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Abstract

Quantum circuits play an essential role in many disciplines of quantum information
science. They can not only be represented in the traditional gate-based (GB) paradigm,
but also an alternative measurement-based (MB) paradigm. The latter begins from a
resource state possessing many entangled ancillary qubits, and proceeds via mid-circuit
measurements of these ancillas. More generally, ancillary qubits feature prominently in
quantum error-correcting schemes, opening up the possibility for exploiting both paradigms
on an equal footing. In this thesis, we explore how circuits designed with such features
(referred to as �exotic�) can be employed to enhance the quality of quantum algorithms
and their general computations.

First, we examine variational quantum eigensolvers (VQEs) � a highly successful class
of quantum algorithms for simulating physical models on quantum computers. Initially
developed as a GB technique, they were recently extended to the MB model which en-
abled a �rst paradigm shift in the �eld. Our work seeks to push the integration and
design frontiers of the VQE further by blending aspects of the GB and MB paradigms
to form hybrid variational circuits. This can facilitate the design of a problem-informed
variational ansatz, while enabling the e�cient implementation of many-body Hamiltonians
on noisy-intermediate-scale-quantum (NISQ) devices. To test the e�ectiveness of our ap-
proach, we demonstrate our hybrid circuits on IBM superconducting quantum computers
by performing VQEs involving the perturbed planar code,Z2 lattice gauge theory, quantum
chromodynamics, and the lithium hydride molecule.

Second, we propose a technique to mitigate the problem of noise and decoherence in
quantum computation, which a�ect VQEs and many other quantum algorithms. Speci�-
cally, we consider circuits containing auxiliary registers and perform identical noisy com-
putations on them in a superimposed fashion. We describe a concrete, scalable protocol for
executing these circuits in both the GB and the MB paradigms, comparing and contrasting
the mechanisms in which noise impacts them. Through analytical and numerical analyses,
we illustrate how performing circuits in this manner leads to a noise interference process
that yields improvements in computational �delity.

The works discussed in this thesis constitute novel applications of exotic circuits that
are both resource-e�cient and versatile in nature. Together, these qualities can pave the
way for more reliable quantum algorithms and computations on NISQ hardware.
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Chapter 1

Introduction

Quantum circuits are a core ingredient for describing quantum computations (QC) and
their associated operations [1]. They have been instrumental to the development of funda-
mental concepts in quantum algorithms, cryptography, and communication [1]. Quantum
circuits are conventionally expressed in thegate-based(GB) 1 paradigm, where a sequence
of black-box unitaries act on a target state of interest. Additionally, they may incorporate
non-unitary measurements during the qubit readout stage. These measurements are no-
table for having no analogue in classical circuits, and highlight the probabilistic nature of
quantum-mechanical systems [1].

While GB circuits cast measurements in a supporting role, Raussendorf, Browne, and
Briegel [2] proposed a computing approach that relies primarily on measurements. Known
as the one-way scheme, it employs themeasurement-based(MB) paradigm [3, 4] and per-
forms computations using an entangled cluster or graph state (containing ancillary qubits)
instead of unitary gates. Here, projective measurements of the ancillas drive the computa-
tion forward and are made possible by the correlations existing between them. Despite its
irreversibility, MB-QC provides a convenient realization on platforms adept at generating
large entangled clusters, particularly optical lattices and solid-state systems [2, 5]. These
have proved useful in applications involving multipartite systems such as quantum com-
munication [6], blind quantum computation [7], and quantum error correction with surface
codes [8]. On the other hand, the theoretical description of MB-QC employs powerful con-
cepts from graph theory and the stabilizer formalism, enabling one to express it in both
graph and circuit languages. Interestingly, their circuit representation possesses elements

1Although the terms �gate-based� and �circuit-based� are often used synonymously, we use the former
throughout since the measurement-based paradigm is also expressible in terms of circuits (albeit less
frequently than clusters or graphs).
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that are uncommon in standard computing applications thus far, including mid-circuit
measurements, and conditional operations. Yet remarkably, they maintain a direct corre-
spondence with GB circuits, with the existence of well-known techniques (e.g. phase-map
decomposition [9], ZX-calculus [10]) for translating between the paradigms. Thus, the MB
paradigm may be regarded as a alternative perspective for harnessing quantum computing
power, with its own unique circuit elements and practical considerations.

Aside from MB-QC, the use ofauxiliary registers (wires) in a circuit also carries sig-
ni�cance in quantum information theory. A well-known example is that of quantum error-
correcting codes [8, 11, 12], where multiple physical qubits are needed to construct a single
fault-tolerant logical qubit. The auxiliary registers are entangled with the input state and
then measured to obtain the syndrome of possible errors, such that they may be detected
and corrected according to the measurement outcomes. On the other hand, quantum error
mitigation in the NISQ era [13, 14] remains the more practical approach to leveraging cur-
rent progress in quantum hardware development. While not all error mitigation techniques
rely on auxiliary registers, entanglement puri�cation o�ers us some inspiration [15, 16]: by
employing one of the two low-�delity Bell pairs as auxiliary systems, we can probabilisti-
cally increase the entanglement of the other pair. One may easily imagine the same idea
being applied to the error mitigation problem.

It is apparent that the concepts of MB-QC, graph states, mid-circuit measurements,
and auxiliary qubits suggest new, �exotic� possibilities for quantum circuits. Given this
�exibility, it is natural to ask whether these features carry any bene�ts, for instance in
enhancing quantum algorithms or general computations. This is precisely the question
investigated in this thesis, as we examine two distinct applications of exotic circuits. In
Chapter 2, we formulate these circuits as ansätze (trial states) for variational quantum
eigensolvers (VQEs), a well-known quantum-classical algorithm used to study low-lying
energy states. Speci�cally, we blend aspects of the GB and MB computational models
within these ansätze in various ways, and demonstrate how such techniques can yield
a more versatile approach to performing VQEs from both design and implementation-
level standpoints. In Chapter 3, we present a more abstract formulation of exotic circuits
in the context of noise analysis. Here, we show how coherently superimposing multiple
instances of a noisy computation can lead to consistent reductions in the overall noise
level, and hence improved performance. Akin to the �rst approach, we showcase how
these superimposed circuits may be designed in both the GB and MB paradigms, while
highlighting subtle di�erences in the way noise processes act on them. Finally, in Chapter
4, we draw conclusions based on the performance and viability of the exotic circuits, and
look ahead to future areas of exploration where they may play a substantial role.
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Chapter 2

Merging Computational Models for
Hybrid Variational Quantum
Eigensolvers

Many hard problems in physics require the simulation of complex Hamiltonians. Since
their computational cost often renders classical methods intractable, quantum algorithms
are required to obtain accurate solutions. However, these algorithms are curtailed by NISQ
devices that are limited in both the number of qubits and the attainable circuit depths
[17]. Since then, research e�orts aimed at reducing requirements have focused on the class
of quantum-classicalalgorithms. They employ quantum and classical processors working
together in a feedback loop to approximate solutions numerically. One such algorithm
is known as thevariational quantum eigensolver(VQE), which determines a system's
low-lying energy states via the classical optimization of a variational ansatz (trial state)
[18, 19, 20]. This can provide useful information toward analyzing the system's quantum
mechanical properties, including its �nite-temperature behaviour and phase transitions
[21, 22] Consequently, VQEs have been successful in areas spanning quantum chemistry
[23], materials science [24, 25] and high-energy physics [21, 26, 27, 28, 29, 30]. Such
developments have enabled opportunities for NISQ devices to tackle problems that would
otherwise be out of reach.

Current demonstrations of VQEs are GB, in which the ansatz is expressed as a sequence
of unitary black-box operations. However, as proposed in Ref. [22], VQEs can also operate
using MB-QC (see App. A). The resulting algorithm, known as MB-VQE, expresses the
ansatz as an entangled resource state [2, 31, 32, 33] which undergoes computation via
a series of local rotations and measurements [22]. As an alternative, entirely gate-free
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concept, MB-VQEs permit the use of VQEs on platforms for which the implementation of
entangling gates is challenging. A unique feature of performing MB-QC and MB-VQE is
the measurements that condition subsequent operations on their speci�c outcomes. These
intermediate measurements are crucial to performing MB-QC deterministically, since they
implement corrective operations that combat the random nature of measurement [2, 33].

In this chapter, we introducehybrid VQEs that merge the strengths of the MB and GB
paradigms for circuit implementations. In particular, we leverage current quantum hard-
ware developments that have enabled fast, high-�delity mid-circuit measurements on su-
perconducting qubits, trapped ions, and ultracold neutral atoms [34, 35, 36, 37, 38, 39, 40].
This allows us to incorporate MB elements within these architectures, which predominately
use the GB paradigm in their existing applications. We demonstrate the capabilities of our
approach by performing a series of VQE simulations on IBM superconducting quantum
computers. In doing so, we address two major challenges toward realizing e�ective VQEs
� namely, the design of a good variational ansatz, and the physical realization of robust
VQEs on NISQ devices.

To address the �rst challenge, we utilize MB principles to formulate an alternative
approach for designing GB-VQE circuits. The versatility of this approach is seen when
applied to problems with graph representations (MB patterns), as it permits one to access
graph-inspired variational families directly in the GB formalism. It entails modifying each
entangling gate with suitable operations [Fig. 2.1(a)], such that the equivalent graph is
modi�ed in a variationally tunable way. We apply this idea to the perturbed planar
code (PC), as an example of how an e�ective GB-VQE ansatz can be designed based on
an initial graph state. More broadly, this design tool can be useful when formulating a
problem-informed VQE ansatz.

For the second challenge, we exploit MB elements that employ parameterized ancilla
qubits and conditional measurements, and integrate them within VQE circuits. Here, the
parameters dictate the choice of a measurementbasisas opposed to rotations in parameter
space, thus lending a unique variational aspect. We demonstrate this idea via MB patterns
known as �Pauli gadgets�, which realizen-body interaction terms as shown in Fig. 2.1(b).
Such terms appear in many target Hamiltonians as a consequence of the underlying physics,
particularly in models from condensed matter physics or in gauge theories. By realizing
such interactions via measurements, these gadgets are implemented e�ciently via the num-
ber of entangling operations, a current bottleneck on NISQ platforms. In conjunction with
local rotation gates, the Pauli gadget gives rise to novel VQEs that merge GB and MB
paradigms in their circuits. We perform VQE demonstrations of these �hybrid� circuits for
1D quantum chromodynamics,Z2 lattice gauge theory, and the lithium hydride molecule,
showcasing their compact depth and e�ectiveness across a broad range of applications.
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FIG. 2.1: Enhancing VQEs by combining MB and GB principles to form hybrid ansatz
circuits . (a) Based on MB principles, gate modi�cation (wavy lines with arrows) allows access to
graph-inspired variational state families in the GB formalism. Starting from a base circuit derived
from a graph state (MB pattern), we dress each entangling gate with unitary operations that tune
the circuit's entanglement structure. (b) The Pauli gadgets P̂ 
 n (� ) are MB patterns (graphs)
that permit a VQE implementation of a hybrid ansatz on NISQ devices. Each gadget, when
combined with local rotations, realizes ann-body interaction term in the target Hamiltonian. The
parameterized ancilla qubits (in orange) provide a variational aspect by tuning the measurement
bases used to perform MB-QC on them. These compact gadgets provide resource advantages in the
number of entangling operations, and allows one to e�ciently realize VQE circuits of arbitrary
complexity. Grey, teal, and red arrows denote the overall work�ow, classical�quantum VQE
feedback loop, and corrective operations (i.e. byproduct Pauli operatorŝU� ) on the measured
qubits respectively. On circuit platforms such as IBM Quantum, MB elements are implemented
dynamically with mid-circuit measurements.
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2.1 Background

In this section, we summarize the relevant concepts underlying hybrid circuits and VQEs.

In its simplest form, a VQE approximates the ground state (GS) energyE0 of a target
Hamiltonian Ĥ with a parameterized ansatz statej a(~� )i . The traditional (GB) VQE
represents the ansatz as a circuit whose gates are parameterized by~� . From the ansatz, the
quantum processor computes the mean energyE = h ajĤj  ai , which a classical optimizer
minimizes by updating~� [19]. The quantum processor then reevaluates the ansatz and the
process repeats iteratively until a stopping condition for convergence (inE) is attained. A
schematic of the VQE algorithm is shown in App. B.

The accuracy of a VQE in approximatingE0 relies heavily on the speci�c ansatz chosen.
Despite the existence of well-established techniques (e.g. domain-speci�c and heuristics
[41]) to formulate the ansatz, they are often beset by practical limitations. These include
a susceptibility to barren plateaus and local minima in the energy landscape [42, 43]. It
is also possible for the GS to be highly entangled, which can result in large circuit depth
requirements. For example, heuristic designs often encapsulate many repeating layers with
all-to-all connectivity [41]. This can pose challenges on NISQ devices due to restrictions
in their quantum volumes and qubit connectivity. Such drawbacks motivate the use of
our hybrid VQE approaches, which present a contrast through e�cient ansatz design and
implementation methods.

MB elements (patterns) process quantum information via the MB-QC protocol, which
treats a resource state as a cluster or graph connecting a set of input, ancilla, and out-
put qubits. The computation proceeds as a series of projective measurements on the
resource in the eigenbases of the Pauli operatorŝX; Ŷ ;Ẑ , or a rotated basis (e.g.R(� ) =
(j0i � ei� j1i )=

p
2). Owing to the random nature of measurement, corrective operations

(depending on the measurement outcomes) are applied to ensure the output result is al-
ways the same. These encompass byproduct operatorsÛ� 2 f Î; X̂; Ẑ; X̂ Ẑ; Ẑ X̂ g acting on
each output and angle adaptationsR(� ) ! R(� � ) for qubits measured in rotated bases.
Together, the entangling, measurement, and corrective operators form an MB-QC realizing
a speci�c unitary.

On IBM Quantum systems, MB-QC is performed on circuits using thedynamic mode
of execution. It performs the projective measurements as mid-circuit measurements, and
permits the application of corrective operations conditioned on their outcomes. By doing
so, we avoid the necessity of having to postselect non-corrective outcomes (e.g. all `0').
This scales ine�ciently since one would require on average2mN measurement samples
(shots) to retain only N samples, wherem is the number of mid-circuit measurements. We
refer to Apps. A and B for further details.
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2.2 Protocol design: ansatz modi�cation

Here, we describe an MB-inspired tool for designing GB-VQE algorithms. It constructs
VQE circuits by creating a problem-tailored ansatz and introducing variational modi�ca-
tions to its entangling operations, permitting one to access a physics-informed variational
family. To understand the working principle, we �rst consider the tool on the level of graph
states. These states are an equivalent representation of multi-qubit Pauli stabilizer states,
being the +1 eigenvector of the correlation operator:

Ŝn = X̂ n

Y

k

Ẑk ; (2.1)

wherek are the nearest neighbour qubits (vertices) of qubitn. Eq. (2.1) is important as it
describes the connectivity of graph states � each qubitn is stabilized byX̂ and the qubits
k it is connected to are each stabilized bŷZ (e.g. realizing aCZ interaction). It follows
that when all qubits are initialized in j+ i , a CZ-edge between qubitsn and k will realize
the maximally entangled state:

CZj+ i n j+ i k =
j0i n j+ i k + j1i n j�i kp

2
: (2.2)

From Eq. (2.2), we may view graphs as providing the �entanglement structure� (Fig. 2.2)
necessary for MB-QC, which is consumed during qubit measurement. Additionally, their
resource nature suggests that modi�cations can be made for instance, by attaching other
graph state operations to their edges (see App. A). This novel idea was �rst explored
in Ref. [22] to create custom ansätze that are highly adept at accessing �ner corners of
a system's Hilbert space (i.e. the states between two perturbative regimes). Provided
that the modi�cations take place before any destructive measurements, they preserve the
entanglement structure and thus provide an e�cient way to generate arbitrarily complex
graphs. These properties were found to be advantageous for problems whose unperturbed
ground states possess a graph representation, such as the toric [44], planar [45, 46], and
color [46] stabilizer codes. In these scenarios, one employs the ground state as the initial
ansatz and performs the edge modi�cations when it is subjected to local perturbations.

If the edge modi�cations are unitary, GB circuit analogues of these graphs can be
derived and modi�ed in an equivalent fashion (see App. G). We focus on this version,
known as �gate modi�cation�, where parameterized single- and two-qubit gates are used to
dress each entangling gate (corresponding to a graph edge) to yield the same variational
e�ect. As an added bene�t, one can also enclose the ansatz with local rotation layers, which
can further broaden the range of accessible states without incurring extra entangling gates.
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FIG. 2.2: Example of a graph state and its typical connectivity . The vertices represent
qubits (initialized in the j+ i state) and the edges representCZ operations between them. The
graph's connectivity is fully captured by its n correlation operators Ŝ, where the state of each
qubit n is de�ned as a stabilizer state ofŜn .
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2.3 2D planar code

We illustrate the ansatz-modi�cation tool for the planar code (PC), a frequently employed
surface code used for quantum error correction. Such codes are at the core of modern
experimental e�orts to realize fault-tolerant computation.

The PC is de�ned on a M � N lattice with open boundary conditions and qubits
residing on the edges. Each qubit edge produces a gauge �eld that imposes local symmetries
on each vertex. This results in a partitioning of the Hilbert space into non-overlapping
charge sectors (via the Gauss' law), signifying the existence of electric �eld operators.
When stray �elds are present (i.e. in experimental settings), these act in the form of local
perturbations on each qubit edge. In 2D, the gauge �elds also self-interact over a square
path of links (plaquette) which gives rise to a magnetic �eld. Consequently, the PC is
stabilized by star (Ŝs) and plaquette (P̂p) operators acting on the neighbouring qubits
(edges) of each vertexs and plaquette p, respectively [44]. The overall PC Hamiltonian
is thereforeĤ P C = Ĥ + + Ĥ � + Ĥ 4 , whereĤ + and Ĥ � are the star and plaquette terms
respectively, andĤ 4 is an added perturbation term. These terms are given by:

Ĥ + = �
nsX

s=1

Ŝs; Ĥ � = �
npX

p=1

P̂p; Ĥ 4 = �
nqX

q=1

Ẑq;

P̂p =
Y

i 2 � p

X̂ i ; Ŝs =
Y

i 2 + s

Ẑ i :
(2.3)

Here, ns and np are the numbers of vertices and plaquettes, respectively, and� is the
strength of the perturbation acting on each of thenq qubits. Furthermore, as shown in
Fig. 2.3(a), i 2 � p (i 2 + s) indicates the set of qubit edges belonging to a plaquettep
(vertex s). The perturbation Ĥ 4 imparts changes to the degree of entanglement in the
ground state, yielding a continuum of states from maximally entangled (for� = 0), to
the fully polarized j1i 
 nq state (for � ! 1 ). The intermediate regime, in particular,
characterizes imperfect realizations of the error-correcting code [47].

The hybrid ansatz is constructed from a graph state representation of the GS of the PC
Hamiltonian (� = 0) [Fig. 2.3(a; i�ii)]. It carries an equivalent [2] circuit representation
consisting ofCZ and H gates [Fig. 2.3(a)]. While this state starts the VQE in a suitable
corner of the Hilbert space, the GS of the full Hamiltonian is found by adding modi�cations
containing variational parameters following the strategy in Fig. 2.1(a). Here, we modify
eachCZ gate between qubitsm and n so that it realizesCZm;n RY (� )n [Fig. 2.3(a; iii)]. The
parameter � e�ectively tunes the entanglement generated by aCZ gate and the resulting
variable ansatz permits us to approximate the GS for di�erent� 2 [0; 1 ).
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FIG. 2.3: VQE demonstration of ansatz modi�cation on IBM Quantum systems, ap-
plied to the perturbed planar code (PC) . (a) (i) PC depicted as anM � N lattice in 2D, with
star (Ŝs) and plaquette (P̂p) stabilizer operators. (ii) GS for the M � N PC as a graph, showing
qubits (circles) residing on the edges.(iii) VQE ansatz circuit for the 1 � 1 and 2 � 1 perturbed
PC based on(ii) , where each entanglingCZ (corresponding to a graph edge) is modi�ed with
an extra RY (� ) gate placed before (magenta line; see Fig. 2.1(a)). IL, RL, GML, and LC stand
for initialization, rotation, gate modi�cation, and local Cli�ord layers respectively. All LC gates
are Hadamards. (b) VQE results for the modi�ed 2 � 1 perturbed PC acquired on ibm_lagos
and ibm_perth . The exact GS (E0) and VQE (EV QE ) energies, relative error (j� E j=Eg), and
the state �delity ( F ) are shown vs. perturbation strength � . The exact energies for the �rst two
excited states (E1 and E2) are also shown for comparison. The relative error is calculated from the
energy di�erence j� E j = jEV QE � E0j, expressed in units of the �rst2 energy gapEg = E1 � E0.
Shaded grey regions indicate statistical uncertainty on the error. All energies are unitless and may
be expressed in absolute units (e.g. eV, J, Ha) using a scaling factor with appropriate dimensions.
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2.3.1 VQE demonstration

For the VQE demonstration1 of the PC, we consider two vertical plaquettes(M; N ) = (2 ; 1)
as a non-trivial example of a gate-modi�ed ansatz (i.e. one that is not a simple repetition
of rotation and entanglement layers). It possesses the Hamiltonian given in Eq. (2.4).

We ran the corresponding variational circuit in Fig. 2.3(a; iii) on ibm_lagos and
ibm_perth . The circuit contains 7 qubits and2 � 7 + 8 = 22 parameters from the gate
modi�cations and addedRY + RX rotation layers. Since a uniform perturbation strength�
is employed, the problem symmetry is preserved (App. E) in that qubits onequivalentver-
tices of the graph (i.e. with similarly positioned neighbours and connections; see Sec. 2.3.2)
are described by the same� . This enabled a reduction from22 to 11 parameters.

The data [shown in Fig. 2.3(b)] exhibit close agreement with the GS energies from exact
diagonalization (ED), as con�rmed by the small energy di�erences attained at convergence;
0:091� � E=Eg � 0:556, whereEg = E1 � E0 is the exact �rst energy gap.2 This is also
evidenced by the span of the error bars (see App. D) remaining consistently belowE1.
Importantly, the expected system behaviour is recovered as we clearly identify a transition
region at intermediate � (� 1) where the total energy crosses over from approximating a
randomly oriented to completely polarized set of spins. These limiting behaviours corre-
spond to the entangled state1

2(j0i 
 7 + j1011010i + j0101101i + j1110111i ) and separable
state j1i 
 7, respectively (see App. E for more details).

2.3.2 Further analysis and VQE demonstrations

We further analyze the ansatz-modi�cation technique by considering other PC lattices
containing multiple plaquettes in both spatial directions. In addition to the 7-qubit
(M; N ) = (2 ; 1) case studied on a quantum computer (Sec. 2.3.1), we conduct fake back-
end simulations3 for (M; N ) = (1 ; 2) and (2; 2), which require lattices of7 and 12 qubits

1 Further information regarding the simulation methods and data are presented in Apps. B and C,
respectively. Calibration data (error rates, qubit properties, etc.) corresponding to the IBM Quantum
systems employed are reported in Ref. [48].

2 At � = 2 , the �rst excited state is nearly degenerate with the GS (E1 � E0 = 0 :120). Therefore, for
a more apt comparison, we employ the second energy gapE2 � E1 instead; see App. C. To indicate that
a di�erent calculation was employed for � = 2 , we denote the corresponding point with a lighter colour in
the plot of j� E j=Eg [Fig. 2.3(b)].

3 These backends serve to mimic the behavior of IBM Quantum systems, albeit with more stable
characteristics and simpli�ed noise models [41]. Any simulations involving such backends are performed
entirely on a classical computer.
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FIG. 2.4: VQE demonstrations of ansatz modi�cation on fake IBM backends, applied
to the perturbed planar code (PC) . (a) The edge-modi�ed graphs used to construct the
gate-modi�ed circuits for the VQE, employing the notation in Fig. 2.1. For (M; N ) = (1 ; 1),
the modi�ed graph is also depicted as an LC-reduced graph (see Apps. A and F), with the
e�ective edge modi�cations shown as dotted blue lines and parameterized qubits in orange. The
applied symmetry is represented as follows: qubits with the same number inside their circles
are parameterized with the same angle (in the rotation layers), while each modi�edCZ-edge
is parameterized with the angle� shown next to the arrow. The total number of variational
parameters is also expressed in terms of the number of modi�cation layersL . (b) VQE results for
the perturbed PC, with (M; N ) = (1 ; 2); (2; 1); (2; 2), and the gate modi�cation being RY (� )� CZ .
Shown are plots of the EoF forCZ(RY (� )) j + + i , E vs. perturbation strength � , and � E=E0 vs.
� . The black dashed lines indicate ED GS energies, and all energies are unitless. The backends
used arefake_lagos [(M; N ) = (1 ; 2) and (2; 1)], and fake_guadalupe [(M; N ) = (2 ; 2)] with
5 � 104 measurement shots. The optimizer used is COBYLA with a maximum of 250 iterations.
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respectively. Furthermore, applying the model symmetry yields8 and 18 free parame-
ters respectively. Both characteristics are re�ected in the graph state for each scenario
[Fig. 2.4(a)]. Their corresponding Hamiltonians are:

Ĥ (2;1)
P C = � X̂ 1X̂ 2X̂ 3X̂ 4 � X̂ 4X̂ 5X̂ 6X̂ 7 � Ẑ2Ẑ4Ẑ5 � Ẑ3Ẑ4Ẑ6

::: � Ẑ1Ẑ2 � Ẑ1Ẑ3 � Ẑ5Ẑ7 � Ẑ6Ẑ7 + �
7X

i =1

Ẑ i ;
(2.4)

Ĥ (1;2)
P C = � X̂ 1X̂ 3X̂ 4X̂ 6 � X̂ 2X̂ 4X̂ 5X̂ 7 � Ẑ1Ẑ2Ẑ4 � Ẑ4Ẑ6Ẑ7

::: � Ẑ1Ẑ3 � Ẑ3Ẑ6 � Ẑ2Ẑ5 � Ẑ5Ẑ7 + �
7X

i =1

Ẑ i ;
(2.5)

Ĥ (2;2)
P C = � X̂ 1X̂ 3X̂ 4X̂ 6 � X̂ 2X̂ 4X̂ 5X̂ 7 � X̂ 6X̂ 8X̂ 9X̂ 11 � X̂ 7X̂ 9X̂ 10X̂ 12

::: � Ẑ4Ẑ6Ẑ7Ẑ9 � Ẑ3Ẑ6Ẑ8 � Ẑ5Ẑ7Ẑ10 � Ẑ1Ẑ2Ẑ4 � Ẑ9Ẑ11Ẑ12

::: � Ẑ1Ẑ3 � Ẑ2Ẑ5 � Ẑ8Ẑ11 � Ẑ10Ẑ12 + �
12X

i =1

Ẑ i ;

(2.6)

which encompass all plaquette, star, and perturbation operators, with numbers correspond-
ing to the qubit labels in Fig. 2.4(a).

For the choice of modi�cation, we continue to employ theRY (� )� CZ operation used in
the (M; N ) = (2 ; 1) case. To verify that it fully modi�es the degree of entanglement between
connected vertices (qubits), we plot its entanglement of formation (EoF)4 vs. � when acting
on the input state j + + i . As shown in Fig. 2.4(b), we observe a periodic function varying
between zero and one (near one for fake backends). These values correspond to fully
separable and maximally entangled respectively, which con�rms the tunable behavior.

We now present the VQE simulation results onfake_lagos (noisy) andfake_guadalupe
(noiseless). Each scenario was optimized using COBYLA (see App. B), with a maximum
of 250 iterations and5 � 104 measurement shots. For(M; N ) = (1 ; 2) and (2; 1), fake
backend noise was introduced, while the(M; N ) = (2 ; 2) simulation was performed with-
out noise and utilizedL = 1 and 2 modi�cation layers. The VQE circuits employed were
derived from the connectivity of the graph states in Fig. 2.4(a) (see Fig. 2.3(a) for the
(M; N ) = (2 ; 1) circuit). Here, the concept of multiple layers is best understood in the

4As a general measure of entanglement, the EoF for a bipartite mixed state� AB is calculated as
min[

P
i pi E(j i i )], where the j i i are pure states derived from all possible spectral decompositions of� AB

(i.e.
P

i pi j i ih i j), and E(j AB i ) = � Tr( � A log2� A ) = � Tr( � B log2� B ) is the entanglement entropy for a
bipartite pure state j AB i [49].
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GB paradigm. Speci�cally, a circuit of L layers involves concatenating2L � 1 modi�cation
operations, which is needed to avoid gate cancellation when� is a multiple of 2� .

Our use of extra layers serves two purposes. It not only enables the optimization to
access �ner corners of the parameter space, but also permits each modi�cation to in�uence
a larger area of the graph's entanglement structure. This is particularly important when
adjacent vertical plaquettes are present (M > 1), given the nonlocality of its connections
[Fig. 2.4(a)]. However, these advantages can be greatly o�set by hardware noise because
of the increased number ofCX s. Thus, it is best to study the e�ects of multiple layers
in the absenceof noise, as we do here. Furthermore, the model symmetry may be applied
separately to each layer, which yields3 + 2L, 4 + 4L, 5 + 6L, and 6 + 12L total parameters
for (M; N ) = (1 ; 1); (1; 2); (2; 1), and (2; 2) respectively.

The energy plots in Fig. 2.4(b) for(M; N ) = (1 ; 2) and (2; 1) exhibit good agreement
with the exact GS energies in the presence of fake noise (order of relative errors between
10� 4 and 10� 2), with slightly reduced accuracy in the latter case due to the presence
of adjacent vertical plaquettes. However, we observe an improved approximation with
L = 2 compared toL = 1 in the noiseless(M; N ) = (2 ; 2) case, which becomes prominent
at � � 1. This corresponds to the regime where the perturbation begins to strongly
a�ect the ground state, and therefore requires more variational parameters (i.e. layers) for
an accurate approximation. For a further discussion of the perturbative e�ects, refer to
App. E.

We remark that any parameterized unitary operation which attains a continuum of
EoF values between zero and one constitutes an e�ective modi�cation. While this imparts
�exibility toward the circuit design, we emphasize that our speci�c choice ofRY (� )� CZ
is motivated by the limiting performance factors on IBM Quantum systems, namely the
measurement budget for VQE optimization andCX error rates. These factors are miti-
gated when the modi�cation contains minimal free parameters and entangling operations,
resulting in a less intensive optimization and reduced noise levels respectively. Since qubit
connectivity restrictions on IBM systems often incur additional entangling (SWAP) gates,
our modi�cation also permits a more feasible extension to multiple layers.
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2.4 Protocol implementation: Pauli gadgets

Next, we consider the implementation of hybrid VQEs, in which GB and MB elements are
incorporated within the same circuit ansatz. To achieve this, we introduce MB patterns
that employ variational measurements on ancillas. Here, the variational parameters~� are
encoded in the choice of rotated measurement bases. While there exists a variety of MB
techniques [2, 31, 32, 33, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65] that
can be adapted for this purpose, we demonstrate the concept with a class of MB patterns
known as �Pauli gadgets� (̂P 
 n ). They consist ofn vertices (serving as input and output)
connected to a single vertex measured in the rotated basisR(� ) [Fig. 2.1(b)]. Through a
series of gadgets and rotation gates, one can readily design a hybrid ansatz circuit that
generates multi-qubit Pauli interactions of the form:

nO

i =1

P̂i ; P̂ 2 f Î ; X̂; Ŷ ;Ẑ g: (2.7)

Such interactions are present in many target Hamiltonians encountered in quantum chem-
istry, high energy- or condensed matter physics. To better understand their realization,
we remark that the n gadget vertices implement onlyZ -interactions (i.e. Ẑ 
 n ) [66], and
thus require additional operations. One straightforward choice is to apply local Cli�ord
Ĥ (ŜĤ ) operations on these vertices which enable transformations intoX (Y)-interactions
respectively. [67, 68, 69]. The action of the Pauli gadget then becomes:

P̂ 
 n (� ) =
� O

`6= k

Ĥ `

�� O

k

(ŜyĤ )k

�
exp

�
i�
2

O

j

Ẑ j

�� O

k

(Ĥ Ŝ)k

�� O

`6= k

Ĥ `

�

= exp
�

i�
2

� O

`6= k

X̂ `

�� O

k

Ŷk

�� O

j 6= k6= `

Ẑ j

��
;

(2.8)

where j; k; ` 2 f 1; 2:::; ng. In VQEs however, we may use traditional rotation gates to
perform these operations. Doing so yields further advantages since their continuous pa-
rameterization provides enhanced tunability of the measurement bases (e.g. ability to
generate linear combinations of Eq. (2.7)) while contributing extra variational parameters
toward the classical optimization. These bene�ts highlight the synergistic role of rotation
gates alongside Pauli gadgets, and showcase the hybrid paradigm nature of the ansatz.

The advantages of employing Pauli gadgets are their e�cient resource requirement and
versatility in engineering any desired interaction. Compared to the2n � 2 entangling
operations required by their GB counterparts (deployed in circuit synthesis and T-gate

15



optimization), the Pauli gadget requires onlyn. This provides a linear depth reduction
at the cost of a single ancilla qubit, which becomes increasingly relevant upon increasing
the number of qubits, variational layers, or many-body interaction terms. As shown in
Figs. 2.6 and 2.7, these hybrid circuits containn + g qubits, whereg is the total number of
Pauli gadgets (ancillas) measured mid-circuit. This can be reduced ton + 1 qubits if one
recycles the �rst ancilla after its measurement, thus yielding a further resource advantage.
We remark that these mid-circuit measurements are inherent to MB-QC, and contrast
them with typical readout measurements performed at the end of a circuit (see App. B).
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2.5 VQE demonstrations

We now showcase the broad applicability of the Pauli gadgets and their hybrid ansätze via
three concrete demonstrations.1 Here, we remark that our use of MB elements to reduce
the number of entangling operations is relevant, asCX s are a bottleneck (i.e. incurring
the largest cost and error rates) on the IBM Quantum platform.

2.5.1 Particle physics: QCD in 1D

Particle physics simulations are a promising candidate for achieving quantum advantage
[27, 70, 71, 72], and have motivated the study of benchmark models on quantum computers
[21, 28, 29, 30, 73, 74]. For our �rst gadget demonstration, we examine a phase transition
phenomena in quantum chromodynamics (QCD). As a component of the Standard Model,
QCD describes the strong force between quarks mediated by gluons and is governed by the
SU(3) gauge group. Here, we consider QCD on a one-dimensional lattice, where each site
contains a quark or antiquark corresponding to a color component of the fermionic �eld.
We remark that a lattice gauge theory formulation is of crucial importance � it provides a
non-perturbative tool that enables quantum computers to simulate QCD phenomena that
are intractable with standard perturbative techniques [75, 76].

To formulate the Hamiltonian, we follow the procedure of Ref. [77] and cast it into a
form suitable for quantum computation. The resulting expression describes a unit cell ()
possessing three quarks and three antiquarks in the zero-baryon number (B = 0) sector,
and is a sum of kinetic (hopping), mass, and electric �eld terms:

Ĥ (B =0)
k = �

1
2

(X̂ 1Ẑ2Ẑ3 + Ẑ1X̂ 2Ẑ3 + Ẑ1Ẑ2X̂ 3);

Ĥ (B =0)
m = ~m(3 � Ẑ1 � Ẑ2 � Ẑ3);

Ĥ (B =0)
e =

1
6x

(3 � Ẑ1Ẑ2 � Ẑ1Ẑ3 � Ẑ2Ẑ3);

(2.9)

where the dimensionless numbers~m and x are the bare quark mass and coupling constant,
respectively. We note the speci�c form of Eq. (2.9) corresponds to a tetraquark state in
the strong coupling limit (Fig. 2.5), with its speci�c arrangement of quarks and antiquarks
corresponding to an elementary block of two adjacent unit cells [77].

We conducted a VQE demonstration onibm_perth and ibm_peekskill to determine
the ground state of the Hamiltonian in Eq. (2.9), with model parametersx = 0:8 and
~m 2 [� 1; 1]. The ansatz used consists of a singlêP 
 3 gadget (g = 1) with RY and
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FIG. 2.5: Discretizing quantum chromodynamics on a one-dimensional lattice [77] .
(a) Each unit cell of the lattice (highlighted in orange) contains up to three quarks (red, green,
and blue; represented by solid circles) and three antiquarks (antired, antigreen, and antiblue;
represented by stripped circles). The various terms in the Hamiltonian (Eq. 2.9) arise from
the physics governing lattice gauge theories. The fermionic matter �eldŝ� (on the lattice sites)
correspond to a mass termĤ m , and are coupled to gauge �elds via connecting linkŝU. The gauge
�elds employ electric �eld operators (Ĥ e) to impose local charge symmetries on each site, while
the links maintain the symmetries and permit matter to �hop� between sites, yielding a kinetic
term Ĥ k . (b) Depiction of the strongly coupled tetraquark state corresponding to two adjacent
unit cells.

RY � RZ gates added before and after, respectively [Fig. 2.6(a)]. We exploit the model
symmetry to reduce the number of free parameters from3 � 3 + 1 = 10 to 4. We then
calculate the quantity hN̂ i = hĤ m i =~m for di�erent values of ~m to observe transitions in
the mean occupation number [Fig. 2.6(a)]. For consistency checks, we also plot a second,
related number operatorhN̂ 0i = (1 =3)

P
i<j (1 � Ẑ i )(1 � Ẑ j ) for i; j = 1; 2; 3.

We observe in Fig. 2.6(a) that in the negative (positive) mass limits(jx= ~mj < 1), hN̂ i
and hN̂ 0i attain their maximal (minimal) occupation numbers, indicating the presence
(absence) of quarks and antiquarks on all lattice sites. These correspond to the baryonium
(vacuum) state. The state transitions (i.e. intermediate occupation numbers) between the
two extremes occur in the region~m 2 [� 0:2; 0:2] [Fig. 2.6(a)], in accordance with Ref. [77].
Fig. 2.6(a) also exhibits good agreement with ED values in both large mass limitsj ~mj > 0:2
(F � 83:4%; j� E j=Eg � 9:92� 10� 2), and in the transition region j ~mj � 0:2 (F � 77%;
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j� E j=Eg � 3:11� 10� 1). The generally lower �delity in the latter can be attributed to a
smaller energy gap between the ground state and �rst excited states. However, we note
that a single gadget with local rotations su�ces to resolve the energy di�erence while
maintaining state �delities above 75%. These observations highlight the suitability of our
Pauli gadgets in VQE problems involving many-body interactions.

2.5.2 Lattice gauge theory: pure Z2

Next, we analyze a pure (i.e. matterless) LGT possessing aZ2 symmetry, which describes
invariance under spin �ips as observed in the transverse-�eld Ising model [78]. For context,
we note that the PC model discussed in Sec. 2.3 corresponds to aZ2 theory, where the
charge con�gurations and signs of the Hamiltonians are �xed bŷH + . The Z2 LGT achieves
the same e�ect by enforcing Gauss' law within its Hilbert space. This allows us to switch
to a more general formulation by omittingĤ + and the negative signs in Eq. (2.5). We may
then express theZ2 Hamiltonian as a sum of electric and magnetic contributions:

Ĥ Z2 = � Ĥ � +
1
�

Ĥ 4 ; (2.10)

whereĤ � and Ĥ 4 are de�ned in Eq. (2.5), and� is the coupling strength [79].

We performed a VQE demonstration onibm_peekskill for a single plaquette [Fig. 2.6(b)],
and plot the expectation of the normalized plaquettehĤ � i 5 and E-�eld operators hĤ 4 =4i
for � 2 [0:5; 3:3]. Since the only multi-qubit interaction is the plaquette term X 
 4 in
Eq. (2.10), the ansatz contains âP 
 4 gadget (g = 1), with RY and RY � RZ gates added
before and after, respectively [Fig. 2.6(b)]. Furthermore, the elimination of redundant
parameters in the rotation layers allows us to reduce the number of parameters from
3 � 4 + 1 = 13 to 4.

The target plot in Fig. 2.6(b) exhibits a competition between the two operatorsĤ 4

and Ĥ � . The former (latter) dominates in the small (large)� regime and is indicative of
decoupled spins (ferromagnetic ordering). As expected, there is a crossover around� = 2
where the spins begin coupling due to the formation of a circulatingB-�eld around the
plaquette. This crossover is generally well captured by the VQE, as evidenced byF ranging
from 76:8%to 86:2%and consistent resolution of the energy di�erence (j� E j=Eg � 0:573).
While the large-� regime (� 2:88) yielded GS energies closer to and beyond the �rst excited

5hĤ � i and hĤ 4 i provide strong indicators of VQE performance since they contribute little to the overall
energy in the small and large-� regimes respectively. This implies that a high accuracy and precision is
needed to ensure their agreement with ED.
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state (j� E j=Eg � 0:9), we remark that its near-degeneracy withE0 (Eg � 0:2349) and use
of a limited resource budget can pose optimization challenges with resolving the energy
gap (see App. B for more details).

2.5.3 Quantum chemistry: lithium hydride

Our �nal demonstration showcases how Pauli gadgets may be used to simulate molecular
systems. We determine the ground state of the lithium hydride (LiH) molecule, and follow
Ref. [80] to obtain a reduced 4-qubit Hamiltonian consisting of 100 many-body Pauli terms
(App. E).

We performed a VQE simulation onibm_perth at an interatomic distance of 1.6 Å. The
hybrid ansatz used is similar to that of theZ2 demonstration, consisting of aP̂ 
 4 gadget
surrounded byRY and RX gates [Fig. 2.6(c)]. Here, the prior elimination of redundant
qubits in Ref. [80] implies that we must retain all 9 parameters in the optimization. To
highlight the gadget's ability in this more complex scenario, we choose initial parameters
far from the GS (corresponding toE > � 7 Ha), as opposed to the near-optimal settings
(E < � 7:7 Ha) attainable from UCCSD and Hartree-Fock methods [41].

The optimization plots in Fig. 2.6(c) verify the e�ective performance of the hybrid
ansatz, as it converges within1:1% of E0 � � 7:88 Ha after only 99 iterations, with F
improving from 6:7 to � 78%. We remark that the �nal error [68] and �delity not only
contains contributions from hardware noise, but also from the limited ability of a single
gadget to capture speci�c two-, three-, and four-body interactions terms in the Hamilto-
nian. For the latter, we may improve the result by appending extra Pauli gadgets (with
local rotations) to the ansatz, as discussed in the next section.

2.5.4 Extension to multiple gadgets

We analyze the e�cacy of Pauli gadgets by examining how multiple Pauli gadgets can
improve the approximation of the LiH GS energy. Similar to the PC model, we achieve
this by layering multiple gadgets in series, dispersing local rotations in between them. To
minimize the number of added parameters, we apply a singleRY rotation layer between
each gadget, with the usualRX layer only after the last gadget [Fig. 2.7(a)]. This yields
a total of 5g + 4 variational parameters. We simulated3 g = 1; 2; 3; 4 P̂ 
 4 gadgets in a
noiseless fashion onfake_guadalupe with 512 or 1024 shots and 250 iterations. This
normally requires 4 + g qubits, however, as mentioned in Sec. 2.4, one may reduce the
required qubits to 5 if reset operations are available.
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From the progress plots [Fig. 2.7(b)], we observe that a largerg requires more itera-
tions to converge but attains a lower relative error in the GS energy and higher �delity.
This is expected since the greater number of variational parameters enables the ansatz to
thoroughly explore greater regions of the Hilbert space. and thus improve the GS approx-
imation. We also note the signi�cant increase inF from 58:6% (g = 1) to 89:3% (g = 2) .
This re�ects the sensitivity of the quantity since � is constructed by �tting an exponential
number of matrix elements (see App. B), and thus incurs larger inaccuracies with relatively
few variational parameters and/or shots. With respect to capturing the many-body inter-
actions in Table C.1, we remark that appending identical 4-body gadgets su�ces since each
is capable of generatingk-body interactions fork < 4. This can o�er a practical advantage
as it reduces the variety of gadgets that must be experimentally realized.
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FIG. 2.6: VQE demonstrations of hybrid ansatz circuits on IBM Quantum systems,
involving a single Pauli gadget . All VQE runs were performed dynamically, i.e. with mid-
circuit measurements. All LC gates are Hadamards. The relative errors(� E=Eg) are calculated
from the energy di�erencej� E j = jEV QE � E0j, expressed in units of the energy gapEg = E1 � E0

or E0. Shaded grey regions indicate statistical uncertainty on the error.(a) 1D QCD model (on
ibm_lagos and ibm_peekskill ): hN̂ i and hN̂ 0i vs. reduced bare quark mass~m (x = 0 :8, � 1 �
~m � 1), with plots of j� E j=Eg and F . (b) Z2 lattice gauge theory model (onibm_peekskill ):
hĤ � i and hĤ 4 i vs. coupling strength � (0:5 � � � 3:3), with plots of j� E j=Eg and F . (c) LiH
molecule (at interatomic distance = 1.6 Å, on ibm_perth ): Convergence plots ofj� E j=E0 and
F with respect to the VQE iteration number N iter . For comparison, the errors corresponding to
excited state energies (j� E j = Eg and j� E j = E2 � E0) are plotted as horizontal lines.
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FIG. 2.7: Applying multiple Pauli gadgets to improve VQE accuracy. (a) Depiction of
g = 4 P̂ 
 4 gadgets in a hybrid circuit, with CZ , RZ and H (LC) operations in the MB pattern
for each gadget explicitly shown.(b) Noiseless VQE simulation results (relative error� E=E and
state �delity F vs. iteration number) for determining the GS energy of the LiH molecule (at 1.6
Å) with varying numbers of P̂ 
 4 gadgets (g = 1 ; 2; 3; 4). Lighter color shades around the solid
lines indicate the uncertainty in � E=E0. The backend used isfake_guadalupe with 512 or 1024
measurement shots. The optimizer employed is COBYLA with a maximum of 250 iterations.
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2.6 Conclusions

In this chapter, we have detailed a new hybrid approach to performing VQEs which merges
the strengths of the GB and MB computing paradigms within a variational circuit (ansatz).
While MB approaches are known for having high error thresholds [81, 82, 83, 84] and permit
more e�cient implementations of certain operations [22, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60,
61, 62, 63, 64, 85], GB approaches o�er greater �exibility, and high �delity implementations
are available on a multitude of physical platforms.

We have introduced our hybrid approach on two levels showcasing how MB aspects can
enhance the e�ciency of standard GB-VQEs. On the design level, we adapted the MB
principle of modifying the entanglement structure of variational graph states to circuits,
thus enabling the creation of a problem-informed ansatz in the GB paradigm. On the
implementation level, we utilized MB elements known as Pauli gadgets, which employ mid-
circuit measurements to e�ciently implement multi-qubit interactions. We then expanded
the range of possible interactions via local rotation gates, and integrated them alongside the
gadgets to form a �hybrid paradigm� circuit ansatz. Bringing the bene�ts of MB elements to
NISQ devices is especially timely in view of mid-circuit measurements becoming available
on various platforms [34, 35, 36, 37, 38, 39, 40]. These measurements implement the
corrective operations necessary for deterministic MB-QC and avoids the need for ine�cient
postselection.

Our VQE demonstrations on IBM Quantum systems demonstrated the wide applica-
bility of our hybrid approach in testbed scenarios, and their e�ectiveness in capturing
the underlying physics. These constitute a major step toward practical VQEs, capable of
solving hard problems in quantum chemistry, quantum error correction, and lattice gauge
theory. We also performed VQE simulations that extrapolated these models toward larger
system sizes and circuit depths, and found that they maintained a comparable performance
(with improvements present in noiseless runs). These results indicate the potential of our
techniques given the availability of more scalable and fault-tolerant devices.

The tools we described in this chapter can be directly applied outside the realm of VQEs
towards the broader class of variational quantum algorithms [86], e.g. in quantum neural
networks and quantum machine learning [87, 88, 89, 90, 91, 92, 93, 94, 95]. In addition,
the Pauli gadget may also be utilized to e�ciently simulate real-time, dynamic evolutions
of many-body Hamiltonians [73, 77, 96, 97, 98]. Finally, it will be interesting to explore
novel readout schemes which use MB elements such as the Pauli gadget to improve the
measurement e�ciency for many-body observables [19, 68, 99]. Such endeavours may yield
new, exciting opportunities to further elucidate the behaviours of fundamental physical
systems.
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Chapter 3

Superimposing Quantum Operations for
E�ective Noise Mitigation

In recent years, quantum computing has become a frontrunner in the pursuit of solving
classically intractable problems. Despite their burgeoning potential in a variety of mathe-
matical and scienti�c areas, their present experimental realizations are highly susceptible
to noise processes. These stem from apparatus imperfections, interactions with external
�elds, and system defects [17, 100, 101], all of which result in leakage of the quantum infor-
mation into the environment. To obtain reliable results, protocols such as error correction
[11, 12] and fault-tolerant computation (by virtue of the threshold theorem) [102, 103]
are often deployed. However, they all require large ratios between the number of physical
qubits and logical qubits they seek to protect. Such an overhead in resources poses chal-
lenges for near-term computation, given their limited scalability and ability to maintain
control of the qubit interactions.

In this chapter, we present an alternative protocol to the above approaches. Rather
than subjecting a target input to a noisy computation, we perform these computations
multiple times in a coherently controlled superposition. With the help of added resources
(i.e. control and auxiliary circuit registers), our approach generates correlations between
the auxiliary and input states in such a way that the noise level is e�ectively reduced. While
these involve probabilistic aspects such as measurements and postselection, it is remarkably
possible to achieve a deterministic, on-average improvement when combined with unitary
optimization. Furthermore, our protocol is capable of reaching full correction in the in�nite
limit of superpositions or branches. This provides one with the freedom to design circuits
with varying degrees of noise mitigation based on the available hardware. More broadly, the
protocol is conceptually simple to analyze on the theory and implementation levels, thanks
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to how superposition is generated in our approach. This contrasts with previous works,
which investigated superposition using purely communication-based approaches involving
the quantum switch and space-time trajectories [104, 105].

First, we will discuss the basic mathematical theory underlying the ��delity enhance-
ment� stemming from our approach. Then, we present numerical demonstrations that
showcase di�erent scenarios where e�ective noise reduction is achieved, including those
where the added resources themselves incur noise. In a similar spirit to Chapter 2, we
also formulate and perform our protocol in both the GB and MB paradigms. While they
yield similar advantages in noise reduction, these advantages stem from di�erent physical
processes inherent to their computational procedures, which we highlight throughout our
analysis. We emphasize here that all our techniques are geared towardmitigation (i.e. par-
tial correction) of the noise as opposed to its complete elimination. This is what enables
the required computational resources to be lessened, thereby providing a suitable approach
for current NISQ devices.
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FIG. 3.1: Conceptual illustration of the �delity enhancement protocol, applied to an
arbitrary computation U acting on m input qubits . (a) The �delity F is calculated with
respect to the output of the ideal (noiseless) computation. In the ideal case, the absence of error
guarantees unit �delity, i.e. F = 1 . When considering realistic (i.e experimental) settings, we
must consider noise processes acting on the system. In thisincoherent case, the �delity is generally
reduced, i.e.F < 1. (b)�(c) Schematic of the underlying idea behind the protocol. By employing
a control register c initialized in the srtate j+ i , one can generate a coherent superposition of two
or more identical noisy computations (between a target input and auxiliary registers). In this
coherent case, correlations are generated between the registers such that it is possible for the
noises to interfere destructively, thereby improvingF .
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3.1 Background

Before introducing the protocol, we describe relevant concepts for understanding noise
processes and their in�uence on a quantum computation. These include the mathematical
formalism used to describe noise models, and metrics to quantity the performance of a
noisy computation.

3.1.1 Steinspring, Kraus and process matrix representation

Noisy processes such as decoherence are captured by the Steinspring representation [1, 106],
which characterizes the dynamics ofopen quantum systems. These systems comprise a
target system interacting with an externalenvironment, which corrupts the desired result
of a computation. This interaction may be regarded as a time-evolution of the target (� t

in )
and environment (� e

in = je0ihe0j) states, where the latter is often unknown. Together, they
form the initial input state � in = � t

in 
 � e
in , which is assumed to be pure and separable. The

evolution then proceeds as a joint unitary transformationUte on both systems, yielding
the output � out = Ute � inUy

te. To obtain the target output, we trace out the environmental
system to obtain:

� t
out = Tr e

h
Ute(� t

in 
 j e0ihe0j)Uy
te

i

=
X

i

hei jUte(� t
in 
 j e0ihe0j)Uy

te jei i

=
X

i

K i (Ut � t
inUy

t )K y
i ;

(3.1)

whereTr e is the partial trace over the environment,jei i are the environmental basis states,
and K i are known as Kraus operators. The latter describes the in�uence of the environment
and obeys the completeness relation

P
i K y

i K i = I . Eq. (3.1) is important as it arises from
the action of a quantum channelEUt (a completely positive and trace-preserving map)
on � t

in , so that EUt (� in ) = � t
out . This exempli�es the notion that quantum channels are

a unitary evolution in a larger, puri�ed Hilbert space, where their Kraus operators are
associated with the environmental basis states,

j i t je0i e 7!
X

j

UteK j j i t 
 j j i e : (3.2)

Here, the leakage of information into the environment (e) enables a characterization of the
noise, and the partial trace over the environment allows one to obtain a description solely
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in terms of Kraus operators.

We may also decompose any Kraus operator into a weighted sum of Pauli operators,
as they themselves obey the completeness relation:

K i =
X

j

ci;j Pj ; (3.3)

whereP 2 f I; X; Y; Z g and
P

j jci;j j2 = 1. This allows us to re-express Eq. (3.1) as:

� t
out =

X

a;b

� abPa
�
Ut � t

inUy
t

�
P y

b; (3.4)

where the coe�cients � ab =
P

i cia c�
ib and P 2 f I; X; Y; Z g
 m is an m-qubit Pauli string

(for an m-qubit input). This is known as the canonical orprocess matrix representation[1],
which facilitates the description of noise types naturally described in the Pauli basis. It is
particularly relevant as we focus on depolarizing and dephasing channels in our analysis.
Their corresponding Kraus operators are given by:

Dephasing:K 0 =
p

p0I; K 1 =
p

1 � p0Z; (3.5a)

Depolarizing: K 0 =
p

p0I; K i =

r
1 � p0

3
Pi ; (3.5b)

where Pi = X; Y; Z for i = 1; 2; 3 and p0 denotes the probability of incurring no error.
In this representation, we may conveniently characterize such channels by examining their
process matrices� (with normalized elements� ab). For example, them = 2 matrices for
dephasing and depolarizing channels1 respectively are:

� = diag(p2
0; 0; 0; p0(1 � p0); 0; 0; 0; 0; 0; 0; 0; 0; (1 � p0)p0; 0; 0; (1 � p0)2); (3.6a)

� = diag(p2
0; p0(1 � p0)=3; p0(1 � p0)=3; p0(1 � p0)=3; (1 � p0)p0=3; (1 � p0)2=9;

(1 � p0)2=9; (1 � p0)2=9; (1 � p0)p0=3; (1 � p0)2=9; (1 � p0)2=9; (1 � p0)2=9;

(1 � p0)p0=3; (1 � p0)2=9; (1 � p0)2=9; (1 � p0)2=9);

(3.6b)

with no-error probability pne = � 00 = p2
0.

1In cases wherem � 2, we compose these channels by considering tensor products of allm-operator
permutations of K i . For instance, the m = 2 dephasing channel has Kraus operators:K 0 =

p
p2

0(I 
 I ),
K 1 =

p
p0(1 � p0)( I 
 Z ), K 2 =

p
(1 � p0)p0(Z 
 I ), and K 3 =

p
(1 � p0)2(Z 
 Z ).
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3.1.2 Principle for �delity enhancement

Given a noisy computation, it is useful to quantify its detrimental e�ects by computing
the state �delity � a measure of how �close� two states are. We consider as our reference
the noiseless situation, where only the desired computation acts on the target system
� t

in . Denoting the subscript �0� to mean the absence of noise, we express the output as
� t

0 = Ut � t
inUy

t . In the noisy case, the output� t
out has the form of Eq. (3.1). We then

calculate the state �delity F between these two states as:

F = Tr
�

(
p

� t
0� t

out

p
� t

0)
1
2

� 2

; (3.7)

which equals unity when the computation is una�ected by the noise (i.e.� t
out = � t

0). If
the input is pure, then � t

in = j t
in ih t

in j and � t
0 = Ut j t

in ih t
in jUy

t , allowing us to simplify
Eq. (3.7) to:

F = h t
out j�

t
out j 

t
out i : (3.8)

However, for a purej in i , a noisy computation will generally transform the state into a
mixed one, i.e.� out . Thus, it is more apt to de�ne the �delity as:

F ic = Tr( � out Uj in ih in jUy): (3.9)

We refer to F ic as theincoherent �delity, which is the quantity we aim to improve on with
our coherent superposition protocol.

We now describe the �delity enhancement principle underlying our protocols, using the
simplest example of two superposition branches in Fig. 3.1. The superposition is generated
by an auxiliary control register c, which we set to j+ i to maximize its e�ect. We then
apply EU � a noisy version of the desired computationU � identically to both branches.
Due to the coherent superposition, the noises become correlated and interfere with each
other. Since this interference can be destructive in nature, one may achieve partial can-
cellation (reduction) of the noise2. We then collapse the superposition by measuring the
control in the X -basis, which leads to two outcomes (assuming the control state remains
�xed) and their associated output states. Here, we let their state �delities beF1 and
F2, with probabilities p1 and p2. Our protocol is then capable of yielding probabilistic

2It is interesting to note the similarities between coherently superimposing noise, and the use of coherent
states in quantum metrology to reduce shot noise toward the Heisenberg limit. In particular, both draw
bene�ts from the assumption of uncorrelated noise. In our protocol, it allows �delity improvements to be
more readily obtained and understood, while in quantum metrology, it enables a desired sampling variance
(precision) to be achieved with a fewer number of measurement shots [107, 108].
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(i.e. max(F1; F2) > F ic) and/or deterministic (i.e. p1F1 + p2F2 > F ic) �delity improve-
ments. We remark that a generalization tod branches (d > 2) is achievable by employing
a multi-level (qudit) control system wherej+ i c = 1p

d

P d� 1
i =0 ji i .

3.1.3 Figures of merit

Despite the usefulness of calculating state �delity [Eq. (3.7)], it can vary depending on the
input state chosen. This makes it di�cult to describe as an indicator of performance, and
as such, we turn to more speci�c �gures of merit to quantify our advantages. Here, we
employ the Choi-Jamioªkowski (CJ) isomorphism, which directly relates quantum states
with channels [109]. At the center of the description is the2m-qubit Bell state:

j� +
m i a;b =

�
j0i aj0i b + j1i aj1i bp

2

� 
 m

; (3.10)

wherea and b refer to the two halves of the state, corresponding to twom-qubit systems
commonly named �Alice� and �Bob�. We subject Bob's half of the state to a noisy com-
putation, while Alice's half remains una�ected. If we setj in i = j� +

m i 3, one may de�ne a
�delity-type quantity known as the Choi-Jamioªkowski (CJ) �delity:

FCJ = h� +
m ja;b(I 
 Uy)� a;b

out (I 
 U)j� +
m i a;b; (3.11)

where� a;b
out is the joint output state after the noisy computation, andU acts on Bob's (the

target) system. The CJ �delity is notable for imposing a lower bound on the achievable
�delity F over all arbitrary input states. This remarkable property arises from the max-
imally entangled nature of Eq. (3.10), and its relation to teleportation. The presence of
noise serves to decohere and destroy the entanglement, which lowersFCJ and the degree
the transmitted state resembles(I 
 U)j� +

m i a;b.

Throughout our numerical analyses (Secs. 3.2.5 and 3.3.2), we quantify the degree of
advantage as the CJ-in�delity ratio R between the incoherent and coherent cases:

R =
1 � F CJ; ic

1 � F CJ
; (3.12)

such that the greaterR is above 1, the greater the noise reduction, withR = 1 indicating
no reduction (i.e. same as the incoherent case).

3Note that j� +
m i requires double the number of input registers (2m), and conventionally, Alice's m reg-

isters are placed above Bob'sm registers. After state initialization, Alice's registers remain idle throughout
the computation.
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FIG. 3.2: Schematic representation of the GB protocol for �delity enhancement . Ver-
tical dashed lines, marked with numbers 1�6, identify the system's state after the corresponding
steps of the protocol (refer to Ref. [65]). The initial j in i a and auxiliary j� 0i bi (i = 1 ; : : : ; d � 1)
states, as well as the noisy computationsEU are explicity shown. The multi-qubit gates between
lines 1 and 2, as well as3 and 4, are cSWAP operations de�ned by Eq. (3.14).

32



3.2 Enhanced gate-based computation

With the background in place, we now present the protocol for performing coherent com-
putations, starting with the original gate-based (GB) version of the protocol. We explain
the steps from a high-level perspective, and refer to Ref. [65] for more details regarding the
derivation and notations used.

3.2.1 Working protocol

The GB protocol entails performing the circuit shown in Fig. 3.2. It consists of a control
systemj+ di c, an m-qubit register for the input state j in i t , and d � 1 identical registers of
m-qubit auxiliary states j� 0i i , wherei = 1; :::; d � 1.

Step 1: First, we prepare all systems mentioned above. The control register is initialized
to j+ i c = 1p

d

P d� 1
i =0 ji i , with d indicating the number of branches (superpositions) used to

perform the desired computationU. If only qubits are available, one may implement the
control register usingn > log2d qubits with each in j+ i . The auxiliary states j� 0i i may
be chosen freely (i.e. as separable, entangled, or product of entangled states) and plays a
direct role in the degree of noise reduction obtained. The initial state is then:

j+ di cj in i t

d� 1O

i =1

j� 0i i ; (3.13)

Step 2: Next, we apply a generalizedd-level version of the cSWAP (Fredkin) gate,
which acts according to:

cSWAP = j0ih0jc 
 I +
d� 1X

i =1

ji ihi jc 
 SWAPt ;i ; (3.14)

where,

SWAPt ;i =
mO

j =1

�
j (j )

in ih� (j )
0 j t

��
j� (j )

0 ih (j )
in j i

�
: (3.15)

The cSWAP gate swaps the inputj in i (i.e. Bob's part of the Bell state) with every
auxiliary register, e�ectively dispersing it across all branches. In particular, the choice of
which states to swap is dictated by the control stateji i for i = 1; 2; :::; d. For i = 0, no
swap occurs and corresponds to the incoherent case. We note that in multi-qubit cases
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(m > 1), a SWAP exchanges thej th qubit of states j in i t and j� 0i i for j = f 1; 2; ::; mg, as
described by Eq. (3.15).

Step 3: The computation of interest U is now applied to the input and all auxiliary
registers. In the GB paradigm, we model noise as arising from the imperfect application
of U given by Eq. (3.1), which corresponds to the mapEU . Here, we assume that the noise
a�ecting each register is uncorrelated (independent), which ensures they may be cancelled
out, and that they are identical.

Step 4: We then apply a second cSWAP operation, which serves to undo all the register
swaps in Step 2. In the ideal (noiseless) scenario, it completely cancels with the �rst
cSWAP, leaving the overall state asU applied to the inputs and auxiliary systems in
Eq. (3.13). However, in a noisy scenario, the overall state remains entangled among its
registers. As described in the next step, it is this correlation that allows the di�erent noise
types to interfere, resulting in their partial or complete cancellation.

Step 5: The control and auxiliary systems are measured to collapse the overall super-
position, yielding the output state � out . This step is crucial since we use it to showcase its
higher �delity over the incoherent case [Eq. (3.9)]. We measure the control system in the
generalizedX - or Fourier basis, which is spanned by the set of states:

(
1

p
d

d� 1X

k=0

e
2�ikl

d jki c

) d� 1

l=0

: (3.16)

The rationale is that any ideal result will involve the control in j+ i , and consequently, our
choice of basis allows us to distinguish this state and extract the best possible advantage.
Choosing a basis for the auxiliary states is less straightforward, and we discuss a systematic
approach in Sec. 3.2.2. Assuming the control and auxiliaries are measured in the states
j+ i and j� f i respectively, the output state is [65]:

� out =
A d

d

� X

i

K i Uj in ih in jUyK y
i

::: + ( d � 1)
X

i;j

 
h� f jK j Uj� 0ih� 0jUyK y

i j� f i
A 2

!

K i Uj in ih in jUyK y
j

�
;

A d =
� X

i

jh� f jK i Uj� 0ij 2

� d� 1

;

(3.17)

which is a sum of an incoherent term [/ Eq. (3.1)] and a coherent term that corresponds
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to the input distributed over the auxiliary registers (i.e. from Step 2). We focus on the
latter term, which contains the product:

h� f jK j Uj� 0ih� 0jUyK y
i j� f i : (3.18)

Eq. (3.18) represents the interference between noise types, as evidenced by the cross-terms
involving the Kraus operatorsK i and K j . Here, j� f i refers to the chosen state that the
auxiliary register is projected onto. We observe that the greaterUj� 0i is susceptible to
the noise, such that it more closely resemblesj� f i , the greater the interference and extent
of noise reduction. Although counter-intuitive, we may relate this property to our act of
measuring the input and auxiliary systems, which �reveals� the nature of the noise acting
on them. This knowledge is required for interference to occur, and is strengthened the
more noise impacts the systems responsible for the interference (i.e. the auxiliaries).

Naturally, we wish to maximize Eq. (3.18) � which we achieve by de�ning two perfor-
mance quantities! 1 and ! 2:

! 1 = 1 �

P
j � 1

�
�h� 0jUyK j Uj� 0i

�
�2

1 � pne
; (3.19a)

! 2 = jh� f jUj� 0ij 2; (3.19b)

wherepne = pm
0 is the probability of incurring no error. Both ! 1 and ! 2 range between 0

and 1, with the former due to
P

i K y
i K i = I . Considering(! 1; ! 2) = (1 ; 1), we �nd that

Eq. (3.18) is indeed maximized by imposing thatj� f i = Uj� 0i and the only surviving
Kraus term be i = j = 0, which corresponds to an ideal computation (sinceK 0 = I ).
The coherent term becomespd

neUj i inh jUy while the incoherent term (containing allK i

with i � 1) becomes proportional topd� 1
ne =d (see Eq. (27) of Ref. [65]). We observe that

in the asymptotic limit of branches (d ! 1 ), one can arbitrarily minimize the incoherent
term, with FCJ tending to one. We also see that the extremes(! 1; ! 2) = (1 ; 1) and (0; 0)
correspond to maximum and no noise reduction respectively, with intermediate values
indicating partial reduction.

Step 6: Finally, we perform a postprocessing step on the results in one of two ways.
We either postselect asingle outcome corresponding to the highest �delity, or retain all
or part of the outcomes and perform a unitary optimization to improve the on-average
�delity. We discuss these approaches further in the next sections.
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3.2.2 Probabilistic approach

The idea behind postselection revolves around the desire to attain maximal �delity. It
involves retaining a single outcome over the control and auxiliary registers corresponding
to the state:

j+ di c

d� 1O

i =1

j� f i i : (3.20)

which corresponds to the output in Eq. (3.17). From Sec. 3.2.1, it is ideal to setj� f i =
Uj� 0i which allows ! 2 = 1. However, from an experimental standpoint, our initialization
of each auxiliary in j� 0i requires an application ofUy to undo the computation. This can
introduce further noise that lowers the �delity improvement. We can circumvent this with
a more generic choice forj� f i , one that is completely sensitive toarbitrary noises. More
speci�cally, setting j� 0i to the m-qubit Bell state j� +

m i 4 [Eq. (3.10)] ful�ls this condition
since:

h� +
m jUyK i Uj� +

m i =
p

pm
0 � i; 0 (3.21)

for i = 0; 1; :::; 4m � 1 (i.e. all m-qubit Paulis), where K 0 =
p

pm
0 I 
 m . Since this implies

h� f jUj� +
m i = 1, we are ensured that(! 1; ! 2) = (1 ; 1).5 Furthermore, by expressing arbitrary

noise in the form of Eq. (3.4) with process matrix� , one can prove (see Ref. [65]) that:

FCJ = � 0
00 > � 00 = FCJ; ic; (3.22)

where� 0
00 = � d

00=ps, and ps is the success probability of obtaining Eq. (3.20):

ps =
� d� 1

00

d
+

d � 1
d

� d� 2
00

� X

i

j� i 0j2
�

: (3.23)

Eqs. (3.22) and (3.23) highlight two important features of the protocol: �rstly, FCJ in-
creases asymptotically toward 1 (its maximum) asd ! 1 , and secondly, such behaviour
is independent of the speci�c noise acting on the computation.

Despite these general advantages, Bell states are inherently challenging to prepare ex-

4Here, we may treat the auxiliary registers similarly to the input (i.e. each is augmented with an idle
register). However, we note ifm = 2 and d � 2, one may encodej� +

1 i directly in each auxiliary to avoid

incurring extra resources. Alternatively, one may resort to maximally entangled GHZ states j 0i 
 m + j1i 
 m
p

2
both separately and in conjunction with Bell states to achieve comparable e�ects. For simplicity, we do
not consider such scenarios here and refer to Ref. [65] for more details.

5Under this condition, the state in Eq. (3.20) reduces to the ideal (noiseless) output. One can then show
that projection onto this state yields the maximum possibleFCJ over all possible outputs; see Ref. [65].
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perimentally and require extra resources (2m qubits for eachj� 0i i ). However, it turns out
for noises described by rank-2 matrices such as dephasing, we may attainw1 = 1 with non-
entangledj� 0i i . In this example, sinceZ is the only non-identity Kraus, setting eachj� 0i i

to either eigenstate ofX or Y guarantees maximal sensitivity. As forw2 = 1, we must pos-
sess individual knowledge of the unitaryU and its action onj� 0i , to avoid acting Uy. From
there, we may select the auxiliary such that it is an eigenstate ofU (i.e. Uj� 0i = j� 0i ). For
example, ifU is anRZ -gate, then it is appropriate to set |� 0i = j0i or j1i . Note that if U is
Cli�ord (i.e. composed ofH , S and CX gates), then we may initializej� 0i and determine
Uj� 0i classically e�ciently, and such knowledge is not required. In the numerical analysis
(Sec. 3.2.5), we take into account such considerations. We emphasize, however, that the
bene�t of this approach lies in its plug-and-play nature � one need not know anything
about the unitary or noise type, and �delity improvement can still be obtained provide
both ! 1 and ! 2 are e�ectively > 0.

3.2.3 � �deterministic approach

While the probabilistic approach is capable of mitigating a noisy computation, it relies on
a high ps (i.e. probability of measuring the postselected outcome) to be e�ective. However,
there exist scenarios whereps is low, such as whend is relatively large or when! 1 and ! 2

are closer to unity. In these scenarios, additional outcomes must be retained in order to
increaseps. Although this often lowers the (now) on-average �delity �FCJ , we may boost
this quantity by performing a prior optimization step in which correcting unitaries are
applied to each output state. If we label the possible outcomes asq = 1; 2; :::; 2m(d� 1)d,
each corresponding to an output� (q)

out with probability p(q)
s , then the optimization seeks to

�nd a unitary U(q)
c that improves F (q)

CJ as much as possible toF (q)
CJ, opt (corresponding to

U(q)
c � (q)

out U
(q)
c

y). Moreover, a user may specify a desired failure threshold� which dictates
the number of outcomesr � 2m(d� 1)d retained such thatps =

P r
q=1 p(q)

s � 1� � . This forms
the basis for the� -deterministic approach, which yields the improved on-average �delity:

�FCJ, opt =
1
ps

rX

q=1

p(q)
s F (q)

CJ, opt : (3.24)

Here, we perform the optimization as a minimization problem for each outcome, where the
cost function is the in�delity 1 � F (q)

CJ . From this, we show in Sec. 3.2.5 that it is possible
to attain advantages even in situations where all outcomes are kept (i.e.� = 0).

In principle, the optimization may incorporate free parameters to vary in pursuit of
�nding the best corrections and �delities (akin to a VQE). These may be used to optimize
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other relevant aspects of the protocol, such as the initial auxiliary statesj� 0i i and measure-
ment bases. However, we note the optimization challenges encountered when the number
of branches (d) or inputs (m) is large (e.g. high problem dimensionality), and the need for a
prior extensive characterization of the noise (e.g. via process tomography) in experimental
settings. To avoid additional (hidden) resources, we employ local, single-qubit correcting
unitaries in our optimizations, and restrict them to discrete gates in the Cli�ord group,
which incur minimal noise due to their e�cient classical implementation.

3.2.4 Protocol example

To illuminate the ideas behind the GB protocol, we apply it to a basic scenario involving
three branches (d = 3) and dephasing noise [Eq. (3.5a)] with noise parameterp0 = 0:6 and
noiseless cSWAPs. We employ a single-qubit input (m = 1) and an S gate as the main
computation (Uj� +

1 i = ( I 
 S)j� +
1 i ; Uj� 0i = Sj� 0i ). As discussed in Sec. 3.2.2, we may

set j� 0i = j+ i to ensure (! 1; ! 2) = (1 ; 1): In the incoherent case (d = 1), we have:

� out, ic = 0:6(Uj� +
1 ih� +

1 jUy) + 0 :4(ZUj� +
1 ih� +

1 jUyZ)

= 0:5j00ih00j � 0:1i j00ih11j + 0:1i j11ih00j + 0:5j11ih11j ;
(3.25)

and FCJ, ic = 3=5 = 0:6, where the ideal output is:

Uj� +
1 ih� +

1 jUy = 0:5j00ih00j � 0:5i j00ih11j + 0:5i j11ih00j + 0:5j11ih11j: (3.26)

Now, let us contrast this with the output of the coherent protocol. Plugging into Eq. (3.17),
one �nds that A d = 0:6d� 1, and the output state is therefore:

� out =
0:62

3

��
0:6(Uj� +

1 ih� +
1 jUy) + 0 :4(ZUj� +

1 ih� +
1 jUyZ)

�

::: + 2
�

0:6(Uj� +
1 ih� +

1 jUy) + 0( :::)
��

= 0:818(Uj� +
1 ih� +

1 jUy) + 0 :182(ZUj� +
1 ih� +

1 jUyZ) (normalized)

= 0:5j00ih00j � 0:318i j00ih11j + 0:318i j11ih00j + 0:5j11ih11j:

(3.27)

where (...) contains the remainder of the summation over Kraus operators with(i; j ) =
(I; Z ); (Z; I ); (Z; Z ). From Eq. (3.27), we can observe how the coherent term suppresses
the undesired terms involvingZ and boosts the amplitude of the ideal computation (/
Uj� +

1 ih� +
1 jUy), thereby resulting in an improvedFCJ . Recall that in doing so, we have

measured the control and auxiliaries in orthonormal bases spanned byj+ 3i and Uj� 0i
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respectively. The results of these measurements are shown in in Table 3.1.

Table 3.1: Sample results after performing the gate-based protocol for �delity enhancement, before
unitary optimization. The postselected outcome is highlighted in bold.

q Outcomes (ctrl, aux) � (q)
out (j00ih00j; j00ih11j; j11ih00j; j11ih11j) F (q)

CJ p(q)
s

1
2
3
4
5
6
7
8
9
10
11
12

0, 00
0; 01
0; 10
0; 11
1; 00
1; 01
1; 10
1; 11
2; 00
2; 01
2; 10
2; 11

0.5, -0.318i, 0.318i, 0.5
0:662; � 0:0004i; 0:0004i; 0:338
0:469; � 0:096i; 0:096i; 0:531
0:36; 0:0116i; � 0:0116i; 0:64

0:5; 0:5i; � 0:5i; 0:5
0:247; 0:0789� 0:256i; 0:0789 + 0:256i; 0:753
0:534; 0:0268� 0:105i; 0:0268 + 0:105i; 0:466

0:6875; � 0:108� 0:25i; � 0:108 + 0:25i; 0:3125
0:5; 0:5i; � 0:5i; 0:5

0:247; � 0:0789� 0:256i; � 0:0789 + 0:256i; 0:753
0:534; � 0:0268� 0:105i; � 0:0268 + 0:105i; 0:466

0:6875; 0:108� 0:25i; 0:108 + 0:25i; 0:3125

0.818
0:5

0:596
0:488

0
0:756
0:605
0:75

0
0:756
0:605
0:75

0.264
0:123
0:125
0:115
0:048
0:0393
0:0567
0:0427
0:048
0:0393
0:0567
0:0427

Here, the measured outcomes `0', `1', and `2' correspond to the computational basis states
j0i , j1i , and j2i respectively. We observe that the �all 0� outcome (q = 1) corresponds to
� out and is therefore postselected (withps = 0:264) when using the probabilistic approach
(the other outcomes are associated with states that are orthogonal to the control and/or
auxiliaries). Note that this outcome corresponds to the highestFCJ (see Ref. [65] for
details) and that:

FCJ = 0:818> 0:6 = FCJ, ic : (3.28)

From this, we �nd the in�delity ratio to be:

R = (1 � 0:6)=(1 � 0:818) = 2:2: (3.29)

One can enhance the relatively lowps by employing the � -deterministic approach. During
optimization, we determine the unitary correction (from the single qubit Cli�ord group) for
each output state (outcomeq) that results in the greatest �delity increase. The outcomes
are then accepted one-by-one from the highest to lowest optimized �delity until the desired
� = 1 � ps is attained. Suppose one wishes to achieve� = 0:25 =) ps = 0:75. Then, the
approach yields the optimized results in Table 3.2.
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Table 3.2: Sample results after performing the gate-based protocol for �delity enhancement, after
unitary optimization. Outcomes are arranged from the highest optimized �delity to the lowest.

q Outcomes (ctrl, aux) U(q)
c U(q)

c � (q)
out U

(q)
c

y(j00ih00j; j00ih11j; j11ih00j; j11ih11j) F (q)
CJ, opt p(q)

s Accept? (� = 0:25)
5
9
1
6
10
8
12
7
11
3
4
2

1; 00
2; 00
0; 00
1; 01
2; 01
1; 11
2; 11
1; 10
2; 10
0; 10
0; 11
0; 01

I 
 SS
I 
 SS
I 
 I
I 
 I
I 
 I
I 
 I
I 
 I
I 
 I
I 
 I
I 
 I

I 
 SS
I 
 I

0:5; � 0:5i; 0:5i; 0:5
0:5; � 0:5i; 0:5i; 0:5

Same as in Table 3.1
Same as in Table 3.1
Same as in Table 3.1
Same as in Table 3.1
Same as in Table 3.1
Same as in Table 3.1
Same as in Table 3.1
Same as in Table 3.1

0:36; � 0:0116i; 0:0116i; 0:64
Same as in Table 3.1

1
1

0:818
0:756
0:756
0:75
0:75
0:605
0:605
0:596
0:512
0:5

0:048
0:048
0:264
0:0393
0:0393
0:0427
0:0427
0:0567
0:0567
0:125
0:115
0:123

X
X
X
X
X
X
X
X
X
X
7
7

We see that by accepting further outcomes (excludingq = 2 and 4), we are able to improve
ps from 0.264 to X

q2f 1;:::;12gnf 2;4g

p(q)
s = 0:762 (3.30)

at the expense of slightly lowerFCJ and R values (note that exceeding the desiredps is
common given the �nite number of outcomes). Nevertheless, we still obtain a degree of
enhancement since:

�FCJ, opt =
X

q2f 1;:::;12gnf 2;4g

p(q)
s F (q)

CJ,opt = 0:7588> 0:6 = FCJ, ic ; (3.31)

and,
R = (1 � 0:6)=(1 � 0:7588) = 1:658> 1: (3.32)
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3.2.5 Performance and analysis

We now proceed to analyze the numerical performance of the coherent GB protocol in
a variety of settings involving the probabilistic and� -deterministic approaches. Here, we
examine two kinds of unitariesU, namely, T and CX gates for one- and two-qubit input
scenarios respectively. These operations are essential to many quantum algorithms, with
the former used in magic state distillation [110], and the latter essential for stabilizer
measurements [111]. To assess the protocol directly, we �rst present results where the
control register and generalized cSWAPs are assumed to be noiseless. Then, we analyze a
separate scenario where noise a�ects them both, which we use to establish an upper bound
on the achievable �delity. For the noise, we apply either dephasing and depolarizing noises
to T and CX . These choices are motivated by the ideas of Sec. 3.2.2, and ensures that a
choice ofj� 0i such that ! 2 = 1 exists.

The GB protocol results are shown in Fig. 3.3 ford = 2; 3; 4 superposition branches and
various noise parameterspne. In (a)�(e), we employ the parameterized auxiliary states:

j� 0i = cos(� )j0i + sin(� )j1i (1 input) ; (3.33)

j� 0i = sin2(� )j00i + cos(� )sin(� )( j01i + j10i ) + cos2(� )j11i (2 inputs); (3.34)

which by varying � , permits us to examine scenarios with di�ering! 1 2 [0; 1]. As general
observations, we �nd that (1) R is consistently higher when! 1 = 1 vs. < 1, and (2) R
tends towards larger values asd increases. These agree with the asymptotic behavior of
FCJ and theoretical predictions in the noiseless limit (see Ref. [65]). We further con�rm
observation (1) by varying ! 1 at a �xed pne, which we perform for the probabilisticCX
case [Fig. 3.3(e)]. As expected, there is a steady increase inR upon increasing! 1 toward 1.
In the probabilistic scenarios [Figs. 3.3(a), (c), (e)], we con�rm that the success probability
ps decays with increasingd and ! 1. These behaviours are a consequence of Eqs. (3.22) and
(3.23)6, and suggest an appropriate use for the� -deterministic approach [Figs. 3.3(b), (d)].
In these scenarios, we study the limiting case where� = 0 and all outcomes are retained (i.e.
fully deterministic). While they exhibit lower R values than in the probabilistic approach,
we remarkably �nd that R > 1 for a signi�cant range of pne parameters, suggesting an
advantage can be obtained by performing the protocol as-is. Moreover, whileR decreases
in the probabilistic approach with greater noise (smallerpne), we witness increases in the
deterministic approach thanks to the optimization employed. Such unitary corrections can
further reduce the noise if they are predominantly weighted toward single Pauli operators.

6As ! 1 increases,R and henceFCJ = � 0
00 undergo increases. Since� 00 (the incoherent �delity) is �xed

for somed, Eq. (3.22) implies ps must decrease.
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FIG. 3.3: Numerical performance of the coherent gate-based (GB) protocol in miti-
gating various noisy scenarios, with variable number of superposition branches . First
row: Dephasing noise applied to theT gate (m = 1 ) using the (a) probabilistic and (b) fully
deterministic (� = 0 ) approaches for! 1 = 0 :5; 1. Second row: Dephasing noise applied to theCX
gate (m = 2 ) using the (c) probabilistic and (d) fully deterministic approaches for ! 1 = 0 :75; 1.
For all plots, the incoherent to coherent �delity ratio R and postselection success probabilityps

are plotted vs. the no-error probability pne [de�ned by Eq. (3.5a)].
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