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Abstract 

An estimating function may give multiple solutions. This creates a certain amount 

of confusion as to which of these roots is the most appropriate choice as an estimate 

of parameter. This thesis discusses the existing methods, and proposes two new 

approaches to choose the best root among multiple roots. One approach is based 

on the root intensity, which is an extension of the probability density function of an 

estimator to the multiple root case. This method is also applied to some practical 

examples such as logistic regression models with measurement error and bivariate 

normal mixture models. Another one is the shifted information method, which can 

be used in transformation models and, in particular, the location models. Though 

multiple roots of estimating functions arise in some cases, it can be shown that 

under some regularity conditions, there is a unique root with high probability in a 

given bounded closed set which includes the true value. 
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Chapter 1 

Introduction 

1.1 Preliminaries 

The expression estimating function is a very general statistical term. By estimating 

function we mean a function of both the parameters and the data, on which the 

inference for parameters in a statistical model is based. It is used in many aspect 

of theoretical and applied statistics, ranging from statistical inference, stochastic 

processes, time series, survey sampling, biostatistics, to finance. The theory on 

estimating functions has been developed since the publication of Godambe's (1960) 

work on this theory. Heyde ( 1997) surveyed the major works on both the theoretical 

and applied aspects of this theory. 

In classical statistical theory, least square (LS) and maximum likelihood (ML) 

methods for estimation are widely used. These two methods have been merged 

into a single method of estimation from the perspective of estimating function. 

In fact. almost all methods of estimation correspond to a set of estimating func­

tions. Obviously, method of moment, least square and maximum likelihood are 

1 



CHA.PTER 1. INTRODUCTION 2 

based on a set of simple estimating functions. In the case of nuisance parame­

ters, many approaches have been proposed to eliminate or reduce their impact on 

inference. These approaches, including marginal likelihood, integrated likelihood, 

conditional-likelihood, profile log-likelihood and partial likelihood also give rise to a 

set of estimating functions. In time series, biostatistics and finance, there are many 

statistical models developed from the theory of stochastic processes. In this case, 

the estimating functions typically involve more complex stochastic process settings. 

In section 1.2, we will revie,v some basic theory of estimating functions. First, 

the concept of optimal estimating function, also known as quasi-score estimating 

function is introduced. The initial quasi-score function, first considered by \Ved­

derburn ( 197 4), is applied in a statistical model that only specifies a relationship 

between the mean and variance. One should note that the quasi-score estimating 

function discussed in this thesis is considered more generally than that in \Vedder­

burn 's original definition. 

Most of the literature is about the estimating functions themselves. Since in­

ference for parameters is based on estimating functions, from which the estimated 

parameters are obtained, it is important to explore the properties of estimates based 

on the estimating functions. In particular. when there are several roots of estimat­

ing functions, it is important to rule out extraneous roots. As Hanfelt and Liang 

(1995) pointed out, "Modifying the method to discriminate among roots is an area 

of future research". Studying this problem constitutes the main part of this thesis. 

In section 1.3, we will briefly discuss this issue and related methodology on this 

issue. A more comprehensive discussion will be given in Chapter 2. In this thesis, 

we will propose two approaches to choose the best root as a parameter estimator 

for the true value. One method is based on the root intensity, which is an extension 

of the probability density function of an estimator to the multiple root case. The 
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concept of root intensity will be discussed in Chapter 3. Another method is based 

on sbifred information, which will be discussed in Chapter 5. 

1.2 Theory of Estimating Functions 

In this subsection, the basic concept of estimating functions will be stated. The 

related results are outlined in Heyde (1997). 

Definition 1. 1 An unbiased estimating function G( 8) is a function of the data 

and unknmvn parameter 8 E 0 C Rk, such that an estimator of the unknown 

parameter can be obtained as its root, with the property E(G(8)) = 0. 

The following estimating function derived from the estimating function G(8): 

( 1.1) 

is called a standardized estimating function, where G = (8G;/8Bi), and()' denotes 

transpose. 

The information criterion is 

(1.2) 

which is the Fisher information for the score estimating function. 

Definition 1.2 G· is the optimal estimating function ·within a class of estimat­

ing function 1-l if G· E 1-£ and 

£(G·) - £(G) (1.3) 
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is nonnegative definite for all GE 1-l. and 8 E 8. 

In addition to the above definition, there are several equivalent conditions, such 

as trace criterion, determinant criterion, smallest eigenvalue criterion and average 

variance criterion (Heyde, 1997). 

The following is a useful and practical criterion for optimal estimating function, 

which is due to Heyde (1988). 

Theorem 1. 1 G· is an optimal estimating function within 1-{. if 

(1.4) 

or equivalently 

is a constant matrix for all G E 1-l.. Conversely, if 1-l. is convex and G· E 1-l is an 

optimal estimating function. then (1.4) holds. 

There is a similar criterion for optimality in the asymptotic sense (Heyde, 1997, 

p28), which can be applied to martingales estimating functions. In that case, the 

optimal estimating function maximizes the martingale information. Estimating 

functions that are optimal in either sense will be referred to as quasi-score estimat­

ing function and the corresponding estimator as quasi-likelihood estimator. 

\Vedderburn (1974) proposed the original quasi-score estimating functions as a 

basis for analyzing a generalized linear regression. He also discussed the existence 

and uniqueness of the maximum likelihood estimates for some generalized linear 
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models (see Wedderburn, 1976). The usual likelihood approach needs to specify 

the form of the distribution of the observations, but the quasi-score function is 

based only on the first two moments of observations, and provides an analogue to 

fully parametric likelihood functions for inference. Let zt = ( x 1, ... , x") be random 

observations with the joint distribution p(8) for some k-climensional parameter 8 

in the parameter space 0. and the first two moments: 

µ(8) = Ez = (µ1(8), ... ,µ0 (8))
1 

V(8) = (cov(xi. Xj)) = (½j(8)) i,j=l, ... ,n. 

The vVedderburn's quasi-score estimating equation (see McCullagh and Nelder, 

1989) is defined as 

(1.5) 

where j.,,(8) is an x k-dimensional derivative matrix. The function on the left hand 

side of ( 1.5) can be shown to be the projection of the score function into the class 

g of linear unbiased estimating functions of the form a(8)(z - µ(8)). It is also an 

optimal estimating functioning in Godambe's sense (1960). Based on the results 

of orthogonal estimating functions, Godambe and Thompson ( 1989) extended the 

vVedderburn 's quasi-score estimating function by incorporating possible knowledge 

of the skewness, kurtosis and higher moments of the underlying distribution. 

Furthermore, the generalized estimating equation (GEE) approach (Liang and 

Zeger, 1986; Diggle, Liang and Zeger, 1994) was formulated to deal with the prob­

lems of longitudinal data analysis where one typically has a series of repeated 

measurements of a response variable. together with a set of covariates. This ap­

proach deals with a longitudinal data set consisting of responses Yit, t = 1, 2, ... , n;, 

i = 1. 2, ... , K, where i indexes the individuals, and t indexes the repeated obser­

vations per individual. Observations on different individuals would be expected to 
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be independent, while those on the same individual would be correlated over time. 

Let the covariance matrix of Yi = (y;i, ... , Yin;) be Vi = ½(µ;, a;), i = 1, 2, ... , K 

whereµ.;= µ.;(8) is the vector of means for the ith individual and a; is the vector 

of the parameters that includes variance and correlation components. Then the 

generalized estimating equation is: 

K 

q(8, y) = L(Ji;(8))'v;- 1(y; - µ.(8)) = 0. (1.6) 
i=l 

In practice, the unknown Vi is replaced by --working" or approximate covariance 

matrices. 

Another important class of estimating functions - martingale estimating func­

tion - arises in time series and stochastic process models. Such pro<:ess ( X 1 , Fi) 

admits a continuous semimartingale representation: 

where X 0 is a random variable, Jlt is a continuous local martingale and .-it is a 

continuous process with a locally bounded variation. In the continuous case. the 

widely applicable class 1-l of martingale estimating functions is: 

Gt(9) = 1t 0: 5 (8)d.i\f5 (9) (1. 7) 

·where O:t(9) is predictable with respect to filtration {.r,}, and 1'-lt(9) is the local 

martingale due to the semimartingale representation of the process. The continuous 

martingale estimating function has be used in studying some finance models. In 

the discrete time case, the martingale estimating function is: 
n 

G(8,z) = L9;(8,z) 
i=l 

with the martingale property 
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where :F;-1 = o-(z 1, z 2 , ... , z;_ 1 ). A typical example of this is the autoregression 

model in time series. 

In the past several decades, many methods have been developed for estimating 

functions. These methods are used in many different fields of theoretical and applied 

statistics such as biostatistics and finance. Apart from Godambe's (1960, 1985) 

optimality idea which underlies estimating function theory, the optimal estimating 

function can be looked upon as a projection on a class of unbiased estimating 

functions (McLeish & Small 1988, 1992; Small & McLeish 1988, 1989, 1994). This 

idea was developed into a useful way to search for an approximation to estimating 

functions. In particular, it provides a potential \vay to choose the best root among 

multiple roots (see Section 1.3 and Chapter 2). 

1.3 Multiple Roots of Estimating Functions 

As discussed above, the estimating function method is widely used in theoretical 

and applied statistics such as biostatistics and finance. However, this method is 

plagued by the problem of multiple roots. A basic example of multiple solutions 

is the score estimating function for the Cauchy location model. :Multiple roots can 

also occur in the likelihood equations for mixture models and nonlinear regression 

models. More examples will be provided in Chapter 2. 

For maximum likelihood estimation, the accepted practice 1s to use the like­

lihood itself to discriminate between multiple roots. As the roots to the score 

estimating equation represent various local maxima and minima of likelihood func­

tion, the root corresponding to the global ma."Omum of the likelihood is usually 

chosen as the estimator of parameter. In many cases, the maximum likelihood esti­

mator is consistent. However, there do exist examples where the global maximum 
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of the likelihood is an inconsistent estimator while at the same time another local 

maximum of the likelihood is consistent. See Lehmann(1983, p420). Therefore, one 

may not just use the maximum of the likelihood to discriminate between roots. 

For estimating functions other than the score estimating function, the roots 

cannot easily be interpreted as local ma.xima and minima of some real valued func­

tion. Finding an analogue of the likelihood for more general estimating functions 

has motivated the search for potential functions. McLeish and Small (1992) and 

Small and McLeish (1994) proposed the projected likelihood function method. B. 

Li (1993), Hanfelt and Liang (1995) later developed the approximate likelihood 

ratio method, which provides a possible way to pick up the best root for the quasi­

likelihood setting. Heyde (1997) proposed three simple direct methods to choose 

the correct root for estimating functions. Singh and Mantel (1999) also suggested 

an alternative criterion which minimizes the square of a supplementary estimating 

function. From another viewpoint, Small and Yang (1999) considered the distribu­

tion of the roots as a random set and proposed the concept of root intensity. Based 

on root intensity, this thesis proposes a new method to choose the best root among 

multiple roots, since it can be shown that under some regularity conditions, the root 

intensity at the true value tends to infinity as the sample size approaches infinity 

(see Chapter 4). For transformation distributions, the shifted information method 

is also suggested to solve multiple root problem. Simulation results demonstrate 

that the root intensity and the shifted information methods are reasonable. These 

methods are also applied to some practical examples such as logistic regression 

models with measurement error and bivariate normal mixture models. 



Chapter 2 

Multiple Roots of Estiniating 

Functions 

2 .1 Preliminaries 

Estimating functions are widely used in statistics. However, in some cases, the 

estimating equation can produce several roots. This can create a certain amount of 

confusion as to which of these roots is the most appropriate choice for estimating 

the parameter. A basic example is the score estimating function for the Cauchy 

location model with density f(x; fJ) = { ;r(l + (x -9)2]}- 1 (see Section 2.2.1, Section 

3.4). Another classical example constructed by LeCam (1979) indicates that the 

conditions of Theorem 2.3 of Chapter 6 in Lehmann's book (1983) are not enough to 

ensure the consistency of the maximum likelihood estimator. Multiple roots often 

appear in mixture models (see Section 2.2.6) and nonlinear regression models. This 

problem also arises in the Littlewood model (see Section 2.2.4) in software reliability. 

In addition, the score estimating function in the Tobit regression model seems to 

9 



CHAPTER 2. A,fULTIPLE ROOTS OF ESTIAtfATING FUNCTIONS 10 

have multiple roots since the Hessian is not necessarily negative definite; However, 

Olsen (1978) indicated that it has only one root. 

An interesting problem is how to discriminate among multiple roots in the 

estimating equations. There have been several ways proposed in the literature to 

attack this problem. The common goal of all these methods is to find an analogue 

of the likelihood function whose local maxima and minima occur at the roots of 

the estimating function. By maximizing this objective function, the hope is to 

be able to distinguish among the roots. However, in practice it is difficult to 

find a complete satisfactory objective function with the required properties. The 

first method is the approximate estimation function method. McLeish and Small 

(1992) and Small and McLeish (1994) proposed the projected likelihood function, 

which projected the likelihood ratios for independent observations into a class of 

estimating functions consisted of the tensor products. B. Li (1993) suggested linear 

projected likelihood ratio as an approximate likelihood ratio for the Wedderburn's 

quasi-score estimating functions. Hanfelt and Liang (1995) later developed the 

approximate likelihood ratio method to general estimating functions. 

Furthermore, B. Li (1997) also extended this idea and the minimax approach 

to the generalized estimating equations. It also provide a possible way to pick up 

the best root. Recently, Heyde and :Morton (1998) proposed three simple direct 

methods to choose the correct root for estimating functions. The methods in­

volves ( 1) examining the asymptotics to see which root provides a consistent result; 

(2) picking the root for which G(8) behaves asymptotically as its expected value 

E0 {G(8)}; and (3) using a least square or goodness of fit criterion to select the best 

root. Singh and Mantel (1999) developed this least square criterion by providing a 

general guideline to ensure the suitability of the criterion, and proposing a criterion 

for general estimating functions. This criterion chooses the root which minimizes 
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the square of the supplementary estimating function. Wang and Small (1998) put 

forward a general method to test consistency of roots to an estimating function 

by bootstrapping the quadratic local likelihood ratio. This method also provides 

an alternative way to choose the best root among multiple roots. In Section 2.3, 

we will describe these methods briefly. From another viewpoint, Small and Yang 

(1999) considered the distribution of the roots as a random set and proposed the 

concept of root intensity, which is an extension of the probability density function 

of an estimator to the multiple root case. Since it can be sho,Yn that under some 

regularity conditions (see Chapter 4), the first order root intensity at the true value 

tends to infinity as the sample size increases. As a result, we propose a new ap­

proach to choose the best root based on root intensity. For the transformation 

models, we develop an information criterion to select the best root. 

2.2 Examples 

2.2.1 Cauchy Location Model and Normal Stratified Sam­

pling 

The Cauchy location model is a classical example of multiple roots. Suppose a 

sample is taken from a Cauchy location model with density function f(x; 6) = 
1/ { r.[1 + (x - 8)2]}. The score estimating equation is 

which is equivalent to a polynomial equation of degree 2n - 1. That is, it may 

admit 2n - 1 distinct roots. Reeds (1985) showed that if the true value 8 = 0, rn 
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is the number of roots, then for each k, 

(2.1) 

That is, the number of false local maxima of the Cauchy score estimating function 

is asymptotically Poisson with parameter 1/rr. This is consistent with the computer 

experiment results reported in Barnett (1966). 

\.Vhen estimating the normal mean in a stratified sampling, an estimating func­

tion similar to the above score estimating equation for the Cauchy location model 

can be derived. Suppose x;1, • • • , Xin; are taken from N(µ. a}) ( i = 1, 2, - - • , m ), 

let £; = L x;i/n; and s; = E(x;; - x;)2 /n;. \.Ve are interested in estimating the 

common meanµ based on x;; (i = l, • • ·, m, j = 1, • • ·, n;). Neyman & Scott (1948) 

considered an estimating function of the form 

~ w;(x;-µ) =O 
~ s; + (x; - µ)2 

(2.2) 

with general ,veights w;. \Vhen w; = n; - 1, it is the estimating function advocated 

by Kalbfleish & Sprott (1970) based on sufficiency and ancillarity arguments. The 

profile likelihood results in an estimating equation with w; = n; in (2.2). Neyman 

& Scott (1948) found that the estimator with w; = n; - 2 is asymptotically more 

efficient than the maximum likelihood estimator. 

Similar to the Cauchy location model, (2.2) corresponds to a polynomial equa­

tion of degree 2m -1, which may have 2m -1 roots. However the Cauchy location 

model and stratified normal models are quite different, so the probabilities of mul­

tiple roots arising in the two models are quite different. That is, the distribution 

of these roots is not similar. 
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2.2.2 Estimation of the Correlation Coefficient 

Let us consider a sample (x;, y;) from a bivariate normal distribution (X, Y) which 

is standardized to have mean µr = µy = 0 and variances u; = <:r; = 1. \Ve assume 

that there is an unknown correlation coefficient p between X and Y. The estimating 

equation which is equivalent to the score function for p is: 

(2.3) 

which can have as many as three real roots in the interval (-1, 1). Small, Wang and 

Yang (1999) discussed all cases. \Vhen the discriminant of the quadratic equation 

S
1

(p) = 0 

(2.4) 

is zero or strictly negative, 5' (p) = 0 has at most one real solution. Thus S' (p) 

is nonnegative or non positive since S' (p) is a quadratic function. Then the cu­

bic function S(p) will be monotone, thus having a unique real root. From the 

law of large numbers, E x;y;/n ➔ E(XY) = p, Ex; /n ➔ E(X 2
) = 1, and 

LY1fn ➔ E(Y2
) = L so D converges to 4p2 

- 12 as n ➔ oo. Therefore, with 

probability converging to one, the estimating equation (2.3) will have a unique root 

for large samples. This is consistent with our general result in Chapter 5 (Theorem 

5.3). Figure 3.1 in Chapter 3 shows the root intensity function for this estimating 

equation. 

2.2.3 Censored Regression Models 

The Tobit regression model (Greene, 1989) is: 

y; = max(O, y;) (2.5) 
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where Zi is the explanatory vector observed for observation i, Yi is the observed 

counterpart to the latent dependent variable y7, and €i ~ N(0, '72 ). \Ve use Eo to 

indicate summation over all observations where Yi = 0, Li is the summation over 

all observations where Yi > 0, and N 1 is the number of observations where y; > 0. 

Apart from a constant, the log-likelihood is: 

(2.6) 

+ L log(l - ff!(/i z;f u)]. 
0 

Since the Hessian of the corresponding score estimating functions in the Tobit model 

is not necessarily negative definite, it suggests that the score estimating equation 

could have multiple roots. However, when the model is reparameterized in terms 

of -y = {3/u and fJ = 1/'7 (Olsen, 1978), (2.6) becomes 

logL = (Ni/2)logfJ2 - L(9yi --y
1

:z:i) 2 

+ L log(l - ff!(-y' z;)] 
0 

The Hessian matrix in terms of -y and fJ is negative definite. So there is a unique 

root. That is, nonnegative definiteness does not necessarily imply multiple solu­

tions. 

2.2.4 Counting Processes 

The multiple root problem also arises m some counting processes in reliability 

and survival analysis. We assume that a computer program contains a finite but 

unknown number of N faults initially. Let n(t) denote the number of faults detected 

at time t. If testing could go on indefinitely, all the N faults would be detected 

with probability one. Let T;, i = 1, 2. • • ·, N be the failure times. In the model, 
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introduced by Littlewood (1980), it is assumed that at any time, the failure rate 

is proportional to the number of remaining errors. For the Littlewood model with 

intensity 

o.(N - n(t- )) 
A(t) = l 

+d 
t E [O, r] 

the loglikelihood function is: 

. log( 1 + fT/) 
logLi.N,o.,t:) = n(r)log(o.)-o(N-n(r))----

f 
(2. 7) 

n(r) n(r) 

L 1 ( ~r - 1) ( ) L log( 1 + t:T;) + og 1.'I - l + - 0. + € -----. 
€ 

i=l i=l 

Barendregt and Van Pul (1995) showed that for parameter 8 = (N, o., e), the corre­

sponding system of the score estimating equations may have more than one solution. 

In their paper, they presented the following data set: T = 709.5, n(r) = 3, T1 = 1, 

T2 = 399.9, and T3 = 400.1, and found that for this data set, log Lr(N, o., €) has a 

global ma..ximum at the boundary ( N = n ( T) and € = 0) and both a local maximum 

and saddle-point in the interior of the parameter set. 

2.2.5 Functional Normal Regression Models 

Stefanski and Carroll (1987) considered functional normal and logistic regression 

models. Assume that 
, 2 

Yi,.._, N(o. +/3 U;,CT) 

and u; cannot be observed but independent measurements :I!; is available and 

var( :z: ju) = f1cr2 where n is known. Stefanski and Carroll ( 1987) derived the esti­

mating function for /3 as 

(2.8) 
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where 

n 

Srr = 2)z; - z) 2 

n 

n 

Syy = L(Y; - y)2. 
i=l 

This is a quadratic equation, so there are two roots. The corresponding estimate 
A/ 

of a is given by y-/3 z. Multiple roots also appear in functional logistical regression 

models, which will be investigated in Chapter 4. 

2.2.6 Mixture Models 

Mixture models are widely used m biostatistics. Consider a practical example 

about plasma glucose distribution in south Pacific populations, which was studied 

by Raper, L.R. et. al. (1983). Surveys were carried out in August and September, 

1978. and .January, 1982 in Western Samoa and Nauru respectively. In both surveys, 

subjects were asked to fast and then present themselves to the Survey Center by 

8.00 a.m. A fasting blood sample was taken and a 75g oral glucose load was 

administered. Two hours after the glucose load, a further blood sample was taken. 

The following group data presents the observed values for log two-hours plasma 

glucose (PG) concentration (mg/100 ml) in a sample of 89 Western Samoa females, 

aged 45-54. 

The distribution for the logarithms of 2-h PG concentration is assumed to be a 

bimodal normal with the following mixture model: 

(2.9) 
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Table 2.1: Log 2-hours Plasma Glucose Concentration 

Log PG Number Log PG Number 

(50, 59.46) 1 (168.18,200) 5 

(59.46,70.71) 4 (200,237.84) 2 

(70.71,84.09) 9 (237.84,282.84) 3 

(84.09,100) 18 (282.84.336.36) 3 

(100, 118.92) 26 (336.36,400) 1 

(118.92,141.42) 15 (400,475.68) 1 

( 141.42,168.18) 1 

In other words, the distribution function is: 

X - µ1 X - µz 
F(x) = o<l>(--) + (1 - o)<l>(--) (2.10) 

0-1 0-2 

where <I>(x) is the standard normal distribution function. For group data, the 

likelihood function is: 

k 

L(8,z) oc Il(F(xi) - F(x;_i)ri (2.11) 
i=l 

where n; is the number of observations in (x;_i,x;]. For the plasma glucose data, 

we obtained the estimates of parameters for the above unrestricted model by using 

a gradient search in Matlab: 

o = 0.8003 

fi.1 = 102.0206 µ2 = 234.6601 

171 = 19.3099 0-2 = 84.6602. 

If o in (2.9) is known, and is o = 0.80, say, two local maxima can be found. That 

is, the two roots of the corresponding score estimating function are: 
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0 

--
------------............ ...._ -100 200 300 400 

Figure 2.1: Mixture :Model for Plasma Glucose Data 

81 = (µi, fi.2, 0"1, 0"2) = (102.0196, 234.5956, 19.3082, 84.6888) 

82 = (µ.1,µ.2,0"1,0"2) = (141.8957,101.6242,77.4806,12.0523). 

500 

Since the loglikelihood for 81 is -184.6139, the loglikelihood for 82 is -212.8364, 91 is 

the better estimator. Figure 2.1 also shows that 81 ( corresponding to the correct 

restricted model) is much better than 8 2 (corresponding to the false restricted 

model). 

In Chapter 4, we will investigate a more complex practical example which in­

volves in a bivariate normal mixture. In this example, we will consider a real data 

set taken from Habbema, Hermans and van den Broek (1974). 

2.2. 7 An Application in Finance 

\Vedderburn's quasi-score estimating function is only based on the assumption con­

cerning a relationship between the first two moments of the distribution. Godambe 
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and Thompson (1989) extended it by using the knowledge of the skewness and kur­

tosis of the distribution. From the first two moment conditions, we have two basic 

estimating functions 

hi= X - µ 

h2 = (X - µ) 2 
- u 2 

whereµ = E(X) and u 2 = Var(X), then we can construct an orthogonal estimating 

function to h 1 : 

(2.12) 

where ; 1 = E(X - µ) 3 /u3
. Following Godambe and Thompson (1989), for an 

unknown parameter fJ, we may obtain the following optimal linear combination of 

estimating functions h 1 and h3, 

(2.13) 

where 

E( ~) 
• 86 0 = E(hr) 

E(~) 
/3 - 86 

- E(h5) 

Since it is a quadratic estimating function inµ, it has multiple roots. In particular, 

·when(}=µ, 

1 
(2.14) 

- Tl 

- o-3 h2 + 2 - ,D 
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X. Li (1999) applied this approach to calculating Value at Risk in which skew­

ness. kurtosis and volatility are e>..-plicitly used. Nowadays, Value at Risk(VaR) is 

a popular risk management method. For a given time horizon t and confidence 

level p, the value at risk is the loss in the market value over the time horizon t 

that is exceeded with probability 1 - p. Thus, it is our interest to estimate the 

mean of the market value and construct an approximate interval for it based on 

estimating function (2.13). Many observed financial return series have tails that 

are '"'fatter" than those implied by a normal distribution, the VaR calculated un­

der the normal assumption underestimates the actual risk. Without the normality 

assumption, some parametric and nonparametric approaches were proposed, such 

as a mixture of two normal distributions (Hull and \Vb.ite, 1998), order statistics 

method or Monte Carlo simulation. Since [• j ✓Var([•) has a standard normal dis­

tribution approximately, then we can construct an approximate confidence interval. 

This method is applied to the daily exchange rates for 12 major currencies between 

February 1 "i, 1989 and February 8, 1999. In this case. the financial return series 

are the daily logarithm change Xt = ln(St/ St-l), ·where St is the spot exchange 

rate at time t. This study shows that the estimating function approach captures 

the extreme tail much better than the standard VaR calculation method such as 

Risk::\Ietrics approach. 

2.3 Methodologies for Root Selection 

In this section, I ,vill review the existing methods, describe some potential methods, 

and propose our new methods in discriminating among multiple roots of estimat­

ing functions. These methods include projected likelihood ratios, one-root esti­

mating functions, statistical information methods based on consistence, chi-square 
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criterion, and the methods based on the root intensity function and the shifted 

information. 

2.3.1 Projected Likelihood Ratios 

\Vhen an estimating function has multiple roots, an approximate estimating func­

tion can be constructed with a certain property, then the best root is chosen among 

several roots of the estimating function based on these properties. 

Let us begin with the Wedderburn's quasi-score estimating function 

(2.15) 

where µ is the n x 1 vector of mean responses, 8 is a k x 1 vector of regression 

parameters relating to explanatory variables to µ, and V( 8) denotes the n x n 

variance matrix of the response. By analogy with the relationship between the 

score function and the log-likelihood function, a line integral can be performed to 

obtain the quasi-likelihood ratio, 

8 
Q(8, '1) = l, q(t, z) • dt. (2.16) 

However. it should be noted that this integral is path-dependent when k > 1, 

unless there is a potential function U such that oU / 88 a = qa, s = 1, 2, .... k. That 

is, the derivative matrix for q( 8, z) is symmetric provided q( 8, z) is continuously 

differentiable. To overcome this difficulty, McLeish and Small (1992) proposed the 

projected likelihood ratio, which projects >.(8,'1) = L('1)/L(8) for independent 

observations with mean µ;( 8) and variance a}( 8) ( i = 1, 2, ... , n) into a class of 

estimating functions. This class is the largest class of estimating functions which 

can be determined by the mean and variance of x;. By a direct calculation, they 
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obtained the projected likelihood ratio 

n 

.X(8, 11) = IJ[l + a-;2 (8){µ;(11) - µ;(8)}{x; - µ;(8)}] (2.17) 
i=I 

\vhich is tangent to the quasi-likelihood ratio function at 8. Later, B. Li (1993) 

suggested the following linear projected likelihood ratio R( 11, 8) as an alternative: 

(2.18) 

which is anti-symmetric and linear in observation. As the projected likelihood ratio, 

it is also the first order approximation of the quasi-likelihood ratio. Furthermore, 

under certain conditions, as n ➔ ex,, for all 11 in 0 and 11 =/= 8 0 , 

P{R(11,80,z) < R(8o,8o,z);8o} ➔ 1 

P{R(Bo,11,z) > R(11,11,z);80} ➔ 1. 

(2.19) 

This result indicates that for any inference point, no matter \vhether the reference 

point is at the true parameter value 80 or the ,,rrong value, 

P{R(80 .inference points,z) > R(q,inference points,z):80 } ➔ 1. (2.20) 

Since the linear projected likelihood ratio is a good approximation of quasi-likehood 

functions, which may be path-dependent, it is reasonable to use the linear projected 

likelihood ratio to distinguish the roots of the Wedderburn 's quasi-score estimating 

functions. B. Li (1993) discussed the circle model of McCullagh (1990). which 

assumed that x 1;, x 2; ( i = 1, ... , n) are independent random variables satisfying 

µ0 = ( cos 8, sin 8) and Vi, = n- 1 I. The corresponding \Vedderburn's quasi-score 

function is 

q( 8, z) = -n sin 8(.x 1 - cos 8) + n cos 8(x 2 - sin 8). (2.21) 
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There are two roots B
0 

= tan- 1 (x
2

/xi), 8
1 

= B
0 

+ 1r. In this case, both functions 

R( TJ, Bo, z) and R( TJ, 8
1

, z) take the maximum at T/ = 8
0 

and the minimum at TJ = 8
1

. 

Naturally, 80 is picked as the better estimator. In general, when there is a root 80 

( for example, the one close to the real parameter) such that for all other roots 

8; (i = 1,2,··•,k), R(80 ,8;,z) > R(iJi,iJ;,z) (i = O,l,···,k, j = 1,2,···,k) 

hold with probability close to 1 as the sample size n is large. this method can 

work. However, when two roots 81 and 82 of an estimating function are found with 

properties: R(8 1,82 ,z) > R(82,82,z) = 0 and R(82,8 1,z) > R(iJ 1 ,iJ 1,z) = 0, 

The question of which root to choose arises. 

Ha.melt and Liang (1995) considered the approximate likelihood ratios in the 

more general case. The elementary estimating function is assumed to beg( 1/J, z ), 

where g is a vector of length k such that Etp {g( 1/J, z)} = 0 for all 1/J. The optimal 

estimating function in the class of the weighted estimating functions ( a( 1/J)) 'g( 1/J, z) 

lS 

q( 1/J, z) = D'.,p v,;/g( 1/J, z) 

where Dtp = E1/J(-8g/81/J) and v;.µ = va.r'P(g). When the elementary function 

is :,; - µ,(6), it is the \Vedderburn's quasi-score estimating function. The general 

linear projected likelihood ratio R( 6. '1) is defined as 

½c( 6,,,, )'eve,,,) )- 1 9( 1/JC,,, ), z > - ½cc,,,, B)'CV( 6) )- 1

9 ( 1/J( 9), z) (2.22) 

where C(9,'1) = E6{g(1/J('1),z)}, V(q) = varq{g(1/,(q),z)}. Hanfelt and Liang 

( 1995) further considered the case with a nuisance parameter. They also discussed 

the generalized quasi-likelihood ratio which is path-dependent and which can also 

be used to discriminate the multiple roots. The general linear projected likelihood 

ratio has similar properties as the linear projected likelihood ratio, so it can used 

in discriminating among multiple roots as well. 
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2.3.2 Minimax Approach to Estimating Functions 

Doob (1934) and Wald (1949) demonstrated that the global maximum of the like­

lihood function is consistent under certain regularity conditions. Yet, there is no 

analogy to the likelihood function for a general estimating function. For the lin­

ear projected likelihood ratio R(8,'1) defined in (2.18), B. Li (1996) has shown 

that a consistent estimator iJ for the \Vedderburn 's quasi-score estimating function 

can be identified as the minimax points of R(8, '1) under mild conditions. That is, 

sup,,{R(iJ, t7)} = info sup,,{R(8, t7)}. Later, B. Li (1997) extended this result to the 

generalized estimating equation(GEE), which is widely used for longitudinal data 

analysis in biostatistics. The longitudinal data set usually comprises an outcome 

variable, Yit, and a p x 1 vector of covariates, Zit, observed at time t = 1, ... , ni 

for subjects i = 1, ... , [{. Let µi1({3) and 4>- 1 Vi1({3) be the mean and variance of 

the observation Yit• We will assume that µ;1(/3) = µ(2~1/3), and V.:1(.8) = V(z~1/3) 

for some knov1rn functions µ(.) and V(.) as in the generalized linear models. The 

dispersion parameter¢ is always taken to be positive. The dependence within each 

i is modeled by the correlation matrix R( a) = { Ru' (a:) : t, t' = 1, ... , ni}. Across 

i, R11 , (a) is assumed to remain constant as long as observations Yit and Yit' are 

present in the cluster i. That is, R(a) is independent of cluster except for its di­

mension. Let V.:(/3) = diag(V,:1 (/3), ... , Vin;(/3)) 1
• We refer to R(a) as a 'working' 

correlation matrix. We also call 

a 'working' covariance matrix, which will be equal to cov(y;) if R(a) is the true 

correlation matrix for Y; 's, where Yi = (y;1, ... , Yin; )
1 

- If the working correlation 

assumption were correct, then for each fixed¢ and a, the optimal linear combina­

tion of {Yit - µit(f3)} which yields the highest information about /3 in the sense of 
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Godambe (1960), is 

K 

q(/3, ¢, a) = L {µi(,B)}t{Wi(/3, ¢, a)}-1 {Yi - l'i(/3)} = 0 (2.23) 
i=l 

where µ;(/3) is the n; x 1 vector {µ;t(/3) : t = 1, ... , n;}, µi(/3) is the ni x p 

dimensional gradient matrix of l'i(,8). The above equation can be re-written as 

a function of /3 alone by replacing ¢ with a ../K-consistent estimate ¢(/3), and a 

with a ../K-consistent estimate ix(,8, ¢(/3) ). That is, 

g(/3) = q{,8, 4>(/3), ix(/3, ¢(/3))} = 0 (2.24) 

which is called the generalized estimating equation according to Liang and Zeger 

(1986). Though a generalized estimating equation has a consistent solution with 

the probability tending to one under regularity conditions, it remains to show how 

to identify a specific sequence of solutions which is consistent, since it may either 

have multiple solutions or have none at all in many applications. B. Li (1997) pro­

posed a minimax procedure which yields a consistent estimate. In order to state 

this result. we need an analogy to the linear projected likelihood ratio for the gen­

eralized estimating equation. 

Definition 2.1 Let 8 1 = (,8 1, ¢1, ant and 82 = (/32, ¢,2, a~)' be two points 

in the parameter space E>. The parameter space for /3 will be ,vritten as B. Let 

D : 0 x 0 x Y ➔ R 1 be the function 

K 

V(81,82) = ~{µ;(/3 2) - µ;(/3i)}t (2.25) 
i=l 
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The deviance function of the generalized estimating equation (2.24), is a mapping 

R: Bx Bx Y ➔ R 1 defined by 

The centering function J(/31,/32) of R(/3 1 ,/32 ) is the mapping J : B x B ➔ R1 

defined by 

Obviously, J(/3 1,/32 ) = -J(/32 ,{3i). Since E13
0 
(y;) = l';(/30), J(/30,/3) is the nega­

tive quadratic form: 

K 

- L {µ;(/3) - l';(/3o)}'ll";-l {/3, E¢({3), Ea(/3, E¢({3) )}{µ;(/3) - #';(/30)} 
i=l 

vVhen n = n;, (i = 1, 2, • • ·, K), and some regularity conditions hold (B. Li, 

1997), then any parameter value /3 that satisfies the relation 

sup R(/3,/3) = inf sup R(/3,/3') 
/3EB /3EB 13' EB 

is a consistent estimate of {30 . Furthermore, when 

inf sup R(/3, /3
1

) = sup inf R(/3, /3
1

) 

/3eB 13' EB 13' EB/3eB 

then any solution /3 of equation (2.24) that satisfies 

sup R(/3,/3) = 0 
/3EiJ 

(2.28) 

(2.29) 

(2.30) 

is consistent, where iJ is the set of all solutions to the generalized estimating equa­

tion (2.24). 
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The above results suggest a method to choose a consistent solution for the 

generalized estimating equation, since (2.30) indicates that we need to compare the 

roots of the generalized estimating equations (2.24) only. However, the conditions 

(2.28) and (2.29) are not generally true and cannot easily be checked. Improving 

these conditions and finding alternative conditions required further work. 

2.3.3 Approximate One-root Estimating Functions 

In the last subsection, we discuss the approximate estimating function which can 

used to compare the different roots. From other viewpoint, Kolkiewicz (1995) and 

McLeish and Small ( 1988) considered the approximate one-root estimating function. 

In other words, they built a new estimating function which has only one root, as 

an approximation to the original estimating function in some senses. This root is 

closely related to the roots of the original estimating function; so it can be taken 

as an estimator of the parameter. 

Projection to monotone functions: Kolkiewicz (1995) considered the projection 

of score functions into a set of monotone functions, which have only one root. This 

provides an alternative projection for the estimating functions. He discussed this 

case in which the score estimating function s( x) is in the class g with the following 

property: there exists points m, and mr such that on the interval [m1, mr] the 

function is nonincreasing, on the interval ( -oo, m,) U ( mr, oo) it is nondecreasing 

and 

lim s(x, 8) ~ lim s(x; 8). 
r➔-oo r➔cx:> 

(2.31) 

The subclass 9s consists of all continuous non-increasing functions on [xi, xr] which 

are constant outside [x1, xr]- The projection into 911 from 9 is fully determined by 
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only points x, and Xr which satisfy m, < x, ~ m; and m~ < Xr < mr, where m; 

and m ~ are such that 

s(m;) = lim s(x) 
r➔-'Xl 

s(m~) = lim s(x) 
r➔oo 

For a location parameter model with density function fo(x) = f 0 (x - 8), by using 

Lagrange ·s method of multipliers, it can be found that x1 and Xr uniquely satisfy 

the follmving equations respectively: 

L: so(xi)fo(x)dx = so(xL) L: fo(x)dx 

1~ so(x)fo(x)dx = so(xr) 1~ fo(x)dx 

(2.32) 

(2.33) 

where s0 (x) is the score function when 8 = 0. \Vhen f0 (x) is symmetric, x, = -xr. 

By projecting s(x;, 8) = s 0 (x; - 8) into g.s, the score function S(x 1 •... , x"; 8) = 

I::7= 1 s(.r;, B) can be projected onto a function in g.s, which yields one root only. 

It is easily checked that the score estimating function for the symmetric Student's 

t-distribution with v degree of freedom (including Cauchy distribution) with a 

location parameter is in g. The loss of efficiency of the projected score estimating 

function is maximal for the Cauchy distribution (less than 13% ) and decreases 

quickly as v becomes larger. 

Reducing the number of roots: In order to rule out the incorrect roots for the 

score estimating functions, McLeish and Small (1988) suggested a method to reduce 

the number of roots. Suppose L( 8, z) is a likelihood function defined on ( -oo, +oo) 

that is continuously differentiable with a finite number of local maxima and minima, 

and L(8,z) vanishes at infinity. Let 

1/;o(B,z) = S(B,z) (2.34) 

1 
(B ) _ L(8 + e,z) - L(B- e,z) 

'If.Jc ,z - 2el(8,z) 
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where S(8, z) is the score function. It should be noticed that this is a particular 

case of Daniel's smoothed likelihood (1960) . The smoothed likelihood, with kernel 

u ( y) is defined as 

r+oo 
[(8) = }_

00 

1(8 - y)u(y)dy (2.35) 

,vhere [(8) = log L(8). The parameter value 8 which maximizes [(8) is called a 

smoothed maximum likel-ihood estimator. Assume that we can interchange deriva­

tives and integrals, 8 can be written as the root of the smoothed score: 

r+oo 
g(8) = }_

00 

( (8 - y)u(y)dy. (2.36) 

\Vhen u(y) = 1/2€ for IYI < € and u(y) = 0 for IYI > €, 8 will be a solution to the 

equation L(8 + €) - L(8 - e) = 0. This is the same as (2.34). 

It can be shown (see below) that when € is large enough, 1/Jc has only one root. 

Thus i!.,•c provides a straightforward estimate in small samples. In order to extend 

this method to a more general class, which provides more flexibility to choose 

coefficients, we consider the following estimating function in the form of: 

G
-(8 ) = ~ .X;[L(8 + E;,z) - L(8,z)J 

.z ~ L(8,z) • 
•=I 

(2.37) 

Assume that ~;: 1 A;= 0 for unbiasedness of G(8, z) since f L(8, z )dz = 1 for all 8. 

(2.34) is obviously the special case of (2.37) when €1 = -€2 = E, ,\ 1 = -,\2 = 1/2€. 

under the above assumptions about L(8,z) and the condition A;E; > 0 for all 

i = 1. ... , m, there is only one root of G(8, z) = 0 when IE;I (i = 1, ... , m) is large 

enough. In fact, since L( 8, z) has only a finite number of local maxima and minima 

and vanishes at infinity, we can conclude that there is a sufficient large number 1\;/ 

such that L(8,z) decreases in 8 on [1\1,+oo] and increases on [-oo,-A,f]. Assume 

that 81 and 82 are two roots of G( 8. z) = 0, that is: 
m 

L,\;[L(81 + E;,z) - L(81,z)J = O (2.38) 
i=I 
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for l = 1, 2. \Vithout loss of generality, we assume 81 < 82 . According to the above 

discussion, when lt:d is large enough, we have: 

L(81 + fi,Z) > £(82 + fi,Z) 

L(81 + fi,Z) < £(82 + fi,Z) 

Thus, when Aifi > 0 for i = 1, ... , m, 
m 

i=l 
m 

i=l 
m m 

i=l 
m 

i=l 

fj < 0 

- L.-\i[L(82+t:i,z)-L(82,z)] 
i=l 

(2.39) 

(2.40) 

This contradicts the (2.38). Thus G(B,z) = 0 has at most one root. Now we 

will extend the method to more general estimating functions. For an estimating 

function G(B.z) which is continuous in 8, we define 

L(fJ,z) = 18 

G(r,z)dr (2.41) 

Then under the above conditions imposed on Ai and f; and 

G(B, z )G(-8, z) < 0 if 8 large (2.42) 

vvhich ensures that L(8,z) is monotone when 181 is large. Thus G(B,z) defined as 

in (2.37) has at most one root when lt:il is large enough. Since log(8) is a strictly 

monotone function, we can use the following alternative estimating function 
m 

G•(fJ,z) = L.-\;[logL(B+t:i,z)-logL(fJ,z)] (2.43) 
i=l 

where I: .-\; = 0, but it is not an unbiased estimating function. 
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2.3.4 Four Methods for Choosing a Root 

A completely different approach is to find some simple and direct methods for root 

selection in the multiple root case. That is, we wish to define statistical information 

based on estimating function as criteria to choose the best root among the multiple 

roots. Heyde (1997) and Heyde and Morton (1998) suggested three methods to 

choose among multiple roots. Let us describe the methods and some examples 

discussed in their paper. 

Method 1. Examining the asymptotics and choosing the root which is consis­

tent. If an estimating equation has several roots, and one of them is consistent, we 

will choose it as the estimator of the true parameter. For example. let .ri. ... , Xn 

be i.i.d with mean 8 ( -oo < 8 < oo) and known variance a 2 and consider the 

estimating function 

n 

G(8) = L { a(x; - 8) + (x; - 8) 2 
- a 2

} (2.44) 
i=l 

Let 

1 1 n 
il = -a2 + £2 - - ~ x~ + (j2 

4 n L- • 
i=l 

where xis the sample mean. Then. on the set {il > O} the roots of G(8) = 0 are 

. 1 
81 = -a + x - ~ 1/2 

2 
• 1 / 
82 = -a + x + ~ l 2 

2 

and the strong law of large numbers gives 81 ➔ 80 , 82 ➔ 80 + a, where 80 is the 

true value. Thus, we should select 81 as the correct root. 

Method 2. Picking the root for which G
1

(8) beha\·es asymptotically as its 

expected value EoG
1 

( 8) . Let us go back to the estimation of the angle in circular 
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data (see Section 2.3.1), the quasi-score estimating function is 

G(9) = -nx 1 sin(8) + nx2 cos(9). (2.45) 

Then G(8) = 0 has two solutions 91 and 82 in (-r./2,rr/2): 81 = tan- 1(x2 /xi), B2 = 

01 + ;r. Note that EoG
1

(8) = -1, and G
1

(8i)/E61 G
1

(Bi) ➔ 1, G
1

(B2)/E~G
1

(82) ➔ 

-1. Thus ·we will choose 91. Method 1 also gives the same choice. 

Method 3. Selecting the best root based on least square or goodness of fit 

criterion. Assume that z has mean µ(8), and consider 

or \veighted least squares. By using the law of large numbers, they justified that 

the S(8) at the wrong root is far more larger than that at a consistent root. \\'lien 

applying this method to (2.44), we find S(92 )-S(8i) = 2a~½ - a 2n, so we prefer 81 

to 82 . For (2.45), the same result can be obtained by using Method 1 and Method 

2. 

Recently, Singh and Mantel (1999) developed a least square criterion and pro­

posed another method based on the theory of minimum chi-square estimation. 

Method 4. Choose the root which minimizes the square of a supplemen­

tariJ estimating function. Let us consider a general estimating function of the 

form G(z, 8) = L w;(9)g;(z;, 8), where g;(z;, 9) are elementary estimating func­

tions based on observation z;. \Vhen G(z, 9) = 0 gives multiple roots, we de­

fine a supplementary estimating function Gdz. 9) = Z:.7=1 a;(8)g;(z;, 8) such that 

Eo{Ge(z, 8)} = 0 and Ge(z, 8) =/; 0 at the roots iJ of G(z, 8). The choice of the 

supplementary estimating function can be based on model testing H0: ( = 0. This 

method chooses the root that minimizes G~(z, 9). 
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2.3.5 Proposed New Methods 

The root intensity is an extension of the probability density function to the case 

when an estimating function has multiple roots. It can be shown that under regu­

larity conditions, the root intensity at the true parameter tends to infinity as the 

sample size n approaches infinity. Utilizing the asymptotic property of root in­

tensity, this thesis proposes a new method to select the best root. This method 

suggests choosing the root with the largest estimated root intensity among several 

roots of the estimating functions. Simulation results have shown that this is a use­

ful method. In Chapter 4, we will discuss this method thoroughly from theory to 

applications. 

For transformation models, in particular, location models, we will define the 

shifted information ( see Chapter 5), then choose the root which has the largest 

estimated shifted information as the estimator of the parameter. 

2.4 Discussion 

In this chapter, we have discussed several methods to choose the root among the 

multiple roots of estimating functions. However no one method can be used in a 

general context. Note that the (extended) projected likelihood ratio is only the first 

order approximation of the quasi-likelihood ratio function, if we wish to obtain a 

good approximation, we may use a higher order approximation, which makes the 

solution more complex. In addition, this method can only be used in a limited case. 

As we have pointed out in Section 2.3.1, this method may fail when R( '1, iJi, z) takes 

the ma.ximum at different points, where 8; (i = 1, 2, ... , k) are different roots. The 

methods of projection into monotone function and red·ucing the number of roots 
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are used to build an estimating function with a unique root. The former imposes 

strong conditions on the score estimating function, and is harder to use in a wider 

class. The latter is based on the fact that G(8, z) in (2.34) and (2.37) has a unique 

root ,vhen le-;! is large. In this case, however, G(8, z) may be very different from 

the original estimating function. 

Since approximation methods do not give a good solution. many direct methods 

have been proposed. These include the three criteria (method 1,2,3) proposed by 

Heyde and Morton(1998) and the chi-square criterion (method 4) recently suggested 

by Singh and Mantel (1999). In addition, the minimax approach (B. Li, 1996, 1997) 

and the local likelihood function approach (Wang and Small, 1998) suggested useful 

ways to choose a consistent root. Since root intensity is a general concept for the 

estimating functions, the method based on root intensity can be used in a wide 

class of estimating functions. As a complement, the shifted information is also a 

quite useful tool for transformation models. Though there is no general method 

to solve the multiple root problem, the above methods provide useful ways to deal 

with the problem. The root intensity method can be shown to be a useful method 

in most examples discussed in Section 2.2. 



Chapter 3 

Root Intensity of Estimating 

Functions 

3 .1 Preliminaries 

The estimating function approach is a popular method to estimate the unknown 

parameter, which includes maximum likelihood and least squares as well as many 

semi parametric methods. Asymptotic theory shows that for a wide variety of cases, 

there exists a unique consistent root. Perlman (1983) discussed the limiting behav­

ior of multiple roots of score estimating equations. In general, Crowder (1986) has 

considered the consistency and inconsistency of estimating equations. However, the 

estimating equation G( 8, :i:) = 0 may give multiple solutions. As an extension of 

probability density function to the multiple root case, Small and Yang (1999) con­

sidered the distribution of the roots as a random set and proposed the concept of 

root intensity f1tnction for which some important results have been obtained. The 

form of the root intensity depends upon a complete specification of the model and 

35 
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its parameters. In practice, of course, the unknown parameters are the quantities 

\Ve are trying to estimate. So the root intensity cannot be assumed to be known. 

HO\vever. we shall consider some empirical approximations to the true root intensity 

using sample-based methods such as the bootstrap and the saddlepoint approxi­

mation. Based on this approximation to the root intensity, a method is suggested 

to discriminate among multiple roots of estimating function. In the following sec­

tions, the concept of root intensity and its properties will be discussed in detail, 

and some approximations for root intensity such as the saddlepoint approximation 

,vill be suggested, also the root intensity for Cauchy score estimating function will 

be investigated extensively. 

3.2 Root Intensity 

By a random zero set of an estimating function G we mean a subset of the parameter 

space E> E Rk given by 

Z = { 8 E E> : G( 8) = 0} (3.1) 

Let the count statistic NA be the cardinality of the set Zn .4, and JV_r> = 
N_4(NA - !)(NA - 2) ... (N.4 - r + 1). The following Definition 3.1, and Theorems 

3.2 and 3.3 are due to Small (Small & Yang, 1999). 

Definition 3.1 '\Ve define the r-th order root intensity function ~r for G(8) to 

be a function of the form 

(3.2) 
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,vhere EY = 0 x ... x 0(r times), satisfying 

(3.3) 

for every sequence of disjoint measurable subsets .41, ... , .4r of 0. 

It should be pointed out that the first order root intensity is the same as the 

probability density function of the estimator, when the corresponding estimating 

equation has only one root. \Vhen an estimating function has two roots 81 and 82 

with probability one, and 81 and 82 have density functions / 1 (8) and h(fJ) respec­

tively, then the first order root intensity function is 

Example 3.1: Let us consider the circle model of McCullagh (1990) agam. In 

this case, .r 1 ,..__, N( cos(80), 1/n ), and £2 ,..__, 1V(sin(80), 1/n ), where 80 E (-ii /2, ii /2), 

and they are independent. A routine calculation gives the density function of 

81 = tan- 1(£2/xi): 

f(fJ) = sec2(8)exp[-; cos2 (fJ)(sin(80) - cos(80 )tan(8))] (3.4) 

cos2 (8) n 
{ ii exp[- 2(cos(8o) + sin(80) tan(8)) 2 cos2 (8)] 

+~(cos(80) + sin(80) tan(fJ)) cos3 (8) 

[2~( v'n cos(8)(cos(80 ) + sin(fJ0 ) tan(8))) - 1]} 
ii 7r 

- - < 8 < -. 
2 2 

vVe have knO\Yn that another root is 82 = 81 + ii, thus the first order root intensity 

function il(fJ) = /(8) + f(fJ - ii). vVhen 80 = 0, f(8) = f(fJ - ii), the first order 
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-2 -1 0 
rhO 

Figure 3.1: Root Intensity for Normal Correlation Coefficient (p = 0) 

root intensity is 

2 

il(B) = 2sec2(8)exp(sin(2B)] (3.5) 
4 

cos2 (8) n cos2 (8) ff; 
{ _ exp(----] -

2
_ cos3 (8)[2~(-vn cos(B)) - 11}. 

" 2 " 

Example 3.2. \Vb.en estimating the correlation coefficient for a bivariate normal 

distribution, we obtain the estimating function given by (2.3). Based on Theorem 

3.3. using simulation and kernel approximation method (see Section 3.4), we obtain 

an approximation to the first order root intensity function with sample size 10. 

The following theorem (Small & Yang~ 1999) states that the distribution of N.4 

can be expressed in terms of root intensities. 

Theorem 3.2 Suppose that there exists a positive integer m such that N.4 < m 

with probability one. Furthermore, suppose that the r-th order root intensities ilr 



CHA.PTER 3. ROOT INTENSITY OF ESTINIATING FUNCTIONS 39 

exist and are continuous for all orders 1 < r < m. Then the probability function 

of N.-t is given by 

(3.6) 

where the zero-fold integral of ~o is defined to be equal to one, and the higher order 

root intensities ~r, r > m vanish everywhere. 

In order to state the following results, some notations have to be introduced. 

Let z, y, z be random vectors. We shall write y = op(z) if there exists a positive 

function k(t) with limt➔O+ t- 1k(t) = 0, such that 

lim P(II y II> k(t) Ill z II< t) = 0 
t➔O+ 

(3.7) 

A combination of the two conditions z = op(z) and z = op(y) will be denoted as 

Z = Op(X, y). 

Let iJ ( 8) be the one-step estimator defined as 

iJ = 8 - G(8)(fJG(8) )- 1 (3.8) 

and 8(8) be the root of G(8) = 0 which is closest to 8. For most estimating 

functions. it is reasonable to suppose that 

(3.9) 

Jensen and \Vood (1999) have shovrn. that the above assumption is true under some 

regularity conditions on the model and estimating function (also see Skovgaard, 

1990). However, we find some examples such that (3.9) does not hold. For example, 

consider the estimating function (x - 8)3 = 0, then 8 = (20 + i)/3, 0 = i, then 

B - 0 = 2(8 - x)/3, and 8 - 8 = (i - 0)/3, thus (3.9) is not true. 
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The following theorem (Small and Yang, 1999) provides a method to evaluate 

the root intensity functions and investigate the properties of roots based on the 

estimating function itself. 

Theorem 3.3 Let f(x 1, ... , Xri 8 1, ... , Br) be the density function of the continu­

ous random vector 

(3.10) 

Then under (3.9), we have 

(3.11) 

for all 81, . .. , Br E 9. 

In particular, the first order root intensity of the estimating function G(8) is 

~(8) = f(O; 8) (3.12) 

where f(x; 9) is the probability density function of the continuous random variable 

-G(8)[8G(8)J- 1 . 

3.3 Approximation to Root Intensity 

3.3.1 Approximation Formula 

In the last section, the formula for the root intensity is obtained. However it is 

not easy to calculate the root intensity in most situations, so some approximation 

methods are needed. In the following, we will use a saddlepoint approximation to 

find the approximations of some root intensity functions. It will be seen that the 
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saddlepoint approximation provides a very good approximation to the exponential 

family. For simplicity, assume that the parameter space is a subset of the real line. 

However, all discussions can be extended to higher dimensions. Let us consider the 

following estimating function: 

n 

G(8;x1,X2,···,Xn) = Lg(8;xi). (3.13) 
i=l 

Then 

(3.14) 

where x 1, x 2 , ... , Xn are identically and independently distributed as X. Assume 

that the characteristic function of (g(B, X), -g' (8, X)) is C(t, s; 8). Then the char­

acteristic function of (G(B), -G' (8)) is Cn(t. s; 8). Thus, by inverse Fourier trans­

formation, their joint probability density function can be expressed as: 

f(x,y:8) = 1 r+oc r+oo 
(
211

)2 }_= }_
00 

Cn(t,s:B)exp(-itx-isy)dtds 

l /+i= !+i-x, 
_.)2 exp(nl{(t,s:8)- tx- sy)dtds 

(211 l -ioo -ioc 
(3.15) 

where I< ( t, s; 8) is the cumulant generating function of (g( 8, X), -g' ( 8, X)). By the 

saddlepoint approximation (McCullagh, 1987, pl 79 and Daniels, 1954), we have 

the following approximation 

(3.16) 

where J{·(x,y) is the conjugate function of l\.·(t,s;8) which is defined as 

IC(x, y) = sup.,_,{tx + sy - I<(s, t)} 

and I{;
5 

( x, y) is the second derivative matrix. Here we also use the fact that the 

conjugate function of nI<(t,s) is nK·(x/n,y/n). Since the probability density 
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function of -G(IJ)/G'(IJ) is given by 

r+oo 
}_

00 

f(xy, y; 8)lyldy 

then the first order root intensity becomes 

~(8) = 1:= f(O,y;8)lyldy 

~ r+= 2 ~IK;.,(o, !!.; 8)1 112exp(-nK·(o, y; 8))1yldy 
}_

00 
r. n n n 

- ny'n r+oo IK;.,(o, z; 8)1 112exp(-n[C(O, z; 8))1.zldz. 
2r. J_oo 

Assume that K*(O, z; fJ) has a smooth absolute minimum at the interior point z0 , 

that is, fJIC(z0 )/8z = 0, and 82 IC(z0 )/fJz2 > 0. It is also assumed that for all 

:: # z0 , fJIC(z)/fJz # 0. Then when n is large, using the Laplace's formula, we 

have 

(3.17) 

Note: In some cases, 9
1

(8,X) is independent of X. That is, g'(B) = c(8), which 

does not depend on the data. Using the saddlepoint approximation, we may obtain: 

nlK·"(O; 9)lc(8)exp(-n[C(O: 8)) 
211 

(3.18) 

·where K·(x) is the conjugate function of the cumulant generating function K(t) of 

g( 0, X). 

3.3.2 Examples 

Example 3.3. Assume that (g(IJ,X), -g'(8,X)) has a bivariate normal distribu­

tion ,vith mean (µ 1(8),µ 2 (8)) and covariance matrix: 

~(8) = 
( 

<7f(8) p(8)<71(8)<72(8) ) 

p(IJ)u1(8)<72(8) <7i(IJ) 
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then the cumulant generating function of (g(8,X), -9
1

(8,X)) is: 

and the conjugate function K·(x,y) of K(t,s;8) is: 

ai(B)(x - µ1(8))2 - 2p(8)u1(8)0-2(8)(x - µ1(9))(y - µ2(8)) + <Tf(IJ)(y - µ2(9)) 2 

2(1 - p2 (8))ur(8)ui(8) 

In this case, 

Then (3.17) gives the approximation to the first order root intensity: 

On the other hand, since (G(IJ), -G
1

(8)) has a bivariate normal distribution with 

mean ( n µ 1 ( 9), nµ 2 ( 9)) and covariance matrix: 

by direct calculation ( see the more general case below), we may obtain the first 

order root intensity ~(8): 

where 

-y(IJ) = µ2(8)0-1(9) - µ1(IJ)p(IJ)u2(9). 
J1 - p2(9)<T1(IJ)u2(IJ) 
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This is a special case of formula (3.20) (see below). 

In general, when (G(8;x1,···,xnL-G
1

(8;x1,···,xn)) has a bivariate normal 

distribution with mean (v1 (8), v 2 (8)) and covariance matrix: 

The typical examples appear in linear and nonlinear regressions. In this case, the 

corresponding first order root density ~(8) is: 

where 

s(B) = v2(8)<>1(8) - p(8)v1 (8)<52(8). 
✓1 -p2(8)01(8)02(8) 

The above formula can be derived by assuming that the joint density function 

of (G(8),-G
1

(8)) is f(x,y;8), then 

~(B) - [: f(O,y;B)lyldy 

1
00 1 v; 2rv1(Y - v2) (y - v2) 2 

- c _
00

1yjexp{-2(1-r2 )[0idy+ 81<>2 + di ] 

Vi loo (y - µ)2 
- cexp(-

2
<>'2 ) IYI exp(-

2 2 )dy 
l -oo a 

[: IYI exp( - (y ~~ )
2 

)dy 

- aj=(at+µ)e-~dt+a f'~c(at-µ)e-•:dt 
_e }e 

a a 

- a2e-6- + aµ~(cJ>(µ) - cf>(-µ)) 
a a 
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so (3.20) can be easily obtained from the above equalities. 

An interesting example is the compartmental model: 

-8t· 
Yi= e '+ t:; (3.21) 

where €; ......, N(O, o-2), i = 1, 2, • • ·, n, a is fixed. In this case, the estimating function 

for 0 is : 
n 

G(8) = L t;(Yi - e-Bt;)e-Ot;. (3.22) 
i=l 

Then (G(8), -G
1

(8)) has a bivariate normal distribution. 

Example 3.4. Let us consider the exponential family of distributions parame­

terized by 8 in the form: 

fx(x; 8) = exp{8x - K(fJ)}fx(x) (3.23) 

,vhere K(.) is the cumulant generating function of the distribution fx(x). Then 

the cumulant generating function of fx(x; 8) is [{(t + 8) - K(8). In this case, the 

first order root intensity, which is the probability density function of the estimator, 

can be found directly. The following example will demonstrate that the saddlepoint 

approximation is a very good approximation. Note that g(8; X) = X - [{' (8), and 

g' (8; X) = -K" (8). Under the hypothesis that 8 = 0, the cumulant generating 

function of g(8: X) = .¥ - K' (8) is G(t; 8) = K(t) - K' (8)t, and the corresponding 

conjugate function G·(x; 8) is l{*(x+K
1

(8)), where K*(x) is the conjugate function 

of l\"(8). By (3.18), we have: 

~(8) ~ njK•"~!,i'(fJ))I K 11 (8)exp[-nK*(l{1 (8))]. (3.24) 

Now ,ve apply {3.24) to Gamma distribution which has the density function: 

(3.25) 
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C> 
c:> 

'--~-------.-----~----~-----.-------~----,------, 
o.o 0.5 1.0 1.5 

beta 
2.0 2.5 3.0 

Figure 3.2: Saddlepoint Approximation vs Real Root Intensity for Gamma Distri­

bution with o: = 1 and /3 = l for n = 10, 20, 50 

where a- is fixed, 8 = l-/3, K(t) = -o:log(l-t) andfx(x) = x 0
-

1e-r/f(a). Then 

[{· ( x) = x - o: + a log( o: / x), the saddlepoint approximation of the first order root 

intensity for 8 is: 

1 ~o: 8 il(B) ~ -- -exp{-no:(--+log(l-8))}. 
1 - 8 2;r 1 - 8 

Then the saddlepoint approximation of the first order root intensity for ;3 is: 

1 {na 1-8 
il(,B) ~ ,8 V ~ e:x-p{-no:(----t- + log(/3))}. (3.26) 

Under the hypothesis that 8 = l (,8 = 0), the maximum likelihood estimator 

.B = na/ ~ Xi has the following density function: 

1 1 
h(x; ,8) = ,Bf(no:) exp{ -no:( /3 - log no:+ log ,B)}. (3.27) 

In Figure 3.2, the saddlepoint approximations and the first order root intensities 

for Gamma distribution when sample sizes n = 10, 20, 50 are plotted. The plots 
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indicate that the saddlepoint approximation is a perfect approximation to the first 

order root intensity of the scale parameter in the Gamma distribution. 

3.4 The Root Intensity for Cauchy Distribution 

The Cauchy location parameter family is an important example involving multiple 

roots. The Cauchy score estimating equation is: 

n 8 1 
g(fJ,z) = L-log-----

i=l 88 rr(l + (xi - 8)2) 
(3.28) 

~ 2(x; - fJ) 
- ~ 1 + (x; - fJ)2 = 0. 

Reeds ( 1985) established a remarkable result on the number of its roots: the number 

of false relative maxima has asymptotically a Poisson distribution. The properties 

of the Cauchy score estimating equation will be investigated from the viewpoint 

of the root intensity. To begin, 5000 simulations, each with sample of size 5, were 

taken from the standard Cauchy distribution X (i.e., 8 = 0). then the 'sturm' 

command in :Maple V is used to compute the number of roots. The ·sturm' is 

based on the Sturm's Theorem for polynomials. The Sturm's Theorem provides a 

way for finding the number of the roots of a polynomial in a given interval. Suppose 

that \ve wish to find the number of roots of a real polynomial f ( .x) over an interval 

I = [a, b], the Sturm chain for f(x) is a sequence of polynomials lo, Ii, h, ... , 

where lo = I, !1 = J', and for j > 0, Ji = qif;+1 - fi+2 . that is, -/i+2 is the 

remainder when /j is divided by h+i- Finally, we will obtain Is, which is a nonzero 

constant. If the number of sign changes of the sequence (lo(a). f 1(a), • • ·, ls(a)) is 

p. and the number of sign changes of the sequence (f0 (b), l 1(b), • • ·, ls(b)) is q, the 

Sturm's Theorem states that the number of real roots over (a,b) is p - q. After 
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Table 3.1: Numbers of Roots Based on 5000 Simulations 

Interval Number Interval Number Interval Number 

(-20.0,-15.0) 228 (-4.5,-3.5) 79 ( 4.5, 5.5) 72 

(-15.0,-12.5) 177 (-3.5,-2.5) 103 (5.5,6.5) 66 

(-12.5,-10.5) 206 (-2.5,-1.5) 205 (6.5, 7.5) 74 

(-10.5,-9.5) 120 (-1.5,-0.5) 1018 (7.5,8.5) 121 

(-9.5,-8.5) 119 (-0.5,0.5) 2853 (8.5,9.5) 147 

(-8.5,-7 .5) 118 ( 0.5,1.5) 979 (9.5,10.5) 131 

(-7.5,-6.5) 70 ( 1.5,2.5) 217 ( 10.5,12.5) 216 

(-6.5,-5.5) 51 ( 2.5,3.5) 101 (12.5,15.0) 172 

(-5.5,-4.5) 65 ( 3.5,4.5) 62 ( 15.0,20.0) 241 

dividing (-20.0, 20.0) into 27 intervals, we use the 'sturm' command in Maple V to 

calculate the number of roots on each interval. The total number of roots in these 

intervals for 5000 simulations are shmvn in the following table. 

The corresponding histogram is shown in Figure 3.3. From this histogram, 

secondary local maxima can been seen that are close to ±9. From Theorem 

3.3. the r-th order root intensity ~ .. (81, ... ,8,.) = f(0, ... ,0;81, ... ,8,.), where 

f ( x 1, ... , x ,.: 81, ... , 8,.) is the density function of the random vector 

where 

1 ~ 2( Xi - 8)2 
- 2 

g (8,z) = tt (l + (x; -8)2)2 (3.29) 



CHAPTER 3. ROOT INTENSITY OF ESTilHATING FUNCTIONS 49 

0 

= 0 

•20 -10 0 
Theta 

-----··•------10 20 

Figure 3.3: Histogram of Root Intensity for a Sample of Size 5 from the Standard 

Cauchy Distribution 

It is easy to check that 

-2nfJ 
E [g( fJ, z)] = 92 + 4 

E[ '(fJ z)] = 2n(fJ2 - 4). 
g ' (IP+ 4) 2 

Let r(fJ.z) = -g(fJ,z)/g'(fJ,z). then the first order root intensity is: 

~(fJ) _ f(0;fJ) = lim P(-h < r(8,z)::; h) 
h-+0 2h 

lim ~ f r( fJ, z )dz. 
h➔O 2h Jlr(IJ,Z)l<h 

(3.30) 

(3.31) 

(3.32) 

Since it is not easy to find the value of the above integration, the Monte-Carlo 

method can be used to find the first order root intensity. In order to increase the 

efficiency of calculation, a C program was written to implement this method. Based 

on 50000 simulations with sample size 5, a rough graph was produced for the first 

order root intensity. Since it contained many irregular parts, the kernel method 
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was used to smooth it. In other words, an approximation was made by using the 

kernel estimator: 

(3.33) 

where the kernel function is 

k(x) = ¼x(2 - lxl)3 (3.34) 

0 !xi >2 

as suggested by Silverman(1978). By taking m = 50000, and width d = 0.50, a 

kernel approximation of the first order root intensity for the Cauchy distribution 

can be made (see Figure 3.4). By comparing Figure 3.3 with Figure 3.4, we find that 

they have the same shape, which suggests that the method is reasonable. \Vhile the 

Sturm Theorem is only valid for polynomials, the Monte-Carlo and kernel methods 

can be used in more general situations. 

In order to investigate why the root intensity of the Cauchy distribution appears 

as in Figure 3.3 and 3.4, especially the appearance of the bumps, let us decompose 

the first root intensity into two parts by Polar representation: upcrossing intensity 

and downcrossing intensity (see Figure 3.5 and 3.6), which represent the intensity 

for local minima and maxima of the likelihood respectively. From these graphs, the 

upcrossing intensity contributes mainly to the bumps. Similarly, a kernel approxi­

mation of the second order root intensity was obtained using the standard bivariate 

normal density function h( x, y) as the kernel function ( see Figure 3. i). That is, the 

kernel approximation is: 

f(O, O; B., 62) = ~d f h( r(B~ z)' r(8~ z)) 
i=l 

(3.35) 
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Figure 3.4: Kernel Approximation of First Order Root Intensity for a Sample of 

Size 5 from the Standard Cauchy Distribution 

In order to check the dependence between roots, the value ~
2

(8
1

, 92 )-~1 (8i)~
1

(8
2

) 

\Yas plotted as in Figure 3.8. In this case, the function is nonpositive and discern­

ably strictly negative for a number of values of 9 1 and 82 . There is a tendency 

for the roots to be isolated from each other, which provides a guarantee that for 

large samples the roots closest to any fo-consistent estimator will be uniquely 

determined and consistent. 

3.5 Discussion 

In this chapter, the concept of root intensity and some related results have been 

discussed. Theorem 3.3 provides a method to evaluate the root intensity, which 

is the foundation of further study on root intensity. It has been seen that the 

saddlepoint approximation provides a very good approximation. Laplace formula 
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..... 
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Figure 3.5: Kernel Approximation of Down.crossing Intensity for a Sample of Size 

5 from the Standard Cauchy Distribution 

-15 -10 -5 0 
theta 

5 10 15 

Figure 3.6: Kernel Approximation of Upcrossing Intensity for a Sample of Size 5 

from the Standard Cauchy Distribution 
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··--..... 

c::> 

c::> 

Figure 3.7: Kernel Approximation of Second Order Root Intensity for a Sample of 

Size 5 from the Standard Cauchy Distribution 



CHAPTER 3. ROOT INTENSITY OF ESTIAtlA.TING FUNCTIONS 54 

is also a very useful method to approximate the first order root intensity. Root 

intensity of Cauchy location distribution is studied in detail, which describes the 

root distribution for Cauchy location models. 



Chapter 4 

Root Selection Based on Root 

Intensity 

4.1 Preliminaries 

In this chapter, we consider estimating functions in the form of 

n 

G(B) = Lg(8,X;) 
i=l 

where X 1 , • • ·, Xn are an i.i.d. sample from f(x, 90 ), 9 E 0 C Rm. This class of 

estimating functions includes all score estimating functions with i.i.d. observations. 

\Ve have introduced the concept of root intensity for estimating functions in Chapter 

3. It will be seen that the root intensity can provide a new approach to choose the 

best root among multiple roots. 

\Ve assume that E(g(9, Xi)) =f O for all 9 =/= 80 . We will show that under certain 

regularity conditions, the first order root intensity at the true value for a sample 

with size n, Ll<"l(80), tends to infinity in the order of nm/2, while Ll<"l(9) at any 

55 
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other point tends to O exponentially as n approaches infinity. This result underlies 

an approach to choose the best root among multiple roots. 

However. an immediate question is how to estimate the first order root intensity 

based on observations. A simple method is based on the central limit theorem. 

According to Small and Yang {1999), the first order root intensity 

~(8) = f(O; 8) ( 4.1) 

,v here f ( z; 8) is the density function of -G ( 8) / G
1 

( 8). In this case, each component 

in both G( 8) and G' ( 8) is the sum of independently and identically distributed ran­

dom variables. The central limit theorem and related limiting distribution theory 

imply (Serfling. 1980) 

G(8) µ(8) . 
./n( G'(8) - v(8)) ➔ N(O, !"!(9 )) 

where f1(8) depends on the mean vector (µ(8),v(8)) and covariance matrix ~(8) 

of ( G( 8), G' ( 8)). Thus n ( 8) can be estimated by the corresponding sample mean 

and sample variance. Based on the above result, it is reasonable to use a normal 

density function to approximate the density function of -G(8)/G
1 

(8), so we may 

obtain an approximation of the root intensity. 

Alternative methods to estimate the first order root intensity include the Edge­

worth approximation, the general saddlepoint approximation, the bootstrap method 

,vith a kernel approximation. The trimmed method is also used to diminish the 

effect of outliers. Once we obtain an estimate of the root intensity, this approach 

suggests picking the root with the maximum value of the estimated root intensity 

as an estimate of parameter. Simulation results indicate that this is a reasonable 

method to choose the best estimator among multiple roots. 
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4.2 Asymptotic Properties of Root Intensity 

In this section, we will discuss the asymptotic properties of the root intensity of 

the estimating function in the form of 

n 

G(B) = L g(B, xi) ( 4.2) 
i=l 

where X 1, ... , Xn are a sample from X. \Ve will show that under some regularity 

conditions, the root intensity at the true value tends to infinity with rate nm/2 as 

the sample size n become large, where m is the dimension of the parameter space. 

Based on Theorem 3.3, in order to find the first order root intensity function, we 

need the probability density function of -G(8)[0G(8)]- 1
. For estimating function 

( 4.2), it is the ratio of two sums of independent and identical random variables in 

one dimensional case. In the next subsection, we will discuss this case. In 4.2.2. the 

result in the single parameter case will be extended to the multiparameter case. 

4.2.1 Single Parameter Case 

Geary (1944) has proved the following result when Y 1s nonnegative. Here we 

rewrite it for a more general case, that is, Y ¥- 0. 

Proposition 4.1. If (X, Y) has a bivariate density function f(x, y) and charac­

teristic function ¢(t, s ), let the characteristic function of (Xsign(Y), IYI) be ¢(t. s ). 

We assume that lim.,➔±oc. ¢(t, s) = 0. Then the density function for R = Xj}·· is: 

f (r) = _1 loo [o¢(t, s )] -- dt 
R 

2 
. O .,_ rt 

'irl _
00 

S 
( 4.3) 

provided the above integral is absolutely convergent. 
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Proof: The density function of R is: 

fR(r) = 1-: f(ry, Y)lyldy 

1°'" [f(ry, y) + f(-ry, -y)Jydy 

Let 

f
-( { f ( X, Y) + f ( -X, -y) if y > 0 

x,y) = 
0 otherwise 

which is the density function of (Xsign(Y), IYI)- Thus 

fR(r) = 1
00 

](ry, y)ydy 

1 100100100 _
2 

[ ef>(t, S )e-i(tr+a)ydtds]ydy 
411 0 -oo -oo 

1 100100 100 - -
2 

e-itry[ ¢(t,s)ye-i""ds]dtdy. 
47r O -oo -oo 

Since lims➔±oo ¢( t, s) = 0, the partial integration of integral gives: 

Note that 

where 

we have 

- 1 1+-xi - • 
<Px(t,y) = -

2 
¢(t,s)e-'""ds 

7i -oo 

( 4.4) 

(4.5) 

(4.6) 
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when y < 0, /(x,y) = 0, then ¢>x(t,y) = 0, therefore g(t,y) = iyq>x(t,y) = 0. 

From (4.7), 

8¢>( t s) l+oo - 1+00 -
--'- = g(t, y)e'"6 dy = g(t, y)e' 116dy 

as -oo O 

Then, from ( 4.6) 

- ~ 1+00 {+oo g(t,y)e-itr"dydt 
2rri --:,c lo 

1 1+
00 8¢>( t, s) 

-
2

. [ a ].,=-rtdt. rrz _
00 

s 

( 4.8) 

(4.9) 

Remark 4.1. In order to discuss the asymptotic properties of the first order root 

intensity, we hope to find the relationship between the distribution of the ratio and 

joint distribution of two random variables. Based on Daniels {1954), consider the 

following density function: 

1 -
h(x, y) = -yf(x, y) 

TJ 
{4.10) 

where T/ = Ej(Y) and f(x, y) is defined by (4.5). The corresponding characteristic 

function: 

I( ) 18q,(t,s) 
1/J t, s = - ·a . 

TJ l S 
(4.11) 

Assume that (U, V) has the density function h(x,y), let l,V = U - rV, then the 

density function of Wis: 

fw(w) = .!_ {+oc f(w + ry, y)ydy. 
T/ lo ( 4.12) 

So from (4.4) and (4.5), fn(r) = 71/w(0). Obviously, the characteristic function of 

1 8¢>(t, s) 
<t>w(t) = l(;(t, -rt)= -[ ·a ].,=-rt 

T/ l S 
( 4.13) 
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Remark 4.2. If Y is positive, then l(x,y) - f(x,y), o(t,s) - <i>(t,s), so the 

density function for R = X/Y is: 

1 100 

8¢( t' s) 
!R(r) = -2. [ a ]a=-rtdt. 

1it -oo s 
(4.14) 

Now ,ve apply Proposition 4.1 to inquire into the properties of the first order 

root intensity. \Vhen E(Y) =/: 0, without loss of generality, we can assume that 

E(Y) > 0, by the strong law oflarge numbers, Tn = L~=l Y; > 0 if n is large enough. 

Let <i>(t, s) be the characteristic function of (X, Y), and (X;, Yi) (i = 1, 2, ... , n) be a 

sample from this distribution. We wish to find an approximation to the distribution 

of 

Rn = L~l X; = •~n 
~n ,.r }·-
L..Ji=l Ii n 

( 4.15) 

where .X"n and }'~ are sample means. Based on the above discussion and the sad­

dlepoint approximation, we have the following result: 

Proposition 4.2. Let the cumulant generating function of (Xn, }1
~) be K(t, s ), 

then there is t0 such that the density function of Rn is: 

[ n ] 1/2 [ - ] 
2 R'""( ) exp nA (t0 , -rto) 

7i t0 , -rt0 
( 4.16) 

x [8K(to, -rto) ][l + O( ~ )] 
au n 

where DK/fJu is the derivative ,vith respect to the second variable, and t 0 satisfies 

[8K(t, -rt)]_ = O 
at t-to ( 4.17) 

[
8 2 K(t, -rt)] 0 

f)t 2 t=to > • 
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Proof: Since the characteristic function of (Xn, f~) is 

then 

o<f>n(t.s) _. ( r.•(it is)][oK(r,u)] _ _ 
a - l exp n.1\ , a r=.!! u=!!. • s n n u n' n 

As with Remark 4.1, we assume that (Un, v~) has a density function given by 

yf0 (x;y)/77, where fn(x, y) is the probability density function of (-X"n, f~), and the 

corresponding characteristic function is 'Pn(t, s). For any given r, let 1'Vn = Un-rY~, 

then the characteristic function of Wn is 

1 [ o<f>n ( t, s)] 
<Pwn(t) = 1Pn(t, -rt)= - ·a a=-rt 

TJ l S 

where 77 = E(f~) = E(Y). The density function of Rn is: 

T/ r+oo 
fRn(r) = TJfwn(O) = 

211 
}_= d>wn(t)dt ( 4.18) 

]._!+,xi [ r.·(it -irt)][8K(r,u)] _ _ d 
- exp nn. ' a r=.!! u==-!!:!. t 2;; -oc, n n u n • n 

n lo+i,:xi . oK( r, u) 
2
-. exp(nA (t, -rt))[ 

0 
]r=t,u=-ridt 

11 l o-ioo U 

n 112 • oK(t0 , -rt0 ) 1 
- [ 

11
.,,( )] exp[nl\. (to, -rt0)][ 

0 
l[l + 0(-)] 

2rr \. to, -rto u n 

where t0 satisfies ( 4.17). In the last equality, we used the saddlepoint approxima­

tion (Daniels, 1954). 

Remark 4.3. \Ve may assume that K(t, -rt) has only a local minimum. From 

( 4.17), it has been seen that 

K(to, -rto) = inf(K(t, -rt)). 
t 
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vVhen r = 0, K(t0 , -rt0 ) = infi(K(t,0)) = inft Kx(t). Note that we have the 

following useful fact: 

Lemma 4.1. If E(X) = 0, then inft I<x(t) = 0; if E(X) =/ 0, then inft Kx(t) < 0. 

Proof: vVhen E(X) = 0, then Kx(0) = 0 and 

thus inft Kx(t) = 0. On the other hand, since K~(0) = E(X), when E(X) # 0, 

Kx ( t) is strictly increasing or decreasing locally at 0, there is a point t· in the 

neighborhood of O such that Kx(t·) < 0, thus inft I<x(t) < 0. 

From Proposition 4.2, Remark 4.3 and Theorem 3.3, the first order root intensity 

_6.(nl(B) of the estimating function G(8) = Eg(8, .X°;) is the density function of 

-G(B)/G'(()) evaluated at 0. Since -G(8)/G
1

(0) is the ratio of the sums of random 

variables, Proposition 4.2 can be applied to this case. That is, the first order root 

intensity of G(B) can be expressed as 

where K 9 (t, 8) is the cumulant generating function of g((}, X), and c is a constant 

independent of n. Based on Lemma 4.1, when Eo0 [g(.X-: Bo)] = 0, infi[K9 (t, Bo)] = 0, 

and when Eo0 [g(X;8)] =/ 0, infi[l{9 (t,8)] < 0. Thus we have the following result: 

Theorem 4. 1. Let .X-1 , • • • , Xn be a sample from .X-. Assume that 

(i) Eo0 [g(X; 8)] =/ 0 if B =/ Bo; and Eo0 [g(X; Bo)] = 0. 
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(ii) Eo0 [g' (X; 8)] I= 0 for all 8 E 0. 

Then the first order root intensity A(n)(B) of the estimating function G(8) has the 

following properties: 

( i) 

(ii) For any 8 =/= 80 , there is a o = 0(8) > 0 such that 

lim il (nl( 8)en° = 0. 
n➔oo 

In other words, A(n)(8) tends to O eA-ponentially as n. 

4.2.2 Multiparameter Case 

In order to obtain an estimate of the first order root intensity, based on theorem 3.3, 

we hope to find an estimate for -G(8)[0G(8)]- 1 . To this end, we need to extend 

Geary's (1944) result to a higher dimension case. To the best of my knowledge, 

there is no literature about this. In the following, I will use the properties of Fourier 

transformation for a higher dimension to develop a similar result. 

In order to state the following result, we need some notations: 

(i) If S = (sk,) and Y = (yk,) are two m xm matrix, we define S'Y = :E;1=1 z:=;: 1 Sk1Yk1-

I 

t® r = tr = 
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(iii) Let the characteristic function of (z, Y) be <t>(t, S), that is, 

cp(t, S) = E(ei(t' z+s'Y)) = E(i<E::'=1 t1rr1c+E::'=1 E~1 .,,.IYlrd) 

(iv) Denote an operator is defined as 

a a 
8611 a .. 12 

a a 
A= a .. 21 8a22 

a a a 
86ml 8am2 86mm 

That is, 

where (j1j 2 • .. Jm) is the permutation of {1, 2, • • ·, n} and -r(j1j2 • • • im) 1s 

the number of inverse orders in this permutation. Fox example, -r(21) = 1, 

T(231) = 2. When m = 2, 

Acp(t, S) = 8 2
¢,(t, S) - 8

2
<h(t, S) 

8su8s22 8s128s21 

In the following, we will extend Geary's result to R = y- 1z case, where z is them 

dimension random vector, Y = ( y 1 , • • • , y m) is m x m random matrix. This matrix 

is also regarded as am x m dimension vector. In order that Y is invertible, without 

loss of generality, we assume that det(Y) > 0. 

Proposition 4.3. Assume that for the characteristic function <f>(t, S) 

lim ¢(t,S) = O k,L = 1,2,···m 
•1c1➔±00 

and all integrals, derivatives and limits are exchangeable, then the joint density 

function for R = y- 1z is: 

( 4.19) 
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Proof: Assume that the density function of (z, Y) is f(z, Y). Then the density 

function of R = y- 1z: 

where n = {YE Rm\ det(Y} > O}. Let 

g(t, Y) - { </>(t, S)e-is'v det(Y-)dS 
lnm2 

- l <l>(t, S)e-iS'Y L (-1rUi.n···im)Yli1Y2.n ••• YmjmdS 
nm2 {i1.n···irn} 

L (-1vU1.n···Jrn) { e-i(S
1

Y-E::'=1 tl1<j1cYkj1c) 

lnm2-m 
U1.n···im} 

[l <i>(t S)e-i L::'=1 tlicj1cYki1c Yt .... y . dsi . ... ds . jds· 
, , Ji mJm JI mJm 

Rm 

\Yhere s· = s - {s1i1 ••• Smjm}. For l = l, 2, ••• 'm, denote 

( 4.21) 

where S1 = S- {ylj1 ,···,Y1j,}- By assumptions, we have lim.,"i1c➔±oc ¢1(t,SL) = 0 

when k > l. Using partial integration, we have: 

1P1(t, Si) = j 00 

</>(t, S)e-it11ii Ylii Yti1 ds1j1 
-oo · 100 8</>(t, S) -i-'1i· Y1i· d = -z ---e I I Stj1• 

-oo 8s1i1 

\Ve also note that 
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Repeat this step. Finally, we obtain: 

( 4.22) 

Therefore, 

( 4.23) 

Since <j>(t, 5) can be written as 

( 4.24) 

,vhere 

From (4.21) and (4.24), we have 

.,J.. (t Y) ( 1 )m21 '( S) -is'v dS g(t, Y) 
'+'Z , = 2- <P t, e = (? )m2d ('-'"). 

11 Rm2 -ii" et Z 

Since it is assumed that P{ det(Y) > O} = 1, when Y E nc, f(z, Y) = 0, then 

<f>:E(t, Y) = 0, therefore g(t, Y) = (2rr)m
2
det(Y)¢z(t, Y) = 0. From (4.23), 

·m 1 ·m 1 , z - ;s' 1-- z - is' Y .-
A<P( t, S) = (2-)m2 g(t, Y )e dY = (?-)m2 g(t, y )e d}. 

II Rm2 -11 n 
( 4.25) 
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Then, 

( 4.26) 

This completes the proof of Proposition 4.2. 

Lemma 4.2. Assume that the density function and characteristic function of 

(z, Y) are J(z, Y) and </>(t, S) respectively, and ( u, V) has density function: 

h(:i:, Y) = { *det(Y)f(z, Y) if det(Y) > 0 

0 otherwise 

where 17 = E1(det(Y)). Then the characteristic function of (u, V) is: 

(-ir 
l/;(t, S) = --Acp(t, S) 

1J 
( 4.27) 

For any given r, let w = u - Vr, then the density function of R = y-1z, fR(r) = 

11fw(O), where fw(w) is the density function of w. 

Proof: It is obvious that 

A</>(t, S) AE1 [ti<t' :i:+5 'Yl] 

- A f f(z, Y)e;ct' :i:+5'ndzdY 
}Rm(m+I) 

- im f f(z, Y)det(Y)e;ct' z+5 'YldzdY 
}Rm(m+I) 

- im17Eh[ei(t' z+s'ni 

- im17'1/J(t, S). 

Thus ( 4.27) is obtained. Since the density function of w = u - V r is: 

fw(w) = { h(w + Vr, V)dV = ! { f(w + Yr, Y)det(Y)dY 
lnm2 17 }Rm2 

( 4.28) 

( 4.29) 
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Therefore from (4.20), fR(r) = TJfw(0). 

Now, we consider a sample (Zn,}'~) from (z, Y), for which E(det(Y)) > 0. Let 

n n 

Rn= (L Y;)-l L Zn- (4.30) 
i=l i=l 

Since E(det(Y)) > 0, when n is large enough, det(E7=1 }'~) > 0. 

Proposition 4.4. Let the cumulant generating function of (z, Y) be K(t, S), 

then the density function of Rn has the following approximation: 

(4.31) 

where t 0 satisfies 

V K(t, -t 0 r)lt
0 

= 0 ( 4.32) 

and 

8K 8K 8K 
8u11 8u12 8u1m 

8K 8K 8K 

AoK(r,U) = 8u21 8u22 8u2m 

8K 8K 8K 
8um1 8U,n2 8umm 

Proof: \Ve use Zn = ¼ L7=1 Zi, Yn = ¼ E7=1 Yi to substitute z and Yin Lemma 

4.2 respectively. All corresponding functions and random variables will be denoted 

by the same notation with subscript n. In this case, the characteristic function of 

(i:n,f~) is: 
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For any given .,. , the Wn corresponding to w in Lemma 4.2 has characteristic 

function: 

Own(t) = Ehn [et'(Un-Vnrn)J = Ehn [et' Un-(t0r)'Vn] = (-i)m A[ci>n(t, S)]s=-t01' 
T/ 

,vhere T/ = E(det(f~)) = E(det(Y)). In fact, let ygi ([ = 1,2, ... ,n) be a sample 

from Yii• 

n 

-
1 

E( det(Y)) = E( det(Y) ). 
nm 

l1 =l.'2=1,···.lm=l 
L 

So the density function of Rn is: 

where A·[{(r,U) = L{j1•··im}(-1t<i1···iml£j1•··iml{(-r.U), where 

. . 8[( 8[{ 8[{ 
Li•···iml\.(r,U)=-a--a ···a 

U tj1 U2j-i Umjm 

1 a2 K aK aK aK aK a21< 
+ -(--- --+···+--···----------) 

n 8Utj1 au2n 8UJj3 8Umjm 8Utj1 8U(m-2)jm_2 8U(m-l)jm-l aUmjm 

amK 

+ ••• + nm-1au1 · ··-au .• 
JI mJm 

Therefore, A· [{(r, U) can be written as 
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Thus. from Bruijn (1981) and Bleistein (1975), 

_ (nm)m f exp[nK(t,-t0r]A•K(t,-t0r)dt 
2rr }cm 

- (n_m)m { exp[nl((t,-t0r]AoK(t.-t0r)dt 
211 1cm 

+ (~:~: lm exp[nK(t, -t 0 r]A1K(t, -t 0 r )dt 

nm exp[nl((to,-to0r)] (2;r)!!!.[\_r:.·(t t ) 
------''---------1 - 2 l~n. O, - O 0 r 
(2;r)m ldet(Kt,t;(to, -to 0 r))l 2 n 

+.!..A1I<(to, -to 0 r) + 0( .!._ )] 
n n 

_ ( ?n )~ exp[nK(t0 , -_to 0 r)]Aol<(to, ~to 0 r) (l + O( .!._ )] 
_;r ldet(E,,t;(to, -t0 0 r))l 2 n 

where C = {xi; x ER}. This completes our proof. 

Similar to the single parameter case, it has been seen that 

/((to, -t0 ,~ r) = itf (J<(t, -t 0 r) ). 

\Vhen r = 0, K(t0 , -t0 0 r) = inft(l((t,0)) = inft l(z(t), Note that the following 

important fact: 

Lemma 4.4. If E(z) = 0, then inft [(z(t) = O; If E(z) =/ 0, then inft Kz(t) < 0. 

Proof: When E(z) = 0, then /(z(O) = 0 and 
, , 

Kz(t) = logE(iz) > E(logiz) = E(t
1

z) = 0 

therefore, inft Kz(t) = 0. On the other hand, since 8Kz(0)/{}t; = E(x;), when 

E(z) =/ 0, there is a point t· in the neighborhood of Osuch that Kz(t*) < 0, so 

inft Kz(t) < 0. 
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From Proposition 4.2, Lemma 4.4 and Theorem 3.3, based on the similar argu­

ments derived to Theorem 4.1, we can obtain the following results: 

Theorem 4.2. Let X 1 , • • ·, Xn be the sample from X. Assume that 

(i) Eo0 [g(8,X)]-# 0 if 8 # 80; and E9
0
[g(80,X)] = O; 

(ii) E9Jvg(X; 8)] # 0 for all 8. 

Then the first order root intensity ~(nl(8) of the estimating function G(8) -

I: g( 8, Xi) has the following properties: 

(i) 

. ~(nl(8o) 
lim / 2 = C > Q. 
n➔o:> nm 

(ii) For any 8 # 80 , ~(nl(B) tends to O exponentially as n. 

Example 4.1: We can illustrate this result using the following simple estimating 

functions: 

n 

91 (µ, u 2
) = z:: xi - nµ = o 

i=l 
n 

g2(µ, u 2
) = L X; - n(µ2 + u 2

) = 0 
i=l 

,vhere X 1 , • • ·, Xn is a sample from standard normal distribution. By solving these 

estimating functions, we obtainedµ= Xn, d2 = I:7=1(Xi - Xn) 2/n = S~. Since 

~"X"n and S~ are independent, and S~ ~ x~_ 1 , we can easily obtain the joint density 
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function for (µ, d-2), that is, the first order root intensity for the above estimating 

functions is: 
• n-1 n,;2 

_!!.e:. n(no-2 )-2-- 1e--2-
il(µ, o-2) - e 2 

f( n;l )2 ";-1 

!!.e:_ Vll n n l 3 - n-3 "(l ·2) ::::::: e- 2 --(--p-- e-2(u2 )-2-e2 -tr 

2vfii n - 3 

In the above, we have used the Stirling formula for f( n;-1 ). Note that 

lim (-n-t = e3 
n➔oo n - 3 

then we have 

li il(0,1) 1 
n➔~ n = 2\/'21r • 

Note that f(x) = xe 1-r < 1 for all positive x =/ 1, when d-2 =/; 1, (d2e 1-,;
2

)n/2 tends 

to O exponentially. Therefore, the root intensity at any point except for (0, 1) tends 

to O exponentially as n approaches infinity. 

4.3 Estimation Methods for Root Intensity 

In this section, we will discuss some practical methods to estimate the root intensity 

functions. In order to present these methods more clearly, we only describe them 

in the single parameter case. However, all these methods can be easily extended 

into the multiparameter case. 

4.3.1 Normal Approximation 

\Ve have shown in Chapter 3 that the first order root intensity for one parameter 9 

1s: 

il( 9) = f(O; 8) ( 4.34) 
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where f(z; 8) is the density function of -G(8)/G' (8). Since 

n 

G(fJ) = Lg((}, X;) 
i=l 

and 

n 

G' ( (J) = L g' ( (}' _X°;) 
i=l 

G(B) and G
1

(8) are the sums of independently and identically distributed random 

variables. Assume that E[g(IJ)] = µ 1 (8) and E[g
1

(8)] = µ 2 (8), and 

Cov(g(B),g'(B)) = E(B) = ( u?(B) p(B)u1(8)u2(8)). 
p(fJ)u1(fJ)u2(8) u?(fJ) 

To continue our discussion, we need the following result (Serfling, 1980): 

Theorem 4.3. Suppose that Xn is a k-dimensional random vector and y'n(Xn -µ) 

has multinormal limiting distribution with mean O and covariance matrix E. Let 

g( :c) be a differentiable vector valued function, then 

( 4.35) 

in distribution, where D = (8g;joxj)mxk at 1-'· 

Thus from the central limit theorem and Theorem 4.3. \Ve have 

( 4.36) 

in distribution. where 
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That is. -G0 (IJ)/G~(fJ) are distributed with N(-µ 1(IJ)/µ 2 (fJ),w2 (IJ)) asymptoti­

cally. In practice, it is reasonable to use the corresponding normal density function 

to approximate the density function of -G0 (fJ)/G~(fJ). 

For example, if X 1, X 2, • • •, .~0 has exponential distribution with mean 1, then 

T. - E~-1 X; - n 
n - .,fii 

has a standard normal distribution asymptotically. By a direct calculation and use 

of Stirling formula, the probability density function for T0 is: 

..fii[..fii(t + ..fii)]e-✓ri(t+✓,i) 

f(n) 

,,..., _1_(1 + _t_)ne-✓,it 
v'2rr v'n 

Since 

we have 
1 ,2 

frn(t) ➔ --e- 2 

v'2rr 
which is the probability density function of the standard normal distribution. 

According to this idea, the first order root intensity can be approximated by 

the normal density at zero: 

..fii nµi( fJ) 
fn(0;9) = v'2rr, exp[- 2 2(fJ) 2(9)]. 2rrw( IJ) w µ2 

As w(IJ) depends only on the means and covariance matrix of (g(B),9
1

(8)), we may 

use the corresponding sample means and sample variances to estimate p 1(fJ), µ 2 (fJ) 
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and w(O). For each O in the parameter space, 

fit(O) = E7=1 g(x;, 8) 
n 

fi2(8) = E7=t g' (x;, 8) 
n 

o-~(8) = E7=1[g(x;,8)]2 -[fat(8)]2; 
n 

O-i(B) = E7=1[g'(x;, 8))2 - [fa2(8)]2; 
n 

p(B) = E7-1[g(xi,8)g'(x;,8)] - nµ, 1(8)µ2(8). 
ncf 1 ( 8)<i2( 8) 

\Vhen there are outliers, we use the trimmed method described in Section 4.3.5 for 

the above estimates. Then the corresponding estimate of w 2 (8) is: 

Thus we can obtain an estimate of fn(O, 8): 

It is reasonable to use fn(O; 0) as an estimate of the first order root intensity. The 

simulations in the next section show that this is a useful and simple method. It is 

straightfonvard to extend the above method to a multiparameter case. 

4.3.2 Edgeworth Approximations 

An alternative approximation is the Edgeworth approximation (:McCullagh 198,. 

Barndorff-Nielsen and Cox, 1979,1989, 1994) which can give a more accurate ap­

proximation. The Edgeworth expansion for a density function of random vector 

X is the normal density, which has the same mean vector and covariance matrix 
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as X, multiplied by a sum of correction terms whose coefficients are simple com­

binations of cumulants of X. The normal approximation is a special Edgeworth 

approximation which only takes the leading term. Let us consider 

..jii (Gn(O) _ µi(O)) 

l·V (B) = G~(O) 112(6) 
n w(B) 

( 4.37) 

,vhich is a nonlinear function of Gn(B) and G~(B). We can also get a form of stochas­

tic expansion of a random variable whose distribution has an Edgeworth expansion 

with coefficients detennined from the standard expansions for the cumulants of 

Gn(B) and G~(9) (see Barndorff-Nielsen and Cox, 1989). This is similar to Gen­

eral Saddlepoint Approximations in the next subsection. Thus we skip the details 

and leave them to the next subsection. However, the Edgeworth approximation is 

less accurate than the saddlepoint approximation, particularly in the far tails of 

the distribution. The saddlepoint approximation is often sufficiently accurate even 

when the sample size is small (see Section 3.3.2). It also preserves high relative ac­

curacy over all possible value. However, unlike the saddlepoint approximation, the 

Edgeworth series can be easily computed without knowing the generating function. 

4.3.3 General Saddlepoint Approximations 

The normal approximation is a simple method, however it may be less accurate than 

the general saddlepoint approximation. The saddlepoint approximation introduced 

by Daniels ( 1954) provides a better approximation than the normal approximation 

for the distribution of a statistic. Reid ( 1988) gave a good review of the saddlepoint 

approximation. However, it was basically proposed as a method of approximating 

the density of a sum of independently and identically distributed random variables 

with a known cumulant generating function. Therefore it cannot directly be ap­

plied to the ratio of two sums of independently and identically distributed random 
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variables. Easton and Ronchetti (1986) proposed the general saddlepoint approx­

imation which can be used for statistics in multivariate analysis expressed as the 

smooth functions of a sum of random vectors. This method uses the approximate 

cumulant generating function based on the first four cumulants of a statistic. 

The approximate cumulant generating function of l-V0 in ( 4.37) is: 

where 

a3 

a,. = -~(24µg1µ10µ02µ03 + 28Sµg 1µf0µ11µ5 2 - 12µb1µ10µ11µ20 
µ01W 

+48µ~1µioµo2µ21 - 60µi1µfoµo2µ12 + 84µ~1µioµ11µ12 - 36µi1µfoµ11µ03 

-348µ~1µf0µi 1µ02 + 16Sµg1µ10µ11µ02µ20 - 60µg 1µ10µ11µ21 - 12µg 1µioµo2µ11 

+6µg1µfoµo2µ20 + 12µg1µfoµi 1 - 72µ~1µtoµg2 + 120µg1µ10µf 1 

+3µ~1µ10µ~2 - µ~1µ10µ04 - 6µg1µfoµ22 + 4µ~1µioµ13 - 60µg1µf 1µ20 

4 2 2 8 i i -84µ01µ10µ02µ20 - µ01µ40 + 12µ01µ11µ30 + 4µ01µ10µ31 

-12µg1µ02µ~0 + 12µb1µ20µ21 + 3µ~1µ~0 - 12µg1µ10µ02µ30 
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These values are computed by using Maple V. Once we obtain Kn(t), then the 

general saddlepoint approximation to the density of 'H-'"n is: 

- 1 1/2 ~ fn(x) = [ -,,, ] exp{An(to) - tox} 
2rr An (to) 

(4.38) 

where t0 is determined as a solution of the equation k:(t) = x. Thus the general 

saddlepoint approximation to the density of Gn(fJ)/G~(8) can be derived straight­

forward. Though it can give a more appro:-..-imate estimate, computation seems very 

tedious for our purpose. 

4.3.4 Bootstrap Method 

For a given sample z, we may use the nonparametric or parametric bootstrap 

method to produce m independent bootstrap samples z·1, z·2 , • • ·, z•m. Our goal is 

to estimate the value at zero of the density function of Rn(8, z) = -Gn(8, z)/G~(9, z ). 

Based on the m samples, we can calculate r; = Rn(8, z•i), i = 1, 2, • • ·, m. Thus 

we may use 

( 4.39) 

where dis bandwidth and K(t) is a kernel function. Usually. the kernel K(t) is a 

symmetric probability density function. The common kernels for one dimensional 

case are Silverman kernel (see Chapter 2), Epanechnikov, Biweight, Triangular, 

Gaussian (Silverman, 1986, p43). A special case is the Rectangular kernel: 

{ 
½ if ltl < 1 

/{(t) = 
0 otherwise 

,vhich gives the Obsenblatt estimator (or naive estimator). That is, 

A(8) = 
2
!d(no. ofr1,r2,···,rm falling in (-d,d)]. 

( 4.40) 

( 4.41) 
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4.3.5 Trimmed Method 

In order to eliminate or diminish the effect of outliers, the trimmed method should 

be used. That is, for a given sample, we consider the corresponding order statistic: 

.r< 1 l . .r<2 l, • • • , x<m l, then delete several largest values or smallest values. For sym­

metric case, we delete the several largest values and smallest values, so we only 

consider the following sample, 

then apply the above methods to this new sample. 

4.3.6 Comments 

In this section, we have discussed several methods to estimate the first order root 

intensity. The normal approximation is an easy method. Although it may give 

less accurate estimate, it can give the result much faster. Simulation results (see 

Section 5.5) also suggest that it is a good practical method. The generalized saddle­

point method and bootstrap method need more complex algebraic and numerical 

calculations, thus they are less attractive. For an m dimensional parameter space, 

they may involve a very complex calculation, even though we use the multi-normal 

approximation, since ,ve have to calculate all the sample means, variance and co­

variances of g( 8) and 8g( 8) and perform the corresponding algebraic calculation 

. In this case, the bootstrap method may give a good alternative. The bootstrap 

method may need more computation time, which is not a problem in this computer 

stage, however we can save a lot of laborious work. 

Basically, the estimate of the first order root intensity is based on the probability 

density estimation. All methods of the probability density estimation can be applied 
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to this case. Tapia and Thompson (1978) and Silverman (1986) discussed many 

different methods of the probability density estimation in their books. Besides 

the kernel method mentioned in Section 4.3.4, other methods include the nearest 

neighbour method, the variable kernel methods, the orthogonal series estimators, 

more generally, the general weight function estimator. 

In order to avoid repetition, we will present simulation results about Cauchy 

location model in Chapter 5. In Section 5.5, we will compare four different ap­

proaches based on sample: likelihood, median, root intensity, shifted information 

methods and the fifth method which is based on the known true value. It will be 

shown that these methods can make the same choice with high probability. The 

likelihood method usually gives a consistent estimator, however it can only be ap­

plied to the score estimating functions. Thus we advocate the root intensity and 

the shifted information methods. They can be used in a far more larger class of 

estimating functions than the score estimating functions. 

4.4 Examples 

4.4.1 Regression with Measurement Error 

Stefanski and Carroll ( 1987) considered the generalized linear models in which the 

covariates cannot be observed directly, but can only be measured with a certain 

amount of measurement error. i\ilultiple root problem arises in this problem. A 

special case is the logistic regression with errors in covariates. Suppose that Yi is a 

binary response with p; = P(Yi = 1), we use a logistic model to fit it. That is. 

p; I 

log---= a:+ /3 x;. 
1 - p; 
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Suppose that the covariates x; are not observed directly, but only indirectly through 

z; = x; +€;,where the measurement error€; is assumed to be normally distributed 

with mean zero and covariance matrix n. Stefanski and Carroll (1987) obtained 

the conditional score when conditioning on the complete sufficient statistic for the 

nuisance parameters x;, namely, .4; = z;+y;f!/3. Hanfelt and Liang (1995) modified 

this conditional score by building the following estimating function: 

g( 8) = ~ ( 1 d; ) \y; - µf) ( 4.42) 
I 

where 

µf = exp{o + (.4; - ½f!/3)',B} 
1 + exp{ 0 + (.4; - ½f!/3)f/3} 

and d; = A; + (µ'f - l)f!,B. Wang and Small (1998) used a method based on local 

likelihood function to discuss its multiple root problem. Consider the case with 

only tv,;o parameters o and /3. we generate a sample with size n = 100 with x; ~ 
.:V(0,0.82

) and€;~ N(0,(0.8/3)2), and the true values of parameters is o = -1.4, 

.3 = 1.4. \-Ve will find two roots using Matlab: (-1.05, 2.33) and (-0.96, 8.83). 

In this case, there are only two parameters, the normal approximation is a good 

choice since its simplicity. Based on the normal approximation, the root intensity 

at (-1.05, 2.33) is 0. 7531, the root intensity at (-0.96, 8.83) is 0.3645. So we should 

choose (-1.05, 2.33), which is closer to the true value (-1.4, 1.4). It seems that it is 

a right choice. At the true value, the root intensity is 1.8229. which is much larger 

than the value at other points. This supports the conclusion of Theorem 4.2. 

4.4.2 Mixture Models 

In this subsection, we apply our method to a practical example ( see McLachlan and 

Basford, 1987). We obtain this data set from Professor McLachlan. This is a data 
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"" c:, 

-0.6 -0.4 

. . 

-0.2 
log( At-IF ■cUYity) 

• noncarr1er 
~ earner 

0.0 0.2 

Figure 4.1: Data from Habbema, Hermans and van den Broek (1974) 

set consisting only of two bivariate populations. This data set was the same as the 

one studied in Habbema, Hermans and van den Broek (1974). The question is how 

to discriminate between normal women and haemophilia A carriers based on two 

variables. x 1 = log10(AHF activity) and X2 = log10(AHF-like antigen). The avail­

able data set contains 30 observations on knm..-n noncarriers and 45 observations 

on known obligatory carriers. \:Ve will denote these observations as Xij (i = 1, 2; 

j = 1. ... , ni). The data set is plotted in Figure (4.1). Let F 1 and F2 be the 

populations of noncarriers and carriers respectively. It is assumed that the popu­

lations have a bivariate normal with means µ 1 = (µ11,µ 12 )
1 

and µ 2 = (µ21,µ22)
1 

respectively and common covariance matrix 

0= 

Basford and McLachlan( 1985) used a mixture model of a bivariate normal model 

to fit these 75 observations. That is, these observations are considered to be taken 
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Table 4.1: Estimates Under Homoscedasticity 

p µ11 µ12 µ21 µ22 q2 
1 p q2 

2 L RI 

0.716 -0.206 -0.080 -0.321 0.079 0.0265 0.7422 0.0171 75.00 0.0251 

0.528 -0.121 -0.019 -0.370 -0.052 0.0137 0.5760 0.0220 73.49 0.2486 

0.681 -0.153 0.012 -0.420 -0.135 0.0138 0.2252 0.0175 73.29 0.3094 

from a mixture of F 1 and F 2 with unknown proportions p and 1 - p. Thus the 

corresponding score estimating functions give three roots which are shown in Ta­

ble 4.1. Since there are 8 parameters, the score estimating equation G(9) = 0 

consists of 8 estimating equations. Then EJG( 8) is a 8 by 8 matrix, which has 36 

different components since it is symmetric. Suppose that we use the normal ap­

proximation, we need to compute 44 different sample means, variances and their 

correlations. This is computationally burdensome. The same problem occurs for the 

Edgeworth approximation and the generalized saddlepoint approximation. Based 

on the bootstrap method, we got the estimated root intensity function shown in 

the last column in Table 4.1. \Ve use 1000 bootstrap resamplings and the naive 

estimator to get the above estimations. According to these values, the first local 

ma.ximum with the largest loglikelihood value is not a good choice. This agrees 

with Basford and McLachlan (1985). However, the root intensity estimation based 

on the bootstrap method suggests that the third root rather than the second one 

(Basford and McLachlan, 1985) is the best choice. 
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4.5 Discussion 

This chapter is an important one in this thesis. \Ve have developed the asymptotic 

result for the root intensity in this chapter. It says that under some regularity 

conditions, the first order root intensity at the true value tends to infinity for large 

samples, while its value at other point tends to zero quickly. This provides a basis 

for root selection of estimating functions. In Section 4.3, many different estimation 

methods for the root intensity were discussed. Two practical examples were also 

presented in Section 4.4. However, these theoretical results in this chapter are based 

on the estimating functions in the form of ( 4.2). It is of interest to investigate how 

to extend it to more general estimating functions such as martingale estimating 

functions. This is a future research topic. 



Chapter 5 

The Shifted Inforlllation Criterion 

5.1 Preliminaries 

In this chapter, an alternative criterion is proposed to choose among the multiple 

roots of estimating functions for transformation models. This information-based 

criterion is simple in practice. The typical example of multiple roots is the Cauchy 

location model. For this model, we will investigate and compare different ap­

proaches to choose the best root among multiple roots. 

85 



CHAPTER 5. THE SHIFTED INFORMATION CRITERION 86 

5.2 Single Parameter Location Models 

5.2.1 Shifted Information Functions 

Let X 1 , X2 , • • •, Xn be independently and identically distributed with location model 

J(:r - B0 ). The score estimating function is: 

n 

~g(X; - 9) = 0 
i=l 

where g(x) = -J'(x)/f(x). 

For the true value 90 , we define the shifted information function as 

which is Godambe information at B0 when(}= 90 (see Godambe, 1960). 

Assume that for all t E R, 

lim J(x + t)J'(x) = 0 
lxl➔oo J(x) 

(5.1) 

(5.2) 

(5.3) 

which is satisfied by regular distributions including Cauchy distribution and normal 

distribution. In general, when the function f ( x) is in the form of: 

J(x) ~ p(x)exp(-kx0 ) as !xi-+ oo 

/(x)~q(x)exp(-kx0 ) as lxl-+oo 

where o: > 0, p(x) ~ x 13 , q(x) ~ x"r, -oo < .B, 1 < oo, or a = 0, 1 < 0, then the 

equation (5.3) holds. The normal distribution is in the first case, but the Cauchy 

distribution is in the second case. There are no exceptions to (5.3) among distri­

butions commonly used in statistical practice. 
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and 

Proposition 5.1: Under condition (5.3), [(90 , 90 ) ~ [(90 , 9) for all 9. 

Proof: Since 

Ee0 (g
1

(X -9)) = 1_:00 

g'(x -fJ)f(x - Bo)dx 

- 1:00 

g' (y)f(y + t)dy t = fJ - Bo 

_ _ f(y + t)f' (y) loo _ 1_= (· )f'( + t)d 
f(y) -,;,o -oo g y y y 

- loo f'(y)J'(y+t)dy 
-oo f(y) 

In order to prove that [(80, 90 ) > [(90, 9), it is sufficient to prove that 

Using the Cauchy-Schwartz inequality, 

[1= J' (y)J' (y + t) dyJ2 
-oo f(y) 

[loo J' (y)J' (y + t) f( + t)d 12 
- -oo f(y)f(y + t) y y 

< /_+oo ( J' (y) )2 f(y + t)dy /_+oo ( J' (y + t) )2 f(y + t)dy 
-oo f(y) -oo f(y+t) 

- /_+oo(J'(y))2J(y+t)dy/_x (J'(y))2dy. 
-oo f (y) -oo f (y) 

87 
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Thus [{( 80 , B) 2: O. that is, I( 80 , B) > I( 90 , B). This completes our proof. 

To use this inequality as a method for a root selection, we need to find an 

estimate of the shifted information function [(80 , B), where 80 is the true value 

of the parameter. Naturally, we can use the sample mean as an estimate of the 

corresponding mean, that is, 

j (B) = (E7=t g'(x; -8))2 
n n L7=t g2(x; - 8) 

(5.4) 

can be regarded as an estimate of the shifted information function. Based on the 

above result, we choose the root which maximizes the estimated shifted informa­

tion function as the estimator of the location parameter (J. It will be shown that 

this method can be extended to a higher dimension and more general estimating 

functions. 

5.2.2 General Estimating Functions 

In the last section. we have shown that the shifted information is maximized when 

0 = 00 . In the following, \Ve will argue that this idea can be extended to more 

general estimating functions, though it lacks the rigorous proof. Let g(x) be a 

function with a continuous derivative, which satisfies conditions (A), (B) and (C) 

in Chapter 6. Furthermore, we assume that g( x) satisfies 

then 

[(80,8) -

lim g'(x) = 0 
lxl➔oo g(x) 

[f:: g' (x - B)f(x - 8o)dx] 2 

l:: g 2 (x - 8)f(x - Bo)dx 

[l:: g'(x + t)f(x)dx] 2 

l:: g 2 (x + t)f(x)dx 

(5.5) 
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Under suitable regularity conditions, we can exchange the order of integration and 

limit, thus, 

Assumption (5.5) implies the above result. Under conditions (A), (B) and (C) in 

Chapter 6, the probability that Gn(8) = 0 has a unique root on any finite interval 

approaches to 1 when the sample size is large. Furthermore, this root is close to the 

true value with high probability. Therefore, when Gn(fJ) = 0 has multiple roots, 

say fJ~, 81 , • • •, fJ~, all roots but one (80 ) lie outside the given finite interval. \Vben 

the finite interval is chosen to be ,vide enough, based on the above discussion, the 

corresponding shifted information [(80 , 8;)(i = 1, • • ·, k) is small comparing with 

l(fJ0 , 80 ), which is closer to [(80 , 80 ). Thus it is reasonable to choose the root which 

has the largest estimated shifted information as the estimator of parameter. 

5.3 Invariant Information Functions 

Assume that the random variable X has the probability density function f(x; 8). 

Under the reparameterization fJ = h(a), where h(o) is a strictly monotone function 

with a continuous derivative, the probability density function becomes fh(x; a) = 
f(x: h(a)), and the corresponding score function is 

( ) 
Olnfh(x;a) 

gh x; 0 = ----­
fJo 
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Define the information function as : 

(5.6) 

for any fixed o 0 . Then we have the following result. 

Proposition 5.2. The information function defined in (5.6) is independent of 

h in the sense that Ih(h- 1(80 ),h- 1 (9)) is independent of h. 

Proof: Since 

olnfh(x;o) olnf(x;h(o)) 
-

00: 00: 

olnf(x;h(o:)) ofJ = h'( ) ( ·h( )) 
- 88 80 ° g x, 0 

,vhere g(x; fJ) is the score function corresponding to f(x; fJ), that is, 

( _8) = olnf(x;8) 
g x, 88 

thus 

~(-1- ( _. )) = og(x; h(o:)) = h'( )og(x; h(o:)) 
aa h I ( 0:) 9h X, a 00. a 88 

{E [ o ( 1 ( ))]}2 - (h'(o))2[Eoo(og(x~:(o)) )]2 oo 00 h'(o:)9h x; a 

- (h
1

(0))2[l og(x~:(a)) f(x; h(o:o))dx]2 

- (h
1 

(o)) 2[l og~~ 
8

) f(x; 8o)dx] 2 

- (h' (o:))2[Eo0 (
09~; 

8
) )]2 



CHA.PTER 5. THE SHIFTED INFOR1"1ATION CRITERION 91 

where fJ = h(o), fJ0 = h(o0 ). Similarly, 

therefore 

..,..,·hich is independent of h. 

Remarks: 

( 1) Based on Proposition 5.1, for any distribution which can be transfonned to 

a location model, we can define its information function as in (5.6). Further­

more, we can conclude that 

( 2) In particular, for the scale model: 

1 X 
fa(x;a) = -Jo(-) 

0 0 

for all o 

x>O 

where o > 0. Leto= e8 , x = e", it can be transformed into 

yER 

when we define 

where 

( ) 
oln fa(x: o) 

9a x;o = 00 



CHAPTER 5. THE SHIFTED INFORl\tfATION CRITERION 92 

then 

0 >0 

holds. The following example demonstrates this result. 

Example 5.1. Consider the exponential distribution which has the probability 

density function: 

1 z 
f(x, o) = -e-;, x > 0 

0 

where o > 0. Assume the true value o 0 = 1. In this case, the score estimating 

function is 

( ) 
81nf(x,o) x-o 

g:c,o= ~ = 2 
uo 0 

thus 

E [ 2( \'." )] = o
2 

- 2o + 2 
OQ g - , Q -t 

0 

a 1 
£ 00 [~(0:g(x; o))] = - 2 uo: 0: 

Then 

1 1 
/(oo. o) = o2 - 2o: + 2 - 1 + (o: -1)2 

which is maximized at the true value o:0 = 1. 

5.4 Multiparameter Location Models 

In the following, I will discuss the multiparameter location models. Assume that 

:.c 1 , • • • , Zn are identically and independently m-dimensional random vectors from 
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f(z - 80 ). The estimating functions are 

G(z, 8) = 

g1(z - 80) 

g2(z - 80) 
=0 
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(5.7) 

In the following discussion, assume that the following condition is satisfied: 

(A) 

Let us denote 

where 

vand 

where 

lim f(z + t)g(z) = 0 for any t 
IZl➔oo 

E9
0 
[gi(Z - 9)gj(z - 8)] 

{ 9i(z)gj(z)f(z + t)dz 
}Rm 

t = 8 -80 
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Also denote 

By using Cauchy-Schwartz inequality, under condition (A), we have 

(5.8) 

As an extension of the shifted information function for the single parameter 

case, we define the shifted information function for multiparameter as 

(5.9) 

\Vhen the estimating functions are the score estimating functions, that is, 

g;(z _ 8) = olnf(z - 8) = _ of(z - 8) 1 
/)(Ji 88; f(z - 8) 

thus ai;(80, 80) = -b;;(80 , 8 0 ) = -c;, for i = 1, 2, • • ·, m. 

Proposition 5.3. Under conditions (A), for the score estimating functions, 

[(80,80) > /(80,8). 

By (5.8), we have 

m m m m 

' 2 ' ' 2 ] !. [' 21 !. L-a;;(80 ,8) < L-b;;(80 ,8)c; < [L-b;;(80 ,8) 2 L-ci 2 • 

i=l i=l i=l j=l 
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Thus. 

Therefore, 

m m 

[L a;;(8o, 8))[L b;;(8o, 80)]½ 
i=l i=l 
m m m 

< [L b7;(80, 8)]½[L c;]½[L b7;(80, 80)]½ 
i=l i=l i=l 
m m m 

- [L b;;(8o, 8)]½[L a;;(8o, 8o)]½[L a;;(8o, 80)]½ 
i=l i=l 

m m 

- [L b;;(8o, 8)]½(L a;;(8o, 80)]. 
i=l i=l 

E;:1 a:;( 80, 8) < E;:1 a;;( 80, 80) 

[E;:1 b;;(8o, 8)]½ - [E;:1 b;;(8o, 80)]½ • 

That is, I( 80 , 8) < I( Bo, 8 0 ) for all 8. 
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Similar to the single parameter case, we can extend the shift information func­

tion (5.9) to multiparameter transformation models. 

5.5 Simulation Results 

Let us consider the Cauchy location model. In this case, the score estimating 

equation is 

~ 2(x; - 8) 
G(fJ.:e) = ti' 1 + (x; - 9)2· (3.10) 

\Ve will use five different methods to choose the best root from multiple roots: 

• Likelihood method: Choose the root which has the maximum value of 

likelihood function as the estimator of parameter. 
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• Median method: Choose the root which is the closest to sample median. 

• Root intensity method: Choose the root which has the maximum value of 

estimated root intensity function. In order to get a more robust estimation, 

we use the trimmed method. Here we discard the observation which has the 

largest absolute value, then use the normal approximation method discussed 

in Section 4.3.1 to estimate the root intensity function. 

• Shifted information method: Choose the root which has the maximum 

value of estimated shifted information function. For the same reason, we 

discard the observation which has the largest absolute value, then use the 

method discussed in Section 5.2 to estimate the shifted information. 

• True value method: The above four methods are based only on the sample. 

In this simulation, we have known that the true value of parameter is zero. 

Thus we choose the root which is closest to the true value as the estimate of 

the parameter. Then we will compare this estimate with the choices based 

on the other four methods. 

\Ve use Splus to implement the simulation for the standard Cauchy distribution. In 

each trial, Splus generates a sample with size 10, the C program calculates all roots 

of the corresponding score estimating equation (5.10) using the bisection method, 

then ,ve get the corresponding values of the likelihood function, the distances to the 

sample median, the distance to the true value, the values of the estimated root in­

tensity function, the values of the estimated shifted information function. In order 

to get a more robust estimation, we use the trimmed method for estimations of the 

root intensity function and the shifted information function. Here we discard the 

observation which has the largest absolute value. Then use the normal approxima­

tion method discussed in subsection 4.3.1 to estimate the root intensity function. 
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The estimated shifted information function can also be obtained by using sample 

mean to estimate the corresponding mean. Finally, we use the above methods to 

choose the best root. 

Based on 2000 trials, there are at least two roots in 591 trials. We find that in 

1959 trials, the root which maximizes the estimated root intensity function is the 

one closest to the true value; in 1951 trials, the root corresponding to the largest 

estimated shifted information function is the same as the one closest to the true 

value: in 1981 trials, the global maximum of likelihood is just the root closest to the 

true value; while in 1987 trials, the root which is the closest to the sample median 

and the one closest to the true value are the same. We may consider the choice of 

true value method as the ·right' choice. This simulation also indicates that that in 

1962 trials, the root which maximizes the estimated root intensity function is the 

global ma.ximum of likelihood; in 1954 trials, the root corresponding to the largest 

estimated shifted information function is the global maximum of likelihood: while 

in 1989 trials, the root which is the closest to sample median is the global ma.-x:imum 

of likelihood. 

The multiple root case is of special interest. The following table compares 

the root intensity method and the shifted information method with the likelihood 

method and the 'right· method. 

Table 5.1: Comparison between Different Methods 

Likelihood 'Right' 

Root Intensity 553 93.6% 550 93.1% 

Shifted Information 545 92.2% 542 91.7% 
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The above simulation results show that among the multiple root cases, at 93.6% 

of times, the likelihood and root intensity methods gives the same choices; at 92.2% 

of times, the likelihood and the shifted information methods is consistent; at 93.1 % 

of times, the root intensity method gives the 'right' choice; while at 91. 7% of times, 

the selection of roots based on the shifted information method is the same as the 

'right' choice. 

Since the likelihood method is widely accepted method, and the 'right' method 

1s a natural choice, the simulation results show that both methods are reliable 

methods. However, the likelihood method can be only used in specific parametric 

models, where we know the form of distributions except for the parameters. In 

contrast to the likelihood method, the root intensity method can be applied in a 

very wide class of estimating functions. The shifted information method can also 

used to a more general class of estimating function for location models or related 

transformation models. 

5.6 Discussion 

In this Chapter, we have considered an information-based criterion for root selec­

tion in the location models. This method is based on the fact that the shifted 

information function for the score estimating function gets its maximum at the 

true value. This method can be extended to any transformation models which can 

be transformed into location models. In addition to the score estimating functions, 

this method can also be applied to some more general estimating functions. The 

higher dimension case is also discussed in Section 5.4. 



Chapter 6 

Number of Roots for Large 

Samples 

6.1 Preliminaries 

In this chapter, we will discuss the number of the roots of estimating functions 

for large samples. Assume that X 1 , X 2 , • • - , Xn are identically and independently 

distributed random variables with density function J(x. 90), we ,vill show that under 

some regularity conditions, an estimating function in the form of 

n 

G(B) = Lg(Xi,9) 
i=l 

has a unique solution in any fixed interval which includes 80 for large samples. 

99 
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6.2 Review 

In this section, we will introduce some related concepts and results (Billingsley, 

1968). Let X be a mapping from (fl, /3, P) into C[0, l], which is the set of all con­

tinuous functions on (0, 1]. That is, for every w E n, X(w) is a continuous function 

on [0,1]. 

Definition 6.1 Let C[O, 1] be endowed with the supremum norm and its as­

sociated topology. We say {Xn} is tight when {Pn} is tight, where {Pn} is the 

distribution of {Xn}- That is, for any positive€, there exists a compact set K such 

as P(Xn E K) > 1 - € for all n. 

Definition 6.2 The modulus of continuity of an element x of C[0, 1) is defined 

by 

wr(&) = w(x, <5) = sup lx(s) - x(t )I O < <5 < 1. (6.1) 
ls-t1<6 

Then we have the following result (Billingsley, 1968. p55-58): 

Theorem 6.1 The sequence {X,.} is tight if and only if the two conditions hold: 

(i) For each positive T/, there exists an a such that 

P{IXn(0)I > a} ~ T/ n > l. 

(ii) For each positive € and T/, there exists a <5, 0 < <5 < 1 , and an integer n0 such 

that 
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In section 6.3, we will use the following important Tightness Criterion (Billings­

ley, 1968, p95): 

Theorem 6.2 The sequence {Xn} is tight if it satisfies the two conditions: 

(i) The sequence {Xn(0)} is tight on the line, that is, for each positive r,, there 

exists an a: such that 

n>l 

(ii) There exists constants , > 0 and o > 1 and a nondecreasing, continuous 

function Fon [O, l] such that 

(6.2) 

holds for all t 1 , t 2 , n and all positive ..X. 

Remarks: 

1. From Chebyshev's inequality, the moment condition 

(6.3) 

implies (6.2). Especially, we may take 1 = 2 and a:= 2 and F(t) = kt (k > 0). 

2. Obviously, all the results hold when [O, l] is replaced by any closed interval 

[a, b]. 

6.3 Convergence Results 

Proposition 6.1. Assume that for all 8 E [a, b], Xi(8), · · · , Xn(8) are identically 

and independently distributed random variables with the properties: 
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Let 

1 n 

1-'~(8) = y'n ~ X;(8) 

then {}'~} is tight in C[a, b}. 

Proof: For any 80 E [a, b], by Chebyshev's inequality, for any € > 0, when 1\;f is 

large enough, 

P{IY (8 )I > ,\;[} < var(Yn(Bo)) = a-
2
(Bo) < for all n 

n O • - 1\;[2 }.,,[2 € 

That is, {l .. ~(80)} is tight on the line. Furthermore, 

E{[}-~(Bi) - l .. ~(82)} 2} = var(}-~(8i) - l-'~(82)) 

- ~ t var(X;(8i) - X;(82)) = E[(X1(8i) - Xi(82))2} 
n i=l 

< C(81 -82)2
. 

It follows from Theorem 6.2 that {}'~} is tight on C[a, b]. 

Proposition 6.2. Under the conditions of Proposition 6.1, for any positive € 

and 77, there exists n0 such that 

where 

P { sup 1-X"n(Bi) - .fn(82)I > €} < T/ n > no 
01 ,82E[a,b) 

(6.4) 
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that is sup01 ,0:ze(a.b] IXn(Bi) - Xn(82)I converges to O in probability. 

Proof: Let T = b- a, from Proposition 6.1, for any positive € and T/, there exists 

m independent of n, such that 

Since 

P { sup ll-';.(8i) - l-'~(82)1 > €} < T/ 
101-6:zl<£ 

sup l}-~(8i) - l-';.(82)1 < m sup 1Yn(8i) - Yn(82)I 
01 ,6:zE(a,b] 101-6:zl<* 

when taking n0 = max(m2 , ni), from (6.5) and (6.6), we have: for n > n0 , 

P { sup I-Xn(8i) - -Xn(82)I > €} 
01 ,6:zE(a,b] 

P { sup 1Yn(8i) - }·~(82)1 > v'n,€} 
01 ,02 E[a,b] 

< P {m sup ll-';.(8i) - }·~(82)1 > m€} 
101 -021<£ 

< T/· 

This completes the proof. 

6.4 Main Result 

(6.5) 

(6.6) 

Let Xi, X 2 , • • ·, Xn be identically and independently distributed as _X- with density 

function J(x, 80 ), and g(x, 8) have a continuous derivative with respect to 8. We 

consider the following estimating function: 

n 

Gn(8) = L g(X;, 8) = 0 (6.7) 
i=l 

and assume that the following conditions hold: 
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(A): For any 81 , 82 E [-K, K], 

(B): Bo E (-K, K) and 

Ee0 g(X, Bo) = 0 

Ee0 g(X, 8) = µ(fJ) =/ 0 for all fJ =/ Bo 

(C): 

E [ag(.X. Bo)] ..t. O 
Bo f)(J -r 
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(6.8) 

(6.9) 

(6.10) 

(6.11) 

(6.12) 

~ ote that the above conditions are satisfied easily. For instance, when E60 [ag(X, fJ)/fJ] 

and Eo0 [ cPg(X, 8)/82] are bounded, the condition (A) holds. Under the above as­

sumptions, we can derive the following main result. 

Theorem 6.3 Under the conditions (A),(B) and (C), the probability that 

Gn(B) = 0 on [-K, K] has a unique root tends to 1 as n approaches to oo. 

In order to prove the above theorem, we first state two Lemmas: 

Lemma 6.1. If 

( i) }·~ ( 80 ) ➔ 0 in probability for some 80 E ( a, b]; 

(ii) SUPoe(a,b) IY~(fJ) - l'~(Bo)I ➔ 0 in probability. 
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Then for any positive e, Tl, there exists no such that n > n0 

P { sup 11'~(8)1 > e} < Tl (6.13) 
OE(a,b] 

That is. SUPoe(a,b] ll'~(8)1 ➔ 0 in probability. 

Proof: For any e > 0 and T/ > 0, since 

P { sup 11'~(8)1 > e} 
Oe[a.bJ 

< P { sup 1Yn(8) - l'~(8o)I + lr~(8o)I > e} 
oe[a,bJ 

- P { sup 11~(8) - l'~(8o)I + ll'~(8o)I > e, lr~(8ol > ~} 
"~~ 2 

+P { sup lr~(8) - l'~(8o)I + ll'~(8o)I > c, l}·~(Bol < ~} 
"~~ 2 

< P {11'~(80 1 > ;} + P { sup ll'~(8) - r~(Bo)I > ~1 
- OE(a.b] 2 

➔ 0 

there exists a no such that n ~ n0 , 

This completes the proof. 

P { sup ll'~(8)1 > c} < T/· 
OE(a,b] 

Lemma 6.2. If limP(.4.n) = 1 and limP(Bn) = 1, then limP(AnBn) = 1. 

This proof is standard. 

\Ve also introduce some notations: 
n 

Gn(8) = L g(X;; 8) 
i=l 



CHA.PTER 6. NUMBER OF ROOTS FOR LARGE SAAtlPLES 106 

where v(B) = Eo0 [ag(X,B)/88]. 

Proof of Theorem 6.3: We will prove the above theorem in three steps. 

Step 1: In this step, we will prove that for some positive 8, 

lim P{Gn(B) = 0 has at most one root in [Bo - '5.80 + '5]} = 1 (6.14) 
n➔oo 

\-Vithout loss of generality, assume that 

= E [8g(X, 80)] O eo oo ae > 

then there exists '5 > 0 such that 

(B) = E [Bg(X, B)] eo 
v oo ae > 2 B E [ Bo - '5, Bo + 8] 

Eo0 {[gi(X, Bi) - gi(X, 82)]2} 

- E,, { [ ({)g~!;Bi) - Og<:o;Bi))- (v(9i) -v(92 ))n 

_ E., { [ Og~!;
9

•) - {)g~!:
9
•)n- [v(9i) - v(92 )]2 

< C2(B1 - 82)2 
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By applying Proposition 6.2, for any t: and T/, there exists n 0 such that 

P { sup IGin((J) - Gin(Bo)I > e} < T/ n ~ no 
0E[Bo-6,0o+5J 

By the law of large numbers, Gin(B0 ) converges to O in probability. From Lemma 

6.1, for any t:, 

By talcing t: = c0 /4, then 

lim P { sup jG7n(B)j :::; Co} = 1. 
n➔oo BE[Bo-6,0o+5J 4 

Since 

thus 

inf IG1n(B)j > inf (v(8) - j(i (8)1) 
0E[Oo-6,0o+5) OE[Bo-6,00 +6] ln 

> inf v(8) - sup IG7n(8)j 
OE[Bo-6,0o+o] OE[Oo-6,0o+o] 

> Co sup IG7n(B)I 
2 Oe[00 -6,00 +5) 

therefore 

If Gn(B) = I:7=1 g(X;; 8) = 0 has at least two roots on [Bo - tS, 80 + tS], 

then there exists o· E ( B0 - J, Bo + J') such that 

8Gn(B*) = ~ og(X;; 8·) = 
0 aB ~ ao 

•=l 

(6.15) 

(6.16) 
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An = {Gn(fJ) = 0 has at most one root in [fJo - o, Bo+ '5]} 

then 

(6.17) 

From (6.15), (6.16) and (6.17), we have, 

lim P(.4n) = 1. (6.18) 
n➔oo 

Step 2: \Ve will prove 

lim P{Gn(9) = 0 has no root in [-K, 90 - o] U (80 + o, K]} = 1. (6.19) 
n➔oo 

Since 

Eo0 g(X; fJ) = µ(9) =/ 0 for all 8 =/ 9o 

we may assume 

lµ(fJ)I > C1 > 0 for 8 EI= [-K, Bo - o] u [Bo+ o, K]. 

Since 

similar to (6.15), we have 

• { ,~ CJ} lim P sup Gn(fJ)I :'.S - = 1. 
n➔00 9E[-K,hl 2 

(6.20) 

\Vhen 
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we have 

inflGn(B)I = inflµ(B) +a:(B)I 
BEi BEi 

> inf lµ(B)I - sup la:(B)I 
9EI BEi 

> inf lµ(B)I - sup la:(B)I 
9EI 9E[-K.h1 

Ct C1 
> Ct - 2 = 2. 

Let 

Bn = {Gn(B) = 0 has no root in /} 

then 

{ sup 10:(B)I < C
2
t} C {inf IGn(B)I > C

2
t} C Bn-

8E[-K,h1 9EI 
'.6.21) 

By (6.20), we get 

lim P(Bn) = l. (6.22) 
n➔oo 

Step 3: \Ve will prove 

lim P{Gn(B) = 0 has at least one root in [Bo - J, Bo+ 8]} = 1 (6.23) 
n➔= 

In fact. 

inf Gtn(B) > inf v(B) - sup ra;n(B)I 
BE[Bo-.S.80+6] 9E[8o-.S,8o+6] BE(Bo-.S,Bo+ci] 

> Co
2 

sup IG";n(B)I 
8E[8o -.S,9o +«SJ 

we can obtain from (6.15) and (6.16) 

{ 
- Co} lim P inf Gtn(B) > - = 1. 

n➔oo BE(90 -.S,9o+«SJ 4 
(6.24) 
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On the other hand, since Eo0 g(X; 80) = 0, Gn(8o) ➔ 0 in probability, that is 

lim P IGn(8o)I < - = 1. {
- Co"} 

n➔oo 4 
(6.25) 

Let 

Cn = { Gn ( 8) = 0 has at least one root in [80 - tS, Bo + cS]} 

we claim that 

(6.26) 

In fact, since G' n(8) = G1n(8) 2: eo/4 > 0, Gn(B) is a strictly increasing function. 

(i) If Gn(Bo) = 0, then G(80 ) = 0. In other words, Gn(B) = 0 has at least one 

root in [Bo - cS, 80 + c5]. 

(ii) If Gn(B0 ) > 0, by mean value theorem for differentiation, there exists a Bi E 

( B0 - cS, B0 ) such that 

then Gn(Bo) < cocS/4 implies 

thus there exists 81 E ( Bo - cS, Bo) such that Gn ( Bi) = 0. 

(iii) Similar to (ii), if Gn(8o) < 0, then 

therefore there exists 82 E (Bo - tSJJo) such that Gn(82 ) = 0. 
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In all cases, Gn(9) = 0 has at least one root in [90 - c5, 90 + a). Thus (6.23) holds. 

From (6.24), (6.25) and (6.26), we obtain 

lim P(Cn) = 1 
n➔oo 

(6.27) 

(6.18), (6.22) and (6.27) implies limn➔oo P(.4nBnCn) = 1, that is, the probability 

that Gn(B) = 0 has unique root in [-K,K] approaches to 1 as n ➔ oo. 



Chapter 7 

Summary and Future Work 

In this thesis, we have discussed the multiple root problems of estimating functions 

and proposed two new approaches to solve these problems. One is based on the root 

intensity, \vhich can be applied to more general estimating functions. For transfor­

mation models, in p·articular, the location models, the shifted information methods 

can be used. In Chapter 1, the basic theory of estimating functions was revie\ved 

and the problem of multiple roots was put forward. In Chapter 2, some exam­

ples in statistical theory, biostatistics and economics and many different methods 

to solve this problem were presented. These methods include projected likelihood 

ratio methods (McLeish and Small, 1992; B. Li, 1993; Hanfelt and Liang, 1995; 

B. Li, 1997), approximate one-root estimating function methods (Kolkiewicz,1995; 

McLeish and Small, 1988) and statistical information methods (Heyde and Morton, 

1998: Singh and Morton, 1999; \-Vang and Small, 1998). In Chapter 3, the concept 

of root intensity was introduced and its properties and approximation methods 

were discussed. The root intensity for Cauchy location models was studied in more 

detail. Based on root intensity, a new approach to choose the best root was devel-

112 
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oped in Chapter 4. This involves both theoretical foundation and practical methods 

such as the normal approximation and the bootstrap methods. These methods were 

also applied to two practical examples, namely, the logistic regression models with 

measurement error and the normal mixture models for clustering data. In Chapter 

5, the shifted information was proposed for transformation models, which can be 

used in the root selection for transformation models, for example, Cauchy location 

model. Different approaches were also compared for Cauchy location models. Al­

though the multiple root problems may appear in many cases, it can be proved that 

for regular estimating function, with high probability, there is only one root for any 

given compact set including the true value in parameter space. The mathematical 

proof of this result for one dimension case was given in Chapter 6. 

Although we have studied the multiple root problem of estimating functions in 

detail, there are many issues which is still worth studying. Future work includes 

t\vo aspects: one is to extend the existing methods to a more general case, another 

is to find some new approaches. The future work can be the following problems: 

• vVe have proposed the root selection method based on root intensity in Chap­

ter 4, this method can be applied to estimating function in the form of 

n 

G(8) = Lg(zi, 8) 
i=l 

where Zi (i = 1, 2, · • ·, n) are identically and independently distributed ran­

dom vectors. Can the approach be extended to dependent random variables? 

For stochastic processes, more complex estimating functions can be derived 

in principle. For instance, in mathematical finance, diffusion processes are 

widely used. The typical examples are geometric Brownian models for stocks, 

Vasicek and CIR interest rate models (see Hull, 1997). The one-dimensional 
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diffusion processes defined by the following class of stochastic differential 

equations: 

(7.1) 

The function u is assumed to be positive, 8 E 8 C Rk. There are many 

different methods to build estimating functions for this model ( see S0rensen, 

1997). Kessler (1997) built explicit estimating functions using differential 

operators; Kessler and S0rensen (1995) constructed martingale estimating 

functions based on eigenfunctions; McLeish and Kolkiewicz (1997) proposed 

estimating functions based on higher order Ito-Taylor expansions. Kloeden 

and Platen (1992) considered an estimating function using the normal den­

sity approximation of the transition density. On the basis of this estimating 

function, Bibby and S0rensen's (1995,1996) derived the martingale estimating 

function. In particular, when the quadratic term is neglect, the martingale 

estimating function is 

(7.2) 

,vhere 

F(x; 8) = Eo(XAIXo = x) (7.3) 

and 

¢(x; 8) = Varo(XAIXo = x) (7.4) 

It follows from Theorem 1.1 that the optimal estimating function in the class 

of the martingale estimating functions is of the form 
n 

G(8) = L 9i-1(8)(XiA - F(X(i-l)A; 8)) (7.5) 
i=l 
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where g;_ 1 is :F;_ 1 measurable and a continuously differentiable function of 

8. Since these estimating functions usually are nonlinear functions in the 

parameters, they may have several roots. 

• The shifted information works well in transformation models. Is it possible to 

define a more general information which can be applied to more general mod­

els"? That is. \Ve need to find an information function which has the property 

that the information function at the true parameter is distinguishable. This 

seems a very challenging problem. 

• Once we have provided a theoretical foundation to a method, we need a good 

approximation to the related information function based on the given sample. 

Althrough the normal approximation and the bootstrap method have been 

shown to be useful methods, a further exploration into alternative method is 

still needed. 
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