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Abstract 

The SISO and MIMO adaptive problems are approached via the theory of stochastic 

optimal control. using results in the literature and previously-unexploited proper­

tites of canonical singular-pencil dynamical models. For both the SISO and MIMO 

cases, it is shown how to choose the input to minimize the sample mean-square 

error between the filtered output and the filtered desired output. 

In the SISO case, the proposed method. which is an indirect scheme, leads to 

control laws which not only use the estimates of the parameters and the states 

but also the variances of the estimation errors. In other words. the SISO cautious 

control problem is solved for the general delay-white noise case. 

In the MIMO case, it is proved that the cautious control problem can be solved 

only if the interactor matrix of the system is known. However, if the interactor 

matrix is unknown, there will be no exact solution for the optimal problem. Hence. 

in this research the certainty equivalence principle is employed based on the result 

obtained by Das [17] and a priori knowledge of the degrees of the diagonal entries of 

the interactor matrix. It is shown that the conventional approaches discussed in the 

literature cannot be applied to a stochastic case. However, the indirect approach 

proposed in this research is capable of dealing with stochastic cases. 

Simulation results show the performance of the proposed methods both in the 

SISO case and the MIMO case. 
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Chapter 1 

Introduction 

This thesis is concerned with indirect stochastic adaptive prediction and control. 

Although there has been a considerable progress in stochastic adaptive prediction 

and control in the past twenty years. the challenge of extending existing results to 

general cases remains. 

In this research, a number of open problems in single-input single-output (SISO) 

stochastic adaptive prediction and cautious control as well as in multi-input multi­

output (MIMO) stochastic adaptive control have been tackled. The problems which 

have been solved are: 

• Adaptive prediction that is optimal in a minimum variance sense at each step 

for SISO linear time-invariant discrete-time systems having general delay and 

white noise perturbation. 

• Indirect SISO cautious control for the general delay-white noise case. 

• MIMO stochastic adaptive control with unknown interactor matrix using an 

indirect approach. 

1 



CHAPTER 1. INTRODUCTION 2 

• A new derivation of a previously-known important result on the optimality of 

the joint parameter and state estimation problem for a particular canonical 

form is given in Appendix A. 

Stochastic adaptive control has become an important area of activity in control 

theory. This activity has developed especially during the past twenty years or so 

because many mathematical models of physical phenomena are stochastic systems 

which contain unknown parameters and for which control is required. With the ma­

turity of this area of research there are a number of books and general surveys, for 

example, Wittenmark (53], Goodwin and Sin (28], Kumar (32], Caines (12]. Astrom 

and Wittenmark (10], Narendra. Ortega, and Dorato [41]. and Pasik-Duncan [43]. 

The chief advantage of the stochastic formulation of adaptive problems is its abil­

ity to exploit the averaging properties of the disturbances [44]. This allows it to 

provide better performance in terms of disturbance rejection. The mathematical 

foundation of this field was laid by Goodwin et al. [27], and Solo [49]. and the 

various ramifications were explored in Goodwin and Sin [28]. 

Adaptive prediction: In Chapter 2 a deficiency in SISO stochastic adaptive 

prediction related to transient performance is discussed. Using an indirect adap­

tive scheme, it is shown that in the general delay-white noise case how the optimal 

prediction can be obtained. First using state variables, the ARX model is trans­

formed into a special canonical model proposed by Salut [45]. The identification is 

done by augmenting the state with the unknown parameters of the process. This 

usually leads to a nonlinear filtering problem. By choosing the model of special 

structure proposed by Salut (45] the problem can, however, be reduced to a linear 

problem, discussed in detail by Aplevich (3]. Talcing advantage of the linearity 

of this canonical model, the optimal joint parameter and state estimation can be 

provided by a Kalman filter, (45, 46, 16, 4]. Although the use of the Kalman filter 



CHAPTER 1. INTRODUCTION 3 

to identify system parameters is well known (42, 34), the joint estimation of the 

system parameters and states in the filter is not common in the literature. 

For a unit delay system, the Kalman filter applied to the model proposed by 

Salut can be used as an adaptive optimal predictor, since the Kalman filter corre­

sponds exactly to the optimal one-step-ahead predictor for the data observed. 

For delays d greater than unity, the proposed approach leads to the necessity 

of using the theory of Gaussian random functions. The calculations outlined in 

the proposed approach are based on one of the most useful properties of Gaussian 

distribution which stems from the fact that the higher moments of the multidimen­

sional Gaussian distribution depend only on the elements of the mean vector and 

the covariance matrix, [36]. Finally, it is described how the system parameter-state 

estimates and estimates of their uncertainty, provided by the Kalman filter. can be 

used to construct an optimal d-step-ahead predictor. 

The conventional adaptive predictors discussed in Astrom and Wittenmark [9]. 

Wittenmark (52), Goodwin and Sin (28], and Ren and Kumar (44], approximately 

solve the optimal problem using the certainty equivalence principle. This approach 

makes sense when the parameter estimates are close to the actual plant parameters. 

However, in general there will be circumstances where the transient performance 

is unnecessarily poor. As a result, the conventional predictors are asymptotically 

optimal, proved by Sin, Goodwin, and Bitmead (47), and Ren and Kumar (44), 

whereas the proposed predictor is optimal in a minimum variance sense at each 

step resulting in good transient performance as well as asymptotic performance. 

Indirect SISO cautious control: In a survey of stochastic adaptive control 

methods by Wittenmark in 1975, [53] the SISO cautious control problem has been 

discussed in Astrom and Wittenmark [8], Wieslander and Wittenmark [51], and 
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Nahorski and Vidal [40]. The method proposed in this research and the method 

used by Astrom and Wittenmark [8] are the same except that the proposed method 

can handle cases with uncertainty in initial conditions. Wieslander and Wittenmark 

[51] used a very complicated way to solve the adaptive problem for a unity delay 

system. Nahorski and Vidal (40] handle the case of general delay by using a special 

model. 

In Chapter 3, an open problem in SISO adaptive control is solved. The adaptive 

problem is approached via the theory of stochastic optimal control following the 

philosophy of Astrom [5. 6], and Wieslander and Wittenmark [51]. The system 

model and identification process are the same as employed in Chapter 2. The 

purpose of the control is to minimize the variance of the output around a desired 

value one step ahead. It is shown how the general one-step ahead optimization 

problem can be solved using stochastic control theory. Minimization over only 

one step leads to the one-step ahead or cautious controller. This controller takes 

the parameter uncertainties into account, in contrast to the certainty equivalence 

controller. Using an indirect scheme and the same approach as used in Chapter 2, it 

is proved that the optimal solution can be expressed analytically in a closed form. It 

is also shown if the conditional mean of the noise seen by the predictor obtained in 

Chapter 2 is zero, the optimal solution does not depend on the model used and the 

approach applied, direct or indirect. Finally, using the same property of Gaussian 

distribution employed in Chapter 2, the indirect method proposed in this research 

leads to control laws which not only use the estimates of the parameters and states 

but also the variances of the estimation errors. The simulation results show the 

performance of the proposed algorithm. 

MIMO stochastic adaptive control: In Chapter 4 the MIMO stochastic 

adaptive control is discussed. There have been a number of important contributions 
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to the multivariable adaptive control literature ( e.g. Borrison. 1979 [11]; Koivo. 

1980 [31]; Goodwin et al., 1981 [27]; Morse. 1981 [39]; Elliot and Wolovich, 1982 [21]; 

Johansson, 1982 [30]; Dugard, Goodwin and deSouza. 1983 [19]: Goodwin and 

Dugard, 1983 [26]; Dugard, Goodwin and Xianya, 1984 [20]; Singh and Narendra. 

1984 [48]; Elliot, Wolovich and Das, 1984 [50]; Goodwin and Sin. 1984 [28]; Das. 

1986 [17]; Chen and Guo, 1987 [14]; Zhang and Lang, 1989 [55]; Guo and Chen, 

1991 [29]: Mo and Bayoumi. 1993 [37]). Most of these have used direct strategies. 

In Chapter 4,the interest in direct strategies for MIMO systems is explained. It is 

also explained why an indirect scheme is the only way to solve the optimal problem 

considered. 

The concept of an interactor matrix which is a generalized concept of a relative 

degree of a scalar system is reviewed. This matrix which describes the delay struc­

ture of MIMO system has an important role in multi variable control theory. [21. 28]. 

A procedure for constructing the interactor matrix was given by Wolovich and Falb 

(1976) [54]. Furuta and Kamiyama (1977) [25] gave a method for computing the 

Wolovich-Falb interactor from a state-space representation of the plant. Chang and 

Wang (1990) [13] have presented an algorithm for computing the interactor matrix 

form a right matrix fraction description (RMFD) of the plant. 

As Dugard and Goodwin mentioned in one of their papers [20], if the interactor 

matrix is assumed known, then it is possible to develop a stochastic adaptive control 

algorithm which is globally convergent. However, the requirement of the knowledge 

of the interactor matrix imposes certain difficulties, in practice. In general, this ma­

trix contains noninteger valued real variables, a knowledge of which will imply that 

the complete system transfer function is known. There is thus strong motivation to 

investigate ways in which the requirement of knowing the system interactor matrix 

might be removed. One idea, first proposed in Johansson (1982) [30] and further 
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explored in Dugard, Goodwin, and deSouza (1983) [19], is to estimate the nonin­

teger valued variables in the interactor along with the other system parameters. It 

was shown that one can still design a model-matching adaptive controller, if instead 

of knowing the complete interactor matrix, one presumes knowledge of the degrees 

of its diagonal entries as well as upper bounds on the degrees of its nondiagonal 

entries. Das (1986) [17] showed that the priori knowledge of the degrees of the di­

agonal entries of the interactor matrix alone is sufficient for proving global stability. 

Dion, Dugard, and Carrillo ( 1988) [18] verified the result obtained by Das [17] using 

a different approach. An alternative idea. due to Singh and Narendra (1984) [48]. 

is to apply a suitably chosen precompensator to the system which transforms the 

interactor to a diagonal matrix having only integer valued parameters. This inge­

nious idea works for a large class of multivariable systems. though certain cases are 

excluded. 

The new indirect approach proposed in this research is based on the result 

obtained by Das [17]. Here the proposed approach involves first estimating the 

parameters and states in a standard model such as the canonical ARX model or the 

canonical singular pencil (SP) model and then evaluating the control law by on-line 

calculations. These canonical models have been discussed in detail by Aplevich [4. 

3]. Then it is shown how the entries of the interactor matrix are related to the 

entries of the canonical ARX model using two different methods. The first method 

uses the algorithm described in Furuta and Kamiyama ( 1977) [25] which involves 

nontrivial computations including tests for linear dependence. The second method 

is the method proposed in this research based on the result obtained by Das [17] and 

a priori knowledge of the degrees of the diagonal entries of the interactor matrix. 

The extension of the SISO cautious control to the MIMO case is examined. As 

for the SISO case, it is shown how the general optimal solution of the one-step-
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step ahead criterion, defined for a MIMO system with unknown interactor matrix. 

can be obtained. Using this solution, it is shown that the MIMO cautious control 

can be designed only if the interactor matrix is known. However, if the interactor 

matrix is unknown, an exact solution for the MIMO one-step-ahead optimization 

problem cannot be obtained. Hence, the most popular approximation method. 

i.e. the certainty equivalence principle, is employed. Then it will be shown that 

the conventional approaches, [30, 19, 17], cannot be applied in the stochastic case. 

However, the proposed approach is capable of dealing with stochastic cases. At 

the end of Chapter 4, simulation results show the performance of the proposed 

algorithm. 

A summary of the results obtained in this research and suggestions for further 

studies are given in Chapter 5. 

Appendix A is concerned with estimating the state variables and parameters 

of discrete-time, linear stochastic SISO and MIMO time-varying systems. This 

topic has been discussed in detail by Salut (45]. Nevertheless. using a different 

method from that given by Salut. it is shown how the simultaneous estimation of 

state variables and system parameters with known noise statistics can be solved 

as an optimal linear filtering problem. In all the chapters to deal with cases with 

uncertainty in initial conditions, it is necessary that not only the parameters of 

the system but also the states of the system are estimated in an optimal sense. 

Therefore, the appendix has been added to this thesis. 



Chapter 2 

Adaptive optimal prediction 

2.1 Introduction 

This chapter is concerned with in.direct stochastic adaptive prediction. The goal 

is to obtain an adaptive predictor that is optimal in a minimum variance sense at 

each step for SISO linear time-in.variant discrete-time systems having general delay 

and white noise perturbation. 

The convention.al adaptive predictors discussed in Astrom and Witten.mark (9], 

Witten.mark (52], Goodwin and Sin [28], and Ren and Kumar (44], approximately 

solve the adaptive optimal prediction problem using the certainty equivalence prin­

ciple. This approach makes sense when the parameter estimates are close to the 

actual plant parameters. However, in general there will be circumstances where 

the transient performance is unnecessarily poor. As a result, the conventional pre­

dictors are asymptotically optimal, proved by Sin, Goodwin, and Bitmead (47], 

and Ren and Kumar (44], whereas the proposed predictor is optimal in a mini­

mum variance sense at each step resulting in good transient performance as well as 

8 



CHAPTER 2. ADAPTIVE OPTIMAL PREDICTION 9 

asymptotic performance. 

This chapter is organized as follows. In Section 2.2 the system model is de­

scribed. Using state variables, it is shown how an ARX model can be transformed 

into a special model proposed by Salut (45]. In Section 2.3 the identification is done 

by applying a Kalman filter to the model proposed by Salut to provide the optimal 

joint parameter and state estimation. Section 2.4 contains the estimation criterion 

of interest. In Section 2.5 it is shown how the system model can be transformed 

into various predictor forms. 

Section 2.6 contains the main results. In Section 2.6.1 the conventional approach 

that is an approximation method based on the certainty equivalence principle is dis­

cussed. Section 2.6.2 contains the proposed approach based on one the most useful 

properties of Gaussian distribution. This property stems from the fact that the 

higher moments of the multi-dimensional Gaussian distribution depend only on the 

elements of the mean vector and the covariance matrix. Finally, it is described how 

the system parameter-state estimates and estimates of their uncertainty, provided 

by the Kalman filter, can be used to construct an optimal d-step-ahead predictor. 

A summary is given in Section 2.7. 

2.2 System description 

A time-invariant single-input, single-output system is assumed to be represented 

by the following ARX model: 

(2.1) 

where {Yk}, {uk}, and {eiJ denote the output, input and disturbance sequences 

respectively, and A(q-1
), and B(q-1 ) are polynomial functions of q-1 which have 
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the following forms: 

10 

(2.2a) 

(2.2b) 

where q-1 denotes the backward shift operator. The time delay is d ~ 1 and is 

chosen so that the leading coefficient of B(q-1 ), b0 , in the model (2.1) is nonzero. 

The independent sequence { ek} is a gaussian zero mean white noise process with 
. . 

given covariance 

(2.3) 

where ~k-l is the Kronecker delta. 

Using state variables, the model (2.1) can be written in the following canonical 

form: 

or putting 

(n-1) 
Xk+l 

(n-2) 
Xk+l 

(d-1) 
Xk+l 

(d-2) 
Xk+l 

- anYk + bn-dUk 

(n-11 b 
xk - an-lYk + n-d-1 Uk 

xid) - adYk + bouk 

(d-1) 
xk - ad-lYk 

(1) 
xk - a1Yk 

(0) 
xk + ek 

Then the model (2.4) can be written in the following compact form: 

(2.4a) 

(2.4b) 

(2.5) 

(2.6a) 

(2.6b) 
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where 

0 0 

1 

0 
E. 

0 

1 0 

Eo = [ O . . . 0 1 ]. 

an 

ad 

'A.= . 
ad-l 

11 

bn-d 

B. = 
bo 

0 

0 

(2.7) 

Note that the model (2.6) is not a standard state-space model: however. a stan­

dard state-space model can easily be obtained by substituting (2.6b) into (2.6a) as 

follows: 

where 

and 

Axk + Buk + wk 

Cxk + ek 

(2.8a) 

(2.8b) 

A= E. - A.E0 , B = B. . C = E0 • wk = -A.ek (2.8c) 

(2.8d) 

The model (2.8) represents the ARX model (2.1) in observer state-space form. In 

this model, the system matrix A, Q1c, and Sk all depend on the system parameters 

in A(q-1
), and B depends on the parameters in B(q-1 ). 

In the next section, it will become clear that why model (2.6) is used to deter­

mine the optimal joint parameter and state of the system, rather than using the 

standard state-space model (2.8). 
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2.3 Parameter and state estimation 

In this section, the approach proposed by Salut in 1976. [45], to determine the 

optimal joint parameter and state of the system is described. This section can also 

be considered as a preliminary section for the next chapter. 

For parameter estimation and state estimation, the measurements {yk} and 

{ uk} up to and including time k are assumed to be known. Furthermore. the 

matrices E. and Eo are known, such that the matrix E ~ [ :: ] is zero except 

for a positive unit element in each column. Thus in eqn. (2.6), the entries in the 

unknown state vector. Xk, and the unknown system parameters in A. and B. are 

multiplied by known values. This crucial fact allows us to solve the simultaneous 

state and parameter estimation problem as a linear filtering problem. On the 

other hand. using the standard state-space model (2.8) with unknown matrix A = 
E. -A.E0 , the estimation problem leads to a nonlinear filtering problem due to the 

occurrence of products between parameters and states. Furthermore, the optimality 

of the Kalman filter depends on the a priori knowledge of the noise statistics. For 

the model (2.8), this knowledge is not available when the system parameters are 

unknown, because Qk and Sk depend on the system parameters. 

Now it is proceeded to describe the approach proposed by Salut. If 0 consisting 

of the unknown parameters of the system (2.6) is defined as follows: 

then the model (2.6) can be rearranged in the following form: 

(2.9) 

(2.10a) 

(2.10b) 



CHAPTER 2. ADAPTIVE OPTIMAL PREDICTION 13 

where the matrix G.(yk, uk) is constructed to account for the order of the parameters 

in B. Since the system is time invariant, f)k+i = f)k = B. By appending the parameter 

vectors f)k to the state vector, the following model is obtained : 

[ :::: ] [ :· G.(y;, u,) ] [ :: ] 

Y• = [ Eo O J [ :: ] + e, • 

This model can be written in compact form as 

(2.lla) 

(2.llb) 

(2.12a) 

(2.12b) 

where sk is an r = [n + (2n - d + !)]-dimensional state vector [ xI B[ ]T. Since the 

sequence {ek} is a gaussian zero mean white noise process with given covariance 

Rk, ek has the following three properties which will be frequently used later: 

Noise properties 

E{ekl Fk-d - 0 a.s. (2.13a) 

E{erl Fk-d Rk > 0 a.s. (2.13b) 

Ii 1 LN 2 
< 00 a.s. (2.13c) m sup N ek 

N➔oo k=l 

where Fk denotes the sigma algebra generated by y0, ... , Yk and u 0 , ... , uk. 

Now a Kalman filter for the augmented model (2.12) can be immediately ob­

tained to give the optimal one-step-ahead estimate of the composite state vector. 

Let Sk+ilk denote the conditional mean of Sk+1 given observations of {Yk} and { uk} 

up to and including time k, that is, 

(2.14) 
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In order to apply a Kalman filter to estimate the composite state sk in (2.12). it 

is assumed that s0 is a gaussian random variable of known mean s0 and known 

covariance :E0 , i.e., 

Further. it shall be assumed that s0 is independent of ek for any k. 

(2.15) 

(2.16) 

The optimal predictor for the composite state has the following form. ( see proof 

in Appendix A: 

- Fksklk-1 + Kk(Yk - Hsklk-d: 

FkPklk-lHT (H pklk-1HT + Rk)- 1 

(2.17a) 

(2.17b) 

Because of the dependence of Fk on the actual measurements. uk and Yk, the Kalman 

gain Kk, and the conditional error covariance Pk+ilk• are not precomputable off-line. 

The corresponding gain and state covariance matrix can be partitioned as follows: 

[ 

Kxlt ] [ fz:x1r 
Kk = , pklk-1 = 

Ke" Pe-z1r 
(2.18) 

Using (2.18), (2.17b) can be rewritten as follows: 

[ 
K-z1r l [ E.P-z-z1r El+ G.(yk, uk)Pe-z1rEl l T _1 = (EoP-z-z1r E0 + Rk) . 
Ke" Pe:r:1rEl 

(2.19) 

Due to the special structure of (2.12), it can be seen that only K-z1r depends on 

Uk and Yk, and the other gain, Ke", is independent of Uk and Yk· To stress this, 

the notation K:r:1r (Yk, uk) will be used instead of K-z1r· Thus K:r:1r can be written as 

follows: 

(2.20) 
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Using this new notation and (2.19) the optimal predictor (2.17) can be written as 

follows: 

[ 

Xk+Ilk ] - [ E.xklk-1 + G.(yk, Uk)Bklk-1 l [ Kr,, (y1.:, Uk) l . . - . + (yk - Eoxklk-1) • 
lh+ilk Bklk-1 Ks,, 

(2.21) 

Now let sklk be the estimate of Sk based on all measurements up to and including 

Yk· The optimal filter for this estimate has the following form: 

Fksklk 

pklk-1 - pklk-1HT(HPklk-1HT + Rk)- 1 
HPklk-1 

FkPklkF[ 

The vector form of (2.22a) is 

[ 

Xkjk] [ Xkjk-1 ] [ Prr,.E[] T _ 1 • . = . + T (EoPrr,,Eo + Rk) (Yk - Eoxklk-1) 
Bklk eklk-1 Psr,. Eo 

(2.22b) 

(2.22c) 

(2.22d) 

( 2.23) 

The equation yielding sk+ilk from Sklk, known as the time-update equation. is as 

follows: 

or 

Xk+ilk - E.i:klk + G.(yk, Uk)Bklk 

Bk+Ilk Bklk. 

(2.24) 

(2.25a) 

(2.25b) 

The equations (2.25b) are satisfied since the system is time-invariant. In order 

to simplify some of the equations which will be obtained in the next sections the 

following equation from (2.21) will frequently be used: 

. . . 
Bk+ilk = Bklk = Bklk-1 + Ks,, (Yk - Eoxklk-1) • (2.26) 
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2.4 Minimum mean square error prediction 

Prediction is the forecasting side of information processing. The aim is to obtain 

at time k information about Y1t:+d for some d ~ 1, i.e., to obtain information about 

what Yk will be like subsequent to the time at which the measurement is available. 

In obtaining the information, measurements up to and including time k can be 

used. The criterion of interest is the minimum mean square error prediction based 

on the minimization of the cost function: 

(2.27) 

where Yk+dlk = E{Yk+dl Fk} is the optimal d-step-ahead prediction of Yk at time k 

in a minimum variance sense. Hence the objective is to produce E{Yk+dl Fk}-

In the following sections it will be shown how this optimal problem can be solved 

without using any approximation methods. 

2.5 Predictor forms 

As seen in Section 2.2, the input-output behavior of a linear dynamical system can 

be described by an ARX model. The following lemma shows how an ARX model 

can be expressed in an alternative predictor form. 

Lemma 2.1 The output of the system (2.1), having an ARX model, at time k + d 

can be expressed in the following predictor form: 

where 

d-l 

Yk+d = Eo(E. - A.Eo)d-1xk+1 + L f;ek+d-i 
i=O 

k k 

E k+l "Ek-iA "Ek-iB Xk+l = . Xo - ~ • -Y; + ~ . .ui 
i=O i=O 

(2.28) 

(2.29) 
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(2.30) 
n-d 

for k 2: 0 and d ~ 1. 

Further, the coefficients fo, ... , fd-l can be computed as follows: 

i=O 
(2.31) 

i=l. .... d-1 

for i = 0, ... , d - 1 . 

Proof: From (2.6) and using a sequential method. it will be shown how the predicted 

output at k + d. Yk+d• is obtained. 

A sequence of inputs Uk, u0 , u 1 , .... Uk, is given. as well as a sequence of outputs 

Yk• Yo, Yi, .... Yk, and the initial conditions x0 • Then 

x1 E.xo - A.yo + B. uo 

(2.32) 

At step k + 1, this leads to 

k k 

E k+l "Ek-jA "Ek-jB 
Xk+l = - Xo - ~ - •Yj + ~ - .uj (2.33) 

j=O j=O 

for k 2: 0. 

Following (2.8), d-step-ahead prediction may be developed as follows. First, 
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Similarly. 

Hence 

Xk+3 = (E. - A.Eo)Xk+2 + B.uk+2 - A.ek+2 

= (E. - A.Eo)2xk+i + (E. - A.Eo)B.uk+i + B.uk+2 

- (E. - A.Eo)A.ek+l - A.ek+2. 

d-1 

Xk+d (E. - A.Eo)d-ixk+l + 2)E. - A.Eo)d-i-l B.uk+i 
i=l 

d-1 

- L(E. - A.Eo)d-j-l A.ek+i. 
j=l 

for k 2: 0 and d 2: 1. and also from (2.8b) 

Substituting (2.34) into (2.35) gives 

d-1 

Yk+d = Eo(E. - A.Eo)d-lXk+i + L Eo(E. - A.Eo)d-i-l B.uk+i 
i=l 

d-1 

- L Eo(E. - A.Eo)d-i-l A.ek+i + ek+d 
j=l 

for k 2: 0 and d 2: 1. 

18 

(2.34) 

(2.35) 

(2.36) 

In order to simplify (2.36), the row vector E0 (E. - A.E0 )d-j-l is rewritten in 

the following form: 

Eo(E. - A.Eo)d-i-l = [O, ... , 0, fo, ... , /d-j-1] ---------- (2.37) 

n-(d-j) d-j 

where the sequence {/0, ... , /d-i} is a scalar sequence and a function of the poly­

nomial A(q- 1 ) appearing in (2.1) and can be computed from (2.31). 
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The following steps will show how (2.37) can be obtained. 

Referring to (2. 7), E. - A.E0 is obtained as follows: 

E. -A.Eo = 

Then 

0 

1 

0 

[0 ... 01]= 

1 0 

1 

Eo(E. - A.Eo)d-j-l = [ 0 . . . 0 1 ] 

1 

d-j-1 

19 

1 -a1 

(2.38) 

(2.39) 

Note that E0 (E. -A.E0 )d-i-l is the last row of (E. -A.Eo)d-i-l which establishes 

(2.37). Meanwhile, using (2.37) the following interesting result is obtained: 

Eo(E. - A.E0 )d-i-i B. = 0 ; j = 1, .... d - I (2.40) 

because 

E0 (E. -A.Eo)d-i-t B. = [O, ... , 0, Jo, ... , fd-i-1] _____.. ______ __, 
n-(d-j) d-j 

bo 

0 

0 

(n-d+i)xl = 0 

(d-l)xl 

(2.41) 
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for j = 1, ... , d - I . 

Now using (2.37) and (2.40), equation (2.36) is simplified as follows: 

This gives (2.28). 

d-1 

Yk+d = Eo(E. - A.Eo)d-1xk+1 + L f;ek+d-i . 
j:O 

20 

(2.42) 

Now it is shown how the proposed predictor form (2.42) can be related to the 

conventional predictor form discussed by Goodwin and Sin [28]. 

Substituting (2.33) into (2.42) gives 

k k d-1 

- E (E A E )d-l(Ek+l ~ Ek-jA . '""Ek-jB ) '""/ Yk+d - 0 • - • 0 • Xo - ~ • -Y; + ~ . .uj + ~ jek+d-j 
j=O i=O j:O 

fork~ 0. 

Now let us introduce the following notations: 

Lk - Eo(E. - A.E0 )d-l E:+l 

a.k-i -Eo(E. - A.Eo)d-l E:-i A. 

f3k-i - Eo(E. - A.Eo)d-i E:-i B. 

Then, (2.43) can be rewritten in terms of the new notations as follows: 

k k d-1 

Yk+d = Lkxo + E ak-;Y; + L f3k-iui + L f;ek+d-i 
j=O j=O i=O 

fork~ 0. 

Because of the special structure of matrix E. 

for l 2:: n. 

(2.43) 

(2.44a) 

(2.44b) 

(2.44c) 

(2.44d) 

(2.45) 
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Then for k ~ n - l the effect of initial condition x 0 disappears and then (2.44d) 

can be simplified as follows: 

k 

Yk+d= L 
i=k-(n-1) 

k d-l 

a1c-;Y; + L f31c_;u; + L f;ek+d-i 
i=k-(n-1) i=O 

(2.46) 

Now the predictor (2.46) can be expressed in a conventional polynomial form, dis­

cussed by Goodwin and Sin [28], as follows: 

where 

/J(q-1) /Jo+ /J1q-l + ... + /3n-lq-(n-l) 

F(q) = faqd + f1l- 1 + · · · + fd-lq 

(2.47) 

(2.48) 

(2.49) 

(2.50) 

where the coefficients in a(q-1) and /J(q- 1). using (2.44b) and (2.44c), can be 

computed as follows: 

d-2 

-[O, ... , 0. fa, ... , fd_ 1]E:A. = -ad+i - L f;+1 ad+i-i-l (2.51a) 
i=O 

d-2 

[O, ... , 0, fa, ... , fd_ 1]E:B. = bi+ L !;+1 bi-i-1 (2.51b) 
i=O 

where i = 0, ... , n - l and the coefficients / 0, ... , fd-l are obtained from (2.31). 

In the recursive equations above, (4.51a) and (4.51b), whenever an+1,an+2,- .. 

and bn-d+l, bn-d+2, ... appear in the formulas, they are set to zero. 

As seen the predictor model above (2.47) is a special case of the predictor (2.44d) 

proposed in this research. In a zero initial condition case there is no difference 
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between the two models. However, the proposed predictor is capable of dealing 

with a nonzero initial condition whereas the conventional predictor model lacks 

such a capability. In the following lemma, the technique used by Goodwin and Sin. 

[28], to express an ARX model in predictor form will be discussed. 

Lemma 2.2 For the system (2.1), the d-step-ahead predictor has the following 

form: 

where 

o:(q-1) 

/3(q-l) 

F(q) 

a + a -1 + ... + a -(n-1). 
/JO /Jl q /Jn-1 q • 

Proof: Multiplying (2.1) by F(q) gives 

Substituting the predicted output Yk+d into (2.54) gives 

or 

where 

qd - F(q)A(q-1) 

F(q)B(q-1) 

f3o =f= 0 

lo= 1 

(2.52) 

(2.53a) 

(2.53b) 

(2.53c) 

(2.54) 

(2.57a) 

(2.57b) 
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This establishes (2.52) as required. In the following it is shown how the coefficients 

in F(q) , a(q-1), and /3(q-1) can be computed uniquely. 

Substituting (2.2a), (2.53a), and (2.53c) into (2.57a) gives 

qd-(foqd+ f1qd-1+·. ·+ fd-1 q)(I+a1q-1+·. +anq-n) = aa+a1q-1+·. ·+an-1 q-(n-1) 

(2.58) 

By equating the terms of equal degree, the following recursive equations are ob­

tained for the coefficients of the polynomials F(q) and a(q-1 ): 

and 
d-2 

ai = -ad+i - L f;+i ad+i-i-1 ; 
i=O 

m=O 

m = 1, .... d-1 

·i = 0 .... . n - 1. 

Further. using (2.57b) the coefficients in /3( q-1) are determined as follows: 

d-2 

/3i =bi+ L !;+1 bi-j-1 ; -i = 0, ... ,n - 1. 
i=O 

Note that, in the SISO case 

(2.59) 

(2.60) 

(2.61) 

(2.62) 

In the next section it will be shown how the parameter and state estimation 

technique of Section 2.3 can be used in the predictors above to design an adaptive 

predictor. 

2.6 Adaptive prediction 

There are two possible approaches to evaluate the conditional expected value of 

Yk+d given :Fk, E{Yk+dl:Fk}- These will be designated: 
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1. Conventional approach or Approximation approach. 

2. Proposed approach or Exact approach. 

The two approaches will be described and compared. 

2.6.1 Conventional approach 

It will be shown how the conditional expectation E {Yk+d IFk} can be determined 

using an approximation method. Applying the following approximation method to 

the predictor model (2.52), it is possible to derive an optimal steady-state d-step­

ahead predictor. The final result is the same as obtained by Astrom [7], Wittenmark 

[52], and Goodwin and Sin (28]. 

Let us rewrite the conventional predictor (2.52) in the following form: 

(2.63) 

where a(q- 1 ,8). /3(q- 1,8) denote polynomials having the same structure as a(q- 1
). 

f3(q- 1 ) in (2.52) and having entries parametrized by the parameter vector 8. where 

8 contains the coefficients of A(q-1) and B(q-1) in (2.1). 

The quantity E{Yk+dl Fk} is a nonlinear function of 8. The following notation 

is used to make this nonlinearity explicit: 

(2.64) 

where f ( fJ) is a nonlinear function of 8 which is a random variable with the following 

conditional mean and covariance given Fk: 

E{fJI Fr.:}= E{fJkl Fk} 

E{(8 - 8klk)(8 - Bklkfl Fk} 

(2.65) 

(2.66) 
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where (} = 8k for a time-invariant system. 

One of the approaches to determine the conditional mean of the random variable 

f( 8) is an approximation based on the truncation of the Taylor series expansion of 

/(8) about the point Bklk = E{81Fk} as follows: 

The Taylor series expansion of /(8) about Bklk = E{8kl Fk} is 

Talcing conditional expectations given Fk yields 

E{f(8)1Fk} = f(Bklk)+E{d1TI_ (8-0klk)IFk} (2.68) 
e,.,,. 

1 - T d?f I -+ 2! E{( 8 - 8klk) d82 - (8 - 8klk)I Fk} + •••. 
e,.,,. 

Equation (2.68) can be simplified. using 

as follows: 

where tr(.) is the trace operator. 

(2.69) 

(2. 70) 

(2. 71) 

If the conditional density function for 8 given Fk is concentrated near eklk' and 

f ( 8) is smooth in the vicinity of this point, then, retaining only the first term of 

( 2. 71) gives 

(2. 72) 

or 

(2.73) 
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Now talcing conditional expectation on both sides of (2.63), gives 

(2. 74) 

since E{F(q)ykl .1i} = 0. Using the approximation above, (2.73), equation (2.74) 

can be simplified as follows: 

(2. 75) 

and for simplicity if the right-hand side of the equation is called Yk+dlk we have 

where 

o:(q-l · 8klk) 

/J(q- 1
. 8klk) 1~ + /3. -1 + + 1~ -(n-1) /JO,klk l,klk q • • • /Jn-1,klk q 

and the coefficients in o:(q-1,eklk) and /J(q- 1.eklk) are computed as follows: 

d-2 

where ·i = 0, ... , n - 1 and 

-ad+i.klk - L J;+i.klk ad+i-j-1.klk 
j=O 

d-2 

bi,klk + L };+i,klk bi-j-1,klk 
j=O 

m=0 

m = 1, ... ,d-1. 

. . 

(2.76) 

(2. 77) 

(2. 78) 

(2. 79a) 

(2. 79b) 

(2.80) 

As before, in (2.79), whenever an+i,klk, CLn+2,klk, ••• and bn-d+t,klk, bn-d+2,klk, • • • ap-

pear in the formulas, they are set to zero. 
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Provided that the system input, output, and noise are absolutely bounded al­

most surely, the above indirect d-step-ahead predictor was proved by Sin, Goodwin. 

and Bitmead [47] to be globally convergent in the following sense: 

a.s. (2.81) 

where 1
2 is the optimal d-step-ahead prediction error variance. 

The adaptive predictor above uses the certainty equivalence principle. That is. 

it uses on-line parameter estimates in lieu of actual plant parameters. When the 

parameter estimates are close to the actual plant parameters ( assuming the plant is 

in the model set), then this approach makes sense. However for adaptive schemes 

based on the certainty equivalence principle, in general there will be circumstances 

where the transient performance is unnecessarily poor. perhaps intolerably so. 

2.6.2 Proposed approach 

In this section it will be shown how a. d-step-ahead predictor which is optimal at 

each step can be designed for the ARX model (2.1). As explained in the previous 

section the main objective is to evaluate E{Yk+dl Fk}. 

From Lemma 2.1, the ARX model (2.1) can be written in the following proposed 

predictor form, (2.42): 

d-1 

Yk+d = Eo(E. - A.Eo)d-1xk+1 + L f;ek+d-i 
j=O 

for k ~ 0. 

Now taking conditional expectation given Fk on both sides of (2.82), gives 

d-1 

E{yk+dl Fk} = E{Eo(E. - A.Eo)d-lxk+il Fi:}+ E{L f;ek+d-;I Fk}. 
j=O 

(2.82) 

(2.83) 
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Since E{E1:~ f;ek+d-;I Fk} = 0, (2.83) can be simplified as follows: 

(2.84) 

Initially, assume that the system delay is unity [d = 1 in (2.1)]. Later it will be 

shown that this can be extended to the case d 2:: 1. 

Case d = 1: For d = 1. equation (2.84) finds the simplest possible form as 

follows: 

(2.85) 

or 

(2.86) 

Substituting (2.25a) into (2.86) gives 

(2.87) 

where the estimates Xkik and Bklk satisfy the difference equations (2.22). 

Using (2.46) and (4.51), fork 2:: n - 1 the one-step-ahead predictor will have 

the following form: 

k 

Yk+i = - L 
j=k-(n-1) 

k 

ak-;Y; + L bk_;u; + ek+t 
j=k-(n-1) 

which can be written in a regression form 

where 

(2.88) 

(2.89) 

(2.90) 

(2.91) 
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Taking conditional expectation yields 

(2.92) 

which coincides with the conventional one-step-ahead predictor discussed in the 

literature. The main difference between the proposed one-step-ahead predictor 

(2.87) and the conventional one (2.92) is that the proposed predictor is capable of 

dealing with cases with unknown initial conditions. However. the initial condition 

has to be known or zero to use the one-step-ahead predictor (2.92). 

Case d ~ 1: As the number of time delays increases the adaptive optimal 

predictor becomes more complex. Substituting (2.30) into (2.84) gives 

(2.93) 

or 

(2.94) 

where /o,/1, ... ,/d-l are iteratively calculated from (2.31), such that 

lo 1 

/1 -a1 

/2 
2 

-a2 + al 

/3 -a3 + 2a1a2 - a~ 

d-2 

- ~ /;ad-1-j · (2.95) 
i=O 

Substituting (2.95) into (2.94) gives 

(2.96) 
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Then according to the model (2.4) the equation above can be rewritten as follows: 

(2.97) 

provided that the system order satisfies n > d. If n = d, the first term in the 

equation above (2.97), xid). is omitted. 

Due to the linearity property of the expectation operator 

Yk+dlk = E{xid)I Fk} + E{-adYkl Fk} + E{boukl Fk} + E{-a1xid-l)I .rk} 
d-2 

+ E{a1ad-1Ykl Fk} + · · · + E{- L /iad-1-;xi
1ll Fk} 

j=O 

d-2 

+ E{L /;ad-1-;a1Ykl Fk} • (2.98) 
i=O 

Using the following lemma, it will be explained how the terms on the right-hand 

side of this equation can be evaluated from the elements of the mean vector sklk 

and the covariance matrix Pklk· 

Lemma 2.3 If Z = [zi, z2, ... , zn]T is a ga·ussian random vector with mean vector 

M = [m1, m 2, ... , mn]T and positive-definite covariance matrix E. then the higher 

moments depend only on the elements of the mean vector and the covariance matrix, 

{36}. as follows: 

(2.99a) 

(2.99b) 

(2.99c) 

(2.99d) 
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Proof: Using the moment generating function the lemma above is proved. If Z 

is normally distributed in n dimensions with mean vector M and positive definite 

covariance matrix ~- the frequency function (probability density function) of Z is 

The moments of the distribution are defined by 

E{ z~1 z;2 ••• z~le} = roe z~I z;:2 ••• z~le f( Z)dZ 
1-oo 

(2.100) 

(2.101) 

where the Tj, 1 ~ j ~ k ~ n. are nonnegative integers. Let .,\ = (.,\1 . .,\2 , .... .,\n]T be 

a column vector. Then 

(2.102) 

is called the moment generating function for Z since 

(2.103) 

An important property of moment generating functions is that the moment gen­

erating function determines the distribution. That is. there exists a one-to-one 

correspondence between the moment generating function and the distribution func­

tion of a random variable. The moment generating function for the case in which 

Z is normally distributed is calculated as follows. By definition of the moment 

generating function 

(2.104) 

Hence 

(2.105) 
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For example 

a 
BAi <Pz(,\) T/i<Pz(,\) 

a2 

8,\iB,\; <Pz(,\) - (Ei; + T/iT/;)<Pz(,\) 

83 

8,\i8 ,\;B,\k <Pz(,\) (Ei;T/k + EikT/; + E;kT/i + T/iT/iT/k)<Pz(,\) 

84 

8,\i8,\;B,\kB,\t <Pz(,\) (Ei;Ekt + EikE;1 + Ei1E;k + EiiT/kT/l + EikT/iT/l + EizT/;T/k 

+ E;kT/iT/k + E;zT/iT/k + EktT/iT/; + T/iT/iT/kTJd<l>z(,\) (2.106) 

where 
n 

T/a = L E,a0 ,\,a + m 0 ; a = i, j, k, l. (2.107) 
.8=1 

If the above partial derivatives are evaluated at ,\ = 0. the corresponding moments 

2.99 are obtained. 

Note that as would be expected, the higher moments of the Gaussian distribu­

tion depend only on the elements of the mean vector and the covariance matrix. 

Now using Lemma 2.3, the terms on the right-hand side of equation (2.98) can 

be evaluated in terms of the elements of the mean vector sklk and the covariance 

matrix Pklk as follows: 

For simplicity, for systems with d = 2 and d = 3 it will be shown that the 

optimal d-step-ahead predictor can be obtained using Lemma 2.3 ; the extension 

to general d is straightforward but lengthy. 

Case d = 2: For a system with d = 2 the optimal d-step-ahead predictor 

E{Yk+dl Fk} can be evaluated as follows. From (2.98) 

Yk+2 1k = E{xi2>1 Fk} - E{a2Yki Fk} + E{bouki Fk} - E{a1i{
1ll Fk} + E{aiYki Fk}. 

(2.108) 
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Since Yk and Uk are Fk measurable. (2.108) using the conditional expectation prop­

erty can be simplified as follows: 

Yk+2lk = E{:z{
2
ll Fk} - E{a2I Fk}Yk + E{bol Fk}uk - E{a1xi

1
ll Fk} + E{ail Fk}Yk. 

(2.109) 

Hence, from (2.99b ), 

Once again it is emphasised that the above result (2.110) is for a system with an 

order higher than two. If the order is n = 2. the first term on the right-hand side 

of (2.110), xi~k- will be omitted. 

Using the conventional method explained in Section 2.6.1, the two-step-ahead 

predictor of a second order system with d = 2 and white noise would have the 

following form: 

where 

and 

and finally 

l A 

a(q- , 0klk) 

{3(q- 1, Bklk) 

(2.111) 

(-a2.klk + ai.k1d + a1,klka2.k1kq-
1 

A A l 
bo,klk - al,klkbO,klkq-

E{Yk+dl .ri} :;:::: ( -a2,klk + ai.klk)Yk + al,klka2,kjkYk-l + bO,klkuk - al,klkbO,klkuk-1 • 

(2.112) 
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As expected there are some similarities between the two predictors. (2.110) and 

(2.112), but the main difference is that the real optimal predictor (2.110) includes 

the uncertainty associated with the parameter and state estimates whereas the 

optimal steady-state predictor (2.112) ignores the uncertainty in the parameter 

estimates. 

Cased= 3: Using (2.98), the optimal d-step-ahead predictor for a system with 

d = 3 has the following form: 

Yk+3lk = E{(xi
3
> - a3yk + bouk) - a1(xi

2
> - a2Yk) + (-a2 + aiHxi

1
l - a1yk)I Fk}. 

(2.113) 

If the same procedure as employed for case d = 2 is applied for a system with d = 3 

the optimal predictor can be evaluated as follows: 

!ik+3 1k = E{:z{
3

>1 .rk} - E{a3Ykl .rk} + E{boukl Fk} - E{a1:z:i
2

ll Fk} + E{a1a2Yki Fk} 

- E{a22{1)I Fk} + E{a2a1Ykl Fk} + E{ai:z{
1

)1 Fk} - E{a~Ykl Fk} . (2.114) 

Using the conditional expectation property 

Yk+31k = E{:z:i
3

>1 .rk} - E{a3I Fk}Yk + E{bol .rk}uk - E{a1:z:i
2
ll Fk} + E{a1a2I Fk}Yk 

- E{a2:z{1ll Fk} + E{a2a1I Fk}Yk + E{ai:z{
1

)1 Fk} - E{a~I Fk}Yk. (2.115) 

Now from the results (2.99) the conditional expectation terms on the right-hand side 

of the equation above (2.115) are simplified. The last term of (2.115), E{a~I Fk}, 

is selected as an example to show how the results (2.99) can be used to simplify 

(2.115). According to the result (2.99c) 

(2.116) 

Now if it is assumed that 

(2.117) 
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and. accordingly, it can be deduced that 

Substituting into (2.99c) leads to 

(2.118) 

Using the same procedure as previously, the optimal d-step-ahead predictor (2.115) 

can be rewritten in terms of the elements of the mean vector and the covariance 

matrix as follows: 

• .(3) • b. (" .(2) p ) 2(" • p ) 
Yk+3lk = Zklk - a3.klkYk + o,klkuk - al,klkzklk + ai:z:t2llk + al,klka2,klk + a1a2lk Yk 

(
• .(1) p ) (P .(1) 2P • -2 .(1)) 

- a2,klkzl + a 2 :z:t1llk + ailkzklk + a 1:z:~1ljkal.klk + al.klkzklk 

-(3Pailkal,klk + atklk)Yk • {2.119) 

Using the conventional method, the 3-step-ahead predictor of a third order system 

with d = 3 and white noise would have the following form: 

(2.120) 

where 

/J(q-1) - /Jo+ /J1q-l + /J2q-2 

bo + ( -a1bo)q-1 + ( -a2bo + a~bo)q-2 

and 

l • 
a(q- ' 81.:,k) - (-a3,klk + 2al,klka2,klk - atklk) + (al,klka3,klk + iii.klk - lli,1.:11.:ii2,1.:11.:)q-l 

+ ( ii2,k11.:a3,1.:1k - ai_1.:1ka3,klk)q-
2 

,B(q-l, 8klk) bO,klk + (-al,klkbO,klk)q-l + (-a2,klkb0,klk + iii,1.:11.:bo,kjk)q-
2 
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and finally 

E{yk+dl .ri,} ~ (-03.klk + 201.k1k02,klk - 0tk1k)Yk + (01.k1k03,klk + 0i.klk - 0i.klk02.k1k)Yk-1 

+ (a2,klka3,klk - 0 i.klka3,klk)Yk-2 + 60,klkuk + (-al,klkbO,klk)uk-1 

(2.121) 

2.7 Summary 

This chapter considered an indirect optimal approach to prediction . An exact op­

timal solution was obtained whereas conventional approaches use an approximation 

method to solve the problem. In the proposed approach, first the plant parameters 

and states are estimated with a Kalman filter. Second the adaptive optimal predic­

tor is designed based on their uncertainty. Such a predictor is optimal at each step 

in a minimum variance sense. This predictor can handle cases with unknown initial 

conditions. On the other hand, the conventional predictor uses the estimates as if 

they were the true parameters for the purpose of design and ignores any uncertainty 

in the parameter estimates. This conventional predictor is based on the certainty 

equivalence principle and is asymptotically optimal. As a result, both results have 

the same steady-state performance. However, the proposed predictor can have a 

better transient performance. 

In the next chapter it will be explained why an indirect scheme is the only way 

to solve the optimal problem considered in this chapter. 



Chapter 3 

SISO Cautious control 

3.1 Introduction 

This chapter is concerned with indirect SISO stochastic adaptive control. The 

purpose of the control is to minimize the variance of the output around a desired 

value one step ahead for SISO linear time-invariant discrete-time systems having 

general delay and white noise perturbation. Minimization over only one step leads 

to the one-step ahead or cautious controller. This controller takes the parameter 

uncertainties into account, in contrast to the certainty equivalence controller. 

The SISO cautious control problem has been discussed in Astrom and Wit­

tenmark [8], Wieslander and Wittenmark [51], and Nahorski and Vidal [40]. The 

method proposed in this research and the method used by Astrom and Witten­

mark [8] are the same except that the proposed method can handle cases with 

uncertainty in initial conditions. Wieslander and Wittenmark [51] used a very 

complicated way to solve the adaptive problem for a unity delay system. Nahorski 

and Vidal [40] handle the case of general delay by using a special model. 

37 
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This chapter is organized as follows. In Section 3.2 the control criterion of 

interest is addressed. Section 3.3 contains the main results. In Sections 3.3.1 

and 3.3.2 using the theory of stochastic optimal control, the general one-step ahead 

optimization problem is solved in both nonadaptive and adaptive cases, respectively. 

It is proved that the optimal solution can be expressed analytically in a closed form. 

In Section 3.4 it is shown how the general optimal solution obtained in this research 

can be applied to some special cases discussed in the literature. Because of the initial 

condition x0, there are two different cases for the estimation process. Hence the 

proposed indirect cautious control with unknown and known initial condition are 

presented in Sections 3.5 and 3.6, respectively. In Section 3. 7 in order to explain 

why the indirect approach is the only way to solve the minimization problem above. 

the direct cautious control proposed by Nahorski and Vidal (40] is considered. In 

Section 3.8 simulation results are presented to s_how the performance of the propo~ed 

cautious control compared with that of the certainty equivalence controller. 

3.2 The control criterion 

The purpose of the control is to keep the output of the system (2.1) as close as 

possible to a known reference value trajectory {yz}. In other words, the objective 

is to choose the input uk so as to minimize the sample mean-square error between 

the output and the desired value Yk+d· Thus consider the following cost function: 

(3.1) 

The cost function should be minimized with respect to Uk- Then a feature of the 

cost function above is that it is only concerned with the situation one step ahead. 

A control strategy is admissible if uk is a function of all outputs observed up to and 
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including time k, i.e .. Yk, Yk-b ... , Yo, all applied control signals Uk-i, .... uo and 

the a priori data. Using the smoothing property of conditional means, we have 

(3.2) 

Hence the optimal cost is 

(3.3) 

It follows from a fundamental lemma of stochastic control theory, see Astrom [7], 

that 

(3.4) 

where Uk is :Fi measurable. In other words, the control objective will be to minimize 

the sample mean of the sequence E{(yk+d -Yk+d) 2
1 Fk}, and the new criterion may 

be written as 

(3.5) 

Once again using the property of conditional means the index becomes 

(3.6) 

where x0 is the initial condition and B is the parameter vector. A new index when 

x0 and B are known will be obtained as follows: 

(3.7) 

3.3 One-step-ahead optimization 

In this section the one-step-ahead optimization problems above are solved using 

the theory of stochastic optimal control following the philosophy of Astrom [5, 6], 
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and Wieslander and Wittenmark [51]. In order to minimize the two cost functions 

above, (3.5) and (3.7), the results obtained in Chapter 2 are employed in this 

section. 

As explained in Chapter 2, Lemma 2.1, the ARX model (2.1) can be written in 

one of the following predictor forms: 

or 

d-1 

Yk+d = Eo(E. - A.Eo)d-ixk+i + L J;ek+d-i 
j=O 

k k d-1 

(3.8) 

Yk+d = Eo(E. - A.Eo)d-1(E:+lxo - L E:-i A.yi + L E:-i B.ui) + L /;ek+d-j 
j=O j=O j=O 

(3.9) 

for k ~ 0 and d ~ l. 

In order to show which term is a function of uk, (3.9) is rewritten as follows: 
k k-1 d-1 

Yk+d = bouk+Eo(E.-A.Eo)d-l(E:+lxo-L E:-j A.yi+ L E:-i B.ui)+ L fiek+d-j 
j=O i=O i=O 

(3.10) 

or Yk+d can be expressed in a compact form as 

(3.11) 

where 1 (.) and TJ(.) are nonlinear functions in terms of the parameter vector f) and 

Yt {Yk,··· ,Yo} (3.12) 

uk-1 
0 { Uk-1 , ... , Uo} (3.13) 

£k+d 
k+l {ek+d, ... , ek+d. (3.14) 

The independent process ek denotes a white noise which has the following properties 

E{ek+zl .rk} 

E{ek+lek+Tnl .rk} 

0 a.s. (3.15a) 

(3.15b) 
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for l > 1, m ~ L and k ~ 0. 

Using (3.15a), it is clear that conditional mean of the noise seen by the predictor 

(3.9) or (3.11), E1:J f;ek+d-i• is zero as follows: 

d-1 

E{L f;ek+d-;I Fk} = 0 or E{17(8. £ttf)I Fk} = 0 (3.16) 
j=O 

for k ~ 0 and d ~ 1. 

At this point, it can be shown how an optimal d-step-head predictor in a mini­

mum variance sense given Fk, the initial condition x0, and the parameter vector 8 

can be obtained. Talcing conditional mean of both sides of (3.11) with respect to 

Fb x 0, and 8 gives 

Using (3.16), 

(3.18) 

or. using (3.8) 

(3.19) 

or 

k k 

E{Yk+dl Fk, Xo, 8} = Eo(E. - A.Eo)d- 1 (E:+1xo - L E:-i A.yi + L E:-i B.u;) 
j=O j=O 

(3.20) 

from (3.9), fork ~ 0 and d ~ 1. Note that this case is a special case or a nonadaptive 

case of the predictor discussed in Chapter 2. 

In the next two sections it will be shown how the criteria Jk+dlk,:z:o,B and Jk+dlk 

can be minimized without using approximation methods. 
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3.3.1 Minimization of Jk+dlk,xo,0 

If the parameters and the initial condition of the system are known it is easy to 

determine the optimal feedback or to minimize the cost function Jk+dlk,:co,e' (3. 7). 

In the following theorem a stochastic controller based on an optimal predictor is 

derived. The result shows that putting the predicted output equal to the desired 

output achieves optimal control. 

Theorem 3.1 For the system (2.1) the val-ue of Uk which minimizes the criterion 

(3.21) 

can be determined as follows: 

(3.22) 

for k 2'.: 0 and d 2'.: 1. 

( Note that it ·is necessary to assume that b0 -/= 0 and that the system is m-in-imum­

phase at every instant of time. The control signal may otherwise be unbo·unded.) 

Proof: Substituting (3.11) into (3.21) gives 

or 

(3.24) 

Since ek is an independent noise which satisfies (3.16), the third term on the right 

side of (3.24) is zero. From 

d-l 

11(B, Et!t) = L f;ek+d-; (3.25) 
j=O 
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and (3.15b), the second term of the right side of (3.24) is determined as follows: 

d-l 

E{11(8, £ttf) 2 I .rk, Xo, 8} = L JJ Rk+d-i 
j=O 

which is independent of Uk- Therefore (3.24) is simplified as follows: 

d-l 

Jk+dlk,xo ,8 = [bouk + ,( 8' Xo, y; 'u;-l) - Yk+d1
2 + L f; Rk+d-j • 

i=O 

The necessary condition for a minimum is 

(3.26) 

(3.27) 

8Jk+dlk.xo,8 = O _ (3.28) 
8uk 

Since only the first term on the right side of (3.27) is a function of uk, differentiating 

(3.27) with respect to Uk gives the following equation: 

using (3.18). 

8Jk+dlk,xo,8 

8uk 
2bo[bouk + -y(8. Xo, Y; ,u;-l) - Yk+dl = 0 

2bo[E{Yk+dl :Fk, xo, 8} - Yk+dJ = 0 (3.29) 

According to the initial assumptions b0 =/= 0. so Jk+dlk.xo,8 can be minimized when: 

(3.30) 

or 

(3.31) 

This establishes (3.22). 

This result had already been obtained in the literature for the case when the 

parameters and the initial condition are known . In words, the minimum variance 

control can be obtained by equating the predicted output to the desired output 

given the parameters and the initial condition. 

The minimum value of the cost function is then given by 
d-l 

Jk+dlk,:z:0 ,8 = L JJ Rk+d-j • (3.32) 
i=O 
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3.3.2 Minimization of Jk+dlk 

Here the optimization of the design criterion Jk+dlk given in (3.5) is discussed. Using 

the same approach as used in Section 3.3.1, it is proved that the optimal solution 

can be expressed analytically in a closed form. The result is summarized in the 

following theorem. 

Theorem 3.2 For the system (2.1) the value of Uk which m-inimizes the criterion 

(3.33) 

can be determined as follows: 

(3.34) 

for k 2: 0 and d 2: 1. 

Proof: Using the property of conditional means 

( 3.35) 

or 

(3.36) 

which shows the relationship between the two cost functions. 

Hence, substituting (3.27) into (3.36) gives 

d-1 

Jk+dlk = E{[bouk+;(B,xo,Y~,u;- 1 )-Yk+d12 + Lf]Rk+d-jl.rk} (3.37) 
j=O 

or from (3.18) 

d-1 

Jk+dlk = E{(E{Yk+dl :Fk, Xo, 8} - Yk+d)2 + L f} Rk+d-;I .Fk} (3.38) 
j=O 
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for k > 0 and d ?. 1. 

From (3.19) 

Using the method used in Chapter 2 

where / 0 , ... , /d-l are obtained from (2.30) of Chapter 2. 

Then from (3.40) 

45 

(3.39) 

(3.40) 

(3.41) 

In order to facilitate the writing, (3.41) is written in the following compact form: 

(3.42) 

where p(.) is a nonlinear function, and also it is clear that 

( (d) (1) fJ) (fJ "\Jk uk-1) P xk , • • · , xk , Yk, = 'Y , Xo, Jo , o • (3.43) 

Substituting (3.42) into (3.38) leads to 

d-1 

Jk+dlk = E{[bouk + p(xid), ... , xi1
l, Y1.:, B) - Yk+d] 2 + L /} Rk+d-i I FA:} (3.44) 

or 

j=O 

E{b~uf + 2bou1.:[p(xkd), ... , xi1
l, Y1.:, fJ) - Yk+d] I F1.:} 

d-1 

+ E{[p(xidl, ... , xi1l, Y1.:, fJ) - Yk+d] 2 + L f] Rk+d-;I F1.:} · (3.45) 
j=O 
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Using the conditional mean properties 

Jk+dlk = ufE{b~I Fk} + 2ukE{bo[p(xkd), .... xi
1
l, Yk, 8) - Yk+dll Fk} 
d-1 

46 

+ E{[p(xi:d), ... , xi
1
l, Yk, 0) - Yk+dl 2 + L, f] Rk+d-il Fk} • (3.46) 

i=O 

In Chapter 2, it was proved that the conditional distribution of Sk = [xr erir 
given Fk is normal with mean sklk and covariance Pklk, where the conditional mean 

and covariance are generated by the Kalman filter using the following difference 

equations: 

where 

Fksk1k 

pklk-l - pklk-1HT(H pklk-1HT + Rk)-l H pklk-l 

FkPklkF[ 

(3.4 7b) 

(3.47c) 

(3.47d) 

(3.48) 

Note that the conditional means and covariances of Xk and 8 given Fk are indepen­

dent of uk. Therefore, the conditional mean of any nonlinear function of Xk and 8 

given Fk, which is a function of the conditional means and covariances of Xk and 

0, are also independent of Uk. 

Thus the last two terms on the right side of (3.46) are not functions of uk, 

8Jk+dlk { 2 { (d) (1) • a = 2ukE bol Fk} + 2E bo[p(xk , ... , xk , Yk, 0) - Yk+d]I Fk} = 0 
Uk 

(3.49) 

or 

(3.50) 
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In order to reach a general conclusion. (3.50) is manipulated as follows: 

or 

From (3.42), 

or 

E{boE{Yk+dl Fk, xo, 8}1 Fk} = E{bol Fk}Yk+d • 

Now, noting that boE{Yk+dl Fk, Xo, 8} = E{boYk+dl .ri, Xo, 8}, 

Using the smoothing property of conditional means again gives 

This establishes (3.34). 

3.4 Some important special cases 

47 

(3.53) 

( 3.54) 

(3.55) 

(3.56) 

Using the general optimal solution (3.34), the following important special cases can 

be explained: 

1. From (3.34) it is seen that if the parameters 8 and the initial condition xo in 

the system are known and also b0 =/= 0, (3.34) can be simplified as follows: 

(3.57) 
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In words, the input { uk} is obtained by equating the predicted output of the 

system with its desired value. Actually (3.34) can be considered as a general­

ization of (3.57); thus (3.34) will be equal to (3.57) when the parameters and 

states and their estimates are equal, and the covariances are equal to zero. 

2. If b0 =/= 0 and known then 

(3.58) 

where in Chapter 2 it was shown how E{Yk+dl .rk} can be determined even if 

bo is unknown. 

3. Using the certainty equivalence approximation, as shown in Chapter 2, (3.56) 

can be approximated as follows: 

(3.59) 

or 

E{bol :Fk, x0 , 8 = th1k}E{(Yk+d - Yk+d)I Fk, Xo, 8 = Bklk} = 0. (3.60) 

Now if E{bol .rk, x0, 8 = Bklk} =/= 0 , 

E{Yk+dl Fk, Xo, 8 = Bklk} = Yk+d • (3.61) 

The comparison of (3.61) and (3.57) shows that an approximation of the op­

timal control law can be obtained by solving the control problem in the case 

of known parameters and substituting the known parameters with their esti­

mates. The controller can be interpreted as a certainty-equivalence controller. 

Because of the initial condition x0, there could be the following two different cases 

for the estimation process: 
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• The initial condition x 0 is known or zero. 

• There is uncertainty in x0, or x0 is unknown. 

These two cases are analyzed in the following two sections. 

3.5 Cautious control with unknown x 0 

In this section using the general optimal solution obtained in Theorem 3.2, an 

indirect cautious control with unknown initial condition is developed. It is shown 

that if there is uncertainty in the initial condition x0, or x0 is unknown. not only 

the parameters of the system but also the states of the system have to be estimated. 

Therefore, the identification process is the same as employed in Chapter 2. Finally, 

using the same property of Gaussian distributions employed in Chapter 2. the 

indirect method proposed leads to control laws which not only use the estimates of 

the parameters and states but also the variances of the estimation errors. 

As in Chapter 2, using state variables the ARX model (2.1) can be written in 

the following canonical form: 

If B is defined as follows: 

xk+i = E.xk - A.yk + B. Uk 

Yk - Eoxk + ek . 

then the model (3.62) can be rearranged in the following form: 

E.xk + G.() 

E 0 xk + ek. 

(3.62a) 

(3.62b) 

(3.63) 

(3.64a) 

(3.64b) 
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where the matrix G. is constructed according to the order of the parameters in B. 

Since for a time invariant system fh+1 = Bk = B, by appending the parameter vector 

Bk to the state vector Xk and using the model (3.64), the following dynamical model 

can be used for the estimation process: 

(3.65a) 

(3.65b) 

where 

s,., = [ xk ] F,., = [ E. G. l 
Bk O I 

H = [Eo O]. (3.66) 

It is assumed that s0 and {ek} are independent and gaussian: s0 is N(so, ~a): {ek} 

is zero mean, with covariance RkcSk-l · Then a Kalman filter may be used to find 

sklk = E{skl Fk}, the conditional mean of Sk given :Fk, as follows: 

Sklk-1 + Kk(Yk - H Sklk-d ; 
. - (3.67a) Sklk so1-1 = so 

Kk P1.:1k-1HT(HPklk-1HT + Rk)- 1 (3.67b) 

Sk+llk - F,.,sklk (3.67c) 

pklk - pklk-1 - KkH pklk-1 ; Pa1-1 = ~o ~ 0 (3.67d) 

pk+llk F,.,PklkF[. (3.67e) 

Finally, the input signal is generated by solving 

(3.68) 

or, from (3.50), the feedback law (3.68) is explicitly given by 

E{bo[p( xid), ... , xi
1
l, Y1.:, B) - Yk+dl I :Fk} 

Uk = - E{b5I F1.:} ' fork~ 0 (3.69a) 
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where 

(3.69b) 

and / 0 , ... , /d-1 are obtained from (2.30) of Chapter 2. 

Initially the system delay will be taken to be d = 1. Later it will be shown how 

this can be readily extended to the cased~ 1. 

Cased= 1: Using (3.69). the control law for the case d = 1 is: 

E{bo(xi
1
l - a1Yk - Yk+1 )I .rk} 

E{b5I ✓k} 

E{boxi
1ll .rk} - E{boa1I .rk}Yk - E{bol .rk}Yk+1 

E{b5I .rk} 
(3.70) 

for k ~ 0 . Using Lemma 2.3 in Chapter 2, (2.99), the conditional mean terms in 

( 3. 70) can be written in terms of the elements of the mean vector and the covariance 

matrix as follows: 

(3. 71) 

fork~ 0. 

For k ~ n - 1 the control law can be written in the conventional form discussed 

by Astrom and Wittenmark [8, 10]. It can be seen from (2.4) of Chapter 2 that 

(3.72) 

fork~ n-1. Substituting (3.72) into (3.70) gives 

_ E{bo(-a2Yk-l - ••• - ClnYk-n+l + b1uk-l + ... + bn-1 uk-n+l - a1Yk - YZ+dl .ri} 
Uk - - E{b5I Fk} • 

(3.73) 
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Once again using Lemma 2.3 in Chapter 2, (2.99), 

Uk= - - Lj=l(bO,klkai,klk + Pboa;lk)Yk-i+~ + Lj~i(bO,klkbi,klk + pbob;lk)uk-j - bO,klkYk+i 

bl,klk + Pb~ lk 
(3.74) 

fork 2:: n -1. 

As seen, for the case d = 1, there is actually no difference between the direct 

approach and the indirect approach, since in this case the ARX model coincides 

with the one-step-ahead predictor. As the number of time delays increases the 

control law becomes more complex. 

Case d = 2: Now consider a system with d = 2. Using the some procedure 

as used for the case d = 1, the control law will be determined. From (3.69). the 

control law for the case d = 2 is 

E{b, [ /o /, ] ( [ :r.: ] -[ :: ] Y•) 1.r-.} - E{bol FdYk+2 

E{b5I Fk} 

E{b0Uoxi
2
> + f1xi

1
> - foa2Yk - /1a1Yk)I Fk} - E{bol Fk}YZ+2 

E{b5IFk} 

where Jo = 1 and / 1 = -a1 , from (2.30) of Chapter 2. Hence 

for k 2:: 0. 

E{bo(xi
21 

- a1xi
1
> - a2Yk + aryk)I Fk} - E{bol Fk}Yk+2 

E{b5IFk} 

E{b0xi
2
> - b0a 1xi

1
> - b0 a2yk + b0 aiYkl Fk} - E{bol Fk}YZ+2 

E{b5I Fk} 

(3.75) 

(3. 76) 

Using the results obtained in Chapter 2, uk, (3. 76), can be determined in terms 

of the mean values of the parameters and states and the covariance matrix elements 

as follows: 
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(3. 77) 

fork~ 0. 

The control law (3.77) clearly shows the influence of the uncertainties of the 

parameter and state estimates. The covariance matrix will help the controller to 

make a more cautious control action when the estimates are poor. 

3.6 Cautious control with known initial condition 

In this section an indirect cautious control with known initial condition is discussed. 

and it is shown that if the initial condition is known or zero, it is not required to 

estimate the states of the system. Therefore. using the same method employed in 

the previous section. Section 3.5. only the optimal parameter estimation, provided 

by a Kalman filter, is used to obtain the optimal control law. As a result, the algo­

rithm proposed in this section can be considered as a special case of that discussed 

in Section 3.5. 

The ARX model (2.1) can be written in the following form: 

(3.78) 

Then (3. 78) can be expressed in the following regression form: 

(3.79) 

where 
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with initial values 

(3.80) 

Since for a time invariant system lh+1 = Ok = 0, using ( 3. 79) the following dynam­

ical system can be used to estimate the system parameters: 

(3.81a) 

(3.81b) 

If it is assumed that 00 and { ek} are jointly gaussian and mutually independent: 

Bo is N(80, ~0): {ek} is zero mean, covariance RktSk-l· Then 0klk = E{0kl .rk}, the 

conditional mean of Ok given :Fi, satisfies the following recursions (the Kalman 

filter): 

• T • • -
oklk-1 + Kk(Yk - <Pk-10klk-d; 001-1 = Bo 

0klk 

where Kk is the filter gain given by 

Pklk-1 is the error covariance matrix, that is, 

Pklk-l satisfies the following equations: 

Pklk-1 - Kk<PL1Pklk-1; Po1-1 = :Eo 

pklk · 

(3.82a) 

(3.82b) 

(3.82c) 

(3.82d) 

(3.82e) 

(3.82f) 

Finally the input signal uk is generated from the following feedback control law: 

(3.83) 
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Initially it will be shown below how the algorithm above can be applied for the 

model (2.1) with d = 1. Later it will be shown how this can be used for the general 

case, a system with d > 1. 

Cased= 1: For the cased= l, the ARX model (??) can be readily expressed 

in a predictor form as follows: 

(3.84) 

Substituting (3.84) into (3.83) gives 

E{bo(-a1yk-···-anYk-n+l +bouk+···+bn-lUk-n+l +ek+dlFk} = E{bol.rk}Yk+1 

( 3.85) 

Using E{b0ek+l I Fk} = 0, and after some manipulations 

-E{bo(-a1Yk - • • • - <lnYk-n+l + b1uk-l + · · · + bn-luk-n+ll Fk} + E{bol Fk}yk+l 
%= ? 

E{hol Fk} 
(3.86} 

Using Lemma 2.3, 

_ Lj:l(bO,klkai,klk + Pboa;11.,)Yk-j+l - Lj~J(bo,klkbi,klk + pbob;lk)uk-j + bo,kjkYk+1 
Uk - . 

b~.klk + Pb~ lk 
(3.87) 

where bo,klk and Pb~lk are the conditional mean and variance of b0 , respectively, that 

1s, 

bo,klk - E{b0 I Fk} 

Pb~lk - E{(bo - bo,kjk)
2

1 Fk} 

and Pboa;lk is the conditional covariance of b0 and ai as well as Pboa,lk is the condi­

tional covariance of b0 and bi, i.e., 

Pboa;lk - E{(bo - bo,klk)(ai - ai,klk)I Fk} 

Pbob;lk - E{(b0 - bo,klk)(bi - bi,klk)I Fk} • 
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For a unit delay system, the approach is identical to the one discussed in Astrom 

and Wittenmark (1973), (9], differing only for delays greater than unity. 

General case, d ~ 1: As explained above, the parameters of the system in its 

representation (3.78) are recursively identified in time. Then the control law uk is 

obtained by setting 

(3.88) 

from which the control law can be expressed in the following compact form: 

(3.89) 

where 

and 

{Ji= { f3oa.j-l '. j = 1, •• •• n (3.90) 

f3of3j-n, j = n + 1, ... , 2n - 1 . 

Using (2.59)-(2.62) of Chapter 2, the coefficients Ct.i and Pi for -i = 1. .... n - 1 are 

obtained and then substituted into (3.90). After computing the conditional mean 

E{{)TI .rk} using the method described in Chapter 2 and then substituting into 

(3.89) the control law is obtained. 

The method above is illustrated in the following example: 

Example (Case d = 2): Consider the following second-order system with 

d= 2: 

(3.91) 
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where 

A(q-1) 1 + a1q-1 + a2q-2 

B(q- 1
) - q-2 (bo) . 

57 

(3.92) 

(3.93) 

According to Lemma 2.2 of Chapter 2, the system above can be expressed in the 

following predictor form: 

(3.94) 

where the coefficients ao, a1, /Jo, /31, Jo, /1 are: 

( 3.95) 

using (2.59)-(2.61). Substituting (3.95) into (3.94) gives 

Returning to the cautious controller, recall that the control law is achieved by 

setting E{boYk+dl .rk} = E{bol .rk}Yk+d . Using (3.96), it follows immediately that 

using E{bo(ek+2 - a 1e1c+dl F1c} = 0. Hence the control law can be written as 

or in a compact form as follows: 

(3.99) 
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where 

"Pk - [Yk,Yk-1•uk-1f 

{)T [{)1, {)2, t93] 

and 

(3.100) 

The only term in (3.99) which requires further explanation is E{ {)Tl Fk}. Using the 

property of random vectors, we have 

E{[t91, t92, t93I Fk} 

[E{t91I Fk}, E{{)2I Fk}, E{ t93I Fk}] 

(3.101) 

(3.102) 

and then using the results obtained in Chapter 2, the conditional means above are 

computed as follows: 

E{bo(-a2 + ai)I Fk} 

- -E{boa21 Fk} + E{boail Fk} (3.103a) 

(3.103b) 

(3.103c) 

Substituting (3.103) into (3.99) results in the following control law: 

1 A 

Uk = -( [>2 R )[-[(bo,kjka2,klk + P1ioa,1k) 
0,klk + b~lk 
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(3.104) 

fork 2'.: 0. 

Note that in this research the minimization of Jk+dlk is done for general systems. 

i.e., the general delay and white noise case. The minimization of Jk+dlk has been 

discussed in: 

• Astrom and Wittenmark in 1971, [8), for a unit delay system. 

• Wieslander and Wittenmark in 1971, [51), when d = 2. 

• Nahorski and Vidal in 1974, [40), the case with general delay d. 

As explained before, for a unit delay system there is no difference between the 

indirect and direct approaches. Therefore. the proposed method and the method 

used by Astrom and Wittenmark are the same except that the proposed method 

can handle cases with uncertainty in the initial condition. 

Wieslander and Wittenmark used the following criterion for a unit delay system: 

( 3.105) 

which is different from what has been discussed in this research. Note that the 

system time delay is d = 1, whereas the number of steps looked ahead in the 

criterion (3.105), to determine the control signal Uk, is two. In this research the 

criterion used for a system with d = 1 is 

(3.106) 

which is more applicable than the criterion used by Wittenmark. The system 

delay and the number of steps looked ahead in the criterion (3.106) are the same. 
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According to (3.106), the control signal Uk is determined when the output signal 

Yk has been observed which makes sense for every system with d ~ 1. However. 

using (3.105) the control signal Uk is obtained without observing Yk which is already 

available. For this reason, the method proposed by Wieslander and Wittenmark 

solved the optimal problem for a unit delay system in a complicated way which 

does not seem to be necessary at all. 

The method proposed by N ahorski and Vidal in 197 4 to minimize J k+dlk for 

systems with general delay d ~ I is explained in the following section and it is shown 

how their method differs from the method proposed in this research. Also. it will be 

explained why an indirect scheme is the only way to solve both the adaptive optimal 

control discussed in this chapter and the adaptive optimal prediction discussed in 

Chapter 2. 

3. 7 Direct cautious control 

As described previously, the proposed approach is an indirect algorithm because 

this approach estimates the parameters in an ARX model for the system and then 

converts this model into the required predictor format. The general advantages 

of this approach, discussed by Goodwin and Sin in [28], are: ( 1) it is likely to 

involve fewer parameters, and (2) it is natural to expect priori knowledge regarding 

physical quantities in a system to be more easily mapped into priori knowledge 

of parameters in an input-output model of the process than into priori knowledge 

regarding predictor parameters. Besides, it will be shown below that the indirect 

approach is the only way to solve the minimization problem above for a system 

with an ARX model with general delay d. An alternative approach is to estimate 

the parameters of the optimal predictor directly, which has the advantage that less 
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calculation is required to determine control law. For a reason shown below, the 

direct approach cannot handle the case with general delay d. 

Using Lemma 2.2, the ARX model (2.1) can be transformed to the following 

predictor form: 

Yk+d - a(q-
1

)Yk + /3(q-
1
)uk + F(q)ek 

n-1 n-1 d-1 
L Ct;Yk-i + L .B;uk-i + L J;ek+d-i • 
j:O j=O j=O 

Then (3.107) can be written in the following stochastic regression form 

or 

with 

<1>r [Yk, . .. 'Yk-n+l, Uk, . ... Uk-n+l l 

f)T = [ao, • • ·, an-l' .Bo,···· .Bn-1l 

(3.107) 

(3.108) 

(3.109) 

(3.110) 

(3.111) 

where llk = :Ef~l fiek-i· The future (unpredictable) noise llk 1s a nongauss1an 

colored noise. The noise llk is colored because the value of this noise at one time is 

correlated with the value at another time, and is nongaussian due to the occurrence 

of the products between the unknown parameters {/0, ... , /d-i} and the gaussian 

input noise { ek}- Since the a priori knowledge of the statistical characteristics of 

the noise vk is not available, the Kalman filter cannot be used to estimate the 

parameter vector f). A possible estimation method is using the following least 

squares procedure 

(3.112) 

(3.113) 
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Hence the estimator does not inherit the optimality properties of the Kalman filter. 

In other words, since the noise vk is colored the unbiased estimate 01c generated by 

least squares will be nonoptimal. The estimate 0k is unbiased because <Pk-d and v1c 

are uncorrelated. 

Because of the difficulty discussed above, in 197 4, to handle the case with general 

d without involving a noise with unknown statistical characteristics. Nahorski and 

Vidal (40] used the following particular model 

n-1 n-1 

Yk+d = L a;Yk-i + L f3;uk-j + ek+d (3.114) 
j=O j=O 

where ek+d was assumed a stochastic variable independent of F1c. Moreover. the 

disturbance ek+d was assumed a normal stochastic variable with zero mean and 

variance u-2
. The model (3.114) can be written in the following regression form: 

(3.115) 

where 0 is an 2n x 1 column vector consisting the coefficients of [a(q-1),,B(q-1)] as 

follows: 

(3.116) 

and the regression vector <P1c is defined as 

(3.117) 

these components being available at time k. 

Based on the initial assumption the system (3.114) is time invariant, i.e., fh+i = 
01c = 8 and using (3.115), the following dynamical system is obtained to estimate 

the parameters: 

(3.118a) 

(3.118b) 
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It was assumed that 90 is a gaussian random variable of known mean Boi-1 and 

known covariance Poi- 1 , i.e., 

(3.119) 

It was further assumed that 80 is independent of e1c for any k. 

Based on the assumptions above and using (3.118), it can be shown that the 

conditional distribution of 81c given :F1c is normal. Hence, the unknown parameters 

can be estimated using a Kalman filter, which gives the estimates, eklk• and the 

covariance matrix, P1c1k, based on data obtained up to and included time k, i.e. :Fk, 

as follows: 

A T A 

Bklk-1 + Kk(Y1c - <P1c-dB1c11c-1) 

Bklk 

pklk-l<Pk-d(<t>LdPklk-l<Pk-d + u 2
)-

1 

P1c11c-1 - K1c</>LdP1c11c-1 

P1c11c 

with initial values 801- 1 , Po1-1, and 

(3.120a) 

(3.120b) 

(3.120c) 

(3.120d) 

(3.120e) 

(3.121) 

Under these assumptions and using the general formula (3.34), it will be shown 

below how the optimal control law can be obtained. The result will be the same as 

that of N ahorski and vital. 

From {3.34) and using /30 = b0 , (2.62), we have 

(3.122) 
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Substituting (3.114) into (3.122) gives 

n-1 n-1 

E{/Jo( L a;Y1c-; + L /J;u1c-; + ek+d)I F1c} = E{/Jol Fk}yk+d - (3.123) 
j=O j=O 

Then the control law explicitly can be obtained: 

E1~t(.Bo,kjlcaj,kllc + P~a;lk)Y1c-j + E']~t(.Bo,1c11c/J;,1c11c + p~/3;lk)u1c_j - f3o,klkYk+d 
Ufc = - A 

/35.1c11c + P13g11c 
(3.124) 

where the estimates satisfy the equations (3.120). As expected. using the proposed 

approach we reached the same result as N ahorski and Vital. Once again, this 

verifies the generality of the proposed approach. 

Next a simulated example showing the performance the proposed algorithm, 

Section 3.6, will be presented. 

3.8 Simulation results 

In this section, an example of a minimum-phase system will be presented to illus­

trate the algorithm developed in this research. Section 3.6. The performance of 

this algorithm will be compared to that of the adaptive minimum variance control 

designed based on the certainty-equivalence principle. 

Consider the following SISO linear time invariant system, 

where 

A(q-1) - 1 + a1q-1 + a2q-2 

B(q-1
) - q-2(bo) . 

(3.125) 
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The system above can be written in the following form: 

(3.126) 

Then (3.126) can be written in the following regression form: 

(3.127) 

where 

8 [a1, a2, bof 

<t>L1 [-Yk-1, -Yk-2, Uk-2] • 

The true value of the parameter vector 8 is 

8 = [l, -2. l.5]T . (3.128) 

The minimum phase system above has one pole on the unit circle and an unstable 

pole at -2.0. It is assumed that the unknown parameter vector 8. generated by a 

random generator. is a gaussian random vector with a priori statistics having mean 

and covariance 

801-1 [2.9822, 1.6839, 1.7374]T 

P0,_1 = 10 * I . 

The initial state is assumed to be known: 

Xo = 0. 

(3.129) 

(3.130) 

(3.131) 

The measurements noise { ed is a white zero-mean noise with known covariance 

R = 10-6
• The signal to noise ratio is rather high to avoid running the program 

many times to obtain the mean values of estimation as well as the input and output 

signals. 
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yk & y*k 
3,-------.-------r-----,--------.------r-------, 

2.5 - -

2- -

1.5-

0.5 - -

o_J -

-0.5- -

-1.__ ___ ___.__, _____ ..__, ____ .,__, ___ __,j,, _____ ..__, ___ __, 

0 5 10 15 20 25 30 
time 

Figure 3.1: Output Yk (solid line) and reference signal Yi: (dashed line) 

The desired output sequence {yi:}, is taken to be a unit square wave of period 

20 samples. 

The performance of the indirect cautious control with known initial condition 

algorithm (3.82) to (3.83), proposed in this research, Section 3.6, is shown in Figs 3.1 

to 3.5. 

Figures 3.1 to 3.3 show the output and reference signal, input signal, and the 

estimated parameter, respectively. They correspond to one sample run for this 

example. Fig. 3.1 shows that the algorithm converges and that perfect tracking is 
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uk 
3,---------,.----~------.-----~----,---------, 

2 

-1 

-2 

_3.__ ___ _., ____ _._ ____ __,_ ____ _._ ____ ..._ ___ __, 

0 5 10 15 
time 

20 

Figure 3.2: Input signal uk 

25 30 
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ultimately achieved. As shown by Fig. 3.3, the true parameter set is identified in 

less than 5 samples. 

Fig. 3.4 demonstrates the superiority of the proposed adaptive algorithm over 

the certainty-equivalence controller. Fig. 3.5 exhibits the transient and steady-state 

performance of both the cautious control and the certainty-equivalence controller. 

As expected, both the controllers have the same steady-state behavior; However, 

the cautious control shows a better transient behavior. 
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a1 =1.0, a2=-2.0, b0=1.5 
5,----------"'T'",----------r-,-----------, 

-

-

2-
t=-==-=--=--=......... - J 

-
L...----,.,=--='--=-----------------------1 

1 - - i - -·- - - • - • - • - - - • - - - • -· ··- - - • - - - - - • - -

0- -

-1 - -

I --~-------------------------
-

-4- -

_5,__ ________ ...._ ________ _._ ________ __. 
0 5 10 15 

time 

Figure 3.3: Estimated parameters; a1 (dotted and dashed line), a 2 (dashed line), 

and b0 ( solid line) 
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yk_cc & yk_ce 
10 

I I 

8 I 

I I 

6 
I 

I I 

I I 

I I 

4 r - I 

2 

0 

-2 ____ __. ____ _._ ____ ...._ ____ .._ ____ .__ ___ ~ 
0 5 10 15 

time 
20 25 30 
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Figure 3.4: Cautious control response (solid line) and certainty-equivalence con­

troller response (dotted and dashed line) 
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Transient respones Steady-state responses 
10 

8 I I 1 --
I I 

6 I I 
0.8 

I I 0.6 
.::t:. 4 .::t:. 
>- >-

0.4 
2 0.2 

0 0 

-2 -0.2 
0 5 10 10 15 20 25 30 

time time 

5 
2 

r -
_I 

.1 - 1 - T 

0 

.::t:. .::t:. 0 ::, I I ::, 

-5 I t 

I I -1 
t I 

-10 - J 

-2 
0 5 10 10 15 20 25 30 

time time 

Figure 3.5: Transient and steady-state responses; the left graphs show the transient 

responses and the right graphs show the steady-state responses. Cautious control 

responses (solid line), certainty-equivalence controller responses ( dotted and dashed 

line), and reference signal yz ( dashed line) 



Chapter 4 

MIMO adaptive control 

4.1 Introduction 

This chapter is concerned with indirect MIMO stochastic adaptive control. The 

goal is to design an adaptive minimum variance controller for MIMO linear time­

invariant discrete-time systems having white noise perturbation and unknown in­

teractor matrix. 

The new indirect approach proposed in this research is based on the result 

obtained by Das (17]. Das ( 1986) (17] showed that the a priori knowledge of the 

degrees of the diagonal entries of the interactor matrix alone is sufficient for proving 

global stability. Dion, Dugard, and Carrillo (1988) (18} verified the result obtained 

by Das (17] using a different approach. As for the SISO case, discussed in Chapter 3, 

it is shown how the general optimal solution of the one-step-ahead criterion, defined 

for a MIMO system with unknown interactor matrix, can be obtained. Using this 

solution, it is proved that MIMO cautious control can be designed only if the 

interactor matrix is known. However, if the interactor matrix is unknown, an exact 

71 
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solution for the MIMO one-step-ahead optimization problem cannot be obtained. 

Hence. the most popular approximation method, i.e. the certainty equivalence 

principle, is employed. Then it will be shown that the conventional approaches, [30, 

19, 17], cannot be applied in the stochastic case. However, the proposed approach 

is capable of dealing with stochastic cases. 

This chapter is organized as follows. In Section 4.2 the system model is de­

scribed. The concept of an interactor matrix which is a generalized concept of a 

relative degree of a scalar system is reviewed in Section 4.3. In Section 4.4 the con­

trol criterion is addressed. In Section 4.5 using state variables. it is shown how the 

system model can be transformed into a special model proposed by Salut [45] or a 

canonical singular pencil (SP). This minimal canonical model has been discussed in 

detail by Aplevich [4, 3]. Then using this minimal canonical model, in Section 4.6 

it is shown how the system model can be transformed into various predictor forms. 

In Section 4. 7 it is shown how the entries of the interactor matrix are related to the 

entries of the canonical ARX model using two different methods. In Section 4.8 as 

for the SISO case, the general optimal solution of the one-step-step ahead criterion, 

defined for a MIMO system with unknown interactor matrix, is obtained. Then in 

Section 4.9 it is shown how the general optimal solution obtained in this research 

can be applied to some special cases discussed in the literature. In Section 4.10 

in order to explain why the conventional direct approach cannot be applied in the 

stochastic case, the direct adaptive control proposed by Dugard, Goodwin, and deS­

ouza [19] is considered. In Section 4.11 the proposed indirect stochastic adaptive 

control with unknown interactor matrix is presented. At the end of this chapter, 

Section 4.12, simulation results show the performance of the proposed algorithm 

compared with that of the minimum variance controller with known parameters. 
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4.2 System description 

A linear time-invariant MIMO system is assumed to be represented by the following 

ARX model: 

( 4.1) 

where Yk is p x 1. uk ism x L and ek is p x 1. A(q-1), B(q-1) are polynomial 

matrices in the unit delay operator q-1 which have the following forms: 

Ao+ Alq-1 + ... + Avq-v 

Bo+ Blq-1 + ... + Bvq-v 

( 4.2a) 

(4.2b) 

where vis the maximum of the degrees of the polynomials in A(q-1) and B(q-1). 

The independent sequence { ek} is a gaussian zero mean white noise process with 
. . 

given covariance 

( 4.3) 

where ~k-l is the Kronecker delta and tr(.) is the trace operator. 

In the sequel the following assumptions, as used by Wolovich and Falb (54], will 

be employed: 

Assumption 4.1 The number of inputs, m, is equal to the number of outputs, p, 

and the ·inp·ut-output transfer function T(z) = A(z-1)-1B(z-1) satisfies 

detT(z) f= 0 almost all z (4.4) 

Assumption 4.2 The transfer function T(z} is strictly proper, 

lim T(z) =0 . 
.z:➔oo 

(4.5) 

Note that Assumption 4.1 ensures output tracking and Assumption 4.2 ensures that 

there is a delay of at least one unit between each input and each output. Hence, 

for a strictly proper system Bo is zero in (4.2b). 
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4.3 The interactor matrix 

An important concept for design of multivariable zero cancelling control strategies, 

such as deadbeat and model matching is the system delay structure. discussed in 

Elliott and Wolovich (1984) (22]. As seen in Chapter 2, for the SISO system (2.1) 

the delay structure was very transparent. In fact, one simply chose the delay, d. so 

that the leading coefficient of qdB(q- 1 ) was nonzero. This can be stated slightly 

more form.ally by saying that in the SISO case, there exists a scalar function ~(q) 

of the form e(q) = qd such that 

( 4.6) 

where kT is a nonzero scalar. 

In the multivariable case it turns out that the delay structure of the transfer 

function matrix can also be specified in terms of a polynomial matrix e(q). The 

following result proved by Wolovich and Falb [54] applies to the multivariable case. 

Lemma 4.1 Given any transfer function satisfying Assumptions 4.1 and 4.2, there 

exists a polynomial matrix, e ( q), /..,1,own as the interactor matrix, satisfying: 

lim e(z)T(z) = KT 
z➔oo 

(4.7) 

where KT is a nonsingular matrix. 

In general, e( z) can be taken to have the following structure: 

e(z) = H(z)D(z) (4.8) 

where 

(4.9) 
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~ 2: min19~P ~; and~; is the delay between the jth input and ·ith output. H(z) is 

a lower triangular, unimodular matrix, with ones on the diagonal as follows: 

H(z) = 

and hi;( z) ·is divisible by z or is zero. 

Proof: See Ref. [54] or Ref. [28]. 

0 

1 

0 

0 
(4.10) 

In [17] Das proposed a simple formula to determine the upper bounds on the 

degrees of the off diagonal entries of l(q). The main result obtained by Das is stated 

in the following corollary: 

Corollary 4.1 Upper bounds on the degrees of the off diagonal entries of l(q) are 

given by 
• 

8(~ij(q)) ~ (L dk) - (i - j) (4.11) 
k=j 

for i > j i,j=l, .... p. 

Proof: See Ref. [17]. 

Dion, Dugard, and Carrillo (1988) [18] verified the result obtained by Das [17] 

using a different approach. In the sequel it will be shown how the results obtained 

by Das can be employed to design an adaptive controller for a MIMO stochastic 

system. 
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4.4 The control criterion 

The objective is to choose the input so as to minimize the mean-square error be­

tween the filtered output {(q)yk and the filtered desired output {(q)yk. Thus con­

sider the following one-step-ahead cost function 

E{ll{(q)(yk -yk)ll 2
} 

E{tr[{(q)(yk -yk)(Yk - Ykf {(qf]} · 

Using the smoothing property of conditional expectations, we have 

Hence the optimal cost is 

( 4.12a) 

( 4.12b) 

( 4.13) 

( 4.14) 

where Uk is constrained to be :Fk measurable. In other words. the new criterion 

may be written as 

( 4.15) 

Once again using the property of conditional means the index becomes 

( 4.16) 

where x0 is the initial condition and () is the parameter vector. A new index when 

x 0 and 0 are known will be obtained as follows: 

(4.17) 

As in the SISO case, a key step in deriving the control signal to minimize (4.15) 

and (4.17) is to develop a predictor form for e(q)Yk· 
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4.5 Minimal canonical representations 

In order to solve the optimal problem above, the same procedure as used in Chap­

ter 3 will be used. Before beginning this discussion, a brief introduction to the class 

of minimal canonical representations required is given in this section, discussed in 

detail by Aplevich [2, 3]. 

Using state variables, the ARX model (4.1) is transformed into a special canon­

ical model proposed by Salut [45]. First, by introducing auxiliary variables in a 

vector Xk with n = vp entries, the ARX model (4.1) is written as 

Opxp 0 Av Bv 0 

[ 
In ] Xk+l = Ip 

Yk + ek (4.18) Xk- Uk+ 

Opxn A1 B1 0 

0 Ip Ao Bo Ip 

where Ia denotes an identity matrix of order a and Dax,/3 an a x /3 zero matrix. 

In the special case of a scalar system, for which m = p = l, all sub-matrices A(.), B(.) 

of equation ( 4.18) are scalars, and the system parameters are obviously identical 

to those of equation ( 4.1). For both efficiency and uniqness of identification, a 

canonical form is required. In general, however, (4.18) must be modified slightly to 

be canonical. The details are given in References [45] and [2]; here only a summary 

of the results will be given. 

It has been shown by Aplevich [2] that by premultiplying (4.18) by a non-singular 

matrix, and by selectively deleting rows and columns, a canonical form can be 

obtained which is externally equivalent to the original in the sense that the set 

of external vectors {Yk, uk} admitted by the equations is invariant. The canonical 

form to be described is a minor variation of that proposed by Salut in [45], and for 
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simplicity will be written 

0 

A canonical model of the above form has the following properties: 

78 

{ 4.19a) 

(4.19b) 

• For causal discrete-time systems, the row degrees of q-1 in A( q-1 ) are no 

less than the corresponding row degrees of B(q-1), and A(q-1) is invertible. 

Thus A0 is invertible, and furthermore in the canonical form considered. A0 

is upper right triangular with unit diagonal entries. 

• The integers ni, i = 1, ... ,pare the observability ind-ices of the system and 

• The matrix E = [ :: ] is zero except for a positive unit element in each 

column. The unit elements called pivots, in the n non-zero rows are to the 

right of pivot elements in superior rows. The locations of the pivots are 

uniquely defined by ni such that if row i of E0 is denoted by EOi, then EOi( E. )n; 

is the lowest zero row in the matrix 

(4.20) 
EoE. 

Eo 

Thus E contains zero rows EOi(E.)n, together with then non-zero rows of E, 
so that each row of Eis of the form EOi(E.)i, and may be referred to as row 

(i,j). 
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• The non-identically-zero, non-unit entries in A= [ : ] are designated a)!1 

and their locations are uniquely determined by {ni}- Each a!i> is in row (i,j) 

of A, using the row indexing of E above, and column k = l, 2, ... . p. There is 

an entry a!i) for each non-zero row of the form Eok(E.)n;-i below Eoi(E.t; 

in E, that is, for each non-zero row with index (k. ni - j) below row (-i, ni) in 

E. 

• For causal systems the matrix B = [ :: ] does not have a special structure 

and the subscripts of its entries b!i> are as for a}t> except that k = l. 2 ..... m. 
For a strictly proper system, Bo is zero. 

It has been shown by Aplevich [2] that the parameters {a}[>} and {b![>} in (4.19) 

are identical to those in a canonical ARX model ( 4.1). Specifically. the parameters 

a!{; and b!{1 in (4.19) are the ik entries of the canonical coefficient matrices Ai and 

B; in equations ( 4.2a)-( 4.2b ), respectively. 

Equation (4.19) can be written 

Xk Xk 

Yk 
[ 

E. - >..I -A. B. ; l Yk 
P(>..) - =0 

Uk Eo -Ao Bo Uk 
( 4.21) 

ek ek 

where P(>..) can be regarded as a singular pencil of matrices. Hence the above 

model is sometimes called a singular pencil (SP) model, [3]. 

It has been proved by Aplevich [2] that with [-A0 Bo] in reduced row eche­

lon form, the dynamical system above, ( 4.21), is minimal iff it possesses the two 

properties 
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Property 4.1 [E. - ,\.[ - A. B.] has full row rank for all complex..\. 

Property 4.2 
[ 

E. - ,.\J l Eo has full column rank J or all complex ,.\. 

The following example further illustrates these points. 

Example 4.1: 

Consider a 2-input. 2-output strictly proper system used in [?], 

where 

The corresponding SP model is 

( 1) 
Xk 

(2) 
Xk 

-,.\ 0 0 0 -2.0 0.0 2.0 1.0 (3) 
Xk 

0 -,.\ 0 0 0.0 -12.0 4.0 3.0 (4) 
Xk 

1 0 -..\ 0 -3.0 0 1.0 1.0 (1) 
Yk = 0. 

0 1 0 -,\ 0 -7.0 1.0 1.0 (2) 
Yk 

0 0 1 0 -1 0.0 0 0 (1) 
Uk 

0 0 0 1 0 -1 0 0 (2) 
Uk 

(1) 
ek 

(2) 
ek 

80 

( 4.22a) 

( 4.22b) 

( 4.22c) 

(4.23) 
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Note that throughout this chapter the entries O and ±1. as opposed to 0.0 and 

±1.0, in the system pencil are used to denote identically zero and identically unit 

entries, which do not need to be estimated. 

Since [-A0 Bo] in ( 4.23) is in reduced row echelon form and the dynamical 

system (4.23) satisfy Properties 4.1 and 4.2, it can be deduced that the minimum 

dimension of the system is n = 4. By constructing E in ( 4.20), { ni} = {2, 2} which 

the integers ni satisfy n 1 + n 2 = n, as expected. 

The structure of the canonical SP form for this system. obtained by applying 

the algorithms developed in References [2] and [24], is given in equation (4.19) with 

0 0 0 0 row(l, 2) 

0 0 0 0 row(2, 2) 

[ :: l 1 0 0 0 row(l, 1) 
- (4.24a) 

0 1 0 0 row(2, 1) 

0 0 1 0 row( 1, 0) 

0 0 0 1 row(2, 0) 

(2) (2) b(2) b(2) -au -a12 11 12 
(2) (2) b(2) b(2) -a21 -a22 21 22 

[

-A 
B. l (1) 0 b(l) b(l) 

-A~ 

-au 11 12 ( 4.24b) 
Bo 0 (l) b(l) b(l) 

-a22 21 22 

-1 (0) 
-all 0 0 

0 -1 0 0 

The corresponding canonical ARX model can be obtained from the system pencil 

by inspection, with 

A( q-1 )Yk = B( q-1 )uk + ek (4.25) 
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where 

[ ; (0) l [ (l) 

l [ 
(2) 

(2) l 
A(q-l) 

au au 0 l au a12 -2 
+ (l) q- + (2) (2) q 

1 0 a22 a21 a22 

[ ; o~o l + [ 3.~ 0 l 1 [ 2.0 0.0 l q-2 - 7.0 q- + 0.0 12.0 

[ 

b(l) 
b(l) l [ b(2) b(2) l 

B(q-l) 
ll 12 -l ll 12 -2 - (l) q + (2) (2) q b(l) 
21 b22 b21 b22 

[ 

1.0 

1.0 
1.0 l q-l + [ 2.0 
1.0 4.0 

1.0 l q-2 

3.0 

Note that the canonical matrix polynomials A(q- 1 ) and B(q- 1 ) are obtained from 

( 4.24) by inspection. 

Using the minimal canonical model ( 4.19) the cost function ( 4.12) can be min­

imized including the initial conditions. As the SISO case, it is necessary that a 

ARX or the model (4.19) be expressed in a predictor form. 

4.6 MIMO predictor forms 

In this section it is shown how a MIMO system having a minimal canonical model 

can be transformed to a predictor form. Then it is shown the conventional predictor 

in the literature, discussed by Goodwin and Sin in (28), can be considered as a 

special case of the predictor proposed in this research. 

As explained in Section 4.5, in the MIMO case an ARX model can be written 

in the minimal canonical form ( 4.19) or 

(4.26a) 

(4.26b) 
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since A0 is required to be an invertible matrix. Substituting ( 4.26b) into ( 4.26a) 

gives the following standard state-space model: 

Xk+l 
- - 1 Axk + Buk - A.Ao ek (4.27a) 

- - 1 ( 4.27b) Yk - Cxk + Duk + Ao ek 

where 

A E. - A.Ao1Eo ( 4.27c) 

fJ - B. - A.Ao1 Bo ( 4.27d) 

c Ao1Eo ( 4.27e) 

tJ Ao1 Bo. ( 4.27f) 

As mentioned. for a strictly proper system, B0 is zero. Hence. the two models above 

(4.26) and (4.27), are simplified as follow, respectively: 

E.xk - A.Yk + B.uk 

Aol Eoxk + Aolek 

and the corresponding state-space model is 

( 4.28a) 

( 4.28b) 

( 4.29a) 

( 4.29b) 

The following lemma shows how a predictor form for a MIMO model can be derived 

or how the filtered output €( q )Yk can be determined. 

Lemma 4.2 Subject to Assumptions 4- 1 and 4.2 and using the minimal canonical 

model (4-28), the filtered output €(q)yk is related to {uk} and {yk} by a model of 

the following predictor form: 

i-1 i-1 

€(q)yk = L A1CAi-t-1xk+1 + I: Fiek+d'-i ( 4.30) 
l=O j=O 
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where 

k k 

E k+l "Ek-jA "E"-iB • xo - ~ • •Yi+~ . .ui 
j:O j:O 

Aoqd' + A1l'-i + · · · + Ad'-1q 

maximum advance in €( q) 

84 

(4.31) 

(4.32) 

( 4.33) 

for k 2: 0 and J 2: 1. Furthermore, the coefficient matrices F0 , ...• Fd-l can be 

computed as follows: 

j=O 

j = 1, ... ,J -1 
( 4.34) 

Proof: As the SISO case, from ( 4.28) and using a sequential method, we reach 

k k 
- Ek+l "Ek-jA "Ek-jB 

X1.:+1 - • xo - ~ . •Yi + ~ . .ui ( 4.35) 
j=O j=O 

fork 2: 0. Following (4.29), i-step-ahead prediction may be developed as follows. 

First. 

( 4.36) 

Similarly, 

Hence 

( 4.37) 

for k 2: 0 and i > 1, and also from ( 4.29b) 

( 4.38) 
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and 

( 4.39) 

for k ?: 0 and i ?: 1. Substituting ( 4.39) into ( 4.37) gives 

i-1 i-1 

Yk+i = tAi-lxk+l + LtAi-i-1B.uk+i-I:tAi-j-lA.Ao1ek+i+Ao1ek+i (4.40) 
j=l j=l 

for k ?: 0 and i > 1. 

The filtered output {(q)yk can be written as follows: 

I 
d -2 

L AcYk+d'-c + Ad1 -1Yk+1 
l=O 

for ct ?: 1. Substituting (4.40) and (4.38) into (4.41) gives 

( 4.41) 

d'-2 i-2 i-l-1 
C(q)Yk = ~ A C_A_d, -l-1 ~ A ( ~ C-A-d'-l-j-lA A-1 A-1 ) , ~ l xk+l - ~ l ~ • 0 ek+i + 0 ek+d' -l 

l=O l=O j=l 

d
1
-2 d

1 -l-1 , 
+ L A 1( L CAd -l-i-l Buk+i) + Ad,_1(Cxk+i + A;1ek+d ( 4.42) 

l=O i=l 

for k ?: 0 and ct ?: l. After some manipulations 

( 4.43) 

fork?: 0, J?: 1. Now substituting (4.35) into (4.43) gives 

k k+i-1 i -1 

e(q)yk = Lkxo + L a.k-jYi + L f3k-juj + I: Fiek+d' -j ( 4.44) 
j=O j=O j=O 

where 

(4.45) 
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d'-1 
ak-j - L Ale Ad -l-l E:-j A. j = 0, ... , k (4.46) 

l=O 

{ 
Et:0 1 Ale Ai -l-l E:-i B. 

f3k-j ., I E7;t -1-j Ale Ak+d -l-j-1 B. 

j = 0, .... k 
• (4.47) 

j=k+L .... k+J-1 

{ 

Ao.Ao1 

F- -
' (A; - Ef~~ AleAi-l-1 A.)A01 

for k ~ 0 and J ~ l. 

j=O 

j=l. ... ,J-1 
( 4.48) 

Now the coefficients of e ( q), {Ao, .... Ad,_ 1}, can be chosen so that the coeffi­

cients of uk+l, ... , uk+d' _ 1 are zero and also the coefficient of Uk is nonsingular (in 

the SISO case the coefficient of Uk in predictor form is nonzero). 

/3_d'+1 - ••• = /3-1 = 0 

/3o nonsingular 

where from (4.47) 

d -l+i I 

/3i = L Ale Ad -l+j-1 B. ; i = -J + 1, .... -1 
l=O 

d'-1 I 

/3o = L Ate Ad -l-i B . . 
l=O 

After substituting ( 4.49) into ( 4.43), equation ( 4.30) follows immediately. 

( 4.49a) 

( 4.49b) 

(4.49c) 

(4.49d) 

In the following lemma the predictor proposed in Lemma 4.2 will be expressed 

in an alternative form that will be used in the next sections. 

Lemma 4.3 Subject to assumptions 4.1 and 4.2, the filtered output e(q)yk can be 

written as follows: 

k k d-1 
e( q )Yk = Lkxo + L ak-;Yi + L f3k-iui + L F;ek+d' -i (4.50) 

j=O j=O i=O 

for k ~ 0 and J ~ 1. 
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Proof: Follows by substituting ( 4.49a) into ( 4.44 ). 

Note that as expected the filtered output !(q)yk is a function of the system 

outputs and the system inputs up to and including time k as well as the future 

(unpredictable) noise F(q)ek. 

Now in the following lemma it is shown how the predictor model ( 4.50) proposed 

in this research can be related to the conventional predictor from in the literature. 

Lemma 4.4 The predictor model (.4-30) in Lemma 4.S can be expressed in a con­

ventional polynomial form. discussed by Goodwin and Sin {28}. as follows: 

!(q)yk = a(q- 1)Yk +,B(q-1)uk + F(q)ek ( 4.51a) 

where 

a(q-1) -1 -(v-1) 
O'.o + alq + • • • + 0 v-lq (4.51b) 

,B(q-1) /Jo + f31 q-l + · · · + f1v-l q-(v-l) ( 4.51c) 

F(q) i ( 4.51d) - Foq + ... + F,1_1q 
I 

!(q) Aol + • • • + Ad,-1q ( 4.51e) 

d' - maximum advance in !(q) ( 4.51f) 

and v in the ARX model (4.1} is the maximum of the degrees of the polynomials in 

A(q-1) and B(q-1), orv = maxi=l, .... p{ni} in the minimum canonical model (4.28). 

Proof: Because of the special structure of matrix E. 

for l ~ v = . max { nJ , 
i=l, ... ,p 

(4.52) 

see Ref. [3], where the integers ni, i = 1, ... ,p are the observability indices of the 

system, as explained in Section 4.5. 
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Then for k 2: v - 1 the effect of initial condition x 0 disappears and (-!.50) can 

be simplified as follows: 

k k i-1 
~(q)yk = L ak-;Y; + L Pk-;U; + L f;ek+d-i ( 4.53) 

i=k-(v-1) j=k-(v-1} j=O 

or 
v-1 u-1 i -1 

~(q)yk = L a;Yk-i + L J3;uk-i + L f;ek+d-i • (-1.5-!) 
i=O i=O i=O 

This establishes (4.51). 

As seen the predictor model above ( 4.51) is a special case of the predictor ( 4.50) 

proposed in this research. In a zero initial condition case there is no difference 

between two models. However, the proposed predictor is capable of dealing with 

a nonzero initial condition whereas the conventional predictor model lacks such a 

capability. 

4.7 Determination of the parameters of ~(q) 

In this section two procedures for constructing the interactor matrix are considered. 

Using an example it is shown that the two procedure reach the same results based 

on different assumptions. 

Procedure 1 : The procedure proposed by Furuta and Kamiyama ( 1977) [25] 

will be used here to show how the entries of the interactor matrix are related to 

the parameters of the canonical ARX model ( 4.1) or the minimal canonical state­

space model (4.29). For simplicity, the notations used here are the same as used by 

Wolovich and Falb [54]. 

There exist unique integersµ;,, i = 1, ... ,p, such that 

{ 4.55) 
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where C'i.Aµ;-l B. denotes the ith row of /3o, the coefficient of Uk in the predictor 

form ( 4.50 ), and Ti is both finite and nonzero. 

The first row of e( q) denoted by e( q h is given by 

e(qh = [ q"'1 o · · · o l ( 4.56) 

so that 

( 4.57) 

If T2 is linearly independent of e1, then set 

( 4.58) 

so that the coefficient of Uk in e( q hYk 

(4.59) 

On the other hand, if r 2 and 6 are linearly dependent so that r 2 = Jf 6 with Jf -/= 0. 

then let 

( 4.60) 

where d~ is the unique integer for which -Jf C'1.A'4+"'1 -l B. + C2A'4+1½- 1 B. = {J is 

both finite and nonzero. If {J is linearly independent of of 6. then we set 

( 4.61) 

If {J is not linearly independent of 6, then {J = Jf e1 and we let 

(4.62) 

whereµ~ is the unique integer for which -JfC1.A~+µ1 -
1 B. + C2 A~+J½-l B. = li is 

both finite and nonzero. 
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If li and 6 are linearly independent, we set e ( q h 

repeat the procedure until linear independence is obtained. The remaining rows of 

{(q) are defined recursively in an entirely analogous manner. Finally, we see that 

K = /30 = nonsingular since the {i is linearly independent and also it was proved by 

Furuta and Kamiyama (1977) [25] that using this method /3_ct +1 = • • • = µ_ 1 = 0. 

The algorithm above proposed by Furuta and Kamiyama (1977) [25] is illus­

trated in the following example: 

Example 4.2 (Continued): 

Consider the minimal canonical state-space model ( 4.29). For simplicity. it is 

assumed that ai~l = 0 but then it will be shown how the final results can be modified 

when ai~l =/= 0. 

The procedure proposed by Furuta and Kamiyama results in 

{(q)i - [ q O] 
- -1-1 -

T1 - C1A B. = C1B. 
b(2} 

11 
b(2) 

12 

b(2l b(2) 

[ 0 0 o l 21 22 
1 

b(l} b(l} 
11 12 

b(l} 
21 

b(l} 
22 

If we put 

{(qh = [ o q l ( 4.63) 

then 
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bc21 
11 

b(2) 
12 

bc2J b(2J 

[ 0 1 ] 
21 22 - [ b(l) b~;l ] 0 0 

b(l) b(l) - 21 

11 12 

b{l) 
21 b

(l) 
22 

Note that if we know that €1 and r 2 are linearly dependent 

( 4.64) 

with 
b

(l) 
if b{l) -/= 0 :::u... 

b(ll 11 
11 

01 -
1 - ( 4.65) 

b~~I if bl;) -/= 0 iJii" 12 

Let 

{1(q)2 q{[ 0 q ] - o:l(qh} 

[ -Jtq2 q2 l 

and 

-1 -of C'i,,P-
1 B. + C'2,P-

1 B. €2 -
0 0 

(2) (2) b<2) b(2) 
-au -a12 11 12 

0 0 (2) (2) b(2) b(2J 

-of[ o 0 ] 
-a21 -a22 21 22 - 0 1 

1 0 {l) 0 b
(l) 

b
(l) 

-au 11 12 

0 1 0 (1) b{l) b(l) 
-a22 21 22 

0 0 (2) (2) b(2) bc21 
-au -a12 11 12 

0 0 (2) (2) bc2J b(2) 

+ [ 0 1 ] 
-a21 -a22 21 22 

0 0 
(1) b(l) b(l) 1 0 -au 0 11 12 

0 1 0 (1) 
b

(l) 
b

{l) 
-a22 21 22 
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-Jf [ bg) - aii)bii) bi;) - aii)bi;1 ] + [ b~i) - a~;1b~i) b~;l - a~;lb~;l ] 

[ -Jt(bii) - a[ilbii)) + (b~i) - a~;1b~i)) -Ji(bgi - aii1bi;1) + (b~;l - aWb~;1) ] 

If we know that {J and 6 are not linearly independent, then (J = J~6 with 

fir[-~(biil - aii1biil) + (b~il - a~;lb~il)] if bii1 =/= 0 
11 11 

Since {J depends linearly on 6, we continue by defining 

for which 

q{[ -Jtq2 q2 l - J;~(q)i} 

[ -Jtq3 - J;q2 q3 l 

( 4.66) 

( 4.67) 

If we know Ei and ~1 are linearly independent the procedure must terminate. Hence 

(4.68) 

For instance, if biil I= 0 then 

If the true values of the parameters in the model (4.25) are substituted into (4.69) 

((q) = [ ~ ::gq3 - i'.o [-::g(2.o - 3.0 x 1.0) + ( 4.0 - 7.0 x !.O))q2 :, ] 

- [ ~q3 + 2q2 ; l 
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which this is the same result as Goodwin obtained [?]. However, if a~~) -/= 0. using 

the same procedure as explained in above, the coefficients Jf and <>; are modified 

as follows: 
b(I) 

if b(l) (O)b(l) -/= 0 "'I 
b(I)_ (O)b(I) 11 - a12 21 

11 al2 21 

dl -
1 - ( 4. 70) 

b(I) 

if b(l) (O)b(l)-/=O .,., 
b(I) _ (0) b(I) 12 - a12 22 

12 a12 :?:? 

and 

bill_ \01&111 M 
11 a12 :?I 

if b (l) (O)b(l)-/= 0 
11 - a12 21 

<>; = ( 4. 71) 

b(I) - \01&(1) N 
12 al:? 2'2 

if b (l) (O)b(l) # 0 
12 - a12 22 

where 

M -8:(bi~) - ali1bii) + b~i)aii1ai~) - al~)(b~~) - a~;)b~i1)] + (b~~) - a~;)b~i)) 

N - -8:[b~;) - ag)bi;l + b~;)a~ilai~) - a~~)(b~;) - a~;)b~;))] + (b~;) - a~;)b~;)). 

Procedure 2: The procedure above. Procedure 1, was based on the algorithm 

described in Furuta and Kamiyama ( 1977) (25] and involves nontrivial computations 

including tests for linear dependence. Whereas the procedure proposed in this 

research, Procedure 2, is based on the result obtained by Das (17] and a priori 

knowledge of the degrees of the diagonal entries of the interactor matrix and involves 

solution of a set of linear algebraic equations. 

In the proposed procedure, the first step is to determine the structure of the 

interactor matrix e(q). Because of the special structure of .;(q), ei;(q) = 0 for i < j 

and ei;( q) = qd; for i = j and i, j = 1, ... , p. The major difficulty is to determine 

the polynomials of the nondiagonal entries of e(q). In the following lemma it is 

shown how the polynomials of the nondiagonal entries of e(q) are determined. 
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Lemma 4.5 The polynomials of the nondiagonal entries of e(q) are given by 

( 4. 72) 

where 
i 

wij = B(ei;(q)) ~ L dk - (i - j) ( 4. 73) 
k=j 

for i > j i,j = 1. ... . p. 

Proof: From Corollary 4.1 proved by Das [17], the upper bounds on the degrees of 

the entries of ei;(q) are given by (4.73). Also from Lemma 4.1 

(4.74) 

for i > j i,j = 1. ... ,p. 

Since hi;( q) is divisible by q ( or is zero). the least powers of q in the polynomials 

of ei;(q) are d; + 1 if wi; 2: d; + l; otherwise, the polynomials of ei;(q) are equal to 

zero if wij < d; + 1 for i > j and i,j = 1, ... ,p. This establishes (4.72). 

For adaptive control Das [17] showed that the inequality sign in ( 4. 73) can be 

replaced by an equality as follows: 

' 
wij = B(ei;(q)) = L dk - (i - j) (4.75) 

k=j 

for i > j i,j = l, ... ,p. 

Now using (4.75) and Lemma 4.5, the structure of e(q) can be specified. In other 

words, the structure of the the matrices Al in (4.41), 

(4.76) 
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where J, the maximum advance in !(q), is obtained as follows: 

( 4.77) 

for i ~ j i,j=l, ... ,p. 

Finally, the unknown matrices Al are determined by solving the matrix equations 

(4.49a), 

(4.78) 

where 

j = -J + 1, .... -1. ( 4. 79) 
l=O 

Finally, the following example is presented to illustrate Procedure 2. 

Example 4.3 (Continued): 

Consider again th.e system of Example 4.1 but with the priori knowledge of the 

degrees of the diagonal entries of ! ( q). Assume that the degrees of the diagonal 

entries of the interactor matrix are 1 and 3, i.e. .d1 = 1 and d2 = 3. 

From (4.75) 
2 

W21 = 8(!21(q)) = Ldk- (2-1) = 3. ( 4.80) 
k=l 

Using Lemma 4.5 

(4.81) 

Then the interactor matrix has the following structure: 

( 4.82) 

where A~~l = ! 0 ,21 and A~il = ! 1,21 . Hence, the coefficient matrices oft( q) are 

Ao= [ 
0 0

], 
A(O) 1 

21 

( 4.83) 



CHAPTER 4. MIMD ADAPTIVE CONTROL 96 

Using the equations (4.49), we have 

~CAB.+ A1CB. - 0 ( 4.84a) 

~CB. 0. ( 4.84b) 

From ( 4.24) and ( 4.27 c )-( 4.27f), 

A - E. - A.Ao1 Eo 

0 0 0 0 (2) (2) 
au al2 

0 0 0 0 (2) (2) 

[ ~ a:~) r [ ~ 0 1 : l a21 a22 

1 0 0 0 (1) 0 0 0 au 

0 1 0 0 0 (l) 
a22 

0 0 (2) 
-au 

(2) (0) (2) 
au au - a12 

0 0 (2) (2) (0) (2) 
-a2l a21 au - a22 (4.85a) 

(l) (2) (0) 1 0 -au auau 

0 1 0 
(l) 

-a22 

b(2) 
11 

b(2) 
12 

B. 
b(2l b(2) 

l2 22 -
b(l) b(l) 

11 12 

(4.85b) 

b(l) 
21 

b(l) 
22 

c -1 [ 1 a~~) l-l [ 0 o 1 o l = [ o 0 1 
A0 Eo= 

0 1 0 0 0 1 0 0 0 

(0) l -au 

1 
. (4.85c) 

Substituting ( 4.83) and ( 4.85) into ( 4.84b) gives 

b(2) 
11 b(2) 

12 

[ A~~) ~ l [ ~ 0 1 (0) l b(2) 
b

(2) 

-:ll 
12 22 

=0 (4.86) 
0 0 b(l) 

b
(l) 

11 12 

b
(l) 
21 b

(l) 
22 
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which A~~) is obtained as follows: 

A (O) -
21 -

if b(l) - (O)b(l) ...t. 0 
11 a12 21 , 

if b (l) {O)b(l) ...t. O 
12 - a12 22 , 

97 

( 4.87) 

The comparison of ( 4.82) and ( 4.68) shows that A~~) = -tS[ and A~i) = -Jr. The 

result obtained in ( 4.87) verifies that A~~) = -tSt. Then it can be verified that A~i) 

is equal to -tSr by solving the equation (4.84a). 

The two procedure above reach the same results but based on different assump­

tions. Also, note that Examples 4.2 and 4.3 show how the entries of the interactor 

matrix are related to the entries of the canonical ARX model. This relation can sim­

plify the problem of adaptive control of multivariable stochastic systems. This can 

be interpreted as a technique for eliminating the need for knowing the noninteger 

valued variables in the interactor matrix. 

4.8 General optimal solution 

Here the optimization of the control criterion Jk+d' lk given in ( 4.15) is discussed. 

Using the same approach as used in the SISO case in Chapter 3, it will be proved 

that the optimal solution can be expressed analytically. The result is summarized 

in the following theorem. 

Theorem 4.1 For the system (4- 1} having predictor form (.,{50), the control law 

minimizing the criterion 

(4.88) 
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is given by 

(4.89) 

for k ~ 0 and J > 1. 

Note that it is necessary to assume that the system is minimum-phase at every 

instant of time. The control signal may otherwise be unbounded. 

Proof: Using (4.50), the term l(q)yk - {(q)yk can be written as follows: 

I I 

k k d -1 d -1 

l(q)yk-l(q)yk = Lkxo+ Lak-;Y;+ L.Bk-;u;+ L F;ek+d'-i- L AtYk (4.90) 
j=O j=O j=O l=O 

fork~ 0 and J > 1. In order to show which term is a function of uk, the equation 

above ( 4.90) is rearranged as follows: 

where,(.), 17(.), andµ(.) are nonlinear functions and 

Y; - {Yk,···•Yo} (4.92) 

uk-1 
0 {uk-1,····uo} ( 4.93) 

I 

Ek+d 
{ek+d',· .. ,ek+l} ( 4.94) k+l 

Y -.k+d' 
k+l {Y;+d'' ••.• Yk+i} . ( 4.95) 

For simplicity, (4.91) is written in the following compact form: 

( 4.96) 

where 

( 4.97) 

and Ilk is independent of Uk, 
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or 

Substituting (4.96) into (4.88) gives 

Jk+cllk = E{II.Bouk + Akll 2 l .ri} ( 4.98) 

= E{tr [ (,Bouk + Ak)(,Bouk + Akf] I Fk} ( 4.99) 

Jk+d'lk E{tr(,Boukuk/35 + ,BoukAk + Akur.er + AkAk}I Fk} 

- E{tr(,Boukur.el) + tr(,BoukAk} + tr(Akur.el) + tr(AkAk} I Fk} . 

(4.100) 

Using one of the properties of the trace operator, we have 

tr(,Boukur ,Bf) 

tr(,BoukAk) 

tr( ur ,Bf ,Bouk) 

tr(ukAk.Bo) 

(4.101a) 

(4.101b) 

( 4.101c) 

Substituting (4.101) into (4.100) yields 

The expectation and trace operations can be interchanged, and as Uk is constrained 

to be Fk measurable, this becomes 

Jk+d'lk = tr(ur E{/3l /3ol Fk}uk) + tr(ukE{Ar.Bol Fk}) + tr(E{/35 Aki Fk}uk) 

+ tr(E{AkAflFk}). (4.103) 

As in the SISO case, all the conditional expectations in ( 4.103) are independent 

of Uk, and minimization of the cost function ( 4.88) can be achieved by setting the 

partial derivative to zero: 

BJk+d'lk 
8uk 

2E{f3[/3olFk}uk + (E{Af/3olFk}f + E{/35Ak1Fk} = 0 

- 2E{f3[.Bol Fk}uk + 2E{,B5 Aki Fk} = 0 (4.104) 
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or 

In order to obtain (4.89), (4.104) is rewritten as follows: 

Using (4.96) 

E{,BJ' /3oukl Ji}+ E{,BJ' Aki .ri} 

E{,BJ'(,Bouk + Ak)I .rk} 

This establishes ( 4.89). 

4.9 Some important special cases 

0 

0. 

100 

(4.105) 

(4.106) 

( 4.107) 

The general optimal solution (4.107) is one of the main contributions in this re­

search. This solution can be applied to any system with or without uncertainties 

in the model. In other words, ( 4.107) can be applied in both adaptive and non­

adaptive cases. In different cases, the only problem is to determine the conditional 

expectation in (4.107). Now, it will be shown how the general solution presented 

above can be applied to the following special cases: 

1. Nonadaptive case: If the parameters fi, the initial condition x0 , and the in­

teractor matrix e(q) are known and also /30 is nonsingular, (4.107) can be 

simplified as follows: 

(4.108) 

In words, the input { uk} is obtained by equating the optimal prediction 

E{~(q)ykl .rk, Xo, fi} with the filtered desired outputs e(q)yz. 



CHAPTER 4. MIMO ADAPTIVE CONTROL 101 

2. If /30 is known and nonsingular. and as well the interactor matrix is known, 

then 

(4.109) 

3. MIMO cautious control: If the interactor matrix is assumed known, equation 

( 4.107) is simplified as follows: 

( 4.110) 

and the control law which satisfies the equation above is called the MIMO 

cautious control. 

4. Certainty equivalence adaptive control: Using the certainty equivalence ap­

proximation, as shown in Chapter 2, ( 4.107) can be approximated as follows: 

( 4.111) 

or 

( 4.112) 

Now if E{f3[1Fk,Xo,B = oklk} is nonsingular, 

( 4.113) 

The equation above (4.113) shows that an approximation of the optimal con­

trol law can be obtained by solving the control problem in the case of known 

parameters and substituting the known parameters with their estimates. The 

controller can be interpreted as a certainty-equivalence controller. 

Hence, there would be two different cases with known ~(q) and unknown ~(q) 

as follows: 
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• With known €(q): If the interactor matrix €(q) is known, then (4.113) is 

simplified as follows: 

( 4.114) 

• With unknown €( q): If€( q) is unknown, then ( 4.113) is written as follows: 

(4.115) 

4.10 Direct adaptive control with unknown ~(q) 

In this section it will be explained why the conventional adaptive control with 

unknown €(q) in the literature, which is based on a direct scheme, cannot be applied 

for a stochastic case. However, the indirect approach proposed in this research. 

which will be explained in the section. is capable of dealing with stochastic case. 

In the following algorithm proposed by Dugard, Goodwin and deSouza (1983) [19] 

the real variables appearing in the interactor matrix are estimated along with the 

other parameters appearing in the system model in a deterministic case. This 

approach follows a suggestion originally made by Johansson 1982 (30]. 

Consider the predictor model ( 4.51) in a deterministic case, ek = 0, 

(4.116) 

Using (4.8) 

H(q)D(q)yk = a(q-l)Yk + {3(q-1)uk ( 4.117) 

where D(q) = diag[qd1 • • • qdP]. Using the structure of H(q), Lemma 4.1, 

(4.118) 
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where 

L(q) [I - H(q)] 

0 

-h21(q) 0 

Equation ( 4.118) can be written in regression form as: 

ith element of [ D(q)yk] = Yk1d; = <t>t!.;/J(i) ; i = 1. ... . p. 

103 

( 4.119) 

( 4.120) 

In ( 4.120), <I>~!;; is a vector of values of the system outputs up to time (k + li) and 

of the system inputs up to time k where Li is the maximum forward shift in the ith 

row of L(q)D(q). (J(i) is a vector of coefficients in the ith row of L(q), a(q-1), and 

/3(q-1). (Note~> li: i = 1, • • • .p.) 

The estimated vectors {Btl}. obtained by the least squares algorithm. are now 

regrouped to form 

( 4.121) 

Finally, using ( 4.115), the feedback control signal Uk based on the certainty equiv­

alence principle is generated by solving 

(4.122) 

As mentioned before, the adaptive algorithm above with unknown ~(q) is a direct 

scheme since the design is based on estimation of the parameters of the predictor 

model. The difficulty is that this algorithm cannot be applied for a stochastic case. 

To show this disadvantage, once again consider the predictor model ( 4.51) including 

noise which can be written as follows: 

(4.123) 
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Then ( 4.123) can be written in the following stochastic regression form 

• h 1 f [ D( ) ] (i) ,1.(i) T f)(i) (i) it e ement o q Yk = Yk+d; = 'f'k+l; + vk+d; ; i = 1, ... ,p (4.124) 

where Vk~d; is a colored noise with unknown statistical characteristics. The impor­

tant point that has to be stressed in this method is that the parameter estimator will 

be biased because of the correlation between the noise and the regression vectors. 

This is the reason why the algorithm above is not used in a stochastic case. 

However. it will be shown how the difficulties in the direct algorithm above can 

be resolved by using the proposed indirect scheme. 

4.11 Indirect adaptive control with unknown ~(q) 

In this section an indirect adaptive control with unknown ~(q) is developed. It is 

shown the proposed approach is capable of dealing with stochastic cases. 

In the following discussion, it is assumed that the degrees of the diagonal entries 

of the interactor matrix are known. In order words, the structure of the interactor 

matrix is known based on the results obtained in Section 4. 7, in which it was shown 

how the entries of the interactor matrix are related to the entries of the canonical 

ARX model. As shown in Examples 4.2 and 4.3, the evaluation of the interactcr 

matrix requires real divisions. Hence, we will not be able to evaluate the conditional 

expectation in Equation (4.107). However, there are some approximation methods 

to solve the problem. The most common approximation method, i.e. the certainty 

equivalence principle, is employed, Equation (4.115). 

The indirect approach involves first estimating the parameters and states in 

a standard model (e.g., a one-step-ahead predictor), such as the canonical ARX 
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model (4.1) or the canonical SP model (4.21) and then evaluating the control law 

by on-line calculations. 

Because of the initial condition x 0 , there could be two different cases for the 

estimation process: 

• The initial condition x0 is known or zero, 

• There is uncertainty in x 0 , or x 0 is unknown. 

Both cases will be considered below. 

Case 1 : If the initial condition x 0 is known or zero. it is not required to estimate 

the states of the system. Hence. the canonical ARX model ( 4.1) can be written in 

the following form: 

Y1.: = -(Ao - I)yk -A1Yk-l - • • • - AvYk-v + B1u1.:-1 + · · · + Bvuk-v + e,.,. (4.125) 

Then ( 4 .125) is writ ten in regression form as 

Yk = <f>f 8 + ek ( 4.126) 

where fJ is a column vector consisting of nonidentically-zero and nonidentically-unit 

entries in [A0 - I, A1, ... , Av, B 1 , ... , Bv] and <Pk is constructed according to the 

known order of the parameters in fJ. 

Then using (4.126), the following dynamical system is obtained to estimate the 

parameters: 

f}k+l - f}k 

Yk - <f>f fJk + ek • 

( 4.127a) 

(4.127b) 

Hence, the unknown parameters will be chosen from the Gaussian family and their 

estimate f}klk and associated error covariance Pklk are sufficient statistics. The 
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parameter vector estimate B1c11c and the associated covariance P1c11c are obtained from 

a Kalman filter according to 

l)klk 
A TA 

l)klk-1 + Kk(Yk - <Pk (Jklk-d (4.128a) 

(Jk+llk - (Jklk ( 4.128b) 

Kk - pklk-1 <Pk ( </>kPklk-i<l'k + Rk )-
1 ( 4.128c) 

pklk - pklk-1 - K1c</>kPklk-l (4.128d) 

Pk+llk - pklk • (4.128e) 

Finally, the input uk is generated by solving ( 4.115), 

(4.129) 

Case 2 : If the initial condition x0 is unknown, the canonical ARX model ( 4.1) or 

the canonical SP model ( 4.21) can be put into the following equivalent form for the 

simultaneous estimation of the state variable Xk and the system parameters fJ: 

xk+l - E.xk - A.-yk + B.uk 

Yk Eoxk - (Ao - l)yk + ek. 

(4.130a) 

(4.130b) 

Then it is not difficult to see that the model above ( 4.130) can be written as follows: 

(4.131a) 

(4.131b) 

where G. and Go are matrices constructed from the measurements Yk and uk ac­

cording to the ordering of the system parameters a~il and bill in fJ, such that 

( 4.132) 
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As the system is assumed to be time-invariant, then I)= Bk= l)k+l and eqn (4.131) 

can be written as follows: 

(4.133a) 

( 4.133b) 

where 

The simultaneous state and parameter estimation algorithm is therefore given by 

the following recursive equations (45]: 

sk+ilk Fksklk 

Kk - pklk-1H[(HkPklk-1Hl + Rk)- 1 

pklk pklk-1 - KkHkPklk-1 

pk+llk FkPklkFl 

with initial conditions 

Finally, the input uk is generated by solving (4.115), 

( 4.134a) 

(4.134b) 

( 4.134c) 

(4.134d) 

(4.134e) 

(4.135) 

(4.136) 
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4.12 Simulation results 

In this section, an example of a two-input, two-output system with fifteen unknown 

parameters will be presented to illustrate the performance of the algorithm devel­

oped above. Also, the performance of this algorithm will be compared to that of 

the minimum variance control with known parameters. 

Consider the system given in the previous examples, Examples 4.1-4.3. The 

model can be expressed in the following form: 

or 

Let the parameter vector f) be 

() _ [ (0) (1) (1) (2) (2) (2) (2) b(l) b(l) b(l) b(l) b(2) b(2) b(2) b(2)]T 
- au au a22 au a12 a21 a22 11 12 21 22 11 12 21 22 

which contains 15 unknown parameters. The exact value of (} is 

() = [0,3, 7,2,0,0,12,1,l,l,l,2,l,4,3]T 

( 4.137) 

As seen, the minimum phase system above has one pole on the unit circle and three 

unstable poles at -2, -3, and -4 and four zeros at infinity. 

It is assumed that the unknown parameter vector (), generated by a random 

generator, is a gaussian random vector with a priori statistics having mean and 

covanance 

()01-1 - (0.0577, 3.1165, 7.0627, 2.0075, 0.0352, -0.00697, 12.1696, 
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1.0059, 1.1797. 1.0264, 1.0872, 1.8554, 0.9299, 4.1246, 2.9361f 

Po1-1 = 0.01 * I. 

The initial state is assumed to be known: 

Xo = 0. 

The {ek} is a white zero-mean process with known covariance 

[ 

10-6 

R= 
0 

109 

The signal to noise ratio is rather high to avoid running the program many times 

to obtain the expected values of estimation as well as the input and output signals. 

The desired output sequences {yz(t)} and {yz(2 l} are unit square waves of 20 

and 30 samples, respectively. 

The performance of the proposed algorithm ( 4.128) to ( 4.129), the indirect 

adaptive control with unknown €(q), is shown in Figs 4.1 to 4.3. Fig. 4.1 exhibits 

the general response of the system. The steady-state responses and the transient 

responses are demonstrated in Figs 4.2 and 4.3, respectively. 

The algorithm converges and perfect tracking is ultimately achieved. It is evi­

dent from Fig. 4.3 that the first output Ykl) converges faster than the second out­

put Yk2
). Because the interactor matrix is nondiagonal, an unconditional minimum 

variance is achieved for yk1
) but for Yk2l the optimization is achieved subject to 

constraints. 

The conclusion is that the control law does not simultaneously minimize the 

individual output variance when the interactor matrix is nondiagonal. 
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Figure 4.1: General response 
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Chapter 5 

Conclusion and further research 

directions 

5.1 Overview 

In this thesis, a number of open problems in SISO adaptive prediction and cautious 

control as well as in MIMO adaptive control have been solved. 

In Chapter 2, a problem in SISO adaptive prediction related to transient perfor­

mance was discussed. Using an indirect adaptive scheme, it was shown in a general 

case how the optimal d-step-ahead prediction of Yk at time k in a minimum variance 

sense, E{yk+dl Fk}, can be determined. First using state variables, the ARX model 

is transformed into a state space form which allows to us to express the model into 

a predictor form. Then using the estimated parameters and states provided by 

a Kalman filter, the optimal d-step-ahead predictor is constructed. It was shown 

that the optimal prediction is obtained based on both the plant parameter-state 

estimates and estimates of their uncertainty. As a result, the conventional adap-

113 
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tive predictors discussed in the literature are asymptotically optimal whereas the 

proposed predictor is optimal in a minim11m variance sense at each step resulting 

in good transient performance as well as asymptotic performance. 

In Chapter 3, SISO cautious control was solved for the general delay-white noise 

case. Using the theory of stochastic optimal control, it was proved that the value 

of uk which minimizes the following criterion: 

( 5.1) 

satisfies the following equation: 

(5.2) 

Then usmg an indirect approach. the same method as used in Chapter 2. the 

equation above was solved to determine the control law uk. Note that the solution 

does ·not depend on the model used and the approach applied, direct or indirect. 

provided that the conditional mean of the noise seen by the predictor given Fk is 

zero. 

It was shown that the proposed method and the method used by Astrom and 

Wittenmark (8] are the same except that the proposed method can handle cases 

with uncertainty in the initial conditions. Wieslander and Wittenmark (51] used 

a very complicated way to solve the adaptive problem for a unit delay system. 

Nahorski and Vidal in 1974 (40] handle the case with general delay by using a 

special model and employing a direct approach. In order to verify the generality of 

the solution above, it was shown that if the solution above is applied to the model 

used by N ahorski and Vidal, their result is obtained. 

As expected, simulations indicate that the proposed adaptive controller has a 

superior performance compared with the certainty equivalence controller. 



CHAPTER 5. CONCLUSION AND FURTHER RESEARCH DIRECTIONS 115 

In Chapter 4, it was shown how a MIMO system having a minimal canonical 

model can be transformed to a predictor form. Then it was shown conventional 

predictor in the literature, discussed by Goodwin and Sin in [28], can be considered 

as a special case of the predictor proposed in this research. Hence using the same 

method as applied to the SISO case, it was proved that the one-step-ahead control 

law minimizing a criterion of the form 

(5.3) 

is given by 

(5.4) 

As in the SISO case, it was shown how the general optimal solution above c:an be 

applied to some special cases discussed in the literature. Also the solution does not 

depend on the model used and the approach applied. direct or indirect, provided 

that the conditional mean of the noise seen by the predictor given fk is zero. 

Furthermore. it was shown that if the interactor matrix is assumed known. 

equation (5.4) is simplified as follows: 

(5.5) 

and the control law which satisfies the equation above is called MIMO cautious 

control. However, requiring knowledge of the interactor matrix is a severe practical 

limitation. In general, this matrix contains noninteger-valued real variables and one 

can argue that knowledge of these variables is tantamount to requiring knowledge of 

the complete system transfer function. Therefore there has been strong motivation 

in the literature to investigate ways in which the requirement of knowing the system 

interactor matrix might be removed. 

It was shown that if ~( q) is assumed unknown, an exact solution for equation 

(5.4) cannot be obtained. Hence, in this research the most popular approximation 
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method, i.e. the certainty equivalence principle, was employed based on the result 

obtained by Das [17] and a priori knowledge of the degrees of the diagonal entries 

of the interactor matrix. As a result, equation (5.4) is simplified as follows: 

E{{(q)ykl .rk, Xo, 0 = Bklk} = E{e(q)yi;I .rk, Xo, 8 = Bklk} (5.6) 

if E{,BJ'I .rk, xo, 0 = Bklk} is nonsingular. 

It was shown that the conventional approaches discussed in the literature cannot 

be applied to a stochastic case. However, the indirect approach proposed in this 

research is capable of dealing with stochastic cases. At the end of Chapter 4, 

simulation results show the performance of the proposed algorithm compared with 

that of the minimum variance controller with known parameters. 

5.2 Suggestions for further studies 

The results of this thesis can serve as the basis for the following further research. 

• Convergence and stability analysis: Convergence and stability analysis of the 

algorithms proposed in this research were not given here. It would be of 

theoretical and practical importance to establish conditions that will guaran­

tee the convergence and the stability of these algorithms. It is believed that 

the results in Middelton et. al. (35] and Kumar [33] can be applied to these 

algorithms. 

• N onminimum phase and nonsquare systems: In Chapter 4 it was assumed 

that the system is minim1rm phase and the number of inputs is equal to 

the number of outputs. As discussed in the literature (28], using different 

criteria from that was used in this research, the adaptive control problem for 
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nonminimum phase and nonsquare systems have been tackled in deterministic 

cases. It could be an interesting research problem to solve these optimal 

problems using the approach proposed in this research for stochastic cases. 

• Suboptimal dual control: Most adaptive controllers are based on a separation 

between the estimation of unknown parameters and state variables from the 

determination of the control signal. The methods discussed so far have not 

considered the interaction between identification and control. This means that 

the control laws have not been designed to facilitate the identification. The 

control strategies have been designed in order to minimize some control error. 

sometimes under the assumptions that some parameters are uncertain. The 

learning procedure has not been active but accidental. In a dual controller 

there is, however. an interaction between identification and control in the 

sense that the controller must compromise between a control action and a 

probing action, [23]. 

The ultimate purpose is to minimize the following multistep-ahead criteria: 

1 k+N-1 

J = NE{ L (Yt+d - Y;+d)2 I fk} 
t=k 

(5.7) 

for the SISO case, and 

1 k+N-1 

1 = NE{ I: 11e(q)(yt - y;)ll 2
I ~,.J 

t=k 

(5.8) 

for the MIMO case, with respect to uk, ... , Uk+N-1• 

The formal solution of the dual control problem has been known for a long 

time, [23, 1]. The solution leads, however, to a functional equation which in 

most cases is difficuit to solve. 

There are many ways to solve the dual control problem in an approximate way. 

In 1989, Mookerjee and Bar-Shalom, [38], proposed a suboptimal solution for 
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a MIMO system with ~(q) = qi. Now it seems to be feasible to combine the 

approach proposed by Mookerjee and Bar-Shalom and the approach used in 

this research to find a suboptimal solution for both the SISO case with the 

general delay-white noise and the MIMO case with a general form for {( q). 



Appendix A 

Optilllal Filtering 

This appendix is concerned with estimating the state variables and parameters of 

discrete-time, linear stochastic, SISO and MIMO time-varying systems. This topic 

has been discussed in detail by Salut (45]. Nevertheless. using a different method 

from that given by Saint, it is shown how the simultaneous estimation of state 

variables and system parameters with known noise statistics can be solved as an 

optimal linear filtering problem. 

A.1 SISO case 

The input-output characteristics of a general stochastic linear system can be de­

scribed by an ARMAX model of the form 

(A.1) 

where { ek} is a zero mean nonstationary white gaussian process with covariance 

given by 

E{ekei} = Rkd(k - l) 

119 

(A.2) 
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for all k and l, where ~(k - l) is the Kronecker delta, which is 1 for k = l and 0 

otherwise. The polynomials A(q-1), B(q-1), and C(q-1) are defined as 

A(q-1) - 1 + a1q-l + · · · + anq-n 

B(q-1
) bo + biq-l + · · · + bnq-n 

C(q-1) 1 + c1q-1 + ... + enq-n. 

(A.3) 

(A.4) 

(A.5) 

In order to facilitate the estimation process the model above can be rewritten 

in the following way: 

Yk 

where 

0 ... 0 0 an bn 

1 
E. - 'A.= , B -- - . C. = 

0 a2 b2 

1 0 a1 bi 

Eo - [ 0 ... 0 1 l. 

If() is defined as follows: 

then the model (A.6) can be rearranged in the following form: 

Cn 

C2 

C1 

(A.6a) 

(A.6b) 

(A.7) 

(A.8) 

(A.9a) 

(A.9b) 

where the matrix G. and Go are constructed according to the order of the param­

eters in (). The identification problem is more realistic if () is subject to random 
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perturbations, so we suppose that 

(A.10) 

where 7rk is an independent, zero mean, gaussian white noise possibly correlated 

with ek. By appending the parameter vector ek+i to the state vector Xk+i and using 

the model (A.9) . we obtain the following model: 

[ 
Xk+i l _ [ E. G. l [ Xk l + [ C.ek ] 
ek+i o I ek -rrk 

Y• [ Eo Go ] [ :: ] + e• 

or 

(A.lla) 

(A.llb) 

(A.12a) 

(A.12b) 

where sk = [ Xk ] · It is assumed that both noises { wk} and { ek} are independent. 
8k 

zero mean. gaussian white processes with known covariances 

T 

E (A.13) 

Now we can redefine the one-step prediction problem to be one of requiring compu­

tation of the sequence E{sk+ilYo, ... , Yk} for k = 0, I, 2, .... We shall denote this 

quantity by Sk+ilk and shall use the symbol :Fk to denote the set {y0, ... , Yk}- Here, 

we use the fact that {uk} is known. So far, we have not specified an initial condition 

for the difference equation (A.12). Under normal circumstances, one might expect 
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to be told that at the initial time k = 0, the state vector s0 was some prescribed 

vector. Here, however, we prefer to leave our options more open. From a practical 

point of view, if it is impossible to measure Sk exactly for arbitrary k, it is unlikely 

that s0 will be available. This leads to the adoption of a random initial condition 

for the system. In particular, assume that the initial state vector s0 is a gaussian 

random variable with mean s0 and covariance P0 , i.e., 

E[so] = so E{(so - so)(so - sof} = Po. (A.14) 

Further. assume that s0 is independent of {wk} and {ek}- Now we wish to determine 

the estimates 

(A.15) 

and the associated error covariance matrix Pk+ilk, where 

(A.16) 

The following lemmas will be frequently used in this appendix. 

Lemma A.I If X is conditionally ga·uss·ian given Z with mean X and covariance 

P, and A(·) and b(·) are measurable functions w-ith IIA(Z)II < +oo and llb(Z)II < 

+oo, then A( Z)X + b( Z) is also conditionally gaussian given Z with conditional 

mean A(Z)X + b(Z) and conditional covariance A(Z)PA(Zf. 

Proof: See Ref. [15]. 

Lemma A.2 Suppose that [ : ] is conditionally gaussian given Z with condi­

tional covariance [ Errl= Eryl= ] . Then, given {Y, Z}, X is conditionally gaussian 
E;yjz Eyyjz 

with conditional mean 

(A.17) 



APPENDIX A. OPTIMAL FILTERING 123 

and conditional covariance 

(A.18) 

Proof: See Ref. [15]. 

Note that s0 and [ : ] are jointly gaussian as a result of their being indi-

vidually gaussian and independent. Therefore the joint distribution of [ :: ] is 

gaussian with mean and covariance 

In order to prove that 

So 

0 

0 

so 

Wo 

eo 

Yo 

and 

Po O 0 

0 Qo So 

0 Sl R.o 

(A.19) 

is gaussian, use ( A.12h) and s
0 

= s
0 

• w
0 

= w
0 

, and 

eo = eo to form the following matrix equation: 

So I 0 0 
So 

Wo 0 I 0 
- Wo (A.20) 

eo 0 0 I 
eo 

Yo Ho 0 I 

Now since linear transformations of gaussian random variables preserve their gaus-
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so 

sian character, it follows that 
wo 

is gaussian with mean and covariance 
eo 

Yo 

T 
I 0 0 I 0 0 I 0 0 

So Po 0 0 
0 I 0 0 I 0 0 I 0 

0 and 0 Qo So 
0 0 I 0 0 I 0 0 I 

0 0 ST Ro 
Ho 0 I Ho 0 I 

0 l Ho 0 I 
(A.21) 

or, equivalently, with mean and covariance 

So Po 0 0 PoHl 

0 0 Qo So So 
and (A.22) 

0 0 ST Ro Ro 0 

Hoso HoPo Sl Ro HoPoH[ + R.o 

Hence [ : ] is conditionally gaussian given y0 with conditional mean 

So PoHl 

mo10 = 0 + So (HoPoH[ + Ro)- 1 (Yo - Hoso) (A.23) 

0 Ro 

and conditional covariance 

Po 0 0 PoHl 

Eo10 = 0 Qo So So (HoPoH[ +Ro)-1 
[ H0 P0 ST 0 Ro ] . (A.24) 

0 Sl Ro Ro 
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Then proving that the conditional distribution for [ : ] given y0 is gaussian 

with the mean and covariance above, we determine the conditional distribution for 

s1 given Yo• From (A.12a) 

So 

s 1 = [ Fo I OJ w0 (A.25) 

Hence using the result for transformations of gaussian random variables, the distri­

bution of s 1 given y0 is gaussian with mean 

and covariance 

where 

s110 E{s11 Yo}= [Fo I O}m01o 

Faso+ K0 (Yo - Hoso) 

P110 E{(s1 - s110Hs1 - s11of I Yo} 

[Fo I 0}~0 ,0 [Fo I O}T 

- FoPoF{ + Qo - K 0(HoP0Hf + R.o)Kf 

(A.26) 

(A.27) 

(A.28) 

It is also straightforward to obtain the conditional distribution for s 2 given {y1, y0}. 

Let us proceed formally, in the same manner as used in deriving the conditional 

distribution for s, given y0 . Since s1 given y0 and [ :: ] are gaussian and indepen-

dent we can deduce that [ :: ] is conditionally gaussian given y0 • From (A.12b), 
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si = si , wi = Wi , and ei = ei , the following matrix equation is obtained, 

Si I 0 0 
Si 

Wi 0 I 0 
Wi (A.29) 

ei 0 0 I 
ei 

Yi Hi 0 I 

The linear transformation above proves that the conditional joint distribution of 

given Yo is gaussian with mean and covariance 

Yl 

I 0 0 I 0 0 
si10 Pi10 0 0 

0 I 0 0 I 0 
0 and 0 Qi Si 

0 0 I 0 0 I 
0 0 sr Ri 

Hi 0 I Hi 0 I 

or, equivalently, with mean and covariance 

si10 Pi10 0 0 Pi10H[ 

0 0 Qi Si Si 
and 

0 0 3T 
i Ri Ri 

Hi,h10 HiPi10 3T 
i Ri HiPi10H[ + Ri 

Now the vector [ :: ] conditioned on y0 and y1 has mean 

0 

0 

+ 

T 

I 0 0 

0 I 0 

0 0 I 

Hi 0 I 
(A.30) 

(A.31) 

(A.32) 
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and covariance 

Pi10 0 0 P110H[ 

E111 = 0 Q1 S1 S1 (H1P110H; + Ri)-1 
[ H1Pq0 S[ R1 ] • 

0 Sf R1 R1 

(A.33) 

From (A.12a), we have 

(A.34) 

By the linear transformation principle, s2 given y1 and y0 is gaussian with condi­

tional mean 

s211 = E{s2IY1,Yo} = (F1 IO]m111 

= F1si Io + K 1 (Y1 - H1s1Io) (A.35) 

and conditional covariance 

P211 E{(s2 - s21d(s2 - s21if I Yi, Yo} 

- [Fi I D]Ei Ii(F1 I Of 

- FiP110F[ + Qi - Ki(H1Pi10Hi + Ri)K'{ (A.36) 

where 

(A.37) 

More generally, repetition of the steps above yields that the conditional distribution 

for Sk+i given Yk, ... , Yi, Yo is gaussian with mean sk+ilk and covariance Pk+ilk as 

follows: 

(A.38) 
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and 

E{(sk+i - SK+1lk)(sk+1 - SK+ilkfl Yk, .... Y1, Yo} 

FkPklk-1F[ + Qk - Kk(HkPklk-1H'{ + Rk)K'{ 

in which Kk is the filter gain given by 

A.2 MIMO case 

128 

(A.39) 

(A.40) 

In this section it is assumed that a linear stochastic MIMO system can be described 

by an ARMAX model of the form 

(A.41) 

where the polynomial matrices A(q-1), B(q-1), and C(q-1) are defined as follows: 

A(q-1) 

B(q-1) 

C(q-1) 

A A -1 A -v 
0 + 1q + • · · + rq 

B B -1 B -v 
0 + 1q + • · · + rq 

Co+ C1q-l + ... + Crq-v 

(A.42) 

(A.43) 

(A.44) 

and Yk, uk, and ek denote the p x 1 output vector, m x 1 input vector, and p x 1 

noise vector, respectively. Thus A(q-1), B(q-1), and C(q-1) are p x p, p x m, and 

p x p polynomial matrices. Equation (A.41) is also called a left matrix fraction 

description of the system. For the estimation process, the model above can be 

written as follows: 

(A.45a) 

(A.45b) 
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It must be emphasized that in the canonical form under consideration. Ao is upper­

right or lower-left unit triangular. We will take advantage of the triangular form 

in the MIMO case, as to be explained. The model (A.45) in canonical form can 

simply be used to estimate the states and parameters of the system by extending 

the state vector Xk with parameter vector 8 = Bk: 

(A.46) 

Then the following augmented state model can be immediately obtained: 

(A.47a) 

(A.47b) 

It is immediately noted, looking at equations (A.47), that in this case all unknown 

parameters or state variables appear linearly multiplied by either external variables 

that appear in the record, or by matrices that are only composed of zeros and 

ones. This very important property enables us to construct a linear estimator for 

all unknown variables and parameters of the system. The composite model above 

can be written in compact form as 

(A.48a) 

(A.48b) 

Let us call Ht> for i = 1, ... , p , the rows of the matrix H k in ( A.48); they appear 

in the following form: 

HCi) HCi) ( Ci-1) c1i ) 
k = k Yk ' ••• 'Yk 'Uk (A.49) 
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Rewrite equation ( A.48b) as 

(1) 
Yk 

(2) 
Y1c 

Y
(p) 
k 
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(A.50) 

(A.51) 

(A.52) 

(A.53) 

In this section, the aim is to derive the Kalman filter equations. for the one-step 

prediction state estimate and associated error covariance. In order to simplify the 

problem, assume that the system (A.48) has just two outputs as follows: 

(A.54a) 

(A.54b) 

(A.54c) 

Here, { uk} is a known input sequence, s0 has mean s0 and covariance Po,{ wk} and 

{ vk} are zero mean. independent gaussian processes with covariance 

T 
S(l) 

S
(2) 

Wk Wt Q1c k k 

E (1) 
Vic 

(1) 
Vl - (l)T 

R
(l) Ril,2) tS(k - l) . (A.55) S1c k 

(2) (2) 
S

(2)T 
R

(l,2)T 
R12> Vk Vl k k 

According to the initial assumptions, the random variable [sf wJ' V6l)r v621 r]T is 

gaussian with mean and covariance 

So Po 0 0 0 

0 0 Qo S6
1

> S6
2

l 
and Eo = 

sal)T 
(A.56) 

0 0 ml) ml,2) 

0 0 sa2)T ml,2)T m2> 
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From ( A.54b) 

So [ 0 0 0 

Wo 0 I 
So 

0 0 
(1) Wo 

= 0 0 I 0 Vo (1) 
(2) 0 0 0 I 

Vo 
Vo (2) 

(1) HJl) 0 I 
Vo 

Yo 0 

(A.57) 

Hence using Lemma A.I, the joint distribution of [sa w[ v61)T v62 )T Y6l)Tv is 

gaussian with mean and covariance 

So 

0 

0 and 

0 

H(l)~ 
o So 

From Lemma A.2, it follows that [s[ 

gaussian and has mean 

and covariance 

So 

0 

0 

0 

+ 

PoHJ1Jr 

Scil) 

ml) 

ml,2)T 

PoH611r 

Scil) 

ml) 

ml,2)T 

P0Hci1)T 

S611 

ml) 

ml,2)T 

(HJ1
l PoHJ11

T + H.b11
) 

(A.58) 

v621
r]T conditioned on Y611 is 

(A.59) 

(A.60) 
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From (A.54c), form the following matrix equation: 

So 
So 

Wo 

[ [ Hi,'l 

I 

0 I il (1) Wo 
(A.61) Vo (1) 

(2) 0 Vo 
Vo (2) 

(2) Vo 
Yo 

Then using Lemma A.1, the joint distribution of [s5 w[ v61
)
7 v62 l

7 
yflf given 

y~1
) is gaussian with mean 

and covariance 

where 

E(ll) 
0 121 I 111 

•Yo Yo 

E(l2) 
0 121 I 111 

,Yo Yo 

(22) 
E 0 121

1
111 

,Yo Yo 

mo,u!'' 1..\'' - [ [ Hi,'l : 0 I i l m,1,!'' 

(11) 
E0 121

1 
111 

,Yo Yo 

(12) 7 

E 121
1 

111 
0,Yo Yo 

(12) 
E0 121

1
111 

,Yo Yo 

(A.62) 

T 

[ Hi,'l : 0 I i l (A.63) 

- EOly!11 (A.64) 

- EOI 111 [ HJ2J 0 0 [ ]T (A.65) 
Yo 

[ HJ2> 0 0 I ] EOly!ll [ H62
) 0 0 [ ]T (A.66) 

From Lemma A.2, it follows that [s5 w[ v~1l
7 

v62
)
7

] given {y~2
), y~1

)} is gaussian 

with mean 

(A.67) 
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where E{y62 )1 Y61
)} is obtained from (A.62) : 

E{y62
)1 Y61

)} = HJ2
l So+ (HJ2

l PoHJ 1
lT + m1

•
21

T )(HJ11 PaHJ1
lT + m11

)-1(y611 
- HJ11 so) 

(A.68) 

and the conditional covariance of [sl wa V611
T V621

T l given {y621
, Y611

} is 

(11) (12) ( (22) -1 (12)T 
E

01 
121 111 = E

0 
Ill 

I 
Pl - E

0 12
11 1, 1 E

0 1211 1, 1 ) E
0 12

11 111 • 
Yo •Yo •Yo Yo ,Yo Yo ,Y0 Yo •Yo Yo 

(A.69) 

It remains only to find the formulas for the conditional mean and conditional co­

variance of s 1 given {y621
, Y611

}. Hence, we write (A.54a) in the following matrix 

form for k = 0 : 

s1 = [ F0 I O O ] 

So 

Wo 

(1) 
Vo 

(2) 
Vo 

(A.70) 

The linear transformation above shows that s1 given {y62
l, Y611

} is gaussian. The 

conditional mean and covariance of s 1 given {y621
, Y611

} follows immediately from 

Lemma A.1; 

sqo (A. 71a) 

(A.71b) 

Substituting (A.67) and (A.69) into (A.71a) and (A.71b), respectively, give 

s110 - Faso+ Ko(Yo - Hoso) 

Pi10 - FaPoF{ + Qo - Ka(HoPoH[ + Ro)K[ 

where 

(A.72) 

(A. 73) 

(A.74) 
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More generally, repetition of the steps above yields 

Fksk + Kk(Yk - Hksklk-d 

FkPklk-1F[ + Qk - Kk(HkPkl,k-iH[ + Rk)K'[ 

where 
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(A. 75) 

(A.76) 

(A. 77) 
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