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Abstract

This thesis explores the trajectory tracking control of autonomous off-road vehicles.
The research aims to create a suitable trajectory tracking controller for use in industries
such as mining, agriculture, and material transport, where enhancing safety and efficiency
is paramount. With these applications comes the need to translate across varying off-road
conditions. The complexity of off-road environments poses significant challenges, including
varying bank and inclination angles, changing traction conditions, vehicle payloads, and
complex terrain-tire dynamics. Furthermore, the need for real-time performance mandates
that the controller be efficient, as traditional Non-linear Model Predictive Control (NL-
MPC) is too computationally intensive for practical and cost efficient use.

To tackle these challenges, a coupled controller for longitudinal and lateral control has
been developed using a dual-track vehicle with a linear tire model. This physics-based
approach incorporates road angles into the formulation to account for significant bank
and inclination angles. Simulation results in off-road scenarios indicate that Road Angle
Model Predictive Control (RA-MPC) shows potential for improving trajectory tracking.
However, in practical applications, accurately estimating these angles remains difficult due
to the varying planes on which the tires operate. This direct modelling approach also limits
the generalizability of the controller in off-road conditions as other sources of unmodelled
dynamics are ignored.

To enhance the controller’s performance in a broader way, a separate method of com-
pensating for off-road modelling complexities through the use learning methods is explored.
Gaussian Process Regression (GPR) is employed to improve tracking performance through
data-driven modelling of complex off-road dynamics. While this thesis focuses on the in-
tegration and inital proof of concept using learning to augment the MPC formulation, the
results demonstrate that GPR-MPC can effectively compensate for path inclination and
bank angles as well as other sources of unmodelled dynamics. Notably, GPR-MPC excels
in low friction (low �) scenarios where there are significant parameter mismatches in the
physics-driven MPC formulation.
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Chapter 1

Introduction

1.1 Motivation

Autonomous driving technology continues to advance and be at the forefront of automotive
engineering. Studies project that by 2035 37% of vehicles will have advanced automated
driving systems [1]. In many real-world driving scenarios the cause of crashes and accidents
is human error. The overall adoption of Autonomous Vehicles (AVs) has the potential to
remove human error from the loop. This in turn promises safer transportation for all.
One study suggests that the adoption of AVs could could lead to accidents being reduced
by 15% in Europe by 2030 [2]. Another common issue with traditional transportation
is ine�ciency. Human error leads to massive tra�c congestion, and an overall loss of
resources on infrastructure [3]. AVs have the potential to improve this and greatly bene�t
society.

Within an autonomous vehicle there are various modules that need to work together
in unison to provide a safe, reliable, and comfortable driving experience. An overall block
diagram of a typical autonomous software stack and its various modules can be seen in
Figure 1.1. The �rst main module is the perception module. This module is the eyes of the
vehicle and is responsible for perceiving the world around it. One of the main tasks of this
module is detection. Objects such as pedestrians, road signs, and road markings need to be
identi�ed in a timely and accurate manner to properly drive the vehicle. Perception is also
responsible for predicting the trajectory of dynamic obstacles. Similar to the way a human
would predict what a pedestrian may do when approaching a crosswalk, perception needs
to identify what the probable trajectory of an object will be. To perform this task, AVs
utilize sensors such as cameras, Light Detection And Ranging sensors (LiDARs), and RAdio
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Figure 1.1: Software modules within an autonomous vehicle. This �gure comes speci�cally
from the WATonoBus project. [4]

Detection And Ranging sensors (RADARs) to identify object positions and movement. The
next main module is the decision making and planning module. This software is responsible
for processing the results from the perception module and making informed decisions about
the movement of the vehicle. First and foremost, high level decisions such as stopping,
or proceeding, need to be made based o� of potential obstacles and road signs. From
here, the planning portion of the module needs to provide a comfortable and achievable
trajectory for the vehicle to follow. The �nal main module is control. This module needs
to request the proper steering and throttle inputs to achieve the desired trajectory of
the vehicle. It must achieve this trajectory while considering physical constraints of the
vehicle from both an actuator and comfort perspective. Since the nature of the system is
safety critical, the controller must be robust and e�cient to ensure overall stability of the
system. With model based control becoming the standard solution to this problem, the
task of an e�cient controller is complicated by the inclusion of highly non-linear dynamics
in the vehicle model. The combination of the perception, decision making, and planning
modules represent the highest computational requirements of the entire AV software stack.
Controller modules often have limited resources for implementation and need to be operated
in real-time to ensure safe operation of the vehicle.
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AVs have great potential to solve problems outside of human transportation. AVs have
the potential to improve e�ciency in o�-road commercial applications such mining, agri-
culture, manufacturing, and shipping. These applications all contain logistical problems
involving the transportation of materials from one location to another. Usually, the trans-
port of these materials would require a specially trained machine operator. By expanding
AVs to this problem, the e�ciency of commercial operations can be improved. The work-
place environment can also be made safer by adopting these vehicles and help prevent
heavy machinery injuries. A 2022 census of fatal occupational injuries by the U.S Depart-
ment of Labour revealed that workers in transportation and material moving experienced
the highest rate of fatalities amongst all occupational groups with 1620 deaths [5]. This
industry has massive potential for automation that can reduce this high rate of injury.

While the proposition of AVs in o�-road scenarios is promising from a cost reduction,
safety, and e�ciency standpoint, there are di�cult environmental factors compared to an
on-road scenario that pose as challenges. In an urban on-road scenario, the environment is
very structured in nature; the surface is largely smooth and without large bank and incli-
nation angles. Urban roads have been speci�cally designed to provide a comfortable and
achievable trajectory to follow. In o�-road applications the terrain becomes less uniform
and may contain large bumps and obstacles. The terrain inherently has a lower coe�cient
of friction leading to traction issues. Surfaces such as thick mud or loose gravel lead to
complex dynamical interactions with the tire that only experienced drivers may be able to
handle. The combination of these environmental factors all contribute to the di�culty in
tracking a desired path.

In recent years, Model Predictive Control (MPC) has been applied to the vehicle tra-
jectory tracking problem on many accounts. With a trajectory-tracking MPC, a vehicle
prediction model is used to predict the trajectory of the vehicle over a prediction horizon.
Using this information, an optimization can be performed to determine the optimal vehi-
cle control inputs that should be applied to reduce the cost of a predetermined function.
Another advantage to MPC is the ability to apply input constraints to the optimization to
ensure actuator limits of the vehicle are respected. State constraints can also be consid-
ered in the cost function to ensure ride comfort and overall vehicle stability. As previously
discussed, to be e�ective, an o�-road MPC formulation needs to include the e�ects of envi-
ronmental factors including: non-linear tire dynamics from terrain interaction, large bank
and inclination angles, and traction limits.

This work suits an ongoing project within the Mechatronic Vehicle Systems (MVS)
Lab at the University of Waterloo referred to as the WATonoTruck (Figure 1.2). This
project focuses on creating an autonomous modular vehicle that can be used for material
transportation in commercial and o�-road settings. The design of the vehicle features four
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Figure 1.2: WATonoTruck O�-Road Vehicle

independent corner modules (CMs) that each provide steering, suspension, braking, inde-
pendent drive system, and a microcontroller [6]. The WATonoTruck CMs all communicate
with each other via CAN through a central computer. The vehicle is designed to be fault
tolerant and work as a modular system. A previous students' work in the lab focused
on creating a distributed and fault tolerant controller to e�ectively control the vehicles
actuators [7]. Given the nature of the tasks the WATonoTruck will be required for, it is
important that the vehicle is able to navigate o�-road scenarios e�ciently and accurately.
A specialized MPC controller for o�-road navigation should provide the system with the
tools to handle di�cult terrains.

1.2 Objectives and Contributions

The main objective of this work is to develop a trajectory tracking controller for an o�-
road autonomous vehicle. Particularly, this work provides insights into applications where a
classical trajectory tracking formulation may not provide adequate tracking. As a �rst step,
a �rst principles, physics oriented controller model that accounts for the added dynamics
of banked, and sloped roads will be explored to evaluate its e�ectiveness. The trajectory
tracking model includes the lateral and yaw dynamics of the vehicle for a smooth and
accurate steering angle as well as longitudinal dynamics for velocity command tracking
through direct motor torque control. The coupled controller formulation enables the use
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of advanced vehicle control strategies like torque vectoring and smart torque allocation
to improve o�-road performance. The controller formulation will allow for the inclusion
of actuator constraints to ensure safety and maneuverability. The model is designed to
be practical and real-time feasible to ensure that compute resource requirements are kept
within reason. This formulation shows that a low to medium �delity model can be made
suitable for di�cult terrains.

A secondary objective of this work will be exploring the use of learning based modules
to account for unmodelled vehicle dynamics. Since the measurement of road angles can
be particularly di�cult in uneven road conditions, the learning based approach focuses on
augmenting the nominal vehicle model through a linear disturbance term. The approach
ensures that no extra compute resources are required for solving for optimal control prob-
lem. Additionally, the approach enables the possibility of compensating for tire-terrain
interaction. These dynamics are often left unmodelled but can produce dynamics that
non-negligibly a�ect the vehicles motion. Through simulation analysis, the controller is
validated against the physics oriented o�-road vehicle controller. Scenarios with large hills,
bank angles, varying terrain conditions, and vehicle payloads will be tested to show the
e�ectiveness of learning based model augmentation.

The main contribution of this work is the adaptation of a coupled lateral and longitu-
dinal MPC trajectory tracking controller for o�-road vehicle use. The work explores the
novel use of learning based methods to improve trajectory tracking ability in di�cult sce-
narios. Furthermore, a practical, real-time feasible controller framework is presented that
is expandable to cutting edge learning techniques. The �ndings of this work enables future
development of real-time hybrid controllers without the need for expensive and complicated
non-linear optimization solvers.

1.3 Outline

Chapter 2 dives into required background information for control and learning techniques
utilized in this thesis. Topics in this section include a review of model predictive control
basics, and a working introduction to Gaussian Process Regression (GPR). This section
will highlight relevant literature on the topics of o�-road vehicle control, MPC trajectory
tracking control, and learning based control methods; Frameworks for the inclusion of
learning modules in an MPC formulation will also be explored.

In Chapter 3 a physics oriented o�-road MPC formulation is outlined. This begins with
the derivation of vehicle dynamic equations that account for road bank and inclination
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angles. The state space representation of this model is then presented along with the
necessary linearization and dicretization of the model. This physics oriented controller is
then evaluated using o�-road simulation scenarios. The chapter highlights the di�culty in
measuring road angles reliably through simulation results and analysis.

Chapter 4 will examine the use of learning based modules to compensate for the un-
modelled vehicle dynamics instead of relying on complicated estimators. A framework for
the inclusion of learning based o�sets is presented in this chapter that maintains linear-
ity and convexity in the optimal control problem. The use of GPR for unmodelled vehicle
dynamic prediction will then be presented to show the potential e�ectiveness in o�-road ap-
plications. Simulation results demonstrate the practicality and e�ectiveness of the overall
hybrid MPC controller.

Chapter 5 concludes this thesis with a summary of its contents and an outline of future
research potential.
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Chapter 2

Literature Review and Background

2.1 Background

2.1.1 MPC

MPC is a control strategy that has gained signi�cant attention in various �elds due to
its ability to handle multi-input, multi-output systems [8]. The essence of MPC lies in
its ability to optimize the inputs and the predictions of its internal process model [8].
MPC operates in an iterative manner, using a model of the system to predict future
behavior and solve an online optimization algorithm to �nd the optimal control action
[9]. The process can be broken down into three basic requirements: a dynamic model for
forecasting future states, a cost function that describes the optimal control problem, and
feedback mechanism where MPC takes only the �rst action of the computed control input
sequence. The recalculation of the optimal control action at each time step ensures the
controller is robust to disturbances and uncertainty in the system model [9]. Figure 2.1
illustrates the working principle of MPC control.

MPC has been investigated for a signi�cant number of potential applications to auto-
motive systems in [10]. It's appealing for such applications due to its ability to handle
things like actuator constraints, time delays, and performance optimization [10]. While
initially MPC algorithms were too computationally expensive to run in an automotive set-
ting, developments in the early 2000s have enabled the real-time implementation of the
algorithm [10]. This opened the door for the use of MPC for vehicle dynamic control in
the areas of traction, stability, suspension, and power train control [10]. As computing
resources continue to become less expensive, many more applications are possible with
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Figure 2.1: MPC Working Principle [9]

MPC; Recent applications include adaptive cruise control where MPC can be used to im-
prove vehicle responsiveness while maintaining passenger comfort and safety, as well as
autonomous driving tasks such as lane keeping and obstacle avoidance [10].

Solving the optimization problem in MPC requires the use of optimization solvers.
There are several types of solvers available, each with its own computational requirements
and characteristics. Quadratic Programming (QP) Solvers are used when the optimization
problem in MPC is a quadratic programming problem. To be a quadratic problem the
problem must have a quadratic cost function with linear constraints. This means that
the process dynamics of the optimization also need to be linear. If the dynamics become
non-linear, non-linear programming solvers must be used to solve the optimization. QP
solvers are generally computationally cheaper than comparable NLP solvers, making them
a good option for embedded hardware implementation. Recent research works focus on
improving the speed, scalability, and parallelizability of QP solvers for MPC applications
[11, 12, 13, 14].

Various methods can be used to solve QP problems including active-set, interior-point,
and the alternating direction method of multipliers (ADMM) algorithms [8]. The active-set
solver provides fast and robust performance for small-scale and medium-scale optimization
problems [8]. The interior-point solver can provide superior performance for large-scale
optimization problems [8]. The ADMM solver is generally computationally cheaper than
comparable alternatives, and therefore a good option for embedded hardware implementa-

8



tion [8]. Matlab's quadprog() library supports the use of these QP solving algorithms as
well as support for C/C++ code generation for experimental deployment of algorithms on
test hardware.

2.1.2 GPR

GPR is a supervised learning method used to solve regression and probabilistic classi�-
cation problems [15]. It is a non-parametric approach that makes predictions using prior
knowledge while also incorporating an uncertainty measure into its prediction. The inher-
ent uncertainty measure in the predictions make GPR an attractive option for automotive
applications; The measure of uncertainty makes it possible to monitor the predictor to
ensure safety and accuracy from a quantitative standpoint.

The �rst main piece of GPR is understanding Gaussian process models. A Gaussian
process model de�nes a probability distribution of functions that �t a given set of data [15].
Since the model is a distribution of functions that �t the data, we can use the mean of the
distribution as the most likely function, and the variance of the distribution to represent our
con�dence in the function [15]. As an example, a one dimensional GPR is shown in �gure
2.2. The �gure shows how the true function is regressed on using discrete measurements.
Areas with observations close to each other have a high con�dence whereas unexplored
areas tend to have more uncertainty. This �gure highlights the importance of various data
points in the problems state space in order for GPR to make an high con�dence prediction.
Furthermore, in the multi-dimensional space, the importance for data grows as the state
space becomes much larger.

If two inputs are similar in the feature space, they should produce the same output
[15]. In order to ensure this is true, GPR needs a way to evaluate how similar two points
in the multi-dimensional feature space are. The function that is used to do this is called
the kernel function. If two points are similar in the kernel space, the function values at
these points will also be of similar value [15]. A widely used kernel function in GPR is the
Squared Exponential kernel. This is the kernel that is used in chapter 4 for GPR results.
The kernel is de�ned as:

k(x; x0) = � 2 exp
�

�
kx � x0k2

2`2

�
(2.1)

where: The parameters in the equation represent the following:� 2 represents the
variance parameter,` represents the length scale parameter, andx and x0 are the input
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Figure 2.2: 1D Gaussian process regression example from Scikit learn. Results show that
even with relatively few observations the true function can be estimated accurately.The
prediction line represents the mean function of the Gaussian process. [16]

vectors. These are all hyper-parameters that need to be optimized. Matlab's �tgrp()
looks to maximize the marginal log likelihood when optimizing the hyper-parameters of
the kernel function [17].

The regression function modeled by a multivariate Gaussian can now be de�ned as:

P(f jX ) = N (f j�; K );

where X = [ x1; : : : ; xn ] represents the measured data points,f = [ f (x1); : : : ; f (xn )] the
desired function values,� = [ m(x1); : : : ; m(xn )] the mean function, andK ij = k(x i ; x j )
the kernel function. The Gaussian process model is a distribution over functions whose
shapes are de�ned by the covariance/similarity functionK [15]. Given a set of observed
data points we can predict at new pointsX � as f (X � ).
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The joint distribution of f and f � can be written as:
�

f
f �

�
� N

��
m(X )
m(X � )

�
;
�

K K �

K T
� K ��

��
;

whereK = K (X; X ), K � = K (X; X � ), and K �� = K (X � ; X � ).

From the joint distribution, the conditional distribution of f � is all that a predictor
needs to generate. This can be obtained using the marginal and conditional distributions
theorem [15]. The result is written as:

f � jf; X; X � � N
�
K T

� [K + � 2
n I ]� 1f; K �� � K T

� [K + � 2
n I ]� 1K �

�

In many real systems the measured function values are noisy; This is included in the
process model as follows:

y = f (x) + �

where� � N (0; � 2
n ) is Gaussian noise with zero mean and variance� 2

n .

Now, for the given desired predictor pointX � , the prediction of the functiony� is given
as:

y� jy; X; X � � N (mean; cov)

where the mean function and the covariance function are expressed as:

mean = K T
� [K + � 2

n I ]� 1y

cov = K �� � K T
� [K + � 2

n I ]� 1K �

2.2 Literature Review

2.2.1 Trajectory Tracking Control

A popular use of MPC in the application of autonomous vehicles has been for the longi-
tudinal and lateral trajectory tracking of the vehicle. This task involves controlling the
motors of the vehicle to track a desired speed request as well as controlling the steering of
the vehicle to track the desired path. These control tasks are sometimes decoupled from
one another into a speed controller and path tracking controller for simplicity of implemen-
tation. Furthermore, other control strategies such as PID and LQR are used in conjunction
with an MPC controller for a hybrid approach. In [18] the authors explore the use of a
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standard 2 DOF bicycle model for the path tracking of an on-road autonomous vehicle.
The authors explore the stability properties of their formulation and conclude that asymp-
totic stability is guaranteed. In [19] Chen et al. explore a similar approach. The controller
architecture presented uses a MPC controller for the lateral dynamics of the vehicle and
uses a PID controller for speed request tracking. The MPC used in the paper features a
linear prediction model to ensure that computational requirements are kept to a minimum.
Results of this paper show that independent control of steering and drive torques works
well for on-road vehicles. [20] furthers this idea of an MPC based lateral controller and
PID longitudinal controller. This paper presents methods of improving this framework
with constraints on the side slip angle in the vehicle prediction model. This approach
compensates for the inaccuracies in tire models at large slip angles and overall improves
the tracking accuracy of the vehicle. This work also highlights a method of improving the
longitudinal MPC control by having a gain scheduled PID controller for various speeds of
the vehicle. Furthermore, experimental results highlight the practicality of the decoupled
framework. These works collectively give an idea into the large body of work into on-road
control schemes featuring separate longitudinal and lateral controllers.

Yuan et al. present a method of coupling the dynamics of longitudinal and lateral
dynamics by providing a dual layered approach in [21]. While the lateral and longitudinal
dynamics are controlled by separate modules, the dynamics in the longitudinal and lateral
controllers consider the dynamics of each other. Furthermore, this paper focuses on the
practical application of the control technique with experimental results. The paper utilizes
an Extended Kalman Filter to estimate the states of the vehicle required for MPC. Results
show that the designed controller can e�ectively manage the lateral error and track the
desired speed. This research is valuable for its practicality in real-vehicle implementation.
Another approach at the coupling of the vehicle control tasks is to use a kinematic model
of the vehicle. In [22] Pang et al. show that a kinematic derivation can be e�ective for
managing the dynamics in a practical setting. This work shows that for relatively low
speeds (6 m/s), the kinematic model is su�cient for on-road trajectory tracking. [23]
compares the dynamic and kinematic prediction models for MPC control. This work
uses experimental data to examine the prediction error of each model to motivate an
MPC controller design. Results show that a kinematic model provides similar results to a
dynamic model at low speeds and is less computationally expensive. The kinematic model
also remains numerically stable in its discretization at low speed whereas the linear tire
model in the dynamic model becomes singular. While a kinematic model would be ideal
from a computational perspective, in the practice of o�-road control the slip of tires could
become non-negligible in the dynamics of the vehicle. This along with other non-linear
tire e�ects make an o�-road kinematic derivation less desirable even though the vehicle is
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subject to lower speeds.

Something that is not widely covered in current research is the direct coupled control of
both lateral and longitudinal dynamics by a single MPC controller. This method has the
potential to provide an avenue for enhanced vehicle control. By coupling the two control
variables an overall optimization of both control inputs can be done at once. The coupled
strategy also allows for advanced vehicle control concepts in the vehicle prediction model
including di�erential braking and torque vectoring. When it comes to o�-road trajectory
tracking, these advanced features are useful to improve the performance of the coupled
controller. In general, a decoupled scheme would not be able to achieve the same level
of performance due to ignoring the coupled nature of the dynamics being controlled. The
coupled nature of the optimization also has the advantage of being more computationally
feasible than two separate optimizations for longitudinal and lateral control. While the
coupling of the dynamics provides opportunity for better performance, it also makes the
overall MPC controller more di�cult to tune. This is due to the multi-objective control
task that needs to be represented as one single cost function when dealing with a centralized
MPC scheme.

One of the key elements in a dynamic MPC model for vehicle control is the tire model.
Many works have explored varying �delity tire models for vehicle control. These tire models
range from heavily non-linear physics based models to empirical data-driven based models.
The purely non-linear physics based models are often too computationally expensive to
feasibly run in real-time. For this reason, semi-empirical models such as the Magic Tire
Model and the Brush tire model are popular in research works where a more accurate tire
model is desired. A linear tire model has also been used heavily in research where slip
angles of the vehicle can be kept to a minimum; This model is simple and computationally
e�cient. These tire models have all been designed for on-road use and may not be suitable
for extreme o�-road tire dynamics. An entire research �eld called Terramechanics focuses
on o�-road tire dynamics. This �eld studies the interaction of tires on loose terrain. Many
non-linear e�ects are introduced in this interaction. For years, various o�-road vehicle
control research [24, 25, 26, 27] has been based o� the popular Bekker Terramechanics
model. This model serves as the physics based foundation for all o�-road vehicle tire
related research. It is important to remember that all tire models contain some level of
error as it is extremely di�cult to model the tire interaction with high �delity in control
oriented models. This thesis will aim to explore methods of compensating for these errors
in Chapter 4.
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2.2.2 Learning Based MPC

The inclusion of learning in an MPC formulation can happen in di�erent ways. Figure
2.3 below shows the areas where learning can be included. The areas for learning include
prediction model augmentation, prediction model replacement, state estimation, self tuning
[28, 29], and an overall controller replacement [30]. The last method is particularly risky
due to the possible inexplicable actions of trained networks. Especially relating to complex
dynamical systems, a vast amount of data is required to make this approach feasible from
a safety perspective.

Figure 2.3: Learning Based MPC [31]

Research has shown there exists many areas within an MPC prediction model that are
exposed to highly non-linear and di�cult dynamics to model. These dynamics are di�cult
to incorporate in an e�cient way when trying to achieve real-time operation. This problem
highlights the need for other approaches outside of traditional physics modeling to augment
the formulation with these dynamics.

Some researchers have explored an MPC formulation that entirely replaces a physics
based prediction model with a learning based model [32, 33]. The approach shown in [32]
uses a Recurrent Neural Network as the prediction model for a longitudinal and lateral
trajectory tracking controller. The approach highlights the controller e�ectiveness in simu-
lation by improving prediction accuracy and stability compared to other linear/non-linear
formulations. In [33] a feed forward neural network is used as the prediction model of the
vehicle. Two models are explored including an o�ine trained model and online trained
model. The online trained model was shown to take time in order to achieve the same
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performance as a classical MPC controller for trajectory tracking. The network needed
enough data to match the performance of physics based methods. It was also mentioned
that the o�ine trained model needed large amounts of data to be feasible for use. While
this approach to the problem is promising when the dynamics of the system can be well
represented with empirical data, the MPC formulation has become non-linear and requires
an e�cient solver to be real-time feasible. This is possible to achieve but the prediction
model will also require expensive hardware such as GPUs to run in real-time. This in-
creases the overall cost of the controller system. It is important to note that with pure
neural network based prediction models in works such as [32] and [33] it is di�cult to
ensure safety. If the model does not generalize well and di�cult scenarios are encountered
the controller could become unstable. For this reason hybrid approaches are preferred.

In order to use a more hybrid approach researchers have looked at ways that learning
can augment traditional physics based models to enhance the prediction quality. This
ensures the controller still understands the physics involved. Furthermore, learning based
augmentations can be monitored for accuracy and safety. In [31] Chao examines the use
of GPR to augment the states in a linear MPC scheme. This work focuses on using
GPR to learn the unmodelled dynamics from experience to control the vehicle better
when that same scenario is encountered. This is done through a linear o�set term on the
states and acts like a modelled disturbance through the system. This technique is used in
the application of vehicle stability to reduce yaw rates in aggressive steering manoeuvres.
Experimental results show that the controller is e�ectively able to manage the stability of
the vehicle and operate in real-time.

In a similar manner, some researchers have looked at using learning to only replace
certain parts of the prediction model. In some works, learning based tire models are
implemented where the network is entirely responsible for determining the forces of the
tire. For example, in [34] Boada et al. examine the use of lazy learning to provide the
longitudinal and lateral forces of a tire under combined slip conditions. Results show that
the learning based model allows for better modeling of asymmetric tire behavior and a
strong correlation with empirical data. Other approaches at using learning based methods
for tire estimation have focused on parameter estimation within a widely used tire model.
Wu et al. in [35] propose an online iterative learning technique to estimate the parameters
of the brush tire model. Furthermore, adaptive techniques have been used for a similar
purpose to estimate the parameters of the vehicle and tire model such as in [36] where the
authors use a least squares online algorithm to estimate the cornering sti�ness values of
the vehicle model. This small adaptive extension showed improved results in path tracking
capability as well as ensuring stability. Similarly, [37] Yang et al. use an amended square
root cubature Kalman �lter to adjust the cornering sti�ness parameter to improve overall
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vehicle path tracking.

Overall, a large body of work has focused on the inclusion of learning in vehicle control.
Speci�cally in the application of trajectory tracking, various works examined in [38] have
implemented some of these techniques mentioned with success. This survey looks at many
papers that have included learning in a linear based MPC formulation. This approach is
expandable to o�-road scenarios in terms of real-time feasibility and overall practicality.

2.2.3 O�-Road Vehicle Control

When it comes to o�-road driving, there are many factors that previous works in au-
tonomous trajectory tracking haven't considered in their formulations. Firstly, it is com-
mon in o�-road settings for there to be large inclination and bank angles in the path. These
angles introduce dynamics due to gravity that are non negligible and will make it more
di�cult to track the path and desired speed of the vehicle. In [39], Xu et al. include the
bank and inclination angles of the road into a MPC formulation for linear time varying
lateral path tracking. Included in this study is an estimation of the normal force on each
tire for a more accurate tire forces estimation within the model. The study uses simulation
with CarSim to compare an MPC controller formulated without the road angles. The
results show that the path tracking ability of the vehicle is more than double the ability of
the conventional MPC. Simulations included rough terrain to highlight the robustness of
the improved controller. Something this work doesn't explore is the coupled control of the
vehicle with these angles considered. Furthermore, the estimation strategy of determining
the road angles is omitted from the work. Overall, complex o�-road scenarios need to be
tested to see the potential of this controller formulation. This work highlights an area
where this thesis aims to contribute insights by testing this formulation for aggressive o�-
road driving as well as building o� this work to apply the road angles to the longitudinal
control problem simultaneously. As will be explored in Chapter 3, the road angles in this
formulation become di�cult to estimate accurately in o�-road settings.

As previously mentioned, a former student in the MVS lab researched the implemen-
tation of an agent based MPC (AMPC) framework for the o�-road WATonoTruck vehicle.
In [7], Ecclestone looks to implement a fault tolerant distributed control system for the
WATonoTruck. This framework enables the vehicle to dynamically adapt to actuator faults
as well as be con�gured in various actuator topologies. Results of the thesis show that the
vehicle is able to e�ectively track a reference path under multiple controller topologies as
well as in fault injection scenarios. This thesis also looks to build o� this work to consider
a centralized controller that considers o�-road e�ects the controller will be subject to and
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methods to compensate for this. This opens the door for future research into combining
the fault tolerant nature of the AMPC controller with the o�-road ability of the controller
developed in this thesis.

Some works have examined the implementation of robust control methods for the lateral
path tracking problem for o�-road vehicles. In [40], Tan et al. develop a coupled o�-
road vehicle MPC controller for trajectory tracking. Using robust methods, the developed
controller uses a layered approach to break up the problem into two main pieces. The robust
MPC controller �rst aims to determine the optimal longitudinal, lateral, and rotational
forces of the vehicle considering the angles of the terrain the vehicle may be on. An optimal
control allocation algorithm then determines the steering angle and wheel forces that will
collectively achieve the virtual input value. This control strategy shows strong results in
simulation with overall lower tracking errors with respect to a linear MPC formulation.
The computational requirements are also kept within reason compared to a linear MPC
formulation but are still increased due to the added complexity of control allocation. This
two layer approach introduces another optimization that needs to be performed at each
control interval along with the optimization for the virtual inputs. Ideally, it would be
nice to achieve similar results of this work without the need for multiple optimizations.
This would improve the computational e�ciency of the controller as well as its overall
practicality. Similarly, Fnadi et al. in [41], use a dynamic MPC formulation considering
bank and inclination angles on an o�-road vehicle subject to slippery terrain. While the
LQR controller compared to showed better tracking, the MPC is able to respect actuator
constraints at each control interval. This study utilized a simple linear tire model and
constrained the slip angle of the optimization to ensure accuracy of this model. Lucet also
examines a similar scenario for o�-road path tracking in [42]. In this work, the authors
use a decoupled approach to control the lateral and longitudinal dynamics of the vehicle.
While this work doesn't consider the road angles the vehicle is subject to, it does discuss
the desire for a coupled longitudinal and lateral o�-road controller. The paper discusses
the di�culty in the multi-objective nature of a coupled controller while also considering
the bene�ts of considering the coupled dynamics.

Another major challenge within o�-road vehicle control is the added dynamics that
loose soil and terrain introduce into the tire model of the vehicle. Vieira et al. in [43],
look to build a robust lateral tracking framework that considers the added dynamics of the
soil-tire interaction. The resulting controller showed strong results in both simulation and
on a small prototype vehicle. This work acknowledges that further research on banked,
sloped, and overall more complex o�-road terrain is needed to fully validate the approach.
Dallas has multiple works [25, 44], that derive a method of estimating the highly non-
linear tire-soil interaction. Using neural networks, Dallas shows the ability to e�ectively
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estimate an o�-road tire model. This approach is then used in a combined planning and
trajectory tracking MPC that is possible to implement in real-time. The inclusion of the
neural network makes the overall MPC problem non-linear in nature and therefore requires
extra compute resources to be e�cient. Results show that between 260-440ms are needed
for the NL-MPC controller.

2.3 Summary

The research outlined above highlights some key considerations required when developing
an o�-road model based controller:

ˆ The angles that a vehicle may be subject to in o�-road settings are non-negligible
when developing a model based controller.

ˆ O�-road tire models are highly non-linear and complex. The dynamics introduced by
loose terrain are also non-negligible in terms of their e�ect on the vehicle dynamics.

ˆ A computationally e�cient implementation is desired that can also e�ectively manage
the added dynamics of o�-road scenarios.

With these considerations in mind, a clear gap exists in current research in terms of
developing an e�cient, single layer, coupled longitudinal and lateral o�-road trajectory
tracking controller. While many works have addressed various aspects of this problem
individually, current research has not examined methods of e�ciently compensating for
o�-road dynamics from both the tire-terrain and road dynamic perspective. Furthermore,
an e�cient implementation for speed and path tracking is lacking.
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Chapter 3

Physics-Driven O�-Road Controller
Formulation and Results

3.1 O�-Road Vehicle Dynamics Prediction Model

In order to develop an MPC controller, an accurate model of its dynamics is required to
predict the receding horizon. It is important that the model used is both accurate and
e�cient. This represents a key trade o� between model accuracy and real-time ability. In
this section, a dual track dynamics model considering the angles of the road will be derived.
The model consists of a point mass at the Center of Gravity (CoG) location with four tires
generating forces that act upon this mass. The developed controller will control both the
wheel torques and the front and rear steering angles of the vehicle; This means that both
the lateral and longitudinal dynamics need to be derived. Using Newton's second law, the
longitudinal, lateral, and yaw dynamics can be expressed as:

X
Fx = m( _u � vr ) (3.1)

X
Fy = m( _v + ur ) (3.2)

X
M z = I z � _r (3.3)

where m represents the vehicle's mass,u denotes the longitudinal velocity,v signi�es
the lateral velocity, r stands for the yaw rate, andI z represents the vehicle's moment of
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inertia about the vertical axis passing through its center of mass. Additionally, _u, _v, and
_r respectively denote the longitudinal, lateral, and yaw accelerations. The terms

P
Fx ,P

Fy, and
P

M z represent the sum of forces of the vehicle body in the longitudinal, lateral,
and yaw directions, respectively.

In order to determine the sum of forces acting on the vehicle body the geometric
properties of the model need to be explored. Figure 3.1 shows the layout of the proposed
dual track vehicle model. This model has parameters for the wheel baseW as well as the
track width of the vehicle T. This model assumes that the track width is equal for both
front and rear axles. The parametersl f and l r represent the distances from the front and
rear axles respectively to the CoG location.� i represents the steering angle of each wheel.

Figure 3.1: Dual Track Vehicle Model

From this �gure we can expand the de�nitions of the vehicle frame forces and momentsP
Fx ,

P
Fy, and

P
M z as:

X
Fx =

X
f xi cos(� i ) � f yi sin(� i ) (3.4)
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X
Fy =

X
f yi cos(� i ) + f xi sin(� i ) (3.5)

X
M z =

Tw

2
(Fxf r + Fxrr ) �

Tw

2
(Fxf l + Fxrl ) + l f (Fyf r + Fyf l ) � l r (Fyrl + Fyrr ) (3.6)

where i 2 f f l; f r; rl; rr g and f i represents the forces and moments generated by each
tire in the tire frame of reference within the dual track model.

In order to make this model better suited for o�-road vehicles, the model needs to
account for the angles of the road that the vehicle may be subject to. Figure 3.2 shows
these angles,� and � , as the inclination and bank angles of the vehicle respectively. In
practice these angles need to be estimated to make them available to the controller.

Figure 3.2: Road Angles

The e�ects of the combined inclination and bank angles can now be added to the
longitudinal and lateral dynamics as:

X
Fx = Fxi cos(� i ) � Fyi sin(� i ) � gsin(� )cos(� ) (3.7)

X
Fy = Fyi cos(� i ) + Fxi sin(� i ) + gsin(� )cos(� ) (3.8)
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Now that the forces of the vehicle have been de�ned, tire models are required to estimate
the lateral and longitudinal forces on the tires generate. Beginning with the lateral tire
model, a linear tire model is an accurate estimate of tire forces when side slip angles of
the vehicle (� i ) are small. This model is much simpler than other semi-empirical models
and will help reduce computational requirements of the controller. Figure 3.3 shows the
dynamics of the slip angle of each tire.

Figure 3.3: Tire Slip Angle Dynamics

Using a linear model, the tire force can be mathematically modelled as:

Fyf i = C� f i � f i = C� f i (� f i �
v + l f r

u
) (3.9)

Fyri = C� ri � ri = C� ri (� ri �
v � l r r

u
) (3.10)

whereFyri and Fyf i represent the lateral tire force at a single tire for the rear and front
axles respectively.C� f i and C� ri represent the front and rear tire cornering sti�ness' that
are assumed to be in the linear unsaturated zone. It is important to note that the force
calculated by the linear tire model is a function of the lateral velocity of the vehicle. This
means that the bank angle will be implicitly accounted for in the calculation due to the
bank of the road directly a�ecting this state. In [45] the authors use a combined model
approach that assumes a linear tire model when the friction coe�cient is high and switches
to non-linear under low traction conditions. The model is then tested on scenarios with
bank angles showcasing the validity of the linear tire model.
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Next, a longitudinal tire model is needed to express the longitudinal forces each tire
generates. In general, a longitudinal tire model functions similar to the lateral model.
The force generated by the tire is a function of the slip ratio of the tire. In practice this
estimation can be di�cult and prone to noise especially in o�-road settings. For this reason,
the longitudinal tire model will neglect the wheel dynamics and assume that all torque is
converted into longitudinal force. This yields the following tire model:

f xi =
Qi

Rwi
(3.11)

whereQi is the torque generated at each wheel andRwi is the e�ective radius of the tire.
While this introduces dynamics that are neglected, this tire model will ensure real-time
performance of the controller. Chapter 4 will discuss methods of augmenting the vehicle
model to account for the dynamics neglected by the derived prediction model.

To solve the path-tracking portion of the trajectory tracking problem, two other states,
lateral (elat ), and heading deviations (e ), are required. Figure 3.4 shows the intuitive
meaning of these states with regards to a desired path. In the context of the derived
prediction model, a positiveelat corresponds to being left of desired path and a positivee 

corresponds to the vehicle over rotating in the counterclockwise direction. In other words,
the convention suggests that to drive a positive error to zero the vehicle must turn its tires
to the right.

The equations can be derived as:

_e = r � rdesired = r � uk(s) (3.12)

_elat = v + ue (3.13)

Where k(s) describes the given path's curvature.

To reduce the controller input dimension, an Ackermann steering geometry is enforced
for each tire using the following relationships within the prediction model. This relationship
can be derived using a common point the vehicle is rotating around as seen in Figure 3.5.
The relationships below improves controller performance as well as reduces unnecessary
slip at each tire.

� f l = arctan

 
tan(� f )

1 � T
2w (tan( � f ) � tan(� r ))

!

�
� f

1 � T
2w (� f � � r )

(3.14)
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Figure 3.4: Path Tracking Terminology

� f r = arctan

 
tan(� f )

1 + T
2w (tan( � f ) � tan(� r ))

!

�
� f

1 + T
2w (� f � � r )

(3.15)

� rl = arctan

 
tan(� r )

1 � T
2w (tan( � f ) � tan(� r ))

!

�
� r

1 � T
2w (� f � � r )

(3.16)

� rr = arctan

 
tan(� r )

1 + T
2w (tan( � f ) � tan(� r ))

!

�
� r

1 + T
2w (� f � � r )

(3.17)
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Figure 3.5: Ackerman steering geometry around central point the vehicle is rotating around.

3.2 Controller State Space Formulation

The controller topology shown in Figure 3.6 details the two key modules required for the
proposed o�-road vehicle controller; These modules include a state-space prediction model,
and a vehicle speed planner.

3.2.1 Linearization and Discretization

To derive the prediction model, the dynamics derived in Section 3.1 need to be combined
into a single Linear-Time-Varying (LTV) model. In this study, the state vector will be
X =

�
u v r elat e 

�
. The input vector will be U =

�
� f � r Qf l Qf r Qrl Qrr

�
.

Linearizing around the current operating pointX op and U op yields the following matrices:
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Figure 3.6: Simulation Topology

The LTV system can then be expressed as
(

_X = A lin (t)X + B lin (t)U + d

y = CX

Where d is a constant term derived from the Taylor series approximation around the
current operating point. This term includes the non-linear e�ects of the road as well as
the curvature of the road as a simple linear o�set term.

Since MPC is a discrete control method, the continuous LTV model needs to be dis-
cretized using the constant sample timeT. In many cases, a dynamic model is used at
moderate to high vehicle speeds. At these speeds, the forward Euler discretization works
well and is not a�ected by any numerical instability. However, in this application, the
dynamic model is being used for low-speed manoeuvres. This presents a challenge with
forward Euler discretization because of inherent numerical instability at low speeds within
the dynamic model. The numerical instability at low speeds causes oscillatory behaviour
in the steering and torque outputs of the controller. An e�ective solution to this problem
is to include a speed compensation term that arti�cially adds to the speed of the vehicle
when it is below a �xed threshold.

u = umeasured + speedCompensation (3.18)
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This compensation term is gradually reduced to zero, the true speed of the vehicle,
once numerical stability is maintained. The exact function used for speed compensation is
arctan() based and can be see in �gure 3.7

Figure 3.7: Speed compensation function for dynamic model stability. As the true speed
of the vehicle approaches 4 m/s the speed compensation approaches 0.

Using a forward Euler discretization the system matrices can be represented as:

(
X (k + 1) = A d(k)X (k) + B d(k)U (k) + dd(k)

y = CdX

Where:
A d = I + A lin T; B d = B lin T; Cd = C lin

dd = X (k + 1) � A dX (k) � B dU (k)
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To easily constrain both the input rate and absolute input for the tracking problem,

an augmented state vector is de�ned as~X =
�

X (k)
U (k � 1)

�
. This leads to a new model in

terms of � U : (
~X (k + 1) = ~A d

~X + ~B d� U + ~dd(k)

y = ~Cd
~X

(15)

Where:
~A d =

�
A d B d

0 I

�
; ~B d =

�
B d

I

�
; ~Cd =

�
Cd 0

�

~dd =
�
dd(k)

0

�

Using the augmented model, the lifted system can be de�ned in terms of a prediction
horizon Np and a control horizonNc. The predicted output of the system will be governed
by:

Y (k) = Sx (k) ~X + Su(k)� U + Sd(k)D (16)

Where:
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In the application of trajectory tracking, a cost function is designed to limit the error
between the reference path and the path of the vehicle as well as the reference longitudinal
speed and true speed of the vehicle. This cost function includes the steering angles and
wheel torques required to achieve this trajectory to ensure that smooth steering and input
torque commands are used. The cost function can be constructed as

J = [ Y(k) � Yref(k)]T Q[Y(k) � Yref(k)] + � U(k)T R� U(k) (3.19)

where R and Q are matrices for the weight coe�cients for steering angle increments
and tracking error, respectively. For the path tracking problem, the reference values are
simply 0 within Yref . The longitudinal velocity reference requires more consideration and
will be discussed in Section 3.3.

The cost function now needs to be formulated in a standard way to use open source
QP solvers. To do this, the following equation is �rst de�ned:

E(k) = Sx (k) ~X + Sd(k) �D � Yref(k) (3.20)

Using this, the standard quadratic programming form is de�ned as

J =
1
2

� U(k)T H � U(k) + f T � U(k) (3.21)

where:

H = 2( Su(k)T �QSu(k) + �R); f = 2E(k)T �QSu(k)

�Q =
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Np � NStates

; S = Terminal Cost
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N c � N Inputs

With a standard quadratic cost function being used, the problem is guaranteed to be a
convex optimization problem. This means that the solution to the optimization problem
will be guaranteed to be the global optimum. This is a key advantage of an LTV model and
quadratic cost formulation versus a non-linear model. A non-linear model requires more
computation to �nd the global optimal solution. Furthermore, it is di�cult to guarantee
that the solution to the non-linear optimization is the true global minimum of the cost
function.

3.2.2 Constraints

With the trajectory tracking controller system, there are various actuator constraints that
need to be respected. In terms of the lateral path tracking problem, this includes con-
straints on both absolute steering angles for the front and rear tires, as well as a constraint
on maximum steering rates. To improve the optimization problem de�nition, a constraint
for the front and rear steering angles being the inverse of each other is enforced to ensure
solver convergence in a timely manner. In a similar fashion as the steering, constraints
need to be included for the both the maximum torque available at each wheel and the
maximum torque rate for each wheel. The maximum torque at each wheel is computed on
each controller iteration as a function of the normal load at each tireFzi and coe�cient of
friction at each tire � i . This makes the controller adaptive to dynamic torque constraints
on split terrains. With the inclusion of a dynamic torque constraint for each wheel, the
max torque rate constraint needs to be carefully implemented to ensure the optimization
problem remains feasible. If the max torque suddenly goes to zero and was previously a
large value, a hard constraint could be problematic. To solve this problem, a hard con-
straint on the torque rate is used for the entire horizon except for the �rst step. A rate
limiting block outside of the MPC problem will then ensure that the max torque rate of
the wheel is not violated for the �rst time step. By using a dynamic torque constraint,
an individual estimation is done for each wheel's coe�cient of friction and the centralized
controller can better distribute the torque and ensure that tires do not become saturated.
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All constraints are selected with the WATonoTruck actuators in mind and are summarized
in Table 3.1.

Constraint Value Unit Description

� min � � f=r � � max � 30 [deg] Max/Min Steering Angle
_� min � _� f=r � _� max � 7 [deg/s] Max/Min Steering Rate

� f + � r = 0 � - Front/Rear Steering Equality

Qmin � Qi � Qmax � Fzi
Rwi

[Nm] Max/Min Wheel Torque

_Qmin � _Qi � _Qmax � 10000 [Nm/s] Max/Min Wheel Torque Rate

Table 3.1: MPC Constraints

Additionally, constraints for the slip angle of the tire may be desired to limit the
uncertainty of the tire model particularly in high slip conditions. Since this constraint is
not possible to implement as a hard constraint, slack variables would need to be added to
the optimization to enforce it as a soft constraint. This is undesirable due to the added
complexity to the optimization. The overall e�ect is signi�cantly poorer performance and
drastically increased compute resources required.

3.3 Velocity Planner

In the MPC controller formulated, there exists a need for a suitable velocity reference
for the controller to track. The design of this speed reference should include comfort
parameters for the acceleration of the vehicle while also maintaining an optimal speed
for path tracking performance. In o�-road scenarios, this task can be di�cult due to the
potentially challenging tight turns and large road angles the vehicle may face. Furthermore,
the terrain could make tracking these paths di�cult if conditions are poor. For example
tracking in loose mud is much more di�cult than on solid compact dirt. It is also desired
that the velocity planner is not overly complex and requiring sophisticated estimation
techniques to generate a velocity pro�le. The planner should not require advanced compute
resources to ensure the optimizer in the controller is the only time consuming task. To
achieve this task, an adaptive leaky-bucket approach is used to plan the velocity of the
vehicle. The planner will monitor the real-time tracking performance of the vehicle and
adjust the velocity reference if the lateral tracking of the vehicle becomes severely impacted.
The planner will temporarily decrease the velocity request to ensure the tracking can be
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improved before allowing the vehicle to speed up again. This adaptive velocity adjustment
can be done with readily available signals the controller already requires. Comfort and
safety parameters, including the maximum speed and acceleration limits of the vehicle,
can easily be applied to the planner. The overall concept of the planner is outlined in
Figure 3.8. Performance parameterselat , e , _elat , and � i (slip ratio for each tire) are used
to evaluate the e�ectiveness of the current velocity request. The performance parameters
are monitored with moving averages to limit the sensitivity of the planner to instantaneous
changes. The planner then utilizes arctan() functions to quantify the impact a performance
parameter will have on the output velocity request. During the performance adjustment
step, the planner keeps track of how long it has been since previous adjustments to ensure
the vehicle has a chance to overcome any time delays in the system before further reducing
speed. Included in this time keeping ability, if the vehicle has good performance for a
con�gurable period of time, the speed request will reduce the impact of the performance
parameters using a leaky-bucket approach. This refers to slowly reducing the performance
parameter e�ect on the velocity request. Finally, after a performance adjusted velocity
request is calculated, the pro�le is generated using speed limit and acceleration parameters.
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Figure 3.8: Adaptive O�-Road Speed Planner Flowchart
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3.4 Simulation Setup and Controller Parameters

CarSim is used as a high-�delity vehicle plant model to analyze the performance of the
formulated controller. The simulations are performed using a co-simulation between Car-
Sim and MATLAB/Simulink on an 11th Gen Intel i7 @ 2.50 GHz processor with 16 GB
of Random-Access Memory (RAM). An EV pickup truck model with all wheel steering,
independent wheel drives, and the physical parameters outlined in Table 3.3 is selected to
best represent the WATonotruck hardware platform within the CarSim environment. As
Figure 3.6. illustrates, the state of the vehicle is assumed to be measurable and therefore
no state observers are required. The inclination angle,� road , and bank angle,� road , is
also measurable directly from CarSim. The CarSim bank angle measurement is especially
subject to noise in o�-road scenarios from the roughness of the road and instantaneous
roll motion of the vehicle body. This has a negative e�ect on controller performance and
is therefore replaced with a simple estimation. The estimate of the road bank angle can
be made using the z-coordinate of the wheel centers for both the front and rear axles of
the vehicle. Using the wheel location measurements with the track width of the vehicle an
estimate for the bank angle can be made for the front and rear axles using equation 3.22.
The front and rear axle estimations can then be averaged to give a more robust estimate.

� road = arcsin (
� zf=r

Tw
) (3.22)

The MPC controller parameters outlined in Table 3.2 are used in all simulations. The
implemented controller features a fast sampling time of 0.050s and short horizon of 30 time
steps to maintain computational e�ciency while also achieving good tracking performance.
This short horizon and fast sampling time is also important due to the LTV nature of the
system. Since it is a non-linear system being successively linearized, the model is only
accurate in the neighborhood of the operating point. It is important not to predict too
far from this linearization point for best results. The cost function matrices are tuned
to navigate the trajectory tracking problem of lateral path tracking and vehicle speed
tracking. This dual objective controller needs to balance the control objectives to ensure a
good response for both tasks. TheQ and S matrices represent the costs for deviation from
the speed, lateral error, heading error, and lateral error derivative references respectively
in order by row. The R matrix is used to de�ne the costs on the control inputs in the
following order by row; � f ; deltar ; Qf l ; Qf r ; Qrl ; Qrr .
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Parameter Value Description
T 0.05 [s] Controller Sample Time
Np 30 [time steps] Prediction Horizon Length
Nc 30 [time steps] Control Horizon Length

Table 3.2: Controller Parameters

Parameter Value Description
m 1985 [kg] Total Mass
I z 5000 [kg.m2] Yaw Moment of Inertia

C�f 35 000 [N/rad] Front Cornering Sti�ness
C�r 35 000 [N/rad] Rear Cornering Sti�ness
l f 1.885 [m] Distance from Front Axle to CoG
l r 1.376 [m] Distance from Rear Axle to CoG

Rw 0.379 [m] E�ective Radius of Tire
Tw 1.59 [m] Track width
Wb 3.261 [m] Wheelbase (l f + l r )

Table 3.3: Vehicle Model Parameters
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3.5 CarSim Results and Discussion

Three CarSim scenarios are used to evaluate the e�ectiveness of the developed o�-road
MPC controller. The adaptive speed planner developed in Section 3.3 is used to determine
the speed reference for all o�-road scenarios tested. In the �rst scenario, a smooth constant
bank angle road is used to evaluate the e�ectiveness of including the bank angle in the
MPC formulation. From here, a short track o�-road scenario is tested that features tight
turns, relatively smooth bank and inclination angles, and a moderate-high coe�cient of
friction ( � = 0:75)). The third simulation scenario features a combined on and o�-road
track that subjects the controller to rough uneven terrain. This terrain features a higher
coe�cient of friction ( � = 0:9)) as well as aggressive bank and inclination changes. Images
of the terrain and scenario can be see in Figure 3.9. Similarly, the two o�-road tracks are
then tested with lower coe�cients of friction to make tracking the reference path more
di�cult.
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(a) Smooth constant bank angle scenario on 
at road

(b) Short track o�-road scenario featuring
tight turns and small hills

(c) Long track o�-road scenario featuring
rough terrain with large hills

Figure 3.9: Simulation Scenario Landscapes

3.5.1 Constant Bank Angle Scenario

The �rst scenario looks to gauge the e�ect of including a smooth bank angle in the MPC
formulation. Figure 3.10 shows that the angles in this scenario are quite small and smooth.
Figure 3.11 shows that the lateral tracking error is reduced with the Road Angle MPC (RA-
MPC) controller when compared with a baseline that assumes a 
at road. This highlights
the potential for improved lateral performance.

Figure 3.12 shows the control output during this scenario. As expected the RA-MPC
controller requests larger steering angles to compensate for the bank of the road.
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Figure 3.10: Road angle estimations for inclination and bank angles. Inclination angle is
directly measured by CarSim whereas bank angle is estimated using equation 3.22
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Figure 3.11: Trajectory Tracking Results - Constant Bank Angle with RA-MPC
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(a) Torque and steering inputs using RA-MPC (b) Torque and steering inputs using base MPC

Figure 3.12: Controller Outputs - Constant Bank Angle

3.5.2 Short-Track O�-Road Scenario - High �

The next scenario looks to test the limits of the bank angle estimation and see the e�ect
of the road angles in a true o�-road trial. This scenario features a rougher terrain with
combined bank and inclination angles. The o�-road scenario will also test the e�ectiveness
of the o�-road adaptive speed planner. If the controller is struggling to track laterally, the
speed should be lowered to improve tracking.

Figure 3.13 shows the inclination and bank angle estimations for the scenario. While
overall the angles are relatively smooth, there are rapid changes in the angles with respect
to time. This oscillatory nature of the angle makes it di�cult to accurately compensate for
due to inherent time delays in the system and the rapidly changing dynamics of the vehicle
body. Furthermore, the bank angle of the body is di�cult to measure due to instantaneous
roll motions of the vehicle body as well as the multiple planes that the vehicle tires may
be on; This complexity makes a helpful estimation di�cult to achieve.

Figure 3.14 makes it clear that the rapidly changing bank angle limits the bene�t
in modelling the angle in the prediction model. Overall, the peak lateral and heading
errors seen with the RA-MPC are slightly larger in some cases compared to the baseline
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Figure 3.13: Road angle estimations for inclination and bank angles. Bank angle is subject
to noise and di�cult to measure when tires are on di�erent planes.
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formulation. It is worth noting that the Root-Mean-Square (RMS) of the lateral error is
reduced from 0.2769 m to 0.2267 m when compared to the baseline controller. This suggests
that the RA-MPC may be reaching its limit of improving lateral tracking. If the noise and
overall frequency of the bank angle estimation is increased further it may have a negative
e�ect on overall performance. This �gure also shows the large e�ect the inclination angle
has on the controllers ability to track the desired speed reference. At approximately 14 s
in the scenario the vehicle experiences a large inclination angle of 30°. This corresponds to
a hill that the vehicle needs to climb. In the context of a slowly moving o�-road vehicle,
the disturbance introduced by the hill is the largest unaccounted for factor in the baseline
MPC. The velocity tracking results show that the baseline controller experiences a large
deviation from the desired speed because of this hill; The RA-MPC is able to compensate
for this hill in the prediction model and experience less deviation from the reference point.
Overall, the RA-MPC reduces the velocity RMS error from 0.7348 m/s to 0.4140 m/s.
This trial con�rms that the inclination angle is an important factor to model in o�-road
scenarios.

Figure 3.15 shows that as expected, the steering angles are larger with the RA-MPC
to attempt to reduce the lateral error of the vehicle along the reference path. The torque
plot also shows a larger peak torque around the 14 s mark compared to the baseline to
compensate for the hill the vehicle is climbing. This plot also highlights the dynamic torque
constraints on the vehicle. During the scenario there are multiple points where certain tires
lose traction and cannot provide meaningful force to the vehicle body. For example, around
the 14 s mark the torque in the front left tire goes to 0 in the Figure. The formulated
controller is able to handle this scenario and distribute the required torque to other tires.
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Figure 3.14: Trajectory Tracking Results - Short O�-road Track with RA-MPC - High �

43



(a) Torque and steering inputs using RA-MPC (b) Torque and steering inputs using base MPC

Figure 3.15: Controller Outputs - Short O�-Road Track

3.5.3 Long-Track O�-Road Scenario - High �

In this subsection, a longer o�-road track is tested. This scenario has a higher coe�cient of
friction compared to the previous short track scenario. The scenario also features a much
rougher road pro�le to test the limits of the RA-MPC controller. The hills and bank angles
in this scenario are more frequent and rapidly changing.

Figure 3.16 shows that the bank and inclination angles are much more aggressive and
subject to noise due to the terrain roughness pro�le. Both angles have high frequency
oscillations that reduce the estimation quality.

Figure 3.17 shows that the RA-MPC has worse lateral tracking results compared to the
baseline MPC. At multiple times in the simulation the RA-MPC over-steers and increases
the lateral error. This is due to the rapidly changing bank angle that the vehicle prediction
model attempts to account for. Since the angle is not changing in a smooth manner the
prediction model estimate of the disturbance provides an adverse e�ect to the controller
output. In this scenario, it is better to let the feedback nature of the controller compensate
for the disturbance instead of direct modelling. In terms of RMS of the lateral error, the
RA-MPC has an error of 0.1270 m whereas the baseline MPC has a error of just 0.1011 m.
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Figure 3.16: Road angle estimations for inclination and bank angles. Both angles are
subject to intense noise due to terrain roughness.
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The lateral tracking results suggest that the sensitivity of the system to bank angle is not
high enough to warrant direct compensation if the angle cannot be estimated accurately.
The velocity tracking results, however, show that the velocity tracking of the vehicle is still
drastically improved even with the noisy inclination angle estimation. The RMS velocity
error is reduced from 0.6321 m/s to 0.2204 m/s with the RA-MPC controller. It should be
noted that the improved speed tracking allows for the vehicle to travel at a faster speed
due to the adaptive speed planner seeing less slip in the vehicle tire response.

Figure 3.18 shows that the controller outputs have much more noise than previous
simulations. This is due to the di�cult uneven an rough terrain the vehicle faces in this
scenario compared to smoother terrains in other scenarios. Steering angles in particular
show oscillation from the rough terrain. The magnitude of these oscillations is quite small
and likely not noticeable apart from the road roughness itself. The wheel torques in this
scenario show that the vehicle tires all maintain traction throughout the scenario compared
to the short track trial. This leads to a relatively even distribution of the torques.
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Figure 3.17: Trajectory Tracking Results - Long O�-road Track with RA-MPC - High �
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(a) Torque and steering inputs using RA-MPC (b) Torque and steering inputs using base MPC

Figure 3.18: Controller Outputs - Long O�-Road Track

3.5.4 Short-Track O�-Road Scenario - Low �

The performance of the RA-MPC formulation should also be tested in low� conditions
to see the e�ect and robustness of the controller in di�cult scenarios. For the short track
scenario the coe�cient of friction is reduced to 0.55. This value is selected via trial and
error to ensure that both baseline and RA-MPC formulations were able to track the path
stably. Figure 3.19 shows the tracking performance. The controller is still able to e�ectively
reduce the longitudinal velocity tracking error and reduce the RMS error from 0.7358 m/s
to 0.4306 m/s. The lateral tracking error is only minorly improved from 0.2667 m to 0.2556
m. This improvement is smaller compared to the high� case and suggests that the low�
is causing di�culties for the controller in terms of compensating for lateral performance.

Figure 3.20 shows consistently larger steering angles used by the RA-MPC controller
compared to the baseline. This is due to the vehicle compensating for the bank angles of
the road. The torque output of the RA-MPC controller shows a large torque around the
14 s mark to compensate for the large inclination angle.
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Figure 3.19: Trajectory Tracking Results - Short O�-road Track with RA-MPC - Low �
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(a) Torque and steering inputs using RA-MPC (b) Torque and steering inputs using base MPC

Figure 3.20: Controller Outputs - Short O�-Road Track - Low �

3.5.5 Long-Track O�-Road Scenario - Low �

Similarly, the RA-MPC formulation is tested in low � conditions on the long o�-road track.
In this scenario the coe�cient of friction is reduced to 0.40. This value is lower than the
short track o�-road scenario due to the smaller bank and inclination angles of the terrain.
Figure 3.21 shows the tracking performance. The controller is able to e�ectively reduce the
longitudinal velocity tracking error and reduce the RMS error from 0.6325 m/s to 0.1748
m/s. The lateral tracking error is improved from 0.1128 m to 0.0817 m.

Figure 3.22 shows smaller maximum steering angles used by the RA-MPC controller
compared to the baseline. This is due to the vehicle proactively using slightly larger steering
angles to compensate for the bank angle of the road instead of waiting for error to build
causing a larger single steering correction. Overall, the torque output of the two controllers
are similar with RA-MPC requesting larger torques to compensate for the inclination angle
of the road.
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