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Abstract

Composite convex optimization problems are abundant in industry, and first order meth-
ods to solve them are growing in popularity as the size of variables reaches billions. Since
the objective function could be possibly non-smooth, proximal gradient methods are one
of the main tools for these problems. These methods benefit from acceleration, which uses
the memory of past iterates to add momentum to the algorithms. Such methods have a
O(1/k2) convergence rate in terms of function value where k is the iteration number.

Restarting algorithms has been seen to help speed up algorithms. O’Donoghue and Candès
introduced adaptive restart strategies for accelerated first order methods which rely on easy
to compute conditions, and indicate a large performance boost in terms of convergence.
The restart works by resetting the momentum gained from acceleration. Their strategies
in general are a heuristic, and there is no proof of convergence.

In this thesis we show that restarting with the O’Donoghue and Candès condition improves
the standard convergence rate in special cases. We consider the case of one-dimensional
functions where we prove that the gradient based restart strategy from O’Donoghue and
Candès improves the O(1/k2) bound. We also study the restarting scheme applied to the
method of alternating projections (MAP) for two closed, convex, and nonempty sets. It
is shown in Chapter 6 that MAP falls into the convex composite paradigm and therefore
acceleration can be applied. We study the case of MAP applied to two hyperplanes in
arbitrary dimension. Furthermore we make observations as to why the restarts help, what
makes a good restart condition, as well as what is needed to make progress in the general
case.
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Chapter 1

Introduction

First order methods have seen a renaissance with the advent of machine learning and large
scale data science applications. One of the most well-known first order algorithms is the
accelerated gradient descent (AGD) method developed in the 1980s by Nesterov. In the
2000s, motivated by the linear inverse problem, Beck and Teboulle introduced the Fast
Iterative Shrinkage-Thresholding Algorithm (FISTA), a proximal-gradient counterpart of
AGD. The proximal-gradient algorithm is capable of handling non-smooth convex mini-
mization problems, in particular it is suited for the class of composite models where the
objective function can be broken up into a smooth and nonsmooth component.

Due to the popularity of these accelerated methods in application, heuristics have emerged
to offer additional performance boosts. One such example is that of adaptive restarting,
introduced by O’Donoghue and Candès [33]. Their heuristic resets the algorithm adap-
tively depending on whether or not some conditions are satisfied. While their methods have
shown great empirical performance, there is no actual proof of convergence of the algorithm
under their adaptive strategy. Several different restart strategies with convergence guaran-
tees have been created, but they all require stronger assumptions on the objective function.

In this thesis we will study further one of the methods introduced by O’Donoghue and
Candès. In particular, we will show that it offers improvements in the one dimensional
case. Furthermore, we will study the behaviour of the algorithm with regards to the convex
feasibility problem.
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Thesis outline

The thesis is outlined as follows:

• Chapter 2: The thesis starts with the necessary background information. This
covers convex analysis, results pertaining to first order algorithms, as well as a foray
into nonexpansive mappings.

• Chapter 3: Here restart strategies are introduced. We differentiate between fixed,
and adaptive strategies. The heuristics of O’Donoghue and Candès are introduced.

• Chapter 4: In the fourth chapter a literature review of restart strategies for accel-
erated methods is done. There is a focus on results obtained when further conditions
are put on the objective function.

• Chapter 5:1 Our results for the one dimensional case are presented in this chapter.

• Chapter 6: The convex feasibility problem for the case of two sets is cast as a
composite minimization problem. We explore the special case of where the two sets
are two hyperplanes in arbitrary dimension.

1Results in this section were presented at the Optimization for Machine Learning workshop at NeurIPS
2023.
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Chapter 2

Background Information

2.1 Framework and Problem

Throughout this thesis, the main problem of study will be the following composite model .
Given f, g : Rn → R ∪ {+∞} we wish to solve

min
x∈Rn

f(x) + g(x). (P)

We will assume that f and g are convex, lower semi-continuous, and proper functions. In
addition f is L-smooth, that is ∇f is Lipschitz continuous (see Definition 2.9). The setting
in the above model is that of an unconstrained optimization problem. Although many real
world applications are modeled by constrained problems, this can still be accommodated
in the composite model.

Definition 2.1 (Indicator Function). Let C ⊆ Rn, then the indicator function of C
denoted ιC is defined by

ιC(x) =

{
0, x ∈ C

+∞, x /∈ C
. (2.1)

We can now use the indicator function to transform a constrained problem into an
unconstrained one.

Example 2.1 (Constrained Optimization). Consider the following constrained optimiza-
tion problem where C ⊆ Rn is closed, convex, and nonempty,

min
x∈C

f(x). (2.2)
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By setting g(x) = ιC(x) then the constrained problem is equivalent to (P) as any minimizer
must be in the set C. The new unconstrained problem is now

min
x∈Rn

f(x) + ιC(x). (2.3)

2.2 Definitions and Results

In this section we will introduce definitions, notation, and theoretical results which will be
used throughout the thesis.

A vector in Rn is denoted by a lowercase letter, e.g x ∈ Rn. The subscript x(j) denotes the
jth coordinate of the vector x. For x, y ∈ Rn the notation

⟨x, y⟩ =
n∑

i=1

x(i)y(i)

is the standard inner product. Then the induced norm is denoted as

||x|| = ||x||2 =
√
⟨x, x⟩.

Given c ∈ Rn and r > 0 we denote the closed ball centered at c with radius r by

B(c, r) = {x ∈ Rn : ||x− c|| ≤ r}. (2.4)

We will use X∗ to denote the set of solutions to (P).

Now consider f : Rn → R∪{+∞}, then we introduce the assumptions on the functions
in the composite model.

Definition 2.2 (Proper). Let domf = {x ∈ Rn : f(x) < +∞}. If domf ̸= ∅ and
furthermore ∀x ∈ Rn if f(x) > −∞ then we say that f is proper.

Definition 2.3 (Lower semi-continuous). The function f is lower semi-continuous (lsc.)
at x ∈ Rn if for every sequence (xn)n∈N converging to x we have

f(x) ≤ lim inf
n→∞

f(xn). (2.5)

Definition 2.4 (Relative interior). Let C ⊆ Rn. Recall that the interior of C is intC =
{x ∈ C : ∃ε > 0 such that B(x, ε) ⊆ C}. Further recall that the affine hull of C
denoted aff(C) is the smallest affine subspace containing C. Then the relative interior
of C denoted ri C is,

ri C = {x ∈ C : ∃ε > 0 such that aff(C) ∩B(x, ε) ⊆ C}. (2.6)
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We recall what it means for a function to be convex.

Definition 2.5 (Convex set). A set C ⊆ Rn is a convex set if for all x, y ∈ C and
λ ∈ [0, 1] the point z = λx+ (1− λ)y ∈ C.

Definition 2.6 (Epigraph). The epigraph of a function f : Rn → R ∪ {∞} is the set of
points that lie above the graph. More formally it is defined as

epi f := {(x, α) ∈ Rn × R : f(x) ≤ α}. (2.7)

Definition 2.7 (Convex function). We say that f is convex if the epigraph of f is a
convex set. Equivalently, f is convex if for all x, y in the domain of f , and λ ∈ [0, 1] the
following inequality holds:

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y). (2.8)

If the above inequality is strict, then we say f is strictly convex.

Convex functions are very nice to work with when minimizing.

Definition 2.8 (Local and global minimizers). We say that x∗ is a local minimizer for
f if there exists an ε > 0 such that for all x ∈ B(x∗, ε) we have f(x∗) ≤ f(x).

On the other hand x∗ is a global minimizer if for all x ∈ Rn we have f(x∗) ≤ f(x).

The following proposition is what makes convex functions favorable when minimizing.

Proposition 2.1. Let f : Rn → R∪{∞} be a convex function. Then every local minimizer
of f is a global minimizer.

The power of this is most algorithms which are used in optimization provide local
solutions, but when dealing with convex problems, every such solution will be in fact
global. The last assumption we had was that f was L-smooth.

Definition 2.9. A function f is L-smooth if it is differentiable, and for some L ≥ 0 its
gradient satisfies the following Lipschitz condition,

∀x, y ∈ Rn ||∇f(x)−∇f(y)|| ≤ L||x− y||. (2.9)

We state an important result for functions which are L-smooth and convex.
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Theorem 2.2. [14, Theorem 5.8 ] Let f : Rn → R be convex, differentiable on Rn, and let
L > 0. Then the following are equivalent:

(i) f is L−smooth.

(ii) f(y) ≤ f(x) + ⟨∇f(x), y − x⟩+ L
2
||x− y||2 ∀x, y ∈ Rn.

(iii) f(y) ≥ f(x) + ⟨∇f(x), y − x⟩+ 1
2L
||∇f(x)−∇f(y)||2 ∀x, y ∈ Rn .

(iv) ⟨∇f(x)−∇f(y), x− y⟩ ≥ 1
L
||∇f(x)−∇f(y)|| ∀x, y ∈ Rn.

Note that Theorem 2.2 (ii) provides a convex quadratic upper bound for the function
f at a point y given x. An additional definition we include is that of strong convexity.
Functions satisfying strong convexity provide the benefit of having a unique minimizer.

Definition 2.10. A function f is µ−strongly convex (or just strongly convex) with
µ > 0 if for all x, y ∈ Rn and λ ∈ (0, 1) we have,

f(λx+ (1− λ)y)) ≤ λf(x) + (1− λ)f(y)− µ
λ(1− λ)

2
||x− y||2. (2.10)

Note that strongly convex functions are strictly convex due to the additional term including
the norm.

If in addition we have that f is differentiable, then we have the following list of equiv-
alences

Proposition 2.3. [39] Let f : Rn → R∪{+∞} be differentiable and µ > 0. The following
are equivalent:

(i) f is µ-strongly convex.

(ii) f(y) ≥ f(x) + ⟨∇f(x), y − x⟩+ µ
2
||x− y||2 for all x, y ∈ Rn.

(iii) ⟨∇f(x)−∇f(y), x− y⟩ ≥ µ||x− y||2 for all x, y ∈ Rn.

Similar to how L-smoothness gives an upper bound, item (ii) in the above proposition
gives a convex quadratic lower bound for the function f.

6



2.3 Gradient Methods

In this section we will consider the simpler problem,

min
x∈Rn

f(x) (2.11)

where f is convex, and L-smooth. We also assume that f has a minimizer, therefore our
problem has a solution. The vector∇f(x) is thought of as the direction of steepest increase.
In the case of a minimization problem, given a point x we would move in the direction
−∇f(x) to decrease the function value. Given that f is convex, every local minimum is
a global minimum and so it is reasonable to move in the direction given by the negative
gradient. It is also equally important to consider how far to move in the given direction.
The following proposition asserts that taking a step of length 1/L will decrease the value
of the objective function.

Proposition 2.4. Let f : Rn → R be L-smooth and let x ∈ Rn. Then

f

(
x− 1

L
∇f(x)

)
≤ f(x). (2.12)

Proof. Set y = x− 1
L
∇f(x). Then by Theorem 2.2 we have

f

(
x− 1

L
∇f(x)

)
≤ f(x)− 1

L
||∇f(x)||2 + 1

2L
||∇f(x)||2. (2.13)

Rearranging,

0 ≤ 1

2L
||∇f(x)||2 ≤ f(x)− f(y). (2.14)

Therefore we see that taking a step in the direction of the negative gradient of size 1/L
will decrease the objective function value provided that ∇f(x) is not equal to zero.

This gives rise to the classical gradient descent (GD) algorithm. Given x0 ∈ Rn, for
k ≥ 0 update via

xk+1 = xk −
1

L
∇f(xk). (2.15)

Let f ∗ = infx∈Rn f(x) be the minimum objective value. Note that f ∗ ≤ f(xk) for all k ≥ 0.
A classical result on GD is that the rate of convergence of the algorithm is O(1/k) [14, see
Chapter 10]. More precisely, this can be expressed as, for all k ≥ 1

f(xk)− f ∗ ≤ L

2

||x0 − x∗||2

k
, (2.16)
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where x∗ is a minimizer of f [14, Thm. 10.21]. While GD does have the benefit of guaran-
teeing progress, it does have the drawback of having a slow rate of convergence. To address
this, Nesterov introduced accelerated gradient descent (AGD) in 1983 [30].

AGD differs from classical gradient descent by adding a new sequence of vectors which
use the memory of previous iterates to move forward. Consider a point x0 ∈ Rn and define
y0 = x0. Then define a sequence of scalars (tk)k∈N. The sequence must satisfy the following
conditions for all k ≥ 1 [15]:

tk ≥
k + 2

2
≥ 1 = t0 (2.17)

t2k ≥ t2k+1 − tk+1. (2.18)

Two popular choices of (tk)k∈N are given below,

tk =
k + 2

2
, tk+1 =

1 +
√
1 + 4t2k
2

, t0 = 1. (2.19)

It can be seen in the original work by Beck and Teboulle that the second sequence satisfies
the above requirements [15]. A step in AGD is given by a gradient step as in GD but now
it is from the sequence of y′ks

xk+1 = yk −
1

L
∇f(yk). (2.20)

The update on the yk is

yk+1 = xk+1 +
tk − 1

tk+1

(xk+1 − xk). (2.21)

It can be seen that the (yk)k∈N sequence is an affine combination of the previous iterates
of (xk)k∈N. The term tk−1

tk+1
∈ (0, 1) is commonly called the momentum parameter. The

momentum term represents the emphasis on the previous iterates. As k increases, the
momentum parameter increases towards 1 and more emphasis is put on the previous it-
erations. Due to this, the (yk)k∈N sequence can take steps which are too big and result
in an increase in function value. Even with this non-monotonicty in function value, AGD
outperforms GD. The convergence of the function value is O(1/k2) and is given by

f(xk)− f ∗ ≤ L

2

||x0 − x∗||2

(k + 1)2
(2.22)

where x∗ is the closest solution to the initial point x0.
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2.4 Nonsmooth Convex Analysis

This section of the thesis presents definitions and important results from convex analysis,
that are especially important when the objective function f is not necessarily differen-
tiable at all points x ∈ Rn. To appease this we need to introduce a broader object, the
subdifferential operator.

Definition 2.11 (Subdifferential and subgradient). Let f : Rn → R ∪ {+∞} be convex.
The subdifferential of f at a point x ∈ Rn is the set ∂f(x) defined by,

∂f(x) = {u ∈ Rn : ∀y ∈ Rn f(y) ≥ f(x) + ⟨u, y − x⟩}. (2.23)

An element u ∈ ∂f(x) is called a subgradient of f at x. Furthermore the inequality
defining the subgradient is called the subgradient inequality. We refer to the domain of
the subdifferential as dom ∂f = {x ∈ Rn : ∂f(x) ̸= ∅} ⊆ dom f.

Example 2.2. One of the most classical examples is the subdifferential of f = | · | on the
real line. The absolute value function is not differentiable at 0 so f ′(0) does not exist. The
subdifferential is computable for all x and is given by,

∂|x| =


{−1} , x < 0

[−1, 1] , x = 0

{1} , x > 0

. (2.24)

A result which states when the subdifferential is nonempty is stated below.

Theorem 2.5. [14, Theorem 3.14] Let f : Rn → R∪{+∞} be proper and convex. Assume
that x ∈ ri(dom f). Then ∂f(x) is convex, nonempty.

The above theorem states effectively that ri(dom f) ⊆ dom ∂f . An immediate corollary
is then

Corollary 2.6. Let f : Rn → R ∪ {+∞} be proper, convex, and continuous. Then for all
x ∈ Rn we have that ∂f(x) ̸= ∅.

In view of Example 2.2, we notice that when x ̸= 0, then f(x) = |x| is differentiable
and the subdifferential agrees with f ′(x). The following theorem makes this connection
explicit.

9



Theorem 2.7. [34, Theorem 25.1] Let f : Rn → R ∪ {+∞} be convex and let x ∈ Rn. If
f is differentiable at x then ∂f(x) = {∇f(x)}. Conversely, if ∂f(x) is a singleton, then f
is differentiable at x.

The subdifferential plays an important role in optimization. Recall in calculus when
wanting to minimize a function f one would find the zeros of f ′(x). A similar idea holds
in general.

Theorem 2.8 (Fermat’s Rule). Let f : Rn → R ∪ {+∞} be proper and let x ∈ Rn. Then

0 ∈ ∂f(x) ⇐⇒ x is a global minimizer of f . (2.25)

Proof. The proof is almost immediate. Let x ∈ Rn then,

0 ∈ ∂f(x) ⇐⇒ ∀y ∈ Rn f(y) ≥ f(x) + ⟨0, y − x⟩ (2.26)

⇐⇒ ∀y ∈ Rn f(y) ≥ f(x) (2.27)

⇐⇒ x is a global minimizer of f . (2.28)

Consider now the composite model (P).

min
x∈Rn

f(x) + g(x) (2.29)

where g : Rn → R ∪ {+∞} is proper, lsc, and convex function and f is convex, and
L-smooth. Since g is possibly nonsmooth, the gradient may not exist.

Let X∗ = argminx∈Rn{f(x) + g(x)} be the set of minimizers of (P). By Theorem 2.8
we must have that for x ∈ X∗,

0 ∈ ∂(f + g)(x). (2.30)

It holds that ∂f + ∂g ⊆ ∂(f + g), but there are exceptions to the converse containment.
Fortunately, under constraint qualifications it is possible for this sum to hold with equality.

Theorem 2.9. [11, Cor. 16.48 (ii)] Let f and g be proper and convex on Rn. Suppose
that int(dom f) ∩ dom g ̸= ∅. Then for all x ∈ Rn ∂(f + g)(x) = ∂f(x) + ∂g(x).

Since f is L− smooth on Rn by assumption when we consider (P) it holds that f is full
domain. Therefore we can apply the sum rule to obtain,

∂(f + g)(x) = ∂f(x) + ∂g(x) (2.31a)

= ∇f(x) + ∂g(x). (2.31b)

10



Here the second equality holds because f is differentiable. The fact that this equality holds
will be critical in the following section where the proximal mapping and proximal gradient
based methods are introduced.

2.5 Proximal Operator

In this section the proximal operator is introduced. This operator will be fundamental in
dealing with nonsmooth convex problems.

Definition 2.12 (Proximal operator). Let f : Rn → R∪{+∞} be convex, lsc, and proper.
Then the proximal operator of f at y ∈ Rn is defined as,

proxf (y) = argminx∈Rn

(
f(x) +

1

2
||x− y||2

)
. (2.32)

For brevity, we will refer to the proximal operator of f as the prox of f .

The proximal operator was introduced in 1962 by Moreau [26]. The operator has been
extensively studied and has seen many applications in problems such as signal recovery
[18], and algorithms like ADMM[16], and FISTA[15].

The prox operator generalizes the projection operator. Let C ⊆ Rn be a nonempty set,
then the projection onto C is defined as,

PC(y) = argminx∈C{||x− y||}. (2.33)

Example 2.3. Let C ⊆ Rn be closed, convex, and nonempty. Then f = ιC is lsc, convex,
and proper. The prox of the indicator is nothing but the projection onto the set C.

proxιC (y) = argminx∈Rn{ιC(x) +
1

2
||x− y||2}. (2.34)

= argminx∈C{
1

2
||x− y||2} (2.35)

= argminx∈C{||x− y||} (2.36)

= PC(y). (2.37)

The following two theorems provide fundamental properties of the prox operator. The
first theorem will guarantee existence and uniqueness under the assumptions in (P). Mean-
while the second theorem will relate the operator to optimization problems.

11



Theorem 2.10. [14, Thereom 6.8] Let f : Rn → R∪ {+∞} be proper, closed, and convex
and let x ∈ Rn. Then proxf (x) is a singleton.

Since the assumptions on g in (P) are the assumptions of the above theorem we need not
worry about whether the prox of g is defined. However, when working with algorithms we
will require that g is ’proximable’ which loosely means that we can compute the operator
easily.

Theorem 2.11. [14, Thereom 6.39] Let f : Rn → R ∪ {+∞} be proper, lsc, and convex.
Then for any x, y ∈ Rn the following are equivalent:

(i) y = proxf (x).

(ii) x− y ∈ ∂f(y).

(iii) ⟨x− y, z − y⟩ ≤ f(z)− f(y) ∀z ∈ Rn.

Items (i) and (ii) tell us that x = proxf (x) ⇐⇒ 0 ∈ ∂f(x). That is, x is a fixed point
of the proximal operator if and only if it is a minimizer of the function f. In view of (ii)
we can define the prox as

proxf = (Id+∂f)−1. (2.38)

2.6 Nonexpansive Operators

In this section, we introduce a broader class of operators of which the prox operator belongs
to. These are the classes of nonexpansive, firmly nonexpansive, and averaged operators.
Averaged operators (and as we will see, firmly nonexpansive) have the useful properties
that iteratively applying the operator will result in converging to a fixed point, provided
that one exists.

In this section let X be a finite dimensional Hilbert Space.

Definition 2.13 (Nonexpansive, firmly nonexpansive, averaged). Let T : X → X. Then
T is nonexpansive if for all x, y ∈ X

||Tx− Ty|| ≤ ||x− y||. (2.39)

12



T is firmly nonexpansive (or just f.n.e) if for all x, y ∈ X

||Tx− Ty||2 ≤ ⟨x− y, Tx− Ty⟩. (2.40)

T is α-averaged if for α ∈ (0, 1) it holds that,

||Tx− Ty||2 ≤ ||x− y||2 − 1− α

α
||(Id−T )x− (Id−T )y||2. (2.41)

Clearly firmly nonexpansive operators are nonexpansive, as well as averaged. In fact T
is f.n.e if and only if T is 1/2 averaged. An example of a firmly nonexpansive operator is
the proximal operator defined in the previous section.

Averaged operators have the nice property that compositions of averaged operators are
averaged. For example, if T1, T2 are firm, then T = T2T1 is 2/3 averaged. The follow-
ing definition will be useful for when we use averaged operators in algorithms. Below we
include several equivalent formulations of firmly nonexpansive operators.

Theorem 2.12. [11, Prop. 4.4] Let T : X → X. The following are equivalent:

(i) T is firmly nonexpansive.

(ii) Id−T is firmly nonexpansive.

(iii) ∀x, y ∈ X, ⟨x− y, Tx− Ty⟩ ≥ ||x− y||2.

(iv) 2T − Id is nonexpansive.

Let C ⊆ X be closed, convex, and nonempty. Then an example of a firmly nonexpansive
operator is the projection PC (see [11, Prop. 4.16]).

Definition 2.14 (Fejér Monotone). Let C ⊆ X be nonempty. We say that a sequence
(xk)k∈N is Fejér monotone with respect to C if for all c ∈ C

||xk+1 − c|| ≤ ||xk − c||. (2.42)
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Note that a sequence being Fejér monotone w.r.t a set C does not imply that the se-
quence converges to a point in C.

Let Fix T = {x ∈ X : Tx = x} be the set of fixed points of the operator T. The
following result is remarkably useful from an algorithmic point of view.

Proposition 2.13. [13, Cor. 22.20] Let T : X → X be α-averaged, and suppose Fix T is
nonempty. Let x0 ∈ X, update via ∀k ≥ 0

xk+1 = Txk = T kx0.

Then (xk)k∈N is Fejér monotone with respect to Fix T and it converges to a point in Fix T.

An immediate application of the above proposition is the proximal point algorithm.
Let g : Rn → R ∪ {+∞} be convex, lsc, and proper. Then proxg (x) is a singleton and
defined for all x ∈ Rn. Furthermore, since the prox operator of such function is firmly
nonexpansive (see [11, Prop. 12.28]), then it is averaged and, we know a fixed point of the
prox is a minimizer of g. The proximal point algorithm is then described as follows: given
x0 ∈ Rn update via

xk+1 = proxg (xk) ∀k ≥ 0. (2.43)

By the above proposition, (xk)k∈N converges to a fixed point of proxg and thus a solution
to the problem minx∈Rn g(x).

2.7 Proximal Gradient Algorithms

In the previous sections we have seen that algorithms like AGD can be used when the
objective function is differentiable, and proximal point algorithm can be used when the
objective is not smooth. Proximal gradient (PG) puts the two ideas together to solve the
composite problem. The algorithm splits the composite problem into two steps; first a
gradient step with respect to f is taken, then a prox step with respect to g.

Another way to view the proximal gradient algorithm is to think of it as minimizing a
quadratic approximation. Since f in (P) is L-smooth, by Theorem 2.2 there exists a
quadratic upper bound of f. Let y ∈ Rn be fixed. Define

QL(x ; y) := f(y) + ⟨∇f(y), x− y⟩+ L

2
||x− y||2 + g(x) (2.44)

14



as the quadratic approximation of f +g at y. The quadratic approximation of f is strongly
convex, hence Q is strongly convex and admits a unique minimizer. The quadratic ap-
proximation provides us a unique minimizer which for now we denote x̄y, we can explicitly
compute it as follows,

x̄y = argminx∈Rn (QL(x, y)) (2.45)

= argminx∈Rn

(
f(y) + ⟨x− y,∇f(y)⟩+ L

2
||x− y||2 + g(x)

)
(2.46)

= argminx∈Rn

(
⟨∇f(y), x⟩+ L

2
||(x− y +

1

L
∇f(y))− 1

L
∇f(y)||2 + g(x)

)
(2.47)

= argminx∈Rn

(
⟨∇f(y), x⟩+ L

2
||x− y +

1

L
∇f(y))||2 − L

2

(
2

L
⟨∇f(y), x⟩

)
+ g(x)

)
(2.48)

= argminx∈Rn

(
L

2
||x−

(
y − 1

L
∇f(y))

)
||2 + g(x)

)
(2.49)

= prox 1
L
g

(
y − 1

L
∇f(y)

)
. (2.50)

Given x0 ∈ Rn, the proximal gradient algorithm generates a sequence (xk)k∈N via

xk+1 = prox 1
L
g

(
xk −

1

L
∇f(xk)

)
. (2.51)

This provides an intuitive view of the PG algorithm, but it can also be viewed from an op-
erator standpoint. In the previous section, it was seen that iterations of averaged operators
converge to a fixed point, and that compositions of averaged operators are averaged. To
that end, set T1 = Id− 1

L
∇f and T2 = prox 1

L
g. It was stated that T2 is firmly nonexpansive,

hence 1/2 averaged. In fact, T1 is also firmly nonexpansive. The following theorem due to
Baillon amd Haddad relates nonexpansiveness and firm nonexpansiveness of the gradient.

Theorem 2.14 (Baillon - Haddad [7]). Let f : Rn → R be convex, and differentiable.
Then ∇f is nonexpansive if and only if ∇f is firmly nonexpansive

It is easy to see by L-smoothness of f that 1
L
∇f is nonexpansive, and hence by the above

theorem it is firmly nonexpansive, and thus equivalently Id− 1
L
∇f is firmly nonexpansive.

Therefore,

T = T2 ◦ T1 = prox 1
L
g(Id−

1

L
∇f)
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is averaged. By Proposition 2.13 PG converges to a fixed point of T provided one exists.
It remains only to verify that the fixed point that PG converges to is in fact a minimizer
of (P). To that end, let x ∈ Rn, then

x ∈ Fix T ⇐⇒ x = Tx

⇐⇒ x = prox 1
L
g

(
Id− 1

L
∇f
)
(x)

⇐⇒ x− 1

L
∇f(x) ∈ (Id+∂(

1

L
g))(x)

⇐⇒ − 1

L
∇f(x) ∈ ∂(

1

L
g)(x)

⇐⇒ 0 ∈ 1

L
∇f(x) + ∂(

1

L
g)(x)

⇐⇒ 0 ∈ ∇f(x) + ∂g(x)

⇐⇒ 0 ∈ ∂f(x) + ∂g(x) (f is differentiable hence ∂f(x) = {∇f(x)})
⇐⇒ 0 ∈ ∂(f + g)(x) (sum rule holds because domf = Rn)

⇐⇒ x is a global minimizer of f + g.

Seeing that the fixed point provided by repeated applications of T , the algorithm given by
the update rule Eq. (2.51) will provide a solution to (P).

An acceleration, in the same way that AGD comes from GD, can be applied to PG.
This accelerated proximal gradient (APG) algorithm will be the main focus of this thesis.
The acceleration was introduced by Beck and Teboulle[15], and an acceleration to proximal
gradient was also studied by Nesterov [28] around the same time. Both methods provide
a rate of convergence in function value on the order of 1

k2
.

Algorithm 1 Accelerated Proximal Gradient (APG)

Require: x0 ∈ Rn,∇f is Lipschitz continuous with constant L > 0, a parameter sequence
(tk)k∈N satisfying (2.17)
y0 ← x0

t0 ← 1
for k = 0, 1, 2 . . . do

xk+1 ← prox 1
L
g

(
yk − 1

L
∇f(yk)

)
β ← tk−1

tk+1

yk+1 ← xk+1 + β(xk+1 − xk)
end for
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The following theorem states the convergence rate of the algorithm.

Theorem 2.15. [15, Theorem 4.4] Let f : Rn → R be convex, differentiable, and let
g : Rn → R ∪ {+∞} be convex, lsc, and proper. Further assume that f is L-smooth
with constant L > 0. Let x∗ = PX∗(x0) where X∗ is the set of solutions to the composite
problem, and denote F = f + g. Given x0 ∈ Rn,and sequences (xk)k∈N, (yk)k∈N generated
by Algorithm 1, we have for k ≥ 1

F (xk)− F (x∗) ≤ 2L||x0 − x∗||2

(k + 1)2
. (2.52)

Setting g ≡ 0 recovers AGD as the prox operator reduces to Id. This means that both
GD and AGD can be viewed as special cases of their respective proximal based methods,
and as such, we can recover the convergence results by looking at the composite case only.

One important difference is that in PG we have convergence of iterates to a fixed point,
but in APG there is no such guarantee. In PG, the iterates are fixed point iterations so
Proposition 2.13 guaranteed convergence, but in APG, the operator T is applied to the
(yk)k∈N sequence which is an affine combinations of the xk’s.

Another important remark is that for both APG, and PG to be efficient, we require that
g has a prox that can be exactly computed. If the prox of g is computed inexactly then as
long as there is sufficient control on the error, both PG, and APG will recover the same
convergence rate as the exact version [35].
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Chapter 3

Restarts

The basis of this thesis is on restarting accelerated gradient type methods. This chapter
will serve as an overview of the topic of restarting algorithms, as well as the two different
strategies of restarting.

Restarting is the idea of running an algorithm for a certain amount of steps, then reinitial-
izing it with the last iterate outputted. This idea is not unique to the methods mentioned
earlier in this thesis. Restarts have been studied for derivative free methods [24], stochastic
first order methods [23], [37], and algorithms like Primal-Dual Hybrid Gradient (PDHG)
[4].

There are two types of strategies when it comes to restarting, namely fixed restart and
adaptive restart strategies. In fixed restart strategies, a number of iterations before the
algorithm restarts is specified beforehand. On the other hand, algorithms using adaptive
restart strategies run until some condition is met; once the condition is met, the restart is
triggered. Both approaches have advantages and disadvantages. When performing fixed
restarts, the main question is whether or not it is possible to obtain a specific iteration
number at which restarting will help. In adaptive methods, the restart condition must be
easy to check, and actually occur.

We will go over both fixed, and adaptive restart strategies as concerned with accelerated
first order methods.
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3.1 Fixed Restarts

In this section consider the optimization problem

min
x∈Rn

f(x). (3.1)

Here f : Rn → R is L-smooth, and µ-strongly convex. This is a candidate problem for
AGD. Note that for this class of functions one can slightly modify AGD [31]:

Algorithm 2 Strongly Convex AGD

Require: x0 ∈ Rn,∇f is Lipschitz continuous with constant L > 0, and µ strongly convex
y0 ← x0

β∗ ← 1−
√

µ/L

1+
√

µ/L

for k = 0, 1, 2 . . . do
xk+1 ← yk − 1

L
∇f(yk)

yk+1 ← xk+1 + β∗(xk+1 − xk)
end for

Using Algorithm 2 will provide the following convergence bound on the function values,

f(xk)− f ∗ ≤ L

(
1−

√
µ

L

)k

||x0 − x∗||2. (3.2)

The above convergence rate achieves ε accuracy in

O

(√
L

µ
log

1

ε

)
(3.3)

iterations.

For L-smooth and µ-strongly convex functions it is possible to compute an optimal
restart frequency such that the upper bound on the function values à la (3.3) is recovered
while using Algorithm 1 (with g ≡ 0) and restarting. In this setting the optimal restart
frequency refers to amount of iterations between restarts to recover the convergence guar-
antee of AGD for an L-smooth and µ-strongly convex function. The optimal iteration
number has been studied before, and the rederivation provided below will follow the one
in [33].
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Let j represent the number of times the algorithm has restarted, and let k be iteration
number in the current restart segment. Let x∗ be the unique minimizer of f. Then we have

f(x(j,k))− f ∗ ≤
2L||x(j,0) − x∗||2

k2
(3.4)

≤ 4L

µk2
(f(x(j,0))− f ∗). (3.5)

The above inequality is obtained from using the guarantee on the function values from
Algorithm 1 and the strong convexity of the objective function. Strong convexity can be
applied jk times

f(x(j,0))− f ∗ ≤
(

4L

µk2

)j

(f(x(0,0) − f ∗). (3.6)

Minimizing over j, and k subject to the constraint that jk = C where C is the total number
of iterations yields

k∗ = 2e

√
L

µ
, (3.7)

where k∗ is the length of the optimal restart interval. We explicitly show this computation.
First note that we have k > 0 as we want to have a restart interval. Using the constraint

jk = C define h(k) = (4L/(µk2))
C
k . To obtain the optimal k we differentiate

h′(k) =
C
(

L
µ

)C/k

· 4C/k (2 log k − log (L/µ)− log 4− 2)

k2k
2C
k

. (3.8)

We want to find k ∈ N such that the right hand side of (3.8) equals 0. To that end we
only require that

2 log k − log (L/µ)− log 4− 2 = 0. (3.9)
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Indeed we have,

2 log k − log (L/µ)− log 4− 2 = 0 (3.10)

⇐⇒ log

(
k2

(L/µ)4

)
= 2 (3.11)

⇐⇒ k2

4(L/µ)
= e2 (3.12)

⇐⇒ k2 = 4e2
(
L

µ

)
(3.13)

⇐⇒ k = 2e

√
L

µ
, (3.14)

as desired. Therefore having knowledge of the strong convexity constant, as well as the
smoothness constant allows us to recover ε accuracy in O(

√
L/µ log(1

ε
)) iterations.

There are two drawbacks to the fixed restart approach mentioned above. First the param-
eter µ is hard to exactly calculate. Second, since the number of iterations between restarts
is fixed for the whole algorithm, the restarts may occur at times where not restarting would
be more beneficial [33].

3.2 Adaptive Restarts

Adaptive strategies aim to address the drawbacks of fixed restarts. They are intended
to be based on easy to verify conditions, and these conditions should only hold when it
is beneficial to restart. O’Donoghue and Candès introduced two such restart conditions
[33] for AGD. They are the function value and gradient schemes. Both of these strategies
are heuristic and the authors showed no proof other than the case of a strongly convex
quadratic objective function. This was done by rewriting AGD as a dynamical system and
relating the restarts to fixed restart intervals in which they are able to recover the optimal
linear convergence rate.

Let (xk)k∈N, and (yk)k∈N be the sequences generated by Algorithm 1. The schemes, by
design are inherently simple. In the function value strategy, the restart occurs whenever

f(xk+1) > f(xk). (3.15)
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The scheme is intuitive as any step which increases function value goes against the goal of
minimizing the objective. The gradient scheme requires checking if

⟨∇f(yk), xk+1 − xk⟩ > 0. (3.16)

The intuition behind this scheme is that xk+1 − xk is the direction the iterates given by
the algorithm are moving in, and −∇f(yk) is the direction which points in the greatest
decrease from yk. Therefore, if the above condition is satisfied then the angle between the
negative gradient and the direction of the outputs is obtuse. This is a possible discrepancy
of the best direction the iterates should take, therefore making it a sensible restart condi-
tion.

Note that both of the above restart conditions are easy to check. Furthermore, the function
scheme requires an extra evaluation of f at xk.. This could be expensive depending on the
objective. On the other hand, all terms in the gradient condition are computed as part
of the algorithm, and only the computation of the inner product is required. O’Donoghue
and Candès state that the gradient scheme is more numerically stable due to possible can-
cellation errors when evaluating the function value condition. For those reasons, this thesis
will mainly focus on the gradient-based restart scheme.

While both of these methods are heuristics, they perform remarkably well, and in terms
of performance, both strategies perform similarly. Although the work of O’Donoghue and
Candès focused on the smooth case, they did consider a nonsmooth example.

Suppose that f, g are now as in (P). Since g is possibly nonsmooth it may not be pos-
sible to evaluate the gradient of the objective. Instead the composite gradient mapping
[29] is used. This is defined as,

G(x) = L

(
x− proxg/L

(
x− 1

L
∇f(x)

))
(3.17)

As a remark, this hints to the similarity between gradient descent and proximal gradient
method, because if we have an iterate xk then the next step,

xk+1 = xk −
1

L
G(xk) = proxg/L

(
xk −

1

L
∇f(xk)

)
.

The gradient condition for nonsmooth functions (recall Eq. (3.16)) then becomes,

⟨G(yk), xk+1 − xk⟩ > 0. (3.18)

Notice that by Algorithm 1 and Eq. (3.17) this in turn can be simply written as,

⟨yk − xk+1, xk+1 − xk⟩ > 0. (3.19)
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3.3 Numerical Examples

In this short section we will provide two examples. First we will take a look at a classical
problem and show the effectiveness of the restarting strategies introduced earlier. Second,
we will look at an example due to Hinder and Lubin [22] which illustrates that restarting
may not always be beneficial.

3.3.1 The Good

The classic problem that we shall look at is ℓ1 regularized least squares. Given a matrix
A ∈ Rm×n, and b ∈ Rm the objective is to solve

min
x∈Rn

1

2
||Ax− b||2 + λ||x||1. (3.20)

Here,

||x||1 =
n∑

i=1

|xi|

and λ > 0 is the weight put on the desired sparsity of the solution. To fit the composite
model, set f(x) = 1

2
||Ax − b||2 and g(x) = λ||x||1. Both functions are continuous, and

convex. In addition, f is L-smooth with gradient ∇f(x) = AT (Ax − b) and L is the
maximum eigenvalue of ATA. Note that it can be expensive to compute L this way, a
sufficient upper bound is to instead compute the Frobenious norm of A. The ℓ1 norm is
not differentiable, hence we use proximal methods. The proximal operator of λ|| · ||1 is the
well known soft-thresholding operator (see [14, Example 6.8]),

proxλ||·||1 (x) = (max{|xi| − λ, 0}sgn(xi))
n
i=1 , (3.21)

where the operation on the right hand side is understood to be applied elementwise to a
vector x ∈ Rn.

The use of ℓ1 regularization is widespread, seeing application in image denoising, signal
recovery[17], medicine[20], and deep learning [6]. It falls under the more general linear
inverse problem where the goal is to find x ∈ Rn such that

Ax = b+ w,

where w is some noise vector.
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For the numerical example, we generate random data, sampling the entries of A ∈ Rm×n

and b ∈ Rm from a standard normal distribution. We also set m = 500, n = 400. Below
we compare, proximal gradient, APG, and the gradient based restart strategy.

0 200 400 600 800 1000
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Proximal Gradient

Acc. Proximal Gradient

Restart

#k iterations

F
(x
ₖ)
-
F
*

Figure 3.1: A plot showcasing the power of the adaptive restart strategy. The algorithm
using the gradient-based strategy achieves a lower objective function value in much fewer
iterations then APG, or PG.

We can observe in Fig. 3.1 that using the restart strategy achieves a higher accuracy
solution in significantly fewer iterations.
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3.3.2 A Negative Example

Hinder and Lubin[22] constructed a function for which the adaptive restart strategies of
O’Donoghue and Candès[33] perform poorly while the iterates of APG are not close to the
minimizer. Consider the function

hδ(z) =

{
z2/2, z ≥ −δ;
−δz − δ2/2, z < −δ,

(3.22)

where δ > 0 and δ ∈ R. For a real number α > 0 define f : Rn → R as

f(x) =
n∑

i=1

ihδ(xi) +
α

2
||x||2. (3.23)

The function is (n + α) smooth (can be seen by computing the Hessian) and α strongly
convex with a unique minimizer at x = 0. In Fig. 3.2 we observe that the gradient based
restarts do not speed up the convergence of the algorithm. The iterates of APG decrease
in function value much faster, and it is only when the restarted algorithm gets close to the
minimizer that the restarts start to make improvements.

25



Figure 3.2: A Julia plot comparing PG, APG, and the gradient based restarts on the Hin-
der and Lubin example function. This showcases that the restarts do not always improve
performance. In the numerical experiment we set α = δ = 10−4.
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Chapter 4

Literature Review

In this chapter we will go over several related works which concern restarting for acceler-
ated first order methods. These works range from trying to establish the heuristic restart
methods described previously; or they impose further properties on the objective function
which allows the authors to introduce restart conditions that have convergence guarantees.

Note that we do not make comparisons to other first other methods, such as quasi-Newton.
This is because quasi-Newton methods, even though they do not explicitly use second or-
der information, require that the objective is twice continuously differentiable [32, Chapter
6], or some non-singular assumptions on the generalized Jacobian which we do not use.
Furthermore we do not look at the Barzilai-Borwein (BB) method, another first order al-
gorithm [8]. Due the possibly aggressive step-size choice in BB the algorithm may not even
converge for general convex functions. Recently we have learned of an Adaptive Barzila-
Borwein (AdaBB) [38] which performs well and has convergence results, which may open
new avenues of research.

4.1 Monotonicity and Restarts

Giselsson and Boyd introduced a modified version of the restarted accelerated proximal
gradient algorithm which has a provable convergence rate [21]. Their work considers the
composite model (P), with a nonsmooth objective. Alongside their convergence result,
they also introduce a new restart condition which can perform similarly to the function
value, and gradient based restarts.
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Algorithm 3 Giselsson-Boyd Restarted APG

Require: x0 ∈ Rn,∇f is Lipschitz continuous with constant L > 0 a parameter sequence
(tk)k∈⋉ satisfying (2.17)
y0 ← x0

t0 ← 1
for k = 0, 1, 2 . . . do

xk+1 ← prox 1
L
g

(
yk − 1

L
∇f(yk)

)
β ← tk−1

tk+1

yk+1 ← xk+1 + β(xk+1 − xk)
if Restart condition is satisfied then

yk+1 ← xk

xk+1 ← prox 1
L
g

(
yk+1 − 1

L
∇f(yk+1)

)
end if

end for

Algorithm 3 has the following result.

Theorem 4.1. [21, Giselsson-Boyd] Suppose that f : Rn → R is convex, proper, and
L-smooth, and that g : Rn → R is proper, lsc, convex, and denote F = f + g. Further
suppose that a restart condition is satisfied at iterations k = k1, . . . , kp, then Algorithm 3
with a parameter sequence satisfying Eq. (2.17) converges with the rate

F (xk+1)− F ∗ ≤ 2L

(k + 2)2

(
||x0 − x∗||2 +

∑
ki≤k

(
||xki − x∗||2 − ||x∗ − zki ||2

))
, (4.1)

where zk = xk−1 + tk−1(xk − xk−1).

One observation is that if the restart condition in Algorithm 3 is never satisfied, then
the O(1/k2) convergence rate of APG is recovered. The key difference between Algorithm 3
and the restarted version of APG is that in the Giselsson and Boyd algorithm the param-
eter sequence is not reset; this is what allows them to obtain the convergence rate in the
above theorem.

In Theorem 4.1 if the sum is negative then the convergence rate is improved over APG.
Giselsson and Boyd observed through numerical experiments that ||xk − x∗|| < ||zk − x∗||
when non-monotonicity is observed in the function values. Although there is no proof that
this is always the case, it does align with the function value based restarts from O’Donoghue
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and Candés. To circumvent the possible issues with the function value restarts Giselsson
and Boyd introduced a non monotonicity implying restart test. Their test at iteration k
requires yk−1, xk, xk+1, and is

⟨yk−1 − xk, xk+1 −
1

2
(xk + yk−1)⟩ > 0. (4.2)

Overall this restart test performs slightly worse than both the function value test, or the
gradient test. This is not too surprising as the test is a one way implication for detecting
non monotonicity so it will not occur as often as the function value test.

4.2 Restarts Under Quadratic Growth

The restart methods of O’Donoghue and Candès do not put many restrictions on the
objective function in (P). However, if further assumptions are made, then more can be
said about the advantages of restarts in APG. Fercoq and Qu investigate restarts under a
quadratic growth assumption [19].

Let X∗ be the set of solutions of the minimization problem and let F ∗ = infx∈Rn(f +g)(x).
We say that F satisfies a local quadratic growth condition if there exists some µ > 0 such
that for any x ∈ domF

F (x)− F ∗ ≥ µ

2
dist2(x,X∗) (4.3)

for all x in the level set of F at x0 (the level set of F at x0 is the set of x ∈ Rn such
that f(x) ≤ f(x0)). The quadratic growth condition can be viewed as a generalization of
strong convexity. Earlier we saw that for a strongly convex objective it is possible to ob-
tain an optimal restart length for fixed restart strategies, it has been shown that under the
quadratic growth assumption it is also possible to recover such an optimal restart interval
[27].

Fercoq and Qu show that under quadratic growth, restarting at any fixed frequency of
iterations provides a linearly convergent algorithm, hence adaptive restart strategies ob-
tain linear convergence. Since the quadratic growth constant µ is usually not known, it
has to be estimated. The restart strategy developed by Fercoq and Qu is based on these
estimates. They take an estimate of µ and obtain a restart period based upon it, at the
end of the restart period if the initial estimate is too large, then the estimate is halved and
a new restart period is computed, otherwise the estimate, and the restart period stay the
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same.

Aujol et al. also consider APG under quadratic growth [5]. Their algorithm is a pa-
rameter free version of APG, that means there is no need to know L, the smoothness
constant, nor the quadratic growth constant µ. The strategy they introduced was to esti-
mate L using backtracking, then after some iterations, they use the function values of the
objective to estimate the value L/µ (commonly referred to as the condition number of a
function [33],[5]). Using the estimate of the condition number they determine whether the
number of iterations in the current restart period should be increased or unchanged. If
the algorithm is restarted, a new L is estimated. The immediate benefits of the algorithm
is that it is parameter free and thus can be applied to problems where L and µ cannot
be computed. A drawback is that in the restarting scheme, the estimate of the condition
number depends on function values of the objective. In cases where the function is ex-
pensive to compute, this can hinder performance, as opposed to the gradient based restarts.

Alamo et al. also consider restarting for composite problems under quadratic growth
[2]. Their algorithm differs from Fercoq and Qu, and Aujol et al. because they make no
estimates of the quadratic growth parameter, nor do they need any explicit knowledge of
it. Their restart is based on the generalized gradient mapping mentioned earlier in (3.17),
i.e.,

G(x) = L(x− prox g
L

(
x− 1

L
∇f(x)

)
). (4.4)

They also rely on the following property of Algorithm 1.

Proposition 4.2. [3, Appendix D Property 8(ii)] Suppose that f : Rn → R is L-smooth
and convex, suppose that g : Rn → R∪{+∞} is proper, lsc, and convex and denote by G the
composite gradient (3.17). Furthermore suppose that the minimization problem min f + g
has a solution. Then let (xk)k∈N and (yk)k∈N be sequences generated by Algorithm 1. It
holds that

1

L2
||G(yk)||2 ≤

4L2||x0 − x∗||
(k + 2)2

, (4.5)

where x∗ is a the projection of x0 onto the solution set.

We provide the full algorithm below. The restart condition is based on a reduction in
the norm of G(yk). Furthermore the parameter sequence (tk)k∈N is fixed to be the classical
sequence from Beck and Teboulle [15].
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Algorithm 4 Alamo et. al. Gradient Restart

Require: z0 ∈ Rn, ε > 0
j ← 0
t0 ← 1
x0, y0 ← prox 1

L
g

(
z0 − 1

L
∇f(z0)

)
ρj ← 1

L
||G(z0)||

for k = 0, 1, 2 . . . do
xk+1 ← prox 1

L
g

(
yk − 1

L
∇f(yk)

)
tk+1 ←

1+
√

1+4t2k
2

β ← tk−1
tk+1

yk+1 ← xk+1 + β(xk+1 − xk)
if 1

L
||G(yk+1)|| ≤ ρj

e
then

j ← j + 1
ρj ← 1

L
||G(yk)||

zj ← yk+1

tk+1 ← 1
xk+1, yk+1 ← prox 1

L
g

(
zj − 1

L
∇f(zj)

)
end if
if ρj < ε then

Terminate
end if

end for

The quadratic growth assumption is needed to ensure that the number of iterations
needed to reduce the norm of the gradient is bounded by a constant depending on µ.

4.3 Other Restart Schemes

Outside of the quadratic growth assumption there are many restart schemes in the wild.
One notable method is that by Su, Boyd, and Candès [36]. Their work investigated AGD
through a differential equations point of view, and their restart scheme was not the primary
result. The aforementioned restart scheme was called “speed restarting”. Given an iterate
xk if the following condition is satisfied,

||xk − xk−1|| ≤ ||xk−1 − xk−2|| (4.6)
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then a restart occurs. The motivation for this scheme, is when the algorithm is viewed as
an ODE, with trajectory X, the velocity Ẋ is kept high. In practice they found that their
restart scheme did not perform as well as the gradient scheme of O’Donoghue and Candès,
although the optimization of their scheme was not the goal of the paper.

Hinder and Lubin also provided a restart scheme for the case of strongly convex functions.
Their restarts are based on the use of a potential function that is always computable. This
potential function differs depending on the algorithm, it is based on the theoretical con-
vergence rate. For example in the case of AGD the potential function is φ(t) = (1 + t)2.
Let i denote a restart period and let t be the number of iterations in the current restart
period, then their restart condition is

||xi
t − yi−1||
(1 + t)2

≤ β
||yi−1 − yi−2||
(1 + τi−1)2

, (4.7)

where β ∈ (0, 1) is specified by the user, and τi−1 is the number of iterations in the previous
restart interval. Through numerical experiments, they found that the above restart scheme
is comparable to the heuristic method of O’Donoghue and Candès. Hinder and Lubin do
obtain a convergence result for their scheme but it relies on strong convexity in the objective
which cannot be relaxed to quadratic growth.
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Chapter 5

Analysis in One Dimension

It is important to stress that at the time of completing this thesis, the function value, and
the gradient restart scheme of O’Donoghue and Candès are still heuristics. Empirically,
both schemes tend to perform better than APG, but there are no convergence guarantees.
In this chapter, we will provide an analysis for the n = 1 case on the real line to show
that the gradient based restarts improve upon the classical convergence rate of APG.
The analysis can be extended to separable functions, and furthermore shows potential in
application to nearly separable objectives.

5.1 Intuition

First, we will consider the problem of minimizing f : R→ R that is L-smooth and convex.
The gradient based restart condition becomes,

f ′(yk)(xk+1 − xk) > 0. (5.1)

For the restart condition to be satisfied both f ′(yk) and (xk+1 − xk) must have the same
sign. There are two observations that can be made. First the sign of f ′(yk) depends
on what side of the minimizer yk is on. If x∗ is a minimizer, then if yk < x∗ we have
f ′(yk) < 0 and vice versa. Second, and this statement will be proven later for the more
general nonsmooth case, if say x < x∗ then the gradient step from x,

x̄ = x− 1

L
f ′(x)
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Figure 5.1: A plot of the iterates of AGD for a convex function. Note that yk crosses the
minimizer and thus (5.1) would be satisfied and a restart would occur.

will not cross the minimizer, that is x̄ < x∗. Looking at the updates for the iterates in
Algorithm 1 we have that xk+1 is a gradient step from yk, hence if for all k yk < x∗ then
xk+1 < x∗. In total, we get the ordering on the iterates as

x0 = y0 ≤ x1 ≤ y1 ≤ · · · ≤ xk ≤ yk ≤ xk+1,

if x0 < x∗. Using the above ordering, and numerical experiments we made the observation
that (5.1) would be true at iteration k ≥ 2 if yk crosses the minimizer.

Additionally, if we just monitor f ′(yk), then if the value is negative, we should move
right on the real line to approach the minimizer, and if it is positive, then we should move
left. It is intuitive that the restarts should be beneficial when we encounter a sign change
in f ′(yk) as that means the iterates of the algorithm have passed over the minimizer. This
also explains why the restarts would not be beneficial in gradient descent. Note, also that
there is no obvious way to define what restarting would do for gradient descent since there
is no history kept in terms of momentum.

5.2 Analysis

In this section, we will show the analysis when applying the gradient restart scheme (5.1)
in one dimension. We have made a slight modification to the restart algorithm from
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O’Donoghue and Candès. If the restart condition is satisfied at iteration k ≥ 1 they set
xk+1, yk+1 to be xk, whereas our algorithm keeps xk+1 and sets yk+1 to xk+1. This was
done for two reasons: first, it was observed that it offered slightly better performance, and
secondly, it made the proof of our main result simpler. Another comment is that while
any parameter sequence (tk) satisfying Eq. (2.17) can be used for APG, in our algorithm
we set

tk =
k + 2

2
.

The full one algorithm for our analysis is printed below. We restate the problem that is
our focus,

min
x∈R

F (x) := f(x) + g(x). (5.2)

Algorithm 5 APG Gradient Restart in One Dimension

Require: x0 ∈ R
j ← 0
t0 ← 1
y0 ← x0

for k = 0, 1, 2 . . . do
xk+1 ← prox 1

L
g

(
yk − 1

L
∇f(yk)

)
tk+1 ← (j+1)+2

2

β ← tk−1
tk+1

yk+1 ← xk+1 + β(xk+1 − xk)
if (yk − xk+1)(xk+1 − xk) > 0 then

j ← 0
yk ← xk+1

tk+1 ← 1
end if
j ← j + 1

end for

In the previous section it was mentioned that taking a gradient step of the appropriate
size will not result in crossing the minimizer. Below we introduce a lemma that formalizes
this for the proximal gradient step.

Lemma 5.1. Let F = f + g, where f : R → R is convex and L-smooth, and g : R →
R ∪ {+∞} is convex, lsc, and proper. Let x ∈ R and x∗ ∈ X∗ a minimizer. Let T denote
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proxg/L
(
Id− 1

L
∇f
)
. If x < x∗ we have,

x < Tx ≤ x∗. (5.3)

Similarly if x > x∗ then,
x∗ ≤ Tx < x. (5.4)

Proof. By assumption we have that f is L-smooth, hence by Theorem 2.2(ii) we have that
for all x ∈ R,

F (x) ≤ f(y) + f ′(y)(x− y) +
L

2
(x− y)2 + g(x) (5.5)

for all x ∈ R. Set,

Q(x; y) := f(y) + f ′(y)(x− y) +
L

2
(x− y)2 + g(x). (5.6)

For a fixed y ∈ R, Q(x; y) is a strongly convex function in x, therefore it admits a unique
minimizer. Let q∗ = argmin {Q(x; y) : x ∈ R} . It was verified that q∗ = proxg/L

(
x− 1

L
f ′(x)

)
=

Tx (recall Eq. (2.45)). Therefore minimizing the quadratic upper bound is equivalent to
taking a proximal gradient step.

Without loss of generality suppose that x < x∗. The goal is to show that x < q∗ = Tx ≤ x∗.
Since T is nonexpansive, and x∗ is a solution of the minimization problem, x∗ = Tx. It
follows that

|x∗ − Tx| = |Tx∗ − Tx| (5.7)

< |x∗ − x|, (5.8)

therefore as x < x∗, we conclude x < Tx. Next, we wish to show that Tx ≤ x∗. Consider the
quadratic upper bound at x and let z ∈ R, then the subdifferential is given by ∂Q(z x) =
f ′(x)+L(z−x)+ ∂g(z). By L− smoothness of f we have f ′(z) ≤ f ′(x)+L(z−x) for any
z > x. Therefore we obtain that,

sup ∂(f + g) ≤ sup ∂Q(z;x), (5.9)

when z > x. As Q(z;x) is strongly convex, q∗ is a unique minimizer, so by Fermat’s rule
we have 0 ∈ ∂Q(q∗;x).

Now consider z ∈ (x, q∗). Let u = sup ∂Q(z;x). By the monotonicity of the subgradi-
ent,

(u− 0)(z − q∗) ≥ 0. (5.10)
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We know that z − q∗ < 0 so it must be that u ≤ 0. In fact, u < 0 as we know that z ̸= q∗

so 0 /∈ ∂Q(z;x). Hence we can conclude that for all such z we have ∂(f + g)(z) ≤ u < 0.
Therefore, for all z ∈ (x, q∗), 0 /∈ ∂(f + g)(z) and so it must be that q∗ ≤ x∗. We now have
that, x < q∗ = Tx ≤ x∗, as desired. Showing the case where x > x∗ is similar.

Next we will prove another lemma that characterizes restarting with crossing the min-
imizer.

Lemma 5.2. Let x0 ∈ R and let (xk)k∈N and (yk)k∈N be the sequences of iterates obtained
by Algorithm 1. Let k ∈ N be such that for all k̄ ≤ k the restart condition,

(yk − xk+1)(xk+1 − xk) > 0

has not been satisfied. Let x∗ be a solution of (P). Then the following hold.

1. If xk < x∗ then the restart condition is satisfied at iteration k if and only if xk <
x∗ < xk+1.

2. If xk > x∗ then the restart condition is satisfied at iteration k if and only if xk >
x∗ > xk+1.

Proof. (1) Suppose that xk ≤ x∗.
“ ⇐= ” Suppose we have

xk < x∗ < xk+1.

By Lemma 5.1,
yk−1 < xk < x∗ < xk+1 < yk.

This gives us that yk − xk+1 > 0 and xk+1 − xk > 0 hence

(yk − xk+1)(xk+1 − xk) > 0.

“ =⇒ ” Now suppose that the restart condition is satisfied at iteration k so,

(yk − xk+1)(xk+1 − xk) > 0.

For i ≤ k − 1 we have (yi − xi+1)(xi+1 − xi) ≤ 0. Since xk < x∗ then by Lemma 5.1 we
have that yk−1 < xk. So, we must have yk−1− xk < 0 and since the restart condition is not
satisfied at k − 1 it must be that xk − xk−1 > 0. Now looking at the definition of yk we
have,

yk = xk +
tk−1 − 1

tk
(xk − xk−1).
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From the definition we obtain yk > xk. Suppose for an eventual contradiction that yk < x∗.
By the previous lemma, we have xk+1 > yk and hence yk − xk+1 < 0 but we also have
xk+1 − xk > 0 so

(yk − xk+1)(xk+1 − xk) < 0.

Hence, we arrive at a contradiction, since we assumed that at iteration k the restart con-
dition was satisfied.

(2) The second statement is proved in a similar way to (1).

Lemma 5.2 gives an ordering of the iterates xk between two restart periods. Suppose
we restart at iterations r1 and r2 with r2 > r1. If yr1 < x∗ then for all k ∈ {r1, . . . , r2 − 1}
we have f ′(yk) < 0. Since we do not restart at any of these iterations we must have that
xk+1 − xk > 0 for all such k. Similarly, if yr1 > x∗ we deduce that xk+1 − xk < 0. The next
lemma will provide an inequality which will be fundamental in the convergence analysis of
the restarted algorithm.

Lemma 5.3. Let x0 ∈ R and let (xk)k∈N and (yk)k∈N be the sequences obtained by Algo-
rithm 5. Let k ∈ N be such that for all k ≤ k−1 the restart condition has not been satisfied
and that k is the first iteration where the restart condition is satisfied, i.e.,

(yk − xk+1)(xk+1 − xk) > 0. (5.11)

Define zk+1 := (1− tk)xk + tkxk+1, and let x∗ be a minimizer of P. Then,

|zk+1 − x∗| ≥ tk|xk+1 − x∗|.

Proof. Suppose that x0 < x∗. By Lemma 5.2 we have xk < x∗ < xk+1. It follows from this,
the definition of zk+1 and Eq. (2.17) that

|zk+1 − x∗| = |(1− tk)xk + tkxk+1 − x∗|
= |(1− tk)(xk − x∗) + tk(xk+1 − x∗)|
= (tk − 1)|xk − x∗|+ tk|xk+1 − x∗|
≥ tk|xk+1 − x∗|.

(5.12)

The case where x0 > x∗ is shown similarly.

Before we get to the main results, we recall a useful fact that will aid us in proving our
key theorems.
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Fact 5.4. [13, Theorem 30.4] Let x0 ∈ R and let (xk)k∈N and (tk)k∈N be given by Algo-
rithm 1. For k ∈ {0, 1, 2, . . . } we set

zk+1 = (1− tk)xk + tkxk+1, (5.13a)

δk = F (xk)− F (x∗). (5.13b)

Then we have the following monotonicity property,

t2kδk +
L

2
||zk+1 − x∗||2 ≤ t2k−1δk +

L

2
||zk − x∗||2. (5.14)

Fact 5.5. ([14, Theorem 10.16]) Let x ∈ R and let y ∈ R. Then

f(x)− f(T (y)) ≥ L
2
||x− T (y)||2 − L

2
||x− y||2. (5.15)

Remark. The above facts hold in Rn.

We are now ready to present our two main results. The first theorem shows that
restarting once will improve the classical rate of convergence.

Theorem 5.6 (a single restart.). Let x0 ∈ R and let (xk)k∈N, (yk)k∈N, (tk)k∈N be given by
Algorithm 5. Suppose that iteration r is the first iteration where we have

(yk − xk+1)(xk+1 − xk) > 0, (5.16)

and that iteration r is the second iteration where we have (yr−xr+1)(xr+1−xr) > 0. Then
the following hold.

(i) (∀k ≤ r + 1) we have F (xk)− F ∗ ≤ 2L(x0−x∗)2

(k+1)2
.

(ii) F (xr+2) ≤ F (xr+1).

(iii) (∀k ∈ {r + 3, . . . , r + 1}) we have

F (xk)− F ∗ ≤
(

4

(k − r)(r + 2)

)2
L(x0 − x∗)2

2
≤ 2L(x0 − x∗)2

(k + 1)2
. (5.17)

Proof. Observe that r ≥ 2. In the following, we let (xk)k∈N, (yk)k∈N, and (tk)k∈N be given
by the classical APG update from Algorithm 1 with the starting point x0 := x0. Clearly,
t0 = t0 = 1. Moreover, for all k ≤ r we have,

xk = xk, tk = tk. (5.18)
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Furthermore, since we keep the point after the restart iteration, we have xr+1 = xr+1. Now,
since at iteration r+ 1 we reset the parameter sequence we have that now tr+1 = 1, which
means that for k ≥ r + 1 we have the relation that tk = tk−(r+1). For k ∈ {0, 1, 2, . . . } we
set

zk+1 := (1− tk)xk + tkxk+1, (5.19a)

δk := F (xk)− F (x∗), (5.19b)

and we set

zk+1 := (1− tk)xk + tkxk+1, (5.20a)

δk := F (xk)− F (x∗). (5.20b)

Due to the restart,
zr+2 = (1− tr+1)xr+1 + tr+1xr+2 = xr+2. (5.21)

Let k ≥ r + 2. Using Fact 5.4 we have

δk = F (xk)− F (x∗) ≤ 1
t2k−1

(
L
2
(zk − x∗)2 + t2k−1δk

)
(5.22a)

≤ 1
t2k−1

(
L
2
(zk−1 − x∗)2 + t2k−2δk−1

)
(5.22b)

≤ (5.22c)

... (5.22d)

≤ 1
t2k−1

(
L
2
(zr+2 − x∗)2 + t2r+1δr+2

)
(5.22e)

= 1
t2k−1

(
L
2
(xr+2 − x∗)2 + δr+2

)
, (5.22f)

where we now used in the equality that tr+1 = 1, and that zr+2 = xr+2. Recall from
Algorithm 1 that we update xk by taking a proximal gradient step from yk−1.

xr+2 = proxg/L

(
yr+1 −

1

L
f ′(yr+1)

)
but since we restarted we have that yr+1 = xr+1, so

xr+2 = proxg/L

(
xr+1 −

1

L
f ′(xr+1)

)
.

This observation allows us to make further progress. On the one hand, recalling yr+1 =
xr+1, it follows from T being nonexpansive and applied to xr+1
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that
(xr+2 − x∗)2 ≤ (xr+1 − x∗)2. (5.23)

On the other hand, because xr+2 is a gradient step from xr+1 with a proper step-length we
have that F (xr+1) = F (xr+1) ≥ F (xr+2) > F (x∗) which, in view of Eq. (5.20b), implies
that δr+2 ≤ δr+1 = δr+1. Combining this and Eq. (5.22f) yields

δk ≤ 1

t
2
k−r−2

(
L
2
(xr+1 − x∗)2 + δr+1

)
(5.24)

where we used that xr+1 = xr+1, and that tk−1 = tk−(r+1)−1 = tk−r−2. Proposition 5.3 yields

δk ≤
1

t
2
k−r−2

(
L

2

1

t
2
r

(zr+1 − x∗)2 + δr+1

)
(5.25a)

=
1

t
2
k−r−2t

2
r

(
L

2
(zr+1 − x∗)2 + t

2
rδr+1

)
(5.25b)

≤ (5.25c)

... (5.25d)

≤ 1

t
2
k−r−2t

2
r

(
L
2
(z1 − x∗)2 + δ1

)
(5.25e)

=
1

t
2
k−r−2t

2
r

(
L
2
(x1 − x∗)2 + δ1

)
(5.25f)

≤ L

2(tk−r−2tr)2
(x0 − x∗)2 (5.25g)

≤ 8L

((k − r)(r + 2))2
(x0 − x∗)2 , (5.25h)

where Eq. (5.25g) follows from Fact 5.5 applied with x replaced by x∗ and y replaced by
x0 and Eq. (5.25g) follows from Eq. (2.17). To finish the proof we claim that for k ≥ r+3
we have

4

((k − r)(r + 2))2
≤ 1

(k + 1)2
. (5.26)

Indeed, observe that

Eq. (5.26)⇔ 2(k + 1) ≤ (k − r)(r + 2) (5.27a)

⇔ r(k − (r + 2)) ≥ 2, (5.27b)

which is always true for k ≥ r + 3 by recalling that r ≥ 2. By definition, xr+2 = T (xr+1)
and hence |xr+2 − x∗| ≤ |xr+1 − x∗| and F (xr+2) ≤ F (xr+1).
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Next, we present the result for multiple restarts guaranteeing that the gradient based
restarts in one dimension will be helpful.

Theorem 5.7 (multiple restarts.). Let x0 ∈ R and let (xk)k∈N, (yk)k∈N, (tk)k∈N be given by
Algorithm 5. Let p ∈ N. Suppose that rp is the pth-iteration such that

(yk − xk+1)(xk+1 − xk) > 0. (5.28)

Then (∀p ≥ 2) (∀k ∈ {rp + 2, . . . , rp+1 + 1}) we have

F (xk)− F (x∗) ≤
(

2p+1

(k − rp)(rp − rp−1 + 2)...(r2 − r1 + 2)(r1 + 2)

)2
L

2
(x0 − x∗)2 (5.29a)

≤ 2L(x0 − x∗)2

(k + 1)2
. (5.29b)

Proof. Let i ∈ {1, 2, . . . , p}, we introduce the following notation to identify the multi-

ple restarts. We denote by (x
(ri)
j )j∈N the sequence of iterates given by starting AGD

with x
(ri)
0 = xri+1 and t

(ri)
0 = tri+1 = 1. We can now identify that between two con-

secutive restarts say ri and ri+1 we have that (x
(ri)
0 , x

(ri)
1 , x

(ri)
2 , . . . x

(ri)
ri+1−ri) coincide with

(xri+1, xri+2, xri+3, . . . , xri+1
). For iterations k > rp we have that, (x

(rp)
0 , x

(rp)
1 , . . . , x

(rp)
k−rp−1)

coincide with with (xrp+1, xrp+2, . . . , xk). Upholding the notation of the proof of Theo-
rem 5.6. we similarly denote the corresponding values of z(ri), δ(ri) and t(ri). We proceed
similarly to the proof of Theorem 5.6. Let k ≥ rp + 2. Then

F (xk)− F (x∗) = F (x
(rp)
k−rp−1)− F (x∗) (5.30a)

≤ 1

(t
(rp)
k−rp−2)

2

(
L

2
(z

(rp)
k−rp−1 − x∗)2 + (t

(rp)
k−rp−2)

2δ
(rp)
k−rp−1

)
(5.30b)

≤ (5.30c)

...

≤ 1

(t
(rp)
k−rp−2)

2

(
L

2
(z

(rp)
1 − x∗)2 + (t

(rp)
0 )2δ

(rp)
1

)
(5.30d)

=
1

(t
(rp)
k−rp−2)

2

(
L

2
(x

(rp)
1 − x∗)2 + δ

(rp)
1

)
. (5.30e)
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We now use that x
(rp)
1 is a gradient step from x

(rp)
0 to conclude

F (xk)− F (x∗) ≤ 1

(t
(rp)
k−rp−2)

2

(
L

2
(x

(rp)
0 − x∗)2 + δ

(rp)
0

)
(5.31a)

=
1

(t
(rp)
k−rp−2)

2

(
L

2
(x

(rp−1)
rp−rp−1+1 − x∗)2 + δ

(rp−1)
rp−rp−1+1

)
(5.31b)

where we get equality because when the rp restart gets triggered we keep x
(rp−1)
rp−rp−1+1

unchanged and set x
(rp)
0 = x

(rp−1)
rp−rp−1+1. We can now use Lemma 5.3 to obtain

|x(rp−1)
rp−rp−1+1 − x∗| ≤ 1

t
(rp−1)
rp−rp−1

|z(rp−1)
rp−rp−1+1 − x∗|. (5.32)

Combining Eq. (5.31) and Eq. (5.32) and factoring out the 1

t
(rp−1)
rp−rp−1

term we obtain

F (xk)− F (x∗) ≤ 1

(t
(rp)
k−rp−2)

2(t
(rp−1)
rp−rp−1

)2

(
L

2
(z

(rp−1)
rp−rp−1+1 − x∗)2 + (t

(rp−1)
rp−rp−1

)2δ
(rp−1)
rp−rp−1+1

)
.

(5.33)
We now repeat the same procedure. Since the terms in the parentheses on the right-hand
side of (5.33) have the monotonicity property from Fact 5.4, we use it repeatedly until we

obtain an expression of the form of the right-hand side of in Eq. (5.14) that features z
(ri)
1 .

We then apply the fact that z
(ri)
1 = x

(ri)
1 , which is a gradient step from x

(ri)
0 , and finally

use Lemma 5.3. Observe that every time we apply Lemma 5.3 an additional factor of
1/(t

(ri)
ri+1−r1)

2 for some i ∈ {1, . . . , p} appears in the denominator of the right-hand side of
the inequality (5.33). This is done p times until the term in the parentheses reduces to
(L/2)(x0 − x∗)2. We therefore obtain

F (xk)− F (x∗) ≤ 1

(t
(rp)
k−rp−2)

2
(∏p

i=1(t
(ri)
ri−ri−1

)2
) (L

2
(x0 − x∗)2

)
. (5.34)

Recall that for each i ∈ {1, . . . , p} (∀k ∈ {0, . . . , ri}) we have t
(ri)
k = (k + 2)/2, hence

1

t
(rp)
k−rp−2

=
2

k − rp
(5.35)

and
1

t
(ri)
ri−ri−1

=
2

ri − ri−1 + 2
. (5.36)
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Now let k ∈ N. Observe that if k ≤ r2+1 we obtain the O(1/k2) function value convergence
rate from Theorem 5.6. We now show that (∀p ≥ 2) (∀k ≥ rp + 2) we have

2p+1

(k − rp)(rp − rp−1 + 2) . . . (r2 − r1 + 2)(r1 + 2)
≤ · · · ≤ 4

(k − r1)(r1 + 2)
≤ 2

(k + 1)
.

(5.37)
We proceed by induction on p. We first verify the base case at p = 2. Applying Eq. (5.35)
and Eq. (5.36) to Eq. (5.34) we get

F (xk)− F (x∗) ≤
(

8

(k − r2)(r2 − r1 + 2)(r1 + 2)

)2
L

2
(x0 − x∗)2. (5.38)

For k = r2 + 2 we have

8

(k − r2)(r2 − r1 + 2)(r1 + 2)
=

8

(r2 + 2− r2)(r2 − r1 + 2)(r1 + 2)
(5.39a)

=
8

(2)((r2 + 2)− r1)(r1 + 2))
(5.39b)

=
4

(k − r1)(r1 + 2)
≤ 2

k + 1
, (5.39c)

where the inequality follows from the fact that r1 ≥ 2 and k = r2 + 2 ≥ r1 + 3. Now let
k ≥ r2 + 3. Then

8

(k − r2)(r2 − r1 + 2)(r1 + 2)
− 4

(k − r1)(r1 + 2)

=
4

(r1 + 2)

(
2

(k − r2)(r2 − r1 + 2)
− 1

k − r1

)
(5.40a)

=
4

(r1 + 2)

(
2(k − r1)

(k − r2)(r2 − r1 + 2)(k − r1)
− (k − r2)(r2 − r1 + 2)

(k − r2)(r2 − r1 + 2)(k − r1)

)
(5.40b)

=
4

(r1 + 2)

(
2(k − r1)− (k − r2)(r2 − r1 + 2)

(k − r2)(r2 − r1 + 2)(k − r1)

)
. (5.40c)

Write k = r2+a where a ≥ 3. It is sufficient to show that the numerator of the right-hand
side of Eq. (5.40c) is nonpositive. To this end, we have

2(k − r1)− (k − r2)(r2 − r1 + 2) = 2(r2 + a− r1)− (r2 + a− r2)(r2 − r1 + 2) (5.41a)

= 2a+ (r2 − r1)− 2a− a(r2 − r1) (5.41b)

= (2− a)(r2 − r1) ≤ 0. (5.41c)
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Combining Eq. (5.39), Eq. (5.40), and Eq. (5.41) we conclude that for k ≥ r2 +2 we have

8

(k − r2)(r2 − r1 + 2)(r1 + 2)
≤ 4

(k − r1)(r1 + 2)
≤ 2

k + 1
.

This proves the base case. Now suppose that we have restarted p times, p ≥ 2, and for
k ≥ rp + 2 the following inequalities hold

2p+1

(k − rp)(rp − rp−1 + 2) . . . (r2 − r1 + 2)(r1 + 2)
≤ · · · ≤ 4

(k − r1)(r1 + 2)
≤ 2

(k + 1)
.

(5.42)
Consider the iterations k ≥ rp+1 + 2 where rp+1 is the iteration of the p+ 1 restart. If we
apply Eq. (5.35) and Eq. (5.36) to Eq. (5.34) we obtain,

F (xk)− F (x∗) ≤

(
2p+2

(k − rp+1)
∏p+1

i=1 (ri − ri−1 + 2)

)2
L

2
(x0 − x∗)2.

We are concerned with iterations k ≥ rp+1 + 2 since those would be generated after the
p+ 1 restart. At k = rp+1 + 2 we have

2p+2

(k − rp+1)
∏p+1

i=1 (ri − ri−1 + 2)
=

2p+2

(rp+1 + 2− rp+1)
∏p+1

i=1 (ri − ri−1 + 2)
(5.43a)

=
2p+2

2(rp+1 − rp + 2)
∏p

i=1(ri − ri−1 + 2)
(5.43b)

=
2p+1

(k − rp)
∏p

i=1(ri − ri−1 + 2)
. (5.43c)

Observe that this is exactly what we obtain when we have p restarts. Therefore, by the
inductive hypothesis, we know that for k = rp+1+2 we satisfy the upper bound at xrp+1+2.
For k ≥ rp+1 + 3 we examine

2p+2

(k − rp+1)
∏p+1

i=1 (ri − ri−1 + 2))
− 2p+1

(k − rp)
∏p

i=1(ri − ri−1 + 2))
. (5.44)

Proceeding similarly to the arguments in the base case (see Eq. (5.40) and Eq. (5.41)), we
conclude that it is sufficient to examine the sign of 2(k − rp) − (k − rp+1)(rp+1 − rp + 2).
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Writing k = rp+1 + a where a ≥ 3, we now examine

2(k − rp)− (k − rp+1)(rp+1 − rp + 2)

= 2(rp+1 + a− rp)− (rp+1 + a− rp+1)(rp+1 − rp + 2) (5.45a)

= 2(rp+1 + a− rp)− (a)(rp+1 − rp + 2) (5.45b)

= 2a+ 2(rp+1 − rp)− 2a− a(rp+1 − rp) (5.45c)

= (2− a)(rp+1 − rp) ≤ 0. (5.45d)

Hence we conclude for k ≥ rp+1 + 2 we have

2p+2

(k − rp+1)
∏p+1

i=1 (ri − ri−1 + 2))
≤ 2p+1

(k − rp)
∏p

i=1(ri − ri−1 + 2))
≤ 2

k + 1
,

where the second inequality follows from the inductive hypothesis. Altogether we have
shown that (∀p ≥ 2) (∀k ∈ {rp + 2, . . . , rp+1 + 1}) we have

F (xk)− F (x∗) ≤
(

2p+1

(k − rp)(rp − rp−1 + 2) . . . (r2 − r1 + 2)(r1 + 2)

)2
L

2
(x0 − x∗)2

(5.46a)

≤ 2L

(k + 1)2
(x0 − x∗)2. (5.46b)

The proof is complete.

5.3 Application to Nearly Separable Functions

In this section, we will go over an application of the results above. One immediate appli-
cation is if the objective function is separable. Recall the Hinder-Lubin example (3.22),
the restarts performed poorly. In such a case, where the objective is separable then run-
ning in parallel n versions of Algorithm 5 results in good performance. Naturally, if we
have knowledge that the objective is separable then the problem becomes much easier, and
usually it is not the case. For this section, we will consider a version of the Hinder-Lubin
example which is modified so that a non-separable term is introduced. Given a vector
a ∈ Rn we define F : Rn → R as

F (x) =
n∑

i=1

ihδ(xi) +
α

2
||x||2 + γ

(
⟨a, x⟩+

√
⟨a, x⟩2 + 1

)
. (5.47)
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Here hδ is defined as in Eq. (3.22), with δ, γ, α, λ ∈ R. Setting f =
∑n

i=1 ihδ(xi)+
α
2
||x||2+

γ
(
⟨a, x⟩+

√
⟨a, x⟩2 + 1

)
we recover that this is n+α+ γ||a||2 smooth, setting g ≡ 0 puts

us in the composite model. For the numerical experiments, we set m = 110, n = 100, and
α = δ = γ = 10−4. The term γ is the weight on the non-separable part of the objective and
it will vary. In the experiment, even though F (x) is not separable, we will run Algorithm 5
along each coordinate showing the benefits as the weight on the separability term varies.

0 1000 2000 3000

10^-5

10^0

Acc. Proximal Gradient

Grad Restart

Parallel Restarts

#k iterations

F(
xₖ

) -
 f*

Figure 5.2: Running APG with restarts in parallel on each coordinate for a function which
is nearly non-separable shows that restarting may still be beneficial.

In Fig. 5.2 we observe that the gradient-based restart scheme performs poorly. The
function is non separable but as γ is small the contribution of the non-separable part is
small. Running APG with restarts along each coordinate shows improved performance by
having the function value decrease in fewer iterations.
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Chapter 6

Applications to Alternating
Projections

A well-known problem, that sees application in areas of mathematics, physics, engineering,
and many other sciences is the convex feasibility problem [10]. Given C1, . . . , Cn closed
convex subsets of Rn with

⋂n
i=1Ci ̸= ∅. The problem is to find x ∈ Rn such that x ∈⋂n

i=1Ci. Alternating projections for solving this problem was studied by von Neumann for
the case where the Ci are affine spaces [1].

6.1 Method of Alternating Projections

In this section we specialize to the case of two convex sets. For the rest of this section
C and D are closed, convex, subsets of Rn with C ∩ D ̸= ∅. Let PC and PD denote the
projections onto C and D respectively. A classical algorithm to obtain x ∈ C ∩ D is the
method of alternating projections (MAP).

Algorithm 6 MAP

Require: x0 ∈ Rn

for k = 0, 1, 2 . . . do
xk+1 ← PDPCxk

end for

In the case of two sets, the convex feasibility problem can be cast into the composite
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model. Let dC : Rn → R be defined by,

dC(x) = min
c∈C
||x− c||, (6.1)

be the distance function. This is related to the projection as, dC(x) = ||x − PCx||. Now,
consider f(x) = 1

2
d2C(x), this function is differentiable with gradient,

∇f(x) = x− PC(x). (6.2)

Recall that PC is firmly nonexpansive, and furthermore that means Id−PC is firm, therefore
∇f(x) is 1-smooth. Setting g(x) = iD(x) we can now see that the convex feasibility problem
can be cast as the following convex optimization problem:

min
x∈Rn

1

2
d2C(x) + iD(x). (6.3)

As 1
2
d2C(x) ≥ 0 and equality holds only if x ∈ C, and similarly iD(x) ≥ 0 and 0 only if

x ∈ D, it is easy to see that a minimizer to the above problem will be a point x ∈ C ∩D.
Since this problem is nonsmooth we use the proximal gradient method. Recalling that
proxiD (x) = PDx, we get

proxg (x−∇f(x)) = PD (x− (x− PCx)) (6.4)

= PDPCx. (6.5)

Hence, the for the convex feasibility problem the proximal gradient method and MAP are
equivalent. The advantage of using the composite formulation is that now acceleration can
be applied through APG. With the use of the acceleration it becomes possible to apply
the restarts of O’Donoghue and Candès.

6.2 Case of Two Hyperplanes

Let c, d ∈ Rn \ {0} be linearly independent, then throughout this section we set C = {x ∈
Rn : ⟨x, c⟩ = β1} and D = {x ∈ Rn : ⟨x, d⟩ = β2} to be two hyperplanes in Rn. The
projection onto the hyperplanes is given by,

PC(x) = x− ⟨x, c⟩ − β1

||c||2
c, PD(x) = x− ⟨x, d⟩ − β2

||d||2
d. (6.6)

Note that a closed form solution of convex feasibility problem for two hyperlanes exists [12]
but studying this case provides insights into the behaviour of the restarting algorithm. We
have the following theorem for the iterates of Algorithm 1 applied to f = 1

2
d2C and g = iD.
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Theorem 6.1. Let x0 ∈ Rn and let (xk)k∈N, (yk)k∈N be produced by APG for the convex
feasibility problem. Then for k ≥ 1 the iterates xk are on the line given by x1+ span(PDc−
β2

||d||2d).

Proof. Take x0 ∈ Rn, and set y0 = x0, then,

x1 = PDPCx0. (6.7)

We will proceed by strong induction. For the base cases for k = 2 and k = 3 we have,

x2 = PDPCy1. (6.8)

By Algorithm 1 we have,

y1 = x1 +
t0 − 1

t1
(x1 − x0), (6.9)

since t0 = 1 we have y1 = x1. We then proceed with applying the projections,

x2 = PDPCx1 = PCx1 −
⟨PCx1, d⟩ − β2

||d||2
d (6.10)

=

(
x1 −

⟨x1, c⟩ − β1

||c||2
c

)
− ⟨PCx1, d⟩ − β2

||d||2
d (6.11)

= x1 −
⟨x1, c⟩ − β1

||c||2
c−
⟨x1 − ⟨x1,c⟩−β1

||c||2 c, d⟩ − β2

||d||2
d (6.12)

= x1 −
⟨x1, c⟩ − β1

||c||2
c−
⟨x1, d⟩ − ⟨x1,c⟩−β1

||c||2 ⟨c, d⟩ − β2

||d||2
d (6.13)

= x1 −
⟨x1, c⟩ − β1

||c||2
c−

β2 − ⟨x1,c⟩−β1

||c||2 ⟨c, d⟩ − β2

||d||2
d (6.14)

= x1 −
⟨x1, c⟩ − β1

||c||2

(
c− ⟨c, d⟩
||d||2

d

)
(6.15)

= x1 −
⟨x1, c⟩ − β1

||c||2

(
c− ⟨c, d⟩ − β2

||d||2
d− β2

||d||2
d

)
(6.16)

= x1 −
⟨x1, c⟩ − β1

||c||2

(
PDc−

β2

||d||2
d

)
. (6.17)

We can see that x2 ∈ x1 + span{PDc − β2

||d||2d}. We will denote − ⟨x1,c⟩−β1

||c||2 by α2. Before
showing the other base case we rewrite the update for in general for xk+1,
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xk+1 = PDPCyk (6.18)

= PCyk −
⟨PCyk, d⟩ − β2

||d||2
d (6.19)

=

(
yk −

⟨yk, c⟩ − β1

||c||2
c

)
− ⟨PCyk, d⟩ − β2

||d||2
d (6.20)

= yk −
⟨yk, c⟩ − β1

||c||2
c− ⟨PCyk, d⟩ − β2

||d||2
d (6.21)

= yk −
⟨yk, c⟩ − β1

||c||2
c−
⟨yk − ⟨yk,c⟩−β1

||c||2 c, d⟩ − β2

||d||2
d (6.22)

= yk −
⟨yk, c⟩ − β1

||c||2

(
c− ⟨c, d⟩
||d||2

d

)
(6.23)

= yk −
⟨yk, c⟩ − β1

||c||2

(
PDc−

β2

||d||2
d

)
. (6.24)

Using the above formulationn the proof for the k = 3 case works similarly; for x3 the above
update is written as,

x3 = y2 −
⟨y2, c⟩ − β1

||c||2

(
PDc−

β2

||d||2
d

)
. (6.25)

Now we can expand y2,

y2 = x2 +
t1 − 1

t2
(x2 − x1) (6.26)

=

(
x1 + α2

(
PDc−

β2

||d||2
d

))
+ α2

t1 − 1

t2

(
PDc−

β2

||d||2
d

)
. (6.27)

This gives us,

y2 = x1 +

(
α2 + α2

t1 − 1

t2

)(
PDc−

β2

||d||2
d

)
. (6.28)

Plugging this into the equation for x3 we now have,

x3 = x1 +

(
α2 −

⟨y2, c⟩ − β1

||c||2
+ α2

t1 − 1

t2

)(
PDc−

β2

||d||2
d

)
, (6.29)

and we observe we have x3 in the form x1 + α3

(
PDc− β2

||d||2d
)
.
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We can now proceed with the proof using strong induction on k. Suppose that for

j ∈ {1, 2, . . . , k} we can write xj = x1 + αj

(
PDc− β2

||d||2d
)
. We wish to show that we can

do this for xk+1. We know from above that,

xk+1 = yk −
⟨yk, c⟩ − β1

||c||2

(
PDc−

β2

||d||2
d

)
. (6.30)

We proceed by applying the definition of yk,

yk = xk +
tk−1 − 1

tk
(xk − xk−1),

and applying the induction hypothesis

yk =

(
x1 + αk(PDc−

β2

||d||2
d)

)
+
tk−1 − 1

tk

(
x1 + αk(PDc−

β2

||d||2
d)− x1 − αk−1(PDc−

β2

||d||2
d)

)
(6.31)

Putting like terms together we get,

yk = x1 +

(
αk +

tk−1 − 1

tk
(αk − αk−1)

)
(PDc−

β2

||d||2
d). (6.32)

Applying this to the equation for xk+1 above we complete the proof as we have,

xk+1 = x1 +

(
αk −

⟨yk, c⟩ − β1

||c||2
+

(
tk−1 − 1

tk
(αk − αk−1)

))
(PDc−

β2

||d||2
d). (6.33)

Corollary 6.2. An optimal solution of the convex feasibility problem for the case of two
hyperplanes is given by,

x∗ = x1 + α∗(PDc−
β2

||d||2
d), (6.34)

where x1 = PDPCx0, and α∗ = β1−⟨x1,c⟩
⟨PDc− β2

||d||2
d,c⟩

Proof. Set x∗ and α∗ as in the statement above. To show that x∗ is optimal we must show
that we do in fact have x∗ ∈ C ∩D. To that end we compute,

⟨x∗, d⟩ = ⟨x1 + α∗(PDc−
β2

||d||2
d), d⟩ (6.35)

= β2 + α∗
(
⟨PDc, d⟩ −

β2

||d||2
⟨d, d⟩

)
(6.36)

= β2 + α∗(β2 − β2) (6.37)

= β2. (6.38)
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We have shown x∗ ∈ D, now we proceed to show x∗ ∈ C.

⟨x∗, c⟩ = ⟨x1 + α∗(PDc−
β2

||d||2
d), c⟩ (6.39)

= ⟨x1, c⟩+
β1 − ⟨x1, c⟩

⟨PDc− β2

||d||2d, c⟩
⟨(PDc−

β2

||d||2
d), c⟩ (6.40)

= ⟨x1, c⟩+ β1 − ⟨x1, c⟩ (6.41)

= β1. (6.42)

Hence we have that x∗ ∈ C and so x∗ ∈ C ∩D as desired.

Corollary 6.3. Let C,D be two hyperplanes, let x0 ∈ Rn. Set α∗ = β1−⟨x1,c⟩
⟨PDc− β2

||d||2
d,c⟩

, then if

(xk)k∈N are given by Algorithm 1 we have that,

xk → x∗ = x1 + α∗(PDc−
β2

||d||2
d). (6.43)

Proof. By the convergence rate of APG we know that F (xk) → F ∗ = 0. Since by Theo-
rem 6.1 we have that xk = x1+αk(PDc− β2

||d||2d) also converges to some point, in particular

this means that limk→∞ αk exists as PDc− β2

||d||2d ̸= 0.

From Theorem 6.1 we know that

αk+1 =

(
αk −

⟨yk, c⟩ − β1

||c||2
+

(
tk−1 − 1

tk
(αk − αk−1)

))
(6.44)

αk+1 = αk −
⟨x1 + (αk +

tk−1
tk+1

(αk − αk−1))(PDc− β2

||d||2d), c⟩ − β1

||c||2
+

(
tk−1 − 1

tk
(αk − αk−1)

)
.

(6.45)

Taking the limit as k →∞ we get that,

0 = −
⟨x1, c⟩+ α∗⟨PDc− β2

||d||2d, c⟩ − β1

||c||2
(6.46)

0 = −⟨x1, c⟩ − α∗⟨PDc−
β2

||d||2
d, c⟩+ β1 (6.47)

⟨x1, c⟩ − β1 = −α∗⟨PDc−
β2

||d||2
d, c⟩ (6.48)

β1 − ⟨x1, c⟩
⟨PDc− β2

||d||2d, c⟩
= α∗. (6.49)
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By the previous corollary we know, that for this value of α∗, the point x1+α∗(PDc− β2

||d||2d)
is in both C and D and therefore, we get that xk converges to an optimal solution.

In the analysis of the one dimensional case it was shown that the gradient based restarts
correspond to the iterates given by APG crossing the minimizer. In higher dimensions
there is no sense of crossing the minimizer as there is no ordering. For the case of two
hyperplanes, we notice that all iterates xk, and yk for k ≥ 1 will be on the hyperplane D,
and furthermore we notice that the other hyperplane C splits the space into two halfspaces.
We wish to show a correspondence between the gradient based restarts and the iterates of
APG crossing from one halfspace into the other.

Proposition 6.4. Let C− = {x : ⟨x, c⟩ < β1} and let C+ = {x : ⟨x, c⟩ > β1}.
Suppose that (xk)k∈N and (yk)k∈N are given by Algorithm 1. Then all xk and yk are on the
hyperplane given by D. Then,

(i) If yk ∈ C− then xk+1 ∈ C−

(ii) If yk ∈ C+ then xk+1 ∈ C+.

Proof. We prove (i) as (ii) is similar. Suppose that yk ∈ C−. Let, xk+1 = PDPCyk =

yk +
⟨yk,c⟩
||c||2 PDc. Then,

⟨c, xk+1⟩ = ⟨c, PCyk −
⟨PCyk, d⟩ − β2

||d||2
d⟩ (6.50)

= β1 − ⟨c,
⟨PCyk, d⟩ − β2

||d||2
d⟩ (6.51)

= β1 − ⟨c,
⟨yk − ⟨c,yk⟩−β1

||c||2 c, d⟩ − β2

||d||2
d⟩ (6.52)

= β1 +
(⟨c, yk⟩ − β1)⟨c, d⟩2

||c||2||d||2
(6.53)

< β1. (6.54)

It was shown that xk+1 ∈ C− as desired.

With the above proposition in hand, we can now show that the gradient restart occurs
if yk crosses from one halfspace to the other.
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Theorem 6.5. Let C,D be hyperplanes as described earlier. Let C− = {x : ⟨x, c⟩ < β1}
and let C+ = {x : ⟨x, c⟩ > β1} be halfspaces. Further, let (xk)k∈N and (yk)k∈N are given
by Algorithm 1. Suppose that xk ∈ C− and yk ∈ C+. Then the gradient restart condition,

⟨yk − xk+1, xk+1 − xk⟩ > 0,

is satisfied. Likewise, if xk ∈ C+ and yk ∈ C−.

Proof. Suppose that xk ∈ C− and yk ∈ C+. By the previous proposition we know that
xk+1 ∈ C+. We directly check the gradient condition,

⟨yk − xk+1, xk+1 − xk⟩ = ⟨yk − PCyk +
⟨PCyk, d⟩ − β2

||d||2
d, xk+1 − xk⟩ (6.55)

= ⟨yk − (yk −
⟨yk, c⟩ − β1

||c||2
c) +

⟨PCyk, d⟩ − β2

||d||2
d, xk+1 − xk⟩ (6.56)

=
⟨yk, c⟩ − β1

||c||2
⟨c, xk+1 − xk⟩. (6.57)

Now ⟨c, xk+1⟩ > β1 and ⟨c, xk⟩ < β1 so ⟨c, xk+1−xk⟩ > 0, and since ⟨c, yk⟩ > β1 we conclude
the restart condition is satisfied.

On the other hand, if xk ∈ C+ and yk ∈ C− then we have, ⟨c, xk+1⟩ < 0 and ⟨c, xk⟩ > 0 so
⟨c, xk+1 − xk⟩ < 0, now ⟨c, yk⟩ < 0 so in total we have the product is positive and thus the
restart condition is satisfied.

We wish to show an equivalence between restarting, and the yk’ s crossing between
halfspaces.

Theorem 6.6. Let C,D be as in the problem setting. Let (xk)k∈N and (yk)k∈N be given by
Algorithm 1. Suppose that xk ∈ C+, and the gradient restart condition is satisfied,

⟨yk − xk+1, xk+1 − xk⟩ > 0.

Then we have that yk, xk+1 ∈ C−.

Proof. Suppose for the sake of contradiction that yk ∈ C+, hence so is xk+1. In Theorem 6.5
we saw that the restart condition is equivalent to

⟨yk, c⟩ − β1

||c||2
⟨c, xk+1 − xk⟩ > 0.
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We assumed that ⟨c, yk⟩ > β1 so for the restart to hold it must be that ⟨c, xk+1 − xk⟩ > 0
as well. Applying Theorem 6.1 we have

⟨c, xk+1 − xk⟩ = ⟨c, (αk+1 − αk)(PDc−
β2

||d||2
d⟩ (6.58)

= (αk+1 − αk)⟨c, c−
⟨c, d⟩ − β2

||d||2
d− β2

||d||2
d⟩ (6.59)

= (αk+1 − αk)⟨c, c−
⟨c, d⟩
||d||2

d⟩ (6.60)

= (αk+1 − αk)

(
||c||2 − ⟨c, d⟩

2

||d||2

)
(6.61)

= (αk+1 − αk)
(
||c||2 − ||c||2 cos2 φ

)
. (6.62)

As the problem is feasible we have that cos2 φ ∈ [0, 1), hence ||c||2 − ||c||2 cos2 φ > 0.
Since xk+1 is a proximal gradient step from yk, and both are in C+ it follows that xk+1

is further along the line x1 + α(PDc − β
||d||2d) than xk. Furthermore since xk, xk+1 are in

C+ it means that the αk are decreasing towards α∗ and hence αk+1 − αk < 0. This means
that in the above we have ⟨c, xk+1 − xk⟩ < 0 and a restart does not occur. This is a
contradiction, as we assumed that the restart condition is satisfied. Therefore we must
have that yk, xk+1 ∈ C−. If we assumed that initially xk ∈ C− and the gradient condition
is satisfied we would similarly have that yk, xk+1 ∈ C+.

The above two theorems imply that the gradient restart condition is satisfied if and
only if the iterates cross the hyperplane defined by ⟨c, x⟩ = β1. To analyze the gradient
restart we proceed similar to the one dimensional case from earlier.

Recall, we defined the vector zk = (1− tk−1)xk−1 + tk−1xk. By previous analysis we know
that the optimal point x∗ is x1+α∗(PDc− β2

||d||2d). We have the following lemma which will
give a bound on distance between zk+1 and x∗.

Lemma 6.7. Suppose that (xk)k∈N are given by Algorithm 1 applied to the case of the
convex feasibility problem for two hyperplanes. Suppose that at iteration k = r the restart
condition

⟨yr − xr+1, xr+1 − xr⟩ > 0

is satisfied. Define, zk = (1 − tk−1)xk−1 + tk−1xk for all k ≥ 1 and recall that x∗ =
x1 + α∗(PDc− β2

||d||2d). Then,

||zr+1 − x∗|| ≥ tr||xr+1 − x∗||. (6.63)
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Proof. By Theorem 6.1 we can write,

xr = x1 + αr(PDc−
β

||d||2
d), (6.64)

and,

xr+1 = x1 + αr+1(PDc−
β

||d||2
d). (6.65)

We now proceed as follows,

||zr+1 − x∗|| = ||(1− tr)xr + trxr+1 − x∗|| (6.66)

= ||(1− tr)(xr − x∗) + tr(xr+1 − x∗)|| (6.67)

= ||(1− tr)(αr − α∗)(PDc−
β2

||d||2
d) + tr(αr+1 − α∗)(PDc−

β2

||d||2
d)|| (6.68)

=
∣∣(1− tr)(αr − α∗) + tr(αr+1 − α∗)

∣∣||PDc−
β2

||d||2
d||. (6.69)

Now we know since the restart condition was met we have say αr < α∗ and αr+1 > α∗. In
this case the absolute value term becomes,∣∣(1− tr)(αr − α∗) + tr(αr+1 − α∗)

∣∣ = (tr − 1)|αr − α∗|+ tr|αr+1 − α∗| (6.70)

≥ tr|αr+1 − α∗|. (6.71)

Applying this to inequality we know obtain,

||zr+1 − x∗|| ≥ tr|αr+1 − α∗|||PDc−
β2

||d||2
d|| (6.72)

= tr||xr+1 − x∗|| (6.73)

as desired. If instead we have αr+1 < α∗ < αr then the proof is similar.
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Chapter 7

Conclusion and Future Work

First order algorithms have grown in popularity as the size of modern problems increases,
such as in machine learning and data science applications. Heuristics which accelerate
first order methods further, such as the adaptive restarting techniques of O’Donoghue and
Candès are very useful. In this thesis we have studied the gradient restart condition for
accelerated proximal gradient(APG) applied to composite convex optimization models. By
looking at special cases, such as the one dimensional case, and projection onto the inter-
section of two hyperplanes we were able to prove that the restarts do improve upon the
convergence rate. In APG, the function values of the iterates are not monotonic, this is
due to the added momentum terms which cause the iterates to overshoot the minimizer.
In the cases for the restarts studied in the thesis we showed that the gradient condition
corresponds exactly to the iterates overshooting the minimizer

The application of the adaptive restarts remains a heuristic for more general cases. A
further area of development motivated by the cases we studied is the investigating the
relationship between Fejér monotonicity of the iterates and the restart condition. If at any
iteration k if ||xk+1 − x∗|| ≤ ||xk − x∗|| does not hold, then the monotonicty condition is
violated. In numerical experiment, using monotonicity as a restart condition performed
well, and in the case of the hyperplanes corresponded to the gradient based restarts. While
in practice it is not a feasible condition to test, it could provide further insight into why
heuristic methods work. Another area of further study comes from alternating projections.
One question is how does the geometry of the sets affect the restarts? For the two hy-
erplanes we had nice formulas for the projections, therefore it is also interesting to ask
whether similar results could be shown if just one of the sets is a hyperplane, or if both
projections have a closed form. Recently, restarting using more than just the information
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at the last iterate has been looked at for primal-dual hybrid gradient (PDHG) [25]. Using
information from previous iterates to create a new adaptive restart condition is a possible
direction for further research.
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