Performance of Massive MIMO with
Interference Decoding

by

Meysam Shahrbaf Motlagh

A thesis
presented to the University of Waterloo
in ful llment of the
thesis requirement for the degree of
Doctor of Philosophy
in
Electrical and Computer Engineering

Waterloo, Ontario, Canada, 2021

© Meysam Shahrbaf Motlagh 2021



Examining Committee Membership

The following served on the Examining Committee for this thesis. Theetision of the
Examining Committee is by majority vote.

External Examiner: Dr. Raviraj Adve
Professor, Dept. of Electrical and Computer Engineering,
University of Toronto, Canada

Supervisor: Dr. Patrick Mitran
Professor, Dept. of Electrical and Computer Engineering,
University of Waterloo

Internal Members: Dr. Ravi R. Mazumdar
Professor, Dept. of Electrical and Computer Engineering,
University of Waterloo

Dr. Guang Gong
Professor, Dept. of Electrical and Computer Engineering,
University of Waterloo

Internal-External Member: Dr. Henry Wolkowicz
Professor, Dept. of Combinatorics and Optimization,
University of Waterloo



Author's Declaration

| hereby declare that | am the sole author of this thesis. This is a teicopy of the thesis,
including any required nal revisions, as accepted by my examiners.

| understand that my thesis may be made electronically available to ghpublic.



Abstract

In a massive MIMO system, base stations (BS) utilize a large numbeif antennas to
simultaneously serve several (single or multi-antenna) users ataa where the number
of BS antennas is normally assumed to be signi cantly larger than theumber of users.
In massive MIMO systems operating in time division duplex (TDD) modethe channel
state information (CSI) is estimated via uplink pilot sequences thatra orthogonal in a
cell but re-used in other cells. Re-using the pilots, however, contignates the CSI estimate
at BSs by the channel of the users sharing the same pilot in otherlsethus causing pilot
contamination which creates coherent interference that, as theumber of BS antennas
grows, scales at the same rate as the desired signal. Hence, in thgngptotic limits of
large antennas, the e ects of non-coherent interference tesnand noise disappear, except
for the pilot contamination interference. A common technique used the literature to deal
with this interference is to treat it as noise (TIN). When using TIN, wsers' throughput will
converge to a constant and thus the bene ts of using an ever giter number of BS antennas
saturate. However, it is known that the use of TIN in interferenc@etworks is only preferred
in the weak interference regime, and it is sub-optimal in other regirade.g., moderate or
strong interference). In this thesis, we show that as the numbef BS antennas increases,
the pilot contamination interference is no longer weak, and thereg®it is bene cial to treat

it di erently (e.g., decode it jointly with the desired signal) to improve users' throughput.

In the rst part of the thesis, we study the performance of inteference decoding
schemes based on simultaneous unique decoding (SD) and simultaisenon-unique de-
coding (SND), and show that by doing so the rate saturation e ects eliminated as the
number of antennas increases; hence, the per-user rates gumbounded. We analytically
study the performance of two well-known linear combining/precodo methods, namely,
MRC/MRT and ZF, for spatially correlated/uncorrelated Rayleigh fading channel mod-
els, and obtain closed-form expressions of rate lower bounds foese using a worst-case
uncorrelated noise technique for multi-user channels. We compahe performance of the
di erent interference management schemes, TIN/SD/SND, baskon the maximum sym-
metric rate they can o er to the users. Speci cally, we rst obtain structural results for a
symmetric two-cell setting as well as the high SINR regime, that pvade insights into the
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bene ts of using interference decoding schemes in di erent regis@f number of BS an-
tennas. We numerically illustrate the performance of the di erent chemes and show that
with a practical number of antennas, SND strictly outperforms TN. This gain improves
with increasing the number of antennas, and also ZF performs signantly better than
MRC/MRT due to better mitigation of multi-user interference. Furthermore, we study
the performance of regularized ZF (RZF) via Monte Carlo simulationsand observe that
it achieves better rates than ZF for moderately small number of &nnas only. Lastly, we
numerically investigate the impact of increasing the number of cellshe cell radius, the
number of users, the correlation of the channel across antesnand the degree of shadow
fading on system performance.

In the second part of the thesis, we study the performance of pi@l interference de-
coding based on rate splitting (RS) and non-unique decoding. Spezally, we propose to
partition each user's message into two independent layers, and pally decode the pilot
contamination interference while treating the remaining part as nogsbased on a power
splitting strategy. In particular, for a two-cell system, we invesgate the bene ts of an
RS scheme based on the celebrated Han-Kobayashi (HK) regiorhigh provides the best
known achievable performance for a two-user interference cimah (IC). In the case of more
than two cells, we propose a generalized RS scheme that non-unlgwecodes each layer
of the pilot contamination interference and uses only one power spiitg coe cient per
IC. In addition, we establish an achievable region for this generaliz&5 scheme using the
non-unique decoding technique. In both cases of two cells and mdihan two cells and
for a practical number of antennas, we numerically study the perfmance of the proposed
RS schemes by numerically optimizing the power splitting coe cients, rad show that they
achieve signi cantly higher rates than TIN/SD/SND in all scenarios. Similar to the rst
part of the thesis, we also numerically examine the impact of increagithe number of cells,
the cell radius, the number of users, the correlation of the chaaehacross antennas and
the degree of shadow fading on the performance of the RS schemeastly, our simulation
results reveal that by replacing the numerically optimized values ohe power splitting
coe cients with their pre-computed average values (over a largeumber of realizations),
the performance loss is quite negligible, thus reducing the optimizaticcomplexity.
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Chapter 1

Introduction

1.1 5G Cellular Systems

With the ever increasing demand for signi cantly higher data rates ircellular communica-
tion systems as well as the development of new services such asi@@eto-Device (D2D),
Internet of Things (IoT), High Speed Train (HST) communications,e-banking, e-health
and e-learning, the need for new technologies that have a greatig@aial to provide higher
cellular system capacity is inevitable. In particular, it is predicted thaby 2023 approxi-
mately two-thirds of the world population will have access to the Irdgrnet, i.e., about 5.3
billion Internet users [3]. In 2018, this number was about 3.9 billion (i.e., 51 percent of the
world population) [3]. According to [3], it is also anticipated that there will be a total of
29.3 billion connected devices by 2023 (more than three times the Wdopopulation). The
explosive increase of mobile data tra c is real, driven primarily due to he increased use
of smart phones, tablets, video streaming services as well as niaefto-machine (M2M)
connections. Hence, the need for a new generation of highly scédatellular networks is
inescapable. In particular, this new generation should:

have a highly scalable and exible architecture to support various saces and ap-
” plications, such as massive device connectivity in 10T and M2M commigations;



provide larger capacity and improved coverage, while reducing theraplexity and
cost of ultra dense network deployment;

be able to make e cient use of di erent spectrum resources, includg both licensed
and unlicensed bands as well as high frequency and low frequencpds

improve network energy e ciency to adapt to the performance rquirements of dif-
ferent applications and services;

reduce the complexity incurred due to the co-existence of multi déo access tech-
nologies (multi-RATS), and improve quality of users' experience.

To meet the above requirements and to cope with the challenges okke increasing
mobile data tra c as well as demands for much higher data throughgpt, the fth generation
of cellular networks, also known as 5G new radio or 5G NR, is now bedama reality. In
2018, the rst full set of 5G NR standards were announced by 3r@eneration Partnership
Project (3GPP) in release 15 (5G NR phase 13, followed by release 16 in 2020 which drove
5G NR phase 2 expansion5]. Currently, 5G NR networks are being deployed globally,
and many 5G-ready smart devices (e.g., cell phones and tabletsg astarting to come to
market. Unsurprisingly, it is also predicted that approximately 1.4 billim worldwide smart
devices will be 5G-ready by 2023, with a speed that will be 13 times tas(i.e., 575 Mbps)
than the current average mobile connection speed]]|

The International Telecommunication Union (ITU) has de ned the bllowing three re-
quirements for 5G NR, each to be ful lled for one of the three 5G uge scenariosq]

peak data rate of 10-20 Gbps (required for the enhanced mobileobdband, eMBB
[7);

1 million connected devices per square kilometer (required for massimachine type
communication, mMTC [8]);

less than 1 ms latency (required for ultra reliable low latency commurations,
URLLC [9)).



URLLC renders time-sensitive communications possible for applicatis such as au-
tonomous driving [L0] or remote medical surgerieslfl], whereas mMTC de nes connectiv-
ity between a massive number of 10T deviced?]. eMBB is undoubtedly the usage scenario
that wireless communication companies have been mainly waiting for esthe start of 5G
development.

User throughput is de ned as the amount of information bits that an be successfully
transmitted to a destination per unit time, i.e.,

Throughput [bit=sed = Bandwidth [Hz]  Spectral e ciency [bit=sec=HZ: (1.1)

Therefore, throughput can be improved by either increasing theanmdwidth, the spec-
tral e ciency or both. While increasing bandwidth seems the easiestvay of increasing
throughput, it is costly as the frequency spectrum is a limited resoce shared by many
wireless technologies and applications, especially in sub-6 GHz bandgvertheless, mak-
ing good use of the vast spectrum available in mmWave bands (30-3B8iz) is considered
an interesting option for 5G NR. However, one should bear in mind thaue to the large
attenuation as well as the high blockage sensitivity in higher frequeies, transmission
in mmWave bands can typically only be carried out for short range camunications or
line of sight (LoS). Increasing spectral e ciency, which is the focsl of this thesis, may
be achieved via multiple transmit/receive antennas at both the basstation (BS) and the
mobile terminal.

The following key technology components are currently being consr@éd attractive
solutions to achieve improved user throughput in 5G cellular netwosk

Multi-node/Multi-antenna transmission: development of advanced inter-node
coordination, relaying and multi-hop techniques as well as the studyf innovative
transmission/reception schemes enabled by massive multi-antenB&s [L3].

Heterogeneous multi-RAT and multi-layer networks: development of novel
and proactive demand, interference and mobility management tegigues that are
adapted to the co-existence of multi-RATS, cells of di erent sizesna heterogeneous
deployments [L4].



Spectrum usage : development of advanced spectrum sharing techniques as well
" as investigation of new spectrum resources, e.g., making e cient @f mmWave
bands [L5.

With respect to the multi-node multi-antenna transmission, massiveulti-input multi-
output (MIMO) technology is currently under active research invstigations with the
promise of signi cantly improving data rates, spectral e ciency, eergy e ciency and
coverage 13.

1.2 Brief Review of multi-user MIMO Technology

In multi-user MIMO (MU-MIMO), the BS can simultaneously transmit to several sin-
gle/multi antenna terminals spatially sharing the same channel, anchtis large improve-
ments in terms of spectral e ciency can be achievedlLp]. More speci cally, BS antennas
will be used to direct a signal towards each of the desired terminals the downlink, and

to separate signals received in the uplink. However, prior knowledgé the channel state
is essential in MU-MIMO, as e ective signal processing technique$adt are adapted to
the instantaneous channel state information (CSI) are requiretb eliminate the interfer-

ence. Over the past decades, an enormous number of papersehlbeen published in the
area of MU-MIMO, among which are the pioneering works ol f{20] on array processing,
and [21{ 25 on characterizing achievable multi-user capacity assuming knowrSC

The main advantages brought by MU-MIMO systems are:
improved coverage resulting from increased received signal power beamforming;

improved link reliability resulting from diversity schemes that reduce lte e ects of
fading;

larger throughput resulting from spatial multiplexing of several d&a streams over
the same time-frequency resource;

reduced delay dispersion resulting from channel shortening e ecvia beamforming.
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In theory, when a transmitter/receiver is equipped with more and mre antennas, MU-
MIMO technology has a greater potential to enlarge the scale on wh the spatial domain
is utilized. As a result, with more antennas one can expect to achiebetter performance
in terms of the MIMO advantages mentioned above.

1.3 Massive MIMO

In a massive MIMO communications system, each BS utilizes a large noen of antennas,
which allows for the simultaneous serving of several (single or multi@nna) users over
the same time-frequency resource, where the number of BS amtas is normally assumed
to be signi cantly larger than the number of users.

The introduction of massive MIMO technology dates back to the semal work of
Marzetta in [26]. Therein, it was shown that when the number of BS antennas grows
without limit, due to the channel hardening and favorable propagabn, the e ects of small-
scale fading, additive noise and non-coherent interference asyotgrally disappear. The
only remaining impediment is the inter-cell interference that resultérom users in other
cells utilizing the same pilot sequences for channel estimation. Thiseet will be discussed
in detail in the next chapter of the thesis. Even though the strikingresults reported by
Marzetta rely heavily on his choice of propagation and system modeé¥arzetta opened
the gate to an important path in which future cellular networks may gni cantly evolve.

The key advantages brought by massive MIMO systems are:
Multiplexing gain: It is theoretically possible to increase the capacity by 10x using

aggressive spatial multiplexing47].

Spectral e ciency: Using a massive number of BS antennas to simultaneously
multiplex several data streams to many users was shown to signimidy improve
spectral e ciency [28,29).

Energy e ciency: Analytically, it was shown that the uplink transmit power of



each user can be scaled inversely proportional to the number of B&ennas, without
any performance lossZ8, 30.

Improved link reliability: By increasing the number of BS antennas, diversity
gains increase and the e ects of additive noise and intra-cell interence all vanish;
hence improving link reliability and data rate p6, 31].

Simple linear processing: It has been shown that linear matched lItering is op-
timal when the number of BS antennas is much larger than the numbef user
antennas R6, 32].

Low cost RF power components:  Reduced energy consumption due to the large
number of antennas makes the use of low cost milli-Watt RF ampli ersractical [31].

Since the introduction of the massive MIMO concept in 2010, many ¢#oretical and
experimental studies have been carried out to understand its bets as well as limitations
and challenges3 42]. Additionally, in response to the concerns regarding the theorett
channel models used in massive MIMO literature, it was reported i3 that based on
channel measurements for a large number of BS antennas, acht®array and multiplexing
gains are relatively close to the ones provided by theory.

Furthermore, implementation and demonstration of several reaime massive MIMO
testbeds have been reported i4f{ 48], and today massive MIMO is considered a key
integral part of 5G. One of the very rst massive MIMO products vas the AIR 6468, built
by Ericsson in 2017, which uses 64 antennas in both uplink and downliagerating in sub-6
GHz band |7). It should also be pointed out that Ericsson developed this produdbr 4G
LTE-A, and it is thus considered a pre-5G product. In 2018, the st line of massive MIMO
products for 5G NR was approved by the federal communication®ommission (FCC),
among which was the Ericsson AIR 6468. Since then, many other mag MIMO products,
including the Huawei AAU and Nokia Airscale, have been developed forassive MIMO
BSs equipped with 128 antennas. This evolution has made massive MdMechnology,
operating with a large but nite number of antennas in the conventioal sub-6 GHz band,
a reality. Moreover, many communication carriers (e.g., the massidIMO deployment



by the US-based carrier Sprint 13]) has been using the term \massive MIMQO" in their
marketing and advertisements. In addition, during the Mobile World @ngress (MWC) in
2019, Huawei announced that 95 percent of their current comnegl products will support
either 32 or 64 antennasq9]. More recently, a new research direction has been introduced in
the massive MIMO literature, known as extremely large aperture eays (ELAA), allowing
new designs of massive antenna arrays that can support thousanof antennas 13.

On the other hand, at higher carrier frequencies such as mmWavearids, massive
MIMO can be leveraged to reduce the e ects of high propagation ®950]. In recent
years, there has been a signi cant progress in the developmentofssive MIMO arrays
for communications in mmWave bands (i.e., beyond 30 GHz}5,51{54].

1.4 Some of the Challenges associated with Massive
MIMO

Although, massive MIMO communication systems o er many advaniges and performance
gains, there still exist several challenges that must be taken inteeount. Below we discuss
some of these challenges in more details.

1.4.1 Frequency Division Duplexing (FDD)

To fully bene t from the capacity gains brought by massive MIMO sytems, the BS requires
instantaneous CSI. It is, however, known that as the number of Bantennas increases the
overhead incurred from obtaining CSI using feedback in FDD mode algcreases. On the
other hand, by exploiting the channel reciprocity assumption in TDOmode, the overhead
becomes independent of the number of BS antenn&&l]] As a result, most research in
the context of massive MIMO are focused on TDD systems that inde much less CSI
overhead compared to FDD systems.

Due to its e cient utilization of radio resources, the use of TDD modehas been sug-
gested as the \canonical form" of massive MIMO1[3. Nevertheless, the use of FDD mode
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is also widely studied in the literature $5{58]. Thus, the possibility of using FDD mode
in massive MIMO systems is still under investigationg9 63].

1.4.2 Pilot Contamination

It is evident that the spectral e ciency gains and achievable throghput in MIMO systems
rely heavily on the type of linear precoding and combining techniquesed at the BS on the
downlink and uplink, respectively. As mentioned earlier, however, éperformance of linear
processing at the BS is itself directly a ected by the accuracy of C8stimation. Therefore,
the performance gains o ered by massive MIMO systems depend bow accurately CSI
is obtained at the BS using the transmission of uplink pilots in TDD modeln addition, it
should be noted that the number of pilot sequences that can be dseithin each coherence
interval is limited, as the length of the coherence interval is nite de to the movement of
mobile users. Hence, a nite number of orthogonal pilot sequence®gy be re-used across
the cells, e.g., thek" pilot sequence is assigned to thk™ user of all cells $8, 64, 65].
Consequently, the channel estimation of an arbitrary user at thBS will be contaminated
by the channel of users in other cells using the same pilot sequendéis phenomenon,
known as pilot contamination in TDD mode, will inevitably cause inter-ck interference
that does not vanish even when the number of BS antennas growsboundedly, and thus
saturates the system throughput28]. As a result, pilot contamination is deemed a major
challenge that limits the performance of multi-cell massive MIMO sysins.

1.5 Motivation and Overview of Contributions

Pilot contamination is a source of interference that precludes thenbounded growth of
users' rate with the number of BS antennas. Although, many noli¢echniques based on
treating interference as noise (TIN) have been proposed in the litgure to eliminate or
alleviate the e ects of pilot contamination interference 38 40,65 70], it is still an active
area of research under investigation. In addition, TIN is known to é& a sub-optimal de-
coding strategy in some scenario§]]. Therefore, a natural question to ask is whether
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one can propose alternative solutions that treat pilot contaminatio interference di er-
ently, and can achieve, in principle, unbounded throughput when thnumber of antennas
is su ciently large?

In this thesis, we aim to answer the above question by replacing TINith more ad-
vanced interference-aware schemes based fati/partial interference decoding, and it is
observed that by doing so the rate saturation e ects are eliminate We summarize the
major contributions of this thesis as follows:

In Chapter 3, we study the performance of full interference decoding techuies.
Speci cally, we rst intuitively show that using the capacity region oltained by
simultaneous unique decoding (SD) of the desired signal and pilot ¢amination
interference (as opposed to TIN), when linear combining/precodintechniques are
applied in uplink/downlink, noise-free channels are obtained d¢ ! 1 , and thus
the per-user rates tend to in nity. We also establish a worst-casencorrelated noise
technique for multiple access channels (MAC) that yields new expsgsns of achiev-
able rate lower bounds. Using this worst-case uncorrelated noishinique as well
as the derivations of the minimum mean squared error (MMSE) chaeh estimate
for a spatially correlated channel model, we derive new achievable &vbounds for
the uplink and downlink of a multi-cell massive MIMO system that appliegoint
decoding to each set of pilot sharing users across all cells. Theseelolounds are
valid in general, do not depend on speci ¢ linear combining/precodingethniques,
and help to evaluate the performance of combining/precoding teslyues such as
regularized zero forcing (RZF) via Monte Carlo simulation. We then szialize these
lower bounds to the cases of maximum ratio combining/transmissioMRC/MRT),
and obtain closed-form expressions for both uplink and downlink. Fiermore, for
the cases of MRC/MRT as well as zero forcing (ZF), we simplify thedewer bounds
assuming that a spatially uncorrelated channel model is used.

In Chapter 3, it is also shown that when decoding interference due to pilot con-
tamination, reusing the same orthogonal pilots across all cells (appmsed to using
di erent rotated versions of pilots) is preferable as it requires decling signi cantly
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fewer interference terms. In addition, the bene ts of using simuiineous non-unique
decoding (SND) 2] is investigated in Section3.2.6 which strictly contains regions
SD and TIN and thus outperforms these schemes. Moreover, a piired subset of

SND (S-SND) is studied in Chapter3, which is shown to be strictly larger than SD
and also provides a lower bound to SND.

To evaluate the performance of the di erent schemes TIN/SD/SI, the problem of
maximum symmetric rate allocation (i.e., maximizing the minimum achievableate)

is investigated in Chapter3. The full interference decoding schemes of this chapter
only require a mechanism to nd a rate vector (e.g., the maximum symetric rate
vector) inside the achievable region. This can be done, for examplesing rate
adaptation with feedback [3. Another approach would be to make the average
e ective channel gains for each set of pilot-sharing users availaldethe BSs. These
gains vary slowly (i.e., stay constant over many channel cohereng#ervals), and
can thus be estimated and tracked e ciently. In Chapter3, it is shown that for the
special case of an uncorrelated Rayleigh fading channel, these gaire a function of
large-scale fading coe cients only, for which it has been argued preusly that these
can be estimated and tracked e ciently B8, 64, 74].

In Chapter 3, structural results are also presented for the high SINR regimeln
particular, it is found that when the number of BS antennasM is truly large, the
full interference decoding schemes SD/SND achieve the same parfance and also
strictly outperform TIN. For the special case of a two-cell syste and assuming a
symmetric geometry, it is shown that for relatively small values oM, pilot con-
tamination interference is \weak" in that SND and TIN achieve the see rate and
both of these strictly outperform SD. Hence, one may choose TMNhich is simpler
to implement. Nevertheless, for large values ®fl , pilot contamination interference
becomes \strong" so that the full interference decoding schem&D/SND provide
the same performance and both of these strictly outperform TINAnalytical con-
ditions in terms of mutual information expressions under which thesresults hold
are also found. We also numerically study the performance of netke with three,
four and seven cells, and show that with a practical number of anteas M, SND
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outperforms all other schemesand further show that RZF and ZF achieve higher
rates than MRC/MRT, while RZF also outperforms ZF for small valuesof M (e.g.,
M < 64) only.

Moreover, in Chapter3, we numerically study the impact of increasing the number
of users, the number of cells, cell radius, correlation magnitude all as shadow
fading on the performance of the proposed schemes. In partiayld is found that
while increasing the number of users, cell radius and shadow fadinggdade the per-
formance of all schemes, they lead to improving the gain provided BND over other
schemes. Also, increasing the correlation magnitude gives rise to noying the per-
formance of both TIN and SND, and thus results in reducing the gaiprovided by
SND. Therefore, the maximum gain is obtained in scenarios with a spaity uncor-
related channel model. Nevertheless, for the case of modergpat&l correlation, it
is observed that SND still provides a signi cant gain over the otherchemes. Lastly,
it is found that increasing the number of cells improves the gain o eceby SND over
the other schemes; hence showing the importance of the propbseheme in practical
implementations.

In Chapter 4, we study the performance of partial interference decoding sghes for
the cases of two cells and more than two cells. In particular, we olpge that decoding
part of the pilot contamination interference while treating the remaning part as noise
(according to a power splitting strategy that is optimized), yields pgormance that
is considerably better than the schemes of Chapt& Speci cally, for the case of a
two-cell system, we study the performance of a rate splitting (RSechnique based
on the celebrated Han-Kobayashi (HK) 75 scheme by numerically optimizing the
power splitting coe cients, and show that this scheme strictly outperforms SND for a
practical range ofM , while providing a signi cant gain that improves with increasing
the number of antennasMi .

An extension of the RS scheme to the case of more than two cells (itbree, four
and seven cells) is also proposed in Chaptédr where the corresponding achievable
rate region based on non-unique decoding is derived. Since the satd individual
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layers for each set of pilot-sharing users needs to be adjustedoglily across the entire
network, the partial interference decoding schemes of this chtap are implemented
in a centralized manner. Speci cally, in Chapter, it is shown that by centrally op-
timizing the rates of all individual layers (e.g., with the help of a centrized network
controller, where the mean of the e ective channel gains for easlet of pilot-sharing
users are available), for a practical number of BS antennas onencachieve higher
rates compared to full interference decoding schemes.

In Chapter 4, for the case of three cells the true performance of the RS scheeis
studied, while for the cases of four and seven cells an achievable-sedpon of the
proposed RS scheme is investigated. By numerically optimizing the pemsplitting
coe cients, it is shown than in all scenarios the proposed RS schempeovides a sig-
ni cant gain over the schemes of ChapteB, and this gain improves by increasing the
number of antennadVl . It is also observed that the impacts of increasing the number
of users, the number of cells, cell radius, correlation magnitude a&ll as shadow
fading on the performance of the proposed RS scheme are similathose observed
in Chapter 3. Lastly, the results of Chapter4 reveal that by replacing the optimized
values of the power splitting coe cients, found via exhaustive seah, with their pre-
computed average values (over a large number of realizations)getperformance loss
is quite negligible. This means that in a practical implementation of a multicell mas-
sive MIMO system performing the proposed RS scheme, the optimian complexity
can be reduced.

1.6 Organization of the thesis

The rest of this thesis is organized as follows.

In Chapter 2, we present an extensive survey of various pilot contamination miti-
" gation/reduction techniques proposed in the literature. We furter classify di erent

mitigation techniques based on the rational behind them and provide comprehen-

sive discussion of their advantages and limitations. Next, in order tprovide some
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background in connection to our work, we present the multi-cell nsgsive MU-MIMO
system model with imperfect CSI, and discuss some well-known exigt results on
uplink/downlink achievable throughput under pilot contamination e ect. We further
provide the derivations of TDD-based CSI estimation for both caseof a spatially
correlated channel and an uncorrelated channel.

In Chapter 3, the performance of interference decoding schemes basedmigque/non-

unique decoding of pilot contamination users is studied. Closed-form loweoibnds for
both uplink/downlink of a multi-cell massive MIMO system are also estalished, and
the maximum symmetric rates of di erent schemes are evaluated vi@mprehensive
simulation results.

In Chapter 4, the performance ofpartial interference decoding schemes based on
RS is investigated, where extensive simulation results are also proettifor various
scenarios.

In Chapter 5, conclusions derived from the thesis are provided and several patial
directions for future studies are also outlined.

1.7 Notation

We use the following notations in the thesis.

We use boldface upper and lower case symbols to represent masieead vectors, re-
spectively. TheN N identity matrix and the all-zero vector are denoted byl y and O,
respectively.

The superscripts ()7, (:)Y, and () ! denote the transpose, Hermitian transpose, and
inverse operations. A diagonal matrix with vecto@a along its main diagonal is represented
by diag(@), and tr(A) denotes the trace of a square matriA.

The expression€ [:] and var [:] are used to denote the mean and variance of a random
variable, respectively, andCN(m; R) denotes the circular symmetric complex Gaussian
distribution with mean vector m and covariance matrixR.
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We useh(X) to denote the di erential entropy of a random variableX . Given the
probability density function f (x), it is de ned by

Z
h(X) := f (x)logf (x) dx:

The notation h(X j Y) represents the conditional di erential entropy of X given Y.
Assuming that the joint and conditional probability density functions are given byf (x;y)
and f (x j y), respectively, it is de ned by

Z Z
h(X jY):= f (x;y)logf (xjy) dxdy:

The notation | (X ;Y) denotes the mutual information betweenX and Y de ned by

1(X;Y) = h(X)  h(XjY)= h(Y) h(YjX):
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Chapter 2

Literature Survey and Background

2.1 Channel Estimation and Pilot Contamination

The focus of this thesis is on massive MIMO systems operating in TDDade. In this
chapter, we review various proposed techniques to mitigate or naxk the e ects of pilot
contamination in multi-cell massive MIMO systems, followed by some blground and
well-known results in the massive MIMO literature.

The availability of accurate channel state information (CSl) is deeed critical in wire-
less communication networks, and is considered a key componentr@ssive MIMO com-
munication systems T6]. In particular, the performance of MIMO systems relies heavily
on the knowledge of CSI, which has been widely investigated in the lisgure [77479. In
order to acquire CSI, several techniques have been proposetdpag which the use of train-
ing pilots [80], semi-blind techniques §1] or blind techniques 82] are the most common
approaches.

When uplink and downlink transmissions are separated in frequencgs in the FDD
protocol, the uplink and downlink channels will be di erent. Hence, testimate the down-
link channels the BS needs to send downlink pilots to the users. Aftre estimation of the
downlink channels, users send the channel estimates back to th8Bthrough a feedback
link creating a backhaul overhead that grows withM , and that is signi cant when M is
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large. On the other hand, with a TDD protocol, the uplink and downlinkchannels are the
same due to channel reciprocity. This suggests the attractive lstion of using one pilot
sequence per user to estimate the uplink channel between theruaed all antennas of the
BS. As the uplink channels are the same as the downlink ones, theiestte of uplink chan-
nels can be used at the BSs to compute the precoding vectors dgrithe downlink data
transmission phase. Therefore, the signi cant overhead in FDD incred due to feeding
back the channel estimates from the users to the BSs is no longeriasue.

Elimination of inter-cell interference in multi-cell communication systms, under the
assumption that full CSl is available at the BS, has been widely studied the literature.
For instance, the works of §3(85] have proposed coordinated beamforming to mitigate
inter-cell interference in multi-cell multi-antenna systems assumgnthat the BS has full
CSI. In practical implementations, however, CSI must be estimade Particularly, in TDD
based massive MIMO systems the channel estimate of an arbitramger will be contami-
nated by the channel of users in other cells that are using the samp#ot sequence. This
phenomenon creates coherent inter-cell interference whosevpo grows at the same rate
as that of the desired signald€]. This results in the saturation of the achievable rates of
users 7], which also adversely impacts spectral e ciency. This e ect will be tscussed in
subsection2.3.7in more detail.

With respect to imperfect CSI, several approaches in the literata have been proposed
to mitigate or reduce the e ects of inter-cell interference caudeby pilot contamination.
Although sharing orthogonal pilots across di erent cells during thechannel estimation
phase is considered the main cause of pilot contamination, especiallytive context of
massive MIMO systems, pilot contamination can also be caused by Hamre impairments.
In a practical implementation, for instance, hardware impairmentsesult in in-band and
out-of-band distortions that interfere with pilots, and have beerrecognized as another
source of pilot contamination in regular multi-antenna cellular systems [88 as well as
massive MIMO communication systems8p, 90].

In Section 2.2 below, we present an extensive survey of proposed solutions toigate
or reduce the e ects of pilot contamination interference in multi-atenna communication
systems, and more speci cally in massive MIMO systems. Then, in $ien 2.3 we present
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some background followed by well-known results in massive MIMO litetae.

2.2 Proposed Methods to Tackle Pilot Contamination

Based on the approach taken for channel estimation, we classifyetproposed methods of
coping with pilot contamination into two groups, i.e., pilot-based estimion approaches
and data-aided estimation approaches. In the former, channeéators are estimated us-
ing orthogonal training pilots, while the same set (or a rotated versn thereof) of pilot

sequences is shared either arbitrarily or in a smart manner amongeus across di erent
cells. In contrast, in the data-aided approach, the users' chaals are estimated with no
or only a few pilot signals. Below, we discuss these two approachesl aummarize the
related works accordingly.

2.2.1 Pilot-Based Approaches

In [1], a time-shifting strategy during the pilot transmission phase is pragsed that aims
to mitigate inter-cell interference caused by pilot contamination. Mre speci cally, the
location of pilot signals is shifted in time frames within adjacent cells in sh a way that
the transmission of pilots is done at non-overlapping times (see Fi@.1). In addition,
in [9]] the performance of the time-shifting method of1] was improved by including a
power control algorithm. Even though this approach seems veryteactive, a big challenge
in practical implementations is how to adaptively synchronize the pilotransmissions over
the entire network so that there is no overlap at all. As pointed out irf92), however, with
the deployment of dynamic small cells over existing multi-layer HetNst overlap in time
and frequency seems inevitable. 1169,93], a channel estimation approach using the covari-
ance matrix of the desired user in conjunction with the interfering sers has been proposed.
Under the condition that the covariance matrices of interfering s span a di erent sub-
space than that of the desired user, the authors have shown thahen the number of BS
antennas grows unbounded, the e ects of pilot contamination asyptotically disappear.
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Cell 1 Pilot transmission Data transmission

Cell 2 | Data transmission | Pilot transmission Data transmission

Cell 3 Data transmission Pilot transmission [Data transmission

Figure 2.1: The time-shifted pilot scheme ofl].

In [94], a similar technique has been adopted for mitigating pilot contaminatioin a cogni-
tive massive MIMO communication system. Therein, the authors repted that the e ects
of pilot contamination interference were greatly reduced and thugplink/downlink achiev-
able rates signi cantly increased. It should be pointed out that thisapproach requires the
knowledge of the covariance matrix of all users' channels and hens likely infeasible in
practical implementations. In P5], the authors considered a semi-blind channel estimation
technique to separate the subspace of the desired user charirah that of interfering users
caused by pilot contamination. However, in order to completely elimini@ pilot contamina-
tion, this method requires that the channel coherence time goes in nity. Unfortunately,
this assumption is not true in practice either.

In [96], a sophisticated two-stage processing approach is proposed tdigate pilot
contamination. Speci cally, a downlink pilot transmission phase is folloed by a scheduled
uplink pilot transmission phase. During the downlink training phase, alBSs rst send the
pilot signals using only their rst antenna to their users. Then, all BS repeat this process
using all of their antennas simultaneously. At the end of this two-sp downlink training,
users estimate the downlink channels by processing the received tgiloThe estimation of
downlink channels is then followed by anl( + 1)-step (where L is the number of cells)
scheduled uplink training phase. In particular, during the initial step all users send their
uplink pilots to their BSs. Then, during each of the nextL steps of the uplink training
phase, the users in celltransmit a pre-distorted version of their pilots to BSI, while users
in other cells transmit their uplink pilots to their BSs. More precisely, lg transmitting the
pre-distorted pilots, users encapsulate their non-contaminatedownlink channels in the

18



uplink pilot signals so that each BS will be able to extract the channelsf @s own users
from the received uplink pilots by removing pilots of users in other cejlshus, mitigating
pilot contamination. A main disadvantage of this technique, howevers the signi cant
overhead occurred during the sophisticated multi-step training @ses. In 87], a multi-
cell MMSE precoding technique is proposed so that the precoding tma minimizes an
objective function involving two parts: (i): the sum of the MSE of tle downlink received
signals at mobile terminals in the same cell, and (ii): the mean-square énference at
users in other cells. Although, signi cant performance gains haveebn reported in §7)
compared to conventional schemes, this approach requires futloperation between BSs,
the knowledge of second-order statistics of users' channels &% and is not applicable to
arbitrary pilot allocation schemes.

In another interesting line of work to tackle the rate saturation pkenomena due to
pilot contamination, several novel schemes have been propos&8, B9, 64, 65, 68, 86, 95).
These solutions work well in the asymptotic regime provided that sagnassumptions and
requirements are satis ed. In 8], a pilot contamination precoding (PCP) method has
been proposed, assuming that the estimates of all large-scaleifgdcoe cients as well as
the data signals of all users across the network will be shared amgoall BSs. While the
large-scale fading coe cients vary slowly (i.e., stay constant over amy channel coherence
intervals [38,64,74]) and can thus be estimated and tracked e ciently, the main drawbak
of this scheme is that the data signals of all users will need to be pessed by all BSs. Also,
the e ciency of this approach relies heavily on having a very large nuber of antennas,
i.e., M > 10°, as well as the accuracy of the computation of PCP matrices. Thisethod
has been further improved in 38, 65, 86 by adding an outer-cell processing called large-
scale fading precoding (LSFP) and large-scale fading decoding (I[HFcreating additional
computational complexities. More speci cally, using matrix inversionthe LSFD/LSFP
matrices of all users across the network must be computed at antalized processor
(known as network controller), where the data signals of all useese shared. In addition,
this method has been extended to the cases of spatially correlatdthnnels §4], correlated
channels with phase shift 10, maximizing the product of SINRs #1] as well as cell-free
massive MIMO communication systems40)]. Di erent from these lines of work, the work
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of [39] proposes a multi-cell MMSE precoding/combining technique and asses that pilot-
sharing users must have asymptotically linearly independent covanee matrices. This
assumption, however, may not always be true and also requires tkeowledge of channel
covariance matrices at the BSs.

Smart pilot assignment approaches have also been proposed in therlture. By care-
fully assigning pilots to users, the e ects of pilot contamination areeduced, but not fully
eliminated [97{10(J. However, properly assigning pilots to the users normally gives rise
to solving combinatorial optimization problems that are typically dealtwith heuristically.

In particular, one approach is to let each BS assign and re-assign sldo its users in an
iterative fashion until a given objective function is optimized. For in&nce, if a cell edge
user is experiencing substantial pilot contamination, it can switch itpilot sequence with
a user close to the cell center with a stronger channel, thus rediug the adverse e ects of
pilot contamination on system performance. A location-based pilotsgaignment strategy
was proposed inJ0]] to alleviate the e ects of pilot contamination in a distributed cell-free
MIMO communication system with a central control unit that has acess to all BSs. In
particular, the work of [10]] proposes to group the users across the network into a number
of clusters, i.e., sets of pilot-sharing users, based on their relatigiesstance (with the help
of a central unit) where non-orthogonal pilots are assigned to & that are far from each
other.

2.2.2 Data-aided Estimation Approaches

The use of data-aided channel estimation method (also known ashspace based estima-
tion) is deemed an attractive solution in the literature to mitigate pilot contamination
and to increase spectral e ciency, as no pilot sequences are régad. One of the early
works in this area, which also predates the introduction of massivelMO systems, is 102
which has proposed a subspace based blind channel estimation &agh. An extension
of this blind estimation method is reported in L03 and is based on the eigenvalue de-
composition (EVD) of covariance matrices. In particular, the methd is not impacted by
pilot contamination and thus can potentially outperform estimation echniques based on
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the transmission of pilot training signals. However, its accuracy andomplete elimina-
tion of pilot contamination rely on having a very large number of BS amnnas as well
as unbounded coherence interval. In other words, if the length tifie coherence interval
does not grow unbounded, the channel estimates that result frothis method will still
su er from residual pilot contamination. This approach has also beeinvestigated in the
context of multi-cell TDD massive MIMO systems, with the purpose fomitigating pilot
contamination [66).

Further studies in the context of pilot decontamination reported in[67, 104 109 have
proposed a blind method for channel estimation in conjunction with gver control using
random matrix theory. More precisely, it is proposed to blindly estimi the system pa-
rameters in the subspace of the desired signal based on the singyue decomposition
(SVD) of the received signal matrix. Nevertheless, a drawback ttis technique is the
condition that the channel of the desired user must be strongehdn those of the interfer-
ing users, which is not always true in practice, especially in interfereglimited scenarios
with shadow fading. In [LO§, a similar approach using the maximum a-posteriori (MAP)
principle for subspace based channel estimation in TDD massive MIM§ystems is pro-
posed. It is reported that this technique outperforms the resudt of the blind estimation
methods in b7,104 105, but at the cost of increasing complexity. Moreover, in order to
reduce the e ects of pilot contamination, a fast EVD-based charah estimation method for
massive MIMO systems using a diagonal Jacket mattixalong with iterative least-square
with projection (ILSP) was developed in 10§.

Recently, a technique based on message splitting has been adoptedhe literature
to cope with the interference due to pilot contamination 109, which does not fall into
the above categories. In particular, the work of109 has studied asingle-cell massive
MIMO system operating in TDD mode, where all users inside the cell ate the same
pilot sequence for channel estimation. Therein, assuming that émaser applies single-user
successive interference cancellation in downlink, it is shown that tispectral e ciency is
increased compared to conventional schemes.

1The Jacket matrix is a generalization of the Hadamard matrix [107].
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2.3 Massive MIMO System Model

In this section, we describe the system model for uplink and downlinkf a multi-cell
multi-user massive MIMO system and present some well known resulassociated with
pilot contamination e ect. We consider a multi-cell communication sym with L cells,
where each cell has a BS equipped witid antennas servingk (M > K ) single antenna
users. Assuming a spatially correlated channel model, the chanmehtrix between the M
antennas of BSj and the users in cell is denoted byG; = [gj1;02; 0k ] 2 CY K.
More precisely, the channel vectog;, associated with usek in cell | is described by

g = Rijghi; (2.1)

where hik'h CN qo;l m), and Rjy is the spatial correlation matrix of the channel, i.e.,
Riw = E gugy 2 C" M orgu CN (0; Ry). Also, for the large-scale fading

coe cients we have
_ tr(Rju ).

ikl = M
which model shadowing and path loss e ects. A standard block-fady model is considered
here, where the channels are constant over one coherence iwrgkwith one independent
realization in each block, whereas the large-scale fading coe cierdse constant over many
coherence time intervals. Furthermore, considering TDD operatig it is assumed that
reciprocity holds between uplink and downlink channels. A frequenag-use factor of one
is assumed, i.e., the whole frequency band is used in each cell. The fahgnLemma
from [11q will be used later in the sequel.

(2.2)

Lemma 1. Let X := [xy;X2;uxm]" andy = [yi ;i ym]’ be mutually independent
M 1 random vectors with distributionsx CN (0; 2ly) andy CN (0; §IM),
respectively. Then, by the strong law of large numbers,

XX as .

XYY as:
Y 2. and W?S

0O as M!1 ; (2.3)

where?* denotes almost sure convergence.

22



Giki [M]
m
M
kth User
jth Cell

It Cell

Figure 2.2: System model showing the channel gain between thé antenna of the BS in
cellj and the k™ user in celll.

2.3.1 Uplink Data Transmission

We point out that the model used for uplink/downlink data transmisson in this thesis is
similar to that of [32] with a slight change of notation. During the uplink data transmission
phase, the BS in cel| receives the baseband signgt]JI 2 CM 1 where

ul — XX P— _ ul k .
Y uGik X| [K] + ny; (2.4)
1=1 k=1

andx' = xU[1LxY[2L i xU K] T is the vector of transmit signals of the users in cell
u IS the average uplink transmit power of the users, and;, CN (0; 1) is the additive

Gaussian noise vector at the BS in cejl. The assumption of unit noise variance is without

loss of generality and thus , can be interpreted as the uplink transmit SNR of the users.

. 0 P id P . .
2Consider y¥° = " I, £ Qgw x{'[k] + n° where 9 is the transmit power and n?

CN(©; 2ly). Then, lety' = yj“'O: with y = 3= 2 being the transmit SNR.
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2.3.2 Downlink Data Transmission

During the downlink data transmission phase, thé™ user in celll receives the baseband

signal
X p__

yi = agh X" + zy; (2.5)

j=1
wherex = xM[1], x¥[2]; ::; X [M] " is the transmit signal of the BS in cellj, 4 is the
per-user transmit power of the BS, and; CN (0; 1) is the receiver noise of thé" user
in cell . Thus similar to ;, ¢ can be interpreted as the transmit SNR of the BSs. Also,
de ning wj; 2 CM ! as the precoding vector of the BS in ce]l, we have

dl 1 )(<
Xj' = p= Wy S[K] (2.6)
j k=1
Wis

J

wheres; = [si[1]; 5[2] =5 s [K 11" is the vector of data symbols intended for th& users in
cell j, Wj = [Wj1;Wjz;:5Wk; ]2 CM X, and  is a normalization factor used to make
sure the following constraint is satis ed at B
h [

E xMx

K =1, (2.8)

i.e., the downlink SNR per user of the BS in ce|l equals 4. Speci c choices of precoding
vectors will be discussed in subsection 3.6

2.3.3 CSI estimation at BS

Following [38, 64, 65, 87, 91], it is assumed that the same set of pilot sequences
1, 2;u5 k 2C loflength (generally K, however here it is assumed that = K)

are used in all cells and thus the channel estimate will be corrupted Ipilot contamina-

tion from the adjacent cells. De ning the pilot matrix =( 1; 25 k)’ 2 CK K we
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assume orthonormal pilots, i.e., Y= Ig.

During the uplink training phase of the TDD protocol, userk = 1;2;:::; K in each cell
transmits the pilot sequence  to its BSs. The BS in cellj then nds the estimate ij of
the local channelsG;; . More speci cally, the BS in cellj receives the matrixY}O 2 CM K|
ie.,

X p_ .
Y= oGi + Zj; (2.9)
=1
where , is the average pilot transmission power, and; is the additive white Gaussian
noise (AWGN) at the BS with entries that are i.i.d CN(0; 1) random variables. Similar to
uplink and downlink data transmission, , can be interpreted as the pilot SNR. Generally,
p IS a function of the average uplink transmit power of users, and the length of pilot

sequences. Multiplying YJP by Y, the k" column of the resulting matrix is

X_ p _
Fik = pGik + Zjk; (2.10)
=1
wherez, CN (0; ly). The MMSE estimate §y; of gy , i.e., the vector §); that
minimizes the mean squared error (MSEE [kgy; O k%], based on the observatiom
is given by [L17]
h [

1
0 = " Ry E il T (2.11)
|
. 1
Mk pRjk + 1w ik (2.12)
1=1 0 1
]
po X p_ X p_
=" pRyq pRj + T | {)?jkj} + pOiki +2Zk (2.13)

=1 ‘=1 16 }
Pilot contamination

Intended channel

It can be seen from 2.13 that the estimate of g;; is contaminated by the channel of
users in other cells that are using the same pilot sequence as uken cell j. Due to
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the orthogonality property of MMSE estimation, one can decompesthe channelgj;
as gy = By *+ . Where j; is an uncorrelated estimation error (thus statistically
independent of the estimatefy; as they are jointly Gaussian). The distribution of the
channel estimatef}; and the estimation error j; are as follows 111]

0 | 1
X !
gjkj CN @; pRjkj pRjk| + 1y Rjkj A (2.14)
1=1
0 “ - 1
iKi CN @; Rjkj pRjkj pRjk| + IM Rjkj A . (215)

=1

Moreover, for the estimate of an inter-cell channel from users ather cells using the same

pilot signal  to BSj, provided that Ry is invertible, using 2.11) we have
X e
O = p_pRjkI pRik + I'm ik (2.16)

=1

Rk (Rij ) 0 : (2.17)

This relation will be used in the proofs provided in the appendices. Tansplify the notation,
from now on we use the following de nition

K = pRjki + Im: (2.18)

1=1
Uncorrelated Rayleigh Fading

For the special case of an uncorrelated Rayleigh fading channeletpatial correlation
matrix becomes diagonal, i.e. Ry = j | m, and therefore @.1) simpli es to

p___
Ok =  jrh: (2.19)
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Consequently, the MMSE estimate of Z.11) reduces to the following

h i h i 4
Ok = E Gir) E rfy T (2.20)
I
L]
Pk v W n (2.21)
p jKj p jkI jk .
O 1=1 1
p_ X p_ .
= ki | {I?jkj} + pOiki T2k ¢ s (2.22)
Intended channel rl 18] {Z }

Pilot contamination

P
" 24— Substituting Rjj = 4 | m into the distributions (2.14-(2.15,

+p =
one can obtain the following for an uncorrelated fading channel

where j; =

G CN O;p_p,-k,- ik Tw (2.23)
ki CN 0y p_pjkj Ko Iw o (2.24)

Lastly, using (2.17), the estimate of inter-cell channels from users sharing the sarp#ot
signal  to BS |, is given by

O = J—kkl O ; (2.25)
ikj

which will be used in the proofs provided in the appendices.
2.3.4 Channel Hardening and Favorable Propagation

Below, we provide formal de nitions for two important large-systen e ects in multi-
antenna systems, namely, channel hardening and favorable pagjation. We then present
an example of these asymptotic e ects based on the uncorrelatéatling channel model.
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Channel Hardening

By asymptotically eliminating the e ects of small-scale fading compomgs, channel hard-
ening results in fast-fading channels asymptotically behaving like d&ministic channels.
In other words, the e ective channel gains become \asymptotitig constant” over many
coherence intervals. Mathematically, this can be presented as folis

kgjkl k2 gs
———T"1;as M!1 : 2.26
E kg K2 (2:20)
This implies that as the number of BS antenna# grows to in nity, the gain of the fading
channelkg;q k? becomes close to the mean valug[kgjq k] = tr ( Rju ).

Remark 1. One should note that the asymptotic convergence (2.26 does not result
in kg k? T° E[kgu k¥, asM ! 1 , as both the gain of the fading channel and its
mean value can generally diverge. However, one can see that tondition ofkgj, k=M

E (kg k’]=M 72 0,asM !'1 , yields the asymptotic channel hardening i(2.26).

Asymptotic Favorable Propagation

Asymptotic favorable propagation means that the direction of twaistinct user channels
becomes asymptotically orthogonal. More speci cally, the channéd said to have asymp-
totic favorable propagation, if the following holds:

gjyk| gnim
" Ekgiu K E [KQuim K7

0,as M 11 ; (ik;1)8(n;i;m) (2.27)

i.e., the normalized channel vectorg =p E [kgj k2] and Gnim =p E [kgnim k?] have asymp-
totically zero inner products.

Remark 2. One should note that the asymptotic property i{2.27) does not mean that the
channel vectorsg and g.,m become asymptotically orthogonal. However, it implies tha
the direction of the two channel vectors becomes asymptalig orthogonal.

28



Asymptotic favorable propagation helps the BS eliminate non-cohemt inter-cell in-
terference, and thus linear procoding/combining techniques bewe su cient [ 111]. This
property will be used later to present asymptotic limits of uplink/downlink achievable
rates.

Exagmle: Consider the uncorrelated Rayleigh fading channel model describéy
Gk =  juhj, wherehy, CN (0;1y). It can be veried that this channel model
satis es both of these asymptotic properties with almost sure cwargence 29, i.e.,

GG ..
”T”?'S' diag( jy; jz;:5 jkj); @ MI1 (2.28)

2.3.5 A Worst-case Uncorrelated Noise Technique

In this part, a useful technique that is frequently used in massive MO literature to
establish rate lower bounds for point-to-point channels is presedt. Consider the following
point-to-point channel model:

y=x®+ z; (2.29)

where x© is the zero mean input signal with complex Gaussian distribution, i.ex®
CN(0; P), and z is the zero mean additive noise having variance?, and uncorrelated with
the input x®. It can be shown that the capacity of this channel is lower boundelly [112

L(x%y) 1 x®;y° (2.30)

P
:C_2

; (2.31)
whereC(x) := log(1+ x) is the Shannon rate functiony® = x®+ z®, and z€ is a zero mean
complex Gaussian random variable having the same variance asi.e., z6 CN (0; ?).
In other words, (2.30 implies that the worst e ect that the additive uncorrelated noisez
can have on this channel is to behave as AWGN, hence the namerst-case uncorrelated
noise technique This technique will be used later in this chapter to obtain lower boursl
for uplink/downlink achievable rates of massive MIMO systems.
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2.3.6 Spectral E ciency: Treating Interference as Noise (T IN)

In this part, we present well-known lower bounds on the uplink/dowink achievable rates
of the multi-cell multi-user massive MIMO communication system dis@sed in subsections
2.3.1and 2.3.2

Uplink

Consider the baseband signeyj‘” in (2.4) received by BSj during the uplink data trans-

mission phase. Also, assume that the combining vector used by thé& Bo decode the
signal transmitted by useri in cell j is denoted byv;; . By adding and subtracting a term
associated with the mean of the e ective channeailjyij gi; in (2.4), the following is obtained

over one coherence interval for the estimate of the signal trangted by useri in cell :

ul — Y Ul
i = Vi Y : . (2.32)
D h [ D h i
— — Ir: — I'r:
=" TwE Vg x'll] + a VG Evigp X[
{z } z
Desired signal Interference due to beamforming gain uncertainty
L X K p —y ul y
+ uVii Gk X [K]+ VN (2.33)
=1 k=1:k6i 1 | %23
I {z :
Noise

Inter-cell interference caused by other users

Lyl -
Y =

Desired signal  Additive noise

where the expectations are with respect to the channel realizatis, j := P jE[vjyij giij |
is the e ective channel gain andz;; is the additive noise term incorporating the last three
terms in (2.33. Treating (2.34) as the output of a point-to-point channel similar to .29,
it can be veri ed that both the input signal xj“'[i] and the additive noise termz;; are
zero mean random variables, and also the additive noise is uncorreltwith the input.
De ning R} as the uplink rate of thei™ user in cellj, any rate tuple RY;:;RY is
achievable if it satis es the following set of inequalities

Ri' 1 ¢hx"i] ; for j=1;u5L0=15mK (2.35)
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Hence, assuming Gaussian signaling and applying the worst-casearnelated noise tech-
nique of (2.30, one obtains the following lower bound on the rate of decoding thégsal
transmitted by useri in cell j [11]]

0 h o i, 1
ul. ulr; % ul E vjyij gjij . § .
Lyl C P, P, 5 h (e K
ke uE VG a E Vg +E kv K
(2.36)

where the expectations are with respect to the channel realizati®. Note that the nu-
merator and the denominator in .36 are the variance of the desired signal; xjUI [i] and
the variance of the uncorrelated additive noise;; , respectively. It is worth mentioning
that the rate lower bound of 2.36 can be applied with any combining vectow;; and any
channel estimator (including the MMSE estimation discussed in the prvious section).

Downlink

Consider the baseband signat{ in (2.5) received by useri in cell | during the downlink
data transmission phase. Furthermore, assume that the predad vector used by BS for
transmission of the data stream intended for usarin cell | is denoted byw;; . Similar to
the uplink, we add and subtract a term associated with the mean ohé e ective channel
g Wi, which results in the following

r'— h [ r— h [
vi'= T giwa sll+ % giwi E giwy s (2.37)
| {z } {z }
Desired signal Interference due to beamforming gain uncertainty
. X T — X « , -
=L k=lkei Gin Wik S [K] Tea}
| {Z } Noise
Inter-cell interference caused by other users
. i + 0 .
1EY Tl (2:38)

Desired signal ~ Additive noise
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\6vhere the expectations are with respect to the channel realizatis, ; :=
a= E @,wj is the e ective channel gain andz? is the additive noise term incor-
porating the last three terms in @.37). Treating (2.38 as the output of a point to point
channel similar to 2.29), it can be veri ed that both the input signal ; s/[i] and the additive
noise termz; are zero mean random variables, and also the additive noise is unetated
with the input. Therefore, de ning RY as the downlink rate associated with decoding[i],
any rate tuple RY;:::;RY is achievable if it satis es the following set of inequalities

R 1 yM:gfi] ; for I=1;:5L0=1;2K: (2.39)

Thus, similar to the uplink case and assuming Gaussian signaling, by dypg the worst-
case uncorrelated noise technique 02.30 one obtains the following lower bound on the
downlink rate of decoding data streans[i] at useri in cell | [11]]
0 h i 1
di y 2
g — E gjwi

Ly sifi] C%P P ! 2 h 5 § i (2.40)
j=1

di dl
Ezl —E g¥| Wigj - E giwi +1

where the expectations are with respect to the channel realizati®. Note that the numer-
ator and the denominator in .40 are the variance of the desired signal, s/[i] and the
variance of the uncorrelated additive noise; , respectively. Similar to the uplink case, the
rate lower bound of .40 can be applied with any precoding vectow;; and any channel
estimator (including the MMSE estimation discussed in the previous sion). In the next
section, we will present asymptotic limits of these rate lower boundssing the following
conventional linear combining/precoding schemes.

Maximum ratio combining/transmission (MRC/MRT): Under MRC (MRT), the BS
tries to maximize the signal to noise ratio (SNR) for each data strea while ignoring
the e ects of interference. The combining (precoding) vector foMRC (MRT) is
given byvy; =4 (w;; =4;; )- An important advantage of this scheme is that it is
extremely easy to implement. However, as a disadvantage, one @obear in mind
that as maximum ratio neglects the e ects of interference, its p&rmance is inferior
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to other schemes in interference limited scenarios.

Zero forcing (ZF): Unlike MRC/MRT, under ZF combining/precoding the e ect of
additive noise is neglected, while taking into account the e ects of ira-cell interfer-
ence. The ZF combining/precoding matrix at B is given byV;; = [Vjqj; Vi 1 =
G; Gjyj G; 1. Noting that this is the pseudo inverse of the estimated channel ma
trix Gj , it can be veri ed that V}; G; = I, and thereby

ijkj Om = mk; (2.41)

where . is the Kronecker delta function. In other words, the ZF scheme nwpletely
nulls out the interference by projecting each data stream onto ghorthogonal com-
plement of the intra-cell interference. Even though its comput&nal complexity is
higher than MRC/MRT due to the calculation of the pseudo inverse, itperforms
better in interference limited scenarios.

2.3.7 Large Antenna Regime

Using the uncorrelated Rayleigh fading channel model described .19, we now present
well-known asymptotic limits for uplink/downlink achievable rate lower unds under the
combining/precoding schemes discussed above.

Uplink

MRC: Assuming that MRC is used at BSj to estimate signalxj“' [i] received from useli
in cell j, one can re-write £.32 as

"=y (2.42)
S p— y ul s X X p— \Y ul Y
= u® Gin X [i] + u® Gk X [K] + B 0y (2.43)
1=1 I=1 k=1;ké6i
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Using Lemmal, the following is obtained
0 1

i psp—— g+ S as M 11 (2.44)
M ul p i |JIJ{2 g _ jil A ) : ) .

=1;l6
Desired signal J {Z }
Interference due to pilot contamination

which con rms both the channel hardening e ect and asymptotic dvorable propagation.
The decoding strategy which is widely used in the massive MIMO literata is called
treating interference as noise (TIN). More precisely, assuming Nlin uplink, the BS in

cellj only decodes the desired signar'[i] while treating the remaining interfering signals
x{[i]; 1 6 j as noise. Doing so, it has been shown i@f that when MRC is used, the

following lower bound is obtained on the uplink achievable rate:
!

2
o'l C pP——Ff jas M1 (2.45)
I=1;16j jil

ZF: Assuming that ZF combining is used at BY to estimate signalxj”'[i] received from
useri in cell j, (2.44) changes to the following:
0 1

ul gs P — X jil ulp:
i ul |{[I}] + — X/'[i] ,as M1 (2.46)

—116i Jij
Desired signal ‘ i {Z

Interference due to pilot contamination

i.e., both the channel hardening e ect and asymptotic favorable ppagation are observed
here. Similar to MRC, assuming that BS] performs TIN by only decoding the desired
signal x“' [i] while treating the remaining interfering signalsx{'[i]; | 6 j as noise, the

following asymptotic lower bound is obtained
!

2
o'l C pP——0r jas M1 (2.47)
I=1;16j jil
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Interestingly, regardless of whether MRC or ZF is used in uplink, it iskiserved that the
asymptotic limits on achievable rates are identical. In other words,sdM grows to in nity,
the performance of MRC and ZF converge in uplink2p, 111,113.

Throughout this thesis, it is assumed that the noisy channel estines @); are known
locally at the BSs. Thus, from now on, to simplify notation they will be aitted from the
mutual information expressions.

Downlink

MRT: Analogously for downlink, now assume that MRT precoding is applied &Sj, i.e.,
wj; = . The normalization factor ; for this precoding vector can be found from24.8)
as follows
h i
. E tr WJyWJ
mrt —
mrt (2.48)
’ hK
tr E WJyWJ
p. i
= E 0 G
K
Pk p_

Mo iZ ™ i il
= : 2.4
% (2.49)

A similar expression was derived in32] using a slightly di erent notation for a spatially
correlated Rayleigh fading channel. One can rewrit@ ) for the i user in celll as follows

dl dl X< y
i = ot 90k Skl + z (2.50)
j=1 I k=1
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Similar to (2.44), using Lemmal one can obtain

0 1
deP—— lil il X il i
i -S. ; ; .
Pt K a o ap—tt sil+  ap—% shilE: 51
= p Ikl Ikl j=1;j6l = p jkji jkj
k=1 k=1
| {z b {z }
Desired signal Interference due to pilot contamination

asM ! 1 | which again conrms both the channel hardening e ect and asyniptic
favorable propagation. Assuming TIN in downlink, user in cell | only decodes the desired
signal si[i] and treats the remaining interfering signalss;[i]; j 6 |, as noise. Hence, the
following asymptotic lower bound on the downlink achievable rate is ohined
° fi |2'|:P}k<1 kI Ikl :
| | =

Iy sfi] ¥ Cc@p b Aias M!11 (2.52)
L 2 2 _ K
i=1ijel jil i T k=1 ki ki

1

ZF: If ZF precoding is applied at BSj, i.e., W; = G Gjyj G; , the normalization
factor ; from (2.8) is found as follows

h [
tr E WJyWJ
J .

P K I?\ y |
iz1 E Wi W

K

1 X 1

KM K) _ "% i

(2.53)

where (a) follows from a standard result in random matrix theoryl14. A similar expres-
sion was derived in32] using a slightly di erent notation for a spatially correlated Rayleigh
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fading channel. Using 2.41) and applying Lemmal, it is obtained asymptotically

0 1
di p 1 X L=
gt K 4 Es s[i]+ s LinZii)  op&. (254
M P 1 P 1
j=1;j6l K
k=1 P— k=t P——— —
p Ikl Ikl p ki jkj
| {z o {z }
Desired signal Interference due to pilot contamination

asM 'l . Similar to MRT, by performing TIN, user i in cell | only decodes the desired
signalsi[i] and treats the remaining interfering signals; [i]; j 6 |, as noise. Doing so yields
the following asymptotic lower bound on the downlink achievable rate

0 1
_ 1
L= w)
Iy si[i] ?‘S'c% SR LS casMIl (2.55)
| P n(jiI:jij)z
j=1j6l T K

ke (ki ki)

Note that these asymptotic limits on the uplink/downlink achievable raes have been previ-
ously established in the literature with a slightly di erent notation (e.g, see the expressions
of (7) and (11) in [91], (16) in [87], (4.51) and (4.52) in L11], (4.36) and (4.37) in 113).

Remark 3. One should note that as the number of BS antennists becomes large enough in
(2.44), (2.46, (2.5)), and (2.54), the e ects of all inter-user interference and noise terms
vanish except the terms associated with the users in othellsesing the same pilots. These
terms are coherent inter-cell interference caused by pilagbntamination. As explained in
the previous chapter, in most works in the literature, a rebeer only decodes the desired
message coming from (or intended for) the main user insidesitown cell while treating
the interfering message of users sharing the same pilot id ather cells as noise. This
approach, known as TIN, results in saturation of achievablates even whenM grows
unbounded (se€2.45, (2.47), (2.52, and (2.59).

Remark 4. It was shown in [L1]] that even with the assumption of a spatially correlated
fading channel, applying TIN at the receiver yields the sangenclusion and thus users' rate
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asymptotically saturate to a constant independent & . It should, however, be pointed out
that since the distributions of channel estimates and thetiesation error are slightly more
complicated in the case of a spatially correlated Rayleighding channel (seg2.14 and
(2.19), more work is required to nd the asymptotic limits of the abievable rates. For
instance, the expressions of (4.49) and (4.50) inLl1] show the asymptotically saturated
rates after applying MRC and MRT, respectively.

To avoid rate saturation, the decoding schemes proposed in thexhéwo chapters of
this thesis allow for the desired message from the current cell to blecoded along with
either full decoding or partial decoding of the messages from usen other cells that are
sharing the same pilot as the desired user.
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Chapter 3

Performance of Full Interference
Decoding

3.1 Interference Decoding

As discussed in the previous chapters, a common technique widelgdi$n the literature to
deal with the interference caused by pilot contamination in massive IMO systems is to
treat it as noise. More speci cally, it was shown in Chapter 2 that, wan the number of BS
antennas grows unbounded the e ects of additive noise, small-te#ading and non-coherent
interference all vanish, except for the coherent interferenceud to pilot contamination
from users of other cells sharing the same pilot as the desired us&hen decoding the
message of the desired user, by applying TIN at the receiver (i.e.eating the coherent pilot
contamination interference as noise), the user's rate convergesa constant asymptotically
and thus the bene ts of increasingM saturate. For interference networks, while applying
TIN is considered a better option when interference is wealk 15 116, it is known to
be suboptimal in other interference regimes/], 117. In particular, when interference is
strong, it is known that fully decoding interference along with the d&red signal (also
known as simultaneous or joint decoding) is optimal and achieves tkam-capacity of the
interference channel (IC) 119. While fully decoding interference or treating it as noise
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are two extreme interference management strategies that areeferred in strong and weak
interference regimes respectively, they are not always optimal. &se two extreme policies
will be bridged and reconciled by a partial interference decoding sahe presented in the
next chapter.

Optimality and performance limits of schemes that work based on fullgecoding in-
terference have been extensively studied in the literature from anformation theoretic
perspective 1,72, 117 119121]. In this chapter, we argue that when the number of BS
antennas is su ciently large, the power of inter-cell interferenceéerms due to pilot contam-
ination becomes strong enough that the interference can be dded. More speci cally, we
show that whenM is large enough, both simultaneous unique decoding (SD) and simul-
taneous non-unique decoding (SND) of pilot contamination interfence outperform the
conventional schemes based on TIN, which are commonly used in thassive MIMO |lit-
erature. We further show that with a practical number of antenas M, SND outperforms
both TIN and SD. Using a worst-case uncorrelated noise techniquse derive new closed-
form expressions of achievable rates for the uplink and downlink ofraulti-cell massive
MIMO system with a spatially correlated/uncorrelated Rayleigh fadiig channel model. In
addition, the performance of full interference decoding schemgD/SND) is investigated
with MRC/MRT, ZF and RZF combining/precoding techniques, and it is shown that both
RZF and ZF provide signi cantly higher rates than MRC/MRT, while RZF also outper-
forms ZF for a small number of antenna®/ . Structural results are also established in the
case of a two-cell system with a symmetric setup as well as in the hi§iNR regime when
M !'1 . Moreover, the impact of increasing the number of cells, the numbef users,
cell radius, correlation magnitude as well as shadow fading on therfiemance of di erent
schemes is numerically studied in this chapter.

3.2 Decoding Pilot Contamination

Following [38, 64, 65,87,91], it is assumed that the same set of orthogonal pilot sequences
are used in all cells, resulting in pilot contamination interference. Hee, if one performs
TIN, as the number of BS antennasM grows unbounded, the expressions of achievable
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rates for uplink in (2.45 and (2.47), as well as those of the downlink inZ.52 and (2.55
saturate. In other words, treating interference due to pilot calamination as noise results
in a fundamental limitation that constitutes a major bottleneck in the overall performance
of massive MIMO systems with imperfect CSIZq].

In this chapter!, as opposed to simply performing TIN, we propose a more advanced
scheme based on full interference decoding. More speci cally, wedt pilot contamination
interference terms as individual users, similar to an interferencéannel (IC), and thus try
to fully decode them. As will be seen in the subsequent part, this ahge of perspective
results in new achievable rate expressions that grow without bourasM ! 1

3.2.1 Simultaneous unique Decoding (SD)

Note that in the expressions of the uplink received signal after derming MRC in (2.44)
or ZF in (2.46), the rst term is the desired signal and the remaining non-vanishig terms
are all inter-cell interference caused by users in other cells thateasharing the same
pilot sequence, ;i = 1;:::;K, as thei" user of cellj. Now, let us consider 2.43
which is the output of the j!" BS after performing MRC. If the baseband signalyj‘f"} for

j =1;2;:L 1 =155 K, are considered together, then these represent the outputé o

K separate/non-interferingL -user ICs, one such.-user IC for each pilot sequence;;i =

cell that is using the same pilot sequence;, and L receivers, i.e., the BSs. One should also
note that at each of theL receivers of each IC, an asymptotically noise-fréeuser multiple
access channel (MAC) is observed (se2.44) for MRC and (2.46 for ZF). For instance, in
the L-user MAC of (2.44), by uniquely jointly decoding the signals x¥'[i]; x4 [i]; ;12 x¥[i] T,
unbounded rates are obtained a8l ! 1 . A similar argument applies to ZF in uplink by
considering the noise-freé -user MAC of (2.46).

Analogously for the downlink, by considering the received signalg!, for | =
1L 0 =15 K, together we have the outputs oK separate/non-interfering L-user

1The results of this chapter were partially presented in [122].
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Figure 3.1: TheL-user IC in uplink associated with thei™ users of each cell, sharing pilot
sequence ;. There are a total ofK separate/non-interfering such ICs in the network.

ICs, with input signals [sy[i]; s2[i]; ;s [i]]" as in Fig. 3.2 Hence, the asymptotic expres-
sions of @.51) and (2.54 suggest that by performing MRT or ZF precoding at BSs, when
M goes to in nity at a given user, say thei™ one in celll, we have an asymptotically
noise-freeL-user MAC with in nite rate. Particularly, by uniquely jointly decoding the
signals By[i]; so[i]; 25, s.[i]]", unbounded rates are obtained adt ! 1

Remark 5. Note that since large-scale fading coe cients from contamiating users are
unknown at the BS, and also the e ective channel gains in theAZ of (2.44) are functions
of these coe cients, this MAC can be regarded as @ompound MAC [123, where the
channel gains from transmitters to the receiver are unknownrt has been shown in123
that the achievable rates of a compound MAC (i.e., a MAC withnknown channel gains)
are the same as those of the standard MAC, where all channehgare known. Therein, it
has been shown that the lack of knowledge of channel gainbatéceiver does not a ect the
achievable rates, i.e., the users' signal can still be susstully decoded. A similar argument
is applied to the downlink if the large-scale fading coe cigs (and thus the e ective channel
gains) are unknown at the users, and therefore the corresplimy downlinkL-user MACs
can be treated as a&compoundMAC.
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Figure 3.2: ThelL-user IC in downlink associated with thei™ user of each cell, sharing
pilot sequence ;. There are a total ofK separate/non-interfering such ICs in the network.

An intuitive way to understand why the result explained in Remark5 is true is the
following. Consider, for instance, the case of uplink where each usensmitting with
codewords of lengthn can use logf) training symbols interspersed across the frame to
identify the channel gains at the receiver. A1 grows, the resulting loss in rate due to
log(n) can be made arbitrarily small. Moreover, as mentioned in the previswchapter, the
large-scale fading coe cients remain xed for many channel cohence intervals. Since we
code over multiple coherence intervals, the BS essentially needs stiraate the large-scale
fading coe cients only once for a number of coherence intervals.herefore, if one allocates
a small number of symbols across multiple coherence blocks, a neglgitate loss would
be incurred.

Due to the nite coherence time of wireless channels resulting fronser mobility, only
a limited number of orthogonal pilot sequences are available. One wayaddress this issue
is to re-use thesameset of orthonormal pilots across all cells as described in Secti®13.3
However, an alternative approach to that of Sectio2.3.3would be to usedi erent sets of
orthonormal pilots in di erent cells. To illustrate this alternative, assume that a single set
of orthonormal pilots is picked for one cell, and di erent rotated vesions of this set are
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used in all other cells. In particular, usek in cell | transmits the pilot sequence  to its
BS, where the entire pilot matrix used in cell is denoted by ,. As the sequences of other
pilot matrices, ;;j 6 | 2f1;2;:::;Lg, are rotated versions of sequences in, they have
non-zero inner product.

After transmission of all pilot sequences, the BS in cejl receives the matrixYJP 2

CM K given by X
L

ve=" P36 1+2; (3.1)

Multiplying YP by Y, the k™ column of the resulting matrix is

X L

p_— )
=146 ] oGji )k/j * G ; (3.2)

_P—
ik = pOik +

wheregx CN (0; Iy ). Therefore, the MMSE estimateff); of gy; based on the obser-
vation rj is
h i h i
0k = E G i E rirj
X L

1=1;16]

I P=6 AR O (3.3)
One can readily see from3.3) that the channel estimate); is now contaminated by
the channel of all users in other cells. Thus, by lettingM ! 1 , the non-vanishing
terms in (2.44), (2.49, (2.51), and (2.54 will include the signal of every user in every
other cell. In turn, when decoding pilot contamination interferenceusing the same set of
pilots in di erent cells results in decodingL users, whereas using di erent sets of pilots
in di erent cells, as explained above, results in decoding (L 1)+ 1 users. As will
be explained in Remarkl10 later in this chapter, this alternative approach that requires
decodingK (L 1)+1 users (instead ofL users) degrades the performance of interference
decoding schemes, as compared to the approach of Seclidh3 Moreover, the complexity
of jointly decodingK (L 1)+ 1 users is larger than that of decodind- users. Hence,
when decoding pilot contamination interference, using the same seft orthogonal pilots
in di erent cells (as opposed to di erent sets of pilots) is preferablas it results in fewer
interference terms to be decoded.
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Below, we provide a detailed analysis of the uplink/downlink achievableates by fully
decoding pilot contamination interference terms along with the inteshed user in the nite
M regime.

Uplink

In order to establish achievable rate lower bounds, we rst need generalize the worst-case
uncorrelated noise technique of2(30 to the case of a multi-user channel, i.e., MAC. This
is formally presented in the following lemma.

Lemma 2. Consider theL-user MAC given byy = P iL:1 x® + z, where the users' signals
x®; i =1;::;L are independent with complex Gaussian distributiok® CN (0; P;), and
the additive noisez is a complex random variable with mean zero and variancé. If z is
uncorrelated fromx®; i =1;::;L, then

| x®; vy xC 1 x%;yx& ; (3.4)
wherex® is the vector with entriesx®;i 2 f 1,2::;Lg 6;, ¢:=112:;Lgn ,
ye= -, x®+ 26 andz® CN (0; 2.
Proof. See AppendixA.1l. O

Note that using Lemma2, one can obtain an achievable lower bound on the capacity of
a MAC with uncorrelated additive non-Gaussian noise by replacing theoise term with an
independent zero mean Gaussian noise having the same varianceisTé a natural exten-
sion of the worst-case uncorrelated noise result dfl}d, discussed in the previous chapter
for a point-to-point channel, to the case of a multi-user channel. ¥Wén the additive noise
is independent of the users' signals, Gaussian noise has been prdaeebe the worst-case
noise for point-to-point, MAC, degraded broadcast and MIMO chanels [L15. However,
the proof provided in Lemmaz2 only requires the additive noise to be uncorrelated of the
users' signals.
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Let us revisit the received baseband signal o2 33 in the uplink for a general combining
vector v;; applied at BSj. Following the above discussion, thé™ users of all cells,
x4 |L:1’ sharing pilot sequence i, are now treated as the desired signals to be decoded
jointly. Following an approach similar to that of (2.33, by adding and subtracting a term
associated with the mean of the e ective channaf);, g;; in (2.43, the expression below is
obtained over one coherence interval

1 _ P X _h y | | XL p y h y | |
u — M — ul i — ul
i = o, E vgu x'[i]+ oyl Vi g B oviign X[
—{z ~ {z
Desired signals Interference due to beamforming gain uncertainty
N X L X K p — g Xul [k]+ v.on: (3 5)
| =1 k=1;k§i{z ulViij ikl A |J_I{Z_} .
Interference caused by other users Noise
XL | 0
— ul .
= oy X [i1+ z5 ; (3.6)
where ; = P jE[vjyij g ] and zj?j is the e ective noise term incorporating the last three

terms in (3.5).

Note that the power of the desired signals in3.6) is proportional to | “j2 and is thus
proportional to M 2. Moreover, the power of the e ective noise ternzj?j is proportional to
M. Therefore, by uniquely jointly decoding the signals x{"[i] IL:1 in (3.6), the achievable
rates of the corresponding MAC grow unboundedly a4 ! 1

We now consider the MAC of 8.6) at BS j . Using the usual de nitions as in 124, each
messagam, 2 [1: 2Ri']; | = 1;::; L (distributed uniformly) is encoded into the codeword
xlu';”[i](m|) of length n which is generated iidCN(0O; 1). By applying simultaneous unique

decoding (SD) and the standard random coding analysis as it2{], it can be shown that

the decoding error probability tends to zero as ! 1, i.e., the rate tuple RY;:::;RY s
achievable, if

, R 1ogh x! xt (3.7)
for all S=fL12::Lg, 6 ;,andx" is the vector with entriesx/'[i];1 2 . The set

of rate vectors RY;:::;RY that satis es the inequalities of 3.7) de nes the achievable

region at BSj, denoted by RfD, associated with uniquely jointly decoding the signals
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XU |L=1 at this BS. Finally, to obtain the achievable region network-wide (at kh BSs)
for the i"" pilot-sharing users, one should take the intersection of achievabiegions over

all BSs, i.e.,R® = R{P;j =1L

Note that the e ective noise term in (3.6), zj?j , Which contains the last three terms
in (3.5) involves the inner product of random vectors such aqyij n;, and hence is neither
Gaussian nor independent of the users' signals. However, as will ffewn below, it is

uncorrelated from the users' signals.

The signalsx{'[i] and x;'[k] are independent for ;i) 6 (j; k), and the interference term
associated with channel estimation error is zero mean and therebycorrelated from the
desired signals. It is easy to verify that the last two terms in3.5) are also uncorrelated
from the desired signals. Therefore, for transmission over multip®herence intervals all
interference and noise terms in3.5) are uncorrelated from the desired signal components.
Thus, applying Lemma2, an achievable lower bound o (9; x*' x".) in (3.7), similar
to (2.36 can be obtained. More speci cally, replacing the uncorrelated ncaa'zj?j in (3.6
by an independent Gaussian noise with a variance equal to the sumtloé variances of the
interference and noise terms in3.5), provides a lower bound on §.7). This is formally

presented in the following theorem.

Theorem 1. Assuming Gaussian signaling, i.e.,x[il; x¥'[i]; ::x¥[i] T CN (0; 1) for
i 2f1;2;:::;Kg, the following set of achievable lower bounds is obtainedtfee MAC given
in (3.6) at BSj
0 P i 1
2 u E Vi Gii

| ul. XuI Xul C L .

JI? ¢ P L P K y 2 F) L I y | 2 )

=1 k=1 uE oV G = u E Vi g +E kv K

(3.8)
=Ch%(); 8 f 1,2:Lg;

where the expectations are taken with respect to the chanregllizations.

Proof. See AppendixA.2. O
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. . . . . P .
Note that the numerator in (3.8) is the variance of the desired signal |, x4i], and
the denominator is the variance of the uncorrelated additive noiﬁj :

Remark 6. The lower bound of(3.8) is valid in general and does not depend on speci c
choices of the linear combining vectov;; or channel distributions, and the expectations
can be computed using the Monte Carlo simulation.

Downlink

A similar analysis can be applied to the downlink inZ.37). Speci cally, considering the
MAC obtained on the downlink at useri in cell I, the intended symbols for thei™ users
of all cells, i.e.,fs; [i]gJ.L:1 are now treated as the desired signals to be decoded jointly.
Therefore, £.37) changes to the following

x ! d h i x ! v h i
dl — . _
4 B guwi sl — gGiwi B gywy sl (39
i =1 . =1 i
| {z b {z }
Desired signals Interference due to beamforming gain uncertainty
X X K , y
+ — i L QL + X
j=1 J. K=1:K6 | Gjir Wikj s [K] |él}
| {Z } Noise

Inter-cell interference caused by other users

X | i
- sil+ g (3.10)

I_{Z_} Additive noise

Desired signals

where @.10 is the output of the MAC obtained at useri in cell |, with input signals
fs; [i]gjLzl, and z{ is the e ective noise incorporating the last three terms of3.9).

The power of the desired signals in3(9) is proportional to j j; j® and is thus proportional
to M 2. Moreover, the power of the e ective noise ternz{ is proportional to M. Hence, by
unique joint decoding of the input signald s; [i]gjL=1 in (3.10, the achievable rates of the
corresponding MAC grow without bound asM !'1

Considering the MAC of (.10 at useri in cell I, it is assumed that each message
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w; 2 h1 : Z‘Rﬁll ;] =1;::; L (distributed uniformly) is communicated over this MAC by
encoding it into the codewords]'[i](w;) of length n, generated i.i.d. CN(O; 1). Therefore,
by joint decoding of all desired messages uniquely as in SD, decodimgreprobability can
be shown to approach zero fon ! 1, if the set of rate tuples RY;::;;R{ is such that

R' 1 yihs sc; (3.11)
j2
for all S = f1,2::Lg, and s is the vector with entriess;[i]; ] 2 . Finally,
the network-wide achievable region is obtained by taking the intersgon of the MAC
achievable regions over all receivers.

Sinces{"[i] and s{'[i] are independent foi & j, with a similar argument to that of uplink
one can verify that for transmission over multiple coherence inteails the zero mean e ective
noise termz{ is uncorrelated from the desired signal components. Hence, we able to
establish achievable lower bounds for the mutual information termia (3.11), based on the
worst-case uncorrelated noise technique of Lemraln particular, as formally presented in
the following theorem, the e ective noise terne{ is replaced by an independent Gaussian
noise having the same variance.

Theorem 2. Assuming Gaussian signaling, i.e.[sii]; s:[i]; s [i]f CN (0; 1) for
I 2f1;2;:::;Kg, the following set of achievable lower bounds is obtained tlee MAC of
(3.10 at useri in cell |

d E o w: 2
iz — E G Wi

i , . .
S &
dl YA L dl Y W
1 —E O Wi -1 — E giw; 1
j

0
I yi's s C%PL p
j=1 k=

(3.12)
=Ccl(); 8 f L,2:uLg;

where the expectations are taken with respect to the chanmellizations, and ;;j =1;::;L
is found based on the choice of precoding vectwy; .

49



Proof. See AppendixA.3. O

As the numerator in the lower bound of 8.12 is the variance of the desired signal
and the denominator is the variance of the e ective noise terre, following the discussion
below (3.10 this achievable lower now grows without bound am ! 1

Remark 7. The lower bound of(3.12 is valid in general and does not depend on speci c
choices of the linear precoding vectow;; or channel distributions, and the expectations
can be computed using the Monte Carlo simulation.

In the following, by using a spatially correlated/uncorrelated Rayleily fading channel
model, we specialize the uplink/downlink lower bounds of3(8) and (3.12 to specic
choices of the linear combining/precoding schemes discussed in tmevipus chapter.

3.2.2 Spatially Correlated Rayleigh Fading
Uplink

Consider the uplink achievable rate of Theorem, and assume that the channel estimates
0;; are obtained for a spatially correlated Rayleigh Fading model using éhMMSE esti-
mator described in .13, (2.14 and (2.19. When applying MRC at BSj, i.e.,V;; =1%;; .
the result presented in the following theorem computes the closéalim expression of this
lower bound.

Theorem 3. Using MRC combining based on the MMSE estimator for a spatialcor-
related Rayleigh fading channel model, the lower bound (8.8) for nite M is found as

below
0 1

P 2
X

2 u 5t Ry 'Ry
(3.13)

| ul. Xul XuIC C%P - p -

jis 1 1
= k=1 u p RiRj i'Ri + ptr Ry iRy

for all f 1,:;;Lgand i is given in (2.18.
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Proof. See AppendixA.4. O

It is readily con rmed that the tr( :) operation in (3.13 scales proportional toM, and
thus the numerator, which is the variance of the desired signal cgmonents, is proportional
to M 2. On the other hand, the denominator, which is the variance of nooeherent inter-
ference plus the variance of noise, is proportional td, and thereby the lower bound of
(3.13 scales aO(logM).

Downlink

Now, let us consider the downlink achievable rate of Theorethfor a spatially correlated
Rayleigh fading channel model, and also assume that MRT precodinggigplied at all BSs,
l.e.,W;; =4 . First, note that the normalization factor ™ can be obtained as follows

h i
P K
. =1 E 0 G
. (3.14)
K
@ iz U p:ziii iR : (3.15)

where (a) follows from the distribution of@}; in (2.14. One can use the following theorem
to nd the closed-form expression of the lower bound in3(12.

Theorem 4. If MRT precoding based on the MMSE estimator is used at all BSbke lower
bound in (3.12 for nite M is found as below

0 1
P dl r2> 1 2
iz~ U Ry iRy
l yiis s CBRp—p—1 ; (3.16)
L K dl
= ke~ R Ry 'Ry +1

j
for all f 1;::;;Lgand J-’““ is given in (3.15.

Proof. See AppendixA.5. O
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Similar to the uplink, the numerator is the variance of the desired sigth components,
while the denominator is the variance of non-coherent interferem@lus the variance of
noise. First, observe that J-m” in (3.14) grows linearly with M. Hence, it can be veri ed
thatasM !'1 the numerator in (3.16 scales proportional toM , whereas the denominator
saturates; hence, the lower bound 0f3(16 scales afO(logM).

3.2.3 Uncorrelated Rayleigh Fading

In the following, we specialize the expressions of the uplink/downlinkchievable lower
bounds to the case of a spatially uncorrelated Rayleigh fading chagirmodel, and further
nd the bounds of ZF combining/precoding for this special case.

3.2.4 Uplink

Let us consider the special case of an MMSE estimator for a spatialigcorrelated Rayleigh
fading channel model given inZ.22 with corresponding distributions in (2.23 and (2.24).
Using the substitution R;; = i 1w, the following is obtained

ji = 1+ p jil v (317)

MRC

Assuming MRC, one can use the following corollary to simplify the uplinkchievable rate
of (3.13.

Corollary 1. Assuming that MMSE estimates are obtained for a spatially correlated
Rayleigh fading channel model, the lower bound (8.8) (and therefore the one in(3.13)
simpli es to the following

. 12 £ 2 .
| ul Xul XUIc C @ 5 5 5 . J1 A : (318)



for all f L, Lgand 5 = p P ji

=1 p Ji

Proof. See AppendixA.6. O

As the array gains in the numerator and denominator of3.18 are now apparent, it
can be observed that the uplink achievable rate now grows @glog M ).

ZF

Assuming that BS|j applies ZF combining to estimate the signal of th&" user in cellj,
we obtain at BS]j

I — Y |
i = Vi Y) (3.19)
X X
@ P— |
= aVi O + g ) X [K] + v
=1 k=1
X P — y ul;
= uVii i X [i]
=1
I {z }
Desired signals
X X p— ul X X P— ul
+ Vi O X(" [K] + aVii XKD+ Yiy‘{z"'} (3.20)
||=1 k=1:k6i {Z } ||=1 k=1 {Z } I:Iois-e
Interference caused by other users Interference due to estimation error
S .
® P— jil It
= aVi  —— O x"[i]
=1 1
I {z }
Desired signals
A X 5 iK | Xy |
+ uV; o Gikj X" [K] + aVi X [K] +\|/,¥{Zn'}; (3.21)
=1 k=1'k6i JK] -1 k= =14-
||—l k=1:k6i {Z } ||—l k=1 {Z } NoiSe
Interference caused by other users Interference due to estimation error
where (a) follows from the decompositio;; = 4;; + jj ., and (b) is due to 2.29. As

already discussed in Chapter 2, by applying ZF the second term iB8.21) disappears as a
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result of (2.41). Therefore, using @.41), one can further simplify 3.21) as below

uI_X_ p— i ulrs DA Py ul y

T a —— X ]+ uVi gk XKl Vg n} (3.22)
=1 | =1 k=1 | {z-
| {Z } | {Z } Noise

Desired signals Interference due to channel estimation error
X_ Ir; 00
= i X'l zg ; (3.23)
=1 It
_{Z_} Additive noise
Desired signals
where ;| = P “u U and zj?jo is the e ective noise term which is neither Gaussian nor

independent of the Jcliesired signals. With a similar argument as befotewever, it can be
readily veri ed that the term associated with interference-plus-nise in 3.22 is zero mean
and uncorrelated from the desired signal components. Consenilyg one can apply the
worst-case uncorrelated noise technique of Lemn@ao obtain an achievable lower bound
for ZF in uplink. The following theorem establishes this result.

Theorem 5. Assuming ZF and also Gaussian signaling, i.e.x[i]; x4 iJ; i xU[i] T
CN(@; I) fori 2 f1;2;:::;Kg, the following set of achievable rates is obtained for the
MAC given in (3.23 at BS |

0 1
P jil 2
2 u T
ul. ul ul ) .
I ji ’ X X c C% 1 P L P K p s E 1
n . . . + 1
(M K)P_p i i =1 k=1 ul ki p jkljki

(3.24)
for all f 1;::;Lg.

Proof. See AppendixA.7. O
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Using further algebraic simpli cations, one can simplify 8.24) as follows
P !
(M K)p Tpou g2 il il

T K

I ul.xul Xulc C p o
=1 k=1 ul jKI p kg +1

i

(3.25)

Therefore, in the asymptotic regime wheré ! 1 |, the uplink achievable rates for ZF
scale ax0(logM) and thus grow without bound.

3.2.5 Downlink

Considering the MRT/ZF precoding, we now specialize the downlink amvable rate of
(3.12 to the case of a spatially uncorrelated Rayleigh fading channel meld

MRT

Assuming MRT, one can use the following corollary to simplify the downlknlower bound
in (3.16.

Corollary 2. Assuming that MMSE estimates are obtained for a spatially correlated
Rayleigh fading channel model, the lower bound (8.12 (and therefore the one in(3.16)
simpli es to the following

0 1
P d p
M2 j2 mrt j2il ]2|j
I yitlil;s S ¢ C% = B j g; (3.26)
M J'L=l n(wj:t Ezl P ook gk i t1

for all f 1;::;;Lgand J-’““ is given in (2.49.

Proof. See AppendixA.8. O

Noting the array gains in the numerator and denominator of3.26), it is observed that
the downlink rate of MRT scales agO(logM).
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applied to the downlink atehi!" user in

ZF
Using ZF precoding, a similar analysis can be
celll. Thus, one can write

r_—
d — dl Y y
Yir = = i A Vik Si[K]+ wi (3.27)
j:l J k=1
r_—
_ dl oy .
= —0 Vi Si[1]
=1 j
l {z }
Desired signals
x r— r
dl y dl y
+ i Qi Vi Skl + = aViasikl+t o (3.28)
=1 ] k=1ks6i =1 Jok=1 i
| (. } i {z yonose
Non-coherent interference caused by other users Iterference due to estimation error
@ r
& di jil Y v < i
= — —— O Vi Si[1]
i1 Ji
l {z }
Desired signals
+X_rTX( jil y_..k+X_rTX(y_..k+. 3.29
= i Viki Sj [K] — il Viki Sj [K] R’%} (3.29)
=1 I k=1:k6i 1 =1 kgt i
| {z b {z y o Nowe
Non-coherent interference Interference due to estimation error
x r— x r—
) d i - dl y
- — —— S+ —r i Vik Skl + wi (3.30)
i=1 i J =1 j k=1
l {z b {z }
Desired signals Interference + Noise
X_ 00
= i Sifi]+ - ; 3.31
- i Sj[i] R’%} ( )
' __{Z_} Additive noise
Desired signals
\r/vhere (a) follows from the decompositio;; = §;; + ;i , (b) is due to (2.29, j =
Sl . . o . . .
, w{is the e ective noise term which is neither Gaussian nor independent

j Ji

jil .
- i
of the users' signals and jZf is given in (2.53. Using a similar argument as before, the
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term associated with interference-plus-noise ir8(30 is zero mean and uncorrelated from
the desired signal components. One can thus apply the worst-eaancorrelated noise
techniqgue of Lemma2 to obtain an achievable lower bound for ZF in downlink. This is
formally presented in the following theorem.

Theorem 6. Assuming ZF and also Gaussian signaling, i.e[s:[i];s[il; ;s [i]]"
CN(@; 1), for i 2 f1;2;:::;Kg, the following set of lower bounds can be achieved for
the MAC of (3.3))

0 ! 1
P a aC
S
l y"s s. C ! ‘ T : (3.32)
P!_ a P jil T (Y
A U (TR S LR

for all f 1;::;Lg.
Proof. See AppendixA.9. O

Noting the value calculated for  in (2.53, for xed K and largeM, =-/ M, and
J
thereby asM grows the downlink achievable rates of3(32 for ZF precoding scale as

O(logM).

It is important to note that, in downlink, user i in cell | is only interested in correctly
decoding si[i]. Thus, incorrectly decodings;[i]; j 6 I, should not penalize the rates
achievable at this user. Furthermore, the power of the receivedsal for the users located
in distant cells is very small, and thus trying to decode signals of suctsers can reduce
achievable rates considerably.

Similarly for uplink, BS j is only interested in correctly decodinng“' [i]. Thus, in-
correctly decodingx{'[i]; | 6 j, should not penalize the rates achievable at BE. As
will be illustrated later in this chapter, there exist scenarios whereystem performance is
constrained by these distant cells. This motivates the need for n®mdvanced decoding
schemes such as simultaneous non-unique decoding (SND), whichodkes pilot contam-
ination interference signals non-uniquely. In particular, this decadg scheme achieves
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higher rates than SD since the stringent conditions afniquely decoding interference (i.e.,
applying SD) are now relaxed. Below, we discuss the SND scheme in endetail.

For the remainder of this chapter we only focus on the downlink. Thanalysis for
uplink is similar.

3.2.6 Simultaneous Non-unique Decoding (SND)

In this part, we investigate the benet of using SND and further sbw that it enlarges
the region obtained by SD for nite M. The optimality of this decoding scheme for in-
terference networks with point-to-point codes and time-sharingias shown in 2. From

the perspective of practical implementations, it is worth mentioninghat low complex-

ity techniques, known as sliding-window coded modulation (SWCM) ansdliding-window
superposition coding (SWSC) have recently been proposed in the tature and achieve
performance close to that of the theoretical SNDLRS 131].

Let us recall the downlink IC associated with thé™ user of all cells which are sharing
pilot sequence ;. More speci cally, consider the downlink received signalg®, for | =
1;::; L in (3.10, which together constitute the L outputs of an L-user IC, with input
signals By[i];so[i]; ;s [i]]". Also, as mentioned before, note that there are in totakK
separate/non-interfering suchL-user ICs in the downlink. TheL BSs are the transmitters
of this IC, while the i™ user of all cells are the receivers.

When performing the non-unique decoding scheme of SND, tH& user in celll simul-
taneously decodes the intended signaj[i] and the interference signals;[i]; j 6 |, where
incorrect decoding of the interference signals does not incur angnalty. More precisely,
useri in cell | nds the unique messagev/such that (&[i](#), 831l 1(Wsntig), yﬁ';”) is
jointly typical for someWwsnsig, Wheresg | [i1(Wsntig) is the tuple of all codewordssi](w;)
forj 2 Snflg.

In [72), the capacity region of an IC when point-to-point random codes arused was
derived. Applying the results of 2] to the setting of the IC associated with thei™ users
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across thelL cells, the capacity region can be described by

\
R = R, (3.33)
128

where R3NP is the rate region achievable at useirin cell I, given by

[ .
RO = Riiac( 1) (3.34)

flg S

and R‘MAC( 1) represents the achievable rate region obtained from uniquely joipdecoding

signalss;[i]; j 2 atuser iin celll. Therefore,R},,c 4 can be described by the system

of inequalities X
RI' | yi'is s ; 8 : (3.35)

j2!

wheres, is the vector with entriess;[i]; j 2 !;! 6 ;. Note that in ( 3.34 (the achievable

region obtained by SND at usei in cell I) must contain the index of the intended signal

s[il.

The rate regionR|,,, ,, has the following properties:

[P1] The region does not include the rateRi‘j‘”; j 2 ¢, and is thus unbounded in these
variables.

[P2] The signalssi[i]; j 2 ¢, are treated as noise in the rate expressions de ning the
region.

One can readily see thaR$"P strictly contains the MAC region, obtained from SD, at
useri in cell |. Therefore, the capacity regiorG in (3.33 (obtained from SND) is strictly
larger than the intersection of the MAC regions ai™ users in celld = 1;:::;L. Another
important observation is that, due to P2], R; also contains the TIN region (a similar
observation was also made in7p] and [71]). Hence, as it will also be con rmed later via
simulation results, the performance of SND should always be at least good as TIN and
SD.
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Recall that the SD scheme must decode all users, including the (pidy weak) pilot
contamination interference terms. Hence, as will be seen later inishchapter, it achieves
worse ratesthan SND.

Remark 8. Note that there exists a complexity-performance trade-o ebween SD/SND
and TIN. Speci cally, while the proposed schemes of SD/SNDate more complexity than
TIN as they need to decode additional users, for large numbefr antennasM, the rates
achieved by TIN saturate to a xed value that does not increasvith M. In contrast,
the rates for SND/SD increase afO(logM), and hence unbounded rates are obtained as
M1

Remark 9. Note that the successive interference cancellation (SIGdhnique used in37]
is di erent from the SND/SD of this chapter in the following nanner: the work of B7]
considers a setting in downlink where each user is served llyBSs through the reception
of L independent data symbols from the BSs. In particular, each user applies SIC to
sequentially decode the intended data symbols transmitted by the BSs, while treagirall
interfering signals, including pilot-sharing interfering signals, as noise, thus resulting in
the rate saturation problem. This is in contrast to the appexch proposed in this chapter. As
the receivers (i.e., BSs in uplink or users in downlink) tryd jointly decode (either uniquely
or non-uniquely) the intended signal along with the signabming from the pilot-sharing
users, there is no rate saturation a$d increases.

3.2.7 A Simplied Subset of SND (S-SND)

We now consider a simpli ed achievable region which is a subset of SNDdaalso described
in [115 Eq. (6.5)]. We refer to this region as S-SND, which is denoted B S"° at user
i in cell I, and described by the following set of inequalities

i R' 1 yihs sc; (3.36)

for all such that flg f 1,2;:::;;Lg. To obtain the network-wide achievable region
across all cells (for thei™ pilot-sharing users), denoted byR> NP, one should take the
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R|S SND _ TlRﬁ SND

intersection of R} NP overl =1;::L, i.e.,

One can directly verify that R S"P can be obtained fronR P by removing all 2 * 1
inequalities in (3.7) that do not involve the rate RY. Hence, the region SD is strictly
contained in S-SND. Furthermore, due to the results of3(16 for a spatially correlated
channel as well as3.26 and (3.32 for an uncorrelated channel, it can be veri ed that the

boundaries ofR3 NP and R NP grow asO(logM).

The motivation behind considering this region is as follows. It will be sk in the
next section that, as opposed to SNDR; S"P is in the form of a convex polytope which
makes it easy for computing the maximum symmetric rate allocation. Herefore, even for
large networks (e.g., large number of cells) the maximum symmetricteaof S-SND can
be computed in a computationally e cient way. Furthermore, since SSND is a subset of
SND, it provides a lower bound to SND.

3.3 Maximum Symmetric Rate Allocation

Considering .10, it is evident that users with relatively small e ective channel gains
i ] =1L 1 =15 K, suer from smaller rates compared to users with stronger
channels. Therefore, fairness among users when allocating reses should be considered.
As a measure of fairness, we study the problem of maximum symmietrate allocation
(which is the same as maximizing the minimum achievable rate among alleus) for various
schemes. This measure of performance has been widely applied in litexature [111,
113 13Z137. More speci cally, we will compare the performance of the propaseull
interference decoding schemes SD/SND as well as the sub-regibrs«sND with that of
TIN based on the maximum symmetric rate they can o er. In what fdows, the analysis
is shown only for theL -user IC associated with thé™ (i is arbitrary) users across all cells
that are employing the same pilot sequence;, since the same results hold for other sets
of pilot-sharing users.

The maximum symmetric rate associated with the rate region achielke at useri in cell
| is obtained byRsym = max R such that the rate vectorR = [R; R; :::; R]" belongs to the
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achievable region at usef in cell |. Therefore, the rate vector Rsym:; Rsym:; i1 Reym:]"
must lie at the intersection of the diagonal RY = :::= R{" with the boundary of the
achievable region at user in cell |.

One can verify that R3P in (3.7) (achieved at useri in cell ) can be represented as
the intersection of a nite number of closed half-spaces and is alsounded. Hence, it is
a convex polytope, denoted by

n T X 0
Ri= R3::;RI i R g():8 f L2:uLg ; (3.37)

where the functiong() is the r.h.s of the inequality in ( 3.7). Similarly, it can be veri ed
that Ry SNP in (3.36 is of the form (3.37), except nowg()= 1 ifl12 , andis also a
convex polytope.

The following lemma can be used to nd the maximum possible value forétminimum
entry of a vectorR, whereR 2 R).

Lemma 3. In the polytopeR,, de ne

= max mzlg\ R; (3.38)
|
subject to [Ry;:: R 2 Ry; (3.39)
whereS = f1;2;::;;Lg. Then,
= min _ & (3.40)

Proof. Following the steps of 13§, consider an algbitrary vectorR 2 Ry, and dene =

min; R;. Hence, for all 6 ;, we have > RiT ] a() 3 j. Therefore,
min g. g() 5 j is an upper bound on minp R;. ChoosingR = ( ¢;::5; o) 2 Ry, where
o=min . g() 5 j, the upper bound is thus achieved. O

Therefore, the maximum symmetric rate (which also maximizes the mimum rate due
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to Lemma 3) at useri in cell | is

). 3.41
1 fL2eslg 185 ) ) ( )

Finally, to nd the maximum symmetric rate network-wide one needs @ compute
min Rsym for | 2 1;2;::;;Lg. In the following, we discuss how 3.41) can be solved
over various regions.

SD: At user i in cell I, the minimization over R3P in (3.7) can be carried out by solving
. I(yi(ljl;s|js|°)

min —

! I
subjectto | f 1;2;::Lo: (3.43)

(3.42)

The expressions of3.16) for a spatially correlated channel or 8.26 and (3.32 for an un-

correlated channel then allow one to nd an achievable lower bounad the above problem.
For instance, when applying MRT and assuming that channels are gpaly uncorrelated,

one needs to solve the following

0 M1
2 2
P L [ T

1 MK iz T K P— .
[P1] min — logB1+ p——=t P8 (3.44)

I J

subjectto | f 1;2;::;LQ: (3.45)

SND: It can be seen from 8.3 that the region R3NP achieved by SND at useri
in cell | can not in general be represented by the intersection of a nite mber of half-
spaces and thus does not fall in the category of convex polytopesiowever, R3NP in
(3.39) is represented as the union of a nite number of convex polytopesience, to nd
the maximum symmetric rate of SND at user in cell I, one calculates the maximum
symmetric rate over each of these convex polytopes using Lemaand then picks the
largest of these quantities. We will simulate the performance of SND di erent scenarios
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and for dierent numbers of cells (i.e.,L = 2;3;4; and 7) at the end of this chapter.
Moreover, the special cases of two-cell and three-cell systerias which the SND region is
easier to investigate, will be analytically studied and discussed at trend of this section.
Below, we also investigate the maximum symmetric rate of S-SND whighovides a lower
bound to SND.

S-SND: Using R S"P, problem [P 1] changes to the following

0 I
P o APl i

1 MK iz T K P— .
[P2] min — logB1+ = P B (3.46)
cood K L 0+l
j=1 d jil

By

subject to flg  f L2l (3.47)

Note that even though P 1] and [P2] have the same objective function, following the
discussion below .36 the solution | of [P2] must include the indexl associated with the
rate RY, and is thus not necessarily identical to that of 1]. For an uncorrelated channel

with ZF precoding, (3.29 in [P 1] and [P2] is replaced with 8.32, while for a spatially
correlated channel with MRT it is replaced with (3.16).

To tackle [P1] (or [P2]), we rst consider the extreme regime of high SINR.

3.3.1 High SINR regime

Assume that ZF precoding is applied at the BSs. In this regime, the kses ofM and L
are such that

0 1
P d p i i
MK i2 P K P— ki
logB 1+ p—=t P MM log(M ): (3.48)
Koy a i +1
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For instance, this approximation holds when the number of BS anteasM is truly large
but nite while the number of cells L and usersK are xed. A similar approximation can
be obtained assuming that MRT is used.

Thus, in this regime the minimization in both P1] and [P2] is achieved by , =
f1;2;:::;Lg, and thereby the maximum symmetric rate in cell is given by

: Iy safils safil; oo s [i]
Rg)[/)m;l = ng?n,\;llD = ! L ) (349)
which scales a®©(logM). As discussed before, the performance of SND is at least as good
as SD and S-SND, i.eR2)>, RN, = R&m°- Thus, in the high SINR regime the maxi-
mum symmetric rate of SND occurs on one of its region boundariesatiscales a© (logM ).
In other words, from 3.34 the maximum symmetric rate achieved by SND in the high

SINR regime belongs to the full MAC, i.e.,R3D| 2 Riyac(t1... g0 Therefore, in the

. . 1 . . .
high SINR regime one can upper boun&3\>, by RL,  — | yi'; sifil; sz[il; i scfi] -
Consequently, we obtain for the high SINR regim&g>, = RS, = RSP. To nd the
allocation network-wide, denoted byRsym, one needs to calculate the smallest value of

(3.49 across all cells, i.e.,

oy salilsaofils osifi]
3 ,

J

which is the same for all interference decoding schemes. Therefatompared to TIN we
obtain

Rsm > minl y'; 1] = Rk (351)

i.e., joint decoding of all signald's; [i]gjL:l performs strictly better than decoding only the
desired signal (e.g.s/[i] in cell 1), while treating the interference signals (e.gf;s; [i]gjLzl;Iej
in cell I) as noise (TIN).

Remark 10. Consider the alternative approach of using di erent pilotsn di erent cells,
as explained beforg3.1). One should note that, for the regime of large but niteM,
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decoding allK (L 1) + 1 number of interfering users at the current cell will generi
produce a smaller symmetric rate than the approach of Secti@.3.3 which only decodes
L users, due to the much smaller pre-log factor in the formersm For instance, in the
regime of high SINR, using(3.48-(3.50, the achieved maximum symmetric rate of the
former caseis 1=K (L 1)+1)log(M), whereas that of the latter case is 1=Llog(M ).
Hence, when decoding pilot contamination interference, #&sing orthonormal pilots cross
all cells is preferred as, for nite M, it results in larger symmetric rate across the network.

3.3.2 General case

Now, consider the problem of determining the maximum symmetric ratover the regions
TIN/SD/SND/S-SND in general, where the approximation of high SINR is no longer
assumed. Since it is dicult to comment on the performance of maximm symmetric
rate for SND in general due to the structure of the SND region, weext study the two
special cases of two-cell and three-cell systems which are anabjty tractable. For a
symmetric two-cell system, we will nd that either TIN is optimal (SND is always optimal,
and thus the performance of TIN equals that of SND) or the intedrence decoding scheme
of SD is optimal (and hence the performance of SD equals that of BN Whereas, for the
three-cell system we will brie y illustrate examples where SND outgiorms all the other
schemes Cases with more cells (i.el. =4 and L = 7) will be evaluated at the end of this
chapter via comprehensive simulation results in di erent scenarios.

Two-cell system

We now consider a cellular system consisting of only two cells, and dendhe indices
of the cells byj = 1;2. For the downlink IC associated with thei®™ pilot-sharing users,
i =1;2;::;; K, the rate regions achieved by di erent schemes in cell 1 are given laslow.

SD: From (3.7), we obtain for R3P

R 1y sifi] soli] (3.52)
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RS 1y sofi] sufi] (3.53)
R1+R: 1yl sifil; sofi] : (3.54)

SND: From (3.34), we obtain for R3NP

RY 1yl sifi] seli] (3.55)
RY+min RY; 1 yd: spfi] sai] L yd: sifil; sofi] (3.56)
S-SND: From (3.36), we obtain for R} SNP
R 1yl sili] il (3.57)
Ri+ RS 1yl sifil sofi] : (3.58)

Note that, depending on the choice of precoding vector and wheththe channel is cor-
related or not, thel :;:: terms above can be readily replaced by the bounds d3.16),
(3.29 or (3.32, which scale afO(logM).

Remark 11. One can similarly obtain the rate regions in cel2 by replacingy? with y%
and swapping appropriate indices ir{3.52-(3.58.

Note that in a two-cell system, R3NP is the union of RP and the TIN region (or
alternatively the union of R S"P and TIN). We now aim to investigate the performance
of di erent schemes with maximum symmetric rate allocation. For théwo-cell system, we
rst de ne the following cases:

Case (i): In this case, we have
Iyt sofi] sali] <1y safi] (3.59)
Case (ii): In this case, we have

%I yad: si[il; sali] min | y%: si[i] sofi] ;1 y¥: sofi] sifi] (3.60)
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G, Q.

c D i

@) (b)
Figure 3.3: (a) lllustration of RFP in cell 1 representing the 3 sub-region§;, G, and G;
over which the diagonalR% = RY will intersect a particular facet of the rate region, (b)
lllustration of the rate regions achieved under TIN/SND/S-SND/D in cell 1 for case (i):
the diagonalR% = RY intersects SD at point E, S-SND at point F, and SND/TIN at point
G, resulting in (3.66, (c) lllustration of the rate regions achieved under TIN/SND/S-
SND/SD in cell 1 for case (ii): the diagonalR% = R intersects TIN at point H, and
SND/S-SND/SD at point I, resulting in (3.67).

> Ri1

Case (iii): In this case, we have
|y sili] solil <1yl sofi] (3.61)

From the perspective of the maximum symmetric rate, cases (i)-(iifefer to conditions
(in terms of mutual information) under which the diagonalR% = RY intersects one of the
three facets of the rate region.

More specically, consider the rate regionR3P achieved by SD in cell 1, de-
picted in Fig. 3.3 where the entire region is divided into 3 sub-region&;; G, and
Gs. Also, from (3.52-(3.54, note that the corner points are given by C; A) =
| ydsilil i1y slil sl and (O; B) = 1yl silil solil 51y sl
Now, the conditions under which the diagonaR% = RY lies in sub-regionsG;; G, or
G3, are equivalent to the conditions of the three cases 08.69-(3.61) as follows: the diag-
onalRY = RY lies in Gy, i.e., case (i) is true, i C > A; the diagonalR% = RY lies in G,
i.e., case (ii)istrue,i C A andB D;the diagonalR% = RY lies in G, i.e., case (iii)
is true, i B > D . Speci cally, the conditions for case (i) in 8.59 and case (iii) in (3.61)
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are exactly those given byC > A and B > D , respectively.

For case (ii), note that one can also write

L(yYs salils s2lil) = 1(yds salil) + 1y selilj salil) (3.62)
= 1(y]; soli]) + 1 (yY; sililj s2[i]): (3.63)

Hence, in case (ii) where we hav€ A andB D, by replacingC and B with their
respective identity from 3.62 and (3.63, we reach the following conditions

S1O il 1) 10 sl safi]) (3.64)

SO sl s01) 1O sl s:0)); (365)
resulting in (3.60.

Remark 12. If the worst-case uncorrelated noise bounds ¢B.16), (3.26 or (3.32 are
substituted for the mutual information expressions i{3.59-(3.61), case (iii) should not
happen as the e ects of small-scale fading vanish in thesesthbounds and thus the received
power ofs,[i] in cell 1 can not be larger than that o&4[i] in cell 1. Hence, case (i) and case
(i) can be viewed as two complimentary and exhaustive cotiolns for a two-cell system in
cell 1.

Further note that the bounds of(3.16), (3.26 or (3.32 di er from the mutual expres-
sions in (3.61) due to two factors: (a) the expressions ir{3.61) depend on the specic
fading gains, and (b) the e ective noise is not necessarilydassian. However, a in-
creases the channel hardening q2.51) and (2.54 minimize the e ects of (a). Moreover,
due to the channel hardening and favorable propagation etgén (2.51) and (2.54) as well
as the assumption of Gaussian signaling in the results ¢8.16, (3.26 and (3.32, the
interference terms (e ective noise) in (2.43 are asymptotically Gaussian.

The performance comparison of various schemes in cell 1 is sumnetim the following
corollary.
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Corollary 3. If the condition of case (i) in (3.59 holds in celll, then

SD S-SND SND _ pTIN .
RSym;l <R Sym;1 <R Sym;1 — RSym;ll (3-66)

otherwise, if the condition of case (ii) in(3.60 holds in cell1, then

Rim1  RSm1 = REm1 = REAY: (3.67)
with strict equality in (3.67) if and only if (3.60 holds with strict equality.
Proof. See AppendixA.10. O

Fig. 3.3illustrates an example of this corollary. Sub- gure (b) representsase (i) and
its consequence in3.66, whereas sub- gure (c) represents case (ii) and its conseqaenn
(3.67). ltis also veri ed from Fig. 3.3that if the condition of case (iii) in (3.6]) is active in
cell 1, its consequence is identical to that of case (ii) irB(67), however it is not discussed
here due to Remarkl2.

To further comment on the performance of various schemes ovmath cells, we consider
a symmetric setting which is easy to analyze, and provides insights anthe bene ts of
employing interference decoding schemes.

We de ne the symmetric setting as a scenario where the MACs seenhinth cells 1 and
2 are identical, i.e., a symmetric two-user IC. Therefore, if case (i) &ctive in cell 1, it is
also active in cell 2, and the resulting rates are equal in both cells. [Fwing Remark 11
it is thus obtained network-wide that

RSO, <RSP <RED = RLY; (3.68)

Observation: Both SND and TIN achieve the same performance and strictly outp@rm
SD and S-SND. Thus, TIN may be the better choice of strategy in pctice due to its
simplicity.

Similarly, if case (ii) is active with strict inequality in cell 1, it is also active wth strict
inequality in cell 2, and the resulting rates are equal in both cells. Follng Remark11 it
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Figure 3.4: An example of symmetric geometry in a two-cell systemhere users are located
at the same location on the cell edge, denoted by solid squares, &%k are located at the
center of the cells.

is thus obtained network-wide that

RYh <R3 = RYR = REI™: (3.69)
Observation: The interference decoding schemes SD/SND achieve the same @enance
and strictly outperform TIN. Thus, SD may be the simpler one to implenent in practice.
Examples of these cases will be demonstrated in the simulation resutection.

Consider, for instance, a setup where all users are located at theme location on the
cell edge, denoted by solid squares, as in Fi§.4 With respect to the bounds of 8.16),
(3.26 and (3.32, this setup is symmetric as the e ects of small-scale fading vanish ihese
bounds.

Note that in a two-cell system, as discussed in Fig®.3, all faces ofR3N°; I = 1;::;L;
are achieved by either TIN or SD. Next, we will brie y illustrate scenaos for a three-cell
system, where SND can strictly outperfornall the other schemes

Three-cell system

Now, consider a cellular system consisting of only three cells. In thiase, the rate regions
under SD/S-SND can be obtained by a straightforward extensionf 3.52-(3.54 and
(3.57-(3.59 to the three-cell system, thus omitted for brevity. Moreoverdr SND, the rate
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region R3NP achieved in cell 1 can be found using3(34) as follows:

R 1 ¥yl safil selil;ssli] (3.70)
Ri+min |yl sli] sifiliss[i] ; RY

|y sailssoli] - ssfi] (3.71)
Ri+min |y soli] sifiliseli] ;R

Iy sililissli] seli (3.72)

RY +min | y¥: sy[i];ssli] sili] ;
R4+ 1 vyl safil silil;seli]
RA+ 1y solil salilssali]
R%+ RY

I y9; safil; solil;sali] (3.73)

Similar to the two-cell system, depending on the choice of precodingctor and whether
the channel is correlated or not, thd :;:: terms above can be readily replaced by the
bounds of .16, (3.26 or (3.32, which scale asO(logM). An example of this region is
plotted in Fig. 3.5 where the dashed lines indicate that the region in cell 1 is unbounded
variablesRY% and R%, which is in agreement with property P1] of the achievable region.
Also, note that following Remark 11 the regions corresponding to cells 2 and 3 can be
similarly found.

By comparing (3.70-(3.73 with the achievable regions of SDR>P, and S-SND,
R NP, it is noted that there are four faces in Fig.3.5that are only achieved by SND and
not by any other schemes. More precisely in cell 1, it is possible g1 to achieve one of
the rates, | (y%; sifi] ssli]), 1 (s sali] selil), 31 (vd: sililisali]) or 21 (yds salils sslil).
Note that the rst rate 1(y%; si[i] ss[i] ) can be interpreted as the maximum rate
of the i" user of cell 1, while treating thei™ user in cell 2 as noise. The second rate
I (y3%; sili] s2[i] ) can be interpreted similarly. Moreover, the ratefl (y; si[il; so[i] )
can be interpreted as the maximum symmetric rate achieved by joirdecoding of the
i users of cells 1 and 2, while treating thé" user of cell 3 as noise. The fourth rate
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Figure 3.5: An example of the rate regionR>\P, obtained by SND in cell 1.

$1(yd; sufi];ssli] ) can be interpreted similarly. Therefore, neither SD/S-SND nor TN
can provide these rates, in which case SND can strictly outperforail the other schemes
More discussion will be provided in the simulation results section.

3.4 Simulation Results

To illustrate the performance of the dierent interference managment schemes,
TIN/SD/SND, with maximum symmetric spectral e ciency (SE in units of bits/sec/Hz)

allocation, we simulate the downlink of a multi-cell massive MIMO systenmaxperiencing
pilot contamination. In particular, we consider hexagonal cells with aadius of r = 400

m where BSs are located at the center of the cell arld = 15 users are uniformly dis-
tributed at random within the area of each cell. To evaluate the peofmance, the average
of maximum symmetric SEs is calculated over 150 random realizations user locations.
The downlink transmit power of each BS is taken to be 40 W, and to metllarge-scale
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Figure 3.6: The 3D distance model of2], where hgs is the BS height taken to be 25 m,
and dyp is the 2D distance from the user to the BS.

T Yecctass

@)L =2 by L=3 ) L=4 dL=7

Figure 3.7: Cell con gurations for di erent scenarios depending othe value of L, (a)
L=2,(b) L=3,(c)L=4,(d) L=7.
fading coe cients, j, a path-loss model adopted fromZ] is considered:

[l = 1354 3908log, dJkI 20log, (fe) +0:6 (hyt 1:5); (3.74)

where dJkI is the 3D distance (in meters) from usek in cell | to BS j (see Fig.3.6), the
carrier frequency isf . = 3:5 GHz, hyt is the user height which is taken to be:5 m. Also,
with a system bandwidth of 20 MHz, the noise variance is assumed te b 101 dBm. Note
that while the e ects of shadowing are neglected in3(74), we will investigate its impact
on system performance separately at the end of this section. It fisrther assumed that
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users are located at least 35 m away from their BSs, i.€lpp 35 m. To study the impact
of changing the number of cellsl., on system performance we also consider four di erent
cell con gurations whenL 2 f 2; 3; 4; 7g, as shown in Fig.3.7. It should also be mentioned
that wrap around topology is not used for the simulation results coesponding to the cell
con gurations of Fig. 3.7. However, the e ect of wrap around topology folL = 7 will be
studied separately at the end of this section.

For the sake of completeness, we also plot the performance of gwb-region S-SND
in all scenarios. Note that S-SND is not a communication scheme, bohly a simple
sub-region of SND that serves as a good lower bound (clearly tightdhan SD) to SND,
and thus is only used for performance comparison purposes. Belowe investigate the two
cases of a spatially correlated Rayleigh fading channel and an unadated Rayleigh fading
channel separately.

3.4.1 Spatially correlated

We now study the downlink performance of MRT and ZF precoding wimea spatially
correlated channel model is used. We adopt the exponential celation model of 39,

ie., 0

1
M o1
1 Fiki Fiki
Fiki 1 rjkl M2
Riw = ju : : y : ; (3.75)
ri)" ()™ 2 1

which is widely used in the literature 89,64, 140143, whereR;y is the correlation matrix
from userk in cell | to BSj. In particular, in this model rjy = e! i is the correlation
coe cient, 2 [0; 1] is the correlation magnitude and j is the user angle to the antenna
array boresight. Unless otherwise specied, we assume= 0:4, i.e., moderate spatial
correlation.

Figs. 3.8and 3.9show the performance of ZF and MRT foL. = 7 versusM , respectively.
While in both cases the achievable symmetric SEs increase with, as discussed below
(2.41) ZF achieves signi cantly higher SEs compared to MRT. It can be sadrom Fig. 3.8
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that the gain o ered by SND compared to TIN is about 19% and 33% foM = 128
and M = 256, respectively, and this gain increases to about 52% whé&h = 1024. On
the other hand, Fig. 3.9 shows that when using MRT the gain o ered by SND is about
7% and 12% forM = 128 and M = 256, respectively, and this gain increases to about
43% whenM = 1024. Lastly, the two gures conrm that SD performs poorly in both
scenarios, as it tries to blindly decode pilot contamination interferee terms regardless
of their strength. This is as opposed to the non-unique decodinghgtne of SND, which
automatically determines which pilot contamination interference tens should be decoded
along with the message of interest while the remaining interferencerms will be treated
as noise. Since MRT performs poorly compared to ZF, as observedFig. 3.9, we only
focus on the performance of ZF for the rest of the considerecerarios.

Figs. 3.10-3.12 show the performance of ZF for the cases bf=4, L =3 and L = 2,
respectively. While a pattern similar to that of Fig. 3.8 is apparent, one can notice that
the proposed schemes achieve higher SEs as the number of cellsedses. This is due to
the fact that by reducing L, while keeping the other system parameters xed, the amount
of interference decreases, thus increasing the spectral e c®n As a consequence, when
performing ZF for instance, the gain o ered by SND decreases aket number of cells
reduces. In particular, forL = 4 this gain is about 18% whenM = 256 (down from 33%
in the case ofL = 7) and it decreases to about 7% wheh =2 and M = 256.

Next, we study the performance of regularized zero-forcing (RX precoding. Here, the
precoding matrix at BSj is given by

1

wWH=G6; GG+ Ik ; 8 (3.76)

where is a regularization factor, which improves the numerical stability of e inverse
operation. Note that the choice of is arbitrary and could be further optimized (see for
example B7, Theorem 6] and 144). The two choices of = K= g (suggested by145) and
= M= 4 (suggested by32]) were investigated by simulation. The former provided better
performance for the setup and system parameters consideredthis work. Therefore, in
this thesis we take = K= 4. One can verify that whenM is large, the diagonal entries
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ZF, L = 7, Spatially correlated
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Figure 3.8: Performance of maximum symmetric SE for seven cells wh&F precoding and
a spatially correlated channel model are used.

of G} G increase withM and therefore the approximation below can be used

1

GJ)] ij + g ' GJ)] ij : (3.77)

Hence, whenM is large, one expects the performance of RZF to resemble that df.Z0n
the other hand, whenM is small, with a proper choice of the regularization factor RZF can
outperform ZF [145. These results are con rmed in the next gures. Speci cally, Fig3.13
shows the performance of TIN/SD/SND with maximum symmetric SEdr L = 7 and when
RZF precoding is applied at the BSs. Similar to the cases of ZF and MR&sM increases
the gain o ered by SND improves, while unsurprisingly SD is always ougsformed by the
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Figure 3.9: Performance of maximum symmetric SE for seven cells whdRT precoding
and a spatially correlated channel model are used.

other schemes for this range of antennas. Particularly, the gaineoed by SND is about
19% and 32% forM = 128 and M = 256, respectively, and this gain increases to about
51% whenM = 1024. This is similar to ZF, and is indeed in agreement with the previous
discussion, a#M is relatively large in these scenarios. This comparison becomes madeaic
by looking at Fig. 3.14 which shows the performance of SND for RZF and ZF in the same
plot. One can observe that wherM is small (i.e.,M  64), there is a visible gain o ered
by RZF, while for largeM the performance of RZF converges to that of ZF.

Next, we study the impact of changing the number of userk and the correlation
magnitude on the performance of the di erent schemes. To this end, we assa that ZF
precoding is applied at the BSs. Fig3.15shows the performance of TIN/SD/SND with
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ZF, L = 4, Spatially correlated
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Figure 3.10: Performance of maximum symmetric SE for four cells wh&F precoding and
a spatially correlated channel model are used.

maximum symmetric SE versus the number of uset§, whenL =7 and M = 256. It can

be observed that increasingl results in smaller achievable symmetric SEs. This is similar
to the case of increasing., as serving a larger number of users leads to smaller symmetric
SEs. Consequently, the gain o ered by SND improves whdf increases. More speci cally,
Fig. 3.15shows a gain of about 11% wheK = 2, which increases up to about 33% when
K =15.

The impact of changing the correlation magnitude on system performance is shown
in Fig. 3.16 whereL =7, M = 256 and K = 15. It can be seen from the gure that
increasing the correlation magnitude from 0 (equivalent to the casé uncorrelated fading)
to 0:8 (equivalent to strong spatial correlation) results in improving theperformance of
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ZF, L = 3, Spatially correlated
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Figure 3.11: Performance of maximum symmetric SE for three cells & ZF precoding
and a spatially correlated channel model are used.

both TIN and SND, while the performance of SD does not change ntucConsequently,
as the performance of both schemes improves by transitioning tass the strong spatial
correlation regime, the gain o ered by SND reduces. More preciselyND provides a gain
of about 56% in the spatially uncorrelated case (= 0), while this gain gradually reduces
to about 6% in the strong spatial correlation regime ( = 0:8). Also, in the regime of
moderate spatial correlation ( = 0:4) the gain of SND is about 33%.

The improvement of the performance obtained by TIN is in agreemewith the results
reported in [111] and [64]. Particularly, it is known that spatial correlation can improve
the quality of MMSE channel estimates resulting in reduced pilot coamination e ects
in massive MIMO systems, provided that users have di erent spatiacorrelation charac-
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ZF, L = 2, Spatially correlated
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Figure 3.12: Performance of maximum symmetric SE for two cells whei precoding and
a spatially correlated channel model are used.

teristics [111]. In other words, when pilot sharing users have di erent spatial eeelation
characteristics, pilot contamination interference becomes negliggbin the strong spatial
correlation regime. One should note that while the channel estimateof pilot sharing
users are correlated, these users can have very di erent cdateon matrices. For instance,
this can happen when pilot sharing users have completely di erent gles to the antenna
boresight in (3.795. On the other hand, when these users have similar spatial corrgém
characteristics, this interference becomes strong. An examplitiois scenario is the special
case of an uncorrelated channel where the correlation matricag aery similar (recall that
in this caseRjy = j«ulwm). This is also con rmed by the fact that TIN has the minimum
symmetric SE (i.e., maximum pilot contamination interference) in Fig3.16when =0.
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RZF, L =7, r = 400m, Spatially correlated
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Figure 3.13: Performance of maximum symmetric SE for seven cellsemhRZF precoding
and a spatially correlated channel model are used.

The performance improvement obtained by SND in the spatial coriaion regime can
also be explained as follows. When performing SND, a receiver (an itdry user in the
downlink) automatically decides to decode pilot contamination interf@nce non-uniquely,
only if its signal strength is good enough, otherwise it will be treateds noise. In other
words, when dealing with a spatially correlated channel, if a pilot shannuser is creating
strong enough interference at the receiver (e.g., when spatialnadation characteristics of
pilot sharing users are similar), it will automatically be decoded underND. On the other
hand, if this user is creating weak interference (e.g., when its spdt@orrelation matrix is
di erent than that of the user of interest), it will e ectively be tre ated as noise under SND.
Thus, it is expected that spatial correlation will improve the perfomance of SND as well.
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RZF vs. ZF, L =7, r = 400m, Spatially correlated
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Figure 3.14: Performance comparison between RZF and ZF for= 7, when SND is used.

Next, we study the impact of shadow fading on the performance ahe proposed
schemes. In particular, we assume that a term associated with slwav fading is now
added to the large-scale fading model oB(74) with a standard deviation of ghagow in dB.
Fig. 3.17 shows the achieved symmetric SEs of the di erent schemes whehe tstandard
deviation of shadow fading, shadow, Varies in the range from 0 dB to 5 dB. The parameters
for this gure are the same as those in Fig3.16 except that correlation magnitude is now
xed at = 0:4. It can be observed that, as expected, by increasing the shadéading
the SEs achieved by all schemes reduce. Nevertheless, asow becomes larger the gain
provided by SND over TIN increases, which shows the importance thie proposed scheme
in practical scenarios. In particular, when there is no shadowing imé path-loss model of
(3.74), SND provides 33% improvement over TIN, whereas when the st@ading increases
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ZF, L =7, M = 256, Spatially correlated
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Figure 3.15: Performance of maximum symmetric SE versus the nuertof usersK , where
L =7, M =256, and ZF precoding with a spatially correlated channel model arused.

t0  shadow = 3 dB the gain provided by SND over TIN improves to 186%, and it combhues
to grow for larger values of shagow-

Next, we consider the seven-cell con guration illustrated in Fig3.7d with wrap around
topology. In this case, the interference environment seen by tkenter cell will not change;
nevertheless, the six surrounding cells will be subject to greatetanference. More speci -
cally, wrap around will change the e ective user-BS distances anti¢refore lead to greater
interference for these six cells. Hence, it is expected that this segio will degrade the
achieved SEs. Fig.3.18 shows the performance of the dierent schemes TIN/SD/SND
versusM when a wrap around topology is used with seven cells. It can be seéattwhile
the SEs have slightly reduced, due to the increased interferencethe six surrounding
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ZF, L =17, M = 256
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Figure 3.16: Performance of maximum symmetric SE versus the cglation magnitude ,
whereL =7, M =256 and ZF precoding is used.

cells, SND still provides a notable gain over TIN, which again con rmshe signi cance of
SND in realistic settings. In particular, this gain is about 30% and 40%of M = 128 and
M = 256, respectively, and improves to about 60% wheM = 1024.

3.4.2 Spatially uncorrelated

We now consider the case of an uncorrelated Rayleigh fading chahneodel discussed
in Section 3.2.3 which is a special case of a spatially correlated channel model. Also,
using the closed-form expressions of the rate lower bounds for ancorrelated channel
in Section 3.2.3 we are able to compute the performance for a signi cantly wider rge
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ZF, L =7, M = 256, Spatially correlated
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Figure 3.17: Performance of maximum symmetric SE versus the stird deviation of
shadow fading shadgow,» WhereL =7, M =256 and ZF precoding is used.

of M, thus providing insights into the asymptotic performance limits. Spa cally, we
investigate the impact of changing the number of antennad , number of cellsL and cell
radiusr on system performance. To do so, we simulate a multi-cell massiveNWD system
with spatial correlation matrices given byRjy = julwm, and parameters similar to the
correlated case. In particular, the performance of the di erenschemes TIN/SD/SND with
maximum symmetric SE and ZF is studied fol. = 2; 3; 4 and 7 and for two choices of
cell radiusr = 400 m; 800 m. To evaluate the performance, the average of the maximum
symmetric SEs is calculated over 200 random realizations of user lbhaas.

Fig. 3.19shows these results for a range of moderately larlye, while Fig. 3.20shows
the same for a range of extremely larg®l , whenL = 7. While the latter covers a range
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ZF, L =7, Wrap around topology, Spatially correlated
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Figure 3.18: Performance of maximum symmetric SE for seven cells hwitvrap around
topology, when ZF precoding and a spatially correlated channel meldare used.

of M that is beyond practical, the results of Fig.3.20can be used to con rm asymptotic
performance limits asM ! 1 . By comparing Figs.3.19aand 3.19h it is concluded that
increasing the cell radius will slightly decrease the gain provided by BNMore speci cally,
while the gain of SND forM = 128 and M = 256 is 43% and 56% whem = 400 m,
respectively, these gains reduce to 34% and 47% wher 800 m. Also, whenM = 1024
this gain increases to about 82% for = 400 m, whereas it reaches approximately 72%
for r = 800 m. It is also conrmed via Fig. 3.20 that, when M grows unbounded, the
performance of TIN saturates to a constant value while the penfimance of both SD and
SND continue to improve and thus asymptotically converge. In otlmewnords, as discussed
before, this result con rms that whenM becomes truly large, the system enters the high
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ZF, L =7, r = 400 m, Uncorrelated ZF, L =7, r = 800 m, Uncorrelated
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Figure 3.19: Performance of maximum symmetric SE for seven cellsmihoderately large
M, when ZF precoding and an uncorrelated channel model are uséd) r = 400 m, (b)
r =800 m.

SINR regime so that the optimal performance is obtained by jointly €coding signals of all
pilot sharing users; hence almost identical performance is obtainadder both SND and
SD. In addition, by comparing these results with the case of a spalliacorrelated channel,
one can clearly see that spatial correlation improves the performee of both TIN and
SND (as discussed before), which leads to a slightly smaller SND gairurthermore, as
expected, by increasing the cell radius more antennas will be reqdrto achieve the same
symmetric SEs.

A similar pattern is observed in Figs.3.21to 3.26 Note that Figs. 3.21, 3.23 and
3.25 show the results for a range of moderately larg®l, whereas Figs.3.22 3.24 and
3.26 show the same results for a range of extremely larg@. One can notice that for
L = 4;3 and 2, the performance improves with increasinyl, while achieved symmetric
SEs slightly reduce when cell radius increases fran 400 m to r = 800 m, which results
in smaller SND gains. Moreover, similar to the case &f = 7, increasing the cell radius
in these scenarios gives rise to requiring more antennas to achiekle same SEs. Lastly,
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ZF, L =7, r = 400 m, Uncorrelated ZF, L =7, r = 800 m, Uncorrelated
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Figure 3.20: Performance of maximum symmetric SE for seven cells lwituly large M,
when ZF precoding and an uncorrelated channel model are useal) { = 400 m, (b) r = 800
m.

one can also conclude from these gures that reducing the numbef cells yields larger
symmetric SEs and thereby smaller SND gains; a pattern that was al®bserved for a
spatially correlated channel. For instance, in the case &f=2, M =256 andr =400 m,
Fig. 3.25shows a gain of 17% provided by SND (down from 56% whén= 7 with the
same parameters).

Next, we consider a somewhat pessimistic scenario where all useedacated on the cell
edge at the farthest distance from their BSs. Speci cally, consid¢éhe scenario depicted
in Fig. 3.27for L = 2, where users' positions are denoted by solid squares. While the
position of users in cell 1 is xed, the position of users in cell 2 varies an inscribed circle
inside the cell based on the angle2 [0 ; 360]. Note that the users' location in this setup
is somewhat in favor of TIN, especially when is not close to 180. This is due to the
fact that this assumption makes the power of the signal of intereas well as that of the
interfering user from another cell at each receiver very small.

Fig. 3.28shows the performance of di erent schemes for a two-cell systevith a sym-
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ZF, L =4, r = 400 m, Uncorrelated ZF, L =4, r = 800 m, Uncorrelated
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Figure 3.21: Performance of maximum symmetric SE for four cells withoderately large
M, when ZF precoding and an uncorrelated channel model are uséd) r = 400 m, (b)
r =800 m.

metric setup, i.e., =0 in Fig. 3.27, and thus the MACs seen at both cells are identical.
The results of Fig.3.28are used to validate the analytical ndings of Corollary3 as well
as that of the high SINR regime.

It can be observed from Fig3.28that approximately for M < 1P, condition of case (i)
in (3.59 is active; thus, SND and TIN have the same performance and sttlig outperform
SD, i.e., R, < RN = R&y,. In other words, forM < 10, to achieve the optimum
performance in each cell, one should only decode the signal of its avser while treating the
signal of pilot contamination interference as noise. On the other hd, when approximately
M > 1CP, the condition of case (ii) in B.60 is active; thus, both interference decoding
schemes SD/SND are optimal, i.eRgy, < Rgh, = RSD. Consequently, for signi cantly
large values ofM, to achieve the optimum performance in each cell, one should jointly
decode both the signal of its own user as well as that of pilot contamation interference.
This observation also matches with the consequence of the high ®Negime for truly

large M in (3.51). These observations are all in agreement with the analysis penfoed in
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Figure 3.22: Performance of maximum symmetric SE for four cells wittuly large M,
when ZF precoding and an uncorrelated channel model are used) ( = 400 m, (b)
r =800 m.

Section3.3.2

Lastly, the results of maximum symmetric SE with ZF versus are shown in Fig.3.29
for four dierent values of M = 128; 256 512 1024. First, notice that since this is a
somewhat pessimistic scenario and in favor of TIN (as discussed e for all values of
M there exists only a small range of where SND outperforms TIN. Second, it can be
veri ed that as M is increased and the performance of SND is thus improved, the rangf

over which SND outperforms TIN expands. Speci cally, foM = 128 this range is about
152 204, while for M = 1024 it increases to about 136 220. In addition,
one can notice that as increases and approaches 18Qunsurprisingly its performance
constantly degrades. This is due to the fact that when approaches 180the strength of
pilot contamination interference from users of cell 2 at BS 1 increas, as explained in more
detail below.

The characteristics of SEs can be classi ed into 2 regimes af regime-1 where is
close to 180 and SND outperforms TIN (e.g., 136 220 when M = 1024), and
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Figure 3.23: Performance of maximum symmetric SE for three cells Wwitmoderately large
M, when ZF precoding and an uncorrelated channel model are uséd) r = 400 m, (b)
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regime-2 where is far from 180 and SND and TIN have the same performance (i.e.,
136 and 220 whenM = 1024). In regime-1, we haveRg[> > R\ > Rg),, as
explained in the following. Note that captures the distance between users and the BSs
in di erent cells, and when enters regime-1, users in cell 2 become relatively closer to
BS 1. Therefore, users in cell 2 create \strong" pilot contaminatiointerference at BS 1;
hence, TIN performs poorly whereas SND outperforms all othecleemes. In contrast, for

in regime-2, we haveR3[> = R\ > REY,. Here, users in cell 2 are somewhat far from
BS 1, and thus the resulting pilot contamination interference becoes \weak" at BS 1.
Hence, performing TIN at both cells is optimal and provides identicglerformance to that
of SND. In the next chapter, we will propose a more advanced defing scheme based on
partial interference decoding, and will observe that the propodescheme outperforms both

TIN and SND for a much wider range of .
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Figure 3.27: lllustration of a two-cell system, where all users of ¢hleft cell are located
on the cell edge at the farthest distance from the BSs located atd center of the cells,
whereas the position of users in the right cell is changing on a circle igtes the cell over
0 360. The position of users is denoted by solid squares.
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Chapter 4

Performance of Partial Interference
Decoding

4.1 Partial Interference Decoding

While fully decoding interference or fully treating it as noise are two ¢omon strategies for
managing interference, it is known that these extreme strategiese not always optimal.
For instance, as discussed in Chapt&; TIN is preferred when interference is weak, whereas
SD is only preferred when interference is strong (i.e., whé# is truly large). Furthermore,
while the results of the previous chapter revealed that SND outpferms both of these
schemes, the SND decoder is sti#t ectively faced with only two options: treating the
interfering signal as noise or fully decoding it although which one to choose can now be
adapted to the strength of the interference. Therefore, therpposed interference decoding
schemes of Chaptef8 do not have the exibility to decode only part of the interference
while treating the remaining part as noise. For instance, such exibldecoding can be
obtained by the celebrated Han-Kobayashi (HK) schemer§], which provides the best

1Recall from Chapter 3 that each point inside the SND region is equivalent to the rate of decding
a subset of interfering users fully, while treating the remaining onesas noise. However, under SD, an
interfering signal is always fully decoded; hence performing poorly in the weak and moderate imrference
regimes.
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known achievable performance for the IC.

Motivated in part by the recent introduction of practical sliding-widow codes that can
achieve performance close to the HK inner bound for the two-usk® [14€4 as well as their
extension to practical 5G settings 12§, in this chapter?, we depart from the viewpoints of
these two extremes (i.e., SD/SND at one extreme end and TIN at thether) and propose a
partial interference decoding scheme based on rate splitting (RS) and sgposition coding
techniques. In this proposed partial interference decoding stemy, all users' messages will
be partitioned into two independent layers so that each pilot contamation interference
term is split into two parts, an inner and an outer layer, based on a peer splitting
coe cient. By varying the power splitting coe cients, this scheme enables each receiver
to partially decode one interference layer while treating the remaingnlayer as noise; hence
achieving a wider range of achievable rates. Therefore, by bridgitlte extreme strategies
of fully decoding the interference or fully treating it as noise, we shothat the partial
interference decoding scheme of this chapter achieves highercsiz e ciencies for the
same number of BS antennas and thereby outperforms the prageal schemes of Chapté:
However, this performance improvement is achieved at the costaafditional computational
complexity due to centrally calculating the optimized rates of individublayers for all BSs.

4.2 Rate Splitting (RS)

When performing conventional RS, the message of each user is siplib two layers (each
treated as a virtual user) that are superimposed to generate angle codeword at the
transmitter: one layer is intended to be decoded only at the targetl receiver (commonly
known as the private or outer part) while the other layer can be deded at a subset/all of
the receivers (commonly known as the public or inner part). The tal available transmit
power is divided into the transmit power of these two layers accordjnto a power splitting
coe cient. One can also consider a more general RS scheme whene message of each
user is divided into more than two parts such that each part is deced by a subset of
receivers 148 149.

2The results of this chapter are partially presented in [147].
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The RS technique was rst introduced by Carleial 157 for an IC and was later used
in the seminal work of 5] to establish the best known achievable rates for a two-user IC,
which contain all other known schemes as special cases (e.g., joietading or TIN). Since
the introduction of the HK scheme, much e ort has been made to siplify this region in
closed-form for various special cases of the IC. For instanceettvork of [L51] has proposed
a simpli ed HK-based RS scheme that can achieve the capacity of adwser Gaussian IC
to within one bit in the weak interference regime. The idea of splitting sers' messages in
conjunction with superposition coding has been considered in the liggure for the purpose
of interference mitigation in cellular networks 154 155. The work of [L52 proposed a RS-
based scheme in the downlink of a multi-cell network with perfect C3b jointly design
beamforming vectors for public and private parts. Therein, it wast®wn that by doing
single-user successive decoding with a xed decoding order, higreges are achieved by this
RS scheme compared to conventional TIN. Motivated by the HK seme, 153 proposed
an interference cancellation technique via message splitting at theahsmitter along with
the SIC decoder at the receiver, that maximizes the sum-rate in teeogeneous networks.
A similar technique has been adopted ifnlp4 to mitigate inter-cell interference in a multi-
cell multi-user MIMO interference network. In [L55, a single RS-based approach has been
developed to mitigate interference in the downlink of a MISO BC while mimizing the total
transmit power. Speci cally, the approach of [53 splits the message of one user only (i.e.,
the one whose channel is most aligned with the other channels) aetBS, where single-user
SIC is used by this user to recover its private message. In anothare of work, the idea
of message splitting has been used to enhance the e ciency of mediaccess techniques.
For instance, the work of 156 has proposed a RS multiple access (RSMA) technique that
improves the performance of schemes such as SDMA and Non-@dbnal Multiple Access
(NOMA). The energy e ciency improvement provided by the RSMA technique has also
been investigated in 157.

Recently, RS has also been utilized in the context of massive MIMO camnications
with imperfect CSI [109 158 159. Speci cally, a novel hierarchical RS scheme has been
proposed in 15§ for the downlink of a single-cell massive MIMO system operating in A
mode. Therein, the precoding vectors of each public part is desighso as to maximize
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the minimum rate of the public part achieved by each user. Inlp9, the bene ts of RS
scheme have been investigated to tackle adverse e ects of haades impairments in the
downlink of a TDD-based massive MISO broadcast channel. Compdré& the case with
no RS, the authors in 159 have shown signi cant improvement from the view point of
sum-rate, especially in the high SNR regime. Lastly, the work o109 has addressed the
pilot contamination problem in a single-cell massive MIMO system operating in TDD
mode, where all users inside the cell share tlsame pilot sequence. While the authors
have shown that the decoding scheme of(Q9 achieves higher sum SE compared to the
case without RS, by applying a single-user SIC decoder the intralciterference is still
treated as noise. This is dierent than the decoding scheme propass in this chapter,
which tries to partially decode pilot contamination interference (joitly with the intended
signal), as will be discussed in the sequel.

In the following, we rst discuss how RS can be applied in a two-cell msise MIMO
system. Then, motivated by this scheme, we propose a generaliaat of this scheme to
more than two cells (i.e., anL-user IC with L  3). Lastly, we study the performance of
this RS scheme with the maximum symmetric rate allocation, and elabate on how the
corresponding optimization problem can be solved for each of thessses.

4.2.1 Two-cell system

Consider the two-user IC in Fig4.1, associated with thei'!" user of each cell in the downlink
of a two-cell massive MIMO system. To achieve the HK inner boundifthis IC, we follow
the (simple) scheme of]15 Section 6.5]. As shown inl[6q, this scheme achieves the same

inner bound as the original HK scheme7p|. H _
i
Recall that in SND, a message at BS, m; 2 1:2RI ;| =1:2, is encoded into a
single codeword. In contrast, encoding in the RS scheme proceaddollows. Adopting the

scheme of19 for theGaussian gase, at BS 1, message; is rst partitioned into two inde-
pendent partsm® 2 1:2RYY andm® 2 1:27RYY such thatRY = RY@ + RA®)
Then, part m{? is encoded into codewora*[iJ(m?) of length n (known as the \cloud
center" which carries \coarse information™), while partmi(i‘) is encoded into another code-
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Figure 4.1: The 2-user IC in downlink associated with thé&" user of each cell, sharing
pilot sequence ;. There are a total ofK separate/non-interfering such ICs in this two-cell
network.

word s [|](m,(f), -(b)) of length n; nally the latter codeword is superimposed (or lay-

ered) on the former to produce a single codeword for transmlssnsrﬂ[l](mff), (b))
sPLiIM®) + s@[ij(m?; m?) (known as the \satellite codeword" which carries the full
mformatlon) pSimilarly, ;at BS 2, megsagem;, i§ rst partitioned into two independent
parts m 2 1 : 20 o andm® 2 1:2R2° such that RS = RY® + RE® | part
m® is then encoded into codeword!’ [iJ(m?) (i.e., the \cloud center"), while part m
is encoded into another codeword(a) [|](m|(§), (b)) Finally, similar to the superposition
encoding at BS 1, the latter codeword is superimposed on the fonnte produce a sin-
gle codeword for transmissios,[i[(M&; m®?) = sP[ij(m®) + sP[i(m@; m®) (i.e., the
\satellite codeword"). The total transmit power budget for thei" user at each BS is split
into two xed parts according to the power splitting coe cient ; 2 [0;1];, | = 1;2: the
fraction ; of the budget is allocated to the \outer" Iayersla)[l] | =1;2, while the fraction
(1 i) of the budget is allotted to the \inner" layer s, () [i]; 1 =1;2. Finally, sa) [i] and
sl(b) [i] are chosen to be i.i.d., zero-mean circularly symmetric complex Gaiags with pow-
ers determined by ; for | = 1;2. In other words, if the total available power budget for

si[i] is given byP;, then we haves )[I] CN (0; §Py)ands )[I] CN (0; @ i)Py).
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(8). (D)

Note that while full information (m;”;m;”); | = 1;2; is carried in the satellite code-

word s/[i]; | = 1;2, the inner Iayersl(b)[i]; | = 1;2, only carries coarse informatiormi(lb).

Therefore, due to the code construction, the inner layer can becbded without decoding

m'® in the outer layer (while treating the outer layer as noise), whereae outer layer

can be decoded either jointly with the inner layer, i.e.,rOi(Ia); mi(lb)), or only after mi(lb) is

decoded rst in the inner layer. Hence, when the channel conditiois poor (e.g., whenM

is small), a user may only decodmi(,b), while for strong channels (e.g., wheM is large) it

may choose to decoden(i(la); mi(lb)) from both layers. Such adaptability helps the RS scheme

outperform the SND scheme of ChapteB, where messages are not layered, and thus full
interference is either non-uniquely decoded or treated as noise.

The decoding at user in cell 1 proceeds as follows: it decodes both the inner and

outer layers of the intended messagené"{‘); mi('l))) uniquely, and only tries to non-uniquely

decode the inner layer of the interfering messageg-(g), while treating the outer Iayerm-(g) as

noise. Similarly at user in cell 2, both the inner and outer layers of the intended message

(mfg);mf?) are decoded uniquely, and the inner layer of the interfering memmi(tl’) is

decodedhon-uniquely Using the standard random coding analysis as ih]5 Section 6.5.1],
such a decoding procedure at userin cell 1 is successful as! 1 , when the rates of the

inner and outer layers,RY'®, RYT® and RS, satisfy the following constraints

RAY® 1 yd:sifi] sPi]; s ] (4.1)

RY® + RY® 1yl s [i] sP[i] (4.2)
RY® + RG® 1 yd:si[i]; 1] sP[i] (4.3)

RY® + RY® + RGO 1 yd;si[il; sP[] (4.4)

Similarly, asn!'1 , the error probability of this RS scheme at user in cell 2 goes to zero,
when the rates of the inner and outer IayerSRidzl;(a), Ridzl;(b) and Ridf(b), satisfy the following

RE® 1y sfi] sPlil; s [i] (4.5)

REY® + RG® 1 yd:s,[i] sP[i] (4.6)
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‘ H m(a) ‘ m(b) ‘ m(b) Joint pdf ‘

E.| 1] 1] 1 p(s“” [il; sltnl)p(s‘b) i) p(ys Jslm s“” [.])
E, 1| 1 | pP il siiDpEd i)pydist 1185 [i1)
Es 1 p(s? [iT; saliDp(sy [ pydiss [il)
E,| 1 1 p(s? [iT; saliDp(sy i) ply sy [il)
Es 1 (s [i]; s1[iDp(sY [iDpydist i)
Ee | 1 (s“” [il; sl[I])p(S(b) i) p(ys

E- p(s? [n],sl[ul)p(sz iDp(y?

Es| 1 | 1 p(s? [il; saliDp(sy’ [i) plydis:[il)

Table 4.1: The joint pdfs induced by various m@; m®:m% triples, where ' ' denotes
an incorrectly decoded message.

RE® + RY® 1 yd:s,[i];s[i] s[1] 4.7)

RH® + RGP + RY® 1 yd;s[i; sP[i] (4.8)

The network-wide region is obtained by taking the intersection of & achievable region in
cell 1, i.e., @.1)-(4.4) and the achievable region in cell 2, i.e.45-(4.9).

In the following, we discuss a brief proof sketch of the achievabilitgs it provides
insights that are particularly important when considering more thantwo cells, for which
we will use similar arguments to describe the achievable region. Assinwithout loss of
generality, that the message palrsn(1I1 ; (b)) =(1;1)and (m,(?, (b)) =(1;1)aresent. As
for the error events that result from di erent combinations of tte triples (mIl ; ,(ti) (b))
at receiver 1 and (n,(g), ,(2) (b)) at receiver 2, there are 8 cases to be considered at
each receiver. We only consider the 8 cases at receiver 1 (listed irbléa4.1 adopted
from [115 Section 6.5.1]) giving rise to 4.1)-(4.4). Similar arguments can be applied
at receiver 2 leading to 4.5-(4.8). By the law of large numbers, the probability of the
error event that results fromE, tends to zero, asn ! 1 . Also, smcem(b) is decoded
non-uniquely at receiver 1,Eg does not cause an error. In addition, as ! 1 , the

probabilities of the error events that result fromE, and Es tend to zero if (4.1) and (4.3)
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are satis ed, respectively. Moreover, as can be seen in the lastwron of Table 4.1, due
to the structure of the satellite codewordsEs and E4 have the same joint pdf. Therefore,
asn!1l | the probability of the error event that results from each of thes cases tends
to zero if (4.2) is satis ed. Similarly, since E¢ and E; have the same joint pdf (due to
the code construction), the probability of the error events thatesult from these two cases
tends to zero if @.4) is satised. Hence, asn ! 1 , by the union bound the average
probability of error at receiver 1 tends to zero if 4.1)-(4.4) are satised. For a more
detailed proof refer to 160 Appendix B]. One can notice that, due to the special structure
of the satellite codewords, as explained, the constraints induceg k4 and E¢ on Rd' :(®)
and Rd' ) 4 Rd' ®) , respectively, are redundant and can be removed. In other wadit is
concluded that due to the code construction, if both messagem(f); mi(lb)) are decoded at
receiverl, then the constraints that involve R,‘f' ® put not Rd' @ are not needed and can
thus be omitted from the rate region. This observation will be used ithe next section to
establish the rate region in the case of more than two cells.

One can also apply Fourier-Motzkin elimination procedure, as ii15 Appendix D], to
present the rate region only in terms oR® and R%. Particularly, by substituting R =
RY RI® andR%Y® = R4 RY® into (4.1)-(4.4) and (4.5)-(4.8) and performing Fourier-
Motzkin elimination with the additional constraints 0 R$® R¥and0 R%® R,
the following seven inequalities are obtained

RY 1 ylislil s[] (4.9)

RY 1 yd:s,[i] s (4.10)

R+ RS 1 ylisifi] sPILsP] + 1 ydsolils sy (4.12)

RE+RE 1 ylisfili s sV + 1 y3isalil; sP[i] s9[i] (4.12)

RE+RE 1 yhisifilisfi] + 1 y3isoli] sl $[i] (4.13)
R+ RE L ylsllsPIEsY] + 1 yEislls?l] + 1 y3islil s ']

(4.14)
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RA+2R% 1 ySisilili sPli1sPli] + 1 y&;soli] sl sl + 1 yS;salil; sP[i]
(4.15)

Note that the RS region in @.9)-(4.19 is obtained for a xed power splitting strategy

i1 and .. To obtain the overall achievable region, one needs to take the uniover all
possible such strategies satisfying {1; i2) 2 [0;1]. Some special choices of; and
have interesting interpretations as given in the remark below.

Remark 13. On the one hand, setting i; = > = 1 (equivalent to s(lb)[i] = s(zb)[i] =0)

means that usen of each cell only decodes its own message while treating thterfering
signal of the other cell entirely as noise; hence, achievitige TIN region of Chapter3. On
the other hand, setting j; = 2 =0 (equivalent tos(lb) [i] = si1fi] and s(zb) [i] = s;[i]) means
that useri of each cell jointly decodes its own message along with théirerpart of the
interfering signal; hence, achieving the SD region of Chapt3. Moreover, by taking the
union over the four di erent possibilities of {; 2 0;1g and i, 2 f 0; 1g, one achieves the

SND region of Chapter3, which is the union of TIN and SD (as discussed before).

The above remark conrms that by taking the union of all possible pwer splitting
strategies, the RS scheme achieves all other schemes of Cha@dTIN/SD/SND) in
addition to providing the exibility of partially decoding pilot contaminat ion interference
while treating the remaining part as noise.

Using the assumption of Gaussian signaling and a xed power splittindrategy of i,
at BS 1 and i, at BS 2, one can use the lower bounds established in Chap8to evaluate
| ::: termsin the region described by4.1)-(4.4) and (4.5-(4.8). For instance, assuming
that ZF precoding is applied at the BSs and using the bound of3(32 from the previous
chapter, de ne the following

X

N, = K a i +1 (4.16)
j=1
MK 2 2

Py = P (4.17)

k=1 p ki ki
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whereN;; | = 1;2; is the noise power at receiver and P; ;] =1;2;1 =1;2; is the received
power of thei!" user from cellj at receiver| (refer to the 2-user IC in Fig.4.1). Note that
whenj = |, P; is interpreted as the received power of the intended user, wheseahen
j 6 1, itis interpreted as the received power of pilot contamination integfrence. Therefore,
I :;:: terms in the expressions of4.1)-(4.4) and (4.5-(4.8) are lower bounded by

sl SIS ¢ (4.18)
| ydsllsPi] ﬁ (4.19)
ysilsP sl ¢ iRt (4.20)
| ysfnsPi] ¢ A J:Z(szﬁ ;\ﬂpﬂ (4.21)
sl PSP C P (4.22)
sl C R (4.23)
sSSP ¢ R R (4.24)
| yd:s[il;sPli]  C P2z tl(slﬁ ;\T)ZP“ (4.25)

4.2.2 Beyond two cells

When going beyond two cells (i.el.  3), one possible generalization of the RS scheme can
be obtained by considering one power splitting coe cient for each s in the corresponding
IC, i.e.,, L dierent coecients 2 [0;1];]1 = 1;::;L; for the L-user IC of Fig. 4.2
However, taking the union over the combination of all such power kiting strategies
seems infeasible, especially for networks with large number of cellshis motivates the
need for a more feasible generalization of the RS scheme which eralie use of a much
simpler power splitting strategy. In the following, we propose one psible application of
RS to more than two cells that uses only one power splitting coe cienper IC, and show
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Figure 4.2: ThelL-user IC in downlink associated with thei™ user of each cell, sharing
pilot sequence ;.

that it can outperform all other schemes of ChapteB (TIN/SD/SND).

Consider the downlinkL -user IC of Fig.4.2, which corresponds to the'" user in each of
the L cells across the network. Below, we discuss the encoding and déwgdtages of the
proposed RS scheme for this IC, and further characterize thetearegion achieved by this
scheme. Recall that there ar& non-interfering such ICs in the network and the analysis
is thus the same with respect to the index 2 f 1;:::; K g of the users sharing the same pilot
sequence ;. As such, for the rest of this chapter, to simplify notation, the inéx i will be
removed from equations.

Encoding: Encoding is similar to the case of a two-cell system in Sectigh2.1 that
uses superposition coding, except that now only one power splittirgpe cient  is uti-
lized by all users of the IC in Fig.4.2 In partigular, messagem;;| = 1;i;L; is rs}

di(a) di; (b)

partitioned into two independent parts ml(a) 2 1:2R and m,(b) 2 1:2R

such that RY = R™® + R™®:| = 1;::::L. Next, part m® is encoded into codeword
s,(b)(m,(b));l = 1;::;L; of length n (i.e., the \cloud center" carrying only \coarse informa-
tion”), while part m® is encoded into another codeworg®(m®; m®);1 = 1;::;L; of

length n. Finally, the latter codeword is superimposed on the former to prade a single
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codeword for transmissiors (m®; m®) = s?(mM®)+ s®(mM®; m®?);1 = 1;::;L; (i.e., the

\satellite codeword" carrying the full information).

The total transmit power budget at all BSs is split into two xed parts according to the
power splitting coe cient 2 [0; 1]: the fraction of the budget is allocated to the \outer"
layer s,(a); | =1;::; L, while the fraction (1 ) of the budget is allotted to the \inner"
layer sl(b); | = 1;:;;L. Lastly, sl(a) and sl(b) are chosen to be i.i.d., zero-mean circularly
symmetric complex Gaussian, with powers determined by.

Decoding: Inthe decoding stage, the SND scheme of the previous chapterigphed to
non-uniquely decode each layer of all pilot contamination interference terms. &g cally,
the decoder at receivet (i.e., user of celll) uniquely decodes both the inner and outer
layers of ifs own me%sagen(,(a); m,(b)), and non-uniquelydecodes each layer of all interfering
messages mj(a); mj(b) ;] 2f 1 Lgnflg. In Appendix A.11, a detailed derivation of the
achievable region for a two-cell system is provided. Below, the gesleachievable region for
L 2ispresented. The achievability proof follows the same steps asth@Appendix A.11,

but is signi cantly more tedious.

To characterize the rate region achieved by this RS scheme, wet reeed to de ne the
following sets:

nn , 00
S= m¥»m® A, A LA A (4.26)

where denotes the Cartesian product and\; is given by
n n

bO n bOO
A= 5om® 5 m®m® (4.27)

ﬁurthermore, denote tpTe achievable region for the rate vector
RY@ RO RI@. RA®)  ghtained by the proposed RS scheme at receivér
and the network-wide achievable region bR[*° and R RS, respectively. Then, following
the discussion in AppendixA.11, we have

\
RRS= RP; I1=1;:1L (4.28)
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Figure 4.3: The 3-user IC in downlink with one user from each cell, shag the same pilot
sequence.

where [
RP® = Rbac( (4.29)
12S)
whereRF2. .y is @ modi ed MAC region (as will be explained in the following) obtained
from decoding of tll;le messagges included in the set, where | is an element ofS, de ned
in (4.26 and thus m®;m® .

One should note that thej |j-user MAC of R{2. ., has less than2 1 constraints
(j 1] is the cardinality of the set ), as some of the constraints will be relaxed because
of the following. As shown in AppendixA.11, if | contains messages of both layers
(mj(a); mj(b)); for somej, then those constraints that contaian";(b) but not Rf';("") will be
removed from the rate region. In AppendipA.11, for the case of a two-cell system we have
explicitly identi ed these constraints at each receiver. Below, we pwide the example of a

three-cell system and discuss its achievable rate region under fh®posed RS scheme.

Dropping the index i, consider a massive MIMO system consisting of only three cells
modeled by a 3-user IC as in Fig4.3. To apply the proposed RS scheme to this IC, the

message of each transmitter is rst partitioned into two independs parts: m'?: m{® at
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BS 1, my; m{?

at BS 2, andm

(a).
3 »M3

()

at BS 3. Then, by applying superposition coding

and non-unique decoding as explained above, the &l = 1;2; 3, at each BS is given by:

nn

S;= m®:ml? o
nn 00

S, = mP:md o
nn 00

Ss= m@P;m{ -

(b)o : (a) (b)OO
. a). ..
2 My ;m; vy M3
(b)o : (a) (b)OO n
. a). ..
1, My my vy M3
(b)o : () (b)OO : (b)o
. a). ..
1, Mpmy vy My

0]
()

0]
()

n 00

; mga) ; mgb) (4.30)
n 00

; mga) ; mgb) (4.31)
n 00

: m(za); m(zb) : (4.32)

where denotes the Cartesian product. Therefore, the achievable regiat each BS using
the RS scheme with non-unique decoding is obtained by taking the uni@f 9 modi ed
MAC regions as discussed before. For instance, at BS 1, one netdtake the union of

regionsR{2. .y over the following 9 elements 08;, denoted by

(1)
1
2)
1
3)
1
(4)
1
(5)
1
(6)
1
(7)
1
(®)
1

©)
1

One can similarly obtain 9 possible choices of, and

b0
m®;m?

(0]
mga); mgb); m(zb)

(0]
mg-a) ' m(lb) ' m(3b)

mg-a); m(lb); m(za); rn(zb)

(0]
mga); mgb); mga); mgb)

(0]
mga); mgb); m(zb); m(3b)

(0]
mg-a); mg-b); m(za); m(2b>; m(3b)

(0]
mg-a); mg-b); m(zb); mga); mgb)

mg-a); m(lb); m(za); m(zb); mga);

b0
m®

(lj);j =1;:59;

(4.33)
(4.34)
(4.35)
(4.36)
(4.37)
(4.38)
(4.39)
(4.40)

(4.41)

3, at BSs 2 and 3, respectively,

by swapping the appropriate indices. Moreover, as explained bedgofor each choice of ;
some of the rate constraints in the corresponding MAC region aremoved, i.e.,

110



for @ ©®and ©: constraints involving RY"® but not R{"® are relaxed,

for ¥, {7 constraints involving RY"® but not R{"® or R$® but not RY"® are
" relaxed,

for ©, ®: constraints involving RY"® but not R{"® or R$™™® but not RS'® are
" relaxed,

for & constraints involving RS"® but not RY"® or RY"® but not RS"® or RS'®

" but not R$'® are relaxed.

Regardless of what is, some choices of ; have special interpretations that are dis-
cussed in the following remark.

Remark 14. Note that (¥ is equivalent to decoding,; while treating (s,;Ss) as noise,
l.e., performing TIN at BS 1. Also, (19) is equivalent to jointly decoding(s;;S;;Ss), i.e.,
performing SD at BS1. Moreover, (14) is equivalent to jointly decoding(s;;s;) while
treating S3 as noise, whereas (15) is equivalent to jointly decodings;;s3) while treating s,
as noise. Consequently, by taking the union of regioRgj3. ( ,,, over these4 choices of
1, the SND region is obtained at BS (see(3.34)). Similarly, it can be veri ed that there
are 4 choices of , at BS 2 and 4 choices of ; at BS 3 that give rise to SND region at
BSs 1 and 2, respectively. Therefore, notwithstanding the value of, the SND region is

strictly contained in the region obtained by the proposed REheme.

Remark 15. If we chooseR"'® =0;1=1;::;L; in the code construction, therm® =1,
and the codewords ars(1;m?) = s?(m®) + s?@1;m®) = 5(m?);1 = 1;:::;L; and
these are all i.i.d Gaussian. Since in cell, the messagemj(b);j 6 | (i.e., messages from
the other cells) are decoded non-uniquely, and almf‘) has only one possible value, then
fprally 2 [0;1] S in (4.26 becomes the set of feasible message combinations of the form
m® e wherem® is the vector with entriesm{”;j 2 . Also, as pointed out
in [72, Sgectiori"é]?the region given by the resulting set of congtits is equivalent to the
SND region, i.e., RY; ;R4 2 RSND o O;R{;::;;0;RY 2 RRS; 8 2 [0; 1]
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Remark 14 con rms that for the case of L = 3, considering 4 of the 9 choices is
su cient to reproduce the SND region. Thus, considering the 5 adtional choices of
i 1=1;2;3; at each receiver leads to additional exibility due to partially decodingpilot
contamination interference while treating the remaining part as nogs hence, providing
room for improving the performance of SND. More speci cally, takig the union over all
possible choices of enables the proposed RS scheme to enlarge the region achieved by
SND; thus, outperforming the schemes of Chapte3; TIN/SD/SND.

Note that this generalization of the RS scheme is di erent from the K scheme applied
to the two-cell case 113, for which the coarse informatiop, is ngg-uniquely decoded with

the outer layer treated as noise and we thus have™ := mj(b)

4.3 Maximum Symmetric Rate Allocation

Similar to the previous chapter, here the maximum symmetric rate altation is taken as
the measure of fairness among users, and thus the performantée proposed RS schemes
of this chapter will be compared with those of the previous chaptdrsased on the maxi-
mum symmetric rate they can o er. Below, we separately discuss Wwahe corresponding
optimization problem is solved for the case of a two-cell system anklat of more than two
cells.

4.3.1 Two-cell system

Fora xed ; and , in the case of a two-cell system, the maximum symmetric rate is
obtained by solving the following problem

n 0}
P1] max min R{®@ 4+ RIO.RI@ 4 RIO (4.42)
subject to 41) (449 and (4.5 (4.9 (4.43)
Rclil;(a); Rclil;(b) ; Rgl;(a); Rgl;(b) o: (4.44)
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where the constraints of 4.1)-(4.4) and (4.5)-(4.8) describe the achievable region obtained
by the HK scheme in cell 1 and 2, respectively.P[l] can be solved by introducing an
auxiliary variable t as follows

P19 max t (4.45)
subjectto (4.1) (4.9 and (4.5 (4.9 (4.46)

RI@ 4+ RIO (4.47)

RI@ 4+ RIO (4.48)

Rgl;(a); Rfl;(b) ; Rgl;(a); Rgl;(b) O (4.49)

It is r%adily veried that [ P19 is ailinear programming (LP) problem. Speci cally, de ne
. . . . T

x ;= RI@, QIO RAE@. QIO+ ¢:=[0;0,0;0;1], and further rewrite (4.47) and

(4.48 as

Rgl;(a) Rgl;(b)_,_t 0 (4.50)
Rgl;(a) Rgl;(b)th o: (4.51)

As the constraints of the optimization problem P19 are a nite number of closed half-
spaces, one can write them in the form of a matrix inequalitAx  b( 1; ,), whereA is

an 10 5 matrix and b( 1; ,)isan 10 1 column vector (the rst 8 rows correspond to
(4.49 and the last two rows correspond t04.50-(4.51) which is also a function of power
splitting coe cients ; and ;. Hence, the following LP is obtained

[P19 max Cc'X (4.52)
subjectto Ax b( 1; ») (4.53)
X O (4.54)

which can be solved e ciently, with the optimal solution denoted byt ( ;; ). Note that
this LP is solved for a xed choice of ; and ,. However, the overall achievable region
is obtained by taking the union over the combination of all power splithg strategies. As
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such, the optimal solution to the maximum symmetric rate problem isldtained by taking
the maximum over all possible power splitting coe cients, i.e.,

max t( 1 2); (4.55)
1, 2 1

0

which is solved by numerically searching over the interval;; , 2 [0;1] to nd the best
symmetric rate.

4.3.2 Beyond two cells

In the case of more than two cells, we rst x and solve the following

[P2]  max min RM@ + RO (4.56)
[

subject to RI@, RO, ... gI@ . RAD) 5 RRS, (4.57)

RM@.RT® 0. gl 2f1;:Lg; (4.58)

where RRS is given in (4.28. Note that the region R,fjlic( oy N (4.29 is in the form
of a convex polytope and the intersection of a nite number of th@sconvex polytopes
yields another convex polytope. Therefore, by distributing the irdrsection in @.28 over
the union in (4.29 (using the distributive law) the network-wide regionR RS can be re-
written as the union of a nite number of convex polytopes, i.e.RRS = = RS, n 2
| RS := £1;2;::::NRSg, where NRS is the total number of these convex polytopes, and
eachn corresponds to one choice of ¢; »;::; 1) 2S; :: S ;. Similar to [P19 in
the case of a two-cell system, solving the maximum symmetric rategblem over one of
these convex polytopes can be formulated as an LP. Speci cally, wst de ne tqu two
(2L +1) 1 (whereL  3) column vectorsx := R$/@;RI®) . RI@ RIO) ¢+ gng
c:=[0;::0;1]". Then, by writing RS in matrix form as A,x  B,( ) and the constraints
RY®  R™® 1+t 01 =1;::L, in matrix form as Dx 0, the following equivalent
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LP is thus obtained

P29 max c'x (4.59)
subjectto Ayx B.( ) (4.60)

Dx O (4.61)

X 0 (4.62)

n2l RS (4.63)

Denote the optimal value of P 29 over one of these convex polytopes (i.e., solvirg] for a
xed n) by t;. Then, as the network-wide regiorR RS is the union of the convex polytopes
A.x B,( ), the optimal solution to [P2] is found by taking the maximum value oft;,
denoted byt ( ), over all sub-regionsR°, i.e.,t ( ) :=max,, rs t;. Lastly, noting that
[P2] (or [P29) is solved for a xed and also recalling that the overall region is obtained
by taking the union over the combination of all possible power splittingtrategies, the
optimal solution to the symmetric rate problem is found as below

max t(); (4.64)
which is solved by numerically searching over the interval 2 [0; 1] to nd the best sym-
metric rate. It is veri ed from (4.33-(4.4]) that for L = 3, one needs to solve4.59 over
729 sub-regions, i.e., wheh = 3 we have NRS = 729 and thereby | RS = f1;2;:::;729.
However, as will be discussed in the next section, for the cased.of 4 and L =7 we will
only consider a subset of those sub-regions (i.e., a subset of carpelytopes de ning the
network-wide region) and show that this subset still provides a signant gain over the
schemes of ChapteB. Also, we will see in the next section that the optimization problems
in the last step of each case, i.e.4(55 for two cells and @.64 for more than two cells,
are not necessarily needed, and one can skip numerically optimizingand instead use
pre-computed average values of splitting coe cients with negligible grformance loss.
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4.4 Simulation Results

In this section, the performance of rate splitting techniques forhe cases of two cells and
more than two cells is illustrated using the maximum symmetric SE critéa. Speci cally,
similar to the previous chapter, the downlink of a multi-cell massive MMIO system is
simulated, where the simple HK scheme of Sectigh2.1for two cells and the RS scheme
of Section4.2.2 for more than two cells are used to partially decode pilot contaminatio
interference while treating the remaining part as noise. For the sakof comparison, in
all scenarios we also show the performance of TIN and SND from thesvious chapter.
The network con guration, path-loss model and parameters ofhe setup are identical to
those of Chapter3. In particular, unless otherwise speci ed, we assunt¢ = 15 users are
uniformly distributed at random within the area of each cell (at leasB85 m away from the
BS) with a radius ofr = 400 m and the downlink transmit power of each BS is 40 W.
The noise variance is also taken to be 101 dBm, and the large-scale fading coe cients
are modeled using .74 with the same parameters. Moreover, we only focus on the use of
ZF and RZF precoding, since, as observed in Chapt8r MRT performs poorly compared
to these two precoding schemes.

Below, we study the two cases of a spatially correlated Rayleigh fadichannel and an
uncorrelated Rayleigh fading channel separately.

4.4.1 Spatially Correlated

The exponential correlation model of .75 is used here with a correlation magnitude of

= 0:4. Below, we rst investigate the performance of the HK scheme rfdhe case of
L = 2 followed by the performance of the RS scheme far = 3;4 and 7, where similar to
the previous chapter, the average of the maximum symmetric SEsadalculated over 150
random realizations of user locations. Also, we separately studyette ect of wrap around
topology with seven cells at the end of this section.

To compute the maximum symmetric SE of the HK scheme, two di erdnapproaches
are utilized. In the rst approach, the maximum symmetric SE is foud by solving (4.59
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and numerically optimizing 0  ;; , 1 (with a step size of @1) to nd the optimum
values of the power splitting coe cients. Then, the average of theptimum choices of ;
and , over 150 realizations is calculated and stored for each valueMf. In the second
approach, rather than numerically optimizing ; and ,, (4.55 is solved for 150 new
random realizations of user locations by searching over the combtioais of 1 2 f 0; .4; 10
and , 2 f0; a4 19 in each realization, where 5,4 is the pre-computed average value
of optimum choices of ; and , obtained in di erent random realizations of the rst
approach. As such, the computational cost of numerically optimizgn ; and , in the rst
approach is now reduced in the second approach, highlighting its inm@nce in practical
implementations. The justi cation behind the inclusion of the 4 additicmal combinations

12f0;1gand , 2 f0;1gis to make sure that the performance obtained in the second
approach is always at least as good as SND (cf. RemarB).

Fig. 4.4 shows the performance of ZF with the HK scheme, whdn = 2, using the
achieved maximum symmetric SE obtained from the two approachegptained above.
Interestingly, this gure shows that for eachM it is su cient to use only the pre-computed
values 4 as in the second approach. Speci cally, it is revealed in Fig.4 that calculating
the maximum symmetric SE using the second approach yields almosethame performance
as that obtained from the rst approach, and thus using the presomputed average values
of the splitting coe cients can reduce the optimization complexity. h addition, it can be
seen that asM is increased the symmetric SE obtained by the HK scheme increasas,
observation that was also made in ChapteB. This gure also shows that the performance
gain o ered by the HK scheme compared to TIN/SND improves, a$/ is increased. In
particular, it is veri ed that the HK scheme provides gains of 78% an@&0% over TIN, for
M =128 and M = 256, respectively, and this gain improves to about 100% féd = 1024.
Also, compared to SND, the HK scheme o ers 68% and 70% gains whigh = 128 and
M = 256, respectively, while this gain increases to about 75% ff = 1024.

Figs.4.54.7 show the performance of ZF for the caseslof= 3;4 and 7, respectively. As
discussed in Sectiod.3.2 when the number of cells increases beyohd= 2, an alternative
RS scheme is proposed that uses only one power splitting coe cient for the entire I1C
representing a set of pilot sharing users. The maximum symmetric SEchieved by this

117



ZF, L = 2, Spatially correlated
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Figure 4.4: Performance of message splitting strategy using maximwsymmetric SE for
two cells when ZF precoding and a spatially correlated channel modeke used.

RS scheme are illustrated in Figs4.54.7. Again, two di erent approaches are taken
to compute the symmetric SE in each scenario. Speci cally, in the tsapproach, the
maximum symmetric SE is found by solving4.64 and numerically optimizing O 1
(with a step size of 002) to nd the optimum value of the power splitting coe cient.
Then, for each value oM, the average of the optimum choices of over 150 realizations
is calculated and stored. In the second approach, rather than merically optimizing in
(4.64), [P2] is solved using the pre-computed average value ofind validated on 150 new
random realizations of user locations. It is revealed from these #& gures that, similar to
the case ol = 2, the performance obtained using the second approach is almdlse same
as the one obtained from the rst approach, showing the advangge of using pre-computed
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ZF, L = 3, Spatially correlated

’ —¥—TIN
—6—SND

Ol —>—RS optimized I o
—&O— RS average p

W
T

[\
T

—_
T

Symmetric spectral efficiency (bits/sec/Hz)
L

”102 | | o I”103
Number of BS antennas M

)
o
=

Figure 4.5: Performance of message splitting strategy using maximwsymmetric SE for
three cells when ZF precoding and a spatially correlated channel neddre used.

average values of in practical implementations.

Fig. 4.5shows the performance of ZF fot = 3, as a function ofM . It can be observed
that, compared to the SND scheme of Chapte8, for all values of M the proposed RS
scheme provides signi cantly higher gains over TIN. Speci cally, thigain is about 92%
and 99% forM = 128 and M = 256, respectively, and it increases to about 138% when
M = 1024. As explained before, this is due to the fact that the propes RS scheme
provides the additional exibility of decoding part of the interfererce (depending on the
strength of the signal which is a function oM ) while treating the remaining part as noise,
resulting in extra degrees of freedom in the decoding stage thateamot o ered by SND.
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ZF, L = 4, Spatially correlated
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Figure 4.6: Performance of message splitting strategy using maximwsymmetric SE for
four cells when ZF precoding and a spatially correlated channel mddese used.

Note that following the discussion provided in Sectiod.3.2 whenlL =4 or 7, to obtain
the maximum symmetric SE over the entire regiorR RS one needs to consider the union
of a large number of convex polytopes, which may not be feasible. rtde, to provide some
insights into the bene ts of using the proposed RS scheme in netwsrwith large number
of cells (e.g.,L  4) we consider an achievable sub-region BffS which provides a lower
bound to the true performance of the RS scheme, while o ering a sigcant gain over TIN
and SND.

First, de ne a subset ofS, as follows

m o g M 4o n on 0o n 0
Sub ._— a). P . e .
S i= mT;m, my’ cunomyYy s omygp i omy (4.65)



ZF, L = 7, Spatially correlated
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Figure 4.7: Performance of message splitting strategy using maximwsymmetric SE for
seven cells when ZF precoding and a spatially correlated channel rebdre used.

(b) (b) (b) (10)00
My s my My s my ;
which gives rise toRS**  RRS as follows
\
RSW =" R | =1;:1L (4.66)
|
where [
R = Ruac( ): (4.67)

I28|Sub

This sub-regionR S** of RRS can be represented as the union of a nite number of convex
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| s _
polytopes, i.e.,,RS® =~ RRS; n 2| S wherel S®® | RS ginceSS® S .

n
Note that one can also reproduce the SND regioR SN° R, as a \sub-region" of
RS,RRS R?- | as follows. Assuming = 0, from the description of the encoding stage in
Section4.2.2 we haveR™® =0 and thus RY = R":*®. De ne the projection operator,
: R 1 R, as follows

h [
Rgl;(a); Rclil;(b) o Rﬁl;(a); Rﬁl;(b) - Ri“;(a) + Ri“;(b) o Rﬁl;(a) + Rﬁl;(b) : (4.68)

Therefore, for =0, we can write

0 1
\
RSWW= @ RPVPA (4.69)
12f 1;:L g
where [
RPN = Riac( 1) (4.70)
|25|SND

and the setSPNP at receiverl is given by
nn , 00
s = m®m® A9 AL AL A (4.71)

00
where AJ-0 = mj(a);mj(b) ;] 6 |. Also, from (4.7)), it is readily veried that
S|SND S .

.....

RRS' n2i SND

..... - n':n

where | SN | RS Since| SND | RS gnd | Sub | RS jt js readily veri ed that the
following problem provides a lower bound t04.64)

[P3] max C'x (4.72)
;XX

subjectto Apx B.( ) (4.73)

Dx O (4.74)
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0 1 (4.75)

X O (4.76)
n21 SN S (4.77)

Further de ne function f (; 1) as follows
f(;1):= max c'x (4.78)

n;x

subjectto A,x B,() (4.79)
Dx O (4.80)
x 0 (4.81)
n2l: (4.82)
i.e., the optimum value of P3] for a xed and subsetl | RS. Also, dene g(I) :=

max, 1 f (; ). Forinstance, P3] can be written asg | SNP [1 SU  Now, it can be
veri ed that

g ISND [I Sub — max ¢ ISND g ISub (483)
=max  max f | SND - max f | Sub (4.84)
max f O ISNP : max f ;|S® (4.85)
0 1
=max tS\Pi; g |Sw® (4.86)

wheretSNP: s the optimal value of the objective function in the problem below

max c'x (4.87)
subjectto A,x B,(0) (4.88)
Dx O (4.89)
X O (4.90)
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n2| S\P: (4.91)

and g | S% s the optimal value of the objective function given below

max c'x (4.92)
subjectto A,x B,() (4.93)
Dx 0 (4.94)
0 1 (4.95)
X 0 (4.96)
n2| St (4.97)

Therefore, by calculating max tSNP: : g 1S | a lower bound to .72 is obtained.
Also, note that tSNP: is the maximum symmetric rate of the SND region from the previous
chapter, i.e,t°NP* = RD. As such, forL =4 and L =7, max RgJ>;g 15 s found,
thus providing a lower bound to the true performance of the RS seme.

Figs. 4.6 and 4.7 show the performance of ZF for the cases &f = 4 and L = 7,
respectively. Notice that a pattern similar to those of Figs4.4 and 4.5 is apparent in
Figs. 4.6 and 4.7. Speci cally, it can be seen from Fig4.6 that the gain o ered by the RS
scheme over TIN is at least 79% and 92% fdd = 128 and M = 256, respectively, and
it increases to more than 125% foM = 1024. Recall from Chapter3 that increasing the
number of cells results in improving the gains provided by SND over TINWhile a similar
observation can be made here when moving from= 2 to L = 3 (i.e., the performance
gains forL = 3 are larger than those forL = 2), these gains slightly drop when moving to
L = 4. This can be explained by the fact that forL = 3 the true performance obtained
by the RS scheme is calculated, whereas for= 4 and L = 7 a lower bound to the true
performance of the RS scheme is calculated. Nevertheless, asdase ofL = 7 is treated
in a similar manner, the gains provided by the RS scheme over TIN foewen cells are
larger than those in the case of four cells. In particular, wheh = 7, Fig. 4.7 shows gains
of 79% and 98% foM =128 and M = 256, respectively, and this gain increases to about
138% forM = 1024.
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Figure 4.8: Performance of message splitting strategy using maximwsymmetric SE for
seven cells when RZF precoding and a spatially correlated channeldebare used.

The performance of RZF precoding is illustrated in Fig4.8 which shows a similar
pattern to those of Figs.4.4-4.7, and the precoding matrix is given in 8.76 where =
K= 4. As discussed in the previous chapter, it is expected that whevl is small RZF
outperforms ZF, whereas for large values &fl, the performance gap between RZF and
ZF vanishes. This is conrmed in Fig.4.9. More speci cally, Fig. 4.9 reveals that for
approximately M 64 a notable gain is provided by RZF compared to ZF, while this gain
gradually disappears for larger values afl .

The impact of increasing the number of userK on system performance is shown in
Fig. 4.10 whenL =7 and M = 256. Similar to the results of Chapter3, it is observed that
while increasing the number of users degrades the performancehef RS scheme, the gain
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Figure 4.9: Performance comparison between RZF and ZF for= 7, when the RS scheme
is used.

provided by the partial interference decoding scheme over TIN imgves. In particular,
Fig. 4.10shows that this gain is at least 30% whelK = 2, and it increases to more than
98% whenK = 15.

The impact of increasing the correlation magnitude on system perfoance is shown in
Fig. 4.11, whenL =7 and M = 256. The results presented in this gure are in agreement
with the discussions provided in Chaptef8. Speci cally, as the spatial channel correlation
improves the performance of all schemes, the gain o ered by theSRscheme over TIN is
at least 138% when =0 (i.e., uncorrelated channel) and it reduces to about 34% when

=0:8 (i.e., strong spatial correlation), however this gain is still signi catly higher than
the one provided by SND.
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Figure 4.10: Performance of maximum symmetric SE versus the nuertof usersK , where
L =7, M =256, and ZF precoding with a spatially correlated channel model arused.

Lastly, we study the impact of shadow fading on the performancd the proposed RS
scheme. Similar to the previous chapter, we assume that a term asmted with shadow
fading is now added to the large-scale fading model with a standar@\dation of gpagow
in dB. Fig. 4.12shows this impact, where the standard deviation of shadow fadinghagow
increases from 0 dB to 5 dB. The parameters for this gure are theame as those in
Fig. 4.11 except that correlation magnitude is now xed at = 0:4. It is observed that,
similar to TIN and SND, by increasing the shadow fading the symmetriSE of the RS
scheme reduces, yet for all values ofn.qow it 0 €rs larger gains over TIN compared to
SND. Nevertheless, as shadgow D€COMeES larger the gain provided by the RS scheme over
TIN increases, which shows the importance of the proposed scheem practical scenarios.
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Figure 4.11: Performance of maximum symmetric SE versus the cglation magnitude ,
whereL =7, M =256 and ZF precoding is used.

In particular, there is a gain of at least 98% for ghagow = 0 dB, and it improves to more
than a factor of 4 when ghagow = 3 dB. This gain continues to improve for larger values of

shadow -

Next, we assume that a wrap around topology is considered for teeven-cell con gura-
tion illustrated in Fig. 3.7d Similar to the observations made in ChapteB, it is expected
that the SEs achieved by RS will be slightly degraded; neverthelessnce RS can better
manage the interference compared to TIN, it should still provide aigni cant gain over
TIN while outperforming SND. The results are shown in Fig4.13 It can be seen that
the gain o ered by RS over TIN is at least 86% and 106% favl = 128 and M = 256,
respectively, and reaches about 136% whéh = 1024. Hence, the use of RS or SND with
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Figure 4.12: Performance of maximum symmetric SE versus the stird deviation of
shadow fading shadgow,» WhereL =7, M =256 and ZF precoding is used.

ZF can be considered a viable solution to combat the rate saturatiggroblem due to pilot
contamination in practical implementations.

4.4.2 Spatially Uncorrelated

We now consider the special case of an uncorrelated Rayleigh fadohgnnel, and evaluate
the performance of the message splitting techniques by simulatingesarios identical to
those of Section3.4.2 Similar to the previous chapter, we study the impact of changing
the number of antennasM, number of cellsL and cell radiusr on the performance of
the proposed RS scheme. To this end, the downlink of a multi-cell nsage MIMO system
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Figure 4.13: Performance of maximum symmetric SE for seven cells hwitvrap around
topology, when ZF precoding and a spatially correlated channel meldare used.

with spatial correlation matrices given byRjq = julwm is simulated with parameters
identical to the correlated case. In particular, the performancef the proposed message
splitting techniques along with TIN and SND from the previous chapte(for the sake of
comparison) are illustrated with ZF precoding and fot =2; 3; 4; 7, with two choices of
cell radius: r = 400 m; 800 m. To evaluate the performance, the average of the maximum
symmetric SEs is calculated over 200 random realizations of user logas. Also, for each
scenario, the symmetric SE of the proposed partial decoding soieis calculated using the
two approaches discussed in the previous section, namely, using tiptimized value of the
splitting coe cient and using the pre-computed average value of t& splitting coe cient.
Moreover, using the closed-form expressions of the rate lowerubds for an uncorrelated
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Figure 4.14: Performance of maximum symmetric SE for two cells withaderately large
M, when ZF precoding and an uncorrelated channel model are uséd) r = 400 m, (b)
r =800 m.

channel in Chapter3, we are able to compute the performance for a signi cantly larger
range ofM .

Fig. 4.14shows the performance of the HK scheme for a range of modehatarge M,
while Fig. 4.15shows the same for a range of extremely lar¢&, whenL = 2. While the
latter covers a range oM that is beyond practical, the results of Fig.4.15can be used
to con rm asymptotic performance limits asM !'1 . The rst observation to make here
is that, similar to the case of a spatially correlated channel, the synetric SEs obtained
using the optimized values of splitting coe cients (i.e., rst approach) have almost the
same values as the ones obtained using the pre-computed averegjees of the splitting
coe cients (i.e., second approach). Moreover, the results of thigure reveal that the gains
provided by the HK scheme over TIN here are larger than those adgsed in the spatially
correlated channel. A similar observation was already con rmed in Figl.11 It can also
be seen that, for both choices of the cell radius, this performangain improves asM is
increased. Speci cally, whem =400 m, this gain is about 96% and 108% fdvl = 128 and
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Figure 4.15: Performance of maximum symmetric SE for two cells withuly large M, when
ZF precoding and an uncorrelated channel model are used, (a3 400 m, (b) r =800 m.

M = 256, respectively, and it increases to about 133% fdd = 1024. It is also observed
that increasing the cell radius reduces the achieved symmetric S&sd results in smaller
performance gains; nonetheless, these gains are still larger tithnse provided by SND.
Particularly, when r = 800 m, the HK scheme o ers gains of about 45% and 60% for
M =128 and M = 256, respectively, and the gain improves to about 85% fdvl = 1024.

Interestingly, in Fig. 4.15o0one can notice that asM increases, the performance gain
provided by the HK scheme relative to SND gradually increases up topaint (i.e., approx-
imately somewhere in the range ¥0< M < 1 in this case), beyond which the gap to
SND gradually reduces. This means that as! grows and thus the strength of the inter-
fering signal increases, the power of the inner layer can be increés This result is better
illustrated in Fig. 4.16 which demonstrates the average of the optimized value of splitting
coe cients over 200 random realizations of user locations. Specatly, this gure shows
that increasingM Yyields a smaller value of 4 (i.e., larger value of 1 5,4 which is the
fraction of power allotted to the inner layer), and asvM grows unbounded ,,4 approaches
zero (i.e., 1 .4 approaches one) and thereby a larger fraction of the interferem can

132



ZF, L =2, r = 400 m, Uncorrelated ZF, L =2, r = 800 m, Uncorrelated

0.9 F 0.9 F

0.8 F 0.8 F
0.7+ 0.7+
0.6 + 0.6 +
0.5 F 0.5 F
0.4+ 0.4
0.3 0.3
0.2 0.2

0.1} 0.1F

Average of p allotted to the outer layer
Average of p allotted to the outer layer

10? 10* 109 10% 100 10? 10* 109 10% 100

Number of BS antennas M Number of BS antennas M
(& r =400 m (b) r =800 m

Figure 4.16: Average of power splitting coe cients ;; » (i.e., fraction of power allotted to
the outer layer) for two cells as a function oM, when ZF precoding and an uncorrelated
channel model are used, (a) =400 m, (b) r =800 m.

be decoded at each receiver. Another observation to make herehiat, as expected, when
the cell radius increases the curve in Figt.16 shifts slightly up, indicating that on average
more antennas will be required to be able to decode the same fraatiof the interference
signal.

The performance of the proposed RS scheme with ZF precoding i®wh in Figs.4.17
to 4.25 for L = 3;4 and 7. Note that Figs.4.17, 4.20and 4.23illustrate the performance
for a range of moderately large values dfl , while Figs. 4.18 4.21and 4.24 demonstrate
the same plots for a range of truly large values &fl , and Figs.4.19 4.22 and 4.25 show
the average of the optimized splitting coe cients as a function oM . In addition, it should
be pointed out that the performance of the RS scheme for the emsofL =4 and L =7
is evaluated using the lower bound obtained by the achievable sulgren discussed in
Section4.4.1

First, notice that patterns similar to those of the two-cell case & observed in all these
gures. Also, as expected, it can be seen that increasing the nuetof cells gives rise to
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Figure 4.19: Average of power splitting coe cients (i.e., fraction of power allotted to
the outer layer) for three cells as a function oM, whenr =400 m ZF precoding and an
uncorrelated channel model are used

reducing the symmetric SEs of the RS scheme; nevertheless it stilbyides a larger gain
over TIN compared to SND. Also, as the number of cells increasestperformance gain
o ered by the RS scheme improves, except for the small drop in gawhen moving from
L =3 to L =4 due to considering the sub-region rather than the entire regioof R RS,

More speci cally, it is observed from Fig.4.17athat when L = 3 and r = 400 m, the
gain provided by the RS scheme over TIN is about 111% and 137% fdr = 128 and
M = 256, respectively, and it improves to about 173% foM = 1024. Also, Fig.4.17b
shows that when the cell radius increases to= 800 m, this gain reduces to about 63% and
88% forM =128 andM = 256, respectively, and it increases to about 138% fit = 1024.
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Figure 4.20: Performance of maximum symmetric SE for four cells withoderately large
M, when ZF precoding and an uncorrelated channel model are uséd) r = 400 m, (b)
r =800 m.

Further note that by increasing the number of cells td. =7 in Fig. 4.233 whenr =400 m
the gain of the RS scheme over TIN improves to at least 112% and ¥44or M =128 and
M = 256, respectively, and it increases to more than 184% fof = 1024. One can also
observe, as expected, the slight degradation of the performa&ngains in Fig.4.23bwhen
r = 800 m. More precisely, Fig4.23bshows a gain of at least 87% and 116% fibvt = 128
and M = 256, respectively, whereas this gain is more than 164% fibr = 1024.

Lastly, Fig. 4.26 shows a scenario identical to the one depicted in Fi§.27 which is
somewhat pessimistic and also in favor of TIN, and the results are siar to those of
Fig. 3.29 In particular, it is assumed thatL = 2 and all users of the left cell are located on
the cell edge at the farthest distance from the BSs, whereas tpesition of users in the right
cell is on the boundary of an inscribed circle inside the cell, determinég 0 360.
The achieved maximum symmetric SEs with ZF as a function of are shown in Fig.4.26
for four di erent values of M = 128; 256 512 1024, where the performance of TIN and
SND from the previous chapter are plotted again for the sake of moparison.
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Figure 4.21: Performance of maximum symmetric SE for four cells wittuly large M,
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It can be observed that the symmetric SEs achieved by the RS some follow a pattern
similar to those of TIN and SND. Speci cally, Fig.4.26 shows that, for a xed value
of M, as increases and approaches 18Qusers of the right cell become closer to BS 1
and the interference thus becomes stronger (see the perfomoa of TIN). Therefore, the
achieved symmetric SEs of the RS scheme reduce, neverthelespégormance gain over
TIN improves due to the severe degradation of the performancétained by TIN. Finally,
one can notice that the RS scheme outperforms both TIN and SNBrfa signi cantly wider
range of , as it bene ts from the additional exibility of decoding part of the interference.
In other words, it is only for a small range where is close to either 0 or 360 (i.e., users of
the right cell are located at the farthest distance from BS 1), thiathe RS scheme achieves
a performance identical to those of TIN and SND. It is worth notinghat, for a xed value
of M, TIN o ers its maximum possible performance in this range of.

137



ZF, L =4, r = 400 m, Uncorrelated

1%
Ne)
T

o
o
T

e
J
T

e
(=)
T

=)
ot
T

=
B
T

S
w
T

=]
\V]
T

e
[
T

Average of u allotted to the outer layer

102 10% 109 108 1010
Number of BS antennas M

o

Figure 4.22: Average of power splitting coe cients (i.e., fraction of power allotted to
the outer layer) for four cells as a function oM, whenr = 400 m ZF precoding and an
uncorrelated channel model are used

138



ZF, L =7, r = 400m, Uncorrelated ZF, L =7, r = 800m, Uncorrelated

—¥— TIN —¥— TIN
3.5 | _g—SND 1 4| —e—sxD
—>— RS optimized —>¢— RS optimized p ]
3 | —&—RS average 1 —&O— RS average

had
o

[
ot
T

—
T

<
o

Symmetric spectral efficiency (bits/sec/Hz)
no
Symmetric spectral efficiency (bits/sec/Hz)

0 1 1 0 1 1
10 10% 10% 10 10% 10%
Number of BS antennas M Number of BS antennas M
(@ r =400 m (b) r =800 m

Figure 4.23: Performance of maximum symmetric SE for seven cellswihoderately large
M, when ZF precoding and an uncorrelated channel model are uséd) r = 400 m, (b)
r =800 m.

ZF, L =7, r = 400m, Uncorrelated ZF, L =7, r = 800m, Uncorrelated

(=]
(=]

H | —k—TIN c % TIN
> |—e—svp ] > |—e—swp ¥
% 5 —>— RS optimized p D g 5 —>— RS optimized p
® —&— RS average 1 i2 —&O— RS average
= 58 =
B4 A 1
2 2
3 3
O O
& 3 &3 1
[} [}
2 g
- -
o o
w w
.2 .2
g g
E, E,
L ‘ ‘ @0 ‘ ‘
10° 101 10° 1010
Number of BS antennas M Number of BS antennas M
(& r =400 m (b) r =800 m

Figure 4.24: Performance of maximum symmetric SE for seven cells lwituly large M,
when ZF precoding and an uncorrelated channel model are useal), ( = 400 m, (b) r = 800
m.

139



ZF, L =7, r =400 m, Uncorrelated

1%
Ne)
T

o
o
T

e
J
T

e
(=)
T

=)
ot
T

=
B
T

S
w
T

=]
\V]
T

e
[
T

Average of u allotted to the outer layer

102 10% 109 108 1010
Number of BS antennas M

o

Figure 4.25: Average of power splitting coe cients (i.e., fraction of power allotted to
the outer layer) for seven cells as a function ofl , whenr = 400 m ZF precoding and an
uncorrelated channel model are used

140



ZF, L =2, M = 128, Uncorrelated ZF, L = 2, M = 256, Uncorrelated

—~ 6 I —~ 7 I
N N B
ja= R T
55 ~
2} w
~ ~ 6 4
n e )
= 9 =
2 =
4.5

& 55 i
g g
g af ] g
& &
O 3.5+ e o 4 e
= =
5 3l 4 =
+ . +
Q [}
[} (<8} 3 7
2250 . 2
= 8
— b . -
= 2r —k— TIN £, —%—TIN I
g sl —©6—SND g —o—SND
i ' —H&— HK optimized p1, pia g} —8— HK optimized p,, o
n ‘ ‘ ‘ ‘ ‘ ‘ ‘ a ‘ ‘ ‘ ‘ ; ; ;

0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350

Angle 6 Angle 0
(8 M =128 (b) M =256

ZF, L =2, M = 512, Uncorrelated ZF, L =2, M = 1024, Uncorrelated

o]
©

-3
T
[0 9]

- ot (=2}
T T T
N ot =N ~

w
T
w

—%—TIN
—6—SND
—B— HK optimized pu1, po

—¥—TIN
—O6—SND
—B8— HK optimized p, o

[
T

Symmetric spectral efficiency (bits/s/Hz)
no

Symmetric spectral efficiency (bits/s/Hz)

0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350

,_.
—

Angle 6 Angle 0
(©) M =512 d) M =1024

Figure 4.26: Performance of TIN/SND/HK in a two-cell system with naximum symmetric
SE versus , when ZF precoding and an uncorrelated channel model are uséa), M = 128,
(b) M =256, (c) M =512, (d) M = 1024.

141



Chapter 5

Concluding Remarks

5.1 Summary of Contributions and Conclusions

The performance gains o ered by massive MIMO systems rely heavity the availability of
accurate CSI, which needs to be estimated. A popular technique &mquire CSl in TDD-
based massive MIMO systems that bene t from channel reciprogitis to transmit uplink
training pilots, which will be used at the BSs to estimate the channelsin a multi-cell
system, however, since the length of the channel coherence iivéé is small and nite due
to users mobility, the number of available orthogonal pilot sequenseés limited. Therefore,
a natural approach to cope with this limitation is to re-use the orthgonal pilots (used
in one cell to obtain an estimation of the users' channel in that cell) iother cells across
the network. This causes pilot contamination interference, also kwn as the coherent
interference, that scales at the same rate as the desired signaldaherefore does not vanish
asymptotically when the number of BS antennadyl, grows to in nity. Thus, by treating
this interference term as noise (TIN) which is a common technique e in the massive
MIMO literature, one obtains achievable rate expressions that, inhe asymptotic limit of
M !1 | converge to a constant independent dfl . Hence, as a result of performing TIN
at the BSs in uplink or at the users' side in downlink, the bene ts of in@asing the number
of BS antennas saturate, which constitutes a bottleneck in pracal implementations of
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massive MIMO systems.

In this thesis, we have addressed pilot contamination problem (du® tthe re-use of
orthogonal pilots in di erent cells) for a multi-user multi-cell massiveMIMO system. We
analytically studied both uplink and downlink with two well-known linear canbining and
precoding techniques, i.e., MRC/MRT and ZF. The case of RZF was alsmmerically
studied. We showed that when the number of BS antennas increaseilot contamination
interference is not detrimental to the system performance, praled that it is carefully
decoded jointly along with the desired signal. As a result, we propakéo jointly decode
the main signal along with pilot contamination interference terms (efter fully or partially)
as opposed to performing TIN, and showed that by doing so the msaturation phenomena
is resolved and one can therefore achieve unbounded ratesvas 1

The major contributions of the thesis are as follows:

In Chapter 3, for the uplink and downlink of a multi-cell massive MIMO system with
spatially correlated Rayleigh fading as well as uncorrelated Rayleigading channel mod-
els, we studied the performance of interference decoding scherbased on SD and SND.
Speci cally, rather than treating pilot contamination interference as noise, we proposed
to jointly decode it (either uniguely as in SD ornon-uniquely as in SND) along with the
useful signal, resulting in achievable rate expressions that grow wiM .

The major ndings from this study are as follows:

1. We intuitively showed that after performing linear processing témiques and letting
M 'l | the resulting signal can be treated as a noise-frdeuser MAC where
the capacity region grows unbounded. It was also shown that whetecoding the
interference caused by pilot contamination, the re-use of orthogal pilots across
cells (as opposed to using di erent pilots in di erent cells) is preferdb, as it results
in decoding signi cantly fewer terms.

2. We extended the previously established result on the worst-eaancorrelated noise
of a point-to-point channel to the multi-user case. Using this techque, we derived
general expressions of achievable rate lower bounds for both uglend downlink of
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a multi-cell massive MIMO system that applies joint decoding to eaches of pilot-

sharing users. These lower bounds are independent of the choiténear processing
technique, and can thus be used in conjunction with Monte Carlo sirations to eval-
uate the system performance under various types of combininggroding schemes.

. Using the derivations of MMSE channel estimate in the case of aasjally correlated
Rayleigh fading channel, we specialized the achievable lower boundsthe case of
MRC/MRT in uplink/downlink, and obtained new closed-form expressios for these
linear processing techniques that scale @(logM). Moreover, assuming that an
uncorrelated Rayleigh fading channel model is used (as a speciaeaf the correlated
Rayleigh fading model), we simpli ed these rate lower bounds, and fimer obtained
new closed-form expressions for ZF in both uplink and downlink, whicdgain scale
asO(logM).

. As a measure of fairness, we studied the performance of maximgymmetric rate
allocation and compared the performance of the two proposed fititerference de-
coding schemes, SD/SND, with that of TIN based on this fairnessitaria. We also
introduced a simpli ed achievable sub-region of SND, known as S-SNBnd showed
that it strictly contains SD and also provides a lower bound to the péormance of
SND. First, we considered the extreme regime of high SINR (i.e., whé is truly

large) and observed that both interference decoding scheme&)/SND, have iden-
tical performance in this regime and also outperform TIN. Also, it wa shown that
in the high SINR regime pilot contamination interference is strong emngh that the

optimum performance is obtained by uniquely decoding all signals of gisharing
users together.

. We obtained structural results for a symmetric two-cell syste, where the MACs seen
in both cells are identical. For this symmetric setting, it was found thwhen M is
small and pilot contamination interference is thusveak SND and TIN have identical
performance while outperforming SD. On the other hand, wheM is su ciently
large and pilot contamination interference is thereforstrong, SND and SD have the
same performance while outperforming TIN. We also found conditisnin terms of
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mutual information expressions under which these results are valid

6. We provided extensive numerical results by simulating the downlin&f a multi-cell
massive MIMO system with correlated/uncorrelated Rayleigh fadinghannel models
in di erent scenarios. The rst nding was that in all cases, unlessM s truly large
and beyond practical limit, SD provides poor performance and is querformed by
the other schemes. We also observed that, for a practical rangeM (e.g.,M  128)
SND o ers a notable gain over TIN, and this gain improves by either imeasingM or
increasing the number of cells. It was further shown that both RZnd ZF produce
signi cantly larger rates compared to MRC/MRT, due to the better mitigation of
multi-user interference, while RZF also outperforms ZF for small \aes ofM (e.qg.,
M < 64) only.

7. In addition, we numerically studied the impact of changing the numdr of users,
the cell radius, the correlation magnitude and the standard deviein of shadow
fading on system performance. It was observed that while increag the cell radius
(leading to reduced received power) or the number of users (leaglito increased
interference) results in reducing the achievable rates of all sches it increases the
performance gain provided by SND over TIN. A similar observation v&also made
when increasing the standard deviation of the shadow fading, i.e., neasing the
shadow fading degrades the performance of all schemes (as etgzh while improving
the gain of SND over TIN. Lastly, we observed that spatial corretoon improves
the performance of all schemes, resulting in reducing the gap beem SND and
TIN. Nevertheless, it was seen that under moderate spatial cetation and with a
reasonable number of antennas SND still provides a signi cant gairver TIN. This
means that the gains o ered by SND in the case of an uncorrelatedai@eigh fading
channel are larger compared to the correlated case.

In Chapter 4, we studied the performance of partial interference decodinghstnes
based on RS andhon-unique decoding in the downlink of a multi-cell massive MIMO
system. Speci cally, in this chapter, we proposed tmon-uniquely decode part of pilot
contamination interference, while treating the remaining part as rise. We showed that
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these additional decoding exibilities lead to achieving signi cantly largr rates compared
to the schemes of ChapteB, but at the cost of higher complexity.

We obtain the following ndings from this study:

1. In the case of a two-cell system, we investigated the perforn@ of an RS tech-
nique based on the well-known HK scheme (for an IC) and non-uniqdecoding. In
particular, the message of both users (i.e., the intended user andop contamina-
tion interference) were partitioned into two independent layers, iown as the \inner
layer" and the \outer layer”, where at the receiver's side both pds of the intended
message were decoded along with non-uniquely decoding only the miager of the
interfering signal. The rates of the individual layers at each cell aralso adjusted
based on two power splitting coe cients that are numerically optimize.

2. This partial interference decoding scheme was also carefully galized to the case
of more than two cells, while using only one power splitting coe cient pelC. Specif-
ically, unlike the two-cell case, it was proposed to non-uniquely det® each layer of
the interfering signals along with uniquely decoding both parts of thentended mes-
sage at each receiver. By doing so, it was shown that even thougdh mlot-sharing
users are applying the same numerically-optimized power splitting coent, ad-
ditional decoding exibilities (compared to SND) will be provided at eak receiver;
hence outperforming the schemes of Chapt8&r

3. To evaluate the performance of the proposed RS schemes, wmarically studied the
performance of maximum symmetric rate allocation for both case$ spatially cor-
related Rayleigh fading and uncorrelated Rayleigh fading, when theltular network
comprises two, three, four or seven cells. We showed that the nmaxm symmetric
rate allocation problem can be equivalently formulated as an LP thatam be e -
ciently solved. While for the case of two and three cells the true perinance of
the RS scheme was investigated, in the case of four and seven ceafisaehievable
sub-region of the proposed RS scheme was considered. In all sase observed that
by numerically optimizing the power splitting coe cients, the proposel RS schemes
produce signi cantly larger rates compared to SND and TIN, and ta performance
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improves by increasing the number of antennalsl . Furthermore, it was observed
that increasing the number of cells results in improving the gain provet! by the RS
scheme such that the maximum gains in all scenarios were obtained hretcase of
seven cells; thus showing the importance of the proposed schemeriactical imple-

mentations.

4. Similar to Chapter 3, the impacts of increasing the number of users, the cell ra-
dius, the correlation magnitude and the shadow fading on the achied maximum
symmetric rate of the proposed RS scheme were also investigatédwas observed
that increasing the number of users, the cell radius and the shagldading degrade
the performance of the RS scheme, while improving the gain it can @.eBesides,
increasing the correlation magnitude leads to improving the performmce of the pro-
posed RS scheme (similar to the results of Chapté&), thereby reducing the gain
provided by the RS scheme. Nonetheless, we observed that with aderate spatial
correlation and a practical value oM (e.g.,M = 128), the RS scheme still provides
a signi cant gain over the schemes of Chaptes.

5. Lastly, we showed that by replacing the numerically-optimized vaés of the power
splitting coe cients with their mean value over a large number of randm realiza-
tions of users' locations, the performance loss is quite negligibleughreducing the
complexity of the optimization problem in practical settings.

5.2 Directions for Future Work

In the following, we mention a few noteworthy future extensions athe current work.
While some of these are only consolidations or extensions of the grswork, new ap-
proaches/techniques are possibly needed for the other problems
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5.2.1 Other measures of fairness

In this work, we compared the performance of the dierent intedrence management
schemes, TIN/SD/SND/RS with the maximum symmetric rate they can o er. However,
other measures of fairness among users such as proportionaintss (i.e., maximizing
the geometric mean of the users' rate) can also be considered am@&xpected to provide
larger rates (compared to the maximum symmetric rate allocation)at users with stronger
channels.

5.2.2 Cell-free massive MIMO systems

Cell-free massive MIMO refers to a special network con guratiorwhere the BS antennas
(or access points) are distributed over a large area, rather thaoeing co-located in a
compact array, and users in the network can potentially be servdy all BSs [L6]]. Itis thus
clear that the large-scale fading coe cients in a cell-free massive MO system depend on
both the BS antenna index as well as the user index. A number of pais have studied the
performance of cell-free massive MIMO under the assumption thperfect CSI is available
everywhere 16164, though massive MIMO gains rely heavily on the accurate estimation
of CSI. Moreover, the work of 167 has investigated the performance of MRC in uplink
assuming that channel estimates are obtained using orthogonalgbs across the entire
network, thus eliminating pilot contamination e ect. Recently, cell-fee massive MIMO
systems with imperfect CSI have been also studied in the literaturashere techniques such
as LSFD §0] have been proposed to cope with pilot contamination problem. Onesgsible
direction for future work could be the investigation of the proposkinterference decoding
schemes of this thesis (as opposed to TIN) in cell-free con guratie to improve the system
performance. While studying the performance of the interfereacdecoding schemes, it is
expected that user scheduling (i.e., which users should be servedadych BSs) and proper
pilot assignment among users can also be challenges that need to dérassed 101, 16§.
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5.2.3 Multi-cell systems with a central unit connected to al | BSs
via fronthaul links

In a cloud radio access network (C-RAN), it is assumed that sevéreemote radio heads
(RRH) (or BSs) are connected to a central unit (CU) to perform @jital baseband process-
ing tasks [L69. A large amount of research has been reported in the literature dgkssing
the viability of massive MIMO implementations with C-RANs [L70{174. Hence, another
direction for future work would be to consider a C-RAN with imperfecCSI (thus experi-
encing pilot contamination) consisting of distributed RRHs that havea massive number of
antenna arrays. In turn, when sending all the BSs' signals to theld; it has access to the
signals of both strong and possibly weak users (pilot contaminationt@rference terms).
Thus, by performing an additional layer of processing based on aeling pilot contami-
nation interference terms at the CU, one can potentially achieve amproved throughput
while requiring possibly smaller number of antennas at each RRH compd to regular
massive MIMO systems. In the simplest model, we can assume that RRare connected
to the CU via in nite-capacity fronthaul links and study the performance of interference
decoding schemes at the CU. In the next step, one can consideitaicapacity fronthaul
links, thus the need for proper signal quantization at RRHs while expring the bene ts of
interference decoding schemes.

5.2.4 Multi-antenna users

We have observed that the performance gains of massive MIMO ®ms performing
full/partial interference decoding schemes scale with the numbef 8S antennas. How-
ever, nothing in our analysis precludes the use of multi-antenna wse In particular, a
multi-antenna user can potentially bene t from a throughput increase that is proportional
to the number of antennas it possesses. Furthermore, multi-arina users are capable of
performing more advanced interference suppression techniqués the simplest case, one
could model each multi-antenna terminal as a multiplicity of single-aetnna terminals. In-
vestigating the bene ts of multi-antenna terminals in massive MIMO gstems is still under
an active area of research, in both regular multi-cell con guration[L73 174 as well as the
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cell-free deployments75176. Therefore, another interesting direction for future work
is the study of the performance of pilot contamination interfereree decoding schemes in
massive MIMO systems, where each BS serves several multi-ani@musers.
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Appendix A

A.1 Proof of Lemma 2

Without loss of generality assume that = f1;2;::;;lgand thus ¢ = fl+1;::;Lg. We
start by expanding the r.h.s of @3.4) as follows

I x%: yx®% =h x®x% h x®y;x% (A.1)
@h xC  h x®y:xC (A.2)
Plog (e) 1P h xCyxS ; (A.3)

where @) is because the entries at® and xC. are independent, and ifj follows from the
entropy of a complex Gaussian vector with independent entries. Alsusing the chain rule
one can write

h );(G y: X%, (A.4)
= h x®x§;unxPyixs

i2 | |

X Xte X o g G G
= hx¥ iy X XQ XSy

i2 j=1 k2 e
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P P

where | is any constant. De ning yy = y =1 X o o X, we obtain
X
h x® iy x§5 s x4 yixS (A.5)
i2
(c) X
h x® ¥
i2
(d) X o
log (e)var x; iYio (A.6)

i2

where () is due to the fact that conditioning reduces the entropy andd) follows as

Gaussian distributions maximize entropy. To obtain the tightest uppr bound, one should
minimize varx®  ;w], i.e., iy must be the LMMSE estimate ofx®. More precisely, one
can choose ; = E[y: ] E[x°y:]1= P;=<( }:i P, + 2), where the second equality follows
sincez is uncorrelated from the users' signals. Thus

j=i+1 7l z
var X iy = —P — (A.7)
P+
j=i"1 z
and therefore we obtain
0 P, 1
X P; j=i+l Pi + z2
h x® y;x& log@( e)—Pp . A (A.8)
i2 i=iPit 2
P) 2
=1 'p 2 17z A.
og (e)Ptpi (A.9)
Hence, from @A.3) the following lower bound is obtained
I x%; yxC
o P:) 2
og (e) 12 P log (e)yB 2Pz P_'l z (A.10)
P i2 | z
P
=log 1+—2— =1 x% y°x& : (A.11)
4
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A.2 Proof of Theorem 1

The expression oﬁlj‘i‘* in (3.5 includes four di erent sums where each term in each sum is
zero-mean and also uncorrelated with every other term in the fosums. As the last three
sums in @.5) are uncorrelated withx!'[i];| = 1;:::;L; the variance of these can be treated
as the variance of an uncorrelated noise. Therefore, to proveetldesired result, one needs
to calculate the variance of the interference due to beamformingig uncertainty (denoted
by P, the variance of the interference caused by other uses (deedtby P') and the
variance of noise (denoted b}"). It can be veri ed that the variance of the desired signal
components is

X h i

P = a E Vg (A.12)
1=1

Also, since these four sums are uncorrelated, one can write
| | | — | l.
Py + Py + Py =var 98! P (A.13)

Hence, we need to compute var?j‘i" . First, observe that the uplink baseband signaj/j‘i”'\
can be equivalently written as

| x X p_ |
jlij = U|vjyij ikl X|u [K] + ijij n;: (A.14)
=1 k=1

Therefore, var 9;{' can be computed as follows

XX

2 2
var gl = wE Vg +E vin (A.15)
I=1 k=1
XX 2 ,
= uE VG +E kv k° (A.16)
I=1 k=1
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h [
where we have used the fact thaE  x\'[k] > =1 ; 8l; k; and the last step follows by noting
that the elements of the noise vecton; have unit variance. We thus have

ul ul ul x X y 2 , X h y i
P, +P3 + P, = uE Vii Giki + E kv k u E Vi Gii - (A17)
1=1 k=1 1=1
Furthermore, note that for the numerator in the r.h.s of 3.8) we have
o__X h [ # X h P
var U E VJ-)?J- giil X|UI[|] = a E ijij giil : (A18)
12 12
Therefore, since the e ective noise is zero-mean and uncorrelhteom the desired signals,
one can directly apply Lemma2 in conjunction with the computed variances above to
obtain the lower bound in (3.9).

A.3 Proof of Theorem 2

The proof follows steps similar to those of Theoreh Speci cally, note that the expression
of yd! in (3.9 includes four zero-mean sums that are also uncorrelated. Deadhe variance
of the desired signals byP{', the variance of the interference due to beamforming gain
uncertainty by PJ', the variance of inter-cell interference caused by other userg BS' and
the variance of noise byP{!. Hence, since these four sums are uncorrelated with each other,
we have vary{ = P+ P{ + P+ PA. It is easy to verify that the variance of the
desired signals is
X h i,
=" L Egwy (A.19)

X
Yii = — g Wi siK+ zi (A.20)
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Therefore, we obtain for var y'

xX X
d —

2
var y; ﬁE gy Wiy +1; (A.21)

j=1 k=1 !

where we have used the fact that the noise term has unit varianceg., E jz”j2 =1. As
such,Pd + Pd + pPdl is found as

dl dl dl x X dl \% 2 X dl h \% | 2.
j=1 k=1 | j=1 !
Lastly, for the numerator in the r.h.s of 3.12 we have
xT—h i Foxo o hi,
var —J_E giwi slil =  — E ghiwy (A.23)

j2 j2 !

Therefore, since the e ective noise is zero-mean and uncorrelhtwith the desired signals,
one can directly apply Lemma2 in conjunction with the computed variances above to
obtain the lower bound in 3.12.

A.4 Proof of Theorem 3

Following a similar approach to that of 56,, Appelndix C], for the numerator of the lower
2

bound in (3.13, we calculate [,  E vj’ﬁj gji with the combining vector given by
VJ” = g]” y |e,

X h i, X h i,
u E GG = a E 6 O+ i (A.24)
12 12 )
@ X h l2
= u E Q,y., Q,-n (A.25)
12 h | ,
= ul E tr Jy” Q,-” (A.26)



X h i

12
where (a) follows by the fact that the estimate and the estimationreor are uncorrelated
and have zero mean. Recall from Chaptet that §; = Ry legjij . Therefore,

ul tl’ E g]" J):J = ul tl’ RJI| leE g]” Jy” (A28)
12 %
—_ 1 1 2
= a tr RJ‘” Rjij pRjij ji Rjij (A29)
- a 5 r R i 'Rjj % (A.30)

12

The rst term in the denominator of the lower bound in (3.13 is computed as follows.

XX 2 X > XX 2
JwE @G = uE @ g+ wE @50 (A31)
=1 k=1 1=1 1I=1 k=1:k6i
i.e., we separately compute the summation over the users that skdhe same pilot sequence
as useri in cell j (the rst summation in ( A.31)) and the summation over users that are

using a di erent pilot sequence (the second summation iA(31)). For the rst summation,
we have

X X h i
uE gjy” gji = uE g}:, gji gj)ﬂ 0ii (A.32)
=1 I=1
h [
= WE O O+ o 6+ N 6 (A.33)
I=1
o h E h i
= uE gj);j ;i J¥| G; + uE gjyij jil jyil G (A.34)
=1 I=1

where (b) is due to the fact that the estimate and the estimation eor are uncorrelated
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and have zero mean. For the second summation iA.G4), we obtain

X h S h [
wE & g 56 = wE T g 3 6y 6 (A.35)
I=1 I=1
© h i h [
= ultr E jil J-y” E gjij Jy” (A36)
I=1
= att R R 'R oRyy i 'Ry (A.37)
I=1
= u ptf R Rjj 'Ry
I=1
x 2 1 1
a ot Rj i Ru Ry i Ry (A.38)
I=1

where (c) follows by the fact that the estimate and the estimationreor are uncorrelated.
To compute the rst summation in (A.34), we rst need to present the following lemma
from [177, Lemma 2].

Lemma 4. Consider a zero-mean random vectay with distribution g CN (0; ) , where

2 CM M is the covariance matrix, and an arbitrary deterministic m&ix W 2 CM M,
Then, the following identity holds
h [

E gWq’ =jtr ( W)jP+tr W WY : (A.39)

Next, we re-write the rst summation in (A.34) as follows

S

x

2 (@ _ o 2
JE @58 JE P of i 'Ry PRy i i (A.40)
1=1 I=1
2
= ul SE rj); jileij Rji jilrji ; (A.41)

1=1

where (d) follows by the derivations of the MMSE channel estimatedm Chapter 2, i.e.,
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gjij = p_pRjij jilrji and gjil = p_pRj“ jilrji. Noting that Fji CN (0, ji)1 and

assuming thatq = r; and W = ;'R;; Ry ;;*, we can apply Lemma4 to obtain the
following
2 y 1 1, 2 X 2 1 1 2
u pE I iRy R i = up It i iRy R
=1 I=1
><_ 2 1 1 1
+ u ot i iRy R it i i R Ry
=1
(A.42)
X 2 1 2
= u p tr Ry Rji
1=1
><_ 2 1 1
+ u ot Ry Rji i "R Ry (A.43)
=1
2
= a5t Ry i 'Ry
=1
>4_ 2 1 1
* u ot R i R Ry "Ry (A.44)
=1
Now, (A.32) which is the summation of @.38) and (A.44) is found as
X 2 X ) . , X )
wE @ g = u p tr Ry iRy~ + u ot R Ry i 'Ry
1=1 I=1 I=1
(A.45)

For the second summation inA.31) (i.e., summation over users that are using a di erent
pilot sequence), we obtain

XX 2 X X h i

uE @ g = wE 8 Gk g G (A.46)
=1 k=1K6i =1 k=1K6i
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XX h i

uE tr G gjykl 0 6 (A.47)

I=1 k=1:k6i

© XX h i h [

= att. E gugy E 05 0 (A.48)
I=1 k=1;ké6i
X X L

= ultr Rjk| pRjij ji Rjij (A49)
I=1 k=1:k6i
X X L

= ul ptr Rjk| Rjij ji Rjij X (A50)
I=1 k=1:k6i

where (e) is due to the fact thatgy, and §;; are uncorrelated fork 6 i, as these users

are using di erent pilot sequences. HenceA(31) (the rst term in the denominator of the
lower bound in @.13) is simpli ed as below

X X > X ,
WwE 8 g = u p tr Ry
=1 k=1 =1

o, R
i R+ u ot Ry Rji
=1 k=1

1
i Rijj

(A.51)

The computation of the second term in the denominator of the lowdsound in (3.13

follows steps similar to those of the numerator, except that now thsummation is over all
| =1;::; L. We thus have

X h i, X )
a E 801 = u p tr Ry
=1 =1

2
ji 1Rjij : (A52)

Lastly, the third term in the denominator of the lower bound in 3.13 is calculated as
follows

h [

2

E kvjij k2 = Eh gjij |
E Jy” gm (A.54)

(A.53)
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h i
=tr E @0} (A.55)

= otr R 'Ry : (A.56)

Therefore, for the denominator of the lower bound in3.13, we obtain

uE vj)?j Gjxi u E vj)?j gi  +E kv k? (A.57)

=1 k=1 1=1
XX
= u ot RwRyi i'Rjj + otr Ry 'Ry : (A.58)

ji ji

=1 k=1

Therefore, since the e ective noise is zero-mean and uncorrelhtéom the desired
signals, one can directly apply Lemma& in conjunction with the computed variances above
to obtain the required lower bound. This completes the proof.

A5 Proof of Theorem 4

Following a similar approach to that of p4, ARpendbﬁ C], for the numerator of the lower
2

bound in (3.16, we compute , ( a=;) E gjw;; ,with the precoding vector given

by wj; = @;; . Hence,

X g h , i, X | h } , i,
mrt E g 9; = mrt E G+ 5 G (A.59)
jz2 | j2 _
@ X dl h y 2
- mrt E tr g gjil (A.60)
j2 ] _
(b) X di h y : 1 2
- T E G 6 Ry Ry (A.61)
% j
dl 2
= mr U pRjj 'Rjj R;;'Ryi (A.62)
j2 ]
X dl S 1 2
=~ o Ry iR (A.63)
j2



where (a) follows by the fact that the estimate and the estimationreor are uncorrelated
and have zero mean, and (b) follows from the identitg; = R Rjijlgjij :

Next, we need to compute the rst and the second term in the demainator of the lower
bound in (3.12. For the rst term, similar to the proof of uplink MRC, we separatey
compute the summation over the users that are sharing the sam#éop sequence as user
in cell | and the summation over those users that are using a di erent pilotegjuence, i.e.,

x X d y 2 dl y 2 X dl y 2
—E 88y = = VR —7E 86y
j=1 k=1 ! j=1 j=1 k=1:k6i |

(A.64)

For the rst term in the r.h.s of ( A.64) (i.e., the summation over the users sharing thg"
pilot sequence), we obtain

X h i

2
%E gi);I 9 = %E gjyil 8 6 i (A.65)
j=1 | j=1 |
dl h i
= jmnE o+ 0 6 0 Gt o (A.66)
j=1
© di h i h i
- Tt E gjyil 0ii jylj g +E jyil ;i gjyij il (A.67)

j:l J

where (c) is obtained by noting that the estimate and the estimatioerror are uncorrelated
and have zero mean. The rst term in A.67) is computed as follows

al o, 2
it E jyil ;i g,{, G = —mit £ jy” Gii (A.68)
=1 j=1 |
(d _ _ 2
= e P ol jilRiilp oRii i T (A.69)
j=1 |
X a} y 1 1, 2
= mi £ N Rin Ry i 7T (A.70)
j=1 !
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© d p 2
= Ui i Ru Ry
j=1
Xy 2 1 . . )
* g R Ry 7 g iRy R it (A71)
i=1
X 2
_ d p 2
= e U RaRy
j=1 ]
g2
p 1 1
+ mrt tr R Rjj i Rjj R (A.72)
j=1
X 2
— d p 1 2
= m U Ry i Rii
j=1 ]
Xy 2
p .
+ mrt tr Ry jileij Rii jileil ; (A.73)
j=1 |

where (d) is obtained using the identitiegy; = P—R;; ilriand@y = P—R;; i i
and (e) follows from applying Lemma4 and noting thatr; CN (0; ji).

The second term in A.67) is obtained as follows

di h o d h i
WE J¥| gjij gl):J it = mrt E tr j):j g]yu jil jy” (A.74)
j=1 J ]=1 )
il h i h i
= wtr E 0 E uj (A.75)
ji=1 )
- d 1 .
= e eRii i 'Rii Ru pRy 'R (A76)
ji=1 )

dl
= —m U Rj ;'RjRj

mrt
=1
X di 5 1 1
— Ry iRy Ry "Ry (A.77)
j=1 ]
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Thus, adding up (A.73) and (A.77), for the rst summation in the r.h.s of (A.64) (i.e., the
summation over the users sharing thé" pilot sequence) we obtain

X g y z _ X p 1
aiE %% = v Rii iRy R
j=1 J i=1 j
Xy 3 1 2
+ i tr Rjij ji RJ‘” (A78)
j=1 |
For the second summation in the r.h.s ofA.64), we have
XX dl y 2 X X dl h , , i
mi GGk = m E i Gk G Gii (A.79)
j=1 k=1k6i j=1 k=1k6i I
XX g i
= arE Oy O G Gy (A.80)
j=1 k=1k6i |
(f) >4_ )(< dl h | h |
- At E G0 E 6idj (A.81)
j=1 k=1k6i
X X g .
= mtr pRi i "Ry R (A.82)
j=1 k=1;k6i
XX d b .
- m T Rjg i Rjg R 5 (A.83)
j=1 k=1k6i !

where (f) follows by the fact thatg,, andg;; are uncorrelated fork 6 i. Hence, by adding
(A.83) and (A.78), we obtain

XXy y 2 XX, p 1 Xy 3
—E 6i6y = — 0 Rig i Ryg R+ —
j=1 k=1 j=1 k=1 | j=1 ]

2
tr Ry ;i 'Ru

(A.84)

Lastly, the second summation in the denominator of the lower bounith (3.12), with
the precoding vector given byw;; = @; , can be computed following steps similar to those
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of the numerator in (A.59), except that now the summation is over alf = 1;::;;L. Hence,

o, n bz Xy 5 1 2
— E g0 = — U Ry iR (A.85)
j=1 j=1 |

Therefore, the denominator of the lower bound in3.12 is simpli ed as follows

X, y 2 X h , i,
mrt E g 0 mrt E g 9 +1
j=1 k=1 !} ji=1
- mrt ik jk TNkl . .
ji=1 k=1 !

Therefore, since the e ective noise is zero-mean and uncorrelhtééom the desired
signals, one can directly apply Lemma& in conjunction with the computed variances above
to obtain the required lower bound. This completes the proof.

A.6 Proof of Corollary 1

We start by computing the power of the desired signal®;"¢. Note that

X h i, X h P
P = a E Qg = a E O @i + i) (A.87)

12 . 12

(@ X h [

= u E 6 G (A.88)
12

X i b i

= M2y J— FF’) : 2 (A.89)
12 1 1+ o e i

2 X 2 2
=M poul il jij o (A.90)
12
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where (a) follows from the fact that@; and j; are independent, and (b) is obtained by
noting that §; = ( ji = jj )§;; - Note that as explained earlier, all terms in the e ective
noise are uncorrelated; thus varfy ] = Py + P{"™ + P;"; where PJ"™ is the variance of
interference due to the beamforming gain uncertainty?;"™ is the variance caused by other
users andP," is the variance of noise.

To compute P;""¢, we write

S h i 2
P = uE 05 i E @ g (A-91)
=1
© y " y e % y 2
= uE O 01 E 6;86i + uB O g (A.92)
=1 =1

where (c) is due to the fact that@; = ( ;i = jij )@ . Forthe rsttermin ( A.92) we obtain

X h i,
wE @5 0i  E @) G
1=1
x 2 h i
= ul J— var gjyu gjij (A93)
1=1 1
2 2 4
= My L 5 of (A.94)
=1 " 1+ o o i
Similarly, for the second term in A.92) we obtain
VS 2
WE @ i
1=1
X h [
= WE @ i 3 Gii (A.95)
1=1
h i h [
= att E i i E G 0 (A.96)
=1
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=My jil p L p il (A.97)
=1 I+ p =z i I+ o o i
Therefore, using A.94) and (A.97), one can verify that
0 1
hS L2 2 4
pre="" M, L & B X (A.98)
=1 . 1+ b=t i '
! , !
+M R i x & jil
ul 1+ N jil 1+ Ly )
P Ip=1 il =1 P oIp=1 Jil1
p__ S
=M i i ul il - (A.99)
1=1
For the power of the interference of other user&:"°, we write
X X 2
Pémc = u E gl):J Oii (AlOO)
I=1 k=1:k6i
XX 2 X X 2
= wE O O+ JdE O i« (A.101)
I=1 k=1k6i I=1 k=1;k6i
X X h i h [ X X h i h [
= att E 005 E Gl + att. E 685 E ju
I=1 k=1k6i 1=1 k=1K6i
| | (A.102)
2 ’ 2 '
- X X M ul R i B ikl
L L
I=1 k=1;k6i 1+ =1 Jil1 1+ lp=1 |kl2 |
2
+ o . M |B :_2” jkl .'B Ij_kl
=1 k=1:k6i 1+ li=1 i1 1+ lp=1 Jkl2
p__ XX
=M p i i ul jkl: (A103)
1I=1 k=1:k6i
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Finally, for the power of the noiseP;", we obtain

2
P = i N, (A.104)
h i h [
=tr E @;0; E nn/ (A.105)
2
=M p i (A.106)
1+ p =1 s
=M p_p i i . (A107)

Therefore, since the e ective noise is zero-mean and uncorrelhtéom the desired
signals, one can directly apply Lemma& in conjunction with the computed variances above
to obtain the required lower bound.

A.7 Proof of Theorem 5

We start by computing the variance of the desired signald?, in (3.22. We can easily

verify that
X 2
HE P LR (A.108)
12 Ii
Note that as explained earlier, all terms in the e ective noisejﬁ’j0 in (3.22 are uncorrelated;
thus

00 _— jzf zf.
var ziw =15 + 13, (A.109)
where | # is the variance of interference due to channel estimation error @r 2" is the
variance of noise in 8.22. For |4, we obtain

X X 2
13" = WE Vi (A.110)
=1 k=1
XX h i h [
= atr  E ikl J-yk| E Viii ijij (Alll)
=1 k=1
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XX h i

= ul ok p_p Kok E Vv (A.112)
=1 k=1

_ X X jki p_p Kkl (A113)

= | 0P : _
g MK

where in the last step we have used the following standard result inndom matrix theory

[114 h o
y 1 (A.114)
E v. v, = 5— : .
RN (S L
Finally, for the variance of noise| 2, we can write
zf y 2
h i h i
=tr E Vijii vj);j E n; njy (A.116)
h [
=E Vj);j Viii (A.117)
= x : (A.118)
M K g i '

Therefore, since the e ective noise is zero-mean and uncorrelhtéom the desired
signals, one can directly apply Lemma& in conjunction with the computed variances above
to obtain the required lower bound. The proof is thus complete.

A.8 Proof of Corollary 2

Let P™ be the variance of the desired signals i3(9). We start by computing P;™ as
follows

mrt _ X dl h y | 2
P = T T
j2 ]
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X l h i h Iy

= = gjyil g; +E jyn Gii
j2 J
X h i
@ dl
= — E 00
j2 J
. 2
X MPS o w Pad
B mrt 2
2 i
X 2 2
= M?2 W; (A.119)
2 i

where (a) is due to the fact that j; and §; are independent and (b) follows fron§f} =

( i = ji )g;; and the distribution of §; explained below 2.11). Since all three terms in
the e ective noise are uncorrelated, we have vanf] = P, + P/ + P/ where P,™ is
the variance of interference due to beamforming gain uncertaint?;™ is the variance of
interference caused by other users ar™ is the variance of noise in3.9).

To compute P, we write

X d h i o
P = mt g:6; E g0
j=1
di y n y b2 X dl y 2
= mrt E 6:6; E 69 + it E i 0 . (A.120)
=t j=1
For the rst term in ( A.120), it is obtained
dl h i, X g i
aE 0i8i E 0ig; = mrvar oy g;
ji=1 ! j=1 |
— x dl 2 2.
=M Tt Pojil i e (A.121)
j=1 |
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Similarly, for the second term in A.120), we obtain

X h i

9 E Vg . A E§ g
mrt jil Jjij mrt jij i il i
j=1 J j=1 J
il h i h i
= ar B i E G 6
j=1 !
X
di _ _
=M mr 1 P PSao  (A122)
j:l J

Adding up (A.121) and (A.122), P," is thus obtained. Next, forP"™ we write

- bS g X y 2
P3™ = o E G0y
j=1 J k=1:k6i
dl )5 % 2 y 2
= mrt E 0k +E il

=1 k=1:k6i

M h i h i h i h i
= it tr E @ gjyil E O gjykj +tr E g jyil E 0 gjykj

= it M " o it i p ki ki

P— P—
LY (I I p il ji

=M e Pk ik il
j=1 J k=1:k6i

Finally, the power of the noisew; is P," = 1.

Therefore, since the e ective noise is zero-mean and uncorrelhtéom the desired
signals, one can directly apply Lemma in conjunction with the computed variances above
to obtain the required lower bound.
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A.9 Proof of Theorem 6

\F/)Ve Cftart by computing the variance of the desired signal, ie.,
i2 a= 2 ( i =5 )sli] Itis readily veri ed that
|
X ' 2
var [ Desired signal | = % L (A.123)
2 i

For the variance of the e ective noisew{? we have

var [wdj @ var [ Interference due to estimation error | + var w; |; (A.124)

where (a) is due to the fact thatw; is uncorrelated from the interference caused by the
estimation error. To compute the rst variance we can write

var [ Interference due to estimation error ]
|

X XK
= ] E i Vik (A.125)
i=1 J | k=1
g Xoh i
= — E Vg Vi i (A.126)
j=1 I k=1
g XD i
= —f E tr jyil Vikj ijkj ji (A.127)
i=1 J | k=l
dl. X h i h i
= = tr E i §i E VgV (A.128)
i=1 J | k=l
CX
dl p__ 1
P ok PV KO (A.129)

where in the last step we have used the following standard result inndom matrix theory

[114 h | .

E ViV = — ;
WA M K)o ik

(A.130)
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Lastly, for the variance of the zero-mean noise, we hage jw“j2 = 1. Therefore, since
the e ective noise is zero-mean and uncorrelated from the desirsdjnals, one can directly
apply Lemma?2 in conjunction with the computed variances above to obtain the regred
lower bound. This completes the proof of the lower bound irB(32.

A.10 Proof of Corollary 3

Using (3.52-(3.58), it can be veried that in case (i) we haveRS)y = | (91 Xe[ilixa[i]),

Rg;/ﬁwND;l = 21 (9ui; xa[i]; x2[i]), and ngNn?;l = Rglyl\rln;1 = 1 ($i; xa[i]).

Furthermore, using @.62, one can rewrite @.59 as |(94;X[ilixefi]) <
2 (9u;xalil; x2[i]), and conclude that RS, < RS2 Moreover, using .62, one
can rewrite (3.59 as I (9ui;xa[il;X2[i]) < | (§u;x4[i]), and conclude that RS "™
RSm™ = Rgn’. This is illustrated in Fig. 3.3b Similarly, using (3.52-(3.58), it
can be veried that in case (i) we haveRgy ™ = | (fu;x4[i]), and RS = R =
RSm " = 21 (Ju;ixalilix2[i]). Also, using (3.62-(3.63, one can rewrite 8.60 as
maxf | (9i; Xa[i1); 1 (9ui; %2l 3! (Yui; Xa[i]; x2[i]). Hence, when this condition holds it

yields (3.67), which is also illustrated in Fig. 3.3c

<

A.11 An achievable region for the generalized RS
scheme

Here, to establish an achievable region, following a technique used #2][we provide
analysis of the probability of error for the proposed generalizatioof the RS scheme when
applied to the case ofL = 2. First, note that after dropping the index i, the cloud
center and the satellite codeword generated at BIS| = 1;2; are given bysl(b)(ml(b)), and
s|(m|(a); ml(b)), respectively. We only show the achievability proof at receiver 1, i,euser of

cell 1, as a similar analysis can be applied at receiver 2, i.e., user of cell 2

Receiver 1 tries touniquely recover both parts of its intended signal's message,
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. b)
(mf?; mg”

. b)
(m5”; mg”

) and to non-uniquely recover messages from each layer of the interfering signal,
). Therefore, receiver 1 nds the unique pair f‘); m(lb)) such that

s (M) sy (P mP); s (mP);so(mE?;mP);yd 2T7; for some mi?; mY);
(A.131)
where T" is the set of -typical n-sequences (sed 15 Section 2.4] for formal description
of typical sets).

Assume without loss of generality that the message pairssnﬁa);m(lb)) =(1;1) and
(m(za); m(zb)) = (1;1) are sent. Receiver 1 declares an error if one or both of the follogy
error events happen:

n 0
Er=  sP();si(L1):8P(1);so(L1)ys 2T (A.132)
n

Eo=  sPMP)isi(mi”imP); s (mP)is(my”imd)iyd 277 (A133)

o]

for some m{?; m{?) & (1;1); and some (&; mP) :
By the law of large numbers, P(E;) ! 0, asn ! 1 . We bound
P(E;) in three dierent ways. As in [72, note that the joint typical-

(b (@). (D)

ity of the tuple sP’(m{P);s(mP;mP);sP (MY (). (b)

);Sy7(MyY);s2(my”;my”);yd  implies  that
sP(MP);s,(MP;mPy;yd 270 e, the triple s (MP?);s,(mP; mP);yd s jointly
typical. Hence,

n 0
E, sP(mP?); s, (M@ ; mPy:yd 2T "; for some mP;mP?) 6 (1;1) = Eu:

(A.134)
The eventE,; can be partitioned into the following 3 events:

n 0

EY = sPmP);s,1;mP);yd 27T for somem® 61 ; (A.135)
n 0

EQ = sP1):;s;(m®;1);y" 2T"; for somem® 61 ; (A.136)
n 0

EY = sP(my);s:(m?;mP);yd 271" for some m?;mPP) 6 (1;1) ; (A.137)
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leading to the following
P(Ea) P(ES))+ P(ES)+ P(ES): (A.138)

By the packing lemma 115 Section 3.2],P(E§11)), P(Eg‘f) and P(Eé‘?) tend to zero, as
n!l1l , if the following constraints are satis ed

R(ljl;(b) | sl;s(lb);yf' (A.139)
RI 1 suyfsP (A.140)
RY® + RI® 1 syysy! (A-141)

Notice that due to the codewords construction, the r.h.s inA.139) and (A.141) are identi-
cal, however the former is not necessary since the latter is the tigh condition. Therefore,
we are left only with two rate constraints, (A.140) and (A.141). Further note that the
special structure of the codewords yields

| osisyd =1 spyd (A.142)

In addition, note that the joint typicality of the tuple
s (m{?); sy (mP; mP); s (mP); s (mEP; mP); ¢ implies that
s (mP);s;(MP; mP); sP(mPy; yd 2 TN, ie., the  quadruple

s??(mP); s, (MP; mPP); sP(mPy;yd s jointly typical. Consequently,

n
£, sOMOYsm®md)sdmP)yyd 27" (A.143)
0
for some (”n(la); m(lb)) 6(1;1); and somem(zb) = Ex»

The eventE,, can be partitioned into the following 6 events:

n 0
EY = sPmP);s,;m?):sP@);yd 21"; for somemP® 61 ; (A.144)
n 0
EY = sP@):si(m?;1);sP(1);y? 2T"; for somem® 6 1 (A.145)
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n 0
ES = sP(mP);su(mP;mP);sPa)yf 27" for some {;mP) 6 (1;1)
(A.146)
n o)
ED = sPmP);s(1;mP); sP(mP);yd 2T ";for somem! 6 1;and somem? 6 1
(A.147)
n 0
EQ = sPP@);si(mP;1):sP(mP);yd 2 7T"; for somem!® 6 1; and somem{? 6 1
(A.148)
n
e = sPmP);s(mP;mP);sP(mP)yd 27" (A.149)
0
for some (”n(la), m(lb)) 6(1;1); and somem(b) 61 ;
leading to the following
P(Ex) P(ER)+ P(ES)+ P(ER)+ P(ES)+ P(EF)+ P(ER):  (A150)

It can be veri ed that by the packing lemma, the pI’ObabI|I'[IESP(E(1)) P(E(Z)) P(E(3))
P(E(4)) P(E(5)) and P(E(G)) all tend to zero, asn!1 , if the following constraints are
satis ed

RIE | ;gD ydijsd (A.151)
RID 1 syl o (152)

RI@ 4 RIO | g - gDyl (A.153)

RI® 4 RIG | gD gDy (A.154)

RI@ 4 RI® | g- . ydijgd (A.155)

RI@ 4 RIO) 4 RIO | g B Oy (A.156)

Notice that due to the codewords construction, the r.h.s ofA.151) and (A.153) are iden-
tical, however the latter is the tighter condition and thus the forme can be omitted.
Similarly, it is veried that ( A.154) is not necessary, since the constraint ofA(156) is
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the tighter condition. As such, by removing A.151) and (A.154), we are left with only
four necessary constraints, i.e.,A.152), (A.153), (A.155) and (A.156). Also, due to the
structure of the codewords, we have

b b b
I os;stydisy =1 spydjsy
b b b
| sy ssyd =1 sy

(A.157)

(A.158)

Lastly, the third way to bound P (E,) is to partition E, into the following 12 events:

n

EM =
n

ESY =
3 n

EY =
n

ESY =
5 n

EY =
n

EQ =
n

E =
n

ES =
n

EQ =

0
s (M) s,(1;mP); 8P (1);s,(1; 1)y 2T "; for somem{? 6 1

0
sP(1);s:(m®; 1) (1):8,(2; 1);y8 2T ™; for somem{® 61 ;

sp’ (m{?);sy(mi?; mP); 8P (1) sx(L;1)y8 2T
0
for some m{?;m{?) 6 (1:1) ;

(b)(m(b)) Sl(l m(b)) s(b)(m(b)) 52(1 m(b)) yt]i.I 2T n;

(D)

for somem;” 6 1; and somem(b) 61 ;

s (;su(mi?;1)i8y) (M) so(Li )y 2T

()

0
for somem;” 6 1; and somem(b) 61 ;

s (mP?);sy(mi”; mP); 8y (mP); sz (L myY);yd 2T

0
for some (n(la), m(lb)) 6(1;1); and somem(b> 61 ;
s (m?);s1(1;mP); 8P (1); s (m; 1) y8 2T

for somem¢”

o)
61:; and somem(a) 61 ;
s?(1);s:(mP; 1) 8P (1); so(mP; 1) yd 27T
for somem ) & 1; and somem(a) 61 ;

s (mP);sy(mi”; mPY); 8y (1);sa(m”; 1);yd 2T
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(A.160)
(A.161)

(A.162)

(A.163)

(A.164)

(A.165)

(A.166)

(A.167)



0
for some m{?; m{”) & (1;1); and somem® 61 ;

(D) (B)y. g0 ¢ (D)

Y = sP(MY)isy(Limy’)isy) (my));so(m” i me)ye 27

0
for somem!” 6 1: and some m®; mP) 6 (1;1) ;

n
11 b . . .a(b b)y. . . .
EsV = sPUisumiY; 18y (my))iso(mg?;mY)yd 27T,

0
for somem!® 6 1; and some (n%?; m{’) 6 (1;1) ;

n
12) _ b b)y. () b b
Eé ) — s(l)(m(l))'Sl(m(leo’m(l) (B) (D)

0
for some m{?; m{”) & (1;1); and some n®:mP) 6 (1;1) ;

leading to the following

P(E2) P(Eél))+ P(EéZ)).p P(E£3))+ P(E§4))+ P(E£5))+ P(Eés))
+ P(E§7))+ P(E§8))+ P(Eég))+ P(Eélo))_'_ P(E§“>)+ P(Eélz)):

); 82 (mP); sp(mEY; mPY);yd 2T

(A.168)

(A.169)

(A.170)

(A.171)

Using the packing lemma, it can be shown that the probabilitie@(Eél)) through P(Eélz))

above tend to zero, asm ! 1 , if the following conditions are satis ed

RI 1 sy ydljsy s

R 1 syyds?; s s

RI@ 4+ RI® g Py, 5P

R+ RI® 1 5580585y

RIV@ ¢ RI®) | g g oDy D

RI@ 4 RI®) 4 RI®) | gD g By
RY® + RI® 1 58P s5 ydjs))

RY@ + RI® 1 555 yjs(?; sy

R+ RI® + RE@ 1 580 551y
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(A.179)
(A.180)



RIV® 4 RI@ 4 RI®) | g g, gDyl (A.181)
RI@ 4 RI@ 4 RID | g g, gDyl (A.182)

RY@ + R{® + R + RO | 56580y (A.183)

It can be readily seen that the constraints of £.172), (A.175), (A.176), (A.177), (A.178)
and (A.181) are redundant and can be removed. We are thus left with only 6 nessary

constraints, i.e., A.173), (A.174), (A.179), (A.180), (A.182) and (A.183). Also, the code
construction yields the following

I st yflisasy =1 siyilis, (A.184)
I osuydistisasy =1 spyfs;s (A.185)
| sis?sysPiyd = | sppsyyd (A.186)
| susos?iylis? =1 spisyyfjs? (A.187)
| susyisayfs? =1 spsuyiisy (A.188)

Hence, by boundingP (E,) using these three di erent approaches, an achievable region
is established at receiver 1 (denoted bR%®), which is the union of the three regions
described above. One can similarly obtain the achievable region at eaer 2 (denoted
by R5S) by replacing y§' with y3' and swapping appropriate indices. The network-wide
achievable region obtained by the generalized RS scheme in conjumetwith non-unique
decoding for a two-cell system can then be written in the following fim

\
RRS= RFS 1=1;2 (A.189)
|
where [
Rf® = Rsiq o 1=152 (A.190)
12S)
whereR 2. ., is @ modi ed MAC region, which has less than2! 1 rate constraints,
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as some of the constraints are removed from the regular MAC regi(due to the codewords
construction as explained above), an&;| = 1;2; are given by

nn bO n b bO n b bOO
Si= m@PmP ; mPmP;md o mEmP;mf;md (A.191)

,on PR ] , 00
Ss= m@:m®? o m@Pm®mP s mP i m®PmPmP (A.192)

Specically, if | contains messages of both Iayersnfa);mj(b)); for somej, then those
constraints that involve R"® but not R™® are not needed and will thus be removed
from the rate region. In particular, the constraints that are renoved from each of the three
regions described above are as followsA.139) from the rst region, (A.151) and (A.154)
from the second region,A.172), (A.175), (A.176), (A.177), (A.178) and (A.181) from the
third region.

One can also re-writeS, as follows

nn 0} on 00
S= m@m® . mj(b> : mj(a>;mj(b) c 1=1:2 61 (A.193)
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