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Abstract

In a massive MIMO system, base stations (BS) utilize a large number of antennas to

simultaneously serve several (single or multi-antenna) users at once, where the number

of BS antennas is normally assumed to be signi�cantly larger than thenumber of users.

In massive MIMO systems operating in time division duplex (TDD) mode,the channel

state information (CSI) is estimated via uplink pilot sequences that are orthogonal in a

cell but re-used in other cells. Re-using the pilots, however, contaminates the CSI estimate

at BSs by the channel of the users sharing the same pilot in other cells; thus causing pilot

contamination which creates coherent interference that, as thenumber of BS antennas

grows, scales at the same rate as the desired signal. Hence, in the asymptotic limits of

large antennas, the e�ects of non-coherent interference terms and noise disappear, except

for the pilot contamination interference. A common technique usedin the literature to deal

with this interference is to treat it as noise (TIN). When using TIN, users' throughput will

converge to a constant and thus the bene�ts of using an ever greater number of BS antennas

saturate. However, it is known that the use of TIN in interferencenetworks is only preferred

in the weak interference regime, and it is sub-optimal in other regimes (e.g., moderate or

strong interference). In this thesis, we show that as the numberof BS antennas increases,

the pilot contamination interference is no longer weak, and therefore it is bene�cial to treat

it di�erently (e.g., decode it jointly with the desired signal) to improve users' throughput.

In the �rst part of the thesis, we study the performance of interference decoding

schemes based on simultaneous unique decoding (SD) and simultaneous non-unique de-

coding (SND), and show that by doing so the rate saturation e�ectis eliminated as the

number of antennas increases; hence, the per-user rates growunbounded. We analytically

study the performance of two well-known linear combining/precoding methods, namely,

MRC/MRT and ZF, for spatially correlated/uncorrelated Rayleigh fading channel mod-

els, and obtain closed-form expressions of rate lower bounds for these using a worst-case

uncorrelated noise technique for multi-user channels. We comparethe performance of the

di�erent interference management schemes, TIN/SD/SND, based on the maximum sym-

metric rate they can o�er to the users. Speci�cally, we �rst obtain structural results for a

symmetric two-cell setting as well as the high SINR regime, that provide insights into the
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bene�ts of using interference decoding schemes in di�erent regimes of number of BS an-

tennas. We numerically illustrate the performance of the di�erent schemes and show that

with a practical number of antennas, SND strictly outperforms TIN. This gain improves

with increasing the number of antennas, and also ZF performs signi�cantly better than

MRC/MRT due to better mitigation of multi-user interference. Furt hermore, we study

the performance of regularized ZF (RZF) via Monte Carlo simulations, and observe that

it achieves better rates than ZF for moderately small number of antennas only. Lastly, we

numerically investigate the impact of increasing the number of cells, the cell radius, the

number of users, the correlation of the channel across antennas and the degree of shadow

fading on system performance.

In the second part of the thesis, we study the performance of partial interference de-

coding based on rate splitting (RS) and non-unique decoding. Speci�cally, we propose to

partition each user's message into two independent layers, and partially decode the pilot

contamination interference while treating the remaining part as noise based on a power

splitting strategy. In particular, for a two-cell system, we investigate the bene�ts of an

RS scheme based on the celebrated Han-Kobayashi (HK) region, which provides the best

known achievable performance for a two-user interference channel (IC). In the case of more

than two cells, we propose a generalized RS scheme that non-uniquely decodes each layer

of the pilot contamination interference and uses only one power splitting coe�cient per

IC. In addition, we establish an achievable region for this generalizedRS scheme using the

non-unique decoding technique. In both cases of two cells and morethan two cells and

for a practical number of antennas, we numerically study the performance of the proposed

RS schemes by numerically optimizing the power splitting coe�cients, and show that they

achieve signi�cantly higher rates than TIN/SD/SND in all scenarios. Similar to the �rst

part of the thesis, we also numerically examine the impact of increasing the number of cells,

the cell radius, the number of users, the correlation of the channel across antennas and

the degree of shadow fading on the performance of the RS schemes. Lastly, our simulation

results reveal that by replacing the numerically optimized values of the power splitting

coe�cients with their pre-computed average values (over a large number of realizations),

the performance loss is quite negligible, thus reducing the optimization complexity.
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Chapter 1

Introduction

1.1 5G Cellular Systems

With the ever increasing demand for signi�cantly higher data rates incellular communica-

tion systems as well as the development of new services such as Device-to-Device (D2D),

Internet of Things (IoT), High Speed Train (HST) communications,e-banking, e-health

and e-learning, the need for new technologies that have a great potential to provide higher

cellular system capacity is inevitable. In particular, it is predicted that by 2023 approxi-

mately two-thirds of the world population will have access to the Internet, i.e., about 5.3

billion Internet users [3]. In 2018, this number was about 3.9 billion (i.e., 51 percent of the

world population) [3]. According to [3], it is also anticipated that there will be a total of

29.3 billion connected devices by 2023 (more than three times the world population). The

explosive increase of mobile data tra�c is real, driven primarily due to the increased use

of smart phones, tablets, video streaming services as well as machine-to-machine (M2M)

connections. Hence, the need for a new generation of highly scalable cellular networks is

inescapable. In particular, this new generation should:

ˆ have a highly scalable and 
exible architecture to support various services and ap-

plications, such as massive device connectivity in IoT and M2M communications;
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ˆ provide larger capacity and improved coverage, while reducing the complexity and

cost of ultra dense network deployment;

ˆ be able to make e�cient use of di�erent spectrum resources, including both licensed

and unlicensed bands as well as high frequency and low frequency bands;

ˆ improve network energy e�ciency to adapt to the performance requirements of dif-

ferent applications and services;

ˆ reduce the complexity incurred due to the co-existence of multi radio access tech-

nologies (multi-RATs), and improve quality of users' experience.

To meet the above requirements and to cope with the challenges of ever increasing

mobile data tra�c as well as demands for much higher data throughput, the �fth generation

of cellular networks, also known as 5G new radio or 5G NR, is now becoming a reality. In

2018, the �rst full set of 5G NR standards were announced by 3rdGeneration Partnership

Project (3GPP) in release 15 (5G NR phase 1) [4], followed by release 16 in 2020 which drove

5G NR phase 2 expansion [5]. Currently, 5G NR networks are being deployed globally,

and many 5G-ready smart devices (e.g., cell phones and tablets) are starting to come to

market. Unsurprisingly, it is also predicted that approximately 1.4 billion worldwide smart

devices will be 5G-ready by 2023, with a speed that will be 13 times faster (i.e., 575 Mbps)

than the current average mobile connection speed [3].

The International Telecommunication Union (ITU) has de�ned the following three re-

quirements for 5G NR, each to be ful�lled for one of the three 5G usage scenarios [6]

ˆ peak data rate of 10-20 Gbps (required for the enhanced mobile broadband, eMBB

[7]);

ˆ 1 million connected devices per square kilometer (required for massive machine type

communication, mMTC [8]);

ˆ less than 1 ms latency (required for ultra reliable low latency communications,

URLLC [9]).
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URLLC renders time-sensitive communications possible for applications such as au-

tonomous driving [10] or remote medical surgeries [11], whereas mMTC de�nes connectiv-

ity between a massive number of IoT devices [12]. eMBB is undoubtedly the usage scenario

that wireless communication companies have been mainly waiting for since the start of 5G

development.

User throughput is de�ned as the amount of information bits that can be successfully

transmitted to a destination per unit time, i.e.,

Throughput [bit=sec] = Bandwidth [ Hz] � Spectral e�ciency [bit=sec=Hz]: (1.1)

Therefore, throughput can be improved by either increasing the bandwidth, the spec-

tral e�ciency or both. While increasing bandwidth seems the easiestway of increasing

throughput, it is costly as the frequency spectrum is a limited resource shared by many

wireless technologies and applications, especially in sub-6 GHz bands.Nevertheless, mak-

ing good use of the vast spectrum available in mmWave bands (30-300GHz) is considered

an interesting option for 5G NR. However, one should bear in mind that due to the large

attenuation as well as the high blockage sensitivity in higher frequencies, transmission

in mmWave bands can typically only be carried out for short range communications or

line of sight (LoS). Increasing spectral e�ciency, which is the focus of this thesis, may

be achieved via multiple transmit/receive antennas at both the basestation (BS) and the

mobile terminal.

The following key technology components are currently being considered attractive

solutions to achieve improved user throughput in 5G cellular networks:

ˆ Multi-node/Multi-antenna transmission: development of advanced inter-node

coordination, relaying and multi-hop techniques as well as the studyof innovative

transmission/reception schemes enabled by massive multi-antennaBSs [13].

ˆ Heterogeneous multi-RAT and multi-layer networks: development of novel

and proactive demand, interference and mobility management techniques that are

adapted to the co-existence of multi-RATs, cells of di�erent sizes and heterogeneous

deployments [14].
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ˆ Spectrum usage : development of advanced spectrum sharing techniques as well

as investigation of new spectrum resources, e.g., making e�cient use of mmWave

bands [15].

With respect to the multi-node multi-antenna transmission, massivemulti-input multi-

output (MIMO) technology is currently under active research investigations with the

promise of signi�cantly improving data rates, spectral e�ciency, energy e�ciency and

coverage [13].

1.2 Brief Review of multi-user MIMO Technology

In multi-user MIMO (MU-MIMO), the BS can simultaneously transmit t o several sin-

gle/multi antenna terminals spatially sharing the same channel, and thus large improve-

ments in terms of spectral e�ciency can be achieved [16]. More speci�cally, BS antennas

will be used to direct a signal towards each of the desired terminals inthe downlink, and

to separate signals received in the uplink. However, prior knowledgeof the channel state

is essential in MU-MIMO, as e�ective signal processing techniques that are adapted to

the instantaneous channel state information (CSI) are requiredto eliminate the interfer-

ence. Over the past decades, an enormous number of papers have been published in the

area of MU-MIMO, among which are the pioneering works of [17{ 20] on array processing,

and [21{ 25] on characterizing achievable multi-user capacity assuming known CSI.

The main advantages brought by MU-MIMO systems are:

ˆ improved coverage resulting from increased received signal powervia beamforming;

ˆ improved link reliability resulting from diversity schemes that reduce the e�ects of

fading;

ˆ larger throughput resulting from spatial multiplexing of several data streams over

the same time-frequency resource;

ˆ reduced delay dispersion resulting from channel shortening e�ects via beamforming.
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In theory, when a transmitter/receiver is equipped with more and more antennas, MU-

MIMO technology has a greater potential to enlarge the scale on which the spatial domain

is utilized. As a result, with more antennas one can expect to achievebetter performance

in terms of the MIMO advantages mentioned above.

1.3 Massive MIMO

In a massive MIMO communications system, each BS utilizes a large number of antennas,

which allows for the simultaneous serving of several (single or multi-antenna) users over

the same time-frequency resource, where the number of BS antennas is normally assumed

to be signi�cantly larger than the number of users.

The introduction of massive MIMO technology dates back to the seminal work of

Marzetta in [26]. Therein, it was shown that when the number of BS antennas grows

without limit, due to the channel hardening and favorable propagation, the e�ects of small-

scale fading, additive noise and non-coherent interference asymptotically disappear. The

only remaining impediment is the inter-cell interference that resultsfrom users in other

cells utilizing the same pilot sequences for channel estimation. This e�ect will be discussed

in detail in the next chapter of the thesis. Even though the strikingresults reported by

Marzetta rely heavily on his choice of propagation and system model,Marzetta opened

the gate to an important path in which future cellular networks may signi�cantly evolve.

The key advantages brought by massive MIMO systems are:

ˆ Multiplexing gain: It is theoretically possible to increase the capacity by 10x using

aggressive spatial multiplexing [27].

ˆ Spectral e�ciency: Using a massive number of BS antennas to simultaneously

multiplex several data streams to many users was shown to signi�cantly improve

spectral e�ciency [28,29].

ˆ Energy e�ciency: Analytically, it was shown that the uplink transmit power of
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each user can be scaled inversely proportional to the number of BSantennas, without

any performance loss [28,30].

ˆ Improved link reliability: By increasing the number of BS antennas, diversity

gains increase and the e�ects of additive noise and intra-cell interference all vanish;

hence improving link reliability and data rate [26,31].

ˆ Simple linear processing: It has been shown that linear matched �ltering is op-

timal when the number of BS antennas is much larger than the number of user

antennas [26,32].

ˆ Low cost RF power components: Reduced energy consumption due to the large

number of antennas makes the use of low cost milli-Watt RF ampli�ers practical [31].

Since the introduction of the massive MIMO concept in 2010, many theoretical and

experimental studies have been carried out to understand its bene�ts as well as limitations

and challenges [32{ 42]. Additionally, in response to the concerns regarding the theoretical

channel models used in massive MIMO literature, it was reported in [43] that based on

channel measurements for a large number of BS antennas, achieved array and multiplexing

gains are relatively close to the ones provided by theory.

Furthermore, implementation and demonstration of several real-time massive MIMO

testbeds have been reported in [44{ 48], and today massive MIMO is considered a key

integral part of 5G. One of the very �rst massive MIMO products was the AIR 6468, built

by Ericsson in 2017, which uses 64 antennas in both uplink and downlinkoperating in sub-6

GHz band [47]. It should also be pointed out that Ericsson developed this productfor 4G

LTE-A, and it is thus considered a pre-5G product. In 2018, the �rst line of massive MIMO

products for 5G NR was approved by the federal communications commission (FCC),

among which was the Ericsson AIR 6468. Since then, many other massive MIMO products,

including the Huawei AAU and Nokia Airscale, have been developed formassive MIMO

BSs equipped with 128 antennas. This evolution has made massive MIMO technology,

operating with a large but �nite number of antennas in the conventional sub-6 GHz band,

a reality. Moreover, many communication carriers (e.g., the massiveMIMO deployment
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by the US-based carrier Sprint [13]) has been using the term \massive MIMO" in their

marketing and advertisements. In addition, during the Mobile World Congress (MWC) in

2019, Huawei announced that 95 percent of their current commercial products will support

either 32 or 64 antennas [49]. More recently, a new research direction has been introduced in

the massive MIMO literature, known as extremely large aperture arrays (ELAA), allowing

new designs of massive antenna arrays that can support thousands of antennas [13].

On the other hand, at higher carrier frequencies such as mmWave bands, massive

MIMO can be leveraged to reduce the e�ects of high propagation loss [50]. In recent

years, there has been a signi�cant progress in the development ofmassive MIMO arrays

for communications in mmWave bands (i.e., beyond 30 GHz) [15,51{54].

1.4 Some of the Challenges associated with Massive

MIMO

Although, massive MIMO communication systems o�er many advantages and performance

gains, there still exist several challenges that must be taken into account. Below we discuss

some of these challenges in more details.

1.4.1 Frequency Division Duplexing (FDD)

To fully bene�t from the capacity gains brought by massive MIMO systems, the BS requires

instantaneous CSI. It is, however, known that as the number of BS antennas increases the

overhead incurred from obtaining CSI using feedback in FDD mode also increases. On the

other hand, by exploiting the channel reciprocity assumption in TDDmode, the overhead

becomes independent of the number of BS antennas [31]. As a result, most research in

the context of massive MIMO are focused on TDD systems that induce much less CSI

overhead compared to FDD systems.

Due to its e�cient utilization of radio resources, the use of TDD modehas been sug-

gested as the \canonical form" of massive MIMO [13]. Nevertheless, the use of FDD mode
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is also widely studied in the literature [55{ 58]. Thus, the possibility of using FDD mode

in massive MIMO systems is still under investigation [59{ 63].

1.4.2 Pilot Contamination

It is evident that the spectral e�ciency gains and achievable throughput in MIMO systems

rely heavily on the type of linear precoding and combining techniques used at the BS on the

downlink and uplink, respectively. As mentioned earlier, however, the performance of linear

processing at the BS is itself directly a�ected by the accuracy of CSI estimation. Therefore,

the performance gains o�ered by massive MIMO systems depend onhow accurately CSI

is obtained at the BS using the transmission of uplink pilots in TDD mode.In addition, it

should be noted that the number of pilot sequences that can be used within each coherence

interval is limited, as the length of the coherence interval is �nite due to the movement of

mobile users. Hence, a �nite number of orthogonal pilot sequencesmay be re-used across

the cells, e.g., thekth pilot sequence is assigned to thekth user of all cells [38, 64, 65].

Consequently, the channel estimation of an arbitrary user at theBS will be contaminated

by the channel of users in other cells using the same pilot sequence.This phenomenon,

known as pilot contamination in TDD mode, will inevitably cause inter-cell interference

that does not vanish even when the number of BS antennas grows unboundedly, and thus

saturates the system throughput [28]. As a result, pilot contamination is deemed a major

challenge that limits the performance of multi-cell massive MIMO systems.

1.5 Motivation and Overview of Contributions

Pilot contamination is a source of interference that precludes the unbounded growth of

users' rate with the number of BS antennas. Although, many novel techniques based on

treating interference as noise (TIN) have been proposed in the literature to eliminate or

alleviate the e�ects of pilot contamination interference [38{ 40, 65{ 70], it is still an active

area of research under investigation. In addition, TIN is known to be a sub-optimal de-

coding strategy in some scenarios [71]. Therefore, a natural question to ask is whether
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one can propose alternative solutions that treat pilot contamination interference di�er-

ently, and can achieve, in principle, unbounded throughput when the number of antennas

is su�ciently large?

In this thesis, we aim to answer the above question by replacing TIN with more ad-

vanced interference-aware schemes based onfull/partial interference decoding, and it is

observed that by doing so the rate saturation e�ects are eliminated. We summarize the

major contributions of this thesis as follows:

ˆ In Chapter 3, we study the performance of full interference decoding techniques.

Speci�cally, we �rst intuitively show that using the capacity region obtained by

simultaneous unique decoding (SD) of the desired signal and pilot contamination

interference (as opposed to TIN), when linear combining/precoding techniques are

applied in uplink/downlink, noise-free channels are obtained asM ! 1 , and thus

the per-user rates tend to in�nity. We also establish a worst-caseuncorrelated noise

technique for multiple access channels (MAC) that yields new expressions of achiev-

able rate lower bounds. Using this worst-case uncorrelated noise technique as well

as the derivations of the minimum mean squared error (MMSE) channel estimate

for a spatially correlated channel model, we derive new achievable lower bounds for

the uplink and downlink of a multi-cell massive MIMO system that appliesjoint

decoding to each set of pilot sharing users across all cells. These lower bounds are

valid in general, do not depend on speci�c linear combining/precoding techniques,

and help to evaluate the performance of combining/precoding techniques such as

regularized zero forcing (RZF) via Monte Carlo simulation. We then specialize these

lower bounds to the cases of maximum ratio combining/transmission (MRC/MRT),

and obtain closed-form expressions for both uplink and downlink. Furthermore, for

the cases of MRC/MRT as well as zero forcing (ZF), we simplify theselower bounds

assuming that a spatially uncorrelated channel model is used.

ˆ In Chapter 3, it is also shown that when decoding interference due to pilot con-

tamination, reusing the same orthogonal pilots across all cells (as opposed to using

di�erent rotated versions of pilots) is preferable as it requires decoding signi�cantly
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fewer interference terms. In addition, the bene�ts of using simultaneous non-unique

decoding (SND) [72] is investigated in Section3.2.6, which strictly contains regions

SD and TIN and thus outperforms these schemes. Moreover, a simpli�ed subset of

SND (S-SND) is studied in Chapter3, which is shown to be strictly larger than SD

and also provides a lower bound to SND.

ˆ To evaluate the performance of the di�erent schemes TIN/SD/SND, the problem of

maximum symmetric rate allocation (i.e., maximizing the minimum achievablerate)

is investigated in Chapter3. The full interference decoding schemes of this chapter

only require a mechanism to �nd a rate vector (e.g., the maximum symmetric rate

vector) inside the achievable region. This can be done, for example,using rate

adaptation with feedback [73]. Another approach would be to make the average

e�ective channel gains for each set of pilot-sharing users availableat the BSs. These

gains vary slowly (i.e., stay constant over many channel coherenceintervals), and

can thus be estimated and tracked e�ciently. In Chapter3, it is shown that for the

special case of an uncorrelated Rayleigh fading channel, these gains are a function of

large-scale fading coe�cients only, for which it has been argued previously that these

can be estimated and tracked e�ciently [38,64,74].

ˆ In Chapter 3, structural results are also presented for the high SINR regime.In

particular, it is found that when the number of BS antennasM is truly large, the

full interference decoding schemes SD/SND achieve the same performance and also

strictly outperform TIN. For the special case of a two-cell system and assuming a

symmetric geometry, it is shown that for relatively small values ofM , pilot con-

tamination interference is \weak" in that SND and TIN achieve the same rate and

both of these strictly outperform SD. Hence, one may choose TINwhich is simpler

to implement. Nevertheless, for large values ofM , pilot contamination interference

becomes \strong" so that the full interference decoding schemes SD/SND provide

the same performance and both of these strictly outperform TIN. Analytical con-

ditions in terms of mutual information expressions under which these results hold

are also found. We also numerically study the performance of networks with three,

four and seven cells, and show that with a practical number of antennas M , SND
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outperforms all other schemes, and further show that RZF and ZF achieve higher

rates than MRC/MRT, while RZF also outperforms ZF for small valuesof M (e.g.,

M < 64) only.

ˆ Moreover, in Chapter3, we numerically study the impact of increasing the number

of users, the number of cells, cell radius, correlation magnitude aswell as shadow

fading on the performance of the proposed schemes. In particular, it is found that

while increasing the number of users, cell radius and shadow fading degrade the per-

formance of all schemes, they lead to improving the gain provided bySND over other

schemes. Also, increasing the correlation magnitude gives rise to improving the per-

formance of both TIN and SND, and thus results in reducing the gainprovided by

SND. Therefore, the maximum gain is obtained in scenarios with a spatially uncor-

related channel model. Nevertheless, for the case of moderate spatial correlation, it

is observed that SND still provides a signi�cant gain over the other schemes. Lastly,

it is found that increasing the number of cells improves the gain o�ered by SND over

the other schemes; hence showing the importance of the proposed scheme in practical

implementations.

ˆ In Chapter 4, we study the performance of partial interference decoding schemes for

the cases of two cells and more than two cells. In particular, we observe that decoding

part of the pilot contamination interference while treating the remaining part as noise

(according to a power splitting strategy that is optimized), yields performance that

is considerably better than the schemes of Chapter3. Speci�cally, for the case of a

two-cell system, we study the performance of a rate splitting (RS) technique based

on the celebrated Han-Kobayashi (HK) [75] scheme by numerically optimizing the

power splitting coe�cients, and show that this scheme strictly outperforms SND for a

practical range ofM , while providing a signi�cant gain that improves with increasing

the number of antennasM .

ˆ An extension of the RS scheme to the case of more than two cells (i.e.,three, four

and seven cells) is also proposed in Chapter4, where the corresponding achievable

rate region based on non-unique decoding is derived. Since the rates of individual

11



layers for each set of pilot-sharing users needs to be adjusted globally across the entire

network, the partial interference decoding schemes of this chapter are implemented

in a centralized manner. Speci�cally, in Chapter4, it is shown that by centrally op-

timizing the rates of all individual layers (e.g., with the help of a centralized network

controller, where the mean of the e�ective channel gains for eachset of pilot-sharing

users are available), for a practical number of BS antennas one can achieve higher

rates compared to full interference decoding schemes.

ˆ In Chapter 4, for the case of three cells the true performance of the RS scheme is

studied, while for the cases of four and seven cells an achievable sub-region of the

proposed RS scheme is investigated. By numerically optimizing the power splitting

coe�cients, it is shown than in all scenarios the proposed RS schemeprovides a sig-

ni�cant gain over the schemes of Chapter3, and this gain improves by increasing the

number of antennasM . It is also observed that the impacts of increasing the number

of users, the number of cells, cell radius, correlation magnitude aswell as shadow

fading on the performance of the proposed RS scheme are similar tothose observed

in Chapter 3. Lastly, the results of Chapter4 reveal that by replacing the optimized

values of the power splitting coe�cients, found via exhaustive search, with their pre-

computed average values (over a large number of realizations), the performance loss

is quite negligible. This means that in a practical implementation of a multi-cell mas-

sive MIMO system performing the proposed RS scheme, the optimization complexity

can be reduced.

1.6 Organization of the thesis

The rest of this thesis is organized as follows.

ˆ In Chapter 2, we present an extensive survey of various pilot contamination miti-

gation/reduction techniques proposed in the literature. We further classify di�erent

mitigation techniques based on the rational behind them and providea comprehen-

sive discussion of their advantages and limitations. Next, in order toprovide some
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background in connection to our work, we present the multi-cell massive MU-MIMO

system model with imperfect CSI, and discuss some well-known existing results on

uplink/downlink achievable throughput under pilot contamination e�ect. We further

provide the derivations of TDD-based CSI estimation for both cases of a spatially

correlated channel and an uncorrelated channel.

ˆ In Chapter 3, the performance of interference decoding schemes based onunique/non-

uniquedecoding of pilot contamination users is studied. Closed-form lower bounds for

both uplink/downlink of a multi-cell massive MIMO system are also established, and

the maximum symmetric rates of di�erent schemes are evaluated viacomprehensive

simulation results.

ˆ In Chapter 4, the performance ofpartial interference decoding schemes based on

RS is investigated, where extensive simulation results are also provided for various

scenarios.

ˆ In Chapter 5, conclusions derived from the thesis are provided and several potential

directions for future studies are also outlined.

1.7 Notation

We use the following notations in the thesis.

We use boldface upper and lower case symbols to represent matrices and vectors, re-

spectively. TheN � N identity matrix and the all-zero vector are denoted byIII N and 000,

respectively.

The superscripts (:)T , (:)y, and (:)� 1 denote the transpose, Hermitian transpose, and

inverse operations. A diagonal matrix with vectoraaa along its main diagonal is represented

by diag(aaa), and tr(AAA) denotes the trace of a square matrixAAA.

The expressionsE [:] and var [:] are used to denote the mean and variance of a random

variable, respectively, andCN(mmm; RRR) denotes the circular symmetric complex Gaussian

distribution with mean vector mmm and covariance matrixRRR.
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We useh(X ) to denote the di�erential entropy of a random variableX . Given the

probability density function f (x), it is de�ned by

h(X ) := �
Z

f (x) log f (x) dx:

The notation h(X j Y) represents the conditional di�erential entropy ofX given Y.

Assuming that the joint and conditional probability density functions are given byf (x; y)

and f (x j y), respectively, it is de�ned by

h(X j Y) := �
Z Z

f (x; y) log f (x j y) dxdy:

The notation I (X ; Y) denotes the mutual information betweenX and Y de�ned by

I (X ; Y) := h(X ) � h(X j Y) = h(Y) � h(Y j X ):
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Chapter 2

Literature Survey and Background

2.1 Channel Estimation and Pilot Contamination

The focus of this thesis is on massive MIMO systems operating in TDD mode. In this

chapter, we review various proposed techniques to mitigate or reduce the e�ects of pilot

contamination in multi-cell massive MIMO systems, followed by some background and

well-known results in the massive MIMO literature.

The availability of accurate channel state information (CSI) is deemed critical in wire-

less communication networks, and is considered a key component ofmassive MIMO com-

munication systems [76]. In particular, the performance of MIMO systems relies heavily

on the knowledge of CSI, which has been widely investigated in the literature [77{ 79]. In

order to acquire CSI, several techniques have been proposed, among which the use of train-

ing pilots [80], semi-blind techniques [81] or blind techniques [82] are the most common

approaches.

When uplink and downlink transmissions are separated in frequency,as in the FDD

protocol, the uplink and downlink channels will be di�erent. Hence, toestimate the down-

link channels the BS needs to send downlink pilots to the users. Afterthe estimation of the

downlink channels, users send the channel estimates back to the BSs through a feedback

link creating a backhaul overhead that grows withM , and that is signi�cant when M is
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large. On the other hand, with a TDD protocol, the uplink and downlinkchannels are the

same due to channel reciprocity. This suggests the attractive solution of using one pilot

sequence per user to estimate the uplink channel between the user and all antennas of the

BS. As the uplink channels are the same as the downlink ones, the estimate of uplink chan-

nels can be used at the BSs to compute the precoding vectors during the downlink data

transmission phase. Therefore, the signi�cant overhead in FDD incurred due to feeding

back the channel estimates from the users to the BSs is no longer an issue.

Elimination of inter-cell interference in multi-cell communication systems, under the

assumption that full CSI is available at the BS, has been widely studiedin the literature.

For instance, the works of [83{ 85] have proposed coordinated beamforming to mitigate

inter-cell interference in multi-cell multi-antenna systems assuming that the BS has full

CSI. In practical implementations, however, CSI must be estimated. Particularly, in TDD

based massive MIMO systems the channel estimate of an arbitraryuser will be contami-

nated by the channel of users in other cells that are using the samepilot sequence. This

phenomenon creates coherent inter-cell interference whose power grows at the same rate

as that of the desired signal [86]. This results in the saturation of the achievable rates of

users [87], which also adversely impacts spectral e�ciency. This e�ect will be discussed in

subsection2.3.7 in more detail.

With respect to imperfect CSI, several approaches in the literature have been proposed

to mitigate or reduce the e�ects of inter-cell interference caused by pilot contamination.

Although sharing orthogonal pilots across di�erent cells during thechannel estimation

phase is considered the main cause of pilot contamination, especially inthe context of

massive MIMO systems, pilot contamination can also be caused by hardware impairments.

In a practical implementation, for instance, hardware impairmentsresult in in-band and

out-of-band distortions that interfere with pilots, and have beenrecognized as another

source of pilot contamination in regular multi-antenna cellular systems [88] as well as

massive MIMO communication systems [89,90].

In Section 2.2 below, we present an extensive survey of proposed solutions to mitigate

or reduce the e�ects of pilot contamination interference in multi-antenna communication

systems, and more speci�cally in massive MIMO systems. Then, in Section 2.3, we present
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some background followed by well-known results in massive MIMO literature.

2.2 Proposed Methods to Tackle Pilot Contamination

Based on the approach taken for channel estimation, we classify the proposed methods of

coping with pilot contamination into two groups, i.e., pilot-based estimation approaches

and data-aided estimation approaches. In the former, channel vectors are estimated us-

ing orthogonal training pilots, while the same set (or a rotated version thereof) of pilot

sequences is shared either arbitrarily or in a smart manner among users across di�erent

cells. In contrast, in the data-aided approach, the users' channels are estimated with no

or only a few pilot signals. Below, we discuss these two approaches and summarize the

related works accordingly.

2.2.1 Pilot-Based Approaches

In [1], a time-shifting strategy during the pilot transmission phase is proposed that aims

to mitigate inter-cell interference caused by pilot contamination. More speci�cally, the

location of pilot signals is shifted in time frames within adjacent cells in such a way that

the transmission of pilots is done at non-overlapping times (see Fig.2.1). In addition,

in [91] the performance of the time-shifting method of [1] was improved by including a

power control algorithm. Even though this approach seems very attractive, a big challenge

in practical implementations is how to adaptively synchronize the pilottransmissions over

the entire network so that there is no overlap at all. As pointed out in[92], however, with

the deployment of dynamic small cells over existing multi-layer HetNets, overlap in time

and frequency seems inevitable. In [69,93], a channel estimation approach using the covari-

ance matrix of the desired user in conjunction with the interfering users has been proposed.

Under the condition that the covariance matrices of interfering users span a di�erent sub-

space than that of the desired user, the authors have shown that when the number of BS

antennas grows unbounded, the e�ects of pilot contamination asymptotically disappear.
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Figure 2.1: The time-shifted pilot scheme of [1].

In [94], a similar technique has been adopted for mitigating pilot contamination in a cogni-

tive massive MIMO communication system. Therein, the authors reported that the e�ects

of pilot contamination interference were greatly reduced and thusuplink/downlink achiev-

able rates signi�cantly increased. It should be pointed out that thisapproach requires the

knowledge of the covariance matrix of all users' channels and hence is likely infeasible in

practical implementations. In [95], the authors considered a semi-blind channel estimation

technique to separate the subspace of the desired user channelfrom that of interfering users

caused by pilot contamination. However, in order to completely eliminate pilot contamina-

tion, this method requires that the channel coherence time goes to in�nity. Unfortunately,

this assumption is not true in practice either.

In [96], a sophisticated two-stage processing approach is proposed to mitigate pilot

contamination. Speci�cally, a downlink pilot transmission phase is followed by a scheduled

uplink pilot transmission phase. During the downlink training phase, allBSs �rst send the

pilot signals using only their �rst antenna to their users. Then, all BSs repeat this process

using all of their antennas simultaneously. At the end of this two-step downlink training,

users estimate the downlink channels by processing the received pilots. The estimation of

downlink channels is then followed by an (L + 1)-step (where L is the number of cells)

scheduled uplink training phase. In particular, during the initial step, all users send their

uplink pilots to their BSs. Then, during each of the nextL steps of the uplink training

phase, the users in celll transmit a pre-distorted version of their pilots to BSl, while users

in other cells transmit their uplink pilots to their BSs. More precisely, by transmitting the

pre-distorted pilots, users encapsulate their non-contaminateddownlink channels in the
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uplink pilot signals so that each BS will be able to extract the channels of its own users

from the received uplink pilots by removing pilots of users in other cells; thus, mitigating

pilot contamination. A main disadvantage of this technique, however, is the signi�cant

overhead occurred during the sophisticated multi-step training phases. In [87], a multi-

cell MMSE precoding technique is proposed so that the precoding matrix minimizes an

objective function involving two parts: (i): the sum of the MSE of the downlink received

signals at mobile terminals in the same cell, and (ii): the mean-square interference at

users in other cells. Although, signi�cant performance gains have been reported in [87]

compared to conventional schemes, this approach requires full cooperation between BSs,

the knowledge of second-order statistics of users' channels at BSs, and is not applicable to

arbitrary pilot allocation schemes.

In another interesting line of work to tackle the rate saturation phenomena due to

pilot contamination, several novel schemes have been proposed [38, 39, 64, 65, 68, 86, 95].

These solutions work well in the asymptotic regime provided that some assumptions and

requirements are satis�ed. In [68], a pilot contamination precoding (PCP) method has

been proposed, assuming that the estimates of all large-scale fading coe�cients as well as

the data signals of all users across the network will be shared among all BSs. While the

large-scale fading coe�cients vary slowly (i.e., stay constant over many channel coherence

intervals [38,64,74]) and can thus be estimated and tracked e�ciently, the main drawback

of this scheme is that the data signals of all users will need to be processed by all BSs. Also,

the e�ciency of this approach relies heavily on having a very large number of antennas,

i.e., M > 106, as well as the accuracy of the computation of PCP matrices. This method

has been further improved in [38, 65, 86] by adding an outer-cell processing called large-

scale fading precoding (LSFP) and large-scale fading decoding (LSFD) creating additional

computational complexities. More speci�cally, using matrix inversionthe LSFD/LSFP

matrices of all users across the network must be computed at a centralized processor

(known as network controller), where the data signals of all usersare shared. In addition,

this method has been extended to the cases of spatially correlatedchannels [64], correlated

channels with phase shift [70], maximizing the product of SINRs [41] as well as cell-free

massive MIMO communication systems [40]. Di�erent from these lines of work, the work
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of [39] proposes a multi-cell MMSE precoding/combining technique and assumes that pilot-

sharing users must have asymptotically linearly independent covariance matrices. This

assumption, however, may not always be true and also requires theknowledge of channel

covariance matrices at the BSs.

Smart pilot assignment approaches have also been proposed in the literature. By care-

fully assigning pilots to users, the e�ects of pilot contamination are reduced, but not fully

eliminated [97{ 100]. However, properly assigning pilots to the users normally gives rise

to solving combinatorial optimization problems that are typically dealtwith heuristically.

In particular, one approach is to let each BS assign and re-assign pilots to its users in an

iterative fashion until a given objective function is optimized. For instance, if a cell edge

user is experiencing substantial pilot contamination, it can switch itspilot sequence with

a user close to the cell center with a stronger channel, thus reducing the adverse e�ects of

pilot contamination on system performance. A location-based pilot assignment strategy

was proposed in [101] to alleviate the e�ects of pilot contamination in a distributed cell-free

MIMO communication system with a central control unit that has access to all BSs. In

particular, the work of [101] proposes to group the users across the network into a number

of clusters, i.e., sets of pilot-sharing users, based on their relativedistance (with the help

of a central unit) where non-orthogonal pilots are assigned to users that are far from each

other.

2.2.2 Data-aided Estimation Approaches

The use of data-aided channel estimation method (also known as subspace based estima-

tion) is deemed an attractive solution in the literature to mitigate pilot contamination

and to increase spectral e�ciency, as no pilot sequences are required. One of the early

works in this area, which also predates the introduction of massive MIMO systems, is [102]

which has proposed a subspace based blind channel estimation approach. An extension

of this blind estimation method is reported in [103] and is based on the eigenvalue de-

composition (EVD) of covariance matrices. In particular, the method is not impacted by

pilot contamination and thus can potentially outperform estimation techniques based on
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the transmission of pilot training signals. However, its accuracy andcomplete elimina-

tion of pilot contamination rely on having a very large number of BS antennas as well

as unbounded coherence interval. In other words, if the length ofthe coherence interval

does not grow unbounded, the channel estimates that result from this method will still

su�er from residual pilot contamination. This approach has also been investigated in the

context of multi-cell TDD massive MIMO systems, with the purpose of mitigating pilot

contamination [66].

Further studies in the context of pilot decontamination reported in[67,104,105] have

proposed a blind method for channel estimation in conjunction with power control using

random matrix theory. More precisely, it is proposed to blindly estimate the system pa-

rameters in the subspace of the desired signal based on the singular value decomposition

(SVD) of the received signal matrix. Nevertheless, a drawback ofthis technique is the

condition that the channel of the desired user must be stronger than those of the interfer-

ing users, which is not always true in practice, especially in interference-limited scenarios

with shadow fading. In [106], a similar approach using the maximum a-posteriori (MAP)

principle for subspace based channel estimation in TDD massive MIMOsystems is pro-

posed. It is reported that this technique outperforms the results of the blind estimation

methods in [67, 104, 105], but at the cost of increasing complexity. Moreover, in order to

reduce the e�ects of pilot contamination, a fast EVD-based channel estimation method for

massive MIMO systems using a diagonal Jacket matrix1 along with iterative least-square

with projection (ILSP) was developed in [108].

Recently, a technique based on message splitting has been adoptedin the literature

to cope with the interference due to pilot contamination [109], which does not fall into

the above categories. In particular, the work of [109] has studied asingle-cell massive

MIMO system operating in TDD mode, where all users inside the cell share the same

pilot sequence for channel estimation. Therein, assuming that each user applies single-user

successive interference cancellation in downlink, it is shown that thespectral e�ciency is

increased compared to conventional schemes.

1The Jacket matrix is a generalization of the Hadamard matrix [107].
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2.3 Massive MIMO System Model

In this section, we describe the system model for uplink and downlinkof a multi-cell

multi-user massive MIMO system and present some well known results associated with

pilot contamination e�ect. We consider a multi-cell communication system with L cells,

where each cell has a BS equipped withM antennas servingK (M > K ) single antenna

users. Assuming a spatially correlated channel model, the channelmatrix between theM

antennas of BSj and the users in celll is denoted byGGGj l = [gggj 1l ;gggj 2l ; :::;gggjKl ] 2 CM � K .

More precisely, the channel vectorgggjkl associated with userk in cell l is described by

gggjkl = RRR1=2
jkl hhhjkl ; (2.1)

where hhhjkl � CN (000; III M ), and RRRjkl is the spatial correlation matrix of the channel, i.e.,

RRRjkl = E
h
gggjkl ggg

y
jkl

i
2 CM � M or gggjkl � CN (000; RRRjkl ). Also, for the large-scale fading

coe�cients we have

� jkl =
tr( RRRjkl )

M
; (2.2)

which model shadowing and path loss e�ects. A standard block-fading model is considered

here, where the channels are constant over one coherence interval with one independent

realization in each block, whereas the large-scale fading coe�cientsare constant over many

coherence time intervals. Furthermore, considering TDD operation, it is assumed that

reciprocity holds between uplink and downlink channels. A frequencyre-use factor of one

is assumed, i.e., the whole frequency band is used in each cell. The following Lemma

from [110] will be used later in the sequel.

Lemma 1. Let xxx := [ x1; x2; :::; xM ]T and yyy := [ y1; y2; :::; yM ]T be mutually independent

M � 1 random vectors with distributionsxxx � CN (000; � 2
xIII M ) and yyy � CN (000; � 2

yIII M ),

respectively. Then, by the strong law of large numbers,

xxxyxxx
M

a:s:! � 2
x ; and

xxxyyyy
M

a:s:! 0; as M ! 1 ; (2.3)

wherea:s:! denotes almost sure convergence.
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gjkl [m]
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Figure 2.2: System model showing the channel gain between themth antenna of the BS in
cell j and the kth user in cell l .

2.3.1 Uplink Data Transmission

We point out that the model used for uplink/downlink data transmission in this thesis is

similar to that of [32] with a slight change of notation. During the uplink data transmission

phase, the BS in cellj receives the baseband signalyyyul
j 2 CM � 1 where

yyyul
j =

LX

l=1

KX

k=1

p
� ulgggjkl xul

l [k] + nnnj ; (2.4)

and xxxul
l =

�
xul

l [1]; xul
l [2]; :::; xul

l [K ]
� T

is the vector of transmit signals of the users in celll ,

� ul is the average uplink transmit power of the users, andnnnj � CN (000; III M ) is the additive

Gaussian noise vector at the BS in cellj . The assumption of unit noise variance is without

loss of generality2 and thus � ul can be interpreted as the uplink transmit SNR of the users.

2Consider yyyul 0

j =
P L

l =1

P K
k=1

p
� 0

ul gggjkl xul
l [k] + nnn0

j , where � 0
ul is the transmit power and nnn0

j �
CN(000; � 2III M ). Then, let yyyul

j = yyyul 0

j =� with � ul = � 0
ul =� 2 being the transmit SNR.
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2.3.2 Downlink Data Transmission

During the downlink data transmission phase, thei th user in cell l receives the baseband

signal

ydl
il =

LX

j =1

p
� dlggg

y
jil xxxdl

j + zil ; (2.5)

wherexxxdl
j =

�
xdl

j [1]; xdl
j [2]; :::; xdl

j [M ]
� T

is the transmit signal of the BS in cellj , � dl is the

per-user transmit power of the BS, andzil � CN (0; 1) is the receiver noise of thei th user

in cell l . Thus similar to � ul , � dl can be interpreted as the transmit SNR of the BSs. Also,

de�ning wwwjkj 2 CM � 1 as the precoding vector of the BS in cellj , we have

xxxdl
j =

1
p

� j

KX

k=1

wwwjkj sj [k] (2.6)

=
WWW j sssjp

� j
; (2.7)

wheresssj = [ sj [1]; sj [2]; :::; sj [K ]]T is the vector of data symbols intended for theK users in

cell j , WWW j = [wwwj 1j ;wwwj 2j ; :::;wwwjKj ] 2 CM � K , and � j is a normalization factor used to make

sure the following constraint is satis�ed at BSj

E
h
xxxdl y

j xxxdl
j

i

K
= 1; (2.8)

i.e., the downlink SNR per user of the BS in cellj equals� dl . Speci�c choices of precoding

vectors will be discussed in subsection2.3.6.

2.3.3 CSI estimation at BS

Following [38, 64, 65, 87, 91], it is assumed that the same set of pilot sequences

   1;    2; :::;    K 2 C� � 1 of length � (generally� � K , however here it is assumed that� = K )

are used in all cells and thus the channel estimate will be corrupted by pilot contamina-

tion from the adjacent cells. De�ning the pilot matrix 			 = (    1;    2; :::;    K )T 2 CK � K , we
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assume orthonormal pilots, i.e., 				 		 y = I K .

During the uplink training phase of the TDD protocol, userk = 1; 2; :::; K in each cell

transmits the pilot sequence   k to its BSs. The BS in cellj then �nds the estimate Ĝ̂ĜGj j of

the local channelsGGGj j . More speci�cally, the BS in cellj receives the matrixYYY p
j 2 CM � K ,

i.e.,

YYY p
j =

LX

l=1

p
� pGGGj l 			 + ZZZ j ; (2.9)

where � p is the average pilot transmission power, andZZZ j is the additive white Gaussian

noise (AWGN) at the BS with entries that are i.i.d CN(0; 1) random variables. Similar to

uplink and downlink data transmission,� p can be interpreted as the pilot SNR. Generally,

� p is a function of the average uplink transmit power of users� ul and the length of pilot

sequences� . Multiplying YYY p
j by 			 y, the kth column of the resulting matrix is

rrr jk =
LX

l=1

p
� pgggjkl + ~z~z~zjk ; (2.10)

where ~z~z~zjk � CN (000; I M ). The MMSE estimate ĝ̂ĝgjkj of gggjkj , i.e., the vector ĝ̂ĝgjkj that

minimizes the mean squared error (MSE)E [kgggjkj � ĝ̂ĝgjkj k2], based on the observationrrr jk

is given by [111]

ĝ̂ĝgjkj =
p

� pRRRjkj E
h
rrr jk rrr y

jk

i � 1
rrr jk (2.11)

=
p

� pRRRjkj

 
LX

l=1

� pRRRjkl + III M

! � 1

rrr jk (2.12)

=
p

� pRRRjkj

 
LX

l=1

� pRRRjkl + III M

! � 1

0

B
B
B
B
@

p
� pgggjkj| {z }

Intended channel

+
LX

l=1 ;l6= j

p
� pgggjkl

| {z }
Pilot contamination

+~z~z~zjk

1

C
C
C
C
A

(2.13)

It can be seen from (2.13) that the estimate of gggjkj is contaminated by the channel of

users in other cells that are using the same pilot sequence as userk in cell j . Due to
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the orthogonality property of MMSE estimation, one can decompose the channelgggjkj

as gggjkj = ĝ̂ĝgjkj + ��� jkj , where ��� jkj is an uncorrelated estimation error (thus statistically

independent of the estimate ^ĝĝgjkj as they are jointly Gaussian). The distribution of the

channel estimateĝ̂ĝgjkj and the estimation error��� jkj are as follows [111]

ĝ̂ĝgjkj � CN

0

@000; � pRRRjkj

 
LX

l=1

� pRRRjkl + III M

! � 1

RRRjkj

1

A (2.14)

��� jkj � CN

0

@000; RRRjkj � � pRRRjkj

 
LX

l=1

� pRRRjkl + III M

! � 1

RRRjkj

1

A : (2.15)

Moreover, for the estimate of an inter-cell channel from users inother cells using the same

pilot signal    k to BS j , provided that RRRjkj is invertible, using (2.11) we have

ĝ̂ĝgjkl =
p

� pRRRjkl

 
LX

l=1

� pRRRjkl + III M

! � 1

rrr jk (2.16)

= RRRjkl (RRRjkj )� 1ĝ̂ĝgjkj : (2.17)

This relation will be used in the proofs provided in the appendices. To simplify the notation,

from now on we use the following de�nition

��� jk :=
LX

l=1

� pRRRjkl + III M : (2.18)

Uncorrelated Rayleigh Fading

For the special case of an uncorrelated Rayleigh fading channel, the spatial correlation

matrix becomes diagonal, i.e.,RRRjkj = � jkj III M , and therefore (2.1) simpli�es to

gggjkl =
p

� jkl hhhjkl : (2.19)
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Consequently, the MMSE estimate of (2.11) reduces to the following

ĝ̂ĝgjkj = E
h
gggjkj rrr y

jk

i
E

h
rrr jk rrr y

jk

i � 1
rrr jk (2.20)

=
p

� p� jkj

 

1 + � p

LX

l=1

� jkl

! � 1

rrr jk (2.21)

= � jkj

0

B
B
B
B
@

p
� pgggjkj| {z }

Intended channel

+
LX

l=1 ;l6= j

p
� pgggjkl

| {z }
Pilot contamination

+~z~z~zjk

1

C
C
C
C
A

; (2.22)

where� jkj :=
p

� p � jkj

1+ � p
P L

l =1 � jkl
. Substituting RRRjkj = � jkj III M into the distributions (2.14)-(2.15),

one can obtain the following for an uncorrelated fading channel

ĝ̂ĝgjkj � CN
�
000;

p
� p� jkj � jkj I M

�
(2.23)

��� jkj � CN
�
000;

�
� jkj �

p
� p� jkj � jkj

�
I M

�
: (2.24)

Lastly, using (2.17), the estimate of inter-cell channels from users sharing the samepilot

signal    k to BS j , is given by

ĝ̂ĝgjkl =
�

� jkl

� jkj

�
ĝ̂ĝgjkj ; (2.25)

which will be used in the proofs provided in the appendices.

2.3.4 Channel Hardening and Favorable Propagation

Below, we provide formal de�nitions for two important large-system e�ects in multi-

antenna systems, namely, channel hardening and favorable propagation. We then present

an example of these asymptotic e�ects based on the uncorrelatedfading channel model.
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Channel Hardening

By asymptotically eliminating the e�ects of small-scale fading components, channel hard-

ening results in fast-fading channels asymptotically behaving like deterministic channels.

In other words, the e�ective channel gains become \asymptotically constant" over many

coherence intervals. Mathematically, this can be presented as follows:

kgggjkl k2

E [kgggjkl k2]
a:s:! 1; as M ! 1 : (2.26)

This implies that as the number of BS antennasM grows to in�nity, the gain of the fading

channelkgggjkl k2 becomes close to the mean valueE [kgggjkl k2] = tr ( RRRjkl ).

Remark 1. One should note that the asymptotic convergence in(2.26) does not result

in kgggjkl k2 a:s:! E [kgggjkl k2], as M ! 1 , as both the gain of the fading channel and its

mean value can generally diverge. However, one can see that the condition ofkgggjkl k2=M �

E [kgggjkl k2] =M a:s:! 0, as M ! 1 , yields the asymptotic channel hardening in(2.26).

Asymptotic Favorable Propagation

Asymptotic favorable propagation means that the direction of twodistinct user channels

becomes asymptotically orthogonal. More speci�cally, the channelis said to have asymp-

totic favorable propagation, if the following holds:

gggy
jkl gggnim

p
E [kgggjkl k2] E [kgggnim k2]

a:s:! 0; as M ! 1 ; (j; k; l ) 6= ( n; i; m ) (2.27)

i.e., the normalized channel vectorsgggjkl =
p

E [kgggjkl k2] and gggnim =
p

E [kgggnim k2] have asymp-

totically zero inner products.

Remark 2. One should note that the asymptotic property in(2.27) does not mean that the

channel vectorsgggjkl and gggnim become asymptotically orthogonal. However, it implies that

the direction of the two channel vectors becomes asymptotically orthogonal.
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Asymptotic favorable propagation helps the BS eliminate non-coherent inter-cell in-

terference, and thus linear procoding/combining techniques become su�cient [ 111]. This

property will be used later to present asymptotic limits of uplink/downlink achievable

rates.

Example: Consider the uncorrelated Rayleigh fading channel model described by

gggjkl =
p

� jkl hhhjkl , where hhhjkl � CN (000; III M ). It can be veri�ed that this channel model

satis�es both of these asymptotic properties with almost sure convergence [26], i.e.,

GGGy
jj GGGj j

M
a:s:! diag (� j 1j ; � j 2j ; :::; � jKj ) ; as M ! 1 : (2.28)

2.3.5 A Worst-case Uncorrelated Noise Technique

In this part, a useful technique that is frequently used in massive MIMO literature to

establish rate lower bounds for point-to-point channels is presented. Consider the following

point-to-point channel model:

y = xG + z; (2.29)

where xG is the zero mean input signal with complex Gaussian distribution, i.e.,xG �

CN(0; P), and z is the zero mean additive noise having variance� 2, and uncorrelated with

the input xG . It can be shown that the capacity of this channel is lower boundedby [112]

I (xG; y) � I
�
xG ; yG

�
(2.30)

= C
�

P
� 2

�
; (2.31)

whereC(x) := log(1+ x) is the Shannon rate function,yG = xG + zG , and zG is a zero mean

complex Gaussian random variable having the same variance asz, i.e., zG � CN (0; � 2).

In other words, (2.30) implies that the worst e�ect that the additive uncorrelated noisez

can have on this channel is to behave as AWGN, hence the nameworst-case uncorrelated

noise technique. This technique will be used later in this chapter to obtain lower bounds

for uplink/downlink achievable rates of massive MIMO systems.
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2.3.6 Spectral E�ciency: Treating Interference as Noise (T IN)

In this part, we present well-known lower bounds on the uplink/downlink achievable rates

of the multi-cell multi-user massive MIMO communication system discussed in subsections

2.3.1and 2.3.2.

Uplink

Consider the baseband signalyyyul
j in (2.4) received by BSj during the uplink data trans-

mission phase. Also, assume that the combining vector used by the BS to decode the

signal transmitted by useri in cell j is denoted byvvvj ij . By adding and subtracting a term

associated with the mean of the e�ective channelvvvy
jij gggj ij in (2.4), the following is obtained

over one coherence interval for the estimate of the signal transmitted by user i in cell j :

ŷul
ji = vvvy

jij yyyul
j (2.32)

=
p

� ulE
h
vvvy

jij gggj ij

i
xul

j [i ]
| {z }

Desired signal

+
p

� ul

�
vvvy

jij gggj ij � E
h
vvvy

jij gggj ij

i�
xul

j [i ]
| {z }

Interference due to beamforming gain uncertainty

+
X L

l=1

X K

k=1 ;k6= i

p
� ulvvv

y
jij gggjkl xul

l [k]
| {z }

Inter-cell interference caused by other users

+ vvvy
jij nnnj

| {z }
Noise

(2.33)

= � ij xul
j [i ]

| {z }
Desired signal

+ zj ij|{z}
Additive noise

; (2.34)

where the expectations are with respect to the channel realizations, � ij :=
p

� ul E[vvvy
jij gggj ij ]

is the e�ective channel gain andzj ij is the additive noise term incorporating the last three

terms in (2.33). Treating (2.34) as the output of a point-to-point channel similar to (2.29),

it can be veri�ed that both the input signal � ij xul
j [i ] and the additive noise termzj ij are

zero mean random variables, and also the additive noise is uncorrelated with the input.

De�ning Rul
ij as the uplink rate of the i th user in cell j , any rate tuple

�
Rul

i 1; :::; Rul
iL

�
is

achievable if it satis�es the following set of inequalities

Rul
ij � I

�
ŷul

ji ; xul
j [i ]

�
; for j = 1; :::; L; i = 1; :::; K: (2.35)
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Hence, assuming Gaussian signaling and applying the worst-case uncorrelated noise tech-

nique of (2.30), one obtains the following lower bound on the rate of decoding the signal

transmitted by user i in cell j [111]

I
�
ŷul

ji ; xul
j [i ]

�
� C

0

B
B
@

� ul

�
�
�E

h
vvvy

jij gggj ij

i �
�
�
2

P L
l=1

P K
k=1 � ulE

� �
�
�vvvy

jij gggjkl

�
�
�
2
�

� � ul

�
�
�E

h
vvvy

jij gggj ij

i �
�
�
2

+ E
�
kvvvj ij k2�

1

C
C
A ;

(2.36)

where the expectations are with respect to the channel realizations. Note that the nu-

merator and the denominator in (2.36) are the variance of the desired signal� ij xul
j [i ] and

the variance of the uncorrelated additive noisezj ij , respectively. It is worth mentioning

that the rate lower bound of (2.36) can be applied with any combining vectorvvvj ij and any

channel estimator (including the MMSE estimation discussed in the previous section).

Downlink

Consider the baseband signalydl
il in (2.5) received by useri in cell l during the downlink

data transmission phase. Furthermore, assume that the precoding vector used by BSl for

transmission of the data stream intended for useri in cell l is denoted bywwwlil . Similar to

the uplink, we add and subtract a term associated with the mean of the e�ective channel

gggy
lil wwwlil , which results in the following

ydl
il =

r
� dl

� l
E

h
gggy

lil wwwlil

i
sl [i ]

| {z }
Desired signal

+
r

� dl

� l

�
gggy

lil wwwlil � E
h
gggy

lil wwwlil

i�
sl [i ]

| {z }
Interference due to beamforming gain uncertainty

(2.37)

+
X L

j =1

r
� dl

� j

X K

k=1 ;k6= i
gggy

jil wwwjkj sj [k]
| {z }

Inter-cell interference caused by other users

+ zil|{z}
Noise

= � il sl [i ]| {z }
Desired signal

+ z0
il|{z}

Additive noise

; (2.38)
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where the expectations are with respect to the channel realizations, � il :=
p

� dl=� lE
h
gggy

lil wwwlil

i
is the e�ective channel gain andz0

il is the additive noise term incor-

porating the last three terms in (2.37). Treating (2.38) as the output of a point to point

channel similar to (2.29), it can be veri�ed that both the input signal � il sl [i ] and the additive

noise termzil are zero mean random variables, and also the additive noise is uncorrelated

with the input. Therefore, de�ning Rdl
il as the downlink rate associated with decodingsl [i ],

any rate tuple
�
Rdl

i 1; :::; Rdl
iL

�
is achievable if it satis�es the following set of inequalities

Rdl
il � I

�
ydl

il ; sl [i ]
�

; for l = 1; :::; L; i = 1; :::; K: (2.39)

Thus, similar to the uplink case and assuming Gaussian signaling, by applying the worst-

case uncorrelated noise technique of (2.30) one obtains the following lower bound on the

downlink rate of decoding data streamsl [i ] at user i in cell l [111]

I
�
ydl

il ; sl [i ]
�

� C

0

B
B
@

� dl

� l

�
�
�E

h
gggy

lil wwwlil

i �
�
�
2

P L
j =1

P K
k=1

� dl

� j
E

� �
�
�gggy

jil wwwjkj

�
�
�
2
�

�
� dl

� l

�
�
�E

h
gggy

lil wwwlil

i �
�
�
2

+ 1

1

C
C
A ; (2.40)

where the expectations are with respect to the channel realizations. Note that the numer-

ator and the denominator in (2.40) are the variance of the desired signal� il sl [i ] and the

variance of the uncorrelated additive noisezil , respectively. Similar to the uplink case, the

rate lower bound of (2.40) can be applied with any precoding vectorwwwlil and any channel

estimator (including the MMSE estimation discussed in the previous section). In the next

section, we will present asymptotic limits of these rate lower boundsusing the following

conventional linear combining/precoding schemes.

ˆ Maximum ratio combining/transmission (MRC/MRT): Under MRC (MRT), the BS

tries to maximize the signal to noise ratio (SNR) for each data stream, while ignoring

the e�ects of interference. The combining (precoding) vector for MRC (MRT) is

given byvvvj ij = ĝ̂ĝgj ij (wwwj ij = ĝ̂ĝgj ij ). An important advantage of this scheme is that it is

extremely easy to implement. However, as a disadvantage, one should bear in mind

that as maximum ratio neglects the e�ects of interference, its performance is inferior

32



to other schemes in interference limited scenarios.

ˆ Zero forcing (ZF): Unlike MRC/MRT, under ZF combining/precoding the e�ect of

additive noise is neglected, while taking into account the e�ects of intra-cell interfer-

ence. The ZF combining/precoding matrix at BSj is given byVVV j j = [vvvj 1j ; :::; vvvjKj ] =

Ĝ̂ĜGj j

�
Ĝ̂ĜGy

jj Ĝ̂ĜGj j

� � 1
. Noting that this is the pseudo inverse of the estimated channel ma-

trix Ĝ̂ĜGj j , it can be veri�ed that VVV y
jj Ĝ̂ĜGj j = III K , and thereby

vvvy
jkj ĝ̂ĝgjmj = � mk ; (2.41)

where� mk is the Kronecker delta function. In other words, the ZF scheme completely

nulls out the interference by projecting each data stream onto the orthogonal com-

plement of the intra-cell interference. Even though its computational complexity is

higher than MRC/MRT due to the calculation of the pseudo inverse, itperforms

better in interference limited scenarios.

2.3.7 Large Antenna Regime

Using the uncorrelated Rayleigh fading channel model described in (2.19), we now present

well-known asymptotic limits for uplink/downlink achievable rate lower bounds under the

combining/precoding schemes discussed above.

Uplink

MRC: Assuming that MRC is used at BSj to estimate signalxul
j [i ] received from useri

in cell j , one can re-write (2.32) as

ŷul
ji = ĝ̂ĝgy

jij yyyul
j (2.42)

=
LX

l=1

p
� ul ĝ̂ĝg

y
jij gggj il xul

l [i ] +
LX

l=1

KX

k=1 ;k6= i

p
� ul ĝ̂ĝg

y
jij gggjkl xul

l [k] + ĝ̂ĝgy
jij nnnj : (2.43)
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Using Lemma1, the following is obtained

ŷul
ji

M
a:s:!

p
� ul � p� j ij

0

B
B
B
B
@

� j ij xul
j [i ]

| {z }
Desired signal

+
LX

l=1 ;l6= j

� j il xul
l [i ]

| {z }
Interference due to pilot contamination

1

C
C
C
C
A

; as M ! 1 ; (2.44)

which con�rms both the channel hardening e�ect and asymptotic favorable propagation.

The decoding strategy which is widely used in the massive MIMO literature is called

treating interference as noise (TIN). More precisely, assuming TIN in uplink, the BS in

cell j only decodes the desired signalxul
j [i ] while treating the remaining interfering signals

xul
l [i ]; l 6= j as noise. Doing so, it has been shown in [26] that when MRC is used, the

following lower bound is obtained on the uplink achievable rate:

I
�

ŷul
ji ; xul

j [i ]
�
�
�ĝ̂ĝgj ij

�
a.s.! C

 
� 2

jij
P L

l=1 ;l6= j � 2
jil

!

; as M ! 1 : (2.45)

ZF: Assuming that ZF combining is used at BSj to estimate signalxul
j [i ] received from

user i in cell j , (2.44) changes to the following:

ŷul
ji

a:s:!
p

� ul

0

B
B
B
B
@

xul
j [i ]

| {z }
Desired signal

+
LX

l=1 ;l6= j

�
� j il

� j ij

�
xul

l [i ]

| {z }
Interference due to pilot contamination

1

C
C
C
C
A

; as M ! 1 ; (2.46)

i.e., both the channel hardening e�ect and asymptotic favorable propagation are observed

here. Similar to MRC, assuming that BSj performs TIN by only decoding the desired

signal xul
j [i ] while treating the remaining interfering signalsxul

l [i ]; l 6= j as noise, the

following asymptotic lower bound is obtained

I
�

ŷul
ji ; xul

j [i ]
�
�
�ĝ̂ĝgj ij

�
a.s.! C

 
� 2

jij
P L

l=1 ;l6= j � 2
jil

!

; as M ! 1 : (2.47)
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Interestingly, regardless of whether MRC or ZF is used in uplink, it is observed that the

asymptotic limits on achievable rates are identical. In other words, as M grows to in�nity,

the performance of MRC and ZF converge in uplink [26,111,113].

Throughout this thesis, it is assumed that the noisy channel estimates ĝ̂ĝgj ij are known

locally at the BSs. Thus, from now on, to simplify notation they will be omitted from the

mutual information expressions.

Downlink

MRT: Analogously for downlink, now assume that MRT precoding is applied atBS j , i.e.,

wwwjkj = ĝ̂ĝgjkj . The normalization factor � j for this precoding vector can be found from (2.8)

as follows

� mrt
j =

E
h
tr

�
WWW y

j WWW j

�i

K
(2.48)

=
tr

�
E

h
WWW y

j WWW j

i�

K

=

P K
i =1 E

h
ĝ̂ĝgy

jij ĝ̂ĝgj ij

i

K

=
M

P K
i =1

p
� p� j ij � j ij

K
: (2.49)

A similar expression was derived in [32] using a slightly di�erent notation for a spatially

correlated Rayleigh fading channel. One can rewrite (2.5) for the i th user in celll as follows

ydl
il =

LX

j =1

r
� dl

� mrt
j

KX

k=1

gggy
jil ĝ̂ĝgjkj sj [k] + zil : (2.50)
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Similar to (2.44), using Lemma1 one can obtain

ydl
ilp
M

a.s.!
p

K� dl � p

0

B
B
B
B
B
@

� lil � lilq P K
k=1

p
� p� lkl � lkl

sl [i ]

| {z }
Desired signal

+
LX

j =1 ;j 6= l

� j il � j ijq P K
k=1

p
� p� jkj � jkj

sj [i ]

| {z }
Interference due to pilot contamination

1

C
C
C
C
C
A

; (2.51)

as M ! 1 , which again con�rms both the channel hardening e�ect and asymptotic

favorable propagation. Assuming TIN in downlink, useri in cell l only decodes the desired

signal sl [i ] and treats the remaining interfering signalssj [i ]; j 6= l, as noise. Hence, the

following asymptotic lower bound on the downlink achievable rate is obtained

I
�
ydl

il ; sl [i ]
� a.s.! C

0

@
� 2

lil � 2
lil =

� P K
k=1 � lkl � lkl

�

P L
j =1 ;j 6= l � 2

jil � 2
jij =

� P K
k=1 � jkj � jkj

�

1

A ; as M ! 1 : (2.52)

ZF: If ZF precoding is applied at BSj , i.e., WWW j = Ĝ̂ĜGj j

�
Ĝ̂ĜGy

jj Ĝ̂ĜGj j

� � 1
, the normalization

factor � j from (2.8) is found as follows

� zf
j =

tr
�

E
h
WWW y

j WWW j

i�

K

=

P K
i =1 E

h
wwwy

jij wwwj ij

i

K

(a)
=

1
K (M � K )

KX

i =1

1
p

� p� j ij � j ij
; (2.53)

where (a) follows from a standard result in random matrix theory [114]. A similar expres-

sion was derived in [32] using a slightly di�erent notation for a spatially correlated Rayleigh
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fading channel. Using (2.41) and applying Lemma1, it is obtained asymptotically
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ilp
M

a.s.!
p

K� dl
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1
s
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1
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Desired signal

+
X

j =1 ;j 6= l

(� j il =� j ij )
s
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1
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� p� jkj � jkj
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Interference due to pilot contamination

1
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C
C
C
C
C
C
C
A

; (2.54)

as M ! 1 . Similar to MRT, by performing TIN, user i in cell l only decodes the desired

signalsl [i ] and treats the remaining interfering signalssj [i ]; j 6= l, as noise. Doing so yields

the following asymptotic lower bound on the downlink achievable rate

I
�
ydl

il ; sl [i ]
� a.s.! C

0

B
B
B
@

1
P K

k=1 (1=� lkl � lkl )
P L

j =1 ;j 6= l

(� j il =� j ij )2

P K
k=1 (� jkj � jkj )

1

C
C
C
A

; as M ! 1 : (2.55)

Note that these asymptotic limits on the uplink/downlink achievable rates have been previ-

ously established in the literature with a slightly di�erent notation (e.g., see the expressions

of (7) and (11) in [91], (16) in [87], (4.51) and (4.52) in [111], (4.36) and (4.37) in [113]).

Remark 3. One should note that as the number of BS antennasM becomes large enough in

(2.44), (2.46), (2.51), and (2.54), the e�ects of all inter-user interference and noise terms

vanish except the terms associated with the users in other cells using the same pilots. These

terms are coherent inter-cell interference caused by pilotcontamination. As explained in

the previous chapter, in most works in the literature, a receiver only decodes the desired

message coming from (or intended for) the main user inside its own cell while treating

the interfering message of users sharing the same pilot in all other cells as noise. This

approach, known as TIN, results in saturation of achievablerates even whenM grows

unbounded (see(2.45), (2.47), (2.52), and (2.55)).

Remark 4. It was shown in [111] that even with the assumption of a spatially correlated

fading channel, applying TIN at the receiver yields the sameconclusion and thus users' rate
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asymptotically saturate to a constant independent ofM . It should, however, be pointed out

that since the distributions of channel estimates and the estimation error are slightly more

complicated in the case of a spatially correlated Rayleigh fading channel (see(2.14) and

(2.15)), more work is required to �nd the asymptotic limits of the achievable rates. For

instance, the expressions of (4.49) and (4.50) in [111] show the asymptotically saturated

rates after applying MRC and MRT, respectively.

To avoid rate saturation, the decoding schemes proposed in the next two chapters of

this thesis allow for the desired message from the current cell to bedecoded along with

either full decoding or partial decoding of the messages from users in other cells that are

sharing the same pilot as the desired user.
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Chapter 3

Performance of Full Interference

Decoding

3.1 Interference Decoding

As discussed in the previous chapters, a common technique widely used in the literature to

deal with the interference caused by pilot contamination in massive MIMO systems is to

treat it as noise. More speci�cally, it was shown in Chapter 2 that, when the number of BS

antennas grows unbounded the e�ects of additive noise, small-scale fading and non-coherent

interference all vanish, except for the coherent interference due to pilot contamination

from users of other cells sharing the same pilot as the desired user.When decoding the

message of the desired user, by applying TIN at the receiver (i.e., treating the coherent pilot

contamination interference as noise), the user's rate convergesto a constant asymptotically

and thus the bene�ts of increasingM saturate. For interference networks, while applying

TIN is considered a better option when interference is weak [115, 116], it is known to

be suboptimal in other interference regimes [71, 117]. In particular, when interference is

strong, it is known that fully decoding interference along with the desired signal (also

known as simultaneous or joint decoding) is optimal and achieves thesum-capacity of the

interference channel (IC) [118]. While fully decoding interference or treating it as noise
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are two extreme interference management strategies that are preferred in strong and weak

interference regimes respectively, they are not always optimal. These two extreme policies

will be bridged and reconciled by a partial interference decoding scheme presented in the

next chapter.

Optimality and performance limits of schemes that work based on fullydecoding in-

terference have been extensively studied in the literature from aninformation theoretic

perspective [71, 72, 117, 119{ 121]. In this chapter, we argue that when the number of BS

antennas is su�ciently large, the power of inter-cell interferenceterms due to pilot contam-

ination becomes strong enough that the interference can be decoded. More speci�cally, we

show that whenM is large enough, both simultaneous unique decoding (SD) and simul-

taneous non-unique decoding (SND) of pilot contamination interference outperform the

conventional schemes based on TIN, which are commonly used in themassive MIMO lit-

erature. We further show that with a practical number of antennas M , SND outperforms

both TIN and SD. Using a worst-case uncorrelated noise technique, we derive new closed-

form expressions of achievable rates for the uplink and downlink of amulti-cell massive

MIMO system with a spatially correlated/uncorrelated Rayleigh fading channel model. In

addition, the performance of full interference decoding schemes(SD/SND) is investigated

with MRC/MRT, ZF and RZF combining/precoding techniques, and it is shown that both

RZF and ZF provide signi�cantly higher rates than MRC/MRT, while RZF also outper-

forms ZF for a small number of antennasM . Structural results are also established in the

case of a two-cell system with a symmetric setup as well as in the highSINR regime when

M ! 1 . Moreover, the impact of increasing the number of cells, the number of users,

cell radius, correlation magnitude as well as shadow fading on the performance of di�erent

schemes is numerically studied in this chapter.

3.2 Decoding Pilot Contamination

Following [38,64,65,87,91], it is assumed that the same set of orthogonal pilot sequences

are used in all cells, resulting in pilot contamination interference. Hence, if one performs

TIN, as the number of BS antennasM grows unbounded, the expressions of achievable
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rates for uplink in (2.45) and (2.47), as well as those of the downlink in (2.52) and (2.55)

saturate. In other words, treating interference due to pilot contamination as noise results

in a fundamental limitation that constitutes a major bottleneck in the overall performance

of massive MIMO systems with imperfect CSI [26].

In this chapter1, as opposed to simply performing TIN, we propose a more advanced

scheme based on full interference decoding. More speci�cally, we treat pilot contamination

interference terms as individual users, similar to an interference channel (IC), and thus try

to fully decode them. As will be seen in the subsequent part, this change of perspective

results in new achievable rate expressions that grow without boundas M ! 1 .

3.2.1 Simultaneous unique Decoding (SD)

Note that in the expressions of the uplink received signal after performing MRC in (2.44)

or ZF in (2.46), the �rst term is the desired signal and the remaining non-vanishing terms

are all inter-cell interference caused by users in other cells that are sharing the same

pilot sequence,   i ; i = 1; : : : ; K , as the i th user of cell j . Now, let us consider (2.43)

which is the output of the j th BS after performing MRC. If the baseband signals ^yul
ji , for

j = 1; 2; :::; L; i = 1; :::; K , are considered together, then these represent the outputs of

K separate/non-interferingL-user ICs, one suchL-user IC for each pilot sequence   i ; i =

1; : : : ; K as in Fig. 3.1: eachL-user IC consists ofL transmitters, i.e., the i th user of each

cell that is using the same pilot sequence   i , and L receivers, i.e., the BSs. One should also

note that at each of theL receivers of each IC, an asymptotically noise-freeL-user multiple

access channel (MAC) is observed (see (2.44) for MRC and (2.46) for ZF). For instance, in

the L-user MAC of (2.44), by uniquely jointly decoding the signals
�
xul

1 [i ]; xul
2 [i ]; :::; xul

L [i ]
� T

,

unbounded rates are obtained asM ! 1 . A similar argument applies to ZF in uplink by

considering the noise-freeL-user MAC of (2.46).

Analogously for the downlink, by considering the received signalsydl
il , for l =

1; :::; L; i = 1; :::; K , together we have the outputs ofK separate/non-interfering L-user

1The results of this chapter were partially presented in [122].
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Figure 3.1: TheL-user IC in uplink associated with thei th users of each cell, sharing pilot
sequence   i . There are a total ofK separate/non-interfering such ICs in the network.

ICs, with input signals [s1[i ]; s2[i ]; :::; sL [i ]]T as in Fig. 3.2. Hence, the asymptotic expres-

sions of (2.51) and (2.54) suggest that by performing MRT or ZF precoding at BSs, when

M goes to in�nity at a given user, say thei th one in cell l , we have an asymptotically

noise-freeL-user MAC with in�nite rate. Particularly, by uniquely jointly decoding the

signals [s1[i ]; s2[i ]; :::; sL [i ]]T , unbounded rates are obtained asM ! 1 .

Remark 5. Note that since large-scale fading coe�cients from contaminating users are

unknown at the BS, and also the e�ective channel gains in the MAC of (2.44) are functions

of these coe�cients, this MAC can be regarded as acompound MAC [123], where the

channel gains from transmitters to the receiver are unknown. It has been shown in [123]

that the achievable rates of a compound MAC (i.e., a MAC with unknown channel gains)

are the same as those of the standard MAC, where all channel gains are known. Therein, it

has been shown that the lack of knowledge of channel gains at the receiver does not a�ect the

achievable rates, i.e., the users' signal can still be successfully decoded. A similar argument

is applied to the downlink if the large-scale fading coe�cients (and thus the e�ective channel

gains) are unknown at the users, and therefore the corresponding downlinkL-user MACs

can be treated as acompoundMAC.
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Figure 3.2: TheL-user IC in downlink associated with thei th user of each cell, sharing
pilot sequence   i . There are a total ofK separate/non-interfering such ICs in the network.

An intuitive way to understand why the result explained in Remark5 is true is the

following. Consider, for instance, the case of uplink where each user transmitting with

codewords of lengthn can use log(n) training symbols interspersed across the frame to

identify the channel gains at the receiver. Asn grows, the resulting loss in rate due to

log(n) can be made arbitrarily small. Moreover, as mentioned in the previous chapter, the

large-scale fading coe�cients remain �xed for many channel coherence intervals. Since we

code over multiple coherence intervals, the BS essentially needs to estimate the large-scale

fading coe�cients only once for a number of coherence intervals. Therefore, if one allocates

a small number of symbols across multiple coherence blocks, a negligible rate loss would

be incurred.

Due to the �nite coherence time of wireless channels resulting from user mobility, only

a limited number of orthogonal pilot sequences are available. One wayto address this issue

is to re-use thesameset of orthonormal pilots across all cells as described in Section2.3.3.

However, an alternative approach to that of Section2.3.3would be to usedi�erent sets of

orthonormal pilots in di�erent cells. To illustrate this alternative, assume that a single set

of orthonormal pilots is picked for one cell, and di�erent rotated versions of this set are
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used in all other cells. In particular, userk in cell l transmits the pilot sequence   kl to its

BS, where the entire pilot matrix used in celll is denoted by 			 l . As the sequences of other

pilot matrices, 			 j ; j 6= l 2 f 1; 2; :::; Lg, are rotated versions of sequences in 			 l , they have

non-zero inner product.

After transmission of all pilot sequences, the BS in cellj receives the matrixYYY p
j 2

CM � K , given by

YYY p
j =

X L

l=1

p
� pGGGj l 			 l + ZZZ j : (3.1)

Multiplying YYY p
j by 			 y

j , the kth column of the resulting matrix is

rrr jk =
p

� pgggjkj +
X L

l=1 ;l6= j

p
� pGGGj l 			 l   

y
kj + qqqjk ; (3.2)

whereqqqjk � CN (000; III M ). Therefore, the MMSE estimateĝ̂ĝgjkj of gggjkj based on the obser-

vation rrr jk is

ĝ̂ĝgjkj = E
h
gggjkj rrr y

jk

i
E

h
rrr jk rrr y

jk

i � 1

�
� p

� pgggjkj +
X L

l=1 ;l6= j

p
� pGGGj l 			 l   

y
kj + qqqjk

�
: (3.3)

One can readily see from (3.3) that the channel estimate ĝ̂ĝgjkj is now contaminated by

the channel of all users in other cells. Thus, by lettingM ! 1 , the non-vanishing

terms in (2.44), (2.46), (2.51), and (2.54) will include the signal of every user in every

other cell. In turn, when decoding pilot contamination interference, using the same set of

pilots in di�erent cells results in decodingL users, whereas using di�erent sets of pilots

in di�erent cells, as explained above, results in decodingK � (L � 1) + 1 users. As will

be explained in Remark10 later in this chapter, this alternative approach that requires

decodingK � (L � 1)+1 users (instead ofL users) degrades the performance of interference

decoding schemes, as compared to the approach of Section2.3.3. Moreover, the complexity

of jointly decoding K � (L � 1) + 1 users is larger than that of decodingL users. Hence,

when decoding pilot contamination interference, using the same setof orthogonal pilots

in di�erent cells (as opposed to di�erent sets of pilots) is preferableas it results in fewer

interference terms to be decoded.
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Below, we provide a detailed analysis of the uplink/downlink achievable rates by fully

decoding pilot contamination interference terms along with the intended user in the �nite

M regime.

Uplink

In order to establish achievable rate lower bounds, we �rst need togeneralize the worst-case

uncorrelated noise technique of (2.30) to the case of a multi-user channel, i.e., MAC. This

is formally presented in the following lemma.

Lemma 2. Consider theL-user MAC given byy =
P L

i =1 xG
i + z, where the users' signals

xG
i ; i = 1; :::; L are independent with complex Gaussian distributionxG

i � CN (0; Pi ), and

the additive noisez is a complex random variable with mean zero and variance� 2
z . If z is

uncorrelated fromxG
i ; i = 1; :::; L, then

I
�
xxxG


 ; yG
�
�
�xxxG


 c

�
� I

�
xxxG


 ; y
�
�
�xxxG


 c

�
; (3.4)

wherexxxG

 is the vector with entriesxG

i ; i 2 
 � f 1; 2; :::; Lg; 
 6= ; , 
 c := f 1; 2; :::; Lg n 
 ,

yG =
P L

i =1 xG
i + zG , and zG � CN (0; � 2

z).

Proof. See AppendixA.1.

Note that using Lemma2, one can obtain an achievable lower bound on the capacity of

a MAC with uncorrelated additive non-Gaussian noise by replacing thenoise term with an

independent zero mean Gaussian noise having the same variance. This is a natural exten-

sion of the worst-case uncorrelated noise result of [112], discussed in the previous chapter

for a point-to-point channel, to the case of a multi-user channel. When the additive noise

is independent of the users' signals, Gaussian noise has been proven to be the worst-case

noise for point-to-point, MAC, degraded broadcast and MIMO channels [115]. However,

the proof provided in Lemma2 only requires the additive noise to be uncorrelated of the

users' signals.
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Let us revisit the received baseband signal of (2.33) in the uplink for a general combining

vector vvvj ij applied at BS j . Following the above discussion, thei th users of all cells,
�

xul
l [i ]

	 L

l=1
, sharing pilot sequence   i , are now treated as the desired signals to be decoded

jointly. Following an approach similar to that of (2.33), by adding and subtracting a term

associated with the mean of the e�ective channelvvvy
jij gggj il in (2.43), the expression below is

obtained over one coherence interval

ŷul
ji =

p
� ul

X L

l=1
E

h
vvvy

jij gggj il

i
xul

l [i ]
| {z }

Desired signals

+
X L

l=1

p
� ul

�
vvvy

jij gggj il � E
h
vvvy

jij gggj il

i�
xul

l [i ]
| {z }

Interference due to beamforming gain uncertainty

+
X L

l=1

X K

k=1 ;k6= i

p
� ulvvv

y
jij gggjkl xul

l [k]
| {z }

Interference caused by other users

+ vvvy
jij nnnj

| {z }
Noise

(3.5)

=
X L

l=1
� il xul

l [i ] + z0
jij ; (3.6)

where � il :=
p

� ulE[vvvy
jij gggj il ] and z0

jij is the e�ective noise term incorporating the last three

terms in (3.5).

Note that the power of the desired signals in (3.6) is proportional to j� il j
2 and is thus

proportional to M 2. Moreover, the power of the e�ective noise termz0
jij is proportional to

M . Therefore, by uniquely jointly decoding the signals
�

xul
l [i ]

	 L

l=1
in (3.6), the achievable

rates of the corresponding MAC grow unboundedly asM ! 1 .

We now consider the MAC of (3.6) at BS j . Using the usual de�nitions as in [124], each

messageml 2 [1 : 2nR ul
il ]; l = 1; :::; L (distributed uniformly) is encoded into the codeword

xxxul ;n
l [i ](ml ) of length n which is generated iidCN(0; 1). By applying simultaneous unique

decoding (SD) and the standard random coding analysis as in [124], it can be shown that

the decoding error probability tends to zero asn ! 1 , i.e., the rate tuple
�
Rul

i 1; :::; Rul
iL

�
is

achievable, if X

l2 

Rul

il � I
�

ŷul
ji ; xxxul




�
�
� xxxul


 c

�
; (3.7)

for all 
 � S = f 1; 2; :::; Lg, 
 6= ; , and xxxul

 is the vector with entriesxul

l [i ]; l 2 
. The set

of rate vectors
�
Rul

i 1; :::; Rul
iL

�
that satis�es the inequalities of (3.7) de�nes the achievable

region at BS j , denoted by R SD
ij , associated with uniquely jointly decoding the signals
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�
xul

l [i ]
	 L

l=1
at this BS. Finally, to obtain the achievable region network-wide (at all BSs)

for the i th pilot-sharing users, one should take the intersection of achievableregions over

all BSs, i.e.,R SD
i =

T
j R SD

ij ; j = 1; :::; L:

Note that the e�ective noise term in (3.6), z0
jij , which contains the last three terms

in (3.5) involves the inner product of random vectors such asvvvy
jij nnnj , and hence is neither

Gaussian nor independent of the users' signals. However, as will beshown below, it is

uncorrelated from the users' signals.

The signalsxul
l [i ] and xul

j [k] are independent for (l; i ) 6= ( j; k ), and the interference term

associated with channel estimation error is zero mean and therebyuncorrelated from the

desired signals. It is easy to verify that the last two terms in (3.5) are also uncorrelated

from the desired signals. Therefore, for transmission over multiplecoherence intervals all

interference and noise terms in (3.5) are uncorrelated from the desired signal components.

Thus, applying Lemma2, an achievable lower bound onI (ŷul
ji ; xxxul




�
� xxxul


 c ) in (3.7), similar

to (2.36) can be obtained. More speci�cally, replacing the uncorrelated noise z0
jij in (3.6)

by an independent Gaussian noise with a variance equal to the sum ofthe variances of the

interference and noise terms in (3.5), provides a lower bound on (3.7). This is formally

presented in the following theorem.

Theorem 1. Assuming Gaussian signaling, i.e.,
�
xul

1 [i ]; xul
2 [i ]; :::; xul

L [i ]
� T

� CN (000; III L ) for

i 2 f 1; 2; :::; K g, the following set of achievable lower bounds is obtained for the MAC given

in (3.6) at BS j

I
�

ŷul
ji ; xxxul




�
�
� xxxul


 c

�
� C

0

B
B
@

P
l2 
 � ul

�
�
�E

h
vvvy

jij gggj il

i �
�
�
2

P L
l=1

P K
k=1 � ul E

� �
�
�vvvy

jij gggjkl

�
�
�
2
�
�

P L
l=1 � ul

�
�
�E

h
vvvy

jij gggj il

i �
�
�
2
+ E

�
kvvvj ij k2�

1

C
C
A

(3.8)

:= Cul
LB (
) ; 8
 � f 1; 2; :::; Lg;

where the expectations are taken with respect to the channelrealizations.

Proof. See AppendixA.2.

47



Note that the numerator in (3.8) is the variance of the desired signal
P

l2 
 � il xul
l [i ], and

the denominator is the variance of the uncorrelated additive noisez0
jij .

Remark 6. The lower bound of(3.8) is valid in general and does not depend on speci�c

choices of the linear combining vectorvvvj ij or channel distributions, and the expectations

can be computed using the Monte Carlo simulation.

Downlink

A similar analysis can be applied to the downlink in (2.37). Speci�cally, considering the

MAC obtained on the downlink at useri in cell l , the intended symbols for thei th users

of all cells, i.e., f sj [i ]g
L
j =1 are now treated as the desired signals to be decoded jointly.

Therefore, (2.37) changes to the following

ydl
il =

LX

j =1

r
� dl

� j
E

h
gggy

jil wwwj ij

i
sj [i ]

| {z }
Desired signals

+
LX

j =1

r
� dl

� j

�
gggy

jil wwwj ij � E
h
gggy

jil wwwj ij

i�
sj [i ]

| {z }
Interference due to beamforming gain uncertainty

(3.9)

+
X L

j =1

r
� dl

� j

X K

k=1 ;k6= i
gggy

jil wwwjkj sj [k]
| {z }

Inter-cell interference caused by other users

+ zil|{z}
Noise

=
LX

j =1

� ij sj [i ]

| {z }
Desired signals

+ z0
il|{z}

Additive noise

; (3.10)

where (3.10) is the output of the MAC obtained at user i in cell l , with input signals

f sj [i ]g
L
j =1 , and z0

il is the e�ective noise incorporating the last three terms of (3.9).

The power of the desired signals in (3.9) is proportional to j� ij j2 and is thus proportional

to M 2. Moreover, the power of the e�ective noise termz0
il is proportional to M . Hence, by

unique joint decoding of the input signalsf sj [i ]g
L
j =1 in (3.10), the achievable rates of the

corresponding MAC grow without bound asM ! 1 .

Considering the MAC of (3.10) at user i in cell l , it is assumed that each message
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wj 2
h
1 : 2nR dl

ij

i
; j = 1; :::; L (distributed uniformly) is communicated over this MAC by

encoding it into the codewordsssn
j [i ](wj ) of length n, generated i.i.d. CN(0; 1). Therefore,

by joint decoding of all desired messages uniquely as in SD, decoding error probability can

be shown to approach zero forn ! 1 , if the set of rate tuples
�
Rdl

i 1; :::; Rdl
iL

�
is such that

X

j 2 


Rdl
ij � I

�
ydl

il ; sss


�
�
� sss
 c

�
; (3.11)

for all 
 � S = f 1; 2; :::; Lg, and sss
 is the vector with entries sj [i ]; j 2 
. Finally,

the network-wide achievable region is obtained by taking the intersection of the MAC

achievable regions over all receivers.

Sincesdl
l [i ] and sdl

j [i ] are independent forl 6= j , with a similar argument to that of uplink

one can verify that for transmission over multiple coherence intervals the zero mean e�ective

noise termz0
il is uncorrelated from the desired signal components. Hence, we are able to

establish achievable lower bounds for the mutual information termsin (3.11), based on the

worst-case uncorrelated noise technique of Lemma2. In particular, as formally presented in

the following theorem, the e�ective noise termz0
il is replaced by an independent Gaussian

noise having the same variance.

Theorem 2. Assuming Gaussian signaling, i.e.,[s1[i ]; s2[i ]; :::; sL [i ]]T � CN (000; III L ) for

i 2 f 1; 2; :::; K g, the following set of achievable lower bounds is obtained for the MAC of

(3.10) at user i in cell l

I
�

ydl
il ; sss


�
�
�sss
 c

�
� C

0

B
B
@

P
j 2 


� dl

� j

�
�
�E

h
gggy

jil wwwj ij

i �
�
�
2

P L
j =1

P K
k=1

� dl

� j
E

� �
�
�gggy

jil wwwjkj

�
�
�
2
�

�
P L

j =1

� dl

� j

�
�
�E

h
gggy

jil wwwj ij

i �
�
�
2

+ 1

1

C
C
A ;

(3.12)

:= Cdl
LB (
) ; 8
 � f 1; 2; :::; Lg;

where the expectations are taken with respect to the channelrealizations, and� j ; j = 1; :::; L

is found based on the choice of precoding vectorwwwj ij .
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Proof. See AppendixA.3.

As the numerator in the lower bound of (3.12) is the variance of the desired signal

and the denominator is the variance of the e�ective noise termz0
il , following the discussion

below (3.10) this achievable lower now grows without bound asM ! 1 .

Remark 7. The lower bound of(3.12) is valid in general and does not depend on speci�c

choices of the linear precoding vectorwwwj ij or channel distributions, and the expectations

can be computed using the Monte Carlo simulation.

In the following, by using a spatially correlated/uncorrelated Rayleigh fading channel

model, we specialize the uplink/downlink lower bounds of (3.8) and (3.12) to speci�c

choices of the linear combining/precoding schemes discussed in the previous chapter.

3.2.2 Spatially Correlated Rayleigh Fading

Uplink

Consider the uplink achievable rate of Theorem1, and assume that the channel estimates

ĝ̂ĝgj ij are obtained for a spatially correlated Rayleigh Fading model using the MMSE esti-

mator described in (2.13), (2.14) and (2.15). When applying MRC at BS j , i.e., vvvj ij = ĝ̂ĝgj ij ,

the result presented in the following theorem computes the closed-form expression of this

lower bound.

Theorem 3. Using MRC combining based on the MMSE estimator for a spatially cor-

related Rayleigh fading channel model, the lower bound in(3.8) for �nite M is found as

below
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ŷul
ji ; xxxul
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� xxxul
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�
� C

0

B
@

P
l2 
 � ul � 2

p

�
�
� tr

�
RRRj il ��� � 1

ji RRRj ij

� �
�
�
2

P L
l=1

P K
k=1 � ul � p tr

�
RRRjkl RRRj ij ��� � 1

ji RRRj ij

�
+ � p tr

�
RRRj ij ��� � 1

ji RRRj ij

�

1

C
A ;

(3.13)

for all 
 � f 1; :::; Lg and ��� j i is given in (2.18).
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Proof. See AppendixA.4.

It is readily con�rmed that the tr( :) operation in (3.13) scales proportional toM , and

thus the numerator, which is the variance of the desired signal components, is proportional

to M 2. On the other hand, the denominator, which is the variance of non-coherent inter-

ference plus the variance of noise, is proportional toM , and thereby the lower bound of

(3.13) scales asO(logM ).

Downlink

Now, let us consider the downlink achievable rate of Theorem2 for a spatially correlated

Rayleigh fading channel model, and also assume that MRT precoding isapplied at all BSs,

i.e., wwwj ij = ĝ̂ĝgj ij . First, note that the normalization factor � mrt
j can be obtained as follows

� mrt
j =

P K
i =1 E

h
ĝ̂ĝgy

jij ĝ̂ĝgj ij

i

K
(3.14)

(a)
=

P K
i =1 tr

�
� pRRRj ij ��� � 1

ji RRRj ij

�

K
; (3.15)

where (a) follows from the distribution ofĝ̂ĝgj ij in (2.14). One can use the following theorem

to �nd the closed-form expression of the lower bound in (3.12).

Theorem 4. If MRT precoding based on the MMSE estimator is used at all BSs, the lower

bound in (3.12) for �nite M is found as below

I
�

ydl
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�
�
�sss
 c

�
� C

0

B
B
B
@

P
j 2 


� dl � 2
p

� mrt
j

�
�
� tr

�
RRRj ij ��� � 1

ji RRRj il

� �
�
�
2

P L
j =1

P K
k=1

� dl � p

� mrt
j

tr
�
RRRj il RRRjkj ��� � 1

jk RRRjkj

�
+ 1

1

C
C
C
A

; (3.16)

for all 
 � f 1; :::; Lg and � mrt
j is given in (3.15).

Proof. See AppendixA.5.
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Similar to the uplink, the numerator is the variance of the desired signal components,

while the denominator is the variance of non-coherent interference plus the variance of

noise. First, observe that� mrt
j in (3.14) grows linearly with M . Hence, it can be veri�ed

that as M ! 1 the numerator in (3.16) scales proportional toM , whereas the denominator

saturates; hence, the lower bound of (3.16) scales asO(logM ).

3.2.3 Uncorrelated Rayleigh Fading

In the following, we specialize the expressions of the uplink/downlink achievable lower

bounds to the case of a spatially uncorrelated Rayleigh fading channel model, and further

�nd the bounds of ZF combining/precoding for this special case.

3.2.4 Uplink

Let us consider the special case of an MMSE estimator for a spatiallyuncorrelated Rayleigh

fading channel model given in (2.22) with corresponding distributions in (2.23) and (2.24).

Using the substitution RRRj ij = � j ij III M , the following is obtained

��� j i =

 

1 +
LX

l=1

� p� j il

!

III M : (3.17)

MRC

Assuming MRC, one can use the following corollary to simplify the uplink achievable rate

of (3.13).

Corollary 1. Assuming that MMSE estimates are obtained for a spatially uncorrelated

Rayleigh fading channel model, the lower bound in(3.8) (and therefore the one in(3.13))

simpli�es to the following

I
�
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 c

�
� C

0

@ M 2
P

l2 
 � ul � p� 2
jil � 2

jij

M
p

� p� j ij � j ij

� P L
l=1

P K
k=1 � ul � jkl + 1

�

1

A ; (3.18)
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for all 
 � f 1; :::; Lg and � j ij =
p

� p� j ij

1 +
P L

l=1 � p� j il

.

Proof. See AppendixA.6.

As the array gains in the numerator and denominator of (3.18) are now apparent, it

can be observed that the uplink achievable rate now grows asO(log M ).

ZF

Assuming that BS j applies ZF combining to estimate the signal of thei th user in cell j ,

we obtain at BSj

ŷul
ji = vvvy

jij yyyul
j (3.19)

(a)
=

LX

l=1

KX

k=1

p
� ulvvv

y
jij (ĝ̂ĝgjkl + ��� jkl ) xul

l [k] + vvvy
jij nnnj

=
LX

l=1

p
� ulvvv

y
jij ĝ̂ĝgj il xul

l [i ]

| {z }
Desired signals

+
LX

l=1

KX

k=1 ;k6= i

p
� ulvvv

y
jij ĝ̂ĝgjkl xul

l [k]

| {z }
Interference caused by other users

+
LX

l=1

KX

k=1

p
� ulvvv

y
jij ��� jkl xul

l [k]

| {z }
Interference due to estimation error

+ vvvy
jij nnnj

| {z }
Noise

(3.20)

(b)
=

LX

l=1

p
� ulvvv

y
jij

�
� j il

� j ij

�
ĝ̂ĝgj ij xul

l [i ]

| {z }
Desired signals

+
LX

l=1

KX

k=1 ;k6= i

p
� ulvvv

y
jij

�
� jkl

� jkj

�
ĝ̂ĝgjkj xul

l [k]

| {z }
Interference caused by other users

+
LX

l=1

KX

k=1

p
� ulvvv

y
jij ��� jkl xul

l [k]

| {z }
Interference due to estimation error

+ vvvy
jij nnnj

| {z }
Noise

; (3.21)

where (a) follows from the decompositiongggj ij = ĝ̂ĝgj ij + ��� j ij , and (b) is due to (2.25). As

already discussed in Chapter 2, by applying ZF the second term in (3.21) disappears as a
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result of (2.41). Therefore, using (2.41), one can further simplify (3.21) as below

ŷul
ji =

LX

l=1

p
� ul

�
� j il

� j ij

�
xul

l [i ]

| {z }
Desired signals

+
LX

l=1

KX

k=1

p
� ulvvv

y
jij ��� jkl xul

l [k]

| {z }
Interference due to channel estimation error

+ vvvy
jij nnnj

| {z }
Noise

(3.22)

=
LX

l=1

� il xul
l [i ]

| {z }
Desired signals

+ z00
jij|{z}

Additive noise

; (3.23)

where � il =
p

� ul

�
� j il

� j ij

�
and z00

jij is the e�ective noise term which is neither Gaussian nor

independent of the desired signals. With a similar argument as before, however, it can be

readily veri�ed that the term associated with interference-plus-noise in (3.22) is zero mean

and uncorrelated from the desired signal components. Consequently, one can apply the

worst-case uncorrelated noise technique of Lemma2 to obtain an achievable lower bound

for ZF in uplink. The following theorem establishes this result.

Theorem 5. Assuming ZF and also Gaussian signaling, i.e.,
�
xul

1 [i ]; xul
2 [i ]; :::; xul

L [i ]
� T

�

CN (000; III L ) for i 2 f 1; 2; :::; K g, the following set of achievable rates is obtained for the

MAC given in (3.23) at BS j
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;

(3.24)

for all 
 � f 1; :::; Lg.

Proof. See AppendixA.7.
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Using further algebraic simpli�cations, one can simplify (3.24) as follows
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ŷul
ji ; xxxul




�
�
� xxxul


 c

�
� C

 
(M � K )

p
� p� ul

P
l2 
 � j il � j il

P L
l=1

P K
k=1 � ul

�
� jkl �

p
� p� jkl � jkl

�
+ 1

!

: (3.25)

Therefore, in the asymptotic regime whereM ! 1 , the uplink achievable rates for ZF

scale asO(log M ) and thus grow without bound.

3.2.5 Downlink

Considering the MRT/ZF precoding, we now specialize the downlink achievable rate of

(3.12) to the case of a spatially uncorrelated Rayleigh fading channel model.

MRT

Assuming MRT, one can use the following corollary to simplify the downlink lower bound

in (3.16).

Corollary 2. Assuming that MMSE estimates are obtained for a spatially uncorrelated

Rayleigh fading channel model, the lower bound in(3.12) (and therefore the one in(3.16))

simpli�es to the following

I
�

ydl
il ; sss


�
�
�sss
 c

�
� C

0

B
B
@

M 2
P

j 2 


� dl � p

� mrt
j

� 2
jil � 2

jij

M
P L

j =1

� dl

� mrt
j

P K
k=1

p
� p� jkj � jkj � j il + 1

1

C
C
A ; (3.26)

for all 
 � f 1; :::; Lg and � mrt
j is given in (2.48).

Proof. See AppendixA.8.

Noting the array gains in the numerator and denominator of (3.26), it is observed that

the downlink rate of MRT scales asO(logM ).
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ZF

Using ZF precoding, a similar analysis can be applied to the downlink at the i th user in

cell l . Thus, one can write

ydl
il =

LX

j =1

r
� dl

� zf
j

KX

k=1

�
ĝ̂ĝgy

jil + ��� y
jil

�
vvvjkj sj [k] + wil (3.27)

=
LX

j =1

r
� dl

� j
ĝ̂ĝgy

jil vvvj ij sj [i ]

| {z }
Desired signals

+
LX

j =1

r
� dl

� zf
j

KX

k=1 ;k6= i

ĝ̂ĝgy
jil vvvjkj sj [k]

| {z }
Non-coherent interference caused by other users

+
LX

j =1

r
� dl

� zf
j

KX

k=1

��� y
jil vvvjkj sj [k]

| {z }
Iterference due to estimation error

+ wil|{z}
Noise

(3.28)

(a)
=

LX

j =1

r
� dl

� zf
j

�
� j il

� j ij

�
ĝ̂ĝgy

jij vvvj ij sj [i ]

| {z }
Desired signals

+
LX

j =1

r
� dl

� zf
j

KX

k=1 ;k6= i

�
� j il

� j ij

�
ĝ̂ĝgy

jij vvvjkj sj [k]

| {z }
Non-coherent interference

+
LX

j =1

r
� dl

� zf
j

KX

k=1

��� y
jil vvvjkj sj [k]

| {z }
Interference due to estimation error

+ wil|{z}
Noise

(3.29)

(b)
=

LX

j =1

r
� dl

� zf
j

�
� j il

� j ij

�
sj [i ]

| {z }
Desired signals

+
LX

j =1

r
� dl

� zf
j

KX

k=1

��� y
jil vvvjkj sj [k] + wil

| {z }
Interference + Noise

(3.30)

=
LX

j =1

� ij sj [i ]

| {z }
Desired signals

+ w00
il|{z}

Additive noise

; (3.31)

where (a) follows from the decompositiongggj ij = ĝ̂ĝgj ij + ��� j ij , (b) is due to (2.25), � ij :=
r � dl

� zf
j

�
� j il

� j ij

�
, w00

il is the e�ective noise term which is neither Gaussian nor independent

of the users' signals and� zf
j is given in (2.53). Using a similar argument as before, the
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term associated with interference-plus-noise in (3.30) is zero mean and uncorrelated from

the desired signal components. One can thus apply the worst-case uncorrelated noise

technique of Lemma2 to obtain an achievable lower bound for ZF in downlink. This is

formally presented in the following theorem.

Theorem 6. Assuming ZF and also Gaussian signaling, i.e.,[s1[i ]; s2[i ]; :::; sL [i ]]T �

CN (000; III L ), for i 2 f 1; 2; :::; K g, the following set of lower bounds can be achieved for

the MAC of (3.31)

I
�

ydl
il ; sss


�
�
�sss
 c

�
� C

0

B
B
B
B
@

P
j 2 


 
� dl

� zf
j

! �
� j il

� j ij

� 2

P L
j =1

 
� dl

� zf
j

!
P K

k=1

� j il �
p

� p� j il � j il

(M � K )
p

� p� jkj � jkj
+ 1

1

C
C
C
C
A

; (3.32)

for all 
 � f 1; :::; Lg.

Proof. See AppendixA.9.

Noting the value calculated for� zf
j in (2.53), for �xed K and largeM , 1

� zf
j

/ M , and

thereby as M grows the downlink achievable rates of (3.32) for ZF precoding scale as

O(log M ).

It is important to note that, in downlink, user i in cell l is only interested in correctly

decoding sl [i ]. Thus, incorrectly decodingsj [i ]; j 6= l, should not penalize the rates

achievable at this user. Furthermore, the power of the received signal for the users located

in distant cells is very small, and thus trying to decode signals of such users can reduce

achievable rates considerably.

Similarly for uplink, BS j is only interested in correctly decodingxul
j [i ]. Thus, in-

correctly decodingxul
l [i ]; l 6= j , should not penalize the rates achievable at BSj . As

will be illustrated later in this chapter, there exist scenarios where system performance is

constrained by these distant cells. This motivates the need for more advanced decoding

schemes such as simultaneous non-unique decoding (SND), which decodes pilot contam-

ination interference signals non-uniquely. In particular, this decoding scheme achieves
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higher rates than SD since the stringent conditions ofuniquely decoding interference (i.e.,

applying SD) are now relaxed. Below, we discuss the SND scheme in more detail.

For the remainder of this chapter we only focus on the downlink. Theanalysis for

uplink is similar.

3.2.6 Simultaneous Non-unique Decoding (SND)

In this part, we investigate the bene�t of using SND and further show that it enlarges

the region obtained by SD for �nite M . The optimality of this decoding scheme for in-

terference networks with point-to-point codes and time-sharingwas shown in [72]. From

the perspective of practical implementations, it is worth mentioningthat low complex-

ity techniques, known as sliding-window coded modulation (SWCM) andsliding-window

superposition coding (SWSC) have recently been proposed in the literature and achieve

performance close to that of the theoretical SND [125{ 131].

Let us recall the downlink IC associated with thei th user of all cells which are sharing

pilot sequence   i . More speci�cally, consider the downlink received signalsydl
il , for l =

1; :::; L in (3.10), which together constitute the L outputs of an L-user IC, with input

signals [s1[i ]; s2[i ]; :::; sL [i ]]T . Also, as mentioned before, note that there are in totalK

separate/non-interfering suchL-user ICs in the downlink. TheL BSs are the transmitters

of this IC, while the i th user of all cells are the receivers.

When performing the non-unique decoding scheme of SND, thei th user in celll simul-

taneously decodes the intended signalsl [i ] and the interference signalssj [i ]; j 6= l, where

incorrect decoding of the interference signals does not incur any penalty. More precisely,

user i in cell l �nds the unique message ^wl such that (ŝssn
l [i ](ŵl ), ŝ̂ŝsn

Snf lg[i ](wSnf lg), yyydl ;n
il ) is

jointly typical for somewSnf lg, whereŝ̂ŝsn
Snf lg[i ](wSnf lg) is the tuple of all codewords ^ŝŝsn

j [i ](wj )

for j 2 S n f lg.

In [72], the capacity region of an IC when point-to-point random codes are used was

derived. Applying the results of [72] to the setting of the IC associated with thei th users
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across theL cells, the capacity region can be described by

R SND
i =

\

l2 S

R SND
il ; (3.33)

whereR SND
il is the rate region achievable at useri in cell l , given by

R SND
il =

[

f lg� 
 � S

R i
MAC(
 ;l ) ; (3.34)

and R i
MAC(
 ;l ) represents the achievable rate region obtained from uniquely jointly decoding

signalssj [i ]; j 2 
 at user i in cell l . Therefore,R i
MAC(
 ;l ) can be described by the system

of inequalities X

j 2 !

Rdl
ij � I

�
ydl

il ; sss!

�
�
� sss! c

�
; 8! � 
 ; (3.35)

wheresss! is the vector with entriessj [i ]; j 2 !; ! 6= ; . Note that 
 in ( 3.34) (the achievable

region obtained by SND at useri in cell l ) must contain the index of the intended signal

sl [i ].

The rate regionR i
MAC(
 ;l ) has the following properties:

[P1] The region does not include the ratesRdl
ij ; j 2 
 c, and is thus unbounded in these

variables.

[P2] The signalssj [i ]; j 2 
 c, are treated as noise in the rate expressions de�ning the

region.

One can readily see thatR SND
il strictly contains the MAC region, obtained from SD, at

user i in cell l . Therefore, the capacity regionCi in (3.33) (obtained from SND) is strictly

larger than the intersection of the MAC regions ati th users in cellsl = 1; :::; L. Another

important observation is that, due to [P2], R il also contains the TIN region (a similar

observation was also made in [72] and [71]). Hence, as it will also be con�rmed later via

simulation results, the performance of SND should always be at leastas good as TIN and

SD.
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Recall that the SD scheme must decode all users, including the (possibly weak) pilot

contamination interference terms. Hence, as will be seen later in this chapter, it achieves

worse ratesthan SND.

Remark 8. Note that there exists a complexity-performance trade-o� between SD/SND

and TIN. Speci�cally, while the proposed schemes of SD/SND have more complexity than

TIN as they need to decode additional users, for large numberof antennasM , the rates

achieved by TIN saturate to a �xed value that does not increase with M . In contrast,

the rates for SND/SD increase asO(logM ), and hence unbounded rates are obtained as

M ! 1 .

Remark 9. Note that the successive interference cancellation (SIC) technique used in [37]

is di�erent from the SND/SD of this chapter in the following manner: the work of [37]

considers a setting in downlink where each user is served by all BSs through the reception

of L independent data symbols from theL BSs. In particular, each user applies SIC to

sequentially decode theL intended data symbols transmitted by the BSs, while treating all

interfering signals, including pilot-sharing interfering signals, as noise, thus resulting in

the rate saturation problem. This is in contrast to the approach proposed in this chapter. As

the receivers (i.e., BSs in uplink or users in downlink) try to jointly decode (either uniquely

or non-uniquely) the intended signal along with the signal coming from the pilot-sharing

users, there is no rate saturation asM increases.

3.2.7 A Simpli�ed Subset of SND (S-SND)

We now consider a simpli�ed achievable region which is a subset of SND and also described

in [115, Eq. (6.5)]. We refer to this region as S-SND, which is denoted byR S� SND
il at user

i in cell l , and described by the following set of inequalities

X

j 2 

Rdl

ij � I
�

ydl
il ; sss


�
�
� sss
 c

�
; (3.36)

for all 
 such that f lg � 
 � f 1; 2; :::; Lg. To obtain the network-wide achievable region

across all cells (for thei th pilot-sharing users), denoted byR S� SND
i , one should take the
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intersection ofR S� SND
il over l = 1; :::; L, i.e., R S� SND

i =
T

l R S� SND
il .

One can directly verify that R S� SND
il can be obtained fromR SD

il by removing all 2L � 1 � 1

inequalities in (3.7) that do not involve the rate Rdl
il . Hence, the region SD is strictly

contained in S-SND. Furthermore, due to the results of (3.16) for a spatially correlated

channel as well as (3.26) and (3.32) for an uncorrelated channel, it can be veri�ed that the

boundaries ofR S� SND
il and R S� SND

i grow asO(log M ).

The motivation behind considering this region is as follows. It will be shown in the

next section that, as opposed to SND,R S� SND
il is in the form of a convex polytope which

makes it easy for computing the maximum symmetric rate allocation. Therefore, even for

large networks (e.g., large number of cells) the maximum symmetric rate of S-SND can

be computed in a computationally e�cient way. Furthermore, since S-SND is a subset of

SND, it provides a lower bound to SND.

3.3 Maximum Symmetric Rate Allocation

Considering (3.10), it is evident that users with relatively small e�ective channel gains

� ij ; j = 1; :::; L; i = 1; :::; K , su�er from smaller rates compared to users with stronger

channels. Therefore, fairness among users when allocating resources should be considered.

As a measure of fairness, we study the problem of maximum symmetric rate allocation

(which is the same as maximizing the minimum achievable rate among all users) for various

schemes. This measure of performance has been widely applied in theliterature [111,

113, 132{ 137]. More speci�cally, we will compare the performance of the proposed full

interference decoding schemes SD/SND as well as the sub-region of S-SND with that of

TIN based on the maximum symmetric rate they can o�er. In what follows, the analysis

is shown only for theL-user IC associated with thei th (i is arbitrary) users across all cells

that are employing the same pilot sequence   i , since the same results hold for other sets

of pilot-sharing users.

The maximum symmetric rate associated with the rate region achievable at useri in cell

l is obtained byRSym;l = max R such that the rate vectorRRR = [ R; R; :::; R]T belongs to the
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achievable region at useri in cell l . Therefore, the rate vector [RSym;l ; RSym;l ; :::; RSym;l ]T

must lie at the intersection of the diagonal
�
Rdl

i 1 = ::: = Rdl
iL

�
with the boundary of the

achievable region at useri in cell l .

One can verify that R SD
il in (3.7) (achieved at useri in cell l ) can be represented as

the intersection of a �nite number of closed half-spaces and is also bounded. Hence, it is

a convex polytope, denoted by

R l =
n�

Rdl
i 1; :::; Rdl

iL

� T
:
X

j 2 

Rdl

ij � gl (
) ; 8
 � f 1; 2; :::; Lg
o

; (3.37)

where the functiongl (
) is the r.h.s of the inequality in ( 3.7). Similarly, it can be veri�ed

that R S� SND
il in (3.36) is of the form (3.37), except nowgl (
) = 1 if l =2 
, and is also a

convex polytope.

The following lemma can be used to �nd the maximum possible value for the minimum

entry of a vectorRRR, whereRRR 2 R l .

Lemma 3. In the polytopeR l , de�ne

� = max min
i 2 S

Ri (3.38)

subject to [R1; :::; RL ]T 2 R l ; (3.39)

whereS = f 1; 2; :::; Lg. Then,

� = min

 �f 1;2;:::;L g;
 6= ;

gl (
)
j
 j

: (3.40)

Proof. Following the steps of [138], consider an arbitrary vectorRRR 2 R l , and de�ne � =

mini Ri . Hence, for all 
 6= ; , we have � �
P

i 2 
 Ri =j
 j � gl (
) =j
 j. Therefore,

min
 6= ; gl (
) =j
 j is an upper bound on mini Ri . ChoosingRRR = ( � 0; :::; � 0) 2 R l , where

� 0 = min 
 6= ; gl (
) =j
 j, the upper bound is thus achieved.

Therefore, the maximum symmetric rate (which also maximizes the minimum rate due
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to Lemma 3) at user i in cell l is

RSym;l = min

 l �f 1;2;:::;L g;
 l 6= ;

gl (
 l )
j
 l j

: (3.41)

Finally, to �nd the maximum symmetric rate network-wide one needs to compute

min RSym;l for l 2 f 1; 2; :::; Lg. In the following, we discuss how (3.41) can be solved

over various regions.

SD: At user i in cell l , the minimization over R SD
il in (3.7) can be carried out by solving

min

 l

I (ydl
il ; sss
 l j sss
 c

l
)

j
 l j
(3.42)

subject to 
 l � f 1; 2; :::; Lg: (3.43)

The expressions of (3.16) for a spatially correlated channel or (3.26) and (3.32) for an un-

correlated channel then allow one to �nd an achievable lower bound to the above problem.

For instance, when applying MRT and assuming that channels are spatially uncorrelated,

one needs to solve the following

[P1] min

 l

1
j
 l j

log

0

B
B
B
B
@

1 +

MK
P

j 2 
 l

 
� dl � p� 2

jil � 2
jij

P K
k=1

p
� p� jkj � jkj

!

K
P L

j =1 � dl � j il + 1

1

C
C
C
C
A

(3.44)

subject to 
 l � f 1; 2; :::; Lg: (3.45)

SND: It can be seen from (3.34) that the region R SND
il achieved by SND at useri

in cell l can not in general be represented by the intersection of a �nite number of half-

spaces and thus does not fall in the category of convex polytopes. However, R SND
il in

(3.34) is represented as the union of a �nite number of convex polytopes. Hence, to �nd

the maximum symmetric rate of SND at useri in cell l , one calculates the maximum

symmetric rate over each of these convex polytopes using Lemma3, and then picks the

largest of these quantities. We will simulate the performance of SNDin di�erent scenarios
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and for di�erent numbers of cells (i.e.,L = 2; 3; 4; and 7) at the end of this chapter.

Moreover, the special cases of two-cell and three-cell systems, for which the SND region is

easier to investigate, will be analytically studied and discussed at theend of this section.

Below, we also investigate the maximum symmetric rate of S-SND whichprovides a lower

bound to SND.

S-SND: Using R S� SND
il , problem [P1] changes to the following

[P2] min

 l

1
j
 l j

log

0

B
B
B
B
@

1 +

MK
P

j 2 
 l

 
� dl � p� 2

jil � 2
jij

P K
k=1

p
� p� jkj � jkj

!

K
P L

j =1 � dl � j il + 1

1

C
C
C
C
A

(3.46)

subject to f lg � 
 l � f 1; 2; :::; Lg: (3.47)

Note that even though [P1] and [P2] have the same objective function, following the

discussion below (3.36) the solution 
 l of [P2] must include the indexl associated with the

rate Rdl
il , and is thus not necessarily identical to that of [P1]. For an uncorrelated channel

with ZF precoding, (3.26) in [P1] and [P2] is replaced with (3.32), while for a spatially

correlated channel with MRT it is replaced with (3.16).

To tackle [P1] (or [P2]), we �rst consider the extreme regime of high SINR.

3.3.1 High SINR regime

Assume that ZF precoding is applied at the BSs. In this regime, the values ofM and L

are such that

log

0

B
B
B
B
@

1 +

MK
P

j 2 
 l

 
� dl � p� 2

jil � 2
jij

P K
k=1

p
� p� jkj � jkj

!

K
P L

j =1 � dl � j il + 1

1

C
C
C
C
A

� log(M ): (3.48)
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For instance, this approximation holds when the number of BS antennas M is truly large

but �nite while the number of cells L and usersK are �xed. A similar approximation can

be obtained assuming that MRT is used.

Thus, in this regime the minimization in both [P1] and [P2] is achieved by 
�l =

f 1; 2; :::; Lg, and thereby the maximum symmetric rate in celll is given by

RSD
Sym;l = RS-SND

Sym;l =
I

�
ydl

il ; s1[i ]; s2[i ]; :::; sL [i ]
�

L
; (3.49)

which scales asO(logM ). As discussed before, the performance of SND is at least as good

as SD and S-SND, i.e.,RSND
Sym;l � RSD

Sym;l = RS-SND
Sym;l . Thus, in the high SINR regime the maxi-

mum symmetric rate of SND occurs on one of its region boundaries that scales asO(logM ).

In other words, from (3.34) the maximum symmetric rate achieved by SND in the high

SINR regime belongs to the full MAC, i.e.,RSND
Sym;l 2 R i

MAC( f 1;:::;L g;l ) . Therefore, in the

high SINR regime one can upper boundRSND
Sym;l by RSND

Sym;l �
1
L

I
�
ydl

il ; s1[i ]; s2[i ]; :::; sL [i ]
�
.

Consequently, we obtain for the high SINR regimeRSND
Sym;l = RSD

Sym;l = RS-SND
Sym;l . To �nd the

allocation network-wide, denoted byRSym, one needs to calculate the smallest value of

(3.49) across all cells, i.e.,

RSym = min
j

I
�
ydl

ij ; s1[i ]; s2[i ]; :::; sL [i ]
�

L
; (3.50)

which is the same for all interference decoding schemes. Therefore, compared to TIN we

obtain

RSym > min
j

I
�
ydl

ij ; sj [i ]
�

= RTIN
Sym; (3.51)

i.e., joint decoding of all signalsf sj [i ]gL
j =1 performs strictly better than decoding only the

desired signal (e.g.,sl [i ] in cell l ), while treating the interference signals (e.g.,f sj [i ]gL
j =1 ;l6= j

in cell l ) as noise (TIN).

Remark 10. Consider the alternative approach of using di�erent pilotsin di�erent cells,

as explained before(3.1). One should note that, for the regime of large but �niteM ,
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decoding allK (L � 1) + 1 number of interfering users at the current cell will generally

produce a smaller symmetric rate than the approach of Section 2.3.3 which only decodes

L users, due to the much smaller pre-log factor in the former case. For instance, in the

regime of high SINR, using(3.48)-(3.50), the achieved maximum symmetric rate of the

former case is� 1=(K (L � 1)+1) log(M ), whereas that of the latter case is� 1=L log(M ).

Hence, when decoding pilot contamination interference, re-using orthonormal pilots cross

all cells is preferred as, for �niteM , it results in larger symmetric rate across the network.

3.3.2 General case

Now, consider the problem of determining the maximum symmetric rate over the regions

TIN/SD/SND/S-SND in general, where the approximation of high SINR is no longer

assumed. Since it is di�cult to comment on the performance of maximum symmetric

rate for SND in general due to the structure of the SND region, wenext study the two

special cases of two-cell and three-cell systems which are analytically tractable. For a

symmetric two-cell system, we will �nd that either TIN is optimal (SND is always optimal,

and thus the performance of TIN equals that of SND) or the interference decoding scheme

of SD is optimal (and hence the performance of SD equals that of SND). Whereas, for the

three-cell system we will brie
y illustrate examples where SND outperforms all the other

schemes. Cases with more cells (i.e.,L = 4 and L = 7) will be evaluated at the end of this

chapter via comprehensive simulation results in di�erent scenarios.

Two-cell system

We now consider a cellular system consisting of only two cells, and denote the indices

of the cells by j = 1; 2. For the downlink IC associated with thei th pilot-sharing users,

i = 1; 2; :::; K , the rate regions achieved by di�erent schemes in cell 1 are given asbelow.

SD: From (3.7), we obtain for R SD
il

Rdl
i 1 � I

�
ydl

i 1; s1[i ]
�
� s2[i ]

�
(3.52)
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Rdl
i 2 � I

�
ydl

i 1; s2[i ]
�
� s1[i ]

�
(3.53)

Rdl
i 1 + Rdl

i 2 � I
�
ydl

i 1; s1[i ]; s2[i ]
�

: (3.54)

SND: From (3.34), we obtain for R SND
il

Rdl
i 1 � I

�
ydl

i 1; s1[i ]
�
� s2[i ]

�
(3.55)

Rdl
i 1 + min

�
Rdl

i 2; I
�
ydl

i 1; s2[i ]
�
� s1[i ]

�	
� I

�
ydl

i 1; s1[i ]; s2[i ]
�

: (3.56)

S-SND: From (3.36), we obtain for R S� SND
il

Rdl
i 1 � I

�
ydl

i 1; s1[i ]
�
� s2[i ]

�
(3.57)

Rdl
i 1 + Rdl

i 2 � I
�
ydl

i 1; s1[i ]; s2[i ]
�

: (3.58)

Note that, depending on the choice of precoding vector and whether the channel is cor-

related or not, the I
�
:; :

�
� :

�
terms above can be readily replaced by the bounds of (3.16),

(3.26) or (3.32), which scale asO(log M ).

Remark 11. One can similarly obtain the rate regions in cell2 by replacingydl
i 1 with ydl

i 2

and swapping appropriate indices in(3.52)-(3.58).

Note that in a two-cell system, R SND
il is the union of R SD

il and the TIN region (or

alternatively the union of R S� SND
il and TIN). We now aim to investigate the performance

of di�erent schemes with maximum symmetric rate allocation. For thetwo-cell system, we

�rst de�ne the following cases:

Case (i): In this case, we have

I
�
ydl

i 1; s2[i ]
�
�s1[i ]

�
< I

�
ydl

i 1; s1[i ]
�

: (3.59)

Case (ii): In this case, we have

1
2

I
�
ydl

i 1; s1[i ]; s2[i ]
�

� min
�

I
�
ydl

i 1; s1[i ]
�
� s2[i ]

�
; I

�
ydl

i 1; s2[i ]
�
� s1[i ]

�	
: (3.60)
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Figure 3.3: (a) Illustration of R SD
i 1 in cell 1 representing the 3 sub-regionsG1, G2 and G3

over which the diagonalRdl
i 2 = Rdl

i 1 will intersect a particular facet of the rate region, (b)
Illustration of the rate regions achieved under TIN/SND/S-SND/SD in cell 1 for case (i):
the diagonalRdl

i 2 = Rdl
i 1 intersects SD at point E, S-SND at point F, and SND/TIN at point

G, resulting in (3.66), (c) Illustration of the rate regions achieved under TIN/SND/S-
SND/SD in cell 1 for case (ii): the diagonalRdl

i 2 = Rdl
i 1 intersects TIN at point H, and

SND/S-SND/SD at point I, resulting in ( 3.67).

Case (iii): In this case, we have

I
�
ydl

i 1; s1[i ]
�
�s2[i ]

�
< I

�
ydl

i 1; s2[i ]
�

: (3.61)

From the perspective of the maximum symmetric rate, cases (i)-(iii)refer to conditions

(in terms of mutual information) under which the diagonalRdl
i 2 = Rdl

i 1 intersects one of the

three facets of the rate region.

More speci�cally, consider the rate regionR SD
i 1 achieved by SD in cell 1, de-

picted in Fig. 3.3a, where the entire region is divided into 3 sub-regionsG1; G2 and

G3. Also, from (3.52)-(3.54), note that the corner points are given by (C; A) =
�
I

�
ydl

i 1; s1[i ]
�

; I
�
ydl

i 1; s2[i ]
�
�s1[i ]

��
and (D; B ) =

�
I

�
ydl

i 1; s1[i ]
�
�s2[i ]

�
; I

�
ydl

i 1; s2[i ]
��

.

Now, the conditions under which the diagonalRdl
i 2 = Rdl

i 1 lies in sub-regionsG1; G2 or

G3, are equivalent to the conditions of the three cases of (3.59)-(3.61) as follows: the diag-

onal Rdl
i 2 = Rdl

i 1 lies in G1, i.e., case (i) is true, i� C > A ; the diagonalRdl
i 2 = Rdl

i 1 lies in G2,

i.e., case (ii) is true, i� C � A and B � D; the diagonalRdl
i 2 = Rdl

i 1 lies in G3, i.e., case (iii)

is true, i� B > D . Speci�cally, the conditions for case (i) in (3.59) and case (iii) in (3.61)
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are exactly those given byC > A and B > D , respectively.

For case (ii), note that one can also write

I (ydl
i 1; s1[i ]; s2[i ] ) = I (ydl

i 1; s1[i ] ) + I (ydl
i 1; s2[i ] j s1[i ] ) (3.62)

= I (ydl
i 1; s2[i ] ) + I (ydl

i 1; s1[i ] j s2[i ] ): (3.63)

Hence, in case (ii) where we haveC � A and B � D, by replacing C and B with their

respective identity from (3.62) and (3.63), we reach the following conditions

1
2

I (ydl
i 1; s1[i ]; s2[i ] ) � I (ydl

i 1; s2[i ] j s1[i ] ) (3.64)

1
2

I (ydl
i 1; s1[i ]; s2[i ] ) � I (ydl

i 1; s1[i ] j s2[i ] ); (3.65)

resulting in (3.60).

Remark 12. If the worst-case uncorrelated noise bounds of(3.16), (3.26) or (3.32) are

substituted for the mutual information expressions in(3.59)-(3.61), case (iii) should not

happen as the e�ects of small-scale fading vanish in these three bounds and thus the received

power ofs2[i ] in cell 1 can not be larger than that ofs1[i ] in cell 1. Hence, case (i) and case

(ii) can be viewed as two complimentary and exhaustive conditions for a two-cell system in

cell 1.

Further note that the bounds of(3.16), (3.26) or (3.32) di�er from the mutual expres-

sions in (3.61) due to two factors: (a) the expressions in(3.61) depend on the speci�c

fading gains, and (b) the e�ective noise is not necessarily Gaussian. However, asM in-

creases the channel hardening of(2.51) and (2.54) minimize the e�ects of (a). Moreover,

due to the channel hardening and favorable propagation e�ects in (2.51) and (2.54) as well

as the assumption of Gaussian signaling in the results of(3.16), (3.26) and (3.32), the

interference terms (e�ective noise) in (2.43) are asymptotically Gaussian.

The performance comparison of various schemes in cell 1 is summarized in the following

corollary.
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Corollary 3. If the condition of case (i) in (3.59) holds in cell1, then

RSD
Sym;1 < R S-SND

Sym;1 < R SND
Sym;1 = RTIN

Sym;1; (3.66)

otherwise, if the condition of case (ii) in (3.60) holds in cell1, then

RTIN
Sym;1 � RSD

Sym;1 = RSND
Sym;1 = RS-SND

Sym;1 ; (3.67)

with strict equality in (3.67) if and only if (3.60) holds with strict equality.

Proof. See AppendixA.10.

Fig. 3.3 illustrates an example of this corollary. Sub-�gure (b) representscase (i) and

its consequence in (3.66), whereas sub-�gure (c) represents case (ii) and its consequence in

(3.67). It is also veri�ed from Fig. 3.3 that if the condition of case (iii) in (3.61) is active in

cell 1, its consequence is identical to that of case (ii) in (3.67), however it is not discussed

here due to Remark12.

To further comment on the performance of various schemes overboth cells, we consider

a symmetric setting which is easy to analyze, and provides insights into the bene�ts of

employing interference decoding schemes.

We de�ne the symmetric setting as a scenario where the MACs seen inboth cells 1 and

2 are identical, i.e., a symmetric two-user IC. Therefore, if case (i) isactive in cell 1, it is

also active in cell 2, and the resulting rates are equal in both cells. Following Remark 11

it is thus obtained network-wide that

RSD
Sym < R S-SND

Sym < R SND
Sym = RTIN

Sym: (3.68)

Observation: Both SND and TIN achieve the same performance and strictly outperform

SD and S-SND. Thus, TIN may be the better choice of strategy in practice due to its

simplicity.

Similarly, if case (ii) is active with strict inequality in cell 1, it is also active with strict

inequality in cell 2, and the resulting rates are equal in both cells. Following Remark11 it
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Figure 3.4: An example of symmetric geometry in a two-cell system, where users are located
at the same location on the cell edge, denoted by solid squares, andBSs are located at the
center of the cells.

is thus obtained network-wide that

RTIN
Sym < R SD

Sym = RSND
Sym = RS-SND

Sym : (3.69)

Observation: The interference decoding schemes SD/SND achieve the same performance

and strictly outperform TIN. Thus, SD may be the simpler one to implement in practice.

Examples of these cases will be demonstrated in the simulation results section.

Consider, for instance, a setup where all users are located at thesame location on the

cell edge, denoted by solid squares, as in Fig.3.4. With respect to the bounds of (3.16),

(3.26) and (3.32), this setup is symmetric as the e�ects of small-scale fading vanish inthese

bounds.

Note that in a two-cell system, as discussed in Fig.3.3, all faces ofR SND
il ; l = 1; :::; L;

are achieved by either TIN or SD. Next, we will brie
y illustrate scenarios for a three-cell

system, where SND can strictly outperformall the other schemes.

Three-cell system

Now, consider a cellular system consisting of only three cells. In this case, the rate regions

under SD/S-SND can be obtained by a straightforward extension of (3.52)-(3.54) and

(3.57)-(3.58) to the three-cell system, thus omitted for brevity. Moreover for SND, the rate
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region R SND
i 1 achieved in cell 1 can be found using (3.34) as follows:

Rdl
i 1 � I

�
ydl

i 1; s1[i ]
�
� s2[i ]; s3[i ]

�
(3.70)

Rdl
i 1 + min

�
I

�
ydl

i 1; s2[i ]
�
� s1[i ]; s3[i ]

�
; Rdl

i 2

	

� I
�
ydl

i 1; s1[i ]; s2[i ]
�
� s3[i ]

�
(3.71)

Rdl
i 1 + min

�
I

�
ydl

i 1; s3[i ]
�
� s1[i ]; s2[i ]

�
; Rdl

i 3

	

� I
�
ydl

i 1; s1[i ]; s3[i ]
�
� s2[i ]

�
(3.72)

Rdl
i 1 + min

�
I

�
ydl

i 1; s2[i ]; s3[i ]
�
� s1[i ]

�
;

Rdl
i 2 + I

�
ydl

i 1; s3[i ]
�
� s1[i ]; s2[i ]

�
;

Rdl
i 3 + I

�
ydl

i 1; s2[i ]
�
� s1[i ]; s3[i ]

�
;

Rdl
i 2 + Rdl

i 3

	

� I
�
ydl

i 1; s1[i ]; s2[i ]; s3[i ]
�

: (3.73)

Similar to the two-cell system, depending on the choice of precodingvector and whether

the channel is correlated or not, theI
�
:; :

�
� :

�
terms above can be readily replaced by the

bounds of (3.16), (3.26) or (3.32), which scale asO(logM ). An example of this region is

plotted in Fig. 3.5, where the dashed lines indicate that the region in cell 1 is unboundedin

variablesRdl
i 2 and Rdl

i 3, which is in agreement with property [P1] of the achievable region.

Also, note that following Remark 11 the regions corresponding to cells 2 and 3 can be

similarly found.

By comparing (3.70)-(3.73) with the achievable regions of SD,R SD
i 1 , and S-SND,

R S� SND
i 1 , it is noted that there are four faces in Fig.3.5 that are only achieved by SND and

not by any other schemes. More precisely in cell 1, it is possible forRSym;1 to achieve one of

the rates, I (ydl
i 1; s1[i ]

�
� s3[i ] ), I (ydl

i 1; s1[i ]
�
� s2[i ] ), 1

2I (ydl
i 1; s1[i ]; s2[i ] ) or 1

2 I (ydl
i 1; s1[i ]; s3[i ] ).

Note that the �rst rate I (ydl
i 1; s1[i ]

�
� s3[i ] ) can be interpreted as the maximum rate

of the i th user of cell 1, while treating thei th user in cell 2 as noise. The second rate

I (ydl
i 1; s1[i ]

�
� s2[i ] ) can be interpreted similarly. Moreover, the rate1

2 I (ydl
i 1; s1[i ]; s2[i ] )

can be interpreted as the maximum symmetric rate achieved by jointdecoding of the

i th users of cells 1 and 2, while treating thei th user of cell 3 as noise. The fourth rate
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Figure 3.5: An example of the rate region,RSND
i 1 , obtained by SND in cell 1.

1
2I (ydl

i 1; s1[i ]; s3[i ] ) can be interpreted similarly. Therefore, neither SD/S-SND nor TIN

can provide these rates, in which case SND can strictly outperformall the other schemes.

More discussion will be provided in the simulation results section.

3.4 Simulation Results

To illustrate the performance of the di�erent interference management schemes,

TIN/SD/SND, with maximum symmetric spectral e�ciency (SE in units of bits/sec/Hz)

allocation, we simulate the downlink of a multi-cell massive MIMO systemexperiencing

pilot contamination. In particular, we consider hexagonal cells with aradius of r = 400

m where BSs are located at the center of the cell andK = 15 users are uniformly dis-

tributed at random within the area of each cell. To evaluate the performance, the average

of maximum symmetric SEs is calculated over 150 random realizations of user locations.

The downlink transmit power of each BS is taken to be 40 W, and to model large-scale
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Figure 3.6: The 3D distance model of [2], wherehBS is the BS height taken to be 25 m,
and d2D is the 2D distance from the user to the BS.

(a) L = 2 (b) L = 3 (c) L = 4 (d) L = 7

Figure 3.7: Cell con�gurations for di�erent scenarios depending onthe value of L, (a)
L = 2, (b) L = 3, (c) L = 4, (d) L = 7.

fading coe�cients, � jkl , a path-loss model adopted from [2] is considered:

[� jkl ]dB = � 13:54� 39:08 log10

�
d3D

jkl

�
� 20 log10 (f c) + 0 :6 (hUT � 1:5) ; (3.74)

where d3D
jkl is the 3D distance (in meters) from userk in cell l to BS j (see Fig.3.6), the

carrier frequency isf c = 3:5 GHz, hUT is the user height which is taken to be 1:5 m. Also,

with a system bandwidth of 20 MHz, the noise variance is assumed to be � 101 dBm. Note

that while the e�ects of shadowing are neglected in (3.74), we will investigate its impact

on system performance separately at the end of this section. It isfurther assumed that
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users are located at least 35 m away from their BSs, i.e.,d2D � 35 m. To study the impact

of changing the number of cells,L, on system performance we also consider four di�erent

cell con�gurations whenL 2 f 2; 3; 4; 7g, as shown in Fig.3.7. It should also be mentioned

that wrap around topology is not used for the simulation results corresponding to the cell

con�gurations of Fig. 3.7. However, the e�ect of wrap around topology forL = 7 will be

studied separately at the end of this section.

For the sake of completeness, we also plot the performance of thesub-region S-SND

in all scenarios. Note that S-SND is not a communication scheme, butonly a simple

sub-region of SND that serves as a good lower bound (clearly tighter than SD) to SND,

and thus is only used for performance comparison purposes. Below, we investigate the two

cases of a spatially correlated Rayleigh fading channel and an uncorrelated Rayleigh fading

channel separately.

3.4.1 Spatially correlated

We now study the downlink performance of MRT and ZF precoding when a spatially

correlated channel model is used. We adopt the exponential correlation model of [139],

i.e.,

RRRjkl = � jkl

0

B
B
B
B
@

1 r �
jkl � � �

�
r �

jkl

� M � 1

r jkl 1 � � �
�
r �

jkl

� M � 2

...
...

. . .
...

(r jkl )M � 1 (r jkl )M � 2 � � � 1

1

C
C
C
C
A

; (3.75)

which is widely used in the literature [39,64,140{143], whereRRRjkl is the correlation matrix

from user k in cell l to BS j . In particular, in this model r jkl = �e j� jkl is the correlation

coe�cient, � 2 [0; 1] is the correlation magnitude and� jkl is the user angle to the antenna

array boresight. Unless otherwise speci�ed, we assume� = 0:4, i.e., moderate spatial

correlation.

Figs.3.8and3.9show the performance of ZF and MRT forL = 7 versusM , respectively.

While in both cases the achievable symmetric SEs increase withM , as discussed below

(2.41) ZF achieves signi�cantly higher SEs compared to MRT. It can be seen from Fig. 3.8
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that the gain o�ered by SND compared to TIN is about 19% and 33% for M = 128

and M = 256, respectively, and this gain increases to about 52% whenM = 1024. On

the other hand, Fig. 3.9 shows that when using MRT the gain o�ered by SND is about

7% and 12% forM = 128 and M = 256, respectively, and this gain increases to about

43% whenM = 1024. Lastly, the two �gures con�rm that SD performs poorly in both

scenarios, as it tries to blindly decode pilot contamination interference terms regardless

of their strength. This is as opposed to the non-unique decoding scheme of SND, which

automatically determines which pilot contamination interference terms should be decoded

along with the message of interest while the remaining interference terms will be treated

as noise. Since MRT performs poorly compared to ZF, as observed inFig. 3.9, we only

focus on the performance of ZF for the rest of the considered scenarios.

Figs. 3.10-3.12show the performance of ZF for the cases ofL = 4, L = 3 and L = 2,

respectively. While a pattern similar to that of Fig. 3.8 is apparent, one can notice that

the proposed schemes achieve higher SEs as the number of cells decreases. This is due to

the fact that by reducing L, while keeping the other system parameters �xed, the amount

of interference decreases, thus increasing the spectral e�ciency. As a consequence, when

performing ZF for instance, the gain o�ered by SND decreases as the number of cells

reduces. In particular, forL = 4 this gain is about 18% whenM = 256 (down from 33%

in the case ofL = 7) and it decreases to about 7% whenL = 2 and M = 256.

Next, we study the performance of regularized zero-forcing (RZF) precoding. Here, the

precoding matrix at BS j is given by

WWW rzf
j = Ĝ̂ĜGj j

�
Ĝ̂ĜGy

jj Ĝ̂ĜGj j + �III K

� � 1
; 8j; (3.76)

where � is a regularization factor, which improves the numerical stability of the inverse

operation. Note that the choice of� is arbitrary and could be further optimized (see for

example [87, Theorem 6] and [144]). The two choices of� = K=� dl (suggested by [145]) and

� = M=� dl (suggested by [32]) were investigated by simulation. The former provided better

performance for the setup and system parameters considered inthis work. Therefore, in

this thesis we take� = K=� dl . One can verify that whenM is large, the diagonal entries
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Figure 3.8: Performance of maximum symmetric SE for seven cells when ZF precoding and
a spatially correlated channel model are used.

of Ĝ̂ĜGy
jj Ĝ̂ĜGj j increase withM and therefore the approximation below can be used

�
Ĝ̂ĜGy

jj Ĝ̂ĜGj j + �III K

� � 1
�

�
Ĝ̂ĜGy

jj Ĝ̂ĜGj j

� � 1
: (3.77)

Hence, whenM is large, one expects the performance of RZF to resemble that of ZF. On

the other hand, whenM is small, with a proper choice of the regularization factor RZF can

outperform ZF [145]. These results are con�rmed in the next �gures. Speci�cally, Fig.3.13

shows the performance of TIN/SD/SND with maximum symmetric SE for L = 7 and when

RZF precoding is applied at the BSs. Similar to the cases of ZF and MRT,asM increases

the gain o�ered by SND improves, while unsurprisingly SD is always outperformed by the
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Figure 3.9: Performance of maximum symmetric SE for seven cells when MRT precoding
and a spatially correlated channel model are used.

other schemes for this range of antennas. Particularly, the gain o�ered by SND is about

19% and 32% forM = 128 and M = 256, respectively, and this gain increases to about

51% whenM = 1024. This is similar to ZF, and is indeed in agreement with the previous

discussion, asM is relatively large in these scenarios. This comparison becomes more clear

by looking at Fig. 3.14, which shows the performance of SND for RZF and ZF in the same

plot. One can observe that whenM is small (i.e.,M � 64), there is a visible gain o�ered

by RZF, while for largeM the performance of RZF converges to that of ZF.

Next, we study the impact of changing the number of usersK and the correlation

magnitude � on the performance of the di�erent schemes. To this end, we assume that ZF

precoding is applied at the BSs. Fig.3.15 shows the performance of TIN/SD/SND with
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Figure 3.10: Performance of maximum symmetric SE for four cells when ZF precoding and
a spatially correlated channel model are used.

maximum symmetric SE versus the number of usersK , when L = 7 and M = 256. It can

be observed that increasingK results in smaller achievable symmetric SEs. This is similar

to the case of increasingL, as serving a larger number of users leads to smaller symmetric

SEs. Consequently, the gain o�ered by SND improves whenK increases. More speci�cally,

Fig. 3.15shows a gain of about 11% whenK = 2, which increases up to about 33% when

K = 15.

The impact of changing the correlation magnitude� on system performance is shown

in Fig. 3.16, where L = 7, M = 256 and K = 15. It can be seen from the �gure that

increasing the correlation magnitude from 0 (equivalent to the caseof uncorrelated fading)

to 0:8 (equivalent to strong spatial correlation) results in improving theperformance of
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Figure 3.11: Performance of maximum symmetric SE for three cells when ZF precoding
and a spatially correlated channel model are used.

both TIN and SND, while the performance of SD does not change much. Consequently,

as the performance of both schemes improves by transitioning towards the strong spatial

correlation regime, the gain o�ered by SND reduces. More precisely, SND provides a gain

of about 56% in the spatially uncorrelated case (� = 0), while this gain gradually reduces

to about 6% in the strong spatial correlation regime (� = 0:8). Also, in the regime of

moderate spatial correlation (� = 0:4) the gain of SND is about 33%.

The improvement of the performance obtained by TIN is in agreement with the results

reported in [111] and [64]. Particularly, it is known that spatial correlation can improve

the quality of MMSE channel estimates resulting in reduced pilot contamination e�ects

in massive MIMO systems, provided that users have di�erent spatial correlation charac-
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Figure 3.12: Performance of maximum symmetric SE for two cells whenZF precoding and
a spatially correlated channel model are used.

teristics [111]. In other words, when pilot sharing users have di�erent spatial correlation

characteristics, pilot contamination interference becomes negligible in the strong spatial

correlation regime. One should note that while the channel estimates of pilot sharing

users are correlated, these users can have very di�erent correlation matrices. For instance,

this can happen when pilot sharing users have completely di�erent angles to the antenna

boresight in (3.75). On the other hand, when these users have similar spatial correlation

characteristics, this interference becomes strong. An example of this scenario is the special

case of an uncorrelated channel where the correlation matrices are very similar (recall that

in this caseRRRjkl = � jkl III M ). This is also con�rmed by the fact that TIN has the minimum

symmetric SE (i.e., maximum pilot contamination interference) in Fig.3.16when � = 0.
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Figure 3.13: Performance of maximum symmetric SE for seven cells when RZF precoding
and a spatially correlated channel model are used.

The performance improvement obtained by SND in the spatial correlation regime can

also be explained as follows. When performing SND, a receiver (an arbitrary user in the

downlink) automatically decides to decode pilot contamination interference non-uniquely,

only if its signal strength is good enough, otherwise it will be treatedas noise. In other

words, when dealing with a spatially correlated channel, if a pilot sharing user is creating

strong enough interference at the receiver (e.g., when spatial correlation characteristics of

pilot sharing users are similar), it will automatically be decoded under SND. On the other

hand, if this user is creating weak interference (e.g., when its spatial correlation matrix is

di�erent than that of the user of interest), it will e�ectively be tre ated as noise under SND.

Thus, it is expected that spatial correlation will improve the performance of SND as well.
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Figure 3.14: Performance comparison between RZF and ZF forL = 7, when SND is used.

Next, we study the impact of shadow fading on the performance ofthe proposed

schemes. In particular, we assume that a term associated with shadow fading is now

added to the large-scale fading model of (3.74) with a standard deviation of � shadow in dB.

Fig. 3.17 shows the achieved symmetric SEs of the di�erent schemes where the standard

deviation of shadow fading,� shadow, varies in the range from 0 dB to 5 dB. The parameters

for this �gure are the same as those in Fig.3.16except that correlation magnitude is now

�xed at � = 0:4. It can be observed that, as expected, by increasing the shadow fading

the SEs achieved by all schemes reduce. Nevertheless, as� shadow becomes larger the gain

provided by SND over TIN increases, which shows the importance ofthe proposed scheme

in practical scenarios. In particular, when there is no shadowing in the path-loss model of

(3.74), SND provides 33% improvement over TIN, whereas when the shadowing increases
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Figure 3.15: Performance of maximum symmetric SE versus the number of usersK , where
L = 7, M = 256, and ZF precoding with a spatially correlated channel model are used.

to � shadow = 3 dB the gain provided by SND over TIN improves to 186%, and it continues

to grow for larger values of� shadow.

Next, we consider the seven-cell con�guration illustrated in Fig.3.7dwith wrap around

topology. In this case, the interference environment seen by thecenter cell will not change;

nevertheless, the six surrounding cells will be subject to greater interference. More speci�-

cally, wrap around will change the e�ective user-BS distances and therefore lead to greater

interference for these six cells. Hence, it is expected that this scenario will degrade the

achieved SEs. Fig.3.18 shows the performance of the di�erent schemes TIN/SD/SND

versusM when a wrap around topology is used with seven cells. It can be seen that while

the SEs have slightly reduced, due to the increased interference inthe six surrounding
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Figure 3.16: Performance of maximum symmetric SE versus the correlation magnitude� ,
whereL = 7, M = 256 and ZF precoding is used.

cells, SND still provides a notable gain over TIN, which again con�rms the signi�cance of

SND in realistic settings. In particular, this gain is about 30% and 40% for M = 128 and

M = 256, respectively, and improves to about 60% whenM = 1024.

3.4.2 Spatially uncorrelated

We now consider the case of an uncorrelated Rayleigh fading channel model discussed

in Section 3.2.3, which is a special case of a spatially correlated channel model. Also,

using the closed-form expressions of the rate lower bounds for anuncorrelated channel

in Section 3.2.3, we are able to compute the performance for a signi�cantly wider range
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Figure 3.17: Performance of maximum symmetric SE versus the standard deviation of
shadow fading� shadow, whereL = 7, M = 256 and ZF precoding is used.

of M , thus providing insights into the asymptotic performance limits. Speci�cally, we

investigate the impact of changing the number of antennasM , number of cellsL and cell

radius r on system performance. To do so, we simulate a multi-cell massive MIMO system

with spatial correlation matrices given byRRRjkl = � jkl III M , and parameters similar to the

correlated case. In particular, the performance of the di�erentschemes TIN/SD/SND with

maximum symmetric SE and ZF is studied forL = 2; 3; 4 and 7 and for two choices of

cell radius r = 400 m; 800 m. To evaluate the performance, the average of the maximum

symmetric SEs is calculated over 200 random realizations of user locations.

Fig. 3.19shows these results for a range of moderately largeM , while Fig. 3.20shows

the same for a range of extremely largeM , when L = 7. While the latter covers a range

86



Figure 3.18: Performance of maximum symmetric SE for seven cells with wrap around
topology, when ZF precoding and a spatially correlated channel model are used.

of M that is beyond practical, the results of Fig.3.20can be used to con�rm asymptotic

performance limits asM ! 1 . By comparing Figs.3.19aand 3.19b, it is concluded that

increasing the cell radius will slightly decrease the gain provided by SND. More speci�cally,

while the gain of SND forM = 128 and M = 256 is 43% and 56% whenr = 400 m,

respectively, these gains reduce to 34% and 47% whenr = 800 m. Also, whenM = 1024

this gain increases to about 82% forr = 400 m, whereas it reaches approximately 72%

for r = 800 m. It is also con�rmed via Fig. 3.20 that, when M grows unbounded, the

performance of TIN saturates to a constant value while the performance of both SD and

SND continue to improve and thus asymptotically converge. In other words, as discussed

before, this result con�rms that whenM becomes truly large, the system enters the high
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(a) r = 400 m (b) r = 800 m

Figure 3.19: Performance of maximum symmetric SE for seven cells with moderately large
M , when ZF precoding and an uncorrelated channel model are used,(a) r = 400 m, (b)
r = 800 m.

SINR regime so that the optimal performance is obtained by jointly decoding signals of all

pilot sharing users; hence almost identical performance is obtainedunder both SND and

SD. In addition, by comparing these results with the case of a spatially correlated channel,

one can clearly see that spatial correlation improves the performance of both TIN and

SND (as discussed before), which leads to a slightly smaller SND gain. Furthermore, as

expected, by increasing the cell radius more antennas will be required to achieve the same

symmetric SEs.

A similar pattern is observed in Figs.3.21 to 3.26. Note that Figs. 3.21, 3.23 and

3.25 show the results for a range of moderately largeM , whereas Figs.3.22, 3.24 and

3.26 show the same results for a range of extremely largeM . One can notice that for

L = 4; 3 and 2, the performance improves with increasingM , while achieved symmetric

SEs slightly reduce when cell radius increases fromr = 400 m to r = 800 m, which results

in smaller SND gains. Moreover, similar to the case ofL = 7, increasing the cell radius

in these scenarios gives rise to requiring more antennas to achieve the same SEs. Lastly,
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(a) r = 400 m (b) r = 800 m

Figure 3.20: Performance of maximum symmetric SE for seven cells with truly large M ,
when ZF precoding and an uncorrelated channel model are used, (a) r = 400 m, (b) r = 800
m.

one can also conclude from these �gures that reducing the numberof cells yields larger

symmetric SEs and thereby smaller SND gains; a pattern that was also observed for a

spatially correlated channel. For instance, in the case ofL = 2, M = 256 and r = 400 m,

Fig. 3.25 shows a gain of 17% provided by SND (down from 56% whenL = 7 with the

same parameters).

Next, we consider a somewhat pessimistic scenario where all users are located on the cell

edge at the farthest distance from their BSs. Speci�cally, consider the scenario depicted

in Fig. 3.27 for L = 2, where users' positions are denoted by solid squares. While the

position of users in cell 1 is �xed, the position of users in cell 2 varies on an inscribed circle

inside the cell based on the angle� 2 [0� ; 360� ]. Note that the users' location in this setup

is somewhat in favor of TIN, especially when� is not close to 180� . This is due to the

fact that this assumption makes the power of the signal of interest as well as that of the

interfering user from another cell at each receiver very small.

Fig. 3.28shows the performance of di�erent schemes for a two-cell system with a sym-
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(a) r = 400 m (b) r = 800 m

Figure 3.21: Performance of maximum symmetric SE for four cells withmoderately large
M , when ZF precoding and an uncorrelated channel model are used,(a) r = 400 m, (b)
r = 800 m.

metric setup, i.e.,� = 0 � in Fig. 3.27, and thus the MACs seen at both cells are identical.

The results of Fig.3.28are used to validate the analytical �ndings of Corollary3 as well

as that of the high SINR regime.

It can be observed from Fig.3.28that approximately for M < 106, condition of case (i)

in (3.59) is active; thus, SND and TIN have the same performance and strictly outperform

SD, i.e., RSD
Sym < R SND

Sym = RTIN
Sym. In other words, for M < 106, to achieve the optimum

performance in each cell, one should only decode the signal of its ownuser while treating the

signal of pilot contamination interference as noise. On the other hand, when approximately

M > 106, the condition of case (ii) in (3.60) is active; thus, both interference decoding

schemes SD/SND are optimal, i.e.,RTIN
Sym < R SD

Sym = RSND
Sym . Consequently, for signi�cantly

large values ofM , to achieve the optimum performance in each cell, one should jointly

decode both the signal of its own user as well as that of pilot contamination interference.

This observation also matches with the consequence of the high SINR regime for truly

large M in (3.51). These observations are all in agreement with the analysis performed in
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(a) r = 400 m (b) r = 800 m

Figure 3.22: Performance of maximum symmetric SE for four cells withtruly large M ,
when ZF precoding and an uncorrelated channel model are used, (a) r = 400 m, (b)
r = 800 m.

Section3.3.2.

Lastly, the results of maximum symmetric SE with ZF versus� are shown in Fig.3.29,

for four di�erent values of M = 128; 256; 512; 1024. First, notice that since this is a

somewhat pessimistic scenario and in favor of TIN (as discussed above), for all values of

M there exists only a small range of� where SND outperforms TIN. Second, it can be

veri�ed that as M is increased and the performance of SND is thus improved, the range of

� over which SND outperforms TIN expands. Speci�cally, forM = 128 this range is about

152� � � � 204� , while for M = 1024 it increases to about 136� � � � 220� . In addition,

one can notice that as� increases and approaches 180� , unsurprisingly its performance

constantly degrades. This is due to the fact that when� approaches 180� the strength of

pilot contamination interference from users of cell 2 at BS 1 increases, as explained in more

detail below.

The characteristics of SEs can be classi�ed into 2 regimes of� : regime-1 where� is

close to 180� and SND outperforms TIN (e.g., 136� � � � 220� when M = 1024), and
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(a) r = 400 m (b) r = 800 m

Figure 3.23: Performance of maximum symmetric SE for three cells with moderately large
M , when ZF precoding and an uncorrelated channel model are used,(a) r = 400 m, (b)
r = 800 m.

regime-2 where� is far from 180� and SND and TIN have the same performance (i.e.,

� � 136� and � � 220� when M = 1024). In regime-1, we haveRSND
Sym > R TIN

Sym > R SD
Sym, as

explained in the following. Note that � captures the distance between users and the BSs

in di�erent cells, and when � enters regime-1, users in cell 2 become relatively closer to

BS 1. Therefore, users in cell 2 create \strong" pilot contamination interference at BS 1;

hence, TIN performs poorly whereas SND outperforms all other schemes. In contrast, for

� in regime-2, we haveRSND
Sym = RTIN

Sym > R SD
Sym. Here, users in cell 2 are somewhat far from

BS 1, and thus the resulting pilot contamination interference becomes \weak" at BS 1.

Hence, performing TIN at both cells is optimal and provides identicalperformance to that

of SND. In the next chapter, we will propose a more advanced decoding scheme based on

partial interference decoding, and will observe that the proposed scheme outperforms both

TIN and SND for a much wider range of� .
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(a) r = 400 m (b) r = 800 m

Figure 3.24: Performance of maximum symmetric SE for three cells with truly large M ,
when ZF precoding and an uncorrelated channel model are used, (a) r = 400 m, (b) r = 800
m.

(a) r = 400 m (b) r = 800 m

Figure 3.25: Performance of maximum symmetric SE for two cells with moderately large
M , when ZF precoding and an uncorrelated channel model are used,(a) r = 400 m, (b)
r = 800 m.
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(a) r = 400 m (b) r = 800 m

Figure 3.26: Performance of maximum symmetric SE for two cells with truly large M , when
ZF precoding and an uncorrelated channel model are used, (a)r = 400 m, (b) r = 800 m.

Figure 3.27: Illustration of a two-cell system, where all users of the left cell are located
on the cell edge at the farthest distance from the BSs located at the center of the cells,
whereas the position of users in the right cell is changing on a circle inside the cell over
0� � � � 360� . The position of users is denoted by solid squares.
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Figure 3.28: Performance of TIN/SD/SND in a two-cell system with asymmetric setup,
i.e., � = 0 � in Fig. 2.1, as a function ofM , when ZF precoding and an uncorrelated channel
model are used.
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(a) M = 128 (b) M = 256

(c) M = 512 (d) M = 1024

Figure 3.29: Performance of TIN/SD/SND in a two-cell system with maximum symmetric
SE versus� , when ZF precoding and an uncorrelated channel model are used,(a) M = 128,
(b) M = 256, (c) M = 512, (d) M = 1024.
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Chapter 4

Performance of Partial Interference

Decoding

4.1 Partial Interference Decoding

While fully decoding interference or fully treating it as noise are two common strategies for

managing interference, it is known that these extreme strategiesare not always optimal.

For instance, as discussed in Chapter3, TIN is preferred when interference is weak, whereas

SD is only preferred when interference is strong (i.e., whenM is truly large). Furthermore,

while the results of the previous chapter revealed that SND outperforms both of these

schemes, the SND decoder is stille�ectively faced with only two options: treating the

interfering signal as noise or fully decoding it1; although which one to choose can now be

adapted to the strength of the interference. Therefore, the proposed interference decoding

schemes of Chapter3 do not have the 
exibility to decode only part of the interference

while treating the remaining part as noise. For instance, such 
exibledecoding can be

obtained by the celebrated Han-Kobayashi (HK) scheme [75], which provides the best

1Recall from Chapter 3 that each point inside the SND region is equivalent to the rate of decoding
a subset of interfering users fully, while treating the remaining onesas noise. However, under SD, an
interfering signal is always fully decoded; hence performing poorly in the weak and moderate interference
regimes.
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known achievable performance for the IC.

Motivated in part by the recent introduction of practical sliding-widow codes that can

achieve performance close to the HK inner bound for the two-userIC [146] as well as their

extension to practical 5G settings [128], in this chapter2, we depart from the viewpoints of

these two extremes (i.e., SD/SND at one extreme end and TIN at theother) and propose a

partial interference decoding scheme based on rate splitting (RS) and superposition coding

techniques. In this proposed partial interference decoding strategy, all users' messages will

be partitioned into two independent layers so that each pilot contamination interference

term is split into two parts, an inner and an outer layer, based on a power splitting

coe�cient. By varying the power splitting coe�cients, this scheme enables each receiver

to partially decode one interference layer while treating the remaining layer as noise; hence

achieving a wider range of achievable rates. Therefore, by bridgingthe extreme strategies

of fully decoding the interference or fully treating it as noise, we show that the partial

interference decoding scheme of this chapter achieves higher spectral e�ciencies for the

same number of BS antennas and thereby outperforms the proposed schemes of Chapter3.

However, this performance improvement is achieved at the cost ofadditional computational

complexity due to centrally calculating the optimized rates of individual layers for all BSs.

4.2 Rate Splitting (RS)

When performing conventional RS, the message of each user is splitinto two layers (each

treated as a virtual user) that are superimposed to generate a single codeword at the

transmitter: one layer is intended to be decoded only at the targeted receiver (commonly

known as the private or outer part) while the other layer can be decoded at a subset/all of

the receivers (commonly known as the public or inner part). The total available transmit

power is divided into the transmit power of these two layers according to a power splitting

coe�cient. One can also consider a more general RS scheme where the message of each

user is divided into more than two parts such that each part is decoded by a subset of

receivers [148,149].
2The results of this chapter are partially presented in [147].
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The RS technique was �rst introduced by Carleial [150] for an IC and was later used

in the seminal work of [75] to establish the best known achievable rates for a two-user IC,

which contain all other known schemes as special cases (e.g., joint decoding or TIN). Since

the introduction of the HK scheme, much e�ort has been made to simplify this region in

closed-form for various special cases of the IC. For instance, the work of [151] has proposed

a simpli�ed HK-based RS scheme that can achieve the capacity of a two-user Gaussian IC

to within one bit in the weak interference regime. The idea of splitting users' messages in

conjunction with superposition coding has been considered in the literature for the purpose

of interference mitigation in cellular networks [152{ 155]. The work of [152] proposed a RS-

based scheme in the downlink of a multi-cell network with perfect CSIto jointly design

beamforming vectors for public and private parts. Therein, it was shown that by doing

single-user successive decoding with a �xed decoding order, higherrates are achieved by this

RS scheme compared to conventional TIN. Motivated by the HK scheme, [153] proposed

an interference cancellation technique via message splitting at the transmitter along with

the SIC decoder at the receiver, that maximizes the sum-rate in heterogeneous networks.

A similar technique has been adopted in [154] to mitigate inter-cell interference in a multi-

cell multi-user MIMO interference network. In [155], a single RS-based approach has been

developed to mitigate interference in the downlink of a MISO BC while minimizing the total

transmit power. Speci�cally, the approach of [155] splits the message of one user only (i.e.,

the one whose channel is most aligned with the other channels) at the BS, where single-user

SIC is used by this user to recover its private message. In anotherline of work, the idea

of message splitting has been used to enhance the e�ciency of medium access techniques.

For instance, the work of [156] has proposed a RS multiple access (RSMA) technique that

improves the performance of schemes such as SDMA and Non-Orthogonal Multiple Access

(NOMA). The energy e�ciency improvement provided by the RSMA technique has also

been investigated in [157].

Recently, RS has also been utilized in the context of massive MIMO communications

with imperfect CSI [109, 158, 159]. Speci�cally, a novel hierarchical RS scheme has been

proposed in [158] for the downlink of a single-cell massive MIMO system operating in FDD

mode. Therein, the precoding vectors of each public part is designed so as to maximize
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the minimum rate of the public part achieved by each user. In [159], the bene�ts of RS

scheme have been investigated to tackle adverse e�ects of hardware impairments in the

downlink of a TDD-based massive MISO broadcast channel. Compared to the case with

no RS, the authors in [159] have shown signi�cant improvement from the view point of

sum-rate, especially in the high SNR regime. Lastly, the work of [109] has addressed the

pilot contamination problem in a single-cell massive MIMO system operating in TDD

mode, where all users inside the cell share thesame pilot sequence. While the authors

have shown that the decoding scheme of [109] achieves higher sum SE compared to the

case without RS, by applying a single-user SIC decoder the intra-cell interference is still

treated as noise. This is di�erent than the decoding scheme proposed in this chapter,

which tries to partially decode pilot contamination interference (jointly with the intended

signal), as will be discussed in the sequel.

In the following, we �rst discuss how RS can be applied in a two-cell massive MIMO

system. Then, motivated by this scheme, we propose a generalization of this scheme to

more than two cells (i.e., anL-user IC with L � 3). Lastly, we study the performance of

this RS scheme with the maximum symmetric rate allocation, and elaborate on how the

corresponding optimization problem can be solved for each of thesecases.

4.2.1 Two-cell system

Consider the two-user IC in Fig.4.1, associated with thei th user of each cell in the downlink

of a two-cell massive MIMO system. To achieve the HK inner bound for this IC, we follow

the (simple) scheme of [115, Section 6.5]. As shown in [160], this scheme achieves the same

inner bound as the original HK scheme [75].

Recall that in SND, a message at BSl, mil 2
h
1 : 2nR dl

il

i
; l = 1; 2, is encoded into a

single codeword. In contrast, encoding in the RS scheme proceedsas follows. Adopting the

scheme of [115] for the Gaussian case, at BS 1, messagemi 1 is �rst partitioned into two inde-

pendent partsm(a)
i 1 2

h
1 : 2nR dl ; (a)

i 1

i
and m(b)

i 1 2
h
1 : 2nR dl ; (b)

i 1

i
such that Rdl

i 1 = Rdl ;(a)
i 1 + Rdl ;(b)

i 1 .

Then, part m(b)
i 1 is encoded into codewordsss(b)

1 [i ](m(b)
i 1 ) of length n (known as the \cloud

center" which carries \coarse information"), while partm(a)
i 1 is encoded into another code-
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Figure 4.1: The 2-user IC in downlink associated with thei th user of each cell, sharing
pilot sequence   i . There are a total ofK separate/non-interfering such ICs in this two-cell
network.

word sss(a)
1 [i ](m(a)

i 1 ; m(b)
i 1 ) of length n; �nally the latter codeword is superimposed (or lay-

ered) on the former to produce a single codeword for transmissionsss1[i ](m(a)
i 1 ; m(b)

i 1 ) =

sss(b)
1 [i ](m(b)

i 1 ) + sss(a)
1 [i ](m(a)

i 1 ; m(b)
i 1 ) (known as the \satellite codeword" which carries the full

information). Similarly, at BS 2, messagemi 2 is �rst partitioned into two independent

parts m(a)
i 2 2

h
1 : 2nR dl ; (a)

i 2

i
and m(b)

i 2 2
h
1 : 2nR dl ; (b)

i 2

i
such that Rdl

i 2 = Rdl ;(a)
i 2 + Rdl ;(b)

i 2 . Part

m(b)
i 2 is then encoded into codewordsss(b)

2 [i ](m(b)
i 2 ) (i.e., the \cloud center"), while part m(a)

i 2

is encoded into another codewordsss(a)
2 [i ](m(a)

i 2 ; m(b)
i 2 ). Finally, similar to the superposition

encoding at BS 1, the latter codeword is superimposed on the former to produce a sin-

gle codeword for transmissionsss2[i ](m
(a)
i 2 ; m(b)

i 2 ) = sss(b)
2 [i ](m(b)

i 2 ) + sss(a)
2 [i ](m(a)

i 2 ; m(b)
i 2 ) (i.e., the

\satellite codeword"). The total transmit power budget for the i th user at each BS is split

into two �xed parts according to the power splitting coe�cient � il 2 [0; 1]; l = 1; 2: the

fraction � il of the budget is allocated to the \outer" layersss(a)
l [i ]; l = 1; 2, while the fraction

(1 � � il ) of the budget is allotted to the \inner" layer sss(b)
l [i ]; l = 1; 2. Finally, sss(a)

l [i ] and

sss(b)
l [i ] are chosen to be i.i.d., zero-mean circularly symmetric complex Gaussian, with pow-

ers determined by� il for l = 1; 2. In other words, if the total available power budget for

sl [i ] is given byPil , then we haves(a)
l [i ] � CN (0; � il Pil ) and s(b)

l [i ] � CN (0; (1 � � il )Pil ).
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Note that while full information ( m(a)
il ; m(b)

il ); l = 1; 2; is carried in the satellite code-

word sssl [i ]; l = 1; 2, the inner layersss(b)
l [i ]; l = 1; 2, only carries coarse informationm(b)

il .

Therefore, due to the code construction, the inner layer can be decoded without decoding

m(a)
il in the outer layer (while treating the outer layer as noise), whereasthe outer layer

can be decoded either jointly with the inner layer, i.e., (m(a)
il ; m(b)

il ), or only after m(b)
il is

decoded �rst in the inner layer. Hence, when the channel conditionis poor (e.g., whenM

is small), a user may only decodem(b)
il , while for strong channels (e.g., whenM is large) it

may choose to decode (m(a)
il ; m(b)

il ) from both layers. Such adaptability helps the RS scheme

outperform the SND scheme of Chapter3, where messages are not layered, and thus full

interference is either non-uniquely decoded or treated as noise.

The decoding at useri in cell 1 proceeds as follows: it decodes both the inner and

outer layers of the intended message (m(a)
i 1 ; m(b)

i 1 ) uniquely, and only tries to non-uniquely

decode the inner layer of the interfering messagem(b)
i 2 , while treating the outer layerm(a)

i 2 as

noise. Similarly at useri in cell 2, both the inner and outer layers of the intended message

(m(a)
i 2 ; m(b)

i 2 ) are decoded uniquely, and the inner layer of the interfering message m(b)
i 1 is

decodednon-uniquely. Using the standard random coding analysis as in [115, Section 6.5.1],

such a decoding procedure at useri in cell 1 is successful asn ! 1 , when the rates of the

inner and outer layers,Rdl ;(a)
i 1 , Rdl ;(b)

i 1 and Rdl ;(b)
i 2 , satisfy the following constraints

Rdl ;(a)
i 1 � I

�
ydl

i 1; s1[i ]
�
�
�s(b)

1 [i ]; s(b)
2 [i ]

�
(4.1)

Rdl ;(a)
i 1 + Rdl ;(b)

i 1 � I
�

ydl
i 1; s1[i ]

�
�
�s(b)

2 [i ]
�

(4.2)

Rdl ;(a)
i 1 + Rdl ;(b)

i 2 � I
�

ydl
i 1; s1[i ]; s(b)

2 [i ]
�
�
�s(b)

1 [i ]
�

(4.3)

Rdl ;(a)
i 1 + Rdl ;(b)

i 1 + Rdl ;(b)
i 2 � I

�
ydl

i 1; s1[i ]; s(b)
2 [i ]

�
: (4.4)

Similarly, asn ! 1 , the error probability of this RS scheme at useri in cell 2 goes to zero,

when the rates of the inner and outer layers,Rdl ;(a)
i 2 , Rdl ;(b)

i 2 and Rdl ;(b)
i 1 , satisfy the following

Rdl ;(a)
i 2 � I

�
ydl

i 2; s2[i ]
�
�
�s(b)

1 [i ]; s(b)
2 [i ]

�
(4.5)

Rdl ;(a)
i 2 + Rdl ;(b)

i 2 � I
�

ydl
i 2; s2[i ]

�
�
�s(b)

1 [i ]
�

(4.6)
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m(a)
i 1 m(b)

i 1 m(b)
i 2 Joint pdf

E1 1 1 1 p(sss(b)
1 [i ]; sss1[i ])p(sss(b)

2 [i ])p(yyydl
i 1jsss1[i ]; sss

(b)
2 [i ])

E2 � 1 1 p(sss(b)
1 [i ]; sss1[i ])p(sss(b)

2 [i ])p(yyydl
i 1jsss

(b)
1 [i ]; sss(b)

2 [i ])
E3 � � 1 p(sss(b)

1 [i ]; sss1[i ])p(sss(b)
2 [i ])p(yyydl

i 1jsss
(b)
2 [i ])

E4 1 � 1 p(sss(b)
1 [i ]; sss1[i ])p(sss(b)

2 [i ])p(yyydl
i 1jsss

(b)
2 [i ])

E5 � 1 � p(sss(b)
1 [i ]; sss1[i ])p(sss(b)

2 [i ])p(yyydl
i 1jsss

(b)
1 [i ])

E6 1 � � p(sss(b)
1 [i ]; sss1[i ])p(sss(b)

2 [i ])p(yyydl
i 1)

E7 � � � p(sss(b)
1 [i ]; sss1[i ])p(sss(b)

2 [i ])p(yyydl
i 1)

E8 1 1 � p(sss(b)
1 [i ]; sss1[i ])p(sss(b)

2 [i ])p(yyydl
i 1jsss1[i ])

Table 4.1: The joint pdfs induced by various
�

m(a)
i 1 ; m(b)

i 1 ; m(b)
i 2

�
triples, where '� ' denotes

an incorrectly decoded message.

Rdl ;(a)
i 2 + Rdl ;(b)

i 1 � I
�

ydl
i 2; s2[i ]; s(b)

1 [i ]
�
�
�s(b)

2 [i ]
�

(4.7)

Rdl ;(a)
i 2 + Rdl ;(b)

i 2 + Rdl ;(b)
i 1 � I

�
ydl

i 2; s2[i ]; s(b)
1 [i ]

�
: (4.8)

The network-wide region is obtained by taking the intersection of the achievable region in

cell 1, i.e., (4.1)-(4.4) and the achievable region in cell 2, i.e., (4.5)-(4.8).

In the following, we discuss a brief proof sketch of the achievability,as it provides

insights that are particularly important when considering more thantwo cells, for which

we will use similar arguments to describe the achievable region. Assume, without loss of

generality, that the message pairs (m(a)
i 1 ; m(b)

i 1 ) = (1 ; 1) and (m(a)
i 2 ; m(b)

i 2 ) = (1 ; 1) are sent. As

for the error events that result from di�erent combinations of the triples (m(a)
i 1 ; m(b)

i 1 ; m(b)
i 2 )

at receiver 1 and (m(a)
i 2 ; m(b)

i 2 ; m(b)
i 1 ) at receiver 2, there are 8 cases to be considered at

each receiver. We only consider the 8 cases at receiver 1 (listed in Table 4.1 adopted

from [115, Section 6.5.1]) giving rise to (4.1)-(4.4). Similar arguments can be applied

at receiver 2 leading to (4.5)-(4.8). By the law of large numbers, the probability of the

error event that results from E1 tends to zero, asn ! 1 . Also, sincem(b)
i 2 is decoded

non-uniquely at receiver 1,E8 does not cause an error. In addition, asn ! 1 , the

probabilities of the error events that result fromE2 and E5 tend to zero if (4.1) and (4.3)
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are satis�ed, respectively. Moreover, as can be seen in the last column of Table 4.1, due

to the structure of the satellite codewords,E3 and E4 have the same joint pdf. Therefore,

as n ! 1 , the probability of the error event that results from each of these cases tends

to zero if (4.2) is satis�ed. Similarly, since E6 and E7 have the same joint pdf (due to

the code construction), the probability of the error events thatresult from these two cases

tends to zero if (4.4) is satis�ed. Hence, asn ! 1 , by the union bound the average

probability of error at receiver 1 tends to zero if (4.1)-(4.4) are satis�ed. For a more

detailed proof refer to [160, Appendix B]. One can notice that, due to the special structure

of the satellite codewords, as explained, the constraints induced by E4 and E6 on Rdl ;(b)
i 1

and Rdl ;(b)
i 1 + Rdl ;(b)

i 2 , respectively, are redundant and can be removed. In other words, it is

concluded that due to the code construction, if both messages (m(a)
il ; m(b)

il ) are decoded at

receiver l, then the constraints that involve Rdl ;(b)
il but not Rdl ;(a)

il are not needed and can

thus be omitted from the rate region. This observation will be used inthe next section to

establish the rate region in the case of more than two cells.

One can also apply Fourier-Motzkin elimination procedure, as in [115, Appendix D], to

present the rate region only in terms ofRdl
i 1 and Rdl

i 2. Particularly, by substituting Rdl ;(a)
i 1 =

Rdl
i 1� Rdl ;(b)

i 1 andRdl ;(a)
i 2 = Rdl

i 2� Rdl ;(b)
i 2 into (4.1)-(4.4) and (4.5)-(4.8) and performing Fourier-

Motzkin elimination with the additional constraints 0 � Rdl ;(b)
i 1 � Rdl

i 1 and 0� Rdl ;(b)
i 2 � Rdl

i 2,

the following seven inequalities are obtained

Rdl
i 1 � I

�
ydl

i 1; s1[i ]
�
�
�s(b)

2 [i ]
�

(4.9)

Rdl
i 2 � I

�
ydl

i 2; s2[i ]
�
�
�s(b)

1 [i ]
�

(4.10)

Rdl
i 1 + Rdl

i 2 � I
�

ydl
i 1; s1[i ]

�
�
�s(b)

1 [i ]; s(b)
2 [i ]

�
+ I

�
ydl

i 2; s2[i ]; s(b)
1

�
(4.11)

Rdl
i 1 + Rdl

i 2 � I
�

ydl
i 1; s1[i ]; s(b)

2 [i ]
�
�
�s(b)

1 [i ]
�

+ I
�

ydl
i 2; s2[i ]; s(b)

1 [i ]
�
�
�s(b)

2 [i ]
�

(4.12)

Rdl
i 1 + Rdl

i 2 � I
�

ydl
i 1; s1[i ]; s(b)

2 [i ]
�

+ I
�

ydl
i 2; s2[i ]

�
�
�s(b)

1 [i ]; s(b)
2 [i ]

�
(4.13)

2Rdl
i 1 + Rdl

i 2 � I
�

ydl
i 1; s1[i ]

�
�
�s(b)

1 [i ]; s(b)
2 [i ]

�
+ I

�
ydl

i 1; s1[i ]; s(b)
2 [i ]

�
+ I

�
ydl

i 2; s2[i ]; s(b)
1 [i ]

�
�
�s(b)

2 [i ]
�

(4.14)
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Rdl
i 1 + 2Rdl

i 2 � I
�

ydl
i 1; s1[i ]; s(b)

2 [i ]
�
�
�s(b)

1 [i ]
�

+ I
�

ydl
i 2; s2[i ]

�
�
�s(b)

1 [i ]; s(b)
2 [i ]

�
+ I

�
ydl

i 2; s2[i ]; s(b)
1 [i ]

�

(4.15)

Note that the RS region in (4.9)-(4.15) is obtained for a �xed power splitting strategy

� i 1 and � i 2. To obtain the overall achievable region, one needs to take the union over all

possible such strategies satisfying (� i 1; � i 2) 2 [0; 1]. Some special choices of� i 1 and � i 2

have interesting interpretations as given in the remark below.

Remark 13. On the one hand, setting� i 1 = � i 2 = 1 (equivalent to s(b)
1 [i ] = s(b)

2 [i ] = 0)

means that useri of each cell only decodes its own message while treating the interfering

signal of the other cell entirely as noise; hence, achievingthe TIN region of Chapter3. On

the other hand, setting� i 1 = � i 2 = 0 (equivalent tos(b)
1 [i ] = s1[i ] and s(b)

2 [i ] = s2[i ]) means

that user i of each cell jointly decodes its own message along with the entire part of the

interfering signal; hence, achieving the SD region of Chapter 3. Moreover, by taking the

union over the four di�erent possibilities of � i 1 2 f 0; 1g and � i 2 2 f 0; 1g, one achieves the

SND region of Chapter3, which is the union of TIN and SD (as discussed before).

The above remark con�rms that by taking the union of all possible power splitting

strategies, the RS scheme achieves all other schemes of Chapter3 (TIN/SD/SND) in

addition to providing the 
exibility of partially decoding pilot contaminat ion interference

while treating the remaining part as noise.

Using the assumption of Gaussian signaling and a �xed power splitting strategy of � i 1

at BS 1 and� i 2 at BS 2, one can use the lower bounds established in Chapter3 to evaluate

I
�
:; :

�
� :

�
terms in the region described by (4.1)-(4.4) and (4.5)-(4.8). For instance, assuming

that ZF precoding is applied at the BSs and using the bound of (3.32) from the previous

chapter, de�ne the following

N l := K
LX

j =1

� dl � j il + 1 (4.16)

Pj l :=
MK� dl � p� 2

jil � 2
jij

P K
k=1

p
� p� jkj � jkj

; (4.17)
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whereN l ; l = 1; 2; is the noise power at receiverl and Pj l ; j = 1; 2; l = 1; 2; is the received

power of thei th user from cellj at receiver l (refer to the 2-user IC in Fig.4.1). Note that

when j = l, Pj l is interpreted as the received power of the intended user, whereas when

j 6= l, it is interpreted as the received power of pilot contamination interference. Therefore,

I
�
:; :

�
� :

�
terms in the expressions of (4.1)-(4.4) and (4.5)-(4.8) are lower bounded by

I
�

ydl
i 1; s1[i ]

�
�
�s(b)

1 [i ]; s(b)
2 [i ]

�
� C

�
� i 1P11

� i 2P21 + N1

�
(4.18)

I
�

ydl
i 1; s1[i ]

�
�
�s(b)

2 [i ]
�

� C
�

P11

� i 2P21 + N1

�
(4.19)

I
�

ydl
i 1; s1[i ]; s(b)

2 [i ]
�
�
�s(b)

1 [i ]
�

� C
�

� i 1P11 + (1 � � i 2)P21

� i 2P21 + N1

�
(4.20)

I
�

ydl
i 1; s1[i ]; s(b)

2 [i ]
�

� C
�

P11 + (1 � � i 2)P21

� i 2P21 + N1

�
(4.21)

I
�

ydl
i 2; s2[i ]

�
�
�s(b)

1 [i ]; s(b)
2 [i ]

�
� C

�
� i 2P22

� i 1P12 + N2

�
(4.22)

I
�

ydl
i 2; s2[i ]

�
�
�s(b)

1 [i ]
�

� C
�

P22

� i 1P12 + N2

�
(4.23)

I
�

ydl
i 2; s2[i ]; s(b)

1 [i ]
�
�
�s(b)

2 [i ]
�

� C
�

� i 2P22 + (1 � � i 1)P12

� i 1P12 + N2

�
(4.24)

I
�

ydl
i 2; s2[i ]; s(b)

1 [i ]
�

� C
�

P22 + (1 � � i 1)P12

� i 1P12 + N2

�
: (4.25)

4.2.2 Beyond two cells

When going beyond two cells (i.e.,L � 3), one possible generalization of the RS scheme can

be obtained by considering one power splitting coe�cient for each user in the corresponding

IC, i.e., L di�erent coe�cients � il 2 [0; 1]; l = 1; :::; L; for the L-user IC of Fig. 4.2.

However, taking the union over the combination of all such power splitting strategies

seems infeasible, especially for networks with large number of cells. This motivates the

need for a more feasible generalization of the RS scheme which enables the use of a much

simpler power splitting strategy. In the following, we propose one possible application of

RS to more than two cells that uses only one power splitting coe�cientper IC, and show
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Figure 4.2: TheL-user IC in downlink associated with thei th user of each cell, sharing
pilot sequence   i .

that it can outperform all other schemes of Chapter3 (TIN/SD/SND).

Consider the downlinkL-user IC of Fig.4.2, which corresponds to thei th user in each of

the L cells across the network. Below, we discuss the encoding and decoding stages of the

proposed RS scheme for this IC, and further characterize the rate region achieved by this

scheme. Recall that there areK non-interfering such ICs in the network and the analysis

is thus the same with respect to the indexi 2 f 1; :::; K g of the users sharing the same pilot

sequence   i . As such, for the rest of this chapter, to simplify notation, the index i will be

removed from equations.

Encoding: Encoding is similar to the case of a two-cell system in Section4.2.1 that

uses superposition coding, except that now only one power splittingcoe�cient � is uti-

lized by all users of the IC in Fig.4.2. In particular, messageml ; l = 1; :::; L; is �rst

partitioned into two independent parts m(a)
l 2

h
1 : 2nR dl ; (a)

l

i
and m(b)

l 2
h
1 : 2nR dl ; (b)

l

i

such that Rdl
l = Rdl ;(a)

l + Rdl ;(b)
l ; l = 1; :::; L. Next, part m(b)

l is encoded into codeword

sss(b)
l (m(b)

l ); l = 1; :::; L; of length n (i.e., the \cloud center" carrying only \coarse informa-

tion"), while part m(a)
l is encoded into another codewordsss(a)

l (m(a)
l ; m(b)

l ); l = 1; :::; L; of

length n. Finally, the latter codeword is superimposed on the former to produce a single
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codeword for transmissionsssl (m
(a)
l ; m(b)

l ) = sss(b)
l (m(b)

l ) + sss(a)
l (m(a)

l ; m(b)
l ); l = 1; :::; L; (i.e., the

\satellite codeword" carrying the full information).

The total transmit power budget at all BSs is split into two �xed parts according to the

power splitting coe�cient � 2 [0; 1]: the fraction � of the budget is allocated to the \outer"

layer sss(a)
l ; l = 1; :::; L, while the fraction (1 � � ) of the budget is allotted to the \inner"

layer sss(b)
l ; l = 1; :::; L. Lastly, sss(a)

l and sss(b)
l are chosen to be i.i.d., zero-mean circularly

symmetric complex Gaussian, with powers determined by� .

Decoding: In the decoding stage, the SND scheme of the previous chapter is applied to

non-uniquely decode each layer of all pilot contamination interference terms. Speci�cally,

the decoder at receiverl (i.e., user of celll ) uniquely decodes both the inner and outer

layers of its own message (m(a)
l ; m(b)

l ), and non-uniquelydecodes each layer of all interfering

messages
n

m(a)
j ; m(b)

j

o
; j 2 f 1; :::; Lg n f lg. In Appendix A.11, a detailed derivation of the

achievable region for a two-cell system is provided. Below, the general achievable region for

L � 2 is presented. The achievability proof follows the same steps as that in Appendix A.11,

but is signi�cantly more tedious.

To characterize the rate region achieved by this RS scheme, we �rst need to de�ne the

following sets:

Sl :=
nn

m(a)
l ; m(b)

l

oo
� A 1 � ::: � A l � 1 � A l+1 � ::: � A L ; (4.26)

where � denotes the Cartesian product andA j is given by

A j :=
n

; ;
n

m(b)
j

o
;
n

m(a)
j ; m(b)

j

oo
: (4.27)

Furthermore, denote the achievable region for the rate vectorh
Rdl ;(a)

1 ; Rdl ;(b)
1 ; :::; Rdl ;(a)

L ; Rdl ;(b)
L

i T
obtained by the proposed RS scheme at receiverl

and the network-wide achievable region byR RS
l and R RS, respectively. Then, following

the discussion in AppendixA.11, we have

R RS =
\

l

R RS
l ; l = 1; :::; L; (4.28)
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Figure 4.3: The 3-user IC in downlink with one user from each cell, sharing the same pilot
sequence.

where

R RS
l =

[


 l 2S l

R RS
MAC(
 l ;l ) ; (4.29)

whereR RS
MAC(
 l ;l )

is a modi�ed MAC region (as will be explained in the following) obtained

from decoding of the messages included in the set 
l , where 
 l is an element ofSl de�ned

in (4.26) and thus
n

m(a)
l ; m(b)

l

o
� 
 l .

One should note that thej
 l j-user MAC ofR RS
MAC(
 l ;l )

has less than 2j 
 l j � 1 constraints

(j
 l j is the cardinality of the set 
 l ), as some of the constraints will be relaxed because

of the following. As shown in AppendixA.11, if 
 l contains messages of both layers

(m(a)
j ; m(b)

j ); for somej , then those constraints that containRdl ;(b)
j but not Rdl ;(a)

j will be

removed from the rate region. In AppendixA.11, for the case of a two-cell system we have

explicitly identi�ed these constraints at each receiver. Below, we provide the example of a

three-cell system and discuss its achievable rate region under theproposed RS scheme.

Dropping the index i , consider a massive MIMO system consisting of only three cells

modeled by a 3-user IC as in Fig.4.3. To apply the proposed RS scheme to this IC, the

message of each transmitter is �rst partitioned into two independent parts: m(a)
1 ; m(b)

1 at
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BS 1, m(a)
2 ; m(b)

2 at BS 2, andm(a)
3 ; m(b)

3 at BS 3. Then, by applying superposition coding

and non-unique decoding as explained above, the setSl ; l = 1; 2; 3, at each BS is given by:

S1 =
nn

m(a)
1 ; m(b)

1

oo
�

n
; ;

n
m(b)

2

o
;
n

m(a)
2 ; m(b)

2

oo
�

n
; ;

n
m(b)

3

o
;
n

m(a)
3 ; m(b)

3

oo
(4.30)

S2 =
nn

m(a)
2 ; m(b)

2

oo
�

n
; ;

n
m(b)

1

o
;
n

m(a)
1 ; m(b)

1

oo
�

n
; ;

n
m(b)

3

o
;
n

m(a)
3 ; m(b)

3

oo
(4.31)

S3 =
nn

m(a)
3 ; m(b)

3

oo
�

n
; ;

n
m(b)

1

o
;
n

m(a)
1 ; m(b)

1

oo
�

n
; ;

n
m(b)

2

o
;
n

m(a)
2 ; m(b)

2

oo
; (4.32)

where� denotes the Cartesian product. Therefore, the achievable region at each BS using

the RS scheme with non-unique decoding is obtained by taking the union of 9 modi�ed

MAC regions as discussed before. For instance, at BS 1, one needsto take the union of

regionsR RS
MAC(
 1 ;1) over the following 9 elements ofS1, denoted by 
 (j )

1 ; j = 1; :::; 9;


 (1)
1 =

n
m(a)

1 ; m(b)
1

o
(4.33)


 (2)
1 =

n
m(a)

1 ; m(b)
1 ; m(b)

2

o
(4.34)


 (3)
1 =

n
m(a)

1 ; m(b)
1 ; m(b)

3

o
(4.35)


 (4)
1 =

n
m(a)

1 ; m(b)
1 ; m(a)

2 ; m(b)
2

o
(4.36)


 (5)
1 =

n
m(a)

1 ; m(b)
1 ; m(a)

3 ; m(b)
3

o
(4.37)


 (6)
1 =

n
m(a)

1 ; m(b)
1 ; m(b)

2 ; m(b)
3

o
(4.38)


 (7)
1 =

n
m(a)

1 ; m(b)
1 ; m(a)

2 ; m(b)
2 ; m(b)

3

o
(4.39)


 (8)
1 =

n
m(a)

1 ; m(b)
1 ; m(b)

2 ; m(a)
3 ; m(b)

3

o
(4.40)


 (9)
1 =

n
m(a)

1 ; m(b)
1 ; m(a)

2 ; m(b)
2 ; m(a)

3 ; m(b)
3

o
: (4.41)

One can similarly obtain 9 possible choices of 
2 and 
 3, at BSs 2 and 3, respectively,

by swapping the appropriate indices. Moreover, as explained before, for each choice of 
1
some of the rate constraints in the corresponding MAC region are removed, i.e.,

110



ˆ for 
 (1)
1 , 
 (2)

1 , 
 (3)
1 and 
 (6)

1 : constraints involving Rdl ;(b)
1 but not Rdl ;(a)

1 are relaxed,

ˆ for 
 (4)
1 , 
 (7)

1 : constraints involving Rdl ;(b)
1 but not Rdl ;(a)

1 or Rdl ;(b)
2 but not Rdl ;(a)

2 are

relaxed,

ˆ for 
 (5)
1 , 
 (8)

1 : constraints involving Rdl ;(b)
1 but not Rdl ;(a)

1 or Rdl ;(b)
3 but not Rdl ;(a)

3 are

relaxed,

ˆ for 
 (9)
1 : constraints involving Rdl ;(b)

1 but not Rdl ;(a)
1 or Rdl ;(b)

2 but not Rdl ;(a)
2 or Rdl ;(b)

3

but not Rdl ;(a)
3 are relaxed.

Regardless of what� is, some choices of 
1 have special interpretations that are dis-

cussed in the following remark.

Remark 14. Note that 
 (1)
1 is equivalent to decodingsss1 while treating (sss2; sss3) as noise,

i.e., performing TIN at BS 1. Also, 
 (9)
1 is equivalent to jointly decoding(sss1; sss2; sss3), i.e.,

performing SD at BS 1. Moreover, 
 (4)
1 is equivalent to jointly decoding(sss1; sss2) while

treating sss3 as noise, whereas
 (5)
1 is equivalent to jointly decoding(sss1; sss3) while treating sss2

as noise. Consequently, by taking the union of regionsR RS
MAC (
 1 ;1) over these4 choices of


 1, the SND region is obtained at BS1 (see (3.34)). Similarly, it can be veri�ed that there

are 4 choices of
 2 at BS 2 and 4 choices of
 3 at BS 3 that give rise to SND region at

BSs 1 and 2, respectively. Therefore, notwithstanding the value of� , the SND region is

strictly contained in the region obtained by the proposed RSscheme.

Remark 15. If we chooseRdl ;(a)
l = 0; l = 1; :::; L; in the code construction, thenm(a)

l = 1,

and the codewords aresssl (1; m(b)
l ) = sss(b)

l (m(b)
l ) + sss(a)

l (1; m(b)
l ) := sssl (m

(b)
l ); l = 1; :::; L; and

these are all i.i.d Gaussian. Since in celll , the messagesm(b)
j ; j 6= l (i.e., messages from

the other cells) are decoded non-uniquely, and alsom(a)
l has only one possible value, then

for all � 2 [0; 1], Sl in (4.26) becomes the set of feasible message combinations of the formn
mmm(b)




o

f lg� 
 �f 1;:::;L g
, wheremmm(b)


 is the vector with entriesm(b)
j ; j 2 
 . Also, as pointed out

in [72, Section 2], the region given by the resulting set of constraints is equivalent to the

SND region, i.e.,
�
Rdl

1 ; :::; Rdl
L

�
2 R SND ()

�
0; Rdl

1 ; :::; 0; Rdl
L

�
2 R RS; 8� 2 [0; 1].
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Remark 14 con�rms that for the case of L = 3, considering 4 of the 9 choices is

su�cient to reproduce the SND region. Thus, considering the 5 additional choices of


 l ; l = 1; 2; 3; at each receiver leads to additional 
exibility due to partially decodingpilot

contamination interference while treating the remaining part as noise; hence, providing

room for improving the performance of SND. More speci�cally, taking the union over all

possible choices of� enables the proposed RS scheme to enlarge the region achieved by

SND; thus, outperforming the schemes of Chapter3, TIN/SD/SND.

Note that this generalization of the RS scheme is di�erent from the HK scheme applied

to the two-cell case [115], for which the coarse information is non-uniquely decoded with

the outer layer treated as noise and we thus haveA HK
j :=

nn
m(b)

j

oo
:

4.3 Maximum Symmetric Rate Allocation

Similar to the previous chapter, here the maximum symmetric rate allocation is taken as

the measure of fairness among users, and thus the performanceof the proposed RS schemes

of this chapter will be compared with those of the previous chapterbased on the maxi-

mum symmetric rate they can o�er. Below, we separately discuss how the corresponding

optimization problem is solved for the case of a two-cell system and that of more than two

cells.

4.3.1 Two-cell system

For a �xed � 1 and � 2 in the case of a two-cell system, the maximum symmetric rate is

obtained by solving the following problem

[P1] max min
n

Rdl ;(a)
1 + Rdl ;(b)

1 ; Rdl ;(a)
2 + Rdl ;(b)

2

o
(4.42)

subject to (4.1) � (4.4) and (4.5) � (4.8) (4.43)

Rdl ;(a)
1 ; Rdl ;(b)

1 ; Rdl ;(a)
2 ; Rdl ;(b)

2 � 0; (4.44)
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where the constraints of (4.1)-(4.4) and (4.5)-(4.8) describe the achievable region obtained

by the HK scheme in cell 1 and 2, respectively. [P1] can be solved by introducing an

auxiliary variable t as follows

[P10] max t (4.45)

subject to (4.1) � (4.4) and (4.5) � (4.8) (4.46)

Rdl ;(a)
1 + Rdl ;(b)

1 � t (4.47)

Rdl ;(a)
2 + Rdl ;(b)

2 � t (4.48)

Rdl ;(a)
1 ; Rdl ;(b)

1 ; Rdl ;(a)
2 ; Rdl ;(b)

2 ; t � 0: (4.49)

It is readily veri�ed that [ P10] is a linear programming (LP) problem. Speci�cally, de�ne

xxx :=
h
Rdl ;(a)

1 ; Rdl ;(b)
1 ; Rdl ;(a)

2 ; Rdl ;(b)
2 ; t

i T
, ccc := [0; 0; 0; 0; 1]T , and further rewrite (4.47) and

(4.48) as

� Rdl ;(a)
1 � Rdl ;(b)

1 + t � 0 (4.50)

� Rdl ;(a)
2 � Rdl ;(b)

2 + t � 0: (4.51)

As the constraints of the optimization problem [P10] are a �nite number of closed half-

spaces, one can write them in the form of a matrix inequalityAAAxxx � bbb(� 1; � 2), whereAAA is

an 10� 5 matrix and bbb(� 1; � 2) is an 10� 1 column vector (the �rst 8 rows correspond to

(4.46) and the last two rows correspond to (4.50)-(4.51)) which is also a function of power

splitting coe�cients � 1 and � 2. Hence, the following LP is obtained

[P10] max cccTxxx (4.52)

subject to AAAxxx � bbb(� 1; � 2) (4.53)

xxx � 0; (4.54)

which can be solved e�ciently, with the optimal solution denoted byt � (� 1; � 2). Note that

this LP is solved for a �xed choice of� 1 and � 2. However, the overall achievable region

is obtained by taking the union over the combination of all power splitting strategies. As
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such, the optimal solution to the maximum symmetric rate problem is obtained by taking

the maximum over all possible power splitting coe�cients, i.e.,

max
0� � 1 ;� 2 � 1

t � (� 1; � 2); (4.55)

which is solved by numerically searching over the interval� 1; � 2 2 [0; 1] to �nd the best

symmetric rate.

4.3.2 Beyond two cells

In the case of more than two cells, we �rst �x � and solve the following

[P2] max min
l

Rdl ;(a)
l + Rdl ;(b)

l (4.56)

subject to
h
Rdl ;(a)

1 ; Rdl ;(b)
1 ; :::; Rdl ;(a)

L ; Rdl ;(b)
L

i
2 R RS; (4.57)

Rdl ;(a)
l ; Rdl ;(b)

l � 0; 8l 2 f 1; :::; Lg; (4.58)

where R RS is given in (4.28). Note that the region R RS
MAC(
 l ;l )

in (4.29) is in the form

of a convex polytope and the intersection of a �nite number of these convex polytopes

yields another convex polytope. Therefore, by distributing the intersection in (4.28) over

the union in (4.29) (using the distributive law) the network-wide regionR RS can be re-

written as the union of a �nite number of convex polytopes, i.e.,R RS =
S

n
~R RS

n ; n 2

I RS := f 1; 2; :::; N RSg, where N RS is the total number of these convex polytopes, and

eachn corresponds to one choice of (
1; 
 2; :::; 
 L ) 2 S1 � ::: � S L ;. Similar to [P10] in

the case of a two-cell system, solving the maximum symmetric rate problem over one of

these convex polytopes can be formulated as an LP. Speci�cally, we�rst de�ne the two

(2L + 1) � 1 (whereL � 3) column vectorsxxx :=
h
Rdl ;(a)

1 ; Rdl ;(b)
1 ; :::; Rdl ;(a)

L ; Rdl ;(b)
L ; t

i T
and

ccc := [0; :::; 0; 1]T . Then, by writing ~R RS
n in matrix form as ~AAAnxxx � ~bbbn (� ) and the constraints

� Rdl ;(a)
l � Rdl ;(b)

l + t � 0; l = 1; :::; L, in matrix form as DDDxxx � 000, the following equivalent
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LP is thus obtained

[P20] max
n;xxx

cccTxxx (4.59)

subject to ~AAAnxxx � ~bbbn (� ) (4.60)

DDDxxx � 000 (4.61)

xxx � 0 (4.62)

n 2 I RS: (4.63)

Denote the optimal value of [P20] over one of these convex polytopes (i.e., solving [P20] for a

�xed n) by ~tn . Then, as the network-wide regionR RS is the union of the convex polytopes
~AAAnxxx � ~bbbn (� ), the optimal solution to [P2] is found by taking the maximum value of~tn ,

denoted byt � (� ), over all sub-regions ~R RS
n , i.e., t � (� ) := max n2I RS ~tn . Lastly, noting that

[P2] (or [P20]) is solved for a �xed � and also recalling that the overall region is obtained

by taking the union over the combination of all possible power splittingstrategies, the

optimal solution to the symmetric rate problem is found as below

max
0� � � 1

t � (� ); (4.64)

which is solved by numerically searching over the interval� 2 [0; 1] to �nd the best sym-

metric rate. It is veri�ed from ( 4.33)-(4.41) that for L = 3, one needs to solve (4.59) over

729 sub-regions, i.e., whenL = 3 we have N RS = 729 and thereby I RS = f 1; 2; :::; 729g.

However, as will be discussed in the next section, for the cases ofL = 4 and L = 7 we will

only consider a subset of those sub-regions (i.e., a subset of convex polytopes de�ning the

network-wide region) and show that this subset still provides a signi�cant gain over the

schemes of Chapter3. Also, we will see in the next section that the optimization problems

in the last step of each case, i.e., (4.55) for two cells and (4.64) for more than two cells,

are not necessarily needed, and one can skip numerically optimizing� and instead use

pre-computed average values of splitting coe�cients with negligible performance loss.
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4.4 Simulation Results

In this section, the performance of rate splitting techniques for the cases of two cells and

more than two cells is illustrated using the maximum symmetric SE criteria. Speci�cally,

similar to the previous chapter, the downlink of a multi-cell massive MIMO system is

simulated, where the simple HK scheme of Section4.2.1 for two cells and the RS scheme

of Section4.2.2 for more than two cells are used to partially decode pilot contamination

interference while treating the remaining part as noise. For the sake of comparison, in

all scenarios we also show the performance of TIN and SND from theprevious chapter.

The network con�guration, path-loss model and parameters of the setup are identical to

those of Chapter3. In particular, unless otherwise speci�ed, we assumeK = 15 users are

uniformly distributed at random within the area of each cell (at least35 m away from the

BS) with a radius of r = 400 m and the downlink transmit power of each BS is 40 W.

The noise variance is also taken to be� 101 dBm, and the large-scale fading coe�cients

are modeled using (3.74) with the same parameters. Moreover, we only focus on the use of

ZF and RZF precoding, since, as observed in Chapter3, MRT performs poorly compared

to these two precoding schemes.

Below, we study the two cases of a spatially correlated Rayleigh fading channel and an

uncorrelated Rayleigh fading channel separately.

4.4.1 Spatially Correlated

The exponential correlation model of (3.75) is used here with a correlation magnitude of

� = 0:4. Below, we �rst investigate the performance of the HK scheme for the case of

L = 2 followed by the performance of the RS scheme forL = 3; 4 and 7, where similar to

the previous chapter, the average of the maximum symmetric SEs iscalculated over 150

random realizations of user locations. Also, we separately study the e�ect of wrap around

topology with seven cells at the end of this section.

To compute the maximum symmetric SE of the HK scheme, two di�erent approaches

are utilized. In the �rst approach, the maximum symmetric SE is found by solving (4.55)
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and numerically optimizing 0� � 1; � 2 � 1 (with a step size of 0:01) to �nd the optimum

values of the power splitting coe�cients. Then, the average of theoptimum choices of� 1

and � 2 over 150 realizations is calculated and stored for each value ofM . In the second

approach, rather than numerically optimizing � 1 and � 2, (4.55) is solved for 150 new

random realizations of user locations by searching over the combinations of � 1 2 f 0; � avg; 1g

and � 2 2 f 0; � avg; 1g in each realization, where� avg is the pre-computed average value

of optimum choices of� 1 and � 2 obtained in di�erent random realizations of the �rst

approach. As such, the computational cost of numerically optimizing � 1 and � 2 in the �rst

approach is now reduced in the second approach, highlighting its importance in practical

implementations. The justi�cation behind the inclusion of the 4 additional combinations

� 1 2 f 0; 1g and � 2 2 f 0; 1g is to make sure that the performance obtained in the second

approach is always at least as good as SND (cf. Remark13).

Fig. 4.4 shows the performance of ZF with the HK scheme, whenL = 2, using the

achieved maximum symmetric SE obtained from the two approaches explained above.

Interestingly, this �gure shows that for eachM it is su�cient to use only the pre-computed

values� avg as in the second approach. Speci�cally, it is revealed in Fig.4.4 that calculating

the maximum symmetric SE using the second approach yields almost the same performance

as that obtained from the �rst approach, and thus using the pre-computed average values

of the splitting coe�cients can reduce the optimization complexity. In addition, it can be

seen that asM is increased the symmetric SE obtained by the HK scheme increases,an

observation that was also made in Chapter3. This �gure also shows that the performance

gain o�ered by the HK scheme compared to TIN/SND improves, asM is increased. In

particular, it is veri�ed that the HK scheme provides gains of 78% and80% over TIN, for

M = 128 and M = 256, respectively, and this gain improves to about 100% forM = 1024.

Also, compared to SND, the HK scheme o�ers 68% and 70% gains whenM = 128 and

M = 256, respectively, while this gain increases to about 75% forM = 1024.

Figs.4.5-4.7show the performance of ZF for the cases ofL = 3; 4 and 7, respectively. As

discussed in Section4.3.2, when the number of cells increases beyondL = 2, an alternative

RS scheme is proposed that uses only one power splitting coe�cient� for the entire IC

representing a set of pilot sharing users. The maximum symmetric SEs achieved by this
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Figure 4.4: Performance of message splitting strategy using maximum symmetric SE for
two cells when ZF precoding and a spatially correlated channel modelare used.

RS scheme are illustrated in Figs.4.5-4.7. Again, two di�erent approaches are taken

to compute the symmetric SE in each scenario. Speci�cally, in the �rst approach, the

maximum symmetric SE is found by solving (4.64) and numerically optimizing 0� � � 1

(with a step size of 0:02) to �nd the optimum value of the power splitting coe�cient.

Then, for each value ofM , the average of the optimum choices of� over 150 realizations

is calculated and stored. In the second approach, rather than numerically optimizing � in

(4.64), [P2] is solved using the pre-computed average value of� and validated on 150 new

random realizations of user locations. It is revealed from these three �gures that, similar to

the case ofL = 2, the performance obtained using the second approach is almostthe same

as the one obtained from the �rst approach, showing the advantage of using pre-computed
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Figure 4.5: Performance of message splitting strategy using maximum symmetric SE for
three cells when ZF precoding and a spatially correlated channel model are used.

average values of� in practical implementations.

Fig. 4.5 shows the performance of ZF forL = 3, as a function ofM . It can be observed

that, compared to the SND scheme of Chapter3, for all values of M the proposed RS

scheme provides signi�cantly higher gains over TIN. Speci�cally, thisgain is about 92%

and 99% forM = 128 and M = 256, respectively, and it increases to about 138% when

M = 1024. As explained before, this is due to the fact that the proposed RS scheme

provides the additional 
exibility of decoding part of the interference (depending on the

strength of the signal which is a function ofM ) while treating the remaining part as noise,

resulting in extra degrees of freedom in the decoding stage that are not o�ered by SND.
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Figure 4.6: Performance of message splitting strategy using maximum symmetric SE for
four cells when ZF precoding and a spatially correlated channel model are used.

Note that following the discussion provided in Section4.3.2, whenL = 4 or 7, to obtain

the maximum symmetric SE over the entire regionR RS one needs to consider the union

of a large number of convex polytopes, which may not be feasible. Hence, to provide some

insights into the bene�ts of using the proposed RS scheme in networks with large number

of cells (e.g.,L � 4) we consider an achievable sub-region ofR RS which provides a lower

bound to the true performance of the RS scheme, while o�ering a signi�cant gain over TIN

and SND.

First, de�ne a subset ofSl as follows

SSub
l :=

nn
m(a)

l ; m(b)
l

oo
�

n n
m(b)

1

o
; :::;

n
m(b)

l � 1

o
;
n

m(b)
l+1

o
; :::;

n
m(b)

L

o
; (4.65)
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Figure 4.7: Performance of message splitting strategy using maximum symmetric SE for
seven cells when ZF precoding and a spatially correlated channel model are used.

n
m(b)

1 ; :::; m(b)
l � 1; m(b)

l+1 ; :::; m(b)
L

o o
;

which gives rise toR Sub � R RS as follows

R Sub =
\

l

R Sub
l ; l = 1; :::; L; (4.66)

where

R Sub
l =

[


 l 2S Sub
l

R RS
MAC(
 l ;l ) : (4.67)

This sub-regionR Sub of R RS can be represented as the union of a �nite number of convex
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polytopes, i.e.,R Sub =
S

n
~R RS

n ; n 2 I Sub, whereI Sub � I RS sinceSSub
l � S l .

Note that one can also reproduce the SND region,R SND � RL , as a \sub-region" of

RS, R RS � R2L , as follows. Assuming� = 0, from the description of the encoding stage in

Section4.2.2, we haveRdl ;(a)
l = 0 and thus Rdl

l = Rdl ;(b)
l . De�ne the projection operator,

� : R2L �! RL , as follows

�
�

Rdl ;(a)
1 ; Rdl ;(b)

1 ; :::; Rdl ;(a)
L ; Rdl ;(b)

L

�
=

h
Rdl ;(a)

1 + Rdl ;(b)
1 ; :::; Rdl ;(a)

L + Rdl ;(b)
L

i
: (4.68)

Therefore, for� = 0, we can write

R SND = �

0

@
\

l2f 1;:::;L g

R SND
l

1

A ; (4.69)

where

R SND
l =

[


 l 2S SND
l

R RS
MAC(
 l ;l ) ; (4.70)

and the setSSND
l at receiver l is given by

SSND
l :=

nn
m(a)

l ; m(b)
l

oo
� A 0

1 � ::: � A 0
l � 1 � A 0

l+1 � ::: � A 0
L ; (4.71)

where A 0
j :=

n
; ;

n
m(a)

j ; m(b)
j

oo
; j 6= l. Also, from (4.71), it is readily veri�ed that

SSND
l � S l .

One can similarly re-write the region,
T

l2f 1;:::;L g R SND
l , given in (4.69)-(4.70) as the

union of a �nite number of convex polytopes, i.e.,
T

l2f 1;:::;L g R SND
l =

S
n

~R RS
n ; n 2 I SND ,

where I SND � I RS. Since I SND � I RS and I Sub � I RS, it is readily veri�ed that the

following problem provides a lower bound to (4.64)

[P3] max
�;n;xxx

cccTxxx (4.72)

subject to ~AAAnxxx � ~bbbn (� ) (4.73)

DDDxxx � 000 (4.74)
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0 � � � 1 (4.75)

xxx � 0 (4.76)

n 2 I SND [ I Sub: (4.77)

Further de�ne function f (�; I ) as follows

f (�; I ) := max
n;xxx

cccTxxx (4.78)

subject to ~AAAnxxx � ~bbbn (� ) (4.79)

DDDxxx � 000 (4.80)

xxx � 0 (4.81)

n 2 I : (4.82)

i.e., the optimum value of [P3] for a �xed � and subsetI � I RS. Also, de�ne g(I ) :=

max0� � � 1 f (�; I ). For instance, [P3] can be written asg
�
I SND [ I Sub

�
. Now, it can be

veri�ed that

g
�
I SND [ I Sub

�
= max

�
g

�
I SND

�
; g

�
I Sub

�	
(4.83)

= max
�

max
0� � � 1

f
�
�; I SND

�
; max

0� � � 1
f

�
�; I Sub

�
�

(4.84)

� max
�

f
�
0; I SND

�
; max

0� � � 1
f

�
�; I Sub

�
�

(4.85)

= max
�

tSND;� ; g
�
I Sub

�	
; (4.86)

wheretSND;� is the optimal value of the objective function in the problem below

max
n;xxx

cccTxxx (4.87)

subject to ~AAAnxxx � ~bbbn (0) (4.88)

DDDxxx � 000 (4.89)

xxx � 0 (4.90)
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n 2 I SND ; (4.91)

and g
�
I Sub

�
is the optimal value of the objective function given below

max
�;n;xxx

cccTxxx (4.92)

subject to ~AAAnxxx � ~bbbn (� ) (4.93)

DDDxxx � 000 (4.94)

0 � � � 1 (4.95)

xxx � 0 (4.96)

n 2 I Sub: (4.97)

Therefore, by calculating max
�

tSND;� ; g
�
I Sub

�	
, a lower bound to (4.72) is obtained.

Also, note that tSND;� is the maximum symmetric rate of the SND region from the previous

chapter, i.e, tSND;� = RSND
Sym . As such, forL = 4 and L = 7, max

�
RSND

Sym ; g
�
I Sub

�	
is found,

thus providing a lower bound to the true performance of the RS scheme.

Figs. 4.6 and 4.7 show the performance of ZF for the cases ofL = 4 and L = 7,

respectively. Notice that a pattern similar to those of Figs.4.4 and 4.5 is apparent in

Figs. 4.6 and 4.7. Speci�cally, it can be seen from Fig.4.6 that the gain o�ered by the RS

scheme over TIN is at least 79% and 92% forM = 128 and M = 256, respectively, and

it increases to more than 125% forM = 1024. Recall from Chapter3 that increasing the

number of cells results in improving the gains provided by SND over TIN. While a similar

observation can be made here when moving fromL = 2 to L = 3 (i.e., the performance

gains forL = 3 are larger than those forL = 2), these gains slightly drop when moving to

L = 4. This can be explained by the fact that forL = 3 the true performance obtained

by the RS scheme is calculated, whereas forL = 4 and L = 7 a lower bound to the true

performance of the RS scheme is calculated. Nevertheless, as thecase ofL = 7 is treated

in a similar manner, the gains provided by the RS scheme over TIN for seven cells are

larger than those in the case of four cells. In particular, whenL = 7, Fig. 4.7 shows gains

of 79% and 98% forM = 128 and M = 256, respectively, and this gain increases to about

138% forM = 1024.
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Figure 4.8: Performance of message splitting strategy using maximum symmetric SE for
seven cells when RZF precoding and a spatially correlated channel model are used.

The performance of RZF precoding is illustrated in Fig.4.8 which shows a similar

pattern to those of Figs.4.4-4.7, and the precoding matrix is given in (3.76) where � =

K=� dl . As discussed in the previous chapter, it is expected that whenM is small RZF

outperforms ZF, whereas for large values ofM , the performance gap between RZF and

ZF vanishes. This is con�rmed in Fig.4.9. More speci�cally, Fig. 4.9 reveals that for

approximately M � 64 a notable gain is provided by RZF compared to ZF, while this gain

gradually disappears for larger values ofM .

The impact of increasing the number of usersK on system performance is shown in

Fig. 4.10, whenL = 7 and M = 256. Similar to the results of Chapter3, it is observed that

while increasing the number of users degrades the performance ofthe RS scheme, the gain
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Figure 4.9: Performance comparison between RZF and ZF forL = 7, when the RS scheme
is used.

provided by the partial interference decoding scheme over TIN improves. In particular,

Fig. 4.10shows that this gain is at least 30% whenK = 2, and it increases to more than

98% whenK = 15.

The impact of increasing the correlation magnitude on system performance is shown in

Fig. 4.11, when L = 7 and M = 256. The results presented in this �gure are in agreement

with the discussions provided in Chapter3. Speci�cally, as the spatial channel correlation

improves the performance of all schemes, the gain o�ered by the RS scheme over TIN is

at least 138% when� = 0 (i.e., uncorrelated channel) and it reduces to about 34% when

� = 0:8 (i.e., strong spatial correlation), however this gain is still signi�cantly higher than

the one provided by SND.
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Figure 4.10: Performance of maximum symmetric SE versus the number of usersK , where
L = 7, M = 256, and ZF precoding with a spatially correlated channel model are used.

Lastly, we study the impact of shadow fading on the performance of the proposed RS

scheme. Similar to the previous chapter, we assume that a term associated with shadow

fading is now added to the large-scale fading model with a standard deviation of � shadow

in dB. Fig. 4.12shows this impact, where the standard deviation of shadow fading� shadow

increases from 0 dB to 5 dB. The parameters for this �gure are thesame as those in

Fig. 4.11 except that correlation magnitude is now �xed at� = 0:4. It is observed that,

similar to TIN and SND, by increasing the shadow fading the symmetricSE of the RS

scheme reduces, yet for all values of� shadow it o�ers larger gains over TIN compared to

SND. Nevertheless, as� shadow becomes larger the gain provided by the RS scheme over

TIN increases, which shows the importance of the proposed scheme in practical scenarios.
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Figure 4.11: Performance of maximum symmetric SE versus the correlation magnitude� ,
whereL = 7, M = 256 and ZF precoding is used.

In particular, there is a gain of at least 98% for� shadow = 0 dB, and it improves to more

than a factor of 4 when� shadow = 3 dB. This gain continues to improve for larger values of

� shadow.

Next, we assume that a wrap around topology is considered for theseven-cell con�gura-

tion illustrated in Fig. 3.7d. Similar to the observations made in Chapter3, it is expected

that the SEs achieved by RS will be slightly degraded; nevertheless,since RS can better

manage the interference compared to TIN, it should still provide a signi�cant gain over

TIN while outperforming SND. The results are shown in Fig.4.13. It can be seen that

the gain o�ered by RS over TIN is at least 86% and 106% forM = 128 and M = 256,

respectively, and reaches about 136% whenM = 1024. Hence, the use of RS or SND with
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Figure 4.12: Performance of maximum symmetric SE versus the standard deviation of
shadow fading� shadow, whereL = 7, M = 256 and ZF precoding is used.

ZF can be considered a viable solution to combat the rate saturationproblem due to pilot

contamination in practical implementations.

4.4.2 Spatially Uncorrelated

We now consider the special case of an uncorrelated Rayleigh fadingchannel, and evaluate

the performance of the message splitting techniques by simulating scenarios identical to

those of Section3.4.2. Similar to the previous chapter, we study the impact of changing

the number of antennasM , number of cellsL and cell radius r on the performance of

the proposed RS scheme. To this end, the downlink of a multi-cell massive MIMO system

129



Figure 4.13: Performance of maximum symmetric SE for seven cells with wrap around
topology, when ZF precoding and a spatially correlated channel model are used.

with spatial correlation matrices given byRRRjkl = � jkl III M is simulated with parameters

identical to the correlated case. In particular, the performanceof the proposed message

splitting techniques along with TIN and SND from the previous chapter (for the sake of

comparison) are illustrated with ZF precoding and forL = 2; 3; 4; 7, with two choices of

cell radius: r = 400 m; 800 m. To evaluate the performance, the average of the maximum

symmetric SEs is calculated over 200 random realizations of user locations. Also, for each

scenario, the symmetric SE of the proposed partial decoding scheme is calculated using the

two approaches discussed in the previous section, namely, using the optimized value of the

splitting coe�cient and using the pre-computed average value of the splitting coe�cient.

Moreover, using the closed-form expressions of the rate lower bounds for an uncorrelated

130



(a) r = 400 m (b) r = 800 m

Figure 4.14: Performance of maximum symmetric SE for two cells with moderately large
M , when ZF precoding and an uncorrelated channel model are used,(a) r = 400 m, (b)
r = 800 m.

channel in Chapter3, we are able to compute the performance for a signi�cantly larger

range ofM .

Fig. 4.14shows the performance of the HK scheme for a range of moderately large M ,

while Fig. 4.15shows the same for a range of extremely largeM , when L = 2. While the

latter covers a range ofM that is beyond practical, the results of Fig.4.15 can be used

to con�rm asymptotic performance limits asM ! 1 . The �rst observation to make here

is that, similar to the case of a spatially correlated channel, the symmetric SEs obtained

using the optimized values of splitting coe�cients (i.e., �rst approach) have almost the

same values as the ones obtained using the pre-computed averagevalues of the splitting

coe�cients (i.e., second approach). Moreover, the results of this�gure reveal that the gains

provided by the HK scheme over TIN here are larger than those observed in the spatially

correlated channel. A similar observation was already con�rmed in Fig. 4.11. It can also

be seen that, for both choices of the cell radius, this performance gain improves asM is

increased. Speci�cally, whenr = 400 m, this gain is about 96% and 108% forM = 128 and
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(a) r = 400 m (b) r = 800 m

Figure 4.15: Performance of maximum symmetric SE for two cells with truly large M , when
ZF precoding and an uncorrelated channel model are used, (a)r = 400 m, (b) r = 800 m.

M = 256, respectively, and it increases to about 133% forM = 1024. It is also observed

that increasing the cell radius reduces the achieved symmetric SEsand results in smaller

performance gains; nonetheless, these gains are still larger thanthose provided by SND.

Particularly, when r = 800 m, the HK scheme o�ers gains of about 45% and 60% for

M = 128 and M = 256, respectively, and the gain improves to about 85% forM = 1024.

Interestingly, in Fig. 4.15 one can notice that asM increases, the performance gain

provided by the HK scheme relative to SND gradually increases up to apoint (i.e., approx-

imately somewhere in the range 104 < M < 105 in this case), beyond which the gap to

SND gradually reduces. This means that asM grows and thus the strength of the inter-

fering signal increases, the power of the inner layer can be increased. This result is better

illustrated in Fig. 4.16, which demonstrates the average of the optimized value of splitting

coe�cients over 200 random realizations of user locations. Speci�cally, this �gure shows

that increasing M yields a smaller value of� avg (i.e., larger value of 1� � avg which is the

fraction of power allotted to the inner layer), and asM grows unbounded� avg approaches

zero (i.e., 1� � avg approaches one) and thereby a larger fraction of the interference can
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(a) r = 400 m (b) r = 800 m

Figure 4.16: Average of power splitting coe�cients� 1; � 2 (i.e., fraction of power allotted to
the outer layer) for two cells as a function ofM , when ZF precoding and an uncorrelated
channel model are used, (a)r = 400 m, (b) r = 800 m.

be decoded at each receiver. Another observation to make here isthat, as expected, when

the cell radius increases the curve in Fig.4.16shifts slightly up, indicating that on average

more antennas will be required to be able to decode the same fraction of the interference

signal.

The performance of the proposed RS scheme with ZF precoding is shown in Figs. 4.17

to 4.25, for L = 3; 4 and 7. Note that Figs.4.17, 4.20and 4.23 illustrate the performance

for a range of moderately large values ofM , while Figs. 4.18, 4.21 and 4.24 demonstrate

the same plots for a range of truly large values ofM , and Figs. 4.19, 4.22 and 4.25 show

the average of the optimized splitting coe�cients as a function ofM . In addition, it should

be pointed out that the performance of the RS scheme for the cases ofL = 4 and L = 7

is evaluated using the lower bound obtained by the achievable sub-region discussed in

Section4.4.1.

First, notice that patterns similar to those of the two-cell case are observed in all these

�gures. Also, as expected, it can be seen that increasing the number of cells gives rise to
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(a) r = 400 m (b) r = 800 m

Figure 4.17: Performance of maximum symmetric SE for three cells with moderately large
M , when ZF precoding and an uncorrelated channel model are used,(a) r = 400 m, (b)
r = 800 m.

(a) r = 400 m (b) r = 800 m

Figure 4.18: Performance of maximum symmetric SE for two cells with truly large M , when
ZF precoding and an uncorrelated channel model are used, (a)r = 400 m, (b) r = 800 m.
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Figure 4.19: Average of power splitting coe�cients� (i.e., fraction of power allotted to
the outer layer) for three cells as a function ofM , when r = 400 m ZF precoding and an
uncorrelated channel model are used

reducing the symmetric SEs of the RS scheme; nevertheless it still provides a larger gain

over TIN compared to SND. Also, as the number of cells increases the performance gain

o�ered by the RS scheme improves, except for the small drop in gainwhen moving from

L = 3 to L = 4 due to considering the sub-region rather than the entire regionof R RS.

More speci�cally, it is observed from Fig.4.17athat when L = 3 and r = 400 m, the

gain provided by the RS scheme over TIN is about 111% and 137% forM = 128 and

M = 256, respectively, and it improves to about 173% forM = 1024. Also, Fig. 4.17b

shows that when the cell radius increases tor = 800 m, this gain reduces to about 63% and

88% forM = 128 andM = 256, respectively, and it increases to about 138% forM = 1024.
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(a) r = 400 m (b) r = 800 m

Figure 4.20: Performance of maximum symmetric SE for four cells withmoderately large
M , when ZF precoding and an uncorrelated channel model are used,(a) r = 400 m, (b)
r = 800 m.

Further note that by increasing the number of cells toL = 7 in Fig. 4.23a, whenr = 400 m

the gain of the RS scheme over TIN improves to at least 112% and 144% for M = 128 and

M = 256, respectively, and it increases to more than 184% forM = 1024. One can also

observe, as expected, the slight degradation of the performance gains in Fig.4.23b when

r = 800 m. More precisely, Fig.4.23bshows a gain of at least 87% and 116% forM = 128

and M = 256, respectively, whereas this gain is more than 164% forM = 1024.

Lastly, Fig. 4.26 shows a scenario identical to the one depicted in Fig.3.27 which is

somewhat pessimistic and also in favor of TIN, and the results are similar to those of

Fig. 3.29. In particular, it is assumed that L = 2 and all users of the left cell are located on

the cell edge at the farthest distance from the BSs, whereas theposition of users in the right

cell is on the boundary of an inscribed circle inside the cell, determinedby 0� � � � 360� .

The achieved maximum symmetric SEs with ZF as a function of� are shown in Fig.4.26,

for four di�erent values of M = 128; 256; 512; 1024, where the performance of TIN and

SND from the previous chapter are plotted again for the sake of comparison.
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(a) r = 400 m (b) r = 800 m

Figure 4.21: Performance of maximum symmetric SE for four cells withtruly large M ,
when ZF precoding and an uncorrelated channel model are used, (a) r = 400 m, (b)
r = 800 m.

It can be observed that the symmetric SEs achieved by the RS scheme follow a pattern

similar to those of TIN and SND. Speci�cally, Fig. 4.26 shows that, for a �xed value

of M , as � increases and approaches 180� , users of the right cell become closer to BS 1

and the interference thus becomes stronger (see the performance of TIN). Therefore, the

achieved symmetric SEs of the RS scheme reduce, nevertheless itsperformance gain over

TIN improves due to the severe degradation of the performance obtained by TIN. Finally,

one can notice that the RS scheme outperforms both TIN and SND for a signi�cantly wider

range of� , as it bene�ts from the additional 
exibility of decoding part of the interference.

In other words, it is only for a small range where� is close to either 0� or 360� (i.e., users of

the right cell are located at the farthest distance from BS 1), that the RS scheme achieves

a performance identical to those of TIN and SND. It is worth notingthat, for a �xed value

of M , TIN o�ers its maximum possible performance in this range of� .
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Figure 4.22: Average of power splitting coe�cients� (i.e., fraction of power allotted to
the outer layer) for four cells as a function ofM , when r = 400 m ZF precoding and an
uncorrelated channel model are used
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(a) r = 400 m (b) r = 800 m

Figure 4.23: Performance of maximum symmetric SE for seven cells with moderately large
M , when ZF precoding and an uncorrelated channel model are used,(a) r = 400 m, (b)
r = 800 m.

(a) r = 400 m (b) r = 800 m

Figure 4.24: Performance of maximum symmetric SE for seven cells with truly large M ,
when ZF precoding and an uncorrelated channel model are used, (a) r = 400 m, (b) r = 800
m.
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Figure 4.25: Average of power splitting coe�cients� (i.e., fraction of power allotted to
the outer layer) for seven cells as a function ofM , when r = 400 m ZF precoding and an
uncorrelated channel model are used
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(a) M = 128 (b) M = 256

(c) M = 512 (d) M = 1024

Figure 4.26: Performance of TIN/SND/HK in a two-cell system with maximum symmetric
SE versus� , when ZF precoding and an uncorrelated channel model are used,(a) M = 128,
(b) M = 256, (c) M = 512, (d) M = 1024.
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Chapter 5

Concluding Remarks

5.1 Summary of Contributions and Conclusions

The performance gains o�ered by massive MIMO systems rely heavilyon the availability of

accurate CSI, which needs to be estimated. A popular technique toacquire CSI in TDD-

based massive MIMO systems that bene�t from channel reciprocity is to transmit uplink

training pilots, which will be used at the BSs to estimate the channels.In a multi-cell

system, however, since the length of the channel coherence interval is small and �nite due

to users mobility, the number of available orthogonal pilot sequences is limited. Therefore,

a natural approach to cope with this limitation is to re-use the orthogonal pilots (used

in one cell to obtain an estimation of the users' channel in that cell) inother cells across

the network. This causes pilot contamination interference, also known as the coherent

interference, that scales at the same rate as the desired signal, and therefore does not vanish

asymptotically when the number of BS antennas,M , grows to in�nity. Thus, by treating

this interference term as noise (TIN) which is a common technique used in the massive

MIMO literature, one obtains achievable rate expressions that, in the asymptotic limit of

M ! 1 , converge to a constant independent ofM . Hence, as a result of performing TIN

at the BSs in uplink or at the users' side in downlink, the bene�ts of increasing the number

of BS antennas saturate, which constitutes a bottleneck in practical implementations of
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massive MIMO systems.

In this thesis, we have addressed pilot contamination problem (due to the re-use of

orthogonal pilots in di�erent cells) for a multi-user multi-cell massiveMIMO system. We

analytically studied both uplink and downlink with two well-known linear combining and

precoding techniques, i.e., MRC/MRT and ZF. The case of RZF was alsonumerically

studied. We showed that when the number of BS antennas increases, pilot contamination

interference is not detrimental to the system performance, provided that it is carefully

decoded jointly along with the desired signal. As a result, we proposed to jointly decode

the main signal along with pilot contamination interference terms (either fully or partially)

as opposed to performing TIN, and showed that by doing so the rate saturation phenomena

is resolved and one can therefore achieve unbounded rates asM ! 1 .

The major contributions of the thesis are as follows:

In Chapter 3, for the uplink and downlink of a multi-cell massive MIMO system with

spatially correlated Rayleigh fading as well as uncorrelated Rayleigh fading channel mod-

els, we studied the performance of interference decoding schemes based on SD and SND.

Speci�cally, rather than treating pilot contamination interference as noise, we proposed

to jointly decode it (either uniquely as in SD ornon-uniquely as in SND) along with the

useful signal, resulting in achievable rate expressions that grow with M .

The major �ndings from this study are as follows:

1. We intuitively showed that after performing linear processing techniques and letting

M ! 1 , the resulting signal can be treated as a noise-freeL-user MAC where

the capacity region grows unbounded. It was also shown that whendecoding the

interference caused by pilot contamination, the re-use of orthogonal pilots across

cells (as opposed to using di�erent pilots in di�erent cells) is preferable, as it results

in decoding signi�cantly fewer terms.

2. We extended the previously established result on the worst-case uncorrelated noise

of a point-to-point channel to the multi-user case. Using this technique, we derived

general expressions of achievable rate lower bounds for both uplink and downlink of
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a multi-cell massive MIMO system that applies joint decoding to each set of pilot-

sharing users. These lower bounds are independent of the choice of linear processing

technique, and can thus be used in conjunction with Monte Carlo simulations to eval-

uate the system performance under various types of combining/precoding schemes.

3. Using the derivations of MMSE channel estimate in the case of a spatially correlated

Rayleigh fading channel, we specialized the achievable lower bounds tothe case of

MRC/MRT in uplink/downlink, and obtained new closed-form expressions for these

linear processing techniques that scale asO(log M ). Moreover, assuming that an

uncorrelated Rayleigh fading channel model is used (as a special case of the correlated

Rayleigh fading model), we simpli�ed these rate lower bounds, and further obtained

new closed-form expressions for ZF in both uplink and downlink, whichagain scale

as O(logM ).

4. As a measure of fairness, we studied the performance of maximum symmetric rate

allocation and compared the performance of the two proposed fullinterference de-

coding schemes, SD/SND, with that of TIN based on this fairness criteria. We also

introduced a simpli�ed achievable sub-region of SND, known as S-SND, and showed

that it strictly contains SD and also provides a lower bound to the performance of

SND. First, we considered the extreme regime of high SINR (i.e., whenM is truly

large) and observed that both interference decoding schemes, SD/SND, have iden-

tical performance in this regime and also outperform TIN. Also, it was shown that

in the high SINR regime pilot contamination interference is strong enough that the

optimum performance is obtained by uniquely decoding all signals of pilot-sharing

users together.

5. We obtained structural results for a symmetric two-cell system, where the MACs seen

in both cells are identical. For this symmetric setting, it was found that when M is

small and pilot contamination interference is thusweak, SND and TIN have identical

performance while outperforming SD. On the other hand, whenM is su�ciently

large and pilot contamination interference is thereforestrong, SND and SD have the

same performance while outperforming TIN. We also found conditions in terms of
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mutual information expressions under which these results are valid.

6. We provided extensive numerical results by simulating the downlinkof a multi-cell

massive MIMO system with correlated/uncorrelated Rayleigh fadingchannel models

in di�erent scenarios. The �rst �nding was that in all cases, unlessM is truly large

and beyond practical limit, SD provides poor performance and is outperformed by

the other schemes. We also observed that, for a practical rangeof M (e.g.,M � 128)

SND o�ers a notable gain over TIN, and this gain improves by either increasingM or

increasing the number of cells. It was further shown that both RZFand ZF produce

signi�cantly larger rates compared to MRC/MRT, due to the better mitigation of

multi-user interference, while RZF also outperforms ZF for small values ofM (e.g.,

M < 64) only.

7. In addition, we numerically studied the impact of changing the number of users,

the cell radius, the correlation magnitude and the standard deviation of shadow

fading on system performance. It was observed that while increasing the cell radius

(leading to reduced received power) or the number of users (leading to increased

interference) results in reducing the achievable rates of all schemes, it increases the

performance gain provided by SND over TIN. A similar observation was also made

when increasing the standard deviation of the shadow fading, i.e., increasing the

shadow fading degrades the performance of all schemes (as expected) while improving

the gain of SND over TIN. Lastly, we observed that spatial correlation improves

the performance of all schemes, resulting in reducing the gap between SND and

TIN. Nevertheless, it was seen that under moderate spatial correlation and with a

reasonable number of antennas SND still provides a signi�cant gain over TIN. This

means that the gains o�ered by SND in the case of an uncorrelated Rayleigh fading

channel are larger compared to the correlated case.

In Chapter 4, we studied the performance of partial interference decoding schemes

based on RS andnon-unique decoding in the downlink of a multi-cell massive MIMO

system. Speci�cally, in this chapter, we proposed tonon-uniquely decode part of pilot

contamination interference, while treating the remaining part as noise. We showed that
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these additional decoding 
exibilities lead to achieving signi�cantly larger rates compared

to the schemes of Chapter3, but at the cost of higher complexity.

We obtain the following �ndings from this study:

1. In the case of a two-cell system, we investigated the performance of an RS tech-

nique based on the well-known HK scheme (for an IC) and non-uniquedecoding. In

particular, the message of both users (i.e., the intended user and pilot contamina-

tion interference) were partitioned into two independent layers, known as the \inner

layer" and the \outer layer", where at the receiver's side both parts of the intended

message were decoded along with non-uniquely decoding only the inner layer of the

interfering signal. The rates of the individual layers at each cell arealso adjusted

based on two power splitting coe�cients that are numerically optimized.

2. This partial interference decoding scheme was also carefully generalized to the case

of more than two cells, while using only one power splitting coe�cient per IC. Specif-

ically, unlike the two-cell case, it was proposed to non-uniquely decode each layer of

the interfering signals along with uniquely decoding both parts of theintended mes-

sage at each receiver. By doing so, it was shown that even though all pilot-sharing

users are applying the same numerically-optimized power splitting coe�cient, ad-

ditional decoding 
exibilities (compared to SND) will be provided at each receiver;

hence outperforming the schemes of Chapter3.

3. To evaluate the performance of the proposed RS schemes, we numerically studied the

performance of maximum symmetric rate allocation for both cases of spatially cor-

related Rayleigh fading and uncorrelated Rayleigh fading, when the cellular network

comprises two, three, four or seven cells. We showed that the maximum symmetric

rate allocation problem can be equivalently formulated as an LP that can be e�-

ciently solved. While for the case of two and three cells the true performance of

the RS scheme was investigated, in the case of four and seven cells an achievable

sub-region of the proposed RS scheme was considered. In all cases, we observed that

by numerically optimizing the power splitting coe�cients, the proposed RS schemes

produce signi�cantly larger rates compared to SND and TIN, and the performance
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improves by increasing the number of antennasM . Furthermore, it was observed

that increasing the number of cells results in improving the gain provided by the RS

scheme such that the maximum gains in all scenarios were obtained in the case of

seven cells; thus showing the importance of the proposed scheme inpractical imple-

mentations.

4. Similar to Chapter 3, the impacts of increasing the number of users, the cell ra-

dius, the correlation magnitude and the shadow fading on the achieved maximum

symmetric rate of the proposed RS scheme were also investigated.It was observed

that increasing the number of users, the cell radius and the shadow fading degrade

the performance of the RS scheme, while improving the gain it can o�er. Besides,

increasing the correlation magnitude leads to improving the performance of the pro-

posed RS scheme (similar to the results of Chapter3), thereby reducing the gain

provided by the RS scheme. Nonetheless, we observed that with a moderate spatial

correlation and a practical value ofM (e.g., M = 128), the RS scheme still provides

a signi�cant gain over the schemes of Chapter3.

5. Lastly, we showed that by replacing the numerically-optimized values of the power

splitting coe�cients with their mean value over a large number of random realiza-

tions of users' locations, the performance loss is quite negligible; thus reducing the

complexity of the optimization problem in practical settings.

5.2 Directions for Future Work

In the following, we mention a few noteworthy future extensions ofthe current work.

While some of these are only consolidations or extensions of the present work, new ap-

proaches/techniques are possibly needed for the other problems.
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5.2.1 Other measures of fairness

In this work, we compared the performance of the di�erent interference management

schemes, TIN/SD/SND/RS with the maximum symmetric rate they can o�er. However,

other measures of fairness among users such as proportional fairness (i.e., maximizing

the geometric mean of the users' rate) can also be considered andis expected to provide

larger rates (compared to the maximum symmetric rate allocation) to users with stronger

channels.

5.2.2 Cell-free massive MIMO systems

Cell-free massive MIMO refers to a special network con�guration,where the BS antennas

(or access points) are distributed over a large area, rather thanbeing co-located in a

compact array, and users in the network can potentially be servedby all BSs [161]. It is thus

clear that the large-scale fading coe�cients in a cell-free massive MIMO system depend on

both the BS antenna index as well as the user index. A number of papers have studied the

performance of cell-free massive MIMO under the assumption thatperfect CSI is available

everywhere [162{ 166], though massive MIMO gains rely heavily on the accurate estimation

of CSI. Moreover, the work of [167] has investigated the performance of MRC in uplink

assuming that channel estimates are obtained using orthogonal pilots across the entire

network, thus eliminating pilot contamination e�ect. Recently, cell-free massive MIMO

systems with imperfect CSI have been also studied in the literature,where techniques such

as LSFD [40] have been proposed to cope with pilot contamination problem. One possible

direction for future work could be the investigation of the proposed interference decoding

schemes of this thesis (as opposed to TIN) in cell-free con�gurations to improve the system

performance. While studying the performance of the interference decoding schemes, it is

expected that user scheduling (i.e., which users should be served bywhich BSs) and proper

pilot assignment among users can also be challenges that need to be addressed [101,168].
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5.2.3 Multi-cell systems with a central unit connected to al l BSs

via fronthaul links

In a cloud radio access network (C-RAN), it is assumed that several remote radio heads

(RRH) (or BSs) are connected to a central unit (CU) to perform digital baseband process-

ing tasks [169]. A large amount of research has been reported in the literature addressing

the viability of massive MIMO implementations with C-RANs [170{ 172]. Hence, another

direction for future work would be to consider a C-RAN with imperfect CSI (thus experi-

encing pilot contamination) consisting of distributed RRHs that havea massive number of

antenna arrays. In turn, when sending all the BSs' signals to the CU, it has access to the

signals of both strong and possibly weak users (pilot contamination interference terms).

Thus, by performing an additional layer of processing based on decoding pilot contami-

nation interference terms at the CU, one can potentially achieve animproved throughput

while requiring possibly smaller number of antennas at each RRH compared to regular

massive MIMO systems. In the simplest model, we can assume that RRHs are connected

to the CU via in�nite-capacity fronthaul links and study the performance of interference

decoding schemes at the CU. In the next step, one can consider �nite-capacity fronthaul

links, thus the need for proper signal quantization at RRHs while exploring the bene�ts of

interference decoding schemes.

5.2.4 Multi-antenna users

We have observed that the performance gains of massive MIMO systems performing

full/partial interference decoding schemes scale with the number of BS antennas. How-

ever, nothing in our analysis precludes the use of multi-antenna users. In particular, a

multi-antenna user can potentially bene�t from a throughput increase that is proportional

to the number of antennas it possesses. Furthermore, multi-antenna users are capable of

performing more advanced interference suppression techniques. In the simplest case, one

could model each multi-antenna terminal as a multiplicity of single-antenna terminals. In-

vestigating the bene�ts of multi-antenna terminals in massive MIMO systems is still under

an active area of research, in both regular multi-cell con�gurations [173,174] as well as the
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cell-free deployments [175, 176]. Therefore, another interesting direction for future work

is the study of the performance of pilot contamination interference decoding schemes in

massive MIMO systems, where each BS serves several multi-antenna users.
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Appendix A

A.1 Proof of Lemma 2

Without loss of generality assume that 
 = f 1; 2; :::; lg and thus 
 c = f l + 1; :::; Lg. We

start by expanding the r.h.s of (3.4) as follows
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where (a) is because the entries ofxxxG

 and xxxG


 c are independent, and (b) follows from the

entropy of a complex Gaussian vector with independent entries. Also, using the chain rule

one can write
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where � i is any constant. De�ning ~yi = y �
P i � 1

j =1 xG
j �

P
k2 
 c xG
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where (c) is due to the fact that conditioning reduces the entropy and (d) follows as

Gaussian distributions maximize entropy. To obtain the tightest upper bound, one should

minimize var[xG
i � � i ~yi ], i.e., � i ~yi must be the LMMSE estimate ofxG

i . More precisely, one

can choose� i = E[~y�
i ~yi ]� 1E[xG

i ~y�
i ] = Pi =(

P l
j = i Pj + � 2

z), where the second equality follows

sincez is uncorrelated from the users' signals. Thus
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and therefore we obtain
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Hence, from (A.3) the following lower bound is obtained
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A.2 Proof of Theorem 1

The expression of ^yul
ji in (3.5) includes four di�erent sums where each term in each sum is

zero-mean and also uncorrelated with every other term in the foursums. As the last three

sums in (3.5) are uncorrelated withxul
l [i ]; l = 1; :::; L; the variance of these can be treated

as the variance of an uncorrelated noise. Therefore, to prove the desired result, one needs

to calculate the variance of the interference due to beamforming gain uncertainty (denoted

by Pul
2 ), the variance of the interference caused by other uses (denoted by Pul

3 ) and the

variance of noise (denoted byPul
4 ). It can be veri�ed that the variance of the desired signal

components is
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Also, since these four sums are uncorrelated, one can write
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Hence, we need to compute var
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�
. First, observe that the uplink baseband signal ^yul
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can be equivalently written as
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where we have used the fact thatE
h�
�xul

l [k]
�
�2

i
= 1; 8l; k; and the last step follows by noting

that the elements of the noise vectornnnj have unit variance. We thus have
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Furthermore, note that for the numerator in the r.h.s of (3.8) we have
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Therefore, since the e�ective noise is zero-mean and uncorrelated from the desired signals,

one can directly apply Lemma2 in conjunction with the computed variances above to

obtain the lower bound in (3.8).

A.3 Proof of Theorem 2

The proof follows steps similar to those of Theorem1. Speci�cally, note that the expression

of ydl
il in (3.9) includes four zero-mean sums that are also uncorrelated. Denote the variance

of the desired signals byPdl
1 , the variance of the interference due to beamforming gain

uncertainty by Pdl
2 , the variance of inter-cell interference caused by other users by Pdl

3 and

the variance of noise byPdl
4 . Hence, since these four sums are uncorrelated with each other,

we have var
�
ydl

il

�
= Pdl

1 + Pdl
2 + Pdl

3 + Pdl
4 . It is easy to verify that the variance of the

desired signals is
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which is followed fromE
�
jsj [k]j2

�
= 1; 8j; k . In addition, one can equivalently writeydl

il as
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r
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Therefore, we obtain for var
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where we have used the fact that the noise term has unit variance,i.e., E
�
jzil j

2� = 1. As

such,Pdl
2 + Pdl

3 + Pdl
4 is found as
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Lastly, for the numerator in the r.h.s of (3.12) we have
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Therefore, since the e�ective noise is zero-mean and uncorrelated with the desired signals,

one can directly apply Lemma2 in conjunction with the computed variances above to

obtain the lower bound in (3.12).

A.4 Proof of Theorem 3

Following a similar approach to that of [64, Appendix C], for the numerator of the lower

bound in (3.13), we calculate
P

l2 
 � ul
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with the combining vector given by
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where (a) follows by the fact that the estimate and the estimation error are uncorrelated

and have zero mean. Recall from Chapter2 that ĝggj il = RRRj il RRR� 1
jij ĝggj ij . Therefore,
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The �rst term in the denominator of the lower bound in (3.13) is computed as follows.
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i.e., we separately compute the summation over the users that share the same pilot sequence

as useri in cell j (the �rst summation in ( A.31)) and the summation over users that are

using a di�erent pilot sequence (the second summation in (A.31)). For the �rst summation,

we have

LX

l=1

� ul E
� �
�
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where (b) is due to the fact that the estimate and the estimation error are uncorrelated
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and have zero mean. For the second summation in (A.34), we obtain
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where (c) follows by the fact that the estimate and the estimation error are uncorrelated.

To compute the �rst summation in (A.34), we �rst need to present the following lemma

from [177, Lemma 2].

Lemma 4. Consider a zero-mean random vectorqqq with distribution qqq � CN (000; ���) , where

��� 2 CM � M is the covariance matrix, and an arbitrary deterministic matrix WWW 2 CM � M .

Then, the following identity holds
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Next, we re-write the �rst summation in (A.34) as follows
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where (d) follows by the derivations of the MMSE channel estimate from Chapter 2, i.e.,
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ĝggj ij =
p

� pRRRj ij ��� � 1
ji rrr j i and ĝggj il =

p
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ji rrr j i . Noting that rrr j i � CN (000; ��� j i ), and

assuming thatqqq = rrr j i and WWW = ��� � 1
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ji , we can apply Lemma4 to obtain the

following
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ji RRRj ij RRRj il ��� � 1
ji ��� j i ��� � 1

ji RRRj il RRRj ij ��� � 1
ji

�

(A.42)

=
LX

l=1

� ul � 2
p

�
� tr

�
RRRj ij RRRj il ��� � 1

ji

� �
�2

+
LX

l=1

� ul � 2
ptr

�
RRRj ij RRRj il ��� � 1

ji RRRj il RRRj ij ��� � 1
ji

�
(A.43)

=
LX

l=1

� ul � 2
p

�
� tr

�
RRRj il ��� � 1

ji RRRj ij

� �
�2

+
LX

l=1

� ul � 2
ptr

�
RRRj il ��� � 1

ji RRRj il RRRj ij ��� � 1
ji RRRj ij

�
: (A.44)

Now, (A.32) which is the summation of (A.38) and (A.44) is found as

LX

l=1

� ulE
� �
�
�ĝggy

jij gggj il

�
�
�
2
�

=
LX

l=1

� ul � 2
p

�
� tr

�
RRRj il ��� � 1

ji RRRj ij

� �
�2

+
LX

l=1

� ul � ptr
�
RRRj il RRRj ij ��� � 1

ji RRRj ij

�
:

(A.45)

For the second summation in (A.31) (i.e., summation over users that are using a di�erent

pilot sequence), we obtain

LX

l=1

KX

k=1 ;k6= i

� ulE
� �
�
�ĝggy

jij gggjkl

�
�
�
2
�

=
LX

l=1

KX

k=1 ;k6= i

� ulE
h�

ĝggy
jij gggjkl

� �
gggy

jkl ĝggj ij

�i
(A.46)
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=
LX

l=1

KX

k=1 ;k6= i

� ulE
h
tr

�
gggjkl ggg

y
jkl ĝggj ij ĝggy

jij

�i
(A.47)

(e)
=

LX

l=1

KX

k=1 ;k6= i

� ul tr
�

E
h
gggjkl ggg

y
jkl

i
E

h
ĝggj ij ĝggy

jij

i�
(A.48)

=
LX

l=1

KX

k=1 ;k6= i

� ul tr
�
RRRjkl � pRRRj ij ��� � 1

ji RRRj ij

�
(A.49)

=
LX

l=1

KX

k=1 ;k6= i

� ul � ptr
�
RRRjkl RRRj ij ��� � 1

ji RRRj ij
�

; (A.50)

where (e) is due to the fact thatgggjkl and ĝggj ij are uncorrelated fork 6= i , as these users

are using di�erent pilot sequences. Hence, (A.31) (the �rst term in the denominator of the

lower bound in (3.13)) is simpli�ed as below

LX

l=1

KX

k=1

� ulE
� �
�
�ĝggy

jij gggjkl

�
�
�
2
�

=
LX

l=1

� ul � 2
p

�
� tr

�
RRRj il ��� � 1

ji RRRj ij

� �
�2

+
LX

l=1

KX

k=1

� ul � ptr
�
RRRjkl RRRj ij ��� � 1

ji RRRj ij

�
:

(A.51)

The computation of the second term in the denominator of the lowerbound in (3.13)

follows steps similar to those of the numerator, except that now the summation is over all

l = 1; :::; L. We thus have

LX

l=1

� ul

�
�
�E

h
ĝggy

jij gggj il

i �
�
�
2

=
LX

l=1

� ul � 2
p

�
� tr

�
RRRj il ��� � 1

ji RRRj ij

� �
�2

: (A.52)

Lastly, the third term in the denominator of the lower bound in (3.13) is calculated as

follows

E
�
kvvvj ij k2� = E

h


 ĝggj ij




 2

i
(A.53)

= E
h
ĝggy

jij ĝggj ij

i
(A.54)
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= tr
�

E
h
ĝggj ij ĝggy

jij

i�
(A.55)

= � ptr
�
RRRj ij ��� � 1

ji RRRj ij

�
: (A.56)

Therefore, for the denominator of the lower bound in (3.13), we obtain

LX

l=1

KX

k=1

� ulE
� �
�
�vvvy

jij gggjkl

�
�
�
2
�
�

LX

l=1

� ul

�
�
�E

h
vvvy

jij gggj il

i �
�
�
2
+ E

�
kvvvj ij k2�

(A.57)

=
LX

l=1

KX

k=1

� ul � p tr
�
RRRjkl RRRj ij ��� � 1

ji RRRj ij

�
+ � p tr

�
RRRj ij ��� � 1

ji RRRj ij

�
: (A.58)

Therefore, since the e�ective noise is zero-mean and uncorrelated from the desired

signals, one can directly apply Lemma2 in conjunction with the computed variances above

to obtain the required lower bound. This completes the proof.

A.5 Proof of Theorem 4

Following a similar approach to that of [64, Appendix C], for the numerator of the lower

bound in (3.16), we compute
P

j 2 
 (� dl=� j )
�
�
�E

h
gggy

jil wwwj ij

i �
�
�
2
, with the precoding vector given

by wwwj ij = ĝggj ij . Hence,

X

j 2 


� dl

� mrt
j

�
�
�E

h
gggy

jil ĝggj ij

i �
�
�
2

=
X

j 2 


� dl

� mrt
j

�
�
�E

h�
ĝggy

jil + ��� y
jil

�
ĝggj ij

i �
�
�
2

(A.59)

(a)
=

X

j 2 


� dl

� mrt
j

�
�
�E

h
tr

�
ĝggj ij ĝggy

jil

�i �
�
�
2

(A.60)

(b)
=

X

j 2 


� dl

� mrt
j

�
�
� tr

�
E

h
ĝggj ij ĝggy

jij

i
RRR� 1

jij RRRj il

� �
�
�
2

(A.61)

=
X

j 2 


� dl

� mrt
j

�
� tr

�
� pRRRj ij ��� � 1

ji RRRj ij RRR� 1
jij RRRj il

� �
�2

(A.62)

=
X

j 2 


� dl � 2
p

� mrt
j

�
� tr

�
RRRj ij ��� � 1

ji RRRj il

� �
�2

; (A.63)
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where (a) follows by the fact that the estimate and the estimation error are uncorrelated

and have zero mean, and (b) follows from the identitŷgggj il = RRRj il RRR� 1
jij ĝggj ij .

Next, we need to compute the �rst and the second term in the denominator of the lower

bound in (3.12). For the �rst term, similar to the proof of uplink MRC, we separately

compute the summation over the users that are sharing the same pilot sequence as useri

in cell l and the summation over those users that are using a di�erent pilot sequence, i.e.,

LX

j =1

KX

k=1

� dl

� j
E

� �
�
�gggy

jil ĝggjkj

�
�
�
2
�

=
LX

j =1

� dl

� mrt
j

E
� �
�
�gggy

jil ĝggj ij

�
�
�
2
�

+
LX

j =1

KX

k=1 ;k6= i

� dl

� mrt
j

E
� �
�
�gggy

jil ĝggjkj

�
�
�
2
�

:

(A.64)

For the �rst term in the r.h.s of ( A.64) (i.e., the summation over the users sharing thei th

pilot sequence), we obtain

LX

j =1

� dl

� mrt
j

E
� �
�
�gggy

jil ĝggj ij

�
�
�
2
�

=
LX

j =1

� dl

� mrt
j

E
h
gggy

jil ĝggj ij ĝggy
jij gggj il

i
(A.65)

=
LX

j =1

� dl

� mrt
j

E
h�

ĝggy
jil + ��� y

jil

�
ĝggj ij ĝggy

jij

�
ĝggj il + ��� j il

� i
(A.66)

(c)
=

LX

j =1

� dl

� mrt
j

�
E

h
ĝggy

jil ĝggj ij ĝggy
jij ĝggj il

i
+ E

h
��� y

jil ĝggj ij ĝggy
jij ��� j il

i�
; (A.67)

where (c) is obtained by noting that the estimate and the estimationerror are uncorrelated

and have zero mean. The �rst term in (A.67) is computed as follows

LX

j =1

� dl

� mrt
j

E
h
ĝggy

jil ĝggj ij ĝggy
jij ĝggj il

i
=

LX

j =1

� dl

� mrt
j

E
� �
�
�ĝggy

jil ĝggj ij

�
�
�
2
�

(A.68)

(d)
=

LX

j =1

� dl

� mrt
j

E
� �
�
�
p

� prrr
y
ji ���

� 1
ji RRRj il

p
� pRRRj ij ��� � 1

ji rrr j i

�
�
�
2
�

(A.69)

=
LX

j =1

� dl � 2
p

� mrt
j

E
� �
�
�rrr y

ji ���
� 1
ji RRRj il RRRj ij ��� � 1

ji rrr j i

�
�
�
2
�

(A.70)
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(e)
=

LX

j =1

� dl � 2
p

� mrt
j

�
� tr

�
��� j i ��� � 1

ji RRRj il RRRj ij ��� � 1
ji

� �
�2

+
LX

j =1

� dl � 2
p

� mrt
j

tr
�
��� j i ��� � 1

ji RRRj il RRRj ij ��� � 1
ji ��� j i ��� � 1

ji RRRj ij RRRj il ��� � 1
ji

�
(A.71)

=
LX

j =1

� dl � 2
p

� mrt
j

�
� tr

�
RRRj il RRRj ij ��� � 1

ji

� �
�2

+
LX

j =1

� dl � 2
p

� mrt
j

tr
�
RRRj il RRRj ij ��� � 1

ji RRRj ij RRRj il ��� � 1
ji

�
(A.72)

=
LX

j =1

� dl � 2
p

� mrt
j

�
� tr

�
RRRj ij ��� � 1

ji RRRj il

� �
�2

+
LX

j =1

� dl � 2
p

� mrt
j

tr
�
RRRj ij ��� � 1

ji RRRj ij RRRj il ��� � 1
ji RRRj il

�
; (A.73)

where (d) is obtained using the identitieŝgggj ij =
p

� pRRRj ij ��� � 1
ji rrr j i and ĝggj il =

p
� pRRRj il ��� � 1

ji rrr j i ,

and (e) follows from applying Lemma4 and noting that rrr j i � CN (000; ��� j i ).

The second term in (A.67) is obtained as follows

LX

j =1

� dl

� mrt
j

E
h
��� y

jil ĝggj ij ĝggy
jij ��� j il

i
=

LX

j =1

� dl

� mrt
j

E
h
tr

�
ĝggy

jij ĝggy
jij ��� j il ��� y

jil

�i
(A.74)

=
LX

j =1

� dl

� mrt
j

tr
�

E
h
ĝggj ij ĝggy

jij

i
E

h
��� j il ��� y

jil

i�
(A.75)

=
LX

j =1

� dl

� mrt
j

tr
��

� pRRRj ij ��� � 1
ji RRRj ij

� �
RRRj il � � pRRRj il ��� � 1

ji RRRj il
��

(A.76)

=
LX

j =1

� dl � p

� mrt
j

tr
�
RRRj ij ��� � 1

ji RRRj ij RRRj il

�

�
LX

j =1

� dl � 2
p

� mrt
j

tr
�
RRRj ij ��� � 1

ji RRRj ij RRRj il ��� � 1
ji RRRj il

�
: (A.77)
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Thus, adding up (A.73) and (A.77), for the �rst summation in the r.h.s of (A.64) (i.e., the

summation over the users sharing thei th pilot sequence) we obtain

LX

j =1

� dl

� mrt
j

E
� �
�
�gggy

jil ĝggj ij

�
�
�
2
�

=
LX

j =1

� dl � p

� mrt
j

tr
�
RRRj ij ��� � 1

ji RRRj ij RRRj il

�

+
LX

j =1

� dl � 2
p

� mrt
j

�
� tr

�
RRRj ij ��� � 1

ji RRRj il

� �
�2

: (A.78)

For the second summation in the r.h.s of (A.64), we have

LX

j =1

KX

k=1 ;k6= i

� dl

� mrt
j

E
� �
�
�gggy

jil ĝggjkj

�
�
�
2
�

=
LX

j =1

KX

k=1 ;k6= i

� dl

� mrt
j

E
h
gggy

jil ĝggjkj ĝggy
jkj gggj il

i
(A.79)

=
LX

j =1

KX

k=1 ;k6= i

� dl

� mrt
j

E
h
tr

�
ĝggjkj ĝggy

jkj gggj il gggy
jil

�i
(A.80)

(f )
=

LX

j =1

KX

k=1 ;k6= i

� dl

� mrt
j

tr
�

E
h
ĝggjkj ĝggy

jkj

i
E

h
gggj il gggy

jil

i�
(A.81)

=
LX

j =1

KX

k=1 ;k6= i

� dl

� mrt
j

tr
�
� pRRRjkj ��� � 1

ji RRRjkj RRRj il

�
(A.82)

=
LX

j =1

KX

k=1 ;k6= i

� dl � p

� mrt
j

tr
�
RRRjkj ��� � 1

ji RRRjkj RRRj il

�
; (A.83)

where (f) follows by the fact thatĝggjkl and gggj il are uncorrelated fork 6= i . Hence, by adding

(A.83) and (A.78), we obtain

LX

j =1

KX

k=1

� dl

� j
E

� �
�
�gggy

jil ĝggjkj

�
�
�
2
�

=
LX

j =1

KX

k=1

� dl � p

� mrt
j

tr
�
RRRjkj ��� � 1

ji RRRjkj RRRj il

�
+

LX

j =1

� dl � 2
p

� mrt
j

�
� tr

�
RRRj ij ��� � 1

ji RRRj il

� �
�2

:

(A.84)

Lastly, the second summation in the denominator of the lower boundin (3.12), with

the precoding vector given bywwwj ij = ĝggj ij , can be computed following steps similar to those
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of the numerator in (A.59), except that now the summation is over allj = 1; :::; L. Hence,

LX

j =1

� dl

� j

�
�
�E

h
gggy

jil ĝggj ij

i �
�
�
2

=
LX

j =1

� dl � 2
p

� mrt
j

�
� tr

�
RRRj ij ��� � 1

ji RRRj il

� �
�2

: (A.85)

Therefore, the denominator of the lower bound in (3.12) is simpli�ed as follows

LX

j =1

KX

k=1

� dl

� mrt
j

E
� �
�
�gggy

jil ĝggjkj

�
�
�
2
�

�
LX

j =1

� dl

� mrt
j

�
�
�E

h
gggy

jil ĝggj ij

i �
�
�
2

+ 1

=
LX

j =1

KX

k=1

� dl � p

� mrt
j

tr
�
RRRjkj ��� � 1

jk RRRjkj RRRj il
�

+ 1: (A.86)

Therefore, since the e�ective noise is zero-mean and uncorrelated from the desired

signals, one can directly apply Lemma2 in conjunction with the computed variances above

to obtain the required lower bound. This completes the proof.

A.6 Proof of Corollary 1

We start by computing the power of the desired signals,Pmrc
1 . Note that

Pmrc
1 =

X

l2 


� ul

�
�
�E

h
ĝ̂ĝgy

jij gggj il

i �
�
�
2

=
X

l2 


� ul

�
�
�E

h
ĝ̂ĝgy

jij (ĝ̂ĝgj il + ��� j il )
i �
�
�
2

(A.87)

(a)
=

X

l2 


� ul

�
�
�E

h
ĝ̂ĝgy

jij ĝ̂ĝgj il

i �
�
�
2

(A.88)

(b)
=

X

l2 


M 2� ul

�
� j il

� j ij

� 2 � 2
p� 4

jij
�

1 + � p
P L

l1=1 � j il 1

� 2 (A.89)

= M 2
X

l2 


� p� ul � 2
jil � 2

jij ; (A.90)
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where (a) follows from the fact thatĝ̂ĝgj ij and ��� j ij are independent, and (b) is obtained by

noting that ĝggj il = ( � j il =� j ij )ĝggj ij . Note that as explained earlier, all terms in the e�ective

noise are uncorrelated; thus var[z0
jij ] = Pmrc

2 + Pmrc
3 + Pmrc

4 ; wherePmrc
2 is the variance of

interference due to the beamforming gain uncertainty,Pmrc
3 is the variance caused by other

users andPmrc
4 is the variance of noise.

To compute Pmrc
2 , we write

Pmrc
2 =

LX

l=1

� ulE
� �
�
�ĝ̂ĝgy

jij gggj il � E
h
ĝ̂ĝgy

jij gggj il

i �
�
�
2
�

(A.91)

(c)
=

LX

l=1

� ulE
� �
�
�ĝ̂ĝgy

jij ĝ̂ĝgj il � E
h
ĝ̂ĝgy

jij ĝ̂ĝgj il

i �
�
�
2
�
+

LX

l=1

� ulE
� �
�
�ĝ̂ĝgy

jij ��� j il

�
�
�
2
�

; (A.92)

where (c) is due to the fact thatĝggj il = ( � j il =� j ij )ĝggj ij . For the �rst term in ( A.92) we obtain

LX

l=1

� ulE
� �
�
�ĝ̂ĝgy

jij ĝ̂ĝgj il � E
h
ĝ̂ĝgy

jij ĝ̂ĝgj il

i �
�
�
2
�

=
LX

l=1

� ul

�
� j il

� j ij

� 2

var
h
ĝ̂ĝgy

jij ĝ̂ĝgj ij

i
(A.93)

=
LX

l=1

M� ul

�
� j il

� j ij

� 2 � 2
p� 4

jij
�

1 + � p
P L

l1=1 � j il 1

� 2 : (A.94)

Similarly, for the second term in (A.92) we obtain

LX

l=1

� ulE
� �
�
�ĝ̂ĝgy

jij ��� j il

�
�
�
2
�

=
LX

l=1

� ul E
h
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�
ĝ̂ĝgy

jij ��� j il ��� y
jil ĝ̂ĝgj ij

�i
(A.95)

=
LX

l=1

� ul tr
�

E
h
��� j il ��� y

jil

i
E

h
ĝ̂ĝgj ij ĝ̂ĝgy

jij

i�
(A.96)
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= M� ul

LX

l=1

 

� j il �
� p� 2

jil

1 + � p
P L

l1=1 � j il 1

!  
� p� 2

jij

1 + � p
P L

l1=1 � j il 1

!

: (A.97)

Therefore, using (A.94) and (A.97), one can verify that

Pmrc
2 =

LX

l=1

M� ul

�
� j il

� j ij

� 2

0

B
@

� 2
p� 4

jij
�

1 + � p
P L

l1=1 � j il 1

� 2

1

C
A (A.98)

+ M� ul

 
� p� 2

jij

1 + � p
P L

l1=1 � j il 1

!
LX
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� j il �
� p� 2

jil

1 + � p
P L

l1=1 � j il 1

!

= M
p

� p� j ij � j ij

LX

l=1

� ul � j il : (A.99)

For the power of the interference of other users,Pmrc
3 , we write

Pmrc
3 =

LX

l=1

KX

k=1 ;k6= i

� ul E
� �
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(A.100)
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(A.101)
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(A.102)

=
LX

l=1

KX

k=1 ;k6= i

M� ul

 
� p� 2

jij

1 + � p
P L

l1=1 � j il 1

!  
� p� 2

jkl

1 + � p
P L

l2=1 � jkl 2

!

+
LX

l=1

KX

k=1 ;k6= i

M� ul

 
� p� 2

jij

1 + � p
P L

l1=1 � j il 1

!  

� jkl �
� p� 2

jkl

1 + � p
P L

l2=1 � jkl 2

!

= M
p

� p� j ij � j ij

LX

l=1

KX

k=1 ;k6= i

� ul � jkl : (A.103)
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Finally, for the power of the noise,Pmrc
4 , we obtain

Pmrc
4 = E

� �
�
�ĝ̂ĝgy

jij nnnj

�
�
�
2
�

(A.104)

= tr
�

E
h
ĝ̂ĝgj ij ĝ̂ĝgy

jij

i
E

h
nnnj nnn

y
j

i�
(A.105)

= M
� p� 2

jij

1 + � p
P L

l1=1 � j il 1

(A.106)

= M
p

� p� j ij � j ij : (A.107)

Therefore, since the e�ective noise is zero-mean and uncorrelated from the desired

signals, one can directly apply Lemma2 in conjunction with the computed variances above

to obtain the required lower bound.

A.7 Proof of Theorem 5

We start by computing the variance of the desired signals,I zf
1 , in (3.22). We can easily

verify that

I zf
1 =

X

l2 


� ul

�
� j il

� j ij

� 2

: (A.108)

Note that as explained earlier, all terms in the e�ective noisez00
jij in (3.22) are uncorrelated;

thus

var
�
z00

jij

�
= I zf

2 + I zf
3 ; (A.109)

where I zf
2 is the variance of interference due to channel estimation error and I zf

3 is the

variance of noise in (3.22). For I zf
2 , we obtain

I zf
2 =

LX

l=1

KX

k=1

� ul E
� �
�
�vvvy

jij ��� jkl

�
�
�
2
�

(A.110)

=
LX

l=1

KX

k=1

� ul tr
�

E
h
��� jkl ���

y
jkl

i
E

h
vvvj ij vvvy

jij

i�
(A.111)
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=
LX

l=1

KX

k=1

� ul

�
� jkl �

p
� p� jkl � jkl

�
E

h
vvvy

jij vvvj ij

i
(A.112)

=
LX

l=1

KX

k=1

� ul
� jkl �

p
� p� jkl � jkl

(M � K )
p

� p� j ij � j ij
; (A.113)

where in the last step we have used the following standard result in random matrix theory

[114]

E
h
vvvy

jij vvvj ij

i
=

1
(M � K )

p
� p� j ij � j ij

: (A.114)

Finally, for the variance of noise,I zf
3 , we can write

I zf
3 = E

� �
�
�vvvy

jij nnnj

�
�
�
2
�

(A.115)

= tr
�

E
h
vvvj ij vvvy

jij

i
E

h
nnnj nnn

y
j

i�
(A.116)

= E
h
vvvy

jij vvvj ij

i
(A.117)

=
1

(M � K )
p

� p� j ij � j ij
: (A.118)

Therefore, since the e�ective noise is zero-mean and uncorrelated from the desired

signals, one can directly apply Lemma2 in conjunction with the computed variances above

to obtain the required lower bound. The proof is thus complete.

A.8 Proof of Corollary 2

Let Pmrt
1 be the variance of the desired signals in (3.9). We start by computing Pmrt

1 as

follows

Pmrt
1 =

LX

j 2 


�
� dl

� mrt
j

� �
�
�E

h
gggy

jil ĝggj ij

i �
�
�
2
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=
LX

j 2 


�
� dl

� mrt
j

� �
�
�E

h
ĝggy

jil ĝggj ij

i
+ E

h
��� y

jil ĝggj ij

i �
�
�
2

(a)
=

LX

j 2 


�
� dl

� mrt
j

� �
�
�E

h
ĝggy

jil ĝggj ij

i �
�
�
2

(b)
=

LX

j 2 


�
M

p
� p� j ij � j ij

� 2
� dl � 2

jil

� mrt
j � 2

jij

= M 2
X

j 2 


� dl � p� 2
jil � 2

jij

� mrt
j

; (A.119)

where (a) is due to the fact that��� j il and ĝggj ij are independent and (b) follows from ^ĝĝgj il =

(� j il =� j ij )ĝ̂ĝgj ij and the distribution of ĝ̂ĝgjkj explained below (2.11). Since all three terms in

the e�ective noise are uncorrelated, we have var [w0
il ] = Pmrt

2 + Pmrt
3 + Pmrt

4 , wherePmrt
2 is

the variance of interference due to beamforming gain uncertainty, Pmrt
3 is the variance of

interference caused by other users andPmrt
4 is the variance of noise in (3.9).

To compute Pmrt
2 , we write

Pmrt
2 =

LX

j =1

�
� dl

� mrt
j

�
E

� �
�
�gggy

jil ĝggj ij � E
h
gggy

jil ĝggj ij

i �
�
�
2
�

=
LX

j =1

�
� dl

� mrt
j

�
E

� �
�
�ĝggy

jil ĝggj ij � E
h
ĝggy

jil ĝggj ij

i �
�
�
2
�

+
LX

j =1

�
� dl

� mrt
j

�
E

� �
�
���� y

jil ĝggj ij

�
�
�
2
�

: (A.120)

For the �rst term in ( A.120), it is obtained

LX

j =1

� dl

� mrt
j

E
� �
�
�ĝggy

jil ĝggj ij � E
h
ĝggy

jil ĝggj ij

i �
�
�
2
�

=
LX

j =1

� dl

� mrt
j

var
h
ĝggy

jil ĝggj ij

i

= M
LX

j =1

� dl

� mrt
j

� p� 2
jil � 2

jij : (A.121)
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Similarly, for the second term in (A.120), we obtain

LX

j =1

� dl

� mrt
j

E
� �
�
���� y

jil ĝggj ij

�
�
�
2
�

=
LX

j =1

� dl

� mrt
j

E
h
ĝggy

jij ��� j il ��� y
jil ĝggj ij

i

=
LX

j =1

� dl

� mrt
j

tr
�

E
h
��� j il ��� y

jil

i
E

h
ĝggj ij ĝggy

jij

i�

= M
LX

j =1

�
� dl

� mrt
j

�
� j il

�
1 �

p
� p� j il

� � p
� p� j ij � j ij

�
: (A.122)

Adding up (A.121) and (A.122), Pmrt
2 is thus obtained. Next, forPmrt

3 we write

Pmrt
3 =

LX

j =1

�
� dl

� mrt
j

� KX

k=1 ;k6= i

E
� �
�
�gggy

jil ĝggjkj
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�
�
2
�

=
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�ĝggy

jil ĝggjkj
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i��
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� dl
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j

� KX

k=1 ;k6= i

�
M

� p
� p� j il � j il

� � p
� p� jkj � jkj

�

+ M
� p

� p� jkj � jkj

� �
� j il �

p
� p� j il � j il

� �

= M
LX

j =1

�
� dl

� mrt
j

� KX

k=1 ;k6= i

p
� p� jkj � jkj � j il :

Finally, the power of the noisewil is Pmrt
4 = 1.

Therefore, since the e�ective noise is zero-mean and uncorrelated from the desired

signals, one can directly apply Lemma2 in conjunction with the computed variances above

to obtain the required lower bound.
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A.9 Proof of Theorem 6

We start by computing the variance of the desired signal, i.e.,
P

j 2 


q
� dl=� zf

j (� j il =� j ij ) sj [i ]. It is readily veri�ed that

var [ Desired signal ] =
X

j 2 


 
� dl

� zf
j

! �
� j il

� j ij

� 2

: (A.123)

For the variance of the e�ective noise,w00
il , we have

var [w00
il ]

(a)
= var [ Interference due to estimation error ] + var [wil ] ; (A.124)

where (a) is due to the fact thatwil is uncorrelated from the interference caused by the

estimation error. To compute the �rst variance we can write

var [ Interference due to estimation error ]

=
LX

j =1

 
� dl

� zf
j

!
KX

k=1

E
� �
�
���� y

jil vvvjkj

�
�
�
2
�

(A.125)

=
LX

j =1

 
� dl

� zf
j

!
KX

k=1

E
h�

��� y
jil vvvjkj

� �
vvvy

jkj ��� j il

�i
(A.126)

=
LX
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j

!
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k=1
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h
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�
��� y

jil vvvjkj vvvy
jkj ��� j il
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(A.127)

=
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j =1
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!
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(A.128)

=
LX

j =1

 
� dl

� zf
j

!
KX

k=1

�
� j il �

p
� p� j il � j il

� 1
(M � K )

p
� p� jkj � jkj

; (A.129)

where in the last step we have used the following standard result in random matrix theory

[114]

E
h
vvvy

jkj vvvjkj

i
=

1
(M � K )

p
� p� jkj � jkj

: (A.130)
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Lastly, for the variance of the zero-mean noise, we haveE
�
jwil j

2� = 1. Therefore, since

the e�ective noise is zero-mean and uncorrelated from the desiredsignals, one can directly

apply Lemma 2 in conjunction with the computed variances above to obtain the required

lower bound. This completes the proof of the lower bound in (3.32).

A.10 Proof of Corollary 3

Using (3.52)-(3.58), it can be veri�ed that in case (i) we haveRSD;1
Sym = I (ŷ1i ; x2[i ]jx1[i ]),

RS-SND;1
Sym = 1

2I (ŷ1i ; x1[i ]; x2[i ]), and RSND;1
Sym = RTIN ;1

Sym = I (ŷ1i ; x1[i ]).

Furthermore, using (3.62), one can rewrite (3.59) as I (ŷ1i ; x2[i ]jx1[i ]) <
1
2I (ŷ1i ; x1[i ]; x2[i ]), and conclude that RSD;1

Sym < R S-SND;1
Sym . Moreover, using (3.62), one

can rewrite (3.59) as 1
2I (ŷ1i ; x1[i ]; x2[i ]) < I (ŷ1i ; x1[i ]), and conclude that RS-SND;1

Sym <

RSND;1
Sym = RTIN ;1

Sym . This is illustrated in Fig. 3.3b. Similarly, using (3.52)-(3.58), it

can be veri�ed that in case (ii) we haveRTIN ;1
Sym = I (ŷ1i ; x1[i ]), and RSD;1

Sym = RSND;1
Sym =

RS-SND;1
Sym = 1

2I (ŷ1i ; x1[i ]; x2[i ]). Also, using (3.62)-(3.63), one can rewrite (3.60) as

maxf I (ŷ1i ; x1[i ]); I (ŷ1i ; x2[i ])g � 1
2I (ŷ1i ; x1[i ]; x2[i ]). Hence, when this condition holds it

yields (3.67), which is also illustrated in Fig. 3.3c.

A.11 An achievable region for the generalized RS

scheme

Here, to establish an achievable region, following a technique used in [72] we provide

analysis of the probability of error for the proposed generalizationof the RS scheme when

applied to the case ofL = 2. First, note that after dropping the index i , the cloud

center and the satellite codeword generated at BSl, l = 1; 2; are given bysss(b)
l (m(b)

l ), and

sssl (m
(a)
l ; m(b)

l ), respectively. We only show the achievability proof at receiver 1, i.e., user of

cell 1, as a similar analysis can be applied at receiver 2, i.e., user of cell 2.

Receiver 1 tries to uniquely recover both parts of its intended signal's message,
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(m(a)
1 ; m(b)

1 ) and to non-uniquely recover messages from each layer of the interfering signal,

(m(a)
2 ; m(b)

2 ). Therefore, receiver 1 �nds the unique pair (m̂(a)
1 ; m̂(b)

1 ) such that

�
sss(b)

1 (m̂(b)
1 );sss1(m̂

(a)
1 ; m̂(b)

1 );sss(b)
2 (m(b)

2 );sss2(m(a)
2 ; m(b)

2 );yyydl
1

�
2 T n

� ; for some (m(a)
2 ; m(b)

2 );

(A.131)

where T n
� is the set of� -typical n-sequences (see [115, Section 2.4] for formal description

of typical sets).

Assume without loss of generality that the message pairs (m(a)
1 ; m(b)

1 ) = (1 ; 1) and

(m(a)
2 ; m(b)

2 ) = (1 ; 1) are sent. Receiver 1 declares an error if one or both of the following

error events happen:

E1 =
n�

sss(b)
1 (1);sss1(1; 1);sss(b)

2 (1);sss2(1; 1);yyydl
1

�
=2 T n

�

o
; (A.132)

E2 =
n �

sss(b)
1 (m(b)

1 );sss1(m(a)
1 ; m(b)

1 );sss(b)
2 (m(b)

2 );sss2(m
(a)
2 ; m(b)

2 );yyydl
1

�
2 T n

� ; (A.133)

for some (m(a)
1 ; m(b)

1 ) 6= (1 ; 1); and some (m(a)
2 ; m(b)

2 )
o

:

By the law of large numbers, P(E1) ! 0, as n ! 1 . We bound

P(E2) in three di�erent ways. As in [72], note that the joint typical-

ity of the tuple
�
sss(b)

1 (m(b)
1 );sss1(m(a)

1 ; m(b)
1 );sss(b)

2 (m(b)
2 );sss2(m

(a)
2 ; m(b)

2 );yyydl
1

�
implies that

�
sss(b)

1 (m(b)
1 );sss1(m

(a)
1 ; m(b)

1 );yyydl
1

�
2 T n

� , i.e., the triple
�
sss(b)

1 (m(b)
1 );sss1(m(a)

1 ; m(b)
1 );yyydl

1

�
is jointly

typical. Hence,

E2 �
n�

sss(b)
1 (m(b)

1 );sss1(m
(a)
1 ; m(b)

1 );yyydl
1

�
2 T n

� ; for some (m(a)
1 ; m(b)

1 ) 6= (1 ; 1)
o

= E21:

(A.134)

The event E21 can be partitioned into the following 3 events:

E (1)
21 =

n�
sss(b)

1 (m(b)
1 );sss1(1; m(b)

1 );yyydl
1

�
2 T n

� ; for somem(b)
1 6= 1

o
; (A.135)

E (2)
21 =

n�
sss(b)

1 (1);sss1(m(a)
1 ; 1);yyydl

1

�
2 T n

� ; for somem(a)
1 6= 1

o
; (A.136)

E (3)
21 =

n�
sss(b)

1 (m1(b));sss1(m
(a)
1 ; m(b)

1 );yyydl
1

�
2 T n

� ; for some (m(a)
1 ; m(b)

1 ) 6= (1 ; 1)
o

; (A.137)
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leading to the following

P(E21) � P(E (1)
21 ) + P(E (2)

21 ) + P(E (3)
21 ): (A.138)

By the packing lemma [115, Section 3.2],P(E (1)
21 ), P(E (2)

21 ) and P(E (3)
21 ) tend to zero, as

n ! 1 , if the following constraints are satis�ed

Rdl ;(b)
1 � I

�
s1; s(b)

1 ; ydl
1

�
(A.139)

Rdl ;(a)
1 � I

�
s1; ydl

1 js(b)
1

�
(A.140)

Rdl ;(a)
1 + Rdl ;(b)

1 � I
�

s1; s(b)
1 ; ydl

1

�
(A.141)

Notice that due to the codewords construction, the r.h.s in (A.139) and (A.141) are identi-

cal, however the former is not necessary since the latter is the tighter condition. Therefore,

we are left only with two rate constraints, (A.140) and (A.141). Further note that the

special structure of the codewords yields

I
�

s1; s(b)
1 ; ydl

1

�
= I

�
s1; ydl

1

�
: (A.142)

In addition, note that the joint typicality of the tuple�
sss(b)

1 (m(b)
1 );sss1(m

(a)
1 ; m(b)

1 );sss(b)
2 (m(b)

2 );sss2(m(a)
2 ; m(b)

2 );yyydl
1

�
implies that

�
sss(b)

1 (m(b)
1 );sss1(m

(a)
1 ; m(b)

1 );sss(b)
2 (m(b)

2 );yyydl
1

�
2 T n

� , i.e., the quadruple
�
sss(b)

1 (m(b)
1 );sss1(m

(a)
1 ; m(b)

1 );sss(b)
2 (m(b)

2 );yyydl
1

�
is jointly typical. Consequently,

E2 �
n �

sss(b)
1 (m(b)

1 );sss1(m
(a)
1 ; m(b)

1 );sss(b)
2 (m(b)

2 );yyydl
1

�
2 T n

� ; (A.143)

for some (m(a)
1 ; m(b)

1 ) 6= (1 ; 1); and somem(b)
2

o
= E22

The event E22 can be partitioned into the following 6 events:

E (1)
22 =

n�
sss(b)

1 (m(b)
1 );sss1(1; m(b)

1 );sss(b)
2 (1);yyydl

1

�
2 T n

� ; for somem(b)
1 6= 1

o
; (A.144)

E (2)
22 =

n�
sss(b)

1 (1);sss1(m
(a)
1 ; 1);sss(b)

2 (1);yyydl
1

�
2 T n

� ; for somem(a)
1 6= 1

o
(A.145)
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E (3)
22 =

n�
sss(b)

1 (m(b)
1 );sss1(m

(a)
1 ; m(b)

1 );sss(b)
2 (1);yyydl

1

�
2 T n

� ; for some (m(a)
1 ; m(b)

1 ) 6= (1 ; 1)
o

(A.146)

E (4)
22 =

n�
sss(b)

1 (m(b)
1 );sss1(1; m(b)

1 );sss(b)
2 (m(b)

2 );yyydl
1

�
2 T n

� ; for somem(b)
1 6= 1; and somem(b)

2 6= 1
o

(A.147)

E (5)
22 =

n�
sss(b)

1 (1);sss1(m
(a)
1 ; 1);sss(b)

2 (m(b)
2 );yyydl

1

�
2 T n

� ; for somem(a)
1 6= 1; and somem(b)

2 6= 1
o

(A.148)

E (6)
22 =

n �
sss(b)

1 (m(b)
1 );sss1(m(a)

1 ; m(b)
1 );sss(b)

2 (m(b)
2 );yyydl

1

�
2 T n

� ; (A.149)

for some (m(a)
1 ; m(b)

1 ) 6= (1 ; 1); and somem(b)
2 6= 1

o
;

leading to the following

P(E22) � P(E (1)
22 ) + P(E (2)

22 ) + P(E (3)
22 ) + P(E (4)

22 ) + P(E (5)
22 ) + P(E (6)

22 ): (A.150)

It can be veri�ed that by the packing lemma, the probabilitiesP(E (1)
22 ), P(E (2)

22 ), P(E (3)
22 ),

P(E (4)
22 ), P(E (5)

22 ), and P(E (6)
22 ) all tend to zero, asn ! 1 , if the following constraints are

satis�ed

Rdl ;(b)
1 � I

�
s1; s(b)

1 ; ydl
1 js(b)

2

�
(A.151)

Rdl ;(a)
1 � I

�
s1; ydl

1 js(b)
1 ; s(b)

2

�
(A.152)

Rdl ;(a)
1 + Rdl ;(b)

1 � I
�

s1; s(b)
1 ; ydl

1 js(b)
2

�
(A.153)

Rdl ;(b)
1 + Rdl ;(b)

2 � I
�

s1; s(b)
1 ; s(b)

2 ; ydl
1

�
(A.154)

Rdl ;(a)
1 + Rdl ;(b)

2 � I
�

s1; s(b)
2 ; ydl

1 js(b)
1

�
(A.155)

Rdl ;(a)
1 + Rdl ;(b)

1 + Rdl ;(b)
2 � I

�
s1; s(b)

1 ; s(b)
2 ; ydl

1

�
: (A.156)

Notice that due to the codewords construction, the r.h.s of (A.151) and (A.153) are iden-

tical, however the latter is the tighter condition and thus the former can be omitted.

Similarly, it is veri�ed that ( A.154) is not necessary, since the constraint of (A.156) is
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the tighter condition. As such, by removing (A.151) and (A.154), we are left with only

four necessary constraints, i.e., (A.152), (A.153), (A.155) and (A.156). Also, due to the

structure of the codewords, we have

I
�

s1; s(b)
1 ; ydl

1 js(b)
2

�
= I

�
s1; ydl

1 js(b)
2

�
(A.157)

I
�

s1; s(b)
1 ; s(b)

2 ; ydl
1

�
= I

�
s1; s(b)

2 ; ydl
1

�
: (A.158)

Lastly, the third way to bound P(E2) is to partition E2 into the following 12 events:

E (1)
2 =

n�
sss(b)

1 (m(b)
1 );sss1(1; m(b)

1 );sss(b)
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�
2 T n
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o
; (A.159)
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n�
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1 ; 1);sss(b)

2 (1);sss2(1; 1);yyydl
1

�
2 T n
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o
; (A.160)
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for some (m(a)
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1 ) 6= (1 ; 1)
o
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for some (m(a)
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for some (m(a)
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1 ) 6= (1 ; 1); and somem(a)
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o
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for somem(a)
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for some (m(a)
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leading to the following

P(E2) � P(E (1)
2 ) + P(E (2)
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2 ) + P(E (4)

2 ) + P(E (5)
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+ P(E (7)
2 ) + P(E (8)

2 ) + P(E (9)
2 ) + P(E (10)

2 ) + P(E (11)
2 ) + P(E (12)

2 ):

Using the packing lemma, it can be shown that the probabilitiesP(E (1)
2 ) through P(E (12)

2 )

above tend to zero, asn ! 1 , if the following conditions are satis�ed
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It can be readily seen that the constraints of (A.172), (A.175), (A.176), (A.177), (A.178)

and (A.181) are redundant and can be removed. We are thus left with only 6 necessary

constraints, i.e., (A.173), (A.174), (A.179), (A.180), (A.182) and (A.183). Also, the code

construction yields the following
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Hence, by boundingP(E2) using these three di�erent approaches, an achievable region

is established at receiver 1 (denoted byR RS
1 ), which is the union of the three regions

described above. One can similarly obtain the achievable region at receiver 2 (denoted

by R RS
2 ) by replacing ydl

1 with ydl
2 and swapping appropriate indices. The network-wide

achievable region obtained by the generalized RS scheme in conjunction with non-unique

decoding for a two-cell system can then be written in the following form

R RS =
\

l

R RS
l ; l = 1; 2; (A.189)

where

R RS
l =

[


 l 2S l

R RS
MAC(
 l ;l ) ; l = 1; 2; (A.190)

whereR RS
MAC(
 l ;l )

is a modi�ed MAC region, which has less than 2j 
 l j � 1 rate constraints,
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as some of the constraints are removed from the regular MAC region (due to the codewords

construction as explained above), andSl ; l = 1; 2; are given by

S1 =
nn
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1

o
;
n

m(a)
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Speci�cally, if 
 l contains messages of both layers (m(a)
j ; m(b)

j ); for some j , then those

constraints that involve Rdl ;(b)
j but not Rdl ;(a)

j are not needed and will thus be removed

from the rate region. In particular, the constraints that are removed from each of the three

regions described above are as follows: (A.139) from the �rst region, ( A.151) and (A.154)

from the second region, (A.172), (A.175), (A.176), (A.177), (A.178) and (A.181) from the

third region.

One can also re-writeSl as follows

Sl =
nn
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l

oo
�

n
; ;

n
m(b)

j

o
;
n
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