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Abstract

This thesis investigates the interaction of electromagnetic plane waves with two-dimensional

(2D) materials approximated by infinitesimal sheets positioned at interfaces between non-
magnetic, isotropic, lossless dielectrics. On their own, 2D materials offer a host of useful
properties, including high carrier mobility, dopant-free tuning through the application of
external electromagnetic fields or stacking, as well as significant anisotropy. When com-
bined with the excitation of plasmon modes to enhance light-matter interactions, the range
of potential applications broadens greatly, including, for example, high-speed optical com-
putation and enhanced light trapping in solar cells.

In this thesis, a new derivation of the boundary condition for out-of-plane response is
presented for a 2D material immersed in an infinite homogeneous dielectric. To account for
the influence of distinct dielectric surrounding media, Fresnel coefficients are derived using a
vacuum gap method. This approach yields novel dispersion relations for surface plasmons
that incorporate the out-of-plane response of 2D materials. In the presence of distinct
surrounding dielectrics, the out-of-plane mode hybridizes with the in-plane longitudinal
plasmon mode. The hybridization is destroyed when the surrounding materials are made
identical. Additionally, expressions for the conservation of energy and momentum are
derived in terms of the Fresnel field amplitudes for the 2D materials described by singular
current sheets. The vacuum gap method is also applied to solve the conservation equations
in the presence of dielectric media, as this avoids controversial notions of electromagnetic
momentum in media. The electromagnetic stress tensor derived through the vacuum gap
method satisfies conservation of linear momentum, thus confirming that the forces on a 2D
material can be self-consistently separated from those on surrounding dielectrics.

This theoretical framework is applied to both graphene and phosphorene. For graphene,
the reflectance, transmittance, and absorption characteristics are compared with and with-
out considering the out-of-plane response. The analysis confirms that the influence of the
out-of-plane component is minimal for plasmon modes at low frequencies as is often as-
sumed, but becomes significant at high frequencies. Forces calculated around frequencies
and wavenumbers defined by the plasmon dispersion relation showed significant ampli-
fication. However, the new non-monotonic dispersion profile of the hybridized plasmon
mode introduces additional resonant and antiresonant behaviour in the forces. To em-
phasize the in-plane anisotropy of phosphorene, only in-plane response was considered,
with a focus on forces in the plasmonic regime at low frequencies. Based on numerical
examples, predictions are made for possible future experimental studies of both plasmon
modes in the presence of the out-of-plane response and forces on 2D materials for possible
optomechanical and sensing applications.
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Chapter 1

Introduction

Two-dimensional (2D) materials are, of course, not truly two-dimensional. This is a clas-
sification of materials that consist of single layers on the order of atomic thickness, with
covalent bonding in-plane but only van der Waals interactions out-of-plane. Graphene is
both the original and principal example of this classification; consisting of a single layer
of carbon atoms bonded in a hexagonal lattice, it is the thinnest material on earth. It
is this extreme thinness that gives graphene and its contemporaries the unique proper-
ties that have made them such a hotbed of new research and exciting applications. 2D
materials and their properties are widely varied, though there are a number of common

themes. Many such materials exhibit very high carrier mobility [7][3][9], dopant-free tun-
ing through application of external electromagnetic fields or stacking [8][10][11], as well as
significant anisotropy [12], not to mention the possibility for designer properties through

the construction of layered heterostructures comprised of a stack of different 2D materials
[5].

In particular, 2D materials have received much attention for their use in plasmon-
ics. Plasmonics is the study of plasmons, and, in practice, is concerned with creation,
control, and measurement. Plasmons are collective, coherent charge oscillations that can
either remain localized or propagate [1]. They can couple to the electromagnetic field to
form plasmon polaritons, and if excited at an interface, they are called surface plasmon
polaritons (SPPs). Even though they represent a coupling between matter and the electro-
magnetic field, SPPs can be adequately described by classical electromagnetism by simply
postulating a wave for which energy only propagates along the interface. This is done, as



Figure 1.1: Example of the field profile of a surface plasmon polariton propagating along
the interface between two media.

is shown in figure 1.1, by assuming an exponential decay into the surrounding media,

E20 e—ngzei(qr” —wt)7 2> 0
E = { E emzei(q-ru—wt)’ 2 <0’ (11)

where k2 are the decay constants, q the in-plane wave vector and r the in-pane position.
Then, using the interface conditions, one can derive the dispersion relation on the in-plane
wave vector,

w | aw)e(w)
0=\~ (1.2)

c\ €(w)+e(w)
where € 2(w) are the frequency-dependent dielectric functions of the surrounding media.
Figure 1.2 shows this dispersion relation evaluated for an interface between vacuum and
a semi-infinite metal. This tells us that SPPs have shorter wavelengths for a given fre-
quency than light in vacuum. A shorter wavelength corresponds to a higher wave number
¢, and, therefore, higher momentum. Having more momentum than any incident light,
SPPs cannot be excited by direct illumination, so additional structures must be present to
facilitate coupling. This can involve the use of diffraction gratings, surface roughness, or
prism couplers; any structure that can add momentum [13].

SPPs are useful because they can provide sub-wavelength confinement and significant
field enhancement [141]. The dispersion relation indicates that they can have significantly
smaller wavelengths than light in vacuum, so when excited, they can confine the optical
energy to a much smaller region. As indicated in equation 1.1, they also exhibit exponential
decay into the surrounding media, which serves to further confine the energy to a small
region surrounding the interface. The electromagnetic fields associated with SPPs are,
therefore, significantly enhanced near the interface where they propagate.

Just as an interface can support SPPs, so too can 2D materials. It is this combination
of unique properties that has opened up significant new opportunities and generated such
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Figure 1.2: Dispersion relation for the bulk and surface states of a semi-infinite aluminum
metal bordering vacuum. The upper solid line is the dispersion in the metal. The lower
solid line is the surface dispersion. The diagonal dotted line is the vacuum light line. Plot
taken from [1].

research interest. 2D materials have much promise on their own, however, their use is
limited in many applications that involve absorption or emission, like optical sensing, solar
cells, and photoluminescence, by low light-matter interaction resulting from their atomic
order thickness [10]. However, this problem can be mitigated by utilizing the significant
field strength enhancement of plasmons. Plasmons confine the optical energy into a much
smaller region around the 2D material, thereby boosting light-matter interactions and
absorption [15][16]. Among the most exciting prospects coming from the intersection of
plasmonics with 2D materials is that of optical computation. It has been demonstrated
that 2D heterostructures involving phosphorene and SiO, exhibit switchable polariton
modes under excitation by an optical source in the THz regime [17]. This introduces the
possibility of constructing ultrafast digital logic circuits using 2D materials [1].

To facilitate the further development of these ideas and others, it is essential to develop
accurate and adaptable methods for modelling optical interactions with 2D materials.
Regardless of how thin a material is, its real properties will always vary continuously across
its width. Being such a small distance, however, means that the functions describing these
properties can exhibit enormous gradients and large peaks [19]. In theory, thin materials
would always be most accurately modelled as slabs with finite thickness and properties
described by these continuously varying functions. This is a method used often in the



study of thin film optics [20], when the film thickness d is on the order of, or larger than,
the wavelength of interacting light. In finite slab models, the smoothly varying properties,
and thus the interaction with the electric fields, are captured by so-called material response
functions. These functions generally take the form of a conductivity o, or a susceptibility
X- Depending on the choice, the material properties will enter into the problem as either
a current (J = ‘0"E) or a polarization (P = ¢,*Y’'E) induced by an electric field E. Here,
we indicated that functions may be tensors, and we note that they are generally related
by 0 = —ieqwx [21]. In such slab models, light interacting with the material has to travel
a finite distance in the material’s interior, along with internal reflections at the bounding
interfaces, as shown in figure 1.3. This imparts a phase shift (¢y) on the reflected and
transmitted fields, along with a reduction in amplitude if the material has losses.

n3
and so on

n

Figure 1.3: Diagram of the optical path taken by an incident plane wave on a material
modelled as a slab.

Material response functions like o and x describe, in a general sense, how a material
interacts with electromagnetic fields. In the local approximation, they are the proportional-
ity factors that relate the electromagnetic fields to currents and polarizations in Maxwell’s
equations. Optical interactions occur when incident light interacts with charge carriers
in a material. These interactions generally involve electronic transitions or excitations of
phonon modes [22]. Material response functions, therefore, capture both the action of the
fields on the charges, as well as any absorption. The nature of this absorption is dictated
by the material’s electronic band structure and density of states. For absorption to occur,
there must be a charge carrier available to transition, as well as a destination state [22].

Determining material response functions can be done either experimentally or through
ab initio methods. One such class of methods involves directly calculating the material
properties using quantum mechanics. Density functional theory (DFT) is a popular tool
for this purpose [23]. In time-dependent DFT, the system response is calculated by approx-
imating the many-body Schrodinger equation that describes the evolution of the quantum
system and its interactions. In this way, the conductivity is calculated by summation of

4



all available electronic transitions. For analytical or phenomenological modelling, response
functions can also be described using classical or semi-classical models. The Drude model,
for example, provides a straightforward way to account for free electron dynamics in metals,
treating them as a gas of charged particles.

While effective for modelling the optics of many thin materials, there are some con-
ceptual challenges associated with applying slab models to the atomically thin. Generally,
slab models treat materials as perfectly smooth continua with abrupt, flat edges and mate-
rial properties described by volumetric response functions. As atomically thin sheets, 2D
materials at the very least cannot be thought of as having abrupt edges in the way that
a material an order of magnitude thicker does. Consider graphene, a single atomic layer
surrounded by weakly bonded 7 orbitals, as shown in figure 1.4. In this material, where
exactly are the currents?

Figure 1.4: Schematic of a section of single-layer graphene showing the strong ¢ bonds and
the weak 7 bonds.

At the scales present in 2D materials, the optically induced currents cannot be uni-
form, nor can they abruptly start or stop at the edges [24]. The concept of volumetric
response functions also becomes ambiguous. Without distinct borders, the definition of
width becomes a convention rather than an intrinsic property. To address these concerns,
one may instead use an infinitesimal sheet model for the 2D material. In this case, the
material is considered to have zero thickness, which means it appears in the model as an
interface, with properties that influence the interface conditions. This infinitesimal model
can be derived from the finite slab by taking the limit that the slab is optically thin [24].
Optical thinness can be defined in a number of ways, but here it is taken to mean that the
phase shift (¢¢) imparted on light by the material is very small (|¢g| < 1). In sheet mod-
els, there is no need to choose a convention for the width, as the entirety of the material



response is considered to occur in one plane. The material response functions are therefore
two-dimensional and can be considered the integrated volumetric parameters [25],

ot = /w dz 0" (2). (13)

—00

One of the primary challenges associated with the use of infinitesimal sheet models is
capturing the out-of-plane response. In reality, 2D materials have a finite thickness, so their
optical response will have a component in-plane and a component out-of-plane. In a slab
model, the out-of-plane component is captured by the volumetric response function and
naturally imparted on the fields as they propagate through the volume. In sheet models,
however, with no volume to propagate through, there must be another way to impart the
influence of the out-of-plane response on the fields. As with all other properties in the
sheet model, this has to be done with an interface condition.

The out-of-plane response of a sheet is perhaps most easily characterized by polariz-
ability. Just as a point dipole exhibits directionality and a kind of charge separation, so
too can an infinitesimal sheet. However, the notion of out-of-plane response, and how to
account for it, is somewhat controversial. The reason for this controversy is perhaps that
2D materials are often modelled with conductivity response functions, so they appear as
currents in the relevant equations. While they are equivalent and therefore interchange-
able, an out-of-plane current in an infinitesimal sheet is a much more challenging idea to
accept than a polarization. Whatever the reason, the out-of-plane response is often ne-
glected in studies of 2D materials [26][27][28][29][30]. In spite of this, among those who
have embraced the idea, there is consensus on the correct form of the out-of-plane inter-
face condition. Multiple groups have independently published unique derivations for this
condition, in a range of material configurations [31][32][33][34][35][36][5]. There remains,
however, some questions regarding the correct form of the out-of-plane polarization/current
itself, and how it changes under the influence of surrounding materials.

In this work, we will explore electromagnetic plane wave interactions with 2D materials
in a classical, infinitesimal sheet setting, with non-magnetic, isotropic, lossless dielectric
surroundings. In particular, we verify the form of the out-of-plane boundary condition
with a new method of derivation based on a Hertz vector formalism. We also identify the
influence of surrounding materials on this condition through a transfer matrix method that
permits the use of the uncontroversial vacuum boundary condition. Then, we verify the
conservation of energy and momentum, paying special attention to the influence of evanes-
cence, out-of-plane response, and dielectric material surroundings, on the reflectance (R),
transmittance (T), absorbance (A), and Maxwell stress tensor. Finally, using a combina-
tion of ab initio and phenomenological conductivity response functions, we study R, T,



and A, as well as optical forces generated on graphene and phosphorene with and without
out-of-plane response, for both vacuum and material surroundings.



1.1 Maxwell’s Equations

Here we develop and justify the electromagnetic formulation that will form the basis of
this work. In this section, until otherwise indicated, we will be considering a homogeneous
isotropic material. In ST units Maxwell’s equations are given by,

P

v.E=", (1.4)
€0
V-B=0, (1.5)
0B
VxB= Mo (J +€Oaa—]?> s (17)

where p is the charge density, J is the current density, E is the electric field, B is the
magnetic field, €y is the vacuum permittivity, and pg is the vacuum permeability. In a purely
mathematical universe where charge and current are simply properties given to geometry;,
Maxwell’s equations are always exact, regardless of their scale or distribution, continuous
or point-like. The problems arise when trying to map this description to reality. Charge
is not a property possessed by pure geometry, it is possessed by particles. And particles
do not, in general, behave classically, but are instead governed by quantum mechanics.
Electrons and protons are not really point-like, and materials are not really continuous.
Regardless, the approximate classical forms of point charges and continuous distributions
remain useful in the appropriate limits. Material models that consider charges as points
are often labelled microscopic, while ones that use continuous distributions are labelled
macroscopic.

In the microscopic setting, the fields are fully defined by the distribution of point
charges, captured by the charge density p, and their dynamics, captured by the current J,

p(r, t) = Z QH(S(I' - rn(t>>7 (1'8>

J(r,t) = gatn(t)d(r — ra(t)). (1.9)

While useful in certain circumstances, the discrete nature of this model can make it dif-
ficult to simultaneously treat a large number of individual charges and their interactions
through the Lorentz force. This is especially challenging when those charges constitute a



material, participate in bonding, or interact with internal potentials—not to mention cases
where quantum mechanical effects become significant. These factors together make true
microscopic models of large-scale materials very unwieldily.

The macroscopic picture of electromagnetism is often defined with respect to the mi-
croscopic as a smoothed or averaged version, shown schematically in figure 1.5, but it is
more concretely based on the idea of continuous charge distributions[37].

()~ wones

r

Figure 1.5: Schematic diagram of the relationship between microscopic (left) and macro-
scopic (right) electromagnetic models.

In practice, considering the macroscopic as a smoothed version of the microscopic is
often ill-defined, making the comparison dubious [37]. As the microscopic picture is itself
an approximation, the relationship between the two is largely unimportant. It is the re-
lationship to observations that is critical. Generally, it is believed that as long as we can
assume that the wavelength of the incoming plane wave is much larger than the structural
details of the underlying system, characterized by r, then it is sensible to assume contin-
uous charge distributions and work with the macroscopic picture [38]. This is manifested
mathematically by the condition,

rko < 1, (1.10)

where kg is the wave number. In this regime, Maxwell’s equations are often presented as,

V-D =py, (1.11)
oD

H=1J - 1.12

V x f+ ot ( )

V-B=0, (1.13)

0B
E=— 1.14
vxB= -2 (1.14)
where H = B/y and

D = ¢E + Py. (1.15)



D is the electric displacement field, P, is called the polarization density due to bound
charges, and the subscript f indicates the free charges. Often the charges in a macroscopic
system are separated into bound and free. The bound are thought to remain localized, like
a fixed dipole, and the free are thought to move, like conduction electrons. This separation
raises a lot of questions. For instance, how is it possible to distinguish between charges
in a continuous system? When we switch to the macroscopic view, we eliminate the idea
of charges as occupying discrete bodies. Further complicating things is the introduction
of oscillating fields. How can one possibly distinguish between bound and free charges
when both oscillate in place? Any attempt to distinguish between charges that occupy
the same region of space in the macroscopic picture raises more questions than it answers.
Instead, throughout this work, we will abandon the notion of charges as distinguishable
and instead consider only the continuous distributions as a whole. To that end, we adopt
the formulation often applied in materials science, and define two distinct categorizations,
external and induced. Within these two categories, we will further introduce the labels
of continuous and singular. This further distinction is made because these sub-categories
have intrinsic differences. For example, only continuous distributions can contribute to
bulk properties like modifications to the speed of light.

There are a number of ways to define the distinction between external and induced
charges and currents. Here we adopt the definition used in [37]: external charges and
currents are any known a priori, and the induced are all others, i.e., both bound and free
charges in the material of interest. We also adopt the notion that the external charges and
currents are unaffected by the induced fields. The external and induced fields are therefore
defined completely by their respective charges and currents,

% Eext = Pext (116)
OE
V X Ho = Jox + 60— i3 (1.17)
V B =0, (1.18)
aBext
V X Byt = — , 1.19
7 Bt ot (1.19)
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and for the induced,

V - Eind = Pind, (1.20)
V x Hing = Jina + eoag;“d, (1.21)
V- Bina =0, (1.22)
V X Ejpq = _813:;(1. (1.23)
The total fields are then given by the addition of the two sets of equations,
V- E = pext + pind; (1.24)
V x H:Jext+Jind+eoaa—Et), (1.25)
V-B =0, (1.26)
VxE= _9B (1.27)

ot’
where the total fields are defined by, e.g., E = Eq¢y¢ + Ejnq.

If the external currents are known a priori, then it follows that the entire response of
the system will be captured by the induced current. For non-magnetic materials, we can
define the induced current as a function of only the electric field [39],

Ta(r, ) :%/ dt’/// Fr T vt — B, (1.28)
0 R3

where f is the electric field response function for an infinite, non-local, and dispersive
medium exhibiting translational invariance and rotational isotropy with respect to spatial
coordinates, as well as stationarity in time. For anisotropic materials it is tensorial, and in
the presence of stratified media, symmetry breaking, or interfaces, it is defined piecewise.
In the above equation, E is the total field, which is itself defined at each point, in part, by
the induced field coming from all over the medium. The benefit of this picture is that while
purely macroscopic, we can still account for the large-scale effects of important microscopic
and quantum behaviours using an appropriately chosen response function.

We have chosen to capture the material response in the induced current, however, it
is often described by the polarization density. We can relate the induced current to an
induced polarization by recognizing that current is simply moving charge, and so equivalent
to a changing polarization,

o a]-:’ind (I‘ )
oot

Tualr. (129)
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So we can relate our material response to polarization density by applying equation 1.29

to equation 1.28,
°° —
Pa(r.f) = / at / / / & Tt OB, 1), (1.30)
0 R3

We will continue to refer to Pj,q as the polarization density, but it is perhaps more ac-
curately described in general terms as the electric field response. This is because, as we
have defined it, P;,q captures both conduction and polarization. This is made more clear
in the Fourier domain where, by convolution theorem, the integral relationship becomes
multiplicative,

Pialk,w) = f (kw)E(k,w). (131)

Tima(k,w) = —iw [ (k, ) E(k, ), (1.32)

where k is the wave vector and w is the angular frequency. This clearly aligns with standard
polarization density for bound charges when f = ¢y, and Ohm’s law for free charges when
f = —o/iw. We can apply charge continuity to our established definition of the induced
current to find an expression for the induced charge,

0

——pind(r, t) =V- Jind(r, t) (133)

ot
Note that while bound and free charges are considered indistinguishable in this work,
charges that fall under each of these categories will still exist in the material, and each
of these classifications of charge satisfy continuity independently, thus guaranteeing the
validity of equation 1.33. We can insert into this our expression for the induced current
given in equation 1.28,

a 8 > / /H / / !4l
—apind(r,t)zv-a i dt ///de3r fa—rt—thE{,t), (1.34)
0
=V . —Pinl(r, 1), 1.
\% 5 a(r, t) (1.35)

which of course suggests that

pind(r, t) =-V- Pind(r, t) (136)

Here is where we make the distinction between continuous and singular contributions
to the induced charge,

pina(r;1) = =V - (Piq(r, 1) + Piq(r, 7). (1.37)
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The singular contributions come from discontinuities in the model. For induced charges,
these arise at interfaces between different materials, which may contain atomically thin 2D
materials that can be considered as having zero thickness in the context of macroscopic
classical electromagnetism. Using this definition of the polarization density, we can write
a final form of the macroscopic Maxwell’s equations,

VD = pext — V-Pi,, (1.38)
oD  OP;

H= ind 1.
V x Jext + — ot + ot ( 39)
V-B =0, (1.40)

0B
E=— 1.41
VxE=-"2 (1.41)
where,
D(r,t) = ¢ E(r / dt’ /// d*r’ fc —1 t—tE{,t) (1.42)
R3

— B(r, 1) + Py (r.1), (1.43)

where both the superscript and subscript ”c¢” indicate that the spatial dependence of the
tensor f, renders the polarization, P{ 4, a continuous function of position, r. The response
of such materials is now captured by D and P; 4, regardless of whether it is thought to be
associated with free or bound charges. The entirety of this work will be done in regions
with no external charges or currents, so the induced labels will be omitted.

1.2 Hertz Vector

In the model of electrodynamics that we have established in our homogeneous isotropic
dielectric medium, most of the properties that make a given system unique are captured
by the polarization density P. This makes the use of the Hertz vector a natural choice
to facilitate some of our analysis. Here the Hertz vector formulation is developed in a
way not dissimilar to [34], though with additional emphasis on the relation to the Lorentz
gauge. Considering a homogeneous, isotropic, non-magnetic, lossless dielectric medium,
in a region with no external charges or currents, the fields can be defined in terms of the
well-known vector and scalar potentials,

0A

B=VxA, E=-Vé——"

(1.44)
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We begin with equation 1.39,

oD oP?
H=— 1.4
V x T + 5 (1.45)
0
= —(eE + P° 1.4
B+ P), (1.46)

where we assume that the source of the singular polarization, P?, is some 2D material
immersed in the mentioned medium, characterized by a dielectric constant e. In such
a medium, the continuous part of the polarization in equation 1.43 can be written as
P¢ = ¢yx.E, where x. is the constant susceptibility, so that € = €,(1 + x.), which may be
equivalently expressed in terms of the refractive index of the medium, € = n?¢;,. Now we
insert into equation 1.46 the definition of the potentials in equation 1.44, along with using

B = :LLOH7
1 0 0A
— A=— V¢ — — P°. 1.4
HOVXVX 815(6( Vo 8t>+ ) (1.47)
Then, using the vector identity,
VXxVxA=V(V-A)- VA, (1.48)
we can say,
O?A 9 0 0,
0 0,

This is the standard form of the vector potential wave equation. In this form, the equations
for the vector and scalar potentials are coupled. We can decouple them by applying the
Lorentz gauge for non-magnetic materials,

0
VA =euy—ao. 1.51
Ho 9 tcb ( )
The Hertz vector can then be thought of as just another way to satisfy the Lorentz Gauge.
This is made clear when we exploit the continuity of A in time to represent it as the time
derivative of another function,

oIl
A= EMOE, (152)

then simply by inserting this into the equation for the Lorentz gauge, the following rela-
tionship is found,
¢ =—-V-IL (1.53)

14



These are the standard forms of the relationship between the Hertz vector and the vector

and scalar potentials [31]. To determine the relationship with the base fields, E and B, we
can substitute equations 1.52 and 1.53 into 1.44. First for the magnetic field,
1 oIl
B=—-Vx—, 1.54
v? ot ( )
and then for the electric field,
1 0711
E=V(V.II . 1.55
(v - 55 (1.5)

In the above equations, we introduced the speed of light in the background medium as
v = ¢/n, where ¢ = 1/, /€ is the speed of light in vacuum, and n is the refractive index
of that medium. To find a wave equation for the Hertz vector, we can insert equations 1.52
and 1.53 into 1.50,

oIl 1 0?

2 — | - == — —PS 1.

v (E“O at) 112(%2( ) (1.56)
0, 10 (01 1 (9

— - =_-— 1.

8tv (11) v? Ot ( 8752) 8 (157)
which of course suggests an equation of the form,
1 0711 1

M- ——~ = —-P*. 1.

v v? Ot? € (1.58)

To simplify some of our later analysis, we can again apply equation 1.48 along with
1.58 to equation 1.55 to find the final set of relationships,

E:VXVXH—EPS, B——Vx— (1.59)
€ ot

Besides allowing one to define a system entirely in terms of polarization, the simple form of
the governing wave equation for the Hertz vector permits a scalar Green’s function solution

of equation 1.58,
(r',t — &)
e 1.60
T(r,?) " 4re ///Rs ’ (1.60)

where R = |r — r/|. This allows us to construct an equation for the total electric field as,

E(r,t) = —lPS( t) + —V x V X ///RS d%’fﬁ(r,’Tf_?R). (1.61)
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In this expression, the contribution from the bulk response of the dielectric is captured
in the permittivity € = n’¢y, whereas the interfacial, and therefore singular, polarization
is given by P?® and considered to describe a 2D material. According to equation 1.61,
the electric field is singular at the interface due to the contribution from the singular
polarization density outside the integral. It will be shown in section 2.1 that the curl terms
generate additional singularities which cancel with those in the in-plane directions, leaving
only a singularity in the Z direction from the out-of-plane polarization component. This
aligns with other published works investigating the boundary conditions on out-of-plane
response [10]. In [10], it is postulated that the electric field consists of a regular part away
from the interface and a singular part at the interface. The boundary conditions are then
derived directly from Maxwell’s equations. The method in this work arrives at the same
conclusion of singular fields, though as a direct result of the singular polarization density
of the 2D material rather than a postulate.

1.3 Interface Conditions

Up to this point, we have been working within infinite, isotropic, homogeneous media.
With broken spatial invariance, space is defined in a piece-wise continuous manner. Elec-
tromagnetic interface conditions describe how electric and magnetic fields change across
these discontinuities in the underlying medium. The specific form of these interface con-
ditions is dictated by the geometry and composition of the media around the interface.
The most familiar textbook setting is that of a flat abrupt interface between two isotropic,
non-magnetic, lossless dielectrics. In this case, and in those where interfacial currents are
present but purely in the plane, the standard textbook method involving integration over
current loops and pill boxes spanning the interface is perfectly acceptable [11].

For example, the textbook integral method is appropriate for interfacial currents defined

by,
J° :J”(S(Z), (162)

where J| indicates that the current is defined only parallel to the interface. The resulting
interface conditions are defined by, [41]

z2x (Ey—Ep) =0, ( )
(Dy —Dy) - 2 = psp, (1.64)
2X(H2_H1):JH, ( )
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where Z is the unit normal vector, and the in-plane current density and the surface charge
density satisfy the continuity equation,

V” . JH + =0, (1.67)

and || indicates only the in-plane components are present, making V| a 2D gradient vector
acting tangentially to the interface. However, this method breaks down when considering
out-of-plane current, and it is not clear how it must be modified. Perhaps with a current
loop flat on the interface, but interpreting this is ambiguous. A new method is necessary.

1.4 Fresnel setting

When we begin to talk about the reflection and transmission of plane waves at interfaces, it
becomes convenient to adopt a coordinate system defined with respect to wave propagation.
We choose the Cartesian triplet of unit vectors (Z, g, 2) to represent the fixed material
frame and adopt coordinates defined with respect to the incident wave vector for the
waves themselves. In these coordinates, the plane of incidence is the § — 2 plane, with
the perpendicular direction defined as 7 = ¢ x Z as shown in figure 1.6. The in-plane
propagation direction ¢ is defined with respect to the fixed material frame by rotation
about the 2 axis, described by the angle ¢. In all cases with broken translational invariance,
we will denote the in-plane coordinates as 1.

The most general case of a Fresnel-style optical interaction involves four fields, one
upward and one downward propagating field on either side of an interface. This is shown
schematically in figure 1.7. Labelling all upward propagating fields v and all downward
propagating fields d, we will have two fields in each interface separated region given by,

[38]

—1Up; cOs 0; —_— ) d,; cos 8; ’ ) )
(A T ;s Z—W A ) — s Z—W
Euj = Usj e\ AT Tz , Edj = dsj e\ AT =g , (168)
Uy, Sin 0, d,; sin 6;
. | s cOS 0; n dsj cos 0,
1Yy ) i(qr+kyjz—wt 1Yy ) i(qr|—kyjz—wt
H, = . —uy, gHar)thzjz—wt) H, = = —d,,; gHar)—hzjz—wt) (1.69)
O | ug;sinb; 0 | ds;sinb;

where q = ¢¢ are the in-plane wave vectors, k.; the out-of-plane wavenumbers, 2y = ei_c’SI =
47”|ch is the impedance of free space, and n; are the refractive indices. The in-plane and
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Figure 1.6: Diagram of a plane wave interaction with a flat interface highlighting the
coordinate system used in this work.

out-of-plane wavenumber are related by

niky = ¢ + k2 (1.70)

25

where ky = w/c is the vacuum wavenumber, and c is the speed of light in vacuum. The
transmitted wave retains the same amplitude sign convention, while the reflected wave is
mirrored across x = 0.

The in-plane component of the wave vector is conserved across the interface[38], and
so remains the same for all of the fields. This gives rise to Snell’s law,

Ny sin 0; = ny sin 6, (1.71)
or, in terms of the dielectric constants,

€18in%0; = ey 8in? 6,. (1.72)
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Figure 1.7: Diagram of a classic Fresnel style interaction between a p-polarized plane wave
and the interface between two isotropic, non-magnetic dielectrics.

1.5 Transfer matrices

For single interfaces, it is easy to simply insert the electromagnetic fields defined in terms of
Fresnel amplitudes (equations 1.68 and 1.69) and directly solve the interface conditions to
relate fields on either side of a discontinuity. This problem grows substantially more tedious
for systems of multiple interfaces. In these cases we adopt a transfer matrix formalism [12].
This is a method by which one converts the interface conditions into transfer matrices that
can be directly applied to relate the fields on either side of the j* interface as,

Upj Up(j+1))

Uy Ug( i

dpj- = M1 dpgi; : (1.73)
ds; ds(jr1)

We derive the matrices starting from the interface conditions without in-plane current,
equations 1.63, and 1.66 with J; = 0. Note that we do not need all four; two of the
interface conditions are all that is necessary to uniquely determine all of the amplitudes.
For an interface between two isotropic, non-magnetic, lossless dielectrics, equation 1.63
tells us that the in-plane components of the electric field are continuous, E;|; = E,|; and
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Ei|; = Es|;. In terms of the amplitudes defined in equation 1.68, this means,
(upy — dp1) cos 0y = (up2 — dpa) cos by, (1.74)

and,
Us1 + dsl = Ug2 + d527 (175)

respectively. Equation 1.66 then tells us that the in-plane components of the magnetic field
are continuous, Hy|; = Hs|; and H;|; = Hy|;. In terms of the field amplitudes defined in

1.69, this means,

ny no

o (usy — dg1) cos b = ~ (usg — dg2) cos by, (1.76)
0 0
and,

n n

Z_; (up1 + dp1) = Z_j (up2 + dp2) | (1.77)

respectively. Now we can simply organize these four equations into a matrix that satisfies
equation 1.73,

n cos(62) n cos(62)
TL_? + cos(@i) 0 o) n_? - —COS(af) 0 o
! 0 1+3ge 0 l1-iae
M = 5 ny _ cos(62) 6 o) ny cos(62) 6 (1) . (178)
ny cos(01) (62) ny cos(61) o)
ng cos(f2 ng cos(f2
0 - n1 cos(01) 0 1+ n1 cos(01)

To apply this method to systems of multiple interfaces, we also need to consider the
intervening bulk material. As we are considering lossless materials, this amounts to phase
shifts, and is accomplished through so-called propagation matrices,

e'(k=3d5) 0 0 0
0  eilk=ids) 0 0
lI’j = 0 0 e~ i(kzjd;) 0 ) (179)
0 0 0 e~ ik=id;)

where d; is the thickness of the j* dielectric layer. So, one would represent the relation-
ship between the amplitudes of the incident field at the first interface and the ultimately
transmitted field at the final interface for NV media separated by N — 1 interfaces as,

Up1 UpN

Us _ Us

dpi =I5 M1 P ON , (1.80)
ds1 0
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where the N* propagation matrix is the identity, ¥ = I. In an effort to match with
commonly used conventions for Fresnel coefficients [353], in the following analysis of op-
tical interactions with 2D materials, we will rename the parameters in the incident and
ultimately transmitted media to,

Qp tp
G| NN, W | B (1.81)
r j=1 VL, J 0
Ty 0

This corresponds to u; — a, d; — r, and uy — t.

1.6 2D material response functions

Optical response functions in general terms describe how materials interact with electro-
magnetic fields. In a linear-response approximation for N dimensional systems, which are
translationally invariant in N spatial dimensions and stationary in time, we can perform
N + 1 Fourier transforms. Then, response functions are the proportionality factors, in the
Fourier domain, between electromagnetic fields and descriptions of charge redistribution
like current and polarization. In a classical picture, a material can be fully characterized by
one electric and one magnetic response function, each capturing how a material influences
surrounding and internal electromagnetic fields [37]. In this work, we are only considering
non-magnetic materials, and so each material is described by a single electric response
function. In general, a susceptibility y or a conductivity o is used as the optical response
function of a material, at a given frequency w. Traditionally, susceptibility is related to
polarizability, and thus to bound charges, while conductivity is related to electrical current,
and thus to quasi-free charges. The bound charges represent those electrons that remain
bound to their host atoms in the material, but they can ”jump” from one to another
quantum state under the influence of a harmonic EM field, thereby executing the so-called
interband electron transitions. On the other hand, quasi-free charges are represented by
those electrons or holes that occupy one or more partially filled energy bands in the materi-
als and can therefore absorb energy from the EM radiation at arbitrarily small frequencies,
thereby executing the so-called intraband electron transitions. In practice, however, those
two functions can be combined into a single, frequency-dependent response function, either
an effective susceptibility, xer = x + ;}—"w, or an effective conductivity, o.p = 0 — iwegy.
Therefore, susceptibility and conductivity are interchangeable, y = io/(€ow), where we
have dropped the subscript ”eff”. In this work, when implementing response function

21



models, conductivity will be used. This is in part because the ab initio data from the
time-dependent DF'T calculations are typically obtained for the conductivity. Those data
are inherently obtained as decomposed into separate contributions from the intraband and
interband electron transitions [23].

At the level of Maxwell’s equations, conductivity response functions appear through a
vector Ohm’s law of the form,

J(k,w) = 7 (k,wE(k,w), (1.82)
where, in a general case with full anisotropy, spatial non-locality, and temporal dispersion,

ok, w) 04 (k,w) o4(k,w)
Tkw) = |0k w) ok w) o.kw)l. (1.83)
oqk,w) o,k w) o..(kw)

However, for a single 2D material in the infinitesimal sheet model, the dependence on a
3D wavevector (k), is reduced to a 2D in-plane wavevector (q) because there can be no
dependence on the out-of-plane spatial coordinate when the out-of-plane thickness is zero.
This would mean for a 2D material the general conductivity takes the form,

PN 04q(Qy W) 04r(q,w) 042(q,w)
0op(q,w) = |0rg(qw) 0rr(q,w) or(qw) |, (1.84)
UZQ(q7 w) Ozt (qv w) 02z (q7 w)

where the in-plane wavevector is defined by q = ¢¢ + 77, with ¢ as the longitudinal
direction and 7 as the transverse direction. The version of Ohm’s law shown in equation
1.82 is simply the Fourier transform of equation 1.28 in both the in-plane spatial (r; — q),

and the temporal (¢ — w) coordinates when the electric field response function f (q,w) =
57 (q,w).

In reality, all materials have some level of non-locality and dispersion, though many can
be treated in an approximate sense by dropping one or both of these dependencies [23].
In fact, given the atomistic nature of matter, all materials are truly anisotropic as well,
though just as with the macroscopic picture, justifications for approximate isotropy can
be made in the long wavelength limit (equation 1.10). In this work, all general derivations
will be performed using a local approximation, also known as the optical limit or the long
wavelength approximation whereby one sets k — 0 based on equation 1.10 with r being
the physical thickness of the material. This gives a conductivity response function that
only depends on frequency, which may be expressed in the material coordinate frame in a
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way that exhibits both out-of-plane response and in-plane anisotropy,

ox(w) 0 0
o) =1 0 o,w 0 |. (1.85)
0 0  o.(w)

Here, z and y indicate coordinates directed along the principal axes in the plane of an
anisotropic 2D material, such as, e.g., the armchair (AC) and the zigzag (ZZ) crystalline
directions of phosphorene [13]. In general, the 2D material can be rotated with respect to
the plane of incidence, which would alter the conductivity contributions along the directions
of the electric fields. This is accounted for by allowing for rotation about the out-of-plane
Z-axis,

cos¢ —sing 0

R= |sin¢g cos¢ 0}, (1.86)
0 0 1
@ (w.¢)=R"&.R (1.87)
0.(w) cos? ¢ + oy (w)sin® ¢ (0,(w) — o.(w))singdcosg 0
= |(0,(w) — 0,(w))singcos¢ o, (w)sin®¢+o,(w)cos’¢d 0 |. (1.88)
0 0 0. (w)

To simplify the following derivations, the rotated conductivity components will be collected
into new conductivity terms,

Uq (wa ¢> Uc(wa (b) O
T (w.p) = |oc(w,8) or(w,0) 0 |, (1.89)
0 0 0. (w)

where in future expressions, the frequency and angular dependence will be omitted. In
terms of 2D materials, the full form of 1.89 is necessary for inherently anisotropic materials
like phosphene [13], however, we are also interested in graphene, which is often modelled
as isotropic [27] [44] [45]. This is an approximation valid in the long wavelength limit
(q — 0)[16]. With no q dependence, graphene in the long wavelength limit is local, with
04w, ) =0, (w,¢) = o(w) and o.(w, ¢) = 0. However, in general, when graphene is non-
local, i.e., when it exhibits an in-plane spatial dispersion that gives rise to the dependence of
its conductivity on the wavenumber ¢, in addition to the dependence on frequency, there is
a difference in the conductivity between the in-plane longitudinal and transverse directions
[17]. In-plane longitudinal is defined as along the ¢ direction, while transverse is along
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the 7 direction in this work. In this case, graphene would be modelled by a conductivity
tensor,

UQ<q7 LU) O O
Tqw =| 0  olgw) 0 |, (1.90)
0 0 o.(qw)

regardless of the material orientation, because the transverse direction 7 is by definition
perpendicular to the longitudinal direction ¢. Because of this, even when explicitly con-
sidering graphene in the local limit, all calculations will involve conductivity tensors that
distinguish between longitudinal and transverse directions, like equation 1.85, so that the
results remain similarly applicable to the non-local case.

Everywhere in Fresnel’s formulas, conductivity contributions appear in a product Zyo
where Zy = +/po/€0 = 47” ~ 376.7 © is the impedance of vacuum. The conductiv-

ity of a 2D material is naturally expressed in the units of the Bohr’s speed vp = % R~
0.243 mS [milli Siemens = 1/(k€2)]. Thus, we shall use/develop models for the normalized
conductivity & = o/vp and will define a scaled conductivity & to be used in Fresnel’s
formulas as

0 = Zyo = 4rao, (1.91)

% is the fine structure constant. In the optical limit (neglecting spatial

dispersion in 2D materials), a conductivity o(w) is generally a complex-valued function of
the angular frequency w = 27v.

where o = UTB ~

For example, at frequencies up to the visible, the optical conductivity of undoped
(intrinsic) graphene is approximately constant, g = vg/4 (a.k.a. universal conductivity
of graphene), so that the corresponding scaled conductivity, 6o = ma ~ 0.029, is quite
small, whereas the conductivity of undoped phosphorene is zero at frequencies throughout
its energy band gap, hw < 2 eV. However, doping of graphene or phosphorene by an
external gate induces quasi-free charge carriers with the density per unit area n, giving rise
to a sizable increase in their optical conductivity at frequencies in a broad range around
v = 1 THz (corresponding to energy Aw = 4.14 meV and the wavelength A\ ~ 300 pum),
which is well described by the famous Drude model. This model describes the dynamic
polarization of quasi-free charge carriers in a material that arises from the intra-band
electronic transitions and has a firm basis in ab initio calculations.

The normalized form of the Drude model for an isotropic 2D electron gas (2DEG) is

) Wr

aD(w) = (192)

;w—i-m
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where wrp = Ep/h is the frequency related to the Fermi energy Er, v = 1/74 is the
empirical damping rate, and 7y is the corresponding empirical carrier lifetime. For the
Dirac electrons/holes in doped graphene, one has wrp = vpkp, where vp &~ ¢/300 is the
Fermi speed in graphene and kp = y/7n its Fermi wavenumber. Typical doping densities
range from about n = 10! em™2 to about n = 10 cm~2, giving typical Fermi energy Ep
in the range from 0.037 eV to 1.16 eV, corresponding to the frequencies vr ~ 8.9 THz to
280 THz (mid-infrared, or MIR, range).

For an isotropic 2DEG with a single parabolic energy band, we have wp = hk%/(2m*),
where kr = v/27n is its Fermi wavenumber and m* is the effective electron mass. For an
anisotropic 2D material like doped phosphorene, we have a diagonal conductivity tensor
with the x and y components taken along the AC and ZZ crystal directions, which are well
described by the anisotropic Drude model at zero temperature

r_ Y
Tw+ iy,

opj(w) = (1.93)
where w; = whn/(m}) with n being the doping density of phosphorene and m} the effective
electron/hole mass in the j = z,y direction. For example, for electron doping with a
typical density of n = 10" ¢cm™2, we find from ab initio data that m* = 0.133m, and
m, = 1.119m,, where my is the free electron mass, giving w, ~ 0.180 eV and w, ~ 0.021 eV.
The damping parameters for both graphene and phosphorene can take broad ranges of ~
values, going from zero (giving undamped plasmon-polariton modes in those materials) to
1/7 ~ 1 THz (causing fast attenuation of those modes).

In this work, we will consider both doped and undoped 2D materials. For all doped
2D materials, we will describe the conductivities purely as Drude models, and so will only
consider the aforementioned low-frequency regimes where these models are accurate. For
all undoped materials, we will make use of ab initio response functions calculated using
density functional theory (DFT).
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Chapter 2

Out-of-plane interface condition and
analysis of material influence

The method developed in section 1.3 is an effective and physically intuitive method of
calculating jump conditions on the fields in this simplest case of planar interfaces at z = 0
between isotropic, non-magnetic, lossless dielectrics. If only the in-plane behaviour is
considered, then the standard textbook method, based on Gaussian pill boxes and Stokesian
current loops, is sufficient. However, with out-of-plane current, a different method is
necessary for calculating the jump condition. Multiple groups [31] [32] [33] [34] have
published distinct derivations of the interface condition on the out-of-plane response, and
each agrees on the form, for vacuum surroundings, of,

! [V P.(ry,w) + V) - Py (), w) 2], (2.1)

Ey(r),w) — Ei(r),w) = o

where P is an in-plane, two-component polarization vector, which is related to a three-
component singular polarization vector that was introduced in the previous chapter, by

Py(r), w)
Ps(rjw) = PZD(I‘||,(U)5(Z) = f}TEI‘”,wg 5(2) = (P”(rH,w) + Pz(I‘H,w)é)(S(Z). (2.2)
X, W

Here, we write the position vector in 3D as r = (r, 2) and the in-plane coordinates are
defined as r|, with V| denoting the in-plane gradient. Most of the derivations of this
interface condition involved the reflection of light from an interface between non-magnetic,
isotropic, lossless dielectrics, or vacuum, though anisotropic surroundings [35] has also been
investigated.
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Common across all derivations is the fact that the in-plane directions are made discon-
tinuous by the polarization density in the out-of-plane direction. There remains a lack of
consensus, however, on how to define the out-of-plane polarization density with dielectric
surroundings. Assuming there is an influence on the polarization density from surrounding
materials, its form will be highly dependent on the material configuration. There are four
possible configurations for the interfacial polarization density,

Py, 2>0 Py, 2>0 Py, 2>0 Py, 2>0
P,=<P° 2=0, P,=<P° 2=0, P.=<(P° z2=0, Py=<P° 2=0.
Pl,Z<O Pl,ZSO P1,2’<O Pl,ZSO

(2.3)

While the b, ¢, and d configurations are technically multiply defined at zero, they sym-
bolically represent cases in which the polarizable media at the interface (2D materials,
scattered metallic particles, etc.) are immersed in one media or partially in both. These
final three cases and their influence on the form of the polarization density have been in-
vestigated in [35][36][5]. Each of these groups found that when the polarization density is
defined partially or fully in one of the surrounding dielectrics, its effect becomes screened
by that dielectric. This can be understood by considering the Hertz vector wave equation,
derived originally in equation 1.58, for an infinite dielectric,
2
Slem g, o)
v? Ot? €

When fully immersed, the source, represented here as a singular polarization density, is
effectively reduced in magnitude by 1/e. This factor of the dielectric constant is reflected
in the boundary condition as,

V211

2 % (Ba(ry, ) — Ba(ry, ) = — x VPu(ry, ), (2.5)

where the € in the vacuum case has been replaced by the dielectric constant (e€) of the
medium in which the polarization density is slightly immersed. However, papers that
investigate configuration P, with distinct dielectrics surroundings either recognize that
the polarization is modified, but do not attempt to derive this modification [10], or simply
not mention it at all [15].

There is a further lack of consensus around how to define the total field at the interface
in the Z direction. It is undisputed that in frequency space, the singular polarization
density at the interface takes the form,

Pi(r,w) = e Y E(r),w)d(2) = — T E(r|,w)d(2), (2.6)

IS
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where E is the total field at the interface, and the conductivity tensor is in general defined
for 2D materials as equation 1.84. This tensor is particular to the case of infinitesimal
sheets due to its dimensionality. Equation 1.3 indicates that the sheet conductivity can be
related to bulk conductivity through integration over the out-of-plane direction. This gives
the conductivity of an infinitesimal sheet units of velocity in Gaussian CGS coordinates.
It is similarly common for the total field at an interface to be defined as the average of the

fields on either side,

1
E* = 2(Ei + Ey). (2.7)

This is the picture adopted in many macroscopic treatments of this problem [33] [3] [19]
[48] [50] [51] [52] [53]. This averaging in the macroscopic picture is widely used, though
rarely with an accompanying justification. Regardless, the choice is consistent with the
interface conditions. Inserting the average of the fields on either side into the standard jump
conditions for a dielectric interface results in the appropriate field amplitudes. However,
this averaging procedure is potentially incomplete for the out-of-plane direction. Consider
the argument laid out in [35]. Imagine a sheet of conductivity inserted into a small vacuum
region in between two semi-infinite dielectric media. This is shown schematically in figure
2.1. The jump condition on the electric fields normal to the dielectric interfaces is,

2 N9
b npy = 1 d
a ng = 1 d
1 ni

Figure 2.1: Diagram of a triple interface vacuum gap configuration.

(Dabove - Dbelow) 2= 07 (28)

where D,pove and Dy are the displacement fields above and below an interface without
external charges. The central regions (a & b) in figure 2.1 are vacuum, so according to
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equation 2.8 the field just below the upper interface is €yEp, = Ds,, while the field just
above the lower interface is, ¢gF,, = D;,. In the limit that the central vacuum region
collapses (d — 0), those interior fields just above and just below the dielectric interfaces
become the fields that act on the 2D material. This means that the total electric field at
the 2D material, modelled by the arithmetic mean,

1
Ejv = §<Eaz + Ebz); (29)

becomes the arithmetic mean of the displacement fields in the semi-infinite dielectric media,

1D, D, 1
(2 = —D. (2.10)

av __
EZ =3
€0 €0 €0

The equivalence of the normal part of the electric field at an interface to the displace-
ment field has been discussed numerous times [25] [35] [36] [54], though it has yet to see
widespread acceptance. With this change, the polarization density in the out-of-plane
direction would involve the average of the displacement field according to,
i i
P, ) = 0 DY = z D, ’ D, ) ) 2.11
(1)) = =0, (@)D = 37=0.) (Dary,w) + Dalrye)) , (211)

or by a different interpretation, something similar to a weighted average of the surrounding
electric fields, _
0

P.(r,w) = %az(w) (n}E.a(r),w) + n3E.s(r),w)). (2.12)

In the following sections, we will derive the appropriate boundary conditions on 2D

materials with out-of-plane response, both with and without material surroundings, as

well as validate the notion that the total electric field in the Z direction is related to the

displacement field.

2.1 Immersed Interface condition

Here we present a new derivation, though similar to that of [33] with its Hertz vector basis,
for the interface condition on the out-of-plane behaviour for a 2D material suspended in
vacuum, or immersed in dielectric as shown in figure 2.2. Derived initially in equation 1.61,
the Hertz vector formulation can be used to write the total field electric field in terms of
the singular sheet of polarization representing a 2D material immersed in a dielectric as

1 1 P(r',t— &
E(I’,t) = —EPS(r,t) + 4_7_‘_€v x V x ///IR;3 dBI'/ % (213)
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Figure 2.2: Diagram of a classic Fresnel style interaction between a p-polarized plane wave
and the interface between two identical dielectrics.

We then convert to the frequency domain (f — w)

1
E(r,w) = ——Pb(r w) + —V x V X /// &t P3(r',w)G(r — 1, w), (2.14)
R3
where the scalar Green’s function for a homogeneous dielectric is defined by
kR
Gr—-r = — 2.15
(0 xw) = (215)

where R = |r — 1’|, and k = nw/c. Most studies on the optical response of 2D materials
model the materials with conductivity tensors. However, here we present the derivation in
terms of polarization density. The singular polarization density is defined as,

P(r,t) = P°(r), 1)8(2), (2.16)
where,
Fy(ry,t)
P2D(I'||, t) = PT(I‘”,t) = P”(I‘“,t) + PZ<I'||, t),%, (217)
PZ(r|I7 t)

where, based on figure 2.2, ¢ is the in-plane longitudinal direction, and 7 is the in-plane
transverse direction. After Fourier transforming equation 2.16 with respect to time (t — w),
and plugging it into equation 2.14,

47re

1
E(r) = ——P(r) + Lyxvx //RQ d’r) PP (x| )G (r) — 1|, 2), (2.18)



where here and going forward, the w dependence has been omitted.

With this, we can construct equations for the total fields in the surrounding half spaces
by choosing the observation point in the corresponding region. To evaluate the integrals,
we can use convolution theorem to represent them as the inverse Fourier transform of the
product of the Fourier transforms of the integrand components, in terms of the in-plane
spatial coordinates (r| — q),

/ /R d*r} P22 (r)G(r) — r), 2) = # / /R d*q et PP (q) G(q, 2), (2.19)

where q = qq + 77 is the general in-plane wavevector, with ¢ and 7 as the longitudinal
and transverse components along the interface, respectively. Inserting this into equation
2.18 and bringing the curls into the integrals,

1

E(r) = —gPQD (r)) o(2) + ﬁ / /R 2 d*qV x V x (PP(q)e™1G(q,2)).  (2.20)

The Fourier transform of the Green’s function (equation 2.15) with respect to the in-plane
components (r| — q) is, [57]

NENVCEIE
Vi —aP

If we insert this into equation 2.20 and evaluate the curls we find,

G(q,z) = 2mi (2.21)

E(r) = —lP2D (r)) d(2) + m //}R2 g 11 i/ laP

(k* — ¢*)Py(q) — q7P;(q)

k2_q2_7-2 >Cj

X

(25 (2)Py(a) — igsign(z)P.(q) +

(k* = 7%)Py(q) — q7P;(q)

+ <25(2)PT(Q) — iTsign(z) P.(q) +1 N

— sign(z)(qFPy(q) + TR(OD)) Z] (2.22)

A

» ((rQ +¢)P.(a)

/kZ_q2_7-2

The singularities in the in-plane directions then cancel between the integrand and the
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polarization density outside the integral,

1 2 iq-r) Ltz 2—|q|? . 1 9 iqr
e //de qe@mie V95 P (q) = )2 //de qe16(2) Py (q)

€

= L5(2)Pyelry), (223)

leaving only a singularity in the out-of-plane direction,

B(r) = — / / PN e
RQ

2(2m)%e

X [(—z’q sign(z) P.(q) + (=) hy(q) - qTPT(Q)) ;

+ (—@'T sign(z) P (q) + i L 7212;?_(?2__(];&((1)) 2

vi (% — sign(2)(aPy(a) + 7P (a)) + z’%(z)Pz(q)) ] (2.24)

This expression can be used to describe the fields on either side of the 2D material by simply
changing the observation point z. We can use this to form an equation for the interface
condition by taking the difference Es(r|, 22) — Eqi(r)|, 21), with 2, > 0 and 2; < 0, then
evaluating the limit as z; — 0~ and 25 — 0. The two observation points are on opposite
sides of the interface; though they are not necessarily placed symmetrically, they do have
opposite parity. The Green’s function in equation 2.21 is even in z, so after evaluating the
limit, the only terms that do not cancel are those associated with the first derivatives of
|z| that give rise to the sign functions in equation 2.22. This leaves us with the following
expression for the electric field jump across the interface at z = 0,

Eo(r)) —Ei(r)) = —(2%)26 / /R AP [iqf’z(q)é +ipP.(a)7 + <iqf’q(q) + ipf’r(q)) Z] :
(2.25)

We can recognize equation 2.25 as the inverse Fourier transform of the derivative of
polarization components. Evaluating this inverse Fourier transform,

1

€

EQ(I‘”) — El(r”) = [(j . VPz(r”)d + 7A' . VPZ(I‘”)% + ((i . qu(I‘H) + 7A' . VPT(I'H>) 2’] .

(2.26)
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Finally, recognizing that the polarization components have no dependence on z,

Eo(ry) = Ei(r)) = = [V Pa(r)) + V) - Py(r))2] (2.27)

1

€
where V)| represents the in-plane gradient, and P is the in-plane polarization density
defined in equation 2.17. We have recovered an identical boundary condition to those in
[31] [33] [25] for the 2 and ¢ directions. These works assumed the fields had no transverse in-
plane coordinate dependence (7) and so predicted the 7 direction would remain continuous.
However, equation 2.27 matches exactly with the interface condition derived in [32], as this
work also considered the general case with transverse dependence. Equation 2.27 is the
boundary condition as it emerges from the integral method, though it is more common
to separate the condition into in-plane and out-of-plane components. For the in-plane
condition, we simply take the cross product of equation 2.27 with 2,

. 1,
2 (Ba(ry) = Ea(ry)) = ——2 % V) Pu(xy). (2.28)
For the out-of-plane condition, we take the dot product of equation 2.27 with Z,
. 1
& (Ba(r)) = En(x)) = =V Py(ry), (2.29)

or equivalently, in terms of the displacement field we recover the standard boundary con-
dition in equation 1.64,

2+ (Da(r)) = Dufry)) = =V - Py(ry), (2.30)

where pop = —V) - P is the conventional form of the interfacial charge density, D; =
eon’Eq, and Dy = €yn’E, in the present case of immersion in dielectric media defined by

€ = eyn?.

It should be noted that while it appears as though the properties of the homogeneous
dielectric background medium directly contribute to the in-plane boundary conditions in
equation 2.28, due to the definition of the polarization density, all material coefficients
cancel. The out-of-plane polarization, previously defined in equation 2.12, will look like,

i

P.(r,w) = ﬂaz(w) (n*E.a(r),w) + n°E.a(r),w)), (2.31)
= %0’2@0) (Ezl(I'H,w) + EZQ(I'”,LU)) . (2.32)
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The extracted factor of n? cancels with the dielectric screening term in equation 2.28. The
consequence of this is that the jump condition on the in-plane electric fields is the same
for both vacuum and identical dielectric surroundings. It will be shown in section 2.2 that
the properties of surrounding dielectric materials only influence the boundary conditions
when they are distinct (ny # no).

We can apply the same method to the H fields to ensure that no deviations from
the standard result are predicted. For immersion in a homogeneous dielectric background
medium, the H field can be similarly defined in terms of the Hertz vector in equation 1.60
through equation 1.59 as

1 1 ) MP%%—%
Hmw_;fmmy_EvXéhﬂﬁjr——7?——, (2.33)

where ey = 1/c* was used. First, we can convert to the Fourier domain in time (t — w),

H(r,w) ——V X ///]R?’ d*r' P*(r',w)G(r — 1, w), (2.34)

where we will again omit the frequency dependence of polarization in future expressions.
We can follow the same process as was done for the electric field to find an equation for
the difference in the magnetic field across the interface,

Hy(r)) — Hy(r)) = —iw //R2 d*q e [IBT(q)cj — P,(q)7| . (2.35)

We can then evaluate the inverse Fourier transform on the right-hand side of equation 2.35
(q — ry), along with an additional inverse Fourier transform in frequency (w — t) to get

HﬁW—Hﬁ):%RMM—%%Wﬁ> (2.36)
=2ZX %(I‘”), (237)

alternatively, in terms of current, we recover the standard boundary condition in equation
1.66,
H2(1‘||) - Hl(r”) =ZX J”(I‘H)‘ (238)

So, while this method predicts significant changes to the electric field interface conditions,
it recreates exactly the standard form for the magnetic field interface conditions, shown
originally in equation 1.66 to have the same lack of dependence on the material parameters.
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2.2 Distinct Dielectrics Interface Condition

Calculating the boundary condition when the 2D material is sandwiched between two
distinct dielectrics complicates the picture significantly. When fully immersed in a dielectric
or vacuum, the 2D material can be considered against a continuous background. With a
continuous background, there is no question as to how the 2D material is screened by
its surroundings. At the level of classical electromagnetism, the screening of a source
is determined by where it is defined, and against what background material. When the
background itself is discontinuous, and the source is coincident with this discontinuity, there
is no longer a unique solution to account for how the source is screened; a choice must be
made. This issue is a consequence of considering both sharp interfaces and infinitesimal
sheets. When surrounding materials are defined simply as Heaviside functions, there is,
in theory, a single point of vacuum in between the two half-spaces. This is not an issue
for the standard dielectric boundary conditions with an in-plane-only current sheet, as
the material parameters do not enter into the boundary conditions, as shown in equations
1.63-1.66. When one adds out-of-plane response, however, the dielectric screening appears
directly in the boundary condition. With the naive Heaviside definition, one could assume
that the 2D material should be treated as if suspended in vacuum, however experimental
evidence, and common sense, suggest otherwise. In [3], Fresnel field amplitudes identical
to those calculated with the immersed boundary condition derived in section 2.1 were used
to fit conductivity values to measurements taken from graphene immersed in a dielectric.
The conductivities coming from their fit matched very closely with predictions by ab initio
calculations. This means that, in the case of graphene at the very least, the dielectric
screening from the surrounding materials does agree with experiment. Given that it is
necessary for identical dielectric surroundings, it is not likely that the screening would
suddenly be unimportant, as it would be for vacuum surroundings, when the dielectrics
are distinct.

What this all indicates is that there is a need for some material definition at the interface
(z = 0). In the non-retarded limit, a charge at an interface will experience an effective
medium given by the arithmetic mean of the media on each side. However, through charge
continuity, the inclusion of the out-of-plane response in the infinitesimal sheet model gives
rise to a dipole layer, not a charge layer,

V- Js(r,w) = V” : JH(I'||,W)5(Z) + JZ(I‘”,W)CS,(Z) = —iwp(r,w), (239)

where the presence of a dipole layer is indicated by the derivative of the Dirac delta. It
was shown in [30], that in the non-retarded limit, a dipole that is symmetrically placed in
the out-of-plane direction at the interface between two dielectrics experiences an effective
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medium given by the harmonic mean of the dielectric constants of the two surrounding
media. They further stated that this is also true in the fully retarded picture, and claimed
the appropriate boundary condition for the out-of-plane conductivity includes screening
by the harmonic mean of the surrounding dielectric constants. While the derivation was
not shown, they stated that the harmonic mean screening arises from the application of
the singular fields technique [10], when used with an interfacial source defined partly in
each medium, in the limit that the two components approach the interface. In this work,
we are interested in symmetrical polarization densities that represent 2D materials, so this
can be reinterpreted by a source given by half the polarization of the 2D material defined
partly in each medium,

_PP(r))

P*(r) = Td(z —d) +

wé(z +d). (2.40)

Then, in the limit that d — 0, the boundary condition can be derived from the singular
fields method [10] as

£ (Balt) - Balry)) =~ x VPX(xy), 2.41)

where the effective out-of-plane polarization density is defined by

€0

Pi(r)) =3 (— + l) Px(r)) = f—ipzm)’ (2.42)

€1 €2

and the harmonic mean of the surrounding dielectrics is defined by

2
This follows directly from equation (34) of [36], where the reciprocal contributions from

the dielectric constants come from the screening of the sources partially embedded in
each medium, though our case differs as we use a symmetric polarization. Screening by
the harmonic mean reduces to screening by the background medium (e, = ¢n?) when
ny = ng = n.

This can be equivalently interpreted as considering the source at the interface to be the
average of the limit from each side — a common technique for handling source terms at
interfaces. This same definition of the source can be applied to the Hertz vector method
in this work, however, this requires a more careful treatment of the retarded Hertz vector
Green’s function, which is considered outside the scope of this work.
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To summarize, the general set of unique boundary conditions, applicable to all scenarios
considered in this work, becomes,

2 x (Eo(r)) — Ei(r)) = —6—102 x VP (r)), (2.44)
Ho(ry) — Hu(ry) = 2 > J) (r), (2.45)

where, according to equation 2.11, the effective out-of-plane polarization density is defined
by . . .

€ 1 1o 1o
L), = =D = — =D (2.46)
€ € W W €| W €

€
pe=2p =
with of being an effective out-of-plane conductivity that incorporates screening by the
harmonic mean of the surrounding dielectric constants,

oL =€— = — (2.47)
€l ni
and D%V is the arithmetic mean of the perpendicular components of the surrounding dis-
placement fields and is defined in equation 2.10. Further, the parallel component of the
current in equation 2.45 is defined through Ohm’s law as

J| = 5[ E}, (2.48)

where ?H is the 2 x 2 sub-tensor of the full conductivity tensor defined in equation 1.84 for
only the in-plane components, and Eﬁv is the parallel component of the arithmetic mean
of the surrounding electric fields, defined originally in equation 2.7.

2.3 Application of vacuum gap method

Now, with the interface conditions on a 2D material surrounded by vacuum and dielectric
media established, we move on to the verification that the total field in the Z direction
is proportional to the displacement field. We will do so simultaneously with calculating
the Fresnel coefficients by using a vacuum gap method. This was discussed in [35], but
not explored explicitly. We will expand the problem to three interfaces by including a
vacuum region with width d; + dy around the 2D material, as shown in figure 2.3. In this
configuration, we can use the vacuum condition to calculate the field amplitudes. Then, by
taking the limit that the vacuum region collapses, we can emulate the case with dielectrics
surrounding a true single interface. However, it is important to note that the vacuum gap
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n=1 : d
. 2D material

di

Figure 2.3: Vacuum gap configuration prior to evaluation of the limit.

method does not capture the effect of dielectric screening on the 2D material. As was
discussed in the preceding section, screening in the case of distinct dielectric surroundings
is not uniquely defined, and so must be introduced manually in this formulation.

Because we are interested in the limits that d;, do — 0, this problem is neatly captured
by a transfer matrix formulation with the propagation matrices omitted. We omit them
because with zero distance between each interface, the propagation matrices, defined in
equation 1.79, go to identity matrices. This way we can represent the amplitudes of the
fields in the first medium in terms of the fields in the final medium as,

ap tp
Qs ts
= MLQ M273 M3’4 0 (249)
Tp
Ty 0

M, 5 and M34 both describe jumps between vacuum and dielectric with inserted 2D ma-
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terial, and so resemble equation 1.78,

1 cos(6) 1 cos(0) i
ni + cos(6;) 0 ) I cos(6;) 0 ®)
1 0 14 o8 0 1 _costv)
MLQ S cos(®) ny cos(6;) . cos(6) ny cos(6;) , (250)
2 n1  cos(6;) 0 ) n1 + cos(6;) 0 )
cos cos
L 0 L - n1 cos(6;) 0 L+ ny cos(6;) |
and, ) -
ny + ) D C0 o
ng cos(0 n2 cos(0
My, =+ 0 T ewm 0 e (2:51)
34 — 9 _ cos(0t) 0 + cos(6) 0 ’ )
cos(0) 60) 2 cos () )
no cos( ¢ n2 cos(bt
| 0 L— cos(0) 0 L+ cos(8) |

where 6; is the incident angle, 6, is the transmitted angle, and 6 is the common vacuum
angle, related to the incident and transmitted angles by Snell’s law, n;sinf; = sinf =
nosinf;. In deriving the transfer matrix for the 2D material, we are explicitly consider-
ing plane waves, so the induced current varies only in the ¢ direction. This assumption
simplifies the boundary condition on the electric fields (equation 2.44) by eliminating the
jump in the 7 components. The 2D material will be modelled as an infinitesimal current
sheet described, in the frequency domain, by the anisotropic conductivity defined in equa-
tion 1.89, with o, replaced by o defined in equation 2.46. Through this conductivity, the
material response will be included with a current density defined by Ohm’s law,

I (r),w, ) = 7 (w, ¢)E(r),w), (2.52)
where in future expressions we will omit both the frequency and ¢ dependence. Following
the same process as was used in section 1.4, we calculate the transfer matrix My 3 from the
interface conditions. Because we are assuming the current varies only in the ¢ direction,
the only new condition is (E3 — Ey) - ¢ = —i/(weg)q - V| J¢, which follows equation 2.44.
The superscript ”e” indicates that the conductivity is screened according to equation 2.46.
This equation can be cast in terms of the field amplitudes as

(—ups + dp3) cos @ — (—upe + dy2) cos = —icj -V IS (), (2.53)
0
where, '
i q
——q - V) JI(r)) = —JX(x)). 2.54
oo Ve () = 2= T2 () (2.:54)
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Notice that when the current only varies along the ¢ direction, the out-of-plane response
only affects the interface condition for p-polarization. We can then recognize that the
in-plane component of the wave vector can be related to the vacuum wave number as
q = kqsin6, so,

LJE(I'”) = 20 sinQJf(r”). (255)

WE€Q
For concision in the following equations, we will absorb z; into the conductivity, defining
0 = zpo. Then, inserting into equation 2.53 JS = o{E%", which follows from equation 2.46
in vacuum while retaining the dielectric screening on the conductivity,

(—ups + dp3) cos @ — (—upy + dpyz) cos @ = sin@ 5L (ry)), (2.56)

where E2V is, in terms of the Fresnel amplitudes defined in equation 1.68,

1 1 .
Egv = §(E22 + Ezg) = §(Up2 + dp2 + Upg + dpg) S1n 0, (257)
where, because the 2D material is in vacuum, the total field in the 2 direction is simply the
electric field. Then, taken along with the other standard electromagnetic interface condi-
tions in equations 1.63 and 1.66, we can simply arrange the resulting system of equations
such that they satisfy equation 1.73,

(G4 cos 04+2)(5¢ sin? 0+2 cos ) sec O G¢(5€ sin 6 tan 6+2)
B 546¢sin 0—4 546¢sinZ 0—4
G(5¢sin b tan 6+2) 2646¢ sin? 0—5¢(52—646,) sin 0 tan 0—45 - sec 0—8
5.5€sin2 6— 5. &€ sin2 6—
M273 = —264 ggsoﬁz—ié%gesin% tan 6 &C%gggiznsér;aﬁ 9§2)
Gq6¢sin? 0—4 Gq6¢sin? 0—4
Gc(GS sin 0 tan 042) (6(62—646+)sin? 0+45,) sec
T G46¢sin?0—4 26546¢sin2 0—8
264 cos 0—25¢ sin 0 tan 6 Gc(6E sin O tan 6+2)
Gq6¢sin? 0—4 Fq6¢sin? 0—4
5c(5¢ sin O tan —2) (5¢(62—646+)sin? 0+45,) sec O
546¢sin2 9—4 o 25,6¢ sin2 0—8 958
(54 cos 8—2)(5¢ sin? —2 cos 0) sec O Gc(—06¢ sin 6 tan 0+2) : ( : )
o 5q0¢sinZ 0—4 5q46¢sin2 0—4
Fe(—5¢ sin 0 tan 0+2) 26,6¢ sin? 0+55(62—5457) sin 0 tan 0+45, sec —8
Gq6¢sin? 0—4 2546¢ sin? 0—8

With our matrices defined, we can insert them into equation 2.49. Once done, it is
a simple matter of collecting terms to find the Fresnel coefficients for the triple interface
configuration shown in figure 2.3, in the limit dy,ds — 0,

20y cosb; (fofs — 6.525i0%0)  4ny6,cos; (6% sin® 0 + 2 cos b,
t,=— n cos (fzf?’A 920511 )ap+ e <nlggsm — )@s, (2.59)
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b= 4n,6, cos 97:(”25,SA81112 0 + 2 cosb;) o + 2n4 cos 0iif4 + 4f1)as, (2.60)

( 2n1(4fy cos by + fo G5, + 4ny)5¢ sin® @ — 5562 cos 0, sin? 0))
r,=|1- A ap

_ 4nyo. cos 0;(no0. sin® 6 + 2 cos 6;)

3 as, (2.61)
- 4n,6. cos 0;(nyce Sin29+2COSGt)ap+ 14 2n; cosb; (fa+4f1) .. (2.62)
A A
where we defined the following expressions for brevity,

f1 = ny cos b + ng cosb; + o, cos b, cos b;, (2.63)

fa =mnqcosb; +nycosbt + o, (2.64)

f3 = sin*0o,6¢ — 4 (2.65)

f4 = sin® O((ny cos 6; + ny cos 0:)5, + 4ning)as, (2.66)

and,
A = (fy+4f1) fo — (6 sin? O(ny cos O; + ny cos B;) + 4 cos 0; cos 0,52 (2.67)

The factors f; and fy appear in the standard in-plane case with anisotropic conductivity [1],
however, we introduce the additional terms f3 and fj to simplify the additional complexities
introduced by the out-of-plane current. To identify the appropriate boundary condition
to be used for a true single interface surrounded by media with no gaps, we will make
a comparison between the field amplitudes as a result of the triple interface vacuum gap
configuration, and that of a true single interface. Through this comparison, we will identify
the necessary adjustments to the boundary condition on the single interface such that it
matches the result from the vacuum gap method.

In essence, we reverse engineer the appropriate condition for the single interface from
the multi-interface vacuum gap result. As the point of comparison, we shall use the jump
in the electric fields across the interface. Using the Fresnel amplitudes defined in equations
2.59-2.62, the jump in ¢ component of the electric field can be cast entirely in terms of the
transmitted field amplitudes,

2sin? 05¢ ((cos 0,5, + 2ny) t, — ts0.)

. 2 ~ ~e
sin® 0o,0¢ — 4

(Ex(r)) —Ei(r)) -G =— (2.68)
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This is the effective interface condition on the triple interface setup in the limit of zero
vacuum gap. Next, we repeat the preceding Fresnel analysis, though this time for a true
single interface. We calculate the Fresnel coefficients and then compare the resulting dif-
ference in fields to equation 2.68. As it turns out, the necessary condition for the single
interface to match the vacuum gap method is,

(Es(r)) —Ea(r)) -4 = ; 9 o0 (n2E.s + n2E.,) (2.69)
€W
ino
_ su21 55 (n{E +n3E.s) (2.70)
ind
= M5 (1B + eE.) (2.71)
260
DaV
= sinfoi—, (2.72)
€0

where in the second line ¢ = kgsinf and zy = 1/(eyc) were used to introduce the scaled
conductivity ¢, = 290, and o = (€y/2)(1/e1 + 1/€e2)o, which indicates screening by the
harmonic mean of the surrounding dielectric constants, as was established in section 2.2.
So, we have found that the only modification to the interface condition from the inclusion of
surrounding media, aside from the screening of the out-of-plane conductivity, is to modify
the form of the total electric field in the Z direction at the interface. This effectively replaces
the arithmetic mean E?" by the arithmetic mean of the displacement fields, D" /e, as was
initially suggested in equation 2.11.

2.4 Dispersion of interface plasmons

The introduction of a new boundary condition also introduces the possibility of new in-
terface plasmons. Plasmon states are self-sustaining electromagnetic solutions that remain
confined to the interface, either propagating or remaining localized. We can solve for the
dispersion relation of these interface states simply by omitting the incident wave and solv-
ing the interface conditions [1] [13]. Consider an interface like that of figure 2.2, though
with surrounding electromagnetic fields given by,

1 (qr—kayz—
) ez(qz kz1z—wt)

: (2.73)
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and,
E{
E, = | E® | eitazthoz—wt) (2.74)
EY

and magnetic fields are given by,
H, = H7(—1) 6i(qm—kz1z—wt)’ (275)

and,

H, = | g | ¢ilewthaaz—wt), (2.76)

By choosing this sign convention for the k£, components of the wavevectors, we also assert
the condition that the imaginary part must be positive for any solutions to be physical. If
this condition is not satisfied, the solutions would be exponentially growing.

Based on the analysis in sections 2.1 and 2.3, the interface conditions of interest for a
2D material surrounded by non-magnetic, isotropic, lossless dielectrics are,

(E2(rll) - E1(rll)) g = 2;@06; (n%Ezl + ngEa) , (2.77)
(Es(r)) — Ei(ry)) - 7 =0, (2.78)
HQ(I‘”) — Hl(rH) =2 X J(I‘H). (279)

The first step in deriving the dispersion relation is to represent the boundary conditions
in terms of independent field quantities. The relationships between mutually dependent
field quantities can be derived through substitution of equations 2.73 to 2.76 into Maxwell’s
equations. In a region with no external or singular induced charges or currents, equation
1.38 becomes,

inéj)ei(qx:tkzjz—wt) + ikszij)ei(qx:I:kzjz—wt) — 07 (280)
EY = ¢EE§”, (2.81)
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and equation 1.41 becomes,

:F,L'kszS_j)ei(qxikzjszt) Héj)ei(q:cikzjszt)
j:ikszéj)ei(qx:tkzjz—wt) _ Z'quj)ei(qx:I:kzjz—wt) — ’iﬂow Hﬁgj)ei(qmﬂ:kzjz—wt) 7 (282)
iq Eﬁj) pilarthzjz—wt) ng) pilarthzjz—wt)

HY FaLEP
HO | = | = (Fh,EY +qBY) | (2.83)
HY) 4RV

where k; is positive in region j = 1 and negative in region j = 2. Considering first the
simpler case of vacuum surroundings with n; = ny = 1 and k,; = k.o = k., insertion of
equation 2.81 into equation 2.77 yields,

£ _ g _ AT o) o) 2.84
qg ~— tq¢ — ( q ~— q )7 ( : )
2kok.,
2~ 2~
19\ p 40 (1) —

1 E— |1 EY =0 2.85
( +2kokz) a ( +2k;0k;z) a (2.85)

where the substitution wey = ky/zp was used, and g, = zpo,. Next, equation 2.78 gives
E® = EW, (2.86)

The continuity of the 7 component of the electric field can be used to simplify the magnetic
field condition 2.79. Applying equation 2.83 to the 7 component of equation 2.78 yields,
k. 1
—=(E® + EW) = 25.(E® + EV), (2.87)
ko 2
where the substitutions pg = 2o/c and ky = w/c were applied. Application of equation
2.86 yields,

k 1
—2EM = —5 g 2.88
kO T 20- T ) < )

2k,
— (&T + > EW =0. (2.89)

ko
Then, applying equations 2.81 and 2.83 to the ¢ component of equation 2.79,

ko o
k—Z(Ef) +EW) = —E‘I(Eg” +EW), (2.90)
fo | 9a) poy g (Fo T poy 2.91
)BTty ) B =0 (2.91)
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where the substitutions py = 29/c, ko = w/c, and ¢* + k* = k2 were applied. Between
equations 2.85, 2.89, and 2.91, we have a homogeneous system of three equations and three
unknowns in the field amplitudes. A system of this kind can be represented as a matrix,

0 0 -%=—g| (EY 0
by oBeroo0 B2 )=o) 292
Ga G2 1
—1- quokz L+ quokz 0 E$ ) 0

For physically meaningful solutions, the field amplitudes need to be non-zero. The condi-
tion for non-trivial solutions on a system of homogeneous equations such as this is that the
determinant of the coefficient matrix be zero. This is equivalent to the statement that the
system is linearly dependent. Linear dependency means the system has infinitely many
solutions with non-zero field amplitudes.

The determinant of the coefficient matrix 2.92 is,

0 0 —2 G,
ko | Fe ko | G ko (G4ks + 2ko)(G-ko + 2k.)(¢%5. + 2kok.)
det T + 3 e + 3 0 = — YR .
25.2 26-2 z"™0
—1= quokz L+ 2qk:ok:z 0 ( )
2.93
So, the condition on non-trivial solutions is,

(G4 + 2ko)(5-ko + 2k.)(q5. + 2kok.) = 0. (2.94)

Eliminating k. by substituting in k, = \/k2 — ¢2, and then solving for ¢ yields

Tk V2, /—1+/62+1
qz:l:koq—,iEO\M—&E,:tkzo \/ _ . (2.95)

04 0.

This result indicates that for in-plane isotropic 2D materials suspended in vacuum, there
are three distinct, decoupled, surface modes coming from each of the conductivity com-
ponents. The in-plane modes are both well established [56], however, the out-of-plane
mode is not. While these modes are technically allowed given the idealized geometry and
classical description, any relationship to actual plasmons will depend on the properties of
a particular material. Graphene, for example, only supports plasmons at low frequencies
[14]. At higher frequencies, there emerge significant losses which serve to suppress plas-
mon resonance. However, in the appropriate low-frequency region, the plasmon dispersion
relation is proportional to the square root of the wavenumber ¢. In section 1.6, graphene
was discussed as having a conductivity, in the low-frequency regime, well described by a
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Drude model. Using these facts, we can show that the derived in-plane longitudinal mode
shown in equation 2.95 correctly predicts the graphene plasmon dispersion relation in the
THz region.

Consider the in-plane longitudinal mode,
ogk, + 2ky = 0. (2.96)

Then, defining the in-plane longitudinal conductivity as a Drude model,

. , . A
P S ( WB) , (2.97)
7Tw—|—z7'f 7Tw+sz c

where the substitutions wf = 4mrawp, and a = vg/c were used, with wrp = Er/h and vg as
the Bohr speed. We can then consider the lossless (7 — 00) non-retarded limit (¢ — 00),
where the dispersion relation simplifies to

—4wpvpq + 2w* = 0. (2.98)

Solving for w results in the famous square root relationship found across the literature [50]

[ ]7
w = V2vpwr\/q. (2.99)

So, the longitudinal surface mode derived using the classical interface conditions matches
with well-accepted plasmon behaviour for graphene, in the appropriate limits. At the same
time, using the same Drude model for the transverse conductivity gives no plasmon modes.

The nature of out-of-plane response in 2D materials is something of an open problem.
As a consequence, the relationship between out-of-plane response and plasmonics remains
unclear. However, if one wanted to find an analytical expression for the dispersion relation
of the out-of-plane mode, the first choice would be to simply follow the same process as
with the in-plane mode. While there is much less research published regarding out-of-plane
conductivity in graphene, and to the author’s knowledge none regarding analytical models,
a reasonable first guess could be a Lorentz model. Lorentz conductivity models are derived
based on principles of classical oscillators, and so are associated with electrons that remain
localized. In the long wavelength limit, graphene as a 2D material has essentially no out-
of-plane direction for electrons to propagate. This could mean their out-of-plane behaviour
is well described by a localized electron model like the Lorentzian.

In the non-retarded limit the out-of-plane dispersion relation becomes

2iweg + qo, = 0. (2.100)
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Next, the out-of-plane conductivity is defined as a Lorentzian,

1 wa

O, —

(2.101)

Tw?— w? + inf_l'
We consider the limit that the frequency is small and define the lossless conductivity as,

g, = —L8% (2.102)
T W
Then, substituting this conductivity into equation 2.100, the factor of w cancels and so
there is no longer a continuum of states, meaning there is no out-of-plane plasmon mode.
So, the same process that produced an accurate dispersion relation for the in-plane plasmon
mode, predicts that the out-of-plane mode appears to not correspond to a plasmon.

This same process for finding the interface modes can be applied to the case with
material surroundings. When a 2D material is surrounded by non-magnetic, isotropic,
lossless dielectrics, the system of equations describing interface states is given by,

k. ks ~ 1
k;O i ko ~ _TL2]€20_7'L1];0_0-T Efg) 0
nklzlo + ?q nk32z20 + 7q O ESQ) = 0 : (2'103)
-1 - n3q*5¢ 14+ n3q*5¢ 0 E(l) 0
Qk()k:zl 2k0kz2 T

The determinant in this case is far more complex, though it can be collected into two
primary factors,

0 0 _752_2730 - nkl_zklo — 0y AB
det 121_% + U_Qq Tf’fo + 2 0 = (2.104)
. n2q?5¢ = n2q?5¢ 4k0kzlk22
T 2koka T Dhoke 0
where
A == k‘oa} + kzl + kzg, (2105)
and,

B = ¢°6,65(n3k.1 + nik.y) + 4ko(ninaq?6¢ + ka1k.oG,) + 4kj(n3k. + nik.s).  (2.106)

The solutions in this case have changed dramatically. Even before solving for ¢, it is
clear that only the o, contribution remains decoupled. Inserting in the conditions k,; =
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VnikE — q%, k.o = \/n3k3 — ¢?, and then solving AB = 0 for ¢ results in 14 solutions. The
decoupled 7 part contributes two of these solutions from A = 0 in the form,

V=644 2(n? +n2)e2 — (ny — ng)%(ny + no)?

= +k
q 0 25,

(2.107)

The new solution for 7 with material surroundings is clearly a direct modification of the
vacuum case. In the limit that nq,no — 1, this mode converges to the 7 mode in equation
2.95. The other 12 solutions are contributed by the solutions to B = 0, which can be
represented exactly as the roots of a 12" order polynomial. It is important to note that
the existence of these 12 solutions does not imply the existence of 12 new plasmon modes.
Some of these solutions will correspond to unphysical combinations of signs on complex q
solutions; for example, a positive real and negative imaginary part would correspond to an
exponential growth along the propagation direction. Others still may in fact combine to
form a single true solution branch. Regardless, the exact solutions depend on a combination
of o, and o, contributions, indicating that the inclusion of dielectric surroundings serves to
hybridize the in-plane longitudinal and out-of-plane modes. However, it is not simply the
presence of surrounding dielectrics that induces hybridization, but the difference between
the two surrounding materials. When the materials are the same, n; = ny = n, the two
modes decouple, and B can be factored as,

B = (¢°6. + 2kok.) (2kon® + k.5,), (2.108)

where the effective out-of-plane conductivity ¢ was replaced by the uncontroversial value
for total immersion in a dielectric, ¢ = &,/n? On the surface, this result does match
with experimental findings. It is true that surface modes of 2D materials will hybridize
with other nearby surface modes on 2D materials, interfaces, or even their own image in
a conductor [57]. Some important questions to consider include the identification of the
boundaries of this hybridization, for example under what limiting cases, besides matched
materials, does decoupling return? A detailed analysis of this hybridization will be left for
future work.

A final note is that the dispersion relation factors shown in equations 2.105 and 2.106 are
the denominators of the Fresnel amplitudes derived in section 2.3 when the conductivity
is isotropic in the plane. The denominators of the s-polarized components map to the
transverse (o,) dispersion relation, while the denominators of the p-polarized components
map to the hybridized (o, & o,) dispersion relation. The common denominator of the
general Fresnel coefficients is defined in equation 2.67. This equation simplifies in this case
of isotropic in-plane conductivity with o, = 0 to give a common denominator A defined by

A= (fi+4f1)f2, (2.109)
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where f1, fo, and f,; are defined in equations 2.63, 2.64, and 2.66, respectively.

In the numerators of the s-polarized Fresnel amplitudes defined in equations 2.59-2.62,
there is a factor of f; + 4f;, which cancels with the factor in the common denominator A
to give a new denominator for the s-polarized components of

0, + nycos b, + ny cosb,. (2.110)
Using the substitutions cos6; = k,1/(n1ko) and cos 0, = k.2 /(nako),

~ kz2 kzl
s+ — 4+ —, 2.111

o, + e + T ( )

and finally multiplying by ko we can see the relationship between the denominator and the

dispersion relation in equation 2.105 is that of a scalar multiple,
koA = &, + ny cos By + nq cos 0;. (2.112)

The same argument can be made for the hybridized mode dispersion relation in equation
2.106. In this case, the numerators of the p-polarized components defined in equations
2.59-2.62 contain factors of fy which cancel with the factor in A to give a new p-polarized
denominator of

G40% sin? @ (ny cos 0; + ny cos 0;) + 4nynyde sin® 0 + 46, cos §; cos B, + 4ngy cos 0; + 4ny cos 6.

(2.113)
Again, the similarities to the dispersion relation are immediately obvious. However, follow-
ing through the same substitutions of cos€; = k.1 /(n1ky) and cos6; = k,o/(n2ko), though
this time also with sinf = ¢/kg, the relationship to the dispersion relation in equation
2.106 is again a simple scalar multiple,

nlngk(?jB

= 0,07, sin? (ng cos 0; + ny cos 0;)+4nine? sin? 0+40, cos 0; cos O,+4ny cos 0;+4n; cos 0;.
(2.114)
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Chapter 3

Conservation of energy and
momentum

The conservation of energy and linear momentum, while something of a textbook prob-
lem, remains an extremely useful tool for analyzing physical systems, especially ones as
idealized as an infinite flat interface occupied by a 2D material. In addition, calculations
of the momentum transfer to such structures are relevant for applications in, for exam-
ple, nano-optomechanical devices and sensors. In performing these calculations for energy
conservation, we shall study the losses in 2D materials in order to:

e verify how evanescence modifies losses,
e identify how the out-of-plane response condition contributes to losses,
e identify how surrounding dielectrics modify losses,

e confirm the form of reflectance, transmittance and absorption in light of out-of-plane
contributions,

while for the conservation of linear momentum, we shall study the surface forces on the
2D material in order to,

e identify how evanescent fields contribute to surface forces,
e identify how surrounding media contribute to surface forces,

e identify how the out-of-plane response contributes to surface forces,
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e identify what stress tensor is appropriate for use with surrounding media through
the vacuum gap method.

This last objective is somewhat controversial as it touches on the century-old Abraham-
Minkowski controversy. The Abraham-Minkowski controversy is a debate over the correct
form for electromagnetic momentum in media and has been ongoing for more than a
century. Broadly speaking, the controversy can be summarized as follows. In vacuum, any
momentum associated with an electromagnetic wave is possessed by that wave; in matter,
an electromagnetic wave has some amount of momentum intrinsic to itself, but there is also
a contribution from the reaction of the surrounding material. It is the correct dispensation
of total momentum between field and material contributions that remains controversial
[58]. The different proposals for the ”correct” momentum are generally accompanied by
an electromagnetic stress-energy tensor. The most famous of these are the Abraham and
Minkowski tensors [59], though others exist [60]. Here we will not delve too deeply into
the details of this debate. We will, however, use the techniques developed throughout this
work to identify what stress tensor satisfies conservation of linear momentum in this specific
case. Also important to note is that in the following calculations, we are considering purely
real fields modelled as the real part of the complex fields,

1
E, = 5(E. + E). (3.1)

3.1 Basic equations

In differential form, conservation of electromagnetic energy associated with the singular
distribution of charges induced at the interface is given by [61]

—J%(r,t) - E"(r,t) = V- S(r,t) + %(r, t), (3.2)
where S is the Poynting vector,
S(r,t) = E(r,t) x H(r, 1), (3.3)
u is the total energy density and is defined in vacuum by
u(r,t) = %(EOE(I‘, t) - E(r,t) + poH(r,t) - H(r, t)), (3.4)
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J? is the singular induced current in the 2D material, defined by

Jy(r,1)
Jo(r,t) = I*P(x),t)0(2) = | Jo(r,t) | 6(2), (3.5)
JE(r,t)

and E® is the total field at the interface (z = 0), modelled by the arithmetic mean of the
fields on each side. Note that the out-of-plane current is the effective screened quantity
defined in equation 2.47. This is necessary to satisfy conservation of energy, which we
will verify numerically in the following analysis. The dependencies on position and time
variables will be omitted in the integral expressions for concision. To consider the interface
as a whole, we will average in time and integrate in space over a Gaussian pillbox with
volume (2,

! / v &Pr (~J° - E L i |v.s4 2 (3.6)
— dt/// r(=J. av:_/ t/// I‘|: . +_1’ 3.6
T -T/2 Q ( ) T —T/2 Q ot

where the time derivative of the energy density u goes to zero in the average. To the
remaining Poynting vector term on the right-hand side, we can apply divergence theorem,

%/_Ziidt///gd?’r(V-S)z%/_iiclt/AQdS(S-ﬁ). (3.7)

If we then consider the pillbox €2 to have a large extent in the in-plane direction, presumably
covering the interface D, then the surface 02 can be approximated by two parallel planes
with spatial extents defined by D,

1 T/2 1 T/2
—/ dt // dsS (S-ﬁ)%—/ dt // d’ry (S-22), (3.8)
T J 7 09 T ) 1 D

where 2o are the positions of the parallel planes relative to the interface. As before, we
will define the polarization of the 2D material as a singular current density related to the
electric field response function by equation 1.28, described here as a conductivity. We are
only considering local response, so in the frequency domain, this relationship takes the
form of a vector Ohm’s law,

Jo(r,w) = J*P(r),w)é(z) = ?(u})E‘w(rH,w) i(z), (3.9)

where the total field, modelled as the arithmetic mean, is the same as that which acts on
the singular current, as was discussed in section 2. Inserting equation 3.9 into the left-hand
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side of equation 3.6,

1 T/2 1 T/2
N T L [ R O Nt
—T/2 Q -T/2 D

Equation 3.10 and 3.8 can then be equated to recreate the integral form of conservation of
energy for an interface containing a singular current sheet,

l /T/2 it 1 // dzr (_J2D Eav) B l /‘T/2 & 1 // d2r (S 2‘22) (3 11)
T Jorpp LeLr JJp ” TJorp Lelr JJp H " |

where we divided each integral by the area of the region D, defined by the length scales L,,
and L.. This is necessary because we are specifically interested in electromagnetic plane
waves, and due to their infinite extent, we can only work in average quantities. Integra-
tion over products of purely real plane waves, such as we have here, can be equivalently
represented by the real part of conjugate products of complex plane waves in the Fourier
domain,

T/2
= / dtquLT / /D Pry (Aey, 0By, 1)) = R0, w0)g (o, w0)), (312)

—T/2

when the real and complex fields are related by,
1
Alry 1) = 5 (fry, 8) + £(x), 1)), (3.13)
and,

B(ry. 1) = o (8(ry. 1) + & (1), 1), (3.14)

where fo;(q,w) and go;(q,w) are the amplitudes in the Fourier domain of the complex
monochromatic plane waves f and g, respectively, in cartesian directions ¢ and j. These
plane waves are defined in the Fourier domain as,

f(q,w) = (27)*fo(q, w)S(q — o) (w — wo)e™*, g(q,w) = (27)>gy(q, w)d(d — qo)d(w — wp)er o,
(3.15)

which corresponds to monochromatic plane waves in the real domain, defined by
f(r, ) = £o(qq, wo)e (Do TI—wot) gikzrz g(r,t) = gy(qqg, wo)e D TI—wo) gikzoz (3.16)

Going forward, the 0 subscript will be left off of the wave vector and frequency components.
The integral relationship to Fourier domain amplitudes is derived in detail in Appendix
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B. Applying equation 3.12 to equation 3.11 transforms the integral expression for energy
conservation into

1 2D av* 1 * o N
SR (IEP(a,w) - BY(a,w) = SR (Bola,w) x Hi(a,w) -2 (3.17)
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where the subscript 0 indicates that these quantities are only the amplitudes of the full
fields. Strictly speaking, the dependency on q could be omitted, as non-locality is not being
considered. However, this expression would hold if non-locality was being considered.

We can apply this same principle to the conservation of linear momentum. In terms of
real field components, it reads, in the integral form,

1 /T/2 /// 1 T/2 88
— dt dr pE‘“’+Js><B“”:—/ dt///d3r v-?ﬂu— ,
T -T/2 Q [ ] T ~T/2 Q 0 0875
(3.18)
where S is, again, the Poynting vector, and ? is the electromagnetic stress tensor, with

V. representing the momentum flux density. The specific form of is somewhat
controversial, and determining it will form a component of the following analysis.

We can follow the same arguments as in the energy conservation equation to transform
the volume integrals to surface integrals using divergence theorem and a singular current.
However in this case we also have a charge density per unit volume, p. We can represent
the charge density in terms of the current using charge continuity,

VI ) = V- Jy(xy, )d(2) + Jo(ry, 1) (2) = _%O'vt)v (3.19)

where V| is the divergence in the in-plane coordinates, and J is the in-plane component
of the induced current in the 2D material, defined in terms of polarization in equation 2.2.
Again, the out-of-plane current is the screened quantity defined in equation 2.47. Both the
charge density and the current density are singular, however, the charge density also has
second-order singularities in the form of a derivative of the Dirac delta distribution,

p(r,t) = po(ry, £)5(2) + pi(r), )0’ (2), (3.20)

where, after converting to the Fourier domain in time (¢t — w), po(r),w) = —(i/w)V| -
Jy(r),w), and pi(r),w) = —(i/w)JS(r),w). Notably, py(r,w) is a charge density per unit
area, while p;(r,w) is the density of a layer of perpendicularly oriented dipoles per unit
area. Inserting equation 3.20 into equation 3.18 will collapse the volume integrals to surface
integrals over D, while in the time average, the time derivative of the Poynting vector
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will disappear. The second-order singularity, ¢’(z), will also introduce a derivative at the
interface that needs to be handled carefully. The term with the second order singularity

takes the form,
L
T/ dt /// d3r,01(r||,w)E(r, w)d'(2). (3.21)
~T/2 D

The electric field in this equation is the total field at the interface and is modelled, in
vacuum, as the arithmetic mean of the fields on either side,

1
E® = (E) +By). (3.22)

Across a 2D material in vacuum, the electric field can be discontinuous in both tan-
gential directions when one includes the out-of-plane response. This would imply that the
derivative of the total field at the interface is singular. However, a singular field acting on
the charge density would produce an infinite force, which is of course nonphysical. Instead,
we will model the derivative at the interface as the arithmetic mean of the derivatives on
either side. This is a common choice for non-singular field quantities that are discontinuous
across an interface. However, in light of the singular nature of the derivative across the
interface, a more careful argument is justified.

Without the out-of-plane response, the scalar potential is continuous across an interface.
The electric field as, in part, the derivative of the scalar potential, experiences a finite jump.
However, with out-of-plane response, the scalar potential itself experiences a jump across
the interface [31]. As the derivative of this jump, the Z component of the electric field
would, in theory, be singular at the interface. Given the boundary condition due to the
out-of-plane response defined in equation 2.44, a singular electric field in the perpendicular
direction would imply through the boundary condition on the tangential directions that
the electric fields experience an infinite jump,

5 % (Bolry) — Ex(r))) = _%z X VP (r)) = — x o0, (3.23)
given the definition of P, in terms of the electric field in equation 2.46. This is of course
nonsense. Instead, there is experimental evidence to show that the appropriate definition
for this seemingly singular field at the interface is still the arithmetic mean. In reference
[3], a model for the reflectance of graphene was used to predict both in-plane (o,) and
out-of-plane (o,) conductivity values by fitting to measurements. Their model is exactly
the same as the one derived in 2.3, though they used a different screening on o,, and they
predicted startlingly accurate conductivity values when compared to ab initio calculations
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[2]. Given that our model uses the arithmetic mean for the total field in the Z direction, the
accurate conductivity predictions in [3] are evidence that the choice is accurate for the z
component of the electric field, even though it would, in theory, be singular at the interface.
So, experimental evidence supports the use of an arithmetic mean to model singular field
quantities at interfaces.

While the choice to model the derivative of the total field at zero as the arithmetic mean
may remain controversial, and certainly it is on less firm footing than the application of
the same idea to the field itself, we will also show later through numerical verification
that it does not violate conservation of linear momentum. Given that one of the primary
justifications for the use of the arithmetic mean on the fields is that it satisfies the boundary
conditions, the fact that it satisfies conservation of linear momentum when applied to the
derivative of the field at the interface is a strong indication of its validity. We will therefore
formally define the derivative of the total electric field at the interface as the arithmetic
mean of the bulk values in the limit as they approach the interface at z = 0,

1 OE OE
= || 1im =2 + [ lim == . (3.24)
Z—>0i 2 ZQ—)0+ 82 2=z z21—0— 82 2=z,
The second-order charge density term is, therefore,
1 T/2
(3.25)
T / /2 L L
The rest of the equation has only standard Dirac deltas, and so no other special consider-
ation is necessary,

T/2 1
/T/2 LqLT

oE
02 z=0

B aEa’U
0z

aE‘“’(r w)
0z

d r) p1(r),w

2z—0*t

OE®
er” <p0Eav — a + J2D % Bav)
D 2z—0%

T/2 1 .
_ d°r (? 2 ) 3.26
/T/2 L,L: JJp 21 (3.26)

Finally, we can again apply equation 3.12 to transform the real domain integral equation
into an expression in terms of the amplitudes of Fourier components,

1 . 0E;" (q,w, 2z
5% (pO(Qaw)Egv (qaw) - pl(q7w) %

)+ 3R Uolaw) x Bifaw)) =

%gre (T(aw2) 2 C s

21

z—0*%
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where the 0 subscript indicates that these are the amplitudes of the corresponding complex
monochromatic plane waves. The z derivative term is indicated as an amplitude, however,
the derivative must be evaluated including the propagator defined by e?*+*. After evaluation
of the derivatives and the limits, the field acting on the dipole density p; can be similarly
written in terms of the amplitudes of Fourier components,

IELDD) D CikaBigla.w) + ikaBig(a.w) ~ ikaBpy(aw)), (329

2—0%

where I, R, and T, indicate the incident, reflected, and transmitted fields, respectively. A
more detailed exploration of the effect the derivative in z has on the conversion between
integral and Fourier amplitude representations can be found in Appendix B.2.

3.2 Vacuum gap, revisited

In order to include the effects of surrounding dielectric materials, we will again apply the
vacuum gap method. The application of this method allows us to separate the behaviour
of the 2D material from the surrounding dielectrics. This means that the momentum
calculations will not include any forces on the surrounding dielectrics. For a brief discussion
of forces on dielectric interfaces and why they remain controversial, along with a supporting
comparison between the Minkowski and Maxwell stress tensors, see Appendix C.1.

Both of the conservation equations, defined in 3.27 and 3.17, follow the general structure
of a comparison between what is happening directly at the interface, and some combination
of fields evaluated at observation planes away from the interface. Using the vacuum gap
method makes it possible to isolate both the 2D material and the observation planes while
maintaining the influence of surrounding materials through how they modify the fields.
The method is the same as that which was used in section 2.3, however in this context we
do not use transfer matrices.

The vacuum gap method turns the single interface into three interfaces as shown in
figure 2.3. Then, in the limit that the gap closes, the surrounding dielectric interfaces can
be considered pressed directly against the central 2D material from above and below. This
means that the boundary conditions on the dielectric interfaces become equations that
directly relate the fields acting on the central 2D material in vacuum, to the fields inside
the dielectrics. Given that the total electric and magnetic fields are being modelled as the
arithmetic mean of the fields above and below, this means that the total field acting on the
2D material, in the limit that the vacuum gap closes, can be directly related through the
boundary conditions on the pure dielectric interfaces to the fields in the dielectric media.
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The boundary conditions on the dielectric interfaces are defined in equations 1.63-
1.66. In the vacuum gap configuration, these equations give rise to the transfer matrices
defined in 2.50 and 2.51, from which we can extract a set of linear equations to relate
field amplitudes on either side of the two dielectric interfaces surrounding the 2D material.
However, in the ultimately transmitted medium, there is only a single upward-propagating
field. As such, the conditions give the relationships between the central upward (u) and
downward (d) propagating fields in the vacuum gap, to the incident (a), reflected (r), and
transmitted (¢) fields in the surrounding dielectrics as

cos Ongy + cos b, cos Oyngy + cos (3.29)
Upy = Ugp = s )
v2 2cosd P 2 2cos 6
cos Ongy — cos b, — cosByng + cos b
= deo = . 3.30
P2 2cosd P 2 2cosd (3.30)
cos 6ny + cos b; cos fn; — cos b; cos 0;n; + cosf —cosB;ny + cos 6
Uyl = a T Ugl = Qs Ts,
Pl 2cosf P 2cosf P ! 2 cos 2cosf
(3.31)
d cosOn, — cosb; cos Onq + cos b; p —cosf;ny + cosb cos;nqy + cosd
= a r sl — as Tsy
Pl 2cos 6 P 2cos 6 P ! 2cos 6 2cos 6
(3.32)

where the subscripts s and p indicate that the amplitude corresponds to s and p-polarization,
respectively.

For the fields evaluated at the observation planes, we simply choose their location to
be fixed at some distance less than, but proportional to, the vacuum gap thickness d.
This ensures the planes are inside the vacuum gap region and that they remain in the
vacuum gap as it closes. For simplicity, we can say the observation planes are fixed at
half the distance between the 2D material and the surrounding dielectrics, as shown in
configuration two of figure 3.1. This means that in the limit as d — 0, the observation
planes similarly end up pressed against the central interface, though technically still in
the vacuum region. The conditions 3.29 and 3.31 therefore become applicable at both
the central interface and the observation planes. This way, we can use the well-accepted
energy and momentum conservation equations for vacuum, and then introduce the effect
of material surroundings through the boundary conditions on the dielectric interfaces. In
the case of momentum conservation, it would seem that this is in fact the only legitimate
way of performing this calculation for the case of 2D materials surrounded by media if one
is interested specifically in the forces exerted on the 2D material itself. If one places the
observation planes explicitly inside the surrounding media instead of in a vacuum gap, like
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configuration one of figure 3.1, then the forces on the surrounding dielectrics are also being
captured.

Figure 3.1: Observation plane configurations for application of the vacuum gap method.
Only configuration (2) is applied in this section.

3.3 Conductivity models

For both energy and momentum conservation, two different cases of 2D materials will be
considered. One case will be assumed to exhibit in-plane anisotropy, as in phosphorene,
but no out-of-plane response, given by a sheet conductivity of the form,

o, 0. 0
& =lo. o, 0. (3.33)
0 0 0

The other will be described by a sheet conductivity that is isotropic in-plane, as in graphene,
but includes out-of-plane response,

o, 0 0
T =10 o 0]. (3.34)
0 0 o,

To confirm that the derived equations uphold energy and momentum conservation,
both with and without out-of-plane conductivity, we will evaluate the difference between
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the two sides of each conservation equation numerically for a full range of incident angles
and arbitrarily defined conductivity functions. The conductivity will be given by a set of
arbitrary Drude-Lorentz models. We will define the in-plane longitudinal conductivity o,
as,
i W i wS,
og(w) = i b (3.35)

- . - . —1>
Twirty' Tw?—wE +iwr !

the in-plane transverse conductivity o, as,

i W i wShr

or(w) = T (3.36)

W —|—in1 Tw? —w? + iwTy
the in-plane anisotropic conductivity o, as,

. , .
i Wk, 1 WShe

oc(w) = -, (3.37)

w4t z'Tf_l Tw? — Wi, + W,
and finally, the out-of-plane conductivity o, as,

7 WS 7 wS
o (w) = — e+~ 2 (3.38)
Tw? —wy, + WT; Tw? —wy o+ WT;

where Sy, = 2000/h, Wi, = 1000/h, wyy = 17/h, Sy = 1000/h, Wi, = 8o/, wy, = 14/,
Sbc = 50'0/h, w%c = 60'0/77,, Whe — 10/77,, szl = 190’0/h, Wpz1 — 16/h, szg = 100’0/77,,
Whe = T/h, 09 = T /2y, and 74 = 1.5h. These conductivities are shown as a function of
energy in figure 3.2.

3.4 Energy

All of the expressions in the following subsections have been derived using the symbolic
algebra capabilities of Maple [62].

3.4.1 In-plane anisotropic, no out-of-plane

Consider a 2D material modelled by a sheet of in-plane conductivity, defined in equation
3.33. In this configuration, without any out-of-plane currents, the in-plane electric fields
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Figure 3.2: Artificial conductivities for testing the validity of derived conservation equa-
tions. o¢ = ma/zp, where « is the fine structure constant.

remain continuous across the interface. This means that the total field can be represented
in the in-plane direction as

E(r,1) = % (B 1)+ EP (1) = B (r.1) = B (r.1) (3.39)

First, we will examine the case of vacuum surroundings. In this scenario, all of the angles
are made equal by Snell’s law, so instead of incident and transmitted angles, a common
vacuum angle # is used. The complex amplitudes constituting the energy loss term given
by the left-hand side of equation 3.17 are,

0 By + 0B\ (E:

JP(q,w) B (qw) = | 0.B,+0,E, | - [ EX ], (3.40)
0 B
= 0, |E, > + 0, | E,|* + 20.R (E,E) (3.41)

where the field quantities represent the total field at the interface in each direction. Next,
we insert the vacuum field amplitudes. The standard forms of the Fresnel amplitudes were
defined originally in equation 1.68. Here, though, as we are not dealing with fields inside
a vacuum gap, we label the upward propagating field in region one (incident) as a, the
downward propagating field in region one (reflected) as r, and the upward propagating field
in region two (transmitted) as ¢, and we omit the downward propagating field in region
two, giving

|E,|? = E,E; = [t,|° cos® 0, (3.42)
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’ET‘z = ETE: = |t8‘2> (3-43)
R(EEL) = —R(t,t: cosb), (3.44)

where the total fields have been represented as the fields on side two as illustrated in
equation 3.39. Inserting these results into the left-hand side of equation 3.17,

—R (37 EF™) = —R(0y)|tp|* cos® 0 + R(0,)|ts|> — 2R (o) R (t,t% cosb) (3.45)

where we have omitted the factor of 1/2 that appears on both sides of equation 3.17.

Next, we can examine the Poynting vector terms on the right-hand side of equation

3.17,

(Eo xHyp) -2 =FE,H; — EH,. (3.46)
We can then insert the field amplitude components from the transmitted medium,
N\ 2 1 * —2293(k2t) L, — —2223 (k1)
R (Eo x Hy) - 2|, = R | —t,t; cosfe™ =27 4 —tu, cosfle” 7271 ) (3.47)
20 <0
1
= — (|tp”> + |ts]?) cos b, (3.48)
20

where the overbar indicates complex conjugation, and the exponential factor was dropped
because, with vacuum surroundings, the fields can never go evanescent. Similarly, for the
fields in the incident medium,

1 . . : .
R (Eo x Hp) - 2|, =% (—(—ozpe“k“'z1 + rpe”h=i) (—q etk — p e~ikzin) cos )

20
1 : : . .

__(asezk:zim + rse—zkzizl)(_asezkzizl + rsefzkzlzl) CcoS 9) (349)
20

1 2 2 2 2

= Py ((\ap] — |7yl ) — (|rs| — |as| )) cosf, (3.50)

where the exponential factors vanish because k,; cannot be imaginary with vacuum sur-
roundings. Equations 3.45, 3.48, and 3.50 yield the conservation of energy when substituted
into equation 3.17, in terms of Fresnel field amplitudes,

— (R(og)|tp]? cos® O, + R(o, ) [ts|* — 2R(00)R (¢ cosby)) =
1 1

L0 4 1) €088 — L (jay P~ Iy~ Irf? ) cost (350)
0 0
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In this form, the standard expressions for reflectance and transmittance as the ratio of the
squared magnitudes of the reflected and transmitted Fresnel amplitudes to the incident
amplitude can be extracted along with an expression for the total absorbance. Equation
3.51 can be rearranged as

R(o, )
(o = 62 = 1)+l = 2 = 1) = 20 (Rl Iy cost + o)~ 2RE0)R (1) )
(3.52)
2 _ _ 2 _ _ _ 2 §R(0-7') 2 *
|ap|"(1 =T, — Rp) + |as|"(1 = Ts — Rs) = 2o | R(og)[tp|" cosb + cos 0 |ts] 2R (o) R (1) |
(3.53)
2 24 _ 2 R(o-) 2 *
ap 24y + [0, A, = 20 ( Rlog) It o + =2 |1, — 2R(0)R (1,87) ) (3.54)

where T,/ is the transmittance, R,/ is the reflectance, and A,/ is the absorbance, each
of their respective polarization, and we have used the definitions for A, and A, as,

Ay=1-T,—R,,, (3.55)
A,=1-T,— R, (3.56)

respectively. There is no influence from evanescence in this case, as without surrounding
materials, there is no critical angle. It should be noted that the Fresnel field amplitudes
tp, ts, Tp, and 7y each have contributions from both a, and a, as a result of the in-plane
anisotropy. The anisotropy means that an incident field purely polarized in either s or p will
generate reflected and transmitted fields with mixed polarization. The general expressions
are given in equations 2.59-2.62 of section 2.3.

In cases of arbitrary linear polarization, one can define a polarization angle 7, such
that the incident s and p polarization amplitudes are a, = asinn, and a, = acosn. With
these definitions, and for purely real incident amplitudes, the energy conservation relation
shown in equation 3.53 takes the form,

a*(1 =T, — R,)cos’n+ a*(1 — T, — R,)sin®n

R(o, .
—%(W%Wﬁww+cg$mhﬂmwﬂ%w),@W)

a*A, cos® n + a*Agsin® n = 2 (§)‘E(aq)|tp|2 cosf + S%(O;) Its|* — 2R(0 )R (tpt:)) . (3.58)
cos
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Considering unit amplitude for the incident field (a = 1), we can write the total absorbance
as,

A= A,cos’n+ A sin’n (3.59)
_ 2 Rlor) 12 *
= 2o | R(oy)|tp|" cosb + 5 [ts|* — 2R (o) R (tpt3) ) (3.60)
Ccos

which we can alternatively relate to total transmittance and reflectance terms through
equation 3.57,

A=(1~-T,— Ry)cos’n+ (1 —T, — R,)sin’n (3.61)
= cos’n +sin®n — T cos> n — Ty sin®n — R, cos’n — Rsin® 7 (3.62)
=1-T—-R (3.63)
where,
T = T,cos’n + T,sin’ 7, (3.64)
and,
R = R,cos’n + R,sin’ 1. (3.65)

Here we have recovered the common expression 1 = A + R + T for arbitrary linear polar-
ization.

For material surroundings, the first step is to re-evaluate the conservation equation
for vacuum surroundings; however, this time with four fields as defined in equation 1.68.
There will be one upward and one downward propagating field in both regions around the
2D material as a result of internal reflections from the surrounding dielectrics. In this case,
there will be an influence from evanescence also as a result of the surrounding dielectric
interfaces. This means the out-of-plane components of the wave number (k,), and any
cosines of angles can become imaginary. Inside the vacuum gap, the energy loss term in
the left-hand side of equation 3.17 therefore becomes,

—R (57 EG™) = —R(0y)| cos O (|upz|*+|dpo | —2R(wpdyy) —R(07 ) (Juse[*+|dso [ +2R (us2dy))
— R(oe)R((dp2 — up2)(dgy + d5y) cos ), (3.66)
where again, the average electric fields are represented as the field on just one side by
exploiting the continuity of the tangential electric field components across the 2D mate-
rial. Next, the relations in equations 3.29 and 3.31, derived from the dielectric boundary

conditions, can be inserted to cast the vacuum gap energy loss in terms of field quantities
in the surrounding dielectrics,

—R (JPEL) = — (R(og)[tp]?] cos O + R(o)|t]? — 2R(00)R (.7 cos b)) . (3.67)
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Next, the same is done for the Poynting vector terms,

2 1 —220% : *
R (Eo x Hy) - 2, = —Z—Oe 2223 (k) g ((|dp]® = |up|* — 2SS (upadyy)) cos 6

+(|ds2|? = |usa|* = 2iS(usadly)) cos %), (3.68)

and,

* 2 1 -2 . *
(B x Hy) - 2, = —e 2213(k=) ((|dp]® = |up|* — 2SS (upadyy)) cos 0
0

+(|ds2|® = |usa|* — 2iS(usadly)) cos %), (3.69)

where products of the exponential factors go to one after the observation planes situated
at z; and 2y approach the interface in the limits z; — 0~ and 2o — 0%. Now, again,
inserting the conditions in equations 3.29 and 3.31 relating the vacuum field amplitudes to
the amplitudes in the dielectrics,

R (EO x ﬁ;) 2l = 212+ [P R(cos b)), (3.70)
z2 20
and,
R (EO X ﬁ;) 3| = %(|ap|2 Flas]? = |72 = |7s]?) cos ;. (3.71)
zZ1 0

Taken together, equations 3.67, 3.70, and 3.71, when substituted into equation 3.17
constitute energy conservation for the case of dielectric surroundings,

— (é)%(oq)\tpﬂ cos 0?4+ R(o,)|ts]* — 2R (o) R (tpts cos Ht)) = %(]tpP + |ts]*)R(cos 6;)
0

- Z_;(|ap|2 + las|* = |rp)? — |rs]?) cos ;. (3.72)

In this case, the form of the energy loss term is unchanged, however, the Poynting vector
terms on the right-hand side of the above equation adopt scaling by the index of refrac-
tion in each region. Again, the standard forms for the reflectance, transmittance, and
absorbance can be extracted by simply rearranging the terms in equation 3.72,

naR(cos ;) _ naR(cos by)

2 _ L2 — 2 |2 t|% = |2
(Jay] —) ltpl” = |1p]*) + (Jas] — lts|” — |7s]%)
__ A (R(ag)[ty]?] cos b,]% + R(0)|ts]?* — 2R(0)R (L85 cosb;)), (3.73)
ny cos b;
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|ap‘2(1 =T, - Rp) + ‘as‘Q(l —Ts — Ry)

. (%(Jq)|tp|2| cos 0% + R(o,)|ts]* — 2R (o) R (tpt; cos Qt)) , (3.74)
1 cos b;
la,|? A, + |as|* A = 0 (R(og)|tp|*| cos b + R(o,)|ts]> — 2R(0e)R (L% cosby))
1y cos b;

(3.75)
where again, the absorbance is defined as in equations 3.56 and 3.55.

So, the vacuum gap method has successfully recreated the appropriate angular depen-
dence in the transmittance,

naR(cos by)

T =
nq cos b;

p

], (3.76)

as well as correctly accounting for the effect of evanescence. This expression represents
the ratio of the normal components of the Poynting vector in the transmitted medium to
the incident wave of unit amplitude. As was discussed in section A.1, evanescent fields
propagate no energy into the media that bear their extent. In the above equation, the
contribution to the energy conservation from the fields in the transmitted medium goes
to zero in the evanescent regime. This is because, as was outlined in section A.1, in the
evanescent regime, the cosine of the transmitted angle becomes imaginary.

3.4.2 In-plane isotropic, with out-of-plane

Now, we consider a 2D material modelled by a sheet conductivity that is isotropic in the
plane but includes out-of-plane conductivity, defined in equation 3.34. This means that,
according to the out-of-plane boundary condition 2.27, the electric fields in the ¢ direction
are no longer continuous. As a result, the total fields modelled as the arithmetic mean can
no longer be reduced to the field on just one of the sides, the full average is required. Also
of note is that the Poynting vector contributions to energy conservation are unchanged in
form from the addition of out-of-plane response when compared to the Poynting vector
contributions in the preceding subsection. This is because they are pure field quantities,
evaluated away from the interface. Changing the interface only influences their behaviour
in so far as it modifies the field magnitudes. Only the energy loss term changes visually,
and even then only through the addition of a single extra term when compared to equation
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3.41 with o, = 0,

0B, E:

JPE = |oE. |- | E: (3.77)
0°E. Er

= 0| Eg)* + 07| E-|* + of| EL|%, (3.78)

where all the field components represent the total field in their respective direction, mod-
elled by the arithmetic mean. The process of casting this general form in terms of Fresnel
field amplitudes is unchanged from subsection 3.4.1, and so will not be repeated here.
As a summary, for vacuum surroundings, the Fresnel field amplitudes, which are defined
generally in equation 1.68, are inserted into equation 3.78 with the substitutions u; — a,
di — r, uy — t, and dy — 0.

Considering first the case of vacuum surroundings with out-of-plane response, the total
absorption is now

z
A == (R()(lagl® + [rof* + [to]* = 2R(apr; — ayty + 1t;)) cos b
R(o,) R(o¢) sin® 0 . i} .
+4m|ts\2 + Wﬂ%\z +rpl® + [t * + 2R(apry + apty +1t;)) ). (3.79)
This expression is the energy loss term divided by cosf/zg. Again, the Poynting vector
contribution is unchanged from the right-hand side of 3.51 with the addition of out-of-plane

response. Only the absorption is modified.

Adding surrounding materials, the process again involves redoing the vacuum calcu-
lations with the full four fields in the central vacuum gap region and then applying the
relations between the fields inside the vacuum gap to the fields in the surrounding dielectrics
defined in equations 3.29 and 3.31. Following this process yields

Z
A= m (R(oy) ((Japl® + |rp[*) cos® ; + [t,[*] cos 6] + Ay)
+4R (0, )|ts|* + R(0F) (n](Jap)® + |rp[*) sin® 6; + njt,[*sin® 0, + As)) ,  (3.80)

where A; and A, are amplitude mixing terms coming from the products of total electric
fields modelled as the arithmetic mean and are defined as

Ay = —2%(ayry) cos® ; + 2R (ayt;, cos 0; cos ;) — 2R(ryt;, cos ; cos 0f ), (3.81)
Ay = 2n R (ayry) sin® 0; + 2ning(R(a,ts) + R(rpts)) sin b; sin 6. (3.82)
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The total absorption in this case is defined by the interfacial loss term of energy conserva-
tion divided by nj cos;/zo. This solution indicates that including surrounding dielectric
materials through the vacuum gap method has significant consequences for the absorption
characteristics of the out-of-plane response. All of the out-of-plane conductivity terms are
scaled by terms to the fourth order in the indices of the surrounding dielectrics, though
after the dielectric screening in equation 2.47, the scaling will be to the second order in
the indices. As a consequence, analysis of the losses in a 2D material like graphene could
present an avenue for verifying the physical validity of the vacuum gap method, along with
harmonic mean screening, as losses have a component that should increase in proportion to
the surrounding dielectric materials. In particular, based on the dielectric screening by the
harmonic mean of the surrounding dielectric constants, the incident and reflected terms
will be scaled by n?/n3 and the transmitted by n3/n?. This indicates that an experiment
may benefit from being designed to maximize the influence of surrounding materials by
considering ny > n; and taking measurements around the Brewster angle, as defined in
Appendix A.2, because this will maximize the transmittance.

The absorptions defined in equations 3.79, and 3.80 can be combined with the same
Poynting vector contributions for the in-plane case, defined in equations 3.48, and 3.50 for
vacuum, and equations 3.70, and 3.71 for material, to construct the full energy conservation
equations.

3.4.3 Numerical validation

In general, conservation of energy is described in terms of Fourier amplitudes of monochro-
matic plane waves by equation 3.17. The energy conservation equation consists of a com-
parison between the energy losses at the interface and the difference between the Poynting
vector contributions above and below the interface.

Here, we will verify that neither the Fresnel amplitudes defined in equations 2.59-2.62,
nor the vacuum gap method violate conservation of energy. We will do so by evaluating the
conservation equations that were derived in terms of Fresnel amplitudes in the preceding
subsection numerically using the artificially constructed conductivities shown in figure
3.2, and the Fresnel amplitudes shown in equations 2.59-2.62. Then we will evaluate the
difference between the loss terms and the Poynting vector flux differences, corresponding
to the left and right sides of equation 3.17, for each configuration to ensure that they are
satisfied,

AFE=1L.S.— R.S. (3.83)

If the derived equations satisfy conservation of energy, then the difference should be zero.
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First will be the case with no out-of-plane response (¢, = 0), in vacuum surroundings
(ny = ng = 1). Energy conservation in this case was described in terms of Fresnel ampli-
tudes prior to any rearranging by equation 3.51, and the difference between the energy loss
term and the Poynting vectors is shown in figure 3.3 (a). For vacuum surroundings with

x107" (a) x107" (b)
1 1
) )
-1 -1
i — o 20 30 1 o o 20 30
0; (rad) hw (eV) 0; (rad) hw (eV)
x107" (© x107" (d)
5 5
ST =0
5 95
| — o 20 30 1 o o 20 30
0; (rad) hw (eV) 6; (rad) hw (eV)

Figure 3.3: Numerical validation of the conservation of energy equations for (a) o, = 0
andn; =ng =1, (b) o, #0and ny =ny =1, (¢) o, =0and ny = 1.5,n =2 (d) 0, # 0
and n; = 1.5,n, =2. AE =L.S. — R.S. of the energy conservation equation.

out-of-plane response included, the losses at the interface are described by equation 3.79,
while the Poynting vector contribution is described by the difference between equations
3.48 and 3.50. The difference in this case is shown in figure 3.3 (b). For material surround-
ings (n; = 1.5, ng = 2), in the case without out-of-plane response, energy conservation is
described by equation 3.72. This case is shown in figure 3.3 (¢). For material surroundings
with out-of-plane response, the losses at the interface are described by equation 3.80, while
the Poynting vector contribution is described by equations 3.67 and 3.70. The difference
in this case is shown in figure 3.3 (d).

In each case, the difference is apparently stochastic, and qualitatively identical. The
magnitude of the difference never exceeded roughly 1071°, which we attribute to numerical
imprecision. So, the derived equations are self-consistent under the application of the
Fresnel field amplitudes derived in equations 2.59-2.62 of section 2.3. It also confirms that
the inclusion of material influence through the vacuum gap method does not violate the
energy conservation equation, as well as the fact that the energy conservation equation,
and by association the standard forms of reflectance and transmittance, appropriately
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takes into account the effect of out-of-plane response. It further confirms in general that
the Fresnel amplitudes themselves appropriately incorporate the effect of out-of-plane, or
at least that they do it in a way that does not violate conservation of energy.

3.5 Linear momentum

All of the expressions in the following subsections have been derived using the symbolic
algebra capabilities of Maple [(2].

The linear momentum conservation equation (3.27) is used for numerical comparison,
just like the energy conservation equation, between something that is happening at the
central interface, to some combination of fields evaluated at external observation planes.
In this case, the combination of fields in the right-hand side of equation 3.27 is defined by
the electromagnetic stress tensor 71 . In vacuum, there is no debate over the correct form
for this tensor. It is called Maxwell’s stress tensor,

1+
T' — ¢EE + joHH — 5T (0B E+ jigH - H), (3.84)

and its derivation can be found in any electromagnetism textbook [11]. To account for
the influence of materials, the vacuum gap method is being applied. As such, this well-
accepted vacuum stress tensor will be used throughout this section, and any modifications
for material surroundings will follow from the application of the conditions 3.29 and 3.31.

3.5.1 In-plane anisotropic, no out-of-plane

Considering a 2D material modelled by a sheet of in-plane conductivity, equation 3.33. The
charge density term of the Lorentz force component of momentum conservation, defined
in equation 3.27, for vacuum surroundings becomes,

avx q av*
pola, w)Ey™ (¢, w) = =~ J,Eg™ (g, w), (3.85)
E*
q q
- <—(0qEq + OCET)> B, (3.86)
w *
EZ
| Eq|” E-E;
q . 3
== |0, | EGE: | +0o. | |Er . (3.87)
v E,E* E,E:
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The process of casting this equation in terms of Fresnel field amplitudes is again identical to
that shown in subsection 3.4.1. As such, only the final result will be shown. Beginning with
vacuum surroundings, the Lorentz force contribution on the right-hand side of equation
3.27 takes the form

R (polg: w)Eq" (g,0)) + R (Jo(g,w) x B5™ (g, w))
2R(0,)|tp|? cos? Osin O + 2R(o, ) [ts]? sin 6

_ o 0
2w R(0g)[tp]* cos® O + R(0)|ts]? cos O + R (0 (t,rs + tpas) cos® 0 + o (t,al — tor?) cos )
9 AR(o.)R(t,t%) tan b
_ hocos7d 0 . (3.8%)

2w 2R(0)R(t,th) + R(octs(ay +15)) + R(octy(ar —17))

where the transverse component of the force has canceled. This indicates that on an
anisotropic 2D material suspended in vacuum, plane waves can only impart longitudinal
and out-of-plane forces.

Next comes the stress tensor contribution to conservation of linear momentum in vac-
uum. Based on the standard Maxwell stress tensor in equation 3.84, this contribution can
be written in terms of general field amplitudes as

? 2= (0B L + poH7) § + (e E-E + poH HZ) 7

1 .
+ 5 ([ B:* = [Ey* = [E-") + po(|H-I* — |Hy[* = [H-]")) 2. (3.89)
Inserting the Fresnel amplitudes into this expression expands its size greatly. However,
by simultaneously using the substitution zy = +/po/€o, the electric and magnetic field
amplitudes can be collected together. For the transmitted side,

(Jtp]? + |ts]?) sin @
= —¢pcosf | 213(t,tE) tand |, (3.90)
. (Itp|* + |£s]*) cos 6

T .5

and for the incident side,

(Jap)® = |rp|® + las|® = [rs|* + 2iS((asr} + apry)e?™=#1)) sin @
= —¢ycosd 23 (rprs + apal + (apry — agry)e*™ 1) tan 0
(lapl* + las* + [rp[* + |rs|?) cos 0

T s

21

(3.91)
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Inserting these results into the stress tensor component in the right-hand side of equation
3.27,

(Itp]? + [ts[*) sin — (|ap|* — |7p[* + |as]* — |r[?) sin @
= —¢gcosf 0
(tp* + [ts]?) cos 0 — (lap|? + |as|? + [rp[* + [rs]?) cos 6

z2

R(T) -2

zZ1

(3.92)
Taking the real part has eliminated the transverse component of the force, bringing this side
into alignment with the Lorentz force contribution. This expression can be equivalently
represented in terms of the reflectance, transmittance, and absorbance,

lay|?(1 =T, — R,) sin @ + |as|*(1 — Ty — Ry) sin 6
R(T) -2 - R(T) - 21 = € cos 0 ,
lay|*(1 — T, + R,) cos 0 + |as|*(1 — Ts + Rs) cosd

(3.93)
lay|? A, sin 6 + |ag|* A sin 6
= €gcost 0 ,
lap|* (A, + 2R,) cos O + |as|*(As + 2R;) cos
(3.94)

where A, =1—-1T,— R,, and A; =1 — T, — R,. In this form, we can glean some physical
insight into the process. The in-plane force is fully described by the absorption at the
interface, while the out-of-plane force has an additional reflectance contribution. This
could be a result of the direction change of the incident light. Force is equal to changing
momentum, and to reflect the motion of anything, the momentum of that thing must
change by twice its total magnitude. This fact may be reflected here in the additional
reflectance contribution.

To consider material surroundings, we again repeat the vacuum gap derivation with
the full set of four fields, as outlined in the preceding section. Then, the conditions in 3.29
and 3.31 are applied to find the influence of material surroundings. For an example of the
interim step of repeating the vacuum derivation with four fields, see subsection 3.4.1. This
step is not shown here as the resulting expressions are too large to be useful. Following
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through this process, equation 3.88 becomes, for dielectric surroundings,

R (IO0<Q7 w)ESU*(q’ (AJ)) + (Jo(q7 w) X Bgv*(% (U))
2R(0,)|tp]?| cos 6] sin 6 + 2R (o, ) |ts|? sin 6

0
naR (04 cos 0;)|t,|? cos® 6 + nayR(o- cos 0 ) [ts|* + naR(ogty(a) + 1) cos b;) cos® 6 + nyR(o-ts(al — rk)) cos b;
AR(0.)R(t,tE cosby) sin 6
_% 0
R(octp(nats cos O + ny(ai — ri) cosb;) cosby) + R(octs(nath + ny(al +75))) cos® f

(3.95)

While this expression is also cumbersome enough to have little use, it does reveal an inter-
esting consequence of evanescence. In the Z direction there are the evanescent switching
terms. Whereas with vacuum surroundings the contributions from real or imaginary parts
of the conductivity are in a sense fixed, here terms like R (o cos ;) will switch between the
real and imaginary part of ¢ when cos 6, is itself real or imaginary.

2w

From the expanded form of the Lorentz force contribution to momentum conservation
in equations 3.88 and 3.95, a much simpler form can be derived. This is done by converting
back into representation by total fields,

IR(JE; + JE)
R (po(q, w)EF™ (q,w)) + R (Jo(q,w) x B{" (q,w)) = 0 . (3.96)
R(J,B;cos* 0 — J.By)
This result holds for both the case with and without material surroundings.

Now considering the stress tensor side of momentum conservation, by applying the
vacuum gap method to consider material surroundings, equation 3.90 becomes,

2na([tp|* + [ts|?) sin OR(cos 6;)

R(T). 2| =-2 0 o (3.97)

“ (] cos 0;* + n3 cos? )|t,|? + (n3] cos 6] + cos? 0)|ts|*

and equation 3.91,
2n1(la,|? — |72 + |as|? — |rs]?) sin @ cos 6,
R(T). :_%O 1(lap]” = Iy |O| I7s%)
= (nf cos® 0 + cos? 0;)(|a,|* + |rpl?) + (nf cos? 0; + cos® 0)(|as|* + |rs]?)
0

P 0 . (3.98)

R(asry)(n] cos® ; — cos® ) + R(apry)(cos® §; — nf cos® )
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The inclusion of material surroundings modifies the in-plane component through simple
scaling by the refractive index, while in the out-of-plane direction, only a subset of the
terms are scaled by the refractive indices.

It is somewhat difficult to interpret by just looking at the field amplitude components,
but this result is actually different than the Minkowski stress tensor that is often used for
dielectric surroundings. The Minkowski tensor takes the form,

1=
T’ stin. = DE + jigHH — 5T (D-E+ H-H). (3.99)

However, the above result, based on the vacuum gap method, suggests a stress tensor that
instead takes the form,

E, E, | Byl By

T sap =0 | Er| @ |E| 4+ uHH — =T (e | B, | - |E-| +uH-H|.  (3.100)
D D 2 D D
€0 €0 €0 €0

This new tensor predicts the exact same forces in the in-plane direction, however in the
out-of-plane direction it predicts a stronger influence from the properties of the surrounding
materials. The vacuum gap method is used to isolate the forces on the 2D material from
the forces on the surrounding dielectrics. As such, the resulting vacuum gap stress tensor
is distinct from the Minkowski tensor in that it predicts zero force when the 2D material
is removed. The Minkowski tensor, on the other hand, will predict a non-zero force on an
interface with no 2D material, because it includes the forces on the dielectrics themselves.

3.5.2 In-plane isotropic, with out-of-plane

When we add out-of-plane conductivity to this model, the only changes occur in the Lorentz
force term on the left-hand side of equation 3.27. Just as in the energy conservation case,
the terms evaluated off of the interface involve only field components and so are unchanged
in form when we modify the interface itself. Here we are considering a sheet modeled by a
conductivity tensor, defined in equation 3.34. With the out-of-plane response, the electric
fields in the ¢ direction become discontinuous, as indicated in equation 2.44, and so must
be modelled as the average of the fields on either side. The conservation of momentum
equation (3.27) when considering out-of-plane response includes a derivative in the out-of-
plane direction. This derivative is applied to all three components of the total electric field
at the interface. This necessitates that the in-plane transverse (7) electric field is modeled
as the average,

1
E, = §(E§1) + EW), (3.101)
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even though the electric field in the 7 direction is continuous across the interface, because
the derivative is not. In this case, the charge density term, defined in equation 3.20, of the
Lorentz force component of momentum conservation, defined in equation 3.27, becomes
for vacuum surroundings,

OE(" (q,w, 2) i . OE§"(q,w,2)

avk q av*x e
(1l B 0) = ) ) Ly - Sy e

82 z—0%
(3.102)
. (1B (EE.
= —0q E‘]ET - 0 EZET,Z )
Y \E,E: Y O\BE:,
(3.103)

where the comma notation £, , indicates the y derivative of the o component of E. The
current density contribution takes the form,

J, B

Jo(q,w) x By(q,w) = | J- | x | B |, (3.104)
JZ B
J,B — JeB

= (B —J,B: |, (3.105)

J,B: — J.B;

where all field amplitudes represent the total field at the interface modelled as the arith-
metic mean.

The process of expansion into the Fresnel field amplitudes of the kind given in equations
1.68 and 1.69 has been covered extensively in section 3.4.1. Here, only the final results will
be presented, though the process remains the same. In this case, the Lorenz force contri-
bution to conservation of momentum, represented in terms of the Fresnel field amplitudes
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is,

» OE" (q,w, z 1 .
R (po<q,w>E3” (4.0) — (g, ) T L) ) + 5 R (To(g,w) x Bj(g.w))
2—0%

R(o9)(|ap|® + rp|* + |tp]* + 2R (apty + apry +tpry)) sind

ko sin® 0
4w R(o)(Jap|* — |[rpl* + [tp]* + 2R (ayty)) cos O + 2%(05)%(%7‘; + apry) cos
ko R(oq)(Jap|® + [rpl* + [tp]* + 2R(apt; — apry — t,rs)) cos® fsin 6

L ko 0
R(oy)(Jay|* = |rp|* + |t,> + 2R (apt?)) cos® @ — 23(0q)S(apry + tyry) cos® 6

4R (o) |ts|* sin @
+ 2 0 . (3.106)
R(or)(|as|* — |rs|* + |ts]? + 2R(ast?)) cos 0 + 23 (0,)S(asrs + tsr)

This is again a monstrous equation with little practical use, though we present it here
as a confirmation that the inclusion of out-of-plane response does not introduce any in-
plane transverse forces. To include the influence of surrounding dielectrics, the process
again involves redoing the vacuum derivation with four total fields, and then applying the
conditions 3.29 and 3.31 to relate the vacuum fields to those in the surrounding dielectrics.
This process results in an expression far too large to be useful, so it will not be presented
here. However, it can again be simplified by representation in terms of total fields. This
yields,

0E;" (¢, w, 2)

§R (po(q7w)E8v*(Q7w) - pl(q7W) (92

)+ R0  Bifaw)

CR(JES + J B + J,E7)
- 0 . (3.107)
—IR(JLE;) + R(J Bs cos®* 0 — J,.By)

3.5.3 Numerical validation

To confirm that the derived equations uphold linear momentum conservation, we will again
use the conductivity functions defined in equations 3.35-3.38 to ensure both sides of each
equation produce the same results. We will do so in analogy to equation 3.83 by taking
the difference between the result from the Lorentz force contribution (L.S.) and the Stress
tensor difference (R.S.). The Fresnel field amplitudes used can be found in equations
2.59-2.62. In each case, we will only show the result for the out-of-plane force, but all
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components were validated. First will be the case with no out-of-plane response (o, = 0),
in vacuum surroundings (n; = ng = 1). To maintain momentum conservation in this case,
the left-hand sides of equations 3.88 and 3.92 must be equal. To verify this, the difference
between their right-hand sides is shown in figure 3.4 (a). For vacuum surroundings with
out-of-plane response included, momentum conservation is described by the equality of
the right-hand sides of equations 3.106 and 3.92. The difference in their right-hand sides
is shown in figure 3.4 (b). For material surroundings (n; = 1.5, ny = 2), without out-
of-plane response (0, = 0), the Lorentz force contribution to momentum conservation
is described by equation 3.95, while the stress tensor contribution is described by the
difference between equations 3.97, and 3.98. The difference between the Lorentz and
stress tensor contributions for this configuration is shown in figure 3.4 (c). For material
surroundings (n; = 1.5, ng = 2), with out-of-plane response, the equation for the Lorentz
force contribution to momentum conservation was not written explicitly in terms of Fresnel
amplitudes, though it is given implicitly in equation 3.107. The Lorentz force component
of momentum conservation in this case is therefore described by equation 3.107, with the
stress tensor component described by the difference between 3.97, and 3.98. The difference
for this final case is shown in figure 3.4 (d). In each of these cases, the force is represented
in terms of the vacuum permittivity €;. This appears as a natural choice given both the
stress tensor difference and the Lorentz force have a common factor of €. So, just as
with the energy conservation equations, the linear momentum conservation equations are
self-consistent under application of the Fresnel field amplitudes derived in section 2.3. This
is quite significant. It confirms that the vacuum gap method, and the stress tensor that
results from it, satisfy conservation of linear momentum. It also confirms that the standard
vacuum Maxwell stress tensor properly captures the forces as a result of the out-of-plane
response and that the choice to model the z derivative of the electric field at the interface
as the arithmetic mean does not violate conservation of momentum. While the fact that
the vacuum gap stress tensor satisfies conservation of linear momentum is encouraging for
the physical validity of the vacuum gap method as a whole, without experimental evidence
to compare force calculations against, it is not enough to be conclusive.
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Figure 3.4: Numerical validation of the conservation of momentum equations for (a) o, = 0

andny =ny=1,(b)o,#0andn; =ny =1, (¢) o, =0and ny = 1.5, ng =2, (d) o, #0
and ny = 1.5, no =2. AF =L.5. — R.S. of the momentum conservation equation.
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Chapter 4

Results for graphene

In the long wavelength limit, graphene is isotropic in the plane. However, as was indicated
in section 1.6, when non-locality is considered, the in-plane longitudinal and transverse
directions become distinct. While we are not considering this distinction, we have left
the conductivity components distinct in all equations derived for graphene so that they are
similarly applicable in the non-local case. Though again, when applying actual conductivity
data, we will be considering in-plane isotropy given by o, (w) = o,(w).

In this chapter, we will investigate the influence of out-of-plane response on the optical
behaviour of graphene. Undoped graphene will be modelled by an ab initio conductivity
response function digitized from [2], while doped graphene will be captured by a Drude
model.

Even in the case of non-local analysis, graphene is modelled by a conductivity tensor
defined as in equation 3.34. This means the Fresnel coefficients derived in section 2.3 can
be simplified by setting the off-diagonal component to zero (. = 0). This results in a set
of simplified Fresnel coefficients that are valid for graphene,

2n1 cos b; f3

o= 2RI 4.1
P fot+4fr " (4.1)
2 0;
t, = ﬂas, (4.2)
Ja
Ty = (1 _ 8ny cos 0; + 2n,5¢ sin” 0(5,, cos O; + 4n2)) 0. (43)
fa+4fi
2 0;
- <_1 N ﬂ) (4.4)
f2
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where to simplify the expressions, we defined a set of functions,

fi1 = ny cos b, + ng cosb; + o, cos b, cos b;, (4.5)
fo = nqcosb; + nycosby + o, (4.6)
f3 = sin*0o,6¢ — 4 (4.7)
f4 = sin® O((ny cos b; + ny cos 0:)5, + 4ning)os. (4.8)

In each of the above equations, ¢ indicates that the conductivity has absorbed a factor of
20, and ¢ = €y, /€, indicates that the conductivity is divided by the harmonic mean of
relative dielectric constants of the surrounding media according to equation 2.47.

4.1 Undoped graphene

The ab initio response function used to model undoped graphene is shown in figure 4.1.

Reo ||
q

(7/(70

Reo
z

0 5 10 1 ‘5 2‘0 2‘5 30 0 5 1 lO 1 ‘5 2‘0 2‘5 30

hw (eV) hw (eV)
Figure 4.1: Ab initio response function of undoped graphene, digitized from [2]. oy =
7/ 29, where a = €?/(he) & 1/137 is the fine structure constant.

The ab initio conductivity response function for undoped graphene is computed up
to hw = 30 eV. This does not pose a problem for vacuum surroundings, as the energy
of the incident radiation would have to be astronomical to disrupt the properties of the
surroundings. For dielectric surroundings on the other hand, the approximation of a purely
real, isotropic, and frequency-independent index of refraction becomes more difficult to
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justify. In general, dielectrics have frequency-dependent optical properties. This frequency
dependence can be modelled by the Sellmeier equation [63],

n*(w) =1+ E-L (4.9)

where A; and C; are constants determined by experiment, and B = (2rc)?. C; represents a
squared resonant wavelength for the material, making the product C;w? a kind of resonant
wave speed. It cannot be said in general that any given material will have no resonant
frequencies (c/+/C;) across the entire w = 0 — 30 €V range. In this work, we will not
consider the frequency dependence of the surrounding materials, so any results derived
for the entire frequency range with dielectric surroundings do not necessarily correspond
to any real surrounding material. They could, however, be locally accurate for materials
with the appropriate index in the appropriate frequency range. While this makes broad
spectrum comparisons to any given material impossible, the results can still be used for
qualitative analysis of the influence of out-of-plane response with material surroundings.

It must also be noted that the frequency range hw = 0—30 eV corresponds to a vacuum
wavelength range of oo — 41 nm. The validity of the infinitesimal sheet model rests on
the assumption that the wavelength of the incident light is much longer than the thickness
of the 2D material. Defining the thickness of graphene is more of a convention than a
measurement, however, it is often taken to be d = 0.34 nm [24]. This number comes from
the inter-layer spacing of bulk graphite. At this thickness, the ratio between the wavelength
and the thickness is, at hiw = 30 eV, A/d ~ 120. Whether or not this ratio is sufficient
to use the sheet conductivity approximation for graphene would have to be determined
through comparison to experiment. In this work, we will assume it is sufficient and use
the sheet conductivity model for the whole range of energies.

4.1.1 Reflectance, transmittance, and absorption

We can see from the Fresnel coefficients in equations 4.1-4.4 that the out-of-plane conduc-
tivity only appears in the p-polarized amplitudes. So, in comparing the optical properties
with and without out-of-plane contributions, we will only consider p-polarized light. This
means the reflectance and transmittance can be defined simply, for unit incident amplitude
(a, = 1), as,
~ . 2 ~ . 2 2
G4 sin’ 0 + 4) cos 0, + 4nyG¢ sin® 0) ny
(712636(1 sin? 0 + 46, cos b, + 4n2) cosb; + ((5e&q sin? @ + 4) cos 0; + 4ny5¢ sin? 6) ny
(4.10)

(12626, sin* 0 + 46, cos b + 4ny) cosb; — ((6

R =

Y

81



T naR(cos ;)
ny cos 0;
2n; cos 6, (&§6q sin? 6 — 4)
(n2636q sin? @ + 46, cos 0, + 4n2) cos0; + ((5§5q sin? @ + 4) cos 0; + 4ny5¢ sin? 0) ny
(4.11)

X

Y

from which the absorbance is derived as A = 1 — R — T. First, we shall examine the
difference between the cases with and without out-of-plane response for each material
configuration across the entire hiw = 0 — 30 eV frequency range. There are three possible
material configurations using the simple non-magnetic, isotropic, lossless dielectrics, n, =
ng, N1 < Mg, and ny > no. The first case, ny = ny = 1, is shown in figure 4.2.
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Figure 4.2: Absorbance, reflectance, and transmittance of graphene considering TOP:
o, #0, 0, # 0 and BOTTOM: 0, = 0, 0, # 0. All cases considered with ny = ny = 1.
Black lines indicate the maximum of a given spectra, and white lines indicate a minimum.

With vacuum surroundings, the introduction of out-of-plane conductivity produces a
response that is qualitatively very different than the in-plane-only response. The response
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of the in-plane-only case is most significant near 6; = 0, while the introduction of out-
of-plane conductivity pulls the most prominent behaviour near 6; = m/2. This is likely
because, for p-polarized light at normal incidence, the incident light is polarized perfectly
in-plane, while for grazing incidence it is polarized perfectly out-of-plane. Interestingly,
the out-of-plane conductivity does not pull the maximum absorption to the point where
the electric field is maximally polarized in the out-of-plane direction (6; = 7/2); instead, it
appears at a slightly lower angle. This occurs because the reflectance is invariably one at
0; = /2, while the transmittance is zero. This ensures that the absorption is zero, and so
the peak appearing slightly offset from the 6; = /2 is a result of the balancing of this effect
with the maximization of out-of-plane response from maximal out-of-plane polarization.
The most significant change to the reflectance and transmittance is the creation of a ridge
of perfect reflection near §; = 7 /2. This ridge spans the entire frequency range, though
it grows broader for larger conductivities, like near the peaks at 11 eV and 14.5 eV seen
in the left panel of figure 4.1. This could be used to find the out-of-plane conductivity
experimentally across a broad range of frequencies, as the in-plane only model predicts the
reflectance will be nearly zero right up until §; = 7/2. An experiment of this kind could
involve fitting reflectance measurements near 6; = 7/2 to the reflectance function defined
in equation 4.10, which when n; = ny simplifies to

20, cos® 0; — 2n?c, sin’ b,

R =
(no, sin?0; + 2 cos 0;) (o, cos 0; + 2n)

(4.12)

Alternatively, one could fit to a Brewster angle measurement. The addition of out-of-plane
response creates a minimum in the reflectance where there is none with only in-plane
response, as is evidenced by comparing the top and bottom middle panels in figure 4.2.
This would potentially require a wider range of angle measurements if one does not already
know where to look. Regardless, it would still be effective as the Brewster angle, like the
reflectance ridge, is purely a product of the out-of-plane response. This method was used
in [3] to measure the out-of-plane conductivity of graphene. It should be noted that with
common dielectric surroundings n; = n, = n, the maximum of transmittance does not align
with the minimum of reflectance, this is shown in figure 4.2. This is likely not a concern
for measuring the Brewster angle to determine out-of-plane conductivity, but could be an
important consideration when designing devices.

The next material configuration is ny < ng, and is shown in figure 4.3. Similarly
to the vacuum surroundings case, when n; < ng, the maximum absorption is increased
dramatically and drawn closer to 6; = 7/2 in the presence of out-of-plane conductivity. Of
note here is the difference in effect on the Brewster angle between the in-plane and out-of-
plane conductivity. The reflectance calculations in figure 4.3 show that while large in-plane
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conductivities serve to increase the Brewster angle, large out-of-plane conductivities serve
to decrease the Brewster angle with respect to the value in the absence of a 2D material
of O ~ 56°, which follows from equation A.5.
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Figure 4.3: Absorbance, reflectance, and transmittance of graphene considering TOP: o, #
0,04 # 0 and BOTTOM: 0, =0, 0, # 0. All cases considered with n; = 1, and ny = 1.5.

Black lines indicate the maximum of a given spectra, and white lines indicate a minimum.

The final material configuration is ny > no, and is shown in figure 4.4. Besides the
increase in absorption common across all three configurations, the most notable effect of
the out-of-plane conductivity here is the maximum absorption appearing at the critical
angle of 0, ~ 41.8°. The critical angle is defined in Appendix A.1, and it indicates the
point past which the transmitted field becomes evanescent. However, exactly at the critical
angle, the transmitted wave is not evanescent, but travelling along the interface. By
travelling along the interface, a p-polarized transmitted wave is polarized perfectly out-of-
plane. Theoretically, this would maximize the interaction between the transmitted wave
and the out-of-plane conductivity, which could explain the maximum absorption at the
critical angle. Also of note is how constant the maximum absorption remains across the
entire range of in-plane conductivity values when o, = 0. While the absorption is entirely
dependent on the presence of the sheet of conductivity at the interface, it would appear
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Figure 4.4: Absorbance, reflectance, and transmittance of graphene considering TOP: o, #
0,0, # 0and BOTTOM: o, = 0, 0, # 0. All cases considered with n; = 1.5, and ny = 1.

Black lines indicate the maximum of a given spectra, and white lines indicate a minimum.

that the maximum absorption is more a consequence of the configuration of surrounding
materials. In fact, Taylor expanding to the second order the absorbance when o, = 0, in
terms of the in-plane conductivity, and solving for the extrema in terms of the incident
angle yields a result that is totally independent of the conductivity,

ng\/Zn% —n3 + /8nf + nj
\/271‘1L +nj —n3\/8n} +nj

This equation predicts the maximum of absorption with o, = 0 to be 0,,.x = 55.5°, which
closely approximates the numerically derived value across the entire frequency range from
hw=0-—30eV.

Also of note is the fact that the influence on Brewster angle from the in-plane and out-
of-plane conductivities has reversed. In this configuration with n; > no, regions of large
in-plane conductivity, shown in figure 4.1, can be mapped to decreases in the Brewster

(4.13)

00 = arctan
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angle as shown in the middle two panels of figure 4.4. Similarly, regions of large out-of-
plane conductivity as shown in figure 4.1 can be mapped to increases in the Brester angle
as shown in the middle two panels of figure 4.4. This has important consequences for any
approximate expressions to the Brewster angle, as they would need to depend in some
way on the difference between the two materials (n; — ny) so that the change in behaviour
between the configurations could be captured.

4.1.2 Forces

Using the formalism developed in section 3.5 we can calculate optical forces on graphene
with a variety of surrounding material configurations. We showed in section 3.5.3 that the
Lorentz force and the stress tensor methods are equivalent under the application of the
Fresnel amplitudes defined in equations 2.59-2.62. As such, all force calculations in this
section will be based on the stress tensor method. This method involves evaluating the
difference between the electromagnetic stress tensor on each side of the 2D material,

F:%é}ﬁ(?z) (4.14)

Z1
For vacuum surroundings, the standard Maxwell stress tensor will be used, which is defined
in equation 3.84. For material surroundings, the vacuum gap stress tensor will be used,
which is defined in equation 3.100.

Optical forces are generally very small, though they can still be an important consider-
ation depending on the scale of the problem. The forces in the Z and ¢ directions for both
the vacuum surroundings (n; = ny = 1) and the substrate (ny = 2,7y = 1) cases are shown
in figure 4.5, both with and without out-of-plane response. Without the out-of-plane con-
ductivity, there is almost no qualitative difference between the force profiles in the vacuum
and substrate cases. The primary difference is a slight decrease in maximum amplitudes
from the vacuum to the substrate cases for the force in the Z direction of approximately
0.05 pPa. There is also a slight increase from the vacuum to the substrate cases for the force
in the ¢ direction, of again approximately 0.05 pPa. In terms of the difference between the
cases with and without out-of-plane conductivity, the most significant effects are seen in
the ¢ direction. The force in the ¢ direction, shown in the rightmost two columns of figure
4.5, exhibits the two new prominent force peaks that coincide with the positive peaks in
the real part of the out-of-plane conductivity at approximately 11 eV and 14 eV, as shown
in figure 4.1. It is clear that in both the vacuum and substrate cases, shown in figure
4.5, the in-plane forces are more strongly influenced by the introduction of out-of-plane
conductivity.
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Figure 4.5: Forces in the Z and ¢ directions, measured in pPa, from p-polarized light on
both n; = ny and ny > n; dielectric configurations both with and without out-of-plane
conductivity.

The final material configuration is the case where n; > ns, or specifically n; = 2 and
no = 1. In this configuration, the differences between the cases with and without out-of-
plane conductivity are far more pronounced. In the Z direction the most significant effect
is the increase in maximum amplitude by a factor of approximately 6. This new peak
coincides with peaks in both the real and imaginary part of the out-of-plane conductivity.
The reason the 11 eV R(o,) peak produces such a large force compared to the 14 eV
peak is perhaps due to the fact that at 11 eV, (o,) has a negative peak, while at 14
eV (o) is positive. It would appear, then, that force in the Z direction is maximized
in the evanescent regime by either negative peaks in the out-of-plane conductivity, or the
combination J(o,)R(0,) < 0. For the force in the ¢ direction the most notable change,
besides a similar increase in amplitude of approximately a factor of three, is the shifting
of the peak force to the critical angle. This is exactly what was shown to happen for the
absorbance in figure 4.4. This effect can be understood by considering the force equation
cast in terms of reflectance and absorbance. This equation was given originally in equation
3.94, and it states that for p-polarized light, the force on a 2D material in vacuum is given
by,

] la,|? A, sin @
F =2 cosf 0 : (4.15)
2 lay*(A, + 2R,) cos 0

This equation indicates that the force in the ¢ direction is defined entirely by the ab-
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Figure 4.6: Forces in the Z and ¢ directions, measured in pPa, from p-polarized light and
dielectric surroundings defined by n; = 2 and ny = 1, both with and without out-of-plane
conductivity.

sorbance, hence the similar shifting of the peak to the critical angle. The same justifica-
tion can then also be applied to the forces. It is possible that this shifting of the peak
is a result of the p-polarized transmitted field propagating along the interface polarized
perfectly out-of-plane. This out-of-plane polarization would maximize interaction with the
out-of-plane conductivity.

4.1.3 Comparison to [1]

In [1], Fresnel coefficients were presented for 2D materials with in-plane anisotropy. In
particular, strained graphene was being considered. However, also presented in the work
were results for unstrained graphene at the universal conductivity of o, = 09 = ma/2,
or in Gaussian CGS coordinates, o, = ca/4 = vp/4, where vp is the Borh speed. To
help validate the models used in this work, and the results thereof, we present in figure
4.7 a comparison between the absorbance for graphene presented in [I], and the results
from our model at the universal conductivity. This result does not include out-of-plane
conductivity. The models in this work predict the same absorbance for graphene across
the entire angular range.
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Figure 4.7: Comparison between the absorbance of graphene for p-polarized light, o, = 0,
0, = ma/ 2y, and surrounding dielectrics defined by ny = 1.5 and ny = 1. Datapoints from
[1]. Datapoints represent model predictions, not measurements.

As a further point of comparison for identifying the influence of out-of-plane conductiv-
ity, we can extend the results from [1]. We do so by evaluating our model with both in-plane
(04) and out-of-plane (¢,) conductivities, defined in figure 4.1, at a frequency hw = 0.5 eV.
This frequency is chosen because at this point the ab initio response function of figure 4.1
predicts that R(o,) ~ ma/zp. The following analysis is then distinguished from [1] by the
inclusion of o, /0y =~ 0 — 0.094: and I(0,)/09 ~ —0.331¢, making o,/ ~ 1 — 0.3314.

Figures 4.8, 4.9, and 4.10 show the difference between the optical response of undoped
graphene at a frequency defined by hw = 0.5 eV with out-of-plane conductivity, along with
the deviation from the case without out-of-plane conductivity. The case with vacuum
surroundings, shown in figure 4.8, is the most affected by the inclusion of out-of-plane
conductivity. While the only significant deviation is near grazing incidence at 6; = 7/2, it is
multiple orders of magnitude larger than what is present in any other material configuration
besides immersion (n; = ny = n), which is qualitatively identical to vacuum surroundings.
In fact, across the entire angular range, and over the frequency range defined by hw = 0—1
eV, the mean value of the absolute deviation between the reflectance with and without out-
of-plane response, when n; = ny = 1, is (|AR|) = 0.0016, although if one omits the large
deviation around #; = /2 by instead considering the angular range 6; = 0 — 807 /180, then
for the ny = ny = 1 case, (|AR|) = 3.3 x 107%. Among the other material configurations,
deviations remain similarly small. When n; = 1.5, ny = 1, (JAR|) = 2.7 x 107°, and
for ny = 1, ny = 1.5, (|AR|) = 2.3 x 107%. The final notable feature is the somewhat
larger deviation of the n; > ns case shown in figure 4.10. This can be traced back to large
deviations in the reflectance past the critical angle. This is indicative of the out-of-plane
response being more influential in the evanescent regime.

On the whole, while there are regions where the inclusion of out-of-plane response can
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Figure 4.8: LEFT: Absorbance, reflectance, and transmittance of undoped graphene at
a frequency defined by hw = 0.5 eV. RIGHT: Difference between the absorbance, re-
flectance, and transmittance with and without out-of-plane response (AX = X(o,) —
X(o, =0)). Each evaluated at ny =1, ny = 1.

incite strong changes to the reflectance and transmittance, it is clear that in the frequency
range defined by hiw = 0—1 eV, the commonly held assumption of out-of-plane conductivity
being inconsequential is mostly true at the level of reflectance and transmittance. This is
as long as one remains away from the large deviations around 6; = 7/2.

4.1.4 Comparison to [2]

The same paper that provided the ab initio conductivity data shown in figure 4.1 also
presented some absorbance calculations using their conductivity response function. We
present here a brief comparison between the absorbance predicted by the model developed
in this work, and those of [2]. The absorbance from [2] includes the effect of out-of-plane
conductivity, so this comparison serves to confirm the form of our Fresnel amplitudes with
out-of-plane conductivity. Figure 4.11 shows the comparison between the model developed
in this work and that of [2] for vacuum surroundings and an incident angle 0; = 7 /4.
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Figure 4.9: LEFT: Absorbance, reflectance, and transmittance of undoped graphene at
a frequency defined by hw = 0.5 eV. RIGHT: Difference between the absorbance, re-
flectance, and transmittance with and without out-of-plane response (AX = X(o,) —
X(o, =0)). Each evaluated at ny = 1, ny = 1.5.
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Figure 4.10: LEFT: Absorbance, reflectance, and transmittance of undoped graphene
at a frequency defined by hw = 0.5 eV. RIGHT: Difference between the absorbance,
reflectance, and transmittance with and without out-of-plane response (AX = X(o,) —
X(o, =0)). Each evaluated at n; = 1.5, ny = 1.
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Figure 4.11: Continuous curve represents absorbance calculations from this work. Data
points show the results from [2]. Both results for vacuum surroundings and 6; = 7 /4.
Datapoints represent model predictions, not measurements.

4.1.5 Comparison to [3]

Research into the out-of-plane response of 2D materials is in its infancy, so there are few
published works seeking measurements of out-of-plane conductivity. The only such case
for single-layer graphene that the author is aware of is [3]. In this paper, an ellipsometer
is used at a wavelength of 633 nm, or around hw = 1.95 eV, to measure both the in-plane
and out-of-plane conductivities. To ensure the out-of-plane response is well distinguishable
from other influences, like the substrate, the graphene sample is fully emersed in a poly-
dimethylsiloxane (PDMS) prism. The reasoning for this is that when fully immersed in a
medium, the only reflection from the interface comes from the 2D material itself; if the 2D
material was gone, there would be no interface. They further focus their measurements
around the Brewster angle, which given the identical surrounding materials, is a direct
product of the out-of-plane conductivity; this was shown using our model in figure 4.2.

Ellipsometry is a measurement technique that operates on the principle that most media
influence s and p polarization differently. This can be seen in the different forms of the
Fresnel amplitudes in the s and p directions derived in section 2.3. The method begins
with polarizing some incident light source to a known state, say 45° for equal contributions.
The source is then reflected off of the sample and fed through another polarizer. The
second polarizer will vary the intensity of the reflected light before measurement, encoding
information about the polarization state of the reflected wave. There are a number of
ways to extract the polarization information from the measured intensity, though one of
the simplest is likely just rotating the second polarizer and taking multiple measurements

[64].
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The primary equation of ellipsometry is,

tan ¥ e’ = @, (4.16)
T's

where tan U is the amplitude, A is the phase angle, and r, /7, is the ratio of the reflected s
and p Fresnel amplitudes. The parameters ¥ and A are extracted from the measurements,
which can then be used to extract material parameters from the model-based Fresnel
amplitudes.

In [3], a very similar model to the one developed in this work was used to calculate
the Fresnel amplitudes. While it appears that in [3] the arithmetic mean of the polarizing
electric field is not used directly, the Fresnel reflection coefficient that they quote for the
case of graphene immersed in a homogeneous dielectric is equivalent to equation 4.3, when
ny = ng = n, which we have developed using the arithmetic mean. The model they quote
as having derived for the case of immersion is,

_ (ikox) + 200y) cos O n(ikoXx 1 + 200 ) sin® 0
N (ikox| + zo0y) cos@ +2n  2cos 8 + n(ikox L + 20 ) sin® 6’

(4.17)

where x| and o) are real-valued parameters representing the in-plane response, and x,; and
o, are real-valued parameters representing the out-of-plane response. They adopt a model
for the sheet response that considers current and polarization separately, while we consider
them to be interchangeable based on the general relationship between conductivity and
susceptibility, o = —iwegyx. Our model, defined for graphene in equation 4.3, generates a
reflected field amplitude for immersion in a homogeneous dielectric (n; = ny = n) of the
form,

g4 cos 0 né, sin® 0

rp =

- — . 4.18

ggcos0+2n  2cosf + no,sin? 0 (4.18)
The two models are identical when we express our normalized conductivities as 7, =
200 +ikox| and 6, = 2001 +ikox 1, where kg = —w/c because they used the sign convention
e for time dependence instead of e=®*. In other words, the real and imaginary parts of
our conductivities 0,4/, are proportional to their parameters o), and x|,., respectively.

The equivalence between these two models for the case of full immersion is signifi-
cant because, using their model, they were able to calculate very accurate conductivities
for single-layer graphene, when compared to ab initio data. In particular, they reported
& (6,) = 0.006 for the imaginary part of the normalized out-of-plane conductivity, which
is almost exactly the value predicted by the ab initio data in figure 4.1. However, their
methodology was insufficient for calculating the contribution from the real part of the
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out-of-plane conductivity, as they stated it could not be distinguished from zero with their
experimental error. The value they do quote for this parameter is larger than that predicted
by ab initio calculations, but still small as expected.

Figure 4.12 shows a comparison between the reflectance model developed in this work,
and that of [3], both using the conductivity parameters derived in the paper. The agreement
between our model and theirs is nearly exact. The subtle differences that are present can
be attributed to the process of digitizing the data from plots in [3].

Paper’s |ry|?

Our |ry|?

At Paper’s |r,|?
Our |rp|?

0 10 20 30 40 50 60 70 80 90

0; (deg)
Figure 4.12: Comparison of s and p-polarized reflectances digitized from measurements
presented in [3], and model predictions from equations 4.3 and 4.4. Data presented for

immersion in a homogeneous dielectric defined by n = 1.4233. The model curves overlap
with the measurement curves.

In this paper, they also quote a model derived for graphene on a substrate. Interestingly,
while it is not mentioned in the paper, this model is equivalent to the model developed in
[0], where the 2D material is ever so slightly immersed in one of the two materials at an
interface. This would base the model from [3] on an out-of-plane boundary condition with
screening by only the substrate (ey/e2), but also the total electric field modelled as the
weighted average of the electric fields on both sides or the arithmetic mean of the electric

displacement fields,
sin 0o,

(Ea(r),w) — Ei(r),w)) - ¢ = Dy, (4.19)

€9
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where D% is defined as in equation 2.10. This is somewhat strange, given that in [3] they
list the Fresnel coefficients that they derive as valid in the case of dielectric substrates
when they appear to be derived by considering immersion into one of the two materials at
an interface.

Using equation 4.19 to calculate Fresnel amplitudes using the technique elaborated
in section 2.3 does not, however, directly result in the amplitudes given in [3]. Instead,
their model (r,) is related to our version of their model (r,) by 1, = —7r (0. = 0,0, =
0) + 7, (0. = 0) +1,(0, = 0). This distinction likely comes about because the principle of
superposition was used in their paper to separate the in-plane and out-of-plane responses
and treat them independently. A comparison between our harmonic mean model, defined
in equations 2.47, 4.3 and 4.4, the semi-immersed model based on equation 4.19 which is
identical to the equation proposed in [5] (Felderhof), and the actual model based on the
principle of superposition that was used in [3] (Merano) is shown in figure 4.13.
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Figure 4.13: Comparison between ellipsometric measurements of undoped graphene on a

substrate with index n = 1.4233 from [3], and the predictions by the models of various
authors. All three models predict the same result in (a). The Felderhof and Merano models
predict the same result in (b). Felderhof: [5]. Merano: [3]. The harmonic mean model is

defined by equations 4.3 and 4.4 through equation 4.16.

All three models produce almost exactly the same ellipsometric amplitude ¥, though
there are significant differences in the phase A. Both our replication of the model in [3]
based on the immersed boundary condition (equation 4.19), and their model based on the
principle of superposition produce superior agreement for the phase when compared to the
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harmonic mean model defined in equations 2.47, 4.3 and 4.4. This could indicate that
the method of sample preparation resulted in the graphene sheet being slightly immersed
into the substrate. Chemical vapour deposition was used to grow a graphene monolayer
on a Cu foil, which was then transferred to a PDMS substrate. If this is not the case,
then one would assume the graphene sheet, situated on top of the substrate, would not
behave as if it were immersed. However, because it does seem to do so, this could mean
that the interaction with the substrate is simply so much stronger than with air that
even when not submerged it behaves as such. This seems unlikely as graphene exhibits
only weak Van der Waals interactions out-of-plane. Of course, a final possibility is that
this is proof of a flaw in the harmonic mean model. However, the model is based on the
notion that surrounding dielectrics screen the out-of-plane polarization density, which air
is incapable of doing. So this could serve as an indication that the harmonic mean model
is only applicable when the 2D material is situated between particular dielectrics capable
of providing screening. A replication of these ellipsometric tests with graphene sandwiched
between distinct dielectrics could shine some light on this issue.

While this paper raises many questions in regard to the appropriate accounting of
the influence of surrounding dielectrics, it remains strong evidence that the out-of-plane
response, while weak at low frequencies, is experimentally accessible. There is a clear
Brewster angle in the reflectance measurements, something that would not exist without
the out-of-plane conductivity; and given the fitted out-of-plane conductivity values match
ab initio calculations, the Brewster angle is not likely a result of inappropriate sample
preparation.

4.2 Doped graphene

In this section, we will apply the models developed throughout this work to investigate
some of the properties and behaviours of plasmons in graphene, which typically occur in the
frequency range from the terahertz (THz) to the mid-infrared (MIR). In particular, we will
identify the influence from out-of-plane conductivity and non-magnetic, isotropic, lossless
dielectric material surroundings on both the dispersion relation, calculated in section 2.4,
and surface forces, calculated in section 3.5.

To access the plasmonic regime we will implement a kind of shortcut. There are of
course many ways to excite plasmons on surfaces, though the most easily describable by the
classical models developed in this work are the configurations of Otto (a) and Kretschmann
(b) shown in figure 4.14.
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Figure 4.14: Schematic diagram of Otto (a) and Kretschmann (b) surface plasmon polari-
ton excitation configurations. Blue represents some transparent dielectric, while orange
represents a metal film.

Both configurations involve an incident beam past the critical angle which induces an
evanescent field on the transmitted side. This evanescent field couples to the metal film,
which in our case would be a 2D material, and excites surface modes with evanescent decay
into both surrounding regions, otherwise known as surface plasmons.

These two geometries collapse to the same thing when considering 2D materials, but
implementing it would involve extending the problem to multiple interfaces. However, this
can be avoided by directly modifying the incident field. Fach of these configurations uses
an additional interface to turn the incident field into an evanescent field. This can instead
be achieved directly by defining sin 6; = £, and allowing £ to be larger than one. Consider
a standard incident plane wave,

E
E; = Ej— ei(k{x-&—k’\/l—gzz—wt)’ (420)
E,

where k£ is the wave number in the incident medium. When £ grows larger than one, the
square root becomes imaginary,

E =|E, e~k 52—1z€i(k§a:—wt), (421)

making the incident field evanescent, and replicating the effect of either evanescent coupling
configuration in figure 4.14, without the need for multiple interfaces. This simplification
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also has the added benefit of allowing direct control of the strength of the evanescent field
coupling. The decay factor in the incident field is centred at the interface in which we are
exciting plasmons, so the strength of coupling is controlled directly by the incident field
amplitude, with no influence from decay during propagation between media.

By defining sin 6; = £ > 1, we are directly controlling the relative wavenumber between
the induced plasmon in graphene and the vacuum,
q qc

=== 4.22

(=11 (122

where ¢ is the in-plane wavenumber, and k£ is the total wavenumber. This means that when

we vary &, we are actually varying the ratio of ¢ and w. Throughout this section, we will

directly vary frequencies and wavenumbers, instead of working through the ratio &.

Plasmons can only form when there are sufficient free or quasi-free charge carriers to
support collective motion. Undoped graphene cannot support plasmons as there are no
electrons in its conduction band or holes in its valence band at zero temperature. This
limits our investigation of plasmonic dispersion to doped graphene, and further to the low
frequency range of the terahertz regime.

As was discussed in section 1.6, in this low-frequency regime, the in-plane conductivity
is well described by a Drude model,
i W
Gy = ————, (4.23)
Tw+1Ty

where W = 4mawr, wp = Ep/h, 77 is the electron lifetime, and Ef is the Fermi energy.
Unfortunately, there are as yet no published out-of-plane ab initio conductivity functions
for doped graphene. The out-of-plane conductivity in undoped graphene is driven by high-
frequency interband transitions, which are associated with localized electrons. With zero
thickness in the out-of-plane direction, it is reasonable to assume that even with doping, the
out-of-plane conductivity has to remain a result of localized electrons. As such, a reasonable
first guess is to assume doping, and the resulting de-localized free and quasi-free electrons
have little effect on the out-of-plane conductivity. Based on this, for investigations into
plasmonic forces on graphene, we will use the Drude model for the in-plane conductivity,
with Er = 0.316 eV and 74 = 500 fs, and the ab initio data shown in figure 4.1 for the
out-of-plane conductivity. We are only interested in the low-frequency regime, so the ab
initio data can be approximated as having a zero real part and an imaginary part linear
in frequency,

o, = imw, (4.24)
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where m = —0.142hog with o¢ = ma/2p, or in Gaussian CGS units, using zy = 47 /¢, m =
—0.0512nm. The numerical value —0.142 is the slope of the imaginary part of o, in figure
4.1, in the range w = 0 — 3 eV, and so has units of eV ™', For material surroundings, the
vacuum out-of-plane conductivity is replaced by an effective value resulting from interaction
with the surrounding materials. As was established in section 2.2, we adopt screening on
the out-of-plane conductivity by the harmonic mean, which is defined in equation 2.47.

4.2.1 Plasmon dispersion

In section 2.4, analytical relationships were derived for the dispersion relations of general
2D materials in vacuum and with material surroundings. Here we evaluate the dispersion
relations for the particular case of graphene, with a focus on identifying the behaviour of
the mode coupling between the o, and o, modes in the presence of distinct dielectrics.
As such, only p-polarized plasmons will be considered, as s-polarization shows no coupling
with out-of-plane. This means that the o, mode will not be included in the dispersion
relation.

In this work, we will focus on solutions to the dispersion relation in the limit of no losses
in the conductivity functions. This is equivalent to considering an infinite electron lifetime
7; — o0o. In general, solutions to the full dispersion relation with losses require that ¢ be
complex. Instead, working in the lossless limit, solutions can be found in terms of real
wavenumbers. Having a finite electron lifetime primarily contributes to a broadening of
the dispersion relation solution curves, so considering the lossless limit is still an effective
way to find the central trajectory.

We can first verify that the model recreates the standard square root dispersion relation
for graphene suspended in vacuum, defined in equation 2.99. This will be done by solving
the full dispersion relation numerically in the lossless limit (7y — oo). The full dispersion
was derived in section 2.4, and is given by,

(6K, + 2ko)(¢%5. + 2kok,) = 0, (4.25)
for p-polarization. A comparison between the numerical solutions to equation 4.25, and
the analytical square root dispersion defined in equation 2.99 is shown in figure 4.15.

There is qualitatively perfect agreement between the analytical square root dispersion
relation, which was derived in the non-retarded limit, and the numerical results. This is a
standard result [13], though it serves to confirm the validity of our formulation.

For material surroundings, the picture is more complicated. As was identified in section
2.4, the hybridization between in-plane and out-of-plane modes comes about as a result
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Figure 4.15: Comparison between the analytical square root dispersion for the in-plane
plasmon mode in graphene (2.99), derived in the non-retarded limit, and the numerical
solutions to the lossless dispersion relation defined in equation 4.25.

of the difference between surrounding materials. In that same vein, the standard in-plane
dispersion relation for material surroundings, given by

kzlkzga'q + k‘o(ngkzl + n%]{?zg) = O, (426)
deviates from the coupled dispersion relation,

P5,55 N2k + k) 4 dko(N3N3G26° + ko kaoby) 4+ 4k2(n2ka +nlka) =0, (4.27)

z

more strongly as the difference between surrounding materials is increased. While direct
solutions to the coupled dispersion relation are infeasible for the full retarded equation, in
the non-retarded limit (¢ > w/c) they become far more tractable. In this limit, the lossless
dispersion relation can be solved to find,

L \/QUBqu\/mqniM + 2¢p (4.28)

2 2 )
N maqni, + 2¢€o

where vp is the Bohr velocity, m is the slope defined in equation 4.24, wg is the Fermi
frequency, n%,, is the arithmetic mean of the squared indices, defined by,

2 2
nZy = A2 JQF 2 (4.29)

and n?%,, is the harmonic mean of the squared indices, defined by,

2n2n2
2 15
= . 4.30
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Figure 4.16 shows the numerical solutions to the hybridized dispersion relation for
ny = 1 and ny = 1 — 4, as well as a comparison to equation 4.28. Qualitatively there

o Numerical

Eq.4.28

0 0.2 04 06 08 1
q (nm™1)
Figure 4.16: Comparison between the numerical solutions to the lossless hybridized dis-
persion relation defined in equation 4.27, and the analytical solution derived in the non-
retarded limit defined in equation 4.28.

is no difference if n; and nsy are swapped, so only the case of varying ns is shown. The
coupling between the in-plane and out-of-plane surface modes is expressed in how the in-
plane branch of the dispersion relation curls down to the z-axis. This termination at the
x-axis represents a significant change over the case with only in-plane conductivity, which
in theory extends to infinity in . With out-of-plane conductivity, there appears to be a
finite range of allowable plasmon wavenumbers in the low-frequency regime. In a sense,
this means the out-of-plane conductivity serves as a kind of passband filter, preventing
plasmon resonance outside the allowed set of frequencies and wavenumbers. In the context
of metafilms with designer material properties, this could open an avenue for further tuning
of plasmon resonance to specific allowed frequency ranges if one could control the out-of-
plane conductivity.

A full investigation of the hybridized dispersion relation with a more accurate account-
ing of in-plane conductivity in the random phase approximation (RPA) is planned for the
future [65][41]. However, there are a number of notable characteristics of the full complex
dispersion relation with only the simple Drude model for in-plane conductivity. The com-

plex lossy dispersion relation is not the focus here, but a brief discussion can be found in
Appendix C.2.
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4.2.2 Forces

All force calculations will again be based on the stress tensor method whereby the difference
between the electromagnetic stress tensor on each side of the 2D material is evaluated as

F:%@R(?.z

j) . (4.31)

For vacuum surroundings, the standard Maxwell stress tensor will be used, which is defined
in equation 3.84. For material surroundings, the vacuum gap stress tensor will be used,
which is defined in equation 3.100.

The enhancement of electric fields from plasmons greatly strengthens what are other-
wise very weak forces. Enhanced plasmonic optical forces in graphene have already been
widely investigated. They have been proposed for use in plasmonic tweezers for particle

sorting, capture, and measurement [(6][07], they have been investigated as platforms for
straintronics and flexible optoelectronics [6][08], as well as for use in force sensors and
actuators [69].

The focus in this section will again be on how the out-of-plane conductivity influences
the well-established in-plane plasmon mode. In section 2.4 we showed that in vacuum, the
surface plasmon modes are fully decoupled, so we can expect little to no influence on the
in-plane surface mode forces from the inclusion of out-of-plane conductivity. However, we
also identified that the in-plane and out-of-plane modes become coupled when there are
surrounding dielectrics with distinct properties. We can therefore expect some changes
to the forces from the in-plane plasmon mode from the out-of-plane conductivity in the
presence of dielectrics.

The equations for force derived in section 3.5 are functions of frequency and wave
number (F(q,w)). As such, we will investigate forces in two ways, each shown schemat-
ically in figure 4.17, (a) scanning across the plasmon frequency, and (b) scanning along
the plasmon frequency. Scanning across the plasmon frequency was the technique used
in [0] to identify forces around plasmons. This technique involves fixing the frequency
of the incident radiation and varying the wavenumber (q) across a region one knows to
contain the plasmon resonance. Experimentally, varying ¢ can be done by varying the
incident angle in a configuration like those shown in figure 4.14, so it is a technique easily
comparable to experimental observations. Scanning along the plasmon frequency is less
commonly done, however, it offers a unique way to investigate simultaneously the forces
from plasmons across broad regions of the dispersion relation. Using this technique, all
forces can be attributed directly to those generated by surface plasmons, so it is a useful
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tool in identifying regions along the dispersion relation that may exhibit unique behaviour
and warrant further study.

q > q >

Figure 4.17: Frequency and wavenumber scans around the plasmon dispersion relation.

To begin with, we will confirm the validity of our model by recreating the results from
[6]. It should be noted that while this paper does indicate that they divide the real part of
the stress tensor difference by two, as we showed is necessary in section 3, our results end up
being exactly a factor of 0.5 smaller than their results. In this paper graphene was modelled
by a Drude conductivity with 7 = 500 fs, and a doping density n = 7.36 x 10' m~2, which
is equivalent to a Fermi energy of £ = 0.3165 eV. They also considered p-polarized incident
light with an amplitude given by |a,| = 61378 V/m. Figure 4.18 (a) shows the force in
the Z direction resulting from the model developed in this work for the parameters from
[0], and correcting for the factor of 0.5. As far as can be determined from comparison to
their figures, the agreement is exact. Figure 4.18 (b) and (c) show the forces using the
same parameters, although (b) includes a substrate with no = 2, and (c) includes the same
substrate and out-of-plane conductivity.

The inclusion of a substrate causes significant changes; appearing to both focus the
force into the direction of the substrate, as well as significantly increase the amplitude. On
the other hand, the difference between the case with and without out-of-plane conductiv-
ity is imperceptible. It is clear that at these low frequencies, the influence of out-of-plane
conductivity must be small. Along with these changes can be observed a shift in the
wavenumber associated with each plasmon resonance. This happens because the inclusion
of out-of-plane conductivity and a substrate changes the dispersion relation, and the dis-
persion relation defines where the resonances occur. This is shown in figure 4.19. The
three horizontal lines indicate the iso-frequency scans at hw = 0.124, 0.083, and 0.062 eV
(A =10, 15, and 20 pum) that constitute the input to the force equations.
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Figure 4.18: (a) Recreation of the iso-frequency force scans considered in [(], as well

as an extension to the case with dielectric surroundings (b) and out-of-plane con-
ductivity (c). The three considered wavelengths correspond to frequencies of hw =
0.124, 0.083, and 0.062 eV. All forces are in the Z direction.

While there is a difference between the dispersion relation with and without out-of-
plane conductivity, at the low energies considered in [0], they are negligible. The most
stark change is of course the elimination of the zero crossing at resonance. The existence
of the zero crossing is explained in [(] as being the result of a rapid phase change around
resonance. This phase change results in a resonant line shape that resembles the real part
of a Lorentzian, while the line shape for material surroundings resembles the imaginary
part. The Lorentzian character of these forces can be extracted directly from the force
equation in the non-retarded limit (¢ > w/c). In the strict non-retarded limit, given by
¢ — 00, the force diverges. To counteract the divergence, we will consider instead the limit

that ¢ grows large but remains finite. In this limit, the force in the Z direction is directly
proportional to 2,

o & g’ (2n%pgm + deoni) (Mim + dupegwr (njw’® — 2vpwEq))

2 wi (n%,,qm + 2e0n%5,)° 72 + (Agm + 2wey (n%,,w? — 20pwWrq))

S (432)

where v = 1/7; is the damping rate, n%,, is defined in equation 4.29, n,, is defined in
equation 4.30, and A; and A, are defined as

Ay = —w?ny (2upwpg — n3(wW? +97)), (4.33)
Ap = qwn®y, (W — 2vpwpni;yg) - (4.34)

The same weak non-retarded limit can be applied to the force in the ¢ direction,

c? covBwrq® (2mn?,,q + 4egn?) v

207 w3 (g + 2e0n%,)” 4 + w (Agm + 260 (w2 — 20pwpq)

5 (4.35)
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Figure 4.19: Dispersion relations for doped graphene at the material configurations used
in figure 4.18. Iso-frequency scans corresponding to the three wavelengths considered in
[0] are represented as horizontal lines at fw = 0.124, 0.083, and 0.062 eV.

where Az is defined as
As = qnyyy (W? = 2vpwpni,g) - (4.36)

Based on the iso-frequency force scans shown in figure 4.18, we know that equation 4.32
exhibits a Lorentzian line shape. This Lorentzian character is made more obvious when
one considers the case with o, = 0,

2,2
2qupwr — nsw

(W”,%xMV)z + (2qupwrp — n?,,w?)

F. = — (2c%eonivpwrg’) 5 (4.37)
In this form, it is clear that the loss of zero crossing with the introduction of material
surroundings, shown in figure 4.18, comes to pass because n%,, in the denominator no
longer coincides with n3 in the numerator. This coincidence is restored when n; = ny = n,
thus returning the zero crossing at resonance shown in figure 4.18 (a). The Lorentzian
defined in equation 4.37 can be used to derive the locations of the positive and negative
peaks shown in figure 4.18 (a) for the case where ny = ny = n. Doing so results in an
equation for the positive and negative peaks given by,
2
n“w(w £
_nwwEy) (4.38)

QWFUB

Next, we will consider the same iso-frequency scan technique, but this time in a pa-
rameter regime that experiences a larger influence from the out-of-plane conductivity. For
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all subsequent force calculations, we will present the results exactly as our model predicts
and for unit incident amplitude. This means restoring the factor of 1/2 that was omitted
to match results with those from [0], and using |a,| = 1. However, we will continue to use
the parameters for conductivity defined in that work. To highlight the effects of the out-of-
plane conductivity, iso-frequency scans will be considered at hw = 0.1, 0.15, 0.2, and 0.25
eV, with surrounding dielectrics defined by n; = 1 and ny = 3. The dispersion relation for
this scenario is shown in figure 4.20.

—o0.,=0,n=1,ny=3
0, #0,m=1,n,=3 /
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<L
3
< 04
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Figure 4.20: Dispersion relations of doped graphene for the material configurations used

in the force scans of figure 4.21. The horizontal lines represent the iso-frequency scans at
hw = 0.1, 0.15, 0.2, and 0.25 eV.

The out-of-plane conductivity serves to curl the dispersion relation down to the x-
axis. This curling effect results in significant deviations above 0.15 eV. Most significant is
that out-of-plane conductivity makes the dispersion relation non-monotonic, which in turn
introduces multiple valid solutions for each frequency. The force scans in the Z direction
for this dispersion relation are shown in figure 4.21 for both a substrate with n, = 3 and
a superstrate with ny = 3, each is shown with and without out-of-plane conductivity.

The resonance peaks exhibit shifts in wavenumber according to the shift in the crossing
point of the dispersion relation. The additional resonant peaks at higher wavenumbers are
a result of the additional dispersion crossings coming from the non-monotonic dispersion
relation. More interesting is what appears to be significant differences between the cases
where ny > ng and ny > ny. There is a clear reduction in amplitude near the maximum
of the dispersion relation in the substrate case that is not reflected in the superstrate
case. While this reduction in amplitude does appear to coincide with the maximum of the
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Figure 4.21: Comparison between the iso-frequency force scans both with (right) and
without (left) out-of-plane conductivity, for both substrate (top) and superstrate (bottom)
dielectric configurations. All forces are in the Z direction.

dispersion relation, more clarity can be achieved by scanning along the dispersion relation
rather than across.

To scan along the dispersion relation, the frequency is defined as a function of wave
number through the dispersion relation, w = wy,(g). This results in a force function that
looks like F(q,w,(q)), where wy(q) indicates it is the plasmon frequency defined through
the dispersion relation. In terms of implementation, the dispersion relation will be solved
numerically, and the result fed directly into the force equations. The numerical solutions to
the dispersion relation will be calculated in the lossless limit (7; — co). This limit simplifies
what would otherwise be complex solutions to purely real frequencies and wavenumbers.
However, the force equations themselves are evaluated with losses, it is only the dispersion
relation that is evaluated as lossless. To begin, we will consider the decoupled vacuum case.
In this case, we know the force exhibits a zero crossing at the resonance defined by the
dispersion relation, as shown in figure 4.18 (a). If the splitting is symmetric, then one could
assume scanning along the dispersion relation would simply yield zero force for the entire
span. Instead, we will use the equation for the shift of the peak from the resonance point
(4.38), to select out and scan along the positive peak rather than the central zero point.
This involves simply subtracting a factor of wy/(2wrvg) from all of the ¢ values inputted
into the force equation. This shift was derived for the case with o, = 0, however, it can be
expected to remain accurate in the vacuum case given that the o, and o, modes are fully
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decoupled. This modifies the equation into something that looks like F (¢ — A(q), w,(q)).
Figure 4.22 shows the logarithms of the absolute value of the forces in the Z, (a), and
g, (b), directions, along with the unmodified forces to indicate direction (c). Figure 4.22
also shows the dispersion relation used to define the frequency in terms of wavenumber
(d), along with the logarithm of the amplitude, (e), and phase, (f), spectrum of both the
reflected and transmitted Fresnel components. The Fresnel amplitudes are of course also
defined as functions of only the wavenumber, in the same way as the force, although the
explicit dependencies are omitted in the plot to save space.
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Figure 4.22: Dispersion scan plots of the (a) log of the absolute Z force density, and (b)
g force density, (c) force density with directions, (d) dispersion relation, (e) log of the
absolute amplitude spectrum, and (f) phase spectrum. All are calculated with vacuum
surroundings. Force is measured in Pascals, field amplitudes are measured in V/m.

Again, we are using the dispersion curve associated with the in-plane plasmonic mode
to calculate these forces. This is why, as predicted based on the decoupled nature of the
modes for vacuum surroundings, both the ¢ and Z components of the force are completely
unchanged when the out-of-plane conductivity is set to zero.
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Next, material surroundings will be considered. As predicted by the iso-frequency
scan technique, there appears to be a significant deviation as a result of out-of-plane
conductivity. Figure 4.23 shows the force, dispersion, and spectrum curves for the case
where n; = 2 and ny, = 1 in a manner analogous to that used to create figure 4.22.
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Figure 4.23: Dispersion scan plots of the (a) log of the absolute Z force density, and (b)
g force density, (c) force density with directions, (d) dispersion relation, (e) log of the
absolute amplitude spectrum, and (f) phase spectrum. All are calculated with n; = 2, and
ny = 1. Force is measured in Pascals, field amplitudes are measured in V/m.

With these distinct surrounding materials, the dispersion relation becomes finite in
length. At the termination point there appears to be an additional resonance, indicating
that plasmonic field amplification is enhanced in this low frequency, high wavenumber
regime. While there is also a significant anti-resonance to the transmitted amplitude
spectrum, it does not translate to differences in the force. This can be understood by
recognizing that the force is a function of both the reflected and transmitted amplitudes.
Even though the transmitted amplitude experiences what appears to be an anti-resonant
response, with accompanying 7 shift in phase, because the reflected amplitude is multiple
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orders of magnitude larger, any influence on the net force is overshadowed.

Next, we will look at the case when ny > ny. Figure 4.24 shows the case where ny = 2
and n; = 1. Compared to the prior case, the magnitudes of the index of refraction for each
material have been swapped, and the response changes dramatically.
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Figure 4.24: Dispersion scan plots of the (a) log of the absolute Z force density, and (b)
g force density, (c¢) force density with directions, (d) dispersion relation, (e) log of the
absolute amplitude spectrum, and (f) phase spectrum. All are calculated with n; = 1, and
ny = 2. Force is measured in Pascals, field amplitudes are measured in V/m.

In this case, the transmitted spectrum exhibits a similar anti-resonance and phase shift
structure as in the previous case shown in figure 4.23, however now the transmitted ampli-
tude is the dominant contribution, and the reflected amplitude also reaches a minimum.
The result is that the force density exhibits a significant decrease in amplitude compared
to the case without out-of-plane response. If this reduction in force remains significant
when a more detailed model of conductivity and loss mechanisms is considered, then it
could have significant consequences for the design of plasmonic nanostructures. Things
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like plasmonic waveguides may benefit from tuning their operation to frequency ranges
where the force is minimized to increase operational lifetimes.

Based on the results of scanning along the dispersion relation, it is apparent that, in
general, the termination point of the finite hybridized dispersion relation corresponds to a
resonance point in the force, and when ny > nq, the maximum of the dispersion corresponds
to an anti-resonance in the force. This explains the changes in amplitude observed in figure
4.21. It is also clear that the dominant Fresnel amplitude is always the one on the side
of the higher index. This indicates that at the interface between two dielectrics, a surface
plasmon exists primarily in the higher index medium.

We can again glean some analytical insights by working in the retarded limit (¢ > w/c).
In this limit, the dispersion relation has a maximum at

2

q= , (4.39)

mn3
which we confirm to accurately predict the location of the anti-resonant force response
when ny > n; and with the harmonic mean screening on the out-of-plane conductivity.
The point where the force has its maximum, along with the point at which the dispersion
relation intersects the x-axis is,
QEOH%M

= ——. (4.40)
mns
Both of the above points appear negative, however, the slope of the out-of-plane conduc-
tivity (m) is also negative, so the result is positive in both equations 4.39 and 4.40.

It is very important to note that while the differences between the cases with and
without out-of-plane conductivity appear significant, it is likely that with a more accurate
description of loss mechanisms and conductivity contributions, they would be significantly
diminished. This is partly because the overwhelming majority of theoretical investigations
of graphene treat it as if o, = 0, and if there were significant plasmonic effects from out-of-
plane conductivity, it would seem likely that someone would have noticed the deviations
from experiment. It is also true that the Drude model used here for the in-plane con-
ductivity is only approximate, and in reality, there would be contributions from interband
and intraband losses, along with optical phonons [11] which could significantly alter the
plasmon dispersion. Regardless, at the level of Drude models, there is undeniably an effect,
so it remains possible that even with more accurate conductivity models there would be
regions in which the effect of out-of-plane conductivity on the in-plane plasmonic response
would be measurable. Based on the force calculations in this section, it would seem that
if these regions exist, they would coincide with either the maximum or the termination
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point of the non-monotonic dispersion relation. Future experimental work in this direction
should therefore focus on the regions around the wavenumbers defined by equations 4.39
and 4.40.

4.2.3 Comparison to [3]

Reference [3] is again the paper in which ellipsometric measurements of the reflectance of
graphene were used to calculate both the in-plane and out-of-plane conductivities. The
reflectance model used in the paper was equivalent to the one developed in this work for
immersion, but not so when the surrounding dielectrics were distinct. The Fresnel reflected
amplitude quoted in [3] is,

nycosf; —nycosl,  nycosl; —ny cosl — nyneo? sin” 0
> = —

ngcost; +njcosty  ngcos; + nycosly + nyngde sin” @
ng cos 0; — ny cos b + 7, cos 0; cos 0,

. (4.41
ngy cos 0; + ny cos 0, + &, cos 0; cos 0, ( )

In the paper, this model was tooled specifically for the case of a dielectric substrate and
used 6¢ = 5,/n% and n; = 1. Again, the general model in equation 4.41 (r,) is related
to our model (r,) by r, = —r (0. = 0,0, = 0) +7,(0. = 0) + (0, = 0). Equation 4.41
reduces to the model developed in this work when the surrounding dielectrics are identical

(ng = ng).

While all the measurements in the paper were taken for undoped graphene, the quoted
model in equation 4.41, and its differences when compared to the model developed in this
work, have important consequences for the behaviour of surface plasmons. The model
from this work, derived in section 2.3, considered in-plane and out-of-plane response si-
multaneously. The model developed in [3] used the principle of superposition to consider
the contributions to the electric and magnetic fields from the in-plane and out-of-plane re-
sponse separately. As shown in figure 4.13, the consequences of this separation of responses
are small outside the evanescent regime. However, the superposition method produces an
equation with an inherently factored denominator, as shown in equation 4.41. This is
significant because the denominator of the Fresnel coefficients is the dispersion relation
of the associated surface plasmons. This was shown explicitly in section 2.4. Therefore,
according to [3], the plasmon modes of doped graphene would be described by a dispersion
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relation of the form ABC' = 0, where,

A = nycosb; + nq cos b, (4.42)
B = nycos 0; + ny cos by + ninaos sin? 6, (4.43)
C' = ng cos 0; + ny cos ; + G, cos b; cos b;. (4.44)

This dispersion relation can be cast equivalently in terms of wavenumbers by applying
nikgcos8; = k.1, nokgcos; = k.o, and kqgsinf = q,

B = n2n3q*6¢ + nakok.1 + nikok.o, (4.46)
C = kak.oo, + nakok. + nikok.s. (4.47)

As a point of comparison, the dispersion relation on the hybridized plasmon modes
derived in this work takes the form,

5,093k + nika) + 4ko(nIn3q*6C + kaak.a6,) + 4kg(n3k + nik.s) = 0. (4.48)

The superposition method of [3] destroys the coupling between the in-plane and out-of-
plane plasmon modes that occurs when n; # ns. The consequences of this are significant.
With no coupling, the out-of-plane mode has no influence on the in-plane plasmon.

Here we will use the same Drude model for the in-plane conductivity, and linear ap-
proximation for the out-of-plane conductivity as established in section 4.2. Based on these
conductivity models, there are no continuous solutions to B in the non-retarded limit
(¢ > w/c). We have further confirmed numerically that the out-of-plane dispersion con-
tribution supports no continuum of states besides those that follow the light line. The
solutions to C, on the other hand, are the standard in-plane surface modes in the ab-
sence of out-of-plane conductivity. In the non-retarded limit this dispersion relation can
be solved analytically to find,

4UBUJF

w= m\/@ (4.49)
where vg is the Bohr speed and wp is the Fermi frequency. This reduces exactly to the
vacuum solution shown in equation 2.99 when ny, = ny, = 1. Figure 4.25 shows a comparison
between the non-retarded solution to the coupled dispersion relation, defined in equation
4.28, and the solution to the decoupled dispersion relation, defined in equation 4.49. The
coupling between the in-plane and out-of-plane modes introduces a significant deviation
from the pure root-like dispersion of the decoupled mode predicted by [3]. Verification
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Figure 4.25: Comparison between non-retarded solutions to the coupled (4.28) and decou-
pled (4.49) dispersion relations for plasmon states in doped graphene.

of our model or theirs will come down to determining experimentally whether or not the
out-of-plane mode truly does couple to the in-plane mode.

As a final note, A, the decoupled purely dielectric contribution, can be solved exactly
in the fully retarded regime to find,

(4.50)

nino w
q= n2—+ n2 E
VvV 1 2

This predicts a light-line solution that corresponds to a medium given by half the harmonic
mean of the surrounding dielectrics. Right away this must be nonphysical as half the
harmonic mean can be less than one when both ny,ny > 1. This would result in a light-
line-like solution above the vacuum light-line.
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Chapter 5

Results for phosphorene

In this section, we will evaluate the models developed throughout this work for phospho-
rene with an in-plane-only conductivity. Only in-plane conductivity is being considered,
and as such, we will not be dedicating a section to an exploration of reflectance, trans-
mittance, and absorption. These properties have been well established for anisotropic
in-plane conductivity[1] [70] [71]. Further, we will only be considering results for doped
phosphorene, with a focus on plasmonic effects.

Phosphorene has an in-plane anisotropic conductivity defined, in the material frame,
by 0,(w) in the armchair (AC) crystal direction, and o,(w) in the zigzag (ZZ) crystal
direction. The presence of anisotropy in phosphorene means that the response will differ
based on the polarization of the incident radiation. This was discussed in more detail
in section 1.6, however, the result is that the conductivity response function, defined in
equation 1.89 with o, = 0, as shown in equation 3.33, will have an angular dependence,
<F>((,u, ¢), where ¢ represents the rotation angle of phosphorene’s AC axis relative to the ¢
direction, i.e., the in-plane direction of the incident light. This rotation introduces a set of
effective conductivity values with angular dependence defined by

0, = 0,(w) cos® ¢ + o, (w) sin® ¢, (5.1)
o, = 0,(w)sin® ¢ + o, (w) cos® B,
0. = (0y(w) — 0,(w)) sin ¢ cos ¢.
With the additional dependence on the rotation angle compared to the isotropic case, polar
coordinates, consisting of (g, ¢), are a natural choice with which to describe the behaviour

of phosphorene. However, we will primarily use a cartesian representation consisting of
(¢, qy), where the coordinates are defined by ¢, = gcos¢ and g, = gsin¢. The cartesian
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representation in a sense re-affixes the frame to the material itself, which can aid in the
interpretation of results.

Without the out-of-plane conductivity contribution, the Fresnel coefficients derived in
section 2.3 reduce to similar results to those derived in [1]. It is important to note that
our derivation of Fresnel coefficients for in-plane anisotropy deviates from those derived in
[1] by a negation of the o, term in the denominator, a negation of the mixing contribution
to t,, and rp,, and an extra cosine on all mixing contributions. The mixing contributions
are the contributions from the incident s polarization to induced p polarization and vice
versa. However, our formulation for anisotropic in-plane conductivity does agree with that

derived in [72]. The Fresnel coefficients based on our derivation take the form,

o 2n1 fo cos 0; . 2n16, cos® 0, . (5.4)

P fifs —62cosbicosl; T fifs —G2cosb;cosby :
(1 2n fo cos 0, w 21,0, cos 0, cos 0; . (5.5)

b fifo—02cosb;cos ) ©  fifs —G2cosb;cosl; '
o 2n4 f1 cos 6; a 2n416, cos 6; cos 0, . (5.6)

* fifs —62cosbicosl; °  fifo—G2cosb;cosby © '
. 2n4 f1 cost; 2n10.cos 8; cos 8, " (5.7)

° fifa—02cosb;cosb;) °  fifs—d2cosb;cos ’

where we have defined, as in [1], the simplifying functions,

fi1 = ny cos by + ny cos 0; + 7, cos 0; cos 0;,

fo =mnqcosb; +nycost, + ..

As shown in equations 5.4-5.7, the in-plane anisotropy of phosphorene serves to mix contri-
butions from the incident polarization. To fully explore the behaviour of phosphorene, we
therefore need to consider the full range of incident polarization states (restricted to linear
polarization). To do so, we define a polarization angle n such that the incident Fresnel
amplitudes a, and a, are related to a common incident amplitude a by a, = acosn, and
as = asinn. In all of the following work, the incident amplitude will be defined as a = 1.

As was established in section 1.6, the conductivity of doped phosphorene is well de-
scribed by a Drude model at low frequencies; in particular, up to around Aw = 1 eV. The
Drude model for phosphorene is, of course, anisotropic with distinct values in each crystal
direction [73],

i i Wk
5y(w) = = — T (5.10)

.o 10
7Tw+z7'f
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where j = x,y. The Fermi frequencies in each direction can be defined in terms of the
doping density and effective electron mass as wp; = 4mawp;, with wr; = 7|n|/m}, where
m;, = 0.133mg and m; = 1.119mg[73]. In this section we will consider a doping density
n = 10 cm™2, which corresponds to wg, = 0.18/h, and wp, = 0.021/h, along with
7 = 500 fs.

To access the plasmonic regime, we will again use the technique by which the incident
beam is made evanescent by defining sin§; > 1. This technique is described in more detail
in section 4.2.

5.1 Plasmon dispersion

Unlike the case with out-of-plane conductivity, the dispersion relation for in-plane anisotropic
conductivity is well established. A detailed derivation of the anisotropic dispersion relation
is given in [13]. Here we will simply state the result that follows from the formalism used
in section 2.4, though it agrees exactly with the result from [13] when one assumes that
the out-of-plane wavenumbers are purely imaginary. The dispersion relation for in-plane
anisotropic conductivity is,

2 2
-9 - nlk’o n2k0 ~ k.1 Ko
= rt+—+-—]. 5.11
g ("”kzl +kz2)(a+k'o+k‘o o4y
The presence of the off-diagonal conductivity component . couples together the two in-

plane modes. Working in the non-retarded limit (¢ > w/c), it is easy to find an analytical
solution given by,

W= \/ZZBQ (wpx cos? ¢ + wpy sin? gb), (5.12)
am

where vp is the Bohr speed, and n?%,, is defined in equation 4.29. Equation 5.12 is a
standard result and is shown in [21] with an additional correction for interband transitions
that are not being considered here. Due to the anisotropy, the dispersion relation depends
on the material rotation angle ¢ along with the dielectric material parameters. Figure
5.1 shows a surface plot of the analytical dispersion relation defined in equation 5.12 in
cartesian coordinates, along with iso-frequency level curves along the g¢,-g, plane.

There is a clear transition between elliptical and hyperbolic iso-frequency curves. This
transition is characteristic of phosphorene and other anisotropic 2D materials [74]. The
inclusion of in-plane anisotropy does not significantly modify the character of the dispersion
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Figure 5.1: 3D dispersion surface for in-plane-only phosphorene surrounded by vacuum.
Iso-frequency level curves are shown in the g¢,-g, plane.

relation at low energies, in comparison to how the out-of-plane conductivity modifies the
dispersion of graphene. Variation of the associated parameters mostly serves to reduce the
frequency while maintaining the root-like shape.

5.2 Forces

The forces will again be calculated using the stress tensor method, although only iso-
frequency scans will be considered. For a more detailed explanation of this technique, see
section 4.2.2. The scans along dispersion will not be considered for phosphorene because,
over the parameter range explored in this work, there were no points of interest along the
dispersion. The dispersion relation for phosphorene is monotonic and without inflection,
so there is little additional information to be gained from scanning along the dispersion
relation as all regions share essentially the same character.

The stress tensor method of calculating forces involves evaluating the difference between
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the electromagnetic stress tensor on each side of the 2D material,
1 22
F:§§R(<?-2 ) (5.13)

sl
For vacuum surroundings, the standard Maxwell stress tensor will be used, which is defined
in equation 3.84. For material surroundings, the vacuum gap stress tensor will be used,
which is defined in equation 3.100.

We will start with iso-frequency scans at Aiw = 0.1 eV. At this frequency, the iso-
frequency curve of the dispersion relation will exhibit an elliptic character, as shown in
figure 5.1. Vacuum surroundings will be considered initially, though the behaviour is
qualitatively similar to the dielectric immersion case. Figure 5.2 shows the forces in the
Z and ¢ directions for a series of iso-frequency scans with vacuum surroundings and p-

polarization.
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Figure 5.2: Iso-frequency z ((a), (c)), and ¢ ((b), (d)) force plot. Polarization is defined by
n = 0 and material rotation defined by ¢ =0 ((a), (b)), and ¢ = 7/2 ((c), (d)). All cases

are calculated with vacuum surroundings.

These scans show a similar Lorentzian character to the scans for graphene, however,
the switching peaks are more clearly asymmetric. There is also a significant difference in
amplitude of almost two orders of magnitude between forces along ¢, (¢ = 0, incident
plane along the AC direction) and those along ¢, (¢ = 7/2, incident plane along the ZZ
direction). With the additional polarization and rotation angular parameters in this case,
more clarity is offered by considering density plots for broad ranges of angles. To cover the
whole parameter space we will consider three polarization angles, 7 = 0 for p-polarization,
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n = m/4 for even mixing, and n = /2 for s-polarization. For each polarization angle, we
will consider the range of material rotation angles ¢ = 0—7/2. Figure 5.3 (a) shows the iso-
frequency scan force density plot for the Z direction at fww = 0.1 eV for p-polarization. As
was shown in 5.2, across the entire range there is a zero crossing around resonance, however
nearby ¢ = ¢, (¢ = 7/2), both the positive and negative amplitudes grow significantly.
Figure 5.3 (b) shows the density plot with mixed polarization given by n = w/4. There
is no qualitative difference between this setting and p-polarization, however there is a
slight reduction in amplitude. This suggests forces are optimized in strength for pure p-
polarization. Figure 5.3 (¢) shows the iso-frequency density plot for s-polarization. In this
case, there is a significant reduction in amplitude, along with a reversal to the direction of
the limiting behaviour at ¢ = ¢,. For s-polarization, there is a positive linear increase in
amplitude with wave number at ¢ = g,.
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Figure 5.3: Iso-frequency 2 force density plot for iw = 0.1 eV and polarization defined

by (a) n = 0, (b) n = w/4, and (¢) n = 7w/2. All cases are calculated with vacuum
surroundings. Force density measured in pPa.
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There are further changes to the forces in the ¢ direction. Figure 5.4 (a) and (b) show
the iso-frequency force density plot in the ¢ direction at Aiw = 0.1 eV for p-polarization,
and mixed polarization with n = 7/4, respectively. In both cases, the response exhibits a
single positive peak around resonance, with the amplitude increasing towards a well-defined
maximum at ¢ = ¢, (¢ = 7/2). This response is the imaginary Lorentzian counterpart to
the real Lorentzian curve of the force in the 2 direction in the same regime. Figure 5.4
(c) shows a continuation of this trend, however with a suppression of the force at ¢ = ¢,
eliminating the well-defined maximum. In summary, for vacuum surroundings, or dielectric
immersion, the Z and ¢ forces exhibit real and imaginary Lorentzian character, respectively.
This is violated somewhat for s-polarization at ¢ = ¢, (¢ = 7/2) where the force in the
z direction merges with a linear increase, and the force in the ¢ direction is significantly
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suppressed, eliminating the peak in both cases.
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Figure 5.4: Iso-frequency ¢ force density plot for iw = 0.1 eV and polarization defined
by (a) n = 0, (b) n = 7w/4, and (c) n = w/2. All cases are calculated with vacuum
surroundings. Force density measured in pPa.

The Lorentzian nature of forces on phosphorene can be extracted analytically in the
non-retarded limit. We will again consider the weak non-retarded limit such that ¢ grows
large but remains finite because the forces are all proportional to a factor of ¢?. In the weak
non-retarded limit, the Z component of the force on phosphorene for arbitrary material
rotation ¢ and polarization 7 is,

2qupwrg(¢) — naw?

(wn? ) w? + w? (2qupwg(9) — i pw?)”

(5.14)

F, = — cos® n (20260n?vaFq(¢)q3)

where n?,, is defined in equation 4.29, vg is the Bohr speed, and wg,(¢) is defined as,

Wrq(9) = Wiy cO8* ¢ + wpy sin” ¢, (5.15)

The real Lorentzian character of the curve observed in figure 5.3 (a) and (b) is evident
from the form of equation 5.14. Also reflected in equation 5.14 is the significant difference
in amplitude between mixed or p-polarization and s-polarization shown in the right-most
panel of 5.3. In the weak non-retarded limit, the force for s-polarization vanishes entirely.

Repeating this process for the ¢ direction, the force in the weak non-retarded limit is,

202 2 3
F, = cos’n ¢ eomvpwry ()07 5 (5.16)

(wn?a) @ + w (2quawrg(9) — 1%y w?)
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where wp,(¢) is again defined as in equation 5.15. The imaginary Lorentzian character of
the force in the ¢ direction shown in figure 5.4 is revealed plainly in the weak non-retarded
limit shown in equation 5.16.

Next, when considering distinct material surroundings we will only include numerical
solutions for the Z component of the force. This is because the ¢ component remains
qualitatively unchanged for the two cases ny > ny and ns > ny, when compared to figure

5.4. To begin, figure 5.5 shows the iso-frequency force density scan at hw = 0.1 eV for
ny = 15, Ng = 1.
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Figure 5.5: Iso-frequency 2 force density plot for iw = 0.1 eV and polarization defined

by (a) n =0, (b) n = w/4, and (c) n = w/2. All cases are calculated with n; = 1.5, and
ny = 1. Force density measured in pPa.

Similarly to the graphene case, once the surrounding dielectrics are distinct, all of
the forces exhibit only one peak, either positive or negative depending on the material
configuration. One notable feature is shown in figure 5.5 (c); the central linear trend at
¢ = m/2 remains positive while the force at plasmon resonance is negative. Finally, figure
5.6 shows the iso-frequency force density scan at hw = 0.1 eV for n; = 1, ny = 1.5. The
same imaginary Lorentzian character is maintained, though in the opposite direction.

In each case explored here, the forces, be they in the ¢ or Z directions, are significantly
diminished when the incident beam is s-polarized. In each case, the s-polarized force is
around five orders of magnitude smaller than the forces for mixed or p-polarization. Across
all of the configurations considered for phosphorene in the elliptic iso-frequency regime,
the most prominent features in the force profiles appeared at the dispersion crossing when
q = ¢y (¢ =7/2). For mixed or p-polarization ¢ = ¢, corresponds to the largest plasmonic
forces, while for s-polarization this point corresponds to highly suppressed forces.
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Figure 5.6: Iso-frequency Z force density plot for iw = 0.1 eV and polarization defined

by (a) n =0, (b) n = w/4, and (c¢) n = w/2. All cases are calculated with n; = 1, and
ny = 1.5. Force density measured in pPa.

For completeness, we will also consider an iso-frequency force scan in the hyperbolic
regime, corresponding to a frequency hw = 0.4 eV. The force density profile for the 2
direction in this case is shown in figure 5.7. For this frequency, we only consider the
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Figure 5.7: Iso-frequency 2 force density plot for iw = 0.4 eV and polarization defined

by (a) n =0, (b) n = /4, and (c¢) n = 7/2. All cases are calculated with n; = 1, and
ny = 1.5. Force density measured in pPa.

substrate case because the behaviour across all material configurations is broadly the same.
In each case, including ny = ng, ny > no, and ny > ny, with p or mixed polarization the

resonant ridge extends all the way to the q,-axis, while for s-polarization there is an
apparent suppression at the ¢,-axis.
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Chapter 6

Conclusion

It is critical that we further our understanding of optical interactions with 2D materials if
we want to exploit the great potential of 2D material plasmonics. Towards that end, we
have developed and applied a simple but flexible model based on Fresnel field amplitudes
that takes into account the often ignored out-of-plane response. Chapter 1 formed the
foundation of this investigation into optical interactions with 2D materials by establishing
the formalism and introducing necessary concepts such as the Hertz vector, and material
response functions.

Chapter 2 built upon this foundation by deriving the boundary conditions associated
with the out-of-plane of 2D materials immersed in non-magnetic, isotropic, lossless, homo-
geneous dielectric environments. The work addressed the challenges associated with dis-
tinct dielectric surroundings through the introduction of screening by the harmonic mean
of the dielectric permittivities of the surrounding media, which does not follow directly
from the formalism, though it is supported by the work of other authors [36]. It further
demonstrated the equivalence between the normal component of the electric field and the
displacement field at the interface and showed derivations for the generalized Fresnel field
amplitudes in cases involving both in-plane anisotropy and out-of-plane response. This led
to the identification of the hybridization of the in-plane longitudinal (¢,) and out-of-plane
(0.) plasmon modes in the presence of distinct dielectric surroundings.

In Chapter 3, the integral conservation laws of energy and linear momentum were ex-
pressed directly in terms of field amplitudes in the Fourier domain for singular current
sheets. By employing the vacuum gap method, the forces acting on the 2D material were
isolated from those on surrounding dielectrics, and a non-standard stress tensor was de-
rived, motivated by the vacuum gap method. Numerical verification of these conservation
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equations proved that the vacuum gap method and associated stress tensor satisfy conser-
vation of linear momentum.

Chapter 4 and 5 saw these theoretical developments applied to real materials such as
undoped and doped graphene, as well as doped phosphorene. The analysis of undoped
graphene revealed that while the out-of-plane influence is negligible at low frequencies
in terms of reflectance (R), transmittance (T), and absorption (A), it becomes signifi-
cant at higher frequencies and within the evanescent regime. Notably, new features in
the reflectance appeared when including the out-of-plane response for matched dielectric
surroundings (ny = ny = n). In particular, the emergence of a Brewster angle and a
ridge of high reflectance near grazing incidence. Furthermore, the hybridization of surface
modes in doped graphene resulted in a non-monotonic dispersion relation with a distinc-
tive arch shape. The corresponding force profiles along the plasmon dispersion relation
with out-of-plane response exhibited significant asymmetry with respect to the surround-
ing dielectrics. While the dispersion relation itself is unchanged under inversion of the
dielectrics, the forces exhibited an anti-resonant feature at the maximum point of the non-
monotonic dispersion relation when n, > n; that is not present when n; > ny. In doped
phosphorene, the well-known transition from elliptic to hyperbolic isofrequency curves was
recreated, and polarization-dependent force amplification and suppression were observed.
Along the zigzag (ZZ) crystal direction there was significant force amplification near plas-
mon resonance for p-polarization, while for s-polarization forces were heavily suppressed
overall.

While much of this work is built systematically from well-accepted base principles,
there are a number of key assumptions. Through comparison to the experimental results
of [3], it appears certain that the out-of-plane response of 2D materials must be screened
in some way by the surrounding dielectrics. Precisely how this screening appears in the
boundary conditions remains an open question. Screening in classical electromagnetism
is dictated by the background medium against which charges are defined. With the 2D
materials defined precisely between two distinct dielectrics modelled as Heavisides, there is
no unique way to define the screening. It was further assumed in this work that the forces
on 2D materials at interfaces can be separated from the forces on the interfaces themselves.
While the mathematical formulation is self-consistent, it is unclear how these results map
to reality. Certainly, it is valid in the mathematical universe where surrounding dielectrics
are truly abrupt and perfectly ridged. As such, how well the true forces experienced by 2D
materials at interfaces match with the predictions in this work may depend on how well
the surrounding materials can be approximated as abrupt and rigid. The most interesting
result of this work is certainly the arch-shaped dispersion relation of graphene with the
out-of-plane response. However, this result is based both on the assumption that doping
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does not influence the out-of-plane conductivity and that the in-plane conductivity is well
described by a Drude model. The true way to account for out-of-plane conductivity with
doping is simply not known, but in terms of in-plane conductivity, it is certain that the
Drude model is only an approximation. In reality, the notable non-monotonic behaviour
could be destroyed through interaction with the continuum of intraband single-particle
excitations that the Drude model does not capture [65]. Finally, it is very likely that
phosphorene has a stronger out-of-plane response than graphene, making all of the work
based solely on the in-plane conductivity incomplete.

The results of this investigation, combined with the myriad limitations, suggest a num-
ber of pertinent future research directions. Of course, it is important to identify if forces
on 2D materials can be truly separated from the surrounding dielectrics. An experimental
exploration of optical forces on 2D materials is therefore warranted. However, with forces
outside the plasmonic regime measured in pico-Newtons, such things would be difficult to
access experimentally. Static single-layer graphene has been used in force sensors before,
however, the forces being measured were on the order of kilo-Newtons [75]. A perhaps more
immediately accessible direction is the confirmation of the appropriate dielectric screening
on the out-of-plane response. Reflectance measurements from a simple experiment involv-
ing a sample of graphene sandwiched between two distinct dielectrics could be compared to
the reflectance models in this work to determine what screening is necessary. This experi-
ment could be accompanied by a theoretical investigation of the boundary condition using
a retarded Green’s function derived for piecewise continuous media, as this may be able to
predict the appropriate screening. Finally, a theoretical investigation into the full complex
dispersion relation of graphene with out-of-plane response and a model of the in-plane
conductivity that includes interband transitions, Pauli-blocking, and an intraband contin-
uum of single-particle excitations is necessary to truly establish the plasmonic influence of
out-of-plane conductivity [14][65].
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Appendix A

Applications of Fresnel’s formulas

A.1 Total internal reflection

When an electromagnetic wave crosses an interface to a material with a higher phase
velocity (lower index of refraction), its trajectory is pulled toward the interface. This is a
relationship well described by Snell’s law, defined in equation 1.71. Between 0 and 7/2,
sin @ is a function that increases from 0 to 1, so when n; > ns, to maintain the equality,
any angle #; has to be larger than the angle ;. This relationship reaches a breaking point
at an incident angle 6, = sin™! 2, when sin 0, reaches its maximum of one. To satisty
equation 1.71 past this point, §; must become complex. This results in sinf; > 1 and an

imaginary value for the cosine given by,

cosf; = \/1 —sin26, = i\/sin26, — 1. (A.1)

At the critical angle cosf;, = 0, and so the transmitted field is travelling parallel to the
interface. However, past the critical angle the transmitted field is replaced by an evanescent
field,

E; = Ege'larith=z—wh), (A.2)
— Eyei@rthecostiz—ut) (A3

_ Eoe—zkgv sin? Ht—lei(q-r“—mt)7 (A4)

with an exponential decay into the second medium. For infinite plane waves, past the
critical angle, the reflected field also receives a small phase shift called the Goos-Henchen
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shift [31]. For finite beams, however, this shift is a physical shift, on the order of a
wavelength, from the spot illuminated by the incident beam [70].

This new evanescent field exhibits no net flow of energy into the second medium, hence
the name total internal reflection [31]. However, as shown in equation A.4, these fields do
propagate along the interface, and they carry energy with them [34]. This would appear
to violate the totality of reflection. The apparent violation is merely a consequence of
the infinite extent of plane waves. For finite fields it has been shown that the evanescent
wave propagating along the interface carries the exact amount of energy to produce the
shift in the beam [77]. This indicates that the light is incident on the surface, converted
into an evanescent field that propagates a distance given by the Goos-Henchen shift and
is re-emitted as the reflected field. This picture has been corroborated by investigations
of energy flow in these situations. In [78], it was shown that under conditions of TIR,
electromagnetic energy propagates into and along the second medium, and then is re-
emitted as the reflected field. In spite of this, the totality of reflection is more of an
exception than a rule. Because energy is propagated through the interface and the second
medium, if either is lossy, the reflected field will be attenuated. This is referred to as
attenuated total internal reflection (ATR)[79]. Further, if there are obstructions in the
second medium that interact with the evanescent field, for example, another interface,
then the reflected field can also be attenuated. This is called frustrated total internal
reflection (FTR)[30].

A.2 Brewster angle

The Brewster angle has seen numerous definitions throughout history [81]. Initially, it
was known as the angle at which un-polarized light incident on an interface is reflected
as linearly polarized. In these cases, it was often referred to as the polarizing angle.
In modern times it is more commonly known as the angle at which p-polarized light is
perfectly transmitted, and so is often defined as the angle # when R, = |r,|* = 0, where
rp is the reflected Fresnel amplitude of p-polarized light. This distinction only becomes
important when the interface or the surrounding media have complex optical behaviour
like chirality. In these cases, it is possible to have a polarizing angle that does not coincide
with R = |r,|* = 0 [31]. In this work, no such cases are considered.

We will define the Brewster angle as the incident angle at which the reflectance of
p-polarized light is zero. For a flat interface between two isotropic, non-magnetic, lossless
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dielectrics, the zero reflectance Brewster angle is given by

n
0, = tan' —. (A.5)
ni
However, this definition is no longer applicable when a sheet of conductivity is introduced
into the interface. For example, a singular isotropic in-plane current sheet at an interface
results in a reflectance given by, [32]

2
R ny cos By — nycosB; — o cos ; cos b, (A.6)
P Inycos, +nycosb; + ocosb; cosb,| ’ '

where o is the in-plane sheet conductivity. When o is real, the angle at which R, = 0 no
longer coincides with equation A.5. Instead, a solution to R,(6;) = 0 must be solved for
numerically after the application of Snell’s law to cast the equation only in terms of the
incident angle [$2]. The situation grows further complicated when o is complex. In this
case, R, no longer goes to zero [82]. However, we can still define a pseudo-Brewster angle
given by the minimum of the reflectance R, [33]. It should be noted that this definition
is highly dependent on absorption, so the minimum reflectance may not coincide with the
maximum transmittance of p-polarized light.
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Appendix B

Additional derivations for
conservation relations

B.1 Conservation equations in the Fourier domain

Electromagnetic energy and momentum conservation are generally only physically mean-
ingful when they involve purely real fields. With real fields, the differential form of energy
conservation is defined in equation 3.2. However, the same relationship is often taken to be
true for complex fields when the products are replaced with half the real part of conjugate
products. Here we will show that this is in fact true for the integral form of both energy
conservation and momentum conservation.

Consider two real fields A and B that are defined with respect to two complex fields f
and g,

Alry, 1) = SRy, 1) + £ (), 1), (B.1)
and, .
B(ry,t) = 5 (g(r), ) + & (r), 1), (B.2)

where we are assuming for simplicity in this section that the fields only have in-plane
spatial dependence defined by r|. The results will remain applicable to the case with z
dependence because the Fourier analysis applied in this section only involves the in-plane
spatial coordinates (r|), and time (¢). In this section, we also consider the full in-plane
wavevector defined by q = ¢¢ + 77.
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Both the electromagnetic energy and momentum conservation equations can be broken
down into terms that look like products of real field components, perhaps with some
constant multiplier from the application of a derivative or multiplication by a conductivity,

T/2 1
/T/2 L L’T
where A; and B; are components of electromagnetic fields, and D is a rectangular in-plane

region defined by the side lengths L, and L,. We can express the product in the integrand
in terms of the complex fields,

Dd2I'H AZ’BJ’7 (BS)

1 * * Xk
A;Bj = Z(figj + figj + fi9; + [ gj); (B.4)

where f; and g; are the cartesian components of the fields f and g, respectively. What
we will see in the following analysis is that the non-conjugate and conjugate-conjugate
products go to zero for monochromatic plane waves. Consider first the product of un-

conjugated field components,
T/2 1
/T/2 L L'r

The first step is representing the real domain fields in terms of their Fourier domain coun-

terpart as
f(r), 1) 27r / du //W d’qf(q,w (q‘r” _Wt)7 (B.6)

g(ry, t) (2m)3 / dw / /R2 dq g(q,w)e (371741, (B.7)

Then we insert equations B.6 and B.7 into equation B.3,

;/7:2 L,L, d2 Tl <(2 )3/dw //RQ dzqfi(q,w)ei(”—wt)>
<27r /d“’ //RQdQQ’gJ q,w)ellam ‘”)>. (B.8)

The exponential factors in position and time can then be collected with their respective

x| fig;. (B.5)
D

and,
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integrals,

1
dw//d2 ; ,w/dw'//dz’- W
(%)G/R g afila )R g q g;(d’,w')
1 72 . 1 o
L[ ) (L [ o) mo

If one takes the factors T', L,, and L, to be very large, corresponding to an average over a
very large area and a very long time, then the collected terms simplify to Kronecker deltas,

1 sin <—L‘1(qzl+q)> sin (—LT(T;FT))
// dPrj et = 4 A Oq—qs (B.10)
D

LyL; Ly(q' + q) Lo(m'+7)
and,
1 [1/2 (o)t 2sin (M)
— dt e "Wt = SE B.11
T /T/2 T(w +w) 7 ( )

where the Kronecker delta terms are defined as

~J0, when q# —d
5(1»7(1/ - {17 When q _ _q/ 9 <B12>

and,
o
Sy = {O’ when w 7 —u" (B.13)

1, when w=—w

Inserting equation B.10 and B.11 into the equation B.9 results in

1 / / / /
6/dw// d*q f(q, w)/dw // d*q' g;(d',w')0q,—q O —wr (B.14)
(27T) R R2 R R2

Let us now choose to focus specifically on monochromatic plane waves. We will define
these waves backwards in a sense, by asserting their frequency form first, and allowing the
real space to follow,

f(a,w) = (27)°fo(q, w)d(a — @p)d(w — wo), gla,w) = (27)’gy(q, w)d(a — dp)d(w — wp).
(B.15)
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Then, through equations B.6 and B.7, the real domain forms are defined as

f(r, t) = fo(qq, wo)e' G010, g(r),t) = go(dy, wp)e G010t (B.16)

The subscript 70" is used here to both indicate amplitudes, and distinguish between the
intrinsic frequency and wavenumber of the system, (wp, q,), and the free Fourier domain
coordinates (w,q). This labelling is omitted for the frequency and wavenumber terms
when applying the results of this derivation in section 3. The fields are defined this way
to allow their amplitudes to be influenced by temporal and spatial frequency dependence
while recognizing that there is no dispersion or non-locality in the bulk where they propa-
gate. Inserting the Fourier domain field definitions from equation B.15 into equation B.14
collapses all of the remaining integrals and leaves

fOi(q()?wO) ng(q07w0) 6‘3107*‘310 50.20,70.;0- <B17)

The Dirac delta distributions have collapsed the integrals and selected the solution where
q = qg, and w = wy. The result is that equation B.17 must be zero because the Kronecker
delta is zero when the indices do not match, and no number can match its own negative.
This same reasoning is obviously also true for the term with both fields conjugated. This
reduces equation B.3 to

1 T/2 T/2 1
d r| A; B, / dt
T / > L : 2 LoLs
We can examine how these new terms behave by first looking at the product f;g;. If we
conjugate the g field,

g (ry,t) = (2—;)3/Rdw //Rz dqg (q,w)e (@m171), (B.19)

then equation B.9 becomes,

R2d2qu qw /dw // ’q g (q,w")

1 /W T— ( 1 2. ila—d) (B.20)
— dte "¢ //dr e\~ 'r“). B.20
T J 1/ LyLr JJp ”

The Kronecker deltas are therefore changed from dq o and 4, ./, which are defined in
equations B.12 and B.13, to 04, and d,,s. Following the same procedure that produced
equation B.17 for this case with g; results in a final expression of

1.
@r) 3 (figy + ffg;)- (B.18)
D

dw

fOi(qm WO) ggj<q07 WO) 5q0,q0 6w0,w0 = fOi(qm WO) g;] (q07 WO), <B21)
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where both Kornecker deltas evaluate to one. So, when considering monochromatic plane
waves, the original integral expression defined in equation B.3 can be represented in terms
of Fourier components as

1 T/2 1 ) 1 . .
T /T/2 dtLqLT : d°r| Z(fi(ru’ t)gj (I‘”, t)+ f; (I‘”, t)gj(r”,t)) (B.22)
1 1
=7 (fm:(OIo,m) 90;(do> wo) + fo:(dg, wo) 903’((107000)) - §§R (foz(qo,wo) ggj(qmwO)) _
(B.23)

Alternatively, one can say that the spatiotemporal average of the product of real plane-
wave field components is equal to the spatiotemporal average of half the real part of the
conjugate product of complex plane-wave field components,

T/2

I 1
d Ai(ry, t)B; =
7|t [ enawonmo =g [ ar

when the real and complex fields are related by equations B.1 and B.2.

& iy 5 Ry 0)g; (x): 1))
(B.24)

B.2 A note on charge densities

In certain instances, the fields in the integration might instead be field-like quantities. For
example, charge densities. To ensure that the results of section B.1 do not change, these
are explored here. Consider first a charge density defined by a purely in-plane current
through continuity as,

0
—5¢7 = Vi - Ji(r), 1)o(2). (B.25)
Then converting to the Fourier domain, the charge density can be isolated as,
-J
_a Jj(aw) 5(2), (B.26)
w

where the imaginary terms from each derivative have been cancelled. For quantities like
this, the method established in section B.1 is unchanged because there are no extra imag-
inary quantities to be acted upon by the conjugates, and the additional factors of q and w
will simply collapse to the intrinsic values associated with the monochromatic fields once
the Dirac delta distributions defined in equation B.15 collapse the remaining integrals in
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equation B.14. Consider next the higher-order contribution to charge density that appears
as a result of an out-of-plane current,

0
5 = V” . JH(I‘”, t)é(z) + JZ(I'H,t)(sl(Z). (B.27)
Then converting to the Fourier domain, the charge density can be isolated as
q- JH(qa CU) Jz<q7w> /
= ———0(2) — ———=9'(2). B.28
p= LD 50y - DD g (B.25)

In this case, there is not only an additional imaginary contribution, but also a derivative in
z, which is a coordinate not included in the Fourier transforms. To identify what changes
this may cause, we will briefly consider the process established in section B.1 using

(@) = ~(2r)"0(a ~ )il — wo) 2L LE 2 (B.29)
and,
9(q,w, 2) = (2m)*go(q, w)d(q — qp)d(w — wp)e™?, (B.30)

to examine the behaviour of a product of a field-line quantity and the dipole density term
defined in equation B.28.

It is immediately clear that the terms with matched conjugation will still go to zero
because the Kronecker deltas, defined in equations B.10 and B.11, are unchanged. This
would again leave only the terms with mixed conjugation,

1/T/2dt ! //er 1(f ) (B.31)
— —\Jg qg). .
T ) rp Lol )™ "4

Considering the first term in the integrand, following process established in section B.1
results in

1 / ! % / /
—G/dw // d*q f(q, w)/dw // d*q' ¢*(q, ', 2)6q.q/ O (B.32)
(2m)° Jr R2 R R2

Now inserting equations B.29 and B.30 and evaluating the Dirac delta distributions,

fO(qanO) d * —ikiz k: * —ikiz
(_Tg (QO(QONJO)G i )5(10,0105&)07&)0 = w_OfO(q07w0)90<qO7w0)e = <B33)
Next, we can repeat the preceding steps for the second term of the integrand in equation

B.31,

fo(dg,wo) O ik ks . —ikyz
(%& (go(qmwo)ek ) O g Ouo o0 = w_ofo (s wo)go (g, wo)e™ *==. (B.34)
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This result is identical to that of equation B.23, only this time with an additional scalar
multiple given by the frequency and out-of-plane wavenumber k,. So, the higher order
singularity term in the charge density for out-of-plane response behaves exactly the same
as the other field quantities in the integration.
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Appendix C

Additional discussion

C.1 Forces on purely dielectric interfaces

All of the stress tensors derived in section 3 for material surroundings are based on the
vacuum gap method. Using this method, the forces on the 2D material itself are separated
from the forces on the surrounding dielectrics. This is possible because the observation
planes remain in the vacuum gap even as the thickness goes to zero, as shown in case (2)
of figure 3.1. A consequence of this method is that if one were to apply the vacuum gap
stress tensor to an interface with no 2D material, the result would always be zero net force.
To account for the forces on the dielectrics themselves, the observation planes need to be
inside the dielectrics, as shown in case (1) of figure 3.1, necessitating a dielectric stress
tensor. The appropriate form of such a tensor has been the subject of sporadic debate for
more than a century. The modern understanding of the problem is that truly only the full
stress-energy tensor is fundamental, and the confusion is only in how one proportions the
contributions to the total tensor between matter and electromagnetics. Here we are not
attempting to make another contribution to this debate. Forces on dielectrics are not the
focus of this work. Here we only seek to give context and highlight some of the issues with
calculating forces on dielectrics by making a brief comparison between the force predictions
from the standard Maxwell stress tensor,

1
T . = EE + j1gHH — 5 1 (B E+ jioH - H), (C.1)
and the Minkowski stress tensor,

1
T sk = DE + jigHH — 57 (D-E+ jigH - H). (C.2)
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We make comparison to the Minkowski tensor because it is the most common choice for
calculating forces in dielectrics from linearly polarized plane waves. To be truly confident
in any stress tensor, it must satisfy conservation of linear momentum. This entails the
existence of some charge and current density upon which the Lorentz force is identical to
the stress tensor prediction. Consider a purely dielectric interface between two isotropic,
non-magnetic, lossless materials defined by €; = n?ey and e, = n3ep. At such an interface,
there is an accumulated bound charge from the polarization in the normal direction. This
bound charge takes the form,

op=—(Py—Py)- 2. (C.3)
Only this bound surface charge appears in the standard electromagnetic boundary con-
ditions, no other charges or currents contribute to the field discontinuities at a lossless
dielectric interface. While one can define a polarization current at the interface as the time
derivative of the bulk polarization densities, only the bound surface charge is singular, and
only singular contributions survive integration of the Lorentz force over a pillbox in the
limit that the pillbox height goes to zero. This limit is taken to isolate the forces on the
interface itself from those on the bulk materials. All of this taken together indicates that
perhaps to calculate forces on a dielectric interface, one only needs to calculate the force
on the bound surface charge. In fact, conservation of linear momentum is satisfied by the
Lorentz force on the bound surface charge and the standard Maxwell stress tensor,
z2

SR (@0, B () = 3R (T aas(0,2)) 2 (4

21

However, even though this combination does satisfy conservation of linear momentum, it
predicts non-zero forces in the § and 7 directions, which other published works have claimed
do not exist [60]. Regardless of whether or not this is true, the Maxwell stress tensor result
is certainly incomplete given that it predicts zero force at normal incidence .

If the Maxwell stress tensor is insufficient, then the common next choice for plane
wave interactions is the Minkowski stress tensor. Now, unlike the Maxwell stress tensor,
the Minkowski tensor predicts zero force in the ¢ and 7 directions. However, now it is not
clear what equivalent charge and current densities satisfy conservation of linear momentum
through the Lorentz force. It is possible to define a current density associated with the
surface charge in the Fourier domain as

W
J, = —oy. C.5
% (C.5)

However, this change alone is insufficient to satisfy conservation. While it is possible that
some surface polarization could be defined to satisfy conservation with the Minkowsi tensor,
the appropriate form is not evident, and this is not the only problem.
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A monochromatic plane wave normally incident from a dielectric onto a perfect reflector
produces a time-averaged optical pressure of F, = e€1]a,|* = eon?la,|?, where a, is the
incident amplitude [59]. The force in the case of a lossless reflection should be entirely
due to the reflection of the momentum of the incident beam. So, in theory, the force
from a perfect reflection should form the upper limit of possible optical forces in these
configurations. We can use this as a reference point for comparing the Minkowski and
Maxwell force predictions on a lossless dielectric interface by considering the limit that
no — 00. In this limit, the reflection should be perfect, and in theory, the force should be
at the maximum of F, = eyn?|a,|? regardless of the angle of incidence.

As stated previously, the Maxwell prediction is zero force at normal incidence, even
in the limit ny — oo. The Minkowski prediction, on the other hand, approaches the
theoretical maximum, though with the opposite direction,

lim Fok (0 = 0) = —eoni|a,|?2. (C.6)
ng—r0o0

This is a promising result, however it does not hold for oblique incidence.

For arbitrary non-zero incident angle 6;, the Maxwell stress tensor method no longer
predicts zero force. In fact, in the limit ny — oo, the in-plane components of the Maxwell
force prediction go to zero, giving a result only along the Z direction,

lim Fp.(0; #0) = F;"*(6;)2. (C.7)
ng—00
By comparing this result to that of the Minkowski tensor, we find,
lim Fon(0; # 0) = [—eon|a,|” + niF(6;)] 2. (C.8)
ng—00

In the limit of total reflection, the Minkowski force prediction consists of one constant
component given by the predicted maximum, along with another contribution that is the
same as the Maxwell prediction scaled by the incident dielectric constant. Because the
Maxwell prediction is also negative, this means the Minkowski tensor predicts a force
greater in magnitude than the theoretical maximum at oblique incidence.

All of this is not to say that the Minkowski tensor is invalid, as there are studies
that claim to verify Minkowski force predictions [34][35]. There simply remain questions
regarding precisely when any given electromagnetic stress tensor is valid. For instance,
the Minkowski stress tensor appears to be derivable from the Lorentz force on a material
consisting of only free charges [59]. If this is truly the only way to satisfy conservation of
linear momentum with the Minkowski tensor through the Lorentz force, then perhaps it is
not a valid choice for calculating forces on lossless dielectric interfaces, and the alternative
is not clear. In any case, we sidestep all of these issues in this work through the application
of the vacuum gap method. No forces on dielectrics are considered.
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C.2 Complex Dispersion

Here we will briefly consider solutions to the full complex dispersion relation with finite
electron lifetime shown in figure C.1. Along the first half of the arch, the action of including

%102
0.3

©  Numerical
0.25 eq4.29

il \ ] ] 0
0.4 06 08 1
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Figure C.1: Real part of q from the full complex solution to the hybridized dispersion rela-
tion shown in equation 4.27. The colour bar indicates the magnitude of the corresponding
imaginary part in nm~!. Calculated for the substrate case, with ny = 4 and n; = 1. Yellow
line is the solution to the hybridized plasmon mode in the non-retarded limit.
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losses through the finite electron lifetime is essentially only to broaden the dispersion
curve. Nearly all of these states have zero or near zero imaginary contributions. Along
the second half of the arch, the inclusion of losses acts in the exact opposite way as
the first. The second half of the arch remains narrowly peaked around the analytical
solution, however with comparatively much larger imaginary contributions. Curiously, the
imaginary part of the in-plane wavenumber ¢ also changes sign along the second half of
the arch. This change of sign in the imaginary part corresponds to exponential growth,
which could indicate that these solutions are not physically valid. However, along the
second half of the arch, the group velocity, as the g-derivative of the dispersion relation
when solved for w (v, = 0w/dq), also changes direction. This could mean that the change
in sign of the imaginary contribution that would otherwise indicate exponential growth
instead indicates decay in the other direction. So, there are certainly questions regarding
the physical validity of solutions along the second half of the hybridized dispersion relation.
In this work, with the focus on the purely real, lossless dispersion relation, we consider
solutions along the entire arch. However, the identification of whether or not the second
half represents physically allowable states will be a focus of future investigations.
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