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Abstract

The fundamental theorem of statistical learning establishes the equivalence between
various notions of both agnostic and realizable Probably Approximately Correct (PAC)
learnability for binary classification with the finiteness of the VC dimension. Motivated by
these foundational results, this work explores whether similar characterizations of learn-
ability and sample complexity can be defined through dimensions in other learning models.
We introduce the concept of a scale-invariant dimension and demonstrate that for a range
of learning tasks, including distribution learning, any such dimension fails to capture learn-
ability. Additionally, we define Computable PAC (CPAC) learning and show that not all
classes are properly computably PAC learnable, highlighting a significant limitation in
classical PAC frameworks. Our analysis further reveals that, unlike binary classification,
realizable learning does not always imply agnostic learning in settings such as distribu-
tion learning and CPAC learning. Finally, we address learning under conditions of data
corruption, whether from adversaries or self-manipulating agents, and show that the ex-
tent of prior knowledge about manipulation capabilities can significantly affect learnability.
We address various ways in overcoming uncertainty in manipulation capabilities by either
learning manipulation capabilities from distribution shifts or further oracle access or by
allowing abstentions. We also show that this uncertainty in manipulation capabilities can
sometimes be overcome without additional oracle access in the realizable case while the
agnostic case requires such resources. These findings further underscore that in order to
characterize agnostic learnability it is not always sufficient to understand the realizable
case.
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Chapter 1

Introduction

Machine Learning applications have become more ubiquitous in many domains in recent
years. While these models often seem impressive in real life, a fundamental understanding
of their capabilities is still missing. One avenue for attempting to gain such understanding
is statistical learning theory. This theory aims to provide mathematical guarantees about
a model’s accuracy given the model’s flexibility and the amount of training data it receives.
Of particular interest is the notion of Probably Approximately Correct (PAC) Learning by
Valiant [1984], which gives uniform and distribution-free sample size bounds that guarantee
low expected error with high probability.

The celebrated ‘fundamental theorem of statistical learning’ provides a clean charac-
terization of PAC learnability of binary classification in terms of the combinatorial Vapnik
Chervonenkis dimension (VC-dimension) [Blumer et al., 1989]. Furthermore, the learning
rates for any class H of binary valued functions are fully determined (up to constants) by
the VC-dimension of that class.

This fundamental result sparked a quest for notions of dimension that similarly char-
acterize the learnability of other learning tasks. For some tasks, such as online learning of
binary classifiers such dimensions have indeed been established. For other statistical learn-
ing tasks, some parameters have been proposed but not proven to provide the required
characterizations.

In contrast, the results of [Ben-David et al., 2017b] showed for the first time that for
some type of problems, such as EMX learnability1 no such characterization can be proved

1EMX, or General Statistical Learning, is the problem in which given a class of random variables and
an i.i.d. sample generated by some unknown probability distribution P , the learner aims to find a member
of that class that has close to maximal expectation w.r.t. P

2



to exist by the common axioms of mathematics (the ZFC set theory).

In this work, we investigate the existence of characterizing dimensions for several sta-
tistical learning problems for which that question remained open (most notably the learn-
ability of classes of discrete probability distributions). We show that, quite surprisingly, no
such characterizations exist. More concretely, we show that learnability of these problem
cannot be characterized in a scale-invariant way (Like the VC-dimension characteriza-
tion of binary classification). Our results do not rule out the existence of scale-sensitive
characterization that depend on fixing the accuracy parameter.

Our results answer some long-standing open questions; The survey paper by [Diakoniko-
las, 2016] asks (Open Problem 1.5.1): ”Is there a “complexity measure” of a distribution
class C that characterizes the sample complexity of learning C?”

[Hopkins et al., 2022a] state ”Unlike the standard model, very little is known about
distribution-family learnability. While a number of works have made some progress on this
front, a characterization of learnability remains elusive despite some 30 years of effort”
(end of Section 4 there).

[Benedek and Itai, 1991] ask about the characterization of PAC learnability of binary-
valued classifiers w.r.t. a given class of probability distributions. They conjectured a
characterization that was refuted by [Dudley et al., 1994]. The latter repeats the question
of finding a characterization for that task. Similar open questions are later stated by
[Kulkarni and Vidyasagar, 1997] and [Vidyasagar et al., 2001]. It is worth noting that the
earlier proposed characterizations were scale sensitive. Our results show that there can be
no scale invariant characterization of such learnability.

Of course, results showing the non-existence of some characterization, rely on a precise
definition of such ”characterizations”. The notions we discuss in this paper are general-
izations of a family of well studied learnability characterizations that refer to learnability
to an arbitrarily small inaccuracy parameter. These include the fundamental Vapnik-
Chervonenkis dimension, the Littlestone dimension, and the notions discussed for EMX
learning ([Ben-David et al., 2017b]). However, our definitions do not capture the so called
‘scale sensitive’ dimensions such as γ - fat shattering (Alon et al. [1997]). We discuss this
further in subsection 3.1.4 below.

The equivalence of PAC learnability and the VC-dimension in the fundamental theo-
rem is shown via the equivalence of the “uniform convergence” property and a hypothesis
class having finite VC-dimension. The fundamental theorem further states that classes are
learnable if and only if they are learnable by an empirical risk minimizing (ERM) learner,
i.e. a learner that outputs a classifier from the class with minimal sample error. Learn-
ers fulfilling the requirement of always outputting a hypothesis from the class are also
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known as proper learners. The fundamental theorem thus states an equivalence between
proper and improper learnability for binary classification. Furthermore, since the equiva-
lence of learnability and uniform convergence holds in both the agnostic and the realizable
case, the fundamental theorem also states an equivalence between agnostic and realizable
learnability. A theme throughout this thesis will be to analyse different settings for these
equivalences.

Going beyond binary classification with 0/1-loss there are many known examples of
settings where learnability and uniform convergence are not equivalent [Daniely et al.,
2015]. Moreover, the equivalence between proper and improper learnability can break in
such settings. Known examples of this phenomenon include multiclass learnability with
infinite label spaces [Daniely et al., 2014], adversarially robust learning [Montasser et al.,
2019] and settings in which learners are required to satisfy computational efficiency criteria.
A commonality to these settings is the fact that one can encode information that is either
computationally or information-theoretically hard to obtain, but is irrelevant to successful
generalization if outputs outside of the hypothesis class are permissible.

Furthermore, the equivalence of realizable and agnostic learnability has been shown in
many settings, such as multi-class learnability, adversarially robust learning, classification
learning with restricted marginals. In settings where uniform convergence does not hold
such equivalences are often obtained via sample-compression or creating a finite set of
candidate hypothesises from which it is easy to select an optimal candidate. The ubiquity
of such results has lead researchers to proclaim that: ”Realizable Learning is All You
Need” [Hopkins et al., 2022a]. In contrast, we will present several natural learning settings
in which such equivalences do not hold. We will show that in the case of distribution
learning with respect to total variation distance also known as density estimation there
are classes which are learnable in the realizable case but not agnostically learnable. These
classes consist of distributions which have small mass on a support element which is unique
to them, thus allowing identification of the ground truth distributions from the class once
such an element is observed in the sample.

Another consideration we are interested in is the potential for corrupted data. We
consider different kinds and times of corruption in different settings. In particular, we
consider training time corruptions for distribution learning and at test time for classifica-
tion learning. We will see how different knowledge in the manipulation capabilities can
yield different outcomes for learnability. In particular for classification learning, we are
interested in two settings: Adversarially robust learning, in which an adversary manipu-
lates authentic sample points in a humanly imperceptible way in order to fool the learned
classifier, and strategic classification, where instances represent self-motivated individuals
who can change their feature vectors in order to obtain a preferred classification outcome.
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We show that both settings can be modeled via a similar loss function if the manipulation
capabilities are known and then provide a similar analysis of learnability for strategic clas-
sification as was given by Montasser et al. [2019] for adversarial robustness. We also argue
that in both settings the common assumption that manipulation capabilities are perfectly
known are not always met in real-world settings. We propose a setting in which the prior
knowledge of manipulation capabilities is modeled via a class of candidate manipulation
capabilities. We then show a separation between realizable and agnostic learnability in
some of those setting and discuss various ways of overcoming the uncertainty of manipu-
lation capabilities — and thus true pointwise loss. The methods we discuss include access
to perfect-attack-oracles and allowing abstention in the adversarially robust setting. For
strategic classification we propose a batch-learning setting, modelling scenarios in which
there are regular pools of applicants. We show that for particular classes of hypotheses
and manipulation capabilities, the distribution shift between batches can be utilized to
estimate the manipulation capabilities.

Lastly, we also consider learning with computability requirements. We note that the
common formulation of PAC learning only considers classes of functions and that learners
are functions from samples to hypotheses. We propose a novel computable PAC (CPAC)
learning framework, where we require both learners and outputs to be computable func-
tions. We show that proper CPAC learning is not characterized by the VC-dimension, i.e.
there are classes of finite VC dimension for which there is no proper computable learner.
Further, we show a separation for the proper agnostic and the proper realizable learnability.
Our setting later inspired others to extend the result of non-characterizability to the im-
proper case, showing that there are decidably representable classes of finite VC dimension
which can not be improperly learned in the agnostic case [Sterkenburg, 2022]. Furthermore,
it was shown that while our CPAC setting cannot be characterized by the VC dimension,
there is a computable version of the VC-dimension, i.e., the effective VC-dimension which
characterizes improper agnostic CPAC learnability.

Our results extend what was known about the learnability in a variety of settings and
provides some insight into the requirements for characterizing learnability. In particular
we show the limitations of dimensions for characterizing learnability.

1.1 Overview of Contributions

Characterizing Dimensions The motivation for this research was to address the ques-
tion of characterizing learnability, hopefully via some appropriate parameter of a
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class (a.k.a. dimension) of various tasks for which no such characterization have
been shown.

• The main finding of our work is that for the tasks listed, there can be no
characterization (or learnability indicating dimension) that meets some natural
requirements.

• As a secondary contribution, we propose formal requirements on what learnabil-
ity characterizations should satisfy. All the notions that are known to character-
ize PAC learnability (rather than some form of weak learnability, or learnability
up to some fixed accuracy) meet our proposed requirements.

• We also present two novel techniques for proving such non-existence results that
we hope would find further applications.

The notions or characterizing dimension will be introduced in Section 3.1. This
section will also include a discussion of the general techniques to show that a task
cannot be characterized by a scale-invariant dimension. We will show that distribu-
tion learning cannot be characterized by a scale-invariant dimension in Chapter 5.
We will also show such uncharacterizability for classification learning with restricted
marginals and regression learning in Chapter 12.

Distribution Learning One central topic of this thesis is distribution learning. In Chap-
ter 4 we will introduce the setting of distribution learning. This will be followed by
the chapter discussing the uncharacterizability of distribution learning by a scale-
invariant dimension (Chapter 5). In Chapter 6 we will show that agnostic and real-
izable distribution learning are not equivalent, i.e., there are distribution classes that
are learnable in the realizable case, but not in the agnostic one. Furthermore, we will
discuss more general notions of robust distribution learning in Chapter 7. We show
that in contrast to the general robust case, realizable learnability of a distribution
class does imply that it is also learnable in the additively robust case, also known as
Huber contamination [Huber, 1964].

Strategic Classification We introduce a novel binary loss function for the setting of
Strategic Classification introduced by Hardt et al. [2016], incorporating both the re-
quirement for accuracy and the requirement for the avoidance of social burden [Milli
et al., 2019], i.e., ensuring that individuals do not have to change their feature vector
in order to be classified correctly. We analyse PAC learnability with respect to this
loss function for known manipulation structures and show that all finite VC classes
are learnable, but sometimes only improperly. We further discuss the problem of
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learning when the manipulation structure, given by a so-called manipulation-graph,
is not perfectly known. We first introduce a similarity measure between manipula-
tion graphs and show that misestimating the structure within a small distance does
not greatly deteriorate the quality of the classification outcome. We then propose
different ways of learning the manipulation structure. We first show sufficient require-
ments for learning from finitely many sample points for which their full manipulation
capabilities are known. We then propose a batch learning setting for strategic clas-
sification, in which we can use the distribution shift between batches to estimate the
manipulation graph. We also introduce the novel maximally robust empirical risk
minimizing (MRERM) paradigm for classes of candidate manipulation graphs which
are totally ordered by inclusion. In the realizable case we can then show that with the
use of this paradigm combined with the compression learning approach from Mon-
tasser et al. [2019] all finite VC classes are learnable in the realizable case, despite
the uncertainty in manipulation structure. We also show that additional information
is needed for the agnostic case. Our results for strategic classification are discussed
in Chapter 8.

Adversarial Robustness with Uncertain Perturbation Sets Similar to the strate-
gic setting we also investigate adversarially robust learning with uncertain perturba-
tion sets. We show that finite VC classes are learnable with additional access to a
perfect-attack-oracle if the class of candidate perturbation types can be decomposed
into a finite number of sets, each of which is totally ordered by inclusion. This in-
cludes the case in which the perturbation types are balls with a fixed but unknown
radius in a fixed but unknown known from a set of finitely many candidate norms.
Our results overcome lower bounds in terms of the Littlestone dimension for com-
pletely unknown perturbation types [Montasser et al., 2021]. We further show that
there are pairs of hypothesis classes and perturbation type classes which cannot be
learned even with access to a perfect-attack-oracle, but can be learned when allowing
abstention on corrupted points. Our results on adversarially robust learning with
uncertain perturbation types can be found in Chapter 9.

Computable Learning We introduce the notion of computable PAC (CPAC) learning
in Chapter 10. We introduce some general requirements on the representation of
hypothesis classes and show that even classes that meet such requirements and have
finite VC dimension can be impossible to learn by a proper CPAC learner.
We also the notion of robust CPAC learning, which requires learners to be both ad-
versarially robust as well as computable. We show that there are classes that are
robustly learnable and CPAC learnable but not robustly CPAC learnable, thus learn-
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ability in this setting cannot be explained by separately investigating computable and
robust learnability separately. We also show that the computability of the robust loss
is neither necessary nor sufficient for CPAC learnable classes to be robustly CPAC
learnable. Lastly, we show a lower bound for robust CPAC learnability via a com-
putable version of the robust shattering dimension. The introduction and discussion
of robust CPAC learning can be found in Chapter 11.

This thesis is based on the following published conference papers:

• ”On Learnability with Computable Learners” (joint work with Sushant Agarwal,
Nivasini Anathakrishnan, Shai Ben-David and Ruth Urner; published at ALT 2020)

• ”Learning Losses for Strategic Classification” (joint work with Ruth Urner; published
at AAAI 2022)

• ”Strategic Classification with Unknown User Manipulations” (joint work with Shai
Ben-David and Ruth Urner; published at ICML 2023)

• ”Adversarially Robust Learning with Uncertain Perturbation sets” (joint work with
Vinayak Pathak and Ruth Urner; published at NeurIPS 2023)

• ”Distribution Learnability and Robustness”(joint work with Shai Ben-David, Alex
Bie and Gautam Kamath, published at NeurIPS 2023)

• ”Inherent limitations of dimensions for characterizing learnability of distribution
classes.” (joint work with Shai Ben-David; COLT 2024)

• ”On the Computability of robust PAC learning.” (joint work with Pascale Gourdeau
and Ruth Urner; COLT 2024)
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Chapter 2

Preliminaries

In this section we will first introduce PAC learning for binary classification and some basic
theory, including the fundamental theorem of statistical learning theory. We will then
introduce a general PAC learning setup and briefly introduce several settings discussed in
this thesis.

2.1 PAC Learning for binary classification

In this subsection I will give a brief overview of the basic definitions and theory for PAC
of binary. This section summarizes parts of [Shalev-Shwartz and Ben-David, 2014a].

Let X be the input space and Y the label space. In binary classification we assume
Y = {0, 1}. We let H ⊆ {0, 1}X denote a hypothesis class on X . Given a joint distribution
D on X × Y and a hypothesis h ∈ H, the risk (or error) of h with respect to D is defined
as

LD(h) = P
(x,y)∼D

(h(x) ̸= y) .

We will also denote by ℓ0/1 : H× X × {0, 1} → {0, 1} the 0-1 loss function ℓ0/1(h, x, y) =
1[h(x) ̸= y], and we use the notation LS(h) =

1
m

∑m
i=1 ℓ

0/1(h, xi, yi) to denote the empirical
risk of h on a sample S = {(xi, yi)}mi=1 ∈ (X × Y)m. The PAC-learning framework of
[Valiant, 1984] is now given in the following definition.

Definition 2.1.1 (Agnostic PAC Learnability). A hypothesis class H is PAC learnable
in the agnostic setting if there exists a learner A and function m(·, ·) such that for all
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ε, δ ∈ (0, 1) and for any distribution D, if the input to A is an i.i.d. sample S from D
of size at least m(ε, δ), then, with probability at least (1− δ) over the samples, the learner
outputs a hypothesis A(S) with LD(A(S)) ≤ inf

h∈H
LD(h) + ε . The class is said to be PAC

learnable in the realizable setting if the above holds under the condition that inf
h∈H

LD(h) = 0.

It is well known that a (binary) hypothesis class is PAC learnable if and only if it has
finite VC dimension [Vapnik and Chervonenkis, 1971b], which is defined below.

Proper learnability and empirical risk minimization. For all the above notions of
learnability, we call the class H if there exists a learner that satisfies the corresponding
definition of learnability and always outputs functions from H. A learner A is said to
perform empirical risk minimization (ERM), or implement an ERMH oracle, if it always
outputs a predictor from the hypothesis class of minimal empirical risk, that is for all
m ∈ N and samples S ∈ (X × Y)m,

A(S) ∈ argmin
h∈H

LS(h) .

One common way of showing that a class is PAC learnable, is by showing that it satisfies
the uniform convergence property.

Definition 2.1.2 (ε-approximation). A sample set S is called an ε-approximation with
respect to domain X × Y, hypothesis class H and distribution D, if

∀h ∈ H : |LS(h)− LP (h)| ≤ ε

Definition 2.1.3 (Uniform Convergence). We say a class H has the uniform convergence
property (with respect to a domain X×Y and loss ℓ if there exists a function mUC

H : (0, 1)→
N such that for every ε, δ ∈ (0, 1) and for every probability distribution D over X ×Y, if S
is a sample of size m ≥ mUC

H (ε, δ) drawn i.i.d. from D, then with probability at least 1− δ,
S is ε-representative (w.r.t. X × Y, H and D).

It is immediate, that a hypothesis satisfying the uniform convergence property is also
PAC-learnable. Furthermore, in [Vapnik and Chervonenkis, 1971b] showed that a class
having uniform convergence property is equivalent to a class having finite VC-dimension.
We will now state the definition of VC dimension.
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Definition 2.1.4 (Shattering and VC dimension [Vapnik and Chervonenkis, 1971b]).
Given a class of functions H from X to {0, 1}, we say that a set S ⊆ X is shattered
by H if the restriction of H to S is the set of all function from S to {0, 1}. The VC
dimension of a hypothesis class H, denoted VC(H), is the size d of the largest set that can
be shattered by H. If no such d exists then VC(H) =∞.

We can now state the fundamental theorem of statistical learning theory, which shows
the equivalence of several properties.

Theorem 2.1.5 (Fundamental Theorem of Statistical Learning [Shalev-Shwartz and Ben–
David, 2014a]). Let H be a hypothesis class of functions from a domain X to {0, 1} and
let the loss function bet the 0-1-loss. Then, the following are equivalent:

1. H has the uniform convergence property.

2. Any ERM rule is a successful agnostic PAC learner for H

3. H is agnostically PAC learnable

4. H is realizably PAC learnable

5. Any ERM rule is a successful realizable PAC learner

6. H has finite VC dimension

Furthermore the VC dimension also characterizes the sample complexity of PAC learn-
ing.

Theorem 2.1.6 (Fundamental Theorem of Statistical Learning (Quantitative Version)
[Shalev-Shwartz and Ben-David, 2014a]). Let H be a hypothesis class of functions from X
to {0, 1} and let the loss function be the 0-1 loss. Assume that VC(H) = d < ∞. Then
there are absolute constants C1, C2 such that:

1. H has the uniform convergence property with sample complexity

C1
d+ log(1/δ)

ε2
≤ mUC

H ≤ C2
d+ log(1/δ)

ε2

2. H is agnostic PAC learnable with sample complexity

C1
d+ log(1/δ)

ε2
≤ mH ≤ C2

d+ log(1/δ)

ε2

3. H is realizably PAC learnable with sample complexity

C1
d+ log(1/δ)

ε
≤ mH ≤ C2

d log(1/ε) + log(1/δ)

ε
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2.2 General PAC Learning model

We consider a general notion of statistical learning tasks. These consist of the following
elements

• a domain Z from which the input-instances/training-instances are sampled

• A class of benchmark models H (in some cases we denote it by Q).

• A class of permissible data generating distributions P ⊂ ∆(Z), where ∆(Z) denotes
all distributions over the domain Z.

• A set of possible outputs of a learner F . Usually, H ⊆ F .

• A loss/ approximation measure L : F × ∆(Z) → R+
0 (where R+

0 denotes the set of
non-negative real numbers).

The approximation error of a class H w.r.t. some data generating distribution P is defined
as opt(H,P ) = infh∈H L(h, P ).

Definition 2.2.1 (PAC learnability). The setup that we address here is more general than
the common PAC learning setup in that we consider a class of permissible data generating
distributions on top of the commonly discussed class of models. In the definition below we
refer to a fixed set of learner outputs F and a fixed loss function L : F ×∆Z → R+

0 .

• A pair of classes H × P is α-agnostic PAC learnable w.r.t. to L : F × ∆Z → R+
0 ,

if there is a learner A :
⋃

m∈NZm → F and a sample complexity function mα
H :

(0, 1)2 → N, such that for every ε, δ > 0, every P ∈ P and every m ≥ mα
H(ε, δ), we

have
L(A(S), P ) ≤ α · opt(H,P ) + ε

with probability 1− δ over S ∼ Pm.

We omit the parameter α in the definition when we refer to α = 1.

• We denote by mH(ε, δ) the minimum number m that satisfies the above requirement
for α = 1.

• We say a class of models H is learnable if H ×∆(Z) is learnable.
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• We say H is PAC-learnable in the realizable case w.r.t. L if H × {P ∈ ∆(Z) :
opt(H,P ) = 0} is PAC learnable with respect to L. We will sometimes refer to
the sample complexity of realizable learning by mre to distinguish it from the sample
complexity of agnostic learning.

• We say a class of distributions P is PAC-learnable with respect to L : F×∆(Z)→ R+
0

if F × P is PAC learnable with respect to L.

This definition captures many different PAC learning tasks that appear in the literature.
In this thesis I will address the following settings:

Binary classification with additional requirements While we have seen that PAC
learning of binary classifiers is beautifully characterized by the VC-dimension, there
are additional requirements of interest that change this characterization. In particular
we consider the following settings:

Robust Learning We consider cases in which data can be corrupted at test-time.
The most prominent case is the setting of adversarial robustness, in which an
adversary adds humanly imperceptible perturbations to an authentic test point
in order to fool the learned classifier. This setting can be modeled via a loss
function and has been widely discussed in the literature [Montasser et al., 2019].
Another setting we discuss and model by a loss function is strategic classification,
where instances represent self-motivated individuals who change their feature
vector in order to obtain their preferred classification outcome. In both robust
learning settings we will consider the case where manipulation capabilities are
not perfectly known to the learner.

Computable PAC Learning While our definitions so far have modeled learners
as functions, in practice learners need to be implemented by algorithms. We
propose the requirement that learners and hypotheses are computable. The
details of this definition will be given in Part IV.

Distribution Learning. On important setting I am interested in is PAC learning of
distributions with respect to total variation distance. The standard definition PAC
learning of a distribution class P with respect to total variation(TV)-distance is
captured by the above definition. In this case, we have H = P , F = ∆(Z) and
L = dTV : ∆(Z) × ∆(Z) → R+

0 . A more detailed introduction into this setting is
given in Chapter 4.
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Classification Learning with distributions restricted to a fixed marginal. The stan-
dard PAC learning definitions for classification learning are ‘distribution free’. Namely,
learnability requires success with respect to any data-generating probability distri-
butions. [Benedek and Itai, 1991] proposed a variant of that notion that requires
success only w.r.t. some fixed probability distribution. They then raise the idea of
extending the definitions by considering a class of distributions. This idea is then
picked up in [Dudley et al., 1994] with the following definition:

Definition 2.2.2. A hypothesis class H is PAC-learnable with respect to a class of
marginal distributions D, if there is a learner A and a sample complexity function
mH,D : (0, 1)2 → N, if for every ε, δ > 0, every D ∈ D and every labeling rule h ∈ H

and every m ≥ m
0/1
H,D(ε, δ), with probability 1− δ over S ∼ (D, h)m, we have

L
0/1
P (A(S)) < ε.

(where L
0/1
P is the usual 0/1 loss).

We will say a class P = {(D, h) : D ∈ D, h ∈ H} of distribution classes is classifica-
tion learnable, if the class of labelling rules H is learnable with respect to D.

Real valued functions with real valued losses. We will consider the case where Y =
R, Z = X × R (for an arbitrary metric space X ), F = YX , P = ∆(Z) and L :
F ×∆(Z)→ R+

0 with L(h, P ) = E(x,y)∼P [ℓ(h, x, y)], where ℓ(h, x, y) = g(|h(x)− y|),
where g is some continuous non-constant monotonous function with g(0) = 0.
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Chapter 3

When does the Fundamental
Theorem Generalize to other
Learning Tasks?

The central theme of this thesis is to understand settings in which other learning tasks
allow for a characterization similar to the fundamental theorem of statistical learning. In
particular, we address the following questions:

• Do we have a characterization through a dimension? In particular, we address
the question of whether we can characterize learnability by either

– a qualitative characterizing dimension, which distinguishes learnable from non-
learnable classes.

– a quantitative dimension, which characterizes the sample-complexity of a di-
mension.

We see that the fundamental theorem of statistical learning theorem offers both of
those characterizations. On the other hand the work of [Ben-David et al., 2019]
showed that there are some learning problems whose learnability is independent of
ZFC and thus are not characterizable by a combinatorial dimension. The question of
finding such a characterization for different learning settings as been an active line of
research. In Section 3.1.3 I discuss our formalization of combinatorial characterization
– extending concepts from [Ben-David et al., 2019] and show some general criteria
to obtain hardness results.
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• Are agnostic and realizable learnability equivalent? The question whether
learnability under realizability assumptions extends to non-realizable setting has a
long history. For PAC learning of binary classification the fundamental theorem of
statistical learning theory tells us that the two notions are equivalent. Going beyond
binary classification, recent work [Hopkins et al., 2022a] shows that the equivalence of
realizable and agnostic learnability extends across a wide variety of settings. These
include models with no known characterization of learnability such as supervised
learning with arbitrary distributional assumptions and more general loss functions,
as well as a host of other popular settings such as robust learning, partial learning,
fair learning, and the statistical query model. In contrast, my work in [Ben-David
et al., 2023], [Agarwal et al., 2020], [Gourdeau et al., 2024] shows that this is not the
case for all learning models.

• Are all learnable classes learnable through an ERM/properly learnable?

Another question that will come into play in several parts of this thesis is how corruption
changes the landscape of learnability. Those corruptions can either come from adversaries
or from instances representing self-motivated agents. In different parts of this thesis we will
consider either manipulations that happen at test-time or manipulations that happen at
training-time. We will see that different prior knowledge in the manipulation capabilities
changes the learnability of a class. In the next section, we will discuss notions qualitative
and quantitative characterizing dimensions and show some sufficient criteria that imply
impossibility of characterizing a learning task by such dimensions. The following section
will discuss when realizable and agnostic learnability are equivalent.

3.1 Characterizing Dimensions

3.1.1 Notions of characterization of learning tasks

Towards showing the “characterization” of some learning tasks is impossible, we need clear
definitions of what such characterizations are.

We consider two common types of characterization of learning:

1. Quantitative notions that reflect the sample complexity of the learning task (the way
the fundamental theorem of statistical learning shows that the Vapnik-Chervonenkis
dimension characterizes the learning rates of leaning w.r.t. a given hypothesis class).
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2. Qualitative notions that distinguish between learnable and non-learnable classes of
models.

Below, we propose formal requirements for both types of characterizations.

All the notions that are known to characterize PAC learnability (rather than some
form of weak learnability, or learnability up to some fixed accuracy) meet our proposed
requirements. These include VC-dimension, Littlestone dimension, Natarajan dimension
and Graph dimension.

Our main results show that no such characterization is possible for a variety of learning
tasks, including the task of learning discrete distributions ([Kearns et al., 1994, Devroye
and Lugosi, 2001, Silverman, 1986], learning of binary classifications w.r.t. a restricted sets
of marginal distributions(Benedek and Itai [1991], Dudley et al. [1994]), and learnability
of classes of real-valued functions with continuous losses.

We now elaborate our definitions of such notions.

3.1.2 Notions of quantitative characterization of statistical learn-
ing

Let C denote the family of all learnable classes w.r.t. some learning task.

Definition 3.1.1. A strong sample complexity dimension is a mapping from d : C →
N ∪ {∞}, such that a class Q of models is PAC learnable if and only if d(Q) ̸= ∞ and
there are functions f : N→ N and g : (0, 1)2 → N such that for every PAC learnable class
of distributions Q, mQ(ε, δ) ≤ f(d(Q))g(ε, δ) for all (ε, δ) ∈ (0, 1). In other words, there
is a sample complexity upper bound function that factorizes into a factor depending only
on the dimension of a class and a factor depending only on the accuracy and confidence
parameters.

Note that the fundamental theorem of statistical learning [Blumer et al., 1989] shows
that the VC-dimension is a strong sample complexity dimension for binary classification.

Definition 3.1.2. A weak sample complexity dimension is a mapping from d : C →
N∪{∞}, such that a class Q of models is PAC learnable if and only if d(Q) ̸=∞ and there
are functions f : N × (0, 1)2 → N such that for every PAC learnable class of distributions
Q, and every (ε, δ) ∈ (0, 1), mQ(ε, δ) ≤ f(d(Q), ε, δ). In other words, all the information
needed about a class of distributions Q to determine (or upper bound) its sample complexity
function mQ(ε, δ) is captured in its dimension d(Q).
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We will also sometimes refer to monotone real mappings d : C → R ∪ {∞} as ”weak
sample complexity dimensions” if there exists a corresponding f satisfying the condition
in Definition 3.1.2.

Clearly, every strong sample complexity dimension is also a weak one. We also note
that, for a satisfying characterization, one might also require a lower bound of the sample
complexity in terms of f and d. However, as we are only presenting impossibility results,
it suffices to show that even this less ambitious goal is not achievable.

3.1.3 Notions of qualitative characterization of statistical learn-
ing

The notions of dimension that we have discussed above were quantitative - aiming to cap-
ture the sample complexity functions of learning classes. We showed that such dimensions
do not exist for problems like distribution learning.

Lacking quantitative notions one can still seek qualitative characterizations of learnabil-
ity. Namely, conditions that distinguish learnable classes from non-learnable ones. In the
case of binary classification tasks, the distinction between finite and infinite VC-dimension
serves as such a characterization.

Definition 3.1.3. A finitary characterization of learnability for a learning task is a count-
able set of formulas1 W such that:

1. A class H is not learnable if and only if it satisfies all the formulas in W .

2. For every α ∈ W and every H that satisfies α there is a finite subset Hα ⊆ H such
that for every H ′, if Hα ⊆ H ′ then H ′ satisfies α.

We say that a finitary characterization W is uniformly bounded if for every α ∈ W
there is a finite number nα such that for every H satisfying α there is a subset Hα ⊆ H
as above of size at most nα.

Note that most of the known characterizations of learnability of learning tasks are
finitary.

1formally, these are properties of the learning problem expressed as first order formulas in many-sorted
logic that has types/sorts for elements of the class of models F , generating distributions (members of P),
domain elements and rational numbers for values of the loss function L. For brevity we keep it be clarified
by the examples below.
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Examples:

1. The characterization of binary classification learning by VC-dimension; The charac-
terizing W can be any set that contains the formulas stating ”H shatters a set of
size d” for infinitely many d’s.

2. The characterization of online learnability by the Littlestone dimension; The charac-
terizing W can be any set that contains the formulas stating ”H L-shatters a tree of
depth d” for infinitely many d’s. dimension characterizing robust learning

3. The characterization of multi-class learnability with finite label sets by the finiteness
of the Natarajan dimension, of by the finiteness of the graph dimension.

4. The characterizations by a combinatorial dimension based on the one-inclusion graph.
In these characterizations, the complexity of a problem is demonstrated by a finite
graph (the 1-inclusion graph). However, there is no a-priori bound to the sizes of
these graphs. The resulting complexity parameters are reflected by either the max-
imum degree or maximum out-degree of some orientation of that graph. Such a
characterizations were shown for multi-class learning [Daniely and Shalev-Shwartz,
2014], [Brukhim et al., 2022], partial concept classes [Alon et al., 2021], and adver-
sarially robust learning [Montasser et al., 2022]. In general the graphs used in these
definitions can be infinite and thus do not a priori fulfill the finite evidence property.
However in some cases the dimensions are formulated with respect to finite subgraphs
that serve as evidence sets [Montasser et al., 2022], while in others the existence of
finite evidence can be shown through compactness arguments [Brukhim et al., 2022].
However in both of these cases the evidence sets would not be uniform.

There are also several conjectured characterizations that fall into this category. For
example, characterizing the learnability of a class of probability discrete distributions by
the finiteness of the VC-dimension of the Yatracos sets induced by that class. For a class
F of functions from X to R, their Yatracos class is the family of subsets of X defined as

Y (F ) := {{x ∈ X : f1(x) ≥ f2(x)} for some f1, f2 ∈ F}

.

3.1.4 Comparing the different notions of characterization

The two types of characterizations introduced above are related but none of them implies
the other. Sample complexity dimensions do not restrict the format (or syntax) of a
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characterization - the dimension function d can be any function (from classes to reals or
natural numbers). In this respect, the notion of finitary characterization is more restrictive
- it restricts the format of the characterization.

On the other hand, finitary characterizations are weaker, in the sense that they do
not provide any information about learning rates. They are only required to distinguish
learnable from non-learnable classes.

In many cases, however, there are characterizations that meet both definitions. Every
notion of sample complexity dimension where the statements of the form d(H) ≥ k have
finite size ‘evidences’ (like a set of members of H shattering a domain subset). In such
case the finitary characterization set W is just the set of statements {d(H) ≥ k : k ∈ N}.

The notion of finite character dimension of Ben-David et al. [2017b] has two definitions
there. The first one requires that there is a class parameter, D(F ) such that a class F is
PAC learnable if and only if D(F ) is finite. They also require finite character. Namely,
that the parameter (or dimension) D(F ) has a “finite” character if for every d ∈ N and a
class F , the statement D(F ) ≥ d can be demonstrated by a finite set of domain points and
a finite set of members of F”. This definition is clearly equivalent (for classes of functions)
to our notion of finitary characterization.

The second definition there, requiring that the statements D(F ) ≥ d can be expressed
by certain first-order formulas, is more syntactically restrictive than our definition, but on
the other hand, more lenient as it does not require the existence of finite evidence sets.

Finally, it is worth mentioning again that all the types of characterizations that we
discuss in the paper refer to PAC Learnability. Namely, learnability to arbitrarily small
accuracy parameter. In setups where no such a characterization is known to exist, there
is also a discussion of scale-sensitive learnability dimensions (e.g., Alon et al. [1997]).
Scale-sensitive characterizations allow setting a separate condition for each level of accu-
racy. Our results do not rule out scale-sensitive characterizations. One should note that
in setups satisfying Boosting a scale-sensitive characterization is also a PAC learnability
characterization (and therefore ruled out by our results).

3.1.5 Sufficient conditions for Uncharacterizability by Scale-Invariant
Dimensions

Our main tool for showing the impossibility of having sample complexity dimensions that
provide a quantitative characterization for learning tasks is the basic notion of cofinality
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of an ordered set. We start by recalling its definition and some basic properties:

Some notions of ordered sets

Definition 3.1.4 (Cofinality). Let (X,≤) be an ordered set.

• For subsets A,B ⊆ X, we say that A is cofinal in B if for every b ∈ B there exists
some a ∈ A such that b ≤ a.

• The cofinality of an ordered set (X,≤) is the minimal cardinality of a subset A that
is cofinal in X.

Note that for subsets A,B,C of X, if A is cofinal in B and B is cofinal in C then A is
cofinal in C.

Definition 3.1.5 (Dominance ordering of functions). Let (X,≤X), (Y,≤Y ) be linearly
ordered sets where X has no maximal element. For functions f, g : X → Y , we say that f
eventually dominates g if there exists some x ∈ X such that for every x′ ∈ X, if x ≤X x′

then g(x′) ≤Y f(x′). We denote this relation by g ≤ed f .

Claim 3.1.6. Consider NN (the set of all functions from the natural numbers to natural
numbers). The cofinality of (NN,≤ed) is uncountable.

Proof. Consider any countable A ⊆ NN, let {gn : n ∈ N} be an enumeration of the
members of A. Define f : N→ N by f(n) = max{gi(n) : i ≤ n}+ 1. Clearly f dominates
every member of A (and no member of A dominates f) showing that A is not cofinal in
(NN,≤ed).

3.1.6 A condition implying no sample complexity dimension

The next lemma applies this notion to the existence of characterizing sample complexity
(quantitative) dimensions.

Lemma 3.1.7. Let C denote the family of all learnable classes w.r.t. some learning task.
For any given learnable class Q consider the function mQ(

1
· ,

1
7
) : N→ N that maps a nat-

ural number k to mQ(
1
k
, 1
7
).

If the set {mQ(
1
· ,

1
7
) : Q ∈ C} is cofinal in NN (under the eventual dominance ordering)

then there exists no weak sample complexity dimension for that task.
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Proof. Let d : C → N be a weak sample complexity dimension. For any d ∈ N, let
f ′
d(k) = f(d, 1/k, 1/7) for all k. {f ′

d : Q ∈ C} is cofinal in the set of sample complexity
functions {mQ(1/·, 1/7) ∈ NN : Q ∈ C} (under the ≤ed ordering of functions). Thus the
cofinality of ({mQ(1/·, 1/7) : N→ N : Q ∈ C},≤ed) is at most countable. Since we assume
that the set {mQ(

1
· ,

1
7
) : Q ∈ C} is cofinal in NN, we get a contradiction to the uncountable

cofinality of NN.

Definition 3.1.8. For an ordered set (X ,≤), we say that a notion of dimension d : C → X
is monotonic if for every pair of classes Q1,Q2, the implied sample complexity functions
f(d(Q), 1/k, 1/7) are monotonically increasing. Namely,

d(Q1) ≥ d(Q2) implies that f(d(Q1), 1/k, 1/7) ≥ed f(d(Q2), 1/k, 1/7).

Theorem 3.1.9. If the set {mQ(
1
· ,

1
7
) : Q ∈ C} is cofinal in NN (under the eventual domi-

nance ordering) then there exists no monotonic real-valued function that is a weak sample
complexity dimension for that task.

Proof. Noting that the real numbers have countable cofinality, the proof of the natural-
valued dimension applies to the monotonic real-valued dimension as well.

These two results have implications for several learning settings. In partiular we show
the following results.

Theorem 3.1.10. There is no weak sample complexity dimension for distribution learning
(neither in the realizable nor in the 3-agnostic case of distribution learning).

Corollary 3.1.11. There exist no monotonic real-valued function that is a weak sample
complexity dimension for distribution learning.

Theorem 3.1.12. There is no weak sample complexity dimension for classification learning
of distribution classes.

Theorem 3.1.13. There is no weak sample complexity dimension for PAC learning real-
valued function classes with respect to Lg (in neither the realizable nor the 1-agnostic case).
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3.1.7 A condition implying no finitary characterization

In order to state our sufficient condition for the impossibility of a finitary characterization,
we first need to introduce a general version of ε-approximation.

Definition 3.1.14. For a given learning task, we say that a class of outputs H ′ ⊂ F is an
ε-approximation for H×P w.r.t. to L, if for every (h, p) ∈ H×P, there is a h′ ∈ H ′ such
that L(h′, p) ≤ L(h, p) + ε. Using the same slight abuse of notation as in the definition of
PAC learning, we will say that:

• H ′ is an ε-approximation for H if it is an ε-approximation for H ×∆(Z)

• H ′ is an ε-approximation for P if it is an ε-approximation for F × P

We now state and prove our main general result concerning our notion of qualitative
characterizations of learnability.

Theorem 3.1.15. The learnability of any learning task that satisfies the following two
properties cannot be characterized by a finitary characterization.

1. Every finite union of learnable classes of hypotheses is learnable.

2. There exists a learnable class H0 and non-learnable classes {Hk : k ∈ N} such that
for every k ∈ N, H0 is an εk approximation of Hk and limk→∞ εk = 0.

Proof. Assume, b.w.o.c. that W is a finitary characterization of the learning task. Let
W = {αk : k ∈ N} be any enumeration of W . For each Hk let Ĥk be a finite subset of Hk

be such that every H ⊃ Ĥk satisfies αk and let Ĥ =
⋃

k∈N Ĥk. On one hand, since for every

k, Ĥk ⊆ Ĥ, Ĥ satisfies every αk and is therefore not learnable (by the first requirement
from a characterizing W ). Towards a contradiction, let us show that Ĥ is learnable. This
holds because given any ε > 0, the set Kε = {k : εk ≥ ε/2} is a finite set. Therefore by
our assumptions on the learning task, the class H0 ∪

⋃
k∈Kε

Ĥk is learnable. Therefore, for
any given δ there is a learner A and some m(ε/2, δ) so that training samples of larger size
guarantee (ε/2, δ) success for A on such samples. Since H0 is an ε/2 approximation to each
Hk for which k ̸∈ Kε (w.r.t. the given learning instance) so being ε/2 off the minimum
loss minimizer on H0 implies being within ε of the loss minimizer in Ĥ.

This result has implications for several learning tasks, which can be shown to be in-
herently scale sensitive. In particular we get the following theorems as corollaries of The-
orem 3.1.15.
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Theorem 3.1.16. The learnability of classes of discrete distributions cannot be character-
ized by a finitary characterization. This statement holds both for realizable PAC learnability
and for 3-agnostic PAC learnability.

Theorem 3.1.17. There is no finitary characterization of classification learning for dis-
tribution classes.

Theorem 3.1.18. There is no finitary characterization of PAC learning real-valued func-
tion classes with respect to Lg (in neither the realizable nor the 1-agnostic case).

3.1.8 Discussion

We discuss both the quantitative and quantitative characterizations and proposed some
general properties of learning tasks that imply that their learnability is not captured by
such characterizations. Our work inspired by the work of Ben-David et al. [2017b] which
was the first to show the existence of a learning task that cannot be characterized. While
their work laid the groundwork and gave a first formal definition of general dimensions
for statistical learnability, we extended those definitions and also proposed a definition for
quantitative characterizability.

Our work expands the understanding of uncharacterizability of learning problems in
crucial ways. The results from Ben-David et al. [2017b] applied to a newly defined learning
task - Expectation Maximization - and relied on the existence of classes whose learnability
is undecidable in ZFC. In contrast, our results apply to several natural learning tasks
whose characterizability have thus far eluded the community (Diakonikolas [2016]) and are
‘absolute’ in not referring to notions of provability.

Another distinction to the EMX learning task in Ben-David et al. [2017b] is the fact
that the definition of EMX learning requires learning to be proper, i.e. the output of a
successful learner needs to be element of the class that is being learned. Without this
requirement the EMX setting becomes trivial, as any class can be learned by the constant
learner that outputs the whole domain set for any input. In contrast, our results address
the more general case of learning (and can also be easily extended to the proper case as
well).

We note that all of our results rely on the construction of a sequence ε-weakly learnable
classes for decreasing ε, which are not fully PAC learnable. For most tasks with known
characterizations, there is an equivalence between weak learning and PAC learning. It
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might be interesting to further explore the connection between that equivalence and the
characterizability of a learning problem.

We believe that we have not exhausted the implications of our approach and that our
definitions of characterizations and our techniques are also applicable to more learning
tasks.

3.2 Agnostic vs Realizable Learning

In many settings realizable and agnostic learnability are equivalent. In the case of binary
classification, this equivalence can be easily explained by the equivalence between uniform
convergence and realizable PAC learning. Uniform convergence gives a guarantee that any
ERM would be a successful learner in both the realizable and the agnostic case, as the
sample error or any hypothesis of the class - including the one minimizing the sample risk
- is close to its true risk. However uniform convergence is not a necessary criterion for the
equivalence between agnostic and realizable learning. For example in multi-class learning
with infinite label sets and in adversarial robustness uniform convergence does not hold
[Daniely et al., 2015, Montasser et al., 2019]. However in both settings an equivalence of
agnostic and realizable learning can be shown via compression schemes [David et al., 2016,
Montasser et al., 2019]. The insight is based on the fact that given an arbitrary sample
S a compression based on a maximal realizable sub-sample sample S ′ ⊂ S also serves
as an agnostic compression for S. More generally, Hopkins et al. [2022a] suggested that
”Realizable Learning is all you need” and suggested general strategies for showing how to
reduce agnostic learning to realizable learning. We will now briefly present one of their
proposed strategy and then discuss how some of the requirements for this strategy are not
fulfilled in some of the models we discuss in this work.

Algorithm 1: Agnostic to realizable reduction [Hopkins et al., 2022a]

Input: realizable learner A, unlabelled sample oracle OU , labelled sample oracle
OL

Draw an unlabelled sample SU ∼ OU and a labelled sample SL ∼ OL

Run A on all possible labellings of SU to get C(SU) = {A(SU , h(SU))|h ∈ H|SY
}

Return h ∈ C(SU) with lowest error on SL

We note that in the case where only a labelled sample is given it can be randomly split
into SU and SL, where labels from SU are ignored.

Hopkins et al. [2022a] show that with this kind of algorithm agnostic learnability can
be reduced to realizable learnability in the classification learning setting with a restricted
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family of marginal distributions [Benedek and Itai, 1991]. There are other variations of
this learning strategy, all based on the idea that the realizable learner is used on different
candidate samples — either different labellings of the same unlabelled sample or different
subsamples of the sample — one of which is guaranteed to yield a similar optimal hypothesis
as the agnostic sample. The realizable learner now guarantees that a close to optimal
hypothesis is indeed found and part of the candidate hypothesis class. In a second step
the optimal candidate hypothesis among a finite set of hypotheses is now provided. Since
in most learning settings we consider finite hypothesis classes satisfy uniform convergence,
finding the optimal class within the candidate set is easy despite the fact that this is an
agnostic learning problem. While this approach works in some settings in this work we
present several scenarios in which such an approach provably has to fail and indeed agnostic
and realizable learnability are distinct. In particular we show the following examples for
non-equivalence between realizable and agnostic learnability:

Distribution Learning In Chapter 6 we show that there are classes of distributions,
which are learnable in the realizable case, but not in the agnostic case. We construct
a class of distributions that does not satisfy uniform convergence in such a way that
for every distribution in the class there is a in a small support element that is unique to
the distribution. In the realizable case we can now identify a distribution if the sample
contains an element of this unique support bit. Thus the class is realizably learnable.
In the agnostic setting this element does not necessarily have mass in the ground-
truth distribution, therefore not allowing a learner to exploit this identification. The
reason why an approach like the one described by Hopkins et al. [2022a] does not
work is that distribution learning is unsupervised. Looking at similar approaches, we
also see that there is no clear way of “generating a set of (sub)samples such that one
of the samples is guaranteed to be realizable” which could then be used to create a
finite candidate set, as there is no clear notion of “realizable sample” in distribution
learning. A compression approach also does not generalize from the realizable to the
agnostic setting, as the points necessary for compression might have high probability
of occurring in a sample from a distribution of the class, while distributions with small
total variation distance to the class might not have any points suitable for compression
in their support. In contrast, a different picture emerges if we consider the additive
robust setting also known as Huber contamination [Huber, 1964], where ground truth
distributions consist of a mixture of two distributions, with a high weight component
that is element of the distribution class and a low weight component that can be
an arbitrary distribution. In this case with high probability any such distribution
contains a large sub-sample which can be viewed as a sample from a distribution of
the class which is close to the ground-truth distribution. Thus the guarantee of a
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realizable learner for the class would produce a good candidate distribution for the
additive robust setting. Similar to the approach discussed a learner can now iterate
over all sub-samples to produce a finite candidate set. The best hypothesis from the
class can then be learned via uniform convergence over the Yatracos sets [Yatracos,
1985]. Similarly, if the class can be learned via a realizable compression scheme the
same compression scheme can be used in the additive robust case.

Robust Learning with Unknown Manipulation Capabilities While both strategic
classification and adversarially robust classification learning with known manipula-
tion capabilities do not satisfy uniform convergence, in both settings realizable and
agnostic learnability are equivalent. This equivalence comes from the equivalence of
learnability to learning via sample compression. A realizable compression scheme can
be made into an agnostic compression scheme by using the compression on the largest
realizable sub-sample. However, in adversarially or strategically robust learning set-
tings with unknown manipulation capabilities this equivalence breaks down and we
can show that there are classes that are learnable without additional oracle access
in the realizable case but not in the agnostic case. The reason for this is that the
true loss function is not known to the learner, if the manipulation capabilities are not
known. Thus when given a training sample in the agnostic case, it is impossible to
determine its largest realizable sub-sample — a step necessary for generalizing from
realizable to agnostic compression. In particular, if the class of possible candidates
for manipulation capabilities is ordered by inclusion, the guarantee of realizability
is sufficient to overcome the uncertainty in manipulation capabilities. This works
via a novel maximally robust empirical risk minimizing (MRERM) paradigm, which
chooses a hypothesis with respect to the “maximum manipulation capability” that
still allows for a realizable labelling of the sample. However, such a paradigm can
only be used in the realizable case. These results are discussed in Part III.

Computable PAC Learning We show that if we require learners to be computable we
do not have an equivalence between agnostic and realizable learnability. While ev-
ery hypothesis class with finite VC dimension that can be recursively enumerably
represented is properly learnable in the realizable case, we show that there are recur-
sively enumerably representable classes of VC dimension 1 which can not be properly
agnostically CPAC learned. This result was later strengthened to also hold for the
improper case [Sterkenburg, 2022]. The separation here comes from the fact that
the guarantee of realizability for the distribution, also guarantees that any sample of
that distribution is realizable. This in turn gives a stopping criterion for an ERM
procedure that iterates through all members of the class. On the other hand in the
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agnostic setting such a stopping criterion does not necessarily exist. Furthermore,
there are recursively representable hypothesis classes of finite VC dimension for which
there is no computable realizability oracle — ,i.e., no algorithm, that given a sample
decides whether the sample is realizable. However, any reduction from agnostic to
realizable learning that creates a set of candidates needs to either run on potentially
non-realizable samples or use a realizability oracle. Thus it is impossible to have such
a general reduction with a guarantee to always halt.
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Part II

Distribution Learning
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Chapter 4

Distribution Learning Preliminaries

4.1 Introduction

Distribution learning (sometimes called density estimation) refers to the following statis-
tical task: given i.i.d. samples from some (unknown) distribution p, produce an estimate
of p. This is one of the most fundamental and well-studied questions in both statistics De-
vroye and Lugosi [2001] and computer science Diakonikolas [2016], sometimes equivalent
to classic problems of parameter estimation in parametric settings (e.g., Gaussian mean
estimation).

It is easy to see that no learner can meaningfully approximate any given p without
having some prior knowledge. In the realizable setting, the problem then becomes: as-
suming the sample generating distribution p belongs to a given class of distributions Q,
and given parameters ε, δ ∈ (0, 1), output some distribution p̂ such that with probability
at least 1 − δ, (over the generated input samples) the statistical distance between p and
p̂ is at most ε. Specifically, we employ total variation distance, the most studied metric
in density estimation Devroye and Lugosi [2001], Diakonikolas [2016], using dTV(p, q) to
denote the total variation distance between distributions p and q. This case, when p ∈ Q,
is often called the realizable setting. If, for some particular class Q, this is doable with
a finite number of samples m(ε, δ) (independent of the choice of p), then we say the dis-
tribution class is (ε, δ)-learnable.1 A class is learnable if it is (ε, δ)-learnable for every
(ε, δ) ∈ (0, 1)2. A significant amount of work has focused on proving bounds on m(ε, δ)
for a number of classes Q of interest – for example, one can consider the class Q of all
Gaussian distributions N (µ,Σ) in some Euclidean space Rd.

1For the sake of exposition, we defer formal definitions of our learnability notions to Section 4.1.1.
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However, this framework is restrictive in the sense that it requires the unknown distri-
bution to be exactly a member of the class Q of interest. This may not be the case for a
variety of possible reasons, including some innocuous and some malicious. As one exam-
ple, while it is a common modelling assumption to posit that data comes from a Gaussian
distribution, Nature rarely samples exactly from Gaussians, we consider this only to be a
convenient approximation. More generally, the class Q that is part of the learner’s input
can be thought of as reflecting some prior knowledge about the task at hand. Such prior
knowledge is almost always only an approximation of reality. Alternatively, we may be
in an adversarial setting, where a malicious actor has the ability to modify an otherwise
well-behaved distribution, say by injecting datapoints that are not i.i.d. samples from p,
(known in the machine learning literature as data poisoning attacks Biggio et al. [2012],
Steinhardt et al. [2017], Diakonikolas et al. [2019], Goldblum et al. [2020], Geiping et al.
[2021], Lu et al. [2023]).

More formally, the classic problem of agnostic learnability is generally described as
follows: given a (known) class of distributions Q, and a (finite) set of samples drawn
i.i.d. from some (unknown) distribution p, find a distribution p̂ whose statistical distance
from p is not much more than that of the closest member of Q. It is not hard to see
that this is equivalent to a notion of robust learnability, where the distribution p is not
viewed as arbitrary, but instead an adversarial corruption of some distribution within Q.2
Given their equivalence, throughout this work, we will use agnostic and robust learnability
interchangeably.

The difference between a robust setting and the previous realizable one is that now,
instead of assuming p ∈ Q and asking for an arbitrarily good approximation of p, we make
no prior assumption about the data-generating distribution and only ask to approximate
as well as (or close to) what the best member of some “benchmark” class Q can do.

The question of characterizing distribution learning has long remained open for both
the realizable and the agnostic/robust setting Diakonikolas [2016]. While there are many
guarantees for particular distribution classes, such as the class of mixtures of k Gaussians
Ashtiani et al. [2018] there is no known parameter or dimension characterizing learnability
for distribution learning, neither in terms of characterizing learnability nor in terms of
characterizing the sample complexity.

In this work we address this question, showing that any such characterization is neces-
sarily scale-sensitive, i.e., dependent on the error parameter ε. We show this necessity for

2A related notion of robust learnability instead imagines the adversary modifies the samples from a
distribution in Q, rather than the distribution itself. This adaptive model is discussed further in Sec-
tion 7.1.1.
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both the realizable and the agnostic case.

Furthermore, we address the following question: Assuming a class of distributions is
learnable, under which notions of robustness is it guaranteed to be robustly learnable? We
will show that realizable learnability does not imply agnostic/general robust learnability.
This means that any (necessarily scale-sensitive) characterization of distribution learnabil-
ity needs to distinguish between realizable and agnostic learnability. We focus entirely
on information-theoretic learnability, and eschew concerns of computational efficiency. In-
deed, our question of interest is so broad that computationally efficient algorithms may be
too much to hope for.

We shall consider a few variants of robust learnability. Specifically, we will impose
requirements on the nature of the difference between the data-generating distribution p
and members of the class Q. Obviously, such requirements can only make the task of
robust learning easier.

One such model that we consider is additive robustness. The underlying sample-
generating distribution is restricted to be a mixture of a distribution p from Q, and some
arbitrary ‘contaminating’ distribution q. In the Statistics community, this model is known
as Huber’s contamination model Huber [1964].3 Analogously, one also consider subtractive
robustness. It includes the case where the starting point is a distribution in the class Q,
but a fraction of the probability mass is removed and samples are drawn from the resulting
distribution (after rescaling). These two models are related to adversaries who can add or
remove points from a sampled dataset, see discussion at the end of Section 7.1.1.

A significant line of work focuses on understanding the sample complexity of agnostic
distribution learning (see examples and discussion in Section 4.3). Most study restricted
classes of distributions, with analyses that are only applicable in certain classes. Some
works have found quantitative separations between the different robustness models. For
instance, for the specific class of Gaussian probability distributions Diakonikolas et al.
[2016], Lai et al. [2016], Diakonikolas et al. [2017b, 2018] give strong evidence that efficient
algorithms for mean estimations can achieve better error if they are only required to be
additively robust, rather than robust in general. However, such findings are again restricted
to specific cases, and say little about the overall relationship between learnability in general
and these various notions of robust learnability.

Current results leave open a more comprehensive treatment of robustness in distribution

3We note that our additive robustness definition differs slightly from Huber’s contamination model.
However the two models are equivalent up to a small factor. We discuss this in more detail when we define
additive robust learning and give an alternative definition called Huber additive robustness. Our results
hold for both additive robustness and Huber additive robustness.
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learning. Specifically, what is the relative power of these different robustness models, and
what is their impact on which types of distributions are learnable? Are there more generic
ways to design robust learning algorithms?

Our main contributions are the following:

• There is no scale-invariant dimension characterizing the learnability of a distribution
class (Chapter 5)

• There is no scale-invariant dimension characterizing the sample complexity of distri-
bution learning (Chapter 5)

• We show that there are distribution classes that are realizably learnable but not
agnostically learnable (Chapter 6)

• We give a generic algorithm which converts a learner for a distribution class into a
learner for that class which is robust to additive corruptions. (Chapter 7)

• We show that there exist distribution classes which are learnable, but are no longer
learnable after subtractive corruption.(Chapter 7)

Other results explore implications related to compression schemes.

This part of the thesis is based on two papers:

• ”Inherent limitations of dimensions for characterizing learnability of distribution
classes.” (joint work with Shai Ben-David; published at COLT 2024): Chapter 5

• ”Distribution Learnability and Robustness”(joint work with Shai Ben-David, Alex
Bie and Gautam Kamath; published at NeurIPS 2023): Chapter 6 and Chapter 7

The writing of the current chapter is based in part on both of these works. Our work on
robust learnability also has implications for private learning which are further explored in
the published paper [Ben-David et al., 2023].

4.1.1 Definitions of Learnability

In order to more precisely describe our results, we define various notions of learnability.
We start with the standard notion of PAC learnability for a distribution class. We get
samples from a distribution p belonging to a distribution class Q, and the goal is to output
a distribution similar to p. Before defining distribution learning, we will first define the
distance measure between distributions we are interested in.
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Definition 4.1.1 (Total Variation Distance). The total variation distance dTV : ∆(X )×
∆(X )→ [0, 1] between two distributions p and q is defined as

dTV(p, q) = sup
A⊂X :A measurable

|p(A)− q(A)|

=

∫
1

2
|p(x)− q(x)|dx

With a slight abuse of notation, we use p(A) to denote the probability mass of a set
A ⊂ X according to p and use p(x) for the density of a point x ∈ X according to p. We
will primarily discuss the case of discrete distributions, i.e. X = N. Thus for the most part
of our discussion these notions are equivalent.

Definition 4.1.2 (Realizable Learnability of distribution classes). We say that a class Q
of probability distributions is learnable (or, realizably learnable) if there exists a learner
A and a function mre

Q : (0, 1)2 → N, such that for every probability distribution p ∈ Q, and
every (ε, δ) ∈ (0, 1)2, for m ≥ mre

Q(ε, δ) the probability over samples S of that size drawn
i.i.d. from the distribution p that dTV(A(S), p) ≤ ε is at least 1− δ.

We next introduce the more challenging setting of robust, or agnostic, learning. In this
setting, the sampled distribution is within bounded distance to the distribution class Q,
rather than being in Q itself.

We will introduce a notion (more commonly considered in the agnostic learning litera-
ture) which does not assume the distance from the sampling distribution to be fixed, but
which gives a bound that depends on that distance.

Definition 4.1.3 (Agnostic/Robust learnability of distribution classes). For α > 0, we
say that a class Q of probability distributions is α-robustly learnable (also referred to as α-
agnostically learnable) if there exists a learner A and a function mα

Q : (0, 1)2 → N, such that
for every probability distribution p, and (ε, δ) ∈ (0, 1)2, for m ≥ mα

Q(ε, δ) the probability
over samples S of that size drawn i.i.d. from the distribution p that dTV(A(S), p) ≤ α ·
min{dTV(p, ) : p

′ ∈ Q}+ ε is at least 1− δ.

We say a class Q is robustly (or agnostically) learnable if there is α ∈ R such that
α-robustly learnable.4

4In other works robust or agnostic learning can also refer to the case where α = 1. In those cases what
we call robust or agnostic learnability is referred to as semi-agnostic learning.
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We note, that the definitions of agnostic and realizable learnablity of distribution classes
is an instance of the General PAC-learning framework of Definition 2.2.1.

In Chapter 7 we will further explore different definitions of robust learnability.

We note that these definitions are special cases of the PAC learning definition in the
Setup Section (Definition 2.2.1), where Z = X = N, F = ∆(N), Q = H and L = TV :
∆(N)→ ∆(N)→ R+

0 .

4.2 Additional Preliminaries: Methods for Distribu-

tion Learning

4.2.1 Yatracos learner

We recall a classic theorem for the problem of hypothesis selection. Given a set of can-
didate hypothesis distributions, the algorithm selects one which is close to an unknown
distribution (to which we have sample access). The requisite number of samples from the
unknown distribution is logarithmic in the size of the set of candidates.

Theorem 4.2.1 (Yatracos’ 3-robust learner for finite classes (Theorem 4.4 of Ashtiani et al.
[2018], based on Theorem 1 of Yatracos [1985])). Let C be a finite class of distributions
over a domain X . There exists an algorithm A such that for any (ε, δ) ∈ (0, 1)2 and for
any distribution p over X , given a sample S of size

m = O

(
log |C|+ log(1/δ)

ε2

)
drawn i.i.d. from p, we have that with probability ≥ 1− δ,

dTV(p,A(S)) ≤ 3 ·min{dTV(p, p
′) : p′ ∈ C}+ ε.

The learner is based on the so-called Yatracos sets.5 For every qi, qj ∈ C, define the
Yatracos set between qi and qj to be Ai,j = {x : qi(x) ≥ qj(x)}.6 Furthermore, let

Y(C) = {Ai,j ⊂ X : qi, qj ∈ C}
5These sets are also sometimes called Scheffé sets in the literature.
6Note that this definition is asymmetric: Ai,j ̸= Aj,i.
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denote the set of all pairwise Yatracos sets between distributions in the set C.

The Yatracos learner now considers the A-distance Kifer et al. [2004] between two
distributions with respect to the Yatracos sets, i.e., it considers

dY(C)(p
′, q′) = sup

B∈Y(Ĥ)

|p′(B)− q′(B)|.

This distance looks at the supremum of the discrepancy between the distributions across
the Yatracos sets. Consequently, for any two distributions p′, q′ we have dTV(p

′, q′) ≥
dY(C)(p

′, q′), since total variation distance is the supremum of the discrepancy across all

possible sets. Furthermore, if q′, p′ ∈ Ĥ, then dTV(p
′, q′) = dY(C)(p

′, q′), since either of the
Yatracos sets between the two distributions serves as a set that realizes the total variation
distance between them. The finiteness of the class of Yatracos sets can then be used to
show that only finitely many such comparissons need to find a close-to-optimal candidate.
Furthermore, if the set of Yatracos sets for an infinite set of distributions has finite VC-
dimension, we can use the uniform convergence with respect to the Yatracos sets to show
learnability with the same learning strategy.

4.2.2 Sample Compression

Another method for learning distribution proposed in Ashtiani et al. [2018] is through
sample compression schemes. We will let Q be a class of distribution over some domain
X . A compression scheme for Q involves two parties: an encoder and a decoder.

• The encoder has some distribution q ∈ Q and receives n samples from q. They send
a succinct message (dependent on q) to the decoder, which will allow the decoder to
output a distribution close to q. This message consists of a subset of size τ of the m
samples, as well as t additional bits.

• The decoder receives the τ samples and t bits and outputs a distribution which is
close to q.

Since this process inherently involves randomness (of the samples drawn from q), we
require that this interaction succeeds at outputting a distribution close to q with only
constant probability.

More formally, we have the following definitions for a decoder and a (robust) compres-
sion scheme.
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Definition 4.2.2 (decoder, Definition 4.1 of Ashtiani et al. [2018]). A decoder for Q is a
deterministic function J :

⋃∞
m=0Xm×

⋃∞
m=0{0, 1}m → Q, which takes a finite sequence of

elements of X and a finite sequence of bits, and outputs a member of Q.

The formal definition of a compression scheme follows.

Definition 4.2.3 (robust compression schemes, Definition 4.2 of Ashtiani et al. [2018]).
Let τ, t,m : (0, 1) → Z≥0 be functions, and let r ≥ 0. We say Q admits (τ, t,m) r-robust
compression if there exists a decoder J for Q such that for any distribution q ∈ Q and any
distribution p on X with dTV(p, q) ≤ r, the following holds:

For any ε ∈ (0, 1), if a sample S is drawn from pm(ε), then, with probability
at least 2/3, there exists a sequence L of at most τ(ε) elements of S, and a
sequence B of at most t(ε) bits, such that dTV(J (L,B),Q) ≤ r + ε.

Note that S and L are sequences rather than sets, and can potentially contain repeti-
tions.

Theorem 4.2.4 (Compression implies learning, Theorem 4.5 of Ashtiani et al. [2018]).
Suppose Q admits (τ, t,m) r-robust compression. Let τ ′(ε) := τ(ε) + t(ε). Then Q can be
max{3, 2/r}-learned in the agnostic setting using

O

(
m
(ε
6

)
log

(1
δ

)
+

τ ′(ε/6) log(m(ε/6) log3(1/δ)) + log(1/δ)

ε2

)
= Õ

(
m
(ε
6

)
+

τ ′(ε/6) logm(ε/6)

ε2

)
samples. If Q admits (τ, t,m) non-robust compression, then Q can be learned in the real-
izable setting using the same number of samples.

4.2.3 Useful Inequalities

We also use the following form of the Chernoff bound.

Proposition 4.2.5 (Chernoff bounds). Let X =
∑m

i=1 Xi where X1...Xm are independent
draws from Bernoulli(p). For any t ∈ (0, 1), P[X/m ≤ (1− t)p] ≤ exp(−t2mp/2).
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4.3 Related Work

The survey paper by [Diakonikolas, 2016] asks (Open Problem 1.5.1): ”Is there a “complex-
ity measure” of a distribution class C that characterizes the sample complexity of learning
C?”. Our work addresses this question.

Our work fits more into the Computer Science literature on distribution estimation,
initiated by the work of [Kearns et al., 1994], which was in turn inspired by Valiant’s
PAC learning model [Valiant, 1984]. Since then, several works have focused on algorithms
for learning specific classes of distributions, see, e.g., [Chan et al., 2013, 2014a,b, Li and
Schmidt, 2017, Ashtiani et al., 2018]. A recent line of work, initiated by [Diakonikolas
et al., 2016, Lai et al., 2016], focuses on computationally-efficient robust estimation of
multivariate distributions, see, e.g., [Diakonikolas et al., 2017a, Steinhardt et al., 2018,
Diakonikolas et al., 2018, Kothari et al., 2018, Hopkins and Li, 2018, Diakonikolas et al.,
2019, Liu and Moitra, 2021, 2022, Bakshi et al., 2022, Jia et al., 2023] and [Diakonikolas
and Kane, 2022] for a reference. In contrast to all of these works, we focus on broad
and generic connections between learnability and robust learnability, rather than studying
robust learnability of a particular class of distributions.

Some of our algorithmic results employ tools from hypothesis selection, a problem
which focuses on agnostic learning with respect to a specified finite set of distributions.
The most popular approaches are based on ideas introduced by Yatracos [Yatracos, 1985]
and subsequently refined by Devroye and Lugosi [Devroye and Lugosi, 1996, 1997, 2001].
Several others have studied hypothesis selection with an eye for several considerations,
including running time, approximation factor, robustness, privacy, parallelization, and
more [Mahalanabis and Stefankovic, 2008, Daskalakis et al., 2012, Daskalakis and Kamath,
2014, Suresh et al., 2014, Diakonikolas et al., 2016, Ashtiani et al., 2018, Acharya et al.,
2018, Bun et al., 2019, Bousquet et al., 2019, Gopi et al., 2020, Bousquet et al., 2022, Aden-
Ali et al., 2021]. Robust estimation is a classic subfield of Statistics, see, for example, the
classic works [Tukey, 1960, Huber, 1964]. We will later discuss the connection between
robust and agnostic learning.

Another active line of research in distribution learning is distribution learning with
constraints on differential privacy [Dwork et al., 2006], e.g., [Karwa and Vadhan, 2018,
Kamath et al., 2019, Bun and Steinke, 2019, Acharya et al., 2021, Cai et al., 2021, Kamath
et al., 2022b,a], and [Kamath and Ullman, 2020] for a survey. A number of these works
have focused on connections between robustness and privacy [Dwork and Lei, 2009, Bun
et al., 2019, Kamath et al., 2020, Avella-Medina, 2020, Brown et al., 2021, Liu et al., 2021,
2022, Kothari et al., 2022, Ramsay et al., 2022, Slavkovic and Molinari, 2022, Hopkins

38



et al., 2022b, Georgiev and Hopkins, 2022, Hopkins et al., 2023, Alabi et al., 2023]. Again,
these results either focus on specific classes of distributions, or give implications that
require additional technical conditions, whereas we aim to give characterizations of robust
learnability under minimal assumptions.
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Chapter 5

Impossibility of Characterizing
Distribution Learning

In this chapter, we will address the question of whether the learning task of distribution
learning can be characterized by a scale-invariant dimension in the sense of Definition 3.1.3
and Definition 3.1.2. We show that there can not be either of these characterizations for
distribution learning.

Our results answer some long-standing open questions; The survey paper by [Diakoniko-
las, 2016] asks (Open Problem 1.5.1): ”Is there a “complexity measure” of a distribution
class C that characterizes the sample complexity of learning C?”

Theorem 3.1.10. There is no weak sample complexity dimension for distribution learning
(neither in the realizable nor in the 3-agnostic case of distribution learning).

Corollary 3.1.11. There exist no monotonic real-valued function that is a weak sample
complexity dimension for distribution learning.

Corollary 3.1.11 follows directly from Theorem 3.1.10 and Theorem 3.1.9.

Theorem 3.1.16. The learnability of classes of discrete distributions cannot be character-
ized by a finitary characterization. This statement holds both for realizable PAC learnability
and for 3-agnostic PAC learnability.

We note, that while we only consider constructions of discrete distributions in this
section, the corresponding results on uncharacterizability for general distribution learning
follow directly from these results.
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We will show these theorems using Lemma 3.1.7 and Theorem 3.1.15 respectively. In
order to do so, we need to construct classes of distributions that meet the requirements of
these more general results. We will first describe a construction that can be used for both
theorems. We then show some properties of this construction which will be needed for both
theorems, namely an upper bound (Lemma 5.1.2) and a lower bound (Lemma 5.1.3) on its
sample complexity. We will then state the proofs of Theorem 3.1.10 and Theorem 3.1.16.
Lastly, we will end the section with discussing an extension of the qualitative impossibility
result to classes of distributions with polynomial sample complexity.

5.1 Preliminaries and Construction

Throughout this section we will also need the fact that finite classes are learnable. We
state Theorem 3.4 from Ashtiani et al. [2018], which is a slight rephrasing of Theorem 6.3
from Devroye and Lugosi [2001].

Theorem 5.1.1. Ashtiani et al. [2018],Devroye and Lugosi [2001] For any finite class
of distributions Q = {q1, . . . , qm}, there exists a deterministic algorithm which 3-agnostic

PAC learns Q with sample complexity mQ(4ε, δ) ≤ log(3m2)+log(1/δ)
2ε2

.

We will now describe our construction. For a natural number n ∈ N and a (usually
small) mixture parameter γ ∈ (0, 1), we define the finite class,

Pγ,n = {(1− γ)δ0 + γUA : A ⊂ {1, . . . , n}},

where δ0 denotes the distribution with all its mass on point 0 and UA denotes a uniform
distribution over the set A. Intuitively, this class thus consists of a heavy non-flexible part
((1−γ)δ0) and a highly flexible part with low weight (γUA). For any distribution p the TV-
distance to an element of Pγ,n only depends in a small part on the low-weight component.
However, the low-weight flexible part, will make this class hard to learn for small ε. We
now take union over these classes Pγ,n for different combinations of γ and n, which allows
us to control the behaviour of the sample complexity and fulfill the requirements for both.
For sequences γ̄ : N→ [0, 1] and n̄ : N→ N, we define

Qγ̄,n̄ =
∞⋃
i=1

Pγ̄(i),n̄(i). (5.1)

We furthermore define γ̄−1(ε) = argmin{i ∈ N : for every j ≥ i, γ̄(j) ≤ ε} and nmax(i) =
maxj∈{1,...i} n̄(j). We will now show that infinite classes of this kind can be learnable, even
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as n grows to infinity (and thus making the class in some sense ”infinitely flexible”), by
controlling the mixture parameter γ.

Lemma 5.1.2. Let Q = Qγ̄,n̄ with limi→∞ γ̄(i) = 0. Then Q is 3-agnostic PAC learnable
with sample complexity mQ(ε, δ) ≤ (128(log(3(γ̄−1( ε

4
)nmax)γ̄

−1( ε
4
) + 1)n) + log(1

δ
)))/(ε2).

Proof. Assume limi→∞ γ̄(i) = 0. Let ε > 0. Then for every ε
4

> 0 there is an N ,
such that for every N ′ ≥ N , γ̄(N ′) < ε

4
. We can now focus on 3-agnostic learning

the finite class Q′ = {δ0} ∪ (
⋃N

i=0 Pγ̄(i),n̄(i)), as learning as for any q ∈ Qγ̄,n̄, there is
p ∈ Q′ with TV (p, q) < ε

4
. Thus by triangle inequality for any q′ ∈ ∆(Z), we get

infp∈Q′ TV (p, q′) ≤ infq∈Q TV (q, q′) + ε
4
. Thus if we have a 3-agnostic PAC learner A

for Q′ with sample complexity mQ′( ε
4
, δ), we can use it as a PAC learner for Q with sample

complexity mQ(ε, δ). Now using Theorem 5.1.1, we can conclude that Q is learnable with

sample complexity mQ(ε, δ) ≤ 128
log(3(γ̄−1( ε

4
)nmax(γ̄−1( ε

4
)))2)+log(1/δ)

ε2
.

However, we can also lower bound the sample complexity of these kinds of classes in
the following way.

Lemma 5.1.3. For Q = Pγ,4n, we have mQ(
γ
8
, 1
7
) ≥ mre

Q (γ
8
, 1
7
) ≥ n.

The construction and argument follow from a common no-free lunch style argument.
For details we refer the reader to Section 5.5 in the Appendices (in the supplementary file).

5.2 Impossibility of Characterizing the Sample Com-

plexity

We can now use this construction and bounds to prove Theorem 3.1.10.

Proof of Theorem 3.1.10. Based on the confinality considerations described above, it suf-
fices to show that the set {mQ(1/·, 1/7) ∈ NN : Q ∈ C} is cofinal in NN. Let g ∈ NN

be arbitrary. Now consider the class Q = Qγ̄,n̄ as constructed in the previous section,
where γ̄(k) = 8

k
and n̄(k) = 8(g(k) + 1). Then according to Lemma 5.1.2, Q is learnable,

as limk→∞ γ̄(k) = 0. Furthermore, we know that for every k ∈ N we have P 8
k
,n̄(k) ⊂ Q.

Thus, by Lemma 5.1.3, for every k ∈ N: g(k) < n̄(k)
4
≤ mQ(

1
k
, 1
7
). Thus, g ≤ed mQ(

1
· ,

1
7
).
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Therefore {mQ(1/·, 1/7) : Q ∈ mC} is indeed cofinal in NN. As the bounds of Lemma 5.1.2
and Lemma 5.1.3 both hold for the realizable distribution learning, we can prove that
{mre

Q (1/·, 1/7) : Q ∈ mC} is cofinal in NN by the same construction and argument. Thus,
we have proved our claim.

5.3 Distributions Learning cannot be characterized

by a finitary characterization

We can now focus our attention the impossibility of qualitative characterization of distri-
bution learning and finally prove Theorem 3.1.16.

Proof of Theorem 3.1.16. We only need to show that the two conditions from Theorem 3.1.15
are fulfilled by the problem of distribution learning. Condition 1 holds, as according to
Theorem 5.1.1 every finite class of distributions is learnable. This means we can define a
learner for any finite union of learnable sets, by running the learners for each of the learn-
able sets on the input to create a finite set of candidates and then learn the candidate set.
Condition 2 holds by the following construction: H0 = {δ0} and Hk = Qγ̄n,n̄, as defined in
equation (1), where γ̄k(i) = 1/k and n(i) = i. It is clear that, H0 is an εk-approximation
of Hk for εk = 1/k as all elements of Hk have k−1

k
mass on the point 0. Furthermore we

have limk→∞ εk = 0. Lastly, we have to argue that every Hk is not learnable. We now note
that for every n ∈ N the class Pεk,4n ⊂ Hk (as defined in Section 3). Thus we can apply
Lemma 5.1.3 to obtain, for every n ∈ N, mHk

( εk
8
, 1
7
) ≥ n. We note that any instance of the

word ”learnable” in this proof can either mean ”realizeale PAC learnable” or ”3-agnostic
PAC learnable”. The proof is correct in both cases.

5.4 Polynomial complexity distribution learning

Another, more restricted definition of learning, is one that requires specific bounds on the
sample complexity.

Definition 5.4.1. We say a class H is polynomially PAC learnable, if mH(ε, δ) ∈ poly(1/ε, 1/δ).

We note, that for many learning tasks, like binary classification, classes are polynomially
PAC learnable, if and only if they are PAC learnable. However, we have seen in this
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section that for the task of distribution learning, there are PAC learnable classes which are
not polynomially PAC learnable. Arguably, in many scenarios one is more interested in
polynomially learnable classes. We therefore pose the question, whether it is possible to give
a qualitative characterization of polynomially learnable classes. In the case of distribution
learning, we can give a partial answer, showing that there is no uniformly-bounded finitary
characterization of polynomial distribution learning.

Theorem 5.4.2. There is no uniformly-bounded finitary characterization of polynomial
distribution learning (with respect to TV-distance). This result holds for both the realizable
and the 3-agnostic case of distribution learning.

5.5 Proofs: Uncharacterizability of Distribution Learn-

ing

Lemma 5.1.3. For Q = Pγ,4n, we have mQ(
γ
8
, 1
7
) ≥ mre

Q (γ
8
, 1
7
) ≥ n.

Proof of Lemma 5.1.3. Our proof follows a typical no-free-lunch-style argument. Consider
Q′ = {(1 − γ)δ0 + γUA : A ⊂ {1, . . . , 4n} and |A| = n}. We will show a lower bound of
learning this class of distributions and then conclude that this lower bound also holds for
Q, as Q′ ⊂ Q. Now let A be any learner. Furthermore, let S1, . . . Sk be the set of all
sequences of size n with elements in the set {0, . . . , 4n}. We have

ES∼qi [TV (qi,A(S))] =
k∑

j=1

qni (Sj)TV (qi,A(Sj))

Now for every Sj and every qi1 , qi2 ∈ Q′, we have that if Sj ∈ supp(qni1), then

qni2(Sj) =

{
qni1(Sj) if Sj ⊂ supp(qni2)

0 otherwise

Let us denote Cj = {x ∈ {1, . . . , 4n} : x ∈ Sj}. Furthermore for a set A = {x1, . . . , xp}
with Cj ⊂ A ⊂ {1, . . . , 4n} and |A| ≤ 2n, let Ā = {x′

1, . . . , x
′
p′}, be such that xl1 < xl2 and

x′
l1
< x′

l2
for l1 < l2. Now let us define gj(A) = Cj ∪ {x′

l ∈ Ā : xp−l ∈ A \ Cj}. We note
that |gj(A)| = |A|, A ∩ gj(A) = Cj and gj(gj(A)) = A.
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Now for any qi ∈ Q′, let us denote Ai = supp(qi) \ {0}. Now let us define

fj(qi) =

{
(1− γ)δ0 + γUgj(Ai) if Cj ∈ Ai

δ4n+1 otherwise.

We note that if qni (Sj) > 0, then Cj ∈ Ai and fj(fj(qi)) = qi and fj(qi) ∈ Q′. In this case
we furthermore have TV (qi, fj(qi)) ≥ γ

2
Furthermore if qni (Sj) = 0, then fj(qi)

n(Sj) = 0.
Taking both of these cases together we have for all i and for all j: qni (Sj) = fj(qi)

n(Sj).

Now we can put everything together into a no-free-lunch style argument.

max
qi∈Q′

ES∼qi [TV (qi,A(S))] = max
qi∈Q′

k∑
j=1

qni (Sj)TV (qi,A(Sj))

≥ 1

T

T∑
i=1

k∑
j=1

qni (Sj)TV (qi,A(Sj))

=
1

2T

T∑
i=1

k∑
j=1

qni (Sj)TV (qi,A(Sj)) +
1

2T

T∑
i=1

k∑
j=1

fj(qi)
n(Sj)TV (fj(qi),A(Sj))

=
1

2T

T∑
i=1

k∑
j=1

qni (Sj)TV (qi,A(Sj)) + f(qi)
n(Sj)TV (fj(qi),A(Sj))

=
1

2T

T∑
i=1

k∑
j=1

qni (Sj)(TV (qi,A(Sj)) + TV (fj(qi),A(Sj)))

≥ 1

2T

T∑
i=1

k∑
j=1

qni (Sj)TV (qi, fj(qi))

≥ 1

2T

T∑
i=1

k∑
j=1

qni (Sj)
γ

2
=

γ

4
.

Now, by Lemma B.1 of Shalev-Shwartz and Ben-David [2014a], we get

max
qi∈Q′

PS∼qni
[TV (qi,A(S)) ≥

γ

8
] = max

qi∈Q′
PS∼qni

[TV (qi,A(S)) ≥ 1− 7γ

8
]

≥ max
qi∈Q′

ES∼qni
[TV (qi,A(S))]− 1

8
7
8

≥ 1

7
.
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Thus, mQ′(γ
8
, 1
7
) ≥ n. Therefore mre

Q (γ
8
, 1
7
) ≥ n.

Theorem 5.4.2. There is no uniformly-bounded finitary characterization of polynomial
distribution learning (with respect to TV-distance). This result holds for both the realizable
and the 3-agnostic case of distribution learning.

Proof of Theorem 5.4.2. Assume, b.w.o.c. that W is a uniformly bounded finitary charac-
terization of polynomial distribution learning. From W being uniformly bounded, we know
that for every α there is n, such that for every class H, there is a subset Hα with |Hα| ≤ n
and such that for every H ′ if H ′ ⊂ Hα, then H ′ satisfies α. Let W = {αk : k ∈ N} an enu-
meration of W , that is ordered by the size of the corresponding nk, i.e. such that for every
k ≤ k′, we have nk ≤ nk′ . We define f(k) = k ·nk Consider H0 = {δ0} and Hk = Qγ̄k,n̄ with
n̄(i) = i and γ̄k(i) = max{1/f(i), 1/f(k)}. Now Hk is not learnable as for every m ∈ N,
P1/f(k),4m ⊂ Hk, meaning that by Lemma 5.1.3 for every m, mHk

(1/(8f(k)), 1/7) ≥ m.

From the uniformly bounded finitary characterization, we know that there is Ĥk, with
|Ĥk| = nk and every H ′ if H ′ ⊂ Ĥk then H ′ satisfies αk. Let Ĥ = H0∪ (

⋃
k∈N Ĥk). By con-

struction, we have that Ĥ satisfiesW . Furthermore, when aiming for (ε, δ)-success, it is suf-

ficient to restrict our attention to learning the ε/4 approximationHε/4 = H0∪(
⋃γ̄−1(ε/4)

k=1 Ĥk)

of Ĥ, where γ̄−1(ε) = min{i : for all j > i, γ̄(j) < ε} = min{k : knk ≥ 1
ε
}. Thus,

|H ε
4
| ∈ poly(1

ε
). From Theorem 5.1.1 we thus get that Hε/4 is polynomially learnable,

which implies that Ĥ is polynomially PAC learnable w.r.t. to TV distance. Learning here
can either mean 3-agnostic or realizable learnability. The result holds for both cases.
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Chapter 6

Realizable vs Agnostic Learning

6.1 Overview of Results

In this chapter we explore the relation between realizable and agnostic distribution learning.
Our main result shows that a distribution class being learnable does not imply that it is
robustly or agnostically learnable.

Theorem 6.1.1. [Informal] There exists a class that is realizably learnable, but not agnos-
tically/robustly learnable.

Our proof of this theorem proceeds by constructing a class of distributions that is
learnable, but classes obtained by subtracting light-weight parts of these distributions are
not α-robustly learnable with respect to the original learnable class. More concretely, our
construction works as follows. We start by considering a distribution class that, by itself,
is not learnable with any finite number of samples. We map each distribution in that
class to a new distribution, which additionally features a point with non-trivial mass that
“encodes” the identity of the distribution, thus creating a new class of distributions which
is learnable. Subtractive contamination is then able to “erase” this point mass, leaving
a learner with sample access only to the original (unlearnable) class. Our construction
is inspired by the construction of the previous chapter, showing that the learnability of
classes of probability distributions cannot be characterized by any notion of combinatorial
dimension.

Adjacent to distribution learning is the notion of sample compression schemes. Recent
work by Ashtiani, Ben-David, Harvey, Liaw, Mehrabian, and Plan Ashtiani et al. [2018]

47



expanded notions of sample compression schemes to apply to the task of learning probabil-
ity distributions. They showed that the existence of such sample compression schemes for
a class of distributions imply the learnability of that class. While the existence of sample
compression schemes for classification tasks imply the existence of such schemes for robust
leaning, the question if similar implication hold for distribution learning schemes was not
answered. We strongly refute this statement. We use a construction similar to that of
Theorem 6.2.1, see Section 6.5 for more details.

Theorem 6.1.2 (Informal). The existence of compression schemes for a class of probability
distributions does not imply the existence of robust compression schemes for that class.

6.2 Realizable Learnability does not Imply Agnostic

Learnability

In this chapter we show that there are classes of distributions which are realizably learnable,
but not agnostically learnable.

Theorem 6.2.1. There are classes of distributions Q, such that Q is realizably learnable,
but for every α ∈ R, Q is not robustly or agnostically learnable. Moreover, the sample
complexity of learning Q can be arbitrarily close to (but larger than) linear. Namely, for
any super-linear function g, there is a class Qg, with

• Qg is realizable learnable with sample complexity mre
Qg
(ε, δ) ≤ log(1/δ)g(1/ε);

• for every α ∈ R, Qg is not α-robustly learnable.

The key idea to the proof for all of these theorems is to construct a class which is
easy to learn in the realizable case, by having each distribution of the class have a unique
support element that is not shared by any other distributions in the class. Distributions
on which this “indicator element” has sufficient mass will be easily identified, independent
of how rich the class is on other domain elements. That richness makes the class hard to
learn from samples that miss those indicators. Furthermore, we construct the class in a
way that its members are close in total variation distance to distributions that place no
weight on those indicator elements.

This is done by making the mass on these indicator elements small, so that the members
of a class of distributions that results from deleting these indicator bits are close to the
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initially constructed class, Qg. In order to make this work for every target accuracy and
sample complexity, we need to have a union of such classes with decreasingly small mass on
the indicator bits. In order for this to not interfere with the realizable learnability, we let
the distributions with small mass on the indicator bits have most of their mass on one point
(0, 0) that is the same for all distributions in the class. This ensures that distributions for
which the indicator bit will likely not be observed because their mass is smaller than some
η are still easily ε-approximated by a constant distribution (δ(0,0)). Lastly we ensure the
impossibility of agnostic learnability, by controlling the rate at which η approaches zero to
be faster than the rate at which ε approaches zero. With this intuition in mind, we will
now describe the construction and proof of this theorem.

6.3 Proofsketch of Theorem 6.2.1

We first define the distributions in Qg. Let {Ai ⊂ N : i ∈ N} be an enumeration of all
finite subsets of N. Define distributions over N× N as follows:

qi,j,k =

(
1− 1

j

)
δ(0,0) +

(
1

j
− 1

k

)
UAi×{2j+1} +

1

k
δ(i,2j+2), (6.1)

where, for every finite setW , UW denotes the uniform distribution overW . For a monotone,
super-linear function g : N → N, we now let Qg = {qi,j,g(j) : i, j ∈ N}. The first bullet
point of the theorem (the class is learnable) follows from Claim 6.3.1 and the second bullet
point (the class is not agnostic learnable) follows from Claim 6.3.2 below.

Claim 6.3.1. For a monotone function g : N→ N, let Qg = {qi,j,g(j) : i, j ∈ N}. Then, the
sample complexity of Qg in the realizable case is upper bounded by

mre
Qg
(ε, δ) ≤ log(1/δ)g(1/ε).

This claim can be proved by showing that the following learner defined by

A(S) =

{
qi,j,g(j) if (i, 2j + 2) ∈ S

δ(0,0) otherwise

is a successful learner in the realizable case. Intuitively, this learner is successful for distri-
butions qi,j,g(j) for which j is large (i.e., j > 1

ε
), since this will mean that dTV(qi,j,g(j), δ(0,0)) is

small. Furthermore, it is successful for distributions qi,j,g(j) for which j is small (i.e., upper
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bounded by some constant dependent on ε), because this will lower bound the probability
1/g(j) of observing the indicator bit on (i, 2j + 2). Once the indicator bit is observed the
distribution will be uniquely identified.

Claim 6.3.2. For every function g ∈ ω(n) the class Qg is not α-agnostically learnable for
any α > 0.

This claim can be proven by showing that for every α, there is η, such that the class of
distributions Q′ for which the following holds:

• Q′ is not αη-weakly learnable1

• for every q′ ∈ Q′ there is q ∈ Qg and arbitrary r with q′ = (1− η)q+ ηr which is not
αη-weakly learnable.

We construct this class and show that it is not learnable by using the construction and
Lemmas from Chapter 5.

6.4 Proof of remaining Claims for Theorem 6.2.1

We will now show the proofs of the main result of this section. We start with proving
the upper bound of Claim 6.3.1 and the lower bound of Claim 6.3.2 before proving Theo-
rem 6.2.1.

6.4.1 Proof of Claim 6.3.1

Proof. Let the realizable learner A be

A(S) =

{
qi,j,g(j) if (i, 2j + 2) ∈ S

δ(0,0) otherwise

Note that for all Qg-realizable samples this learner is well-defined. Furthermore, we
note that in the realizable case, whenever A outputs a distribution different from δ(0,0),

1We provide a definition for ε-weak learnability as Definition 6.4.1 We note that the definition we
provide is what would usually be referred to as (1/2 − ε)-weak learnability in the supervised learning
literature. For simplicity, because ε is our parameter of interest, we reparameterized the definition to be
more intuitive.
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then A(S) outputs the ground-truth distribution, i.e., the output has TV-distance 0 to
the true distribution. Lastly, we note, that for an i.i.d. sample S ∼ qmi,j,g(j), we have the
following upper bound for the learner identifying the correct distribution:

PS∼qm
i,j,g(j)

[A(S) = q(j)] = PS∼qm
i,j,g(j)

[(i, 2j + 2) ∈ S] = 1− (1− 1/g(j))m.

We note, that since g is a monotone function, if ε ≤ 1
j
, then g(j) ≤ g(1

ε
) and therefore,

(1− 1/g(j))m ≤ (1− 1/g(1/ε))m.

Furthermore for qi,j,g(j), we have that dTV(δ(0,0), qi,j,g(j)) =
1
j
.

Putting these two observations together, we get

PS∼qm
i,j,g(j)

[dTV(A(S), qi,j,g(j)) ≥ ε] ≤

{
(1− 1/g(1/ε))m if 1

j
≤ ε

0 if 1
j
> ε

.

Thus, for every q ∈ Qg,

PS∼qm [dTV(A(S), q) ≥ ε] ≤ (1− 1/g(1/ε))m ≤ exp

(
− m

g(1/ε)

)
.

Letting the left-hand side equal the failure probability δ and solving for m, we get,

log δ ≥ −m
g(1/ε)

log(δ)g(1/ε) ≥ −m
m ≥ − log(δ)g(1/ε) = log(1/δ)g(1/ε).

Thus, we have a sample complexity bound of

mQg(ε, δ) ≤ log(1/δ)g(1/ε).

Proof of Claim 6.3.2

Now, we show a lower bound, that our class Qg is not robustly learnable. Before we do
that, we require a few more preliminaries. For a distribution class Q and a distribution p,
let their total variation distance be defined by

dTV(p,Q) = inf
q∈Q

dTV(p, q).
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We also use Lemma 5.1.3 from the previous section.

Lemma 5.1.3. For Q = Pγ,4n, we have mQ(
γ
8
, 1
7
) ≥ mre

Q (γ
8
, 1
7
) ≥ n.

Finally, we recall the definition of weak learnability, which says that a distribution class is
learnable only for some particular value of the accuracy parameter.

Definition 6.4.1. A class Q is ε-weakly learnable, if there is a learner A and a sample
complexity function m : (0, 1) → N, such that for ever δ ∈ (0, 1) and every p ∈ Q and
every m ≥ m(δ),

PS∼pm [dTV(A(S), p) ≤ ε] < δ.

Learnability clearly implies ε-weak learnability for every ε ∈ (0, 1). While in some
learning models (e.g., binary classification) learnability and weak learnability are equiva-
lent, the same is not true for distribution learning as we have seen by the constructions in
the previous section.

We are now ready to prove that Qg is not agnostically learnable.

Claim 6.3.2. For every function g ∈ ω(n) the class Qg is not α-agnostically learnable for
any α > 0.

Proof. Consider

q′i,j =
1

1− 1
g(j)

((
1− 1

j

)
δ(0,0) +

(
1

j
− 1

g(j)

)
UAi×{2j+1}

)
Note that for every q′i,j and every qi,j,g(j) there is some distribution r, such that qi,j,g(j) =
(1 − 1

g(j)
)q′i,j +

1
g(j)

r. Therefore, in order to show that Qg is not α-agnostically learnable,

it is sufficient to show that there are j and ε, such that the class Q′
j = {q′i,j : i ∈ N} is

not ( α
g(j)

+ ε)-weakly learnable. Let us denote γ(j) =
1
j
− 1

g(j)

8(1− 1
g(j)

)
. We will now show that the

class Q′
j = {q′i,j : i ∈ N} is not γ-weakly learnable. Recalling notation from Lemma 5.1.3,

we note that that for every n ∈ N the class Pγ(j),4n ⊂ Q′
j. By monotonicity of the sample

complexity and Lemma 5.1.3, we have mQ′
j
(γ(j), 1

7
) ≥ mP8γ(j),4n

(γ(j), 1
7
) ≥ m, proving that

this class is not γ(j)-weakly learnable.
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Lastly, we need to show that for every α, there are ε and j, such that γ(j) ≥ ( α
g(j)

+ ε).

Let ε = 1
g(j)

. Then we have

α

g(j)
+ ε < γ(j)

⇔(α + 1)

g(j)
<

1
j
− 1

g(j)

8(1− 1
g(j)

)

⇔8(α + 1)

g(j)

(
1− 1

g(j)

)
<

1

j
− 1

g(j)

⇔8(α + 2)

g(j)
− 8(α + 1)

g(j)2
<

1

j
.

Thus it is sufficient to show that there is j, such that 8(α + 2)j < g(j). Note that
g is a superlinear function, i.e., for every c ∈ R, there is tc ∈ N, such that for every
t ≥ tc, g(t) ≥ ct. This implies that for every α ∈ R there are indeed ε and j, such that
γ(j) > α

g(j)
+ ε. Thus for any super-linear function g and any α ∈ R, the class Qg is not

α-agnostically learnable.

The result of Theorem 6.2.1 follows directly from the construction of class Qg for
Theorem 6.2.1, the Claim 6.3.1.

6.5 The Existence of a Realizable Compression Scheme

does not imply the Existence of a Robust Com-

pression Scheme

Sample compression schemes are combinatorial properties of classes that imply their learn-
ability. For a variety of learning tasks, such as binary classification or expectation maxi-
mization a class has a sample compression scheme if and only if it is learnable Moran and
Yehudayoff [2016], Ben-David et al. [2017a]. For classification tasks, sample compression
for realizable samples implies agnostic sample compression. Ashtiani et al. [2018] used com-
pression schemes to show learnability of classes of distributions in the realizable case, but
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left open the question if for learning probability distributions, the existence of realizable
sample compression schemes implies the existence of similar schemes for the non-realizable
(agnostic, or robust) settings. We provide a negative answer to this question.

More concretely, let Q be a class of distributions over some domain X. A compression
scheme for Q involves two agents: an encoder and a decoder.

• The encoder knows a distribution q and receives a sample S generated by this distri-
bution. The encoder picks a bounded size sub-sample and sends it, possibly with a
few additional bits to the decoder.

• The decoder receives the message and uses an agreed upon decoding rule (that may
depend on Q but not on q or S) to constructs a distribution p that is close to q.

Of course, there is some probability that the samples are not representative of the distri-
bution q, in which case the compression scheme will fail. Thus, we only require that the
decoding succeed with constant probability.

We say that a classQ has a sample compression scheme (realizable or robust) if for every
accuracy parameter ε > 0, the minimal required size of the sample S, and upper bounds on
the size of the sub-sample and number of additional bits in the encoder’s message depend
only of Q and ε (and are independent of the sample generating q and on the sample S).

A realizable compression scheme is required to handle only q’s in Q and output p
such that dTV(p, q) ≤ ε, while a robust compression scheme should handle any q but the
decoder’s output p is only required to be minq∈Q{dTV(p, q)}+ ε close to q.

Theorem 6.5.1 (Formal version of Theorem 6.1.2). For every α ∈ R, the existence of
a realizable compression scheme, does not imply the existence of an α-robust compression
scheme. That is, there is a class Q that has a realizable compression scheme, but for every
α ∈ R, Q does not have an α-robust compression scheme.

Proof. Consider the class Q = Qg from Theorem 6.2.1. We note that this class has a
compression scheme of size 1. However, from Ashtiani et al. [2018], we know that having a
α-robust compression scheme implies α-agnostic learnability. We showed in Theorem 6.2.1
that for every α and for every superlinear function g, the class Qg is not α-agnostically
learnable. It follows that Qg does not have an α-robust compression scheme.

Theorem 6.5.2. The class Q = Qg from Theorem 6.2.1 has a compression scheme of
message size 1 (i.e., using just a single sample point).
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Proof. Let m(ε) be 10/g(ε) and, given a sample S of at least that size, let the encoder pick
a subset L(S) ⊆ S with

L(S) =

{
{(i, 2j + 2)} if (i, 2j + 2) ∈ S

{(0, 0)} otherwise

Let the decoder output

J (L) =

{
qi,j,g(j) if (i, 2j + 2) ∈ L

δ(0,0) otherwise

With this construction established, the analysis follows very similarly to the analysis in
the proof of Claim 6.3.1.

We note that the claim of Theorem 6.1.2 (and Theorem 6.5.1) follows directly.
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Chapter 7

Robust Distribution Learnability

7.1 Definitions Robust Learnability

We first note that the definition of agnostic learnability given in Section 4.1.1 also satisfies
an interpretation of robust learning, where an adversary can corrupt a distribution by an
arbitrary small change in TV-distance. The results from the previous sections thus imply
that realizable learnability of distributions does not imply generally robust learnability.
In this section we will now investigate what happens if the adversary is restricted to
only certain kinds of manipulations. In particular, we consider additive and subtractive
adversaries, who can either only add or only subtract a small mixture component to/of the
distribution respectively.

Definition 7.1.1 (Additively robust learnability). We say that a class Q of probability
distributions is additive α-robustly learnable if there exists a learner A and a function
mQ : (0, 1)2 → N, such that for every η ∈ (0, 1), every probability distribution q, every
p ∈ Q, and (ε, δ) ∈ (0, 1)2, for m ≥ mQ(ε, δ) the probability over samples S of that size
drawn i.i.d. from the distribution ηq + (1− η)p, that dTV(A(S), ηq + (1− η)p) ≤ αη + ε is
at least 1− δ.

We say a class Q of probability distributions is additively robust learnable, if there is
α ∈ R, such that Q is additively α-robustly learnable.

If the goal is to recover a distribution from the classQ that was additively corrupted, the
goal of learning is dTV(A(S), p) ≤ αη+ε, instead of dTV(A(S), ηq+(1−η)p) ≤ αη+ε. We
refer to learning with respect to this learning alternative goal as Huber α-robust learnability.
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It is clear that those notions only differ by η, i.e., α-robust learnability implies Huber (α+1)-
robust learnability and Huber α-robust learnability implies (α + 1)-robust learnability.

Definition 7.1.2 (Subtractive robust learnability). We say that a class Q of probability
distributions is subtractive α-robustly learnable if there exists a learner A and a function
mQ : (0, 1)2 → N, such that for every corruption level η ∈ (0, 1) , every probability dis-
tribution p for which there exists a probability distribution q such that ηq + (1− η)p ∈ Q,
and for every (ε, δ) ∈ (0, 1)2, for m ≥ mQ(ε, δ) the probability over samples S of that size
drawn i.i.d. from the distribution p, that dTV(A(S), p) ≤ αη + ε is at least 1− δ.
We say a class of distributions Q is subtractive robustly learnable, if there exists α ∈ R,
such that Q is subtractive α-robustly learnable.

7.1.1 Overview of Results

We explore how different robustness models affect learnability of distributions, showing
strong separations between them.

As we have seen in the previous section, a distribution class being learnable does not
imply that it is .

Theorem 6.1.1. [Informal] There exists a class that is realizably learnable, but not agnos-
tically/robustly learnable.

This result can also be shown as an immediate corollary of a slightly stronger result
that shows that learnability does not imply subtractive robust learnability.

Theorem 7.1.3 (Informal). There exists a class that is realizably learnable, but not sub-
tractive robustly learnable.

The stronger result can be shown with the same construction and proof as Theo-
rem 6.1.1. However, in this presentation of the work, we will not go into the details
of this proof, but note that the stronger result also follows as an immediate corollary of a
combination of the other theorems in this chapter.

Our main result of this chapter shows in contrast to the general and subtractive case, if
we restrict the adversary to only additive corruptions, realizabile learnability is indeed suf-
ficient to guarantee robustness. That is realizability learnability indeed implies additively
robust learnability.
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Theorem 7.1.4 (Informal). Any class of probability distributions Q which is realizably
learnable, is also additively robustly learnable.

Note that, since additively robust learnability trivially implies learnability, this shows
an equivalence between learnability and additively robust learnability.

Our algorithm enumerates over all subsets of the dataset of an appropriate size, such
that at least one subset contains no samples from the contaminating distribution. A real-
izable learner is applied to each subset, and techniques from hypothesis selection Yatracos
[1985], Devroye and Lugosi [1996, 1997, 2001] are used to pick the best of the learned
distributions. Further details appear in Section 7.2.

We also note that since our robust learning algorithm enumerates all large subsets of
the training dataset, it is not computationally efficient. Indeed, for such a broad char-
acterization, this would be too much to ask. Efficient algorithms for robust learnability
are an exciting and active field of study, but outside the scope of this work. For further
discussion see Section 4.3.

Thus far, we have shown that additive and realizable learnability are equivalent and
that both subtractive and general robust learnability are both not implied by realizable
learnability. It remains to settle the question whether subtractive and general robust
learnability are fundamentally different. General robustness, where probability mass can
be both added and removed, is more powerful than either model individually. However,
if a class is additive robustly learnable and subtractive robustly learnable, is it robustly
learnable? Though this is intuitively true, we are not aware of an immediate proof. Using
a similar argument as Theorem 7.1.4, we derive a stronger statement: that subtractively
robust learnability implies robust learnability.

Theorem 7.1.5 (Informal). If a class Q is subtractively robustly learnable, then it is also
robustly or agnostically learnable.

Quantitative versions of these statements can be found in their respective theorems.

We also note, that by definition, it directly follows that for every α:

• If a class of probability distribution Q is α-robustly learnable, then it is also additive
α-robustly learnable and subtractive α-robustly learnable

• If a class of probability distribution Q is additively α-robustly learnable, then it is
also learnable in the realizable case.
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• If a class of probability distribution Q is subtractive α-robustly learnable, then it is
learnable in the realizable case).

To summarize the qualitative versions of our findings:

• Learnability and additively robust learnability are equivalent (Theorem 7.1.4, formal
version: Theorem 7.2.1);

• Learnability does not imply subtractively robust learnability (Theorem 7.1.3, formal
version: Theorem 7.4.1);

• Subtractively robust learnability implies robust learnability (Theorem 7.1.5, formal
version: Theorem 7.3.1);

Quantitative versions of these statements can be found in their respective theorems.

Known vs unknown level of corruption So far, we only looked at learners that were
unaware of the exact level of contamination, but had to give a guarantee with respect to the
true but unknown contamination level. This is the standard formulation when considering
agnostic learnability. An alternative version can then be defined dependent on a parameter
η, which describes a fixed level of contamination that is known by the learner. Our robust
learning notions trivially imply those η-dependent notions. Furthermore, one can show
that robust algorithms designed with the knowledge of η can be modified into versions
that can do without that knowledge Jain et al. [2022]. We give the details on the definition
and the relation between these learning models in Section 7.6. We further show in that
section that for learning with known contamination models, the same picture emerges:
realizable learning does not imply robustness with respect to subtractive contaminations
(Theorem 7.6.3), but realizable and additively robust learning are equivalent. Similarly,
subtractively robust learnability implies general robust learnability.

Adaptive Adversaries. Our definition of robustness allows an adversary to make changes
to the underlying distribution. Equivalently, it corresponds to an adversary who can add or
remove points from a dataset, but must commit to these modifications before the dataset
is actually sampled. A stronger1 adversary would be able to choose which points to add
or remove after seeing the sampled dataset. Such an adversary is referred to as adaptive.
Since adaptive adversaries are stronger than the ones we consider, any impossibility result

1And in the case of removals, much more natural
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that we show also holds in this settings (e.g., learnability does not imply subtractive robust
learnability when the adversary is adaptive). It is an interesting open question to under-
stand whether our algorithms can be strengthened to work in this setting. Some positive
evidence in this direction is due to Blanc, Lange, Malik, and Tan Blanc et al. [2022], who
show that adaptive and non-adaptive adversaries have qualitatively similar power in many
settings.

7.2 Learnability Implies Additive Robust Learnabil-

ity

We recall Theorem 7.2.1, which shows that any class that is realizably learnable is also
additive robustly learnable.

Theorem 7.2.1. [Formal version of Theorem 7.1.4] Any class of probability distributions
Q which is realizably learnable is also additively 3-robustly learnable. Furthermore any
class Q which is learnable in the realizable case is Huber additively 2-robustly learnable.

We prove this theorem by providing an algorithm based on classical tools for hypothe-
sis selection Yatracos [1985], Devroye and Lugosi [1996, 1997, 2001]. These methods take
as input a set of samples from an unknown distribution and a collection of hypotheses
distributions. If the unknown distribution is close to one of the hypotheses, then, given
enough samples, the algorithm will output a close hypothesis. Roughly speaking, our al-
gorithm looks at all large subsets of the dataset, such that at least one will correspond to
an uncontaminated set of samples. A learner for the realizable setting (whose existence we
assumed) is applied to each to generate a set of hypotheses, and we then use hypothesis
selection to pick one with sufficient accuracy. The proof of Theorem 7.3.1 (showing that
subtractively robust learnability implies robust learnability) follows almost the exact same
recipe, except the realizable learner is replaced with a learner robust to subtractive con-
taminations. We recall some preliminaries in Section 4.2. We then prove Theorem 7.2.1 in
Section 7.5.1, and we formalize and prove a version of Theorem 7.3.1 in Section 7.3.

We note that α = 2 and α = 3 are often the optimal factors to expect in distribution
learning settings, even for the case of finite distribution classes. For example, for proper
agnostic learning the factor α = 3 is known to be optimal for finite collections of distribu-
tions, which holds for classes with only 2 distributions Bousquet et al. [2019]. Similarly the
factor of α = 2 is optimal if the notion of learning is relaxed to improper learners Bousquet
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et al. [2019], Chan et al. [2014b]. While we are not aware of lower bounds for the additive
setting, a small constant factor such as 2 is within expectations for these problems.

For the proof of Theorem 7.2.1, we refer the reader to Section 7.5.1.

7.3 Subtractive Robust Learnability Implies Robust

Learnability

Similarly, we can show that robustness with respect to a subtractive adversary implies
robustness with respect to a general adversary. We note that this theorem requires a
change in constants from α to (2α + 4).

Theorem 7.3.1. [Formal version of Theorem 7.1.5] If a class Q is subtractive α-robustly
learnable, then it is also (2α + 4)-robustly learnable.

The proof follows a similar argument as the proof of Theorem 7.2.1 and can be found
in Section 7.5.2 in the appendix. We also note that with the same proof we get a similar
result for learning with fixed corruption levels.

7.4 Realizable Learnability Does Not Imply Subtrac-

tively Robust Learnability

We now can state a slightly stronger version of Theorem 6.2.1, which says that realiz-
able learning does not imply robust learning even if the corruptions are just limited to
subtractive corruptions.

Corollary 7.4.1. [Formal version of Theorem 7.1.3] There are classes of distributions Q,
such that Q is realizably learnable, but for every α ∈ R, Q is not subtractively α-robustly
learnable. Moreover, the sample complexity of learning Q can be arbitrarily close to (but
larger than) linear. Namely, for any super-linear function g, there is a class Qg, with

• Qg is realizable learnable with sample complexity mre
Qg
(ε, δ) ≤ log(1/δ)g(1/ε);

• for every α ∈ R, Qg is not subtractively α-robustly learnable.

61



This result immediately follows from the facts that ”realizable learnability does not
imply robust/agnostic learnability” 6.2.1 and 7.3.1. Alternatively, one can also proof this
result separately using the same construction used for Theorem 6.2.1. Note that the proof
of Theorem 6.2.1 is written in such a way that one can easily replace ”α-agnostic” with
”subtractively α-robust” in the proof to obtain the result that realizable learnability does
not imply subtractively α-robust learnability.

Furthermore, for the weaker robustness criterion of robust learning with respect to
known corruption levels, we get a similar negative result, i.e., we show that realizable
learnability does not imply subtractive learnability with known corruption level. This
statement is formalized as Theorem 7.6.3.

7.5 Proofs

7.5.1 Proof of Theorem 7.2.1

Proof. Recall that Q is a class of probability distributions which is realizably learnable. We
let Are

Q be a realizable learner for Q, with sample complexity nre
Q . Let accuracy parameters

ε, δ > 0 be arbitrary. We will define m1 ≥ max
{
2mre

Q
(
ε
9
, δ
5

)
,
162(1+log( 5

δ
))

ε2

}
and m2 ≥

162(2m1+log( 5
δ ))

ε2
≥ 162(1+log( 5

δ
))

ε2
, and m = m1+m2 be their sum. Let η be the true corruption

level.2 Our additive robust learner will receive a sample S ∼ (ηr + (1 − η)p)m of size m
where r is some arbitrary distribution. We can view a subset S ′ ⊂ S as the “clean” part,
being i.i.d. generated by p. The size of this clean part |S ′| = m′ is distributed according
to a binomial distribution Bin(m, 1− η). By a Chernoff bound (Proposition 4.2.5), we get

P
[
m′ ≤

(
1− ε

9
− η

)
m
]
≤ P

[
m′ ≤

(
1− ε

9
− η +

ηε

9

)
m
]
= P

[
m′ ≤

(
1− ε

9

)
(1− η)m

]

≤ exp

(
−
(ε
9

)2

m (1− η) /2

)
= exp

(
− ε2

162
m (1− η)

)
≤ exp

(
− ε2

162
m

(
1− 3

4

))
Thus, given that m = m1+m2 ≥ 2(

162(1+log( 5
δ
))

ε2
) with probability at least 1− δ

5
, we have

m′ ≥ m
(
1− η − ε

9

)
. For the rest of the argument we will now assume that we have indeed

2Note, that while our analysis frequently uses η, we construct the learner in a way that is uninformed
by η. Thus our guarantees hold for all η simultaneously
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m′ ≥ m
(
1− η − ε

9

)
. The learner now randomly partitions the sample S into S1 and S2 of

sizes m1 and m2, respectively. Now let S ′
1 = S1 ∩ S ′ and S ′

2 = S2 ∩ S ′ be the intersections
of these sets with the clean set S ′, and m′

1 and m′
2 be their respective sizes. We note that

m′
1 ∼ Hypergeometric(m,m′,m1) and m′

2 ∼ Hypergeometric(m,m′,m2).
3 Thus, assuming

m′ ≥ m(1− η − ε
9
) using Proposition 4.2.5, we have that

P
[
|S ′

1| ≤
(
1− η − 2ε

9

)
m1

]
≤ e−

2
81

ε2m1

and

P
[
|S ′

2| ≤
(
1− η − 2ε

9

)
m2

]
≤ e−

2
81

ε2m2 ,

where the probability is over the random partition of S. We note that by our choices of

m1 and m2, with probability 1− 2δ
5
, the clean fractions of S1 and S2 (namely

|S′
1|

|S1| and
|S′

2|
|S2|)

are each at least
(
1− η − 2ε

9

)
.

Let
Ĥ =

{
Are

Q (S ′′) : S ′′ ⊂ S1

}
be the set of distributions output by the realizable learning algorithm Are

Q when given as

input all possible subsets of S1. We know that this set of distributions |Ĥ| is of size 2m1 .
By the guarantee of the realizable learning algorithm Are

Q , if there exists a “clean” subset

S ′
1 ⊂ S1 where |S ′

1| ≥ m1(1 − η − 2ε
9
) (i.e., S ′

1 ∼ pm1(1−η− 2ε
9
)), then with probability 1 − δ

5

there exists a candidate distribution q∗ ∈ Ĥ with dTV(p, q
∗) = ε

9
.

We now define and consider the Yatracos sets.4 For every qi, qj ∈ Ĥ, define the Yatracos
set between qi and qj to be Ai,j = {x : qi(x) ≥ qj(x)}.5 We let

Y(Ĥ) = {Ai,j ⊂ X : qi, qj ∈ Ĥ}

denote the set of all pairwise Yatracos sets between distributions in the set Ĥ.
We now consider the A-distance Kifer et al. [2004] between two distributions with

respect to the Yatracos sets, i.e., we consider

dY(Ĥ)(p
′, q′) = sup

B∈Y(Ĥ)

|p′(B)− q′(B)|.

3Recall that Hypergeometric(N,K, n) is the random variable of the number of “successes” when n
draws are made without replacement from a set of size N , where K elements of the set are considered to
be successes.

4These sets are also sometimes called Scheffé sets in the literature.
5Note that this definition is asymmetric: Ai,j ̸= Aj,i.
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This distance looks at the supremum of the discrepancy between the distributions across
the Yatracos sets. Consequently, for any two distributions p′, q′ we have dTV(p

′, q′) ≥
dY(Ĥ)(p

′, q′), since total variation distance is the supremum of the discrepancy across all

possible sets. Furthermore, if q′, p′ ∈ Ĥ, then dTV(p
′, q′) = dY(Ĥ)(p

′, q′), since either of the
Yatracos sets between the two distributions serves as a set that realizes the total variation
distance between them.

We will now show Huber additive 2-robust learnabililty and then derive 3-robust learn-
ability. Thus we need to show that the learner approximates the “clean” part of the
distribution p.

Suppose there is some q∗ ∈ Ĥ with dTV(p, q
∗) ≤ ε

9
. Then for every q ∈ Ĥ:

dTV(p, q) ≤ dTV(p, q
∗) + dTV(q

∗, q)

≤ ε

9
+ dY(Ĥ)(q

∗, q)

≤ ε

9
+ dY(Ĥ)(q

∗, p) + dY(Ĥ)(p, q)

≤ ε

9
+ dTV(q

∗, p) + dY(Ĥ)(p, q)

≤ 2ε

9
+ dY(Ĥ)(p, q).

Lastly, we will argue that we can empirically approximate dY(Ĥ)(p, q), which we can

then use to select a hypothesis. We note that, since Y(Ĥ) is a finite set of size ≤(
m1

(1− η − 2ε
9
)m1

)2

=

(
m1

(η + 2ε
9
)m1

)2

≤ ((m
(η+ 2ε

9
)

1 ))2 = m
2(η+ 2η

9
)m1

1 , we have uniform con-

vergence6 with respect to Y(Ĥ). Recall that, we assumed that there is “clean” subsample
S ′′
2 ⊂ S2, which is i.i.d. distributed according to p and of size (1− 2ε

9
− η)m1. We also note

that the clean samples S1 and S2 are drawn independently from each other. Thus with
probability 1 − δ

5
, S ′′

2 is ε
9
-representative of p with respect to Y(Ĥ). For a sample S0 and

a set B ⊂ X , let us denote S0(B) = |S0∩B|
|S0| . Because of the ε

9
-representativeness of S ′′

2 , we

6A collection of sets W has the uniform convergence property if for every (ε, δ) ∈ (0, 1)2 there is a
number mW(ε, δ) such that for every probability distribution p, with probability ≥ (1− δ) over samples S
of size m > mW(ε, δ) generated i.i.d. by p, a sample S is ε-representative forW with respect to p. Namely,

for every A ∈ W,
∣∣∣ |A∩S|

|S| − p(A)
∣∣∣ ≤ ε. If W is finite then mW(ε, δ) ≤ log(|W|)+log(1/δ)

ε2 . For more details see

Chapter 4 in Shalev-Shwartz and Ben-David [2014b].
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have for every B ∈ Y(Ĥ):
|p(B)− S ′′

2 (B)| ≤ ε

9
.

Thus,

|p(B)− S2(B)|

=

∣∣∣∣p(B)− |S2 ∩B|
|S2|

∣∣∣∣
≤ max

{∣∣∣∣p(B)− |S
′′
2 ∩B|
|S2|

∣∣∣∣ , ∣∣∣∣p(B)−
|S ′′

2 ∩B|+ (η + 2ε
9
)m2

|S2|

∣∣∣∣}
≤ max

{∣∣∣∣p(B)− S ′′
2 (B)|S ′′

2 |
m2

∣∣∣∣ , ∣∣∣∣p(B)−
S ′′
2 (B)|S ′′

2 |+ (η + 2ε
9
)m2

m2

∣∣∣∣}
≤ max

{∣∣∣∣p(B)−
(
1− η − 2ε

9

)
S ′′
2 (B)

∣∣∣∣ ,
∣∣∣∣∣p(B)−

S ′′
2 (B)

(
1− η − 2ε

9

)
m2 +

(
η + 2ε

9

)
m2

m2

∣∣∣∣∣
}

≤ max{|p(B)− S ′′
2 (B)|+

∣∣∣∣S ′′
2 (B)−

(
1− η − 2ε

9

)
S ′′
2 (B)

∣∣∣∣ ,∣∣∣∣p(B)−
(
S ′′
2 (B)

(
1− η − 2ε

9

)
+

(
η +

2ε

9

))∣∣∣∣}
≤ max

{
3ε

9
+ η,

∣∣∣∣p(B)− S ′′
2 (B)

(
1− η − 2ε

9

)
−
(
η +

2ε

9

)∣∣∣∣}
≤ max

{
3ε

9
+ η,

∣∣∣∣p(B)− S ′′
2 (B) + S ′′

2 (B)

(
η +

2ε

9

)
−
(
η +

2ε

9

)∣∣∣∣}
≤ max

{
3ε

9
+ η, |p(B)− S ′′

2 (B)|+
∣∣∣∣S ′′

2 (B)

(
η +

2ε

9

)
−

(
η +

2ε

9

)∣∣∣∣}
≤ max

{
3ε

9
+ η,

ε

9
+ |S ′′

2 (B)− 1|
(
η +

2ε

9

)}
≤ max

{
3ε

9
+ η,

ε

9
+

(
η +

2ε

9

)}
≤ 3ε

9
+ η

Let the empirical A-distance with respect to the Yatracos sets be defined by

dY(Ĥ)(q, S) = sup
B∈dY(Ĥ)

|q(B)− S(B)|.
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Now if the learner outputs q̂ ∈ argminq∈Ĥ dY(Ĥ)(q, S2), then putting all of our guarantees
together, we get that with probability 1− δ

dTV(q̂, p) ≤
2ε

9
+ dY(Ĥ)(q̂, p)

≤ 5ε

9
+ η + dY(Ĥ)(q̂, S2)

≤ 5ε

9
+ η + dY(Ĥ)(q

∗, S2)

≤ 8ε

9
+ 2η + dY(Ĥ)(q

∗, p)

≤ 8ε

9
+ 2η +

ε

9
≤ 2η + ε.

Thus we get Huber 2-additive robust learning success. This automatically implies 3-
additive robust learning success.

7.5.2 Proof of Theorem 7.3.1

In this section we will provide the proof for Theorem 7.3.1.

Theorem 7.3.1. [Formal version of Theorem 7.1.5] If a class Q is subtractive α-robustly
learnable, then it is also (2α + 4)-robustly learnable.

Proof. Let Q be a concept class that is subtractively α-robust learnable. Then there
exists a successful subtractive α-robust learner Asub

Q with sample complexity msub
Q for the

class Q. Let ε and δ and be arbitrary. Let m1 ≥ max
{
4msub

Q ( ε
9
, δ
5
),

162(1+log( 5
δ
))

ε2

}
and

m2 ≥
(2n1+log( 5

δ
)))

ε2
. Lastly let m = m1 +m2.

Let p ∈ Q be arbitrary. The α-robust learner receives a sample S ∼ pm such that there
is q ∈ Q such that dTV(p, q) = η. Thus there exists a distributions q1, q2, q3, such that
(1 − η)q1 + ηq2 = p and (1 − η)q1 + q3 = q. We now use the same learning strategy as
in Theorem 1.5: We split the sample randomly into two subsamples S1 and S2, where we
use S1 to learn candidate sets and then use S2 to select the hypothesis from the candidate
set. The goal in both settings is to find as close an approximation to q1 as possible. The
candidate based on S1 is created by feeding subsamples of S1 into the subtractively robust
learner in such a way that with high probability one of the subsamples is guaranteed to
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be i.i.d. generated by q1 and thus (with high probability) yield a good hypothesis. More
precisely, the learner randomly splits the sample S into S1 and S2 with |S1| = m1 and
|S1| = m2. We now define the “clean” part of S ′ ⊂ S, i.e. the part of S ′ that is i.i.d.
distributed according to q1. We note that the size of this “clean” sample |S ′| = m′ is a
random variable and distributed according to the binomial distributions Binom(m, 1− η).
Now applying Chernoff bound, with the same argument as in the proof of Theorem 7.2.1,
we get that with probability 1 − δ

5
, we have m′ ≥ m(1 − η − ε

9
). Now let S ′

1 = S1 ∩ S ′

and S ′
2 = S2 ∩ S ′ be the “clean parts” of the subsamples S1 and S2 respectively. The

sizes |S ′′
1 | = m′

1 and |S ′′
2 | = m′′

2 We note that m′
1 ∼ Hypergeometric(m,m(1− η),m1) and

m′
2 ∼ Hypergeometric(m,m(1− η),m2). Thus,

Prrandom split

[
|S ′

1| ≤
(
1− η − 2ε

9

)
m1

]
≤ e−

2
81

ε2m1

and

Prrandom split

[
|S ′

2| ≤
(
1− η − 2ε

9

)
m2

]
≤ e−

2
81

ε2m2 .

Taking together the guarantees on our random splits and the size of m′, we note that
by our choices of m1 and m2 with probability 1 − 3δ

5
, the fractions of the parts that are

i.i.d. generated by q1 (namely
|S′′

1 |
|S′

1|
and

|S′′
2 |

|S′
2|
) are at least (1− η− 2ε

9
). Going forward we will

assume that this is indeed the case.

Let
Ĥ =

{
Asub

Q (S̃) : S̃ ⊂ S ′
1

}
.

Using our assumption that |S ′
1| ≥ (1− η − 2ε

9
)m1, we know that there is S ′′

1 ⊂ S ′
1 with

Asub
Q (S ′′

1 ) ∈ H′. As S ′′
1 ∼ q

(1−η− 2ε
9
)m1

1 , by the learning guarantee of Asub
Q with probability

1− δ
5
, there is a candidate distribution q∗ ∈ Ĥ with dTV(p, q

∗) ≤ dTV(p, q1)+ dTV(q1, q
∗) =

η + (αη + ε
9
) = (α + 1)η + ε

9
.

We now consider the Yatracos sets. For every qi, qj ∈ Ĥ, let Ai,j = {x : qi(x) ≥ qj(x)}
and let

Y(Ĥ) =
{
Aij ⊂ X : qi, qj ∈ Ĥ

}
.

We now consider the A-distance Kifer et al. [2004] between two distributions with
respect to the Yatracos sets, i.e., we consider

dY(Ĥ)(p
′, q′) = sup

B∈Y(Ĥ)

|p′(B)− q′(B)|.
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We note, that for any two distributions p′, q′ we have dTV(p
′, q′) ≥ dY(Ĥ)(p

′, q′). Fur-

thermore, if q′, p′ ∈ Ĥ, then dTV(p
′, q′) = dY(Ĥ)(p

′, q′). Assume there is q∗ ∈ Ĥ with

dTV(p, q
∗) ≤ (α + 1)η + ε

9
, then for every q ∈ Ĥ:

dTV(p, q) ≤ dTV(p, q
∗) + dTV(q

∗, q)

≤ (α + 1)η +
ε

9
+ dY(Ĥ)(q

∗, q)

≤ (α + 1)η +
ε

9
+ dY(Ĥ)(q

∗, p) + dY(Ĥ)(p, q)

≤ (α + 1)η +
ε

9
+ dTV(q

∗, p) + dY(Ĥ)(p, q)

≤ 2(α + 1)η +
2ε

9
+ dY(Ĥ)(p, q).

Lastly, we will argue that we can empirically approximate dY(Ĥ)(p, q), which we can

then use to select a hypothesis. We note that, since Y(Ĥ) is a finite set of size |Y(Ĥ)| =
(2m1)2 = 22m1 , we have uniform convergence with respect to Y(Ĥ). Recall that S ′

2 ∼ q
m′

2
1

and by our previous assumption m′
2 ≤ m2

(
1− η − 2ε

9

)
. Thus by our choice of m2, with

probability 1 − δ
5
, there is S ′′

2 ⊂ S ′
2 ⊂ S2 with |S ′′

2 | =
(
1− η − 2ε

9

)
m2 such that S ′′

2 is ε
9
-

representative of q1 with respect to Y(Ĥ). For a sample S0 and a set B ⊂ X , let us denote
S0(B) = |S0∩B|

|S0| . Because of the ε
9
-representativeness of S ′

2, we have for every B ∈ Y(Ĥ):

|q1(B)− S ′′
2 (B)| ≤ ε

9

Thus,
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|q1(B)− S2(B)| ≤ |q1(B)− S ′′
2 (B)|+ |S ′′

2 (B)− S2(B)|

≤ ε

9
+

∣∣∣∣ |S2 ∩B|
|S2|

− |S
′′
2 ∩B|
|S ′′

2 |

∣∣∣∣
≤ ε

9
+

∣∣∣∣ |S2 ∩B|
m2

− |S ′′
2 ∩B|

m2(1− η − 2ε
9
)

∣∣∣∣
=

ε

9
+

∣∣∣∣∣ |S2 ∩B|(1− η − 2ε
η
)− |S ′′

2 ∩B|
(1− η − 2ε

9
)m2

∣∣∣∣∣
≤ ε

9
+ max{

|(|S ′′
2 ∩B|+ (η + 2ε

9
)m2)(1− η − 2ε

9
)− |S ′′

2 ∩B||
(1− η − 2ε

9
)m2

,

|(|S ′′
2 ∩B|(1− η − 2ε

9
)− |S ′′

2 ∩B||
(1− η − 2ε

9
)m2

}

≤ ε

9
+ max

{ |(η + 2ε
9
)m2(1− η − 2ε

9
)− |S ′′

2 ∩B|(η + 2ε
9
)|

(1− η − 2ε
9
)m2

,
(η + 2ε

9
)

(1− η − 2ε
9
)

}
≤ ε

9
+ max

{ |(η + 2ε
9
)(m2(1− η − 2ε

9
)|)

(1− η − 2ε
9
)m2

, η +
2ε

9
)

}
≤ ε

9
+ η +

2ε

9
≤ 3ε

9
+ η

Let us remember that the empirical A-distance with respect to the Yatracos is defined
by

dY(Ĥ)(q, S) = sup
B∈Y
|q(B)− S(B)| .

Now if the learner outputs q̂ ∈ argminq∈Ĥ dY(Ĥ)(q, S2), then putting all of our guarantees
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together, with probability 1− δ we get

dTV(q̂, p) ≤ 2(α + 1)η +
2ε

9
+ dY(q̂, p)

≤ 2(α + 1)η +
2ε

9
+ dY(q̂, q1) + dY(q1, p)

≤ 2(α + 1)η +
2ε

9
+ η + (η +

3η

9
) + dY(q̂, S2)

≤ 2(α + 2)η +
5ε

9
+ dY(q̂, S2)

≤ 2(α + 2)η +
5ε

9
+ dY(q

∗, S2)

≤ 2(α + 2)η +
5ε

9
+ (η +

3ε

9
) + dY(q

∗, q1)

≤ (2α + 3)η +
8ε

9
+ η + dY(q

∗, p)

≤ (2α + 4)η + ε+ dTV(q
∗, p).

7.6 Known contamination levels

So far, we only looked at learners that were unaware of the exact level of corruption, but
had to give a guarantee with respect to the true but unknown corruption level. An easier
model assumes that the level of corruption η is actually known.

Definition 7.6.1 (Learnability with respect to known corruption).

• For 0 ≤ η ≤ and α > 0, we say that a class Q of probability distributions is η-α-
robustly learnable if there exists a learner A and a function mQ : (0, 1)2 → N, such
that for every probability distribution p such that min{dTV(p, p

′) : p′ ∈ Q} ≤ η and
(ε, δ) ∈ (0, 1)2, for m ≥ mQ(ε, δ) the probability over samples S of that size drawn
i.i.d. from the distribution p that dTV(p,A(S)) ≤ αη + ε is at least 1− δ.

• Given parameters 0 ≤ η ≤ 1 and α > 0, we say that a class Q of probability distri-
butions is η-additive α-robustly learnable if there exists a learner A and a function
mQ : (0, 1)2 → N, such that for every probability distribution q, every p ∈ Q, and
(ε, δ) ∈ (0, 1)2, for m ≥ mQ(ε, δ) the probability over samples S of that size drawn
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i.i.d. from the distribution ηq + (1− η)p, that dTV(A(S), ηq + (1− η)p) ≤ αη + ε is
at least 1− δ.

• Given parameters 0 ≤ η ≤ 1 and α > 0,we say that a class Q of probability distribu-
tions is η-subtractive α-robustly learnable if there exists a learner A and a function
mQ : (0, 1)2 → N, such that for every probability distribution p for which there exists
a probability distribution q such that ηq+ (1− η)p ∈ C, and for every (ε, δ) ∈ (0, 1)2,
for m ≥ mQ(ε, δ) the probability over samples S of that size drawn i.i.d. from the
distribution p, that dTV(A(S), p) ≤ αη + ε is at least 1− δ.

We note that it is easy to see that for every η ∈ (0, 1)

• α-robust learnability implies (η, α)-robust learnability,

• additive α-robust learnability implies η-additive α-robust learnability,

• and subtractive α-robust learnability implies η-subtractive α-robust learnability.

As a consequence, all of our positive learning results for α-robust, additive α-robust and
subtractive α-robust learning, yield positive results for (η, α)-robust learning, η-additive α-
robust learning and η-subtractive α-robust learning, respectively. In particular, this means
that Theorem 7.2.1 also hold if we replace “additive α-robust” with “η-additive α-robust”
in those statements.

More surprisingly, it has been shown that in many cases, robust algorithms designed
with knowledge of the distance η to Q can be modified to succeed without that knowl-
edge Jain et al. [2022]. In particular, we have the following equivalence between the robust
learning notion given in Section 7.1 and the robustness notions in Definition 7.6.1

Theorem 7.6.2 (Adaptation from Jain et al. [2022]). Let α ≥ 1.

• If a class Q is (η, α)-robustly learnable for every η ∈ (0, 1), then Q is 3α-robustly
learnable.

• If a class Q is η-additive α-robustly learnable for every η ∈ (0, 1), then Q is additive
3α-robustly learnable.

• If a class Q is η-subtractive, α-robustly learnable for every η ∈ (0, 1), then Q is
subtractive 3α-robustly learnable.
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Proof. • Consider a class Q that is (η, α)-robustly learnable. Now consider any ε, δ ∈
(0, 1). We know that for every i ∈ 0, . . . , ⌈8α

ε
⌉, there is a learner Ai and sample-

complexity function mQ,i such that A is a successful ( iε
8α
, α)-robust learner for Q with

sample-complexitymQ,i. Now letm = mQ(ε, δ) = O

(
ε
8α

+log( 2
δ )

(ε/4)2
+
∑⌈8α/ε⌉

i=0 mQ,i

(
ε
8α
, δ
2

))
.

Now let S ∼ pm. Now separate S into subsamples S0, S1, . . . , S⌈ 8α
ε
⌉ with |S0| =

O

(
ε
4
+log( 2

δ )
(ε/4)2

)
and for every 1 ≤ i ≤ ⌈8α

ε
⌉, |Si| = mQ,i(

ε
8α
, δ
2
). Now for every i, let

qi = Ai(Si). Let η be the true corruption level, i.e., minq∈C dTV(p, q) = η. Then
for j = ⌈ η

ε
8α
⌉, we have by the learning guarantee of Aj, that with probability 1 − δ

2
,

dTV(qj, p) = α⌈ jε
8α
⌉ + ε

8α
≤ α

(
η + ε

8α

)
ε
8α
≤ αη + ε

4
. Now let H = {qi : i ∈ [⌈4α

ε
⌉]}.

From Theorem 4.2.1, we know that H can be 3-robustly learned with sample com-
plexity |S0|. Thus if we run the Yatracos learner on S0, combined with the previous
learning guarantee, we get that with probability 1− δ, the learner outputs a hypoth-
esis q with dTV(p, q) ≤ 3(αη + ε

4
) + ε

4
= 3αη + ε.

• Consider a class Q that is η-additively α-robustly learnable. Now consider any
ε, δ ∈ (0, 1). We know that for every i ∈ 0, . . . , ⌈8α

ε
⌉, there is a learner Ai and sample-

complexity functionmQ,i such that A is a successful iε
8α
-additve α-robust learner forQ

with sample-complexitymQ,i. Now letm = mQ(ε, δ) = O

(
ε
8α

+log( 2
δ )

(ε/4)2
+
∑⌈8α/ε⌉

i=0 mQ,i

(
ε
8α
, δ
2

))
.

Let u = (1 − η)p + ηq. Now let S ∼ um. Now separate S into subsamples

S0, S1, . . . , S⌈ 8α
ε
⌉ with |S0| = O

(
ε
4
+log( 2

δ )
(ε/4)2

)
and for every 1 ≤ i ≤ ⌈8α

ε
⌉, |Si| =

mQ,i(
ε
8α
, δ
2
). Now for every i, let qi = Ai(Si). Let η be the true corruption level,

i.e., η = min{η′ : ∃p′ ∈ Q distribution r with u = (1 − η′)p′ + ηr}. Now let
j = ⌈ η

ε
8α
⌉. We note, that since η < 8jα

ε
there is p′ ∈ Q and distributions r, r′, such

u = (1 − η)p′ + ηr =
(
1− 8jα

ε

)
p′ + 8jα

ε
r′. Thus, by the learning guarantee of Aj,

with probability 1 − δ
2
, dTV(qj, u) = α⌈ jε

8α
⌉ + ε

8α
≤ α

(
η + ε

8α

)
ε
8α
≤ αη + ε

4
. Now

let H = {qi : i ∈ [⌈4α
ε
⌉]}. From Theorem 4.2.1, we know that H can be 3-robustly

learned with sample complexity |S0|. Thus if we run the Yatracos learner on S0,
combined with the previous learning guarantee, we get that with probability 1 − δ,
the learner outputs a hypothesis u′ with dTV(u, u

′) ≤ 3(αη + ε
4
) + ε

4
= 3αη + ε.

• Consider a class Q that is η-subtractive α-robustly learnable. Now consider any
ε, δ ∈ (0, 1). We know that for every i ∈ 0, . . . , ⌈8α

ε
⌉, there is a learner Ai and

sample-complexity function mQ,i such that A is a successful iε
8α
-subtractive α-robust
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learner for Q with sample-complexity mQ,i. Furthermore, let m = mQ(ε, δ) =

O

(
ε
8α

+log( 2
δ )

(ε/4)2
+
∑⌈8α/ε⌉

i=0 mQ,i

(
ε
8α
, δ
2

))
. Now let S ∼ pm. Now separate S into sub-

samples S0, S1, . . . , S⌈ 8α
ε
⌉ with |S0| = O

(
ε
4
+log( 2

δ )
(ε/4)2

)
and for every 1 ≤ i ≤ ⌈8α

ε
⌉,

|Si| = mQ,i(
ε
8α
, δ
2
). Now for every i, let qi = Ai(Si). Let η be the true corruption

level, i.e., η = min{η′ : ∃q ∈ Q distribution r with q = (1 − η′)p + ηr}. Now let
j = ⌈ η

ε
8α
⌉. We note, that since η < 8jα

ε
there is q′ ∈ Q and distributions r, r′, such

q′ = (1 − η)p + ηr =
(
1− 8jα

ε

)
p + 8jα

ε
r′. Thus, by the learning guarantee of Aj,

with probability 1 − δ
2
, dTV(qj, p) = α⌈ jε

8α
⌉ + ε

8α
≤ α

(
η + ε

8α

)
ε
8α
≤ αη + ε

4
. Now

let H = {qi : i ∈ [⌈4α
ε
⌉]}. From Theorem 4.2.1, we know that H can be 3-robustly

learned with sample complexity |S0|. Thus if we run the Yatracos learner on S0,
combined with the previous learning guarantee, we get that with probability 1 − δ,
the learner outputs a hypothesis q with dTV(p, q) ≤ 3(αη + ε

4
) + ε

4
= 3αη + ε.

We will now discuss some more specific results for models with known contamination.
We again consider the relation between subtractive and realizable learning. Similar to our
previous result, we can show that realizable learning does not imply η-subtractive α-robust
learning.

Theorem 7.6.3. For every α > 0, there exists a class that is learnable, but not η-
subtractively α-robustly learnable for any 0 ≤ η ≤ 1

16α
.

We note, that Theorem 7.6.3 is stronger than Corrollary 7.4.1, in the sense that η-
subtractive α-robust learning is the weaker learning requirement. However, Corrollary 7.4.1
is stronger in the sense that we provide a single class that is not α-robustly learnable for
every α, whereas whereas in the proof of Theorem 7.6.3 we give a different class for each
α (though the two constructions are similar). The proof of this theorem can be found
in Section 7.6.1. Lastly we will consider the relationship between subtractively robust
and robust learning. We can again show that subtractive robust learning implies robust
learning in the following sense

Corollary 7.6.4. If a class Q is η-subtractively α-robustly learnable, then it is also η-
(2α + 4)-robustly learnable.

While this statement does not follow directly from the statement of Theorem 7.3.1, the
proof for Theorem 7.3.1 works as a proof for Corollary 7.6.4. The proof can be found in
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Section 7.5.2. We have thus shown, that if we shift our attention to models with known
contamination levels, the same picture emerges:

• realizable and additively robust learning are equivalent;

• subtractively robust and generally robust learning are equivalent;

• and realizable learnability does not imply generally robust learnability.

7.6.1 Proof of Theorem 7.6.3

The result of Theorem 7.6.3 follows directly from the construction of class Qg for Theo-
rem 6.2.1, the Claim 6.3.1 that shows this class is realizable learnable, and an adapated
version for Claim 6.3.2, which states the following:

Claim 7.6.5. For every α, there is g(t) ∈ O(t2), such that for every 0 ≤ η ≤ 1
16α

the class
Qg is not η-subtractive α-robustly learnable.

Proof. Let α > 1 be arbitrary. Let g : N → N be defined by g(t) = 32αt2 for all t ∈ N.
Now for every 0 ≤ η ≤ 1

16α
, there exists some j, such that j

g(j)
. ≤ η ≤ 1

16αj

For such j, we consider the distributions

q′i,j =

(
1− 1

j

)
δ(0,0) +

1

j
UAi×{2j+1}

as in the proof of Claim 6.3.1. Recall that the element of Qg are of the form

qi,j,g(j) =

(
1− 1

j

)
δ(0,0) +

(
1

j
− 1

g(j)

)
UAi×{2j+1} +

1

g(j)
δ(i,2j+2)

Then we have,

qi,j,g(j) =

(
1− 1

j

)
δ(0,0) +

(
1

j
− 1

g(j)

)
UAi×{2j+1} +

1

g(j)
δ(i,2j+2) =

=

(
1− 1

j

)
δ(0,0) +

(
g(j)− j

jg(j)

)
UAi×{2j+1} +

j

jg(j)
δ(i,2j+2) =

=

(
g(j)− j

g(j)

)((
1− 1

j

)
δ(0,0) +

1

j
UAi×{(2,j+1)}

)
+

j

g(j)

((
1− 1

j

)
δ(0,0) +

1

j
δ(i,2j+2)

)
=

(
1− j

g(j)

)
q′i,j +

j

g(j)

((
1− 1

j

)
δ(0,0) +

1

j
δ(i,2j+2)

)
.
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Thus for every element q′i,j of the class Q′
j = {q′i,j : i ∈ N}, there is a distribution p, such

that (1 − η)q′i,j + ηp ∈ Qg. That is, every element of Q′
j results from the η-subtractive

contamination of some element in Qg. Thus, for showing that Qg is not η-subtractive
α-robustly learnable, it is sufficient to show, that Q′

j is not (αη + ε)-weakly learnable for
ε = 1

16j
. As we have seen in the proof of Claim 6.3.2, we can use Lemma 5.1.3 to show that

for every n, we have nQ′
j
( 1
8j
, 1
7
) ≥ n. Lastly, we need that 1

8j
≥ αη + ε, or after replacing

ε, we need 1
16j
≥ αη. This follows directly from the choice of g.
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Part III

Robust Learning with Uncertain
Manipulation Capabilities
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In this part, I will investigate binary classification that is subject to manipulation
and how the prior knowledge of manipulation capabilities and behaviours changes the
landscape of learnability. In particular I will discuss how a lack of certainty in manipulation
capabilities can make learning impossible, while also showing that if the class of potential
candidates for manipulation capabilities satisfies certain structural niceness conditions,
learning is possible despite the uncertainty. I will discuss two major topics with emerged
from motivations for learning subject to manipulation:

Chapter 8: Strategic Classification Instances in this setting represent self-motivated
agents, that have some amount of control over their feature vectors. In particular,
they can pay some cost in order to change their feature vectors. This chapter is based
on two works:

• Learning Losses for Strategic Classification (joint work with Ruth Urner, AAAI
2022): Sections 8.2-8.5

• Strategic Classification with Unkown User Manipulations (joint work with Ruth
Urner and Shai Ben-David, ICML 2023): Sections 8.6-8.8.2

Chapter 9: Adversarial Robustness There is an adversary with the goal to fool the
classifier. The adversary can corrupt data through ” humanly imperceptible” manip-
ulations. This field has emerged from the existence of adversarial examples in image
classification, i.e., images that looked indistinguishable from training data, but was
classified incorrectly by the trained model. This chapter is based on one paper:

• Adversarially Robust Learning with Uncertain Perturbation Sets (joint work
with Vinayak Pathak and Ruth Urner, NeurIPS 2023)

In both lines of work I investigate the role of the prior knowledge of the manipulation
structure in learning. In particular I look at the implications if the partial order induced
by the loss on the manipulation structure is simple and give learning guarantees in both
cases. Moreover, we can see that in both settings the realizable and the agnostic case are
different for unknown manipulation structures. This is due to the fact that in the robustly
realizable case, the fact of realizability can be exploited to find a hypothesis in the class
that is realizable with respect to the maximum manipulation structure. We establish this
notion of maximally robust empirical risk minimization criterion and exploit different use-
cases. While both settings share similarities, I also want to highlight a few differences
between the two settings, before introducing both chapters.
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• in the strategic settings we consider there is a universally preferred label outcome for
all instances, e.g. representing the decision ”accept”, while in adversarially robust
setting it is assumed that the goal of the adversary is primarily to fool the classifier,
i.e. cause incorrect predictions independent of the outcome label

• The manipulation structures, i.e. manipulation graphs in the strategic setting and
perturbation regions in the adversarial setting represent different things: The edges
in the manipulation graphs represent actions that have a cost that is lower than the
benefit of being classifed with label 1, the perturbation regions represent ”regions of
imperceptible change”. We note that feasible actions to an individual in the strategic
setting might indeed be perceivable.

• If the labels in the adversarial setting represent humanly perceptible categories, as
in image classification, when the question is whether a human would see a partic-
ular animal on a picture, then humanly imperceptible changes should not make a
difference to the Bayes classifier. Thus in the adversarial setting the assumption that
the Bayes classifier is robust is plausible. In contrast, in many cases where strategic
actions are allowed we can not assume that the Bayes classifier is robust.

• In the strategic setting we can assume that every instance is self-motivated. Thus
any strategic possibility is likely to be exploited. We can use this fact to observe
distribution shifts in the population after the deployment of classifiers to learn the
manipulation capabilities. This does not hold in the adversarial case in which the
adversary is supposed to represent an exceptional case. While our assumption that
every possible strategic possibility will be used might be too strong to model reality
precisely, a discounted version of this distribution shift is likely to happen in reality,
i.e. it might be the case that a constant fraction of the population will manipulate
or there are other plausible and simple ways to model the distribution shift.

• Many adversarial examples arise from the fact that the data lives in high dimension.
The adversarial manipulations often occur in a region that is outside of the support
of the distribution and are therefore not plausible. Furthermore it is plausible that
for an adversarially generated example, abstaining from prediction is a reasonable
option, as there might not be an incentive to provide a service to an adversary. In
contrast, in many strategic settings, e.g. if one has to decide whether to accept or
deny applicants, the possibility of abstention does not exist.

• In strategic classification there are more potential criteria for optimization than ac-
curacy, such as the avoidance of social burden. That is one might not want to force
individuals to incur the cost of manipulation in order to be classified correctly.

78



I will now list some differences to the adversarial setting which might come into play in
some strategic scenarios, but which we do not model in our work:

• In strategic classification it makes sense to model individuals as incentive-driven
agents. While a best-response model might not always be plausible, the awareness
of the cost and incentive structures of individuals might be plausibly exploited. Our
discussion is limited to the discretized case of manipulation graphs. This gives rise
to a worst-case analysis that does not require individuals to act according to a best
response model, but it might also be less optimal than more complex modellings of
plausible behaviours that arise from a given cost landscape

• In the strategic setting, changes in the feature vector might also be due to changes
in qualifications of the individual. For example an individual might study for a test
to improve their score and might improve their knowledge and skills in a field along
the way. While there have been works in the literature discussion these effects, our
work does not consider changes due to improvement. We will leave this direction for
future work.
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Chapter 8

Strategic Classification

8.1 Introduction

In many scenarios where a decision rule is learned from data, the publication of this decision
rule has an effect on the distribution of the underlying population that may harm the
quality of the rule. Consider for instance the following scenario: a college or university has
large amounts of records of students who at some point applied to the school, got admitted
and then either succeeded or failed at obtaining a degree. Based on these records, the
university sets (and publishes) admission criteria with the intent to admit students that
are likely to successfully graduate. It then receives a set of applications for admission for
the next year, some of which will lead to admission. In the next year (and upcoming years),
the university will need to set and publish admission criteria again, its aim still being to
attract and admit students that are likely to succeed. This scenario differs from a classic
(statistical) decision-making setup in several ways: first, the entities that decisions are to
be made for are human beings, and as such may actually adapt their application materials
(as best as they can) to fit the published admission criteria. The decision maker may not
know in advance in what ways the applicants can modify their credentials to get accepted.
In addition, when it is time to publish a decision rule for the next round, the decision
maker does not have feedback on the quality of last year’s admission yet (since students
usually take several years before they graduate or leave school without a degree). Thus
the only information about the results from the last published decision rule was the set of
(potentially strategically modified) applications.

Many human-centric real-life applications of machine learning, such as decisions on
loan applications or bail recommendations, share characteristics with the above sketched
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scenario: there is a need for transparent classification and therefore a need (or maybe
even a legal requirement) of publishing the decision rule to be used. This requirement for
transparency, while in most scenarios well justified, has the effect that individuals might use
this knowledge to adapt to or game the rules, i.e. they might change their feature vectors
strategically in order to receive a desired outcome from the published classifier. However,
this change of features often does not correspond to a change in their ground-truth label.
Such feature manipulations then yield a loss in accuracy of the learned classifier after its
publication. Moreover, often by the time the next round of decision-making is due, the
outcomes from the previous rounds are not known yet. That is, in addition to some labelled
data to start with, a learner has access only to unlabelled data that potentially contains
manipulated features in subsequent rounds.

The effects and incentives resulting from strategic behavior in classification scenarios
have received substantial attention from both machine learning and game-theoretic per-
spectives in recent years [Hardt et al., 2016, Milli et al., 2019, Haghtalab et al., 2020,
Tsirtsis and Rodriguez, 2020, Zhang and Conitzer, 2021], with Hardt et al [Hardt et al.,
2016] first proposing the field of strategic classification as a study of the phenomenon of
learning classifiers which are robust to strategic manipulations. Most works study this as
a two-player game between an institution that publishes a decision rule and a population
of best responding agents to be classified. Given the classifier, these agents may change
their feature representations in order to obtain a more favorable classification outcome. To
prevent the induced additional classification error the institution will publish a modified
predictor, not transparently reflecting the underlying intent and potentially causing addi-
tional harm to sub-populations that may be less equipped to perform the required changes
to their representations [Hu et al., 2019].

In our work, we propose a learning theoretic take on this scenario. In machine learning,
it is common to model desiderata for a learning outcome in form of a loss function. The
goal of the learning process is then to identify a predictor that minimizes this loss in
expectation over a data-generating distribution. Thus, we here define a novel loss function
for learning under strategic manipulations. The aim of this loss is to induce a combination
of two (potentially competing) requirements: achieving low classification error taking into
account that individuals being classified may manipulate their features, and discouraging
such feature manipulations overall. Prior work has shown that these may be conflicting
requirements [Zhang and Conitzer, 2021]. Our proposed loss function thus aims to induce
a balanced combination of these requirements rather than strictly enforcing one, and then
only observing the effect on the other (as is implied by frameworks that aim to minimize
classification error under best-responding agents [Hardt et al., 2016, Milli et al., 2019] or
enforcing incentive-compatibility [Zhang and Conitzer, 2021]).
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To define our strategic loss we employ an abstraction of the plausible feature manipu-
lations in form of a manipulation graph [Zhang and Conitzer, 2021]. An edge x → x′ in
this graph indicates that an individual with feature vector x may change their features to
present as x′ if this leads to a positive classification, for example since the utility of this
change in classification exceeds the cost of the change between these vectors. We define
our strategic loss in dependence of this graph and carefully motivate the proposed loss in
terms of requirements and effects from previous literature. In particular, our loss models
the goal of design a decision rule which is accurate as well as designed to withstand feature
manipulations. There are two main motivations for discouraging such feature changes:
either manipulated instances will be misclassified after the manipulation (resulting in false
positives) or true positive instances are forced to mis-represent themselves in order to be
classified correctly. This second consideration is also known as “social burden” [Milli et al.,
2019] as individuals typically face a cost for this.

We then analyze the sample complexity of learning with this loss function. We identify
sufficient conditions for proper learnability that take into account the interplay between a
hypothesis class and an underlying manipulation graph. Moreover, we show that every class
that has finite VC-dimension is learnable with respect to this loss by drawing a connection
to results in the context of learning under adversarial perturbations [Montasser et al., 2019].
This effect may be surprising, since it presents a contrast to learning VC-classes with the
sole requirement of minimizing classification error under strategic feature manipulations,
which has been shown can lead to some VC-classes not being learnable [Zhang and Conitzer,
2021]. Thus, our analysis shows that balancing classification error with disincentivizing
feature manipulations can reduce the complexity of the learning problem.

This first analysis, as well as many other works in the literature commonly assume,
that the manipulation structure is known in terms of either a cost-of-manipulations func-
tion or as in the case of our loss, by the manipulation graph. However such knowledge of
the feature manipulation capabilities is not always available, in particular not with exact
accuracy. Different sub-populations may have differences in their manipulation graphs (dif-
ferent capabilities to manipulate their features) or a manipulation graph may be inferred
from data and therefore exhibit statistical errors. We introduce a novel distance mea-
sure between manipulation graphs by drawing connections to learning bounds in transfer
learning [Ben-David et al., 2010, Mansour et al., 2009] and show that the strategic loss
of a learned predictor when employing a different manipulation graph can be bounded in
terms of this distance measure. We show that the quality of learning outcomes under our
loss function is robust to inaccuracies in the manipulation graph witinin this similarity
measure. Such a robustness property helps in cases, in with the assumed graph might not
exactly reflect agents’ responses, but is a good approximation.
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We then address the problem of how the manipulation capabilities can be inferred
from data. We first discuss with respect to our similarity measure from finite data that
is labelled by their set of manipulation capabilities. We then discuss the more ambitious
goal of learning manipulation capabilities not from explicit knowledge of capabilities, but
only from the implied distribution shift, assuming beneficial manipulations will be made.

We note that in most decision-making setups where a decision rule (classifier) is learned
from available data, the decision-making is not a one-time event, but rather the learned
decision rule is to be repeatedly employed over a long time, and ideally updated to adapt
to potential changes in the data generation. This allows us to utilize the knowledge of
manipulation capabilities we can infer from distribution shifts. In this work, we focus on
the scenario where such changes are (only) the result of strategic feature adaptations to
the published decision rules.

We propose a novel formalization of this batch-learning setting for strategic classifi-
cation. In our framework, learning and data-generation proceed in rounds. Initially, the
learner receives a labeled sample S0 from some underlying (unmanipulated) distribution.
Given this sample of labeled data, the learner decides on (and publishes) a classifier h0.
From then on, in each round t, the learner receives an unlabeled sample from the same
data distribution, with the caveat that the features were strategically manipulated in re-
sponse to ht−1. The learner then decides on classifier ht, based on labeled data sample
S0 and unlabeled samples S1, S2, . . . St−1. While the learner does not have access to the
underlying feature manipulation capabilities of the instances, we assume that the true
manipulation structure is a member of a class of possible such structures (graphs). We
show that by exploiting the observed distribution shift in this batch-learning setting it is
possible to learn the optimal classifier in terms of the strategic loss even without knowing
the underlying manipulation capabilities. For a wide range of combinations of hypothesis
classes H and manipulation graph classes G, we provide first positive results and analysis
in this learning setup. More specifically, we derive bounds on sufficient sample sizes as well
as the number of rounds for the learner to produce a classification rule with low loss. We
focus in particular on graph classes which are totally ordered by inclusion, which captures
the case in which it is unknown how manipulation costs compare to the value of being
classified with the desired label. We show that in these cases batch-learning is possible
if the VC-dimension of the loss-class of (G × H) is finite. Roughly, the finiteness of the
VC-dimension of the loss class, makes it possible to successfully estimate the distribution
shift caused by a deployed hypothesis. The total order on the manipulation graphs allows
to use this information to do a binary search on a discretized version of the hypothesis
class.

We also show that for totally ordered G and H with finite VC-dimension it is possible
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to successfully improperly learn H with respect to G in the robustly realizable case with
only access to unmanipulated data. In order to achieve this last result, we introduce a
new paradigm, called maximally robust empirical risk minimization (MRERM) and use
it to recreate the compression argument from Montasser et al. [2019]. MRERM picks a
hypothesis that is robust with respect to the maximal graph that allows for robust realiz-
ability of the sample, in case such a maximal graph exists. However, such a maximal graph
may not exist in some finite VC classes. We use the set-theoretic concept of ultrafilters
to define an extension of the hypothesis class that is guaranteed to have an MRERM for
every realizable sample and has the same VC dimension as our original class.

8.1.1 Related Work

The concern that learning outcomes might be compromised when agents adapt their feature
vectors in response to published classification rules was first pointed out over a decade ago
[Dalvi et al., 2004, Brückner and Scheffer, 2011]. The area has received substantial interest
from the research community in recent years, both in the context of adversarial robustness
[Feige et al., 2015, Cullina et al., 2018, Montasser et al., 2019, 2021] and robustness to
strategic feature manipulations. Hardt et al. formally introduced the setup where agents
aim to improve their decision outcomes and termed it “strategic classification” [Hardt et al.,
2016]. In addition to the cost of induced misclassification, previous work has pointed out
that changes to the decision boundary aiming to prevent false positives, may force true
positive instances to manipulate their features for retaining their positive classification.
This (also undesirable) effect has been summarized under the concept of “social burden”
[Milli et al., 2019, Jagadeesan et al., 2021]. It has also been shown that the cost of social
burden might be disproportionately paid by underrepresented or disadvantaged sub-groups
of a population [Milli et al., 2019, Hu et al., 2019]. Recent work on strategic classification
has pointed out that strategic feature modification can also be a positive effect, for example
when applicants respond by studying better for tests and learning specific skills [Haghtalab
et al., 2020], and addressed this phenomenon through a causality lens [Miller et al., 2020,
Tsirtsis and Rodriguez, 2020, Shavit et al., 2020]. Some recent works have further explored
this interplay between gaming and improvement [Chen et al., 2021] and aligned incentives
[Levanon and Rosenfeld, 2022].

While many previous studies in this area have taken a game theoretic perspective, some
recent work has analyzed strategic classification in a PAC learning framework [Zhang and
Conitzer, 2021, Sundaram et al., 2021]. Similarly, our work follows a new trend of not
requiring agents to be cost-minimizing agents [Jagadeesan et al., 2021, Chen et al., 2020],
as there is a potential limit of the rationality of agents [Jagadeesan et al., 2021]. In the PAC
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learning setting, the consideration of irrational agents is modelled by capturing the sets of
possible manipulations in the manipulation graph [Zhang and Conitzer, 2021], which only
distinguishes between feasible and infeasible manipulations. We proposed using this notion
of manipulation graph the objectives of discouraging strategic manipulations for the sake
of avoiding misclassification and avoiding contributions to social burden have been jointly
modelled in a loss function, the strategic loss. Throughout our work we use this notion
of loss and frame our learning goals in terms of the strategic loss function. Similar to our
work there was recently another proposed version of loss based on the manipulation graph,
which only optimizes for accuracy and does not consider social burden [Shao et al., 2023].
The PAC-learnability with this loss function is different, as it requires the strategic VC-
dimension to be finite, while finite VC classes can be impossible to strategically PAC-learn,
even improperly [Sundaram et al., 2021].

There has been some recent work on learning with respect to unknown manipulation
structures in an online setting [Dong et al., 2018]. The first results in this line of research
was given in form of regret bounds for linear classifiers under the assumption that only
instances of one label would manipulate [Dong et al., 2018]. Similarly, Ahmadi et al intro-
duce a version of the perceptron algorithm which takes possible feature manipulations into
account [Ahmadi et al., 2021]. They show finite mistakes bounds for their algorithm for
both known and unknown cost functions under a linear separability assumptions, which is
akin to our strategically robust realizability assumption. Both of these works [Dong et al.,
2018, Ahmadi et al., 2021] do not require any knowledge of unmanipulated data in their
setting but assume immediate label feedback for each (possibly manipulated) classified in-
stance. Thus their results are complementary to our results in the strategic realizable case
where we achieve robustness without having access to manipulated data. Furthermore,
both works assume that agents are cost-minimizing, i.e., best-response. We also note that
the notion of loss in those settings is slightly different, as they do not incorporate the
notion of social burden into their success criterion. Similarly, the work of Shao et al. [2023]
analysed learnability with respect to unknown manipulation capabilities in both online and
offline settings with respect to their social-burden-agnostic, accuracy-optimizing version of
the strategic loss [Shao et al., 2023]. They give learning guarantees for finite hypothesis
classes in both settings for various possibilities for manipulation capabilities. The work
on strategic online learning was later generalized to settings in which manipulations were
modelled through manipulation graphs [Ahmadi et al., 2023]. They show lower bounds
in terms of the maximal degree of the manipulation graph and upper bounds for finite
hypothesis classes and finite manipulation degrees. A follow-up work later showed bounds
in terms of a strategic version of the Littlestone dimension [Ahmadi et al., 2024].Fur-
thermore, PAC-learnability guarantees been shown with respect to an unknown unknown
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perturbation structure in adversarially robust classification [Montasser et al., 2021] with
the assumption of an additional oracle, which we will discuss in more detail in the next
section.

Our sample complexity analysis is then hinging on techniques developed in the con-
text of learning under adversarial perturbations, a learning scenario which has received
considerable research attention in recent years [Feige et al., 2015, Cullina et al., 2018,
Montasser et al., 2019, 2021]. While the learning problems are not identical, we present
how strategic behaviour can be modeled as a form of “one-sided adversarial perturbation”
and inheritance of resulting learning guarantees.

Finally, our batch-learning framework bears some similarities with the setting of lifelong
learning [Pentina and Lampert, 2014, Pentina and Ben-David, 2015, Balcan et al., 2015,
Pentina and Urner, 2016, Balcan et al., 2020a]. In lifelong learning, a learning algorithm
aims to perform well and adapt to a stream of related, but not identical learning tasks.
Our setup distinguishes itself from standard lifelong learning goals in that the changes in
input data are actually induced by the published decision rules from the previous round,
while the actual target task remains the same.

8.1.2 Overview on contributions

In Section 8.2 we review our notation and then introduce our new notion of strategic loss
and motivate it. Our main contributions can be summarized as follows:

Strategic manipulation loss We propose a novel loss function for learning in the pres-
ence of strategic feature manipulations. We carefully motivate this loss by relating it
to concepts of social burden and incentive compatibility (and their potential trade-
offs with accuracy) in prior literature (Section 8.2).

Sample complexity analysis of PAC learning We analyze (PAC type) learnability of
VC-classes with the strategic loss. We provide sufficient conditions (and examples
of when they are satisfied) for learnability with a proper learner. By drawing con-
nections and adapting results from learning under adversarial perturbations to our
setup, we also show that, while proper learnability can not always be guaranteed,
every VC-class is learnable under the strategic loss with an improper learner (Sec-
tion 3.1.2).

Robustness to inaccurate manipulation information We investigate the impact of
using an approximate manipulation graph to yield a surrogate strategic loss function
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for cases where the true manipulation graph is not known or not accessible. For this,
we introduce a novel similarity measure on graphs and show that if graphs are similar
with respect to our notion then they yield reasonable surrogate strategic losses for
each other (Theorem 8.4.2, Section 8.4).

Learning the manipulation graph from neighborbood of sample We explore the
question of whether it is possible to learn a manipulation graph that yields a good
surrogate strategic loss. We identify a sufficient condition for a class of graphs G
being learnable with respect to our previously defined similarity measure for graphs
(Theorem 8.5.4, Section 8.5), which in turn guaranteed the learning of a reasonable
surrogate loss.

Learning manipulation capabilities from distribution shift We further explore the
possibility of learning the manipulation structure for a particular hypothesis from H
from induced distribution shifts (Lemma 8.6.5 and Observation 8.6.6). We identify
sufficient conditions for when learning from two unlabelled samples is possible, if one
of them was manipulated by a hypothesis (Section 8.6).

Loss-induced order of graph class and maximally robust empirical risk minimization
We consider a setting in which the prior knowledge of the manipulation structure is
given by a class of candidate manipulation graphs. We consider a partial order in-
duced by the strategic loss. We show that for graph classes that are totally ordered
with respect to this order, we can show learnability for finite VC-classes in the re-
alizable case. These results are based on the novel learning paradigm of maximally
robust empirical risk minimization.

Batch-learning for unknown manipulation We consider a novel strategic batch-learning
problem in which the manipulation graph is learned alongside the classification rule
in order to achieve optimal classification (Definition 8.8.2). Importantly, we only
assume prior knowledge of a graph class G which contains the true manipulation
graph, but not exact knowledge of the true manipulation graph. We propose a for-
mal learning protocol (Definition 8.8.1) and success criterion (Definition 8.8.2) for
this setup and show that learning in this setting is possible for a wide variety of hy-
pothesis classes H and graph classes G. In Section 8.8 we present possibility results
for learning under the strategic batch learning protocol for totally ordered graph
classes. These results are based on learning the distribution shift between batches.

The results and writing of this chapter are based on two papers:
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• ”Learning Losses for Strategic Classification” (Tosca Lechner, Ruth Urner, AAAI
2022 [Lechner and Urner, 2022]): Section 8.2, Section 8.4, Section 8.5

• ”Strategic Classification with Unknown User Manipulations” (Tosca Lechner, Shai
Ben-David, Ruth Urner, ICML 2023 [Lechner et al., 2023b])

All proofs can be found in the proof section (Section 8.10) at the end of this Chapter.

8.2 The strategic loss

8.2.1 Basic Learning Theoretic Notions for Classification

We employ the standard setup of PAC learning for binary classification introduced in the
preliminaries of this thesis. We quickly recall some notations. We let X ⊆ Rd denote the
domain and Y (mostly Y = {0, 1}) a (binary) label space. We denote data generating
process as a distribution P over X × Y and let PX denote the marginal of P over X . We
use the notation (x, y) ∼ P to indicate that (x, y) is a sample from distribution P and
S ∼ P n to indicate that set S is a sequence (for example a training or test data set) of
n i.i.d. samples from P . Further, we use notation ηP (x) = P(x,y)∼P [y = 1 | x] to denote
the regression or conditional labeling function of P . We say that the distribution has
deterministic labels if ηP (x) ∈ {0, 1} for all x ∈ X .

A classifier or hypothesis is a function h : X → Y . A classifier h can naturally be
viewed a subset of X × Y , namely h = {(x, y) ∈ X × Y | x ∈ X , y = h(x)}. We let F
denote the set of all Borel measurable functions from X to Y (or all functions in case of a
countable domain). A hypothesis class is a subset of F , often denoted by H ⊆ F . For a
loss function ℓ : F × X × Y → R we denote the expected loss for a distribution P as LP

and the empirical loss for a sample S as LS.

8.2.2 Strategic Classification

Learning objectives in prior work

The possibilities for strategic manipulations of a feature vector are often modeled in terms
of a cost function cost : X × X → R+

0 , so that cost(x,x′) indicates how expensive it is
for an individual with feature vector x to present as x′. A natural minimal assumption a
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cost function should satisfy is cost(x,x) = 0 for all feature vectors x. It is then typically
assumed that instances best-respond to a published classifier, in that the individual x
would choose to pay the cost of presenting as x′ as long as the cost doesn’t exceed the
utility that would be gained from the difference in classification outcome. Assuming the
benefit of individual x receiving classification 1 over classification 0 is γ, the manipulation
would happen if cost(x,x′) ≤ γ and h(x) = 0 while h(x′) = 1 for a given classifier. That
is, we can define the best response of an individual with feature vector x facing classifier
h as

br(x, h) = argmax
x′∈X

[γ · h(x′)− cost(x,x′)],

with ties broken arbitrarily, and assuming that, if the original feature vector x is among
those maximizing the above, then the individual would choose to maintain the original
features. An often assumed learning goal is then performative optimality [Perdomo et al.,
2020, Jagadeesan et al., 2021], which stipulates that a learner should aim to maximize
accuracy on the distribution it induces via the agent responses. That is, this objective can
be phrased as minimizing

E(x,y)∼P1[h(br(x, h)) ̸= y]

An alternative view on this setup, if the agent responses are deterministic, is to view the
above as minimizing the binary loss of the effective hypothesis ĥ : X → {0, 1} that is
induced by h and the agents’ best responses br(·, ·) [Zhang and Conitzer, 2021], defined as

ĥ(x) = h(br(x, h)). (8.1)

The goal of performative optimality has been combined with the notion of social burden
that is induced by a classifier [Milli et al., 2019, Jagadeesan et al., 2021]. This notion reflects
that it is undesirable for a (truly) positive instance to be forced to manipulate its features
to obtain a (rightfully) positive classification. This is modeled by considering the burden on
a positive individual to be the cost that is incurred by reaching for a positive classification
and the social burden incurred by a classifier to be the expectation with respect to the
data-generating process over these costs:

brdP (h) = E(x,y)∼P

[
min
x′∈X
{cost(x,x′) | h(x′) = 1} | y = 1

]
It has been shown that optimizing for performative optimality (under the assumption of
deterministic best-responses) also incurs maximal social burden [Jagadeesan et al., 2021].
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A new loss function for learning under strategic manipulations

Arguably, to seek performative optimality (or minimize the binary loss over the effective
hypothesis class) the cost function as well as the value γ (or function γ : X → R) of
positive classification needs to be known (or at least approximately known). We assume
that the value γ is the same for every individual and that it is positive. Thus we assume
that y = 1 is the universally preferred label. To take best responses into account, a learner
needs to know what these best responses may look like. In that case, we may ignore the
details of the cost function and value γ, and simply represent the collection of plausible
manipulations as a directed graph structure g = (X , Eg) over the feature space X [Zhang
and Conitzer, 2021]. The edge-set Eg consists of all pairs (x,x′) with cost(x,x′) ≤ γ, and
we will also use the notation x→ x′ for (x,x′) ∈ Eg, and write g = (X , Eg). We note that
this formalism is valid for both countable (discrete) and uncountable domains.

In short, we model the set of admissible feature manipulations as a manipulation graph
g = (X , Eg), where a manipulation from x to x′ is admissible if and only if the (directed)
edge (x, x′) exists in Eg. We will denote the neighborhood set of a point x ∈ X according
to graph g by Bg(x) = {x′ ∈ X : (x, x′) ∈ Eg}. We will denote the true manipulation
graph by g→. In some parts of this chapter, we will not assume this graph to be known
during the learning process. Rather, we assume the learner has prior knowledge of some
graph class G such that g→ ∈ G. The class of all manipulation graphs will be denoted by
Gall.

Now for given a fixed manipulation graph g = (X , Eg) we design a loss function for
classification in the presence of strategic manipulation that reflects both classification errors
and the goal of disincentivizing manipulated features as much as possible. Our proposed
loss function below models that it is undesirable for a classifier to assign h(x) = 0 and
h(x′) = 1 if feature vector x can present as x′. This is independent of a true label y (e.g.
if (x, y) is sampled from the data generating process). If the label y = 0 is not positive,
the point gets misclassified when x presents as x′. On the other hand, if the true label
is 1, then either a true positive instance is forced to manipulate their features to obtain
a rightly positive outcome (and this contributes to the social burden), or, if the choice
is to not manipulate the features, the instance will be misclassified (prior work has also
considered models where true positive instance are “honest” and will not manipulate their
features [Dong et al., 2018]).

Here, we propose to incorporate both misclassification and contributions to social bur-
den into a single loss function that a learner may aim to minimize.

Definition 8.2.1 (Strategic Loss). For a given manipulation graph g, the strategic loss
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ℓg : F × X × Y → {0, 1} is defined by

ℓg(h, x, y) =


1 if h(x) ̸= y

1 if h(x) = 0 and

Bg(x) ∩ h−1(1) ̸= ∅
0 otherwise.

Note that the first two cases are not mutually exclusive. The above loss function
discretizes the social burden by assigning a loss of 1 whenever a positive individual is
required to manipulate features. As for the standard classification loss, the above point-
wise definition of a loss function allows to define the true strategic loss Lg

P (h) and empirical
strategic loss Lg

S(h) of a classifier with respect to a distribution P or a data sample S.

The following loss captures the second condition only:

Definition 8.2.2 (Manipulation Loss). The manipulation loss ℓmani : Gall×F×X → {0, 1}
is defined by

ℓmani(g, h, x) =


1 if h(x) = 0 and

Bg(x) ∩ h−1(1) ̸= ∅
0 otherwise

For a fixed manipulation graph g, we will also call the manipulation loss ℓmani(g, ·, ·)
the ”strategic component loss”. Moreover, ℓg(h, x, y) ≤ ℓmani(g, h, x) + ℓ0/1(h, x, y).

Short notation for known manipulation graph In the following sections we will
analyse learning only with respect to a fixed manipulation graph g = (X , Eg), assuming
that this graph is indeed the true manipulation graph g→. In this cases we will sometimes
abbreviate g→ as →. As a result we will abbreviate ℓg, Lg

S and Lg
P as ℓ→, L→

S and L→
P

respectively. The resulting notation for the strategic component loss will be ℓ→,⊥, L→,⊥
S

and L→,⊥
P . Furthermore, we will sometimes use the short notation x → x′ to denote that

(x, x′) ∈ Eg→ .

8.2.3 Comparison with Alternative Formalisms for Strategic Clas-
sification

To motivate our proposed loss, we here discuss several scenarios where, we’d argue, mini-
mizing the strategic loss leads to a more desirable learning outcome than learning with a

91



binary loss, while taking strategic manipulations into account. As discussed above, a com-
mon approach to modeling classification in a setting where strategic manipulations may
occur is to assume that all agents will best-respond to a published classifier. That is, if
h(x) = 0, h(x′) = 1 and x→ x′, then the agent with initial feature vector x will effectively
receive classification 1. A natural modeling is then to consider the effective hypothesis ĥ
induced h (see Equation 8.1) and aim to minimize the classification error with the effective
class Ĥ = {f | f = ĥ for some h ∈ H} [Zhang and Conitzer, 2021]. However it has been
shown, that the VC-dimension of Ĥ may be arbitrarily larger than the VC-dimension of
H, and may even become infinite [Zhang and Conitzer, 2021]. When learning this effective
class Ĥ with respect to the binary loss (which corresponds to aiming for performative op-
timality), this will imply that the class is not learnable. By contrast, we will show below
that any class of finite VC-dimension remains learnable with respect to the strategic loss
(Theorem 8.3.8).

It has also been shown that the negative effects in terms of sample complexity of
considering the effective hypothesis class can be avoided by considering only incentive-
compatible hypotheses in H, that is outputting only such hypotheses that will not induce
any feature manipulations in response to the published classifier [Zhang and Conitzer,
2021]. While this avoids the growths in terms of VC-dimension, it may prohibitively
increase the approximation error of the resulting (pruned) class as we show in the example
below. We would argue that this illustrates how low sample complexity, in itself, is not a
sufficient criterion for learning success.

Example 8.2.3. Consider X = N and a manipulation graph that includes edges n→ n+1
and n → n − 1 for all n ∈ N. This is a reasonable structure, considering that the cost
of moving the (one-dimensional) feature by 1 is worth a positive classification outcome.
However, the only two hypotheses that are incentive compatible in this case are the two
constant functions h0 : X → {0} and h1 : X → {1}. Thus, requiring incentive compatiblity
forces the learner to assign all points in the space with the same label. This class, in fact,
has low sample complexity. However, arguably, restricting the learning to such a degree
(and suffering the resulting classification error, which will be close to 0.5 for distributions
with balanced classes), is, in most cases not a reasonable price to pay for dis-incentivising
feature manipulations.

The following example illustrates how our loss function can be viewed as incorporating
the notion of social burden directly into the loss.

Example 8.2.4. Let’s again consider a domain X = N and a manipulation graph M
with edges n → n + 1 for all n ∈ N. We consider distributions that have support
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{(1, 0), (2, 0), (3, 1), (4, 1)}, thus only these four points have positive probability mass and a
hypothesis class of thresholds H = {ha | a ∈ R}, with ha(x) = 1[x ≥ a]. The true labeling
on these distributions is η(x) = h2.5(x). On all distributions, where all four points have pos-
itive mass the performatively optimal hypothesis (or effective hypothesis of minimal binary
loss) however is h3.5. The social burden incurred then is brdP (h3.5) = P ((3, 1)) · cost(3, 4).
It is important to note that the performative optimality of h3.5 is independent of the distri-
bution P over the points. A learner that minimizes the strategic loss, on the other hand,
will take the distribution P into account and output h2.5 if P ((2, 0)) < P ((3, 1)), while
outputting h3.5 if P ((2, 0)) > P ((3, 1)). If the difference in mass of these points (or the
margin areas in a more general setting) is significant, then minimizing the strategic loss
will opt for allowing a small amount of manipulation in turn for outputting a correct clas-
sification rule in case P ((2, 0)) ≪ P ((3, 1)); and it will opt for changing the classification
rule, accept a small amount of social burden in exchange for preventing a large amount of
manipulations and resulting classification errors, in case P ((2, 0))≫ P ((3, 1)). We would
argue that this reflects a desirable learning outcome.

8.3 Learnability with the Strategic Loss

8.3.1 Warm up: Loss Classes and Learnability

It is well known that a class H is learnable (with respect to the set of all distributions) if
the loss class induced by a 0/1-valued loss function ℓ has finite VC-dimension. In the case
of the binary classification loss, this is in fact a characterization for learnability (and the
VC-dimension of the loss class is identical to the VC-dimension of the hypothesis class H).
In general, bounded VC-dimension of the loss class is a sufficient condition for learnability
(the VC-dimension provides an upper bound on the sample complexity), but it is not a
necessary condition (it doesn’t, in general, yield a lower bound on the sample complexity
of learning a class H with respect to some loss ℓ). We start by reviewing these notions for
the classification loss and then take a closer look at the loss class induced by the strategic
loss.

Let ℓ be a loss function and h be a classifier. We define the loss set hℓ ⊆ X × Y as
the set of all labeled instances (x, y) on which h suffers loss 1. The loss class Hℓ is the
collection of all loss sets (in the literature, the loss class is often described as the function
class of indicator functions over these sets). In the case of binary classification loss ℓ0/1,
the loss set of a classifier h is exactly the complement of h in X × Y . That is, in this
case the loss set of h is also a binary function over the domain X (namely the function
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x 7→ |h(x) − 1|). For the strategic loss on the other hand, the loss set of a classifier h is
not a function, since it can contain both (x, 0) and (x, 1) for some points x ∈ X , namely
if h(x) = 0 and there exists an x′ with x → x′ and h(x′) = 1. For a class H we let Hℓ0/1

denote the loss class with respect to the binary loss and Hℓ→ the loss class with respect to
the strategic loss.

Definition 8.3.1. Let Z be some set and U ⊆ 2Z be a collection of subsets of Z. We say
that a set S ⊆ Z is shattered by U if

{U ∩ S | U ∈ U} = 2S,

that is, every subset of S can be obtained by intersecting S with some set U from the
collection U . The VC-dimension of U is the largest size of a set that is shattered by U (or
∞ if U can shatter arbitrarily large sets).

It is easy to verify that for the binary loss, the VC-dimension of H as a collection of
subsets of X ×Y is identical with the VC-dimension of Hℓ0/1 (and this also coincides with
the VC-dimension of H as a binary function class [Shalev-Shwartz and Ben-David, 2014a];
VC-dimension is often defined for binary functions rather than for collection of subsets,
however, this is limiting for cases where the loss class is not a class of functions).

We now show that the VC-dimension of a class H and its loss class with respect to the
strategic loss can have an arbitrarily large difference. Similar results have been shown for
the binary loss class of the effective class Ĥ induced by a manipulation graph [Zhang and
Conitzer, 2021]. However the binary loss class of Ĥ is different from the strategic loss class
of H and, as we will see, the implications for learnability are also different.

Observation 8.3.2. For any d ∈ N ∪ {∞} there exists a class H and a manipulation graph
g→ = (X , Eg→) with VC(H) = 1 and VC(Hℓ→) ≥ d.

On the other hand, we prove that the VC-dimension of the strategic loss class Hℓ→ is
always at least as large as the VC-dimension of the original class.

Observation 8.3.3. For any hypothesis classH and any manipulation graph g→ = (X , Eg→),
we have VC(H) ≤ VC(Hℓ→).

Standard VC-theory tells us that, for the binary classification loss, the sample complex-
ity of learning a hypothesis class is determined by the VC-dimension of the class (and thus
the VC-dimension of the loss class since these are identical for the binary loss). Any learner
that acts according to the ERM (Empirical Risk Minimization) principle is a successful
learner with respect to the binary loss for classes of bounded VC-dimension d. We here
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briefly recap the underpinnings of this result. For the realizable case, a sample S ∼ P n of
size at least Õ(d log(1/δ)/ε) is an ε-net for the loss class (with probability at least 1 − δ)
[Haussler and Welzl, 1987], thus, for every hypothesis that has loss at least ε, there would
be a sample point indicating that. Choosing a hypothesis of zero empirical loss, then guar-
antees true loss bounded by ε. In the agnostic case, a sample of size O(d log(1/δ)/ε2) is an
ε-approximation for the loss class, that is, we have |LP (h) − LS(h)| ≤ ε for every h ∈ H
with high probability, which in turn implies that any ERM learner is a successful agnostic
PAC learner. For the binary loss there are complementing lower bounds for the sample
complexity of learning VC-classes. However, unlike for the binary loss, the VC-dimension
of the strategic loss class does not imply a lower bound on the sample complexity (as we
see in Theorem 8.3.4).

For further details we refer the reader to [Shalev-Shwartz and Ben-David, 2014a]. In the
case of general loss classes with values in {0, 1}, the VC-dimension does not characterize
learnability. In particular, we next show that the VC-dimension of the strategic loss class
does not imply a lower bound on the sample complexity.

Theorem 8.3.4. For every d ∈ N∪{∞}, there exists a hypothesis class H with VC(Hℓ→) =
d that is learnable with sample complexity O(log(1/δ)/ε) in the realizable case.

8.3.2 Sufficient Conditions for Strategic Loss Learnability

In the previous section, we have seen that the loss class having a finite VC-dimension is a
sufficient (but not necessary) condition for learnability with respect to the strategic loss.
We have also seen that the VC-dimension of Hℓ→ can be arbitrarily larger than the VC-
dimension of H. To start exploring what determines learnability under the strategic loss,
we provide a sufficient condition for a class to be properly learnable with respect to the
strategic loss.

Note that for a hypothesis h, the strategic loss set hℓ→ can be decomposed into the loss
set of h with respect to the binary loss and the component that comes from the strategic
manipulations. Formally, we can define the strategic component loss.

Definition 8.3.5. We let the strategic component loss with respect to manipulation graph
→ be defined as

ℓ→,⊥(h,x) = 1[h(x) = 0 ∧ ∃x′ : x→ x′, h(x′) = 1]

We note that ℓ→(h,x, y) ≤ ℓ0/1(h,x, y) + ℓ→,⊥(h,x). We will denote the true strategic
component loss with respect to marginal distribution PX as L→,⊥

PX
.

95



For the loss sets, we then get

hℓ0/1 = {(x, y) ∈ X × Y | h(x) ̸= y},

and

hℓ→,⊥ = {(x, y) ∈ X × Y | h(x) = 0

∧ ∃x′ : x→ x′, h(x′) = 1}.

This implies
hℓ→ = hℓ0/1 ∪ hℓ→,⊥

for all classifiers h ∈ F , and thereby

Hℓ→ = {hℓ0/1 ∪ hℓ→,⊥ | h ∈ H}.

By standard counting arguments on the VC-dimension of such unions (see, for example
Chapter 6 of [Shalev-Shwartz and Ben-David, 2014a] and exercises in that chapter), it
can be shown this decomposition implies that VC(Hℓ→) ≤ d log d for d = VC(Hℓ0/1) +
VC(Hℓ→,⊥) = VC(H)+VC(Hℓ→,⊥). Thus, if both the classH itself and the class of strategic
components have finite VC-dimension, then H is properly learnable by any learner that is
an ERM for the strategic loss:

Theorem 8.3.6. Let H be a hypothesis class with finite VC(H) + VC(Hℓ→,⊥) = d < ∞.
Then H is properly PAC learnable with respect to the strategic loss (both in the realizable
and the agnostic case).

Whether the class of strategic components has finite VC-dimension intrinsically de-
pends on the interplay between the hypothesis class H and the graph structure of the
manipulation graph. In Observation 8.3.2, we have seen that the graph structure can yield
the strategic component sets to have much larger complexity than the original class. To
illustrate the conditions in Theorem 8.3.6, we here provide a few natural examples, where
the VC-dimension of the strategic components can be bounded:

Example 8.3.7. 1. M = (X ,→) being complete, implies VC(Hℓ→,⊥) = VC(H).

2. IfM corresponds to a partial order over X (that is, in particularM is acyclic) and
the class H is a subset of complements of initial segments inM (that is if, for some
h ∈ H and x ∈ X we have h(x) = 0, then we also have h(x′) = 0 for all x′ that
precede x in the partial order) , then the VC-dimension of Hℓ→,⊥ is bounded by the
size of a largest antichain inM.
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3. If X = Rd, H consists of linear classifiers and the plausible manipulations x → x′

are determined by ∥x− x′∥p ≤ r two points being close in some standard norm, then
the VC-dimension of Hℓ→,⊥ is bounded by 2d+ 2.

4. If X = Rd, H consists of linear classifiers and we have plausible manipulations
x→ x′ if and only if x and x′ differ on only one coordinate. Then the VC-dimension
of the resulting class of strategic components is d + 1 (since for every h, for every
point x such that h(x) = 0, there is a x′ such that x→ x′ is an edge and h(x′) = 1.
Thus, for every half-space h, sets of zeros of h that are connected to a 1 is exactly
{x : h(x) = 0}, and therefore VC(Hℓ→,⊥) = VC(H).

Theorem 8.3.6 provides a strong sufficient condition under which any empirical risk
minimizer for the strategic loss is a successful agnostic learner for a class of finite VC-
dimension. We believe, in many natural situations the conditions in that theorem will hold,
and analyzing in more detail which graph structure, combinations of graphs structures and
hypothesis classes or classes of cost function lead to the strategic component sets having
finite VC-dimension is an intriguing direction for further research.

We close this section with two results, both stated in Theorem 8.3.8, on the learnabil-
ity under the strategic loss in the general case where the VC-dimension of the strategic
component sets may be infinite. First, there are classes and manipulation graphs for which
no proper learner is (PAC-) successful, even in the realizable case. Second, for any class of
finite VC-dimension and any manipulation graph, there exists an improper PAC learner.
These results follow by drawing a connection from learning under the strategic loss to
learning under an adversarial loss [Montasser et al., 2019]. In the general adversarial loss
setup, every domain instance x is assigned a set of potential perturbation U(x), and the
adversarial loss of a hypothesis h is then defined as

ℓU(h,x, y) = 1[∃x′ ∈ U(x) : h(x′) ̸= y] .

The strategic loss can be viewed as a one-sided version of the adversarial loss, where the
perturbation sets differ conditional on the label of a point, and where U(x, 1) = {x}, while
U(x, 0) = {x′ ∈ X | x → x′}. The following results on learnability with the strategic
loss then follow by slight modifications of the corresponding proofs for learning under
adversarial loss.

Theorem 8.3.8. (Adaptation of Theorem 1 and Theorem 4 in [Montasser et al.,
2019])
There exists a hypothesis class H with VC(H) = 1 that is not learnable with respect to the
strategic loss by any proper learner A for H even in the realizable case. On the other hand,
every class H of finite VC-dimension is learnable (by some improper learner).
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8.4 Strategic loss with respect to an approximate ma-

nipulation graph

In many situations one might not have direct access to the true manipulation graph g→ =
(V,Eg→), but only to some approximate graph g′ = (V,Eg′). In this section, we will
investigate how this change of manipulation graph impacts the corresponding loss function.
We define a criterion for measuring the similarity of graphs with respect to hypothesis class
H and show that similar graphs will yield similar strategic losses. That is, we show an
upper bound on the true strategic loss of a hypothesis h (i.e., strategic loss with respect to
the true manipulation graph) in terms of the graph similarity and the surrogate strategic
loss of h (i.e., the strategic loss with respect to the approximate graph). We will use x⇝ x′

to denote (x,x′) ∈ Eg′ . As the set of vertices V is always equal to X in our setting, the
graphs g→ and g′ are uniquely defined by → and ⇝ respectively. We will therefore use →
and g→, as well as ⇝ and g′ interchangeably.

We now define the distance between graphs with respect to a hypothesis class H by the
impact a change of manipulation graph has on the strategic component loss of elements of
H. This definition and its later use are inspired by works on domain adaptation [Ben-David
et al., 2010, Mansour et al., 2009].

Definition 8.4.1. For two manipulation graphs, given by → and ⇝, we let their H-PX -
distance be defined as

dH,PX (→,⇝) = sup
h∈H

Ex∼PX [|ℓ→,⊥(h,x)− ℓ⇝,⊥(h,x)|]

We will now bound the strategic manipulation loss Lg
P (h) with respect to the true graph

→ in terms of the strategic manipulation loss L⇝P (h) with respect to the approximate graph
⇝ and the H-PX -distance between → and ⇝.

Theorem 8.4.2. Let H be any hypothesis class and →,⇝ two manipulation graphs. Then
for any distribution P over X × Y and any h ∈ H we have

Lg
P (h) ≤ L

0/1
P (h) + L⇝,⊥

P (h) + dH,PX (→,⇝)

≤ 2L⇝P (h) + dH,PX (→,⇝).

Furthermore, by rearranging the result, we get

1

2
L⇝P (h)− dH,PX (→,⇝) ≤ Lg

P (h).
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We note that the expression dH,PX (→,⇝) is independent of the labeling and can there-
fore be estimated using data without any label information. Furthermore, we have seen
that small dH,PX (→,⇝) tightens the upper as well as the lower bound on Lg

P (h). Therefore,
dH,PX (→,⇝) is a suitable distance measure for approximating the structure of the manip-
ulation graph. In the following section, we will explore learning ⇝ with low dH,PX (→,⇝)
from finite samples.

8.5 Learning a manipulation graph from neighbor-

boods of sample points

In the last section, we have assumed to be given an approximate manipulation graph which
we can use to learn a classifier with low strategic loss. We now want to go one step further
and pose the goal of learning a manipulation graph ⇝ from a predefined class of graphs
G such that ℓ⇝,⊥ serves as a good strategic surrogate loss for ℓ→,⊥. From Theorem 8.4.2
we already know that ℓ⇝,⊥ is a good surrogate loss for ℓ→,⊥ if dH,PX (→,⇝) is small. This
section will thus focus on learning an approximate manipulation graph ⇝∈ G with small
dH,PX (→,⇝).

In order to further specify our learning problem, we will now describe what the input of
such a learning procedure will look like. For a manipulation graph→, let B→ : X → 2X be
the function that maps an instance x to its set of children, i.e., B→(x) = {x′ ∈ X : x→ x′}.
We note that a manipulation graph→ is uniquely defined by B→. Thus we will sometimes
use B→ and → interchangeably. The input to our learning procedure will be of the form
of samples S = {(x1, B→(x1)), . . . , (xn, B→(xn))} from the true manipulation graph →.

As a next step in formulating our learning problem, we will need to define a loss function.
As stated above, our goal is to learn ⇝∈ G with small dH,PX (→,⇝). As the definition of
dH,PX (→,⇝) contains a supremum over all h ∈ H, we cannot use it as a loss directly (as
a loss needs to be defined point-wise). However, we can formulate a loss that is closely
related and will serve to guarantee low dH,PX (→,⇝). Let the graph loss for a manipulation
graph ⇝, a domain point x, a manipulation set B ⊂ X and a hypothesis h as

ℓgraph(h,⇝,x, B) =



1 if h(x) = 0 ∧ ∃x′ ∈ B : h(x′) = 1

∧∀x′′ : x⇝ x′′ implies h(x′′) = 0

1 if h(x) = 0 ∧ ∀x′ ∈ B : h(x′) = 0

∧∃x′′ : x⇝ x′′ and h(x) = 1

0 otherwise.
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This loss is indeed closely related to theH-PX -distance as ℓ
graph(h,⇝,x, B→(x)) = |ℓ→,⊥(h,x)−

ℓ⇝,⊥(h,x)|.
The true graph loss with respect to some marginal PX and true manipulation graph→

is then defined by

Lgraph
(PX ,→)(h,⇝) = Ex∼PX [ℓ

graph(h,⇝,x, B→(x))].

Furthermore for a sample S = {(x1, B1), . . . (xn, Bn)} we define the empirical graph loss as

Lgraph
S (h,⇝) =

∑
(xi,Bi)∈S

ℓgraph(h,⇝,xi, Bi).

Similar to previous sections, we now want to define a loss class for H × G. We define
g(h,⇝) to be the set of all pairs (x, B) ∈ X × 2X on which ℓgraph(h,⇝,x, B) = 1. Then
the graph loss class of H× G is defined as

(H× G)ℓgraph = {g(h,⇝) : h ∈ H and ⇝∈ G}.

We will now show that if the VC-dimension of the loss class (H× G)ℓgraph is finite, we can
indeed learn G with respect to ℓgraph.

We now want to give some examples for when the VC dimension of the loss class
(H× G)ℓgraph is indeed finite.

Example 8.5.1. 1. If for every h ∈ H and every→∈ G, we have V C(({h}×G)ℓgraph) ≤
d1 and V C((H× {→})ℓgraph) ≤ d2 then V C((H× G)ℓgraph) ≤ d1d2.

2. Let Hlin = {h : Rd → {0, 1} : ∃w ∈ Rd : h(x) = 1 if and only if xTw ≥ 0} be the
class of linear separators and Glin = {→: ∃w ∈ Rd : f→(x) = Bxtw(x)} be the graph
class consistent of graphs such that all their neighborhood sets are balls whose radius
may depend linearly on the feature vector. Then the VC-dimension of Hlin × Glin is
finite.

Lemma 8.5.2. Let VC((H × G)ℓgraph) = d. Then there is ngraph : (0, 1)2 7→ N, such
that for any marginal distribution PX and any manipulation graph → for a sample S =
{(x1, B→(x1)), . . . , (xn, B→(xn))} of size n ≥ n(ε, δ), we have with probability at least 1−δ
over the sample generation SX = (x1, . . . ,xn) ∼ P n

X for any h ∈ H and any ⇝∈ G

|Lgraph
(PX ,→)(h,⇝)− Lgraph

S (h,⇝)| < ε.

Furthermore, ngraph(ε, δ) ∈ O(
d+log 1

δ

ε2
).
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We note that the above lemma is agnostic in the sense that it did not require →∈ G.
We will now introduce an empirical version of the H-PX -distance. This will allow us to
state the main theorem of this section and show that it is indeed possible to learn ⇝∈ G
with low dH,PX (→,⇝) if VC((H× G)ℓgraph) is finite.

Definition 8.5.3. Given a sample SX = {(x1, . . . ,xn)} of domain elements xi and two
manipulation graphs → and ⇝ we can define the empirical H-SX -distance as

dH,SX (→,⇝) = sup
h∈H

∑
xi∈SX

ℓgraph(h,⇝,xi, B→(xi)).

Theorem 8.5.4. Let VC((H × G)ℓgraph) = d. Then there is ndist : (0, 1)2 7→ N, such
that for every marginal distribution PX and every manipulation graph → for a sample
S = {(x1, B→(x1)), . . . , (xn, B→(xn))} of size n ≥ n(ε, δ), we have with probability at least
1− δ over the sample generation SX = (x1, . . . ,xn) ∼ P n

X for any ⇝∈ G

dH,PX (→,⇝) < dH,SX (→,⇝) + ε.

Furthermore, ndist(ε, δ) ∈ O(
d+log 1

δ

ε2
).

Combining Theorem 8.5.4 and Theorem 8.4.2 we can thus conclude that it is indeed
possible to learn ⇝∈ G such that using ℓ⇝ as a surrogate loss function guarantees a good
approximation on the true strategic loss ℓ→.

8.6 Learning Manipulation Capabilities from Distri-

bution Shifts

In the last section we explored learning the manipulation structure from full knowledge of
the manipulation capabilities of finite randomly drawn sample. Obtaining access detailed
information about the manipulation capabilities of users might not be feasible in reality.
Instead, the only information accessible to a learner might be shifts in the data distribution
observed after deployment of past data. In this section we will show what kinds of prior
knowledge allow for estimation of manipulation structures from one manipulated and one
unmanipulated sample from the (originally) same distribution. Before introducing our
method for learning manipulation capabilities from distribution shifts, we first formalize
the notion of manipulated sample.
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Manipulated sample We assume, that if an admissible manipulation for the preferred
label (i.e. the label 1) is available to an instance x given a published classifier h, then some
manipulation to a positively labeled instance will occur. However, we do not assume that
this is necessarily a best-response manipulation, in the sense that the instance will “move
as little as possible”. The following definition formalizes this notion of classifier induced
manipulations for a sample of instances.

Definition 8.6.1 (Classifier induced manipulation of a sample). Let g be a manipulation
graph and h be a hypothesis. We say π : X → X is a (g, h)-induced manipulation if

π(x)


= x if h(x) = 1 or

Bg(x) ∩ h−1(1) = ∅
∈ Bg(x) ∩ h−1(1) if h(x) = 0 and

Bg(x) ∩ h−1(1) ̸= ∅

Now for a labeled sequence S = ((x1, y1), . . . , (xm, ym)) of instances and sequence Π =
(π1, . . . , πm) of (g, h)-induced manipulations π1, . . . , πm, we define the Π-manipulated sam-
ple SΠ = ((π1(x1), y1), . . . (πm(xm), ym)). Similarly for an unlabeled sample S = (x1, x2, . . . xm),
the Π-manipulated sample is defined by SΠ = (π1(x1), . . . πm(xm)).

Note that the above definition allows for repeated feature vectors xi = xj (with i ̸=
j) in the sequence S to move to differing manipulated instances πi(xi) ̸= πj(xj). For
simplicity, we will often just refer to the sequence Π as a (g, h)-induced manipulation
without specifically referring to its components π1, . . . , πm.

We can now use this definition to derive a sample complexity bound for estimating
the region of manipulation for any particular h ∈ H from one manipulated and one un-
manipulated sample. We use the following notion of disagreement between two manipula-
tion graphs:

Definition 8.6.2. Given a distribution D over a domain set X (a.k.a. a marginal distri-
bution), a classifier h and two manipulation graphs, g, g′

Dis(D,h)(g, g
′) =

D[{x ∈ X : ℓmani(g, h, x) ̸= ℓmani(g′, h, x)}]

Before giving the main result of the section, we will define the sufficient condition
required for learning.
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Definition 8.6.3. The loss class of G ×H with respect to ℓmani is defined as

(G ×H)ℓmani =

{{x ∈ X : ℓmani(g, h, x) = 1} : g ∈ G and h ∈ H}

Furthermore for a fixed h let the class Gℓmani,h be defined as

Gℓmani,h = {{x ∈ X : ℓmani(g, h, x) = 1} : g ∈ G}

We will define VC(Gℓmani,H) = suph∈H VC(Gℓmani,h).

Observation 8.6.4. • The VC-dimension of (Gf.r. ×Hthres)ℓmani is 2.

• Let Hhalf = {hw : w ∈ Rd : hw(x) = 1 iff xTw ≥ 0} the hypothesis class of linear half
spaces and Gdf.r. = {gr = (X , Egr) : (x, x′) ∈ Egr iff ||x − x′||2 ≤ r} be the class of
fixed-radius balls in Rd. Then the VC dimension of (Gdf.r. ×Hhalf)ℓmani is at most 2d.

Lemma 8.6.5. Let G,H be such that VC(Gℓmani,H) = d. Let Agraph : X ∗×X ∗×H → 2G be
a learner following the Empirical Manipulation Estimation Paradigm (as defined in Algo-
rithm 2 ). Then Agraph has the following success guarantee for learning the manipulation
graph:

For every marginal distribution PX , every g→ ∈ G, every h ∈ H and every sequence of
(g→, h)-induced manipulations Π, and every ε, δ ∈ (0, 1),

if m ≥ C
d+log( 1

δ
)

ε2
(for some universal constant C) with probability at least (1− δ), over

samples S1 ∼ Pm
X , S2 ∼ Pm

X , for every ĝ ∈ Agraph(S1, S
Π
2 , h),

Dis(PX ,h)(g
→, ĝ) ≤ ε.

and
g→ ∈ Agraph(S1, S

Π
2 , h).

The key tool for proving the above lemma is the notion of a sample S1 being ε-
representative with respect to (G × H)ℓmani . For any g ∈ G and h ∈ H the empirical
manipulated loss over such a sample is ε-close to its true loss. Standard uniform conver-
gence theory (see, e.g., [Shalev-Shwartz and Ben-David, 2014a] Chapter 4) shows that,
given a class of finite VC-dimension, for any data generating distribution, a large enough
sample will be ε-representative with respect to that class.
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Observation 8.6.6. If an un-manipulated sample S1 is ε-representative with respect to
(G×H)ℓmani , then it can be indefinitely re-used by Agraph for any hypothesis h ∈ H and any

manipulated ε-representative samples SΠ
2 . Thus if VC(G×H)ℓmani = d, then m ≥ C

d+log( 1
δ
)

ε2

(for some universal constant C) , implies that with probability 1 − δ any S1 ∼ Pm is
repeatedly reusable by Agraph to guarantee ε-success as in the Lemma above. We will later
use this fact when introducing our batch-learning setting. In this setting we the initial
unmanipulated sample in all subsequent steps.

Algorithm 2: EmpiricalManipulationEstimation (realizable)

Input: graph class G, hypothesis h, input samples S1 and SΠ
2 ,parameter ε

Output: set of candidate manipulation graphs Gc
Lmax ← maxg∈G L

mani
S1

(g, h) s.t. Lmani
S2

(g, h) = 0
Gc ← {g ∈ G : Lmani

S1
(g, h) ∈ [Lmax − ε, Lmax]}

8.7 Classes of manipulation graphs that allow realiz-

able learnability

So far we have discussed how to estimate the manipulation capabilities (Section 8.5 and
Section 8.6) and how certain inaccuracies in the manipulation graph might still allow for
accurate learning (Section 8.4). We will now address the question of PAC learning with
respect to a class of potential candidate graph class G.

More concretely, we will consider the following learning problem:

Definition 8.7.1. We say a hypothesis class H is learnable with respect to a class of
candidate manipulation graphs G, if there is a learner A and a sample complexity function
mH,G : (0, 1)2 → N, such that for every ε, δ ∈ (0, 1), for every distribution P and every
g ∈ G, if S ∼ Pm with m ≥ mH,G(ε, δ), then Lg

P (A(S)) ≤ infh∈H Lg
P (h)+ ε with probability

1− δ. We say H is learnable with respect to G in the realizable case, if the guarantee holds
for all g ∈ G with infh∈H Lg

P (h) = 0.

We start with an example that shows the necessity of prior knowledge and how certain
graph classes for which not knowing the exact manipulation graph from this class will make
learning with respect to robust loss impossible.

Example 8.7.2. Let X = {0, 1}×[0, 1]. LetH = {ha ∈ {0, 1}X : a ∈ [0, 1]], where for all x ∈
[0, 1]] : ha((0, x)) = 0 and ha((1, x)) = 1 if a ̸= x and ha((1, a)) = 0}. Furthermore
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let the graph class G = {ga = (X , Eg), where Eg = {(0, x), (1, a), x ∈ R}}, that is
G consists of manipulation graphs in which every element (0, x) can manipulate to ex-
actly one element (1, a), which is the same for all x. The uncertainty in the manipu-
lation graph is now, what the true parameter for a is. Now consider a uniform distri-
bution P over ({0, 1} × [0, 1]) × {0, 1} ⊂ X × Y. It is clear that for every ga ∈ G,
minh∈H Lga

P (h) = Lga
P (ha) = 0. However for every hb with b ̸= a we have Lga

P (hb) = 1
2
.

Thus without knowledge of a, strategically learning H with respect to all G is impossible.

We have now seen that uncertainty in the manipulation graph can indeed render learn-
ing impossible, even if the class of considered graphs has a simple structure. To contrast
this we will now consider a partial order on the graph class that reflects some of the
difficulty of learning with respect to a class of candidate graphs.

We will first define the partial order over manipulation graphs that are induced by ma-
nipulation loss and a hypothesis class H. We will then show that if a class of manipulation
graphs G is totally ordered with respect to this order, then finite VC-classes are learnable
in the realizable case with respect to G.

Definition 8.7.3. For a hypothesis class H, let the ℓmani − H-induced partial order ⪯H
on manipulation graphs be defined by: g1 ⪯H g2, if and only if for every h ∈ H and every
x ∈ X , we have ℓmani(g1, h, x) ≤ ℓmani(g2, h, x).
A graph class G is totally ordered with respect to ⪯H if for every distinct g1, g2 ∈ G, we
have that either g1 ⪯H g2 or g2 ⪯H g1. For a subset A ⊂ G of a totally ordered graph class,
we define max⪯H as the graph g ∈ A with g′ ⪯ g for all g′ ∈ A.

Observation 8.7.4. • A graph class G is totally ordered with respect to the class of all
hypotheses F if and only if for every distinct g1, g2 ∈ G either g1 is a subgraph of g2
or g2 is a subgraph of g1.

• For H1 ⊂ H2 and two graphs g1, g2, we have that g1 ⪯H2 g2 implies g1 ⪯H1 g2. Thus,
if a graph class G is totally ordered with respect to H2 it is also totally ordered with
respect to H1.

• If G is totally ordered with respect to H, then VC(Gℓmani,H) = 1.

• There are G and H, such that VC(H) = d and G is totally ordered with respect to
H, but VC((H× G)ℓmani) =∞.

As noted in Observation 8.7.4, it can be the case that VC(H) and VC(G)ℓmani,H are
finite, but VC(G × H)ℓmani is still infinite. In particular, this is the case for any G that
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contains a g ∈ G such that VC(Hℓg) is infinite, where Hℓg is the loss class of H with respect
to the strategic loss ℓg. Furthermore, recall that we have shown in the previous section
that there are hypothesis classes H with finite VC-dimension but infinite VC-dimension
of the loss class Hℓg , which are not properly strategically robust learnable by any learner.
The following observation is an immediate corollary.

Observation 8.7.5. There are classes H of finite VC-dimension and graph classes G which
are totally ordered with respect to H, such that there is no proper successful batch-learner
for H and G for any finite sample and round complexity, not even in the realizable case.

However, similar to before, we will now aim to show that any class of finite VC dimension
can be improperly strategically robustly learned with respect to a totally ordered graph
class G. We can generalize the results obtained in the case of a known manipulation graph
to learning with respect to a totally ordered graph class in the realizable case. We will
exploit the fact that realizability in the strategically robust sense implies that the training
sample will be robustly realizable with probability 1. Now let G be a totally ordered graph
class and H a hypothesis class. We define the maximally robust graph in G with respect
to a sample S and class H as

MGH,G(S) = max
⪯H
{g ∈ G : min

h∈H
Lg

S(h) = 0}.

In cases where this maximum does indeed exist, we then define amaximally robust empirical
risk minimizer (MRERM) with respect to H and G as the hypothesis in H minimizing the
strategically robust loss with respect to MGH,G(S), i.e.,

MRERMH,G(S) ∈ argmin
h∈H
LMGH,G(S)

S (h).

In cases where the maximum graph does not exist, we need to instead pick a hypothesis
hmax
S that is simultaneously robust with respect to every graph in G for which S is H-

realizable to achieve our guarantee. Such a hypothesis might not always exist within H.
However, we can extend H to a class H′, with VC(H′) = VC(H) and such that for every
finite sample S ⊂ X the class H′ contains a hypothesis hmax

S . In order to define such a
hypothesis class and general MRERM rigorously we need to use the set-theoretic concept
of ultrafilters. We will elaborate on the existence of such a hypothesis class later in the
section.

We note that in the realizable setting, the maximal graph used for the estimation here
will always overestimate the robustness of the true manipulation graph g→. We use this
fact to define a successful improper learner and prove the following theorem based on
techniques from the literature on PAC learning with respect to adversarial perturbations
[Montasser et al., 2019].
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Theorem 8.7.6. Let VC(H) be finite and let G be totally ordered with respect to H. Then
there is a strategically robust (improper) PAC-learner (i.e., a PAC-learner with respect to
ℓg

→
-loss) which is successful for every g→ ∈ G in the strategically robustly realizable case

(i.e. when infh∈H Lg→

P (h) = 0).

Note that the learner is successful, even without knowing the true manipulation graph
g→ and without receiving any local perturbation sets as input.

8.7.1 Note on the maximally robust ERM paradigm

The proof of Theorem 8.7.6, employs the notions of a maximal graph within G and maximal
ERM hypothesis within the class H. Recall the definitions from Section 8.7:

• MGH,G(S) = max⪯H{g ∈ G : minh∈H Lg
S(h) = 0}

• MRERMH,G(S) ∈ argminh∈H L
MGH,G(S)
S (h)

However, in general, these do not necessarily exist in these classes. In this section, we
show that we can always embed the original classes G and H in such a way that the above
notions are well-defined.

Consider a fixed sample S = ((x1, y1), . . . , (xm, ym)) that is realizable with respect to
the strategic loss for some g→ ∈ G. Then the set

GS = {g ∈ G : min
h∈H
Lg

S(h) = 0} ⊆ G

is not empty, and we can define a new manipulation graph MGH,G(S) by taking the union
of all edge sets of graphs in GS as the new edge set for this maximal graph. Now, if the set

argmin
h∈H

LMGH,G(S)
S (h)

is not empty, then we can choose any element in this set to define a maximally robust
ERM hypothesis MRERMH,G(S). Note that this is always the case if the graph class G
(and therefore the set GS) is finite.

Thus we now focus on the case where GS induced by some S is infinite and the set

argminh∈H L
MGH,G(S)
S (h) is empty. We will use the concept of an ultrafilter to define a

maximal hypothesis hmax
S for the sample S. Finally, we will show that adding all possible

(over all labelled samples S) such maximal hypotheses yields a hypothesis class H′ with
H ⊂ H′ and VC(H′) = VC(H).
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Definition 8.7.7 (Filter). Let Z be some set and let F ⊆ 2Z be a collection of subsets of
Z. We call F a filter if the following conditions are satisfied:

• F ̸= ∅

• ∅ /∈ F

• F is upwards inclusion closed: if A ∈ F and A ⊆ B, then B ∈ F

• F is closed under finite intersections: if A ∈ F and B ∈ F , then (A ∩B) ∈ F .

A filter F is an ultrafilter if for every domain subset C ⊆ Z, either C or its complement
C̄ is a member of F .

It can be shown (using Zorn’s lemma) that every filter F can be extended to an ultra-

filter. That is, there always exists an ultrafilter F̃ with F ⊆ F̃ .
We will start by defining a filter over GS. Note that GS is totally ordered. A final

segment G ⊆ GS is a subset such that g ∈ G and g ⪯ g′ implies g′ ∈ G. Now consider the
collection F ⊆ 2GS defined by:

F = {G ⊆ GS | G contains a final segment of GS}.

It is not difficult to see that F is indeed a filter. Let F̃ denote an ultra-filter extending if
(that is, F ⊆ F̃).

Recall that for every g ∈ GS there exists at least one h ∈ H such that Lg
S(h) = 0. Let

τ : GS → H be a function that assigns every manipulation graph g ∈ GS such a hypothesis
hg = τ(g). The image of τ is thus a subset HS ⊆ H of the hypothesis class of empirical
risk minimizers corresponding to the graphs in GS:

HS = {hg | g ∈ GS}.

We can consider the set HS as indexed by GS and therefore inheriting the order of GS (and
we can thus refer to final segments of HS etc). Note that, if for some x ∈ X , and y ∈ {0, 1},
there exists a final segment of HS, in which all functions assign x the same label y, then
the set

{g ∈ GS | hg(x) = y} ∈ F

is an element of the filter F (since the filter is upward inclusion closed). For such cases,
the limit function hmax

S will assign this label y to x.
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Observe that for every x, the set {g ∈ GS | hg(x) = y} is the complement (in GS) of
the set {g ∈ GS | hg(x) = 1 − y}, and thus exactly one of these sets is a member of the

ultrafilter F̃ that contains F . We can thus define the limit function on the whole domain
X by

hmax
S (x) =

{
1 if {g ∈ GS | hg(x) = 1} ∈ F̃
0 else.

That is, for every x ∈ X , y ∈ {0, 1}, we have hmax
S (x) = y if and only if {g ∈ GS | hg(x) =

y} ∈ F̃ . The ultra-filter F̃ serves to define a tie-breaker label for all domain elements x
that are not “eventually” assigned the same label - x’s for which every final segment of GS
contains both g’s with hg(x) = 0 and g’s with hg(x) = 1.

It remains to show that this so-defined limit function hmax
S (x) has empirical strategic

loss 0 on S for all graphs in GS and that adding all such limit functions to the hypothesis
class H will not increase its VC-dimension.

For the first property, consider some g ∈ GS and some (x, y) ∈ S. If y = 0, then all
functions hg′ for g ⪯ g′ assign 0 to all points in Bg(x) (since each hg′ is an empirical risk

minimizer for the empirical strategic loss Lg′

S ). If y = 1, then all these functions assign
label 1 to x. Since the set {g′ ∈ GS | g ⪯ g′} is a member of F and therefore a member of

F̃ , the first case implies that hmax
S (x′) = 0 for all x′ ∈ Bg(x) and the second case implies

that hmax
S (x) = 1. In both cases ℓg(hmax

S , (x, y)) = 0, and since this holds for all (x, y) ∈ S
and all g ∈ GS, we have

Lg
S(h

max
S (x)) = 0.

Now we consider the extended hypothesis class

H′ = H ∪ {hmax
S ∈ {0, 1}X | S ∈ (X × {0, 1})∗}

where we added the limit functions (as defined above) for all possible labeled samples S
over X ×{0, 1}. In order to show that H′ has the same VC-dimension as H, we argue that
any finite set that is shattered by H′ is already shattered by H.

Consider domains points x1, x2, . . . , xd, shattered by H′, and some labels y1, y2, . . . yd.
Assume this labeling is realized by a limit function hmax

S (that came from some labeled
sample S), that is hmax

S (xi) = yi for all i ∈ [d]. Note that hmax
S (xi) = yi implies that for

each i the set
{g ∈ GS | hg(xi) = yi} ∈ F̃

Since ultra-filters are closed under finite intersections, the set

{g ∈ GS | hg(xi) = yi for all i ∈ [d]}
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is also a member of the ultrafilter F̃ , and therefore not empty. Thus, there exists a g ∈ GS
and corresponding ERM function hg ∈ HS ⊆ H with hg(xi) = yi for all i ∈ [d]. Thus,
any labeling on a finite set of points that is realized by some limit function, is also already
realized by a hypothesis from H. Therefore, VC(H′) = VC(H), and we can use the larger
class H′ to define the maximally robust ERM hypothesis, we set

• MGH,G(S) = (X , E) with E =
⋃

{g∈G:minh∈H Lg
S(h)=0}Eg

• MRERMG
H(S) =

{
h ∈ argminh∈H L

MGH,G(S)
S (h) if this set is not empty

hmax
S as defined above, otherwise.

8.8 Batch-Learning for strategic classification

To model this situation, we propose a novel batch-learning setting in which we use unlabeled
data from previous rounds to estimate the manipulation structure. We show that in this
batch-learning setting it is possible to learn a close-to-optimal classifier in terms of the
strategic loss even without knowing the feasible manipulations beforehand. In line with
recent advances in the strategic classification literature, we do not assume a best-response
from agents but only require that observed manipulations are feasible.

To model repeated decision-making scenarios (such as the university admission task
outlined in the introduction), we introduce a formal batch-learning protocol. In our proto-
col, a learner receives one non-manipulated labelled sample from the distribution, publishes
an initial hypothesis ĥ0, and then, in each round t, successively observes strategically ma-
nipulated (but unlabeled) samples in response to the last published hypothesis ĥt−1. Recall
that we denote the true underlying manipulation graph by g→.

Definition 8.8.1 (Strategic batch-learning protocol). Let (mi)i∈N be a sequence of sample
sizes, mi ∈ N.

Round 0: The learner receives a labeled sample S ∼ Pm0 and, in response, publishes
classifier ĥ0 : X → {0, 1}.

Round t for t ≥ 1: The learner receives an unlabeled sample S ′ = SΠ ∈ Xmt, which
is a Π-manipulated version of some an unlabeled sample S ∼ Pmt

X , where Π is a

(g→, ĥt−1)-induced manipulation. In response, the learner publishes classifier ĥt.
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We call a learner A that operates according to the above protocol, a strategic batch
learner. Note that the learner receives only one labeled sample from the data-generating
process, in the first round. And the only information about the underlying manipulation
structure g→ it receives, are the unlabeled, manipulated samples in the subsequent rounds.

The goal is to output a hypothesis with low strategic loss.

We now define our success criterion for a strategic batch learner:

Definition 8.8.2. A strategic batch learner A is said to learn hypothesis class H un-
der graph class G with sample complexity mG,H : (0, 1)2 → N and round complexity
TG,H : (0, 1)2 → N, if for every ε, δ ≥ 0, and every P over X × {0, 1} and every true
manipulation graph g→ ∈ G, after T = T (ε, δ) many rounds, A outputs hypothesis hT

satisfying Lg→

P (hT ) ≤ infh′∈H Lg→

P (h′) + ε, with probability at least (1− δ) over the sample
generation.

We say a learner A is a successful strategic batch learner in the realizable case with
sample complexity mreal

G,H and round complexity T real
G,H, if it satisfies the above criterion for

all distributions P ∈ P→, where P→ denotes the set of all distributions over X × {0, 1}
with infh∈H Lg→

P ′ (h′) = 0.
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8.8.1 Class of Thresholds

Algorithm 3: Strategic Batch-Learning for Thresholds

Input: parameters ε, ε′

receive sample S0 ∼ Pm

L0/1
0 ← infh′∈Hthres

L0/1
S0

(h′)

for i = 0, . . . , 1
ε
do

ri ← max{r : infh′∈Hthres
Lgr

S0
(h′) = L0/1

0 + i · ε}
end
G0 ← [gr0 , gr1 , . . . , gr 1

ε

]

ĥ0 ← argminh′∈Hthres
Lgr0

S0
(h′)

publish ĥ0

receive sample S1, where S ′
1 ∼ Pm and S1 = SΠ1

1 for some sequence of
(g→, ĥ0)-induced manipulations Π1.
rmax ← max{r : gr ∈ G0 and Lmani

S1
(gr, ĥ

0) = 0}
rmin ← min{r : gr ∈ G0 and
Lmani
S0

(gr, ĥ
0) ≥ Lmani

S0
(grmax , ĥ

0)− ε′ and Lmani
S1

(g, ĥ0) = 0}
G1 ← {gr ∈ G0 : r ∈ [rmin, rmax]}
k1 = ⌊ |G1|

2
⌋

ĝ1 ← G1[k1], where G[k] refers to the k-th element of G
ĥ1 ← argminh∈H′ Lĝ1

S0
(h)

for rounds t = 2, . . . , T do

publish ĥt−1

receive sample St, where S ′
t ∼ Pm and St = SΠt

t for some sequence of
(g→, ĥt−1)-induced manipulations Πt.
Gt ← {g ∈ Gt−1 : Lmani

St
(g, ĥt−1) = 0}

Gt0 ← {g ∈ Gt : Lmani
S0

(g, ĥt−1) ≥ maxg′∈Gt Lmani
S0

(g′, ĥt−1)− ε′}
if ĝt−1 ∈ Gt0 then
Gt ← [Gt[0], . . . ,Gt[kt−1]] ∩ Gt0

else
Gt ← Gt0

end

kt ← ⌊ |G
t|
2
⌋

ĝt ← Gt[kt]
ĥt ← minh∈H′ Lĝt

S0
(h)

end
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We start by showing that learning with respect to an unknown manipulation graph for
the hypothesis class of thresholds with a simple graph class is possible. Consider X = R.
The class of thresholds is defined as Hthres = {ha,0 : R → {0, 1} : ha,0(x) = 1 iff x >
a} ∪ {ha,1 : R→ {0, 1} : ha,1(x) = 1 iff x ≥ a}. We now look at the graph class consisting
of fixed-radius manipulation graphs gr, which for any x has outgoing edges to every x′ with
x′ − x ≤ r, i.e. Gf.r. = {gr = (R, Er) : (x, x

′) ∈ Er iff x′ ≤ x+ r}.

We show that for this simple class there can be indeed a successful strategic batch-
learner. We first note that under the robust realizability assumption, the learner only
needs one round to learn a close to optimal classifier and does not require access to any
manipulated samples.

Observation 8.8.3. The Strategic Batch-Learning for Thresholds Algorithm (Algorithm
1) is a proper learner for the strategic-batch learning problem for Hthres and Gf.r. in the

realizable case with sample complexity mreal
H,G = O(

log( 1
δ
)

ε2
) and round complexity T real

H,G = 1.

We note that in the agnostic case gaining further knowledge of the manipulation graph
is indeed necessary. To see this consider the following example.

Example 8.8.4. Let us consider X = R, Hthres and Gf.r.. Furthermore let P be defined by
P ((0, 0)) = 1

2
P ((1, 1)) = 1

4
and P ((2, 1)) = 1

4
. In this setting, if the manipulation graph is

given by a radius r→ < 1, the distribution P is realizable and h1,1 is a robustly realizable
classifier, i.e. Lg→

P (h1,1) = 0. However if 2 > r→ > 1, then Lg→

P (h1,1) = 1
2
, whereas the

optimal classifier in this setting h2,1 has only loss 1
4
.

We thus see that the realizable and the agnostic cases are indeed different in this setting.

Next, we show that there also is an algorithm that solves the strategic-batch learning
problem for these classes in the agnostic case.

Theorem 8.8.5. The Strategic Batch-Learning for Thresholds Algorithm (Algorithm 1)
is a proper learner for the strategic-batch learning problem for Hthres and Gf.r. in the

hypothesis-agnostic case with sample complexity mH,G = O(
log( 1

δε
)

ε2
) and round complexity

TH,G = O(log(1
ε
)).

This is achieved by Algorithm 1 (formal proofs are provided in the appendix). In the
first step the algorithm uses the labelled sample S0 to generate candidate graphs (which
are stored as an ordered list G0), in such a way that the sample losses on S0 for the
corresponding optimal hypotheses increases in ε-steps. Choosing an appropriate sample
size, we can guarantee that S0 is ε-representative in terms of strategic loss ℓg for all g ∈ Gf.r..
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That is, the observed sample losses on S0 are ε-close to the corresponding expected losses
according to distribution P . This then guarantees that optimizing the sample loss for
one of the generated candidates yields a close-to-optimal hypothesis on the ground-truth
distribution.

We further use the fact, that for any h ∈ Hthres, any distribution P over X ×{0, 1} any
sample S and any radii r1 ≤ r2, we have that L

gr1
P (h) ≤ Lgr2

P (h) as well as Lgr1
S (h) ≤ Lgr2

S (h).
Now let gt−1 = gr be the current candidate graph. Then the algorithm publishes a hypoth-

esis ht−1 = argminh∈Hthres
Lgt−1

S0
. There are two possibilities: (1) Lg→

S0
(ht−1) and Lg→

P (ht−1)

are significantly higher than Lgt−1

S0
(ht−1). Therefore we have r < r→. Furthermore, with

high probability, we will observe a manipulated sample St which was manipulated more
than gt−1 would predict. Thus, gt−1 would not be in the updated sets of candidate graphs
Gt0 consistent with the observed St. Similarly graphs gr′ with r′ < r are eliminated from the

candidate set. (2) Lg→

S0
(ht−1) and Lg→

P (ht−1) are not significantly higher than Lgt−1

S0
(ht−1).

In this case, the observed sample St would be consistent with the current gt−1. In this
case all candidate graphs gr′′ with r < r′′ are eliminated from the candidate set. In the
case in which r > r→, this obviously does not pose a problem. Now consider the case in
which r < r→. Then for h∗ = argminh∈Hthres

Lg→(h) we have that Lgr
P (h∗) ≤ Lgr→

P (h∗).
Now assuming that S0 is ε

′′-representative for P with respect to Hthres and loss ℓg for every
g ∈ Gg.r., then Lgr

P (ht−1) ≤ Lgr
S0
(ht−1)+ ε′′ ≤ Lgr

S0
(h∗)+ ε′′ ≤ Lgr

P (h∗)+2ε′′ ≤ Lg→

P (h∗)+2ε′′.
Thus, in this case, despite r < r→, the selected hypothesis is still close to optimal in terms
of ℓg

→
. Thus, the elimination of graphs with radius greater than r does not hinder success.

Thus, the distinction of the two cases can be exploited by the algorithm to do a binary
search on the candidate set.

We also note that the way the candidate hypotheses are picked, we always pick the
maximal radius for a given sample loss. This leads to corresponding maximally robust
hypotheses, allowing for the first hypotheses to be successful in the realizable case as
shown in Observation 8.8.3.

8.8.2 General VC-Classes

We will now show that similar learning guarantees in our strategic batch learning setup
are possible for more general hypothesis classes and graph classes. We will again consider
the partial order on graph classes introduced in the previous section. We will show that
the threshold algorithm generalizes to totally ordered graph classes if V C(G × H)ℓmani is
finite.
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We can now generalize our threshold algorithm to an algorithm for totally ordered
graph classes (Algorithm 3). This algorithm essentially works in the same way: It first
identifies the maximal graph g0 for which there is a hypothesis with maximum accuracy
that is still robust with respect to g0. The corresponding optimal hypothesis is the first
hypothesis ĥ0 published by the algorithm. For the robust-realizable case, this is sufficient
to guarantee success (see Observation 8.8.6), as we get uniform convergence of H both in
terms of ℓm with respect to G and in terms of 0/1-loss, which is sufficient to guarantee
uniform convergence in terms of the strategic loss. For the agnostic case other candidate
graphs are generated in a similar fashion. The upper bound on the strategic loss is increased
by ε-steps, and for each such increment the maximal graph gi, which allows for a classifier
h ∈ H with corresponding loss Lgi

S0
(h) to be smaller than that bound, is identified. For

these 1
ε
many candidate graphs {g0, . . . , g 1

ε
} we can then perform a kind of binary search

by always publishing the optimal classifier with respect to the current median classification
graph. We can then update the set of candidate graphs in each round by observing the
manipulations caused by the published classifiers. We are guaranteed to always observe
manipulations if robustness was under-estimated, giving the algorithm sufficient feedback
for the binary search to terminate successfully. This yields the guarantee in Theorem 8.8.7.

Observation 8.8.6. Let VC(H×G)ℓmani = d1 and VC(H) = d2. Furthermore let G be totally
ordered with respect to H. Then Algorithm 3 is a successful proper strategic batch learner

in the realizable case with sample complexity mreal
H,G(ε, δ) = O(

(d1+d2) log(d1+d2)+
1
δ

ε2
) and round

complexity T real
H,G(ε, δ) = 1.

Theorem 8.8.7. Let and VC(H) = d2 VC(H′ × G)ℓmani = d1, where H′ = H ∪ {hmax
S ∈

{0, 1} : S ∈ (X × {0, 1}∗)}′, as defined in the previous section. Furthermore, let G be
totally ordered with respect to H. Then Algorithm 3 is a successful proper strategic batch

learner with sample complexity mH,G(ε, δ) = O(
(d1+d2) log(d1+d2)+log( 1

δε
)

ε2
) and round complex-

ity TH,G(ε, δ) = O(log(1
ε
)).
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Algorithm 4: Strategic Batch-Learning for totally ordered graph classes

Input: parameters ε, ε′, hypothesis class H, graph class G
receive sample S0 ∼ Pm

L0/1
0 ← infh′∈H L0/1

S0
(h′)

for i = 0, . . . , 1
ε
do

gi ← max⪯H{g : infh′∈H Lg
S0
(h′) = L0/1

0 + i · ε}
end
set G0 = [g0, g1, g2, . . . , g 1

ε
]

ĥ0 ← argminh∈H Lg0
S0
(h)

publish ĥ0

receive sample S1, where S ′
1 ∼ Pm and St = SΠt

t for some sequence of
(g→, h0)-induced manipulations Π1.
gmax ← max⪯H{g ∈ G0 : Lmani

S1
(g, ĥ0) = 0}

gmin ← min⪯H{g ∈ G0 : Lmani
S0

(g, ĥ0) ≥ Lmani
S0

(g, ĥ0)− ε′ and Lmani
S1

(g, ĥ0) = 0}
G1 ← {g ∈ G0 : g ⪯H gmax and gmin ⪯H g}
k1 = ⌊ |G1|

2
⌋

ĝ1 ← G1[k1]
ĥ1 ← argminh∈H′ Lĝ1

S0
(h)

for rounds t = 2, . . . , T do

publish ĥt−1

receive sample St, where S ′
t ∼ Pm and St = SΠt

t for some sequence of
(g→, ht−1)-induced manipulations Πt.
Gt ← {g ∈ Gt−1 : Lmani

St
(g, ĥt−1) = 0}

Gt0 ← {g ∈ Gt : Lmani
S0

(g, ĥt−1) ≥ maxg′∈Gt Lmani
S0

(g′, ĥt−1)− ε′}
if ĝt−1 ∈ Gt0 then
Gt ← [Gt[0], . . . ,Gt[kt−1]] ∩ Gt0

else
Gt ← Gt0

end

kt ← ⌊ |G
t|
2
⌋

ĝt ← Gt[kt]
ĥt ← minh∈H′ Lĝt

S0
(h)

end

We note that in the case where the maxima expressed within the algorithm always
exist for a class, the output of the learner is proper. If those maxima do not exist, we can
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use the extension of the maximally robust empirical risk minimization criterion discussed
in the previous section and learn with respect to the extended class H′ ⊃ H with H′ =
H ∪ {hmax

S : S ∈ (X × {0, 1})∗}.

8.9 Conclusion

In this chapter, we introduced a new strategic loss, which incentivizes correct classifica-
tion under strategic manipulations. We also incorporate the idea of social burden into our
notion of loss. We differentiated this loss from previous formal frameworks designed to
mitigate strategic manipulation. In particular, we showed that optimizing for our strate-
gic loss can yield satisfactory classification rules, even if there is no incentive-compatible
hypothesis in the class that performs well on the classification task at hand. In addition,
we showed that finite VC classes are improperly learnable with respect to this loss, if the
manipulation graph is known. We then explore learning for unknown manipulation graphs.
In particular, we define a similarity between manipulation graphs that takes into account
our loss function, and that optimizing with respect to this loss gives reasonable guarantees
for learning, We show possible ways of learning the manipulation structure either from
full manipulation information over a finite set, or from a distribution shift. Lastly, we
investigate learning with respect to a class of possible manipulation graphs. We show
that in the realizable case, hypothesis classes finite VC classes are improperly learnable
with respect to this class of manipulation graphs which is ordered by inclusion. Lastly
we propose a batch-learning model where a learner tries to find a hypothesis with close to
optimal loss in a setting with unknown manipulation, but where the learner can observed
distribution shifts between batches. We show sufficient conditions for learnability in this
setting. The setting explored here is different from settings that only optimize for accu-
racy, rather than both accuracy and avoidance of social burden. This setting also does not
consider the possibility of improvement, but only looks at feature changes through gaming.
Considering our questions inspired by the fundamental theorem, our results give rise to the
following observations: For strategic classification improper and proper learning are not
the same even if the manipulation graphs are known. Agnostic and realizable learnability
are equivalent in the case of known manipulation graphs. However in the case of unknown
manipulation graphs, realizable learnability does not imply agnostic learnability.
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8.10 Proofs

Observation 8.3.2. For any d ∈ N ∪ {∞} there exists a class H and a manipulation graph
g→ = (X , Eg→) with VC(H) = 1 and VC(Hℓ→) ≥ d.

Proof of Observation 8.3.2: Let X be some infinite domain. We treat the case d ∈ N
first. We consider a set a set U = {x1,x2, . . . ,xd} of d domain points and a disjoint set
V = {z1, z2, . . . , z2d} of 2d domain points. We associate each subset of U with exactly
one point in V . We design a manipulation graph M by adding an edge xi → zj if and
only if xi is a member of the subset associated with zj, and include no other edges. Now
we consider the class H of singletons over V , that is H = {h1, h2, . . . , h2d} consists of 2d

functions and we have hj(x) = 1[x = zj]. That is hj assigns label 0 to every point in the
domain except for zj. Then we have VC(H) = 1. However the loss class Hℓ→ shatters
the set {(x1, 0), (x2, 0) . . . , (xd, 0)} (and also the set {(x1, 1), (x2, 1) . . . , (xd, 1)}). Thus,
VC(Hℓ→) ≥ d. For the case d =∞, we will use the same construction with the set U = N
and V being an uncountable set, again indexed by the power-set of U .
Observation 8.3.3. For any hypothesis classH and any manipulation graph g→ = (X , Eg→),
we have VC(H) ≤ VC(Hℓ→).

Proof of Observation 8.3.3: Let {(x1, y1), (x2, y2) . . . , (xd, yd)} be a set of points
shattered by the hypothesis class H. Since all elements of H are functions, we can assume
yi = 1 for all i. The same set of domain points {(x1, 1), (x2, 1) . . . , (xd, 1)} with all labels
set to 1 is then shattered by the loss class Hℓ→ . To see this, note that for a function h ∈ H
and point x, if h(x) = 1, then (x, 1) /∈ hℓ→ is not in the loss set. Thus, if the class H can
shatter those points, the loss class will shatter them as well.

Theorem 8.3.4. For every d ∈ N∪{∞}, there exists a hypothesis class H with VC(Hℓ→) =
d that is learnable with sample complexity O(log(1/δ)/ε) in the realizable case.

Proof of Theorem 8.3.4: We consider the class of singletons from the proof of Observa-
tion 8.3.2. Note that, if the class is realizable with respect to the strategic loss, then there
exists at most one zj such that this point (zj, 1) with label 1 has a positive weight under
this distribution. Further, the distribution can not assign any weight to points (xi, 1), and
it can only assign a positive weight to points (xi, 0) if xi is not a member of the subset
corresponding to zj. Further, if the point (zj, 1) is a member of the training sample, the
learner can output hypothesis hj and this hypothesis then has true strategic loss 0. If
the training sample does not contain any point with label 1, the learner can output a
hypothesis h0 that assigns label 0 to all points. In that case, we get Lg

P (h0) = P (zj, 1).
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If the probability P (zj, 1) was larger than ε, then, by the standard argument, a sample
of the stated size being an ε-net for singletons would have contained the point (with high
probability at least 1− δ).

Theorem 8.3.8. (Adaptation of Theorem 1 and Theorem 4 in [Montasser et al.,
2019])
There exists a hypothesis class H with VC(H) = 1 that is not learnable with respect to the
strategic loss by any proper learner A for H even in the realizable case. On the other hand,
every class H of finite VC-dimension is learnable (by some improper learner).

Proof of Theorem 8.3.8: The construction to prove the first claim can be taken
exactly as is in the proof of Theorem 1 by Montasser et al.[Montasser et al., 2019] by
setting the label +1 there to 0 and the label −1 there to 1. The positive result on general
learnability with an improper learner is derived by Montasser et al.[Montasser et al., 2019]
by means of adapting a general compression scheme for VC-classes developed by Moran
and Yehudayoff [Moran and Yehudayoff, 2016]. We can use the same adaptation to show
learnability with respect to the strategic loss with the following modification: instead of just
compressing a data sample S, the compression scheme for the adversarial loss first creates
an inflated sample SU which adds the perturbation sets (and then discretizing these using
Sauer’s lemma to obtain a new finite data set). For the strategic loss, we would add the
label conditioned perturbation sets (as described above), that is we inflate the sample by
adding points (x′, y), for (xi, y) being the data point of smallest index with xi → x′. The
discretization step and remaining compression and decompression technique can be used
identically as in the adversarial loss case.

Theorem 8.4.2. Let H be any hypothesis class and →,⇝ two manipulation graphs. Then
for any distribution P over X × Y and any h ∈ H we have

Lg
P (h) ≤ L

0/1
P (h) + L⇝,⊥

P (h) + dH,PX (→,⇝)

≤ 2L⇝P (h) + dH,PX (→,⇝).

Furthermore, by rearranging the result, we get

1

2
L⇝P (h)− dH,PX (→,⇝) ≤ Lg

P (h).
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Proof of Theorem 8.4.2:

Lg
P (h) = L

0/1
P (h) + L→,⊥

P (h)

− E(x,y)∼P [h(x) = 0, y = 1,∃x′ : x→ x′ : h(x′) = 1]

≤ L0/1
P (h) + L⇝,⊥

P (h) + |L→,⊥
P (h)− L⇝,⊥

P (h)|
≤ L0/1

P (h) + L⇝,⊥
P (h) + dH,PX (→,⇝)

≤ 2L⇝P (h) + dH,PX (→,⇝)

By exchanging → and ⇝ and rearranging we get the second inequality.

Lemma 8.5.2. Let VC((H × G)ℓgraph) = d. Then there is ngraph : (0, 1)2 7→ N, such
that for any marginal distribution PX and any manipulation graph → for a sample S =
{(x1, B→(x1)), . . . , (xn, B→(xn))} of size n ≥ n(ε, δ), we have with probability at least 1−δ
over the sample generation SX = (x1, . . . ,xn) ∼ P n

X for any h ∈ H and any ⇝∈ G

|Lgraph
(PX ,→)(h,⇝)− Lgraph

S (h,⇝)| < ε.

Furthermore, ngraph(ε, δ) ∈ O(
d+log 1

δ

ε2
).

Proof of Lemma 8.5.2: The result follows directly from the finite VC-dimension
of VC((H × G)ℓgraph) and the fact that a finite VC-dimension of a class yields uniform
convergence of the class (Theorem 6.7 and Theorem 6.8 from [Shalev-Shwartz and Ben-
David, 2014a]).

Theorem 8.5.4. Let VC((H × G)ℓgraph) = d. Then there is ndist : (0, 1)2 7→ N, such
that for every marginal distribution PX and every manipulation graph → for a sample
S = {(x1, B→(x1)), . . . , (xn, B→(xn))} of size n ≥ n(ε, δ), we have with probability at least
1− δ over the sample generation SX = (x1, . . . ,xn) ∼ P n

X for any ⇝∈ G

dH,PX (→,⇝) < dH,SX (→,⇝) + ε.

Furthermore, ndist(ε, δ) ∈ O(
d+log 1

δ

ε2
).

Proof of Theorem 8.5.4: Let ⇝∈ G and SX ∼ P n
X . Then using Lemma 8.5.2 we get
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with probability 1− δ

|dH,PX
(→,⇝)− dH,SX

(→,⇝)|
= | sup

h∈H
Ex∼PX [|ℓ→,⊥(h, x)− ℓ⇝,⊥(h, x)|]

− sup
h∈H

∑
xi∈SX

ℓgraph(h,⇝, xi, B→(xi))|

≤ sup
h∈H
|Ex∼PX [|ℓ→,⊥(h, x)− ℓ⇝,⊥(h, x)|]

−
∑

xi∈SX

ℓgraph(h,⇝, xi, B→(xi))|

≤ sup
h∈H
|Lgraph

(PX ,→)(h,⇝)− Lgraph
S (h,⇝)| < ε.

Definition 8.10.1. Let ℓstr : Gall ×F × X × {0, 1} be the loss defined by

ℓstr(g, h, x, y) = max{ℓ0/1(h, x, y), ℓmani(g, h, x)}.

The loss class of G ×H with respect to ℓstr is defined by

(G ×H)ℓstr =

{{(x, y) ∈ X × {0, 1} : ℓstr(g, h, x, y) = 1}} : h ∈ H, g ∈ G}.

Claim 8.10.2. Let d = VC((G ×H)ℓmani) + VC(H). Then, VC((G ×H)ℓstr) ≤ d log(d).

Proof. We follow the same argument as before. Let us denote (g, h)ℓmani = {(x, y) ∈
X × {0, 1} : ℓmani(g, h, x) = 1} and hℓ0/1 = {(x, y) ∈ X × {0, 1} : ℓ0/1(h, x, y) = 1}.
Lastly, let (g, h)ℓstr = {(x, y) ∈ X × {0, 1} : ℓstr(g, h, x, y) = 1}. We can easily see that
(g, h)ℓstr(g, h) = (g, h)ℓmani∪hℓ0/1 . Thus, (G×H)ℓstr = {A∪B : A ∈ Hℓ0/1 , B ∈ (G×H)ℓmani}.
Thus, by standard arguments about VC-classes (e.g. exercises in [Shalev-Shwartz and Ben-
David, 2014a]), we get the claimed result.

8.10.1 Realizable Learning

Observation 8.7.5. There are classes H of finite VC-dimension and graph classes G which
are totally ordered with respect to H, such that there is no proper successful batch-learner
for H and G for any finite sample and round complexity, not even in the realizable case.
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Proof. This follows directly from Theorem 8.3.8(which is an adaptation of Theorems 1 and
4 of [Montasser et al., 2019] for the strategic loss). The theorem states that there exists
a class H and a fixed manipulation graph g of VC-dimension 1 which cannot be properly
PAC-learned with respect to strategic loss by any proper learner. If we now consider this
H and the graph class G = {g}, then it is easy to see that G is totally ordered with respect
to H (as it only has one element). Furthermore H was picked to have VC dimension 1.
Furthermore if proper batch-learning was possible for H and G, then proper PAC-learning
would be possible for H with respect to ℓg, which we know to be impossible. This proves
the theorem.

Theorem 8.7.6. Let VC(H) be finite and let G be totally ordered with respect to H.
Then there is a strategically robust (improper) PAC-learner which is successful for every
g→ ∈ G in the strategically robustly realizable case (i.e. when infh∈H Lg→

P (h) = 0).

Proof. This is an adaptation of Theorem 4 from [Montasser et al., 2019] (and its adaptation
to strategic loss, Theorem 8.3.8). The main difference here is that those theorems focus
on the robustness with respect to a fixed (and known) manipulation graph, whereas in our
setting we want to guarantee robustness with respect to an unknown element of a totally
ordered graph class G. Thus we cannot use any knowledge of this graph in the learning
process, which makes it impossible to use robust empirical risk minimization (RERM) with
respect to the true manipulation graph. However, we can use the realizability assumption
and define Maximally Robust Empirical Risk Minimization(MRERM) with respect to a
totally ordered graph class G. First let us define

gmax(S,H,G) =

max
⪯H
{g ∈ G : for all h ∈ RERMg,H(S) : L

g
S(h) = 0}.

The set of maximally robust empirical risk minimizers with respect to G and H is then
defined byMRERMG,H(S) = RERMgmax(S,H),H(S). We can now replace all use of the fixed
deterministic RERMg,H algorithm for a fixed manipulation graph (or perturbation sets) in
the proof of Theorem 4 of [Montasser et al., 2019] by a fixed deterministic MRERMG,H-
algorithm.

We note that for any S ′ ⊂ S, we have gmax(S,H,G) ⪯H gmax(S
′,H,G). Furthermore,

we note that under the realizability assumption, we have gmax(S,H,G) ≥ g→ and thus
Lg→

S (MRERMG,H(S)) = 0 with probability 1 over the sample generation. We can now
follow the proof of [Montasser et al., 2019] with some modified definitions, mainly replacing
RERM with MRERM and replacing the inflated sample according to the true manipulation
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graph (which we don’t know) with an inflated sample according to the gmax(S,H,G): For
a training sample S = {(x1, y1), . . . , (xm, ym)}, we can now define the inflated sample
according to the maximal graph that still allows realizability according to H: Let the
inflated (potentially infinite) sample Sgmax be defined as Sgmax = S∪(

⋃
i∈{1,...,m}:yi=0{(x, 0) :

x ∈ Bgmax(S,H,G)(xi)}). We now want to define a discretized version of this inflated sample.
From standard PAC-learning theory we know that there is a positive integer n ∈ O(VC(H))
that guarantees for any distribution D over X × {0, 1} with infh∈H L

0/1
D (h) = 0, for n

i.i.d. D-distributed samples S ′ = {(x′
1, y

′
1), . . . , (x

′
n, y

′
n)}, with nonzero probability, every

h ∈ H satisfying L
0/1
S′ (h) = 0 also LD(h) ≤ 1

3
. Now let Ĥ = {MRERMG,H(L) : L ⊂

S and |L| = n}. We note that |Ĥ| ≤ |{MRERMG,H(L) : L ⊂ S and |L| = n}| ≤ ( em
n
)n.

Now consider the dual space W of function w(x,y) : H → {0, 1} defined by w(x,y)(h) =
1[[]h(x) ̸= y] and every (x, y) ∈ Sgmax . The VC-dimension of W is now at most the dual
VC-dimension of H, which is known to be upper-bounded by VC∗ ≤ 2VC(H)+1. We now
define Ŝgmax to be a subset of Sgmax which includes exactly one element (x, y) ∈ Sgmax

for each distinct classification {w(x,y)(h)}hinĤ of Ĥ realized function of w(x,y) ∈ W . By

the Sauer lemma we have |Ŝgmax| ≤ ( e|Ĥ|
VC∗(H)

)VC∗(H), which for m > 2VC(H) is at most

( e2m
VC(H)

)VC(H)VC∗(H). We can now note that for any T ∈ N and any h1, . . . , hT ∈ Ĥ if
1
T

∑T
t=1 1[ht(x) = y] > 1

2
for every (x, y) ∈ Ŝgmax , then

1
T

∑T
t=1 1[ht(x) = y] > 1

2
for every

(x, y) ∈ Sgmax as well, which would then imply L
gmax(S,G,H)
S (Majority(h1, . . . , hT )) = 0,

which implies Lg→

S (Majority(h1, . . . , hT )) = 0. We can now find these functions h1, . . . , hT

in exactly the same way as in [Montasser et al., 2019](via using the α-Boost algorithm).
The resulting classifier ĥ = Majority(h1, . . . , hT ) satisfies Lg→

S (ĥ) = 0. Furthermore we
note that each of the classifiers ht is the result of MRERMG,H(Lt) for some Lt ⊂ S with

|Lt| = n. Thus, the classifier ĥ is representable as the value of an (order-dependent)
reconstruction function of set size

nT = O(VC(H) log(|Ŝgmax|))

= O(VC(H)2VC∗(H) log( m

VC(H)
).

Thus invoking Lemma 11 of [Montasser et al., 2019]1 with respect to Lg→ if

m > cVC(H)2VC∗(H) log(VC(H)VC∗(H))

(for a sufficiently large numerical constant c), we have that with probability at least 1− δ,

Lg→

P (ĥ) ≤
1We need a slight adaptation from adversarial loss to strategic loss here, but the proof for this goes

through exactly as is for strategic manipulation loss as argued in the proof of Theorem 8.3.8.
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O(VC(H)2VC∗(H)) 1
m

log(
m

VC(H)
) log(m) +

1

m
log(

1

δ
).

This concludes our proof.

8.10.2 Batch Learning

Class of Thresholds

Observation 8.8.3. The Strategic Batch-Learning for Thresholds Algorithm (Algo-
rithm 3) is a proper learner for the strategic-batch learning problem for Hthres and Gf.r.
in the realizable case with sample complexity mreal

H,G = O(
log( 1

δ
)

ε2
) and round complexity

T real
H,G = 1.

Proof. This is a special case of Observation 8.8.6, as the graphs in Gf.r. are totally ordered
with respect to F (and thus also with respect to Hthres.

Theorem 8.8.5. The Strategic Batch-Learning for Thresholds Algorithm (Algorithm
1) is a proper learner for the strategic-batch learning problem for Hthres and Gf.r. in

the agnostic case with sample complexity mH,G(ε, δ) = O(
log( 1

δε
)

ε2
) and round complexity

TH,G(ε, δ) = O(log(1
ε
)).

Proof. We note that the graphs in Gf.r. are totally ordered with respect to F (and thus also
with respect to Hthres. We also find that (Gf.r.×Hthres)ℓmani) is the class of intervals over the
real line and thus C ∈ VC((Gf.r. ×Hthres)ℓmani) = 2. Therefore we can treat this Theorem
as a special case of Theorem 8.8.7 (and refer the reader to the proof of that theorem).

General VC-Classes

Observation 8.6.4

• The VC-dimension of (Gf.r. ×Hthres)ℓmani is 2.

• Let Hhalf = {hw : w ∈ Rd : hw(x) iff xTw ≥ 0} the hypothesis class of linear half
spaces and Gdf.r. = {gr = (X , Egr) : (x, x′) ∈ Egr iff ||x − x′||2 ≤ r} be the class of
fixed-radius balls in Rd. Then the VC dimension of (Gdf.r. ×Hhalf )ℓmani is at most 2d.
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Proof. • We note that the elements of (Gf.r. × Hthres)ℓmani correspond exactly to the
class of intervals over the real line. The VC-dimension of that class is known to be 2
[Shalev-Shwartz and Ben-David, 2014a].

• We note, that the elements of (Gdf.r. × Hhalf )ℓmani are sets Cw,r = {x ∈ Rd : −r ≤
xTw ≤ 0}. Now if we take any set C of 2d+ 1 points, then there is one point x ∈ C
such that x is in the convex hull of the remaining points, i.e., x ∈ conv(C \ {x}).
Now it is impossible for any Cw,r to achieve Cw,r ∩ C = {x}. Thus the set C cannot
be shattered by (Gdf.r. ×Hhalf )ℓmani . Therefore VC((Gdf.r. ×Hhalf )ℓmani) ≤ 2d.

Lemma 8.6.5. Let G,H be such that VC(Gℓmani,H) = d. Then any Empirical Manipu-
lation Estimation learner (such as Algorithm 2 below) has the following success guarantee
for learning the manipulation graph:

For every marginal distribution PX , every g→ ∈ G, every h ∈ H and every sequence of
(g→, h)-induced manipulations Π, and every ε, δ ∈ (0, 1),

if m ≥ C
d+log( 1

δ
)

ε2
(for some universal constant C) with probability ≥ (1 − δ), over

samples S1 ∼ Pm
X , S2 ∼ Pm

X , for every ĝ ∈ Agraph(S1, S
Π
2 , h),

Dis(PX ,h)(g
→, ĝ) ≤ ε.

and

g→ ∈ Agraph(S1, S
Π
2 , h).

Proof. We note it is sufficient to show that there is a constant C, such that for i.i.d

P samples S1 and S2 of size m ≥ C
d+log( 1

δ
)

ε2
with probability 1 − δ, we have Lmani

S1
∈

[Lmax − ε
2
, Lmax], to guarantee that if we run Agraph with parameter ε

2
, we get:

• Dis(PX ,h)(g
→, g) ≤ ε for all g ∈ Agraph(S1, S

Π
2 , h).

• and g→ ∈ Agraph(S1, S
Π
2 , h).
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First we note, that for any samples S1 and S2 and the true manipulation graph g→, we
have Lmani

SΠ
2

(g→, h) = 0, as the sequence of mappings Π replaces every sample point which

can be manipulated in S2 (i.e., all sample points with ℓ(g→, h) = 1), with a sample point
x′ with h(x′) = 1 (i.e., a sample point with ℓmani(g→, h, x′) = 0). From g→ ∈ G, it follows
that we have g→ ∈ {g ∈ G : Lmani

SΠ
2

(g, h) = 0}. Then this implies

Lmax = max{Lmani
S1

(g, h) : g ∈ G, Lmani
SΠ
2

(g, h) = 0}

≥ Lmani
S1

(g→, h).

Now from VC-theory, we know that there exists a universal constant C, such that a

sample size of m ≥ d+log( 1
δ
)

ε2
guarantees that with probability 1− δ

2
we have that a sample

S ∼ Pm is ε
8
-representative with respect to Gℓmani,h.

Now let S1 and S2 be ε
8
-representative with respect to (G × {h})ℓmani). We want to

show that Lmax − ε
2
≤ Lmani

S1
(g→, h). We note that there exists gmax ∈ G, such that

Lmax = Lmani
S1

(gmax, h) and Lmani
SΠ
2

(gmax, h) = 0.

Because of the ε
8
-representativeness of both samples, we get for every g ∈ G, we have

|Lmani
S1

(g, h)− Lmani
S2

(g, h)| ≤

|Lmani
S1

(g, h)− Lmani
PX

(g, h)|+ |Lmani
S2

(g, h)− Lmani
PX

(g, h)| ≤ ε

4
.

Furthermore we note, that for any manipulation graph g, |Lmani
SΠ
2

(g, h)− Lmani
S2

(g, h)| ≤
1

|S2| |{x ∈ S2 : x ̸∈ SΠ
2 }| = Lmani

S2
(g→, h).

It now follows that:

Lmax = Lmani
S1

(gmax, h)

≤ |Lmani
S1

(gmax, h)− Lmani
S2

(gmax, h)|
+|Lmani

S2
(gmax, h)− Lmani

SΠ
2

(gmax, h)|

≤ ε

4
+ Lmani

S2
(g→, h)

≤ ε

2
+ Lmani

S1
(g→, h).

Putting everything together, we have Lmani
S1

(g→, h) ∈ [Lmax − 1
ε
, Lmax]. This concludes

our proof.
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Observation 8.6.6
If an un-manipulated sample S1 is ε-representative with respect to (G × H)ℓmani , then it
can be indefinitely re-used by Agraph for any hypothesis h ∈ H and any manipulated ε-

representative samples SΠ
2 . Thus if VC(G × H)ℓmani = d, then m ≥ C

d+log( 1
δ
)

ε2
(for some

universal constant C) , implies that with probability 1 − δ any S1 ∼ Pm is repeatedly
reusable by Agraph to guarantee ε-success as in the Lemma above, This allows us to reuse
the initial unmanipulated sample in all subsequent steps.

Proof. We note that in order for sample S1 to guarantee success in Lemma 1 we only
required it to be ε

4
-representative with respect to Gℓmani,h. If VC((H × G)ℓmani) = d, then

there exists a sample size m ≥ C
d+log( 1

δ
)

ε2
that with probability 1 − δ over the sample

generation S1 ∼ Pm, we have that S1 is ε
4
-representative with respect to (G × H)ℓmani .

This implies that with probability 1− δ, S1 is ε
4
-representative w.r.t. Gℓmani,h for all h ∈ H

simultaneously, proving the obervation.

Observation 8.7.4.

• A graph class G is totally ordered with respect to the class of all hypotheses F if and
only if for every distinct g1, g2 ∈ G either g1 is a subgraph of g2 or g2 is a subgraph
of g1.

• For H1 ⊂ H2 and two graphs g1, g2 g1 ⪯H2 g2 implies g1 ⪯H1 g2. Thus, if a graph
class G is totally ordered with respect to H2 it is also totally ordered with respect to
H1.

• If G is totally ordered with respect to H, then VC(Gℓmani,H) ≤ 1.

• There are G and H, such that VC(H) = d and G is totally ordered with respect to
H, but VC((H× G)ℓmani) =∞.

Proof. • ”→”: Let G be totally ordered with respect to F . This means for any two
graphs g1, g2 ∈ G, we have either g1 ⪯F g2 or g2 ⪯F g1. Without loss of generality,
assume g1 ⪯F g2. We want to show that this implies that g1 is a subgraph of g2.
For the purpose of contradiction, assume the opposite. This means that there exists
an edge (x, x′) ∈ Vg1 , such that (x, x′) ̸∈ Vg2 . Now consider any function f ∈ F
with f(x) = 0 and f(x) = 1. Then ℓmani(g1, f, x) = 1 ≥ 0 ≥ ℓmani(g2, f, x), which
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contradicts g1 ⪯F g2.

”←” Let G such that for every two graphs g1, g2 ∈ G, we have either Eg1 ⊂ Eg2

or Eg2 ⊂ Eg1 . Without loss of generality, assume Eg1 ⊂ Eg2 . We want to show
that this implies g1 ⪯F g2. For the sake of contradiction, we assume the opposite.
This means that there exists an f ∈ F and a x ∈ X , such that ℓmani(g1, f, x) = 1
and ℓmani(g2, f, x) = 0. ℓmani(g1, f, x) = 1 implies that f(x) = 0 and that there is
an x′ ∈ X such that f(x′) = 1 and such that (x, x′) ∈ Eg1 . Now this implies that
(x, x′) ∈ Eg2 as well. From f(x) = 0 and f(x′) = 1 it follows that ℓmani(g2, f, x) = 1,
contradicting our assumption.

• This follows directly from the definitions. If for g1 and g2, we have g1 ⪯H2 g2 then for
all h ∈ H2 and all x ∈ X , we have ℓmani(g1, h, x) = 1 implies ℓmani(g2, h, x) = 1. Since
H1 ⊂ H2 for all h ∈ H1 we thus have ℓmani(g1, h, x) = 1 implies ℓmani(g2, h, x) = 1.
Thus g1 ⪯H1 g2.

• Take any h ∈ H and any {x1, x2} = C ⊂ X . Assume that C was shattered by
Gℓmani,h. Then there is some g1, such that ℓmani(g1, h, x1) = 1 and ℓmani(g1, h, x2) = 0.
We know that G is totally ordered with respect to H. Thus we know that for
any g2 ∈ G, we either have g1 ⪯H g2, which implies that ℓmani(g2, h, x1) = 1
or g2 ⪯H g1 which implies ℓmani(g2, h, x2) = 0. Thus there is no g2 ∈ G with
ℓmani(g2, h, x1) = 0 and ℓmani(g2, h, x2) = 1, contradicting that C is shattered by
Gℓmani,h. Thus VC(Gℓmani,h) ≤ 1. Since h ∈ H was picked arbitrarily we have
VC((G)ℓmani,H) = suph∈H(VC(Gℓmani,h)) ≤ 1.

• For VC((H×G)ℓmani) to be infinite it is sufficient to find one g and a hypothesis class
H such that VC(H×{g})ℓmani =∞. We we have seen previously that there are classes
H with VC(H) = 1 and manipulation graphs g, such that VC(H × {g})ℓmani = ∞.
Lastly we note that if we pick G = {g}, then G is trivially totally ordered with respect
to H.

Observation 8.8.6. Let VC(H×G)ℓmani = d1 and VC(H) = d2. Furthermore let G be
totally ordered with respect to H. Then Algorithm 4 is a successful proper strategic batch

learner in the realizable case with sample complexity mreal
H,G(ε, δ) = O(

(d1+d2) log(d1+d2)+log( 1
δ
)

ε2
)

and round complexity T real
H,G(ε, δ) = 1.
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Proof. We assume to be in the realizable case, i.e. infh∈H Lg→

P (h) = 0. Thus with probabil-

ity 1, the sample S0 will be realizable under Lg→ as well. This implies infh∈H L
0/1
S0

(h) = 0.

Therefore, in line 3 of Algorithm 3, we set L
0/1
0 to 0. We then determine g0 to be the

maximal graph according to ⪯H to yield infh∈H Lg0
S0
(h) = 0 (line 5). From this and

the realizability assumption, if follows that g→ ⪯H g0. In line 8, we now define ĥ0, to
be argminh∈H Lg0

S0
(h). From g→ ⪯H g0, it follows that Lg→

S0
(ĥ0) = 0 as well. Now, we

can choose a sample size m ∈ O(
(d1+d2) log(d1+d2)+log( 1

δ
)

ε2
), large enough to guarantee ε

8
-

representativeness with respect to Hℓg→ , (G ×H)ℓmani as well as (G ×H)ℓstr simultaneously
with probability at least 1 − δ

2
. Now with probability 1 − δ, S0 ∼ Pm and S ′

1 ∼ Pm are

both such ε
8
-representative samples. First we note, that this guarantees that Lg→

P (ĥ0) ≤ ε
8

with probability 1− δ
2
.

This implies that an ε
8
-representative sample S ′

1 at most a fraction of ε
4
can be manip-

ulated by a (g→, ĥ0)-induced manipulation. We now assume that the parameter ε in the
algorithm, is the same as the ε in our sample complexity analysis (our algorithm lets us
set this parameter. We can assume that we know in advance what the size of the first
sample will be.). Now if S ′

1 is ε
8
-representative with respect to ℓg

→
, then for g1 (as chosen

in line 5), we have Lg1
S′
1
(ĥ0) ≥ Lg1

S0
(ĥ0) − ε

4
≥ infh∈H Lg1

S0
(ĥ0) − ε

4
= 3ε

4
. Since L

0/1
S0

(ĥ0) = 0,

we have L
0/1

S′
1
(ĥ0) ≤ ε

4
. Thus Lmani

S′
1

(g1, ĥ
0) ≥ 3ε

4
− ε

4
= ε

2
. Now we noticed before that

only at most a fraction of ε
4
samples in S ′

1 get replaced in S1. Thus g1 does not fulfill

Lmani
S′
1

g1(ĥ0) = 0. Therefore G1 = {g0}. Which means that for all consecutive rounds t, we

get ĥt = infh∈H Lg0
S0
(h), which yields the guarantee Lg→

P (ĥt) ≤ Lg0
P (ĥt) ≤ ε

8
.

Theorem 8.8.7.

Let VC(H × G)ℓmani = d1 and VC(H) = d2. Furthermore let G be totally ordered
with respect to H. Then Algorithm 4 is a successful proper strategic batch learner with

sample complexity mH,G(ε, δ) = O(
(d1+d2)(log(d1+d2))+

1
δε

ε2
) and round complexity TH,G(ε, δ) =

O(log(1
ε
)).

Proof. We will first argue that among the candidate graphs G0 we pick in round 0, there
is a candidate graph gi, which yields a close-to-optimal hypothesis h, given some amount
of ε-representativeness and for certain choices of parameters.

Assume we have a sample S0 which is ε
16
-representative with respect to (G × H)ℓstr .

Then S0 is ε
16
-representative with respect to Hℓg for every g ∈ G. Now let us run the
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algorithm with the parameter ”ε” set as ε
4
. Let G0 be defined as in the algorithm (line 7).

Furthermore for every gi ∈ G0, define hi = argminh∈H Lgi
S0
(h) and H′ = {h0, . . . , h 4

ε
}.

Now let h∗ denote the optimal hypothesis h∗ = argminh∈H LP (g
→)(h). Now let j =

⌈
4(Lg→

S0
(h∗)−L

0/1
0 )

ε
⌉ + 1. Now we compare h∗ to hj from the candidate set H′. By definition

of gj and hj, we know that jε
4
+ L

0/1
0 = L

gj
S0
(hj) ≤ L

gj
S0
(h∗). Furthermore, we know that

Lg→

P (h∗) ≤ Lg→

S0
(h∗)+ ε

16
≤ ( (j−1)ε

4
+L

0/1
0 )+ ε

16
< jε

4
+L

0/1
0 . Thus g→ ⪯Hthres

gj. Therefore,

Lg→

P (hj) ≤ Lgj

P (hj) ≤ Lgj

S0
(hj) +

ε
16
≤ Lgj

S0
(h∗) + ε

16
= jε

4
+ L

0/1
0 + ε

16
= (j−2)ε)

4
+ L

0/1
0 + 9ε

16
≤

Lg→

S0
(h∗) + 9ε

16
≤ Lg→

P (h∗) + 10ε
16
. This shows that there is indeed a hypothesis in our

candidate-set that is close to optimal.

We now note that the graph elimination that happens in lines 13 to 15 and lines 20 to 21
is equivalent to the estimation of Algorithm 2, which we know to keep the optimal graph if
the samples encountered are ε′

8
-representative. We further note that the update in line 23

only occurs, if the sample St = S ′Π
t was not significantly manipulated according to ĥt−1.

Thus gt−1 already sufficiently accounted for all possible manipulation caused by g→, which
means that eliminating candidate graphs g with gt−1 ⪯H g will not cause a miss-estimation
of g→ that causes more that 2ε′ difference in strategic loss. Thus the elimination of graphs
will yield an approximately optimal hypothesis. Furthermore this is a kind of binary search
which eliminates half the candidates in each step (as the algorithm always picks the median
candidate in line 15 and line 26 respectively and the elimination either eliminates all graphs
smaller or all graphs greater to the current candidate.) Therefore the algorithm needs at
most O(log(1

ε
)) rounds.

Lastly, we note that a sample size of m = O(
(d1+d2) log(d1+d2)+log(

log( 1ε )

δ
)

ε2
) is sufficient

to guarantee that in each of the O(log(1
ε
)) rounds, the probability of receiving an ε

16
-

representative sample is at least 1 − δ
log( 1

ε
)
. Thus via union bound the sample size of

m = O(
(d1+d2) log(d1+d2)+log(

log( 1ε )

δ
)

ε2
) is sufficient to guarantee (ε, δ)-learning success.

130



Chapter 9

Adversarially Robust Learning

9.1 Introduction

Adversarial perturbations, imperceivably small manipulations to input instances that cause
unexpected failures of learned predictors, pose significant safety concerns for their employ-
ment. The phenomenon, first exposed a decade ago in image classification tasks [Szegedy
et al., 2014], has since received substantial attention, both in the practical and theoretical
machine learning research communities. Studies in both lines of research often skip over
the question of how to suitably model “imperceivable perturbations” and rather investi-
gate how to defend against various (fixed) types of attacks. In theoretical studies, this
is typically modeled by defining an adversarial loss that, in addition to misclassification,
penalizes the existence of a perturbed instance on which a classifier assigns a different
label. This type of loss definition then crucially depends on a given perturbation type, that
is some function u : X → 2X that assigns every domain instance a set of points that would
be viewed as an admissible perturbation (often balls of some radius with respect to some
norm are considered).

However, in most realistic settings, exact perturbation sets to be used by an adversary
are not plausibly available to a learner. Moreover, it has been shown that encouraging
robustness with respect to a perturbation type that is not suitable for the task easily
degrades classification accuracy [Tsipras et al., 2019a, Zhang et al., 2019, Yang et al.,
2020]. In response, some work has then explored the question of learnability when the
perturbation type is not known at all in advance [Montasser et al., 2021], but information
about possible perturbations can be accessed through queries. It is not difficult to be
convinced though that without any restrictions or knowledge of the perturbations to be
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used, robust learning from samples only is impossible. Even for a small collection of possible
perturbation types, as soon as these induce inconsistencies between optimal predictors a
sample based learner cannot be simultaneously successful with respect to all options.

In this work we explore a middle ground between fixed and unknown perturbation
types, which we term learning with uncertain perturbation sets. We will assume that the
true perturbation type is a member of a fixed class of perturbation types. One can think
of this as knowing that we should encourage robustness with respect to some type of
norm induced ball, but may not be certain about which type of norm or which radius
is most suitable for the task. We then study which structures (on the interplay between
perturbation type class and the class of predictors to be learned) allow for PAC-type
learnability guarantees.

Given a class U of perturbation types and hypothesis class H, we define an H-induced
partial order on U . We show that when U is actually totally ordered in this sense, statistical
(PAC) learning is possible in the realizable case as soon as H has finite VC-dimension. U
being totally ordered applies to a wide variety of settings, for example the case where the
various perturbation types are balls in some metric space while the radius varies over U
(and actually also does not need to be constant over domain X for each u ∈ U). However,
we also show that, without the realizability assumption learning from samples alone is not
feasible, even when U is totally ordered with respect to H.

We thus explore two natural remedies: (1) We allow the learner to interact with a
perfect attack oracle [Montasser et al., 2021]. Given an instance x and classifier f , such
an oracle certifies robustness or provides an adversarial perturbation of x for f . Previous
work on learning with unknown perturbation sets has employed such an oracle and shown
learnability for classes with finite Littlestone dimension [Montasser et al., 2021]. In this
work, we show that provided certain structures (U being totally ordered or a finite union
of totally ordered perturbation type classes) learning with a perfect attack oracle becomes
feasible for all classes of finite VC-dimension (which is a much wider space of natural hy-
pothesis classes than those of finite Littlestone dimension). (2) We allow the learner to
output a classifier that sometimes abstains from prediction. For this, we define a modifi-
cation of the adversarial loss, where a hypothesis does not suffer loss when it abstains on
an instance that was actually manipulated. We show that this again yields learnability for
VC-classes when the perturbation type class is a finite union of totally ordered classes. We
then consider the case in which H has finite disagreement-coefficient [Hanneke, 2007] and
show that such H can be learned with respect to every class of perturbation types. And
finally, we define a notion of (ε,H)-cover for a class of perturbation types U , introduce
learners for this kind of cover and show that a class H is robustly learnable with respect
to U if there is a finite-disagreement-cover learner for (H,U).
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Our results on learning with abstentions show that different strategies for guarantees
for different kinds of robustness (for example different types of perturbation sets) can
be combined into an abstention learner that only predicts in the agreement region. The
guarantees for each learning strategy then yield a guarantee for the combined classifier
that depends on the number of strategies used. This highlights a different aspect to the
power of abstention in adversarially robust learning from what has been established in
prior work [Balcan et al., 2020b, 2023a]. We show that abstentions can also be used to
address uncertainty in perturbation types.

9.1.1 Related work

Providing PAC type learning guarantees under adversarial robustness requirements has
received an enormous amount of research attention in the past decade [Feige et al., 2015,
Cullina et al., 2018, Wang et al., 2018, Awasthi et al., 2019, Montasser et al., 2019, Attias
et al., 2019, Montasser et al., 2020, Ashtiani et al., 2020a, Montasser et al., 2021, Gourdeau
et al., 2021a, 2022a, Montasser et al., 2022, Attias and Hanneke, 2022, Attias et al., 2022a,
Bhattacharjee et al., 2021, Awasthi et al., 2022b,a, 2023a, Mao et al., 2023]. We will focus
here on aspects within this literature that are most relevant to our settings.

Most prior works study the sample complexity of adversarial robustness with respect to
a fixed type of adversarial perturbation (often a metric ball with a certain radius). How-
ever, recent research has developed frameworks of analysis that go beyond learning with
respect to a fixed type of perturbations. It has been argued that the “correct” type of
admissible adversarial perturbations (which originally were “imperceivable” modifications
to input instances that lead to misclassification by a learned predictor) should depend on
the underlying data-generating process [Bhattacharjee and Chaudhuri, 2021, Chowdhury
and Urner, 2022]. These studies define a notion of “adaptive robustness” with respect to
which a predictor should be evaluated. The drawback of these notions is that the correct
perturbation type is not available to the learner and thus a predictor cannot be straight-
forwardly evaluated with respect to this loss. A different way of relaxing the assumption
of a fixed, known perturbation type is provided in the framework of tolerance [Ashtiani
et al., 2023a, Bhattacharjee et al., 2023]. Here, a learner is evaluated with respect to some
fixed perturbation type, while being compared to the optimal achievable loss with respect
to a larger perturbation type, relaxing the requirement for the learner and reflecting that
the exact relevant perturbation type is typically not known (or even uniquely existing).

Most relevant to our work is a recent study on PAC learning with respect to unknown
perturbation sets [Montasser et al., 2021]. This work provides learning guarantees for
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the case that the robustness requirement will be with respect to an entirely unknown
perturbation type without any prior knowledge about the nature of these perturbations.
Those learning bounds assume access to a perfect attack oracle (as we do in some parts of
this work), and require the class to have finite Littlestone dimension. In this work, we show
that adding some structure to the class of perturbation types (as well as the promise that
the true perturbation type will be a member of this class), allows for sample and query
complexity bounds that are independent of the hypothesis class’s Littlestone dimension.

Finally, there is a long line of work studying the benefits of abstentions for classification
tasks [Bartlett and Wegkamp, 2008, El-Yaniv and Wiener, 2010, Wiener and El-Yaniv,
2015, Yuan and Wegkamp, 2010, Zhang and Chaudhuri, 2016]. Some recent studies have
also shown that the ability to abstain from prediction for manipulated instances can be
beneficial for adversarial robustness requirements [Balcan et al., 2020b, 2023a]. However,
the former studies a different setting for the generation of adversarial perturbations, and
the latter considers fixed perturbation types.

9.1.2 Overview of results

In Section 9.2, we define our setup, introduce the notions of learnability and loss we
investigate and provide an overview of the different kinds of prior knowledge and oracle
access we employ. In particular, we there define our partial order on classes of perturbation
types.

In Section 9.3 we analyze perturbation type classes for which this order is a total order.
Theorem 9.3.1 states that every hypothesis class with finite VC dimension can be robustly
learned in the realizable case with respect to any totally ordered perturtbation type class.
We then prove that this result cannot be extended to the agnostic case (Observation 9.3.2).
This motivates investigating the benefits of a perfect attack oracle. Theorem 9.3.3 shows
that the impossibility can be overcome with access to a perfect attack oracle and provides
a finite sample and oracle-query bound for the agnostic case.

In Section 9.4, we investigate classes of perturbation types U that are not necessarily
totally ordered. We first extend our previous results on learning with access to a perfect-
attack-oracle to the case where U is a union of finitely many totally ordered perturbation
classes (Theorem 9.4.1). We then establish that there are classes of perturbation types
and hypothesis classes which cannot be learned without abstention, even with access to
a perfect attack oracle (Observation 9.4.3), but which can be learned with abstention
without the need for access to a perfect-attack-oracle (Observation 9.4.4). This motivates
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our investigations into learning with respect to our adversarial abstention loss (Definition
9.2.5).

We show that in the realizable case, every hypothesis class with finite VC-dimension
can be learned with respect to a finite union of totally ordered perturbation types in
Theorem 9.4.5. We then consider the case in which H has finite disagreement-coefficient
and show that such H can be learned with respect to every class of perturbation types
(Theorem 9.4.7). Lastly, we define a notion of (ε,H)-cover for a class of perturbation
types U , which states that for every u ∈ U there is a close-to-optimal hypothesis for u
in the cover (Definition 9.4.8) and introduce the notion of learners for this kind of cover
(Definition 9.4.9). We then generalize our previous results by showing that a class H is
robustly learnable with respect to U if there is a finite-disagreement-cover learner for (H,U)
(Theorem 9.4.10). While we provide some proof sketches in the main body of the paper,
the detailed proofs for all results are in the supplement.

9.2 Setup

For sets A and B, we let 2A denote the powerset of A and AB the set of all functions from
B to A. Let X be a domain and Y = {0, 1} be a label space. We model the data generation
as a distribution P over X × Y , and let PX denote its marginal over X . A hypothesis or
predictor is a function h : X → {0, 1, ⋆}. Thus, on input x ∈ X , a hypothesis h either
predicts label 0 or 1 or abstains by outputting ⋆. We call a hypothesis non-abstaining if
h(x) ̸= ⋆ for all x ∈ X . A hypothesis class H is a set of non-abstaining predictors. We will
let F = {0, 1, ⋆}X denote the set of all predictors over X .

The performance of a predictor h is measured by a loss function ℓ : F × X × Y → R.
For loss ℓ, we use the notation LP (h) = E(x,y)∼P [ℓ(h, x, y)], to denote the expected loss of

predictor h with respect to distribution P and LS(h) =
1
|S|

∑|S|
i=1 ℓ(h, xi, yi) the empirical

loss on dataset S = ((x1, y1), . . . , (xm, ym)). Further, for a hypothesis class H we will let
optP (H) = infh∈H LP (h) denote the approximation error of class H with respect to P and
loss ℓ.

The standard loss for classification tasks is the binary loss ℓ0/1(h, x, y) = 1[h(x) ̸= y],
where 1[·] denotes the indicator function. The standard loss for adversarial robustness
additionally penalizes h on instance (x, y) for the existence of a perturbation on x that
h does not label with y. This loss is defined for a specified perturbation type, which is a
function u : X → 2X that assigns every instance x ∈ X a set u(x) ⊆ X with x ∈ u(x) of
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admissible perturbations. The adversarial loss with respect to u is then defined as

ℓu(h, x, y) = 1[∃z ∈ u(x) : h(z) ̸= y] .

We will use the notation ℓu,⊥(h, x) to denote the adversarial component loss, which indi-
cates whether a domain point x lies close to the decision boundary with respect to the
perturbation type u:

ℓu,⊥(h, x) = 1[∃z ∈ u(x) : h(z) ̸= h(x)] .

For hypotheses that have the option to abstain from prediction, we propose a variation
of the adversarial loss that allows for a predictor to abstain from prediction on perturbed
instances (but not on unperturbed instances) without suffering loss. The following defini-
tion captures this modification:

Definition 9.2.1 (Adversarial abstention loss). For a perturbation type u : X → 2X , the
adversarial abstention loss is defined by

ℓu,abst(h, x, y) =


1 if h(x) ̸= y

1 if ∃z ∈ u(x) such that h(z) ̸= y and h(z) ̸= ⋆

0 otherwise

The main difference with adversarial loss is that if h(z) = ⋆ for an adversarial point
z ∈ u(x) with z ̸= x, then there is no penalty and ℓu,abst(h, x, y) = 0, thus allowing the
predictor to abstain on points that were perturbed. This definition models the scenario
where if the predictor can correctly detect that an adversarial attack has happened and
abstains, then it is not penalized. However, abstaining on non-perturbed points is still
penalized. Note that in case a predictor h never abstains (that is h(x) ̸= ⋆ for all x ∈ X )
the two definitions of adversarial loss coincide. We let Lu

P (h), L
u,abst
P (h), Lu

S(h), L
u,abst
S (h)

denote the corresponding expected and empirical losses, and optuP (H), optu,abstP (H) the
corresponding approximation errors of a class H and distribution P .

Uncertain perturbation type In the literature, adversarial robustness is mostly treated
with respect to a fixed (known) perturbation type u, while learning with respect to an en-
tirely unknown perturbation type has also been investigated. In this work, we introduce a
setting that naturally interpolates between these two extremes. We assume that the true
perturbation type u∗ is unknown to the learner, but promised to lie within a fixed class U
of perturbation types. That is, the learner has prior knowledge of a class U with u∗ ∈ U ,
where u∗ is the perturbation type that the learner will be evaluated with (see Definition
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9.2.3 below). We can think of u∗ as the perturbation type that the true adversarial envi-
ronment will employ to manipulate input instances and induce misclassifications. We let
Uall denote the class that contains all possible perturbation types.

It is easy to see that without any restrictions on the class U and any capability of
the learner to (interactively) gather information about u∗ and no option to abstain, a
learner cannot succeed (see also Observations 9.3.2 and 9.4.2 below). To gain control over
potentially infinite classes of perturbation types, we will now define a partial order on a
class U that is induced by a hypothesis class H. This structure will prove to be conducive
for learnability.

Definition 9.2.2. Let H ⊆ {0, 1}X be a hypothesis class. For perturbation types u1, u2 we
say that u1 is smaller than u2 with respect to class H, and write u1 ⪯H u2, if and only if
for all h ∈ H and all x ∈ X we have

ℓu1,⊥(h, x) ≤ ℓu2,⊥(h, x).

We say a set of perturbation types U is totally ordered, with respect to ⪯H, if for every
u1, u2 ∈ U , we have either u1 ⪯H u2 or u2 ⪯H u1.

We have u1 ⪯H u2 if, for every function h ∈ H the margin area (the points which
receive positive adversarial component loss) with respect to u1 is included in the margin
area with respect to u2. This is, for example, the case if all perturbation sets with respect
to u1 are included in those induced by u2.

Resources to learners and learnability A learner is a function A : (X × Y)∗ → F
that takes in a finite sequence S = ((x1, y1), . . . (xm, ym)) of labeled examples and outputs
a predictor A(S) : X → {0, 1, ⋆}. We will study the following PAC-type [Valiant, 1984]
notion of learnability of hypothesis classes H with perturbation type classes U .

Definition 9.2.3 (Learnability without abstentions). Let H ⊆ {0, 1}X be a hypothesis
class and U a class of perturbation types. We say that H is robustly learnable with respect
to perturbation class U if there exists a learner A and a function m : (0, 1)2 → N such that
for every ε, δ > 0, every m ≥ m(ε, δ), every u∗ ∈ U and every data-generating distribution
P we have

PS∼Pm [Lu∗

P (A(S)) ≤ optu
∗

P (H) + ε] ≥ 1− δ.

We speak of learnability in the realizable case if the above requirement is relaxed to only
hold for all distributions P with optu

∗
P (H) = 0. Without this assumption, we also speak of

learnability in the agnostic case.
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If the above definition is fulfilled for a class H, then the function m : (0, 1)2 → N in the
above definition is an upper bound on the sample complexity of the learning task. Note
that, while we don’t require the learner in the above definition to output a non-abstaining
hypothesis, predicting ⋆ will always cause loss with respect to ℓu. We can thus assume all
considered predictors are non-abstaining classifiers for this setting.

Note that the above definition generalizes and unifies previous notions of adversarially
robust learnability. We obtain learnability with respect a known perturbation type (the
setting that is mostly considered in prior works) when U = {u∗} is a singleton class.
Learning with unknown perturbations [Montasser et al., 2021] on the other hand, is the
setting where U is the set of all possible perturbation types. In this work, we are interested
in studying more fine-grained conditions on the structure of (the combination of) H and
U that allow for learnability. We will call the case where U is neither a singleton set nor
the set of all possible perturbation types learning with uncertain perturbation sets.

We will show that, even when the class of perturbation types U in consideration is
totally ordered with respect to hypothesis class H, agnostically learning H with U is
impossible even in very simple cases (see Observation 9.3.2). We will thus, as has been
done in earlier studies [Ashtiani et al., 2020a, Montasser et al., 2021] in addition allow the
learner access to a perfect attack oracle, which we model as follows:

Definition 9.2.4 (Perfect Attack Oracle). A perfect attack oracle for perturbation type u
is a function Ou : F × X → X ∪ {robust}, that takes as input a non-abstaining predictor
f and a domain point x and either certifies that f is robust on x with respect to u by
outputting robust or returns an admissible perturbation of x for f . That is

Ou(f, x) =

{
robust if f(z) = f(x) for all z ∈ u(x)

z ∈ u(x) with f(x) ̸= f(z) otherwise

We say that a class H and perturbation class U are learnable with access to a perfect
attack oracle if there exists a function n : (0, 1)2 → N such that the conditions in Definition
9.2.3 are satisfied for a learner that additionally makes at most n(ε, δ) queries to the perfect
attack oracle. The function n(·, ·) then is an upper bound on the attack oracle complexity
of the learning problem.

In Section 9.4 we will consider more general pairs of hypothesis and perturbation classes
H and U . We will show that if U is not necessarily totally ordered with respect to H (or a
finite union of such totally ordered classes) there are tasks on which no learner (even with
access to a perfect attack oracle) can succeed (see Observation 9.4.3 below). For such cases
we will explore learnability with respect to the adversarial abstention loss:
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Definition 9.2.5 (Learnability with abstentions). Let H ⊆ {0, 1}X be a hypothesis class
and U a class of perturbation types. We say that H is robustly learnable with abstentions
with respect to perturbation class U if there exists a learner A and a function m : (0, 1)2 → N
such that for every ε, δ > 0, every m ≥ m(ε, δ), every u∗ ∈ U and every data-generating
distribution P we have

PS∼Pm [Lu∗,abst
P (A(S)) ≤ optu

∗

P (H) + ε] ≥ 1− δ.

Note that sinceH contains only non-abstaining predictors, we have optu
∗

P (H) = optu
∗,abst

P (H).

Discussion on additional parameters and assumptions Throughout this paper, we
will also work with various standard complexity measures, such as bounded VC-dimension
or bounded Littlestone dimension of the hypothesis class H, bounded VC-dimension of the
loss class or the adversarial component loss class. We refer the reader to the appendix for
a reminder of the definitions of these notions.

We will further assume that learners have the capability to identify empirical risk
minimizing hypotheses from a class. It is standard (though often implicit) to assume this
as oracle access for the learner as well. We consider the standard ERM oracle, a robust
ERM (RERM) oracle (for a fixed perturbation type u) and a maximally robust ERM
(MRERM) oracle (for a class U of perturbation types, and realizable samples only). We
define the following oracles:

ERMH : S 7→ hS ∈ argmin
h∈H

L0/1
S (h)

RERMu
H : S 7→ hu

S ∈ argmin
h∈H

Lu
S(h)

MRERMU
H : S 7→


(h

u∗
S

S , u∗
S) with h

u∗
S

S ∈ argminh∈H L
u∗
S

S (h),

and u∗
S is ⪯H maximal in the set {u ∈ U | minh∈H Lu

S(h) = 0}
error if Lu

S(h) > 0 for all u ∈ U and h ∈ H

That is, we will assume that MRERMU
H will return an error if the input sample S is

not ℓu-realizable for any u ∈ U . If, on the other hand, there does exist a u ∈ U for
which S is ℓu-realizable, then MRERMU

H will return a maximal (with respect to ⪯H) such

perturbation type u∗
S and corresponding hypothesis h

u∗
S

S with Lu∗
S (hu∗

S ) = 0. In particular,
we assume that for every non-empty sample S there exists such a maximal element u∗

S ∈ U
and corresponding ERM hypothesis from H. While these do not always exist in U and
H a priori, it has recently been shown that it is possible to embed U and H into slightly
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larger classes so that the MRERMU
H oracle is always well defined [Lechner et al., 2023b].

See Appendix Section 9.6 for more details on this.

Since we focus on studying sample complexity (independently of computational con-
siderations) and consider learners as functions throughout, assuming access to the above
oracles is not restricting the validity of our bounds. It is still interesting to understand
when is their existence reasonable to assume. Both ERM and RERM oracles have been
widely used in the literature and they are often computationally hard to implement. As-
suming their existence, however, an MRERM oracle can be easily implemented for the
case where U is finite and totally ordered by running a binary search over U and calling
RERM for the comparison step. If we assume U is parametrized by a k-bit number, then
this requires O(k) queries to RERM.

9.3 Learning with a totally ordered perturbation class

We will start with investigating the case where the perturbation class U is totally ordered
with respect to hypothesis class H (see Definition 9.2.2). Note that if two perturbation
types u1 and u2 we satisfy u1(x) ⊆ u2(x) for all x ∈ X , then u1 is smaller than u2,
u1 ⪯H u2, for every hypothesis class H ⊂ {0, 1}X . This is, for example, the case when u1

and u2 assign balls (with respect to some metric) centered at x to every domain point x
and u2 always assigns a ball of radius at least as large as the ball assigned by u1 (while the
balls assigned by u1 and u2 are not necessarily required to have the same radii uniformly
over the space X ).

In this section, we will focus on learning with respect to the standard adversarial loss
and thus only consider non-abstaining predictors. We first show that for H and totally
ordered U , whenever the class H has bounded VC-dimension we get learnability in the
realizable case. This result is based on adapting a compression argument for adversarially
robust learning [Montasser et al., 2019] to the case of uncertain perturbation sets. A very
similar adaptation has recently been made for the related problem of strategic classification
[Lechner et al., 2023b]. The proof of this result can be found in the appendix.

Theorem 9.3.1. Let U be a perturbation class that is totally ordered with respect to a
hypothesis class H with VC(H) = d < ∞. Then H is learnable in the realizable case with

respect to U with sample complexity O(d·2
d·log(1/δ)

ε
).

Recall that realizability here means optu
∗

P (H) = 0 for the true perturbation type u∗

(with respect to which the learner is evaluated). We now show that without this assumption
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learning guarantees are impossible without equipping the learner with additional resources
(or weakening the success criteria).

Observation 9.3.2. There exists a class H with VC(H) = 1 and a perturbation class U that
is totally ordered with respect to H that is not learnable (in the sense of Definition 9.2.3).

We will now show that allowing a learner access to a perfect attack oracle yields learn-
ability in the agnostic case.

Theorem 9.3.3. Let U be a perturbation class that is totally ordered with respect to a
hypothesis class H with VC(H) = d < ∞ and assume access to a perfect attack oracle.
Then H is learnable in the agnostic case with respect to U with sample complexity m(ε, δ) =

O(d·2
d·log(1/δ)

ε2
) and oracle complexity O(m(ε, δ)2).

Proof. We will employ a well-known reduction from agnostic learning to realizable compression-
based learning [Montasser et al., 2019]. Since our proof for Theorem 9.3.1 for the realizable
case of learning with uncertain, totally ordered perturbation sets employs a compression-
based learner, for the agnostic case it suffices to show that, given any sample S = ((x1, y1), . . . , (xm, ym)),
we can identify a largest subsample S ′ of S that is realizable with respect to the underlying
perturbation type u∗. We will now outline how the perfect attack oracle can be employed
to achieve this.

By employing the MRERMU
H-oracle, the learner can generate an ordered list T =

((S1, h1, u1), . . . (Sn, hn, un))) of subsamples of S that are realizable with respect to some
u ∈ U , such that (hi, ui) = MRERMU

H(Si) for all i and ui ⪯H uj for all i ≤ j. Note that
we have u∗ ⪯H ui if and only if the perfect attack oracle returns robust for all sample
points in Si when tested on hi, that is Ou∗(hi, x) = robust for all x with (x, y) ∈ Si for
some y. Thus, using a binary search over the list T , we can identify the smallest index ι
for which u∗ ⪯H uι. Since we have n ≤ 2m and every test in the search employs at most m
calls to the perfect attack oracle, this search terminates after at most m2 queries. Finally,
note that all subsets Si from T for which i ≥ ι are realizable with respect to u∗. Thus we
can choose any largest among Sι, . . . Sn as a maximal realizable subset with respect to the
unknown perturbation type u∗.

In Section 9.7 we provide additional guarantees for the agnostic case.

9.4 Beyond totally ordered perturbation classes

We now consider a more general setting where U is not necessarily totally ordered with
respect to H.
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9.4.1 Learning with the standard adversarial loss

We will start by showing that H, U are learnable with access to a perfect attack oracle
if U is the union of k sub-classes which are each totally ordered with respect to H. This
naturally contains the case that U is finite. Another natural case where this occurs is
considering perturbation sets that are balls around domain points of certain radii and with
respect to one of a number of possible norms. Consider X = Rd and the set

U = {up
r : x 7→ Bp

r (x) | r ∈ R, p ∈ 0, 1, 2,∞}

where we let Bp
r (x) denote the ℓp-norm ball around x. Then the above class U is a union

of 4 totally ordered perturbation classes (one for balls of each norm) with respect to any
hypothesis class H.

Theorem 9.4.1. Let H be a hypothesis class with VC(H) = d < ∞, and let U be a
perturbation class, which is a union U = U1 ∪ U2 ∪ . . . ∪ Uk of k subclasses which are each
totally ordered with respect to class H. Then H is learnable with access to a perfect attack

oracle Ou∗ in the realizable case with respect to U with sample complexity O(d·2
d·log(k/δ)

ε
+

log(k)·log(1/ε)+log(1/δ)
ε2

) and query complexity O(
(

log(k)·log(1/ε)+log(1/δ)
ε2

)2

).

Proof. We can generate k hypotheses h1, h2, . . . , hk that are the output of an (ε, δ)-successful
learner for H with respect to each of the Ui. Since each of the classes Ui are totally ordered

with respect to H, the result of Theorem 9.3.1 tells us that O(d·2
d·log(k/δ)

ε
) sample points

suffice to guarantee that, with probability at least 1− δ, we have ℓu
∗
(hi) ≤ ε for all i with

u∗ ∈ Ui. Thus the class Hk = {h1, h2, . . . , hk} of these k learning outputs has approxima-
tion error at most ε with respect to the data generating distribution P . Note that, since we
have |Hk| = k, this class has also bounded Littlestone dimension at most log(k). Employ-
ing a result ([Montasser et al., 2021], Theorem 3) on agnostically learning finite Littlestone

classes with access to a perfect attack oracle, an additional O( log(k)·log(1/ε)+log(1/δ)
ε2

) samples
and the stated number of queries suffice to output a hypothesis h with Lu∗

P (h) ≤ 3ε.

It is not difficult to see that, even in the realizable case, and when U is the union of just
two totally ordered subclasses, a learner without access to a perfect attack oracle cannot
succeed with respect to the standard adversarial loss.

Observation 9.4.2. There exists a class H with VC(H) = 1 and a perturbation class U
that is the union of two totally ordered subclasses with respect to H that are not learnable
in the realizable case (in the sense of Definition 9.2.3) without access to a perfect attack
oracle.
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For the proof of this observation we refer the reader to the supplementary material.
Now we show that if we remove even more structure from the set of perturbation types
U then learning success becomes impossible even with access to a perfect attack oracle.
The following observation will then motivate to investigate learning with respect to the
adversarial abstention loss (rather than the standard adversarial loss).

Observation 9.4.3. There exists a class H with VC(H) = 1 and a perturbation class U that
are not learnable (in the sense of Definition 9.2.3), even with access to a perfect attack
oracle.

Proof. We consider the same domain, class, and distribution as in the proof of the previous
observation: X = R, P with P ((−3, 1) = P ((3, 0)) = 0.5, and

H = {ht : x 7→ 1[x ≤ t] | t ∈ R}.

Further, we consider the class U = {ua,b | a, b ∈ R} of perturbation types ua,b, that assign
all points x ≤ 0 to a ball of radius a around x and all points x > 0 to a ball of radius
b. Then, even when promised realizability, a learner cannot distinguish the cases where
u∗ = ua,b for some values a, b with a + b ≤ 6 from samples and any finite number of
queries to the perfect attack oracle. In particular, if u∗ = ua,b for some a, b with a+ b = 6,
predicting with respect to one such pair a, b will induce loss 0.5 for all other such pairs.

9.4.2 Learning with the adversarial abstention loss

We will now consider learning with respect to the adversarial abstention loss. We will first
show that learning with abstentions can actually help overcome some of the impossibilities
shown above. For this, let us revisit the example seen in Observation 9.4.3.

Observation 9.4.4. There exists a class H with VC(H) = 1 and a perturbation class U that
are not learnable (in the sense of Definition 9.2.3), even with access to a perfect attack
oracle, but that is robustly learnable with abstentions (in the sense of Definition 9.2.5) in
the realizable case (without access to a perfect attack oracle).

Proof sketch. We consider the example from the proof of Observation 9.4.3. Now consider
the sub-classes U1 = {ua,0 : a ∈ R} and U2 = {u0,b : b ∈ R}. Since both U1 and U2 are
totally ordered we can learn successful hyptheses h1 and h2 respectively. We now define
h : X → {0, 1, ⋆} by h(x) = y if h1(x) = h2(x) = y and h(x) = ⋆ otherwise. This is a
successful hypothesis. For more detail, we refer the reader to the appendix.
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We will now continue by showing that, similar to the case where we have access to a
perfect-attack-oracle, a finite union U =

⋃k
i=1 Ui of totally ordered perturbation sets Ui is

robustly learnable with abstention in the robustly realizable case.

Theorem 9.4.5. Let U =
⋃k

i=1 Ui, where every Ui is totally ordered. Furthermore, let H
have a finite VC dimension. Then H is robustly learnable with abstension with respect to

U in the robustly realizable case with sample complexity O(d·2
d·k2 log(k/δ)

ε
).

Abstention learning with disagreement coefficient

The proof of Theorem 9.4.5 shows how bounding the mass of the region on which two
learners with small 0/1-loss disagree, yields a robust error guarantee for learning with
abstentions. In this section, we will review the definition of the disagreement coefficient
([Hanneke, 2007, Hanneke et al., 2014]), and show that hypothesis classes H with finite
disagreement coefficient are robustly learnable with abstention in the realizable case with
respect to every class of perturbation types U .
For a distribution PX over X , we let the PX -induced difference between two hypotheses be
denoted by

dPX (h, h
′) = Px∼PX [h(x) ̸= h′(x)].

The ball in H around a hypothesis h with radius r is then denoted by

BPX (h, r) = {h′ ∈ H : dPX (h, h
′) ≤ r}.

Lastly, let the disagreement region of a set of hypotheses H be

DIS(H) = {x ∈ X : ∃h, h′ ∈ H with h(x) ̸= h′(x)}.

We can now state the definition of the disagreement coefficient.

Definition 9.4.6 ([Hanneke et al., 2014]). For a distribution P over X × Y and a class
H ⊆ {0, 1}X , let h∗ ∈ argminh′∈H LP (h

′). The disagreement-coefficient of H with respect
to P is defined by:

θP (H) = sup
r∈(0,1)

PX (DIS(B(h∗, r)))

r
.

Furthermore, let the worst-case disagreement coefficient be θ(H) = supP∈∆(X×Y) θP (H).

Theorem 9.4.7. Let H be a hypothesis class with θ(H) <∞ and V C(H) = d <∞. Then
the class H is robustly learnable with abstention in the realizable case with respect to the

class of all perturbation types Uall with sample complexity O(
d+log( 1

δ
)

( ε
θ(H)

)2
).
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The proof can be found in Appendix 9.9.6, but the main idea is that for any point x,
we return a y ∈ {0, 1} if and only if every h with L0/1

S (h) = 0 agrees with y, otherwise we
abstain. Because of the bound on the disagreement coefficient, one can show that for a
large enough S, this leads to a hypothesis with low abstention loss.

Abstention learning via ε-cover

We will now generalize our previous results, by introducing the concept of an (ε,H)-cover.

Definition 9.4.8 ((ε,H)-cover of U). Let H ⊆ {0, 1}X be a hypothesis class, P a dis-
tribution over X × Y and U a class of perturbation types. A set of hypotheses H′ is a
(ε,H)-cover for U with respect to P , if for every u ∈ U , there exists an h′ ∈ H′ such that
Lu

P (h
′) < infh∈H Lu

P (h) + ε.

We will now provide the definition of a successful cover learner.

Definition 9.4.9. Let H ⊆ {0, 1}X be a hypothesis class, and U be a class of pertur-
bation types. We say a function Acover : (X × Y)∗ → 2{0,1}

X
that maps a sample S to

a hypothesis class Ĥ ⊂ F is a successful finite-disagreement-cover learner for (H,U), if
there is a function m(H,U),cover : (0, 1)3 → N, such that for every ε, η, δ ∈ (0, 1), every
m ≥ m(H,U),cover(ε, η, δ) and every distribution P over X ×{0, 1} with probability 1−δ over
S ∼ Pm both of the following statements hold:

• A(S) is an (ε,H)-cover for U with respect to P

• PX (DIS(A(S)) ≤ η .

We note that any successful cover learner, that is guaranteed to output a finite set is
a successful finite-disagreement cover learner. The case, where U is a union of k totally
ordered perturbation type classes Ui, we have seen before, can be interpreted as first
learning a cover Ĥ of size k, where each of the element of the union ”covers” one of the
classes. The case in which H has a finite disagreement coefficient can furthermore be seen
as a case where the set of all ERMH hypotheses constitute an (ε,H)-cover H′ for every
class of perturbation types U . The mass of the disagreement region of H is then bounded
by the disagreement coefficient. We now state our result generalizing these observations.

Theorem 9.4.10. A class H is robustly learnable with abstentions with respect to U in the
robustly realizable case, if there is a successful finite-disagreement-cover learner for (H,U).
Furthermore, the sample complexity of robustly learning with abstentions is then bounded
by mH,U(ε, δ) ≤ mH,U ,cover(ε/2, ε/2, δ).
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Inspired by considerations of adaptive robustness radii [Chowdhury and Urner, 2022,
Bhattacharjee and Chaudhuri, 2021], in Section 9.8 of the appendix we discuss a setting
of abstention learning in which we allow the size of the perturbation sets to vary locally
between different regions of the domain. We provide a learning guarantee for this setting
that is not covered by our previous results.

9.5 Conclusion

In this work we relaxed the assumption that we know exactly the perturbation sets that
are to be used by an adversary. Our model provides an interpolation between knowing
the perturbation sets exactly and not knowing them at all. Many of our results rely on
realizability. We have also shown that without realizability, learning is not possible unless
the learner receives other feedback, such as access to a perfect attack oracle. It might be
interesting to consider some milder relaxations of realizability. For example, instead of
saying optu

∗
P (H) = 0, what if we only know that the adversarial Bayes loss is zero for some

u∗ ∈ U?

While our work focuses on statistical aspects, it will also be interesting to understand
the kinds of computation required for our results. For example, we rely on the existence
of an MRERM oracle. When are they computationally feasible? Do we require accurate
MRERM oracles or can approximate (and hence potentially more tractable) versions also
be used for the learning task?

Another question is to find a dimension that characterizes learning in various settings.
This was only recently resolved for adversarially robust learning (for the case when u is
known) [Montasser et al., 2022], however, the dimension proposed in the paper is not easy
to define. On the other hand, in the setting when the only information we can obtain
about u is through a perfect attack oracle, the Littlestone dimension of H has been shown
to characterize adversarially robust learning [Montasser et al., 2021]. It will be interesting
to see if such a simple dimension can be obtained for the settings considered in our paper.
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9.6 Maximally Robust Empirical Risk Minimization

Recall the definition of the empirical risk minimization oracles:

ERMH : S 7→ hS ∈ argmin
h∈H

L0/1
S (h)

RERMu
H : S 7→ hu

S ∈ argmin
h∈H

Lu
S(h)

MRERMU
H : S 7→


(h

u∗
S

S , u∗
S) with h

u∗
S

S ∈ argminh∈H L
u∗
S

S (h),

and u∗
S is ⪯H maximal in the set {u ∈ U | minh∈H Lu

S(h) = 0}
error if Lu

S(h) > 0 for all u ∈ U and h ∈ H

While there always exists functions hS and hu
S that are solutions to the queries in the first

two oracles, the last one requires a bit more care.

Let S be some labeled dataset and assume that H and U are hypothesis and pertur-
bation type classes such that S is H-realizable for the true perturbation type u∗ ∈ U . We
can then define a maximal perturbation type u∗

S for S, H and U as follows:

u∗
S(x) =

⋃
u∈U such that minh∈H Lu

S(h)=0

u(x).

This defines a perturbation type u∗
S(x), which is not necessarily in U but does satisfy

u∗ ⪯H u∗
S, which suffices for our purposes.

If, given u∗
S, the set argminh∈H L

u∗
S

S (h) is non-empty, the oracle can return any function

in this set as h
u∗
S

S . We will now argue that we can define a “closure” H̄ of the hypothesis

class H, which has the same VC-dimension as H and such that h
u∗
S

S ∈ H̄.

We here show how such an embedding of H into the closure class H̄ can be constructed
in the case of a countable domain X and a perturbation class U that is separable, in the
sense that for every U ′ ⊂ U there exists a countable subset U ′′ ⊂ U ′, such that for every
x ∈ X :

⋃
u∈U ′ u(x) =

⋃
u∈U ′′ u(x). This is the case for a wide range of perturbation types,

in particular in the case for which the sets u(x) are always open balls with respect to some
ℓp-norm in Rd. In the general case (where X may be uncountable and U not separable in
the above sense) recent work has shown that the existence of a closure class with identical
VC-dimension is still guaranteed [Lechner et al., 2023b]. The more general construction
there employs the set-theoretic concept of filters. It is shown in the context of strategic
classification, but the technique is readily available to adversarial perturbation sets. We
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here illustrate the intuition behind that abstract construction by focusing on countable
and separable case.

We now assume that X is countable and let (xi)i∈N be an enumeration of the elements
of X . The separability assumption on the perturbation class U implies that for all S there
is a countable subset U c ⊆ U such that for all x ∈ X we have

u∗
S(x) =

⋃
u∈Uc such that minh∈H Lu

S(h)=0

u(x).

For a given sample S, let (ui)i∈N be an enumeration of the set

{u ∈ U c | min
h∈H
Lu

S(h) = 0}

and let (hi)i∈N be an enumeration of corresponding empirical risk minimizing hypotheses
from H:

hi = RERMui
H(S).

We will now define the function h∗
S by successively choosing subsequences from the sequence

(hi)i∈N as follows. We set F0 = (hi)i∈N and J0 = N. Then, for every i ∈ N, we define a set
of indices Ji such that

• Case 1: There exists a k ∈ Ji−1 such that hj(xi) = hk(xi) for all j ≥ k, j ∈ Ji−1.
Then we define:

Ji = {j ∈ Ji−1 | hj(xi) = hk(xi)}

• Case 2: Both labels are assigned infinitely often to xi by the sequence (hj)j∈Ji−1
.

Then we define
Ji = {j ∈ Ji−1 | hj(xi) = 1}

and we define subsequence Fi = (hj)j∈Ji . Note that, by construction, in each resulting
sequence Fi the first i points x1, x2, . . . , xi receive the same label by all functions in the
sequence. Now, by choosing indices to select the i-th function from each sequence Fi (by
choosing the first index of J1, the second index in J2, the third in J3 and so on), and
re-identifying these indices with the natural numbers, we obtain yet another subsequence
F = (fi)i∈N. In this sequence we now have for every i ∈ N and every k ≥ i

fk(xi) = fi(xi).

148



That is, this sequence of functions converges pointwise and we can use the above equation
define the function h∗

S as follows:

h
u∗
S

S (xi) = fi(xi).

It is not difficult to see that the so defined function h
u∗
S

S satisfied LS
u∗
S
(h

u∗
S

S ) = 0. Let let H̄
be defined by adding these function h

u∗
S

S to H for all possible S.

H̄ = H ∪ {hu∗
S

S ∈ {0, 1}
X | S ∈ (X × Y)∗}

We observe that every behavior that H̄ exhibits on a finite subset C ⊆ X , is already
witnessed by a function from H. Thus we get VC(H̄) = VC(H), and we can always let
MRERMU

H return a function from H̄.

9.7 Agnostic learning for finite unions of total orders

Theorem 9.7.1. Let H be a hypothesis class with VC(H) = d < ∞, and let U be a
perturbation class, which is a union U = U1 ∪ U2 ∪ . . . ∪ Uk of k subclasses which are each
totally ordered with respect to class H. Then H is agnostically learnable with access to a
perfect attack oracle Ou∗ with respect to U with sample complexity m1(ε, δ)+m2(ε, δ), and
query complexity n1(ε, δ) + n2(ε, δ) where:

• m1(ε, δ) = O(d·2
d·log(k/δ)

ε2
)

• m2(ε, δ) is the sample complexity of agnostically learning a hypothesis class of size k
wrt Uall.

• n1(ε, δ) = k · (m1(ε, δ))
2

• n2(ε, δ) is the query complexity of agnostically learning a hypothesis class of size k
wrt Uall

Proof. We can generate k hypotheses h1, h2, . . . , hk that are the output of an (ε, δ)-successful
learner for H with respect to each of the Ui. Since each of the classes Ui are totally or-
dered with respect to H, the result of Theorem 9.3.3 (combined with a union bound) tells
us that m1(ε, δ) sample points and n1(ε, δ) queries suffice to guarantee that, with prob-
ability at least 1 − δ, we have ℓu

∗
(hi) ≤ optu

∗
P (H) + ε for all i with u∗ ∈ Ui. Thus the
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class Hk = {h1, h2, . . . , hk} of these k learning outputs has approximation error at most
optu

∗
P (H) + ε with respect to the data generating distribution P . Note that, since we have

|Hk| = k, this class has bounded Littlestone dimension at most log(k), VC-dimension at
most log(k), and dual VC-dimension at most k. Employing a result ([Montasser et al.,
2021], Theorem 4) on agnostically learning finite VC classes with access to a perfect attack
oracle, we get that both m2(ε, δ) and n2(ε, δ) are finite and Lu∗

P (h) ≤ optu
∗

P (H) + 2ε.

9.8 ε-cover Learning

9.8.1 Abstention learning for regions with different radii

Let us now explore the case, where we allow our perturbation types to consist of perturba-
tion sets whose size varies throughout the domain. While a lot of work assumes that the
size of the radius is fixed throughout the domain, it is not a prior clear that the distances in
the domain correspond perfectly to what humans find perceptible. This was noted in prior
works [Bhattacharjee and Chaudhuri, 2021, Chowdhury and Urner, 2022] and motivated
their adaptive adversarial loss. We explore such variation of local radii for the setting of
uncertain perturbation sets. We have seen examples of this in Observation 3 and Obser-
vation 4. We will now generalize these perturbation types. Let X = R. For a function
f : X → [k], let the perturbation type uf,a1,...,ak defined by:

uf,a1,...,ak(x) = Baf(x)(x).

That is, we have k different regions in the domain, which are determined by f . Furthermore,
we assume that each perturbation set within a region i is a ball with radius of a fixed size
ai, while radii can vary between regions. For a fixed function f , let us now consider

Uf = {uf,a1,...,ak : a1, . . . , ak ∈ R}.

Let VC(H) ≤ VC(H × U)ℓ ≤ d. We note that in general, that is excluding particular
hypothesis sets H and function f , this set of perturbation sets cannot be expressed as a
finite union of totally ordered sets.

For every i ∈ [k] consider the classes Uf,i = {uf,0,...,0,ai,0,...,0 : ai ∈ R}. Let P be a

realizable distribution with respect to H and u∗ ∈ U . Let m(ε, δ) = C
d+log( 1

δ
)

ε2
, where

C is the constant we require to get a uniform-convergence guarantee (which exists due to
the corresponding VC-dimensions being finite, see [Shalev-Shwartz and Ben-David, 2014a]),
and letm ≥ m( ε

k(2k2+1)
, δ
k
). Now for a sample S and any i, let (hi, ui) = MRERMH

Uf,i
(S). We
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denote by amax
i the maximum realizable radius for component i, i.e. h0,...,0,amax

i ,0,...,0 = hi.
Now let u∗ = uf,a∗1,...,a

∗
k
be the ground true perturbation set. Then for every i, a∗i ≤ amax

i .
Let umax = uf,amax

1 ,...,amax
k

. We note that for every x ∈ X , y ∈ Y and h ∈ F , we have
ℓu

max
(h, x, y) ≤ maxi∈[k] ℓ

ui(h, x, y). Now let

h(x) =

{
y if for all i : hi(x) = y

⋆ otherwise.

We note that by the PAC-learning guarantee with respect to 0/1-loss, with probability
1 − δ, for every i, j ∈ [k] we have a pairwise disagreement between hi and hj of at most

2ε
(2k2+1)k

. Thus the disagreement-region of {hi : i ∈ [k]} has mass at most k2ε
k(2k2+1)

. Thus,
with probability 1− δ over the sample generation the abstention loss of h we have

Lu∗,abst
P (h) ≤ Lumax,abst

P (h) ≤
k∑

i=1

Lui,abst
P (h) ≤

k∑
i=1

(Lui

P (hi) + PX ({x : h(x) = ⋆}))

≤ k(
ε

k(2k2 + 1)
+

k2ε

k(2k2 + 1)
) = ε.

Note, that we can thus view {h} as an (H, ε)-cover of U with respect to P and adversarial
abstention loss.

9.9 Proofs

9.9.1 Proof of Theorem 1

Proof. For this result we adapt a compression based argument for the case of fixed per-
turbation type [Montasser et al., 2019] to the case of a class U of perturbation types. A
similar adaptation has recently been shown for the setting of strategic classification [Lech-
ner et al., 2023b]. The key difference to the original compression scheme is that we use the
MRERMU

H oracle for the weak learners in each round of boosting, rather than the simple
RERMu

H oracle as is done in the original publication [Montasser et al., 2019]. Importantly,
the maximal ERM paradigm is well defined on all subsets of an original given data sample,
and thus each required weak hypothesis can be encoded with a finite number of samples.
Finally, since the maximal perturbation type for any subsample is always at least as large
as the true perturbation type (under the realizablity assumption), using MRERMU

H for each
boosting step we obtain the required guarantee for the true perturbation type (without
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the learner/compressor requiring knowledge of the true type). We thus obtain the same
compression size and implied sample complexity in the case of a totally ordered class of
perturbation types as for a fixed perturbation type.

9.9.2 Proof of Observation 1

Proof. Consider a finite domain X = {x1, x2, x3} and distribution P over X × {0, 1} with
P ((x1, 1)) = 1/4, P ((x3, 0)) = 3/4 and P ((x, y)) = 0 for all (x, y) /∈ {(x1, 1), (x3, 0)}. We
define a class U = {u1, u2} containing two perturbation types u1 and u2 defined as follows:

u1(x1) = {x1, x2}, u1(x2) = {x2}, u1(x3) = {x3}

and
u2(x1) = {x1, x2}, u2(x2) = {x2}, u2(x3) = {x2, x3}

We let hy1y2y3 denote the function that labels xi with yi on this domain (there are only 8
different non-abstaining predictors over X ), and let H = {h110, h100} be a hypothesis class
containing only two of these predictors. Clearly VC(H) = 1 and u1 ⪯H= u2. Note that

optu1
P (H) = Lu1

P (h110) = 0

while Lu1
P (hy1y2y3) ≥ 1/4 for all predictors hy1y2y3 ̸= h110. We further note that

optu2
P (H) = Lu2

P (h100) = Lu2
P (h000) = 1/4

while Lu2
P (hy1y2y3) ≥ 3/4 for all predictors hy1y2y3 /∈ {h000, h100}. Samples from P will

not allow distinguishing whether the true perturbation type is u1 or u2 (since we are not
imposing a realizability assumption here). Thus, no learner will be able to output predictors
that are (close to) optimal for all possible perturbation types in U .

9.9.3 Proof of Observation 2

Proof. We consider X = R and H to be the class of threshold classifiers:

H = {ht : x 7→ 1[x ≤ t] | t ∈ R}.

Further consider U = U−∪U+, where U− consists of perturbation types u−
r that assign each

x to a ball (interval) of radius r around x if x ≤ 0 and a ball of radius r/2 around x if x > 0,
and U+ similarly consists of perturbation types u+

r that assign each x to a ball (interval)
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of radius r around x if x > 0 and a ball of radius r/2 around x if x ≤ 0. Both U− and U+
are totally ordered (with respect to any hypothesis class) but their union U is not totally
ordered with respect to H. Consider a distribution P with P ((−3, 1) = P ((3, 0)) = 0.5.
Then, even when promised realizability, a learner cannot distinguish the cases u∗ = u−

4

and u∗ = u+
4 from samples; and performing well with respect to one of these perturbation

types will induce loss 0.5 with respect to the other.

9.9.4 Proof of Observation 4

Proof. We consider the example from Observation 9.4.3 Now consider the classes U1 =
{ua,0 : a ∈ R} and U2 = {u0,b ∈ R}. Since both U1 and U2 are totally ordered there
are successful robust learners A1 for H with respect to U1 and A2 with respect to U2.
We run both learners on a sample with a size to guarantee (ε/2, δ/2)-success in both
cases. We denote the resulting hypotheses with h1 and h2 respectively. We now define
h : X → {0, 1, ⋆} by h(x) = y if h1(x) = h2(x) = y and h(x) = ⋆ otherwise.

We now argue that with probability 1 − δ, h has adversarial abstention loss less than
ε. Let u∗ = ua∗,b∗ ∈ U be the ground-truth perturbation type. Now let P be any ℓua∗,b∗ -
realizable distribution. Let (·, ua1,0) = MRERMU1

H (S) and (·, u0,b2) = MRERMU2
H (S). With

probability 1, we have both a1 > a∗ and b2 > b∗. Further, we note every x ∈ X and
every ua,b ∈ U , ℓua,b(h, x, y) is either determined by a, h and y or b, h and y, not both,
since either x ≤ 0 or x > 0. This means, that for every x ∈ X , ℓua1,b2 (h, x, y) ≤
max{ℓua1,0(h, x, y), ℓu0,b2 (h, x, y)}.

Combining these observations, we get

Lu∗,abst
P (h) ≤ Lua1,b2

,abst

P (h) ≤ Lua1,0,abst

P (h) + Lu0,b2
,abst

P (h) ≤ ε

2
+

ε

2
= ε.

9.9.5 Proof of Theorem 4

Proof. We assume robust realizability with respect to U . In particular this means that
we are in the non-robustly realizable case. Thus for any Ui, we know that the set U ′

i =
Ui ∪ {{{x} : x ∈ X}} is totally ordered and that it contains some ui ∈ U ′

i such that H is
robustly realizable with respect to the ground truth distribution P and ui. We know from
Theorem 9.3.1, that for every i, there is a successful maximally robust learner Ai for H
with respect to U ′

i in the realizable case, since U ′
i is totally ordered.
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Now let A be defined by

A(S)(x) =


1 iff for all i ∈ [k] we have Ai(S)(x) = 1

0 iff for all i ∈ [k] we have Ai(S)(x) = 0

⋆ otherwise .

Furthermore, let (h, ui(S)) = MRERMUi
H(S). Now let u∗ ∈ U be the ground-truth pertur-

bation type. We know that there is i∗ ∈ [k], such that u∗ ⪯ ui∗ . Let P be a distribution
with optu

∗
P (H) = 0. Now if S ∼ Pm with m ≥ maxi∈[k] m( ε

2k2+1
, δ
k
), then with probability

1− δ, for every i ∈ [k], Lui
P (Ai(S)) ≤ ε

2k2+1
and therefore, L0/1

P (Ai(S)) ≤ ε
2k2+1

. Thus, for
any two i, j ∈ [k], we have

PX ({x ∈ X : Ai(S)(x) ̸= Aj(S)(x)}) ≤
2ε

2k2 + 1
.

Thus,

Lu∗,abst
P (A(S)) ≤ Lu∗,abst

P (Ai∗(S)) + PX ({x ∈ X : A(S)(x) = ⋆})
≤ Lui∗ ,abst

P (Ai∗(S)) + PX ({x ∈ X : ∃i, j,Ai(S)(x) ̸= Aj(S)(x)})

≤ ε

2k2 + 1
+

2k2ε

2k2 + 1
= ε.

9.9.6 Proof of Theorem 5

Proof. Let u∗ ∈ Uall be any perturbation set and P any distribution with optu
∗

P (H) = 0.

Furthermore, let m ≥ mH(ε, δ) where mH is the sample complexity function in O(
d+log( 1

δ
)

( ε
θ(H)

)2
.

Let S ∼ Pm. Let Ĥ = {h ∈ H : L0/1
S (h) = 0}. Now we define our output hypothesis ĥ by

ĥ =


1 if for every h ∈ Ĥ : h(x) = 1

0 if for every h ∈ Ĥ : h(x) = 0

⋆ otherwise.
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We note that there is some h∗ ∈ Ĥ with Lu∗
P (h∗) = L0/1

P (h∗) = 0. Since every h ∈ Ĥ is
an ERMH hypothesis and H has VC dimension d, the sample of ERMs gives us

Lu∗,abst
P (ĥ) ≤ Lu∗,abst

P (h∗) + PX ({x ∈ X : h∗(x) ̸= ĥ(x)})
≤ Lu∗

P (h∗) + PX ({x ∈ X : ĥ(x) = ⋆})

0 + PX (DIS(B(h∗,
ε

θ(H)
)) = ε.

9.9.7 Proof of Theorem 6

Proof. Let m ≥ mU ,H,cover(ε/2, ε/2, δ) and S ∼ Pm. And let u∗ ∈ U the ground-truth
perturbation set. We define the abstention learner as:

A(S)(x) =


1 if for all h ∈ Acover(S) : h(x) = 1

0 if for all h ∈ Acover(S) : h(x) = 0

⋆ otherwise

Then with probability 1− δ, PX (DIS(Acover(S))) ≤ ε
2
and ∃h ∈ Acover(S) with

Lu∗

P (h) ≤ min
h′∈H
Lu∗

P (h′) + ε/2.

Since for every x ∈ X either A(S)(x) = h(x) or x ∈ Acover(S). Thus,

Lu∗,abst
P (A(S)) ≤ Lu∗,abst

P (h) + PX (DIS(Acover(S))) ≤ min
h′∈H
Lu∗,abst

P (h′) + ε.
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Part IV

Computable PAC Learning
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Chapter 10

On Learnability With Computable
Learners

We note that so far our discussion of learning has only looked at generalization guarantees
without any algorithmic guarantees. Moreover, learners, have been modeled as mappings
from training samples to, say, classifiers (or other possible learned objects). In this section
we will investigate how changing this definition of PAC learning to also contain conditions
on the computability of a learner impacts the learnability of a problem. Strengthening
the definitions of learnability to only allow computable learners reflects our intention of
modeling automated learning.

10.1 Overview of Contributions

In this chapter I present our work on Computable PAC learning [Agarwal et al., 2020]
which initiated an investigation of the nature of such notions of computable learning. In
this work we focussed our attention on binary classification learning with standard 0-1-
loss. As discussed in Section 2.1 purely statistical Vapnik-Chervonenkis theory provided
a characterization of uniform convergence by a combinatorial property of the hypothesis
class (the VC-dimension) for which learners were considered as general functions. VC-
theory did not impose any requirement on the learners actually being implementable by
algorithms [Vapnik and Chervonenkis, 1971a]. Valiant’s computational learning theory
framework of PAC learnability combined the statistical success condition with a require-
ment that learners are algorithms whose running time is polynomial in 1

ε
, log

(
1
δ

)
and some
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parameter d of the function class, for example, the Euclidean dimension of the feature space
in the case of linear classifiers [Valiant, 1984, Haussler, 1992]. In our work [Agarwal et al.,
2020], we introduced an intermediate setup. While we do not impose any (polynomial)
efficiency requirements on the the runtime of our learners, we will require the learners to
be computable. We then demonstrate settings in which such a definition leads to different
conclusions than what we know for the common notion of PAC learning.

In Section 10.2.2, we develop our modified definition of PAC learnability, which incor-
porates a requirement of the learning algorithm and its outputs to be computable. We
term this new notion CPAC learnability. Of course, restricting the set of candidate learn-
ers can only result in a decrease in the scope of learnable classes. Therefore, the first step
we take is asking: are there hypotheses classes of finite VC-dimension (therefore, PAC
learnable classes) that are not CPAC learnable? We then move on to analyze and identify
conditions under which such classes exist. We also consider various variations of the basic
setup: proper versus non-proper learning, as well as a notion of non-uniform learnability.

The main contribution of this work is to show the existence of such classes (that are
learnable under the common, unrestricted definition of PAC learning, but cannot be learned
by any computable learner) in the setting of proper learning, that is, under the additional
requirement that the learner output a function from the hypothesis class; the existence
of such classes shows that the characterization of PAC learnability by the VC-dimension
[Vapnik and Chervonenkis, 1971a, Vapnik, 2000] crucially depends on disregarding com-
putability requirements. These results are presented in Section 10.4. In that section, we
also identify conditions under which usual PAC learnability does imply CPAC learnability,
that is, under which computable learners exist. We also develop some insights into the
implications of computability requirements in the more challenging (to analyze) case of
improper learning in Section 10.6. Furthermore, in Section 10.5 we extend our study to
a notion of non-uniform learnability and show that in this setting there are also classes
that are learnable (namely the class of all computable functions), but not learnable by a
computable learner.

10.2 Defining Computable PAC (CPAC) Learning

10.2.1 General background

Notation. Let Σ = {0, 1} be a binary alphabet and let Σ∗ be the set of all finite words
over Σ. Note that we can naturally identify Σ∗ with the natural numbers N or with the
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set of all finite subsets of natural numbers. We will often implicitly assume that we fixed
one such encoding. We use standard notation for sets and functions, for example, we let
[n] = {1, 2, . . . , n} ⊂ N denote the set of the first n natural numbers

Computability. Throughout this paper, we will assume we fixed a programming lan-
guage. The existence of a program or algorithm is then equivalent to the existence
of a Turing machine. We use (Ti)i∈N to denote a fixed enumeration of all Turing ma-
chines/programs. We use the notation T ≡ S to indicate that two Turing Machines have
the same behavior as functions (not necessarily the same encoding, thus not necessarily
the same index in the enumeration). Further, for a Turing machine T and input x, we
write T (x) ↓ to indicate that T halts on input x and we write T (x) ↑ to indicate that T
loops (does not halt) on input x.

We say that a function f : Σ∗ → Σ∗ is total computable if there exists a program P
that halts on every string σ ∈ Σ∗ with P (σ) = f(σ). A set S ⊆ Σ∗ is called decidable (or
recursive) if there exists a program P such that for every σ ∈ Σ∗, P halts on σ and outputs
whether σ ∈ S. Finally, a set S ⊆ Σ∗ is called recursively enumerable (or semidecidable) if
there exists a program P that enumerates all strings in S, or, equivalently, if there exists
a program P that halts on every input σ ∈ S and, if it halts, correctly indicates whether
σ ∈ S.

Moreover, we will fix a language and proof system for first-order logic that is both
sound and complete: a first-order formula has a proof if and only if it is a tautology.
We additionally require that this language has a rich enough vocabulary (with respect to
function and relation symbols) to guarantee that the set of all its tautologies is undecidable
(e.g. Mendelson [2009], Proposition 3.54 (Church’s Theorem)).

Learning We now first recall some of the definition of PAC learning for binary classifi-
cation introduced in Part I. We let X = N denote the domain and Y = {0, 1} denote the
label space. A hypothesis is a function h : X → Y . We will often identify such binary
functions h with the subset of the domain that h maps to 1 and denote this as Xh = h−1(1).
A hypothesis class H ⊆ Y X is a set of hypotheses.

As is common in learning theory, we assume that data is generated by some distribution
D over X×{0, 1}. We denote the error of a hypothesis h with respect to the distribution D
by LD(h) = Prob(x,y)∼D[h(x) ̸= y]. A learner is a function that takes in a finite sequence
of labeled domain points S = ((x1, y1), . . . , (xn, yn)) and outputs a hypothesis h. The
empirical error of a hypothesis h with respect to a sample S = ((x1, y1), . . . , (xn, yn)) is
defined as LS(h) =

1
n

∑n
i=1 1[h(x) ̸= y]
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Definition 10.2.1 ((Agnostic) PAC learnability). A hypothesis class H is agnostic PAC
learnable if there exists a learner A such that for all ε, δ ∈ (0, 1), there is a sample size
m(ε, δ) such that, for any distribution D, if the input to A is an iid sample S from D of
size at least m(ε, δ), then, with probability at least (1 − δ) over the samples, the learner
outputs a hypothesis h = A(S) with

LD(h) ≤ inf
h∈H

LD(h) + ε

The class is said to be PAC learnable in the realizable case, if the above holds under the
condition that infh∈H LD(h) = 0.

Definition 10.2.2 (Proper learning). A hypothesis class H is proper (agnostic) PAC
learnable if it is (agnostic) PAC learnable with a learner that always outputs a hypothesis
h ∈ H from the class.

The standard notion of learnability (as in Definition 10.2.1) reflects a guarantee that
holds uniformly for all functions in the hypothesis class H (and uniformly overall data-
generating distributions). Namely, from a certain sample size on, the output of the learner
has to compete with the best hypothesis in H. We now introduce a notion of non-uniform
learnability where we allow the sample size that the learner requires to depend on the
hypothesis h ∈ H that it is aiming to compete with.

Definition 10.2.3 (Non-uniform learnability). We say that a hypothesis class H is non-
uniformly learnable if there exists a learner A and a function m : (0, 1)2 × H → {0, 1}
such that, for every ε, δ ∈ (0, 1), every hypothesis h ∈ H and for every distribution D, if
m ≥ m(ε, δ, h), then with probability of at least 1 − δ over the choice of S ∼ Dm, it holds
that

LD(A(S)) ≤ LD(h) + ε.

10.2.2 CPAC learnability

Computable learning

We now develop our framework of CPAC learnability. While we do not impose any (polyno-
mial) efficiency requirements on the the runtime of our learners, we will require the learners
to be computable. In addition we would like to also impose computability requirements on
the output hypotheses of these learners and for the hypothesis class H. That is, we would
like to ensure that a claim of “learnability” for a hypothesis class implies the existence of an
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algorithm that implements the learning process and that this learning algorithm provides
an output hypothesis in a form that allows for (computably) evaluating this hypothesis on
all inputs of the domain X.

Remark 1. It is not straightforward to define what a “computable class of functions” is.
Computability is defined as a property of sets of finite words. Here we are considering
sets of infinite objects – functions from N to {0, 1}. Of course, we may wish to consider
only computable functions, and in that case each function can be represented by a finite
program. However, while a set of programs may be decidable, this is not naturally im-
plied by “simplicity” of the set of functions these programs encode. Note that even for
a set containing only one simplest function, say the constant-zero function, the set of all
programs that encode it (in any fixed given programming language) is not decidable.

In light of the above discussion, we pose as a minimal requirement for our hypothesis
classes that they consist of computable functions. Further, we introduce the following two
additional restrictions on the computability properties (decidable and recursively enumer-
able) of the set of programs that compute these functions and that the learning algorithm
will use to output a hypothesis. Thus, we distinguish the following two notions for the
representations for hypothesis classes:

Definition 10.2.4 (Decidable Representation (DR) of a Hypothesis class). We say that
a class of functions, H, is Decidably Representable (DR) if there exists a decidable set of
programs P such that the set of all functions computed by a program in P equals H.

Definition 10.2.5 (Recursively Enumerable Representation (RER) of a Hypothesis class).
We say that a class of functions H is Recursively Enumerably Representable (RER) if there
exists a recursively enumerable set of programs P such that the set of all functions computed
by a program in P equals H.

Remark 2. There are other ways of finitely representing functions over a countable domain.
For example, we may restrict our attention to functions that have finite support, that is,
functions that are constant for all large enough inputs:

F = {f ∈ {0, 1}N | ∃ nf ∈ N such that ∀ i, j > nf , f(i) = f(j)}.

Functions in F can be represented by explicitly listing the finite set of instances on which
their value differs from the value that the function converges to. Most of the hypothesis
classes we introduce in Section 10.4 consist of such functions with finite support, and we
will by default assume the list representation. It is easy to see that such a list could be
turned into a program that computes the function, thus all functions in F are computable.
However, subsets of F may not be DR or RER in the sense of the above Definitions 10.2.4
and 10.2.5.
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We now introduce our notion of computable PAC learnability, or CPAC learnability
for short. The minimal requirement on the output of a CPAC learner is that it uses
a representation that allows for evaluating the output hypothesis on every input of the
domain.

Definition 10.2.6 (CPAC learnability). We say that a class H is (agnostic) CPAC learn-
able, if there is a computable (agnostic) PAC learner for H that uses a representation for
the predictors it outputs, that allows it to evaluate the outputted function on each domain
point. If the learner always outputs a (representation of) a hypothesis in class H, we call
it a proper CPAC learner and the class proper CPAC learnable.

In addition, we may require that the CPAC learner uses representations according to
the definitions of DR and RER classes.

Without explicitly defining these here, we note that the above also imply notions of
non-uniform learnability with additional requirements for the learner to be a proper learner
with respect to H and/or for the learner to be computable.

10.3 Summary of Results

We consider various learning scenarios and investigate whether learnability in the general
sense (where learners are modeled as arbitrary functions) implies learnability with com-
putable learners. We summarize our results in the tables below. As discussed earlier,
we only consider classes of computable predictors, thus “any class” assumes only this.
Note also that a class being Decidably Representable (DR) implies that it is Recursively
Enumerably Representable (RER), which implies that it consists of computable functions.
Thus, some of the results in the below tables are inherited via these inclusions.

Uniform proper Learning
Any class RE class DR class

Realizable
PAC ⇏ CPAC
Theorem 10.4.1

PAC ⇒ CPAC
Theorem 10.4.2

PAC ⇒ CPAC
implied by

Theorem 10.4.2

Agnostic
PAC ⇏ CPAC
implied by

Theorem 10.4.3

PAC ⇏ CPAC
implied by

Theorem 10.4.3

PAC ⇏ CPAC
Theorem 10.4.3
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Uniform improper Learning
Any class RE class DR class

Realizable open
PAC ⇒ CPAC
implied by

Theorem 10.4.2

PAC ⇒ CPAC
implied by

Theorem 10.4.2
Agnostic

left open
later solved

by Sterkenburg [2022]
(PAC ⇏ CPAC)

left open
later solved

by Sterkenburg [2022]
(PAC ⇏ CPAC)

left open
later solved

by Sterkenburg [2022]
(PAC ⇏ CPAC)

For the case of non-uniform learning, our Theorem 10.5.3 shows that there is a general
class (actually the class of all computable functions) that is learnable, but not with a
computable learner. We note that this had been shown earlier with a different proof
[Soloveichik, 2008]. This negative result holds in the realizable case for any (not necessarily
proper) learner. Whether non-uniform learnability implies non-uniform learnability with a
computable learner for more restricted classes (for example DR or RER classes) is currently
open.

10.4 Proper CPAC Learning

We start by considering the proper learning setup and show that, in general, even in the
realizable case, PAC learnability does not imply CPAC learnability.

Theorem 10.4.1. There exists a class of computable functions that has VC-dimension 1
and is not proper CPAC learnable (even in the realizable setup).

Proof. Let the domain set X be the set of natural numbers, N. Fix a recursive enumeration
of all Turing machines (Ti)i∈N. For every i ∈ N, define hi as follows:

hi(j) =


1 if j = 2i

1 if j = 2i+ 1 and the i’th Turing machine halts on the empty input

0 if j = 2i+ 1 and the i’th Turing machine does not halt on the empty input

0 otherwise
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All of these functions have finite support, i.e. Xhi
is finite for any hi. Therefore all hi

are computable functions. Finally, let Hhalting be the class {hi : i ∈ N}. Note that
VC-dimension(Hhalting) = 1, since the functions have disjoint support.

Assume by way of contradiction that there exists a computable proper learner for
Hhalting. Consider the probability distribution over X × {0, 1} that assigns all the prob-
ability mass to (2i, 1) and 0 to all other points. It is easy to see that for every i ∈ N,
on input training sample (2i, 1) such a learner must output the function hi. However,
since we require CPAC learners to output classifiers using a representation that allows for
evaluating them on every domain point, such a CPAC learner would provide a solution to
whether Turing Machine Ti halts on the empty input by testing the output of hi on the
test point 2i + 1. This is a contradiction because this implies we computably solve the
halting problem, which is obviously not possible.

Note that, while the class of functionsHhalting in the proof of the above theorem consists
of computable functions (see Remark 2), the class is not RER or DR in the sense of
Definitions 10.2.4 and 10.2.5. We next show, that, at least in the realizable case, if a
class is RER, then a class is PAC learnability implies CPAC learnability. Recall that,
without computability requirements, a hypothesis class is PAC learnable if and only if it
has finite VC-dimension, and in this case, every empirical risk minimizing (ERM) learner
is a successful PAC learner (see, for example, Theorem 6.7 in the textbook Shalev-Shwartz
and Ben-David [2014a]).

Theorem 10.4.2. Every recursively enumerably representable (RER) hypothesis class H
that has finite VC-dimension is proper CPAC learnable (in the realizable case).

Proof. We will argue that for such classes there is an algorithm that implements ERM
(empirical risk minimization) with respect to this class. Namely, given any realizable
labeled sample S, run an algorithm that generates all members of H one by one, and,
for each, compute its empirical error on S. Since we are in the realizable setting, we are
guaranteed to eventually find some h ∈ H with zero empirical error. As soon as we reach
such an h, we halt and h is the output of the learner.

Next, we will show that the above result crucially relies on the realizability assumption.
We show that even if a hypothesis class meets the stronger requirement of being decidably
representable (DR), PAC learnability does not imply proper CPAC learnability in the
agnostic case.
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Theorem 10.4.3. There exists a decidably representable (DR) hypothesis class of finite
VC-dimension (of functions with finite support) that is not proper CPAC agnostically
learnable.

Proof. Let the domain set X be the set of natural numbers, N. Fix a proof system for first
order logic over a rich enough vocabulary that is sound and complete (i.e., every first order
formula of that language has a proof if and only if it is a logical truth). By “rich enough
vocabulary” we mean a finite set of functions symbols and relation symbols so that the
set of all its logical truths is undecidable, for example a language for the natural numbers
with the ordering, addition, and multiplication. For every i, j ∈ N, we define a function
hij as follows:

hij(k) =


1 if k = 2i

1 if k = 2j + 1

0 otherwise

Enumerate all proofs and logical statements of the proof system. Let

HLT = {hij : The i’th proof in our logic is a proof for the j’th formula}.

Note that HLT is a decidable class. Each function in HLT has a finite support, and we
may therefore assume a list representation for these functions (see Remark 2). Now, to
decide if some finite support function is in HLT , we first check if the function maps exactly
one even natural number and one odd natural number to 1 and maps all other natural
numbers to 0. Then we check if the proof corresponding to the even number, proves the
logical statement corresponding to the odd number. Since every function in HLT assigns
the value 1 to only two inputs, VC(HLT ) ≤ 2.

Now we will argue that this class is not agnostic CPAC learnable. By way of contradic-
tion, assume that there exists a proper CPAC learner for HLT in the agnostic setting. For
every i ∈ N, consider a distribution Di that has all probability mass on the point (2i+1, 1).
Thus, every training sample from this distribution is a sequence containing only this point
with label 1. Note that if statement 2i + 1 is a logical truth, then a CPAC learner needs
to output function hj,2i+1, there proof j certifies the truth of statement 2i+ 1. Otherwise,
the CPAC learner may output any function from the class (since all functions in HLT have
error 1 in that case.

Thus, by feeding this learner a sequence of points (2i+1, 1) and observing the label of
the output predictor of this learner on points 2i+1, we developed a computable procedure
to decide whether a statement is a logical truth, in contradiction to our assumption on the
richness of the language.
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10.4.1 Computable (approximations to) empirical risk minimiza-
tion

Note that the class HLT from the proof of Theorem 10.4.3 is proper CPAC learnable in the
realizable case. Since it is DR, it is also RER, and this thus follows by Theorem 10.4.2.
In particular, observe that in the realizable case, an input sample point (2i + 1, 1) can
only occur if the i’th formula is a logical truth. The learner can then go over all finite
sequences in lexicographic order until it finds a proof for the i’th formula. Similarly, the
argument in the proof of Theorem 10.4.2 tells us that if a class is RER, then the recursive
enumerability allows us to search for an ERM hypothesis in the class if we are given a
promise that there exists a hypothesis in H with zero empirical error. However, lacking
such a promise in the agnostic case, the search is not guaranteed to terminate, leading to
the negative conclusions for HLT in Theorem 10.4.3.

In this subsection we explore intermediate scenarios. Specifically, we identify other
conditions under which such a search will terminate. In some cases, this implies computable
empirical risk minimization also in the agnostic case.

Theorem 10.4.4. If H is an RER class and S is a training sample for which the learner
is given a promise that

min
h∈H

LS(h) ≤ ε

for some ε ∈ [0, 1), then there is an algorithm that outputs an h ∈ H with LS(h) ≤ ε.

Proof. Similarly to the realizable case, an algorithm can iterate over the hypothesis class,
and evaluate the empirical loss of every h on S of every hypothesis and terminate, when
it finds a hypothesis h for which LS(h) ≤ ε holds. It is guaranteed to halt by the promise
in the statement that such an h ∈ H exists.

The above result does not guarantee computable empirical risk minimization (as long
as there is no promise on the actual minimal empirical risk). However, if H is RER and
has finite VC-dimension, and we are given a bound α on the approximation error of the
class (that is, we know infh∈H LP (h) ≤ α) and, in addition, we required the learner to halt
and output a hypothesis only with high probability over the sample, then we can use the
above result to find a hypothesis in H that has error close to α. In that case, by standard
uniform convergence results for classes of finite VC-dimension, we have

min
h∈H

LS(h) ≤ α + ε
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with high probability over the draw of sample S and in this case Theorem 10.4.4 yields a
hypothesis h with LP (h) ≤ infh∈H LP (h) + 2ε.

Next, we present a situation, in which ERM is computably possible even in the (fully)
agnostic case. Note that the condition below holds, for example for so-called maximum
classes [Floyd and Warmuth, 1995], in which the number of behaviors on each finite domain
subset achieves the bound in Sauer’s lemma (see Lemma 6.10 in Shalev-Shwartz and Ben-
David [2014a]). Recall that, for a hypothesis h, we let Xh ⊆ X denote the domain points
that h labels with 1.

Theorem 10.4.5. Let H be an RER class such that for every finite domain subset W ⊆ X,
the number of subsets of the form W ∩Xh for h ∈ H can be computed. Then there is an
algorithm that computes ERM for H (even in the non-realizable case). In particular, if H
in addition has finite VC-dimension, then H is (agnostically) CPAC learnable.

Proof. Given a sample S = ((x1, y1), . . . , (xn, yn)), we let SX = {x1, . . . , xn} denote the
set of (unlabeled) domain points that occur in S. Since H is RER, there is an algorithm
that enumerates functions in H and, for each can then compute the intersection SX ∩Xh.
Similar to the arguments in the proofs of Theorems 10.4.2 and 10.4.4, the number of subsets
of the form SX ∩Xh gives a stopping criterion for the search for an ERM.

We immediately get the following corollary for maximum classes:

Corollary 10.4.6. If H is an RER class, has bounded VC-dimension and is a maximum
class, then it is CPAC learnable.

Finally, we show that for classes of initial segments over some partial ordering are CPAC
learnable even in the agnostic case.

Theorem 10.4.7. If H is the class of all initial segments under any (partial) ordering
relation (containing also the constant 0 hypothesis), and H is RER then there is a CPAC
ERM learner for H (even in the agnostic case).

Proof. First, note that, since H is a class of initial segments, the VC-dimension of H is 1.

Let ≺ denote the partial order, and for x ∈ X, let init(x) denote the initial segment
corresponding to x, that is init(x) = {y ∈ X | y ≺ x}. Since H consists of initial segments,
for each h ∈ H, there is an xh ∈ X such that Xh = init(xh) (recall that Xh denotes the set
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of all domain points that are labeled 1 by h). And since we assume that H is the class of
all initial segments over ≺, we get

H = {init(x) | x ∈ X}.

Now note that for every pair of points (x, y) ∈ X2, the class H has exactly three behaviors.
If x and y are comparable by ≺, say without loss of generality x ≺ y, then H contains the
labelings (0, 0), (0, 1) and (1, 1) for (x, y). If x and y are not comparable, then H contains
the labelings (0, 0), (0, 1) and (1, 0) for (x, y).

This, again, can be turned into a stopping criterion for a search for an empirical risk
minimizer. Given a sample S, there is an algorithm enumerates all functions in H, until
for each pair of domain points in S, three labeling behaviors were observed. Then, it
can compute the empirical error of each of these functions over S and output and ERM
hypothesis h ∈ H. Since the VC-dimension of H is 1, this is a CPAC learner for H.

10.5 Computable non-uniform Learning

We now consider the non-uniform learning setup (recall Definition 10.2.3), and show that,
here as well, there are classes that are learnable (when learners can be arbitrary functions),
not by a computable learner. A similar result had been shown in Soloveichik [2008],
however, we provide a different proof. We first note that a hypothesis class H is non-
uniformly learnable if and only if it is a countable union of finite VC-classes.

Theorem 10.5.1 (Theorem 7.2 in Shalev-Shwartz and Ben-David [2014a]). H is non-
uniformly learnable if and only if there exist a sequence of classes (Hi)i∈N, each of finite
VC-dimension, such that H =

⋃
i∈NHi.

Corollary 10.5.2. The class Hcomp of all computable functions from N to {0, 1} is non-
uniformly learnable.

Proof. Since each function h in Hcomp is computable, there exists a program computing h.
Thus, Hcomp is countable, and therefore Theorem 10.5.1 applies.

However, we will show that the class Hcomp cannot be learned by any computable
learner (proper or non-proper).

Theorem 10.5.3 (Also see Soloveichik [2008]). No computable learner can non-uniformly
learn the class Hcomp.
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We will now provide an alternative proof for this result. We start by proving a “com-
putable version” of the classic No-Free-Lunch Theorem, which states that for every learner,
for a fixed sample size m, there exists a (simple) distribution over 2m domain points, on
which this learner will suffer a high expected loss. We show that, if the learner is com-
putable, there is also an algorithm that finds this distribution. The Lemma and proof
below are modifications of Theorem 5.1 in Shalev-Shwartz and Ben-David [2014a].

Lemma 10.5.4 (Computable No-Free-Lunch). For any computable learner A, and for any
m ∈ N, any domain X of size at least 2m, any subset {x1, . . . , x2m} ⊆ X of size 2m, we
can computably find a function f : {x1, . . . , x2m} → {0, 1} such that

ES∼Dm [LD(A(S))] ≥
1

4
, and ProbS∼Dm

[
LD(A(S)) ≥

1

8

]
≥ 1

7
,

where D is a uniform distribution over {(x1, f(x1)), . . . , (x2m, f(x2m))}.

Proof. The existence of f and D with the stated properties follow from the original No-
Free-Lunch Theorem. All that is left to show here, is that we can computably find the
function f .

There are T = 22m functions from {x1, . . . , x2m} to {0, 1}, which we denote by f1, . . . , fT .
For each 1 ≤ i ≤ T , defineDi to be the uniform distribution over {(x1, fi(x1), . . . , (x2m, fi(x2m))}
We know one of these are the function f and distribution D that we are looking for.

For each 1 ≤ i ≤ T , there are k = (2m)m possible sequences of m samples drawn from
the distribution Di. Let us denote these sequences as Si

1, . . . S
i
k. Each of these sample set

occurs with equal probability. Since A is computable, we can calculate the expected loss
of the learner with respect to distribution Di as follows:

ES∼Dm
i
[LDi

(A(S))] =
1

k

k∑
j=1

LDi
(A(Si

j)) =
1

k

k∑
j=1

[
1

2m

2m∑
l=1

1[A(S)(xl) ̸= fi(xl)]

]

From the No-Free-Lunch theorem, we know that one of the expected losses is at least 1
4
.

We can compute this quantity for each i from 1 to T until we find the quantity at least
1
4
. This gives the function f that we seek. The high probability statement follows from

the statement about high expected loss (see Shalev-Shwartz and Ben-David [2014a] for
details).

With this, we proceed to prove that Hcomp is not learnable by a computable learner.
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Proof of Theorem 10.5.3. Assume by way of contradiction that there is a computable
learner A that non-uniformly learns Hcomp. By Definition 10.2.3, this means that for
any computable function h, and any ε, δ ∈ (0, 1), there is a natural number nA(ε, δ, h) such
that for any distribution D and any n ≥ nA(ε, δ, h), we get

ProbS∼Dn [LD(A(S)) ≤ LD(h) + ε] ≥ 1− δ.

Consider the following partition of the natural numbers N = ∪i∈NPi where each Pi =
[li, ui]. For each i, ui − li + 1 = 10i, li+1 = ui + 1 and l1 = 1. For each i ∈ N and for
mi = 5i, by Lemma 10.5.4, there exists a function fi and a distribution Di on Pi such that
for the distribution D′

i over N×{0, 1}, the learner A fails to uniformly learn for ε = 1
8
and

δ = 1
8
. Here, D′

i is such that

D′
i((x, y)) =

{
Di((x, y)) if x ∈ Pi

0 otherwise

Consider a function h0 : N→ {0, 1} such that, for any x ∈ N, h0(x) = fj(x) where j is such
that x ∈ Pj (we can compute such a j given an x). Since each fi can be found computably,
h0 is a computable function. Hence h0 ∈ Hcomp.

There is a k ∈ N such that |Pk| > 2nA(
1
8
, 1
7
, h0). For the distribution D′

k, with proba-
bility at least 1

7
over samples of size 2nA(

1
8
, 1
7
, h0) drawn from D′

k, LD′
k
(A(S)) > 1

8
. This

contradicts our assumption that A non-uniformly learned the class Hcomp.

Remark 3. Similar impossibility results as those in Theorem 10.5.3, can be shown for
certain subclasses of the class Hcomp. For example, the same proof technique will show
that the class of all computable functions with a bounded run time cannot non-uniformly
be learned by a learner with an accordingly bounded run time.

10.6 Improper CPAC Learning

To understand the implications of CPAC-learnability in the more general setup of non-
proper learners, we obtain the following reduction inspired by a reduction in Daniely et al.
[2014].

For a hypothesis class H and a sequence S = ((x1, y1), (x2, y2), . . . (xm, ym)) of labeled
domain points, we say that S has a realizable labeling if there is an h ∈ H such that
yi = h(xi) of all pairs (xi, yi) ∈ S. We say that S has a random labeling if each yi was
the result of a random coin flip where Prob(yi = 1) = Prob(yi = 0) = 1

2
. With this

terminology, we introduce the following task.
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Definition 10.6.1 (The Distinguishing Problem). Given a hypothesis class H, we say that
a (potentially randomized) function A :

⋃
n∈N(X×{0, 1})n → {”realizable”, ”unrealizable”}

solves the distinguishing problem if for any δ > 0, there is an M ∈ N such that for any
sequence S = (x1, . . . , xM) ∈ XM , we have

• for T - a realizable labeling of S, Pr(A(T ) = ”realizable”) ≥ 1− δ,

• for T - a random labeling of S, Pr(A(T ) = ”unrealizable”) ≥ 1− δ,

where the probability is taken over the randomization of A and the random coin flips that
generated the labels in the latter case.

Theorem 10.6.2. If there is an (agnostic) CPAC learner of a class H whose range is a
class of finite VC-dimension, we can solve the distinguishing problem for H with a com-
putable distinguisher.

Proof. We let F be a CPAC learner that learns the class H and has a range with finite
VC-dimension. We let H′ denote this class of output hypotheses of F , and let d denote
the VC-dimension of H′.

By the Sauer’s Lemma, we know that the number of behaviors H′ exhibits on a set of
size m is bounded by a function p(m) that is polynomial in m. We will now show that we
can construct an algorithm A to solve the distinguishing problem for H.

For a given δ > 0, choose M > d and large enough so that p(M)
(
e
4

)M
4 < δ. Here

p(M) =
(
eM
d

)d
which is an upper bound to the growth function of H′ for M .

For a labeled sequence S = ((x1, y1), . . . , (xM , yM)) ∈ (X × {0, 1})M , we let DS de-
note the uniform distribution over S. Now we describe an algorithm A that solves the
distinguishing problem. Given S, the algorithm A will

1. By uniformly sub-sampling from S, generate a sample from distribution DS to run
learner F with error parameter 1

4
and confidence parameter δ.

2. Compute LS(h) output hypothesis h of F.

3. If LS(h) <
1
4
, return ”realizable”. Else return ”unrealizable”.

Note that for a realizable labeling S, we are guaranteed LS(h) < 1
4
with probability at

least 1− δ.
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The set of hypotheses that F may return has at most p(M) behaviors on any set of
instances of size M . The probability that any behavior yields error less than 1

4
on S is

bounded by

p(M) ·

(
M
M
4

)
2M

≤ p(M) ·
(e
4

)M
4

< δ

So, with probability at least 1 − 2δ (over the random coin flips and the sampling from
DS), the output hypothesis makes more than 1

4
error on S and is hence identified as

”unrealizable” with at least this probability.

Observe that the classesHhalting andHLT that we used for the negative results on proper
CPAC learning in Section 10.4, are actually CPAC learnable if we remove the properness
requirement. All functions in these classes map at most two domain-points to 1 and the
rest of the domain to 0. They are thus both subclasses of H2, the class of all hypotheses
h with |Xh| ≤ 2. This class is actually properly CPAC learnable, thus both Hhalting and
HLT are (improperly) CPAC learnable.

Conjectures and (formally) open problems

Inspired by our observations about improper learning, we stated some conjectures and
open probelms.

Conjecture 10.6.3. If a class H is (improperly) CPAC learnable, then there is a superclass
H′ ⊇ H such that H′ is proper CPAC learnable.

Theorem 10.6.2, along with Conjecture 10.6.3 leads to the following corollary.

Corollary 10.6.4. If H is (improper) CPAC learnable, then H is computably distinguish-
able.

We also conjecture the following:

Conjecture 10.6.5. There is a class H consisting of computable hypotheses, and with
finite VC-dimension, such that H is not computably distinguishable.

Corollary 10.6.4, along with Conjecture 10.6.5 would imply the existence of a class H
of finite VC-Dimension that is not (improperly) CPAC learnable.
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We also published as open problems the questions of whether there are decidably rep-
resentable classes of finite VC-dimension which cannot be CPAC learned in the improper
case, conjecturing that such a class indeed exists. We proposed the following candidate
class.

Let the domain set X be the set of natural numbers, N. Fix a proof system for first
order logic over a rich enough vocabulary that is sound and complete (i.e., every first order
formula of that language has a proof if and only if it is a logical truth). By “rich enough
vocabulary” we mean a finite set of functions symbols and relation symbols so that the set
of all its logical truths is undecidable, for example a language for the natural numbers with
the ordering, addition, and multiplication. Enumerate all proofs and logical statements of
the proof system. We can now define an order ≺ over theorems (i.e., statements with a
proof), by i ≺ j if and only if the proof of i has lower number in the enumeration of proofs
than the proof of j. Let

hi(x) =

{
1 if the logical statement with number x is a theorem and x ≺ i

0 otherwise
.

We can now define the class Hinit = {hi : i ∈ N}. It is easy to see that the class Hinit is
decidable and has VC-dimension 1.

Conjecture 10.6.6. The class Hinit is not improperly CPAC learnable.

Sterkenburg [2022] showed that there are indeed DR classes of VC-dimension 1 which
cannot be agnostically CPAC learned, even by improper learners. The construction is
similar to our class Hinit, but uses Turing machines (and their halting after t steps) in order
to construct a similar class of initial segments. The proof then uses an n-fold recursion
theorem to get a contradiction to a necessesry condition for CPAC learnability, which they
derive from our computable no-free-lunch theorem in the previous section. This necessary
condition for the CPAC learnablity of a class H states that there exists an algorithm, that
given any input sample S of sufficiently large size outputs a labelling on S that is not
H-realizable.

We also posed as open question whether there is a characterization of CPAC learnable
classes. Delle Rose et al. [2023] indeed provided such a characterization showing that the
necessary condition proposed by Sterkenburg [2022] is also a sufficient condition for CPAC
learnability.
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10.7 Conclusion and Overview over Related Work

We showed that in the case of CPAC learning, improper learnability does not imply proper
learnability, contrasting the results from binary classification without computational con-
straints. We further show that the characterization of proper learnability by the VC
dimension breaks down in the agnostic case: we showed that there are decidably repre-
sentable classes of VC-dimension 1, which are not CPAC learnable. However, in the proper
realizable case we can show that it is sufficient for a class to have finite VC-dimension and
be recursively enumerable in order to be CPAC learned. This is due to the fact that the
realizable case provides a stopping criterion for an algorithm implementing the ERM crite-
rion, as it can search until a hypothesis which realizes the labelling on the training sample
is found. Thus we show that for proper CPAC learning, the agnostic and the realizable
case are different. It was later shown by Sterkenburg [2022], that there are also decid-
ably representable classes of VC-dimension 1 which are not agnostically learnable in the
improper case. This combined with our result on realizable CPAC learning showed that
there is also a separation between agnostic and realizable learnability if learners are not
required to be proper. The result followed a similar construction as our classHinit proposed
in Section 10.6. The proof relied on a result which showed that if a class is (agnostically
improperly) CPAC learnable, then there is an algorithm that for every set of sufficient size
outputs a labelling that is not realized be the class. This result was shown by using our
computable No-Free-Lunch Theorem in Section 10.5. Delle Rose et al. [2023] later showed
that the existence of an oracle which finds a non-realizable labeling of the class on any set
of size d + 1 for large enough d is also a sufficient condition for CPAC learnability. Thus,
they provided a characterization of (agnostic improper) CPAC learnability of a class by
what they coined its effective VC-dimension. The non-realizable-labelling oracle, can be
thought of as a computable witness function for the fact that a set is not shattered by the
class. Thus one can indeed think of the effective VC-dimension as a computable version of
the VC-dimension: In order to show that the VC dimension of a class H is smaller or equal
to d, one needs to show that for every set S of size d + 1, there is a labelling of that set
that is not realized by H. The computable or effective VC dimension, now replaces the ”for
all” quantifier in that statement with an arbitrary input and the ”exists” quantifier with
an algorithm that computes such a labelling for every input set of size d+1. Other recent
works have extended the study of computability in learning to other learning settings such
as continuous domains [Ackerman et al., 2022] and online learning [Hasrati and Ben-David,
2023].
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10.7.1 Computable dimensions

Looking at the definition for effective VC-dimension, a natural question that arises is,
whether there can always be such ”computable” dimensions, for each dimension fulfilling
our notion of finitary characterization (Definition 3.1.3). If the formulas αd inW are indeed
first-order formulas, one can think of a similar approach: Given such a formular αd, take
it’s negation ¬αd and write it in a prefix-free way. Then turn all ∀-quantifies into potential
inputs to an algorithm and all ∃-classifiers to outputs of that algorithm, with the guarantee
that they satisfy the corresponding statement in ¬αd. This works well, if ¬αd can be
written in such a way that it is pre-fix free and starts with only ∀-quantifiers followed with
∃-quantifiers. In turn, we would require αd to be prefix-free and start with a sequence of
∃-quantifiers followed by a sequence of ∀-quantifiers. Thus if finitary dimension W consists
only of formulas using exists quantifiers over elements of X and over elements of H, then
they also give rise to a computational version. Further exploring which characterizing
dimensions allow for a computation version that characterizes the corresponding learning
problem with a computability constraint is an exciting direction for future research.
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Chapter 11

On the Computability of Robust
PAC Learning

In this chapter, I present the work ”On the Computability of Robust PAC Learning” (joint
work with Pascale Gourdeau and Ruth Urner, COLT 2024). In this work, we initiate the
study of computable PAC learning in the (adversarially) robust setting. Adversarial robust
PAC learning has by now been extensively studied, e.g., by Montasser et al. [2019, 2021],
Gourdeau et al. [2021b], Awasthi et al. [2023b], Lechner et al. [2023a] and recent work has
provided a characterization of learnability (again, in the purely information-theoretic sense)
by a parameter of the one inclusion graph of the learning problem [Montasser et al., 2022].
We here explore how adding a requirement of computability adds more subtle aspects to
the questions of robust PAC learnability, and expose some perhaps surprising aspects of
this setup.

We start by setting up a formal framework for robust learning under computability
constraints on the learners and hypotheses, and also the perturbation sets employed. As
a warm-up, we provide some simple sufficient conditions for learnability in our setting,
but also show that the question of robust CPAC learnability is more subtle than the
combination of its components: we prove that there exist classes that are CPAC learnable
and robustly PAC learnable with respect to perturbation types that are decidable, yet are
not robustly CPAC learnable.

We then explore the role of computability of the robust loss for robust CPAC learnabil-
ity. Perhaps surprisingly, the robust loss being computably evaluable is neither a necessary
nor a sufficient requirement for robust learnability. The insufficiency result relies on show-
ing that there are CPAC learnable classes with computably evaluable robust loss that do
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not admit a robust empirical risk minimization (RERM) oracle [Montasser et al., 2019]
which would return a hypothesis with minimal empirical robust risk on any sample) in
the robust agnostic setting. This result is significant as many works assume access to an
RERM oracle. In particular, the standard reduction of agnostic to realizable learning in
the robust learning setting requires such an oracle [Montasser et al., 2019], and we here
demonstrate an example where learnability in the robust realizable case does not extend
to the agnostic case through this reduction, since RERM is not computable.

Finally, we explore the role of dimensions for computable robust learnability. We in-
troduce a novel, computable version of the robust shattering dimension. Finiteness of
the robust shattering dimension has been shown to to be necessary for robust learnability
[Montasser et al., 2019], however it has remained an open question whether it is also a
sufficient condition [Montasser et al., 2022]. For the computable version, we prove that
the finiteness of our computable robust shattering dimension is necessary, yet not suffi-
cient, to ensure robust CPAC learnability. This result might provide novel insights for the
case without computability constraints. Our results involve deriving a new no free lunch
theorem for robust learning, which might also be of independent interest.

11.1 Related Work

The related work for computable learning is discussed in the previous chapter. We will
now give a discussion of the related work for adversarially robust learning, recalling some
of the discussion of Chapter 9 and giving additional focus to computational aspects.

Robust Learning. There is a rich learning theory literature on adversarial robustness.
Earlier work focused on the existence of adversarial examples for the stability notion of
robustness [Fawzi et al., 2016, 2018a,b, Gilmer et al., 2018, Shafahi et al., 2019, Tsipras
et al., 2019b], and for its true-label counterpart [Diochnos et al., 2018, Mahloujifar et al.,
2019]. Many of the works in the former category highlighted the incompatibility between
robustness and accuracy, while Bhattacharjee and Chaudhuri [2021] and Chowdhury and
Urner [2022] later argued that these two objectives should not be in conflict by proposing
notions of adaptive robusteness. Some studies focus on the sample complexity of robust
learning in a PAC setting through a notion called the adversarial VC dimension [Cullina
et al., 2018]. Some upper bounds depend on the number of perturbations allowed for each
instance [Attias et al., 2022b], others on the VC and dual VC dimension of a hypothesis
class obtained through an improper learner [Montasser et al., 2019], thus also covering
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the case of infinite perturbation sets. Ashtiani et al. [2020b] later gave an upper bound
for proper robust learning in terms of the VC dimensions of the class and induced mar-
gin class. Montasser et al. [2022] exhibited a characterization of robust learning based on
the one-inclusion graph of Haussler et al. [1994] adapted to robust learning. The sample
complexity of robust learning has also been studied in the semi-supervised setting [Attias
et al., 2022a], through the lens of transformation invariances [Shao et al., 2022], through
Rademacher complexity bounds [Khim et al., 2019, Yin et al., 2019, Awasthi et al., 2020]
and by the use of online learning algorithms [Diakonikolas et al., 2020, Bhattacharjee
et al., 2021]. Robust risk relaxations have been studied by Viallard et al. [2021], Ashtiani
et al. [2023b], Bhattacharjee et al. [2023], Raman et al. [2023], while Balcan et al. [2022,
2023b] offered reliability guarantees for robust learning under various notions of robust-
ness. In terms of the true-label robust risk, sample complexity upper and lower bounds
with access to random examples only have been derived with respect to distributional as-
sumptions [Diochnos et al., 2020, Gourdeau et al., 2021b, 2022c], as this set-up does not
allow distribution-free robust learning [Gourdeau et al., 2021b]. To circumvent computa-
tional or information-theoretic obstacles of robust learning with random examples only,
recent work has studied robust learning with the help of oracles [Montasser et al., 2021,
Gourdeau et al., 2022b, Lechner et al., 2023a], while other work has instead looked at
curtailing the (computational) power of the adversary [Mahloujifar and Mahmoody, 2019,
Garg et al., 2020]. Prior works have also analyzed the role of computational efficiency in
robust learnability [Bubeck et al., 2019, Degwekar and Vaikuntanathan, 2019, Gourdeau
et al., 2021b], however we are the first to exhibit effects of issues arising from the basic,
essential requirement of computability.

11.1.1 Robust CPAC Learning: Definition

We recall the definition of adversarially robust learning from a previous chapter.

Adversarial robustness. Let u : X → 2X be a perturbation type, assigning each point
x ∈ X a region u(x) accessible to an adversary, with the convention x ∈ u(x). We define
the robust risk as:

Lu
D(h) = P

(x,y)∼D
(∃z ∈ u(x) . h(z) ̸= y) .

Similarly as in the standard setting, we will consider the robust loss function ℓu :
H × X × {0, 1} → {0, 1} defined as ℓu(h, x, y) = 1[∃z ∈ u(x) . h(x) ̸= y], and denote the
empirical robust risk of predictor h over a sample S by Lu

S(h).
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We will here work with this stability notion of robustness with known perturbation
sets, while prior work has also explored other notions of robustness with emphasis on label
correctness [Mahloujifar et al., 2019, Gourdeau et al., 2021b, Bhattacharjee and Chaudhuri,
2021, Chowdhury and Urner, 2022].

Definition 11.1.1 (Agnostic Robust PAC Learnability [Montasser et al., 2019]). A hy-
pothesis class H is u-robustly PAC learnable in the agnostic setting if there exists a learner
A and a function m(·, ·) such that for all ε, δ ∈ (0, 1) and for every distribution D, if
the input to A is an i.i.d. sample S from D of size at least m(ε, δ), then, with prob-
ability at least (1 − δ) over the samples, the learner outputs a hypothesis A(S) with
Lu

D(A(S))) ≤ inf
h∈H
Lu

D(h) + ε . The class is said to be u-robustly PAC learnable in the

realizable setting if the above holds under the condition that inf
h∈H
Lu

D(h) = 0.

Computable robust learnability. We can straightforwardly adapt the definition of
CPAC learnability to its robust counterpart:

Definition 11.1.2 (Robust CPAC Learnability). We say that a class H is u-robustly
(agnostic) CPAC learnable, if there exists a u-robust PAC learner for H that also satisfies
the computability requirements of a CPAC learner.

Similarly to the requirements for H, we can require the perturbation type u also be DR
or RER:

Definition 11.1.3 (Representations of Perturbation Types). Let u : X → 2X be a per-
turbation type. Then u is said to be decidably representable (or recursively enumerable) if
the set {(x, z) . x ∈ X , z ∈ u(x)} is decidable (or recursicely enumerable, repectively).

Asking for perturbation types to be decidably representable is quite a natural require-
ment. Indeed, we show in Appendix 11.6.2 an example that uses a perturbation type u
that is not DR and thus makes the impossibility of u-robust CPAC learning trivial.

As opposed to the binary loss, which depends only on a simple comparison between
two labels, and can thus always be evaluated for computable predictors, the robust loss is
not always computably evaluable. In Section 11.3.2, we explore the role of the following
notion of loss computability.

Definition 11.1.4 (Robust loss computably evaluable). Given a hypothesis class H, and
perturbation type u, we say that the robust loss for u is computably evaluable on H if
ℓu : H×X × {0, 1} → {0, 1} is a total computable function.
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Proper learnability and empirical risk minimization. We also recall that for all in-
troduced notions of PAC learnability, we call the class H properly PAC/ CPAC/ u-robustly
PAC/ u-robustly CPAC learnable if there exists a learner that satisfies the corresponding
definition of learnability and always outputs functions from H. A learner A is said to
perform empirical risk minimization (ERM), or implement an ERMH oracle, if it always
outputs a predictor from the hypothesis class of minimal empirical risk, that is for all
m ∈ N and samples S ∈ (X × Y)m,

A(S) ∈ argmin
h∈H

LS(h) .

Robust empirical risk minimization (RERM) is defined analogously for the robust risk Lu
S.

We now outline different types of RERM oracles that we will study throughout this work.
A labelled sample S is said to be robustly realizable if minh∈H Lu

S(h) = 0, and robustly
non-realizable otherwise. We will distinguish between three cases:

• weak-realizable RERMu
H oracle: for any robustly realizable sample S, the oracle

outputs h with Lu
S(h) = 0. On robustly non-realizable samples such an oracle is allowed

not to halt.

• strong-realizable RERMu
H oracle: for any robustly realizable sample S, the oracle

outputs h with Lu
S(h) = 0. For any robustly non-realizable sample, it halts and outputs

“not-robustly-realizable”.

• agnostic RERMu
H oracle: the oracle performs RERM on both robustly realizable

and robustly non-realizable samples.

Note that, if the robust loss is computably evaluable, then the existence of a computable
strong realizable RERMu

H oracle is equivalent to the existence of an agnostic RERMu
H

oracle. Moreover, a strong-realizable RERMu
H oracle always implies the existence of an

agnostic RERMu
H oracle: One can first run the oracle on the whole sample, if the sample

is realizable, the learner will output an ERM hypothesis. If not, we can run the learner
on all subsets of S of size |S| − 1. If the strong realizable oracle outputs a hypothesis
that is realizable on one of these subsamples, this hypothesis is also ERM on S itself. If
there is no such subsample, now consider subsamples of size |S| − 2. We go on iterating
through all possible subsamples of S in order of decreasing size. This guarantees that the
first subsample on which the strong-realizable ERM oracle returns a hypothesis realizing
the subsamples labelling, it is a realizable subsample of maximal size. This guarantees the
returned hypothesis is (agnostic) ERM on S as well.

Useful facts. Recall the following sufficient condition for CPAC learnability, which we
later use:
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Fact 11.1.5 ([Agarwal et al., 2020, Sterkenburg, 2022]). If VC(H) is finite and there exists
a total computable function that implements an ERMH oracle, then H is CPAC learnable.

We now recall the following result by Ashtiani et al. [2020b], which outlines sufficient
conditions for the proper robust learnability of a class. Throughout this text, we will use
the notation of Ashtiani et al. [2020b], where the margin class Hu

mar := {maruh}h∈H consists
of the margin sets maruh := {x ∈ X | ∃z ∈ u(x) . h(x) ̸= h(z)}, i.e., given H and u, the
instances in X that incur a robust loss of 1 due to a perturbation that is labeled differently
by h (rather than due to mislabeling).

Fact 11.1.6 (Theorem 7 in [Ashtiani et al., 2020b]). If both the VC dimension of a class
H and the VC dimension of Hu

mar are finite, then H is properly (agnostically) u-robustly
PAC learnable.

11.2 Simple Sufficient Conditions for Robust CPAC

Learnability

We start by exhibiting conditions ensuring (proper) robust CPAC learnability in the ag-
nostic setting.

Fact 11.2.1. Let hypothesis class H and perturbation type u be such that VC(H) +
VC(Hu

mar) <∞ and there exists a total computable function that implements an agnostic
RERMu

H oracle. Then H is properly u-robustly CPAC learnable. If there exists a com-
putable function that implements a weak-realizable RERMu

H oracle, then H is u-robustly
CPAC learnable in the realizable case.

Proof. By Fact 11.1.6, D := VC(H) + VC(Hu
mar) < ∞ implies that a finite sample of

size O
(

D logD+log 1/δ
ε2

)
is sufficient to guarantee robust generalization w.r.t. u, whenever a

robust risk minimizer for a given sample is returned. Since robust ERM is computably
implementable, we are done.

Fact 11.2.2. Let hypothesis class H be RER and perturbation type u be such that ℓu is
computably evaluable on H. Then H admits a weak realizable RERM oracle.

Proof. Let S be a robustly realizable input sample. The following procedure computes
RERMu

H. Since the class is RER, we can iterate through the class H = (hi)i∈N and for
each hi:
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• Compute Lu
S(hi), which is possible since the robust loss is computably evaluable;

• Check whether Lu
S(hi) = 0. If so, halt and output hi, otherwise continue.

As we know that there exists h ∈ H with Lu
S(hi) = 0, we know that the algorithm will

halt.

Remark 4. Combining Facts 11.2.1 and 11.2.2 shows that for a RER hypothesis class H
and a perturbation type u, the conditions VC(H) + VC(Hu

mar) < ∞ and ℓu on H being
computably evaluable are sufficient to guarantee proper robust CPAC learnability in the
robustly realizable case.

Now, we show that having access to a computable online learner (see Definition 15 in
[Hasrati and Ben-David, 2023]) and a counterexample oracle, together with the margin
class having finite VC dimension, is sufficient to guarantee robust learnability. The coun-
terexample oracle we will use is the Perfect Attack Oracle (PAO) of [Montasser et al., 2021],
which takes as input h, x, y ∈ H × X × {0, 1} and returns z ∈ u(x) such that h(z) ̸= y, if
such a counterexample exists. The proof is included in Appendix 11.6.1.

Proposition 11.2.3. LetH be computably online learnable, and let u be such that VC(Hu
mar) <

∞. Then H is u-robustly CPAC learnable with access to the PAO in the realizable setting.

11.3 Relating CPAC and Robust CPAC Learning

In this section, we study the relationship between CPAC learnability, robust CPAC learn-
ability and the computable evaluability of the robust loss. We start in Section 11.3.1 with
examples where we have CPAC learnability, but not robust CPAC learnability. The con-
structions in that section also show that the robust loss being computably evaluable is
not sufficient for robust CPAC learnability. In Section 11.3.2, we show that the robust
loss being computably evaluable is in general also not necessary to ensure robust CPAC
learning, which might be unexpected.

11.3.1 Robust CPAC learnability is not implied by Robust PAC
+ CPAC learnability

In this section, we first look at two examples of hypothesis classes and perturbation types
where CPAC learnability and robust learnability do not imply robust CPAC learnability.
In both cases, the perturbation types are DR, in contrast to Example 11.6.1. Our first
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result holds in the robust agnostic case for general, improper learners, and the second, in
the robust realizable case for proper learners.

Theorem 11.3.1. There exists a hypothesis class H and perturbation type u such that
(i) H is properly CPAC learnable, (ii) u is decidably representable and (iii) H is properly
u-robustly PAC learnable, but H is not (improperly) u-robustly CPAC learnable in the
agnostic setting.

Sketch. Fix a proof system for first-order logic over a rich enough vocabulary that is sound
and complete. Let {φi}i∈N and {πj}j∈N be enumerations of all theorems and proofs, re-
spectively. We define the following hypothesis class on N:

H = {ha : ∀i ∈ N, ha(2i) = 1[i ≤ a] ∧ ha(2i+ 1) = 1}a∈N∪{∞} .

Thus, H is the the concept class where each function defines a threshold on even integers,
and is the constant function 1 on odd integers.

The perturbation sets are defined as follows. For any i ∈ N we set:

u(6i) = {6i} ∪ {2j + 1}j∈N ,

u(6i+ 2) = {6i+ 2} ,

u(6i+ 4) = {6i+ 2, 6i+ 4} ∪ {2j + 1 | πj is a proof of theorem φi}j∈N ,

u(2i+ 1) = {2i+ 1} .

The properties (i)-(iii) are fulfilled by this construction, as we will show in detail in the
appendix. Furthermore, we note that the question of whether u(6i) ∩ u(6i + 4) is empty
is equivalent to whether there exists a proof for theorem φi, and thus is undecidable. We
now show that this undecidable problem can be reduced to agnostically robustly CPAC
learning H with respect to u. To see this define the distributions Di on N × {0, 1} as
follows:

Di((6i, 1)) = 1/2, Di((6i+ 2, 1)) = 1/6, Di((6i+ 4, 0)) = 1/3 .

For a learner to succeed on all the Di, it needs to decide whether u(6i)∩ u(6i+ 4) = ∅ for
all i.

For more detail and the full proof we refer the reader to Appendix 11.7.1.

The result above holds in the improper agnostic setting. Next, we look at the robustly
realizable setting, and show an impossibility result in case we require a proper robust
learning algorithm.
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Theorem 11.3.2. There exists a hypothesis class H and perturbation type u such that (i)
H is properly CPAC learnable, (ii) u is decidably representable, and (iii) H is properly
u-robustly PAC learnable, but not properly u-robustly CPAC learnable in the realizable
setting.

Proof. Let (Ti)i∈N be an enumeration of Turing Machines. We define the hypothesis class
on N:

H = {ha,b,c : ∀i (ha,b,c(2i) = 1 iff i ∈ {a, b}) ∧ (ha,b,c(2i+ 1) = c)}a,b∈N, c∈{0,1} ,

i.e., H is the class of functions that only maps at most two even numbers to 1 and are
constant on the odd numbers. First note that VC(H) = 3, as for any shattered set X ⊆ N,
we can have at most one odd integer in X, and at most two even ones. It is straightforward
to show that any set of the form {2i, 2j, 2k + 1} for i, j, k ∈ N can be shattered. This
implies, by Theorem 6 in [Montasser et al., 2019], that H is (improperly) robustly learnable
for any perturbation type u. We will argue below that, for the perturbation type we employ,
H is in fact properly u-robustly CPAC learnable. Second, as ERM is easily implementable
for H, we have that H is properly CPAC learnable.

We define the perturbation sets as follows:

u(2i) = {2i} ∪ {2j + 1 : Ti(i) halts within j steps } ,

u(2i+ 1) = {2i+ 1} .

Note that u is decidably representable, as for any two points x1, x2, the program outlined
in Appendix 11.7.2 decides whether x2 ∈ u(x1).

We now show that for this u, H is properly u-robustly learnable. To see this, we again
use the terminology of Ashtiani et al. [2020b], and consider the margin class Hu

mar, where
each ha,b,c ∈ H fixes a set maruha,b,c

, which we will denote by mara,b,c for brevity. Note that,

from the property k ⊆ u(k) that holds for all k ∈ N, only even integers can belong in some
set mara,b,c. Recall that ha,b,c maps at most two even numbers a and b to 1 and all odd
numbers to c ∈ {0, 1}.

We distinguish two cases:

• c = 0: then mara,b,0 = {2a | Ta(a) halts} ∪ {2b | Tb(b) halts},

• c = 1: then mara,b,1 = {2i | Ti(i) halts} \ {2a, 2b}.
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From this, we can see that shattered sets must only contain even integers k such that
Tk/2(k/2) halts. We now argue that VC(Hu

mar) = 5. Consider a set X = {k1, . . . , k6} of size
6 such that ki is even and Tki/2(ki/2) halts for all i = 1, . . . , 6. Then the subset {k1, k2, k3}
cannot be part of the projection ofHu

mar onto X, and thus {k1, . . . , k6} cannot be shattered.
Indeed, note that for c = 0, the margin set mara,b,0 has size 2 only for any a, b ∈ N. Thus
{k1, k2, k3} ∈ mara,b,c would imply that there exists a, b ∈ N such that k1, k2, k3 ∈ mara,b,1.
However then, by definition, there are at most two of k4, k5, k6 that are not in mara,b,1, a
contradiction. Finally, consider a set X = {k1, . . . , k5} of size 5 such that ki is even and
Tki/2(ki/2) halts for all i = 1, . . . , 5. Any subset X ′ ⊆ X is contained in the projection of
Hu

mar onto X: if |X ′| ≥ 3 there exists a, b ∈ N such that X ′ ∈ mara,b,1, and otherwise if
|X ′| ≤ 2 there exists a, b ∈ N such that X ′ ∈ mara,b,0, and thus X is shattered.

Now, for any i, k ∈ N, with i ̸= k, we define a distribution Di,k on N×{0, 1} as follows:

Di,k(2i, 1) = Di,k(2k, 0) = 1/2 .

We will now show that H is not properly u-robustly CPAC learnable with respect to
the set of distributions {Di,k}i,k∈N in the realizable case. Note that robustly realizability
here implies that at most one of the sets u(2i) or u(2k) is not a singleton. Indeed, if
u(2i) = {2i} then Ti(i) does not halt, whereas if {2i} ⊂ u(2i) (strict inequality) then Ti(i)
halts, and similarly for 2k. Hence, since we have Di,k(2i, 1) = Di,k(2k, 0) = 1/2, to choose
between hi,i′,0 and hi,i′,1 for some fixed i′ ∈ N with i′ ̸= k and i′ ̸= i we need to know
whether either of u(2i) or u(2k) is a singleton.

Now consider the following decision problem, which we term TwoHalt. Given two Turing
machines Ti and Tj, the task is to correctly predict which run out of Ti(i) and Tj(j) halts if
only one of them does. If both runs loop, the solver should still halt and produce an output;
in case both halt the decider may run indefinitely or halt and produce some output. That
is, we only require a correct decision if exactly one of Ti(i) and Tj(j) halts, and require the
program to halt if both loop. We show below (see Lemma 11.7.1) that no algorithm can
satisfy these requirements.

We now argue that a u-robust proper CPAC learner can be used to solve TwoHalt, and
thus, by invoking Lemma 11.7.1, which is stated and proved in Appendix 11.7.3, conclude
that no such learner exists. If a u-robust proper CPAC learner for H existed, there is a
sample size M that suffices for robust loss at most ε = 1/3 with probability 1 − δ = 2/3
over all M size samples from Di,k. We then solve TwoHalt by running the learner on all
M -length sequences over the points (2i, 1) and (2k, 0), and taking the majority for the
label that the resulting predictor gives on the odd numbers.

185



11.3.2 Robust CPAC learnability and its relationship to the com-
putability of the robust loss and RERM

One of the obstacles with robust CPAC learning is that, even if a class consists of com-
putable functions, the robust loss might not be pointwise computable. This is in contrast
to the CPAC setting for which the binary loss is always computable for computable func-
tions. It is then natural to ask what relationship exists between the computability of the
robust loss and the robust CPAC learnability of a class. The following result demonstrates
that the computability of the pointwise robust loss for all hypotheses in the class is not a
necessary criterion for robust CPAC learnability.

Theorem 11.3.3. There exist H and u such that (i) H is properly CPAC learnable, (ii)
u is decidably representable, and (iii) H is properly u-robustly CPAC learnable in the
agnostic setting and admits a computable agnostic RERMu

H oracle, but the function ℓu is
not computably evaluable on H.

Sketch. This theorem is proven with the following construction. Let X , (φi)i∈N and
(πi)i∈N be defined as in the construction for Theorem 11.3.1. Let (i, 0), represent the
i-th formula and for any i, j let (i, j) represent the j-th proof (independently of i). Let
H = {ha,b}a,b∈N∪{0,∞}, where

ha,b(i, j) =

{
1 if i < a or (i = a and j ≤ b)

0 otherwise
.

It is clear that VC(H) = 1 and that ERM is computably implementable, so H is properly
CPAC learnable. We define the perturbation regions as follows:

u(i, 0) = {(i, 0)} ∪ {(i, j) : πj proves φi} ,

u(i, j) = {(i, 0), (i, j)} .

It is also easy to verify that this perturbation type is DR. In the full proof, we show that
in general there is no algorithm that evaluates the loss of each hypotheses ha,b on every
point. However, there is an RER subclass H′ = {ha,∞ : a ∈ N} ⊂ H such that every
hypothesis in H′ is computably evaluable and such that on any distribution, H′ contains
an optimal (with respect to H) hypothesis. It is thus possible to robustly CPAC learn H
by performing RERM over H′.

The full proof is included in Appendix 11.8.1. We next show that, even if the robust loss
is computably evaluable on H, and the class H is properly CPAC learnable and properly
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robustly PAC learnable, neither the existence of a robust ERM oracle nor robust CPAC
learnability are implied.

Theorem 11.3.4. There exist a DR hypothesis class H and a DR perturbation type u such
that (i) H is properly CPAC learnable, (ii) H is properly u-robustly PAC learnable, and
(iii) the robust loss is computably evaluable, but there is no strong realizable RERMu

H-oracle
and H is not properly agnostically u-robustly CPAC learnable.

Sketch. We prove this theorem with the following construction. Let the instance space be
X = N× N. Let the hypothesis class be H = {hi,j : i, j ∈ N}, where

hi,j(x) =

{
1 if x = (i, k) with k ≤ j

0 otherwise
,

i.e., H is the class of initial segments on {(i, j)}j∈N for all i ∈ N. We set the perturbation
types to:

u((i, 0)) = {(i, 0)} ∪ {(i, k) : Ti does not halt after k steps on the empty input } ,

u((i, j)) =

{
{(i, j), (i, 0)} Ti does not halt after j steps on the empty input

{(i, j)} otherwise.

The proof of the impossibility of agnostic robust CPAC learning and of the non-existence
of a strong realizable RERM oracle relies on reductions from the Halting problem.

The detailed proof shows that the construction in the sketch above fulfills all the re-
quirements for proving the theorem and is included in Appendix 11.8.2. Recall from Fact
11.2.2 that the class being RER (a weaker assumption than being DR) and the robust
loss being computably evaluable imply the existence of a weak realizable RERMu

H-oracle.
We therefore demonstrated a separation between the existence of RERM oracles in the
robust realizable versus the agnostic case. Our proof also shows that the existence of weak
realizable RERM oracles does not imply the existence of agnostic RERM orcalce. Fur-
thermore, note that the existence of a strong realizable RERM oracle implies computable
evaluablility of robust loss. Thus, the result of Theorem 11.3.3 shows that the existence of
a agnostic RERM oracle does not imply the existence of a strong realizable RERM oracle.

In the non-robust setting, proper strong CPAC (SCPAC) learnability (which is CPAC
learnability with the additional requirement that the sample complexity function m(·, ·, ·)
be computable) implies the existence of an ERMH oracle (Sterkenburg [2022], Theorem 8).
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We finish this section by showing that a similar result holds in robust learning if the
robust loss is computably evaluable. The proof of Proposition 11.3.5 below is included in
Appendix 11.8.3.

Proposition 11.3.5. Let H be a hypothesis class and u a perturbation type such that ℓu is
computably evaluable. Then, if H is properly u-robustly SCPAC learnable in the agnostic
setting, H admits a computable agnostic RERMu

H oracle; and if H is properly u-robustly
SCPAC learnable in the realizable setting, then H admits a computable weak realizable
RERMu

H oracle.

11.4 Necessary Conditions for Robust CPAC Learn-

ing

In this section, we define a complexity measure, denoted by c-dimu, and prove its finiteness
is implied by robust CPAC learnability for RER perturbation types. We later study its
relationship with the VC dimension, and show that it cannot characterize robust CPAC
learnability.

11.4.1 No-Free-Lunch Theorems

Prior work has shown that standard CPAC learnability is equivalent to the hypothesis class
having finite effective VC dimension, which can be thought of as a computable version of
the VC dimension [Sterkenburg, 2022, Delle Rose et al., 2023]. The effective VC dimension
of H is the smallest k, such that there exists a computable function w : Nk+1 → {0, 1}k+1

that, when given a set of domain points of size k + 1, outputs a labelling that cannot be
achieved by any h ∈ H. The function w is called a witness function. The complexity
measure c-dimu(H) that we introduce in this section is a computable version of the robust
shattering dimension dimu(H) which has been shown to lowerbound the robust sample
complexity [Montasser et al., 2019].

Definition 11.4.1 (u-robust shattering dimension [Montasser et al., 2019]). A set X =
{xi}mi=1 is u-robustly shattered by H if there exists a set Z = {z0i , z1i }

m
i=1 with xi ∈ u(z0i ) ∩

u(z1i ) for all i = 1, . . . ,m such that for all y1 . . . , ym ∈ {0, 1} there exists h ∈ H such
that for all i = 1, . . . ,m and z′ ∈ u(zyii ) we have that h(z′) = yi. The robust shattering
dimension of H, denoted dimu(H), is the largest integer k such that there exists a set of
size k that is u-robustly shattered. If arbitrarily large u-robustly shattered sets exist, then
dimu(H) =∞.
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Note that, for X to be robustly shattered, for all i ̸= j the regions u(z1i ) and u(z0j ) must
be disjoint. Now, contrary to the standard notion of shattering, there are two factors at play
in a set being robustly shattered. The first one is whether a set is robustly “shatterable”,
namely whether, by definition of u–and without considering H–the set X could be robustly
shattered by an arbitrary set of functions (which holds trivially in the standard case). The
second factor, if robust shatterability holds, is as in the standard case: whether there does
in fact exists a set of hypotheses fromH that can realize the robust shattering. To highlight
this distinction, we introduce the following property:

Definition 11.4.2 (Robust shatterability). A set X = {x1, . . . , xm} ⊆ X is called u-
robustly shatterable if there exists a set Z = {z0i , z1i }

m
i=1 ⊆ X with xi ∈ u(z0i ) ∩ u(z1i ) and

for all i ̸= j the regions u(z1i ) and u(z0j ) are disjoint. In this case, Z is said to admit a
u-robustly shatterable set.

We now define the computable version of Definition 11.4.1, which also uses the notion
of a witness function. If dimu(H) < k then for all m ≥ k, for all X = {xi}mi=1 and for
all Z = {z0i , z1i }

m
i=1 with xi ∈ u(z0i ) ∩ u(z1i ) there exists a labelling that is not u-robustly

realizable by H. Thus:

Definition 11.4.3 (Computable robust shattering dimension). A k-witness of u-robust
shattering dimension for H is a function w : N2(k+1) → {0, 1}k+1 such that when given a
set Z = {(z0i , z1i )}k+1

i=1 that admits a robustly shatterable set, it outputs y1 . . . , yk+1 ∈ {0, 1}
such that for all h ∈ H there exist i = 1, . . . ,m and z′ ∈ u(zyii ) with h(z′) ̸= yi. The
computable robust shattering dimension of H, denoted c- dimu(H), is the smallest integer
k such that there exists a computable k-witness of robust shattering dimension. If no such
k exists, c- dimu(H) =∞.

We note that, by definition, if u does not admit a shatterable set of size k, then
any function is a k-witness. Towards showing that finiteness of the computable robust
shattering dimension is a necessary condition for u-robust CPAC learnability, we first
formulate a No-Free-Lunch theorem for robust learnability, leaving aside computability
considerations for the time being.

Lemma 11.4.4 (Robust No-Free-Lunch Theorem). Let X be the domain and u : X → 2X

a perturbation type. Let A be any computable learner. Let m be a number smaller than
|X |/4 representing the training set size, with the property that there exist 4m points Z =
{z0i , z1i }

2m
i=1 such that Z admits a u-robustly shatterable set. Then there exists a distribution

D over X ×{0, 1} such that (i) there exists a function f : X → {0, 1} such that Lu
D(f) = 0;

and (ii) with probability at least 1/7 over S ∼ Dm, Lu
D(A(S)) ≥ 1/8.
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The proof of Lemma 11.4.4 is included in Appendix 11.9.1. We comment on the robust
shatterability in the impossibility results from Section 11.3 in Appendix 11.10.

Remark 5. First note that we work with X = N, so the conditionm ≤ |X |/4 is immediately
satisfied for any m. Second, note that the robust shatterability condition in the theorem,
which depends on the perturbation type u, is satisfied if the regions u(x) are, e.g., balls of
finite radii.

We are now ready to state the computable version of Lemma 11.4.4, which involves not
only the existence of a distribution and function that are robustly realizable on which the
learner performs poorly, but also the ability to computably find such a pair:

Lemma 11.4.5 (Computable Robust No-Free-Lunch Theorem). Fix instance space X and
perturbation type u : X → 2X . Let A be any computable learner and furthermore suppose
that the perturbation type u is recursively enumerably representable (RER). Then for any
m ∈ N, any domain X of size at least 4m and any subset Z = {z0i , z1i }

2m
i=1 that admits

a u-robustly shatterable set, we can computably find a function f : X → {0, 1} that is
computable on Z such that

E
S∼Dm

[Lu
D(A(S))] ≥ 1/4 and P

S∼Dm
(Lu

D(A(S)) ≥ 1/8) ≥ 1/7 , (11.1)

where D is the uniform distribution on {(zyii , yi)}
2m
i=1 for some y ∈ {0, 1}2m such that for

all i = 1, . . . , 2m and for all z′ ∈ u(zyii ) we have that f(z′) = yi .

The proof of Lemma 11.4.5 follows a similar argument as the proof of the computable
No-Free-Lunch Theorem shown in Section 10.5, but the computation of the robust loss
differs:

Proof. We first computably find a shatterable set X = {x1, x2, . . . , x2m} corresponding
to the set of pairs Z = {z0i , z1i }

2m
i=1. That is xi ∈ u(z0i ) ∩ u(z1i ) for all i ∈ [2m]. Since

the sets u(z0i ) and u(z1i ) are recursively enumerable, we can computably find such an
xi in their intersection for each i. We simply enumerate the instances from u(z0i ) and
u(z1i ) by alternating between the two sets until we find an instance that belongs to both
enumerations. Because we are guaranteed that Z admits a u-robustly shatterable set, this
process is guaranteed to halt.

The existence of a function f and distribution D satisfying Equation 11.1 follows di-
rectly from Lemma 11.4.4, so it remains to show that, using A we can computably find
such an f and D. Note that the construction of the pairs (fj, Dj) in Lemma 11.4.4 cor-
responds to pairs of u-robustly realizable distributions. There are T = 22m such pairs, as
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putting mass on zyii implies not putting mass on z¬yii . Second, for a given (fj, Dj) and a
fixed sample size m, there are k = (2m)m sequences {Sj

l }kl=1 of m instances drawn from Dj,
each equally likely as Dj is uniform on its support. We now run A on all these sequences,
and compute a lower bound on the expected robust loss of A on (fj, Dj) by employing the
labels of the learner’s output on the shatterable set X:

E
S∼Dm

j

[
Lu

Dj
(A(S))

]
=

1

k

k∑
l=1

Lu
Dj
(A(Sj

l )) =
1

k

k∑
l=1

1

2m

2m∑
i=1

ℓU
(
A(Sj

l ), z
(j)
i , y

(j)
i

)
≥ 1

k

k∑
l=1

1

2m

2m∑
i=1

1
[
A(Sj

l )(xi) ̸= y
(j)
i

]
.

As argued in the proof of Lemma 11.4.4, there exist fj, Dj such that

1

k

k∑
l=1

1

2m

2m∑
i=1

1
[
A(Sj

l )(xi) ̸= y
(j)
i

]
≥ 1/8 .

Furthermore, we note that the for every j, the set of sequences {Sj
l }kj=1 can be com-

putably generated and that the expression 1
k

∑k
l=1

1
2m

∑2m
i=1 1

[
A(Sj

l )(xi) ̸= y
(j)
i

]
can be

computably evaluated. Thus by iterating through j = 1, . . . , T until finding j that sat-

isfies 1
k

∑k
l=1

1
2m

∑2m
i=1 1

[
A(Sj

l )(xi) ̸= y
(j)
i

]
≥ 1/8, we can computably find (fj, Dj) with

E
S∼Dm

j

[
Lu

Dj
(A(S))

]
≥ 1/8. We further note that the corresponding labelling fj can be

computably evaluated on all elements of Z as required.

Note that if the perturbation sets are DR, then the function f above is total computable
on X . We now state the main result of this section:

Theorem 11.4.6. Let H be (improperly) u-robustly CPAC learnable and suppose the per-
turbation type u is RER. Then the computable u-robust shattering dimension c- dimu(H)
of H is finite, i.e., H admits a computable k-witness of u-robust shattering dimension for
some k ∈ N.

The proof, included in Appendix 11.9.2, follows the reasoning of Lemma 9 in Sterken-
burg [2022].
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11.4.2 Relationship between the effective VC dimension and ef-
fective shattering dimension

It has been shown that the dimension dimu(H) yields a lower bound on the sample com-
plexity for u-robust learning [Montasser et al., 2019]. However, it has remained an open
question whether this dimension also provides an upper bound on the sample complexity,
thus whether it actually characterizes u-robust learnability. Here we show that a corre-
sponding conjecture in the CPAC setting is not true. We first relate the effective VC
dimension, which we will identify as c-VC to denote computability, to the computable
robust shattering dimension.

Lemma 11.4.7. For any class H and perturbation type u admitting a recursively enumer-
able representation, we have c- dimU(H) ≤ c-VC(H).

Proof. Let H have finite effective VC dimension k. Then there exist a computable function
w : Nk+1 → {0, 1}k+1 such that w is a k-witness of VC dimension for H. Now, let

Z = {z0i , z1i }
k+1
i=1 admit a robustly shatterable set. Because u is RER, we can find a robustly

shatterable set X of size k+1 for Z. It suffices to output the labelling w(X), which is not
achievable by any h ∈ H, and thus not robustly achievable by any h ∈ H as well, and so
c- dimu(H) ≤ k, as required.

We know that CPAC learnability of a class H implies c-VC(H) < ∞ [Sterkenburg,
2022], and thus, by the above lemma, CPAC learnability implies c- dimu(H) ≤ c-VC(H) <
∞. On the other hand, we have shown in this work that there exist H, u such that
CPAC learnability does not imply u-robust CPAC learnability (see Theorem 11.3.1). Thus
there are classes that are not u-robust CPAC learnable while having finite effective robust
shattering dimension, meaning that this dimension does not characterize robust CPAC
learnability:

Corollary 11.4.8. The dimension c- dimu(H) does not characterize u-robust CPAC learn-
ability.

11.5 Conclusions for Robust CPAC Learning

In this chapter, we extended our analysis of computable PAC learning to adversarially
robust CPAC learning, a notion that combines the requirement of adversarial robustness
with the computational requirement of CPAC learning. We showed that the landscape of
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robust CPAC learning can not be reduced to it’s parts: that is we showed that there are
classes which are properly agnostically CPAC learnable and properly agnostically robustly
learnable, but not even improperly agnostically learnable. We further show that there are
such proper agnostically CPAC learnable, proper agnostically robustly learnable classes,
which are not properly realizably robustly CPAC learnable. Whether there are such classes
which fulfill these requirements and are also not improperly robustly CPAC learnable in
the realizable case is still open. One crucial difference between the robust CPAC and the
CPAC setting is, that the robust loss can not neccessarily be evaluated for total computable
function. However, we show that the difference between CPAC and robust CPAC learning
cannot simply explained by the computability of the loss as we show that for CPAC learn-
able classes the computability of the loss is neither a sufficient nor a necessary criterion
for a class to be (agnostically properly) robustly CPAC learnable. Lastly we showed a
lower bound for improper realizable robust CPAC learning via the effective u-dimension,
a computational version of the U -dimension introduced in Montasser et al. [2019].

11.6 Remaining Proofs and Remarks from Section 11.2

11.6.1 Proof of Theorem 11.2.3

Proof. We will use the computable online algorithm A as a black-box. Let D := VC(H) +
VC(Hu

mar) and note that online learnability implies that VC(H) ≤ Lit(H) < ∞, and so
D <∞.

Let S = {(xi, yi)}mi=1 be drawn i.i.d. from an arbitrary robustly-realizable distribution
D on X × {0, 1}. We outline below a robust CPAC algorithm, which is essentially the
CycleRobust algorithm of [Montasser et al., 2021] with the online algorithm A being used,
implements robust ERM on S:
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Algorithm 5: u-robust CPAC algorithm

Input: S = {(xi, yi)}mi=1, computable online algorithm A for H
Output: h ∈ H such that h achieves zero robust loss on S
K ← 0, h← A(∅);
while K ≤ Lit(H) do

for i = 1, . . . ,m do
if (z, y)← PAO(h, xi, yi) then ▷ robust loss is 1, get counterexample

K ++ ;
▷ Update mistake count

h← A((z, y)) ▷ Update hypothesis
Break ▷ Exit for-loop

else if i = m then
return h ▷ h is robustly consistent on S

▷ No counterexample ⇒ go to next index
end

end
return h

Note that, because of robust realizability, we are guaranteed that A makes at most
Lit(H) mistakes, after which h will be u-robustly consistent on S. The program above
makes a finite number of calls to A, and thus is computable by the fact that A is itself a
computatble online learner. By Fact 11.2.1, we are done.

11.6.2 Decidable Representation of Perturbation Types

Example 11.6.1. We exhibit H, u such that H is CPAC learnable and u-robustly PAC
learnable but H is not (improperly) u-robustly CPAC learnable. In this example, u is not
DR. The hypothesis class is as follows:

H := {ha,b(i) = 1[i ∈ {a, b}]} .

Clearly VC(H) = 2 and ERM is computably implementable, so by Fact 11.1.5, H is CPAC
learnable. Moreover, H having finite VC dimension implies that it is u-robustly PAC
learnable [Montasser et al., 2019].

We now define the perturbation type:

u(2i) = {2i} ∪ {2i+ 1 | Ti halts on the empty word} ,

u(2i+ 1) = {2i+ 1} ∪ {2i | Ti halts on the empty word} .
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We now define distributions Di:

Di(2i, 1) = Di(2i+ 1, 0) = 1/2 .

Clearly, the labelling l(2i) = 1 and l(2i+ 1) = 0 is optimal (and gives zero robust risk)
if and only if Ti does not halt on the empty word. Otherwise, if Ti halts, l incurs a robust
risk of 1, and any function satisfying h(2i) = h(2i+1) is a robust risk minimizer incurring
a robust risk of 1/2.

If H were (improperly) u-robustly CPAC learnable, there would be a robust learning
algorithm A for H with sample complexity m(ε, δ). Letting M ∈ N being an upper bound
on m(1/3, 1/2), then with probability at least 2/3, A returns a hypothesis with robust risk
within 1/3 < 1/2 of the robust risk minimizer in H when run on a sample of size M . Then,
running A on all 2M sequences of length M with elements in {2i, 2i+1} (which are equally
probable), we end up with optimal hypotheses on two thirds of the runs. Checking, for each
hypothesis h, whether h(2i) = h(2i + 1) and taking the majority vote over all sequences,
we get a decider for whether Ti halts on the empty word. And so H is not (improperly)
u-robustly CPAC learnable. Note here that if we had a way to know whether k ∈ u(2i), i.e.,
if u was DR, we would immediately be able to implement robust ERM for samples from
the distributions defined above. Not requiring perturbation regions to be DR thus makes
deriving impossibility results for robust CPAC learning relatively trivial.

11.7 Proofs and Algorithms from Section 11.3.1

11.7.1 Proof of Theorem 11.3.1

Proof. Fix a proof system for first-order logic over a rich enough vocabulary that is sound
and complete. Let {φi}i∈N and {πj}j∈N be enumerations of all theorems and proofs, re-
spectively. We define the following hypothesis class on N:

H = {ha : ∀i ∈ N, ha(2i) = 1[i ≤ a] ∧ ha(2i+ 1) = 1}a∈N∪{∞} .

Thus, H is the the concept class where each function defines a threshold on even integers,
and is the constant function 1 on odd integers.

First, to show (i), note that VC(H) = 1, as for any set X of two even integers, the
labelling h(x) = 0, h(z) = 1 cannot be realized on two even integers x < z, and odd
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integers can only have labelling 1, and thus cannot be in a shattered set. As ERM is easily
implementable for H, we have that H is properly CPAC learnable by Fact 11.1.5.

Now, we define the perturbation sets as follows. For any i ∈ N we set:

u(6i) = {6i} ∪ {2j + 1}j∈N ,

u(6i+ 2) = {6i+ 2} ,

u(6i+ 4) = {6i+ 2, 6i+ 4} ∪ {2j + 1 | πj is a proof of theorem φi}j∈N ,

u(2i+ 1) = {2i+ 1} .

Note that the question of whether u(6i)∩u(6i+4) is empty is equivalent to whether there
exists a proof for theorem φi, and thus is undecidable.

It is straightforward to show (ii), as for every integer i ∈ N, we can represent u(6i+ 4)
with the program P6i+4, which we have included below.

Algorithm 6: Program P6i+4 to decide whether x ∈ u(6i+ 4)

Input: x, i ∈ N
Output: Whether x ∈ u(6i+ 1)
if x ∈ {6i+ 2, 6i+ 4} then

output yes
else if x is even then

output no
else

j ← x−1
2
;

if πj proves φi then
output yes

else
output no

end

end

Now, for all other k, deciding whether x ∈ u(k) is also easily representable as a
program Pk (we can just assume u(x) = {x} if there does not exists i ∈ N such that
k ∈ {6i, 6i+ 2, 6i+ 4}, in order for u to be well-defined).

To show (iii), we follow the notation of [Ashtiani et al., 2020b] and show that VC(Hu
mar) =

1, which implies proper robust learnability by Fact 11.2.1 (also Fact 11.1.6). Recall that
the class Hu

mar consists of the sets maruh := {x ∈ X | ∃z ∈ u(x) . h(x) ̸= h(z)}, defined for
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each h ∈ H. Now, fix a ∈ N, which induces the function ha and the set maruha
, which we

will denote by mara for simplicity. Because of the condition h(x) ̸= h(z) in the definition
of mara and the property that {k} ⊆ u(k), the only integers k ∈ N that can belong to
mara are those for which {k} is a proper subset of u(k), i.e., those for which there exists
i ∈ N such that k = 6i or k = 6i+ 4. We can see that

mara = {6i | 6i > 2a}i∈N ∪ {6i+ 4 | φi is a tautology ∧ 6i+ 4 > 2a}i∈N
∪ {6i+ 4 | φi not a tautology ∧ 6i+ 2 = 2a}i∈N ,

as these are precisely the instances which incur a robust loss of 1 with respect to ha:

• If k = 6i then since u(6i) = {6i} ∪ {2j + 1}j∈N, we have that k ∈ mara iff ha(k) = 0,

• If k = 6i+ 4 and φi is a tautology, then since

u(6i+ 4) = {6i+ 2, 6i+ 4} ∪ {2j + 1 | πj is a proof of theorem φi}j∈N ,

we have that k ∈ mara iff ha(k) = 0 (we cannot have ha(6i+4) = 1 while ha(6i+2) =
0),

• Else, if k = 6i+4 and φi is not a tautology, u(6i+4) = {6i+ 2, 6i+ 4}, and k ∈ mara
iff h(6i+ 2) ̸= h(6i+ 4) iff 6i+ 2 = 2a.

Now, it suffices to consider the subsets of X = {6i, 6i+ 4}i∈N to find the largest shattered
set, as these are the only instances that can belong to some set mara. We partition
X into two parts P1 and P2, where P1 = {6i}i∈N ∪ {6i+ 4 | φi is a tautology}i∈N and
P2 = {6i+ 4 | φi is not a tautology}i∈N. On the one hand, {mara}a∈N restricted to P1 is
simply thresholds on P1, and so at most one element from P1 can be in a shattered set. On
the other hand, {mara}a∈N restricted to P2 is the class of singletons, so again at most one
element from P2 can be in a shattered set. Thus, we have established that VC(Hu

mar) ≤ 2.
To see that VC(Hu

mar) = 1 consider arbitrary k1 ∈ P1 and k2 = 6i + 4 ∈ P2 for some
i, i′ ∈ N. It is easy to see that {k1, k2} or {k2} won’t be in the projection of Hu

mar onto
{k1, k2}. Indeed, k2 being in a set in the projection implies that there is a unique mara
such that k2 ∈ mara, and k1 is either in mara or not.

Finally, to show that H not (improperly) u-robustly CPAC learnable in the agnostic
setting we define a set of distributions for which no computable learner for H succeeds.
For each i ∈ N we define a distribution Di on N× {0, 1} as follows:

Di((6i, 1)) = 1/2 ,

Di((6i+ 2, 1)) = 1/6 ,

Di((6i+ 4, 0)) = 1/3 .
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To determine optimal predictors on these distributions, we distinguish two cases:

1. u(6i) ∩ u(6i + 4) = ∅ : this implies that u(6i + 4) = {6i+ 2, 6i+ 4}. Since u(6i +
2) ∩ u(6i + 4) ̸= ∅ and these points have different labels under distribution Di, no
predictor can achieve robust loss 0 on both points simultaneously. Thus no predictor
can achieve robust risk less than 1/6. Note that h3i,∞ has robust risk 1/6 on Di,
and is therefore an optimal predictor on Di. Furthermore, note that any optimal
predictor h on Di must satisfy h(6i+ 2) = h(6i+ 4) = 0.

2. u(6i) ∩ u(6i + 4) ̸= ∅ : in this case, since 6i and 6i + 4 have different labels under
distribution Di and intersecting perturbation sets, no predictor can achieve robust
loss 0 on both points and thus no predictor can achieve robust loss less than 1/3 on
Di. Note that h∞,∞ (the constant function 1) has robust risk 1/3 on Di and is thus a
robust risk minimizer in this case. Furthermore, any optimal predictor h on Di must
satisfy h(6i) = h(6i+ 2) = 1, to not incur additional robust loss.

We thus established that we have h(6i + 2) = 1 for an optimal predictor on Di (and
any predictor that has robust loss less than 1/6 more than the optimal) if and only if
u(6i) ∩ u(6i+ 4) ̸= ∅ and thus if and only if φi has a proof.

We now argue that for any i ∈ N, a u-robust CPAC learner A for H, proper or not,
can be used to determine whether u(6i) ∩ u(6i + 4) = ∅, and thus can be used to decide
if φi is a tautology or not: we let A be a robust computable learner for H and let M ∈ N
be an upper bound for learning H with ε = 1/7 < 1/6 and δ = 1/3. Running A on
all sequences of length M over the set {(6i, 1), (6i+ 2, 1), (6i+ 4, 0)} and evaluating the
resulting predictors has to yield a 1/7-close to optimal hypothesis on two thirds of the
sample. Thus taking the majority vote over the predictions on (6i + 2) is a decider for
whether φi is a tautology or not.
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11.7.2 Algorithm for the Decidable Representation in Theorem 11.3.2

Algorithm 7: Program to decide whether x2 ∈ u(x1)

Input: x1, x2 ∈ N
Output: Whether x2 ∈ u(x1)
if x1 is odd then

if x2 = x1 then
output x2 ∈ u(x1)

else
output x2 /∈ u(x1)

end

else ▷ x1 is even
if x2 is odd then

run Tx1(x1) for at most x2−1
2

steps
if Tx1(x1) halted then

output x2 ∈ u(x1)
else ▷ Tx1(x1) is still running after x2−1

2
steps

output x2 /∈ u(x1)
end

else ▷ x2 is even
if x2 = x1 then

output x2 ∈ u(x1)
else

output x2 /∈ u(x1)
end

end

end

11.7.3 Useful Lemmas for Theorem 11.3.2

Lemma 11.7.1. There is no program that solves the problem TwoHalt, that is, no program
with the following behavior: given a pair of indices of Turing Machines (i, j) as input:

• if Ti(i) halts and Tj(j) loops, output 1

• if Ti(i) loops and Tj(j) halts, output 2

• if both Ti(i) and Tj(j) loop, halt and output 1 or output 2
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• if both Ti(i) and Tj(j) halt, output 1 or output 2 or loop

Before proving Lemma 11.7.1, let us state and prove the following result, which will be
used in the proof of Lemma 11.7.1.

Lemma 11.7.2. For any two 2-place total computable functions f1, f2 there are indices
c1, c2, such that Tc1 ≡ Tf1(c1,c2) and Tc2 ≡ Tf2(c1,c2)

Proof. We start by defining the following Turing Machines:

Ta(x1, x2, y1, y2) =

{
TTx1 (x1,x2)(y1, y2) if Tx1(x1, x2) halts

↑ otherwise.

and

Tb(x1, x2, y1, y2) =

{
TTx2 (x1,x2)(y1, y2) if Tx2(x1, x2) halts

↑ otherwise.

By the Sn
m-Theorem, there exist total computable functions h1 and h2, such that

Ta(x1, x2, y1, y2) = Th1(x1,x2)(y1, y2) and Tb(x1, x2, y1, y2) = Th2(x1,x2)(y1, y2) hold for all
x1, x2, y1, y2. Now let e1 be the index of the Turing machine that computes the function

g1(x1, x2) = f1(h1(x1, x2), h2(x1, x2)) ,

and e2 be the index of the Turing machine that computes the function

g2(x1, x2) = f2(h1(x1, x2), h2(x1, x2)) .

Since g1 is a total computable function, we have Th1(e1,e2)≡TTe1 (e1,e2)
. By definition, we

have that Te1(e1, e2) computes f1(h1(e1, e2), h2(e1, e2)). Thus Th1(e1,e2)≡Tf1(h1(e1,e2),h2(e1,e2)).
Furthermore, by the same argument, we have that Th2(e1,e2)≡TTe2 (e1,e2)

≡Tf2(h1(e1,e2),h2(e1,e2)).
Thus if we choose c1 = h1(e1, e2) and c2 = h2(e1, e2), we get Tc1 ≡ Tf1(c1,c2) and Tc2 ≡
Tf2(c1,c2), as required.

We are now ready to prove Lemma 11.7.1, which completes the result of this section.

of Lemma 11.7.1. By way of contradiction, let’s assume that there existed a program/Turing
Machine TTwoHalt that solved the TwoHalt problem. Recall that we had fixed an enumera-
tion (Ti)i∈N of all Turing Machines (or programs), and that we use the notaion T (i) ↓ to
indicate that a Turing Machine T halts on input i and T (i) ↑ to indicate that T loops on
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input i. We can now define two natural numbers l1 and l2 as being the indices of Turing
Machines Tl1 and Tl2 which have the following behavior:

Tl1(i, j, z) =



1 if z = 0

↑ if z = i > 0 and TTwoHalt(i, j) = 1

1 if z = j > 0 and TTwoHalt(i, j) = 1

↑ if z = j > 0 and TTwoHalt(i, j) = 2

2 if z = i > 0 and TTwoHalt(i, j) = 2

↑ otherwise

Tl2(i, j, z) =



2 if z = 0

↑ if z = i > 0 and TTwoHalt(i, j) = 1

1 if z = j > 0 and TTwoHalt(i, j) = 1

↑ if z = j > 0 and TTwoHalt(i, j) = 2

2 if z = i > 0 and TTwoHalt(i, j) = 2

↑ otherwise

Now by Sn
m-Theorem, there are total computable functions f1 and f2 such that

Tf1(i,j)(z) =



1 if z = 0

↑ if z = i > 0 and TTwoHalt(i, j) = 1

1 if z = j > 0 and TTwoHalt(i, j) = 1

↑ if z = j > 0 and TTwoHalt(i, j) = 2

2 if z = i > 0 and TTwoHalt(i, j) = 2

↑ otherwise

and

Tf2(i,j)(z) =



2 if z = 0

↑ if z = i and TTwoHalt(i, j) = 1

1 if z = j and TTwoHalt(i, j) = 1

↑ if z = j and TTwoHalt(i, j) = 2

2 if z = i and TTwoHalt(i, j) = 2

↑ otherwise
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Now, by Lemma 11.7.2, there are c1, c2 > 0, such that Tf1(c1,c2) ≡ Tc1 and Tf2(c1,c2) ≡ Tc2 .
Recall that we use T ≡ S to indicate that two Turing Machines have the same behavior as
functions.

Now let us look at TTwoHalt(c1, c2). There are three options:

• TTwoHalt(c1, c2) = 1. Then by definition Tc1(c1) = Tf1(c1,c2)(c1) ↑ and Tc2(c2) =
Tf2(c1,c2)(c2) ↓. Thus TTwoHalt would output 1, the wrong answer in a case where
2, the correct answer, was required.

• TTwoHalt(c1, c2) = 2. Then by definition Tc1(c1) = Tf1(c1,c2)(c1) ↓ and Tc2(c2) =
Tf2(c1,c2)(c2) ↑. Thus TTwoHalt would output 2, the wrong answer in a case where
1, the correct answer, was required.

• TTwoHalt(c1, c2) ↑. Note that, by definition, the Turing Machines Tf1(c1,c2) and Tf2(c1,c2)

only halt and produce an output if either their input was 0 or the call to TTwoHalt

inside their definition halts and produces an output. Thus, for this case, we get
Tc1(c1) = Tf1(c1,c2)(c1) ↑ and Tc2(c2) = Tf2(c1,c2)(c2) ↑. However, if both Tc1(c1) and
Tc2(c2) don’t halt, T

TwoHalt was supposed to halt. Thus TTwoHalt also has the wrong
behaviour in this case.

In summary, the assumption that TTwoHalt existed lead to a contradiction in all cases and
thus the problem TwoHalt does not admit a solution.

11.8 Proofs from Section 11.3.2

11.8.1 Proof of Theorem 11.3.3

Proof. Let the instance space be X = (N × ({0} ∪ N). Let (φi)i∈N be an enumeration of
formulas and (πj)j∈N be an enumeration of proofs. Let (i, 0), represent the i-th formula and
for any i, j let (i, j) represent the j-th proof (independently of i). Let H = {ha,b}a,b∈N∪{0},
where

ha,b(i, j) =

{
1 if i < a or (i = a and j ≤ b)

0 otherwise
.

It is clear that VC(H) = 1 and that ERM is computably implementable, so H is properly
CPAC learnable.
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We define the perturbation region as follows:

U(i, 0) = {(i, 0)} ∪ {(i, j) : πj proves φi} ,

U(i, j) = {(i, 0), (i, j)} ,

which is clearly DR, as to check whether (i, j) ∈ u((i, 0)) we can check whether πj proves
φi.

It is immediate to see that ℓu is not computable for all hypotheses in H. Indeed, for
every i ∈ N, deciding whether for the formula φi is a tautology reduces to deciding whether

ℓU(hi,0, (i, 0), 1) = 0 .

Now, it remains to show that H is properly u-robustly CPAC learnable. To this end, we
will first show that VC(Hu

mar) is finite, and second, show that robust ERM is computable
in the agnostic setting. By Fact 11.2.1, we will have robust CPAC learnability.

To show VC(Hu
mar) < ∞, we consider the sets maruha,b

, which we will denote by mara,b
for brevity. First note that either a = ∞ or b = ∞ implies that mara,b = ∅. Let a, b ∈ N
and observe that only instances of the form (a, j) can belong to mara,b, and thus a shattered
set cannot contain both (a, j) and (a′, j′) where a ̸= a′. We distinguish two cases:

• φa is not a tautology: then mara,b = {(a, 0)},

• φa is a tautology: then mara,b = {(a, 0)} ∪ {(a, j) | j > b ∧ πj proves φa}.

From this, it is clear that VC(Hu
mar) = 1.

Now, to show that robust ERM is computable, let S ⊆ X × {0, 1} be an arbitrary
labelled sample of size m. For a fixed i ∈ N and y ∈ {0, 1}, consider the subset Sy

i of
S, consisting of “i-instances” with label y, i.e., Sy

i := {((i, j), y) | ((i, j), y) ∈ S}, and let
Si = S0

i ∪ S1
i . We can see that hi,∞ incurs robust loss 1 on all the instances in S0

i and
robust loss 0 on all the instances in S1

i . Furthermore, while every hi,b incurs robust loss
1 on all S0

i , it might also incur loss 1 on some instances S1
i . Finally, for b ∈ N, on every

instance in S \ Si, the hypotheses hi,b and hi,∞ incur the same robust loss. Thus hi,∞
always “dominates” hi,b in the sense that Lu

S(hi,∞) ≤ Lu
S(hi,b). We furthermore note that

for every i, the loss of the function hi,∞ can be evaluated on every point. Thus, performing
RERM boils down to comparing all candidate hypotheses of the form hi,∞, which can be
done computably.
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Remark 6. In the above proof, letH′ ⊂ H be the set of all hypotheses inH with b =∞, i.e.,
H′ = {ha,b ∈ H | b =∞}. Then it is clear that, in the robust case, because of the definition
of U , we can get away with only outputting hypotheses from H′, no matter what the
underlying distribution is, and that for all hypotheses in H′ the robust loss is computable.
In general, for some hypothesis class H, let H′ be a class, such that (i) for every h ∈ H,
there is h′ ∈ H′, such that for all (x, y) ∈ X × Y : ℓU(h′, x, y) ≤ ℓU(h, x, y), (ii) the robust
loss of every h′ ∈ H′ is computably evaluable. Then if H′ is realizable/agnostic robustly
CPAC learnable, so is H. Furthermore, if H′ ⊂ H and H′ is proper realizable/agnostic
robustly learnable, so is H.

11.8.2 Proof of Theorem 11.3.4

Proof. Let the instance space be X = N×N. Let the hypothesis class be H = {hi,j : i, j ∈
N}, where

hi,j(x) =

{
1 if x = (i, k) with k ≤ j

0 otherwise
,

i.e., H is the class which defines initial segments on the sets {(i, j)}j∈N for all i ∈ N.
We define the perturbation types as follows.

U((i, 0)) = {(i, 0)} ∪ {(i, k) : Ti does not halt after k steps on the empty input } ,

U((i, j)) =

{
{(i, j), (i, 0)} Ti does not halt after j steps on the empty input

{(i, j)} otherwise.
,

We now prove properties (i)-(iii) from the theorem statement.

To prove (i), i.e., thatH is properly CPAC learnable, it suffices to observe that VC(H) =
1 and that ERM is easily implementable (in both the agnostic and the realizable cases).
In order to verify VC(H) = 1, let us take to arbitrary distinct points (i1, j1) and (i2, j2).
If i1 ̸= i2, then the labelling ((i1, j1), 1), ((i2, j2), 1) cannot be achieved by H. If i1 = i2,
then j1 ̸= j2. Let us assume without loss of generality that j1 < j2. Then the labelling
((i1, j1), 0), ((i2, j2), 1) cannot be achieved. For computably realizing ERM, we note that for
any sample S it is sufficient to do search over the finite class HS = {hi,j : ((i, j), 1) ∈ S} ∪
{hS

0 }, where hS
0 = hi,0, with i being the smallest index for which there is no ((i, j), 1) ∈ S.

Searching over these finitely many candidate hypotheses can be done computably.

To prove (ii), i.e., that H is properly u-robustly learnable, we show that the VC di-
mension VC(Hu

mar) of the margin class is finite. To this end, we identify the sets maruH and
distinguish two cases:
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• Ti does not halt after j steps on the empty input: then

maruhi,j
= {(i, 0)} ∪ {(i, k) : k > j and Ti does not halt after k steps} ,

• Ti halts on the empty input after j steps: then maruhi,j
= ∅.

We now argue that VC(Hu
mar) = 1. To this end, let x1 = (i1, j1) and x2 = (i2, j2) be two

distinct domain points, and note that, to be shattered, we need i1 = i2, as otherwise there
is no maruh ∈ Hu

mar with x1, x2 ∈ maruh. Now, without loss of generality, let j1 < j2. There
are three cases:

• If Ti1 halts after j2 steps or less, then there is no maruh ∈ Hu
mar with x2 ∈ maruh.

• If Ti1 does not halt after j2 and j1 ̸= 0, then there is no maruh ∈ Hu
mar with x1 ∈ maruh

and x2 /∈ maruh.

• If Ti1 does not halt after j2 steps and j1 = 0, then there is no maruh ∈ Hu
mar with

x2 ∈ maruh and x1 /∈ maruh.

To prove (iii), i.e., that the pointwise robust loss is computably evaluable, let hi,j ∈ H,
x ∈ X , y ∈ Y be arbitrary, and consider the following procedure:

• If x = (i, 0) and y = 1, we have that ℓu(hi,j, x, y) = 1 if and only if (i, j+1) ∈ u((i, 0)),
which can be determined by running Ti for j+1 steps and checking whether it halts.

• If x = (i, 0) and y = 0, then ℓu(hi,j, x, y) = 1.

• If x = (i, k) with k > 0 and y = 1, check whether k ≤ j. If so, ℓu(hi,j, x, y) = 0,
otherwise ℓu(hi,j, x, y) = 1.

• If x = (i, k) with k > 0 and y = 0, check whether k ≤ j. If so, ℓu(hi,j, x, y) = 1.
Otherwise ℓu(hi,j, x, y) = 0 if and only if (i, 0) /∈ u((i, j)), which can be checked by
running Ti for k many steps and checking whether it halts.

• If x = (i′, k) with i′ ̸= i, then ℓu(hi,j, x, y) = y.

Finally, we show that there is no strong realizable RERMu
H-oracle and that H is not

properly agnostically u-robustly CPAC learnable. We first show the non-existence of a
computable strong realizable RERMu

H-oracle or agnostic RERMu
H-oracle We prove this

with a reduction from the Halting problem: for all i ∈ N, a strongly realizable RERMu
H
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oracle (or agnostic RERMu
H-oracle) ran on the single labelled instance ((i, 0), 1) outputs a

hypothesis h with robust loss ℓu(h, (i, 0), 1) = 0 if and only if the Turing Machine Ti halts
on the empty input. As a side note, we observe that a weak realizable RERMu

H-oracle does
exist for this construction.

We show that H is not agnostically properly u-robustly CPAC learnable in a simi-
lar way. Assume there was an agnostically properly u-robustly CPAC learner A with
sample complexity function m. For all i ∈ N, define Di as Di((i, 0), 1) = 1. Let m =
m(1/8, 1/8). By the learning guarantee of A, we have that A(S) = h ∈ H with Lu

Di
(h) ≤

inf
h∈H
Lu

Di
(h) + 1

8
with probablility 7/8 over S ∼ Dm

i . Observe that inf
h∈H
Lu

Di
(h) = 0 if

and only if Ti halts on the empty input, and otherwise inf
h∈H
Lu

Di
(h) = 1. We note that

S ′ = (((i, 0), 1), . . . , ((i, 0), 1)), where |S ′| = m is the only possible sample drawn from
Di. Thus we have A(S ′) = h′ ∈ H with Lu

Di
(h′) ≤ 1/8 if and only if Ti halts on the

empty input. Furthermore, Lu
Di
(h′) = ℓu(h′, (i, 0), 1) ∈ {0, 1} for all h′ ∈ H. Thus we have

Lu
Di
(A(S ′), (i, 0), 1) = ℓu(A(S ′), (i, 0), 1) = 0 if and only if Ti halts on the empty input. As

established above, the robust loss ℓu can be computably evaluated on any h ∈ H. Thus a
proper agnostic learner A yields a computable procedure for solving the Halting problem,
which is a contradiction to the computable undedicability of the Halting problem. Thus
H is not agnostically properly u-robustly CPAC learnable.

11.8.3 Proof of Proposition 11.3.5

Proof. Let S = ((x1, y1), . . . , (xk, yk)) be an input sample for RERMu
H, and let A be the

robust SCPAC learning algorithm with computable sample complexity functionmH,u. Con-
sider the uniform distribution DS over S. Let m ≥ mH,u(

1
k+1

, 1/7), which is computable
by the SCPAC guarantee. There are exactly km different possible samples S1, . . . Skm of
size m that can be drawn from DS, all of which being equally likely. Using the proper
learner A on all samples Si, we can generate the class Ĥ = {A(Si) : i ∈ [km]}. By the
robust learning guarantee, we know that at least 7/8 of the hypotheses in Ĥ are successful
hypotheses, i.e., hypotheses within robust risk 1/(k + 1) of the optimal one. Furthermore,
since ε = 1

k+1
, any successful hypothesis must have optimal loss on S (as any error on a

sample point would incur loss 1
k
). It now suffices to use ℓu on Ĥ and return any one of the

hypotheses with minimal empirical robust risk on S. Note that, for the robust realizable
setting (the second case in the theorem statement), we only get a weak realizable oracle
RERMu

H, as if the sample is not robustly realizable, we don’t have any guarantees on A’s
behaviour.
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11.9 Proofs from Section 11.4

11.9.1 Proof of Lemma 11.4.4

Proof. The idea is similar to the standard No-Free-Lunch Theorem. We let m and Z =
{z0i , z1i }

2m
i=1 as in the theorem statement, meaning that for all i, u(z0i ) ∩ u(z1i ) ̸= ∅ and

for all i ̸= j the regions u(z1i ) and u(z0j ) are disjoint. We now look at a robust labelling
y ∈ {0, 1}2m. There are T = 22m such labellings, and for each j ∈ [T ] associated with
labelling y(j) ∈ {0, 1}2m, there exists a function fj such that for all i ∈ [2m], for all

z′ ∈ u(z
y
(j)
i

i ) we have that fj(z
′) = y

(j)
i . Namely, for i ∈ [2m], the label y

(j)
i dictates which

of z0i or z1i will have its perturbation region constantly (and thus robustly) labelled. For
each function fj and its robust labelling y(j), we define the distribution Dj as follows:

Dj((z, y)) =

{
1/2m if y = y

(j)
i and z = zyi for some i ∈ [2m]

0 otherwise
.

It is easy to check that Lu
Dj
(fj) = 0.

Let X = {xi}mi=1 be some u-robustly shatterable set corresponding to the set of pairs
Z = {z0i , z1i }

2m
i=1, that is xi ∈ u(z0i ) ∩ u(z1i ) for each i ∈ [2m]. Now note any hypothesis

h : X → {0, 1} (that the learner may output) has to assign labels to the the points in the
shatterable set X and h(xi) = 1 implies ℓu(h, z0i ) = 1 while h(xi) = 0 implies ℓu(h, z1i ) = 1.
Thus each hypothesis incurs robust loss on at least one of the members {z0i , z1i } of each pair,
and such a member can be deduced from observing h(xi). Now the remaining argument
to show that there exist fj, Dj such that the conditions of the theorem statement are met
is exactly as in the proof of the standard No-Free-Lunch theorem (see, e.g., Theorem 5.1
in Shalev-Shwartz and Ben-David [2014a] for details). We note that the argument there
implies that the high expected loss of the learner’s output is witnessed by its behaviours
on the shatterable set X. Namely, there exists fj, Dj such that

E
S∼Dm

j

[
Lu

Dj
(A(S))

]
=

1

k

k∑
l=1

Lu
Dj
(A(Sj

l )) =
1

k

k∑
l=1

1

2m

2m∑
i=1

ℓu
(
A(Sj

l ), z
(j)
i , y

(j)
i

)
,

≥ 1

k

k∑
l=1

1

2m

2m∑
i=1

1
[
A(Sj

l )(xi) ̸= y
(j)
i

]
≥ 1/8

where k = (2m)m is the number of possible sequences of length m drawn from supp(Dj) :={
(z

(j)
i , y

(j)
i )

}2m

i=1
, and where we have denoted by Sj

l the l-th such sequence.
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11.9.2 Proof of Theorem 11.4.6

Proof. First note that, if the perturbation type u is such that there is an upper bound M
on the maximal number of pairs Z = {z0i , z1i }

2m
i=1 admitting a robustly shatterable set, then

the computable robust shattering dimension is vacuously finite for any hypothesis class
H. Otherwise, let A be a u-robust CPAC learner for H with sample complexity function
m(ε, δ). Then, fixing ε = 1/8 and δ = 1/7, we have that for all distributions on X ×{0, 1},
for any sample of size m := m(1/8, 1/7)

P
S∼Dm

(
Lu

D(A(S)) ≥ min
h∈H
Lu

D(h) + 1/8

)
< 1/7 . (11.2)

Now, let Z = {z0i , z1i }
2m
i=1 admit a robustly shatterable setX, and note that, as explained

in the proof of Lemma 11.4.5, we can computably find such a set X. Note that H and u
satisfying the conditions of the theorem statement imply, by Lemma 11.4.5, that we can
find a distribution D on Z × {0, 1} such that

P
S∼Dm

(Lu
D(A(S)) ≥ 1/8) ≥ 1/7 , (11.3)

and whose support is on some {zyii }
2m
i=1 for y ∈ {0, 1}2m. This support induces a labelling y

on X that is not robustly achievable with respect to Z by any h ∈ H, as we would otherwise
have min

h∈H
Lu
D(h) = 0, implying that Equation 11.3 and P

S∼Dm
(Lu

D(A(S)) ≥ 1/8) < 1/7 must

hold simultaneously, a contradiction.

11.10 Remarks on the robust shatterability in the im-

possibility results from Section 11.3

We now comment on the robust shatterability in the impossibility results from Section 11.3.
On the one hand, the perturbation type in Theorem 11.3.2 does not allow for sets of
arbitrary size to admit a robustly shatterable set. Indeed, any sequence of halting Turing
machines (which are associated with the only instances in N that have a strict inequality
k ⊂ u(k)) will have an ordering such that their perturbation regions form an ascending
chain, which makes the condition i ̸= j =⇒ u(z1i ) ∩ u(z0j ) = ∅ unsatisfiable for any

candidate set Z = {z0i , z1i }
2m
i=1. On the other hand, the perturbation type in Theorem 11.3.1

satisfies the robust shatterability requirement. Indeed, we will add the mild assumption
that each proof proves at most one formula. This implies that for each i ̸= i′, u(6i + 4)
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and u(6i′+4) are disjoint, thus, letting T = (φik)k∈N be an enumeration of the tautologies,
the set Z = {(6ik + 2, 6ik + 4)}k∈N admits the robustly shatterable set X = {6ik + 2}k∈N,
while the sets u(6i+ 4) may be infinite.
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Part V

Other Learning Tasks
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Chapter 12

Impossibility of Characterizing Other
Learning Tasks

In this section we consider two learning problems different from distribution learning. In
Section 12.1 we consider classification learning for fixed distribution classes, as proposed
by Benedek and Itai [1991], and in Section 12.2 we consider learning with real-valued
functions and real-valued losses. For both of theses settings we show that there is no
scale-invariant dimension which characterizes these learning tasks. Our results do not rule
out the existence of scale-sensitive characterization that depend on any fixed accuracy
parameter.

12.1 Classification Learning with respect to a restricted

class of distributions

The standard PAC learning definitions for classification learning are ‘distribution free’.
Namely, learnability requires success with respect to any data-generating probability dis-
tributions. Benedek and Itai [1991] proposed a variant of that notion that requires success
only w.r.t. some fixed probability distribution. They then raise the idea of extending the
definitions by considering a class of distributions. This idea is then picked up in Dudley
et al. [1994] with the following definition:

Definition 2.2.2. A hypothesis class H is PAC-learnable with respect to a class of marginal
distributions D, if there is a learner A and a sample complexity function mH,D : (0, 1)2 →
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N, if for every ε, δ > 0, every D ∈ D and every labeling rule h ∈ H and every m ≥
m

0/1
H,D(ε, δ), with probability 1− δ over S ∼ (D, h)m, we have

L
0/1
P (A(S)) < ε.

(where L
0/1
P is the usual 0/1 loss).

We will say a class P = {(D, h) : D ∈ D, h ∈ H} of distribution classes is classification
learnable, if the class of labelling rules H is learnable with respect to D.

We will denote D0/1 = {(D, h) : D ∈ D, h ∈ Hall}, where Hall = 2X is the class of
all labelling rules. We note, that while in this definition, the marginal and the labelling
rules are independent, an impossibility for characterizing this learning problem yields an
impossibility for the more general setting in which the marginal contains information about
the labelling rule.

We will now construct classes and show uncharacterizability of both of these learning
problems in the sense of the previous chapters. Thus we show that the learning problem
proposed by Benedek-Itai(Benedek and Itai [1991]) cannot be characterized in the sense of
our notions of scale-invariant characterizing dimension. Using our results from the previous
sections, we can get the following uncharacterizability results for this learning task.

Theorem 3.1.12. There is no weak sample complexity dimension for classification learning
of distribution classes.

Theorem 3.1.17. There is no finitary characterization of classification learning for dis-
tribution classes.

Theorem 3.1.12 follows from Lemma 3.1.7 and Theorem 3.1.17 follows as a corollary
of Theorem 3.1.15. Both theorems use the same class Qγ̄,n̄ from Chapter 5. That is we
consider learning the class of all labelling functions Hall = 2X with respect to the class of
marginal distributions Qγ̄,n̄. In other words we consider the classification learnability of

the class Q0/1
γ̄,n̄ = {(D, f) : D ∈ Qγ̄,n̄, f ∈ Hall}. For the proof of Theorem 3.1.16 we use

the classes H0 = {ha : a ∈ {0, 1}, where ha(x) = a for all a ∈ X} and Hk = Q0/1
γ̄k,n̄ =

{(D, h), D ∈ Qγ̄k,n̄, h ∈ Hall}, where for all i ∈ N, we have n̄(i) = i and γ̄k(i) = 1
k
. We

note that H0 is an ε-appoximation for every Hk in the sense of the second bullet-point of
Definition 3.1.14.

Lemma 12.1.1. If limi→∞
¯γ(i) = 0, then the class Hall = 2X of all labelling rules is PAC

learnable with respect to the class Q = Qγ̄,n̄ is classification PAC learnable.
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The proof follows the same idea as the proof of Lemma 5.1.2. The proof can be found
in Section 12.3.

Furthermore, we can show a lower bound on the sample complexity for a given Pγ,2n.

Lemma 12.1.2. For Q = Pγ,2n and H = Hall, we have m
0/1
H,Q(

γ
8
, 1
7
) ≥ n.

This Lemma follows directly from the proof of the no-free-lunch theorem in Shalev-
Shwartz and Ben-David [2014a].

These two lemmas can now be used to show the theorems of this section. For more
details on the proof on this section we refer the reader to Section 12.3.

12.2 Learning Real-Valued Functions with Real-Valued

Losses

We will now PAC learning of real-valued functions with continuous losses. Let ℓg : 2X ×
X × Y → R+

0 be a (point-wise) loss, such there is a continuous function g : R→ R with

• for all x ∈ X , y ∈ Y, h ∈ 2X : ℓg(h, x, y) = g(|h(x)− y|).

• g(0) = 0, i.e. perfect prediction incurs loss 0.

• There is a > 0, such that g(a) > 0, i.e. some level of miss-estimation will incur
positive loss.

We now analyse PAC-learnability of a classH ⊂ YX with respect to Lg(h, P ) = E(x,y)∼P [ℓ
g(h, x, y)].

Definition 12.2.1. We say a class H ⊂ YX is 1-agnostic PAC-learnable w.r.t. Lg, if
there exists a learner A and a sample complexity function mH : (0, 1)2 → N, such that for
every ε, δ > 0 and every distribution P over X × Y, we have for every m ≥ mH(ε, δ),

PrS∼Pm [Lg
P (A(S)) ≤ inf

h∈H
Lg
P (h) + ε] ≤ 1− δ.

We say a class H is PAC-learnable w.r.t. Lg in the realizable case if it is learnable with
respect to all distributions P with infh∈H Lg(h) = 0. The sample complexity in the realizable
case will be denoted by mrlzb

H .

We now state the main theorems of this subsection.
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Theorem 3.1.13. There is no weak sample complexity dimension for PAC learning real-
valued function classes with respect to Lg (in neither the realizable nor the 1-agnostic case).

Theorem 3.1.18. There is no finitary characterization of PAC learning real-valued func-
tion classes with respect to Lg (in neither the realizable nor the 1-agnostic case).

We note that these results do not stand in contradiction to the positive result on
characterizing learnability for real-valued functions given by Alon et al. [1997], as this result
gives a characterization for ε-weak learnability for every ε, rather than a characterization
for PAC-learnability. To show our theorems, we need a similar construction as before,
which we then use to apply Lemma 3.1.7 and Theorem 3.1.15 respectively.

We will now state the needed construction and then prove learnability as well as a lower
bound on the sample complexity needed for the theorems. Let gmax = min{maxa>0 g(a), 1}
and g−1 : [0, gmax]→ R+

0 .

For every γ ∈ [0, gmax],n ∈ N and A ⊂ {1, . . . , n}, let

fA
γ,n(x) =

{
g−1(γ) if x ∈ A

0 otherwise

Now for a fixed γ and a fixed n, we define

Fγ,n = {fA
γ,n : A ⊂ {1, . . . , n}}.

We then define Hγ̄,n̄ for sequences γ̄ : N→ [0, gmax] and n̄ : N→ N, as

Hγ̄,n̄ =
∞⋃
i=1

{fA
γ,n : A ⊂ {1, . . . , n̄(i)}}.

Lemma 12.2.2. If limi→∞
¯γ(i) = 0, then Hγ̄,n̄ is classification is 1-agnostic PAC learnable

with respect to Lg.

Lemma 12.2.3. For F = Fγ,2n, we have mF (
γ
8
, 1
7
) ≥ mrlzb

F (γ
8
, 1
7
) ≥ n.

Now following the same proof strategy as for our previous results, this construction can
be used fulfill the requirements needed to prove the theorems of this section. In particular
we use Theorem 3.1.15 with classes H0 = {h0 : h0(x) = 0 for all x ∈ X} and Hk = Hγ̄k,n̄

with n̄(i) = i and γ̄k =
1
k
. For the proofs of this section, we refer the reader to Section 12.3

at the end of the paper.
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12.3 Proofs

Lemma 12.1.1. If limi→∞
¯γ(i) = 0, then the class Hall = 2X of all labelling rules is PAC

learnable with respect to the class Q = Qγ̄,n̄ is classification PAC learnable.

Proof of Lemma 12.1.1. The proof is equivalent to the proof of Lemma 5.1.2. Let ε > 0.
Q0/1

ε
2

=
⋃

i:γ̄(i)> ε
2
P

0/1
γ̄(i),n̄(i). From limi→∞ γ̄(i) = 0, we know that this class is finite. For

a class Q, define the hypothesis class H(Q) = {h ∈ {0, 1}X : ∃q ∈ Q with q(x, 1) ≥
q(x, 0) if and only if h(x) = 1}. Now let us consider H = H(Q0/1

ε
2

). By construction,

this class is finite and can therefore be PAC learned (in the binary classification sense).
Furthermore, we have constructed H in such a way that for every q ∈ Q0/1, we can bound
infh∈H L

0/1
q (h) ≤ infp∈Q ε

2
(TV (p, q) + infh∈H L

0/1
p (h)) ≤ ε

2
. Thus, if we have a learner that

(ε/2, δ)-successfully learns H, we can use it to successfully (ε, δ) learned Q0/1 w.r.t. to
L0/1.

Lemma 12.1.2. For Q = Pγ,2n and H = Hall, we have m
0/1
H,Q(

γ
8
, 1
7
) ≥ n.

Proof of Lemma 12.1.2. Let us consider P ∈ P
0/1
γ,4n = {(D, h) : D = (1 − γ)δ0 + γU}. For

any h ∈ 2N, we can decompose the loss L
0/1
(D,h′)(h) = (1 − γ)1[h(0) ̸= h′(0)] + γL

0/1
U (h) ≥

γL
0/1
U (h). Now for every learnerA, we can derive the lower bound maxP∈Pγ,4n ES∼P [L

0/1
U,h(A(S))] ≥

1
4
, according to the same argument as in the no-free-lunch theorem in Shalev-Shwartz and

Ben-David [2014a]. Thus we have maxP∈Pγ,4n ES∼P [L
0/1
P (A(S))] ≥ γ

4
. Thus by Lemma B.1

of Shalev-Shwartz and Ben-David [2014a], we get the claimed result.

Theorem 3.1.12. There is no weak sample complexity dimension for classification learning
of distribution classes.

Proof of Theorem 3.1.12. Let C be the collection of all classification-learnable distribution
classes. According to Lemma 3.1.7 it is sufficient to show that {mQ(

1
· ,

1
7
) : Q ∈ C} is cofinal

in NN. Let g ∈ NN be arbitrary. Now consider the class Q = Qγ̄,n̄ with γ̄(k) = 8
k
and

n̄(k) = 8(g(k) + 1). Then, according to Lemma 12.1.1 is learnable. Furthermore, since for

every k ∈ N, we have P 8
k
,n̄(k) ⊂ Q, by Lemma 12.1.2 we have g(k) ≤ n̄(k)

4
< mQ(1/k, 1/7).

This shows that {mQ(
1
· ,

1
7
) : Q ∈ C} is indeed cofinal in NN, which concludes the proof of

our claim.
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Theorem 3.1.17. There is no finitary characterization of classification learning for dis-
tribution classes.

Proof of Theorem 3.1.17. We will again use Theorem 3.1.15 to show this claim. Thus we
only need to show the conditions for Theorem 3.1.15 hold.

• Any union of finitely many learnable classes is learnable: Let us denote this class
by Q =

⋃
i=1Q

i. For every Qi there is a learner Ai with sample complexity mi.

Let ε > 0, δ > 0 and let mmax = max({mi(ε/2, δ/2) : 1 ≤ i ≤ k} ∪ {4(log(k)+
2
δ
)

ε2
}).

Now for some q ∈ Q, let S ∼ qmmax . For every i ∈ {1, . . . , k}, we run Ai on S
and denote the output hypothesis by hi. We know that there is j ∈ {1, . . . , k},
such that q ∈ Qj. By the success-guarantee of Aj, we know that with probability

1 − δ
2
, L

0/1
q (hj) ≤ ε

2
+ L

0/1
q (fq). We can now use a PAC-learner for the finite class

H = {hi : 1 ≤ i ≤ k} (which we know to exist from PAC learnability of binary
classification of hypothesis classes (see Shalev-Shwartz and Ben-David [2014a]). We
know that a sample complexity of mmax guarantees a (ε/2, δ/2)-learning success
for learning H. Taking everything together, we have constructed a learner that
guarantees (ε, δ)-success for learning Q.

• We let H0 = {ha : a ∈ {0, 1} where for all x ∈ N : ha(x) = a}. Furthermore, we let
Hk be Hk = Qγ̄k,n̄, where γ̄k(i) = 1/k and n(i) = i for all i ∈ N. By Lemma 12.1.2 all
Hk are not learnable. Furthermore, by construction, we have that for every εk = 1

k
,

H0 is an εk approximation for Hk. Since limk→∞ εk = 0, the second condition of
Theorem 3.1.15 is fulfilled. This concludes our proof.

Lemma 12.2.2. If limi→∞
¯γ(i) = 0, then Hγ̄,n̄ is classification is 1-agnostic PAC learnable

with respect to Lg.

Proof of Lemma 12.2.2. Let h0 be the all-zero function, i.e. h0(x) = 0 for all x ∈ N. We
start by noting that for every γ, every n and every A ⊂ {1, . . . , n} if P = (D, fA

γ,n) for
any marginal D over N, then Lg

P (h0) ≤ g(g−1(γ)) = γ. Furthermore, we know that finite
hypothesis classes of hypotheses with finite range are learnable due to uniform convergence
(which we get from first using Hoeffding on each of the elements of the class and then using
a union bound). We can now use the same proof idea as in Lemma 5.1.2. Let ε > 0. Since
limi→∞ γ̄(i) = 0, there is N , such that for every M ≥ N , γ̄(M) ≤ ε

2
. Thus we know that

for every P and every h ∈ Fγ̄,n̄, there is h′ ∈
⋃N

i=1{fA
γ̄(i),n̄(i) : A ⊂ {1, . . . , n}}, such that
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Lg
P (h

′) ≤ Lg
P (h) +

ε
2
. We now use the fact that H ′ =

⋃N
i=1{fA

γ̄(i),n̄(i) : A ⊂ {1, . . . , n}} is a
finite class of hypotheses with finite range and can therefore be successfully PAC-learned
w.r.t. Lg. Now we can use the learner for H ′ with sample complexity mH′ on an i.i.d.
sample of size m ≥ mH′(ε/2, δ), to guarantee (ε, δ)-success for learning Hγ̄,n̄. This

Lemma 12.2.3. For F = Fγ,2n, we have mF (
γ
8
, 1
7
) ≥ mrlzb

F (γ
8
, 1
7
) ≥ n.

Proof of Lemma 12.2.3. For this lower bound, let us only consider the realizable case.
The agnostic case follows directly from it. We note that for a fixed γ and n, for every
h1, h2 ∈ Fγ,2n, every x ∈ N, we have either ℓg(h1, x, h2(x)) = γ or ℓg(h1, x, h2(x)) = 0. We
can thus treat lg as a binary loss. We see that the statement now becomes equivalent to
the No-Free-Lunch Theorem for binary classification (see Theorem 5.1 in Shalev-Shwartz
and Ben-David [2014a]) with the ε-parameter in the sample complexity being scaled by γ.
Thus we can conclude mrlzb

F (γ
8
, 1
7
) ≥ n. This concludes our proof.

Theorem 3.1.13. There is no weak sample complexity dimension for PAC learning real-
valued function classes with respect to Lg (in neither the realizable nor the 1-agnostic case).

Proof of Theorem 3.1.13. Let C be the class of all PAC-learnable function classes with
respect to Lg. We know from Lemma 3.1.7 that it is sufficient to show that {mH(1/·, 1/7) :
H ∈ C} is cofinal in NN. Now let g ∈ NN be arbitrary. We now construct a class H, such
that mH(

1
· ,

1
7
) eventually dominates g. Let H = Hγ̄,n̄, with γ̄(k) = 8/k and n̄ = 4(g(k)+1)

for every k ∈ N. From Lemma 12.1.1 we know that the class is learnable as limk→∞
8
k
= 0.

From Lemma 12.2.3 we get g(k) < n̄(k)
4

< mH(1/k, 1/7). We note that the notion of
”learnability” used here can either refer to the realizable case and sample complexity
function mrlzb

H or the 1-agnostic case and sample complexity function mH . In either case,
the statements are true, giving us both claims.

Theorem 3.1.18. There is no finitary characterization of PAC learning real-valued func-
tion classes with respect to Lg (in neither the realizable nor the 1-agnostic case).

Proof of Theorem 3.1.18. We use Theorem 3.1.15 to prove the claim. We thus only need
to show that the two conditions of the theorem are fulfilled. We will focus on the sub-task
of learning function classes with range bounded by 1. Since we only use function classes
of the form Hγ̄,n̄ and those all consist of functions with range in [0, 1], this does not cause
any issue.
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• Every finite union of learnable classes of hypotheses is learnable:Let H =
⋃k

i=1H
i be

a union of learnable classes. Let Ai denote the learner andmi denote the sample com-
plexity for learning Hi. Now define mmax(ε, δ) = max({mi(ε/2, δ/2)}∪{4k+4 log 2/δ

ε2
}).

Let A be the learner that first runs every Ai on an input sample to create a finite
hypothesis class H ′(S) = {Ai(S) : 1 ≤ i ≤ k} of candidates of size k and then runs
ERM on the finite hypothesis class. Now P be some distribution over X × Y and
let m ≥ mmax(ε, δ). Furthermore let S ∼ Pm. We know that there is j, such that
infh∈Hj Lg

P (h) = infh∈H Lg
P (h). Now Aj guarantees that infh∈H′(S) L

g
P ≤ ε

2
. Further-

more, from Hoeffding’s inequality and union bound, we get that a sample size of
mmax(ε, δ) is sufficient for an ERM to guarantee ( ε

2
, δ
2
)-success, when learning any

finite hypothesis class of size k with functions with range [0, 1]. Thus the learner A
successfully PAC learns H with sample complexity mmax.

• We define H0 = {h0}, with h0(x) = 0 for all x ∈ N. Furthermore we let Hk = Hγ̄k,n̄,
where γ̄k(i) = 1/k and n̄(i) = i. From Lemma 12.2.3 we know that none of the classes
Hk are learnable. Furthermore for every k ∈ N, H0 is an εk = 1

k
approximation of

Hk, as argued in the proof of Lemma 12.2.2. Lastly limk→∞ εk = 0. This concludes
our proof.
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