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Abstract

This thesis presents novel methods for feedrate optimizatidrtoolpath smoothingg CNC machining.
Descriptions of the algorithms, simulation test cases, and experimental results are presented.

Both feedrate optimization and toolpath smoothing are essential for increasing manufacturing efficiency
while retaining part qualitin CNC machining Theapplicationof high-speed machining also necessitates

the use of high feedrates, and smooth toolpaths which can be safely traversed #&tebgh
However,problems occur when the feedrate is increasititbut check High tracking error in machining

may cause part tolerance errdrsansient vibrations due to jerky movement can legobtur partsurface

guality. Highspeed trajectories matsodemand greater torque thamatthe feed drives are capable of
producing, which affects thmotionc ont r ol | er 6s ability to follow the
the machine is also a concern, with the potential for damage»rc es si ve wear on th
componentsif excessive axis velocity or jerk€., rate of change of acceleration) is commanded

The feedrate scheduling algorithm developed in this thesis combines linear and nonlinear programming in
a dualwindowed implementation. Linear programmifvghich is computationally fasty used to quickly
provide a neapptimal guessbased on axis velocity, acceleration, and jerk constrdihessolution ishen

refined through the use of nonlinear optimizatiomthe latter steprequiring more computationghe
commanded motor torque amrdpected serverror are constrained directliading to shortemovement

time. A windowing alignment procedure is presented which allows for these two optimization methods,
each with differenproblemconstraint&nd solutions horizongo work in tandem with one anotheithout

risking infeasible boundary conditions betwel@awindows.The algorithm is validated in simulation and
experimenstudies Case studiegnalyzingthe parametersf the optimizatioralgorithm arealsopresented,

and the configuration which is most computationally efficient is determined.

A toolpathgeneratiormethod is presented in which Eubkgiral pairs are used to smodatharpcorners,

with an algorithm that integrates directly with tiheveloped feedrat@ptimization The result is an exactly
arclength parametrized, G&@ntinuous toolpath whose axis derivatives can be computed very efficiently,
which helpsreducethe overalicomputation time.

A repositioning toolpath methoid also developed to reducthe cycle time of multilayer contouring
operations. This method replaceiscular arc basedepositioning segments between contouring passes
(commonly used in industryyith a smooth Eulespiral based curvelhis avoids tangent and curvature
discontinuities, allowing fosmoother motion with lower velocity and acceleration demands, while also
reducingthe overall motionThe repositioning toolpath has also been integrated with feedrate optimizati

and validated in simulation results.
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1 Introduction

In the modern manufacturing environmeagjgnificantamountof research andevelopmenhasbeen, and
continues to begedicated to one of the most fundamental gdatseasing the overathroughputof
manufacturingManufacturing processes often include repetitive motions, with the same tooéiath
executed many time3hese processes can benefit greatly fi@ectoryoptimization, as angecrease in
the motion timewill result inan increase irthe overall productivity. An additional motivation for fast
movement is the proliferation of higgdpeed machining (HSMPepending on the materials and surface
quality demansdfor a part, the spindle speed of the cutting tool may betbitgike advantagef potential
productivity gainsThis is especially seen in the machining of aluminum alldiiss, in turn, willrequire
high velocitiesfrom the feed driveas they move the cutting tool through therkpiece

The process of going from a CAPomputeraided designinodel of a part to a finished product present
manyopportunities for timesaving modificationsOnce the CAD model is createdAM (computeraided
manufacturingkoftware is used to generate the trajectory a machine must execute to create that part. The
computemumericaly controlled (CNC) machine's controller converts this trajectory into command signals
which are applied to the feed driveontrol loopsof the machineThe motorsthen execute the igen

commands to move the cutting t@bngthe part.

In this thesis, timsaving options are exploréadr planning therajectoryof the machingwhich isdefined
by thetoolpath (geometry)and thefeedrate(tangential velocityprofile of the tool as it moves along the
toolpatl). While reducing the motion time, it is important to retain the final dynamic tool positioning

accuracy, and to ensure that the trajectory is within the physical actuation capabilities of the servomotors

Thedoolpattd i n t he ¢ ont e sthegedmetophd which thd dutting toa must follow
to produce the finapartshape The toolpath igypically generated using CAM softwarevhich analges
the geometry of théarget CAD mode| as well as the material blank from which it will be camd
determins how the tool must travel to produtke target partReductions in machining time can be
obtained by modifying this toolpath, provided the resulting geometry remains withirspecified
tolerarces.One such modification i® smoothen the toolpatnd eliminatesharp cornerashen allowable
This allows for faster traversal of the pafutential inaccuraciemay also occur during thexecution of
thet raj ectory by t hewhichavbhen comeiried witlh thectablpathrmiodifieatiomay

violatethe parttolerancesThese factors must all mensideredf changes to the toolpath a@bemade.

The toolpath will alsdikely contain repositioning segmeritanovements made by the tool in which no
cutting is performed but rather the toohi®ved fromthe end obne cut tahebeginning of thenext. The

toolpath may be modified more liberally in these sections, provided the modification does not cause a



collision, and thus they can be replaced with a séarter or smoother path for the machine to execute
morequickly.

Anotherpotentialand importanmodification is to thdeedrate(a | s 0 r e f feadr.)Bodeduceothea s 6
time taken to machine a pait is desirable to increase the feedrate as much as possible without damaging
the machine or the pakvhile many machining operations require a constant feedrate during cutting (such
as when removindarge amounts ofaterial at once), some operaticaltow for a variable feedrate
(finishing operationsandoperations in which the forces on the cutting tool are lawegenera). These
operations may benefit frofeedateoptimization which isthescheduling of théeedto allow higrerspeed
progression when the part geometry, the cutting process, and especially the dysponse of the

machine tool allows.

The feedateoptimizationshould solvehe variable feedrate throughout the cutting operdataninimize

the machining timavhile maintainingthe dimensional accuracgf the resulting parand avoiding any
overloading ordamageto the machineThe nature of the problem depends on the selectiotheof
optimization constraints, and the computational method selectgatitoize the feedrate while enforcing
these constraintdzor a constraint to be uséa an optimization routine, it must accurately reflect the
dynamic responsehich affecs the part quality or machine operatigrand must be predictabtgven
trajectory candidate The numerical optimization routine must be selected which can accuratdly an

efficiently solve the problem posed the constraints.
In this thesis, the following novel contributions are made:

1 A newfeedrate scheduling algorithimdeveloped and proposdad which two optimization algorithms
(linear and nonlinear programmingje combined into a forwaildoking windowed solutionThe
advantages of each type of optimization are combined to reduce the cycle time of a machining
operation, without requiring excessive computation time filaégeneratedrajectoriehavetheservo
tracking errorandmotor torquedemandconstrained directlyin orderto ensurdhe partaccuracyand
to preventoverloading and potenti@lamage to the machine. Simulation and experimental test cases
are presented.

1 A noveltoolpath smoothing ethodis developedising Euler spiral pairahich integrateseamlessly
with theproposedeed optimizatioralgorithm. The Euler spiral paiygeld aG2-continuougi.e., twice
differentiable) exactly ardength parametrized toolpath. To significantly redute computational
load, the algorithm can compute the axis geometric derivathesded by the feed optimization,

without having to numerically integrate tleeordinats for the constraint evaluation points.



1 An Eulerspiral based layer transition toolpdthsbeen developed and integrated wiitle proposed
feedrate optimizationThis algorithm applies specificallp multi-layer contouring operationsith
repositioning betweethe layers The proposedtuler spiralbasedG2-continuoustoolpath can be
traversed without substantial slowdowimscomparison tasingin-layer circulararc-basedransitions,

which isthecommon industrial practice

Following thisintroduction (Chapter 1), the literature review is presented in Chapter 2. Chapter 3 describes
the dual windowedLP+NLP feedrateoptimization method and provides simiga and experimental
implementationresults. Chapter frovides detad on numerical considerationghen configuring and
implementing the.P+NLP algorithm. Chapter 5 describes ttevelopedoolpathcornersmoothingand

layer transitiontechniquesandincludessimulationand experimental result$he thesis conclusions and
future workreconmendationsre presenteth Chapter6.



2 Literature Review

2.1 Introduction

The first CNC machine tools were developed in the 1950s, with machines that could reproduce motions
recordedon punch card programming systearsdwith rudimentary feedback control implementat[@h

Due to the limited computational technology of the time, generatiomdefncedrajectoriesusing a
computer systerwas not possible.

Modernmachiningapplications demand significantlyeaterspeed and precision. These operations require
much higher spindle speeds and feedrates, which in turn necessitates advanced strategies for numerical
control. Industries such as aviation, biomedical, and automotive part manufacturing require a toalchine
which carmanufacturdreeform toolpaths within very tight tolerancesdohensionahccuracy and surface

quality. High-speed higkaccuracy machine tools require trajectory generatiethodghatcan accurately
commandsmoothand high-speedmovementswithin the capabilities of the machine todl.significant

amount of research has been performed, in the context of both robotics and machine tools, to generate
algorithms which can produseichtrajectories.

Minimum-time motion problems for industriainotion controlhave been studied for over 50 yedtarly

research focussed on robotic arfrs.1969, Kahn and Roth studied tiroptimal control of a robotic
manipulator[2]. This process optimized the traversal between two pdiets pointto-point motion)

without considering the specific path taken by the machine between points. In 1985, Bobrow et al. studied
the problem of a robotic manipulator moving along a designated path in the minimum possjtiéttiou
exceeding the torque limitation of the mot{8$. In modern manufacturing, there are many options for

time-optimal trajectory planning. In this research, the specific case of CNC machines is studied.

2.2 Smoothtoolpath planning

For the machining time to be optimal, the toolpath must be smooth. Discontinuities in the toolpath, such as
sharp corners or sudden changes in curvature, would require the machine to slow down significantly or stop
completely.If a machine tool were to continue through a sharp corner at a cospted, this would
produce a discontinuous velocity profile, and thus, an unbounded acceleration profile. These sudden high
accelerationsvould exceed the capacities of the feed drive motors and would likely erduouge
vibrations, which could damage the machine and have significant negative effect on the quality of the
resulting part.

Thus, the toolpath must be modified to eliminate tlteesaers while still following the original toolpath

within a specified tolerance.



CNC machinetools are capable to traversing between commanded positions using different path
descriptions, which are covered by differeterpolation methosl For example,ihear interpolation is the
simplestmovement typé in which all intermediary pointsetween the starting and destination p&onmn

a straight lineThis mode is used for machining straight edges. While linear interpotdtawrs for easy
calculationjt alsocreates corners whichtoolpath geometric derivatigearenotcontinuougFigure2-1a).

If such a toolpath is traversed without commanding low velocities at the corner, it will aegte
fluctuations in the acceleration and jerk during machiningich will induce large servo errors and
structural vibrations, that are detrimental to the machine part quality and accuracy.

Circular interpolation allows fdhe toolpath to be defined aiscular arcs by specifying the start and end
pointsand center of each aMlith this interpolationdiscontinuitiesn direction (i.e. sharp corners) can be
eliminated. Howeverdiscontinuities in curvature will remain, as the curvature profile will be piecewise
constantThus, if such toolpathare traversed without coming to full stops at the connection points, sudden
changes in the curvature will result in step changes in the axis raticegieprofiles, which are again
detrimental.

Advanced Computer Numerical Control (CNC) systems can afapigus otheandmore complex forms

of interpolation in particular pline interpolation which can eliminate the discontinuity problem
encountered when linear and circular interpolatisnused to replicate toolpaths for freeform part

machining

(a) linear (b) circular (c) spline
Figure 2-1: Types of interpolation

2.2.1 Splinerepresentation of toolpaths
A method for generating smooth toolpaths, which enable high traverse rates at increased motion control
accuracy, ispline interpolation. Splines are piecewise functions constructed of several segments, each with
its own function definition. The boundaries bet we:¢
type of spline is a polynomial spline, in which eaelgraent is defined by a single polynomial equation.
These equations are selected such that at each knot, there is continuity in pogttondie., tangent)
andin many casehigher order derivatives. The most common type of spline, a pabjoomialspline,
can achieve theontinuity of position, and its first and second derivatifl®s is discontinuous in higher

derivatives) Figure2-2 shows an example of a toolpath represented with a cubic spline.
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Figure 2-2: Cubic spline toolpath4]
Cubic spline interpolation is a wedtudied interpolation method which has been in use for many years. In
1985, Huan used cubic splines for a 2ddrivative continuousoolpath[5]. This eliminates the corners
seen when using simple linear interpolatiGabic splines are continuous (ike., differentiable up to)he
second derivativeand bounded in the third, implying that they can also be utilized wherk-Gmited
trajectory is required. As can be seen frieigure 2-3, with increasing degree of continuib§ the motion
profile, the frequency content of acceleration can be clustered further into the low frequency range, thereby
enabling even smoother motion with potentially less residual vibrations or servo errors (at the expense of
requiring increased pealelocity and acceleration magnitudes). Hendghérorder splinesan also be
used to obtaianincreased degree obntinuity[6], and enable smooth motion ovelfdl, [8]. For example,
Erkorkmaz et b used quintic splines to represent the toolpajtand lateryang and Yuen created corner
smoothingstrategies usinguintic splineg6].
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Figure 2-3: Effect of derivative continuity

As a different and more versatile kind of spline parameterizatasis function splines @Bplines) can be

used to represent either the toolpath or the feed profierajectory. An individual Bspline is made of
polynomial piecesEach Bspline ismultiplied (or scaledlby a distinctvalu¢ t he Acont r ol point
spline). AsetofBs pl i nes can then be c¢ osbliinreed FigyneZ=itshowsad .i o n
an example of Bplines (each in a different colour) and the resultirgpine function (in black). Note that

each Bspline occupies only a short portion of the profile. This spline formulation allows for local
adjustment without affecting the radtthe function, in that changing any control point will affect only the
portion of the function occupied by its correspondingdine. This property is essentiar achieving

numerical efficiencywhen using a windoed solution (Sectior2.3.3. Furthermore, when Bplines are

used to parameterizhe geometry o# toolpath, this property ensures that ittantaneousommanded

axis trajectory always remains within the convex hull of ttiree (ormore depending on the-Bpline

order) consecutive control points used to definddbal geometry.
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Figure 2-4: Basis function splineorder 3
Figure 2-5 compares a cubic -Bpline function (made of cubic-8lines) and a polynomial splin&
polynomial spline Figure2-5 (b)) will pass through each input point exactiyt it will pass outside of the
shape created by these pojratsd depending on the geometry and spacing of the points, the violation may
be large. A Bspline function Figure2-5 (a)) does not pass through each point directlyjdgtiaranteed
to stay within theconvex hull.
Some CNC controllers are able to implemerg#ine interpolation native|yn which case, the use of-B
spline toolpathgresents an advantage over other types of sumgch would need to be computed

externally andnput as discrete points.

(a) cubic B-splines (b) cubic polynomial spline
Figure 2-5: Comparison betweea toolpath usingubic Bsplines andh toolpathusinga cubic polynomial spline.
The toolpath may be represented bg@ines of different ordeZhao et al. used cubic-&lines to smooth
toolpaths with short linear segments in e with curvature continuitj10]. Sencer et al. used quintic
B-splines to optimize curvature for toolpaths composed of straight[liiésLartigue et al. used sets of

cubic Bsplinesto machine a compleixeeformsurface12].



B-splines may also be used to represent the feed profile, sucllas. i@kwudire et al. used filtered-B
splines to reduce unwanted vibrations during machii. The linear programming L(P) method
discussed in Sectidh4 uses Bsplines to represent the squared feed pr{iftg, [16], [17].

NURBS (on-uniform rational Bsplines) a modified formof B-splines include weighting factors for each
spline segmentgiving more precise control of the resultipgofile. Liu et al. used NURBS toolpaths to
reduce feed fluctuations in constdeéd machining18]. Heng and Erkorkmaz developed a NURBS
interpolator with the capability to moduldezdrate profile continuously across different toolpath segments
[19]. Duan and Okwudire generated an optimal cornering curve and then represented it using[RJRBS

Wang et al. used a bisection method to interpolate projections of NURBS curves and g(tjaces

Toolpath smoothing may also be performed by filtering commands sent to the rhashine e r v 0. cont r ¢
Tajima et al. used FIR filtering on velocity commaffiéfz], which was also extended ttoe five-axis case

[23]. Sencer et al. also used FIR filtering to generate smoothed toolpaths with limited contojdrdérror

FIR filtering, in which sudden changes in commanded velocity are smodhesd as an option in many

machine tool controllerr generating smooth trajectories

2.2.2 Parametrization

The wse of splines to represent smooth toolpaths can be complicated pyefheencefor arclength
parametrization when designiadrajectory. Cubic spline toolpaths are secdedvative continuous, but
are parametrized based on the chord lerigtfure 2-6 illustrates the difference betwearcrementakarc
displacement’@ ) and corresponding incrementahord displacement@ 9. As can be seen, théard
length is not a good approximationtb&arc length, and this can cause undesirable fluctuations in the feed
whenthe feed planning is done based om® #ssumptiorthat they are equakFurthermore, between the

connections of spline segments, this also results in feed and acceleration mdistyonti

One solution tahis problemis to deliberately design the splines such that they are neargragth
parametrizedin this context,higher order splines can be used for greater continuity and accuracy in
parametrization. In 1993, Wang and Yang used quintic splines to create a toolpath which is clese to arc
length parametrizef8]. Another solution may be to quantify the difference between the arc length and the
spline parameter and compensate for it, sudn #se work ofErkorkmaz and Altintasvho useda feed
correction polynomial to represent the relationship between the arc length and the spline p&rgmeter
[24]. A two-step prediction and adjustment method was developethict the relationship between path

parameter and displaceméxyt Chen and Suj25].
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2.2.3 Euler spirals

Figure 2-6: Arc displacement compared with chdemgth[4]

Euler spirals, also known &eslothoid® or iCornu spiralé, can be used to creatbigh-order differentiable

curve[26]. Euler spirals arparameterizeduch that the relationship between the arc displacement and the
curvature is linear by definition, and thus are not subject to minute feed fluctuediased by variations

in the relationship betweehe arc length and spline paramet®Eulerspliness 6 or fAc | oarehoi d s
defined as piecewise combinations of these curves which produce a single resulting Figofike2-7

illustrates the fundamental geometric shape of an Euler spiral, along with the gradual linear change in

curvature.

A method of creating clothoid splines to interpolate between points was proposed in 1989 [B7Ftder

method of using clothoid pairs (two segments connected) was propof2f] fior use in robot path

planning. Jouaneh et aJ29] used clothoid segments to generate simple trajectoriesdondchining. This

method uses clothoid pairs combined with stralgiie segments for combined tool and table movement.

Walton and Meek30], [31] developed a method of matching clothoid curves to input polfiinese r i es 6 o f
straight line segmentsyising symmetrical and asymmetrical clothoid paised in the desigaof roads,

railways and vehicle paths.

Shahzadeh et al. developed a method of CNC machine corner smoothing using c[8&]joibfs this
implementation, multiple clothoid segments are generated per corner and a maximum feed is computed for
constardfeed machining of the resulting toolpath. Furti8rahzadeh et al. used clothoid pairs to smaoth

sharp corners in machinirj83]. This method uses iteration to creéte clothoidthat connect to straight

lines and arcdyy matchingthe tangenangles and curvatwsat theboundary conditions

A modified3D generalized clothoid was developed by Xiao ¢84l. The generated curve is not a clothoid

by the traditional definitionbut still possesssthe property ofrclength parametization. Furthermore,

10



the curve isG3-continuous whereas thetandardclothoid spline (i.e., made up by connecting multiple

segments) satisfies onty2.
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Figure 2-7: Basic shape of an Euler spiral.

Euler spirals have been used extensively in designzadf and railroads. Eliminating sudden changes in
the routeds curvature al | o Rigure2-8ddemosstratethdirbseit road v e |
design. The lefhandside ofFigure2-8 shows a straight road connected directly to a curved rifaal
vehicle were to travel along this route at a constgaed it would experience a sudden change in
acceleration due to the sudden change in road curvature. Théaigitide ofFigure2-8 shows a road

generated with an Euler spir&i this case, thacceleration of the vehicle travelling alongvituld change
gradually due to the linear change in curvature.

11
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Figure 2-8: Example of Euler spirals used in road design.

As shown byEQs.(3-18) - (3-20) (in the proceeding chapter), the axis kinematic profiles are computed as
products of axigeometric derivatives, the feedrate, and the derivatives of the feedrate. By ensuring that
each of these idifferentiable discontinuities will also be avoided in the final axis kinematic profiles.

The second geometric derivativeo(, @ ) andcurvature(i ) profiles in Figure 2-8 demonstrate the
advantages of this shagéa machinga ool 6 s aretnravelling @onga gathat a constant feedrate,

the axial velocity is proportional to the tangential velocity andfttet geometric derivativé . Theaxis

level acceleration is proportional bothitomultiplied by the tangential component of acceleratignds

well as thesecond geometric derivative, multiplied by the square of the tangential velocity)( The

linear, continuoushape of the curvature profile prevents any discontinuities in the second derivatives,
andw . This helps to preserve axis level acceleration continuity (provided fkatlso continuous), and

thus the axis level jerk can be kept bounded within given limits.

In this thesisas discuszkin Chapte#, theclothoid has been developed and integrated into the toolpath
planning, to work seamlessly with the proposed feedrate optimization strategy. The framework for a 2D
clothoid has been studied and extended irdai8, by utilizing tilted planes. Thethec | ot hoi d6s pr o]
of analytical calculability of the geometric derivatives has been integrated and uwiihaa the feed

motion optimization method, also develogadChapter3 of this thesisAfterwards the use of clothoids

12



has been explored for tiraptimal corner rounding within controlled geometric tolerances, as well as
producing timeoptimaltool repositioning path®r multi-layered contour machining applications.

2.3 Feedoptimization

Once a smooth toolpath plannedthe profile of feedratg.e., tangential velocitypalong this toolpath must

be carefully planned andxecuted Traditionally, part<an bemachined at a constafgedratewhenthe
limiting cutting forces and chip load is of concern, especially in rough machining applications. However,
when performing finish machining or when tight regulation of cutting forces is not essential, allowing for
the feedrateto be modulateccan make machining more efficieny reducing the oveil motion time,
achieved bytravelling faster alonghe low curvaturesectiors of a toolpath whileslowing down during
complexand high curvature portionk the computation of d@minimumtimeo trajectory,factors such as
theparb s t aaccgracy andurface qualitythemachind s d yamdkinénmaticapabilities andthe

computational time dfrajectoryoptimization must all beconsidered antalanced.

Constanteed machining is the simplest choice in whichfdezirateemaingnvariantthroughout cutting
pass This approachwas used in earlidrajectory generatioalgorithms such asy Fleisig and Spence
[35]. Erkorkmaz and Altintas generated a jirkited profile in which the feed remains constant between
the acceleration amdeceleration transienf36].

On the other hand, optimizédedrateeither attempts the minimize the total travel time, or maximize the
integral (or integral square) of ttieedrateas a function of travel distance. Theedrateoptimization
problem is inherently nonlinear and solved subject to a variety of constraints, such as the limitation of
actuator level velocity, acceleration, jerk, and torque profiles, etc., as discussed in 3&cfiomhe
methods employed in solving the optimization problem are numeranging fromsimple heuristicsto

linear programming (LP}p nonlinear programmindased (NLP) optimization methods.

2.3.1 Optimization constraints

The selection of an optimization method depends primarily on which factors will be used as constraints.
One commorapproachis to constrain the motiokinematicsin each axis with limits on the velocity,
acceleration, and jerk, to prevent damage to the machirte preserve part qualitithe velocity constraint

is selected based on the physical construction of the d&tsgmining the safe travergelocitieswithout
inducingearly damage to thguideways and motion delivery componefitse acceleratioconstraint is

selected based on maximwawailablemotor torque as he motor torques correlated to the acceleration

13



andvelocity through the equivalent inertia and viscous dampirgfeed drive systenThe motor cannot
supply unlimited torque, so &very high acceleratiois demandegthis will saturate theurrent delivered

by themotor power supply amplifierthereby leading to nonlinear dynamic behavior and invalidation of
thelinear stability analysis assumed in the commissioning of the servo feedback control $§§y8tems

The jerk constraint is selected to reduce vibrations known to be caused bsatgigfchangein the
acceleration[38]. Excessive jerk, as shown iRigure 2-3 (left-hand panel) generates acceleration
commandsand therefore torque inputwith rich highfrequency content. Such content can easily excite
structural vibration modegominated byhemachine tool feed drive assembiye part,thetooling, andbr
thefixturing system, and resiig in unwanted vibratiomarksduring machiningExcessive jerk can also
lead to premature damage of the machine tool drive compotiehés also been shown in literat(igd]

that a welltuned feed drive control system typically exhibits a gstesic servo error profile (excluding
transient vibrationsjyvhich arecorrelated to the commanded velocity, acceleration, and Tedrefore

limiting jerk alsoindirectly helps retain a certain level of dynamic accuracy.

There are several advantagesatibptingaxislevel constraints. No prior knowledge of the machine's
dynamics is required tgeneratehe trajectories, unlike with physsbased or physiemspiredmodels
which must belerived, measured, and calibrated each individual machinaxis. Kinematic constraist
arealsofrequently usedand aresometimesntegrated with other constrainia more elaborate feedrate
optimization scheme§l 3], [14], [36], [40], [41], [42], [43] as discussed in the proceeding

In this thesis, near problem castingrocedure igppliedto approximatelysolve the optimizatioproblem
with kinematic constraint$Section3.4), based oa methogreviouslypresentedh literatureandexplained
in the following This method has been adoptdachieve a nearptimum initial guessas part of a larger

and more elaborate nonlinear programrdiaged solutio, whichis alsopresented in Chapté&r

Zhang et al. optimized a robotic manipulator trajectorydigrmulating the problem into lineaorstraints
through variable transformatioand applying convex optimizatior[16], with a method introduced by
Verscheure et a[44]. These constraints are based on manipulator jagctoriesrather tharthe end
effectorposition.A nearoptimal solution can be solvdyy using linear programmingLP) [16]. Fan et al.
appliedthe same methotb five-axis CNC machining15]. They presented a method in whitte chord
error, acceleration and jerk constraints are considered, witletkeconstraibh being replaced byts
linearizedupper bound15]. In later work, Erkorkmaz et a[17] showed that thénear programming

formulated solutiortan also be used tptimize differenportionsof afeedrateprofile for a long toolpath

14



independent of one another, in a method conduciparallelprogrammingather than having to solve the
complete toolpatkequentiallyin aforward progressingnanner The lattelis the strategyypically used in

CNC systemsF-ollowing thePrinciple of Optimality{45], which implies that a short section taken out of a
long trajectory that is optimal, must itself be optimal as vilef work in[17] demonstratethat different
portions of the overall optimum feed profile can be solved and connected by utilizing the local feed minima
which areinfluencedby the geometry of the toolpath, as showFigure2-9. The work also demonstrated

that the LP solution (used for producing a close initial guess in Cha@eiis indeed robust and

computationally efficient.
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Figure 2-9: Optimized feed profile for a long (global) toolpath and its windowed (local) portion, considering zero boundary
conditions for both casd&7].

For increasedechnological utility and sometimes better performaitces, possible to constrain certain
physical factors directly, rather than relying axis levelconstraints. One common option is to constrain
the cutting force, as excessive cutting force will damage the tool andrpartcollaboration with the
research team of Prof. Lazoglu (&&Jniversity, Turkey) Erkorkmaz et alcombined axiskinematic
constraints and cutting force constraints to generate optimal trajeqt#]e3 he result, shown iRkigure

2-10shows the effect of botbets ofconstraintson the final optimized feed profile
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Figure 2-10: Application ofaxiskinematic and cutting force constraints in feed optimiza{ib]

An earlier example iKim and Kim (1996), whapredicted tool force by measuring the current draw of AC
motors, and used thés feedback in eeakttime controller[47]. Other methods allow for the prediction of
cutting force directly from the commanded trajectdryjdwan et al. used fuzzy adaptive control to constrain
thecuttingforce, and therefore thimol power requiredor cutting[48]. Xu and Tang controlled deflection
cutting f or caer euas ignugo ta (efmiddelrétteaetationsbim letween the maximum
material removal rate and the feed direction in a-&ixes machining operatiord reduce thenachining
time [49].

Feed optimization can also be applied¢dnstrain thelynamicpositioning erroof themachine tookervo
control systemin order to achieve a certain degree of machined part accli@uy and Seonstrained

scallop height and machining error in fig&is machining of ® surfaca.[50]

The brquedemand from thenotors may also beonstrainedo within safe limitslf a trajectoryrequires
more torquethan a feed drivemotor is able to produce, the machine will not be able to followhis
constraint was consideredearlyfeedoptimizationfor robots,such asn Bobrow et al. in 19853]. More
modern optimization methodsay also apply torque constrainterry and Altintasonsideredool shank
bending stress, tool deflection, max chip load, and torque limit as constraintsaxiBwaachining of jet
engine impeller§51].
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For anyattributeto beconsidered aa constraint inthe optimization, it musbe modeled In this thesisas
two practical constraints, the motorque and servo error are consideredlissussed ifsection3.6.1
The notor torqug(6) is computed by modelling the drive as an inedlamenti.e., mass & ), upon which
viscous friction(¢) and Coulomb friction@ ) are also active:

6 a® OL'Q zi QO (2-1)

The tracking error(Q is modelled as a linear combination of t@mmandedaxis level velocity(L ),
acceleratiorfcd ), and jerk(0). This formulais based on approximating the true servo error with a Maclaurin
series (i.e., around zero frequengy}the frequency domajrandwas developed and validated Gprdon
and Erkorkmaz if39]. The formula is not able to capture the influence of transient vibrations owsBfick
friction induced errors, but is successful in predicting the general waveform of the serva®izan be
see inFigure2-11.

Q 0Q vV OO (2-2)

When considered in open fortm include fullexpressions othe axislevel acceleration and jerk profiles,
bothEgs.(2-1) and(2-2) lead to nonlinear inequality constraints as a function of the optimization variables,
as will beexplained in detaiin Chapter3. However, their solution also can achieve trajectories that are
both faster than those solveding linear programmintpr only axis velocity, acceleration, and pseudo
jerk, and which can also be tracked with comparable dynamic accuracy.

Experiment
—— Velocity term
Velocity + Acceleration
term
____Velocity + Acceleration
+ Jerk term
Velacity + Acceleration

+ Jerk + Snap term

Tracking Error (x.-x3) [um]

. Fixed-end
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0 01 02 03 04 05 06 07 08 09 1.0
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Figure 2-11: Quaststatic servo error response forball screw driverfeed drive (left), linear error model based on the profiles
of commanded velocity, acceleration, jerk, and snap (i.e.;diengative of jerk)39]
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2.3.2 Review ofoptimization methods

The field ofcomputationabptimization is richly complekcountless algorithmexist, tailored to a variety

of different scenarios and types of probléihe selection of an optimization method depends on the shape
of the problem to be solvédnotably whether the problemlisear and whether the problemasnvexA

set can be described as convex if: for any two points in théhseline connecting those two points lies
entirely within the set. This is represented visually in Figure 2-12, with Panels A and B (convex)
compared with Panel C (nonconvek). a convex optimization problem, both the feasible set and the
objective function must be convg%2]. The result of this is that arlgcally optimal pointwill alsobe
globally optimal A nonconvex optimization problem may have many locally optsohitionswhich are

not the absoluté.e., global)optimal point.Linear problems can be considered a special subset of convex
optimization problems. All linear problems are convex, though the reverse is not necessalityttrise.
subsection several optimizatiormethodsare reviewed, and their advantages and disadvantages are

discussed.

A Linear B Convex nonlinear C Nonconvex nonlinear

min p(z) s.t.
rzeR” (LL(IE) Z b

Figure 2-12: Linear, nonlinear, and nonconvex optimizati@iue shading designates feasible solution set.
Theoptimizationproblem inFigure2-12is a minimization problem, to find the valuedfvhich minimizes

the function fj @, subject to equality constraint® & @ and/or inequality constraints) @

Optimization problems in thisectionwill be presented in this format.

2.32.1Linear programming (LP)
Linear programming is a type of optimization in which all constraint and objective functions ardiadfine

linearwith respect to the free variabjeén LP problem can be written as kq. (2-3).
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i Ebw (2-3)

[ @D o

In which, @ crepresets a linear function of the variabtg anddo @ represents any number of linear
constraint equationd.inear programming problems arelatively simple to solve computationally. The
earliest examples ofumerical optimization algorithmswere designed to solve linear programming

problemsusingthe very limited computational capacity of the time

Panel A ofFigure2-12 shows a graphical representation of-B Bnear programming problem, in which

the goal is to minimize the objective functiofhe objective function is represented topologically, with

dotted lines indicatingso-levels of the functionThe polygonrepresents he A f e a s i.ebthee r egi ¢
intersection ofeasible solutions faall constraint functiondn an LPproblem, allconstraint functions must

be affinei meaning that the feasibleregist onst ruct ed fr om -3 hacthesspaeer sect i
to one side of a line in 2D or of a plane in,3hich may beextended similarly into higher dimensions.

The feasible regioresulting from the intersection of linear constraints will take the shaagolygon in

2D, or a polyhedron in higher dimensiofifiese shapes aeways convex. Tharrowin Figure 2-12

represergthe decreasing direction of the objective functidbhe pointat the bottonis the solution the

point at whichthe objective functioms smallest within the feasible regidviiore detailed descriptiagof

linear programmingan be foundh [52], [53].

The solution of a linear programming optimization probksaumesne of three possible casdse first

casds one single solution, as shownHigure2-12. As can be seen, the optimum solution occurs at one of
the corner points of the polygon (or polyhedron), which is a basic property utilized in the Simplex search
method[54]. The secondaseis a problem withno solution, when the size of the feasible region is zero,
and there are no points which satisfy all constraints. Thedhgds when there are multiple optimal points,
which will occur only if theiso-level contourf the objective functiois parallel toone of the constraints.

In this situation, all optimal points will bena single line or plane ¢r hyperplanéan higher dimensiors

Linear programmin@roblems are convex by definitiofihe linearity of the constraints guarantees that the

resultingfeasible region is convex

While theaxislevel constrainedeedateoptimization problem is ndinear, it can bapproximated into a
linear optimization problem, at the expenseafbrmulating the problem bgonsidering a linearizegpper
bound approximatioof jerk (i.e., pseudgerk), instead of the true jerkhis approach, explained 8ection

3.4, leads to a slightly more conservative solutiout is very efficient and robust to solve.
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2.3.2.2Nonlinear programming (NLP)

NLP refers to a set of methotdy which nonlinear optimization problems can be solved. Unlike with LP,
NLP canfind optimum solutiondor problems defined with nonlinear objective functions andlinear
constraints[52]. Due to the complexity of nonlinear optimization, numerous algorithms have been
developedMany NLP algorithms are suited to specific optimization conditions, and may be ineffarient
inaccurate if used in other conditions. As such, the selection of a honlinear optimization algorithm depends
strongly on the type of problem being solvidthis thesis, sequential quadratic programming (SQP) and

interior point (IP) optimization methods are discussed.

NLP - Interior Point (Barrier) Methods

Interior point methods make wplargecategory of optimization methodshese are also referred to as
fibarrier methodsd due t o tawards the solotipfhoughynotindtessarilya | | it
all tested pointsjnust satisfythe inequality constraints of the problem. Thus, each tsliegnis in the
iinterioro of the feasible set. THMHaamethalstheoughany wa
the use ofogarithmic barrier functionsSuch ispresented as dhustrative examplein the following but

other barrier enforcement methods may also be whked implementingnterior point optimization.

A constrainedminimization function(Eq. (2-4)) may be converted to an unconstrained minimization

function (Eq. (2-5)) by representinghe constraintsaslogarithmic barrier functionsvhich influence the

objective function

ER o (2
[ s@@moigs Qo T pf i

iEho 2icoe E Piiceae (29
Ng (e} (0}

This transformation offers several benefithis new function is undefined outside of the feasible region,
andapproachemfinity towards the boundaridsso the descent direction of the function is steered away
from the boundaryTherefore,by principlethe optimization solveavoidscases where the function is
undefinedlt is important to add thahé newobjectivefunction is analytically differentiable at déasible

points.
In Eq. (2-5), the parameteiiod controls theransition rateof the barrier functions. AG© Hy, the influence

of thelogarithmic terms willdiminish for solutionswithin the feasible seffhe steps of the interior point

method will typically start with a lower value 6fandwill increased gradually to higher values.
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A numericalexample of an interior point optimization is showrFigure2-13. The original optimization
problem has a-Rariable quadratic objective function and six linear constraibue. to the shape of the
objective function, iterative steps will be guided towards the bouna&igrethe solver is prone to selecting
an infeasible iterate. In this example, the solution lies on the boundary, which medhe gwver may
have difficulty selecting steps towards the solution without choosing infeasible iterates.
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Original optimization problem:

5 Not differentiable at the boundary
* Optimization solver will generate infeasible steps
0 Objective function to minimize::
p(x) = —2(x — 0.2)% — 3y
Subject to constraints:

g <0,1=1,..,6

for example:

g1 = Tx —2.12y — 3.59

—10

Optimization Problem using Logarithmic Barrier Functions:

p(z) = =2(z — 0.2)> = 3y — ;log(g1) — ... — 1l0g(ge)

(b) t = 0.8 (¢)t=3

T High value of t

Strong resemblance to the original optimization problem.
Optimal point very close to the optimal point in the original
optimization problem.

(d) t = 20

Figure 2-13: Interior point optimization using logarithmic barrier functians

In the modified optimization problem, logarithmic barrier functions are apphedy, the function is
differentiable over all feasible points. It also goes to infitotyards the boundaiyin this way, the solver
is discouraged from leaving the feasible regMienois small, themodified objectivedfunction does not
resemble the originalbjectivefunction very well(such as irFigure2-13 (a) and (b), butavoids the very

sharp, sudden transitions around the boundolyexample, whed  1&, the barrier functions dominate

22



andthe original objective function is not very distinguishable. Howesbj@made larger in consecutive
solution iterationg(such as inFigure 2-13 (c) and (d)) the modified objectivefunction now closely
resembles the originglinconstrained) objective functiasevaluatedwithin thefeasible solution space.

In fact, with a value od  Hb, the original problem is obtained.

A typical interior point optimization routine withlternatesolving the modified objective function, and
increagng the barrier parameted, The decision ofvhen anchow much to increaseto obtain the most
efficient solutioncan be complex and will vary significantly depending on the solver.

After each modified optimization problem is solved, the obtained solufids used as the starting point

for solving the next modified optimization problefallowing the update of thdarrier parametelf each
increase to the barrier parameter is spdliwill change very little, which guarantees the starting guess
will be very close to the new solution. In this walye modified optimization problem can be solved
efficiently at each step. Howevehjs will also require solving more modified problems before obtaining a
solution to the full problemf each increase to the barrier parameter is larger, then the starting guess in the
modified optimization problem will be less accurate, ing each modified optimization problem will be

less efficient. Theravill, however, be fewer problems to solve overBletailed descriptions of interior

point optimization are available jB2], [53].

When using logarithmic barrier functiortbge starting guess of an interior point algorithm must always be
a feasible point. This may be difficult to find, depending on the complexity of the consthaithts.case

of a feed optimization probleninowever, a feasible starting guess can always be found by setting the
feedrateprofile to be arbitrarilysmall Many modern interior point algorithms are desigsedh that
infeasible starting guesses are acceptabhe solver can take an infeasible startingsglby starting with

another smaller optimization problemhich serves to generate a feasible p[&bi.

NLP i Sequential Quadratic Programming (SQP)

SQPis another method through which nonlinear optimization problems can be sGlwestraints and
objective functiongonsideredn SQP problems may be nonlinear and noncorivélsey are not required
to be quadratic, despite the narB®QPproblems may have any startipgint, i.e., nonfeasible starting

points and iterates catsobe used.

SQP is accomplishday creatingalocalizedquadratic subproblemat each steghen solvinghis problem

using quadratic programming (QP)for which there are many effective algorithn®QP startwith a
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nonlinear opgmization problem such as the one I&q. (2-4), whichaims tominimizen) @ . A quadratic
programming subproblem will then be created, solving)éab , which isan approximation afj w at the
current iterateThis is shown inEg. (2-6), comprisinga quadratic objective functioffjaaw ) and linear

constraintsinformation about quadratic programming can be obtained [f5@in

o € e gw 0B & 6 (2:6)
3O0AHAO

0@ b Q.

¥ h Q!
The creation of the quadratic subproblem is depicteBigare 2-14. A quadratic objective function is
selected that best fits the actual objective funcii@mund the current iterate point (shown in régpically
by estimating the local gradieft) and Hessian'Qi.e., second derivativmatrix). Additionally, the nearby
nonlinear constraints aepproximated aknear constraints. This quadratic spimblem is then solved to
find the nextterate.

1
' ]
[}
i

area around iterate quadratic sub-problem next iterate
Figure 2-14: Sequentiabuadratic programming(SQP).
While the starting point and the intermediate stepSQPmay benonfeasible the objectivefunction can
still be evaluated at these poinish er ef or e, itds not e s s e hidwevarJthet o f i n

computational efficiency ofhese problembenefits significantly from a neaptimal starting gues#
mathematical overview of SQP calsobe found in56].

The feedrateoptimization algorithms in this thesis were implemented®TLAB , using the buikin

optimization functions included in theoftware packageThe two MATLAB nonlinearoptimization
functions used in thimsehtdaedi 8SQP e .De¢adedddsaidtismr o or P
and guidelines fotheir implementatiorcan be founadn [57].

The interior point optimization implements logarithmic barrier functions, as desdrilktbeé preceding

paragraphslt implements a combination of optimization steps. Theifirst a A d i irwhichtsolvest e p 0
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for the KKT (KarushKuhn-Tucker)equations, a set of conditions which determine whether a given solution

is optimal in a specific problem. If this is not possible, the solver carpadsticesolution steps using a

conjugate gradient method. These steps are interspersed with updates to the barrier parameter. This
algorithmalsoincludes steps which can compensate for infeasible starting conditions. It was found-via trial
anderror that this solver is better able to recover from infeasible starting guegbesit increasing the

solver time excessivelyfhe interior point solver is not as efficient as the SQP solver, but may be more
successful in cases with an infeasible starting gb#83LAB6 s i nt eri or point al gori
into a Afeasibility modeodo in the case of an infeas

optimization routine whose only goal is finding a feasible iterate.

SQP optimization begins with obtaining the Hessian matrix at the current step. Following this, a quadratic
approximation of the function i®alized, which is solved viguadratic programming (QPYMATLAB 6 s
QP met hod is an,ifinacwhiivceh saett Oe anteht hsotde p , only <certa

areincluded in the computation of the next step.

SQPwas found tanot be able to handle infeasible starting conditions well. It does include an additional
Al ni ti al jwhiehtshoudideallysbe abte to handle an infeasible starting guess. Hoveevee
developed feed optimization problénwas observed by trisdnderrorthat this step usually increased the
solution timesignificantly or caused the solver to failhe SQP solver is the most tiredficient of thetwo
methods, but onlif the starting guess can be guaranteed to be feasible.

2.3.3 Windowing proceduresto handle long toolpatts

As typical freeform machining toolpatlcomprise of thousands to t#mousands ofpline segmentgach

of which may have tens to hundreds of free varialdiesining thefeedrate profile control pointst is
extremelydifficult and also impracticdb solve the optimum feed profifer along and complex toolpath

all in one shatThis creates problems both in terms of computational efficiency and available memory to

store and process timecessary computatiofis7]. Insteadafi wi nd o wi n g integpatedvatiethes i s
feedrate optimization, to solve the optimum feed prafilpartsi.e.,Ai wi ndows 0 Pathohhig t he t
results in solving several smaller optimization problems with enforced boundary conditichat they

can connect seamlessiyth the neighbouring windows.

A variety of different window configurations have been used previously. Fotaakihg algorithms are

the most commo(fiL0],[13]. Tajima and Sencer created a smoothing process for linear toolpaths that uses

a lookaheadvindowmethod to blend multiple cornei2].
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Windows may be split into individual sections which can be solved separatelyj184,iim whichthe
algorithm is designed for a parallel computing environment and each window can be solved simultaneously.
An implementation of this concept is showrFigure2-15.

A a) Step1. solve for two adjacent q profile windows, find local minima

{q}! {1

working space
finalized profile
one-shot solution

q(s)

= window

local boundary

minima

A b) Step 2: find connecting profile using the two local minima as new BCs

finalized profile -a—— connecting

feedrate profile
{(I} link

q(s)

A c¢) Step 3: Continue until toolpath is complete

finalized profile ~<—— {qm

q(s)

Figure 2-15: Concept of solving the dptum feedrate profile in connecting windowk.

A toolpath may be designed such that each window has specific maxima of velocity, acceleration, and jerk,
such as if19], [58], [59].

In this thesisthe windowing method has been applied nual hested structure, as will be explained in
Section 3.2 As the proposed feed optimization method utilizes a combination of LP (for fast and
approximate solution of a near optinfakd profile) and thera consecutive NLPpass(for refining the
optimality of thesolution subject to less conservatilat nonlinear constraintsjhe LP steps are takén

the form oflarge windowswithin which the NLP solutionsvhich are computationally more intensjage

then implemented as smallwindow steps.Thus feed profiles for indefinitely long toolpaths can be
processed in a forward streaming mansénilar to the implementation structure in CNCs, while tgkin

advantage of the speed of BRdfurther solution optimality that can be gained via NLP.
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2.4 Conclusions

Extensive study has been devoted to the problem of reducing machining time while preserving part quality
and machine condition in CNC machining.

Toolpath smoothing methods have been discussed in the literature review. Multiple different spline types
have been used for CNC trajectories, including polynomial splihdgferent ordeymany varieties oB-

splines and other types of splineal] of which have their own advantagebtaining a smoother toolpath,

a better parametrization, or a more computationally efficient generation algdrittimis. thesis, a toolpath
smoothing method is developed which uses Euler spiral pairs to obtaiarf@Auous toolpaths which are
arclength parametrized. The increased computational load of computing Euler spiral coordinate points (due
to the required rmerical integration) is partly compensated by using an algorithm which integrates
directly with a feed optimization procedure.

Many trajectory optimization strategies have been discussed in this literature r&ae&.of these
strategies are based on the limitation of axis kinematic profiles (i.e., velocity, acceleration, amthgse).
methods are more conservative, lstitategies have been developed that increase the computational
efficiency of the optimization significantly. They also require no prior knowledge of the maxhimeich

the trajectory will runOther strategies seek to predict physical fadtwas affect partjuality, and modify

the trajectory to control these factors direchkiiany possibleconstraintsan be predicted and controlled in

this way, such the force on the tool during cutting or the material removalmatang the factors which

have been studied atemmandednotor torque and tracking error. In this thesis, the computation efficiency

of the velocity, acceleration and jerk constrained probtemulatedfor linear programmings combined

with the optimality obtained from a torque and tracking ecoarstrained nonlinear optimization.
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3 Feedrate Scheduling through Synergistic Application of Linear and

Nonlinear Optimization via Dual-Windowing

3.1 Introduction
The feedrate schedulinglgorithm developedin this thesis appliesa combination of two types of
optimization in a windowed configuratiparganizedo utilize the distinct advantagesesdchmethod

Using inear programming (LRWhich is fast andobust it is possible to obtain a neaptimal solution
to the axis kinematiesonstrained feed optimization probleire(, the minimization ofmotiontime with
respect taaxis level velocity, acceleration, and jerkagnitude limity. This is achieved by replacing the
jerk profile with a slightly conservative upper boundmedb p s ej ued{bk],d16], [17]. Conveniently,
suchaxis kinematis (vel/acgerk) are commonly used ICNC machine tookontrollers forfeedrate
optimization However,using these limités alsoa conservativeneansto guarantee servo accuracy and
motor currentimiting, thuscan lead to thenderutilization of the equipment.

In contrastdirectly solving the trajectory optimization subjeatonly servo error and motor current
magnitudeconstraints, which are nonlineby nature, can produce trajectories with even shorter motion
time. However, sich trajectories cannot be solved by, lad their solutionnecessitateapplicationof
nonlinear optimization alsoreferred to as nonlinear programming (NLR)LP is computationallymore
expensivebutits convergence cape significantlyaccelerated if the objectifanctionand congaints are
analytically differentiable, andfeasible anchearoptimalinitial guesds provided The feed optimization
problemsdefined in thisresearchalready satisfy the differentiability requiremdne., the objective and
constraint functions are all continuous with respect to the optimization parametetisermore,he dual
windowing LP+NLP method proposed in this th€Bitroduced in SectioB.2), applied_P to obtain anear
optimal and feasiblaitial guesgo the nonlinear optimization problem

In the proposed method, a nemtimal feed profileis first solved for a sufficiently long lockhead
window by employing LR based orvelocity, acceleration, and jetinit constraints Then,the solution
obtained via LP is refined by applying NLP over shoréerd overlapping portionsAs NLP is
computationally muchmore expensive, the window size is kept smallerorder to process indefinitely
long toolpatisin a forwardlooking manner, as CNC code is normaiad and parsethe LPoptimization
is then applied to theonsecutiveportion of the toolpath with some overlap with the earlieniiRdow.
The new portion of the toolpathadterwardgefinedvia NLP, andthis algorithmis repeatedvhile shifting
the optimization windowsor LP and NLPforwards along the toolpath.

Thus,the advantages of both methods, i.e., fast initial computation with LRatioh timeoptimality

with NLP, are effectively utilized. Furthermore, the windowing and boundary condition matching
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functionalities which are detailed in the proceeding subsections, enable efficient processing of indefinitely
long toolpathsvhile guarantemg the existence of a feasible solutidaringboth LP and NLPteps

Both LP and NLPoptimization methodsitilize B-spline representatioto formulate the progression
profile to be optimizegwith the free optimization variablesincidingto the control points of the Bpline
function.Since Bspline formulation isised, a solution within a window can éedientlycomputed and
updated bysimply modulatingthe control points The resulting effecbn the kinematic profiles and
constraint functionsgs easily computable andonfined only within a known localizedportion of tre
toolpath This6 | o prapertyof B-spline has been keyn developing and implementing thoposed
LP+NLP windowed solution.

The proceedingectionsof this chapterare organizedas follows: The general progression of the
proposeddual windowedeed optimizatioris describedn Section3.2 The Bspline parameterization of
the progressionahich coincides withfeedratd in NLP, andits squared termy i in the case ofP)is
explained in Sectior8.3. This is followed by the LP solution foff i in Section3.4, its re
parametrization as a-8linein terms ofi in Section3.5. Thecasting and solution of the NLf#oblemis
thenexplained in SectioB.6. The dual windowing method requires careful coordination and updating of
theboundary conditionsvhile switching between overlapping LP and NLP solutjon®rder to preserve
the kinematic compatibility and constraint feasibilitgpnditionsthroughout the toolpath The details of
these taskare explained in Sectidh7. The feed optimization is solved in LP and NLP as a functigheof
arc displacement ( i i ). However, he arc displacement profile ultimately needs todw®nstructeéh
the time domain as i 0. Thenumerical integratioimplemented for this functionality explained in
Section3.8. The smulation and experimentaésults obtained from thenplementation of the algorithm
arepresented andiscussed in Sectior&9 and0. The conclusiongor this chapter aréhenpresented in
Section3.11

3.2 Dual windowing LP+NLP optimization
The windowing procedure, introduced in Sect8.3 splits the toolpath into smallsectionson which
optimizationcan beperformed sequentialhsince the problem size is diminished, faster convergence in
each iteration can be achieved. By reducing the memory requirements, the possibilitypiintieation
algorithmtakingan excessive amount of time, failing to converges also mitigated

The proposedoptimizationmethoduses a novel combination of LP and NLP in a seviadowed
configuration as shown schematically Figure 3-1. The computationally faster, but performanetse
more conservative LP solution is obtained fiostalargelook-aheadvindow. The trajectory iafterwards

refinedfor bettermotion timeoptimality using shorter rangeindowswith NLP.
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As mentioned earlierhe maindifference between theP and NLP optimizations the choice of
constraints.Feed optimization vidP optimization (described in detail in Secti@) usesvelocity,
acceleration, and jertonstraintsyith jerk being capped by a slighttpnservativai pper bou-nd, &éps
j er ko tinear emmsaimt farmulatiorFeed optimizatiomlevelopedsia NLP (described in detail in
Section3.6) focuses directly othe motor torque ¢) and tracking error@ asconstraints and relaxes the
bounds on velocity, acceleration and jeski{ough the latter thresouldalso be included into theLP if
needed) Switching from the velocity, acceleration, jerk constraintéP to thetorque and servo error
constraintdn NLP yields asolutionthat is less conservative, i.e., allowing faster movements with higher
accelerations and shorter motion time. However, &ftd? is performed, theesultingtrajectorymay be
infeasibleaccording to theriginal LP constraintswhichwould lead tanfeasible boundary conditioros
trajectory sectiondeing passed onto thedjacentLP window Therefore,at the starting and ending
locations of thewindows, the boundary conditions imposddr the LP and NLP subproblemsmust be
carefully coordinated.

ConsideringFigure 3-1, the dual windowing algorithmrogresses as follows:
9 Step 1:The LPproblem isdefined andolved
o A single large window iprocessedThe travel lengthto , is severaffold longer than the
required distance for the slowest axis to accetdram rest to full speedbased on the
given velocity, acceleration, and jerk constrairsdreturnto rest againThe first LP
window is betweefi Tandi
0 LP optimization is performedn this part of the trajectory
9 Step 2:The NLPproblem is defined ansblved
0 The NLP solutiorissolvedi n over |l apping O6shomt pstasingndow s
fromi T and traversingo the arc distance of 0 .Here,0 is a buffer
distancetdi paus e 0 t h eexabltly dtheplanhedstart of the consecutivitarge
LP window(see panelitted6 St e p 1. ThisrgeammesthadtNLP does not modify
the already feasible starting boundary condition for the proceedingihdow, that is
produced by the current LP soluti@therwise, mdification ofthe state at this poisbuld
potentiallyproduce an infeasible problem definition tbe proceedingP window.
0 The ronlinear optimization is performed sequentially in-svibhdowsoverlappingby the
distance§ ), until the end of theurrent LPsection is reached
1 Step 1, repeat.LP is performed othe consecutiveection, fromi @ 0 toi cCw
0
1 Step 2, repeat:Nonlinear optimization is performed in small swindows this timeacrossthe

section fromi 0 0 toi cw c0 . Hence, the solution continues with
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adequate overlap, fromhere the last NLP in the previous large lookahead window had left off.
Note that this overlaps thery last NLP solutionby 0

9 This process continugwith regular shifts of the LP and NLP windows per the above pattern,
until the end of the toolpath is reached.

As a general term, considering ttmh LP window, the solution range can be formulated as ir{3&w).

i iN a pw & pL lMw & pbov (3-1)

Similarly, thenth NLP (small) window within therth LP window is active in optimizing the feed for the

arc displacement range given in £8:2):

i (v a4 pw G pbo E pw ¢ pw h
, . , 5 e \ . (3_2)
a pw a puv EW E pw ]
And these small windows continue until, & w ao

A practical example of the application of thishdowing integrated optimizatios shown inFigure3-2.
Detailed descriptions of the algorithm are given in the remainder of this cHdpténds to determine

window sizes® ,® )andoverlapd{ [ ) are discussed in Sectidrl
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Figure 3-1: Sample section of dual windowing optimization procedure
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Figure 3-2: lllustration of dual windowing steps

3.3 Parameterization of the tool progression (i.e., feedrat®or its square v ) as a Bspline function

3.3.1 Introduction

A B-splinefunctionis constructed as the summation of a serieB-efp | i ne s, or.ThelB-a s i

splinesare constructed using piecewise polynomial curVegy are defined bknots which control the

shape and placemeaf individual B-splines andcontrol points which act as scaling values for each

individual B-spline

Figure3-3 shows an example of a$plinefunction The knots are indicated ltlye vertical lines Figure

3-3aillustratesa set ofB-splinesw i created based on a chosen spline order and knot profile (which in

this case is monotonically increasingjgure3-3b demonstrates the influence of each control p@inin

scaling its respectivB-spline® i . Then, the summation of the scalegfinesis shown inFigure3-3c,

which is designated as tfiaal B-splinefunctiond™Qi .

Note that in thighesis, Bsplines are used to represeither thefeedrate; Qi i, orits square] i

i ,in the context of solving ori as anonlinearor linear optimization problemrespectively In the

general descriptions of -Bplines,"Qi is usedfor exemplary notationbut the same mathematical

formulations apply alsot i .
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Figure 3-3: B-splinefunctionfrom individual Bsplines

B-splines vary based on several factors, including order and knot placemésphine of ordere will
span a range of p knots, and will be constructed o8 polynomial curve segmentsyhere each
polynomial is ofdegree¢  p8The B-spline functionQi , within a range of twaonsecutive knotswill
have a maximum of local B-splinesinfluenceit. This means that the control points not attributed to the
i nfl uenci n gsplneshavé o eftedt d@e dvithin Biis range. Thus, Bpline functions offer
the advantage of being ableaoccommodatécal changes simply by adjusting the adjacent control points,
without impacting the rest of the-&line function.

TheB-splinesshown inFigure3-3 arequadratici i.e.,order= 3 and degree =.Zachindividual B-spline
spans4 knots, and is constructed of 3 polynomial segments, each of degféguze 3-3 alsoshows a
simple distribution of quadrati8-splineswith evenly spaced knotghichis a special case adopted in this
thesis formathematicalconvenience B-splines canin general be created with unevenonnegative
spacing betweetheknots, ircluding zero spacingjin which multiple knots exist at the same locatioe. (
Aknot mulThdlatércanbe used toenforce certain boundary conditietailed mathematical
descriptions of Bsplines are available {80], [61], [62].

3.3.2 General description of the B-spline function

A B-splinecan l® generated usirtge following recurrence relatid1], originally developed bge Boor.

[62]. In a B-spline function of ordet, with knot sequence, the'@h B-spline is given bfoﬁ, usingEags.

(3-3) and(3-4). Note thatthe BB p|l i nedofr deexpressed as aanditusm@Er scrip

an exponent.
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i (3-4)

For which the starti fhgnopiEm@®-6),iwkichislthe defindidnafréiestc t er i st
order(i.e.,zeroth degree}-spline.

p Qeq i, (3-5
T €I VQ Q
This recurrence relation can be solved for moydecreasinget of knots, h 8 , with thedesired spline

O

order¢. However, when the nature of tlesplineis a special casehe formula can be significantly
simplified. One such case &uniform Bspline function whichis composed of Bplines withevenly
spaced knots, such as the emeFigure3-3.

3.3.3 Specificcase:Uniform B-spline function

Applying evenly spaced knots in the definition of thefines leads to aniform B-splinefunction This
simplifies theanalysisof the Bspline function and streamlines its computatidn this casethe knot
separation distanc@is specified, and all knots are defined,as 'Qt "‘QDerivation ofthe uniform B
spline equationsncluding their derivatives;an befoundin AppendixA.1.

For aquadraticB-splinefunctionwith evenly spaced knatsuch as the one depictedrigure3-3, theB-

splinebetween ‘0t “Gand, Qt "Q o is defined by thresegnents, given irEqg. (3-6).
b L Qo MQERVQI QQ
ke i
i i aQ Qc¢cQ ¢gQ o
& S (p, < @ MEDVQ p I QQ¢
r ¢ (3-6)
--QQ o i e C
l", ) QEVQ ¢ I QQo
v €I VLRI Q

Above,i represents the overall arc displacement from the very beginning of the totipthih computer
implementation, the above formation can be further simplified by 4garameterizing with respect ito

i 'Qtdi.e., the arc displacement from the starting knot of eashlide).

Similarly, a cubicuniform B-splineis as a special case of tBespling is definedbetween Qt “Gand
, Q"Q t asfour segmentas shown inn Eq. (3-7).

W i (3-7)
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In this thesis, quadratic-Bplines with uniform knot spacirttave beenused.This function achieves first
order continuity of its derivative with respect to the arc displace(een,i QA ¥Q+ here, a subscript
of i indicates derivativavith respect td, for instancéQi  Q"@ 7Qiand’Q i 'Q"Qi ¥Q ). This
enables the resultinthe tangential acceleration profile to be continudus { i), and theangentiajerk
i i i i)and axis level jerk» @ @ @& )to be bounded.

For simplicity,in the remainder of this chapter and throughout the rest of the thesisjerindicationvia
superscripwill be dropped.Thus,a single Bsplineis henceforth expresseatbin Eq. (3-8), and will be a
quadratic Bspling unless explicitly stated otherwise.

Qi Qi (3-9)

In this case, e Bspline function defined as the summation efch Bspline & multiplied by its

corresponding control poi, using the notation ifq. (3-8) can be expressed ashuq. (3-9).
"Qi W | (39

Thus, the structure okvery B-splinein the entire(feedrateor feedratesquarg profile is conveniently
representedising the same set efjuationswhich greatly simplifies théormulation andcomputatioml
implementationSection3.3.5describes theneshing of constraint checkpoints along thedine function,
and theutilization of theuniform knd spacing t@ainthe advantage atducingthecomputational burden

during the evaluation of the optimization constraints.

3.3.4 Derivative profiles for uniform B-splines

Besi des t hatribute arbthemajaradivantggé of Bplinefunctionsis that they are analytically
differentiable and the derivative@vhich can be determined easiBfe linear with respect to the control
points Figure3-4 shows uniform quadratic and cubiesBlinefunctionsalong with their derivativewith

respect td.

36
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Figure 3-4: Quadratic and cubic Bplines

In the general case, the first and second derivativé3i ofwith respect td can be expressed as:

of 20 .
l Qi 0w w |
g 29 50 i

A

(3-10)

(3-11)

Extending fromEq. (3-6), the firstand second derivativég) and ) of a singleuniform quadraticB-

splinewith a knot separation distan€ean be represe

nted iasEcgs. (3-12) and(3-13).

"— QEQQi QQ p
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o = O . o QENQ p i QQ ¢ (3-12)
-p, Qo C
l\ﬁal 9 QEDQ ¢ | QQ o
Ut EMM 0VQ Q
— "QENRQI QQ p
'y
_ Q. C nz P
O i 0 O “,H QEVQ p I QQ¢ (3-13)
fﬁg MENQ ¢ | QQo
U ¢8I 0'Q Q

37



In the case of a cubic-8pline, thefirst and second derivativé® andc ) can be expressed asHns.
(3-14) and(3-15).
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Thedevelopment ofhe above derivative expressions is presentégppendix A.1

The ease of computing the derivatil@gigsimportantadvantages. Notabip feedrateoptimization,the
profile derivatives must be computed frequently and repeat8ifige the spline function and its derivatives
are linear with respect to the control points, when evaluating the constraints (and their gradients), the
intermediate calculations of tipeogressioni(orfy i ) andthederivatives (e.g.,i ,i , which arethen
used to construdt, i ), are simplysolvedby multiplying the control points with a pamputed constant
matrix (based on theonstraint checkpointsolution, as shown in SectioB.3.5 Thisgreatlyaccelerates

the constraint evaluationBurthermorethe abilityto directly compute the constraint gradients analytically
without relying on numerical differentiatipalsoenhances theonvergenceluring NLP.

In this thesis, the objective wasdbtain trajectaeswith limited jerk for which usingaquadratic Bspline
functionto formulate the feedrate (or its square) was suffidutilizing Eqs.(3-6), (3-12), (3-13)). If jerk
continuity isalsorequired, then the optimization methat be exparetito rely oncubic B-splines(as
provided in Eqs(3-7), (3-14), (3-15)), albeit at the cost of slightly increased complexity and computational

load.
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3.3.5 Control and evaluation points for the B-spline function

The numericaloptimization represeathe continuous Bspline function as a series of points at which the
constraintvaluesare checked As mentioned earlierhe function ismodulatedby the control points&),
separated by the knot distan@e However,in evaluatingthe constraint§which are a function of the
progression and itslerivative3, the B-spline needs to be reconstructed a higher resolution For
implementation convenience and numerical efficiency, this resolution has been chosen, in thisthasis,

integersubdivision of théknot distance

N
-~ X control points

o evaluation points

X

N,
N

S

Figure 3-5: Placement of control and evaluation points throughotragectory.

To generatéheevaluation pointsan integerconstraint meshing factor is specifieddefined as the number
of evaluation points per control poini remains constant throughout the optimization proceéss.a
function withi control points the number of evaluation points is definedasvherel i 0 . The space
between evaluation pointstisena subdivision of th&not spacingi.e., IO .
In determining the meshing factor, a good practice would be to determine the smallest possible curvature
in the toolpath and to assign the constraint checking arc displacement accordingly, e.g., to be several times
smaller than the minimum radius of cunwa, in determining the adequate meshing fa@toior a given
knot spacing
For aB-splinefunction withi control pointsand( evaluation pointsthe function at all evaluation points
can becomputedusingEg. (3-16):
ko) 6 Z (3-16)

Above, hematrix 6 is precalculatedy enumeratinghe B-spline equations based on the kaeparation
distance Q) the control pointsand the displacement parametier at thecorresponding evaluation points
(Eq. (3-3) - (3-5)). The 6 matrix for the entire toolpath is largeut sparse. Each LP and NLP step is
associated with a smaller matrixgewhich is a subset @f. As the structure od repeats itselélong the
block diagonalof 6, it is notnecessary compute astbre the completé matrix. Figure3-6 exemplarily
showsthe structure of thé and&agnatricesfor a quadratic Bspline profile with 3evaluationpoints per

control point(0 o).
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Figure 3-6: Strucureof theBmatrixa n d B 06 s inB-spline compueton

In the interest of computational efficiency, the point alignment is set su¢héldaenatrixdoes not change.
This is true when the number and aligntneh evaluation points per control point remains constant
throughout the optimization procedure, ahdis thesize of each window remairfixed. Due to this
alignment, every Bpline in the functiofis defined by the same set of points, which are then multiplied by
the corresponding control poidt. In Figure3-6 this is represented asewhich must only be computed
oncefor a single Bspline basis function and distributed into the submét@d he dimensions ab, for a
quadratic Bspline, arec0  p . The entired matrix, or any submatrig , can be computed by aligning
ceTwo S aenatrices will be used throughout most of the optimizatione for the LP windowgwith longer
range)and one for the NLP window@svhich are shorter)As needed additional 6 aanatrices maylso be
truncatedor thewindows at the end of the toolpailinich do not require a complete windgwogression

3.4 Linear programming (LP) optimization

The velocity, acceleration and jerk constrained problem can be converted into a linear problem with some
simplifications.Linear problem formulatiomethods presented by Zhang et al. and Fan §i5l. [16]

were modified into a windowed solution Bykorkmaz et al[17]. The methodappliedin [17] is used in

the first step of the optimization described in this docuntéumitding on the earlier workgl5], [16], the
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jerk constraint
jerk constraint is not violatedJbeitwith some loss of optimality.

The optimization problem is stat@dlEq. (3-17), whered is the total length of the toolpagmdry i is
the square of the tangential velocithe expressions f@xis levelvelocity, acceleration, and jerk are given

in Egs. (3-18) to (3-20). The xaxis equations are shown as an exargddet the y and zaxis equations

are identicaln structureIn these equationg) represents the geometric derivativawpfw 'Q #BQ ).
g8 Os  w® Of  @n %
i AgnQi ie8 w8 Vs h & @i h g O (3-17)
VA o ©h SO

Most available optimization algorithms in software are set up to salvienization problems. To use these
algorithms directly, the maximization offj was instead expressed as a minimization off.
The velocity, acceleration and jerk in each axis are computed from the prespecified wolpath with
known geometric derivatives)[, @ ,® ), 8.) using Eqs(3-18) to (3-20).

Qw

. Q6 318

O T, O (3-19)
(O

O = b i (3-19
Qo0
(0N

W —., Wi owii o i (3-20)
Qo0

If the geometric derivatives are not available in closed form, they can be compuatedcally py solving
v al uéb) aegplyidtythe chain rultor differentiation as neede8ubstituted into theonstraing, they

canbe written as:

SO IV (VI o AT & 05 (3-21
LB Dp D 0w AT & & (3-22
LB O wAT Ao G (3239

Theconstraintarereformulatedy introducinga variable transformatigmarameten) i (which is used
in Eqg. (3-17)) which is equal to the square of the feed riate,
Ao (3-24)
After this transformation, the velocity, acceleration, and jerk equations can be represented ¢8-23kQs.
(3-27). Once this parameter is introduced, the axial velocity, acceleration, and jerk equatiobs, can

represented as linear constraints

jerkepl aced nwietr v awhiglsemsuredsshéciuaha t e

w Qw

I8 Qo @ N VA (3-25
(0N

LB oy wn go‘or'] W (3-26)
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Theaxisvelocity constrain{3-25) is put in linear formby squaring both sides:

wn Ly (3-28
As earlier indicatedthe derivative termsij(fy ) are lineawith respect to the profild, because) is
parameterizedusing 3 order (quadratic) basis function splingsence, the function and derivative

calculations follow the identical structure earlier showBds.(3-9)-(3-11), based on the control poirts

n i W | (3-29
. (3-30)

N i W i

. v , (3-3)

n o ww i

As w andw are precomputed constant arragisternined by the toolpath geometry, the acceleration
constraint in Eq(3-26) is already linear with respect o

To satisfythe jerkconstraintthe 1 termis replaced with marrayr” serving as its upper boungf is the
uniquesolution for onlythevelocity- andacceleratiorconstrained problerfand is considered as an array
of constantsn the context of solving in the LP optimizatior). Then, @&fining thepseudgerk as:

o 6 go‘or'] gd)r’] 7 (3-32)
it follows that sinc&] 1", thepseudejerk will be an upper bound on the actual drigel jerk.

SRS O -on -en A e -en -en (339
Hence, bounding the pseufisk magnitude by 4 avill guaranteehat the actual jerk is bounded by the
same limiti.e.,. 8 & Q4 Ak
In this case, limiting the pseudo jerk takes the following form:

6 ocen fen F G (33
Since the term&, @ ,® andn” are all computed ahead of tintlee pseudgerk constraint is linear with
respect taj.

Now, thevelocity, acceleration, and pseupok constraints can beonsideredointly in context of the LP
problem,as showrschematicallyFigure3-7. Of course, there is some loss of optimalitygsultingmotion

time, compared to using the actual jerk constrditawever, the loss of optimality was benchmarked to be
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around only 5%which canbe remedied by NLB account foexact jerk.The main advantage &P and
linear problem formulatioris the solutiorof a nearoptimal feed profile at around ten times the speed of
applying fullfledgedNLP solution thusobtaining a good initial guess for the proceeding NLP steps

= Maximize ¥

Maximize ¥q* s.t. £
S.t. 2 2

; ; g <

2 2 s1 — Yz,max
msq* = Uz, max - . 1
| * 1 *l < Ist.sq a Exsq‘s| < Az,maa

Tssq 5Lsqs| = Az max 3 1 Hl < g

I(Isssq ar §-’1:ss(Is S §ms(Iss)v q | == ]w,maw

Figure 3-7: LP optimization procedute

3.4.1 Selection of kinematicV/A/J limits for compatibility with the proceeding NLP step
The velocity, acceleration, and jditnits used in the LP step must accurately reflect the expected values
of motor torque and tracking errto ensure that thesktter limits are not violatedln the proposed
methodology, the velocity, acceleration, and jerk limits are selected usimgotoe torque and tracking
error equations, describedfirtherdetail inSection3.6.1

0 p a Qp ®Uf o Q zOEOQF (3-35

Qp 0RO 0 R ires (3-36)
Theconstraints irEgs. (3-35) and(3-36) are expressed for theaxis, and identical structures also apply to
other axesWith known values 0b andQ for each axissolving Egs. (3-35) and(3-36) for 0
® ,andQ wouldyield multiple solutions. It may be deabieto identify a specific value af  first

and then compute the correspondibg andQ . A sample calculation is given belpwsing the

parameters fronfable3-4. In the sample case, thiesired torque and tracking erameo = 10v and
‘Q = 0.02 mm (Note that torque here is presented as a percentage of the maximum contral signal)
Additionally, it is assumed tha maximum velocity ob = 150 mm/ds specified.

In the Y axis, using Eq3-35) and applying the triangle inequalitgd( 6S 9SS D9, the maximum
acceleration is computed 88 = 3.34x1G mm/<. This value is then combined with E-36) to
compute the maximum jefR = 1.56x16 mm/s.

In the X axis, using Eq3-35), a maximum acceleration af pg& o p mmm/gis found. However
when combining this with E((3-36), this acceleration value is found to be invalid tlas acceleration
contributionto tracking erroiis found to bed ;W 18t ¢ T which exceeds the assigned tracking
error limit. The acceleration constraint in the X axis is therefore scaled dodwn to v 1 mm/<, and

the computed jerk constraint is found toga @ p Tmm/s.
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3.5 Reparameterization of theLP solution to a B-spline function directly representing feedrate

The LP solutionis a B-spline function defining the feedrate squajd i with respect to the path
parametef . However theNLP problemneeds to be cast in terms of feedrate, in order to be able to compute
the nonlinear constraints. Thus, the LP solution needs toferaeneterized in terms of&pline functions

that directly represent the progressiom.ago achieve this,ifst, thei values are computed the constraint
checkpointsby taking the square root of thigi profile. Then, a new Bspline is fitted using & east
Squaredormulationparameter estimatid®3]. A sample result of this fit is shown Higure3-8.

300
— 200
-
Q
o
‘_5 100 | | =
e Y Original sma”
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0
0 100 200 300 400

Toolpath Parameter s [mm)|
Figure 3-8: Results oB-splinereconstruction of feedrate profile from feedrate squared profile.

The B-spline representation ofwill always have some discrepancy with the original points, although it is
usually small. IrfFigure3-8 the discrepancy is not large enough to be visible (maximum fitting ertb6 of
mm/s typically less than 1% of théunction valug. After the reconstruction, the new-dpline
representation is verified, to make sure it does not violate any constiaihese is constraint violation,
the feedrate control points are scaled down until all constraints are satssfigldrly, nonnegativity of

the new control point® is also checkedo ensure that the feed profile always progresses forwards.

3.6 Nonlinear programming (NLP) optimization

The NLP method offers a more optimal solution than theihRerms of motion timebut it is more
computationally intensive, anthay requirea neatoptimal starting guess. The LP solution efficiently
generatesuch anearoptimal starting gues3.he selection othe optimization algorithm for NLP is also
important, and isliscussed in this section.

The main advantage OfLP is its ability to handlenonlinear constraint©ne applicatiortan be taefine
the solutiorof theaxis-level velocity, acceleration, amuseudejerk constrained problemo considering the
actualjerk instead of pseuderk, which was observed, in benchmarks conducted, to prddaber 45%

motion time reduction, which is a moderate gain. More importantly, replacing the velocity, acceleration,
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and (pseudojerk constraints with direcervo error and motor torque constraints, which are also nonlinear
but technologically more relevant, can result in even more significant dedreasotion time, as
demonstrated in the subsequent sections.

Hence NLP problem considered in this thesis can be formulated as

6 ORp 0 Qj (3-37)
i AgiQi igs © Ofp h Q Qp
o] 0n Q Qp
And optionally,
¥ Yn h w8 WK h & & h i i ijag
SO e @A B G

Naturally, when velocity, acceleration, and jerk constraints are also used, the reslitiiogy can be more
conservative in terms of motion times expected from theangle inequality® 06s DS 9.
In some cases, to ensure the forward traversal of the trajectory (i.e. to avoid unnecessary stops or backward
movements due to numerical errors), a lower bound can be imposed on the fegdrate as i, where
i is a very small positive feed which would not cause any constraint violation. Similarly, to limit the
magnitude of cutting forces, motor power and torque, and tool deflections during machining, an upper
boundcan also be imposed on the feedraté, ad 4 g
In implementation, optimization algorithms tend to take the form of minimization problems. Modifying the
main statement of the probleras in Eq. (3-38), allows the use commercially available optimization
algorithms.

[ET  iQi (339
Once again,lte geometric derivatives used in thenstraintdetermined by théoolpath The derivatives
of feedrate with respect to tlaec parameter are computed per EgsL0)-(3-13). The time derivatives are
computedusingEgs. (3-18)-(3-20). Finally, the predictedcontrol signal and tracking errare computed
according to Eqg3-39) and(3-40), which aredescribed irSection3.6.1

3.6.1 Control signal andtracking error models

The tracking error and motor torqyeeovide moredirect indicators of aCNC machinetools motion
performancéand manufacturing accuracgmdutilization compared using the classikalematic limitsof

velocity, acceleration, and jerd:he NLP optimization problem stateth Eq. (3-37) includes direct
constraints on motor torquer voltage commandent to the motor amplifiers)) andthe servo tracking

error (Q. Like kinematicconstraintsthese constraintaustbe calculated gboint along the toolpath and
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sufficiently close intervalsA given trajectory willtypically result in different torgue commands and
tracking erros on differentmachina. Thus, @rameter identification isequired angberformed to quantify
the relationship between thecommanded trajectory profile, and the resulting motor torque and servo
accuracy responseshis is typically achievedy executing a movement on the target machine, and
recording the velocity, acceleration, jerkptor torquecommand and tracking error for each axiand
applying suitable model identification techniques.
The notor torquedemanctan be represented by approximating the CNC drives as an inertia element subject
to viscous and Coulomb friction, as shown by. (3-39). This openloop model neglects the transient
dynamics contributed by the feedback servo controliervever, these dynamics (except for stitip
friction) are typically not excited when smooth trajectories are used. In the equadissif ), viscous
friction (&), torque offset @) (due to preload or balancing), and Coulomb frictigh ( ;) can be
identified using Least Squares (L&timation[63] on theexperimental dataollected during trajectory
tracking Eq. (3-39) appliesseparately to each axassuming that they are inertially decoupled

6 a o o 0 Q ji Qe (3-39)

The tracking error can be approximated as a linear combination of the instantaneous velocity, acceleration,
and jerk commandg» fo fro) as shown byEq. (3-40), by assuming that the feed drive dynamics are
predominantly rigid and do not contain poorly damieel., oscillatory)poles thatwhich significantly
influence the servo response. Harg,0 , andy are model parameters that can be identified using the LS
approachQ is recorded tracking error from the CNC machine.

Q Op® VRO UVROW (3-40)
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Figure 3-9: Router machin¢ool used in the experiments

The tedbedmachine, a @&xis router as seen Figure 3-9, was used to record torque and tracking error
profiles during a short movementhe parameterdor the models in Eqg3-39) and (3-40) were then
estimated, andalidated byreconstrudghg the motor torque and tracking error signdlse result ishown

in Figure3-10.
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Figure 3-10: Results ofa parameter identification routine

The control signal predictions arevary goodagreementdowever, he prediction of tracking errpwhich

is much more sensitive to minute effeetsd nonlinearitiesis limited in accuracy by the nature of the
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experimental setupThe setup used is law-costflatbed router with large amounts of frictiofin the
guideways andallscrewinut interfacg, backlash i(e., motion loss lead errors (positicdependent
harmonic transmission erroand flexibilities (originating from the mechanical franaed assembly and
also thedrive system(including the beltdriven connectionsbetween the motorand ballscrewnuts
mechanisms These alcontribute to imperfectiaand unmodeled effects the motion deliverywhich
become more significant at the micréevel and lead to observed deviations from ginedictions ofEq.
(3-40). For example, several of the large peaks in the tracking error pleiguire3-10 correspond to zero
velocity transitions in the testing trajectory, at which stitip friction (currently not considered in the
model)becomes significanHowever, inhigh-endCNC feed driveswhich havemuch less frictiorand are
constructed withmuch morerigid components andonnectionsit has been shown that theasistatic
tracking error modeh Eg. (3-40) actually yieldsfairly accurate prediction89], [64]. Therefore, in spite
of the mechanical disadvantages of the experimental setup that was useddregror model ikq. (3-40)
has been adopted and used in this thesis.

Table 3-1 and Table 3-2 show theidentified parameters used isimulaton and experimentastudies

respectively.

Table3-1: Parameters used in simulation case studies.

X-axis Y -axis
0 popm PR LU pT
® X pT oRQ T p T
@ p& Y p PP W p T
Q c@popm PE P pT
0 T8 wpTm gty pt
0 pROW p T PR ¢ p T
0 V8 TT P TI PRI T p T
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Table3-2: Identified parameters of router machine used in experiment.

X-axis Y-axis
0 PRT p T PP L p T
® vdt @ p T o8 Y p T
& P T p T P C p T
Q T80 pTT pRT pTI
0 VBT pTI C®O pTI
0 p8 v p T pg v p T
0 XX pm BwpTm

3.6.2 NLP Method | - Sequential quadratic programming (SQP)

The basicSQPalgorithmis described irSection 2.3.2.2The iterates of this algorithm are computed by

first solving for the Hessiafsecond derivativenatrix of the Lagrangian of the problethe latteiwhich

is a modified objective function that integrateguality constraintsUsing the Hessian, the quadratic
approximation of the objective function is created. Then, the quadratic program is solved. This solver is
able to deal with infeasible iterate# the solution of the QP is infeasible according to the constraints, the
solver will go back and try agawith a smaller step sizélowever, in experimentation, it was found that
infeasible starting conditions will cause the solution time to incre@peficantly 1 up to 5 timesin
comparison to starting with a feasible guess

This algorithm computes full matrices of theoblem|I n t he best of ttdees@ut hor 0
make adjustments that take advantage of sparse matrices. Implementation of the windowing solution is
therefore essential to the use of this algorjthnd the solution becomes very slatven trying to solve a

long toolpathHowever, he efficiencyof SQP can bancreased by providing a neaptimal starting guess,

which the LP solution is able generate

3.6.3 NLP Method Il - Interior point algorithm (IP)

In some cases, the SQP algorithm was prone to fdilfioe examplejf a nonfeasible initial guess was

arrived atnumerical errorpassed on from previous computational st@jpere were also instances with

long toolpaths when the SQP, in an inexplicable marfaded to convergelo overcome this drawback,

the interior point algorithm waalsoimplementedor feed optimization.

The concept of interior point algorithms is descrilbeSectior2.3.2.2MATLAB6 s i nt er i or poi nt

implements logarithmic barrier functions aalternates betweadterative stepso solve this function, and
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the modification of thebarrier function parameteihile this algorithm is separate from the SQP
implementation, ialso internallyuses SQP isome of itssolution steps.

Unlike in the SQP algorithm, this problem operates using sparse approximations and sparse linear algebra
T this allows for the capacity to solve problems using large, sparse matrices. This would be a significant
advantage if a single orshotsolution to the NLP problemagdesired but is not needeid the windoved

solution presented in this thedisthe developed algorithm, IP has been implemented as a secslosaay

but more robust solution, in tharecase the SQP algorithm fails to successfullpverge. The user has to

manually select which NLP method is to be used.

3.7 Coordination of boundary conditions and additional numerical considerations

Theprogression parameteshich must be set in theveralloptimizationalgorithmare as follows:

Table3-3: Progression parameters for the dual windowing feed optimization algorithm.

LP specific NLP specific
Totaltoolpath length 0 (distancewith i control points
Window size W W
Overlap size 0 0
Corstraint meshing factoi.e. number of 0
constraint evaluation points per control po

ConsideringFigure 3-1, the window sizeswwo andw , are assigned based oertainfactors:1) An
excessively small window will be computationally inefficient and may not reach the actualvable
optimal feedrate2) An excessively large window may cause the optimization to fail, or exceed the available
computational memory (which varies depending omptadormused to compute the optimization).

Note thatmost ofthe parametersn Table 3-3 are referred to in terms afistancealong the toolpath.
However, intheimplementationtheseparametergarerepresented in terms ofteger numbers of control
points. Thus, all valuesf 0, &, andd must be integer multipgof the knot spacing distan&®

The overlap sizesi andd , have similar considerations. If the overlap is too small, the feedrate will
be suboptimaht the connection points between windoivkis is because boundary condition influences
causing the feedrate to drop to zero or small vali#isbe inevitable.If the overlap is too large, the
computation time will bexcessiveaslong and overlapping portioms the trajectory will be unnecessarily
reoptimized.The minimum overlap is computed based on wuestcasedeceleration distance of the
machine based on the maximum kinematic parameféng ceceleration distance farmachineaxisfrom

its maximum velocity is given ikq. (3-41), which is derivedn detail inAppendixA.2.
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. (3-41)

Lo w2
o a o Q Q
P w 0 o w

-0 = — QW —
e Q () Q

The minimum deceleration distance is computed sepafatedach axisThen, the largegineis used to
determinghe minimum window overlagistance From this, a minimum window siz&n be expressed in
control pointsasr) usingEq. (3-42) wherei is the number of control points in the trajectarys the total
toolpath length, and is anapplied safety faor (for instance| ¢ will enforcethatthe
overlapmust be twice as long #iseexpected deceleration distajhce
qo & IG (3-42
The LP overlapd |, requires additional consideration, as showRigure3-2. This overlap occurs at the
boundary between NLBptimized and LRoptimizedonly solutions, which have different constraints.
Once the nonlinear optimization has been perforbasgd orservo error and motor torque constrajtiie
solution will likely no longer be a feasible solution to the LP problhich considers velocity,
accelerationand pseudgerk constraintsWith infeasibleinitial boundaryconditions, theeonseative LP
optimization step would faillhe use of a Bpline feed profile ensures thaeboundary conditions remain

feasible for the LP at the beginning of the next LP step, as shavigure3-11.

fixed boundary condition
imposed on NLP, inherited
from the LP solution

final boundary condition
on LP solution, zero feed

4= Gnar J = Jmazx \

T < Tia e < §=0
! ° ! 2 ! : : A: NLP co toll point:
| 1 | 1 contrt Ints
! ! ! NLP pause | O LP control points
: . : . : buffer zone : '
PN | : |
/ e \
A S S | | |
¥l AR 1 1 1 1
an o | | | |
P A RN . I |
p 1 < 1 L0 LA 1 |
P (A S 1 PRGN PP il S ]
- L= - 1 - ~ 1 1 = | B— Y x =]

| [P+NLP completed |
[ LP completed |

Figure 3-11: Boundary condition enforcemeat window boundaries in LENLP windowing optimization.

The minimum size of the pause boundary is related specifically to the order e$ghie@feedrate profile.

In a B-spline function of order&, anyindividual B-spline will have a range of, h . Using Egs.
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(3-6),(3-12), and(3-13), it can be seen that the effect of any quad&tsplinewill be limited to the space

between four knots hencethe length othe NLP pause buffeangewould have to be at leasiQ

3.8 Time-domainreconstruction

The solution obtained from the dusindowing algorithm isa feedrate profilexpressed in terms of arc
length i i , as well as functions that map a given valué tf its correspondingddtx coordinatesThis
must be converted tarc displacement (0 ) andfeedrateexpressed in terms of time ¢ ), in order to be
interpolated andent as aiscretetime motioncommando the servo controllersiltimately asn 60, w 0,
anda o .

Eq. (3-43) defines the relationship betweemndi, which depends on the feedratdn this work, it has
been solvedising thirdorder Taylor series expansion.

p

3-43
o i—’Q i (3-43

Third-order Taylor series expansion was selected because the second and third derivatizes already

been computed during the optimization.

The process of time reconstruction is described as follows:

1. An array of desired time values is created. In this @set of points with a constasampling period
“Y are used, which is the most common form in sampled motion control systems

2. The process will fail at any point whéni, andi are allsufficiently close to zerdlo avoid this, a
minimum thresholdor i is selected and arparts of the trajectory with feedrates below this threshold
are mar ked aAsmbdttrapcdokies startartd endl at zero velocity, the beginning and end
of the toolpathare expected to Hereakpoints.
If starting from a breakpoint: the firatc displacementill be zero, plus somsmalloffset.
At this point,the following values are know: (arc displacemerdt sampleQ, a B-spline profile
defining the feedratat any given positigrand a desired time interva,
Values of the derivatives Q,i Q,i "Q are computed at treample’Q

6. Thetime andarc displacemerfor sampl€Q p, 6 Q ph Q p arecomptedusingEgs.(3-44)

and(3-45).
6Q p o7Q Y (3-44)
i p (7Q i7QY gi QY %i QY (3-49)

7. Thisiterationcontinues until reaching either the end of the toolpath or a designated breakpoint.
8. If abreakpoinisreached t h e n feetrateo § & asehie Beginning applied before continuing

as before.
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Sample resultor reconstruction of tharc displacement (and thieed profile in the time domairs shown

in Figure3-12. The optimization outpuiRi is converted to a set of sample poirds at the desired time
intervals which would ultimately besent as displacement commands to the parametric toolpath
interpolation algothms (i.e.,® wi 0 ,®w i 0 ,a ai 0 .Forthe purposef verification,in

this sample an additional step was perforrimedrhich thefeedrate profile was generatad a function of

arc displacementand these twdphase plane and tirdomain reconstruction data) weoserlaid for
comparison on the bottom plotleigure3-12. As can be seen, there are onégligible differencebetween

the two, which can beeduced further, if needed, if applying smaller time steps

|Optimization Output

Quadratic B-spline profile

(‘W/\J\—M\\ in arc-length domain
$=f(s)

Arc Displacement (mm)

Taylor series

Feedrate
(mm/s)

|Time Domain Reconstruction

Set of sample points
in time domain

(t,3)

Feedrate
(mm/s)

Time (s)
arison with Optimization Output Verification of sample
points

(\HUWT (t, 5)—> (s, 3)
i = f(s)

Arc Displacement (mm)

(@)
o
3
o

Feedrate
(mm/s)

Figure 3-12: Verification oftime-domain reconstructioof a arc displacement profile

3.9 Simulation benchmarks
The results ofpplying the proposedualwindowedfeedoptimization are shown iRigure3-13. A hand

shapedsampletoolpath ischosendue to its familiarity and variety of large and small curvatufds
feedrate is displayed by varying colour throughout the toolpatthitionally, plots of the constrained motor
torque and tracking error are provided below the toolpashcan be seen, the constraints are satisfied
throughout the toolpathThe @timization was performed using the parametersTable 3-1. The
acceleration and jerk limitgeredetermined followinghe procedure in Sectid4.], to ensure that the LP

solution would also be feasibfer the NLP prdlem. The resulting constraint limits are shownTiable

3-4.
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Table3-4: Constraints applied in simulation case studies.

X-axis Y-axis
Maximum velocity[mm/s] 150 150
Accelerationmm/s] 500 3340
Jerk [mm/§] 63000 156000
Control signalV] 10 10
Tracking error [mm] 0.2 0.2
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Figure 3-13: Results of an optimization procedure

This case reveals several notable features of the optimization strategy:

1

As predicted, the feedrate is faster dutongy,low-curvaturesegments and slows down dursegtions
with tighter curvature.

Theoptimization trajectory can sometimes reach a very high feetiratay be desirable to implement
a feedrate limitation constraint as wdlg., to keep machining forces limitedhis is possible using

both LP and NLRtrateges although it was not implemented in teisample
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1 The torque and tracking error are within the constraint envelpestraint violations due to numerical
error in time reconstruction do occur, but the violation sizes are less than 1% ofghedssaximum

and are not visible on the constraint profiles.
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Figure 3-14: Comparison betweelnP (left) and LP+NLP (right) feed optimizatiomptimizations
A comparison between the tdhly algorithmand the LP+NLP algorithrwas made and is presented in
Figure 3-14, with computational time and movement time results present&dhle 3-5. In the LRonly
casg(left side ofFigure3-14), the axis velocity, acceleration, and jerk limits are @sedn indirect method
to constrain theontrol signal andervoerror.In the LP+NLP implementatior(right side ofFigure3-14),
the control signal and servo error are constraih@dn be seen that this ultimategduces the motion time
by 29.7% beyond the result obtained with only W#Athout exceeding these prescribed limiHgwever, it
is also important to acknowledge the increased computationalaroend 3fold), in exchange for the
improved motion performance.
It can be seen that in theakis, the profiles otontrol signal andracking errorcloselyresemble each
other. This is caused by the weighting of kirematic profiles in the identified parameters of the models

for 6 andQ in which for the particular machine, both show strong correlation teetbeity commands
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Table3-5: Computation time and movement cycle time for LP vs LP+NLP algorithms.

LP only LP+NLP
Computation time (S) 3.47 11.94
Movement time (s) 19.00 11.80

One of the strengths of the dwsindowing approach is thétenables the processing iafiefinitely long

toolpathsin a forwardmoving (i.e., streaming) manner, similar to the architecture of an industrial CNC
Both types of optimizatiofLP and NLP)are performed along the toolpaih a carefully coordinated
manner An example otesting the proposed optimization otoagertoolpath isshownin Figure 3-15.
This sample toolpath has a lengthl8500 [mm] andwasprocessedising4000 control points and0000
constraint evaluation pointbloting that on a &xis machineLP+NLP require 27 inequality constraints
to holdat each evaluation poifite., (1 velocity, 2 acceleration, 2 pseubok, and 2 control signal and 2
tracking erroy x (2 axes), this translates t640000inequalityconstraints.

Due to memory limitations on the optimization computer, the computation time was donghe
optimization was overall successfubmall ®nstraint violations due to numerical error in time
reconstruction did occur occasionally, as can be seen in the constraint fliggreB3-15, but outside of
these errorsthe constraints remain within their prescribed limitgajectories of this length can be very
computationally expensiv&he applied velocity, acceleration, and jerk limits are equal to thoBalle
3-4. The control signaind tracking error limitsised werdO V and 0.@ mm, respectively.

The computation and motion time are provided able 3-6.
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Figure 3-15: LP+NLP optimization of longr toolpath

In comparison, the LIBnly optimization of the same toolpath is presented béldwigure 3-16. The LP-
only optimized trajectory is much longertime, approximately twice thenovement time of the LP+NLP
optimization.Small, brief constraint violations continue to ogaaused byhetime-domainreconstruction
(discussed further in Secti@n?). With the exception of these, the tracking error and motor towryesn,
stay weltbelow the limitsdue to thaise ofmore conservative velocity, acceleration, and jerk constraints.
It can be verified that the velocity, acceleration, and jerk limits were set to their maximum possible values,
to notviolate the control signal and servo error constraints. However, due to the conservativeness this brings
(from the triangle inequalityXhecontrol signali.e., motor torqueand tracking error capacity are clearly

underutilized, thus resulting in longer motion time.
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Figure 3-16: LP-only optimization of longr toolpath.
Table3-6: Computation and motion time of very long toolpath.
LP only LP+NLP
Computation time (s) 37 353
Movement time (s) 117 80

This can be more clearly analyzed by consideringrtmact of limitingd andQ indirectly by capping

the magnitudes ofelocity, acceleration, and jerk:
Vs 0fak (3-49)
G I8 OTE Ws Q

d Wj Ag WO Ag WS Q

BDsS dw DO O Q Rl QQe
O Ag

(3-47)
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When the numerical values azensidered
A Of Ag DU Ag WS Q 7 Ofiap (3-48)
1.25x107%-3.34 x 10® +3.8x1072-1.5x 10> +1.19x 107> +1.31 x 107" = 10
OUrh O ag Vi Tiag Or Dias Qiao
| —1.8x1073]-1.56 x 10° +]1.52x 107°|-3.34 x 10° +(8.07 x 10™°|- 1.5 x 10* = 0.02

2.82 x 1073 5.08 x 1073 12.1 x 1073

ConsideringEgs. (3-46 and (3-47), while the termsd & w® @ Q i Q@ and U\ ®

0 p® U j® representhe actual magnitudes of control signal and servo error that must be limited, the
latter expressions to the righéind side of these termghich are more conservativ@ssume the worst case
scenarios This is convenient for mathematical purposémit not fully realistic. For example, jerk,
accelerationand velocity do not always have the same sign through a toolpath (which is what is assumed
when computing their limit&Y 4 40§ a2 i A gised for LP) Thereforetherewill be instances where
largervelocity and acceleratiamagnitudegsan be usedf they have cancelling signs in the torque equation
(e.g., decelerating during positive velocitgmilarly, the values ofy wy andware never simultaneously

at their maximum limitsalthough0 5 40 & 42 A @&re computed considering théstreme situation
Thus, at many instancebrbuglout the toolpath, the feed profile can be modulated so that the terms
GO O O Q Fi Q@ andVirw Ui U yo stay within their prescribed limits,
while theindividual profiles ofay ¢y andimayexceed) j 4 05 4 2Nd Qg 4 Fespectively This is the
keyreason that LP+NLP, whidacilitates direct limiting of the nonlinear constraints daandQis able to

yield a faster trajectory and shorter motion time over LP.

3.10 Experimental results

Experimental validatiomasperformed onthethreeaxis routeras seen ifrigure3-9 usingair-cut testsif
which the tool moveshrough the specified trajectory without any material being. &uch feedrate
optimization igparticularly suitedor operations with low cutting for¢such as finisimachiningin which

theservo errorareinducedprimarily by thetrajectory commandand not thdightweight cutting forces
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Themachinetool is driven bytwo x-axis drives, one on each side of the machimaying the gantryThe
singley-axis drive which runs across tigantry The drives are ball screw type-éxes:rotating nut, y

axis: rotating screjy with synchronous belt mechanispreviding the linkage between the motors.

When obtaining experimental results, taxis tracking error and torque model were predicted based on
one of thex-axis drives. The verticat-axis was not fully functionaht the time of conducting the
experimentsand thereforgvas not usedrhe parameteiigentified and useih the experiment are presented

in Table3-7.

Table3-7: Constraintsconsidered in thexperimental trajectory generatidar therouter.

Velocity [mm/s] 150
Acceleration [mm/A 500
Jerk [mm/§] 10000
Tracking error [mm] 0.018
Control signal Y] 8

Figure3-17 presentsheexperimental resufbr testing the hanghaped toolpath shown figure3-13. The

limits constraint limits werenodified to match the limits of the experimental setup.
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Figure 3-17: Experimental result of hanshaped trajectory withP+NLP dualwindowed optimization

During the experiments, the tool was observettaeel smoothly along the assigngeth speeding up
duringlong and low curvature portions astbwing downat highercurvature sections.

The control signal plot (bottom right éfigure 3-17) shows accuratexperimentalreproduction of the
predicted motor control signélthe signal is successfully constrained to within the applied lim# \6f
(with very small violations due to the noise of the recorded signal)

The tracking error plofbottom left ofFigure3-17) showssome discrepangylue to the factors explained
at the end of Sectio® 6.1, originating from thenechanical imperfections of tieotion transmission in the
experimental setup, such as heamg noruniform stick-slip friction, backlashlead errorsand structural
vibrations.The actual and predictettacking erros areshown infurther detailin the zoomed in plot in

Figure 3-18. The measuredervoerrors shownoticeably higher peaks than the predictiasich in the
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experiments does cause some violatbthe error constraint®evertheless, majority of the trenids the
servo erroa@re still captured, especially for theayis which is more rigid compared to thexis.

Figure 3-18: Predicted andexperimental tracking errors from the router

Thetracking errormodel(described irSection3.6.1) is based on Anear combination ofhe commanded
velocity, acceleration, and jerk. It does not account for the contribution of staticgtickriction and
other nonlinearitiesyhich makesignificant contributios to positioningerross in this caseHowever, he
linear model works very well for higand machine tool drivg89], [64], which have much lower friction
influencecompared to inertial forces, better motion transmissamd, also are more rigid by natura. |
futureresearchto improvethe prediction accuracy for machines with large friction, an extended model can
be developed which includes analyticabpproximatiorof the anticipatedervo erroiprofile contributed

by additionalstick slip friction.However, n the context of validating the developed LP+NLP method, the
experimental results frorthe routerare promising in terms of demonstrating theffectivenesof the
proposednew trajectory generation metha#ilso, the prediction and limiting of motor torque is very
successful.
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