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Abstract

In recent years, there has been enormous public interest in autonomous vehicles (AV), with
more than 80 billion dollars invested in self-driving car technology. However, for the foreseeable
future, self-driving cars will interact with human driven vehicles and other human road users,
such as pedestrians and cyclists. Therefore, in order to ensure safe operation of AVs, there is
need for computational models of humans traffic behaviour that can be used for testing and
verification of autonomous vehicles. Game theoretic models of human driving behaviour is a
promising computational tool that can be used in many phases of AV development. However,
traditional game theoretic models are typically built around the idea of rationality, i.e., selection
of the most optimal action based on individual preferences. In reality, not only is it hard to infer
diverse human preferences from observational data, but real-world traffic shows that humans
rarely choose the most optimal action that a computational model suggests. Through the lens of
behavioural game theory, my thesis bridges the gap between observational naturalistic behaviour
and game theory to create models of traffic behaviour that can have versatile applications in AV
development, including testing, verification, and motion planning.

The first part of the thesis makes a set of methodological contributions towards creating mod-
els of traffic behaviour from naturalistic datasets using behavioural game theory. In the second
part, the thesis demonstrates practical uses of models for safety validation of autonomous vehicle
planners. At each step, the models are built around the behaviour of boundedly rational agents
and demonstrate multiple ways of modelling suboptimal behaviour, with suboptimality being
considered from the perspective of a game designer.

Although there has been an increasing interest in the use of game theoretic models for AV, it
is not clear which solution concepts align well with naturalistic driving behaviour. Based on the
structure of a hierarchical game, the thesis first presents various design choices that can be used
in the construction of a game, along with the solution concepts from behavioural game theory
that can be applied to solve such games. These choices result in thirty behaviour models, which
are evaluated based on their model fit and predictive accuracy on naturalistic data. The results
provide practical guidance for practitioners for the construction of traffic behaviour models.

Driving is a multi-objective task, and humans aggregate objectives of safety and progress in a
context and individual specific manner. It is challenging to infer the parameters of multiobjective
utility aggregation solely from observations because of a number of unobserved variables. Based
on the concept of rationalisability, the thesis develops algorithms for estimating multiobjective
aggregation parameters for two aggregation methods, weighted and satisficing aggregation, and
also when the underlying model of reasoning consists of both strategic and nonstrategic reason-
ers. Experiments conducted in three different datasets provide interesting insights into how road
users aggregate these objectives, as well as the situational dependence of the aggregation process.
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In the final methodological contribution, the thesis addresses two key challenges of building
traffic behaviour models using dynamic games; model instability and model uncertainty. Model
instability arises when a class of boundedly rational agents who follow elementary nonstrategic
models of behaviour have no reason to adhere to elementary models over time in the game.
The thesis addresses this problem by developing a nonstrategic yet sophisticated finite-state
transducer-based model of level-0 behaviour within the level-k framework. Model uncertainty
arises when agents are free to follow any model of reasoning as is often the case in naturalistic
data. This problem is addressed by developing a generalised cognitive hierarchy model consist-
ing of three layers, nonstrategic, strategic, and robust. Each layer can hold multiple behaviour
models, and the chapter develops solutions for heterogeneous models based on the consistency
of beliefs over observations. Simulation experiments demonstrate that a robust layer model is an
appropriate choice for an AV behaviour planner.

Building on the game theoretic models, the second part of the thesis demonstrates the applica-
tion of the models by developing novel safety validation methodologies for testing AV planners.
The first application is an automated generation of interpretable variations of lane change be-
haviour based on Quantal Best Response model. The proposed model is shown to be effective
for generating both rare-event situations and to replicate the typical behaviour distribution ob-
served in naturalistic data. The second application is safety validation of strategic planners in
situations of dynamic occlusion. Using the concept of hypergames, in which different agents
have different views of the game, the thesis develops a new safety surrogate metric, dynamic oc-
clusion risk (DOR), that can be used to evaluate the risk associated with each action in situations
of dynamic occlusion. The thesis concludes with a taxonomy of strategic interactions that maps
complex design specific strategies in a game to a simpler taxonomy of traffic interactions. Regu-
lations around what strategies an AV should execute in traffic can be developed over the simpler
taxonomy, and a process of automated mapping can protect the proprietary design decisions of
an AV manufacturer.
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Chapter 1

Introduction

On average, Canadians spend at least one hour every day as occupants or driving a passenger
vehiclé'. This may not seem much, but driving is relatively a new human activity that has estab-
lished itself as a major drain of our daily time only in the past century [167]. A technological
utopia that will help us recover that hour of our time through safe and fast automated transporta-
tion has been part of our imagination for at least six decades [214]. Today's futuristic landscape
of an urban city is incomplete without the image of a self-driving car transporting individuals for
whom the stress of driving is a thing of the past. However, this spectacular dream stays grounded
in the modality of the transportation it envisions, that is, the transportation of individual vehicles
over roadways. Over the past decade we have been inching closer to this promised utopia, with
more than 80 billion US dollars invested towards the development of autonomous vefibles
technology behind autonomous vehicles has been synonymous with the advent of the Al revo-
lution, and computer scientists have the responsibility to oversee the safe development of that
technology.

Autonomous vehicles have also captured the imagination of a wide range of research dis-
ciplines, thus heralding a new avenue for multidisciplinary research. AV technologies present
cross-cutting concerns that span several disciplines, including engineering, computer science,
law [17], economics [244, ], social sciences [206], and philosophy [168, ]. At the core of
this technology, however, are the human road users; people who (will) interact with the vehicles
on the roads. Unless all modes of transportation on the road are automated, for the foreseeable
future, humans will continue to interact with these automated vehicles as pedestrians, bicyclists,
and occupants or drivers of other vehicles. For the most part, vehicles that interact with AV on

! https : / / www150 :statcan :gc:ca / t1 / tbll / en / tv :action?pid = 4510001401
2 https://www  :brookings :edu/research/gauging-investment-in-self-driving-cars/



roads today are driven by humans, and driving as we understand today is still a human activity
based on rules and patterns of behaviour, both explicit and implicit. If an automated system en-
ters this ecosystem, it is clear that there has to be some leveldefrstandingf that behaviour

for AVs to interact in a safe and sustainable manner. This thesis is an effort in that direction,
in which | focus on modelling human driving behaviour for testing, veri cation, and behaviour
planning of autonomous vehicles.

Automated driving system (ADS) architectudeiving is a complex human activity that involves
perception (e.g., assessing the distance and velocity of other road users), motor control (brak-
ing, acceleration, steering), attention (staying focused on the road and situational awareness),
reasoning (assessing the intent and behaviour of other road users) among other mentally and
physically demanding tasks [91]. The goal of an automated driving system is replacement of
these complex functions, and with advances of Al and automation, self driving cars on the road
today have started that journey. Advances in computer vision can detect relevant road users in
the vicinity of a vehicle, LIDAR systems can asses distance and speed [10], and onboard com-
puter systems can execute commands that control the physical movements of the vehicle [145].
Although commercial self-driving cars may use their own proprietary design and architecture to
engineer an automated driving system, an example architecture of a typical ADS is shown in Fig.
1.1. The main components of the architecture include i) the vehicle platform, which consists of
sensors and actuators, ii) the perception stack (object detection, tracking, and localisation), iii)
the environment model, which is responsible for integrating information about lanes, maps, and
other static environmental aspects together for the perception and planning modules, and iv) the
planning module, which is responsible for planning the physical motion of the vehicle by syn-
chronising three hierarchical tasks: mission, behaviour, and trajectory planning [98]. The mission
planner's responsibility is to plan the route between the origin and destination of the vehicle. This
action plan is broken down into sequence of manoeuvres by the behaviour planner, which further
sets up the problem of trajectory generation for the trajectory planner. The trajectory planner
module uses various search and optimisation based methods to generate a set of control actions
to be executed by the vehicle controller [173]. Within the context of behaviour planning, traf c
behaviour models of other road users play an important role in both the operation of an AV as
well as its developmett Traf c behaviour models are the focus of this thesis, and | address
challenges associated with computational modelling of human interactive behaviour in traf ¢ for
autonomous vehicles.

3 Developmenhere refers to the software development life cycle of the ADS



Figure 1.1: A typical high-level architecture for an automated driving system in an AV. Arrows
depict ow of information between modules.

1.1 Motivation

In this section, | discuss the motivation behind traf ¢ behaviour models for AV. First, | present
the different scopes of use of traf c behaviour models. Next, | highlight the versatile applications
of the models in AV development.

1.1.1 Traf ¢ behaviour modelling for autonomous driving.

A traf c behaviour model is a general term that refers to a model of the behaviour of road users,
such as vehicles, pedestrians, and cyclists, in the vicinity of the autonomous vehicle. Traf ¢ be-
haviour models can have different functional scopes in which they can be used in an application.

 Predictive scopé/Nhen used in a predictive scope, a model predicts future actions (such as
high-level manoeuvres or trajectories) of other vehicles and road users in the vicinity of a
subject AV. Predictive scope is relevant when an AV has to plan its own actions taking into
account the predicted actions of other road users. Additionally, performance in a predictive
scope measured through predictive accuracy is also a key metric of evaluation to assess the
quality of behaviour models regardless of whether those models are speci cally used in
the motion planning algorithm in an ADS.

» Descriptive scopeDescriptive scope deals with the aggregate behaviour of agents in a
population. A typical example of the use of a behaviour model in a descriptive scope is the
probability distribution of gap acceptance rates in a population of drivers in a city during
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lane changes. To facilitate quantitative analysis from a descriptive scope, models are often
made parametric and then tted to observational data. Subsequently, the parameters of the
model can answer speci ¢ questions of interest, e.g., what percentage of drivers engage in
risky lane change behaviours.

» Generative scop@&Vhile descriptive model can explain certain characteristics of a popula-
tion based on observed data, in a generative scope, a model has the ability to generate new
situations and behaviours that were not observed in the data. This is done in simulation by
changing the parameters in the descriptive scope of the model in a principled way. For ex-
ample, changing the distribution of gap acceptance rates to sample from a more aggressive
population of drivers to evaluate whether an AV can behave safely under those conditions.
In the context of AV development, being able to use a model in a generative scope helps to
sample novel and edge-case situations that are essential for ensuring safety.

1.1.2 Applications of traf c behaviour models for ADS.

Based on the above functional scopes, traf ¢ behaviour models can have versatile applications in
AV development. When used in a predictive scope, traf ¢ behaviour models can be used to plan
AV behaviour, whereas when used in a descriptive and generative scope, the models can be used
to test, verify, and train behaviour planners in the development lifecycle. Next, | brie y discuss
these applications.

 Planning.Behaviour planning module in an ADS is responsible for planning vehicle ma-
noeuvres, often interpreted as thehaviourof the vehicle as understood in a colloquial
sense. This involves decisions such as slowing down, executing a turn, changing lanes,
yielding, etc. In order to choose the right behaviour, the AV needs to predict the actions
of other road users and respond accordingly. When used in a predictive scope, the role of
a traf c behaviour model is the generation of predicted actions of other road users for a
given traf ¢ situation.

Descriptive and generative scopes are often applied in conjunction with each other. For the fol-
lowing applications, traf ¢ behaviour models can be used in both descriptive and generative
scopes.

 Training. In recent years, reinforcement learning based methods have gained prominence

as a scalable method of training an ADS to learn optimal behaviour [112]. The learning
of the optimal policy during the training process occurs through interaction with other
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road users in the simulated training environment. Traf ¢ behaviour models can provide a
model of the behaviour of other road users in the training environment that is re ective of
real-world traf c behaviour.

Testing.In order to ensure that an AV is safe for operation, simulation plays a critical
role, as it is not possible to rely primarily on extensive eld tests as a primary testing
method [107]. Test scenarios for simulation need to balance the generation of scenarios
that are representative of typical behaviour and edge case scenarios. While the former can
be derived from naturalistic datasets, the latter are not often observed in datasets because
of their rarity. Since the behaviour of road users can be parameterized in traf ¢ behaviour
models, the models can augment naturalistic data with rare and edge case scenarios for
testing AV motion planners.

Veri cation. The goal of formal veri cation techniques applied to autonomous driving sys-
tems is to ensure the functional safety of an automated vehicle [180]. Safety properties,
often derived from traf c rules, are expressed in a formal speci cation language such as
Linear Temporal Logic (LTL) [183] and Signal Temporal Logic (STL) [219]. Similarly to
the environment model in reinforcement learning, model checking techniques that verify
safety properties also make use of a model of behaviour against which the motion plan-
ner's safety properties are veri ed. Along with the problem of scale [123], having a realistic
model of interactive human behaviour is a bottleneck in formal veri cation [28]. A com-
putational traf ¢ behaviour model can address the latter problem by acting as a model of
the environment, i.e., the behaviour of other road users, thereby advancing the feasibility
of the use of formal methods in the development of AV.

1.2 Properties and current landscape

With respect to the speci ¢ modelling paradigms, traf ¢ behaviour models in the context of AV
can take different forms [32]. In this thesis, | focus on game theoretic models of behaviour.
This choice is based on a set of properties of interactive reasoning that enables the modelling
framework to be used in a variety of applications, as discussed in the previous section. | present
those properties next, followed by a brief overview of the current literature on traf ¢ behaviour
models.

» Conditional reasoningThis includes the ability of a model to infer the probability of
possible outcomes as a consequence of a speci ¢ action taken by a road user. This is based
on the conditional probability of the fora(Y jX ) whereY is a random variable encoding
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the outcome (e.g., a collision) aXdis a random variable in the domain of possible actions.
This property helps answer questions of the fornifthe self driving car executes a merge
manoeuvre, what is the probability of a collision with a vehicle in the target lane.

* Normative reasoningBehaviour models should ideally support a theory of what agents
oughtto do. The importance of normative reasoning for behaviour models is in relation to
traf c rules; which provide a prescriptive notion of how drivers and other road users should
act in different traf ¢ circumstances. Normative reasoning may also include support for
other theories, such as rational choice theory, which says that a rational driver will choose
an optimal action with respect to a set of objectives.

» Counterfactual reasoningrhis refers to the ability of the models to engagenihat-if
type reasoning, i.e., reasoning based on possible events that are contrary to the observed
ones. A practical use of counterfactual reasoning is to update beliefs about the behaviour
of other road users, which can be later incorporated in planning the action of the subject
vehicle. For example, if a self-driving car observes another vehmislowing down near
a stop sign as expected, it can form possible hypotheses about the other vehicle, such as its
aggressive disposition, being in a hurry, or being distracted.

« Strategic reasoningStrategic reasoning involves reasoning that takes into account that the
actions of others may be in uenced by one's own action. It brings together conditional,
counterfactual, and normative reasoning in a uni ed reasoning framework. A typical ex-
ample in the context of driving involves reasoning of the following nature: a vehicle needs
to turn right at an unprotected right turn. The vehicle observes a vehicle approaching the
intersection, and reasons thit execute a turn instead of yielding, it is in the interest of
the other driver, who seems to be a cautious driver, to slow down fariteen multiple
road users apply strategic reasoning jointly to an interactive problem, along with the belief
that others are also strategic reasoners, the solution results in equilibrium.

Current landscape of traf ¢ behaviour model®ver the years, traf ¢ behaviour models have
been an area of extensive research in the eld of traf c safety engineering and traf ¢ psychol-
ogy [69]. The focus of that research precedes treating the problem of behaviour modelling as
one for AVs, with various objectives for building the models. Traf ¢ accidents and collisions
parallel the use of motor vehicles, and a primary objective of building computational models of
driver behaviour in the eld of safety engineering is to design appropriate interventions to reduce
traf c accidents. At the same time, since driving is fundamentally a human activity, understand-
ing driving from a psychological perspective has also played a key role in this endeavour [208].
Treating the problem of traf ¢ safety as an interdisciplinary science, models such as Task Dif -
culty Homeostasis (TDH) [78], Risk Allostasis Theory (RAT) [76], and Risk Monitoring Model
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(RMM) [220], bridge the psychological aspects of driving with behavioural observations such
as steering control and speed choices [132]. Driver behaviour models have also been developed
in the eld of highway and transportation engineering to design effective transportation strate-
gies that reduce congestion. Simulation plays an important role in this regard, and aggregate
outcomes of traf ¢ behaviour, such as traf c ow, are modelled wittacroscopidraf ¢ simula-

tion models [126, ]. However, since aggregate behaviour results from individual interaction
among vehicles, traf ¢ simulation frameworks also suppuoitroscopicsimulation models that
capture individual driver behaviour and their interactions. Microscopic models are well suited
for applications in AV development, i.e, a model for use in planning, testing, and veri cation.
Popular models such as the Gipps model [88], the Newell model [162], and the Intelligent Driver
model [218], have been a cornerstone of microscopic models and have been widely used in sim-
ulation platforms such as SUMO [118]. Most of these models, however, were designed for the
main purpose of simulating aggregate behaviour of vehicles on a highway, therefore, the sup-
port for vehicle interactions were limited to car following scenarios. Autonomous vehicles, on
the other hand, have to navigate a wide range of scenarios beyond just car following, and there-
fore behaviour models developed for AV needs to be general enough to be applied to any traf ¢
scenario.

In autonomous vehicle research, the problem of modelling traf ¢ behaviour has been ad-
dressed primarily through machine learning methods [128, 32], and the main functional scope is
a predictive scope for the application of motion planning. The use of machine learning models
is promising, especially since in theory the models have the potential to generalise to any type
of traf c situations. However, to realize that potential, there is need for availability of signi cant
amount of training data to the researchers. In recent years, open datasets like Argoverse [44]
and Waymo Open Data [68] have lled that gap. The machine learning based approaches are
nevertheless limited in its ability to reason interactively with respect to some of the properties
discussed earlier. Still, there has been effort to address those shortcomings within machine learn-
ing based models. The rst two properties, @s#s conditional reasoning and counterfactual
reasoning, have been addressed through multimodal prediction models [154] and simulation of
synthetic scenarios [224], respectively. Addressing the latter two, i.e., normative reasoning and
strategic reasoning, purely through machine learning based methods is still an open question. In
that regard, game theoretic techniques can provide a sophisticated model of interactive reasoning.
Models that combine game theoretic approaches with machine learning methods bring together
the best of both worlds, and have been an interesting recent development of the eld [189, 85].
This thesis restricts itself mainly to game theoretic models, with support of machine learning
based techniques in cases where parameters of the models are to be estimated from observational
data.

Game theory provides a model of interactive decision making by rational agents modelling
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everyone else as rational agents [75]. Game theoretic models are built on rational choice theory
of individual decision making, in which a rational agent facing multiple choices selects an action
that maximises their individual utility; and the utility is taken to be broadly representative of their
ordered preference over those actions [131]. Most planning methods developed for autonomous
vehicles, for example, trajectory optimisation [173], model predictive control [145], also work
under that principle, i.e., a rational agent (in this case an AV) selecting an action from a set of
valid actions (the trajectories or control actions) by optimising a combination of objectives such
as safety, progress, comfort. Extending this idea to a multi-agent setting of decision making by
a set of rational agents interacting with each other leads to a game theoretic construction. With
the idea taking hold that AVs will eventually interact seamlessly with other human drivers in a
variety of traf ¢ situations, in recent years, there has been a rapid interest in using game theoretic
models for planning the behaviour of an AV [215, , , 70, ]; although the rst use of
game theory models as a computational model of driving goes back several decades [113].

With just a few constituents of a model that includes a set of players, their preferences over
actions, and informational assumptions that encapsulate what agents know about each other,
game theoretic models provide a general and parsimonious model of interaction. The models
also support the set of desirable properties that was listed earlier, namely conditional, normative,
counterfactual, and strategic reasoning. However, applying the general framework to the prob-
lem as complex as human driving is non-trivial. In reality, not only is it hard to infer human
preferences from observational data in the face of diverse behaviour, but real-world traf ¢ shows
that humans rarely choose the most optimal action that a computational model suggests. Addi-
tional questions such as who are the players of the game and the construction of actions in the
game need to be studied methodically in order to build usable models that re ect actual traf ¢
behaviour. This thesis focusses on addressing those essential problems, methodologically and
empirically.

1.3 Problem statement

The general form of a game theoretic traf c behaviour model can be expressed as the following
function,O v f (S;U;B; ), whereO is the output of the model, which are either high-level ma-
noeuvres, trajectory control signals, or both. If the traf ¢ behaviour model supports probabilistic
output,O can be a random variable in the domain of manoeuvre and trajectSriels.B, are

the state, utilities, a model of reasoning, and a model of decision errors, respectively. Each of
these aspects is discussed in detail next.

State (S) — S is a vector that represents the state of the world, including instantaneous or
historical states of vehicles, for example, position, velocity, acceleration, and traf ¢ information,
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such as lanes and the state of traf c lights. Models that use additional information, for example
historical information about inferred vehicle manoeuvres, can also be inclu@&edimy external
factor that is relevant to the behaviour can be included in the state vector. Typically, mod8ls use
as an independent variable, and other aspects of the maiéls () are modelled as a dependent
variable.

Preferences(U) — The second aspedt], of the model encapsulates the preferences of road
users, which are relevant in their traf ¢ decision making. Game theoretic models work under the
premise that every player (a road user) in a game chooses their action broadly based on prefer-
ences they have over the possible outcomes. To make the process of human choices amenable
to computational modelling, preferences over choices are assigned a real-valued utility that is
consistent with that ordering [223, 26]. Standard optimisation based techniques can then be em-
ployed to model the selection of an action. In many applications, the utilities have correspon-
dence with a concrete human desire, for example, money in the case of economic models. In
the context of driving, utilities often correspond to the desire to avoid collisions with other road
users, to make progress towards the destination, to experience a smooth ride, etc. There are two
distinct problems when it comes to constructing the utilities in a game theoretic setting of driv-
ing behaviour. First, unlike in a laboratory setting in which experimental game theoretic studies
are typically based upon, when models are constructed from observational naturalistic data, the
underlying utilities are opaque to the model designer. Therefore, the designer must rst estimate
the utility under which the road user chose the observed action. Estimating the underlying util-
ity from observations is further complicated by other variables in the model, i.e., the underlying
model of reasoning of the player, the errors in judgement one can make in their decision making,
which all act as confounding factors. Therefore, the rst research question the thesis addresses
in this context is

How to estimate multiobjective utilities of players in a game from observational data
that takes into account the underlying model of reasoning?

The second problem arises from the multi objective nature of utilities. During traf ¢ interac-
tions, humans balance multiple objectives in the process of selecting their action. Game theoretic
models on the other hand relies on a scalar utility, based on which a notionally optimal action is
calculated. Therefore, the second research question is

How are performance of game theoretic models affected when different aggregation
methods, such as linear weighting and satis cing, are used in the construction of the
player utilities?



Model of reasoning(B) — In order to select an action, players in a game need to “solve” the
game based on a model of reasonBigThe model of reasoning often uses a speci ¢ solution
concept, which is a formal process that generates one or more actions for each player in the
game. The most popular solution concept used is the Nash equilibrium, which has been pro-
posed as a solution to model the actions of drivers in trafc [113, ]. Nash equilibrium has
the appeal of stability, that is, if all players follow the prescribed action of an equilibrium, then
no player can gain advantage by unilaterally deviating from the prescribed action. Other solution
concepts that are similar in nature but with different informational assumptions (e.g., who takes
the rst action in the game) include the Stackelberg equilibrium, which has also been proposed
as a solution for traf ¢ decisions [70]. However, in real traf ¢ situations, even if the utilities
constructed by the designer align well with the actual player in question, humans may possibly
deviate from those equilibrium solutions that a computational model suggests. In part, that devi-
ation can be explained by suboptimal reasoning, i.e., in situations of cognitive pressure, humans
might not engage in the complex deliberative reasoning required to arrive at an equilibrium so-
lution. In order to accommodate such deviations, level-k based methods have been proposed as
a computational model where the population of players in the game consists of different lev-
els,f0; 1, ::; kg, of reasoners with increasing capacity of strategic reasoning [40, ]- In recent
years, level-k models have also gained prominence as a model of traf ¢ behaviour [215, ]
Another way to model suboptimal reasoning involves the use of non-strategic solution concepts,
such as maxmax (choosing an utility maximising action) or maxmin (best of worst case) based
action selection. In short, various solution concepts have been proposed as the model of traf ¢
behaviour; however, there has been comparatively less focus on evaluation of different models of
reasoning with respect to real-world data. Since there are several possibilities of deviation from
the idealised solutions, evaluating a model's ef cacy against naturalistic observational data is
essential. Therefore, this thesis addresses the following research questions related to the model
of reasoning.

Which model of reasoning fares best with respect to model t and predictive accuracy
when evaluated against naturalistic data?

Are there models that work best in all traf ¢ situations? If not, then how to build
game theoretic models of traf ¢ behaviour that support multiple models of reason-
ing?

Errors () — Another explanation for deviations from optimal solutions is due to players not
always selecting the optimal response. In other words, even if they have a correct understanding
of other players' behaviour, the player might make errors in selection of a response action. The
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deviation from optimality of this nature can be attributed to one of suboptiesgdonseln a
behaviour model, these deviations can be captured by the error te3peci c theories have

been proposed that model these errors in a formal way. Quantal Best Response is a commonly
used theory that suggests that players make cost-proportional errors. These errors are modelled
with a negative exponential distribution such that higher utility responses have an exponentially
higher likelihood of selection [234]. Although it is necessary to have an error term that allows
for deviations from optimality, an associated problem is that it can act as a catch all for any
deviation from equilibrium; ones that the term is designed to model (i.e., suboptimal response),
along with others that can arise from suboptimal reasoning or even any mismatch of other model
aspects like preferences and reasoning model. This presents a problem for the good model design
because any observed behaviour can be explained away through the errors. In order to address
this problem, the thesis addresses the following research question.

How to distinguish through observation different forms of bounded rational be-
haviour in game theoretic models of traf ¢ behaviour?

Another problem related to errors is their quanti cation. To be able to use the models in predic-
tive capacity, it is necessary to quantify the errors and examine whether there is an association
between the state vect& and the error. The latter not only helps to quantify the error, but

also gives insight into whether there are certain traf ¢ situations (encod8pwhere the model
solutions and the observed decisions do not align well. This is addressed as part of the following
research question in the thesis.

Is there an association between the traf ¢ st&@nd other model aspects, such as
preferencesy), model of reasoningg), and errors ()?

Beyond just developing methodologies for modelling traf ¢ behaviour, one of the goals of the
dissertation is also to demonstrate practical uses of the models in AV development. To that end,
the thesis also addresses the following research question.

How can game theoretic models of traf ¢ behaviour help in the safety validation of
autonomous vehicle motion planners?

1.4 Research contributions

The contributions of this thesis can be categorised into three paeitiodologicalwhich in-
cludes methods to model human driving behaviour for use in AV developtiheatetical which
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includes formal techniques that advance methodological contributiongrapulical which in-
cludes understanding of human driving and road user behaviour from naturalistic observational

data,

along with associated datasets.

1.4.1 Methodological and theoretical contributions

Formalisation of solution concepts of strategic and non-strategic reasoning in hierarchical
games as well as estimation of precision parameter based on a generalized linear model .
(Chapter 3)

Axiomatic construction of rationalisability of observed behaviour for multi-objective util-
ity aggregation in strategic and non-strategic behaviour models. (Chapter 4)

An algorithm for estimating parameters of satis cing based aggregation of multi-objective
utilities. (Chapter 4)

A cognitive hierarchy model that allows for relaxed assumptions about common knowl-
edge by allowing heterogeneous reasoning models. (Chapter 5)

Development of a model (dIK()) of level-k based behaviour for dynamic games, where
level-0 behaviour is modelled as automata (Chapter 5)

Two boundedly rational models of equilibrium behaviour are based on the idea of satis c-
ing, namely, safety-satis ed perfect equilibrium (SSPE) and manoeuvre-satis ed perfect
equilibrium (MSPE). (Chapter 5)

A behaviour driven rare event sampling methodology for generating edge case scenarios
for AV testing. (Chapter 6)

A safety validation framework for testing the performance of an AV planner in dynamic
occlusion scenarios using hypergames. (Chapter 7)

A taxonomy of strategic interactions that helps in understanding of the strategies of game
theoretic behaviour planners in common language. (Chapter 8)

1.4.2 Empirical contributions

 Evaluation of thirty behaviour models for one-shot moving horizon games of hierarchical

structure based on model t and predictive accuracy on naturalistic datasets. (Chapter 3)
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Study of two modalities of multi-objective aggregation, weighted and satis cing, in human
driving behaviour. (Chapter 4)

Study of the risk and payoff dominance behaviour of road users in different traf c scenar-
ios. (Chapter 4)

Evaluation of behaviour models for dynamic games with respect to predictive accuracy
and as a model of behaviour planning in AV. (Chapter 5)

A novel multiagent traf ¢ datasétcovering a variety of traf ¢ scenarios, such as intersec-
tion, crosswalk, and roundabout. (Appendix B)

1.4.3 Thesis statement

Based on the above contributions, the dissertation makes the following thesis statement.

Game-theoretic models built from observational naturalistic driving data show devi-
ations between the chosen human actions to the theoretical optimal solutions. Mod-
els that take into account boundedly rational behaviour can capture the deviations
from optimality as established from the game designers' point of view. Such com-
putational models can also have various applications in the domain of autonomous
vehicles, such as behaviour planning, safety veri cation, and validation.

1.5 Thesis overview

This section provides a summary of the chapters in the thesis. Chapters 3, 4, and 5 address
the methodological challenges of game theoretic models of traf c behaviour, Chapters 6 and 7
focus on models' applications, and Chapter 8 develops a taxonomy for better understanding the
decisions made by an AV planner.

Chapter 3 models driving behaviour in the context of one-shot moving horizon games. The
solution concepts developed in the chapter are built upon the framework of hierarchical games,
which is a game structure that addresses computational complexity through hierarchical abstrac-
tion of actions. This construction enables integration of the models with the rest of the AV motion
planning architecture. The chapter highlights how different models of strategic and non-strategic

4 Partial contribution. See statement of contributions.
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reasoning as well as other modalities of bounded rationality can be used to solve a hierarchi-

cal game. Based on two metamodels, namely the level-k framework and another based on Nash
equilibrium, the chapter evaluates 30 models of behaviour based on a contributed observational
dataset of unprotected right turns and left turn across path.

Chapter 4 deals with the problem of estimating the utilities of players in a game when play-
ers need to aggregate multi-objective utilities. The chapter presents the case that the underlying
model of reasoning acts as a confounding factor, and therefore the process of estimation needs to
take into account the reasoning model. The chapter provides an axiomatic characterisation based
on which observations can bationalizedwith respect to a reasoning model. With the help of
the characterisation, new algorithms to estimate aggregation parameters of multi-objective utili-
ties are developed. Evaluation based on a diverse set of scenarios, including traf c behaviour in
crosswalks, intersections, and roundabouts, provides information on how human drivers aggre-
gate safety and progress objectives when viewed through the lens of different reasoning models.

Chapter 5 focusses on behaviour models for dynamic games. Dynamic games provides a
more sophisticated space of strategies for players in the game; however, it also presents additional
challenges when behavioural game theoretic concepts are applied to dynamic games, namely the
problems of model instability and model uncertainty. The chapter addresses the two problem
through a generalised cognitive hierarchy model consisting of non-strategic, strategic, and robust
layers, where each layer can hold multiple models of behaviour. Furthermore, the chapter also
demonstrates how satis cing can be used as a model of boundedly rational behaviour within
the context of behaviour models. The models are evaluated based on naturalistic data as well as
simulation of critical scenarios.

Chapter 6 develops a methodology for sampling rare event scenarios for the safety validation
of AV motion planners. Veri cation of AV motion planners in rare event situations is essential for
guaranteeing safety. However, generating such scenarios presents a challenge since naturalistic
datasets usually do not contain enough of such observations. Methods to address this problem
usually rely on sampling situations from a surrogate metrics distribution, e.g. distance or time
gap. This chapter presents an alternate method based on the idea that crashes are more likely to
be caused by certain combination of road user behaviours. The proposed approach is compared
with state-of-the-art methods of accelerated evaluation and are shown to expedite the process of
rare event generation.

Chapter 7 presents an application of game theoretic models for safety validation of AV
planners under conditions of dynamic occlusions. Dynamic occlusions are transient moments in
traf c where a vehicle occludes a relevant road user from the view of a subject vehicle. Dynamic
occlusions are one of the leading factors in traf ¢ accidents. This presents a challenge for game
theoretic planners since the games rely on players being aware of the other players in the game.
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The chapter develops a method of safety validation of such scenarios based on the framework of
hypergames, which is a modelling framework that allows each player to have different views of
the same interactive scenario. With the help of metric that quanti es the safety risk due to con-
icting views (Dynamic Occlusion Risk metric), the developed approach can identify situations
where a game theoretic planner can fail. Evaluation of the methodology shows that it can recreate
real-world dynamic occlusion crash scenarios 4000% faster compared to direct sampling from
naturalistic dataset.

Chapter 8 focusses on developing a common taxonomy of interactions in traf c. To make
the behaviour of AVs amenable for regulation, there needs to be a common language of under-
standing of AV based traf ¢ interactions. The simultaneous development of several behaviour
models, game structure, solution concepts, and other ways of designing the game, makes this
task challenging. Therefore, based on common patterns of interaction in traf ¢ con icts, the
chapter develops a taxonomy for strategic interactions in everyday traf ¢ situations. The tax-
onomy is developed along the dimensions of agents' initial response to right-of-way rules and
subsequent response to other agents' behaviour. Furthermore, the chapter also presents a process
of automatic mapping of strategies generated by a game theoretic planner to the categories in the
taxonomy. Case studies include vehicle-vehicle and vehicle-pedestrian interaction simulation,
and strategies generated for those interactions by QLk and Subgame pét#esti Equilibrium
based planners are mapped to the categories in the taxonomy.

The scenarios in the dataset were selected based on traf c locations where there is a higher
likelihood of strategic interactions. These scenarios, namely, intersection, roundabout, and cross-
walk, are typical locations where static traf ¢ con ict (in which the location of the con ict de-
pends only on the lane structure) occurs between road users. Compared to dynamic con icts
(e.g., lane changes along a highway), static con icts are well suited for capturing interactions
through drone video capture, and are also more common in an urban traf ¢ network. However,
whether the behaviour of road users in scenarios of static con ict easily translated to dynamic
ones is not covered in the thesis. Due to the timeline of the work undertaken in the thesis, there
are differences in the selection of evaluation scenarios in Chapters 3 and 4; however, in Chap-
ter 4, which presents a more sophistical model, the ndings were re-evaluated on a subset of
scenarios from Chapter 3.
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Chapter 2

Background

The models developed in this dissertation make use of various concepts from game theory in
order to model the interaction of road users in different traf ¢ situations. In this chapter, | present
the preliminary background of the concepts used throughout the thesis.

2.1 Normal form game

A normal form game is characterised by the tuple A; U ) where

* N is the set of players, indexed a2 N, playing a game. These represent the set of
interacting road users in a traf ¢ situation.

» A, is the set of actions that the playieczan execute, and the skt= A; :::Ay IS the set
of all such actions.

* U : A! R isamapping from the set of actions to a real humber that represents the
utility that a playeri receives as a result of a set of actions chosen by each player. The
setU(a) = [uy(a);:::;un (8)] wherea 2 A, is a vector of utilities of all players. For the
models in this work, the utilities lie in the bounded interval [-1,1].

A pure strategy of an agentn the game is an actiom 2 A; that a player selects to play in
the game. A mixed strategy is a probability distribution over the domain of pure stratedies
A strategy pro le is a combination of strategies of all players in the game.
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Figure 2.1: Running example of right turn interactions between two vehicles modelled as a game.

| use a running example of a right turn scenario where the interaction between two moving
vehicles is modelled as a game (Fig. 2.1). In this game, the two players are the right turning
vehicle (marked G) and straight through vehicle (marked B). The actions of the right turning
vehicle are i)stop— in which the vehicle stops before the stoplineralling stop— in which
the vehicle slows down but never stops completely, andpimpceed— in which the vehicle
executes a right-turn manoeuvre. The straight through vehicle's action space consist of three self
explanatory actiongpeed upslow down andmaintain same spee@he normal form game for
this scenario is illustrated in Table 2.1 with example utilities for each strategy.

speed up slow down maintain

stop 0.6,0.75 0,0.1 0.2,0.5
rolling stop 0.4,0.5 0.75,0.2 0.5,0.3
proceed -1,-1 1,0.2 -1,-0.1

Table 2.1: Utility matrix for the game of Fig. 2.1
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2.2 Solution concepts

A solution concepts a process that maps a game to a set of action préles A, commonly
referred to as solving the game. Solving the game is often based upon the idea of a rational agent
who wishes to maximise their own utility as a response to other players' actions. Formally, this
is modelled through &est responstunctionBR;(a ;) = argmax u;(a;a ;) where the index

aj
i refers to the set of all other players other thawhen the set of other players choose the set
ofactiona 2 A; =A; 1 A1 Ay, arational player as a response, chooses an action
given by the functioBR;(a ;).

2.2.1 Nash equilibrium

A pure strategy Nash equilibriums a set of action pro les that is a result of each player playing
their best response action to each other. Theretor@, A is a pure strategy Nash equilibrium

iff 8i,a = BRj(a ;). Another way to look at Nash equilibrium is to think of Nash equilibrium
as a strategy pro le in which no player can gain by unilaterally deviation to another strategy.
In the example of Fig. 2.1, the strategy pro lestdp,speed ypand proceed,slow downare

pure strategy Nash equilibria since neither of the two players can gain by deviating from jointly
following one of these two strategy pro le.

A mixed strategy Nash equilibrium the generalisation of pure strategy Nash equilibrium
when players select mixed strategy actions instead of pure strategies. Formally, a strategy pro le
2ij4 AjN isin mixeg strategy Nash equilibrium i@ and8 i, EUi( ;; ) > EU( i; ),
whereEU;( i; ) = i(&) i(a j)ui(a;a i), i(&)isthe probability of selecting the
a

a i
actiong by i when playing the mixed strategy, and4 A; is the space of all probability distri-
butions over the domain of actiors.

2.2.2 Stackelberg model

A stackelberg model is a game between two players, a leader, and a follower. The model works
under the constraint that both the leader and the follower are aaxaaateof their own assign-
ment. The leader selects the rst action in the game, and the follower, upon observing the leader's
actions, selects their own action. The leader models the follower as a rational agent who best re-
sponds following the leader's action. Formally, the leader's strategy is modelled as follows.

a =argmaxu(a.;BRe(a))
ar
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wherea, 2 A_ is one of the actions available to the leader Bk is the best response function

of the follower. The follower's action is a best response to the leader's Stackelberg optimal action
a ,i.e.,ar = BRg(a)). In the example of Fig. 2.1, if we consider the straight through vehicle to
be the leader and the right turning vehicle to be the follower, the follower's best response to the
three leaders actispeed upslow downmaintainarestop proceedrolling stoprespectively. Of

these three outcomes, since the leader gains the most by chepsied upwhich corresponds

to the utility 0.75, the strategy pro lesfop,speed Ugs also an equilibrium in the Stackelberg
model.

2.3 Boundedly rational models

Behavioural game theory deals with empirical models of behaviour of human players playing
games in a naturalistic or laboratory setting. In these models, there is an allowance for systematic
deviations from completely rational behaviour. Quantal Best Resp@BR&] is a suboptimal
response model in which players make cost proportional errors in their response.

Pexp[ ui(ai;a i)l
expl ui(a%a i)

g

QBRi(a i ):

In the above model of responsejs aprecision parametem a way thatwhen ! 1 |, QBR
response is identical to a best response, and whef, the response models the selection of all
actions with uniform probability.

A popular class of boundedly rational models considers that the population playing the game
consists of a mix of people with different levels ibdrated strategic reasoningepending on
the depth of iterated reasoning that is involved, the behaviour is classi ed as leveks 0 to

 Level - Oagent uniformly randomises from their set of actidqasTherefore, the probabil-
ity of selecting any actiom; is given by [©¢-0(g;) = JA%J

The behaviour of a level-1 player and players of higher levels depends on the speci ¢ model
being considered. In level-k model of [53], the strategyeokl - 1agent is given by
Ui a2 BRI( 9

iIevel-l(ai ) - J X

iAmeR, (e, Otherwise

In the above model, a level-1 agent best responds to the level-0 agent's strd@&§yHowever,
they are modelled as imperfect agents and can select alternate actions with a small probability
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Level - 2agent in this model believes the population to consist of level-1 agents and best responds
with their own error ,. The special case where leveld¥ 1) agents are perfect responders can
be modelled by settingc =0, k > 1.

The model called Quantal level-k [234, ] is similar in nature; however, instead of level-
k> 1 agents' selecting a suboptimal action with probabilitythe error is modelled through the
QBR function. The model of behavior for the level-0¢*°) and level-1 (2*“") agent in this
model is as follows.

iQLk:l(ai) — QBR|( iQIk:O; l)

Level-2 agent in this model is aware of suboptimal nature of level-1 agent; however, they can
have an erroneous perception of level-1 agent's precision parameter. Therefore, a level-2 agent's
response is modelled &BR;( k=1, 2), Where dk=1 js the misperceived strategy of level-1
agent.

2.4 Dynamic game

Whereas normal form games model situations of one time interaction among players, extensive
form games in comparison models situations where players interact with each other multiple
times in sequence. Formally, aitensive forngame or alynamic games characterised by the

tuple N; A X Z; 55 s UsH )

* N is the set of players, indexed a2 N, playing a game. These represent the set of

interacting road users in a traf ¢ situation.

» A, is the set of actions that the playiezan execute, and the skt= A; :::Ay is the set
of all such actions.

X is a set of non-terminal nodes, also called the choice nodes.

Z is a set of terminal nodes. The union ¥e{ Z is the set of nodes that form the game
tree.

« X ! N isanode assignment function that assigns each choice node to aipkaixer
whose turn it is to act in the corresponding choice node.
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« X ! 2% assigns each choice node a set of possible action that the assigned player
can take in that node.

e« :X Al X[ Zisthe transition function that models the movement of a player to a
new successor node (another choice node or a terminal node) after taking an action at node
X.

U : Z! R isamapping from the set of terminals to a real number that represents the
utility that a player receives as a result of the game play sequence that ends at a terminal
node. The sety = fug;::; uy g represent the utility of all players in the game at a speci ¢
terminal node irZ.

* H = fHy;::; Hy g aninformation partition such that for eagl2 X, h(x) denotes the set
of nodes given what the assigned playéx) knows at nodex of the game. This captures
the uncertainty of player(x) at a speci c stage in the game, andxf 2 h(x), then

xX)= X9, x)= (x9,andh(x% = h(x). h(x) is called theinformation setand the
setH; = fh(x) : (x) = igis the set of alinformation set®f playeri.

A game whereh(x) is a singleton, i.e.h(x) = fxg;8x 2 X, represents no uncertainty
for any player at any node in the game, and therefore such games areps=flect informa-
tion game Any game that is not of perfect information, is mnperfect informatiorgame. The
structure of the games used in the thesis are all of perfect information.

Fig. 2.2 shows a nominal extension of the normal form game presented earlier for the scenario
in Fig. 2.1 to the extensive form by adding a second sequence of action for player B (straight-
through vehicle), who can now after observing the action of player G (right-turning vehicle) can
choose to eithemaintain speear slow down The choice nodes assigned to the straight-through
vehicles (marked in blue) afeX 1; X4; X5; X6; X 79, and the choice nodes assigned to the right-
turning vehicle ard X,; X3g. Only two out of the three straight-through vehicle's actions are
shown in the game tree for the sake of simplicity. The terminal n@ese shown as shaded
nodes in the tree, and the two numbers represent the utilities of the straight-through vehicle
and the right-turning vehicle, respectively. In this game of extensive form, the straight-through
vehicle chooses an action at nade, which is observed by the right-turning vehicle, who in turn
can choose their response at one of noXlesr X ; depending on the straight-through vehicle's
action choice. In the third step, the straight-through vehicle can observe and select their next
action at one of nodeX 4; X5; X; X7, after which the game ends and the utility is realized by
each player. The purpose of this game is to illustrate the construct of an extensive form game. In
a more practical setting, one can imagine a game like this to consist of arbitrary long sequences
of action choices of each vehicle in an interactive traf c situation. Therefore, it is important to
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make sensible design choices in order to make the games computationally tractable, and in the
following chapters, the thesis offers guidance in that regard by evaluating some of those choices.

A pure strategy in an extensive form game is an realization of the functi@rhich assigns
an action (or a set of actions) for each player at every choice node that is assigned to that player.
Similar to the normal form game, a pure stratg@gy le in extensive form is the combination of
strategies of all the players in the game.

Solution concepts for extensive form games make use of structures in the game tree called
subgamesA subgame of a perfect information extensive form game is the game that is con-
structed from a subtree rooted at every choice no@eX . Therefore, the game of Fig. 2.2 has
7 subgames each starting at the choice nede® X ;. The most commonly used re nement of
Nash equilibrium in a perfect information extensive form gamgubvgame Perfect Nash equi-
librium (SPNE) In order to de ne SPNE, le$(g) be the part of the strategythat denotes the
strategies of the players in the subgagiéd SPNE strategys is a strategy pro le such that
s (g) is a Nash equilibrium for all 2 G. SPNE in a pure extensive form game can be calculated
through the recursive procedurelmckward inductioras described in Algorithm 1 [203].

Algorithm 1: Backward induction for perfect information extensive form game
input : nodex
if x 2 Z then
| returnU(x)
else
U [1 N
fora2 (x)do
U®  backwardinduction( (x; a))
if UT (x)] >U [ (x)] then
\ U uo
end
end
11 returnU
12 end

© oo N o o~ W DN PP

=
o

The algorithm does a depth- rst traversal of the game tree by recursively calling the back-
ward.induction procedure for each subgame. At each chojtke optimal utilityU is returned
that corresponds to the action that maximizes the utility of the plaférassigned to the cor-
responding choice node (lines 4-11). The SPNE strategy can be found by keeping track of the
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strategy corresponding to . Corresponding to the example in Fig. 2.2, the backward induction
procedure would proceed at follows.

» At choice nodes(y; Xs; X¢; X7, the comparisons 05> 1,009> 1,0> 050>
0:5for the assigned player B would resultslow downmaintain speednaintain speed
maintain speedbeing the optimal actions.

» At nodesX3; X4, for player G,proceedwould fetch the highest utility 0.8 in both cases
considering the optimal actions that B would choose as a result of the calculations from
the previous step.

* Finally, at choice nod& 1, the optimal action for player B is tslow downcorresponding
to utility O, since the alternate actionaintain speedavill only fetch utility -0.5 conditioned
on the optimal action of the other player in the rest of the game.

The SPNE for the two players are highlighted in the gure, whichfgséow down, slow dowg(slow
down, maintain spegd andf (proceedg for players B and G, respectively. If both players play
according to their SPNE strategies, the realised utility will be [0,0.8] corresponding to the se-
guence of actionslow down, proceed, maintain speed
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Figure 2.2: Example scenario of Fig. 2.1 modelled as a perfect information extensive form game
by addition of a second action for player B (straight through vehicle). The highlighted strategy is
the Subgame perfect Nash equilibrium (SPNE) of the game
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Chapter 3

Behaviour models for hierarchical games

3.1 Introduction

Models for motion planning in autonomous vehicles and modelling human driving behaviour
have typically represented drivers as completely rational, i.e., agents making decisions that are
optimal given the constructs of the game [200]. This assumption of optimality takes the form of
optimal response, i.e., selecting the best response to possible actions of other drivers, and opti-
mal reasoning, i.e., the ability to reason strategically about how other drivers may choose their
actions. In reality, especially since the construction of the game from the modeller's perspective
may not re ect the actual game or the reasoning process undertaken by human drivers in real-
world scenarios, the assumption of complete rationality may be too strong. The issues around
rationality in this context is also exacerbated by the fact that there has been relatively less focus
on empirical evaluation of the different game theoretic models, and therefore we do not have
a clear understanding on how to quantify hunferundedlyrational behaviour for the case of
driving.

In this chapter, | develop solution concepts for hierarchical games that support boundedly
rational agents. | formalise the different solution concepts that can be applied in the context
of hierarchical games (a framework used in multi-agent motion planning) for the purpose of
creating game theoretic models of driving behaviour. Furthermore, based on a contributed dataset
of human driving at a busy urban intersection with a total of 4k agents and 13k game instances,
| evaluate the behaviour models on the basis of model t to naturalistic data, as well as their
predictive accuracy. | also study the impact of i) game construction, ii) agent response, and iii)
agent reasoning, on the performance of the models. The results suggest that among the behaviour
models evaluated, modelling driving behaviour as a model where drivers best respond to other
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drivers with the belief that everyone else will follow the rules is the superior model of manoeuvre
selection. Furthermore, bounds sampling of actions, i.e. by including the prototype and extreme
trajectories under each manoeuvre, provides the best t to naturalistic driving behaviour.

3.2 Motivation

Traditional approaches to motion planning have typically treated the problem as a single agent
problem; in this perspective, a vehicle interacts with the environment (in simulation or on- eld
setting), possibly with the help of recorded human-driven trajectories, and plans its actions by
optimizing over its objectives while taking into account the dynamic obstacles in the vicinity
[200, 98]. However, in reality human driving is a complex system with a symbiotic relation
among agents, where actions of a vehicle in uence the future actions of other road users and
vice versa. More recently, there has been a focus towards treating motion planning of AVs as a
multi-agent problem with game-theoretic solutions to AV decision making [70, , 38, 1.
Such approaches can account for heterogeneous objectives in a group of vehicles in a trafc
scene and identify equilibrium solutions that guide the actions of the AV. Given that the move-
ment dynamics of a vehicle is in the continuous domain, it is intuitive to model the dynamics
as a differential game, an approach adopted by multiple models in the literature [74, , ]
However, the applicability of such games as a general purpose planner is limited by the trade
off between the computational burden and expressivity; cases where ef cient solutions exist in
a multi-agent setting restrict the behaviour of the agents to only linear dynamics [74], and ex-
panding behaviour to realistic nonlinear dynamic make problems computationally challenging.
As an alternative, Fisac et al. [70] introduced the concept of a hierarchical game for AV planning
where the game is decomposed into two levels: a long-horizon strategic game that can model
richer agent behaviour, and a short-term tactical game with a simpli ed information structure.
The motivation for using hierarchical game as a framework is based upon the belief that in or-
der for the behaviour models to be used in in different stages of AV development, the model
needs to seamlessly integrate within the AV motion planning architecture. This means that the
construction of the games in terms of the agents, available actions, utilities, etc., should be based
upon techniques that have already been developed for AV motion planning — and hierarchical
games are a natural candidate for that purpose [70]. Although hierarchical games are well suited
for AV considering that the idea of hierarchical decomposition of driving actions is well estab-
lished in the literature [156, , 70], for the models to be applicable in real world situations, we
need to understand how well the solution concepts in the game match naturalistic human driving
behaviour. It is well known that in many realistic settings, the theoretical xed point of Nash
equilibrium is a poor predictor of human behaviour [39]; therefore, it is necessary to investigate
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if the same is true for human driving behaviour too. In the absence of that information, we do not
know whether the strategies followed by AV are the right ones or not.

Behavioural game theory provides a framework to analyse decision making in a naturalistic
setting and models of behaviour that often have higher predictive power than Nash equilibria
[39]. A key element in behavioural game theonbsunded rationalitywhere the conventional
game-theoretic notion of agents as fully rational is relaxed to allow for sub-optimal behaviour.
Such behaviour may arise from limitations in cognitive reasoning, error-prone actions [192], or it
may also be that the behaviour is optimal with respesbimegame structure but not the one the
modeller chose to model the situation in question. In any case, driving is a cognitively demanding
job that requires situational awareness and sophisticated visuomotor co-ordination, added on to
individual habits, biases, and preferences; and it is not hard to imagine that driving at its core is a
bounded rational activity. Consequently, it becomes essential for AV game theoretic planners to
be able to characterize the bounded rational behaviour in human driving; for example, if humans
are prone to making errors in judgement when the signal is about to turn red from amber at a busy
intersection, then the AV planner should take that into account since the safety of the AV decision
is conditioned on the error made by the human driver. Wright and Leyton-Brown developed a
general framework of analysing and estimating parameters of popular behavioural game theory
models based on observations of game play. They focus on two models of behaviour, i.e. Quantal
Level-k (Qlk) and Poisson-Cognitive Hierarchy (P-CH) [235], which model iterated reasoning
where agents have a limited capacity to maintain higher order belief about other agents. Although
Qlk and P-CH do not capture all types of bounded rationality that one can think of in the case
of human driving, such as the ones that arise from sampling the actions of other agents, the
framework developed in [235] nevertheless can be applied to a wider set of behaviour models
including the ones we develop in this chapter.

Developing a game-theoretic planner for an AV is a multi-step process, broadly involving

a) selection of the right behaviour model and equilibrium concepts for other road agents, b)
estimation of the parameters of the model, and c) generation of a safe maneuver and trajectory
after accounting for the model and its parameters. In this chapter, | focus on the rst two aspects. |
also restrict my focus in this chapter to the single-shot moving horizon based setting, which is the
planning process where agents play a xed time horizon game at a constant planning frequency,
starts execution of their action and replans again in the next time step. The contributions of this
chapter are as follows.

» Formalisation of the concept of a hierarchical game along with the various solution con-
cepts from behavioural game theory that can be applied to the solve such games.

» Development and evaluation of thirty behaviour models demonstrating different methods
of game construction and solution concept choices for modelling traf ¢ interactions.
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3.3 Related work

One of the rst works to include game theory as a methodology to model human driving be-
haviour is by Kita [113], where a lane change scenario is modelled as a two player game. The
solution concept used in that work is a mixed strategy Nash equilibria of merge/give way be-
haviour. MLE (Maximum Likelihood Estimation) is used to estimate utility parameters based

on data recorded by a video camera on a Japanese highway. Since [113], many game theoretic
models have focused on lane change behaviour, and a recent review provides good coverage of
this literature [103]. Since the interest of this thesis is autonomous vehicles, | review the rele-
vant literature in that domain of application in more detail. During the period the thesis was in
progress, there has been several works published in the area of game theoretic models and AV,
and | categorise the relevant literature along key dimensions as shown in Table 3.1.

 Structure This refers to the structure of the game as modelled by the available actions
and the planning time horizon. Most of the works, including mine in this chapter, are
of one shot games with moving horizon [241, , , 85, 83, 81]. In
this type of construction, agents play a normal form game (therefore the name one shot)
constructed with respect to a xed horizon. Based on the solution of the game, the agent
starts to proceed with their action, and replan again by constructing a new game at xed
time interval, which is the planning frequency. This method of planning with a moving
or receding horizon, in which only a part of the planned action is executed before re-
planning again, is commonly used in AV motion planning techniques [49]. An alternate
way of solving the game is replacing the normal form game with a dynamic game, thereby
supporting a richer strategy and action space. In this construction, the agent repeatedly
plays a dynamic game, executes the action, and replans again at the terminal node. In
a single-agent setting, this method of planning is similar to a Model Predictive Control
(MPC) based planning [37]. Since the construction of the dynamic game may involve an
exponentially large state space, Monte Carlo-based sampling methods are often used in the
construction and evaluation of the game tree [216, ]. 1 develop methods for dynamic
game structure in Chapter 5.

 Solution concept This categorisation is based on the solution concept used in solving the
game. Stackelberg and Nash equilibrium are more commonly used solution concepts in
this regard, and more recently, level-k [215] type methods have also been in use in order to
support boundedly rational agents. Stackelberg solution lends well to the problem of traf ¢
interaction, since many situations can be modelled as one agent being the leader and the
other as the follower. For example, the driver holding the right of way can be modelled as a
leader. However, since this assignment is part of common knowledge and has to be agreed
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upon by both agents, the use of Stackelberg may be too restrictive due to this assumption.
Geary et al. [83] show that the breakdown of this assumption can lead to dangerous sit-
uations (such as collisions and stopping on highways) and show that changing the utility
structure to model aspects such as altruism can be one way to avoid such situations. The
solution concept used in this chapter is based on a hierarchical decomposition of the game
and is different for different levels of the game. Such a hierarchical decomposition with
respect to the solution concept is seen in the work by Fisac et al. [70], and more recently,
the use of local Nash equilibrium in [85] can also be interpreted as a form of hierarchical
decomposition.

Empirical : Although there have been several sophisticated models developed within a
game theoretic setting, since the problem is one of modelling human behaviour, it is vital
to judge the effectiveness of the models in real world setting. Therefore, we cover the lit-
erature on the basis of whether the proposed methods include empirical evaluation. Some
works include evaluation only in simulation where the ef cacy is demonstrated by per-
formance in different scenarios in simulation. Other methods include experiments with
human subjects in a driving simulator where either data is collected based on how humans
drive in the simulator or models are evaluated against a human taking the role of one of
the players. However, there is a gap in the literature on the evaluation of models based
on naturalistic driving data in a real world setting, which my work in this chapter aims to
address. Contemporary works that address the proposed game-theoretic models based on
naturalistic data include [210] and [85], both of which were published in the similar time
frame as this chapter.

Bounded rationality This categorization is based on whether the models have support

for boundedly rational agents. Most game theoretic models are built upon the assumption
that agents are completely rational, either through their ability to calculate a best response
action often in conjunction with their ability to reason over the possible actions of other
agents. This can be taken as a reasonable assumption when models are evaluated based
on human in simulator studies, since it is possible to give all the relevant information to
the participant, which includes the utilities, the actions, game structure, etc. However, in

a real-world setting all of these elements are outside of the control of the game modeller,
and therefore having support for boundedly rational agents (bounded from the perspective
of the game modeller) becomes essential.

Scenario: This column refers to the speci ¢ traf ¢ scenario based on which the models
are developed or evaluated. Typical examples include the lane change scenario (which
has been the most common scenario studied), along with the scenarios of intersection and
roundabout in recent years.
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« Utilties : Driving is often a multi-objective activity that includes balancing multiple ob-
jectives such as safety, progress, comfort, and most of the literature shown in Table 3.1
is re ective of that. Typical dimensions along which the proposed methods model driver
behaviour include safety, progress, comfort, adherence to lane and speed limits, along with
behavioural attributes such as empathy and altruism in some cases. Since solution concepts
needed to solve the games involve aggregation of the multivalued utility into a single real
number, a linear weighting of the objectives is the most common method of aggregation.
In some cases, the weights are estimatguliori through a separate process based on tech-
niques such as Inverse Reinforcement Learning [216], and in other cases xed weights are
also used. Alternatively, utilities can also be modelled purely through demonstrations as
in [190], where any action that is more similar to the demonstrated action fetches higher
utility and, therefore, the canonical dimensions of safety, progress, etc. are not modelled
explicitly.

In relation to the literature presented above, the methods developed in this chapter fall under one-
shot moving horizon in terms of the game structure, solution concepts include Nash equilibrium,
Level-k, along with elementary non-strategic decision models, and intersection as the scenario
of study. The methods also focus on modelling boundedly rational behaviour, and | evaluate the
models based on naturalistic driving data.

3.4 Hierarchical Games

Prior to the recent focus on autonomous driving, there has been a considerable body of research
on modelling driving behaviour within the eld of traf ¢ psychology with a long history of treat-

ing driving behaviour as a hierarchical model [110, , , ]. One of the more in uential
models, the Michon hierarchy of driving tasks [156], decomposes driving into three levels of
control; a strategic plan such as a route and general speed choice of going from point A to B
is decomposed into several tactical decisions of choosing the right manoeuvres, which is fur-
ther decomposed into high- delity actions that control the steering and acceleration. A primary
motivation of a hierarchical decomposition is that drivers have different motivations and risk
judgements at each level of the hierarchy, and the functional decomposition into a hierarchical
system allows modelling of risk and safety considerations separately at each level. A driver for
example may be indifferent about the choices at a granular level of trajectories but care more
about choosing the right manoeuvre, e.g., waiting for an oncoming vehicle. Motion planners in
autonomous vehicles also follow a similar hierarchical pattern of decomposition; a high level
route plannerplan is given to ehaviour plannerwhich sets up the tactical manoeuvres for
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a lower leveltrajectory planney which in turn generates the trajectory pro le for the vehicle
controller after respecting its nonholonomic constraints. In addition to the motivation mentioned
above, treating the problem of planning as a hierarchical system is also driven by computational
ef ciency, as previously shown in [70].

3.4.1 lllustrative example

Figure 3.1: An example of a two level hierarchical game with action level game 1 being the game
of manoeuvres and action level game 2 is the game of trajectories. Different solution concepts
can be used at different levels to nd a game solution.

| rst explain the construction of a hierarchical game through a simple illustrative exam-
ple in this section, followed by a more formal construction in the next section. Fig. 3.1 shows
an example hierarchical game played between a vehicle turning right (column player) and a
straight-through vehicle (row player) in an unprotected right turn at an intersection. This sce-
nario is similar to the one shown in Fig. 3.3 where the vehicle with id:14 is the right turning
vehicle and the vehicle with id:26 is the straight-through vehicle. For the sake of simplicity of
this example, | show only a 2 player game between 14 and 26 rather than an N player game
involving all the relevant vehicles in the scene. Let us say the right turning vehicle has two high
level manoeuvres available to thewsit (W) or turn (T), and similarly the straight through ve-
hicle has two manoeuvresow down(D) or speed upncluding the special case of maintaining
their current speed (U). The high-level manoeuvre determines the velocity pro les, and then sets

32



up the constraints expressed in terms of the target velocity ranges for a low-level trajectory plan-
ner (refer to section A.1 in the appendix for a detailed description of the trajectory generation
process). For example, Vg is the vehicle speed during the initiation of the game, the slowing
down manoeuvre may involve setting a constraint for the trajectory generation process with a
target velocity in the rang@™"; vr] wherevr < v andvi™ is the minimum velocity reachable

by the vehicle inl seconds after taking into account the kinematic limits of the vehicle. Assum-
ing that the vehicles use a method for sampling the possible trajectories (I elaborate on this later
in the chapter), the trajectories are the main actions that the vehicles can execute in the game.
Therefore, the set of trajectories for both vehicles forms the game matrix, as shown in the lower
matrix of Fig. 3.1. Each coloured section of the matrix represents the trajectories corresponding
to a speci c combination of high-level manoeuvres. For now, let us assume that the utilities in
the table are calculated after taking into account the various objectives such as safety, progress,
etc. In the worst case scenario, nding a pure strategy Nash equilibrium of the game involves
a quadratic time algorithm in terms of the size of the matrix that grows exponentially with the
number of players [188]. As an alternative, one can use a different solution concept that runs in
linear time, e.g. maxmax (selection of the utility maximizing action), or does not involve pairwise
comparison, e.g. maxmin (action that maximizes the utility of worst case scenario with respect to
other agents' actions), for the subgame under each manoeuvre combination. Each shaded matrix
in the game of trajectories can then be replaced by a representative solution (in this example |
take a sample maxmin solution that maximizes the sum of utilities), thereby forming the game of
manoeuvres as shown in the top matrix in the gure. The game of manoeuvres can subsequently
be solved using a more computationally involved solution concept such as a pure strategy Nash
equilibrium. The key idea behind hierarchical game construction is the use of heterogeneous so-
lution concept at different levels based on the hierarchy of actions (manoeuvres and trajectories
in our case). This is akin to the possible mental process involved in driving, where a driver de-
liberates more at the level of manoeuvres but less so at the level of individual trajectories within
each manoeuvre combination.

3.4.2 Formalization

In this section, | formalise the construct of a hierarchical game for the general cidsplayers

andK levels of action hierarchy. Wherever possible, | use the tetion levelto disambiguate
between the levels of action hierarchy, and levels of cognitive hierarchy that appears later in the
chapter as part of the behaviour models to solve the games. | also highlight the relation between
solving a hierarchical game in the way that was illustrated in the example above and subgame
solving through backward induction. A hierarchical game is formulated by
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(@) (b)

Figure 3.2: lllustration of two instances of hierarchical games. (a) As a Stackelberg game mod-
elling a lane change maneuver and (b) simultaneous move game modelling intersection naviga-
tion. A hierarchical game is instantiated every, seconds with action plan oft, seconds.

Set ofN agents indexed by2 f 1;2; 3; ::Ng.
A set ofK levels indexed by 2 f 1;2; 3; ::Kg.
Set of action®\;. available to each agentt level .

A strategys; for agenti is aK-tuples; = (a1;a;2; 1 a;x) wherea; 2 A; and the
strategy space & is  A;
2K

A set of stateX; of agent in level 1, and an initial mapping functidi, : X; ' P (A1)
that maps the initial state of the agent to the available actions in level 1, \wiferes the
power set.

Y 1
Set-valued functionk;. :  A;; ' P (A; ) for each agentthat maps a partial strategy
j=1
(&:1;&:2;: & 1) to P(A;. ) and gives the set of available actiongd io level > 1 for
the partial strategy till level 1.

Set of N pay-off (utility) functionsU = fu;(s;i;s i)g, where i refers to all agents other
thani.

The hierarchical game imposes a total ordering in actlens fA;.1; Ai.2; s Ai.kg of a given
agent, and along with;, induces a game tree, as shown in Fig. 3.2b. The frequency at which a
hierarchical game is instantiated,) and the time horizon of each strategyt(,) are exogenous

to the model. Each node is labelagd; , wherei and are the agent and level indices, gnd

is the node identi er within level . This general formulation of a hierarchical game does not
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prescribe a xed information structure, and allows the modeller to set an information structure
that is appropriate to the environment and situation they want to model. For example, Fisac et
al. [70] models a lane change scenario where an AV merges into a lane occupied by a human
driven vehicle. The game is modelled as a Stackelberg game with the AV being the leader and
the human driven vehicle responding to the action of the AV. Fig. 3.2a shows a 2-agent 2-level
the game tree for such a scenario where each decision node is a singleton information set since
for every decision node, the agent who owns the decision node has perfect information on where
they are in the game. At nod.;.1, the AV (indexed as agent 1) has the choice of either staying

in its current lane (L) or merging into the adjoining lane (M), = fL; M g. Conditioned on

this choice, the vehicle has to generate a trajectany 2 fi.,(a;.1) to execute the maneuver
chosen in level 1. Whereas actionsAn.; are discrete choices, the agent can choose from a
continuum of actions (shaded region in the gure) at nade,. The human driven vehicle after
having observed the actions of the AV, can respond by deciding to speed up (U) to dissuade the
merging AV cut-in the front, or slow down (D) followed by a trajectory that corresponds to the
choice. In situations where assignment of a leader and a follower is unclear or that assumption
is too strong, the agents might not have perfect information on the state of the play. Interactions
at an intersection for example, are such scenarios. Continuing from the illustrative example from
the previous section, Fig. 3.2b illustrates a 2-agent 2-level scenario as an example where an AV
(indexed as 1) executes a free right turn on red at a signalized intersection (in a situation similar
to id:14 in Fig. 3.3), while a human driven vehicle (id:26 and re-indexed as 2 in Fig. 3.2b)
approaches cross path from left to right. The AV can either decide to turn (T) or wait (W) for the
cross path vehicle to pass, i.63,1(X1) = Ay = fT;Wg. The human driven vehicle (id:26)

can either slow down (D) or choose not to slow down ((3:(X2) = A,; = fD;Ug. Since

either agent does not have perfect information about what the other agent is about to do next,
agent 2 does not know whether they are in nngle; or n,.1., (connected by the information set

| D). This imperfection of information is also re ected at the trajectory level (level 2 actions),
where each agent can only distinguish between the nodes in level 2 that follow from their own

chosen actions in level 1, but not from the ones that follow from the other agent's level 1 decision
(I @ (5))_

It becomes apparent from this structure that the game has no proper subgame, and the game
reduces to a simultaneous move game. It is well understood that a way to solve such games
is by reduction to normal form. However, as we shall see, the hierarchical game has additional
constraints that allow solving the game in Fig. 3.2 also through backward induction. To designate
the nodes where utilities accumulate at each level in the backward induction process, we label a
set of nodes in each levelaslevel rootsL( ) =fn;; jparent(n;; ) ZN gwhereN is the
set of nodes in level. In other words, the set of level roots contain nodes in each lewdlose
parent is not in level . ThereforeL(1) = fnypagandL(2) = fnio4;N122;N12:3; N12:40.
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Algorithm 2: Backward induction for a hierarchical game

Result: S;; V,

1for =K; =1; = 1do

2 forn2L( )do
W

3 S.:V, solveG ( fi. ( i(n)),
i=1

4 = K?U;V+1;L( +1))

5 end

6 end

Algorithm 2 shows the standard backward induction process adapted to the hierarchical game.

The algorithm starts at the bottom most lew€) @nd recursively moves up the tree by solving the

action level game& at every level. At each level, a simultaneous mae#on level gamé& is

instantiated from each nodeli{ ). These action level games are constructed by rst extracting
i(n), which gives the partial pure strategy for agetftat lies on the branch from the root node

of the game treé (1) to noden 2 L ( ). f; gives the available actions for each agent the

current level , and these actions form the domain of available strategies in the action level game

G . The utilities depend on the level of the game; for action level g@me the utilities are same

as the game utility, whereas for action level gam€s. ¢ are solved based on the game values

V i1 ( +1 fromthe gamés ., solved in the previous iteration. Note that the pseudocode shows

only the case where a single solution and game vaue;(V ., ) is propagated up the hierarchy.

In the case of multiple solutions for the action level games, the strategies and values have to be

tracked and repeated for each solution. The solutions and gameSglu¥ ., depend on the

solution concept used for the individual action level game, and this is discussed in detail later

under Solution concepts.

Due to the tree-like structure of the hierarchical game and the process of solving the game
bottom up from the leaf nodes through backward induction, one can see that the process is very
similar to solving for subgame perfect equilibria in multi-stage games with stages being replaced
by levels in the hierarchy [213]. However, it is not a subgame perfect equilibria, since the ac-
tion level games are not subgames in the game tree. The connection between subgame perfect
equilibria and the solution in the hierarchical game is that in the hierarchical game, the map-
ping functionsf;. impose an action selection method that is similar to action selection based
on the condition okequential rationalityn subgame perfect equilibria. The mapping functions
fi. eliminate strategies for all agenitghat are not direct successors of the partial strategies

i(n) i(n), essentially breaking any information set within a levehat spans two separate
levels inL( ). To illustrate this more intuitively, take the example in Fig. 3.2(b) when agent
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Figure 3.3: A snapshot of the intersection traf c scene. Representative trajectories based on the
three sampling schemes oveR&. The gure shows the patiR?) projection of the trajectories
and the dimension of time not represented in the gure.

1 is in the information set® connecting the two nodes;.».; andny.,.,. At this information

set, agent 1 could solve the game under two nodes separately only under a guarantee that after
solving the game starting from node.,.; and following that strategy, under no condition would

they nd themselves at a leaf node of the tree starting,at,, and vice versa. The functidn

provides that guarantee and eliminates hypothetical strategies where, at level 1, a vehicle may
think about slowing down, but at level 2 chooses a trajectory that speeds up; and the fact that this
cannot happen is part of the common knowledge among the agents in the game mediated by

3.5 Game Structure

In this section, | describe the details of the game structure, including the number of agents,
actions, strategies, and utilities.
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