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Abstract

The result MIP∗ = RE shows that the problem of approximating the quantum value of a
nonlocal game is undecidable. This thesis studies how this undecidability may be distilled
to well-structured classes of nonlocal games, specifically those coming from constraint
satisfaction problems (CSPs). A CSP is a decision problem where one must decide if a given
set of constraints may be simultaneously satisfied; presenting it as a nonlocal game gives rise
to an entangled CSP where the possible solutions are generalised to operator assignments.
Many computational problems may be presented as CSPs, such as graph colouring. This
work studies the various families of entangled CSP that arise due to the noncommutativity of
quantum mechanics — notably non-oracular CSPs, where the players only receive variables
as questions, and oracular CSPs, where the players also receive constraints.

We study how reductions between CSPs may be made quantum-sound. First, we develop
the theory of commutativity gadgets, which allow any classical constraint expressible by the
CSP to be expressed in the entangled setting. This allows for classical reductions between
CSPs to lift to gap-preserving reductions between entangled CSPs. We fully characterise
the existence of commutativity gadgets by means of entangled polymorphisms of the CSP,
a type of quantum symmetry, and use this show to equivalences and separations between
commutativity gadgets in different models. Second, we extend the most powerful classical
reduction between CSPs, based on minion homomorphisms of the polymorphism spaces, to
the setting of gapped entangled CSPs. We apply both techniques to show that entangled
graph k-colouring is undecidable for all k ≥ 3.

Famously, XOR games, which correspond to the CSP of boolean linear equations with
two variables per equation, have a classical value which is NP-hard to approximate but a
quantum value that can be approximated in polynomial time. We define the tilted XOR
games, which correspond to the boolean linear CSP with one or two variables per equation.
Though these are qualitatively close to XOR games, we show that their quantum value is
undecidable to approximate, by quantising the classical reduction from linear system games
to XOR games. This gives the first example of binary nonlocal games, where both players
answer a single bit, whose quantum value is undecidable to approximate.

Finally, we study approximation algorithms for entangled CSPs. We develop an algorithm
to approximate the quantum value of Max-k-Cut, the optimisation analogue of graph k-
colouring. For k = 3 and k = 4, we find approximation ratios that are strictly better
than for classical colouring, despite the problems being significantly harder. Our algorithm
consists of a relaxation to a semidefinite program, followed by a randomised rounding using
a Haar-random unitary. To analyse the algorithm, we make use of ideas from free probability
to simplify the behaviour of the rounding in the limit of large dimension.
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Chapter 1

Introduction

Quantum mechanics has given rise to a variety of perplexing implications that have forced
the reconsideration of many preconceived notions about the nature of the universe. One
of these is entanglement, which is a form of correlation stronger than anything possible
classically. A pair of particles may become maximally entangled, which implies that the
result of a measurement of one particle fully prescribes the resulting state of the other,
irrespective of the observable measured. When this property was first noticed by Einstein,
Podolsky, and Rosen [61], it was expected to be a flaw in the theory of quantum mechanics,
as entangled states violate locality. That is, measuring one system can instantaneously
change the state of a distant other system, seemingly transmitting information faster than
the speed of light. This would violate a key principle of relativity. They anticipated that
there could be a theory underlying quantum mechanics where there are hidden variables,
which remain local and could be used to recover locality.

To test the veracity of this idea, one needs a framework to compare correlations due
to local hidden variables to those predicted by entangled quantum systems. The work of
Bell [16] defined the first such framework, which has become known as a Bell inequality.
This is a classically-defined scenario where one asks a correlation to satisfy certain constraints,
with respect to which any classical correlation coming from a local hidden variable theory
fares strictly worse than a correlation allowed by quantum mechanics. By violating a Bell
inequality, one can disprove all local hidden variable theories at once. This was achieved for
the first time experimentally by Aspect, Dalibard, and Roger [11], cementing entanglement
as a tangible aspect of the universe.

Where does this leave locality? The standard Copenhagen interpretation of quantum
mechanics sees the universe as inherently nonlocal, but still posits that information cannot

1



travel faster than the speed of light. This squares with the Einstein-Podolsky-Rosen paradox
because measurements in quantum mechanics are also probabilistic: until an observer
learns the measurement result of the first particle – which is constrained to travel at or
below the speed of light – they see the state of the second particle as a random mixture of all
possible resulting states, containing no information about the result of the first measurement.
This implies that quantum correlations are non-signalling in the sense that the probability
of a measurement result on the second system, conditioned on the observables measured on
the two systems, is independent of the observable used to measure the first system. This
suggests a simple resolution to the question of entanglement — perhaps all non-signalling
correlations may be attained by quantum mechanics? As always, nature proves much more
subtle and beautiful. The set of quantum correlations lies somewhere between the sets of
classical and non-signalling correlations, but equals neither of them.

To quantify these ideas, we turn to nonlocal games, which provide a distillation of
the properties evinced by Bell inequalities. In a nonlocal game, a referee interacts with two
players (i.e. observers) Alice and Bob, who may share a correlation but do not communicate.
The referee samples a pair of questions x and y from a predefined probability distribution,
and sends them to Alice and Bob, respectively. Then, the players use their correlation to
come up with answers a and b locally. Then, they each send their answer to the referee,
who decides if the players win, by means of a predefined rule predicate depending on the
questions and answers. The value of the correlation is the expected winning probability;
and we may compare the classical, quantum, and non-signalling values, which correspond
to the suprema of the values over the corresponding sets of correlations.

The prototypical example of a nonlocal game is the CHSH game, first studied by
Clauser, Horne, Shimony, and Holt [39]. In the CHSH game, the questions are single bits
0 or 1, sampled uniformly at random; the answers are also bits; and the players win if
the answers satisfy a + b = xy modulo 2. This nonlocal game witnesses the separation
between quantum correlations and both classical and non-signalling correlations in the
following way. The classical value is equal to 3

4 , but there is a quantum correlation with value
cos2(π8 ) ≈ 0.85. Further, this correlation actually attains the quantum value, by Tsirelson’s
bound [114]. However, there is a non-signalling correlation, called the Popescu-Rohrlich
box, that attains value 1 [103].

As seen in the above example, the quantum value of a nonlocal game can say a lot about
the nature of quantum correlations. With this motivation, one may ask how hard it is to
compute the value of a nonlocal game or, similarly, how much information may be gleaned
by determining the value of a nonlocal game. From the perspective of computer science,
this falls within the purview of complexity theory, which aims to capture how hard it is to
solve a given computational problem. Specifically, a nonlocal game can be seen as a form of

2



multiprover interactive proof system. In a multiprover interactive proof (MIP) system,
a verifier interacts with untrusted provers, who have unbounded computational power but
do not communicate, to attempt to decide a problem. Under classical strategies, the lack
of communication between the provers allows the verifier to interrogate them separately
and corroborate their answers, allowing the verifier to decide much harder problems than
they could alone, or even with a single prover. Using an MIP, a polynomial-time verifier
can decide NEXP, the nondeterministic exponential-time problems [14]. By shrinking the
question and answer lengths to logarithmic in the instance size, MIPs also capture the
nondeterministic polynomial-time problems NP [8, 7, 56].

Nonlocal games with quantum strategies correspond to entangled multiprover interactive
proof (MIP*) systems. At first, it was highly unclear whether this strengthened the class, by
allowing the verifier to demand more, or weakened the class, by allowing the provers to cheat
better. It was finally shown that the complexity of entangled MIP is significantly higher
than the non-entangled version. The breakthrough result of [76] shows that a polynomial-
time verifier can use an MIP* to decide RE, which is a complexity class containing even
undecidable computational problems. Specifically, RE are those problems which are at
most as hard as the halting problem, which is the problem of deciding if a computer
program will halt and produce and output, given its source code. The halting problem is
impossible to decide using a computer [115, 82]. This incredibly hard complexity is attained
in the worst case for general nonlocal games: is it possible restrict the problem to a smaller
well-structured class of nonlocal games while preserving the hardness?

A well-structured class of decision problems whose complexity is fully understood are the
constraint satisfaction problems (CSPs). An instance of a CSP consists of a collection
of variables and associated constraints over a domain; it is an accepting instance of the
decision problem if there is a map from the variables to the domain that satisfies all of the
constraints. This captures a variety of relevant computational problems, such as satisfiability
of boolean formulae or graph colouring. CSP complexity satisfies a dichotomy theorem,
which had long been conjectured and proved only recently, stating that any CSP is either
solvable in polynomial-time or NP-complete [32, 122]. This dichotomy relies heavily on the
symmetry of the CSP: there is a precise sense in which the CSPs with more symmetry are
easier than those with less. Also, CSPs embed naturally into MIPs, by having the verifier
ask constraints and variables to the provers.

In this thesis, we study the quantum values of nonlocal games coming from CSPs, which
we call entangled CSPs, in order to achieve a more fine-grained understanding of where
the hard MIP* instances occur. We consider the problem from two directions. When and
how do classical reductions between CSPs lift to reductions between the corresponding
entangled CSPs? Is it possible to approximate the quantum value of an entangled CSP?
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1.1 Summary of Results

We show a variety of reductions between entangled CSPs, coming from commutativity
gadgets and polymorphism minion homomorphisms. We use these reductions to demonstrate
hardness of the entangled versions of a variety of CSPs, notably graph colouring. Via different
techniques, we also show hardness of nonlocal games where each player outputs a single bit.
Finally, we develop an approximation algorithm for entangled CSPs, which we apply to
graph colouring, among other problems. This section summarises these results, roughly in
the order they are presented in the thesis.

1.1.1 Entangled constraint satisfaction problems

There are a few equivalent presentations of constraint satisfaction problems; we make use of
the presentation via relational structures in this work. A relational structure consists of
a set called the domain, and a collection of labelled relations of potentially different arities.
A homomorphism of relational structures is a map between the domains that preserves each
of the relations — note for a homomorphism between relational structures to make sense,
the labels of the relations need to be the same for the two structures, which we assure by
fixing a set of labels called the relational signature. In this setting, the CSP parametrised by
a relational structure A is the problem of deciding whether there exists a homomorphism
from a given relational structure X to A. X is an accepting instance (yes instance) if there
is a homomorphism X → A and a rejecting instance (no instance) if not. Here, a constraint
corresponds to a single element of a relation of X. We can also define a gapped CSP
as the promise problem where we guarantee that the fraction of constraints that may be
simultaneously satisfied in a rejecting instance is upper-bounded.

An important class of CSPs arises from graphs. A graph gives rise to a relational structure
with a single binary relation; and a homomorphism of graphs as relational structures is
simply a graph homomorphism. Graph n-colouring is the graph homomorphism problem to
the complete graph Kn. Many other important decision problems may be phrased as CSPs,
such as 3SAT and satisfiability of linear relations.

There a variety of ways to present an instance of a CSP as a nonlocal game. These reduce
to two relevant cases: a nonlocal game where the players are asked to satisfy variables, or a
nonlocal game where the players are asked to satisfy whole constraints. The second case is
called the oracular framework and, in contrast, the first case is called the non-oracular
framework. In either of the two cases, the winning condition is that the answered assignments
to the variables must satisfy the associated constraints, and be consistent between the
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players. With respect to classical strategies, there is no significant difference between the
frameworks — the existence of a perfect strategy in either framework corresponds exactly
to the existence of a relational structure homomorphism. However, if we consider quantum
strategies, the two frameworks diverge, requiring us to consider them separately. This is
because, in the oracular framework, variables that belong to the same relation must be
measured together on the same system, inducing additional commutation relations between
their observables.

Considering the framework as well as the class of strategies – quantum, quantum
approximate, or commuting operator – gives rise to a variety of different entangled CSPs
for each relational structure. We show first that there exists a relational structure for which
both the quantum and quantum approximate gapped entangled CSPs are RE-complete and
the commuting-operator gapped entangled CSP is coRE-complete, in both the oracular and
non-oracular frameworks. This problem forms the basis of all the hardness results based
on reductions between CSPs. Next, we study the algebraic structure of perfect strategies
for entangled CSPs. Notably, we can see perfect strategies for CSP nonlocal games as a
quantum generalisation of homomorphisms between the relational structures. Finally, we
show that near-perfect strategies for CSP nonlocal games imply near-perfect strategies with
respect to a tracial (i.e. maximally entangled) state, so we may reduce to the case of tracial
strategies, for entangled CSPs with perfect completeness.

1.1.2 Existence of commutativity gadgets

Commutativity gadgets provide a way of lifting classical reductions between CSPs to
quantum-sound reductions between their entangled analogues. A commutativity gadget for
a relational structure A is an instance G of the CSP of A along with a pair of variables
from G (called distinguished variables), such that for any pair of elements of A, there exists
a quantum homomorphism from G to A where the distinguished variables are sent to those
elements; and for every quantum homomorphism from G to A, the observables associated
to the distinguished variables commute. That is, a commutativity gadget provides a way to
restrict a pair of variables to be commuting while imposing no further restrictions.

A reduction between CSPs is local in the sense that the reduction proceeds by replacing
every constraint of the original instance with a conjunction of constraints. Therefore, a
classical reduction can be lifted to a reduction of entangled CSPs by placing a commutativity
gadget between all the pairs of variables in the new instance that come from the same
constraint of the original instance. This forces all of the local assignments to satisfy the
classical constraint, guaranteeing soundness of the reduction. As such, if a CSP is NP-
complete and admits a commutativity gadget, the associated (gapped) quantum entangled
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CSP must be RE-complete; and the associated commuting operator entangled CSP must
be coRE-complete.

The idea of a commutativity gadget was introduced by Ji, who found commutativity
gadgets for 3-colouring and 1-in-3-SAT [75]. [49] shows that all NP-complete boolean CSPs
admit a commutativity gadget: in fact, every non-TVF CSP (where there is a relation that
does not constrain a pair of variables at all) admits a commutativity gadget consisting of a
single relation in the oracular framework, and boolean TVF CSPs admit commutativity
gadgets in both the oracular and non-oracular models. [38] shows that the odd cycles and
the Siggers digraph (a directed graph on 3 vertices) admit commutativity gadgets. In this
work, we show that all the complete graphs on n ≥ 3 vertices admit commutativity gadgets
generalising the construction of [75], in the oracular framework.

On the other hand, there are strong constraints on which CSPs admit commutativity
gadgets. We show that non-classical quantum symmetries of the relational structure
preclude the existence of any commutativity gadget. This connects reductions between
entangled CSPs to the theory of quantum groups (in the sense of Woronowicz [121]). An
illustrative example is the case of four-colouring, where these are the symmetries of the
graph K4. Classically, the symmetries of K4 are the permutations of the vertices, as for
K3. Beyond this, it is known that K4 has a non-classical quantum endomorphism [119]; in
contrast, every quantum endomorphism of K3 is classical. As noted above, however, this
no-go result only applies in the non-oracular framework — every complete graph admits
a commutativity gadget in the oracular framework. Using this noncommutative quantum
homomorphism, we can show that K4 does not admit a commutativity gadget.
Theorem 1.1.1. K4 does not admit a (non-oracular) commutativity gadget.

In the proof, for clarity, we write quantum homomorphisms as collections of PVMs,
whereas later in the work we present them as representations of a homomorphism algebra —
these two presentations are wholly equivalent.

Proof. Suppose on the contrary that K4 admits a commutativity gadget G with distin-
guished variables x, y ∈ G. First, since there exists a non-classical quantum homomorphism
{Πa

b}a,b∈K4 : K4 → K4, there exist a1, b1, a2, b2 ∈ K4 such that Πa1
b1 and Πa2

b2 do not commute.
Next, the relations on the gadget cannot constrain the values x and y may be assigned to,
so there must exist a quantum homomorphism {P z

a }z∈G,a∈K4 : G → K4 such that P x
a = δa,a1

and P y
a = δa,a2 . Consider the composition of P with Π, which is the quantum homomorphism

G → K4 defined as

(Π ◦ P )za =
∑
b∈K4

P z
b ⊗ Πb

a.
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This is in fact a well-defined quantum homomorphism. Furthermore, we find that

(Π ◦ P )xb1 =
∑
b∈K4

P x
b ⊗ Πb

b1 = 1 ⊗ Πa1
b1 ,

(Π ◦ P )yb2 =
∑
b∈K4

P y
b ⊗ Πb

b2 = 1 ⊗ Πa2
b2 ,

meaning that (Π ◦ P )xb1 and (Π ◦ P )yb2 do not commute. Therefore, there exists a quantum
four-colouring of G that does not constrain the projectors for x and y to be commuting. So
G cannot be a commutativity gadget for K4. ■

What does this say about the hardness of quantum four-colouring? We know that unlike
for classical three-colouring, we cannot use the classical reductions to directly rewrite the
constraints of any CSP in terms of it. However, this does not preclude the possibility that
entangled four-colouring is undecidable. Nevertheless, since the classical reduction does not
quantise, we would need a natively quantum reduction to achieve this.

We also use the no-go theorem to find an example of a relational structure that does
not admit a commutativity gadget in either the oracular or non-oracular frameworks. This
is the diamond graph D, which is the complete graph K4 with one edge removed. To prove
this result, we extend a result of Schmidt [106], which constructs quantum automorphisms
of graphs from disjoint classical automorphisms, to work in the setting of (non-invertible)
endomorphisms.

Structure Oracular Non-oracular
Non-TVF ar(R) ?
TVF Boolean 16 16
Siggers digraph 19683 19683
Kn 2n ✗

C2n+1 (2n+ 1)(2n+1)2 (2n+ 1)(2n+1)2

Diamond graph ✗ ✗

Table 1.1: Sizes of commutativity gadgets for the relational structures where they are known
to exist, in terms of the number of variables. The question mark indicates a case where it is
unknown whether a commutativity gadget exists or not, and the ✗ mark indicates a case
where it is known that there is no commutativity gadget. ar(R) is the arity of one of the
relations of the structure.
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Recent work of Ciardo, Joubert, and Mottet [38] has extended this no-go theorem to
use not just homomorphisms, but also polymorphisms, which are homomorphisms from
a finite number of copies of the relational structure to the structure itself. Surprisingly,
extended to this setting, the converse of the result also holds: a relational structure admits
a commutativity gadget if and only if all of its quantum polymorphisms are classical.
The converse is also constructive in the sense that if a relational structure A admits a
commutativity gadget, then it admits a commutativity gadget on |A||A|2 vertices. Of course,
it may be possible to find significantly smaller or simpler commutativity gadgets, for example
the oracular gadget we find for Kn. The relational structures known to admit commutativity
gadgets, as well as the sizes of the gadgets, are displayed in Table 1.1.

We extend this characterisation in two ways. First, we extend it to different models of en-
tanglement. Apart from quantum commutativity gadgets, we also get quantum approximate
and commuting operator gadgets, which apply directly to different models of entangled
CSP. On top of this, we consider algebraic gadgets, which work at the level of the entangled
CSP C∗-algebra, and are useful in showing existence of all other types of gadget. Second,
we extend the characterisation to work in the setting of robust commutativity gadgets,
which facilitate reductions between gapped entangled CSPs. This requires a notion of stable
commutativity of the entangled polymorphism algebras under approximate representations.
Knowing this characterisation allows us to find a variety of relationships between the
different types of commutativity gadget. Notably, the existence of a non-oracular gadget
always implies the existence of an oracular gadget; robust quantum and quantum approxi-
mate gadgets are equivalent to exact quantum approximate gadgets; and robust and exact
commuting operator gadgets are equivalent. This is illustrated in Fig. 1.1

On the other hand, the characterisation also allows us to show separations between
different classes of commutativity gadget. First, as noted earlier, the fact that the complete
graphs on ≥ 4 vertices admit an oracular but not a non-oracular commutativity gadget
separates these two models of commutativity gadget. Next, we also show a separation
between quantum and quantum approximate commutativity gadgets. To do so, we embed
a hyperlinear solution group which has no non-trivial finite-dimensional representations
into the polymorphisms of a relational structure. We construct this group by taking the
solution group with no noncommutative finite-dimensional representations constructed by
Slofstra [109], and using a construction using the magic square game and a nice solution
group presentation of the dihedral group to eliminate the finite-dimensional representations.
Then, to embed this solution group into the polymorphisms, we adapt a construction of
van Dobben de Bruyn, Roberson, and Schmidt [58] to realise the solution group as the
entangled endomorphisms of a coloured graph. To allow the endomorphisms to describe all
the polymorphisms, we make use of a construction based on a complete graph. We give
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alg co qa q

co qa q

alg co qa q

co qa q

co qa

co qa q

co qa

co qa q

Oracular

Robust oracular

Non-oracular

Robust non-oracular

Figure 1.1: An overview of the implications and separations for existence of commutativity
gadgets in different models. An arrow from one model to another indicates that existence of
a commutativity gadget in the first model implies existence of a commutativity gadget in
the second. Models that are equivalent in this sense are grouped together in shaded areas.
Red lines between the areas indicate separations, meaning that there are CSPs which admit
a commutativity gadget in the weaker model but not in the stronger model. The dashed red
line indicates a separation that is conditional on the existence of a non-hyperlinear group.

a complete description of the entangled polymorphisms of a complete graph, and show
that all of the polymorphisms are essentially unary in the sense that it decomposes as a
direct sum of quantum automorphisms of the input copies. Using this description, placing
a complete graph as an additional relation in our constructed relational structure allows to
control all the polymorphisms using only the endomorphisms. Under the assumption of
a non-hyperlinear group, we can use an analogous construction to separate non-oracular
quantum approximate and commuting operator commutativity gadgets as well. These
separations are also illustrated in Fig. 1.1.

Finally, we investigate the complexity of deciding the existence of a commutativity
gadget. Using the same construction, we can reduce the problem of deciding whether
a linear system game has a perfect strategy in a specific quantum model, known to be
undecidable by [109, 110], to the problem of deciding if a given relational structure has a
commutativity gadget. This allows us to show, in the non-oracular framework, that deciding
if a relational structure admits a quantum or quantum approximate commutativity gadget
is undecidable, and deciding if a relational structure admits a commuting operator or
algebraic commutativity gadget is coRE-hard.
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1.1.3 Reductions in the absence of commutativity gadgets

The polymorphisms of a relational structure can also be used to access a stronger form of
reduction than that made possible by commutativity gadgets. These are the reductions
based on minion homomorphisms, which are mappings between the spaces of (quantum
or classical) polymorphisms that preserve some compositions. Classically, if there is a minion
homomorphism from the polymorphisms of A to the polymorphisms of B, then the CSP
of B reduces to the CSP of A. It turns out that such reductions are sufficient to capture
the hardness of all classically NP-complete CSPs. Ciardo, Joubert, and Mottet [38] lift this
form of reduction to the quantum setting, showing that if there is a minion homomorphism
from the entangled polymorphisms of A to the entangled polymorphisms of B, then the
gapless entangled CSP of B reduces to the gapless entangled CSP of A.

We extend this result to the setting of gap-preserving reductions, allowing us to show
undecidability for gapped entangled CSPs with no commutativity gadget. To do so, we
develop a theory of stable homomorphisms between minions, which allow us quantify
how well approximate satisfaction of constraints is preserved. This allows us to show that if
there exists a stable minion homomorphism from the entangled polymorphisms of A to the
entangled polymorphisms of B, then there is a reduction from the gapped entangled CSP
of B to the gapped entangled CSP of A.

To allow us to apply this result to specific CSPs, we show a simpler sufficient condition
for the existence of a stable minion homomorphism. We introduce an algebraic dual notion
of a minion called a cominion — the noncommutative polymorphism algebras provide
examples. We show that a homomorphism between polymorphism cominions always implies
a stable minion homomorphism.

We apply these results to show hardness in a few important cases. First, using our
complete characterisation of the (non-oracular) polymorphism algebras of Kn, we show
that entangled n-colouring is RE-complete, by means of a cominion homomorphism to
the polymorphism cominion of 3SAT, which is classical. This reduction also allows us to
establish hardness for entangled graph homomorphism to the diamond graph D, by using
the fact that it is homomorphism equivalent with K3. These two examples give us that
we can nevertheless recover hardness for the CSPs that we have found to fail to admit
commutativity gadgets.

As a final application of this minion-based reduction, we show an equivalence between
oracular entangled CSPs where the players only receive constraints, and those where the
players receive both constraints and variables. This is done by noting that the polymorphism
cominions of these two models are equal, giving a trivial stable minion homomorphism.
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1.1.4 Complexity of binary nonlocal games

For general nonlocal games, determining the quantum value is significantly harder than
determining the classical value. The situation is reversed for XOR games, which correspond
to 2LIN, the CSP of linear equations with two variables per equation over the boolean
field. Cleve, Høyer, Toner, and Watrous [41] show that the quantum value of an XOR game
can be approximated in polynomial time, whereas the classical value is NP-complete to
approximate [72]. This is due to a result of Tsirelson [114] which allows the optimisation
over quantum strategies for an XOR game to be expressed as a semidefinite program (SDP).

The classical hardness of XOR games (i.e. 2LIN) is ascertained via a reduction from 3LIN
with imperfect completeness, due to H̊astad [72]. The hardness of 3LIN with completeness
1 − ε for every ε > 0 was also shown in [72]. The reduction from 3LIN to 2LIN works
by replacing each relation from a 3LIN instance with a gadget that can be satisfied with
probability 3

4 if and only if the original equation is satisfied. Recently, Taller and Vidick [112]
have shown that H̊astad’s proof of the hardness of 3LIN can be made quantum-sound,
hence giving hardness of approximation for entangled 3LIN with imperfect completeness. If
the reduction from 3LIN to 2LIN were also quantum-sound, that would imply that XOR
games are undecidable to approximate. As noted above, this is well known to not be the
case, and hence there must be some issue in quantising this reduction.

We studied the question of why the quantisation of the reduction from 3LIN to 2LIN
fails, and found that it hinges on one simple step. In the reduction of [72], there is a
variable that is shared between all the gadgets, and H̊astad makes the classically-innocuous
assumption that this variable takes value 0 in any assignment. This is a valid assumption
as linear equations in two boolean variables are invariant under negation. However, for
quantum assignments, the variables are represented by operators; since the operators may
not commute, this variable cannot be set to 0 while preserving the remaining operators as
binary observables.

To remedy this problem, we introduce the notion of tilted XOR games, which is the
generalisation of XOR games where one of the questions is fixed to always require output 0.
An example of such a nonlocal game known in the literature is the tilted CHSH Bell
inequality [2]. Under classical strategies, tilted XOR games are equivalent to XOR games.
However, for quantum strategies, they differ wildly. We show that the reduction of [72]
gives in fact a quantum-sound reduction from 3LIN to tilted XOR games. This provides a
class of nonlocal games that is qualitatively very close to XOR games but captures all the
hardness of general nonlocal games. In particular, this provides the first known example of
binary games – nonlocal games where each of the players answers a single bit – that are
undecidable. We study the ranges of completeness and soundness parameters where tilted
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(b) Hardness of entangled XOR games.
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(c) Hardness of classical tilted XOR games.
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(d) Hardness of entangled tilted XOR games.

Figure 1.2: Hardness of XOR and tilted XOR games for different values of the completeness
and soundness parameters. The green regions indicate problems solvable in polynomial time,
the red and purple regions indicate hard instances, the white regions indicate problems
where the complexity is unknown, and the gray regions indicates s > c where the problem
makes no sense. Note that the classical complexities of XOR and tilted XOR games are
identical, and the RE-complete region is not to scale (though it is the interior of a triangle
with positive area).
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XOR games are easy or hard to approximate. This is illustrated and compared to XOR
games in Fig. 1.2.

1.1.5 Approximation algorithms for entangled CSPs

An alternate way to approach the question of hardness for computational problems is to ask
how well they may be approximated. For classical CSPs, there is a well-developed theory of
approximation algorithms. An approximation algorithm takes as input an instance of
the CSP in question, and outputs in polynomial time an assignment to the variables. The
quality of the approximation is given by the comparing the number of constraints satisfied
by this assignment to the maximum number of constraints satisfiable by any assignment. We
call the worst case ratio of these two quantities the approximation ratio of the algorithm.

More formally, we will only require the approximation algorithm to output the value of
the approximation, though approximation algorithms usually work by finding an assignment
and then computing its value — however, in the entangled setting, this distinction is
important as the operator solution may have dimension too high to be presented in
polynomial time, but its value may be much easier to compute.

The most significant approximation algorithm is the Goemans-Williamson algorithm
for Max-Cut, which is the optimisation problem associated to graph 2-colouring [67]. The
name Max-Cut comes by noting that an assignment of colours to the vertices of a graph
can be seen as a cut that splits the vertices into two subsets, where maximising the number
of edges cut is the same as maximising the number of colouring constraints satisfied.
This comparison is illustrated in Fig. 1.3. The algorithm proceeds by first relaxing the
optimisation problem to an SDP – which can be solved to sufficient precision in polynomial
time – and then rounding the SDP solution to an actual assignment. Importantly, the
rounding step is randomised. This gives an approximation ratio of ≈ 0.878. It turns out
that, assuming the unique games conjecture, the optimal approximation algorithm for any
CSP has this form [104]; and the Goemans-Williamson algorithm is in fact optimal for
Max-Cut [80].

In the quantum world, since 2-colouring is a special case of 2LIN, it is easy to approxi-
mate by [114, 41]. Hence, that means that entangled Max-Cut has approximation ratio 1.
Nevertheless, we do not need to stray far from 2-colouring to find an interesting entangled
CSP that is hard to approximate. In this work, we study approximation algorithms for
Max-k-Cut with k ≥ 3, which is the optimisation problem associated to graph k-colouring.
We construct an approximation algorithm inspired by the Goemans-Williamson algorithm,
but which provides an operator assignment rather than a classical assignment. First, we
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(a) As a colouring (b) As a mapping to K2

−1
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Figure 1.3: An example of graph 2-colouring / Max-Cut seen as (non-perfect) colouring,
homomorphism, and cut.

make use of an SDP relaxation. This is the same SDP used as a relaxation of the classical
problem by Goemans and Williamson [66] and Newman [94]; this means that it is easy to
compare the classical approximation ratio to the entangled approximation ratio. Next, we
need to round the SDP solution, consisting of vectors, to an operator solution — which we
express in terms of the observables, so it consists of order-k unitaries. First, we turn the
vectors into operators using a vector-to-unitary construction based on the Weyl-Brauer
operators due to Tsirelson [114]; then we apply a randomised rounding to transform these
operators into order-k unitaries. The rounding works by multiplying the operators by
a random unitary and then rounding the eigenvalues to the nearest k-th roots of unity.
We show that this approximation algorithm has approximation ratio comparable to the
best known classical algorithm, and in fact has a higher approximation ratio for k = 3, 4.
Note that for k ≥ 4, the best known classical algorithm, due to de Klerk, Pasechnik, and
Warners [54], uses a different SDP relaxation than the one we use; perhaps there is an
algorithm based on this SDP relaxation that improves the approximation ratio for all k.
The approximation ratios of our algorithm and of [54] are compared in Fig. 1.4.

To analyse our algorithm, we make use of a new technique we call the relative dis-
tribution. Since we are interested in inner products of random unitaries, we keep track
of the products of the eigenvalues as a distribution weighted by the inner products of the
corresponding eigenspace projections. Then, the value of the approximation algorithm can
be expressed as an integral with respect to this distribution. Using techniques from free
probability theory, we show that the relative distribution simplifies significantly in the limit
of large dimension. Using this simplification, we are able to compute the approximation
ratio exactly for all k.

Since we are also interested in bounding the dimension where the operator assignments
live, we modify our algorithm by making use of an algebraic approach that captures the

14



1 2 3 4 5 6 7 8 9 10 110.8

0.85

0.9

0.95

1.0

Number of vertices k

A
pp

ro
xi

m
at

io
n

ra
tio

ρ

Figure 1.4: Approximation ratios for Max-k-Cut, comparing our algorithm (red) to the
best known classical algorithm (blue). The values are comparable as every classical strategy
is a quantum strategy.

same properties as the relative distribution. We generalise the vector-to-unitary construction
to better approximate higher-order unitaries, by studying a generalised Weyl-Brauer
group. Then, we use this to show that the same approximation ratio can be attained to
precision ε in dimension 2O(n/ε), where the instance size is n.

1.2 Outline

In Chapter 2, we discuss the technical preliminaries needed for this work. In Chapter 3, we
define entangled CSPs and study their basic structure. In Chapter 4, we study reductions
based on commutativity gadgets, prove the polymorphism characterisation, and use this
to show relationships and separations between different classes of commutativity gadget.
In Chapter 5, we study reductions between CSPs based on minion homomorphisms of
the entangled polymorphisms. In Chapter 6, we prove the reduction from linear system
games to tilted XOR games, and use this to study hardness of approximation for binary
nonlocal games. In Chapter 7, we construct and analyse approximation algorithms for
entangled CSPs. Finally, in Chapter 8, we discuss the main results and finish with some
open questions.
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Chapter 2

Preliminaries

In this chapter, we provide the notation and technical preliminaries used for the results of
this thesis. Sections 2.1, 2.4.1 to 2.4.3, 2.4.5, 2.5.1, 2.6, 2.9, 2.10 and 2.12 are used throughout.
Section 2.2 is used in Section 3.2 and Chapter 5. Section 2.3 is used in Chapters 4 and 7.
Section 2.4.4 is used in Section 3.3. Sections 2.5.2, 2.5.3 and 2.8 are used in Chapter 7.
Section 2.7 is used in Chapter 3. Section 2.11 is used in Chapters 6 and 7.

2.1 Notation

We denote standard sets using set-constructor notation as {xi | i ∈ I}; labelled sets
as {xi}i∈I ; and ordered sets or tuples as (xi)i∈I (inheriting an order from I). For a natural
number n, write the standard n-element set [n] = {1, 2, . . . , n}, and the order-n cyclic
group Zn = {0, . . . , n− 1}. To disambiguate, we often denote elements of a cartesian power
An with bold face a = (a1, . . . , an), and elements of a double cartesian power (Am)n with
blackboard bold face a = (a1, . . . ,an) = ((a11, . . . , a1m), . . . , (an1, . . . , anm)). We identify
tuples in An with functions in A[n], so that a(i) = ai.

We denote the set of n× n complex matrices by Mn = B(Cn). The group of invertible
matrices in Mn is denoted GLn, and the subgroup of unitary matrices is denoted Un. The
standard trace on Mn is Tr, and the normalised trace is denoted trn = 1

n
Tr, where the

subscript is dropped if clear from context. For T ∈ Mn, the operator norm is ∥T∥, the
Frobenius norm is ∥T∥F =

√
Tr(T ∗T ) and the little Frobenius norm is ∥T∥f =√

tr(T ∗T ).
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Write the imaginary unit i =
√

−1. We write uX to mean the uniform distribution on a
finite set X, and drop the subscript when the set is implied from context.

2.2 Categories

A category C consists of a class of objects ob(C) and for every pair a, b ∈ ob(C), a class
of morphisms morC(a, b). The morphisms admit a composition operation ◦ such that for
all f ∈ morC(a, b) and g ∈ morC(b, c), g ◦ f ∈ morC(a, c). The composition is associative
h◦ (g ◦f) = (h◦g) ◦f for all f ∈ morC(a, b), g ∈ morC(b, c), and h ∈ morC(c, d); and admits
an identity morphism ida ∈ morC(a, a) such that f ◦ ida = idb ◦f = f for all f ∈ morC(a, b).
A category is small if ob(C) and all morC(a, b) are sets. Where clear from context, we
write a ∈ C to mean a ∈ ob(C), mor(a, b) to mean morC(a, b), and f : a → b to mean
f ∈ morC(a, b).

An endomorphism is a morphism f : a → a, and we denote the set of endomorphisms
by end(a) = mor(a, a). An isomorphism is a morphism f : a → b with an inverse
morphism g : b → a such that f ◦ g = idb and g ◦ f = ida, and we denote the set of
isomorphisms by iso(a, b). An automorphism is a morphism that is both an isomorphism
and an endomorphism, and we write aut(a) = iso(a, a).

A covariant functor F from a category C to a category D is a map, denoted F :
C → D, which to each object a ∈ C assigns an object F (a) ∈ D, and to each morphism
f : a → b assigns a morphism F (f) : F (a) → F (b), such that F (ida) = idF (a) and
F (g ◦ f) = F (g) ◦ F (f). Two categories C and D are isomorphic, denoted C ∼= D, if there
exist functors F : C → D and G : D → C such that F ◦G = IdD and G ◦ F = IdC, where
Id denotes the identity functor. A contravariant functor F is defined identically except
that F (g ◦ f) = F (f) ◦ F (g), i.e. the order of the arrows is reversed.

2.3 Groups

2.3.1 Presentations

The free group generated by a set S, denoted FS, is the set of words in S ⊔ S−1 subject
to the relations ss−1 = s−1s = ε for all s ∈ S, where ε is the empty word. Given
a finite set S and a finite set R of words in S ⊔ S−1, the finitely-presented group
with generators S and relations R, denoted ⟨S : R⟩, is the quotient of the free group
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FS by the normal subgroup ⟨⟨R⟩⟩ generated by R. The free product of two finitely
presented groups G1 = ⟨S1 : R1⟩ and G2 = ⟨S2 : R2⟩ is the finitely-presented group
G1 ∗ G2 = ⟨S1 ⊔ S2 : R1 ⊔R2⟩. If G1 and G2 contain H1 and H2 isomorphic to H, then
the amalgamated product of G1 and G2 over H, denoted G1 ∗H G2, is the quotient of
G1 ∗ G2 by the normal subgroup generated by the relations φ1(h)−1φ2(h) for all h ∈ H,
where φi : H → Hi are the isomorphisms. If H is finitely presented, then G1 ∗H G2 remains
finitely presented. The natural homomorphisms G1 → G1 ∗H G2 and G2 → G1 ∗H G2 are
injective [77].

2.3.2 Representations

A (finite-dimensional C-linear) representation of a group G is a group homomorphism
π : G → GLn for some n. A representation is unitary if im π ⊆ Un. Two representations
π and ρ are equivalent if there exists an invertible intertwiner operator T such that
Tπ(g) = ρ(g)T for all g ∈ G. A representation is irreducible if the only subspaces of Cn

invariant under the action of the representation are the trivial subspaces 0 and Cn. We call
a group linear if it admits a faithful (i.e. injective) representation.

If G is a finite group, then G is linear and every representation is equivalent to a
unitary representation. Also, every representation decomposes as a direct sum of irreducible
representations. Further, G has a finite number of inequivalent irreducible representations,
called irreps, and their number is equal to the number of conjugacy classes of G.

For S ⊆ G and ε > 0, an (S, ε)-approximate representation is a function ϕ : S → Un
such that for all g, h ∈ G such that g, h, gh ∈ S, ∥ϕ(g)ϕ(h) − ϕ(gh)∥f < ε. We call a group
hyperlinear if for all g ∈ G, there exists a constant rg > 0, satisfying that for every ε > 0
and finite set S ⊆ G\{1} there exists an (S, ε)-approximate representation ϕ of G such that
∥ϕ(g) − 1∥f ≥ rg for all g ∈ S [36].

2.4 Algebras

The main references for this section are [97, 21, 30].

2.4.1 ∗- and C∗-algebras

A unital ∗-algebra is an algebra A over C (or R) equipped with an antilinear involution
x 7→ x∗ such that 1∗ = 1 and (xy)∗ = y∗x∗. Denote the (real) subspace of hermitian elements
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by Ah = {x ∈ A | x∗ = x}. A ∗-positive cone over A is a set A+ ⊆ Ah such that 1 ∈ A+,
x+ y ∈ A+ for all x, y ∈ A+, and axa∗ ∈ A+ for all x ∈ A+ and a ∈ A. A ∗-positive cone
induces an order on Ah via x ≥ y iff x − y ∈ A+. We say A+ is archimedean if for all
x ∈ A, there exists R ∈ R such that x∗x ≤ R1. Following [97], a ∗-algebra equipped with
an archimedean ∗-positive cone is called a semi-pre-C∗-algebra. A standard choice of
∗-positive cone is the sum-of-squares cone given by A+ = {∑n

i=1 x
∗
ixi | n ∈ N, xi ∈ A}

— we will always make this choice. As a shorthand, we often write |a|2 = a∗a.
Given a set of generators S and relations R, we denote the ∗-algebra generated by S

subject to R as C⟨S : R⟩ = F(S)/⟨⟨R⟩⟩, where F(S) is the free algebra with generators
S and ⟨⟨R⟩⟩ is the two-sided ideal of F(S) generated by R. Note that a finitely-generated
∗-algebra is archimedean if and only if all its generators are bounded.

A semi-pre-C∗-algebra is a pre-C∗-algebra if x∗x ≤ ε1 for all ε > 0 implies that x = 0
in A. If A is a pre-C∗-algebra, we can define a norm on it by

∥x∥ = sup {∥π(x)∥ | π : A → B(H) is a ∗-homomorphism} = inf
{
λ ∈ R≥0 | x∗x ≤ λ21

}
.

This norm satisfies the properties ∥xy∥ ≤ ∥x∥∥y∥ and ∥x∗x∥ = ∥xx∗∥ = ∥x∥2. Note that
this norm can be defined on a semi-pre-C∗-algebra as well by restricting to the positive
∗-homomorphisms; however, it is only a seminorm in this context. See [97] for details. A C∗-
algebra is a pre-C∗-algebra that is complete with respect to this norm. In a C∗-algebra A,
there is a unique ∗-positive cone given by A+ = {x∗x | x ∈ A}.

Given a semi-pre-C∗-algebra A, we can map it to a pre-C∗-algebra by taking the quotient
by the infinitesimal ideal I(A) = {x ∈ A | x∗x ≤ ε1 ∀ ε > 0}. We call the completion of
A/I(A) with respect to the norm above the universal C∗-algebra of A, and denote it
C∗
u(A). Given a set of generators S and a set of relations R, the C∗-algebra generated

by S subject to R is C∗⟨S : R⟩ = C∗
u(C⟨S : R⟩).

Given a (finitely-presented) group G, the group ∗-algebra of G is the ∗-algebra C[G]
generated by eg for g ∈ G, subject to the relations e∗

g = eg−1 and egeh = egh for all
g, h ∈ G. The ∗-homomorphisms of C[G] into B(H) for a Hilbert space H are in bijective
correspondence with the unitary representations of G in B(H). We can see C[G] as a
semi-pre-C∗-algebra with respect to the sum-of-squares cone. Then, the group C∗-algebra
of G is the universal C∗-algebra C∗G = C∗

u(C[G]).
The tensor product of ∗-algebras A and B is denoted A ⊗ B, or sometimes A ⊙ B in

order to emphasize that we are not taking a completion. We implicitly use the isomorphism
C⊗A ∼= A⊗C ∼= A. For C∗-algebras A and B, there are a variety of (generally inequivalent)
ways to complete A ⊙ B to a C∗-algebra. Notably, we make use of the minimal tensor
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product (or min-tensor product), which is the completion A ⊗min B of A ⊙ B with respect
to the norm ∥x∥min = ∥(πA ⊗ πB)(x)∥ for πA and πB faithful ∗-representations of A and B,
respectively.

2.4.2 States and representations

A state on a semi-pre-C∗-algebra A is a linear map ρ : A → C such that ρ(1) = 1 and
ρ(x) ≥ 0 for all x ∈ A+. We say ρ is tracial if ρ(xy) = ρ(yx) for all x, y ∈ A; and we say
ρ is faithful if ρ(x∗x) = 0 implies x = 0 for all x ∈ A. The existence of a faithful state
automatically guarantees that A is a pre-C∗-algebra, since the infinitesimal ideal is trivial.
Tracial states are usually denoted by τ . Any state induces a seminorm ∥a∥ρ =

√
ρ(a∗a)

called the ρ-norm. ρ is faithful if and only if ∥·∥ρ is a norm.
A representation of a ∗-algebra A is a ∗-homomorphism π : A → B(H) for a Hilbert

space H. A vector v ∈ H is called cyclic if (im π)v is dense in H; a vector v ∈ H is
separating if π(x)v = 0 if and only if x = 0. We say π is irreducible if H has no nontrivial
subspaces invariant under the action of π. A character is a state that is a ∗-representation.

Every state ρ on a ∗-algebra induces a Gelfand-Naimark-Segal (GNS) represen-
tation, which is a representation π : A → B(H) such that there is a unit vector ψ ∈ H
satisfying ρ(x) = ⟨ψ|π(x)ψ⟩. There exists a minimal GNS representation in the sense that
ψ may be chosen to be cyclic; all such minimal representations are unitarily equivalent. If ρ
is a faithful tracial state, then ψ is cyclic and separating in the minimal GNS representation.
A state is called finite-dimensional if it admits a finite-dimensional GNS representation;
a tracial state is called Connes-embeddable if it admits a GNS representation where the
von Neumann algebra generated by π(A) is Connes-embeddable (see Section 2.4.3). In this
context, it is often useful to restrict the image of π to the von Neumann algebra generated
by π(A), and restrict the state to that von Neumann algebra.

2.4.3 von Neumann algebras

A von Neumann algebra is a unital ∗-subalgebra M ⊆ B(H) for a Hilbert space H
that is closed under the weak operator topology (WOT), defined via convergence
as (xλ)λ → x iff ⟨ψ|xλϕ⟩ → ⟨ψ|xϕ⟩ for all ψ, ϕ ∈ H. Equivalently, M is a unital ∗-
subalgebra of B(H) equal to its bicommutant M′′, where the commutant of S ⊆ B(H)
is S ′ = {a ∈ B(H) | ax = xa ∀ x ∈ S}; or that M is closed under the strong operator
topology (SOT), defined via convergence as (xλ)λ → x iff ∥(xλ − x)ψ∥ → 0 for all ψ ∈ H.
In particular M is a C∗-algebra.
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A weight on a von Neumann algebra is a map τ : M+ → [0,∞] satisfying τ(x+ y) =
τ(x) + τ(y) and τ(λx) = λτ(x) for all x, y ∈ M+ and λ ≥ 0 (where we take 0 · ∞ = 0). A
weight is tracial if τ(x∗x) = τ(xx∗) for all x ∈ M, in which case it is called a trace. A weight
is normal if for every SOT-convergent increasing net (xλ)λ in M+, limλ τ(xλ) = τ(limλ xλ).
A weight is faithful if τ(x) = 0 iff x = 0. A weight is finite if τ(1) < ∞; in this case
∞ /∈ im τ and τ can be extended to a positive linear functional on all M. A state is a
finite weight satisfying τ(1) = 1; for a state on a von Neumann algebra, being normal
is equivalent to having a GNS representation that is continuous in the strong operator
topology. A weight is semifinite if for every x ∈ M+, there exists an increasing net (xλ)λ
in M+ such that limλ xλ = x in the strong operator topology and τ(xλ) < ∞ for all λ.

A von Neumann algebra is a factor if M ∩ M′ = C · 1; any von Neumann algebra can
be decomposed as a direct integral of factors. The finite-dimensional factors are exactly the
matrix algebras Mn. A von Neumann algebra is finite if there exists a faithful tracial state
on M. An important example of a finite von Neumann algebra is the hyperfinite type II1
factor R. One way of constructing R is by taking a closure of the algebra A = ⊕∞

n=1M2n/I,
where I is the two-sided ideal generated by x⊗ 1 − x for all x. Within A, this provides an
embedding of M2n into M2n+1 for all n. To find the right notion of closure, note first that
there is a tracial state τ on A given by the normalised trace on each component. We can
complete A as a Hilbert space H with respect to the inner product ⟨x, y⟩ = τ(x∗y). Then,
A ⊆ B(H) via the action of left multiplication, and we can take the closure in the strong
operator topology to get R. A finite von Neumann algebra is Connes-embeddable if there
is an injective ∗-homomorphism M → Rω, where Rω is an ultrapower of the hyperfinite
II1 factor.

To define Rω, we need the concept of an ultrafilter. An ultrafilter ω on the natural
numbers is a collection of subsets of N such that ∅ /∈ ω; if A,B ∈ ω, then A ∩ B ∈ ω;
and for all A ⊆ N, either A ∈ ω or Ac ∈ ω. Note that these properties also imply that if
A ∈ ω and B ⊇ A, then B ∈ ω as well. An ultrafilter is called principal if it contains a
singleton, and free otherwise. The existence of a free ultrafilter follows from the axiom of
choice. Ultrafilters allow us to define a robust notion of limit. Given an ultrafilter ω, we say
x is the ultralimit of a sequence (xn)n if for each ε > 0, {n ∈ N | |x− xn| < ε} ∈ ω; we
denote this as limn→ω xn = x or xn ω→ x. It holds that if the ultralimit exists, it is unique;
and every bounded sequence admits an ultralimit. Further, if ω is free and (xn)n converges
in the usual way, then limn→ω xn = limn→∞ xn. Given a sequence of finite von Neumann
algebras (Mn, τn), their ultraproduct is the space of bounded sequences (an) such that
an ∈ Mn, modulo the equivalence relation (an) ∼ (bn) if ∥an − bn∥τn

ω→ 0. This space,
denoted ∏n→ω Mn or ∏ω Mn if the index is clear from context, is a finite von Neumann
algebra with tracial state τω(a) = limn→ω τn(an) for a representative (an) of a. If Mn = M
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for each n, then we write ∏ω Mn = Mω, and call it the ultrapower of M. Note that
ultraproducts of separable von Neumann algebras are not in general separable.

It is known that Rω ∼= Rω′ for all free ultrafilters if and only if the continuum hypothesis
holds (see [68]). However, we can usually make use of weaker relations between different
ultraproducts: below, we provide a proof of the (folklore) result that quantifies the sense in
which we can treat Rω as ultraproduct of matrix algebras of increasing dimension.

Lemma 2.4.1. Let ω be an ultrafilter on N.

(i) For any sequence of integers (k(n))n, there is an embedding ∏ωMk(n) ↪→ Rω.

(ii) There exists an ultrafilter ω′ on N and a sequence (k(n))n such that there is an
embedding Rω ↪→ ∏

ω′ Mk(n).

Proof. (i) By a standard result, there is a trace-preserving embedding ιn : Mn →
R for all n [91]. Define the map ι : ΠωMk(n) → Rω by taking ι(a) to be the
element with representative (ιk(n)(an)), for (an) a representative of a. First, ι is
well-defined: if (an) ∼ (bn), then, ∥an − bn∥trk(n)

ω→ 0; as ιn is trace-preserving,
then ∥ιk(n)(an) − ιk(n)(bn)∥τ ω→ 0. Therefore, ι is a ∗-homomorphism. Next, suppose
the image of ι(a) = 0 in Rω. Then, letting (an) be a representative of a, 0 =
limn→ω τ(ιk(n)(an)∗ιk(n)(an)) = limn→ω trk(n)(a∗

nan), so a = 0 in ∏
ωMk(n). So ι is

injective.

(ii) R is constructed as the strong operator topology closure of ⊕∞
n=1M2n , modulo the

identification x⊗ 1 = x. In particular, for all x ∈ R, there exists a sequence (xm) such
that xm ∈ M2m and xm → x with respect to the trace norm; via the axiom of choice,
we can choose such a sequence for every element of R. Fix any free ultrafilter υ on N.
Using [36, Definition III.2.3], consider M = ∏

(n,m)→ω×υM2m . Since N×N ∼= N, ω×υ
can be seen as a free ultrafilter on N, and hence we intend to construct an embedding
of Rω in M. Define the map ϕ : Rω → M as ϕ(a) = [(an,m)n,m] where (an) is a
representative of a and (an,m)m is the sequence converging to an chosen above. First,
ϕ is well-defined, as for any (an) ∼ (bn),

lim
(n,m)→ω×υ

∥an,m − bn,m∥tr2m = lim
n→ω

lim
m→υ

∥an,m − bn,m∥tr2m = lim
n→ω

∥an − bn∥τ = 0.

Also, ϕ is a ∗-homomorphism. For example, if a, b ∈ Rω then ϕ(a+ b) = ϕ(a) + ϕ(b)
as

lim
(n,m)→ω×υ

∥(an + bn)m − an,m − bn,m∥tr2m = lim
n→ω

∥an + bn − an − bn∥τ = 0.
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ϕ preserves the identity, products, and the adjoint in the same way. To finish, we show ϕ
is injective. Suppose ϕ(a) = 0. Then, 0 = lim(n,m)→ω×υ∥anm∥tr2m = limn→ω∥an∥τ = 0,
so a = 0. ■

2.4.4 Noncommutative Lp spaces

Let M ⊆ B(H) be a von Neumann algebra. From Tomita-Takesaki theory [111], there
exists a Hilbert space c(H) and a unique (up to isomorphism) von Neumann algebra
c(M) ⊆ B(c(H)), called the core of M, equipped with a normal faithful semifinite trace τ ,
a continuous group homomorphism θ : R → Aut(c(M)), and an embedding ι : M ↪→ c(M),
satisfying im ι = {x ∈ c(M) | θs(x) = x ∀ s ∈ R} and τ ◦ θs = e−sτ .

An unbounded operator on a Hilbert space H is a linear map x : D(x) → H, where
D(x) is a subspace of H, called the domain of x. x is densely-defined if D(x) is dense in
H; and x is closed if the graph {(ψ, xψ) | ψ ∈ D(x)} is closed in H⊕H. Let N ⊆ B(H) be
a von Neumann algebra with a normal faithful semifinite trace τ . An unbounded operator
y on H is affiliated with N if yx ⊆ xy for all x ∈ N ′. We call a closed densely-defined y
affiliated with N τ-measurable if for all δ > 0, there exists a projection p ∈ N such that
im p ⊆ D(y) and τ(1 − p) < δ. The set of affiliated operators is a ∗-algebra with respect to
the strong sum and product, i.e. standard sums and products of operators are closable and
we take the strong versions of the operations to be their respective closures. It admits a
Hausdorff topology with respect to which N is dense.

For p ≥ 1, define Lp(M) to be the set of τ -measurable operators affiliated to c(M)
that are e−s/p-eigenvectors of θs for all s. The map x 7→ ∥x∥p = τ(χ(1,∞)(|x|))1/p is a norm
with respect to which Lp(M) is complete. We have natural identifications L∞(M) ∼= M,
L1(M) ∼= M∗, the predual. For x ∈ L1(M), define tr(x) = φ(1), where φ ∈ M∗ is the
functional corresponding to x. tr is a linear functional on L1(M) satisfying tr(xy) = tr(yx)
for x ∈ Lp(M) and y ∈ Lq(M) with 1

p
+ 1
q

= 1. We can write the p-norm as ∥x∥p = tr(|x|p)1/p;
it follows that for positive x ∈ L1(M), we have that tr(x) = τ(χ(1,∞)(x)). We can define the
inner product ⟨x, y⟩ = tr(x∗y) on L2(M), which makes it into a Hilbert space. See [71, 113]
for a full exposition.
Example 2.4.2. To illustrate the construction, consider the case M = Mn. In this case,
we can simply take c(H) = L2(R) ⊗ Cn and c(M) = L∞(R) ⊗Mn, the space of bounded
measurable matrix-valued functions on the real line. In this case, θs(x)(t) = x(t− s) and
the trace τ(x) =

∫∞
−∞ Tr(x(t))e−tdt, where Tr is the usual trace on Mn. The unbounded

operators affiliated with c(M) are the measurable functions R → Mn; and all of these are
τ -measurable. Lp(M) consists of those τ -measurable x such that x(t) = x(0)et/p; hence in
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this case Lp(M) is isomorphic to Mn for all p. The isomorphism L1(M) → M∗ is given by
x 7→ Tr(·x(0)), and hence tr(x) = Tr(x(0)). The p-norms in this case reduce to the Schatten
norms. The same holds for any finite von Neumann algebra.

2.4.5 Weighted algebras

A weighted algebra [87] is a pair (A, µ) where A is a ∗-algebra and µ : A → R≥0 is a
finitely-supported function, called the weight function. The defect polynomial of a
weighted algebra is

D(A, µ) =
∑
a∈A

µ(a)a∗a.

Given a tracial state τ : A → C, the defect of τ is

def(τ ;µ) = τ(D(A, µ)) =
∑
a∈A

µ(a)∥a∥2
τ .

We denote it def(τ) if the weight function is clear from context. Weighted algebras capture
approximate representations of A/⟨⟨supp(µ)⟩⟩ and def(τ) captures how much the GNS
representation of the tracial state τ deviates from an exact representation of this algebra.

Since we consider only the representations of weighted algebras induced by tracial
states, the natural notion of order is weaker than that induced by the sums of squares.
We say a, b ∈ A are cyclically equivalent if there exist c1, d1, . . . , ck, dk ∈ A such that
a − b = ∑

i[ci, di]; we denote this by a ∼=b. Write a ≳ b if there exist s1, . . . , sk ∈ A such
that a− b ∼=∑

i s
∗
i si.

A C-homomorphism α : (A, µ) → (B, ν) is a ∗-homomorphism α : A → B such that
α(D(A, µ)) ≲ C ·D(B, ν). If there is a C-homomorphism α : (A, µ) → (B, ν), then for every
tracial state τ on B, there exists a tracial state τ ′ = τ ◦α on A such that def(τ ′) ≤ C def(τ).

The following inequality is often useful in the context of weighted algebras.

Lemma 2.4.3. Let A be a ∗-algebra equipped with the sum-of-squares cone. For any
a1, . . . , ak ∈ A,

∣∣∣∣ k∑
i=1

ai

∣∣∣∣2 ≤ k
k∑
i=1

|ai|2.

Further, by taking ai = 1 for all i, we can easily see that the bound is tight.
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Proof. Let ω = e2πi/k be a primitive k-th root of unity. Then, we upper bound
∣∣∣∣ k∑
i=1

ai

∣∣∣∣2 ≤
k−1∑
j=0

∣∣∣∣ k∑
i=1

ω(i−1)jai

∣∣∣∣2 =
k−1∑
j=0

k∑
i,i′=1

ω(i−i′)ja∗
i′ai = k

k∑
i=1

|ai|2,

where the inequality is due to the fact
∣∣∣∑k

i=1 ai
∣∣∣2 is the term

∣∣∣∑k
i=1 ω

(i−1)jai
∣∣∣2 with j = 0

and all the terms are positive; the first equality is by expanding the square; and the second
equality is because ∑k−1

j=0 ω
ij = 0 unless i = 0. ■

2.5 Probability theory

The main reference for this section is [13].

2.5.1 Distributions and random variables

For a measurable space (Ω,S ), we call the set Ω the sample space and the σ-algebra S
on Ω the event space. If Ω is a topological space, there is a canonical choice of σ-algebra to
give it a measurable structure, the Borel algebra B(Ω); in this context, we omit reference
to the σ-algebra. A probability space is (Ω,S , µ) where µ is a measure on (Ω,S ) such
that µ(Ω) = 1. We call µ a (probability) distribution on Ω. If Ω is a finite set, then we
always take S to be the entire power set, and we identify µ with a function µ : Ω → [0, 1]
such that ∑ω∈Ω µ(ω) = 1 via µ(ω) = µ({ω}).

Given a measurable space (M,F ), an M-valued random variable on (Ω,S , µ)
is a measurable function X : Ω → M , i.e. a function for which X−1(E) ∈ S for all
E ∈ F . This induces a distribution on M where µX(E) = µ(X−1(E)) for all E ∈ F ; this
is called the distribution of X. We also use probability notation for this distribution,
writing Pr[X ∈ E] = µX(E). For any function f : M → C, the composition f ◦ X is
also a random variable, which we denote f(X). If M is a real or complex vector space,
the expectation of X is given by the integral EX =

∫
Ω X(ω)dµ(ω) =

∫
M xdµX(x) when

defined. Since a probability measure is finite, the expectation of any bounded random
variable is defined. Two random variables X, Y are independent if for all measurable E,F
we have Pr[X ∈ E ∧ Y ∈ F ] = Pr[X ∈ E] Pr[Y ∈ F ].

If M is in fact a measure space with its own measure ν — for example if M is a finite-
dimensional real vector space with the Lebesgue measure Λ — then we can compare this to
the measure µX . If µX is absolutely continuous with respect to ν (for all E ∈ F , ν(E) = 0
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implies µX(E) = 0), then we can define the Radon-Nikodym derivative of µX with respect to
ν, which we refer to as the probability density function (PDF) pX = dµX

dν
: M → R≥0,

or more explicitly µX(E) =
∫
E pX(x)dν(x). More generally, we can also consider the PDF

of any distribution µ on M as the Radon-Nikodym derivative pµ = dµ
dν

, assuming µ is
absolutely continuous with respect to ν.

A sequence of random variables (Xn) converges in distribution to a random variableX
if for all measurable E ⊆ M ,

lim
n→∞

Pr[Xn ∈ E] = Pr[X ∈ E].

This is equivalent to E f(Xn) → E f(X) for all bounded continuous functions f : M → R.
It is not necessary to make reference to an underlying sample space to define and work

with a random variable, so we generally avoid it. Instead, we define random variables
according to a distribution. For a distribution µ on a measurable space M , we say a random
variable X : Ω → M is distributed according to µ if µX = µ. We denote this X ∼ µ.

2.5.2 The Haar distribution

A topological group is a group G equipped with a topology with respect to which the
inverse and product operations are continuous. Linear groups inherit the topology of the
matrix algebra in which they embed; an important example is Un, which is also compact as
a topological space. For any compact topological group G, there exists a unique probability
distribution ηG on (G,B(G)), called the Haar measure (or Haar distribution), such that
for all E ⊆ G Borel-measurable and g ∈ G,

ηG(E) = ηG(gE).

It follows from the uniqueness and compactness that ηG(Eg) = ηG(E) and ηG(E−1) = ηG(E)
as well. It is also possible to define a Haar measure which is no longer a probability distri-
bution on groups which are only locally compact, but we will not need that generalisation
here.

2.5.3 Random variables on the circle

We will make use of random variables X on the circle [0, 2π) ∼= R/2πZ ∼= S1. The
characteristic function of X is the function

χX : Z → C, χX(n) = E(einX).
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If µX is absolutely continuous with respect to the Lebesgue measure, then we have χX = p̂X ,
the Fourier series of the PDF. The Fourier series of an integrable function f : [0, 2π) → C
is the function f̂ : Z → C defined as

f̂(n) =
∫ 2π

0
f(θ)einθdθ.

The characteristic function is defined analogously for distributions. Due to Parseval’s
theorem, if X is a random variable on [0, 2π) with square-integrable PDF and f : [0, 2π) → C
is a square-integrable function, we have∫ 2π

0
f(θ)dµX(θ) = 1

2π
∑
n∈Z

f̂(−n)χX(n). (2.1)

Convergence properties also translate to the characteristic function.
Theorem 2.5.1 (Lévy’s continuity theorem on the circle). A sequence of random variables
(Xn) on [0, 2π) converges in distribution if and only if the sequence of characteristic functions
(χXn) converges pointwise.

This theorem is a consequence of the Stone-Weierstrass theorem.
To finish this section, we mention two examples of distributions on the circle which will

be important. For any θ0 ∈ [0, 2π) the Dirac delta distribution is the distribution

δθ0(E) =
1 θ0 ∈ E,

0 otherwise.
(2.2)

The characteristic function of δθ0 is χδθ0
(n) = einθ0 .

The Wrapped Cauchy Distribution with peak position θ0 ∈ [0, 2π) and scale factor
γ > 0 is the distribution W(θ0, γ) with PDF

pW(θ0,γ)(θ) = sinh(γ)
2π(cosh(γ) − cos(θ − θ0)) , (2.3)

with respect to the Lebesgue measure on [0, 2π). The characteristic function of W(θ0, γ) is

χW(θ0,γ)(n) = e−|n|γ+inθ0 .

For λ ∈ C with |λ| ≤ 1 we define the distribution ∆λ as ∆λ = W(arg λ,− ln |λ|) when
0 < |λ| < 1; as ∆λ = δarg λ when |λ| = 1; and as the uniform distribution p∆λ

(θ) = 1
2π when

λ = 0. Using this definition, when λ tends to λ0, ∆λ converges to ∆λ0 in distribution. This
has characteristic function χ∆λ

(n) = λn for n ≥ 0 and χ∆λ
(n) = (λ∗)−n for n < 0.
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2.6 Quantum theory

The main references for this section are [96, 26].

2.6.1 The postulates of quantum mechanics

Quantum physics is distinguished from classical physics by two fundamental properties:
physical quantities can take discrete values, rather than a continuum; and both matter
and radiation can behave as both waves and particles. The wave-particle duality is well-
represented by the de Broglie relations E = ℏω and p = ℏk, relating the particlelike
properties of energy and momentum to the wavelike properties of frequency and wavenumber,
via the reduced Planck constant [53].

The de Broglie relations can be used to derive the Schrödinger equation [107], which we
will use to motivate the postulates of quantum mechanics, in a simple way. A plane wave,
with well-defined wavenumber and frequency, is expressed as ψ(r, t) = exp(i(k · r − ωt)).
Due to the de Broglie relations, this should correspond to a particle with well-defined
momentum and energy, which for a nonrelativistic particle of mass m in a potential V
are related by p2

2m + V = E. To extract the momentum and energy from the wavefunction
ψ, one can act by the differential operators p̂ = ℏk̂ = −iℏ∇ and Ê = ℏω̂ = iℏ ∂

∂t
. Putting

these into the classical relationship between momentum and energy gives the Schrödinger
equation

− ℏ2

2m∇2ψ + V ψ = iℏ ∂
∂t
ψ.

Though we have derived the Schrödinger equation using arguments from plane waves, we
will in the ensuing discussion be assuming that the wavefunctions ψ we consider vanish as
r → ∞, in order for the position of the particle to not be indeterminate.

Now, consider the solution space of the Schrödinger equation. Since the Schrödinger
equation is a linear differential equation, the solution space is closed under linear com-
binations, and hence it is a vector space. Next, it is easy to check that the Schrödinger
equation implies that the integral

∫
R3|ψ(r, t)|2d3r is invariant in time. We assume this

is bounded, since we do not want the position or momentum of the particle to tend to
infinity. This gives a norm on the solution space, and this is the norm induced by the inner
product ⟨ψ|ϕ⟩ =

∫
R3 ψ(r, t)∗ϕ(r, t)d3r. Since no physical process can change the norm of

the wavefunction, we may assume the norm is normalised to 1 — an innocent assumption,
but one that will underlie the probabilistic interpretation of quantum mechanics. This gives
rise to the first postulate.
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Postulate 1: State. An isolated quantum system is represented by a complex Hilbert
space H, and a state of the system corresponds to a unit vector in this space.

As is customary in quantum mechanics, we use bra-ket notation when working with
quantum states. Given a unit vector ψ ∈ H, we write it as a ket |ψ⟩ to indicate that it is
to be considered as a quantum state. A vector in the dual space H∗ is written as a bra ⟨ψ|,
corresponding to the linear form ⟨ψ|(|ϕ⟩) = ⟨ψ|ϕ⟩. The inner product on H can be seen as
a bra acting on a ket, or a braket ⟨ψ|ϕ⟩. Finally, the ketbra |ψ⟩⟨ϕ| is the rank-one linear
map |ψ⟩⟨ϕ| (|χ⟩) = ⟨ϕ|χ⟩ |ψ⟩.

Writing the Hamiltonian operator Ĥ = − ℏ2

2m∇2 + V , the Schrödinger equation takes the
simple form ∂

∂t
|ψ⟩ = − i

ℏĤ|ψ⟩. This admits the unique solution |ψ(t)⟩ = exp(− i
ℏĤt)|ψ(0)⟩.

Since Ĥ is hermitian, exp(− i
ℏĤt) is unitary, giving the second postulate.

Postulate 2: Evolution. The time evolution of an isolated quantum system is represented
by a unitary operator.

If an observer measures a property of a quantum state, this no longer constitutes
an evolution of the quantum system in isolation. The Hamiltonian Ĥ constitutes the
prototypical example of an observable — a quantity that can be measured. This is a
hermitian operator, so its eigenvalues are real (and hence can correspond to real quantities)
and if it has a discrete spectrum, its eigenvectors form an orthonormal basis. Further,
from the previous postulate, the eigenvectors of Ĥ are stationary under time-evolution,
up to phase. Hence they are the states with well-defined energy, and the eigenvalues
of Ĥ are the energy values that can be measured. This is the origin of the quantisation
of the energy levels as discrete values. A general state |ψ⟩ is a superposition over the
eigenstates of the Hamiltonian ∑

λ cλ|ψλ⟩, but since an energy measurement will always
give one of the eigenvalues λ, the post-measurement state should be |ψλ⟩. The eigenvalue
measured is sampled randomly, with probability of measuring λ given by the Born rule
as |cλ|2 [24, 65]. The physical interpretation of how the state maps discontinuously to an
eigenstate differs according to the interpretation of quantum mechanics: in the Copenhagen
interpretation, this is the collapse of the wavefunction, and is treated as an axiom; in a
Bayesian interpretation, measurement is the act of learning something new that was already
a property of the system; or in an open systems interpretation, a measurement can be seen
as a unitary on a larger system; among others. These properties together give the third
postulate.

Postulate 3: Measurement. An observable on a quantum system H is a Hermitian
operator A on H. The possible measurement outcomes are the eigenvalues of A, the
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probability of measuring eigenvalue a is ⟨ψ|Πa|ψ⟩ where Πa is the projector on the eigenspace
of a, and the post-measurement state is Πa|ψ⟩

∥Πa|ψ⟩∥ .

Given two quantum systems H and K in states |ψ⟩ and |ϕ⟩, their joint system is also a
quantum system, so it should be a Hilbert space containing a state corresponding to the
pair (|ψ⟩, |ϕ⟩). Superpositions of states in the joint system are possible, and they should
be compatible with local superpositions on each of the systems. These are exactly the
properties satisfied by the tensor product of Hilbert spaces, giving the fourth postulate.

Postulate 4: Composition. The joint state of two quantum systems H and K is
described by a unit vector in H ⊗K.

This postulate can fail for some complex quantum systems. The tensor product model
guarantees that every observable on H commutes with every observable on K, and hence
they can be simultaneously measured. However, in the context of infinite-dimensional von
Neumann algebras, there are algebras of operators that commute, but cannot take on
a tensor product form. Such algebras capture the observables of some quantum systems
coming from quantum field theory [69] and many-body physics [28]. As we will discuss in
Section 2.12, this distinction between notions of composition gives rise to different ways of
defining quantum correlations between systems.

2.6.2 States, operators, and measurements

A density operator ρ ∈ B(H) is a positive semidefinite operator with trace 1. Density
operators allow us to synthesise classical probability with quantum states in the following
way. Consider an ensemble of quantum states |ψi⟩ sampled with probability pi. Then,
the density operator of this ensemble is ρ = ∑

i pi |ψi⟩⟨ψi|. The density operator satisfies
the property that, for any operator M , Tr(Mρ) = ∑

i pi ⟨ψi|M |ψi⟩, so the measurement
probabilities of the ensemble can be captured by ρ. Further, by diagonalising a density
operator, we see that every density operator is the density operator of an ensemble of states.
With this interpretation, we call a quantum state |ψ⟩ or a rank-one density operator |ψ⟩⟨ψ|
a pure state, and a density operator ρ of rank > 1 a mixed state. Further, the density
operators are in bijective correspondence with the states on B(H), seen as a C∗-algebra. A
density operator ρ corresponds to the state A 7→ Tr(Aρ).

It is very useful to consider measurements independently from the observables that
generate them. A projection-valued measurement (PVM) with n outcomes is a
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collection of projections {Pi}ni=1 ⊆ B(H) such that ∑i Pi = 1. In a PVM, we have that
PiPj = δi,jPi.

PVMs admit a useful generalisation. A positive operator-valued measurement
(POVM) with n outcomes is a collection of positive operators {Pi}ni=1 ⊆ B(H) such
that ∑i Pi = 1. POVMs can be constructed as convex combinations of PVMs, but not
all POVMs arise in this way. Generally, it is not obvious when POVMs can be reduced
to PVMs. We make use of two techniques to do so. The first is Naimark’s dilation
theorem [92]. This theorem states that, given a POVM {Pi}ni=1 ⊆ B(H), there exists a
PVM {Πi}ni=1 ⊆ B(H ⊗ Cn) and a state |ψ⟩ ∈ Cn such that Pi = (1 ⊗ ⟨ψ|)Πi(1 ⊗ |ψ⟩).
This theorem allows a POVM to be generically transformed into a PVM, but does not
preserve the Hilbert space. The second technique is a rounding result due to de la Salle [55,
Theorem 2]. Let M be a von Neumann algebra, let {Pi}ni=1 ⊆ M be a POVM, and let ρ
be a normal state on M. If ∑i ρ(P 2

i ) ≥ 1 − ε, then there exists a PVM {Πi}ni=1 ⊆ M such
that ∑i ρ((Pi − Πi)2) ≤ 9ε. This allows the POVM to be rounded to a nearby PVM while
preserving the space, but does not work on every POVM.

2.6.3 Entanglement

A state |ψ⟩ ∈ H ⊗ K is called separable if there exist |u⟩ ∈ H and |v⟩ ∈ K such that
|ψ⟩ = |u⟩ ⊗ |v⟩. Otherwise, |ψ⟩ is called entangled. Entangled states do not admit a local
description as a pure state on either system.

Any entangled state can be written in terms of its Schmidt decomposition. Given
a state |ψ⟩ ∈ H ⊗ K, there exist orthonormal sets {|hi⟩}ni=1 ⊆ H and {|ki⟩}ni=1 ⊆ K and
coefficients 1 ≥ p1 ≥ . . . ≥ pn > 0 such that ∑i pi = 1 and

|ψ⟩ =
n∑
i=1

√
pi|hi⟩ ⊗ |ki⟩.

The Schmidt rank of |ψ⟩ is n ≤ min{dimH, dimK}. |ψ⟩ is separable if and only if it has
Schmidt rank 1.

Given a finite-dimensional Hilbert space H with orthonormal basis {|i⟩}ni=1, the canon-
ical maximally entangled state is the state |ϕ+

H⟩ = 1√
n

∑n
i=1|i⟩ ⊗ |i⟩ ∈ H ⊗ H. More

generally, we call a state maximally entangled if it is unitarily equivalent to the canonical
maximally entangled state by local unitaries. The state |ϕ+

H⟩ satisfies the property that
(U ⊗U)|ϕ+

H⟩ = |ϕ+
H⟩ for any unitary U . In particular, this implies that for any measurement

made on the first subsystem, there exists a measurement on the second subsystem that
always predicts the measurement result. This gives rise to a stronger form of correlation
than what can be achieved classically.
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2.7 Quantum spaces

The main reference for this section is [121].

2.7.1 Motivation

For a compact space X, the set of continuous functions X → C, denoted C(X), is a
commutative ∗-algebra via pointwise addition, multiplication, and complex conjugation.
Further, C(X) is a C∗-algebra via the norm ∥f∥ = max {|f(x)| | x ∈ X}. The mapping
X 7→ C(X) is in fact a contravariant functor from the category of compact topological spaces
to the category of unital commutative C∗-algebras. Gelfand duality is the statement that
this functor is a bijection, if homeomorphic topological spaces and isomorphic C∗-algebras
are identified.

By analogy, we can see a noncommutative C∗-algebra A as the algebra of continuous
functions on a virtual compact quantum space X, and denote it A = C(X). A compact
quantum space Y is a quantum subspace of X if there is a surjective ∗-homomorphism
C(X) → C(Y ). A natural way to construct a quantum subspace is with respect to a set
of relations R ⊆ C(X): then, the surjection is simply the quotient by the two-sided ideal
generated by the relations.

2.7.2 Quantum groups

The group structure of a compact topological group G induces additional structure on the
algebra of continuous functions C(G), which can be expressed in terms of ∗-homomorphisms
acting on C(G). The group product induces a ∗-homomorphism ∆ : C(G) → C(G ×
G) ∼= C(G) ⊗min C(G) via ∆(ϕ)(g, h) = ϕ(gh); the identity element of G induces a ∗-
homomorphism ϵ : C(G) → C as ϵ(ϕ) = ϕ(1); and the inverse induces a ∗-homomorphism
S : C(G) → C(G) as S(ϕ)(g) = ϕ(g−1). Encoded in this way, group properties may be
generalised to quantum spaces.

A compact quantum group (CQG) [121] is a quantum space G equipped with
a ∗-homomorphism ∆ : C(G) → C(G) ⊗min C(G) called the coproduct, satisfying the
relation (id ⊗∆)∆ = (∆ ⊗ id)∆, called coassociativity; and such that (id ⊗C(G))∆(C(G))
and (C(G) ⊗ id)∆(C(G)) are dense in C(G) ⊗min C(G). When working with compact
quantum groups, we assume all tensor products of C∗-algebras are min-tensor-products,
and suppress the subscript. A quantum subgroup H of a CQG G is a CQG that is a
quantum subspace and ∆Hq = (q ⊗ q)∆G where q : C(G) → C(H) is the quotient map.
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In this work, we need only compact matrix quantum groups. A compact matrix quan-
tum group (CMQG) is a CQG where C(G) is generated by generators uij for 1 ≤ i, j ≤ n
and ∆(uij) = ∑n

k=1 uik ⊗ ukj. Conversely, if ∆ defined in this way is a ∗-homomorphism
and the matrices u = (uij) and uT = (uji) are invertible, then it automatically satisfies
the two conditions on the coproduct of a CQG, inducing a CQG structure. Further, on
the dense subalgebra generated by the polynomials in the uij, we can define a counit
∗-homomorphism ϵ : C(G) → C by ϵ(uij) = δij and an antipode anti-automorphism
S : C(G) → C(G) satisfying S(S(x∗)∗) = x where defined, by S(uij) = u∗

ji. In general,
the counit and antipode may be unbounded maps. These satisfy the conditions of a Hopf
algebra, i.e. (id ⊗ϵ)∆ = (ϵ ⊗ id)∆ = id and µ(id ⊗S)∆ = µ(S ⊗ id)∆ = 1 · ϵ, where
µ : C(G) ⊗ C(G) → C(G) is the coalgebra homomorphism representing the product
µ(x⊗ y) = xy.

A quantum group G acts on a C∗-algebra A if there exists a ∗-homomorphism β : A →
A⊗C(G) such that (β⊗id)β = (id ⊗∆)β and (1⊗C(G))β(A) is dense in A⊗C(G) [102]. The
second condition implies that (id ⊗ϵ)β = id where defined. The quantum permutation
group S+

n of n elements is the maximal quantum group acting on C([n]) that preserves the
uniform distribution in the sense that (τ ⊗ id)β = 1 · τ where τ(f) = 1

n

∑n
i=1 f(i). This is a

CMQG with algebra of functions generated by pij with 1 ≤ i, j ≤ n subject to the relations
p2
ij = p∗

ij = pij for all i, j, and ∑j pij = ∑
j pji = 1 for all i [119]. Because the generators of

S+
n are hermitian and form a unitary matrix, the counit and antipode are bounded and

hence defined everywhere. In the same way, we can define the quantum permutation group
of any finite set X as S+

X
∼= S+

|X|.

2.8 Free probability theory

The main reference for this section is [95].
A noncommutative probability space is a unital algebra A equipped with a linear

functional τ : A → C such that τ(1) = 1, called the expectation. We will always assume,
as is commonly done, that A is a C∗-algebra and that τ is a faithful tracial state. Elements
of a noncommutative probability space are called noncommutative random variables.
As a first example, it is worth noting that commutative probability theory, as seen in the
previous section, fits as a special case of noncommutative probability theory. In fact, given a
probability space (Ω,S , µ), its set of bounded, complex-valued random variables corresponds
to the noncommutative probability space A = L∞(Ω, µ) with τ(X) =

∫
X(ω)dµ(ω) = EX.

Another example of a noncommutative probability space is (Md(C), tr).
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A mixed ∗-moment of a collection of noncommutative random variables a1, . . . , an ∈ A
is an expectation of the form τ(ae1

i1 · · · aemim ), where ij ∈ [n] and ej ∈ {1, ∗}. For a single
element a ∈ A, the ∗-moments of a are the mixed ∗-moments of a. For normal a ∈ A, i.e.
aa∗ = a∗a, the ∗-moments are simply τ((a∗)kal) for integers k, l ≥ 0. In this case, the idea
of a probability distribution for random variables generalizes quite directly. There exists
a unique measure µa supported on a compact subset of C such that all the ∗-moments can
be written as

τ((a∗)kal) =
∫

(z∗)kzldµa(z).

Knowing the ∗-moments, the expectation of any element of C∗⟨a⟩, the unital C∗-subalgebra
generated by a, can be computed.

Subalgebras A1, . . . ,An ⊆ A are freely independent (or free for short) if, for any
i1, . . . , im ∈ [n] such that ij ̸= ij+1 and aj ∈ Aij such that τ(aj) = 0, we have that
τ(a1 · · · am) = 0. We say that noncommutative random variables a1, . . . , an ∈ A are free if
the C∗-subalgebras they generate are free. The usual commutative notion of independence
guarantees the above property only in the case where all the ij are distinct, which can be
supposed due to commutativity. If the ∗-moments of a set of free random variables are
known, then any of the mixed ∗-moments can be computed.

A collection of sequences (a1,n)n, . . . , (al,n)n of noncommutative random variables such
that ai,n ∈ (An, τn) converges in ∗-distribution to a collection of noncommutative
random variables a1, . . . , al ∈ (A, τ) if all the mixed ∗-moments converge, i.e.

lim
n→∞

τn(ae1
i1,n · · · aemim,n) = τ(ae1

i1 · · · aemim ).

We write this as a1,n, . . . , al,n → a1, . . . , al (∗-dist). If (a1,n)n, . . . , (al,n)n converge in ∗-
distribution to noncommutative random variables that are free, we say that the sequences
are asymptotically free.

The Haar distribution on the unitary group generalises naturally in the setting of free
probability. We say a noncommutative random variable u ∈ A is a Haar unitary if u is
unitary and the ∗-moments τ(uk) = δk,0 for all k ∈ Z. This constitutes a generalisation
as a Haar-random unitary U ∼ ηUd can be seen as a noncommutative random variable
given by the identity function in the space A = Md(L∞(Ud, ηUd)) with expectation τ(a) =∫

tr(a(u))dηUd(u), which satisfies τ(Uk) = δk,0.
We make use of the following theorem.

Theorem 2.8.1 (23.13 in [95]). Let (dn)n be a sequence of natural numbers such that
dn → ∞. For all n ∈ N, let Un ∼ ηUdn be a Haar-random unitary and let An ∈ Mdn .
Suppose that the limiting ∗-moments limn→∞ tr(Ae1

n · · ·Aemn ) for ei ∈ {1, ∗} all exist. Then
the sequences (Un)n and (An)n are asymptotically free.
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2.9 Complexity theory

The main reference for this section is [6].

2.9.1 Turing machines

A Turing machine is a tuple M = (k,Σ, S, δ), where k ∈ Z≥0, called the number of work
tapes; Σ is a finite set, called the set of symbols, containing a blank symbol □; S is a finite
set, called the set of states, containing the start state start and the halt state halt; and
δ : S×Σk+2 → S×Σk+2×{−1, 0, 1}k+2 is a function, called the transition function. A Turing
machine describes an abstract computation as follows. The machine consists of k + 2 tapes
(infinite strips where one symbol can be placed for every integer) of which one is the input
tape, one is the output tape, and the remainder are work tapes; one head on each tape that
can read and write on one position at a time; and a register that can store one of the states.
The machine starts with a blank symbol on every position, except for the input tape where
a word x ∈ Σ∗ (where Σ∗ denotes the set of words in Σ) can be input, and the register in the
start state. Then, at each step of the computation, the head on each tape i reads the symbol
σi it is on, and the machine computes δ(s, σ1, . . . , σk+2) = (s′, σ′

1, . . . , σ
′
k+2, d1, . . . , dk+2),

where s is the state in the register. Then, the machine updates the state in the register
to s′, writes σ′

i at each head position i, and moves each head i in the direction given by
di. If the state in the register ever becomes halt, then the machine halts. The output of
the Turing machine is the word on the output tape, omitting blank symbols, when the
computation halts, and is denoted M(x). Since it takes a finite amount of information to
specify a Turing machine, they can be represented as bit strings; importantly, there is a
universal Turing machine that can take a bit string representation of a Turing machine
as input and produce the same output as would the inputted Turing machine.

A probabilistic Turing machine is a Turing machine with an additional tape that
starts filled with uniformly random symbols. This provides an abstract presentation of
randomised models of computation.

The runtime of a Turing machine on input x is the number of computation steps before
reaching the halt state. A function f is computable if there is a Turing machine M such
that f(x) = M(x) for all x. A function f is T -time computable, where T : N → N, if
there is a Turing machine M such that f(x) = M(x) and the runtime of M on input x is
less than T (|x|). A function f is polynomial-time computable if it is T -time computable
with T (n) = Cnc for some C, c ≥ 0. A function f is exponential-time computable if it
is T -time computable with T (n) = C · 2knc for some C, c, k ≥ 0.
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2.9.2 Complexity classes

A language is a subset of bit strings L ⊆ {0, 1}∗. A Turing machine M decides a language
L if M(x) = 1 if x ∈ L and M(x) = 0 if x /∈ L. A promise problem P is a pair of disjoint
subsets Y (P ), N(P ) ⊆ {0, 1}∗. The elements of Y (P ) ∪ N(P ) are called the instances
of P ; the elements of Y (P ) are the yes instances and the elements of N(P ) are the no
instances. We write x ∈ P to mean x ∈ Y (P ) ∪ N(P ). Every language L corresponds
to the promise problem (L,Lc), so we will work exclusively with promise problems in the
following. A Turing machine M decides P if M(x) = 1 for all x ∈ Y (P ) and M(x) = 0 for
all x ∈ N(P ). Note that it does not matter what M outputs for x in neither Y (P ) nor N(P )

— in fact M may not even halt. A complexity class is a collection of promise problems.
P is the class of all problems that can be decided in polynomial time. NP is the class

of all problems P such that there exists a Turing machine M such that for all x ∈ Y (P ),
there exists y ∈ {0, 1}∗, called a proof, such that M(x, y) = 1 and for all x ∈ N(P ) and all
y ∈ {0, 1}∗, M(x, y) = 0; and M halts in polynomial time. EXP is the class of all problems
that can be decided in exponential time. NEXP is the exponential-time analogue of NP,
defined identically except that the Turing machine may halt in exponential time. R is the
class of all problems that can be decided with a Turing machine; P ∈ R is called decidable,
and P /∈ R is called undecidable. RE is the class of all problems P such that there exists
a Turing machine M where if x ∈ Y (P ), M halts on input x, and if x ∈ N(P ), M does not
halt on input x. Given a complexity class C, the complement is the class coC consisting
of the problems of C with the yes and no instances swapped.

2.9.3 Reductions and hardness

Let P1 and P2 be promise problems. A (Karp) reduction from P1 to P2 is a computable
function f such that for all x ∈ Y (P1), f(x) ∈ Y (P2) and for all x ∈ N(P1), f(x) ∈ N(P2).
The reduction is polynomial-time if f is polynomial-time computable. A problem P is
hard for a complexity class C, or C-hard, if every problem in C reduces to P . Note that the
time complexity stipulated for the reduction depends on the complexity class: for NP and
NEXP it is polynomial, while for RE it just has to be computable. We say P is C-complete
if it is C-hard and P ∈ C. Note that polynomial-time reductions are used for NEXP rather
than exponential-time reductions since any NP-complete problem is complete for NEXP
under exponential-time reductions.

The halting problem is the problem where the yes instances are the Turing machines
that halt on empty input and the no instances are the Turing machines that do not. The
halting problem is RE-complete.
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2.10 Relational structures

Relational structures provide a natural way to present constraint satisfaction problems.
They allow arbitrary CSPs to be presented in a manner similar to graph homomorphism
problems, such as graph n-colouring, which corresponds to homomorphism to the complete
graph Kn.

2.10.1 Definitions

A relation over a set D is a subset R ⊆ Dn for some n ∈ N, called the arity of R
and denoted ar(R). For example, the set of edges of a graph forms a relation of arity 2.
Equivalently, a relation can be seen as a boolean function R : Dn → {0, 1}, corresponding
to the characteristic function of the relation seen as a subset. A relational structure
is a pair A = (D(A),R(A)) where D(A) is a set called the domain of A and R(A) is a
set of relations over D(A). Unless otherwise specified, we consider relational structures
with finite domains and finitely many relations. When clear from context, we write A to
mean D(A). For a graph G, the domain is the set of vertices, and there is a single relation
consisting of the set of edges. The specific examples of graphs is discussed in more detail in
Section 2.10.2.

A relational structure is boolean if D(A) = {0, 1}, the boolean field. Many important
CSPs arise from boolean relational structures, such as 3SAT and boolean linear systems.
These are defined formally in Section 2.10.4.

To compare relational structures, we need to keep track of the relations. A relational
signature is a set σ with an associated arity function ar : σ → N. We assume the signature
to be finite unless otherwise specified. The elements of σ are called relational symbols.
A relational structure over σ (or a σ-structure) is a relational structure A with an
associated bijective mapping σ → R(A), R 7→ RA such that ar(RA) = ar(R). If σ ⊆ τ ,
then every σ-structure is also a τ -structure, where the relations with symbols in τ\σ are
taken as empty. If the signature of a relational structure A is not specified, we treat A as a
σA-structure, where σA = R(A) seen as a relational signature, so that RA = R.

A homomorphism of σ-structures f : A → B is a map f : D(A) → D(B) such that
for all R ∈ σ and a ∈ RA, f(a) ∈ RB, where we write f(a) = (f(a1), . . . , f(aar(R))). The
category of σ-structures with morphisms given by the relational structure homomorphisms
is denoted R(σ).

We close this section with a few ways of building new relational structures from old. Given
a σ-structure A and an equivalence relation ∼ on D(A), the quotient of A by ∼ is the σ-
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structure A/ ∼ with domain D(A)/ ∼ and relations RA/∼ =
{

([a1], . . . , [aar(R)]) | a ∈ RA
}

.
The disjoint union of σ-structures A and B is the σ-structure A ⊔ B with domain
D(A) ⊔ D(B) and relations RA⊔B = RA ⊔RB. The cartesian product of A and B is the
σ-structure A×B with domain D(A) × D(B) and relations

RA×B =
{

((a1, b1), . . . , (aar(R), bar(R))) | a ∈ RA, b ∈ RB
}
.

Write Ak = A× A× · · · × A. For any finite set S, we take AS = A|S| with indices labelled
by S.

2.10.2 Graphs

We work with finite simple undirected loop-free graphs. A graph G = (V (G), E(G))
consists of vertices and edges. V (G) is a finite set, called the vertices; E(G) is a subset
of the unordered pairs of vertices {{x, y} | x, y ∈ V (G) ∧ x ̸= y}, called the edges. The
edges induce a symmetric irreflexive relation on V (G), which we denote by x ∼G y iff
{x, y} ∈ E(G). We often write x ∈ G to mean x ∈ V (G).

A graph G may be presented as a relational structure with domain V (G) and a single
relation EG. All graphs are relational structures over the signature σ = {E}, consisting
of a single relation of arity 2, where EG = {(x, y) ∈ V (G)2 | {x, y} ∈ E(G)}. Graph
homomorphisms are relational structure homomorphisms of the associated relational
structure. For graphs, the cartesian product as relational structures is the same as the
categorical (or tensor) product as graphs.

A graph G is bipartite if there exists a partition V (G) = A ∪ B such that x ≁G y if
x, y ∈ A or x, y ∈ B.

The complement of a graph G is the graph G with the same vertices and edges x ∼G y
if and only if x ̸= y and x ≁G y.

A graph product is a way to define a graph on the vertex set V (G) ×V (H) for graphs
G and H. We work with the categorical product (or tensor product), denoted G×H
with edges (x, y) ∼G×H (x′, y′) iff x ∼G x

′ and y ∼H y′. This corresponds to the cartesian
product of the graphs as relational structures.

We use some standard examples of graphs. The complete graph on n vertices is the
graph Kn with V (Kn) = Zn and x ∼Kn y for all x ≠ y. The n-cycle is the graph Cn with
V (Cn) = Zn and x ∼Cn y iff x = y ± 1.
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2.10.3 Constraint satisfaction problems

Let A be a σ-structure. The constraint satisfaction problem (CSP) of A is the promise
problem CSP(A) where the instances are σ-structures X, of which the yes instances are
those admitting a relational structure homomorphism X → A. This problem can in fact be
seen as the language corresponding to the σ-structures with homomorphism to A.

There are two alternate, but equivalent, presentations of CSPs that commonly appear
in the literature. We will exclusively work with the relational structure homomorphism
presentation, but discuss the equivalence here for completeness.

The first alternate presentation is via boolean formulae. Here, seeing the relations
of A as boolean functions, the instances of CSP(A) are formulae of the form

∃x1, . . . , xn ∈ D(A) : R1(xi1,1 , . . . , xi1,ar(R1)) ∧ · · · ∧Rm(xim,1,...,xim,ar(Rm)
),

for some relations Ri ∈ R(A) and ij,k ∈ [n], not necessarily distinct. The instance is a
yes instance if the formula is true, and a no instance if not. This formulation portrays a
CSP as the question of the solubility of a system of equations, and is commonly seen for
boolean CSPs such as 3SAT or LIN (see below for the definitions). The presentation via
boolean formulae can be seen to be equivalent to the structure homomorphism presentation
by taking X to be the σ-structure with domain D(X) = {x1, . . . , xn} — where the
xi are now seen as abstract symbols rather than variables over D(A) — and relations
RX = {(xij,1 , . . . , xij,ar(R)) | Rj = RA} for all R ∈ σ.

The second alternate presentation is via constraint systems. A constraint system
S = (X, {(Vi, Ci)}mi=1) over an alphabet Σ consists of a set of variables X, contexts Vi ⊆ X,
and associated constraints Ci ⊆ ΣVi . A satisfying assignment to S is a function f : X → Σ
such that f |Vi ∈ Ci for all i. In this model, instances of CSP(A) are constraint systems
S = (X, {(Vi, Ci)}mi=1) over D(A) where for each i ∈ [m], there exists Ri ∈ R(A) and a
function fi : [ar(Ri)] → Vi such that Ci = {f ∈ ΣVi | (f(fi(1)), . . . , f(fi(ar(Ri)))) ∈ Ri}.
The instance S is a yes instance if it admits a satisfying assignment. This presentation of
CSPs is commonly seen in the quantum literature, as it presents the contexts where the
variables should be measured together in a clear way. The constraint system presentation is
equivalent to the structure homomorphism presentation by taking the relational structure
associated to an instance S to be the σ-structure Y with domain D(Y ) = X and relations
RY = {(fi(1), . . . , fi(ar(Ri))) | Ri = RA}.

These two presentations differ most significantly from the structure homomorphism
presentation in that the terms of an instance are not relations but constraints. This
perspective is useful. To make use of it in the structure homomorphism model, we say
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that a constraint of a σ-structure X is a pair (R,x) where R ∈ σ and x ∈ RX . We say a
function f : D(X) → D(A) satisfies the constraint (R,x) if f(x) ∈ RA.

Next, we also consider gapped versions of CSPs as follows. Let 1 ≥ c ≥ s ≥ 0, called the
completeness and soundness parameters, respectively. One may take these parameters
to be functions of the instance size, but unless otherwise specified, we assume they are
constants. Then, the (c, s)-gapped CSP of A is the promise problem CSPc,s(A) where the
yes instances are σ-structures X such that there exists a function f : D(X) → D(A) that
satisfies at least a fraction c of the constraints; and the no instances are σ-structures X
such that any function f : D(X(M)) → D(A) satisfies a fraction of the constraints strictly
less than s. If c > s, this problem is no longer a language.

Succinct versions of CSPs are also relevant for this work. The succinct CSP of A is
the promise problem MIP(A) (see Chapter 3 for a clarification of the notation) where the
instances are probabilistic Turing machines M that sample constraints of a σ-structure X(M)
in polynomial time, where the yes instances are those Turing machines for which there is a
homomorphism X(M) → A. The succinct presentation as a sampler over the constraints
allows relational structures of exponential size to be handled in polynomial time. The
(c, s)-gapped succinct CSP of A is the promise problem MIPc,s(A) where the instances
are again probabilistic Turing machines M that sample constraints of X(M), where yes
instances are those Turing machines M such that there is a function f : D(X(M)) → D(A)
such that the probability of f satisfying a constraint is at least c, and the no instances are
those Turing machines M such that any function f : D(X) → D(A) has probability strictly
less than s of satisfying a constraint.

2.10.4 Reductions and polymorphisms

The complexity of CSPs is well understood. Schaefer’s dichotomy theorem [105] shows
that every boolean CSP (i.e. where A is boolean) is either contained in P or is NP-complete.
Furthermore, this theorem shows that the reductions between the NP-complete CSPs are
particularly well-behaved: the reductions are local in the sense that every constraint of
the old CSP is rewritten as a collection of constraints in the new CSP, called a gadget,
independently of the other constraints. An analogous dichotomy theorem for all CSPs was
long conjectured, and was independently completed by Bulatov [32] and Zhuk [122].

For those relational structures where CSP(A) is NP-complete, we also find analogous
hardness for the gapped and succinct problems. Due to the PCP theorem, there always
exists s < 1 such that CSP1,s(A) remains NP-complete. Further, due to the locality of the
reductions, we also find that MIP(A) and MIP1,s(A) are NEXP-complete.

40



The prototypical example of an NP-complete CSP is 3SAT. This is the CSP with boolean
relational structure 3SAT with signature σ3SAT = {Rb | b ∈ Z3

2}, where all the symbols
have arity 3, and relations R3SAT

b = Z3
2\{b}. In the presentation via boolean formulae, this

corresponds to satisfiability of 3-CNF formulae, which is the usual presentation of 3SAT.
The hardness of 3SAT is the content of the Cook-Levin theorem.

Another example of a CSP is LIN. This is the CSP consisting of the systems of linear
equations over the boolean field. The associated relational structure is the boolean structure
LIN with signature σLIN = {Lb,n | n ∈ N, b ∈ {0, 1}}, where ar(Lb,n) = n, and relations
LLIN
b,n = {a ∈ Zn2 | a1 + . . .+ an = b}. Due to Gaussian elimination, CSP(LIN) is solvable in

polynomial time. For any n ∈ N, we also write nLIN for the relational structure with only
the relations of LIN on n variables. Note that LIN does not have finitely many relations,
but nLIN does.

The reductions between CSPs are presented most elegantly via the algebraic approach,
which identifies reductions between CSPs with homomorphisms between objects related
to their defining relational structure. The objects in question are the polymorphisms: the
polymorphism space of a σ-structure A is the collection of morphism spaces mor(An, A)
for all n ∈ N, denoted pol(A). Polymorphisms capture generalised symmetries of the
relational structure. At each level n, mor(An, A) always contains the projection maps
πni : An → A, a 7→ ai for each i ∈ [n]; but it may contain other maps. For example, every
polymorphism of 3SAT is a projection; but 3LIN also has some other maps, such as the
ternary minority operation (a, b, c) 7→ a+ b+ c, as polymorphisms.

We say that a relational structure A pp-defines a relational structure B if for all
S ∈ R(B), there exist n,m ∈ N, R1, . . . , Rn either in R(A) or equal to the equality relation
{(a, a) | a ∈ A}, ik ∈ [m] for k ∈ [ar(S)], and ijk ∈ [m] for j ∈ [n] and k ∈ [ar(Rj)] such
that

S =
{

(ai1 , . . . , aiar(S)) | a ∈ Am ∧ (aij1 , . . . , aij ar(Rj)) ∈ Rj ∀ j ∈ [n]
}
.

Lemma 2.10.1 ([64, 22, 23]). Let A and B be relational structures such that D(A) = D(B).
Then A pp-defines B if and only if pol(A) ⊆ pol(B).

We include a proof of this result here since we make use of its structure later.

Proof. Suppose that A pp-defines B. Let f ∈ mor(Ak, A) be a polymorphism of A. To see
that it is a polymorphism of B, let S ∈ R(B), and by pp-definition, there exist n,m ∈ N,
R1, . . . , Rn either in R(A) or equal to the equality relation {(a, a) | a ∈ A}, ik ∈ [m] for
k ∈ [ar(S)], and ijk ∈ [m] for j ∈ [n] and k ∈ [ar(Rj)] such that

S =
{

(ai1 , . . . , aiar(S)) | a ∈ Am ∧ (aij1 , . . . , aij ar(Rj)) ∈ Rj ∀ j ∈ [n]
}
.
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Now, let (a1i1 , . . . , a1iar(S)), . . . , (aki1 , . . . , akiar(S)) ∈ S. Then, for all l ∈ [k] and j ∈ [n],
(alij1 , . . . , alij ar(Rj)) ∈ Rj. Since f is a polymorphism of A,

(f(a1ij1 , . . . , akij1), . . . , f(a1ij ar(Rj) , . . . , akij ar(Rj))) ∈ Rj.

This implies that (f(a1i1 , . . . , aki1), . . . , f(a1iar(S) , . . . , akiar(S))) ∈ S. Hence f ∈ mor(Bk, B).
For the converse, let S ∈ R(B). Enumerate the elements S = {s1, . . . , s|S|}. Consider

the |A||S|-ary relation over A

P = {(xa)a∈A|S| | a 7→ xa is a polymorphism of A} .

A pp-defines P as

P =
{

(xa)a∈A|S| | (x(a11,...,a1|S|), . . . , x(aar(R)1,...,aar(R)|S|)) ∈ R ∀R ∈ R(A), a1, . . . ,a|S| ∈ R
}
.

Now, for i ∈ [ar(S)] let ti = (s1i, . . . , s|S|i) ∈ A|S| and define S ′ to be the ar(S)-ary relation

S ′ =
{

(xt1 , . . . , xtar(S)) | (xa)a∈A|S| ∈ P
}
.

It is clear that A pp-defines S ′. To finish, we show that S ′ = S. The projection onto the
i-th component πi : A|S| → A is a polymorphism, and therefore (ai)a∈A|S| ∈ P . As such,
(t1i, . . . , tar(S)i) = si ∈ S ′, giving S ⊆ S ′. On the other hand, if a ∈ S ′, then there exists a
|S|-ary polymorphism f such that ai = f(ti). As such, since s1, . . . , s|S| ∈ S, we have that

a = (f(s11, . . . , s|S|1), . . . , f(s1 ar(S), . . . , s|S| ar(S))) ∈ S.

Hence S ′ ⊆ S as well. ■

We can access stronger types of reduction by noting that the polymorphism space of
a σ-structure is an example of a minion, which is a covariant functor from a skeleton
category of finite sets (where a skeleton category is such that any two isomorphic objects
are identified). More concretely, a minion M is a collection of spaces Mn for n ∈ N, called
the levels, such that for every function π : [n] → [m], there exists a mapping Mn → Mm,
M 7→ M/π called a minor operation, satisfying M/ id = M and for all π : [n] → [m] and
π′ : [m] → [k], (M/π)/π′ = M/π′◦π. pol(A) can be equipped with a minion structure by
taking pol(A)n = mor(An, A) and, for ϕ ∈ mor(An, A) and π : [n] → [m], ϕ/π(a) = ϕ(a ◦ π)
(where we identify tuples Am and functions A[m]). Given minions M and N , a minion
homomorphism ξ : M → N is a natural transformation between the functors, or
concretely, a collection of maps ξn : Mn → Nn such that ξm(M/π) = ξn(M)/π. We often
drop the subscript n on ξn. The following theorem provides the strongest way of achieving
reductions between CSP languages from the structure of the polymorphisms.
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Theorem 2.10.2 ([17, 37, 15]). Let A be a σ-structure and B be a τ -structure, and
suppose there exists a minion homomorphism ξ : pol(A) → pol(B). Then, there exists a
polynomial-time reduction from CSP(B) to CSP(A).

In fact, the existence of this minion homomorphism is also a necessary condition for the
existence of a reduction, as long as P ≠ NP — however, this is very much not obvious, and
follows from the fact that those relational structures that do not admit a homomorphism
to 3SAT are solvable in polynomial time [32, 122]. Further, since the reduction guaranteed
by this theorem is local, it can be effected in logarithmic space, and therefore lifts to a
polynomial-time reduction between succinct CSPs. Due to the locality, it also preserves
the existence of a constant gap for gapped CSPs, but the size of the gap may change. We
include a proof of this result here, since it is instructive once we pass to the quantum
setting.

Proof. Let Y be a τ -structure. Define the σ-structure X0 = ⊔
y∈Y A

D(B) ⊔ ⊔
R∈τ,y∈RY A

RB .
We write elements of X0 as tuples (y,a) or (R,y,a) to identify the term of the disjoint
union that they belong to. Next, we take the equivalence relation ∼ on X0 to be defined
via (yi,a) ∼ (R,y,a ◦ πi) for all R ∈ τ , y ∈ RY , i ∈ [ar(R)], and a ∈ AD(B), where πi is
the i-th projection map. Let X be the quotient σ-structure X = X0/ ∼. We claim that the
mapping Y → X provides a reduction from CSP(B) to CSP(A).

First, suppose that Y is a yes instance of CSP(B). Then, there exists a homomorphism
ϕ : Y → B. Define the map γ : D(X) → D(A) as γ([(y,a)]) = a(ϕ(y)) and γ([(R,y,a)]) =
a(ϕ(y)). We need to check if this map is well-defined. First γ([(R,y,a)]) exists, as, if y ∈ RY ,
then ϕ(y) ∈ RB, and hence it is in the domain of a. Also, if (y,a) ∼ (R,y, b), then there
exists i such that y = yi and b = a ◦ πi. As such, γ([(R,y, b)]) = a(πi(ϕ(y))) = a(ϕ(yi)) =
γ([(y,a)]), so γ is well-defined. Next, we need to show that γ is a homomorphism. Let
S ∈ σ with arity n and let x ∈ SX . By definition, either xi = [(y,ai)] or xi = [(R,y,ai)]
for all i. In the first case, γ(x) = (a1(ϕ(y)), . . . ,an(ϕ(y))) ∈ SA, as (a1, . . . ,an) ∈ SA

D(B)

so the projection onto one of the terms is an element of SA. In the second case, γ(x) =
(a1(ϕ(y)), . . . ,an(ϕ(y))) ∈ SA, again as (a1, . . . ,an) ∈ SA

RB . So γ is a homomorphism,
giving that X is a yes instance of CSP(A).

For the converse, suppose that X is a yes instance of CSP(A). Then, there exists a
homomorphism γ : X → A. For each y ∈ Y , define γy : D(AD(B)) → D(A) as γy(a) =
γ([(y,a)]); and for each R ∈ τ and y ∈ RY , define γR,y : D(ARB) → D(A) as γR,y(a) =
γ([(R,y,a)]). By construction, these are relational structure homomorphisms, and hence
polymorphisms of A. Using the minion homomorphism, we have that ϕy = ξ(γy) ∈
mor(BD(B), B) and ϕR,y = ξ(γR,y) ∈ mor(BRB , B). Define ϕ : D(Y ) → D(B) as ϕ(y) =
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ϕy(id). This is well-defined, since the identity is a function from D(B) → D(B) and hence
an element of BD(B). To finish, we show that ϕ is a relational structure homomorphism. Let
R ∈ τ be a relation of arity n, and let y ∈ RY . To show ϕ(y) ∈ RB, we first need to see the
implications of the defining equivalence relation of X on the ϕyi and ϕR,y. Since πi : RB →
D(B), (γR,y)/πi ∈ mor(AD(B), A). Acting on a ∈ AD(B), (γR,y)/πi(a) = γ([(R,y,a ◦ πi)]) =
γ([(yi,a)]) = γyi(a). Using the properties of the minion homomorphism, this implies that
(ϕR,y)/πi = ϕyi . Then, ϕ(y) = (ϕy1(id), . . . , ϕyn(id)) = (ϕR,y(π1), . . . , ϕR,y(πn)) ∈ RB, as
(π1, . . . , πn) ∈ RBR

B

— in fact, for any b ∈ RB, (π1(b), . . . , πn(b)) = b ∈ RB. ■

2.11 Semidefinite programming

2.11.1 Definitions and duality

The main reference for this section is [120].
A convex cone in a real vector space V is a convex subset K ⊆ V closed under scalar

multiplication by any nonnegative scalar. Given a convex cone K in an inner product space
V , the dual cone is the space

K∗ = {v ∈ V | ⟨u, v⟩ ≥ 0 ∀u ∈ K} .

If K is a closed convex cone, then K∗∗ = K. Let V and W be real finite-dimensional
inner product spaces, let K ⊆ V be a closed convex cone, let T : V → W be a real linear
map, and let a ∈ V and b ∈ W be vectors. Then, the conic program P parametrised by
(V,W,K, T, a, b) is the optimisation problem

maximise ⟨a, x⟩
subject to T (x) = b

x ∈ K.

A vector x is a feasible solution of P if x ∈ K and T (x) = b, and an optimal solution
if it maximises ⟨a, x⟩ among the feasible solutions. The supremum over the values of ⟨a, x⟩
among the feasible solutions is called optimal value, and is denoted opt(P). Note that
the optimal value may be ±∞, in which case no optimal solution exists. A conic program
is an example of a convex optimisation problem, and admits a nice duality property.
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The dual program P∗ of P is the optimisation problem

minimise ⟨b, y⟩
subject to T ∗(y) − a ∈ K∗

y ∈ W,

where T ∗ is the adjoint of T with respect to the inner products on V and W . The dual
always satisfies the property that opt(P) ≤ opt(P∗). By Slater’s theorem, if there exists
a feasible solution of P that is in the algebraic interior of K (the set of points x in K such
that for all v ∈ V there exists t > 0 such that x+ tv ∈ K), then the optimal values of P
and P∗ are equal.

A semidefinite program (SDP) is a conic program where V is the real vector space
of Hermitian matrices Hd ⊆ Md with Hilbert-Schmidt inner product ⟨A,B⟩ = Tr(AB),
and K is the cone of positive semidefinite matrices. Explicitly, the semidefinite program P
parametrised by a real inner product space W , a linear map T : Hd → W , a matrix A ∈ Hd,
and a vector b ∈ W is the optimisation problem

maximise Tr(AX)
subject to T (X) = b

X ≥ 0,

Often, rather than a single linear map T with an associated vector b, the constraints of an
SDP may be presented as a collection Ti of linear maps, each with an associated vector bi.
An SDP can be approximated to any precision ε in time poly(d, log(1/ε)) [116].

2.11.2 Approximation algorithms and Max-Cut

A general optimisation problem can be expressed as the question of maximising an
objective function obj on variables satisfying some fixed constraints. For example, deciding
if an instance X of CSPc,s(A) is a yes instance can be phrased as the question of optimising
the number of constraints satisfied by a function f : D(X) → D(A). Even if an optimisation
problem cannot be solved efficiently, it may be efficiently approximated, which is sufficient
in some cases. For example, suppose there is an efficient algorithm that outputs, given a
relational structure X, a function f : D(X) → D(A) such that f satisfies a fraction ρ of
the maximum number of constraints that may be satisfied by a function D(X) → D(A).
Then, the problem CSPc,s(A) can be solved in polynomial time if ρc > s, as for any yes
instance, the algorithm outputs a function satisfying at least a fraction s of the constraints.
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A versatile way of constructing approximation algorithms is via SDP relaxations. An
SDP relaxation of an optimisation problem P is an SDP Q such that opt(P) ≤ opt(Q).
An optimal solution x of the SDP relaxation can be computed in polynomial time. To turn
this into a feasible solution x̃ of P , the approximation algorithm requires a second step called
rounding. Then the approximation ratio of the algorithm is infP

obj(x̃)
opt(P) ≥ infP

obj(x̃)
opt(Q) .

Since the second term can actually be computed (we don’t know how to find the optimal
value of P), we take this to be the approximation ratio, often denoted ρ. Assuming the
Unique Games Conjecture, the optimal approximation algorithm for any CSP has this
form [104].

To illustrate such an algorithm, consider the Goemans-Williamson algorithm [67]
for the Max-Cut problem, which is the optimisation problem associated to the CSP of the
graph K2. An instance of this problem is a graph G, and the problem consists of maximising
the number of edges mapped to the edge of K2 by a function G → K2. This can be phrased
in the following way:

maximise
∑

{i,j}∈E(G)

1 − xixj
2

subject to xi ∈ {−1,+1} ∀ i ∈ V (G),

since the term 1−xixj
2 = 0 if xi = xj and 1 otherwise. One defines an SDP relaxation of this

problem by replacing the product of the values xi ∈ {−1,+1} by the inner product of real
unit vectors. In terms of the Gram matrix of these vectors, this takes the form of the SDP

maximise
∑

{i,j}∈E(G)

1 −Xi,j

2

subject to Xi,i = 1 ∀ i
X ≥ 0.

To finish, we need to round an optimal solution X of the SDP to a feasible solution of
the original problem. To do so, first reexpress X as a Gram matrix Xi,j = ⟨vi, vj⟩. Then,
sample a random unit vector r, and let xi = sgn⟨r, vi⟩. This gives a feasible solution of the
original problem, with approximation ratio

ρ = inf
u,v E

r

1 − sgn(⟨r, u⟩)sgn(⟨r, v⟩)
1 − ⟨u, v⟩

= inf
θ∈[0,π]

2
π

θ

1 − cos θ ≈ 0.8786,

which is the Goemans-Williamson constant.
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2.12 Nonlocal games

2.12.1 Games and strategies

A (2-player) nonlocal game G consists of finite sets X and Y called Alice’s and Bob’s
questions; collections of finite sets {Ax}x∈X and {By}y∈Y called Alice’s and Bob’s answers;
a probability distribution µ : X × Y → [0, 1], called the question distribution; and
a collection of values V = {V (a, b|x, y)}x∈X,y∈Y,a∈Ax,y∈By in {0, 1}, called the predicate.
Alternately, we may take A = ⋃

x∈X Ax and B = ⋃
y∈Y By and stipulate that V (a, b|x, y) = 0

when a /∈ Ax or b /∈ By. We may sometimes assume that the verifier holds on to some
side information from a finite set S, which she uses to decide the predicate, without
informing the players. Then, the question distribution is over X × Y × S and the predicate
is V = {V (a, b|x, y, s)}x∈X,y∈Y,a∈Ax,b∈By ,s∈S.

Any strategy for G can be presented by its correlation, which is a collection of values
p = {p(a, b|x, y)}x∈X,y∈Y,a∈Ax,b∈By in [0, 1] such that (a, b) 7→ p(a, b|x, y) is a probability
distribution for all x, y. The value (or winning probability) of a nonlocal game G with
respect to a correlation p is

w(G, p) =
∑

x∈X,y∈Y,a∈Ax,b∈By
µ(x, y)V (a, b|x, y)p(a, b|x, y).

Different classes of strategies for nonlocal games can be captured by different classes of
correlation.

• p is a deterministic correlation if there exist functions f : X → A, g : Y → B
such that p(a, b|x, y) = δf(x),aδg(y),b.

• p is a classical correlation if it is in the convex hull of the deterministic correlations,
or more concretely if there exists a random variable Λ on a set L and functions
f : X × L → A and g : Y × L → B such that p(a, b|x, y) = E δf(x,Λ),aδg(y,Λ),b.

• p is a quantum correlation if there exist finite-dimensional Hilbert spaces HA and
HB, POVMs {P x

a }a∈Ax ⊆ B(HA) and {Qy
b}b∈By ⊆ B(HB) for all x ∈ X, y ∈ Y , and a

unit vector |ψ⟩ ∈ HA ⊗HB such that p(a, b|x, y) = ⟨ψ|P x
a ⊗Qy

b |ψ⟩.

• p is a quantum approximate correlation if there exists a sequence of quantum
correlations (pn)n such that pn(a, b|x, y) → p(a, b|x, y).
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• p is a commuting operator correlation if there exists a Hilbert space H, POVMs
{P x

a }a∈Ax ⊆ B(H) and {Qy
b}b∈By ⊆ B(H), and a unit vector |ψ⟩ ∈ H such that

[P x
a , Q

y
b ] = 0 for all x, y, a, b and p(a, b|x, y) = ⟨ψ|P x

aQ
y
b |ψ⟩.

• p is a tracial correlation if there exists a von Neumann algebra M ⊆ B(H), PVMs
{P x

a }a∈Ax ⊆ M and {Qy
b}b∈By ⊆ M, and a normal tracial state τ : M → C such

that p(a, b|x, y) = τ(P x
aQ

y
b). We say p is a quantum tracial correlation if M

may be chosen to be finite-dimensional; and p is a quantum approximate tracial
correlation if M may be chosen to be Connes-embeddable.

In all of the above cases, we call the additional data needed to express the correlation
the model. Due to Naimark’s dilation theorem, every quantum and commuting operator
correlation admits a model where the POVMs are projective. Every tracial correlation
is a commuting-operator correlation, by taking the standard form of M [70]. Similarly,
every quantum tracial correlation is a quantum correlation, by an analogous but simpler
finite-dimensional argument; these correlations have maximally-entangled shared state |ψ⟩.

For a class of correlations Q — where we use the symbol Q = d for deterministic, Q = c
for classical, Q = q for quantum, Q = qa for quantum approximate, Q = co for commuting
operator, Q = t for tracial, Q = qat for quantum approximate tracial, and Q = qt for
quantum tracial — we denote the set of all correlations with given input and output spaces
by CQ(A,B|X, Y ). Write CQ to mean the union over all CQ(A,B|X, Y ). We have that

Cd ⊆ Cc ⊆ Cq ⊆ Cqa ⊆ Cco

⊆ ⊆ ⊆

Cqt ⊆ Cqat ⊆ Ct.

All these inclusions are strict [39, 109, 110, 76]. By definition, Cqa(A,B|X, Y ) is the closure
of Cq(A,B|X, Y ); and Cqat(A,B|X, Y ) is the closure of Cqt(A,B|X, Y ).

The value of G with respect to a set of correlations CQ(A,B|X, Y ) is

wQ(G) = sup
p∈CQ(A,B|X,Y )

w(G, p).

We have that wd(G) = wc(G) ≤ wq(G) = wqa(G) ≤ wco(G) and wqt(G) = wqat(G) ≤ wt(G),
where all the inequalities may be strict [39, 76]. We say a correlation p ∈ CQ(A,B|X, Y ) is
optimal for G over Q if w(G, p) = wQ(G), and ε-optimal for G over Q if w(G, p) ≥ wQ(G)−ε.
We say a correlation p is perfect for G if w(G, p) = 1, and ε-perfect if w(G, p) ≥ 1 − ε.
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2.12.2 XOR games

A nonlocal game G = (X, Y,A,B, µ, V ) is binary if A = B = {0, 1}. An XOR game is
a binary nonlocal game G for which there exists a function f : X × Y → {0, 1} such that
V (a, b|x, y) = δa+b,f(x,y), where the addition is modulo 2. As for any nonlocal game, we may
keep track of side information for XOR games, in which case V (a, b|x, y, s) = δa+b,f(x,y,s).
The value of a quantum correlation p(a, b|x, y) = ⟨ψ|P x

a ⊗Qy
b |ψ⟩ for an XOR game G has

a simple expression in terms of the observables Px = P x
0 − P x

1 and Qy = Qy
0 −Qy

1 for the
POVMs {P x

a }a and {Qy
b}, respectively:

w(G, p) =
∑

x∈X,y∈Y
a,b∈{0,1}: a+b=f(x,y)

µ(x, y) ⟨ψ|P x
a ⊗Qy

b |ψ⟩

= 1
4

∑
x∈X,y∈Y

µ(x, y)
∑

a∈{0,1}
⟨ψ|(1 + (−1)aPx) ⊗ (1 + (−1)a+f(x,y)Qy)|ψ⟩

= 1
2 + 1

2
∑

x∈X,y∈Y
(−1)f(x,y)µ(x, y) ⟨ψ|Px ⊗Qy|ψ⟩ .

This presentation implies that the XOR game can be fully characterised by the matrix H
with entries Hx,y = (−1)f(x,y)µ(x, y), called the game matrix of G, and the strategy can
be characterised by the quantum correlation matrix Cx,y = ⟨ψ|Px ⊗Qy|ψ⟩. In general,
a correlation matrix is a matrix C = (Cx,y)x∈X,y∈Y with entries in [−1, 1] and the bias
of a correlation matrix is

b(G, C) =
∑

x∈X,y∈Y
Hx,yCx,y.

For a quantum correlation p with associated correlation matrix C, b(G, C) = 2w(G, p) − 1.
The quantum bias of G is bq(G) = 2wq(G) − 1.

Quantum correlations for XOR games admit a useful alternate characterisation. A
vector correlation matrix C for an XOR game G is a correlation matrix C such that
Cx,y = ⟨ux|vy⟩ for some real unit vectors |ux⟩, |vy⟩. The vector bias is the supremum over
the biases of all vector correlation matrices; it is denoted bvect(G). A vector correlation
matrix C is optimal if b(G, C) = bvect(G), and ε-optimal if b(G, C) ≥ bvect(G) − 2ε. We
include a factor of 2 in the definition of ε-optimal bias to ensure that the value is within ε
of the optimal value.

The vector correlation matrices are in bijective correspondence with quantum correlation
matrices, and therefore bvect(G) = bq(G) [114]. This characterisation via vector correlations
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allows the bias of an XOR game to expressed as an SDP [41]. Following [44, 108], let
B = 1

2

[
0 H
HT 0

]
. Then, the quantum bias of G is the optimal value of the SDP over (|X| +

|Y |) × (|X| + |Y |)-matrices M

maximise Tr(BM)
subject to Mi,i = 1, ∀ i ∈ X ⊔ Y

M ≥ 0.
(2.4)

Here, M represents the Gram matrix of the vectors defining the correlation matrix. The
dual of this SDP is the SDP over vectors a ∈ RX and b ∈ RY

minimise 1
2
∑
x∈X

ax + 1
2
∑
y∈Y

by

subject to 1
2∆(a, b) ≥ B,

(2.5)

where ∆(a, b) is the matrix with the entries of the vectors along the diagonal, and zeroes
elsewhere. For an optimal strategy, the values ax and by are called the optimal row and
column biases, respectively, and satisfy∑

y∈Y
Hx,y ⟨ux|vy⟩ = ax∑

x∈X
Hx,y ⟨ux|vy⟩ = by.

We make use of the following structure theorem for near-optimal XOR game strategies.

Theorem 2.12.1 ([108] Theorem 3.1). Let G be an XOR game, and let ax for x ∈ X and
by for y ∈ Y be the optimal row and column biases, respectively. Then, for any ε-optimal
vector correlation matrix Cx,y = ⟨ux|vy⟩,∥∥∥∥∑

y∈Y
Hx,y|vy⟩ − ax|ux⟩

∥∥∥∥2
≤ 10

√
2(|X| + |Y |)ε,

∥∥∥∥∑
x∈X

Hx,y|ux⟩ − by|vy⟩
∥∥∥∥2

≤ 10
√

2(|X| + |Y |)ε.

2.12.3 Synchronous and projection games

A nonlocal game G = (X, Y, {Ax}x, {By}y, µ, V ) is synchronous if X = Y , Ax = Bx, µ
and V are symmetric, and V (a, b|x, x) = 0 if a ̸= b. If a correlation p is perfect for G,
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then it must satisfy p(a, b|x, x) = 0 whenever a ≠ b and µ(x, x) > 0. If µ(x, x) > 0 for
all x, then any commuting operator correlation that is perfect for G must be tracial and
symmetric in the sense that p(a, b|x, y) = τ(P x

a P
y
b ). Similarly, quantum and quantum

approximate correlations must be quantum tracial and quantum approximate tracial,
respectively [100, 81].

This condition can be made robust. For some α > 0, we say G is α-synchronous if
µ(x, x) ≥ α

∑
y ̸=x µ(x, y) for all x ∈ X. There exists a universal constant c > 0 such that if

wco(G) ≥ 1 − ε, then wt(G) ≥ 1 − c(ε/α)1/4, where the near-optimal tracial strategy found
is also symmetric. The same relation holds for the quantum and quantum approximate
values [117, 86].

In order to reduce to working with tracial correlations, a nonlocal game may be
transformed into a synchronous game. Let G = (X, Y, {Ax}x, {By}y, µ, V ) be a nonlo-
cal game and α > 0. Then, the α-synchronisation of G is the nonlocal game Gα-synch =
(Xα-synch, Xα-synch, {Aα-synch

x }x, {Aα-synch
x }x, µα-synch, V α-synch) with question sets Xα-synch =

X ⊔ Y , answer sets Aα-synch
x = Ax for x ∈ X and Aα-synch

y = By for y ∈ Y , question
distribution

µα-synch(x, y) =



α
2(1+α)

∑
z∈Y µ(x, z) x = y ∈ X

α
2(1+α)

∑
z∈X µ(z, y) x = y ∈ Y

µ(x,y)
2(1+α) x ∈ X ∧ y ∈ Y
µ(y,x)
2(1+α) x ∈ Y ∧ y ∈ X

0 else,

and predicate

V α-synch(a, b|x, y) =


δa,b x, y ∈ X ∨ x, y ∈ Y

V (a, b|x, y) x ∈ X ∧ y ∈ Y

V (b, a|y, x) y ∈ X ∧ x ∈ Y.

By construction, the tracial value wt(Gα-synch) = α+wt(G)
1+α , with identical relations holding for

the quantum tracial and quantum approximate tracial cases.
If X = Y , a symmetric modification of the transformation is useful. The symmetric

α-synchronisation of G is the nonlocal game Gα-symm = (X,X, S, {Ax ∪ Bx}x, {Ax ∪
Bx}x, µα-symm, V α-symm) with side information S = {fix, swap, cc}, corresponding to a
round played with the players as usual, swapped, or as a consistency check; question
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distribution

µα-symm(x, y, s) =


α

2(1+α)
∑
z∈X(µ(x, z) + µ(z, x))δx,y s = cc

µ(x,y)
2(1+α) s = fix
µ(y,x)
2(1+α) s = swap;

and predicate

V α-symm(a, b|x, y, s) =


δa,b s = cc
V (a, b|x, y) s = fix
V (b, a|y, x) s = swap.

We have that wt(Gα-symm) = α+wt,symm(G)
1+α , where wt,symm(G) is the tracial value of G restricted

to symmetric strategies, with identical relations holding for the quantum tracial and
quantum approximate tracial cases.

A nonlocal game G = (X, Y, {Ax}x∈X , {By}y∈Y , µ, V ) is a projection game if for all
x ∈ X and y ∈ Y , there exists a function px,y : Ax → By such that V (a, b|x, y) = δb,px,y(a).
Perfect quantum strategies for projection games are also known to be tracial. This property
extends to the robust setting but with weaker guarantees than what is known for synchronous
games [117, 98].

We can also transform arbitrary nonlocal games into projection games. The (projection)
oracularisation of a nonlocal game G = (X, Y, {Ax}x∈X , {By}y∈Y , µ, V ) is the nonlocal
game Gorac = (X × Y,X ⊔ Y, {Ax ×By}(x,y)∈X×Y , {Ax}x∈X ∪ {By}y∈Y , µ

orac, V orac), where

µorac((x, y), z) =


1
2µ(x, y) z = x ∨ z = y

0 else,

and

V orac((a, b), c|(x, y), z) =


1 V (a, b|x, y) = 1 ∧ z = x ∧ c = a

1 V (a, b|x, y) = 1 ∧ z = y ∧ c = b

0 else.

Oracularisations are clearly projection games via the projection functions p(x,y),x((a, b)) = a
and p(x,y),y((a, b)) = b.

The relationship between the values of G and Gorac is a little more complicated than
in the synchronous case. A tracial correlation p(a, b|x, y) = τ(P x

aQ
y
b) is oracularisable
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if P x
a and Qy

b commute for all a ∈ Ax and b ∈ By and x, y such that µ(x, y) > 0; the
restriction that the PVMs need only commute for questions asked at the same time
makes oracularisable strategies differ significantly from commuting operator strategies,
where the commutation relation is used to guarantee independence of Alice’s and Bob’s
subsystems — in fact, if the PVMs for an oracularisable tracial correlation commute for
all questions, then the correlation is classical. In general, we only have the upper bound
wt(Gorac) ≤ min

{
1 − 1

2(1 − wt(G))2,
√

1+wt(G)
2

}
[57], but if the optimal tracial strategy is

oracularisable, then we also find the lower bound wt(Gorac) ≥ 1+wt(G)
2 . Further, if Gorac admits

a perfect tracial correlation, then G admits a perfect oracularisable tracial correlation.

2.12.4 Complexity of nonlocal games

The main reference for this section is [118].
A more advanced way to define complexity classes than directly via Turing machines is by

using proof systems. In an interactive proof system, a trusted polynomial-time verifier
interacts with an untrusted but unbounded prover to decide a language. Multiprover
interactive proof systems are a generalisation where the verifier interacts with multiple
non-interacting provers. Deterministic interactive proof systems cannot decide languages
outside of NP but probabilistic systems, which may not have perfect completeness or
soundness, can have much greater complexity. In its most general form, a multiprover
interactive proof system is parametrised by the number of provers m, the number of rounds
n, the bit length of the questions ℓq, the bit length of the answers ℓa, the computation time T ,
and the completeness and soundness parameters 1 ≥ c ≥ s ≥ 0, which may in general be
arbitrary functions of the instance size. A promise problem P is in MIPc,s(m,n, ℓq, ℓa, T )
if there exists a probabilistic Turing machine M that runs in time T such that, on the
input of an instance x, there exist provers such that the following protocol outputs 1 with
probability ≥ c if x is a yes instance, and for any provers the following protocol outputs 1
with probability < s if x is a no instance:

1. The verifier inputs x into M , sends the output (q1, . . . , qm) to the provers, who respond
with answers (a1, . . . , am).

2. The verifier repeats this for each of the n rounds, inputting also the transcript of the
previous rounds into M .

3. At the end of the last round, the verifier inputs x and the full transcript of the
interaction into M , which outputs a single bit b.
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If m, n, ℓq, ℓa, and T are polynomial in |x|, and c and s have inverse-polynomial gap,
then MIPc,s(m,n, ℓq, ℓa, T ) ⊆ NEXP. This is an equality in a very strong way. In fact, there
exists a constant ℓa such that MIP1,1/2(2, 1, poly, ℓa, poly) = NEXP [14]. Due to this, we will
always consider m = 2, n = 1, and T = poly proof systems so we only write the question
and answer length in the definition of MIP classes. Further, one way of phrasing the PCP
theorem is via the equality MIP1,1/2(log, ℓa) = NP, for some constant ℓa [8, 7, 56].

With the restriction to two provers and one round, a problem with Turing machine M in
the class MIPc,s(ℓq, ℓa) corresponds to determining whether the classical value of a nonlocal
game is ≥ c or < s, where M first samples the questions and at the end decides if the
players won. If ℓq or ℓa is superlogarithmic, then the game is succinctly-presented, in the
sense that the verifier can sample the questions and verify the answers but cannot describe
the whole question distribution or predicate in polynomial time.

The provers in an MIP protocol are not allowed to communicate, but may agree on a
strategy beforehand. Allowing for quantum mechanics, this means that the provers may
share entanglement, which was not considered in the original definitions of the MIP classes.
The class is modified depending on the model of entanglement considered. If the provers
are allowed to share finite-dimensional entanglement in the tensor product model, we call
the class MIP∗

c,s(ℓq, ℓa); if the provers are allowed to share infinite-dimensional entanglement
in the commuting-operator model, we call the class MIPcoc,s(ℓq, ℓa). The breakthrough result
of [76] shows that MIP∗

1,1/2(poly, poly) = RE, capturing even undecidable problems. The
equivalence here is particularly powerful in that it is via a polynomial-time reduction
from the halting problem to succinctly-presented nonlocal games. Since then, the result
has been tightened somewhat. Again via a polynomial-time reduction from the halting
problem, [60] shows that there exists ℓa constant such that MIP∗

1,1/2(poly, ℓa) = RE, which
has been further tightened in [62] to MIP∗

1,1/2(polylog, ℓa) = RE. In all the reductions
above, the yes instances are mapped to synchronous games with oracularisable quantum
tracial optimal correlation. In the other direction, [93] shows that there exists ℓq constant
such that MIP∗

1,1/2(ℓq, polylog) = RE. Interestingly, in the classical setting, we have that
MIP1,1/2(ℓq, polylog) ⊆ EXP, weaker than the full class. In the zero-gap setting c = s,
the complexity increases further: MIP∗

1,1(poly, poly) = Π0
2 [89]. Here, the games are again

synchronous with oracularisable optimal strategy, but this strategy is quantum approximate
rather than quantum. For the commuting operator model, [110] shows that there exists
a constant ℓa such that MIPco1,1(poly, ℓa) = coRE. This has recently been extended to
the gapped setting, giving that MIPco1,1/2(poly, poly) = coRE as well, via a polynomial-time
reduction from the cohalting problem [83]. Since reductions in RE and coRE are not bounded
by runtime, these results also give the same hardness for non-succinct nonlocal games, i.e.
with log length questions and answers, albeit via an exponential-time reduction from the
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halting problem (or cohalting problem).
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Chapter 3

Nonlocal games for constraint
satisfaction

In this chapter, we introduce the different ways of presenting constraint satisfaction problems
as nonlocal games, and study their general structure. In Section 3.1, we define entangled
CSPs using both nonlocal games and weighted algebras, and ascertain their complexity in
general. In Section 3.2, we study how perfect strategies for the nonlocal games arising from
constraint satisfaction correspond to a form of homomorphism of relational structures. In
Section 3.3, we demonstrate a strong way of rounding to tracial strategies in projection
nonlocal games, and apply this to entangled CSPs.

3.1 Entangled constraint satisfaction problems

In this section, we define entangled CSPs. In Section 3.1.1, we introduce the different
ways of presenting homomorphisms between relational structures as nonlocal games. In
Section 3.1.2, we give an alternate way of viewing quantum strategies for the relational
structure homomorphism games via weighted algebras. In Section 3.1.3, we define the
different types of entangled CSP we study. In Section 3.1.4, we show some straightforward
equalities between some of the entangled CSPs. In Section 3.1.5, we show that hardness of
approximation of nonlocal games implies analogous hardness for a general entangled CSP.
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3.1.1 Relational structure homomorphisms as nonlocal games

There are several ways to express constraint satisfaction problems as nonlocal games. Fix
a relational signature σ, and let A and B be σ-structures. The nonlocal games capturing
homomorphisms A → B differ in how the constraints are asked to the players. They fall
into two main frameworks: non-oracular, where the players are asked to assign values to
variables; and oracular, where at least one of the players is asked to assign values to a
whole constraint.

The first variant is the oracular game where the verifier samples a constraint of A to
send to each player. They each have to respond with a tuple from the corresponding relation
of B, and win if the variables in the outputs are consistent.

Definition 3.1.1. Let π be a probability distribution on pairs of constraints of A. Then, the
oracular constraint-constraint game Gocc(A,B, π) is the nonlocal game with question
sets X = Y = ⋃

R∈σ{R} ×RA, answer sets AR,a = BR,a = D(B)ar(R), question distribution
µ = π, and predicate V (b, b′|(R,a), (S,a′)) = 1 iff b ∈ RB, b′ ∈ SB, and bi = b′

j whenever
ai = a′

j.

This is a synchronous game, so we can restrict to working with tracial strategies. In a
gapped setting, we might have to make sure that there are sufficiently many consistency
checks, which can be achieved by means of a symmetric α-synchronisation transformation.
Constraint-constraint games were first introduced in [4] and further studied in [81, 99, 87]

In the second oracular variant we consider, the referee samples a constraint of A to send
to Alice, and a variable from that constraint to send to Bob. Then, Alice responds with a
tuple from the corresponding relation of B and Bob responds with an element of B. As
before, the players win if the assignments are consistent.

Definition 3.1.2. Let π be a probability distribution on the constraints of A. Then, the
oracular constraint-variable game Gocv(A,B, π) is the nonlocal game with question
sets X = ⋃

R∈σ{R} × RA and Y = D(A), answer sets AR,a = D(B)ar(R) and Ba = D(B),
additional side information S = N, question distribution µ((R,a), a, i) = π(R,a)

ar(R) if ai = a

and 0 otherwise, and predicate V (b, b|(R,a), a, i) = 1 iff b ∈ RB and bi = b.

This formulation gives a projection game, which again allows us to restrict to tracial
strategies. In Section 3.3, we present a robust version of this statement. Constraint-variable
games were studied in [43, 5, 1].

Generally, we will only work with the oracular constraint-variable framework, rather than
the oracular constraint-constraint framework. This can be done without loss of generality
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in the context of the decision problems we are interested in, since the two frameworks are
equivalent. We defer the proof of this equivalence to Section 5.6, since we will need to
develop some more powerful tools to achieve it.

A third, non-oracular, way of presenting the constraint problem as a nonlocal game
arises in the 2-CSP case, i.e. ar(R) = 2 for all R ∈ σ. In this game, the verifier samples
constraints from A and sends each player a variable from the constraint. The players respond
with variables of B, and win if the variables together satisfy the corresponding relation
of B.

Definition 3.1.3. Suppose ar(R) = 2 for all R ∈ σ, and let π be a probability distribution
on the constraints of A. Then, the non-oracular game Gno(A,B, π) is the nonlocal
game with question sets X = Y = D(A), answer sets AR,a = BR,a = D(B), additional
side information S = σ, question distribution µ(a, a′, R) = π(R, (a, a′)), and predicate
V (b, b′|a, a′, R) = 1 iff (b, b′) ∈ RB.

This is again a synchronous game, so we can restrict to working with tracial strategies,
once consistency checks are added via symmetric α-synchronisation. We also see that, when
the non-oracular game is defined, the constraint-variable game is exactly its oracularisation

— hence the choice of notation “oracular.” The non-oracular game has been studied in the
context of quantum graph homomorphisms [31, 63, 34, 84].

To finish this section, we note that perfect deterministic classical strategies for any of
these three games, given sufficiently well supported distributions, exactly correspond to
homomorphisms A → B. This will become a bit more complicated for quantum strategies,
as we will discuss in Section 3.2.

Definition 3.1.4. We say a probability distribution π on pairs of constraints of a relational
structure A is connected if, for every a ∈ A, the graph Ga, with vertex set given by
the constraints (R,a) of A such that ai = a for some i and edges (R,a) ∼Ga (S,a′) iff
π((R,a), (S,a′)) > 0, is connected.

Lemma 3.1.5. Let A and B be σ-structures. Then, there is a homomorphism A → B if
and only if one of the following conditions hold:

(i) Gocc(A,B, π0), where π0 is connected, has a perfect deterministic symmetric strategy;

(ii) Gocv(A,B, π1), where π1 has full support, has a perfect deterministic strategy;

(iii) Gno(A,B, π2), where π2 has full support, has a perfect deterministic symmetric strategy
(where in this case, we assume all the relations have arity 2).
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Proof. First suppose that f : A → B is a homomorphism. Then, it is direct to verify
that p(b, b′|(R,a), (S,a′)) = δf(a),bδf(a′),b′ is a perfect strategy for Gocc(A,B, π0) (recall that
f(a) = (f(a1), . . . , f(aar(R)))); that p(b, b|(R,a), a) = δf(a),bδf(a),b is a perfect strategy for
Gocv(A,B, π1); and that p(b, b′|a, a′) = δf(a),bδf(a′),b′ is a perfect strategy for Gno(A,B, π2).

Now, suppose that p(b, b′|(R,a), (S,a′)) = δF (R,a),bδF (S,a′),b′ is a perfect deterministic
strategy for Gocc(A,B, π0). Take the function f : D(A) → D(B) to be f(a) = F (R,a)i for
any constraint (R,a) such that ai = a. f is well-defined, since the strategy is perfect and
π0 is connected. Then, for any R ∈ σ and a ∈ RA, f(a) = F (R,a) ∈ RB, as the strategy is
perfect. So f is a homomorphism.

Next, suppose that p(b, b|(R,a), a) = δF (R,a),bδf(a),b is a perfect deterministic strategy
for Gocv(A,B, π1). We claim that f is a homomorphism A → B. In fact, since the strategy
is perfect and π1 has full support, F (R,a)i = f(ai). Therefore, if R ∈ σ and a ∈ RA, then
f(a) = F (R,a) ∈ RB.

Finally, suppose that p(b, b′|a, a′) = δf(a),bδf(a′),b′ is a perfect strategy for Gno(A,B, π2).
We claim that f is a homomorphism A → B. In fact, since the strategy is perfect and π2
has full support, for any R ∈ σ and (a1, a2) ∈ RA, we have that (f(a1), f(a2)) ∈ RB. ■

3.1.2 Weighted algebra formalism

A useful algebraic way to express the CSP games introduced in the previous section is by
means of the weighted algebra formalism, first introduced for this purpose in [87]. Here,
tracial strategies will correspond to traces on the algebra and the defect of a trace will be
related to the winning probability. As before, we fix σ-structures A and B.

Definition 3.1.6. Let π be a probability distribution on pairs of constraints of A. The
oracular constraint-constraint algebra A → B is the weighted algebra Moroccπ (A,B) =
(Morocc(A,B), µocc,π) where the unital ∗-algebra Morocc(A,B) is generated by ΦR,a,b for
R ∈ σ, a ∈ RA, and b ∈ RB satisfying the relations

ΦR,a,b = Φ∗
R,a,b ΦR,a,bΦR,a,b′ = δb,b′ΦR,a,b

∑
b∈RB

ΦR,a,b = 1;

and the weight function

µocc,π(ΦR,a,bΦS,a′,b′) = π((R,a), (S,a′))

if there exist i ∈ [ar(R)] and j ∈ [ar(S)] such that ai = a′
j but bi ̸= b′

j , and µocc,π(x) = 0 for
all other x ∈ Morocc(A,B). Denote the defect polynomial of Moroccπ (A,B) as Docc

π (A,B) =
D(Moroccπ (A,B), µocc,π).
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Let π be a probability distribution on the constraints of A. The oracular constraint-
variable algebra A → B is the weighted algebra Morocvπ (A,B) = (Morocv(A,B), µocv,π)
where the unital ∗-algebra Morocv(A,B) is generated by ΦR,a,b for R ∈ σ, a ∈ RA, and
b ∈ RB and pa,b for a ∈ A and b ∈ B, satisfying the relations

ΦR,a,b = Φ∗
R,a,b ΦR,a,bΦR,a,b′ = δb,b′ΦR,a,b

∑
b∈RB

ΦR,a,b = 1

pa,b = p∗
a,b pa,bpa,b′ = δb,b′pa,b

∑
b∈B

pa,b = 1;

and the weight function

µocv,π(ΦR,a,b(1 − pai,bi)) = π(R,a)
ar(R)

for all R ∈ σ, a ∈ RA, b ∈ RB, and i ∈ [ar(R)], and µocv,π(x) = 0 for all other ele-
ments x ∈ Morocv(A,B). Denote the defect polynomial of Morocvπ (A,B) as Docv

π (A,B) =
D(Morocvπ (A,B), µocv,π).

Let π be a probability distribution on the constraints of A. The non-oracular algebra
A → B is the weighted algebra Mornoπ (A,B) = (Morno(A,B), µno,π) where the unital
∗-algebra Morno(A,B) is generated by pa,b for a ∈ A and b ∈ B, satisfying the relations

pa,b = p∗
a,b pa,bpa,b′ = δb,b′pa,b

∑
b∈B

pa,b = 1;

and the weight function

µno,π(pa1,b1 · · · paar(R),bar(R)) = π(R,a)

for all R ∈ σ, a ∈ RA, and b /∈ RB, and µno,π(x) = 0 for all other x ∈ Morno(A,B). Denote
the defect polynomial of Mornoπ (A,B) as Dno

π (A,B) = D(Mornoπ (A,B), µno,π).

It is direct to see that that the defining relations of Morocc(A,B), Morocv(A,B), and
Morno(A,B) precisely say that {pa,b}b∈B and {ΦR,a,b}b∈RB are PVMs. Hence, without the
weighted algebra structure, these algebras are simply free products of finite-dimensional
abelian ∗-algebras. Endowing the algebras with the sum-of-squares cone, we see immediately
that the generators are bounded, and hence they also admit a semi-pre-C∗-algebra structure.

Note that unlike the non-oracular nonlocal game, the non-oracular algebra is defined for
any pair of σ-structures, not just those where the arity of all the relations is 2. Now, we
show that tracial states on the weighted algebras correspond exactly to symmetric tracial
strategies for the corresponding nonlocal games.
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Lemma 3.1.7. Let A and B be σ-structures.

(i) For any probability distribution π0 on pairs of constraints of A, there exists a tracial
state τ on Moroccπ0 (A,B) such that def(τ) = ε if and only if there exists a symmetric
tracial correlation p for Gocc(A,B, π0) such that w(Gocc(A,B, π0), p) = 1 − ε.

(ii) For any probability distribution π1 on the constraints of A, there exists a tracial
state τ on Morocvπ1 (A,B) such that def(τ) = ε if and only if there exists a tracial
correlation p for Gocv(A,B, π1) such that w(Gocc(A,B, π1), p) = 1 − ε.

(iii) Suppose that the arity of all the relations of σ is 2. For any probability distribution
π2 on the constraints of A, there exists a tracial state τ on Mornoπ2(A,B) such that
def(τ) = ε if and only if there exists a symmetric tracial correlation p for Gno(A,B, π2)
such that w(Gno(A,B, π2), p) = 1 − ε.

In any of the cases, τ has a GNS representation with the same von Neumann algebra as in
the model of p, so finite-dimensional tracial states correspond to quantum correlations, and
Connes-embeddable tracial states correspond to quantum approximate tracial correlations.

Proof. For (i), let p(b, b′|(R,a), (S,a′)) = τ(PR,a
b P S,a′

b′ ) be a symmetric tracial correlation
for Gocc(A,B, π0). Then, define the ∗-homomorphism φ : Morocc(A,B) → M by φ(ΦR,a,b) =
PR,a

b . This is well-defined as {PR,a
b }b∈RB is a PVM for all constraints. Now, we take the

tracial state τ ′ = τ ◦ φ, giving

def(τ ′) =
∑

R,S∈σ,a∈RA,a′∈SA
b∈RB ,b′∈SB : ai=a′

j ̸⇒bi=b′
j

π0((R,a), (S,a′))∥ΦR,a,bΦS,a′,b′∥2
τ ′

=
∑

R,S∈σ,a∈RA,a′∈SA
b∈RB ,b′∈SB

π0((R,a), (S,a′))(1 − V (b, b′|(R,a), (S,a′)))τ(PR,a
b P S,a′

b′ )

= 1 − w(Gocc(A,B, π0), p).

For the converse, for a tracial state τ on Morocc(A,B), let τ(x) = ⟨ψ|φ(x)|ψ⟩ be the
(minimal) GNS representation. Let M = imφ

SOT — by construction, the map τ ′(T ) =
⟨ψ|T |ψ⟩ is a normal tracial state on M. With this, we take PR,a

b = φ(ΦR,a,b) to get
the correlation p(b, b′|(R,a), (S,a′)) = τ ′(PR,a

b PR,a′

b′ ). By the same argument as above,
def(τ) = 1 − w(Gocc(A,B, π0), p).

For (ii), let p(b, b|(R,a), a) = τ(PR,a
b Qa

b ) be a tracial correlation for Gocv(A,B, π1). Then,
define the ∗-homomorphism φ : Morocv(A,B) → M by φ(ΦR,a,b) = PR,a

b and φ(pa,b) = Qa
b .
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This is well-defined as {PR,a
b }b∈RB and {Qa

b}b∈B are PVMs. Now, we take the tracial state
τ ′ = τ ◦ φ, giving

def(τ ′) =
∑

R∈σ,a∈RA
b∈RB ,i∈[ar(R)]

π1(R,a)
ar(R) ∥ΦR,a,b(1 − pai,bi)∥2

τ ′

=
∑

R∈σ,a∈RA
b∈RB ,i∈[ar(R)]

π1(R,a)
ar(R) τ(PR,a

b (1 −Qai
bi

))

= 1 − w(Gocv(A,B, π1), p).

For the converse, we proceed exactly as in (i).
For (iii), let p(b, b′|a, a′) = τ(P a

b P
a′
b′ ) be a symmetric tracial correlation for Gno(A,B, π2).

Then, define the ∗-homomorphism φ : Morno(A,B) → M by φ(pa,b) = P a
b . This is well-

defined as {P a
b }b∈B is a PVM for all a ∈ A. Now, we take the tracial state τ ′ = τ ◦ φ,

giving

def(τ ′) =
∑

R∈σ,(a,a′)∈RA
(b,b′)/∈RB

π2(R, (a, a′))∥pa,bpa′,b′∥2
τ ′

= 1 −
∑

R∈σ,(a,a′)∈RA
(b,b′)∈RB

π2(R, (a, a′))τ(P a
b P

a′

b′ )

= 1 − w(Gno(A,B, π2), p).

For the converse, we proceed exactly as in (i) and (ii).
To finish, note that the constructions in all three cases preserve the underlying von

Neumann algebra. ■

3.1.3 Definitions of entangled CSPs

As in the classical case, homomorphisms of relation structures give rise to decision problems.
We study a few different types of problems defined in this way, which we consider in aggregate
as CSP promise problems. We present these problems in the weighted algebra model,
since this allows us to capture non-oracular 2-CSPs as well, but they can be equivalently
be expressed in the nonlocal game model, where this is defined, using Lemma 3.1.7, which
we will discuss at the end of this section.
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Definition 3.1.8. Let Q be a set of von Neumann algebras. We say a state ρ on a ∗-algebra
A is over Q if there exists a representation π : A → B(H) and a unit vector |ψ⟩ ∈ H such
that ρ(x) = ⟨ψ|x|ψ⟩ and im π embeds into an element of Q.

We make use of the following sets of von Neumann algebras, which correspond to the
classes of strategy indicated by the same symbol:

• Deterministic: d = {C}

• Classical: c = {C(X) | X compact space}

• Quantum: q = {Mn(C) | n ∈ N}

• Quantum approximate: qa = {M | M ↪→ Rω}

• Commuting operator: co = {M | ∃ normal tracial state τ : M → C}

Definition 3.1.9. Let A be a σ-structure, let Q be a set of von Neumann algebras, let
1 ≥ c ≥ s ≥ 0 be completeness and soundness parameters, and let w ∈ {occ, ocv, no}. The
Q-entangled (c, s)-CSP of A is the promise problem CSPQ

w(A)c,s with instances (X, π)
where X is a σ-structure and π is a probability distribution on the constraints of X (or a
connected probability distribution on pairs of constraints if w = occ), for which (X, π) is a
yes instance if infτ def(τ) ≤ 1 − c, where the infimum is over tracial states on Morwπ (X,A)
over Q, and (X, π) is a no instance if infτ def(τ) > 1 − s, where the infimum is over the
same set of tracial states.

The exact Q-entangled (c, s)-CSP of A is the promise problem eCSPQ
w(A)c,s with

instances (X, π) where X is a σ-structure and π is a probability distribution on the
constraints of X (or a connected probability distribution on pairs of constraints if w = occ),
for which (X, π) is a yes instance if there exists a tracial state τ on Morwπ (X,A) over Q
such that def(τ) ≤ 1 − c, and X is a no instance if def(τ) > 1 − s, for any tracial state τ
on Morwπ (X,A) over Q.

For w = no, ocv, we can reduce to the case where π is uniform by repeating constraints.
However, we cannot do this in the constraint-constraint case as the probability distribution
may be more structured.

The additional promise that the probability distribution is connected (Definition 3.1.4)
in the case w = occ is necessary to allow all the local realisations of a variable to be
compared. It is possible to define the problem without this promise, but this would give a
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more tenuous connection to the other notions of entangled CSPs. Also, this only becomes a
significant issue in the case of the succinct versions introduced below; for the case considered
above, the variables can always be relabelled to go from a non-connected instance to a
connected instance.

For the sets of von Neumann algebras above, we get some equivalences between the
problems, notably

CSPd
w(A)c,s = CSPc

w(A)c,s = eCSPd
w(A)c,s = eCSPc

w(A)c,s
CSPq

w(A)c,s = CSPqa
w (A)c,s = eCSPqa

w (A)c,s
CSPco

w (A)c,s = eCSPco
w (A)c,s.

Deterministic and classical CSPs are equivalent since every trace over c is a convex combi-
nation of traces over d, which are characters. Quantum and quantum approximate CSPs are
equivalent as every trace over qa is an ultralimit of traces over q. The remaining equivalences
between CSPs and their exact variants are because the sets Q are closed under ultraproducts,
and hence there exists a tracial state that attains the infimum. These last two points are
shown in Section 3.1.4. Note however that the problem eCSPq

w(A)c,s is distinct.
We also consider the succinct versions of the constraint satisfaction problems.

Definition 3.1.10. Let A be a σ-structure, let Q be a set of von Neumann algebras, let
1 ≥ c ≥ s ≥ 0 be completeness and soundness parameters, and let w ∈ {occ, ocv, no}.
The succinct Q-entangled (c, s)-CSP of A is the promise problem MIPQ

w(A)c,s with
instances M that are Turing machines that sample constraints from a σ-structure X(M)
according to a probability distribution πM (or pairs of constraints from a connected
probability distribution if w = occ), for which M is a yes instance if infτ def(τ) ≤ 1 − c,
where the infimum is over tracial states on MorwπM (X(M), A) over Q, and M is a no instance
if infτ def(τ) > 1 − s, where the infimum is over the same set of tracial states.

The succinct exact Q-entangled (c, s)-CSP of A is the promise problem eMIPQ
w(A)c,s

with instances M that are Turing machines that sample constraints from a σ-structure
X(M) according to a probability distribution πM (or pairs of constraints from a connected
probability distribution if w = occ), for which M is a yes instance if there exists a tracial
state τ on MorwπM (X(M), A) over Q such that def(τ) ≤ 1 − c, and M is a no instance if
def(τ) > 1 − s, for any tracial state τ on MorwπM (X(M), A) over Q.

For these problems, we find the same equivalences as in the non-succinct case:
MIPd

w(A)c,s = MIPc
w(A)c,s = eMIPd

w(A)c,s = eMIPc
w(A)c,s

MIPq
w(A)c,s = MIPqa

w (A)c,s = eMIPqa
w (A)c,s

MIPco
w (A)c,s = eMIPco

w (A)c,s.
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In the classical setting, this connects to CSPs as introduced in Section 2.10.3. We have
that MIPc,s(A) = MIPd

no(A)c,s; hence the notation MIP for succinct CSPs is due to the
relationship with multiprover interactive proofs.

Using Lemma 3.1.7, the problems CSPQ
w(A)c,s, eCSPQ

w(A)c,s, MIPQ
w(A)c,s, and eMIPQ

w(A)c,s
can equivalently be expressed in terms of tracial correlations for the corresponding nonlocal
game. In this setting, it is natural to ask what happens when we extend the space of
correlations from tracial correlations over Q to all correlations over Q. This gives rise to
game versions of these problems.

Definition 3.1.11. Let Q be a set of von Neumann algebras. We say a commuting-operator
correlation p(a, b|x, y) = ⟨ψ|P x

aQ
y
b |ψ⟩ is over Q if both the von Neumann algebras generated

by the {P x
a }x,a and {Qy

b}y,b embed into elements of Q.

Definition 3.1.12. Let A be a σ-structure, let Q be a set of von Neumann algebras, let
1 ≥ c ≥ s ≥ 0 be completeness and soundness parameters, and let w ∈ {occ, ocv, no}. If
w = no, we suppose that all the relational symbols in σ have arity 2.

The Q-entangled game (c, s)-CSP of A is the promise problem gCSPQ
w(A)c,s with

instances (X, π) where X is a σ-structure and π is a probability distribution on the
constraints of X (or a connected probability distribution on pairs of constraints if w = occ),
for which (X, π) is a yes instance if suppw(Gw(X,A, π), p) ≥ c, where the supremum is over
correlations for Gw(X,A, π) over Q, and (X, π) is a no instance if suppw(Gw(X,A, π), p) < s,
where the supremum is over the same set of correlations.

The exact Q-entangled game (c, s)-CSP of A is the promise problem e
gCSPQ

w(A)c,s
with instances (X, π) where X is a σ-structure and π is a probability distribution on
the constraints of X (or a connected distribution on pairs of constraints if w = occ), for
which (X, π) is a yes instance if there exists a correlation p for Gw(X,A, π) over Q such
that w(Gw(X,A, π), p) ≥ c, and (X, π) is a no instance if w(Gw(X,A, π), p) < s, for any
correlation p for Gw(X,A, π) over Q.

The succinct Q-entangled game (c, s)-CSP of A gMIPQ
w(A)c,s and the succinct

exact Q-entangled game (c, s)-CSP of A e
gMIPQ

w(A)c,s are defined analogously as in
Definition 3.1.10.

For CSPs with perfect completeness c = 1 (or near-perfect completeness), we can
reduce the CSP to the game CSP considered earlier in the constraint-constraint and non-
oracular settings via the result of [117, 86]. We will also show an analogous result for
constraint-variable games in Section 3.3. As such, hardness results for CSPs immediately
imply hardness results for game CSPs, though potentially with a much smaller (but still
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constant) completeness-soundness gap. Hence, in this context, we do not consider game
CSPs independently.

Lemma 3.1.13. Let A be a σ-structure, let 0 ≤ s ≤ 1, and let Q ∈ {q, co}. Then, there
exists 0 ≤ s′ ≤ 1 such that s′ = 1 ⇐⇒ s = 1 for which there are polynomial time reduc-
tions from CSPQ

occ(A)1,s to gCSPQ
occ(A)1,s′ , eCSPQ

occ(A)1,s to e
gCSPQ

occ(A)1,s′ , MIPQ
occ(A)1,s to

gMIPQ
occ(A)1,s′ , and eMIPQ

occ(A)1,s to e
gMIPQ

occ(A)1,s′ .
Now suppose also that ar(R) ≤ 2 for all R ∈ σ and the equality relation {(a, a) | a ∈ A}

is one of the relations of A. Then, there exists 0 ≤ s′ ≤ 1 such that s′ = 1 ⇐⇒ s = 1 for
which there are polynomial time reductions from CSPQ

no(A)1,s to gCSPQ
no(A)1,s′ , eCSPQ

no(A)1,s
to e

gCSPQ
no(A)1,s′ , MIPQ

no(A)1,s to gMIPQ
no(A)1,s′ , and eMIPQ

no(A)1,s to e
gMIPQ

no(A)1,s′ .

Proof. Let s′ = 1 −
(

1−s
2c

)4
, where c is the universal constant from [86]. For an instance of

one of the CSPs, we use symmetric synchronisation to modify the probability distribution
to be symmetric and 1-synchronous, and take this as the instance of the corresponding
game CSP. The probability distribution is made symmetric by exchanging the roles of Alice
and Bob with probability 1

2 ; then it is made 1-synchronous by sending both players Alice’s
question with probability 1

2 . This is a polynomial-time procedure for succinct games. If the
tracial value of the original game is 1, the tracial value remains 1; if the tracial value is < s,
then the tracial value becomes < 1+s

2 , as symmetric tracial strategies always succeed on
consistency check questions. Now, if the tracial value was 1, the value must also be 1, either
with Q = q or Q = co. If the tracial value is < 1+s

2 = 1 − 1−s
2 , then, by [86], the value must

be < s′ by definition of s′. Hence we have the wanted reduction. ■

To finish this section, note that the CSP promise problems that can actually be verified
by a multiprover interactive proof are gCSPQ

w(A)c,s and gMIPQ
w(A)c,s, with 1 ≥ c > s ≥ 0

and Q ∈ {d, q, co} depending on the model of entanglement.

3.1.4 Some equivalences based on stability

We first need some general stability results that will be useful throughout.

Lemma 3.1.14. Let M be a finite von Neumann algebra with a faithful tracial state tr.
Then,

(i) For any X ∈ M, there exists a unitary U such that ∥X − U∥tr ≤ ∥X∗X − 1∥tr.
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(ii) For any unitary U ∈ M, there exists an order-d unitary W such that ∥U −W∥tr ≤
∥Ud − 1∥tr.

(iii) For any X ∈ M, there exists an order-d unitary W such that ∥X −W∥tr ≤ d(∥X∥d +
2)∥X∗X − 1∥tr + ∥Xd − 1∥tr.

Proof. (i) Let X = UP be the polar decomposition, and let P =
∫∞

0 λdE(λ) be the
spectral decomposition. Since M is finite, we may choose U to be unitary. Then,
∥X − U∥tr = ∥P − 1∥tr by unitary invariance. For any x ∈ R≥0, we have that
(x2 − 1)2 = (x + 1)2(x − 1)2 ≥ (x − 1)2. Noting that the spectral decomposition of
P − 1 =

∫
(λ− 1)dE(λ) and writing µ for the spectral measure tr ◦E, we get via the

measurable functional calculus that

∥P − 1∥2
tr =

∫
(λ− 1)2dµ(λ) ≤

∫
(λ2 − 1)2dµ(λ) = ∥P 2 − 1∥2

tr.

Using unitary invariance again gives ∥X − U∥2
tr ≤ ∥X∗X − 1∥2

tr.

(ii) Let U =
∫
S1 λdE(λ) be the spectral decomposition of U . We can write any λ ∈ S1

uniquely as λ = ωa(λ)eiθ(λ) where ω is a primitive d-th root of unity, a(λ) ∈ {0, . . . , d−
1}, and θ(λ) ∈ (−π/d, π/d]. Note that a and θ are piecewise continuous functions, so
they are measurable. Let W =

∫
S1 ωa(λ)dE(λ). Also, note that for any θ ∈ (−π/d, π/d],

|eidθ − 1| = |eiθ − 1||1 + eiθ + . . .+ ei(d−1)θ| = |eiθ − 1|
∣∣∣ sin(dθ/2)

sin(θ/2)

∣∣∣ ≥ |eiθ − 1|. Therefore,
writing again the spectral measure as µ = tr ◦E,

∥U −W∥2
tr =

∫
|λ− ωa(λ)|2dµ(λ) =

∫
|eiθ(λ) − 1|2dµ(λ)

≤
∫

|eidθ(λ) − 1|2dµ(λ) = ∥Ud − 1∥2
tr.

(iii) Using (i) and (ii), let U be the nearest unitary to X, and let W be the nearest order-d
unitary to U . Then,

∥X −W∥tr ≤ ∥X − U∥tr + ∥U −W∥tr

≤ ∥X∗X − 1∥tr + ∥Ud − 1∥tr

≤ ∥X∗X − 1∥tr + ∥Xd − 1∥tr + ∥Ud −Xd∥tr.

To finish, note that

∥Ud −Xd∥tr ≤ ∥Ud − Ud−1X∥tr + ∥Ud−1X − Ud−2X2∥tr + . . .+ ∥UXd−1 −Xd∥tr

≤ (∥X∥d−1 + . . .+ ∥X∥ + 1)∥U −X∥tr,
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and then that ∥U−X∥tr ≤ ∥X∗X−1∥tr and ∥X∥d−1+. . .+∥X∥+1 ≤ dmax{∥X∥d−1, 1} ≤
d(∥X∥d + 1). ■

Lemma 3.1.15. Let (A, µ) be a weighted algebra generated as the free product of finite-
order unitaries u1, . . . , uN . Let Q be a set of finite von Neumann algebras, and write Q for
the closure of Q under ultraproducts. Then, the infimum of the defects of tracial states over
Q is ≤ δ iff there exists a tracial state τ over Q such that def(τ) ≤ δ.

Note that d = d, c = c, q = qa = qa, and co = co.

Proof. Write di for the order of the generator ui. First, suppose that the infimum of the
defects of tracial states over Q is ≤ δ. Then, there exists a sequence of tracial states (τn)n
over Q such that limn→∞ def(τn) ≤ δ. Now, let φn : A → (Mn, trn) be GNS representations
of the τn, for some von Neumann algebras Mn ∈ Q and tracial states trn on Mn. Then,
for any free ultrafilter ω, let (M, tr) = ∏

ω(Mn, trn) ∈ Q, so we get a ∗-homomorphism
φ = ∏

ω φn : A → M. Let τ = tr ◦φ. Then, τ is a tracial state over Q such that
def(τ) = limn→ω def(τn) ≤ δ.

For the converse, suppose that τ is a tracial state on A over Q such that def(τ) ≤ δ. Let
φ : A → (M, tr) be GNS representation of the τ , for some von Neumann algebra M ∈ Q
and tracial state tr on M. By construction, there exists an ultrafilter ω and a sequence of von
Neumann algebras Mn ∈ Q and tracial states trn on Mn such that (M, tr) = ∏

ω(Mn, trn).
Without loss of generality, we may assume the tracial states are faithful. Because φ is
a ∗-homomorphism, it can be realised as a sequence of maps φn : A → Mn satisfying
limn→ω∥φn(a)φn(b) − φn(ab)∥2

trn = 0 and limn→ω∥φn(a∗) − φn(a)∗∥2
trn = 0, for all a, b ∈ A.

Let Un,i be the nearest order-di unitary to φn(ui). By Lemma 3.1.14, we know that
∥φn(ui) − Un,i∥2

trn
ω→ 0. Define the ∗-representation φ′

n : A → Mn on the generators by
φ′
n(ui) = Un,i. By construction, we have that for any a ∈ A, ∥φ′

n(a) − φn(a)∥2
trn

ω→ 0.
Let τn = trn ◦φ′

n; this is a tracial state over Q for all n. We have immediately that
limn→ω def(τn) = def(τ) ≤ δ. Then, the infimum of the defects of tracial states over Q
is ≤ δ. ■

Proposition 3.1.16. Let A be a relational structure, let w ∈ {occ, ocv, no}, let Q be a
set of finite von Neumann algebras, and Q be the closure of Q under ultraproducts. Then,
eCSPQ

w(A)c,s = CSPQ
w(A)c,s and eMIPQ

w(A)c,s = MIPQ
w(A)c,s.

The proof follows immediately from Lemma 3.1.15.
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3.1.5 Complexity of entangled CSPs

In this section, we show basic undecidability results for entangled CSPs. All our subsequent
complexity statements will be based on reductions from these results.

Theorem 3.1.17. For w ∈ {ocv, no}, there exists a relational structure A and s < 1 such
that

(i) MIPq
w(A)1,s and eMIPq

w(A)1,s are RE-complete via polynomial-time reductions from
the halting problem.

(ii) MIPco
w (A)1,s is coRE-complete via a polynomial-time reduction from the cohalting

problem.

Since the runtime of reductions is immaterial in RE and coRE, this gives analogous
completeness results for the non-succinct versions of these problems, albeit without the nice
polynomial-time reduction from the halting/cohalting problem. Note also that the theorem
implies hardness for these classes in the gapless (s = 1), but not necessarily completeness
in (i).

This theorem relies on the powerful undecidability results known for nonlocal games.

Theorem 3.1.18 ([60]). There exists a constant ℓa such that MIP∗
1,1/2(poly, ℓa) = RE

via a polynomial-time reduction from the halting problem. Further, the instances are
synchronous nonlocal games such that, for a yes instance, there exists an oracularisable
and finite-dimensional perfect strategy.

This is [60, Theorem 6.11]. Note that this also implies the containment of RE in the gapless
analogue MIP∗

1,1(poly, ℓa), however not equality. In fact, we know that MIP∗
1,1(poly, poly) =

Π0
2, strictly larger than RE [89]. However, it is not obvious how to decrease the answer

length here to constant, as the answer reduction protocol from [60] relies on the nonzero
gap.

Theorem 3.1.19 ([83]). There exists a constant ℓa such that MIPco1,1/2(poly, ℓa) = coRE
via a polynomial-time reduction from the cohalting problem. Further, the instances are
synchronous nonlocal games such that, for a yes instance, there exists an oracularisable
perfect strategy.

This theorem follows by applying the answer reduction of [60] to the main result of [83].
Note that unlike in the quantum case, we preserve the equality MIPco1,1(poly, ℓa) = coRE
when passing to the zero-gap setting [110].
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Proof of Theorem 3.1.17. Let A be the relational structure with alphabet [ℓa] and binary
relations R ⊆ [ℓa] × [ℓa] for every subset. Take the powerset σ = P([ℓa]2) for the signature
of A, where RA = R. Now, given a synchronous nonlocal game G = (X,X, [ℓa], [ℓa], µ, V ),
define the σ-structure Y (G) with domain D(Y (G)) = X and for R ⊆ [ℓa]2, let RY (G) =
{(x, y) ∈ X2 | R = {(a, b) ∈ A2 | V (a, b|x, y) = 1}}. Since every pair (x, y) ∈ X2 belongs
to at most one constraint Y (G), we can see µ as a probability distribution on the constraints
of Y (G). Then, it is clear to see that Gno(Y (G), A, µ) = G and Gocv(Y (G), A, µ) = Gorac; and
that there is a polynomial time mapping from a probabilistic Turing machine that samples
question pairs of G to a probabilistic Turing machine that samples the constraints of Y (G).
Hence, composing the mapping G 7→ Y (G) with Theorem 3.1.18 gives (i). Note that hardness
of the exact CSP is also achieved since the perfect strategy is finite-dimensional. Identically,
composing the mapping G 7→ Y (G) with Theorem 3.1.19 gives (ii), by the oracularisability
of the perfect strategies in the yes case. ■

3.2 Quantum relational structure homomorphisms

In this section, we show that perfect strategies for CSP nonlocal games give rise to generalised
homomorphisms of relational structures. In Section 3.2.1, we introduce the algebras whose
representations correspond to perfect strategies of CSP nonlocal games. In Section 3.2.2,
we introduce a category-theoretic framework that captures these homomorphism algebras:
the cocategory. In Section 3.2.3, we define the cocategory arising from relational structure
homomorphisms.

3.2.1 The structure of perfect strategies for CSP nonlocal games

We can characterise perfect strategies for CSP nonlocal games via representations of an
algebra with more structure than the weighted algebras discussed in the previous section.

Definition 3.2.1. Let A and B be σ-structures. The homomorphism algebra A → B is
the C∗-algebra Mor+(A,B) generated by pa,b for a ∈ A and b ∈ B, subject to the relations

pa,b = p∗
a,b = p2

a,b ∀ a ∈ A, b ∈ B∑
b∈B

pa,b = 1 ∀ a ∈ A

pa1,b1 · · · paar(R),bar(R) = 0 ∀R ∈ σ,a ∈ RA, b /∈ RB.
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The oracular homomorphism algebra A → B is the quotient C∗-algebra Moro+(A,B)
of Mor+(A,B) by the ideal generated by the relations

[pai,b, paj ,b′ ] = 0 ∀R ∈ σ,a ∈ RA, i, j ∈ [ar(R)], b, b′ ∈ B.

For a ∈ An and b ∈ Bn, we write pa,b = pa1,b1 · · · pan,bn . In Moro+(A,B), for a ∈ RA,
{pa,b}b∈RB forms a PVM.

We can also see homomorphism algebras in terms of quantum spaces. The quantum
space of homomorphisms A → B is the quantum space mor+(A,B) with algebra of
functions C(mor+(A,B)) = Mor+(A,B). Identically, the oracular quantum space of
homomorphisms A → B is the quantum space moro+(A,B) with algebra of functions
C(moro+(A,B)) = Moro+(A,B).

Lemma 3.2.2. Let A and B be σ-structures.

(i) For a connected probability distribution π0 on pairs of constraints of A,

C∗
u(Morocc(A,B)/⟨⟨suppµocc,π0⟩⟩) ∼= Moro+(A,B).

(ii) For a fully-supported probability distribution π1 on the constraints of A,

C∗
u(Morocv(A,B)/⟨⟨suppµocv,π1⟩⟩) ∼= Moro+(A,B).

(iii) For a fully-supported probability distribution π2 on the constraints of A,

C∗
u(Morno(A,B)/⟨⟨suppµno,π2⟩⟩) ∼= Mor+(A,B).

Proof. For (i), consider the ∗-homomorphism φ : Morocc(A,B) → Moro+(A,B) defined on
the generators as φ(ΦR,a,b) = pa,b. As noted above, {φ(ΦR,a,b)}b∈RB is a PVM. Hence the
∗-homomorphism is well-defined. Next, note that if x ∈ suppµocc,π0 , then x = ΦR,a,bΦS,a′,b′

such that π0((R,a), (S,a′)) > 0 and there exist i ∈ [ar(R)] and j ∈ [ar(S)] such that ai = a′
j

but bi ̸= b′
j. Therefore,

φ(x) = pa,bpa′,b′ = pa,bpai,bipa′
j ,b

′
j
pa′,b′ = 0.

As such, φ factors through to a ∗-homomorphism Morocc(A,B)/⟨⟨suppµocc,π0⟩⟩ → Moro+(A,B).
By the universal property of the universal C∗-algebra [97], this induces a ∗-homomorphism
φ : C∗

u(Morocc(A,B)/⟨⟨suppµocc,π0⟩⟩) → Moro+(A,B). Now, we need to show that φ is invert-
ible. To do so, note first that if π0((R,a), (S,a′)) > 0 and ai = a′

j , then ∑b∈RB : bi=b ΦR,a,b =
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∑
b′∈SB : b′

j=b ΦS,a′,b′ in C∗
u(Morocc(A,B)/⟨⟨suppµocc,π0⟩⟩), since ΦR,a,bΦS,a′,b′ = 0 whenever

bi ̸= b′
j. Since π0 is connected, this holds for every pair a,a′ such that ai = a′

j. Let
p̃a,b = ∑

b∈RB : bi=b ΦR,a,b for some a such that ai = a. By the discussion above, this does
not depend on the choice of a. Since we have that ΦR,a,b = p̃a1,b1 · · · p̃aar(R),bar(R), the map
pa,b 7→ p̃a,b extends to a ∗-homomorphism Moro+(A,B) → C∗

u(Morocc(A,B)/⟨⟨suppµocc,π0⟩⟩)
and is the inverse of φ.

(ii) and (iii) are proved identically based on the ∗-homomorphisms Morocv(A,B) →
Moro+(A,B) defined by ΦR,a,b 7→ pa,b and pa,b 7→ pa,b; and Morno(A,B) → Mor+(A,B)
defined by pa,b 7→ pa,b, respectively. ■

3.2.2 Cocategories

Categories admit a quantisation similar to groups, introduced in [20]. We develop this
framework here, and apply it to the context of quantum homomorphisms of relational
structures in the following section. The power of using this model arises from the fact
that properties in the cocategory setting carry over to dual versions of those properties in
representations, which are quantum homomorphisms. This allows properties to be shown
for many classes of quantum strategy at once, by showing that a dual version holds for the
generating cocategory.

Definition 3.2.3. A C∗-cocategory C consists of a class of objects ob(C) and for all
pairs a, b ∈ ob(C), a quantum space mor+

C (a, b) – where we denote the C∗-algebra of
functions C(mor+

C (a, b)) = Mor+
C (a, b) and drop the subscript C when clear from context

– such that for all a, b, c ∈ ob(C), there exists a ∗-homomorphism ∆b
a,c : Mor+(a, c) →

Mor+(a, b) ⊗ Mor+(b, c), called cocomposition, satisfying the coassociativity conditions

(∆b
a,c ⊗ idMor+(c,d))∆c

a,d = (idMor+(a,b) ⊗∆c
b,d)∆b

a,d;

and for all a ∈ ob(C), there exists a ∗-homomorphism ϵa : Mor+(a, a) → C, called coiden-
tity, satisfying the counit conditions

(ϵa ⊗ idMor+(a,b))∆a
a,b = (idMor+(a,b) ⊗ϵb)∆b

a,b = idMor+(a,b) .

Every category C where morC(a, b) is a compact Hausdorff space is a C∗-cocategory, where
we simply take mor+(a, b) = mor(a, b). Then, Mor+(a, b) is the space of continuous func-
tions mor(a, b) → C, the cocomposition ∆b

a,c : C(mor(a, c)) → C(mor(a, b) × mor(b, c)) is
∆b
a,c(ϕ)(f, g) = ϕ(g ◦ f), and the coidentity ϵa : C(mor(a, a)) → C is ϵa(ϕ) = ϕ(idA).
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By passing to the space of representations of the algebras of functions of the morphism
spaces, a cocategory induces a category. Different categories arise from representations
into different classes of von Neumann algebra, which are well-defined if the class has the
following structure.

Definition 3.2.4. We call a class of von Neumann algebras containing C and closed under
the tensor product a tensor monoid.

Identifying C ⊗ M and M ⊗ C with M as usual gives a tensor monoid a monoid
structure, where the product is given by the tensor product and the unit by C. All of the
relevant classes of strategy for entangled CSPs correspond to tensor monoids: the sets d, c,
q, qa, and co introduced in Section 3.1.3. It is easy to check that these are closed under the
tensor product of von Neumann algebras. Further, we consider the tensor monoid of all von
Neumann algebras vN . This does not correspond to tracial strategies, but does give rise to
a distinct collection of representations.

Definition 3.2.5. Let C be a a C∗-cocategory and let Q be a tensor monoid. The Q-
morphism category of C is the category CQ with objects ob(CQ) = ob(C) and morphisms

morCQ(a, b) =
{
π : Mor+(a, b) → M | π is a ∗-homomorphism and M ∈ Q

}
,

with composition defined for π ∈ morCQ(a, b) and φ ∈ morCQ(b, c) as

φ ◦ π = (π ⊗ φ)∆b
a,c.

When C is clear from context, we write morQ(a, b) = morCQ(a, b). We write π : a Q→ b to
mean π ∈ morQ(a, b).

Lemma 3.2.6. Let C be a C∗-cocategory and Q be a tensor monoid. Then CQ is well-defined
as a category.

Proof. First, note that composition is well-defined. Let π ∈ morQ(a, b) and φ ∈ morQ(b, c).
Then, there exist A,B ∈ Q such that π : Mor+(a, b) → A and φ : Mor+(b, c) → B are
∗-homomorphisms. As such, φ ◦ π : MorQ(a, c) → A ⊗ B is an element of morQ(a, c).

Next, we need to show that the composition is associative. Let π ∈ morQ(a, b), φ ∈
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morQ(b, c), and ψ ∈ morQ(c, d). Then, by coassociativity,
ψ ◦ (φ ◦ π) = ((φ ◦ π) ⊗ ψ)∆c

a,d

= (π ⊗ φ⊗ ψ)(∆b
a,c ⊗ id)∆c

a,d

= (π ⊗ φ⊗ ψ)(id ⊗∆c
b,d)∆b

a,d

= (π ⊗ (ψ ◦ φ))∆b
a,d

= (ψ ◦ φ) ◦ π.
Finally, we need to show the existence of an identity for each a ∈ ob(CQ). We claim
ϵa : Mor+(a, a) → C is this element. In fact, for any π ∈ morQ(a, b), we get by the counit
property that

π ◦ ϵa = (ϵa ⊗ π)∆a
a,b = π

ϵb ◦ π = (π ⊗ ϵb)∆b
a,b = π. ■

3.2.3 The cocategory of relational structures

Quantum homomorphisms between relational structures are captured by a cocategory
structure.
Definition 3.2.7. The C∗-cocategory of σ-structures is the C∗-cocategory R+(σ) where
the objects are σ-structures; for A,B ∈ ob(R+(σ)), mor+

R+(σ)(A,B) = mor+(A,B) is the
quantum space of homomorphisms A → B; the cocomposition is defined via ∆B

A,C(pa,c) =∑
b∈B pa,b ⊗ pb,c, and the coidentity is defined by ϵA(pa,a′) = δa,a′ .

The oracular C∗-cocategory of σ-structures is the C∗-cocategory Ro+(σ) defined
identically except that mor+

Ro+(σ)(A,B) = moro+(A,B).
Lemma 3.2.8. R+(σ) and Ro+(σ) are well-defined as C∗-cocategories.

Proof. We begin with R+(σ). To show this, we need that the cocomposition and coidentity
extend to ∗-homomorphisms that satisfy the coproduct and counit relations. First, the
relations constraining {pa,c}c∈C ⊆ Mor+(A,C) to be PVMs are preserved under ∆B

A,C as

∆B
A,C(pa,c)∗ =

(∑
b∈B

pa,b ⊗ pb,c

)∗
=
∑
b∈B

p∗
a,b ⊗ p∗

b,c =
∑
b∈B

pa,b ⊗ pb,c = ∆B
A,C(pa,c),

∆B
A,C(pa,c)2 =

∑
b,b′∈B

pa,bpa,b′ ⊗ pb,cpb′,c =
∑
b,b′∈B

δb,b′pa,b ⊗ pb,cpb′,c =
∑
b∈B

pa,b ⊗ pb,c = ∆B
A,C(pa,c),∑

c∈C
∆B
A,C(pa,c) =

∑
b∈B
c∈C

pa,b ⊗ pb,c =
∑
b∈B

pa,b ⊗ 1 = 1 ⊗ 1 = ∆B
A,C(1).
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Now, letR ∈ σ, and let a ∈ RA and c /∈ RC . Writing n = ar(R), the relation pa1,c1· · · pan,cn= 0
is preserved under ∆B

A,C as

∆B
A,C(pa1,c1) · · · ∆B

A,C(pan,cn) =
∑

b1,...,bn∈B
pa1,b1 · · · pan,bn ⊗ pb1,c1 · · · pbn,cn

=
∑

b∈RB
pa1,b1 · · · pan,bn ⊗ pb1,c1 · · · pbn,cn = 0,

as a ∈ RA. Therefore, ∆B
A,C extends to a ∗-homomorphism. Next, we need coassociativity of

the cocomposition. Since the ∆B
A,C are ∗-homomorphisms, we need only show this property

on the generators. In fact,

(∆B
A,C ⊗ id)∆C

A,D(pa,d) =
∑
c∈C

∆B
A,C(pa,c) ⊗ pc,d

=
∑
b∈B
c∈C

pa,b ⊗ pb,c ⊗ pc,d

=
∑
b∈B

pa,b ⊗ ∆C
B,D(pb,d)

= (id ⊗∆C
B,D)∆B

A,D(pa,d).

We also need to show that the coidentity is a ∗-homomorphism. We approach this the same
way:

ϵA(pa,a′)∗ = δ∗
a,a′ = δa,a′ = ϵA(pa,a′),

ϵA(pa,a′)2 = δ2
a,a′ = ϵA(pa,a′),∑

a′∈A
ϵA(pa,a′) =

∑
a′∈A

δa,a′ = 1 = ϵA(1).

For the remaining relations, suppose R ∈ σ, a ∈ RA, and a′ /∈ RA. Writing n = ar(R), we
find that

ϵA(pa1,a′
1
) · · · ϵA(pan,a′

n
) = δa1,a′

1
· · · δan,a′

n
= δa,a′ = 0,

as a and a′ cannot be equal. Hence ϵA is a ∗-homomorphism. As such, to show it also
satisfies the counit relations, it suffices to show it on the generators. In fact,

(ϵA ⊗ id)∆A
A,B(pa,b) =

∑
a′∈A

ϵA(pa,a′) ⊗ pa′,b =
∑
a′∈A

δa,a′pa′,b = pa,b,

(id ⊗ϵB)∆B
A,B(pa,b) =

∑
b′∈B

pa,b′ ⊗ ϵB(pb′,b) =
∑
b′∈B

δb′,bpa,b′ = pa,b.
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Hence R+(σ) is well-defined as a C∗-cocategory.
To show that Ro+(σ) is also well-defined, it suffices to show that the cocomposition and

the coidentity preserve the additional commutation relations [pai,c, paj ,c′ ] = 0 for all R ∈ σ,
a ∈ RA, 1 ≤ i, j ≤ ar(R), and c, c′ ∈ C. In fact, writing n = ar(R) and assuming without
loss of generality that i < j, we have that

[∆B
A,C(pai,c),∆B

A,C(paj ,c′)] =
∑
b,b′∈B

[pai,b ⊗ pb,c, paj ,b′ ⊗ pb′,c′ ]

=
∑
b,b′∈B

pai,bpaj ,b′ ⊗ [pb,c, pb′,c′ ]

=
∑

b1,...,bn∈B
pa1,b1 · · · pan,bn ⊗ [pbi,c, pbj ,c′ ]

=
∑

b∈RB
pa1,b1 · · · pan,bn ⊗ [pbi,c, pbj ,c′ ] = 0,

by the commutation relations on Moro+(B,C). It is clear that [ϵA(pai,a), ϵA(paj ,a′)] = 0, as
the codomain of ϵA is a commutative algebra. Hence Ro+(σ) is well-defined as well. ■

To close this section, we see how this unified picture gives a precise way in which quantum
homomorphisms quantise the classical homomorphisms of relational structures. First, for a
tensor monoid Q, we write the associated Q-morphism categories RQ(σ) = R+(σ)Q and
RoQ(σ) = Ro+(σ)Q. Now, we show that the d-morphism category is essentially the same as
the classical category of relational structures.

Lemma 3.2.9. The categories Rd(σ), Rod(σ), and R(σ) are isomorphic.

Proof. First, note that for a ∗-homomorphism π : Mor+(A,B) → C, every commutator
in Mor+(A,B) is in the kernel of π, and hence it factors through Moro+(A,B). As such,
we get a bijection between mord(A,B) and morod(A,B). In the following, we show the
isomorphism Rd(σ) ∼= R(σ) — by the bijections above, an identical argument can be used
to show the other isomorphism Rod(σ) ∼= R(σ).

Next, for such a ∗-homomorphism, {π(pa,b)}b∈B is a PVM in C. So π(pa,b) = 0 or
π(pa,b) = 1, and for each a there is a unique b such that π(pa,b) = 1. This induces a
unique function f : A → B such that π(pa,b) = δb,f(a). We define the covariant functors
F : Rd(σ) → R(σ) and G : R(σ) → Rd(σ) on objects as F (A) = G(A) = A and
on morphisms as F (π) = f and G(f) as the extension of a map pa,b 7→ δb,f(a) to a ∗-
homomorphism. It is clear that these are inverses of each other if they are well-defined.
It remains to show that they are in fact functors. To show that G is a functor, we need
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to first show that for all f ∈ mor(A,B), G(f) ∈ mord(A,B). This follows because G(f)
preserves the relations of Mor+(A,B): let a ∈ A, b, b′ ∈ B, R ∈ σ, a ∈ RA, and b /∈ RB,
and writing n = ar(R),

G(f)(pa,b)∗ = δb,f(a) = G(f)(pa,b),
G(f)(pa,b)2 = δ2

b,f(a) = G(f)(pa,b),∑
b∈B

G(f)(pa,b) =
∑
b∈B

δb,f(a) = 1,

G(f)(pa1,b1) · · ·G(f)(pan,bn) = δb1,f(a1) · · · δbn,f(an) = δb,f(a) = 0,

as f(a) ∈ RB since f is a homomorphism. Next, we need that G preserves compositions.
Let f ∈ mor(A,B) and g ∈ mor(B,C). Then, we have that

(G(g) ◦G(f))(pa,c) = (G(f) ⊗G(g))∆B
A,C(pa,c)

=
∑
b∈B

G(f)(pa,b) ⊗G(g)(pb,c)

=
∑
b∈B

δb,f(a)δc,g(b)

= δc,g(f(a)) = G(g ◦ f)(pa,c).

As the maps are ∗-homomorphisms, this implies that G(g) ◦G(f) = G(g ◦ f) as wanted.
Finally, G preserves the identity, as G(idA)(pa,a′) = δa,a′ = ϵA(pa,a′), so G is a functor.

We also need to show that F is a functor. Let π ∈ mord(A,B) and suppose that
F (π) /∈ mor(A,B). Then, there exists R ∈ σ and a ∈ RA such that F (π)(a) /∈ RB. This
means that

0 = π(pa1,F (π)(a1) · · · pan,F (π)(an)) = δF (π)(a1),F (π)(a1) · · · δF (π)(an),F (π)(an) = 1,

a contradiction. Hence, F (π) is a homomorphism. Next, we need that F preserves composi-
tions. Let π ∈ mord(A,B) and φ ∈ mord(B,C), so F (φ ◦ π)(a) is such that (φ ◦ π)(pa,c) =
δc,F (φ◦π)(a). But

(φ◦π)(pa,c) = (π⊗φ)∆B
A,C(pa,c) =

∑
b∈B

π(pa,b)⊗φ(pb,c) =
∑
b∈B

δb,F (π)(a)δc,F (φ)(b) = δc,F (φ)◦F (π)(b),

so F (φ ◦π) = F (φ) ◦F (π). Finally, F (ϵA)(a) = a, so it is the identity. Hence, F is a functor
as well, finishing the proof. ■
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3.3 Almost perfect strategies for projection games are
approximately tracial

In [117], it was noted that the rounding result from general quantum correlations to
synchronous correlations can be extended to apply to projection games. In this section, we
will show a stronger version of this result directly, and extend it to commuting operator
correlations, as was done in [86]. Recall that projection games, as defined in Section 2.12.3,
are nonlocal games where for any one of Alice’s answers, Bob has at most one correct answer.
For a pair of σ-structures A and B, the oracular constraint-variable game Gocv(A,B, π) is
always a projection, and it will be the main example of game to which we apply the results
of this section.

In Section 3.3.1, we study a useful property of the structure of projection games. In
Sections 3.3.2 and 3.3.3, we show that perfect quantum and commuting operator strategies
for projection games are both tracial. In Section 3.3.4, we round near-perfect strategies for
projection games to near-perfect tracial strategies. In Section 3.3.5, we apply our results in
the context of oracular constraint-variable CSP nonlocal games, and oracularisations of
games.

3.3.1 Degenerate and non-degenerate projection games

In this section, we introduce a simple new definition which helps us control the structure of
a projection game.

Definition 3.3.1. Let G = (X, Y, {Ax}x∈X , {By}y∈Y , µ, V ) be a projection game with
projection functions px,y. We say G is non-degenerate if the function px : Ax → ∏

y∈Y :
µ(x,y)>0

By

defined as px(a) = (px,y(a))y is injective for all x ∈ X.

The major examples of projection games, oracular constraint-variable games and oracu-
larisations, are always non-degenerate.

If a game is degenerate, whenever Alice answers a, she has the freedom to choose
any element of p−1

x (px(a)) without affecting the winning probability. This can cause some
problems in pinpointing the behaviour of the players. However, we can always reduce to
the case of non-degenerate projection games, while preserving the important properties of
the game.
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Lemma 3.3.2. Let G be a projection game. Then, there exists a non-degenerate projection
game G̃ such that for every correlation p for G, there exists a correlation p̃ for G̃ such that
w(G, p) = w(G̃, p̃), and vice versa. Further, the mappings from p to p̃ and from p̃ to p
preserve the classes of quantum, commuting operator, and tracial correlations.

Though it is not relevant here, the mappings also preserve every other natural (closed
under local classical post-processing) class of correlations by construction, notably the
classical correlations, the non-signalling correlations, and the levels of the NPA hierarchy.

Proof. Let Ãx ⊆ Ax be a set of representatives for the partition of Ax induced by px
— that is, for every a ∈ Ax, there exists a unique ã ∈ Ãx such that px(ã) = px(a).
Then, we can define Ṽ = {V (a, b|x, y)}x∈X,y∈Y,a∈Ãx,b∈By , and the nonlocal game G̃ =
(X, Y, {Ãx}x∈X , {By}y∈Y , µ, Ṽ ). By definition, this is a projection game via the projection
functions p̃x,y = px,y|Ãy , and it is non-degenerate. Now, let p be a correlation for G. Define
p̃ as the correlation p̃(a, b|x, y) = ∑

a′∈p−1
x (px(a)) p(a′, b|x, y). Since p̃ is defined from p via

classical post-processing on Alice’s system, the mapping preserves quantum, commuting
operator, and tracial correlations. It also preserves the winning probability as

w(G̃, p̃) =
∑
x,y

µ(x, y)
∑

a∈Ãx,b∈By

Ṽ (a, b|x, y)p̃(a, b|x, y)

=
∑
x,y

µ(x, y)
∑
a∈Ãx

p̃(a, px,y(a)|i, j)

=
∑
x,y

µ(x, y)
∑
a∈Ãx

∑
a′∈p−1

x (py(a))

p(a′, px,y(a)|i, j)

=
∑
x,y

µ(x, y)
∑
a′∈Ax

p(a′, px,y(a′)|i, j)

= w(G, p).

For the other direction, let p̃ be a correlation for G̃. Then, define the correlation p for G as
p(a, b|x, y) = p̃(a, b|x, y) when a ∈ Ãx and p(a, b|x, y) = 0 otherwise. As before, it is easy
to see that this mapping preserves the sets of quantum, commuting-operator, and tracial
correlations. Finally it preserves the winning probability as

w(G, p) =
∑
x,y

µ(x, y)
∑

a∈Ax,b∈By
V (a, b|x, y)p(a, b|x, y)

=
∑
x,y

µ(x, y)
∑

a∈Ãx,b∈By

Ṽ (a, b|x, y)p̃(a, b|x, y)

= w(G̃, p̃). ■
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For the majority of this section, we will assume that we are dealing with non-degenerate
projection games, but using the above lemma, we can guarantee that the main result also
holds for degenerate games.

3.3.2 Perfect quantum case

In this section, we extend the result of [43, 1] showing that perfect correlations for constraint-
variable CS games are tracial to the setting of general projection games. We express the
proofs using the von Neumann algebra language that we make use of throughout this work.

Lemma 3.3.3 (e.g. [1]). Let p = {p(a, b|x, y)}x∈X,y∈Y,a∈Ax,b∈By be a quantum correlation.
Then, there exist a finite-dimensional Hilbert space H = Cd, POVMs {P x

a }a∈Ax ⊆ B(H)
and {Qy

b}b∈By ⊆ B(H), and a unit vector |ϕ⟩ = ∑d
n=1 λn|n⟩|n⟩ ∈ H ⊗H with λn > 0 such

that p(a, b|x, y) = ⟨ϕ|P x
a ⊗Qy

b |ϕ⟩.

Proof. Since p is a quantum correlation, there exist some finite-dimensional Hilbert spaces
HA, HB, POVMs {Axa}a∈Ax ⊆ B(HA), {By

b }b∈By ⊆ B(HB), and unit vector |ψ⟩ ∈ HA ⊗
HB such that p(a, b|x, y) = ⟨ψ|Axa ⊗By

b |ψ⟩. Let |ψ⟩ = ∑d
n=1 λn|ψn⟩|ϕn⟩ be the Schmidt

decomposition of |ψ⟩, for d the Schmidt rank of |ψ⟩. Then, letting H = Cd, define the
isometries U : H → HA and V : H → HB as U = ∑

n |ψn⟩⟨n| and V = ∑
n |ϕn⟩⟨n|. Letting

P x
a = U∗AxaU and Qy

b = V ∗By
bV , we get that

p(a, b|x, y) = ⟨ψ|Axa ⊗By
b |ψ⟩ = ⟨ϕ|(U ⊗ V )∗(Axa ⊗By

b )(U ⊗ V )|ϕ⟩ = ⟨ϕ|P x
a ⊗Qy

b |ϕ⟩ .■

In the main theorem of this section, we make use of the following result. We say POVMs
{A1

i }i∈I1 , ... , {Ani }i∈In are jointly measurable if there exists a POVM {Ai1,...,in}i1,...,in ,
called the joint measurement, such that Aji = ∑

i: ij=iAi.

Proposition 3.3.4 ([73]). If PVMs {A1
i }, ... , {Ani } are jointly measurable, then the joint

measurement is a PVM and has the form Ai1,...,in = A1
i1 · · ·Anin .

Note that the above proposition holds independently of dimension.

Theorem 3.3.5. Let G = (X, Y, {Ax}x∈X , {By}y∈Y , µ, V ) be a non-degenerate projection
game, and let p(a, b|x, y) = ⟨ϕ|P x

a ⊗Qy
b |ϕ⟩ be a quantum correlation for G of the form

guaranteed by Lemma 3.3.3. Suppose p is perfect for G. Define D = ∑d
n=1 λn |n⟩⟨n|. Then,

we have that

• P x
a and Qy

b are projections
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• D commutes with P x
a and Qy

b

• P x
a (Qy

b)T = 0 whenever px,y(a) ̸= b.

This theorem was shown in the case of binary oracular constraint-variable games in [43]
and for oracular constraint-variable games over a general alphabet in [1].

Proof. For p to be perfect, we need that p(a, b|x, y) = 0 whenever V (a, b|x, y) = 0. Hence,
⟨ϕ|P x

a ⊗Qy
b |ϕ⟩ = 0 if px,y(a) ̸= b. In this case, we have

√
P x
a ⊗Qy

b |ϕ⟩ = 0, which implies
(P x

a ⊗Qy
b )|ϕ⟩ = 0. Rewriting this as a matrix gives P x

aD(Qy
b )T = 0. Write P x,y

b = ∑
a∈p−1

x,y(b) P
x
a .

By summing over all b ≠ px,y(a), we find that P x
aD(1 − (Qy

b)T ) = 0 if b = px,y(a). Then,
summing over a such that px,y(a) = b, we find that P x,y

b D(Qy
b)T = P x,y

b D. On the other
hand, summing over those a such that px,y(a) ̸= b, we can get (1 − P x,y

b )D(Qy
b)T . Together

P x,y
b D(Qy

b)T = P x,y
b D = D(Qy

b)T .
Then, (P x,y

b )2D = P x,y
b D(Qy

b)T = P x,y
b D, so by invertibility of D, (P x,y

b )2 = P x,y
b . As

such, P x,y
b is a projection. For each x, we define a measurement on ∏

y∈Y :µ(x,y)>0 By as
P x

b = ∑
a∈p−1

x (b) P
x
a . By construction, this is the joint measurement of the {P x,y

b } over y.
Using Proposition 3.3.4, P x

b is a projection and P x
b = ∏

y P
x,y
by

. Since G is non-degenerate,
P x

b is the sum of at most 1 term, so we get that P x
a = ∏

y P
x,y
px,y(a) and is a projection. In the

same way, D((Qy
b)2)T = P x,y

b D(Qy
b)T = D(Qy

b)T , so (Qy
b)T and hence Qy

b is a projection as
well.

Next, P x,y
b D2 = D(Qy

b)TD = D(D(Qy
b)T )∗ = D2P i,j

b , so P x
a commutes with D2. By

the continuous functional calculus, P x
a commutes with (D2)1/2 = D. In the same way, Qy

b

commutes with D.
To finish, note that if px,y(a) ̸= b, 0 = P x

aD(Qy
b)T = P x

a (Qy
b)TD. By invertibility of D,

P x
a (Qy

b)T = 0. ■

Note that, if G were degenerate, we could not rebuild P x
a from the P x,y

b . Hence P x
a might

not be a projection and might not commute with D. Nevertheless the other results would
hold.

Corollary 3.3.6. Let G be a non-degenerate projection game, and let p be a quantum
correlation. Suppose that p is a perfect strategy for G. Then, p is a tracial correlation.

This corollary follows for the case of oracular constraint-variable games from [1, 98, 43].
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Proof. By Theorem 3.3.5, we know that p(a, b|x, y) = Tr(P x
aD(Qy

b)TD), where D > 0 is
invertible and Tr(D2) = 1, P x

a and Qy
b are projectors, D commutes with P x

a and Qy
b . First

note that p(a, b|x, y) = Tr(P x
a (Qy

b )TD2). Now, let M ⊆ B(H) be the von Neumann algebra
generated by the P x

a and (Qy
b)T . By construction, we have that D ∈ M′. Let τ be the

state on M defined as τ(x) = Tr(xD2). As D2 ∈ M′, τ is tracial. Let Axa = P x
a ∈ M and

By
b = (Qy

b)T ∈ M. We have that p(a, b|x, y) = τ(AxaB
y
b ), so it is a tracial correlation. ■

3.3.3 Perfect commuting operator case

Using ideas from Section 2.4.4, it is possible to extend the results of the previous section
from quantum correlations to commuting-operator correlations.

Theorem 3.3.7. Let G = (X, Y, {Ax}x∈X , {By}y∈Y , µ, V ) be a non-degenerate projection
game, and let p(a, b|x, y) = ⟨ψ|P x

aQ
y
b |ψ⟩ be a commuting operator correlation that is perfect

for G. Then, p is a tracial correlation.

Proof. Let M ⊆ B(H) be the von Neumann algebra generated by the Qy
b . Then P x

a ∈ M′.
The map M → C, T 7→ ⟨ψ|T |ψ⟩ is an element of M∗, so there exists a corresponding
element hψ ∈ L1(M). Note that hψ is positive and tr(hψ) = ψ(1) = 1. By a standard
argument, there exist POVMs {P̄ x

a }a∈Ai ⊆ M such that ⟨ψ|P x
aQ

y
b |ψ⟩ = tr(P̄ x

a h
1/2
ψ Qy

bh
1/2
ψ )

(see the proof of Theorem 2.1 in [86]). As p is perfect, we know that p(a, b|x, y) = 0 whenever
px,y(a) = b. By tracial property of tr, we have in this case that

0 = tr((P̄ x
a )1/2h

1/2
ψ Qy

bh
1/2
ψ (P̄ x

a )1/2) = ∥(P̄ x
a )1/2h

1/2
ψ (Qy

b)1/2∥2
tr,

and hence (P̄ x
a )1/2h

1/2
ψ (Qy

b )1/2 = 0 (in terms of the strong product). Therefore, P̄ x
a h

1/2
ψ Qy

b = 0.
Let P̄ x,y

b = ∑
a∈p−1

x,y(b) P̄
x
a . Fixing any b ≠ b′ ∈ By, we have P̄ x,y

b h
1/2
ψ Qy

b′ = ∑
a∈p−1

x,y(b) P̄
x
a h

1/2
ψ Qy

b′ =
0 as px,y(a) = b ̸= b′. Now, P̄ x,y

b h
1/2
ψ = ∑

b′∈Bj P̄
x,y
b h

1/2
ψ Qy

b′ = P̄ x,y
b h

1/2
ψ Qy

b and h
1/2
ψ Qx

b =∑
b′∈By P̄

x,y
b′ h

1/2
ψ Qy

b = P̄ x,y
b h

1/2
ψ Qy

b . Now, in the same way as in the finite-dimensional
case except that we are using the strong product, (P̄ x,y

b )2h
1/2
ψ = P̄ x,y

b h
1/2
ψ Qy

b = P̄ x,y
b h

1/2
ψ ;

h
1/2
ψ (Qy

b)2 = P̄ x,y
b h

1/2
ψ Qy

b = h
1/2
ψ Qy

b ; and Qy
bhψ = (h1/2

ψ Qy
b)∗h

1/2
ψ = h

1/2
ψ P̄ x,y

b h
1/2
ψ = hψQ

y
b . As

the Qy
b generate M, hψ is affiliated with M′. Let q be the projection onto the support of hψ.

Then, qM ⊆ B(qc(H)) is a von Neumann algebra, and px,yb = P̄ x,y
b q and qyb = Qy

bq are pro-
jections in qM. Since the px,yb are jointly measurable and G is non-degenerate, we have that
pxa = ∏

y∈Y p
x,y
px,y(a) is a PVM as in Theorem 3.3.5; note that pxa = P̄ y

a q. Now, let ρ : qM → C
be defined as ρ(T ) = tr(Thψ). ρ is a tracial state: as ρ(1qM) = ρ(q) = tr(hψ) = 1, for T ≥ 0,
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ρ(T ) = tr(h1/2
ψ Th

1/2
ψ ) ≥ 0, and ρ(TS) = tr(TShψ) = tr(ThψS) = tr(SThψ) = ρ(ST ).

Putting it together,

p(a, b|x, y) = tr(pxah
1/2
ψ qybh

1/2
ψ ) = tr(pxaq

y
bhψ) = ρ(pxaq

y
b ),

which is a tracial correlation. ■

Corollary 3.3.8. In the notation of the previous proof, we have for a perfect commuting
operator strategy that pxaq

y
b = 0 whenever px,y(a) ̸= b.

3.3.4 Approximate case

In this section, we prove the following theorem, extending to the most general case of almost
perfect commuting operator strategies.

Theorem 3.3.9. Let G = (X, Y, {Ax}x∈X , {By}y∈Y , µ, V ) be a non-degenerate projection
game, and let p(a, b|x, y) = ⟨ϕ|P x

aQ
y
b |ϕ⟩ be a commuting-operator correlation for G. Suppose

that w(G, p) ≥ 1 − ε. Then, there exists a tracial correlation p′ such that w(G, c′) ≥
1 − 148(Lε)1/4, where L = maxx,y:µ(x,y)>0

µ(x)
µ(x,y) for µ(x) = ∑

y∈Y µ(x, y).

Our main technical tool is the following lemma of [86], which that work uses to show
the analogous result for synchronous games.

Lemma 3.3.10 ([86]). Let M ⊆ B(H) be a von Neumann algebra, h ∈ L1(M) be positive
such that tr(h) = 1, and q = χ(1,∞)(h). Let X and A be finite sets, and let π be a symmetric
probability distribution on X ×X with marginal ν on X. Suppose that {pxa}a∈A are PVMs
such that ∑x∈X ν(x)∑a∥[pxa, h1/2]∥2

2 ≤ δ. Then, there exist PVMs {rxa}a∈A ⊆ qc(M)q such
that ∑

x,y∈X
π(x, y)

∑
a,b∈A

∣∣∣tr(pxah1/2pybh
1/2) − τ(rxar

y
b )
∣∣∣ ≤ 38δ1/4.

Note that τ |qc(M)q is a tracial state as τ(q) = tr(h) = 1.
The following lemma shows that (with respect to KMS norm) if jointly measurable

POVMs are approximately PVMs, then their joint measurement is also approximately
a PVM. Note that this result is the only place where the dependence on the number of
variables per constraint in Theorem 3.3.9 arises.
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Lemma 3.3.11. Let M ⊆ B(H) be a von Neumann algebra and let h ∈ L1(M) be a positive
element such that tr(h) = 1. Let π be a strictly positive probability distribution on [n].
Suppose that {Ai}i∈[k]n ⊆ M is a POVM such that ∑n

j=1 π(j)∑k
i=1∥h1/4Ajih

1/4∥2
tr ≥ 1 − δ.

Then, ∑
i∈[k]n

∥h1/4Aih
1/4∥2

tr ≥ 1 −Mδ,

where M = maxi 1
π(i) .

Before passing to the proof, note that this bound is tight in the limit of small δ. Take
k = 2, π uniform, M = B(C2)⊗n with tracial state 1

2n Tr, and Ai = ⊗
j

(
(1 − ε) |ij⟩⟨ij| + ε

2I
)
.

Then, for any j,
∑
i=1,2

1
2n Tr((Aji )2) = 1

2
∑
i=1,2

Tr
(
((1 − ε) |i⟩⟨i| + ε

2I)2
)

= 1
2
∑
i=1,2

Tr
(
(1 − ε) |i⟩⟨i| + ε2

4 I
)

= 1−ε+ ε2

2 ,

giving δ = ε− ε2

2 . In the same way, we have that

∑
i

1
2n Tr(A2

i ) =
1

2
∑
i=1,2

Tr
(
((1 − ε) |i⟩⟨i| + ε

2I)2
)n = (1 − δ)n ≤ 1 − nδ +

(
n

2

)
δ2.

For small δ ≪ 1
n
, this is approximately 1 − nδ.

Proof. Write δj = 1 −∑k
i=1∥h1/4Ajih

1/4∥2
2. Then,∑

i

∥h1/4 ∑
i∈[k]n: ij=i

Aih
1/4∥2

tr =
∑
i

∥h1/4Ajih
1/4∥2

tr ≥ 1 − δj.

Hence,

δj ≥
∥∥∥∥∑

i
h1/4Aih

1/4
∥∥∥∥2

tr
−
∑
i

∥∥∥∥ ∑
i: ij=i

h1/4Aih
1/4
∥∥∥∥2

tr

=
∑
i,i′

tr(Aih
1/2Ai′h1/2) −

∑
i,i′: ij=i′j

tr(Aih
1/2Ai′h1/2)

=
∑

i,i′: ij ̸=i′j

tr(Aih
1/2Ai′h1/2).
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Putting these together via a union bound,∑
i

∥∥∥h1/4Aih
1/4
∥∥∥2

tr
= 1 −

∑
i,i′: i̸=i′

tr(Aih
1/2Ai′h1/2)

≥ 1 −
∑
j

∑
i,i′: ij ̸=i′j

tr(Aih
1/2Ai′h1/2)

≥ 1 −
∑
j

δj ≥ 1 −M
∑
j

π(j)δj ≥ 1 −Mδ. ■

Proof of Theorem 3.3.9. We may also assume that ε ≤ 1
L

, as otherwise the result holds
trivially.

As in the previous section, we take M ⊆ B(H) to be the von Neumann algebra generated
by the Qy

b . Then, there exist a positive hψ ∈ L1(M) and POVMs {P̄ x
a }a∈Ax ⊆ M such that

⟨ψ|P x
aQ

y
b |ψ⟩ = tr(P̄ x

a h
1/2
ψ Qy

bh
1/2
ψ ). Therefore, writing P̄ x,y

b = ∑
a∈p−1

x,y(b) P̄
x
a ,

w(G, p) =
∑
x,y

µ(x, y)
∑
a∈Ax

⟨ψ|P x
aQ

y
px,y(a)|ψ⟩

=
∑
x,y

µ(x, y)
∑
a∈Ax

tr(P̄ x
a h

1/2
ψ Qy

px,y(a)h
1/2
ψ )

=
∑
x,y,b

µ(x, y)
〈
h

1/4
ψ P̄ x,y

b h
1/4
ψ , h

1/4
ψ Qy

bh
1/4
ψ

〉
,

where ⟨·, ·⟩ is the inner product on L2(M). From here, we often make use of two Hilbert
spaces: V1 = L2(M)

⋃
y∈Y X×{y}×By equipped with the inner product

⟨(ux,y,b)x,y,b, (vx,y,b)x,y,b⟩V1
=
∑
x,y,b

µ(x, y)⟨ux,y,b, vx,y,b⟩,

and V2 = L2(M)
⋃
x∈X{x}×Y×Ax equipped with the inner product
⟨(ux,y,a)x,y,a, (vx,y,a)x,y,a⟩V2

=
∑
x,y,a

µ(x, y)⟨ux,y,a, vx,y,a⟩.

Consider (h1/4
ψ P̄ x,y

b h
1/4
ψ )x,y,b and (h1/4

ψ Qy
bh

1/4
ψ )x,y,b as vectors in V1. First, these vectors have

norm at most 1. In fact,
∥(h1/4

ψ P̄ x,y
b h

1/4
ψ )x,y,b∥2

V1 =
∑
x,y,b

µ(x, y) tr(P̄ x,y
b h

1/2
ψ P̄ x,y

b h
1/2
ψ )

≤
∑
x,y,b

µ(x, y) tr(h1/2
ψ P̄ x,y

b h
1/2
ψ )

≤
∑
x,y

µ(x, y) tr(hψ) = 1,
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and identically ∥(h1/4
ψ Qy

bh
1/4
ψ )x,y,b∥V1 ≤ 1. By hypothesis, we know that〈

(h1/4
ψ P̄ x,y

b h
1/4
ψ )x,y,b, (h1/4

ψ Qy
bh

1/4
ψ )x,y,b

〉
V1

≥ 1 − ε,

so by Cauchy-Schwarz inequality,

1 − ε ≤ ∥(h1/4
ψ P̄ x,y

b h
1/4
ψ )x,y,b∥V1∥(h1/4

ψ Qy
bh

1/4
ψ )x,y,b∥V1

≤ min
{
∥(h1/4

ψ P̄ x,y
b h

1/4
ψ )x,y,b∥V1 , ∥(h1/4

ψ Qy
bh

1/4
ψ )x,y,b∥V1

}
.

Hence both vectors have norm between 1 − ε and 1. This gives that the commutator
∑
x,y,b

µ(x, y)
∥∥∥[Qy

b , h
1/2
ψ ]

∥∥∥2

2
=
∑
x,y,b

µ(x, y) tr
(
(Qy

bh
1/2
ψ − h

1/2
ψ Qy

b)(h
1/2
ψ Qy

b −Qy
bh

1/2
ψ )

)
= 2

∑
x,y,b

µ(x, y) tr
(
(Qy

b)2hψ − h
1/2
ψ Qy

bh
1/2
ψ Qy

b

)
≤ 2 − 2∥(h1/4

ψ Qy
bh

1/4
ψ )x,y,b∥2

V1 ≤ 2 − 2(1 − ε)2 ≤ 4ε.

Next, from the fact that ∑x,y,b µ(x, y)
∥∥∥h1/4

ψ P̄ x,y
b h

1/4
ψ

∥∥∥2

2
≥ (1 − ε)2 ≥ 1 − 2ε, we can use

Lemma 3.3.11 to get that ∑x∈X,y∈Y,a∈Ax µ(x, y)
∥∥∥h1/4

ψ P̄ x
a h

1/4
ψ

∥∥∥2

2
≥ 1 − 2Lε. Hence, it follows

identically that ∑
x,y,a

µ(x, y)
∥∥∥[P̄ x

a , h
1/2
ψ ]

∥∥∥2

2
≤ 4Lε.

From here, it follows that

1 − 2ε ≤
∑
x,y,b

µ(x, y) tr(Qy
bh

1/2
ψ Qy

bh
1/2
ψ )

=
∑
x,y,b

µ(x, y)
〈
h

1/2
ψ Qy

b , Q
y
bh

1/2
ψ

〉
≤
∑
x,y,b

µ(x, y)∥h1/2
ψ Qy

b∥2∥Qy
bh

1/2
ψ ∥2

=
∑
x,y,b

µ(x, y) tr((Qy
b)2hψ).

In the same way, ∑
x,y,a

µ(x, y) tr((P̄ x
a )2hψ) ≥ 1 − 2Lε.
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Since for all T ∈ M, tr(Thψ) = ⟨ψ|T |ψ⟩, the map T 7→ tr(Thψ) is a normal state on M.
Hence, by [55, Theorem 2], there exist PVMs {pxa}a∈Ax , {q

y
b}b∈By ⊆ M such that

∥((Qy
b − qyb )h

1/2
ψ )x,y,b∥2

V1 =
∑
x,y,b

µ(x, y) tr
(
(Qy

b − qyb )
2hψ

)
≤ 18ε,

∥((P̄ x
a − pxa)h

1/2
ψ )x,y,a∥2

V2 =
∑
x,y,a

µ(x, y) tr
(
(P̄ x

a − pxa)2hψ
)

≤ 18Lε.

Now, using again the norm on V1, we get the approximate commutation∑
x,y,b

µ(x, y)
∥∥∥[qyb , h1/2

ψ ]
∥∥∥2

2
= ∥([qyb , h

1/2
ψ ])x,y,b∥2

V1

=
∥∥∥([Qy

b , h
1/2
ψ ])x,y,b − ((Qy

b − qyb )h
1/2
ψ )x,y,b + (h1/2

ψ (Qy
b − qyb ))x,y,b

∥∥∥2

V1

≤
(∥∥∥([Qy

b , h
1/2
ψ ])x,y,b

∥∥∥
V1

+ 2
∥∥∥((Qy

b − qyb )h
1/2
ψ )x,y,b

∥∥∥
V1

)2

≤ (
√

4ε+ 2
√

18ε)2 ≤ 110ε,

and in the same way using V2, ∑x,y,a µ(x, y)
∥∥∥[pxa, h1/2

ψ ]
∥∥∥2

2
≤ 110Lε. To finish the proof, we

want to make use of Lemma 3.3.10. Define X̃ = X ⊔ Y and Ã = ⊔x,yAx ⊔By. Take π to be
the probability distribution on X̃ × X̃ defined as

π(x, x′) =


1
2µ(x, x′) x ∈ X ∧ x′ ∈ Y
1
2µ(x′, x) x′ ∈ X ∧ x ∈ Y

0 else
.

Note that π is symmetric and the marginal of π on one copy of X̃ is

ν(x) =


1
2
∑
y∈Y µ(x, y) x ∈ X

1
2
∑
y∈X µ(y, x) x ∈ Y

.

Let p̃xa = pxa if x ∈ X and p̃xa = qxa if x ∈ Y . By the above, we have that∑
x∈X̃

ν(x)
∑
a

∥[p̃xa, h
1/2
ψ ]∥2

2 ≤ 110Lε.

Then, using Lemma 3.3.10, we get that there exist PVMs {rxa}a∈A ⊆ qc(M)q such that∑
x,y∈X̃

π(x, y)
∑
a,b∈A

∣∣∣tr(p̃xah1/2
ψ p̃ybh

1/2
ψ ) − τ(rxar

y
b )
∣∣∣ ≤ 38(110Lε)1/4 ≤ 124(Lε)1/4,
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which implies ∑
x,y,a

µ(x, y)
∣∣∣tr(pxah1/2

ψ qypi,j(a)h
1/2
ψ ) − τ(rxar

y
px,y(a))

∣∣∣ ≤ 124(Lε)1/4.

Now, note that∑
x,y,a

µ(x, y) tr
((
P̄ x
a − (P̄ y

a )1/2
)2
hψ
)

=
∑
x,y,a

µ(x, y) tr
((

(P̄ x
a )2 + P̄ x

a − 2(P̄ x
a )3/2

)
hψ
)

≤
∑
x,y,a

µ(x, y) tr
((
P̄ x
a − (P̄ x

a )2
)
hψ
)

≤ 1 − (1 − 2Lε) = 2Lε,

and in the same way, ∑x,y,b µ(x, y) tr
(
(Qy

b − (Qy
b)1/2)2hψ

)
≤ 2ε. Then, we can bound∣∣∣∣∑

x,y,a

µ(x, y) tr(P̄ x
a h

1/2
ψ Qy

px,y(a)h
1/2
ψ ) −

∑
x,y,a

µ(x, y) tr(pxah
1/2
ψ qypx,y(a)h

1/2
ψ )

∣∣∣∣
=
∣∣∣∣∥∥∥((P̄ x

a )1/2h
1/2
ψ (Qy

px,y(a))1/2)x,y,a
∥∥∥2

V2
−
∥∥∥(pxah1/2

ψ qypx,y(a))x,y,a
∥∥∥2

V2

∣∣∣∣
≤ 2

∣∣∣∣∥∥∥((P̄ x
a )1/2h

1/2
ψ (Qy

px,y(a))1/2)x,y,a
∥∥∥
V2

−
∥∥∥(pxah1/2

ψ qypx,y(a))x,y,a
∥∥∥
V2

∣∣∣∣
≤ 2

∥∥∥((P̄ x
a )1/2h

1/2
ψ (Qy

px,y(a))1/2)x,y,a − (pxah
1/2
ψ qypx,y(a))x,y,a

∥∥∥
V2

≤ 2
∥∥∥((pxa − (P̄ x

a )1/2)h1/2
ψ (Qy

px,y(a))1/2)x,y,a
∥∥∥
V2

+ 2
∥∥∥(pxah1/2

ψ (qypx,y(a) − (Qy
px,y(a))1/2))x,y,a

∥∥∥
V2

= 2
√∑
x,y,a

µ(x, y) tr((pxa − (P̄ x
a )1/2)2h

1/2
ψ Qy

px,y(a)h
1/2
ψ ) + 2

√∑
x,y,b

µ(x, y) tr(px,yb h
1/2
ψ (qyb − (Qy

b)1/2)2h
1/2
ψ )

≤ 2
√∑
x,y,a

µ(x, y) tr((pxa − (P̄ x
a )1/2)2hψ) + 2

√∑
x,y,b

µ(x, y) tr((qyb − (Qy
b)1/2)2hψ)

= 2
∥∥∥((pxa − (P̄ x

a )1/2)h1/2
ψ )x,y,a

∥∥∥
V2

+ 2
∥∥∥((qyb − (Qy

b)1/2)h1/2
ψ )x,y,b

∥∥∥
V1

≤ 2
∥∥∥((pxa − P̄ x

a )h1/2
ψ )x,y,a

∥∥∥
V2

+
∥∥∥((P̄ x

a − (P̄ x
a )1/2)h1/2

ψ )x,y,a
∥∥∥
V2

+ 2
∥∥∥((qyb −Qy

b)h
1/2
ψ )x,y,b

∥∥∥
V1

+ 2
∥∥∥((Qy

b − (Qy
b)1/2)h1/2

ψ )x,y,b
∥∥∥
V1

≤ 2
√

18Lε+ 2
√

2Lε+ 2
√

18ε+ 2
√

2ε
≤ 23(Lε)1/2.

Via the triangle inequality, we get that∣∣∣∣∑
x,y,a

µ(x, y)
(

⟨ψ|P x
aQ

y
px,y(a)|ψ⟩ − τ(rxar

y
px,y(a))

)∣∣∣∣ ≤ 23(Lε)1/2 + 124(Lε)1/4 ≤ 147(Lε)1/4.
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To finish, take {p̂xa}a∈Ax to be the completion of {rxa}a∈Ax to a PVM by adding 1 −∑
a∈Ax r

x
a

to an arbitrary element; and construct {q̂yb}b∈By from {ryb}b∈By in the same way. Then
p′(a, b|x, y) = τ(p̂xaq̂

y
b ) is a tracial correlation and we find that

w(G, p′) =
∑
x,y

µ(x, y)
∑
a∈Ax

τ(p̂xaq̂
y
px,y(a))

≥
∑
x,y

µ(x, y)
∑
a∈Ax

τ(rxar
y
px,y(a))

≥ w(G, p) −
∣∣∣∑
x,y,a

µ(x, y)
(

⟨ψ|P x
aQ

y
px,y(a)|ψ⟩ − τ(rxar

y
px,y(a))

)∣∣∣
≥ 1 − 148(Lε)1/4. ■

Corollary 3.3.12. Let G be as in Theorem 3.3.9. Suppose p(a, b|x, y) = ⟨ψ|P x
a ⊗Qy

b |ψ⟩ is
a quantum correlation such that w(G, p) ≥ 1 − ε. Then, there exists a finite-dimensional
tracial correlation p′ such that w(G, p′) ≥ 1 − 148(Lε)1/4.

This provides an tightening of [117, Theorem 4.6] in the context of projection games
where Bob has few answers, as that is the case in which where L is small. Oracularisations
and oracular constraint-variable games both fulfill this criterion.

Proof. Take M to be the von Neumann algebra generated by the 1 ⊗Qy
b ; this is a finite-

dimensional von Neumann algebra contained in B(HA⊗HB). Then, following Example 2.4.2,
c(M) = L∞(R)⊗M. From the theorem, there exists a correlation p′(a, b|x, y) = τ(pxaq

y
b ) such

that w(G, p′) ≥ 1 − 148(Lε)1/4, where τ is the semifinite weight τ(T ) =
∫∞

−∞ Tr(T (t))e−tdt
on c(M), and pxa, q

y
b ∈ qc(M)q for some projection q ∈ c(M) satisfying τ(q) = 1. By

construction, q(t), pxa(t), q
y
b (t) are projections for every t ∈ R, so

τ(pxaq
y
b ) =

∫ ∞

−∞
Tr(pxa(t)q

y
b (t))e−tdt =

∫
{t|Tr(q(t))̸=0}

1
Tr(q(t)) Tr(pxa(t)q

y
b (t)) Tr(q(t))e−tdt

is a convex combination of finite-dimensional tracial correlations. This implies that at least
one of the correlations has winning probability ≥ 1 − 148(Lε)1/4, completing the proof. ■

Now, we show that the same result can be recovered for degenerate games.

Corollary 3.3.13. Suppose G is an arbitrary projection game. Suppose there exists a
commuting operator correlation p for G such that w(G, p) ≥ 1 − ε. Then, there exists a
tracial correlation p′ for G such that w(G, p′) ≥ 1 − 148(Lε)1/4. If p is quantum, then p′ can
be chosen to be finite-dimensional.
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Proof. If G is non-degenerate, this is exactly the result of Theorem 3.3.9 and Corollary 3.3.12.
Now, suppose G is degenerate. Let G̃ be the non-degenerate game constructed in Lemma 3.3.2.
By that lemma, there exists a commuting operator correlation p̃ such that w(G̃, p̃) =
w(G, p) ≥ 1 − ε. Then, by Theorem 3.3.9, there exists a tracial correlation p̃′ for G̃ such that
w(G̃, p̃′) ≥ 1 − 148(Lε)1/4. Using again Lemma 3.3.2, there exists a tracial correlation p′ for
G such that w(G, p′) = w(G̃, p̃′) ≥ 1 − 148(Lε)1/4. The result for quantum correlations holds
using Corollary 3.3.12. ■

3.3.5 Application to CSPs and oracularisation

In this section, we study the implications of our main result for oracular constraint-variable
games and oracularisations. First, we consider oracularisations.

Recall that the oracularisation of a nonlocal game G = (X, Y, {Ax}x, {By}y, µ, V ), as
defined in Section 2.12.3, is the nonlocal game Gorac where Alice receives both questions and
Bob receives one of them, and they win if Alice satisfies the predicate and Bob’s answer is
consistent. The oracularisation of a game is always a projection game via the projection
functions p(x,y),x((a, b)) = a and p(x,y),y((a, b)) = b. Prior work [76, 87] has made use of a
more involved synchronous version of oracularisation to reduce to tracial strategies, but we
show that this is not necessary.

Corollary 3.3.14. Let G be a nonlocal game and let p be a commuting operator correlation
for Gorac. If w(Gorac, p) ≥ 1 − ε, then there exists a tracial correlation p′ for Gorac such that
w(Gorac, p′) ≥ 1 − 177ε1/4. If p is quantum, then p′ can be chosen to be finite-dimensional.

Proof. This follows directly from Theorem 3.3.9 and Corollary 3.3.12 by noting that

L = max
x,y,z:µorac((x,y),z)̸=0

µorac((x, y))
µorac((x, y), z) = max

x,y:µ(x,y)̸=0

µ(x, y)
1
2µ(x, y) = 2

and then that 148(2)1/4 ≤ 177. ■

Now, we turn to oracular constraint-variable games, as defined in Definition 3.1.2.

Corollary 3.3.15. Let X and A be σ-structures, and let π be probability distribution over
the constraints of X. If p is a commuting operator correlation for Gocv(X,A, π) such that
w(Gocv(X,A, π), p) ≥ 1 − ε, then there exists a tracial correlation p′ for Gocv(X,A, π) such
that w(Gocv(X,A, π), p′) ≥ 1 − 148(Lε)1/4, where L = maxR∈σ ar(R). If p is quantum, p′

can be chosen to be finite-dimensional.
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Proof. This follows directly from Theorem 3.3.9 and Corollary 3.3.12 by noting that

L = max
R∈σ,x∈RX ,i∈ar(R):µ((R,x),xi)̸=0

µ((R,x))
µ((R,x), xi)

= max
R∈σ,x∈RX :π(R,x)>0

π(R,x)
π(R,x)
ar(R)

= max
R∈σ

ar(R).■

This also implies that results in the weighted algebra setting, which considers only
tracial states, can now be translated directly to the game setting, without having to work
with a synchronised version of the game with consistency checks.

Corollary 3.3.16. Let X, A, π, and L be as in the previous corollary.

1. If there exists a commuting operator correlation p such that w(Gocv(X,A, π), p) ≥ 1−ε,
then there exists a tracial state τ on Morocvπ (X,A) such that def(τ) ≤ 148(Lε)1/4.

2. If there exists a quantum correlation p such that w(Gocv(X,A, π), p) ≥ 1 − ε, then
there exists a finite-dimensional tracial state τ on Morocvπ (X,A) such that def(τ) ≤
148(Lε)1/4.

Hence, we find a version of Lemma 3.1.13 for the oracular constraint-variable framework.

Lemma 3.3.17. Let A be a σ-structure (where σ is finite), let 0 ≤ s ≤ 1, and let
Q ∈ {q, co}. Then, there exists 0 ≤ s′ ≤ 1 such that s′ = 1 ⇐⇒ s = 1 for which
there are polynomial time reductions from CSPQ

ocv(A)1,s to gCSPQ
ocv(A)1,s′ , eCSPQ

ocv(A)1,s to
e
gCSPQ

ocv(A)1,s′ , MIPQ
ocv(A)1,s to gMIPQ

ocv(A)1,s′ , and eMIPQ
ocv(A)1,s to e

gMIPQ
ocv(A)1,s′ .

The proof is identical to Lemma 3.1.13, using Theorem 3.3.9 and Corollary 3.3.12 instead
of [86].
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Chapter 4

Commutativity gadgets

In this chapter, we develop the theory of commutativity gadgets. In Section 4.1, we define
commutativity gadgets and show how they can be used to show reductions. In Section 4.2,
we show that graph colouring admits an oracular commutativity gadget. In Section 4.3, we
relate commutativity gadgets of a relational structure to the behaviour of the polymorphism
algebra. In Section 4.4, we fully characterise the polymorphism algebras of the complete
graphs. In Section 4.5, we show separations between different types of commutativity gadget.
In Section 4.6, we study how hard it is to decide if a commutativity gadget exists for a
given entangled CSP.

4.1 Reductions based on commutativity gadgets

In this section, we study the properties afforded by the existence of a commutativity gadget.
In Section 4.1.1, we define the different notions of commutativity gadget. In Section 4.1.2,
we study the complexity-theoretic implications of the existence of a commutativity gadget.
In Section 4.1.3, we study a stronger C∗-algebraic notion of gadget which will be useful
in existence proofs. In Section 4.1.4, we provide some of the examples of commutativity
gadget known from prior work.

4.1.1 Definitions

A commutativity gadget for an entangled CSP is a gadget that allows classical relations on
the variables of the CSP to be expressed.
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Definition 4.1.1. Let Q be a tensor monoid, and let A be a σ-structure. A (non-oracular)
Q-commutativity gadget for A is a σ-structure G along with two elements x, y ∈ G,
called the distinguished variables, such that

(i) For every a, b ∈ A, there exists a ∗-homomorphism πa,b : Mor+(G,A) → A such that
A ∈ Q and πa,b(px,a) = πa,b(py,b) = 1.

(ii) For every ∗-homomorphism π : Mor+(G,A) → A such that A ∈ Q, [π(px,a), π(py,b)] = 0
for all a, b ∈ A.

An oracular Q-commutativity gadget for A is a relational structure G over σ along
with two distinguished variables x, y ∈ G such that

(i) For every a, b ∈ A, there exists a ∗-homomorphism πa,b : Moro+(G,A) → A such that
A ∈ Q and πa,b(px,a) = πa,b(py,b) = 1.

(ii) For every ∗-homomorphism π : Moro+(G,A) → A such that A ∈ Q, [π(px,a), π(py,b)] =
0 for all a, b ∈ A.

Robust commutativity gadgets extend the expressive power of commutativity gadgets
to the gapped setting.

Definition 4.1.2. A robust Q-commutativity gadget for A is a Q-commutativity
gadget (G, x, y) such that for all ε > 0, there exists δ > 0 such that if def(τ) ≤ δ for a
tracial state τ on Morno

u
(G,A) over Q, then∑

a,b∈A
∥[px,a, py,b]∥2

τ ≤ ε.

A robust oracular Q-commutativity gadget for A is an oracular Q-commutativity
gadget (G, x, y) such that for all ε > 0, there exists δ > 0 such that if def(τ) ≤ δ for a
tracial state τ on Morocv

u
(G,A) over Q, then∑

a,b∈A
∥[px,a, py,b]∥2

τ ≤ ε.

When dealing with robust commutativity gadgets, we want to restrict to those tensor
monoids where the von Neumann algebras admit tracial states.
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Definition 4.1.3. We say a tensor monoid is finite if it consists of finite von Neumann
algebras.

The tensor monoids d, c, q, qa, and co are all finite. A tensor monoid is finite if and
only if it is a subset of co. Note also that the tensor monoid vN is not finite. Given a finite
tensor monoid, each element may be associated a tracial state, but this choice is not unique;
for the moment, this non-uniqueness does not matter.

4.1.2 Hardness from the existence of a commutativity gadget

The expressivity provided by commutativity gadgets immediately translates to hardness
results. First, we show that any entangled CSP may be reduced to the CSP whose constraints
are instances of an NP-complete CSP A. Then, we will use a commutativity gadget to split
these instances up into separate constraints of A.

Lemma 4.1.4. Let A be a σ-structure, B be a τ -structure, and let Q be a finite tensor
monoid. Suppose that CSP(A) is NP-complete. Let A be the relational structure with
the same domain as A and relations labelled by σ-structures X with arity |X|, such that
XA = mor(X,A). For all s ≤ 1 there exists s′ ≤ 1 with s′ = 1 ⇐⇒ s = 1 such that there
are polynomial-time reductions from eMIPQ

ocv(B)1,s to eMIPQ
ocv(A)1,s′ and from MIPQ

ocv(B)1,s
to MIPQ

ocv(A)1,s′ .

Proof. Since CSP(A) is NP-complete, there exists a minion homomorphism ξ : pol(A) →
pol(B). The signature of A is the set of σ-structures, which we call σ; a relation of a
σ-structure labelled by a σ-structure X has arity given by the cardinality of X, so the
tuples will be indexed by the elements of D(X). Let M be an instance of eMIPQ

ocv(B)1,s.
For each constraint (R,y) of X(M), construct the σ-structure XR,y from the τ -structure
YR,y with domain {y1, . . . , yar(R)} and single nontrivial relation RYR,y = {y} according to
the prescription of Theorem 2.10.2. We define a σ-structure XR,y with the same domain
as XR,y and a single nontrivial relation X

XR,y
R,y = {xR,y} where xR,yz = z for z ∈ XR,y.

By Theorem 2.10.2, there exists a map ΓR,y that sends satisfying assignments to YR,y to
satisfying assignments to XR,y, and a map ∆R,y that sends satisfying assignments to XR,y
to satisfying assignments to YR,y. Now, let X0 = ⊔

R∈τ,y∈RY XR,y, and let X = X0/ ∼,
where the equivalence relation identifies variables of the form [(y,a)] with the same label
between the terms of the disjoint union. Define M ′ as the probabilistic Turing machine that
samples a constraint (R,y) using M , and then outputs (XR,y,xR,y). The mapping M 7→ M ′

is clearly polynomial-time.
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Let L = maxR∈τ,y∈RY |XR,y|, and s′ = 1 −
(

1−s
267|A||B||A|

3
2 |A||B|

L

)2
.

Next, suppose M is a yes instance of eMIPQ
ocv(B)1,s. Then, there exists a ∗-homomorphism

φ : Moro+(X(M), B) → M ∈ Q. Using Lemma 3.2.2, define a ∗-homomorphism φ′ :
Moro+(X(M ′), A) → M via φ′(ΦXR,y,xR,y,a) = ∑

b∈Γ−1
R,y(a) φ(ΦR,y,b). Clearly, {φ′(ΦXR,y,xR,y,a)}a

is a PVM. Now, suppose R,R′ ∈ τ , y ∈ RY , y′ ∈ R′Y , a ∈ XA
R,y, a′ ∈ XA

R′,y′ , z ∈ XR,y,
and z′ ∈ XR′,y′ such that xR,yz = z = xR

′,y′

z′ = z′ but az ̸= a′
z′ . Then, we must have that

there exists y ∈ Y , a0 ∈ AD(B), k ∈ ar(R), and l ∈ ar(R′) such that z = z′ = [(y,a0)] and
yk = y′

l = y. We can expand

φ′(ΦXR,y,xR,y,a)φ′(ΦXR′,y′ ,xR′,y′ ,a′) =
∑

b∈Γ−1
R,y(a),b′∈Γ−1

R′,y′ (a′)

φ(ΦR,y,bΦR,y′,b′)

If bk ̸= b′
l, then φ(ΦR,y,bΦR,y′,b′) = 0. Now, suppose that for one of these terms, bk = b′

l. Using
Theorem 2.10.2, a = ΓR,y(b) implies that az = a0(bk) and a′ = ΓR′,y′(b′) implies that a′

z′ =
a0(b′

l). But az ̸= a′
z′ , so this is a contradiction. Hence, φ′(ΦXR,y,xR,y,a)φ′(ΦXR′,y′ ,xR′,y′ ,a′) = 0,

and therefore φ′ is a ∗-homomorphism, and M ′ is a yes instance of eMIPQ
ocv(A)1,s′ .

Now, suppose M is a no instance of eMIPQ
ocv(B)1,s. Suppose, for a contradiction, that

there exists a tracial state τ on MorocvπM′ (X(M ′), A) over Q such that def τ ≤ 1 − s′. Let
φ : Morocv(X(M ′), A) → (M, tr) ∈ Q be a GNS representation of τ . For every y ∈ Y ,
we want to construct a PVM in M valued in the polymorphisms of A at level |B|. For
every constraint (R,y) such that yi = y for some i, a ∈ AD(B), and ϕ ∈ mor(AD(B), A), let
ΦXR,y,xR,y,y,ϕ = ∏

a∈AD(B) ΦXR,y,xR,y,[(y,a)],ϕ(a), where we recall that for z ∈ XR,y and a ∈ A,
ΦXR,y,xR,y,z,a = ∑

a∈XA
R,y: az=a ΦXR,y,xR,y,a. For y ∈ Y , write π(y) = ∑

R∈τ,y∈RY ,i∈ar(R): yi=y
π(R,y)
ar(R) ,

and write π(R,y|y) = π(R,y)
ar(R)π(y) if there exists i such that yi = y and π(R,y|y) = 0 otherwise.

With this notation, we have that

∑
y∈Y

π(y)
∑

R∈τ,y∈RY
π(R,y|y)

∑
ϕ∈mor(AD(B),A)

∥∥∥∥ΦXR,y,xR,y,y,ϕ −
∏

a∈AD(B)

p[(y,a)],ϕ(a)

∥∥∥∥2

τ

≤ |A||B| ∑
y∈Y

π(y)
∑

R∈τ,y∈RY
π(R,y|y)

∑
a∈AD(B),a∈A

∥∥∥ΦXR,y,xR,y,[(y,a)],a − p[(y,a),a]

∥∥∥2

τ

≤ 2|A||B|L
∑

R∈τ,y∈RY ,i∈ar(R)

π(R,y)
ar(XR,y)

∑
a∈AD(B),a∈A

τ
(
ΦXR,y,xR,y,[(yi,a)],a(1 − p[(yi,a),a])

)
≤ 2|A||B|L def(τ).
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Let qy,ϕ = ∏
a∈AD(B) φ(p[(y,a)],ϕ(a)), and letQy,ϕ = q∗

y,ϕqy,ϕ+∆, where ∆ =
1−
∑

ϕ∈mor(AD(B),A) q
∗
y,ϕqy,ϕ

| mor(AD(B),A)| .
Since ∆ ≥ 0, {Qy,ϕ}ϕ∈mor(AD(B),A) is a POVM. We also have that

∑
ϕ∈mor(AD(B),A)

∥∥∥φ(ΦXR,y,xR,y,y,ϕ) −Qy,ϕ

∥∥∥2

tr
≤ 4

∑
ϕ∈mor(AD(B),A)

∥∥∥φ(ΦXR,y,xR,y,y,ϕ) − q∗
y,ϕqy,ϕ

∥∥∥2

tr

≤ 16
∑

ϕ∈mor(AD(B),A)

∥∥∥φ(ΦXR,y,xR,y,y,ϕ) − qy,ϕ
∥∥∥2

tr
,

so ∑
y∈Y

π(y)
(

1 −
∑

ϕ∈mor(AD(B),A)
tr(Q2

y,ϕ)
)

=
∑
y∈Y

π(y)
∑

R∈τ,y∈RY
π(R,y|y)

∑
ϕ∈mor(AD(B),A)

(
∥φ(ΦXR,y,xR,y,y,ϕ)∥2

tr − ∥Qy,ϕ∥2
tr

)
≤ 2

∑
y∈Y

π(y)
∑

R∈τ,y∈RY
π(R,y|y)

∑
ϕ∈mor(AD(B),A)

∥φ(ΦXR,y,xR,y,y,ϕ) −Qy,ϕ∥tr

≤ 2
√

32|A||B||A||A||B|L def(τ)

Therefore, by [55], there exist PVMs {Py,ϕ}ϕ∈mor(AD(B),A) ⊆ M for all y ∈ Y such that∑
y∈Y π(y)∥Qy,ϕ − Py,ϕ∥2

tr ≤ 18
√

32|A||B||A||A||B|L def(τ).
Now, we define the ∗-homomorphism φ′ : Morocv(X(M), B) → M on the generators

as φ′(ΦR,y,b) = ∑
a∈∆−1

R,y(b) φ(ΦXR,y,xR,y,a) and φ′(py,b) = ∑
ϕ∈mor(AD(B),A): ξ(ϕ)(idB)=b Py,ϕ. Note

that if ∆R,y(a) = b, then for any i ∈ ar(R), the polymorphism AD(B) → A, a′ 7→ a[(y,a′)]
maps under ξ to a polymorphism BD(B) → B under which id 7→ bi. As such, φ′(ΦR,y,i,b) =∑

a∈XA
R,A: ∆R,y(a)i=b

φ(ΦXR,y,xR,y,a) = ∑
ϕ∈mor(AD(B),A): ξ(ϕ)(idB)=b φ(ΦXR,y,xR,y,yi,ϕ). Let τ ′ = tr ◦φ.

τ ′ is a tracial state on Morocv(Y,B) and it has defect

def(τ) = 1
2

∑
R∈τ,y∈RY
i∈ar(R),b∈B

π(R,y)
ar(R) ∥ΦR,y,i,b − py,b∥2

τ ′

≤ |A||A||B|

2
∑

R∈τ,y∈RY
y∈Y,ϕ∈mor(AD(B),A)

π(y)π(R,y|y)
∥∥∥φ(ΦXR,y,y,ϕ) − Py,ϕ

∥∥∥2

tr

≤ 2|A||A||B| ∑
R∈τ,y∈RY

y∈Y,ϕ∈mor(AD(B),A)

π(y)π(R,y|y)
(∥∥∥φ(ΦXR,y,y,ϕ) −Qy,ϕ

∥∥∥2

tr
+ ∥Qy,ϕ − Py,ϕ∥2

tr

)
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≤ 2|A||A||B|
(

32|A||B|L def(τ) + 18
√

32|A||B||A||A||B|L def(τ)
)

≤ 267|A||B||A|
3
2 |A||B|

L
√

1 − s′ = 1 − s.

Hence, M is not a no instance of eMIPQ
ocv(B)1,s, which is a contradiction, finishing the

proof. The non-exact case is proved identically. ■

Lemma 4.1.5. Let A and B be relational structures and let Q be a finite tensor monoid.
Suppose that CSP(A) is NP-complete.

(i) If A admits an oracular Q-commutativity gadget, then there is a polynomial-time
reduction from eMIPQ

ocv(B)1,1 to eMIPQ
ocv(A)1,1.

(ii) If A admits a Q-commutativity gadget, then there is a polynomial-time reduction
from eMIPQ

ocv(B)1,1 to eMIPQ
no(A)1,1.

(iii) If A admits a robust oracular Q-commutativity gadget, then for all s < 1 there
exists s′ < 1 such that there is a polynomial-time reduction from eMIPQ

ocv(B)1,s to
eMIPQ

ocv(A)1,s′ and a polynomial-time reduction from MIPQ
ocv(B)1,s to MIPQ

ocv(A)1,s′ .

(iv) If A admits a robust Q-commutativity gadget, then for all s < 1 there exists s′ < 1
such that there is a polynomial-time reduction from eMIPQ

ocv(B)1,s to eMIPQ
no(A)1,s′

and a polynomial-time reduction from MIPQ
ocv(B)1,s to MIPQ

no(A)1,s′ .

In the proof below, we make use of Lemma 4.1.4 to reduce each constraint of B to a
collection of constraints of A, and a commutativity gadget to separate these collections
into single constraints. It is possible, however, to replace Lemma 4.1.4 with any local
classical reduction from B to A, which may be simpler than the one coming from the minion
homomorphism in some cases.

Proof. Using Lemma 4.1.4, we may assume that B = A, the relational structure where the
relations are σ-structures; and using the reduction in the proof, we may assume that these
σ-structures have finite size at most N depending only on A and B.

Now, for all four cases, we implement the reduction in the same way. Let Y be a
σ-structure. Then, every constraint (Z,y) of Y corresponds to a σ-structure Zy with
relations RZy =

{
(yz1 , . . . , yzar(R)) | z ∈ RZ

}
for R ∈ σ. For y, y′ ∈ Y that belong to the

same relation of A, let Gy,y′ be a copy of the Q-commutativity gadget with distinguished
elements xG and yG. Let X0 = ⊔

Z∈τ,y∈ZY
(
Zy ⊔ ⊔y,y′∈Zy Gy,y′

)
, and let X0 = X/ ∼ subject
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to the equivalence relation (Z,y, y) ∼ (y, y′, xG) ∼ (y′, y, yG) and (Z,y, y) ∼ (Z ′,y′, y).
That is, the variables are exactly those of Y (so we take y as a representative of the class
[(Z,y, y)]), with the variables apart from the distinguished variables from the gadgets
added. Also, given a Turing machine M sampling the constraints of Y = X(M), we can
construct a Turing machine M ′ sampling the constraints of X = X(M ′) in polynomial time,
by first sampling a constraint (Z,y) using M , and then, with probability 1

2 , outputting a
uniform random constraint of Zy, and, with probability 1

2 , sampling a uniform random pair
of variables y, y′ from Zy and outputting a uniform random constraint of Gy,y′ .

(i) To show completeness, suppose that there is a ∗-homomorphism φ : Moro+(X(M), A) →
M ∈ Q. Now, since G is an oracular Q-commutativity gadget, for a, b ∈ A, let
πa,b : Moro+(G,A) → N ∈ Q be such that πa,b(pxG,a) = πa,b(pyG,b) = 1 — we
may assume that that codomains are the same for all the representations πa,b
by taking the tensor product of the codomains. Now, define a ∗-homomorphism
φ′ : Moro+(X(M ′), A) → M ⊗ N on the generators as φ′(py,a) = φ(py,a) ⊗ 1 for
y ∈ Y , and φ′(p[(y,y′,g)],a) = ∑

a1,a2∈A φ(py,a1py′,a2) ⊗ πa1,a2(pg,a). First, note that φ′ is
well-defined on the generators in the sense that it respects the equivalence relation ∼.
In fact, for y, y′ ∈ Zy,

φ′(p[(y,y′,xG)],a) =
∑

a1,a2∈A
φ(py,a1py′,a2) ⊗ πa1,a2(pxG,a) =

∑
a2∈A

φ(py,apy′,a2) ⊗ 1 = φ′(py,a);

and identically φ′(p[(y,y′,yG)],a) = φ′(py′,a). Next, it is clear to see that by construction,
{φ′(py,a)}a∈A and {φ′(p[(y,y′,g)],a)}a∈A are PVMs. Now, let R ∈ σ, x ∈ RX , and a /∈ RA;
write n = ar(R). There are two cases: x comes from Zy or from Gy,y′ . In the first
case, there exists z ∈ RZ such that xi = yzi , and since the relation is satisfied in Z,
we have φ′(px1,a1) · · ·φ′(pxn,an) = φ(pyz1 ,a1) · · ·φ(pyzn ,an) ⊗ 1 = 0. In the second case,
there exists g ∈ RG such that xi = [(y, y′, gi)]. Hence,

φ′(px1,a1) · · ·φ′(pxn,an)
=

∑
a1

1,a
2
1,...,a

1
n,a

2
n∈A

φ(py,a1
1
py′,a2

1
· · · py,a1

n
py′,a2

n
) ⊗ πa1

1,a
2
1
(pg1,a1) · · · πa1

n,a
2
n
(pgn,an)

=
∑

a1,a2∈A
φ(py,a1py′,a2) ⊗ πa1,a2(pg1,a1 · · · pgn,an)

= 0.

Finally, for any a, a′ ∈ A, we find in the same way as above that in the first
case [φ′(pxi,a), φ′(pxj ,a′)] = [φ(pyzi , a), φ(pyzj , a

′)] ⊗ 1 = 0; and in the second case
[φ′(pxi,a), φ′(pxj ,a′)] = ∑

a1,a2∈A φ(py,a1py′,a2) ⊗ πa1,a2([pgi,a, pgj ,a′ ]) = 0.
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To show soundness, suppose that there is a ∗-homomorphism φ : Moro+(X(M ′), A) →
M ∈ Q. Define a ∗-homomorphism φ′ : Moro+(X(M), A) → M ∈ Q on the generators
by φ′(py,a) = φ(py,a). For any y, y′ ∈ Zy, we have that φ′(py,a) = φ(p[(y,y′,xG)],a) and
φ′(py′,a′) = φ(p[(y,y′,yG)],a′). Since G is an oracular Q-commutativity gadget, these must
commute. As such, all the PVMs corresponding to variables in Zy commute and they
satisfy the relations of Zy, so the constraint (Z,y) in X(M) is satisfied. Hence, φ′ is
a ∗-homomorphism.

(ii) To show completeness, suppose that there is a ∗-homomorphism φ : Moro+(X(M), A) →
M ∈ Q. We construct φ′ : Mor+(X(M ′), A) → M⊗N ∈ Q using a Q-commutativity
gadget G in the same way as in (i), and it satisfies the relations of Mor+(X(M ′), A)
in the same way.
To show soundness, suppose that there is a ∗-homomorphism φ : Mor+(X(M ′), A) →
M ∈ Q. In the same way as (i), we define the ∗-homomorphism φ′ : Moro+(X(M), A) →
M ∈ Q on the generators as φ′(py,a) = φ(py,a). For all y, y′ ∈ Zy, φ′(py,a) and φ′(py′,a′)
commute as G is a Q-commutativity gadget. Thus, φ′ is a ∗-homomorphism in the
same way.

(iii) Since G is a robust oracular Q-commutativity gadget, there exists a convex func-
tion δ : [0, 1] → [0, 1] such that δ(ε) ≤ ε and if def(τ) < δ(ε) for a tracial state
on Morocv

u
(G,A) over Q, then ∑

a,b∈A∥[px,a, py,b]∥τ < ε (we know such a modulus
function δ exists by taking any modulus function δ0 and letting δ be the func-
tion whose epigraph is the convex hull of the epigraph of ε 7→ min{δ0(ε), ε}). Let
m = ∑

R∈σ |RG|, M = maxZ∈σ: ∃y. πM (Z,y)>0
∑
R∈σ |RZ |, L = maxR∈σ ar(R), and let

s′ = 1 − δ
((

1−s
84MN2L2|A|3N

)2
)

.

Completeness holds in the same way as (i). For soundness, suppose τ is a tracial state
on MorocvπM′ (X(M ′), A) over Q such that def(τ) ≤ 1 − s′. Let φ : Morocv(X(M ′), A) →
(M, tr) be the GNS representation of τ . Then, for y, y′ ∈ Zy, φ induces a ∗-
homomorphism φy,y′ : Morocv(G,A) → M defined on the generators by φy,y′(pg,a) =
φ(p[(y,y′,g)],a). Hence τy,y′ = tr ◦φy,y′ is a tracial state on Morocv(G,A). By the robust
oracular Q-commutativity gadget property, ∑a,b∈A∥[py,a, py′,b]∥2

τ ≤ δ−1(def(τy,y′)).
Now, we want to patch all the PVMs for the variables of Zy into a single PVM. For
a ∈ AZ , let qy,a = ∏

z∈Z φ(pyz ,az) and Qy,a = q∗
y,aqy,a. Writing Z = {z1, . . . , z|Z|}, we

have that∑
a∈AZ

∥Qy,a − qy,a∥2
tr =

∑
a∈AZ

∥pyz1 ,az1
· · · pyz|Z| ,az|Z|

· · · pyz1,az1
− pyz1 ,az1

· · · pyz|Z| ,az|Z|
∥2
τ
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≤ |Z|
∑

a∈AZ

|Z|−1∑
i=1

∥pyz1 ,az1
· · · pyzi ,azi [pyzi+1,azi+1

· · · pyz|Z| ,az|Z|
, pyzi ,azi ]pyzi−1 ,azi−1

· · · pyz1 ,az1
∥2
τ

≤ |Z|
∑

a∈AZ

|Z|−1∑
i=1

∥[pyzi+1,azi+1
· · · pyz|Z| ,az|Z|

, pyzi ,azi ]∥
2
τ

≤ |Z|2
∑

a∈AZ

|Z|−1∑
i=1

|Z|∑
j=i+1

∥[pyzj ,azj , pyzi ,azi ]∥
2
τ

≤ |Z|2|A||Z| ∑
y,y′∈Zy

δ−1(def(τy,y′)).

Write εZ,y = |Z|2|A||Z|∑
y,y′∈Zy δ

−1(def(τy,y′)). This implies that

εZ,y ≥

√ ∑
a∈AZ

∥Qy,a∥2
tr −

√ ∑
a∈AZ

∥qy,a∥2
tr

2

=
1 −

√ ∑
a∈AZ

tr(Q2
y,a)

2

,

giving that ∑a∈AZ tr(Q2
y,a) ≥ (1 − √

εZ,y)2 ≥ 1 − 2√
εZ,y. Next, if a /∈ ZA, that implies

that there exists R ∈ σ and z ∈ RZ such that (az1 , . . . , azar(R)) /∈ RA. Let τZ,y be the
tracial state on Morocvu (Zy, A) defined by the restriction of τ to this algebra. Then,

∑
a/∈ZA

tr(Qy,a) ≤
∑

R∈σ,z∈RZ ,a/∈RA
tr
( ∑

a′∈AZ : a=(az1 ,...,azar(R) )
Qy,a

)

≤
∑

R∈σ,z∈RZ ,a/∈RA

∥∥∥∥ ∑
a′∈AZ : a=(az1 ,...,azar(R) )

Qy,a′

∥∥∥∥
tr

≤
∑

R∈σ,z∈RZ ,a/∈RA

∥pyz1 ,a1 · · · pyzar(R) ,aar(R)∥τ +
∑

a′∈AZ : a=(az1 ,...,azar(R) )
∥Qy,a′ − qy,a′∥tr


≤

∑
R∈σ,z∈RZ ,a/∈RA

∥pyz1 ,a1 · · · pyzar(R) ,aar(R) − ΦR,(yz1 ,...,yzar(R) ),a∥τ +
∑
R∈σ

|RZ |
∑

a′∈AZ
∥Qy,a′ − qy,a′∥tr

≤
∑

R∈σ,z∈RZ
a∈A,i∈ar(R)

∥pyzi ,a − ΦR,(yz1 ,...,yzar(R) ),i,a∥τ +
∑
R∈σ

|RZ |
∑

a′∈AZ
∥Qy,a′ − qy,a′∥tr
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≤
√√√√√
∑
R∈σ

|RZ | ar(R)|A|
∑

R∈σ,z∈RZ
a∈A,i∈ar(R)

∥pyzi ,a − ΦR,(yz1 ,...,yzar(R) ),i,a∥2
τ

+
∑
R∈σ

|RZ |
√

|A||Z|
∑

a′∈AZ
∥Qy,a′ − qy,a′∥2

tr

≤
√

|A|
2 ML2

√
def(τZ,y) +M

√
|A||Z|εZ,y.

Let ε′
Z,y =

√
|A|
2 ML2

√
def(τZ,y) + M

√
|A||Z|εZ,y. and define the POVM {Q̂y,a}a∈ZA

by Q̂y,a = Qy,a + ∆ where ∆ = 1
|ZA|

(
1 −∑

a∈ZA Qy,a
)
. Then,

∑
a∈ZA

tr(Q̂2
y,a) ≥

∑
a∈ZA

tr(Q2
y,a) ≥ 1 − 2√

εZ,y − ε′
Z,y.

By [55], there exists a PVM {PZ,y,a}a∈ZA ⊆ M such that ∑a∈ZA∥PZ,y,a − Q̂y,a∥2
tr ≤

18√
εZ,y + 9ε′

Z,y. This implies
∑

a∈ZA
∥PZ,y,a − qy,a∥2

tr ≤ 3
∑

a∈ZA

(
∥PZ,y,a − Q̂y,a∥2

tr + ∥Q̂y,a −Qy,a∥2
tr + ∥Qy,a − qy,a∥2

tr

)
≤ 54√

εZ,y + 27ε′
Z,y + 3|A||Z|ε′

Z,y + 3εZ,y
≤ 27|A||Z|+1ML2

√
def(τZ,y) + 84|A|

3
2 |Z|M

√
εZ,y =: ε′′

Z,y.

Define the ∗-homomorphism φ′ : Morocv(X(M), A) → M on the generators as
φ′(ΦZ,y,a) = PZ,y,a and φ′(py,a) = φ(py,a). By construction of the PZ,y,a, this is
well-defined. Let τ ′ = τ ′ ◦ φ′. Next, note that for any z ∈ Z,

∑
a∈A

∥ΦZ,y,z,a − pyz ,a∥2
τ ′ =

∑
a∈A

∥∥∥∥ ∑
a∈AZ : az=a

(PZ,y,a − qy,a)
∥∥∥∥2

tr

≤ |A||Z| ∑
a∈AZ

∥PZ,y,a − qy,a∥2
tr

≤ |A||Z|ε′′
Z,y.
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This implies that the defect

def(τ ′) =
∑

Z∈σ,y∈ZX(M)

a∈A,z∈Z

πM(Z,y)
2|Z|

∥ΦZ,y,z,a − pyz ,a∥2
τ ′

≤
∑

Z∈σ,y∈ZX(M)

πM(Z,y)
2 |A||Z|ε′′

Z,y

≤ 84MN2L2|A|3N
∑

Z∈σ,y∈ZX(M)

πM(Z,y)
2

√def(τZ,y) +
√√√√ 1

|Z|2
∑

y,y′∈Zy

δ−1(def(τy,y′))


≤ 84MN2L2|A|3N
√
δ−1(def(τ)) ≤ 1 − s,

finishing the proof of soundness.

(iv) Completeness is shown in the same way as (ii), and soundness is shown in the same
way as (iii). ■

Theorem 4.1.6. Let A be a relational structure such that CSP(A) is NP-complete.

(i) If A admits a q-commutativity gadget, then there is a polynomial-time reduction from
the halting problem to eMIPq

no(A)1,1.

(ii) If A admits an oracular q-commutativity gadget, then there is a polynomial-time
reduction from the halting problem to eMIPq

ocv(A)1,1.

(iii) If A admits a robust q-commutativity gadget, then there exists ε > 0 such that
there are polynomial-time reductions from the halting problem to MIPq

no(A)1,1−ε and
eMIPq

no(A)1,1−ε, making these RE-complete.

(iv) If A admits a robust oracular q-commutativity gadget, then there exists ε > 0 such
that there are polynomial-time reductions from the halting problem to MIPq

ocv(A)1,1−ε
and eMIPq

ocv(A)1,1−ε, making these RE-complete.

(v) If A admits a qa-commutativity gadget, then there is a polynomial-time reduction
from the halting problem to MIPqa

a (A)1,1.

(vi) If A admits an oracular qa-commutativity gadget, then there is a polynomial-time
reduction from the halting problem to MIPqa

ocv(A)1,1.
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(vii) If A admits a robust qa-commutativity gadget, then there exists ε > 0 such that there
is a polynomial-time reduction from the halting problem to MIPqa

no(A)1,1−ε, making
this RE-complete.

(viii) If A admits a robust oracular qa-commutativity gadget, then there exists ε > 0 such
that there is a polynomial-time reduction from the halting problem to MIPqa

ocv(A)1,1−ε,
making this RE-complete.

(ix) If A admits a co-commutativity gadget, then there is a polynomial-time reduction
from the cohalting problem to MIPco

no(A)1,1, making this coRE-complete.

(x) If A admits an oracular co-commutativity gadget, then there is a polynomial-time
reduction from the cohalting problem to MIPco

ocv(A)1,1, making this coRE-complete.

(xi) If A admits a robust co-commutativity gadget, then there exists ε > 0 such that there
is a polynomial-time reduction from the cohalting problem to MIPco

no(A)1,1−ε, making
this coRE-complete.

(xii) If A admits a robust oracular co-commutativity gadget, then there exists ε > 0
such that there is a polynomial-time reduction from the cohalting problem to
MIPco

ocv(A)1,1−ε, making this coRE-complete.

The classes RE and coRE do not depend on runtime, just computability, so completeness
(or hardness) of any succinct problem for this class also implies completeness (or hardness)
of the non-succinct version.

Proof. The proof follows immediately by applying Lemma 4.1.5 to Theorem 3.1.17. ■

4.1.3 Algebraic commutativity gadgets

As seen in the previous section, working with robust commutativity gadgets can be quite
unwieldy. However, it often suffices to work with the following stronger notion.

Definition 4.1.7. Let A be a σ-structure. An algebraic commutativity gadget for A is
a q-commutativity gadget (G, x, y) such that for all a, b ∈ A, [px,a, py,b] = 0 in Mor+(G,A).
An oracular algebraic commutativity gadget for A is an oracular q-commutativity
gadget (G, x, y) such that the same commutation relations hold in Moro+(G,A).

Since every C∗-algebra admits a faithful representation into the bounded operators on
some Hilbert space, every algebraic commutativity gadgets is a vN -commutativity gadget.
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Lemma 4.1.8. Suppose (G, x, y) is an algebraic commutativity gadget for A. Then it is a
robust Q-commutativity gadget for any finite tensor monoid Q.

Proof. Since [px,a, py,b] = 0 in Mor+(G,A) for each a, b ∈ A, we know that [px,a, py,b] is an
infinitesimal element of the quotient of Morno

u
(G,A) by ⟨suppµno,u⟩ by Lemma 3.2.2. Let

ε > 0. Then, |[px,a, py,b]|2 ≤ ε
2|A|2 in Morno

u
(G,A)/⟨suppµno,u⟩, so ∑a,b∈A|[px,a, py,b]|2 ≤ ε

2 .
Therefore, there exists a positive element p ∈ Morno

u
(G,A) such that ε

2 −∑a,b∈A|[px,a, py,b]|2−
p ∈ ⟨suppµno,u⟩. Then, we have that there exist N ∈ N, ri ∈ suppµno,u, and vi, wi ∈
Morno

u
(G,A) for i ∈ [N ] such that∑a,b∈A|[px,a, py,b]|2+p− ε

2 = ∑N
i=1 viriwi. Since Morno

u
(G,A)

is archimedean with respect to the ∗-positive cone of sums-of-squares, there exist αi ∈ R≥0
such that |wivi|2 ≤ αi. Now, let τ be a tracial state on Morno

u
(G,A) over Q. Then,

∑
a,b∈A

∥[px,a, py,b]∥2
τ = ε

2 − τ(p) +
N∑
i=1

τ(viriwi)

≤ ε

2 +
N∑
i=1

√
αi∥ri∥τ

≤ ε

2 +
N∑
i=1

√
mαi def(τ),

where m = ∑
R∈σ |RG|. Write C = ∑N

i=1
√
mαi. Now, let δ =

(
ε

2C

)2
. By the above, if τ is a

tracial state such that def(τ) ≤ δ, then ∑a,b∥[px,a, py,b]∥2
τ ≤ ε. ■

Lemma 4.1.9. Suppose (G, x, y) is an oracular algebraic commutativity gadget for A.
Then it is a robust oracular Q-commutativity gadget for every finite tensor monoid Q.

We omit the proof as it follows along exactly the same lines as the previous lemma.

4.1.4 Examples of commutativity gadget

In this section, we note that the notion of a commutativity gadget is not vacuous, and there
are important CSPs that admit them. The first example of a commutativity gadget is for
3-colouring, due to Ji.

Theorem 4.1.10 ([75]). The complete graph on 3 vertices K3 admits an algebraic commu-
tativity gadget and an oracular algebraic commutativity gadget.
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The same gadget is valid in both the oracular and non-oracular framework, and takes the
form of a triangular prism, i.e. two copies of K3 with the corresponding vertices connected
(see Fig. 4.1). [75] only considered the gadget for non-oracular quantum strategies, but
in hindsight the proof holds at the level of the C∗-algebra, which implies the possibility
of gapped reductions. Further, the gadget holds in the oracular framework, as quantum
homomorphisms to K3 are oracularisable, in the sense that Moro+(X,K3) ∼= Mor+(X,K3).

This example has been recently extended to all odd cycles (as K3 = C3).

Theorem 4.1.11 ([38]). For n ∈ N, the cycle graph C2n+1 admits a q-commutativity
gadget and an oracular q-commutativity gadget.

Again, these graphs have oracularisable quantum homomorphisms, so the oracular and
non-oracular commutativity gadgets are identical.

The other important class of examples arises for boolean CSPs.

Theorem 4.1.12 ([49]). Let A be a boolean relational structure (i.e. D(A) = {0, 1}), and
suppose that CSP(A) is NP-complete. Then, A admits an oracular algebraic commutativity
gadget.

This result also extends in some cases to non-oracular gadgets.
Since all of the relational structures discussed in this section have NP-complete CSP,

Theorem 4.1.6 immediately implies the associated hardness of the entangled analogues.

4.2 Commutativity gadget for oracular entangled graph
colouring

In this section, we show that the complete graph Kn admits an oracular algebraic commu-
tativity gadget, which implies hardness results via Lemma 4.1.8 and Theorem 4.1.6

Theorem 4.2.1. For all n ∈ N, the complement of the cycle graph (C2n, 0, 1) is an oracular
algebraic commutativity gadget for Kn.

Note that for n = 3, (C6, 0, 1) is Ji’s triangular prism gadget [75]. See the discussion in
Section 4.1.4, or Fig. 4.1 for a visualisation.

Lemma 4.2.2. Endo+(Kn) is commutative and ∑a∈Kn pa,b = 1 for all b ∈ Kn.
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Figure 4.1: The graphs C6 and C8 presented as prisms

Proof. Every pair of distinct vertices in Kn is connected by an edge, hence by construction
every pair of generators in Endo+(Kn) commutes. So Endo+(Kn) is a commutative C∗-
algebra, proving the first part of the lemma.

Next, consider the following:

∑
b∈Kn

1 −
∑
a∈Kn

pa,b

2

=
∑
b∈Kn

1 − 2
∑
a∈Kn

pa,b +
∑

a,a′∈Kn
pa,bpa′,b


= n+

∑
b∈Kn

−
∑
a∈Kn

pa,b +
∑

a∼Kna′
pa,bpa′,b


= n−

∑
a∈Kn

∑
b∈Kn

pa,b = n− n = 0.

In a C∗-algebra, a sum of positive elements is 0 if and only if each term in the sum is 0, so
it follows that ∑a∈Kn pa,b = 1 for all b. ■

Lemma 4.2.3. In Moro+(C2n, Kn), [p2a,b, p2a+1,c] = [p0,b, p1,c] for all a, b, c ∈ Zn = V (Kn).

Proof. For all i ≠ j, 2i+ 1 ∼C2n
2j+ 1. As such, there is a ∗-homomorphism Endo+(Kn) →

Moro+(C2n, Kn) defined on the generators as pa,b 7→ p2a+1,b. Then, by Lemma 4.2.2, the
p2a+1,b commute and ∑a∈Zn p2a+1,b = 1. This implies that ∑a∈Zn [p0,b, p2a+1,c] = [p0,b, 1] = 0.
For all a ̸= 0 or −1, we have 0 ∼C2n

2a + 1, giving [p0,b, p2a+1,c] = 0. Hence, [p0,b, p1,c] =
−[p0,b, p−1,c].

In the same way, for all i ≠ j, 2i ∼C2n
2j, so ∑a∈Zn p2a,b = 1. Taking the commutator

with p−1,c gives ∑a∈Zk [p2a,b, p−1,c] = 0. As 2a ∼C2n
−1 for all a ≠ 0 or −1, this implies

that [p0,b, p−1,c] = −[p−2,b, p−1,c]. Putting these together gives [p0,b, p1,c] = [p−2,b, p−1,c].
Proceeding inductively gives the result. ■
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Proof of Theorem 4.2.1. We need to show that (C2n, 0, 1) satisfies the two conditions of
an oracular algebraic commutativity gadget. For the first condition, consider the maps
f, g : C2n → Kn defined as f(2a) = f(2a + 1) = a and g(2a) = g(2a − 1) = a. These are
graph homomorphisms as the vertices of C2n that map to the same vertex of Kn are not
connected by an edge. Now, let σa be a permutation of Zn that maps 0 to a, and for a ≠ b
let σa,b be a permutation of Zn that maps 0 to a and 1 to b. Now, for any a, b ∈ Kn, we
take πa,b as the classical homomorphism σa ◦ f if a = b, and σa,b ◦ g if a ̸= b.

To show the second condition, we need that [p0,b, p1,c] = 0 for all b, c ∈ Kn. In fact,

[p0,b, p1,c] =
∑
a∈Zn

p2a,b[p0,b, p1,c]

=
∑
a∈Zn

p2a,b[p2a+2,b, p2a+3,c]

=
∑
a∈Zn

[p2a,bp2a+2,b, p2a+3,c]

=
∑
a∈Zn

[0, p2a+3,c] = 0,

where the first line follows from ∑
a∈Zk p2a,b = 1, the second line follows from Lemma 4.2.3,

the third line follows from the fact that 2a ∼C2n
2a + 3 and hence p2a,b commutes with

p2a+3,c, and the last line follows from the n-colouring condition. ■

Corollary 4.2.4. For every k ≥ 3, there exists s < 1 such that there are polynomial-time
reductions from the halting problem to MIPq

ocv(Kn)1,s, eMIPq
ocv(Kn)1,s, and MIPqa

ocv(Kn)1,s;
and from the cohalting problem to MIPco

ocv(Kn)1,s.

The corollary follows by using Theorem 4.2.1 in Lemma 4.1.8 and Theorem 4.1.6.

4.3 Polymorphism characterisation

In this section, we show that the existence of commutativity gadgets for a relational structure
may be fully characterised by the commutativity of its corresponding polymorphism algebra.
In Section 4.3.1, we give a proof that this holds in the exact case. In Section 4.3.2, we study
a stable notion of commutation which we use, in Section 4.3.3, to extend the characterisation
to the robust case. In Section 4.3.4, we study the relationships between different notions of
commutativity gadget implied by the polymorphism characterisation.
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4.3.1 Exact commutativity gadgets

In recent work, Ciardo, Joubert, and Mottet [38] prove an equivalence between the existence
of q-commutativity gadgets and commutativity of the quantum polymorphisms. We extend
this characterisation to all tensor monoids. The proofs work in exactly the same way, but
we include them here, as they inform the proofs in the robust cases.

Theorem 4.3.1 ([38]). Let A be a relational structure and let Q be a tensor monoid. The
following are equivalent.

(i) morQ(Ak, A) ⊆ morc(Ak, A) for all k ∈ N.

(ii) morQ(A|A|2 , A) ⊆ morc(A|A|2 , A).

(iii) A admits a Q-commutativity gadget.

It is clear that (i) ⇒ (ii). Next, we show that (iii) ⇒ (i) in contrapositive.

Lemma 4.3.2. Suppose that there exists k ∈ N such that morQ(Ak, A) ̸⊆ morc(Ak, A).
Then A does not admit a Q-commutativity gadget.

Proof. Let π be a non-classical ∗-representation of Mor+(Ak, A) over Q. Then, there exist
a, b ∈ Ak and a, b ∈ A such that π(pa,a) and π(pb,b) do not commute. Now, suppose (G, x, y)
is a Q-commutativity gadget for A. By definition of a Q-commutativity gadget, for each
a, b ∈ A, there exists a ∗-representation πa,b : Mor+(G,A) → Ma,b such that Ma,b ∈ Q and
πa,b(px,a) = πa,b(py,b) = 1. Now consider the map φ : Mor+(G,Ak) → Ma1,b1 ⊗ · · · ⊗ Mak,bk

defined on the generators as φ(pz,c) = πa1,b1(pz,c1) ⊗ · · · ⊗ πak,bk(pz,ck). I claim this extends
to a ∗-representation of Mor+(G,Ak) and therefore is an element of morQ(G,Ak). To see
this, simply note that φ satisfies the defining relations of Mor+(G,Ak). In fact, the φ(pz,c)
are projections as they are tensor products of projections. Next,∑

c∈Ak
φ(pz,c) =

∑
c1∈A

πa1,b1(pz,c1) ⊗ · · · ⊗
∑
ck∈A

πak,bk(pz,ck) = 1.

Finally, suppose R ∈ σ, z ∈ RG, and c /∈ RAk ; this implies that (c1i, . . . , cni) /∈ RA for
some i. Writing n = ar(R), we have that

φ(pz1,c1) · · ·φ(pzn,cn) =
k⊗
i=1

πai,bi(pz1,c1i · · · pzn,cni) = 0.
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Thus, φ ∈ morQ(G,Ak). Note also that by construction φ(px,a) = φ(py,b) = 1. Composing φ
with π as Q-morphisms, we have that π ◦ φ ∈ morQ(G,A). But we have that

(π ◦ φ)(px,a) =
∑

c∈Ak
φ(px,c) ⊗ π(pc,a) = 1 ⊗ π(pa,a)

(π ◦ φ)(py,b) =
∑

c∈Ak
φ(py,c) ⊗ π(pc,b) = 1 ⊗ π(pb,a),

which do not commute by hypothesis. Contradiction, so A does not admit a commutativity
gadget. ■

We finish the proof of Theorem 4.3.1 by showing (ii) ⇒ (iii), which relies on Lemma 2.10.1.

Lemma 4.3.3. SupposeA is a relational structure such that morQ(A|A|2 , A) ⊆ morc(A|A|2 , A).
Then, A admits a Q-commutativity gadget.

Proof. Let k = |A2| = |A|2. By Lemma 2.10.1, A pp-defines the relation D(A)2, as the set
of polymorphisms that preserve D(A)2, which are all maps, contains pol(A). Let x,y ∈ Ak

be such that x(a,b) = a and y(a,b) = b for all indices (a, b) ∈ A2. Now, we claim (Ak,x,y) is
a commutativity gadget for A. To show property (i), let a, b ∈ A. By the construction of
Lemma 2.10.1, there exists a polymorphism f : Ak → A such that f(x) = a and f(y) = b,
given by a projection map. So, we can take πa,b(pa,c) = δc,f(a). Property (ii) follows directly
from the hypothesis that morQ(Ak, A) ⊆ morc(Ak, A). ■

This proof extends identically to the oracular case.

Theorem 4.3.4 ([38]). Let A be a relational structure and let Q be a tensor monoid. The
following are equivalent.

1. moroQ(Ak, A) ⊆ morc(Ak, A) for all k ∈ N.

2. moroQ(A|A|2 , A) ⊆ morc(A|A|2 , A).

3. A admits an oracular Q-commutativity gadget.

Proof.

(i)⇒(ii) Immediate.

109



(ii)⇒ (iii) Suppose moroQ(A|A|2 , A) ⊆ morc(A|A|2 , A). Following the notation of Lemma 4.3.3,
we claim (A|A|2 ,x,y) is an oracular commutativity gadget for A. In fact, property (i) holds
identically; and property (ii) holds since every oracular Q-morphism is classical.

(iii)⇒ (i) To extend the proof of Lemma 4.3.2, it suffices to show that the constructed
map φ also satisfies the additional commutation relations of Moro+(G,Ak). Let σ ∈ R,
z ∈ RG, i ̸= j ∈ [ar(R)], and c,d ∈ Ak. Then,

φ(pzi,c)φ(pzj ,d) = πa1,b1(pzi,c1)πa1,b1(pzj ,d1) ⊗ · · · ⊗ πan,bn(pzi,cn)πan,bn(pzj ,dn)
= πa1,b1(pzj ,d1)πa1,b1(pzi,c1) ⊗ · · · ⊗ πan,bn(pzj ,dn)πan,bn(pzi,cn)
= φ(pzj ,d)φ(pzi,c),

as wanted. The rest of the proof proceeds identically. ■

4.3.2 Stable commutation

To extend the characterisation of commutativity gadgets in terms of polymorphisms to the
robust setting, we make use of an approximate notion of commutativity.

Definition 4.3.5. Let (A, µ) be a weighted algebra, and let Q be a tensor monoid. We say
A is Q-stably commutative with respect to a finite generating set X ⊆ A if for all ε > 0,
there exists δ > 0 such that for any tracial state τ : A → C over Q, def(τ) ≤ δ implies that
∥[x, y]∥2

τ ≤ ε for all x, y ∈ X.

It is clear that if A is Q-stably commutative, then A/⟨⟨suppµ⟩⟩ is commutative with
respect to any representation to any finite von Neumann algebra in Q. Also, for Q ⊆ Q′, if
A is Q′-stably commutative, then A is Q-stably commutative.

Next we show that stable commutativity is independent of the choice of finite generating
set.

Lemma 4.3.6. Let (A, µ) be a weighted algebra that is archimedean with respect to the
∗-positive cone of sums of squares, and let X and Y be finite generating sets of A such that
X = X∗ and Y = Y ∗. Then A is Q-stably commutative with respect to X if and only if it
is Q-stably commutative with respect to Y .

Proof. By symmetry, we need only show one direction. Suppose A is Q-stably com-
mutative with respect to X. Write X = {x1, . . . , xn} and Y = {y1, . . . , ym}. For each
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i ∈ [m], there exists a noncommutative ∗-polynomial pi such that yi = pi(x1, . . . , xn) =∑
M ci,MM(x1, . . . , xn) where the sum is over monomials M . Fix a tracial state τ on A

over Q. First note that for any a, b, c ∈ A, the commutator

∥[ab, c]∥τ = ∥abc− acb+ acb− cab∥τ = ∥a[b, c] + [a, c]b∥τ
≤ ∥a∥∥[b, c]∥τ + ∥b∥∥[a, c]∥τ ,

where ∥·∥ is the seminorm induced by the order on A. Hence, by induction, for any
a1, . . . , aN , b ∈ A, we have that

∥[a1 · · · aN , b]∥τ ≤ ∥a1∥ · · · ∥a⌊N/2⌋∥∥[a⌊N/2⌋+1 · · · aN , b]∥τ + ∥a⌊N/2⌋+1∥ · · · ∥aN∥∥[a1 · · · a⌊N/2⌋, b]∥τ

≤
N∑
i=1

∏
j ̸=i

∥aj∥ · ∥[ai, b]∥τ .

As such, given two monomials M(x1, . . . , xn) = xi1 · · · xiK and M ′(x1, . . . , xn) = xj1 · · · xjK′ ,

∥[M(x1, . . . , xn),M ′(x1, . . . , xn)]∥τ ≤
K∑
k=1

∏
l ̸=k

∥xil∥∥[xik , xj1 · · · xjK′ ]∥

≤
K∑
k=1

K′∑
k′=1

∏
l ̸=k

∥xil∥
∏
l′ ̸=k′

∥xjl′ ∥∥[xik , xjk′ ]∥τ .

Let C(M,M ′) = ∑K
k=1

∑K′

k′=1
∏
l ̸=k∥xil∥

∏
l′ ̸=k′∥xjl′ ∥ for monomials M,M ′ as above. Set

C = maxi,i′∈[m]
∑
M,M ′ |ci,Mci′,M ′|C(M,M ′).

Now, let ε > 0. As A is Q-stably commutative with respect to X, then there exists δ > 0
such that for any tracial state τ on A over Q and def(τ) < δ, the norms ∥[xj, xj′ ]∥2

τ <
ε
C2 .

Suppose τ is a tracial state on A over Q such that def(τ) < δ. We have therefore that

∥[yi, yi′ ]∥τ ≤
∑
M,M ′

|ci,Mci,M ′ |∥[M(x1, . . . , xn),M ′(x1, . . . , xn)]∥τ

≤
∑
M,M ′

|ci,Mci,M ′ |C(M,M ′)
√
ε

C
=

√
ε,

giving ∥[yi, yi′ ]∥2
τ ≤ ε. As such, A is Q-stably commutative with respect to Y . ■

Next, we show that stable commutativity is a weaker condition than commutativity of
the quotient algebra.
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Lemma 4.3.7. Suppose (A, µ) is a weighted algebra with finite generating set X, that is
archimedean with respect to the ∗-positive cone of sums of squares. If C∗

u(A/⟨⟨suppµ⟩⟩) is
commutative, then A is Q-stably commutative for any tensor monoid Q.

Proof. Since C∗
u(A/⟨⟨suppµ⟩⟩) is commutative, [x, y] = 0 in C∗

u(A/⟨⟨suppµ⟩⟩) for all x, y ∈
X. This implies that [x, y] is in the infinitesimal ideal of A/⟨⟨suppµ⟩⟩. Let ε > 0. By the
above, we know |[x, y]|2 ≤ ε

2 in A/⟨⟨suppµ⟩⟩. By definition, there exists px,y ∈ A/⟨⟨suppµ⟩⟩
positive such that ε

2 − |[x, y]|2 = px,y. In A, this gives that |[x, y]|2 − ε
2 + px,y ∈ ⟨⟨suppµ⟩⟩,

so there exist Nx,y ∈ N, rx,y,i ∈ suppµ, and ax,y,i, bx,y,i ∈ A such that

|[x, y]|2 − ε

2 + px,y =
Nx,y∑
i=1

ax,y,irx,y,ibx,y,i.

Now, let M = maxx,y
∑Nx,y
i=1

∥bx,y,iax,y,i∥√
µ(rx,y,i)

and set δ =
(

ε
2M

)2
.

Suppose τ is a tracial state on A over Q such that def(τ) < δ. Then, for all x, y ∈ X,

∥[x, y]∥2
τ = τ(|[x, y]|2) = τ

(
ε

2 − px,y +
Nx,y∑
i=1

ax,y,irx,y,ibx,y,i

)

= ε

2 − τ(px,y) +
Nx,y∑
i=1

τ(bx,y,iax,y,irx,y,i)

≤ ε

2 +
Nx,y∑
i=1

∥bx,y,iax,y,i∥∥rx,y,i∥τ

≤ ε

2 +
Nx,y∑
i=1

∥bx,y,iax,y,i∥

√√√√ def(τ)
µ(rx,y,i)

<
ε

2 +M
√
δ = ε. ■

To finish this section, we find some equivalences for stable commutativity between
different min-tensor monoids. Here, we follow the notation of [36] for ultrafilters.

Lemma 4.3.8. Let (A, µ) be a weighted algebra where A = CZd1 ∗ · · · ∗ CZdk . If A is
q-stably commutative, then A is qa-stably commutative.

Proof. Let ε > 0 and fix the generating set X = {u1, u
∗
1, . . . , uk, u

∗
k} of A such that

udii = u∗
iui = 1 with no other relations. Since A is q-stably commutative, there exists δ > 0
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such that if def(τ) < δ for a tracial state τ : A → C over q, then ∥[x, y]∥2
τ < ε for all x, y ∈ X.

Now, suppose τ is a tracial state on A over qa such that def(τ) < δ
2 . Now consider the GNS

representation of τ ; we may assume that it is minimal, giving a ∗-representation π : A → M,
where (M, tr) is a finite von Neumann algebra that embeds into (Rω, τω) and τ = tr ◦π. In
particular tr is faithful. Further, by Lemma 2.4.1, Rω embeds into (∏ω′ Mn, τω′), where ω′ is
some free ultrafilter and Mn are finite-dimensional von Neumann algebras. By composing π
with the embedding M ↪→ ∏

ω′ Mn, we get a ∗-representation π′ : A → ∏
ω′ Mn such that

τ = τω′ ◦ π′. This gives that π′ can be realised as a sequence of maps (πn) such that for all
a, b ∈ A, limn→ω′∥πn(a)πn(b) − πn(ab)∥2

trn = 0 and limn→ω′∥πn(a∗) − πn(a)∗∥2
trn = 0. Now,

we need to round the πn to ∗-representations of A. Let Un,i be the nearest order-di unitary
to πn(ui). By Lemma 3.1.14, we know that ∥πn(ui) − Un,i∥trn

ω′
→ 0. Then, we define the

∗-representation π′
n : A → Mn by π′

n(ui) = Un,i. We have that ∥πn(a)−π′
n(a)∥trn

ω′
→ 0 for all

a ∈ A, so the sequence (π′
n) also induces the representation π′ on Rω. Since def(τ) < δ

2 , we
know that def(trn ◦πn) ω→ def(τ) < δ

2 . Let N = {n ∈ N | def(trn ◦πn) < δ}. By convergence,
N ∈ ω′ and by q-stable commutativity, for all n ∈ N , ∥[x, y]∥2

trn ◦πn < ε for all x, y ∈ X.
Now, suppose there exist x, y ∈ X such that ∥[x, y]∥2

τ ≥ ε. Then, there exists M ∈ ω′ such
that for all n ∈ M , ∥[x, y]∥2

trn ◦πn ≥ ε. However, we get that M and N are disjoint, so
∅ = M ∩N ∈ ω′. Contradiction, so ∥[x, y]∥2

τ < ε for all x, y ∈ X, giving that A is qa-stably
commutative. ■

Lemma 4.3.9. Let (A, µ) be a weighted algebra. If every representation of C∗
u(A/⟨⟨suppµ⟩⟩)

into Rω (for some non-principal ultrafilter ω) is commutative, then A is q-stably commuta-
tive.

Proof. Fix a finite generating set X of A, and for a tracial state τ write comm-def(τ) =∑
x,y∈X∥[x, y]∥2

τ . We proceed by contrapositive. Suppose A is not q-stably commutative.
Then, there exists ε > 0 such that for all δ > 0, there exists a finite-dimensional tracial state
τ on A such that def(τ) < δ but comm-def(τ) ≥ ε. In particular, for each n ∈ N, there
exists a finite-dimensional tracial state τn such that def(τn) < 1

2n but but comm-def(τn) ≥ ε.
Now, consider the GNS representation πn : A → Mn, where Mn is a finite-dimensional
von Neumann algebra with tracial state trn; we may without loss of generality assume
that dim Mn → ∞ in n. Fix a non-principal ultrafilter ω, and let M = ∏

ω Mn the
ultraproduct. M has a tracial state tr defined as tr(x) = limn→ω trn(xn), and embeds in Rω

by Lemma 2.4.1. Let π : A → M be defined as π(a) = (πn(a)). This is a ∗-homomorphism
and induces a tracial state τ = tr ◦π on A. We also have that

def(τ) =
∑
a∈A

µ(a)τ(a∗a) =
∑
a∈A

µ(a) lim
n→ω

trn(πn(a∗a)) = lim
n→ω

∑
a∈A

µ(a)∥a∥2
τn = lim

n→ω

1
2n = 0.
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As such, π factors through A/⟨⟨suppµ⟩⟩ to give a representation π̄ : A/⟨⟨suppµ⟩⟩ → M. By
universal property, this induces a representation ¯̄π : C∗

u(A/⟨⟨suppµ⟩⟩) → M. To conclude,
it remains to see that im ¯̄π = im π

∥·∥ is not commutative. Let a = ∑
x,y∈X |[x, y]|2. Since tr

is faithful, if τ(a) = comm-def(τ) ̸= 0, then im ¯̄π is not commutative. We have that

τ(a) = lim
n→ω

τn(a) = lim
n→ω

comm-def(τn).

However, comm-def(τn) ≥ ε for all n, and therefore {n ∈ N | |comm-def(τn)| < ε} = ∅ /∈ ω.
Thus, (comm-def(τn)) does not tend to 0, so ¯̄π is a noncommutative representation of
C∗
u(A/⟨⟨suppµ⟩⟩) into M ↪→ Rω. ■

Lemma 4.3.10. Let (A, µ) be a weighted algebra. If every representation of C∗
u(A/⟨⟨suppµ⟩⟩)

into B ∈ co is commutative, then A is co-stably commutative.

The proof follows in the same way as Lemma 4.3.9, by noting that co is closed under
ultraproducts.

4.3.3 Robust commutativity gadgets

Using the stability notions of Section 4.3.2, we can fully characterise when robust commu-
tativity gadgets exist in terms of properties of the quantum polymorphisms.

Theorem 4.3.11. Let A be a relational structure and let Q be a finite tensor monoid. The
following are equivalent.

(i) Morno
u

(Ak, A) is Q-stably commutative for all k ∈ N.

(ii) Morno
u

(A|A|2 , A) is Q-stably commutative.

(iii) A admits a robust Q-commutativity gadget.

Proof.

(i)⇒(ii) Immediate.

(ii)⇒(iii) Suppose Morno
u

(A|A|2 , A) is Q-stably commutative. Following the notation
of Lemma 4.3.3, we claim (A|A|2 ,x,y) is a robust Q-commutativity gadget for A. Since
Morno

u
(A|A|2 , A) is Q-stably commutative, we know that every ∗-representation of the quan-

tum homomorphism algebra Mor+(A|A|2 , A) = C∗
u(Morno

u
(A|A|2 , A)/⟨⟨suppµno,u⟩⟩) over Q
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is commutative, and hence morQ(A|A|2 , A) ⊆ morc(A|A|2 , A). By Lemma 4.3.3, (A|A|2 ,x,y)
is a commutativity gadget for A. For the additional robustness property, it follows from
the stable commutativity property that for any ε > 0, there exists δ > 0 such that for
any tracial state τ on Morno

u
(A|A|2 , A) over Q, if def(τ) < δ, then ∥[pa,a, pb,b]∥2

τ ≤ ε
|A|2 . So,

this implies that ∑a,b∈A∥[px,a, py,b]∥2
τ < ε, and hence (A|A|2 ,x,y) is a robust commutativity

gadget.
(iii)⇒(i) As in Lemma 4.3.2, we show the contrapositive by contradiction. Suppose

(G, x, y) is a robust commutativity gadget. Also, there exists k ∈ N such that Morno
u

(Ak, A)
is not Q-stably commutative. Write m = ∑

R∈σ |RG| and M = ∑
R∈σ|RAk |. Then, there

exists ε > 0 such that for any δ > 0 there is a tracial state τ on Morno
u

(Ak, A) over Q
such that def(τ) < δ

M2 but ∥[pa,a, pb,b]∥2
τ ≥ ε for some a, b ∈ Ak and a, b ∈ A. Fix δ > 0,

and the corresponding τ,a, b, a, b. Let π : Morno
u

(Ak, A) → M be the GNS representation
of τ , with a tracial state ρ on M such that τ = ρ ◦ π. Let φ be the representation of
Mor+(G,Ak) defined in Lemma 4.3.2. Write ν for the tracial state on imφ. Now, define the
∗-representation π′ of Morno

u
(G,A) on the generators by
π′(pz,c) =

∑
c∈Ak

φ(pz,c) ⊗ π(pc,c).

This definition clearly extends to a ∗-representation as the π′(pz,c) are projections and∑
c∈A

π′(pz,c) =
∑

c∈A,c∈Ak
φ(pz,c) ⊗ π(pc,c) = 1.

Note also that (ν⊗ρ) is a tracial state on im π′, which induces a tracial state τ ′ = (ν⊗ρ)◦π′

on Morno
u

(G,A). The defect of this state is upper-bounded as

def(τ ′) = 1
m

∑
R∈σ,z∈RG,c/∈RA

∥pz1,c1 · · · pzar(R),car(R)∥
2
τ ′

= 1
m

∑
R∈σ,z∈RG,c/∈RA

∥∥∥∥ ∑
c1,...,ck∈Ak

φ(pz1,c1 · · · pzar(R),car(R)) ⊗ π(pc1,c1 · · · pcar(R),car(R))
∥∥∥∥2

ν⊗ρ

= 1
m

∑
R∈σ,z∈RG,c/∈RA

∥∥∥∥ ∑
c∈RAk

φ(pz1,c1 · · · pzar(R),car(R)) ⊗ π(pc1,c1 · · · pcar(R),car(R))
∥∥∥∥2

ν⊗ρ

≤ 1
m

∑
R∈σ,z∈RG,c/∈RA,c∈RAk

|RAk | · ∥pz1,c1 · · · pzar(R),car(R)∥
2
ν◦φ · ∥pc1,c1 · · · pcar(R),car(R)∥

2
τ

≤ 1
m

∑
R∈σ,c/∈RA,c∈RAk

|RG| · |RAk | · ∥pc1,c1 · · · pcar(R),car(R)∥
2
τ

≤ M2 def(τ) < δ.
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On the other hand, since π′(px,a) = ∑
c∈Ak φ(px,c) ⊗ π(pc,a) = 1 ⊗ π(pa,a) and similarly

π′(py,b) = 1 ⊗ π(pb,b), so∑
c,d∈A

∥[px,c, py,d]∥2
τ ′ ≥ ∥[px,a, py,b]∥2

τ ′ = ∥[pa,a, pb,b]∥2
τ ≥ ε.

Hence (G, x, y) is not a robust Q-commutativity gadget, giving the wanted contradiction. ■

Theorem 4.3.12. Let A be a relational structure and Q be a finite tensor monoid. The
following are equivalent.

(i) Morocv
u

(Ak, A) is Q-stably commutative for all k ∈ N.

(ii) Morocv
u

(A|A|2 , A) is Q-stably commutative.

(iii) A admits a robust oracular Q-commutativity gadget.

Proof.

(i)⇒(ii) Immediate.

(ii)⇒(iii) Suppose Morocv
u

(A|A|2 , A) is Q-stably commutative. Following the notation of
Lemma 4.3.3, we claim (A|A|2 ,x,y) is a robust oracular Q-commutativity gadget for A. Since
Morocv

u
(A|A|2 , A) is Q-stably commutative, we know that every representation of the oracular

quantum homomorphism algebra Moro+(A|A|2 , A) = C∗
u(Morocv

u
(A|A|2 , A)/⟨⟨suppµocv,u⟩⟩)

over Q is commutative, and hence morQ(A|A|2 , A) ⊆ morc(A|A|2 , A). By Theorem 4.3.4,
(A|A|2 ,x,y) is an oracular Q-commutativity gadget for A. For the additional robustness
property, it follows from the stable commutativity property that for any ε > 0, there exists
δ > 0 such that for any tracial state τ on Morocv

u
(A|A|2 , A) over Q, if def(τ) < δ, then

∥[pa,a, pb,b]∥2
τ ≤ ε

|A|2 . So, this implies that ∑a,b∈A∥[px,a, py,b]∥2
τ < ε, and hence (A|A|2 ,x,y) is

an robust oracular Q-commutativity gadget.

(iii)⇒(i) First, for R ∈ σ, c ∈ RAk , write ΦR,c,i,c = ∑
c∈RA: ci=c ΦR,c,c. We have that

∥ΦR,c,i,c − pci,c∥2
τ = τ(ΦR,c,i,c − pci,c) + 2τ(ΦR,c,i,c(1 − pci,c))

≤ 2
∑
c∈A

τ(ΦR,c,i,c(1 − pci,c))

= 2
∑

c∈RA
∥ΦR,c,c(1 − pci,ci)∥2

τ

≤ 2ML def(τ),
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where as before M = ∑
R∈σ |RAk | and L = maxR∈σ ar(R). This implies that

∥[ΦR,c,i,c, pd,d]∥2
τ ≤ 3∥[pci,c, pd,d]∥2

τ + 12ML def(τ)
∥[ΦR,c,i,c,ΦS,d,j,d]∥2

τ ≤ 5∥[pci,c, pdj ,d]∥2
τ + 40ML def(τ)

As in Lemma 4.3.2, we show the contrapositive by contradiction. Suppose (G, x, y) is a
robust oracular Q-commutativity gadget. Also, there exists k ∈ N such that Morocv

u
(Ak, A) is

not Q-stably commutative. In particular that means that it is not Q-stably commutative with
respect to the generating set {ΦR,c,i,c}R∈σ,c∈RAk ,i∈[ar(R)],c∈A ∪ {pc,c}c∈Ak,c∈A via Lemma 4.3.6.
Write m = ∑

R∈σ |RG|. Then, there exists ε > 0 such that for any δ > 0 there is a trace
τ on Morocv

u
(Ak, A) over Q such that def(τ) ≤ δ

M
but ∥[ΦR,a,i,a,ΦS,b,j,b]∥2

τ > 10ε for some
R, S ∈ σ, a ∈ RAk , b ∈ SA

k , i ∈ [ar(R)], j ∈ [ar(S)], and a, b ∈ A; or ∥[ΦR,a,i,a, pb,b]∥2
τ > 10ε

for some R ∈ σ, a ∈ RAk , i ∈ [ar(R)], b ∈ Ak, and a, b ∈ A; or ∥[pa,a, pb,b]∥2
τ > 10ε for some

a, b ∈ Ak and a, b ∈ A. By the argument at the beginning of the proof, this implies that in
either of the three cases, ∥[pa,a, pb,b]∥2

τ > 2ε− 8ML def(τ) for some a, b ∈ Ak and a, b ∈ A.
If δ

M
≤ ε

8ML
, we get that ∥[pa,a, pb,b]∥2

τ > ε

Fix δ > 0 satisfying δ
M

≤ ε
8ML

, and the corresponding τ,a, b, a, b as above. Let π :
Morocv

u
(Ak, A) → M be the GNS representation of τ , with a tracial state ρ on M such that

τ = ρ ◦ π. Let φ be the representation of Moro+(G,Ak) defined in Lemma 4.3.2. Write ν
for the tracial state on imφ. Now, define the ∗-representation π′ of Morocv

u
(G,A) on the

generators by

π′(ΦR,z,c) =
∑

c∈RAk
φ(pz1,c1 · · · pzar(R),car(R)) ⊗ π(ΦR,c,c),

π′(pz,c) =
∑

c∈Ak
φ(pz,c) ⊗ π(pc,c).

Below we write as usual pz,c = pz1,c1 · · · pzar(R),car(R) . To see that π′ is in fact a ∗-representation,
it suffices to note that the relations of Morocv

u
(A|A|2 , A) are satisfied. First, π′(ΦR,z,c) and

π′(pz,c) are projections as they are sums of orthogonal projections. Also,∑
c∈RA

π′(ΦR,z,c) =
∑

c∈RA

∑
c∈RAk

φ(pz,c) ⊗ π(ΦR,c,c) =
∑

c∈RAk
φ(pz,c) ⊗ 1 = 1,

and ∑
c∈A

π′(pz,c) =
∑
c∈A

∑
c∈Ak

φ(pz,c) ⊗ π(pc,c) =
∑

c∈Ak
φ(pz,c) ⊗ 1 = 1.
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Now, since (ν ⊗ ρ) is a tracial state on im π′, τ ′ = (ν ⊗ ρ) ◦ π′ is a tracial state on
Morocv

u
(G,A). The defect of this tracial state is

def(τ ′) = 1
m

∑
R∈σ,z∈RG,

i∈[ar(R)],c∈RA

1
ar(R)τ

′(ΦR,z,c(1 − pzi,ci))

= 1
m

∑
R∈σ,z∈RG,

i∈[ar(R)],c̸=d∈A

1
ar(R)τ

′(ΦR,z,i,cpzi,d)

= 1
m

∑
R∈σ,z∈RG,

i∈[ar(R)],c̸=d∈A

1
ar(R)

∑
c∈RAk ,d∈Ak

(ν ◦ φ)(pz1,c1 · · · pzar(R),car(R)pzi,d)τ(ΦR,c,i,cpd,d)

= 1
m

∑
R∈σ,z∈RG,

i∈[ar(R)],c̸=d∈A

1
ar(R)

∑
c∈RAk

(ν ◦ φ)(pz1,c1 · · · pzar(R),car(R))τ(ΦR,c,i,cpci,d)

≤ 1
m

∑
R∈σ,z∈RG,

i∈[ar(R)],c̸=d∈A

1
ar(R)

∑
c∈RAk

τ(ΦR,c,i,cpci,d)

= M def(τ) ≤ M
δ

M
= δ

On the other hand, since π′(px,a) = ∑
c∈Ak φ(px,c) ⊗ π(pc,a) = 1 ⊗ π(pa,a) and similarly

π′(py,b) = 1 ⊗ π(pb,b), so∑
c,d∈A

∥[px,c, py,d]∥2
τ ′ ≥ ∥[px,a, py,b]∥2

τ ′ = ∥[pa,a, pb,b]∥2
τ > ε.

Hence (G, x, y) is not a robust oracular Q-commutativity gadget, giving the wanted contra-
diction. ■

4.3.4 Implications and equivalences

We use the characterisation of robust commutativity gadgets, as well the properties of stable
commutativity from Section 4.3.2 to show some implications and equivalences between
different types of commutativity gadget.

First, we show a lemma relating oracular and non-oracular commutativity gadgets.

Lemma 4.3.13. Suppose (G, x, y) is aQ-commutativity gadget (resp. robustQ-commutativity
gadget, algebraic commutativity gadget) for A such that πa,b ∈ morc(G,A) for all a, b ∈ A.
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Then, (G, x, y) is an oracular commutativity gadget (resp. robust oracular Q-commutativity
gadget, oracular algebraic commutativity gadget).

Note that the hypothesis of this lemma is always satisfied for commutativity gadgets
constructed from the polymorphism spaces, but not for all gadgets.

Proof. First, if (G, x, y) is a commutativity gadget with πa,b classical, then πa,b factors
through Moro+(G,A). Hence, (G, x, y) satisfies property (i) of an oracular commutativity
gadget. Next, to show property (ii), suppose that π ∈ moroQ(G,A). Then, by precomposing
with the quotient map Mor+(G,A) → Moro+(G,A), this induces a representation of
Mor+(G,A) and by the commutativity gadget property, we have that [π(px,a), π(py,b)] = 0
for all a, b ∈ A. The same proof with π replaced by the identity also shows that if (G, x, y)
is an algebraic commutativity gadget under the same assumption, then it is also an oracular
algebraic commutativity gadget.

Now, suppose (G, x, y) is an robust commutativity gadget. Let τ be a tracial state on
Morocv

u
(G,A). By precomposing with the inclusion map Morno

u
(G,A) → Morocv

u
(G,A), τ

induces a tracial state on Morno
u

(G,A), which we refer to as τ ′. Let m = ∑
R∈σ |RG| We

have that

def(τ ′) = 1
m

∑
R∈σ,a∈RA,b/∈RB

∥pa1,b1 · · · paar(R),bar(R)∥
2
τ

= 1
m

∑
R∈σ,a∈RA,b/∈RB

∥∥∥(pa1,b1 − ΦR,a,1,b1)pa2,b2 · · · paar(R),bar(R)

+ ΦR,a,1,b1(pa2,b2 − ΦR,a,2,b2)pa3,b3 · · · paar(R),bar(R) + . . .

+ ΦR,a,1,b1 · · · ΦR,a,ar(R)−1,bar(R)−1(paar(R),bar(R) − ΦR,a,ar(R),bar(R)) + ΦR,a,b

∥∥∥2

τ

≤ 1
m

∑
R∈σ,a∈RA,b∈B

ar(R)
ar(R)∑
i=1

∥pai,b − ΦR,a,i,b∥2
τ

= 2
m

∑
R∈σ,a∈RA,b∈RB ,i∈[ar(R)]

ar(R)∥ΦR,a,b(1 − pai,bi)∥2
τ ≤ 2L2 def(τ),

where L = maxR∈σ ar(R). Now, let ε > 0. As (G, x, y) is an robust commutativity gadget,
there exists δ > 0 such that if φ is a tracial state on Morno

u
(G,A) such that def(φ) < δ,

then ∑a,b∈A∥[px,a, py,b]∥2
φ < ε. Suppose that τ is a tracial state on Morocv

u
(G,A) such that

def(τ) < δ
2L2 . By the above, τ ′ is a tracial state on Morno

u
(G,A) such that def(τ ′) < δ,

and hence ∑a,b∈A∥[px,a, py,b]∥2
τ = ∑

a,b∈A∥[px,a, py,b]∥2
τ ′ < ε. So (G, x, y) is a robust oracular

commutativity gadget. ■
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Figure 4.2: Relationships between commutativity gadget classes shown by Theorem 4.3.14.
Trivial implications are denoted by solid grey arrows, the implications (i) – (iv) are denoted
by solid black arrows, the implications (v) and (vi) are denoted by dashed black arrows,
the implications (vii) and (viii) are denoted by dotted black arrows, and the equivalences
(ix) – (xii) are denoted by blue boxes.

Theorem 4.3.14. Let A be a relational structure. Let Q and Q′ be finite tensor monoids.

(i) If Q ⊆ Q′ and A admits a Q′-commutativity gadget, then A admits a Q-commutativity
gadget.

(ii) If Q ⊆ Q′ and A admits an oracular Q′-commutativity gadget, then A admits an
oracular Q-commutativity gadget.

(iii) If Q ⊆ Q′ and A admits a robust Q′-commutativity gadget, then A admits a robust
Q-commutativity gadget.

(iv) If Q ⊆ Q′ and A admits a robust oracular Q′-commutativity gadget, then A admits a
robust oracular Q-commutativity gadget.

(v) If A admits Q-commutativity gadget, then A admits an oracular Q-commutativity
gadget.

(vi) If A admits a robust Q-commutativity gadget, then A admits a robust oracular
Q-commutativity gadget.

(vii) IfA admits an algebraic commutativity gadget, thenA admits a robustQ-commutativity
gadget for all finite Q.
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(viii) If A admits an oracular algebraic commutativity gadget, then A admits a robust
oracular Q-commutativity gadget for all finite Q.

(ix) A admits a qa-commutativity gadget iff A admits a robust qa-commutativity gadget
iff A admits a robust q-commutativity gadget.

(x) A admits an oracular qa-commutativity gadget iff A admits a robust oracular qa-
commutativity gadget iff A admits a robust oracular q-commutativity gadget.

(xi) A admits a co-commutativity gadget iff A admits a robust co-commutativity gadget.

(xii) A admits an oracular co-commutativity gadget iff A admits a robust oracular co-
commutativity gadget.

The results of this theorem are summarised in Fig. 4.2

Proof. (i) to (iv) follow as the commutativity gadget constructed in Lemma 4.3.3 has
deterministic morphisms πa,b, and every Q-morphism is a Q′-morphism. (v) and (vi) follow
as the commutativity gadgets constructed in Theorems 4.3.1 and 4.3.11 satisfy the conditions
of Lemma 4.3.13. (vii) and (viii) follow using Lemma 4.3.7 to note that a commutative
quantum polymorphism algebra implies Q-stable commutativity. (ix) and (x) follow by
using Lemma 4.3.8 to equate q-stable commutativity and qa-stable commutativity, and
using Lemma 4.3.9 to equate q-stable commutativity and commutativity under Connes-
embeddable representations. Finally, (xi) and (xii) follow by Lemma 4.3.10. ■

4.4 Polymorphism algebras of the complete graphs

In this section, we study the entangled polymorphisms of the complete graphs Kn for n ≥ 3.
This gives an example of how quantum polymorphisms relate to the classical ones, and will
be useful in a few applications, beginning in the following section.

Before studying the quantum case, we mention the classical case, which will motivate
our analysis. It is known that the endomorphisms of a complete graph are the permutations,
and that the polymorphisms take the form of a projection down to one of the components,
followed by a permutation. That is, the polymorphisms f : Kk

n → Kn have the form
f = σ ◦ πi, where πi : Kk

n → Kn is the canonical projection πi(x) = xi and σ : Kn → Kn is
a permutation. As such, it follows that the commutative algebra Mor(Kk

n, Kn) is generated
by the projections px,a(σ ◦ πi) = δσ(xi),a. To realise the bijection mor(Kk

n, Kn) = S⊔k
n at
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the level of the algebra, let x,x′ ∈ Kk
n such that xi = x′

i but xj ̸= x′
j for all j ≠ i, and

consider Πi = ∑
a px,apx′,a. Then, we have that Πi(σ ◦ πj) = δi,j, which gives that Πi is

independent of the choice of x,x′ satisfying xj = x′
j ⇐⇒ j = i for all j, and that {Πi}i∈[k]

forms a resolution of identity. By construction, Πi Mor(Kk
n, Kn) admits the coproduct

∆(f)(σ ◦ πj, τ ◦ πj′) = δi,j,j′f(σ ◦ τ ◦ πi), giving that Πi Mor(Kk
n, Kn) ∼= C(Sn).

Theorem 4.4.1. For n ≥ 3, mor+(Kk
n, Kn) is isomorphic to (S+

n )⊔k in the following way:
there exists a central PVM {Πi}ki=1 in Mor+(Kk

n, Kn) such that for each i, the C∗-algebra

Πi Mor+(Kk
n, Kn) ∼= End+(Kn) = S+

n

via the ∗-homomorphism extending Πipx,a 7→ pxi,a.

In the following we always assume n ≥ 3.

Lemma 4.4.2. Let x1, . . . ,xn ∈ Kk
n be such that xij ̸= xi′j for all i ̸= i′. Then, for all

a ∈ Kn, px1,a + . . .+ pxn,a = 1 in Mor+(Kk
n, Kn).

Proof. Since xi ∼Kk
n

xj for all i ≠ j by hypothesis, we have that pxi,apxj ,a = 0. As such, the
pxi,a are orthogonal projections, giving px1,a + . . .+ pxn,a ≤ 1. Summing over a gives

n =
∑
i

1 =
∑
i,a

pxi,a ≤
∑
a

1 = n,

and hence the inequalities must all be equalities. ■

Lemma 4.4.3. Let x,x′ ∈ Kk
n such that xi ̸= x′

i for all i. Fix S ⊆ [k] and define y,y′ ∈ Kk
n

as yi = xi and y′
i = x′

i if i ∈ S, and yi = x′
i and y′

i = xi otherwise. Then, for all a ∈ Kn,
px,a + px′,a = py,a + py′,a in Mor+(Kk

n, Kn).

Proof. There exist x3, . . . ,xn ∈ Kk
n such that xij ̸= xi′j for all i ≠ i′, and xij ̸= xj, x

′
j . Then,

by Lemma 4.4.2, we have that px,a + px′,a + px3,a + . . .+ pxn,a = 1 and py,a + py′,a + px3,a +
. . .+ pxn,a = 1. Putting these together gives the wanted result. ■

Lemma 4.4.4. For all x,y ∈ Kk
n and a ∈ Kn, px,a and py,a commute in Mor+(Kk

n, Kn).

Proof. Consider first the case that xi ≠ yi for all i. Then, as x ∼Kk
n

y, px,apy,a = 0, and
hence they commute by the defining relations of Mor+(Kk

n, Kn). In the other case, let
S = {i | xi = yi} ̸= ∅. Now, let x′,y′ ∈ Kk

n such that x′
i = y′

i ≠ xi for i ∈ S, and x′
i = yi
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and y′
i = xi for i /∈ S. Hence x,x′,y,y′ satisfy the conditions of Lemma 4.4.3, and hence

px,a + px′,a = py,a + py′,a. Hence, we find that

[px,a, py,a] = [px,a, px,a + px′,a − py′,a] = −[px,a, py′a].

In particular, this tells us that [px,a, py,a] does not depend on yi for i /∈ S. Let z ∈ Kk
n be

such that zi = xi = yi for all i ∈ S, and zi ̸= xi and zi ̸= yi for all i /∈ S. Therefore,

[px,a, py,a] = [px,a, pz,a] = −[pz,a, px,a] = −[pz,a, py,a] = −[px,a, py,a],

giving that [px,a, py,a] = 0. ■

Lemma 4.4.5. Let S ⊆ [k] and define ΠS = ∑
a∈Kn px,apy,a for some x,y ∈ Kk

n such that
xi = yi ⇐⇒ i ∈ S. Then,

(i) ΠS does not depend on the choice of x,y satisfying xi = yi ⇐⇒ i ∈ S;

(ii) ΠS is a projection;

(iii) ΠS is central;

(iv) ΠSpx,a does not depend on xi for i /∈ S; and

(v) For T ⊆ S, ΠS = ΠT + ΠS\T .

Proof. (i) Let x̃, ỹ ∈ Kk
n such that x̃i = ỹi ⇐⇒ i ∈ S Define x′,y′ ∈ Kk

n such that
x′
i = y′

i ̸= xi, x̃i for all i ∈ S, and x′
i = yi and y′

i = xi for all i /∈ S. Then,

ΠS =
∑
a∈Kn

px,apy,a =
∑
a∈Kn

px,a(px,a + px′,a − py′,a) = 1 −
∑
a∈Kn

px,apy′,a

Next, let x′′,y′′ ∈ Kk
n such that x′′

i = y′
i and y′′

i = xi for all i ∈ S, and x′′
i = y′′

i ≠ xi, x̃i
for all i /∈ S. Then,

ΠS = 1 −
∑
a∈Kn

(py′,a + py′′,a − px′′,a)py′,a =
∑
a∈Kn

px′′,apy′,a.

Then, let x′′′,y′′′ ∈ Kk
n such that x′′′

i = y′′′
i ̸= yi, ỹi for all i ∈ S, and x′′′

i = y′
i and

y′′′
i = x′′

i for all i /∈ S. Then,

ΠS =
∑
a∈Kn

px′′,a(px′′,a + px′′′,a − py′′′,a) = 1 −
∑
a∈Kn

px′′,apy′′′,a.
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By construction, x′′ is arbitrary such that x′′
i ̸= xi, x̃i for all i, and y′′′ is arbitrary

such that y′′′
i ̸= yi, ỹi for all i. As such, we can reverse the process to get

ΠS = 1 −
∑
a∈Kn

px′′,apy′′′,a =
∑
a∈Kn

px̃,apỹ,a,

giving the wanted independence.

(ii) As px,a and py,a commute by Lemma 4.4.4, px,apy,a is a projection. Further, if a ≠ a′,

(px,apy,a)(px,a′py,a′) = py,apx,apx,a′py,a′ = 0,

so ΠS is a sum of orthogonal projections, and hence it is a projection.

(iii) We have that px,aΠS = px,apy,a = py,apx,a = ΠSpx,a.

(iv) Let x,x′ ∈ Kk
n such that xi = x′

i for all i ∈ S. Then, let y ∈ Kk
n such that yi = xi for

all i ∈ S and yi ̸= xi, x
′
i for all i /∈ S. Then,

ΠSpx,a = px,apy,a = ΠSpy,a = ΠSpx′,a.

(v) Let x,y ∈ Kk
n such that xi = yi ⇐⇒ i ∈ T . Define y′, z, z′ ∈ Kk

n such that
y′
i = z′

i ̸= xi and zi = xi for i ∈ T , y′
i = zi = xi and z′

i = yi for i ∈ S\T , and
y′
i = z′

i ̸= xi, yi and zi = yi for i /∈ S. By construction, Lemma 4.4.3 implies that
py,a + py′,a = pz,a + pz′,a, and

ΠT =
∑
a∈Kn

px,apy,a =
∑
a∈Kn

px,a(pz,a + pz′,a − py′,a) = ΠS − ΠS\T . ■

Proof of Theorem 4.4.1. Let Πi = Π{i}, as defined in Lemma 4.4.5. Via Lemma 4.4.5
(ii) and (iii) these are central projections; and via Lemma 4.4.5 (v), 1 = Π[k] = Π1 +
Π[k]\{1} = . . . = Π1 + . . . + Πk, so we get a PVM as wanted. Now, fix i ∈ [k], and let
φ : End+(Kn) → Πi Mor+(Kk

n, Kn) be the ∗-homomorphism defined on the generators
φ(px,a) = Πipx,a for x with xi = x. First, due to Lemma 4.4.5 (iv), this is well-defined
on the generators. To see that it extends to a ∗-homomorphism, it suffices to see that it
satisfies the relations. First, since Πi is a central projection, Πipx,a is a projection. Next,∑

a

φ(px,a) =
∑
a

Πipx,a = Πi = φ(1).

Finally, for all x ̸= y, there exists some x,y such that xi = x, yi = y, and xj ̸= yj for all j.
Then

φ(px,a)φ(py,a) = Πipx,apy,a = 0.
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So φ is a ∗-homomorphism.
For the other direction, let ψ : Mor+(Kk

n, Kn) → End+(Kn) be the ∗-homomorphism
defined on the generators as ψ(px,a) = pxi,a. To see that it is in fact a ∗-homomorphism, we
verify the relations: pxi,a is a projection;∑

a

ψ(px,a) =
∑
a

pxi,a = 1;

and if xj ̸= yj for all j, then

ψ(px,a)ψ(py,a) = pxi,apyi,a = 0.

Also, since ψ(Πi) = ∑
a pxi,apxi,a = 1, ψ restricts to a ∗-homomorphism ψ̄ : Πi Mor+(Kk

n, Kn) →
End+(Kn). It is clear that ψ̄ = φ−1, giving the wanted isomorphism. ■

Definition 4.4.6. Let f ∈ mor(A,B). Define the character f̂ : Mor+(A,B) → C on the
generators f̂(pa,b) = δf(a),b.

The map f 7→ f̂ induces the isomorphism R(σ) ∼= Rd(σ) of Lemma 3.2.9, so it is
well-defined. Recall that πi : Ak → A is the projection onto the i-th component.

Corollary 4.4.7. Let π be an irreducible representation of Mor+(Kk
n, Kn). Then, there

exists i ∈ [k] and a representation π′ of Aut+(Kn) such that π = π′ ◦ π̂i.

Proof. Since π is irreducible, there exists a unique i ∈ [k] such that π(Πi) ̸= 0 — else
π is reducible into representations on the supp π(Πi). Now, let π′ = πφ, where φ is the
embedding into the i-th component from the proof of Theorem 4.4.1. To finish, we have
that

(π′ ◦ π̂i)(px,a) = (π̂i ⊗ π′)∆Kn
Kk
n,Kn

(px,a) =
∑
b∈Kn

π̂i(px,b) ⊗ π′(pb,a) =
∑
b∈Kn

δxi,bπφ(pba)

= πφ(pxi,a) = π(Πipx,a) = π(px,a). ■

4.5 Separations

In this section, we use the polymorphism characterisation of commutativity gadgets to
show separations between some of the different types of gadget. In Section 4.5.1, we show
that there exist relational structures admitting no commutativity gadget. In Section 4.5.2,
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we show that complete graphs, which admit an oracular algebraic commutativity gadget,
admit no non-oracular commutativity gadget. In Section 4.5.3, we use constructions based
on solution groups and complete graphs to separate q- and qa-commutativity gadgets, and
conditionally separate qa- and co-commutativity gadgets. The results of Sections 4.5.2
and 4.5.3 are summarised in Fig. 4.4.

4.5.1 Relational structures with no commutativity gadget

In this section, we work out a technique for showing that graphs have nonclassical quantum
endomorphisms, and use this to construct small examples of graphs admitting no commuta-
tivity gadget. To do so, we generalise a result of Schmidt [106], used to show that quantum
automorphism groups of graphs are nonclassical.

Theorem 4.5.1 (Schmidt criterion [106]). Let G be a graph and let σ, τ ∈ aut(G)\{id}.

1. If σ and τ have disjoint supports, then aut+(G) ̸= aut(G).

2. If σ and τ have disconnected supports, then auto+(G) ̸= aut(G).

We extend this by considering graph endomorphisms that are not permutations, which
will give rise to more general quantum endomorphisms.

Definition 4.5.2. Let X be a finite set and let f : X → X be a function. The support of
f is the set supp(f) = {x ∈ X | f(x) ̸= x}.

This agrees with the notion of support for permutations, but not the notion for real- or
complex-valued functions, where the support is the set of points that are not mapped to 0.
The results of [106] hold generally for permutations, but extending them to non-invertible
functions requires the use of an additional assumption.

Definition 4.5.3. Let f, g ∈ end(G). We say f and g are weakly adjacency congruent
(WAC) if, for all x ∈ supp(f) and y ∈ supp(g) such that x ∼G y, it holds that f(x) ∼G g(y).
This induces a relation on end(G), denoted f ≈G g.

The WAC relation is a weaker form of the adjacency relation on the exponential graph
GG, where f ∼GG g if x ∼G y implies f(x) ∼G g(y). We work out some properties of the
WAC relation.
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Lemma 4.5.4. Let G be a graph.

(i) The WAC relation is reflexive and symmetric.

(ii) For all f ∈ end(G), idG ≈G f .

(iii) Let f, g ∈ end(G) with disjoint supports. Suppose that for all x ∼G y such that
x, g(y) ∈ supp(f) and y, f(x) ∈ supp(g), it holds that f(x) ∼G g(y). Then, f ≈G g.

(iv) If f ≈G g, then f i ≈G g
j for all i, j ∈ N.

Proof. (i) Let x, y ∈ supp(f). If x ∼G y, then f(x) ∼G f(y), since f is an endomorphism.
Hence f ≈G f . Also, the definition of f ≈G g is symmetric, so it implies g ≈G f .

(ii) idG ≈G f vacuously, as the support of idG is empty.

(iii) Suppose that f and g satisfy the condition in the statement. Let x ∼G y such that
x ∈ supp(f) and y ∈ supp(g). We need to show that f(x) ∼G g(y). Consider first
the case that g(y) is a fixed point of f . As the supports of f and g are disjoint,
we must have that x is a fixed point of g. As g is an endomorphism, this implies
that g(y) ∼G g(x) = x. Next, as f is an endomorphism, g(y) = f(g(y)) ∼G f(x).
The case that f(x) is a fixed point of g follows by symmetry. Finally, the case that
g(y) ∈ supp(f) and f(x) ∈ supp(g) follows by hypothesis. Hence f ≈G g.

(iv) Suppose, for a contradiction, that f ≈G g but f i ̸≈G g
j for some (i, j). Then, there

exist x ∼G y such that x ∈ supp(f), y ∈ supp(g), and f i(x) ≁G gj(y). We may
assume that (i, j) is minimal in the sense that f i′ ≈G gj

′ for all (i′, j′) such that
(i′ ≤ i ∧ j′ < j) ∨ (i′ < i ∧ j′ ≤ j). We may also assume that f i′(x) ∈ supp(f) for
all i′ < i, since if f i′(x) is a fixed point, then f i

′(x) = f i
′+1(x) = . . . = f i(x), so

we may replace i with i′. In the same way, we may assume gj′(x) ∈ supp(g) for all
j′ < j. With this, since f i−1 ≈G g

j−1, we have f i−1(x) ∼G g
j−1(y). Since we also have

f i−1(x) ∈ supp(f) and gj−1(y) ∈ supp(g), this implies that f i(x) ∼G g
j(y), since f

and g are WAC, giving the wanted contradiction. ■

Lemma 4.5.5. Suppose that f, g ∈ end(G) with disjoint supports.

(i) If f and g commute, then f ≈G g.

(ii) If f and g have disconnected supports, then f ≈G g.

In particular, (i) implies that a pair of permutations with disjoint supports are WAC.
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Proof. (i) Let x ∼G y such that x ∈ supp(f) and y ∈ supp(g). Then, as the supports of
f and g are disjoint, x is a fixed point of g and y is a fixed point of f , giving g(x) = x
and f(y) = y. Also, g ◦ f = f ◦ g is an endomorphism, so g(f(x)) ∼G g(f(y)). Putting
these together with the commutation assumption gives

f(x) = f(g(x)) = g(f(x)) ∼G g(f(y)) = g(y).

(ii) In this case, if x ∼G y, we cannot simultaneously have x ∈ supp(f) and y ∈ supp(g).
Thus we vacuously get f ≈G g. ■

Proposition 4.5.6 (Schmidt criterion for endomorphisms). Suppose that f, g ∈ end(G)
with nonempty supports.

(i) If f and g have disjoint supports and are WAC, then endq(G) ̸⊆ endc(G).

(ii) If f and g have disconnected supports, then endoq(G) ̸⊆ endc(G).

Proof. For (i), consider the C∗-algebra

C∗(Z2 ∗ Z2) =
〈
p0, p1, q0, q1 : p2

i = p∗
i = pi, q

2
i = q∗

i = qi, p0 + p1 = q0 + q1 = 1
〉
.

Let φ : End+(G) → C∗(Z2 ∗ Z2) be the ∗-homomorphism defined on the generators as
φ(px,y) = δx,y(p0 + q0 − 1) + δf(x),yp1 + δg(x),yq1. We want to show that this is a well-defined
∗-homomorphism by showing that the φ(px,y) satisfy the relations of End+(G). If x is a
fixed point of f , the φ(px,y) = δx,yq0 + δg(x),yq1, which is a projection. On the other hand, if
x is not a fixed point of f , then it must be a fixed point of g, so φ(px,y) = δx,yp0 + δf(x),yp1.
Also, ∑

y∈G
φ(px,y) = (p0 + q0 − 1) + p1 + q1 = 1.

So {φ(px,y)}y∈G is a PVM for each x. For the remaining relations, let x ∼G x
′ and y ≁G y

′.
We need to show that φ(px,y)φ(px′,y′) = 0. Since f and g are endomorphisms, f(x) ∼G f(x′)
and g(x) ∼G g(x′). First, suppose that x and x′ are fixed points of f . Then,

φ(px,y)φ(px′,y′) = (δx,yq0 + δg(x),yq1)(δx′,y′q0 + δg(x′),y′q1) = δx,yδx′,y′q0 + δg(x),yδg(x′),y′q1 = 0,

as x ∼G x
′ and g(x) ∼G g(x′) but y ≁G y

′. Next, if x, x′ ∈ supp(f), then they are fixed points
of g, so we have by symmetry that φ(px,y)φ(px′,y′) = 0. Lastly, suppose that x ∈ supp(f)
and x′ is a fixed point of f (the case that x is a fixed point of f and x′ ∈ supp(f) will follow
by symmetry). Then,

φ(px,y)φ(px′,y′) = δx,yδx′,y′p0q0 + δx,yδg(x′),y′p0q1 + δf(x),yδx′,y′p1q0 + δf(x),yδg(x′),y′p1q1.
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The first term is 0 as x ∼G x
′ but y ≁G y

′. The second term is 0 as x = g(x) ∼G g(x′), and
similarly for the third term as f(x) ∼G f(x′) = x′. Finally, for the final term, if x′ is also a
fixed point of g, then it is 0 for the same reason as the third term; else x′ ∈ supp(g), so by
WAC property, f(x) ∼G g(x′). Hence φ(px,y)φ(px′,y′) = 0, so φ is a ∗-homomorphism.

Composing φ with a ∗-homomorphism to a finite-dimensional C∗-algebra gives an
element of endq(G). Since the supports of f and g are disjoint and nonempty, there exist
distinct x ∈ supp(f) and y ∈ supp(g). Then, φ(px,f(x)) = p0 and φ(py,g(y)) = q0. By
composing with the representation extending p0 7→ |0⟩⟨0| and q0 7→ |+⟩⟨+|, we get a
non-classical quantum endomorphism.

For (ii), we want to show that φ defined in the same way on Endo+(G) also extends to a
∗-homomorphism. Due to Lemma 4.5.5(ii), f and g with disconnected supports are WAC, so
all the relations but the commutativity relations hold by the proof of (i). To show these, let
x ∼G x

′ and let y, y′ ∈ G. First, if x, x′ ∈ supp(f), φ(px,y), φ(px′,y′) ∈ span{p0, p1} so they
commute. Similarly, if x and x′ are fixed points of f , the φ(px,y), φ(px′,y′) ∈ span{q0, q1},
so they commute. Finally, in the case that x ∈ supp(f) and x′ is a fixed point of f , we
know that x′ must also be a fixed point of g, as it is adjacent to an element of supp(f).
As such, x′ is a fixed point of both f and g, so φ(px′,y′) = δx′,y′ , which is central. Hence,
φ : Endo+(G) → C∗(Z2∗Z2) is a ∗-homomorphism, and we can find that endoq(G) ̸= endc(G)
by the same argument as for (i). ■

Example 4.5.7. The diamond graph is the graph D defined by V (D) = [4] and

E(D) = {{1, 2}, {2, 3}, {3, 4}, {4, 1}, {2, 4}} .

See also Fig. 4.3. Consider the maps f, g : [4] → [4] defined as

f =
(

1 2 3 4
1 2 1 4

)
g =

(
1 2 3 4
3 2 3 4

)
.

It is easy to check that these are endomorphisms of D with disconnected supports. Hence
by Proposition 4.5.6 and Theorem 4.3.1, D has no oracular or non-oracular commutativity
gadget. This gives an example of a relational structure with alphabet size 4 with no
commutativity gadgets.

Example 4.5.7 shows that there is a relational structure with NP-complete CSP on
an alphabet of size 4 that does not admit an oracular q-commutativity gadget. Is this
a minimal example? Due to [49], every NP-complete relational structure with alphabet
size 2 has an oracular commutativity gadget. However, the situation in the intermediate
case of alphabet size 3 is not clear. Since the only non-bipartite graph on 3 vertices is the
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Figure 4.3: The diamond graph D

triangle K3, every graph with NP-complete CSP on 3 vertices has both a commutativity
gadget and an oracular commutativity gadget — the other graphs on three vertices are
bipartite, for which the classical and quantum CSPs are equivalent and in P [33]. Hence,
Example 4.5.7 is a minimal example among graphs, but not necessarily among all relational
structures.

4.5.2 Oracular and non-oracular gadgets

In this section, we show a strong separation between oracular and non-oracular commuta-
tivity gadgets. More precisely, we exhibit a relational structure with an oracular algebraic
commutativity gadget but not even a q-commutativity gadget.
Proposition 4.5.8. For n ≥ 4, the complete graph Kn does not admit a q-commutativity
gadget.

By Theorem 4.3.14, this implies that Kn does not admit a Q-commutativity gadget
or robust Q-commutativity gadget for any Q ⊇ q, or an algebraic commutativity gadget.
However, due to Theorem 4.2.1, we know thatKn admits an oracular algebraic commutativity
gadget.

Proof. By definition, aut+(Kn) = S+
n . It is a standard result in the theory of quantum

groups that C(S+
n ) is noncommutative for n ≥ 4 [119]. Further, we can explicitly show

that in fact End+(Kn) has a finite-dimensional noncommutative representation. It is clear
that the following map extends to a noncommutative representation π : End+(Kn) →
B(C2): π(p0,0) = π(p1,1) = |0⟩⟨0|, π(p0,1) = π(p1,0) = |1⟩⟨1|, π(p2,2) = π(p3,3) = |+⟩⟨+|,
π(p2,3) = π(p3,2) = |−⟩⟨−|, and π(pi,j) = δi,j otherwise. As such endq(Kn) ̸⊆ endc(Kn), so
by Theorem 4.3.1, there is no q-commutativity gadget for Kn. ■
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alg co qa q

oalg oco oqa oq

Figure 4.4: Separations between commutativity gadget classes; robust commutativity gadgets
are not shown in this figure, due to the equivalences in Theorem 4.3.14. The separation
between oracular and non-oracular commutativity gadgets is due to Proposition 4.5.8, and
the remaining separations are due to Theorem 4.5.9. The dashed line indicates a separation
relying the existence of a non-hyperlinear group.

4.5.3 Separations based on solution groups

In this section, we show the following result, which relies on the full characterisation of the
quantum polymorphisms of the complete graph studied in Section 4.4.

Theorem 4.5.9. There exists a relational structure that admits a q-commutativity gadget
but no qa-commutativity gadget.

If there exists a non-hyperlinear group, then there exists a relational structure that
admits a qa-commutativity gadget but no co-commutativity gadget.

Here we make use of the solution group presentation of the entangled homomorphism
algebras corresponding to linear relational structures, introduced in [42]. Recall that LIN
is the boolean structure over σLIN = {Lb,n | n ∈ N, b ∈ {0, 1}} with relations LLIN

b,n =
{a ∈ Zn2 | a1 + . . .+ an = b}. We call a relational structure A linear if it is over σLIN.

The solution group of A is the finitely-presented group Γ(A) with generators xa
for a ∈ A and J subject to the relations x2

a = 1 for all a ∈ A, J2 = 1, xaJ = Jxa for
all a ∈ A, and xa1 · · · xan = J b and xaixaj = xajxai if a ∈ LAb,n and i, j ∈ [n]. For linear
relational structures Moro+(A,LIN) ∼= C∗Γ(A)/⟨⟨J + 1⟩⟩, the full group C∗-algebra modulo
the relation J = −1, via the ∗-homomorphism pab 7→ 1

2(1 + (−1)bxa).
A linear relational structure is homogeneous if LA1,n = ∅ for all n, and for a given linear

relational structure A, its homogenisation is the homogeneous linear relational structure
AH with domain D(AH) = D(A) and relations LAH0,n = LA0,n ∪ LA1,n. The homogeneous
solution group of A is the quotient group ΓH(A) = Γ(A)/⟨⟨J⟩⟩. Then, Γ(AH) = ΓH(A)×Z2,
so if A is homogeneous Moro+(A,LIN) ∼= C∗ΓH(A).
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The separation relies on prior work of Slofstra that constructed solution groups with no
noncommutative finite-dimensional or Connes-embeddable representations (i.e. representa-
tions with image embedding into Rω).

Theorem 4.5.10 ([109, 110]). There exists a linear relational structure A such that Γ(A)
is noncommutative and hyperlinear, and J 7→ 1 in every finite-dimensional representation.

If there exists a non-hyperlinear group, then there exists a linear relational structure A
such that Γ(A) is noncommutative and J 7→ 1 in every Connes-embeddable representation.

We begin by extending these results to get solution groups with no non-trivial finite-
dimensional or Connes-embeddable representations. A similar construction has been inde-
pendently developed in [59].

Lemma 4.5.11. There exists a homogeneous linear relational structure A with two
distinguished elements a1, a2 ∈ A such that ΓH(A) is hyperlinear, [xa1 , xa2 ] ̸= 1, [xa1 , xa2 ]2 =
1, and ΓH(A)/⟨⟨[xa1 , xa2 ]⟩⟩ is trivial.

In particular, we have that the subgroup generated by xa1 and xa2 is isomorphic to
the dihedral group D4. Note that when referring to group elements, the commutator [·, ·]
represents the group commutator [x, y] = xyx−1y−1.

Proof. Let A be the linear relational structure defined as follows: D(A) is the set of order-
two elements of the alternating group A7, LA0,3 is the set of tuples (a, b, c) such that abc = 1
in A7,1 and RA = ∅ for all the remaining relations. Now, due to [58, Remark 6.9], ΓH(A) is
isomorphic to the unique perfect central extension of A7 by Z3; thus it is finite and therefore
hyperlinear. Also, the map ϕ : ΓH(A) → A7, xa 7→ a is a surjective group homomorphism.

Next, let a1 = (1 2)(3 4) and a2 = (2 3)(5 6). In A7, [a1, a2] = (1 4)(2 3) which is a
nontrivial order-two element. By construction xa1xa2xa1 is an order-two element, whose
image under the homomorphism ϕ : ΓH(A) → A7 is a1a2a1 = (1 3)(2 4). As such, there
exists z ∈ kerϕ such that xa1xa2xa1 = xa1a2a1z. But, squaring both sides gives that
1 = (xa1xa2xa1)2 = x2

a1a2a1z
2 = z2, as the kernel is central. But since kerϕ ∼= Z3, we must

have z = 1 and thus xa1xa2xa1 = xa1a2a1 . Since a = a2, b = a1a2a1, and c = a1a2a1a2 are
all order-two elements of A7 satisfying abc = 1, we have that xaxbxc = 1 in ΓH(A). This
implies that

xc = xbxa = xa1xa2xa1xa2 = [xa1 , xa2 ],
1Note that the two conditions together imply that the subgroup ⟨a, b, c⟩ ⊆ A7 is abelian: if abc = 1 and

a, b, c have order 2, then ab = c−1 = c = (ab)−1 = b−1a−1 = ba.
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which is therefore a non-identity order-two element of ΓH(A).
It remains to show that the normal subgroup generated by xc is the whole of ΓH(A).

Consider the subgroup H = ⟨⟨xc⟩⟩ kerϕ. Since A7 ∼= ΓH(A)/ kerϕ is simple, H/ kerϕ is
either trivial or isomorphic to A7. The first case would imply that xc ∈ kerϕ, which is
impossible as it has order two. As such, the second case must hold, giving that H = ΓH(A).
If ⟨⟨xc⟩⟩∩kerϕ = {1}, then ΓH(A)/⟨⟨xc⟩⟩ ∼= kerϕ. Since kerϕ is abelian and ΓH(A) is perfect,
this is a contradiction. This implies that kerϕ ⊆ ⟨⟨xc⟩⟩, and hence ⟨⟨xc⟩⟩ = H = ΓH(A). ■

Lemma 4.5.12. Let A be a linear relational structure. Then, there exists a homogeneous
linear relational structure B such that Γ(A) ∼= ΓH(B).

Proof. Define B as follows. Let D(B) = D(A) ∪ {j}, for every a ∈ LA0,n put a in LB0,n, for
every a ∈ LA1,n put (a1, . . . , an, j) in LB0,n+1, and for every a ∈ A put (a, j, a, j) in LB0,4. Then
it is clear that xa 7→ xa and J 7→ xj induces an isomorphism Γ(A) → ΓH(B). ■

Lemma 4.5.13. There exists a homogeneous linear relational structure A with distinguished
elements a ≠ j ∈ A such that ΓH(A) is hyperlinear, xa ̸= 1 in ΓH(A), and ΓH(A)/⟨⟨xj⟩⟩ is
trivial.

Proof. Let B be the linear relational structure corresponding to the Mermin-Peres magic
square [88, 101], i.e. D(B) = [9], and relations

LB0,3 = {(1, 2, 3), (4, 5, 6), (7, 8, 9), (1, 4, 7), (2, 5, 8)}

and LB1,3 = {(3, 6, 9)}. We know Γ(B) is finite, and therefore hyperlinear, and that [x1, x5] =
[x2, x4] = J . Let B′ be the homogeneous linear relational structure such that Γ(B) ∼= ΓH(B′)
constructed in Lemma 4.5.12. So, in ΓH(B′), [x1, x5] = [x2, x4] = xj. Now, let A1 and A2
be two distinct copies of the relational structure from Lemma 4.5.11 with distinguished
elements a11, a12 ∈ A1 and a21, a22 ∈ A2. Take A to be the homogeneous linear relational
structure with domain D(A) = D(B′)⊔D(A1)⊔D(A2) and relations RA = RB′ ∪RA1 ∪RA2 ,
except for R = L0,2 where LA0,2 = LB

′
0,2 ∪ LA1

0,2 ∪ LA2
0,2 ∪ {(a11, 1), (a12, 5), (a21, 2), (a22, 4)}. Let

the distinguished element a = 1.
By construction, ΓH(A) is the amalgamated free product of ΓH(B′), ΓH(A1), and ΓH(A2)

over the dihedral groups D4 ∼= ⟨x1, x5⟩ ∼= ⟨xa11 , xa12⟩ and D4 ∼= ⟨x2, x4⟩ ∼= ⟨xa21 , xa22⟩.
Since we know that ΓH(B′), ΓH(A1), and ΓH(A2) are hyperlinear, we have that ΓH(A) is
hyperlinear. This also implies that xa = x1 ≠ 1, and that [xa11 , xa12 ] = [x1, x5] = xj and
[xa21 , xa22 ] = [x2, x4] = xj in ΓH(A). Now, we take the quotient by the relation xj = 1.
Since [xa11 , xa12 ] = xj, we take the quotient of ΓH(A1) by [xa11 , xa12 ]. By Lemma 4.5.11,
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this implies that the image of ΓH(A1) in ΓH(A)/⟨⟨xj⟩⟩ is trivial, and hence xa11 = xa12 = 1,
which gives x1 = x5 = 1. Proceeding identically with ΓH(A2), we also get x2 = x4 = 1.
Now, the relations of Γ(B) imply that x3 = x1x2 = 1, x6 = x4x5 = 1, x7 = x1x4 = 1,
x8 = x2x5 = 1, and x9 = x3x6xj = 1. Therefore ΓH(A)/⟨⟨xj⟩⟩ is trivial. ■

Lemma 4.5.14. Let A be a linear relational structure. Then, there exists a linear relational
structure A′ such that there is a subset S ⊆ D(A) such that {xa | a ∈ S} generates Γ(A′),
for all a ∈ S, xa ̸= 1 or J in Γ(A′), and there is an embedding Γ(A) ↪→ Γ(A′) such that
J 7→ J . Further, if Γ(A) is hyperlinear, so is Γ(A′).

Proof. Let A′ be the linear relational structure with domain D(A′) = D(A)∪D(A)× [2] and
relationsRA′ = RA, except forR = L0,3, where we take LA′

0,3 = LA0,3∪ {(a, (a, 1), (a, 2)) | a ∈ A}.
This means that Γ(A′) is constructed from the Γ(A) by splitting each xa into the product
x(a,1)x(a,2), where we know x(a,1) and x(a,2) commute. Since Γ(A) ⊆ Γ(A′), this immediately
gives a natural embedding. Next, we take S = D(A) × [2]. It is clear that {xa | a ∈ S}
generates Γ(A′); and for each a, x(a,1) is free except that it it has order 2 and commutes
with xa, and hence we must have that neither x(a,1) nor x(a,2) = x(a,1)xa are trivial.

To finish, we need to show that if Γ(A) is hyperlinear, so is Γ(A′). For any a ∈ A,
adding x(a,1) and x(a,2) can be seen as taking the amalgamated free product of Γ(A) with a
power of Z2 corresponding to ⟨J, x(a,1), x(a,2)⟩. If xa = 1 or J in Γ(A), then it corresponds
to amalgamating with Z2

2 over Z2 ∼= ⟨J⟩; else, it corresponds to amalgamating with Z3
2 over

Z2
2

∼= ⟨J, xa⟩ ∼= ⟨J, x(a,1)x(a,2)⟩. As amalgamated free products over finite abelian groups
preserve hyperlinearity, we get the wanted result. ■

Lemma 4.5.15. Let A be a linear relational structure such that J ̸= 1 in Γ(A). Then,
there exists a homogeneous linear relational structure B with a distinguished element j ∈ B
such that there exists an embedding Γ(A) ↪→ ΓH(B) such that J 7→ xj, and ΓH(B)/⟨⟨xj⟩⟩
is trivial. Further, if Γ(A) is hyperlinear, so is ΓH(B).

Proof. Let A′ be the linear relational structure and let S ⊆ D(A′) be as constructed
from A in Lemma 4.5.14. Let A′′ be the homogeneous linear relational structure such
that Γ(A′) ∼= ΓH(A′′) constructed in Lemma 4.5.12. For each a ∈ S, let Aa be a copy
of the linear relational structure from Lemma 4.5.13 with distinguished elements αa ̸=
ja ∈ Aa. Now, define B as the homogeneous linear relational structure with domain
D(B) = D(A′′) ⊔ ⊔

a∈S D(Aa), and relations RB = RA′′ ∪ ⋃
a∈S R

Aa except for R = L0,2

where LB0,2 = LA
′′

0,2 ∪ ⋃a∈S

(
LAa0,2 ∪ {(a, αa), (j, ja)}

)
.

Now, ΓH(B) is the amalgamated free product of ΓH(A′′) and the ΓH(Aa) over the
subgroups Z2

2
∼= ⟨xa, xj⟩ ∼= ⟨xαa , xja⟩,since since xαa ̸= 1 and xa ≠ 1 for all a ∈ S by
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Lemma 4.5.13 and Lemma 4.5.14, respectively. By construction, if Γ(A) is hyperlinear, so
is ΓH(B). Next, we can take ι to be the homomorphism Γ(A) → ΓH(B) extending xa 7→ xa
for all a ∈ A, and J 7→ xj, which is an injection [77].

Next, consider the quotient of ΓH(B) by the relation xj = 1. Since xja = 1 in the image
of ΓH(Aa), we have that that image is trivial by Lemma 4.5.13. In particular, xαa = xa = 1
for all a ∈ S, so ΓH(B) is trivial. ■

The following two theorems construct the solution groups with no nontrivial finite
dimensional or Connes-embeddable representations.

Theorem 4.5.16. There exists a homogeneous linear relational structure A such that
ΓH(A) is noncommutative and hyperlinear but ΓH(A) is trivial under any finite-dimensional
representation.

Proof. Let A0 be the linear relational structure such that Γ(A0) is noncommutative and
hyperlinear, and J 7→ 1 in every finite-dimensional representation from Theorem 4.5.10. Next,
let A be the relational structure constructed from A0 in Lemma 4.5.15. Suppose π is a finite-
dimensional representation of ΓH(A). Then, π ◦ ι is a finite-dimensional representation of
Γ(A0). Therefore, π(xj) = 1. As such, π factors through to a representation of ΓH(A)/⟨⟨xj⟩⟩.
But we know, this quotient is trivial, so π is trivial. ■

Theorem 4.5.17. Suppose there exists a non-hyperlinear group. Then, there exists a
homogeneous linear relational structure A such that ΓH(A) is noncommutative but ΓH(A)
is trivial under any Connes-embeddable representation.

Proof. We proceed in the same way as in Theorem 4.5.16 starting from the relational
structure A0 such that Γ(A0) is noncommutative and J 7→ 1 in every Connes-embeddable
representation from Theorem 4.5.10. ■

Before passing to the proof of the main theorem of this section, we establish the
connection between the solution groups studied above and polymorphisms.

Definition 4.5.18. Let A be a relational structure. We define the completion of A to be the
relational structure AK with domain D(AK) = D(A) and relations R(AK) = R(A) ∪ {E},
where E = {(a, b) ∈ A2 | a ̸= b} is the (arity-2) edge relation of the complete graph.

Lemma 4.5.19. Let A be a relational structure with |A| ≥ 3. Then, the quantum
polymorphism space of the completion is mor+(AkK , AK) ∼= end+(AK)⊔k.
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Proof. Let n = |A|. We can see Mor+(AkK , AK) as the quotient of Mor+(Kk
n, Kn) by the

additional relations coming from A; and similarly for End+(AK) with regards to End+(Kn).
Recall the isomorphisms implied by Theorem 4.4.1: Ψ : Mor+(Kk

n, Kn) → End+(Kn)⊕k and
Φ : End+(Kn)⊕k → Mor+(Kk

n, Kn) defined on the generators as Ψ(px,a) = px1,a ⊕ . . .⊕ pxk,a
and Φ((px,a)i) = Πipx,a where (px,a)i = 0 ⊕ . . .⊕ 0 ⊕ px,a ⊕ 0 ⊕ . . .⊕ 0, for px,a in the i-th
component, and x is such that xi = x. Also, let ι1 : Mor+(Kk

n, Kn) → Mor+(AkK , AK) and
ι2 : End+(Kn)⊕k → End+(AK)⊕k be the quotient maps. First, we show that ι2Ψ satisfies
the additional relations of Mor+(AkK , AK). In fact, let R ∈ R(A), x1, . . . ,xk ∈ R, and a /∈ R.
Then,

ι2Ψ(p(x11,...,xk1),a1) · · · ι2Ψ(p(x1 ar(R),...,xk ar(R)),aar(R))
= (px11,a1 ⊕ . . .⊕ pxk1,a1) · · · (px1 ar(R),aar(R) ⊕ . . .⊕ pxk ar(R),aar(R))
= (px11,a1 · · · px1 ar(R),aar(R)) ⊕ . . .⊕ (pxk1,a1 · · · pxk ar(R),aar(R)) = 0,

as pxi1,a1 · · · pxi ar(R),aar(R) = 0 in End+(AK). Therefore, Ψ induces a ∗-homomorphism Ψ̄ :
Mor+(AkK , AK) → End+(AK)⊗k.

For the other direction, we want to show that ι1Φ respects the additional relations of
End+(AK)⊕k. In fact, let i ∈ [k], R ∈ R(A), x ∈ R, and a /∈ R. Then, letting xij = xi for
all i ∈ [k],

ι1Φ((px1,a1)i) · · · ι1Φ((pxar(R),aar(R))i) = Πipx1,a1 · · · Πipxar(R),aar(R)

= Πi(px1,a1 · · · pxar(R),aar(R)) = 0.

Therefore, Φ induces a ∗-homomorphism Φ̄ : End+(AK)⊕k → Mor+(AkK , AK). To finish,
note that Φ̄ = Ψ̄−1, which follows since Φ = Ψ−1. ■

Next, we make use of a graph encoding of the homomorphism structure of a pair of
relational structures, from [58].

Definition 4.5.20. Let A and B be σ-structures. G(A,B) is the bipartite coloured graph
with vertex set

{(a, b) | a ∈ A, b ∈ B} ∪ {(R,a, b) | R ∈ σ, a ∈ RA, b ∈ RB : ai = aj ⇒ bi = bj} ,

edges (a, b) ∼G(A,B) (R,a, b) iff there exists there exists i ∈ [ar(R)] such that ai = a
and bi = b, and unary colour relations Ca = {(a, b) | b ∈ B} for all a ∈ A and C(R,a) =
{(R,a, b) | b ∈ RB} for all R ∈ σ and a ∈ RA.
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For linear constraint systems, the completion of the graph encoding has quantum
transformations given by the solution group.

Theorem 4.5.21. Let A be a linear relational structure. Then end+(G(A,LIN)K) ∼=
moro+(AH ,LIN).

Recall that AH is the homogenisation of A, where all relations are mapped to homoge-
neous relations.

Proof. First, note that, in End+(G(A,LIN)K), due to the unary relations on G(A,LIN),
p(a,b),(a′,b′) = 0 if a ≠ a′, p(R,a,b),(R′,a′,b′) = 0 if (R,a) ̸= (R′,a′), and p(a,b),(R,a,b) =
p(R,a,b),(a,b) = 0 always. Then, define p(a,b),b′ := p(a,b),(a,b′) and p(R,a,b),b′ := p(R,a,b),(R,a,b′).
These generate End+(G(A,LIN)K) subject to the relations ∑b′∈Z2 p(a,b),b′ = ∑

b∈Z2 p(a,b),b′ =∑
b′∈RLIN p(R,a,b)b′ = ∑

b∈RLIN p(R,a,b),b′ = 1, and p(a,b),b′p(R,a,b),b′ = 0 if there exists i ∈ [ar(R)]
such that ai = a and for all such i, bi = b but b′

i ̸= b′. First, note that the first two relations
are p(a,0),0 + p(a,0),1 = p(a,1),0 + p(a,1),1 = p(a,0),0 + p(a,1),0 = p(a,0),1 + p(a,1),1 = 1. This implies
that p(a,0),0 = p(a,1),1 and p(a,0),1 = p(a,1),0. Next, we have that

p(R,a,b),b′ = p(ai,bi),b′
i
p(aj ,bj),b′

j
p(R,a,b),b′ = p(aj ,bj),b′

j
p(ai,bi),b′

i
p(R,a,b),b′ ,

so [p(ai,bi),b′
i
, p(aj ,bj),b′

j
]p(R,a,b),b′ = 0. But, since LIN is boolean, this implies that for all c, c′ ∈

Z2, [p(ai,bi),c, p(aj ,bj),c′ ]p(R,a,b),b′ = 0, so we can sum over b′ and get [p(ai,bi),c, p(aj ,bj),c′ ] = 0. By
the relations on the p(a,b),b′ , this gives in fact that [p(ai,b),c, p(aj ,b′),c′ ] = 0 for all b, b′, c, c′ ∈ Z2.
Then, we have that

p(R,a,b),b′ = p(a1,b1),b′
1
· · · p(aar(R),bar(R)),b′

ar(R)
p(R,a,b),b′ = p(a1,b1),b′

1
· · · p(aar(R),bar(R)),b′

ar(R)
.

In particular, this implies that p(R,a,b),b′ = p(R,a,0),b+b′ .
Now, define the map φ : End+(G(A,LIN)K) → Moro+(AH ,LIN) on the generators by

φ(p(a,b),b′) = pa,b+b′ and φ(p(R,a,b),b′) = pa1,b1+b′
1
· · · paar(R),bar(R)+b′

ar(R)
. To see that this extends

to a ∗-homomorphism, it remains to see that the relations of Mor+(G(A,LIN)K) remain
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satisfied. In fact, the φ(p(a,b),b′) and φ(p(R,a,b),b′) are projections;∑
b′∈Z2

φ(p(a,b),b′) =
∑
b′∈Z2

pa,b+b′ = 1,
∑
b∈Z2

φ(p(a,b),b′) =
∑
b∈Z2

pa,b+b′ = 1,
∑

b′∈RLIN

φ(p(R,a,b),b′) =
∑

b′∈RLIN

pa1,b1+b′
1
· · · paar(R),bar(R)+b′

ar(R)
=

∑
b∈Zar(R)

2

pa1,b1 · · · paar(R),bar(R) = 1,

∑
b∈RLIN

φ(p(R,a,b),b′) =
∑

b∈RLIN

pa1,b1+b′
1
· · · paar(R),bar(R)+b′

ar(R)
=

∑
b∈Zar(R)

2

pa1,b1 · · · paar(R),bar(R) = 1;

and for a ∈ RA, b, b′ ∈ RLIN, and b′ ̸= b′
i,

φ(p(ai,bi),b′)φ(p(R,a,b),b′) = pai,bi+b′pa1,b1+b′
1
· · · paar(R),bar(R)+bar(R)′

= pai,bi+b′pai,bi+b′
i
pa1,b1+b′

1
· · · paar(R),bar(R)+bar(R)′ = 0.

Next, define the map ψ : Moro+(AH ,LIN) → End+(G(A,LIN)K) on the generators by
ψ(pa,b) = p(a,0),b. Again, to see that this extends to a ∗-homomorphism, it suffices to see
that the relations of Moro+(AH ,LIN) remain satisfied. In fact, the ψ(pa,b) are projectors;∑

b∈Z2

ψ(pa,b) =
∑
b∈Z2

p(a,0),b = 1;

and for a ∈ RAH and b /∈ RLIN,
ψ(pa1,b1) · · ·ψ(paar(R),bar(R)) = p(a1,0),b1 · · · p(aar(R),0),bar(R) = 0,

as ∑b∈RLIN p(a1,0),b1 · · · p(aar(R),0),bar(R) = ∑
b∈RLIN p(R,a,0),b = 1; and if a ∈ RAH , we have that

[ψ(pai,b), ψ(paj ,b′)] = [p(ai,0),b, p(aj ,0),b′ ] = 0.

Finally, to finish the proof, note that φ = ψ−1 since they are inverses on the generators.
■

Now we can pass the the proof of the main theorem of this section.

Proof of Theorem 4.5.9. Let A be the homogeneous linear relational structure constructed
in Theorem 4.5.16. Let G = G(A,LIN)K . Then, by Lemma 4.5.19 and Theorem 4.5.21
Mor+(Gk, G) ∼= End+(G)⊕k ∼= Moro+(A,LIN)⊕k ∼= C∗(ΓH(A)k). Now due to Theorem 4.5.16,
every ∗-representation of Mor+(Gk, G) into an element of q is trivial, but there is a non-
commutative ∗-representation into an element of qa.

For the second part, we proceed the same way using the homogeneous linear relational
structure constructed in Theorem 4.5.17. ■
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4.6 Complexity of deciding the existence of a commu-
tativity gadget

In this section, we lower-bound the hardness of deciding if a relational structure admits
certain types of commutativity gadget.

Theorem 4.6.1. (i) The problem of deciding if a given relational structure admits a
q-commutativity gadget is undecidable.

(ii) The problem of deciding if a given relational structure admits a qa-commutativity
gadget is undecidable.

(iii) The problem of deciding if a given relational structure admits a co-commutativity
gadget is coRE-hard.

(iv) The problem of deciding if a given relational structure admits an algebraic commuta-
tivity gadget is coRE-hard.

To show this, we make use of the hardness results for linear system games due to
Slofstra [109, 110], as well as the reductions of Section 4.5.3.

Theorem 4.6.2 ([109, 110]). Given a linear relational structure A as input it is

(i) Undecidable to decide if there exists a finite-dimensional representation of Γ(A) where
J is non-trivial.

(ii) Undecidable to decide if there exists a Connes-embeddable representation of Γ(A)
where J is non-trivial.

(iii) coRE-complete to decide if J is non-trivial in Γ(A).

Proof of Theorem 4.6.1. For (i), we make use of Theorem 4.6.2(i). Let A be a linear
relational structure. Then, in the same way as Theorem 4.5.16, there exists a homogeneous
linear relational structure B such that Γ(A) embeds into ΓH(B) and every finite-dimensional
representation of ΓH(B) is trivial iff J 7→ 1 in every finite-dimensional representation of
Γ(A). The forward implication follows from the fact that the construction of Lemma 4.5.15
allows any finite-dimensional representation of Γ(A) where J ̸7→ 1 to be lifted to a nontrivial
finite-dimensional representation of ΓH(B), as it is based on solution groups with faithful
finite-dimensional representations. Next, as in the proof of Theorem 4.5.9, there exists a
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relational structure G = G(B,LIN)K such that Mor+(Gk, G) ∼= C∗(ΓH(B)k). Therefore,
every finite-dimensional representation of Mor+(Gk, G) is abelian iff J 7→ 1 in every finite-
dimensional representation of Γ(A). Due to Theorem 4.3.1, G admits a q-commutativity
gadget iff J 7→ 1 in every finite-dimensional representation of Γ(A). Due to Theorem 4.6.2,
it is undecidable to decide the latter, so it is undecidable to decide if a relational structure
admits a q-commutativity gadget.

(ii) follows in the same way from Theorem 4.6.2(ii); and (iv) follows in the same way
from Theorem 4.6.2(iii). Since relations in group algebras hold if and only if they hold for
every co-representation, (iii) is equivalent to (iv). ■
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Chapter 5

Reductions beyond commutativity
gadgets

The reduction between CSPs based on minion homomorphisms of Theorem 2.10.2 has
been extended to gapless entangled CSPs in [38]. In this chapter, we extend this further
to capture the gapped case, and use this reduction to show hardness of entangled CSPs
that do not admit commutativity gadgets. In Section 5.1, we introduce minions, and
define a dual notion called a cominion, for entangled polymorphisms. In Section 5.2, we
give a proof of the gapless reduction between CSPs implied by a minion homomorphism.
In Section 5.3, we prove a gapped reduction implied by a stable analogue of a minion
homomorphism. In Section 5.4, we show that cominion homomorphisms imply stable minion
homomorphisms. In Section 5.5, we use minion homomorphism-based reductions to show
hardness for some CSPs which do not admit commutativity gadgets. Finally, in Section 5.6,
we use minion homomorphisms to show the equivalence of entangled CSPs in the oracular
constraint-constraint and constraint-variable frameworks.

5.1 Entangled polymorphism minions

In this section, we show that entangled polymorphisms admit a minion structure.

Definition 5.1.1. Let A be a σ-structure, and let Q be a tensor monoid. The Q-
polymorphism minion of A is the minion polQ(A) with levels polQ(A)n = morQ(An, A)
and minor operations defined via φ/π(pa,a) = φ(pa◦π, a) for π : [n] → [m] and φ ∈ polQ(A)n.
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The oracular Q-polymorphism minion of A is the minion poloQ(A) defined in the
same way based on the morphism spaces moroQ(An, A).

Lemma 5.1.2. polQ(A) and poloQ(A) are well-defined as minions.

The proof of this lemma requires that the minor operations send representations to
representations. To do this in a clean way, we introduce a dual notion of a minion, in the
spirit of Section 3.2.2, and defer the proof to the end of this section.

Definition 5.1.3. A C∗-cominion M is a collection of C∗-algebras Mn, called the
levels, for n ∈ N such that for every function π : [n] → [m] there exists a ∗-homomorphism
Φπ : Mm → Mn, called a minor homomorphism, satisfying Φid = id, and for π : [n] → [m]
and π′ : [m] → [k], Φπ ◦ Φπ′ = Φπ′◦π.

A C∗-cominion is a contravariant functor from a skeleton category of sets (with sets
in bijection identified) to the category of C∗-algebras with morphisms given by the ∗-
homomorphisms. Relaxing the C∗-algebra condition to a semi-pre-C∗-algebra condition
gives a semi-pre-C∗-cominion.

Definition 5.1.4. Given a C∗-cominion M and a tensor monoid Q, the Q-minion of M
is the minion MQ with levels

MQ
n = {φ : Mn → M | π is a ∗-homomorphism and M ∈ Q} ,

and minor operations φ/π = φ ◦ Φπ.

Lemma 5.1.5. MQ is well-defined as a minion.

Proof. First, for π : [n] → [m], Φπ : Mm → Mn, and thus for φ ∈ MQ
n , φ ◦ Φπ ∈ MQ

m .
Next, since Φid = id, φ/ id = φ ◦ id = φ. Finally, for π : [n] → [m] and π′ : [m] → [k],

(φ/π)/π′ = φ/π ◦ Φπ′ = φ ◦ Φπ ◦ Φπ′ = φ ◦ Φπ′◦π = φ/π′◦π. ■

Before passing to the particular case of entangled polymorphisms, we show the following
useful result about minion homomorphisms.

Lemma 5.1.6. Let M and N be C∗-cominions, and let Q be a tensor monoid. Suppose
there are ∗-homomorphisms Ξn : Nn → Mn for all n ∈ N that intertwine the Φπ. Then,
there exists a minion homomorphism ξ : MQ → N Q.
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We call the sequence of maps above a cominion homomorphism Ξ : M → N (note
the change in the direction of the arrow).

Proof. For φ ∈ MQ
n , define ξn(φ) = φ ◦ Ξn. Then, this induces a minion homomorphism

since, for π : [n] → [m],

ξm(φ/π) = φ ◦ Φπ ◦ Ξm = φ ◦ Ξn ◦ Φπ = ξn(φ)/π. ■

Definition 5.1.7. Let A be a σ-structure. The polymorphism cominion of A is the
C∗-cominion Pol+(A) with levels Pol+(A)n = Mor+(An, A) and minor homomorphisms
defined via Φπ(pa,a) = pa◦π,a for π : [n] → [m], a ∈ Am, and a ∈ A.

The oracular polymorphism cominion of A is the C∗-cominion Polo+(A) defined
identically based on the C∗-algebras Moro+(An, A).

Lemma 5.1.8. Pol+(A) and Polo+(A) are well-defined as C∗-cominions.

Proof. First, we show the non-oracular case. For π : [n] → [m], we need to see that Φπ is a
∗-homomorphism, that is it preserves the relations of Mor+(Am, A). First, it is direct to
see that for any a ∈ Am, {Φπ(pa,a)}a∈A = {pa◦π,a}a∈A is a PVM in Mor+(An, A). Next, let
R ∈ σ, and writing k = ar(R), let (a1, . . . ,ak) ∈ RAm and (a1, . . . , ak) /∈ RA. Since inclusion
in the relations of cartesian products of relational structures is decided componentwise,
we have that (a1 ◦ π, . . . ,ak ◦ π) ∈ RAn . As such, we get that Φπ(pa1,a1) · · · Φπ(pak,ak) =
pa1◦π,a1 · · · pak◦π,ak = 0, so Φπ is a ∗-homomorphism. Next, it is easy to see that Φid = id.
To finish this case, note that

(Φπ ◦ Φπ′)(pa,a) = Φπ(pa◦π′,a) = pa◦π′◦π,a = Φπ′◦π(pa,a),

which extends to the whole of Mor+(Am, A) by the ∗-homomorphism property.
To show the oracular case, it suffices to show that Φπ also preserves the additional

commutation relation of Moro+(Am, A). In fact, if a and a′ appear in the same relation of
Am, then a ◦ π and a′ ◦ π′ appear in the same relation of An, so for any a, a′ ∈ A,

[Φπ(pa,a),Φπ(pa′,a′)] = [pa◦π,a, pa′◦π,a′ ] = 0. ■

Proof of Lemma 5.1.2. It suffices to note that polQ(A) = Pol+(A)Q and poloQ(A) =
Polo+(A)Q, and use Lemma 5.1.5. ■
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5.2 Gapless reduction

In this section, we give a proof that minion homomorphisms between the associate poly-
morphism minions imply reductions between gapless CSPs.
Lemma 5.2.1. Let A be a σ-structure, and B and Y be τ -structures. Let X be the
σ-structure constructed in Theorem 2.10.2. Then, there exists a ∗-homomorphism Φ :
Moro+(X,A) → Moro+(Y,B).

Proof. Recall that X = X0/ ∼ where X0 = ⊔
y∈Y A

D(B)⊔⊔R∈τ,y∈RY A
RB and the equivalence

relation is given by (yi,a) ∼ (R,y,a ◦ πi). Now, define Φ via Φ(p[(y,a)],a) = ∑
b∈B: a(b)=a py,b

and Φ(p[(R,y,a)],a) = ∑
b∈RB : a(b)=a py,b, where we recall that py,b = py1,b1 · · · pyar(R),bar(R) . First,

note that Φ is well-defined on the generators, since for R ∈ τ , y ∈ RY , and a ∈ AD(B),

Φ(p[(R,y,a◦πi)],a) =
∑

b∈RB : a(bi)=a
py,b =

∑
b∈Bar(R): a(bi)=a

py,b =
∑

b∈B: a(b)=a
pyi,b = Φ(p[(yi,a)],a).

To extend Φ to a ∗-homomorphism, it remains to show that it satisfies the relations of
Moro+(X,A). Since they are sums of orthogonal projectors, Φ(p[(y,a)],a) and Φ(p[(R,y,a)],a) are
projectors — note that for y ∈ RY , py,b is a projector in Moro+(Y,B) (but not necessarily
in Mor+(Y,B)). Next, ∑

a∈A
Φ(p[(y,a)],a) =

∑
b∈B

py,b = 1
∑
a∈A

Φ(p[(R,y,a)],a) =
∑

b∈RB
py,b = 1.

Now, let S ∈ σ and x ∈ SX , and let a /∈ SA. Write n = ar(S). Either xi = [(y,ai)] for
(a1, . . . ,an) ∈ SA

D(B) or xi = [(R,y,ai)] for (a1, . . . ,an) ∈ SA
RB , for all i. In the first case,

Φ(px1,a1) · · · Φ(pxn,an) =
∑

b1,...,bn∈B
ai(bi)=ai

py,b1 · · · py,bn =
∑
b∈B

ai(b)=ai

py,b = 0,

as the sum is empty, given that ai(b) = ai for all i would imply that a ∈ SA. In the second
case,

Φ(px1,a1) · · · Φ(pxn,an) =
∑

b1,...,bn∈RB
ai(bi)=ai

py,b1 · · · py,bn =
∑

b∈RB
ai(b)=ai

py,b = 0,

as the sum is empty as above, given that ai(b) = ai for all i would imply that a ∈ SA. For
the final relations, let S ∈ σ, x ∈ SX , and a, a′ ∈ A. Since Φ(pxi,a) and Φ(pxj ,a′) are in the
span of the same PVM in both of the cases (as considered above), they must commute. ■
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Corollary 5.2.2 ([38]). Let A,B,X, Y,Φ be as above and let Q be a min-tensor monoid.
If there exists a Q-morphism φ ∈ moroQ(Y,B), then moroQ(X,A) and morQ(X,A) are
nonempty.

Proof. We have that φ ◦ Φ ∈ moroQ(X,A) and, taking q : Mor+(X,A) → Moro+(X,A) to
be the quotient map, we have that φ ◦ Φ ◦ q ∈ morQ(X,A). ■

Lemma 5.2.3 ([38]). Let A,B,X, Y,Q be as above. Supposing that there exists a minion
homomorphism ξ : poloQ(A) → poloQ(B), if moroQ(X,A) is nonempty, then moroQ(Y,B) is
nonempty.

Identically, supposing that there exists a minion homomorphism ξ : polQ(A) → poloQ(B),
if morQ(X,A) is nonempty, then moroQ(Y,B) is nonempty.

Proof. We show the oracular case. The non-oracular case is identical, as the proof does not
depend significantly on the internal structure of the minions.

First, note that since X is constructed as a disjoint union of powers of A, we have
for each y ∈ Y a ∗-homomorphism Φy : Moro+(AD(B), A) → Moro+(X,A) given by
Φy(pa,a) = p[(y,a)],a; and for all R ∈ τ , y ∈ RY a ∗-homomorphism ΦR,y : Moro+(ARB , A) →
Moro+(X,A) given by ΦR,y(pa,a) = p[(R,y,a)],a. Taking πi : RB → D(B) to be the projection
onto the i-th component, the cominion structure of Polo+(A) gives rise to a ∗-homomorphism
Φπi : Moro+(AD(B), A) → Moro+(ARB , A). It is easy to see that ΦR,y ◦ Φπi = Φyi , since

(ΦR,y ◦ Φπi)(pa,a) = p[(R,y,a◦πi)],a = p[(yi,a)],a = Φyi(pa,a).

Now, let φ : Moro+(X,A) → M ∈ Q be a ∗-homomorphism. We have Q-polymorphisms
φ ◦ Φy ∈ moroQ(AD(B), A) and φ ◦ ΦR,y ∈ moroQ(ARB , A). The minion homomorphism
can act on these polymorphisms to give ξ(φ ◦ Φy) ∈ moroQ(BD(B), B) and ξ(φ ◦ ΦR,y) ∈
moroQ(BRB , B). Note that these must all be homomorphisms into the same space. By
taking N ≥ |RB|, |D(B)|, there exist surjective maps π : [N ] → D(B) and πR : [N ] → RB,
and thus using the cominion structure ξ|D(B)| = ξN ◦ Φπ and ξ|RB | = ξN ◦ ΦπR . Hence, they
have the same codomain, which we denote N ∈ Q. Now, we define the ∗-homomorphism
φ′ : Moro+(Y,B) → N on the generators as φ′(py,b) = ξ(φ ◦ Φy)(pidB ,b), where idB ∈ BD(B)

is the identity map. To see that this gives an element of moroQ(Y,B), it suffices to see that
it satisfies the relations of Moro+(Y,B). First, since ξ(φ ◦ Φy) is a ∗-homomorphism and
{pidB ,b}b∈B is a PVM in Moro+(BD(B), B), {φ′(py,b)}b∈B is a PVM in N . Next, let R ∈ τ
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and y ∈ RY , and write n = ar(R). If b /∈ RB, then

φ′(py1,b1) · · ·φ′(pyn,bn) = ξ(φ ◦ Φy1)(pidB ,b1) · · · ξ(φ ◦ Φyn)(pidB ,bn)
= ξ(φ ◦ ΦR,y)(Φπ1(pidB ,b1)) · · · ξ(φ ◦ ΦR,y)(Φπn(pidB ,bn))
= ξ(φ ◦ ΦR,y)(pπ1,b1) · · · ξ(φ ◦ ΦR,y)(pπn,bn) = 0

as ΦR,y is a ∗-homomorphism and (π1, . . . , πn) ∈ RBR
B

. Finally, for i, j ∈ [n] and b, b′ ∈ B,
we find in the same way that

[φ′(pyi,b), φ′(pyj ,b′)] = [ξ(φ ◦ Φyi)(pidB ,b), ξ(φ ◦ Φyj)(pidB ,b′)]
= [ξ(φ ◦ ΦR,y)(pπi,b), ξ(φ ◦ ΦR,y)(pπj ,b′)] = 0. ■

Theorem 5.2.4. Let A be a σ-structure and B be a τ -structure, and let Q be a tensor
monoid. If there exists a minion homomorphism poloQ(A) → poloQ(B), then there exist
polynomial-time reductions from CSPQ

ocv(B)1,1 to CSPQ
ocv(A)1,1 and from eCSPQ

ocv(B)1,1 to
eCSPQ

ocv(A)1,1.
If there exists a minion homomorphism polQ(A) → poloQ(B), then there exist polynomial-

time reductions from CSPQ
ocv(B)1,1 to CSPQ

no(A)1,1 and from eCSPQ
ocv(B)1,1 to eCSPQ

no(A)1,1.

Proof. We show the reduction from eCSPQ
ocv(B)1,1 to eCSPQ

ocv(A)1,1. The other cases are
analogous. Let X be an instance of eCSPQ

ocv(B)1,1. Let Y be the σ-structure constructed
from X in Theorem 2.10.2. It is clear that this instance can be constructed in polynomial
time (in fact, in logspace [38]). Then, using Corollary 5.2.2 and Lemma 5.2.3 there exists
φ ∈ moroQ(X,B) if and only if there exists φ′ ∈ moroQ(Y,A). ■

With an additional technical condition, we can extend the proof to succinctly-presented
entangled CSPs.

Definition 5.2.5. Let R ⊆ Dn be a relation and i, j ∈ [n] be distinct. Write ΣR,i,j for the
graph with vertex set D and edges a ∼ b if there exist a, b ∈ R such that ai = a, bi = b,
and aj = bj.

A relational structure A is well-connected if, for every relation R ∈ R(A) and
i, j ∈ [ar(R)] distinct, either ΣR,i,j or ΣR,j,i is connected.

It is easy to see that 3SAT, 3LIN, and Kn for n ≥ 3 are well-connected.
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Theorem 5.2.6. Let A be a σ-structure and B be a τ -structure that is well-connected, and
let Q be a tensor monoid. If there exists a minion homomorphism poloQ(A) → poloQ(B),
then there exist polynomial-time reductions from MIPQ

ocv(B)1,1 to MIPQ
ocv(A)1,1 and from

eMIPQ
ocv(B)1,1 to eMIPQ

ocv(A)1,1.
If there exists a minion homomorphism polQ(A) → poloQ(B), then there exist polynomial-

time reductions from MIPQ
ocv(B)1,1 to MIPQ

no(A)1,1 and from eMIPQ
ocv(B)1,1 to eMIPQ

no(A)1,1.

As noted above, 3SAT is well-connected, so a minion homomorphism to 3SAT is
sufficient to show RE-hardness of the gapless problem. Also, note that Theorem 5.2.4 gives
exponential-time reductions directly, without the assumption of being well-connected.

Proof. We show the reduction from eMIPQ
ocv(B)1,1 to eMIPQ

ocv(A)1,1. The other cases are
analogous. Let M be an instance of eMIPQ

ocv(B)1,1. Let M ′ be a Turing machine that
samples the constraints of the σ-structure constructed from X(M) in Theorem 2.10.2.
This Turing machine can be made efficient by first sampling a constraint (R,y) using M ,
and then, with probability 1

2 , sampling a uniformly random constraint (S,x) from AR
B

and outputting (S, ([(R,y, x1)], . . . , [(R,y, xar(S))])); and, with probability 1
2 , sampling a

uniformly random i ∈ ar(R) and a uniformly random constraint (S,x) from AD(B), and
outputting (S, ([(yi, x1)], . . . , [(yi, xar(S))])). To not give the players information about the
sampling process, we need to choose the right representative of the equivalence classes to
send: if (R,y,a) = (R,y,a′ ◦ π′

i), we send (yi,a′) instead. Due to the hypothesis that B
is well-connected, this choice is unique unless a is constant, in which case we just send
one of the entries (without loss of generality, we may assume the connectivity graph /
Gaifman graph of X(M) is connected, which implies (y,a′) ∼ (y′,a′) for all y, y′). Then,
using Corollary 5.2.2 and Lemma 5.2.3 there exists φ ∈ moroQ(X(M), B) if and only if
there exists φ′ ∈ moroQ(X(M ′), A). ■

5.3 Gap-preserving reduction

In this section, we extend the results of the previous section to gapped CSPs. In Section 5.3.1,
we define a weighted-algebra version of a cominion and study the example of this structure
coming from polymorphisms. In Section 5.3.2, we use weighted cominions to study a
stable notion of minion homomorphism. In Section 5.3.3, we show that stable minion
homomorphisms of the entangled polymorphism minions imply reductions between gapped
CSPs.
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5.3.1 Weighted cominions

Definition 5.3.1. A weighted cominion A is a sequence of weighted algebras (An, µn)
such that {An}n is a semi-pre-C∗-cominion (with respect to the sum-of-squares cone on the
semi-pre-C∗-algebras).

The examples of weighted cominions we consider arise from the weighted algebras of
entangled polymorphisms.

Definition 5.3.2. Let A be a σ-structure. The weighted polymorphism cominion
of A is Polno(A) = {Morno

u
(An, A)}n with minor homomorphisms Φπ : Morno(Am, A) →

Morno(An, A) for π : [n] → [m] given on the generators as Φπ(pa,a) = pa◦π,a.
The oracular weighted polymorphism cominion ofA is Polocv(A) = {Morocv

u
(An, A)}n

with minor homomorphisms Φπ : Morocv(Am, A) → Morocv(An, A) for π : [n] → [m] given
on the generators as Φπ(pa,a) = pa◦π,a and Φπ(ΦR,a,a) = ΦR,(a1◦π,...,aar(R)◦π),a.

Lemma 5.3.3. Polocv(A) and Polno(A) are well-defined as weighted cominions.

Proof. We show the non-oracular case; the oracular case is essentially identical. Let π : [n] →
[m]. Then, for every a ∈ Am, {Φπ(pa,a)}a∈A is a PVM, so Φπ extends to a ∗-homomorphism.
In an identical way to Lemma 5.1.8, we see that Polno(A) is a cominion. ■

Weighted cominions can be used to study approximate representations of an associated
C∗-cominion.

Definition 5.3.4. We say that a weighted cominion A = {(An, µn)}n approximates
a C∗-cominion M if C∗

u(An/⟨⟨suppµn⟩⟩) ∼= Mn and the quotient maps qn : An → Mn

induced by the isomorphisms induce a cominion homomorphism M → {An}n.

We apply this definition in the context of polymorphism minions.

Lemma 5.3.5. Polocv(A) and Polno(A) approximate Polo+(A) and Pol+(A), respectively.

Proof. First, we show the non-oracular case. Due to Lemma 3.2.2, C∗
u(Morno(An, A)/⟨⟨suppµno,u⟩⟩) ∼=

Mor+(An, A) for all n. Also, we see that (qn ◦ Φπ)(pa,a) = pa◦π,a = (Φπ ◦ qn)(pa,a), so the
quotient maps induce a cominion homomorphism.

Now, we show the oracular case. Again due to Lemma 3.2.2, C∗
u(Morocv(An, A)/⟨⟨suppµocv,u⟩⟩) ∼=

Moro+(An, A) for all n. To finish, the quotient maps induce a cominion homomorphism as
(qn ◦ Φπ)(pa,a) = pa◦π,a = (Φπ ◦ qn)(pa,a) and (qn ◦ Φπ)(ΦR,a,a) = pa1◦π,a1 · · · paar(R)◦π,aar(R) =
(Φπ ◦ qn)(ΦR,a,a). ■
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5.3.2 Stable minion homomorphisms

Now, we study morphisms of weighted cominions. Recall that a tensor monoid is finite if it
consists of finite von Neumann algebras.

Definition 5.3.6. We say a finite tensor monoid is measured if every element is associated
with a finite-dimensional tracial state, which are compatible in the sense the state of M⊗N
is the tensor of the states of M and N .

A finite tensor monoid consisting of factors is always measured. The tensor monoids
d, c, q, qa, and co are all finite, and may be treated as measured. Note that for these
tensor monoids, the choice of tracial state on the factors is unique, but there are multiple
choices of tracial state on the remaining algebras — however, for our purposes, the choice
is immaterial.

Definition 5.3.7. Let A = {(An, µn)}n and B = {(Bn, νn)}n be weighted cominions,
and let Q be a finite measured tensor monoid. Fix a generating set Sn for Bn. A stable
Q-minion homomorphism ξ : A → B is a sequence of maps ξn on the ∗-representations
on An over Q to the ∗-representations of Bn over Q such that

(i) for all ε > 0 and π : [n] → [m], there exists δ > 0 such that, for any ∗-representation
φ : An → (M, tr) ∈ Q, if def(tr ◦φ) ≤ δ and def(tr ◦φ ◦ Φπ) ≤ δ, then ∥ξm(φ ◦
Φπ)(x) − (ξn(φ) ◦ Φπ)(x)∥tr′ ≤ ε for all x ∈ Sm, where ξn(φ) : Bn → (N , tr′); and

(ii) for all ε > 0 and n ∈ N, there exists δ > 0 such that, for any ∗-representation
φ : An → (M, tr) ∈ Q, if def(tr ◦φ) ≤ δ, then def(tr′ ◦ξn(φ)) ≤ ε, where ξn(φ) :
Bn → (N , tr′).

It is implicit in (i) that ξm(φ ◦ Φπ) and ξn(φ) have the same codomain.

Lemma 5.3.8. If Bn is finitely-generated for all n, the stable Q-minion homomorphism
property of ξ is independent of the choice of finite generating set of Bn.

Proof. Suppose Sm = {x1, . . . , xK} and S ′
m = {y1, . . . , yL} are two finite generating sets

of Bm. We aim to show that, if ξ is a stable Q-minion homomorphism with respect to Sm,
it is also a stable Q-minion homomorphism with respect to S ′

m. Let ε > 0, π : [n] → [m],
and δ > 0 to be determined later. Fix a ∗-homomorphism φ : An → (M, tr) ∈ Q such
that def(tr ◦φ) ≤ δ. Note that there exist noncommutative ∗-polynomials fi such that
yi = fi(x1, . . . , xK). We expand each fi as a linear combination of monomials fi = ∑

M ci,MM
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for some ci,M ∈ C. Let Ni = ∑
M |ci,M | and N = maxiNi, let D be the maximum degree of

the fi, and let C = max{1,maxx∈Sm∥x∥}. Then, writing λ = ξm(φ ◦ Φπ) − ξn(φ) ◦ Φπ

∥ξm(φ ◦ Φπ)(yi) − (ξn(φ) ◦ Φπ)(yi)∥tr′ ≤
∑
i

|ci,M |∥λ(M(x1, . . . , xK))∥tr′ .

Now, consider a monomial M(x1, . . . , xK) = xe1
i1 · · · xedid where ej ∈ {1, ∗}. We have that

∥λ(M(x1, . . . , xK))∥tr′ ≤
d∑
j=1

Cd−1∥λ(xij)∥tr′ ≤ dCd−1 max
i

∥λ(xi)∥tr′ .

Therefore,

∥ξm(φ ◦ Φπ)(yi) − (ξn(φ) ◦ Φπ)(yi)∥tr′ ≤ DCD−1N max
x∈Sm

∥ξm(φ ◦ Φπ)(x) − (ξn(φ) ◦ Φπ)(x)∥tr′ .

Choosing δ such that def(tr ◦φ) ≤ δ implies that ∥ξm(φ ◦ Φπ)(x) − (ξn(φ) ◦ Φπ)(x)∥tr′ ≤
ε

DCD−1N
gives the wanted result. ■

To finish this section, we show that stable minion homomorphisms are in fact a general-
isation of minion homomorphisms in the usual sense.

Lemma 5.3.9. Let M and N C∗-cominions approximated by weighted cominions A and
B, respectively. Let Q be a finite measured tensor monoid. If there exists a stable Q-minion
homomorphism ξ : A → B, then there exists a minion homomorphism MQ → N Q.

Proof. Define a minion homomorphism ξ′ : MQ → N Q as follows. Let φ : Mn → (M, tr) ∈
Q. Then, φ◦qn is a ∗-representation of An, giving ξn(φ◦qn) : Bn → (N , tr′). Since tr ◦φ◦qn is
a tracial state on An with defect 0, tr′ ◦ξn(φ◦qn) is a tracial state with defect 0 on Bn. Using
the universal property of the universal C∗-algebra, ξn(φ ◦ qn) induces a ∗-homomorphism
Nn → N ∈ Q, which we take to be ξ′

n(φ).
Let π : [n] → [m]. Then, as the defect is 0,

ξm(φ ◦ Φπ ◦ qm) = ξm(φ ◦ qn ◦ Φπ) = ξn(tr ◦φ ◦ qn) ◦ Φπ.

Thus, using again the universal property, ξ′
m(φ ◦ Φπ) = ξ′

n(φ) ◦ Φπ. ■
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5.3.3 Proof of the gap-preserving reduction

Theorem 5.3.10. Let Q be a finite measured tensor monoid. Let A be a σ-structure and
B, Y be τ -structures, Let π be a probability distribution on the constraints of Y . Let X be
the σ-structure constructed in Theorem 2.10.2. Suppose that there exists a Q-stable minion
homomorphism ξ : Polocv(A) → Polocv(B). Then, there exists a probability distribution π′

on the constraints of X such that, for any ε > 0, there exists δ > 0 (depending only on A,
B, Ξ, and ε) such that, for any tracial state τ on Morocvπ′ (X,A) over Q, if def(τ) ≤ δ, then
there exists a tracial state τ ′ on Morocvπ (Y,B) over Q such that def(τ ′) ≤ ε.

Proof. Define the probability distribution π′ as follows. Let C = ∑
S∈σ |SAD(B)| be the

number of constraints in AD(B), and for each R ∈ τ , let CR = ∑
S∈σ |SAR

B

| be the number
of constraints in AR

B . For y ∈ Y , let π(y) = ∑
R∈τ,y∈RY ,

i∈[ar(R)] : yi=y

π(R,y)
ar(R) , which is the probability

of sending Bob y. For S ∈ σ and x ∈ SX , let

π′(S,x) =

π(R,y)
2CR xi = [(R,y,ai)]
π(y)
2C xi = [(y,ai)].

Now, let ε > 0, and fix δ > 0 to be determined later. Let τ be a tracial state on Morocvπ′ (X,A)
over Q such that def(τ) ≤ δ. Let φ : Morocvπ′ (X,A) → (M, tr) ∈ Q be the GNS repre-
sentation of τ . Analogously to the gapless case, let the embedding ∗-homomorphisms
Φy : Morocv

u
(AD(B), A) → Morocvπ′ (X,A) and ΦR,y : Morocv

u
(ARB , A) → Morocvπ′ (X,A), and we

have that ΦR,y ◦ Φπi = Φyi . It is also direct to see that

def(τ) =
∑

R∈τ,y∈RY

π(R,y)
2 def(τ ◦ ΦR,y) +

∑
y∈Y

π(y)
2 def(τ ◦ Φy).

Now, applying the minion homomorphism, ξ(φ ◦ Φy) : Morocv
u

(BD(B), B) → (N , tr′) ∈ Q

and ξ(φ ◦ ΦR,y) : Morocv
u

(BRB , B) → (N , tr′) ∈ Q — we may take the codomain to be
the same for all ∗-homomorphisms in the same way as for the gapless case. Let δn be the
maximal convex modulus function such that for a ∗-representation η of Morocv

u
(An, A) over

Q, def(tr′ ◦ξ(η)) ≤ δ−1
n (def(tr ◦η)). Note that δ1 ≥ δ2 ≥ .... Let also δπ be the maximum

convex modulus function such for a ∗-representation η of Morocv
u

(An, A) over Q, ∥ξ(η ◦
Φπ)(pb,b) − (ξ(η) ◦ Φπ)(pb,b)∥2

tr′ ≤ δ−1
π (max{def(tr ◦η), def(tr ◦η ◦ Φπ)}). Let ∆ the pointwise

minimum of δ|B|, δ|RB | for all R ∈ τ , and δπi for the projections πi : RB → D(B). Therefore
def(tr′ ◦ξ(φ◦Φy)) ≤ ∆−1(def(tr ◦φ◦Φy)), def(tr′ ◦ξ(φ◦ΦR,y)) ≤ ∆−1(def(tr ◦φ◦ΦR,y)), and
∥ξ(φ◦Φyi)(pb,b)−(ξ(φ◦ΦR,y)◦Φπi)(pb,b)∥2

tr′ ≤ ∆−1(max{def(tr ◦φ◦ΦR,y), def(tr ◦φ◦Φyi)}).
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Now, we define the ∗-homomorphism φ′ : Morocvπ (Y,B) → N on the generators as φ′(py,b) =
ξ(φ ◦ Φy)(pidB ,b) and φ′(ΦR,y,b) = ξ(φ ◦ ΦR,y)(ΦR,(π1,...,πar(R)),b). This is well-defined as
idB ∈ BD(B) and (π1, . . . , πar(R)) ∈ RBR

B

; and this is a ∗-homomorphism as the images of
the generating PVMs are themselves PVMs. It remains to bound the defect of τ ′ = tr′ ◦φ′.
We have that

def(τ ′) =
∑

R∈τ,y∈RY
b∈RB ,i∈ar(R)

π(R,y)
ar(R) ∥ξ(φ ◦ ΦR,y)(ΦR,(π1,...,πar(R)),b)(1 − ξ(φ ◦ Φyi)(pidB ,bi))∥2

tr′ .

As in the gapless case, we want to replace ξ(φ ◦ Φyi)(pidB ,bi) by ξ(φ ◦ ΦR,y)(pπi,bi). Doing so,
we find that

def(τ ′) ≤ 2
∑

R∈τ,y∈RY
b∈RB ,i∈ar(R)

π(R,y)
ar(R)

(
∥ΦR,(π1,...,πar(R)),b(1 − pπi,bi)∥2

tr′ ◦ξ(φ◦ΦR,y)
+∥ξ(φ ◦ Φyi)(pidB ,b) − (ξ(φ ◦ ΦR,y) ◦ Φπi)(pidB ,b)∥2

tr′

)

≤ 2
∑

R∈τ,y∈RY
π(R,y)CR def(tr′ ◦ξ(φ ◦ ΦR,y))

+ 2
∑

R∈τ,y∈RY
i∈ar(R)

π(R,y)|RB|
ar(R) ∥ξ(φ ◦ Φyi)(pidB ,b) − (ξ(φ ◦ ΦR,y) ◦ Φπi)(pidB ,b)∥2

tr′

≤ 2
∑

R∈τ,y∈RY
π(R,y)CR∆−1(def(tr ◦φ ◦ ΦR,y))

+ 2
∑

R∈τ,y∈RY
i∈ar(R)

π(R,y)|RB|
ar(R) ∆−1(max{def(tr ◦φ ◦ ΦR,y), def(tr ◦φ ◦ Φyi)})

≤ 2 max
R

(CR)∆−1
( ∑
R∈τ,y∈RY

π(R,y) def(tr ◦φ ◦ ΦR,y)
)

+ 2 max
R

|RB|∆−1
( ∑
R∈τ,y∈RY
i∈ar(R)

π(R,y)
ar(R) (def(tr ◦φ ◦ ΦR,y) + def(tr ◦φ ◦ Φyi)

)

≤ 2(max
R

(CR) + max
R

|RB|)∆−1(2 def(τ)).

Taking δ = 1
2∆
(

ε
2(maxR(CR)+maxR |RB |)

)
gives the wanted result. ■

Theorem 5.3.11. Let Q be a finite measured tensor monoid. Let A be a σ-structure and
B, Y be τ -structures, Let π be a probability distribution on the constraints of Y . Let X be
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the σ-structure constructed in Theorem 2.10.2. Suppose that there exists a Q-stable minion
homomorphism ξ : Polno(A) → Polocv(B). Then, there exists a probability distribution π′

on the constraints of X such that, for any ε > 0, there exists δ > 0 (depending only on A,
B, ξ, and ε) such that, for any tracial state τ on Mornoπ′ (X,A) over Q, if def(τ) ≤ δ, then
there exists a tracial state τ ′ on Morocvπ (Y,B) over Q such that def(τ ′) ≤ ε.

Proof. Noting that the proof of the previous theorem does not actually make use of the
structure of the defect of Morocvπ′ (X,A), the exact same proof holds here. ■

Theorem 5.3.12. Let A be a σ-structure and B be a τ -structure that is well-connected,
let Q be a finite measured tensor monoid, and let s < 1. If there exists a Q-stable
minion homomorphism Polocv(A) → Polocv(B), then there exists s′ < 1 such that there are
polynomial-time reductions from MIPQ

ocv(B)1,s to MIPQ
ocv(A)1,s′ and from eMIPQ

ocv(B)1,s to
eMIPQ

ocv(A)1,s′ .
If there exists a Q-stable minion homomorphism Polno(A) → Polocv(B), then there exists

s′ < 1 such that there are polynomial-time reductions from MIPQ
ocv(B)1,s to MIPQ

no(A)1,s′

and from eMIPQ
ocv(B)1,s to eMIPQ

no(A)1,s′ .

We also have the gapped analogue of the reduction in the non-succinct case, Theo-
rem 5.2.4, where the property that B is well-connected can be dropped.

Proof. As in Theorem 5.2.6, we show the reduction from eMIPQ
ocv(B)1,s to eMIPQ

ocv(A)1,s′ .
The other cases are analogous. Let M be an instance of eMIPQ

ocv(B)1,s. Construct M ′ in the
same way as in Theorem 5.2.6. Completeness follows in the same way using Corollary 5.2.2.
For soundness, we take ε = 1 − s, and let s′ = 1 − δ, where δ is from Theorem 5.3.10. Then
soundness follows immediately from that theorem. ■

5.4 Stable minion homomorphisms from cominion ho-
momorphisms

In this section, we show that a cominion homomorphism can be lifted to a stable minion
homomorphism. This will be useful in showing gapped reductions based on Theorem 5.3.12.

Lemma 5.4.1. Let A = {(An, µn)}n and B = {(Bn, νn)}n be weighted cominions that
satisfy the following properties:

153



(i) An and Bn are freely generated by finite-order unitaries un,1, . . . , un,Kn and vn,1, . . . , vn,Ln ,
respectively;

(ii) for π : [n] → [m], the minor homomorphisms satisfy Φπ(um,k) = un,fπ(k) and
Φπ(vm,k) = vn,gπ(k) for some functions fπ : [Km] → [Kn] and gπ : [Lm] → [Ln].

Let M and N be the C∗-cominions approximated by A and B, respectively. Let Vn,k ∈ An

for all k ∈ [Ln], and suppose that the map vn,k 7→ Vn,k induces a cominion homomorphism
Ξ : M → N . Then there is a Q-stable minion homomorphism A → B for all finite
measured tensor monoids Q.

Note that the weighted polymorphism cominions satisfy properties (i) and (ii).

Proof. Write en,k for the order of vn,k. Let φ : An → (M, tr) ∈ Q. First, we will define
ξn(φ), by taking ξn(φ)(vn,k) to be the nearest order-en,k unitary to φ(Vn,k). Clearly, ξn(φ) :
Bn → (M, tr) is a ∗-homomorphism.

First we show the following claim, which we will use a few times: there exist Cn,k ≥ 0 and
for all δ0 > 0 there exists C ′

n,k,δ0 > 0 such that for any ∗-homomorphism φ : An → (M, tr) ∈
Q, ∥φ(Vn,k) − ξn(φ)(vn,k)∥2

tr ≤ Cn,kδ0 +C ′
n,k,δ0

√
def(tr ◦φ). Since Mn = C∗

u(An/⟨⟨suppµn⟩⟩),
Vn,k is an order-en,k unitary in Mn. Hence, R = (V ∗

n,kVn,k − 1)2 + |V en,k
n,k − 1|2 is in the

infinitesimal ideal of An/⟨⟨suppµn⟩⟩. Then, there exists p ∈ An/⟨⟨suppµn⟩⟩ positive such
that δ0 −R = p. To get the relation in An, we know there exist r1, . . . , rN ∈ suppµn and
ai, bi ∈ An such that δ0 −R = p+∑N

i=1 airibi. Now, using Lemma 3.1.14, we know that

∥φ(Vn,k) − ξn(φ)(vn,k)∥2
tr ≤

(
en,k(∥Vn,k∥en,k + 2)∥V ∗

n,kVn,k − 1∥tr ◦φ + ∥V en,k
n,k − 1∥tr ◦φ

)2

≤ 2e2
n,k(∥Vn,k∥en,k + 2)2

(
∥V ∗

n,kVn,k − 1∥2
tr ◦φ + ∥V en,k

n,k − 1∥2
tr ◦φ

)
= 2e2

n,k(∥Vn,k∥en,k + 2)2(tr ◦φ)(R)

= 2e2
n,k(∥Vn,k∥en,k + 2)2

(
δ0 − (tr ◦φ)(p) −

N∑
i=1

(tr ◦φ)(airibi)
)

≤ 2e2
n,k(∥Vn,k∥en,k + 2)2δ0 + 2e2

n,k(∥Vn,k∥en,k + 2)2
N∑
i=1

∥biai∥∥ri∥tr ◦φ

≤ 2e2
n,k(∥Vn,k∥en,k + 2)2δ0 + 2e2

n,k(∥Vn,k∥en,k + 2)2
N∑
i=1

∥biai∥√
µn(ri)

√
def(tr ◦φ).
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Taking Cn,k = 2e2
n,k(∥Vn,k∥en,k + 2)2 and C ′

n,k,δ0 = 2e2
n,k(∥Vn,k∥en,k + 2)2∑N

i=1
∥biai∥√
µn(ri)

proves
the claim.

Next, we show property (i). Let ε > 0 and π : [n] → [m]. Let ε > 0. Suppose that
def(tr ◦φ) ≤ δ and def(tr ◦φ ◦ Φπ) ≤ δ, to which we will assign a value later. We want
to bound ∥ξm(φ ◦ Φπ)(vm,k) − (ξn(φ) ◦ Φπ)(vm,k)∥2

tr by ε2. Let δ0 > 0, to be determined
later. From the claim above, we know that ∥ξm(φ ◦ Φπ)(vm,k) − φ(Φπ(Vm,k))∥2

tr ≤ Cm,kδ0 +
C ′
m,k,δ0

√
def(tr ◦φ ◦ Φπ), and that ∥ξn(φ)(vn,gπ(k))−φ(Vn,gπ(k))∥2

tr ≤ Cn,gπ(k)δ0+C ′
n,gπ(k),δ0

√
δ.

Hence, since Φπ(vm,k) = vn,gπ(k),

∥ξm(φ ◦ Φπ)(vm,k) − (ξn(φ) ◦ Φπ)(vm,k)∥2
tr

≤ 3∥Φπ(Vm,k) − Vn,gπ(k)∥2
tr ◦φ + 3(Cm,k + Cn,gπ(k))δ0 + 3(C ′

m,k,δ0 + C ′
n,gπ(k),δ0)

√
def(tr ◦φ).

Since the map vn,k 7→ Vn,k extends to a cominion homomorphism and Mn = C∗
u(An/⟨⟨suppµn⟩⟩),

Φπ(Vm,k) = Vn,gπ(k) in Mn. This implies that Φπ(Vm,k) − Vn,gπ(k) is in the infinitesimal
ideal of An/⟨⟨suppµn⟩⟩. Fix δ1 > 0, to which we will assign a value later. There exists
p ∈ An/⟨⟨suppµn⟩⟩ positive such that δ1 − |Φπ(Vm,k) −Vn,gπ(k)|2 = p. In An, this means that
there are r1, . . . , rN ∈ suppµn and ai, bi ∈ An such that δ1 − |Φπ(Vm,k) − Vn,gπ(k)|2 − p =∑N
i=1 airibi. This implies as above

∥Φπ(Vm,k) − Vn,gπ(k)∥2
tr ◦φ = δ1 − (tr ◦φ)(p) −

N∑
i=1

(tr ◦φ)(airibi)

≤ δ1 +
N∑
i=1

∥biai∥∥ri∥tr ◦φ

≤ δ1 +
N∑
i=1

∥biai∥√
µn(ri)

√
def(tr ◦φ).

Let Dk,δ1 = ∑N
i=1

∥biai∥√
µn(ri)

. Putting everything together, ∥ξm(φ ◦ Φπ)(vm,k) − (ξn(φ) ◦

Φπ)(vm,k)∥2
tr ≤ 3δ1 + 3(Cm,k + Cn,gπ(k))δ0 + (3C ′

m,k,δ0 + 3Cn,gπ(k),δ0 +Dk,δ1)
√
δ. To finish, we

take δ0 = mink ε2

9(Cm,k+Cn,gπ(k)) , δ1 = ε2

9 , and δ = mink
(

ε2

3(3Cn,gπ(k),δ0 +Dk,δ1 )

)2
.

Now, we show property (ii). Let ε > 0. Suppose that def(tr ◦φ) ≤ δ, to which we will
assign a value later. Fix also δ0 > 0, to be determined later. Using the first claim, we have
that ∥φ(Vn,k) − ξn(φ)(vn,k)∥2

tr ≤ Cn,kδ0 + C ′
n,k,δ0

√
def(tr ◦φ). Let the upper bound be εk,

and let ε0 = maxk εk. Next, note that every element of Bn can be seen as a noncommutative
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polynomial in the generators vn,k. This gives the expression

def(tr ◦ξn(φ)) =
∑
r∈Bn

νn(r)∥r(ξn(φ)(vn,1), . . . , ξn(φ)(vn,Ln))∥2
tr.

Now, fix some r ∈ supp νn. We can expand r = ∑
M cMM , where the sum is over the

monomials and cM ∈ C. Let Nr = ∑
M |cM | and Dr the maximal degree of the monomials

with nonzero coefficients. Then

|∥r(ξn(φ)(vn,1), . . . , ξn(φ)(vn,Ln))∥tr − ∥r(φ(Vn,1), . . . , φ(Vn,Ln))∥tr|
≤ ∥r(ξn(φ)(vn,1), . . . , ξn(φ)(vn,Ln)) − r(φ(Vn,1), . . . , φ(Vn,Ln))∥tr

≤
∑
M

|cM |∥M(ξn(φ)(vn,1), . . . , ξn(φ)(vn,Ln)) −M(φ(Vn,1), . . . , φ(Vn,Ln))∥tr.

For a monomial M(x1, . . . , xLn) = xk1 · · · xkd ,

∥M(ξn(φ)(vn,1), . . . , ξn(φ)(vn,Ln)) −M(φ(Vn,1), . . . , φ(Vn,Ln))∥tr

≤
d∑
i=1

∥ξn(φ)(vn,ki) − φ(Vn,ki)∥tr ≤
d∑
i=1

√
εk ≤ Dr

√
ε0,

giving ∥r(ξn(φ)(vn,1), . . . , ξn(φ)(vn,Ln))∥tr ≤ ∥r(φ(Vn,1), . . . , φ(Vn,Ln))∥tr+NrDr
√
ε0. Taking

the square, ∥r(ξn(φ)(vn,1), . . . , ξn(φ)(vn,Ln))∥2
tr ≤ 2∥r(φ(Vn,1), . . . , φ(Vn,Ln))∥2

tr + 2N2
rD

2
rε0,

so

def(tr ◦ξn(φ)) ≤ 2
∑
r∈Bn

νn(r)∥r(Vn,1, . . . , Vn,Ln)∥2
tr ◦φ + 2

∑
r∈Bn

νn(r)N2
rD

2
rε0.

To finish, since vn,k 7→ Vn,k extends to a ∗-homomorphism Nn → Mn, we have that
r(Vn,1, . . . , Vn,Ln) is 0 in Mn = C∗

u(An/⟨⟨suppµn⟩⟩). Hence, it is in the infinitesimal ideal of
An/⟨⟨suppµn⟩⟩. Fix δ1 > 0, to be determined later. There exists pr ∈ An/⟨⟨suppµn⟩⟩ positive
such that δ1 − |r(Vn,1, . . . , Vn,Ln)|2 = pr. In An, this means that there exist sr,1, . . . , sr,Mr ∈
suppµn and ar,i, br,i ∈ An such that |r(Vn,1, . . . , Vn,Ln)|2 = δ1−pr+

∑Mr
i=1 ar,isr,ibr,i. Identically

as above,

∥r(Vn,1, . . . , Vn,Ln)∥2
tr ◦φ ≤ δ1 +

Mr∑
i=1

(tr ◦φ)(ar,isr,ibr,i) ≤ δ1 +
Mr∑
i=1

∥br,iar,i∥∥sr,i∥tr ◦φ

≤ δ1 +
Mr∑
i=1

∥br,iar,i∥√
µn(sr,i)

√
def(tr ◦φ).

156



Now, we can put it all together. Let C0 = maxk Cn,k and C1 = maxk C ′
n,k,δ0 , so that

ε0 ≤ C0δ0 + C1
√
δ. Let C2 = 2∑r∈Bn νn(r), C3 = 2∑r∈Bn νn(r)∑Mr

i=1
∥br,iar,i∥√
µn(sr,i)

, and C4 =

2∑r∈Bn νn(r)N2
rD

2
r . Then, we have that def(tr ◦ξn(φ)) ≤ C2δ1 + C3

√
δ + C4(C0δ0 + C1

√
δ).

To get the wanted result, it suffices to take δ0 = ε
3C0C4

, δ1 = ε
3C2

, and δ =
(

ε
C3+C1C4

)2
. Note

that δ0 and δ1 only depend on the properties of νn and the Vn,k, but δ may depend on the
choice of δ0, δ1. ■

5.5 Examples of reductions without commutativity
gadgets

In this section, we give some examples of entangled CSPs whose hardness can be ascertained
via reductions from minion homomorphisms, but not using commutativity gadgets. In
Section 5.5.1, we show the hardness of (non-oracular) entangled graph colouring; and in
Section 5.5.2, we show hardness of entangled homomorphism to the diamond graph.

5.5.1 Hardness of entangled colouring

Theorem 5.5.1. There exists a cominion homomorphism Pol+(Kn) → Polo+(3SAT).

Proof. Due to [49], we know that 3SAT admits an oracular algebraic commutativity gadget.
Therefore, Theorem 4.3.4 implies that Polo+(3SAT) = Pol(3SAT). Further, from the
classical theory, pol(3SAT) consists only of the projection maps πki : {0, 1}k → {0, 1}.
Then, Moro+(3SATk, 3SAT) is generated by the functions fki : {πk1 , . . . , πkk} → C defined
as fki (πkj ) = δi,j. Define Ξk : Moro+(3SATk, 3SAT) → Moro+(Kk

n, Kn) with respect to this
generating set as Ξk(fki ) = Πk

i , where Πk
i is as defined in Theorem 4.4.1, with the superscript

k added for clarity. Since {Πk
i }ki=1 is a central PVM, Ξk is clearly a ∗-homomorphism.

To show Ξ is a cominion homomorphism, it remains to show that it intertwines the
minor operations. In fact, noting that in Moro+(3SATk, 3SAT), pa,a corresponds to the
function pa,a(πki ) = δπki (a),a = δai,a, we have that pa,a = ∑

i∈[k]: ai=a f
k
i . In Mor+(Kk

n, Kn),
Πk
i = ∑

a∈Kn px,apy,a, for any x,y ∈ Kk
n that agree only on the i-th entry. Let π : [m] → [k].

We aim to show that Ξm ◦ Φπ = Φπ ◦ Ξk, which we do by showing it on the generators pa,a.
On the left hand side

Ξm(Φπ(pa,a)) = Ξm(pa◦π,a) =
∑

i∈[m]: aπ(i)=a
Ξm(fmi ) =

∑
i∈[m]: aπ(i)=a

Πm
i = Πm

(a◦π)−1(a),
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and on the right hand side

Φπ(Ξk(pa,a)) =
∑

i∈[k]: ai=a
Φπ(Πk

i ) =
∑

i∈[k]: ai=a

∑
x∈Kn

pxi◦π,xpyi◦π,y,

where xi,yi ∈ Km
n agree only at the i-th position. We know that ∑x∈Kn pxi◦π,xpyi◦π,y =

Πm
π−1(i), and therefore that Φπ(Ξk(pa,a)) = Πm

(a◦π)−1(a) as well, as wanted. ■

Corollary 5.5.2. Let n ≥ 3. There exists s < 1 such that MIPq
no(Kn)1,s and eMIPq

no(Kn)1,s
are RE-complete via polynomial-time reductions from the halting problem; and MIPco

no(Kn)1,s
is coRE-complete via a polynomial-time reduction from the cohalting problem.

Proof. The proof follows immediately by applying Lemma 5.4.1 to get q- and co-stable
minion homomorphisms, and then Theorem 5.3.12 to get a reduction from oracular entangled
3SAT. Hardness of 3SAT follows by applying Theorem 4.1.6 using the commutativity gadget
of [49]. ■

5.5.2 Hardness of homomorphism to the diamond graph

Lemma 5.5.3. Let A and B be σ-structures that are homomorphism equivalent, i.e.
there exist homomorphisms f : A → B and g : B → A. Then, there exist cominion
homomorphisms Ξ : Polo+(A) → Polo+(B) and Ξ : Pol+(A) → Pol+(B).

Proof. We show the oracular case; the non-oracular case is identical. Let Ξn : Moro+(Bn, B) →
Moro+(An, A) be defined on the generators as Ξn(pb,b) = ∑

a∈f−1(b) pg(b),a, where g(b) =
(g(b1), . . . , g(bn)). Ξn is a ∗-homomorphism as Ξn = f̂ ◦ idMoro+(Bn,B) ◦ĝ⊗n (where we recall
that the notation ·̂ from Definition 4.4.6 maps classical homomorphisms to characters). It
remains to show that it intertwines the minor homomorphisms. Let π : [n] → [m]. Then
Ξn(Φπ(pb,b)) = ∑

a∈f−1(b) pg(b◦π),a and Φπ(Ξm(pb,b)) = ∑
a∈f−1(b) pg(b)◦π,a. But for each i ∈ [n],

g(b ◦ π)i = g(bπ(i)) = (g(b) ◦ π)i, giving the wanted equality. ■

Lemma 5.5.4. Let D be the diamond graph (see Fig. 4.3). There exist cominion homo-
morphisms Polo+(D) → Polo+(K3) and Pol+(D) → Polo+(K3).

Proof. D is homomorphism equivalent to K3, so there exist cominion homomorphisms
Polo+(D) → Polo+(K3) and Pol+(D) → Pol+(K3). Note also that Pol+(K3) = Polo+(K3)
as pol+(K3) = pol(K3), so the second homomorphism is in fact Pol+(D) → Polo+(K3). ■

This implies the same hardness results as in the previous section.
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5.6 Equivalence of the constraint-variable and constraint-
constraint frameworks

In this section, we show the equivalence between the oracular constraint-constraint and
constraint-variable frameworks for entangled CSPs. In Sections 5.6.1 and 5.6.2 we show the
two directions of the implication.

5.6.1 Reduction from constraint-variable to constraint-constraint

Definition 5.6.1. The oracular constraint-constraint weighted polymorphism co-
minion ofA is Polocc(A) = {Morocc

u
(An, A)}n with minor homomorphisms Φπ : Morocc(Am, A) →

Morocc(An, A) for π : [n] → [m] given on the generators as Φπ(ΦR,a,a) = ΦR,(a1◦π,...,aar(R)◦π),a.

Lemma 5.6.2. Polocc(A) is well-defined as a weighted cominion and approximates Polo+(A).

This is proved identically to Lemmata 5.3.3 and 5.3.5.

Theorem 5.6.3. Let Q be a finite measured tensor monoid. Let A be a σ-structure and
B, Y be τ -structures, Let π be a probability distribution on the constraints of Y . Let X be
the σ-structure constructed in Theorem 2.10.2. Suppose that there exists a Q-stable minion
homomorphism ξ : Polocc(A) → Polocv(B). Then, there exists a (connected) probability
distribution π′ on pairs of constraints of X such that, for any ε > 0, there exists δ > 0
(depending only on A, B, ξ, and ε) such that, for any tracial state τ on Moroccπ′ (X,A) over
Q, if def(τ) ≤ δ, then there exists a tracial state τ ′ on Morocvπ (Y,B) over Q such that
def(τ ′) ≤ ε.

Proof. Define the probability distribution π′ as follows. Let C = ∑
S∈σ |SAD(B)| be the

number of constraints in AD(B), and for each R ∈ τ , let CR = ∑
S∈σ |SAR

B

| be the number of
constraints in ARB . Write π(y) = ∑

R∈τ,y∈RY
i∈[ar(R)] : yi=y

π(R,y)
ar(R) . For S, S ′ ∈ σ, x ∈ SX , and x′ ∈ S ′X ,

let

π′((S,x), (S ′,x′)) =

π(R,y)
2C2

R
xi = [(R,y,ai)] ∧ x′

j = [(R,y,a′
j)]

π(y)
2C2 xi = [(y,ai)] ∧ x′

j = [(y,a′
j)].

As it is uniform on the pairs of constraints coming from the same copy of AD(B) or ARB ,
this probability distribution is connected. Let τ be a tracial state on Moroccπ′ (X,A) over Q
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such that def(τ) ≤ δ. Analogously to the gapless case, let the embedding ∗-homomorphisms
Φy : Morocc

u
(AD(B), A) → Moroccπ′ (X,A) and ΦR,y : Morocc

u
(ARB , A) → Moroccπ′ (X,A), and we

have that ΦR,y ◦ Φπi = Φyi . It is also direct to see that

def(τ) =
∑

R∈τ,y∈RY

π(R,y)
2 def(τ ◦ ΦR,y) +

∑
y∈Y

π(y)
2 def(τ ◦ Φy).

As in Theorem 5.3.11, the proof does not make use of the structure of the defect on A, so
the result follows in the same way as in Theorem 5.3.10. ■

Theorem 5.6.4. Let A be a σ-structure and B be a τ -structure, let Q be a finite measured
tensor monoid, and let s < 1. If there exists a Q-stable minion homomorphism Polocc(A) →
Polocv(B), then there exists s′ < 1 such that there are polynomial-time reductions from
CSPQ

ocv(B)1,s to CSPQ
occ(A)1,s′ and from eCSPQ

ocv(B)1,s to eCSPQ
occ(A)1,s′ ; and if B is well-

connected, from MIPQ
ocv(B)1,s to MIPQ

occ(A)1,s′ and from eMIPQ
ocv(B)1,s to eMIPQ

occ(A)1,s′ .

The proof follows in the same way as Theorem 5.3.12.

Corollary 5.6.5. Let A be a σ-structure, let 0 ≤ s ≤ 1, and let Q be a tensor monoid.
Then, there exists 0 ≤ s′ ≤ 1 such that s′ = 1 ⇐⇒ s = 1 for which there are polynomial
time reductions from CSPQ

ocv(A)1,s to CSPQ
occ(A)1,s′ and eCSPQ

ocv(A)1,s to eCSPQ
occ(A)1,s′ ;

and if A is well-connected, from MIPQ
ocv(A)1,s to MIPQ

occ(A)1,s′ and and eMIPQ
ocv(A)1,s to

eMIPQ
occ(A)1,s′ .

This corollary implies that the oracular constraint-variable form of a CSP has complexity
at most that of the oracular constraint-constraint form.

Proof. Since both Polocv(A) and Polocc(A) approximate Polo+(A), we have by Lemma 5.4.1
that there is a Q-stable minion homomorphism Polocc(A) → Polocv(A). Hence, Theorem 5.6.4
gives us the wanted reductions. ■

5.6.2 Reduction from constraint-constraint to constraint-variable

Lemma 5.6.6 (Lemma III.7 in [49]). Let X and A be σ-structures and let π be a symmetric
probability distribution on pairs of constraints ofX. Let π′(R,x) = ∑

S∈σ,y∈SX π((R,x), (S,y))
and let L = maxR∈σ ar(R). Then, there exists a 4L-homomorphism α : Moroccπ (X,A) →
Morocvπ′ (X,A).
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Theorem 5.6.7. Let A be a σ-structure, let 0 ≤ s ≤ 1, and let Q be a tensor monoid. Then,
there exists 0 ≤ s′ ≤ 1 such that s′ = 1 ⇐⇒ s = 1 for which there are polynomial time
reductions from CSPQ

occ(A)1,s to CSPQ
ocv(A)1,s′ , eCSPQ

occ(A)1,s to eCSPQ
ocv(A)1,s′ , MIPQ

occ(A)1,s
to MIPQ

ocv(A)1,s′ , and eMIPQ
occ(A)1,s to eMIPQ

ocv(A)1,s′ .

This theorem implies that the oracular constraint-constraint form of a CSP has com-
plexity at most that of the oracular constraint-variable form.

Proof. We show that reduction MIPQ
occ(A)1,s to MIPQ

ocv(A)1,s′ . The others are essentially
identical. Let s′ = 1 − 1−s

4L . Suppose M is an instance of MIPQ
occ(A)1,s, which corresponds to

a σ-structure X(M) and a probability distribution πM on pairs of constraints of X(M). Let
M ′ be the probabilistic Turing machine that samples from a probability distribution πM ′

on the constraints of X(M) by sampling a pair of constraints from πM and sampling one
uniformly at random. We claim M 7→ M ′ is the wanted reduction. Clearly, the mapping is
polynomial-time. Next, if M is a yes instance, then infτ def(τ) = 0, where the infimum is
over tracial states on MoroccπM (X(M), A) over Q. Since C∗

u(MoroccπM (X(M), A)/⟨⟨µocc,πM ⟩⟩) ∼=
C∗
u(MorocvπM′ (X(M), A)/⟨⟨µocv,πM′ ⟩⟩) by connectedness of the distribution, this implies that

the infimum of the defects of the tracial states on MorocvπM′ (X(M), A) over Q is also 0.
Hence M ′ is a yes instance of MIPQ

ocv(A)1,s′ . Now, suppose that M is a no instance. Then
infτ def(τ) > 1 − s, where the infimum is over tracial states on MoroccπM (X(M), A) over Q.
Then, using Lemma 5.6.6, for every tracial state τ on MorocvπM′ (X(M), A), τ ◦ α is a tracial
state on MoroccπM (X(M), A) satisfying def(τ ◦ α) ≤ 4L def(τ). Taking infima, we find that
infτ def(τ) > 1−s

4L , where the infimum is over tracial states on MorocvπM′ (X(M), A) over Q.
Hence M ′ is a no instance of MIPQ

ocv(A)1,s′ . ■
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Chapter 6

Hardness of binary games

In this chapter, we show that nonlocal games where each of the players answer a single bit
(binary nonlocal games) capture the full complexity of MIP∗, even for a family of games
qualitatively very close to XOR games. In Section 6.1, we review the NP-hardness proof
of classical XOR games, which we will adapt in the quantum setting. In Section 6.2, we
introduce XOR games, the class of binary games for which we show hardness. In Sections 6.3
and 6.4, we show hardness for the gapless and gapped tilted XOR game problems, respectively.
In Section 6.5, we discuss the implications for hardness of approximation.

6.1 Classical hardness of XOR games

The NP-completeness of approximating the classical values of XOR games is ascertained
in [72] via a gadget reduction from 3LIN games.

Recall that solving linear equations over the boolean field {0, 1} with n variables per
equation is the CSP with associated boolean relational structure nLIN with relations
LnLIN
b,n = {a ∈ Zn2 | a1 + . . .+ an = b} for b ∈ {0, 1}. It was shown by H̊astad that, for

all ε > 0, CSPc
ocv(3LIN)1−ε, 5

6 +ε is NP-complete [72]. This is gives optimal hardness of
approximation as there is always a strategy that wins with probability 5

6 . First, note that,
for any 3-linear system, at least half of the equations can be simultaneously satisfied. Then,
we take the strategy where Alice outputs the value of the assignment for all satisfied
equations, and the assignment with one bit flipped for all unsatisfied equations; and Bob
outputs the value of the assignment.
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XOR games can also be seen as CSPs. In fact, the problem of deciding if an XOR game
has classical value ≥ c or < s is exactly gCSPd

no(2LIN)c,s. The reduction from 3LIN to XOR
games essentially relies on the following game.

Definition 6.1.1. Let X0, X1 ⊆ {0, 1}3 be the sets of bit strings of even and odd parity,
respectively. Then, the cube game is the XOR game G□ with question sets X = X0 and
Y = X1, and game matrix Hx,y = 1

16 for y = ¬x and Hx,y = − 1
16 otherwise.

In [72], this game was originally phrased as a system of equations, but it is natural to
represent it as an XOR game. In this work, H̊astad attributes the construction to G. Sorkin.

Lemma 6.1.2 ([72]). The value wc(G□) = 3
4 . If p(a, b|x, y) = δa,g(x)δb,h(y) is an optimal

deterministic strategy, then g(011) + g(101) + g(110) = g(000). If a deterministic strategy
is not optimal, then its value is ≤ 5

8 .

To finish this section, we sketch the reduction from 3LIN games to XOR games due
to [72]. Let X be a σ3LIN-structure and let π be a probability distribution on the constraints
of X. We construct an XOR game as follows. We replace each constraint of the form
(L0,3,x) by a copy of the bipartite cube game, identifying the variables x1, x2, and x3 in
the equation with 011, 101, and 110 in the cube, respectively. For constraints of the form
(L1,3,x), we do the same except we flip the sign of the relations involving 000 — this is
equivalent to flipping the parity of the variable 000 in those cubes. We also identify all the
variables corresponding to 000 between the cubes. Since the value of an assignment to an
σ2LIN-structure is invariant under negation, we may assume that, for any classical strategy,
the variable 000 is assigned value 0.

Now, if (X, π) is a yes instance of CSPc
ocv(3LIN)1−ε, 5

6 +ε, there exists a classical assignment
where 1−O(ε) of the equations are satisfied, which implies that 1−O(ε) of the cubes may be
won with probability 3

4 . Hence the value of the new game is ≥ 3
4 −O(ε). Conversely, suppose

(X, π) is such that the XOR game constructed as above has value ≥ 11
16 + ε — to ascertain

soundness of the reduction, it suffices to see that the classical value of Gocv(X, 3LIN, π)
is ≥ 5

6 + O(ε). Since the value of the cube when the corresponding 3-linear equation is
not satisfied is at most 10

16 , the lower bound in the winning probability implies that at
least 1

2 + O(ε) of the equations are satisfied. For a satisfied equation, the value of the
corresponding term in the LCS game is 1, and for an unsatisfied equation, we can choose a
strategy where, by making Alice answer consistently on 2 of the 3 variables, the value is 2

3 .
Putting these together, we find a strategy for the original 3LIN instance with value 5

6 +O(ε).
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6.2 Tilted XOR games

In this section, we define tilted XOR games and study some of their properties. In Sec-
tion 6.2.1, we introduce tilted XOR games and their associated decision problems. In
Section 6.2.2, we define the tilted bipartite cube game, which we use in proof of hardness of
tilted XOR games.

6.2.1 Definitions and basic properties

Definition 6.2.1. A tilted XOR game is a nonlocal game G = (X, Y,A,B, µ, V ) where
A = B = {0, 1} and X contains a distinguished element ⊥, and there exists a function
f : X × Y → {0, 1} such that

V (a, b|x, y) =
δb,f(⊥,y) x =⊥
δa+b,f(x,y) else.

This corresponds to an XOR game with some additional questions where only Bob is
asked for a bit; however, it can also be thought of an an XOR game with the additional
condition that, whenever x =⊥, the extra condition that a = 0 must be met.

By swapping the roles of Alice and Bob, we can see that the variant of tilted XOR
games where Bob receives the distinguished question is completely equivalent. One may
further generalise tilted XOR games to a two-sided variant where both Alice and Bob
may receive the distinguished question. However, we do not make use of this variant in this
work.

We can express the value of a quantum strategy p(a, b|x, y) = ⟨ψ|P x
a ⊗Qy

b |ψ⟩ for G
using the associated quantum correlation matrix Cx,y = ⟨ψ|Ax ⊗By|ψ⟩ with Ax = P x

0 −P x
1

and By = Qy
0 −Qy

1. Without loss of generality, we may suppose that A⊥ = I, since Alice’s
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answer on the distinguished question does not affect the value. Then, the value of p is

w(G, p) =
∑
y∈Y

π(⊥, y) ⟨ψ|I ⊗Qy
f(⊥,y)|ψ⟩ +

∑
x∈X\{⊥},y∈Y

a,b∈{0,1}: a+b=f(x,y)

π(x, y) ⟨ψ|P x
a ⊗Qy

b |ψ⟩

= 1
2
∑
y∈Y

π(⊥, y) ⟨ψ|A⊥ ⊗ (I + (−1)f(⊥,y)By)|ψ⟩

+ 1
4

∑
x∈X\{⊥},y∈Y

π(x, y)
∑

a∈{0,1}
⟨ψ|(I + (−1)aAx) ⊗ (I + (−1)a+f(x,y)By)|ψ⟩

= 1
2 + 1

2
∑

x∈X,y∈Y
(−1)f(x,y)π(x, y) ⟨ψ|Ax ⊗By|ψ⟩ .

As for an XOR game, let the game matrix be Hx,y = (−1)f(x,y)π(x, y) and the bias of a
correlation matrix b(G,C) = ∑

x∈X,y∈Y Hx,yCx,y.
Definition 6.2.2. The XOR relaxation of a tilted XOR game G is the XOR game GXOR
with the same distribution and predicate VXOR(a, b|x, y) = δa+b,f(x,y), i.e. the distinguished
question ⊥ is treated as a usual question in an XOR game.
Lemma 6.2.3. Let G be a tilted XOR game. Then, wc(GXOR) = wc(G) and wq(GXOR) ≥
wq(G).

Note that for the two-sided variant, we can only guarantee wc(GXOR) ≥ wc(G) in general,
as for the quantum value.

Proof. For the upper bound, note that via the representation of the tilted XOR game bias
in terms of correlation matrices, every strategy for G corresponds to a strategy for GXOR
where Alice always outputs 0 on question ⊥. Thus the classical strategies for G form a
subset of the classical strategies for GXOR, and the quantum strategies for G form a subset
of the quantum strategies for GXOR, giving the upper bounds.

For the reverse inequality in the classical case, let p(a, b|x, y) = δg(x),aδh(y),b be an optimal
classical strategy for GXOR. Then, define the classical strategy p′ for G via the functions
g′(x) = g(x)+g(⊥) and h′(y) = h(y)+g(⊥). Since g′(x)+h′(y) = g(x)+h(y) and g′(⊥) = 0,
this is a strategy for G with the same value as the value of p for GXOR. So, the optimal
classical value of G upper bounds the optimal classical value of GXOR. ■

As for XOR games, tilted XOR games fit within the framework of constraint system
games. In the same way as XOR games correspond to linear systems with two variables per
equation, tilted XOR games correspond to linear systems with one or two variables per
equation.
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Lemma 6.2.4. Let TXOR be the boolean relational structure with linear relations LTXOR
b,2

and LTXOR
b,⊥ = {(0, b), (1, b)} for b ∈ {0, 1}. Then, for every tilted XOR game G, there exists

a relational structure Z and a probability distribution π on the constraints of Z such that
wQ(G) = wQ(Gno(Z,TXOR, π)). There is an analogous value-preserving mapping in the
converse direction.

This correspondence allows the computational problem of approximating the value of a
tilted XOR game to be phrased as an entangled CSP. We will see from the proof that the cor-
respondence maps between succinctly-presented tilted XOR games and succinctly-presented
relational structures efficiently as well. We are interested in the problems gCSPQ

no(TXOR)c,s
and gMIPQ

no(TXOR)c,s.

Proof. Let G = (X, Y, S, {0, 1}, {0, 1}, µ, V ) be a tilted XOR game (where we are also allow-
ing for side information). Then, we construct a σTXOR-structure Z by taking the domain to be
D(Z) = X⊔Y and the relations to be LZb,2 = {(x, y) ∈ X × Y | x ̸=⊥ ∧ ∃s : f(x, y, s) = b}
and LZb,⊥ = {(⊥, y) | ∃s : f(⊥, y, s) = b}; and let the probability distribution on the con-
straints to be π(Lb,2, (x, y)) = ∑

s: f(x,y,s)=b µ(x, y) for x ≠⊥ and otherwise π(Lb,⊥, (⊥, y)) =∑
s: f(⊥,y,s)=b µ(⊥, y). It is clear that this mapping preserves the value.

For the converse, if we have a σTXOR-structure Z with probability distribution π on
the constraints, we construct a tilted XOR game with side information as follows. Let
G = (X, Y, S, {0, 1}, {0, 1}, µ, V ) be the tilted XOR game where X = D(Z)⊔{⊥}; Y = D(Z);
S = σTXOR; µ(x, y, Lb,2) = π(Lb,2, (x, y)) if x ̸=⊥ and µ(⊥, y, Lb,⊥) = ∑

x π(Lb,⊥, (x, y));
and f(x, y, Lb,2) = b and f(⊥, y, Lb,⊥) = b. Since, for constraints Lb,⊥, the winning condition
does not depend on Alice’s output, it follows that this mapping also preserves the value. ■

It follows from the hardness of approximating the classical value of XOR games [72] and
Lemma 6.2.3 that for all ε > 0, gCSPc

no(TXOR) 3
4 −ε, 11

16 +ε is NP-complete. Also, for c > s,
gCSPq

no(TXOR)c,s ∈ RE as the problem consists of approximating the value of a nonlocal
game to constant precision.

6.2.2 The tilted bipartite cube game

In this section, we study the structure of a tilted XOR arising from the bipartite cube game,
which we will make use of as a gadget to reduce from CSPq

ocv(3LIN). This replaces the cube
game of Definition 6.1.1 in the classical reduction from 3LIN to XOR games.
Definition 6.2.5. The tilted bipartite cube game is the tilted XOR game G□ with the
same data as G□ from Definition 6.1.1 and distinguished variable 000.
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It is clear from the definition that G□XOR = G□. Also, it follows by Lemma 6.2.3 that
wc(G□ ) = wc(G□) = 3

4 . Now, we bound the quantum value of G□ .

Lemma 6.2.6. The quantum value wq(G□) = 3
4 .

Since wq(G□ ) is sandwiched in between wq(G□) and wc(G□ ) = 3
4 , the lemma implies

wq(G□ ) = 3
4 as well.

Proof. It is clear that wq(G□) ≥ wc(G□) = 3
4 . We use the dual SDP (2.5) discussed in

Section 2.12.2 to upper bound the quantum value of G□. Ordering the elements of X0 as
(000, 011, 101, 110) and the elements of X1 as (111, 100, 010, 001) the game matrix is

H = 1
16


1 −1 −1 −1

−1 1 −1 −1
−1 −1 1 −1
−1 −1 −1 1

 .

Taking the square, we find that

H2 = 1
162


4 0 0 0
0 4 0 0
0 0 4 0
0 0 0 4

 = 1
64I,

which implies that the eigenvalues of H are ±1
8 . Then, the eigenvalues of B = 1

2

[
0 H
HT 0

]
are

± 1
16 . Therefore, 1

16I ≥ B, giving that ax = by = 1
8 is a feasible point for the dual SDP (2.5)

for G□, giving an upper bound on the bias bq(G□) ≤ 1
2
∑
x∈X0 ax + 1

2
∑
y∈X1 by = 1

2 . This
gives the upper bound on the value wq(G□) ≤ 1

2 + 1
2 · 1

2 = 3
4 . ■

6.3 Gapless hardness of tilted XOR games

In this section, we show hardness for the gapless entangled CSP associated to tilted XOR
games. In Section 6.3.1, we fully characterise the optimal strategies of the tilted bipartite
cube game, and use this in Section 6.3.2 to get the hardness reduction.
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⊥ 100

001 011

010 110

101 111

Figure 6.1: Schematic representation of the tilted bipartite cube game G□ . The gray vertices
are questions to Alice and the white vertices are questions to Bob; the red double edges are
inequality relations and the blue single edges are equality relations.

6.3.1 Optimal strategies of the tilted bipartite cube game

Lemma 6.3.1. Let Cx,y = ⟨ψ|Ax ⊗By|ψ⟩ be an optimal quantum correlation matrix for G□ .
Suppose that the observables Ax and By are unitaries, and write Hψ for the support of |ψ⟩
on Alice’s system. Then, A011, A101, and A110 commute, preserve Hψ, and A011A101A110 = 1
on Hψ.

Proof. Since wq(G□) = wq(G□ ), C is an optimal quantum correlation matrix for G□. Let
|ux⟩ = (Ax ⊗ I)|ψ⟩ and |vy⟩ = (I ⊗By)|ψ⟩. As the inner products ⟨ux|vy⟩ are all real, we
can restrict to the real inner product space generated by |ux⟩ and |vy⟩ without changing the
value of the correlation. As such, it follows by Theorem 2.12.1 that ∑x∈X Hx,y|ux⟩ = 1

8 |vy⟩
and ∑

y∈Y Hx,y|vy⟩ = 1
8 |ux⟩, as the optimal row and column biases are ax = by = 1

8 by
Lemma 6.2.6. Therefore, ∑

x∈X
Hx,y(Ax ⊗ 1)|ψ⟩ = 1

8(1 ⊗By)|ψ⟩,

∑
y∈Y

Hx,y(1 ⊗By)|ψ⟩ = 1
8(Ax ⊗ 1)|ψ⟩.

Taking the square,
1
64 |ψ⟩ = 1

64(1 ⊗By)2|ψ⟩ = 1
8
∑
x

Hx,y(Ax ⊗By)|ψ⟩ =
(∑

x

Hx,y(Ax ⊗ 1)
)2

|ψ⟩.

Since for every |v⟩ ∈ Hψ, there exists |w⟩ ∈ HB such that (1 ⊗ ⟨w|)|ψ⟩ = |v⟩, we have that
Ax|v⟩ = 8∑y∈Y Hx,y(1 ⊗ ⟨w|By)|ψ⟩ ∈ Hψ. Hence Ax preserves Hψ, and as Ax is Hermitian,
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Ax also preserves H⊥
ψ . As such, we restrict to Hψ in the following. Then, (∑xHx,yAx)2 = 1

64 .
Writing ei for the canonical basis vectors in {0, 1}3, we have for any y ∈ {0, 1}3 of odd
parity that

(A¬y − Ay+e1 − Ay+e2 − Ay+e3)2 = 4,

as |Hx,y| = 1
16 . Since C is a quantum correlation matrix for the tilted XOR game G□ , we

may assume that that A000 = 1. Writing A1 = A011, A2 = A101, and A3 = A110, we get the
four relations

(I − A1 − A2 − A3)2 = 4,
(−I + A1 − A2 − A3)2 = 4,
(−I − A1 + A2 − A3)2 = 4,
(−I − A1 − A2 + A3)2 = 4.

Adding the first two relations gives

8I = ((1 − A1) − (A2 + A3))2 + (−(1 − A1) − (A2 + A3))2

= 2
(
(1 − A1)2 + (A2 + A3)2

)
= 2(1 − 2A1 + 1 + 1 + A2A3 + A3A2 + 1)
= 2(4 − 2A1 + {A2, A3}),

which can be rearranged to give {A2, A3} = 2A1. By symmetry of the relations, we get
the other anticommutation relations {A1, A2} = 2A3 and {A1, A3} = 2A2. Consider the
following:

4A1 = {A2, 2A3}
= {A2, {A1, A2}}
= A2(A1A2 + A2A1) + (A1A2 + A2A1)A2

= 2(A2A1A2 + A1).

Rearranging, we find A2A1A2 −A1 = 0, and then multiplying by A2 gives the commutation
relation [A1, A2] = 0. In the same way, we find the other commutation relations [A1, A3] =
[A2, A3] = 0. Hence, Alice’s observables commute. To finish the proof, we see using the
commutation and anticommutation relations that

A1A2A3 = 1
2A1{A2, A3} = A2

1 = 1. ■
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6.3.2 Reduction from 3LIN

Theorem 6.3.2. The problems gCSPq
no(TXOR) 3

4 ,
3
4

and e
gCSPq

no(TXOR) 3
4 ,

3
4

are undecidable.

It follows that the succinct versions of these problems are also undecidable. This gives
the first complexity-theoretic separation between XOR games and tilted XOR games: the
analogues of these problems for XOR games, gCSPq

no(2LIN)c,c and e
gCSPq

no(2LIN)c,c with
1 > c > 1

2 , are contained in PSPACE. This is due to the fact that these problems correspond
to the exact feasibility of a semidefinite program, which is a special case of the existential
theory of the reals, known to be decidable in PSPACE [35].

The proof of the theorem follows by a reduction from gapless entangled 3LIN, whose
undecidability was shown in [109]. The following theorem is identical to Theorem 4.6.2(i),
but phrased in the CSP notation rather than solution group notation.

Theorem 6.3.3 ([109]). The problems gCSPq
ocv(3LIN)1,1 and e

gCSPq
ocv(3LIN)1,1 are unde-

cidable.

Proof of Theorem 6.3.2. We show the case of e
gCSPq

no(TXOR) 3
4 ,

3
4

here; the other part of
the theorem is identical. Let (X, π) be an instance of e

gCSPq
ocv(3LIN)1,1. We construct a

tilted XOR game analogously to how the XOR game is constructed in the reduction of [72],
sketched in Section 6.1. We replace each constraint of the form (L0,3,x) by a copy of the
tilted bipartite cube game, identifying the variables x1, x2, and x3 in the equation with 011,
101, and 110 in the cube, respectively. For constraints of the form (L1,3,x), we do the same
except we flip the sign of the relations involving 000 — this is equivalent to flipping the
parity of the variable 000 in those cubes. We also identify all the variables corresponding to
000 between the cubes, and take this to be the distinguished variable. Call this instance Y .

First, suppose that (X, π) is a yes instance. Then, by [43, 42], there exists a d-dimensional
operator solution to the linear system for some d ∈ N — corresponding to a representation
of Moro+(X, 3LIN). Explicitly, for each x ∈ A, there exists a binary observable Ax, such
that for all x ∈ LXb,3, Ax1 , Ax2 , and Ax3 commute and satisfy Ax1Ax2Ax3 = (−1)b. Now we
construct a strategy for the tilted XOR game corresponding to Y with winning probability 3

4 .
For the copy of the tilted bipartite cube game coming from the constraint (Lb,3,x), assign
the observables Ax1 , Ax2 , Ax3 to the vertices 011, 101, and 110 of the tilted cube game, and
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take as usual A⊥ = 1. Also, we take Bob’s observables on this cube to be

B000 = 1
2(−1 + Ax1 + Ax2 + Ax3)

B100 = 1
2(+1 − Ax1 + Ax2 + Ax3)

B010 = 1
2(+1 + Ax1 − Ax2 + Ax3)

B001 = 1
2(+1 + Ax1 + Ax2 − Ax3),

where the complex conjugate is with respect to a choice of canonical basis. Finally, we
take the shared state to be the maximally-entangled state |ψ⟩ = 1√

d

∑d
k=1|k⟩ ⊗ |k⟩. Then,

the quantum correlation matrix of this strategy is Cx,y = ⟨ψ|Ax ⊗By|ψ⟩ = tr(AxBy). It is
direct to verify that this strategy wins with probability 3

4 on each cube, and thus wins with
probability 3

4 at the tilted XOR game of Y .
For soundness, suppose that a strategy for the tilted XOR game of Y wins with probability

≥ 3/4. Note that by Naimark dilation, we may assume that all of the observables are unitary.
Since the tilted XOR game is a probabilistic mixture of edge-disjoint tilted bipartite cube
games, it follows that the strategy achieves optimal winning probability 3/4 on each of these.
Therefore, by Lemma 6.3.1, for each constraint (Lb,3,x), the corresponding observables Ax1 ,
Ax2 , and Ax3 commute and satisfy Ax1Ax2Ax3 = (−1)b. It follows that the observables give
a perfect strategy for Gocv(X, 3LIN, π). ■

6.4 Gapped hardness of tilted XOR games

In this section, we show hardness of the gapped entangled CSP associated to tilted XOR
games. In Section 6.4.1, we tighten the XOR game structure theorem of [108]. In Section 6.4.2,
we use this theorem to characterise near-optimal strategies for the tilted bipartite cube
game. In Section 6.4.3, we show the hardness reduction.

6.4.1 Improved XOR game structure theorem

In this section, we prove a tighter average-case version of Theorem 2.12.1 [108, Theorem
3.1] when there is a symmetry condition on the XOR game.
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Lemma 6.4.1. Let G be an XOR game such that the question sets |X| = |Y |, and suppose
that all the optimal row and column biases are equal ax = by =: α. Then, for any ε-optimal
vector correlation matrix Cx,y = ⟨ux|vy⟩,

∑
x∈X

∥∥∥∥∑
y∈Y

Hx,y|vy⟩ − α|ux⟩
∥∥∥∥2

≤ 8(α + 2bq(G))ε.

By symmetry, we also have that
∑
y∈Y

∥∥∥∥∑
x∈X

Hx,y|ux⟩ − α|vy⟩
∥∥∥∥2

≤ 8(α + 2bq(G))ε.

Note that the bipartite cube game satisfies the conditions of this lemma.

Proof. First, write n = |X| and β = bq(G); we know β = nα. By definition, there exists
some ε′ ≤ 2ε such that ∑x,yHx,y ⟨ux|vy⟩ = β − ε′. Then, we expand the left-hand side from
the lemma statement to get that

∑
x

∥∥∥∥∑
y

Hx,y|vy⟩ − α|ux⟩
∥∥∥∥2

=
∑
x

(
α2 − 2α

∑
y

Hx,y ⟨ux|vy⟩ +
∥∥∥∥∑
y

Hx,y|vy⟩
∥∥∥∥2)

= −αβ + 2αε′ +
∑
x

∥∥∥∥∑
y

Hx,y|vy⟩
∥∥∥∥2

Now, we focus on bounding the last term. Following the argument of [108, Theorem 3.1], let
|u′
x⟩ be the normalisation of ∑yHx,y|vy⟩ (if ∑yHx,y|vy⟩ = 0, we take |u′

x⟩ to be an arbitrary
unit vector). Since

∑
x,y

Hx,y ⟨u′
x|vy⟩ =

∑
x

∥∥∥∥∑
y

Hx,y|vy⟩
∥∥∥∥ ≥

∑
x,y

Hx,y ⟨ux|vy⟩ ,

the vector correlation C ′
x,y = ⟨u′

x|vy⟩ is an ε-optimal strategy as well, with bias β − ε′
B for

some ε′
B ≤ ε′ ≤ 2ε. Then,

∑
x

∥∥∥∥∑
y

Hx,y|vy⟩
∥∥∥∥2

=
∑
x

∥∥∥∥∑
y

Hx,y|vy⟩ − α|u′
x⟩ − α|u′

x⟩
∥∥∥∥2

=
∑
x

(
α2 − 2α

∑
y

Hx,y ⟨u′
x|vy⟩ + 2α2 +

∥∥∥∥∑
y

Hx,y|vy⟩ − α|u′
x⟩
∥∥∥∥2)

= αβ + 2αε′
B +

∑
x

(∑
y

Hx,y ⟨u′
x|vy⟩ − α

)2
.
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As in the SDP formulation, write M for the 2n× 2n Gram matrix of the vectors |u′
x⟩ and

|vy⟩ over x and y, and let

S = 1
2

[
αI −H

−HT αI

]
.

We have that ε′
B = Tr(SM), αI ≥ S ≥ 0, and ∥M∥ ≤ Tr(M) ≤ 2n. Then,

∑
x

(∑
y

Hx,y ⟨u′
x|vy⟩ − α

)2
= 4

∑
x∈X

(SM)2
x,x

≤ 4∥SM∥2
F = 4 Tr(SM2S)

≤ 4∥S∥∥M∥ Tr(SM)
≤ 4(α)(2n)ε′

B = 8βε′
B.

Putting it all together,

∑
x

∥∥∥∥∑
y

Hx,y|vy⟩ − α|ux⟩
∥∥∥∥2

≤ −αβ + 2αε′ + (αβ + 2αε′
B + 8βε′

B)

≤ 8(α + 2β)ε. ■

6.4.2 Application to the tilted cube game

Now, we prove a robust version of the Lemma 6.3.1.

Proposition 6.4.2. Let Cx,y = ⟨ψ|Ax ⊗By|ψ⟩ be an ε-optimal quantum correlation matrix
for G□ such that the observables are unitaries. Then,∥∥∥((A011A101A110 − I) ⊗ I

)
|ψ⟩

∥∥∥ ≤ 68
√

13ε.

By symmetry, the same upper bound holds independent of the order of the observables.

Proof. Note that Alice’s observable A000 = 1. Then, in the notation of Lemma 6.4.1, α = 1
8

and β = 3
4 , which implies that

∑
y

∥∥∥∥∑
x

Hx,y(Ax ⊗ I)|ψ⟩ − 1
8(I ⊗By)|ψ⟩

∥∥∥∥2
≤ 8

(1
8 + 23

4

)
ε = 13ε. (6.1)
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Now, let |ψ⟩ = ∑
i
√
pi|ai⟩⊗|bi⟩ be the Schmidt decomposition of |ψ⟩, and take λ : HB → HA

to be the operator λ = ∑
i
√
pi |ai⟩⟨bi|. Then, λλ∗ = ψA and λ∗λ = ψB, the marginals of |ψ⟩

on HA and HB, respectively. We can rewrite (6.1) in terms of the Frobenius norm as

∑
y

∥∥∥∥∑
x

Hx,yAxλ− 1
8λBy

∥∥∥∥2

F
≤ 13ε,

where the complex conjugate is with respect to the basis {|bi⟩}i. Writing hx,y = 16Hx,y, we
have |hx,y| = 1 and

∑
y

∥∥∥∥∑
x

hx,yAxλ− 2λBy

∥∥∥∥2

F
≤ 28 · 13ε.

Next, we remove the dependence on By:∥∥∥∥(∑
x

hx,yAx

)2
λ− 4λ

∥∥∥∥
F

≤
∥∥∥∥(∑

x

hx,yAx

)2
λ− 2

∑
x

hx,yAxλBy

∥∥∥∥
F

+
∥∥∥∥2∑

x

hx,yAxλBy − 4λ
∥∥∥∥
F

≤
∥∥∥∥∑
x

hx,yAx

∥∥∥∥∥∥∥∥∑
x

hx,yAxλ− 2λBy

∥∥∥∥
F

+ 2
∥∥∥∥∑
x

hx,yAxλ− 2λBy

∥∥∥∥
F

∥∥∥∥By

∥∥∥∥
≤ 6

∥∥∥∥∑
x

hx,yAxλ− 2λBy

∥∥∥∥
F
,

and therefore
∑
y

∥∥∥∥(∑
x

hx,yAx

)2
λ− 4λ

∥∥∥∥2

F
≤ 36

∑
y

∥∥∥∥∑
x

hx,yAxλ− 2λBy

∥∥∥∥2

F
≤ 210 · 117ε.

Now, as in the proof of Lemma 6.3.1, let A1 = A011, A2 = A101, and A3 = A110. Then we
expand to see that∥∥∥(1 − A1 − A2 − A3)2λ− 4λ

∥∥∥2

F
+
∥∥∥(−1 + A1 − A2 − A3)2λ− 4λ

∥∥∥2

F

+
∥∥∥(−1 − A1 + A2 − A3)2λ− 4λ

∥∥∥2

F
+
∥∥∥(−1 − A1 − A2 + A3)2λ− 4λ

∥∥∥2

F
≤ 210 · 117ε.

Using the facts that

(1 − A1 − A2 − A3)2 + (−1 + A1 − A2 − A3)2 = 2(4 − 2A1 + {A2, A3})
(−1 − A1 + A2 − A3)2 + (−1 − A1 − A2 + A3)2 = 2(4 + 2A1 − {A2, A3}),
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we find that

∥{A2, A3}λ− 2A1λ∥2
F = 1

8
∥∥∥(1 − A1 − A2 − A3)2λ+ (−1 + A1 − A2 − A3)2λ− 8λ

∥∥∥2

F

+ 1
8
∥∥∥(−1 − A1 + A2 − A3)2λ+ (−1 − A1 − A2 + A3)2λ− 8λ

∥∥∥2

F

≤ 1
4
∥∥∥(1 − A1 − A2 − A3)2λ− 4λ

∥∥∥2

F
+ 1

4
∥∥∥(−1 + A1 − A2 − A3)2λ− 4λ

∥∥∥2

F

+1
4
∥∥∥(−1 − A1 + A2 − A3)2λ− 4λ

∥∥∥2

F
+ 1

4
∥∥∥(−1 − A1 − A2 + A3)2λ− 4λ

∥∥∥2

F

≤ 28 · 117ε.

By symmetry, the other anticommutation relations hold approximately as well, with the same
error. Next, let B̃1 = 1

2

(
B100 −B010 −B001 −B111

)
, B̃2 = 1

2

(
B010 −B100 −B111 −B001

)
,

and B̃3 = 1
2

(
B001 −B111 −B100 −B010

)
. By construction, ∥B̃i∥ ≤ 2 and by Lemma 6.4.1,∑

i∥Aiλ− λB̃i∥2
F ≤ 26 · 13ε. Now, note that

A1A2A3 − I = 1
2(A1({A2, A3} − 2A1) + A1[A2, A3])

= 1
2A1({A2, A3} − 2A1) − 1

4A1A2({A2, {A2, A3}} − 4A3)

= 1
4A1({A2, A3} − 2A1) − 1

2A1A2({A2, A1} − 2A3) − 1
4A1A2({A2, A3} − 2A1)A2

Then, we can use this to bound

∥(A1A2A3 − I)λ∥F ≤ 1
4∥A1({A2, A3} − 2A1)λ∥F + 1

2∥A1A2({A2, A1} − 2A3)λ∥F

+ 1
4∥A1A2({A2, A3} − 2A1)A2λ∥F

≤ 1
4∥({A2, A3} − 2A1)λ∥F + 1

2∥({A2, A1} − 2A3)λ∥F

+ 1
4
∥∥∥({A2, A3} − 2A1)λB̃2

∥∥∥
F

+ 1
4
∥∥∥({A2, A3} − 2A1)(A2λ− λB̃2)

∥∥∥
F

≤ 3
4∥({A2, A3} − 2A1)λ∥F + 1

2∥({A2, A1} − 2A3)λ∥F +
∥∥∥A2λ− λB̃2

∥∥∥
F

≤ (3
4 + 1

2)24√117ε+ 23√13ε

= 68
√

13ε. ■
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Now, we show that the relation shown for near-optimal strategies for the tilted bipartite
cube game in Proposition 6.4.2 gives rise to operators that are near-perfect for a single
3LIN relation. This is necessary in the proof of soundness.

Lemma 6.4.3. Let p(a, b|x, y) = ⟨ψ|P x
a ⊗Qy

b |ψ⟩ be an ε-optimal correlation for G□ such
that the players’ measurements are PVMs. Then, there exists a state |ϕ⟩ ∈ HA ⊗HA that
depends only on |ψ⟩, and a POVM {Πa}a∈{0,1}3 ⊆ B(HA) such that

1
3

∑
a∈{0,1}3

a1+a2+a3=0

⟨ϕ|Πa ⊗ (P 011
a1 + P 101

a2 + P 110
a3 )|ϕ⟩ ≥ 1 − Cε,

where C = 301814.

Proof. We use the same notation as in Proposition 6.4.2, and note that Alice and Bob’s
observables are Ax = P x

0 − P x
1 and By = Qy

0 −Qy
1, respectively. Fix an orthonormal basis

{|k⟩}k of HA, and let |ϕ⟩ = ∑
k|k⟩ ⊗ ψ

1/2
A |k⟩. Let Πa = P 3

a3P
2
a2P

1
a1P

2
a2P

3
a3 . Write

w = 1
3

∑
a∈{0,1}3

a1+a2+a3=0

⟨ϕ|Πa ⊗ (P 1
a1 + P 2

a2 + P 3
a3)|ϕ⟩ .

We will lower bound this by upper bounding

1 − w = 1
3

∑
a∈{0,1}3

a1+a2+a3=0

⟨ϕ|Πa ⊗ (P 1
¬a1 + P 2

¬a2 + P 3
¬a3)|ϕ⟩ +

∑
a∈{0,1}3

a1+a2+a3=1

⟨ϕ|Πa ⊗ 1|ϕ⟩ .

First, we want to show that Ai approximately commutes with ψ1/2
A . Due to Lemma 6.4.1,

∥Aiλ − λB̃i∥F ≤ 8
√

13ε. with the goal of removing B̃i, we first round it to an order-2
unitary. We have

∥λ(1 − B̃2
i )∥F ≤ ∥A2

iλ− AiλB̃i∥F + ∥AiλB̃i − λB̃2
i ∥F ≤ 3∥Aiλ− λB̃i∥F ≤ 24

√
13ε.

Now, let Ci = sgn(B̃i), which is an order-2 unitary by construction. As in Lemma 3.1.14,
we have that

(1 − B̃2
i )2 = (Ci − B̃i)2(Ci + B̃i)2 ≥ (Ci − B̃i)2,
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so ∥λ(Ci − B̃i)∥F ≤ ∥λ(1 − B̃2
i )∥F ≤ 24

√
13ε. Therefore, we can replace B̃i with Ci and find

∥Aiλ− λCi∥F ≤ ∥Aiλ− λB̃i∥F + ∥λ(Ci − B̃i)∥F ≤ 32
√

13ε.

To finish this step, we employ the Araki-Yamagami inequality [3], which gives a tight
modulus of continuity for the operator absolute value with respect to the Frobenius norm:

∥|S| − |T |∥F ≤
√

2∥S − T∥F .

Since |λ∗Ai| =
√
Aiλλ∗Ai = Aiψ

1/2
A Ai and |Ciλ∗| =

√
λC2

i λ
∗ = ψ

1/2
A ,∥∥∥[Ai, ψ1/2

A ]
∥∥∥
F

=
∥∥∥Aiψ1/2

A Ai − ψ
1/2
A

∥∥∥
F

= ∥|λ∗Ai| − |Ciλ∗|∥F ≤
√

2∥λ∗Ai − Ciλ
∗∥F ≤ 32

√
26ε.

Next, we show that the Ai approximately commute. In fact, using the result of Proposi-
tion 6.4.2,

∥[A1, A2]ψ1/2
A ∥F = ∥(A1A2 − A2A1)λ∥F

≤ ∥(A1A2 − A3)λ∥F + ∥(A2A1 − A3)λ∥F
= ∥(A3A1A2 − 1)λ∥F + ∥(A3A2A1 − 1)λ∥F
≤ 136

√
13ε.

By symmetry, this bound holds for the other two commutators as well. These commuta-
tion relations also apply to the PVM elements: ∥[P i

a, ψ
1/2
A ]∥F ≤ 16

√
26ε and ∥[P i

a, P
j
b ]ψ1/2

A ∥F ≤
34

√
13ε. Now, we bound the terms of 1 − w one by one. First, note that, for any i,

⟨ϕ|Πa ⊗ P i
¬ai |ϕ⟩ = Tr

[
Πaψ

1/2
A P i

¬aiψ
1/2
A

]
=
∥∥∥P 1

a1P
2
a2P

3
a3ψ

1/2
A P i

¬ai

∥∥∥2

F
.

If i = 3, ∥∥∥P 1
a1P

2
a2P

3
a3ψ

1/2
A P 3

¬a3

∥∥∥
F

≤
∥∥∥P 1

a1P
2
a2P

3
a3P

3
¬a3ψ

1/2
A

∥∥∥
F

+
∥∥∥[P 3

a3 , ψ
1/2
A ]

∥∥∥
F

≤ 16
√

26ε;

if i = 2,∥∥∥P 1
a1P

2
a2P

3
a3ψ

1/2
A P 2

¬a2

∥∥∥
F

≤
∥∥∥P 1

a1P
3
a3P

2
a2ψ

1/2
A P 2

¬a2

∥∥∥
F

+
∥∥∥[P 2

a2 , P
3
a3 ]ψ1/2

A

∥∥∥
F

≤
∥∥∥P 1

a1P
3
a3P

2
a2P

2
¬a2ψ

1/2
A

∥∥∥
F

+
∥∥∥[P 2

a2 , ψ
1/2
A ]

∥∥∥
F

+
∥∥∥[P 2

a2 , P
3
a3 ]ψ1/2

A

∥∥∥
F

≤ 16
√

26ε+ 34
√

13ε = 2(8
√

2 + 17)
√

13ε;
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and if i = 1,∥∥∥P 1
a1P

2
a2P

3
a3ψ

1/2
A P 1

¬a1

∥∥∥
F

≤
∥∥∥P 1

a1P
2
a2ψ

1/2
A P 3

a3P
1
¬a1

∥∥∥
F

+ 16
√

26ε

≤
∥∥∥P 1

a1P
2
a2ψ

1/2
A P 1

¬a1P
3
a3

∥∥∥
F

+ 16
√

26ε+ 34
√

13ε

≤
∥∥∥P 2

a2P
1
a1ψ

1/2
A P 1

¬a1P
3
a3

∥∥∥
F

+ 16
√

26ε+ 68
√

13ε

≤
∥∥∥P 2

a2P
1
a1P

1
¬a1ψ

1/2
A P 3

a3

∥∥∥
F

+ 32
√

26ε+ 68
√

13ε

= 4(8
√

2 + 17)
√

13ε.

For the final term,∑
a∈{0,1}

a1+a2+a3=1

⟨ϕ|Πa ⊗ 1|ϕ⟩ =
∑

a∈{0,1}
a1+a2+a3=1

Tr
(
P 3
a3P

2
a2P

1
a1P

2
a2P

3
a3ψA

)

= 1
32

∑
a∈{0,1}

a1+a2+a3=1

Tr[(1 + (−1)a3A3)(1 + (−1)a2A2)(1 + (−1)a1A1)(1 + (−1)a2A2)(1 + (−1)a3A3)ψA]

= 1
32 Tr[(4 − 4A1A2A3 + 4 − 4A2A1A3 + 4 − 4A3A1A2 + 4 − A3A2A1)ψA]

= 1
8
(
∥(A1A2A3 − 1)λ∥2

F + ∥(A2A1A3 − 1)λ∥2
F

)
≤ 1

4(68
√

13ε)2 = 4 · 13 · 172ε = 15028ε.

Putting everything together, we find the bound

1 − w ≤ 4
3
(
(16

√
26ε)2 + (2(8

√
2 + 17)

√
13ε)2 + (4(8

√
2 + 17)

√
13ε)2

)
+ 15028ε

= 4
3
(
6656ε+ 260(417 + 272

√
2)ε

)
+ 15028ε

≤ 301814ε. ■

6.4.3 Proof of the reduction

In this section, we show the following theorem

Theorem 6.4.4. There exist 1 > c > s > 1
2 such that gMIPq

no(TXOR)c,s and e
gMIPq

no(TXOR)c,s
are RE-complete, via polynomial-time reductions from the halting problem.
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This implies immediately that the non-succinct versions of the problems are also RE-
complete. From the proof, we may choose explicit values as c = 3

4 − ε for any ε > 0, and
s = 3

4 − 10−8. We prove the result via a reduction from 3LIN, in an analogous way to [72].
We rely on the following result.
Theorem 6.4.5 ([112]). For all ε > 0, gMIPq

no(3LIN)1−ε, 119
120 +ε and e

gMIPq
no(3LIN)1−ε, 119

120 +ε
are RE-complete, via polynomial-time reductions from the halting problem.

We also need a converse of Lemma 6.4.3: operators satisfying a single 3LIN relation
near-perfectly induce a near-optimal strategy for the tilted bipartite cube game. This is
necessary for the proof of completeness.
Lemma 6.4.6. Let |ψ⟩ ∈ HA ⊗HB be a quantum state, and let {P u

a }a∈{0,1} ⊆ B(HB) for
u ∈ {011, 101, 110} and {Πa}a∈{0,1}3 ⊆ B(HA) be PVMs satisfying

1
3

∑
a∈{0,1}3

a1+a2+a3=0

⟨ψ|Πa ⊗ (P 011
a1 + P 101

a2 + P 110
a3 )|ψ⟩ ≥ 1 − ε.

Then, there exist PVMs {Qu
a}a∈{0,1} ⊆ B(HA) for u ∈ {001, 010, 100, 111} such that

p(a, b|x, y) = ⟨ψ|Qy
b ⊗ P x

a |ψ⟩ is a 3
8ε-optimal correlation for the tilted bipartite cube game.

Proof. Without loss of generality we may suppose that Πa = 0 if a1 + a2 + a3 = 1 — we can
change Alice’s PVM to one satisfying this condition without decreasing the value. Now write
Π011
a = ∑

a2,a3 Πaa2a3 , Π101
a = ∑

a1,a3 Πa1aa3 , and Π110
a = ∑

a1,a2 Πa1a2a. Let Au = P u
0 −P u

1 and
Cu = Πu

0 − Πu
1 for all u ∈ {011, 101, 110}; let A000 = I and C000 = C011C101C110; and define

Bv = 1
2(C¬v − Cv+e1 − Cv+e2 − Cv+e3) for all v ∈ X1. Since the Cu are commuting order-2

unitaries satisfying C000C011C101C110 = 1, the Bu are also order-2 unitaries. Next, writing
C for the correlation matrix corresponding to p, note that

1 − ε = 1
3

∑
u∈{011,101,110}

a∈{0,1}

⟨ψ|Πu
a ⊗ P u

a |ψ⟩

= 1
6
∑
u∈X0

(1 + ⟨ψ|Cu ⊗ Au|ψ⟩) − 1
6(1 + ⟨ψ|C000 ⊗ 1|ψ⟩)

= 1
2 + 1

6
∑
u∈X0

⟨ψ|12(B¬u −Bu+e1 −Bu+e2 −Bu+e3) ⊗ Au|ψ⟩

− 1
6

∑
a∈{0,1}3

(−1)a1+a2+a3 ⟨ψ|Πa ⊗ 1|ψ⟩

= 1
2 + 4

3b(G□ , C) − 1
6 ⟨ψ|I ⊗ I|ψ⟩ = 1

3 + 4
3b(G□ , C).
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Hence, we can rearrange and find that b(G□ , C) ≥ 1
2 − 3

4ε, as wanted. ■

Now we can pass to the proof of the main theorem.

Proof of Theorem 6.4.4. We show the case of e
gMIPq

no(TXOR)c,s here; the other part of the
theorem is identical. Let M be an instance of e

gMIPq
ocv(3LIN)1−ε,s. We construct an instance

of e
gMIPq

no(TXOR)c′,s′ , where c′ and s′ will be specified later, similarly to Theorem 6.3.2,
by constructing a Turing machine M ′ sampling constraints Y constructed from X(M). M ′

samples a constraint (Lb,3,x) from M , and then samples a uniformly random constraint
from the tilted bipartite cube game, identifying 011, 101, and 110 with x1, x2, and x3,
respectively; and flipping the signs of the edges adjacent to 000 if b = 1.

First, we show completeness. Suppose there exists a quantum correlation p such that
w(Gocv(X(M), 3LIN, πM ), p) ≥ 1−ε. Using Naimark dilation, we may assume it is projective.
Let 1 − εb,x be the value on the constraint (Lb,3,x). Then, by constructing a strategy p′ for
G using Lemma 6.4.6, the value of the corresponding cube is ≥ 3

4 − 3
8εb,x, and therefore

ω(G, p′) ≥ 3
4 − 3

8ε =: c′.
Next, we show soundness. Suppose there exists a quantum correlation p for the game

Gno(X(M ′),TXOR, πM ′) such that w(Gno(X(M ′),TXOR, πM ′), p) ≥ 3
4 −δ. As above, we can

suppose the strategy is projective due to Naimark dilation. Then, via Lemma 6.4.3, there
exists a strategy p′ for Gocv(X(M), 3LIN, πM) such that w(Gocv(X(M), 3LIN, πM), p′) ≥
1 − 4 · 105δ. Then, as we want s = 1 − 4 · 105δ, we take s′ = 3

4 − δ = 3
4 − 1−s

4·105

Putting these together, the construction maps e
gMIPq

ocv(3LIN)1−ε,s, which is RE-complete
by Theorem 6.4.5, to e

gMIPq
no(TXOR) 3

4 − 3
8 ε,

3
4 − 1−s

4·105
. ■

6.5 Hardness of approximation

In this section, we show that the best known techniques for approximating the classical
value of an XOR game based on the quantum value, due to [41], extend to approximation
algorithms for the quantum value of tilted XOR games. We also study the range of values
where Theorem 6.4.4 implies approximating the quantum value of a tilted XOR game is
hard.

Lemma 6.5.1. Let G be a tilted XOR game. Then, there exists a classical correlation p for
G such that w(G, p) ≥ 1

2 .
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This also implies that gCSPc
no(TXOR)c,s and gCSPq

no(TXOR)c,s with c ≤ 1
2 are trivial,

as every instance is a yes instance.

Proof. We define a classical correlation by sampling a random deterministic correlation
p(a, b|x, y) = δa,g(x)δb,h(y) for g and h uniformly random functions. Then, the bias is ≥ 0,
giving that the value of the strategy is ≥ 1

2 . ■

Lemma 6.5.2. Let γ : [1/2, 1] → [1/2, 1] be a monotone increasing function such that
for all XOR games G, wq(G) ≤ γ(wc(G)). Then, if c > γ(s), there exist polynomial-time
algorithms to decide gCSPq

no(TXOR)c,s and gCSPc
no(TXOR)c,s.

We need only consider the γ on the domain [1/2, 1] as wc(G) ≥ 1
2 by the previous lemma.

Proof. Consider the following algorithm:

1. On input G compute wq(GXOR) to precision 1
2(c− γ(s)).

2. If wq(GXOR) ≥ c (within the bounds of the precision), output YES and else output
NO.

Since wq(GXOR) can be approximated by an SDP, this algorithm is polynomial-time in the
instance size and log(1/(c − γ(s))). Now, if wq(G) ≥ c, then wq(GXOR) ≥ wq(G) ≥ c, so
the algorithm outputs YES correctly. On the other hand, if wq(G) < s, then, wc(GXOR) =
wc(G) < s, so using the assumption on γ, wq(GXOR) < γ(s) < c. As such, the algorithm
outputs NO correctly.

The proof for the classical case proceeds identically. ■

The next theorem provides an explicit form of the function γ needed above.

Theorem 6.5.3 ([41]). There exists a monotone increasing function γ : [1/2, 1] → [1/2, 1]
such that wq(G) ≤ γ(wc(G)) for all XOR games G, where

γ(x) =


1
2 + κ

(
x− 1

2

)
1
2 ≤ x ≤ γ0

γ1x γ0 < x ≤ γ2

sin2
(
π
2x
)

γ2 < x ≤ 1,

where κ ≈ 1.7822 is an upper bound on Grothendieck’s constant, γ0 = κ−1
2(κ−γ1) ≈ 0.60730 is

the point where the two line segments intersect, and γ1 ≈ 1.1382 and γ2 ≈ 0.74202 are such
that such that γ1x is tangent to sin2

(
π
2x
)

at 0 < γ2 < 1.
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(a) Hardness of gCSPcno(TXOR)c,s, following
from Lemmata 6.5.1, 6.5.2 and 6.5.4 and Theo-
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from Lemmata 6.5.1, 6.5.2 and 6.5.4 and Theo-
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Figure 6.2: Hardness of tilted XOR games. The green region indicates problems solvable
in polynomial time, the red and purple regions indicate hard instances, the white region
indicates problems where the complexity is unknown, and the gray region indicates s > c
where the problem makes no sense. The RE-complete region is not to scale (though it is the
interior of a triangle with positive area).

On the other hand, the hardness results Theorems 6.3.2 and 6.4.4 give rise to a set of
completeness and soundness parameters where the games are hard to approximate.

Lemma 6.5.4. For any c ≥ s, the decision problem gCSPq
no(TXOR)c,s reduces to the

problem gCSPq
no(TXOR)c′,s′ for any (c′, s′) that is a convex combination of (c, s), (1, 1)

and (1/2, 1/2), as long as the weight of (c, s) is nonzero. The same holds for the classical
problems.

Proof. The first reduction follows simply by taking a convex combination with the XOR
games with winning probability 1 and 1

2 . ■

The results of this section are illustrated in Fig. 6.2.
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Chapter 7

Approximation algorithms for
entangled CSPs

In this chapter, we develop approximation algorithms for entangled CSPs. In Section 7.1,
we introduce the optimisation problems we are interested in approximating. In Section 7.2,
we describe our approximation algorithm. In Section 7.3, we analyse the algorithm and
find its approximation ratio. In Section 7.4, we study a variant of the algorithm which
guarantees finite-dimensional strategies.

7.1 Graph colouring and Max-Cut problems

As noted in Section 2.11.2, the CSP of a σ-structure A can be expressed as an optimisation
problem as follows. Given a σ-structure X, maximise the number of constraints that may
be satisfied by a function f : D(X) → D(A).

Definition 7.1.1. The optimisation problem corresponding to the relational structure Kk

(the complete graph on k vertices) is called Max-k-Cut.

An instance of of Max-k-Cut is given by a graph G, and the optimal value of G is the
value of the nonlocal game Gno(G,Kk,u) under symmetric classical strategies, times the
number of edges.

The name Max-k-Cut arises from the fact that the optimisation corresponds to max-
imising the number of edges cut when splitting the graph into k parts.
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Definition 7.1.2. The entangled Max-k-Cut problem is the problem of, given a graphG,
maximising the value of Gno(G,Kk,u) (times the number of edges) under symmetric tracial
quantum strategies. This problem is denoted Max-k-Cutq.

Max-k-Cutq is the optimisation problem corresponding to the problem CSPq
no(Kk)c,s.

The objective function for Max-k-Cut has a useful expression in terms of observables.

Lemma 7.1.3. Given a graph G, Max-k-Cut for this graph is the problem

maximise
∑

{i,j}∈E(G)

(
1 − 1

k

k−1∑
s=0

x−s
i xsj

)

subject to xki = 1, xi ∈ C ∀ i ∈ V (G).

Max-k-Cutq for G is the problem

maximise
∑

{i,j}∈E(G)

(
1 − 1

k

k−1∑
s=0

⟨Xs
i , X

s
j ⟩tr

)

subject to X∗
iXi = Xk

i = 1, Xi ∈ B(Cd) ∀ i ∈ V (G), d ∈ N,

where ⟨·, ·⟩tr is the inner product induced by the normalised trace.

Note that for simplicity our presentation here does not consider different weights on the
edges, but it can account for that by having multiple edges between pairs of vertices.

Proof. Given a PVM {P i
s}k−1
s=0 , we take its observable to be Xi = P i

0 +ωP i
1 + . . .+ωk−1P i

k−1,
where ω is a primitive k-th root of unity. We have P i

s = 1
k

∑k
t=0 ω

−stX t
i Then, the the term

corresponding to colouring edge {i, j} correctly can be expanded in terms of the observables
as

∑
s̸=s′

tr(P i
sP

j
s′) = 1 −

k−1∑
s=0

tr(P i
sP

j
s ) = 1 − 1

k2

k−1∑
s,t,t′=0

ω−s(t+t′) tr(X t
iX

t′

j ) = 1 − 1
k

k−1∑
t=0

tr(X−t
i X t

j),

which gives immediately the wanted expression. ■

To finish this section, we note a surprising distinction between the classical and quantum
versions of Max-k-Cut. For any instance G, the corresponding Max-2-Cutq optimisation
problem is an XOR game, whose value is easy to approximate (though as discussed in
Chapter 6, the classical hardness can be somewhat reinstated in the entangled setting).
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That gives an approximation algorithm with approximation ratio 1, in stark contrast with
classical setting, where the optimal approximation ratio is the Goemans-Williamson constant
≈ 0.878, and this is tight assuming the unique games conjecture [80].

In this chapter, we study an approximation algorithm for Max-k-Cutq. In Table 7.1, we
compare the approximation ratios of our algorithm to the best known approximation ratios
for Max-k-Cut. Note that these values may be compared, as every classical strategy for a
nonlocal game is also a quantum strategy, and hence every approximation algorithm for
Max-k-Cut is also an approximation algorithm for Max-k-Cutq.

Max-k-Cut Classical Entangled
k = 2 .878 [67] 1 [114, 41]
k = 3 .836 [66] .8649
k = 4 .857 [54] .8642
k = 5 .876 [54] .8746
k = 10 .926 [54] .9195

Table 7.1: Approximation ratios for classical and entangled Max-k-Cut for various k. The
unattributed values are from our work.

Max-k-Cut is a special case of optimisation problems consisting of linear equality and
inequality relations in two variables.

Definition 7.1.4. Max-Lin(k) is the optimisation problem arising from the CSP of the
relational structure with domain Zk, and relations R=,c = {(x, y) ∈ Z2

k | x− y = c} and
R̸=,c = {(x, y) ∈ Z2

k | x− y ̸= c}. The entangled analogue is Max-Lin(k)q.

Max-k-Cut corresponds to the special case of instances where all but the relation R̸=,0
is empty. We will also apply our approximation algorithm to homogeneous Max-Lin(k),
or HMax-Lin(k), which is the special case where only the R=,0 and R ̸=,0 are nonempty, i.e.
where the linear relations are all homogeneous.

Lemma 7.1.5. HMax-Lin(k) for an instance H with edge sets E= and E ̸= corresponding
to relations RH

=,0 and RH
̸=,0, respectively, is the problem

maximise
∑

{i,j}∈E=

1
k

k−1∑
s=0

x−s
i xsj +

∑
{i,j}∈E̸=

(
1 − 1

k

k−1∑
s=0

x−s
i xsj

)
subject to xki = 1 and xi ∈ C ∀ i ∈ V (G).
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HMax-Lin(k)q for this instance is the problem

maximise
∑

{i,j}∈E=

1
k

k−1∑
s=0

⟨Xs
i , X

s
j ⟩tr +

∑
{i,j}∈E̸=

(
1 − 1

k

k−1∑
s=0

⟨Xs
i , X

s
j ⟩tr

)
subject to X∗

iXi = Xk
i = 1, Xi ∈ B(Cd) ∀ i ∈ V (G), d ∈ N.

The proof is identical to the proof of Lemma 7.1.3. Applying our algorithm to HMax-Lin(k)
gives the approximation ratios in Table 7.2.

HMax-Lin(k) Classical Entangled
k = 2 .878 [67] 1 [114]
k = 3 .793 [66] .864
k = 4 .708 .813
k = 5 .629 .738
k = 10 .383 .475

Table 7.2: Approximation ratios for classical and entangled HMax-Lin(k) for various k. The
unattributed classical values are by applying the algorithm for Max-k-Cut to HMax-Lin(k),
and the unattributed entangled values are from our work.

7.2 An approximation algorithm

In this section, we present our approximation algorithm for Max-k-Cutq. It is modelled on
successful approximation algorithms for the classical analogues of the problem: an SDP
relaxation followed by a rounding step. In our case, the rounding takes two steps. The
first is a vector-to-unitary construction to express the SDP solution in terms of unitaries,
and the second is a unitary rounding to turn the unitaries into observables. These three
parts are presented in Sections 7.2.1 to 7.2.3, respectively, and the algorithm is presented
in Section 7.2.4

7.2.1 SDP relaxation

In this section, we construct an SDP relaxation of Max-k-Cutq. Since every classical strategy
for a nonlocal game is also a quantum strategy, Max-k-Cutq is a relaxation of Max-k-Cut.
As such any SDP relaxation of Max-k-Cutq is an SDP relaxation of Max-k-Cut.
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The SDP we consider the same as the relaxation studied in the classical setting in [66, 94].
This gives best known approximation algorithm for Max-3-Cut, but not for k > 3. The
improvement for k ≥ 4 is given by an SDP relaxation that seems harder to apply to the
quantum setting [54].

Lemma 7.2.1. The following SDP is given a relaxation of both Max-k-Cut and Max-k-Cutq
for an instance G.

maximise k − 1
k

∑
{i,j}∈E(G)

(1 −Xi,j)

subject to Xi,i = 1 ∀ i ∈ V (G)

Xi,j ≥ − 1
k − 1 ∀ i, j ∈ V (G)

X ∈ B(RV (G)), X ≥ 0.

Proof. To show that is SDP is in fact a relaxation of Max-k-Cutq, it suffices to see that
every feasible point of Max-k-Cutq gives rise to a feasible point of the SDP with the same
value. Let {Xi}i∈V (G) be a feasible point, i.e. a collection of order-k unitaries. Then, we take
Xi,j = 1

k−1
∑k−1
s=1⟨Xs

i , X
s
j ⟩tr. First, we know that X is positive semidefinite as it is the Gram

matrix of the vectors (Xi, X
2
i , . . . , X

k−1
i ) for i ∈ V (G). Next, Xi,i = 1

k−1
∑k−1
s=1 tr(X−s

i Xs
i ) =

1. We know from the proof of Lemma 7.1.3 that ∑k−1
s=0⟨Xs

i , X
s
j ⟩tr ≥ 0, and hence Xi,j is real

and Xi,j ≥ − 1
k−1 for all i, j. As such, X is a feasible point of the SDP. To finish, we see

that X has the same value as {Xi}i:

k − 1
k

∑
{i,j}∈E(G)

(1 −Xi,j) = k − 1
k

∑
{i,j}∈E(G)

(
1 − 1

k − 1

k−1∑
s=1

⟨Xs
i , X

s
j ⟩tr

)

=
∑

{i,j}∈E(G)

(
1 − 1

k

k−1∑
s=0

⟨Xs
i , X

s
j ⟩tr

)
. ■

In an identical way, we get an SDP relaxation of HMax-Lin(k).

Lemma 7.2.2. The following SDP is given a relaxation of both HMax-Lin(k) and
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HMax-Lin(k)q for an instance H.

maximise 1
k

∑
{i,j}∈E=

(1 + (k − 1)Xi,j) + k − 1
k

∑
{i,j}∈E̸=

(1 −Xi,j)

subject to Xi,i = 1 ∀ i ∈ V (G)

Xi,j ≥ − 1
k − 1 ∀ i, j ∈ V (G)

X ∈ B(RV (G)), X ≥ 0.

7.2.2 Vector-to-unitary construction

A vector-to-unitary construction is a mapping from vectors to matrices that sends unit
vectors to unitaries. We make use of this to convert the solution X of the SDP relaxation
to a feasible point of Max-k-Cutq, by seeing X as the Gram matrix of some unit vectors
and mapping those to unitaries. For now, we will not worry about the order of the unitaries

— this will be achieved by the rounding step in the next section.
We make use of the vector-to-unitary construction used by Tsirelson [114] to show that

every vect strategy for an XOR nonlocal game, which can be seen as a feasible point of an
SDP relaxation, gives rise to a quantum strategy

Definition 7.2.3. A set of d Weyl-Brauer operators is a set of hermitian unitaries
σ1, . . . , σd satisfying the anticommutation relations σiσj = −σjσi for all i ̸= j.

A set of d Weyl-Brauer operators admits a representation in dimension 2O(d) by taking

σ1 = X ⊗ I ⊗ I ⊗ I ⊗ · · · ⊗ I

σ2 = Y ⊗ I ⊗ I ⊗ I ⊗ · · · ⊗ I

σ3 = Z ⊗X ⊗ I ⊗ I ⊗ · · · ⊗ I

σ4 = Z ⊗ Y ⊗ I ⊗ I ⊗ · · · ⊗ I

σ5 = Z ⊗ Z ⊗X ⊗ I ⊗ · · · ⊗ I

...

where X, Y, Z are the Pauli matrices. In fact, any set of d Weyl-Brauer operators is unitarily
equivalent to this set.
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Definition 7.2.4. The Weyl-Brauer vector-to-unitary construction is the linear map
UWB : Rd → M2O(d) defined as v 7→ v1σ1 + v2σ2 + . . .+ vdσd, where σ1, . . . , σd is a set of d
Weyl-Brauer operators.

Lemma 7.2.5 ([114]). UWB is a vector-to-unitary construction into the hermitian matrices
satisfying

⟨UWB(v), UWB(w)⟩tr = ⟨v,w⟩.

Proof. Since UWB(v) is trivially hermitian for real v, and for unit vector v, it is unitary as

UWB(v)2 =
d∑

i,j=1
vivjσiσj =

d∑
i=1

v2
i σ

2
i +

∑
i<j

(vivj − vjvi)σiσj =
d∑
i=1

v2
i = 1.

Finally, noting that tr(σiσj) = − tr(σiσj) = 0 for i ̸= j, we have that

⟨UWB(v), UWB(w)⟩tr =
d∑

i,j=1
viwj tr(σiσj) =

d∑
i=1

viwi = ⟨v,w⟩. ■

As a consequence of the hardness of approximation of entangled k-colouring for k > 2,
there cannot be an analogous vector-to-unitary construction U that maps real unit vectors to
order-k unitaries satisfying ⟨v,w⟩ = 1

k−1
∑k−1
s=1⟨U(v)s, U(w)s⟩tr. Since perfect approximation

in this way is impossible, we need to make use of a rounding step.

7.2.3 Rounding unitaries

In the final step of our approximation algorithm, we round the unitaries constructed by the
Weyl-Brauer vector-to-unitary construction to order-k unitaries. For simplicity, we round to
the nearest order-k unitary. This unitary has a simple form, demonstrated by the following
lemma.

Lemma 7.2.6. Let Ωk : S1 → S1 be the function that maps the input to the nearest k-th
root of unity (with respect to complex modulus). Given a unitary U ∈ Ud, the nearest
order-k unitary with respect to the little Frobenius norm ∥·∥tr is Ωk(U).

This is special case of the Hoffman-Wielandt theorem [74].
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Proof. Write W for a closest order-k unitary to U . Let U = ∑
λ λPλ and W = ∑k

i=1 ω
i
kΠi

be the spectral decompositions. By unitarity, ∥U − W∥2
tr = 2 − 2 Re⟨U,W ⟩tr, and then

expanding

Re⟨U,W ⟩tr =
∑
λ,i

Re(λ∗ωik) tr(PλΠi)

≤
∑
λ

max
i

Re(λ∗ωik) tr(Pλ),

since ∑i tr(PλΠi) = tr(Pλ). On the other hand, we have that Re(λ∗Ωk(λ)) = maxi Re(λ∗ωik),
so since Ωk(U) = ∑

λ Ωk(λ)Pλ,

Re⟨U,Ωk(U)⟩ =
∑
λ

Re(λ∗Ωk(λ)) tr(Pλ) =
∑
λ

max
i

Re(λ∗ωik) tr(Pλ).

Hence, Re⟨U,W ⟩tr ≤ Re⟨U,Ωk(U)⟩, so we may take W = Ωk(U). ■

7.2.4 The algorithm

We present the approximation algorithm for Max-k-Cutq.

1 Solve the SDP relaxation of Lemma 7.2.1 to get X.
2 Extract unit vectors xi ∈ RV (G) such that Xi,j = ⟨xi,xj⟩.
3 Run the Weyl-Brauer vector-to-unitary construction to obtain unitary operators

Xi = UWB(xi) ∈ UM for some M .
4 Sample a unitary U from the Haar measure on UMN .
5 Let X̃i = Ωk(U(Xi ⊗ IN)) be the closest order-k unitary to U(Xi ⊗ IN).
6 Output the set of operators X̃i as the solution.

Algorithm 1: Approximation algorithm for Max-k-Cutq

We note two important aspects of the rounding that were not mentioned in Section 7.2.3.
First, we multiply the matrices constructed from the vector-to-unitary construction by a
Haar-random unitary. This serves to distribute the eigenvalues of the constructed unitary
evenly while preserving the inner products. Also, we increase the dimension of the unitary
before applying the Haar-random unitary and rounding. This step is important to allow
analysis of the algorithm based on free probability, which holds in the limit of infinite
dimension.
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We can also apply the same algorithm to HMax-Lin(k)q.

1 Solve the SDP relaxation of Lemma 7.2.2 to get X.
2 Extract unit vectors xi ∈ RV (G) such that Xi,j = ⟨xi,xj⟩.
3 Run the Weyl-Brauer vector-to-unitary construction to obtain unitary operators

Xi = UWB(xi) ∈ UM for some M .
4 Sample a unitary U from the Haar measure on UMN .
5 Let X̃i = Ωk(U(Xi ⊗ IN)) be the closest order-k unitary to U(Xi ⊗ IN).
6 Output the set of operators X̃i as the solution.

Algorithm 2: Approximation algorithm for HMax-Lin(k)q

7.3 Analysis of the algorithm

In this section, we analyse the algorithm described in the previous section. In Section 7.3.1,
we define the notion of a relative distribution, which underlies our technique. In Section 7.3.2,
we relate the relative distribution to the approximation ratio via an integral formula. In
Section 7.3.3, we apply the results of the previous two sections to our approximation
algorithm. In Section 7.3.4, we prove a technical lemma needed in the previous section.

7.3.1 Relative distribution

First, we formally define the relative distribution.

Definition 7.3.1. Let A,B ∈ Ud. Let A = ∑
s e

iϕsΠA,s and B = ∑
t e

iψtΠB,t be the spectral
decompositions of A and B. Define the weight measure wA,B : B([0, 2π)) → R≥0 as

wA,B(E) =
∑

s,t: ψt−ϕs∈E
⟨ΠA,s,ΠB,t⟩tr. (7.1)

Since the phases ψt and ϕs are considered as angles, the expression ψt − ϕs ∈ E is
modulo 2π. It follows immediately from the definition that wA,B is a well-defined measure,
since it can be simply expressed as positive linear combination of the Dirac delta measures
on [0, 2π) (Eq. 2.2)

wA,B =
∑
s,t

⟨ΠA,s,ΠB,t⟩trδψt−ϕs .
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Also, we can see the weight measure is a probability distribution since wA,B([0, 2π)) =∑
s,t⟨ΠA,s,ΠB,t⟩ = 1.

Definition 7.3.2. Let A,B ∈ Ud and U ∼ ηUd the Haar measure. The relative distribu-
tion of (A,B) is the probability measure ∆A,B : B([0, 2π)) → R≥0 such that

∆A,B(E) =
∫

Ud
wUA,UB(E)dU. (7.2)

Lemma 7.3.3. The relative distribution is a well-defined probability distribution.

Proof. First, to see that ∆A,B(E) is well-defined for all E, we need that U 7→ wUA,UB(E) is
a measurable function. In fact, it is the composition of the multiplication U 7→ (UA,UB),
which is continuous; the diagonalisation (X, Y ) 7→ ({ϕs}, {ψt}, {ΠX,s}, {ΠY,t}) where X =∑
t e

iϕsΠX,s and Y = ∑
t e

iψtΠY,t, which is continuous almost everywhere; and the map
({ϕs}, {ψt}, {ΠX,s}, {ΠY,t}) 7→ ∑

s,t: ϕs−ψt∈E⟨ΠX,s,ΠY,t⟩tr, which is measurable. Therefore,
the Haar integral

∫
Ud wUA,UB(E)dU is well-defined.

Next, since wUA,UB(E) ≥ 0 for all U , ∆A,B(E) ≥ 0. Also, ∆A,B is countably additive by
monotone convergence theorem. As such, ∆A,B is also a measure. Finally, ∆A,B([0, 2π)) =∫

Ud wUA,UB([0, 2π))dU = 1, so it is normalised, giving a distribution. ■

Although wA,B is not absolutely continuous with respect to the Lebesgue measure Λ
on [0, 2π), the relative distribution ∆A,B in fact is. For any measurable subset E ⊆ [0, 2π),
if E has measure 0, the subset of Ud whose eigenvalues are in E must also have measure 0.
As such wUA,UB(E) ̸= 0 with probability 0, so ∆A,B(E) = 0. Therefore the Radon-Nikodym
derivative p∆A,B

= d∆A,B

dΛ exists — this is the PDF of the relative distribution.

Lemma 7.3.4. The characteristic function of the relative distribution is

χ∆A,B
(n) =

∫
Ud

tr[U−n(UA∗B)n]dU.

Proof. First, we find the characteristic function of the weight measure:

χwA,B(n) =
∑
s,t

⟨ΠA,s,ΠB,t⟩trχδψt−ϕs
(n) =

∑
s,t

⟨ΠA,s,ΠB,t⟩tre
in(ψt−ϕs)

=
〈∑

s

einϕsΠA,s,
∑
t

einψtΠB,t

〉
tr

= ⟨An, Bn⟩tr = tr[A−nBn].
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This immediately gives, by integrating over the Haar measure, that the characteristic
function of the relative distribution is

χ∆A,B
(n) =

∫
tr[(UA)−n(UB)n]dU.

To finish, we can simplify the expression using Haar invariance. We replace U by UA∗

to get χ∆A,B
(n) =

∫
tr[U−n(UA∗B)n]dU , as wanted. ■

In order to motivate the theorem below, we can compute some of the values of the
characteristic function. First, note that χ∆A,B

(−n) = χ∆A,B
(n)∗ since ∆A,B is real-valued.

As such, we need only compute the values of the characteristic function for n ≥ 0. Next,
it’s easy to calculate the characteristic function for small n. Letting C = A∗B and λ =
tr(C) = tr(A∗B),

χ∆A,B
(0) =

∫
tr
[
U−0(UC)0

]
dU =

∫
dU = 1

χ∆A,B
(1) =

∫
tr[U∗UC]dU =

∫
tr(C)dU = λ

χ∆A,B
(2) =

∫
tr
[
(U∗)2(UC)2

]
dU = tr

[
C
∫
UCU∗dU

]
= tr[C tr(C)] = λ2.

It is also feasible, though far less direct, to calculate the characteristic function at n = 3.
We get

χ∆A,B
(3) = λ3 + tr(C3) + λ3 − 2 tr(C2)/d

d2 − 1 .

We see here that, unlike for smaller n, the value is not simply λn. However, it does converge
there as d → ∞. On the other hand, the distribution with characteristic function λn for n ≥ 0
and (λ∗)−n for n < 0 is exactly the wrapped Cauchy distribution ∆λ = W(arg λ,− ln |λ|)
(see Section 2.5.3).

Theorem 7.3.5 (Cauchy Law). Let A,B ∈ Ud and let λ = tr(A∗B). In the limit of m → ∞,
the relative distribution ∆A⊗Im,B⊗Im converges in distribution to ∆λ.

The proof makes use of techniques from free probability (Section 2.8).

Proof. Let Am = A∗B ⊗ Im, and let Um be a dm-dimensional Haar random unitary. Then,
by Theorem 2.8.1, we get Um, Am → u, a (∗-dist) where u and a are free. As such, for
every n ≥ 0

χ∆A⊗Im,B⊗Im
(n) → τ(u−n(ua)n),

193



0 π 2π0.0

0.3

0.6

0.9

1.2

λ = −3
4

λ = −1
2

λ = −1
4

Figure 7.1: PDF of the wrapped Cauchy distribution ∆λ for a selection of values of λ.

as m → ∞. This is a mixed ∗-moment of u, a, so we can use freeness to compute it in terms
of the ∗-moments of u and a. To rewrite this in terms of free variables of expectation 0,
note that τ(a) = limm→∞ tr(Am) = λ. Then

τ((ua)nu−n) = τ((u(a− λ+ λ))nu−n) =
∑

e1,...,en∈{0,1}
λn−

∑
eiτ(u(a− λ)e1 · · ·u(a− λ)enu−n)

If the ei are not all 0, then the argument of τ is a product of free variables each with
expectation 0, so that term does not contribute. That is, we get

τ((ua)nu−n) = λnτ(1) +
n∑
k=1

λn−k ∑
n1,...,nk>0,

∑
nk≤n

τ(un1(a− λ) · · ·unk(a− λ)u−
∑

nk)

= λn +
n∑
k=1

λn−k ∑
n1,...,nk>0,

∑
nk≤n

0 = λn,

since τ(a − λ) = 0 and τ(un) = 0 for all n ≠ 0. This gives exactly the characteristic
function of the wrapped Cauchy distribution. Using Theorem 2.5.1, ∆A⊗Im,B⊗Im converges
in distribution to ∆λ. ■
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7.3.2 Integral formula

In this section, we make use of the relative distribution introduced in the previous section
to calculate the expected value of polynomials of rounded operators. We show that these
expected values can be expressed as an integral of a function, which we call the fidelity
function, depending only on the polynomial, with respect to the relative distribution
(Definition 7.3.2).

In the discussion below, for every k we work with noncommutative ∗-polynomials of
the form P (x, y) = ∑k−1

s,t=0 cs,t(x∗)syt. In our applications, the variables x, y will always be
substituted with order-k unitaries. Because of this, we also assume that the indices s, t in
cs,t are considered modulo k, i.e. we let cs+ak,t+bk = cs,t for all integers a, b.

Definition 7.3.6. Let k ∈ N. For a noncommutative ∗-polynomial of the form P (x, y) =∑k−1
s,t=0 cs,t(x∗)syt, the fidelity function is the map fidk,P : [0, 2π) → C defined as

fidk,P (θ) = 1
2π

∫ 2π

0

k−1∑
s,t=0

cs,tΩk(eiφ)−sΩk(ei(φ+θ))tdφ, (7.3)

where Ωk is the rounding to the closest k-th root of unity (Lemma 7.2.6), and the integral
is with respect to the Lebesgue measure over [0, 2π).

When k is clear from the context we let fidP := fidk,P .

Theorem 7.3.7. Let A,B ∈ Ud be two unitaries. For any noncommutative ∗-polynomial
P (x, y) = ∑k−1

s,t=0 cs,t(x∗)syt,∫
P (Ωk(UA),Ωk(UB))dU =

∫
fidP (θ)d∆A,B(θ). (7.4)

Proof. Let UA = ∑
i αU,iPU,i and UB = ∑

j βU,jQU,j be the spectral decompositions. This
gives that∫

P (Ωk(UA),Ωk(UB))dU =
∫ ∑

s,t

cs,t⟨Ωk(UA)s,Ωk(UB)t⟩trdU

=
∑
i,j

∑
s,t

cs,t

∫
Ωk(αU,i)−sΩk(βU,j)t⟨PU,i, QU,j⟩trdU
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Using Haar invariance, we can multiply U by any ζ ∈ S1, which sends (αi, βj) to (ζαi, ζβj).
In particular, we can multiply by a randomly distributed phase, giving that∫
P (Ωk(UA),Ωk(UB))dU = 1

2π

∫ 2π

0

∑
i,j,s,t

cs,t

∫
Ωk(eiφαU,i)−sΩk(eiφβU,j)t⟨PU,i, QU,j⟩trdUdφ

=
∫ ∑

i,j,s,t

cs,t
1

2π

∫ 2π

0
Ωk(eiφ)−sΩk(eiφα∗

U,iβU,j)tdφ⟨PU,i, QU,j⟩trdU

=
∫ ∑

i,j

fidP (arg(α∗
U,iβU,j))⟨PU,i, QU,j⟩trdU.

Now, using the weight measure wUA,UB (Definition 7.3.1), we can view the sum over the
eigenvalues as an integral with respect to this measure:∑

i,j

fidP (arg(α∗
U,iβU,j))⟨PU,i, QU,j⟩tr =

∫
fidP (θ)dwUA,UB(θ).

Finally, using the definition of the relative distribution (Definition 7.3.2), we get that∫ ∫
fidP (θ)dwUA,UB(θ)dU =

∫
fidP (θ)d∆X,Y (θ). ■

Due to the results Section 7.3.1, we know that the relative distribution becomes a
wrapped Cauchy distribution in the limit of large dimension. In this case, we can exactly
compute the integral formula. First, we need a simpler expression of the fidelity function.
Lemma 7.3.8. The fidelity function defined in Definition 7.3.6 simplifies to

fidP (θ) =
k−1∑
t=0

ct,tω
t⌊ k

2π θ⌋
(
1 + (ωt − 1)

(
k

2πθ −
⌊
k

2πθ
⌋))

. (7.5)

Its Fourier coefficients are fidP (0) = 2πc0,0 and for n ̸= 0,

fidP (n) = 2k2

πn2 sin2
(
πn

k

)
cn,n. (7.6)

Proof. Consider the integral fs,t(θ) =
∫ 2π

0 Ωk(eiφ)−sΩk(ei(φ+θ))tdφ. This simplifies as

fs,t(θ) =
k−1∑
r=0

∫ π
k

+ 2π
k
r

−π
k

+ 2π
k
r

Ωk(eiφ)−sΩk(ei(φ+θ))tdφ

=
k−1∑
r=0

ω(t−s)r
∫ π

k

−π
k

Ωk(eiφ)−sΩk(ei(φ+θ))tdφ

= kδs,t

∫ π
k

−π
k

Ωk(ei(φ+θ))tdφ.
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Now, Ωk(ei(φ+θ))t is a piecewise constant function (i.e. a step function), with the value chang-
ing at xθ = 2π

k
⌊ k

2πθ⌋ − θ + π
k
. More precisely, on the interval φ ∈ (−π

k
, xθ], Ωk(ei(φ+θ))t =

Ωk(ei(θ−π
k

))t = ωt⌊
k

2π θ⌋ and on its complement φ ∈ (xθ, πk ], Ωk(ei(φ+θ))t = Ωk(ei(θ+π
k

))t =
ωt(⌊

k
2π θ⌋+1). Therefore, fs,t(θ) = kδs,tω

t⌊ k
2π θ⌋

(
xθ + π

k
+ ωt(π

k
− xθ)

)
. Putting the terms to-

gether,

fidP (θ) = 1
2π

k−1∑
s,t=0

cs,tfs,t(θ) = k

2π

k−1∑
t=0

ct,tω
t⌊ k

2π θ⌋
(

2π
k

+ (ωt − 1)(π
k

− xθ)
)
.

To find the Fourier coefficients, consider the Fourier coefficients of ft,t. They are

f̂t,t(0) = k
∫ 2π

0

∫ π
k

−π
k

Ωk(ei(θ+φ))tdφdθ = 2kπδt,0
∫ π

k

−π
k

dφ = 4π2δt,0,

and for n ̸= 0

f̂t,t(n) = k
∫ 2π

0

∫ π
k

−π
k

Ωk(ei(θ+φ))te−inθdφdθ

= k
∫ 2π

0

∫ π
k

−π
k

Ωk(eiθ)te−in(θ−φ)dφdθ

= 2k
sin
(
πn
k

)
n

∫ 2π

0
Ωk(eiθ)te−inθdθ

= 2k
sin
(
πn
k

)
n

∫ π
k

−π
k

e−inθdθ
k−1∑
r=0

ωr(t−n)

=
4k2 sin2(πnk )

n2 , t = n (mod k),
0, otherwise.

Plugging these into fidP (n) = 1
2π
∑k−1
t=0 ct,tf̂t,t(n) gives the wanted result. ■

Proposition 7.3.9. For λ ∈ C with |λ| ≤ 1 and P (x, y) = ∑
s,t cs,t(x∗)syt we have

∫
fidP (θ)d∆λ(θ) = c0,0 + k2

π2

∞∑
n=1

sin2
(
πn
k

)
n2 (c−n,−nλ

n + cn,n(λ∗)n). (7.7)

Proof. By Parseval’s theorem (Eq. 2.1),∫
fidP (θ)d∆λ(θ) = 1

2π
∑
n∈Z

fidP (−n)χ∆λ
(n).
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The characteristic function of the wrapped Cauchy distribution ∆λ is χ∆λ
(n) = λn for

n ≥ 0 and χ∆λ
(n) = (λ∗)−n for n < 0. Using this and the previous lemma,

∫
fidP (θ)d∆λ(θ) = c0,0 + 1

2π

∞∑
n=1

2k2

πn2 sin2
(
πn

k

)
(c−n,−nλ

n + cn,n(λ∗)n),

giving the result. ■

7.3.3 Application to Max-k-Cut

Since the objective function of Max-k-Cut is ∑{i,j}∈E(G)

(
1 − 1

k

∑k−1
s=0 x

−s
i xsj

)
, we can find the

relevant fidelity function (Definition 7.3.6) by considering the noncommutative ∗-polynomial
Pk(x, y) = 1

k

∑k−1
s=0(x∗)sys.

Corollary 7.3.10 (of Lemma 7.3.8). For Pk(x, y) = 1
k

∑k−1
s=0(x∗)sys, the fidelity function

fidk := fidk,Pk is

fidk(θ) =


1 − k

2πθ 0 ≤ θ < 2π
k

0 2π
k

≤ θ < 2π − 2π
k

1 − k
2π (2π − θ) 2π − 2π

k
≤ θ < 2π

(7.8)

Proof. First, fidk(θ) = 1
k

∑k−1
t=0 ω

t⌊ k
2π θ⌋

(
1 + (ωt − 1)

(
k

2πθ − ⌊ k
2πθ⌋

))
by Lemma 7.3.8. If ⌊ k

2πθ⌋ ≠
0, k − 1, the terms all cancel and fidk(θ) = 0. Else, if ⌊ k

2πθ⌋ = 0, we have

fidk(θ) = 1
k

∑
t

(
1 + (ωt − 1) k

2πθ
)

= 1 − k
2πθ.

Finally, if ⌊ k
2πθ⌋ = k − 1, we have

fidk(θ) = 1
k

∑
t

(
ω−t + (1 − ω−t)

(
k

2πθ − (k − 1)
))

= k
2πθ − k + 1

Putting these three cases together gives the result. ■

To make use of the fidelity, we use the integral formula of Theorem 7.3.7 to get that

E
(
Pk(X̃i, X̃j)

)
=
∫

fidk(θ)d∆Xi⊗IN ,Xj⊗IN (θ).
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Figure 7.2: The fidelity function fidk for selected values of k.

Due to Theorem 7.3.5, the relative distribution ∆Xi⊗IN ,Xj⊗IN tends to a wrapped Cauchy
distribution (in distribution). Further, since we increase the dimension of the Xi while
preserving their ∗-moments (i.e. inner products of the form ⟨Xs

i , X
s
j ⟩tr) by tensoring on the

identity Xi 7→ Xi ⊗ IN for larger and larger N , we can assume that we are working in the
limit of large dimension, and hence replace the relative distribution by the wrapped Cauchy
distribution.

Corollary 7.3.11 (Of Proposition 7.3.9). For λ real we have
∫

fidk(θ)d∆λ(θ) = 1
k

+ 2k
π2

∞∑
n=1

sin2(πn/k)
n2 λn = 1

k
+ k

π2 Re
[
Li2(λ) − Li2(λei 2π

k )
]
, (7.9)

where Li2(x) = ∑∞
n=1

xn

n2 is the dilogarithm.

Proof. With cn,n = 1
k
, for all n, in Proposition 7.3.9, the integral is expressed as the power

series

∫
fidk(θ)d∆λ(θ) = 1

k
+ k2

π2

∞∑
n=1

sin2
(
πn
k

)
n2

(1
k
λn + 1

k
(λ∗)n

)
= 1
k

+ 2k
π2

∞∑
n=1

sin2
(
πn
k

)
n2 λn.

The closed form in terms of dilogarithms can be found by expanding sin2
(
πn
k

)
= 1

2 Re
[
1 − ei 2πn

k

]
in the series. ■
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We need the following technical lemma.

Lemma 7.3.12. The function

λ ∈ [−1, 1] 7→
1 − 1

k
− k

π2 Re
[
Li2(λ) − Li2(λei 2π

k )
]

1 − λ
(7.10)

is increasing for all k ≥ 3.

The proof of the above is elementary but quite involved, so we defer it to Section 7.3.4.
Now, we can find the approximation ratio of our algorithm for Max-k-Cutq.

Theorem 7.3.13. The approximation ratio of Algorithm 1 in the case of Max-k-Cutq for
k ≥ 3 tends to

1 − 1
k

− k

π2 Re
[
Li2
(

− 1
k − 1

)
− Li2

(
− ei 2π

k

k − 1

)]
(7.11)

in the limit of large dimension N .

Computing this function gives the values presented in Table 7.1. We can alternatively
write this as the series

1 − 1
k

− 2k
π2

∞∑
n=1

sin2(πn/k)
n2(1 − k)n .

Note the rapid convergence of this series due to the exponential term (1 − k)n in the
denominator.

Proof. Let {X̃i} be the feasible solution of a Max-k-Cutq instance G created in Algorithm 1.
To calculate the expected value of our solution, by linearity of the expectation, we just
need to calculate E

(
1
k

∑k−1
s=0⟨X̃s

i , X̃
s
j ⟩tr

)
for every i, j. By Theorem 7.3.7 it holds that

1
k
E
(k−1∑
s=0

⟨X̃s
i , X̃

s
j ⟩tr

)
=
∫

fidk(θ)d∆Xi,Xj(θ). (7.12)

Therefore the contribution to the solution by edge {i, j} is 1 −
∫

fidk(θ)d∆Xi,Xj(θ). So the
ratio of the value of the expected solution to the value of the SDP is at least the minimum
of

k

k − 1
1 −

∫
fidk(θ)d∆Xi,Xj(θ)

1 − ⟨Xi, Xj⟩tr
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over all edges {i, j}. Note that we can always exclude the edges for which ⟨Xi, Xj⟩tr = 1
from this analysis because the contribution of such edges to the SDP value is zero and the
numerator is always nonnegative.

Finally note that in all feasible solutions Xi,j = ⟨xi,xj⟩ to the SDP relaxation we have
⟨xi,xj⟩ ≥ − 1

k−1 . Thus in the worst case over all instances, the quantity above is never less
than

min
λ∈[− 1

k−1 ,1)
X,Y :⟨X,Y ⟩tr=λ

k

k − 1
1 −

∫
fidk(θ)d∆X,Y (θ)

1 − λ

In the limit of large dimension, by Theorem 7.3.5, the relative distribution tends to the
wrapped Cauchy distribution. As such, using Corollary 7.3.11, the minimization becomes

min
λ∈[− 1

k−1 ,1)

k

(k − 1)(1 − λ)

(
1 − 1

k
− k

π2 Re
[
Li2(λ) − Li2(λei 2π

k )
])

Finally, using Lemma 7.3.12, the function we are minimizing over is increasing, and as such
the minimum is attained at λ = − 1

k−1 . ■

The proof of the theorem generalizes to all homogeneous CSPs.
Theorem 7.3.14. The approximation ratio of Algorithm 2 for homogeneous NC-Max-Lin(k)
for k ≥ 3, in the limit of large dimension, is the minimum of

1 − 1
k

− k

π2 Re
[
Li2
(

− 1
k − 1

)
− Li2

(
− ei 2π

k

k − 1

)]
and

min
λ∈[− 1

k−1 ,1)

1 + k2

π2 Re
[
Li2(λ) − Li2(λei 2π

k )
]

1 + (k − 1)λ ,

over all λ ∈ [− 1
k−1 , 1)

The proof is the same as for Theorem 7.3.13 except that, in the case of equation
constraints, the ratio for a given λ = ⟨Xi, Xj⟩tr is

k
∫

fidk(θ)∆Xi,Xj(θ)dθ
1 + (k − 1)λ →

1 + k2

π2 Re
[
Li2(λ) − Li2(λei 2π

k )
]

1 + (k − 1)λ ,

which is not a monotone function, so the minimisation cannot be simplified in the same
way as NC-Max-k-Cut.

This theorem gives the results presented in Table 7.2.
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7.3.4 Minimising the ratio

Lemma 7.3.15. Let f : [−1, 1] → R be a smooth function. If f(1) ≤ 1 and f is convex,
then g(x) := 1−f(x)

1−x is increasing.

Proof. Since f is smooth and convex, f ′′(x) ≥ 0 for all x. Therefore, h(x) := 1 − f(x) −
(1 − x)f ′(x) is decreasing, as its derivative h′(x) = −f ′(x) + f ′(x) − (1 − x)f ′′(x) =
−(1 − x)f ′′(x) ≤ 0. Also, we have that h(1) = 1 − f(1) ≥ 0. Putting these together,
h(x) ≥ 0 for all x ∈ [−1, 1]. The derivative of g is g′(x) = −f ′(x)(1−x)+(1−f(x))

(1−x)2 = h(x)
(1−x)2 ≥ 0,

and as such g is increasing. ■

Lemma 7.3.16. Let f : [−1, 1] → R be f(x) = 1
k

+ k
π2 Re

[
Li2(x) − Li2(xei 2π

k )
]

for k ≥ 3.
Then f(1) = 1.

Proof. Consider the Fourier series of the function p(x) = x(1 − x) on the interval [0, 1]. The
Fourier coefficients are

p̂(n) =
∫ 1

0
x(1 − x)e−2πinxdx = − 1

2πn2 ,

for n ≠ 0, and p̂(0) = 1
6 . Thus, x(1 − x) = 1

6 − 1
π2
∑∞
n=1

cos(2πnx)
n2 . In particular, as 1

k
∈ [0, 1],

−∑∞
n=1

cos(2πn/k)
n2 = π2

(
1
k

(
1 − 1

k

)
− 1

6

)
. Using this and the fact that ∑∞

n=1
1
n2 = π2

6 ,

f(1) = 1
k

+ k

π2

∞∑
n=1

1 − cos(2πn/k)
n2 = 1

k
+ k

π2

[
π2

6 + π2

k

(
1 − 1

k

)
− π2

6

]
= 1.

■

Lemma 7.3.17. Let f : [−1, 1] → R be as in the previous lemma. Then, f is convex.

Proof. It suffices to show that the second derivative of f is positive. Since the dilogarithm
has integral expression Li2(x) = −

∫ x
0

ln(1−t)
t

dt, the first derivative of f is

f ′(x) = k

π2 Re
− ln(1 − x) + ln(1 − xei 2π

k )
x

 = k

2π2
1
x

ln
(

1 + C
x

(1 − x)2

)
,

where C := 4 sin2
(
π
k

)
∈ (0, 3]. Differentiating again,

f ′′(x) = k

2π2

[
− 1
x2 ln

(
1 + C

x

(1 − x)2

)
+ C

1 + x

x(1 − x)((1 − x)2 + Cx)

]
.
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This is positive if and only if the multiple by 2π2x2/k, g(x) := − ln
(
1 + C x

(1−x)2

)
+

C x(1+x)
(1−x)((1−x)2+Cx) is. To show g is positive, we need only show that it is positive at the

boundary and at any inflection point. At x = −1,

g(−1) = − ln
(

1 − C

4

)
≥ 0,

as C ≤ 3 so 1 − C
4 ≤ 1. In the limit x → 1, − ln

(
1 + C x

(1−x)2

)
∼ 2 ln(1 − x) and

C x(1+x)
(1−x)((1−x)2+Cx) ∼ 2

1−x , so limx→1 g(x) = +∞. To find the values of g at the inflection
points, consider the derivative

g′(x) = Cx(2x3 + Cx2 + (2C − 6)x− C + 4)
(1 − x)2((1 − x)2 + Cx)2 ;

the inflection points are at the values of x where g′(x) = 0. First, we have a zero at x = 0, in
which case g(0) = 0 ≥ 0. I claim that g′ has no other zero in the interval [−1, 1], and hence
no other inflection points we must consider. In fact, the only zeros of g′ are the zeros of
q(x) := 2x3 +Cx2 + (2C − 6)x−C + 4. We can show that q only has one real root at some
x ≤ −1 by showing that it is positive at its inflection points, and that its concave inflection
point is at x = −1. To do so, q′(x) = 6x2+2Cx+2C−6, which has roots −1 and 1− C

3 . Thus,
the values of q at its inflection points are q(−1) = −2 +C − (2C − 6) −C + 4 = 8 − 2C ≥ 0,
and q(1−C/3) = C

27(C2 − 18C + 54) ≥ 0 as its smallest nonzero root is 9−3
√

3 > 3 (seeing
C as a variable). As such, the only inflection point of g in [−1, 1] is at x = 0, where it is
positive, so g(x) ≥ 0 for all x ∈ [−1, 1], and so f is convex. ■

Lemma 7.3.18 (Restatement of Lemma 7.3.12). The function

λ ∈ [−1, 1] 7→
1 − 1

k
− k

π2 Re
[
Li2(λ) − Li2(λei 2π

k )
]

1 − λ
(7.13)

is increasing for all k ≥ 3.

Proof. Let f(x) = 1
k

+ k
π2 Re

[
Li2(x) − Li2(xei 2π

k )
]
. Then, using Lemma 7.3.15, if f(1) ≤ 1

and f is convex, we get that 1−f(x)
1−x is increasing. To get these two properties, we can use

Lemmas 7.3.16 and 7.3.17. ■

7.4 Dimension-efficient algorithm

The implementation of the algorithm for entangled Max-k-Cut and HMax-Lin(k) introduced
in Section 7.2.4 is hindered by the fact that the known approximation ratio is only attained
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in the limit of large dimension, with no information on the rate of convergence. In this
section, we construct a variant of the algorithm that achieves the same approximation ratios
in dimension exponential in the instance size. In Section 7.4.1, we develop group-theoretic
methods which emulate the behaviour of the infinite-dimensional limit of the relative
distribution studied in the previous section, in finite dimension. In Section 7.4.2, we apply
this to a modification of the approximation algorithm.

7.4.1 Generalised Weyl-Brauer group and strong isometry

Lemma 7.4.1. Let H be a Hilbert space and let U : Rd → UH , v 7→ ∑d
i=1 viσi be a

linear map. U maps unit vectors to unitaries if and only if σi is a unitary for all i and
σ∗
i σj = −σ∗

jσi for all i ̸= j.

We call the property satisfied by the σi ∗-anticommutation.

Proof. First, suppose that the σi are ∗-anticommuting unitaries. We have for i ≠ j that
σiσ

∗
j = σjσ

∗
jσiσ

∗
j = −σjσ∗

i σjσ
∗
j = −σjσ∗

i . Then,

U(v)∗U(v) =
∑
i,j

vivjσ
∗
i σj =

∑
i

v2
i σ

∗
i σi +

∑
i<j

vivj(σ∗
i σj + σ∗

jσi) = ∥v∥2,

U(v)U(v)∗ =
∑
i,j

vivjσiσ
∗
j =

∑
i

v2
i σiσ

∗
i +

∑
i<j

vivj(σiσ∗
j + σjσ

∗
i ) = ∥v∥2,

so U is a vector-to-unitary construction.
Conversely, if U is a vector-to-unitary construction, write ei = (0, . . . , 0, 1, 0, . . . , 0) for

the i-th canonical basis vector. We have first that U(ei) = σi, so σi must be unitary for
all i. Also, for any i ̸= j,

2 = U(ei + ej)∗U(ei + ej) = σ∗
i σi + σ∗

jσj + σ∗
i σj + σ∗

jσi,

giving that we must have σ∗
i σj + σ∗

jσi = 0 as well. ■

For more general vector-to-unitary constructions than the Weyl-Brauer construction of
Definition 7.2.4, we make use of a generalisation of the Weyl-Brauer operators.

Definition 7.4.2. The generalized Weyl-Brauer (GWB) group with n generators
is

GWBn = ⟨σ1, . . . , σn, J : J2, [σi, J ], J(σ−1
i σj)2 ∀ i ̸= j⟩ . (7.14)
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Any unitary representation of GWBn sending J 7→ −1 gives a set of n operators
satisfying ∗-anticommutation relation. Conversely, any set of unitary operators satisfying
∗-anticommutation provides a representation of the group.

Definition 7.4.3. Let π : GWBn → B(H) be a unitary representation such that π(J) =
−1. The π-vector-to-unitary construction is the linear map Uπ : Rn → B(H), x 7→∑
i xiπ(σi).

We can study properties of general vector-to-unitary constructions by studying the
representation theory of GWBn. The goal will be to construct representations π of GWBn

such that the associated vector-to-unitary construction has the strong isometry property
⟨Uπ(v)s, Uπ(w)s⟩tr = ⟨v,w⟩s.

First, we work at the level of the group algebra, which allows to see that the strong
isometry property is in fact possible. However, we must first note that GWBn has infinite
cardinality, which makes the analysis more involved: there is a a surjective homomorphism
GWBn → Z such that J 7→ 0 and σi 7→ 1. In order to get a handle on the structure of
GWBn, we consider an alternate presentation. In this presentation, the ∗-anticommutation
relation σ−1

i σj = Jσ−1
j σi can be replaced by the standard anticommutation relation, and

hence we can reason about this group using intuition from Pauli matrices.

Lemma 7.4.4. The group GWBn admits the presentation

GWBn =
〈
p1, . . . , pn−1, c, J : J2, Jp2

i , [pi, J ], [c, J ], J(pipj)2 ∀ i ̸= j
〉
. (7.15)

The new generators are related to the original ones by c = σ1 and pi = σ−1
1 σi+1.

We call this the Pauli presentation of GWBn because the generators pi could be
represented by Pauli matrices; consider the representation that sends c 7→ 1, J 7→ −1 and
generators pi to pairwise anticommuting and anti-Hermitian Pauli matrices. In fact it is
possible to show that the subgroup Pn = ⟨p1, . . . , pn−1⟩ is isomorphic to some subgroup of
index at most 2 of the Pauli group on ⌊n−1

2 ⌋ qubits.

Proof. Let c = σ1 and pi = σ−1
1 σi+1. This is evidently a set of generators for GWBn. It

suffices to rewrite the relations of GWBn in terms of these generators. First, note that
the order relation J2 = 1 remains the same, and the commutation relations [σi, J ] = 1
become commutation with the new generators [c, J ] = 1 and [pi, J ] = 1. The final relations
J(σ−1

i σj)2 = 1, if i = 1, j > 1, become 1 = Jp2
j−1; we get the same relation for j = 1, i > 1;

and for i, j ̸= 1, 1 = J(cpi−1p
−1
j−1c

−1)2 = cJ(pi−1pj−1)2c−1, which is the last relation
J(pi−1pj−1)2 = 1. ■
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The quotient by the subgroup ⟨J⟩ is the free product GWBn/⟨J⟩ ∼= Z ∗ Zn−1
2 . So, there

are no relations between c and pi in GWBn/⟨J⟩. This also implies that c, pi, p−1
i pj /∈ {1, J}

in GWBn unless i = j. Finally, since the quotient has trivial centre, ⟨J⟩ is the centre of
GWBn.

The subgroup C = ⟨c, J⟩ is isomorphic to Z × Z2, and ⟨J⟩ is a subgroup of both C
and Pn. So, by the definition of the amalgamated product (see Section 2.3.1), we arrive at
the characterisation

GWBn
∼= (Z × Z2) ∗Z2 Pn

where the amalgamated product is over the subgroups Z2 ∼= ⟨J⟩.
Now, let λ be the left regular representation of GWBn on H = ℓ2GWBn. The group

von Neumann algebra L(GWBn) of GWBn is the SOT closure of λ(GWBn) in B(H).
To construct a representation where J 7→ −1, we can take the quotient algebra

M = L(GWBn)/⟨⟨1 + J⟩⟩.

The element p = (1 + J)/2 is a projection in L(GWBn). Since the ideals ⟨⟨1 + J⟩⟩ = ⟨⟨p⟩⟩,
we have that M = L(GWBn)/⟨⟨p⟩⟩, and since p is central, we have M ∼= (1 − p)L(GWBn).
Definition 7.4.5. Let λ̄ : GWBn → B((1 − p)H) be the representation induced by the left
regular representation. The infinite-dimensional vector-to-unitary construction is
the λ̄-vector-to-unitary construction Uλ̄.

Write σ̄i = λ̄(σi) and ux = Uλ̄(x). First, we see that the σ̄i ∗-anticommute, and hence
Uλ̄ is a vector-to-unitary construction by Lemma 7.4.1.

Since L(GWBn) is the group von Neumann algebra of a discrete group, it has a tracial
state τ that extends the canonical trace on the group algebra C[GWBn]. The trace of any
group element other than the identity is 0. Now the algebra (1 − p)L(GWBn) has a trace

τ |(1−p)L(GWBn)

τ(1 − p) ,

where τ |(1−p)L(GWBn) is the restriction of τ to the compression (1 − p)L(GWBn). Thus, on
M, this becomes the tracial state

τM(ā) = 2τ((1 − p)a) = τ((1 − J)a),

since τ(p) = τ(1+J
2 ) = 1

2 , where ā is the element of the quotient algebra with representative a.
The trace τM gives rise to an inner product on M, which allows M to be completed to

the Hilbert space ℓ2M = (1 − p)H. We show that the infinite-dimensional vector-to-unitary
construction is an isometry with respect to this inner product.
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Lemma 7.4.6. For all vectors x,y ∈ Rn,

τM(u∗
xuy) = ⟨x,y⟩ (7.16)

Proof. We can simply calculate the inner product using the Pauli presentation of GWBn:
writing p0 = 1,

τM(uxuy) =
n∑

i,j=1
xiyjτ((1 − J)σ−1

i σj) =
n∑

i,j=1
xiyjτ((1 − J)p−1

i−1pj−1) =
n∑
i=1

xiyi = ⟨x,y⟩,

since p−1
i−1pj−1 ∈ {1, J} in the group GWBn if and only if i = j. ■

In fact, we have the stronger property characterising the inner products of powers of
the unitaries.

Proposition 7.4.7 (Strong isometry). For all vectors x,y ∈ Rn and m ∈ N,

τM((umx )∗umy ) = ⟨x,y⟩m. (7.17)

Note that by traciality of the state and the fact that the vectors are real, we get that
τM((umx )∗umy ) = ⟨x,y⟩|m| for all m ∈ Z.

Proof. We calculate the inner product as in the previous lemma. Writing again p0 = 1, we
have

τM((umx )∗umy ) =
∑

i1,...,im
j1,...,jm

xi1yj1 · · · ximyjmτ((1 − J)σ−1
im · · · σ−1

i1 σj1 · · · σjm)

=
∑

i1,...,im
j1,...,jm

xi1yj1 · · · ximyjmτ((1 − J)p−1
im−1c

−1 · · · pi2−1c
−1p−1

i1−1pj1−1cpi2−1 · · · cpjm−1)

=
∑

i1,...,im

xi1yi1 · · · ximyim = ⟨x, y⟩m,

as, for (i1, . . . , im) ̸= (j1, . . . , jm), p−1
im−1c

−1 · · · pi2−1c
−1p−1

i1−1pj1−1cpj2−1 · · · cpjm−1 /∈ {1, J}
owing to the fact that it is not identity in the quotient GWBn/⟨J⟩ since there are no
relations between the pi and c there. ■
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Now, we extend these ideas to construct finite-dimensional representations, by adding
relations to GWBn to obtain a finite group GWBk

n with order-k generators σi. We then
study the representation theory of GWBk

n and give a vector-to-unitary construction that
preserves the strong isometry property up to order k.

We construct the group GWBk
n in two steps. We first introduce an intermediate variant

of GWBn.

Definition 7.4.8. Let fi,j,t ∈ Z2 for i, j ∈ {1, . . . , n− 1} and t ∈ Zk be such that fi,i,0 = 0
and fi,j,t = fj,i,−t. Define Gk

n,f as the group

⟨p1, . . . , pn−1, c, J : J2, ck, Jp2
i , [pi, J ], [c, J ], Jfi,j,t [pi, c−tpjc

t]⟩ . (7.18)

The difference between this and GWBn is the addition of the order-k relation ck = e
and the commutation relations Jfi,j,t [pi, c−tpjc

t] = 1. We show that this group is finite
by introducing a normal form for its elements using the commutation relations in the
presentation. Let ≤ denote the lexicographic order on Z×Zk. For α ∈ M[n−1]×Zk(Z2), write

pα =
∏

(i,t)∈[n−1]×Zk

c−tp
αi,t
i ct,

where the terms are ordered with ≤. We also use the shorthand notation pi,t = c−tpic
t.

Lemma 7.4.9. Every element of Gk
n,f is of the form J bcspα for some (b, s, α) ∈ Z2 × Zk ×

M[n−1]×Zk(Z2).

We call J bcspα the normal form of an element in Gk
n,f .

Proof. Elements of Gk
n,f are arbitrary products of terms of the form c−tpic

t and powers of
J and c. Since J commutes with everything we can always bring terms that are powers of
J to the beginning. Similarly, powers of c can always be moved to the beginning because
(c−tpic

t)cs = cs(c−(t+s)pic
t+s). Finally, using the commutation relations of Gk

n,f , we have
[c−spic

s, c−tpjc
t] = Jfi,j,t−s , and therefore elements of the form c−tpic

t for all i and t, can
always be moved past each other, which changes the exponent of J . ■

Since the index set Z2 × Zk × M[n−1]×Zk(Z2) is of size 2k · 2k(n−1), we conclude that
|Gk

n,f | ≤ 2k · 2k(n−1). In fact, we can prove equality.

Lemma 7.4.10. |Gk
n,f | = 2k · 2k(n−1). In particular every element in Gk

n,f has a unique
normal form.
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Proof. Let X be the set of all 2k · 2k(n−1) normal form words J bcspα. We let π be the action
of the group Gk

n,f on the set X defined on the generators so that

πJ(J bcspα) = J b+1cspα,

πc(J bcspα) = J bcs+1pα,

πpi(J bcspα) = J
b+αi,s+

∑
(j,t)≤(i,s) αj,tfi,j,t−scspα+Ei,s ,

where Ei,s is the standard basis matrix that is 1 at the entry (i, s) and 0 everywhere else.
To show that π indeed extends to an action of the group Gk

n,f on X we need to show that
every relator in the presentation acts as the identity map on X. We can directly verify that

πJ2(J bcspα) = J bcspα

πck(J bcspα) = J bcspα

πpiJ(J bcspα) = πJpi(J bcspα)
πcJ(J bcspα) = πJc(J bcspα)

Similarly we have
πJp2

i
(J bcspα) = πJ(J b+1cspα) = J bcspα.

Finally, a tedious but straightforward calculation verifies that

π[pi,c−tpjct](J bcspα) = J b+δ(i,s)≤(j,s+t)fi,j,t+δ(j,s+t)≤(i,s)fj,i,−tcspα,

which is J b+fi,j,tcspα, as desired, owing to our assumptions on the coefficients fi,j,t.
Let ϵ = J0c0p0 ∈ X denote the empty word and note that J bcspα = πJbcspα(ϵ) are all

distinct words in X. Therefore distinct normal form words in X are also distinct as elements
of Gk

n,f . We conclude that |Gk
n,f | = |X|. ■

For the rest of this discussion fix fi,j,t as follows:

fi,j,t =


1 i ̸= j, t = 0,
1 i ≤ j, t = 1,
1 i ≥ j, t = −1,
0 otherwise.

(7.19)

With this choice of fi,j,t, we have that Gk
n,f is a quotient of GWBn.

For every i ∈ [n − 1] let ri := Jkpi(c−1pic)(c−2pic
2) · · · (c−(k−1)pic

k−1). Let H be the
subgroup generated by r1, . . . , rn−1.
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Lemma 7.4.11. H is a central subgroup, and thus is trivially normal in Gk
n,f .

Proof. Using the commutation relations, we can write

JriJ
−1 = ri

c−1ric = Jk(c−1pic) · · · (c−(k−1)pic
k−1)pi = J3pi(c−1pic) · · · (c−(k−1)pic

k−1) = ri

pjrip
−1
j = Jk+δi̸=j+δi≤j+δj≤ipi(c−1pic) · · · (c−(k−1)pic

k−1) = ri. ■

Definition 7.4.12. The order-k generalized Weyl-Brauer group with n generators
is the quotient group GWBk

n = Gk
n,f/H.

Since GWBk
n is also a quotient of GWBn, all the representation of GWBk

n are also
representations of GWBn.

In the same way as for GWBn, GWBk
n can be presented in terms of generators σ1 = c

and σi+1 = cpi for i ∈ [n − 1]. In particular, the relations σki = 1 hold in GWBk
n. This

follows by expressing the relation ri−1 = 1 in terms of these generators.

Theorem 7.4.13. The group GWBk
n is finite of order 2k · 2(k−1)(n−1). Further, the words

pα for α ∈ M[n−1]×Zk(Z2) with αi,k−1 = 0, for all i ∈ [n− 1], are equal to 1 or J if and only
if α = 0.

Note that in this theorem, the non-trivial words are chosen to not involve any of the
elements pi,k−1 due to the relation pi,k−1 = Jk−1pi,0 · · · pi,k−2 for all i ∈ [n− 1].

Proof. Since GWBk
n = Gk

n,f/H we have |GWBk
n| = |Gk

n,f |/|H|. We calculate |H|. First note
that from the commutation relations of Gk

n,f , we have

[c−spic
s, c−tpic

t] = c−s[pi, c−(t−s)pic
t−s]cs =

J if t− s = 1, k − 1(mod k),
1 otherwise.

Now a repeated application of these commutation relations gives that r2
i = 1 for all

i ∈ [n− 1]. Therefore |H| ≤ 2n−1 as it is generated by n− 1 commuting generators of order
2. However by Lemma 7.4.10 we know that all the normal form words are distinct in Gk

n,f .
Thus Πn−1

i=1 r
ei
i for ei ∈ {0, 1} are all distinct, and thus |H| = 2n−1. This gives the result

|GWBk
n| = |Gk

n,f |/|H| = 2k · 2k(n−1)/2n−1 = 2k · 2(k−1)(n−1).
For the second statement, none of the pα considered are contained in H or JH, so they

are not equal to 1 or J in the quotient group GWBk
n. ■

210



Corollary 7.4.14. There exists a finite-dimensional representation π of GWBk
n of dimension

k · 2(k−1)(n−1), where π(J) = −1 and tr(π(pα)) = 0 for all nonzero α ∈ M[n−1]×Zk(Z2) such
that αi,k−1 = 0 for all i ∈ [n− 1].

Proof. The proof is similar to the infinite-dimensional case, except now the Hilbert space
H = ℓ2GWBk

n = C[GWBk
n] is finite-dimensional of dimension 2k · 2(n−1)(k−1), and the von

Neumann group algebra is simply C[GWBk
n]. The group algebra C[GWBk

n] acts by left
multiplication on H, therefore it embeds into B(H). Let trH denote the canonical normalised
trace on B(H).

Notice that q = (1 − J)/2 is a projection with trace trH(q) = 1
2 . Therefore H0 = qH is a

subspace of dimension k · 2(n−1)(k−1). Let π : C[GWBk
n] → B(H0), be defined as π(x) = qx.

Since q is a central projection, it is easy to verify that π is a representation and that
π(J) = −1.

Finally notice that trH(π(x)) = 1
2 trH((1 − J)x), so trH0 = 2 trH is a tracial state on

B(H0). Now since pα /∈ {1, J} by Theorem 7.4.13, trH0(π(pα)) = 0. ■

For simplicity from here on we identify σi with its image under the representation π(σi).

Corollary 7.4.15 (Finite-dimensional strong isometry). Let π be as in the theorem. The
vector-to-unitary construction Uπ is strongly isometric up to order k, i.e. it satisfies

tr[Uπ(x)−sUπ(y)s] = ⟨x,y⟩s,

for all s = 0, . . . , k − 1 and x,y ∈ Rn.

Proof. Writing p0 = 1, we can expand

tr[Uπ(x)−sUπ(y)s]

=
∑

i1,...,is
j1,...,js

xi1yj1xi2yj2 · · · xisyjs tr
(

(1 − J)σ−1
is · · · σ−1

i2 σ
−1
i1 σj1σj2 · · · σjs

)

=
∑

i1,...,is
j1,...,js

xi1yj1xi2yj2 · · · xisyjs tr
(

(1 − J)p−1
is−1c

−1 · · · p−1
i2−1c

−1p−1
i1−1c

−1cpj1−1cpj2−1 · · · cpjs−1

)

=
∑

i1,...,is
j1,...,js

xi1yj1xi2yj2 · · · xisyjs tr
(

(1 − J)p−1
is−1,0p

−1
is−1−1,1 · · · p−1

i1−1,s−1pj1−1,s−1 · · · pjs−1,0

)
,
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where in the last line we used the shorthand notation pi,t = c−tpic
t. By Theorem 7.4.13

p−1
is−1,0 · · · p−1

i1−1,s−1pj1−1,s−1 · · · pjs−1,0 ∈ {1, J}

if and only if (i1, . . . , il) = (j1, . . . , jl). Thus

tr[Uπ(x)−sUπ(y)s] =
∑

i1,...,is

xi1yi1 · · · xisyis = ⟨x,y⟩s. ■

7.4.2 The algorithm and its analysis

Basing ourselves on the algebraic results of the previous section, we consider the following
algorithm for Max-k-Cutq.

1 Solve the SDP relaxation of Lemma 7.2.1 to get X.
2 Extract unit vectors xi ∈ RV (G) such that Xi,j = ⟨xi,xj⟩.
3 Run the m · 2(m−1)(n−1)-dimensional π-vector-to-unitary construction given by the

representation of GWBm
n from Corollary 7.4.14 to obtain unitary operators

Xi = Uπ(xi).
4 Sample a random phase ζ ∈ S1.
5 Let X̃i = Ωk(ζXi) be the closest order-k unitary to ζXi.
6 Output the set of operators X̃i as the solution.

Algorithm 3: Dimension-efficient approximation algorithm for Max-k-Cutq.

We can again analyse this algorithm by means of the relative distribution method
introduced in Section 7.3. In this case, the relative distribution is defined as follows.

Definition 7.4.16. Let x,y ∈ Rn be unit vectors and π be a representation of GWBn. Define
the relative distribution induced by x, y, and π as the measure ∆π

x,y : B([0, 2π)) → R≥0
such that

∆π
x,y(E) = 1

2π

∫ 2π

0
weiθUπ(x),eiθUπ(y)(E)dθ. (7.20)

where the weight measure w is defined in Definition 7.3.1.

First, note that since the distribution of the {ζXi} is phase-invariant, the result of
Theorem 7.3.7 still holds for this algorithm. We restate it in this context.
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Lemma 7.4.17. Let x,y ∈ Rn be unit vectors and π be a representation of GWBn. For
any noncommutative ∗-polynomial P (x, y) = ∑k−1

s,t=0 cs,t(x∗)syt,

1
2π

∫
P (Ωk(eiθUπ(x)),Ωk(eiθUπ(y)))dU =

∫
fidP (θ)d∆π

x,y(θ), (7.21)

where fidP is as defined in Definition 7.3.6.

In Algorithm 1, the relative distribution approached the wrapped Cauchy in distri-
bution in the limit of large dimension. Here, the sense in which the relative distribution
approaches the wrapped Cauchy distribution is different. Due the strong isometry property
of GWBm

n , the relative distribution matches the wrapped Cauchy distribution exactly for
small moments.

Lemma 7.4.18. Let x,y ∈ Rn, and let π be the representation of GWBm
n from Corol-

lary 7.4.14. Write λ = ⟨x,y⟩. Then, the characteristic function of ∆π
x,y satisfies χ∆π

x,y(k) =
χ∆λ

(k) for k = −m, . . . ,m.

Proof. First, as in Lemma 7.3.4, the characteristic function of the weight distribution is
χwA,B(k) = tr[A−kBk]. Therefore,

χ∆π
x,y(k) = 1

2π

∫
tr[(eiθUπ(x))−k(eiθUπ(y))k]dθ = tr[Uπ(x)−kUπ(y)k].

To finish, note that χ∆π
x,y(−n) = χ∆π

x,y(n), and due to Corollary 7.4.15, for k = 0, . . . ,m,

χ∆π
x,y(k) = ⟨x,y⟩k = χ∆λ

(k). ■

Next, we need a lemma that will allow us to exclude the cases where the approximation
given by the low-order moments of the relative distribution is insufficient.

Lemma 7.4.19. There exists ε > 0 independent of k and m such that for all λ = ⟨x,y⟩ ≥
1 − ε, the approximation ratio

k

k − 1
1 −

∫
fidk(θ)∆π

x,y(θ)dθ
1 − λ

≥ 1,

for large enough m.

As noted in the proof below, we may take any ε ≤ 1
4 and m ≥ 4.
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Proof. We need to split the proof into a few cases, dependent on k. However, all the cases
have the same general idea. Since we know

∫
eilθd∆π

x,y(θ) = λ|l| for |l| < m, if we can lower
bound 1 − fidk(θ) ≥ ∑m−1

l=0 al cos(lθ) for all θ, then, we get the lower bound on the ratio

k

k − 1
1 −

∫
fidk(θ)d∆π

x,y(θ)
1 − λ

≥ k

k − 1

∑m−1
l=0 alλ

l

1 − λ
.

As such, by maximising this near λ = 1, we can find a lower bound satisfying the lemma.
First, consider the case k ≥ 7. Consider the function f(θ) = 1

2(1 − cos(3θ)). For k ≥ 7,
it is easy to see that 1 − fidk(θ) ≥ f(θ) for all θ. Then, by the strong isometry property, we
know that since m ≥ 3,

1 −
∫

fidk(θ)d∆π
x,y(θ)

1 − λ
≥

1
4
∫

2 − e3iθ − e−3iθd∆π
x,y(θ)

1 − λ
= 1 − λ3

2(1 − λ) = 1
2(1 + λ+ λ2).

This is greater than or equal to 1 for all λ ≥ 3
4 , so we can take ε = 1

4 .
Next, consider k = 5, 6. We can take a similar function f(θ) = 1

2(1 − cos(2θ)), which
lower bounds 1 − fidk(θ) in these cases. This gives

k

k − 1
1 −

∫
fidk(θ)∆π

x,y(θ)dθ
1 − λ

≥ k

2(k − 1)
1 − λ2

1 − λ
≥ 6

10(1 + λ),

which is ≥ 1 for λ ≥ 2
3 , so ε = 1

3 .

For k = 4, we can take the lower bound function f(θ) = (
√

2 − 3
4) − (

√
2 − 1) cos(θ) −

1
4 cos(2θ). Then, we have k

k−1
1−
∫

fidk(θ)∆π
x,y(θ)dθ

1−λ ≥ 4
3

(√
2 − 3

4 + 1
4λ
)
, which is ≥ 1 for λ ≥

6 − 4
√

2, so we can take ε = 1
2 .

Finally, for k = 3, we can take the lower bound function f(θ) = 3
5 − 1

2 cos(θ) − 1
10 cos(2θ),

giving k
k−1

1−
∫

fidk(θ)∆π
x,y(θ)dθ

1−λ ≥ 3
2

(
3
5 + 1

10λ
)
. Then, the approximation ratio is ≥ 1 for λ ≥ 2

5 .
Putting all the cases together, we can take ε = 1

4 for any m ≥ 4. ■

Theorem 7.4.20. The approximation ratio of Algorithm 3 in the case of NC-Max-k-Cut
for fixed k ≥ 3 is

1 − 1
k

− k

π2 Re
[
Li2
(

− 1
k − 1

)
− Li2

(
− ei 2π

k

k − 1

)]
+O

( 1
m

)
(7.22)
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Proof. As in Theorem 7.3.13, the approximation ratio is the minimum, over unit vectors
x,y ∈ Rn such that λ = ⟨x,y⟩ ∈ [− 1

k−1 , 1), of

k

k − 1
1 −

∫
fidk(θ)∆π

x,y(θ)dθ
1 − λ

= k

k − 1
1 − 1

2π
∑
n∈Z fidk(n)χ∆π

x,y(n)
1 − λ

.

Note first that, using the previous lemma, for large enough m, there exists a neighbourhood
of 1, of radius ε independent of m, where the approximation ratio is greater than 1. Hence,
we need only consider the minimisation of λ on the interval [− 1

k−1 , 1 − ε). Next, due
to the order-m strong isometry property (Corollary 7.4.14), we have that for |n| < m,
χ∆π

x,y(n) = λ|n|; for the other values of n, we have by definition that |χ∆π
x,y(n)| ≤ 1 and that

χ∆π
x,y(n) ∈ R. As such, the difference
∣∣∣∣∑
n∈Z

fidk(n)χ∆π
x,y(n) −

∑
n∈Z

fidk(n)λ|n|
∣∣∣∣ =

∣∣∣∣2 ∞∑
n=m

Re(fidk(n))(χ∆π
x,y(n) − λ|n|)

∣∣∣∣
≤ 4

∞∑
n=m

k

πn2

(
1 − cos

(2πn
k

))

≤ 8k
π

∞∑
n=m

1
n2 ≤ 8k

π

∫ ∞

m−1

1
x2dx = 8k

π(m− 1) .

Hence, due to Corollary 7.3.11, the ratio for any λ is lower-bounded by

k
k−1

1 − 1
2π
∑
n∈Z fidk(n)χ∆x,y(n)

1 − λ
≥ k

k−1

1 − 1
k

− k
π2 Re

[
Li2(λ) − Li2(λei 2π

k )
]

− 4k
π2(m−1)

1 − λ

≥ k
k−1

1 − 1
k

− k
π2 Re

[
Li2(λ) − Li2(λei 2π

k )
]

1 − λ
− 4k2

π2(k−1)(m−1)ε .

Since this is simply the ratio in Theorem 7.3.13, up to additive constant, we can minimise
in the same way using Lemma 7.3.12 to get the wanted result. ■

Although we do not analyse it here, it is also possible to extend this algorithm to all
HMax-Lin(k)q.
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Chapter 8

Discussion

In this thesis, we studied the behaviour of constraint satisfaction problems presented as
nonlocal games. First, we defined the various ways CSPs can embed into nonlocal games.
CSP games can be oracular or non-oracular, in the sense that the players may receive
constraints and variables, or just variables, respectively, as questions. Then, these games
naturally give rise to decision problems, where the winning probability of the game is
taken as representing the number of constraints satisfied. We generally restricted to tracial
correlations, which give a nice algebraic description for the strategies. We showed that,
assuming perfect completeness, it suffices to work with tracial correlations for all CSP
games.

First, we studied how to construct reductions between entangled CSPs. As a major
technical tool, we made use of commutativity gadgets, which allow all (local) classical
reductions to a given CSP to be quantised. Since there are a variety of different types
of entangled CSP, we required a variety of different types of commutativity gadget to
facilitate reductions between them. We fully characterised when commutativity gadgets
for a CSP in any framework exist, using the structure of the polymorphism algebra of the
associated relational structure. Using this characterisation, we were able to show a variety
of equivalences, in particular reducing each of the robust commutativity gadgets to one of
the exact cases. Conversely, we were able to show separations between some of the classes
of gadget. Finally, we showed that it is in general undecidable to decide if a relational
structure admits a non-oracular commutativity gadget.

Next, we studied reductions between CSPs that do not make use of commutativity
gadgets. We developed a theory of stable minion homomorphisms, which allowed the
strongest classical reduction between CSPs to be lifted to the setting of gapped entangled
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CSPs. This allowed us to show hardness of CSPs that do not admit commutativity gadgets.
We used these techniques to show that a selection of entangled CSPs are undecidable.

Notably, we showed that entangled k-colouring is undecidable for all k ≥ 3, in both the
oracular and non-oracular settings. The hardness of 3-colouring and oracular k-colouring can
be shown to be undecidable using commutativity gadgets. On the other hand, non-oracular
k-colouring does not admit a commutativity gadget, but we were able to show hardness
using a minion homomorphism-based reduction, by working out a full description of the
polymorphisms of the complete graphs.

For CSPs without perfect completeness, we showed that a simple variant of XOR games,
the tilted XOR games, suffice to capture the undecidability of the quantum value of nonlocal
games. This shows that binary nonlocal games are in general undecidable, despite being
decidable with perfect completeness. This also indicates how special the class of XOR
games is, as even the slight perturbation of asking some questions to only one of the players
immediately sends the complexity from polynomial-time to undecidable.

Finally, we studied approximation algorithms for entangled CSPs. Our main focus was
on approximation algorithms for entangled Max-k-Cut problems, which are the optimisation
analogues of k-colouring. We devised and analysed an algorithm inspired by the Goemans-
Williamson algorithm for Max-Cut. We showed that our algorithm improves on the classical
algorithm for entangled Max-3-Cut and Max-4-Cut. Our approach to the analysis makes
use of the relative distribution, which allows us to connect the value to a distribution
over random matrices, and hence make use of ideas from free probability to analyse the
performance of the algorithm.

8.1 Related work

A line of work has also investigated what happens to the classically polynomial-time solvable
CSPs with entanglement. Slofstra [109, 110] showed that gapless LIN is undecidable with
entanglement, which is a significant break with the classical setting, where it is easy. If
gapped entangled LIN were also undecidable, that would imply the existence of a non-
hyperlinear group; however, this seems infeasible to achieve via reductions from other CSPs,
as the entangled homomorphism algebra for a linear system game always admits a tracial
state if it is nontrivial [99]. Further, Atserias, Kolaitis, and Severini [12] show that this is the
only boolean CSP where a classically easy problem can become quantumly-hard, in a strong
way: for any classically-easy boolean CSP that is not LIN, an instance admits a quantum
assignment if and only if it admits a classical assignment. Hence the entangled CSP is
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solvable in polynomial time. Recently, Bulatov and Živný [33] showed that this extends to
all classically-easy CSPs. If a CSP is bounded-width, meaning it cannot simulate linear
systems over some finite field in logspace, its entangled CSP is also solvable in polynomial
time. Further, they show that non-bounded width CSPs can simulate linear systems over
some finite field in the entangled setting as well. This indicates that easy CSPs becoming
hard in the entangled setting relies entirely on the hardness of linear systems.

The study of CSPs is intertwined with the study of unique games. A nonlocal game
is unique if for each one of Alice’s answers, exactly one of Bob’s answers is correct, and
vice versa. The unique games conjecture asks whether the classical value of unique games
is NP-hard to approximate for all gaps < 1, and has many significant consequences in
theoretical computer science [79, 80, 104]. Surprisingly, due to a result of Kempe, Regev,
and Toner [78], the unique games conjecture no longer holds in the entangled setting

— the quantum value of a unique game becomes easy to approximate beyond a certain
constant gap. Recent work of Mousavi and Spirig [90] has attempted to slightly modify
the definition of entangled unique games by restricting to locally-commuting strategies, in
order to reinstate a plausible unique games conjecture.

CSP nonlocal games are games with a question size that grows in the instance size, but
an answer size that stays constant. Conversely, Natarajan and Zhang [93] have shown that
nonlocal games with constant question size and growing answer size are also undecidable.
In recent work, Mančinska, Spaas, Spirig, and Vernooij [85] reduce this to the setting of
independent set games, where the players have to convince the referee that a graph has an
independent set of a given size. This is qualitatively similar to CSP games, as it corresponds
to a graph homomorphism from a fixed graph to a graph that varies with the instance.
However, it has the interesting property that the classical problem is solvable in polynomial
time but the entangled problem is undecidable.

8.2 Open questions

This work leaves many interesting questions still open. We present a few of them here.

• Do entangled CSPs satisfy a dichotomy theorem similar to classical CSPs?
The evidence in this work suggests that is the case, as we are able to lift the classical
reductions to quantum-sound reductions in many cases. Also, we know that there
is a dichotomy theorem in some restricted cases: for example, for oracular gapless
commuting-operator boolean CSPs, every problem is either coRE-complete or solvable
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in polynomial time [49, 33] — however the line between the easy and hard instances
shifts, as entangled LIN is hard. On the other hand, the fact that commutativity
gadgets may not exist hints that there may be cases where the reductions fail
quantumly.

• Are there classically-hard CSPs that become easy with entanglement, even
with perfect completeness? The closest behaviour known to this is for XOR games,
but we know that both the classical and quantum problems with perfect completeness
are easy. We show that a class of games qualitatively close to XOR games captures
the full hardness of MIP∗, indicating that XOR games may be a very special case.
Nevertheless, we show that despite being significantly harder in general, there are
CSPs that admit an approximation algorithm with better approximation ratio in the
entangled setting.

• What is the minimal NP-complete CSP that does not admit a commuta-
tivity gadget? Due to [49], every NP-complete boolean CSP admits an oracular
commutativity gadget. We show that there exists a CSP with domain size 4 that admits
neither an oracular nor a non-oracular commutativity gadget. The only NP-complete
graph CSP with domain size 3 is 3-colouring, and that admits a commutativity gadget.
It remains open whether every NP-complete CSP on with alphabet size 3 admits a
commutativity gadget.

• Can we separate or identify the remaining classes of commutativity gadget?
We have shown that robust quantum, quantum approximate, and commuting operator
commutativity gadgets are each equivalent to an exact gadget; we have separated
oracular from non-oracular gadgets; and we know that quantum gadgets are distinct,
and identically for quantum approximate gadgets under the assumption of a non-
hyperlinear group. It remains to separate algebraic gadgets from commuting operator
gadgets; and all the subclasses of oracular gadget from each other. It remains possible
that some of these classes of commutativity gadget could also be identified.

• Is it also undecidable to decide the existence of an oracular commutativity
gadget? We showed that it is undecidable to decide the existence of any non-oracular
commutativity gadget, but our techniques rely on simplifying the structure of the
polymorphisms using the complete graph, which cannot be applied in the oracular
setting without making all the polymorphisms classical.

• Is there a form of reduction based on the symmetries of relational structures
that captures hardness for all entangled CSPs? The strongest form of symmetry-
based reduction known to exist is the reduction based on minion homomorphisms.
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For classical CSPs, this suffices to capture all the hard CSPs. However, we know that
this type of reduction is insufficient in the entangled setting, as 3LIN and 3SAT are
both hard but there is no minion homomorphism from the entangled polymorphisms
of 3LIN to those of 3SAT, because they are all classical.

• What is the optimal approximation algorithm for entangled k-colouring?
We give an algorithm that improves on the classical approximation ratio for entangled
3- and 4-colouring. However, this algorithm is no longer an improvement over the
classical one for k ≥ 5, so it stands to reason that there may be an improvement to be
made at least there. On the other hand, we know entangled k-colouring is undecidable
for all k ≥ 3 with some gap, so this limits the possible approximation ratios.
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