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Abstract

Projection mapping is a technique that transforms any 3D surface into an interactive
display by projecting visuals that conform to the surface’s shape. Camera and projector
calibration is a fundamental prerequisite for accurate spatial measurement and perception
in projection mapping. The calibration of projectors is necessary to ensure that they
correctly map the surface they are projecting onto. An accurately calibrated projector
will have the image projected perfectly in line with the intended surface, without any
misalignment. Such alignment is important for a number of applications, one of which
is projection mapping, in which multiple projectors are used to create immersive visual
displays on complex surfaces such as buildings, stages, or statues.

Since projector calibration involves highly nonlinear relationships between the projec-
tor’s parameters, a nonlinear optimization is required. Typically such optimizations include
reprojection error as the objective functions, which is also one of the most commonly used
objective function to calibrate projectors. However, in scenarios where there is a lack of
ground truth reprojection error fails to accurately align the multiple overlapping projec-
tor point clouds, resulting in visible gaps between them instead of forming a continuous
surface.

To address this issue, this thesis proposes a multi-step optimization with a novel global
objective function. To analyze its robustness, the proposed optimization is tested both
on simulated and on multiple real world configurations. Experimental results show that
the proposed approach achieves higher calibration accuracy compared to existing methods,
while also maintaining low runtime.

The proposed multi-step optimization process parameterizes the calibration problem
as a function of the degree of stereo overlap to improve accuracy. The stereo overlap
plays a key role in projection mapping, influencing calibration accuracy and system cost.
Understanding the relationship between stereo overlap and calibration error allows for re-
ducing overlap while maintaining acceptable accuracy, thus reducing the number of cameras
needed and cutting costs.

In summary, this thesis introduces a novel global objective function that minimizes
the distance between overlapping projector point clouds, rather than relying solely on
reprojection error. It also provides insight into the required overlap between devices,
including both cameras and projectors, helping to achieve higher accuracy while efficiently
covering an entire projection surface that may not be uniform.
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Chapter 1

Introduction

Traditional 
at-screen projection involves projecting visuals onto 
at, white surfaces such
as walls or screens, where the image alignment is straightforward and una�ected by sur-
face geometry. In contrast, projection mapping is a technique that transforms any 3D
surface into an interactive display by projecting video and animations onto it [23,29]. The
target 3D surface can be any non-
at or non-white surface. Unlike traditional 
at-screen
projections, this technique adapts the visuals to the contours of 3D surfaces, resulting in
immersive and dynamic experiences. This technology merges art and science to enhance
storytelling and spatial perception. Projection mapping is widely used across various do-
mains, including 3D reconstruction and artistic displays for educational, entertainment,
and cultural applications [6,7,9,29]. An example is shown in Figure 1.1, where projection
mapping is used on a building to illustrate the origin and evolution of life.

In a typical projection mapping setup, three fundamental components are required: a
projector, projection animation, and a target surface [6]. The accuracy of this process
depends on the geometric information of the projector and its spatial relationship to the
target surface. To determine this geometric relationship, the projector must be calibrated
by estimating its internal characteristics and position in space relative to the scene. This
step is critical to ensure that the projected image aligns accurately with the target 3D
surface. High-resolution cameras are used to calibrate the projectors by measuring their
spatial relationship to the projection surface [44, 70]. Since the cameras are spatially
o�set from the projectors, some form of calibration is performed to estimate the relative
transformation between the camera and projector coordinate frames.

For a planar target surface, performing projection mapping is relatively straightforward,
as there is typically no rotation involved and the process primarily depends on the internal
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parameters of the projectors [29]. While it may seem feasible to �rst calibrate projectors
using a 
at white surface and then move them to a di�erent location, this approach is
generally not practical. The actual 3D surface often requires repositioning the projectors at
di�erent orientations and distances, which can alter both intrinsic and extrinsic parameters.
As a result, the projectors must be directly calibrated on the 3D surface itself to ensure
accurate alignment. This becomes particularly challenging for complex surfaces (such as a
building, illustrated in Figure 1.1), where identifying both the pose of each projector and
its internal parameters is signi�cantly more di�cult.

Due to its challenging nature, conventional geometric calibration of projectors is often
infeasible and prone to signi�cant error [45]. As a result, non-linear optimization methods
[32,46] have been widely adopted to achieve accurate projector calibration. Among these
methods, reprojection error is the most commonly used objective function. However, in
the absence of ground truth, reprojection error becomes ine�ective when dealing with large
projection surfaces and a minimal number of cameras, as discussed in detail in Section 1.1.

In this thesis, we introduce a novel objective function to improve projector calibration.
Using this objective function, we develop a multi-step optimization algorithm that is rigor-
ously tested on both synthetic and real-world data to evaluate its robustness. All analyses
in this work are performed on a setup consisting of at least one projector and a minimum of
two cameras (stereo pair), ensuring su�cient overlap for reliable calibration. A simpli�ed
version of this setup is illustrated in Figure 1.2. Further experiments are conducted in this
thesis to better understand the relationship between overlap and calibration accuracy.

1.1 Motivation

Projection mapping is a rapidly growing industry, projected to reach a market value of
$4.43 billion USD by 2025, with a compound annual growth rate of 18.3% [52]. Given the
high economic stakes and intense competition, accurate projector calibration is essential
for maintaining a competitive position in the market. Higher calibration accuracy leads
to improved visual quality, which enhances the consumer experience. In addition, greater
accuracy reduces the need for a large number of cameras, thereby lowering the signi�cant
capital costs associated with projection mapping setups.

Over the past two decades, extensive research has been conducted to improve calibra-
tion accuracy [3, 34, 44, 51]. Although many techniques have achieved accurate projector
calibration, they often require manual intervention. In projector calibration, manual cali-
bration typically involves using printed calibration patterns such as checkerboards, physical
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Figure 1.1: Projection mapping displayed on the Archbishop's Palace in Prague, Czech
Republic, depicting the evolution of life. Image obtained from Christie Digital Systems.
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Figure 1.2: A simple setup with two cameras and one projector projecting onto a 3D dome
surface, with red representing cameras and blue representing the projector.
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markers, or embedded sensors placed on the target surface to enhance accuracy. These sen-
sors are typically light-emitting or re
ective elements that assist optical devices in detecting
and localizing calibration targets more precisely. However, these approaches present several
limitations. For example, accuracy decreases when projecting onto distant surfaces because
the physical sensors may appear too small to be detected e�ectively. Furthermore, manual
alignment with calibration targets is time-consuming and requires human involvement at
each step.

These limitations highlight the need for self-calibration methods in camera and projec-
tor systems that can eliminate manual procedures while preserving or improving calibration
accuracy. Researchers have proposed several algorithms to enable e�ective self-calibration
of projectors [62,69]. These methods introduced robust techniques for calibrating projec-
tors without requiring manual intervention or physical patterns.

Although e�ective, these approaches still rely on su�cient overlap between the projector
and the common stereo �eld of view of both cameras. For example, Tehrani et al. [62]
assumed that at least 20% of the projected area by each projector must be consistently
observed by a minimum of two cameras. When projection mapping is applied to a large
surface, such as one involving a dozen projectors, this assumption leads to two possible
outcomes:

ˆ Increase in the number of cameras: Since the projector calibration algorithm [62]
requires that at least 20% of the projected area be seen by two cameras, more cameras
must be installed in the physical setup. This substantially increases capital costs,
which may be unacceptable. However, reducing the number of cameras compromises
the algorithm's accuracy, resulting in a poor visual display.

ˆ High �eld of view coverage between cameras: To reduce the number of cameras while
maintaining coverage, each projector must have at least 20% overlap with the stereo
�eld of view of the camera pair, as required by the projector calibration algorithm.
On large target surfaces, this often necessitates placing the cameras farther from the
surface to expand their �eld of view. At greater distances, however, each pixel in the
camera image corresponds to a larger area on the projection surface. For instance,
Martynov et al. [40] reported that doubling the camera-to-surface distance (from 60
cm to 120 cm) led to a 25% increase in reprojection error, even when the viewing
angle remained constant. This degradation occurs because projected features occupy
fewer pixels in the image, thereby reducing detection precision.

From the above observations, it can be concluded that current self-calibration algorithms
for projectors create a trade-o� between accuracy and cost when aiming to produce a
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Figure 1.3: Point cloud of projectors calibrated using existing methods with less than 20%
stereo overlap between each projector and the stereo camera. The visible gaps, particularly
in the top-right region, highlight misalignments in the reconstructed structure.

visually appealing display. Reducing the overlaps often leads to visible gaps between
projector point clouds in the reconstructed structure, as shown in the top-right corner of
Figure 1.3. Therefore, there is a clear need for a robust algorithm that enables accurate
projector calibration even when projecting onto distant surfaces, while also minimizing the
number of cameras required. Achieving this would signi�cantly reduce the overall capital
cost of projection mapping setups without compromising accuracy.

1.2 Objectives

This research has three primary objectives:

1. To analyze various stereo overlaps between cameras and projectors in order to gain
insights into how to optimally position the projections, ensuring full surface coverage
while maintaining accuracy.
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2. To develop a novel objective function that accurately calibrates projectors with min-
imal cameras. The minimal setup consists of two cameras, su�cient to ensure stereo
coverage across the target surface.

3. To devise an quick optimization strategy that completes within 10 minutes, based
on the proposed objective function and conduct rigorous testing to validate its e�ec-
tiveness.

By addressing these objectives, this thesis aims to address the following challenges:

ˆ The need for physical calibration targets.

ˆ The high capital cost associated with deploying numerous cameras.

ˆ The visible gaps between overlapping projector regions in the reconstructed structure,
enabling a seamless and continuous surface.

1.3 Thesis Organization

This thesis is organised as follows:

ˆ Chapter 2: Background. This chapter introduces the key concepts and important
equations used throughout the thesis. It also provides a detailed overview of existing
calibration techniques for projectors and cameras.

ˆ Chapter 3: Problem Formulation. This chapter outlines the core objectives of the
thesis. It expands on the motivation introduced in Chapter 1, discusses the challenges
associated with current methodologies, and highlights the necessity of developing a
new approach.

ˆ Chapter 4: Stereo Overlap Between Optical Devices. This chapter presents experi-
ments and a detailed analysis of the di�erent types of stereo overlap that can occur
between optical devices.

ˆ Chapter 5: Multi-Step Calibration of Projectors. In this chapter, the proposed
method is applied to both synthetic and real-world data. The chapter explains the
methodology in detail, presents the optimization process, and analyzes the resulting
performance.

7



ˆ Chapter 6: Conclusion. The �nal chapter summarizes the key �ndings and con-
tributions of the thesis and concludes by suggesting potential directions for future
research.

8



Chapter 2

Background

2.1 Camera Model and its Mathematical Modeling

Cameras are devices that project a three-dimensional (3D) scene onto a two-dimensional
(2D) image plane. The relationship between this 3D scene to 2D image is modelled by the
camera model [25,59]. Understanding this model is critical in computer vision tasks such
as 3D reconstruction, pose estimation, and augmented reality. The most basic and widely
used camera model is the pinhole camera model [12].

2.1.1 Pinhole Camera model

Pinhole cameras are closed boxes with a tiny hole which allows the passage of light through
it to form an image. Pinhole camera models represent the projection from a 3D scene to a
2D image, as captured by pinhole cameras. It serves as the foundational model in computer
vision. Visual representation of pinhole camera model is shown in Figure 2.1.

Mathematically, the projection of a 3D point onto a 2D image plane in the pinhole
camera model is represented using the homogeneous coordinates [16,25,59]. Homogeneous
coordinates are an extension of Cartesian coordinates that allow representation of points
at in�nity, such as the apparent intersection point of parallel lines, and enable the use of
linear transformations in projective geometry.

Using homogeneous coordinates, the relationship between a 3D point in world coordi-

9



Figure 2.1: Pinhole camera models describe the projection of 3D world coordinates (x; y; z)
onto 2D image coordinates (u; v).
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nates and its corresponding 2D point in image coordinates is formulated as:

�

2

4
uC

vC

1

3

5 = PC

2

6
6
4

x
y
z
1

3

7
7
5 (2.1)

Here, (x; y; z; 1)T represents a point in the 3D world (in homogeneous coordinates), and
(uC ; vC ; 1)T represents the corresponding pixel location in the camera image. The matrix
PC is a 3� 4 projection matrix that encodes both the intrinsic and extrinsic parameters
of the camera [16,25]. The scalar� re
ects the scale ambiguity inherent in homogeneous
coordinates, since image points are only de�ned up to scale in projective geometry. The
Projection matrix can be decomposed into:

PC = K C � [RC j tC ] (2.2)

Here,

ˆ K C is a 3� 3 intrinsic matrix containing internal camera parameters such as focal
length and principal point. These parameters describe how 3D points in the camera's
coordinate system are projected onto the 2D image plane.

ˆ [RC j tC ] is the extrinsic matrix, whereRC is a 3� 3 rotation matrix and tC is a 3� 1
translation vector. These parameters describe the camera's orientation and position
relative to the world coordinate system.

For a reference camera, we often assume one of the cameras in the setup is located at
the origin (chosen arbitrarily) of the world coordinate system. In this case:

[RC1 j tC1] =
�
I 0

�
(2.3)

Here, RC1, tC1 represent the rotation matrix and translation vector of camera 1. Other
cameras or projectors that are used may have di�erent extrinsic parameters, such asRC2,
tC2 for a second camera, orRP , tP for a projector, which represent their pose relative to
the world coordinate frame. The intrinsic matrix K C is typically de�ned as [16,25]:

K C =

2

4
f x s px

0 f y py

0 0 1

3

5 (2.4)

where:
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ˆ f x , f y: focal lengths along the x and y axes. These represent the scaling factors that
convert 3D camera coordinates to 2D image coordinates along each axis

ˆ px , py: principal point coordinates (usually near the center of the image). It indicates
where the optical axis intersects the image plane.

ˆ s: skew parameter (typically zero), representing the non-orthogonality between the
x and y image axes [17,48].

Although the pinhole camera model is the most commonly used model in many computer
vision tasks, it is a simpli�ed representation that does not fully capture the behavior of
real-world cameras. Even in the absence of imperfections, real lenses deviate from the ideal
pinhole model due to their optical design. This deviation is particularly evident in cameras
with wide-angle lenses, such as �sheye cameras, which exhibit signi�cant lens distortion.
Therefore, an extended version of the pinhole camera model that accounts for distortion
is used to represent the cameras in this thesis.

2.1.2 Lens Distortion

To more accurately model real-world camera behavior, lens distortion must be taken into
account [16]. Lens distortion is modeled using distortion parameters and can be broadly
categorized into two types: radial distortion and tangential distortion [61,76].

Radial Distortion

Radial distortion causes straight lines to appear curved, particularly near the image edges,
due to the spherical shape of lenses. This e�ect is especially signi�cant in wide-angle
or �sheye lenses. To model radial distortion, we �rst express image coordinates in a
normalized form, which removes the in
uence of the camera's intrinsic parameters. This
normalization is achieved by centering the coordinates at the principal point and scaling
them by the focal lengths:

û =
u � px

f x
; v̂ =

v � py

f y
(2.5)

Here, (u; v) are the pixel coordinates, (px ; py) denote the principal point coordinates, and
f x ; f y are the focal lengths along thex and y axes, respectively. The normalized coordinates
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û, v̂ represent the position of a point in the image plane relative to the optical center, scaled
by the focal length. The radial distance from the optical center is then computed as:

r =
p

û2 + v̂2 (2.6)

Radial distortion is modeled by scaling the normalized coordinates based on their distance
from the center:

ûrad = û
�
1 + k1r 2 + k2r 4 + k3r 6

�

v̂rad = v̂
�
1 + k1r 2 + k2r 4 + k3r 6

� (2.7)

In this model, k1; k2; k3 are the radial distortion coe�cients. Typically, using k1 alone is
su�cient for accurate calibration in most practical application [18]. However, if the camera
exhibits signi�cant distortion, the other coe�cients ( k2; k3) may also be included.

By applying this model, we can correct for radial distortion, ensuring that straight lines
in the real world are represented as straight lines in the image, which is crucial for accurate
image analysis and 3D reconstruction.

Tangential Distortion

Tangential distortion [61] arises when the lens and the image sensor are not perfectly
parallel. It is modeled as:

ûtan = û + 2p1ûv̂ + p2(r 2 + 2û2)

v̂tan = û + p1(r 2 + 2v̂2) + 2 p2ûv̂
(2.8)

Here,p1; p2 describe the tangential distortion coe�cients andûtan , v̂tan denote the tangen-
tial distorted normalized image coordinates.

In practice, both types of distortion are applied together to correct simulate lens be-
havior. These parameters are crucial for accurate camera calibration and undistortion of
captured images.

2.2 Two-View Geometry

Following the mathematical formulation of the camera model and its projection behavior
in Section 2.1.1, it is important to understand how multiple views of a scene interact
geometrically. This leads to the concept of two-view geometry, which forms the basis for
stereo vision and 3D reconstruction.

13



Two-view geometry [16,25] describes the geometric relationship between two di�erent
views of the same 3D scene. These views may come from the same camera at di�erent
positions or from two separate cameras. LetI l and I r denote the left and right views,
respectively.

Let a homogeneous 3D point beX = ( x; y; z; 1)T , and its projections onto the left and
right views be I l = ( ul ; vl ; 1)T and I r = ( ur ; vr ; 1)T . Let the projection matrices of the left
and right cameras bePl and Pr . Using Equation (2.1), the relationship between the 3D
point in world space and the 2D image point for both cameras can be written as:

I l = PlX (2.9)

I r = Pr X (2.10)

The relationship betweenI l and I r is governed by epipolar geometry, which is discussed in
the following subsection.

2.2.1 Epipolar Geometry and Fundamental Matrix

Epipolar geometry [16, 25, 77] captures the relationship between two views of the same
scene, independent of the scene's structure. A visual representation of this relationship is
shown in Figure 2.2, which involves the epipolar plane, epipoles, and epipolar lines.

ˆ Epipolar Plane : The plane formed by the 3D pointX and the optical centers of
both cameras (Cl and Cr ).

ˆ Epipoles : The points of intersection between the line connectingCl and Cr with
each image plane, denoted asel and er .

ˆ Epipolar Lines : The intersections of the epipolar plane with each image plane.

The fundamental matrix (F ) [25,77] is a 3� 3 rank-2 matrix that encodes the relationship
between the epipolar geometry of two uncalibrated images. The relationship betweenF
and the corresponding views is de�ned as:

I T
l F I r = 0 (2.11)

This equation, known as the epipolar constraint, ensures thatX , Cl , Cr , and the im-
age points I l and I r lie on the same epipolar plane. As a result, when searching for a
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corresponding point in the second image, it is su�cient to search along the epipolar line
associated with the �rst image, rather than the entire image. This signi�cantly reduces
the search space.

The fundamental matrix is commonly estimated using the eight-point algorithm [80].
This algorithm requires at least eight pairs of corresponding points to solve a linear sys-
tem derived from the epipolar constraint. UsingF for scene recovery is known as weak
calibration because it reconstructs the scene up to a projective transformation, leading to
projective ambiguity [25].

Let H be any non-singular 4� 4 matrix representing a projective transformation in 3D.
The new projection matrices and the 3D points after applyingH to the scene are de�ned
as:

~Pl = PlH � 1; ~Pr = Pr H � 1; ~X = HX (2.12)

These transformed matrices yield the same image points:

I l = ~Pl
~X; I r = ~Pr

~X (2.13)

This implies that the same fundamental matrixF is preserved, thereby introducing projec-
tive ambiguity. Without additional constraints, the true Euclidean structure of the scene
cannot be recovered. To overcome the limitations of projective ambiguity, the concept of
the essential matrix is introduced when the camera intrinsics are known.

2.2.2 Essential Matrix

The essential matrix (E) [25,81] is a special case of the fundamental matrix used when the
intrinsic parameters of both cameras are known. It is de�ned as:

E = K T
l FK r (2.14)

whereK l and K r are the intrinsic matrices of the left and right cameras, respectively. By
incorporating the intrinsic parameters of both cameras, the essential matrix allows a strong
calibration because it facilitates a more precise reconstruction and eliminates the projective
ambiguity associated with the fundamental matrix, as described in Section 2.2.1. It is also
de�ned as:

E = [ t]� R (2.15)

where [t]� is the skew-symmetric matrix form of the translation vectort, and R is the
rotation matrix of the right view with respect to the left view. DecomposingE using
Singular Value Decomposition (SVD) [71] yieldsR and t up to a scale factor. This enables
accurate scene reconstruction through a process known as triangulation.
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Figure 2.2: Two-view geometry showing epipolar constraints between corresponding image
points. These constraints enable triangulation of the 3D point from its image projections.
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2.2.3 Triangulation

Given Pl , Pr , and the corresponding image pointsI l and I r , the 3D point X can be
estimated through a process called triangulation [16, 25]. It is a widely used method for
depth estimation and 3D reconstruction in stereo vision [14,42,72].

In ideal conditions, the back projected rays fromI l and I r would intersect precisely
at X . However, due to measurement noise and calibration errors, these rays often do not
intersect accurately. Triangulation estimates the 3D pointX by �nding the point in space
that best satis�es the projection constraints from both views. This discrepancy between
observed and ideal projections is also known as the reprojection error.

2.2.4 Reprojection Error

Reprojection error [16,25] measures the di�erence between the observed image points and
the corresponding world points projected back into the same image. The reprojection error
(ER) is de�ned as:

ER =
X

m

kI im � � (Pi ; X m )k2 (2.16)

where

ˆ X m : 3D coordinates of pointm in the world coordinate system.

ˆ I im : 2D coordinates of the projection of pointm onto projector i .

ˆ Pi : Projection matrix for projector i , containing both intrinsic and extrinsic param-
eters.

ˆ � (Pi ; X m ): The projection of X m onto projector i using Pi .

In the process of calibrating projectors, both manual and auto-calibration methods
(discussed in detail in Section 2.4.3) apply optimization techniques that aim to minimize
the reprojection error. As a result, it is commonly used as the objective function in
projector calibration [27,38,44,69,75].

17



2.3 Camera Calibration

Following the discussion on two-view geometry in Section 2.2 and its role in establish-
ing spatial relationships between views, the next critical step in any stereo vision or 3D
reconstruction system is camera calibration.

Geometric Camera Calibration [54,79], which is also known as camera resectioning, is
a fundamental computer vision process that establishes the relationship between 3D world
coordinates and 2D image projections. Camera calibration is the process of determining
the intrinsic and extrinsic camera parameters. Once the camera parameters are obtained,
they are used to estimate the intrinsic and extrinsic parameters of the projector and also
the estimation of the 3D scene.

Extensive research has been conducted to develop precise calibration techniques for
optical devices [4, 50, 54, 55, 78]. Camera calibration techniques can be categorized into
manual and self-calibration methods [58]. Manual calibration often involves using a known
pattern such as a checkerboard to capture images from di�erent angles and estimate the
camera's parameters. Whereas self-calibration doesn't require any physical calibration
object. Instead, it relies on the analysis of image sequences or motion to determine the
camera's parameters.

2.3.1 Manual Calibration

Manual calibration [54, 55, 79] is a camera calibration technique that utilizes a physical
calibration target with known dimensions typically utilizing a checkerboard grid or �ducial
markers. Research on camera calibration dates back to the early 20th century with a major
breakthrough in 1919 when Conrady introduced a model that classi�ed lens distortion into
Radial and Tangential [11], as described in detail in Section 2.1.2. This model was further
re�ned in 1966 by Brown which led to the development of the Brown-Conrady model [13].
Later in 1971 Brown used his model and presented his plumb line method to calibrate the
distortions [47]. Also in this method Brown de�nes a formula that accurately models radial
distortion at a range of varying focal lengths. The advantage with this method is that it
achieves high accuracy at a close range. However, this method has limitations. It includes
manual determination of the points required for calibration which is time consuming and
susceptible to human error.

To overcome the reliance on �ducial markers, Abdel-Aziz and Karara proposed the
Direct Linear Transformation (DLT) method [33]. It is a widely employed method for
directly deducing the projection matrix from image and world points without the need
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of iterations. This method mandates a minimum of six pixel correspondences, aligning
observed points in an image with their respective 3D world coordinates, and requires
the surface to be non-planar. However, the accuracy of this method is greatly a�ected
by noise. Hence, to improve the performance of calibration non-linear optimization is
performed [35,49].

To mitigate the drawbacks of Brown's model, in 1987 Tsai proposed a two-step calibra-
tion method [55] which minimizes the dependency on manual input. Tsai's method requires
at least eight feature points per image, and it also solves the calibration problem using a
set of linear equations based on the radial alignment constraint. It employs a second-order
radial distortion model but does not consider the tangential distortion terms. Additionally,
this method assumes that some parameters related to the camera would be provided by
the manufacturer. By incorporating the manufacturer provided camera parameters, this
method improves the accuracy and speed of calibration. The two-step technique can be
applied to a single image or multiple images of a 3-D grid or plane calibration grid if the
coordinates of the grid points are known. The advantage with this method is its reduced
error in calibration, which is primarily because of the reduced manual point selection.
However, Tsai's method is a�ected by feature point noise and precise grid placement to
some degree.

Although Tsai's method was a huge improvement, it was di�cult to incorporate into
general purpose camera due to its dependency on the manufacturer data. All these demerits
were eliminated by Zhang in 2000, when he developed his simpli�ed planar checkerboard
method [78, 79]. Instead of relying on manual 3D points, Zhang's method is a 
exible
method which only requires a planar checkerboard grid at di�erent orientations (more
than two) in front of the camera for the calibration. Zhang's algorithm extracts corner
points from the checkerboard pattern and computes a projective transformation between
the image points of multiple views, up to a scale factor. This method computes the camera
parameters using a closed-form solution. Additionally, the third- and �fth-order radial
distortion terms are estimated through a linear least-squares solution, followed by a �nal
non-linear optimization of the reprojection error using the Levenberg-Marquardt method
[19]. Zhang's method is robust to noise and allows calibration in diverse setting without
the need for specialized equipments, relying solely on images of the planar checkerboard
captured from multiple orientation.

In summary, methods for the manual calibration of cameras have evolved signi�cantly
from the early distortion models by Conrady to a more re�ned method by Zhang. While
Brown's approach laid the foundation, Tsai's method introduced a computationally e�cient
calibration model which is more practical. Finally, Zhang's method further improved
the process by utilizing multiple images and a non-linear optimization to achieve higher
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accuracy with minimal manual intervention. Although numerous researchers around the
world have proposed many methods for camera calibration, the most adopted methods are
those of the DLT, Tsai and Zhang method. In this thesis, Zhang's method is used for the
ground truth calibration of cameras.

2.3.2 Self-Calibration

Unlike manual calibration, which requires calibration patterns or known point correspon-
dences, self-calibration methods [43, 59, 79] rely solely on mathematical constraints to es-
timate the intrinsic parameters of cameras. These methods are especially useful when the
use of calibration patterns is impractical.

The Kruppa equations [26] represent one of the earliest self-calibration approaches.
They establish a direct relationship between the fundamental matrix and the intrinsic
camera parameters. However, this method su�ers from several limitations, including high
sensitivity to noise in the fundamental matrix estimation and a reliance on known principal
points for numerical stability.

To improve robustness and simplicity, the Mendon�ca{Cipolla method was introduced
[41]. This approach uses the essential matrix, imposing the constraint that it must have
two identical non-zero singular values and one singular value equal to zero. The method
supports variations in focal lengths and principal points and delivers accuracy comparable
to more complex algorithms. However, the speci�c constraints on the essential matrix can
introduce challenges, such as sensitivity to initial parameters and is vulnerable to local
minima and convergence issues when estimating multiple parameters.

Recently, camera self-calibration has increasingly shifted toward learning-based algo-
rithms. Fang et al. [15] proposed a self-supervised approach that estimates camera intrin-
sics directly from video sequences without requiring calibration patterns. By relying on
frame-to-frame consistency, their method achieves competitive accuracy and is adaptable
to various camera models. Subsequently, Jeong et al. [31] introduced a technique that
jointly optimizes camera parameters and scene geometry using photometric cues. This
method, known as Self-Calibrating Neural Radiance Fields, is particularly e�ective in sce-
narios lacking a prede�ned scene layout, although it demands substantial computational
resources.

Liao et al. [37] conducted a comprehensive survey of deep learning-based calibration
methods, highlighting both their potential and associated challenges. These recent ad-
vancements re
ect the growing interest in using learning-based techniques for camera cal-
ibration, marking a shift away from traditional manual approaches.
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Despite signi�cant advancements in learning-based self-calibration methods [15,31,37],
camera self-calibration remains challenging in practical applications. A major limitation
is its sensitivity to noise in feature matching and fundamental matrix estimation. In
addition, non-linear optimization often su�ers from convergence issues. These limitations
make manual calibration approaches preferable in applications where high precision is
required.

2.4 Projector Calibration

Following the calibration of cameras in Section 2.3, the next essential step in a projection
mapping system is the accurate calibration of projectors [44, 70]. In projection mapping,
multiple projectors are used simultaneously with overlapping content. To ensure proper
alignment and create a seamless composite image across all projectors, it is essential to
determine both the internal parameters and the pose of each projector. Therefore, once
the cameras are calibrated, they are used in conjunction with the projectors to estimate
the intrinsic matrix K P , the rotation matrix RP , and the translation vector tP for each
projector in the setup.

2.4.1 Adapting the Camera model for Projector Calibration

By de�nition, a camera is a device that captures light rays from the environment to form
an image, while a projector emits light rays to display images onto the surface. Due to
this relationship, in computer vision and projection mapping, a projector is modeled as
the inverse of a camera [40]. The inverse relationship between the camera and projectors
allows the adoption of camera calibration models for the purpose of projector calibration.
Therefore, the projector model can be derived from Equation (2.1), Equation (2.2), and
Equation (2.4), and is expressed as follows:
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PP = K P � [RP j tP ] (2.18)

Here, (uP ; vP ; 1)T represents the corresponding pixel location in the projector image plane
and the matrix PP is a 3� 4 projection matrix that encodes both the intrinsic and extrinsic
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parameters of the projector.RP , tP represent the rotation matrix and translation vector
of projector. K P can be decomposed into:

K P =

2

4
f x s px

0 f y py

0 0 1

3

5 (2.19)

Similar to cameras, projectors also exhibit distortion parameters such as radial and tan-
gential distortion. As the projectors used in our setup exhibited minimal distortion, this
thesis assumes projectors with negligible distortion. Therefore, distortion parameters are
not considered in the calibration process.

2.4.2 Structured Light

To accurately calibrate projector-camera systems and reconstruct 3D surfaces, structured
light techniques are commonly employed [39,70]. Structured light is one of the most e�ec-
tive approaches for achieving dense pixel correspondence between cameras and projectors.
Although the process can be time-consuming, it o�ers a level of precision and pixel density
that other methods generally lack.

Structured light involves projecting known pattern of light onto an object and analyzing
the deformation of these patterns to obtain the depth information and the surface geometry.
In a typical camera-projector system, projectors emit speci�c light patterns onto a target
surface, which will be captured by one or more cameras viewing the patterns at di�erent
angles. By comparing the deformed patterns captured by the cameras with the actual
patterns emitted by the projector, pixel correspondence can be established between the
cameras and also between the projectors and the cameras. The pixel correspondence can
be expressed mathematically as a mapping function:

f : (uc; vc) 7! (up; vp)

where (uc; vc) represents the coordinates of a pixel in the camera image, and (up; vp) rep-
resents the coordinates of the corresponding pixel in the projector image. The projector-
camera system can utilize these pixel correspondences to triangulate and obtain the dense
3D surface reconstruction [16,24]. The accuracy of 3D reconstruction depends on the pre-
cision of the pixel correspondence. Hence, the structured light patterns are designed to
maximize the uniqueness and detectability of projected features across the entire �eld of
view of the cameras [5].
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Structured light methods can be classi�ed into two categories, namely multiple-shot
and single-shot techniques [5, 20]. Multiple shot involves projecting a series of images
onto the target, to obtain an accurate and dense reconstruction. However, this method
is limited to static surfaces. Examples of multiple-shot techniques include binary coding,
Gray code, and phase shifting [20]. On the other hand, single-shot technique projects
only a single pattern onto the target to obtain the pixel correspondence. This makes it
suitable for dynamic scenes and it o�ers faster acquisition but su�ers from lower accuracy
compared to multiple-shot methods. Sinlge-shot techniques use spatial multiplexing, where
the projected pattern contains unique features that are easy to decode like the color coded
patterns [20].

Since our work involves a static physical surface and does not impose constraints on
pattern capture time, we adopt a binary coded multiple-shot technique [5,20] for generating
dense pixel correspondences. An example of such a structured light pattern is illustrated
in Figure 2.3.

2.4.3 Calibration Techniques

With the camera{projector correspondences obtained using structured light, the next step
is to calibrate the projectors. The most widely adopted approach for this is an adaptation
of Zhang's method [78], previously discussed in Section 2.3.1, which is typically used for
camera calibration. In projector calibration, Zhang's method involves projecting patterns
onto a surface and capturing the projection using calibrated cameras. These captured pat-
terns are used to determine 3D-to-2D correspondences, which are then solved to estimate
the projector parameters.

Projector calibration techniques can be broadly classi�ed into two categories: manual
calibration [44, 51] and auto-calibration [69, 70]. Similar to manual camera calibration,
manual projector calibration relies on physical patterns or additional apparatus.

Early approaches treated projectors as inverse cameras, utilizing planar checkerboards
and homography estimation. Raskar et al. [51] projected checkerboard patterns onto 
at
surfaces and computed homographies based on camera-captured correspondences to correct
keystone distortion. Moreno and Taubin [44] enhanced this method by integrating Gray
code patterns and OpenCV-based sub-pixel corner detection, reducing reprojection errors
to below 0.1 pixels through bundle adjustment [30,65,73] and local homography estimation.

Recent advancements in manual calibration of projectors involve utilizing phase-shifting
sinusoidal patterns to improve projector calibration accuracy [36], where structured light
is used to create dense correspondences between the projector and camera views. Another
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Figure 2.3: Illustration of binary coded structured light pattern. Image copied from [56]
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approach involves using a planar mirror in complex scenarios to calibrate projector{camera
systems with non-overlapping �elds of view [67]. This technique uses indirect correspon-
dence estimation by re
ecting patterns, which enables calibration even when the �elds of
view of the camera and projector do not overlap.

Although e�ective and capable of achieving high accuracy, these methods are often
di�cult to apply in real-world scenarios, as the manual placement of calibration targets is
labor-intensive and prone to errors caused by lens distortion when projectors are defocused.
Furthermore, embedding markers or sensors on all surfaces is not feasible. In cases where
projection is performed on distant target surfaces, sensors may not be su�ciently visible,
rendering the calibration process ine�ective.

In contrast, auto-calibration techniques eliminate the need for printed patterns, em-
bedded sensors, or manual adjustments. Instead, they rely on structured light to establish
dense correspondences between the projector and the camera. These correspondences
enable the system to compute homographies and distortion parameters automatically, fa-
cilitating the calibration of both intrinsic and extrinsic projector properties.

One of the earliest methods in auto-calibration was proposed by Yamazaki et al. [70],
utilizing structured light projection for the simultaneous calibration of a projector and a
camera. This technique estimates the intrinsic parameters of both devices and their relative
pose without requiring any calibration boards. The method works by decomposing the
radial fundamental matrix into intrinsic and extrinsic parameters. To overcome sensitivity
issues in the decomposition of the fundamental matrix, several steps are taken. These
include placing the principal point at the center of lens distortions, which is not always the
case and performing a �nal optimization to attain accurate results.

Willi and Grundh•ofer [69] proposed a robust auto-calibration method that does not re-
quire any calibration board or prior geometric knowledge of the projection surface. Similar
to the previous method, this approach uses structured light to obtain dense correspon-
dences and later employs iterative optimization to calibrate the cameras and projectors.
This assists in calibration on non-planar surfaces. However, the calibration of cameras
assumes the principal point to be at the center of the image, which is not always the case
and can a�ect the calibration accuracy of projectors.

Further developments in self-calibration of projectors involve decomposing structured
light into directional components to estimate geometry without using a physical calibration
target [60]. This method analyzes the deformation of light patterns on the surface and
infers the projector parameters automatically. Recently, a quasi-calibration technique [57]
introduced the use of an auxiliary camera to estimate correspondences indirectly. However,
this method requires an additional camera in order to calibrate the projector.
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Although these established algorithms work well, they impose constraints on the pa-
rameters during calibration, which, if not satis�ed, can signi�cantly impact the accuracy
of projector calibration. Additionally, for accurate calibration of projectors, researchers
often employ optimization along with initial estimates of the parameters to best estimate
the projector's characteristics. However, in certain cases when the overlap is minimal, it
results in poor calibration of the projectors.

This thesis builds on these advancements and employs an auto-calibration approach
by projecting structured light patterns onto the target surface to obtain dense correspon-
dences, which are later used to calibrate the projectors. An additional contribution is the
introduction of a new objective function that optimizes the overall calibration on top of
existing methods, aiding in the accurate calibration of projectors even when there is limited
stereo overlap.

In summary, this chapter introduced foundational concepts such as camera modeling,
two-view geometry, reprojection error, and existing calibration techniques for both cameras
and projectors. These form the basis for understanding how cameras and projectors inter-
act within a 3D environment, and provide the necessary background to evaluate and apply
calibration methods. A solid understanding of these concepts is essential for identifying
the limitations in existing approaches and for understanding the theoretical foundations of
the proposed solutions.
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Chapter 3

Problem Formulation

As mentioned in Section 2.3, the calibration of projectors begins with the calibration of
cameras, which can be performed using the Direct Linear Transformation (DLT) method
or self-calibration methods such as the Mendon�ca{Cipolla method or the learning based
approaches. Once the cameras are calibrated, they are utilized in the calibration of the
projectors.

To calibrate the projectors using cameras, typically in a setup involving one or more
projectors and at least two calibrated cameras, point correspondences between the cameras
and the projectors are established through structured light. After the structured light
patterns are properly projected and captured, traditional methods are employed to obtain
an initial estimate of the projector parameters, as mentioned in Section 2.4.3. Subsequently,
optimization algorithms can be utilized to re�ne these parameters for improved accuracy.

However, projectors are subject to certain constraints to achieve accurate calibration
through these optimization processes. One such constraint is the requirement to maintain
su�cient spatial overlap between each projector's projection area and the �eld of view of
both stereo cameras, as discussed in the motivation section of Chapter 1. These constraints
increase the overall system cost compared to simpler setups, and adding more devices also
makes the calibration process take longer.

In this chapter, we will analyse the existing problems in the current methodology of
projector calibration and develop a novel solution to address it.
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3.1 Stereo Overlaps and their Signi�cance

From the motivation in Chapter 1, it is clear that the calibration of projectors depends on
the amount and type of overlap between optical devices, such as between projectors and
between projectors and cameras. Understanding the e�ects of di�erent types of overlap
helps to better identify the sources of error in projector calibration, which in turn enables
the development of more accurate calibration methods.

There are three possible types of overlaps that can occur during projection mapping:

1. Overlap between the Cameras

2. Overlap between the Camera and the Projector

3. Overlap between the Projectors

Typically, for projection mapping to function correctly, at least one camera must observe
each region of the surface with a small stereo overlap between cameras. However, for
precise calibration in industrial settings, two cameras are usually assigned to each surface
region to obtain accurate depth measurements. This requirement increases the overall cost
of the setup.

Reducing the three overlaps listed above allows for broader surface coverage while
lowering setup costs. However, minimizing overlap also increases projector calibration
error. Therefore, analyzing and understanding these overlaps is essential for producing
high-quality visual results at a reduced cost.

Comprehending these overlaps facilitates more e�ective use of optimization techniques
and contributes to the accurate calibration of all devices involved. In this work, we consider
a minimal setup consisting of two cameras and one or more projectors, which ensures
su�cient stereo overlap while keeping the setup cost-e�ective. A detailed analysis of the
types of overlaps is presented in Chapter 4.

3.2 Calibration of Projectors

3.2.1 Need for Auto-Calibration of Projectors

As explained in Section 2.4.3, auto-calibration of projectors involves calibrating projectors
without the use of any physical markers or checkerboards. The auto-calibration approach
addresses several limitations associated with manual calibration methods, such as:
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1. Manual Intervention : Manual calibration requires the placement and alignment
of calibration targets, which is labor-intensive and prone to human error.

2. Scalability : In large projection mapping setups, deploying physical calibration tar-
gets or embedding physical markers becomes impractical.

3. Cost : Manual calibration increases the total equipment required for projection map-
ping, thereby elevating the overall cost of the setup.

To address these challenges, auto-calibration methods for projectors have been introduced,
as discussed in detail in Section 2.4.3. However, they present certain limitations that need
to be addressed to ensure accuracy and cost-e�ectiveness.

3.2.2 Challenges

Despite the advantages of auto-calibration over manual methods, it has certain limitations.
The key challenges include dependency on su�cient stereo overlap between projectors and
cameras and the limitations of using reprojection error as the sole optimization criterion.

Dependence on Stereo Overlap

As discussed in Section 1.1, auto-calibration of projectors requires su�cient stereo overlap
between the cameras and each projector's projection area to ensure enough valid corre-
spondences for accurate calibration. For instance, the algorithm developed by Tehrani et
al. [62] requires that at least 20% of the area projected by each projector be consistently
observed by a minimum of two cameras to obtain su�cient point correspondence data for
calibration. Due to this requirement, large-scale projection mapping faces two primary
issues:

1. Increased number of cameras : To maintain the necessary stereo overlap, more
cameras must be deployed compared to setups without overlap constraints, which in
turn increases the overall system's capital cost.

2. Reduced accuracy with Fewer Cameras : To manage costs by limiting the num-
ber of cameras, the calibration accuracy for projectors may be compromised, ad-
versely a�ecting the quality of the projected display.
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Limitations of ER as an Optimization Criterion

During the optimization of projector parameters, most algorithms use the reprojection
error (ER) as their objective function, as discussed in Section 2.2.4. While minimizing
ER is intended to achieve accurate projection matrix (Pi ) for each projector i , it may
lead to suboptimal solutions due to the presence of multiple local minima speci�c to the
camera{projector calibration setup [25,64]. These issues are due to the complexity of the
projection geometry and limited visibility across devices [78]. Additionally, reprojection
error does not inherently account for outliers in the point correspondences, making it
sensitive to noise and bad correspondences [25].

In many practical situations, the actual point cloud of the target surface remains un-
known. Since, obtaining the point cloud of the target surface requires laser scanning of the
target surface. However, in large scale projection mapping, performing laser scan on the
surface, increases the overall capital cost by a huge factor [2]. In such scenarios, relying
solely onER can result in misalignments between overlapping projector regions, leading to
visible gaps and discontinuities on the target surface.

3.3 Proposed Strategy

3.3.1 Overlapping Distance Error

As discussed in the previous section on the challenges of auto-calibrating projectors, utiliz-
ing the reprojection error (ER) without access to the ground truth point cloud necessitates
a higher degree of overlap between the projector's projection area and the �eld of view of
the stereo cameras. Insu�cient overlap in this context can reduce the calibration accuracy
of the projectors, leading to misalignments in regions where projector content overlaps on
the target surface and resulting in visible gaps. This overlapping distance error can be
numerically de�ned as: X

m2M ij




 X i

m � X j
m




 2

(3.1)

where X i
m and X j

m are the 3D coordinates of pointm in the world coordinate system,
reconstructed independently by projectorsi and j , respectively. The setM ij contains the
world points commonly observed and reconstructed by both projectors.
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Figure 3.1: Illustration of the cyclical e�ect in pairwise projector optimization. While
errors between adjacent projectors (e.g.,i { j and j { k) are minimized, the lack of a direct
constraint betweeni and k can lead to misalignment.

3.3.2 Cyclical E�ect

Addressing the overlapping distance error individually for each projector introduces a cycli-
cal e�ect. For instance, consider a setup with three projectors:i , j , and k, each overlapping
with the others, as illustrated in Figure 3.1. Minimizing distance error between projectors
i and j , and then betweenj and k, may inadvertently increase the error between projec-
tors i and k. This occurs because the optimization is performed only on pairwise overlaps,
without considering the system as a whole. As a result, calibration errors may accumulate,
preventing consistent alignment across all projectors. In practical applications, large setups
can involve more than ten projectors, complicating the problem and making it di�cult to
reach a con�guration that minimizes errors across the entire system.

To address this issue, we introduce a global distance-based objective functionEOD ,
designed to simultaneously optimize all projectors. This optimization problem is mathe-
matically formulated as:

min
f Pi g

EOD ; EOD =
X

i

X
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(3.2)

The set f Pi g includes all projector parameters being optimized. This objective function
aims to minimize the error between overlapping content across all projectors simultane-
ously. Here,M ij denotes the set of 3D points commonly observed and reconstructed by
both projectors i and j , and X i

m and X j
m are the reconstructed coordinates of pointm

from projectors i and j respectively.
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3.3.3 Multi-Step Optimization Strategy

The goal of this thesis is to accurately calibrate the projectors using a minimal number of
cameras, as described in Section 1.2. Reducing the number of cameras results in some pro-
jectors having limited or no overlap between their projection areas and the stereo cameras'
�elds of view, making it di�cult to establish direct camera{projector correspondences.
Additionally, there may be projectors that do not overlap with the stereo cameras at all,
but only with other projectors.

In such scenarios, using the proposed objective function (Equation 3.2) alone and plac-
ing it on top of traditional methods could lead to divergence in the optimization results or
failure to calibrate certain projectors. However, extensive research involving the calibration
of projectors using optimization based onER has shown that it is a robust approach and
can optimize parameters to a reasonable degree [27,38,44,75]. Based on this, we propose
a multi-step optimization strategy, detailed below:

1. Initial Estimate: Obtain an initial estimate of projector parameters using tradi-
tional calibration methods.

2. Optimization 1: Re�ne the parameters by minimizing the reprojection error (ER ,
see Equation 2.16).

3. Optimization 2: Further re�ne the parameters using the proposed overlapping
distance error (EOD , see Equation 3.2) to align overlapping regions across projectors
and form a uni�ed, joint point cloud of the target surface.

The addition of a second optimization stage on top ofER improves the robustness of the
algorithm and ensures convergence, as Optimization 1 provides a reliable initial estimate.

In summary, this chapter identi�ed the key challenges in projector calibration, par-
ticularly under minimal stereo overlap. It also highlighted the importance of analyzing
stereo overlaps and emphasized the need for auto-calibration of projectors. The proposed
strategy introduced in this chapter incorporates a novel objective function and a multi-step
optimization process, aiming to improve projector calibration performance when using the
minimum number of cameras.

In the subsequent chapters, this thesis will analyze and explore the di�erent types of
stereo overlap and will ultimately present the implementation results of the novel objective
function introduced in this chapter.
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Chapter 4

Stereo Overlap Between Optical
Devices

Overlap between optical devices plays a crucial role in the overall calibration of the system.
As described in Section 3.1, multiple types of overlap are involved throughout the projector
calibration process, namely the overlap between camera views, between the camera and
projector views, and between projector projections. An illustration of the general concept
of �eld-of-view overlap between two devices is shown in Figure 4.1. Each device may
represent either a camera or a projector, and the highlighted region indicates the shared
area observed or covered by both devices. In this chapter, based on the overlaps mentioned
above, we will analyze three di�erent case studies:

ˆ Case Study 1: Impact of the Degree of Stereo Overlap on Camera Calibration Accu-
racy

ˆ Case Study 2: Impact of Camera Overlap on Projector Calibration Accuracy

ˆ Case Study 3: Calibration Accuracy in Sequentially Overlapping Projectors

The following sections will present the synthetic data used in the analysis, outline the
detailed methodology for each case study, and �nally analyze and examine their impact on
calibration accuracy.
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Figure 4.1: Illustration of �eld of view overlap between two devices. The highlighted region
represents the shared area observed or projected by both Device 1 and Device 2.

4.1 Synthetic Data

Synthetic data is generated for this analysis. A dome structure and a wave structure (as
shown in Figure 4.2) are used as the unknown 3D surfaces observed by the cameras and
displayed onto by the projectors. The dome structure is used in Case Studies 1 and 2, while
the wave structure is employed as the unknown 3D surface in Case Study 3. Initially, the
correspondences between the camera image points and the world points are identi�ed by
multiplying the projection matrix with the world points. This transformation is represented
by

uc = PC � uw PC = K C � [RC j tC ] (4.1)

whereuc represents the image points in the camera plane,uw represents the world points,
and PC , RC , tC represent the projection matrix, rotation matrix and the translational
vector of the camera. Two cameras are used for the analysis, however the number of
projectors varies depending on the case study. Subsequently, correspondences between
Cameras are identi�ed by matching the world points projected onto the respective image
planes, and designated as (uc1, uc2).

Additionally, the transformation described by Equation 4.2 is applied to the projector to
establish correspondences between the world points and the image points on the projector's
image plane. Finally, the correspondences between the projector and the cameras are
established by matching the world points in the projector and camera image planes, and
designated as (uc1, up) and (uc2, up).

up = PP � uw PP = K P � Ap (4.2)

where up represents the image points in the projector plane, andPP is the projection
matrix of the projector. To enhance the realism of the synthetic data, Gaussian noise (� ) is
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added to the correspondences.� is a random variable which follows a normal distribution
with a mean of zero and a standard deviation of� and is expressed as:

� ' N (0; � 2) (4.3)

where the values of� used for these case studies are 0.25, 0.5, 1. These values represent
increasing levels of noise added to the image data and help evaluate how well the calibration
process performs under di�erent conditions. Higher values were not considered, as they
would introduce extreme distortions which is unlikely to occur in practice, while lower
values would not provide enough variation to reveal meaningful trends.

For all case studies,K C and K P are assigned standard values at the outset. Addition-
ally, K C1 and K C2 are de�ned to be identical, as are all projectors:

K C = K C1 = K C2; K P = K P 1 = : : : = K P n (4.4)

where n is the number of projectors used in that particular case study andK P n is the
intrinsic matrix of Projector n. Camera 1 is always considered as the origin, as described
in Section 2.1.1. Hence, the extrinsic parameters of Camera 1 are de�ned as:

[RC1 j tC1] =
�
I 0

�
(4.5)

The subsequent sections will outline the methodology and provide a detailed analysis of
each case study, to understand the in
uence of di�erent types of overlap on the accuracy
of projector calibration.

4.2 Methodology and Experimental Setup

4.2.1 Impact of the Degree of Stereo Overlap on Camera Cali-
bration Accuracy

Stereo Overlap between the cameras refers to the shared region between the �eld of view
(FOV) of two or more cameras. In projection mapping, the purpose of camera is to capture
the physical surface onto which projections are made. However, stereo overlap between the
cameras helps in determining the depth of the physical surface, which plays a crutial role
in accurate projector calibration. Since, in the absence of the ground truth point cloud
of the target surface and the physical embedding, this stereo surface acts as the reference
onto which rest of the projector point cloud is built to calibrate it.
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To analyze the accuracy of camera calibration in relation to stereo overlap (� ) between
the cameras, two cameras are used in the setup. WheretC2 is iteratively increased such
that, camera 2 is moved away from the camera in both the negative and positive directions,
thereby varying the stereo overlap from 100 to 0. The value of� is calculated as the total
area in the camera plane that is viewed by both cameras divided by the combined image
plane area of both cameras. With the variation of� , values ofRC2, and tC2 are determined
and compared against ground truth values.

For this analysis,K C , RC1, tC1 and (uc1, uc2) are known, whileRC2, tC2 are estimated.
To identify the extrinsic parameters, the essential matrix (E) [25] is �rst computed using
the normalized point correspondences [25] (^uc1, ûc2), as shown in Eq. 4.6. This matrix is
then decomposed using Singular Value Decomposition (SVD) [71], allowing for the extrac-
tion of RC2 and tC2.

ûT
c2 � E � ûc1 = 0 (4.6)

For each value of stereo overlap, the output values are computed 15 times, and the resulting
errors are averaged to reduce 
uctuations caused because of the gaussian noise.

4.2.2 Impact of Camera Overlap on Projector Calibration Accu-
racy

This case study utilizes two cameras and one projector to evaluate the precision of projector
calibration (K P , RP and tP ) as a function of stereo overlap (� ) between the cameras and
projector. The value of � is de�ned as the area of the projector region visible to both
cameras, divided by the total area of the projector in the projector image plane. Initally
the cameras are placed such that� is equal to 100%. Later,tC2 is iteratively increased
such that camera 2 moved away from the camera 1 in both the negative and positive
directions, thereby varying� from 0 to 100. As� is varied, the values ofK P , RP and tP

are determined and compared with ground truth values.

For this analysis, the camera calibration (K C , RC , tC ) and (uc, up) are assumed to be
known, while the projector calibration (K P , RP and tP ) needs to be estimated. Initially,
triangulation [10,25], as described in Section 2.2.3, is performed with cameras to identify
the world points (uw) in the stereo region of the cameras and is seen by the projector.

Next, using the identi�ed (uw) and the known up, the projector's projection matrix
PP is determined which is later decomposed to obtain the projector parameters. For each
stereo overlap,PP is calculated 15 times to avoid the 
uctuations caused due to Gaussian
noise. The setup for Study 1 and 2 is shown in Fig. 4.2a.
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(a) Dome structured 3D surface. (b) Wave structured 3D surface.

Figure 4.2: Synthetic data setup for di�erent case studies with red representing cameras
and blue representing projectors, all projecting onto a 3D surface. The devices are oriented
such that their optical axes point toward the surface, and each device's �eld of view (FoV)
covers a region centered along its viewing direction.
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4.2.3 Calibration Accuracy in Sequentially Overlapping Projec-
tors

This case study is performed to understand the 
ow of sequential error in the projector
parameters. It involves the use of two cameras and ten projectors, where each projector is
placed adjacent to the next with a percentage overlap of
 . Additionally, the cameras are
positioned such that both cameras fully overlap with Projector 1. Since this case study
is speci�cally designed to investigate the sequential error propagation and not the overlap
between cameras and projectors, it is important to isolate the e�ect of stereo cameras.
Therefore, both cameras are con�gured to fully view Projector 1. However, only one of the
cameras observes the remaining projectors.

To analyze the accuracy of the calibrated projector parameters (K P , RP , and tP )
sequentially across all projectors, the variable
 is increased from 5% to 95%. The upper
limit of 95% is imposed to prevent physical collision of projectors within the setup, while
the lower limit of 5% ensures that some minimum amount of overlap is maintained between
devices. The synthetic data setup used for this analysis is illustrated in Figure 4.2b.

As 
 increases, the calibration valuesK P , RP , and tP are determined for each projector.
The estimation of projector parameters is performed in the same manner as described in
Section 4.2.2. This process begins with the estimation of parameters for the projector that
fully overlaps with the stereo cameras and continues sequentially toward the �nal projec-
tor. This approach enables a systematic assessment of the variation and accumulation of
calibration errors in the projector parameters.

4.3 Experimental Procedure

To analyze the performance and accuracy of the calibration results, the reprojection error
(ER), as de�ned in Section 2.2.4, is used as the evaluation metric. Since the stereo overlap
tests are conducted entirely using synthetic data, the true parameters of both the projector
and the camera are known. The computation ofER proceeds as follows:

ˆ The actual image coordinates are computed using the ground truth parameters.

ˆ The estimated image coordinates are then obtained using the newly estimated pa-
rameters.

ˆ The ER is calculated as the Euclidean distance between the true and estimated image
coordinates in the image plane of the corresponding optical device.
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The image plane varies depending on the device for which the error is being evaluated: if
ER is computed for a projector, thenup is used; if it is computed for a camera, thenuc is
used. Additionally for each value of stereo overlap (denoted by� , � , and 
 ), the output
values are computed 15 times, and the resulting errors are averaged to reduce 
uctuations
caused because of the Gaussian noise.

4.4 Results

To understand the variation of ER with changes in stereo overlap (denoted by� , � , and

 ), experiments were conducted using three di�erent noise levels (� values corresponding
to Gaussian noise): 0.25, 0.5, and 1. The results indicate thatER increases as stereo
overlap decreases. In the case of camera calibration (see Figure 4.3), a sharp rise in error is
observed when stereo overlap falls below 15%. Additionally, a spike in error is also noted
near 100% overlap, where the cameras are positioned extremely close to one another. This
spike occurs due to numerical instability, which happens when the cameras are placed too
close together. In such cases, their views become too similar, making triangulation di�cult
and leading to unreliable calibration results. It is important to note thatER is calculated
close to, but not exactly at, zero camera separation because at extremely small baselines,
the calibration problem becomes ill-posed and numerically unstable.

In the case of projector calibration (see Figure 4.4), a similar pattern is observed.
The reprojection error increases as stereo overlap decreases. In this scenario, the dotted
segments in the plot represent instances where theER exceeds 3 pixels. While anER of
less than 1 pixel is widely accepted as a standard threshold for accurate calibration in
projector systems [45, 74], errors exceeding 3 pixels indicate signi�cant misalignment and
are unreliable for practical applications such as projection mapping.

A comparison ofER across di�erent noise levels (� = 0:25; 0:5; 0:75; 1:0) highlights the
sensitivity of calibration accuracy to increasing noise. In particular, the ratio ofER be-
tween � = 0:5 and � = 0:25, and between� = 1:0 and � = 0:5, shows that doubling
the noise level leads to an almost fourfold increase inER within the linear region. This
ampli�cation of error suggests that even moderate increases in noise can cause large degra-
dations in calibration accuracy, highlighting the importance of minimizing noise during
data acquisition.

As discussed in Section 4.2.3, Case Study 3 aims to analyze the sequential propagation
of ER across projectors. To investigate this behavior, three di�erent values of noise� are
considered, namely 0.25, 0.5, and 1. For each noise level,
 between projectors is varied
from 5% to 95%, andER is computed for all ten projectors.
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Figure 4.3: ER vs � for Case Study 1. As stereo overlap decreases,ER generally increases.
At nearly 100% overlap (i.e., when cameras are placed very close), numerical instability
causes a spike in error.
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Figure 4.4: ER vs � for Case Study 2. The error increased almost fourfold when the noise
level was doubled, highlighting the sensitivity of calibration to noise. Red dotted lines
marking ER exceeding 3px, where calibration accuracy becomes unreliable.
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(a) � = 0 :25 (b) � = 0 :50

(c) � = 1 :00

Figure 4.5: ER as a function of varying
 and projector indices for di�erent values of� . As
� increases,ER becomes more sensitive to both overlap and projector depth. For higher
values of� (sub�gures b and c), several projectors are left uncalibrated due to insu�cient
correspondences, which is re
ected in the blank regions of the plots.
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