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Abstract

The proceeding work details contributions to the state-of-the-art of velocimetry-based ex-
perimental fluid mechanics through the application of novel pressure and force estimation
methods to studies in bluff-body aerodynamics and the problem of vortex-induced vibra-
tions. Together, these techniques allow the measurement of fluid velocity and pressure,
in space and time, for an area of interest surrounding an immersed body, along with the
estimation of the total forcing on the immersed body. Conditions for optimal data sam-
pling from the velocimetry data for the estimation of pressure fields are approximated
analytically, and a variety of common pressure integration techniques are compared. The
assessed integration techniques are characterized as having similar accuracy, with minor
differences in error sensitivity observed. The errors in the estimated pressure fields can
be expressed by considering the conformity of the obtained velocimetry data with the
governing equations of motion. Accordingly, an analytical framework is developed which
propagates the errors in the velocity field measurement through the pressure calculation.
A subset of the error terms may be resolved in practical experiments, while others must
remain neglected, in the absence of an extended model. Once equipped with the time-
resolved pressure field, a control-volume-based analysis then allows the estimation of time-
resolved forcing data. The dependence of the time-resolved force estimations on an often
neglected three-dimensional term in the planar momentum balance is shown analytically.
As a result, specific recommendations are provided for experimental best practises and field
of view selection for obtaining accurate time-resolved forcing data from planar velocime-
try measurements. Finally, following the previous methodological verification studies, the
post-processing techniques are applied to an experiment of a stationary cylinder and that
undergoing forced oscillations in a steady free-stream. The three-dimensional flow field
surrounding the body is statistically reconstructed along with the pressure estimates in
order to resolve the velocity/pressure and force distributions in the volume immediately
surrounding the cylinder.
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Chapter 1

Introduction

One of the principal motivations of the study of aerodynamics is the prediction of perfor-
mance variables which are dependent on the integrated forces acting on an immersed body.
In a basic aerodynamic design context, this means the prediction of the time-averaged lift,
drag, and aerodynamic moments over a range of operating conditions (Anderson 1999,
Anderson 2011). The temporal variations of the loading parameters may also be crucial,
such as in the study of most �uid-structure interactions (FSI), where the dynamics is often
unsteady (Bearman 1984). Moreover, in the case of �exible structures, the stresses act-
ing on the immersed body are of further interest, as they in�uence local deformations of
the body and consequently may strongly in�uence the �ow development (Dowell and Hall
2001).

For FSI systems, the level of analysis needed to characterize system performance, in
principle, expands in complexity from time-averaged measurements (�gure 1.1a), time-
resolved measurements (�gure 1.1b), to full spatio-temporal measurements (�gure 1.1c)
depending on the characteristics of the structural response of the immersed body. Cor-
respondingly, the respective experimental techniques required to obtain a high �delity
inference of the principal performance parameters must follow a similar trend in complex-
ity.

The phenomena of Vortex-Induced-Vibration (VIV) is a FSI problem with two-way
coupling between the structural and �uid dynamics caused by the periodic forces induced
on blu�-bodies from von Kármán vortex shedding (Roshko 1955, Feng 1968, Williamson
and Govardhan 2004). In the case of a rigid body, with structural damping and sti�ness
properties of the system determined at the end conditions (e.g., elastically supported cylin-
der, �gure 1.1b), the �uid-induced forces (F(t)) and moments (M (t)) acting on the body
cause a structural response characterized by both translational (x(t)) and angular (� (t))
displacement parameters. These forcing and response functions are the key performance
parameters of VIV, and they exhibit a complex dependence on a multitude of �uid �ow
and structural parameters (Govardhan and Williamson 2000).

In experiment, the forcing and response functions may be measured by an apparatus
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Figure 1.1: Complexity of �uid-inducing forcing diagnostics for (a) stationary body, (b)
rigid body dynamics, and (c) �exible body dynamics.

equipped with a load cell and displacement sensors (Khalak and Williamson 1996, Dahl
et al. 2006); however, such an apparatus is limited to measurement of the integrated
loading. The distribution of loads along the span of the blu�-body provides a deeper
connection to salient elements of the �ow development by permitting the analysis of the
e�ects of variations in vortex shedding phase, variations in the mode of vortex shedding,
and end conditions on the integrated loads (Morseet al. 2008). In the case of the stationary
cylinder, it has been shown (Norberg 2003) that isolating the sectional loading parameters is
necessary to compare data from di�erent experimental facilities. An alternative method for
the estimation of the structural loads in VIV involves the use of Particle Image Velocimetry
(PIV) measurements to infer �uid pressure �elds (van Oudheusden 2013) and structural
loads (Rival and Oudheusden 2017). However, when applied in practice in previous studies,
the results can often be subject to high uncertainty (van Oudheusden 2013) compared
to synthetic studies (Liu and Katz 2006, Charonkoet al. 2010), due to either noisy data
sources in experiment or possible methodological errors. The technique is readily applicable
to both free and forced vibration experiments, allowing a detailed evaluation of the ability of
forced sinusoidal motion vibration experiments to emulate the �ow development and forcing
present in free vibration (Bearman 2011). Furthermore, besides facilitating structural
loading estimates, the development of more accurate pressure inference techniques has
ancillary applications. For example, the quanti�cation of aeroacoustic sources in a �ow �eld
depends critically on an accurate inference of the spatio-temporal coherence of pressure
�uctuations near the surface of bodies of interest (Pröbstinget al. 2013) and the spectral
distribution of the �uctuations (Curle 1955, Haigermoser 2009).
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This thesis advances the state-of-the-art of Particle Image Velocimetry (PIV) measure-
ments to estimate the spatio-temporal evolution of �uid pressure and the temporal evo-
lution of integrated loads. The developments are applied to the �ow over stationary and
oscillating uniform, circular cylinders in order to validate the accuracy of the methodology
and provide enhanced diagnostics for these �ows. The time-resolved pressure �elds and
attendant structural loads facilitate the identi�cation of physical mechanisms in the wake
vortex dynamics related to the �ow-induced forcing, which can be exploited for simpli�ed
modelling of the �uid forcing function to reproduce response parameters in vortex-induced
vibrations (VIV). Further, the ability to construct low-order models and estimate the
three-dimensional �ow state from a combination of PIV measurements is considered.

1.1 Motivation

The developments enclosed in this thesis pertain to problems in blu� body aerodynamics
with a speci�c focus on the �ow over circular cylinders and those undergoing VIV. In addi-
tion, contributions to the development of data post-processing methodologies for Particle
Image Velocimetry (PIV) measurements, including the reduction and estimation of their
uncertainty, are made to support the undertaken experimental investigations.

A primary impetus for the study of the �ow surrounding cylindrical blu� bodies is to
understand the �ow-induced forces. For �uid structure interaction problems, the struc-
tural dynamics becomes essential in a complete description of the physics, as a response
may be excited by the �ow-induced �uctuating loads. When dominant vibrational modes
are excited by periodic vortex shedding in the wake of the cylinder, the ensuing vibra-
tions are termed Vortex Induced Vibrations (VIV). Broad-band �uctuations caused by
incoming free-stream turbulence typically do not cause signi�cant vibration compared
to those induced by vortex shedding, which have been shown to reach response ampli-
tudes up to two cylinder diameters in laboratory and �eld measurements (Bearman 1984).
Characterization of the VIV of cylindrical blu� bodies entails the amplitude (A � ) and fre-
quency (f � ) responses, as well as forcing function (F(t)), and is complicated by dependence
on a number of structural, �uid, and geometric parameters (Williamson and Govardhan
2004). In general, the parameters which most signi�cantly a�ect VIV include Reynolds
number (ReD = U0D=� ), mass ratio (m� = 4m=� f luid D 2L), structural damping ratio
(� = c=2

q
k(m + mA )), and reduced velocity (U� = U0=fnD). Detrimental VIV occur in

a variety of hydrodynamic applications, such as deep water oil and gas risers, submerged
�oating tunnels, tethered structures, and marine vehicles, as well as in heat exchangers
and general civil structures (Roshko 1955, Bearman 1967, Gerrard 1978, Zdravkovich 1981,
Roshko 1993, Williamson 1996c). The use of VIV for energy harvesting (Bernitsaset al.
2008, Grouthier et al. 2014) has also been explored. With cylindrical blu� bodies being
ubiquitous in engineering design, and the parameter space pertaining to vortex induced
vibration (VIV) quite large, the full characterization of the vibrational response remains an
area of active research (Williamson and Govardhan 2008, Bearman 2011, Wuet al. 2012,
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Liu et al. 2020).

The forcing mechanism which gives rise to VIV for cylindrical bodies is the periodic
loads transferred to the structure by �uctuating surface pressures induced from periodic
vortex shedding in the wake (Williamson 1996c, Norberg 2003). Initially, the forcing is
independent of the presence of a response; however, it undergoes substantial modulations
as a result of the response, and the system exhibits strong two-way �uid-structure coupling.
When the vortex shedding frequency (f s) is in proximity to the structural natural frequency
(f n ), a strong structural response occurs. Previous studies have approached the problem of
VIV from two di�erent paradigms: (i) the study of free vibrations, in which the response is a
natural consequence of the experimental conditions, and (ii) the study of forced vibrations,
in which the structure is actuated with ideal sinusoidal vibrations at a prescribed amplitude
ratio (A=D) and reduced velocity (U0=Df n ).

However, not all cases studied in forced vibration may be physically realizable in free-
vibration, as VIV will only occur naturally if the integral energy transfer from the �uid to
the structure is positive over a period of a shedding cycle. Such energy transfer is highly
dependent on the phase di�erence (� ) between the �uctuating side force on the cylinder
and the response of the cylinder, and is dependent on both the Reynolds number and the
wake vortex topology. It is unclear, and the subject of some discussion in the literature,
how well forced vibration cases replicate the forcing functions for the corresponding free
vibration case, due to the single harmonic assumption applied and the di�ering �ow histo-
ries (Williamson and Govardhan 2008, Bearman 2011). Di�erent modes of vortex shedding
can create deviations from the assumed sinusoidal response used in modelling forced vibra-
tion studies. Particularly for long slender bodies, the harmonics of the shedding frequency
2f s; 3f s have been shown to dominate the response trajectory (Wuet al. 2012), and at
low mass-ratios, the response can be characterized by multiple frequencies (Khalak and
Williamson 1999, Williamson and Govardhan 2008).

A variety of analytical and semi-empirical models have been proposed to approximate
a multitude of the �uid structure interaction characteristics of VIV. Such models rely on
appropriate ansatz of the forcing function induced by the �uid on the vibrating structure
(Facchinetti et al. 2004, Gabbai and Benaroya 2005) and range from simple harmonic
models to more complex decompositions of the �uid induced forcing function. The research
proposed herein is motivated by the need to estimate forcing on cylindrical blu�-bodies
undergoing free vibration without a�ecting the structural response, while allowing a more
in depth analysis of the �uid forcing by facilitating the estimating of sectional loading
parameters. This can be achieved using Particle Image Velocimetry (PIV) measurements
and data assimilation, including pressure estimation.

With recent developments in Time-Resolved Particle Image Velocimetry (TR-PIV)
measurements, time resolved pressure estimation (van Oudheusden 2013) is possible from
the velocity �eld data, and structural loads can be estimated through an appropriate
control volume formulation (Noca et al. 1999, van Oudheusdenet al. 2007). However,
instantaneous pressure estimates obtained from PIV measurements are known to su�er
from considerable errors in experiment, with correlation coe�cients with embedded sur-
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Figure 1.2: Applications of pressure from PIV �ow diagnostics.

face pressure transducers reported to be approximatelyCpp � 0:6 � 0:8 (e.g., de Kat and
van Oudheusden 2012, Ghaemiet al. 2012, Azijli et al. 2016, Schneiderset al. 2016b). Sim-
ilar magnitudes of errors can be observed in instantaneous structural loading estimates ob-
tained from PIV measurements (Poelmaet al. 2006, Ragniet al. 2009, DeVoriaet al. 2014),
particularly when two-dimensional techniques are applied when strong three-dimensional
�ows are present (Lucaset al. 2017). As a result, there is a need for more clarity on
the dominating sources of uncertainty arising when applying time-resolved pressure and
load estimations in experiment, as well as methods for their estimation and reduction.
The acquisition of PIV-based pressure �elds can serve numerous experimental diagnostic
goals, a selection of which are summarized in �gure 1.2. They may be employed, in con-
junction with PIV velocity �elds and their derivatives, to estimate time-resolved integral
loads and local surface pressure distributions (�gure 1.2a), to estimate acoustic sources
through aeroacoustic analogies, such as Curle's analogy (Curle 1955), which incorporates
scattering and di�raction e�ects at solid boundaries (�gure 1.2b), to construct a statisti-
cal analysis of turbulence through the Reynolds-averaged Navier-Stokes equation (RANS)
in the entire �ow �eld (�gure 1.2c), or to track vortices by identifying the trajectories
of pressure minima in the �uid (�gure 1.2d). These diagnostics are, for the most part,
inaccessible experimentally through traditional measurement techniques, such as surface
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pressure transducers or probe measurements. So, while the developments in this thesis
are primarily targeted towards estimates of instantaneous loads, they serve to bolster a
broader range of experimental diagnostics.

Due to the requirement of resolving the entire �ow �eld surrounding the body of interest,
planar techniques are signi�cantly more easily deployed than volumetric PIV techniques.
Thus, this thesis also explorers low-order modeling to estimate salient features in three-
dimensional �ows from planar measurements, including total loading estimation.

1.2 Objectives

The work completed in this thesis aims to re�ne a methodological pipeline for �uid me-
chanics experiments that infers both time-resolved pressure �elds and structural loads
surrounding an immersed body. Towards this end, the the following objectives summarize
the e�orts of the thesis work:

(i) Benchmark most common pressure integration algorithms for use with experimental
velocimetry data in blu� body wakes, and select an algorithm for further use through
a comparative analysis.

(ii) Determine the limiting and optimal conditions for the use of pressure integration
algorithms in experimental blu� body wake measurements.

(iii) Develop a theoretical framework for the analysis of errors in pressure integration
from velocimetry data. Determine to what extent these errors may be inferred and
corrected for through additional modelling leveraging the governing equations.

(iv) Determine the limiting conditions for the use of control volume-based structural
loading estimates in experimental practice.

(v) Unify the methodological developments and benchmark the accuracy of inferring the
pressure �elds and structural loads from velocimetry data for a challenging experi-
mental scenario of a cylinder undergoing vortex-induced vibration.

1.3 Overview of thesis content

The results chapters of the thesis are a collection of manuscripts published in various
journals or conference proceedings, as noted in the acknowledgements section.

Chapters 3-5 deal solely with the acquisition of pressure �eld data from PIV data.
Chapter 3 benchmarks four pressure integration algorithms and develops complementary
guidelines for the design of experiments to reduce errors. Chapters 4 and 5 pertain to the
development of a physics-based framework for increasing the accuracy of Poisson equation-
based pressure integration along with facilitating error estimation.

Chapter 6 investigates the momentum-based control volume analysis employed to esti-
mate instantaneous loads from planar PIV and PIV-based pressure data. The form of the
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dependence of structural loading estimates based on planar estimates on three-dimensional
terms is made explicit and consequent recommendations are made towards minimizing er-
rors due to �ow three-dimensionality.

Chapter 7 deals with the analysis of the forcing function in vortex-induced vibrations,
leveraging the techniques developed in Chapters 3-6. The methodological developments
yield time-resolved forcing estimates from PIV measurements for a stationary and vibrating
cylinder in cross-�ow.
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Chapter 2

Background

A review of the published literature is presented here to frame the motivation for the thesis
objectives within the current state-of-the-art, and introduce the reader to mathematical
frameworks underlying the areas of research to which the thesis contributes. This serves as
an instructive, but not exhaustive, discussion of content built upon in the thesis. Section
2.1 provides an overview of the characteristics and dynamics of the von Kármán wake for
the prototypical �ow around an in�nite, uniform diameter, stationary cylinder in a constant
cross-�ow. Section 2.2 then reviews the vortex-induced vibrations of elastically supported
cylinders in cross-�ow. Particular attention is paid to the case of simply supported, one
degree-of-freedom vortex-induced vibration, and e�orts towards simpli�ed models of the
coupled wake and structure dynamics. These sections establish a fundamental basis for
the physical analysis of the �ows encountered in the thesis. Following that, section 2.3
introduces particle image velocimetry as a measurement technique, and sections 2.4 and
2.5 review the current state-of-the art in the estimation of pressure �elds and structural
loads from particle image velocimetry measurements, thereby establishing a basis for the
methodological development and comparisons explored in the thesis.
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2.1 Cylinder wake

Flow past a circular cylinder in a cross-�ow con�guration is fundamental to the study of
blu� body aerodynamics. The con�guration is depicted in �gure 2.1, where a long cylinder
of constant diameter,D, is immersed in a uniform free stream of �uid of density,� , and dy-
namic viscosity,� , with a constant free stream velocity,U0. Features of the incompressible
wake development are dependant exclusively on Reynolds number (ReD = �U 0D=� ) for
an in�nite, smooth cylinder in undisturbed cross-�ow, and von Kármán vortex shedding is
present over a wide range of ReD encompassing various practical applications (Provansal
et al. 1987). The unsteady wake vortex dynamics in�uence the mean and �uctuating struc-
tural loads on the cylinder. Critically, wake induced pressure �uctuations at the cylinder
surface may lead to the emergence of signi�cant structural vibrations (Zdravkovich 1981,
Blevins 1985, Bearman 2011) and acoustic noise (Blevins 1984). The cylinder wake is
receptive to both passive (Bearman 1965, Zdravkovich and Volk 1972, Zdravkovich 1981,
Bouak and Lemay 1998, Suekiet al. 2010, Morton and Yarusevych 2014, McClureet al.
2015) and active control methods (Franssonet al. 2004, Choiet al. 2008, Jukes and Choi
2009), motivating the need for a detailed quantitative understanding of the wake structure
through laminar and turbulent �ow regimes.

For ReD & 50, the �ow development in the wake of a circular cylinder is dominated by
vortex shedding, which is initiated by a global instability in the �ow (Williamson 1996c)
where opposite signed vortices form in the near wake and advect downstream to form
an asymmetric vortex street. Incoming �ow stagnates at the front of the cylinder and
is redirected around the sides forming a boundary layer at the surface. The boundary

Figure 2.1: (left) Con�guration of circular cylinder in cross-�ow and (right) instantaneous
streamlines (blue lines) and velocity vectors (black vectors) in the cylinder wake at ReD =
4100.
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layer separates at a point within approximately80� 130° from the front stagnation point
due to the presence of an adverse pressure gradient, with the exact position dependent on
the Reynolds number (Wuet al. 2004). The separated shear layers roll-up into vortices
in the near wake alternately, and the vortices detach into the wake when the supply of
vorticity from each shear layer is cut-o� by the shear layer roll-up from the opposing
side of the cylinder (Bearman 1967, Gerrard 1978, Roshko 1993, Williamson 1996c). The
vortices are shed quasi-periodically in a narrow frequency range, and the wake expands due
to momentum di�usion as the vortices are carried downstream in a stable con�guration
(Kármán 1911). The shedding frequency (f s) is commonly expressed in non-dimensional
form as the Strouhal number (StD = f sD=U0), which remains approximately StD � 0:2 over
a wide range of Reynolds numbers (Williamson 1996c, McClure and Yarusevych 2016b).

Knowledge of the spatial distribution of turbulent kinetic energy (TKE) in the �ow,
with velocity �uctuations being dominated by vortex shedding in the wake, along with
the corresponding frequency spectra, is critical to the analysis of the �ow. Since pressure
and velocity �uctuations near the surface of the cylinder are dominated by various aspects
of vortex shedding, a detailed understanding of both the time-averaged and time-resolved
structural loads, along with their relation to the �ow development in the wake, is necessary
to guide structural design.

2.1.1 E�ect of Reynolds number on wake vortex shedding

The topology of the vortices in the wake of a circular cylinder changes signi�cantly with
Reynolds number. The wake vortices are visualized using the Q-criterion (Huntet al. 1988)
in �gure 2.2 for a range of ReD spanning the transition to turbulence. The Q-criterion is the
second invariant of the velocity gradient tensorr u and is de�ned according to equation
2.1.

Q =
1
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For ReD & 50(Provansalet al. 1987, Williamson 1989, Williamson 1996c), vortex shed-
ding is initiated by a global instability, leading to the alternate roll-up of the shear layers in
the near wake and the development of two-dimensional wake vortices. Three-dimensional
vortex structures �rst appear for 190. ReD . 260, where an elliptic instability (mode A)
of the primary vortex cores causes secondary streamwise vortex loops between subsequent
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primary spanwise rollers (Williamson 1996a). For230 . ReD . 250, a hyperbolic insta-
bility (mode B) develops intermittently in the saddle point region between the primary
rollers, characterized by smaller scale streamwise vortex pairs (Williamson 1996b). Fur-
ther increases in ReD for 260. ReD . 1000lead to increased three-dimensionality and �ne
scale streamwise vortices forming in the wake region. Tomographic PIV measurements in
Scarano and Poelma (2009) show the existence of sustained rhombus shaped vortex cells
for ReD = 360, which share similarities to vortex dislocations identi�ed in transitional �ows
(Williamson 1992). For 1:0 � 103 . ReD . 2:0 � 105, the convective Kelvin-Helmholtz in-
stability is ampli�ed su�ciently in the separated shear layer, causing smaller scale vortex
roll-up in the separated shear layers before the formation of wake vortices, and primary
vortices are fully turbulent during their formation. Beyond ReD � 2:0� 105, the separated
shear layer may reattach on one or both sides of the cylinder after undergoing transition,
leading to separation bubble formation and a drastic narrowing of the wake. This regime
is the so-called critical regime, or drag crisis (Zdravkovich 1981), where �ow reattachment
leads to a large reduction in the form drag (CD;p ) on the cylinder. Above ReD � 1:0� 106,
in the post-critical regime, transition occurs in the boundary layer before separation and
eliminates the presence of separation bubbles (Williamson 1996c).

The streamwise wavelength of the von Kármán vortex street (� x = Uc=f s � 4D) is
characterized by the frequency of vortex shedding and the convective speed of the wake
vortices (Huanget al. 2006). The mode A instabilities occur with spanwise wavelengths of
� z = 3 � 4D which decrease with increasing Reynolds number (Williamson 1996b). The
mode B instabilities occur with spanwise wavelengths of approximately� z = 1, scaling
with the thickness of the vorticity layer in the braid region between vortex cores, yielding
a relatively constant wavelength for ReD = 300 � 5540(Williamson 1996b, Scarano and
Poelma 2009, McClureet al. 2019). Measurements of the spanwise wavelengths of the three-
dimensional structures have been obtained based on �ow visualization images (Wuet al.
1994a, Wuet al. 1994b, Zhanget al. 1995, Williamson 1996a), as well as cross correlation
of the streamwise velocity signal along the span (Mansyet al. 1994). Spanwise wavelengths
based on spatial cross correlations of the spanwise vorticity suggest the existence of two
characteristic wavelengths for the three-dimensional vortices (Scarano and Poelma 2009),
a smaller wavelength de�ned by twice the distance between cores of vortex pairs (2� zl =
0:5� 0:75), and a larger wavelength de�ned by the distance between pairs (� z = 0:8� 1:3).
In the shear layer transition regime (ReD & 1000), the streamwise wavelength of the shear
layer vortices varies signi�cantly with ReD , as their formation frequency relative to the
von Kármán shedding frequency increases proportional to Re0:67

D (Prasad and Williamson
1997). Following formation, the shear layer vortices deform substantially (Bays-Muchmore
and Ahmed 1993) and either amalgamate into the von Kármán rollers or are tilted and
strained further in the regions between the rollers (Wei and Smith 1986).
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Figure 2.2: Vortex shedding topological regimes for (a) ReD = 100, (b) ReD = 220,
(c) ReD = 300, (d) ReD = 800, and (e) ReD = 1575. Vortices are visualized using
the Q-criterion (Q = 0:01 s� 1) (Hunt et al. 1988), coloured by the streamwise vortic-
ity.. Prominent secondary vortex structures are highlighted with white dashes (McClure
et al. 2019).

2.1.2 Structural loading

A mean drag force and instantaneous �uctuating lift and drag components act on a cylinder
in uniform cross-�ow (Wieselseberger 1922, Norberg 2003). The magnitudes and instanta-
neous characteristics of the forces acting on the cylinder vary considerably with Reynolds
number, as the related vortex topology in the wake undergoes signi�cant changes (Wieselse-
berger 1922, Williamson 1996c, Norberg 2003).

Wieselseberger (1922) performed drag measurements covering a considerable Reynolds
number range (5 < ReD < 5� 105), and the results are corroborated by multiple subsequent
studies (Thom 1928, Tritton 1959). In laminar �ow regimes, the drag coe�cient shows
exponential decay with Reynolds number (Wieselseberger 1922, Tritton 1959, McClure
and Yarusevych 2016b, McClureet al. 2019), as the viscous stresses lose their dominance.
Thereafter, the drag coe�cient levels o� to CD � 1 over a wide range of Reynolds numbers
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Figure 2.3: Compilation of experimental and numerical measurements of the sectional
�uctuating lift coe�cient with varying Reynolds number. Figure reprinted from Norberg
(2003).

in the sub-critical �ow regimes (200< ReD < 2:0 � 105). Once critical Reynolds numbers
(ReD > 2:0 � 105) are reached, shear layer reattachment occurs and leads to a reduction
of over 50% in the mean drag coe�cient (Wieselseberger 1922).

Periodic vortex shedding leads to out of phase �uctuating side pressures, and is the
dominant contributor to the �uctuating lift and drag forces (Norberg 2003). The RMS
�uctuating lift coe�cient ( C0

L ) is concentrated at the vortex shedding frequency (f S),
while the RMS �uctuating drag coe�cient ( C0

D ) has signi�cantly smaller amplitude and
is concentrated at twice the vortex shedding frequency (2f S) along with low frequency
pulsations (Davies 1976). Figure 2.3 illustrates the variation of the sectional �uctuating
lift coe�cient with Reynolds number. From the onset of vortex shedding, the lift coe�cient
increases monotonically with Reynolds number up to the onset of three-dimensionalities
(ReD � 190). Following this, the �uctuating lift decreases rapidly and settles into a so
called lift-trough within the shear layer transition regime (500< ReD < 0:6 � 104, �gure
2.3). Following the onset of the shear layer transition regime, a distinct change in �ow
development occurs for ReD � 0:5 � 104 (Norberg 1987, Linet al. 1995), characterized
by a steady increase in the magnitude of surface pressure �uctuations and �uctuating lift
with increasing Reynolds number. This is accompanied by a decrease in base pressure
(Cbp), due to a reduction in the vortex formation length (l f ). The change in formation
length is the primary cause of the increased surface pressure and lift �uctuations, with the
forming vortices inducing stronger periodically impinging �ow on the aft portion of the
cylinder (Norberg and Sunden 1987). For increasing ReD in this regime, the bandwidth
of the shedding frequency spectral peak also increases by an order of magnitude (Norberg
and Sunden 1987).

The total RMS lift acting on a �nite cylinder length ( CL 0;T ) is related to the sectional
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lift coe�cient ( C0
L ), however, the three-dimensionality of the vortex shedding across the

cylinder span means cancellations of forcing occur due to phase di�erences across the
length. The relationship between the sectional lift RMS and the lift on a �nite span segment
of length L may be expressed exactly by utilizing a two-point spanwise correlation function
RLL (s) of the lift force (Equation 2.4). In practise, the spanwise lift two-point correlation
can be approximated using a spanwise pressure two-point correlation at a constant surface
angle near separation (Rpp), or a wake velocity survey (Ruu ) near the separated shear layer
(Ribeiro 1992)

CL 0;T =CL 0 =
1
L

"

2
Z L

0
(L � s)RLL (s)ds

#1=2

: (2.4)

It can be deduced from wake measurements of the �ow across the Reynolds number
range that primary factors a�ecting the �uctuating sectional loading on a cylinder are
(i) the vortex formation length ( l f ) (Norberg 1987, McClureet al. 2015, McClure and
Yarusevych 2016a), (ii) the zero-delay cross correlation of �uctuating pressures on opposing
sides of the cylinder (Norberg 2003), and (iii) the circulation of the wake vortices (McClure
and Yarusevych 2016b). A decreased formation length increases the magnitude of the
induced pressure �uctuations at the surface since the vortex formation is closer to the
surface, higher asymmetry between the �uctuating side pressures results in higher net lift
�uctuations, and higher strength vortex shedding will naturally lead to higher induced
pressure �uctuations at the surface. Increases in the base pressure (Cbp) are known to
correlate with increases in vortex formation length (l f ) (Roshko 1993, McClureet al. 2015,
McClure and Yarusevych 2016a), and with the base pressure proportional to the total
pressure drag, the magnitudes of the mean and �uctuating loads are hence related, both
reaching minimums for500� ReD � 5000. The relationships inferred in the discussion are
henceCD / 1=Cbp, Cbp / l f , and CL 0 / 1=lf .

2.2 Vortex-induced vibrations

The results of investigations in vortex-induced vibration of blu� bodies has been compiled
in a number of comprehensive reviews, including Sarpkaya (1979), Bearman (1984), Khalak
and Williamson (1999), Leonard and Roshko (2001), Sarpkaya (2004), Williamson and
Govardhan (2004), Williamson and Govardhan (2008), Bearman (2011), and Wuet al.
(2012), and the associated modeling perspectives discussed in Parkinson (1989), Facchinetti
et al. (2004), and Gabbai and Benaroya (2005).

Due to the induced �uctuating loads, vortex shedding in the wakes of cylindrical
blu�-bodies may excite structural vibrations (Zdravkovich 1981, Blevins 1985, Bearman
2011). The characteristics of the vibration response and the �uid forcing are primarily
dependent on the following four parameters (Sarpkaya 2004): (i) the reduced velocity
Uj = U0=fnD, which describes the ratio of the vortex shedding frequency for a sta-
tionary cylinder (f s � 0:2U0=D) to the structural natural frequency, (ii) the mass ratio
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Figure 2.4: De�nition of structural and �uid parameters.

m� = msys=md, which is the ratio between the mass of the system and the mass of �uid it
displaces when immersed, has in�uence on inertial forces resulting from the oscillation of
the cylinder, (iii) the damping ratio � , which dictates the energy dissipated structurally,
and (iv) the Reynolds number ReD = U0D=� .

2.2.1 One degree-of-freedom cylinder vortex-induced vibration

Since the amplitude of the response of a cylinder undergoing VIV is typically much higher
in the transverse direction (Bearman 2011), a large number of studies are con�ned to an
elastically supported cylinder which only allows transverse vibration, eliminating any in-
line direction response. For a rigid cylinder constrained to oscillate only in the direction
transverse of the �ow direction, the physical parameters are de�ned in �gure 2.4. In this
work, the convention of Khalak and Williamson (1999) is adapted for the non-dimensional
response, forcing, and physical parameters, which is included in table 2.1 for easy reference.

In general, the problem of VIV assumes the structural and physical properties of the
cylinder and �uid are known beforehand. That is, the cylinder diameter (D), mass (m),
damping (c) and sti�ness (k), and the �uid free-stream velocity (U0), �uid density ( � ),
and �uid viscosity ( � ) are known. The task is then to predict VIV response (y(t)) and
�uid-induced forcing (F(t)) characteristics, in particular, their amplitudes and spectral
distribution. The associated governing equation of the forced oscillator is given by equation
2.5.

m•y + c•y + ky = F (2.5)

The �rst studies of the VIV of cylinders were conducted at high mass ratios in air
and high mass damping (m� � ), and found that a response was excited in a band of re-
duced velocities of5 < U � < 8 (Feng 1968), where the Strouhal frequency nears the
structural natural frequency. Generally, the combined mass damping parameter has been
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Group Notation Equation

Mass ratio m? m
��D 2L=4

Damping ratio �
c

2
q

k(m + mA )

Reduced Velocity U? U0

f nD

Amplitude ratio A? y0

D

Frequency ratio f ? f
f n

Streamwise force coe�cient CX
FX

1
2 �U 2

0 DL

Transverse force coe�cient CY
FY

1
2 �U 2

0 DL

Reynolds number Re
�U 0D

�
y When the subscript denoting streamwise of transverse direction is
absent, transverse direction is to be assumed.

Table 2.1: Non-dimensional groups in VIV.

shown to govern the peak amplitude response, with a functional relationship often shown
on a so-called Gri�n plot (Williamson and Govardhan 2008). However, while peak ampli-
tude is predicted well bym� � , subsequent study of vibrations at low mass ratio (Khalak
and Williamson 1999) found that the band of reduced velocities where VIV occurs can
be widened by decreasing the mass ratio while maintaining constant mass damping, ex-
tending the synchronization regime (Williamson and Govardhan 2008). In addition, the
characteristics of the amplitude response changed for a cylinder with low mass ratio and
low mass damping. Figure 2.6 shows the amplitude response as a function of the reduced
velocity. For high mass damping, the response consists of two branches, an initial excita-
tion branch and a lower branch (Khalak and Williamson 1997, Govardhan and Williamson
2000). The transition between branches exhibits hysteresis (Khalak and Williamson 1999).
For low mass damping, the amplitude response is characterized by higher magnitudes and
is excited over a wider range ofU� . Moreover, an additional upper branch is observed.
The upper branch shows hysteresis with the initial excitation branch, but the change to
the lower branch instead is characterized by intermittent switching between the vibration
modes (Khalak and Williamson 1999, Williamson and Govardhan 2008). The transition
from the initial to upper branch of responses is related to a switching of vortex shedding
mode, from 2S to 2P (Khalak and Williamson 1999), where 2S refers to a traditional von
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Figure 2.5: Structural response and �uid forcing.

Kármán vortex street, and 2P refers to the formation of two pairs of counter-rotating vor-
tices during a single shedding cycle. The transition to the lower branch, however, maintains
the 2P mode, or switches to a non-synchronized shedding pattern. The jump in response
amplitude is related to a signi�cant change in shedding timing relative to the response,
thus altering the energy transfer from the �uid forcing to the structure (Williamson and
Govardhan 2008).

In the region of excited vibrations, the frequency response may lock in to the natural
frequency of the structure over a range of reduced velocities in the lower branch (Govardhan
and Williamson 2000, Williamson and Govardhan 2008). As a result, the vortex shedding
frequency breaks the Strouhal number relationship for stationary cylinders signi�cantly in
this region. However, the lock-in reduced frequency only matches the natural frequency
f � � 1 when the mass ratio is signi�cantly large. For lower mass ratios, the frequency is
shown to lock in up to f � � 1:4 and remain constant over a range of reduced velocities
(Khalak and Williamson 1997, Gabbai and Benaroya 2005). The region where the response
frequency and shedding frequency are matched is referred to as the synchronization region.
In this region, a dramatic increase in correlation of the shedding along the span is observed
when A � > 0:05. Additionally, the strength of the shed vortices in the synchronization
region increases signi�cantly when reduced velocity is increased above the resonant point,
as the shedding frequency remains relatively constant while the free-stream velocity is in-
creased (Bearman 1984). The dependence of the maximum lock-in frequency attainable on
m� in the synchronization region is described well byf � =

q
(m� + 1) =(m� � 0:54), de�n-

ing a nearly constant frequency in the lower response branch (Govardhan and Williamson
2000). The formulation indicates that, when a critical mass is reached, the synchronization
region becomes in�nite, hence form� < 0:54, large amplitude vibrations occur even when
reduced velocities tend to in�nity, and the lower branch is never attained (Williamson
and Govardhan 2008). Instead, the response frequency continues to increase linearly with
U� according to the Strouhal relationship as in the upper branch before synchronization
(Govardhan and Williamson 2000). For reduced velocities preceding the synchronization
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Figure 2.6: Amplitude response for cylinder undergoing transverse vibrations with high
(upper) and low (lower) mass damping. Figure reprinted from Govardhan and Williamson
(2000).

region, the response is dictated by both the shedding frequencyf s and natural frequency
f n (Khalak and Williamson 1999).

2.2.2 In-line and transverse vortex induced vibration of a cylin-
der

For a wide range of parameters, the results of previous studies indicate that the addition
of in-line vibrations does not a�ect the system response branches signi�cantly (Jauvtis and
Williamson 2004, Williamson and Govardhan 2008). However, at low mass ratiosm� < 6,
a unique mode appears yielding a super-upper branch withA �

y � 1:5 and A �
x � 0:3,
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corresponding to a 2T mode of shedding where a triplet of vortices is shed each half cycle
(Williamson and Govardhan 2008).

For the initial branch, the in-line response amplitudes are negligible, besides a region
corresponding to when the dominant frequency of the drag forcing function approaches
the cylinder natural frequency. Since the drag force �uctuations are centred at twice the
vortex shedding frequency, this region is centred around a reduced velocity ofU� � 2:5,
compared toU� � 5 for the dominant transverse response caused by the lift force �uctu-
ations centred at the shedding frequency. In this region, the in-line amplitude response
may reach appreciable amplitude, and alterations in the shedding mode are observed for
1:25 < U � < 2:5, where symmetric shedding occurs, and2:7 < U � < 3:8, where asymmet-
ric shedding occurs (Sarpkaya 2004). At higher reduced velocities in the initial branch, a
near negligible in-line amplitude response is observed; however, in both upper and lower
response branches, signi�cant in-line vibrations can be observed (Jauvtis and Williamson
2004).

2.2.3 Modelling of Vortex-induced vibration

Due to the vast parameter range underlying the dynamics of VIV reviewed previously, i.e.,
the dependence on four non-dimensional parameters in just the simplest one degree-of-
freedom case, considerable e�ort has been made in dynamics modelling to better synthesize
the available experimental data for predictive use in a wider range of operating conditions.
A selection of these models along with their utility and limitations are discussed herein.

Single harmonic assumption

The equations of motion for one-degree of freedom VIV can be simpli�ed greatly by as-
suming both the response of the cylinder (y(t)) and the �uid-induced forcing acting on the
cylinder (F (t)) are single harmonic functions (Khalak and Williamson 1999) of the same
angular frequency (! ), o�set by a phase di�erence (� ).

y(t) = y0sin(!t ) (2.6)

F (t) = F0sin(!t + � ) (2.7)

Substituting the harmonic ansatz into the governing equation 2.5 leads a separation into
two coe�cient equations for the response amplitude and frequency:

y0 =
F0 sin�

c!
(2.8)
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! =

vu
u
t ky0

F0 cos�
! 2 + my0

(2.9)

Non-dimensionalization of equations 2.8 and 2.9 leads to the amplitude and frequency
equations of Khalak and Williamson (1999):

A? =
1

4� 3

CY sin�
(m? + CA )�

 
U?

f ?

! 2

f ? (2.10)

f ? =

s
m? + CA

m? + CEA
(2.11)

whereCEA is an e�ective added mass coe�cient (equation 2.12), which includes the total
�uid-induced forcing acting in phase with the cylinder acceleration•y.

CEA =
1

2� 3

CY cos�
A?

 
U?

f ?

! 2

(2.12)

The e�ective added mass coe�cient does not have direct relation to the added mass coe�-
cient CA (CA = 1 in inviscid �ow), which is fundamental to the alteration of the structural
natural frequency when a cylinder is immersed in �uid mediums of varying density, since
it contains components from the wake vortex force. While equations 2.10 and 2.11 do not
yield direct a-priori predictive power, it will be shown they contain explanatory utility for
a number of phenomena encountered in VIV. The e�ective added mass acts to augment the
resonant frequency of the cylinder according to equation 2.11, while the forcing component
in-phase with the cylinder velocity (CY sin� ) determines the maximum amplitude of VIV
according to equation 2.10. This result has been used to propose widely used collapses of
VIV amplitude data. The peak VIV response occurs when the cylinder natural frequency
(f n ) and wake vortex shedding frequency (f s) coincide, resulting in resonance conditions
where f � f s � f n . At resonance,f ? � 1 and U? � 5 can be assumed constants, and
according to equation 2.10, the peak amplitude response is inversely dependent on mass
ratio and damping structural parameters.

A? /
CY sin�

(m? + CA )�
(2.13)

It is assumed that the forcingCY sin� is only a function of the amplitude, at resonance
conditions, and therefore an appropriate mass-damping parameter may be used to col-
lapse data over a wide range of operating conditions. A number of mass-damping terms
have been utilized, including, the stability parameterK S = � 2m?� (Vickery and Watkins
1964), Scruton numberSc = �m ?�=2 (Scruton 1965), and the Skip-Gri�n parameter
SG = 2� 3St2m?� (Skop and Gri�n 1973). The Skop-Gri�n is typically favoured in rigid
body VIV due to its ability to encompass e�ects of varying natural Strouhal number (St)
for di�erent blu� bodies and Re. Various curve �ts have been proposed based on collated
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data (Sarpkaya 1979) of peak amplitudes againstSG; however, their use is complicated
by the existence of multiple amplitudes for a givenSG based on which response branch
is active, corresponding to di�erent vortex dynamics, and hence, a di�erent functional
relationship between amplitudeA? and the excitation forcing CY sin� . The di�erence is
most pronounced for low values of mass-damping (Khalak and Williamson 1999). It is
also expected that there are certain regimes where independent variations of mass-ratio
m? will causeA? to vary by augmenting the frequency of vibration through equation 2.11
(Bearman 1984), violating thef ? � 1 approximation utilized in the derivation of the mass-
damping proportionality argument. It has been demonstrated by experiments (Govardhan
and Williamson 2006) that the peak amplitude is determined uniquely bym?� for m? > 1.
Also, in turbulent regimes, increases in ReD increase peak amplitude response (Govardhan
and Williamson 2006). These e�ects can be incorporated in a modi�ed Gri�n plot which
provides a functional relationship which collapses peak amplitude data at a given ReD ,
along with a renormalization parameter which scales the functional relationship based on
ReD .

Interestingly, the single harmonic assumption also implies that, if structural param-
eters are known, measuring the amplitude and frequency of a cylinder undergoing VIV
is su�cient to predict both the phase-lead and magnitude of the �uid-induced forcing,�
and CY , respectively, using equations 2.14 and 2.15. However, agreement in experiment
using those equations to back calculate forcing characteristics is lacking, particularly at
high m?, presumably due to the associated ampli�cation of errors in measurements of the
frequency f ? or other parameters (Khalak and Williamson 1999) or applicability of the
single harmonic assumption in single DOF VIV.

CY sin� =
4� 3A?(m? + CA )�

(U?=f ?)2f ?
(2.14)

CY cos� =
2� 3A?

(U?=f ?)2
CEA (2.15)

2.3 Particle Image Velocimetry

The utility of the Particle Image Velocimetry (PIV) technique is primarily derived from
the ability to measure instantaneous velocities in a �ow region of interest (Westerweelet al.
2013). Depending on the laser and camera con�gurations, it is possible to measure two or
three components of the velocity �eld in planar or volumetric regions of the �ow (Elsinga
et al. 2006), and for many �ows, acquisition times are now fast enough to resolve the
temporal evolution of the �ow. PIV measurements hence directly permit the calculation of
instantaneous vorticity, rate of strain, other derivative-based metrics, and spatial/temporal
correlations. This yields a wealth of diagnostic capability compared to popular single-point
velocimetry techniques such as hot-wire anemometry (HWA) and laser-Doppler velocimetry
(LDV), leading to PIV's dominant adoption in experimental �uid mechanics in the last 30
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Figure 2.7: Particle Image Velocimetry: principle of operation.

years (Westerweelet al. 2013).

The working principle of the PIV technique is described schematically in �gure 2.7
using a planar, two-component measurement con�guration. The idea is to measure the
�uid velocity by estimating the local displacements of tracer particles inserted into the
�uid. In a conventional application, the tracer particles (e.g., � 10�m glass spheres in
water, or � 1�m atomized liquid drops in air) are illuminated by two laser pulses with
a pulse separation,� tp, and images of the scattered light from the particles are recorded
in two separate frames by a digital camera (Ra�el 2007). The displacement data of the
tracer particles can be measured by algorithms which track the displacement of individual
particles, or the image can be partitioned into interrogation areas containing multiple
particles, where the average displacements of the particles is evaluated on a statistical
basis. The former approach is typically denoted Particle Tracking Velocimetry (PTV),
while the latter is typically denoted Particle Image Velocimetry. The use of PTV typically
requires signi�cantly decreased tracer seeding densities in order to avoid ambiguity in
the identi�cation of matching tracer particles, resulting in decreased instantaneous spatial
resolution. On the other hand, PIV introduces spatial �ltering e�ects over the size of the
interrogation areas, which a�ect velocity statistics.

Special care must be taken that the tracer particles faithfully track the �uid motion
(Melling 1997). This typically places signi�cant constraints on the admissible size or liquid
of solid seeding particles, particularly in gas glows (� 1�m ) Helium soap bubbles circum-
vent this in air �ows by closer density matching with the �uid medium, allowing larger
tracer sizes suitable for larger scale experiments (Kühnet al. 2011, Scaranoet al. 2015).
The same is true for typical seeding in water �ows, such as hollow glass and polyethy-
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lene spheres in water �ows, where the bulk tracer material density is comparable to water
density.

2.4 PIV-based Pressure

The common de�nition of pressure for a �uid continuum is found as an isotropic stress in
the constitutive relation for the stress tensor acting on a �uid element,

� ij = � p� ij + � ij = � p� ij + �

 
@ui
@xj

+
@uj
@xi

!

+ � ij �
@uk
@xk

(2.16)

where local thermal equilibrium is assumed and a two-parameter linear model is employed
relating the viscous stresses to velocity gradients in the �uid. The mechanical pressure
( �p) is de�ned in equation 2.17 as the negative one-third of the average compressive stress
acting on a �uid element and is hence invariant under coordinate rotations (White 2006).

�p = �
1
3

(� xx + � yy + � zz) = p � (� + 2=3� )
@uk
@xk

(2.17)

The mechanical pressure is equivalent to the thermodynamic pressure only when either
the �uid is incompressible (@uk=@xk = 0) or Stoke's hypothesis is satis�ed (� + 2=3� = 0).
Stoke's hypothesis is valid provided the �uid is Newtonian and the rates of expansion and
compression are small (Tavoularis 2005, Kunduet al. 2012). The �ows encountered in
this thesis approximately satisfy both of these requirements, so mechanical and thermo-
dynamic pressures can be considered equivalent. Similarly, the incompressibility condition
eliminates any dependence of the stress tensor on the bulk viscosity (� ) in equation 2.16.

Substituting the stress tensor into the equation of motion for a �uid continuum in a
graviational �eld yields the familiar Navier-Stokes equation for an incompressible, Newto-
nian �uid, expressed in tensor notation in equation 2.18 and vector calculus notation in
2.19.

@p
@xi

= � �
Du i

Dt
+ �g i + �

@2ui

@x2j
(2.18)

r p = � �
Du
Dt

+ � g + � r 2u (2.19)

By applying the divergence operator to both sides of the Navier-Stokes equations, the
Poisson equation for pressure may be arrived at, shown in equation 2.20. Expanding the
terms on the RHS of equation 2.20 and applying the zero velocity divergence condition
(r � u = 0) for incompressible �ow yields an alternate formulation of the Poisson equation
shown in 2.21,
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r 2p = f (u) = r � (� �
Du
Dt

+ � g + � r 2u) (2.20)

r 2p = � � r � (u � r )u (2.21)

where r 2 is the Laplacian di�erential operator and is de�ned according to equation 2.22
in Rn .

r 2 =
@2
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+
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@x2n� 1
+ : : :
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@x22
+

@2

@x21
(2.22)

Importantly, inspection of both the Navier-Stokes equations and the Poisson equation
reveals that the velocity �eld and its derivatives are the only dynamic variables needed to
specify the pressure gradients (equation 2.18) or the Poisson equation source term (equation
2.20. Therefore, the ability of PIV systems to measure the spatio-temporal evolution of the
�uid velocity �eld allows the inference of pressure �elds through the governing equations.

The utility of spatio-temporally resolved �uid pressure estimations from Time-Resolved
Particle Image Velocimetry (TR-PIV) measurements has been demonstrated in a variety
of �ows, including turbulent boundary layers (Ghaemiet al. 2012, Pröbstinget al. 2013,
Laskari et al. 2016, Schneiderset al. 2016a, Van der Kindereet al. 2019), jets (de Kat and
Ganapathisubramani 2013, Huhnet al. 2018, Sakibet al. 2021), blu�-body wakes (Fujisawa
et al. 2005, van Oudheusdenet al. 2007, de Kat and van Oudheusden 2012, Dabiriet al.
2014, McClure and Yarusevych 2016a, McClure and Yarusevych 2016b, Pirniaet al. 2020,
Pallas and Bouris 2022), subsonic (van Oudheusdenet al. 2006, van Oudheusdenet al.
2007, Violato et al. 2011, Auteri et al. 2015, Jeonet al. 2018) and supersonic aerofoils
(van Oudheusdenet al. 2007), aircraft propellers (Ragniet al. 2012), pulsatile di�users
(Charonko et al. 2010), bubbles (Hosokawaet al. 2003), turbulent cavities (Liu and Katz
2006), and Savonius turbines (Muraiet al. 2007). The estimation of pressure from PIV
data can be done in a number of ways, and many methodologies have emerged from the
results of various studies (Charonkoet al. 2010, van Oudheusden 2013) to integrate either
the Navier-Stokes equations (equation 2.19) or the Poisson equation for pressure (equation
2.20) with appropriate boundary conditions. A detailed discussion of these methodologies
is left to the appropriate results sections in this thesis.

Regardless of the approach employed, accurate estimation of the material acceleration
(Du=Dt) is vital to each method, and often the viscous terms in equation 2.19 are ne-
glected (Ghaemiet al. 2012) for large Re> 1000(van Oudheusden 2013). Random error
reduction in material acceleration estimates can be achieved by reconstructing the �uid
parcel trajectories over multiple time realizations (Violatoet al. 2011, Novara and Scarano
2013, Pröbstinget al. 2013), �ltering the velocity �elds in a variety of ways (Charonkoet al.
2010, Dabiri et al. 2014), or using a Taylor's frozen �eld hypothesis for highly convective
�ows (de Kat and Ganapathisubramani 2013, Laskariet al. 2016).
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2.5 PIV-based Load Estimation

A number of velocimetry-based methods have been applied in various investigations for
the indirect measurement of �uid forces on a body in place of traditional force balance
measurements (Unalet al. 1997, van Dam 1999). The majority can be classi�ed as mo-
mentum integral methods, which are based on conservation of linear momentum within
a control volume encompassing the model. Conservation of linear momentum for a �xed
control volume is given by equation 2.23 (van Oudheusdenet al. 2007)

F(t) = �
ZZZ

V

@�u
@t

dV �
ZZ

S
� (u � n)udS +

ZZ

S
(� pn + � � n)dS (2.23)

whereV is the interior of the three-dimensional control volume,S is the outer boundary
of the control volume, andn is the unit normal vector on the boundaryS.

Mean forces

For mean loading quantities, only boundary data are required for the pressure, velocity,
and velocity gradients (van Oudheusdenet al. 2007), according to equation 2.24, which
assumes undisturbed free-stream quantities of a uniform streamwise velocityU0 at free-
stream static pressurep0. If the control volume is taken su�ciently large, some of the
boundary integral segments in equation 2.24 will evaluate to zero, such as the upstream
boundary terms, and the momentum �ux integral at the transverse boundaries.

F(t) =
ZZ

S
� (u � n)(U 0 � u)dS +

ZZ

S
((p0 � p)n + � � n)dS (2.24)

The pioneering applications of this approach utilized wake surveys (Taylor 1938) and were
used primarily for mean drag computation on streamlined bodies. Such estimations uti-
lized a quadrilateral control volume with signi�cant simpli�cations to Equation 2.23. The
incoming �ow boundary is assumed to be uniform �ow atU0 and the side boundaries are
either assumed to be atU0 or else a correction is applied to account for the boundary
momentum �ux (Bohl and Koochesfahani 2009), or the CV shape is adjusted such that
side boundaries follow the mean streamlines of the �ow (Neatby and Yarusevych 2012). At
the downstream boundaries, where complex wake interactions result in mean wake velocity
and pressure de�cits, more careful validation of simplifying assumptions is required.

Instantaneous forces

In recent years, the development of time-resolved PIV measurements (Ra�el 2007) and
pressure estimations from such measurements (Baur and Köngeter 1999, Gurkaet al. 1999)
allowed the application of control volume analysis with minimal simplifying assumptions.
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In general, the instantaneous loads can be evaluated by using the full control volume for-
mulation of the momentum equation (Equation 2.23). This is complicated by the addition
of a volume integral term, which can be challenging to measure accurately over an entire
domain, particularly near a surface, as well as a measure of the instantaneous pressure at
the boundary. The studies of Nocaet al. (1999) and Unalet al. (1997) were pioneering
studies for load estimation from PIV data before pressure estimation techniques were in-
troduced. They utilized a velocity �eld quadrature in order to eliminate the pressure term
(Noca et al. 1999) from the control volume formulation or else explicitly calculated it from
the momentum equation (Unalet al. 1997) and utilized the entirety of the velocity �eld
information, including the volume integrated quantities, in order to estimate time-resolved
loads. Although sensitive to high random errors in experimental data, such techniques
employed with appropriate �ltering showed promise in predicting the force on a forced
oscillating cylinder in quiescent and free-stream conditions (Unalet al. 1997, Nocaet al.
1999).

Examples of more recent applications of control volume formulation for load estimation
include, but are not limited to, the following studies. Kurtuluset al. (2007) performed time-
resolved PIV measurements in order to calculate the unsteady loadings on a square-section
cylinder at a Reynolds number of 4890. Jardinet al. (2009) compared the unsteady-force
estimation acting on a hovering airfoil at low Reynolds numbers using both control volume
and vortex-parameterization methods. Davidet al. (2009) applied the classic control-
volume method to both experimental and synthetic �ow �elds so as to identify the e�ect
of various parameters such as spatial and temporal resolutions, as well as the out-of-plane
velocity component on the accuracy of forces estimation. In order to model �sh swimming
dynamics, Lucaset al. (2017) utilized a PIV-based pressure solver and estimate the forces
and torques on a �apping foil by integrating the surface forces. Spoelstraet al. (2019)
capture the wake velocity de�cit behind a passing cyclist with PIV measurements in a
two-dimensional plane in order to estimate mean drag forces.

Alternative formulations for time-resolved loading include a derivative-moment trans-
formation proposed in Mohebbian and Rival (2012) which replaces the volume integral
term in Equation 2.23, which is di�cult to determine accurately near body surfaces in PIV
experiments, with a surface integral (equation 2.25).
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Alternatively, if the surface pressure distribution on the immersed structure is available,
the pressure loading can be determined from the surface integral:

F(t) =
I

S
pndS (2.26)

With pressure loading being dominant over viscous loading for ReD > 20 (Wieselseberger
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1922, Thom 1928) for cross-�ows over circular cylinders, it is a viable approach, although
care must be taken experimentally in order to measure near wall velocities accurately.
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Chapter 3

Optimization of Planar PIV-based
Eulerian Pressure Estimates in
Laminar and Turbulent Wakes

To survey the alternatives for obtaining pressure estimations from Particle Image Velocime-
try (PIV) data, the performance of four pressure estimation techniques were evaluated in
a blu� body wake. The results identi�ed optimal temporal and spatial resolutions that
minimize the propagation of random and truncation errors to the pressure �eld estimates.
For pressure integration based on planar PIV, the e�ect of �ow three-dimensionality was
also quanti�ed, and shown to be most pronounced at higher Reynolds numbers down-
stream of the vortex formation region, where dominant vortices undergo substantial three-
dimensional deformations. The results of the present study provide a priori recommenda-
tions for the use of pressure estimation techniques from experimental PIV measurements
in vortex dominated laminar and turbulent wake �ows.

This chapter is based on the journal article: McClure, J., and Yarusevych, S. (2017)
�Optimization of planar PIV-based pressure estimation in laminar and turbulent wakes,�
Experiments in Fluids, 58(5), 62.
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3.1 Introduction

The utility of spatio-temporally resolved �uid pressure estimations from Time-Resolved
Particle Image Velocimetry (TR-PIV) measurements (van Oudheusden 2013) has been
demonstrated in turbulent boundary layers (Ghaemiet al. 2012, Pröbstinget al. 2013,
Laskari et al. 2016, Schneiderset al. 2016a), jets (de Kat and Ganapathisubramani 2013),
blu�-body wakes (Fujisawa et al. 2005, van Oudheusdenet al. 2007, de Kat and van
Oudheusden 2012, Dabiriet al. 2014, McClure and Yarusevych 2016b), subsonic (van
Oudheusdenet al. 2006, van Oudheusdenet al. 2007, Violato et al. 2011, Auteri et al.
2015) and supersonic aerofoils (van Oudheusdenet al. 2007), aircraft propellers (Ragniet
al. 2012), pulsatile di�users (Charonkoet al. 2010), the region surrounding a rising bubble
(Hosokawaet al. 2003), cavity �ows (Liu and Katz 2006), and other �ow con�gurations
(Murai et al. 2007). Estimated pressure �elds can be used in conjunction with measured
velocity �elds to extract time-resolved loadings on immersed structures (van Oudheusden
et al. 2007, Tronchinet al. 2015), establishing a minimally intrusive methodology for the
measurement of both �uid pressure and structural loading. A number of methodologies
have emerged from the results of individual studies, however, a clear consensus on an
optimum has not yet been reached, and is �ow and setup dependent (Charonkoet al. 2010,
van Oudheusden 2013, Panet al. 2016).

In order to estimate �uid pressure (p(x; y; t )), the instantaneous velocity �elds (ui (x; y; t ))
obtained from two-component TR-PIV measurements are used to calculate the planar pres-
sure gradients from the Navier-Stokes equations:
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Since only two velocity components are measured in planar PIV(u; v), terms containing
the out-of-plane velocity(w) or out-of-plane derivatives (@=@z) are not evaluated, resulting
in an associated error in estimated pressure �elds (Baur and Köngeter 1999, Charonkoet
al. 2010, de Kat and van Oudheusden 2012, Ghaemiet al. 2012). For stereoscopic PIV
measurements, three velocity components(u; v; w) are measured, however, the out-of-plane
derivatives cannot be evaluated. In more general terms, the pressure gradient is related to
forces arising from viscous stresses and material acceleration (equation 3.3).
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Du i

Dt
(3.3)

The pressure gradient �eld may then be integrated, using for example one of the following
methods proposed in previous studies: (i) Baur and Köngeter (1999) utilized a spatial
marching scheme, (ii) Liu and Katz (2006) developed an omni-directional line integration
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technique, (iii) Dabiri et al. (2014) proposed an eight-path line integration technique, (iv)
multiple authors solved the pressure Poisson equation using a standard 5-point discretiza-
tion (Gurka et al. 1999, Fujisawaet al. 2005, de Kat and van Oudheusden 2012, Blinde
et al. 2016) or with an FFT integration (Huhn et al. 2016):

@2p
@x2i

= � �
@

@xi

Du i

Dt
(3.4)

simultaneously over the domain, (v) Tronchinet al. (2015) solved local equations for the
least squares approximation of the pressure �eld using an iterative method and (vi) multiple
authors (Hosokawaet al. 2003, Jawet al. 2009, Regertet al. 2011) have explored coupling
the PIV velocity �elds with common CFD algorithms to solve the pressure Poisson equa-
tion. Recent developments in Tomographic PIV (Elsingaet al. 2006) and three-dimensional
Particle Tracking Velocimetry (PTV) (Schanz et al. 2016) allow three-dimensional velocity
�eld characterization inside a volume, further extending the capacity of pressure estima-
tion (Violato et al. 2011, Ghaemiet al. 2012, Neeteson and Rival 2015, Laskariet al. 2016,
Schneiderset al. 2016a). For volumetric data, Poisson equation based methods are widely
used and are relatively computationally inexpensive (Blindeet al. 2016, Huhnet al. 2016).
However, the majority of prior work on pressure estimation has been focused on planar
velocity measurements, and such measurements are still prevalent.

Accurate estimation of the material acceleration (Du i =Dt) is vital to any method of
pressure estimation, since the viscous terms in equation 3.3 can often be neglected or are
relatively small for turbulent �ows where the inertial terms dominate (Ghaemiet al. 2012).
The material acceleration is typically estimated in either an Eulerian or Lagrangian frame
of reference. In the Eulerian frame, the material acceleration is estimated at each grid
point using, for example, second order central di�erences (Gurkaet al. 1999) (equation
3.5).
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Dt
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+ ui (x i ; t)
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In the Lagrangian frame, pseudo-tracking methods are used to track a �uid element co-
incident with each grid point at time t. For example, the material acceleration of the
tracked element may be estimated by iteratively determining the trajectory of the element
backward and forward in time using equations 3.6 and 3.7 (Liu and Katz 2006, de Kat and
van Oudheusden 2012, Lynch and Scarano 2014):
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Methods of material acceleration determination have been found to be subject to dif-
fering temporal resolution constraints depending on the advective and rotational nature
of the �ow (Jakobsen et al. 1997, Violato et al. 2011, de Kat and van Oudheusden 2012,
van Oudheusden 2013). Studies of wave phenomena indicated that the Lagrangian ap-
proach performs poorly compared to the Eulerian (Jakobsenet al. 1997). Violato et al.
(2011) compared errors associated with Eulerian and Lagrangian techniques for �ow over
a rod-airfoil and found that the upper bound on� t required to properly sample the con-
vective structures was lower for the Eulerian method compared to the Lagrangian method
(� tLag;max =� tEul;max � 3). When adhering to this guideline, resulting pressure evalua-
tions showed minor di�erences between the Eulerian and Lagrangian estimations (Violato
et al. 2011). de Kat and van Oudheusden (2012) studied the peak response characteristics
of an advecting vortex �ow and suggested that the upper bound for� t scales according
to the advective time-scale of the vortices for the Eulerian method, and according to the
vortex turn-over time for the Lagrangian method. Hence, in contrast to the results of
Violato et al. (2011), de Kat and van Oudheusden (2012) found that, in the wake of a
square cylinder, the pressure estimated using the Lagrangian approach leads to a rapid
decrease in correlation with surface microphone measurements at signi�cantly smaller� t
(� tLag;max =� tEul;max � 0:1). They recommended bounds on the interrogation window size
of � x=WS > 5 and on the acquisition frequency off acq=f f low > 10, where � x and f f low

are the smallest wavelength and the highest frequency of structures to be resolved in the
estimated pressure �eld.

Important for the experimental application of the techniques are methods to reduce the
e�ect of random error propagation to the material acceleration. Noise reduction in material
acceleration estimates can be achieved by reconstructing the �uid parcel trajectories over
multiple time realizations (Violato et al. 2011, Novara and Scarano 2013, Pröbstinget al.
2013, Lynch and Scarano 2014), �ltering the velocity �elds (Charonkoet al. 2010, Dabiri
et al. 2014), or applying Taylor's frozen �eld hypothesis for highly convective �ows (de Kat
and Ganapathisubramani 2013, Laskariet al. 2016). With the accuracy of the pressure
estimation being dependent on the random errors present in the velocity measurements,
the sensitivity of pressure estimation to typical measurement errors becomes an impor-
tant criterion for the identi�cation of an optimal technique. The omni-directional, spatial
marching, and Poisson solver techniques were compared by Charonkoet al. (2010) using
analytical solutions for a pulsatile �ow and a decaying vortex subject to arti�cially applied
velocity noise. It was concluded that the Poisson equation method performs better for the
advective oscillating slot �ow, while omni-directional line-integration and spatial marching
methods perform better for the rotational vortex �ow. Murai et al. (2007) superimposed
arti�cial error onto their experimental results and found the Poisson equation method to
be relatively insensitive to velocity �eld noise compared to the line-integration methods for
�ow around a Savonious turbine. Using an analytical solution for an advecting vortex, de
Kat and van Oudheusden (2012) found negligible di�erences between the omni-directional
technique and the pressure Poisson equation, but inhomogeneous propagation of velocity
error led to higher overall error values for the spatial marching method. Recently, Blinde
et al. (2016) compared a number of pressure estimation techniques using synthetic data
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obtained from a zonal detached eddy simulation (ZDES) of an axisymmetric base �ow,
and showed the superiority of PTV-based material acceleration estimates for computing
pressure �elds, as well as the bene�t of several techniques which implicitly correct the
velocity �eld in the solution for pressure. Some recent studies have attempted to quantify
the uncertainty in pressure estimations (� p) given uncertainties in the velocity �eld (� u)
(Violato et al. 2011, de Kat and van Oudheusden 2012, de Kat and Ganapathisubramani
2013, Azijli et al. 2016, Laskariet al. 2016), focusing on the Poisson equation problem.

Although the analytical framework has yet to be developed fully, multiple studies
(Charonko et al. 2010, Violatoet al. 2011, Laskariet al. 2016) suggest that optimal tempo-
ral and spatial resolutions exist which minimize the resulting pressure error by balancing
the truncation error (� trunc ) of the derivative estimates and the random error propagation
(� rand ) into the pressure integration. In addition, with optimum methodologies apparently
dependent on the �ow case (Charonkoet al. 2010), it is of interest to comprehensively
evaluate the performance of common pressure estimation techniques in �ows that are rep-
resentative of practical applications, building on the work performed to date on analytical
models of relatively simple �ows (Charonkoet al. 2010, de Kat and van Oudheusden 2012).
The present study considers a circular cylinder in cross-�ow, which represents a prototypi-
cal �ow case in blu�-body aerodynamics encountered in a variety of practical applications.
The main objective is to determine an optimal pressure estimation method, as well as as-
sociated optimum sampling rates (f acq) and spatial resolutions (WS) of acquired velocity
data for pressure estimation in vortex dominated wakes. In addition, the errors associ-
ated with utilizing planar velocimetry data in a three-dimensional �ow will be quanti�ed.
Previous studies have compared errors associated with utilizing planar velocimetry data
by comparing planar and volumetric evaluations on experimental data (de Kat and van
Oudheusden 2012, Ghaemiet al. 2012) or by sampling analytical solutions on o�set planes
(Charonko et al. 2010, de Kat and van Oudheusden 2012); however, the error has yet to be
globally quanti�ed for a realistic �ow case. To provide a reference pressure data for com-
parison, Direct Numerical Simulations (DNS) are used to simulate experimentally acquired
velocity �elds. The �ows spanning laminar, transitional, and turbulent shedding regimes
are subjected to uncorrelated velocity noise to simulate an experimental environment which
incurs errors in detecting the correlation peak during image processing (Ra�el 2007). The
results inform on the errors involved in pressure integration from planar PIV data, ob-
tained by common methodologies, and provide recommendations for optimal experimental
parameters for minimizing the errors in estimated pressure �elds.

3.2 Methodology

3.2.1 Direct numerical simulations

Pressure estimation techniques were tested with synthetic PIV data sampled from direct
numerical simulations of a circular cylinder in cross �ow for ReD = 100; 300; and 1575. The
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Figure 3.1: Hybrid O-type and H-type structured computational mesh, showing the mesh
density utilized for ReD = 1575.

ReD Nodes � �=� � � r=� � � z=� L z=D StD CL 0 CD

100 1:2 � 105 0:53� 0:08� 0 0 0.1670.161 0.2320.231 1.35 1.432

300 1:1 � 106 1:21� 0:66� 4:88 6 0.1990.201 0.4380.461 1.2781.242

1575 2:9 � 107 1:59� 0:71� 2:85 � 0.2170.211 0.0430.0451 0.9640.952

Table 3.1: Mesh parameters alongside experimental (bold) and numerical results for �ow
around a circular cylinder. 1Norberg (2003),2Wieselseberger (1922)

incompressible Navier-Stokes equations were solved using a �nite volume solver (ANSYS
CFX 14.0). The solver uses a second-order, blended �nite di�erence spatial discretization
scheme and a second-order backwards Euler implicit time marching scheme. The equations
were discretized and solved on a two-dimensional mesh for ReD = 100, since previous
experiments and simulations have established that no three dimensional e�ects are present
in the near wake at this Reynolds number (e.g., Persillon and Braza 1998, Williamson
1996a). Three-dimensional meshes were used for ReD = 300 and 1575(�gure 3.1). The
mesh is a structured O-type around the cylinder and a structured H-type mesh in the
remaining regions (�gure 3.1). Such a hybrid mesh con�guration is commonly used in
numerical studies on cylindrical geometries (e.g., Inoue and Sakuragi 2008, Morton and
Yarusevych 2010, McClureet al. 2015). A uniform streamwise velocity(u = ( U1 ; 0; 0)) is
prescribed at the inlet boundary and an average static pressure of zero is set across the
outlet boundary (p = 0) . The no-slip condition (u = (0 ; 0; 0)) is prescribed at the cylinder
surface, and the free-slip condition(un = 0; � t = 0) is imposed on the remaining domain
boundaries. Mesh sizing near the surface of the cylinder (table 3.1) was ensured to be
well below sizing recommendations relative to the Kolomogorov scale (� ) recommended by
Moin and Mahesh (1998) for DNS of common turbulent �ows. The mesh sizing can further
be compared to the DNS study of Wissink and Rodi (2008), who employed a second order
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discretization in space for a uniform cylinder at ReD = 3300 and tested �ve meshes with
various levels of re�nement. They achieved good convergence, based on wake statistics,
with a mesh containing1:4 � 108 nodes, and utilized similar relative re�nement in the
circumferential, radial, and spanwise directions (table 3.1) as those employed in the current
study. Assuming the node count scales approximately with Re9=4

D (Moin and Mahesh 1998),
2:9 � 107 nodes for ReD = 1575 (table 3.1) was deemed su�cient. The simulations for
ReD = 300 and 1575were initialized by course mesh simulations which spanned the initial
transient of the vortex shedding excitation, and results from the �ne mesh simulation
were sampled once the �uctuating lift and drag forces reached a quasi-steady state. The
instantaneous force data on the cylinder and streamwise velocity data atx=D = 5, y=D =
0:75 were then collected for a minimum duration of 8 cylinder vortex shedding cycles. The
shedding frequency (f s) was estimated based on a sinusoidal regression of the streamwise
velocity data. The results pertaining to the �uctuating lift force (CL 0), shedding frequency
(StD = f sD=U1 ), and mean drag (CD ) are summarized in table 3.1 and compared to
available experimental data. A comparison with experimental values shows a maximum
deviation of 5.6%. The minor deviations between numerical and experimental data in table
3.1 are similar to those found in other DNS studies at similar Reynolds numbers (Marzouk
et al. 2007, Wissink and Rodi 2008, Zhao and Cheng 2014).

The results are illustrated using iso-surfaces of the� 2-criterion (Jeong and Hussain
1995), where� 2 is the second largest negative eigenvalue ofS2 + 
 2 (equations 2.2 and
2.3), coloured by static pressure in �gure 3.2. Note, the results for ReD = 100 are extruded
in the spanwise direction for illustration purposes. It can be seen that, as expected, the
near wake development is de�ned by the formation and evolution of the von Kármán rollers
for all Reynolds numbers investigated. The dominant spanwise vortices undergo notable
deformations associated with the formation of three-dimensional secondary structures for
ReD � 300. For ReD = 300, a hyperbolic �ow instability in the shear regions between
primary vortex cores, termed �mode B� instability (Williamson 1996b), leads to the de-
velopment of secondary streamwise vortices which persist with a spanwise wavelength of
� z=D � 1:0 (Williamson 1996b, Scarano and Poelma 2009). For ReD = 1575, turbulent
transition occurs in the separated shear layers and precedes primary vortex formation. The
wake consists of a plethora of secondary structures interacting with the primary spanwise
rollers in a random fashion. As progressively �ner scale structures develop with increasing
ReD , characteristic spatial and temporal scales in the wake pressure �elds also decrease, as
expected, which is the primary reason for selecting these three test cases for the present
study.

3.2.2 Synthetic PIV and pressure estimation optimization

Synthetic PIV data were obtained by sampling planarx � y velocity �elds from the DNS
solutions at z = 0 (midspan) on an equispaced Cartesian grid on the domain� 2D < x <
2D and � 2D < y < 2D for a range off acq and WS. Similar to the approach employed
in previous studies (e.g., Charonkoet al. 2010, Azijli and Dwight 2015), Gaussian random
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Figure 3.2: Vortex visualizations using the� 2-criterion (� 2 = 0:01) (Jeong and Hussain
1995) for (a) laminar vortex shedding at ReD = 100 (two-dimensional data extruded for
comparison), (b) transitional vortex shedding at ReD = 300, and (c) turbulent vortex
shedding at ReD = 1575.

noise was added to the synthetic velocity �elds proportional to the magnitude of each
velocity component (~u = u(1 + � u)) to simulate measurement noise. The noise level (� u)
was varied between 0 and 2.5% in 0.25% increments in order to capture the initial error
response characteristics, which for a given methodology have been shown to extrapolate to
higher noise levels (Charonkoet al. 2010, de Kat and van Oudheusden 2012). To estimate
pressure from the synthetic data, Eulerian spatial and temporal derivatives of the velocity
�eld were calculated with second-order central di�erence estimators (equation 3.5) and used
to estimate the material acceleration and viscous terms in equations 3.3. The viscous terms
in the Navier-Stokes equations were found to be non-negligible for ReD = 100, and hence
were included for all ReD . A parametric study was performed to investigate the e�ects of
Reynolds number (ReD ), spatial resolution (WS), temporal resolution (f acq), velocity �eld
noise level (� u), and pressure estimation method on the accuracy of instantaneous pressure
�eld estimations (p). The investigated parameters are summarized in table 3.2.

Four common pressure integration techniques were compared: (i) omni-directional line
integration (Liu and Katz 2006), (ii) eight-path integration (Dabiri et al. 2014), (iii) Pois-
son equation (Gurkaet al. 1999), and (iv) local least squares iteration (Tronchinet al.
2015). For each temporal resolution (f acq), spatial resolution (WS), and noise level (� u)
investigated in the parametric study, instantaneous velocity �elds were sampled at six dif-
ferent phases over half a vortex shedding cycle (� = 0; �= 6; �= 3; �= 2; 2�= 3; 5�= 6) and �ve
refreshed noise pro�les were generated at each phase, resulting in a total of 30 unique
velocity �elds for each combination of parameters investigated, from which pressure is es-
timated using each integration technique. The error in each estimated pressure �eld (� p)
was quanti�ed using the spatial standard deviation of the di�erence between the estimated
(p) and DNS (pex) pressure �eld (equation 3.8). For a given combination of parameters,
the error response was then characterized by the mean (� p) and standard deviation (� � p )
of this error computed over the 30 pressure estimates.
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Estimation methodology ReD � u D=WS f acq=f S

Omni-directional

Eight-path

Poisson equation

Local least squares

100; 300; 1575 0 � 2:5% 5 � 100 7:8 � 1000

Table 3.2: List of pressure estimation methodologies employed in the current study and
ranges of parameters investigated in the parametric study.

� p =

q
(p � pex)2

1
2 �U 2

1
(3.8)

The implementation of boundary conditions can have considerable e�ects on the accu-
racy of pressure estimates (Panet al. 2016). For the iterative methods (omni-directional,
eight-path, and local least squares), the boundary conditions were implemented follow-
ing the approach employed in the studies that proposed these techniques (Liu and Katz
2006, Dabiri et al. 2014, and Tronchinet al. 2015), namely, where the domain was initial-
ized to zero pressure before integrating the pressure gradient over the inner domain and
boundaries. Additionally, for the omni-directional and eight-path methods, the boundary
pressures were initialized by a line integral of the pressure gradient �eld around the bound-
ary, starting at p1;1 = 0 at the bottom left corner point. Based on initial convergence tests,
a �xed number of pressure gradient integration iterations were performed. Speci�cally,
the omni-directional and eight-path methods used 5 iterations, and the local least squares
method used 3000 iterations. For the Poisson equation method, the Laplacian of the pres-
sure �eld (equation 3.4) was discretized using a 5-point second-order central di�erence
scheme and Neumann boundary conditions were imposed through the use of ghost grid
points at the outlet and cylinder boundaries in order to complete the �ve point scheme
where adjacent nodes lie outside the domain. The pressure values at the ghost points
were evaluated using the pressure gradient from the Navier-Stokes equation and the nodal
pressure on the opposing side of the �ve point scheme (e.g.,pi +1 ;j = pi � 1;j + 2� x @p

@xi;j
).

Neumann boundary conditions were implemented for the Poisson equation method on
all boundaries and an additional constraint equation was added to the system to spec-
ify p1;1 = 0. The resulting system of equations is over-constrained and the solution is
the least-squares solution (Trefethen 2000). For each method, the relative pressure �eld
was solved for initially, and a constant value was then added to each �eld such that the
Bernoulli equation extended to irrotational, inviscid, unsteady advective �ow with small
mean velocity gradients (equation 3.9) (de Kat and van Oudheusden 2012) was satis�ed,
on average, at the top and bottom boundaries.
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The parametric study and analytic models developed in the current study use Eulerian
estimates for the material acceleration (equation 3.5), since a comparison with a second or-
der Lagrangian scheme for material acceleration estimation (equations 3.6 and 3.7) resulted
in minor di�erences in error levels of the pressure evaluations for25 � f acq=fS � 1000when
three velocity �elds at t0 � dt, t0, and t0 + dt were utilized for both methods. However, the
extension of the analysis to Lagrangian material acceleration reconstructions overN �elds
is discussed using second order trajectory estimates (equations 3.6 and 3.7) between �elds
separated by� Mdt , � (M � 1)dt, ..., whereN = 2M + 1, with the material acceleration
estimated via a second order polynomial �t to the resulting trajectory (Lynch and Scarano
2014).

3.3 Results

The results of the parametric study yield a data set of about 110,000 pressure �eld cases.
Using this data set, the pressure estimation techniques are compared across a range of spa-
tial resolutions (WS), temporal resolutions (f acq), and velocity noise levels (� u) in laminar,
transitional, and turbulent �ows.

3.3.1 Comparison of pressure estimation methodologies

It has been demonstrated in one-dimensional parametric studies (Charonkoet al. 2010,
Violato et al. 2011, de Kat and van Oudheusden 2012, Tronchinet al. 2015) that optimal
temporal (f acq;opt) and spatial (WSopt) resolutions can be determined for a given �ow such
that the combined truncation (� trunc ) and random (� rand ) uncertainty propagation to the
pressure �eld estimate is minimized. Since the optima may vary based on the pressure
integration technique employed, it is necessary to estimate these parameters before a com-
parison between methods can be carried out. Figure 3.3 shows the variation of the mean
pressure error response (� p) with f acq and WS, for each tested technique and Reynolds
number, when the synthetic velocity �elds are contaminated with2:0% Gaussian white
noise. The magnitude of the mean pressure error is also illustrated by the white to red
colormap on the surface, with the optimal sampling parameters identi�ed either by the
minima or the whitest region of each surface. The surface sections coloured yellow indi-
cate where pressure estimation is unconverged for the local least squares approach due to
insu�cient iteration of the solver to mitigate the directional propagation of error for the
high spatial resolution calculations (D=WS � 50). Note that optimal values cannot be
strictly de�ned in every case due to the minima lying on the boundaries of the parametric
study. For example, the optima for the eight-path method, for each Reynolds number
investigated, likely lies beyond the minimumf acq=fS investigated, and the optima for the
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Figure 3.3: Optimization surfaces showing the mean pressure �eld error (� p) for � u = 2%
for the ranges of spatial and temporal resolutions investigated for each Reynolds number
and pressure estimation method investigated. Pressure estimations which are not converged
are coloured in yellow.

38


	List of Figures
	List of Tables
	Nomenclature
	Introduction
	Motivation
	Objectives
	Overview of thesis content

	Background
	Cylinder wake
	Effect of Reynolds number on wake vortex shedding
	Structural loading

	Vortex-induced vibrations
	One degree-of-freedom cylinder vortex-induced vibration
	In-line and transverse vortex induced vibration of a cylinder
	Modelling of Vortex-induced vibration

	Particle Image Velocimetry
	PIV-based Pressure
	PIV-based Load Estimation

	Optimization of Planar PIV-based Eulerian Pressure Estimates in Laminar and Turbulent Wakes
	Introduction
	Methodology
	Direct numerical simulations
	Synthetic PIV and pressure estimation optimization

	Results
	Comparison of pressure estimation methodologies
	Pressure PIV uncertainty minimization
	Effect of three-dimensional flow structures

	Conclusion

	Instantaneous PIV/PTV-based pressure gradient estimation: a framework for error analysis and correction
	Introduction
	Methodology
	Pressure from Velocimetry
	Pressure Gradient Error
	Reconstruction of the Pressure Gradient Error
	Synthetic PIV Data

	Results
	Taylor Vortex
	Advecting Lamb-Oseen Vortex
	Three-Dimensional Cylinder Wake

	Conclusion

	Generalized framework for PIV-based pressure gradient error field determination
	Introduction
	Mathematical Development
	Pressure gradient estimation
	Pressure Estimation
	Error Field Correction
	Error correction for Lagrangian pseudo-tracking

	Test Case
	Results
	Verification of solver
	Lagrangian Pseudo-Tracking Formulation

	Conclusion

	Planar momentum balance in three-dimensional flows: applications to load estimation
	Introduction
	Mathematical Development
	Conservation of linear momentum
	Conservation of linear momentum for a planar CV

	Test Cases
	Results
	Instantaneous load estimation
	Mean and RMS loading statistics
	Diagnosing estimation sensitivity to out-of-plane statistics

	Conclusion

	Flow-induced force distribution for a cylindrical body undergoing VIV
	Introduction
	Experimental Methodology
	Pressure and Force Estimation
	Pseudo-Instantaneous Three-Dimensional Reconstruction

	Results
	Sectional Results
	Three-Dimensional Results

	Conclusion

	Conclusions
	Recommendations
	References
	Appendices
	Circulation Calculation
	Circulation calculation of primary vortices in the cylinder wake
	Circulation calculation of secondary vortices in the cylinder wake

	Small Amplitude Force Model
	Small amplitude coupled model
	Vortex force model



