Contracting the electric field with sµ and expressing in terms of the characteristic modes
reveals that another component of U−

µ can be set by directly affecting the value of the
normal component of the electric field:

ℓµU−
µ = kµU+

µ + (sµEµ)
BC . (4.28)

for any desired value (sµEµ)
BC at a point on the boundary. The normal component of

the electric field carries information about the Coulomb sources enclosed in the boundary
region. If we demand conservation of charge, the monopole moment of (sµEµ)

BC must
be constant. Having time varying higher moments of (sµEµ)

BC implies the production of
electromagnetic waves from accelerating sources within the closed boundary region. This
implies that if we demand that there are no sources within the a closed boundary region for
all time, then we can make the simple choice (sµEµ)

BC = 0 for the purposes of studying just
the radiating degrees of freedom in a computational domain outside of a closed boundary.
We now have conditions on both components kνU−

ν and ℓνU−
ν , with the only remaining

components being the two tangential ones σ ν
µ U

−
ν .
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4.2.2 Radiative Boundary Conditions

To write down a conservation law for electromagnetism, we assume the spacetime is in-
dependent of time. This grants a Killing vector ξµ(t) = ∂tx

µ, and we can write an energy
conservation law:

∂t

∫
ξµ(t)n

νTµν dNt =
∮
αξµ(t)s

νTµν dS . (4.29)

The stress energy tensor in electromagnetism is given by a traceless contraction of the
Faraday tensor:

Tµν = gαβFµαFνβ − 1
4
gµνF

αβFαβ , (4.30)

or in terms of the electric and magnetic fields

Tµν =
1

2

(
E2 +B2

)
(nµnν + γµν)− 2n(µεν)λαβn

λEαBβ − EµEν −BµBν , (4.31)

where E2 = EµEµ. If we assume Gaussian normal coordinates where α = 1 and βi = 0,
the energy density takes the usual form in terms of the magnitudes of electric and magnetic
fields

ξµ(t)n
νTµν =

1

2

(
E2 +B2

)
, (4.32)

while the flux of this energy, called the Poynting flux, is

ξµ(t)s
νTµν = εµναβn

µsνEαBβ . (4.33)

If we install two orthonormal basis vectors pµ and qµ both orthogonal to nµ and sµ, then the
2-metric is given by σµν = pµpν + qµqν . We also introduce σ̃µν = εαβϵµn

αsβσϵν = 2p[µqν],
which is an antisymmetric combination of the basis vectors spanning σµν . Controlling the
value of the Poynting flux requires a boundary condition of the form

σ̃µνEµBν = F (xα) , (4.34)

for some specified flux F (xα), which will allow for the control of the energy flux of elec-
tromagnetic waves. We interpret F (xµ) = 0 as a perfectly reflecting condition. This is a
condition quadratic in the two components of the incoming characteristic modes tangential
to the boundary:

σ̃µνEµBν =
1
2
σ̃µν(
√
2nµU⊥

νµ − σ µ
ν U

−
µ − σ µ

ν U
+
µ )(
√
2σ̃ λ

µ sϵU⊥
λϵ − σ̃ λ

µ U−
λ + σ̃ λ

µ U+
λ ) ,

= 1
2
σµνU−

µ U
−
ν − 1

2
σµνU−

µ ℓ
λU⊥

νλ + · · · , (4.35)
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which is a condition of the form

(pµU−
µ )

2 + (qµU−
µ )

2 + A(pµU−
µ ) +B(qµU−

µ ) + C = 0 , (4.36)

for functions A, B, and C that depend on the characteristic modes U+
µ and U⊥

αµ and the
desired boundary flux function F . This is not enough information to gain both components
(pµU−

µ ) and (qµU−
µ ) of the incoming modes. Controlling the Poynting flux gives a one

parameter family of solutions for the incoming characteristic modes, so we need a second
condition to obtain a unique solution. One way to do this is to control the dot product of
the electric and magnetic fields in the boundary surface as well:

σµνEµBν = G(xα) . (4.37)

We will interpret this second condition as choosing the polarization of reflected electro-
magnetic waves, or rather what polarization of electromagnetic waves are injected into the
domain in response to the polarization of the incident waves. This second condition gives

σµνEµBν =
1
2
σµν(
√
2nµU⊥

νµ − σ µ
ν U

−
µ − σ µ

ν U
+
µ )(
√
2σ̃ ν

µ U
⊥
νµs

µ − σ̃ ν
µ U

−
ν + σ̃ ν

µ U
+
ν ) ,

= −1
2
σ̃µνU−

µ ℓ
λU⊥

νλ + · · · , (4.38)

which is a condition of the form

B(pµU−
µ )− A(qµU−

µ ) + E = 0 , (4.39)

for some function E that depends on the characteristics U+
µ and U⊥

αµ and the desired
polarization function G. Together, these conditions can be used to obtain the tangential
components pµU−

µ and qµU−
µ . Since this is a quadratic system of conditions, there are

two solutions given the values of A, B, C, D, and E. This is similar to some cases we
have encountered before, like the scalar wave equation. Scalar waves that exactly conserve
energy at a boundary (i.e. with perfectly reflecting boundary conditions) have two possible
boundary conditions, a Dirichlet-type and a Neumann-type condition (see Chapter 2).

One degree of freedom we have left is the choice of the vectors pµ and qµ, we can rotate
these unit vectors however we like. One way to define the orientation of this basis is to
require

pµℓλU⊥
µλ = 0 , (4.40)

which sets A = 0 in our conditions. This uniquely defines the component pµU−
µ , and the

two solutions are

pµU−
µ = −E

B
, qµU−

µ = −
B2 ±

√
B2(B2 − 4C)− 4E2

2B
, (4.41)

which we might interpret as a Dirichlet-type or a Neumann-type depending on the ±
solution chosen.
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4.3 Einstein’s Geometrodynamics

In a similar fashion to electrodynamics, we now work to motivate radiative boundary con-
ditions in Einstein’s “geometrodynamics”. We will assume the same generalized harmonic
formulation and the boundary condition projection formalism introduced in Chapter 3.
As was introduced in that chapter, the characteristic modes for the generalized harmonic
system were

U+
µν ≡ kα∂αgµν = −

1√
2
(Pµν + sidiµν) , (4.42)

U−
µν ≡ ℓα∂αgµν = −

1√
2
(Pµν − sidiµν) , (4.43)

U⊥
αµν ≡ σ β

α ∂βgµν = σ i
α diµν . (4.44)

This is unfortunately not very applicable in a general fashion, as this definition of the
characteristic modes assumes a static worldtube, one where the normal to the timelike
hypersurface of the worldtube rµ is purely spatial. This does not need to be the case
in general, as the 2-surface can be moving within the 3-space, making rµ point into the
future/past, and thus nµrµ ̸= 0. The characteristic modes should be defined relative to the
worldtube B to account for this potential motion. The worldtube hypersurface is defined
based on a function Ψ(xµ) = 0, and we will assume this function is given for all time in
the simulation. The normal to the hypersurface is constructed as

rµ = ∇µΨ/ψ , (4.45)

where ψ2 = gµν∇µΨ∇νΨ is the factor assuring it is a unit vector. The overall sign is chosen
such that rµ points out of the manifoldM. The metric on B is given by the projection

hµν = gµν − rµrν . (4.46)

In the same fashion, we construct the timelike unit normal nµ to the constant time slices
Nt pointing into the future, and the metric on Nt is given by

γµν = gµν + nµnν . (4.47)

Where B and Nt intersect is the constant time 2-surface manifold of the boundary S.
We can construct the the purely spatial unit normal to S by projecting rµ into Nt and
normalizing:

sµ ∝ γµν r
ν =

rµ + (nνrν)n
µ√

1 + (nνrν)2
. (4.48)
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We can also construct the timelike normal to S that lies purely within B:

nµS ∝ hµνn
ν =

nµ − (nνrν)r
µ√

1 + (nνrν)2
=
√
1 + (nνrν)2 n

µ − (nνrν)s
µ . (4.49)

To make the following analysis more general, we will consider a generic timelike vector field
within B that is related to nµS and sµ as

uµ = γ
(√

1 + (nνrν)2 n
µ − (nνrν)s

µ + vµ
)
, (4.50)

where vµ = σµνv
ν = uµ/γ − nµS is a vector field tangent to S that measures the deviation

of uµ from nµS and γ−2 = 1− (vµvµ)
2 is a Lorentz factor ensuring uµ is a unit vector. We

then use uµ and rµ as an orthonormal Lorentzian basis to construct an ingoing null vector
k̂µ, an outgoing null vector ℓ̂µ, and the metric of a new 2-surface (σ̂µν):

k̂µ =
1√
2
(uµ − rµ) , ℓ̂µ =

1√
2
(uµ + rµ) , σ̂µν = gµν + 2k̂(µℓ̂ν) . (4.51)

The 2-metric σ̂µν , being orthogonal to uµ and rµ, is defined relative to a spacelike 2-surface
manifold S ′ different from S, as it doesn’t necessarily lie on a constant time slice. The
various vector fields involved in this construction are visualized in Figure 4.2. It is only
when vµ = 0 that k̂µ and ℓ̂µ are simple rescalings of kµ and ℓµ. We then take these basis
vectors and construct the characteristic modes with them:

U+
µν ≡ k̂α∂αgµν = −

1√
2

(
a+Pµν + b+s

idiµν − γvidiµν
)
, (4.52)

U−
µν ≡ ℓ̂α∂αgµν = −

1√
2

(
a−Pµν + b−s

idiµν − γvidiµν
)
, (4.53)

U⊥
αµν ≡ σ̂ β

α ∂βgµν , (4.54)

where

a± = γ
√

1 + (nνrν)2 ∓ (nνrν) , b± = γ(nνrν)±
√
1 + (nνrν)2 . (4.55)

We take U−
µν as the incoming characteristic modes and endeavor to replace them with

boundary conditions, which is still valid as long as the characteristic speed of U−
µν is always

negative (i.e. propagating into the domain), which is true as long as B and uµ remain
timelike. Other characteristics like U⊥

αµν may be propagating into the domain as well,
but the boundary conditions used in place of them are taken to satisfy spatial derivative
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Figure 4.2: Diagram labeling various vectors involved in the quasi-local conservation law construction,
where time runs on the vertical, the 3-space is horizontal, and null rays run along 45◦ lines. The worldtube
B can be moving with respect to the current time slice Nt, as long as the vector orthogonal to it, rµ,
remains spacelike. The vector field uµ lies tangent to B and follows a curve in B to which it is also tangent.

constraints in the system. As in Chapter 3, the components of U−
µν are split into constraint,

gravitational wave, and gauge groups, but now constructed with the basis (k̂µ, ℓ̂µ, σ̂µν):

δ
(α

(µ δ
β)

ν) = Ĉ αβ
µν + P̂ αβ

µν + Ĝ αβ
µν , (4.56)

where the gravitational wave projector is now given as the traceless projection onto S ′:

P̂ αβ
µν ≡ σ̂

(α
(µ σ̂

β)
ν) −

1

2
σ̂µν σ̂

αβ . (4.57)

The boundary conditions on the constraint and the gauge groups are unchanged in inter-
pretation and application, just with projections adjusted to the new hatted basis.
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4.3.1 Radiative Boundary Conditions

We now turn to the family of quasi-local conservation laws introduced in Section 4.1:

∂t

∮
nSµT

µν
B ψν dS =

∮
α
[

1
8π
T µνrµψν − T µνB ∇̂(µψν)

]
dS . (4.58)

For what follows, we assume a vacuum spacetime (or at least boundary conditions on all
matter fields such that T µνrµψν = 0). Consider the choice ψµ = uµ, where uµ is a timelike
unit vector field that satisfies a set of dynamical properties and is the same vector field used
to construct the characteristic modes in the previous section. We introduce the covariant
acceleration of uµ:

aµ = uν∇νu
µ , (4.59)

which dictates its dynamics. As the tensor ∇̂µuν makes an appearance in the quasi-local
flux terms, we introduce the decomposition

∇̂µuν = h α
µ h β

ν ∇αuβ = 1
2
θσ̂µν + θµν + ωµν − uµσ̂ α

ν aα , (4.60)

where ωµν = σ̂ α
[µ σ̂ β

ν] ∇αuβ is the rotation tensor, θµν = P̂ αβ
µν ∇αuβ is the shear tensor,

θ = σ̂µν∇µuν is the expansion.

Here, we consider a specific choice of uµ that satisfies the conditions of an Inertial
Quasi-local Frame (IQF). This is not the only choice one can make, in principle any frame
can be chosen as long as uµ remains timelike and tangent to B. In the works [65, 74], along
with IQFs, another frame called a Rigid Quasi-local Frame (RQF) is also introduced,
which reduces the quasi-local energy flux to a form very similar to the Poynting flux in
electrodynamics. The choice of an IQF makes the reflecting boundary conditions more
straightforward to derive however, so we will focus on this choice.

An IQF is a choice of observers uµ that has normal acceleration rµaµ such that the
expansion vanishes (θ = 0), and vanishing tangential acceleration (σ̂ ν

µ aν = 0). Under such
conditions, the quasi-local energy flux simplifies dramatically:

T µνB ∇̂(µuν) = T
⟨µν⟩
B θ⟨µν⟩ =

1
4
(P̂ αβ

µν £rgαβ)(P̂
µνϵσ£ugϵσ) , (4.61)

where we have introduced the notation P µν
αβ TB

µν = TB
⟨αβ⟩. The Lie derivative in the rµ

direction can be expressed in terms of derivatives of the metric and derivatives of the
function Ψ:

P̂ αβ
µν £rgαβ = 1

2
P̂ αβ
µν

(
rλ∂λgαβ − 2rλ∂(αgβ)λ +

2
ψ
∂α∂βΨ

)
,

= 1
2

(
1√
2
U−
⟨µν⟩ −

1√
2
U+
⟨µν⟩ − 2rλU⊥

⟨µν⟩λ +
2
ψ
∂⟨µ∂ν⟩Ψ

)
. (4.62)
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Under the IQF conditions, if the vector field uµ is initially hypersurface orthogonal (ωµν = 0),
then it will remain so for all time. We can then express it as proportional to a gradient:

uµ = ∇µϕ/φ , (4.63)

for some function ϕ and a normalization φ. The Lie derivative in the uµ direction takes a
similar form:

P̂ αβ
µν (£ugαβ) =

1
2
P̂ αβ
µν

(
uλ∂λgαβ − 2uλ∂(αgβ)λ +

2
φ
∂α∂βϕ

)
,

= 1
2

[
1√
2
U−
⟨µν⟩ +

1√
2
U+
⟨µν⟩ − 2uλU⊥

⟨µν⟩λ +
2
φ
∂⟨µ∂ν⟩ϕ

]
. (4.64)

To control the quasi-local energy flux we consider a condition

T
⟨µν⟩
B ∇̂⟨µuν⟩ = F (xµ) , (4.65)

for some specified flux function F (xµ), where F (xµ) = 0 is interpreted as a perfectly
reflecting condition. The flux specification is a condition of the form

(U−
+ )

2 + (U−
× )

2 + A(U−
+ ) +B(U−

× ) + C = 0 , (4.66)

for functions A, B, and C that depend on the characteristics U+
µν and U

⊥
αµν and the desired

boundary flux function F . Here, the + polarization component of U−
µν is

U−
+ ≡ (pµpν − qµqν)U−

µν and the × polarization component is U−
× ≡ 2p(µqν)U−

µν , where p
µ

and qµ form an orthonormal basis spanning S ′.

Just like the electromagnetic case, we require a second condition that controls the
polarization of reflected waves. Motivated by the control of the dot product of the electric
and magnetic fields on the 2-surface in the previous section, we can postulate a condition
of the form

B(U−
+ )− A(U−

× ) + E = 0 , (4.67)

for some function E that depends on the characteristics U+
µν and U⊥

αµν . With these two
conditions, we have a set boundary conditions on the two components of U−

µν that we
interpret as the gravitationally radiating degrees of freedom. The basis vectors can be
rotated in principle to simplify the solutions to these two conditions however desired, but
a boundary value for each of the two incoming gravitational wave components given by
the projection P̂ µν

αβ U−
µν can be set as boundary conditions for any choice while controlling

the quasi-local flux of gravitational waves.
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4.4 Conclusion and Future work

In this chapter, we considered setting boundary conditions on the radiating degrees of
freedom of gravitational waves based on controlling the energy flux in a quasi-local energy
conservation law. We introduced the distinction between local and quasi-local conservation
laws by analyzing energy flux based boundary conditions in both Maxwell’s electrodynam-
ics and Einstein’s geometrodynamics. While setting boundary conditions based on con-
serving a type of energy can be done, a second condition is needed to set the polarization of
the reflected waves. We used electrodynamics to gain some insight into what polarization
conditions might make sense to completely determine the incoming components responsible
for the radiative degrees of freedom.

As a part of future work, it is important to implement these boundary conditions
numerically so that the general stability of such conditions can be rigorously tested. Not
only does the numerical stability of such conditions need to be verified, but there may also
exist ergoregion and super-radiance instabilities when the boundary is placed close to the
horizon of a Kerr black hole. It is not clear yet if applying reflecting boundary conditions
will produce such instabilities, and future work will need to address this concern. The
quasi-local conservation law framework includes interpretations of energy conservation as
well as linear and angular momentum conservation, so it would be interesting to explore
what given boundary conditions imply about the change in angular and linear momentum
of a Kerr black hole for example, especially in the near extremal spin case.
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Chapter 5

Conclusion and Future Outlook

In this thesis, a great amount of effort was taken to demonstrate and properly formulate
the initial boundary value problem in numerical relativity. The ability to evolve Einstein’s
field equations with boundaries placed within the strong gravity region of a dynamical
spacetime is motivated, considered for a large class of potential boundary conditions, and
demonstrated numerically.

This work is motivated by a need to simulate black hole echoes, the reflection of ingo-
ing gravitational and matter waves near the horizon of black holes induced by potential
quantum structure. Implementing a reflecting surface near the horizon of a black hole by
imposing reflecting boundary conditions there is one way to achieve this. Another moti-
vation is to improve upon the stability and computational efficiency of binary black hole
merger simulations by coupling the frameworks presented here with Cauchy characteristic
matching techniques. The formulation and numerical framework of the evolution equations
we present here allow for the shrinking of the Cauchy domain, leading to dramatically more
computationally efficient simulations. One more motivation is the ability to simulate the
dynamics of arbitrary compact objects in numerical relativity. Given the time evolution of
a boundary surface larger than the horizon of a black hole and the boundary conditions on
that surface, any compact object can be simulated in principle with or without assumptions
about the interior region of the object.

One aspect of the success shown here comes from analytical tools that guide the specific
form of the evolution equations themselves. This includes the concept of symmetric hy-
perbolicity, where the evolution equations are written in a form that allows for an energy
estimate, which when coupled with a proper numerical implementation, can be demon-
strated as an approximately bounded quantity of the system.
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Another part of the success in these demonstrations comes from implementing modern
numerical methods to the system of evolution equations that comprises Einstein’s field
equations. We show that summation by parts operators and simultaneous approximation
terms can be used to ensure that the energy estimate of the system is approximately
conserved even on a discrete grid. We demonstrate the use of a relatively new class of
summation by parts methods that allow for arbitrarily shaped domains while using a
rectangular grid.

Finally, we developed boundary conditions on the radiative degrees of freedom in the
metric by controlling the quasi-local energy flux through the boundary. We showed that
gravitational waves are analogous to electromagnetic waves in the sense that two conditions
are needed, a conservation of energy and a polarization specifying condition.

5.1 Future Work

The work performed in this thesis opens the door to many different directions in numerical
relativity. The numerical methods we introduce and demonstrate in Chapter 3 allow for
much more complex initial boundary value problems, including

• Non-spherically shaped and non-convex inner boundaries

• Dynamical inner boundaries

• Non-cubical outer boundaries

• Higher accuracy finite differencing operators

Successful evolution of a dynamical boundary would allow for a much simplified binary
black hole excision with finite differencing algorithms. The development of an evolution
formalism for the worldtube that ties the 2-surface boundary to dynamical black holes
would allow for merger simulations with reflecting boundary conditions placed near the
horizons of the black holes, which would serve as the first nonlinear simulation of black hole
echoes. We plan to study further how such an evolution can be achieved numerically when
coupled with the numerical methods we introduced and demonstrated. Coupling these
methods with Cauchy characteristic matching techniques would allow for the extraction
of gravitational waveforms at null infinity while dramatically improving computational
efficiency by reducing the size of the Cauchy domain.
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We proposed in this work to use quasi-local conservation laws to define what it means
to reflect gravitational radiation, as well as how to interpret what a given set of boundary
conditions implies about the mass, linear momentum, and angular momentum within a
closed boundary as the system evolves over time. We showed that boundary conditions on
the radiating degrees of freedom can be set by choosing the quasi-local energy flux, but that
another condition is needed to fully set the polarization of reflected modes. A thorough
numerical analysis of these conditions is left for future work, including investigations into
the analytical and numerical stability of reflecting boundary conditions based on quasi-local
conservation laws.
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Appendix A

Enclosed Boundary Problem for
Cylindrically Symmetric
Gravitational Waves

Black hole echoes have been discussed in the literature in the context of both scalar waves
and gravitational waves (GWs). Defining reflecting boundary conditions (BCs) in the
context of a local mass-energy for scalar waves was done in Section 3.5, but this can also
be done for GWs. There are no GWs in the restriction of spherical symmetry, however
there are well known examples in the framework of Einstein-Rosen waves [98, 80]. These
vacuum solutions use coordinates xµ = (t, ρ, z, φ) and have the line element

ds2 = e2(γ−ψ)
(
−dt2 + dρ2

)
+ e2ψdz2 + ρ2e−2ψdφ2 , (A.1)

where ψ and γ are functions of ρ and t only. Einstein’s vacuum field equations dictate that
ψ satisfies the cylindrically symmetric wave equation:

∂2t ψ = ∂2ρψ +
1

ρ
∂ρψ , (A.2)

and that the time dependence of γ is dictated by

∂tγ = 2ρ∂tψ∂ρψ , (A.3)

and is subject to the constraint

∂ργ = ρ (∂ρψ)
2 + ρ (∂tψ)

2 . (A.4)
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The local mass-energy of the spacetime is measured with the so-called C-energy [80], which
is simply given by

M(ρ, t) = γ/4 , (A.5)

and thus Eqns. (A.3) and (A.4) are proportional to its ρ and t derivatives. We can then
write the conservation law

∂t

∫ b

a

1

2

[
(∂ρψ)

2 + (∂tψ)
2] ρ dρ = ρ∂tψ∂ρψ

∣∣∣b
a
, (A.6)

which happens to be identical to the conservation law for the cylindrically symmetric wave
equation outside of the context of general relativity. The BCs that keep the C-energy
from changing are then given by the classical Dirichlet/Neumann conditions ∂tψ = 0 and
∂ρψ = 0. We can then define a reflecting IBVP as we did in spherical symmetry. The
BCs are simple due to the gauge fixed assumption of the line element considered here, but
this may not be the case if a more general line element where the “perimeter radius” ρ is
allowed to be dynamic, as it was in our dynamic examples in spherical symmetry.
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Appendix B

Static scalar field Summation By
Parts

The Klein-Gordon equation ∇µ∇µϕ − m2ϕ = 0 can be reduced to a first order system
with the definition of two different auxiliary variables than those considered in the main
text: Π ≡ ∂tϕ and ψi ≡ [(α2 − βjβj)∂iϕ+ βi∂tϕ]/α. The evolution equations in spherical
symmetry for a static background look particularly simple,

∂tϕ = Π , (B.1)

∂tψ
r = βr∇rψ

r + α∂rΠ−m2αβrϕ , (B.2)

∂tΠ = α∇rψ
r + βr∂rΠ−m2αϕ , (B.3)

where ∇rψ
r = (

√
γ)−1∂r(

√
γ ψr) is the 3-divergence. This system of equations admits the

following conservation law as long as c+c− < 0 throughout the domain:

∂t

∫ b

a

1

2

(
αΠ2 + αψrψ

r − 2ψrβ
rΠ

(α2 − βrβr)
+m2ϕ2

)
√
γ dr

= Πψr
√
γ
∣∣∣b
a
. (B.4)

Distributing the time derivative and substituting the evolution equations, we obtain∫ b

a

Π∇rψ
r√γ dr +

∫ b

a

(∂rΠ)ψ
r√γ dr = Πψr

√
γ
∣∣∣b
a
. (B.5)

Crucially, the definition of the auxiliary variables Π and ψr make the flux term on the right
hand side a simple multiple of the two variables and Eq. (3.6) is in exactly the same form
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as Eq. (2.61), which will set up the problem to be directly mimicked by the covariant SBP
property when Π and ψr become grid functions:

ΠTW∇ψr + (DΠ)TWψr = Πψr
√
γ
∣∣b
a
, (B.6)

where the operator ∇ ≡ Γ−1DΓ approximates the covariant 3-divergence of 3-vectors, the
operator D approximates the covariant scalar gradient, andW ≡ ΣΓ is the covariant norm
operator and approximates covariant integration.
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Appendix C

Discrete Closed Surface Integration

In order to calculate quasi-local quantities such as the Hawking mass, we require a way to
approximate surface integrals on the embedded boundaries in our domain. This integration
scheme must be compatible with the rectangular nature of the grid used in the numerical
methods we consider in this work. One can express an integral over a convex closed surface
S, defined by the function ϕ(xi) = 0, with integrand f(xi), as two 2D region integrals:∮

fdS =

∫
X±

f [x(y, z), y, z]
√
σdydz , (C.1)

where the region X± is the projection (or shadow) of the closed surface onto the y-z plane
and the ± indicates the inclusion of both the projections from the ±x sides of the surface.
The function x(y, z) is the expression ϕ(xi) = 0 solved for x, which will have two solutions
for a convex closed surface corresponding to the ± projections. The 2-metric determinant
σ is determined by projecting the 2-metric

σij = γij − sisj , (C.2)

onto the y-z plane. The projection operator onto the 2-surface is given by

eiA =
∂xi

∂θA
. (C.3)

In this example, we choose the coordinates on the y-z plane as θA = (y, z) so that
eiA = (∂Ax(y, z), δ

y
A, δ

z
A). The projected 2D metric is given by

σAB = eiAe
j
Bσij . (C.4)
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We then take the determinant to find the surface area element
√
σ and integrate the

integrand and the surface area element over the 2D regionsX±. An appropriate quadrature
rule can then be chosen to perform this integral in approximation on a finite number
of sampled points, as is defined for our numerical method in [67]. Since we also have
independent grid intersections with the Y ± and Z± projection directions, we can repeat
the surface integral three times, and average them to get a more accurate result.
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Appendix D

Spherical Kerr-Schild

A spinning black hole can be described in traditional Kerr-Schild coordinates, but this
has the disadvantage that the horizons are oblate ellipsoids in coordinate space, which
makes the problem of excision more complicated. However, with the aid of a coordinate
transformation detailed in [73], the horizons can instead take on a spherical shape in
coordinate space. Using the coordinates xµ = (t, x, y, z), this metric can be expressed in
the usual Kerr-Schild form:

gµν = ηµν + 2Hlµlν , (D.1)

with

H =
Mr3

r4 + a2z2
, R2 =

(r4 + a2z2)

(r2 + a2)
, (D.2)

and

lµ =

(
1,
xR2

r3
+
ay

r2
,
yR2

r3
− ax

r2
,
zR2

r3

)
. (D.3)

While ηµν is a representation of Minkowski space, it is not diagonal in these coordinates.
It is however diagonal using a traditional transformation to spherical coordinates, so we
can construct it with the following set of orthonormal basis vectors:

tµ = (1, 0, 0, 0) , (D.4)

rµ = (0, x, y, z)/A , (D.5)

θµ = (0, −xz, −yz, x2 + y2)/B , (D.6)

φµ = (0, −y, x, 0)/C , (D.7)
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with

A2 =
r4(r2 + a2)

r4 + a2z2
, B2 =

r6(x2 + y2)

r4 + a2z2
, C2 =

r2(x2 + y2)

r2 + a2
, (D.8)

and

ηµν = −tµtν + rµrν + θµθν + φµφν , (D.9)

taking care that a smooth limit to the diagonal metric ηµν = diag(−1, 1 + (a/z)2, 1 + (a/z)2, 1)
is attained when x = y = 0.
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