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Abstract

Soil-Structure Interaction (SSI) analysis is required in structural dynamic analysis under

seismic excitations in the current standards, and it significantly influences the Floor Re-

sponse Spectra (FRS), which are used in the safety assessment for the secondary systems in

nuclear power facilities. A direct spectra-to-spectra method is well developed to generate

FRS in fixed-base models efficiently and accurately. Thus it is necessary to address SSI effect

and integrate it into the free field motion as the seismic input for the fixed-base model.

For the fully or partly embedded nuclear power reactors, earthquake excitations come from

both bottom foundations and external structures. In this case, the foundations and external

structures behave like a foundation system with seismic input at multiple supporting points.

The objective of this study is to develop an approach to address SSI effect considering

the foundation flexibility and spatially varying ground motions. A substructure method

is analytically derived to convert the three dimensional free field motion, i.e., Foundation

Input Response Spectra (FIRS) given by site response analysis, into Foundation Level Input

Response Spectra (FLIRS). The latter can be used as the seismic input in the direct spectra-

to-spectra method to generate FRS considering SSI. Only FIRS, dynamic soil stiffness,

mass matrix, geometry of the structure, and basic modal information, including natural

frequencies and modal shapes, are needed. Both flexible and rigid foundations are con-

sidered under the excitation of spatially varying ground motions or uniform seismic input.

Furthermore, parametric study is performed to examine the influence of the foundation

flexibility on SSI analysis and the resultant FRS. It is observed that FLIRS and FRS are am-

plified significantly due to SSI effect. This amplification is more severe and the associated

frequency is smaller with a more flexible foundation.

A semi-analytical method is proposed to generate dynamic soil stiffness of rigid founda-

tions and flexible foundations. Given the soil properties, the Green’s influence function is

formulated analytically from wave propagation functions. And Boundary Element Method

(BEM) is employed to determine the dynamic stiffness of foundations with arbitrary shapes.

The resultant 6M�6M dynamic soil stiffness matrix is then used as the generalized soil

springs in the proposed substructure method.
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This study presents a fully probabilistic method for addressing the uncertainty resulting

from seismic input and soil properties in the generation of FRS. A large number of FLIRS

are developed by Monte Carlo simulations, which enables the uncertainty to be propagated

from site response analysis to SSI analysis consistently. Then a uniform hazard FLIRS is

obtained. Compared to the approach specified in current codes, the uniform hazard FRS

lowered the seismic demand significantly to provide a more economical solution for seismic

design. Meanwhile, it overcomes the underestimation of FRS by current method in some

frequency range. A realistic and continuous distribution is proposed for shear wave velocity

(Vs ) to replace the current application. Sensitivity study is performed on the correlation

coefficient and the standard derivation of Vs. The results show that these two parameters

do not influence much in uncertainty analysis.

Based on the proposed method, SSI analysis is performed in a realistic model to develop

uniform hazard FLIRS for performance-based seismic design, and the direct spectra-to-

spectra method is extended to generate safe and economical FRS considering SSI.
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1C H A P T E R

Introduction

Earthquakes are natural disaster influencing human life and properties significantly. An

earthquake can disrupt the structure directly by causing a structure failure or shaking the

ground supporting the structure, and damage the secondary system as shown in Figure

1.1. Nuclear power plants (NPPs) design pays more attention to earthquake excitation

than other types of structures because of the severe consequence. After the accident of

Fukushima Daiichi nuclear power plant in Japan caused by Tohoku Earthquake in 2011, the

seismic design of NPPs raised more awareness in North America. Currently, 15 percent of

the total electrical power comes from 19 NPPs in Canada, and 19 percent from 104 NPPs

in the USA. In order to guarantee their safety, the response of NPPs under earthquake

excitation need to be well researched to prevent their damage or failure.

Secondary systems, including electrical systems, mechanical systems, control systems,

etc, are structures, systems and components (SSCs) which are attached to or supported

by primary systems, such as buildings. During earthquakes, secondary systems are even

more vulnerable than primary systems in NPPs. The failure of secondary systems not only

causes economic loss, but also threats human lives (Bozorgnia and Bertero, 2004; Villaverde,

2009). The safety assessment of secondary systems in an earthquake relies on the seismic

excitations at its supporters which is determined by both the ground motions and the

dynamic characteristics of primary structures. Thus it is necessary to develop practical and

accurate excitations for the seismic design of secondary systems.
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Figure 1.1 Damaged primary structures and secondary system

In the seismic analysis, it is common to assume that the input ground motion at the

base is equal to the free-field ground motion without structure. For structures founded

on rigid rock, this assumption is justified since the high stiffness of the base can constrain

the structure motion to be close to the free-field one as the left structure in Figure 1.2.

For structures supported on soft soil or with large mass, however, the ground motion

is different from the free-field one due to the change in geometry and properties of the

wave propagation medium caused by the structure. In this case, the structure suffers both

translational and rotational ground motions as the right structure in Figure 1.2. This

effect is called Soil-Structure Interaction (SSI) defined as the interdependence between a

structure and its foundation soil (Villaverde, 2009). That is, the dependence of the dynamic

response of a structure on the dynamic response of its supporting foundation soil and

2



Seismic Input at Bedrock

Fixed Base Soil

Figure 1.2 Illustration of soil-structure interaction

the dependence of the dynamic response of a soil deposit on the dynamic response of the

structure supported by it.

The SSI effect could be important for stiff and massive structures such as NPPs. SSI

analysis is mandatory for safety-related secondary systems in nuclear structures by ASCE

(2000). Based on SSI analysis, the resultant ground motion integrated with local site

effect and SSI effect will be obtained as a basis for the structural analysis and to analyze

secondary design. It can also be used in Seismic Probability Risk Assessment (SPRA) for

seismic safety evaluation of existing power stations, and seismic design of new-built plants.

Besides, the current research mainly focus on the SSI analysis with a rigid foundation.

For Small Modular Rectors (SMRs) fully or partly embedded in the site, the earthquake

excitation comes from both the bottom foundation and the external structure of SMRs. In

this case, the external structure and the foundation perform like a structure-foundation

system undergoing seismic input at multiple points. Therefore, it is necessary to develop

a reliable and efficient approach to provide the seismic input considering SSI effect with

flexible foundation systems for seismic design of secondary systems.

3



1.1 generation of floor response spectra

1.1 Generation of Floor Response Spectra

In secondary systems, there are a large number of SSCs, and their stiffness and mass are

relatively smaller than the primary structure. It is computationally expensive to model

the primary structure and secondary system together, and some problems, such as ill-

conditioning of the stiffness matrix, may arise in the mathematical model of entire structure

systems. Since the interaction between secondary systems and their supporting structures

are negligible due to the relatively small mass of SSCs, a decoupled approach, floor response

spectrum approach, is usually used in seismic response analysis: secondary systems and

primary structures are analyzed separately (ASCE, 1978).

In floor response spectrum approach, the dynamic analysis is firstly performed for the

primary structure without considering the secondary system under seismic excitation. The

response of the supporting structure, such as floors and walls where secondary systems are

attached, as Floor Response Spectra (FRS).Then FRS is utilized as the seismic input for SSCs

analysis. In this decoupled approach, the change of SSCs only leads to reanalyze secondary

systems, and dose not influence the primary structure, which improves the efficiency of

engineering design.

Two methods are proposed to generate FRS: time history analyses and a direct spectra-

to-spectra method as shown in Figure 1.3 (ASCE, 2000).

❧ In the time history method, the spectrum-compatible time history with a target

Ground Response Spectra (GRS) is taken as the seismic input for the primary struc-

ture. Then the time histories at the desired location is obtained for the seismic design

of secondary systems. Since the real ground motion is unavailable, and the input time

history is artificial, there are significant variabilities in the generation of FRS by this

method (Chen and Soong, 1988; Singh, 1988; Villaverde, 1997). In order to provide re-

liable FRS, a large number of spectrum-compatible time histories are needed, which

means the variability of FRS is involved and it is time-consuming.

❧ For direct spectra-to-spectra method, GRS is considered as the seismic input directly.

FRS is obtained analytically based on the input GRS and the modal information of the

4



1.1 generation of floor response spectra
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Figure 1.3 Time history method and direct method to generate FRS

primary structure, e.g., natural frequencies, mode shapes, and modal participation

factors. Therefore, the variability is avoided and the efficiency is high.

In the traditional direct spectra-to-spectra method, FRS can not be determined accurately

under the tuning cases, i.e., the frequency and damping ratio of a single degree-of-freedom

(SDOF) oscillator is equal to those of a SDOF supporting structure, which accounts for the

uncertainty of FRS resulting from ground motions (Li, 2015). In order to generate proba-

bilistic FRS, t-Response Spectrum (tRS) is proposed to illustrate how tuning cases influence

the uncertainty of FRS by Li (2015). The tRS represents equipment-structure resonance or

tuning corresponding to a specified GRS. Based on numerical simulations with a wide va-

riety of selected two dimensional ground motions at different sites, it is demonstrated that

tRS is almost independent on site conditions in the horizontal direction, while the influence
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1.1 generation of floor response spectra

of site conditions can not be neglected in the vertical direction. Therefore, a statistical

relationship between tRS and GRS is established in horizontal direction for all sites, and

vertical relationships are obtained at hard sites and soft sites, respectively. The resultant tRS

are effective for any GRS in the valid coverage, including design spectra in USNRC R.G. 1.60

and NUREG/CR-0098, UHS in Western North America (WNA). Besides, amplification

ratio method is developed to calculate tRS under seismic input with high frequency spectral

accelerations, e.g., UHS in Central and Eastern North America (CENA). With the proposed

method to generate tRS, exact FRS considering uncertainty from GRS can be obtained by

the direct spectra-to-spectra method.

A new direct spectra-to-spectra method for generating FRS in three-dimensional struc-

tures is developed by Jiang et al: (2015). In this method, seismic response of a SDOF

oscillator supported by a SDOF primary structure is derived at first, and tRS is employed

for the tuning case. Based on Random Vibration Theory (RVT), a new modal combination

Figure 1.4 Direct method for generating FRS
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1.2 soil-structure interaction

method for generating FRS, i.e., FRS-CQC, is then proposed to represent the correlation of

responses between SSCs and the associated primary structure with closely-spaced modes,

by which a SDOF oscillator supported by a multiple DOF primary structure is considered.

As a result, FRS can be obtained from input GRS and the modal information of primary

structures which is calculated by a typical modal analysis. The general procedure of this di-

rect spectra-to-spectra method is illustrated in Figure 1.4. In this direct spectra-to-spectra

method, accurate FRS in the perfect-tuning and near-tuning cases can be generated for

conventional Newmark-type GRS and UHS with high frequency spectral accelerations by

tRS. Through FRS-CQC combination, FRS in complex three-dimensional structures under

tri-directional seismic input can be developed with closely-spaced modes.

In this direct method, the mathematical model of structures is a fixed model which can

not deal with SSI effect. Hence, SSI analysis should be conducted to integrate the SSI effect

into GRS, which extends the direct spectra-to-spectra method to generate FRS considering

SSI.

1.2 Soil-Structure Interaction

Modern SSI analysis can be traced to 1970s (Veletsos and Wei, 1971; Luco and Westmann,

1972) starting from an equivalent single-degree-of freedom system method (Kausel, 1984).

Currently, SSI analysis are usually performed by two kinds of methods: complete method

and substructure method.

1.2.1 Complete Method

In the complete method, a part of the surrounding soil deposit called near field soil and

the structure are modeled as a single system, soil-structure system, and analyzed in one

step based on the seismic input as shown in Figure 1.5 (Wolf, 1985; Bielak and Christiano,

1984). This model is always based on the Finite Element Method (FEM), and the system is

discretized into finite elements. Since the soil deposit is actually an unbounded continuous

solid and cannot be modeled by finite elements, an artificial boundary is needed to get

7



1.2 soil-structure interaction

Artificial
Boundary

Near Field

Far Field

Structure

Outside Seismic Input

Inside Seismic Input

Figure 1.5 Finite element model for SSI complete method

the near field soil separated in SSI analysis. The response of each node can be solved by

performing the finite element analysis.

The analysis of the soil-structure system can be performed in frequency domain or time

domain. For analysis in frequency domain, the input ground motion is first transformed

to frequency domain by Fourier transform. Then the response of system is obtained by

multiplying the transfer function. Based on the same transfer function, the response for

different input ground motions can be easily obtained. The frequency domain method

assumes the systems are linear and an iterative analysis is needed for nonlinear system to

get stain-compatible properties. In time domain, the response is solved by a step-by-step

integration and the nonlinear properties are considered. Since some input parameters, e.g.,

artificial boundaries, are frequency dependent, an iterative procedure is required.

When establishing the artificial boundary to make the system bounded, one needs to deal

with the reflected waves by the boundary which do not exist in actual unbounded soil. One

method to treat the reflected waves is to make them absorbed at the boundary. This kind of

boundaries is called Absorbing Boundary Condition (ABC).

The first ABC is viscous boundary. In the viscous boundary, the viscous dampers are

added to absorb the waves without any reflection. It behaves as simple dashpots and was em-

8



1.2 soil-structure interaction

ployed by Lysmer and Kuhlemeyer (1969). Then a model based on paraxial approximations

was developed by Clayton and Engquist (1977) for elastic wave propagation problems. Some

other models (Higdon, 1978; Higdon, 1991) relying on the same approach were proposed for

different problems. These techniques can be combined with the approach based on layers of

damping materials to eliminate the reflection on the artificial boundary. Since the viscous

boundary only deals with waves coming from a certain direction. A new boundary was

proposed to absorb reflected waves in up to 2 directions by Higdon (1990). Then Collino

(1993) developed the first high order ABC which increased the accuracy of ABC and was

able to be used in numerical simulations (Givoli, 2004). The high order ABC usually led

to long-time instability issues which was overcame by a new ABC proposed by Baffet et al:

(2012). The Perfectly Matched Layer (PML), which can absorb all incoming waves without

any reflection, was developed by Berenger (1994), and was applied in dynamic problems

by Basu and Chopra (2003). Compared to high order ABC, PML is more convenient to

implement in engineering domain (Rabinovich et al:, 2010).

Another choice of the artificial boundary is Infinite Elements (IE). The IE was presented

by Ungless (1973) to account for radiation condition at infinite far field. This approach

combines the shape functions of the FEM framework with oscillatory decay functions

which can simulate the asymptotic behaviour. Bettess (1977) and Astley (1983) developed

different decay functions for different wave propagation problems. The main drawbacks

of this approach is that some parameters, e.g., the decay function, have to be evaluated by

analytical solutions or empirical results (Mesquita and Pavanello, 2005; Shah et al:, 2011).

In the complete method, the procedures are simple, and much computational effort and

time are needed to work on the system with a large amount of degrees-of-freedom.

1.2.2 Substructure Method

In the substructure method (Gutierrez and Chopra, 1978), the structure and the soil deposit

are considered separately at first so that these two substructures can be analyzed by suitable

methods.

The coupled soil-structure model is shown in Figure 1.6. Let Us be the absolute displace-

ment vector of the superstructure while let Ub be that of the foundation. The subscripts

9



1.2 soil-structure interaction

Ss
ss Us

Ub

Ug
b

Ss
sb, S

s
bs

Ss
bb

S
g
bb

Seismic Input at Bedrock Seismic Input at Bedrock

Soil with Excavation
Structure

Figure 1.6 Coupled soil-structure model

�s� and �b� stand for the degrees-of-freedom of �structure�and �base�, respectively. The

equation of of motion for the structure is expressed by
2

4

Sss
s Ssb

s

Sbs
s Sbb

s

3

5

8

<

:

Us

Ub

9

=

;
D

8

<

:

Ps

Pb

9

=

;
, (1.1)

where Ps is the load vector applied on the structure while Pb is the interaction force vector

between the structure and soil. During earthquake ground motion, the structure, except

the part contacting with the soil, are not loaded, which leads to

Pb D Sss
s Us C Ssb

s Ub D 0: (1.2)

For the soil with excavation, let Sbb
g and Ub

g be the dynamic stiffness matrix and the

absolute displacement vector under earthquake ground motion, respectively, where the

subscript �g� stands for the soil with excavation. Pb is determined by the relative displace-

ment between the foundation and the soil as

Pb D Sbb
g .Ub � Ub

g /: (1.3)

Then equation (1.5) becomes
2

4

Sss
s Ssb

s

Sbs
s Sbb

s C Sbb
g

3

5

8

<

:

Us

Ub

9

=

;
D

8

<

:

0

Sbb
g Ub

g

9

=

;
: (1.4)
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1.2 soil-structure interaction

In equation (1.4), the soil-structure system is characterized by the dynamic stiffness of

the structure and soil, and the ground motion on the soil-structure interface. Thus the

system is analyzed by the structure and the soil separately.

In substructure method, the analysis of structure can be conducted by FEM, which is

adequate based on the current technique. It is necessary to generate the dynamic stiffness

of soil deposit, also called soil impedance, which varies with the excitation frequency

and consists of complex values. The dynamic soil stiffness represents the constitutive

relationship between interaction forces and the relevant displacements in three translational

directions and three rotational directions at the soil-foundation interface. Then the results

of two parts are combined to get the response of the structure with input ground motions.

Starting as early as 1960s, numerous research focused on the generation of dynamic soil

stiffness (Kausel, 1984).

An integral equation approach was firstly proposed to develop the analytical solutions

of the vibration of rigid circular foundations supported by elastic half-space (Luco, 1971;

Veletsos and Wei, 1971; Veletsos and Verbic, 1973). Then this method was extended to half-

space with multiple horizontal layers by Luco (1974; 1976). And the performance of strip

foundations were considered under dynamic loads by Gazetas and Rosset (1976). After that,

the dynamic stiffness of embedment foundation with arbitrary shapes was generated for

horizontally layered half-space by a semi-analytical method (Luco and Apsel, 1983; Apsel

and Luco, 1983; Veletsos and Verbic, 1987). For this kind of method, it is computationally

expensive.

Rizzo (1967) developed the Boundary Element Method (BEM) for boundary value prob-

lems of elastostatics. In this approach, only the domain boundaries are discretized and the

number of mesh is reduced. The BEM is well-adapted to simulate unbounded domains,

and the coupling of BEM and FEM is an interesting choice to account for SSI analysis for

many researchers. The dynamic stiffness of a strip foundation, two dimensional foundation,

resting on viscoelastic half-space was derived by Abascal and Dominguez (1986). Based on

BEM, the dynamic response of three dimensional foundation�soil�foundation interaction

on layered soil site was studied by Karabalis and Mohammadi (1991). Estorff and Kausel

(1989) presented a time domain formulation of BEM. Despite much research (Estorff and

11



1.3 local site response on seismic analysis

Prabucki, 1990; Elleithy and Tanaka, 2003) focused on transient BEM-FEM formulations to

solve nonlinear problems, this approach can be formulated in the frequency domain as well

(Wolf and Darbre, 1984) especially for layered medium (Pak and Guzina, 1999). The main

shortcoming of BEM is that it has to consider fully populated (and possibly non-symmetric)

matrices, which leads to much computational effort for large models.

A new kind of semi-analytical method, the Scaled Boundary Finite Element Method

(SBFEM), proposed by Wolf and Song (1995a; 1995b; 1996a; 1996b; 1997), is another

alternative to model the unbounded domain. This approach is based on a similarity

technique (Dasgupta, 1982), and the dynamic soil stiffness is obtained by formulating

the similarity relationships between the dynamic stiffness of the original and scaled SSI-

interface. Recently, Birk and Behnke (2012) applied the modified SBFEM to perform SSI

analysis. In this approach, only the boundaries have to be discretized and no fundamental

solution is required. It can be applied for both rigid and flexible foundations supported by

layered soil site.

The dynamic stiffness can also be obtained by numerical methods, e.g., FEM with

artificial boundaries as introduced in 1.2.1. Besides the aforementioned boundaries to

isolate the near field, the consistent boundary is developed based on the Thin Layer Method

(TLM) (Waas, 1972; Lysmer and Waas, 1972; Kausel et al:, 1975;). At this kind of boundary,

the interaction forces on the boundary are the same as the ones imposed by the far field,

which yields the effect as the waves are transmitted to far field. The weakness of consistent

boundary is that it can only focus on plane strain and symmetric cases.

In the substructure method, the different techniques, i.e., numerical or analytical

method, are allowable for the structure and soil, and it requires less computational effort

and time to perform the SSI analysis. Once the analysis of each substructure are finished,

further modification only leads to repeated computation of the modified part.

1.3 Local Site Response on Seismic Analysis

The topography and soil properties can significantly affect characteristics of the earthquake

ground motions propagating in the soil deposit. When earthquake ground motions propa-

12



1.3 local site response on seismic analysis

gate in a soil deposit, the flexibility of the site makes it vibrate and the motions can be greatly

amplified due to resonant effects. The extent of this influence depends on the inherent stiff-

ness, density, and damping characteristics of the site. On the other hand, the soil dynamic

properties are changed due to the soil strain caused by earthquake. The local site response

determines the free field motion and strain-compatible soil properties. The former is the

seismic input for SSI analysis, and the latter is the essential information for the calculation

of dynamic soil stiffness. Therefore, site response analysis is a precursor to SSI analysis.

To evaluate the effect of local site on earthquake waves, two types of methods to describe

the soil site effect are used: Equivalent-Linear (EL) site response analysis and nonlinear

(NL) site response analysis.

1.3.1 Equivalent Linear Site Response Analysis

In EL method (Seed and Idress, 1969), site response analysis is performed with one di-

mensional vertically propagating shear waves in horizontally layered halfspace. The model

shows that shear modulus (G) and the damping ratio (� ) of soil deposit are shear strain-

dependent, and an iterative procedure is established to obtain the equivalent soil properties.

The EL method analyzes the earthquake wave propagation through the soil deposit in

frequency domain, and assumes that the G and � have constant values during the ground

motion. This method starts with initial G and � for each soil layer. Linear-elastic analysis

is performed and the effective shear strains for soil layers are obtained. Based on the shear

strain-dependent normalized modulus (G=Gmax) reduction curves and damping curves, the

new G and � are evaluated. This process is repeated until the stain-compatible properties

are consistent with the input properties.

This method requires a few input parameters and small computational effort. Several

equivalent-linear computer codes are available, such as SHAKE (Schnabel et al:, 1972),

SHAKE91 (Idriss and Sun, 1992), and Deepsoil (Hashash and Park, 2002).

1.3.2 Nonlinear Site Response Analysis

In NL analysis, the nonlinear behavior of soil during cyclic ground motions and the effect

of pwp generation on soil properties can be represented. These two factors influence the

13



1.4 objectives of proposed research

soil site significantly when high seismicity and soft soils are present. NL analysis solves the

ground motion propagating the soil deposit in time domain. Two types of NL analysis are

used including nonlinear total stress analysis and nonlinear analysis with pwp change.

In total stress analysis, the soil deposit is discretized into lumped mass or finite element.

The equation of motion is written as

M Ru C C Pu C Ku D �M Rug , (1.5)

where M, C, and K are the mass matrix, damping matrix, and stiffness matrix, respectively.

Ru, Pu, and u are the displacements, velocities, and accelerations of the mass relative to the

bedrock, respectively. Rug is the earthquake ground acceleration. The ground motion after

propagating in the soil deposit can be obtained by solving equation (1.5). The influence of

pwp is neglected in this analysis.

For the nonlinear analysis with pwp change, the influence of pwp is taken into con-

sideration in two ways: semi-empirical pwp generation models and advanced effective-

stress-based models. In the former models, pwp generation is calculated by semi-empirical

models, in which the most widely used one is Modified Konder and Zelasko (MKZ) model

by Matasovic and Vucetic (1993; 1995). In the advanced effective-stress-based models, the

pwp is computed as the difference between effective-stresses and total stresses. Then the

effect of pwp generation is included when calculating K in equation (1.5), and the required

ground motion is obtained by performing the total stress analysis.

1.4 Objectives of Proposed Research

The objective of this study is to develop an approach accounting for SSI effect accurately

and efficiently. The specific objectives of this study include:

❧ The frequency-dependent dynamic soil stiffness is generated for flexible foundations,

which bridges the site response analysis and SSI analysis.

❧ The uncertainty in earthquake excitations and soil properties are considered con-

sistently in site response analysis and SSI analysis to provide site-structure specific

amplification factors for performance-based seismic design.
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1.5 organization of this study

❧ A substructure method is developed to conduct SSI analysis considering flexible

foundations under spatially varying ground motions, which combines the SSI effect

with the fixed-base model in the generation of FRS by the direct spectra-to-spectra

method.

1.5 Organization of This Study

In Chapter 2, the RVT-based one dimensional EL site response analysis is reviewed. Based

on random vibration theory, the fourier response spectrum is obtained from acceleration

response spectrum to enable site response analysis to be performed in frequency domain.

In order to address the local site effect, the transfer function from bedrock motion to the

ground motion at any level is derived, which provides the free field motion for SSI analysis.

Meanwhile, the strain compatible soil properties is generated to be further used in the

calculation of dynamic soil stiffness.

In Chapter 3, the substructure method to address SSI effect with rigid foundations

is reviewed. Based on the soil stiffness and structural modal information, a transfer

function is derived to convert the three dimensional free-field motion into FLIRS, which

is then used as the seismic input to the fixed-base model to generate FRS using the direct

spectra-to-spectra method. The frequency dependant complex soil stiffness is utilized in

the application of this substructure method.

In Chapter 4, a semi-analytical method is proposed to generate dynamic soil stiffness.

In the horizontally layered soil model, the three dimensional wave propagation function is

derived based on the boundary conditions. The flexibility functions are then developed

representing the relationship between point loads and the associated displacements in k

domain. According to Fourier series and Bessel transform pair, the frequency dependent

stiffness matrix under a unit load is obtained in frequency domain, which is then utilized to

develop the dynamic soil stiffness under rigid foundations or flexible foundations by BEM.

The effect of dynamic soil stiffness on the resultant FLIRS and FRS is studied illustrating its

significance in seismic design.

15



1.5 organization of this study

In Chapter 5, a fully probabilistic method is proposed to perform site response analysis

and SSI analysis addressing the uncertainty resulting from earthquake excitations and soil

properties. Based on the proposed substructure method, the uncertainty of seismic input

at bedrock, the variability of soil parameters, and the nonlinear behavior of soil properties

are comprehensively integrated into SSI analysis to develop amplification factors which is

employed to generate uniform hazard FLIRS with a specific annual exceedance probability.

According to the current treatment of epistemic and aleatory uncertainty in shear wave

velocity profiles, a continuous and realistic distribution of shear wave velocities is proposed.

The correlation coefficient in adjacent soil layers and standard derivation of the distribution

is studied. The resultant uniform hazard FLIRS is utilized to develop FRS which leads to a

safe and economical demand in seismic design.

In Chapter 6, a methodology is developed to account for the effect of soil-structure in-

teraction with flexible foundations under spatially varying ground motions. The structural

response of a three-dimensional structure under multi-point excitations, three transla-

tional and three rotational directions at each point, is derived, and is expressed by the

modal information of the structure and coupled stiffness matrix between structures and

foundations. Then the transfer matrix, which is determined by modal information of the

structure-foundation system and the generalized soil springs, is developed to modify FIRS

by SSI effect. The modified seismic input, FLIRS, are then considered as the input at multi-

ple points of the fixed-base structure to generate FRS through the direct spectra-to-spectra

method. The parametric study is performed to demonstrate the influence of foundation

flexibility on FLIRS and FRS.

In Chapter 7, some conclusions from this study are presented, and directions for further

research are proposed.
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2C H A P T E R

Seismic Site Response Analysis

Seismic site response analysis has to be performed to obtain the dynamic properties of the

site and develop the modified ground motions due to the propagation of shear waves in the

soil deposit. Therefore, seismic site response plays a significant role in seismic design and

provides strain-compatible soil properties and ground motions at a specific elevation level

to conduct Soil-Structure Interaction (SSI) analysis.

The site response analysis is generally conducted based on one-dimensional elastic wave

propagation in the soil column, incorporating the nonlinear effects of the soil deposit. The

procedure includes two steps:

❧ Development of the input ground motions at reference hard rock.

❧ Calculation of transfer functions and strain-compatible soil properties in the geotech-

nical model.

2.1 Developing Input Ground Motions

2.1.1 Stochastic Ground Motion Model

A theoretical-empirical modelling method is employed to estimate ground motion ampli-

tudes in Eastern North America (ENA) (EPRI TR-102293-V1, EPRI, 1993a). This approach

uses a stochastic ground motion model, which has been validated using data largely from

California, where instrumental records are available over a wide range of magnitudes and
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2.1 developing input ground motions

distances (McGuire et al:, 1984), to estimate ground motion amplitudes in the frequency

band of interest to engineering analysis and design.

For sites in the ENA, a point-source stochastic model is used to determine the total

Fourier Amplitude Spectrum (FAS) FD.M0, R, F / of ground motion displacement due to

earthquake sources

FD.M0, R, F / D E.M0, F / �P.R, F / �G. F /, (2.1)

where E.M0, F / is the Brune point-source spectrum, P.R, F / represents the propagation

path effects, and G. F / is the modification due to site effects. M0 is seismic moment

M0 D 101:5.mC10:7/, (2.2)

where m is the moment magnitude. R is hypocenter distance determined by

R D
q

R2
epi C D2, (2.3)

where Repi is the epicenter distance, and D is the source depth (the perpendicular distance

between the source and generic hard rock surface).

E.M0, F / can be expressed as (Boore, 2003)

E.M0, F / D C M0 S. F /, C D
R�� VF

4 ��s �3
s R0

, (2.4)

where R�� D 0:55 is the shear-wave radiation pattern average over the focal sphere, V D 1=
p

2

is the partition of total shear-wave energy into two horizontal components, F D 2 is the ef-

fect of the free surface, �s and �s are the density and shear-wave velocity in the vicinity

of the earthquake source, and R0 D 1 km is the reference distance. For sites in ENA,

Mid-Continent Crustal Model with �s D 2:71 g=cm3 and �s D 3:52 km/s in Table B-5 of

EPRI-1025287 is used.

S. F / is the source spectrum, which can be obtained from a single-corner frequency

source model as

S. F / D
1

1 C . F= Fc/
2

, Fc D 4:9�106 �s

�

1�=M0

�
1=3, (2.5)

or a empirical double-corner frequency source model

S. F / D Sa. F /�Sb. F /, (2.6)
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2.1 developing input ground motions

where F is frequency in Hz, Fc is the corner frequency, and 1� is the stress drop, which is

taken as 110 bars in Table B-4 of EPRI-1025287. Sa. F / and Sb. F / are given by Boore (2003).

Propagation path effects P.R, F / is given by

P.R, F / D Z.R/ � exp

�

�
� F R

Q. F /�s

�

, (2.7)

where Z.R/ is geometric spreading function, given in Boore (2003),

Z.R/ D

8

>
>
>
<

>
>
>
:

R0

R
, R6R1,

Z.RI/

�
RI

R

�pI

, RI
6R6RIC1, I D 1, 2, : : : , n:

(2.8)

Three-segment geometric spreading operator is usually used in GMPEs in ENA. For ex-

ample, in Atkinson and Boore (1995), R0 D1 km, R1 D 70 km, p1 D 0, R2 D 130 km, and

p2 D 0:5 are used. Seismic quality factor Q. F / is given by

Q. F / D Q0 � F �: (2.9)

For sites in ENA, Q0 D 670 and � D 1=3 in Tables B-4 and B-7 of EPRI-1025287 are usually

used.

Site effects G. F / is given by

G. F / D A. F / �D. F /, (2.10)

where A. F / is amplification factor relative to source depth velocity conditions; in practice,

amplification factors given in Table 2.1 are usually used (Table 4, Campbell, 2003). D. F /

accounts for the path-independent loss of high-frequency energy in ground motions and

can be obtained by (EPRI-1025287)

D. F / D e���0 F , (2.11)

where the diminution parameter �0 D 0:006 is used for sites in ENA. An alternative Fmax

filter (Boore, 2003),

D. F / D
h

1 C . F= Fmax/8
i�1=2

, (2.12)

can be combined with (2.11), and Fmax D 50 Hz may be used for sites in ENA.
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2.1 developing input ground motions

Table 2.1 Site ampli�cation factors from the ENA stochastic model.

Frequency F (Hz) 0.1 0.2 0.3 0.5 0.9 1.25 1.8 3.0 5.0 8.0 14.0 100

Amplification A. F / 1.02 1.03 1.05 1.07 1.09 1.11 1.12 1.13 1.14 1.15 1.15 1.15

Bazzurro and Cornell (2004) demonstrate that soil amplification is virtually indepen-

dent of earthquake magnitude m except when frequencies F are less than initial resonant

frequency Fsc of soil column. A sufficient depth is required to be taken so that Fsc
60:5

Hz to ensure that site response has no influence on frequencies greater than 0:5 Hz (EPRI-

1025287). Furthermore, sensitivity analysis also shows that the difference in the derived

amplification functions for different earthquake magnitudes is minor. Hence, in practice, a

representative earthquake magnitude is obtained from seismic hazard deaggregation (SHD)

with a mean AEP of 1�10�4. If the representative earthquake magnitude is very close to

m 6:5, then m 6:5 is used; otherwise, the actual representative earthquake magnitude is

used.

Given a pair of earthquake magnitude m and hypocenter distance R, and seismological

parameters, FAS at reference hard rock can be obtained from equation (2.1).

2.1.2 Developing Acceleration Response Spectra

Having obtained FAS, Random Vibration Theory (RVT) is often employed to obtain Accel-

eration Response Spectra (ARS) (Kottke et al:, 2013).

Consider a single degree-of-freedom (SDOF) oscillator (with circular frequency !0 and

damping ratio �0) that is mounted on the reference hard rock and under the excitation

of reference hard rock motion in terms of FAS FA.M0, R, !/. The FAS of the absolute

acceleration Ru.t/D Rx.t/C Ruhr.t/ is

�
� RU.!/

�
� D !2

0

�
�H.!/

�
�FA.M0, R, !/: (2.13)

H.!/ is complex frequency response function with respect to base excitation of the SDOF

oscillator given by

H.!/ D
1

.!2
0 �!2/ C i2�0!0 !

:
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2.1 developing input ground motions

Applying the Parseval’s theorem, the mean-square response of the absolute acceleration is

Ru 2
rms D

1

Trms

Z Trms

0
Ru2.t/dt D

1

Trms

�
1

2�

Z 1

0
! 4

0

�
�H.!/

�
�

2
F 2

A.M0, R, !/d!

D
1

Trms

Z 1

0
F 4

0

�
�H. F /

�
�

2
F 2

A.M0, R, F /d F , (2.14)

in which

H. F / D
1

. F 2
0 � F 2/ C i2�0 F0 F

:

By considering the responses of the oscillator and using results from time-domain numer-

ical simulations, Boore and Joyner (1984) proposed to determine the root-mean-square

duration Trms as

Trms D Tgm C To

�
�n

�n C �

�

, � D
Tgm

To

, (2.15)

where To D 1=.!0 �0/ is the duration of the SDOF oscillator, and Tgm D Ts CTp is the

duration of ground motion. Trms approaches Tgm and Tgm CTo, respectively, for small

and large earthquakes. Ts D 1= Fc is the source duration with Fc being the corner frequency

obtained from equation (2.5). Tp is path duration given by, for sites in ENA (Atkinson and

Boore, 2006),

Tp D

8

>
>
>
>
>
>
>
<

>
>
>
>
>
>
>
:

0, R610,

0:16 .R�10/, 10 < R670,

9:6 � 0:03 .R�70/, 70 < R6130,

7:8 C 0:04 .R�130/, R > 130:

(2.16)

In equation (2.15), the constants n D 3 and � D 1=3 are used by Boore (2003). Liu and

Pezeshk (1999) suggest that n D 2 and � is taken as

� D
�

2�

�

1 �
�2

1

�0 �2

��1=2

, (2.17)

where

�K D
Z 1

0
.2� F /K F 4

0

�
�H. F /

�
�

2
F 2

A.M0, R, F /d F, K D 0, 1, : : : : (2.18)
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2.1 developing input ground motions

Having obtained the root-mean-square response Rurms from equation (2.14), peak accel-

eration response j Ru jmax or ARS can be determined through the peak factor Pf

SA. F0/ D j Ru jmax � Pf � Rurms: (2.19)

In Cartwright and Longuet-Higgins (1956) peak factor model, the expected Pf is calculated

by

Pf D
p

2

Z C1

0

n

1 �
h

1 � I e�z2 i
Ne

o

dz, (2.20)

in which Ne is the number of extrema given as (Boore, 1983)

Ne D
Tgm

�

s

�4

�2

: (2.21)

To cover the range of loading levels, a minimum of eleven expected (median) peak accel-

eration values at reference hard rock (usually taken at F0 D 100 Hz) are needed to span from

0:01g to 1:50g (i.e., 0:01g, 0:05g, 0:10g, 0:20g, 0:30g, 0:40g, 0:50g, 0:75g, 1:00g, 1:25g,

1:50g). Given the earthquake magnitude m and seismological parameters, changing the

hypocenter distance R can result in the ARS with these eleven peak acceleration values.

2.1.3 Developing Input Ground Motions in Frequency Domain

When ARS is given in Section 2.1.2, input ground motions at reference hard rock can be

determined in frequency-domain (Kottke et al:, 2013).

An Inverse Random Vibration Theory (IRVT) method is applied to convert ARS to FAS,

which are used as the input ground motions at reference hard rock. The IRVT technique

proposed by Gasparini and Vanmarcke (1976) and further developed by Rathje and Kottke

(2008) gives the square of FAS at F0 of an SDOF oscillator (with frequency F0 and damping

ratio �0) as

F 2
A. F0/ �

1
Z 1

0
F 4

0

�
�H. F /

�
�

2
d F � F0

�
Trms

2
�

S
2
A. F0/

Pf
2

�
Z F0

0

�
�FA. F /

�
�

2
d F

�

, (2.22)

in which SA. F0/ is the target ARS obtained from equation (2.19). It can be shown that
Z 1

0
F 4

0

�
�H. F /

�
�

2
d F D F 4

0 �
�

4�0 F 3
0

D
� F0

4�0

: (2.23)
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2.1 developing input ground motions

Hence, equation (2.22) can be simplified as

F 2
A. F0/ �

1

F0

�
�

4�0
�1

�

�
Trms

2
�

S
2
A. F0/

Pf
2

�
Z F0

0
F 2

A. F /d F

�

: (2.24)

To solve for FAS, equation (2.24) is applied first to determine F. F0/ at a sufficient low

frequency, e.g., F0 D 0:01 Hz. At this low frequency, the integral in equation (2.24) is

assumed to be zero. The peak factor Pf is assumed to be a preset value, e.g., Pf D 2:5.

Having obtained F. F0/ at 0:01 Hz, FAS values at frequency F
.I/
0 , I>1, can be determined

by

F 2
A

�

F
.I/
0

�

�
1

F
.I/
0

�
�

4�0
� 1

�

�
Trms

2
�

S
2
A. F

.I/
0 /

Pf
2

�
I

X

KD1

F 2
A

�

F
.K�1/
0

�

�
h

F
.K/
0 � F

.K�1/
0

i

�

: (2.25)

The accuracy of the estimated FAS FA. F0/ is improved iteratively by comparing the ARS

S
rvt
A . F0/ determined from the estimated FAS FA. F0/ using the IRVT technique and the

target ARS SA. F0/:

1. Initial FAS FA

�

F
.I/
0

�

, I>0, is determined by equations (2.24) and (2.25).

2. Calculate the ARS S
rvt
A . F0/ associated with the initial FAS using the RVT presented in

Section 2.1.2, i.e., equations (2.13) and (2.18).

3. Determine the correction factor by

C. F0/ D
SA. F0/

S
rvt
A . F0/

: (2.26)

Multiplying the FAS by C. F0/ results in a new FAS.

4. Based on the new FAS, new peak factor Pf can be obtained from equations (2.17) and

(2.20); the new ARS S
rvt
A . F0/ is then determined using equations (2.13) and (2.18).

5. Steps 3 and 4 are repeated until one of following conditions is met:

� a preset maximum number of iterations (e.g., 30) is reached;

� the absolute error of root-mean-square response between j Ru jrvt
max corresponding to

S
rvt
A . F0/, determined using equations (2.13), and j Ru jmax corresponding to SA. F0/ is

less than a prespecified tolerance (e.g., 0:005);
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2.2 addressing local site effect

� change in the error of root-mean-square response is less than a prespecified value

(e.g., 0:001).

2.2 Addressing Local Site Effect

Given the input ground motion at bedrock, site response analysis is performed in frequency

domain to evaluate the local site effect based on the equivalent-linear method given by

Schnabel et al: (1972). The FAS at bedrock is multiplied by the transfer function to generate

FAS at each layer. Then ARS can be obtained by 2.1.2. In site response analysis, the

soil deposit is considered as a one-dimensional continuous model characterized by the layer

thickness (H), density (� ), shear wave velocity (Vs ), shear modulus (G), and damping ratio

(� ). The nonlinear effect of shear modulus and damping ratio is taken into consideration

by an equivalent linearization technique, i.e., an iteration process.

2.2.1 Transfer Function in Site Response Analysis

The displacement u in a single layer caused by bedrock motion with frequency ! can be

expressed as

u.z, t/ D [A exp.iKz/ C B exp.�iKz/] exp.i!t/, (2.27)

where A and B represent the amplitudes of waves traveling upward and downward, re-

spectively, z is the depth in the layer ranging from 0 to H, K is the wave number defined

as

K D
!

Vs
� ,

and Vs
� is the complex shear wave velocity as

Vs
� D Vs

p

.1 C 2� i/:

According to equation (2.27), the shear stress can be obtained as

�.z, t/ D G� @u

@z
D iKG�[A exp.iKz/ � B exp.�iKz/] exp.i!t/, (2.28)

where G� is the complex shear modulus calculated by

G� D G.1 C 2� i/:
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2.2 addressing local site effect

Since the displacement and the shear stress are the same in two layers at their interface,

one obtains

uIC1.0, t/ D uI .HI , t/, (2.29)

�IC1.0, t/ D �I .HI , t/, (2.30)

in which I represents the number of soil layers ranging from 1 to n, and n is total number of

soil layers.

Based on equations (2.27) and (2.28), equations (2.29) and (2.30) can be rewritten as

AIC1 C BIC1 D AI exp.iKHI/ C BI exp.�iKHI/, (2.31)

KIC1G�
IC1.AIC1 � BIC1/ D KIG

�
I [AI exp.iKHI/ � BI exp.�iKHI/]: (2.32)

Solving equations (2.31) and (2.32) yields

AIC1 D
AI

2
.1 C �I/ exp.iKHI/ C

BI

2
.1 � �I/ exp.�iKHI/, (2.33)

BIC1 D
AI

2
.1 � �I/ exp.iKHI/ C

BI

2
.1 C �I/ exp.�iKHI/, (2.34)

where � is equal to

� D
KIG

�
I

KIC1G�
IC1

:

At the free surface, i.e., I D 1 and z D 0, the shear stress should be vanished. This leads

to

�1.0, t/ D iK1G�
1 [A1 � B1] exp.i!t/ D 0, (2.35)

which results in A1 D B1.

By performing a recursive process on equations (2.33) and (2.34) and introducing A1 D
B1, the amplitudes in the Ith layer can be expressed as

AI D aI.!/A1, (2.36)

BI D BI.!/A1: (2.37)

Then transfer function from the top of jth layer to the top of Ith layer is

HIj.!/ D
uI.0, t/

uj.0, t/
D

.AI C BI/ exp.i!t/

.Aj C Bj/ exp.i!t/
D

aI C BI

aj C Bj

: (2.38)
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Particularly, the transfer function from the bedrock motion to the free surface is

H1n.!/ D
u1.0, t/

un.0, t/
D

.A1 C B1/ exp.i!t/

.An C Bn/ exp.i!t/
D

2

an C Bn
: (2.39)

If the bedrock is considered as a outcrop, i.e., bedrock is not influenced by the soil

deposit, the amplitudes of the upward and downward waver are the same, which means

An D Bn. The transfer function (2.39) becomes

H1n.!/ D
1

an
: (2.40)

Finally, based on the input FAS and soil parameters, the FAS at any depth can be

calculated by equations (2.36) to (2.40).

2.2.2 Treatment of Soil Nonlinearity

Under severe ground motions, the shear strain of soil is high, which leads to a nonlinear

stress-strain behavior in soils. In this case, G and � vary with the shear strain of soil.

For example, the curves showing nonlinear soil properties in EPRI TR-102293-V2 (EPRI,

1993b) are shown in Figure 2.1.

The soil nonlinearity is considered by an equivalent linear method in frequency domain.

In this technique, G and � are assumed to be constant in the analysis. Initially, G and � are

taken as low-strain values. Then the shear strain can be obtained as


 .z, t/ D
@u

@z
D iK[A exp.iKz/ � B exp.�iKz/] exp.i!t/: (2.41)

Based on the resultant strain, new G and � are obtained from the shear modulus and

hysteretic damping curves. This process is performed repeatedly until G and � become

stable, i.e., the difference of them in successive iterations is smaller than 1%.

As a result, the ground motion at free field and strain-compatible soil properties are

determined.

2.3 Summary

In this chapter, the methodology of seismic site response analysis, including generation of

input motions, the transfer function, and the treatment of nonlinearity in soil is presented.

Some conclusions are obtained:
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Figure 2.1 Shear modulus and hysteretic damping curves for cohesionless soil

❧ The ground motion is modified during the propagation from bedrock to free field.

❧ Due to the ground motion, the soil properties vary with the resultant soil strains.

Strain-compatible soil properties and the site-specific free filed motion are obtained,

which are essential for the calculation of dynamic soil stiffness and the conduction SSI

analysis.
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3C H A P T E R

Soil-Structure InteractionAnalysis with
Rigid Foundation

Since the presence of structure in a soil deposit and the interaction between soil and

structure, the dynamic response of a soil deposit is different from the free field and response

of structure is different from that with fixed-base. The Floor Response Spectra (FRS) vary

significantly compared to the fixed-base model (Jiang, 2016). A direct spectra-to-spectra

method have recently developed by Jiang et al: (2015) for fixed-base structures. The effect

of Soil-Structure Interaction (SSI) cannot be neglected for soil site. In this Chapter, the

substructure method for Soil-Structure Interaction (SSI) analysis in Jiang et al: (2015) is

reviewed, and extended to perform with frequency dependent soil stiffness. Foundation

Level Input Response Spectra (FLIRS) is generated by combining SSI effect into free field

motion, so that the direct spectra-to-spectra method for generating FRS can be applied for

structures founded on soil.

Based on the modal information of structures, the structural response is obtained under

the seismic input at the foundation for the fixed-base model. Then the equilibrium equa-

tions are established for structure nodes and the entire structure-foundation system, which

makes it possible to get the structural response from the free field motion. By eliminating

the structural response, a transfer function bridging the free field motion and fixed-base

motion is determined. Finally, the modification factor from Foundation Input Response

Spectra (FIRS) to FLIRS is calculated by random vibration theory.
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3.1 substructure method

3.1 Substructure Method

3.1.1 Substructure Model for Rigid Foundation

In many engineering applications, such as in nuclear power plants, the foundations can be

assumed to be rigid. In this case, the free-field earthquake excitation is applied at only one

node O on the foundation. The coupled soil-structure model is shown in Figure 3.1. Let

Us and UO be amplitudes of the absolute displacement vectors of the superstructure and

foundation, respectively, where the subscripts �s� and �O� stand for the degrees-of-freedom

of �structure� and �base� (or boundary of soil-structure interface), respectively. The

equation of of motion for the structure is expressed by
2

4

Sss
s Ss

sO

Ss
Os Ss

OO

3

5

8

<

:

Us

UO

9

=

;
D

8

<

:

Ps

PO

9

=

;
, (3.1)

where Ps is the amplitude vector of the load applied on the nodes of the structure, and

PO is the amplitude vector of the interaction forces between the structure and soil. For

earthquake excitation, the nodes of the structure not in contact with the soil are not loaded,

i.e., Ps D 0, and hence

Sss
s Us C Ss

sO UO D 0: (3.2)

For the soil with excavation, let Sg
OO and Ug

O be the dynamic stiffness matrix and the

amplitudes of absolute displacement vector under earthquake ground motion, respectively,

where the subscript �g� stands for the soil with excavation. The interaction forces of the

soil depend on the relative displacement between the foundation (base) and the soil at the

interface, i.e.,

PO D Sg
OO .UO � Ug

O /: (3.3)

Then equation (3.1) becomes
2

4

Sss
s Ss

sO

Ss
Os Ss

OO C Sg
OO

3

5

8

<

:

Us

UO

9

=

;
D

8

<

:

0

Sg
OO Ug

O

9

=

;
: (3.4)

In equation (3.4), the earthquake excitation is characterized by Ug
O , which is the motion

of the node on the soil-structure interface of the soil with excavation. It is desirable to

replace Ug
O by the free-field motion UO

f that does not depend on the excavation.
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Figure 3.1 Coupled soil-structure model with rigid foundation

3.1.2 Free-Field Soil Model

The free-field soil can be divided into the excavated soil and the soil without excavation as

shown in Figure 3.1. Regarding the excavated soil as a �structure�, referring to the coupled

soil-structure model and equation (3.4), one has QUO D UO
f , QSOs

s D 0, and hence QSsO
s D Se

OO ,

which is the dynamic stiffness matrix of the excavated soil; the subscript �e� stands for

excavated soil. Hence, the second block-row of equation (3.4) gives

h

QSOs
s QSsO

s C Sg
OO

i

8

<

:

�

UO
f

9

=

;
D

n

Sg
OO Ug

O

o

D) .Se
OO C Sg

OO/UO
f D Sg

OO Ug
O : (3.5)
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3.1 substructure method

Note that adding the excavated soil to the soil with excavation leads to the free-field

system, i.e.,

Sg
OO C Se

OO D Sf
OO , or Sg

OO D Sf
OO � Se

OO : (3.6)

Hence, equation (3.5) can be written as

Sf
OO UO

f D Sg
OO Ug

O , (3.7)

where Sf
OO is the dynamic stiffness matrix of the free-field that is discretized at the nodes

at which the structure is inserted, and UO
f is the free-field motion at the nodes of the soil-

structure interface. Hence, UO
f is the free-field response of the soil at the foundation level;

the acceleration response spectra of RuO
f are the Foundation Input Response Spectra (FIRS),

which can be obtain from a site response analysis of the free-field.

Using equation (3.7), equation (3.4) becomes

2

4

Sss
s Ss

sO

Ss
Os Ss

OO C Sg
OO

3

5

8

<

:

Us

UO

9

=

;
D

8

<

:

0

Sf
OO UO

f

9

=

;
: (3.8)

Equation (3.8) is the equation of motion of the structure supported on a generalized spring

characterized by the dynamic stiffness matrix Sg
OO , and the other end of the spring is

subjected to earthquake excitation UO
f , which is free-field response at the foundation level

(node O as shown in Figure 3.2).

Using equation (3.6), equation (3.8) can also be written as

2

4

Sss
s Ss

sO

Ss
Os .Ss

OO � Se
OO/C Sf

OO

3

5

8

<

:

Us

UO

9

=

;
D

8

<

:

0

Sf
OO UO

f

9

=

;
: (3.9)

For a structure with N nodes (not including the rigid foundation), each node has 6 DOF

(three translational and three rotational). The rigid foundation has one node O with 6

DOF. The dimensions of the vectors Us , UO , and UO
f are 6N, 6, and 6, respectively. The

dimensions of the dynamic stiffness sub-matrices of the structure Sss
s , Ss

sO , Ss
Os , Ss

OO are

6N�6N, 6N�6, 6�6N, and 6�6, respectively. The dimensions of the dynamic stiffness

sub-matrices of the soil Sf
OO , Sg

OO , and Se
OO are all 6�6.
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Figure 3.2 Soil-spring model of SSI with rigid foundation

3.1.3 Fixed-Base Model for Rigid Foundation

If the soil is firm enough so that the structure can be considered as fixed-base as shown in

Figure 3.3, the motion of point O of the basemat is the earthquake input to the structure.

From the first block-row of equation (3.8), one has

Sss
s Us C Ss

sO UO D 0 D) Us D S
fb UO , S

fb D �
�

Sss
s

��1
Ss

sO , (3.10)

where S
fb is the dynamic stiffness matrix for fixed-base analysis, the superscript �fb�

stands for fixed-base.

In seismic analysis, rotational ground motions are not considered and only translational

ground motions are considered. Re-organize vector Us and rewrite UO as

Us D

8

<

:

Us,T

Us,R

9

=

;

6N�1

, UO D

8

<

:

UO
fb

0

9

=

;

6�1

, (3.11)

in which the subscripts �T� and �R� stand for translational and rotational degrees-of-
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Figure 3.3 Fixed-base model with rigid foundation

freedom, respectively. Re-arrange and partition S
fb accordingly, one has

S
fb D

2

4

S
TT

fb
S
TR

fb

S
RT

fb
S
RR

fb

3

5

6N�6

, (3.12)

in which each submatrix is of dimension 3N�3. Equation (3.10) can be written as
8

<

:

Us,T

Us,R

9

=

;
D

2

4

S
TT

fb
S
TR

fb

S
RT

fb
S
RR

fb

3

5

8

<

:

UO
fb

0

9

=

;
D

8

<

:

S
TT

fb
UO

fb

S
RT

fb
UO

fb

9

=

;
: (3.13)

Multiplying the first block-row of equation (3.13) by
�

S
TT

fb
�

T yields

�

S
TT

fb
�

T
Us,T D

h�

S
TT

fb
�

T
S
TT

fb
i

UO
fb : (3.14)

The reason for performing this manipulation is to make
h�

S
TT

fb
�

T
S
TT

fb
i

a square matrix of

dimension 3�3, the purpose of which will be clear in Section 3.1.4.

The tri-directional (translational) acceleration response spectra UO
fb applied at the foun-

dation of a fixed-base structure are called Foundation Level Input Response Spectra

(FLIRS), as shown in Figure 3.3. It is important to note that FLIRS are different from
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Foundation Input Response Spectra (FIRS), which are the acceleration response spectra at

the elevation of the foundation of the free-field, as illustrated in Figure 3.2.

The concept of FLIRS, which are the seismic input to fixed-base structures, is important

in seismic design and assessment of nuclear power plants. Generic design of a nuclear

power plant is based on fixed-base analysis under the tri-directional seismic excitations

represented by standard GRS, such as those in CSA N289:3 or USNRC R.G. 1:60, anchored

at a specific Peak Ground Acceleration (PGA). By comparing the site-specific FLIRS with

the standard GRS, based on which the generic nuclear power plant is designed, initial

feasibility of the generic design at the desired site can be assessed and Systems, Structures,

and Components (SSCs) that may be vulnerable can be identified.

Since the dimension of the dynamic stiffness sub-matrix Sss
s is 6N�6N, the evaluation

of its inverse in equation (3.10) could be numerically challenging when N is large. To take

advantage of the modal properties of the structure, a modal analysis is conducted.

For a three-dimensional model of a structure with N nodes (not including rigid foun-

dation), a typical node n has six DOF: three translational DOF un,1, un, 2, un, 3, and three

rotational DOF un,4, un,5, un,6. The structure is subjected to tri-directional seismic excita-

tions at the foundation. In nuclear industry, the structures are required to stay linear under

any exactions. So the relative displacement vector x of dimension 6N is governed by (see,

e.g., Jiang et al:, 2015)

M Rx.t/ C C Px.t/ C K x.t/ D �M
3P

ID1

I
I Ru I

g.t/, (3.15)

where

x D

8

>
>
>
>
>
<

>
>
>
>
>
:

x1

x2
:::

xN

9

>
>
>
>
>
=

>
>
>
>
>
;

, xn D

8

>
>
>
>
>
<

>
>
>
>
>
:

xn,1

xn, 2
:::

xn,6

9

>
>
>
>
>
=

>
>
>
>
>
;

, I
I D

8

>
>
>
>
<

>
>
>
>
:

1I

1I

:::

1I

9

>
>
>
>
=

>
>
>
>
;

, 1I D

8

>
>
>
>
>
<

>
>
>
>
>
:

�I1

�I2
:::

�I6

9

>
>
>
>
>
=

>
>
>
>
>
;

, (3.16)

M, C, K are, respectively, the mass, damping, and stiffness matrices of dimension 6N�6N,

xn is the relative displacement vector of node n, I I is the influence vector of the seismic

excitation in direction I, and �Ij denotes the Kronecker delta function.
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When considering the rotational components of the excitations, equation (3.15) can be

written as

M Rx.t/ C C Px.t/ C Kx.t/ D �MI RuO.t/, (3.17)

where node O is at the rigid foundation, and

I D
h

I
1

I
2

I
3

I
4

I
5

I
6 i

, RuO.t/ D
�

Ru1
O.t/, Ru2

O.t/, Ru3
O.t/, R�1

O.t/, R�2
O.t/, R�3

O.t/
	T

:

Here I I is defined in equation (3.16) for I D 1, 2, 3, and

I
4 D

8

>
>
>
>
>
>
<

>
>
>
>
>
>
:

r1
1

r2
1

:::

rN
1

9

>
>
>
>
>
>
=

>
>
>
>
>
>
;

, I
5 D

8

>
>
>
>
>
>
<

>
>
>
>
>
>
:

r1
2

r2
2

:::

rN
2

9

>
>
>
>
>
>
=

>
>
>
>
>
>
;
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6 D

8

>
>
>
>
>
>
<

>
>
>
>
>
>
:

r1
3

r2
3

:::

rN
3

9

>
>
>
>
>
>
=

>
>
>
>
>
>
;

,
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1 D

8

>
>
>
>
>
>
>
>
>
>
<

>
>
>
>
>
>
>
>
>
>
:

0

�. Nzn �NzO/

Nyn � NyO

1

0

0

9

>
>
>
>
>
>
>
>
>
>
=

>
>
>
>
>
>
>
>
>
>
;

, rn
2 D

8

>
>
>
>
>
>
>
>
>
>
<

>
>
>
>
>
>
>
>
>
>
:

Nzn �NzO

0

�. Nxn � NxO/

0

1

0

9

>
>
>
>
>
>
>
>
>
>
=

>
>
>
>
>
>
>
>
>
>
;

, rn
3 D

8

>
>
>
>
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>
>
<

>
>
>
>
>
>
>
>
>
>
:

�. Nyn � NyO/

Nxn � NxO

0

0

0

1

9

>
>
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>
=

>
>
>
>
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>
>
>
>
>
;

,

where Nxn, Nyn, and Nzn are the coordinates of the nth node while NxO, NyO, and NzO represent the

coordinates of Node O in a Cartesian coordinate system.

Letting x.t/D Xei!t and uO.t/D UO ei!t, equations (3.17) becomes

.�!2M C i!C C K/X D !2MI UO : (3.18)

Substituting X D8Q and multiplying 8T from the left, where 8 is the modal matrix, lead

to

.�!28TM8 C i!8TC8 C 8TK8/Q D !28TMI UO : (3.19)

If the modal shapes are normalized such that 8TM8 D I, applying the orthogonality yields

diag
�

�!2 C i2�n!n! C !2
n

	

Q D !20UO , (3.20)
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where 0 D 8TMI is a 6N�6 matrix of the modal contribution factors. Hence,

X D !28H0 UO , (3.21)

where H is a a diagonal matrix of the complex frequency response functions, i.e.,

H D diag

�
1

!2
n � !2 C i2�n!n!

�

:

Since the relative displacement x D u�I uO, substituting into equation (3.21) gives

U D .!28H0 C I/ UO : (3.22)

Comparing equation (3.22) with equations (3.10), one obtains

S
fb D !28H0 C I: (3.23)

Based on Newton’s second law, the dynamic force equilibrium of the structure-foundation

system in Direction 1, as illustrated in Figure 3.3, is given by

�!2
h

.I
1
/T MU C mO,1 UO,1

i

D FO,1, (3.24)

and the the dynamic moment equilibrium of the structure-foundation system in Direction

5 is given by

�!2
h

.I
5
/T MU C mO,5 UO,5

i

D MO,5: (3.25)

The dynamic equilibrium in other directions can be derived similarly. Therefore, the

dynamic equilibrium of the entire system is

�!2 .I
T

MU C MO UO/ D FO, (3.26)

where MO is a 6�6 mass matrix of the foundation, and FO denotes the vector of SSI forces

acting on the foundation, which is equal to Sf
OO.UO

f � UO/ according to equation (3.7).

Hence, equation (3.26) can be rewritten as

�!2
I

T
MU C

�

�!2 MO C Sf
OO

�

UO D Sf
OO UO

f : (3.27)

Comparing with the second block-row of equation (3.9), a structure founded on the ground

surface implies Se
OO D 0; hence

Ss
Os D �!2

I
T

M, Ss
OO D �!2 MO: (3.28)
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Figure 3.4 Dynamic equilibrium of structure-foundation system

3.1.4 Foundation Level Input Response Spectra (FLIRS)

As discussed in Section 3.1.3, it is desirable to determine the equivalent FLIRS for the

structure with rigid foundation in seismic design and assessment. In SSI analysis, a fixed-

base analysis can be performed using the equivalent FLIRS as the seismic input, instead of a

coupled soil-structure analysis using FIRS as the seismic input.

From the first block-row of equation (3.9), one obtains

Us D �
�

Sss
s

��1
Ss

sO UO D S
fb UO : (3.29)

From the second block-row of equation (3.9), one has

Ss
Os Us C

h�

Ss
OO � Se

OO

�

C Sf
OO

i

UO D Sf
OO UO

f : (3.30)

Substituting equation (3.29) into (3.30) yields

Ss
OsS

fb UO C
h�

Ss
OO � Se

OO

�

C Sf
OO

i

UO D Sf
OO UO

f ,

which gives

UO D S
�1 Sf

OO UO
f , S D Ss

Os S
fb C

�

Ss
OO � Se

OO

�

C Sf
OO : (3.31)

|{z} |{z} |{z} |{z} |{z}|{z} | {z }

6�1 6�6 6�6 6�1 6�6N 6N�6 6�6 (3.32)
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3.1 substructure method

Note that S�1 Sf
OO is a square matrix of dimension 6�6; partition it as follows:

S
�1 Sf

OO D T D

2

4

T
TT

T
TR

T
RT

T
RR

3

5

6�6

, (3.33)

in which each submatrix is of dimension 3�3.

Substituting equation (3.28) into equation (3.33)

S D �!2
�

I
T

MS
fb C MO

�

C Sf
OO : (3.34)

Since the earthquake influence matrix I and the fixed-base model structural response

transfer matrix S
fb are dimensionless, and Sf

OO denotes the dynamic stiffness of the soil

springs, equation (3.34) can be expressed in terms of a standard dynamic stiffness matrix as

S D �!2 QM C i!C f C K f, (3.35)

where QM DI
T

MS
fbC MO is a 6�6 mass matrix which is determined by the structure and

foundation mass matrices, influence matrix, and the fixed-base structure transfer matrix

S
fb; K f and C f are the stiffness and damping matrices of soil springs, respectively. There-

fore, the problem can be interpreted as a synthesized 6-DOF mass, which is frequency-

dependent, supported by generalized soil springs.

In a site response analysis, the soil medium is modelled as a half-space, and the rational

responses of free-field should be very small under the translational excitation at bedrock.

Hence, the rotational input at foundation level is negligible compared to the translational

input; the rotational input is usually not given by a site response analysis and is taken as 0.

From equations (3.29) and (3.32), one has Us DS
fb
TUO

f , i.e.,

8

<

:

Us,T

Us,R

9

=

;

6N�1

D

2

4

S
TT

fb
S
TR

fb

S
RT

fb
S
RR

fb

3

5

6N�6

2

4

T
TT

T
TR

T
RT

T
RR

3

5

6�6

8

<

:

UO,T
f

0

9

=

;

6�1

D

2

4

S
TT

fb
S
TR

fb

S
RT

fb
S
RR

fb

3

5

2

4

T
TT

UO,T
f

T
RT

UO,T
f

3

5 D

8

<

:

S
TT

fb
T
TT

UO,T
f C S

TR

fb
T
RT

UO,T
f

S
RT

fb
T
TT

UO,T
f C S

RR

fb
T
RT

UO,T
f

9

=

;
: (3.36)

Note that it is not possible to have a single set of tri-directional translational FLIRS in a

fixed base analysis to give both correct translational responses Us,T and rotational responses
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3.1 substructure method

Us,R . In the generation of floor response spectra (FRS), only translational responses are

needed. Hence, from the first block-row of equation (3.36), one has

Us,T D S
TT

fb
T
TT

UO,T
f C S

TR

fb
T
RT

UO,T
f : (3.37)

Multiplying
�

S
TT

fb
�

T from the left yields

�

S
TT

fb
�

T
Us,T D

n
�

S
TT

fb
�

T
S
TT

fb
T
TT

C
�

S
TT

fb
�

T
S
TR

fb
T
RT

o

UO,T
f

D
h�

S
TT

fb
�

T
S
TT

fb
i

n

T
TT

C
h�

S
TT

fb
�

T
S
TT

fb
i�1

�

S
TT

fb
�

T
S
TR

fb
T
RT

o

UO,T
f : (3.38)

Since
h�

S
TT

fb
�

T
S
TT

fb
i

is a square matrix of dimension 3�3, it is straightforward to determine

its inverse. Comparing equation (3.38) with equation (3.14), one obtains the equivalent

FLIRS as

UO
fb D T UO,T

f , (3.39)

where T is a complex transfer matrix from FIRS (generated by UO,T
f ) to FLIRS (generated

by UO
fb ), given as

T D T
TT

C
h�

S
TT

fb
�

T
S
TT

fb
i�1

�

S
TT

fb
�

T
S
TR

fb
T
RT

: (3.40)
|{z} |{z} | {z } | {z } |{z} | {z }

3�3 3�3 3�3 3�3N 3N�3 3�3

The first and second terms of T denote the contributions from the translational and rota-

tional motions of the foundation in the soil-structure system, respectively.

It is important to emphasize that, although the FLIRS given by equation (3.39) would not

give correct rotational responses Us,R of a structure, it gives exact translation responses

FRS because only translational responses are required to generate FRS. Therefore, the fixed-

base analysis of the structure under the excitation of FLIRS UO
fb given by equation (3.39)

gives exactly the same FRS as a full coupled soil-structure analysis under the excitation of

FIRS UO,T
f .

Based on the theory of random vibration, the relation between the power spectral density

functions of UO
fb and UO,T

f can be determined by

S
fb
RU RU.!/ D

h�
�T.!/

�
�

2 i

S
f
RU RU.!/ , (3.41)
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3.1 substructure method

where S
fb
RU RU.!/ and S

f
RU RU.!/ are the 3�1 vectors of the power spectral density functions of

UO
fb and UO,T

f , respectively. In equation (3.41),
h�
�T.!/

�
�

2 i

denotes a matrix in which each

element is equal to the squared modulus of the corresponding element in T. For a complex

number aC iB, its modulus is defined as
�
�aC iB

�
�D

p
a2 CB2. It is found that, for structures

in nuclear power plants, the off-diagonal terms of T are relatively small compared to the

diagonal terms, and thus may be neglected. It means that the motion of the foundation in

one direction is only induced by the excitations in the same direction.

It is known that the mean square response of a SDOF oscillator under a base excitation

UO,T
f can be obtained by

ET RX2
0.t/U D

Z 1

�1

�
�!2

0 H0.!/
�
�

2
S

f
RU RU.!/ d! , (3.42)

in which H0.!/ is the complex frequency response function characterized by the circular

frequency !0 and damping ratio �0 of the SDOF oscillator. For excitations with wide-band

power spectral densities, S
f
RU RU.!/ can be approximated by constant S

f
RU RU. From equations

(3.41) and (3.42), the ratios between the mean square responses of a SDOF oscillator under

base excitation UO
fb and those under base excitation UO,T

f can be calculated by

R
2.!0, �0/ D

Z 1

�1

�
�!2

0 H0.!/
�
�

2 h�
�T.!/

�
�

2 i

S
f
RU RU.!/ d!

Z 1

�1

�
�!2

0 H0.!/
�
�

2
S

f
RU RU.!/ d!

D

Z 1

�1

�
�H0.!/

�
�

2 h�
�T.!/

�
�

2 i

1 d!

Z 1

�1

�
�H0.!/

�
�

2
d!

,

(3.43)

The maximum response of a SDOF oscillator, which is by definition the response spec-

trum, is usually related to its root mean square response through a peak factor as

SA.!0, �0/ D
�
�X0.t/

�
�

max
D P �

q

ETX2
0.t/U: (3.44)

Combining equations (3.43) and (3.44) yields the tri-directional fixed-base FLIRS

S
fb
A .!0, �0/ D

P
fb

P
f

�R.!0, �0/S
f
A.!0, �0/: (3.45)

For responses in earthquake engineering, the values of peak factors P
fb and P

f are not

different significantly; they are often assigned the numerical value 3. Hence

S
fb
A .!0, �0/ D R.!0, �0/S

f
A.!0, �0/, (3.46)
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3.1 substructure method

in whichR.!0, �0/ can be interpreted as response spectrum modification factors from FIRS

to FLIRS.

3.1.5 Generating FRS Considering SSI

For a structure in a nuclear power plant with its rigid foundation embedded in layered soil, a

procedure for generating FRS considering SSI is illustrated in Figure 3.5 and is summarized

as follows:

1. Consider the layered soil as a free-field. With seismic input applied at the bedrock, a site

response analysis is performed to obtain the Foundation Input Response Spectra (FIRS)

UO
f or UO,T

f at the elevation of the foundation.

2. Establish a model of the layered soil. Determined the dynamic stiffness matrices of the

excavated soil Se
OO and the soil with excavation Sg

OO . The dynamic stiffness matrix of

the free-field is Sf
OO D Sg

OO C Se
OO .

3. Set up a finite element model of the structure. Determine the dynamic stiffness matrices

Ss
ss, Sss

s , Ss
sO , Ss

Os , and Ss
OO . Perform a modal analysis to obtain the modal frequencies

!n, modal damping coefficients �n, modal matrix 8, and matrix of modal contribution

factors 0.

4. Determine the Foundation Level Input Response Spectra (FLIRS):

❧ S
fb D !28H0 C I D

2

4

S
TT

fb
S
TR

fb

S
RT

fb
S
RR

fb

3

5

6N�6

H D diag

�
1

!2
n �!2 C i2�n!n!

�

6N�6N

0 D 8TMI is a 6N�6 matrix of the modal contribution factors.

I D
h

I
1

I
2

I
3

I
4

I
5

I
6 i

6N�6

❧ S D Ss
OsS

fb C
�

Ss
OO � Se

OO

�

C Sf
OO

Determine the inverse S
�1. The dimension is 6�6.
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Figure 3.5 Procedure for generating FRS considering SSI
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❧

2

4

T
TT

T
TR

T
RT

T
RR

3

5

6�6

D S
�1 Sf

OO

❧ Transfer matrix: T D T
TT

C
h�

S
TT

fb
�

T
S
TT

fb
i�1

�

S
TT

fb
�

T
S
TR

fb
T
RT

❧ FLIRS modification factor: R2.!0, �0/ D

Z 1

�1

�
�H0.!/

�
�

2 h�
�T.!/

�
�

2i

1 d!

Z 1

�1

�
�H0.!/

�
�

2
d!

❧ FLIRS: S
fb
A .!0, �0/ D R.!0, �0/S

f
A.!0, �0/

5. The FLIRS S
fb
A .!0, �0/ are input to the fixed-base finite-element model of the structure

to generate the required FRS, which are exactly the same as the FRS obtained from a full

coupled soil-structure analysis under the excitation of FIRS.

Hence, when the direct spectra-to-spectra method developed by Jiang et al. (2015) is

applied to the fixed-base structure under the excitation of FLIRS S
fb
A .!0, �0/, FRS with

complete probabilistic descriptions of FRS peaks, i.e., FRS with any desired level of NEP

p can be obtained. If the method of time history is applied, such a result could only

be obtained from a large number of coupled soil-structure analyses using a commercial

finite-element software, such as ACS SASSI, with a large number of generated time

histories compatible with the FIRS.

3.2 Numerical Example

To verify the accuracy and efficiency of the proposed method, FRS of a typical reactor build-

ing and a service building in nuclear power plants founded on the surface of a homogeneous

half-space are generated following the procedure summarized in Section 3.1. The resultant

FRS are then compared with the FRS obtained from a commercial software ACS SASSI,

which generates FRS based on time history method. The transfer function, modification

factor, which affect the resultant FRS when considering SSI effect, are investigated.
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3.2 numerical example

Model information

The selected reactor building consists of a containment and an internal structure that

are supported by a circular disk foundation with a radius of 19:8m, as shown in Figure

3.6. Using the commercial finite element softwareANSYS , the building is modelled as a

lumped-parameter system with a foundation at the bottom, which can characterize the most

Figure 3.6 Primary and secondary systems in a nuclear power plant
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